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Abstract

The work being presented in the present thesis is devoted to the study of mixed symmetric

duality in multiobjective programming problems under generalized convexity assumption.

In the first chapter of the dissertation, nonlinear and multiobjective programming problem
is introduced. The brief description of basic concepts, definitions that are used throughout
work and detailed review of duality in single and multiobjective programming problems and

summary of the thesis has also been discussed in this chapter.

In chapter 2, we have reviewed a new pair of multiobjective second-order symmetric dual
programs over arbitrary cones considered by Gupta et al. [20]and established weak, strong,

converse and self duality theorems under K-n-bonvexity assumptions.

In chapter 3, we have reviewed a pair of second-order mixed symmetric nondifferentiable mul-
tiobjective dual programs over arbitrary cones considered by Gupta et al. [19] and established

weak, strong and converse duality theorems under K-(F p)-convexity assumptions.

In chapter 4, we have discussed higher order mixed multiobjective symmetric duality and

prove weak duality theorem.
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Chapter 1

Introduction

Mathematical programming arise naturally in various mathematical situation. They have
played a large role in finding new connections between various branches of mathematics.
They have also found application in physical sciences, biological sciences, engineering de-
sign, operation research, management science, computer science, financial engineering and
economics etc. In optimization theory, we have calculate the maximum(or minimum) values
of various functions. The function f is called, an objective function, a loss function or cost
function (minimization), a utility function or fitness function (maximization), or, in certain
fields, an energy function or energy functional. A feasible solution that minimizes (or max-
imizes, if that is the goal) the objective function is called an optimal solution. Number of
problems in the world of science and engineering deal with optimization. An act, process, or
methodology of making design, system, or decision as fully perfect, functional, or effective as
possible; specifically : the mathematical procedures (as finding the maximum of a function)
is called optimization.

Numerous algorithms are proposed for solving non-convex problems including the major-
ity of commercially available solvers are not capable of making a distinction between local
optimal solutions and strict optimal solutions, and will treat the former as actual solutions
to the original problem. The branch of applied mathematics that is concerned with the de-
velopment of deterministic algorithms that are capable of guaranteeing convergence in finite
time to the actual optimal solution of a non-convex problem is called global optimization. An

optimization problem consists of maximizing or minimizing a real function by systematically



choosing input values from within an allowed set and computing the value of the function. The
generalization of optimization theory and techniques to other formulations comprises a large
area of applied mathematics. More generally, optimization includes finding ”"best available”
values of some objective function given a defined domain (or a set of constraints), including
a variety of different types of objective functions and different types of domains.

Linear programming plays a very important role in general optimization problems. LPP is
applied to many-many real life problems like operation research, engineering and economics.
Now days, business and economic situations are concerned with a problem of planning activity
because there are limited resources at our disposal and our problem is to make use of these
resources in such a way that gives the minimum cost of production or to maximize profit.
These types of problems referred as constraint optimization. So one of the technique is linear
programming with the help of which we determine an optimum schedule of independent
activities of the available resources. Programming and planning are related to each other that
is programming is just another word for planning and includes the process to find a particular
plan of action from various alternatives resources. The word linear has deep meaning. Linear
means for indicating that all relationships that involve particular problem are linear.

Optimization always tries to find the best and optimal solution to the given problem.
For this purpose objectives of the organization are properly analyzed and defined in such a
way that maximum profit take place. It also tries to find an optimal solutions with multiple
variables. In most cases a large number of iterations are required to reach optimal solution.
Written task becomes time consuming. With the help of computers, this has reduced written
efforts and solutions can be obtained in a short period of time. No paper work is required. We
can also transfer data from one place to another with the developments of computer. Errors
also minimized. The reliability of solution is also high. Storage of data is faster and easy with
the use of computers.

An extensive use of duality in mathematical programming has not only been made for
many theoretical and computational developments in mathematical programming itself but
also in economics, control theory, business problems and other diverse fields. It is well known
that duality principles connect two programs one of which, called the primal problem, is a

constrained minimization (or maximization) problem and the other, called the dual problem,



is a constrained maximization (or minimization) problem, in such a way that the existence of
an optimal solution to one of them guarantees an optimal solution to the other and optimal
values of the two problems are equal. A pair of dual problems is called symmetric if the dual
of the dual is the primal problem.

A mathematical programming problem with single objective function is called a scalar
(or single objective) programming problem. A vector minimum (or maximum) problem is
a mathematical optimization model with two or more objective functions. Such models are
also called multiobjective programming problems. Often the several objectives are conflicting
in nature. For example, it may be impossible to select an alternative to a problem which
would maximize both profit and market share for a company. The existence of multiple
objectives leads to many interesting questions, which do not arise in single objective models.
It is difficult to obtain a unique solution since these problems rarely have feasible points that
simultaneously minimize (or maximize) all the objectives. The concept of optimal solution
in multiobjective optimization problems is clearly related to the preference attitude of the
decision maker. A good decision is based on the principle that there is no other alternate that
can be better in some aspect of consideration. Such a point is called an efficient point. An
efficient solution is also known as noninferior or nondominated or Pareto optimal solution.

Convexity plays an important role in nonlinear programming. In inequality constrained
problems the Karush-Kuhn-Tucker conditions are sufficient for optimality if the functions
are convex. These conditions are used in many algorithms to solve nonlinear programming
problems. However, the application of the Karush-Kuhn-Tucker sufficient optimality condi-
tions cannot be restricted to convex problems as many mathematical models used in decision
sciences, economics, management sciences, applied mathematics and engineering involve non
convex functions. So, it is a necessity to generalize the notion of convexity and to explore the
extent of the validity of results to larger classes of optimization problems. Thus, the literature
contains various generalizations of convex functions.

The present chapter is divided into three sections. The first section gives important pre-
liminaries. The second section contains a review of various developments in single and mul-
tiobjective mathematical programming which are relevant to the thesis and last one presents

a summary of the thesis.



1.1 Preliminaries

1.1.1 Notations and definitions

Throughout the thesis the following notations are used. The n-dimensional Euclidean
space is denoted by R™ and a vector x € R" is denoted by x = (x1,22,...,2,),z; € R,i =
1,2,...,n. Each vector z is a column vector and z” denotes row vector where superscript T
denotes the transpose of a vector. R} is the non-negative orthant of R" and R, the set of

nonnegative real numbers. For z,y € R",

r2ysr; 2y,t=1,2,...,n,
r>y<sx=yandx #y,
rT>ysS T >y,i=12....n.

x £y is the negation of z <y.

The vector V f(Z) denotes the gradient of a scalar differentiable function f : R™ — R at

Z, and is defined as

) B) ) r

) = a—xlvf(f) 7= VIf(@),.. ., 5=V [(T)

Vf(j: ’ 8@ 81:”

and for a vector valued differentiable function f : R® — R¥, the symbol V f(z) denotes k x n
Jacobian matrix of f at Z, whose ith row is the vector V f;(z)T . If the function f: R* — R
is twice differentiable at z, in addition to the gradient vector there exists an n x n symmetric
matrix V,,f or V2f, called the Hessian matrix of f at Z. The element in ith row and jth

column of the Hessian matrix is the second-order partial derivative g;féi) A vector valued
10T

function is differentiable if each of its components is differentiable and is twice differentiable
if each of its components is twice differentiable.

Let K : R" x R™ — R be twice differentiable scalar function, V,K(z,y) and V,K(z,7)
denote the gradient (column) vectors with respect to x and y at (Z,y) respectively, and
V. K (Z,y) and V,, K(Z,y) denote respectively the n x n and n x m matrices of second-order

partial derivatives evaluated at (Z, 7).



1.1.2 General mathematical programming problem

The general mathematical programming problem can be stated as follows :

(NLP)  Minimizef ()

subject to x € S = {z € X : g(x) < 0}.

where X is an open subset of R", the functions f : X — R and g : X — R™ are differentiable
on X.

This problem is called a scalar (or single objective) mathematical programming prob-
lem. The function f is known as the objective function, the components of g as the
constraint functions and the corresponding inequalities as constraints. The set S is called
the feasible set and any point & € S is called a feasible point or simply feasible.

If z € Sand f(z) > f(z) for each x € 5, then T is called an optimal solution, a global
optimal solution, or simply a solution of Problem (NLP). If Z € S and if there exists
an d-neighborhood Ns(Z) around z such that f(x) > f(z) for each x € SN Ns(z), then Z is

called a local optimal solution.

1.1.3 Duality in mathematical programming

Neumann [34] introduced the concept of duality in linear programming. He formulated the
following dual pair and proved duality relations.

Primal Problem (PP)

Minimize  f(z) = c'x
subject to Az > b,

z > 0.
Dual Problem (DP)

Maximize  g(x) = b’y

subject to ATy <,



The above pair shows that if the primal problem is a minimization of a linear function over a
set of linear constraints, then the dual is a maximization of another linear function over a set
of linear constraints. Moreover, dual of the dual is again the primal problem. In mathematical
programming, a pair of primal and dual problems is called symmetric if the dual of the dual
is the primal problem.

Duality in nonlinear programming has also been developed extensively. It originated
with the duality results of quadratic programming given by Dennis [13]. Wolfe [41] and
Mangasarian [25] gave duality results for convex primal and its dual program. Wolfe [41]

formulated the following dual to (NLP):

Maximize  f(y) + ,UTQ(@/)
subject to  Vf(y) + Vu'g(y) = 0;

ye X, u>0;

and proved weak and strong duality theorems assuming f and g to be convex. Mangasarian
[25] pointed out that these duality relations do not hold under weaker convexity assumptions.

Mond and Weir[30] introduced the following dual to (NLP):

Maximize  f(y)
subject to  Vf(y)+ Vulg(y) =0;

1 g(y) >0,

yeX,u=>0,

and proved duality theorems by weakening the convexity assumptions of f and ¢ to pseudo-
convexity of f and quasiconvexity of uf'g. They also discussed duality results for the problems

involving both equality and inequality constraints.

1.1.4 Mutliobjective programming

A mathematical programming problem with single objective function is called a scalar (or
single objective) programming problem. A vector minimum (or maximum) problem is a
mathematical optimization model with two or more objective functions. Such models are also

called multiobjective programming problems. Multiobjective programming also known as
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multi-criteria or multi-attribute optimization, is the process of simultaneously optimizing two
or more conflicting objectives subject to certain constraints.Consider an example of buying
a house. A decision of buying a particular house is not based on a single criterion, of say
cost alone, but many more criterion are equally important like land in acres, area, rooms,
water supply, electricity, etc. Multiobjective optimization problems can be found in various
fields:product and process design, finance, aircraft design, the oil and gas industry, automobile
design, or wherever optimal decisions need to be taken in the presence of trade-offs between
two or more conflicting objectives. Maximizing profit and minimizing the cost of a product;
maximizing performance and minimizing fuel consumption of a vehicle; and minimizing weight
while maximizing the strength of a particular component are examples of multiobjective
optimization problems.So, to solve this types of problem multi-objective programming is

used. A general multi-objective nonlinear programming problem is in the form:
(P) K-Minimize f(z)

subject to 1€ X'={r e S:—g(x)€Q},

where S C R*, f : S — RF,g: S — R™, K is a closed convex pointed cone in R* with
int K # ¢ and @ is a closed convex cone with a nonempty interior in R™.

Definition 1.1[23, 38] A point z € XY is a weakly efficient solution of (P) if there exists no
other z € X° such that

f(z) — f(x) € intK.

Definition 1.2[23]A point z € X is an efficient solution of (P) if there exists no other
z € XY such that

f(x) = f(z) € K\ {0}.

We can now define a positive polar cone and a K-n-bonvex function.
Let € and C be closed convex cones with nonempty interiors in R™ and R™, respectively.

Definition 1.3[23, 38] The positive polar cone C} of C;(i = 1,2) is defined as

Cr ={z:27220,for allz € C;}.



Definition 1.4[29, 37] Let S be a compact convex set in R". The support function of S is
defined by

s(z]9) = max{zTy : y € S}.

A support function, being convex and everywhere finite, has a subdifferential, that is,

there exists z € R" such that
s(y|S) = s(x|s) + 25 (y — ) for ally € S.
The subdifferential of s(z|S) is given by
0s(x|S) ={z € S : 27w = s(x|9)}.
For any set S C R"™ the normal cone to S at a point x € S is defined by
Ns(z) ={y € R": y"( —x) £0, for all z € S}.

