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Abstract

In this thesis, the shortcomings and limitations of some existing methods for
solving fully fuzzy transportation problems, fully fuzzy transshipment problems and
fully fuzzy solid transportation problems are pointed out and new methods are pro-
posed to overcome the shortcomings and limitations of existing methods.

The chapter wise summary of the thesis is as follows:
Chapter 1

In this chapter, a brief review of the work done in the area of single-objective
fuzzy transportation problems, fuzzy transshipment problems, fuzzy solid trans-

portation problems and fuzzy solid transshipment problems are presented.

Chapter 2

To the best of my knowledge, only the methods [14, 66, 134, 161, 162, 191, 192],
are proposed in the literature to find the fuzzy optimal solution of fully fuzzy trans-
portation problems. In this chapter, the shortcomings of all these existing methods
are pointed out and to overcome these shortcomings two new methods are proposed
for solving fully fuzzy transportation problems. The advantages of the proposed
methods over existing methods are discussed. To illustrate the proposed methods,
an existing fully fuzzy transportation problem is solved. Also, to show the applica-
tion of proposed methods in real life problems the fuzzy optimal solution of an

il
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existing real life fuzzy transportation problem is obtained by using the proposed

methods.
Chapter 3

In this chapter, the limitations of the methods, proposed in Chapter 2, are
pointed out. To overcome these limitations new methods are proposed for solving
fully fuzzy transportation problems by modifying the methods, proposed in Chapter
2. The advantages of the proposed methods over the methods, proposed in Chapter
2, are discussed. To illustrate the proposed methods, a fully fuzzy transportation

problem is solved.
Chapter 4

To the best of my knowledge, only the method [70] is proposed in the lit-
erature to find the fuzzy optimal solution of fully fuzzy transshipment problems.
In this chapter, limitations of this method are pointed out and to overcome these
limitations, two new methods are proposed for solving fully fuzzy transshipment
problems. The advantages of the proposed methods over existing method [70] and
over the methods, proposed in previous chapters, are discussed. To illustrate the
proposed methods a fully fuzzy transshipment problem is solved. Also, to show the
application of the proposed methods in real life problems an existing real life fully

fuzzy transshipment problem is solved by the proposed methods.

Chapter 5

To the best of my knowledge, only the method [132] is proposed in the litera-
ture to find the fuzzy optimal solution of fully fuzzy solid transportation problems.

In this chapter, the shortcomings of this method are pointed out and to overcome



these shortcomings, two new methods are proposed for solving fully fuzzy solid
transportation problems. The advantages of the proposed methods over the exist-
ing method [132] and over the methods, proposed in Chapter 2 and Chapter 3, are
discussed. To illustrate the proposed methods an existing fully fuzzy solid trans-
portation problem is solved. Also, to show the application of the proposed methods
in real life problem an existing real life fuzzy solid transportation problem is solved

by the proposed methods.
Chapter 6

The fully fuzzy transshipment problems are obtained by introducing the in-
termediate nodes in fully fuzzy transportation problems and the fully fuzzy solid
transportation problems are obtained by introducing the additional conveyances in
tully fuzzy transportation problems. But, in real life problems both the intermediate
nodes and additional conveyances are used simultaneously. So, in this chapter, by
combining the concept of fully fuzzy solid transportation problems and fully fuzzy
transshipment problems, new type of problems, named as fully fuzzy solid trans-
shipment problems, its fuzzy linear programming formulation and two new methods
for finding its fuzzy optimal solution, are proposed. The advantages of the proposed
methods over the methods, proposed in previous chapters and over the existing
method [70], are discussed. To illustrate the methods, proposed in this chapter, a

fully fuzzy solid transshipment problem is solved.

Chapter 7

Finally, in this chapter, based on the present study, conclusions are drawn and

future work have been suggested.
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Chapter 1

INTRODUCTION

In today’s highly competitive market, the pressure on organizations to find
better ways to send the products to the customers in a cost-effective manner, be-
comes more challenging. Transportation models [86] provide a powerful framework
to meet this challenge.

To find the optimal solution of transportation problems it is assumed that
the direct route between a source node and a destination node is a minimum-cost
route. However, in real life transportation problems there may exist some nodes,
called intermediate nodes, at which the product may be stored in case of excess of
the available product and later on the product may be supplied from these interme-
diate nodes to the destinations. Such types of transportation problems are known
as transshipment problems.

Also, to find the optimal solution of transportation problems it is assumed
that same type of conveyances are used to transport the product from sources to
destinations. However, in real life problems different types of conveyances are used
for transporting the product from sources to destinations e.g., in many industrial
problems, a homogeneous product is delivered from a source to a destination by

different conveyances such as trucks, cargo flights, trains, ships etc. For such a case,



the transportation problem turns into the solid transportation problem.

In conventional transportation problems, transshipment problems and solid
transportation problems it is assumed that decision maker is sure about the precise
values of transportation cost, availability and demand of the product. In the real
world applications all the parameters of the transportation problems may not be
known precisely due to uncontrollable factors.

To deal quantitatively with imprecise information, the concepts and techniques
of probability could be employed. However, probability distributions require either
a priori predictable regularity or a posteriori frequency distribution to construct.
Moreover, the premise that imprecision can be equated with randomness is still
questionable.

As an alternative, uncertain values can be represented by membership func-
tions of the fuzzy set theory [219]. The main advantages of methodologies based
on fuzzy theory are that they do not require prior predictable regularities or pos-
terior frequency distributions and they can deal with imprecise input information
containing feelings and emotions quantified based on the decision-makers subjec-
tive judgment. Due to the same reason several authors have represented some or
all the parameters of transportation problems, transshipment problems and solid
transportation problems by fuzzy numbers and proposed different methods for solv-
ing these problems.

The existing methods for solving fuzzy transportation problems, depending
upon the fuzziness of decision variables, can be broadly divided into two groups. In
the first group, the decision variables are assumed as real numbers i.e., in an uncer-

tain environment, a crisp decision is to be made to meet some decision criteria. In



the second group, decision variables are assumed as fuzzy numbers. Since, on
assuming the decision variables as fuzzy numbers instead of a single optimal so-
lution, a set of possible optimal solutions are obtained and an appropriate so-
lution can be chosen from the set of possible solutions i.e., fuzzy optimal solu-
tion provides a range of flexibility to the decision maker. So, in the literature
[7, 15,27, 28, 29, 44, 76, 84, 101, 116, 143, 156, 198, 199, 200] it is pointed out, that

it is better to assume the decision variables as fuzzy numbers.

1.1 Literature review

In this section, a brief review of the work done in the area of single-objective
fuzzy transportation problems, fuzzy transshipment problems and fuzzy solid trans-
portation problems are presented.

Oheigeartaigh [157] proposed an algorithm to find the crisp optimal solution
of such fuzzy transportation problems in which the availabilities and demands are
represented by triangular fuzzy numbers. Chanas et al. [33] presented a fuzzy linear
programming model to find the crisp optimal solution of fuzzy transportation prob-
lems with crisp cost coefficients, fuzzy availability and fuzzy demand values. Ishii
et al. [90] considered a fuzzy version of the transportation problem by introduc-
ing two kinds of membership functions which characterize fuzzy supply and fuzzy
demands to determine a crisp optimal flow that maximize the smallest value of all
membership functions under the constraints that the total transportation cost must
not exceed a certain upper limit.

Tada et al. [196] generalized the existing fuzzy transportation problem [90]

into an integer fuzzy transportation problem by adding an additional integral cons-



traint of flow and proposed a method for solving integer fuzzy transportation prob-
lems. Chanas et al. [32] formulated the fuzzy transportation problems in three
different situations and proposed a method for finding the crisp optimal solution of
fuzzy transportation problems. Tada and Ishii [195] pointed out that in the existing
fuzzy transportation problem [196] the budget constraint is not considered due to
which there may exist more than one crisp optimal solution with the same objective
value and considered another generalized problem by adding the budget constraint
in the existing fuzzy transportation problem [196] and modified the existing method
[196] for solving these types of transportation problems. Chanas and Kuchta [34]
proposed a method to find the crisp optimal solution of such fuzzy transportation
problems in which all the cost parameters are represented by LR type fuzzy num-
bers.

Jimenez and Verdegay [98] pointed out that there is no solution method to
solve the parametric solid transportation problem and proposed a genetic algorithm
based solution method to find crisp optimal solution of such fuzzy solid transporta-
tion problems in which all the parameters except cost parameters are represented
by trapezoidal fuzzy numbers. Chanas and Kuchta [35] proposed a method to find
the integer crisp optimal solution of such fuzzy transportation problems in which
availability and demand are represented by fuzzy numbers. Jimenez and Verdegay
[99] proposed the methods for finding the crisp optimal solution of two kinds of
fuzzy solid transportation problem i.e., the availabilities, demands and conveyance
capacities are interval numbers and fuzzy numbers, respectively. Jimenez and Verde-
gay [100] designed an evolutionary algorithm based parametric approach to find the

crisp optimal solution of such fuzzy solid transportation problems in which all the



parameters except cost parameters are represented by trapezoidal fuzzy numbers.
Kikuchi [110] represented all the parameters of transportation problem by trian-
gular fuzzy numbers and used the fuzzy linear programming approach to find the
set of values such that the smallest membership grade among them is maximized.
Ahlatcioglu et al. [3] proposed an algorithm for finding the crisp optimal solution of
fuzzy transportation problem by converting all the fuzzy parameters into intervals.
Saad and Abbas [182] discussed the solution algorithm for solving the transportation
problem in fuzzy environment.

Liu and Kao [134] proposed a method, based on extension principle, to find
the fuzzy optimal solution of such fuzzy transportation problems in which all the pa-
rameters are represented by trapezoidal fuzzy numbers. Liu and Kao [135] proposed
a method for find the crisp optimal solution of such fuzzy transshipment problems
in which the cost parameters are represented by trapezoidal fuzzy numbers. Chiang
[38] proposed a method to find the crisp optimal solution of fuzzy transportation
problems with fuzzy demand and fuzzy availability. Liang et al. [127] proposed an
interactive possibilistic linear programming approach for finding the crisp optimal
solution of transportation planning decision problems with imprecise cost, availabil-
ities and demand. Gani and Samuel [64] proposed an algorithm for finding the fuzzy
optimal solution of such fuzzy transportation problems in which availabilities and
demands are represented by triangular fuzzy numbers.

Liu [132] extended the existing method [134] to find the fuzzy optimal so-
lution of such fuzzy solid transportation problems in which all the parameters are
represented by trapezoidal fuzzy numbers. Gupta and Mehlawat [79] proposed a

method to find the crisp optimal solution of such fuzzy transportation problems in



which availability and demand are represented by (), p) interval-valued fuzzy num-
bers and used it to select a new type of coal for a steel manufacturing unit. Smimou
[189] proposed a method to find the crisp optimal solution of a fuzzy transshipment
model with fuzzy costs and transshipment model with fuzzy supply and fuzzy de-
mand. Gani et al. [67] proposed an algorithm for finding the fuzzy initial basic
feasible solution of such fuzzy transportation problems in which cost, availabilities
and demands are represented by triangular fuzzy numbers.

Das and Baruah [41] proposed vogel’s approximation method to find fuzzy
initial basic feasible solution and modi method to find the fuzzy optimal solution of
such fuzzy transportation problems in which all the parameters are represented by
triangular fuzzy numbers. Ghatee and Hashemi [70] proposed a method to find the
fuzzy optimal solution of such balanced fuzzy transshipment problems in which all
the parameters are represented by LR type fuzzy numbers. Ghatee and Hashemi
[71, 73] and Ghatee et al. [74] applied the existing method [70] for solving real
life problems. Li et al. [121] proposed a method, based on goal programming,
to find the crisp optimal solution of such fuzzy transportation problems in which
cost parameters are represented by fuzzy numbers. Jana and Roy [95] proposed
a method for solving fuzzy linear programming problems with fuzzy variables and
used it to find the fuzzy optimal solution of such fuzzy transportation problems in
which availability and demand are represented by triangular fuzzy numbers. Lin
[128] used genetic algorithm for finding the crisp optimal solution of fuzzy trans-
portation problems with fuzzy coefficients. Stephen Dinagar and Palanivel [191]
proposed fuzzy modified distribution method to find the fuzzy optimal solution of

such fuzzy transportation problems in which all the parameters are represented by



trapezoidal fuzzy numbers. Stephen Dinagar and Palanivel [192] proposed fuzzy
vogel’s approximation method for finding initial fuzzy solution of such fuzzy trans-
portation problems in which all the parameters are represented by trapezoidal fuzzy
numbers and proposed fuzzy modified distribution method to find the fuzzy optimal
solution from the obtained initial fuzzy solution.

Pandian and Natarajan [161] proposed a new method, namely fuzzy zero point
method, for finding fuzzy optimal solution of such fuzzy transportation problems in
which all the parameters are represented by trapezoidal fuzzy numbers. Pandian
and Natarajan [162] proposed a new method based on fuzzy zero point method for
finding more-for-less fuzzy optimal solution for a such fuzzy transportation problems
with mixed constraints in which all the parameters are represented by trapezoidal
fuzzy numbers. De and Yadav [43] modified the existing method [110] by using
trapezoidal fuzzy numbers instead of triangular fuzzy numbers. Lin [129] pointed
out that differential evolution has received increasing attention owing to its sim-
plicity and effectiveness in solving numerical optimization problems and introduced
differential evolution to find the crisp optimal solution of fuzzy transportation prob-
lems with fuzzy coefficients. Guzel [80] proposed a method to find the crisp optimal
solution of such fuzzy transportation problems in which all the parameters are rep-
resented by triangular fuzzy numbers.

Dutta and Murthy [51] proposed a method to find the crisp optimal solu-
tion of such fuzzy transportation problems with additional impurity restrictions in
which cost parameters are represented by fuzzy numbers. Basirzadeh [14] used clas-
sical algorithms for finding the fuzzy optimal solution of fully fuzzy transportation

problems by transforming the fuzzy parameters into crisp parameters. Samuel and



Venkatachalapathy [185] proposed a method namely, modified vogel’s approximation
method, for finding the fuzzy optimal solution of fully fuzzy transportation prob-
lems. Gani et al. [66] used Arsham-Khan’s simplex algorithm [12] to find the fuzzy
optimal solution of such fuzzy transportation problems in which all the parameters
are represented by trapezoidal fuzzy numbers. Kumar Murugesan [117] proposed
modified revised simplex method to find the fuzzy optimal solution of such fuzzy
transportation problems in which availability and demand are represented by trian-
gular fuzzy numbers. Gani et al. [61] proposed a method to find the fuzzy optimal
solution of such fuzzy transshipment problems with mixed constraints in which all
the parameters are represented by triangular fuzzy numbers.

After reviewing the literature, it can be concluded that very few methods
are proposed in the literature for solving such fuzzy transportation problems, fuzzy
transshipment problems and fuzzy solid transportation problems in which atleast
one parameter of each type (atleast one of the cost parameters, atleast one of the
availability parameters, atleast one of the demand parameters) and all the decision
variables are represented by fuzzy numbers.

Since, in the literature [7, 8, 28, 44, 84, 116, 143] such linear programming
problems in which atleast one parameter of each type as well as all the decision
variables are represented by fuzzy numbers are named as fully fuzzy linear program-
ming problems. So, on the same direction such fuzzy transportation problems, fuzzy
transshipment problems and fuzzy solid transportation problems in which atleast one
of the cost parameters, atleast one of the availability parameters, atleast one of the
demand parameters and all the decision variables are represented by fuzzy numbers

may be named as fully fuzzy transportation problems, fully fuzzy transshipment



problems and fully fuzzy solid transportation problems.

In this thesis, the shortcomings and limitations of all the existing methods
for finding the fuzzy optimal solution of single-objective fully fuzzy transportation
problems, fully fuzzy transshipment problems and fully fuzzy solid transportation
problems are pointed out. To overcome these shortcomings and limitations, new
methods are proposed. Also, by combining the concept of fully fuzzy solid trans-
portation problems and fully fuzzy transshipment problems, new type of problems,
named as fully fuzzy solid transshipment problems, its fuzzy linear programming

formulation and methods for finding its fuzzy optimal solution are proposed.
1.2 Organization of the thesis

The chapter wise summary of the thesis is as follows:
Chapter 2

To the best of my knowledge, only the methods [14, 66, 134, 161, 162, 191, 192],
are proposed in the literature to find the fuzzy optimal solution of fully fuzzy trans-
portation problems. In this chapter, the shortcomings of all these existing methods
are pointed out and to overcome these shortcomings two new methods are proposed
for solving fully fuzzy transportation problems. The advantages of the proposed
methods over existing methods are discussed. To illustrate the proposed methods,
an existing fully fuzzy transportation problem is solved. Also, to show the appli-
cation of proposed methods in real life problems the fuzzy optimal solution of an
existing real life fuzzy transportation problem is obtained by using the proposed

methods.
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Chapter 3

In this chapter, the limitations of the methods, proposed in Chapter 2, are
pointed out. To overcome these limitations new methods are proposed for solving
fully fuzzy transportation problems by modifying the methods, proposed in Chapter
2. The advantages of the proposed methods over the methods, proposed in Chapter
2, are discussed. To illustrate the proposed methods, a fully fuzzy transportation

problem is solved.
Chapter 4

To the best of my knowledge, only the method [70] is proposed in the lit-
erature to find the fuzzy optimal solution of fully fuzzy transshipment problems.
In this chapter, limitations of this method are pointed out and to overcome these
limitations, two new methods are proposed for solving fully fuzzy transshipment
problems. The advantages of the proposed methods over existing method [70] and
over the methods, proposed in previous chapters, are discussed. To illustrate the
proposed methods a fully fuzzy transshipment problem is solved. Also, to show the
application of the proposed methods in real life problems an existing real life fully

fuzzy transshipment problem is solved by the proposed methods.
Chapter 5

To the best of my knowledge, only the method [132] is proposed in the litera-
ture to find the fuzzy optimal solution of fully fuzzy solid transportation problems.
In this chapter, the shortcomings of this method are pointed out and to overcome

these shortcomings, two new methods are proposed for solving fully fuzzy solid
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transportation problems. The advantages of the proposed methods over the exist-
ing method [132] and over the methods, proposed in Chapter 2 and Chapter 3, are
discussed. To illustrate the proposed methods an existing fully fuzzy solid trans-
portation problem is solved. Also, to show the application of the proposed methods
in real life problem an existing real life fuzzy solid transportation problem is solved

by the proposed methods.
Chapter 6

The fully fuzzy transshipment problems are obtained by introducing the in-
termediate nodes in fully fuzzy transportation problems and the fully fuzzy solid
transportation problems are obtained by introducing the additional conveyances in
fully fuzzy transportation problems. But, in real life problems both the intermediate
nodes and additional conveyances are used simultaneously. So, in this chapter, by
combining the concept of fully fuzzy solid transportation problems and fully fuzzy
transshipment problems, new type of problems, named as fully fuzzy solid trans-
shipment problems, its fuzzy linear programming formulation and two new methods
for finding its fuzzy optimal solution, are proposed. The advantages of the proposed
methods over the methods, proposed in previous chapters and over the existing
method [70], are discussed. To illustrate the methods, proposed in this chapter, a

fully fuzzy solid transshipment problem is solved.
Chapter 7

Finally, in this chapter, based on the present study, conclusions are drawn and

future work have been suggested.






Chapter 2

NEw MEeTHODS FOoRrR SorviNnGg FuLLy
Fuzzy TRANSPORTATION PROBLEMS
WitH TRAPEZOIDAL Fuzzy
PARAMETERS

To the best of my knowledge, only the methods [14, 66, 134, 161, 162, 191,
192], are proposed in the literature to find the fuzzy optimal solution of fully fuzzy
transportation problems. In this chapter, the shortcomings of all these existing
methods are pointed out and to overcome these shortcomings two new methods are
proposed for solving fully fuzzy transportation problems. The advantages of the
proposed methods over existing methods are discussed. To illustrate the proposed
methods, an existing fully fuzzy transportation problem is solved. Also, to show the
application of proposed methods in real life problems the fuzzy optimal solution of
an existing real life fuzzy transportation problem is obtained by using the proposed

methods.

The contents of this chapter are published in Operational Research : An International Journal
11 (2011) DOI 10.1007/s12351-010-0101-3 which are generalization of the contents of my published
papers Applied Mathematical Modelling 35 (2011) 5652-5661 and Applied Soft Computing 12 (2012)
1201-1213.
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2.1 Preliminaries

In this section, some basic definitions and arithmetic operations of trapezoidal

fuzzy numbers are presented [104].

2.1.1 Basic definitions

In this section, some basic definitions are presented.
Definition 2.1 Let X be a classical set of objects. Then, the set of ordered pairs
A= {(z,p;(x)) : & € X}, where sz : X — [0,1], is called a fuzzy set in X. The
evaluation function () is called the membership function.
Definition 2.2 Let A be a fuzzy set in X and X € [0,1] be a real number. Then,
the classical set A* = {z € X : pz(z) > \} is called a A-cut of A.
Definition 2.3 A fuzzy set A = {(x, ;(z)) : © € X} is called a normalized fuzzy
set if and only if Suprg)n(num{ug(x)} =1
Definition 2.4 A fuzzy set A is called a convex fuzzy set if and only if
pilazy + (1 — a)xg) > Minimum{p 4(z1), pz(z2)}, ¥V 21,20 € X, a € [0,1].
Definition 2.5 A convex normalized fuzzy set A = {(x, u;(z)) : © € R} on the real
line R is called a fuzzy number if and only if u ;(x) is piecewise continuous in R.
Definition 2.6 A fuzzy number A is said to be non-negative fuzzy number if and
only if p4(z) =0, Vx < 0.
Definition 2.7 A fuzzy number A defined on the universal set of real numbers R,

denoted as A = (a, b, c), is said to be a triangular fuzzy number if its membership

function, pz(x), is given by
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(z—a)

b=a) + O <z<b

1 , r=0b
pAlT)=4

5o b<z<c

0 , otherwise

\

Definition 2.8 A fuzzy number A defined on the universal set of real numbers R,
denoted as A = (a, b, ¢, d), is said to be a trapezoidal fuzzy number if its membership

function, p;(x), is given by

b-a) + O <z<b

(2) 1 , b<zx<c
HAT)=Y (o—a)

a o C<T <d

0 , otherwise

\

Definition 2.9 Let A = (a,b, ¢, d) be a trapezoidal fuzzy number. Then, its A-cut
A* is defined as follows:

A =la+b-—a))d—(d—c)), 0<A<1
Definition 2.10 A trapezoidal fuzzy number A = (a,b,¢,d) is said to be non-
negative trapezoidal fuzzy number if and only if a > 0.
Definition 2.11 A trapezoidal fuzzy number A = (a,b,¢,d) is said to be zero
trapezoidal fuzzy number if and only if a = 0,6 =0,c¢ =0 and d = 0.
Definition 2.12 Two trapezoidal fuzzy numbers A; = (ay1,b1,c1,dy) and Ay =
(ag, by, c2, dy) are said to be equal i.e., Ay = Ay if and only if a; = ag, by = by, ¢1 = ¢y

and d1 = dg.
2.1.2 Arithmetic operations

In this section, some arithmetic operations between two trapezoidal fuzzy num-

bers, defined on universal set of real numbers R, are presented.

(i) Let A = (a1,b1,¢1,dp) and Ay = (ag, by, ca,dy) be two trapezoidal fuzzy num-

bers. Then, Al D AQ = ((11 + a9, b1 + bg, c1 + Co, d1 + dg)
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(i) Let A = (a1,b1,¢1,dp) and Ay = (ag, by, ca, d3) be two non-negative trapezoidal
fuzzy numbers. Then, A @ Ay ~ (@yag, bibs, c1c9, d1ds)

(iif) Let A = (a,b, ¢, d) be trapezoidal fuzzy number. Then,

A= { (ya,vb,yc,vd) v >0
(vd,ve,vb,va) v <0

Remark 2.1 If b = ¢ then a trapezoidal fuzzy number (a,b,c,d) is said to be

triangular fuzzy number and is denoted as (a,b,b,d) or (a,b,d) or (a,c,d).

2.2 Fuzzy linear programming formulation of bal-
anced fully fuzzy transportation problems

The fuzzy linear programming formulation of balanced fully fuzzy transporta-

tion problem can be written as [134]:

Minimize ) > (& ® yj)

i=1j=1
subject to
Zi‘z]:al? i:172737"‘7m
j=1
2j2]2~j7 j:1,2,3,...,77/ (P2~1)
i=1

Mzl

-
I
N

no_
C~Li = Z bj

j=1

Z;; is a non-negative fuzzy number
where, m : total number of sources
n : total number of destinations

a; : the fuzzy availability of the product at i*" source (S;)
b; : the fuzzy demand of the product at j destination (D;)
Gij » the fuzzy cost for transporting one unit quantity of the product from

i source (S;) to j™ destination (D)

Z;; © the fuzzy quantity of the product that should be transported from
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i source (S;) to j™ destination (D;) (or fuzzy decision variables)
to minimize the total fuzzy transportation cost

; » total fuzzy availability of the product

ilNgE
Q

R

-

;@ total fuzzy demand of the product

<
I
—

NIE
M-

i @ T;; © total fuzzy transportation cost

@
I

—
<
I

i

m

Remark 2.2 If Y a; = > IN)j then the fully fuzzy transportation problem is said
i=1 j=1
to be balanced fully fuzzy transportation problem otherwise it is called unbalanced

fully fuzzy transportation problem.

2.3 Existing methods

To the best of my knowledge, only the methods [14, 66, 134, 161, 162, 191, 192],
are proposed in the literature to find the fuzzy optimal solution of fully fuzzy trans-
portation problems.

In the existing method [134] all the parameters are represented by non-
negative trapezoidal fuzzy numbers. While, in the existing methods [14, 66, 161,
162, 191, 192] either the cost parameters or the obtained fuzzy optimal solution (the
fuzzy quantity of the product that should be transported from different sources to
different destinations to minimize the total fuzzy transportation cost) are not non-
negative fuzzy numbers and hence the obtained minimum total fuzzy transportation
cost is not a non-negative fuzzy number.

Since, in the real life problems there is no physical meaning of negative cost
and the negative quantity of the product. So, it is not genuine to apply the existing

methods [14, 66, 161, 162, 191, 192] for solving fully fuzzy transportation problems.
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In this section, only the existing method [134] for solving fully fuzzy trans-
portation problems, in which all the parameters are represented by non-negative

trapezoidal fuzzy numbers, is discussed.

2.3.1 Liu and Kao method

Liu and Kao [134] proposed a new method for solving such fully fuzzy trans-
portation problems with inequality and equality constraints in which the parameters
are either represented by triangular fuzzy numbers or trapezoidal fuzzy numbers. In
this section, the existing method [134] for solving fully fuzzy transportation prob-

lems is presented.

2.3.1.1 Fully fuzzy transportation problems with inequality

constraints

The fuzzy optimal solution of fully fuzzy transportation problems with in-
equality constraints having m sources and n destinations can be obtained by using
the following steps of the existing method [134]:

Step 1 Find the a-cuts [(c;)%, (ciy)V]; [(@s)E, (a)V], [(b)% (b,)Y] of &, & and b,

respectively.

Step 2 Check that > (a;)%_, > > (b;)Y_, or not.
= =1
Case (i) If Y (ai)k_y > > (b;)Y_, then the chosen problem is feasible and Go to
= =1
Step 3.

Case (ii) If D" (a;)E_) < > (b;)Y_, then the chosen problem is infeasible.
i=1 =1

Step 3 Solve the problem (P5) to find the left end point (z;;)% of a-cut of fuzzy

decision variable Z;; and the left end point (ZX) of a-cut of minimum total fuzzy
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- m

n
transportation cost Z = E Z(cU ® Z;;) corresponding to different values of a €

[0, 1].
( m n
Minimize Y > ¢;xi;
i=1j=1
subject to
n
Z£ = Minimize >z < ay, 1=1,2,...m (P22)
(cij)&<eiz<(eij)d j=1
m
(az)ggalg(al)g Z :L',U Z b], j == 17 2, ceey n
(bj)&<b;<(b)¥ =1
Yo, g \xijZO Vi,j

Step 4 Solve the problem (Pp3) to find the right end point (z;;)] of a-cut of
fuzzy decision variable 7;; and the right end point (Z¥) of a-cut of minimum total

> (¢j ® &;;) corresponding to different values of

Ms

fuzzy transportation cost

i=1j5=1
€ [0, 1].
(
Minimize Z Z CijTij
i=1j=
subject to
n
ZV = Maximize > < a, 1=1,2,..,m (P23)

(cij)a<eii<(cif)d | j=1

m
(ai)g<ai<(ai){ > x> by, 7=12..n
(bj)5<b;<(b;)d =1

Y o, g \xijzo Viaj

Step 5 Use the values of (x;;)%, (v;;){, Zr and Z¥

(0% )

obtained from Step 3 and

Step 4, to find the a-cuts [(x;;)%

('R}

(2:;)Y] and [ZL, ZU] corresponding to optimal
fuzzy quantity of the product Z;; and minimum total fuzzy transportation cost

=22 2.(6 ® Tyy).
i=1j=1

2.3.1.2 Fully fuzzy transportation problems with equality con-

straints

The fuzzy optimal solution of fully fuzzy transportation problems with equal-
ity constraints having m sources and n destinations can be obtained by using the

following steps of the existing method [134]:
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Step 1 Use Step 1 and Step 2 of the existing method [134], discussed in Section
2.3.1.1, to check the feasibility of the chosen fully fuzzy transportation problem.

Step 2 If the chosen fully fuzzy transportation problem is feasible then solve the
problem (P4) to find the left end point (z;;)% of a-cut of fuzzy decision variable

#;; and the left end point (Z~) of a-cut of minimum total fuzzy transportation cost

Z =Y > (¢;® ;) corresponding to different values of o € [0, 1].
i=1j5=1
( m n
Minimize E Z Cijxij
i=1j=1
subject to
ZE = Minimize > Ty = a, i=1,2,..,m (P2.4)
(eij)k<ecii<(cin)¥ j;l
(ai)agaig(ai)g Z xl] p— b], j - 1, 2’ ceey n
(bj)&<b;<(bj)d =1
v i, g [ Zij =0 Vou,g

Step 3 Solve the problem (Py5) to find the right end point (z;;)Y of a- cut of
fuzzy decision variable 7;; and the right end point (ZY) of a-cut of minimum total

~ m n
fuzzy transportation cost Z = Y > (¢, ® Z;;) corresponding to different values of

i=1j=1
€ [0,1].
/ m n
Minimize Z Z CijTij
i=1j=1
subject to
n
ZV = Maximize YTy =S, 1=1,2,..,m (Pas)
(cij)a<eij<(ci)¥ j=1
m
@h<a<@)y | Yay=d;, j=12..n
(b))&<b;<(b)d =1
v oi, g xy; >0 Vi,

\

Step 4 Use the values of (x;;)%, (z;;)¥, Z% and ZY, obtained from Step 2 and
Step 3, to find the a-cuts of [(z)L, (z;;)Y] and [ZL, ZY] corresponding to optimal

fuzzy quantity of the product z;; and and minimum total fuzzy transportation cost

= i i(@‘j ® Zij).-

1j=1
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2.4 Shortcomings of existing methods

In this section, the shortcomings of the existing methods [14, 66, 134, 161,

162, 191, 192] for solving fully fuzzy transportation problems are pointed out:

(1)

To show the shortcomings of the existing methods [102, 164], Liu and Kao
[134] solved the fuzzy transportation problem, presented in Example 2.1, by
using the existing methods [102, 164].

Example 2.1 [134, pp. 663] Consider a fuzzy transportation problem with
inequality constraints having two sources and two destinations. Availabilities,
demands and the costs are as follows:

Availabilities: a; = (2,3,5), ag = 5.

Demands: by = 4, by = (1,3,6).

Costs: ¢11 =1, ¢19 = 3,091 = 7,00 = 2.

According to Liu and Kao [134], the optimal solution of fuzzy trans-
portation problem, presented in Example 2.1, is Zf' = 18 and Z = 17, where
ZE and Z are the values of left and right end points of a—cut [ZZ, ZY] of min-
imum total fuzzy transportation cost Z at a = 0. Liu and Kao [134] pointed
out that Z}' > Z which contradicts the existing result ZU > ZL V « € [0, 1].

To overcome the shortcomings of the existing methods [102, 164], Liu
and Kao [134], proposed a new method for solving fully fuzzy transportation

problems but there are the following shortcomings in the existing method [134]:

(a) Liu and Kao [134] solved the fully fuzzy transportation problem, presented in

Example 2.2, to illustrate their method.
Example 2.2 [134, pp. 671] Consider a fully fuzzy transportation problem

with equality constraints having two sources and three destinations. Fuzzy
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availabilities, fuzzy demands and the costs are as follows:

Fuzzy availabilities: a; = (70,90, 100), as = (40, 60, 70, 80).

Fuzzy demands: by = (30,40, 50,70), by = (20, 30,40, 50), bs = (40, 50, 80).

Costs: ¢11 = 10, ¢12 = 50, ¢33 = 80, é91 = (60, 70,80, 90), oo = 60, c3 = 20.
Liu and Kao [134] claimed that on solving the fully fuzzy transportation

problem, presented in Example 2.2, at o = 0, the optimal solution zf, = 50

and z¥; = 30 is obtained. Since, ¥ > z¥| so the same shortcoming, pointed

out by Liu and Kao [134], in the existing methods [102, 164], is also occurring

in the method proposed by Liu and Kao [134].

Liu and Kao [134] claimed that on solving the fully fuzzy transportation
problem, presented in Example 2.2, values of ZL and ZY for a = 0.9 are 3680
and for @ = 1 the solution is infeasible. Liu and Kao [134] also claimed that,
since Zl' = ZY = 3680 for a = 0.9 and for higher values of « the obtained
solution is infeasible. So, the obtained fuzzy optimal solution will be triangular
fuzzy number with maximum membership degree 0.9. However, there may also
exist a fully fuzzy transportation problem in which ZZ # ZY for a = 0.9 but
solution is infeasible for &« = 1. In such a situation, there will exist infinite
values of a between 0.9 and 1 but in such a case it is neither possible to
find the maximum degree of membership nor to find the transportation cost
corresponding to which the maximum degree of membership will exist i.e., in
such a case the obtained solution can be represented by an interval but not a

triangular fuzzy number.

(2) Stephen Dinagar and Palanivel [191] proposed a method for solving fully fuzzy

transportation problems and solved the fully fuzzy transportation problem,
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presented in Example 2.3, to illustrate the proposed method.

