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ABSTRACT

Floating-point arithmetic is considered an esoteubject by many people. This is rather
surprising because floating-point is ubiquitousamputer systems. Almost every language has
a floating-point data type; computers from PC’s sopercomputers have floating-point
accelerators; most compilers will be called upordmpile floating-point algorithms from time
to time; and virtually every operating system muesipond to floating-point exceptions such as
overflow. The advantage of floating-point represéion over fixed-point (and integer)
representation is that it can support a much widage of values. A system’s performance is
generally determined by the performance of the iplidt because the multiplier is generally the
slowest element in the system. Floating point mlidtation is much like integer multiplication.
Because floating-point numbers are stored in siggitude form, the multiplier needs only to
deal with unsigned integer numbers.

In this thesis, architecture for a fast floatingnponultiplier compliant with the single precision
IEEE 754 standard floating point multiplier has heesigned. Different multipliers are designed
using Verilog. Divide & Conquer technique and pipilg technique are used to design floating
point multipliers. The designs are simulated on Blsuin SE 6.3f and synthesized on Xilinx ISE
8.2i targeted on FPGA on device Spartan 3E xc3sbQbis dissertation pays a significant
attention to the analysis of multiplier in termsaoéa and delay.
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CHAPTER 1
INTRODUCTION

Multipliers are key components of many high perfamte systems such as FIR filters,
microprocessors, digital signal processors, etdtiMication based operations such as multiply
and accumulate (MAC) and inner product are amomgesof the frequently used computation-
intensive arithmetic functions currently implemeht@ many digital signal processing (DSP)
applications such as convolution, Fast Fourier Si@m (FFT), filtering and in microprocessors
in its arithmetic and logic unit. Since multipli@at dominates the execution time of most DSP
algorithms, so there is a need of high speed ntigitipA system’s performance is generally
determined by the performance of the multipliersaese the multiplier is generally the slowest
element in the system. However, area and speedusually conflicting constraints hence
improving speed results mostly in larger areas.

Latency and throughput are the two major conceros fdelay perspective in multiplication
algorithms. Latency is the real delay of computnfynction, a measure of how long the inputs
to a device are stable is the final result avadai outputs. Throughput is the measure of how
many multiplications can be performed in a giveniquk of time. Floating-point arithmetic is
considered an esoteric subject by many people.i$m&ther surprising because floating-point is
ubiquitous in computer systems. Almost every laggudas a floating-point data type;
computers from PC’s to supercomputers have flogtimigt accelerators; most compilers will be
called upon to compile floating-point algorithmsrir time to time; and virtually every operating
system must respond to floating-point exceptiorshsas overflow. The advantage of floating-
point representation over fixed-point (and integepresentation is that it can support a much
wider range of values. The floating-point formatkeds slightly more storage (to encode the
position of the radix point), so when stored in #ane space, floating-point numbers achieve
their greater range at the expense of slightly f[@exision. Floating-point representation, in
particular the standard IEEE format, is by far tmest common way of representing an
approximation to real numbers in computers because efficiently handled in most large

computer processors.



Floating point multiplication is much like integeultiplication. Because floating-point numbers
are stored in sign-magnitude form, the multipliereds only to deal with unsigned integer
numbers and normalization.

In this dissertation architecture for a fast flagtipoint multiplier compliant with the single
precision IEEE 754 standard has been proposeditdim & generic design, Verilog hardware
description language was used for design entryheféntire multiplier unit as it presents a
tremendous productivity improvement for circuit ideers and descriptions of large circuits can

be written in a relatively compact and concise form

1.10BJECTIVE

The primary objective of this dissertation is taregase the multiplier speed by minimizing the
overall delay. IEEE 754 floating point format aratious Booth recoding algorithms are studied.
Using Divide & Conquer technique multiplicands aligided into two parts and then partial
products are generated using radix-4 modified Bsattgorithm and they are reduced using
carry save adder and ripple carry adder respegti@hally pipelining stages are introduced

further to reduce the delay.

1.2DISSERTATION ORGANIZATION

Chapter 1: Introduction about the multipliers ahe objective of this dissertation.

Chapter 2: Literature Review

Chapter 3: Discusses about the floating point nusjlbies formats and various exceptions held
by floating point numbers.

Chapter 4: Starts with the introduction of multgs and its block diagram. Discusses various
Booth Recoding Algorithm’s for partial product gesgon, Carry save adders for partial product
reduction and ripple carry adder for final carrppagate adder. Divide & Conquer technique is
also explained with examples in this chapter. Ferrthves a brief introduction of pipelining.
Chapter 5: Shows the simulation and synthesis tesilfloating point multiplier using array
multiplier. Discusses about the various algorithesed in floating point multiplier. Shows the
simulation and synthesis results of different filogtpoint multipliers and also derives the

conclusion and tells about future scope.



CHAPTER 2
LITERATURE REVIEW

Mohamed Al-Ashrafy et al. [1] described an efficient implementation of an IEE# Bingle

precision floating point multiplier. The multipliemplementation handles the overflow and

underflow cases. Rounding was not implemented t@ gnore precision when using the

multiplier in a Multiply and Accumulate (MAC) uniWith latency of three clock cycles the

design achieves 301 MFLOPs. The multiplier was fiesti against Xilinx floating point

multiplier core.

In order to enhance the performance of the muttiplihree pipelining stages are used to divide

the critical path thus increasing the maximum ofpegafrequency of the multiplier. The

pipelining stages are imbedded at the followin@gtmmns:

1. In the middle of the significand multiplier, andtime middle of the exponent adder (before the
bias subtraction).

2. After the significand multiplier, and after the exyent adder.

3. At the floating point multiplier outputs (sign, expent and mantissa bits).

Three pipelining stages mean that there is latémdie output by three clocks. The synthesis

tool “retiming” option was used so that the synibesuses its optimization logic to better place

the pipelining registers across the critical path.

Metin Mete Ozbilen et al. [2] presented a new floating-point multiplier whicncperform a
double-precision floating-point multiplication avd simultaneous single precision floating-point
multiplications. Since in single precision floatipgint multiplication two results were generated
in parallel so, the multiplier's performance is abh doubled as compared to a conventional
floating point multiplier.

One of the important aspects of the presented nesigthod is that it can be applicable to all
kinds of floating-point multipliers. The presentddsign is compared with a standard floating
point multiplier via synthesis. The synthesis resshowed that proposed design is 10% larger

than conventional multiplier and critical path ieerent is only one or two gate delay.



Lamiaa S. A. Hamid et al. [3]implemented a high speed generic multiplier andeadd
subtractor single precision floating point units.drder to achieve a high maximum operating
frequency for both the multiplier and the adderbtsactor units, each unit was optimized
separately by optimizing its bottle neck block. Tiwtle neck of the floating point multiplier
unit is the multiplier block. Many algorithms haween introduced aiming to speed up the
multiplier block. In this paper, they used a nowelltiplication algorithm to optimize the
multiplier block, where the operands to be mulégliwere sliced into smaller blocks. This
proposed multiplier is referred to as "Block Mulig”. The bottle neck of the adder/ subtractor
module is the normalization block which was resjgedor adjusting the result to the IEEE 754

normalized format after the result from additiofsaction has been calculated.