Also, y is in Ng(z) if and only if s(y|S) = zTy.
Let F': X x X x R" — R (where X C R") be a sublinear functional.

1.1.5 Convex function and its generalization

Let X be an open convex set of R™ and the functions f : X — R. Then at x5 € X,

(1) f is said to be Convex if for all z; € X and for all 0 £ X < 1, we have
Az + (1= Naa] = Af(21) + (1= A) f(22),

or if f is differentiable at x5, then we have

fla1) = fla2) 2 Vf(w2) (21 — 22)

The function f is said to be strictly convex if the above conditions hold as strict in-
equalities for 1 # 19,0 < A < 1.
Convex function is shown in fig.1.1

Examples of convex function
(a) f(x)=2%1€R.
(b) f(x) = lz|,x € R.
(¢) f(zx)=e",z €R.



f(x)
A

(01, f (1))

(%, f(®))

i (22, f (x2))

Figure 1.1:

Convex function

X

£=1x +(1-1xy)

v



(i)

(iid)

f is said to be Quasiconvex if for all 1 € X and for all 0 £ X\ < 1, we have

f(x1) = f(@2) = fAzr + (1= Naa] = f(x2),

or if f is differentiable at x5, then we have

f(z1) £ f(xe) = Vf(22) (2, — 22) L0.

Remark Every convex function is quasiconvex, but the converse is not true. For example

f(z) = 23 is quasiconvex but not convex.

f is said to be Pseudoconvex if f is differentable at x5 and for all z; € X, we have

vf($2)T($1 —x3) 2 0= f(z1) 2 f(x2),

or equivalently,if

f(z1) < flag) = Vf(xe)" (21 — 29) < 0.

For example, f(x) = x3 + x is pseudoconvex.

Strictly Pseudoconvex if f is differentiable at x5 and for all 27 € X (z7 # z3)

or equivalently, if

V()  (zy —22) 20 = f(a1) > f(ay).

A new class of generalized convex functions, the so-called bonvex functions, introduced

by Bector and Chandra [6] which was later on extended to n-bonvex by Pandey [35].

Second-order Convex (Bonvex) if f is twice differentiable at x5 and for all z; € X,

peR"

f(x1) = f(z2) 2 (Vf(x2) + VQf(%)p)T(fl —13) — %pTV2f(=’U2)P~

10



(vi) Second-order Pseudoconvex (Pseudobonvex) if f is twice differentiable at x5 and

forall z; € X,p € R"

(V@) + V2 f(a)p) (31— 22) 2 0= f(a2) = fo2) — 55"V f ().

Further, f is said to be convex on X if f is convex at every point on X. A k-dimensional
vector function f = (fi, fo, ..., fx) is said to be convex at x5 (or on X) if for each j € K;
f; is convex at x5 (or on X). A function f is concave if and only if —f is convex. Other
definitions follow similarly.

A new class of generalized convex functions, the so-called invex functions, introduced
by Hason [21] with the aim of extending the validity of the sufficiency of the Karush-
Kuhn-Tucker conditions. It is obvious that the the particular case of (differentiable)
convex function is obtained from by choosing n(z1,y) = x1 — x9. The term invex was

created by Craven [10].

(vit) f is said to be invex if there exists a function n : X x X — R"™ such that for all

T1,T2 € X.
flar) = f(a2) Z (a1, 22) "V f(x2).

(viii) f is said to be pseudoinvex if there exists a function 1 : X x X — R™ such that for

all z1,29 € X
(1, 29) "V f(22) 2 0= f(a1) 2 f(xa).
(iz) A functional F': X x X x R" — R is sublinear in the third variable, if for all z;, 25 € X

(a) F($1,I2§f1 + f2) < F(xth;fl) + F(xl,l‘mfz); for all fi, fo € R",

() F(x1,29;a) = aF(z1,x9;0a),for all « € R, and a € R™.
Also we write it as
F,, 2,(a) = F(z1,22;a).
(x) f is said to be F-convex at zy if for all z; € X,
f(a1) = f(@2) 2 F(xy, 223V f(22)).

11



(xzi) f is said to be F-pseudoconvex at z, if for all 1 € X,
F(z1, 22V f(22)) 2 0= f(21) Z f(22).

(xit) f is said to be (F, p)-convex at x if there exists d : X x X — R and p € R then for
all z; € X

F(x1, 20,V f(22)) + pd* (21, 25) < fla1) — f(x2).
(xiii) f is said to be (F, p)-pseudoconvex at z,, if for all z; € S

F(zy, 20,V f(22)) 2 —pd*(x1,32) = f(z1) 2 f(22),

or equivalently
f(x1) < fwa) = F(x1,29; V f(2)) < —pd* (1, 23).

(xiv) f is said to be (F,«, p,d)-convex at x5 € X if there exists a function

a: X xX =R \{0},d: X x X - Rand p € R then for all z; € X

fla1) = fx2) Z F(a1, w95 @y, 22)V f(22)) + pd® (21, 22).

1.2 Review of related work

1.2.1 Symmetric Duality

In mathematical programming, a pair of primal and dual problems is called symmetric if the
dual of the dual is the primal problem. Duality in linear programming is always symmetric
but in non-linear programming duality is not always symmetric.

The notion of symmetric duality in which the dual of the dual is the primal, found its way
in nonlinear programming in the excellent work of Dorn [14]. Dantzig et al. [11] formulated the

following pair of symmetric dual programs and established weak and strong duality theorems.
(PS) Minimize F(x,y) = M(z,y) —y'V,M(x,y)
subject to  V,M(z,y) <0,
x 20,

y 20,

12



(DS) Maximize

subject to

where M : R™ x R™ — R is twice differentiable function.

Mond and Weir[32] considered the following pair of symmetric dual programs

(PM) Minimize M(z,y)

subject to  V,M(z,y) 0,

y'V,M(z,y) =0,

x = 0.

(DM) Maximize M (u,v)

subject to V.M (u,v) 20,

u'' VM (u,v) 0,

v 2 0.

Symmetric duality was generalized to multiobjective case by Weir and Mond [30] and as well

as by Gulati et al.[17].

Bazaraa and Goode [5] generalized the results in [11] to arbitrary cones. They studied the

Wolfe’s type symmetric dual pair over arbitrary cones:

(PC) Minimize

subject to

(DC) Maximize

subject to

where

F(.’I},y) = M(l’,y) - yTvyM(‘ray)
V,M(z,y) € C3,
(x,y) € Cl X 02,

G(u,v) = M(u,v) — u" VM (u,v)
—V.M(u,v) € CY,
(U,U) e (1 x Oy,

13



(1) C} and Cy are closed convex cones with non-empty interiors in R™ and R™, respectively.
(13) For 1 =1,2,C} is the polar of C;.

(17i) S; C R™ and Sy C R™ are open sets such that C; x Cy C S7 x Sg and M : S; X Sy — R

is a twice differentiable function.

Chandra and Kumar [7] formulated the following Mond-Weir type symmetric dual pro-
grams over arbitrary cones:
(PMC) Minimize  M(z,y)
subject to  V,M(z,y) € C3,
y'VyM(z,y) 2 0,

LCGCl.

(DMC) Maximize M (u,v)
subject to  —V,M(u,v) € CT,
u'' VM (u,v) £0,
v e Oy
and proved usual duality theorems under pseudoinvexity type assumptions.
Das and Nanda [12] studied symmetric duality in multiobjective programming with cone

constraints. Subsequently, Kim et al.[24] derived symmetric duality results for multiobjective

programs under pseudoinvex/strictly pseudoinvex functions and arbitrary cones.

1.2.2 Second order Duality

The study of second order duality is significant due to the computational advantage over
first order duality as it provides tighter bounds for the value of the objective function when
approximations are used. Mond [28] considered the following second-order symmetric dual
programs:
Minimize — M(z,y) —y" V,M(z,y) — y" VM (z,y)p — %pTVyyM (z,y)p
subject to  V,M(z,y) + Vy,M(z,y)p < 0,

x 2 0.

14



1
Maximize M (z,y) — 2" VoM (2, y) — 27 Voo M (z,y)r — §TTVmM(x, y)r
subject to V.M (x,y) + Ve M(x,y)r = 0,

y 2 0.

Ahmad and Husain [3] formulated the following-pair of Wolfe type multiobjective second order

symmetric dual programs with cone constraints:

Primal Problem(WP)

Minimize  f(z,y) — [y V,(AT £)(z,y)]e — [y V(AT £)(z, y)ple — %[pTvyy(ATf)@’ y)ple
subject to  V,(A\Tf)(z,y) + V(AT f)(x,y)p € C;,
xr € 01,

A> 0, Te=1.
Dual Problem(WD)

Maximize  f(u,v) — [uT V(AT f)(u, v)]e — (17 Vo (AT f) (1, 0)le — =17 Vaal X7 ) (1, 0)gle

2
subject to ~Vo AT H)(u,v) = Veu (A f)(u,v)q € CF,
(RS CQ,
A>0,2Te=1.

where f(z,y) : S x Sy — RF¥(S; € R, Sy C R™),p € R",q € R, A\ € RF and ¢ =
(1,1,...,1)T € RF, and usual duality results are established under second-order invexity

assumptions.

1.2.3 Higher order Duality

Higher order duality in nonlinear programming has been studied by many researchers. By
introducing two differentiable functions h : R"x R — Rand k : R"x R" — R™. Mangasarian
[26] formulated the following higher order dual:

Primal problem(P5)

Minimize  f(z)

subject to  g(z) £ 0.

15



Dual problem(D5)

Maximize — f(x) + h(z,p) +y" g(x) + y" k(z,p)
subject to  V,h(z,p) + V,y k(z,p) =0,

y = 0.

where f: R" — R and g : R* — R™,V,h(u,p) denotes the gradient of h with respect to p

and V,(y"k(u, p)) denotes the gradient of y”k with respect to p

1.3 Summary of the thesis

The aim of the present thesis is to study the mixed symmetric duality in multiobjective
programming problems for some dual mathematical programming problems under generalized
convexity assumptions.

In Chapter 2, we have reviewed the following new pair of multiobjective second-order
symmetric dual programs over arbitrary cones considered by Gupta et al[20]:
Primal problem (WP)

K-minimize
k
L(xaya)\ﬂp) = (fl(x7y)_yTZAZ(vny(xay)+Vyyfz(xay)pz)
i=1

__Z)‘ yyfl T, Y)pi),

k

@ y) = 9" Y NV file,y) + Vi fiz,y)p)

—= Z Ailp yy;x y)m))

subject to

_Z/\ (Vyfi(z,y) + Vi fi(z,y)pi) € C3,
)\Tek = 1,

A€intK* x € C].
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Dual problem (WD)
K-maximize

k

M(u, 0,0 q) = (ﬁ(u,v)—uTZAmfi(u,m+vxmfi<u,v>qi>

=1

__Z)\ q mxfl U U)Qz)

k

o fe(w,v) = XV filu, v) + Vi fi(u, v)g:)

i=1

——Z/\ ¢/ Voo fi(u v)ql)>

subject to
k
Z Al(vﬂffl<u7 U) + vmxfz(u; U)qz) € CT,
i=1
)\Tek = 1,
A€ intK* v e (s,
where

(i) fi:S1 xSy — R,i=1,2,... kis a differentiable function of z and y,e;, = (1,...,1)T €
RF,

(i1) ¢; and p; are vectors in R™ and R™, respectively, for i = 1,2,... k and X\ € R*.

and illustrate an example which is K-n-bonvex but not invex. We also study duality theorems
weak, strong, converse and self duality under K-n-bonvexity assumptions.

In Chapter3, we have studied the following pair of multiobjective mixed second-order
nondifferentiable symmetric dual programs over arbitrary cones considered by Gupta et al.[19]:
Primal Problem(P)

K-minimize

N(x17y17x27y2?w27 )\?p7 r) = {Nl<x17y17$27y27w%7 )\7p7 7‘1)’ ct

N2t yt 2% P wi A p, )}

17



subject to

_Z)‘ 1fz 7y1)_wl—i_vylylfi(xlayl)pi} €C§7
—Z)\ 2012, y%) — wi + Va2 0:(2®, y*)r'] € Cf,

Z)‘ zgz 7y2) - wZQ + vy2y29i<x2ay2)7j) 3 07
w' € B, w} € By, i=1,2,...,1
/\TGZ =1, zt e Ch, 2 e Cs,

A€ intK*.