Example 2.3 [191, pp. 69] Consider a fully fuzzy transportation problem hav-
ing three sources and four destinations. Fuzzy availabilities, fuzzy demands
and the fuzzy costs are as follows:

Fuzzy availabilities: a; = (0,2,4,6), a; = (2,4,9,13), a3 = (2,4,6,8).

Fuzzy demands: b, = (1,3,5,7), by = (0,2,4,6), by = (1,3,5,7), by =
(1,3,5,7).

Fuzzy costs: ¢11 = (—2,0,2,8), ¢12 = (—2,0,2,8),¢13 = (—2,0,2,8),¢14 =
(—=1,0,1,4),¢91 = (4,8,12,16), Co0 = (4,7,9,12), o3 = (2,4,6,8), 24 = (1,3,5,7),
é31 = (2,4,9,13),¢32 = (0,6,8,10),é33 = (0,6,8,10), ¢34 = (4,7,9,12).

It is obvious that there exist negative part in the trapezoidal fuzzy num-
bers ¢11, ¢12, ¢13 and ¢yy4, representing the fuzzy costs for transporting one unit
quantity of the product from first source to all destinations, which depicts that
the transportation cost can be negative.

Also, Stephen Dinagar and Palanivel [191] claimed that on solving the
fully fuzzy transportation problem, presented in Example 2.3, the following

results are obtained:

(a) The fuzzy optimal quantity of the product that should be transported from
second source to third destination, third source to first destination and third
source to third destination are (=5, —1,6,12), (=5, —1,3,7), and (—11, —3,6, 12)

respectively.

(b) The minimum total fuzzy transportation cost is (—122, —2, 139, 257).
It is clear that there exist negative part in all the obtained trapezoidal

fuzzy numbers. Similarly, there exist negative part in the results obtained by
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using the existing methods [14, 66, 161, 162, 192].

Since, in the real life problems there is no physical meaning of negative
cost and the negative quantity of the product. So, it is not genuine to apply
the existing methods [14, 66, 161, 162, 191, 192] for solving fully fuzzy trans-
portation problems.

Also, the fuzzy optimal solution, obtained by using the existing meth-
ods [14, 66, 161, 162, 191, 192], does not satisfy the constraints exactly i.e., on
putting the values of fuzzy decision variables, obtained by using the existing
methods, in the left hand side of the constraints the value at right hand side
are not obtained e.g., Stephen Dinagar and Palanivel [191] claimed that on
solving the fully fuzzy transportation problem, presented in Example 2.3, the
obtained fuzzy optimal quantity of the product that should be transported
from second source to third and fourth destinations are (—5,—1,6,12) and
(1,3,5,7) respectively. It is obvious that the sum of these quantities is not
exactly equal to the the fuzzy availability ay = (2,4,9,13) of the product at

4

second source i.e., the constraint ) Z9; = @ is not exactly satisfying.
Jj=1

2.5 Proposed methods

In this section, to overcome all the shortcomings of the existing methods

(14, 66, 134, 161, 162, 191, 192], discussed in Section 2.4, two new methods (based

on fuzzy linear programming formulation and based on tabular representation) are

proposed for solving such fully fuzzy transportation problems in which all the pa-

rameters are represented by trapezoidal fuzzy numbers. Also, the advantages of

the proposed methods over existing methods [14, 66, 134, 161, 162, 191, 192] are
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discussed.

2.5.1 Method based on fuzzy linear programming formula-
tion
In this section, a new method, based on the fuzzy linear programming for-
mulation of the fully fuzzy transportation problems, is proposed to find the fuzzy
optimal solution of fully fuzzy transportation problems.
The steps of the proposed method are as follow:
Step 1 Find the total fuzzy availability i&i and the total fuzzy demand il l;j. Let
i= =
i&i = (a,b,c,d) and anl l;j = (a/,V,,d"). Use Definition 2.12 to examine that the
i= =
problem is balanced or not, i.e., i a; = Zn:l Z;j or f:ldi #* f:l Z;j.
j= i= j=

=1

Case (i) If the problem is balanced i.e., f:l&i = zn:l 13]-, then Go to Step 2.
i= j=

Case (ii) If f:ldi # §:1 b; then convert the unbalanced problem into balanced prob-

i= j=

lem as follows:

Case (a) Ifa<d,b—a<b —d,c—b< -V and d—c < d — ¢ then introduce a

dummy source with fuzzy availability (a’ —a,b’ — b, — ¢, d’ — d). Assume the fuzzy

cost for transporting one unit quantity of the product from the introduced dummy

source to all destinations as zero trapezoidal fuzzy number. Go to Step 2.

Case (b)Ifa>d, b—a>V—d,c—b>c -V and d—c > d — ¢ then introduce

a dummy destination with fuzzy demand (a — a’,b — V', ¢ — ¢,d — d’). Assume the

fuzzy cost for transporting one unit quantity of the product from all sources to the

introduced dummy destination as zero trapezoidal fuzzy number. Go to Step 2.

Case (c) If neither Case (a) nor Case (b) is satisfied then introduce a dummy source

with fuzzy availability (maximum {0,d' — a}, maximum {0, (¢’ — a)} + maximum

{0, (V) —d') — (b —a)}, maximum {0,a’ — a} + maximum {0, ()’ —a') — (b—a)} +
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maximum {0, (¢’ — ') — (¢ — b)}, maximum {0, (¢’ — a)} + maximum {0, (V' — a’) —
(b —a)} + maximum {0, (¢’ — ') — (¢ — b)} + maximum {0, (d' — ) — (d — c)})
and a dummy destination with fuzzy demand (maximum {0, (e — «’)}, maximum
{0, (a—d’)} + maximum {0, (b—a) — (V' —a’) }, maximum {0, (a —a’)} + maximum
{0,(b—a) — (V/ — d')} + maximum {0, (¢ —b) — (¢ —¥')}, maximum {0, (a — @)}
+ maximum {0, (b —a) — (V' — @)} + maximum {0, (¢ —b) — (¢’ = ¥V')} + maximum
{0,(d —¢) = (d' — )}). Assume the fuzzy cost for transporting one unit quantity
of the product from the introduced dummy source to all destinations and from all
sources to the introduced dummy destination as zero trapezoidal fuzzy number. Go
to Step 2.

Step 2 Formulate the balanced fully fuzzy transportation problem, obtained in Step
1, into the fuzzy linear programming problem (P, ).

Step 3 Assuming ¢&; = (aj;, b}, ¢ij, diy), @i = (ai, by, ¢, d;), Bj = (a}, b}, ¢}, d};) and

Zij = (ayj, bij, ¢ij, dij), the fuzzy linear programming problem (P, ;), can be written

as:
Minimize ié ((aly by i) © (a3, b, 17,
subject to
il(%',bijacij,dij) = (ai, b;, ¢;, d;), i=1,2,3,...m
=
i(aijabijacijad ) = (a}, 0}, ¢, d}), j=1,2,3,...,n

s
Il
i

(aij, bij, ¢ij, dij) is a non-negative trapezoidal fuzzy number.
Step 4 Using the arithmetic operations, defined in Section 2.1.2, the fuzzy linear

programming problem, obtained in Step 3, can be written as:

Minimize (z > dya, 3 2 Vb S z ety 3 z dd )

i=1j= i=1j= i=1j= i=1j=

subject to
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<Z E Z Z > = (aiabivc’iadi)a i:172737'“7m
(2; b 2 iy 2o ) (b, ¢ d), §=1,2,3,...n
(aij, bij, cij, dij) is a non-negative trapezoidal fuzzy number.

Step 5 Using Definition 2.10 and Definition 2.12, the fuzzy linear programming

problem, obtained in Step 4, can be converted into fuzzy linear programming prob-

lem (P2.6)Z

Minimize <Z Za”auaz Zb l]aZ Zcz]CU7Z Zd >
i=1j=1 i=1j= 1=1j=1 1=1j=

subject to
Zaij: a; i:1,2,3,...,m
7=1
S by = b, i=1,2,3,...m
j=1
> =¢, 1=1,2,3,....m
7=1
S dy = i=1,23,....m (P26)
];1
> ay = aj, ji=1,23,..n
i=1
S by = i=1,2,3,...n
i=1
Sy =, i=1,2,3,...n
1=1
;dw—d;, j=1,23,..,n

ai]’, bi]‘ — Clz‘j, Cij — bz‘j, dij — Cij Z 0 Y 1= 1, 2, ceey m;j = 1, 2, e
Step 6 Suppose the fuzzy linear programming problem (P, ) has h basic feasible so-
lutions and {ajj, b}, cjf, di5 } be the w'™ basic feasible solution then the aim is to find

the feasible solution with the smallest objective value i.e., minimum { ( o> alal

1<w<h EAC
2 2 tby, 5 z et 233 diyds) }

i=1j=

i=1j=1

Although, till now there is no unique way to compare fuzzy numbers but sev-

eral authors [30, 38, 53, 58, 66, 109, 116, 135, 146, 147, 148, 153, 161, 162, 163, 191,
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m n m n m n
!/ w
192] have used the concept that if minimum {9‘%( > Do agai, Yoy bibi, Z Z
1<w<h i=1j=1 i=1j=1 i=1j=1
m n m n m n m n
w U dv N /N n
b3 3 ) i R Sl 3 St 330 chely 35 d”dw) then
i=15=1 i=1;=1 i=1 i=15=1 i=15=1
m n m n m n m n m
L /W ! phw / Lw ! Jw
minimum { (3032 s, 303 b, 2 3 chpel, 3 3 didy ) | will also be (3
Sws i=1;=1 i=15=1 i=15=1 i=1j=1 i=1
n m n m n m n m n m n
Ui N /AN U rn /
a’ijaij7 Z Z bljblj7 Z Cijcij’ dzydzj) Where 3%< Z Z aljalj7 Z Z ij
j=1 i=1j=1 i=1j=1 i=1j=1 i=1j=1 i=15=1
m n n m n , n m n , n m n , n
m.n m.n X 2 aeltd 30 bbb 3 X et b 3 didy
/on rogn | _ i=lj= i=1j= i=1j i=1j=
IDIALIDIDS dijdij) = I represents
i=1j=1 i=1j=1
m n
. . . . , T]
the Liou and Wang ranking index [131] of a trapezoidal fuzzy number (> > a;;a;,
i=15=1
m n m n m n
ron 1
Z Z 'L]? Z Z Cijcij7 E Z dz]dz])
i=15=1 i=15=1 i=15=1

In other words, according to existing methods [30, 38, 53, 58, 66, 109, 116,
135, 146, 147, 148, 153, 161, 162, 163, 191, 192] the fuzzy optimal solution of the
fuzzy linear programming problem (P5¢) can be obtained by solving the following

crisp linear programming problem:

m n
> Sa Jawz z bgjbzﬁz z ety O dld; )
4

Minimize <i:1]:1 ELEE == s ..

subject to

constraints of the fuzzy linear programming problem (P,g).
Step 7 Solve the crisp linear programming problem, obtained in Step 6, to find the
optimal solution {a;j, b;;, ¢;j, di; }-
Step 8 Find the fuzzy optimal solution {Z;;} by putting the values of a;;, b;;, ¢;j, di;
in Z;; = (aij, bij, ¢ij, dij)-
Step 9 Find the minimum total fuzzy transportation cost by putting the values of

T;; n Z Z(CU ® Ti).

i=1j=
Remark 2.3 If S a; # S.b; ie, (a,b,¢c,d) # (d',V,¢,d') and neither Case (a)
i=1 j=1
a<d, b—a<bV—-d c—b< -V, d-—c<d— nor Case (b) a > d,

b—a>b—d,c—b>cd—V,d—c>d — is satisfied then there may exist infinite
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non-negative trapezoidal fuzzy numbers (aq, by, c1,d;) and (a}, b}, ¢;,d}) such that
(a,b,c,d) ® (a1, by, c1,dy) = (a0, d) ® (a),b], ), d})) but the aim is to be find
the trapezoidal fuzzy numbers (aq, b1, c1,d;) and (af, b, ¢}, d|) which satisfies the
following characteristics:

(i) (a1,b1,¢1,dy) and (af, b}, ¢}, d}) are non-negative trapezoidal fuzzy numbers

(i) (a,b,c,d) @ (a1, by, c1,dy) = (', V, ¢, d) & (a}, b7, ¢}, db)

(iii) If there exist non-negative trapezoidal fuzzy numbers (z,y, z,w) and (', ¢/, 2/, w’)

such that (a, b, ¢, d)®B(z,y, z,w) = (', V', ,d)B(2, ¢, 2/, w') then R(x,y, z, w) >

R(ay,by,c1,dy) and R(2', ', 2/, w') > R(a), by, ¢y, dYy).

2.5.2 Method based on tabular representation

In this section, a new method, based on the tabular representation of the
fully fuzzy transportation problems, is proposed to find the fuzzy optimal solution
of fully fuzzy transportation problems.

The steps of the proposed method are as follows:

Step 1 Use Step 1 of the method, proposed in Section 2.5.1, to obtain a balanced
fully fuzzy transportation problem.

Step 2 Represent the balanced fully fuzzy transportation problem, obtained in Step
1, into tabular form as shown in Table 2.1.

Table 2.1 Tabular representation of balanced fully fuzzy transportation problem

Destinations— D1 Do cee D; ces D, Availability
Sources/ (a;
S ¢11 C12 e C1j e Cin ax
S; &1 Ci2 - Cij - Cin a;
Sm Cm1 Cm2 o 6mj c Cmn am

~ ~ ~ ~ ~ m n ~

Demand (b;) b1 bo cee bj S bn Zl a; = Zl bj
i= j=
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Step 3 Split Table 2.1 into four crisp transportation tables i.e., Table 2.2, Ta-

ble 2.3, Table 2.4 and Table 2.5 respectively.

Table 2.2 Tabular representation of first crisp transportation problem

Destinations— D Do D; D, a;
Sources|

S1 A11 A12 A1j Aln a1

S; i1 Ai2 Aij Ain a;

Sm Am1 Am2 )\mj Amn am

!/ / ! ! ! g 2
aj ay al, aj al, igl a; = ng bj

(a’. b4l .)
Where, /\ij = 4 Y Y v’ ”4 Y4

, 1=1,2,3,..m and 7 =1,2,3,....n

Table 2.3 Tabular representation of second crisp transportation problem

Destinations— D1 Do D; Dy, b; —a;
Sources|
S1 P11 P12 P1j Plin b1 —ay
Si pi1 pi2 Pij Pin b; —a;
S’m Pm1l Pm?2 Pmj Pmn b'm — Qm
m n
bj—d Vi—a't | bz—a'2 Vj—ay | | Vn—dn _Zl(bi —a;) = Zl(b'j —a’y)
1= Jj=
(0] 4 +d; ) . .
where, py; = ———>, 1=1,2,3,...,m and j =1,2,3,...,n

Table 2.4 Tabular representation of third crisp transportation problem

Destinations— Dy Do D; Dy c; —b;
Sources
S1 011 012 015 d1n c1—b
S; 051 052 055 Oin c;i —b;
Sm, Im1 Om2 6mj dmn cm — bm
m n
cdj—V; cd1—b1 | /s —bo dj—b; cn—bn 'Zl(ci*bi): Zl(c’jfb’j)
i= j=
(ci;+di;) . .
where, 0;; = = —%, 1=1,2,3,..,,m and j=1,2,3,...,n
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Table 2.5 Tabular representation of fourth crisp transportation problem

Destinations— D1 Do cee Dj . Dy, d; —¢;
Sources|
S1 £11 12 1 Ein dy —c1
S; &i1 iz e &ij e Ein di — ¢
Sm Em1 Em2 c Smj o Emn dm — Cm
m n
d/j —C/j d/l —0/1 d/2—6/2 d/j —C/j d/ﬂ,—c/n Zl(dl—cl): Zl(d/]' —C/]')
i= j=
d’. . .
where, §; = -5, 1=1,2,3,..,m and j=1,2,3,..,n

Step 4 Solve the crisp transportation problems, shown by Table 2.2, Table 2.3,
Table 2.4 and Table 2.5, to find the optimal solution {a;;}, {bi; — a;;}, {cij — b}
and {d;; — ¢;;} respectively.

Step 5 Solve the equations, obtained in Step 4, to find the values of a;;, b;;, ¢;; and
d;j.

Step 6 Find the fuzzy optimal solution {Z;;} by putting the values of a;;, b;;, ¢;;, di;
in Z;; = (ai, bij, cij, dij).

Step 7 Find the minimum total fuzzy transportation cost by putting the values of

jij in

ANGE

n
> (Gij ® Zij).
i=1j=1
Remark 2.4 Since, in the transportation problems negative parameters has no

physical meaning. So, in the proposed methods all the parameters can be assumed

as non-negative trapezoidal fuzzy numbers.

2.5.3 Advantages of the proposed methods over existing
methods

In this section, the advantages of the proposed method over existing methods
[14, 66, 134, 161, 162, 191, 192] are discussed:

(1) The advantages of the proposed methods over existing method [134] can be

explained as follows:
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(a) Since, in the proposed methods the restrictions b—a > 0,c—b > 0 and d—c > 0

are used and due to these restrictions the restriction, d > a (or 2V > ) will
always be satisfied. So, by using the proposed methods the shortcoming of the

existing method [134], pointed out in 1(a) of Section 2.4, is resolved.

(b) Since, on solving the fully fuzzy transportation problems by using the proposed

methods the obtained minimum total fuzzy transportation cost will always be
a fuzzy number. So, by using the proposed methods the shortcoming of the

existing method [134], pointed out in 1(b) of Section 2.4, is resolved.

(2) In Section 2.4, it is pointed out that on solving the fully fuzzy transportation

problems by using the existing methods [14, 66, 161, 162, 191, 192] negative
minimum total fuzzy transportation cost and negative quantity of the product
are obtained which is not appropriate according to real life situations.

Also, it is pointed out that fuzzy optimal solution, obtained by using
the existing methods does not satisty the constraints exactly.

Since, in the proposed method all the cost parameters are represented
by non-negative trapezoidal fuzzy numbers and also the restrictions a > 0
is used. So, on solving the fully fuzzy transportation problems by using the
proposed methods the obtained minimum total fuzzy transportation cost and
fuzzy quantity of the product will be either zero or non-negative.

Also, the fuzzy optimal solution, obtained by using the proposed meth-
ods, will always satisfy all the constraints exactly.

Hence, on applying the proposed methods all the shortcomings of the
existing methods [14, 66, 134, 161, 162, 191, 192], pointed out in Section 2.4,

are resolved.
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2.6 Illustrative example

In this section, to illustrate the proposed methods, the existing fully fuzzy
transportation problem [134], presented in Example 2.2, is solved by the proposed

methods.

2.6.1 Fuzzy optimal solution using the method based on
fuzzy linear programming formulation

Using the proposed method, based on fuzzy linear programming formulation,
the fuzzy optimal solution of the fully fuzzy transportation problem, presented in
Example 2.2, can be obtained as follows:

Step 1 Total fuzzy availability = (110,150,160, 180) and total fuzzy demand =
(90, 120, 140,200). Since, total fuzzy availability # total fuzzy demand, so it is an
unbalanced fully fuzzy transportation problem.

Now as described in the proposed method (using Case (c) of Step 1 of the

proposed method, discussed in Section 2.5.1), the unbalanced fully fuzzy transporta-
tion problem can be converted into a balanced fully fuzzy transportation problem
by introducing a dummy source S with fuzzy availability (0,0, 10,50) and a dummy
destination D, with fuzzy demand (20, 30, 30, 30).
Step 2 Assuming the fuzzy cost transporting for one unit quantity of the product
from dummy source S5 to all destinations and from all sources to dummy destina-
tion D, as zero trapezoidal fuzzy number i.e., ¢14 = Coq = C31 = C39 = C33 = C34 =
(0,0,0,0), the balanced fully fuzzy transportation problem, obtained in Step 1, can
be formulated into the following fuzzy linear programming problem:

Minimize ((10, 10,10,10) ® #1; @ (50,50,50,50) ® i1 @ (80,80,80,80) @ Z13 B
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(0,0,0,0) @14 ® (60, 70,80, 90) ® 91 & (60, 60, 60, 60) @ T2 B (20, 20, 20, 20) @ Ta3 B
(0,0,0,0)®F24(0,0,0,0)®23;5(0,0,0,0)®T32P(0,0,0,0)®x335(0,0,0, O)®f34>
subject to

T11 ® T12 B T13 ® 714 = (70,90, 90, 100)

To1 B T @ Tag B Tog = (40,60, 70, 80)

T31 @ T3g D T3z D T34 = (0,0, 10,50)

T11 @ To1 @ 31 = (30,40, 50, 70)

T12 @ Tag @ T39 = (20, 30,40, 50)

T13 @ Tag @ Z33 = (40, 50, 50, 80)

T14 @ Toy @ T34 = (20, 30, 30, 30)

11, T12, T13, T14, To1, To9, T23, Tog, T31, T32, T33, T34 are non-negative trapezoidal fuzzy

numbers.
Step 3 Assuming %;; = (aij, bij, ¢;j, d;;) and using arithmetic operations, defined in
Section 2.1.2, the fuzzy linear programming problem, obtained in Step 2, can be
converted into the following fuzzy linear programming problem:
Minimize (10a1; + 50015 + 80ais + 60z + 60az; + 20azs, 106y, + 5001z + 80by3 +
70ba1 + 60099 + 20b23, 10c11 4 50c12 + 80c15 + 80c21 4 60cg2 + 20c93, 10d11 + 50d;12 +
80d3 + 90d31 + 60dan + 205

subject to
( Z ayj, Z by, Z c1j, Z dlj) = (70,90, 90, 100)
4 7
> azj, Y baj, D cagy D de) = (40, 60, 70, 80)

=1 =1 =

(;
( S g3 e 3 s 3 dgj) — (0,0,10, 50)
(

—_

<.

i=1 i=1 =1 j=1

<.
<

3 3

3 3
Yoan, > b, Y,y dil) = (30,40, 50,70)

i=1 =1 =1 =1
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3
2 ):(20,30,40,50)
=1 =1
5

25 d’LQ
Z 35 Z d7,3> = (40, 50, 50, 80)
i=1 =1 i=1 i=1
3 3

3 3
(52 @, X2 b, 32 e, 32 i) = (20,30,30,30)

=1 =1 =1 i=1

3

bz27 Z C;
3

13 G
(a;j, bij, cij, dij) is a non-negative trapezoidal fuzzy number.
Step 4 Using Definition 2.10 and Definition 2.12, the fuzzy linear programming
problem, obtained in Step 3, can be converted into the fuzzy linear programming
problem (P, 7):
Minimize (10&11 + 50@12 + 800,13 + 60@21 + 60&22 + 20@23, 10b11 + 50[)12 + 80b13 +
70521 + 60b22 + 20b23, 10011 + 50012 + 80013 + 80021 + 60022 + 20023, 10d11 + 50d12 +
80dy3 + 90da; + 60da, + 20d23)

subject to

4 4 4 4
ZCLU:?O, Zb1j:90, ZCUZQO, ZdM:lOO
7j=1

j=1 j=1 J=1
4 4 4
Sa; =40, Y by =60, Y =70, Y dy; =80
=1

j= =1 =1

M-1

Q

&

I

e}

-1
%&:.

-5

bgj:O, 263]':10, d3]—50
j=1 Jj=1 j=1 j=1
3 3 3 3
ZCLHZ?)O, Zb11:40, ZCZ'1:50, Zdﬂ:?O <P2.7)
Z§1 lzl 7,§1 Z§1
Y aip =20, > bis =30, Yoo =40, > dip =50
z§1 z;l Z§1 zgl
Zai3—40, Zb23:50, 2613250, ZdZ;),:SO
Z§1 l§l 7,§1 7,§1
Z(IM—QO, sz4:30, Zci4:30, Zd24:30
i=1 i=1 i=1 i=1

aij, bij — g, cij — by, dig — iy 20V i=1,2,3;7=1,2,3,4
Step 5 Using Step 6 of the method, proposed in Section 2.5.1, the fuzzy optimal
solution of the fuzzy linear programming problem (P, 7), can be obtained by solving

the following crisp linear programming problem:

Minimize <%(10a11 + 10b11 + 10611 + 10d11 + 50&12 + 5Ob12 + 50012 + 50d12 + 80@13 +
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80013 + 80c13 + 80d13 + 60agq + 70ba1 4 80ca1 4+ 90d21 + 60a2e + 60beg + 60ceg + 60das +
2023 + 20baz + 203 + 2Od23)>

subject to

constraints of the problem (P ;)

Step 6 The optimal solution of the crisp linear programming problem, obtained in
Step 5, is a1 = 30,b11 = 40,11 = 40,dqy; = 40, a12 = 20, b12 = 30,12 = 30,d12 =
40,a13 = 0,b13 = 0,13 = 0,dy3 = 0,a14 = 20,014 = 20,c14 = 20,dy4 = 20,09, =
0,01 = 0,c91 = 0,do; = 0,a90 = 0,b99 = 0,c90 = 10,dos = 10,a93 = 40,b3 =
50, ca3 = 50, da3 = 60,a24 = 0,bo4 = 10,c94 = 10,doy = 10,a3; = 0,b31 = 0,c31 =
10,d3; = 30,a32 = 0,b30 = 0,¢c30 = 0,d30 = 0,a33 = 0,b33 = 0,c33 = 0,d33 =
20,a34 = 0,b34 = 0,c34 = 0,d34 = 0.

Step 7 Putting the values of a;j, b;;,c;; and d;;, obtained from Step 6, in Z;; =
(aj, bij, cij, dij), the fuzzy optimal solution is Z1; = (30, 40, 40, 40) Z12 = (20, 30, 30, 40),
Z13 = (0,0,0,0), 714 = (20,20,20,20), Z2; = (0,0,0,0), Zoo = (0,0,10,10), Tog =
(40,50, 50, 60), To4 = (0,10,10,10), 31 = (0,0,10,30), T35 = (0,0,0,0), T35 =
(0,0,0,20), 234 = (0,0,0,0).

Step 8 Putting the values of %11, 19, T13, T14, To1, Too, Ta3, Toa, T31, T32, L33, Tzq4 1N
<(10, 10,10,10) ® Z11 & (50,50, 50,50) ® &2 & (80, 80,80,80) ® 13 & (0,0,0,0) ®
714 @ (60, 70, 80,90) ® 91 @ (60, 60, 60, 60) @ Tag B (20, 20, 20, 20) ® T93 P (0,0,0,0) ®
Toq ® (0,0,0,0) ® Z31 @ (0,0,0,0) ® Z32 & (0,0,0,0) ® Z33 P (0,0,0,0) ® 5534> the

obtained minimum total fuzzy transportation cost is (2100, 2900, 3500, 4200).
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2.6.2 Fuzzy optimal solution using the method based on
tabular representation

Using the proposed method, based on tabular representation, the fuzzy opti-
mal solution of the fully fuzzy transportation problem, chosen in Example 2.2, can
be obtained as follows:

Step 1 The balanced fully fuzzy transportation problem, obtained from Step 1 of
Section 2.6.1, can be represented by Table 2.6.

Table 2.6 Tabular representation of balanced fully fuzzy transportation problem

Dy Do Ds Dy a

S1 | (10,10,10,10) | (50,50,50,50) | (80,80,80,80) (0,0,0,0) (70,90,90,100)

Ss | (60,70,80,90) | (60,60,60,60) | (20,20,20,20) (0,0,0,0) (40,60,70,80)

S (0,0,0,0) (0,0,0,0) (0,0,0,0) (0,0,0,0) (0,0,10,50)

b; | (30,40,50,70) | (20,30,40,50) | (40,50,50,80) | (20,30,30,30) 23)1 @ = _418j
= =

Step 2 Using Step 3 of the method, proposed in Section 2.5.2, Table 2.6 can be

split into four crisp transportation tables i.e., Table 2.7, Table 2.8, Table 2.9, Table

2.10.
Table 2.7 Tabular representation of Table 2.8 Tabular representation of second
first crisp transportation problem crisp transportation problem
Dy | Dy | D3 | Dy | a; Dy | Dy | D3 | Dy | bi—a;
S 10 50 80 0 70 S1 7.5 | 37.5 60 0 20
Sa 75 60 20 0 40 Sa 60 45 15 0 20
S3 0 0 0 0 0 S3 0 0 0 0 0
a; 30 20 40 20 b —a; 10 10 10 10
Table 2.9 Tabular representation of third crisp Table 2.10 Tabular representation of fourth
transportation problem crisp transportation problem
Dy Dy | D3 | Da | ¢i —b; Dy Doy D3 | Dy | diy — ¢
S1 5 25 40 0 0 S1 2.5 22.5 | 30 0 10
Sa 42.5 | 30 10 0 10 Sa 22.5 15 5 0 10
S3 0 0 0 0 10 S3 0 0 0 0 40
dj—b; 10 10 0 0 d;—c; 20 10 30 0

Step 3 The optimal solution of crisp transportation problems, shown by Table

2.7; Table 2.8; Table 2.9 and Table 2.10, are a1; = 30,a12 = 20,a13 = 0,a14 =

20,a91 = 0,022 = 0,a23 = 40,024 = 0,a31 = 0,a32 = 0,a33 = 0,a34 = 0;b11 — a1 =
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10, b12 — a1z = 10,b13 — a13 = 0,b14 — a14 = 0,b91 — ag1 = 0,ba2 — age = 0,b93 — agz =
10, b24 — agq = 10,b31 — a3y = 0,b32 — azg = 0,b33 —aszz = 0,034 —azs = 0;¢c11 — byy =
0,c12 = b1z = 0,¢13 — b1z = 0,14 — b1g = 0,¢21 — by = 0,20 — bao = 10,93 — b3 =
0,c94 — bay = 0,c31 — b3y = 0,c320 — bga = 10,c33 — bzz = 0,c31 — b3y = 0 and
diy — e = 10,d1p — c19 = 10,d13 — c13 = 0,d1g — c14 = 0,da1 — o1 = 0,d22 — 9 =
0, daz —ca3 = 10, dag—coa = 0, d31—c31 = 20, d32— 33 = 0,d33— ¢33 = 20, d34— 34 = 0
respectively.

Step 4 On solving the equations, obtained in Step 3, the values of a;;, b;;, ¢;; and d;;
are a;; = 30,011 = 40, ¢11 = 40,dyy = 40, a15 = 20, b15 = 30, ¢12 = 30,dyo = 40,013 =
0,013 = 0,¢13 = 0,dy13 = 0,a14 = 20,04 = 20,¢14 = 20,dyy = 20,a9; = 0,y =
0,c01 = 0,dy; = 0,a22 = 0,b90 = 0,c90 = 10,dys = 10,a93 = 40,by3 = 50,93 =
50, dsg = 60,a94 = 0,b9q4 = 10,04 = 10,doy = 10,a3; = 0,b31 = 0,¢c31 = 10,d3; =
30, ase = 0,b3y = 0,30 = 0,d32 = 0,a33 = 0,b33 = 0,c33 = 0,d33 = 20, a3, = 0,b34 =
0,c34 = 0,d34 = 0.

Step 5 Putting the values of a;;, b, ¢;; and d;; in Z;; = (a4, bij, ¢ij, dij), the fuzzy
optimal solution is #1; = (30,40,40,40) Z12 = (20,30, 30,40), Z;3 = (0,0,0,0),
14 = (20,20,20,20), Z2; = (0,0,0,0), o2 = (0,0,10,10), o3 = (40, 50, 50, 60),
T9q = (0,10,10,10), 31 = (0,0,10,30), T32 = (0,0,0,0), T35 = (0,0,0,20), T34 =
(0,0,0,0).

Step 6 Putting the values of %11, %12, T13, T14, To1, Too, To3, Toa, T31, T32, T33, Ty4 1N
((10,10,10,10) ® Z11 & (50, 50, 50, 50) ® T12 B (80, 80, 80, 80) @ T13E (0,0,0,0) @ T14 &
(60, 70,80, 90) ® Z91 @ (60, 60, 60, 60) @ Tag & (20, 20, 20, 20) @ To3 B (0,0,0,0) @ Toy @
(0,0,0,0) ® 231 ®(0,0,0,0) ® T34 (0,0,0,0) ® Z33 5 (0,0,0,0) ® Z34) the minimum

total fuzzy transportation cost is (2100, 2900, 3500, 4200).
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2.6.3 Physical interpretation of the results

In this section, the minimum total fuzzy transportation cost, obtained by
using the proposed methods, is physically interpreted. Similarly, the obtained fuzzy
optimal solution can also be physically interpreted.

Using the proposed methods the minimum total fuzzy transportation cost is

(2100, 2900, 3500, 4200), which can be physically interpreted as follows:

(1) The least amount of minimum total transportation cost is 2100.

(2) The most possible amount of minimum total transportation cost lies between
2900 and 3500.

(3) The greatest amount of minimum total transportation cost is 4200 i.e., the
minimum total transportation cost will always be greater than 2100 and less
than 4200 and maximum chances are that the minimum total transportation

cost will lie between 2900 and 3500.

The variation in minimum total transportation cost with respect to chances

are shown in Figure 2.1.

1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0 L -

2000 2400 2800 3200 3600 4000 4400

Degree of membership function

Minimum total transportation cost

Figure 2.1. Membership function of trapezoidal fuzzy number representing the
minimum total fuzzy transportation cost
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2.7 Case study

Liang [127] proposed a method to find the crisp optimal solution of such fuzzy
transportation problems in which all the parameters are represented by triangular
fuzzy numbers and used it to find the crisp optimal solution of a real life fuzzy
transportation problem described in Section 2.7.1.

However, in Chapter 1, it is pointed out that it is better to find the fuzzy
optimal solution as compared to crisp optimal solution. So, in this section, the fuzzy
optimal solution of the same real life problem are obtained with the help of proposed

methods.

2.7.1 Description of problem

Dali Company is the leading producer of soft drinks and low-temperature
foods in Taiwan. Currently, Dali plans to develop the South-East Asian market
and broaden the visibility of Dali products in the Chinese market. Notably, fol-
lowing the entry of Taiwan to the World Trade Organization, Dali plans to seek
strategic alliance with prominent international companies, and introduced interna-
tional bread to lighten the embedded future impact. In the domestic soft drinks
market, Dali produces tea beverages to meet demand from four distribution centers
in Taichung, Chiayi, Kaohsiung, and Taipei, with production being based at three
plants in Changhua, Touliu, and Hsinchu. According to the preliminary environ-
mental information, Table 2.11 summarizes the potential availability of the product
at these three plants, the forecast demand from the four distribution centers, and
the unit transportation cost for each route used by Dali for the upcoming season.

