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ABSTRACT

The intent of this dissertation entitled, “FIXED POINT THEOREMS ON
CONTRACTION AND COMMUTING MAPPINGS” embodies a brief account of
investigations carried out by various authors on existence of fixed points of self-mappings
in metric spaces under the supervision of Dr. Jatinderdeep Kaur, Lecturer, School of

Mathematics and Computer Applications, Thapar University, Patiala.

The aim of this work is to study and obtain some result on existence and
uniqueness of fixed points. Fixed point theory has wide ranging application in many
areas of mathematics. For example, in finding the solution of the system of linear
equations, in proving the existence of solutions of ordinary and partial differential

equation, integral equations, analysis and many other disciplines.

The whole work is divided into four chapters. Chapter | is introduction
which includes brief account of definitions and results which will be required for the later
chapters. In chapter I, we have studied Banach Contraction Theorem which guarantees the
existence and uniqueness of fixed pointsof certain self-maps of metric spaces and
application of Banach Contraction Theorem to system of linear equations. The aim of
chapter 111 is to study the generalization of Banach Contraction Theorem obtained by Meir-
Keeler in 1969. Chapter IV is concerned with common fixed point theorem for two pairs of
commuting mappings satisfying Meir and Keeler type conditions.

At the end of the present dissertation, we have added some references of research

papers and books cited in the dissertation.
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R — Set of real numbers.
N — Set of natural numbers.
R"— Euclidean n-space.

€ — Belongs to.

C — Subset.
Vv — For all.
= — Implies.

3 — There exists.
[a, b] - Closed interval.
] a, b [- Open interval.

] a, b ] - Semi-open interval

NOTATIONS
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CHAPTER-I

INTRODUCTION

1.1 INTRODUCTION

A fixed point of a function is a point that is mapped to itself by the function. Let X be any
non-empty set. Given a function f: X — X, a fixed point of fis a point x € X such

that f(x) = x, that is, a point which remains invariant under the mapping f.

In graphical terms, a fixed point means the point (x, f(x)) is on the line y =
x, or in other words the graph of f has a point in common with that line. The

example f(x) = x — 1 is a case where the graph and the line are a pair of parallel lines.

Fixed point theory has wide ranging application in many areas of
mathematics. For example, in finding the solution of the system of linear equations, in
proving the existence of solutions of ordinary and partial differential equations, integral

equations, analysis and many other disciplines.

The first fixed point theorem was given by Brouwer [2] in 1912 which states that
“Every continuous map of the closed unitball § = (x:||x|] < 1) in R™to itself has
a fixed point”, but the credit of making concept useful and popular goes to Polish
mathematician Stefan Banach who proved the famous contraction mapping theorem in
1922 which states that “Let (X,d) be a complete metric space and let T:X — X be a
contraction on X. Then, T has a unique fixed point in X”. The Banach contraction
theorem [1] is one of the most important and useful results in the metric fixed
point theory. It guarantees the existence and uniqueness of fixed points of certain self-maps

of metric spaces, and provides a constructive method to find those fixed points.

This theorem was generalized by various authors including those of Rhodes, Park
and Moon [12], Cho, Khan and Singh [3], Jungck [5], Kumar [6], Meir and Keeler [7], Pant
[9], Pathak, Cho and Kang [10], Seesa [13] etc.

In the present dissertation, some results of above mentioned authors have been
studied.



1.2. DEFINITIONS

Here, we give a brief account of definitions and results which will be required for the later
chapters. However, some of the definitions and notations will be repeated occasionally in

various chapters for the sake of convenience.

METRIC SPACE ([4], p.11)

Let X be a non-empty set. A function
d:XxXX—->R
IS said to be a ‘metric’ or ‘distance function’ on X if it satisfies the following conditions:
(Ddxy)=0, Vx,y€EX;
(i)d(x,y)=0iff x =y, Vxy€ELX;
(iid) d (x,y) =d (y,x), Vx,yE€ELX; (symmetry)
(iv)d(x,z <d (x,y) +d (y,2), Vx,y2z€X; (triangle inequality)

The ordered pair (X, d) is called a ‘metric space’.

Example: Let X = R, the set of all real numbers. For x,y € X, define

d(xy)=|x—yl
Then (X, d) is a metric space. This is called the metric space R with the usual metric and we

denote it by R,,.

SEQUENCE ([4], p.5)

A function f: N - X, where X is any set, is called a sequence in X. A sequence is usually

denoted by {x,, }.



CONVERGENT SEQUENCE ([4], p.47)

Let (X, d) be a metric space. A sequence {x,} in X is said to be convergent sequence if there

is a point x € X such that for each & > 0,3 a positive integer N such that
d(x,,x) <e&,foralln = N.
We usually symbolize this by writing

X, =>x or limx,=x

n—-oo

and we express it by saying that {x,, } converges to x.

