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Abstract

Quantum computing is concerned with computer technology based on the principles
of quantum mechanics, in which operations are performed at the quantum level.
Quantum computational models make it possible to analyze the resources required
for computations. Quantum automata can be classified thusly: quantum finite
automata, quantum sequential machine, quantum pushdown automata, quantum
Turing machine, and orthomodular lattice-valued automata. These models are use-
ful for determining the expressive power and boundaries of various computational
features. In many cases, quantum models are more superior to classical models
in terms of language recognition. Thus, mathematical models of quantum compu-
tation can be view as generalizations of its physical models. Motivated from the
above-mentioned facts, we proposed a variant of two-way quantum finite automata
named two-way multihead quantum finite automata and determined its language
recognition capability.

Moreover, we have proposed a quantum analogue of classical queue automata by
using the definition of the quantum Turing machine and quantum finite-state au-
tomata. Further, we have also introduced a generalization of real-time deterministic
queue automata, the real-time quantum queue automata which work in real-time
i.e., the input head can move towards the right direction only and takes precisely one
step per input symbol. We have proved that real-time quantum queue automaton
is more superior than its real-time classical variants by using quantum transitions.

Classical systems are not robust and capable of describing quantum systems.
Some tasks that are impossible in classical systems can be realized in quantum sys-
tems. The most significant property ‘entanglement’ separates the classical world
from the quantum world. It is one of the most central topics in quantum informa-
tion theory. In fact, quantum many-body systems cannot be simulated by classical
systems because of the increase in size of Hilbert space. In this Thesis, we have ef-
ficiently simulated well-known examples of matrix product state and designed their
quantum finite-state machines (QFSMs) using unitary criteria. Furthermore, the
proposed unitary criterion is used to analyze the dynamic behavior of matrix prod-
uct states with quantum weightless neural networks.

The relationship between the theory of automata and logic had a great influence
on computer science. Linear temporal logic is a widely used method for verification
of model checking and expressing the system specifications. We have investigated
the relationship between quantum finite automata and linear temporal logic. It has
a variable free compact syntax, intuitive semantics, and it can be transformed into
automata more efficiently. Further, we have characterized the class of languages
accepted by quantum finite automata using linear temporal logic formulas.

In the past few years, the research has been focused on applying assets of quan-
tum computing in various areas such as quantum cryptography, quantum machine
learning, quantum neural computation, tensor network theory, quantum dynam-
ics to study behavior of biological sequences, weather forecasting, quantum optics,
quantum chemistry as well as others. We have modeled various ribonucleic acid



(RNA) secondary structure loops such as hairpin loop, internal loop, and double
helix using two-way quantum finite automata. It has been proved that two-way
quantum finite automata can be designed for such structure loops in linear time
with bounded error.

Next, we have explored and examined the implications of the most successful
McEliece cryptosystem in post-quantum cryptography. The proposed cryptosystem
is based on extended Golay code in place of the usual Goppa code. Furthermore,
we have implemented a McEliece cryptosystem based on extended Golay code using
MATLAB.

In recent years, quantum computation is receiving much attention for its capabil-
ity to solve difficult problems efficiently contrast to classical computers. Specifically,
some well-known public-key cryptosystems depend on the difficulty of factoring of
large numbers takes a long time. Furthermore, a quantum variant of classical fac-
torization algorithm named Quadratic Sieve has been designed and its simulation
framework using high-level programming language Mathematica is constructed. Fur-
ther, its simulation results are examined on a classical computer to get a feel of the
quantum system.






Contents

[List of Figures|

[List of Tables|

[List of Acronyms|

G rPublications

(I _Introduction|

(1.1  Quantum Computing| . . . . . . ... ... ... ... ....
(1.2 Quantum Automata| . . . . ... .. ... ... ... ....
(1.3 Organization of the Thesis| . . . . . . .. ... ... ... ..

[2

Review of Quantum Computational Models|

2.3 Quantum Circuit| . . . . . . . . ... ...
[2.4  Quantum Finite State Automata (QFA) . . . ... ... ..
2.5 A Literature Reviewl . . . .. .. ... ... ... ..., ..

[2.5.3  Comparison of various QFA modelsf . . . . . . . . ..
[2.5.4  Closure properties] . . . .. ... ... ... .....
[2.5.5  Simulations of classical counterparts . . . . ... ..
2.6 Some Open Problems|. . . . . . ... ... ... ... ....
[2.7 A Bibliometric Perspective of QFA[ . . . . . . ... .. ...

Two-way Multihead Quantum Finite Automatal

(3.1 Introduction and motivationl . . . . . . . . .. ... ... ..

[3.2.1 Language recognition| . . . . . . . . .. ... .. ...
[3.3  Computational Power of 2MQFA|[ . . . . . . ... ... ...

Quantum Queue Automatal

4.1 Introduction and motivation| . . . . . . . . . . ... ...

X1l

XV

xvii

xVviii

Xix

10
12
20
22
23
24
25
26
26
27

31
31
33
33
36
37



Contents

4.3 Quantum queue automatal . . . . . . . ... 49
[4.3.1 Language recognition| . . . . . . . . ... ... L. 52

(.4 'T'he power of quantum queue automataf. . . . . . . . .. ... .. .. 53
> Quantifying Matrix Product State] 57
.1 Introductionl . . . . . . . ..o 57
.2 Definitions . . . . . . . .. 58
[>.3  Matrix product state] . . . . ... ... 61
B31 GHZstatel . . . . . . . ... .. 61
H.3.2 AKDT statel . . . . . . .. o 62
h.3.3 Cluster statel . . . . . . . ... ... 62
.34 Wstatel . . . ... 63

[>.4  Constructing QESM| . . . . . ... ... oo 63
b4l GHZ statel . . . . . .. 0o 64
42 AKDUT statel . . . . . .00 oo 66
b.4.3 Cluster statel . . . . . .. ... ... . L 68
b44 Wstatel . . ... 68

5.5  Weightless Neural Networks| . . . . . . ... ... ... ... ... .. 70
.ol RAMmnode. . . . . . oo 70
[5.5.2  Quantum weightless neural networks| . . . . . . ... ... .. 71
[5.5.2.1 gqRAM node-quantum neuron node| . . . . . .. . .. 71

(6.6  Quantum Dynamics|. . . . . . . ... ... L 72
[5.6.1  Quantum output extractor modell . . . . . . . ... ... 72
[>.6.2  Experiments and discussion| . . . . ... ... ... L. 75

6 Quantum Omega Automatal 77
6.1 Introductionl . . . . . . . . ... 7
[6.2  Classes of Quantum Omega-Automatal . . . . ... ... ... ... .. 78
[6.3 Language Recognition and Relationship| . . . ... ... ... ... . 80
[6.3.1  Quantum Muller Automaton|. . . . . . . ... ... ... ... 80
[6.3.2  Quantum Rabin Automaton| . . . . . . . . ... ... ... .. 82

6.4 MM-1QFA over Infinite Words|. . . . . . . .. .. .. ... ... ... 82
[6.4.1  MM-1QFA with QBA} . . . .. ... ... ... ... ..... 82
[6.4.2  MM-1QFA with QMA| . . . ... ... ... ... .. ..... 82
[6.4.3  MM-1QFA with QRA] . . . ... ... ... ... .. ... .. 83

[6.5 Closure Properties] . . . . . . . . . ... ... ... 84
[7 Linear Temporal Logic and Quantum Finite Automatal 86
(.1 Introduction| . . . . . . . . . ... 86
(7.2 Preliminaries] . . . . . . . . . . .. 87
(2.1 DITT and classical automatal . . . . . . .. .. .. ... ... 87
[7.2.1.1 Syntax and semantics| . . . . ... ... ... . ... 87

(7.3 MO-1QFA and linear temporal logic[. . . . . . ... ... ... .. .. 89
7.4 MM-1QFA and linear temporal logic] . . .. ... ... ... ... .. 89
[7.5 Latvian quantum finite automata and linear temporal logic| . . . . . . 91

xiii



Contents

[8 Modeling of RNA secondary structures using 2QFA| 92
8.1 Introductionl . . . . . . . . .. ... 92
811 Priorworkl. .. ... ... ... ... ... 93

(8.2 Modeling of RNA secondary structure loops using 2QFA[ . . . . . .. 94
(8.2.1 Hairpinloop|. . . . . . ... .. ... .. 94

[8.2.2  Internal loop| . . . . . . . .. ... 96

823 Doublehelix]. . ... ... ... oo 99

[9 Quantized Quadratic Sieve Algorithm| 101
9.1 Introductionl . . . . . . . . . . ... 101
9.2 Preliminaries and Definitions|. . . . . . . . ... ... ... 102
[9.3  Quadratic Sieve Algorithm|. . . . . . ... ... ... ... ... ... 103
[9.4  Quantum Quadratic Sieve Algorithm| . . . . . . . ... ... ... .. 104
0.5 Simulation and Resultd . . . . . ... ... oo o000 107
(10 McEliece Cryptosystem based On Extended Golay Code] 111
(10.1 Introductionl . . . . . . . . . . ... 111
(10.2 Preliminariesl . . . . . . . . . . . ... 112
10.3 Prior workl . . . . . . ... .. 113
(10.4 McEliece Cryptosystem|. . . . . . ... .. .. ... ... ... .. 114
(10.5 Golay Codes|. . . . . . . . . . . . 114
[10.5.1 Binary extended Golay codes| . . . . .. .. ... ... .... 115

[10.6 McEliece Cryptosystem using extended Golay codel . . . . . . . . .. 116
[10.6.1 Key generation| . . . . . . ... ... 116

(10.6.2 Encoding| . . . . . . . ... .. 117

[10.6.3 Decoding] . . . . . ... ... ... 117

[10.6.4 Security] . . . . . . . . .. 118

[10.7 Implementation of McEliece Cryptosystem using Extended Golay Codell19
(11 Conclusionl 122
(Bibliography| 123

xXiv



List of Figures

[2.1 Representation of a Bloch sphere| . . . . . . . ... ... ... ... . 6
[2.2  Visually representation of a qubit statel . . . . . . . .. ... ... .. 7
[2.3  One-way quantum finite automatal. . . . . . . . . ... ... .. ... 12
2.4  Two-way quantum finite automatal . . . . . ... .. ... ... ... 18
[2.5 Summary of various quantum finite automata models| . . . . . . . .. 20
[2.6 Bounded error inclusion relationship between the languages recog- |
| nized by QFA models . . . . . ... ... oo 24
[2.7  Number of papers per year in areview] . . . . . . .. ... ... ... 30
[2.8 Author’s publications| . . . . . . ... ... o000 30
[3.1 'T'wo-way multihead finite automatal . . . . . . . ... ... ... ... 35
[3.2  Computation process of language L; for the mput x € L| . . . . .. 39
[3.3  Computation process of language L; for the input x & L . . . . . . . 40

[3.4  Computation process of language L, for inputs ababab € L, (left) and
ababbab ¢ L, (right). In the second case, Ms_spora halts with the
two heads leaving at the positions when the symbols do not match. . 44

{4.1  Resultant configurations of a DQA| . . . .. ... ... ... ... .. 48

5.1 Tensor networks (i) Scalar, (i) Vector, (iii) Matrix, (iv) Rank-3 tensor| 58

5.2 Tensor network states (1) MPS, (ii) PEPS, (ii1)) T'TN, (iv) 1-D binary |

I MERAI. . . . . 61
.3 Stochastic finite-state machine of GHZ statel . . . . . . ... ... .. 64
(6.4 Quantum finite-state machine of GHZ state| . . . . . . .. .. .. .. 65
.o Four-state stochastic finite-state machine of AKLI statel . . . . . .. 66
[5.6 Four-state quantum finite-state machine of AKLT state] . . . . . . .. 67
[>.7  Quantum finite-state machine of W state] . . . . . . . . ... ... .. 69
b8 Classical RAM nodd . . . . . ... ... o 71
[0.9  Quantum circuit of gRAM node with single input (o for 0’s and bullet |

| for I's) . . . o o 72
[>.10 Extraction of output qubit and feedback to input register (iterations)| 73
h.11 qRAM node network using an output extraction model] . . . . . . . . 75

1 1
5.12 Dynamics of GHZ state, initial condition: i) = — |0)+——= 1), |sg) =
y )= 10+ =11 |s0)
| 0),[s1)=1[1),lo)=10)[. ... ... ... .. 76
2 1
5.13 Dynamics of AKLT state, initial condition: |i) = 3 |O>+ﬁ 11) ,]s0)

| 0),ls1) =1[1),lo)=10) . . . . . 76

[5.14 Quantum Dynamics of GHZ, AKLT and W state] . . . . ... .. .. 76

XV



List of Figures

[>.15 Von Neumann Entropy ot MPS| . . . . ... .. ... ... ... ... 76
6.1 DMA for language L, | . . . . . . ... .. ... .. . 80
(6.2  QMA for language L, | . . . . ... ... .. L. 81
6.3 QMA for language Ls|. . . . . . . . ... 83
6.4 QRA for language L, . . . . . . . . ..o 84
(1 LT formula evaluationl. . . . . . . . o 00000 88
8.1 Representation ot Hairpin loop structure] . . . . . . . ... .. .. .. 95
8.2 State diagram of Hairpin loop for Ly = ujv™us|. . . . . . . .. .. .. 97
(8.3 Illustration of Internal loop structuref . . . . . . . .. ... ... ... 97
[8.4 State transition diagram of Internal loop for Lo = ujub'usv*wijwiw} . 99
[8.5 Illustration of Double helix loop structure] . . . . . .. ... ... .. 99
[9.1  State after performing partial measurement on calculating Legendre |
| symbol | . . . .. 108
[9.2  Generating exponent vectors| . . . . . . . . . ... ... 109
[9.3  Simulation results for integer n=15347 . . . . . .. ... ... .. .. 109
[10.1 McEliece Cryptosystem using extended Golay codel . . . . . . . . .. 116
[10.2 Generator polynomial matrix Aof Gog . . . . . . . . ... ... ... 119
(10.3 Random permutation matrix P| . . . . . . .. ... ... .. .. ... 119
(10.4 Random invertible matrix S| . . . . . . . . .. ... 120
(10.5 Generate ciphertext by adding intended error| . . . . . . ... .. .. 120
(10.6 Error detection by calculating syndrome| . . . . . . .. .. ... ... 120
(10.7 Decoding of Ciphertext|. . . . . . . . . . . .. ... ... ... ... 121

XVi



List of Tables

2.1 Comparison of MO-1QFA and MM-1QFA[ . . . .. .. ... ... .. 14
2.2 Closure properties of various QFA models, Here, v/, X, — represents |
| that a particular model 1s closed, not closed and undefined respectively.| 25
[2.4  List of sources publishing the top 15 quantities ot articles of quantum |
[ automatal . . . ... e 27
2.5 Top 15 cited papers|. . . . . . . . . ... 28
[2.6  Journals/Conferences reporting most related researchf . . . . . . . .. 29
3.1 Details of the transition functions and head functions for L4 . . . . . 38
[3.2  Details of the transition tfunction and head function for Lo . . . . . . 42
[3.3  Details of the transition tunction and head function for Ls . . . . . . 43
[3.4 Details of the transition tunction and head function for L . . . . . . 44
.1 List of transition functions for language L3 = {ba"'ba"?b...ba™ ca"ib | |
| N > 0,1 <k < JY - o o oo 54
1.2 List of transition functions for language L., = {zycyz | z € {a,b}*,y € |
| {0, 11 o 55
[>.1 Probability of words tor a stochastic machine of GHZ state] . . . . . . 64
[5.2  Probability of words tor a quantum machine of GHZ state] . . . . .. 65
[>.3  Probability of words for QFSM ot AKLT state] . . . . . . .. ... .. 67
(.1 Details of the transition functions . . . . . . . .. ... .. ... ... 89
[8.1  Details of transition function and tape head function| . . . . . . . .. 95
[8.2  Details of transition function and tape head function| . . . . . . . .. 98
(10.1 Impact of Quantum computing on cryptographic algorithms| . . . . . 112

XVvil



List of Acronyms

QFT
1QFA
DFA

PFA

2PFA
MO-1QFA
MM-1QFA
LQFA
CL-1QFA
1QFAC
GQFA
MO-1gQFA
MM-1gQFA
QCPA

1.5 QFA
2QFA
2QCFA
rtQ1BCA
1DkBCA
1D1BCA
1Pk1BCA
1P1BCA
2TFA
kTQCFA
2TQCFA
PAFA
1Q1CA
2-1DFA
2-2T1QFA
QFSM
DMFA
k-2MQFA
DQA
QQA
QRA
QBA

QSA

RNA

Quantum Fourier Transform

One-way Quantum finite automata

Deterministic finite automata

Probabilistic finite automata

Two-way probabilistic finite automata

Measure-once quantum finite automata

Measure-many quantum finite automata

Latvian quantum finite automata

Quantum finite automata with control languages

One-way finite automata with quantum and classical states.
General quantum finite automata

Measure-once general quantum finite automata
Measure-many general quantum finite automata

Quantum pushdown automata with the classical stack

1.5 quantum finite automata

Two-way quantum finite automata

Two-way finite automata with quantum and classical states
Real-time quantum automata with one blind counter
One-way deterministic automata with k£ blind counter
One-way deterministic automata with one blind counter
One-way probabilistic automata with £ blind counter
One-way probabilistic automata with one blind counter
Two-tape finite automata

k-tape automata with quantum and classical states
Two-way two tape finite automata with quantum and classical states
Real-time private alternating finite automata

One-way quantum one-counter automata

One-way deterministic two-head finite automata

Two-tape one-way quantum finite automata with two-head
Quantum finite-state machine

Two-way deterministic multi-head finite automata
Two-way k-multihead quantum finite automata
Deterministic queue automata

Quantum queue automata

Quantum Rabin automata

Quantum Biichi automata

Quantum Streett automata

Ribonucleic acid

XVviii



List of Publications

Journal Publications

1.

Amandeep Singh Bhatia and Ajay Kumar, Quantifying matrix product
state, Quantum Information Processing, 17(3), 2018. [SCIE Indexed, Impact
Factor 2.283].

Amandeep Singh Bhatia and Ajay Kumar, Neurocomputing approach to
matrix product state using quantum dynamics, Quantum Information Pro-
cessing, 17(10), 2018. [SCIE Indexed, Impact Factor 2.283].

Amandeep Singh Bhatia and Ajay Kumar, Modeling of RNA secondary
structures using two-way quantum finite automata, Chaos, Solitons & Fractals,
116, 332-339, 2018. [SCIE Indexed, Impact Factor 2.213].

Amandeep Singh Bhatia and Ajay Kumar, Quantum w-automata over
Infinite Words and their Relationships, International Journal of Theoretical
Physics, 1-12, 2019. [SCIE Indexed, Impact Factor 0.968].

Amandeep Singh Bhatia and Ajay Kumar, On the Power of Two-way Mul-
tihead Quantum Finite Automata, RAIRO - Theoretical Informatics and Ap-
plications, 53(1-2), 2019 [SCIE Indexed, Impact Factor 0.350].

Amandeep Singh Bhatia and Ajay Kumar, On Relation between Linear
Temporal Logic and Quantum Finite Automata, Journal of Logic, Language
and Information, 2019 [SCIE Indexed, Impact Factor 0.536].

Amandeep Singh Bhatia, Mandeep Kaur Saggi, Ajay Kumar, Sushma Jain,
Matrix Product State based Quantum Classifier, IEEE Neural Computation,
31(7), 2019 [SCIE Indexed, Impact Factor 1.938].

Book Chapter

1.

Amandeep Singh Bhatia and Ajay Kumar, “Post Quantum Cryptography”,
In: “Emerging Security Algorithms and Techniques”, CRC Press (Taylor &
Francis), 1st edition, New York, 2019.

Preprint Papers

1.

Amandeep Singh Bhatia and Ajay Kumar, On the power of quantum queue
automata in real-time. arXiv preprint: 1810.12095, 2018.

Xix



List of Publications

2. Amandeep Singh Bhatia and Ajay Kumar, McEliece Cryptosystem Based
On Extended Golay Code. arXiv preprint: 1811.06246, 2018.

3. Amandeep Singh Bhatia and Ajay Kumar, Quantum finite automata: sur-
vey, status and research directions. arXiv preprint: 1901.07992, 2019.

4. Amandeep Singh Bhatia and Ajay Kumar, Quantized Quadratic Sieve Al-
gorithm & its Simulation. arXiv preprint: 2005.11668v1, 2020.

XX



Chapter 1

Introduction

Over the last three decades, quantum computation is a promising research area that
deals with the visionary ideas of Computer Science, Physics, and Mathematics. It
promises to deliver fundamentally different, radically more powerful computers of the
future. Earlier, quantum computing was thought to be only a theoretical possibility,
but research has evolved, such as to make quantum computing applications a realistic
possibility.

1.1 Quantum Computing

In the early 20th century, the invention of quantum physics forced scientists to recon-
sider many cherished ideas from classical physics, leading to revolutionary changes
in our scientific and philosophical understanding of the universe. The field of quan-
tum computing concerns with the behaviour and nature of energy at the quantum
level to improve the efficiency of computations. Initially, Feynman [1] observed an
interesting relationship between computers and physics to propose the idea of quan-
tum computing in 1982. Further, Feynman stated that quantum computers could
simulate quantum mechanical systems exponentially faster than with classical com-
puters. It has been observed that a classical computer computes a function on some
set of inputs and results in some output. However, a quantum computer produces
many output values on giving single input. Thus, it operates differently, i.e., it can
compute a solution to a problem simultaneously. Quantum mechanics describes our
universe at its most fundamental level. Therefore, harnessing the power of quantum
mechanics can transform the way of living, working, and communicating.
Quantum computing relies upon the quantum phenomena of superposition, and
entanglement to perform operations. Such features do not exist in classical physics.
It allows different computation paths in parallel and generates final output based on
positive or negative interference between them. There exist quantum algorithms
that outperformed the leading classical algorithms known in terms of accuracy
for certain tasks. In 1994, Shor [2] designed a quantum algorithm for calculat-
ing the factor of a large number n with space complexity O(logn) and time com-
plexity O((logn)? * loglogn) on a quantum computer, and then perform O(logn)
post-processing time on a classical computer, which could be applied in breaking
several cryptosystems, such as RSA algorithm, Buchmann-Williams key-exchange,
and elliptic curve cryptography. Through the impetus provided by Shor’s algo-
rithm, quantum computational complexity is an exhilarating area that transcends



CHAPTER 1. INTRODUCTION

the boundaries of quantum physics and theoretical computer science.

Theoretical research into quantum computing, along with experimental efforts
to construct a quantum computer, has gained a lot of attention. In 1994, Shor [2
introduced the concept of first quantum error correction code by representing the
information of one qubit into a highly entangled state of nine qubits. Since the
introduction of Shor’s algorithm, many quantum algorithms have been introduced.
In 1994, Wineland [3] introduced the recognition of Controlled Notgate, using the
two lowest energy levels of ions to realize the concept of two-qubit states. In 1996,
Grover |4 designed a searching algorithm with great quadratic gain for finding an
element in an unstructured set of size n in \/n operations approximately. In 1998,
Kwiat et al. [5] implemented Grover’s algorithm at Los Alamos National Laboratory
using conventional optical interferometers. Quantum parallelism is one of the central
features of quantum computation which allows quantum algorithms to gain speed
up as compared to classical algorithms. Younes [6] investigated the performance of
Grover’s algorithm over the whole search space. It has been stated that it gives
an optimal solution for single match and accuracy can be lower for the number of
matches, i.e., the behavior of an algorithm is not reliable.

1.2 Quantum Automata

Models of finite automata are abstract computing devices, which play a crucial
role to solve computational problems in theoretical computer science. Thus, it is a
natural goal to study quantum variants of classical automata models, which can play
an important role in quantum information processing. Quantum finite automata
blend quantum mechanics with classical finite automata. It is a theoretical model
with finite memory for quantum computers, which plays a vital role in performing
real-time computations. The theory of quantum automata has been developed using
the principles of classical automata and quantum mechanics. Quantum automata lay
down the vision of quantum processor for performing the quantum actions on reading
the inputs [7]. Therefore, investigating the quantum automata models impact to
gain an insight into their computational power and limitations.

In 1961, Landuer [§] articulated a concept of reversibility in quantum computing.
In 1985, Deutsch [9] described a quantum Turing machine and determined the cer-
tainty of a universal quantum Turing machine based on the Church-Turing-Deutsch
principle. Calude et al. [10] constructed a quantum device to solve the halting
problem of Turing machine, which is performed on test-vector selected randomly.
Its evolution is shown to be an unbounded and exponentially growing semigroup.
Ghosh et al. [11] proposed the concept of parallel memory based on 2 Dot 1 electron
quantum cellular automata, which is efficient and compact in nature. Furthermore,
in 1993, Yao [12] determined that if a particular function can be computed polyno-
mially with the quantum Turing machine, then a quantum circuit of polynomial-size
could be designed for the function. The field of quantum computation and infor-
mation processing has subsequently made a significant impact on the academic and
research community alike.

Soon after the brainstorm of Shor’s factorization algorithm [2], the first quantum
finite automata (QFAs) models have been introduced. The concept of quantum
automata was first introduced by Moore and Crutchfield [13] and Kondacs and
Watrous [14] separately. In 1997, Kondacs and Watrous [14] proposed a variant of

2
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quantum automata: measure-many one-way quantum finite automata (MM-1QFA).
In 2000, Moore and Crutchfield [13] proposed another variant of the quantum model:
measure-once one-way quantum finite automata (MO-1QFA). MO-1QFA produces
the output accept or reject after reading the last symbol of an input string; whereas
MM-1QFA results in the output reject, accept, or the continuation after reading
each symbol of the input tape.

There is diversity of quantum automata models have been studied since then and
investigated in various directions such as quantum finite automata (QFA): one-way
QFA (1QFA), Latvian QFA (LQFA), 1.5 way QFA (1.5QFA), two-way QFA (2QFA),
quantum Turing machine (QTM), quantum pushdown automata (QPDA), quan-
tum multicounter machines (QMCM), quantum multihead finite automata (QMFA),
quantum finite automata with classical stack (QFACS) and many more since last
two decades [7] [15H17]. These quantum computing models have got overwhelming
response among research communities. Moreover, various researchers studied their
computational power, various closure properties, pumping lemmas and rational gen-
erating functions of some aforementioned quantum automata models in parallel to
classical automata theory.

1.3 Organization of the Thesis

This Thesis is devoted to the design and development of a variant of quantum
automata model to represent various languages and to apply the concept of quantum
computing in various applications. It comprises of eleven chapters including, the
present one.

In chapter 2, we provide a comprehensive and systematic analysis of quan-
tum finite automata models, quantum pushdown automata, quantum Turing ma-
chine, quantum finite automata models with density operators and quantum finite
automata models with classical states as described in the literature. The aforemen-
tioned quantum finite automata models have been compared based on the closure
properties and the inclusion relationship among different models has been shown
based on language recognition capability. Further, the statistical results (yearly
publications, top cited papers, list of authors publications) related QFA papers are
shown.

In chapter 3, a variant of two-way quantum finite automata named two-way
multihead quantum finite automaton (2MQFA) has been introduced by exploiting
the superposition property of quantum automata. We have investigated its language
recognition capability and its comparison with classical and quantum counterparts.
We have shown that k-head two-way quantum finite automata are more powerful
than (k+1)-head two-way quantum finite automata. Furthermore, it has been inves-
tigated that quantum version of two-way deterministic multihead finite automaton
takes less number of heads to recognize a language containing of all words of prime
length.

In chapter 4, a notion of quantum queue automata using unitary criteria and
its well-formedness conditions have been introduced. We have also introduced a
generalization of real-time deterministic queue automata, the real-time quantum
queue automata which work in real-time i.e., the input head can move towards the
right direction only and takes exactly one step per input symbol. We have proved
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that real-time quantum queue automaton is more superior than its real-time classical
variants by using quantum transitions.

In chapter 5, the quantum finite-state machines (QFSM) of one-dimensional
matrix product state (MPS) representations for quantum spin systems have been
designed. Further, the proposed unitary criterion is used to investigate the dynam-
ics of MPS with quantum weightless neural networks, where the output qubit is
extracted and fed back (iterated) to input and Von Neumann entropy to measure
the possible entanglement of output quantum state. It has been shown that GHZ
and AKLT state exhibit undamped and under damping behavior, respectively.

In chapter 6, we have studied the Muller automata, Rabin automata, and
Streett automata with quantum acceptance conditions. We have investigated the
classes of quantum w-automata from two aspects: language recognition and their
closure properties. It has been proved that quantum Muller automaton is more
dominant than quantum Biichi automaton. Furthermore, we have demonstrated the
languages recognized by one-way quantum finite automata with different quantum
acceptance conditions and proved their closure properties.

In chapter 7, we have shown the relationship between quantum finite automata
and linear temporal logic (LTL). We presented the construction of quantum finite-
automata (MO-1QFA, MM-1QFA, and LQFA) on finite words from linear-time tem-
poral logic formulas. It has been shown that the class of languages can be definable
in LTL, which can be recognized by QFA, except for MO-1QFA.

In chapter 8, the concept of quantum computing has been applied in various
areas. Two-way quantum finite automata (2QFA) are more dominant than classical
models in language recognition. We have modeled ribonucleic acid (RNA) secondary
structure loops such as internal loop and double helix loop using two-way quantum
finite automata. It has proved that 2QFA can parse these sequences in linear time
by one-sided bounded error. In classical theory, two-way probabilistic finite automa-
ton (2PFA) takes exponential time, whereas two-way deterministic finite automata
(2DFA) cannot represent RNA secondary structure loops.

In chapter 9, we proposed a quantum variant of classical factorization algo-
rithm named “Quadratic Sieve” using the quantum principle of superposition and
entanglement. We have examined its simulation results on a classical computer to
get a feel of the quantum system and proved that it is more efficient than its classical
variants from a computational complexity point of view.

In chapter 10, the most successful and undefeated McEliece cryptosystem al-
gorithm in post-quantum cryptography is explored using extended Golay code. The
significance of using an extended Golay code instead of the usual Goppa code is
examined. Furthermore, the proposed McEliece cryptosystem is simulated using
MATLAB.

Finally, chapter 11 is the conclusion of the Thesis. We present a technical
summary of all results and outline current limitations together with future research
directions.



Chapter 2

Review of Quantum
Computational Models

In this chapter, we give some basics notations of quantum computation, definitions
of quantum computational models, and its results which will be used later in the rest
of the Thesis. Further, we have compared the quantum computational models, and
the inclusive relation between them is shown based on language recognition power.
Moreover, bibliometric perspective, including statistical results (yearly publications,
top-cited papers, list of author’s publications) related QFA papers, are shown.

2.1 Preliminaries

Throughout the Thesis, an alphabet is any finite set X of elements called symbols.
A word on ¥ is a sequence w = 0103...0, with o; € ¥ being its ith symbol.The
length of a string w is the number of characters in w, and it is denoted by |w| [?].
We let € be the empty word satisfying |e|] = 0. The set of all words (including ¢)
on ¥ is denoted by X*, and we let ¥t = ¥*/{e}. A language L on X is any subset
of ¥, i.e., L C ¥*. The concatenation operation of languages U and V, denoted
U.V or just UV, is the set of strings that can be formed by taking any string of U
immediately followed by any string in V.

We use the elements of linear algebra and notations of quantum mechanics to
define the model of quantum finite automata. Given a set @ = {q1, ¢, ..., ¢} of
basis states, every ¢; can be represented by its characteristic vector v; € {0,1}"
having 1 at jth position and 0 elsewhere. A quantum state on () is a superposition
1 € C" of basis states of the form ¢ = 2?21 a;v;, where coefficients «;’s are complex
amplitudes satisfying |[¢|| = 1 [19]. Consider an input alphabet ¥ = {x1, xo, ..., 71 }
of events, where a unitary transformation is associated with each symbol z; such
that U(z; : C* — C™). Suppose a quantum system is described by the quantum
state (¢) at any given instant of time. The evolution of any event z; is occurred as
¢ = ¢U(z;). The dynamics are reversible in nature such that ¢ = ¢ U(z;), where
U is a conjugate matrix. The most of the definitions and notations of quantum
mechanics we refer to [7,|20] and classical automata theory [21]. The following
concepts of linear algebra are used in quantum automata theory:

e Linear vector space [7]: It is defined as a set of elements, called vectors. If
any two vectors [¢) and |p) are the part of it, then [¢)) + |¢) belongs to vector

5
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space. It is closed under multiplication and addition by scalars.

e Bra-ket notation [22]: It is defined as criterion for unfolding quantum states,
composed of angle brackets and vertical bars.

ai aa] aay ajaz
W) = [as| (= [af a3 a5]Jub (ol = [ara] ara; aaj|  (21)
as asaj asa; asa;

af signifies the conjugate of a complex number a;. The ket |u) is a column vec-
tor, and its conjugate transpose bra (v| is a row vector. The bra-ket notation
is also known as Dirac notation.

e Qubit: It is defined as a quantum bit that exists in more than one state at a
time, i.e., superposition. It can be represented as a state vector having two
basis states labeled |0) and |1). In general,

[¥) = «|0) + (1) (2.2)

where a and 8 are complex numbers. The state |0) occurs with probability
|a|? and |1) with probability |3|%. Since the absolute squares of the amplitudes
equate to probabilities, it follows that |a|*+|3|> = 1. One qubit represents two
complex amplitudes (« and f3), similarly, n qubits represent 2" complex ampli-
tudes [23]. The Bloch sphere is used to represent the qubit states geometrically
on the surface of a unit sphere. It represents the qubit as a three-dimensional
object. The north and south poles are selected corresponding to the standard
basis vectors |0) and |1), respectively. Fig 2.1 represents the Bloch sphere.

0) + (1)

Figure 2.1: Representation of a Bloch sphere

The single qubit quantum state can be represented in convenient way as
[v) = cos(0/2)]0) + sin(6/2)e*? |1) (2.3)

where the real a ad [ are represented in terms of #, ie. 0 < # < 7 and
0 < ¢ < 27 is the quantum phase. Any quantum state can be plotted on
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the surface of a sphere called Bloch sphere. The amplitude of the |1) state
is e*?sin(0/2) and the amplitude of the |0) state is cos(6/2). The length of
the vector is equal to |cos(8/2)|? + |sin(6/2)|*> = 1. For instance, ¢ = 0 and
0 = w/2. Fig 2.2 represents the qubit state on a Bloch sphere.