The environmental coefficients and related parameters are generally imprecise
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numbers with triangular possibility distributions over the planning horizon due to
incomplete or unobtainable information. For example, the available supply of the
Changhua plant is (7.2, 8, 8.8) thousand dozen bottles, the forecast demand of the
Taichung distribution center is (6.2, 7, 7.8) thousand dozen bottles and the trans-
portation cost per dozen bottles from Changhua to Taichung is ($8,$10, $10.8).

Due to transportation costs being a major expense, the management of Dali
is initiating a study to reduce these costs as much as possible.

Table 2.11. Summarized data in the Dali case (in U.S. dollar)

Source (i) Destination (j) Supply (000
Taichung (1) Chiayi (2) Kaohsiung (3) Taipei (4) dozen bottles)
Changhua (1) | ($8,$10,$10.8) | ($20.4,%$22,$24) | ($8,510,$10.6) | ($18.8,$20,$22) | (7.2,8,8.8)
Touliu (2) (%14, $15, $16) ($18.2, $20, $22) ($10,9$12,$13) (%6, $8, $8.8) (12,14, 16)
Hsinchu (3) | ($18.4,$20,%21) | ($9.6,$12,$13) | ($7.8,$10,$10.8) | ($14,$15,816) | (10.2,12,13.8)
Demand (000 (6.2,7,7.8) (8.6,10,11.4) (6.5,8,9.5) (7.8,9,10.2)
dozen bottles)

2.7.2 Results

On solving the real life problem, shown by Table 2.11, by using the proposed
methods the obtained fuzzy optimal solution {Z;;}, representing the fuzzy quantity
of the soft drinks that should be transported from i source j destination to
minimize the total fuzzy transportation cost, is Z1; = (6.2,7,7.8), Z13 = (1,1,1),
Toz = (3.9,4.7,5.5), Toy = (7.8,9,10.2), To5 = (.3,.3,.3), T3 = (8.6,9.7,10.8),
Z33 = (1.6,2.3,3), 42 = (0,.3,.6) and the minimum total fuzzy transportation cost
is ($238.44, $347.8, $428.9).

Remark 2.5 Since, the real life problem, chosen in Section 2.7.1, is an unbalanced
problem. So, to find the solution of the problem a dummy source (4) and a dummy
destination (5) is introduced. In the results, presented in Section 2.7.2, Zo5 and

Z4o represents the fuzzy quantity of the product that should be transported from
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source (2) to dummy destination (5) and from dummy source (4) to destination (2)

respectively.

2.7.3 Physical interpretation of the results

In this section, the minimum total fuzzy transportation cost, obtained by
using the proposed methods, is physically interpreted. Similarly, the obtained fuzzy
optimal solution can also be physically interpreted.

Using the proposed methods the minimum total fuzzy transportation cost is

($238.44, $347.8,$428.9), which can be physically interpreted as follows:

(1) The least amount of minimum total transportation cost is $238.44.
(2) The most possible amount of minimum total transportation cost is $347.8.

(3) The greatest amount of minimum total transportation cost is $428.9 i.e., the
minimum total transportation cost will always be greater than $238.44 and less
than $428.9 and maximum chances are that the minimum total transportation

cost will be $347.8.

The variation in minimum total transportation cost with respect to chances
are shown in Figure 2.2.

1
0.8
0.6
0.4

0.2

Degree of membership function

0

200 250 300 350 400 450 500

Minimum total transportation cost

Figure 2.2. Membership function of triangular fuzzy number representing the
minimum total fuzzy transportation cost
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2.8 Conclusions

On solving the fully fuzzy transportation problems by applying the proposed
methods all the shortcomings, occurring due to the existing methods, are resolved.
So, it can be concluded that it is better to use the proposed methods as compared

to the existing methods.






Chapter 3

NeEw MEeTHODS FOR Sorving FuLLy
Fuzzy TRANSPORTATION PROBLEMS
WitH LR FraT Fuzzy PARAMETERS

In this chapter, the limitations of the methods, proposed in Chapter 2, are
pointed out. To overcome these limitations new methods are proposed for solving
fully fuzzy transportation problems by modifying the methods, proposed in Chapter
2. The advantages of the proposed methods over the methods, proposed in Chapter
2, are discussed. To illustrate the proposed methods, a fully fuzzy transportation

problem is solved.

3.1 Preliminaries

In the literature [49, 225] it is pointed out that the computational efforts
required to solve a fuzzy linear programming problem can be reduced, if the deci-
sion maker can express his subjective impression using LR flat fuzzy numbers. All
kinds of crisp numbers, triangular and trapezoidal fuzzy numbers are LR flat fuzzy
numbers.

In this section, some basic definitions and arithmetic operations of LR flat

fuzzy numbers are presented.

The contents of this chapter is published in Fuzzy Information and Engineering 3 (2011) 81-99.
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3.1.1 Basic definitions

In this section, some basic definitions are presented.
Definition 3.1 [49] A function L : [0,00) — [0, 1] (or R : [0,00) — [0, 1]) is said to
be reference function of fuzzy number if and only if
(i) L(0) =1 (or R(0) =1)
(ii) L (or R) is non-increasing on [0, 00).
Definition 3.2 [49] A fuzzy number A defined on universal set of real numbers R,
denoted as (m,n, «, 5) g, is said to be an LR flat fuzzy number if its membership

function pz(x) is given by

L(™=2), r<m, a>0
nal®) =93 R(=2), z>n, B>0
1, m<zx<n

Definition 3.3 [49] Let A = (m,n,a,)pg be an LR flat fuzzy number and A be
a real number in the interval [0, 1]. Then, the classical set Ay = {z € X : pz(x) >
A} = [m— L' (\),n + BR™Y(N)], is said to be A-cut of A.

Definition 3.4 [49] An LR flat fuzzy number A = (m,n, a, 3)Lr is said to be zero
LR flat fuzzy number if and only if m =0,n =0, =0 and g = 0.

Definition 3.5 [49] Two LR flat fuzzy numbers A = (my,nq, 04, 51)Lr and Ay =
(ma, ma, g, B2)Lr are said to be equal i.e., A, = Ay if and only if my = mo,ny =
N2,y = ap and fy = fo.

Definition 3.6 [44] An LR flat fuzzy number A = (m, n, a, §) g is said to be non-

negative LR flat fuzzy number if and only if m — a > 0.
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Definition 3.7 [44] An LR flat fuzzy number A = (m,n,, 8)Lg is said to be

negative (positive) LR flat fuzzy number if and only if n + 5 < 0 (m — a > 0).

Remark 3.1 If m = n then an LR flat fuzzy number (m,n, «, 5) g is said to be an

LR fuzzy number and is denoted as (m,m,a, 8)pg or (n,n,a, B)pr or (m, o, B)rr
or (na Q, 6)LR-
Remark 3.2 If m = n and L(z) = R(z) = maximum {0,1 — 2} then an LR flat

fuzzy number (m,n, a, §) g is said to be a triangular fuzzy number and is denoted

as (a,b,c) where, a = m — a,b =m(or n),c =m + B(or n+ f).

Remark 3.3 If m # n but L(z) = R(zr) = maximum {0,1 — z} then an LR flat
fuzzy number (m, n, a, B) g is said to be a trapezoidal fuzzy number and is denoted

as (a,b,c,d) where,a =m — o, b=m,c=n,d =n+ p.
3.1.2 Arithmetic operations

In this section, addition and multiplication operations of LR flat fuzzy num-
bers are presented [49]:

(i) Let A = (mq,nq, 01, 81)Lr and Ay = (mg, ng, e, B2)Lr be two LR flat fuzzy
numbers. Then, A; & Ay = (mq + ma, ny + na, o4 + 2, B1 + Bo) i

(ii) Let A = (mq,n1, 04, 51)Lr and Ay = (ma, ng, g, B2) Lr be two non-negative
LR flat fuzzy numbers. Then,

A1®z‘~12 ~ (mymg, ning, myme—(my—aq)(Mme—aa), (n1+51)(ne+F2) —nang) Lr
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3.2 Limitations of the methods proposed in pre-
vious chapter

The methods, proposed in Chapter 2, can be used only for solving such fully
fuzzy transportation problems in which the parameters are either represented by
triangular fuzzy numbers or trapezoidal fuzzy numbers. However, the same meth-
ods can not be used for solving such fully fuzzy transportation problems in which
the parameters are represented by LR fuzzy numbers or LR flat fuzzy numbers e.g.,
the fully fuzzy transportation problem, chosen in Example 3.1, can not be solved by
the methods proposed in Chapter 2.

Example 3.1 A company has two sources S; and S, and three destinations Dq, D-
and Dj ; the fuzzy cost for transporting one unit quantity of the product from 5
source to j destination is ¢;

(20,30,10,10)z5  (60,70,10,20)zr  (90,110,10,10)s |
. e

Where, [Eij]2><3 =
(70,80,10,10).z (80,100,10,20),r (30,50,10,10).r

fuzzy availability of the product at first, second sources are (90,90, 20, 10),z and

(60, 70,20, 10) g and the fuzzy demand of the product at first, second and third des-

tinations are (40, 50, 10,20) g, (30,40, 10,10),r and (50,50, 10,30),r respectively,

where, L(z) = R(z) = maximum {0,1 — 2*}. The owner of the company want

to determine the fuzzy quantity of the product that should be transported from

each of the sources to each destination so that the total fuzzy transportation cost is

minimum.
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3.3 Proposed methods

In this section, to overcome the limitations of the methods, proposed in Chap-
ter 2, two new methods are proposed for solving such fully fuzzy transportation prob-
lems in which all the parameters are represented by LR flat fuzzy numbers. Also,
the advantages of the proposed methods over the methods, proposed in Chapter 2,

are discussed.

3.3.1 Method based on fuzzy linear programming formula-
tion
In this section, a new method, based on the fuzzy linear programming for-
mulation of the fully fuzzy transportation problems, is proposed to find the fuzzy
optimal solution of such fully fuzzy transportation problems in which the parame-
ters are represented by LR flat fuzzy numbers.
The steps of the proposed method are as follows:

Step 1 Find the total fuzzy availability > a; and the total fuzzy demand ) Bj. Let

i=1 j=1

=

Il
—

no_
a; = (m,n,a,B)rr and > b; = (m/,n', o/, ") Lr. Use Definition 3.5 to examine
% 7j=1

that the problem is balanced or not, i.e., Y a; = > Bj or > a; # Y, l;j.
i=1 j=1 i=1 j=1

Case (i) If the problem is balanced, i.c., 3 = . b;, then Co to Step 2.
i=1 j=1

Case (ii) If > a; # > l;j then convert the unbalanced problem into balanced prob-

i=1 j=1

lem as follows:

Case (a) Ifm—a<m' —d,a<d,n—m<n —m and § < ' then introduce
a dummy source with fuzzy availability (m’ — m,n’ —n,o — o, 5/ — B)Lr. Assume
the fuzzy cost for transporting one unit quantity of the product from the introduced

dummy source to all destinations as zero LR flat fuzzy number. Go to Step 2.
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Case (b)lf m—a>m'—ad,a>d, n—m>n"—m', and § > f’ then introduce
a dummy destination with fuzzy demand (m —m/,n—n';a— o', 8 — ') g. Assume
the fuzzy cost for transporting one unit quantity of the product from all sources to
the introduced dummy destination as zero LR flat fuzzy number. Go to Step 2.
Case (c) If neither Case (a) nor Case (b) is satisfied then introduce a dummy
source with fuzzy availability (maximum {0, (m' — o) — (m — a)} + maximum
{0, (¢/ — @)}, maximum {0, (m’ — ') — (m — a)} + maximum {0, (¢ — )} + maxi-
mum {0, (n"—m') —(n—m)}, maximum {0, (¢/ —a)}, maximum {0, (8'—5)})Lr and
dummy destination with fuzzy demand (maximum {0, (m —a) — (m' —a/)} + max-
imum {0, (o — )}, maximum {0, (m —a) — (m' — ')} + maximum {0, (o« — ')} +
maximum {0, (n—m)—(n'—m’)}, maximum {0, («—a/) }, maximum {0, (3—3")})Lr.
Assume the fuzzy cost for transporting one unit quantity of the product from the
introduced dummy source to all destinations and from all sources to the introduced
dummy destination as zero LR flat fuzzy number. Go to Step 2.

Step 2 Formulate the balanced fully fuzzy transportation problem, obtained in Step
1, into the fuzzy linear programming problem (P ).

Step 3 Assuming ¢;; = (m;j,ngj,ozgj, LR, Tij = (mij, nij, g, Bij) LR, @i = (Mg, ny,

/

a;, B;)pr and l;j = (m},n},a}, B;)Lr, the fuzzy linear programming problem, ob-

tained in Step 2, can be written as:
m n
tons 3 / / / /
Minimize ((mij,nij,ozij, LR @ (mij,nij,aij,ﬁij)LR>

subject to

-

((mij,nij,aij,ﬂij)LR) = (mi,ni,ai,ﬁi)LR, 1= 1, 2,3, N’
1

J

((mij,nij,ozij,ﬁij)LR) = (m;,n;-,oz;-, ;)LR ] = 1,2,3, ., n

=

@
I
—

(mij, nij, a4, Bij) L is a non-negative LR flat fuzzy number.
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Step 4 Using the arithmetic operations, defined in Section 3.1.2 and assuming
m n

2' 1<(m;j7n;jaa£]‘a z{j)LR ® (mz‘j,nij7aij,5ij)LR> = (mo, 10, 2, Bo)Lr, the fuzzy
i=1j=

linear programming problem, obtained in Step 3, can be written as:

Minimize (mg, no, @, Bo)Lr

subject to
n n n n
<Zmz]7 nija aij? ZB@]) = (mhnhai’ﬁi)LRu 1= 172737"'7m
j=1 =1~ j=1 = j=1 LR

m

<Z:z:1 myj, 1:231 Tijs Z; Ay, ~ ﬁij)LR = (m;7 n;‘7 CY;, ﬁ;’)LRa j = 17 27 37 RN L
(mij, nij, g, Bij)Lr is a non-negative LR flat fuzzy number.
Step 5 Using Definition 3.5 and Definition 3.6, the fuzzy linear programming prob-
lem, obtained in Step 4, can be converted into the fuzzy linear programming problem

(P3.1)1

Minimize (mg, no, &, fo)Lr

subject to
n
Zmij:mia i:1a2737""m
=1
Jn
Sy, 0= 128.m
=1
]n
Za’t_]:a'57 '[::]_72737...77’”/
j=1
]n .
S Bis = Bi, i=1,2,3,...m (Ps1)
=1
]m
Zmij:m;7 J=123,..n
z;l
Znij:n;ﬁ J=123,..,n
Z'r_nl
ZO&UZOC;, J=123,..n
2;1 .
Zﬁij: Jl'v J=123,...n
=1
mij—aij,nij_mijaaijaﬁij20 v Z’j

Step 6 As discussed in Step 6 of the method, proposed in Section 2.5.1 of Chapter

2, the fuzzy optimal solution of the fuzzy linear programming problem (Ps;) can be
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obtained by solving the following crisp linear programming problem:
Minimize $(mq, 1o, ao, Bo)Lr
subject to
constraints of the problem (Ps ;)
Step 7 Using the existing formula [131], R(mq, no, ao, Bo)Lr = %(fol (mo—apL™1(\))
d\ + f01 (no+BoR~(N\)) d)), the crisp linear programming problem, obtained in Step
6, can be converted into the following crisp linear programming problem:
Minimize ([ (mg — agL™'(\)) dX + [ (no + BoR™(\)) dA)
subject to
constraints of the problem (Ps )
Step 8 Solve the crisp linear programming problem, obtained from Step 7, to find
the optimal solution {m;;, n;, ai;, Bi; }-
Step 9 Find the fuzzy optimal solution {Z;;} by putting the values of m;;, n;;, i, Bi;
in Zij = (miz, nij, g, Bij) LR
Step 10 Find the minimum total fuzzy transportation cost by putting the values
of Z;; in i Zn:(éij ® Tyj).
i=1j=1
Remark 3.4 Let A = (mij, nij, i, Bij)or be an LR flat fuzzy number with L(z) =
R(r) = maximum {0,1 — z*}. Then,
R(A) = 2((mij +nij) — agj fo N+ By fo N)AN) = = (5my; + 5y + 45 —

40&@')

3.3.2 Method based on tabular representation

In this section, a new method, based on tabular representation of the fully

fuzzy transportation problems, is proposed to find the fuzzy optimal solution of such
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fully fuzzy transportation problems in which the parameters are represented by LR
flat fuzzy numbers.

The steps of the proposed method are as follows:
Step 1 Use Step 1 of the method, proposed in Section 3.3.1, to obtain a balanced
fully fuzzy transportation problem.
Step 2 Represent the balanced fully fuzzy transportation problem, obtained from
Step 1, into tabular form as shown by Table 3.1.

Table 3.1 Tabular representation of balanced fully fuzzy transportation problem

Destinations— D, Do cee D; S D, Availability
Sources]| (a:)
S1 C11 C12 C1j Cin a1
Si Ci1 Ci2 e Cij ‘e Cin a;
Sm Cm1 Cm2 Em]’ Cmn am,
- _ ~ ~ - m no_
Demand(b;) b1 ba e bj e bn, >rai= ) bj
i=1 j=1

Step 3 Split Table 3.1 into four crisp transportation tables i.e., Table 3.2, Table

3.3, Table 3.4 and Table 3.5.

Table 3.2 Tabular representation of first crisp transportation problem

Destinations— D1 Do D; Dy m; — Q;
Sources]
S1 11 12 N1 Nn mi; —ai
Si ni1 ni2 Nij Nin m; — oy
Sm Nm1 NTm2 Nmj Nimn Mm — Om
m n
m'j —a m'i—aof | m'2 — o m'; —a, m'n —al, Zl(ml—ai):zl(m'J —al)
i= j=
_1 / / rorlra 1ol p-1 s
where, n;; = 5((mj; +ni;) —aj; [y LTHNAA+ B [y R7H(N)dY),  i=1,2,3,...,m

and j = 1,2,

3,..,n
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Table 3.3 Tabular representation of second crisp transportation problem

Destinations— D1 Do S D; cee Dy a;
Sources]
S1 P11 p12 | - P15 | Pin a1
Si pi1 Pi2 e Pij e Pin o
Sm Pml Pm2 co Pmj co Pmn am
m
oy oy aly | oo | Ay | e a'n Z ;= Z o
_ 1 / / / 1 .
where, pi; = 5((mj; +nj;) —mi; [, L7 (N)dA+ B fo d\), i=1,2,3,...m

and j =1,2,3,....n

Table 3.4 Tabular representation of third crisp transportation problem

Destinations— D1 Do S D; .. Dy, n/z _ mi
Sources|
S1 011 012 015 O1n niy —m
S; 051 di2 27 Oin n; —m;
nf —m} np—mj | np—mh | o0 | nG—my | cee | mp —my Z(nl—ml) El(n;-—m;)
j=
1 . .
where, d;; = 5(ni; + B} fo d\), i=1,2,3,..m and j=1,2,3,....n

Table 3.5 Tabular representation of fourth crisp transportation problem

Destinations— D1 Do o D; e Dn B';
Sources|
S &1l 12 | oo | &y | o ] &in B1
Si i1 iz | - Eij | - Ein Bi
Sm gml fm? c Emj c Emn Bm
B 61 By | - B; e B, '21 Bi = '21 B;
i= Jj=
where, &;; = % n;; fo d\), i=1,2,3,...,mandj=1,2,3,..,n

Step 4 Solve the crisp transportation problems, shown by Table 3.2, Table 3.3, Table
3.4 and Table 3.5, to find the optimal solution {m;; — ay;}; {as;}; {ni; —m;} and
{Bi;} respectively.

Step 5 Solve the equations, obtained in Step 4, to find the values of m;;, ni;, a;
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and ;.

Step 6 Find the fuzzy optimal solution {Z;;} by putting the values of m;;, n;;, ai;, Bi;
in Z;; = (mij, nij, 4j, Bij) LR

Step 7 Find the minimum total fuzzy transportation cost by putting the values of

fij in

||M3

ZZ:(CU ® Zij).

Remark 3.5 If in the proposed methods all the parameters are represented by
such LR flat fuzzy numbers in which L(z) = R(z) = maximum {0,1 — z} then the
methods, proposed in this chapter, will be same as the methods proposed in Chapter
2.

Remark 3.6 Let A = (mij, ij, 4y, Bij)Lr be an LR flat fuzzy number with L(z) =

R(r) = maximum {0,1 — z*}. Then,

771’;‘ = %((mij—i-nw Oélj fO d)\—i—ﬂlj fO d)\) (5mij+5nij+4ﬁij—4aij),
pij = 3((myj + ng;) — my; fol LYN)dX + Bij fo A)dA) = 5 (my; + 5ni; + 45;5),
51']' = %(nw + 51] fO )d)\) (57’LU + 46@]) and

& = $((nij + Biy) Jy RHN)AN) = & (nij + Bij).

3.3.3 Advantages of the proposed methods

The methods, proposed in Chapter 2, can be used only to find the fuzzy
optimal solution of such fully fuzzy transportation problems in which the parameters
are either represented by triangular fuzzy numbers or trapezoidal fuzzy numbers
but can not be used for solving such fully fuzzy transportation problems in which
parameters are either represented by LR fuzzy numbers or LR flat fuzzy numbers.

Since, triangular fuzzy numbers, trapezoidal fuzzy numbers and LR fuzzy

numbers are special type of LR flat fuzzy numbers. So, the methods, proposed in
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this chapter, can also be used for solving such fully fuzzy transportation problems
in which the parameters are represented by triangular fuzzy numbers or trapezoidal

fuzzy numbers or LR fuzzy numbers.

3.4 Illustrative example

In this section, to illustrate the proposed methods, the fully fuzzy transporta-
tion problem, chosen in Example 3.1, is solved by the proposed methods.

3.4.1 Fuzzy optimal solution using the method based on
fuzzy linear programming formulation

Using the proposed method, based on fuzzy linear programming formulation,
the fuzzy optimal solution of the fully fuzzy transportation problem, chosen in Ex-
ample 3.1, can be obtained as follows:

Step 1 Total fuzzy availability = (150, 160,40,20),z and total fuzzy demand =
(120, 140, 30,60)g. Since, total fuzzy availability # total fuzzy demand, so it is an
unbalanced fully fuzzy transportation problem.

Now as described in the proposed method (using Case (c) of Step 1 of the
proposed method, discussed in Section 3.3.1), the chosen unbalanced fully fuzzy
transportation problem can be converted into a balanced fully fuzzy transportation
problem by introducing a dummy source S3 with fuzzy availability (0,10,0,40).r
and a dummy destination D, with fuzzy demand (30,30, 10,0).r
Step 2 Assuming the fuzzy cost for transporting one unit quantity of the product
from dummy source S5 to all destinations and from all sources to dummy destina-
tion Dy, as zero LR flat fuzzy number i.e., ¢14 = Coy = C31 = C39 = C33 = C34 =

(0,0,0,0) g, the balanced fully fuzzy transportation problem, obtained in Step 1,
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can be formulated into the following fuzzy linear programming problem:
Minimize ((20, 30, 10, 10) .z ®Z11 (60, 70, 10, 20) Lr ®@Z12D (90, 110, 10, 10) Lr @ T 13D
(0,0,0,0),r®T14B(70, 80, 10, 10) , g ®T91H(80, 100, 10, 20) 1, g ®T22(30, 50, 10, 10) L g®
T93 @ (0,0,0,0)Lr ® Tog B (0,0,0,0)r ® T31 D (0,0,0,0),r @ T30 @ (0,0,0,0) 5 ®
T35 ® (0,0,0,0)Lr @ T34)
subject to

T11 ® T12 D T13 ® T14 = (90,90, 20, 10) .

To1 @ Tog @ Toz @ Toy = (60, 70,20,10)

T31 © T32 © T33 © T34 = (0,10,0,40) 15

T11 ® To1 ® T3 = (40,50,10,20) 1

T12 @ Tog @ T30 = (30,40,10,10) 1

T13 @ Ta3 ® T33 = (50, 50,10,30)

T14 D Tog & T34 = (30,30,10,0) 15

Z11, T12, T13, T14, To1, To2, Toz, Tog, T31, T3z, T3z, T4 are non-negative LR flat fuzzy

numbers
Step 3 Using Step 4 to Step 7, of the method, proposed in Section 3.3.1 and Remark
3.4, the fuzzy linear programming problem, obtained in Step 2, can be converted
into the following crisp linear programming problem:
Minimize %(6077@11 + 190111 —40a1 4+ 160511 +260m15 + 430n19 — 200012 + 360512 +
410m43 4+ 590n13 — 3200v13 + 480513 + 310ma; + 440n9; — 2401 + 360521 4+ 360m95 +

580m29 — 2800rag + 480829 + 110mag + 290n23 — 80creg + 24023)

subject to
4 4 4 4
> my; =90, > niy; =90, > o1 =20, 2. Py =10
j=1 j=1 j=1 =1
4 4 4 4
Zm2j2607 TLQJ‘:?O, ZQQjZQOa 252]:10
j=1 j=1 j=1 7=l
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4 4 4 4
m3j:O, anjzl(), Zagj:(), 253]:40
=1 =1 j=1 j=1
3 3 3 3
Yomia =40, Y ng=50, Ylag=10, > Bz =20
lzl Z§1 Z§1 Z§1
> mi =30, > o nip =40, > =10, > Bia =10
1§1 Z§l Z§l Z§l
Zmi3:507 an‘3:50, ZOéz‘?,:lO, 2523230
zzl Z§1 Z§1 Z§1
> miy =30, > niy =30, >y =10, > Bia=0
i=1 i=1 i=1 i=1

Mij — Quj, Nij — Myj, g, B > 0V e =1,2,3;7=1,2,3,4
Step 4 The optimal solution of the crisp linear programming problem, obtained
from Step 3, is my; = 40,117 = 40,97 = 10, B11 = 10, Mo = 20,115 = 20, 15 =
0,512 = 0,m13 = 25,n13 = 25,13 = 10, B13 = 0,14 = 5,014 = 5,14 = 0, f14 =
0,m9; = 0,n91 = 10,51 = 0, B21 = 10, Moy = 10, n90 = 10, gy = 10, Boy = 0,193 =
25,93 = 25,03 = 0, foz = 0, Moy = 25, N4 = 25, a0y = 10, foy = 0,m3; = 0,13, =
0,31 = 0,031 = 0,m32 = 0,n32 = 10,32 = 0,832 = 10,m33 = 0,n33 = 0,33 =
0, B33 = 30,m34 = 0,m34 = 0,34 = 0, B34 = 0.
Step 5 Putting the values of m;j, ni;,u; and Bi; in Ty = (Mg, nij, Qij, Bij) LR,
the fuzzy optimal solution is #;; = (40,40,10,10).r T12 = (20,20,0,0)1r, T13 =
(25,25,10,0) g, Z14 = (5,5,0,0)Lr, T21 = (0,10,0,10) g, T92 = (10,10,10,0) g,
Toz = (25,25,0,0) 1R, Tog = (25,25,10,0) 1k, T31 = (0,0,0,0) g, T32 = (0,10,0,10) g,
Z33 = (0,0,0,30) LR, T34 = (0,0,0,0)Lr
Step 6 Putting the values of %11, Z12, T13, T14, To1, To, T23, To4, T31, T32, T33, Tyq IN
((20, 30,10, 10) ,pRT11B(60, 70, 10, 20) L g ®T12D(90, 110, 10, 10) L g @Z130(0, 0,0, 0) L
Z14 @ (70,80,10,10),r ® T21 & (80, 100,10,20) 1,z @ Tea @ (30,50, 10,10)Lr ® Tog &
(0,0,0,0)r ® T4 ® (0,0,0,0) 15 ® T31 & (0,0,0,0)Lr ® Z32 @ (0,0,0,0) L ® T3z @

(0,0,0,0),rR®T34) the minimum total fuzzy transportation cost is (5800, 8400, 2800, 2900) 1. r-
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3.4.2 Fuzzy optimal solution using the method based on
tabular representation

Using the proposed method, based on tabular representation, the fuzzy opti-
mal solution of the fully fuzzy transportation problem, chosen in Example 3.1, can
be obtained as follows:

Step 1 The balanced fully fuzzy transportation problem, obtained from Step 1 of

Section 3.4.1, can be represented by Table 3.6.

Table 3.6 Tabular representation of balanced fully fuzzy transportation problem

Dy Dy Ds Dy a;

S1(20,30,10,10) g | (60,70,10,20) Lk | (90,110,10,10),r| (0,0,0,0).% |(90,90,20,10)Lx

Sz | (70,80,10,10) g | (80,100,10,20) . | (30,50,10,10)Lr | (0,0,0,0),% | (60,70,20,10)L 5

S3|  (0,0,0,0)Lr (0,0,0,0) LR (0,0,0,0) L5 (0,0,0,0),r | (0,10,0,40)r

bj | (40,50,10,20) 5 | (30,40,10,10)Lr | (50,50,10,30)Lr |(30,30,10,0)1r 23:1&1: fjliaj
i= j=

Step 2 Using Step 3 of the method, proposed in Section 3.3.2 and Remark 3.6,
Table 3.6 can be split into four crisp transportation tables i.e., Table 3.7, Table 3.8,

Table 3.9, and Table 3.10.

Table 3.7 Tabular representation of first crisp Table 3.8 Tabular representation of
transportation problem second crisp transportation problem
Dy | Do | D3 | Dy | mj —ay Dy | Dy | D3 | Dy | oy
S1 25 69 | 100 0 70 S1 21 49 68 0 20
Sa 75 94 40 0 40 Sa 51 66 32 0 20
S3 0 0 0 0 0 S3 0 0 0 0 0
m; - a; 30 20 40 20 o 10 10 10 10
Table 3.9 Tabular representation of third crisp Table 3.10 Tabular representation of
transportation problem fourth crisp transportation problem
Dy | Do | D3 | Dy | n; —my D1 | Do | D3 | Dy | B
S1 19 43 59 0 0 St 16 36 48 0 10
Sa 44 58 29 0 10 Sa 36 48 24 0 10
S3 0 0 0 0 10 S3 0 0 0 0 40
n'; —m'; 10 10 0 B’j 20 10 30 0

Step 3 The optimal solution of crisp transportation problems, shown by Table 3.7,
Table 3.8, Table 3.9 and Table 3.10, are m; — a7 = 30, Mo — a9 = 20, M3 — a3 =

15, m1y — agqa = 5, Mo — agr = 0,ma2 — any = 0,ma3 — qraz = 25, Mgy — oy =
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15,m31 —az1 = 0,m32s — aza = 0,m3z —azz = 0,m3y —azy = 0;a11 = 10,10 =
0,0&13 = 10,0(14 = 0,0[21 = 0,0&22 = 10,&23 = 0,0424 = 10,0(31 = 0,0532 = 0,0&33 =
0,34 = 0;n11 — my1 = 0,n12 — myz = 0,n13 — mag = 0,114 — myg = 0,001 — Mgy =
10,109 — maoy = 0,m93 — Mg = 0,m94 — Moy = 0,n31 — m3; = 0,n3p — M3 =
10,m33 — mg3 = 0,n34 —may = 0 and By; = 10,512 = 0,813 = 0,814 = 0,8 =

10, Baa = 0, Ba3 = 0, B24 = 0, B31 = 0, B33 = 10, B33 = 30, B34 = 0 respectively.

Step 4 On solving the equations, obtained from Step 3, the values of m;;, ni;, ov;
and f3;; are my; = 40,111 = 40,a1; = 10,5811 = 10,mi2 = 20,112 = 20,12 =
0,512 = 0,m3 = 25,m13 = 25,13 = 10, B13 = 0,14 = 5,014 = 5,14 = 0, f14 =
0,m91 = 0,m91 = 10, 01 = 0, By; = 10, Moy = 10,190 = 10, 9o = 10, Bag = 0, m93 =
25,93 = 25,03 = 0, fa3 = 0, Mg = 25,19y = 25, a9y = 10, Boy = 0,m3; = 0, n3; =
0,31 = 0,031 = 0,maz = 0,n32 = 10,32 = 0, 832 = 10,m33 = 0,33 = 0,33 =

0, B33 = 30,m34 = 0,134 = 0,34 = 0, B34 = 0.

Step 5 Putting the values of m;j;, ni;,q; and Bi; in Ty = (myj, nij, Qij, Bis) LR,
the fuzzy optimal solution is #1; = (40,40, 10,10).r T12 = (20,20,0,0)Lr, T13 =
(25,25,10,0) g, Z14 = (5,5,0,0)Lr, T21 = (0,10,0,10)r, T92 = (10,10,10,0) g,
Tog = (25,25,0,0) LR, Tog = (25,25,10,0) g, 31 = (0,0,0,0) LR, T32 = (0,10,0,10) g,

Z33 =(0,0,0,30) 1k, T34 = (0,0,0,0)p

Step 6 Putting the values of %11, Z12, %13, T14, To1, Tog, T23, To4, T31, T32, L33, Tyq IN
((20, 30,10, 10) L, p®T11B(60, 70, 10, 20) L g @T12D(90, 110, 10, 10) L g @7 139(0, 0,0, 0) Lr
Z14 ® (70,80,10,10) L ® To1 @ (80,100, 10,20),r ® Toe & (30,50, 10,10)Lr ® Toz B
(0,0,0,0)1r ® T24 © (0,0,0,0),r ® Z31 @ (0,0,0,0)r ® Tg2 ® (0,0,0,0)r ® T3z B

(0,0,0,0),r®T34) the minimum total fuzzy transportation cost is (5800, 8400, 2800, 2900) . 5.
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3.4.3 Physical interpretation of the results

In this section, the minimum total fuzzy transportation cost, obtained by
using the proposed methods, is physically interpreted. Similarly, the obtained fuzzy
optimal solution can also be physically interpreted.

Using the proposed methods the minimum total fuzzy transportation cost is
(5800, 8400, 2800, 2900) 1, g, which can be physically interpreted as follows:

(1) The least amount of minimum total transportation cost is 3000.

(2) The most possible amount of minimum total transportation cost lies between

is 5800 and 8400.

(3) The greatest amount of minimum total transportation cost is 11300. i.e., the
minimum total transportation cost will always be greater than 3000 and less
than 11300 and maximum chances are that the minimum total transportation

cost will lie between 5800 and 8400.

The variation in cost with respect to chances are shown in Figure 3.1.

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0 | B
0 1500 3000 4500 6000 7500 9000 10500 12000

Degree of membership function

Minimum total transportation cost

Figure 3.1. Membership function of LR flat fuzzy number representing the
minimum total fuzzy transportation cost
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3.5 Comparative study

The results obtained by the methods, proposed in this chapter and by the
methods proposed in Chapter 2, are compared in Table 3.11.