The element x is called the limit of the sequence {x,,}.

. 1 .
Example: Consider sequence {a,} = -~ Given € > 0, however small, we choose a

natural number m such that

m>¢ => —<¢
m

Thus, sequence {a,, } converges to 0.

CAUCHY SEQUENCE ([4], p.52)

A sequence {x,} inametric space (X,d) is said to be a Cauchy sequence if for each £ >

0, 3 a positive integer N such that

d(xXpm,x,) < e,Ymn =N

REMARK: In a metric space every Convergent sequence is a Cauchy sequence. But the

converse is not true which can be shown by next example.



Example: Let X =1]0, 1] be the metric space with usual metric and {x,, }, wherex,, =

1
n 1
be asequencein X.

Then {x, } is Cauchy sequence since for each ¢ > 0, we have

1 1

m n

d (xm'xn ) =

< g, vyvmn >—- |,
£

i.e.,d (x,,x,) > 0,but0 ¢ X.
Therefore {x,,} is not convergent sequence.
If we take X = [0,1], then the sequence {x,, } is Cauchy as well as Convergent.
COMPLETE METRIC SPACE ([4], p.55)

A metric space (X, d) is said to be complete if every Cauchy sequence in X is convergent.

In other words, (X,d) is a complete metric space if, whenever the sequence {x,} in X

is such that d (x,,,, x,) — 0asm,n — oo, then x € X with d(x,,,x) = 0asn — oo.

Example: Let X be an arbitrary non-empty set. For x,y € X, defined: X X X — R by

(0, if x=y
1 =1 ifres

Then (X, d) is a metric space called as the discrete metric space.

This is a complete metric space.
FIXED POINT ([4], p.-127)

Let (X,d) be a metric space and T: X — X be a mapping, the point x € X is called a fixed

point of T if x is mapped into itself; i.e.

T(x) = x

10



Examples:

> LetX = Rand T: X — X be a mapping defined by T(x) = x2. Then the points 0

and 1 are two fixed points of T.

» A translation mapping T: R — R defined by T(x) = x + a where 0 # a € R, has no

fixed point.
> LetX = R%?and T:X — X be a mapping defined by T(x,y) = x. Then mapping

have infinitely many fixed points. In fact, all points of x-axis are fixed points.

» LetX=RandT: X — X be amapping defined by T(x) = —.Then x =0 is only

w | x

fixed point.

REMARK: Mapping may not have any fixed point, it may have a unique fixed point, it may

have more than one or even infinitely many fixed points.
CONTRACTION MAPPING ([4], p-128)

Let (X,d) be a metric space. A mapping T: X — X is called a contraction of X if 3 a real

number a with 0 < a < 1 such the

d(Tx,Ty) < ad(x,y), VxyeELX.

Example: Consider the usual metric d for R?and the mapping f: R> — R?; f(x) =

>, Vx€R* where x = (x1,x;). We have

A(f e, f») =d(5.3)

= d (5 ) G y)
-a((3%).3%)

11



1 1
= \/Z (x1 — x7)? +Z(Y1 — ¥7)?

1
= E\/(xl —x2)% + (y1 — ¥2)?

_ 1d(
- E X,y)

Since,

1
d(f ), f() = 5dCy)

Therefore, f is contraction mapping on R?.
STRICT CONTRACTION MAPPING [7]

Let (X, d) be a metric space. A mapping T: X — X is called a strict contraction of X if 3 a

real number o with 0 < a < 1 such that

d(Tx,Ty)< ad(x,y), Vx,y € X.

X

Example: Consider the usual metric d for X =]0, %] and the mapping T: X - X: T(x) = >
V x. Then we have

A1, 1) =d(5.3)

|x

y
2 2
1

—le vl

<alx—y| where05<a <1

= d(T(x),T()) < ad(x,y)

Hence T is a strict contraction.

12



WEAKLY UNIFORMLY STRICT CONTRACTION [7]

Let (X,d) be a metric space. A mapping T: X — X is called a weakly uniformly strict

contraction of X if for given € > 0, there exists § > 0 such that

e<d@xy)<e+ 8 implies d(f(x),f(y)<e

COMMUTING MAPPING [5]

Two self mappings f and g on a metric space (X, d) are called commuting if

(fog) x = (gof) x,forall xeX

Example: Let X = [0, 1] with usual metric defined by
d(x,y) =|x—yl|, forallx,y€X.

and define f(x) = x and g(x) = x%,x € X,

then

(fog) x=f (g(x)) = f (x*) = x*
and

(gof)x =g (f(x)) =g (x) = x*
Since

(fog)x = (gof)x, for all x € X.

Thus both f and g commute for all x € X.