0}

S

1)

Figure 2.2: Visually representation of a qubit state

e Quantum state [22]: A quantum state |¢) is a superposition of classical states,
‘¢> = |.Z'1> + Qo ’$2> + ...+ a, |.Z'n> (24)

where |z;)’s are classical states for 1 < i < n, «;’s are complex numbers
called amplitudes and |a;]? + |ag|* + ... + |, |* = 1, where |;]? is the squared
norm of the corresponding amplitude. Quantum state can also be seen as
n-dimensional column vector.

a1
@2 (2.5)
Qs
e Hilbert space H: It is a mathematical framework for describing the principles
of the quantum system [22]|. It is a complex vector space. An inner product
space on Hilbert space is associated with the inner product of vectors (u|v) :
H x H — C, fulfil the following properties, such that u,v,w € H, and z,y € C
(a set of complex numbers).
— Linearity: (x (u| +y (v|) |w) = z (u|w) + y (v|w)
— Symmetric: (ulv) = (v|u)
— Definite Positivity: For any u € H, (ulu) > 0 and (u|u) = 0 iff u = 0.
e Vector norm: A vector norm (||v]]) is defined as a mapping from R" to R
(Euclidean space) with the following properties:
— ||| > 0,if v #0
= llavll = lafllv]], for any o € R

= ol < fluf +[[ol], for any u,v € R"
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e Quantum registers: An n-qubit quantum register is an ordered sequence of n
quantum qubit systems. It is a quantum analog of a classical register. The
complex Hilbert space is composed of the n-fold tensor product of the two-
dimensional Hilbert spaces HZ representing the qubits.

e Density matrix: It is an alternate representation of the state of a quantum
system. It is used to describe the describe the statistical state of a quantum
system. The density matrix p for the pure state |¢) is given as

o] aqos .. aqon

a0l ol L. ool
p=lo){ol=|""" " o (2.6)

p0]  QpQG ... QpQ;,

It satisfies the following properties:

— Projector: p* = p

— Normalization: Tr(p)=1
— Hermiticity: pf = p

— Positivity: p > 0

e Mixed quantum state: It is defined as a probabilistic distribution of pure
quantum states. The quantum state which cannot be described by single ket
vectors, but it is a mixture of ket vectors [24]. The density matrix p assigned
to a mixed state results from the sum of density matrices assigned to pure
quantum states |¢;), weighted by their respective probabilities Pr; [25].

p= ZPH |9:) (il (2.7)

e Projective measurement: A quantum state |¢p) € H,can be measured with
respect to an observable i.e. H,, is decomposed into orthogonal subspaces [24].
A projective measurement of |¢) produces two outcomes: (i) It is collapsed
into a new quantum state |¢'). (i) The subspace projection of a state |¢) was
made in classical information.

e Orthogonal and orthonormal vectors [22]: Two vectors |v) and |u) are orthog-
onal, if they are perpendicular to each other, i.e., the inner product of vectors
(vluy = 0. It is represented by set of vectors U = {uy, us, ..., u, } are mutually
orthogonal if every pair of vectors are orthogonal, i.e. (u;|u;) = 0, Vi # j.
A set of vectors U is orthonormal if they are mutually orthogonal and each
vector in U is a unit vector.

e Unitary evolution: In quantum systems, Markov matrices are replaced by ma-
trices with complex number entries for the time evaluation of probabilistic sys-
tems, by maintaining the condition Y, |a;|?. Therefore, consider a quantum
system state at time to: |p(tg)) = aq |x1) + ag |x2) + ... + @, |z,) changes into
the state at time ¢: |¢'(t)) = o |x1) + & |x2) + ...+, |x,), where amplitudes
a1, Qa, ..., and af, ady, ..., al, are related by |¢'(t)) = U(t — to) |¢(to)), where
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U(t—tp) is a time dependent unitary operator such that (U(t—t¢))*U(t—ty) =
1, a;j’s are its entries for 1 <1¢,5 <n

11 (12 ... Oqp aq (07}
/

Qg1 Qg ... Qigp Qg | |0y (2 8)
/

Ap1 Ap2 ... Opp (67 (079

and D1 oy|* = D07 |of|* = 1. Therefore, evaluation of a quantum system
at any time must be unitary [22].

e Language recognition with unbounded and bounded error: If any language L
is recognized by QFA with probability greater than cut-point A\, Vo € L, then
it is called to be recognized with A. The probability of recognition by QFA is
at most A\, Vo ¢ L. A language is said to be accepted with bounded error if
there exists € > 0 such that x € L, the acceptance probability is greater than
A+ €; otherwise, the acceptance probability is less than A — e for all x ¢ L. A
language L is recognized by QFA with A and without a bounded error, then L
is said to be recognized with an unbounded error [7].

2.2 Classical Finite State Automata

In classical computation theory, several finite state automata models have been
proposed and investigated from various aspects such as computational power, closure
properties, and pumping lemmas. In this section, we have considered the basic
notations and definitions of the following computational models:

Definition 2.2.1. [21] DFA is defined as a quintuple (Q, X6, qp, Q,), where
e () is a finite set of states,
e > is an input alphabet,
e ) is a transition function 0 : QQ X ¥ — @,
® (o s a starting state,
® Qe CQ is a set of accepling states.

The computation process of DFA begins with the initial state gy and executes
the § according to current state and input symbol (o € ) under the tape head.
An input string is said to be recognized by DFA if the state is changed into an
acceptance state belongs to (), after reading the last symbol.

Definition 2.2.2. [21] NDFA is defined as a quintuple (Q, X, 9, qo, Q,), where
e () is a finite set of states,
e X is an tnput alphabet,

o A transition function § : Q x (XU {e}) — P(Q), where P(Q) signifies the
power set of @Q,
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® (o is an initial state,
o Qe CQ is a set of accepting states.

There can be zero, one, two, or more transitions related to a symbol for each
state in NDFA. Thus, all feasible transitions are performed simultaneously from a
present state like in the case of parallel computing. Finally, if at least one of state
is an acceptance state, the whole computation process is said to be accepted.

Definition 2.2.3. [22] PFA is represented by quintuple (Q, X, 4, qp, Q.), where

e () is a finite set of states,

> is a set of input symbols,

The transition function § : Q x (XU{#,$}) xQ — Ryo 1), where § and # denote
the right and left-end markers denoting starting and ending of the input string,

® o 15 an initial state,

Quce C Q 1is a set of accepting states.

In PFA, the computation begins with the gy starting state, and ¢ is performed
corresponding to the current input symbol. For each input symbol ¢ € X, the
transition function is defined as a Markov matrix such that V, = [v;;], where v;; =
0(qgi,0,qj), i.e., the probability after reading a symbol o, the current state ¢; is
transformed to the state g;.

2.3 Quantum Circuit

A quantum circuit is a computational routine consisting of coherent quantum op-
erations on quantum data, such as qubits, and concurrent real-time classical com-
putation. It is an ordered sequence of quantum gates, measurements and resets. In
general, a quantum circuit may have n input qubits and m output qubits, where n,
m > 0. It induces some quantum operation from n qubits to m qubits, determined
by composing the actions of the individual gates in the appropriate way. The size
of a quantum circuit is the total number of gates plus the total number of wires in
the circuit.

A unitary quantum circuit is a quantum circuit in which all of the gates corre-
spond to unitary quantum operations. A set of quantum gates is said to be universal
if any unitary transformation of the quantum data can be efficiently approximated
arbitrarily well as sequence of gates in the set. Any quantum program can be repre-
sented by a sequence of quantum circuits and non-concurrent classical computation.
The quantum circuits will be assumed to be composed of gates from the following
list (representing a standard choice for a gate set):

e Identity gate: It has no effect on the value of the qubit it operates on; equiv-
alent to multiplying a value by one.

alo) + 811 al 481y 103 ]
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e Pauli-X: It flips the qubit i.e. |0) to |1), and vice versa. It is equivalent to
rotate to qubit with the angle .

al)+51) X} 80 +aly xX=|] g

e Pauli-Y: It rotates the single qubit through 7 radians around the Y-axis.

al0)+51) - aloj-esly  v=[; °]

e Pauli-Z: It is 7 rotation around the Z-axis and has the property that X — -X,
Z — 7. It is also called as Phase flip.

al)+ 510z} al)-sl) Z= |5 ]

e Hadamard gate (H): It generates superposition of states with equal probability
in computational basis.

a0y +81) - S0+ =[]

e Controlled-NOT (CNOT) gate: It has two inputs as well as outputs. The flip
operation is performed over the target qubit when the first qubit is 1

1000

0100
—t— Uenor= |4y o g 1
—D— 0010

e T gate: It is equivalent to 7/4 rotation around Z-axis. It is needed for universal
control.

al0)+ 81D {7} alo)+es) T= ) 0

e SWAP gate: It simply swaps the states of two qubits.

i Uswap =

The Bell states are specific quantum states of two qubits that represent the
simplest and maximally entangled state as [¢*) = (|00) 4 |11))/v/2 .The quantum
circuit of Bell state is designed, which takes the two qubit input |00) and transforms
it to the Bell state. Explicitly, the Hadamard gate transforms |00) into a superpo-
sition of (|0) 4 |1))/v/2. Now, CNOT gate is applied, which only inverts the target
(the second qubit) when the control (the first qubit) is 1. Thus, the CNOT gate
transforms the second qubit and meter symbol represents the measurement. The
resultant state is transformed as Bell state.

0)
10) o—1 A

11
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2.4 Quantum Finite State Automata (QFA)

A quantum finite automaton is a quantum counterpart of a classical finite automa-
ton. In quantum finite automaton, quantum actions are performed on reading the
symbols from the inputs tape. Quantum finite automata can be classified into one-
way quantum finite automata, 1.5-way quantum finite automata, two-way quantum
finite automata, quantum Turing machine, quantum pushdown automata, quantum
sequential machines, orthomodular lattice-valued automata, and quantum circuit
model. These automata act as a model of quantum processors. In this chapter, we
address the quantum finite automata models with finite memory |13}|14] |17], [26/-28];
quantum automata models with density operators [29-32] and quantum automata
with both quantum and classical states |33.|34].

Definition 2.4.1. [13| A real-time quantum finite automaton is defined as a quin-
tuple (H, X, Sinit, Pace, Us ), where

e An input alphabet X2,

o Hilbert space H, an initial state vector iy € H with |y = 1,
o A subspace Haccepr C H and an operator P.. which project on it,
e A unitary transition matriz U, for each input symbol o € 3.

The quantum language recognized by QFA as a function fora(w) = |SinitUw Pace|?,
where Uy, = Uy, Uy ..Uy - The process of computation of an input string w starts
with the initial vector, apply the unitary matrix of each symbol, and measure the
probability by applying projection operator such that the resultant state is in sub-
space Hgecept- It works in real-time since it takes exactly one step per input symbol
and head moves only towards the right direction. A real-time quantum finite au-
tomaton does not need to store the input. The given input is fed to the real-time
machine from left to right, symbol by symbol. Physically, it can be interpreted as
follows. Suppose, we have prepared a quantum system in superposition of initial
states.Then, we exhibit the system to different influences over time depending on the
input symbols, exactly one time-step per input symbol. At the end of computation,
a measurement is performed on the system and fopa(w) is the probability of this
measurement having an acceptable outcome, such as being in a given energy level.

Input Tape —>

a b c|d|| a b c d

“Head Movement” Control unit

Figure 2.3: One-way quantum finite automata
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Definition 2.4.2. [15] 1QFA is represented by sextuple (Q, 2,0, qo, Qucc, Qrej),
where

e () is a finite set of states,

e 3 is a set of symbols,

o A transition function § : Q x X x Q — C, where C is a complex number.
® (o is an initial state,

® Qrej C Q and Quee C Q represent the set of rejecting and accepting states.

In one-way QFA, the tape head moves only in the right direction after reading
the symbols from an input tape. It produces a superposition of states. Based on
the measurement, one-way quantum finite automata are divided into MO-1QFA and
MM-1QFA. In Fig 2.3, the representation of one-way quantum finite automata is
depicted.

Definition 2.4.3. [13] MO-1QFA is defined as a sextuple (Q, 2,0, o, Quce, Qrej);
where

e () is a set of states,
e X is a set of input symbols,
® (o s a starting state,

e 0: Q x XU{$} x Q — C is a transition function fulfil the unitary condition:

V(q1,0),(g2,0)€Q XX

N lg =
> 0(q1,0,p)0(g2,0,p) = { 0 gi ” gﬁ }

PeEQ
® Qucc and Q. represent the set of accepting and rejecting states.

The computation procedure of MO-1QFA consists of an input string z = ;0,...
0,3, For each symbol, transition function is represented as U(co) unitary matrix
such that U(o)(7,5) = 6(g;,0,¢;). The head reads z symbol by symbol from left to
right side, and unitary matrices U(oy), U(02), ..., U(0y,) of each symbol are performed
on the current state, beginning with go. ¢ is indicated by a set of unitary matri-
ces {V,}sex, where V, is a unitary evolution of MO-1QFA, defined as: V,(|q)) =

> (q,0,q") |¢). Finally, the projective measurement is performed by projection op-
7€q

erator on the final state for checking whether the x is accepted or rejected. It allows
the measurement to be made only after reading the last symbol of the input string.

If after reading the last symbol, a superposition ¢ = > «;lg)+ >, Bjlg) is
qieQacc (IjeQrgj

observed, then the input string is accepted with Y o? and rejected with ﬁ]?. The
probability of acceptance for MO-1QFA is calculated as

P(z) = || PaccU(0n)...U(02)U(01) |q0) H2

Definition 2.4.4. [35] MM-1QFA is represented by sextuple (Q, X, 6, qo, Qrej;s Qace)
where
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Q is a ﬁnlte set Of 5tat€57 Q = QaccUQrerQnon; where Qacca Qrej7 Qnon

denotes the accepting, rejecting, and non-halting set of states correspondingly.
e X is an input alphabet,
® (o 1S a starting state,

e The transition function § is defined by Q x X U{#,$} x Q@ — C, where #
and $ represent the left and right-end markers denoting starting and ending
of input string. & represents the amplitudes flow from one state to other after
reading the symbol from the input tape. It must satisfy the unitary condition.

The computation process of MM-1QFA consists of an input string z = #0;05...0,
$. The tape head reads x from left-end marker # to end of the string and transi-
tion function corresponding to each symbol is performed. The whole Hilbert space
is divided into three subspaces: Eyopn, Erej, and E,.. belong to sets of non-halting,
rejecting, and accepting a set of states, respectively. There are three projectors
Prons Prej, Pace o to the three subspaces. After each transition, MM-1QFA mea-
sures its state with reference to observable E,.,, @ Eouce @ Erej. If the observed state
is in Eyee or Eye; subspace, then MM-1QFA accepts or rejects the input string re-
spectively; otherwise, the computation process continues. Therefore, after every
step of measurement, the superposition of states ends with measured subspace.

Table 2.1: Comparison of MO-1QFA and MM-1QFA

Model MO-1QFA MM-1QFA

properties
Introduced by | Moore and Crutchfield [13] | Kondacs and Watrous [14]

Computation | Measurement is allowed only | Measurement is allowed af-

process once after reading the last | ter reading of each symbol
symbol of the input string. | by the head from the input
tape.
Measurement | Accept/ reject. Accept/ reject/ continua-
result tion.
Language ac- | It can accept only group lan- | It is strictly more powerful
ceptance guages. than MO-1QFA for bounded

error acceptance.

Due to the non-zero probability of halting of MM-1QFA, it is convenient to have
a path of the aggregate rejecting and accepting probabilities. Hence, the state of the
automaton is denoted as |¢) , Pycc, Prej, where P,.; and P,.. are the aggregate proba-
bilities of rejecting and accepting. § is defined as: Poop [¢) , Pace+ || Pace |0') |2 P+
| Prej|¢), where |¢') = V,, |¢). The probability of acceptance for MM-1QFA is cal-
culated as P(z) = Y114 Pacell (03) T2 (Paonl () a0) |-

Ambainis et al. [26] introduced a generalized version of MO-1QFA named Latvian
quantum finite automata (LQFA). It works similarly as MO-1QFA except that the
transition function (6), consisting of projective measurement and unitary matrix [15].
This alteration increases the power of LQFA for acceptance of languages.

Definition 2.4.5. [7] LQFA can be represented by septuple (Q, X, {As},{Ps}, qo,
Qrej7 Qacc)7 where
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Q s a finite non-empty set of states,

XY is a finite set of input symbols,

A, denotes unitary matrix for each symbol, and P, is defined as a set of
orthogonal subspaces,

® qy is an initial state,

® Quec and Qrej represent the accepting and rejecting set of states.

LQFA is closely related to probabilistic finite automata [27]. LQFA [7] accepts
the language with a bounded error if it is in a Boolean form such that Gyb,G1...b,Gy
where 0;’s and G;’s represent the letter and group languages, respectively. Therefore,
LQFA with bounded error cannot be designed for all set of regular languages [27].
The computing process of LQFA starts with an initial state ¢y for input string
T = F#0,;05...0,8. On reading each symbol ¢ € ¥, unitary matrix and projective
measurement are performed. Based on measurement Py of the right-end marker, the
input string is said to be accepted or rejected. Therefore, Py = Euee Q) Erej, (Egee =
spanl) : ¢ € Qace) and (Eye; = span{lq) : q € Qrey).

Nayak [30] and Ambainis et al. [29] studied the measure-many version of LQFA.
This model is named as general quantum finite automata (GQFA). The definition
is almost same as the MM-1QFA. It induces a transition function for any symbol
o € ¥, that is a combination of projective measurement and unitary transformation
instead of a unitary transformation only. Li et al. [32] studied the generalized variant
of 1QFA, i.e., 1gQFA, in which ¢ prompts a quantum operation, preserving positive
trace in place of unitary evolution. It is classified as MO-1gQFA and MM-1gQFA.
Hirvensalo [31] introduced a generalized version of MO-1QFA in which transition
function corresponding to o preserves a positive trace.

Definition 2.4.6. [32] MO-1gQFA is defined as a quintuple (H, X, po, {& toess Pace),
where

o 7 is a Hilbert space of finite dimension,
e X is an iput alphabet,
e po is a starting state (density operator on H),

e £ is a quantum operation preserving trace on H, for each o € ¥,

P,cc is projector called accepting subspace of H, P,e; = 1 — Py, then the
{Prej, Pacc} forms projective measurement on H.

Consider an input string x = 0105...0,, firstly, the quantum operations &,1£,9, ...&on
are accomplished on py after reading the input symbols. In the end, projective mea-
surement {P,.;, Py} is applied to the final state. Based on the measurement, the
input string is said to be accepted with a certain probability. Therefore, it induces
a function such that fyo_140ra : ¥* — [0,1] as

fro—1g0ra(2) : Tr(Paecén 0 ... 0 &2 0 &1(po))

where o denotes the composition. Hence, fijo-149ra(x) defines the probability of
acceptance for z.
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Li et al. [32] studied the equivalence problem and language recognition capability
of MM-1gQFA. It has been proved that the class of languages recognized by MM-
1gQFA is regular languages with bounded error.

Definition 2.4.7. [32] MM-1gQFA is a sextuple (H, X, po,{ }ocs, Hucer Hrej),
where

o H is a Hilbert space,

e > 15 an wnput alphabet,

e po is an initial state (density operator on H)
e £ is a quantum operation on H, for each o € ¥,

® Hyee, Hyej is the accepting and rejecting subspaces of H, respectively. There-
fore, {Hace, Hyej, Hpon} spans the full space of H. There exists a set of pro-
jection operators { Pucc, Prej, Poon}, where measurement is performed onto a
subspace Hoee, Hyej, and Hye, respectively.

The input string z is written on an input tape with both end-markers. The
computation procedure of MM-1gQFA is same as that of MM-1QFA. Firstly, a
quantum operation is executed on current state p. Then, the resultant state is
measured using a set of projectors { Pucc, Prej, Pron}- If the observed state is in Heee
or H,.; subspace, then MM-1gQFA accepts or rejects the input string respectively;
otherwise, the computation process continues with probability Tr(P,.nés(p)). To
represent the total number of states of MM-1gQFA | we have defined v : L(H)x Rx R.
Thus, the current state of an automaton is described as a triplet {p, Pcc, Prej} € V.
The evolution of MM-1gQFA on reading a symbol ¢ can be defined by T, operator
on v as

Ta(P, Pacw Prej) - (P’rwnga(p)Pnona TT(Paccga(p)) + Pacw TT<Prej€U(p)) + Prej)

Definition 2.4.8. [34] 1QFAC is defined as a nonuple (S, Q, X, I, sp,|vg), 0, U,
M), where

e S s a finite set of classical states,
e () is a finite set of quantum states,
e > is an input alphabet,
e ' is an output alphabet,

e sy is an tmitial classical state,

1) represents an initial quantum state,

0 is a transition function: S x ¥ — S,

o U is a unitary operator for each o and s such that U = {Usy}sesoex and

Uso - H(Q) = H(Q),

M = {M}ses, where each M; is a projective measurement over (Q) with
outcomes in I
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_ /
Therefore, each My = {Ps,v}+er, where Ps , Ps v = { OPS’V 777;77 } and Z'yel“

ps~ = 1. After reading the input string, if the classical state is s and quantum state
is in [¢). The probability of getting v as a result of the input string is || Ps - [¢)]|*.
In the above definition, I' = {r,a}, where r, a signifies rejection, and acceptance
of string respectively. Therefore, M = {Ps,, Ps,,s € S}, where P;, and P;, are
projection operators such that P, + P, = I and P, ,Ps, = 0.

Qiu et al. [34] introduced a computational model of one-way finite automata
with both classical and quantum states, i.e., 1QFAC. The measurement is per-
formed at once for processing each input string, i.e., after reading the last symbol.
The computation procedure of 1QFAC for an input string x = o01,09,...0, € X*
is described as follows: It starts with an initial classical state and quantum state
representing s, and |¢y) respectively. On reading oy, the classical state changes
into poy and quantum state becomes Uy, [100). Further, on reading the next sym-
bol, the classical state changes into u(cj09) and quantum state to the result of
applying Uy(oy)o, 10 Usgo, [10). This transformation of states occurs in succession
until the last symbol. Thus, on reading the symbol o,, the quantum state be-
comes Uy(o,..on—20n-1)or Un(or..on—s0n—2)on—1--Un(o1)o2 Useor |%0) and the classical state
is p(z). Let pu(Q) represents unitary operators on H(Q). For sake of accessibility, a
mapping v : X* — (@) is defined as v(e) : I, where [ signifies an identity operator

on H(Q).

V(QJ) = U/Jf(o'l'“a'anU’nfl)O‘n UH(UI-‘~Un73a'n72)Un—1"'UH(UI)UQUSOUI ’w0>

Finally, the probability of 1QFAC on reading the input string x produces a result
as: P(x) = || Puw)v(2) [tho) |*.

Definition 2.4.9. [36] 1.5QFA is defined by sextuple (Q, X, 6, qo, Qace, Qrej), where
e () is a finite set of states,
e X is an input alphabet and I' = ¥ U {#, $},

e Transition function () satisfies the condition: §(q,ca,p,<—) =0 for p,q € Q,
< is a head movement towards the left direction (not allowed) and o € T’

e qo is an initial classical state,
® Qucc and Qrcj represent the set of accepting and rejecting states.

In 1.5-way quantum finite automata (1.5QFA), the tape head is enabled to re-
main stationary or move towards the right direction of the input tape, but it cannot
move towards the left of input tape. Amano and Iwama [37] proved that if the input
tape is circular, then 1.5QFA can be designed for non-context-free languages. They
have not considered the right-end marker $ on the input tape.

Two-way quantum finite automaton (2QFA) is a quantum version of a two-way
finite automaton. In 2QFA model, the tape head can remain stationary or move
either in the left or right direction. 2QFA is more dominant than the classical model.
In Fig 2.4, the representation of two-way quantum finite automata is depicted.

Definition 2.4.10. [14] Two-way quantum finite automaton is a sextuple (Q), 3, 9, qo,
Qacc: Qrej); where
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Input Tape ———»

L # [ a [ b [ e [ d [ ... | a|b | e | d] S |
“Left-end marker” “Right-end marker”
“Head Movement” Control unit
4 < o)

Figure 2.4: Two-way quantum finite automata

e () is a set of states. Moreover, Q = Qaec U Qrej U Qnon, where Qace, Qrejs Qnon
represent the set of accepting, rejecting and non-halting states respectively.

e X is an input alphabet,

e Transition function ¢ is defined by 6 : Q x XU {#,8} x Q@ x D — C, where
D = {«,1,—} represent the left, stationary, and right direction of the tape
head. & must fulfil the following conditions:

1 Local orthogonality and probability condition:

V(q1,01),(g2,02)EQXE

- , 1 g =
Z 5((]170-7 q’,d)é(q%(f,q ’d) - { 0 31 7é Zi }

(¢, d)e@xD

2 First separability condition:

V(q1,01),(g2,02)EQXE

Z 5(Q17 01, qla —>)5(Q2; 02, q/7 T)+6(q17 01, qla T)(;(Q% 02, q/7 <_> =0
7' *xQ

3 Second separability condition:

V(q1,01),(q2,02)EQ XX

Z 5(Q1701aq/,—>)(5(C]2,027q/7<—) =0
7'xQ

A 2QFA is simplified, for each o € ¥, if there exists a unitary linear operator V,
on the inner product space such that Ly{Q} — L2{Q}, where @ is the set of states
and a function D : @ — {<+, 7T, —}. Define transition function as:

6(¢,0,q,d) _{ (d|Vilq) | if D(¢) :d}

0 else

where (¢'|V,|q) is the coefficient of |¢').

To process the input string by 2QFA, we assume that input string z is written
on the input tape with both end-markers such that #x$. The automaton is in any
state ¢, and the head is above the symbol o. Then, it is changed into state ¢’ with
amplitude 6(q, 0, ¢, d) and changes the direction of tape head one cell towards left,
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stationary and in right direction d € {+,1,—} accordingly. The automaton for
processing an input z corresponds a unitary evolution in the inner-product space
Hy.

A computation of a 2QFA is a sequence of superpositions cg, ¢1, Ca, ...., where cgy
is an initial configuration. When the automaton is observed in a superposition state,
for any ¢;, it has the form Us |c;) > .o e |c;) where €, defines the set of configu-
rations, and the configuration ¢; is associated with amplitude a.. Superposition is
valid; if the sum of the absolute squares of their probability amplitudes is unitary.
The probability for a specified configuration is given by the absolute squares of am-
plitude associated with that configuration. Time evolution of quantum systems is
given by unitary transformations.

Uilgky= > 6lg,x(k),q,d)|q, k+ dmod|z|)
(¢',d)eQxD

for each (q, k) € Cjy), where ¢ € Q, k € Z); and extended to H, by linearity [14].

Definition 2.4.11. [33] A 2QCFA is defined as a nonuple (S, Q,%, 0,0, qo, S0, Saces
Srej), where

e S is a finite set of classical states,

e () is a finite set of quantum states,

Y 1s an input alphabet,

© defines the evolution of the quantum part of an internal state,

0 defines the evolution of the classical part,

so and qo are the wnitial classical and quantum states respectively,

Srej and Suec signify the set of rejecting and accepting states respectively,
(Sa007 Srej g S);

e 0 is a transition function §: S X ¥ — S, (the classical transition map)

Ambainis and Watrous [33] introduced 2QFA with classical states (2QCFA). In
this model, the internal state may be a (mixed) quantum state, and the tape head
position is classical. It is a central model between 1QFA and 2QFA.

Consider an input string z the computation procedure of 2QCFA is as follows:
Initially, tape squares are indexed with 1,2, ..., |z| = n consists xi,zo,...,z, and
squares are indexed with 0 to n+1 including right and left-end markers. On reading
the symbol, o the quantum state is changed according to ©(s, o) and further classical
state and position of tape head is transformed according to (s, o) and the outcome
is achieved from a measurement of O(s,o). Subsequently, the outcomes of each
measurement are probabilistic, and the transitions for the classical state may also
be probabilistic. Therefore, for any input string, the 2QCFA is said to be accepted
with probability S,..(z) when the computation enters classical accepting state Sy,
otherwise rejected with probability S,.;(z). Thus, the computation process is halted
when it enters either classical accepting or rejecting state.
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2.5 A Literature Review

Initial research into quantum automata was conducted by Moore et al. [13], Kondacs
et al. [14], Ambainis et al. [10,138], and Brosky et al. |[35]. After that, a significant
body of research has been produced in the field of quantum automata theory. As
such, a systematic review of the literature to appraise the current state of quantum
automata research. Moore et al. [13] introduced the concept of quantum finite and
quantum pushdown automata. Their investigation revealed that quantum regular
and context-free languages could be represented by quantum finite automata and
quantum pushdown automata, respectively. The summary of various QFA models
is described in Fig 2.5.

Moore & Ambainis et Paschen Hirvensalo Qiu et al. Kondacs &

Crutchfield al. 2006 2000 [23] 2010 [26] 2011 [29] Watrous

2000 [13] [21] 1997 [14]

MO-1QFA LQFA AQFA MO-1gQFA 1QFAC 2QFA

080000 ) O e
MM-1QFA CL-1QFA GQFA MM-1gQFA 1.5QFA 2QCFA
Kondacs & Bertoni et Ambainis et Lietal Amano & Ambainis &
Watrous al. 2003 al. 1999 [24] 2012 [27] Iwama 1999 Watrous

1997 [14] [22] Nayak [25] [32] 2002 [28]

Figure 2.5: Summary of various quantum finite automata models

Brodsky et al. [35] identified the language of acceptance, closure properties, and
equivalence in 1QFA models. MO-1QFA with bounded error is designed for group
languages. Furthermore, an algorithm for the equivalence of two MO-1QFAs is
introduced and proved that PFA can simulate the behaviour of MO-1QFA. Am-
bainis et al. [10] demonstrated that languages recognized by 1QFA are not closed
under Boolean or union operations. Furthermore, they analyzed the necessary and
sufficient conditions for 1QFA. Concerning bounded error acceptance mode, MM-
1QFA is significantly more powerful than MO-1QFA [38]. In the case of MM-1QFA,
measurements are taken after reading each symbol from the input tape causing
the string to be rejected without processing the complete input string. Brodsky
et al. [35] demonstrated that languages recognized by MM-1QFA are closed under
word quotients, inverse homomorphisms, and complement operations, but are not
closed under homomorphism.

Ambainis et al. [38] demonstrated that MM-1QFA could be designed for language
with a probability of more than 7/9 if one-way reversible finite automata (1RFA) can
be designed. It has been shown that if we allow smaller probabilities, MM-1QFA
can be more powerful than 1RFA. MM-1QFA can recognize the language prime
L, = {a? | where p is a prime} with a probability close to 1, which is exponentially
smaller than PFA is investigated. Ambainis et al. [29] shown that MM-1QFA can
be exponentially outsize than its corresponding deterministic finite automata for a
particular language. Kikusts [39] designed MM-1QFA for a language, which requires
quadratically fewer states than its corresponding DFA.

Ambainis et al. [26] introduced the concept of LQFA, i.e., generalized form of
MO-1QFA. In LQFA, ¢ is a blend of projective measurement and unitary matrix |7].
They demonstrated that the class of languages recognized by LQFA are closed under
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inverse homomorphism, union, complement, and word quotients. Therefore, a MM-
1QFA can be designed for all languages for which LQFA can be designed.

Paschen [2§] introduced a computational model by appending some ancilla qubits
to prevent unitarity condition. It can be executed by the addition of an output al-
phabet. Ciamarra [40] introduced a new model of 1QFA having computational
power is at least equal to classical automata. Ancilla QFA and Ciamarra QFA
are special MO-1gQFA. Diaz-caro et al. [41] proposed a quantum-like classical au-
tomaton named affine automata (AFA). Further, the proposed automata model is
compared with QFA and PFA. It has been proved that AFA is more powerful than
QFAs and PFAs. But, AFA is more powerful than PFA and equivalent to QFA in
nondeterministic case based on language recognition.

The measure-many variant of LQFA is named as GQFA. It has been shown that
GQFA [29,130] takes the number of states than DFA to recognized L = {w0 | w €
{0,1}* | w < m,m > 1} exponentially. Nayak [30] showed that GQFA could not
accept all regular languages with bounded error. It has been proved that GQFA
can be designed for stochastic languages with unbounded error [42]. Hirvensalo [31]
introduced a generalized model of MO-1QFA, in which each transition function of
o induces an entirely positive trace-preserving mapping [32].

Yakaryilmaz [43] conceptualized the idea of a blind counter with real-time quan-
tum automata. Furthermore, the real-time quantum automaton is separated with
a blind counter (rtQ1BCA) from one-way deterministic k-blind counter automata
1DKBCA by using the Kleene closure of language L = {a™0™ | n > 0}. It has
been shown that L can be recognized with negative one-sided error bound € by real-
time quantum blind counter automata. On the other hand, it has shown that L
can be easily recognized by one-way deterministic with one blind counter automata
(ID1BCA). Yakaryilmaz [43] also postulated that L* could not be recognized by
one-way probabilistic k-blind counter automata (1PkBCA). But recently, Nakanishi
et al. [44] disapproved this conjecture. They provide an algorithm for 1IP1BCA that
recognizes L*.

Amano and Iwama [37] introduced the concept of 1.5QFA, demonstrating that
the problem of emptiness was unsolvable using this model. 1.5QFA can be designed
for some languages, which cannot be recognized by 1QFA. Nakanishi et al. [11]
demonstrated that non-regular language L = {a™db™cb” | n > 0,m > 0} can be
modeled by 1.5QFA. Further, it has been demonstrated that it can be designed for
non-context-free languages with a probability of less than 2/3, which can be recog-
nized by QCPA with larger probability. Yakaryilmaz [36] concluded that 1.5QFA
could recognize non-stochastic languages.

Kondacs et al. [14] introduced the concept of two-way quantum finite automata
(2QFA), demonstrating that it was more powerful than the classical two-way finite
automata. In 2QFA, the tape head can move either left or right or may remain
stationary. Furthermore, it has been shown that 2QFA can accept non-regular
languages linearly with one-sided error. It has also been noted that 2QFA can
accept non-context-free languages with a bounded error in linear time. Ambainis et
al. [38] reported that 2QFA was difficult to implement because the quantum states
are needed to keep track of position of the head, which grows with the size of an
input string. Yakaryilmaz et al. [45] defined a more efficient probability amplification
technique for L = {a"b" | n € N}. Further, various techniques for reducing the state
of probability amplification are introduced, and machines with less state complexity
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are presented. In recent years, the research exertion on QFA models has decisive on
one-way models. However, the study of 2QFAs is attracting less attention.

Ambainis et al. [33] described a concept of 2QFA with classical states, i.e.,
(2QCFA). It has been demonstrated that 2QCFA is more powerful and can be imple-
mented with a constant size of a quantum part. It has also been proved that classical
2-way finite automata equipped with constant-size quantum registers can perform
quantum transformations, measurements and can recognize non-regular language
L ={a™" | n € N}. The size of quantum registers for 1.56QFA and 2QFA depends
on the input length. Thus, it has been shown that 2QCFA is superior to these
models that have a finite amount of quantum registers. Furthermore, Ambainis et
al. [33] designed 2QCFA for the palindrome language, which cannot be recognized
by two-way deterministic finite automata (2DFA). Qiu [46] demonstrated various
Boolean operations over the class of languages recognized by 2QCFA. Zheng [47]
proved that 2QCFA can be designed for L = {zcy | z,y € {a,b}*,c€ X, |z |=| y |}
in polynomial time with one-side error probability. But, it can be recognized by
2PFA in exponential time with bounded error.

2.5.1 Swuccinctness results

In recent years, state complexity advantages of QFA is a new direction. The power
of quantum finite automata solving promise problems is a hot topic. It has got an
enormous response from various researchers. In 2009, Ambainis and Nahimovs [4§]
designed the quantum automata using probabilistic argument. It has been shown
that proposed automata can be designed for L, = {a‘| i is divisible by p} with
4/€ log 2p states, whereas classical automata take p states. The exact quantum
computation has been widely studied for promise problems. Ambainis and Yakary-
ilmaz [49] proved that promise problems could be recognized by 2QFA in real-time
by just tuning the transition amplitudes. It has been shown that AF = {ai2k|

yes
i is a non-negative integer} and A¥ = {a’®"| i is a positive odd integer} can be rec-
ognized by 2QFA in real-time, whereas any DFA takes at least 25! states.