Table 3.11 Results obtained by using proposed methods

Minimum total fuzzy transportation cost
Example Methods proposed Methods proposed
in Chapter 2 in this chapter
2.2 (2100, 2900, 3500, 4200) (2900, 3500, 800, 700) 1, r
3.1 Not applicable (5800, 8400, 2800, 2900) 1. r

The results, shown in Table 3.11, can be explained as follows:

(1) The methods, proposed in Chapter 2, can be used only for solving such fully
fuzzy transportation problems in which the parameters are either represented
by triangular fuzzy numbers or trapezoidal fuzzy numbers. Since, in the fully
fuzzy transportation problem, chosen in Example 2.2, the parameters are rep-
resented by trapezoidal fuzzy numbers. So, this problem can be solved by the
methods, proposed in Chapter 2. However, in the fully fuzzy transportation
problem, chosen in Example 3.1, the parameters are represented by such LR
flat fuzzy numbers which are neither triangular fuzzy numbers nor trapezoidal
fuzzy numbers. So, the fully fuzzy transportation problem, chosen in Example

3.1, can not be solved by using the methods, proposed in Chapter 2.

(2) The methods, proposed in this chapter, can be used for solving such fully fuzzy
transportation problems in which the parameters are represented by LR flat
fuzzy numbers and as discussed in Remark 3.3, the trapezoidal fuzzy numbers
are special type of LR flat fuzzy numbers so both the fully fuzzy transporta-
tion problems, chosen in Example 2.2 and Example 3.1, can be solved by using

the methods, proposed in this chapter.
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3.6 Conclusions

On the basis of the comparison of the results, it can be concluded that the
problems which can be solved by using the methods proposed in Chapter 2, can also
be solved by the methods proposed in this chapter. However, there exist several
problems which can only be solved by the methods, proposed in this chapter, but
not by the methods, proposed in Chapter 2. Hence, it is better to use the method,

proposed in this chapter as compared to the methods proposed in Chapter 2.






Chapter 4

NeEw MEeTHODS FOR Sorving FuLLy
Fuzzy TRANSSHIPMENT PROBLEMS
WitH LR FrLAaT Fuzzy PARAMETERS

To the best of my knowledge, only the method [70] is proposed in the lit-
erature to find the fuzzy optimal solution of fully fuzzy transshipment problems.
In this chapter, limitations of this method are pointed out and to overcome these
limitations, two new methods are proposed for solving fully fuzzy transshipment
problems. The advantages of the proposed methods over existing method [70] and
over the methods, proposed in previous chapters, are discussed. To illustrate the
proposed methods a fully fuzzy transshipment problem is solved. Also, to show the
application of the proposed methods in real life problems an existing real life fully

fuzzy transshipment problem is solved by the proposed methods.

4.1 Fuzzy linear programming formulation of bal-
anced fully fuzzy transshipment problems

In the existing method [70] the fuzzy linear programming formulation (P ;)
of balanced fully fuzzy transshipment problems is used to find the fuzzy optimal

solution of fully fuzzy transshipment problems.

Some part of this chapter is published in Journal of Mathematical Modelling and Algorithms
10 (2011) 163-180 and remaining part is communicated for publication in Communications in
Mathematical Sciences.
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The nodes which are used to formulate (Py), are categorized as follows:

Purely source node: A node S is said to be a purely source node if there exist
atleast one node S’ such that the product may be supplied from S to S’ but there
does not exist any node S” such that product may be supplied from S” to S. The
set of all such nodes may be represented by Npg.

Purely destination node: A node D is said to be a purely destination node if
there does not exist any node D’ such that the product may be supplied from D to
D’ but there exist atleast one node D" such that product may be supplied from D"
to D. The set of all such nodes may be represented by Npp.

Intermediate node: The following nodes in the network are said to be intermedi-

ate nodes:

(i) A node S at which some quantity of the product is available to transship at
other nodes and also there exist some nodes such that some quantity of the
product is supplying from that nodes to node S. All such nodes are said to be
source nodes and the set of all such nodes may be represented by Ng.

(ii) A node D at which some quantity of the product is required and also there exist
some nodes such that the product is supplying from node D to that nodes.
All such nodes are said to be destination nodes and the set of all such nodes
may be represented by Np.

(iii) A node T at which neither any quantity of the product is available to transship
at other nodes nor any quantity of the product is required but there exist some
nodes such that some quantity of the product is supplying from that nodes
to node T" and the same quantity of the product is supplying from 7" to some
other nodes. All such nodes are said to be transition nodes and the set of all

such nodes may be represented by Nr.
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Let us consider a balanced fully fuzzy transshipment problem having m purely
source nodes Npg,, ¢ =1 to m, ¢ purely destination nodes Npp,, j = 1 to ¢ and
(I+q+r) intermediate nodes. Let out of (I+¢+7) intermediate nodes, | intermediate
nodes Ng,, i =1 to [ are working as source nodes, ¢ intermediate nodes Np,, j =1
to ¢ are working as destination nodes and remaining r intermediate nodes Np,, 7 = 1
to r are working as transition nodes. Let the availability of the product at i** purely
source node Npg, and at it" source node Ng, be a; and a,,4; respectively and the
demand of the product at j** purely destination node N, pp; and at 5t destination
node Np, be l;j and l;tﬂ- respectively.

Let ¢;; be the fuzzy cost for transporting one unit quantity of the product from
i node to j™ node and Z;; be the fuzzy quantity of the product that should be
transported from i"* node to j* node to minimize the total fuzzy transportation
cost. Then, fuzzy linear programming formulation of balanced fully fuzzy transship-
ment problem can be written as [70]:

Minimize ). (&; ® yj)
(i,5)€A
subject to
o Tj=a;, 1=1tom

J:(i,5)€A

Z i’ij@H Z f]’i = Elm+i, i=1tol
j:(i,5)€A J:(4,0)€eA

Z jz’j = bj , j=1tot (P4,1)
i:(4,7)EA

Yo Eiien Y. Ty = by, J=1togq
i:(i,j)€A i:(ji)EA

Yoo Ty= Y. Ty, i=1tor
j:(i,j)EA Jj:(4,0)eA

T;; is a non-negative fuzzy number V (i, 5) € A

where, A is the set of arcs (7, j) joining node i to node j.
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Remark 4.1 [70] Let A = (mq, a1, f1)Lr and Ay = (ma, ag, B2)Lr be two LR fuzzy

numbers such that oy > a9 and 3; > B5. Then, /11 Opn 1212 = (mq—mg, a1 — g, f1 —
B2)LR-

Remark 4.2 [73] Let A = (mq,n1, 1, 81)Lr and Ay = (mg, ng, g, B2) Lr be two
LR flat fuzzy numbers such that a; > ay and 3, > fy. Then, A, Oy Ay = (my —

M2, n1 — N2, a1 — A2, b1 — Ba2)LR-
m l to. q .

Remark 4.31If Y a;® ) dmii = >, bj® Y by then the fully fuzzy transshipment
=1 i=1 =1 j=1

problem is said to be balanced fully fuzzy transshipment problem otherwise it is

called unbalanced fully fuzzy transshipment problem.

4.2 Ghatee and Hashemi method

Ghatee and Hashemi [70] proposed a method to find the fuzzy optimal solu-
tion of balanced fully fuzzy transshipment problems. Ghatee and Hashemi [71, 73]
and Ghatee et al. [74] applied the existing method [70] for solving real life problems.
The steps of the existing method [70] are as follows:
Step 1 Assuming &; = (mj;, i, B LR, Ti5 = (Mij, auj, Big)Lry @i = (M, i, Bi) L,
Amti = (Munyis Comtis Bmsi) LRy j = (m}, o, B)Lr and bevj = (Meygs ot Bori) LRy
the fuzzy linear programming problem (Pj ;) can be written as:

Minimize }_ ((m;j:a;’yﬁz{j)LR@(mijaaijaﬁij)LR)

(i,7)€EA
subject to
> (myj, g, Bij)or = (my, a4, Bi) e 1=1tom
j:(3,5)€A

Z (mz’jya’ij;ﬂij)LR SJé Z (mji,ajiaﬁjz’)LR = (mm+i,@m+iaﬁm+i)LRa i=1tol
j:(i,5)EA 3:(ji)EA

> (mij, uj, Bij)ir = (M, o, B)) LR j=1tot
ix(i.j)eA
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Z (mij,az’j7ﬂz‘j)LR Oon Z (mji,ajiaﬁji)LR = (mt+j70ét+j,ﬁt+j)LRa j=1togq
i:(4,7)EA i:(4,0)EA

Yoo (mijy i, Bi)er = Y. (myi, i, Bji)Lr t=1tor
j:(i,5)€A j:(4,0)eA

(mija Qs B@'j)LR is a non-negative LR fuzzy number V (i,7) € A

Step 2 Using the arithmetic operations, defined in Section 3.1.2 and assuming >
(i,))€A

((m;jv s Bij)Lr @ (Mij, oy, Bij)Lr) = (mo, o, Bo) Lk, the fuzzy linear programming

problem, obtained in Step 1, can be written as:

Minimize (mg, o, 5o)Lr

subject to
( > myj, > Qi > Bij)LR = (mi, o, Bi) LR, i=1tom
ji(i,j)€A JiH)EA  jiig)EA
(> my 3 oy > Biy)pp©n (X mun o 3 B,
ji(i,4)EA j:(i,5)€A j:(i,4)€A j:(4,0)eA Jj:(g,i)eA j:(j8)eA

= (mm—i—ia Qmtq, 6m+i)LR7 i=1tol
( Z mij, Z Qg Z 5ij)LR = (mg'?a;'?B;')LR ) .7 =1tot
i:(4,7)EA i:(3,7)€A i:(4,7) €A
(> my > oy > By)pon (X mu X au > Bii)g
i:(3,7)EA i:(4,7)EA i:(4,7)EA :(ji)EA :(j)EA i:(ji)EA

= (mtJrja Oét+jaﬁt+j)LR, Jj=1togq
( Z myj, Z Qjgs Z @'j)LR = ( Z Mg, Z A Z 5jz‘)LR )
ji(i,4)eA j:(i,5)€A j:(i,4)€A Jj:(g,0)€A j:(gi)eA j:(Ji)eA

t=1tor

(mij, aij, Bij) Lk s a non-negative LR fuzzy number V (i, j) € A
Step 3 Using Definition 3.5, Definition 3.6 and Remark 4.1, the fuzzy linear pro-
gramming problem, obtained in Step 2, can be converted into the fuzzy linear pro-
gramming problem (Pj5):
Minimize (mg, o, 5o)Lr
subject to

ooomy =my, i=1tom
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oo oy =a, t=1tom
j:(i,5)EA
> Biy=06i, i=1tom
j:(i,5)€A
mi; — Mii = Munti 1=1tol
J J +
j:(i,5)EA Jj:(4i)eA
Qi — Qi = Qg i=1tol
> J >, J +
J:(3,5)€A J:(Gi)eA
Yo Bii— > Bii= Bmtis i=1tol
ji(i,4)EA j:(jH)eA
i:(3,7)EA
S oy = Q; 7 j=1tot (Py2)
1:(3,7)€A
>, B =85, j=1tot
i:(4,7)€A
> my; — > Mji = M1y, J=1toq
i:(4,7)€A i:(ji)EA
D= D Q= gy j=1togq
i:(,5) €A i:(ji)EA
Yo Bij— > Bii=DBij j=1togq
i:(4,7)€A i:(ji)EA
mi; = mj; t=1tor
> my > myi,
J:(4,5)€A J:(Ji)eA
;i = O 1=1tor
> i > i,
j:(i,j)€EA J:(Ji)eA
Ji(i,5)€A J:(F:1)€eA

mij — Quj, g, Bij > 0V (i,5) € A

Step 4 The fuzzy optimal solution of fuzzy linear programming (Py2) can be ob-
tained by solving the following crisp linear programming problem:

Minimize (kmg + lag + 750)

subject to

constraints of the problem (FPy5)

where, k = 9™, = g0™ and r = @39™, q1,q2,q3 € QT, ny # ny # n3 are non-
negative integers and 1 is a non-algebraic positive real number .
Step 5 Solve the crisp linear programming problem, obtained in Step 4, to find the

optimal solution {m;;, c;;, Bij }-
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Step 6 Put the values of mij,ozij,ﬁij in jij = (mij,ozij,ﬁij)LR to find the fuzzy
optimal solution {Z;;}.
Step 7 Put the values of Z;;, obtained from Step 6, in > (&; ® &;;), to find the

(i,5)EA

minimum total fuzzy transportation cost.

Remark 4.4 In the existing method [70] the following existing multiplication [215],

which is an approximation of the multiplication, presented in Section 3.1.2, is used:
Let A, = (m, a, 8)Lr and Ay = (mq, a1, £1)Lr be two non-negative LR fuzzy

numbers. Then,

Ay ® Ay ~ (mmy, may + mya — kiaag, mBy +mi B+ ka8 Lk

oL @)t SR ()Rt

W and Ro = T 1T ——— - .

where, k1 = = fOl R (0 dE

4.3 Limitations of Ghatee and Hashemi method
and the methods proposed in previous chap-
ters

In this section, the limitations of the existing method [70] and the methods,

proposed in previous chapters, are pointed out:

(1) The existing method [70] is proposed for solving balanced fully fuzzy trans-
shipment problems. Since, the balanced fully fuzzy transportation problems
are special type of fully fuzzy transshipment problems so, the existing method
[70] can also be used to find the fuzzy optimal solution of balanced fully fuzzy
transportation problems. However, the existing method [70] can neither be
used to find the fuzzy optimal solution of unbalanced fully fuzzy transporta-
tion problems nor to find the fuzzy optimal solution of unbalanced fully fuzzy
transshipment problems e.g., the balanced fully fuzzy transportation problem,

chosen in Example 4.1, can be solved by the existing method [70] but the
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unbalanced fully fuzzy transportation problems, chosen in Example 2.1 and
Example 3.1, can not be solved by using the existing method [70]. Similarly,
the existing balanced fully fuzzy transshipment problem [71, Example 3.5, pp.
2498] can be solved by the existing method [70] but the unbalanced fully fuzzy
transshipment problem, chosen in Example 4.2, can not be solved by using the

existing method [70].

Example 4.1 A company has two sources S7 and S5 and three destinations Dy, Dy
and Ds ; the fuzzy cost for transporting one unit quantity of the product from 7
source to j destination is ¢;

(20,30,10,10)z5  (60,70,10,20)zz (90,110,10,10)ss |
. e

where, [¢;]axs =
(70,80,10,10).z (80,100,10,20),r (30,50,10,10).r

fuzzy availability of the product at first and second sources are (90, 100,20, 30) .z
and (60,70,20,30),r and the fuzzy demand of the product at first, second and
third destinations are (40,50, 10,20).r, (30,40, 10,10),z and (80, 80,20, 30).r re-
spectively, where, L(z) = R(x) = maximum {0,1 — z}. The owner of the company
want to determine the fuzzy quantity of the product that should be transported
from each of the sources to each destination so that the total fuzzy transportation
cost is minimum.

Example 4.2 Consider a network with five nodes, shown in Figure 4.1, including
one purely source node (1), one source node (2), one transition node (3) and two
purely destination nodes (4 and 5). The fuzzy cost for transporting one unit quan-
tity of the product from one node to another node is shown on the respective arcs.
The fuzzy availability and fuzzy demand are represented by the following LR flat

fuzzy numbers.

Fuzzy availability: a; = (40,40, 10,20) .z, a2 = (30,40, 10,30).r
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Fuzzy demand: b, = (20, 30,10, 10) .z, b5 = (60,70, 30,10) 5
where, L(r) = R(r) = maximum {0,1 — 2*}. Find the fuzzy optimum shipping

schedule.

(2.4,1,2) 4

(5,6,3,1) 5

Figure 4.1. A network representing different shipping routes

(2) The methods, proposed in previous chapters, can be used only to find the
fuzzy optimal solution of fully fuzzy transportation problems. Since, the fully
fuzzy transshipment problems are generalization of fully fuzzy transportation
problems so, the methods, proposed in previous chapters, can not be used for

solving fully fuzzy transshipment problems.
4.4 Proposed methods

In this section, to overcome the limitations of the existing method [70] and
the methods of previous chapters (discussed in Section 4.3), two new methods are
proposed to find the fuzzy optimal solution of such fully fuzzy transshipment prob-
lems in which all the parameters are represented by LR flat fuzzy numbers. Also,
the advantages of the proposed methods over the existing method [70] and over the

methods, proposed in previous chapters, are discussed.
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4.4.1 Proposed method based on fuzzy linear programming
formulation

In this section, a new method, based on fuzzy linear programming formula-
tion, is proposed to find the fuzzy optimal solution of such fully fuzzy transshipment
problems in which all the parameters are represented by LR flat fuzzy numbers.

The steps of the proposed method are as follows:

m l
Step 1 Find the total fuzzy availability > a; @ > @y and the total fuzzy de-
i=1 i=1
t

to- q - q -
mand Y b; & > by Let ZaleBZamH:(m,n,a,ﬂ)LR and > b; Zb
= = =

i=1 i=1 7=1
(m/ o/, 8")pr. Use Definition 3.5 to examine that the problem is balanced or not,
m l ~ t q . mo l ~ t q
Z @ZCL Zlbj@zlbtﬂ‘ or Zlai@zlamﬂ#zbj@zlbtﬂ
i=1 i=1 j= Jj= 1= 1= = J=

Case (1) If the problem is balanced, i.e., i a; ® Xl: Apmyi = Xt: b; ® ilétﬂ- , then
i=1 i=1 j=1 j=

Go to Step 2.

Case (2) If idi @ lel Apii F iléj D il l~)t+j then convert the unbalanced problem
i= i= j= j=

into balanced problem as follows:

Case (2a) f m—a <m/'—d/;a < a/,n—m <n'—m’, and § < f’ then introduce a

dummy purely source node with fuzzy availability (m' —m,n’ a, ' —B)Lr

Assume the fuzzy cost for transporting one unit quantity of the product from the

introduced dummy purely source node to all purely destination nodes and all inter-

mediate nodes as zero LR flat fuzzy number. Go to Step 2.

Case (2b) If m—a>m'—d,a> o, n—m >n"—m’, and § > f’ then introduce a

dummy purely destination node with fuzzy demand (m—m/,n—n';a—o',6—")rr

Assume the fuzzy cost for transporting one unit quantity of the product from all

purely source nodes and intermediate nodes to the introduced dummy purely desti-

nation node as zero LR flat fuzzy number. Go to Step 2.
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Case (2c) If neither Case (a) nor Case (b) is satisfied then introduce a dummy
purely source node with fuzzy availability (maximum {0, (m' — o') — (m — )} +
maximum {0, (¢/ —«) }, maximum {0, (m’'—o’)—(m—a)} + maximum {0, (¢/ —a)} +
maximum {0, (n'—m’)—(n—m)}, maximum {0, (¢/ — )}, maximum {0, (8'—5)})Lr
and also introduce a dummy purely destination node with fuzzy demand (maximum
{0, (m—a)—(m'—a’)} + maximum {0, (a«—a’)}, maximum {0, (m—a)—(m'—a’)} +
maximum {0, (¢ —a/)} + maximum {0, (n—m)— (n'—m’)}, maximum {0, (a« — )},
maximum {0, (8—f')})Lr. Assume the fuzzy cost for transporting one unit quantity
of the product from the introduced dummy purely source node to all intermediate
nodes, existing purely destination nodes and introduced dummy purely destination
node as zero LR flat fuzzy number. Similarly, assume the fuzzy cost for transporting
one unit quantity of the product from all intermediate nodes, existing purely source
nodes and introduced dummy purely source node to the introduced dummy purely
destination node as zero LR flat fuzzy number. Go to Step 2

Step 2 Formulate the balanced fully fuzzy transshipment problem, obtained in Step
1, into the fuzzy linear programming problem (P ).

Step 3 Assuming ¢; = (mgj,n;j, g, ij)LR, Tij = (myj, nij, iz, Bij)Lr, @ = (my,
Ny, Qi Bi) LRy Gmti = (Munctis Nantis Cmetis Bt ) LR, Bj = (mg»,n},oz;,ﬁj’»)m and Bt—i—j =
(Mitj, Nits, Cutjs Bevs) LR, the fuzzy linear programming problem (P 1), can be writ-

ten as:

Minimize - ((méjw iy 0y Bii) LR © (Mg, i, Oéij,ﬁz‘j)LR)
(i,5)eA
subject to
> (maj,neg, aug, Bij)Lr = (Ma, niy o, Bi) LR i=1tom
Ji(i,5)eA

Yoo (mij,nig, 065, Bi) LrSE Y, (Myis iy @iy Bji) LR = (Man-iy, Nmetis Qmetis Bmei) LR,
j:(i,5)€A J:(ji)eA
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i=1tol
> (mijymig, cug, Big)r = (mly,ml, ol BY) LR j=1ltot
i:(i,7)EA
> (majsnig, cuh, Bi)er ©5 Y, (Myi, nji, 0gi, Bj) LR = (Magj, ety Qutj, Bits) LR
i:(3,5)€A :(ji)EA
j=1toq
Yo (myjnig, i, Bij)cr = Yo (Myi, ngis i, Bii) LR i=1tor
j:(i,5)€EA J:(Ji)eA

(mij, nij, 04y, Bij)Lr 1s a non-negative LR flat fuzzy number V (i,j) € A
Step 4 Using the arithmetic operations of LR flat fuzzy numbers, defined in Section
n'

3.1.2 of Chapter 3 and assuming (m’- 1 Qs Big ) LR® (Mg, mag, g, Bl-j)LR) =

13
(i,5)eA
(mo, no, o, Bo)Lr, the fuzzy linear programming problem, obtained in Step 3, can
be written as:
Minimize (mo, No, O, ﬂO)LR
subject to

(. Z Mij, Z Nij, Y g, Z Bij)Lr = (M, ni, o, Bi) LR, 1=1tom
(> mig, > ng, Y oy, s Bi)trOu( X my, > myn, oy, i

J:(i,5)€A J:(i,5)€A J:(i,j)eA J:(i,5)€A J:(4,i)eA J:(4,1)eA J:(4i)€EA
Y- Bji)Lr= (Muntis mti, Cmtis Bmti) LR, @ =1tol
J:(Ji)eA
(> mijy, > migy, > ay, Yo Biy)ir = (M)l Bk , j=1tot
i:(4,7)EA i:(4,7)EA i:(4,7)EA i:(4,7)EA
(X mig, > ng, > ag, . By)rOm (X my, Y. ng, oy, Qji
i:(4,5) €A i:(4,5)€A i:(4,5) €A i:(4,5)€A i:(ji)€A i:(j,i)€EA i:(ji)€A
(Z) Bji)LrR= (Mityj, Ne1j, Qeyj, Berj)Lr,  J=1toq
i(ji)EeA
(X my, > ng, Y g, > Blir=( X my, > ngi, Y, Qji
J:(i,5)€A J:(i,5)€A J:(i,5)€A J:(i,5)€A J:(4i)EA J:(ji)EA J:(4)EA
Z Bji)LRa i=1tor
J:(Ji)eA

(mij, nij, a4, Bij)or is a non-negative LR flat fuzzy number V (i,7) € A
Step 5 Using Definition 3.5, Definition 3.6 and Remark 4.2, the fuzzy linear pro-
gramming problem, obtained in Step 4, can be converted into the fuzzy linear pro-

gramming problem (Py3):



Minimize (mg, ng, 2o, Bo0) LR
subject to

Z mg; = My ,

J:(i,g)eA
Z Ni; = Ny,
j:(i,5)EA
Z iy = Q
Ji(i,g)€EA
Z Bij =B,
J:(i,5)eA
Z mg; Z My = Mm+i
Ji(i,g)€A J:(4i)eA
Z nij - Z n]z Nm+4i
J:(4,5)€A J:(4,1)€A
Q5 — Z Qi = Oy
ji(i,j)eA j:(ji)EA
> Bii— > Bii=Bmris
Ji(i,g)€A J:(gi)eA
> my =mj,
i:(i,j)EA
> nig=nj,
i:(i,j)€A
>« ,
i:(i,5)€A
z.(z,j)GA
Z mi; — Z my; = Miyj
i:(i,)€A i:(j,i) €A
Nig = > Mji = Mgy
i:(i,) €A i:(j2i)EA
Z Q5 — Z Qi = Qg5
i:(i,5)€A i:(j,1)€A
Z 6@] Z Bji - ﬂt-ﬁ-j y
i:(i,j)€A i:(5,9)€A
> omig = 3> myi,
J:(4,5)€A J:(Ji)eA
> mg = 2 i,
ji(i,j)eA ji(ji)EA
Y. oap = ) g,
gi(i,g)€A J:(gi)eA
> By = X B
J:(4,5)€A J:(Gi)eA

1=1tom
t=1tom
1=1tom
1=1tom
1=1t%ol
1=1tol
t1=1tol
1=1t%tol
j=1tot
j=1tot
j=1tot
j=1tot
j=1togq
j=1toq
j=1toq
j=1t%toq
1=1tor
1=1tor
1=1tor
1=1tor

Mij — Qij, Nij — Mg, 04, Bij > 0V (4,7) € A

7

Step 6 As discussed in Step 6 of the method, proposed in Section 2.5.1 of Chapter
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2, the fuzzy optimal solution of fuzzy linear programming problem (FPj3), can be
obtained by solving the following crisp linear programming problem:
Minimize R(mq, no, o, So) LR
subject to

constraints of the problem (P 3)
Step 7 Using the existing formula [131], R(mq, no, ao, Bo)Lr = %(fol (mo—apL™1(N\))
d\ + fol (no+BoR~1(N\)) d)), the crisp linear programming problem, obtained in Step
6, can be written as:

Minimize 1( [} (mo — agL™'(\)) dA + [ (no + BoR™'(N)) d)

subject to

constraints of the problem (FPy3)
Step 8 Solve the crisp linear programming problem, obtained in Step 7, to find the
optimal solution {my;, nsj, aj, Bij}-
Step 9 Put the values of m;;, ni;, auj, Bij in T;; = (myj, nij, g, Bij)Lr to find the
fuzzy optimal solution {Z;;}.
Step 10 Put the values of Z;;, obtained from Step 9, in ( ; (¢ij ® Zi;), to find

ij)EA

the minimum total fuzzy transportation cost.
Remark 4.5 Since, the method, used in existing method [70], for comparing fuzzy
numbers is applicable only for comparing LR fuzzy numbers so, this method can
not be used for comparing LR flat fuzzy numbers. While, Liou and Wang ranking
approach [131] can be used for comparing both LR fuzzy numbers and LR flat fuzzy
numbers so, in Step 6 of the proposed method Liou and Wang ranking approach

[131] is used for comparing LR flat fuzzy numbers.
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4.4.2 Proposed method based on tabular representation

In this section, a new method, based on tabular representation, is proposed to
find the fuzzy optimal solution of such fully fuzzy transshipment problems in which
all the parameters are represented by LR flat fuzzy numbers.

The steps of the proposed method are as follows:

Step 1 Use Step 1 of the method, proposed in Section 4.4.1, to obtain a balanced
fully fuzzy transshipment problem.

Step 2 Represent the balanced fully fuzzy transshipment problem, obtained from
Step 1, into a tabular form as shown by Table 4.1.

Step 3 Convert the balanced fully fuzzy transshipment problem, represented by
Table 4.1, into balanced fully fuzzy transportation problem as follows:

m l to_ q .
Add an amount of fuzzy buffer stock P = > a; & > Gmsi (0r) b; & " biyj)
i=1 j=1 =1

i=1 j=

= (P, Py, o, ) i in the fuzzy availability and fuzzy demand corresponding to in-
termediate nodes of Table 4.1. Let after adding the fuzzy buffer stock P, the new

fuzzy availabilities corresponding to the i intermediate nodes Ng,, Ny, and Np,

" /" 1

tis iy B i) LR, P and P respectively and the

are Qy, ; = Gmi O P = (M5
new fuzzy demands corresponding to the j*" intermediate nodes N, p;> Nz, and Ng,
are l;,’fﬂ- — b, P = (mi i, ody s, BE i) LR P and P respectively and Table 4.1
is converted into Table 4.2.

Step 4 Split Table 4.2 into four crisp transportation tables i.e., Table 4.3, Table 4.4,
Table 4.5 and Table 4.6 respectively. The cost for transporting one unit quantity of

the product from " node to j"* node in Table 4.3, Table 4.4, Table 4.5 and Table

4.6 are represented by n;;, pi;, 0i;; and &;; respectively.



30

where,
1 / / 1 —1 .

Nij = 5((mij—|—n O‘w fo d)ﬂ—ﬁ fo R (N)dN), i=1,2,...m+Il+q+r,
=12, t+q+r+I

Pij = %((m i) —mg; fo N)dA+5; fo 1=1,2,....m+l+q+r,
J=12 .. t+q+r+I

bij = 5(n} fo i=1,2,...m+l+qg+r, j=1,2,. t+q+r+i

& =3((n fo i=1,2,...m+l+q+r, j=1,2,.. t+q+r+i

Step 5 Solve the crisp transportation problems, shown by Table 4.3, Table 4.4, Table
4.5 and Table 4.6, to find the optimal solution {m;; — ay;}; {a;}; {ni; —mi;} and
{Bi;} respectively.

Step 6 Solve the equations, obtained in Step 5, to find the values of m;j;, nij;, a;
and f3;;.

Step 7 Find the fuzzy optimal solution {Z;;} by putting the values of m;;, n;;, i;, Bi;
i Iij = (mi, g, g, Bij) LR

Step 8 Find the minimum total fuzzy transportation cost by putting the values of

Z;j, obtained from Step 7,in Y (&; ® Tyj).
(4,5)€A
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4.4.3 Advantages of the proposed methods over existing
method

In this section, the advantages of the methods, proposed in this chapter, over
the existing method [70] and the methods, proposed in previous chapters, are dis-

cussed.

(1) The existing method [70] can be used for solving balanced fully fuzzy trans-
shipment problems and balanced fully fuzzy transportation problems. But,
the existing method [70] can neither be used for solving unbalanced fully fuzzy
transportation problems nor for solving unbalanced fully fuzzy transshipment
problems. While, the methods, proposed in this chapter, can be used for solv-
ing balanced and unbalanced fully fuzzy transportation problems as well as
balanced and unbalanced fully fuzzy transshipment problems.

(2) The methods, proposed in previous chapters, can be used to find the fuzzy
optimal solution of fully fuzzy transportation problems but can not be used
for solving fully fuzzy transshipment problems. Since, fully fuzzy transporta-
tion problems are special type of fully fuzzy transshipment problems so, the
methods, proposed in this chapter, can also be used to find the fuzzy optimal

solution of fully fuzzy transportation problems.
4.5 Illustrative example

In this section, the fully fuzzy transshipment problem, chosen in Example 4.2,

is solved by the proposed methods.



36

4.5.1 Fuzzy optimal solution of the chosen problem using
proposed method based on fuzzy linear programming
formulation

The fuzzy optimal solution of the fully fuzzy transshipment problem, chosen in
Example 4.2, by using the method, proposed in Section 4.4.1, can be obtained as
follows:

Step 1 Total fuzzy availability = (70,80,20,50),r and total fuzzy demand =
(80,100, 40,20),r. Since total fuzzy availability # total fuzzy demand, so it is
an unbalanced fully fuzzy transshipment problem.

Now as described in the proposed method (using Case (c) of Step 1 of the
proposed method discussed in Section 4.4.1), the unbalanced fuzzy transshipment
problem can be converted into a balanced fully fuzzy transshipment problem by
introducing a dummy purely source node 6 with fuzzy availability (20,30, 20,0).r

and a dummy purely destination node 7 with fuzzy demand (10, 10,0, 30) 1.

Assume the fuzzy cost for transporting one unit quantity of the product from
the introduced dummy purely source node (6) to transition node (3), source node
(2), existing purely destination nodes (4 and 5) and introduced dummy purely des-
tination node 7 as zero LR flat fuzzy number. Similarly, assume the fuzzy cost for
transporting one unit quantity of the product from source node (2), transition node
(3), existing purely source node 1 and introduced dummy purely source node 6 to
the introduced dummy purely destination node (7) as zero LR flat fuzzy number
i.e., Gy = Cor = C37 = Cop = Cg3 = Coa = Co5 = Co1 = (0,0,0,0)r.