WEAKLY COMMUTING MAPPING [13]

Two self mappings f and g on a metric space (X, d) are said to be weakly commuting if
d(fgx,gfx) < d(fx, gx), VxeX

REMARK: Commuting mappings are always weakly commuting but the converse is

not true which can be shown by following example:

13



EXAMPLE: Let X = [0,1] withd(x,y) = |x — y|, forall x,y € X. Define f,g: X = X by

f)=-= and g(x) = forallxeX.

Then
X X
4 —x 4-2x

d (fgx,gfx) = |

x2

T G- -2%

xZ

<
4 — 2x

1
( <1lasx €0, 1])
4 —x

X X

= -5 = d(fx.g%)

which shows that, f and g are weakly commuting mapping.

X
4 —x

(fog)x

# (gof)x = -

which implies that, f and g are not commuting mapping.
R-Weakly Commuting mapping [8]

Two self mappings f and g on a metric space (X, d) are called R-weakly commuting at a

point x in X if

d(fgx,gfx) < Rd (fx,gx), forsomeR > 0
Example: Let X = [0, 1] with usual metric d(x,y) = |[x —y|,V x,y € X.

Define f(x) = xand g(x) = x2.
Sinced (fgx,gfx) = 0, d (fx,gx) = |x(x—1)|, forall x in X.

And also d(fgx, gfx) < d(fx, gx)

Therefore, pair (f, g) is R-Weakly commuting for all positive real values of R.

14



R-weakly commuting of type (Ag) [10]

Two self mappings f and g on a metric space (X,d) are called R-weakly commuting of

type (Ag) if 3 some positive real number R > 0 such that

d(ffx,gfx) < Rd (fx, gx), vx € X.
R-weakly commuting of type (As) [10]
Two self mappings f and g on a metric space (X,d) are called R-weakly commuting of

type (Ay) if 3 some positive real number R > 0 such that

d (ggx, fgx) < Rd (fx, gx), vx € X.
R-weakly commuting mappings of type (P) [6]

Two self mappings f and g on a metric space (X,d) are called R-weakly commuting of
type (P) if 3 some R > 0 such that

d(ffx,g9x) <Rd (fx,gx),Vx € X
EXAMPLE: Let X = [0, 1] with usual metric d(x,y) = [x —y|,V x,y € X.

Define f(x) = xand g(x) = x2.
Since d (fgx,gfx) = 0, d (fgx,ggx) = |x*(x — D(x + 1),
d (9fx ffx) = lx(x— DI, d(ffx,ggx) = lx(x—1)(x*+x+1)|
d(fx,gx) = |[x(x—=1)|, forallxinX.
Therefore we conclude that
(i) ForR =3,
Pair (f, g) is R-weakly commuting of the type (Ay),

R-weakly commuting of the type (Aq) and

15



R-weakly commuting of type (P).
(i) ForR =2,
Pair (f, g) is R-weakly commuting of type (As)

and R-weakly commuting of type (A)

but not R-weakly commuting of type(P) (forx = %)

Now, | give a brief chapter wise resume of the results contained in this dissertation.

In chapter Il, we have studied Banach Contraction Theorem which guarantees the
existence and uniqueness of fixed points of certain self-maps of metric spaces and

application of Banach Contraction Theorem to system of linear equations.

The aim of chapter 11 is to study the generalization of Banach Contraction Theorem
obtained by Meir-Keeler in 1969.

In chapter IV, we have presented common fixed point theorem for two pairs of

commuting mappings satisfying Meir and Keeler type conditions.

16
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CHAPTER - 11

BANACH'S FIXED POINT THEOREM

2.1. INTRODUCTION

In mathematics, the Banach fixed-point theorem [1] (also known as the contraction
mapping theorem or contraction mapping principle) is an important tool in the theory
of metric spaces. It guarantees the existence and uniqueness of fixed points of certain self-
maps of metric spaces, and provides a constructive method to find those fixed points. The

theorem is named after Stefan Banach (1892-1945), and was first stated by him in 1922.
FIXED POINT ([4], p.127)

Let (X,d) be a metric space and T: X — X be a mapping, the point x € X is called a fixed

point of T if x is mapped into itself; i.e.
T(x) = x
Example: A mapping T:R — R defined by T(x) = x> have three fixed points namely

0,1 and —1.
CONTRACTION MAPPING ([4], p-128)

Let (X, d) be a metric space. A mapping T: X — X is called a contraction of X if 3 a real

number ¢ with 0 < a < 1 such that
d(Tx,Ty)< ad(x,y),Vx,y € X.
Example :

Consider the usual metric d for R?and the mapping f: R> — R?%: f(x) = %,Vx € R?,
where x = (xq,x;). We have

17
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<

d(f e, f») =d(3.%)

=d G (x1'3’1)& (sz’z))

- oG )G %))

1 2 1 2
= 1—6(x1—x2) +1—6()’1—Y2)

= i\/(x1 —x2)* + (y1 = ¥2)?
= %d(x,y).