Dual Problem(D)
K-maximize
M(ul,vl,u2, v2, 22\, q, s) = {Ml(ul,vl,uz,vz, zf, A q, sl), .

Ml(u17 vl? u27 /U27 Zl27 A7 q7 Sl)}

subject to

I
Z Ai[ Vo fiu!,0h) + 2" + Vi fi(u', o) g] € CF,
i=1

I
Z Ai[Vazgi(u®, 0*) + 27 + V2,0 0:(u?,0%)s'] € C,
i=1

l
(U’2)T Z )‘i(vw2gi(u27 1}2) + Zz'2 + V:v2:p2.gi(u27 Uz)si) é 0,
i=1
JdeH 2eD;,i=12,...,1
>\T€l =1, vl e Cs, v? e Cy,

A€ intK*.

where A € R, ¢; = (1,...,1)T € R, w' € R¥1l and 2! € RV, H and E are compact and

convex sets in RV1l and RISl respectively and for i = 1,2,...,1
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Ni(z' g, 2% v wi A prt) = filahyh) + s 1|H)+gi( 2 ) + s(2?|Dy) — (yA)T

xw; — (y ZA o [i(@' ") + Vg fila' yh)

p) = 3 SN Ty file y ] = S0 Vg )

Mi(ul,vl,lﬂ v, zy, 2\ .q, S ) = fi(ul,vl) — s(vl|E) + gi(u2,v2) — 8(U2|Bi) + (uQ)T

l
2= ()" X(Var fi(u',0h) + Ve fiu!, 0 )

i=1
——Z)\ 4} Vi filu', 0] —
[N 2 2\
5(31) Vazz2gi(u”, v7)s",
and
(i) fi: Rl x RIS — R and g; : RV2! x Rl — R are differentiable functions,
(ii) B; and D; are compact and convex sets in RI*2l and R, respectively,

(#ii) p; € R ¢, € RV i w? € Rl and s, 22 € RI2I.

Let w? = (w?,...,w?),p= (p*,...,p),qa = (¢',....¢"),r = (r*,...,; 7)), s = (st,...,8")

and 2% = (23,...,27).

and illustrate the example of second-order K-(F, p)-convex function which is not second-order
F-convex. We also study duality theorems weak, strong and converse under the assumptions
of second-order K-(F, p)-convexity.

In chapter4, we have discussed the following pair of multiobjective mixed higher order sym-

metric dual programs:

Primal problem (HMP)
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K-minimize

L(z*, 2%yt 9% p,q) = {f%(wl,yl)Jrh%(fcl?yl,pl)—plTVplhi( 2y 1) ZA
[vylfil(xl7yl) +szhzl<xlﬂy17pl)] + flz(x27y2) +h%( Y >Q1)

vaq1h%($2ay2aql) fl ( )+hl( 7y17pl) -
l

prlrvplhII< 7y pl TZ)\z 7y1)+vpihi1(xlaylapi)}
IR0 + IR 0 ) — 6 e ql>}
subject to
!
- (Z )\1 [Vylfil(:El?yl) + vplhzl(xl>ylapl)]) € C;
i=1
— (Z )y [Vysz(xQ, y?) + Vg, hi (2, v, qz)]) e Cy

ZA { g2 [ (@ )+Vq¢h?($2792,%)1 20

a! EC’l,x €C5 X >0and MNe=1

Dual problem(HMD)

K-maximize

M(u', u?, vt v? rs) = {fll(ul,vl) + g (ut vt ) — i Vo gr (ut vt ) ZA
[vxlfil(ula Ul) + v?“igil(ula Ul? 7"1)} + f12<u27U ) + gl(u >U2> Sl)
51V gi (W, 0% s1), o Sl (u! o) + gl (W oty )

l
Vgl (ot ) = ()Y N[V fH ! 0h) + Vgi (a0t )]

=1

P22, 02) + g2 0P, 50) — STV gR (R, 0P, sl>}
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subject to
Z)\ Afi 0" + Vg (et ol )] € CF
Z)\ Ve fH (W, 0*) + Vg7 (u®, 0%, s;)] € Cf

Z)\ x2f u U)+V8igi2<u27v2asi)]

vt ECQ,U € Cy,A>0and \e=1.

A
o

where

(i) fl: RVl x Rl 5 R f2: Rl x RIK2l 5 R,
gl Rl x Rl x RIKIl 5 R | g2 Rl x RIK2l x RIK2l 5 R,
hi @ R x Rl R — R h2: RV2lx RIF2l x RI2I — R,

t=1,. ... .1, are differentiable functions.

(ii) Cy,Cy,Cs, Cy are closed convex cones in Rt RIF1I RI2I RIK2I with non-empty interi-

ors, respectively.
(1ii) CF,C5,C5%,C5 are polar cones of Cy, Cy, Cy, and Cy, respectively.
(iv) p; € R r; € RIKY g € RV2l s, € RIF2
(v) e=(1,........ , )T is a vector in R

and prove weak duality theorem under the assumption of higher order (F, p, «, d)-convexity.
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Chapter 2

Second-Order multiobjective
symmetric duality involving

cone-bonvex functions

2.1 Introduction

Duality in linear programming is symmetric, that is the dual of the dual is the primal problem.
However, the majority of dual formulations in nonlinear programming do not possess this
property. Symmetric dual programs have applications in the theory of games.The study of
second order duality is significant due to the computational advantage over first order duality
as it provides tighter bounds for the value of the objective function when approximations
are used. Dantzig et al. [11] formulated a pair of symmetric dual nonlinear programs and
discussed duality results involving convex/concave functions. The same results were later
generalized by Bazaraa and Goode [5] to arbitrary cones. Mond and Weir [32] presented
a distinct pair of symmetric dual nonlinear programs which admits the relaxation of the
convexity /concavity assumption to pseudoconvexity/pseudoconcavity.

In this chapter, we studied duality theorems (weak, strong, converse and self duality) for a
new pair of second-order multiobjective symmetric dual programs over arbitrary cones under
the assumptions of K-n-bonvexity. This Chapter is divided into four sections. Section 2.1

is introductory, Section 2.2 contains notations and definitions. After that we described an
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example which is K-n-bonvex but not invex .In Section 2.3, we consider a new pair of multi-
objective second order symmetric dual programs over arbitrary cones and prove weak, strong
and converse duality theorems under K-n-bonvexity assumptions. Self duality is discussed in

Section 2.4.

2.2 Notations and Definitions

Consider the following multiobjective programming problem:

(P)  K-minimize ¢(z)

subject toz € X’ ={r € S: —g(z) € Q},

where S C R",¢ : S — R¥,g : S — R™, K is a closed convex pointed cone in R* with
int K # ¢ and @ is a closed convex cone with a nonempty interior in R™.

Multiobjective programming also known as multi-criteria or multi-attribute optimization,
is the process of simultaneously optimizing two or more conflicting objectives subject to
certain constraints. It has a large number of applications. As an example, it is generally
used in goal programming, risk programming etc. Optimality conditions for multiobjective
programming problems can be found in Miettinen [27] and Pardalos et al. [36]. Recently,
Chinchuluun and Pardalos [9] discussed recent developments in multiobjective optimization.
These include optimality conditions, applications, global optimization techniques, the new
concept of epsilon pareto optimal solutions and heuristics.

Suppose that S; C R™ and Sy C R™ are open sets such that C; x Cy C 57 x S,.

Definition 2.1[18]A twice differentiable function f : S x Sy — RF is said to be K-n;-bonvex
in the first variable at u € S; for fixed v € S, if there exists a function n; : S; x S; — R"
such that for z € S1,¢; € R",i=1,2,...,k,

{fl(xv U) - fl(u7 U) + %q?vmmfl(uv U)Ql - n{(I7 u)[wal(u, U) + vx:rfl(uv U)Q1]7 ce

fe(z,v) — fi(u,v) + %qgvmfk(%v)% — 1 (2, ) [V fr(u,v) + Vi fio(u, U)Qk]} € K,

and f(z,y) is said to be K-m-bonvex in the second variable at v € 9, for fixed u € Sy, if
there exists a function 7y : S5 X Sy — R™ such that for y € Sy, p; € R™,1,2.... k,
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{fl (ua y) - fl(u7 U) + %p?vyyfl(l% U)pl - 772T(ya U)[Vyfl (u7 U) + vyyfl (uv U)pl]v SR

fk(u7 y) - fk(uv 'U) + %pgvyyfk(u’ U)pk? - ng(yv U)[vyfk(u’ U) + Vyyfk(uv U)pk]} € K.

Remark 1

(1) f K =Ry,py =0 and ¢; =0, then the above definition reduces to n-convexity /invexity
in [22, 31].

(77) If K = Ry, then the K-n-bonvexity becomes the n-bonvexity [16, 39].

(77i) Eliminating the second-order terms and substituting n;(x,u) = (x — w) and ny(v,y) =

(v —y), the definition reduces to the K-convexity as in [38].

Example 2.1 Let X = [2,235] C R, n = m = 1 and kK = 2. Consider the function
[+ X — R? be defined by f(z) = (fi(x), f2(x)), where fi(z) = 2®sin 2, fo(x) = sin®z. Let
K ={(z,y) :2 >4y, > 0} and n : X x X — R be defined by n(z,u) = 12(1 — u). To show
that f is K-n-bonvex, we have to prove that

() = o) + 308 (Vo)) = 1 0V al) + P

o) = o) 4 308 (Vo) = 1 )V o) 4 Vo o)) ) € K

or

2 2 2 2. 2 2
<x3sin— —ulsin = + ¢? {?msin— — Zsin = — 4cos —] —12(1 — u)
xr u u Uu u u

2 5 . 2 2 4 2 2 . 9 . 9
X |—2ucos — + 3u“sin — + g1 | 6usin — — —sin— — 8cos — | |,sin“x — sin“u
U U uou U U

+q3 cos 2u — 12(1 — u)[sin 2u + 2¢; cos 2u]> € K.

Let

2 2 2
o = x3sin——ugsin—+q%{3usm———sin——4cos—]
x u uoou U u

2 2 2 4 2 2
—12(1 — u) {—QUCOS =+ 3u’sin = + ¢ (6usin— — —sin — — 8cos —)1
u u uoou o u u

= 1+ ¢afsay),

Y = sin’x —sin®u + ¢ cos 2u — 12(1 — u)[sin 2u + 2¢, cos 2u.
= wl + wQ(SaY)a
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where

2 2 2 2
¢1 = a’sin= —wusin = —12(1 —u) {—Qu cos — + 3u’sin —]
T u u u

> 0Vr,ue X,
as can be seen from Figure.2.1.

2 2 2 2 2 4 2 2
¢y = ¢ 3usin———sin——4003—]—12(1—u)[q1(6usin———Sin——8cos—>}
uoou o u u uoou  u u

> 0Vue Xandq € (—10',10'%)
as can be seen from Figure.2.2.

Yy = sin®z —sin®u — 12(1 — u) sin 2u

< O0Vzx,ue X
as can be seen from Figure.2.3 and

VYo = ¢ cos2u — 24(1 — u)qy cos 2u

< OVu € X and g € (—10%,10%)

as can be seen from Figure.2.4.
Hence ¢ > 0 and ¢ < 0. This implies ¢ — 49 > 0 and ¢ > 0. Thus (¢,1) € K and hence
f is K-n-bonvex function.

Next, we show that f is not invex. To prove this, either

fi(@) = filw) =" (2, u)Vafi(u) 20
Fo(@) = falu) = 0" (2, u) Vo folu) 2 0.

Since fo(x) — fo(u) — 0¥ (2,u)V,fo(u) = sin® x — sin?u — 12(1 — u) sin2u < OVz,u € X, as
can be seen from Fig.2.3.