Step 2 The balanced fully fuzzy transshipment problem, obtained from Step 1, can

be formulated into the following fuzzy linear programming problem:
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Minimize ((2,4,1,2).r®T12@(1,1,1,1)Lp®@T13@(0,0,0,0)Lr@T17D(1,3,1, 1)L ®
To3 @ (0,0,0,0)Lr @ Tor ® (5,7,2,2)Lr @ T34 B (5,6,3,1)r ® T35 B (0,0,0,0)Lr ®
T37 @ (0,0,0,0)Lr ® Tea @ (0,0,0,0)r ® Tez & (0,0,0,0)r @ T4 @ (0,0,0,0)r ®
s ® (0,0,0,0)Lr ® Tg7)
subject to

T12 @ T13 @ T17 = (40,40, 10,20) .5

(T93 @ To7) On (T12 ® Te2) = (30,40, 10,30) 5

Teo @ Te3 D Tes D Tes © Ty = (20,30,20,0)Lr

T34 ® T35 D Ty = T13 D Tag D T3

T34 ® Tea = (20,30,10,10) .5

T35 @ Tgs = (60,70,30,10) 5

T17 D Tor B Ta7 @ Te7 = (10, 10,0, 30) LR
T19,T13, T17, Tog, To7, T34, T35, T37, Te2, Te3, Ted, Tes, Tey are non-negative LR flat fuzzy
numbers.
Step 3 Using Step 3 to Step 7, of the method, proposed in Section 4.4.1, the fuzzy
linear programming problem, obtained in Step 2, can be converted into the following
crisp linear programming problem:
Minimize (1—10(677112 + 28n1o — 4oy + 24812 + mas + Inqg + 80813 + Moz + 19193 +

16523 + 17m3y + 43n34 — 12a34 + 36534 + 13mgs + 34ngs — 8azs + 2835))

subject to
mig+miz+mir = 40; maoz+mar—miz—mez = 30; mea+mez+mest+mes+mer = 20;
niz+nizt+nir = 40 Na3+nar—nia—ng2 = 40 ; Ne2+N63+ne1+1n65+n67 = 30;
apptaztarr =105 agztagr—ane—aee = 105 agatags+agatagst+asr = 20;

Bia+Big+Fir = 20; Bag+Bar— 12— B2 = 30; Be2+Bes+LeatBes+ 567 = 0;
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M34+ M35 + M3y = M3+ M23+ M3 ; maq+mes = 20 ; mas +mgs = 60 ;
N34 + M35 + N3r = N3 + N2z + Nes n3s + nes = 30 ; ngs + nes = 70 ;
Q34 + Qi35 + Q37 = Qi3 + Qa3 + Q3 azq + apy = 10 ; ass + ags = 30 ;
P3a + B35 + Bs7 = P13 + P2z + Pes ; P3a+ Bea = 10 ; B35 + Bes = 10 ;
maz + ma7 + mar + me7 = 10 ; N1z + ner + nar + ngr = 10 ;

Q17 + o7 + azr + agr = 0 ; Bz + Bar + Ba7 + PBer = 30 ;

mi2 — Qqg2, N2 — Mig, Mi3 — Q13, N13 — N1z, M3 — Q23, Moz — Mgz, Moy — Qa7,
No7 — Moy, M4 — (i34, N34 — Mag, M35 — Q35, N35 — Mas, Me2 — P62, N2 — M2,
Mme3 — Q3, N3 — M3, Mea — g4, Ne4 — Med, Mes — Qes, Nes — Mes, Mer — Qer, a7 —
Me7, M2, N2, Q12, B2, M13, N13, 013, B13, Moz, Moz, a3, Bz, Mar, Nar, Aoz, Ba7, M3y, Ny,
34, 34, M35, M35, i35, 335, Me2, Ne2, Ae2, Be2, Me3, 163, 63, P63, Me4, Ned, A4, Boar Mes,
N5, A5, 65, M7, 67, Ae7, Per = 0

Step 4 The optimal solution of the crisp linear programming problem, obtained
in Step 3, is mis = 40,7113 = 40,0(13 = 10,ﬁ13 = 20,m23 = 20,7123 = 30,0&23 =
10, ﬁgg = 0, Mmo7 = 10, No7 = ]_0, Qo7 = 0, 627 = 30, mszqy = 1077134 = 10, 34 = O, 634 =
10,m35 = 50,n35 = 60,35 = 20, 835 = 10,mes = 10,m64 = 20,64 = 10, B4 =
0, mes = 10,165 = 10, g5 = 10, Bgs = 0 and the remaining values of m;;, n,j, asj, Bi;
are zero.

Step 5 Putting the values of m;;, n;;, a;; and §;; in &;; = (myj, nij, uj, Bij), the
fuzzy optimal solution is T3 = (40,40,10,20)LR, Toz = (20,30, 1O,O)LR, Toy =
(10, 10,0, 30)LR, T34 = (10,10,0,10) g, T35 = (50, 60,20, 10) g, Tes = (10, 20, 10, O)LR,
Z¢s = (10, 10,10, 0),r and remaining values of Z;; are (0,0,0,0).r

Step 6 Puttlng the Values Of Li'12, 2%13, 3~Z'17, ii'gg,ii’27,.f34,.%35,.%37,5%62,£z63,i64, 1'65, 1.67

n ((2747 ]-a 2)LR ® le @ (17 ]-7 ]-7 ]-)LR ® j13 S¥ (0,0,0,0)LR ® j17 S¥ (173a ]-) 1)LR X
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‘%23 S (OJ 07 07 O)LR & ‘%27 S (57 77 27 2)LR & ‘%34 s> (57 67 37 1)LR & ‘%35 S (OJ 07 07 O)LR &
Z37(0,0,0,0) ® T2 @ (0,0,0,0)Lr ® Tez B (0,0,0,0) g ® Tea B (0,0,0,0) L @ Tes D

(0,0,0,0),r®T67), the minimum total fuzzy transportation cost is (360, 560, 270, 350) 1 .

4.5.2 Fuzzy optimal solution of the chosen problem using
proposed method based on tabular representation

The fuzzy optimal solution of the fully fuzzy transshipment problem, chosen in
Example 4.2, by using the method, proposed in Section 4.4.2, can be obtained as
follows:

Step 1 Use Step 1 of the method, discussed in Section 4.5.1, to obtain a balanced
fully fuzzy transshipment problem.

Step 2 Using Step 2 of the method, proposed in Section 4.4.2; the balanced fully
fuzzy transshipment problem, obtained from Step 1, can be represented into a tab-
ular form as shown in Table 4.7.

Table 4.7 Tabular representation of balanced fully fuzzy transshipment problem

2 3 4 5 7
1| (2,4,1,2)Lr |(1,1,1,1)Lr| (M,M,0,0)Lr (M, M,0,0)Lr (0,0,0,0)Lr |(40,40,10,20)Lr
2| (0,0,0,0)rLr |[(1,3,1,1)Lr| (M,M,0,0)Lr (M, M,0,0)Lr (0,0,0,0)Lr |(30,40,10,30)Lr
3| (M,M,0,0)r |(0,0,0,0)Lr (5,7,2,2)Lr (5,6,3,1)Lr (0,0,0,0)Lr -
6| (0,0,0,0)Lr |[(0,0,0,0)rr (0,0,0,0).r (0,0,0,0)r (0,0,0,0)Lr (20,30,20,0)r

- - (20,30,10,10) . | (60,70,30,10) . | (10,10,0,30) L

Step 3 Using Step 3 of the method, proposed in Section 4.4.2, add an amount of
fuzzy buffer stock P = 3 a; = Y. b; = (90,110, 40,50) .z in the fuzzy availability
and fuzzy demand corresponding to each intermediate node of Table 4.7. After

adding the fuzzy buffer stock P, the Table 4.7 is converted into Table 4.8.
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Table 4.8 Tabular representation of fully fuzzy transportation problem obtained by adding fuzzy buffer stock
2 3 4 5 7

1 (2,4,1,2)Lr (1,1,1, )R (M, M,0,0)Lr | (M,M,0,0)Lr | (0,0,0,0)Lr | (40,40,10,20)Lr
2 (0,0,0,0)r (1,3,1,1)r (M,M,0,0)Lr | (M,M,0,0)r | (0,0,0,0)rr |(120,150,50,80)rr
3| (M,M,0,0)Lr (0,0,0,0).r (5,7,2,2)Lr (5,6,3,1)Lr (0,0,0,0),r | (90,110,40,50)1r
6 (0,0,0,0)r.r (0,0,0,0)r.r (0,0,0,0)r.r (0,0,0,0)1.r (0,0,0,0).r (20,30,20,0)Lr

(90,110, 40, 50) 1 r| (90, 110,40, 50) 1, r| (20,30, 10, 10) . 5| (60, 70, 30, 10) . | (10, 10,0, 30) . &

Step 4 Using Step 4 of the method, proposed in Section 4.4.2, Table 4.8 can be

split into four crisp transportation tables i.e., Table 4.9, Table 4.10, Table 4.11, and

Table 4.12.
Table 4.9 Tabular representation of first Table 4.10 Tabular representation of second
crisp transportation problem crisp transportation problem
2 3 4 5 7 2 3 4 5 7
1] 34 1 M M 0 30 1 3 1 06M 06M 0|10
2 0 2 M M 0 70 2 0 2 06M 06M 0| 50
3| M 0 6 47 0 50 3|1 06M O 4.8 3.9 0 | 40
6 0 0 0 0 0 0 6 0 0 0 0 0| 20
50 50 10 30 10 40 40 10 30 0
Table 4.11 Tabular representation of third Table 4.12 Tabular representation of fourth
crisp transportation problem crisp transportation problem
2 3 4 5 7 2 3 4 5 7
1 2.8 9 05M 05M O 0 1 2.4 8 04M 04M O 20
2 0 1.9 05M 05M 0| 30 2 0 1.6 04M 04M O 80
3| 0.6M 0 4.3 3.4 0| 20 3| 04M 0 3.6 2.8 0 50
6 0 0 0 0 0| 10 6 0 0 0 0 0 0
20 20 10 10 0 50 50 10 10 30

Step 5 The optimal solution of crisp transportation problems, shown by Table
4.9; Table 4.10; Table 4.11 and Table 4.12, are my3 — ay3 = 30,M9y — Q99 =
50, mag — arog = 10, m97 — o7 = 10, m33 — gz = 10, Mgy — gy = 10, M35 — g5 =
50, mgs — agge = 0,Mmgs — ags = 0513 = 10,99 = 50,93 = 10,33 = 20,35 =
20, apq = 10, a5 = 105013 — my3 = 0,190 — Mag = 20, n93 — Moy = 10, n97 — Moy =
0,n33 —ms3 = 10, n3y — m3y = 0, n35 — m3s = 10, ngs — mgs = 10, ng5s — megs = 0 and

Bz = 20, Bay = 50, Bar = 30, B33 = 30, B34 = 10, B35 = 10 respectively.

Step 6 On solving the equations, obtained in Step 5, the values of m;;, n;;, a;; and

Bij are miz = 40,113 = 40, a1z = 10, B13 = 20, Mgz = 90,130 = 110, o = 40, o3 =
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50,mo3 = 20,193 = 30,003 = 10, o3 = 0,m97 = 10,197 = 10,07 = 0, fo7 =
30, m33 = 30,n33 = 40,a33 = 20,033 = 30,mgy = 10,134 = 10,34 = 0,034 =
10, mg5 = 50,n35 = 60,35 = 20,835 = 10,mgy = 10,064 = 20,44 = 10, Bgqy =
0, mes = 10,165 = 10, a5 = 10, Bs5 = 0 and the remaining values of m;;, nsj, vij, Bij
are zero.

Step 7 Putting the values of m;;, n;;, cu; and B;; in T;; = (my;, nyj, cvuj, Bij) LR, the
fuzzy optimal solution is Z13 = (40,40, 10,20).r, T22 = (90,110,40,50) 5, To3 =
(20,30,10,0) 1.5, o7 = (10, 10,0, 30) 1.5, T35 = (30,40, 20,30) 12, F31 = (10, 10,0, 10) 1z,
F35 = (50, 60,20, 10) 15, F6s = (10,20, 10,0) 1, 765 = (10,10, 10,0) .5 and remaining
values of 7;; are (0,0,0,0).x.

Step 8 Putting the values of Z12, T13, T14, T15, T17, T22, To3, To4, Tos, To7, T32, L33, T34, L35,
Ts7, Te2, Tess Teas Tes, Tor i ((2,4,1,2)pp®@T10B (1, 1,1, 1) L @T13D (M, M,0,0) g ®
T14 D (M, M,0,0)Lr ® 215D (0,0,0,0) g @ 17 (0,0,0,0) g @ 9o B (1,3, 1, 1) 1 ®
Tog® (M, M,0,0),r®T2a® (M, M,0,0),rRT25$(0,0,0,0) g @Tor & (M, M,0,0),r®
T32® (0,0,0,0)1r ® 33 ® (5,7,2,2)Lr @ T34 B (5,6,3,1)1r ® T35 @ (0,0,0,0) 15 ®
Z370(0,0,0,0)Lr®@T2D(0,0,0,0) g ®@Te3PD(0,0,0,0) L r @ T4 D (0,0,0,0) g @ Tes D

(0,0,0,0),r®T67), the minimum total fuzzy transportation cost is (360, 560, 270, 350) 1 .

4.5.3 Physical interpretation of the results

In this section, the minimum total fuzzy transportation cost, obtained by
using the proposed methods, is physically interpreted. Similarly, the obtained fuzzy
optimal solution can also be physically interpreted.

Using both the proposed methods the minimum total fuzzy transportation
cost is (360, 560, 270, 350) g, which can be physically interpreted as follows:

(1) The least amount of minimum total transportation cost is 90 units.
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(2) The most possible amount of minimum total transportation cost lies between

360 units and 560 units.

(3) The greatest amount of minimum total transportation cost is 910 units. i.e.,
the minimum total transportation cost will always be greater than 90 units
and less than 910 units and maximum chances are that the minimum total

transportation cost will lie between 360 units and 560 units.

The variation in minimum total transportation cost with respect to chances

are shown in Figure 4.2.
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Minimum total fuzzy transportation cost

Figure 4.2. Membership function of LR flat fuzzy number representing the
minimum total fuzzy transportation cost

4.6 Comparative study

The results obtained by the existing method [70] and by the methods pro-
posed in this chapter and previous chapters, are compared in Table 4.13.

Table 4.13 Results obtained by existing and proposed methods

Minimum total fuzzy transportation cost

Example Existing method Methods proposed Methods proposed Methods proposed
[70] in Chapter 2 in Chapter 3 in this chapter
2.2 Not applicable (2100, 2900, 3700, 4100) | (2900, 3700, 800, 400) 1. g (2900, 3700, 800, 400) 1,
3.1 Not applicable Not applicable (5800, 8400, 2800, 2900) ., 5| (5800, 8400, 2800, 2900) 1, &
4.1 (4100, 6600, 2000, 2600) 1,z (2100, 4100, 6600, 9200)|(4100, 6600, 2000, 2600) ;, z| (4100, 6600, 2000, 2600) 1, &
3.5 [71, pp. 2498]|(1924000, 1903300, 7299800) 1, 5 Not applicable Not applicable (1924000, 1903300, 7299800) 1, &
4.2 Not applicable Not applicable Not applicable (360, 560, 270, 350) 1, g
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The results, shown in Table 4.13, can be explained as follows:

The existing method [70] can be used only for solving balanced fully fuzzy
transportation problems and balanced fully fuzzy transshipment problems.
Since, the existing fully fuzzy transshipment problem [71, Example 3.5, pp.
2498] and the fully fuzzy transportation problem, chosen in Example 4.1, are
balanced problems. So, these problems can be solved by the existing method
[70]. But, the problem, chosen in Example 2.2, Example 3.1 and Example
4.2, are unbalanced problems so the existing method [70] can not be used for

solving these problems.

The methods, proposed in Chapter 2, can be used only for solving such bal-
anced and unbalanced fully fuzzy transportation problems in which all the
parameters are either represented by triangular fuzzy numbers or trapezoidal
fuzzy numbers. Since, in the fully fuzzy transportation problem, chosen in Ex-
ample 2.2 and Example 4.1, all the parameters are represented by trapezoidal
fuzzy numbers so, this problem can be solved by the method, proposed in
Chapter 2. But, in the fully fuzzy transportation problem, chosen in Example
3.1, the parameters are represented by LR flat fuzzy numbers so, this problem
can not be solved by the methods, proposed in Chapter 2.

Also, the problems, chosen in Example 3.5 and Example 4.2, are fully
fuzzy transshipment problems which is an extension of fully fuzzy transporta-
tion problem so, these problems can not be solved by the methods, proposed

in Chapter 2.

The methods, proposed in Chapter 3, can be used to solve such balanced and

unbalanced fully fuzzy transportation problems in which all the parameters
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are represented by LR flat fuzzy numbers. Since, in the problems, chosen in
Example 2.2, Example 3.1 and Example 4.1, all the parameters are represented
by LR flat fuzzy numbers so, all these problems can be solved by the methods,
proposed in Chapter 3.

Also, the existing problem [71, Example 3.5, pp. 2498| and the prob-
lem, chosen in Example 4.2, are fully fuzzy transshipment problems which are
extension of fully fuzzy transportation problems so, these problems can not be
solved by the methods, proposed in Chapter 3.

The methods, proposed in this chapter, can be used to solve balanced as
well as unbalanced fully fuzzy transshipment problems. Since, the fully fuzzy
transportation problems are also a special type of fully fuzzy transshipment
problems so the proposed method can also be used for solving fully fuzzy trans-
portation problems i.e., all the chosen problems can be solved by the methods,

proposed in this chapter.

Remark 4.6 Since, in the existing methods [70, 71] and proposed methods different

type of multiplication is used in the objective function so the different fuzzy optimal

values are obtained by using the existing and proposed methods. But, to compare

the results of existing method [71] and proposed methods same type of multiplica-

tive operation is used for solving fully fuzzy transportation problems and fully fuzzy

transshipment problems.
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4.7 Case study

Ghatee and Hashemi [73, Definition 5.2, pp. 804] have claimed that if a and
b and are two non-negative fuzzy numbers such that @ # b. Then, a # b can be
converted into @ = b by the following manner:

Find é = @ © b and check that € is negative or positive.
Case (i) If € is positive then b @ é = a.
Case (ii) If ¢ is negative then a @ ¢’ = b, where, ¢/ = Oyeé.

However, it is not always possible to convert a # bintoa=b by using the
described method due to the following reasons:

If @ and b are two non-negative fuzzy numbers such that @ # b then é = a© b
may be neither negative nor positive. i.e., neither bPé = anor ade’ = b. e.g., in the
existing real life fully fuzzy transshipment problem [73], described in Section 4.7.1,
total fuzzy availability @ = (1580, 49, 100) is not equal to the total fuzzy demand b =
(1498.9,64,59) so it is an unbalanced fully fuzzy transshipment problem. However,
¢ =aeb= (1580 — 1498.9,49 + 59,100 + 64) = (81.1,108, 164) is neither negative
nor positive fuzzy number and neither b é=anorade =b.

Since, Ghatee and Hashemi [73] have used the fuzzy linear programming
formulation (Py1), to obtain the fuzzy optimal solution of this unbalanced real life
problem without converting it into the balanced fully fuzzy transshipment problem.
So, the results of this real life problem, obtained by Ghatee and Hashemi [73], are
not genuine.

In this section, the methods, proposed in this chapter, are used to find the

fuzzy optimal solution of this real life problem.
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4.7.1 Description of problem

A simplified network of petroleum industry distribution system Iran, shown
in Figure 4.3, which is operated to transport crude oil from production units and
import terminals to refineries, export terminals and storage tanks, and from their

to destinations with minimal cost is depicted in Figure 4.4.

= MM | Dateolewmn

Y ‘7“‘“ < ‘
@ supply -

. l "'i"‘li—|‘\\iiﬂ'|; L-!q,, . :J al _[E-,i ;x? 9‘“-“
M | ; I ' ;\\ 1_» ‘:\ “|. m
Import terminal Refineries | e
(swap)

Figure 4.3. General petroleum supply chain, including the suppliers
and demanders of petroleum.

Figure 4.4. A simple diagram of a pilot in Iranian petroleum industry.

The fuzzy availability of the crude oil at different sources and destinations
are shown in Table 4.14 and the fuzzy cost for transporting one unit quantity of

the crude oil from different sources to different destinations are shown in Table 4.15



with L(z) = R(z) = maximum {0,1 — x}.

Table 4.14 The fuzzy availability and fuzzy demand

Node

Fuzzy availability

Fuzzy demand

(0,0,0)Lr
(200,10,10)p g
(0,0,0)Lr
(80,4, 7) LR
(0,0,0)Lr
(220,4,12) 1 r
(0,0,0)Lr
(150,5,9)Lr
(0,0,0)Lr
(0,0,0)Lr
(220,5,16) 1. r
(70,2,5) LR
(50,3,5)LRr
(70,1, 4) LR
(0,0,0)Lr
(0,0,0)Lr
(520,15,32) 1, p

(588,10,5) LR
(0,0,0)Lr

(0,0,0)Lr

(0,0,0)Lr

(0,0,0)Lr
(0,0,0)Lr
(0,0,0)Lr

(0,0,0)Lr
(400,17,20) 1 r
(158.9,3,15) L r
(0,0,0)

(352,34,19) L

4.7.2 Results

Table 4.15 The fuzzy transportation cost

Node Node Fuzzy transportation cost
2 1 (4550, 220.68, 1419.6) 1
3 2 (4550, 22.75,1656.2) 1, g
3 5 (5000, 160, 940) 1, g
5 4 (10000, 595, 2360) 1. 5
4 3 (10000, 830, 440) 1,

5 7 (10000, 525, 80) 1. »

7 6 (10000, 610, 960) 1, r

6 5 (10000, 150, 2840) 1. 5
7 9 (10000, 440, 920) 1,

9 8 (2500, 76.25,940) L r
8 7 (10000, 625,2280) 1, g
9 11 (10000, 590, 1920) 1. 5
11 10 (10000, 430, 1040) 1, g
10 9 (10000, 515, 960) 1, &
13 11 (10000, 770, 240) 1, r
14 15 (10000, 895, 400) 1, &
15 11 (2000, 131, 368) 1. p

11 16 (5000, 127.5, 1460) 1, g
16 17 (5000, 227.5, 1520) 1. g
12 11 (5000, 167.5, 1520) 1, g
20 19 (1600, 89.6, 96) 1. »

20 21 (2500, 148.75, 700) 1, o
21 1 (1600, 103.2, 89.6) 1.
19 18 (30000, 585, 7800) 1.
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The fuzzy quantity of crude oil that should be transported from one node to

another node, obtained by using the proposed methods, are shown in Table 4.16.

Table 4.16 The fuzzy optimal flow between each couple of node in the simplified pilot in Iran

Node — Node

Fuzzy flow

Node — Node

Fuzzy flow

2 —1
3 —2
3 — 23
4 — 3
5 — 21
5 —4
5 — 23
6 — 5
77— 9
77— 6
7T— 21
7T — 23
8§ — 7
9 —8
9 — 11
9 — 23

(557,10,5) LR
(557,10,5)Lr
(0,0,5)Lr
(357,0,0)Lr
(4,4,0)Lr
(357,0,0)Lr
(0, O, 7)LR
(281,0,0)Lr
(1, 1,0)LR
(281,0,0)Lr
(3,3,0)Lr
(0,0,12)Lr
(65,0,0)Lr
(65,0,0)Lr
(37,6,0)Lr
(49,0,9) LR

11 — 16
12 — 11
13 — 11
13 — 23
14 — 15
14 — 23
14 — 18
15 — 11
16 — 17
19 — 18
20 — 19
20 — 21
21 — 1
22 — 18
22 — 21

(400,17,20)Lr
(220,5,16)Lr
(70,2,0)Lr
(0707 5)LR
(37370)LR
(47,0,3)Lr
(0,0, Q)LR
(73,4,49)Lr
(400,17,20)Lr
(156,0,13)Lr
(156,0,13)Lr
(364,15,19)Lr
(31,0,0)Lr
(37370)LR
(12,12,0)Lr
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4.7.3 Discussion

Since, it is obvious from Figure 4.4 that node 5, node 7 and node 14 are not
connected to node 21, node 21 and node 18 respectively. So, in the fuzzy optimal
solution the fuzzy quantity of the crude oil that should be transported from node
5, node 7 and node 14 to node 21, node 21 and node 18 respectively should be zero
fuzzy number. However, it is obvious from the results, shown in Table 4.16, that
these quantities are not zero fuzzy number. So, the obtained fuzzy optimal solution
of the chosen real life problem is a pseudo fuzzy optimal solution.

Since, the fuzzy cost for transporting one unit quantity of the crude oil from
node 5, node 7 and node 14 to node 21, node 21 and node 18 respectively are not
given in the existing data [73]. So, assuming this cost as M the obtained minimum
total fuzzy transportation cost is (29896400 + 7M, 26984213.51 + 7TM,9121057.2 +

QM)LR.

Remark 4.7 Since the chosen real life problem is an unbalanced problem so to find
the fuzzy optimal solution of the chosen problem a purely dummy source node (22)
and a purely dummy destination node (23) is introduced. In the results, presented
in Section 4.7.2, 1 — 23, where, i = 3,5, 7,9, 14 represents the fuzzy quantity of the
crude oil that should be transported from i node to purely destination node (23).
Similarly, 22 — j, where, j = 18, 21 represents the fuzzy quantity of the crude oil

that should be transported from purely dummy source node 22 to j** node.

Remark 4.8 If the product can not be supplied from i** node to j** node then in
the optimal solution of a transshipment problem the optimal quantity of the product

(z;;) that should be transported from i’ node to j™ node should be zero. However,
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if there exist any two nodes ¢ and j such that the product can not be supplied from
i node to j™ node but in the optimal quantity of the product (z;;) is non-zero
then such an optimal solution is called pseudo optimal solution e.g., on solving the
network with six nodes, shown in Figure 4.5, including three purely source node and
three purely destination nodes with cost, availability and demand are as follows:
Cost: c14 =2,¢15 =2,¢16 = 3,004 = 4,095 = 1,006 = 2,031 = 1,35 = 3

Availability: a; = 10, as = 15, a3 = 40 Demand: b; = 20, by = 15,b3 = 30

The obtained optimal solution is x1g = 10, x9g = 15, x34 = 20, 196 = 15, w36 = 5.

Since, 36 # 0, so the obtained optimal solution is pseudo optimal solution.

Figure 4.5. A network representing different shipping routes

4.8 Conclusions

On the basis of the comparison of the results, it can be concluded that all the
problems which can be solved by using the existing method [70] and the methods,
proposed in the previous chapters, can also be solved by the methods proposed in
this chapter. However, there exist several problems which can be solved by the
methods, proposed in this chapter, but neither can be solved by using any of the
existing method [70] nor by the methods proposed in previous chapters. Hence, it
is better to use the methods, proposed in this chapter as compared to the existing

method [70] and the methods, proposed in previous chapters.






Chapter 5

NEw METHODS FOoRrR SorviNnGg FuLLy
Fuzzy SoLiD TRANSPORTATION
ProBLEMS WiTH LR Frar Fuzzy
PARAMETERS

To the best of my knowledge, only the method [132] is proposed in the litera-
ture to find the fuzzy optimal solution of fully fuzzy solid transportation problems.
In this chapter, the shortcomings of this method are pointed out and to overcome
these shortcomings, two new methods are proposed for solving fully fuzzy solid
transportation problems. The advantages of the proposed methods over the exist-
ing method [132] and over the methods, proposed in Chapter 2 and Chapter 3, are
discussed. To illustrate the proposed methods an existing fully fuzzy solid trans-
portation problem is solved. Also, to show the application of the proposed methods
in real life problem an existing real life fuzzy solid transportation problem is solved

by the proposed methods.

The contents of this chapter is communicated for publication in Optimization Letters.
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5.1 Fuzzy linear programming formulation of bal-
anced fully fuzzy solid transportation prob-
lems

The fuzzy linear programming formulation of a balanced fully fuzzy solid trans-
portation problem having p sources, ¢ destinations and r conveyances with fuzzy
availability (d,) of the product at i source, fuzzy demand (b;) of the product at j*
destination, fuzzy capacity (éx) of the k' conveyance i.e., the maximum quantity
of the product which can be carried by the k' conveyance and the fuzzy cost for

h

transporting one unit quantity of the product from " source to j** destination by

means of the k" conveyance (¢;j;) can be written as [132]:

p q r
Minimize Z (6ZJ’€ X i'zjk)
i=1j=1 k=1
subject to
q r _ 5
Z injk:au Z:1a2737 » Dy
Jj=1k=1
p r _ ~
ZZJ:ZJkZbJ’ 3_1727?)’ , 4, (P51)
=1 k=1
P q
szljk:élﬁ k:172737 7T7
i=1j=1
p B q . r 5
2.0 = bj=3" ¢
=1 7=1 k=1

p q . T

Remark 5.1 If Y a, = > b; = > é then the fully fuzzy solid transportation
i=1 j

problem is said to be balanced fully fuzzy solid transportation problem, otherwise

it is called unbalanced fully fuzzy solid transportation problem.

5.2 Liu method

Liu [132] proposed a new method for solving such fully fuzzy solid trans-

portation problems having p sources, ¢ destinations and r conveyances in which the
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parameters are either represented by triangular fuzzy numbers or trapezoidal fuzzy

numbers.
The steps of the existing method [132] are as follows:

Step 1 Find the a-cuts [(cix)5, (cije)q ], [(ai)k, (ai)3], [(05)5, (0751 [(er)hs (ex)d] of

Cijk, @i, bj and €y respectively.

p q r
Step 2 Check that > (a;)%_ > > (b;)Y_, and Z(ek)gzo >

i=1 J=1 J

Case (i) If gp:l(ai)é:o > Zi:( Y_, and Z(ek)g 0 > Z( )=, then the chosen

(b;)E_, or not.

e

I
—

problem is feasible and go to Step 3.

Case (ii) If Z(az)a 0 < Z( Y, or Z(ek)a 0 < Z( ;)E_, then the chosen prob-

lem is infeasible.
Step 3 Solve the problem (Ps2) to find the left end point (z;;x)% of a-cut of fuzzy

decision variable 7;;, and the left end point (Z%) of a-cut of minimum total fuzzy

p. g v
transportation cost Z = > > > (jr ® Tjx) corresponding to different values of
i=1;5=1k=1
€ [0, 1].
( P 4q r
Minimize Y > > ¢ijr%ijk
i=1j=1 k=1
subject to

Zb = Minimize J=lk=1 (Pss)
@ (cijr)E<eiin<(ciin)l p T
17k )a >Cijk>\Cijk)a Z lejk>b‘7, ] :1’2’ ’q
(a)k<a;i<(a)¥ i=1k=1
p q
(bj)E<b;<(b;)Y SN ik < e, k=1,2, .1
(ex)E<er<(en)V i=1j=1
vonak [ Zijk =0 YV oi,5,k

Step 4 Solve the problem (Ps3) to find the right end point (z;;1)Y of a-cut of fuzzy
decision variable Z;;;, and the right end point (ZY) of a- cut of minimum total fuzzy
N N
transportation cost Z = > > > (jr ® Tjx) corresponding to different values of
i=1j=1

=1k=1
€ [0, 1].
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P a4 T
Minimize Y > > ¢ijp%ijk
i=1j=1k=1
subject to
q r
Z injk<al7 121727 7p
7V = Maximize ];lkfl (Ps.3)
(GighJaSeign={eigt)a Z Tijk > ij J= 17 27 » 4
(ai)k<a;<(a)¥ i=1k=1
N <p.<(b;\U P d
(b])u— ]—( J)a Z Z’xl]k S ek’? k: 1727.“”)"
(er)i<ern<(ex)¥ =1j=1
Vi gk \xiijO v27j,/{3
Step 5 Use the values of (z;x)%, (zi1)Y, ZE and ZU, obtained from Step 3 and

Step 4, to find the a-cuts [(zix)%, (ziyx)Y] and [ZL, ZU] corresponding to optimal
fuzzy quantity of the product Z;; and minimum total fuzzy transportation cost

Z-%

=17

> (Cijr @ Tijr)-

q
=1k=1

5.3 Shortcomings of Liu method

In this section, the shortcomings of the existing method [132] are pointed out.
Liu [132] solved the fully fuzzy solid transportation problem, presented in Example
5.1, to illustrate his method.

Example 5.1 [132, pp. 937] Consider a fully fuzzy solid transportation prob-
lem having two sources, three destinations and two conveyances. Fuzzy availabili-
ties, fuzzy demands, fuzzy capacities and the costs with L(z) = R(z) = maximum
{0,1 — x} are as follows:

Fuzzy availabilities: a; = (80,100, 10,20) g, as = (70,70, 10,20) 5.

Fuzzy demands: by = (30,40, 20, 10) .z, by = (50,50, 10, 10) 1z, by = (40, 60, 10, 10) . .
Fuzzy capacities: é; = (80,80, 10,20) g, 2 = (70,70, 10,20) ..

Costs: ¢111 = (30,30,10,10)1r, c112 = 70,c191 = 60,c1220 = 60,131 = 50, ¢130 =

30, Ca11 = (20, 20, 10, 1O>LRa ca12 = 40, c221 = 20, ca22 = 50, ca31 = 40, c232 = 50.
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Liu [132] claimed that on solving the fully fuzzy solid transportation problem,
presented in Example 5.1, for « = 0, the following optimal solution is obtained
xk,, = 40 and 2{,, = 10. Since, x5, > 2%, so the same shortcoming, pointed out
by Liu and Kao [134] in the existing methods [102, 164], which is already discussed

in Chapter 2, is also occurring in the existing method [132].

5.4 Limitations of the methods proposed in pre-
vious chapters

Since, fully fuzzy solid transportation problems are generalization of fully
fuzzy transportation problems and there is no link between fully fuzzy transshipment
problems and fully fuzzy solid transportation problems. So, the methods for solving
fully fuzzy transshipment problems can not be used for solving fully fuzzy solid
transportation problems i.e., neither the existing method [70] nor the methods,
proposed in previous chapters, can be used for solving fully fuzzy solid transportation

problems.
5.5 Proposed methods

In this section, to overcome the shortcomings of the existing method [132],
discussed in Section 5.3, and to overcome the limitations of the methods proposed in
Chapter 2 and Chapter 3, discussed in Section 5.4, two new methods are proposed
to find the fuzzy optimal solution of such fully fuzzy solid transportation problems
in which all the parameters are represented by LR flat fuzzy numbers. Also, the
advantages of the proposed methods over the existing method [132] and over the

methods, proposed in Chapter 2 and Chapter 3, are discussed.
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5.5.1 Proposed method based on fuzzy linear programming
formulation

In this section, a new method, based on fuzzy linear programming formulation,
is proposed to find the fuzzy optimal solution of such fully fuzzy solid transportation
problems in which all the parameters are represented by LR flat fuzzy numbers.

The steps of the proposed method are as follows:

P a . r P a .
Step 1 Find ) a;, > bjand > é. Let >~ a;, = (m,n,a,B)r, >, bj = (m/,n'. o/, )R
; j=1 k=1 i=1 =1

=1
,
and > e, = (m”,n",a”, ") r. Use Definition 3.5 to examine that the problem is
k=1

balanced or unbalanced.