Saroja.V Siddamal et al. [4]presented a hardware implementation of optimizedEE/ 54
single precision floating-point multiplier. An imprement of area and delay was shown. They
have discussed the combined methods to reduceaack@ncrease speed of FP multiplier. The
use of CSD multiplier which uses 12adders for nsaatimultiplication which uses MCLA,
which was 31.25% faster than CLA has resulted igh speed multiplier. By selecting proper

modules of reduced latency, area and delay, theg slaown significant improvement in speed.

Zichu Qiet al. [5] proposed a four stage low-cost FMA design, whick wapable of performing
one double-precision or two single-precision operet in parallel. In order to support two
single-precision in parallel with lower area codte traditional double-precision multiplier,
shifter and adder, which contribute the major avkahe FMA, were divided into two parts.
Furthermore, a modified dual-path an algorithm waplemented to reduce the cycle time by
classifying the exponent difference into three saddoreover, to reduce the cycle time of
performing FADD instructions, the multiplier in tHiest stage was bypassed, and the resolution
of hardware conflict was proposed to achieve autinput of one instruction one cycle. The
proposed FMA was also a lower power design, in tviniltiple clock gating cells were inserted
to enable only one of the two paths and keep thiéptier stable in case of FADD instructions
Compared with the conventional double-precision FMA% delay was reduced with about
22% area increment. The increased area was masely to support parallel single-precision and

reduce latency of FADD instructions.



Guy Even et al. [6]presented an IEEE floating-point multiplier capabfeperforming either

single precision or Double-Precision multiplicasorin single precision, the latency was two
clock cycles and the throughput was one multiplicaper clock cycle. In double-precision, the
latency was three clock cycles and the throughmag @sne multiplication per two clock cycles.
The multiplier saves hardware by using a half smdtiplication array and by using the same

rounding circuitry for both precisions.

Guillermo Marcus et al. [7] presented a Floating Point adder and a FloatingtPoultiplier.
Both were available in single cycle and pipelineh#@ectures and they were implemented in
VHDL, were fully synthesizable with performance quamable to other available high speed
implementations. The design was described as gralpbchematics and VHDL code and both
were freely available for general and educatiosal This dual representation was very valuable
as follows for easy navigation over all the compuseof the units that allows for a faster
understanding of their interrelationships and thigeignt aspects of a Floating Point operation.

Various opportunities for extension and modificaiavere also presented.

Ahmet Akkas et al. [8] presented the quadruple precision multiplier irs thaper take three
cycles to perform quadruple precision multiplicatiand can produce a quadruple precision
product every other cycle. It takes two cycles twrfgrm two parallel double precision
multiplications and can produce two double precisiwoducts every cycle. Compared to two
double precision multipliers operating in paraltée design presented in this paper has 5% more
area and 30% more delay, but provides the abibtyquickly perform quadruple precision
multiplication.

Gokul Govindu et al. [9] showed that FPGA based floating-point architectlikesthe matrix

multiplication employing efficient floating-pointnits can achieve a significant improvement in
performance over that of processors. Moreover,opexdnce per unit power expended, for
designs on FPGAs was lower than that for designgsrooessorsWe also showed the impact of
the floating-point units on the overall design. Asthce, the floating-point units can be



resource/latency/energy dominant than the oth@uress like storage, control, etc., they have to
be analyzed in the context of the overall architext

They show that FPGA based floating-point architexgulike the matrix multiplication
employing efficient floating-point units can achgewa significant improvement in performance
over that of processors. Moreover, performanceupérpower expended, for designs on FPGAs
is lower than that for designs on processors. V8e ahowed the impact of the floating-point
units on the overall design. And since, the floggpoint units can be resource/latency/energy
dominant than the other resources like storagetraipretc., they have to be analyzed in the

context of the overall architecture.

S. Cui et al. [10]presented a GAAs IEEE floating point standard srglecision multiplex. A

modified carry save array was used in conjunctiath \Booth's algorithm to reduce the partial
product addition and interconnection. A specialnding technique called Trailing-1's Predictor
was used to speed up the final addition and rogndiine combination of the fast arithmetic
architecture and compact layout style achieves dhodtiplication time with 3.5W power

dissipation at 75°C giving 14 mW/Mhz The area w&3thm by 3.77mm (excluding pads) and
uses 28,000 transistors to give a density of 3086sistors /mm square for 0.8-um GA As

technology.

Yozo Hida et al. [11]proposed that quad-double number was an unevalsatadf four IEEE

double precision numbers, capable of representimgaat 212 bits of significand. They present
the algorithms for various arithmetic operatiomgljiding the four basic operations and various
algebraic and transcendental operations) on quatbldonumbers. The performance of the

algorithms, implemented in C++, was also presented.

Loucas Louca et al. [12]presented thafloating point operations were hard to implement on
FPGAs because of the complexity of their algorith@ the other hand, many scientific
problems require floating point arithmetic with hidgevels of accuracy in their calculations.
Therefore, we have explored FPGA implementationswdtfition and multiplication for IEEE
single precision floating-point numbers. Customiad were performed where this was possible

in order to save chip area, or get the most oouofprototype board. The implementations trade-



off area and speed for accuracy. The adder was paballel adder, and the multiplier was a
digit-serial multiplier. Prototypes have been impénted on AlteraFLEX80O0O0s, and peak rates
of 7MFlops for 32-bit addition and 2.3MFlops for-BR2 multiplication have been obtained.



CHAPTER 3
FLOATING POINT MULTIPLIER

A Floating point multiplier is the most common eksmh in most digital applications such as
digital filters, digital signal processors, datagrssors and control units. The present Floating
Point Multiplier IP has three blocks sign calcutatexponent calculator, mantissa calculator,
which works parallel and a normalization unit. Teltiplier is pipelined, so the first result

appears after the latency period and then thetresnlbe obtained after every clock cycle.

3.1 FLOATING POINT NUMBERS

The term floating point is derived from the facatlhhere is no fixed number of digits before and
after the decimal point, that is, the decimal paiah float. There are also representations in
which the number of digits before and after theimat point is set, called fixed-point
representations. Fixed Point Representation is usetbw cost products such as cellular
telephones or hard disk controllers while Floatiggnt Numbers are used where performance is
critical and cost is insignificant. For example M&d imaging system, X-rays, Ultrasound uses
Floating Point format. Radar for navigation anddgumice requires wide dynamic range that
cannot be defined ahead of time. Almost every lagguhas a floating-point data type;
computers from PC’s to supercomputers have flogtimigt accelerators; most compilers will be
called upon to compile floating-point algorithmsrir time to time; and virtually every operating
system must respond to floating-point exceptiorch &s overflow.

The advantage of floating-point representation duexd-point (and integer) representation is
that it can support a much wider range of valulestter development cycle and higher precision.
For example, a fixed point representation that$esen decimal digits, with the decimal point
assumed to be positioned after the fifth digit, cepresent the numbers 12345.67, 8765.43,
123.00, and so on, whereas a floating-point reptasen (such as the IEEE 754 decimal32
format) with seven decimal digits could in additiorepresent 1.234567, 123456.7,
0.00001234567, 1234567000000000, and so on. Thérppoint format needs slightly more
storage (to encode the position of the radix ppsd)when stored in the same space, floating-

point numbers achieve their greater range. Over s, several different floating-point

8



representations have been used in computers; howevehe last ten years the most commonly
encountered representation is that defined by EieE|l Standard for Floating-Point Arithmetic

(IEEE 754). It is a technical standard establishgdhe Institute of Electrical and Electronics
Engineers (IEEE) and the most widely used stanfibarfioating-point computation, followed by

many hardware and software implementations. Sipggeision representation occupies 32 bits:
a sign bit, 8 bits for exponent and 23 for the nssat Floating-point representation, in particular
the standard IEEE format, is by far the most comnvay of representing an approximation to

real numbers in computers because it is efficiemdiydled in most large computer processors.