Since,

d(f@.f o) =74 (5.%)

Therefore, f is a contraction on R?.

The aim of this chapter is to study Existence and Uniqueness of Banach fixed points and

also to study the application of Banach contraction theorem to system of linear equations.

2.2 MAIN THEOREM

THEOREM (Banach Contraction Theorem) ([4], p-128): - Let ( X,d ) be a complete
metric space and let T : X — X be a contraction on X. Then, T has a unique fixed point

inX.
PROOF: Let a € [0, 1] be the Lipschitz constant such that
d(Tx,Ty) < ad (x,y), Vx,y € X.

We prove the theorem in various steps.

Step (i) We construct a sequence {x,} < X as follows:

18



Take ant point x, € X and inductively construct the sequence {x,, } of points in X as:

X1 = TXO
— — 2
Xy = T X1 = T X

X3 = TXZ = Tng

x, = Tx,_1 = T" x,

Clearly, {x, } is the sequence of images of x, under repeated application of T.

Step (i) {x} is a Cauchy sequence in X.

Letm < n.Then

d (Xm, Xn)

<

d (Tm Xo, Tnxo)

ad (T™ 1 xy, T 1xp)

a™ d(xg, T" ™ x,)

a™[d (xo, Txg) + d (Txg, T?x0) + oo+ d (TP ™ Ly, TV ™xp)]

(by triangle inequality)

a™ [d (xo, Txg) + ad (xo, T x¢) + ... +a™ ™1 d (x0, Txp)]

a™[1+a+a?+-+a” ™ d( x,T xp)

m

a
md(xo,TxO), (OS a < 1)

0; asm — oo

Hence {x, } is a Cauchy sequence.

19



Step (iii) Since X is complete and {x,, } is a Cauchy sequence in X, therefore there exists a x

eXsuchthat x, - x.

Step (iv) x is a fixed point of T.

We have
d(x,Tx) < d(x,x,) + d(x,,Tx) ( by triangle inequality)

< d(x,x,) + ad(x,_1,%) (v xp = Txp_1)
- 0, asn—> o (By step (iii))

= d(x,Tx) = 0

x = Tx

Hence x is a fixed point of T'.

Thus the existence of a fixed point is established.

In the last step, we verify the uniqueness of such a fixed point.

Step (v) x is a unique fixed point of T.
Let if possible, x and y be two fixed points of T in X.
ThenTx =xand Ty = y.
Now, note that
d(x,y)=d(Tx,Ty)
Now by definition of contraction mapping, we get
d(xy)=d([TxTy) <d(xy)
= d(x,y) =0

= X =y

This completes the proof of the theorem.

20



REMARKS:

(i) If X is not complete in above theorem, then T may not have a fixed point.

For example, consider X =]0, 1[ and the mapping T: X — X defined by (x) = g .

Then X is not complete metric space with the usual metric and T does not have any fixed
point. In fact, T (0) =0 & X.

(ii) If T is not contraction in above theorem, then it may not have a fixed point.

For example, consider the metric space X = [1, oo with the usual metric and the mapping
T:X - Xgiven by T(x) = x+§. Then X is a complete metric space but T is not a

contraction mapping. In fact,
1
)T ==y (1 =) <lr—yl  vxyex

2.3 APPLICATION TO SYSTEM OF LINEAR EQUATIONS

Here we discuss an application of Banach contraction theorem to find the solution of the

following system of n linear equations with n unknowns:

a1 xy + apxy; + o+ agx, = by )
ar1x1 + axpx; + ... + ax,x, = by
> (2.3.1)
A1X1 + QX + oo Fapx, = b,
This system can be written /
x1= (1= a11)x1 - apxz — oo — ApXy + by \
Xy = —a1% + (L —az)x; - azXx3 — .. — QpXy + b
X3 = —az1X1 - A3p%; + (1 — azz)x3 — ... — agpx, + b3 >
(2.3.2)
Xn = —Qu1X1 = AuaXp = Ap3¥3 — .. + (1 —ap)x, + by

21



By Iett'ng ai]' = _aij + 611 , where

5 _{1fori=j
Y70 fori #j

System (2.3.2) is equivalent to the following system:

n
X; = z ai]' xj + bi i = 1, 2, 3, ., n (233)
j=1

If x = (x1,%2,...,%,) € R"and

a1 aqp e Qg
az;1 dzp e Qo

o~

Il
—
N~

A1 Qng e Gy
and = (by, by, b3, ..., b)) € R™, then the system (2.3.3) is equivalent to

x =Ax + b (2.3.4)

In other words, the problem is to find the fixed point of the transformation T: R™ - R"
defined by

T(x) =Ax+b (2.3.5)

If T is a contraction mapping, then we can use Banach Contraction Theorem and obtain the
unique solution of T(x) = x by the method of successive approximation.