=1

p q r
Case (1) If the problem is balanced, i.e., Y@, = Y b; = > é, then Go to Step 4.
; =1 k=1

P q . r P q .
Case (2) If the problem is unbalanced i.e., > a; = > b; # > épor Y a;, # > b;
1=1 j=1 k=1 i=1 i=1
» J J
> a
=1

r P r q . ~ r
=Y épory a; =y, € # y bjor bj # > é; then Go to Step 2.
k=1 i=1 k=1 j=1 i= k=1

b,

4
>
j=1

p q . q

Step 2 Check that Y a; = > b; or Y
j=1 =1

P
a;
i=1 =1

1=

p 9 .
Case (1) If >~ a;, = Y b; then Go to Step 3.
i=1 =1

p 9 . p 9 . u to_
Case (2) If > a; # > b; then convert > a; # > b; into > a; = ) b;, where,
i=1 j=1 = j=1 i= =1

i=1 1 j=

u=porp+1andt=qorq+ 1 by using one of the following cases:
Case (2a)If m—a <m'—da,a <o, n—m <n'—m' and 5 < /#’ then introduce a

dummy source S, with fuzzy availability a,.; = (m' —m,n' —n,o/ —a, 8 — B)Lr
p+1

q9 -
so that > a; = > b;. Go to Step 3.
: =

=1

Case (2b) lf m—a>m'—d;a>d,n—m>n'"—m' and § > (' then introduce a

dummy destination D, with fuzzy demand Bqﬂ =(m—-m/n—n';a—a,6—-pF")rr
p g+l _
so that Y a; = > b;. Go to Step 3.
j=1

i=1

Case (2c) If neither Case (2a) nor Case (2b) is satisfied then introduce a dummy
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source Sy with fuzzy availability a,.1 = (maximum {0, (m'—a/)—(m—a)} + max-
imum {0, (¢/ — @)}, maximum {0, (m’' — ') — (m — a)} + maximum {0, (¢/ — )} +
maximum {0, (n’—m')—(n—m)}, maximum {0, (¢ — )}, maximum {0, (6'—3)})Lr
and a dummy destination D, with fuzzy demand byy; = (maximum {0, (m — o) —
(m’—a')} + maximum {0, (o — <)}, maximum {0, (m—a)— (m'—a’)} + maximum

{0, (=)} + maximum {0, (n—m)— (n'—m')}, maximum {0, (¢ — ') }, maximum

p+1 q+1 _

{0, (8 — B')})Lr so that > a; = > b;. Go to Step 3.

i=1 j=1

u t
Step 3 Using Step 2, > a; = Y bj, where, u=porp+1andt=gqor g+ 1.
i=1 j=1

u t r
Let > a; = Z bj = (m1,n1, 1, B1)Lr and Y- & = (m",n", ", ")k

i=1 j=1 k=1

u t

Now check " a; = Z

i=1 = k=1
r

M%
o
Q“I

t T
S
j=1 k=1
t

Case (1) If Zu: a; = Z Z , then Go to Step 4.
i=1

Case (2) If ilaz = i b; # ZT: éx then convert Zaz = ili)J # ki éx, into idi =
i= i= —1 iz

Zn:l;j: > €k, where, m =porp+1,n=qorg+1and ! =r orr+1 by using
one of the following cases:

Case (2a) If my —a; <m”" —ad", ag <", ny —my <n” —m” and B; < §” then
check that in Step 2 a dummy source S,.; with fuzzy availability a,; is introduced
or not and also check that a dummy destination Dy, with fuzzy demand l;qﬂ is
introduced or not.

Case (i) If both the dummy source S,;; and dummy destination D, are intro-
duced then increase both the fuzzy availability a,,, of the already introduced dummy
source Spy1 and the fuzzy demand BqH of the already introduced dummy destina-
tion Dy by the same fuzzy quantity a = (m"” — my,n” —ny, 0" — a1, 8" — B1)r

i.e., replace fuzzy availability a,; and fuzzy demand Bqﬂ of the already introduced
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~ p+1

dummy source S,;; and destinations D,y by a,.1®a and b,1®a so that Y a; =
i=1

q+1 _ r '
> b; = > é,. Go to Step 4.
j=1 k=1
Case (ii) If a dummy source S,y1 with fuzzy availability a,; is introduced but no
dummy destination Dy with fuzzy demand l~)q+1 is introduced then increase the
fuzzy availability a,;; of the already introduced dummy source S, by the fuzzy
quantity a = (m” —mq,n" —nq, o” —aq, 8" — 1) Lr i-€., replace fuzzy availability @,

of the already introduced dummy source S, 41 by a,4+1®a and also introduce a dummy

destination with fuzzy demand b,y = a = (m” —my,n” —ny, " —aq, 8" — B1)Lr

p+1 q+1 _ r
so that >  a, = > b, = Y €. Go to Step 4.
=1 j=1 k=1

Case (iii) If a dummy destination D, with fuzzy demand b, is introduced but no
dummy source S, with fuzzy availability a,; is introduced then increase the fuzzy
demand Bq+1 of the already introduced dummy destination D, by the fuzzy quan-
tity a = (m” —mq,n"” —ny, o —ay, " — B1) g i.e., replace fuzzy demand Bqﬂ of the
already introduced dummy destination Dy by Eq+1@d and also introduce a dummy
source Sp41 with fuzzy availability a,.; = a = (m”" —my,n" —ny, 0" — o, 8" = P1)Lr
p+1 q+1 _ r
so that > a, = > b, = Y €. Go to Step 4.
i=1 j=1 k=1
Case (2b) If m;y —ag >m" — ", oy > ", ny —my >n" —m”, and f; > " then
introduce a dummy conveyance F,,; with fuzzy capacity €1 = (my — m”,ny —

U

n”,aq —a”, 51 — )R so that Y a; = Zt: l;j = Ti:lék. Go to Step 4.
i=1 j=1 k=1
Case (2c) If neither Case (2a) nor Case (2b) is satisfied then check that in Step 2 a
dummy source S,1; with fuzzy availability a,; is introduced or not and also check
that a dummy destination D, ; with fuzzy demand l~)q+1 is introduced or not.

Case (i) If both the dummy source S,4; and dummy destination D,y; are in-

troduced then increase both the fuzzy availability a,;; of the already introduced
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dummy source 5,41 and the fuzzy demand of the already introduced dummy desti-
nation D,4; by the same fuzzy quantity ¢ =(maximum {0, (m” —a") — (m; —aq)}
+ maximum {0, (¢” — 1)}, maximum {0, (m” — ") — (m1 — oy)} + maximum
{0, (¢ — a1)} + maximum {0, (" — m") — (n; —my)}, maximum {0, (&' — aq)},
maximum {0, (8" — f1)})rr ie., replace fuzzy availability a,.; and fuzzy demand
l~)q+1 of the already introduced dummy source S,;; and destinations D, ; by a,1®a
and Bq+1@d respectively. Also, introduce a dummy conveyance FE,.; with fuzzy ca-
pacity é,41 = (maximum {0, (m; — a;) — (m” — a”)} + maximum {0, (y — ")},

"

maximum {0, (m; — aq) — (m” — ")} + maximum {0, (a; — ")} + maximum

{0, (n1 —my) — (n” —m”)}, maximum {0, (o; — ")}, maximum {0, (8; — 8”)})rr
p+1 q+1 _ r+1
sothat > a;, = > b; = > €. Go to Step 4.
i=1 j=1 k=1
Case (ii) If a dummy source S,;; with fuzzy availability @, is introduced but no
dummy destination D,y; with fuzzy demand l;q+1 is introduced then increase the
fuzzy availability a,.1 of the already introduced dummy source S,.; by the fuzzy
quantity ¢ = (maximum {0, (m” — o”) — (m; — aq)} + maximum {0, (¢ — )},
maximum {0, (m” — ") — (m; — aq)} + maximum {0, (¢” — a;)} + maximum
{0, (n” = m") — (ny —mq)}, maximum {0, (&” — ay)}, maximum {0, (5" — 51)})Lr
i.e., replace fuzzy availability a,,; of the already introduced dummy source S,i;
by a,4+1®a and also introduce a dummy destination with fuzzy demand l;qﬂ =a=
(maximum {0, (m”—a")—(m1—a1)} + maximum {0, (o’ —ay )}, maximum {0, (m” —
") —(my—aq)} + maximum {0, (&' —ay)} + maximum {0, (n” —m") — (ny —m4)},
maximum {0, (¢’ — )}, maximum {0, (8" — B1)})Lr. Also, introduce a dummy

conveyance E,.; with fuzzy capacity é,.1 = (maximum {0, (m; — ;) — (m” — ")}

+ maximum {0, (a; — ")}, maximum {0, (m; — a1) — (M” — ")} + maximum
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(g — o maximum {0, (ny —mq) — (n” —m”)}, maximum {0, (a; — a”)},
{0, (1 —a”)} + ma {0, ( ) — (n” —m")}, ma {0, ( ")}

p+1 q+1 _ r+1

maximum {0, (81 — 8”)})rr so that > a; = > b; = > é. Go to Step 4.
i=1 j=1 k=1

Case (iii) If a dummy destination D, with fuzzy demand by, is introduced but
no dummy source Sy, with fuzzy availability a,; is introduced then increase the
fuzzy demand l;qH of the already introduced dummy destination D, by the fuzzy
quantity @ = (maximum {0, (m” — o) — (my — 1)} + maximum {0, (o' — aq)},
maximum {0, (m” — ") — (m; — aq)} + maximum {0, (¢ — a1)} + maximum
{0, (" —m") — (ny — mq)}, maximum {0, (¢” — a;)}, maximum {0, (5" — 51)})Lr
i.e., replace fuzzy demand l;qH of the already introduced dummy destination D,
by Bq+1@CNL and also introduce a dummy source S,;; with fuzzy availability a,1=a
= (maximum (maximum {0, (m” — a”) — (m; — a1)} + maximum {0, (¢’ — a1)},
maximum {0, (m” — ") — (m; — aq)} + maximum {0, (¢ — a1)} + maximum
{0, (" —m”) — (n1 — mq)}, maximum {0, (¢’ — a1)}, maximum {0, (8" — 51)}) k.
Also, introduce a dummy conveyance E,,; with fuzzy capacity €,;; = (maximum
{0, (my1 — a1) — (m" — &")} + maximum {0, (o, — ")}, maximum {0, (m; — a;) —
(m” — o)} + maximum {0, (y — ")} + maximum {0, (n; —my) — (n” —m")},

p+1 q+1 _ r+1

maximum {0, (a; — ")}, maximum {0, (51 —8")})Lr so that 21 a; = 21 bj = kz €.
i= j= =1

Go to Step 4.

Step 4 The balanced fully fuzzy solid transportation problem, obtained by using

Step 1 to Step 3, can be formulated into the fully fuzzy linear programming prob-

lem (Ps;) by assuming the following fuzzy transportation costs as zero LR flat fuzzy

numbers:

(i) If it is required to add any dummy source then assume the fuzzy cost for trans-

porting one unit quantity of the product from the introduced dummy source to all
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destinations by all conveyances as zero LR flat fuzzy number.

(ii) If it is required to add any dummy destination then assume the fuzzy cost for
transporting one unit quantity of the product from all sources to the introduced
dummy destination by all conveyances as zero LR flat fuzzy number.

(iii) If it is required to add any dummy conveyance then assume the fuzzy cost for
transporting one unit quantity of the product from the all sources to all destinations

by introduced dummy conveyance as zero LR flat fuzzy number.

4 =~ _ / / / / ~ _ _
Step 5 Assuming, ¢;;x = (mijkanijkaaijka Z‘jk>LR7 a; = (mg,ni, a5 Bi)Lr, by =

/ / / / ~ _ " " " 1 ~, _
(mj,nj,aj,ﬁj)LR, ér = (my,ny,ay, B)r and Tijk = (mijk,nijk,%jmﬂijk)LR, the
fuzzy linear programming problem (Ps 1), can be written as:
m n
I 3 / !/ / /
Minimize 231 231 kz: <(mijk, Nk Yk Bijr) LR @ (Mijh, Mgk, Qi @jk)LR)
1=1 j= =1

subject to

MN

(mijk7 Nijk, Ok, Bijk)LR = (mi7 ng, Oy, Bi)LR) 1= 17 2a 37 -,
k

—

J

~ |l

™Mz L=

-
Il
—
£
Il
i

> (M, Mgy Qg Bigi)Lr = (Ml ), ol B e, 7 =1,2,3,..,n

(Mijks Nijks Qg Bigk)Lr = (M, v, o, Bl e, k=1,2,3,..,1

NE

@
Il

—
Il

—

J

(Mijks Mijks Qijk, Bijk) Lr 18 @ non-negative LR flat fuzzy number.
Step 6 Using the arithmetic operations, defined in Section 3.1.2 and assuming

m n
DI ((m;jmn;jkaagjkaﬁz{jk)LR ® (mijk,nijk,@ijmﬁijk)LR) = (mo, no, @, Bo)Lr;
i=1j=1k=1

the fuzzy linear programming problem, obtained in Step 5, can be written as:

Minimize (mg, no, o, 5o)Lr

subject to

n l n l n l n l
(D2 > myj, Z Z Nijly D D Qijhs 2, 2 Bijk)Lr = (Mi, s, 0, Bi)pr, 1 =1,2,3, ...
J=1k=1 =1 k=1 =1 k=1 =1 k=1

m 1 m m 1 m 1
(Z Z ml_]k Z Z 'ija Z Z Oéijk? Z ﬁijk)LR - (m n Oé],ﬁ )LR7 j - 1 2 3
i=1k=1 i=1k=1 i=1k=1 i=1k=1
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m n m n m n m
(Z Z zjkazjlznmkaz;z:l l]k?EIIE/Bl]k‘)LR - (m/]glanlklaag7 ,IZ)LRa k= 172737“'7
i=1j=1 i=1j =1j= i=1j

(Mijks Mijks Qijk, Bijk) Lr 18 @ non-negative LR flat fuzzy number.

Step 7 Using Definition 3.5 and Definition 3.6, the fuzzy linear programming prob-
lem, obtained in Step 6, can be converted into the fuzzy linear programming problem
(Ps.4):

Minimize (mg, no, o, Bo)Lr

subject to
ilkimijk_ml’ 1=1,2,3,....m
j=1k=1
ilkini]k:ni; 1=1,2,3,....m
j=1k=1
ilkzl:%’jkoé@, 1=1,2,3,....m
j=1k=1
ééﬁlﬁijk s, i=1,2,3,....,m
i;ngk—mj, j=123..n
Zéé Ngjlk = N 17=1,2,3,...n
g:lkzi:l@igkz T =123, ..,n (Ps.4)
ilkilﬁijk j', 7=12,3,...n
iimukzm’k’, k=1,2,3,..1
i=1j=1
iilnijk:nlkl, k=1,23,..1
i=1j=
gé Qijk = O, k=1,2,3,...,1
iiﬁzyk i k=1,2,3,...,1
i=1j=1

Mijk — Qijk, Nijk — Mijk, Qijk, Bije > 0 vV oi,4,k

Step 8 As discussed in Step 6, of the method, proposed in Section 2.5.1 of Chapter
2, the fuzzy optimal solution of fuzzy linear programming problem (Ps,4), can be

obtained by solving the following crisp linear programming problem:
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Minimize R(mq, no, o, o) LR
subject to
constraints of the problem (P 4)
Step 9 Using the existing formula [131], R (o, no, @, Bo)Lr = %(fol(mo —aogL7(N))
A\ + fol(n(rl— BoR71(X\)) d)), the crisp linear programming problem, obtained in Step
8, can be written as:
Minimize 1( [ (mo — apL ™' () dA + [ (no + BoR™(N)) d))
subject to
constraints of the problem (P 4)
Step 10 Solve the crisp linear programming problem, obtained in Step 9, to find
the optimal solution {m;i, nijk, ijk, Bijk }-
Step 11 Find the fuzzy optimal solution {Z;;; } by putting the values of m; i, nijk, jk,
Bijie I Ty = (Mijk, Nijks Qijks Bijk) LR-
Step 12 Find the minimum total fuzzy transportation cost by putting the values

n 1
of Zije in Y- > > (Gijk @ Tij)-
i=1j5=1k=1

=1

m

Remark 5.2 In Step 1 of the proposed method, to convert an unbalanced fuzzy

solid transportation problem into balanced fuzzy solid transportation problem, it is

p q9 . p q .
checked Y a; # > bjor Y a; = > b;. One can start with
i=1 =1 i=1 j=1 i

p T 9 -
a; and ) ég or » b;

1 k=1
and ki €5 also. The method and the solution will remain same.

=1
Remark 5.3 Let A = (Mijks Nijks Qijk, Bijk)Lr be an LR flat fuzzy number with
L(z) = R(z) = maximum {0,1 — x}. Then,
R(A) = 2((majk + nije) — igi fy LU+ B fy RTHA)AA) = §(2mji + 2nie +

@'jk - aijk)
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5.5.2 Proposed method based on tabular representation

In this section, a new method, based on tabular representation of the fully
fuzzy solid transportation problems, is proposed to find the fuzzy optimal solution
of such fully fuzzy solid transportation problems in which the parameters are rep-
resented by LR flat fuzzy numbers.

The steps of the proposed method are as follows:

Step 1 Use Step 1 to Step 3 of the method, proposed in Section 5.5.1, to obtain a
balanced fully fuzzy solid transportation problem.

Step 2 Represent the balanced fully fuzzy solid transportation problem, obtained
from Step 1, into tabular form as shown by Table 5.1.

Step 3 Split Table 5.1 into four crisp transportation tables i.e., Table 5.2, Table 5.3,
Table 5.4 and Table 5.5. The cost for transporting one unit quantity of the product

th

from i*" source to j** destination by means of k" conveyance in Table 5.2, Table

5.3, Table 5.4 and Table 5.5 are represented by 7k, pijk, 0ijx and &;;, respectively.

where,
Mgk = 5 (M, +nly) — aly fo A)dA + 51]]6 o R71(N)dN),

1=1,2,....m ,57=12,...,nand k=1,2,...,1
pik = 5((m] My, + Ny ) — Mgy fo A)dA + Bl fo A)dA),

1=1,2,...m ,57=12,...,nand k=1,2,...,1
5ijk - %( Mk ‘|’5Uk 0 (A)dA)v

1=1,2,...m ,57=12,...,nand k=1,2,....(
Siw = 5((nigp + Bige) Jy B (N)dA),

1=1,2,...m ,5=12,...,nand k=1,2,..,1
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Step 4 Solve the crisp solid transportation problems [83], shown by Table 5.2, Table
5.3, Table 5.4 and Table 5.5, to find the optimal solution {m;;—aijx }; {aujr}; {nije—
miji} and {f;;} respectively.

Step 5 Solve the equations, obtained in Step 4, to find the values of mji, nijk, aiji
and ;.

Step 6 Find the fuzzy optimal solution {Z;;, } by putting the values of m; i, nijk, ijk,
Bijr in Zije = (Myjk, Nijk, Vijis Bijk) LR

Step 7 Find the minimum total fuzzy transportation cost by putting the values of

n l
Z ;(@jk ® Tijk)-

HMS

Tiji In
Remark 5.4 Let A = (Mijks Nijks Qijk, Bijk)Lr be an LR flat fuzzy number with
L(z) = R(z) = maximum {0,1 — x}. Then,
Mg = 3 ((mige + i) = aign fy LTHA)AA+ By fy R7HN)AN)

= i(zmijk + 204 + Bijk — Qijk),
pijk = 5 ((Mije i) —map fol HN)AA+Bign fy BTHA)AN) = §(migit-2nin+Bige),
dijk = %(nuk + Bijk fo (A)dN) = i(znijk + Biji) and
&'jk = %((nz]k + 6ijk) fol R_l(/\)d)‘) = %(nijk + Bz‘jk)‘

5.5.3 Advantages of the proposed methods

In this section, the advantages of the methods, proposed in this chapter, over
the existing method [132] and over the methods, proposed in Chapter 2 and Chapter

3, are discussed.

(1) Since, in the proposed methods the restrictions b—a > 0,¢c—b > 0and d—c > 0
are used and due to these restrictions, the restriction d > a (or 2¥ > zt) will
always be automatically satisfied. So, by using the proposed methods the

shortcomings of the existing methods [132], pointed out in Section 5.3, are
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resolved.

(2) The methods, proposed in Chapter 2 and Chapter 3, can be used to find the
fuzzy optimal solution of fully fuzzy transportation problems but can not be
used for solving fully fuzzy solid transportation problems. Since, fully fuzzy
transportation problems are special type of fully fuzzy solid transportation
problems so, the methods, proposed in this chapter, can also be used to find

the fuzzy optimal solution of fully fuzzy transportation problems.
5.6 Illustrative example

In this section, to illustrate the proposed methods, the existing fully fuzzy
solid transportation problem, presented in Example 5.1, is solved by the proposed

methods.

5.6.1 Fuzzy optimal solution of the chosen problem using
the proposed method based on fuzzy linear program-
ming formulation

Using the proposed method, based on fuzzy linear programming formulation,
the fuzzy optimal solution of the fully fuzzy solid transportation problem, chosen in

Example 5.1, can be obtained as follows:

o 2
Step 1 Using values of aj,as, by, bo, b3, €1 and &y, total fuzzy availability > a; =
i=1
3 .
(150,170, 20,40) g, total fuzzy demand ) b; = (120, 150, 40, 30) .z and total fuzzy
i=1
2 ! 2 3 . 2
capacity > €, = (150,150,20,40).z. Since Y a; # > b; # > €, so it is an un-

k=1 i=1 j=1 k=1

balanced fully fuzzy solid transportation problem.
2 P 3. .
Step 2 Comparing > a; = (150, 170,20,40),z by > a; = (m,n,«a, B)Lg and > b;
i=1 i=1 j=1

q .
= (120, 150,40,30) .z by > b; = (m/,n', o/, 8')Lr the values of m,n,a, B, m', 0, o/
j=1
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and " are 150,170,20,40,120,150,40 and 30 respectively.

2 3
Since, Y a; # Y b; and neither the condition m —a <m' — o/, a <o/, n—m <
i=1 j=1

n'—m/, f < B’ nor the condition m—a>m'—d',a>d, n—m>n"—m', g > f
is satisfying. So, as described in Step 2 (Case (2c¢)) of the proposed method, there is
need to introduce a dummy source S3 with fuzzy availability a; = (20, 30,20,0).r

_ 3
and a dummy destination D, with fuzzy demand by = (50, 50,0, 10) ¢ so that > a;
i=1

4 .
=30

J

3 4 3 4 .
Step 3 Using Step 2, > a; = > b; = (170,200,40,40) .. Since, Y a;, = Y b; #
=1 7j=1 i— j=1

= i=1

2
>~ &k so Go to Step 3 of the proposed method.
k=1

3 4 3 4 .
Comparing Z &Z = Z bj = (170, 20074074O)LR by Z CNZZ = Z b]' = (ml, ny, o, Bl)LR
i—=1 j=1 ) 7=1

1= =1
2 r
and Y &, = (150, 150,20,40) g by > é = (m",n", ", 5") g the values of my, ny, o,
k=1 k=1
Br,m”,n”, " and " are 170, 200, 40, 40, 150, 150, 20 and 40 respectively.
Since, the condition m; > m”, m; —a; > m” —a’, ay > ", ny —my > n" —m”

is satisfying so as described in Step 3 (Case (2b)) of the proposed method there is

need to introduce a dummy conveyance Fs3 with fuzzy capacity é; = (20, 50, 20,0) .

3 4
sothat > a;, = > b; = > é.
i=1 j=1 k=1
Step 4 Since, a dummy source S3 with fuzzy availability as, a dummy destination
Dy with fuzzy demand by and a dummy conveyance F5 with fuzzy capacity é; are
introduced. So, as described in Step 4 of the proposed method, by assuming ¢s;
= Gk = Cij3 = (0,0,0,0),p Vi=1,2,3; j=1,2,3,4; k=1,2,3, the fuzzy linear
programming formulation of balanced fully fuzzy solid transportation problem, ob-

tained from Step 3, can be written as:

NIIHHIHZG((?)O7 30, 10, 1O)LR & 57111 D (70, 70, 0, O)LR & Zillg D (0, 0, O, O)LR & 5113 D
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(60,60,0,0) L ® T121 D (60,60,0,0),r @ Z122®(0,0,0,0) g @ T123 D (50,50,0,0) L r ®
T1319(30,30,0,0) L ®@T132P(0,0,0,0) L g @T133D(0,0,0,0) g @ T 141 D (0,0,0,0) g ®
T1429(0,0,0,0) L r®T143B(20, 20, 10, 10) L, r®T211D(40, 40, 0, 0) L R®T2128(0, 0,0, 0) L g &
T2139(20, 20,0, 0) L rg®T221B(50, 50, 0, 0) , R®T2228(0, 0, 0, 0) L ROT223%(40, 40, 0, 0) . p®
T931 D (50,50,0,0)Lr @T230P(0,0,0,0) g @T233D(0,0,0,0) g ®Tog1 (0,0,0,0) g ®
T942®(0,0,0,0) g ® Tog3® (0,0,0,0) g ® T311 D (0,0,0,0) g @ T312® (0,0,0,0) . ®
Z313® (0,0,0,0)Lr ® T321 ©(0,0,0,0) g ® T320 D (0,0,0,0) g @ T323 D (0,0,0,0)Lr ®
Z3319(0,0,0,0) g ® T332 (0,0,0,0) g ® T333(0,0,0,0) g @ T341 ©(0,0,0,0) g ®

T340 @ (0,0,0,0)r ® T343)

subject to
4 3 4 3
> >0 @ = (80,100, 10, 20) 1 5; > Tojr = (70,70, 10,20) 5
j=1k=1 j=1k=1
4 3 3 3
z Z :z?)jk = (207 307 207 O)LR; Z Z Tip = (307407 207 1O)LR
j=1k=1 i=1k=1
3 3 3 3
> > Ziow = (50,50, 10,10)g; > D T, = (40,60,10,10)Lr
i=1 k=1 i=1 k=1
3 3 3 4
Z Z :i'i4k = (50, 507 Ov 10)LRa Z Z jl]l = (807 807 10’ 2O)LR
i=1 k=1 i=1j=1
3 4 3j 4
Y > Tijp = (70,70, 10,20)1r; > > Tijz = (20,50,20,0)Lr
i=1j=1 i=1j=1
Z;;1, are non-negative trapezoidal fuzzy numbers Vi =1,2,3; j =1,2,3,4; k =1,2,3

Step 5 Using Step 7 to Step 9 of the method, proposed in Section 5.5.1, the fuzzy
linear programming problem, obtained in Step 4, can be converted into the following
crisp linear programming problem:

Minimize (i (50myq11+ 70111 — 20111 +408111 +140myq 12+ 1401150 — 70112+ 705112+
120m191 +120m191 — 60191 + 608191 +120m199 + 1207195 — 600r192 + 608192 + 100m13; +
100n131 — 50131 + 508131 + 60139 + 60n130 — 30cr132 + 308132 + 30ma1y + 50m91; —
10c211 + 308211 + 80may2 + 80n210 — 40912 + 408212 + 40miger + 40n99; — 20cv991 +

208921 + 100922 + 100n999 — 500990 + 505229 + 80031 + 80n937 — 4031 + 408231 +
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100m232 -+ 100%232 - 500&232 + 50ﬁ232))

subject to

4 3 4 3 4 3 4 3

Z Z mljk = 80, Z Z nljk = 100, Z Z Oéljk = 10, Z Z ﬁlgk =20
=1 k=1 =1 k=1 =1 k=1 =1 k=1

4 3 4 3 4 3 4 3

D> Mg = T0; > > nojr = T0; > > agr = 10; Yo > Pajr =20
=1 k=1 J=1 k=1 =1 k=1 =1 k=1

4 3 4 3 4 3 4 3

> > Mgk = 20; Yoo e =30 >0 Y agr=20; > > Bapp=0
=1 k=1 =1 k=1 =1 k=1 =1 k=1

3 3 3 3 3 3 3 3

>0 > may = 30; >0 >0 ng = 40; >0 g = 20; Yo Bak =10
i=1 k=1 i=1 k=1 i=1 k=1 i=1 k=1

3 3 3 3 3 3 3 3

> > Mg = 50; >0 > njox, = 50; D> gy = 10; > Bior =10
i=1 k=1 i=1 k=1 i=1 k=1 i=1 k=1

3 3 3 3 3 3 3 3

o> myg = 40; >0 gk = 60 >0 agsy = 10; > Bisk =10
i=1 k=1 i=1 k=1 i=1 k=1 i=1 k=1

3 3 3 3 3 3 3 3

0> My = 50; >0 > niax = 50; D> g = 0; Yo Bk =10
i=1 k=1 i=1 k=1 i=1 k=1 i=1 k=1

3 4 34 3 4 3 4

> > mij = 80; Yo nip =805 Y0 > ag = 10; > > Bijn =20
=1 j5=1 =1 j5=1 =1 j5=1 i=1j5=1

3 4 3 4 3 4 3 4

> > Mija = 10; Do nipp=T0; 3> aye = 10; > > Bija =20
=1 j5=1 i=1j5=1 =1 j5=1 i=1j5=1

3 4 3 4 3 4 3 4

> mij3 = 20; > nigz = 50; > Q3 = 20; > Bijz =0
=1 j5=1 i=1j5=1 i=1j5=1 =1 j5=1

muk Oél]k, nUk mijk, Oéijk, Bijk 2 0 Vi= 1, 2, 3; j = 1, 2, 3,4; k= 1, 2, 3

Step 6 The optimal solution of the crisp linear programming problem, obtained in
Step 5, is muz = 10,1113 = 10, aq13 = 10,m132 = 30,1130 = 30, fi32 = 10,1133 =
20,m1s1 = 10,0141 = 10,m142 = 30,0142 = 30, B2 = 10,m911 = 10,n911 =

10,5211 = 10,m921 = 40,1991 = 40,5221 = 10,ma41 = 10,n241 = 10,ma913 =

10,n913 = 10,913 = 10,m321 = 10,1391 = 10,301 = 10,m313 = 10,m332 =
10,330 = 10,332 = 10 and remaining values of 1k, ijk, Qijk, Biji are zero re-
spectively.

Step 7 Putting the values of my;i, nijk, ijr and Bk, in Tk = (Myjk, Mijk, Qijk, Bijk) LR,
the fuzzy optimal solution is Z113 = (10, 10, 10,0) g, 132 = (30,30,0,10) g, T133 =

(0,20,0,0)Lr, Z141 = (10,10,0,0) g, T142 = (30, 30,0, 10) g, To11 = (10, 10,0, 10) g,
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Too1 = (40,40,0,10)1r, Tos1 = (10,10,0,0)Lr, T213 = (10,10,10,0)1r, 321 =
(10,10,10,0) g, #3135 = (0,10,0,0)Lr, T332 = (10,10,10,0).z and remaining val-
ues of Z;;, are zero respectively.

Step 8 Putting the values of Z111, T112, T113, T121, T122, T123, T131, 132, T133, T141, T142,
T143, T211, T212, T213, T221, T222, T223, T231, T232, T233, T2d1, T242, T243, T311, T312, T313, T321,
T392, T323, T331, T332, T333, T341, T342, Ta3 1L

((30,30,10,10) g ®%111B(70,70,0,0) . g RT1120(0, 0,0, 0) Lr®T113D(60, 60, 0,0) L r®
T1219(60, 60,0, 0) L, r®T122B(0, 0,0, 0) L, RRT125(50, 50, 0, 0) L RRT131D(30, 30, 0,0) L g &
T132® (0,0,0,0)Lr ® T133 @ (0,0,0,0) L @ T141 B (0,0,0,0) g ® T1420® (0,0,0,0) L @
T143®(20, 20, 10, 10) L g®T 211 (40, 40,0, 0) L g®T212P(0, 0, 0, 0) L ROT213B (20, 20, 0, 0) L r®
T9219(50, 50,0, 0) L R®T222B(0, 0, 0, 0) L R@T223PB(40, 40, 0, 0) . p®T231B(50, 50, 0, 0) L r®
T30 ® (0,0,0,0)Lr ® To33®(0,0,0,0) g @ Tag1 B (0,0,0,0) L @ Togo ®(0,0,0,0) L @
T243®(0,0,0,0)Lr ® T311 ©(0,0,0,0)Lr ® T312© (0,0,0,0)Lr ® T313D (0,0,0,0)Lr ®
T3219(0,0,0,0) g ® T320® (0,0,0,0) g ® T323 D (0,0,0,0) g @ 331 (0,0,0,0) g ®
T332(0,0,0,0) L r®T333D(0,0,0,0) L r®T341D(0,0,0,0) L gRT342D(0, 0,0, 0) L g RT343)

the minimum total fuzzy transportation cost is (1900, 1900, 100, 900) . g.

5.6.2 Fuzzy optimal solution of the chosen problem using
the proposed method based on tabular representation

Using the proposed method, based on tabular representation, the fuzzy opti-
mal solution of the fully fuzzy solid transportation problem, chosen in Example 5.1,
can be obtained as follows:
Step 1 The balanced fully fuzzy solid transportation problem, obtained from Step

1 to Step 3 of Section 5.6.1, can be represented by Table 5.6.
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Step 2 Using Step 3 of the method, proposed in Section 5.5.2, Table 5.6 can be
split into four crisp solid transportation tables i.e., Table 5.7, Table 5.8, Table 5.9
and Table 5.10.

Step 3 The optimal solution of crisp solid transportation problems, shown by Ta-
ble 5.7, Table 5.8, Table 5.9 and Table 5.10 are mj;3 — aj13 = 0,M130 — Q139 =
30, migz— a3 = 0, mygr —ong = 10, mygo — a2 = 30, mo11 —aonr = 10, magg1 — e =
40, magg — g2 = 10, mg13 — g3 = 0, m321 — aza1 = 0, miz13 — g3 = 0,m330 — 3z =
0;a113 = 10,132 = 0,133 = 0,041 = 0,142 = 0,011 = 0,001 = 0,041 =
0,013 = 10,0301 = 10,313 = 0,033 = 10;n113 — mug = 0,n1320 — Mz =
0, 1133 — mazz = 20, n141 — Magr = 0,142 — Mg = 0,m211 — marr = 0, N1 — Mooy =
0, 242 —Maga = 0,M913 —Marz = 0,n321 —Mmsa1 = 0,n313 —ma13 = 10, n3za —msz2 =0
and (130 = 10, B142 = 10, Bo11 = 10, P21 = 10 respectively.

Step 4 On solving the equations, obtained from Step 3, the values of m;jx, nijk, Qiji
and By, are myz = 10,n113 = 10, o113 = 10, 113 = 0, maze = 30,1130 = 30, ay30 =
0, B132 = 10, mazz = 0,n133 = 20,133 = 0, f133 = 0, mug = 10,141 = 10,0141 =
0, B1a1 = 0, mugz = 30,142 = 30, 142 = 0, 142 = 10, may; = 10,1911 = 10, 11 =
0, Bo11 = 10, mag1 = 40, nga1 = 40, agg1 = 0, Baa1 = 10, may = 10,1241 = 10, oy =
0, Baa1 = 0, ma13 = 10,913 = 10, ag13 = 10, B21z = 0, maza1 = 10, n301 = 10, 321 =
10, B321 = 0, mz13 = 0,n313 = 10,313 = 0, 313 = 0, mgz2 = 10,332 = 10, 332 =
10, B332 = 0 and remaining values of myji, 7k, ijk, Bijr are zero.

Step 5 Putting the values of myi, nijk, ajr and Bijr in Tk = (Miji, Nijk, Qijk, Bijk) LR
the fuzzy optimal solution is 113 = (10, 10,10, 0) g, 132 = (30,30,0,10) g, T133 =
(0,20,0,0) g, 141 = (10,10,0,0) LR, T142 = (30,30,0,10) g, T211 = (10, 10,0, 10) 1R,

i221 = (4074070710)LR7 :E241 = (107 1070?0)LR7 j.213 = (107107 1070)LR7 'i'321 -



126

(10,10,10,0) g, Z313 = (0,10,0,0).r, 332 = (10,10,10,0),r and remaining val-
ues of Z;j;, are zero.