Bianchi et al. [50] shown the superiority of quantum variant over DFA by con-
sidering the promise problems (AJ}I*, AN:r2) such that 0< ry # ry, where AN =
{o™n =1y mod N} and AY:"2 = {o™|n = ry, mod N} over unary alphabet o. It has
been shown that extended version of promise problem can be recognized by MM-
1QFA exactly, but DFA takes d states such that d|N and d { (ro —r1) mod N, where
d is the smallest integer. Rashid and Yakaryilmaz [51] designed promise problems
for which PFA cannot be designed with bounded error. Yakaryilmaz and Say [52]
investigated that after setting the transition amplitudes, various regular languages
of infinite families can be recognized by 2QFA with probability greater than 1/2,
whereas the size of one-way variants (1PFA and 1QFA) increase without bound.
Zheng et al. [b3] examined the state succinctness of 2QCFA. It has been proved that
Aglo = {w = a™b"w € {a,b}*} and Ayl = {w # a™V"|w € {a,b}", [w| > m} can
be recognized by a 2QCFA in a polynomial running time with O(log 1/¢) classical
states and a constant number of quantum states, whereas DFA takes at least 2m+2
states and /m for 2DFA and 2NFA respectively.

Gruska et al. [54] introduced two acceptance modes named recognizability and
solvability, and explored various promise problems for classical, quantum and semi-
quantum automata. It has been shown that quantum variants of classical automata
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have significantly more power. Zheng and Qiu [55] presented a method for state
succinctness results of QFA. It has been shown that state succinctness outcomes
can be extracted from the results of query complexity. The simple quantum algo-
rithm is given for partial function. It has been proved that promise problem A(n) =
{Ayes(n), Ano(n)}, where A,,(n) = {s#y##x#y|z,y € {0,1}", H(z,y) = n/2},
and Ayes(n) = {a#y#H#a#y|e,y € {0,1}", H(z,y) € {0,1,n —1,n}} can be recog-
nized by 1QCFA with O(n?) classical states and O(n?) quantum states, but the size
of 1DFA is 24" Zheng et al. [56] considered the concept of time-space complexity
and proved that quantum computing models are more superior than classical vari-
ants in context of language recognition. The communication complexity results are
used to derive time-space upper-bounds for 2QCFA and proved more desirable than
a probabilistic Turing machine (PTM). Further, it has also been proved that 2PFA
is more superior than DTM in terms of time-space complexity. Zheng [57] et al.
examined the promise problems recognized by quantum, semi-quantum finite au-
tomata and classical automata. It has been proved that there is a promise problem
that is recognized exactly by MO-1QFA, but cannot be recognized by DFA.

Zheng et al. [58] proposed 1QFA with classical states (1QCFA) and examined
its closure properties. Further, the main succinctness result is derived, and the
state complexity of 1QCFA is demonstrated. Bianchi [59] shown that 1QCFA with
isolated cut-point can be designed for regular languages. Recently, Gainutdinova
and Yakaryilmaz [60] investigated the computational power of PFA and QFA by
studying promise problems based on unary languages. It has been proved that there
exist unary promise problems which can be recognized by QFAs but cannot be
recognized by PFAs with bounded error. Further, they have considered a promise
problem with two parameters and shown that QFA is more succinct than PFA by
adjusting one parameter, whereas PFA can be more concise than DFA exponentially
after adjusting the other.

2.5.2 Other results

Interactive proof (IP) systems with verifiers are formed by QFA, where a power-
ful quantum prover communicates with a quantum-automaton verifier via a shared
communication channel. The quantum prover is computationally strong (unlimited),
whereas the power of verifier is limited. In 2009, Nishimura and Yamakami [61] ex-
plored a direct application of QFA to IP, where prover is the unitary operation and
QFA is a verifier. The computational power of QFA models is studied by imposing
restrictions. QIP(A) represents the class of languages recognized by QIP associated
with verifier A. It has been shown that the language recognition power of 1QFA can
be increased with an interaction of prover, i.e., QIP(1QFA) is equal to regular lan-
guages. Further, it has been proved that 2QFA is a proper subset of QIP(2QFA) in
polynomial time for language P = {z#xf|x € {0,1}*}, where # is a separator. Fur-
thermore, it has been demonstrated that the QIP(MO-1QFA) verifier is not closed
under complementation and QIP(2QFA) is closed under union. Zheng et al. [62] in-
vestigated the power of QIP associated with 2QCFA verifier. It has been shown that
the languages L,, = {zay|z,y € {a,b}*, |z| = |y|} and L, = {zaz®|z, € {a,b}*} can
be recognized by QIP(2QFA) in polynomial and exponential time with one-sided
bounded error respectively.

A debate system is a generalized version of IP system, where two provers argue
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over the belongingness of particular string (z) in a language (L). The prover prompts
the verifier that x € L and refuter attempts to prove that x does not belong to L.
Yakaryilmaz et al. [63] investigated that quantum model surpasses the classical ones
when bounded to run in polynomial time. It has been proved that non-context
free language L = {17|p is prime} and L™ = {1*"|m > 0} can be recognized
by 2QCFA in polynomial time debates using two qubits, L® = {1m2|m > 0} and
L™ = {1™|n is a fibonacci number} with three qubits respectively. Yamakami [64]
introduced QFA with extra information known as advice, which depends on the
length of an input string. It has been explored that QFA with advice cannot be
designed for some regular languages. Yamakami [65] extended the single prover
model, where more than one prover can interact with a verifier named quantum
multiple prover interactive proof (QMIP) systems and the advantages of quantum
computation over classical variants are shown. It has been proved that QIP(1QFA)
# QMIP(1QFA) and QIP(2QFA) # QMIP(2QFA) in polynomial time. Scegulnaja-
Dubrovska et al. [66] shown that palindrome language can be recognized by MM-
1QFA with postselection, whereas it cannot be recognized by PFA with non-isolated
cut-point 0. Yakaryilmaz and Say [67] proposed a quantum finite automata with
postselection and proved that the computational power of real-time PFA and QFA
can be increased with postselection. Further, the class of languages recognized by
QFA with postselection are examined.

2.5.3 Comparison of various QFA models

2QFA

DFA) MM-IGQFAF—+ CL-1QFA ‘

MM-1QFA

MO-1QFA

Figure 2.6: Bounded error inclusion relationship between the languages recognized by
QFA models

In this section, we review comparative studies of various types of quantum finite
automata. Fig 2.6 shows an inclusion relationship among the languages accepted
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with a bounded error by 1QFAs, GQFAs, 2QFA, and 2QCFA. The acronyms of mod-
els used to indicate the class of languages recognized by them, e.g., "MO-1gQFA”
depicts the class of languages identified by the MO-1gQFA with bounder error. One-
directional lines show containment relation and bidirectional lines show equivalence
relation. The relationship among the model shows: the languages recognized by MO-
1QFA are contained in those identified by the MM-1QFA. Ancilla QFA, CL-1QFA
and generalized versions of 1QFA accept a regular class of languages. MO-1gQFA
can simulate the behaviour of DFA and PFA. Thus, both recognize exactly regular
languages. 2QCFA is more powerful than two-way PFA because it can recognize
regular languages with certainty and also some non-regular languages in polyno-
mial time. MM-1gQFA, CL-1QFA, PFA, MO-1gQFA, AQFA, 1QFAC recognize the

regular class of languages.

2.5.4 Closure properties

Table 2.2: Closure properties of various QFA models, Here, v, x, —
particular model is closed, not closed and undefined respectively.

represents that a

Authors | Models | Homomo- Inverse | Union | Word | Boolean| Comp-
rphism homo- quo- | opera- | lement
mor- tients | tions
phism
Brodsky | MO- X v v - v -
et al. [35] | 1QFA
Ambainis | MM- X v v - - v
et al. [10] | 1QFA
Ambainis | LQFA - v v v v v
et al. [26]
Bertoni CL- - - - - v -
et al. [27] | 1QFA
Macko 1.5QFA | x - - - - -
[68]
| Macko 2QFA | x - - - - -
[68]
| Qiu [46] | 2QCFA | — - - - v v

In this subsection, we describe a comparative study of various quantum finite
Macko [68] demonstrated that the

automata based on their closure properties.

class of languages are closed under inverse length non-increasing homomorphism and
non-erasing inverse homomorphism in case of 1.5QFA and 2QFA. Qiu [46] proved
that 2QCFA with error probabilities is closed under intersection, complement and
reversal operation. Further, 2QCFA with a certain restricted condition is closed
under concatenation operation. Table 2.2 illustrates a comparative study of various
quantum models based on their closure properties.
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2.5.5 Simulations of classical counterparts

It is known that computation process of most classical models is either deterministic
or probabilistic. Therefore, investigate the power of PFA to their quantum coun-
terparts is a natural goal. Till now, there are several QFA models to simulate the
classical automata models exactly.

Theorem 2.5.1. Let L be a language recognized by MO-1QFA with cut-point ),
then there exists a PFA recognizing the same language with X'

The proof of the theorem is given in [31] [35] [69]. It is also valid for probabilistic
and quantum Turing machines [70]. Therefore, it can be easily checked that any
PFA can be converted into an equivalent QFA model.

Theorem 2.5.2. Let L be a language accepted by n-state 1QFA, then GFA can be
designed with n?-state for the same language.

Proof. The proof has been shown in |69] [71]. O

Theorem 2.5.3. If any language L is recognized by n-state 1QFA (pure states) with
bounded error, then 1DFA can be designed with 200 -states.

Proof. The proof of the theorem is given in |14}|3§]. O

There exists a more powerful generalization of 1QFA model that allows mixed
states named GQFA. Any 1DFA can be easily simulated by a GQFA.

Theorem 2.5.4. There exists a MO-1gQFA for every reqular language recognized
by PFA.

Proof. MO-1gQFA can simulate the behaviour of DFA exactly. The proof of the
simulation process is shown in [31]. However, the detailed proof is given by Li et
al. [32]. O

Theorem 2.5.5. If any language L is recognized by n-state 1QFA (mized states)
with bounded error, then 1DFA can be designed with 2°*) -states.

Proof. Simulation process of 1IDFA by MO-1gQFA has been shown in various papers.
The simulation by considering the upper bound on the number of states is given
in [16]. [

2.6 Some Open Problems

Based on literature survey, we address some open problems for further research
[7,/10,|{13H15} 132, 34,40,424|72].

Open problems of 1QFA
e Concerning the bounded error acceptance mode, characterize the set of lan-
guages recognized by MM-1QFA.
e Investigate the relation between the state complexities of multi-letter QFAs
with MO-1QFAs for unary regular languages.
e To determine the language recognition power of MO-1QFA with unbounded
error acceptance mode.
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Open problems of 1.5QFA
e Concerning the bounded error acceptance mode, determine whether 1.5QFA
can be designed for regular languages.
e To compare state complexity of 1IQFA and 1.5QFA.
e To determine the various closure properties of 1.5QFA.

Open problems of 2QFA

e To investigate a language for which 2QFA with bounded error takes poly-
nomial time, whereas 2PFA with a bounded error of the same languages take
exponential time.
e To determine the decidability of 2QFA and 1.5QFA equivalence.
e To determine whether there exists a non-stochastic language which can be
represented by 2QFA; but not by 1.5QFA?
e To find out whether 2QFA can accept any non-stochastic languages with
bounded error mode.
eT0 determine the various closure properties of 2QFA.

e To determine whether 2QFA is more powerful than corresponding classical
automata if it is restricted to a particular measurement after a specified time.
Miscellaneous models

e To compare the state complexity of 1IQFAC with 1QFA models.
e To determine the simulation of 1QFAC by 1QFA models.
e To investigate whether GQFA with unbounded error can be designed for
more languages strictly as compared to MM-1QFA.
e To check whether there exists any algorithm to solve the equivalence between
2QCFA polynomially

Other promising research directions
e To study the computational power of QFA with algebraic methods.
e To investigate the power of other QFA models with advice from a computa-
tional complexity point of view.
e To explore more languages for which QFA can be designed with less number
of states as compared to PFA and DFA.
e To determine more promise problems to show separations between compu-
tational models.

2.7 A Bibliometric Perspective of QFA

Sixty-two journal papers, 23 conference papers, and 3 technical reports have been
evaluated in this review systematically. Fig. 2.7 shows the number of papers pub-
lished from the year 1997 to 2018 in field of quantum finite automata, where publi-
cation years and the number of published papers in review are on the z and y-axis
respectively.

Sixty percentage of papers are journal papers, 29% of papers are conference
proceedings, 5% are workshop papers, 4% of papers are technical reports, and 2%
are Thesis.

Table 2.4: List of sources publishing the top 15 quantities of articles of quantum automata

Ranking Publication sources Quantity
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Table 2.4 shows the publication sources which have published the top 15 quanti-
ties of contributions relating quantum finite automata. Fig 2.8 depicts the number of
publication by various authors. There is a lot of literature on all sorts of quantum
finite automata, particularly from the University of Latvia (Ambainis, Freivalds,
Yakaryilmaz, etc.). Table 2.5 depicts the top 15 highly influential and cited paper
related to quantum automata (source: https://scholar.google.co.in, accessed Jan 8,

2019).
Table 2.5: Top 15 cited papers
Year Title Journal/ Proceedings Number of
citations

2000  Quantum automata and quantum Theoretical Computer Science 430
grammars [13]

1997  On the power of quantum finite Foundations of Computer Sci- 429
state automata [14] ence

1998  1-way quantum finite automata: Foundations of Computer Sci- 307
Strengths, weaknesses, and gen- ence
eralizations |3§]

2002  Characterizations of 1-way quan- SIAM journal on computing 182
tum finite automata [35]

2002  Dense quantum coding and quan- Journal of the ACM 193
tum finite automata [29)

2000 Two-way finite automata with Theoretical Computer Science 176
quantum and classical states [33]

2003  Quantum computing: l-way Developments in Language 91
quantum automata [27] Theory

1999  Undecidability on quantum finite ACM Symposium on Theory of 69
automata [37] Computing

2000  On the class of languages recog- Theoretical Aspects of Com- 59
nizable by 1-way quantum finite puter Science
automata [10]

2006  Algebraic results on quantum au- Theory of computing systems 58

tomata [20]
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2010  Succinctness of Two-way proba- Discrete Mathematics and 60
bilistic and quantum finite au- Theoretical Computer Science
tomata [52]

1999  Probabilities to accept languages International Computing and 50
by quantum finite automata 73]  Combinatorics Conference

2012  One-way finite automata with Languages alive (lecture notes 31
quantum and classical states [58] in computer science)

2013  State succinctness of two-way fi- Theoretical Computer Science 25
nite automata with quantum and
classical states [H3]

2014 On the state complexity of semi- RAIRO-Theoretical Informat- 25
quantum finite automata [74] ics and Applications

Table 2.6: Journals/Conferences reporting most related research

Publication source J/C/S/W # N
[EEE International Symposium on Foundations of Com- S 4 4
puter Science (FOCS)

Theoretical Computer Science J 23 15
ACM Symposium on Theory of Computing (STOC) S 3 3
International Computing and Combinatorics Conference C ) 3
(COCOON)

Journal of Theoretical Physics J 7 2
Journal of Foundations of Computer Science J 5 4
Proceeding of Quantum Computation and Learning Work- W 4 2
shop

RATIRO: Theoretical Informatics and Applications J 7 7
Symposium on Fundamentals of Computation S 3 1
SIAM Journal on Computing J 2 1
Quantum Information and Computation J 3 3
International Conference on Developments in Language C 4 4
Theory (DLT)

Symposium on Fundamentals of Computer Theory (FCT, S 3 1
Springer)

Journal of Natural Computing J 5 2
Information Processing Letters J 5 5
International Symposium on Algorithms and Computation S 1 1
(ISAAC, Springer)

arXiv: preprint J 18 8

Table 2.6 lists the Journals and Conferences publishing quantum finite automata
related research, where (J, Journal; C, Conference; S, Symposium; W, Workshop;
N, number of studies reporting related research as prime study; #, the total num-
ber of articles investigated). We observed that conferences like IEEE Symposium on
Foundations of Computer Science (FOCS), ACM Symposium on Theory of Comput-
ing (STOC), International Conference on Computing and Combinatorics Conference
(COCOON), Quantum Computation and Learning Workshop contribute a large part
of research articles. Premier journals like Theoretical Computer Science, Journal of
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Theoretical Physics, Journal of Foundations of Computer Science, RAIRO: Theo-
retical Informatics and Applications contributed significantly to our review area.
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Chapter 3

Two-way Multihead Quantum
Finite Automata

In this chapter, we proposed a variant of two-way quantum finite automata named
two-way multihead quantum finite automata. A two-way quantum finite automaton
is more powerful than its classical model. However, the generalizations of two-way
quantum finite automata have not been defined so far as compared to one-way quan-
tum finite automata model. We have investigated the newly introduced automata
from two aspects: the language recognition capability and its comparison with clas-
sical and quantum counterparts. It has been shown that the class of languages
recognized by k-head two-way quantum finite automata is a subset of the class of
languages recognized by (k+1)-head two-way quantum finite automata. Further-
more, it has been investigated that quantum variant of two-way deterministic mul-
tihead finite automata takes less number of heads to recognize a language containing
all words whose length is a prime number.

3.1 Introduction and motivation

In theoretical computational theory, research on two-way multihead finite automata
has a long history. In the 1960s, Rabin and Scott [75] introduced a multi-tape
or multihead finite state automata. Rosenberg [76] studied the basic properties of
mutihead finite state automata and also examined their language recognition power.
Kutrib and Malcher [77] introduced the variant of one-way reversible automata by
introducing multiheads and investigated their properties. Furthermore, it has been
proved that one-way two-head finite automata can recognize all uniletter regular
languages. In 1970, Ibarra [78] introduced two-way multihead automata and proved
that (n+2)-head deterministic two-way finite automata are more powerful than n-
head deterministic two-way automata, where n > 1. Further, it has shown that the
class of languages recognized by n-head deterministic/non-deterministic two-way
pushdown automata is a subset of the class of languages recognized by (n+1)-head
deterministic/non-deterministic two-way pushdown automata.

Morita [79] introduced a two-way reversible multi-head finite automaton (RMFA)
and studied its language recognizing capability. It has shown that it can recognize
various context-free and context-sensitive languages with less number of heads. After
introducing the concept of two-way reversible multihead finite automata, Morita [80]
investigated that deterministic two-way multihead finite automata (DMFA) can be
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simulated by its reversible model with the same number of heads. It has been proved
that DMFA(k) can be converted into RMFA(k). Further, it has been proved that
a language containing all words of prime number can be recognized by DMFA and
RMFA with three heads. Duris and Galil [81] designed a technique to prove that
L = {zo#x1#..#x, | k > 1}, 25 € {a,b}* for 0 < j < k, with x; = x( for some
1 <@ < k cannot be recognized by any two-way simple deterministic two-head finite
automata (2-2sDFA) and by any two-way deterministic counter machine. It is a
special case of 2DFA with k-heads except that (k-1) heads are blind, they can read
only end-markers.

In 1997, Kondacs and Watrous [14] defined the quantum analogue of 2-way
deterministic finite state automata named 2-way quantum finite automata (2QFA).
They demonstrated that it was more powerful than the 2-way finite automata. In
2QFA model, the tape head can read the input tape bi-directionally, or it can be
stationary. It is more dominant than the classical model because it allows quantum
parallelism with the superposition of states on the input tape. Moreover, 2QFA
recognizes regular languages, some context-free languages with one-sided error and
also context-sensitive languages linearly.

Till now, in quantum automata theory, multihead variants of various quantum
automata models have been proposed, and their language recognition capabilities
have been examined. Ambainis and Watrous [33] introduced two-way quantum finite
automata with classical states (2QCFA). Jeronimo and Moura [82] introduced a
variant of 2QCFA model based on markers named k-marker two-way finite automata
with quantum and classical states (k-M2QCFA). It has been investigated that k-
M2QCFA is more powerful than its classical counterparts concerning computation
and complexity. Further, it has shown that a language Lok = {a"b"" | n >
1,k € N} cannot be used to attain a computability separation between quantum
and classical multihead automata for & > 3.

Recently, Ganguly et al. [83] proposed one-way multihead quantum finite au-
tomata (k-1QFA) and proved that it could recognize all unary languages. It has
been shown that a language L = {w # w?® | w € {a,b}*} cannot be recognized
by 1-way deterministic 2-head finite automata (2-1DFA), but can be recognized by
2-1QFA. Furthermore, it has been investigated that it is more powerful than 1-way
reversible 2-head finite automata. Ganguly et al. [84] introduced two-tape one-way
quantum finite automata (2-2T1QFA) and claimed that it could recognize all regu-
lar languages. It has been investigated that a language which cannot be recognized
by any deterministic multihead finite automata can be recognized by 2-2T1QFA.

Although, the various generalizations of 2QFA such as multi-dimensional 2QFA
multihead 2QFA, and 2QFA with more observables can be defined. In this chapter,
we started the investigation of 2QFA by introducing multiheads for refining the
language recognition power. It has been proved that 2-2MQFA has more language
recognizing power than 1-2QFA and 2QCFA. We have shown that 2-2MQFA can
recognize context-free and context-sensitive languages such as L = {ww | w €
{a,b}*},L = {zay | z,y € {a,b},| z |=| y |} and L = {www | w € {a,b}*}.
Although, we find that in a 2-2MQFA where transition matrices are only 0 and
1, it is a two-way reversible multihead finite automata (RMFA). So, 2MQFA can
recognize all the languages recognized by RMFA. Morita [12] claimed that RMFA
takes few heads to recognize various non-regular and non-context free languages.
We have proved that 2MQFA takes a less number of heads as compared to RMFA
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to recognize a prime language by exploiting quantum parallelism.

3.1.1 Motivation

1QFA models are simpler and widely studied by various researchers. Its dif-
ferent variants have been proposed such as k-letter 1QFA, multihead 1QFA,
generalized 1QFA and many more.

2QFA models have not been extensively examined as compared to one-way
models [16]. 2QFA is more dominant than classical 2DFA and two-way prob-
abilistic finite automata (2PFA). A language is recognized by 2PFA in expo-
nential time, which can be recognized by 2QFA with bounded error in linear
time.

A multihead finite automaton can be considered as a system of finite automata
which read the same input string simultaneously. Any two automata can
see each other if and only if they reading the symbol at similar index of an
input string. Due to common finite state control, each automaton knows the
state of any other automaton in the present step. Following the superposition
principle, the tape head moves deterministically in all computational paths and
one head does not know the exact position of head in another path. Although,
all computational paths can be evaluated simultaneously. Motivated by the
computational power of superposition principle and entanglement, it is natural
to evaluate the language recognition capability of quantum finite automata
with multiheads.

By exploiting the superposition property of quantum automata, we have in-
troduced the two-way multihead quantum finite automata and determined its
language recognition power.

3.2 Definitions

In this section, we give results and formal definitions of two-way deterministic fi-
nite automata, two-way reversible finite automata, two-way deterministic multihead
finite automata, and two-way multihead quantum finite automata.

Definition 3.2.1. [85] A two-way deterministic finite automaton Mapra is defined
as octuplet (Q, %X, #,$,s,t,r,0), where

Q is a set of states.

Y2 is an input alphabet,

#1s a left-end marker (# ¢ X0),
$ is a right-end marker ($ ¢ %)
s is a starting state s € Q,

t is an accepting state such thatt C @Q
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e 1 is a rejecting state v C Q) such that s # t,

e Transition function 0 is defined by 0 : Q X (SU{#,$}) — @ X (+—, —),where
(«—,—) represents the head function for the left and right direction of tape
head.

At any instance, 2DFA is in any state ¢ and read some symbol a or an end-
markers, based on ¢ and the current symbol, it will move its head one cell in direction
(¢, —) and returns a new resultant state p. The tape head does not move beyond
the end-markers.

Definition 3.2.2. [86] A two-way reversible finite automaton is defined as octuplet
(Q, 2, #,%,s,t,r,6). The definition of 2RFA is same as 2DFA; the only difference
lies in the pair of transitions (i.e., the transitions from two different states reading
the same symbol cannot lead to single state such that 6(q1,a) = (p,—),d(q2,a) =
(p, =) the states q1 and ga must be the same.

It is a special case of two-way deterministic finite automata, in which every step
of computation is logically reversible, i.e., every configuration induces a partial one-
to-one mapping from the set of states into itself. It has been investigated that 2RFA
is equivalent to 1IDFA and 2DFA in language recognition power |14]. The transition
matrices of reversible automata consist only 0 and 1. Each row and column has
exactly only one entry 1. The transition matrix of two-way reversible finite automata
(2RFA) must satisfy the following two properties: (1) The dot product of any two
rows of transition matrix is zero, (2) There should not be any cycle within the
transition matrix that cannot be accessed from one of the input states. To illustrate
its working, a 2RFA has been designed for the language L = {a*b*} can be defined.

Define Mogra = (Q, 3, #,9, s,t,7,0) as follows. Let Q = {qo,q1,¢2,¢3, 1}, 2 =
{a,b},s ={q}, t = {q3},7 = {qu}. Define transition function as:

M,(i,7) =1, if (¢, 0) — 4aj,

= 0, otherwise

where o € (X U {#,$}).

10000 01000
00100 10100
M,=10 0 0 O 1|,M,=1|(0 0O 1 0 1
00010 00010
01000 00001

Take an example of the input string {w = #aab$} € L enclosed with both end-
markers. On reading the left-end marker, the head moves toward the right direction.
On reading the input symbol a's, the state of Myrpa remains go. On reading the
symbol b, the state is transformed into ¢; and tape head moves one step backward.
Further, the tape head reads the last symbol @ and state is changed into ¢;. On
reading the symbol b, the state remains same. Finally, on reading the right-end
marker $, the automaton goes to acceptance state |g3) and the input string is said
to be recognized by Msgpa.

Definition 3.2.3. [80] A two-way multihead finite automaton Maoprra is defined as
nonuple (Q, X, k, #,3,q0, A, R, ), where
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e () is a non-empty finite set of states,

e X is an tput alphabet,

k is a number of heads (k € 1,2, ..),

# is a left-end marker (# ¢ %),

$ is a right-end marker ($ ¢ %)

qo s a starting state,
o A is an accepting state such that A C @
o R is a rejecting state R C Q) such that AN R = ¢,

Transition function § is a subset of Q x (X U {#,$}H* U {1, =} x Q),
where (<, T, —) represent the left, stationary, and the right direction of tape
head.

Input Tape >
#|b|a|b|b|a|a]|S$

h> 4Th1 hs

Heads

q

Figure 3.1: Two-way multihead finite automata

The right and left-end markers are not included in 3. To process the input
string by My pa, we assume that input string x is written on input tape with
both end-markers such that #z$. The automaton is in any state ¢ and for any
he{0,1,..,| = | +1}*. A triplet {#x$,q,h} is called configuration of 2MFA on .
It defines a function s, : {0,1,...,| z | +1}* — (X U {#,$})*. It generates a k-tuple
of symbols in #z$ which are read by k-heads of 2MFA at the position h. Now, we
define the notion of deterministic and reversibility for multihead finite automata.

A multihead finite automata [80] Mysr4 is said to be deterministic if it holds the
following condition:

Vﬁ[Ch,Shd, q;] € 57VT2[QQ,52,d7 qlz] € 5((@1 =@ NS = 82) - (7”1 = 7’2)) (3.1)

The ¢ state of Myrpa moves the tape head according to the d = (+,1,—) on
reading the symbol s; and the resultant state is uniquely determined. Similarly,
M4 is said to be reversible if the following condition holds:

Vrilq, s1,d, qll] € 5,V7’2[C]2,32>d/aql2] € 5((@; = Q,Q Ari# 1) = (d= d A s1 # S2))
(3.2)
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Theorem 3.2.1. For any two-way deterministic multihead finite automata, we can
design two-way reversible finite automata with the same number of heads which
recognizes the same language as the former.

Proof. The proof has been shown in [80]. O

Theorem 3.2.2. Two-way quantum finite automata can recognize all reqular lan-
guages.

Proof. The proof has been shown in [14]. O

Definition 3.2.4. A two-way multihead quantum finite automaton My_opqra s a
sextuple (Qa Ea qo, Qacca Qreja 6)7 where

o () is a set of states. Moreover, Q = Qacc U Qrej U Qnon, where Qace, Qrejs Qnon
represent the set of accepting, rejecting, and non-halting states, respectively.

e X 15 an tnput alphabet,

o Transition function 0 is defined as § : Q x I'* x Q x D¥ — C, where I' €
(SU{#, 8}, D = {«,1, —} represent the left, stationary, and right direction
of tape head. The computation process of My_anqra 15 as follows:

Consider a Mj_angra, at instance, it is in any state ¢ and with the ampli-
tude 6(q, o1, 09, ..., O, ¢ » dy, ds, ..., di;) moves to state ¢ after reading the input sym-
bols (01,09, ...,0k) by k-heads and moves the heads according to (dy,ds, ..., dy) re-
spectively. Similar to simplified 2QFA, for each (oy,09,...,0%) € T, if there ex-
ists a unitary linear operator V(s s,,..,) on the inner product space such that
Ly(Q) — L2(Q), where @ is the set of states and a function D : Q — {+, 1, —}.
Define transition function as

, "NWVioy om0 if D(¢)=(dy,ds,....d
§<Q70-170-27 -.-70k7q 7d17d27 ;dk> — <q ( 1,025 k)‘q> | ! <q) ( 1 2 k)
0 | else
(3.3)
where (q'|Vigyos,..00|¢) is & coefficient of |¢') in Vis, s,,..0) @) is said to be well-
> (4

formed iff
' J1la=q
: 91> <q Q2> = { 0q 4 g } (3.4)
q€Q

for each Vs, ,...00)- Equivalently, it is well-formed when every V(;, o, »,) is unitary.

‘/(01,027---701@) ‘/(017027---,%)

3.2.1 Language recognition

A two-way k-head quantum multihead finite automaton is defined as 2QFA in which
k-heads reading the input string from single input tape and cannot move beyond the
end-markers. We assume that 2MQFA has to be observed to produce information
about its processing. Consider an observable O for finite-dimensional Hilbert space
‘H,., which is decomposed into subspaces such as E,, E,., E,, refers to the subspace of
‘accept’, ‘reject’” and ‘non-halting’ respectively. Each of these subspaces is traversed
by configurations.
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We assume that the input string € ¥* with both end-markers such that #x$
is written on an input tape. The processing of an input string starts with an initial
state and heads pointing towards the left-end marker. Each computation consists
of two linear operations. Firstly, the unitary evolution operator is applied to the
current state, and the second one is a measurement. It computes several paths si-
multaneously (quantum parallelism). Generally, N qubits form 2 computational
paths. In any mathematical operation, all 2 paths can be involved simultaneously.
In other words, the same operation is performed on all 2V computational paths
and result is evaluated simultaneously. This phenomenon is called quantum paral-
lelism. Then, the result is observed by an observable O. During computation, it
is the branching and quantum interference that creates parallelism and construc-
tive/destructive superpositions of states result in amplifying or destruct the effects
of some computation.

Suppose if the automaton is in a superposition state |¢p) = oy |z1) + @z |z9) + ...+
i |T,) where a;’s are amplitudes and |aq|? + |aa|? 4 ... + |, |* = 1, then the super-
position is projected into above-mentioned subspaces Ej, j € {a,r,n}. The result of
each observation will be either ‘accept’ or ‘reject” or ‘non-halting’. The probability
of each outcome is determined by the amplitudes of an associated configuration in
the present superposition. However, these amplitudes are complex numbers; paral-
lel computation paths can interfere with each other (if their amplitudes cancel each
other, i.e., destructive interference otherwise constructive). Interference is the act of
quantum qubits operating as a wave, whose amplitude depends on the phase (|¢)).
These waves can work in unison or opposite of each other. When the two waves
are in-phase (|¢)=0), they interfere constructively and the result has twice the am-
plitude of the individual waves, creating constructive interference. When the two
waves are out of phase (|¢)=180), their amplitudes cancel out, causing destructive
interference. The computation is over if the observation results in the accepting
or rejecting state. Sometimes, the computation paths may end in different perpen-
dicular states during observation of some configuration. It results in constructive
interference which holds | Y7 a; [*> Y0 | oy |2 After each measurement, the
superposition collapses to the measured subspaces. The outcome of the observation
may result in a superposition of halting and non-halting states. Then, the computa-
tion continues and superposition collapses to non-halting state. If the amplitude of
halting states in some superposition is zero, then the outcome of observation in non-
halting subspace is measured with probability 1. Therefore, superposition remains
unchanged by the observation.

3.3 Computational Power of 2MQFA

In this Section, we have shown the language recognition power of 2MQFA for various
languages. We have shown that a 2QFA with (k+1) heads is more powerful than k-
head 2QFA for k£ > 1 and 2QCFA. Therefore, a language which cannot be recognized
by 2QFA can be recognized by 2MQFA with two heads. First of all, we have shown
the superiority of 2-2MQFA over DMFA and RMFA based on the number of heads.