The condition under which T is a contraction mapping depend on the choice of the

metricon X = R™.

THEOREM1 ([11], p.128): Let X = R™ be a metric space with the metric

doo (x,y) = max x; = y; |

n
z |al-j| <a<l foralli=1,2,..,n (2.3.6)
j=1

22



then the linear system (2.3.1) of n linear equations in n unknowns has a unique solution.

PROOF: Since X = R™ with respect to the metric d., is complete it is sufficient to prove

that the mapping T defined by (2.3.5) is a contraction

n

Ao (T, T®)) = max | ay (= 9

j=1

1<i<n

n
< max Z|aij 1, — vil
=1

n
< max (sl 1) 2 ol
j=1

n

fg&%Zlaz‘j |doo(x,y)

j=1

< ad,(x,y) (By (2.3.6))

Thus T is a contraction mapping. By Banach Contraction Theorem, the linear system has a
unique solution.

THEOREM 2 ([11], p.128): Let X = R™ be a metric space with the metric

di(x,y) = Z |%; — vil
i=1

n

Z oyl <a Yj=12..,n (2.3.7)

i=1
Then the linear system (2.3.1) of n linear equations in n unknowns has a unique solution.

PROOF: Since X = R™ with respect to the metric d; is complete, it is sufficient to prove
that the mapping T defined by (2.3.5) is a contraction

n

a(T.TM) = ) | @y - )
i=1

j=1

23



= | [|% = ¥

Iai,-llx,-—y,-I

n
< max 2'“”’ |d1 (%, )
i=1

By using (2.3.7), we get

di (T(x), T(y)) < ad;(x,y).

Thus T is a contraction mapping. By Banach Contraction Theorem, the linear system (2.3.1)
has unique solution.

THEOREM 3 ([11], p.129): Let X = R™ be a metric space with the metric

n 1/2
dy(x,y) = <Z|Xl _yi|2>
i=1
I
n n
oy  <a? <1 (2.3.8)
i=1 =1

Then the linear system (2.3.1) of n linear equations in n unknowns has a unique solution.

PROOF: Since X = R™ with respect to the metric d, is complete, it is sufficient to prove
that the mapping T defined by (2.3.8) is a contraction

2
n n

[d2(ro. TN = ) 1> ay (- )

i=1[j=1

n n n
< Q| 2 tat ), =)
1 \j=1 j=1

n n n
2 2
< Dllasl Dy =l
j=1 j=1

i=1

24



So,

[T TON < ) > Jay | da G »)
i=1j=1
By using (2.3.8), we get
[d2(TC), T < a?dy?(x,y)

Therefore, T is a contraction mapping and by hypothesis of Banach Contraction Theorem,
the linear system (2.3.1) has unique solution.
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CHAPTER-III

GENERLISATION OF BANACH FIXED POINT THEOREM

3.1 INTRODUCTION

In 1969, Meir and Keeler [7] generalized the well-known Banach fixed point theorem [1]

which states that if there exist an o < 1 such that for all x, y € X

d(f(),f() < ad(xy) ~(3.1.1)
then f has a unique fixed point i.e. a point & such that f(§) = ¢.

In this section, (X, d) will be a complete metric space and f be a mapping of X into itself.

For a function f(x) on the points X in X, we
call £(x), f(f(x)) = f2(x),..,and f(f"1(x)) = f™(x) the iterates of x and denote
them by x,,.

This well known Banach Contraction Theorem has also been extended by many other

authors in different way.

In this chapter, we discussed the generalization of Banach Contraction Theorem by
considering strict contraction mapping instead of contraction mapping. The strict

contraction mapping is defined as follows:
STRICT CONTRACTION MAPPING [7]

Let (X,d) be a metric space. A mapping T: X — X is called a strict contraction of X if 3 a

real number o with 0 < a < 1 such that

d(Tx,Ty)< ad(x,y), Vx,y € X.

Example: Consider the wusual metric d for X=]O,%] and the mapping

2
X
T:X - X: T(x):7, Vx€EX.

Then we have
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2 2
d(T(),TH)) =d <x7y7>

1
= El(x - +y)l

1
=S lx=yllx+y]

<alx—y|
= d(T(x),T(y)) < ad(x,y), where 0.5 < a < 1

Hence T is a strict contraction.
WEAKLY UNIFORMLY STRICT CONTRACTION [7]

Let (X,d) be a metric space. A mapping T: X — X is called a weakly uniformly strict

contraction of X if for given € > 0, there exists § > 0 such that

e<d@xy)<e+ 8 implies d(f(x),f(y)<e ..(3.1.2)

3.3 LEMMAS: The proof of our result is based upon the following lemmas given by Meir

and Keeler [7]:

LEMMA 1 [7]: If f: X — X is a strict contraction and if, for every x € X, the f™(x) form a

Cauchy sequence, then f has a unique fixed point and forany x € X

lim, o f™ (x) = &
holds.
PROOF: Due to the completeness of the space X each f™(x) has a limit point &(x).