Therefore, f is not invex. Hence f is K-n-bonvex but not invex.
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Figure 2.1: The graph of ¢; = #®sin 2 — v*sin 2 — 12(1 — u)[—2u cos 2 + 3u® sin 2]

T u

I

DR
N NN

Figure 2.2: The graph of ¢» = ¢}[3usin 2 — 2sin 2 — 4 cos 2] — 12(1 — u)q1 (6usin 2 — 2 sin 2 —

u u

8 cos 2)
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Figure 2.3: The graph of 1, = sin®z — sin® u — 12(1 — ) sin 2u

1. %101

1]
=5 w10l
-1 %1018

2;

Figure 2.4: The graph of ¥y = ¢3 cos 2u — 24(1 — u) g, cos 2u
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2.3 Multiobjective second-order symmetric dual pro-

grams

Consider the following pair of multiobjective second-order symmetric dual programs over

arbitrary cones:
Primal problem (WP)

K-minimize

k
L(z,y,\,p) = (fl(x, ) =y Y N(Vyfilwy) + Vi file, y)pi)
=1

__Z)‘i<pzr yyfz<=75 y)pl)
(@ y) = y" Y AV filw,y) + Vi filz,y)p)

subject to

—ZA (Vyfi(x,y) + Vi filx, y)pi) € C3,
)\Tek = 1,

A€ intK* z € C).

Dual problem (WD)

K-maximize
k
Mo de) = (Ailuo) = S MTaAw0) + Tanfi o))

i=1

_% Z A (@ Vg fiu, 0) 1),

k

=1
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subject to

k
> Xi(Vafilu,v) + Vi fi(u,v)g:) € Cf, (2.4)
=1

Me, =1, (2.5)
A€ intK*,v S CQ, (26)

where

(i) fi:S1 xSy — R,yi=1,2,...,kis a differentiable function of x and y,e;, = (1,...,1)T €
RF,

(ii) q; and p; are vectors in R™ and R™, respectively, for i = 1,2,...,k and A € R¥.

Theorem 2.1 (Weak duality) Let (x,y, A\, p) be feasible for (WP) and (u, v, A, q) be feasible
for (WD). Let

(1) f(.,v) be K-n-bonvex in the first variable at u,
(ii) —f(x,.) be K-no-bonvex in the second variable at v,
(731) m(x,u) +u e Cy, ¥V x ey,
(iv) me(v,y) +y € Co, Vv e Cy,
Then
L(z,y, A\, p) = M(u,v, A, q) € =K\ {0}.
Proof Suppose, to the contrary, that

L(z,y,\,p) — M(u,v,\, q) € —K \ {0}.
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that is,

k

N

{0 =0 CNT a0 + i) =5 SN i)
wﬁ@w%wﬁipdyﬂxw+vwﬁxy%—é§;& Vi)

At Z MVl 0) 4 Ve v)a) — 5 MG Va1,
i) " Z NV fi,0) + Vi fla,0)a) — & zf;w?vmfi(u, e }

e — K\ {0}.

Since A € int K* and \ # 0, we obtain

k k k
> Ai{fz(x, v) = y" Y N (Vufil@,y) + Viufile y)p) - % DA Vi iz, y)pi)
k
—(filu,v) = u"> NV fi(u,0) + Vao fi(u,0)g:)
1 . =1
~5 Z Xi(@] Vo filu, U)QZ))} < 0. (2.7)

By K-m-bonvexity of f(.,v), we have
{fl(xv U) - fl(u7 U) + %vammfl(u, U)QI - 7I1T(x7 u)[szl(u, U) + Vszl(U, U)(h]? R
fr(z,v) = fe(u,v) + %qgvmfk(u, V)qr — 08 (2,0) [V fr(u, v) + Vo fr(u, v)qk]} c K.

Using A € int K*, we get

SN lao) = o) + 3 Vel
i=1

(W) [V i (1,0) + Vi S v)qz-]} >0, (2.8)

Since (u,v, A, q) is feasible for (WD), from the dual constraint (2.4) and hypothesis (iii), it
follows that

k
[771(3:7 U) + U}T Z )‘z(vxfz(uv 'U) + va:xfz(ua U)%) 2 07
=1
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which implies

k

=1
k
2 —u" Y N(Vafi(u,v) + Vi filu, 0)g:). (2.9)

=1

Using (2.8) and (2.9), we obtain

k
Z Xi(fi(z,v) = fi(u,v) + %qiTmez’(U; v)¢;)

k

> —u” Z Ai(Ve fi(u, v) + Vae fi(u, v)q:). (2.10)

=1

Similarly, by K-np-bonvexity of — f(z,.), from(2.1) and hypothesis (iv), we get,

iAi<fi<x,y> ~ filw o) = Vi )p)
>y Z My i) + T i, 0)pi). 2.11)
It follows from (2.10),(2.11) and A'e; = 1 that
Z M) — o Z Ny i) + Vim0 — 5 Z N Vi )0
~(filw,0) " Z NV i) + Ve, v} ~ %iwfvmﬁ(u, D)} 20

which contradicts(2.7). Hence the result.

If the variable \ in the problems (WP) and (WD) is fixed to be A, we shall denote these
problems by (W P)5 and (W D)5, respectively.
Theorem 2.2 (Strong duality) Let f : S} x Sy — RF be thrice differentiable function and let
(Z,9,\, p1, P2, - - ., D) be a weak efficient solution of (WP). Suppose that

(¢) the matrix V,, fi(Z,y) is non singular for i = 1,2,... k,
(27) the vectors V, f1(Z,7), ..., Vyfe(Z,y) are linearly independent,

() 3 NV (Top (5. 9P & span{ Ty (@ 0) . Vo fe@ )} {00,

(2
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ko _

(iv) > N(Vy(Vyy fi(@,9)p:))pi = 0 implies p; = OV 4, and
i=1

(v) K is closed convex pointed cone with RY C K.

Then ¢; = 0,0 = 1,2,...,k such that (z,5,1 = ¢ = ... = ¢ = 0) is feasible for
(W D)5, and the objective function values of (WP) and (W D)5 are equal. Furthermore, if the
hypotheses of Theorem 2.1 are satisfied for all feasible solutions of (WP) and (W D)5, then
(Z,9,1 = @@ = ... = G, = 0) is an efficient solution for (W D)j5.
Proof Since (Z,9,\, p1, D2, - - -, Pr) is a weakly efficient solution of (WP), there exists @ €
K*,B € Cy,7 € R, such that the following by Fritz-John optimality conditions ([38], Lemma
1) are satisfied at (Z,9, A, 1, Pz, - - -, pi) (for simplicity, we write V, f;, V,, fi instead of V., fi(Z, §),
Vay fi(Z,9) ete.):

ZL’—JI {ZOQV fz+z)\vxyfz Oé ek) ]

+ Zk: Mi[Va(Vyy fipi)] {@ (a"ex) (y + %pz)] } >0,V z €O, (2.12)

=1
k k k
(y - y)T{Z divyfi + Z szyyfz[ a ek Z yyfzpz)]

k
X |:B — (@Tek) (ﬂ + %ﬁ)] — Z XZ[Vny + VyyfiﬁiK@Tek)} i O,V (TS Rm, (2.13)

Y/ (@, 9)(F — (@7en)g) + fex + { (B ~ (@) (y ¥ 1ﬁ1))Tvyyf1<as, 55,

2
R (ﬂ — (@Tek) (g + %ﬁk>) yfk( ) } =0, (2.14)
(B — (a"er)(+pi))N] Vi fi =0,i =1,2,... K, (2.15)
k
BT Z (Vo fi + Vo fipi) = 0, (2.16)
7 7 Aex—1]=0 (2.17)
(@, B,1) # 0. (2.18)

32



Inequalities (2.13) and (2.14) are equivalent to
Zaz yfz+z)\vyyfz Oz ek) ]
_ 3 _ B 1
+ Z MV )] |6 @) (5+ 351

= XV fi+ Yy fipil(@"er) =0, (2.19)
=1

_ - 1
VufilB — (6" ex)y] + Vyy fii {6 —(a'er) (y + 5@-)]
ti=0,i=1,2,... k. (2.20)
Since R¥ C K = K* C R* which implies int(K*) C int(R").

As ) € int(K*),therefore A > 0.
As V,, f; is nonsingular and \; > 0 for i = 1,2... k, (2.15)implies

B=(a"e)y+pi)i=1,2,...,k. (2.21)

If @ = 0 then (2.21) yields 3 = 0. Further, the Eq.2.20 gives 7 = 0. Consequently (&, 3,7) = 0,
contradicting (2.18). Hence & # 0. Further, @ € K* C R¥ implies

ale, > 0. (2.22)

Now, we claim that p; =0 for i =1,2,... k.
Using (2.21) and (2.22) in (2.19), we get

Zk;i( o (Vo fiD:))Di ,Tek Zvy filas — (@ en) M, (2.23)
which by hypotheses (iii) and (iv) implies
Bi=0fori=1,2 .k (2.24)
and thus relation (2.21) gives
B =(a"ex)y. (2.25)
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Equation (2.23) and (2.24), yields

which on using hypotheses (ii) gives
a; = (@ e, i =1,2,... k.

Using (2.22), (2.24)-(2.26) in (2.12), we have

k
(x —z)7 Z \Vaf; 20, for all z € Cy.
i=1

Let x € Cy. Then x4+ € C and so (2.27) implies
k
.TTZS\ZV:B.]CZ z 0, for all = € Cl.
i=1
Therefore,
k —
> ANV.fi€Ch
i=1
Also, from (2.25), we have

B

dTek

€ Ch.

g:

Thus (Z, 9,1 =@ =...= @G =0
solution for the dual problem (W D)5.

Now, letting 2 = 0 and = = 27 in (2.27), we get
k
z" Z AiVafi = 0.
i=1
Further, from (2.16),(2.22),(2.24), and (2.25), we obtain

k
7Y AV, fi=0.

i=1
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(2.26)

(2.27)

(2.28)

) satisfies the constraints of (W D)5 and so it is a feasible

(2.29)

(2.30)



Therefore, using (2.24),(2.29) and (2.30), we get

e

1

k
(fl (i'a g) - gT Z j\z(vyfz + Vyyfipz - 5 Z yyfzpz
=1

k
fk(jag) - _TZA yfz + Vyyfzpz - = Z)\ yyfzpz))

= (fl(.ilﬁ Y —.CETZ)\ V fz"’vxxfz% Z)‘ z mﬁfl%

=1

k k
s fu(@g) — 3t Z MNi(Vefi+ Vo fiGi) — 3 Z S\i(q_iTmei@)>
i=1

that is, the two objective function values are equal.

Now, let (Z,9y,¢1 = G2 = ... = ¢ = 0) is not an efficient solution of (W D)j, then there
exist (4,0,¢1 = @2 = ... = ¢ = 0) feasible for (W D)5 such that,
k
{fl(:f,z?)—:Y:TZXi(vxfz( ) + Vo fi(Z,9) G ——Z)\ Vo fi(Z, 7)),
=1
ko 1k
=1 =1

k k
—{ fi(u, v) — aTZL.(v fi(t,0) + Voo fi(1,0)G;) — %ZA (@'Y oo fi(@, D)),
0 <6 TR0+ Va5, 000) ~ 5 DM V50
c_K\{0} .
As
z7 ; ANV fi(@,y) = g" ; NV, fi(Z,y) and p; =0, for i = 1,2,... k,
{8100 7 MO0+ T @ 0p) — § SN V(o000
=1 . 1;1 . )
,Je(Z,9) — _TZ)‘Z(Vy i(Z,9) + Vy fi(Z, 9)Di) — b Z/\z@vayy 1(%@@)}
{fl(a,@) — 0" N (Vafi(@,0) + Voo fi(1,0)7;) — %Z i@} Vo fi(1,0) ),
=1 . ) 11:1 .
Fe(@,0) = Y NV (@) + Ve fi(@8,0)3) = 5 D 0l@] Ve il v)q&}
c_K\{0}. Z
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which contradicts weak duality theorem. Hence (Z,7,¢1 = ¢ = ... = ¢, = 0) is an efficient
solution of (W D)j5.
Theorem 2.3(Converse duality) Let f :S; x Sy — RE be thrice differentiable function and

let (4,0, \, 1,2, - - -,qr) be a weak efficient solution of (WD). Suppose that
(1) the matrix V. fi(#,?) is non singular for i = 1,2,... k,
(7i) the vectors V, f1(u,0),..., V. frx(u,v) are linearly independent,

(iid) f Ni(Vo(Var fi0,0)3:) @ & span{ Vo f1(@,0), ..., Vo fi(@,0)} \ {0},

s
Il
—

ko _
(1v) > Ni(Va(Vaefi(w,0)q))g = 0 implies ¢; = 0V i, and

s
I
_

(v) K is closed convex pointed cone with RY C K.