3.1.1 Normalization

Sign

The sign of a binary floating-point number is regmeted by a single bit.

0 ----- Positive Number

1----- Negative Number

Mantissa

Using -3.154 x 10Das an example, the sign is negative, the mariis3454, and the exponent is

5. The fractional portion of the mantissa is thensaf each digit multiplied by a power of 10:

.154 = 1/10 + 5/100 + 4/1000
A binary floating-point number is similar. For expi®, in the number +11.1011 X, 2he sign is
positive, the mantissa is 11.1011, and the expasehtThe fractional portion of the mantissa is
the sum of successive powers of 2. In our exanipleexpressed as:

1011 =1/2+0/4+1/8 + 1/16

Exponent

IEEE Short Real exponents are stored as 8-bit nadigntegers with a bias of 127. Let's use the
number 1.101 x 2as an example. The exponent (5) is added to 1@ Zhensum (132) is binary
10100010. Here are some examples of exponents,sfisvn in decimal, then adjusted, and
finally in unsigned binary.

The binary exponent is unsigned, and therefore aatwe negative. The largest possible
exponent is 128 when added to 127, it producestB&3argest unsigned value represented by 8

bits. The approximate range is from 1.0 %2to 1.0 x 2*?® Table 3.1 shows the adjustment of

9



exponent by adding the bias. For example, expookfi0 is added with a bias of 127 to give
the adjusted exponent 117.

Table 3.1: Adjustments of exponents

Exponent (E) '(A‘Ed jfsltg% Binary

+5 132 10000100
0 127 01111111
-10 117 01110101
+128 255 11111111
-127 0 00000000

Before a floating-point binary number can be staredectly, its mantissa must be normalized.
The process is basically the same as when normglizifloating-point decimal number. For
example, decimal 1234.567 is normalized as 1.23458F by moving the decimal point so that
only one digit appears before the decimal. The egpbexpresses the number of positions the
decimal point was moved left (positive exponentjrmved right (negative exponent).Similarly,
the floating-point binary value 1101.101 is normetl as 1.101101 X Dy moving the decimal
point 3 positions to the left, and multiplying b¥; Plere are some examples of normalizations in
table 3.2:

Table 3.2: Normalization

Binary Value Normalized As Exponent
1101.101 1.101101 3
.00101 1.01 -3
1.0001 1.0001 0
10000011.0 1.0000011 7

In a normalized mantissa, the digit 1 always appéathe left of the decimal point. In fact, the
leading 1 is omitted from the mantissa in the IEdE&fage format because it is redundant.
Sign, exponent, and normalized mantissa are combing® the binary IEEE short real

representation. The value 1.101 % i& stored as sign = O (positive), mantissa = 1drg

10



exponent = 01111111 (the exponent value is addeé®1). The "1" to the left of the decimal
point is dropped from the mantissa. Here are ragaenples in table 3.3:

Table 3.3: Examples of Floating Point Numbers

Binary Value Ei?s::ent Sign, Exponent, Mantissa

-1.11 127 1 01111111 11000000000000000000000
+1101.101 130 0 10000010 10110100000000000000000
-.00101 124 1 01111100 01000000000000000000000
+100111.0 132 0 10000100 00111000000000000000000
+.0000001101011.120 0 01111000 10101100000000000000000

The advantages of normalizing floating-point nunsheme:
1) The representation is unique, there is exactyy/way to write a real number in such a form.

2) It's easy to compare two normalized numbers, s@parately test the sign, exponent and
mantissa.

3) In a normalized form, a fixed size mantissa wgle all the 'digit cells' to store significant

digits.

4) The IEEE and DEC normalization conditions matkesrepresentation always start with a 1-
bit, this bit can be omitted, and its place useddata. The omitted bit is called the "hidden
bit".

3.1.2 |EEE 754 Standard for Binary Floating-PointArithmetic

The IEEE (Institute of Electrical and Electronicegiheers) has produced a Standard to define
floating-point representation and arithmetic. Tkendard brought out by the IEEE come to be
known as IEEE 754. The IEEE 754 Standard for RhgaRoint Arithmetic is the most widely-
used standard for floating-point computation, antbllowed by many hardware (CPU and FPU)
and software implementations. Many computer langsagllow or require that some or all
arithmetic should be carried out using IEEE 754ats.
The standard specifies:

» Basic and extended floating-point number formats

» Add, subtract, multiply, divide, square root, rentir, and compare operations
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» Conversions between integer and floating-point fdsm

» Conversions between different floating-point format

» Conversions between basic format floating-point bhera and decimal strings
* Floating-point exceptions and their handling, imithg non-numbers

When it comes to their precision and width in bitee standard defines two groups: basic and
extended format [3]

3.1.2.1 Formats

The standard defines five basic formats, namedgus$iaeir base and the number of bits used to
encode them. There are three binary floating-pimmhats (which can be encoded using 32, 64,
or 128 bits) and two decimal floating-point formétgich can be encoded using 64 or 128 bits).
The first two binary formats are the ‘Single Premms and ‘Double Precision’ formats of IEEE
754-1985, and the third is often called 'quad’; deeimal formats are similarly often called
‘double’ and ‘quad'. The formats are shown in taldle

Table 3.4: Various basic formats of IEEE 754 starard

parameter — B P Emax
format name Base (bits or digits)

Binary32 2 23+1 bits +127
Binary64 2 52+1 bits +1023
Binary128 2 112+1 bits +16383
Decimal64 10 16 digits +384
Decimall28 10 34 digits +6144

a) Single Precision
The most significant bit starts from the left. Tineee basic components are the sign, exponent,
and mantissa (fraction) [1]. The storage layoutsiagle-precision is show in figure 3.1.:

sign exponent 8-bit)

I I |
00111110001 00000000000 00000000080 =015525

fraction (2 3-bit)

31 23 H)

Figure 3.1: Single Precision Format for Floating Bint Numbers [1]
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The number represented by the single-precisiondbisn

Value = (-1§ 252"+ 1.M(normalized) when E>0

Where M = m, 21 + mpy 22 + mpo 23+...+ my 2%% my 2%,

Bias = 127.

s=sign (O is positive, 1 is negative)

E =biased exponent, k= 255; Ein= 0. E=255 and E=0 are used to represent spediassia

e =unbiased exponent; e = E-127(bias)

A bias of 127 is added to the actual exponent thenmeegative exponents possible without using
a sign bit. So for example if the value 100 is atin the exponent placeholder, the exponent is
actually -27(100 — 127). Not the whole range ofsEised to represent numbers. The leading
fraction bit before the decimal point is actualtyplicit (not given) and can be 1 or O depending

on the exponent and therefore saving one bit.

b) Double Precision

The double precision format helps overcome the Iprob of single precision floating point.
Using twice the space, the double precision foraat an 11-bit excess-1023 exponent and a 53
bit mantissa (fraction) plus a sign bit [1]. Doulpiecision floating point values take the form as

shown in Figure 3.2.

exponent fraction
sign (11 Gt (52 bit)

Figure 3.2: Bit Double Precision Floating Point Famat [1]

In order to improve accuracy during long chainscomputations involving double precision
floating point numbers, Intel designed the extengegtision format. The extended precision
format uses 80 bits. Twelve of the additional 18 lare appended to the mantissa; four of the
additional bits are appended to the end of the mampb Although the 32 bit ("single") and 64 bit
("double™) formats are by far the most common, stendard actually allows for many different

precision levelsComputer hardware (for example, the Intel Penti@mes and the Motorola
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68000 series) often provides an 80 bit extendedigon format, with a 15 bit exponent, a 64 bit
significand, and no hidden bit.