Step 6 Putting the values of Z111, T112, T113, T121, T122, T123, T131, L132, 133, T141, T142,
T143, To11, T212, T213, To21, T222, T223, Tas1, T232, T233, T241, T242, T243, T311, T312, T313, T321,
T322, T323, T331, T332, T333, T341, T342, T343 1N

((30,30,10,10) g ®%111D(70,70,0,0) g @F112D(0,0,0,0) L rRT113D (60, 60, 0,0) LR ®
T1919(60, 60, 0,0) L, r®T122P(0,0,0,0) L rRRT123D(50, 50, 0, 0) L, g®T131D(30, 30, 0,0) Lr®
Z132©(0,0,0,0) g @ T133®(0,0,0,0) g @ T141 ©(0,0,0,0) g @ T142® (0,0,0,0) g ®
T1439(20, 20, 10, 10) L g ®T911D(40, 40, 0, 0) L R®T212B(0, 0, 0, 0) L rR®T213B(20, 20, 0, 0) L p®
T991D(50, 50,0, 0) L R®T222P(0, 0,0, 0) L RRT223DB(40, 40, 0, 0) , g ®T 231D (50, 50, 0,0) LR
T230®(0,0,0,0)Lr ® T233® (0,0,0,0) g ® 241 © (0,0,0,0) g ® T242® (0,0,0,0)Lr ®
T2439(0,0,0,0) L @ T311 ®(0,0,0,0) g @ T312(0,0,0,0) g @ T313®(0,0,0,0) g ®
T321©(0,0,0,0) g @ T320(0,0,0,0) g @ T323® (0,0,0,0) g @ 331 ©(0,0,0,0) g ®
Z33280(0,0,0,0) L r®T3338(0,0,0,0) rRT341D(0,0,0,0) g ®T342D(0,0,0,0) L RRT343)

the minimum total fuzzy transportation cost is (1900, 1900, 100, 900) .

5.6.3 Physical interpretation of the results

In this section, the minimum total fuzzy transportation cost, obtained by
using the proposed methods, is physically interpreted. Similarly, the obtained fuzzy
optimal solution can also be physically interpreted.

Using the proposed methods the minimum total fuzzy transportation cost is

(1900, 1900, 100, 900) 1z, which can be physically interpreted as follows:

(1) The least amount of minimum total transportation cost is 1800.
(2) The most possible amount of minimum total transportation cost is 1900.

(3) The greatest amount of minimum total transportation cost is 2800. i.e., the
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minimum total transportation cost will be always greater than 1800 and less
than 2800 and maximum chances are that minimum total transportation cost
will be 1900.

The variation in minimum total transportation cost with respect to chances

are shown in Figure 5.1.

1
0.9
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0.7
0.6
0.5
0.4
0.3
0.2
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0
1600 1750 1900 2050 2200 2350 2500 2650 2800 2950

Degree of membership function

Minimum total transportation cost

Figure 5.1. Membership function of LR flat fuzzy number representing the
minimum total fuzzy transportation cost

5.7 Comparative study

The results obtained by the methods, proposed in this chapter and by the
methods proposed in Chapter 2 and Chapter 3, are compared in Table 5.11.

Table 5.11 Results obtained by using proposed methods

Minimum total fuzzy transportation cost
Example Methods proposed Methods proposed Methods proposed
in Chapter 2 in Chapter 3 in this chapter
2.2 (2100, 2900, 3500, 4200) (2100, 2900, 3500, 4200) (2100, 2900, 3500, 4200)
3.1 Not applicable (5800, 8400, 2800,2900).r | (5800, 8400, 2800,2900) 1 r
5.1 Not applicable Not applicable (1900, 1900, 100, 900) 1. g

The results, shown in Table 5.11, can be explained as follows:

(1) The methods, proposed in Chapter 2, can be used only for solving such fully
fuzzy transportation in which either all the parameters are represented by
triangular fuzzy numbers or by trapezoidal fuzzy numbers. Similarly, the

methods, proposed in Chapter 3, can be used for solving such fully fuzzy
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transportation problems in which all the parameters are represented by LR
flat fuzzy numbers. Since, in the fully fuzzy transportation problem, chosen in
Example 3.1, all the parameters are represented by LR flat fuzzy numbers so
the problem, chosen in Example 3.1, can not be solved by the method proposed
in Chapter 2 but the same problem can be solved by the method proposed in
Chapter 3.

Since, fully fuzzy solid transportation problems are the generalization of
fully fuzzy transportation problems so, fully fuzzy solid transportation prob-
lem, chosen in Example 5.1, can not be solved by the methods proposed in

Chapter 2 and Chapter 3.

(2) Since, fully fuzzy transportation problems are special type of fully fuzzy solid
transportation problems so, the methods, proposed in this chapter, can also be
used for solving fully fuzzy transportation problems i.e., the method, proposed
in this chapter, can be used to find the fuzzy optimal solution of all the chosen

problems.

5.8 Case study

Yang and Liu [217] proposed a method to find the crisp optimal solution of
fully fuzzy fixed charge solid transportation problems and used it to find the crisp
optimal solution of a real life fully fuzzy fixed charge solid transportation problem
described in Section 5.8.1.

However, in Chapter 1, it is pointed out that it is better to find the fuzzy op-
timal solution as compared to crisp optimal solution. So, the fuzzy optimal solution

of the same real life problem, assuming that there is no fixed charge, are obtained
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with the help of proposed methods.

5.8.1 Description of problem

As we know, coal is a kind of crucial energy source in the development of
economy and society. Accordingly, how to transport the coal from mines to the dif-
ferent areas economically is also an important issue in the coal transportation. For
the convenience of description, the problem can be summarized as follows. Suppose
that there are two coal mines to supply the coal for two cities. During the process
of transportation, two kinds of conveyances are available to be selected, i.e., train
and cargo ship. Now, the task for the decision-maker is to make the transportation
plan for the next month. At the beginning of this task, the decision maker needs
to obtain the basic data, such as supply capacity, demand, transportation capacity,
transportation cost of unit product, and so on. In fact, since the transportation
plan is made in advance, we generally cannot get these data exactly. For this con-
dition, the usual way is to obtain the fuzzy data by means of experience evaluation
or expert advice. In this example, the notations a;, Ej and e, are employed to
denote the availability, demand and transportation capacity, respectively. The cor-
responding fuzzy data, with L(z) = R(z) = maximum {0, 1 —x} are listed as follows:
a; = (28,29,3,2)rr, ao = (20,23,4,2)Lr, a3z = (34,36,2,2)pr, a4 = (30,32,2,2) R,
by = (13,14,1,4)1r, by = (23,26,3,1)pr, bs = (21,23,2, 1)1z, by = (27,29,2,2) 1k,
é1 = (45,50,6,5)Lr, €3 = (65,70,5,5)r

For the same reason, the transportation cost of unit amount in advance can
not be obtained accurately, and it can also be treated as a fuzzy variable by experi-

ence or expert advice. For this example, the transportation cost of unit amount is
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listed in Tables 5.12 and 5.13.

Table 5.12 The direct cost by Train

Cities— 1 2 3 4
Mines|
1 (5,8,2,2)Lr (8,9,1,1)rr (17,19,2,1)Lr  (15,17,2,2)1r
2 (7,8,2,1)r (9,10,3,1)r (4,6,1,1)rr  (20,23,4,2)1r
3 (8,9,3, 1)L (15,17,2,2)rr  (6,8,3,1)1r (8,11,1,2)r
4 (19,21,1,3)Lr  (12,13,3,2),r (10,11,3,3)Lr (10,13,1,2)1r

Table 5.13 The direct cost by Cargo Ship

Cities— 1 2 3 4
Mines|
1 (9,12,2,)r  (9,10,4,2)1r  (12,13,3,2)pr  (25,26,5,2)1r
2 (12,14,2,1),r  (14,16,2,2)pr  (17,18,6,2),r  (5,8,2,2)Lr
3 (10,12,2,2),r  (23,25,3,2)Lr  (25,27,2,2)Lr  (8,10,2,2)Lr
4 (8,9,2,1)Lr  (28,30,2,2)L,r (32,33,2,2)Lr (32,38,2,2)Lr

Now, the aim is to find how much quantity of the product should be trans-
ported from which coal mine to which city by which conveyance so that the the total

fuzzy transportation cost is minimum.

5.8.2 Results

On solving the chosen real life problem by using the proposed methods, the
obtained fuzzy optimal solution {Z;;i}, representing the fuzzy quantity of the coal,

h coal mine to j™* city by k' conveyance to

that should be transported from i’
minimize the total fuzzy transportation cost and the fuzzy optimal value, represent-
ing the minimum total fuzzy transportation cost, are Z117 = (7,7,0,0) g, T191 =
(16,17,3,0) g, To31 = (2,3,2,0)Lr, T331 = (19,20,0,0)rr, T122 = (5,5,0,0).r,
Togo = (18,20,2,0) g, T312 = (9,9,0,0) 1R, T412 = (6,7,1,0)1r, T352 = (5,6,1,0) g,
Tg03 = (2,2,0,0) LR, Tus2 = (22,23,1,0) g, T351 = (1,1,1,0) 1R, T501 = (0,2,0,0) R,

'%152 = (0707072)LR7 ~%213 = (0707071)LR7 '%252 = (0707 071)LR7 j5‘343 = <0707072)LR7

Zy51 = (0,0,0,2) Lk, 511 = (0,0,0,3)1r, Ts22 = (0,0,0,1)1r, Ts32 = (0,0,0,1)1r
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and (540, 750,214, 129) 1 r respectively.

Remark 5.5 Since, the chosen real life problem is an unbalanced problem so, to
find the solution of this problem a dummy source (5), a dummy destination (5) and
dummy conveyance (3) is introduced. In the results, presented in Section 5.8.2, 5,
Zis, and ;53 represents the fuzzy quantity of the product that should be transported

h source to

from dummy source (5) to j destination by means of k* conveyance, i*
dummy destination (5) by means of k' conveyance and i** source to j destination

by means of dummy conveyance (3) respectively.

5.8.3 Physical interpretation of the results

In this section, the minimum total fuzzy transportation cost, obtained by
using the proposed method, is physically interpreted. Similarly, the obtained fuzzy
optimal solution can also be physically interpreted.

Using the proposed method the minimum total fuzzy transportation cost is
(540, 750,214, 129) 1, r, which can be physically interpreted as follows:

(1) The least amount of minimum total transportation cost is 326 units.

(2) The most possible amount of minimum total transportation cost lies between

540 units and 750 units.

(3) The greatest amount of minimum total transportation cost is 879 units. i.e.,
the minimum total transportation cost will be always greater than 326 units
and less than 879 units and maximum chances are that the minimum total

transportation cost will lie between 540 units and 750 units.

The variation in minimum total transportation cost with respect to chances

are shown in Figure 5.2.
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Figure 5.2. Membership function of LR flat fuzzy number representing the
minimum total fuzzy transportation cost

5.9 Conclusions

On the basis of the comparison of the results, it can be concluded that on
solving the fuzzy solid transportation problems by using the proposed methods all
the shortcomings, occurring in the results, due to applying the existing method [132]
are resolved and all the problems which can be solved by using the methods, pro-
posed in the Chapter 2 and Chapter 3, can also be solved by the methods proposed
in this chapter. Also, there can exist several problems which can not be solved by
using the methods proposed in Chapter 2 and Chapter 3 but can be solved by the
methods proposed in this chapter. Hence, it is better to use the methods proposed
in this chapter as compared to the existing method [132] and the methods proposed

in Chapter 2 and Chapter 3.



Chapter 6

NEw METHODS FOoRrR SorviNnGg FuLLy
Fuzzy SoLib TRANSSHIPMENT
ProBLEMS WiTH LR Frar Fuzzy
PARAMETERS

The fully fuzzy transshipment problems are obtained by introducing the in-
termediate nodes in fully fuzzy transportation problems and the fully fuzzy solid
transportation problems are obtained by introducing the additional conveyances in
fully fuzzy transportation problems. But, in real life problems both the intermediate
nodes and additional conveyances are used simultaneously. So, in this chapter, by
combining the concept of fully fuzzy solid transportation problems and fully fuzzy
transshipment problems, new type of problems, named as fully fuzzy solid trans-
shipment problems, its fuzzy linear programming formulation and two new methods
for finding its fuzzy optimal solution, are proposed. The advantages of the proposed
methods over the methods, proposed in previous chapters and over the existing
method [70], are discussed. To illustrate the methods, proposed in this chapter, a

fully fuzzy solid transshipment problem is solved.

Some part of this chapter is accepted for publication in Applied and Computational Mathe-
matics and remaining part is communicated for publication in Applied Soft Computing.
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6.1 Proposed fuzzy linear programming formula-
tion of balanced fully fuzzy solid transship-
ment problems

In this section, fuzzy linear programming formulation of balanced fully fuzzy
solid transshipment problems is proposed.

Let a; and @, be the fuzzy availability of the product at i*" purely source node
and at i* source node, 5]- and 5; be the fuzzy demand of the product at j** purely
destination node and at the j* destination node, é, be fuzzy capacity of the k"
conveyance (the maximum fuzzy quantity of the product which can be carried by
the k™ conveyance), ¢;jx be the fuzzy cost for transporting one unit quantity of the

h

product from " source to j destination by means of the k" conveyance and Z;;x

be the fuzzy quantity of the product that should be transported from ** node to
4" node by means of the k* conveyance to minimize the total fuzzy transportation
cost. Then, the fuzzy linear programming formulation of a balanced fully fuzzy solid

transshipment problem can be written as:
Minimize Y. > (Gijx ® Tijk)
(i,j)€A k€Sc
subject to

Yo 2 Tk = @, i € Npg

j:(i,j)€EA k€S

Yo > Tyk©Sm Y, Y Ty = aj i € Ny

j:(i,j)EA kESc j:(Gi)EA kESE

Yo D T =1bj, J € Npp
i:(1,j)€A k€S

> Tijk OH > Tk = b;-7 JE€Np (Ps1)
i(i,j)€A k€S i:(j,)eA keSc

o D Tyk= > X Ty, i € Ny
ji(ij)eA keSc j:(G.9)EA kESc

2 iijk:ék, k}ESC
i:(i,7)EA

T;jk is a non-negative LR flat fuzzy number V (i,j) € A, k € S¢
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where, A is set of arcs (i, 7) joining node ¢ and node j and S¢ is the set of all avail-

able conveyances.

Remark 6.11f 3 a® S a= S b;® 3 l;; = > é then the fully fuzzy
1€Npg 1€Ng JENPD JEND keSc
solid transshipment problem is said to be balanced fully fuzzy solid transshipment

problem otherwise it is said to be unbalanced fully fuzzy solid transshipment prob-

lem.

6.2 Limitations of the existing method and meth-
ods proposed in previous chapters

Since, fully fuzzy solid transshipment problems are the generalization of fully
fuzzy transportation problems, fully fuzzy solid transportation problems and fully
fuzzy transshipment problems. So, the methods, proposed for solving these prob-
lems, can not be used for solving fully fuzzy solid transshipment problems i.e.,
neither the existing method [70] nor the methods, proposed in previous chapters,
can be used for solving fully fuzzy solid transshipment problems e.g., the fully fuzzy
solid transshipment problem, chosen in Example 6.1, can neither be solved by us-
ing the existing method [70] nor by using any of the methods proposed in previous

chapters.

Example 6.1 Consider a network with three nodes, shown in Figure 6.1, including
one purely source node (2), one source node (1) and one purely destination node (3).
The fuzzy cost ¢;ji, fuzzy availability a;, fuzzy demand Z~)j and the fuzzy capacity e
are represented by the following LR flat fuzzy numbers:

Fuzzy costs: ¢131=(8,10,2,2) g, ¢130=(4,8,3,2) g, ¢211=(8,10,4,4) R,

6212:(67 87 47 4)LR7 6231:<9a ]-27 67 3)LR7 6232:<3a 67 27 3)LR
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Fuzzy availability: a; = (60, 80,20, 20) g, a2 = (50, 70,20, 20) .

Fuzzy demand: by = (50,80, 30,50)r

Fuzzy capacity: é; = (60, 80,20, 10).r, €2 = (50,70,20,40).r

where, L(z) = R(z) = maximum {0,1 — z}. Find the fuzzy optimum shipping

schedule.

O Conveyance 1

-~ Conveyance 2

Figure 6.1. Network representing fully fuzzy solid transshipment problem
6.3 Proposed methods

In this section, to overcome the limitations of the existing method [70] and
methods of previous chapters, discussed in Section 6.2, two new methods are pro-
posed to find the fuzzy optimal solution of such fully fuzzy solid transshipment
problems in which all the parameters are represented by LR flat fuzzy numbers.
Also, the advantages of the proposed methods over the existing method [70] and

over the methods, proposed in previous chapters, are discussed.

6.3.1 Proposed method based on fuzzy linear programming
formulation

In this section, a new method, based on fuzzy linear programming formulation,
is proposed to find the fuzzy optimal solution of such fully fuzzy solid transshipment
problems in which all the parameters are represented by LR flat fuzzy numbers.

The steps of the proposed method are as follows:
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Step 1 Find Y @& > a, > be > Vand 3 &.

i€ENpg i1€Ng JENPD JEND keSc
Let > @ @ Y a = (mn,a,B)r, Y bj& SV = (m n,o, )k and
i€ENpg i€Ng JENPD JEND

> e =(m",n",a", ") r. Use Definition 3.5 to examine that the problem is bal-
keSc

anced or unbalanced.

Case (1) If the problem is balanced ie., > @@ S a = S bo 3 53 =

i
i€Npg 1€ENg JENPD JEND

> &k, then Go to Step 4.

keSc
Case (2) If the problem is unbalanced ie., . a® Y. @ = > b o Y l;;
i€ENpg i€ENg JENpPD JEND

£ ot Y wd Y aFtE Y e Y=Y &Go Y 4oy a=
keSe i€ENpg i€ENg JENPD JEND keSc i€ENpg i€ENg
Sat X he Yo Y aeYadst X he X £ Y &t

keSc JENPD JEND i€Nps i1€Ng JENPD JEND keSc

Go to Step 2.

Step 2 Check that Y @& Y aj= Y bj@ Y bor Y a® Y a# >
i€ENpg 1€ENg JENPD JEND i€ENpg i€ENg JENpPD

bi® Y, b

JEND

Case ()If Y a0 S d= Y o X l;; then Go to Step 3.

i€Npg 1€Ng JjENPD JjEND

Case (2)If Y a,® S a4 X bo X 5; then convert > a;® . a, #
i€ENpg 1€Ng JENPD JEND 1€Nps 1€ENg

> obhe » 5}int0 NSae Y d= Y oY l;;-asfollows:

jeNPD jEND iENPS iENS jGNPD jGND
Case (2a) f m—a<m'—d,a <o, n—m <n'—m'and § < ' then introduce a
dummy purely source node with fuzzy availability (m’ —m,n" —n,o/ —a, ' — B)Lr
sothat Y a,® Y ai= Y e 3 l;; Go to Step 3.

i€ENpg i€ENg JENpPD JEND
Case 2b)lf m—a>m'—d/,a > d';n—m >n'—m' and § > ' then introduce a
dummy purely destination node with fuzzy demand (m—m/,n—n',a—ao',8—pF")Lr
sothat Y a,® Y ai= Y e 3 l;; Go to Step 3.

i€ENpg i€ENg JENpPD JEND
Case (2c) If neither Case (2a) nor Case (2b) is satisfied then introduce a dummy

purely source node with fuzzy availability (maximum {0, (m'—a’) —(m—a«)} + max-

imum {0, (¢/ — «)}, maximum {0, (m’' — ') — (m —a)} + maximum {0, (¢/ — )} +
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maximum {0, (n'—m’')—(n—m)}, maximum {0, (¢/ —«)}, maximum {0, (5'—5)})r
and a dummy purely destination node with fuzzy demand (maximum {0, (m —a) —
(m’—a’)} + maximum {0, (o« —a/) }, maximum {0, (m—«)— (m' —a’)} + maximum
{0, (a—¢a’)} + maximum {0, (n—m)—(n’—m’)}, maximum {0, (o« — /) }, maximum

{0,(8—8)})rsothat > @@ > a= Y bi@ > 5; Go to Step 3.

i€ENpg 1€ENg JENPD JEND
Step 3 Using Step 2, > @@ > ai= > bj@ Y b
iENpg i€ENg JENPD JEND
Let > a;® > a,= >, Z;j@ > 5; = (my1,ny, a1, B1)rand > &, = (m”,n", ", 8" r
i€ENpg i€ENg JENPD JEND keSo
Now check > a;® > a. = > Bj@ZZ;;:Zékor oa;d Y a, =
1€Nps 1€ENg JENPD JEND keSc 1€Nps 1€Ng
@ X b #E Y e
JENPD JEND keSc
Case (1) If Y a,® Y d= Y o Y l~); = > & then Go to Step 4.
i€ENpg 1€Ng JENPD JEND keSc
Case (2)If Y a0 Y d= Y bho X 13; # > & then convert >  a;®
1€Nps i€ENg JENPD JEND keSc i€ENpg
Sa= Y be Y VA Y ainto Y owme Y a= Y bhe Y b=
i€ENg JENpPD JEND keSo i€Npg iENg JENPD JEND

> e as follows:
keSc

Case (2a) If m; —a; <m”" —a”", a1 <a”’, ny —my <n” —m” and ) < J” then
check that in Step 2 a dummy purely source node is introduced or not and also
check that a dummy purely destination node is introduced or not.

Case (i) If both the dummy purely source node and dummy purely destination node
are introduced then increase both the fuzzy availability of the already introduced
dummy purely source node and the fuzzy demand of the already introduced dummy

purely destination node by the same fuzzy quantity (m” —mq,n” —ny, o’ —ay, 5" —

B)Lrsothat 3 a;® S ai= Y bo Y 13; = > é. Go to Step 4.
i€ENpg 1€Ng JENPD JEND keSc
Case (ii) If a dummy purely source node is introduced but no dummy purely

destination node is introduced then increase the fuzzy availability of the already in-

troduced dummy purely source node by the fuzzy quantity (m” —mq,n"” —ny,o” —
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a1, " — B1)r and also introduce a dummy purely destination node with fuzzy

demand (m” — mq,n” —ny, " —aq, " — B1)rr so that > a;® >, a, = >

1€Npg 1€Ng JENPD

b d Y l;; = > é. Go to Step 4.
JEND kESe

Case (iii) If a dummy purely destination node is introduced but no dummy purely
source node is introduced then increase the fuzzy demand of the already introduced
dummy purely destination node by the fuzzy quantity (m” — mq,n” — ny, o —
ay, 8" — B1)rr and also introduce a dummy purely source node with fuzzy avail-
ability (m” — mqy,n” —ny,a” — a1, 8" — 1)L so that > a; ® >, a, = >

i€ENpg 1€Ng JENPD

b d Y 13; = > é,. Go to Step 4.

JEND keSe
Case (2b) lf my—a; > m"—a”", a1 > ", ny—my > n”"—m"” and B; > " then intro-
duce a dummy conveyance with fuzzy capacity (m; —m”, ny—n", cq —a", 81— ") Lr
sothat Y a,® Y ai= Y e 3 13;-: > éx. Go to Step 4.

i€ENpg i€ENg JENpD JEND keSo

Case (2c) If neither Case (2a) nor Case (2b) is satisfied then check that in Step
2 a dummy purely source node is introduced or not and also check that a dummy
purely destination node is introduced or not.
Case (i) If both the dummy purely source node and dummy purely destination node
are introduced then increase both the fuzzy availability of the already introduced
dummy purely source node and the fuzzy demand of the already introduced dummy
purely destination node by the same fuzzy quantity (maximum {0, (m” —a")—(m; —
a1)} + maximum {0, (&” — )}, maximum {0, (m” —a”) — (m1 — 1)} + maximum
{0, (¢ — a1)} + maximum {0, (n” — m”) — (ny — my)}, maximum {0, (¢ — a;)},
maximum {0, (8” — 81)})rr and also introduce a dummy purely conveyance with

fuzzy capacity (maximum {0, (m; — ay) — (m” — a”)} + maximum {0, (a; — o)},

maximum {0, (m; — aq) — (m"” — ")} + maximum {0, (a; — ")} + maximum
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{0, (ny — mq) — (0" —m")}, maximum {0, (a; — ")}, maximum {0, (51 — 5”)})Lr
sothat 3 @@ S a= > b B;: > ér. Go to Step 4.
1€ENpg 1€ENg JENPD JEND keSc
Case (ii) If a dummy purely source node is introduced but no dummy purely des-
tination node is introduced then increase the fuzzy availability of the already intro-
duced dummy purely source node by the fuzzy quantity (maximum {0, (m” —a") —
(m1—aq)} + maximum {0, (o’ —ay)}, maximum {0, (m” —a”") — (m; —ay) } + maxi-
mum {0, (¢’ — 1)} + maximum {0, (n” —m”)—(n; —my)}, maximum {0, (o —ay)},
maximum {0, (5” — 1)})rr and also introduce a dummy purely destination node
with fuzzy demand (maximum {0, (m” —a”)—(my—a;)} + maximum {0, (&’ —ay)},
maximum {0, (m"” — ") — (m; — aq)} + maximum {0, (¢’ — 1)} + maximum
{0, (" —m”) — (n1 — mq)}, maximum {0, (¢’ — a1)}, maximum {0, (8" — 51)}) k.
Also, introduce a dummy conveyance with fuzzy capacity (maximum {0, (m; —ay ) —
(m”—a")} + maximum {0, (g — )}, maximum {0, (m; —ay)— (m” —a”)} + maxi-
mum {0, (a; —a”)} + maximum {0, (ny —m)—(n”"—m")}, maximum {0, (o, —a)},
maximum {0, (81 — f")})rr so that S @@ S @t = S b® 3 Z;; = > é.
1€Npg 1€ENg JENPD JEND keSc

Go to Step 4.

Case (iii) If a dummy purely destination node is introduced but no dummy purely
source node is introduced then increase the fuzzy demand of the already introduced
dummy purely destination node by the fuzzy quantity (maximum {0, (m” — o) —
(m1—aq)} + maximum {0, (o' — ;) }, maximum {0, (m” —a”) — (my; —a1)} + maxi-
mum {0, (& —a1)} + maximum {0, (n” —m")—(n; —m4)}, maximum {0, (o' — )},
maximum {0, (8” — 81)})rr and also introduce a dummy purely source node with
fuzzy availability (maximum {0, (m” — o) — (m; —aq)} + maximum {0, (o’ — )},

maximum {0, (m” — o") — (m; — ay)} + maximum {0, (¢ — 1)} + maximum
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{0, (" —m”) — (ny — mq)}, maximum {0, (¢’ — a1)}, maximum {0, (8" — 51)})Lr-
Also, introduce a dummy conveyance with fuzzy capacity (maximum {0, (m; —ay) —
(m”—a")} + maximum {0, (g —a”)}, maximum {0, (m; —ay)— (m” —a”)} + maxi-
mum {0, (a; —a”)} + maximum {0, (ny —m,)—(n”—m")}, maximum {0, (cy —a”)},
maximum {0, (8; — 8")}rrsothat > @® Y ai= Y bhe 3 V=3 &.

i€ENpg i€ENg JENpPD JEND keSc
Go to Step 4.

Step 4 The balanced fully fuzzy solid transshipment problem, obtained by using
Step 1 to Step 3, can be formulated into the fuzzy linear programming problem
(Ps.1) by assuming the following fuzzy costs as zero LR flat fuzzy numbers:

(i) If it is required to add any dummy purely source node then assume the fuzzy
cost for transporting one unit quantity of the product from the introduced dummy
purely source node to all purely destination nodes and all intermediate nodes by
any conveyance as zero LR flat fuzzy number.

(ii) If it is required to add any dummy purely destination node then assume the
fuzzy cost for transporting one unit quantity of the product from all purely source
nodes and intermediate nodes to the introduced dummy purely destination node by
any conveyance as zero LR flat fuzzy number.

(iii) If it is required to add any dummy conveyance then assume the fuzzy cost
for transporting one unit quantity of the product from all purely source nodes and
intermediate nodes to all intermediate nodes and any purely destination nodes by
introduced dummy conveyance as zero LR flat fuzzy number.

Step 5 Assuming &5, = (M5, Wiip, Qi Bije) LRy Tijke = (Mg, Nijhs Vijkes Bijk) LR, Qi =
(s niy i, Bi) Ly @ = (miyng, of, B pey by = (my,ng, g, By) ek, Uy = (m, ), o, 8)) e

and €, = (my,ny, o}, By )Lr, the fuzzy linear programming problem (Fs;) can be
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written as:

L : !/ / / /
Minimize E g ((mijk,nijk,aijk,ﬁijk)LR®(mijkynijkaaijlmﬂijk)LR)
(i,j)eAkESC
subject to

Yo D0 (Miujks Nijks Qg Bijk)Lr = (M, niy a6, Bi)Lr i € Npg
j:(i,j)€A keSc

> >0 (Mujk, Nijks Qs Bije ) Lr S Y, 2 (Myiks Njik, Qjik, Bjik)Lr =

ji(ij)EA kESC ji(j.i) e AkeSc
(m;,n;, Oé;; z{)LR 3 1€ NS
o> (Majk, Nk, Qigks Bije)or = (Mg, nj, 05,85 LR J € Npp

i:(i,j)€A keSc

Z Z (mijkynijkaaijkvﬁijk)LR On Z Z (mjikanjika@jikaﬁjik)LR =
i:(i,j) €A k€Sc i:(j,i)€A kESc

(m;'7n;‘7a;759)LR ) ] € ND

Do >0 (Mg, Mijks Qjies Bijie)r = > > (Myik, Niks Qikes Bjik ) Lr, & € N

ji(i,j)€A kESc §:(j,i)eA kESc
_ 1 " /! 1/
E (mijk,nijk,oéijk,ﬁijk)LR = (mkank,&ka k)LR ) ke Se
i:(4,5)€A

(Mijks Mijks Qijk, Bijk) Lr 18 non-negative LR flat fuzzy number V (i, j) € A, k € Sc.

Step 6 Using the arithmetic operations of LR flat fuzzy numbers, defined in Section

3.1.2, and assuming > > (Gijr ® Tijr) = (Mo, no, 2, Bo)Lr, the fuzzy linear
(i.j)€EA k€S

programming problem, obtained in Step 5, can be written as:

Minimize (mg, no, o, Bo)Lr

subject to
(D0 D0 muje, DL > Nigky 2L DL Quky, L Bik)or = (my,ng, o4, Bi)Lr
ji(ij)EA kESe ji(i))EA kESC ji(i))EA kESC ji(ij)EA kESC

1 € Npg
C > > mik, Y > Njk, Y > ik, YL > Bijk)Lr SH
ji(ij)eA kESc jii)EA  keSc ji(ij)EA  keSc ji(ij)EA  keSc
( Z Mjik, E Z Mjik, Z E Qjiks Z Z ﬁjik)LR = (m;7n;7a;7ﬁz{)LR
J:(j)EA keSe J:(j)EA keSe j:(jd)EA kESc ji(ji)EA keSc

1 € Ng

(22 20 Mgk 2o D0 Mgk, DL 2 Qugks >, > Biuk)or = (my,ny, a4, Bi) LR

1:(3,j)€EA k€S i:(4,j)€A k€S i:(i,j)€A k€S i:(i,j)€A kE€ESC
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J € Npp

(D22 20 Mgk 2o D0 Migks Do D Qe >, DL Buk)rOu( Do Y My,

i:(ij) €A kESc i1(if)EA kESC i:(inf)EA kESc i1(if)EA kESC i:(j,i) €A keSc
Do 2 ik 2o 2o ik, 2o o Bk = (m,n,ah, 85) Lk, € Np

i:(j,i) €A keSc i:(j,i) €A keSc () EA kESe

(20 2 Mk DL D0 Mk 2L DL Qugk, YL >, Bur)ir=( X

ji(iJ)EA kESc ji(iJ)EA kESe ji(ij)EA kESC ji(iJ)EA keSc Ji(jA)EA
Yo My, D > Mk, . 2L ik, . > Bjik)Lr, 1 € Ny
keSe j:(4i)€A k€S j:(40)€A k€S j:(4i)€A k€S

(> Mk, > Mgk, Y. gk, » Bigk)er = (mi,ng, ol B, k€ Sc

1:(3,7)€EA i:(1,7) €A 1:(3,7)€A i:(i,7) €A

(Mijk, Mijks Qijk, Biji) L 1 a non-negative LR flat fuzzy number V (i, j) € A, k € S¢
Step 7 Using Definition 3.5, Definition 3.6 and Remark 4.1, the fuzzy linear pro-
gramming problem, obtained in Step 6, can be converted into the fuzzy linear pro-
gramming problem (Ps2):

Minimize (mg, no, 2o, Bo)Lr

subject to

> > My =my, 1 € Npg
ji(i.j)eA keSo

Do D Migk =M, 1 € Npg
ji(i-j)EA kESe

> D k=, i € Npg
j:(ij)eA keSo

> 2 By =5, i € Npg

j:(i,j)€EA k€Sc

DD Mygr— Y, D> My =my, 1 € Ng

j:(i.j)EA kESe 3:(ji)EA k€S

Do Mgk Yo D Ny =1, 1 € Ng
j:(i,j)€EA k€Sc j:(ji)eA keSc

Yoo Q= YL Y=o, i € Ns
j:(i,5)€A k€Sc j:(ji)eA ke€Sc

o0 Bik— >, > Biuk=0, 1 € Ng
j:(i.j)EA kESe 7:(ji)EA kESc

Do > myjr =my J € Npp
i:(i,j)€A kESe

z ank—n]a jENPD

i:(4,j)€EA k€S

> Yo o = aqj J € Npp

i:(1,7)€A k€ESC
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> > Bk =B, J € Npp (Ps.2)

i(i,j)eA ke€Sc

DD Mgk — Do > My =mj, j € Np

1:(3,j)€EA k€S i:(j,0)€A kE€SC

> Do Migk— Y. D My =1, J € Np
i:(i,j)€A keSc i:(j,i)EA k€Se

DD gk — Do D Qi =, j € Np
i:(i,j)EA ke€Sc i:(ji)EA k€Se

> 2 Bgk— 2 2 Bi=05, J€Np
i:(i,j)€A keSe i:(j,i)EA k€S

DD M= > > My, i € Ny
j:(i,5)EA k€Sc j:(ji)EA k€Sc

S Mgk = D D ik i € N
j:(i,j)€eA keSc j:(5,0)€A k€S

Yooig = >, > Qik i € Nr

j:(i,5)EA k€Se j:(ji)EA keSe

> Yo Bk = > > Bjiks i € Nt
j:(i,j)eA keSc j:(4,0) €A k€S

Z Mk = m’k’ , ke Sc
i:(i,j) €A

Z Nijle = n’k’ , ke So
i:(,j)€A

Z Qi = Oég , k € SC
i:(i,j)EA

> Bijk =B, ke Sc
:(3,7)€A

Mijle — Qijk, Mijle — Mijks Qg Bige > 0V (4,5) € A, k € S¢

Step 8 As discussed in Step 6 of the method, proposed in Section 2.5.1 of Chapter
2, the fuzzy optimal solution of the fuzzy linear programming problem (Fs5), can
be obtained by solving the following crisp linear programming problem:

Minimize R((mq, no, a0, Bo)LR)

subject to

constraints of the problem (Fs5)

Step 9 Using the existing formula [131], R(mg, ng, a0, Bo)Lr = %(fol(mo —apL™t(\))
d\ + fol (no+BoR~(N)) d)), the crisp linear programming problem, obtained in Step

8, can be written as:

Minimize ([ (mg — agL™'(\)) dX + [ (no + BoR™(\)) dA)
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subject to

constraints of the problem (Fg2)
Step 10 Solve the crisp linear programming problem, obtained in Step 9, to find
the optimal solution {m;k, ik, Qijk, Bijk }-
Step 11 Put the values of myjx, nijk, Qiji, Bije 10 Tije = (Mijk, Nijks Qijis Bijk)Lr tO
find the fuzzy optimal solution {Z;;i}.
Step 12 Put the values of Z;j;, obtained from Step 11, in Y > (Gjkx @ Tijk),

(i,j)EA k€S

to find the minimum total fuzzy transportation cost.