Theorem 3.3.1. L; = {w" | n > 1,w € {a}} where the length of w is a prime
number, can be recognized by 3-DMFA and 3-RMFA [79,80]. However, it can be
recognized by a two-way multithead quantum finite automaton with 2-heads.
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Proof. Let My_ongra = (@, X, o, Qaces Qrej, 0) be a 2MQFA with 2-heads, @ =
{40, Quee, Qrej FU{ X4, Ysi | 2 <5 <32 <0 <n+3Y{Quiis Qisis Qeii> Qiis Qisis Zivir Qyisis
Qriis 9siyiy Quiyis Quiyis Qliyis Quiyis Qeiyiy Qtiyis Qgisis fi,i;gi,ia Qpi ks ik Qui,is Quisis Qtiyiy Qyiyi ’ 2<i <
n,1 <k < max(i — 1)} U {pi0; Quio, Qo> Tio: %o | 2 <1 < np, Y = {a}, Quee =
{dace} Qrej = {QTej}. Each V(4 os,....0,) is unitary by inspection, so Ms_spygra for
L is well-formed. The specification of transition functions and head functions are

as follows:

Table 3.1: Details of the transition functions and head functions for Ly

v#,# ‘%) — |Xs,s> 5 v#,a ’Xs,s> — |}/s+1,s+1> ) va,a |}/s,k> — |Xs—1,k+1> )
Va,a |Xs,l> — |Y:9,l+1> ) ‘/;l,$ |Yts,l> — |qg,l> s ‘/a,$ |Xs,l> — |QS,l>

1 1
V:z,a |QS,Z'> = E |Qxi,i> + E |qym'> ,fOI‘ 1 = sk + 1, k= 1, 2,3,

1 1
V:za si) — ——= i.q +— 2ii ,fOIi: S+1k,]€:1,2,3,...
alsi) ﬂlqy,> ﬁlq,> (s+1)
V;z,a ‘q:mz> = ‘Qpi,i> ,Va,a \C]pi,Fl) = ‘Qpi,k> ) V;z,a ‘Qpi,k> = ’qm',k71>
V#,# |qp1;,0> = ’Z¢,¢+1> ) Va,a ’sz> = \Zi,k+1> 7‘/a,a ’ZH> = |fu>

Va,a |Qyi,i> = |1Um> , Va,a |Qy1,1> = |Qacc> ) Va,a ’q:m',i—1> = |$zk> ) Va,a |<Jmk> = |$z‘,k—1>
Vo |Tio) = 12i0) s Vas [2i0) = |Ziit1) , Var |Zik) = |Zik+1) s Vaa |Zik) = |Zik+1)

Va,a |Z1,z> ‘gz z> y Va,a ‘gz 1> = ‘gz,z> 5 Va,$ ’gl,l> = |k1,z> ; V;z,a ’kz,z> -
‘fz z> y Va,a ’CIZZ 2> |Qbi,i> 5 Va,a |Qbi,i> = ‘xl,l>

Vasa f” = —7= |Grii) T —F= |95 Jfori >3
| fii) f! ) \/5! )

I .
a#|zzk> \/—’qacc> E|qrej>7Vk#270§k<2

I .
a#’zzk> \/—|Qacc> E’q7ej>;3k:z72§k§3

Va,a |Q7‘i,i> — |Qwi,7,> y Va,a |Qw(zf ,i72> — |QUz,z> 5 Va,a |QM,7,> — |qui,i—1> )
Vaa ‘Quzk> = ‘Qui,k—1> , Vita ’qqu',0> = |pi,i+1>  Vaa |pzl~c> = ’pi,k+l> )
a a ‘pz k> ’qm,i+1> ,fOI‘ k= ia

for3<i<n-—2

(1 # q’U/L k Qacc Q7 ej/

for2<:<3

1
a H# ‘Quz k> \/— |Qacc> 7 ’%"ej>

1
a H |pz k) \/— ’%cc) \/— |q7‘€]> V# # |QM 0) \/— ’%zcc) E |QTej>

Vaa |qSi,i> = |QZz,z> » Vaa |QZM> |%z,z> , Vaa |%z,z> |QCz,z> , Vaa |Cch,i> = |Qt(i—4),i—4>
Va,a |Qti,i> = |Qti,i—1> ) Va7a |Qn',k> = |Qti,l~c—1> ) V;z,a |Qti,0> = |qm',k:+1> )

Vaa |qri,k> = |qm',i+1> Vs ‘qm,i) = ‘Qti,iq) Vaa ‘QM‘,I@> = ’qm,k+1> 0 <k <i
Va4 ’%,k> = |Qyi,k+1> k #0, Vi ‘Qti,0> = |Qyi,k+1> s Vot ’qw,k> = |Qyi,k+1>
V;z,# |Qyz‘,i> = |sz‘,i> Jor3<i<n—2, Va,a |in,¢> = |in,¢> ) Va,$ |in,i> =
|QQZ i), Ve aa |QQi,i> = |in,i>

a# |Qyz k> \/— |Qacc> E |Q7’ej> 7Vk - i,fOI‘ 2 S l S 3

), 3k # i, for 2 <i <3

I
V;z,# |Qyi,k> = E |Qacc> + E |Q7’ej

Head Functions:
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[#]afafafalalala]s] [#]afa[a[a]ala]a]s] [#laafafafalala]s]  [#]afa[a]a]ala]a]s]
4 [ ) Ao a0
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On measurement, accepted
with probability 1.

Figure 3.2: Computation process of language L for the input x € Ly

By the construction of 2-2MQFA for language L;, we see that computation
consists of various paths to check whether the input string z is of the prime number
or not. An input string is said to be of prime number if its length is divisible
by a number itself. During computation, we will divide the input string with the
number (2 < i < n)or (2 < i < n—1) after checking its length of odd or even
number, respectively. Thus, the computation is divided into two paths with equal

—— amplitude. Further, we considered an input string of length 7. Now, we will

V2
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[#[a]afalafalafa]a]s]  [#]a]a[a]a[a]a]a]a]s|  [#[a]a[a]a]a]a]a]a]s]  [#]a]a]a]a]a]a]a]a]s]
o [ [ [ [ [} o [
[#la]afala]a]a]a]a]s]  [#]a]afa]a]a]a]ala]s| ~ [#[a]a]a]a]a[a]afa]s]  [#]a]a]a]a]a[a]afa]s]
a0 b4 ) i)
[#la]afala]ala]a[a]s]  [#]a]afa]a]a[a]a[a]s|  [#[a]a]a]a]a[a]afa]s] [#]a]a]a[a]a[a[a[a]s]
[ [ l o a ] 4} [ l
Halted with equal |#|a|a|a|a|a|a|alal$| |#|a|a|a|a|ala|a|a|$| Halted with equal
probability é a 4 a probability

On measurement, rejected with
probability 1.

Figure 3.3: Computation process of language L, for the input = ¢ L;

check its divisibility from number 7 to 2. The computation process is further divided
into equal parts on both sides. On observation, the computation paths are in a
superposition of halting and non-halting states. Therefore, after checking divisibility
with the input string, the computation paths are halted with equal probability in
an acceptance and rejectance state. But, the computation remains to continue with
the non-halting states. The input string is said to be accepted (prime number)
when it is not divided by any of the numbers except itself. In the end, the second
head of both computation paths read the left-end marker at the same time and
other head points towards their respective position of a number. Thus, in case of a
prime number, both computation paths leading to rejecting configuration interfere
destructively, due to which their amplitude sums to 0. Hence, 2-2MQFA accepts
the input string with probability 1. In case, if the left-end marker is read by the
computation paths (both heads) at the same time, then the accepting configuration
interferes destructively. It results in the rejection of an input string with probability
1.

Similarly, we consider an input string z of length 8. The computation process
remains the same. But, the input string is divisible by more than one number.
In the end, one head of computation reads the left-end marker at same time; but
other head of one of the paths or both paths does not point towards their respective
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position of a number. It shows that input string is divisible by ( 2 or/and 3). It leads
to an accepting configuration interfere destructively. Thus, the string is said to be
rejected with probability 1. Fig. 3.2, and Fig. 3.3 shows the pictorial representation
of computation = € L; and = ¢ L;. O

Theorem 3.3.2. For k> 1, (k+1)-2MQFA is computationally more powerful than
k-2QFA.

Proof. Initially, we prove it for the case k=1. We claim that a language L, =
{ww | w € {a,b}*} cannot be recognized by k-2QFA, but it can be recognized by
(k+1)-2MQFA (proved in Theorem 3.3.3). We assume that a language Ly can be
recognized by k-2QFA. Consider an input string x € Lo, i.e., written on the input
tape enclosed with end-markers such that #x$. On reading the left-end marker #,

1 1
— + — |g2). Now, in the first

path along with state ¢, the tape head moves after remain stationary one time on
reading each symbol. Meantime, in other paths, the head moves deterministically
toward right-end marker $. This process remains to continue until the head does not
reach the right-end marker in second path. Suppose, along the second path, the head
points towards the right-end marker, and simultaneously the head is somewhere in
the middle of an input string in first path. Now, in order to match the contents, the
tape head should be at the beginning of the second w in first path when the head
is reading the right-end marker in the second path. However, the tape head moves
deterministically in both paths and the first head does not know the position of head
in another path. Regardless of the power of 2QFA, there are some languages which
cannot be recognized by it. We get a contradiction that language Lo is cannot be
accepted by £-2QFA. But, it can be accepted by (k+1)-2MQFA (proved in Theorem
3.3.3).

Although, k-2QFA [5] with single head can recognize all regular languages, some
non-regular languages L = {a"b" | n > 1} and non-context free language L =
{a™"c" | n > 1}. The power of 1-2QFA comes from the ability of their heads
to be in superpositions of basis states corresponding to configurations with the
heads in different positions, instead of one position as in the classical model. But,
the relationship between 2QFA and its multihead variant is not known concerning
language recognition capability.

Thus, it has been proved that 2-2MQFA is computationally more powerful than
1-2QFA. As a result, in Theorem 3.3.3, 3.3.4 and 3.3.5, we considered the languages
Ly = {ww | w € {a,b}*}, Ly = {zay | z,y € {a,b}",|z| = |y|} and L4 = {www |
w € {a,b}*} which cannot be recognized by simple 2QFA and 2QCFA. However, it
has been proved that these languages can be recognized by 2QFA with 2-heads. Each
transition Vg, 4,,...0,) 18 unitary and My_spqra is well-formed for these languages.
However, it is still an open problem to find more languages like these that witness
the superiority of (k+1)-2MQFA over k-2QFA for k> 2. ]

the computation is split in two paths Vi |qy) =

Theorem 3.3.3. Language Ly = {ww | w € {a,b}*} is recognizable by 2MQFA with
2 heads.

Proof. The idea of this proof is as follows. It consists of three phases. First, the
initial state go reads the first symbol, and both heads start moving towards the right-
end marker $. After reading a symbol, first head remains stationary at once and
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other moves forward. If the input string x € Lo, then first head is at the beginning
of second w in the input string and the second head points towards the right-end
marker $. In the second phase, the symbols read by first head are getting matched
with the symbols read by the second head and moves towards the left-end marker
#. If any of the symbol read by both heads does not get matched, then it leads to
rejecting state g..;. Otherwise, Ly is said to be accepted if all the symbols read by
first head gets matched with the symbols read by the second head and first head is
reading right-end marker # at the end. A 2-2MQFA for L, is defined as follows:

MQ—QMQFA - (Qa E, q0, Qacca Qreja 6)7
where

- Q=1{%, 0, %, 93, 1, Gace; QTej}u where q1, g2, and g3 are used to move the second
head towards the $ and first head remains stationary at once on reading the
symbol, g4 is used to match the symbols of both heads.

— X = {a, b}, q is an initial state, Qucc = {qacc} and Qrej = {rej }-

— In transition functions r, s € {a, b}*, and its specifications are defined as:

Table 3.2: Details of the transition function and head function for Lo

Vi l90) = |9) Virlgo) = 1) Vesla) = lg2) Vesla) = lgres)
Visla) = |q1) Vislaz) = |gs) Vaa|qa) = |qa) Vb [q4) = |qa)
V;ﬂ,$ |CI3> - |Q4> V#,T |Q4> - |Qacc> %,a IQ4> - |Q7"ej> Va,b |Q4> - |Q'rej>

Head Functions:

D(qo) = (1, =), ()Z(—> —), D(g2) = (1, =), D(gs) = (=, 1),
D(Q4) ( ) D(Qacc) (T? T)7D<QT’€j) — (T? T)

Each Vis, 0,..0,) 1s unitary, it obeying unitary time evolution defined by local
interactions between its symbols which permitting being in a superposition of con-
figurations for each (01,09, ...,04) € T O

Theorem 3.3.4. Language L3 = {zay | x,y € {a,b}*, |x| = |y|} is recognizable by
2MQFA with 2 heads.

Proof. 1t consists of two phases. First, we keep the first head stationary at once
and other moves forward on reading symbols towards the left-end marker $. At the
end of the first phase, if the central symbol is a, then it proceeds to second phase to
check |z| = |y. Suppose, if the central symbol is not a, then Lj is said to be rejected.
In second phase, we keep the first head stationary for once, and other heads keep
moving towards the left side. In the end, if both heads read the left-end marker at
the same time, it is said to be accepted (w € L3). A 2-2MQFA for L3 is defined as
follows:
M272MQFA = (Qu E, qo, Qacc; Qrej; 5)7

where

- Q = {9, 01, %, 9, 44, Gace, Gre; }, Where ¢ and go are used to move the second
head towards the $ and first head remains stationary at once, g3 and ¢4 are
used to move both heads towards left side after checking the middle symbol
a. On reading the left-hand marker by both heads at the same time, the state
q4 is changed to quec-
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— ¥ = {a, b}, q is an intial state, Quec = {acc} and Qrej = {@rej }-

— In transition functions r, s € {a,b}*, and its specifications are defined as:

Table 3.3: Details of the transition function and head function for L3

Vi 100) = |q0) Virla0) = @) Visla) = |q2)
Vos o) = 1gs) Vislas) = |qa) Vis las) = |gs)
%,$ ‘Q1> - ‘qrej> V;,s ’C]2> = ‘CI1> V#v# ’q4> = ‘Qacc>

Head Functions:
D(q0) = (1, 1), D(@1) = (1, =), D(g2) = (=, =), D(gs) = (1, 4),
D(q1) = (=), D(@rej) = (1, 1) D(Gace) = (1, 1)

It is easy to verify that L3 can be recognized by Ms_onrqra. First phase checks
whether the middle symbol is a or not. Finally, the second phase confirms the length
|z = yl. O

Theorem 3.3.5. Language Ly = {www | w € {a,b}*} is recognizable by 2-2MQFA.

Proof. The Ms_spgra to accept this language is identical to the one accepting Lo.
The idea of this proof is as follows. It consists of four phases. First, we keep the
first head stationary two times and other moves forward. This process remains to
continue until the second head does not read right-end marker $. If the input string
x € Ly, then the first head is at beginning of second w in the input string and
the second head points towards the right-end marker $. In the second phase, the
symbols read by first head are getting matched with the second head and moves
towards left-end marker #. If any of the symbol read by both heads does not get
matched, then it leads to rejecting state gy;.

Otherwise, it confirms that the contents of first and third w are same. In third
phase, we keep the second head stationary two times, and other head moves forward
towards $. Finally, we repeat the second phase. The contents of all w’s get matched
with corresponding one respectively. If any of the symbols do not matched between
both heads, then the input sting is said to be rejected. In the end, if the first read
points the left-end marker #, which shows that all the contents get matched and
the string is accepted. A 2-2MQFA for L, is defined as follows:

M272MQFA = (Q? 27 do, Qacc: Qrej: 6)7

where

- Q = {QO7 41,492,493, 44,95, 46, 97, 48, Gacc, QTej}7 where q1, 42, 43, and gg are used
to keep the first head stationary two times and second head to move towards

the $, states ¢4 and ¢; are used to match the symbols between both heads,
g5, e used in the third phase to move the first head towards the right side
and second head remains stationary at once, ¢4 and g7 are changed to g; on
reading the different symbols by both heads.

— ¥ = {a, b}, q is an initial state, Quec = {qacc} and Qrej = {rej }-

— The specifications of transition function and head function are as follows,
where 7, s € {a,b}*.
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state
[ #la[blalbla[b[s]| [#[a[b[alb[bla[b[s]
qQ Abd hbd
(#lafblalbla[b|s| [#[a[bla[b[bfa[b[s
qs3 [ @ [ )
(#lalblaf[bla[b[s| [#|a[bla|b[bla|b]s|
q4 [ & [ [
(#lafbfalbfaf[b|s| [#]a[bfa|b[bla|b][s]
qs [ Y h

(#]a bfa[b[a[b[s]| [#laf[blalb[bla|b][s]
q7 [ t [ @
(#[]albla[blalb[s| [#]a]bJa[b[b[a[b]s]

q7 [ [ [ h
(#[afbfafbflafb[s] [#]alblalblblalb]s]
q7 [ h J [ i [
Accepted Rejected

Figure 3.4: Computation process of language L4 for inputs ababab € L4 (left) and
ababbab ¢ Ly (right). In the second case, Ma_oprqra halts with the two heads leaving at
the positions when the symbols do not match.

Table 3.4: Details of the transition function and head function for L4

V#,# 90) = |q0) Vir 90) = |q) Vislq) = |2) Vs |g2) = |gs)
Vs las) = 1) Vis las) = lgs) Vis lgs) = |aa) Vaalqs) = |qa)
ab ’(J4> |QTej> Vb,b |Q4> = ’ > V#,r |Q4> = \%) Vr,s |Q5> = ’CIG>

Vislgs) = lgs) Voalgs) = [gres) Voo lar) = |a7) Vs la7) = |ar)
ab IQ7> |(Jrej> V;",‘JB |(J5> — | > V#,T‘ |q7> - ‘Qacc> ‘/r$ IQl> = |qrej>
r,$ |Q2> |q7’6]> %,a |Q7> | re])

Head Functions:
D(QO) = (Ta _>)7 D(Ql) = (_>7 _>)7 D(Q2) - (

D(q4) = ((_7 <_) -, D (

D(qg

S
~
R
T
SN~—

I
—~

It can easily verify that each V{4, ,,) is unitary and obeying unitary time evolution
defined by local interactions between its symbols. Fig. 3.4 shows the computation
process of My_opnqra for L. O
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Chapter 4

Quantum Queue Automata

In this chapter, we have proposed a quantum analogue of classical queue automata
by using the definition of the quantum Turing machine and quantum finite-state
automata. However, quantum automata equipped with a storage medium of a stack
have been considered, but the concept of quantum queue automata has not been
introduced so far. The classical Turing machines can be simulated by classical queue
automata. Motivated by the efficiency of the quantum Turing machine and nature of
classical queue automata, we have introduced the notion of quantum queue automata
using unitary criteria. Our contributions are as follows. We have also introduced
a generalization of real-time deterministic queue automata, the real-time quantum
queue automata which work in real-time, i.e., the input head can move towards
the right direction only and takes exactly one step per input symbol. We have
shown that real-time quantum queue automaton is more superior than its real-time
classical variants by using quantum transitions. We have proved the existence of the
language that can be recognized by real-time quantum queue automata and cannot
be recognized by real-time deterministic (reversible) queue automata. Further, we
have shown that there is a language that can be recognized by real-time quantum
queue automata but not by real-time non-deterministic queue automata.

4.1 Introduction and motivation

Soon after the design of Shor’s algorithm, interest in quantum computation and
information has been increased significantly. Several different models, their language
recognition capability, and properties have been introduced [7]. Till now, quantum
versions for various classical automata’s have been introduced such as quantum
Turing machine (QTM) [37] of Turing machine; quantum finite automata (Moore
and Crutchfield [13]; Kondacs and Watrous [14]) of deterministic finite automata;
quantum pushdown automata (Moore and Crutchfield |13]; Golovkins [87]; Gudder
[88]; Qiu [89]) of pushdown automata, quantum real-time one-counter automata
(rtQ1CA) Say et al. [90] of classical real-time one-counter automata (rt1CA) and
many more since last two decades. Some of these constructions are more powerful
than their classical counterparts [43].

In 1936, the same fruitful year Turing introduced the Turing machine, Post
[91H93] proposed the concept of Post machine (PM), which is equivalent to Turing
machine model in computation. Later on, Manna [94] followed the approach of Post
and defined an automaton equipped with data structure queue called Post machine.
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Till now, it has been extensively studied from several perspectives. In 1980, Bran-
denburg [95] considered a queue automaton (called post machine) and investigated
its features. It has also characterized the class of languages recognized by multi-
reset machines and equality sets. The computation power of queue automata by
putting a restriction on time has been investigated on several occasions. Cherubini
et al. [96] considered the queue automata, which work in quasi real-time, i.e., limit
the number of e-transitions by a constant and proved that the emptiness problem
is undecidable. In 2013, Jakobi et al. [97] introduced queue automata of constant
length and studied its descriptional complexity. Recently, Kutrib et al. [9899| intro-
duced the concept of reversible queue automata. It has been shown that the class of
languages recognized by reversible queue automata strictly consists of regular lan-
guages. It has been investigated that the computational power of reversible queue
automata and Turing machines is an equivalent. Further, the working of reversible
queue automata in quasi real-time has been shown. Moreover, the language recog-
nition power of reversible queue automata is compared with reversible pushdown
automata, input-driven queue automata and examined their closure properties.

Scegulnaja [100] introduced the concept of real-time quantum Turing machine
and proved that a language L = {wexcw®ez® | w,z € {0,1}*} can be recognized by
real-time quantum Turing machine with single work-tape, but cannot be recognized
by real-time deterministic Turing machine with single work-tape. It is known that
each deterministic queue automaton (DQA) can be simulated by reversible queue
automata (RDQA) without any time constraint. Thus, RDQA are powerful as
Turing machine. Although, we find that in a quantum queue automation (QQA)
where transition matrices consist 0 and 1, i.e., basically a reversible queue automaton
(RDQA). So, QQA can recognize all the languages recognized by RDQA. Due to
the computational universality of reversible queue automata, i.e., quantum queue
automata are of natural interest to impose time restrictions to the computations.
Given this result, it is interesting to consider restricted variants of the proposed
quantum variant. In fact, one needs to take care the reversibility. In this chapter,
we have introduced a notion of quantum queue automata. Further, we have shown
that a language which cannot be recognized by any real-time deterministic queue
automata can be recognized by quantum queue automata in real-time. Moreover,
we have proved that real-time quantum queue automata are more powerful than
real-time non-deterministic queue automata in language recognition.

4.1.1 Comparison with 2MQFA

In classical automata theory, queue automata can be simulated by Turing machine.
Similarly, quantum queue automata can be simulated by quantum standard circuit
model and quantum Turing machine. The languages L1 = {w™ | n > 1,w € {a}},
where |w| is a prime number, Ly = {ww | w € {a,b}*} and L3 = {www | w €
{a,b}*} can be recognized by two-way quantum multihead finite automata, which
can also be recognized by quantum queue automata. However, it is still an open
problem to find more languages like these that witness the superiority of quantum
queue automata over two-way multihead quantum finite automata.

It has been proved that the languages Ls = {ba™ba™ba"...b a™ca™b | n; >
0,1 < j <i}and L,y = {zycyz | x € {a,b}*,y € {0,1}*} can be recognized
by quantum queue automata in real-time, which can also be recognized by two-
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way quantum multihead finite automata with at least three heads. Although, the
quantum queue automaton takes exactly time equal to the length of an input string.
Under real-time conditions, the quantum queue automata can be less powerful than
two-way multihead quantum finite automata.

4.1.2 Motivation

e [t is known that deterministic finite automata equipped with queue can per-
form universal computations. It has been proved several times that the com-
putational power of deterministic queue automata and the Turing machine is
equivalent.

e QTM is more efficient than the classical Turing machine from a computational
complexity point of view. For example, integer factorization and discrete log-
arithm problems are intractable on classical Turing machine, but they are
tractable on QTM [101]. Moreover, real-time QTM is more powerful than
real-time DTM [100].

e Motivated by the efficiency of QTM and classical queue automata, we inves-
tigate a quantum version of classical queue automata and its superiority over
classical counterparts in real-time.

4.2 Preliminaries and definitions

In this section, we review some formal definitions. Throughout the chapter, we
have used the following notations: the prefix “R”, “D”, “ND”, “Q” and “rt” signify
reversible, deterministic, non-deterministic, quantum and real-time, respectively.
An input alphabet ¥ does not contains left and right-end markers (#, $), empty
queue symbol L is not an element of queue alphabet ;. The length of an input
string z is denoted by |z|.

Definition 4.2.1. A deterministic queue automaton (DQA) is defined as a septuple
(Q7 Z? F757 do, —]—7 F), where

e () is a set of states,

e X is an tnput alphabet,

I' is a finite set of queue symbols,

qo 1S a starting state,
o | is an empty queue symbol 1# T,

The transition function ¢ is defined by @ x X U{\} x (I' x I')U ({L} x {L})
— QXTU{A} x{keep, remove}, where X\ signifies empty symbol. It must never
be used as an input symbol.

F is a set of accepting states (F C Q).
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Figure 4.1: Resultant configurations of a DQA

In DQA, it is possible to enqueue the symbol at rear of the queue and de-
queue (remove) the symbol at the front of the queue. To process the input string
z by Mpoa = (Q,%,1,0, qo, L, F), we assume that z is written on the input tape
employed with a queue. A computation process of Mpga is a sequence of con-
figurations ¢y, 1, co, ... , Where ¢y is an initial configuration. The configuration of
Mpga is defined as a quadruple (p, ¢,r,s), where p € X* denotes the already read
part of input string, ¢ € @ is the present state, r € ¥* is unread part of z and
s indicates the content of queue, where leftmost symbol is at the front of queue.
Suppose the configuration of Mpga is ¢1 = (p, g1, 7172, 2122...21), where Mpga is in
state ¢; and R/W head is under the symbol r; and z;,z are the symbols at the
front and rear of the queue respectively, where 1 € SU{A}, p, 7 € £*, 2 € TU{\}
and z1, 2o,...2; € I for [ > 1. Thus, after reading the symbol r;, the resultant con-
figuration ¢, is as ¢y = (pry, qa, 72, 2122...22 ). Thus, the above configuration ¢, is
transformed into ¢, if the transition function is 6(qi, 71, 21, 2) = (g2, 2, keep). Simi-
larly, in order to remove the symbol from the head and put the other symbol at the
rear, then the resultant configuration will be co = (pry, g2, 72, zg...zlz/) if transition
function is 6(qz, 73, 21, 21) = (g3, 2, remove). In case, the queue is empty at an initial
stage; then the resultant configuration is computed by ¢ with empty queue symbol
such as 0(qi, 71, L, L) = (o, 2, keep). Fig 4.1 shows the pictorial representation of
above configurations of a DQA.

The definition of reversible DQA (RDQA) is same as above DQA. The only
difference lies in the transitions, i.e., any configuration of RDQA must have one
configuration, which can be computed by DQA. It has also to be deterministic
backward and the symbols are enqueued at the front, and dequeued from the rear
of queue. Any automaton is said to be real-time if it completes the computation
in real-time i.e the running time of automaton on any input string r € X* is less
than equal to |z|. But, the notion real-time depends upon the model of automata
studied. Kutrib et al. [98] studied the restricted versions of DQA by putting a
restriction on time. RDQA is said to be real-time DQA (rtRDQA) if there are no
A-steps in computation. It is said to be quasi real-time if there is a constant number
of A-steps applicable for all computations.
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4.3 Quantum queue automata

The concept of quantum queue automata is constructed similarly as quantum push-
down automata (QPDA). QQA employs a data structure queue referred to as First-
In, First-Out (FIFO), whereas QPDA employs stack which referred to as Last-In,
First-Out (LIFO) [87]. QQA consists of an input tape, queue, and finite state con-
trol. QQA can be defined as a modification of classical queue automata by adding
weighted superposition to the configurations of classical queue automata in such a
way that processing of an input string corresponds a unitary transformation. QQA
choose a transition by considering the current state and the symbols at the front
and end of the queue.

Definition 4.3.1. A quantum queue automaton M is defined as septuple (Q, X, Xy, qo,
Qaca Qrej, (5), where

e () is a set of states. Moreover, QQ = Qucc U Qrej U Qnon, where Qace, Qrejs @non
represents the set of accepting, rejecting, and non-halting states, respectively.

e > is an input alphabet,

o ¥, is a queue alphabet such that ¥, = ¥ U {#,$}, where end-markers {#,$}
are not included in . For convenience, we have used ¥, for ¥, U {1} such
that T represents an empty word and L is the empty queue symbol such that

(L& %),

e Transition function ¢ is defined by 0 : Q X L XXy X XX Qx X, xDx X — C,
where D = {<,T,—} represents the head function for the left, stationary,
and right direction of R/W head, X € {e,w} where ¢,w represent the dequeue
and enqueue operations respectively. In the following conditions, we have used
21, 22, .21 € Xg for I > 1, where z1, 2 signifies the first and last symbol of
queue respectively. Transition function must satisfy the following conditions:

Well-formedness conditions:

(i) Local probability condition:

¥(q1,0,21,21) EQ X X Tg X g

Z‘ 6(Q1707 Zl,Zl,q,,Z/,d,W) ‘2 =1 (41)
(¢,2",d,w)EQXErxDxX
(ii) Orthogonality condition:
V(q1,0,21,21)#(g2,0,21,21) € QXEXXgXXq

/ /
Z 6((]1’ 95 215 21 qu Zl? d7 w) 5(Q2a 0,21,%1,49,%, da (U) =0
(q',2" dw)e QxBrxDxX

(4.2)
(i11) Separability condition I:

V(q1,01,21,21),(42,01,21,21) EQ XL X Lg X Xq

Z 5(Q17 01, 21, 21, q/7 Zl? d7 6) 5(Q2, 01, 21, 21, q/7 2/7 d7 W)

(¢',2,de)€EQXTr xDx X,
(¢',7",dw)EQxTrxDx X (4.3)

T Z 5(Q17 T1, 215 21y q/’ Zl’ d’ 6) 6(Q27 01, 21, 21, q/7 Zl? d7 6) =0
(q',%',d,€)EQX T x DX X
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Z 5(Q17 01, 21, 21, q/7 2/7 da E) 5((]27 01, 21, 21, q/7 2/7 d7 w) =0 (44)

(qlvzlvdye)eQXZ-r ><L)><){7
(¢',#,dw)EQX T x Dx X

(iv) Separability condition I1:

V(q1,01,21,21),(92,02,21,21) EQ X XX X X Xq

Z 5((]17 01, %1, 21, q/7 Zla 7, (.U) 5(Q27 02, 21, 21, qu Zlu Ta CU) =0 (45)

(q',2" wW)EQXTxX

(v) Separability condition I1I:

V(q1,01,21,21),(92,02,21,21) EQ X XX Bg X 3g,Vd1 ,d2 €D :d1 #d2

Z(S(qhalaz1a2l7q,7zlad17€) 5(QQ7O'2,21,2l7q,72,,d2,W) =0 (46)

(¢',7,e)eEQxTr x X,
(¢,7' w)eQxEr xX

25(q1701,zl,zl,q’,z’,dl,w) 5((]2,02,2172’[,(]/,Z/,dQ,G) =0 (47)

(¢, w)EQXTr x X,
(¢',7,€)EQXTrxX

Y(q1,01,21,21),(42,02,21,21) EQX B X Ly x Eg

Z 6((]17 01, 21, 21, q/7 2/7 da 6) 5((]27 02, 21, 21, q/7 zlv d7 w) =0 (48)

(¢',2,d,e)€EQX T xDxX,
(¢',2'\dw)EQxTr x Dx X

To process the input string by Mg, we assume that an input string z is written
on the input tape enclosed with both end-markers such as #x$. It processes the
input tape employed with a queue which is potentially infinite on the right-side.
The automaton is in the state ¢, R/W head is above the symbol o. Then, My with
the amplitude d(q, 0, 21, 21, ¢, 2/, d,w), where 21, 2 are the symbols at the front and
end of queue respectively. It moves to state ¢/, d € {«+, 1, —} moves the R/W head
one cell towards left, stationary or in the right direction, and puts the symbol 2’ at
the end of the queue. The automaton Mg for processing an input z corresponds a
unitary evolution in the inner-product space H,,. Definition 4.3.1 utilizes the concept
of deterministic queue automata [94,98] and quantum pushdown automata [87},89].

A computation of QQA Mg is a sequence of superpositions cy, c1, ca, ..., where
¢o is an initial configuration. When the automaton is observed in a superposition
state, for any ¢;, it has the form Us|c;) = > .o ac|c;), where C' defines the set
of configurations, and the configuration ¢; is measured with the probability a. [5].
Superposition is valid; if the sum of the absolute squares of their amplitudes is
unitary.

Time evolution of quantum systems is given by unitary transformations. Suppose
if the system is in [¢), then at a later time it will be |¢') = U [4), where U is
unitary time evolution operator. If U is any linear transformation, then it will be
unitary transformation if UU = I or UU = I, where U is a conjugate transpose
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of U. Therefore, evolution operator specifies how QQA M will progress the input
string. Each transition function ¢ induces a linear time evolution operator over
the space H,. Let 01,09,....,0, € ¥ and zy,29,...,2 € ¥, for [ > 1. For any
configuration ¢ = |01q0203...0,, 2122...21), the evolution of a QQA Mg is given by
the linear operator Uy such that

U5 |C> = Z 6(q70272172l7q/72/7d7u}> |f(|C> 7d7 q/>72/7w> (49)

(¢',2",dw)EQXTr x DX X
where (q,0,21,2) € Q x 3 x ¥, x ¥, and

q/02, 2129...202" 1 d =T
fllo1902..on, 2122...212") ,d, ¢') = § q'o3, 2120, 22" if d =— (4.10)
qlal, 2129..212 1 d =<

When R/W head is stationary in equation (4.10), then the resultant state is
reading the same symbol on input tape and enqueue the symbol 2’ at the end of
queue. The resultant state ¢’ reads the next symbol on moving the R/W head
towards the right. Further, the resultant state reads the o; on moving towards the
left direction and puts the symbol 2’ at the rear of the queue.

Theorem 4.3.1. Well-formedness conditions are satisfied iff the time evolution op-
erator Us 1s unitary.

Proof. For each input z, Us is unitary iff the vectors Us |c) for ¢ € C,, of the QQA
evolution matrix are orthonormal. Condition (%), i.e. local probability condition
is satisfied with the statement that ||Us|c)|| = 1 for each ¢ € C, configuration.
Correspondingly, the column vectors of the QQA evolution matrix are orthogo-
nal iff condition in Eq. (4.2) i.e. orthogonality condition is satisfied such that
Us |c1) — Us|ea), where ¢1 = |q10,2122...21) ,co = |q20, z129...21) for q1 # qa. Sep-
arability condition in Eqs (4.3-4.6) are satisfied in equivalent to the above state-
ment. Separability condition (iv) is satisfied such that Us|c;) — Us|ce), in which
states ¢; and go are reading the different symbols and resultant state is same, where
{c1 = |q1o1, 21220...21) , €2 = |qu02, 2122...21) | ¢1,¢0 € Ci}, where R/W head moves
right and remains stationary for ¢, ¢, respectively according to the condition. Thus,
the columns of the evolution matrix are orthogonal for each input z iff conditions in
Eqs (4.2-4.6) are satisfied. We can say that, if Us is a unitary operator, transition
function ¢ satisfies the well-formedness conditions.

It is not an easy task to check all the well-formedness conditions for trivial
QQA (i.e. there is no other state that it can exist in). Consider a QQA, whose
evolution matrix columns are orthonormal for each configuration, but the evolution
is not unitary. @ = {¢},¥ = {a},%, = {A4o} and transition function ¢ is defined
as: d(q, #, Ao, Ao, q, Ao, —,w), (q, a, Ag, Ao, q, Ao, =, w) = 1,0(q,$, Ao, Ao, q,$,—
,w) = 1. The other values of the transitions § = 0. Therefore, we have defined the
simple notation of QQA similar to 2QFA and QPA, by which well-formed machines
can be more easily specified. The method is to decompose the transition function
into transforming of states with queue automata operations (enqueue, dequeue) and
other head functions. m

Definition 4.3.2. A QQA is simplified, for each o € X, if there exists a function
D :Q — {<,T,—} on the inner product space Ly(Q) — Lo(Q) such that where Q
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is the set of states, X € {e,w}. Define transition function as

¥ D(q) = d} (4.11)

{ sp(qa 0, 21, 21, qla 2/7 6) = 5((1, g, z1, 21, q/7 ZI7 D(q/)a E)
else

0

where state q results in to ¢ on reading o, dequeue a symbol z; from the head and
puts the 2 at end of the queue.