3.1.3 Exceptions
The IEEE standard defines five types of excepttbas should be signalled through a one

bit status flag when encountered. Table 3.5 shbewarious exceptions.

3.1.3.1 Invalid Operation

Some arithmetic operations are invalid, such ass/igidn by zero or square root of a negative
number. The result of an invalid operation shalakiéaN (Not a number). There are two types of
NaN, quiet NaN (QNaN) and signaling NaN (SNaN). yhave the following format, where s is
the sign bit:

QNaN =s11111111 10000000000000000000000

SNaN =s11111111 00000000000000000000001

Table 3.5: Representation of Single Precision fldéag point numbers

Sign(s) Exponent(e) Fraction Value
0 00000000 00000000000000000000000 | +0
(positive zero)
1 00000000 00000000000000000000000 -0
(negative zero)
1 00000000 10000000000000000000000 | -2°*4%0.(21)= -2***" x
0 00000000 00000000000000000000001 25}12&0.(223)
(smallest value)
0 00000001 01000000000000000000000 | +2"*/x1.(29= +2"**'
0 10000001 00000000000000000000000 i£&5527x1£k:4
0 11111111 00000000000000000000000 + infinity
1 11111111 00000000000000000000000 -~ infinity
0 11111111 10000000000000000000000 Not a Number(NaN
1 11111111 10000100010000000001100 Not a Number(NaN
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The result of every invalid operation shall be a&NNdring with a QNaN or SNaN exception. The
SNaN string can never be the result of any operataly the SNaN exception can be signalled
and this happens whenever one of the input opeisrad SNaN string otherwise the QNaN
exception will be signalled. The SNaN exception &anexample be used to signal operations
with uninitialized operands, if we set the unifitad operands to SNaNJnder default
exception handling, any operation signaling an lidvaperation exception and for which a
floating-point result is to be delivered shall deli a quiet NaN. Signaling NaNs shall be
reserved operands that, under default exceptiodlimgn signal the invalid operation exception
for every general-computational and signaling-cotafonal operation.
The following are some arithmetic operations whaeé invalid operations and that give

as a result a QNaN string and that signal a QNadé¢on:

* Any operation on a NaN

» Addition or subtractionwo + (—0)

* Multiplication: £ 0 x o

» Division: £0/ £ 0 or 2w/ + ©

» Square root: if the operand is less than zero

3.1.3.2 Division by Zero

In mathematics, a division is called a divisionZgyo if the divisor is zero. Such a division can
be formally expressed as a/0 where a is the diddéfhether this expression can be assigned a
well-defined value depends upon the mathematid¢tihge In ordinary (real number) arithmetic,
the expression has no meaning. In computer progrmagynmteger division by zero may cause a
program to terminate or, as in the case of floaginmt numbers, may result in a special not-a-
number value. The division of any number by zeteothan zero itself gives infinity as a result.
The addition or multiplication of two numbers maisa give infinity as a result. So to

differentiate between the two cases, a divide-bp-eaception was implemented.

3.1.3.3 Underflow/ Overflow
Two events cause the underflow exception to beasegh tininess and loss of accuracy. Tininess
is detected after or before rounding when a regesdt between +2Emin. Loss of accuracy is

detected when the result is simply inexact or amhen a renormalizations loss occurs. The
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implementer has the choice to choose how theseteeea detected. They should be the same
for all operations. The implemented FPU core sigaa underflow exception whenever tininess
is detected after rounding and at the same timeetalt is inexactThe overflow exception is
signaled whenever the result exceeds the maximuoe what can be represented due to the
restricted exponent range. It is not signaled wbmm of the operands is infinity, because infinity

arithmetic is always exact. Division by zero ale®sh't trigger this exception.

Underflow/Overflow detection:

Overflow/underflow means that the result’s exponerbo large/small to be represented in the
exponent field. The exponent of the result musB Ibés in size, and must be between 1 and 254
otherwise the value is not a normalized one. Anrftaw® may occur while adding the two
exponents or during normalization. Overflow dueetgonent addition may be compensated
during subtraction of the bias; resulting in a naknoutput value (normal operation). An
underflow may occur while subtracting the bias tonf the intermediate exponent. If the
intermediate exponent < 0 then it's an underflovat tiban never be compensated; if the
intermediate exponent = 0 then it's an underfloat thay be compensated during normalization
by adding 1 to it.

When an overflow occurs an overflow flag signal gbegh and the result turns to Infinity (sign
determined according to the sign of the floatingnpenultiplier inputs). When an underflow
occurs an underflow flag signal goes high and thsult turns to +Zero (sign determined
according to the sign of the floating point muligplinputs). Denormalized numbers are signaled
to Zero with the appropriate sign calculated frdma tnputs and an underflow flag is raised.
Assume that E1 and E2 are the exponents of thentwtbers A and B respectively; the result’s
exponent is calculated by Eresult = E1 + E2 — EA7and E2 can have the values from 1 to 254;
resulting in Eresult having values from -125 (2-12@ 381 (508-127); but for normalized
numbers, Eresult can only have the values from 254. Table 3.6 summarizes the Eresult

different values and the effect of normalizationitofi3].
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Table 3.6: Normalization effect on result’'s expona and overflow/underflow detection

Eresult Category Comments

-125<Eresult<0 Underflow Can’t be compensated during
Normalization

Eresult =0 Zero May turn to normalized number
during normalization (by adding
1toit)

1 < Eresult < 254 Normalized May result in overflow during

Number Normalization
255< Eresult Overflow Can’t be compensated

3.2 FLOATING POINT MULTIPLICATION ALGORITHM

Normalized floating point numbers have the fornzef (-15) * 2 € ~8@9 * (1.M). To multiply

two floating point numbers the following procedisdollowed:

1) Multiplication; i.e. (1.M1*1.M2) : This unit igesponsible for multiplying the unsigned
significand and placing the decimal point in the ltiplication product. The result of
significand multiplication is known as intermedigieoduct (IP). The unsigned significand
multiplication is done on 24 bit. Multiplier perfoance should be taken into consideration so
as not to affect the whole multiplier’'s performance

2) Placing the decimal point in the result.