Then p; = 0, = 1,2,...,k such that (a,0,p; = ps = ... = pr = 0) is feasible for
(W P)5, and the objective function values of (W P)5 and (WD) are equal. Furthermore, if the
hypotheses of Theorem 2.1 are satisfied for all feasible solutions of (W P)5 and (WD), then
(u,0,p1 = p2 = ... =pr = 0) is an efficient solution for (W P)5.

Proof Tt follows on the lines of Theorem 2.2.

2.4 Self-duality

A mathematical programming problem is said to be self dual if it is formally identical with
its dual, that is, if the dual is recast in the form of primal, the new problem so obtained
is the same as the primal. In general (WP) and (WD) are not self dual without an added
restriction on f. The vectors function f : R® x R® — R* is said to be skew symmetric if for

all x,y € R™,

filz,y) = —fily,x), i€{1,2,...,k}.

For the programs (WP) and (WD), self duality exists under the following assumptions:
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(73i) the vector function f(z,y) to be skew symmetric, i.e., f(z,y) = —f(y, z).

Now recasting the dual problem (WD) as a minimization problem:

(WDy

k
K-minimize (—fl(u, v) +u’ Z Ai(Vefi(u,v) + Vi fi(u, v)g;)

=1
k

k
—i—% Z; N(q] Ve filu, 0)@0), - .. — fre(u,v) +u” ; Ni(Vefilu,v) + Vi fi(u, v)g;)
k

1 T
k
subject to Z XNi(Vafi(u,v) + Vg fi(u,v)g;) € CF,
i=1
)\Tek = 1,
A€int K*,v e C,.
Since f is skew symmetric,

Vafilu,v) = =V, fi(v,u) and V., fi(u,v) ==V, fi(v,u) fori=1,2,... k.

Therefore, the problem (WD) reduces to,
k

K-minimize (fl(v, u) —u’l Z Ni(Vyfi(v,u) + Vo, fi(v,u)g)
i=1
k

—= ZA Vi fi(w,w)a), - fo(v,u) —=u > X(Vy fi(v,u) + Vo fi(v, u)g:)

—= ZA Yy fi(v u)q») _

subject to —Z)\ V,fi(v,u) + Vy, fi(v,u)q) € C3,
)\Té’k = 1,
A€int K*,v e (.

This shows that (WD)’ is formally identical to (WP), that is, the objective and constraint
functions are identical. Hence(WP) is self dual. Consequently, the feasibility of (z,y, A, p1, pa, - - -, Pk)
for (WP) implies the feasibility of (y,x, A, p1,p2, ..., px) for (WD) and conversely.
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Chapter 3

Second-Order Nondifferentiable
Multiobjective Mixed Symmetric Dual

Programs Over Cones

3.1 Introduction

Duality in mathematical programming has not only used in many theoretical and computa-
tional developments in mathematical programming itself but also used in economics, control
theory and, business problems and other diverse fields. Multiobjective optimization problems
can be found in various fields: product and process design, finance, aircraft design, the oil
and gas industry, automobile design, or wherever optimal decisions need to be taken in the
presence of trade-offs between two or more conflicting objectives.The work of Dorn [14] was
considerably developed and studied by Dantzig et al.[11], Mond [28] and Mond and Weir[32].
Bazaraa and Goode [5] extended the results in [11] to arbitrary cones. Weir and Mond [40]
generalized the symmetric dual problem to multiobjective case. Recently, Ahmad and Husain
[2] discussed a pair of multiobjective mixed symmetric dual programs over arbitrary cones
and established duality under K-preinvexity/K-pseudoinvexity assumptions.

In this chapter, we studied duality theorems(weak, strong, and converse duality) for a
pair of second-order mixed symmetric nondifferentiable multiobjective dual programs over

arbitrary cones under the assumptions of second order K-(F, p)-convexity. This Chapter is
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divided into three sections. Section 3.1 is introductory, Section 3.2 contains notations and
definitions. After that, we have described a nontrivial example of second-order K-(F,p)-
convex function which is not second-order F-convex. In Section 3.3, we consider a pair of
second order nondifferentiable multiobjective mixed symmetric dual programs over arbitrary

cones and prove weak, strong and converse theorems under K-(F, p)-convexity assumptions.

3.2 Notations and definitions

Consider the following multiobjective programming problem:
(P)  K-Minimize £(z)
subject tox € X’ ={z € S: —¢(x) € Q},

where S C R™ be open, £ : S — RF. ¢ : S — R™, K is closed convex pointed cone and Q is
closed convex cone with nonempty interiors in R¥ and R™, respectively.
Definition 3.1 A real valued twice differential function ¢ : X — RF is said to be second-order
K-(F, p)-convex at u € X with respect to t; € R",i = 1,2,..., k if there exist a real valued
function d : X x X — R and a real number p such that Vz € X,
1
(51 (z) = &i(u) + §t?vx:ﬁ£1 (u)ty — Fou(Va€i(u) + Ve (u)ty)
1
+V & (u)ty) — pdg(a:,u)) € K.

3.1 A Nontrivial Example of Second-Order K-(F, p)-convex function
Example 3.1 Let k = 1, K = R, and X = [-1.8,—1.5] C R. Suppose that the function
¢ : X — R be defined by

£(z) = 2° +8sin’z
and the functional F': X x X x R — R be defined by

Fpu(a) =a(l —2u).
Let d: X x X — R be given by

d(z,u) = Va2 + u.
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For p = —35, we have

L= €@) ~ &) + 50" Vaab g — Fonl(Val(w) + Varb(u)a) - p(z,u)
= 2% —u® + 8(sin® x — sin® u) + ¢*(3u + 9sin 3u — 3sinu) — (1 — 2u)
x [3u® + 6(cos u — cos 3u) + q(6u + 18 sin 3u — 6sinu)] — (—35)(V22 + u?)?
= 2° — 4’ +8(sin® z — sin® u) + (2u — 1) [3u” + 6(cos u — cos 3u)| + 352
+¢*(3u 4 9sin 3u — 3sinu) + (2u — 1)(6ug + 18¢sin 3u — 6¢sin u) + 35u”

= fi+ fa(say)
where

fi = 2% =’ +8(sin’ x — sin® u) + (2u — 1) [3u® + 6(cos u — cos 3u)] + 352

v

0V x,u,€ X as can be seen from Figure 3.1

and

fo = ¢*(Bu+9sin3u — 3sinu) + (2u — 1)(6uq + 18¢sin 3u — 6gsinu) + 35u>.

1\

0V u € Xand g € (—10'®,10") as can be seen from Figure 3.2.

Hence L =2 0. Therefore f is second-order K-(F,p)-convex. But f is not second-order F-

convex since for ¢ = 1, we have

1
= 2% —u® + 8(sin® x — sin® u) + 3(u + 3sin 3u — sinu) — 3(1 — 2u)
x[u® + 2 cosu — 2 cos 3u + 2u + 6sin 3u — 2sin u]

< O0Vzx,ue X as be can seen from Figure 3.3.

Hence the function f is second-order K-(F, p)-convex but is not second-order F-convex.
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Figure 3.1: Graph of f; against v and x
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Figure 3.2: Graph of f; against v and x

217 -16 -13

Figure 3.3: Graph of M against v and x
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3.3 Multiobjective mixed second-order nondifferentiable
symmetric dual programs

For N = {1,2,...,n} and M = {1,2,....,m}, let J; C N,K; C M and J, = N\ J; and
Ky = M\ K;. Let |J;| denote the number of elements in J;. The other symbols |Jo|, | K|
and |K,| are defined similarly. Let 2! € R’1l) 22 € RI%2l. Then any x € R can be written
as (z',2?%). Similarly for y' € RIS 42 ¢ RI®2l y € R™ can be written as (y',%?). It may
be noted here that if J; = ), then |J;| = 0,J; = N and therefore |Jo| = n. In this case,
RWVil, RI2l and R1l x RIF1l will be zero-dimensional, n-dimensional and | K |-dimensional Eu-
clidean spaces, respectively. Similarly, we can describe the cases J, = 0, K; = ) or Ky = 0.
Let C1, Cs, Cs and Cy be closed convex cones with nonempty interiors in R, RI%2I. RIK1l and
Rzl respectively.

Consider the following pair of multiobjective mixed second-order nondifferentiable sym-
metric dual programs:
Primal Problem(P3.1)

K-minimize

N(x17y17x27y27w27 )\7p7 7") = {Nl(x17y17'r27y27w%7 )\7p7 Tl)? )

Nl(xlaylax27y2>wl27 )\7p7 Tl)}

subject to

I
— Z by [Vyl fila', yh) —w' + V1,0 fi(ah, yl)pi} € (3, (3.1)
i=1
l .
- Z Ai[Viy2gi(2®, y7) — w] + Vye20:(2”, y°)r'] € CF, (3.2)
i=1
!
W) Xi(Viegi(@®, y?) — w} + Vipyegi(a®, y*)r') 2 0, (3.3)
i=1
w'e B, w?e By, i=1,2,...,1 (3.4)
Me =1, 2t €0y, 2?2 € Oy, (3.5)
A € intK*. (3.6)
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Dual Problem(D3.1)

K-maximize
1.1 .2 .2 2 _ 1.1 .2 .2 2 1
M(u,v,u,v,z,)\,q,s)—{Ml(u,v,u,v,zl,)\,q,s),...,

Ml(ula Ula u27 U27 Zl27 >\a q, Sl)}

subject to

I
Z Ai[ Vo fiu!,0h) + 2" + Vo fi(u', o) g] € CF,

i=1

Z)\ 20i(u,v?) + 27 + szngi(u2,v2)si] e (5,

Z)‘l 22Gi(u?0?) + 27 + Vaza2gi (v, 0v?)s") 0,
JdeH 2eD;,i=1,2,...,1
Me, =1, vt e Cs, v? € Cy,

A€ intK*.

(3.9)

(3.10)
(3.11)
(3.12)

where A € Rl ¢, = (1,...,1)T € R, w' € R¥1l and 2! € R, H and E are compact and

convex sets in R71l and Rl respectively and for i = 1,2,...,1

Ni(z', y', 2% 2 wi A p,r') = filz'yh) + s(a 1|H)+gi( 2 07) + s(a®|D;) —

xwf — ZA i fil@' y) + Vg file
1 l
5 Z y ylfl SL‘ 'Y )pz}
]‘ T 2 2\,.0

_i(r ) vayQQi(m Y )7’ )

M(u', vt u? 02 2200, q,8) = filur,vh) — s(VHE) + gi(u?, v?) — s(v?|B;) +

l
_(u1>T Z Al(vxl fi<u17 Ul) + vzlxlfi(u17 Ul)Qi)

l

1
_5 Z )\z [Q?Vxlxlfi(ul> Ul)qi]

=1

1 . )
—3 (sl)Tszl,zgi(uz, Uz)s’,
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and
(1) fi: Rl x RIS — R and g; : Rl x RI¥2l — R are differentiable functions,
ii) B; and D; are compact and convex sets in R 2l and RI”?!, respectively,
Y

(iii) p; € R ¢ € R vt w? € RIF2l and s, 22 € RV,

Let w2:<w%7"‘7w12>7 p = <p17 7pl)7 q = <q17 7ql)7 r = (T17 7Tl)7 s = (517 75l)7
2?=(2%,...,2%).

Theorem 3.1 (Weak duality) Let (x!,y' 22 3% w', w?)\,p,r) be feasible for (P3.1) and
(u', o', u?, 0%, 2" 22, A, q, 5) be feasible for (D3.1). Let the sublinear functionals F' : R/l x
RN x R —— R, F? . RIKl x Rl x RIKil —— R G': Rl x RI2l x RI’2l — R and

G? : RI%2l x RIK:2l x RIK2l 5 R satisfy the following conditions:

Fua(a') + (a")'u' =0, forall a* € Cf, (A)
Ffl’yl(a2) + (@®)Ty' = 0, forall a® € Cj, (B)
Gao 2 () + (")"u® 2 0, forall b' € C5, ()
G2 o (V) + (0))"y? 2 0, forall b* € Cf. (D)

Suppose that

(i) {fi(,v1) + ()24 L fi(, oY) + ()T2'} be second-order K-(F*, py)-convex at u!, and
{—=filz', )+ (O)Tw',. . —fiz!, ) + ()Tw'} be second-order K-(F?, py)-convex at y',

(i1) {g1(-,0?) + ()T23. . ai(.,v?) + (.)T2%} be second-order K-(G',0y)-convex at u?, and
{—q1(z% )+ ()Tw?,.. . ,—g(2?,.) + (.)Tw?} be second-order K-(G?, 04)-convex at y°.