By the continuity of f we have
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fEG)) = f(lim f7(x))

limy, e f(f" (%))
= lim, e f"* (x)
=)

Thus &(x) is a fixed point and therefore all £(x) are equal.

LEMMA 2 [7]: Condition (3.1.2) implies that
d (Xn, Xn41) 4 0
PROOF: We prove it by contradiction.
Letc, =d (x,,, Xp41)-
Let us assume that € be the lim inf of c,,.
Letd(x,y) = ¢, then condition (3.1.2)
=  d({f(),f) <dxy)
= d(f(x) f(xp41)) < d (X, Xny1)

= d(xn+1'xn+2) < d(xn'xn+1)

which implies c,, is a decreasing sequence with n.
Then condition (3.1.2) implies ¢, 1 < &, contradiction.

Hence c,, decreases to 0.

3.3 MAIN THEOREM

The main result of this chapter is the following theorem:
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Theorem [7]: Let (X, d) be a complete metric space and f be a mapping of X into itself, if
for givene > 0, 3§ > 0 such that

e<d@xy)<e+d implies d(f(x),f(y)<e ..(3.3.1)

holds, then f has a unique fix point &. Moreover, forany x € X

lim f7* (x) = ¢

n—-oo

PROOF: We first observe that equation (3.3.1) trivially implies that f is a strict contraction
i.e.forx # yandletd (x,y) = ¢ then

d(f(),f(¥) < dxy)
Thus f is a continuous and has at most one fixed point.

Now by Lemma 1, our theorem will be established if for each iterates {f"(x)} = {x,} are
Cauchy sequence and f is a strict contraction, then f has fix point ¢ to which all iterates

converge.

We now show that V x, the iterates x,, = f™(x) are Cauchy.

Select any ¢, and its corresponding & (¢).

Without loss of generality, we can choose § < «.

Because by Lemma 2 the c,, | 0, we can choose M such that ¢, < 6 foralln > M.
Next we show that forn > M we have, d (x,,x,4;) < €+ 6,V

We prove it by induction.

For j=1,d (xp, xp41) = ¢, < 6 < € + 6.

Need to show if d (x,,,x,4;) < € + &, thend (x, Xp4j41) < € + &

There are two cases:

Case 1: If d(x,, x,4;) < &, then by triangle inequality
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d (X, Xn4j+1) < d (Xn, Xniy) + d (o)) Xpgj41)

<d (xn,xn+j) + Cuyj
<e+d

Case2:ife < d (xp,xn4j) < e+ 6

Then 3.3.1) = d (f (xp), f(xn4j)) < €

d (Xp+1 Xntj+1) < €
butd (xp, Xp4j+1) < Cn + d (Xnt1, Xn4j+1)
<6+ ¢
< 2¢ (forany arbitrary ¢)

Hence sequence {c, } is Cauchy sequence.
Hence by Lemma 1 our main result holds.

REMARK [7]: Meir-Keeler condition is weaker than Banach’s condition, which can be

shown by the following example:
EXAMPLE: Consider f(x) = x? on [0,0.5] and d(x,y) = .5 — x.

It satisfies Meir-Keeler condition but not Banach’s condition.
Ford (f(x),f(y)) =.5%- x2= (5 + x) (5- x)

But (.5 + x) can be chosen bigger thanany a < 1.
=>d(f(x), f»)) < ad(x,y), where a > 1.

So it does not satisfy the contraction mapping.

Hence, it does not satisfy Banach’s condition.

Now by condition (3.3.1)
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e <d(xy) < e+ 4.
Let 5 (e) = &2
e <d(xy) < e+ &
e < 5-x<¢e+ €
-54+&e< —x<-5+¢+ &
S5—e>x>5—¢— ¢

Now .52 — x2 = (5-x) (5 + x)
< (e+ eH)(1-¢9
=e(1l+eA-¢

=e(1- €%

Hence it satisfies Meir-Keeler condition (3.3.1).
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CHAPTER-IV
COMMON FIXED POINTS OF TWO PAIRS OF

COMMUTING MAPPINGS

4.1 INTRODUCTION

In 1969, Meir and Keeler [7] obtained a remarkable generalization of the Banach

contraction principle which satisfies the following Meir and Keeler type condition:

Let (X,d) be a complete metric space and f a mapping of X into itself if for givene > 0,
34 > 0such that

e<dxy <e+ 6 implies d(f(x),f(y)) < €
holds then f has a unique fixed point & Moreover, for any x € X
lim f*(x) = ¢&.
n—oo

In 1986, R. P. Pant generalized Meir and Keeler theorem to obtain a common fixed
point theorem for two pairs of commuting mappings satisfying Meir and Keeler type

condition.