3) Adding the exponents; i.e. (E1 + EBiag): This unsigned adder is responsible for addirg th
exponent of the first input to the exponent of $kkeond input and subtracting the Bias (127)
from the addition result (i.e.A_exponent + B_expuneBias). An 8-bit ripple carry adder is
used to add the two input exponents. A ripple carry
adder is a chain of cascaded full adders and olfiadider; each full adder has three inputs
(A, B, Ci) and two outputs (S, Co). The carry odb] of each adder is fed to the next full
adder (i.e each carry bit "ripples” to the next &dder). The addition process produces an 8
bit sum (S7 to SO) and a carry bit (Co,7). These dnie concatenated to form a 9 bit addition
result (S8 to SO) from which the Bias is subtractHue Bias is subtracted using an array of
ripple borrow subtractorsThe subtractor logic can be optimized if one ofiitputs is a
constant value, where the Bias is constant (127[201111111]2).
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4) Obtaining the sign; i.e. s1 xor s2: Multiplyibhgo numbers results in a negative sign number
if one of the multiplied numbers is of a negatiaue. By the aid of a truth table we find that
this can be obtained by XORing the sign of two tspu

5) Normalizing the result; i.e. obtaining 1 at M&B of the results’ significand: The result of the
significand multiplication (intermediate productust be normalized to have a leading ‘1’ just
to the left of the decimal point (i.e. in the b@ # the intermediate product). Since the inputs
are normalized numbers then the intermediate ptdtagthe leading one at bit 46 or 47.
a) If the leading one is at bit 46 (i.e. to the leff the decimal point) then the intermediate
product is already a normalized number and no ghifeeded.
b) If the leading one is at bit 47 then the intedrate product is shifted to the right and the
exponent is incremented by 1.

6) Rounding the result to fit in the available bits

7) Checking for underflow/overflow occurrence [1]

The block diagram of floating point multiplier ie®wn in figure 3.3:

A_exponent B_exponent A_mantissa B_mantissa

p—re

A_Sign B_Sign

+
l / - Bias
XOR

Normalizer

Multiplier Result

Figure 3.3: Floating point multiplier block diagram [1]

Multiplying two numbers in floating point format done by
1) Adding the exponent of the two numbers then sabtrg the bias from their result
2) Multiplying the significand of the two numbers
3) Calculating the sign by XORing the sign of the monbers.
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In order to represent the multiplication resultaasormalized number there should be 1 in the

MSB of the result (leading one).
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CHAPTER 4
MULTIPLIER AND DIVIDE & CONQUER ALGORITHM

This chapter deals with the various algorithms obth’s recoding and the basic principles,
architectures of adders that exist for binary addit

4.1 INTRODUCTION

Multiplication is a mathematical operation thattatsimplest is an abbreviated process of adding
an integer a specified number of times. A numbaulijplicand) is added to itself a number of
times as specified by another number(multiplier) feom a result(product). In elementary
schools, students learn to multiply by placing theltiplicand on top of the multiplier. The
multiplicand is then multiplied by each digit ofetimultiplier beginning with the rightmost, least
significant digit (LSD). Intermediate results (palproducts) are placed one atop the other,
offset by one digit to align digits of the same g¥i The final product is determined by

summation of all the partial-products. Basic mdiitgtion technique is shown in figure 4.1:

O O O O
0O O O O
O O O O
O O O O
0O O O O
0 O O O

O O O OO0 OO0
Figure 4.1: Basic Multiplication

In the binary number system the digits, called,lat® limited to the set [0,1]. The result of
multiplying any binary number by a single binary isi either 0, or the original number. This
makes forming the intermediate partial-productspégmand efficient. Summing these partial-
products is the time consuming task for binary mpliéirs. The two main categories of binary
multiplication include signed and unsigned numbBigit multiplication is a series of bit shifts

and series of bit additions, where the two numbgre, multiplicand and the multiplier are
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combined into the result. Considering the bit reprgation of the multiplicand x=%.... XiXo
and the multiplier y= y;....y1yo in order to form the product up to n shifted cep the
multiplicand are to be added for unsigned multagiicn. The entire process of multiplication is
divided in 3 par5ts.

1) Generate the Partial Products

2) Partial Product Reduction.

3) Final stage Carry Propagate Adder

Normalized floating point numbers have the fornzef(-15 * 2 € -a9 * (1. M). To multiply

two floating point numbers the following is done:

Consider a floating point representation similathie IEEE 754 single precision floating point
format, but with a reduced number of mantissa (@tdy 4) while still retaining the hidden ‘1’
bit for normalized numbers|2]:

A =0 10000100 0100 =40, B =1 10000001 11105 -7.

To multiply A and B

1. Multiply significand:

10D
x 11701
0amOo
001
10100
10100
_ 10100
1001011000
2. Place the decimal point: 10.01011000
3. Add exponents: 10000100
+ 10000001
100000101
The exponent representing the two numbers is alrehifted/biased by the bias value (127) and
is not the true exponent; i.e. EA = EA-true + aasl EB = EB-true + bias And
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Ea + Es = Ea-truet Es-ruet 2 bias
So we should subtract the bias from the resultapbment otherwise the bias will be added
twice.
100000101
_ -0111111
1000011

4. Obtain the sign bit and put the result together:
1 10000110 10.01011000
5. Normalize the result so that there is a 1 je$pte the radix point (decimal point). Moving the
radix point one place to the left increments thpagent by 1; Moving one place to the right
decrements the exponent by 1.
1 10000110 10.01011000 (before normalizing)
1 10000111 1.001011000 (normalized)
The result is (without the hidden bit):
110000111 00101100
6. The mantissa bits are more than 4 bits (mantassdable bits); rounding is needed. If the
truncation rounding mode is applied then the stewdde is: 1 10000111 0010 [2]

4.1.1 Block Diagram of Multiplier

In order to achieve signed number multiplicationtiBaProducts are generated. After generation
of partial products they are reduced using addeos.generation of Partial Products Booth’s
recoding algorithm is used and for the accumulatibpartial products carry save adder is used.
Ripple carry adder is used to generate the fined and carry. For partial product generation
Radix 2, Radix 4 and Radix 8 Booth’s recoding albons are studied. The Booth multiplier
makes use of booth encoding algorithm in ordeethuce partial products by considering certain
bits at a time, thereby achieving speed advantage aher multiplier architectures [13]. Block

diagram of multiplier is shown in figure 4.2:
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A(3D) B(32)

Generation of Partial
Products

Feduction of Partial
Products

R

Final Carmry Propagate
Adder

Fesult

Figure 4.2: Block Diagram of Multiplier [13]

4.2 GENERATION OF PARTIAL PRODUCTS

In the digital multiplication, as in initial stemne needs to generate n shifted copies of the
multiplicand, which may be added in the coming staghe value of the multiplier bit
determines whether the shifted copy is to be adatetbt: if the ith bit of the multiplier is ‘1’,
then the shifted copy of the multiplicand is addédhe bit is ‘0’ it is not added. The logical
AND gate can implement this operation and the tesulvalues are called partial products.
Conventional array multipliers, like the Braun niplier and Baugh Wooley multiplier achieve
comparatively good performance but they requirgdaarea of silicon, unlike the add-shift
algorithms, which require less hardware and exipibdrer performance. Here booth algorithm is
used for the generation of partial products.
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Booth Multiplier

The Booth multiplier makes use of Booth encodingpathm in order to reduce the number of
partial products by considering certain number @$ lof the multiplier at a time, thereby
achieving a speed advantage over other multipheritectures. This algorithm is valid for both
signed and unsigned numbers. It can handle signedryb multiplication by using 2’s

complement representation. Various algorithms attlheecoding are discussed as under:

4.2.1 Radix-2 Booth’s Algorithm
In order to start the algorithm, an imaginary Oajgpended to the right of the multiplier.
Subsequently, the current bit and the previous bit.x of the multiplier, X1 X ,2.. XX, are
examined in order to yield ith bit; gf the recoded multiplier, y1¥ n2... Yi¥o. At this point, the
previous bit x; serves only as a reference bit. At its turnwill be recoded to yield,y, with x.,
acting as the reference bit. For i=0, its corresiooy reference bit xis defined to be zero [14].
Table 4.1 presents a summary on the recoding metsed by the Booth's theorem.