Theorem 4.3.2. A simple QQA satisfies the well-formedness conditions if there
exists a transition function v(q, 0, 21, 22,¢', 2’ w) foranyoc € ¥, D : Q — {«+, 1, =}
on the inner product space Lo(Q) — Lo(Q) and X € {€,w} such that

V(q1,0,21,21),(q2,0,21,21) € QXEXXgx2q

1 —
ZSO(C_h,U, 21,25, ¢, 2 w) o(q, 0,21, 21,4, 2 w) = { 0 ‘ Zl . 22}
(¢ 2" w)EQXTr x X 1 2

(4.12)
Proof. Firstly re-write the well-formedness conditions:
Z 5(q17 0, 21, 21, qla 2/7 d7 w) 5(Q27 0, 21, 21, qu Zla d7 (,4.)) =
(¢',2",dw)EQXxErxDx X
Z 5(611» 0, 21, &1, q/a ZI? D(q/)a CU) (5<q27 0, 21, 2l q/7 Z/> D(q/>7 w) =

(¢',#,dw)EQXxTr xDx X

V(q1,0,21,21),(q2,0,21,21) € QXL XXy . B
Z(‘O(Ch’o”zl’zl’q/’z/?w) (P(QQ,O',Zl,Zl,q/,Z/,CU) - { O ’ Zl 7&32}
(¢',2' w)eEQxTrxX 1 2
(4.13)
O

The definition of a real-time quantum queue automaton (rtQQA) is same as
QQA. The only difference lies in the movement of R/W head. It is only allowed to
move in the right direction Thus, every step rtQQA reads a new symbol. On reading
the right-end marker $, the computation is finished. The input string is said to be
recognized by rtQQA if the R/W reads the right-end marker $ and queue is empty.
Thus, rtQQA accepts the language L, if it takes time not more than |w| for every
word w € L.

4.3.1 Language recognition

We assume that QQA has to be observed to produce information about its pro-
cessing. Consider an observable O for finite-dimensional Hilbert space H,,, which
is decomposed into subspaces such as FE,, E,, E, refers to the subspace of ‘ac-
cept’, ‘reject’” and ‘non-halting’, respectively. Each of these subspaces is traversed
by configurations such that ¢, = {|qo109...00,2122...21) € C | ¢ € Quec},r =

{lgo109...00, 2120...21) € C' | ¢ € Qpej} and ¢, = , where ¢, € C.

caUey)
We assume that an input string x € X* is written on the input tape with both

end-markers such that #x$. It is equipped with a queue (i.e. initially empty). The
processing of the input string starts with an initial state and R/W points towards
the first symbol on input tape. The transition depends upon the symbol under
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R/W head and the symbols at the front and end of the queue, respectively. Firstly,
the evolution operator is applied to the current state and computes several paths
simultaneously (quantum parallelism); however, as a result of measurement, it is
possible to get the results of only one computation path. In meanwhile, each path
performs the enqueue or dequeue operations on queue and moves the R/W head
corresponding to the resultant state. Then the result is observed by an observable
O. Suppose if the automaton is in a superposition state |¢) = oy |z1) + ag |x2) +
o + @y |z,), where a; are amplitudes and |aq|* + |az)? + ... + |an|* = 1, then
the superposition is projected into the above-mentioned subspaces E;, j € {a,r,n}.
The result is observed randomly, and each result j is realized with probability ||a .
The result of each observation will be either ‘accept’ or ‘reject’ or ‘non-halting’. The
processing remains continue until the observation does not undergo ‘acceptance’ or
‘rejectance’ state. Therefore, when the R/W head reaches at right end of the input
tape and queue is empty, then the string is said to accepted otherwise the string is
rejected after processing the input string.

4.4 The power of quantum queue automata

The computational power of automata employed with queue has been widely studied
by various researchers. It is known that queue automata and Turing machines have
the same computational power i.e capable of performing universal computations.
Kutrib et al. [98] shown the several languages recognized by rtRDQA and proved
its closure properties. It has been examined that languages L; = {ba™ca"b | n >
0} and Ly = {ba"ba™ca™b | m,n > 0} can be recognized by some reversible DQA in
real-time. But, the union of Ly = Ly U Ly i.e Ly = {ba™ ba™*ba™...ba™ ca™b | n; >
0,1 < j < ¢} cannot be recognized by any rtDQA [98]|. Further, it has been inves-
tigated that L,, = {zycyx | v € {a,b}*,y € {0,1}*} cannot be recognized by any
non-deterministic queue automata in real-time (rtNDQA) |99]. In this Section, we
have investigated the computational power of real-time quantum queue automata.
Thus, by Theorems 4.4.1 and 4.4.2, the real-time quantum queue automata have
been shown to outperform its classical variants in the regime of language recogni-
tion by imposing same restrictions.

Theorem 4.4.1. A language Ly = {ba™ba™ba™...ba™ ca™b | n; > 0,1 < j < i}
can be recognized by real-time quantum queue automata, but cannot be recognized by
any deterministic queue automata in real-time.

PTOOf. Let MrtQQA = (Qa 27 Eqa qo, Qacca Qreja 5) be a real-time QQA> Q = {QO7 q1, 42,
43,44, 45, Qaccu Qrej}a ¥ = {CL, b, C}, 2q = {A, B}7 Qacc = {Qaccl ) qCLCCQ}J Qrej = {QTejl}-
The transition function § is defined in the manner as described in Section 4.3. It
must be noted that the head moves always towards the right direction on reading
a new symbol at each step. The specification of transition functions is defined as
follows:

In Table 4.1, transition functions are applicable in the case where M,;g04 is in
state ¢ € @ and R/W is above the symbol o € ¥ and z;, z; are the symbols at the
front and end of queue respectively are represented as:

(p(Q7U7 lezl) = Z 80((%0-7 Zluzlaq/vzlaw)(qlazl7w> (414)
(¢/,2" w)EQXErxX
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Table 4.1: List of transition functions for language L3z = {ba"*ba"2b...ba™i ca™ib | ny >
0,1 <k<j}

@(%a #7 Jl—a J—) = (q077—7(*1)>
gp(qo,b, J—> J—) - \/i(QIaTv OJ) + \/§<QQa7—7 w)
o(qr,a, L, L) = (q1,A w) o(q,a, L, 1) = (g, 7,0)
plgi,a, A A) = (q1, A, w) ©(g2,0, L, 1) = (q1, 7, w)
plq,b, A, A) = (¢, 7 ) P(g2,b, L, L) = (g2, 7, w)
plq,c, A A) = (g3, 7, w) P(g2, ¢, L, L) = (qu, 7, w)
p(gs,a, A A) = (qw €) p(gs,a, L, 1) = (qm w)
p(gz,a, L, L) = (greji, 7,€) | p(qa, b, L, L) = (g4, 7T,w)
0(g3,0,A, A) = (@rejy, 7, €) ¢(g3, 0, L l) (g5, 7, w)
§0<Q5 $ uE J—) (Qacc177—7 UJ) SO(Q4 $ ) (QaccyT w)

M,19qa starts by splitting into two computational paths. Each path possesses
an equal amplitude of 1/4/2. In the first path, state ¢; reads a and empty queue
symbol L, then it enqueues symbol A at the rear of queue and moves the R/W
towards the right. This process continues and the state remains same. On reading
symbol b, the M,,00a changes its state to rejecting state g,. The state ¢; is changed
into g3 on reading a symbol ¢ from an input tape, and symbol A is at the front and
end of queue. Further, it starts dequeue each A from the front of queue on reading
a from tape. If in case, state g3 reads a and queue gets empty or reads b symbol
and there exists A is at the front and end of queue, then it goes to the rejectance
state grej,. Otherwise, the state g3 is changed into g5 on reading b and empty queue
symbol 1.

While in the second path, R/W keeps moving towards right of the input tape and
neither enqueue nor dequeue any symbol from the queue. Whenever a state ¢s reads
a symbol b, it splits the computation into two paths, where the first path follows
the above procedure and another path follows the loop. But, on reading a symbol ¢
and empty queue by tape heads, state ¢, is changed into state ¢, and moves to the
right. If the first path finds the difference in the number of a’s before the symbol ¢
and after it, then it goes to rejectance state. Otherwise, on reading symbol $ from
the input tape and empty queue symbol, the working states ¢; and ¢4 go to the
accepting states guee, and guec,, respectively. In the end, the total amplitude can be
written as the product of the amplitudes associated with each subpath. Thus, the
number of subpaths depend upon the number of b’s occur before the symbol ¢ in
the second path. If the input string w € Ls, then both the paths read the right-end
marker $, i.e., the string is said to be accepted with probability at most 1. If w ¢ Lg,
then it is rejected by one of the paths and the input string is said to be rejected
with probability at most 1/2. Thus, the inputs which are not in L; are accepted
with probability at most 1/2¢, where 7 depends upon the number of b’s occur before
the symbol c. For instance, consider an input string written on input tape as #bcb$
enclosed with both end markers. On reading the first b, the computation is split

1
into two paths with E In both paths, state ¢; and state ¢y read the next symbol

¢ with an empty queue and changed into state g3 and g4 respectively. Finally, both
paths go to the accepting states and string is said to be accepted with probability
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1. If the input string is taken as w=#bacb$, i.e., w ¢ Ls, then it is rejected with
probability 1/2. O

Theorem 4.4.2. There ezists a language Ly, = {zycyx | © € {a,b}*,y € {0,1}*},
that can be recognized by real-time quantum queue automata, but cannot be recognized
by non-deterministic queue automata in real-time.

PTOOf. Let MrtQQA = (Q7 27 Eqa qo, Qacca Qreja 5) be a real-time QQA7 Q - {QO7 q1, 42,

43, 44, Qacca Qrej}a Y = {CL, b, 07 1}7 2q = {A, B}7 Qacc = {Qaccl ) QCLCCQ}7 Qrej = {QT}-
Each transition in Table 4.2 is unitary by inspection and the other transitions are

impulsive so that the transformations are unitary. For convenience, we have used
the symbols z1, 2z, € {A, B} to represent the symbols at the front and rear of the
queue. The specification of transition functions is defined as follows:

Table 4.2: List of transition functions for language L., = {zycyz | =z € {a,b}*,y €

{0,137}

90<QO7 #, 1, J—) = %(qlﬂ_?w) + LS(Q% T7w) + %(qh T, w)
90(q17a7j—7—]-) —_ (thvw) (P(q27a7J—7J—) — (QQ,T, w)
QO(QMZ%J—’J—) - (Qthw) QP(Q%ba—LvJ—) - (QQvva)
@(QIaaazlvzl) - <QI7A7W> @(Q%QL?—L) — (QQ7A7W)
@(QIabelel) = <Q1vaw> (:0<Q2717J-7J-) - (QQvaw)
(91,0, 21,21) = (q1,7, W) 0(g2,0, 21, 21) = (go, A, w)
plq1,1,21,21) = (@1, 7, W) (g2, 1, 21, 21) = (go, B, w)
SO(QL ¢ %1, Zl) - (q37 T, W) QO(QQ, G 21, Zl) - (q47 T, (.U)
©(g3,0,21,21) = (3,7, W) 0(91,0, A, 21) = (qa, 7, €)
QO(Q& L, 2, Zl) - (Q37 T, w) @(qlb L, B, zl) — ((]4, T, 6)
©o(qs,a, A, z1) = (g3, T, €) ©(qs,0, B, z) = (g, T, €)
90<QB>b>B>Zl> - (Q37Ta 6) (,0(614,1,14, Zl) - (qrvﬂ 6)
¢<q37a7B>zl) - (qWT? 6) (P(qua’JﬂJ-) = (Q4,7', 6)
Sp(ql%vb?Av zl) - (qT>T7 6) Qp(q47b7J—>J—) — (q4a7_7 6)
LP(Q?M $, L, J—) = (Qaccp T, 6) QO(C_M, $, L, J—) = (Qaccza 7, E)

Similarly to Table 4.1, transitions functions are applicable in the case where
M,19ga is in state ¢ € @ and R/W is above the symbol o € ¥ and z;, z are the
symbols at the front and end of queue respectively are represented as:

SO(CLO-? Z17Zl) = Z SO(Q7O-> zl,zl,q’,z’,w)(q’,z’,w) (415)
(¢/,2" w)EQXZrxX

For the construction of M,.gga for language L,,, the computation process is split
into three paths: one of which goes to the rejectance state g,., and other two paths
with states ¢; and ¢ compare the symbols representing = and y, respectively. In
the first path, state ¢; puts the symbol A or B into the queue on reading reads a or
b with an empty queue symbol L respectively and keep moving towards the right.
On reading y € {0,1}*, the state ¢; neither enqueue nor dequeue any symbol from
queue and moves to the right. On reading c, the state ¢; is changed into ¢3. The
content of the queue remains same on reading y. On reading the symbols belong to
z, it compares the symbols and dequeue A for each a and symbol B for each b from
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the front of queue.

In the second path, state g enqueues the symbol A or B into the queue on reading
reads 0 or 1 with an empty queue symbol L respectively and keep moving towards
the right. On reading = € {a,b}*, the state ¢z neither enqueue nor dequeue any
symbol from queue and moves to the right. On reading c, the state ¢ is changed
into ¢4. On reading the symbols belong to ¥, it compares the symbols and dequeue
A for each 0 and symbol B for each 1 from head of the queue. The content of the
queue remains same on reading = € {a,b}* at the end.

If any mismatch occurs in a path on reading the symbols from an input tape and
queue, then it goes to the rejecting state. Otherwise, on reading the right-end
marker $, both paths go to the acceptance states uee, and guee,, respectively. Thus,
R/W moves always towards the right direction on reading the symbol, and M, 9
finishes its work on reading the right-end marker $.

If the input string w € L,,, then both the paths read the right-end marker $ and
move to the accepting states i.e. the string is said to be accepted with probability

2
3 If the input string w ¢ L,,, then it is rejected by at least one of the path and w

2
is said to be rejected with probability greater than equal to 3 O
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Chapter 5

Quantifying Matrix Product State

In this chapter, we have investigated the relation between quantum finite state
machines and matrix product state (MPS) of quantum spin systems. It plays a
crucial role in the context of quantum information processing and is considered as
an important asset for quantum communication and information purpose. It is an
effective way to represent entangled states of quantum many-body systems. In this
chapter, the quantum finite-state machines of one-dimensional MPS representations
have been designed.

5.1 Introduction

The simulation of quantum many-body systems on a classical computer is a chal-
lenging task due to exponentially increase in the dimension of Hilbert space with the
size of system. But, the development of quantum simulators allows us to simulate
the dynamics of interacting quantum many-body systems. In 1982, Feynman [1]
initially proposed the idea of quantum computing after performing a quantum me-
chanics simulation on a classical computer and observed that n qubits can simulate
n spin-1/2 particles on a quantum computer. The most significant property ‘en-
tanglement’ separates the classical world from the quantum world. It is one of the
most central topics in quantum information theory. Quantum entanglement is a
purely quantum mechanical correlation between two parts of the quantum system.
In quantum many-body systems, it provides a new way to describe the correlation
between two particles.

Devaraj et al. [102] proposed formal approaches to process non-preemptive aperi-
odic and sporadic tasks due to its ability to guarantee correctness and completeness.
In recent years, the tensor network theory has become increasingly popular. Tensor
network states are a new language, based on entanglement, for quantum many-body
systems. It is widely used to simulate strongly entangled correlated systems [103].
The DNA is the fundamental building block of a person. Similarly, the tensor is
the fundamental building block of a quantum state. Therefore, the tensor is the
DNA of wave function in which properties of the quantum many-body states can
be read from the small individual tensors alone. Such a structure is called a tensor
network (TN). It includes more degrees of freedom to attach the different tensors.
These extra degrees of freedom connecting indices between the tensors are called
bond indices, and lines which do not connect one tensor to others are called open
indices. Fig 5.1 shows the TN diagrams:
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(1) S (ii) M
O O
Scalar S Matrix Mij
(iii) % @Gv) T ]
- @ @
k
Vector Va Rank-3 tensor Tix

Figure 5.1: Tensor networks (i) Scalar, (ii) Vector, (iii) Matrix, (iv) Rank-3 tensor

Tensor network states can be classified based on dimensions along which the
tensors are traversed. In 1993, White [104] introduced the density matrix renor-
malization group (DMRG), the most common TN method for simulation of one-
dimensional strongly correlated quantum systems. It is based on the most well-
designed class of TN states called matrix product state (MPS). In the last two
decades, DMRG is considered as a method of reference to study the stationary
properties of one-dimensional strongly correlated quantum systems. MPS provides
an efficient approximation of realistic local Hamiltonians and can be generated by
the sequential generation of tensors.

Regardless of success, restrictions remaining in the dimensions, and classes of
Hamiltonians that can be simulated with MPS-based methods. Various new algo-
rithms have been proposed based on different types of TN states to overcome such
restrictions. The first one was the projected entangled pair states (PEPS), which is
a generalization of MPS to two and higher dimensions, tree tensor network (TTN),
which has a real space renormalization group structure and has tree-like structures
with no loops, and the multiscale entanglement renormalization ansatz (MERA),
which removes a short-range entanglement [105].

5.2 Definitions

In this section, we review some formal definitions and related properties that will
be used in this chapter.

Definition 5.2.1. [21] A finite-state machine (FSM) is defined as a quintuple
(Qv Za 5a q0, F), where

e () is a finite set of states,

e > is a finite set of alphabets,

e ) is a transition function: Q@ X ¥ — @,
® ¢y € Q is an initial state,

o FFC (@ is a set of final states.

Definition 5.2.2. [106,/107] A stochastic finite-state machine (SFSM) is defined
as a triple (S, X, Y, TW :y €Y), where

e S is a finite set of states,
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e X and Y are input and output alphabets, respectively,

o TW js sub-stochastic matriz such that T = Zer TW), where T is a stochastic
matriz and T is a probability of transition from one state to other.

To process the languages with SFSM, we adopt Dirac’s bra—ket notation. It is
closed under addition and multiplication by scalars. Using Dirac’s notation, the
vectors are denoted by kets |u) (row vectors). We can associate with each ket a
vector in the dual space called bra (v| (column vectors). In SFSM, the probability
associated with words wiwsws ... wr,€Y'" of length L is computed as:

Pr(wr) = (x|T"|n), (5.1)
where (7| is stationary probability density such that (7| = (7, ma, 73,...,7s) sat-
isfies m; > 0; Zf =1, TWr) = 7)) = ple)p)plws) - Twe) gre transition
matrices; and |n) = (1, 1, 1,...,1)" is a column vector with | S | components. We

define a QFSM that relates to the standard quantum mechanical explanation of a
physical experiment.

Definition 5.2.3. A quantum finite-state machine (QFSM) is defined as a quintuple
(Q, (U], X,Y, PW : y € Y,U(y)) ,where

e () is a finite set of states,

(V] is a state vector belongs to n-dimensional Hilbert space H.,,

X and Y are input and output alphabets, respectively,

e PW is a mutually orthogonal projection operator such that ", .., P® =1,

yey

U (y) is a transition matriz such that U(y) = U.PW | where U is the unitary
matriz and PW) is an orthogonal projection operator.

A quantum deterministic finite-state machine is a quantum finite-state machine
in which each matrix U (y) has at most one nonzero entry per row. A QFSM is said
to be quantum transducer with | X| =1 [107]. In QFSM, there exists a basis vector
v; for each quantum state ¢; € @, having single nonzero entry of 1 at i*" coordinate.
The set of basis vectors span the Hilbert space H. If a state ¢; € () is an incoming
transition which outputs symbol y;, then P¥y; = v; [106]. Consider another
incoming transition that outputs symbol ys, and then P®2)y; = v;. Subsequent to
Y1 # 1, by mutual orthogonal of projections, it satisfies that P¥) P®2) = 0.

To measure the probability of words for QFSMs, we define density operator p on
a finite set of states that satisfies {Wy,..., ¥} as

k
p= sz‘ |‘1/z> <‘1’z|7 (5.2)

where p; is the probability for the system in the state of ¥;, and ¥,’s are the diagonal
basis for p. The density operator on Hilbert space must satisfy the trace condition,
ie, Tr(p) = 1 |p > 0, where T'r( ) refers to the sum of the diagonal elements
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of matrices. Similar to the stationary density operator of SFSMs, the stationary
density operator p for QFSMs is defined as

p=>Y PYWUpUPY, (5.3)

yey

It is invariant under unitary evolution. The stationary density operator of QFSM is
p=1Q|™"- 1 (proved in [106]). In QFSM, the probability of single character y € Y
depends on dimension of projection operators and computed as

Pr(y) = Q™" dim (P(y)) . (5.4)

The probability associated with words wiwews ... wy, € Y of length L is computed
as
Pr(wr) =Tr (U (wr)pU(wr)) (5.5)

where p = |Q|™"- 1 is stationary density operator and U (wy,) = U(wy) U(ws) U(ws)

Definition 5.2.4. [106] Any matriz A™*™ is called bistochastic if it contains non-
negative real numbers, and every row and column sums to 1. It is called unistochastic
if there exists a unitary matriz U such that A;; = |Uy|*.

Definition 5.2.5. Von Neumann entropy [108]: It plays a crucial role in measur-
ing quantum information and consideration of entanglement. The Von Neumann
entropy is defined as S(p)=-Tr(plogap) where p is the density operator associated
with the state, Tr denotes the trace, “log” base 2 shows that the units are bits and p
is written in terms of its eigenvectors. Generally, it measures the point of mixture
of a system.

There are some operators used over single qubit in quantum computation. Quan-
tum operators can be represented in a quantum circuit using quantum gates. The
controlled NOT operator (CNOT) has two inputs a, b and two outputs |[109]. It per-
forms a flip operation over the target qubit b if the first is 1. Other extensively used
quantum operators are as identity operator (I): it produces an output qubit as it
is (does nothing), Hadamard operator (H): it produces superposition of states with
equal probability in the computational basis, flip operator (X): it acts as a classical
NOT i.e. flips the qubit and their matrix representations are given in equations
(5.6-5.9), respectively.

e CNOT operator

1000
onor= 1[0 o 0 (5.6)
0010
e Identity operator (I):
0] 110y =1o)
I= {o 1] Iy =1 (5.7)
e Hadamard operator (H):
1
H0) = —(|0) + 1))
H:ill 1] V2 (5.8)
V2Ll =l = S50 - )

2
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e Flip operator (X):

0 1] X|0)=1)
X = {1 0] X |1) = |0) (5.9)

5.3 Matrix product state

(i) MPSs (i) PEPS

TP

(i) TTN (iv) 1-D Binary MERA

Figure 5.2: Tensor network states (i) MPS, (ii) PEPS, (iii) TTN, (iv) 1-D binary MERA

The family of MPS is the most prominent example of TN states. There are
various powerful methods such as density matrix renormalization group (DMRG)
algorithm, power wave function renormalization group (PWFRG) and time-evolving
block decimation (TEBD) based on MPS to simulate one-dimensional quantum
many-body systems [110]. Fig 5.2 (i) shows the MPS as a one-dimensional array
of tensors and an example of a finite system of 4 sites. There exists one tensor
for each site in quantum many-body systems. MPS shows a certain geometry that
is relevant to experimental and quantum information theoretic applications. The
family of MPS consists of following non-trivial states:

5.3.1 GHZ state

A Greenberger-Horne—Zeilinger (GHZ) state is an entangled quantum state [103
111] which has many non-classical properties. The GHZ state of N-spins 1/2 is

defined as )

V2

It can be represented independently by the matrices:

A0:<é 8) A1:(8 ?) (5.11)

IGHZ) = — (|0)*" + [1)®V) . (5.10)
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The GHZ state for 3-qubit is \/Li (]000) + |111)). It is highly entangled quantum
state of N-spins, which has some non-trivial entanglement properties [112].

5.3.2 AKLT state

In 1987, Affleck—Kennedy-Lieb-Tasaki |[113] state is introduced as an extension of
quantum Heisenberg spin model. It is one of the most interesting quantum states
in correlation physics, which is a ground state of quantum spin chain of spin-1. It
is given by the Hamiltonian:

1

In MPS representation of AKLT state, each spin-1 is replaced by a pair of sym-
metrized spin-1/2. Consider triplet states represented as spin-1 states

[+ =1l = T oy 40y, (5.13)

whereas adjacent pairs of spin-1/2 are linked in a singlet state such as % The
normalized MPS representation of N-chained AKLT state is:

N
[Y) = Z Tr[ATA% .. A%V |oyoy. .. ON). (5.14)
Following are the three matrices categorized with Pauli matrices indices as o;'s [104].

2 =1 0 0 0
at =Y 3], A= V3 L], A= 5 . (5.15)
0 0 0 75 —\/3 0

It can be computed as

N
() =Y (alo’) Tr [A"l'A”’ e A"N’} Tr A7 A% . AN
16
=Ir (ZA‘”* ® A‘”) (ZA"N* ® A”N) (5.16)
=Tr EN

where £ = > A @ A°.

5.3.3 Cluster state

In 2009, Raussendorf, Browne, and Briegel [114] introduced the concept of cluster
state. It is a highly entangled state of multiple qubits [103]. It refers to the unique
ground state of the 3-body interactions as ), 0707, ,07,,. Consider a cluster state
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of 2-qubits:

|62) =[+)1l+)2 = 5 (10) +[1)) (10) + 1)) = % (10)10) +10)[1) + [1)]0) = [1)[1))

1
>
=5 ((10) +11)) [0} (0) 1)) 1)

1
=% (([4)110)2) + ([=)1]1)2)) -

(5.17)

It forms Bell state. Its matrix product state is represented as

vy o) a=w=(] Cy) 6w

5.3.4 W state

1

NG

The W state is an entangled quantum state represents and refers to the quantum
superposition of pure states with an equal coefficients [112]. It represents a spe-
cific type of multipartite entanglement in which exactly one of the qubits is in
excited state |1), while all others are in ground state |0). The W state for 3-qubit
is \/ig (|100) + |010) + |001)). It is represented by the matrices |115]:

W) (]100...0) +[010...0) 4 -+ + [000...1)). (5.19)

OO = OO O
O O O OO

SO O OO
O OO = OO
S OO OO
DO OO = OO
OO OO =

Both |GH Z) and |W) represent two different kinds of tripartite entanglement. |WW) is
less entangled than the |GH Z) because it leaves bipartite entanglement on measure
one of its sub-systems. But on the measurement of |GHZ), its collapse into a
mixture or a pure state.

5.4 Constructing QFSM

In this section, we have designed QFSM of various MPS models and proved that it
is equivalent to MPS representation of the ground state of quantum spin systems.
Every QFSM indeed generates a SFSM with the same word probabilities. Let Mg =
(@, (¥],X,Y,P¥: yeY, Uy)) bea QFSM and M§ = (S, X, Y, TW : y € y)
is a SFSM, where |Q| = | S| and 7}2?1/)/ = |U(y):;]? (proved in [106]) from the definition
of equivalent SFSM. Therefore, Mg produces the same probabilities for every word
as M.
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Consider a one-dimensional matrix product state; our process is to construct a
quantum finite-state machine as follows: We have an equivalent matrix product state
models with unitary matrix or with unistochastic transition matrix 7. Then, we con-
struct a quantum finite-state machine with the same number of states. It has been
proved that every deterministic quantum generator has an equivalent deterministic
classical generator that produces the same stochastic process, if there are unitary
evolution and projective measurement for quantum process [107,[116]. Amanda
constructed the quantized versions of several well-known stochastic finite-state ma-
chines [106]. There are two ways to construct a quantum finite-state machine from a
classical machine. We have unistochastic matrix for which there exists a unitary ma-
trix such that T}; = |U;;|?, and other using quantum analogy U(y) = U - P® for the
symbols transition matrix and projection operators. Following are the construction
of QFSM of various MPS models:

5.4.1 GHZ state

In the construction of QFSM, we need to find a unitary matrix U for which T;; =
|U;;|?. From the definition of QFSM, recall the U(y) = U - P¥| which is a quan-
tum analogy of the symbol-labelled transition matrices. We consider the following
quantum finite-state machine for the maximum entangled GHZ state of 3-qubit:

1 (1 -1
Q={A B}, Y={0, 1}, U—%<1 X )

1 0 0 0
0 _ W _
P (o 0)’P (0 1)'

The transition matrices are:

U(O):% (1) U(l):% (‘11). (5.22)

Correspondingly, the stochastic finite-state machine of GHZ state is defined as:

1/1 0 1/0 1
_ _ o _1 m_ 1+
S={A,B}, Y={01}, T _2(1 o)’ T 2(0 1).
(5.23)

(5.21)

1/2(0 1/20
N 121

121

Figure 5.3: Stochastic finite-state machine of GHZ state

Table 5.1: Probability of words for a stochastic machine of GHZ state

Word w Probability Pr(w)
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0 1/2
1 1/2
00 1/4
01 1/4
10 1/4
11 1/4
000 1/8
001 1/8
010 1/8
011 1/8
100 1/8
101 1/8
110 1/8
111 1/8
1200 120
~142)1
142)1

Figure 5.4: Quantum finite-state machine of GHZ state

Table 5.2: Probability of words for a quantum machine of GHZ state

Word w Probability Pr(w)

0
1
00
01
10
11
000
001
010
011
100
101
110
111

1/2
1/2
1/4
1/4
1/4
1/4
1/8
1/8
1/8
1/8
1/8
1/8
1/8
1/8

It can be easily checked that GHZ state has a unistochastic matrix 7 = T© +

TW. T =T 4+ TW, The matrix T satisfies Tj; =

\Ui; = |Ui;]?, where U is unitary

matrix. Fig 5.3. shows the SFSM of GHZ state. The probability of words for the
GHZ state with words up to length L = 3 can be found in Table 5.1. Thus, the
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quantized version of the GHZ state is shown in Fig 5.4. It can be easily verified that
the probabilities of words produced by the above QFSM and SFSM for GHZ state
are same. Therefore, QFSM and SFSM for GHZ state are equivalent (Table 5.2).

5.4.2 AKLT state

The two-state stochastic finite-state machine of AKLT is given as

2
S—{A, B}, Y ={o0,1}, T<+>:<0 s)
0 0

0 _1/\/§ 0 o 0 0
(M ) = (L o)

Above, transition matrices are not stochastic. We normalized the matrices to form
stochastic matrices such that T® = (TW)|T®). Thus, the above three matrices of
AKLT state are encoded into two matrices to reduce calculations. Correspondingly,
the ratio of rank (P®): rank (PW) is 1 : 2. Therefore, |Q| > 3 and it will
have minimal three states. Firstly, we wish to design a SFSM for AKLT state
that produces the same probabilities of words as a quantum version of the machine
and transition matrix is unistochastic. In Fig. 5.5, we have designed a four-state
stochastic machine for AKLT state with unistochastic matrix.

1
©_( 3
(1

(5.24)

[SHIESM N
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Figure 5.5: Four-state stochastic finite-state machine of AKLT state

We have split the states A, B to form four-state SFSM for AKLT state given as

S={A, B, C, D}, Y =1{0, 1},

0 % 0 0 0 0 % 0
0 5 0 0 0o 0 £ 0

1) — 3 0) — 3
g : 0 0 0 g 0 0 0 %
0 0 0 0o 0 0 3
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It has a unistochastic matrix T = T7© + 71
o 2 1 9
o I i
T == 1 3 3 2 (525)
300
3 00 3

Correspondingly, matrix T (5.25) satisfies T}; = |U;;|?, where U is unitary ma-
trix. Thus, the quantized version of AKLT state is given by

2 1

0 3 R 0

0 1 __\/5 0
Q:{Av Ba Cv D}a Y:{O’ 1}’ U= 1 v 3 2
-+ 0 0 - \/;

2 1
—/2 0 0 Ve
PO =ley) (e1] + |ea) (ea) (es] + |ea) (eal.

(5.26)

Figure 5.6: Four-state quantum finite-state machine of AKLT state

The probability of single letter Pr (0) = Pr (1) = 1, i.e., the ratio of rank (P(O)):
rank (P(l)) is 1:1. The probability of QFSM for AKLT state with words of length
L =2, 3 is computed in Table 5.3.

Table 5.3: Probability of words for QFSM of AKLT state

Word w Probability Pr(w)

00 1/4
01 1/4
10 1/4
11 1/4
000 1/12
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001 1/6
010 1/12
011 1/6
100 1/6
101 1/12
110 1/6
111 1/12

5.4.3 Cluster state

Recently, cluster states have found widespread interest in quantum information the-
ory. The reason behind this is measurement-based quantum computation, which is
different from the circuit model in quantum computation. Generally, cluster states
are also graph states. We have designed a 2-state quantum finite-state machine of
cluster state of 3-qubits:

1
I@@=+HH+EH%==;§«Hﬁmﬁﬁ+ﬂ—hﬂhﬁﬂms+ﬂh)
1

V@j(!+§1\0>2%+>3)*—(!—§1|1>2%—>3)::IC?fféiﬁ‘

(5.27)

It shows that the cluster state |¢) 3 of 3-qubits is equivalent to GHZ state. Therefore,
its QFSM is similar to GHZ state of 3-qubits, which is shown in Fig. 5.4, and the
probability of words is given in Table 5.2.

5.4.4 W state

We constructed the 4-state quantum finite-state machine of 4-qubit W state by using
the projection matrices Eq (5.20) such that

1 -1 -1
1 1 1
-1 -1 1
-1 1 -1

Q ={A, B, C, D}, Y =10, 1}, U:%

—_ = = =

It is easier to construct models with bistochastic matrices than to construct it with
a unistochastic matrix. But, it is not sure that if we can find a stochastic model
with a bistochastic matrix that will be unistochastic matrix. The four basis states
named (¢4, @B, Yo, ¢p) spanning the Hilbert space H for W state are

[pa) = [1000),  |pp) =[0100), |pc) = |0010), [ep) = [0001).
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0 0 0 0 1 0 0 0
o 0O 1 0 o0 o |0 0 0 o0
P(1)"= 0 0 1 0]’ P(2)" = 0 0 1 0]’
0 0 0 1 0 0 0 1
1 0 0 0 1 0 0 0
0 1 0 0 0 1 0 0
0 __ 0 _
PE3) = 0 0 0 0 1]’ P(4)" = 0 0 1 0 |’
0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0
. 1o 0 o0 o0 v o 1 0 o
Py = 0 0 0 0|’ P2) = 0 0 0 0|’
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
. o o o0 o o o o o
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b|1/2|0
c|1/2|0
dji21

Figure 5.7: Quantum finite-state machine of W state

The quantized version of W state is shown in Fig 5.7. Consider X = {a, b, ¢, d},
the input sequence (abed)t and the probability of different word sequences of length
L =4, ie,wwowswy € Y?*is computed as Pr(wz) = Tr (U*(wr)pU(wyr)), where

1
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0 -1 -1 1 1 0O 0 0
110 1 1 1 1] 1 0O 0 0
0_ — 1 _ —-
UP(l)_z 0 -1 1 1|’ UP(Q1) 21 -1 0 o0 o0}
0 1 -1 1 -1 0 0 0
1 0 -1 1 0 -1 0 0
11 1 0 1 1 110 1 0 0
0o_ -+ 1_ =
up@) 21 -1 0 1 1] UP(2) 21 0 -1 0 0|’
-1 0 -1 1 0o 1 0 0
1 -1 0 1 0 0 -1 0
1 (1 1 0 1 1o o 1 0
0o_ - 1_ =
UP(g)_2 -1 -1 0 1|’ UP(3) 210 0 1 0 |’
-1 1 0 1 0 0 -1 0
1 -1 -1 0 0O 0 0 1
11 1 1 1 0 1o o o 1
0o_ * 1_ -
UpP) T2 -1 -1 1 0 |’ UP(4) 0O 0 0 1]
-1 1 -1 0 0O 0 0 1

Quantum information can classify entanglement by means of some mathemat-
ical or physical uniformity. Therefore, it helps in increasing the practical abilities
of quantum information protocols. In quantum information theory, many multi-
particle entangled states (GHZ and W state) and metrology can be represented by
MPS. Cluster states are featuring in the context of measurement-based quantum
computing. MPS are so powerful and efficient such that they are optimally suited
for quantum state tomography in condensed matter physics.