In this chapter, we have discussed common fixed point theorem for two pairs of commuting

mappings.

COMMUTING MAPPING [5]
Two self mappings f and g on a metric space (X, d) are called commuting if

(fog) x = (gof) x, Vx € X.
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X

Example: Let X = [%,2] and define f,g: X - X by f(x) = %1 and g(x) = xsi,x €

X,
then
x+2 x+7
(fog)x = f (90 = f (5—) = 5
and
x+1 x+7
(goN)x = g F) = g (5-) = &
Since

(fog)x = (gof)x, forallxe€X.

Thus both f and g are commuting mappings.

4.2 MAIN THEOREM

THEOREM [9]: Let P and S be commuting mappings and Q and T be commuting mappings

of a complete metric space (X, d) into itself satisfying the conditions:

Givene > 0,3 ad (e) > 0,6 (¢) being a non-decreasing function of €, such that Vv x,y
inX,

e < max{d(Sx,Ty),d(Px,5x),d(Qy,Ty)}<e+ 6
= d (Px,Qy) < ¢ .. (4.2.1)
Px = Qy whenever Px = Sx,Qy = Ty. .. (4.2.2)

If the range of T contains the range of P and the range of S contains the range of Q and if
one of P, Q, S, and T is continuous then P, @, S and T have a unique common fixed point z.

Further, z is the unique common fixed point of P and S and of Q and T.
Proof: From (4.2.1), we have for all x, y in X such that Px # Sx,Qy # Ty
d (Px,Qy) < max{d (Sx,Ty),d (Px,5x),d (Qy,Ty)} . (4.2.3)

and since 6 (&) is non-decreasing function of € > 0, there exists & > 0, such that

g€ < e <&+ §(£)orequivalently
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max {d (Sx,Ty),d (Px,5x),d (Qy,Ty)} = ¢
= d( Px,Qy) < ¢, g£< ¢ .. (4.2.4)

Let x, be an arbitrary point in X. Since the range of T contains the range of P and the range
of S contains the range of Q, therefore we can choose a point x;and the a point x in Xwe

have Px, = Tx; and Qx; = Sx,.

Proceeding in this we can choose x,,, choose a point x,,,,; and then a point x,,,,, such that

Pxyp, = TXzp41and QXzn41 = SXxzpn41. Then
d (Pxzn, Qx2p41) < max {d (Sxzn, TX2n41), d (PX2n, Sx25), d (QX2n 41, TX2n41)}
= max{d(5x2,, Tx2n41), d(TX25 41, SX25), A(QX3p 41, PX2y)}
= max{d(Sxzn, TX2n+1), d(QX2n+1, PX20)}

= max {d (Qx2n—1, Px2,),d (QX2n+1, PXx2,)}

d (Qx2n—1, Px2y).
Similarly,
d (Qx2n—1,Px2y) < d (Px2p—2,Q%3,_1).

Last two inequalities implies that both d (Pxy,,Qx,4+1) and d(Qx2,4+1, PX2n42) are

monotone decreasing sequences of positive real numbers.

Next we prove that

lim d(Px2n, Qxzn41) =0 = lim d(Qx2n+1, PX2n42)-
Let if possible
lim d(Px2n, QX2 41) =T, r > 0.
n—>oo

Then by definition of limit given § > 0, there exist a positive integer N such that for each

integer m = N, we have

r < d(Pxypm, Qxoms1) <T+8 ..(4.2.5)
Or
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r < max{d (Sx2m+2, TX2m+1), d (PXam12, SXom+2), A(QX2m+1, TXom11)} < T+ 6
.. (4.2.6)
By proper choice of § we note that
d (Px3m, Qx2m+1) < 71, Which contradicts (4.2.5).

Therefore,
T}I_r){}o d(Pxzn, QX2n41) = 0
Similarly,
Tll_r)glo d(Qx2n41, Pxan42) = 0

Form this it follows that
{Pxq, Qx1, Px3,Qx3, ... ,PX3,, QX35 41, }
is a Cauchy sequence in the complete metric space X and so has a limit z in X.
Therefore the sequences
{Pxan} = {Tx2n41} and {Qx2,41} = {Sx2n42}
converge to the point z.

Next we have to prove that z is common fixed point of P,Q,S and T if one of P,Q,S and T

is continuous.