(i11) either pyd?(z!, u') + padi(v',y') = 0 or p1,pa = 0 and
(iv) either oyd?(2?, u?) + ood3(v?, y?) 2 0 or 01,09 = 0.
Then
Nz oyt 22 v%, w?, A\ p,r) — M(ut, vt u? v? 2% N, q,5) ¢ —K \ {0}.
Proof Suppose, to the contrary, that
Nzt oyt 2% y%, w?, N\ p,r) — M(u, vt u? v? 2% N q,5) € —K \ {0}
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that is,

{Ni(ah gt 2?2 wi N port), o N2yt 2t gl A )}

_{Ml(ulavl>ugav2az%a)\>% Sl)?' e ,Ml(ul,’Ul,UQ,UQ,Z?,)\,(],Sl)} € _K\{O}

Then, since A € int K*, we have
l
3 Ai{fxxl, y) + 5@l H) + gi(a® ) + 52| Ds) — () w? — (y)T
=1

X

.
I ~
—

!
< Z)\
=1

(ri)TVyzyzgi(xQ, yz)rl}

DO | —

filuh 0h) = s(0'|E) + gi(u®, v?) — s(v|By) + (u?) 2] — (u')"

/—/H

QN

1

(si)Tszngi(uz, v2)si }

DO =

By the hypothesis (i), we have

1
{fl(xl7vl> + (xl)TZI - fl(u17 Ul) - (ul)Tzl + §Q{vxlmlfl(u17 Ul)Ql
—Fh o (Var filuh,v!) + 28 4 Vg fi(u, Ul)‘]l) — pidi(at,ut), .

T

filatvh) + (@2 = filu' o) — (uh) T2 + QZ [ Vi fi(u!,v')g
- jl,ul(vxlfl(ulavl) +2 4 Vxlzlfl(ulavl)cﬂ) - pld%(xl>ul)} €K
and
1
{f1<x173/1) - (y1>Tw1 - fl(a:lavl) + (vl)Twl - 2 y y1f1< » Y )
_Ffl,yl(_vylfl($1ay1)+w1 - 1fl( 7y1) ) p?dg(vl>y1)7"'a

1
fz(ﬁl,yl) - (yl)Twl - fl(xluvl) + (Ul)Twl - §pz ylylfl(xlay yZi

)
—F517y1(—vy1fl(x1, y') +w' — Vylylfl(xl, yp) — deg(Ul,yl)} c K.
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N(V iz, y') + Vo filat, yh)p) — ; Z Ni[pf Vi filz' yh)p

l
1
)\i(vxlfi(ulv Ul) + vxla}lfi(u17 Ul)Qi) - 5 Z >‘7, [qzvxlmlfi(ula Ul)Qi]
i=1

(3.13)

(3.14)

(3.15)



Using A € int K* and ATe; = 1 in Egs.3.14 and 3.15, we have

l

2:&{ﬁ@3¢%+@5%4—ﬁw3f) (W72 4 gl Vo i vm}

l
= Z MiF o o (Vo fi(u' 01) 4+ 28 + Vo fi(u' o)) + pods (2, u')

(3.16)
!
;)\z{fz(ﬂfl,yl) - (yl)Twl - fi(:El;Ul) + (Ul)Twl - ; yl y1f1< Y ) }
l
2 ANFL (=Y fi@h yh) + ' = Vg fiat g ) + ped3 (0", )
=1
(3.17)

As RY, ¢ K = K* C R! and since A\ € int K*, therefore A > 0. This together with
sublinearity of F'* and F? using in Eqs.3.16 and 3.17, respectively yields

l

Z)\i{fi(ajlyvl) + (xl)Tzl - fi(ul>vl) ( ) Z + qZ vx xlfz(u v )C] }

l
z 3317u1 (Z /\Z [Vzlfi(ul, Ul) + Zl + vzlmlfi(ul, Ul)qi}) + pldf(xl, ul)

=1

(3.18)

and
EZM{ﬁ@ﬂyU—K%Yﬁﬂ—ﬁ@ﬂvﬂ+<ffwl—1 Ve filat g }

l
2 Fi, (— S XV filaty') — w4 Vo fila!, yl)pi]) + padi (v, y').

=1

(3.19)

Since (z',yt, x%, y?, w!, w?, A\, p,r) is feasible for primal problem (P3.1) and
ul vl u?, 0?2t 22, )\, g, s) is feasible for dual problem (D3.1), by the dual constraint(3.7), the
Yy
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I
vector a' = > N[V fi(ul, vl) + 21 + Vi fi(ul, v1) ] € Cf, and so from the hypothesis(A),

we obtain -

Fpa(a') + (@) u! 2 0. (3.20)
Similarly,

F} i (a®) + () Ty! 2 0, (3.21)

l
for the vector a® = — Y N[V fila!, yt) — w + Vi fila!, yh)p) € Cf.
i=1
Using Eq.3.20 in Egs.3.18 and 3.21 in Eq.3.19, we have
!

Z/\i{fi(xl,vl) + (T2t — fi(ut,0h) — (wh)T2t + ql IV i fi(ut, v )q}

2 —(u')a' + pudi(azt, u')
and
i Az{ (y") w! = fi(z',0h) + () Tw' - %pfvylylfi(f, yl)pz}
=1
= —(y") a® + padi (v, y').

Adding the above inequalities and hypothesis(iii), we obtain
I
1
SN )+ 5 = O+ G = 3 Ty a0
!
2> Z )\i{fi(ul,vl) — ("W + (W2 — () Ta' - §qiTVx1I1fi(u1, vl)qi}.
i=1

(3.22)

Substituting the values of a! and a? in Eq.3.22, we get
I !

ZA{L 2hyt) + (@) = )T Y MV fi(ah YY) + Vi file!, v )

— i Vg filz ,yl)pz]}

2
{ () " = @)Y " N(Var filu' 0")

=1

el
=1

l
1
+ Vxlxlfi(UI’ Ul)qi) — 5 Z Az [q;rvxlxl f;(ul7 Ul)%‘} }

=1
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Using (172! < s(2'|H) and (v')Tw! < s(v!|E), we have

~

—_

i=1
l
_Z lflx y pz

=1

]

l
Z/\{ ) 5 ) = O DN T ')+ T il )

!
23 {fzu o) = s E) - (u >TZAi< o fiut o)
l
F Va0 0)0) = SNV 0 )l (323)

The second-order K-(G*, oy)-convexity of {g1(.,v*) + ()T23,.. ,qi(.,v?) + () 722} at u? gives

1
(e 02) + 72 = (a0 = 272+

—ze uz(szgl(uz, 1)2) + zf + Vx2m2gl(u2, 712)31) — ald%(xz, u2), .

(sl)Tszgczgl (u?, 112)51

Y

1
gl(x2, v2) + (x2)Tz12 — gl(u2 122) (u2)Tz12 + Q(SZ)Tsz%ng(uZ7 v2)sl

—G}ﬂ’ug (Vargi(u?, %) + 22 + Voo gi(u?,0?)s!) — oyd?(2?, uQ)) € K.

This follows from A € int K* and A\Te; = 1 that

1 !
1 . .
Z Ailgi(2®,0*) + (2%)727] — Z i {gi(uQ, v?) + (u?)T2? — i(sl)Tvxzngi(uQ, UQ)SZ:|
i=1 i=1
!
> Z Gh2 2 (Va2 gi(u?, 0%) + 27 4 Vig2g:(u?,0%)s") + o1d; (22, u?).
Using sublinearity of G! and A > 0 in the above inequality, we get

l l

S Afaet o)+ @15E) = 3N 0 00 + 1 — 5 Va0

=1
272“2(2)\ Va2 gi(u?, v?) 4 22 + Vo gi(u?, v?)s ])+ald (2%, u?).

which further from hypothesis(C), and the dual constraint (3.8) and (3.9), we obtain

1, . .
> Z i [gi(u2, v?) + (u?)' 27 — §(SZ)Tszngi(u2, v2)sl] +odi(z?u?).  (3.24)
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From the second-order K-(G?, oy)-convexity of {—g;(z?%,.) + () Twi,. . .,—g(2?,.) + () w?} at
y?, A € int K* and \Te = 1, we have
I I

5o M) - 07 u) = SN e ) - (T +

5 (ri)TVygyzgi(xQ, y2)ri
=1 =1

!
> Z )\Z-ngyz {—(Vyzgi(ﬁ, Y?) — wi 4+ Vizeg:(2®, y*)r') | + o2ds (02, y7).
i=1

This together with sublinearity of G* A > 0, primal constraints (3.2) and (3.3) and hypothesis
(D) yield

>
B
=
s
. (Y]
Ny
N
|
<
N,
S
S
S
1\

l
1, . .
Z Ai [gi(xQ,v2) — (v*)Tw} + 5(T1>Tvy2y29i(x2792>701}
i=1

+ood5(v?, Y. (3.25)

Adding Eqgs. 3.24 and 3.25 and using hypothesis (iv), we obtain,
1, . ,
2N [gxx% v + (@2 = ) w0 = S() Vipgegi(a®, y?)rl}
1, . .
> Z i [gi(uz, v?) + ()T — (V) w? — 5(3’)Tvxzngi(u2, 02)31] :

Using (22)722 < s(2?|D;) and (v*)Tw? < s(v?|B;), we obtain,

(3.26)

Equations 3.23 and 3.26 together yield

!
SNt ) ) + (e 0) + 51D ~ ()
i=1

l

- (hH" Z /\i(vylfi(iﬁla y') + vylyl.fi(xla ?Jl)pi)
i=1
l

1 1 7 7
3 Z Ai [pzvylylfi<$lu yl)pz‘} - 5(7" ) V22 gi(a®, y*)r }
1=1
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!
230 {fz u'0!) = s E) + gl 0?) — (| B) + (u2)T 22
= l
- (u1>T Z )‘i(vxlfi(u17 Ul) + vxlxlfi(ula Ul)Qi)
=1

1 . ,
- _Z)‘ i 1fz u' U )QZ] - §(Sl)Tvz2w2gi(u2702)Sz}

which contradicts Eq.3.13. Hence the results.

The notations (P3.1)y and (D3.1)y are used in the following theorems to denote (P3.1)
and (D3.1), respectively when \ is fixed to be .
Theorem 3.2 (Strong duality) Let f : Rl x RIFil — Rl and g : RI*2l x RI¥2l — R! be
differentiable functions and let (z!, ', 22, %, w', W%\, p, 7) be a weak efficient solution of

(P3.1). Suppose that
() the matrices V1,1 f;(z!, §')are non singular for i = 1,2,...,1,
(i) the matrices V,z2,2¢;(Z%, §*)are non singular for i =1,2,... 1,

(iii) the set {V,2g1(Z%, §2)—w0' 4+ V2291 (Z%, §2)7, . .. Ve qi(Z2, 7°)—0' 4+ V22 91(2%, §2) 7'}

is linearly independent,

I
(iv) forsome g € R (9 > 0)and# € RI%2l 7 £ 0(i = 1,2,...,1) implies that ; 0i(F)T [V 20:(Z%, §7)—
w? + V2,2 0:(72, 52)7] # 0,

(U) é:l)‘i(vyl(vylylfi(zvla gl)ﬁi))ﬁi ¢ Span{vylfl(flv gl)a o Vylfl(f17g1)} \ {0}>

(vi) Z (Vo (Vo fi(ZH, §)p:))pi = 0 implies p; = 0V ¢, and
(vii) K is closed convex pointed cone with R, C K.