5.5 Weightless Neural Networks

Weightless neural networks (WNNs) are the models of neural computation which
have inputs and outputs in binary form. The weightless neuron is implemented by
RAM, where the information is stored in a look-up table. Learning is achieved by
simply adjusting the contents of the look-up table. It is quite simple, instead of
adjusting the weights, which makes the learning process highly flexible and efficient.

5.5.1 RAM node

A RAM node with n inputs has 2™ memory locations addressed by the n-bit string
a = (ajas...a,). A binary signal z = (z125...z,,) can access one of these locations on
the input lines result in producing output y = C[z]. Thus, the Boolean function is
executed by the neuron i.e., determined by its contents. Fig 5.8 shows the n-input
RAM node.

The PLN is based on RAM node. A two-bit number is stored at memory location
(0,1 or u) in PLN instead of one-bit number, interpreted as (00, 11 and 01 (or 10))
respectively, where u denotes the node flipping its output with an equal probability
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§ i 11...1 C[2n-1]
d et 11..0 C[2n-2]
X ;
- Output
. 00...1 C[1]
" Signal | 00..0 C[o]

Figure 5.8: Classical RAM node

between 0 and 1. Therefore, PLN consists of RAM node expanded with probabilistic
output generator and its output is given as:

0 it Clz] = 0
y=4 1 if Clz] =1 (5.28)
random(0,1) if Clz] =u

The multi-valued probabilistic logic node (MPLN) stores the probability of the
node output 1. The main difference between PLN and MPLN is that it allows a
wide range of probabilities to be stored at each memory location. A k-bit valued
MPLN mode can store a value n in range of {0, ...,2%¥ — 1}, which is represented as
firing probability (p) such that p = 5.

5.5.2 Quantum weightless neural networks

Quantum weightless neural networks (QWNNs) have been proposed on several oc-
casions. Some focused on quantum approach using laws of quantum physics, and
others are based on quantum-inspired policies. In 2010, Silva et al. [117] proposed a
quantum version of classical weightless neural networks named qRAM using math-
ematical quantization.

5.5.2.1 qRAM node-quantum neuron node

The key idea behind the quantization of RAM is to replace the sets with Hilbert
spaces. Moreover, its elements are placed in one-to-one relationship with an or-
thonormal basis. Generally, the RAM node stores a unique bit at each addressable
location. Silva et al. followed this approach by storing one qubit in qRAM. A
qRAM node with n inputs has 2" quantum memory locations. Initially, it has been
investigated that qRAM node can simulate the behaviour of classical RAM node.
Consider an example of single input and output:

_ |10 Af0) [y) =10) I'[y)
4= {0 X}’ A |y) = (1) X |y) (5.29)

We store the qubits named selectors and apply the quantum operator (matrix A)
to acquire stored qubit. Thus, matrix A “selects” which operator (I or X) is going
to be applied on the first qubit in a computational basis. However, a qubit is not
directly stored in the quantum register as in case of classical RAM because it can
demolish information stored in gqRAM memory during measurement. The first qubit
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is called selector and second qubit parameter. The n-qubits input |i) qRAM node
is represented by the operator N, as shown in Eq (5.30). A qRAM is a collection of
an input addressable matrix memories. The input |i) "addresses” or “selects” the
memory matrix A; which returns its memory content. An example of the one qubit
addressable qRAM is shown in Fig 5.9. The memory Ay or A; is addressed whether
the input qubit |7) is 0 or 1, respectively. The output register |0) depends on the
value of the selector |s;). The qRAM of n input qubits has a set of 2" of that A’s,
consequently it has 2" qubits selectors |s) and one qubit output |o) i.e., set to zero.
A quantum circuit of gqRAM node with single input is shown in Fig 5.9.

2" —1

N = 1D (il Asio (5.30)
i)
|

|50)

|31> Ay Ay

10)

Figure 5.9: Quantum circuit of qRAM node with single input (o for 0’s and bullet for
1’s)

5.6 Quantum Dynamics

Over the last three decades, quantum control theory is a rapidly developing research
area. It has got noteworthy success in various areas of chemistry, molecular physics,
quantum optics, and quantum information. In quantum control theory, quantum
systems can be controlled whose dynamics are led by principles of quantum mechan-
ics. It has been investigated that it produces a non-linear behaviour on affecting its
dynamics during measurement. Usually, the quantum dynamics of a quantum state
|¢) at time t; =ty + 1 is related as

|61,) = U l¢r, ) (5.31)

where U is any quantum operator.

5.6.1 Quantum output extractor model

Initially, Neto et al. [118] analyzed the quantum neuron dynamics using an output
qubit extraction block. Further, it has been shown that controlled NOT operator
produces entanglement between states, and its impact has been explored. Thus,
entangled states avert the extraction of output qubit to be given back as an input.
The amplitudes of output qubit in qRAM dynamics can be recovered using the
mathematical algorithm. In order to find amplitudes of output qubit |¢) = «|0) +
B 1), we need to take the square root of sum of probabilities of all quantum states
ends with |0) in the even positions and |1) in the odd positions respectively, where

@:1/Z|¢i|27ﬁ: Z|¢z‘|2 (5.32)
i:even i:odd
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Consider an example with single input |i) to rebuild the amplitudes (complex num-
bers) in qRAM node dynamics. We have an input [|i), selectors |s) = |sos1),
and output |o). In Fig 5.10, the output qubit amplitude values are extracted
through a mathematical algorithm. For example, if we have a state of 2 qubits
|1) = ap |00) + oy |01) + a |10) + a3 |11), the quantum theory claims that the sec-
ond qubit can take with probability |ag|* + |ag|? the value |0) and |y |* + |as]? the
value |1). The last qubit amplitudes are obtained for |0) and |1) take the square root
of the sum of the probability of all the n-qubit states ending with |0), |g1, ..., gn—2, 0)
and all ending with |qi, ..., ¢n_2, 1), respectively. It is just a mathematical operation
to obtain the amplitudes of the output qubit, which help us to analyze the system
as a mathematical entity. However, it is not at all physical realisable operation since
amplitudes cannot be obtained or evaluated in general quantum physical systems.
The approximation of the amplitudes can be obtained by repetitive measurements
according to quantum mechanics postulates. Note that the output qubit must have
real amplitudes after the extraction step.

o] [ o-[foo-f] e

9 —
|

|s0) —
OEM
|81> Ao Al —

10)

Figure 5.10: Extraction of output qubit and feedback to input register (iterations)
The quantum state |¢) = |i) |s) |o) is given as an entry to gqRAM node such as

|p) =igs0sa [0000
iosé ?5 10101
i189s1a0|1010
i15513 1111

+ zososlﬁ |0001) 4 495351 |0010) + 7)050315 |0011) + zososla |0100) +
+ dgsgsiar [0110) + 2030515 |0111) + 21303 «|1000) + @180 15 |1001) +
+ 4180813 1011) + 4155800 [1100) + 4155803 [1101) + 7185510 [1110) +

~ — ~— —

(5.34)

On applying the qRAM node N to above quantum state such as |¢') = N |¢), we
have

") —20305 a [0000
isgsta 0101
zlsgs} 11010

i1sgsyar |1111

+ zoso 9310001) + 208081 a |0010) + 2080516 |0011) + dgs5593]0100) +
+ @050 16 |0110) + 20505 a |0111) + 435950 [1000) + 1130515 11001) +
+ipspsia|1011) + iys5star|1100) + iy s5st B3 [1101) + iysysi 3 [1110) +

~ — ~ —

(5.35)
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The output qubit amplitudes are recovered using Eq (5.30) as:

o= ioststa [+ [asbsio [+ [dosyshB * + [iospstB P+ oo
| ivsgsia |* + [iasgsi B 1” + | ivsgsia [* + | irses1 B | '
8 o 0S8 P+ Liosl 3 P+ Liosbl P+ Lot P4
| ivsgsiB |* + [irspsion [ + | insgsiB |* + | diaspsior |
In the end, we recuperate the output qubit to give back as input itself in the next
iteration. The process is repeated many times depending upon the value set of
iterations (orbit) in quantum dynamical studies.

10)i 11 = 41 [0) + Bega [1) (5.38)

According to the quantum mechanics theory, we can only get an approximate value
of amplitudes by repeating measurements finitely. In Fig 5.11, we proposed a de-
tailed gqRAM node network using an output extraction model (OEM) with additional
supplementary queue and central queue. In extraction model dynamics, the output
qubit is extracted via OEM block and is fedback in the qRAM input register. The
output qubit amplitude values are extracted as mentioned above and stored in a
classical memory model queue, that is used to keep track of the amplitudes of the
output qubit at time ¢ for the next iteration. In this model, n-qubit input |i) is
given with 2" qubits selectors |s) = |sgs;) and one-qubit output |o). qRAM node
network uses the recuperate procedure for amplitudes as presented above.

Here, we will give the input of each MPS to qRAM node (N) and extract the
output qubit for next iteration. For example, an input I = I11s...1, is given into
gRAM node network symbol by symbol. During the process, several transition
matrices are applied after reading each symbol corresponding to node N. Repeat
the computation process until the last symbol has been fed, and the central queue
is not empty. Consider an example of 2-qubit GHZ state which is given as an
input to qRAM node network with selectors |s) and output qubit |o) is kept as
zero. In the first iteration of computation process, the node operators N = N;...N,,
(transition matrix) are going to be applied on the first qubit whether it is zero or
one. Thus, the first qubit selects the operator and stores the result in output qubit.
During the whole computation process, we keep track of quantum states at any
time t in a supplementary queue. Further, we transfer the quantum states from
a supplementary queue to central called previous states at time ¢ — 1 for the next
iteration. At the initial stage, the output probability of GHZ state is calculated as
0.5. In the next iteration, the qubits are built using the amplitude values encountered
by the repetition of the measurement procedure using Eq (5.38). After extracting
the output qubit, the probability of an output quantum state is coming out to be
1. There may occur positive or negative interference between quantum states.
After the last symbol has been fed, if the system is in the set of final states in a
supplementary queue, then the probabilities associated with the present state can
be summed. Therefore, the above qRAM node network can be applicable in pattern
recognition, biological sequencing, meteorological forecasting quantum automata,
and quantum language recognition, which is left for future work. Here, we focused on
the entanglement dynamics of matrix product state using output extraction model,
where the MPS is given as an input on extracting the output qubit for next iteration,
and the results are plotted in next section.
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Figure 5.11: qRAM node network using an output extraction model

5.6.2 Experiments and discussion

Focusing on investigating the dynamics of matrix product state, we have fed the
output qubit |o) back to the input by using OEM. We have given |i, sg, s1,0) to
qRAM and extracted the output qubit using the recover procedure presented in
above section. The whole process of output feedback is called iteration, and it means
to repeat the process many times. In dynamics studies, the process is recapitulated
as a function. We set the value for such iterations called orbit, where the previous
output of function is used as an input to a function for next iteration. On plotting
the orbit, it represents the dynamics shape. Thus, the output qubit amplitudes are
plotted for each MPS during the dynamics.

The dynamics behaviour can be classified depending upon the plotting the orbit:
it can be non-damped, under-damped, or over-damped behaviour in time. In order
to determine the dynamics of any MPS at the current time, we have applied their
respective unitary operator on quantum state at previous time. We have initialized
the amplitudes of output qubits in the set of {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9, 1}
after normalized the states. Here, we started with the maximally entangled GHZ
state. On plotting the GHZ output qubit amplitudes, it shows an undamped be-
haviour, i.e., permanent oscillation as shown in Fig 5.12. During the 100 iterations,
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it shows oscillating nature between 0.5 and 1 probability of output qubit on giving
output back to the input. It is known that 3-qubit cluster state is equivalent to GHZ
state. Thus, its dynamics are similar to GHZ state. Further, we plotted dynamics
for AKLT state and W state using unitary operator. The dynamics of AKLT state
starts with higher value and after it is decreased. There are oscillations but in a
convergent series. But, it remains constant for W state. Thus, the dynamics of GHZ
and AKLT state shows an undamped and under-damped behaviour in Fig 5.13 and
5.14, respectively.

To analyze the entanglement behaviour of MPS, we have checked the Von Neumann
entropy of the output quantum state. We have analyzed the entanglement behaviour
by taking into consideration the action of output extraction operator as an interac-
tion with the environment. Fig 5.15 shows the measured entanglement behaviour of
GHZ, AKLT, and W state. It shows an oscillating without damping for GHZ state.
Thus, the dynamics of entropy are increasing and decreasing between the intervals.
Consequently, it can be said that output extractor operator as restoration of entan-
glement because of reconstruction of qubits. Fig 5.15 shows critically damping for
AKLT and W state, respectively. On analyzing, the entanglement increases in the
beginning and converges to a fixed value.
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Chapter 6

Quantum Omega Automata

Inspired by the results of finite automata working on infinite words, we studied the
quantum w-automata with Biichi, Muller, Rabin and Streett acceptance conditions.
Quantum finite automata play a pivotal part in quantum information and compu-
tational theory. Investigation of the power of quantum finite automata over infinite
words is a natural goal. In this chapter, we have investigated the classes of quantum
w-automata from two aspects: language recognition and their closure properties. It
has been shown that quantum Muller automaton is more dominant than quantum
Biichi automaton. Furthermore, we have demonstrated the languages recognized
by one-way quantum finite automata with different quantum acceptance conditions.
Finally, we have proved the closure properties of quantum w-automata.

6.1 Introduction

Some forty years ago, automata on infinite words have gained a lot of importance
and have a huge impact in the field of theoretical computer science for the veri-
fication and specification of reactive systems. In the sixties, Biichi [119] studied
the automata on infinite words and showed a relationship between w-regular lan-
guages and monadic second-order logic (MSOL) of infinite words. After a few years,
Muller [120] introduced another definition of finite automata on infinite words. In
the meantime, Landauer [8] articulated a concept of reversibility in quantum com-
puting. McNaughton [121] generated the infinite sequences by finite automata and
established the relationship with regular expressions, grammars, and logical sys-
tems. Further, it has been shown that Muller automaton and deterministic finite
automaton (DFA) can recognize all w-regular languages. Further, the research by
Rabin [122] demonstrated the decision problem of Biichi for MSOL of infinite words
to monadic second order of the infinite binary tree.

Since the last two decades, various quantum variants of each classical automata have
been introduced. Some of the quantum variants are more powerful than classical
automata. Recently, Wang et al. [123] introduced the notion of quantum Biichi
automata with disturbing and non-disturbing acceptance conditions for w-words.
Further, Wang et al. studied the closure properties for QBA and described the
relationship with classical Biichi automata based on pumping lemmas. In 2010,
Berzina [124] introduced the quantum variants of w-automata for languages over
infinite words. Further, she has examined the class of languages described Biichi
measure-once quantum finite state automaton with bounded error and its closure
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properties. We have demonstrated the languages accepted by quantum finite state
automata using Muller, Rabin and Streett acceptance conditions and proved that
quantum Muller acceptance is more powerful than quantum Biichi acceptance con-
dition. Further, we have defined the closure properties of quantum w-automata.

6.2 Classes of Quantum Omega-Automata

In this section, some notations and formal definitions of classes of quantum w-
automata: quantum w-automaton, quantum Biichi automaton, quantum Muller
automaton, quantum Rabin automaton and quantum Streett automaton are given.

Definition 6.2.1. [124,125] A quantum w-automaton (M,) is defined as quintuple
(Qa Za 57 4o, Qacc); where

e () is a set of states,
e X 15 an input alphabet,
® (o 1S a starting state,

e The transition function 0 is defined by QQ x X x QQ — C, it satisfy the unitary
condition:

Y(q1,0),(q2,0)€EQ XX

Z 5(q170-7p)5(Q270-ap) = { (1) qui ; Zz } (61)

peEQ
® (Quc 1S the acceptance component.

The transition function ¢ is characterized as V, unitary matrix of automaton M,,
where V, is a unitary evolution of state ¢ after reading the symbol o, which is defined

as
oeEX

Vollg) = > d(g,0.4) |d) (6.2)
qeQ
On reading an input w-word ¢ = 0105...0, € ¥“, the computation process of M,

begins in the superposition py = |qo) (¢o| and the corresponding unitary transition
is applied on reading the current symbol.

Definition 6.2.2. |[7| The density matriz is an alternate representation of a state in
quantum mechanics. Such states are called the mized states and can be represented
as a summation of orthonormal bases [1);) s, p =S pi |1} (5], where p; refers to

the probability of the quantum system to be in staté Vi, and ;’s are the diagonal
basis for p. p;’s are called eigenvalues of the density matriz p. On Hilbert space,
it must fulfil the trace condition, i.e. the sum of diagonal elements of the matrix
must be 1. The state of automaton is represented as density matriz p = ) (¥|. A

density matriz p(j) = |1;) (W;], ([¥5) = 3 s |@i) ) is called accepting Quee C Q with
i=1

probability p if > |oag|* > p, which is the acceptance probability of superposition.
qieQacc
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Let M=(Q,%,9,qo, Qucc) be a quantum w-automaton. A run of M on a w-word
0 = 0103...0, € X¥ is an infinite sequence of density operators p, = p(0)p(1)...p(n),

where p(3) = |v;) (W;], (1y) = 3 i |@;) ) and |g;) is the set of states of automaton
i=1
M and the following holds: p(0) = po and p(i) = Us, p(i — 1)U;, for i>0. The

acceptance conditions for a quantum case can be seen in a similar way as for classical
w-automata.

Definition 6.2.3. [124] A Biichi acceptance condition for quantum case: Qaec S
a subset of Q. An infinite run p, = p(0)p(1)...p(n) is called Biichi accepting with
probability p if run p, contains infinitely many Qq.. accepting density matrices. The
definition of other classes of omega automata for a quantum case is the same as for
Biichi automaton for quantum case. But, the definition of an acceptance condition
18 different.

Definition 6.2.4. A run of a quantum Muller automaton on a w-word o =
0103...0, € X is said to be successful if Qqee 15 a subset of 29. An infinite run
P = p(0)p(1)...p(n) is called Muller accepting with probability p if run p, contains
infinitely many Qquee accepting density matrices.

Definition 6.2.5. [22] A Rabin acceptance condition for quantum case: Qgee 1S @
finite set of pairs (H;, K;), where H;’s and K;’s are subsets of Q. An infinite run
P = p(0)p(1)...p(n) is called Rabin accepting with probability p if run p,, contains
an only finite number of H; accepting and infinite number of K; accepting density
matrices for some i € {1,2,...s}.

Definition 6.2.6. [22] A Streett acceptance condition for quantum case: Quee 1S @
finite set of pairs (H;, K;), where H;’s and K;’s are subsets of Q. An infinite run
Pw = p(0)p(1)...p(n) is called Streett accepting with probability p if run p, contains
an only infinite number of H; accepting or a finite number of K, accepting density
matrices for every i € {1,2,...s}.

Definition 6.2.7. [126] MM-1QFA over infinite words is defined as a sextuple
(Q72755 q07Qacca QH); where

e () is a finite set of states,
e > is an input alphabet,

e State transition ¢ is defined by @ x X U{#} x Q — C, which represents the
amplitudes flows from one state to another after reading the symbol from the
input tape. It must satisfy the unitary condition.

® (o 1S a starting state,
e Qn C Q is a set of halting states,
® Quce 18 the acceptance component (Quee C Q).

The computation process of MM-1QFA over infinite words consists of an input string
r=#0109...0, € X*. The tape head reads z from left-end marker # to end of string
and transition function corresponding to each symbol is performed. It begins with
the superposition py. After every transition, it measures its states with respect
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to the subspace. Therefore, after every step of measurement, the superposition of
states ends with measured subspace.

Due to the non-zero probability of halting of MM-1QFA, it is convenient to have
a path of the aggregate rejecting and accepting probabilities. Hence, the state
of automaton is denoted as (|¢),p1,p2,...,pu), where p; is the aggregate prob-
ability of halting state ¢; € Qg and ¢ is defined as (Puon |6), p1 + || Py |6)]?,

p2 + 1 Pa &) pigu + [1Put [9)11%), where |¢7) =V [6).

6.3 Language Recognition and Relationship

In this section, we have shown the languages recognized by quantum finite w-
automata with Muller acceptance condition and Rabin acceptance condition. Fur-
thermore, we have investigated their relationship with quantum Biichi automaton
based on language recognition power.

6.3.1 Quantum Muller Automaton

Theorem 6.3.1. A language recognized by quantum Biichi automaton is also recog-
nized by quantum Muller automaton.

Proof. Consider a quantum Biichi automaton Mgpa = (Q, X, 0, ¢p, Qucc). We can
construct quantum Muller automaton Moya = (Q, X, 5, qos Face)

¢ 0 (q,0)=q if(q,0,q) €S
° {Facc € 2Q|Qacanacc 7é ¢}

Thus, Mgara is well-defined. As, there can be at most one transition that exists
in Mgpa. Therefore, it can be easily checked that quantum Muller automaton
simulates the quantum Biichi automaton.

Figure 6.1: DMA for language L,

Let us consider w-language L; = {a|a has infinitely many V's} in the given input
alphabet 3 = {a,b}. Tt has proved that language L; cannot be recognized by QBA,
but it can be recognized by deterministic Biichi automaton (DBA) [124]. Therefore,
QBA with bounded error cannot recognize the whole class of languages recognized
by DBA. We will prove that QMA recognizes a larger language class than QBA.

It is known that deterministic Muller automaton (DMA) can be designed for L,
with acceptance state ¢; as shown in Fig 6.1. Now, consider the same language
by quantum Muller acceptance condition. Let M = (Q, X, 0, qp, Qucc) be a QMA

for Ly, where Q={qo, 1,2, ¢}, % = {a,b}, qo is an initial state, Quec = {{q1}} and
transition function ¢ is defined by @ x X x @) — C, it satisfy the unitary condition:
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V(q1,0),(q2,0)€EQXE

> (a1, 0,p)d(q2,0,p) :{ (1) Zi;gz } (6.3)

PeER

The transition function ¢ is represented by set of unitary transition matrices
{V,}sex, where V, is a unitary evolution of state ¢ after reading the symbol o,
which is defined as

oeEY

Volla)) = ) d(a,0,4)1d) (6.4)
qeQ
On reading an input w-word o = 0103...0,, € 3¢, the computation process of au-
tomaton begins in the superposition py = |qo) (qo| and the corresponding unitary
transition matrix is applied on reading the current symbol.

(6.5)

a| 142

Q3 a2 1A2
b[-112 b| 142 2|

Figure 6.2: QMA for language L;

The state transition diagram of QMA for L is shown in Fig 6.2. It is noted that
the transitions with amplitudes between states ¢y and ¢; resemble exactly as in the
case of DMA. On reading the symbol o € ¥¥, its corresponding unitary matrix
is applied to the current state. We have Qu.. = {{¢:1}}, i.e. for each successful
run state ¢; occurs infinitely often and ¢y finite often. During computation, the
amplitudes cancel each other if they have opposite phases. Thus, if the infinite word
belongs to Ly, then the input is said to be accepted with probability at least 1/2, else
rejected. Hence, the language consisting infinitely many b’s over the input alphabet
¥ = {a, b} can be recognized by QMA, but cannot be recognized by QBA.

Consider the language Ly i.e. compliment of L; (consisting of a finite number of
b’s). It is known that DBA cannot be designed for Ls. As a result, it cannot
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be recognized by QBA. Although, it can be recognized by non-deterministic Biichi
automata (NBA). It has been proved that the language Lo can be recognized by
quantum w-automaton with Streett acceptance criteria. Hence, QSA is more dom-
inant than QBA in terms of language recognition [124]. It is known that QSA is
dual to QRA. Thus, the language can also be recognized by quantum w-automaton
with Rabin acceptance condition. O]

6.3.2 Quantum Rabin Automaton

Theorem 6.3.2. A quantum Rabin automaton contains the limit of group languages
L, (a subset of reqular languages), where a language L is recognized by a measure-
once quantum finite automaton.

Proof. Let L, be a language recognized by Rabin quantum finite state automaton
MQRA - (Qa Ev 57 do, Qacc])- Consider a MO—lQFA M = (Q, E, (5, q0, Qaccg), where
Qacet = Qucce Which is a finite set of pairs (Hy, K1), (Ha, Ks), ..., (H;, K;) such that
for some ¢ € {1,2,...s}.

H; = {QOaQL nli & QCLCCQ} }
accl — 6.6
Q ! { K; = {q07Q17 QH‘Q’L = QaccQ} ( )

Let us assume an infinite word w € L, i.e. limit of a group language. It can be
easily checked that on reading w, QRA results in many accepting superpositions.
Therefore, the limit of a group language is recognized by QRA. [

6.4 MM-1QFA over Infinite Words

In this section, we have introduced a MM-1QFA with quantum Biichi, Muller and
Rabin acceptance criteria.

6.4.1 MM-1QFA with QBA

Theorem 6.4.1. A language consisting of infinite words starting with ‘a’ is recog-
nized by a measure-many quantum finite automaton with Biichi acceptance condition.
But, it cannot be recognized by a measure-once quantum finite automaton with Bichi
acceptance condition, i.e. the language does not belong to limit languages.

Proof. The proof has been shown in [124]. O

6.4.2 MM-1QFA with QMA

Definition 6.4.1. A measure-many one-way quantum finite automaton with Muller
acceptance condition follows that Qe is a subset of 29, where Qe is a set of
accepting states. The computation process of an input string is said to be accepted
if the probability to be in states q; € Quee 15 1 after reading the whole input string.

Example 6.4.1. Let us consider a measure-many quantum finite automaton with
Muller acceptance condition recognizing a language Lz = (a + b)*(a + b)*.
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Let M = (Q, X, 9, qo, Quce, Qr) be a MM-1QFA with Muller acceptance condition,
where Q={qo, ¢1, 2}, X = {a,b},Qn = {q1, @2}, Qucc = Qr and transition matrices:

11 11,
V2 V2 V2 V2
Va=ILV,=|0 0 1/ ,V,=]|0 0 1 (6.7)
L1y L1y
V2 V2 V2 V2

a| 142
b|1A2

Figure 6.3: QMA for language L3

If an infinite word belongs to language, then after every step of measurement, the
superposition of states ends with measured subspace. Therefore, each time MM-
1QFA with QMA visits an accepting state, it sends half of the non-halting probability
to the halting state and continues the computation process with remaining states.
The state transition diagram of QMA for L3 is shown in Fig 6.3. Suppose a word
is recognized by MM-1QFA with QMA, then accepting states visited infinitely and

1 1
its probability to be in Q4. is comes out to be 3 + 1 + 3 + ... equals to 1. Else, if

the infinite word does not belong the language, then it has visited acceptance state

finite number of times i.e. a finite number of i prefixes instead of infinite w-word.

1
In such case, the probability of acceptance comes out to be 3 + 1 + 3 + ...+ o5
equals to be less than 1.

6.4.3 MM-1QFA with QRA

Example 6.4.2. Let us consider a evample with Rabin measure-many quantum
finite automaton recognizing a language Ly = (a(b+ ¢) + (a + b)b)*(a + b)“.

Consider a MM-1QFA with Rabin acceptance condition, where Q={qo, ¢1,¢2}, X =
{0.5.c}. Q= {41, @2} Quee = {42} Vi |g2) = |ao) and unitary transition matrices:

1 V3 0 1 0
0 -5 1 1
2 2 L L
Vay=IV,=1{1 0 0|.,Vi=]\ V2 (6.8)
0 V3 1 0 b
2 V2 V2

Here, Q.. defines a set of accepting states which describe the language having
strings ending with infinite words of a or b. On following a computation process of
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Figure 6.4: QRA for language L4

MM-1QFA as above, we measured after reading each symbol. An infinite word w
belongs to the language {w € L,} is said to be recognized by MM-1QFA with QRA
acceptance criteria if |¢y) is visited infinite times. It is noted that after reading the
a, it sends half of the non-halting probability to the halting state and the probability
of acceptance comes out to be close to 1. It can be easily checked that if the infinite
word does not belong to language, then its probability of acceptance is less than 1.

6.5 Closure Properties

In this section, we discuss the closure properties of w-languages recognized by Quan-
tum w-automata. However, the class of w-languages recognized by the quantum
finite state automata with Biichi acceptance condition are closed under union, but
not under complementation and intersection. It has been proved in [124]. Here,
we will focus on the closure properties of other quantum w-automata (QMA, QRA
and QSA). Let My = (Q;, X, 01, qoss Queer) and My = (Qo, 3, 02, qo2, Qace2) are two
quantum Muller automata over the alphabet > and L,,,, L,,, are the languages rec-
ognized by M; and M, respectively.

Theorem 6.5.1. The class of languages recognized by quantum Muller automaton
15 closed under union.

Proof. Let M3 = (Q3,%, 93, Go3, Quces) be a quantum Muller automaton (QMA)
i.e. union of two QMAs over input alphabet 3. The proof is exactly similar to
as quantum Biichi automaton and set of accepting states is the union of quantum
accepting states of both QMA’s Quees = (Queet U Qace2). And, Q3 = Q1 X Qo
d((q1,92),0) = (g3, q4) such that 6(q1,0) = g3, 0(q2,0) = g4 are transition functions
(unitary matrix), go3 = (o1, qo2) and quantum accepting state (Qqe.3) contains the
set, 0{;’ pairs/ {(a1,4)), (@2, G3), -, (qn, @)}, where the set {q1, 2, ..., 0} € Queer and
{1,905, 9,} € Quaccz- An infinite run of M; on o is p, = p(0)p(1)...p(n) is said
to be recognized by M3 with probability p if run p, contains infinity many Qucc3
accepting density matrices such that ()...3 is a subset of Q). O

Now to prove the closure properties of QRA, we assume that M; = (Q;, 3, 01, qo1,

Qace1) and My = (Q2, 3, 02, Go2, Qace2) are two quantum Rabin automata over the
alphabet ¥ and L, L., are the languages recognized by M; and M, respectively.
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The class of languages recognized by QRA is closed under union, intersection, and
complementation.

o L, (M) L., (Ms) is recognizable by QRA.
o ¥¥/L, (M) is recognizable by QRA.
o L, (M) Ly, (My) is recognizable by QRA.

Theorem 6.5.2. If L, and L, are the w-languages recognized by My and My QRA
respectively, then L, (My)|J L., (M) is also recognized by a QRA.

Proof. Let M3 = (Q3,3, 03, Go3, Qace2) be @ QRA i.e. union of two QRA’s over input
alphabet 3, where Q3 = Q1 X Q2, 0((q1,42),0) = (g3, q4) such that 6(q;,0) = g3 and
d(qa,0) = qq are transition functions (unitary matrix), goz = qo1 X Go-

To prove the theorem, we have to show that if a word o is recognized by M3 QRA
(M| Ms), then o is in M; or My QRA. Let w-word z=0103...0,. has an infi-
nite run p, = p(0)p(1)...p(n) is recognized by M; with probability p if run p,
contains an only finite number of F; accepting and infinite number of F; accept-
ing density matrices belongs to Q.1 Therefore, Q.3 contains all sets of pairs
(E11E21,F11F21), ey (EliEZiaFliFZi) named it as <H27K2)7 where Hz is an element
of (E11Eq, F1;FEy;) and K; is an element of (FyiFs, F1;Fy;) are subsets of Quecs-
An infinite run of Mj on o is p, = p(0)p(1)...p(n) is said to be recognized by M;
with probability p if there is some i€ {0,1,..n} for which run p, contains only a
finite number of H; accepting and an infinite number of K; accepting density ma-
trices. Thus, o € L, (M3) i.e. Lwl(Ml) C L, (Ms3). It can be easily checked that
LW2 (MQ) C ng (Mg) ie. Lwl (M1> LJ[/W2 (MQ) C ng (Mg) ]

Theorem 6.5.3. The class of languages recognized by QRA is closed under comple-
mentation.

Proof. Let My = (Qy,%, 01, qo1, Qacer) be a compliment QRA of M, where Queer C
Q1 but Quect ¢ Quec1- Let us assume there is a w-word o not recognized by M; QRA
i.e. an infinite run p, of M; does not contain an accepting pair of density matrices
belong to Qu..1- But, it must belongs to Quce1 and recognized by M;. Therefore, we

can say that L, (M) = X¥/L, (M). O

Theorem 6.5.4. The class of languages recognized by QRA is closed under inter-
section.

Proof. As a consequence of Theorem 6.5.2 and 6.5.3 and De-Morgan’s law, it can
be proved that the intersection of w-languages recognized by M; and My QRA is

Lo, (M) () L, (Mz) = (£/ (2% Lo, (M) [ (2% L, (M)

The class of language recognized by QSA is closed under union, intersection, and
complementation. Quantum Streett acceptance condition is a negation of quantum
Rabin acceptance condition. Therefore, it can be easily checked the closure property

of QSA. 0
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Chapter 7

Linear Temporal Logic and
Quantum Finite Automata

Linear temporal logic is a widely used method for verification of model checking
and expressing the system specifications. The relationship between the theory of
automata and logic had a great influence in computer science. Investigation of the
relationship between quantum finite automata and linear temporal logic is a natural
goal. In this chapter, we present a construction of quantum finite-automata on
finite words from linear-time temporal logic formulas. Further, the relation between
quantum finite automata and linear temporal logic is explored in terms of language
recognition and acceptance probability. We have shown that the class of languages
accepted by quantum finite automata are definable in LTL, except for measure-once
one-way quantum finite automata.

7.1 Introduction

In the sixties, Biichi [127] and Elgot [12§] indicated that monadic second-order logic
(MSOL) and classical finite automata are equivalent. Further, the research by Biichi
[119], Mchnaughton [121] and Rabin [122] showed the equivalence between MSOL
and finite automata on finite words and trees. In 1977, Pnueli [129] introduced one of
most widely used temporal logic (linear temporal logic) for the system specification.
Temporal logic can be classified into linear and branch time logic. Mandal et al. [130]
investigated a ternary logic function in connection with projection operations. It has
been shown that proposed method for logic synthesis of ternary quantum circuits
has a better cost compared to existing methods. In linear time logic, formulas are
read over linear sequences of actions corresponding to runs of the system, whereas in
branch time logic, formulas are read over computational trees. Here, we concentrated
on linear time.

Model checking is a widespread technique for verifying temporal properties of reac-
tive programs. There are several ways to develop the theory of model checking, a
particularly attractive one being through the construction of automata from tem-
poral logic formulas. Linear temporal logic (LTL) offers two important advantages.
First, decision procedures for temporal logic are of elementary complexity. Second,
writing temporal logic formals is easy and simpler. Till now, the research has been
focused on the relationship between the class of languages recognized by MO-1QFA;
MM-1QFA; LQFA; and the class of languages defined by first-order (FO) logic and
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modular logic [124].

The concept of linear temporal logic uses the quantum automata theory as a uni-
fying paradigm for program synthesis, verification, and specification. The program
synthesis and specification are the essential elements to describe the computations,
which are treated as input strings belong to some input alphabet ¥. The automata-
theoretic perspective considers the specifications as relationships between languages
and the relationships between programs. The queries about specifications can be eas-
ily lessen to queries about quantum automata after translation. Hence, the queries
about correctness of programs and satisfiability of specifications can be lessen to
containment and nonemtpiness queries of automata. The logical explanation of the
quantum computational models performance has an impact on quantum complex-
ity. In this chapter, we have focused on linear temporal logic which is equivalent
to first-order logic in expressive power. LTL has a variable free compact syntax,
intuitive semantics and it can be transformed into automata more efficiently than
FO formulas [131]. Further, we have characterized the class of languages accepted
by MO-1QFA, MM-1QFA, and LQFA using LTL formulas.