Therefore we first assume that the mapping S is continuous. It is given that the mappings P

and S commute, then the sequence {SSx,, } and {PSx,, } converge to the point Sz.
We claim that Sz = z.
Assume that z # Sz, i.e.
d(PSx25, Qx2p41) < max{d (§5xzn, TXx2141), d (PSx3p, S5%2,), d (@20 41, TX2041)}
On lettingn — oo

d(Sz,z) < d(Sz, z), acontradiction.
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Therefore, Sz = z.
Similarly the inequality
d(Pz,Qx2,11) < max{d (5z,Txzn+1),d (Pz,52),d (Qxzn+1, TX2n+1)}
On lettingn — o
d(Pz,z) < d(Pz, z) a contradiction
Therefore, z = Pz.

Since P(x) c T(x), therefore 3 a point z’ in X suchthatSz = z = Pz = TZ'.So

QTz = Qz =TQZ .. (4.2.7)
Further it is given that Q and T commute then z = Qz'.
if not, then
d(z,Qz") = d (Pz,Q2)
< max {d (5z,Tz"),d (Pz,S5z),d (Qz,TZ")}
= d(z,Q2),
a contradiction. Thereforez = Qz' = Tz
From equation (4.2.7) Qz = Tz, whichimplies z = Qz = Tz
let if possible that z # Qz # Tz
d(z,Qz) = d (Pz,Qz)
< max{d (5z,Tz),d(Pz,5z),d (Qz,Tz)}
= d (z,Qz2)
a contradiction.

Hence, z is a common fixed point of P, Q, Sand T.
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Similarly it can be proved that z is a common fixed point of P, @, S and T if T is continuous

instead of S.

Next we suppose that the mapping P is continuous. It is given that P and S commute, then

the sequences {PPx,, } and {SPx,, } converge to Pz.
We claim that Pz = z.
Let if possible Pz + z.
then the inequality
d (PPxzn, Qxan+1) < max {d (SPxzn, TXan41), d (PPX2n, SPx2n), d (QX2n+1, TX2n+1)}
implies that
d(Pz,z) < d(Pz, z), as n—o

which is a contradiction.
Hence z = Pz.
Similarly, the inequality

d (PPx;,,Q0z") < max {d (§Px;,,TZz"),d (PPx,,,SPx,,),d (Qz',Tz")}
implies z = QZ.

Further, we get

Now the inequality
d (Pxy,,0z) <max{d(Sxz,,Tz),d (Sxz,,Px2,),d (Qz,Tz)}
on lettingn — oo and in view of (4.2.4) yieldsz = Qz =Tz.

Since the range of S contains the range of Q, therefore there exists a point z” in X such
thatz = Qz = Sz”. Then

d (Pz",z) = d (PZ",Q2)

< max {d (5z",Tz),d (Pz",52"),d (Qz,Tz)}
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impliesz = Pz’ = Sz".
Since P and S commute therefore, we get PSz” = Sz = Pz = z.
Thus, we have proved that z is again a common fixed point of P,Q,S and T.

Similarly we can show that z is again a common fixed point of P,Q,S and T if Qs

continuous instead of P.
Uniqueness of fixed point:
Let us assume that w is another common fixed point of P and S. Then
d(w,z) = d(Pw,Qz)
< max {d (Sw,Tz),d (Pw,Sw),d (Qz,Tz)}
=d((w,2z)
a contradiction.
Hence, z is the unique common fixed point of P and S.
Similarly, z is the unique common fixed point of Q and T.

This completes the proof of the theorem.

COROLLARY [9] - Let Pand S be commuting mappings and Q and T be commuting

mappings of a complete metric space (X, d) into itself satisfying the conditions:

Givene > 0,3 ad (¢) > 0,6 (&) being a nondecreasing function of €, such that v x, y in
X

1 1
e < max{d(Sx,Ty),d(Px,Sx),d(Qy, Ty,),id (Px, Ty),id Sx,Qy)}<e+é

= d (Px,Qy) < ¢ .. (4.2.8)

Px = Qy whenever Px = Sx,Qy = Ty. ..(4.2.9)
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If the range of T contains the range of P and the range of S contains the range of Q and if
one of P,Q,S and T is continuous then P,Q,S and T have a unique common fixed point z.

Further, z is the unique common fixed point of P and S and of Q and T

PROOF: For all x,y in X we have

and
1 1
Ed (Px,Ty) < 3 [d (Px,Sx) +d (Qy, Ty)].

Therefore condition (4.2.8) is equivalent to
e <max{d (Sx,Ty),d (Px,Sx),d (Qy,Ty)} <e+ 46
= d (Px,Qy) < e.

The conditions of the main theorem are satisfied and therefore the result of the corollary

follows.
Remark [9]: In the main theorem if we take P = Q, S = T identity mapping and

max{d(Sx,Ty),d(Px,Sx),d(Qy,Ty)} = d(Sx,Ty)

then the assumption of non-decreasing character of §(&) can be dropped and we obtain the
Theorem of Meir and Keeler (3.3.1) discussed in chapter Il as a special case of our

theorem.
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