Table 4.1: Recoding in Booth Radix 2 Algorithm [14#

Xi Xi-1 Operation Comments y

0 0 Shift only String of zeroes 0

1 1 Shift only String of ones 0

1 0 Subtract and shift Beginning of a string|et
ones

0 1 Add and shift End of a string of ones 1

- Recoding multiplierx n.1 X n-2... XaXo in SD (sign digit) code

- Recoded multipliety n.1 Y n-2 ... Yi¥o

- X X1 of multiplier examined to generate yi

- Previous bit — x; - only reference bit

- 1=0 - reference bit_1=0

- Simple recodingyi = Xi.1 X

Example in figure 4.3 shows the recoded versiatheimultiplier and figure 4.dhows the
multiplication using above technique.
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Multiplier 0011110011(0) recoded as 0100010101instead of 6 add/subtracts.

Operand x
1 0
et e e L ;
1 1 .1 0 Recoded Versiony

A 1 0 1 1 -5
X *0 0 0 1 1
Y 0O 0 1 -1 recodedltiplier
Add -A 0 1 0
Shift O 0 1 0 1
Add A +1 0 1
1 1 O 1
Shift 1 1 1 O 11
Shift 1 1 1 01 1 -5

Figure 4.4: Example of Radix-2 Algorithm

The multiplication procedure uses recoding of tlsec@mpliment multiplier with the underlying
fact that a k- long sequence of 1's is equivalentat(k-1) long sequence of zero's. This

replacement of string of 1's by 0's help reduceptiréial products.

4.2.2 Modified Booth’s Algorithm
The Modified Booth Encoding (MBE) or Modified BoashAlgorithm (MBA) was proposed by
O. L. Macsorley in 1961. It is widely used to inase the speed and to reduce the area of

multiplier. Radix-4 and Radix-8 modified booth’gjatithm is discussed as under:

a) Radix-4 Booth’s Algorithm
The booth encoding algorithm is a bit-pair encodahgorithm that generates partial products

which are multiples of the multiplicand. The bodalyorithm shifts and/or complements the
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multiplicand (X operand) based on the bit patteshshe multiplier (Y operand). Essentially,
three multiplier bits [Y (i+1), Y (i) and Y (i-1) &re encoded into nine bits that are used to select
multiples of the multiplicand {-2X, -X, 0, +X, +2X}The three multiplier bits consist of a new
bit pair [Y (i+1), Y (i)] and the leftmost bit fronthe previously encoded bit pair [Y (i-1)] as
shown in figure 4.5.

» Separately: x, and x;3 recoded into y, and Y3 - X4 serves as reference bit.

* Groups of 3 bits each overlap - rightmost beingo(x -1), next x% x» (X1), and so on.

* Bits x and X1 recoded into yand yi1 - X .2 serves as reference bit.

® ® ® ¥ g Ig Is L4 I3 i) I Io (23_1)

N ~ N ~
~ N
A 7 N 7
na N

Yt Ye Ys Y4 Y3 Y2 Y1 Yo

Figure 4.5: Recoding in Radix-4

The modified Booth’s algorithm (radix-4 recodingarss by appending a zero to the right of x0
(multiplier LSB). Triplets are taken beginning aisgtion x_; and continuing to the MSB with
one bit overlapping between adjacent tripletsh& humber of bits in X (excluding-) is odd,
the sign (MSB) is extended one position to enshat the last triplet contains 3 bits. In every
step we will get a signed digit that will multiptihe multiplicand to generate a partial product
entering the reduction tree [14]. Recoding in B&Radix-4 is shown in table 4.2.

Table 4.2: Recoding in Booth Radix-4 Algorithm [14

Xi X1 Xi-2 Vi W Operation Comments

0 0 0 0 0 +0 String of zeroes
0 1 0 1 +A A single 1

1 0 0 -1 0 -2A Beginning of 1's
1 1 0 0 -1 -A Beginning of 1's
0 0 1 0 1 +A End of 1's

0 1 1 1 0 +2A End of 1's

1 0 1 0 -1 -A A single O

1 1 1 0 0 +0 String of 1's
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This recoding scheme applied to a parallel mudtiphialves the number of partial products so the

multiplication time decreases. Figure 4.6 showshéiplication using radix-4 booth’s algorithm.

A 01 0001 17
X 11 011 -9
Y A +2AA- recoded multiplier ogion
Add -A + 10 11 11
2 bit shift 1 11 10 111
Add 2A + 0 10 00 10
01 1101 11
2 bit shift 00 011101 11
Add -A 10 11 11
11 010 01 11 -153

Figure 4.6: Example of radix 4 Algorithm

b) Radix-8 Booth’s Algorithm
Recoding extended to 3 bits at a time - overlapgngups of 4 bits each. Only n/3 partial
products generated - multiple 3A needed - more ¢exnipasic step. Example: recoding 010(1)
yields y yi1 yi-2=011. Technique for simplifying generation and amalation of+3A exists.
Radix-8 recoding applies the sarakgorithm as radix-4, but now we take quartets of
bits instead of triplets. Consequently, a multiplier basedhis radix-8 scheme generates fewer
partial products than a radix-4 multiplier, but the computatibeach partial product is more
complex. In particular, a partial product correspondingato encoding x=+3 requires the
computation of 3x, and therefore a full addition [14]clEguartet is codified as a signed-digit

using the table 4.3:
Table 4.3: Recoding in Booth Radix-8 Algorithm [14
Quartet value Signed-digit value Quartet value Signed-digit value
0000 0 1000 -4
0001 +1 1001 -3
0010 +1 1010 -3
0011 +2 1011 -2
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0100 +2 1100 -2
0101 +3 1101 -1
0110 +3 1110 -1
0111 +4 1111 0
Example for Radix 8 is shown in figure 4.7:

A 00 01 00 01 +17

X 00 00O 10 10 +10
Add A 00 10 o00 10

3 bit shift 00 0010 00 10

Add A 00 01 00 01

00 01 01 01 01 0 +170
Figure 4.7: Example of Radix 8 Algorithm

Here we have an odd multiple of the multiplicand 3Y, wh&lmot immediately available. To

generate it we need to perform this previous add: 2Y#Y=he multiplication of two binary

numbers, 24-bit length, 2s-complement and using theritigo with radix-8 recoding of the

multiplier presents the following features:

¢+ Radix-8 recoding of the multiplier implies a reduction in thenbar of digits to 8.

¢ The partial products multiplexer must choose one outrad possibilities depending on

the value of the corresponding signed-digit, as shoviigumne 4.8:

¥i
¥i'
¥i-1

¥i-1'

Ivi
g’
¥i-2

¥1-2'

To carry save adder

;

]
1
-1
2
-2
2
-3
4
-4

Recoded Bits

Fig 4.8 Partial products multiplexer
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4.2.3 Comparison of radix 2, radix 4 and radix &lgorithm

* The shortcoming of Radix 2 Booth algorithm is that it becoiefficient when there
are isolated 1's. For example, 001010101(decimal 85) rgelisced to 01-11-11-11-
1(decimal 85), requiring eight instead of four opersi001010101(0) recoded as
011111111, requiring 8 instead of 4 operations. Ttoblpm can be overcome by using
high radix Booth algorithms.

« As we move towards Radix 8 less number of partial ygtsdare generated but more
number of operations are required to generate {+1,+2+43-1, -2, -3, -4}. In Radix 4
we need to save {+2, -2, +1, -1}.