7.2 Preliminaries

In this Section, some basic syntax and semantics of LTL formulas are given.

7.2.1 LTL and classical automata

Originally, LTL was introduced as a specification language for concurrent programs
over infinite traces. We described characterizations over finite words of LTL lan-
guages. It is identified that LTL languages cannot count modulo n for any n>1.
Lenore |132] has shown the direct translations between LTL formulae and star-free
regular expressions. Wilke |133] proved that the LTL formula can be written for
the counter-free deterministic finite automata. The complexity of model checking
and satisfiability is essential when it comes to applications of LTL to express formal
specification and system verification. Sistla and Clarke [134] have shown that model
checking and satisfiability of LTL are PSPACE-complete.

7.2.1.1 Syntax and semantics

The linear temporal logic can be defined with the use of a finite set of atomic
propositions (AP), basic temporal and logical operators. The syntax of LTL formula
is given by the following abstract syntax:

p=alpr Aoz | =9 | 09| p1U ¢y (7.1)

where a € AP and ¢, ¢1, o are LTL formulas. There are basic logical operators:
negation (), conjunction (A), disjunction (V), implication (—) and equivalence
(¢»). Temporal Operators are next (O), until (U). Some common abbreviations are
used such as O¢ means ¢ has to hold at the next state, ¢y U ¢ says ¢; has to hold
at least until ¢, holds, $¢ stands for trueU¢ and it means that ¢ eventually has to
hold before the last instant, (¢ stands for =$0—¢ and it means that ¢ always hold
till the last instant [135}|136].
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a
00 (0

a a a a b

—a —a —a a -a
s O—O—-00O-0

o O-O-O-0-0

Figure 7.1: LTL formula evaluation

We interpret LTL formulas for finite strings s over finite traces. LTL formula is
represented as finite string s over the alphabet of 247, The length n of the string
is denoted by |s| and position s(i,j) denotes the string s starts at positions i and
terminating at positions j such that 0 < i < j < n. Further, s(i, ) represents the
suffix s(z,n). Consider LTL formula ¢ and a string s; we can say that LTL formula
hold in s, denoted by s |=. Inductively, we can define

o s|=aif s(0) =a.

s |= —¢ if not s |= ¢.

s|=Xo¢if |s| > 1 and s(1, %) = ¢.

s |= ©¢ if there is ¢ with 0 < i < n such that s(i, x) = ¢.

s |= &1 U ¢ if there is ¢ with 0 < ¢ < n such that s(j,*) = ¢; for every
j€{1,2,..i— 1} and s(i, *) = ¢o.

Schiitzenberger [137] and McNaughton-Papert [138] proved the following equivalence
results:

Theorem 7.2.1. Let L C X7 be a language, where ¥ is an alphabet. Then, the
following are correspondent:

e [ is definable in first-order,

e [ is non-counting and regular,

e [ can be defined by a star-free regular expression,
e The syntactic monoid of L is finite and aperiodic,

e [t is recognized by a counter-free minimal DFA.

Theorem 7.2.2. McNaughton [139] and Kamp [140] proved that the conditions “FO
definable”, “star-free”, and “LTL-definable” for a language L are equivalent.
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7.3 MO-1QFA and linear temporal logic

MO-1QFA with bounded error can be designed for a subset of regular languages.
Firstly, we study the linear temporal logic on finite trace and its connection with
MO-1QFA.

Theorem 7.3.1. If a language is accepted by MO-1QFA and it is defined by LTL
formula, then it is reqular and non-counting.

Proof. If MO-1QFA recognizes a language L with bounded error, it can be recognized
by one-way group finite state automata (1GFA). Let us assume that there is a
language L which is even language and recognized by MO-1QFA. Correspondingly,
minimal 1GFA has both accepting and rejecting states. As the automata accept
counting language, it can go from accepting state to rejecting after reading a symbol.
Now, we consider an even language L; = a®" which is recognized by MO-1QFA and
1GFA can be designed. For LTL formula, the property “p needs to be true on every
even step”, which is not possible. Hence, LTL cannot define properties which involve
counting. It shows that LTL cannot express all regular languages. Therefore, there
is a language that can be recognized by MO-1QFA and corresponding 1GFA can be
designed but cannot be definable in LTL formula. O]

7.4 MM-1QFA and linear temporal logic

In this section, the connection between MM-1QFA and LTL regarding accepting
probabilities and language recognition has been studied. MM-1QFA can recognize
all languages which are recognized by MO-1QFA, but such languages cannot be
definable in LTL formula. Consider a language L; = a®* which consists words of
multiple of 2, is recognized by MM-1QFA, but cannot be definable in LTL.

Theorem 7.4.1. The language described by the LTL formula of the form (aAO(—aU
a)) can be accepted by MM-1QFA.

Proof. The language explicated by the LTL formula in the given form is accepted

by the MM_lQFA <Q7 27 57 qo, Qacca QTej)a where Q = {QO7 41,42, 4a, QT}a Y= {a7 b}v
qo is an initial state, g, is an accepting state and ¢, is a rejecting state. The LTL

formula evaluation and transition functions are defined as:

Table 7.1: Details of the transition functions

Valqo) = 1q0) | Valao) = la) | Volao) = la) | Vslao) = |av)
V# ’CJ1> = |Q1> Va |CI1> = ‘C]2> Vi ‘QI> = |Q1> Vs ’CJ1> = |Qr>
Vilg) = la2) | Valg) = lav) Vs lg2) = |qa)

We have defined all such values so that V, is unitary. Therefore, it can be easily
checked that Ly can be accepted with probability 1 by MM-1QFA and can be defined
in LTL. There are certain languages accepted by MM-1QFA with probability less
than 1, can we define LTL formula for such languages? The answer is yes, consider
a language Ly = {a*b*} can be recognized by MM-1QFA with probability less than
1 and LTL formula is given below. [l
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Theorem 7.4.2. The language described by the LTL formula of the form (aV (-bU
O=a) V b) can be accepted by MM-1QFA with a probability less than 1.

Proof. The language explicated by the formula is L, = a*b* , which is recognized

by MM- 1QFA (Q E 6 qO7QCLCC7QT€j) where Q {QO7Q17Qa7QT} Y= {CL b} qo Is an
initial state, Qqee = {qa} and Q,.; = {¢,}. The transition function J is defined by

Vi lqo) = % g0} + f @),
Vi lgo) = f lg0) + ﬁ )+ % Y
Vi lqy) = _E g0} + % @) + % "y

Volao) = lar)» Vs lao) = lav)

Vola) = lar) » Vs lar) = |ga)
We can look at two cases. Consider a word w € Lo, the computation starts with qq
and proceed as follows:
On reading the left-end marker #, the transition function corresponding the input

symbol is applied on ¢, resulting into a superposition of states with equal probabil-
ity. On reading the symbol a, the unitary equation V, |qo) and |¢;) is applied and

1 1
7 |q0) + 7 1)

the superimposed state is changed into,

1(1 1>|> 1(1+1)’> 1( 1>’>

4o 7=\ TE T =] 4 qa)
V2\V2 V2 V2\v2 V6 Va\vz B
And computation continues to the next symbol due to the observation of non-halting
state.

AEREATE

On reading the second symbol a, the above state is changed into

i) (oG ) G ) ()

1
Moreover, the probability of acceptance is (— (7 _6> ( 3)) The process

of computation proceeds with non-halting states:

1 1 1 1 1 1
\/— \/— \/— \/— ‘QO> 5 6 ‘QI
On reading the symbol b, the above state changed into

@

|Q1

@

) e )

5 )()

and with probability (}( v }) (})) . it remains in superposition g:.
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The total acceptance probability can be calculated as the summation of all accepting
probabilities in the above steps. On reading $, the automata change its states into
¢, and recognize the input string with probability less than 1.

In the same way, we can show that if the input word w ¢ Lo, then the MM-1QFA
will reject it with probability less than 1. O]

LTL is equivalent to FOL in expressive power, so strictly less expressive than reg-
ular expressions. The languages defined by LTL are a subset of regular languages;
MM-1QFA can recognize languages definable in LTL formula. Till now, there are
several extensions of LTL with finite automata, regular expressions and grammar
operators have been proposed. Each of them has its drawbacks. To overcome such
difficulties, Giacomo et al. |[135] proposed a temporal logic by combining LTL and
regular expressions, named as the linear dynamic logic on finite traces (LDL). It is
known that MM-1QFA cannot be designed for {(a,b)*b}, but the language can be
defined by LTL formula as (OCa).

7.5 Latvian quantum finite automata and linear
temporal logic

It is a generalized version of MO-1QFA and recognizes a proper subset of MM-1QFA
languages. In this section, we have determined the connection between the class of
languages recognized by LQFA and LTL.

Theorem 7.5.1. The language described by the LTL formula of form ($a) can be
accepted by LQFA.

Proof. The LTL formula describes the language L3 = (a | b)*a(a | b)*, which is
recognized by LQFA. It is known that languages recognized by LQFA, also accepted
by MM-1QFA.
LQFA {Q, %, {A},{Ps}, qo, Quce} is designed for the language L3, where @ =
{00, 1}, £ = {a,b}, Quee = {¢1}, the projective measurement matrix is Py =
P,=P,=Ey= Ey, E; = {span : |¢;)} and the transition functions are given as:

1 1

10 NG V2
Ve=titi= |y = | 1Y

0 1 B B

V2 V2
It can be easily checked that any input string w € L3, can be accepted with prob-
ability 1/2. Therefore, the class of languages accepted by LQFA with probability
less than 1, are definable in LTL. n

LQFA recognized languages are closed under union, inverse homeomorphisms, word
quotient, and complement. It is identified that the language L = a3*b¥* cannot be
recognized by LQFA, but it can be recognized by MM-1QFA. It’s LTL formula is
defined as (a A <b).
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Chapter 8

Modeling of RN A secondary
structures using 2QFA

The representation of ribonucleic acid (RNA) and deoxyribonucleic acid (DNA)
structures using the theory of automata had a great influence in computer science.
Investigation of the relationship between QFA and RNA structures is a natural goal.
Two-way quantum finite automata (2QFA) is more dominant than its classical model
in language recognition. Motivated by the concept of quantum finite automata,
we have modeled RNA secondary structure loops hairpin loop, internal loop, and
double helix loop using two-way quantum finite automata. The major benefit of
this approach is that these structure loops can be parsed in linear time. In contrast,
two-way deterministic finite automata (2DFA) cannot represent RNA secondary
structure loops and two-way probabilistic finite automata (2PFA) can parse these
sequences in an exponential time. To the best of author’s knowledge, this is the first
attempt to represent RNA secondary structure loops using two-way quantum finite
automata.

8.1 Introduction

Bioinformatics [141] is a field of applied science in which computational and mathe-
matical models are applied to biology. Nowadays, a major concern of bioinformatics
is the analysis and representation of deoxyribonucleic acid (DNA) and ribonucleic
acid (RNA). The grammatical formalism of biological sequences, such as DNA,
RNA, and proteins, can be used to solve bioinformatics problems efficiently, such as
multiple alignment calculation, classification, prediction of biological sequences with
their primary and secondary structures. The RNA structure folds around itself to
do base pairing, which leads to the formation of various secondary structure motifs
(loops). In RNA secondary structure formation, some of the base pairs contain exact
complement base pairs, whereas other base pairs will not perform pairing because
of the lack of exact complement pairs, thereby tending to form loops. Loops can be
of various types, such as the hairpin loop, bulge loop, internal loop, double helix,
and pseudoknot, depending on their shape. Moreover, RNA and DNA are made by
monomers known as nucleotides. Each nucleotide consists of a pentose carbon sugar,
a phosphate group, and a nitrogenous base. If the sugar is ribose, then the polymer
is RNA. If the sugar is deoxyribose, then the polymer is DNA. Besides, RNA is a
single-stranded structure, whereas DNA is double-stranded helical structure.
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RNA structure is classified into primary, secondary, and tertiary structures. RNA
is single-stranded structure i.e. the sequence of the bases (a,c, g, u) are in linear
order in its primary structure form [142], where purines are classified into adenine
(a) and guanine (g), while pyrimidine are classified into cytosine (¢) and uracil (u).
At least three bases are required to form loop [143]. Watson-Crick pairing mostly
occurs whereas Wobble—pair rarely occurs in RNA secondary structure. The tertiary
structure involves the orientation of these secondary structure motifs for each other.
It forms certain structures such as pseudoknot which have many functional features.
RNA tends to form single-stranded 3D structures due to the presence of an extra
2’-hydroxyl group present in the ribose part of RNA .

The field of quantum computation and information processing have subsequently
made a significant impact on the academic and research community alike. Recently,
various applications of QFA models to interactive proof system (Nishimura et al.,
2009, Zheng et al., 2015) [61}/62], debate system (Yakaryilmaz et al., 2016) [63]; tem-
poral logical theory (Berzina, 2010) [124]; automata in molecular biology by quan-
tum mechanics (Khrennikov and Yurova, 2017) [144] have been investigated. Fur-
thermore, various generalizations of quantum computational models such as quan-
tum computation over infinite words (Giannakis et al. 2015) [145]; QFA models
on promise problems (Zheng et at. 2017) |57], multihead one-way quantum finite
automata (1QFA(k)) (Ganguly et al. 2016) [83]; Two-tape QFA models (Ganguly
et al. 2016) [84] has been introduced. Recently, (Pan et al. 2017) [146] quantified
the multiqubit states in Grover’s searching algorithm by using the geometric mea-
sure of entanglement (GME). (Li et al. 2017) [147] studied the phase estimation
by using distributed semi-computing model. They have proposed a semi-distributed
algorithm for phase estimation which has achieved exponential acceleration and per-
forms better than the classical algorithm.

In classical automata theory, Freivalds [148] shown that a non-regular language
L = {a™b™ | m > 1} can be recognized by 2PFA with arbitrarily small error.
Later, Dwork and Stockmeyer |149] proved that 2PFA takes an exponential time
to recognize the same language. It has been shown that non-regular language can

1
be recognized by 2PFA with error probability below 3 then there exists a constant

b > 0, such that for the infinite number of input n, the expected runtime of 2PFA
must exceed 2", where n is the length of an input. It is known that 2DFA can
recognize only regular languages [150,({151].

The research has consistently grown in the field of quantum finite automata theory.
Kondacs and Watrous [14] shown that a non-regular language L = {a™b™ | m > 1}
can be recognized by 2QFA with one-sided error in linear time. In this chapter, we
have shown that it is possible to define non-context free languages by using 2QFA.
This chapter is concerned with representing the secondary structure loops of RNA
using 2QFA. But, it cannot be represented by 2DFA, and two-way probabilistic
finite automata can parse these sequences in exponential time. Thus, it follows that
2QFA is more powerful than its classical variants in terms of language recognition.

8.1.1 Prior work

Various representations of DNA and RNA sequences using formal grammar and
automata have been found in literature. For example, Kalra and Kumar [152] rep-
resented DNA and RNA biological sequences, such as inverted repeat, pseudoknot
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and tandem repeat using state grammar and deep pushdown automata. Sung |153]
represented the secondary structure loops of RNA, such as the hairpin loop, internal
loop, bulge loop, and double helix, using context-sensitive grammar. Various forms
of context-free grammar are also used to represent RNA sequences [154}|155].
Besides, cross-interaction grammar was used by Rivas and Eddy [156] to represent
the secondary structure loops of RNA; including pseudoknots. Searls |157] used
indexed grammar to represent DNA and RNA sequences, such as tandem repeat,
inverted repeat, and pseudoknot. Searls [158] also represented DNA sequences using
string variable grammar. Mizoguchi et al. [159] used stochastic multiple context-
free grammar to represent various classes of pseudoknots. Parallel communicating
grammar systems were used by Cai et al. |[L60] to represent the pseudoknot structure
of RNA.

Various researchers have represented the structures of RNA and DNA using con-
cept of grammar and automata theory. Kuppusamy et al. [161] introduced the
concept of matrix-insertion deletion grammar and represented the commonly found
structures of DNA and RNA, which occur at intramolecular level such as pseu-
doknot, hairpin, stem loop, cloverleaf, dumbbell, and attenuator. Kuppusamy et
al. [162] also represented the DNA and RNA biomolecules structures which occur
at an intermolecular level such as nick language, double-strand language and linear
hybridization (ligated) languages using matrix insertion-deletion grammar. Further,
Kuppusamy and Mahendran [163] extended their work of bio-molecular representa-
tion using matrix-insertion deletion grammar and represented the RNA and DNA
bio-molecular structures of the intermolecular level, intramolecular level and RNA
secondary level using matrix-insertion deletion grammar.

Anderson et al. |[164.|165] represented the RNA structure using stochastic context-
free grammar. Rothemund [166] and Cavaliere et al. [167] represented the action
of a restriction enzyme in DNA using a Turing machine and pushdown automata,
respectively. Furthermore, Krasinski et al. [168] extended the Cavaliere et al. |167]
approach and represented the action of a restriction enzyme in DNA using circular
pushdown automata in which stack and input tape are on the same circular strand.
Recently, Khrennikov and Yurova [169] have proposed a model of protein behavior
by using theory of automata and also explored the similarities between the modeling
of the behavior of proteins and quantum systems.

8.2 Modeling of RNA secondary structure loops
using 2QFA

In this section, we model the RNA secondary loops such as hairpin loop, internal
loop and double helix using two-way quantum finite automata (2QFA).

8.2.1 Hairpin loop

A hairpin loop is formed when RNA stands folds to pair with another section of
the same strand and ends to form the unpaired loop [170]. Fig 8.1 describes the
structure of hairpin loop. The structure of hairpin loop is as follows i.e. sequence 1
followed by hairpin loop followed by paired sequence 1 [171].
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Figure 8.1: Representation of Hairpin loop structure

The quantum finite automaton for language L; = {ujv™u} | p > 1,m > 3} is as
follows:

Table 8.1: Details of transition function and tape head function

Vilgo) =190) | Volgo) = la1) | Viu lq1) = |go)
Vi ’C.I1> = IQ5> Vs |Q2> = 192> Vi IQ2> = ’fJ5>
Vslg) = lgs) | Volas) = lqa) | Vi lq4) = lgs)
Viu 190) = |q0) | Vi lgs) = 1g5) | Vi |90) = |g5)

Vs |qa) = |q4)

—

Vs lqs) = 7 > et Ipio)

Vo [Pi0) = [Din—ig1) for 1 <i <n
Vo [Dij) = pij1) for 1 <i<n 1 <j<n-—i+1
Vi i) = [5i0) Vi |8i0) = |rio), If v#3
Vi lrio) = |tip) for 1 <i <N, Vi [si0) = [Kio)

Vi [wio) = |wiy) for 1 <i <n, Vi, [Kip) = Vi)
Vg [wij) =|w;joq) for 1 <i<n,1<j<n—i+1
Vi |Yij) =Yijo1) for 1 <i<n,1<j<n—i+1
2T
Vy [wsg) = LnlzleT” f) for 1<i<n
VylYio) = —=S3e n "|R) for 1 <i<n

Head functions
D(q) ==, D(q1) =+, D(q2) ==,
D(q3) =+, D(qs) =—, D(g5) =1

Theorem 8.2.1. For a language Ly = {ufv™ub | p > 1,m > 3} and for an arbitrary
fized positive integern > 2 such thatn € N, there exists a 2QFA such that forx € Ly,

1
it accepts x with probability 1 and rejects x ¢ Ly with probability at least 1 — —.
n

Proof. We construct 2QFA model for the language:

Ly = {ufv™ul | p > 1,m > 3}
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Q = {QO7q17q27Q3aq47Q5} U {pi,iji,j | I<i<nl<j< mam(i,n —i+ 1)}U
{Pi0, Wi 0,750,510, ti0, Kio, Yip | 1 <@ < n}U{fi, R |1 < i< np Y e {u,v,
Unty Qace = {Fn}sQrej = {@stU{fi | 1 <i <n}U{R; |1 < i <mn}. The state
transition functions and head functions are given in Table 8.1 using a definition
2.3.12. Each V, take the values as shown in Table 8.1 and also for each o, the
vectors formed V, are unitary on Hilbert space Ls(Q) and D : @ — {+,T,—}
represents head functions.

The process of designing 2QFA for language consists of three phases. In the first
phase, if the input is not of the form ufvtus, where T represents the Kleene plus,
then the computation will be rejected. Therefore, the first phase traverses the
input string (i.e. scanning through each symbol of input string). Fig 8.2 shows the
detailed state transition diagram of L;. At the start of the second phase; the state
¢4 reads the right-end marker $. Furthermore, the computation is split in to the n
different paths (state transformations occur in parallel). Each path possesses equal

amplitude % Along the n different paths, each path moves deterministically to the
left-end marker #. On reading symbol us, along the i*" path, tape W head remains
stationary for n — i + 1 times. On reading symbol u, head remains stationary for
i times. On reading symbol v, it must satisfy the condition (m > 3); otherwise, it
leads to rejecting the input string at the end. If the number of u1’s and uy’s are equal
in an input string, then different paths will reach the left-end marker # at the same
time. Finally, in the third phase on reading #, each computation path comes into
n-way Quantum Fourier transform (QFT). It produces either one accepting state or
rejecting state. Finally, 2QFA accepts the string u?v3u3 with probability 1. If the
input string is not in the desired form, then all computation paths reaches the left-
end marker at a different time and there is no cancellation of rejecting states. Thus,

for all » computation paths, the conditional probability tha observation results in

acceptance is —, such that some of the paths come to halt. Therefore, the input
n
1
string is said to be accepted with probability —. Correspondingly, the input string
n

1
is said to be rejected with probability 1 — —. O
n

8.2.2 Internal loop

Internal loops are formed when there is no matching pair on both sides of the double-
stranded RNA i.e. formation of the hairpin loop on both sides of double-stranded
RNA [172]. Fig 8.3 describes the structure of an internal loop. The structure of
an internal loop is as follows i.e. Sequence 1 followed by hairpin loop followed by
sequence 2, sequence, paired sequence 2, hairpin loop and paired sequence 1 [171].
The language generated by an internal loop is

Ly = {ujududv*wiwdws | ryg > 1,m > 3,2 < 2}

Here, (uy,us,us, v, wy,ws, w3) € {g,c,a,u} The quantum finite automaton for lan-
guage Ly is as follows:

Theorem 8.2.2. For a language Ly = {ujufudv*w! wiws | r.qg > 1,m > 3,2 <
2 and r,q,m € Nyog, 2 € N>o} and for arbitrary computational paths n, M, P € N,
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Figure 8.3: Illustration of Internal loop structure

there exists a 2QFA such that for x € Lo, it accepts © with bounded error € and

rejects x© ¢ Lo with probability at least 1 P
Proof. We construct 2QFA model for Ly, = {ujufud v*wiwiw} | r,qg > 1,m >
3,z <2},

Let Magra = (@, %, 9, qo, Quees @rej) be a 2QFA Q = {qo, 41, G2, 43, 44, G5, G6, 47 @3, 9o,
Q10 @11, 12, ¢13, G14 } U P30, 73,0, Wi0, Si0, ts0, Vs | 1 <0 <my 1 <5 <n}U{gs505 7450,
Gij0: Uij0,Vijo | 1 < i < N, 1T < 5 < M}y U{gu10,Vijio, Gijio | 1 <1 < m1 <
J<S M1 <1< PYU{SikDigsVijes Gijie | 1 <0 <n,1 < j < M1<I1<ma
IE(j,M —J+ 1)}7 Y e {u17u27u3;an17w27w3}7Qacc - {yn} and Qrej = {CI14}- The
state transition functions and head functions are given in Table 2 using equation
(10). All vectors formed V, are unitary on Hilbert space Ls(Q) and D represents
head functions.

The process of designing a 2QFA for language Lo consists of seven phases namely
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traverse the input (i.e. scanning through the each symbol of input string), split
(state transformations occur in parallel) of computation in to n different paths for
having superposition of states on reading the right-marker $ (i.e. quantum system
is in more than one state at a time), then n different paths split in to M different
paths while reading leftmost ws, further again M different paths split into P different
paths with equal probability on reading leftmost w,, perform P-way QFT at the
end of ugz, then perform M-way QFT at the end of us and similarly perform n-way
QFT to yield the result at the end.

Table 8.2: Details of transition function and tape head function

Vilao) = lao) | Visla2) = las) Vi, [99) = |q10)
Vslgo) = lqia) | Vis laa) = 1aa) | Vi, lau1) = |q11)
Vslgu) = |lqs) | Vs las) = las) | Vs |qi2) = |qus)
Viu IQO> = ’C.Io> Vs ’CJ8> = |CI9> Vi, IQO> = ’CJ14>
Vi la1) = la2) | Vas lqo) = |qua) | Vin, |2) = |q14)
Vs [90) = la1) | Vi |@2) = |q1a) | Vi, l0a) = |qua)
Vip lar) =1a2) | Vi laa) = las) | Vi |q11) = |q12)
Vio |a3) = las) | Vi lg6) = laz) | Viws l@13) = |qu3)
Vo ’(Jo> = ’(J1> Vi, ]q9> = |Q9> Visg ’fJo> = |Q14>
Vi lgs) = |gs) Vo [010) = lq11) | Vi |@2) = |q1a)
Vi lgs) = |g6) Vi [90) = |q1a) | Vi |aa) = |q1a)
Vilge) = lqua) | Vi, l@2) = |go) Viss 199) = lqu1)
Head functions

D(qo) ==, D(q1) ==, D(g2) ==, D(gs) =¢
D(q1) ==, D(g5) =4, D(gs) =—, D(qr) =¢
D(gs) =<, D(q9) =—, D(qi0) =4, D(qu1) =—
D(Chz) =<, D(Q13) =—, D C]14) =7

In the first phase, if the input string is not of the form wuju3gvtw)wyws or

ufug ug wiwsws, where T represents the Kleene plus, then the computation will be

rejected. In Table 8.2, g3 reads the right-end marker $ and the computation splits in
1
to n different paths with equal probability T Along all n paths, it checks whether
n

the number of wj3’s is greater than 1 or not. Further, we can define the remaining
transition functions such that V, must satisfy the unitary property. Fig 8.4 shows
the detailed state transition diagram of Ls. In the third phase, upon reading the

1
leftmost wq, n paths splits in to M different paths with equal probability \/_M and
checks whether the number of wy’s satisfy the condition or not. Furthermore, in the

1
fourth phase, M paths split into P different paths with equal probability ﬁ and

checks whether the number of w;’s is greater than 1 or not. In fifth phase, all P
different paths read v, uz or both. On reading the v, it must satisfy the condition
(z < 2) and all paths move towards left. On reading the u3’s, each computation
path enters P-way QFT. In the sixth, each computation path enters M-way QFT
upon reading the left-most us. In the last phase, on reading the left-marker #,
each computation path enters N-way QFT to yield the result. It results in a single
accepting state and other rejecting states. If all n** paths read the left-end marker
# at the same time, then the input is accepted with probability 1. O
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Figure 8.4: State transition diagram of Internal loop for Ly = ujufudv*wiwh w}

8.2.3 Double helix

Figure 8.5: Illustration of Double helix loop structure

Double helix loops are formed when there is no matching pair on both sides of the
double-stranded RNA and also ends in a hairpin loop [171]. If in the language
{Ly = vjuSudv*wiwdw; | r,qg > 1,m > 3| z < 2} of internal loop, value of z is
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(z > 3), it leads to the formation of a double helix.

Fig 8.5 describes the structure of double helix loop. The language generated by
grammar is of double helix loop i.e. Sequence 1 followed by loop segment 1 fol-
lowed by sequence 2, followed by hairpin loop, followed by paired sequence 2 fol-
lowed by loop segment 2 followed by paired sequence 1 [5]. The language gener-
ated by double helix is Ly = {ujuludvw] wiw}i | r,q > 1,m,z > 3}. Here,
(w1, ug, uz, v, wy, Wy, w3) € {g,c,a,u}. The quantum finite automaton for language
Ls is as follows:

Theorem 8.2.3. For a language Ly = {ujuluiviw] wiw} | r,qg > 1,m,z > 3
and r,q,m,z € Nxg} and for arbitrary computational paths n, M, P € N, there
exists a 2QFA such that for x € L3, it accepts x with bounded error € and otherwise
rejects it (x ¢ Ls).

Proof. 1t functions similar to above languages instead its process of designing con-
sists of seven phases namely traverse the input, split the computation into n different
paths for having superposition of states on reading the right-marker $ and process
ws’s, then n paths split in to M different paths while reading leftmost w3, further
again M different paths split into P different paths with equal probability on reading
leftmost ws, perform P-way QFT at the end of ugz, then perform M-way QFT at
the end of us and similarly perform n-way QFT to yield the result at the end. If all
n** paths read the left-end marker # at the same time, then the input is accepted
with probability 1. Therefore, it can be easily checked that input string x € L3, can
be recognized by 2QFA with probability 1. O
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Chapter 9

Quantized Quadratic Sieve
Algorithm

In recent years, quantum computation is receiving much attention for its capability
to solve difficult problems efficiently contrast to classical computers. Specifically,
some well-known public-key cryptosystems depend on the difficulty of factoring large
numbers, which takes a very long time. It is expected that the emergence of a
quantum computer have the potential to break such cryptosystems by 2020 due to
the discovery of powerful quantum algorithms (Shor’s factoring, Grover’s searching
algorithm and many more). In this chapter, we have designed a quantum variant
of classical factorization algorithm named “Quadratic Sieve”. We have constructed
the simulation framework of quantized quadratic sieve algorithm using high-level
programming language Mathematica. Further, we have examined its simulation
results on a classical computer to get a feel of the quantum system and proved that
it is more efficient than its classical variants from computational complexity point
of view.

9.1 Introduction

In the early 18th century, integer factorization was identified as fundamental prob-
lem and most important research area in computational number theory [173]. After
the advent of digital computers, it has been applied in various applications related
computing, cryptography and information security. Particularly, it is extremely re-
lated with the field of cryptography as finding factors of large integers is difficult
for computers |174]. Over the last three decades, public key cryptosystems (Diffie-
Hellman key exchange, the RSA cryptosystem, digital signature algorithm (DSA),
and Elliptic curve cryptosystems) have become a crucial component of cyber secu-
rity [175L|176]. Cotfas et al. [177] demonstrated the quantizations of non-equivalent
coherent states and explored the localization features based on real Hermite poly-
nomials. In this regard, security depends on the difficulty of a definite number of
theoretic problems (integer factorization or the discrete log problem).

Since its beginning, Mathematicians have been trying to find factors of composite
numbers in faster and efficient ways [178,|179]. Many algorithms have been devised
for determining the prime factors of a given integer such as Trial division, Fermat’s
method, Elliptic curve method, Pollard’s Rho method and fastest algorithms: Num-
ber sieve, Quadratic sieve and many more. These algorithms are differ in complexity
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and superiority. Each method has become a stepping stones for the next method.
Therefore, it is a very challenging task to design an efficient and effective algorithm
for hard computational problem in complexity theory.

In 1981, Pomerance [180] introduced fastest factorization algorithm named
Quadratic sieve. It is an improvement over Kraitchik’s and Dixon’s factorization
method. In early 1990’s, Quadratic sieve method was the most effective and ef-
ficient general purpose algorithm. It is the best choice method to find factors of
numbers under 100 digits after general number sieve method [181]. The running
time of number field and quadratic sieve depends on the size of a number (n) to
factorize [182]. The fastest General number field sieve algorithm and second fastest
quadratic sieve algorithm works in super-polynomial, but sub-exponential time us-
ing a classical computer. But, Shor’s algorithm shown a great improvement over
these algorithms, which can find factors in polynomial time using a quantum com-
puter. The efficiency of quantum algorithms is based on the ”Quantum Fourier
transform” i.e. quantum variant of classical discrete Fourier transform, which can
be constructed in polynomial time.

In this chapter, we have designed a quantum variant of quadratic sieve method
by using quantum parallelism and entanglement. The most significant property
entanglement separates the classical world from the quantum world. It is one of
the most central topics in quantum information theory. Quantum entanglement
is purely quantum mechanical correlation between two parts of the quantum sys-
tem [105]. Further, we have examined its simulation on Mathematica tool and
compared its complexity measure with its own classical variant and competitive
Shor’s factorization method.

9.2 Preliminaries and Definitions

Before we can discuss the classical quadratic sieve and design its quantum variant,
some preliminaries and definitions are given in this section.

o Residue class [183]: Let m € N. It is defined as the set of integers that are con-
gruent to some integer a modulo m. For any a € Z, [a] denotes the equivalence
class to which a belongs, such that [a]= {a € Z: n = a mod m}.

e Quadratic residue |184]: A integer a is said to be quadratic residue mod m if
for coprime integers m, a with m >0, the congruence has the solution such
that 22 = a mod m. If it does not have a solution, then a is said to be a
quadratic non-residue.

e Legendre symbol [184]: Let p be an odd prime and a an integer. Suppose that
ged(a, p)=1. Then, the Legendre symbol is defined as

0 ifa =modp
<—> =< 1 if a is quadratic residue mod p
—1 if a is quadratic non-residue mod p

In quadratic sieve, we have small prime factors. Therefore, an integer n € N
is called as B-smooth for B € R™, if it has no prime factors greater than B.
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e Exponent vector |185]: Let p; denotes the ith prime, such that
m = H p;

The exponent vector is v(m) = (vy, ve, ..., v;). Each entry in v(m) represents
the exponent on the #" prime, where the integer 2 is the first prime, 3 the
second and so forth.

e Partial measurement [186]: In formal way, it is defined as a state vector that
is projected onto subspace spanned by the single qubit or quantum registers
with probability equal to the square of the projection. In other words, a state
vector projected on to the orthogonal subspace spanned by quantum registers
with remaining probability. It does not covers the whole system, it just look
at the part of the system. Consider a two quantum registers of size n and m

qubits.
an_12m_1

|¢>:: 2{: jg: CLj|i7j>
i=0 §=0

The probability pr; to measure j in the second register is pr; = Z?ig ! Ci iCij-

And, the new state after the measurement is given as

2" —1

/ 1 .
|6) = N 2; ¢ij i, )

Thus, the new state is given as (normalized) projection onto the respective
subspace.

9.3 Quadratic Sieve Algorithm

Quadratic sieve is most extensively used and fastest algorithm to find factors of num-
ber less than 130 decimal digits. Since the discovery of quadratic sieve algorithm,
it was used to factored 100 to 120 digits long number. Recently, in 1994, it has
factored 129 decimal-digit RSA challenge number [187]. It is based on the classical
congruences of squares method i.e. finding the squares whose difference is 0 modulo
n, where n € N to be factored. Suppose, a integer n is an odd composite integer for
which we need to find factors. First step in this algorithm is to form factor base. It
is a set of primes S such that each element of S is less than smoothness bound B.
Generally, selection of B is very crucial part of this algorithm to form factor base.
Therefore, it helps in avoiding the unnecessary computations throughout the sieve
process.