6.3.2 Proposed method based on tabular representation

In this section, a new method, based on tabular representation, is proposed
to find the fuzzy optimal solution of such fully fuzzy solid transshipment problems
in which the parameters are represented by LR flat fuzzy numbers.

The steps of the proposed method are as follows:
Step 1 Use Step 1 to Step 3 of the method, proposed in Section 6.3.1, to obtain a
balanced fully fuzzy solid transshipment problem.
Step 2 Convert the balanced fully fuzzy solid transshipment problem, obtained in
Step 1, into balanced fully fuzzy solid transportation problem as follows:

Increase the fuzzy availability and fuzzy demand corresponding to interme-

diate nodes by the fuzzy quantity P = 3. @@ Y. @ (or > b @ Y 5; or

i€ENps 1€Ng JjENPD JEND
> éx). Also, check that in Step 1 a dummy conveyance is introduced or not.
keSc
Case (i) If a dummy conveyance is already introduced then increase the fuzzy ca-

pacity of the already introduced dummy conveyance by the fuzzy quantity = K P

where, K = number of intermediate nodes.
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Case (ii) If no dummy conveyance is introduced then introduce a dummy con-
veyance with fuzzy capacity = K P where, K = number of intermediate nodes.

Step 3 Let in the balanced fully fuzzy solid transportation problem, obtained from
Step 2, the number of purely source nodes, source nodes, transshipment nodes,
purely destination nodes, destination nodes and conveyances be m,[,r t,q and s
respectively. Also, let the fuzzy availability of the product at i** purely source node
(Npg,), fuzzy availability of the product at i source node (Ng,), fuzzy demand of
the product at j* purely destination node (Np p;), fuzzy demand of the product at
j™ destination node (Np,), the fuzzy capacity of the k™ conveyance (Ej) and the

th source to j*

fuzzy cost for transporting one unit quantity of the product from ¢
destination by means of the k* conveyance be denoted by @;, @', I;j, 5’t+j, e and
Giji respectively. Then, it can be represented by Table 6.1.

Step 4 Split Table 6.1 into four crisp solid transportation tables i.e., Table 6.2,
Table 6.3, Table 6.4 and Table 6.5 respectively. The cost for transporting one unit
quantity of the product from 7*" node to j** node by means of k'* conveyance in

Table 6.2, Table 6.3, Table 6.4 and Table 6.5 are represented by 7k, pijk, 0i;1 and

&iji respectively.

where,

Mgk = 5 (Mg, + ni5) — iy fo A)dA + 51]]6 o B71(A)dN),
i=12,...m+l+q+r,j=1,2,..,t+qg+r+land k=1,2,...,s

pik = 5((m] Lkt ME) — Ml fo A)dX + Bijy, fol R

1=12,...m+Il+qg+r,j =12, .., t+q+r+land k=1,2,...;s

5ijk - %( z]k + Bz]k 0 <)\)d>\)’

1=12,...m+Il+qg+r,j=12, .. t+q+r+land k=1,2,...;s
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fwk % zyk’ fo

i=1,2,..m+l+q+r,j=1,2,..,t+q+r+land k=1,2,...,s
Step 5 Solve the crisp solid transportation problems shown by Table 6.2, Table 6.3,
Table 6.4 and Table 6.5 to find the optimal solution {m;;; — aujr}; {@unt: {nijr —
mijkt and {5} respectively.
Step 6 Solve the equations, obtained in Step 5, to find the values of mj;x, nijk, viji
and S
Step 7 Find the fuzzy optimal solution {Z;;} by putting the values of mj k., nijk, Qijk, Bijk
in Tk = (Mijk, Nijk, Qijh, Bijk) LR-
Step 8 Find the minimum total fuzzy transportation cost by putting the values of
Tijk in ZZ;(@M(@@M) Vi=12,...m+l+q+r, j=1,2,. t+q+r+l, k=

i

1,2,...,s.

Remark 6.2 Let A = (Mijks Nijks Qijk, Bijk)Lr be an LR flat fuzzy number with
L(z) = R(z) = maximum {0,1 — z}. Then,
Mgk = 3 (Mg + nije) = igi fy LU+ Bye [y R7HA)dN)

= 1 (2mar + 2nij + Bijk — cije),
pijk = 3 ((Maje+nin) —miji fol YA+ By [y RTHANAN) = 2 (mig+ 2ni0+Bign),
Sijk = L(nij + Bije fy B~1(NdN) = 1(2nyji + Bije) and

&iji = 3 (i + Bijr) fol RN N)dN) = §(nijr + Biji)-
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6.3.3 Advantages of the proposed methods over existing

methods

Since, the advantages of the methods, proposed in Chapter 4 and Chapter

5, over the methods proposed in Chapter 2, Chapter 3 and over the existing meth-

ods [70, 132] are already discussed in Chapter 4 and Chapter 5 respectively. So, in

this section, only the advantages of the methods, proposed in this chapter, over the

methods, proposed in Chapter 4 and Chapter 5, are discussed.

(1)

The methods, proposed in Chapter 4, can be used to find the fuzzy optimal
solution of fully fuzzy transportation problems and fully fuzzy transshipment
problems but these methods can neither be used for solving fully fuzzy solid
transportation problems nor for solving fully fuzzy solid transshipment prob-
lems. Since, fully fuzzy transportation problems, fully fuzzy transshipment
problems and fully fuzzy solid transportation problems are special type of
fully fuzzy solid transshipment problems so, the methods, proposed in this
chapter, can be used for finding the fuzzy optimal solution of all these prob-
lems.

The methods, proposed in Chapter 5, can be used to find the fuzzy optimal
solution of fully fuzzy transportation problems and fully fuzzy solid trans-
portation problems but these methods can neither be used for solving fully
fuzzy transshipment problems nor for solving fully fuzzy solid transshipment
problems. Since, fully fuzzy transportation problems, fully fuzzy transship-
ment problems and fully fuzzy solid transportation problems are special type
of fully fuzzy solid transshipment problems so, the methods, proposed in this
chapter, can be used for finding the fuzzy optimal solution of all these prob-

lems.
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6.4 Illustrative example

In this section, the fuzzy optimal solution of the fully fuzzy solid transshipment

problem, chosen in Example 6.1, is obtained by using the proposed methods.

6.4.1 Fuzzy optimal solution of the chosen problem using
the proposed method based on fuzzy linear program-
ming formulation

Using the proposed method, based on fuzzy linear programming formulation,
the fuzzy optimal solution of the fully fuzzy solid transshipment problem, chosen in
Example 6.1, can be obtained as follows:

Step 1 Total fuzzy availability > a; @ >, a; = (110,150,40,40) g, total fuzzy

i€ENpg i€Ng
demand 3 b; @ >0 b; = (50,80,30,50).5 and total fuzzy capacity > & =
JEND JENpPD keSc
(110,150,40,50) 5. Since > a; @ Y. at # S b; @ S by # 30 &, so it is
i€ENpg i€Ng JEND JENpD keSc

an unbalanced fully fuzzy solid transshipment problem.

Step 2 Comparing Y @ ® Y. @ = (110,150,40,40),r by 3. @@ 3. @, =

i€ENpg i€ENg i€ENpg i€ENg
(m,n,o, B)rr and > by & Y V; = (50,80,30,50), by > b 3V =
JENPD JEND JENPD JEND

(m/,n', o/, B") g the values of m,n, o, 5,m’',n’, o/ and p’" are 110, 150, 40, 40, 50, 80,

30 and 50 respectively.

Since, Y. a® Y. @ # 3 b;® Y U and neither the condition m—a < m’—a’,
1€ENps 1€Ng JjENPD JEND

a<a,n—m<n—m < nor the condition m —a > m' — o/, a > o,

n—m>n'—m' and § > [’ is satisfying so, as described in Step 2 (Case (2¢)) of

the proposed method, there is need to introduce a dummy purely source node 4 with

fuzzy availability a4 = (0,0,0,10),z and a dummy purely destination node 5 with
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fuzzy demand b5 = (60,70,10,0),5 so that 3 @@ Y at= S b;® X b,

(2
i€Npg i€Ng JEND JENpPD

Step 3 Since, . @® . a= Y bi® 3. b, =(110,150,40,50)r = 3 &,
i€Nps i€Ns JEND JENPD keSc

so the fully fuzzy solid transshipment problem, obtained in Step 2, is a balanced
fully fuzzy solid transshipment problem.

Step 4 Since, a dummy purely source node (4) and a dummy purely destination
node (5) are introduced. So, as described in Step 4 of the proposed method, by
assuming Cyjx = Gsp = (0,0,0,0),r Vi =1,2,4; j=3,5; k= 1,2, the fuzzy linear
programming formulation of the balanced fully fuzzy solid transshipment problem,
obtained from Step 3, can be written as:

Minimize ((8, 10, 2, 2) ,r®@T131B(4, 8,3, 2) LrR®T132B(8, 10,4, 4) R ®T2115(6, 8,4,4) Lr®
T912(9,12,6,3)Lr @ T231 D (3,6,2,3)Lr R Ta32D(0,0,0,0) L r ®T411 D (0,0,0,0),r ®
T412@(0,0,0,0) L ® Z431 ©(0,0,0,0) L @ Tu32 @ (0,0,0,0) L @ Ta51 ©(0,0,0,0) g ®
T952(0,0,0,0)Lr®T451D(0, 0, 0,0) L r®@T452D(0, 0, 0, 0) L r®T15:D(0, 0, 0, 0) Lr®T152)

subject to

2

2
> (Z13k @ T1sk) ©On Y (Tark ® Ta1x) = (60,80, 20,20) L5
k=1

(ZTo1k @ Tagk B Tosx) = (50, 70,20,20) Lk

bl ol
IS
[S —

Mw

(T136 D Task @ Task) = (50, 80,30, 50) LR

B
Il
—

Mw

(Ta1k ® Tag, ® Task) = (0,0,0,10) LR

i
I

Mw

(15K D Tosk B Task) = (60,70,10,0) Lk
k

T131 B T151 B To11 D Tag1 D Tast @ Ta11 B Taz1 D Tas1 = (60, 80,20, 10)Lr

Il
—_

T132 @ T152 D To12 © Tazo @ Tas2 D Tar2 D Tuzp D Tusz = (50, 70,20,40) g
Zi;, are non-negative LR flat fuzzy numbers Vi=1,2,4; 7 =3,5; k=1,2.
Step 5 Using Step 6 to Step 9 of the method, proposed in Section 6.3.1, the fuzzy

linear programming problem, obtained in Step 5, can be converted into the following
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crisp linear programming problem:

Minimize (§(14mis1 — 6ais1 + 22n131 + 128131 + Smaze — iz + 18n430 + 108132 +
12mag11 — 4agny +24n211 + 1408211 + 8ma1a — 20212 +20n212 + 128912 + 12m931 — 331 +
2Tng31 + 153931 + 4ma3p — lagsy + 15n232 + 9B932))

subject to

Mw

2
(mask + mask) — > (Ma1k + marg) = 60

T
L
I

2
S (nark + no1k) = 80

Mw

(P13 + Nask)

=1 =

2 2

> (oask + aask) — Y (ouik + aorx) = 20
k=1 k=1

2

> (Bisk + Bisk) — > (Bark + Bark) = 20
k=1 k=1

Mw

(ma1g, + Magk + Mask) = 50

b
Il
—

Mw

<n21k + Nosk + n25k) =70

b
Il
—

Mw

(Qo1k + Qa3 + asi) = 20

T
L

Mw

(521k + 6231:: + ﬁzg,k) =20

b
Il
—

Mw

(mask + Mmagk + Mmysx) = 50

b
Il
—

Mw

(s + Nage + Nazk) = 80

>
Il
—_

Mw

(c13k + oz + aus) = 30

b
Il
—

Mm

(Bisk + Bask + Bask) = 50

T
I

Mw

(M1 + Musp + Muysi) = 0

>
Il
—_

Mw

(Na1k + Nage + Nusk) = 0

b
Il
—

Mm

(Qarr + g + ausy) = 0

T
I

Mw

(64114 + 643k + ﬁ45k> =10

>
Il
—_

Mw

(mask + Mask + Masy) = 60

b
Il
—

Mm

(n15k + Nosk + n45k) =70

T
I
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5:1(04151@ + o5k + ausi) = 10

é(ﬁm + Bosk + Bask) = 0

maz1 + Mis1 + Ma11 + Mag1 + Mast + Mair + Maz1 + Maz1 = 60

1131 + Nis1 + Notr + Naz1 + Nast + Narn + Mz + 151 = 80

Q131 + Q151 + Q211 + Qa31 + Qast + Quin + Qg1 + aus = 20

P11+ Bis1 + Bai1 + Bzt + Bast + Barn + Baz1 + Pas1 = 10

Misz + Mis2 + Maig + Maga + Masa + Mar2 + Mazz + Masz = 50

N3z + Nasz + Naiz + Naga + Nas2 + Narz + Nusz + Nuse = 70

Q132 + Q52 + Q12 + Qiagz + Qo2 + Q12 + Quze + sy = 20

Pisa + Bis2 + Ba12 + Baz2 + Pasz + Barz + Paza + Pas2 = 40

Mijk — Qijks Nijk — Mijk, Qijk, Bije > OV ie=1,24; j=3,5; k=1,2.

Step 6 The optimal solution of the crisp linear programming problem, obtained
from Step 5, is my3; = 10,n131 = 20, ay31 = 10, B131 = 0, m139 = 0, 1130 = 0, a3 =
0, B132 = 20, ma32 = 40, na3a = 60, agzs = 20, Baza = 20, m151 = 40,1151 = 50, 51 =
10, B151 = 0,ma52 = 10,0150 = 10, 52 = 0, Bi52 = 0,ma51 = 10,1951 = 10, g5 =
0, 8251 = 0,m431 = 0,n431 = 0,431 = 0,431 = 10 and the remaining values of
Mijk, Nijk, Qijk, Bijk Qre Zero.

Step 7 Putting the values of m; i, nijk, i and By in T = (Mg, Nijk, Qijk, Bijk) LR,
the fuzzy optimal solution is 131 = (10,20, 10,0).r, T132 = (0,0,0,20)r, Tozz =
(40, 60, 20, 20) 1.g, Z151 = (40,50, 10,0) g, To51 = (10,10,0,0) 1R, T431 = (0,0,0,10) R,
T152 = (10,10, 0,0) .z and remaining values of %, = (0,0,0,0)x.

Step 8 Putting the values of Z131, T1321, Ta11, To12, 231, T232, T411, Ta12, T431, T432, Ta51,

‘%4527 j‘2517 '%2527 5:1517 j152 in ((87 107 27 2)LR®'%131@(47 87 37 2)LR®'%132@(87 107 47 4)LR®
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To119(6,8,4,4) LR ®@T2128(9,12,6,3) Lr ® Ta31 B (3,6,2,3) L ® Ta32$ (0,0,0,0) L ®
411 D (0,0,0,0)Lr ® 412 (0,0,0,0) g ® Ta31 D (0,0,0,0) g @ Ty320 P (0,0,0,0)Lr ®
To51@(0,0,0,0) g ® Tase @ (0,0,0,0) g @ T451 @ (0,0,0,0) g @ Tys50® (0,0,0,0) g ®
Z1519(0,0,0,0) g ® T152), the minimum total fuzzy transportation cost is (200, 560,

180, 600) 1 5.

6.4.2 Fuzzy optimal solution of the chosen problem using
the proposed method based on tabular representation

Using the proposed method, based on tabular representation, the fuzzy opti-
mal solution of the fully fuzzy solid transshipment problem, chosen in Example 6.1,
can be obtained as follows:
Step 1 The balanced fully fuzzy solid transshipment problem, obtained from Step

1 to Step 3 of Section 6.4.1, can be represented by Table 6.6.

Table 6.6 Tabular representation of balanced fully fuzzy solid transshipment problem

Capacity

Ey Ey Ey (60,80,20,10)Lr
Ey Es E, (50,70,20,40) g
Availability

1 3 5
(M, M,0,0)rr | (M, M,0,0)zr | (8,10,2,2)rr| (4,8,3,2)Lr | (0,0,0,0)rr | (0,0,0,0)zr | (60,80,20,20).r
(8,10,4,4)r | (6,8,4,4)rr | (9,12,6,3)rr| (3,6,2,3)rr | (0,0,0,0)1r | (0,0,0,0)rr | (50,70,20,20).r
(0,0,0,0)rr | (0,0,0,0),r | (0,0,0,0)r% | (0,0,0,0)rr| (0,0,0,0)Lr| (0,0,0,0),r| (0,0,0,10).r
- (50,80, 30,50) 1 r (60,70,10,0)

—

SN

Step 2 Using Step 2 of the method, proposed in Section 6.3.2, add an amount

of fuzzy buffer stock P = Y a;® Y a = Y b® 13; = > & =
i€ENpg i€ENg jENpPD JEND keSo

(110, 150,40, 50) 1 in the fuzzy availability and fuzzy demand corresponding to each

intermediate node and also introduce a dummy conveyance E3 with fuzzy capacity

é5 = (110,150,40,50),5. After adding the fuzzy buffer stock P and introducing

dummy conveyance Fj, the Table 6.6 is converted into Table 6.7.
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Table 6.7 Tabular representation of balanced fuzzy solid transportation problem after adding fuzzy buffer stock
Capacity

2 B, B, (60, 80,20, 10) 2.1
s s s (50,70,20,40) L
By By By (110, 150,40, 50) L&
Availability

1 3 5

1| (M, M,0,0) 11 | (M, M,0,0) 5 | (0,0,0,0) 1z | (8,10,2,2)1.z | (4,8,3,2)r | (0,0,0,0) 2z | (0,0,0,0)zx] (0,0,0,0)1r] (0,0,0,0).5 | (170,230,60,70).1

2| (8,10,4,4) .k | (6,8,4,4)r |(0,0,0,0)1r | (9,12,6,3)1r|(3,6,2,3)Lr | (0,0,0,0).x | (0,0,0,0)1r | (0,0,0,0).x| (0,0,0,0)zr | (50,70,20,20),5

4] (0,0,0,0),r | (0,0,0,00,r |(0,0,0,0),5]| (0,0,0,0)Lr |(0,0,0,0),x|(0,0,0,0)15 | (0,0,0,0),5| (0,0,0,0),z| (0,0,0,0).r (0,0,0,10)
(110,150, 40,50) . 5 (50,80,30,50) L (60,70,10,0) .

Step 3 Using Step 4 of the method, proposed in Section 6.3.2, Table 6.7 can be
split into four crisp solid transportation tables i.e., Table 6.8, Table 6.9, Table 6.10

and Table 6.11.

Table 6.8 Tabular representation of first crisp Table 6.9 Tabular representation of second crisp
solid transportation problem solid transportation problem
Capacity Capacity
By E E; 40 E, B, E, 20
Ey By Ey 30 By Ey Ey 20
E3 Es E3 70 Es Es Es 40
1 3 5 Availability 1 3 5 Availability
1| MmJm]o] 9 smfo]o]o]o 110 N EIEINEE IR 60
2 71097450 0 0] 0 30 2 8 |65/ 0| 9]4a5(0] 0| 0] 0 20
4l olojol olojofo]o]o 0 4] o ]ojo)JojojoJo]o]o 0
70 20 50 40 30 10
Table 6.10 Tabular representation of third crisp Table 6.11 Tabular representation of fourth
solid transportation problem crisp solid transportation problem
Capacity Capacity
B By By 20 E, E, E 10
E, Es Ep 20 E, E, By 10
Es Es B 40 Ej Es E3 50
1 3 5 Availability 1 3 5 Availability
1| 2Z[&]o]|s5[45[0] 0] 0] 0 60 |20 3 [25]0ofo]o]o0 70
21 6|5 067537510 0] 0] 0 20 20353037225/ 0] 0] 0] 0 20
4] o0jofo 0 loflololo 0 4]0 ]ojof o]jojolojo]lo 10
40 30 10 50 50 0

Step 4 The optimal solution of crisp solid transportation problems, shown by Ta-
ble 6.8, Table 6.9, Table 6.10 and Table 6.11, are mq13 — @113 = 70, M5 — ay51 =
40, moz2 — a3 = 20, M52 — 52 = 1050113 = 40,0031 = 10,0051 = 10,0030 =
20;n113 — muz = 40,1131 — mazr = 10,0150 — mast = 10,n933 — maoze = 20 and
b1z = 40, B131 = 10, B151 = 10, Page = 20, B411 = 10 respectively.

Step 5 On solving the equations, obtained from Step 4, the values of m;jx, nijk, Qijk
and B, are muz = 110,n113 = 150,113 = 40, Bz = 40,m151 = 50,115 =
60, 151 = 10, B151 = 0, maz2 = 40, n232 = 60, gz = 20, Sazg = 20, mas2 = 10,1959 =
10, agse = 0, Base = 0,31 = 10,1131 = 20,0131 = 10, 8131 = 0,130 = 0,n132 =

0,a130 = 0,B132 = 20,m133 = 0,n133 = 0,133 = 0, Bi33 = 10,m411 = 0,n411 =
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0,411 = 0, 8411 = 10 and the remaining values of i, nijk, ijk, Biji are zero.
Step 6 Putting the values of myjy, nijk, aiji and Bk in Zijk = (Mijk, Nijks Qijk, Bijk) LR,
the fuzzy optimal solution is #1153 = (110, 150,40,40) 1k, Z151 = (50,60,10,0)1z,
Toza = (40,60,20,20)Lr, Tose = (10,10,0,0)rr, T131 = (10,20,10,0)1r, T132 =
(0,0,0,20) g, Z133 = (0,0,0,10)1r, Z411 = (0,0,0,10),r and remaining values of
Tyji are zero.

Step 7 Putting the values of Z111, Z112, T113, T131, T132, 133, T151, 152, L153, T211, L212,
T213, Ta31, T232, T233, T251, T252, T253, Ta11, T412, T413; T431, T432, Ta33, Tas1, Tap2, Tap3 111
(M, M,0,0),r®T111 B (M, M,0,0)r ®Z112@(0,0,0,0)Lr ® T113B (8,10,2,2) L ®
1319 (4,8,3,2)Lr ® T132©(0,0,0,0) g ® 133D (0,0,0,0) g ® T151 ©(0,0,0,0) g ®
T15209(0,0,0,0)Lr @ T153 B (8,10,4,4) Lr @ To11 © (6,8,4,4) LR ® T2125(0,0,0,0)Lr ®
T9138(0,0,0,0) g ®Tas51 B (0,0,0,0) L @ T252 D (0,0,0,0) Lr @Tos3® (9,12,6,3) LR ®
T931 9 (3,6,2,3) g @ Ta32(0,0,0,0) g @ T411 € (0,0,0,0) g @ T412(0,0,0,0) .z ®
Z413©(0,0,0,0) g ® T431 ©(0,0,0,0) g @ T430® (0,0,0,0) g @ T433®(0,0,0,0) g ®
T45109(0,0,0,0) R @T452 P (0,0,0,0) L ®T453), the minimum total fuzzy transporta-

tion cost is (200, 560, 180, 600) . .

6.4.3 Physical interpretation of the results

In this section, the minimum total fuzzy transportation cost, obtained by
using the proposed methods, is physically interpreted. Similarly, the obtained fuzzy
optimal solution can also be physically interpreted.

Using the proposed method the minimum total fuzzy transportation cost is

(200, 560, 180, 600) 1z, which can be physically interpreted as follows:

(1) The least amount of minimum total transportation cost is 20 units.

(2) The most possible amount of minimum total transportation cost lies between



200 units and 560 units.
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The greatest amount of minimum total transportation cost is 1160 units i.e.,

the minimum total transportation cost will be always greater than 20 units

and less than 1160 units and maximum chances are that the minimum total

transportation cost will lie between 200 units and 560 units.

The variation in minimum total transportation cost with respect to chances

are shown in Figure 6.2.

Degree of membership function

0

100 200 300 400 500 600 700 800 900 1000 11001200

Minimum total transportation cost

Figure 6.2. Membership function of LR flat fuzzy number representing
the minimum total fuzzy transportation cost

6.5 Comparative study

The results obtained by the existing method [70] and by the methods pro-

posed in this chapter and previous chapters, are compared in Table 6.12.

Table 6.12 Results obtained by using existing method and proposed methods

Minimum total fuzzy transportation cost

Example Existing method Methods proposed Methods proposed Methods proposed Methods proposed Methods proposed
[70] in Chapter 2 in Chapter 3 in Chapter 4 in Chapter 5 in this chapter
2.2 Not applicable (2100, 2900, 3500, 4200) | (2100, 2900, 3500, 4200) (2100, 2900, 3500, 4200) (2100,2900, 3500,4200) | (2100, 2900, 3500, 4200)
3.1 Not applicable Not applicable (5800, 8400, 2800, 2900) . & (5800, 8400, 2800, 2900) . & (5800, 8400, 2800, 2900) . | (5800, 8400, 2800, 2900) . »
3.5 [71] |(1924000, 1903300, 7299800) .1 Not applicable Not applicable (1924000, 1903300, 7299800) . Not applicable (1924000, 1903300, 7299800) ..

4.1 (4100, 6600, 2000, 2600) .z (2100, 4100, 6600, 9200) | (4100, 6600, 2000, 2600) 1.5 (4100, 6600, 2000, 2600) . & (4100, 6600, 2000, 2600) . | (4100, 6600, 2000, 2600) . &
4.2 Not applicable Not applicable Not applicable (360, 560, 270, 350) ., Not applicable (360, 560, 270, 350) .,

5.1 Not applicable Not applicable Not applicable Not applicable (1900, 1900, 100, 900) £ | (1900, 1900, 100, 900) ..z
6.1 Not applicable Not applicable Not applicable Not applicable Not applicable (200, 560, 180, 600) .

The results, shown in Table 6.12, can be explained as follows:
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(1) The existing method [70] is proposed for solving balanced fully fuzzy trans-
shipment problems. Since, the balanced fully fuzzy transportation problems
are special type of balanced fully fuzzy transshipment problems so the existing
method can also be used for solving these type of problems. Since, the existing
fully fuzzy transshipment problem [71, Example 3.5, pp. 2498] and the fully
fuzzy transportation problem, chosen in Example 4.1, are balanced problems
so these problems can be solved by using the existing method [70]. However,
the fully fuzzy transportation problems, chosen in Example 2.2, Example 3.1
and the fully fuzzy transshipment problem, chosen in Example 4.2, are un-
balanced problems so these problems can not be solved by using the existing
method [70].

There is no link between fully fuzzy transshipment problems and fully
fuzzy solid transportation problems. Also, fully fuzzy solid transshipment
problems are the generalization of fully fuzzy transshipment problems. So,
neither the fully fuzzy solid transportation problem, chosen in Example 5.1,
nor the fully fuzzy solid transshipment problem, chosen in Example 6.1, can

be solved by the existing method [70].

(2) The methods, proposed in Chapter 2, can be used only for solving such fully
fuzzy transportation problems in which all the parameters are either repre-
sented by triangular fuzzy numbers or by trapezoidal fuzzy numbers. Similarly,
the methods, proposed in Chapter 3, can be used for solving such fully fuzzy
transportation problems in which all the parameters are represented by LR
flat fuzzy numbers. Since, in the fully fuzzy transportation problem, chosen

in Example 3.1, all the parameters are represented by LR flat fuzzy numbers



161

so the problem, chosen in Example 3.1, can not be solved by the methods
proposed in Chapter 2 but the same problem can be solved by the methods
proposed in Chapter 3.

Since, fully fuzzy transshipment problems, fully fuzzy solid transporta-
tion problems and fully fuzzy solid transshipment problems are the gener-
alization of fully fuzzy transportation problems. So, the existing fully fuzzy
transshipment problem [71, Example 3.5, pp. 2498], fully fuzzy transshipment
problem, chosen in Example 4.2, fully fuzzy solid transportation problem, cho-
sen in Example 5.1 and fully fuzzy solid transshipment problem, chosen in
Example 6.1, can not be solved by the methods proposed in Chapter 2 and

Chapter 3.

Since the methods, proposed in Chapter 4, can be used for solving such bal-
anced and unbalanced fully fuzzy transshipment problems in which all the
parameters are represented by LR flat fuzzy numbers and fully fuzzy trans-
portation problems are also special type of fully fuzzy transhipment problems
so the fully fuzzy transportation problems, chosen in Example 2.2 and Exam-
ple 3.1, the existing fully fuzzy transshipment problem [71, Example 3.5, pp.
2498] and fully fuzzy transshipment problem, chosen in Example 4.2, can be
solved by the methods proposed in Chapter 4.

There is no link between fully fuzzy transshipment problems and fully
fuzzy solid transportation problems. Also, fully fuzzy solid transshipment
problems are the generalization of fully fuzzy transshipment problems. So nei-
ther the fully fuzzy solid transportation problem, chosen in Example 5.1, nor

the fully fuzzy solid transshipment problem, chosen in Example 6.1, can be
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solved by the methods proposed in Chapter 4.

(4) Since, the methods proposed in Chapter 5, can be used for solving such bal-

anced and unbalanced fully fuzzy solid transportation problems in which all
the parameters are represented by LR flat fuzzy numbers and fully fuzzy trans-
portation problems are special type of fully fuzzy solid transportation problems
so the fully fuzzy transportation problems, chosen in Example 2.2, Example
3.1, Example 4.1 and the fully fuzzy solid transportation problem, chosen in
Example 5.1, can be solved by the methods proposed in Chapter 5.

There is no link between fully fuzzy solid transportation problems and
fully fuzzy transshipment problems. Also, the fully fuzzy solid transshipment
problems are the generalization of fully fuzzy solid transportation problems. So
the existing fully fuzzy transshipment problem [71, Example 3.5, pp. 2498],
fully fuzzy transshipment problem, chosen in Example 4.2, and fully fuzzy
solid transshipment problem, chosen in Example 6.1 can not be solved by the

method proposed in Chapter 5.

(5) Since, fully fuzzy transportation problems, fully fuzzy transshipment problems

and fully fuzzy solid transportation problems are special types of fully fuzzy
solid transshipment problems. So, the methods, proposed in this chapter, for
solving fully fuzzy solid transshipment problems, can be used for solving all
these problems. Due to the same reason the method, proposed in this chapter,

can be used to find the fuzzy optimal solution of all the chosen problems.
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6.6 Conclusions

On the basis of the comparison of the results, it can be concluded that all the
problems which can be solved by using the existing method [70] and the methods,
proposed in the previous chapters, can also be solved by the method proposed in this
chapter. However, there exist several problems which can be solved by the methods,
proposed in this chapter, but can neither be solved by using any of the existing
method nor by the methods proposed in previous chapters. Hence, it is better to
use the methods proposed in this chapter as compared to the existing method [70]

and the methods proposed in previous chapters.






Chapter 7

ConcrLusioNs AND FUTURE ScoOPE

On the basis of the work, proposed in the thesis, the following conclusions can

be drawn:

(1)

(2)

It is better to use the methods, proposed in Chapter 2, as compared to the
existing methods for solving such fully fuzzy transportation problems in which
parameters are either represented by triangular fuzzy numbers or trapezoidal
fuzzy numbers.
Neither the methods, proposed in Chapter 2, nor any existing method can be
used to find the optimal solution of such fully fuzzy transportation problems
in which the parameters are represented by LR flat fuzzy numbers. However,
the fuzzy optimal solution of all similar type of problems, the problems which
can be solved by the existing methods and the methods, proposed in Chapter
2, can be obtained by using the method proposed in Chapter 3.
The existing method [70] can be used to find the fuzzy optimal solution of
balanced fully fuzzy transportation problems and balanced fully fuzzy trans-
shipment problems. But, the existing method [70] can not be used to find the
fuzzy optimal solution of similar type of unbalanced problems.

However, the fuzzy optimal solution of all these problems can be ob-

tained by using the methods proposed in Chapter 4.
165
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(4) Tt is better to use the methods, proposed in Chapter 5, as compared to the

existing method [132] for solving fully fuzzy solid transportation problems.

(5) Neither, the existing methods nor the methods, proposed in Chapters 2, Chap-

ter 3, Chapter 4 and Chapter 5 can be used to find the fuzzy optimal solution
of fully fuzzy solid transshipment problems. However, the fuzzy optimal so-
lution of these problems can be obtained by using the methods proposed in
Chapter 6.

The methods, proposed in Chapter 6, can be used to find the fuzzy op-
timal solution of single-objective fully fuzzy transportation problems, trans-
shipment problems, solid transportation problems and solid transshipment
problems. However, these methods can not be used to find the fuzzy optimal
solution of similar type of multi-objective problems. In future, it may be tried
to extend the methods, proposed in Chapter 6, for solving multi-objective
problems.

Also, in the future the existing method [217] which is used to find the
crisp optimal solution of single-objective fuzzy solid fixed charge transporta-
tion problems may be modified to find the fuzzy optimal solution of single-

objective fuzzy solid fixed charge transportation problems.
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