» Speed of Radix 8 is highest among Radix 2, 4 and &kutomplexity increases.

4.3 PARTIAL PRODUCT REDUCTION
Addition is the most common and often used arithmeticadfpe on microprocessor, digital
signal processor, especially digital computers. Alsosetves as a building block for
synthesis all other arithmetic operations. Therefore, deggthe efficient implementation of
an arithmetic unit, the binary adder structures becomera aritical hardware unit. In any
book on computer arithmetic, someone looks that there exitisge number of different
circuit architectures with different performance chanasties and widely used in the
practice. Although many researches dealing with therpiadder structures have been done,
the studies based on their comparative performance @ays only a few. In this
dissertation, qualitative evaluations of the classified binaryeraddchitectures are given.
Among the huge member of the adders we wrote VHDL diare Description Language)
code for Ripple-carry, Carry-select and Carry-lookeah to emphasize the common
performance properties belong to their classes. In thewiog section, we give a brief
description of the studied adder architectures.
With respect to asymptotic delay time and area complettigy,binary adder architectures
can be categorized into four primary classes as givaralme 4.4. The given results in the
table are the highest exponent term of the exact fasnwery complex for the high bit
lengths of the operands.

The first class consists of the very slow ripple-carryeaddth the smallest area.
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In the second class, the carry-skip, carry-select addi#h multiple levels have small area
requirements and shortened computation times. Fronthtreeclass, the carry-look ahead
adder and from the fourth class, the parallel prefixeadépresents the fastest addition

schemes with the largest area complexities.

Table 4.4: Categorization of adders w.r.t delay tire and capacity

Complex(A) Delay(T) Product (A X T) Adder Class
Schemes

O(n) O(n) 0O(n2) Ripple Carry

O(n) O(n) Carry select
Carry-skip
Carry-Inc

o(n) O(logn) O(n logn) Carry  look
ahead

4.3.1 Ripple Carry Adders (RCA)

The well-known adder architecture, ripple carry addaroimposed of cascaded full adders
for n-bit adder, as shown in figure 4.9. It is constied by cascading full adder blocks in
series. The carry out of one stage is fed directly tadney/-in of the next stage. For an n-bit

parallel adder it requires n full adders.

al b3 a2 b2 al bl al b0

G ] bies K2 wie2 k2] wier kL bico  kSC

bs la o e

Figure 4.9 A 4-bit Ripple Carry Adder

* Not very efficient when large number bit numbers aedu

» Delay increases linearly with bit length.
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4.3.2 Carry Save Adder

One of the major speed enhancement techniques useadgrmndigital circuits is the ability
to add numbers with minimal carry propagation. The base isi¢hat three numbers can be
reduced to 2, in a 3:2 compressor, by doing the additinie weeping the carries and the
sum separate. This means that all of the columns caddael an parallel without relying on
the result of the previous column, creating a two outpdter” with a time delay that is

independent of the size of its inputs.

10111001
00101010
00111001

Sum 10101010

Carry: 00111001

Resul t: 100011100

The sum and carry can then be recombined in a naaddition to form the correct result.
This process may seem more complicated and pointless abtwe trivial example, but the
power of this technique is that any amount of numberdeaadded together in this manner.
It is only the final recombination of the final carry and stinat requires a carry propagating
addition. The use of a wallace tree, arranges the adaesdrthat all of the output bits could
be obtained while minimising the size of the circuit. Howgwrethe case of multipliers, we
know what the expected output size will be, and so wesearall of the input and output
sizes to that value. We do not care about any overflosigng bits, so they can be discarded
and the carries can simply be shifted left to the coakgnment. All of the results can then
be grouped together as one and continually reducedwmre left with two values. This is

demonstrated by fig.4.10

Fig 4.10: Carry-save adder tree for when overflowig carries from the MSB do not
matter
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This method may appear wasteful because a lot of biteifirst stages of the adder tree will
be frozen to zero. However, these will be optimized dusytghesis, and this technique

seems to produce more favorable synthesis results thag to code the design efficiently.

4.3.3 Carry Select Adders (CSLA)

An 8-bit carry-select adder, built as a cascade from a 1-bit full-adder, a 3-hityeselec
block, and a 4-bit carry-select adder. Click the input@weis or type the 'a’, 'b’, 'c’ bind key
to control the first-stage adder.

The problem of the ripplearry adder is that each adder has to wait for theahrak its
carry-input signal before the actual addition can stai. 3dsic idea of the carselect adde
is to use blocks of two ripple-carry adders, one ofctvhs fed with a constant O cariy-
while the other is fed with a constant 1 camy-Therefore, both blocks can calculat
parallel. When the actual carnysignal for the block arrives, multiplexers are usedetec
the correct one of both pre calculated partial sums. Alsordbulting carryput is selecte

and propagated to the next carry-select block.

RIBETS AT AT Ml NET AN

AR - 4 O A | T

Figure 4.11: A 16 bit Carry Select Adder

In total, the carry propagation time through an n-bit adttek is reduced from O(n) to t

number of stages times the delay of the multiplexerturiaily, using n blocks of 1-bit cany
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select adders would incur a complexity of n multiplexersiragesulting in O(n) dela
Therefore, a partition with (slowly) increasing blogize is chosen. In the example, the
(least-significant) block consists of a simple full addetlofved by a 3-bit carrgelec
block, and finally a 4-bit carry-select block. A comnaoice for a 16-bit carrgelect adde
is to use a 6-4-3-2-1 bit partitioning. While the delay ofstendard ripplesarry adder wit
n-bits is O(n).Example of 16-bit Carry Select adder @&aghin figure 4.11:

4.3.4 Carry Look Ahead Adders (CLA)

Carry Look Ahead Adder can produce carries fasiertal carry bits generated in parallel byadditione
circuitry whenever inputs change. This techniges aarry by pass logic to speed up the carry prbpag
Example of CLA logic is shown in figure 4.12:

X3 Y3 X2 Y2 X1l Y1 X0 YO

Carry Lookahead Logic

Figure 4.12: 4-BIT CLA Logic equations

Let ai andbi be the augends and addend inpaitghe carry inputsi andci+1, the sumanc
carry-out to thdth bit position. If the auxiliary functiongi and gi called propagatanc

generate signals, the sum output respectively is defisdallows.

pi= ai+ bi gi=ai . bi

si= ador bi xor ci i+d.= gi + pi.ci .

* As we increase the no of bits in the Carry Look Aheddkss, the complexitincrease
because the no. of gates in the expre&ateh increases. So practically it's not desirable to
use the traditional CLA shown above because it increseSpace required and thewel

too.
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* Instead we will use here Carry Look Ahead adder (#s3 in levels to create a larger
CLA. Commonly smaller CLA may be taken as a 4-bit CIS&. we can define caripok
ahead over a group of 4 bits.