Sieve of Eratosthenes is factoring algorithm to generate a list of prime numbers less
than smoothness bound B. The detailed algorithm of Sieve of Eratosthenes can be
easily found in [188,189)]. Its efficiency is O(,/n). It is found to be useful if someone
needs lowest 10,000 primes for some computation. It is used to generate prime
numbers in bulk. In case, if we have selected very small value of B, then there are
very limited smooth number to find factors. If it is selected very large, then we need
to get more numbers for having linear set. Therefore, the probability that a given
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In(n

integer n is B-smooth is calculated as p P, where p,= ; (<B)) Though, its proof
n

is given in [190]. Now, we have all the primes labeled as ps, ps,.... Next step is to

calculate Legendre symbol for each prime such that quadratic residue (g) =1,
where ¢ € 2, 3, ..., for each prime p;. Z
Second step is to sieve through the polynomial values generated through the sequence
(z? — n), where z = [\/n, [v/n] + 1, ... to have B-smooth values. We can define
the sieve interval using optimum value of M such that \/n + M, \/n — M], where
M = elin n in(in (n)?V2/4 Now, we sieve through the each prime number in factor
base such that (z2 —n) = 0 mod p. It means prime p surely divides polynomial.
Note that, it also sieve through the powers of prime in factor base unless it does not
greater than B. It transform the division process into multiplication. At the end, it
forms a list of numbers which indeed a factor by using primes. Now, we have prime
factors for each sequence and it can be written as m = Hle Dyt

Third step is to transform the prime factors for (k+1)B-smooth values in to corre-
sponding exponent vector, such that for

—n) = (e, e, ..., €)

Further, we reduce the above vector v to modulo 2. Here, comes the role of linear
algebra to generate row vectors whose sum is equal to zero vector by using Gaussian
Elimination.

0(zy) + 0(z0) + oo 4+ 0(23) = 0 (9.1)

Finally, we are left with z = z; . 25 ... 7 (mod n) and other variable 3 (i.e. product
of #2 — n) is calculated as:

y = \/(xf —n).(z§ —n) ... (¢ —n) (mod n) (9.2)

Now, we have desired identity such that z° = y* (mod n). And, calculate the
greatest common divisors (ged) of integer n to have factors such that f; = ged(x —
y,n) and fo, = ged(x + y,n). Although, detailed explanation of quadratic sieve
algorithm and its working with an example can be found in [185}/191}/192].

9.4 Quantum Quadratic Sieve Algorithm

In this section, we provides a quantum variant of above classical quadratic sieve
algorithm. Give an integer n, the algorithm will find the factors of n such that 2? =
y*mod n. Assume that system has two quantum registers Register-1 and Register-
2. The algorithm consists of three steps (steps 1 through 3) with step 1.1 and 3
requiring the use of classical computer and the remaining all other steps are executed
on quantum computer. In step 1.1, we have used classical sieve of Eratosthenes
algorithm to form prime state, which runs in an exponential time. Although, there
exists an polynomial algorithm to form prime state by using Grover’s algorithm,
whose oracle is a quantum variant of Miller-Rabin primality test, which can be use
in future |[193|. Here, we begin with briefly describing all the steps of an algorithm.
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Step 1 [Initialize] The Register-1 and Register-2 are initialized to zero.
Therefore, the state of the registers becomes:

[¢0) = 10)1 [0),

Step 1.1  [Determine the primes| The prime numbers in the range (2,B) by
using prime counting function on Register-1 are listed. Thus, the
total state of the system becomes:

1

|p) = 5 > p)ylo),

pE prime<B

Thus, we load the first register with an equally weighted superpo-
sition of all primes in range less than equal to B. And, Register-2
with zeros.

Step 1.2 [Prepare factor base] Compute the Legendre symbol on all primes
below B. Thus, apply the unitary transformation U, : n"= mod D
to each prime in the Register-1 and store the result in Register-2.
The state of the system is changes as:

1 p—1
1) = — Z Ip); [n" 2 mod p),
7T(B) pE prime<B

Now, the states of both registers are entangled with each other.

Step 1.3 [Perform measurement| Partial measurement is performed on
Register-2 for which the calculated Legendre symbol (E) = 1.
p

It will result in a probability distribution over outcomes of the

Register-2: P,y = Prloutcome = 1] = Z |y |* where,
PpE prime

apy = 1/4/m(B) is the amplitude of prime associated with Leg-

endre symbol 1 in Register-2.

The new state of the system becomes:

pn) = Wi_ S o I,

pE prime

In order to form the factor base, we measure the second register
for each 1. The state of second register will collapse, but the first
register stays in superposition.
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Step 2 [Initialize] Registers subscript 3,4 and 5 are initialized to zeros in
order to sieve the sequence (x? —n) for the interval [\/n+ M, \/n—
M| by using optimum value of M. For simplification, it can be
written as [a,b].

[9s) = 10)510)4 [0}

[Prepare information for quantum registers] Then, apply the Quan-
tum Fourier transform (QFT) to Register-3 and state becomes:

|¢51 \/mz |$

Step 2.1 [Generate sequence| Next step is to apply the unitary transforma-
tion on the generated sequence in above step of Register-3 and store
its result in Register-4. The state of the system becomes:

s) = ——— 3" |2, J2® — ), [0),

The state |13) shows more than superpositions of three registers.

Now, the states of these registers are entangled with each other.
Step 2.3 [Tensor product of sequence and factor base| Take the tensor prod-

uct of states |¢) and [¢3). Thus, the new state of the system

becomes:
[as) = [v2) (X) [1)3)

1.e.
b

1 1
‘¢23> - \/m\/m ; ‘x>3p€p;me ‘12 - n>4 ’0>5 |p>1 ‘1>2

Apply, QFT on the Register-4 and state becomes:

|¢24> =

)410)5 [P,

\/P271

y=a pEprime

Step 2.4 [Factorize the sequence] To compute factors, divide the sequence
stored in Register-4 using each prime of factor base (Register-1)
iteratively such that

b

Z |z) 3 |?JQ —n/p),10)5 [p),

y=a peEprime Tr=a, ycinteger

|1/125> =

\/P27

Here, we use the Register-4 as an input and output as well. Until, its
output is an integer, we keep on increment the Register-5. Hence,
there is no loss of information in Register- 4. If needed, we can
retrieve it using the Register-3.
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Step 2.5 [Observe the state of the quantum computer| Perform partial
measurement on Register-4 of above state that equals 1 corre-
sponds to smooth number. The probability of observing the state

’17 X, ]-7 67p>2,374,5,1 is

b
Py,1 = Prloutcome = 1] = Z |Ba 1|

where, 8., = 1/(b — a) is the amplitude of each sequence associ-
ated with 1 in Register-4. Note, the comma here denotes that the
registers are entangled with each other and e denotes the exponent
associated with each prime for sequence. Thus, the resultant state
becomes:

\¢>=¢%¢%Z S 11123 11), e mod 2); ),

Tr=a pEprime

And also, perform the modulo 2 on exponents stored in Register-5.

Step 3 [Matrix processing of state vectors| Represent the quantum
Register-5 in form of matrix M corresponds to its prime value for
sequence in above state. Then, perform modulo 2 on matrix. Now,
we have to look for the vector (7) by using Gaussian elimina-
tion such that M.V = ﬁ Further, we take the corresponding
values of z from Register-3 using vector and calculate the other
variable y mod n (as given in Section 3). At the end, compute
the greatest common divisors (ged) to get factors of an integer n:
fi = ged(z —y, n) and fo = ged(z + y, n).

9.5 Simulation and Results

In this section, we demonstrate a simulation of quantum quadratic sieve algorithm
on a classical computer using computational language Mathematica. Its helps us to
differentiate the result between quantum computer and classical computer. We have
used Mathematica packages ” Quantum Computing” (binary qubits, tensor products
and tensor powers) and ”Quantum Notation” (kets, bras and other quantum objects
in Dirac notation).Therefore, high-level programming language Mathematica con-
sists quantum operators and quantum states which gives us the concept for simula-
tion of quantum algorithm on a quantum computer. Simulation of some quantum
algorithms are performed in [194}/195].

The fastest classical number field sieve factoring algorithm takes O(exp(cn!/?(log
n)%/3)) operations for some constant ¢, i.e. it is exponential in n’/? where n is
the number to factored [196]. Other classical quadratic sieve algorithm also takes
exponential operations to compute factors i.e. O(exp((1 + €)v/logn loglogn)), where
€ > 0 [197]. Shor’s quantum algorithm takes asymptotically O(n?logn loglogn), only
a polynomial number of operations on quantum computer along with polynomial
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time on classical computer [198]. On comparing these algorithms complexity with
our proposed quantum quadratic sieve algorithm takes O(n®logy loglogn) polyno-
mial time on quantum computer, where y is the number of primes in factor base,
classically takes O(nloglogn) to form prime factor base using classical sieve of Er-
atosthenes and O(y(w + ylog(y) log(logy))) for Gaussian elimination, where w is the
number of operations needed to multiply with the vector to form null space. In short,
if we use trial division method to find smooth numbers in sequence then it will be
time consuming process. Thus, by using quantum parallelism, quantum quadratic
sieve algorithm shortens the time drastically. Note, its computational complexity
can be more improved if we use quantized sieve of Eratosthenes or existing poly-
nomial quantum Grover’s algorithm with Miller-Rabin primality test and recently
introduced quantum Gauss Jordan elimination algorithm which has computation
time of order O(2"/?), where N>1 for N x N size matrices [199]. Thus, it would
be complete quantum quadratic sieve algorithm for factorization taking polynomial
time on quantum computer.

However, the proposed quadratic sieve algorithm uses small primes factor base to
compute factors efficiently over the sequence, which is computed polynomially over
sieving interval. Although, its succession rate depends upon the smoothness bound
B, if it is chosen randomly close to its optimal value, then it would have enough
values to form congruent squares and possible to find factors of a large integer
in less computational time as compared to its classical variant and number field
sieve algorithm. On the other hand, quantum Shor’s algorithm is not a factoring
algorithm, but rather an algorithm for finding the order of element x modulo n,
which results in a successful factorization of integer n [174]. Therefore, it fails half
of the time values of small positive integer r, such that 2" = 1(mod n).

In simulation, we have used three gates namely: Hadamard, controlled phase-shift
and swap gate to compute QFT. Hadamard gate acts on a single qubit. [0) =

1 1
ﬁ(\m +11)),]1) = E(\O) —11)). Controlled phase-shift gate modifies the phase of

the qubit and its probability of measuring the qubit remains unchanged. Therefore,
it maps the |1) to € |1), where ¢ is phase shift and basis state |0) remains as it is.
Swap gate exchanges the two qubits i.e. |10) — |01).

File Edit Insert Format Cell Graphics Evaluation Palettes Window Help
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v
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Figure 9.1: State after performing partial measurement on calculating Legendre symbol

|Y,) = Expand|—= \/_ Z |Sequence[Part[S, c]], 0]) (9.3)
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Figure 9.2: Generating exponent vectors

File Edit Inset Format Cell Graphics Evaluation Palettes Window Help
Ouwt[1084= {{O0, O, O, 1}, {0, 0, 2, O}, {1, 1,1, 0}, {2,121, 1, 1}} ] ~

Ouyross= {{0, O, O, 1}, {0, 0, O, O}, {1, 1,1, 0}, {1, 1,1, 1} ]

Out][1088)//MatrixForm=
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1
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Out]1088)//MatrixForm=
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0011
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Vector comes out to be:

outos01= {1, 0, 1, 1}
®~2=

Out]1052}= 514291 684

2=
Out[1034}= 9430181 139600

Calculated x and y:

Out[103¢]= 22 678
Out[1057}= 3070860

Factors for number 15347 are:

Out[1038}= 103
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Out[1100}= 149

< >
100% «

Figure 9.3: Simulation results for integer n=15347

In step 1.1, the state 1, is formed by using a function for classical sieve of Eratos-
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thenes which returns an array (S) of primes on giving B as an input. The Expand
command expands out a list of primes in Register-1 and zeros in Register-2. Figure
9.1 lists the all primes with equal probability less than equal to smoothness bound-B.
Also, it shows the probability of measuring a Register-2 in Legendre symbol equal to
1 and outputs the a new quantum state after performing the partial measurement.
Note, the comma in between the registers shows entanglement. Figure 9.2 shows a
screen-shot of an exponent vectors generated for each sequence dividing with prime
factor base.

In the last step of algorithm, classical Gaussian elimination is performed on matrix
consisting exponent vectors. We have used the QubitToDec command over the
quantum states for having decimal values in order to perform arithmetic operations
and to calculate greatest common divisors. Finally, we have the factors of an integer
n=15347 i.e. 103 and 149 as shown in Figure 9.3.
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Chapter 10

McEliece Cryptosystem based On
Extended Golay Code

With increasing advancements in technology, it is expected that the emergence of
a quantum computer will potentially break many of the public-key cryptosystems
currently in use. It will negotiate the confidentiality and integrity of communica-
tions. In this regard, we have privacy protectors (i.e. Post-Quantum Cryptography),
which resists attacks by quantum computers, deals with cryptosystems that run on
conventional computers and are secure against attacks by quantum computers. The
practice of code-based cryptography is a trade-off between security and efficiency.
In this chapter, we have explored the most successful McEliece cryptosystem, based
on extended Golay code [24, 12, 8]. We have examined the implications of using an
extended Golay code in place of usual Goppa code in McEliece cryptosystem. Fur-
ther, we have implemented a McEliece cryptosystem based on extended Golay code
using MATLAB. The extended Golay code has lots of practical applications. The
main advantage of using extended Golay code is that it has codeword of length 24,
a minimum Hamming distance of 8 allows us to detect 7-bit errors while correcting
for 3 or fewer errors simultaneously and can be transmitted at high data rate.

10.1 Introduction

Shor’s algorithm is well-known in the field of cryptography given its potential appli-
cation in cracking various cryptosystems, such as RSA algorithm and elliptic curve
cryptography [176]. These all public key cryptosystems can be attacked in polyno-
mial time using Shor’s algorithm. Table 1 represents the present status of several
cryptosystems [175].

Since many years, the concept of error correcting codes have gained significant in-
terest among researchers in field of cryptography. In particular, McEliece proposed
a public-key cryptographic system based on binary Goppa codes, which is proved to
be very secure against attacks by quantum computers. This cryptosystem applies a
generator matrix as the private key and a linear transformation of it as the public
key. The security lies in difficulty of decoding a large linear code with no visible
structure, that is an NP complete problem. Several variants have been introduced
to replace these binary Goppa codes. The original McEliece cryptosystem remains
unbroken, as no algorithm able to realize a total break in an acceptable time has
been presented till now. Despite the advances in the field, however, the factors

111



CHAPTER 10. MCELIECE CRYPTOSYSTEM BASED ON EXTENDED
GOLAY CODE

Table 10.1: Impact of Quantum computing on cryptographic algorithms

Cryptosystem Broken by Quantum
algorithms?

Diffie-Hellman key-exchange [200] Broken

RSA public key encryption [201] Broken

Algebraically Homomorphic [202] Broken
Buchmann-Williams key-exchange [203] | Broken

Elliptic curve cryptography [204] Broken

NTRU public key encryption [205] Not broken yet
McEliece public key encryption [206] Not broken yet
Lattice-based public key encryption | Not broken yet

[207]

needed for its violation remain very high and difficult to trace in real. Moreover, the
original McEliece cryptosystem is two or three orders of magnitude faster than RSA,
the later being, likely, the most widely used public key encryption algorithm cur-
rently. Motivated by the above mentioned facts, a variant of McEliece cryptosystem
is proposed based on Golay codes.

Post-Quantum Cryptography offers secure alternatives. The goal of post-quantum
cryptography is to develop cryptographic systems that are secure against both quan-
tum and classical computers, and compatible with existing communications pro-
tocols and networks. Apart from RSA, digital signature algorithm (DSA), and
Elliptic curve cryptosystems (ECDSA), there are other important classes of crypto-
graphic systems which include Code-based, Lattice-based, Hash-based, Multivariate-
quadratic-equations and Secret-key cryptosystem.

Code-based cryptography [208] generally refers to cryptosystems in which the algo-
rithmic primitive uses an error correcting code C. It may comprise of appending an
error to a word of C' or in calculating a syndrome related to a parity check matrix
of C. There are several codes for which efficient decoders are known.

In 1949, Golay [209] discovered Golay codes. A binary Golay code is a linear error-
correcting code used in digital communication. Golay codes are perfect codes in
which the Hamming spheres surrounding the codewords fill the Hamming space
without overlap. These spheres have a radius e, which can correct e errors and their
codewords separated from each other by a distance d=e+1. Perfect codes possess
complete bounded-distance decoders and satisfy the Hamming bound with equality.
If Golay codes are augmented with bit interleaving technique, it enables us to correct
burst errors [210].

10.2 Preliminaries

In this section, some preliminaries and basic notations are given, which will be used
throughout the chapter.

e Linear code: Linear code C [211] of length n and dimension k over a field F
is a k-dimensional subspace of the vector space F' with ¢ elements, a set of
n-dimensional vectors can be referred to as a [n, k| code and elements of bits
such that F'=GF(2)={0,1}. If the minimum Hamming distance of the code is
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d, then the code is called a [n, k, d] code.

o Hamming distance: A Hamming distance [210] dy(z,y) is the number of po-
sitions in which two codewords (z, y) differ. Let C be a [n, k] linear code over
FPand v = (21,72, ...,7,),y = (Y1, Y2, .-, Yn) are two code words.

dy(x,y)=|i:x; #y,1 <i<n| (10.1)

e Hamming weight: A Hamming weight |210] wty(x) is defined as the number
of non-zero positions in the codeword z. Let C be a [n, k] linear code over F
and © = (1, X9, ..., Z,) is a code word, such that

wty(x) =|i:2; #0,1 <i<n| (10.2)

o Generator matriz: A generator matrix [210] for C is a k X n matrix G having
the vectors of V' = (vq,vs, ..., vx) as rows, which forms a basis of C' such that

U1
V2

C={mG:meF}, G= (10.3)

Uk

The matrix G generates the code as a linear map: for each message m € F/,
we obtain the corresponding code word mG.

e Dual code: Let C be a [n, k] linear code over F}'. The dual code [26] of C' is
the set, such that C+ = {x € Frory=0,VyeC} .

e Parity matriz: A (n—k) X n generator matrix H is called parity-check matrix
[210] for codeword C, which is described by

C={meF:mH" =0}, (10.4)

10.3 Prior work

Originally, Golay codes [209] were invented in the early 1950’s, and have experi-
enced incredible responses in the last few years. In 1978, McEliece [206] proposed
an asymmetric encryption cryptosystem based on Goppa codes, which remains un-
broken, even after 15 years of adaptation of its proposal security parameters [212].
Niederreiter [213] proposed a knapsack-type cryptosystem based on Reed-Solomon
codes. Sidelnikov and Shestakov [211] attacked the Niederreiter cryptosystem and
proved that it is insecure using Reed-Solomon codes as well as Goppa codes.
Sidelnikov [214] proposed a public-key cryptosystem based on binary Reed-Muller
codes. It offered a high security with transmission rate close to 1, and complexity
of encryption and decryption process is low. Minder and Shokrollahi [215] attacked
the Sidelnikov public-key cryptosystem which generates a private key from a known
public key. It has been shown that running time of the attack is subexponential
using low weight finding algorithms.

Janwa and Moreno [216] proposed a McEliece public key cryptosystems based on
Algebraic-Geometric Codes (AGC). It shows the various aspects of McEliece cryp-
tosystem, based on the larger class of g-ary algebraic-geometric Goppa codes and
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listed some open problems for future improvements. Faure and Minder [217] pre-
sented an algorithm based on algebraic geometry codes to recover the structure of
algebraic geometry codes defined over a hyperelliptic code. In 2014, Couvreur et
al. [218] constructed a polynomial time algorithm attack against public key cryp-
tosystems based on algebraic-geometric codes.

In 2000, Monico et al. [219] showed an efficient way of using low-density parity
check codes in McEliece cryptosystem. In 2007, Baldi et al. [220] introduced a new
variant of McEliece cryptosystem, based on quasi-cyclic low-density parity check
(QCLDPC) codes. Furthermore, they examined the relevant attacks against LDPC
and QCLDPC. Londahl and Johansson [221] constructed a new version of McEliece
cryptosystem based on convolutional codes. Landais and Tillich [222] implemented
an attack against McEliece cryptosystem based on convolutional codes. Various
researchers proposed modified McEliece cryptosystems by replacing Goppa codes
and using different error-correcting codes, e.g. algebraic geometric codes (AGC),
low-density parity check codes (LDPCC) or convolutional codes. However, all of
these schemes have proven to be insecure, making Goppa codes a standard solution.

10.4 McEliece Cryptosystem

McEliece cryptosystem is based on linear error-correcting code for creating public
and private key. Binary Goppa code [206] is used as the error-correcting code in
McEliece cryptosystem. The secret key can be drawn from the various alternate
codes. Several versions of McEliece cryptosystem were proposed using various secret
codes such as Reed-Solomon codes, concatenated codes and Goppa codes. Interested
researchers can study the original McEliece cryptosystem algorithm described in
[206].

10.5 Golay Codes

Golay codes can be classified into binary and ternary Golay codes. Furthermore,
binary Golay codes are divided into extended (Ga4) and perfect (Ga3) binary Golay
codes [209,210]. The extended binary Golay code Ga4 is a [24, 12, 8] code, which
encodes 12 bits of data into a word of 24-bit length in such a way that any 3-bit
errors can be corrected or any 7-bit errors can be detected.

The perfect binary Golay code Gog is a [23, 12, 7] code that is having a code word of
length 23. It can be obtained from the extended binary Golay code by deleting one
coordinate position. It is useful in the applications where a parity bit is added to
each word for producing a half-rate code [223]. It is constructed by a factorization
1% — 1 over field Fi* such that: 22 —1 = (z — )@t + 2%+ 27 + 2 + 25 + 2 +
DM+ 2%+ 28+ 25+ 2t + 22+ 1), gi(x) = (@ + 2% + 2"+ 2% + 25 + 2 + 1) and
g2(z) = (@'t + 2% + 2% + 2° + 2* + 2% + 1) are irreducible polynomials of degree
(m=11). These polynomials are reverse of each other and can generate the same
cycle code words. Therefore, the generator matrix 12 x 23 of perfect binary Golay
code is Gog = [I12, Aa3), where I15 is 12 x 12 the identity matrix. Matrix Asz is as
follow:
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10.5.1 Binary extended Golay codes

In 1977, extended Golay codes Gy [209] were used for error control on the Voyager
1 and 2 spacecraft launched towards Jupiter and Saturn. The perfect binary Golay
code results into 3-byte extended Golay code by adding a parity bit. Some special
properties of extended Golay Codes are:

G4 is a self-dual code with a generator matrix G = [I15 | A].

Parity check matrix for Goy is H = [A | I15] [224].

Another generator and parity check matrix for Goy are G' = [A | I15] and
H = G'[{] respectively [225].

The weight of every code word in Gy is a multiple of 4 and distance is 8.

The extended Golay code generated by the 12 x 24 matrix G = [I15 | A], where I3
is 12 x 12 the identity matrix and matrix A is as shown below.

_ = O, OO0 O K~ F~kO
—_— O = = O OO0 = =
R RO, PR ORFROOO
R R R ORFFOF,OOOR
— = = RO R ROk, OO0
RO R PR OREFEFORFOO
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_ O O OO = O =
RO, OOOFKRFR KO
—_ O OO KRR = MR, OFF O
——_ O OO == OO
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10.6 McEliece Cryptosystem using extended Go-
lay code

McEliece cryptosystem based on extended Golay code works similarly as McEliece
cryptosystem, but it generates the secret matrix G with a different way, and different
decoding procedure will be used for the decoding process. Golay code matrix A is
having a cyclic structure, in which the second row is obtained by moving the first
component to the last position. Similarly, each row of the matrix A can be obtained
by a right shift of the previous row, except last one row. The matrix A is being a
part of both the generator and the parity check matrices of extended Golay code;
its decoding procedure is very simple. The main idea is to replace the Goppa code
used in McEliece by an extended Golay code that can be efficiently decoded. Fig
10.1 shows the working of McEliece cryptosystem based on extended Golay code
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/ y=mGn Ciphertext
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(g /
Plamtext N\ 7 {( ) . ’
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Figure 10.1: McEliece Cryptosystem using extended Golay code

10.6.1 Key generation

McEliece cryptosystem based on extended Golay code, G4 encode 12-bits of data
in 24-bit length of the word. Random permutation matrix (P) acts on generator
matrix (G). Then, reorder the computed matrix and named it as G,. Compute
G, < SGy by the random invertible matrix (5) and makes the public key (G, )
and secret key (S, G, D,) correcting any 3-bit of errors. Key generation is described
in Algorithm 1. The detailed algorithm of McEliece cryptosystem based on extended
Golay code is given below.
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Algorithm 1: Key generation

System parameters: Let F' be a family of ¢-error correcting (t € N) g-ary
linear [n, k, d] codes, where t < n.

Input: Gy [24, 12, 8] is an extended Golay which encodes (k=12) bits of data
in a word of (n=24) bit length and any (¢t=3) bit errors can be corrected.
Output matrices:

e Generate generator matrix G: k X n generator matrix for code C' capable
of correcting e errors over F' of dimension k. G < [I12 | A], where I, is
12 x 12 the identity matrix.

e Generate permutation matrix P: n X n is a random permutation matrix,
having exactly 1 in every row and column; with all other entries is zero.

e Compute k£ x n matrix G; = GP, arrange (G in systematic format of
generator matrix and named it as Gj.

e Generate a non-singular invertible matrix S € Fy** .
e Compute k x n matrix G,, < SGs.

e Return public key: (G,,,t), private key: (S,Gsq, D,), where D, is an
efficient decoding algorithm.

10.6.2 Encoding

In encoding, the plaintext is a random non-zero binary vector of length k, i.e. (m €
FF). A ciphertext (¢ € F3) is the code word of the code with generator matrix
G, and we choose random error vector (e € Fy') exactly of weight t. The encoding
process is defined in the Algorithm 2.

Algorithm 2: Encoding

Input: Public key (G, € Fi*™), message (m € F¥), error vector (e € Fy).
Output: Ciphertext (¢ € F}')

Compute y + mG,,

Add error vector ¢ <y + €

Return ¢

10.6.3 Decoding

The decoding process is defined in the Algorithm 3. It uses the decoding procedure
of extended Golay code, whereas original McEliece cryptosystem uses Patterson’s
algorithm for the decoding process.

Here, we call a subroutine D,(c), which computes an error vector described in the
algorithm 4. Therefore, on reading input a ciphertext (¢ € F}'), it generates an
output as the original message (m € Fy). In step 1, it computes a syndrome using
private key (G5 checks whether the weight of syndrome s; is less than or equal to 3.
If yes, then it returns an error vector e=[s;,000000000000]. Otherwise, it checks the
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Algorithm 3: Decoding

Input: Ciphertext (¢ € FJ'), Private key: (S, Ga, D,)

Output: Original message (m € FY)

Compute the encoded message y; < ¢ + e, where e is calculated by calling
subroutine D, (¢, G3).

y1 < mSGy + e, compute message mS by row reducing [G5 | (mSG2)"].
Multiply mS by S~

Return m

weight of (s1+ A;) is less than or equal to 2, then the error vector is e=[s1 + A;, j;]. If
it does not satisfy the first condition, then further it computes the second syndrome
s9 and checks whether the weight of syndrome s, is less than or equal to 3. If yes,
then it returns an error vector e=[000000000000, s5]. Otherwise, it checks the weight
of (sa + A;) is less than or equal to 2, then the error vector is e=[j;, s + 4;]. In
any case, if both the conditions do not satisfy and the error pattern e is not yet
determined, then it requests retransmission. Finally, mS is found by row reducing
form and the original message is computed by multiplying mS by S~

Algorithm 4: Dy(c, G5)

Input: Ciphertext (¢ € F'), generator matrix (private): (Gz)

Output: Error vector (e € Fj')

Compute the first syndrome: s; < cGs

If wt(s;) < 3, then
Return e < [s1,000000000000]

Else If wt(s; + A;) < 2, then
Return e < [s; + Aj, ji], where j; the word of length 12 with 1 in the 4’
position and 0 elsewhere in [;5 identity matrix.

h

Else

Compute the second syndrome: sy < s1 A

If wt(sy) < 3, then
Return e «+ [000000000000, s5]

Else If wt(sy; + A;) < 2, then
Return e < [j;, s2 + Aj]
Else If the error pattern e is not yet determined, then request
retransmission.

10.6.4 Security

The security of the proposed McEliece cryptosystem depends on the difficulty level
to decode y into message m. The attacker will have a tough time trying to separate
G from G, because he/she does not know P and inverse of a matrix S, which are
not publicly available. Therefore, an attacker cannot find an error because it’s hard
to recover the specific structure of the matrix Gy. Maximum-likelihood decoding
can be used to recover error but making tables for big codes (2% = 221712 = 4096)
coset leader is a time-consuming and inefficient. It also needs more storage space
and decoding time can be quite long also. Therefore, we rely on syndrome decoding
of extended Golay code.

118



10.7. IMPLEMENTATION OF MCELIECE CRYPTOSYSTEM USING
EXTENDED GOLAY CODE

10.7 Implementation of McEliece Cryptosystem
using Extended Golay Code

We have used a personal computer to implement McEliece cryptosystem based on
extended Golay code with the following specification: CPU Intel Core i3-3217U
1.80 GHz, RAM 2.00 GB, OS Windows 8 Enterprise 32 bit and MATLAB 7.11.0
(R2010D).

We have used 12 x 24 generator matrix G=[I5 | A] to generate extended Golay code
(o4, where [15 is 12 x 12 the identity matrix. Fig 10.2 shows the matrix A, which is
obtained by adding a parity bit at the end of each codeword of perfect Golay code
(G23. We have used the random permutation matrix 24 x 24 to compute G, < GP
as shown in Fig 10.3.
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Figure 10.2: Generator polynomial matrix A of Goy
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Figure 10.3: Random permutation matrix P

We have used the random function to generate 12 x 12 a random invertible matrix
S of binary numbers. The matrix G; is reordered and renamed as G5, then we
computed G,, = SGo, where GG, is the encoding matrix. Fig 10.4 represents the
random invertible matrix S. Furthermore, Gz,,, encoding matrix results in public key:
(G, t), the private key consists of a random matrix S, systematic generator matrix
Go and D, efficient decoding algorithm such that (S, Gg, D,). We have used random
plaintext m of length 12 and random error vector e of length is 24 having weight
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(wt < 3). Then, we compute codeword by y = mG,, and encode it by computing
ciphertext such that ¢ = y 4+ e. Fig 10.5 shows the computed G,, matrix codeword,
random error, and ciphertext.
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Figure 10.4: Random invertible matrix S
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Figure 10.5: Generate ciphertext by adding intended error

During decoding, we call a subroutine as described in Algorithm 4 for computing
an error e by using private key GGo. Further, we recovered the actual codeword such
that y = ¢+ e. Fig 10.6 shows the calculated syndrome for error detection in the
ciphertext.
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Figure 10.6: Error detection by calculating syndrome

Compute the error and actual codeword; we recover the plaintext by multiplying it
with the inverse of S. Fig 10.7 shows the actual message sent over the channel.

We have examined the McEliece cryptosystem using extended Golay code. The
developed system is effective and secure until S is chosen sparse random matrix. It
corrects up to three-bit errors per codeword. Sparse matrices make it efficient and
it allows a significant compression. Moreover, we have implemented the McEliece
cryptosystem using extended Golay code and designed a finite state machine for
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Figure 10.7: Decoding of Ciphertext

its decoding component. In future, we will design McEliece cryptosystem using
extended Golay code associated with bit interleaving technique to correct bursts of
errors per codeword.
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Chapter 11

Conclusion

A quantum finite automaton is a theoretical model with finite memory which lay
down the vision of quantum processor. There are various quantum automata models
which are more powerful than classical ones. In this Thesis, we have comprehen-
sively reviewed and analyzed various aspects of quantum finite automata based on
past research literature. It helps to understand theoretically the fundamentals of
various quantum computing models. We have outlined their definitions, behavior,
closure properties, language recognition power, comparison, inclusion relationships,
equivalence criteria, minimization and simulation results. We have subsequently
summarized the literature published to date in the form of a systematic evolution
of QFA models. Further, various quantum finite automata models are compared
on the basis of language recognition. This Thesis makes a positive contribution to
the growing body of quantum computing literature by exploring the computational
power of various QFA models. Moreover, various issues present in the research are
addressed and some outstanding research questions still unresolved in various QFA
models are identified. Furthermore, we have introduced quantum variants of classi-
cal computational models and compared with their counterparts. We have obtained
the following;:

e A variant of two-way quantum finite automata named two-way multihead
quantum finite automaton is proposed.

e [t has been shown that the class of languages recognized by k-head two-way
quantum finite automata is a subset of the class of languages recognized by
(k+1)-head two-way quantum finite automata.

e [t has been investigated that quantum variant of two-way deterministic mul-
tihead finite automata takes less number of heads to recognize a language
containing of all words whose length is a prime number.

e A quantum analogue of classical queue automata is introduced by using the
definition of the quantum Turing machine and quantum finite-state automata.

e We have also introduced a generalization of real-time deterministic queue au-
tomata, the real-time quantum queue automata which work in real-time i.e.
the input head can move towards the right direction only and takes exactly
one step per input symbol.
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e [t has been proved that real-time quantum queue automaton is more superior
than its real-time classical variants by using quantum transitions.

e There exist languages that can be recognized by real-time quantum queue au-
tomata and cannot be recognized by real-time deterministic (reversible) queue
automata and real-time non-deterministic queue automata.

The further research in the connection between quantum finite state machines and
matrix product state in tensor network theory. We have constructed quantum
finite state machines of GHZ, AKLT, cluster and W state using unitary criteria and
their probability distributions are investigated respectively. Further, the proposed
unitary criteria is used to investigate the dynamics of matrix product state with
quantum weightless neural networks, where the output qubit is extracted and fed
back (iterated) to input and Von Neumann entropy to measure the possible entan-
glement of output quantum state. Inspired by the results of finite automata working
on infinite words, we studied the quantum w-automata with Biichi, Muller, Rabin
and Streett acceptance condition. The class of languages recognized by quantum
w-automata are investigated from two aspects: the language recognition and their
closure properties. It has been proved that quantum Muller automaton is more
dominant than quantum Biichi automaton. Furthermore, the languages recognized
by one-way quantum finite automata with different quantum acceptance conditions
are shown and their closure properties are proved. The notations quantum finite
automata from linear temporal logic point of view is studied. We have shown that
the class of languages accepted by quantum finite automata are definable in linear
temporal logic formulas, except for measure-once one-way quantum finite automata.

The third part of the Thesis is devoted to applying the assets of quantum computing
in different areas. Firstly, RNA secondary structure loops such as, hairpin loop,
internal loop and double helix loop modeled using two-way quantum finite automata
in linear time. In contrast, two-way deterministic finite automata (2DFA) cannot
represent RNA secondary structure loops and two-way probabilistic finite automata
(2PFA) can parse these sequences in exponential time. Further, we have designed a
quantum variant of classical factorization algorithm named “Quadratic Sieve” using
the quantum principle of superposition and entanglement. Its has been proved that
it is more efficient than its classical variants from computational complexity point
of view. Finally, the most successful McEliece cryptosystem is explored based on
extended Golay code [24, 12, 8] and examined the implications of using an extended
Golay code in place of usual Goppa code. Although, we have not compared the
newly McEliece cryptosystem with the existing ones, which is left for future work.
We have not designed the quantum finite state machines of other members of tensor
network theory, so it is another potential research area. In future, the proposed
quantum quadratic sieve algorithm can be simulated on a quantum computer and
compared with its counterparts.
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