Then §; =0and 5, =0, =1,2,...,1, there exist z! € Rl and z? € Rl i=1,2,... 1such
that (z', 91,22, 92,21, 22,41 = 0,50 = 0,...,4, = 0,5, = 0,5, = 0,...,5 = 0) is feasible for
(D3.1)y and the objective function values of (P3.1) and (D3.1)y are equal. Furthermore, if
the assumptions of Theorem 3.1 are satisfied for all feasible solutions of (P3.1) and (D3.1)y,
then (z%, 9%, 2%, 9% 24, 220,01 = 0,30 =0,...,31= 0,5, = 0,5, = 0,..., 5 = 0) is an efficient
solution for (D3.1)s.
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Proof Since (z', 9, 2%, 42, w', W%\, p, 7) is a weak efficient solution of (P3.1), there exist
a€ R, BeCsyeCyd € Ry, and n € R such that the following by Fritz John optimality
conditions [38] are satisfied at (2!, ¥, 22, 42, w', W\, p, 7):

l
(‘Tl - xl){zaz(vxlfz( 7y ZA vylﬂ?lfZ ’gl) [6 - (aTel)gl]

+' i (Vo (Vo (24, 5D )){B (o el)(y +;p’)]}
>0 in € (1, (3.27)
g {Z [T ) + 2 - LT e )]
4 ; N[V (2, 57) + Var (Vg (2, 7)) [y — 592]}

>0 Va2 e Oy, (3.28)
! l

Z a;V fi(z, ') + Z ANV fi(73L 79 [B — (@ e)7']

+ AT (T e 7)) 5~ ez>(y =

Z Vo fi@,7) + Vo i@ 7)pil (a7 e) = 0, (3.29)

(V2 (Vy20:(2%, 57)7") )]

N —

l
Z 292 7@2) - u;? -
Z V22 (T2, 77) + V2 (Vy2y20:(2, 7°)7) | [y — 657

-5 Z M (Vo2 0i (72, 57) — w? + V20043, 55)7) = 0, (3.30)

(X = i) ([5 (@e)y' |V fi(@',7') + [v = 65°] V2 0i (2%, 7%)
—fw' +n+ {ﬂ (cv ez)(y + ;pzﬂ 1 fi(Z )i
+y = 677 (V 20204(72, 52)7" — wg)) >0,i=1,2,...,1 (3.31)
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(8= (a"e)(y" —i—pl)))\l}Tvywlfi(i'l,]jl) =0,i=1,2,...,1 (3.32)

[(y - 5@2)X — ;7] V2 gi(3,5%) = 0,i = 1,2, 1, (3.33)
6TZA p [i(@35) — 0" + Vi fi(2, 58] =0, (3.34)
T Z )\ 2gl ,QQ) — u;? + Vy2y2gi(f2, gjz)fi] =0, (3.35)
Z Ai(Voy20i (7%, 52) — w? + Vy2,00:(3, 52)7) = 0, (3.36)
B € Np(wh), (3.37)
a7t 4+ (v — 075N\ € Np,(w2),i =1,2,...,1 (3.38)
7' e D, (zY)Tz! = s(z'|H) (3.39)
22e Dy, ()77 = s(Z2|Dy),i = 1,2,...,1 (3.40)
n"(A\e —1) =0, (3.41)
(c, B,7,0,m) # 0. (3.42)
By hypothesis (i), Eq.3.32 gives
B=("e)y +pi)i=12...,1L (3.43)
Since the matrices V,z2,2¢;(Z%,§%) for i = 1,2,...,1 are non singular, Eq.3.33 yields
(v = 67N = i’ i=1,2,..., 1. (3.44)
Also, RL CK=K*C Rﬂr and since \ € int K*, therefore A > 0.
Now, we claim that o; # 0,72 = 1,2,...,[. Otherwise, if for some ky, oy, = 0, then it follows
from Ay, > 0, and Eq.3.44 that v = 6.
From Eqgs. 3.30 and 3.31, we get
! ) B L
Z(Oéi — 0N (Vi (22, 5%) — w?) + Z AV 22 gi (22, §%) [y — 07 — 67
i=1 i=1
l o1
+ Z V2 (Vy2,20:(2°, 7)) [(fy — 57N — T } =0 (3.45)

i=1
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and

8= (@"e)g' |V fi(@", ") + [y = 05°] V 20:(3°, 7°) — B’ +

T
#5 - @ren (i + 30.) | Tosiat m [ - o)
X (Vo2 gi(Z2, 77 —w2) = 0,0 —1,2,...,1. (3.46)

By using Eq. 3.44, 3.45 follows that

l
M = 00 [V,o0i(72, 57%) — w} + V007, 7))

%Z nygl( ay) )}[7 6?/}

which on using hypothesis (iii) and v = §? yields

As \; > 0,i = 1,2,...,1 and ay, = 0, for some kg, the above equation shows § = 0. Now,
using 6 = 0, the equations v = 07> and o; = d\;,i = 1,2,...,l give y = 0 and oy, = 0,V 4.
Further, Eqs.3.43 and 3.46 implies 5 = 0 and n = 0, respectively.

Consequently,(a, 3,7, d,1) = 0, contradicting Eq. 3.42. Hence a; > 0,V i.

Subtracting Eq.3.36 from 3.35 yields

[v — 077] Z)\ 20T T — W + V,220,(72, 77)F] = 0,
Using Eq. 3.44, we get
Z a;i(F) [V,20:(3%, §%) — w? + Vy2,00:(7%, 7°)7'] = 0.
By the hypothesis (iv) with o; > 0,7 =1,2,...,[, we have
F=0,i=12...,1 (3.47)
As \; >0,i=1,2,...,1, Eq.3.44 yields

v = 677 (3.48)



Using Eqgs. 3.47 and 3.48 in Eq.3.30, we get

l

D (o = 0N [Vyeqi(@,57) — w?] =0,

i=1
which on using hypothesis (iii) and Eq.3.47 gives

a;=6M,i=1,2,... 1L (3.49)

From Eq.3.49 and A\Te; = 1, it is clear that a’e; = 6(\Te;) = 6. Since a; > 0,0 = 1,2,...,1,

therefore
0> 0. (3.50)
Equation 3.48 yields
2 7
=—-c (.
) 5 4

Now using Eq. 3.43 and «; > 0,V 7 in Eq. 3.29, we get

ZXZ’[V syt fi(Z Ll )]Z aTelZv V(@ y)[ — (« el);\}

which by hypothesis (v) and (vi) implies
i=0i=12 .1 (3.51)
From Eqgs. 3.51 and 3.43, we obtain

B =(a"e)y'. (3.52)

Also, from Eq. 3.52, we have §* = ey € Cs.
Using Eqgs. 3.49-3.52 in Eq.3.27, we have

l

Z Vo fi(@,g') + 24 = oV 2! € . (3.53)

Let 2! € C;. Then 2! + z' € 4, as () is closed convex cone, and so Eq.3.53 implies

ZA 2 fi(@ ) + 2 e O
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Moreover, Eqgs. 3.28 and 3.47-3.50 give

—~

Z Va2gi (T2, 7%) + 22) 2 0V 2 € Cs. (3.54)

Let 22 € Cy. Then 22 + 22 € C4, as (O is closed convex cone, and so Eq.3.54 implies
ZA 20i(T%, %) + 22) € C5.

Let 22 = 0 in Eq.3.54 Then (z*)” Z i (Ve gi(Z2,72) + 22) 0.

Thus(zt, 7', 2%, 9%, 24, 2%, 1 = 0 G =0,....,40 = 0,8 = 0,8 =0,...,5 = 0) satisfies
the dual constraints from Eqs.3.7-3.12 and so it is a feasible solution for the dual problem
(D3.1)5.

Now, letting ' = 0 and 2! = 27! in Eq.3.53, we get

Using o > 0, Egs.3.51 and 3.52 in Eq.3.34, we get
!
Z Vi@, g = (") e (3.55)
Moreover, since 8 = (ale¢;)y*,a > 0 and € Ng(w') implies §' € Ng(w') so that
(7)) o' = s(y'|E). (3.56)
From Eqgs. 3.38,3.48-3.50, we have
7> € Np,(w?),i=1,2,...,l ash; > 0.
Since B;, i=1,2,...,] are compact convex set in R!*2l therefore, we get

(7)Tw? = s(7%B;),i =1,2,... 1. (3.57)
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Therefore, using Eqs, 3.39, 3.40, 3.47, 3.51, 3.55-3.57, we obtain

{ﬁ(f%zﬂ)+s(fl\H)+gl(a‘c2,zf>+s<f2\D1)—(y Z (Vy fi(@ ')

Z 1fz ) Z)

1 _ 9 o\ 1 -
_§<T1)Tvy2y2gl<x2ay2)Tl7"-7fl(w1ay1>

+Vy1y1fi(f1,

l\')l»—t

+s(z'|H) + (2, 5°) + s(2°|D1) — (1) w0} — @) N(V fiz', 5"

'M~

Il
=

(2

Vg i 50 — = S MV g i@ 550 — 2 ()Y (2, 5
2i:1

l\')|'—‘

= {A@ ) = 5@ 1E) + ) - sPB) + @)1 - @ A (Va7

l

+Vz1x1fl<x y qz _EZ z 1f1 >y) )

2 —
6V Var (3,55 i)
—s('|E) + 9@, 9°) — s(7°| B) + ()" 22 — (z")" Z (Vo fi(zh,9)
1 i\ 1 < L 2 2\l
—I—lezlfi(.l’ Y )C_Iz) - §Z>‘z( q; :clmlfz( >y ) ) 5(8) v$2:c2.gl(x Y )S }

i=1
that is, the two objective function values are equal.

NOW7 let (£17g17j27g27217227q_1 = 0762 = 07"'7@ = 0751 = 0752 = 07"'7§l = 0) is not
an efficient solution of (D3.1)y, then there exist (a',v', 42 v%,2", 22,1 = 0,50 = 0,...,q =

0,5, =0,8 =0,...,5 = 0) feasible for (D3.1)5, such that

{Nl(xl,yl,xQ,yz,wf,p,rl),...,Nl(xl,yl,x2,y2,w12,p,7"l)}
—{Ml(ul,vl,UQ,UQ,zf,q, sl), .. ,Ml(ul,vl,uz,vz,zlz,q, sl)} e —K\ {0},

which contradicts Theorem 3.1. Hence (7!, 9%, 7%,4%, 2,221 = 0,50 = 0,...,q, = 0,5, =
0,52 =0,...,5 = 0) is an efficient solution of (D3.1);.

Theorem 3.3(Converse duality)Let f : Rl x RIFil — Rl and g : Rl x RIK2l 5 Rl be
differentiable functions and let (a', o', @2, v%, 2!, 22,), ¢, 5) be a weak efficient solution of

(D3.1). Suppose that
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(i) the matrices V1,1 fi(u!, v')are non singular for i = 1,2,... 1,
(#7) the matrices V,2,2¢;(%?, v%)are non singular for 1 = 1,2,...,1,

(ii7) the set {V,2g1(a2, 02)+2 + Voo g1 (62,0284, ... Vg (4, 02)+2 + Vazae g (a2, 0%)5'}

is linearly independent,

I
(iv) forsome o € R (0 > 0)and 5' € R2l 5" £ 0(i = 1,2,...,1) implies that 3 0;(5")7[V,2;(u?, v?)+
_ ‘ i=1
2} + Va2 0i(0?, 0%)5'] # 0,

(v) éﬂi(vml(vwlxlﬁ(ul, oNg)) @ & span{ V1 fi(a,vY), ...V fi(ar, v')}\ {0},

lLo_
(v) 3 Ai(Var (Vg fi(@', 01);))g@ = 0 implies ¢; = 0 V ¢, and
i=1
(vii) K is closed convex pointed cone with R, C K.

Then j; = 0 and 7 = 0,i = 1,2, ..., there exist @' € R* and w? € R¥l i =1,2,...,1
such that (u', o', 42 v?, @', w* p; =0,po=0,...,0, =0,7, = 0,7 = 0,...,7 = 0) is feasible
for (P3.1)y and the objective function values of (P3.1)y and (D3.1) are equal. Furthermore,
if the assumptions of Theorem 3.1 are satisfied for all feasible solutions of (P3.1)y and (D3.1),
then (u',v',u% v, w',w* py =0,po =0,...,p,= 0,7 = 0,7 = 0,...,7 = 0) is an efficient
solution for (P3.1)5.

Proof 1t follows on the lines of Theorem 3.2.
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Chapter 4

Higher Order Mixed Multiobjective

Symmetric Duality

4.1 Introduction

The aim of this chapter is to make some investigations concerning duality for higher order
mixed multiobjective symmetric duality. One practical example of higher-order duality is
that it provides tighter bounds for the value of objective function of the primal problem
when approximations are used because there are more parameters involved. Higher-order
duality in nonlinear programming has been studied in the last few years by many researchers
[1, 4,8, 15,26, 33]. A class of higher-order dual problems for nonlinear programming problems
first formulated by Mangasarian [26].

In this chapter, we studied weak duality theorem for a higher order mixed multiobjective
symmetric duality under the assumptions of higher order (F, p, «, d)-convexity. This chapter
is divided into three sections. Section 4.1 is introductory, Section 4.2 contains notations and
definitions. In Section 4.3, we consider a pair of higher order mixed multiobjective symmetric

duality and prove weak duality theorem under (F, p, «, d)-convexity assumptions.
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4.2 Notations and Definitions

Consider the following multiobjective programming problem:

(P) K-Minimize f(x)

subject tox € X®={r € S: —h(z) € Q},

where S C R" be open, f: S — R, h:S — R™, K is closed convex pointed cone and ( is
closed convex cone with nonempty interiors in R* and R™, respectively.

Definition 4.1 A differentiable function f : R"x R™ — R issaid to be higher order (F, p, a, d)
convex in the first variable at © € R" for fixed v € R™, if there exists a sublinear functional
F:R"XR'XR*"— Randa: R"xR"— R \{0},p€ Rand d: R" x R" — R be a metric
on R such that forx € R",p; € R",1=1,2,...,1l.

fi(xa U) - fl(u7 U) 2 F(QJ,U, fo(u,'u) + vpih<u7vapi)) =+ h(uv UaP’L') - pvach(u7vapz)

4.3 Higher order mixed multiobjective symmetric duals

Consider the following pair of multiobjective higher order mixed symmetric dual programs:

Primal problem (HMP)

K-minimize

L($17$27yla?/2,p»Q) = {fll(l'l?yl)—l_hi(xl:ylvpl)_p{vplh%( 7y pl Z)\
[vylfil(x17 y1> + Vpihil(xla y17pi)} + f12<1’2, y2) + h%( Y 7CI1)
_q,-lrvmh%<x2ay2 Ch) "7fll<x1 y1)+h‘l1( l>yl>Pl>_

l
Vplhl<x y pl TZAzV f ZE y)_{_vpzhzl(l' y pz)}
=1

R ) + R ) — VA o q»}
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subject to

l

- (Z N[V fi(zhyh) + Vpihi(xl,yl,pi)}) €C; (4.1)
i=1
!

- (Z N[ Ve f7 (2%, y) + Vg, hi (22, 42, qz-)}) € C; (4.2)
i=1
TZA T ) + )] 20 (43)

x! GCl,x €eCy,A>0and \Ne=1

Dual problem(HMD)

K-maximize

l
M(u', u?, vt v? rs) = {fll(ul,vl)—i—gi(ul,vl,rl) — iV, g (Wt vt ) Z

[vxlfil<ulavl) +vrigi1<ulavla7ai)} +fl2(u » U )+gl(u , U 751)

S?V51g%(u27v27 Sl)? c fll(ulﬁvl) +gl1(u17vl7rl)

l
Vgl (' o' m) — (W™ N[V fl (! 0h) + Vgl (u' 0" )]

=1

2 2

P22 0%) + 00, 1) — STV g2 v >}

subject to
Z)\ A fi W ) + Vgt (W ot )] € CF (4.4)
Z)\ Ve fH (0, 0*) + V07 (u®, 0, s;)] € Cf (4.5)
Z)\ Ve f(u*,0°) + Vg7 (u?, 0%, 5;)] £0 (4.6)
vt e OQ,U € Cy,A>0and Me=1.
where

(i) f1: Rl x RIK — R f2. R2l x RIK2l 5 R
gl : RVl x Rkl RIKil s R g2 - RI2I x RIE2 x RIE2l 5 R
hl: RNl x REl x RN R h? Rl x RIF2l x RI2l 5 R

it =1,...,1, are differentiable functions.
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(ii) Cy,Cy,Cs, Cy are closed convex cones in RVl R RI2I RIK2| with non-empty interi-

ors, respectively.
(1ii) CF,C5,C5, Cy are polar cones of Cy, Cy, Cy, and Cy respectively.
(iv) p; € Rl r; € RIK1 g, € RVl s, € RIF2L

(v) e=(1,...,1)T is a vector in R".

Theorem 4.1(Weak duality) Let (z', 22 3!, v* p,q) and (u',u? v',v% r,s) be feasible solu-

tions of (HMP) and (HMD), respectively. Let for i =1,2,...,(

(i) fl(-,v') is higher order (F,ay,p},d})-convex at u' with respect to g} (u',v',r;) and

f2(-,v?) is higher order (F,ay, p?,d?)-convex at u? with respect to g?(u?,v?, s;).

(1) -f}(z!,-) is higher order (G, ay, p},d})-convex at y' with respect to —h}(z!,y' p;) and
—f%(2?,-) is higher order (G, ag, p?, d?)-convex at y* with respect to —h?(x?, 32, ¢;).

(i) either

l

@ SAP @@+ A @0 20 o
B DA+ 2@ 20 o

() pi 20and pf 20V i

where the sublinear functional F': R" X R" x R® - Rand G : R x R x R™ — R

satisfy the following conditions:
(iv) F(z,u;a)+a;ta™u! 20,V ac CF.
(v) F(x,u;b) + a5 'bTu® = 0,V b e Cj.
(vi) G(v,y;¢) +a; Tyt 20,V c € Cf.
(vii) G(v,y;d) + ay*d™y?> 20,V d € C;.
Then
L(xl,xQ,yl,yQ) ﬁ M(ul,u2,vl,02,r,s).
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Proof Assume to the contrary that
L(z", 2%, y' %, p, q) < M(u',u?, vt 02, r, s)
or
fiat gt + ity p) — () Viyhi (et gt p) TZ& Lyt
+Vphi (et yt )] + f (@ y®) + Ry ) — quhf(w Y )
< S gl )~ 0 gl )~ O AT )
—|—Vngl-1(u1,vl,n)] + fR(u?,v?) + g2 (u? v s) — (Si)TVsigf(uQ,UQ, si),i=1,2,...,1L

Since A > 0 and \¢; =1

l l

ZA{ y') +hi(z ,yl,pi)—(pi)TVpihil(wl,yl,pi)—(yl)TZ [V £l (2 yh)

+Vphi (et gt po)] + @ 0?) + R 0P ) — af Vahi (@ v? g }

<Z)\{ Y+ gt (ut ot ) — (r)T Vg (Wt ot ) Tzl:)\z Vo fHut,v!)
i=1

—|—V,«igi1(u1,'ul,n)} + fR(u?, %) 4 g2 (u?, 02, 55) — (5:)T Vi, g7 (u?, 07, sl)] (4.7)

Since (z',y', 22 y*, \,p,q) and (u',v',u* v? r,s) be the feasible for (HMP) and (HMD),
a;g(x,u) > 0, by the dual constraint (4.4), the vector

!
a=aj(x,u) {Z Ai [vxlfil(ula Ul) + Vmgil(ul, Ul’ TZ)]} €y

=1

and so from the hypothesis (iv), we obtain

Fou(a) +arta®ut 20
Similarly

Fou(®) + a3 b u? 20

for the vector

l
b= 062(1], U) |:Z >\Z [v12f1'2<u27 U2) + vsig?(u27 U2) Sl)] S C;

=1
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Similarly
Ghye) +ar'c'y' 20
for the vector
I
c=—a1(v,y) [Z M [V fH ') + Vbl (!, yl’pi)]:| e C;
i=1
Similarly
Goy(d) +az'dy* 2 0
for the vector
I
d=—ay(v,y) [Z N[V [, 47) + Vo hi (2%, 7, ql)}] e Cy
By higher order (F,ay, p\”, d\")-convexity of f1(-,v),i=1,...,1 wr.t g-(u',v",r;), we have
filah,oh) = fi(uh,oh) = gi (u' 0l i) + (1) Vg (u' 0t )
2 Fro ol [V £ 01) 4 gt o1 4t
It follows from A > 0 and sublinearity of F' that
S ) = £ ) = g ) + () gl o)
i=1
I

2 Fro ol ) (ST 0 01) + gt o] ) |+ ko)

i—1
(4.8)
By higher order (F, Ozg,pZ ,d( )-convexity of f2(-,v),i=1,...,l wrt g>(u®v?s;), we have
fi(@?,0%) = fE(w?,0®) = gi (u?, 0%, i) + (s)" V.97 (u?, U2 ) 8i)
= F,. |:042(l’,u> (Vo f2(u?,0%) + V07 (u®, 0*, 57) } + Z)\Zpl (d2(z,u))?

=1
Since A > 0 and sublinearity of F' that

Z)\ [f7(2*,0%) = fF(u?0°) — g (u*, 07, ;) + 5] g7 (u®, v°, ;)]
2 Fpu |:CYQ($, u) (Z by [szff(uz, v?) + Vi, g2 (u?, v?, 32)])]
i=1
!
) N} (,w))? (4.9)
i=1
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Add (4.8) and (4.9), we get

Z)\ +f2($ v ) f’l(ulavl)_fi2<u27v2)_gil(ulvvlari)_FT?
vTigi (U 7U17 ri) - g?(u27 U27 Si) + Srzrv&giz(u27 U27 Sz)}
l

I
> Fp, {041(55, w) (Z N(Vo fHut 0" + Vo, g1 (u' 0!, SZ)>:| + Fpu {az(x, u) (Z Ai
i=1 1=1

[V 0,0 + Vgt 8] )| + N[ @b + 2o )

By hypothesis (iv), (v), and (iii), we get

ZA D fR ) = St ot = FR %) = gl (ot )
+rvangz (u U 7”) - g?(’U,Q, U27 Si) + Szrvs«;gz?(uQv /027 51):|
> —a;ta"ut — ay b (4.10)

Similarly, using hypothesis (ii), (v), (vi) and (iii) and A > 0, a2(v,y) > 0 and sublinearity of
G, we get
ZA )+ F2 @7 — it oh) = fR(2P0%) + bty )
Tvplhzl (I’ 'Y 7pz) + h?(gj‘Q, y27 QZ) Tv(hh?<x27 y27 Ql)}

> —a;tc 'yt — aytdTy? (4.11)

Adding (4.10) and (4.11), we get

ZA y') + f2(? ) — fluh o) = fRP0%) + hi(ah yt pe) + ol Vi (2 Y i)
+h22([£ Y aQi) —q; tih?(l‘Q, y27 QZ) - gil(ula Ula ri) + TiTvrigil(ula Ula Ti) - g?(uga U27 Si)
+5; Vi, 07 (W 0%, 85)] 2 —arta"u' — a3 0w — a7yt — aytdTy?

Put the value of (a),(b),(c) and (d), we get

ZA )+ Bt gt pi) — PV, hh(at i) + f2(a% 52) + B2, o2, )

—q; vtthQ( Y )Qz) - fil(u17vl) - fi2(u27v2) - gil(u17 Ulfn’) + TZ-TV,”gil(ul,Ul,Ti>
_g?(u2> U27 Si) + vasig?(UQ, U27 52>:|
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> —(u')? Z i [Vm1fi1(u1, o) + V,.gi (ut, o', 7’1)] — (u*)T Z i [szff(UQ, v?) +

=1 i=1

!
Vegi (0% )] + ()T YN[V £l @ty + Vi hi(at gt p)] +
i=1

(y2)T Z /\Z [vy2fz'2(x27 yQ) + vlhhzz(x27 y27 %)]

which implies

l

l
Z)\ |: +h1( 7y17p7l) - (pi)Tvpihil(xlaylapi) - (yl)TZ)\Z [vylfi1($17y1)
i=1

+Vphi (et yt p)] + fE @y + B (2% 0%, 4) — 6 Vo hi (g7, Qi>:|

> Z i [ )+ g (ut vt ) — iV, g (ut ot ) — (uh)T Z N[V fl(ut oh) +

Vn'gil (ula vla Tz)} + fzz(uga U2) + gi2<u27 U27 Si) - Szrvs«;gz?(u27 U2> sz):|

Vo f2(u? 0?) 4+ Vi, g2 (u?, 0%, 55)) = 0

) AT
AT

T
and () V202 02) + Vah2 (@22 ) = o]

which contradicts (4.7)

Hence

L(a:l? y17 "'E27 y27 A7]?7 Q> ﬁ M(u17 Ul? u27 ,U27 >\7 r? S)
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