4.4 DIVIDE & CONQUER TECHNIQUE
Divide and Conquer algorithms consist of two parts:
Divide: Smaller problems are solved recursively (exceptpofse, the base cases).
Conguer: The solution to the original problem is then formed fromdblutions to the sub
problems (that’s the combining step).
The most well-known algorithm design strategy:
1. Divide instance of problem into two or more smaller insésn
2. Solve smaller instances recursively
3. Obtain solution to original (larger) instance by combining tlsedations
The tree diagram of Divide & Conquer Technique is showfigure 4.13:

a problem of size
n

subproblem
1
of sizen/2

subproblem
2
of sizen/2

A A

a solution to a solution to
subproblem 1 subproblem 2

I |

A 4

a solution to
the original problem

Fig 4.13: Divide & Conquer Technique
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The Divide and Conquer technique is used to perform nhiglitppns by performing a series of
smaller sized multiplications and then adding these partaluyats. This is achieved by dividing
the multiplied numbers into two parts. Hence, for multiplyiwg n-bit numbers A and B each of
them can be expressedAs Ay -k+A. andB = By - k + B whereAy andBy are the upper parts
of each numberd, andB, are the lower parts while= 2"?[15]. This way the product of A and

B is expressed as follows and explained in figure 4.14:
A B=(Ay k+A) (By k+By)
=Aq By K+ (Aq BL+AL By k+A B
n/2 bits _ _ ni2 bits

AHoooeoeoee e A
% B o0 ©® 000 e® e B

00000000 B A
00000 OCGOS BL* Aq*k
0000 OCGCOFS Bu*AL*k
+ 00000000 Bn* An*k’

Figure 4.14: Representation of Divide-and-Conquer &chnique for 8-bit words [15]

4.5 PIPELINING

A pipeline is a set of data processing elements cormhactseries, so that the output of one
element is the input of the next one. It is divided ingnsents and each segment can execute its
operation concurrently with the other segments. When mesgtigcompletes an operation, it
passes the result to the next segment in the pipelindetcites the next operation from the
preceding segment. The final results of each instructiomgenad the end of the pipeline in rapid
succession.

The pipeline technique is widely used to improve the perwmce of digital circuits. As the

number of pipeline stages is increased, the path delagadaf stage are decreased and the
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overall performance of the circuit is improved [16]gdHie 4.15 shows an example with-respect-

to instruction pipelining.

Inst no. Pipeline Stage

1 IF ID EX MEM WB

2 IF ID EX MEM WB

3 IF ID EX MEM WB
4 IF ID EX MEM
5 IF ID EX
Clock 1 2 3 4 5 6 7
cycle

Figure 4.15: 5-stage pipeline with-respect-to insiction pipeline [16]

An instruction pipeline is a technique used in the desigowifputers and other digital electronic
devices to increase their instruction throughput (the numbimstructions that can be executed
in a unit of time).The fundamental idea is to split the pssitey of a computer instruction into a
series of independent steps, with storage at the emdhaf step. By breaking the logic into
smaller pieces and inserting flip flops between the pietésg, the delay is reduced. In this
way the clock period can be reduced. For example,léissic RISC pipeline is broken into five

stages with a set of flip flops between each stage.

Instruction fetch
Instruction decode and register fetch
Execute

w0 DD PRF

Memory access
5. Register write back
Apparently a greater number of stages always prowttertperformance. However:
* A greater number of stages increase the overhead in ghmfsrmation between stages
and synchronization between stages.
» With the number of stages the complexity of the cpu grow

On the basis of stages pipelining is divided as:
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4.5.1 2-Stage Pipelining
In 2 stage pipeline as shown in figure 4.16, 8 clockesydre required for 2 instructions. If
time required for each instruction is Tex, then executiome for 7 instructions with
pipelining is (Tex/2)*8= 4*Tex.

Clock 1 2 3 4 5 6 7 8
Inst i IF IE
Inst i+1 IF IE
Inst i+2 IF IE
Inst i+3 IF IE
Inst i+4 IF IE
Inst i+5 IF IE
Inst i+6 IF IE

Figure 4.16: 2-stage pipeline with-respect-to inaiction pipeline

4.5.2 3-Stage Pipelining
In order to enhance the performance of the multiplieretpipelining stages are used to divide
the critical path thus increasing the maximum operatingquigacy of the multiplier. The

pipelining stages are embedded at the following locatisrshawn in figure 4.17:

Clock 1 2 3 4 5 6 7 8
Inst i IF ID IE

Inst i+1 IF ID IE

Inst i+2 IF ID IE

Inst i+3 IF ID IE

Inst i+4 IF ID IE

Inst i+5 IF ID IE

Figure 4.17: 3-stage pipeline with-respect-to instrction pipeline
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1. In the middle of the significand multiplier, and in theldle of the exponent adder (before the

bias subtraction).
2. After the significand multiplier, and after the exponermtead
3. At the floating point multiplier outputs (sign, exponent arahtissa bits).

Three pipelining stages mean that there is latency in thetdutghbree clocks.
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CHAPTER 5
RESULTS & CONCLUSION

This chapter introduces about the implementation and thelationuand synthesis results of

floating point multiplier synthesized by Xilinx ISE 8.2i and 8grys Design Compiler Tool.
The Xilinx ISE 8.2i is used for implementation of all thecgits. The Working Environment for
the design is :

» Target Device : XC3S500E-4FG320

* Tool Version : ISE 8.2i

* Optimization Goal : Speed

» Design Strategy : Balanced

* Total Slices : 4656

e Total LUTs : 9312

* Modelsim: 6.3f

5.1 ARRAY MULTIPLIER
The multiplier designed from this technique is simple mudigtion between two floating point

numbers. Synthesis results and simulation resultsiscassed further.

5.1.1 Synthesis Results on Xilinx

Synthesis Results of floating point multiplication using arrayitiplier. Table 5.1 shows

synthesis results of multiplication using array multiplier olnX:

Table 5.1: Synthesis Report of Floating Point Muliplier using Array Multiplication

Device Specifications Spartan 3E
Xc3s500E

No. of Slices 665/4656 (12.5%)

No. of LUTs 1163/9312 (12.5%)

Delay 102.944 ns
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5.1.2_Simulation Results

Figure 5.1 shows the simulation results of multiplication uaimgy multiplier.
a: input data 32-bit

b: input data 32-bit

final_result: Output product 32-bit

1|wave - defat e
+ + Jeimplet/a (1000001011110010000000000000000

B’ Japietp 01000001100101001000000030009000
-4 fiphedffel resull  (03000011100100000111000010600000

‘me Now 00 [
Ble Cursor 1 0.83ns

Figure 5.1: Simulation Results of Floating Point Mitiplier using Array multiplication

Consider the inputs:
a=01000001011110010000000000000000

b= 01000001011010010000000000000000

The output final_result is:

final_result= 01000011100100000111000010000000

5.2 DIVIDE & CONQUER TECHNIQUE

The multiplier is designed by using Divide & Conquethtgque in which two multiplicands are
divided and then multiplied to each other. Synthesis reaalissimulation results are shown in
table 5.2 and figure 5.2 resp.:

5.2.1 _Synthesis Results on Xilinx

The synthesis results for floating point multiplier desighgdising Divide & Conquer technique

is shown in table 5.2:
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Table 5.2: Synthesis Report of Floating Point Mulfplier using Divide & Conquer

Technique
Device Specifications Spartan 3E
Xc3s500E
No. of Slices 1281/4656 (25%)
No. of LUTs 2337/9312 (25%)
Delay 87.96 ns

5.2.2 Simulation Results

Figure 5.2 shows the simulation results of multiplication ugiiide & Conquer technique.
a: input data 32-bit

b: input data 32-bit

final_result: Output product 32-bit

01000001011110010000000000000000

. |0100000110010100 1000000000000000
seffi,, |01000011100100000 1110000 10000000

Cursor 1 S
1« [ [ Kl [»]

Figure 5.2: Simulation Results of Floating Point Mitiplier using Divide & Conquer
technique
Consider the inputs:
a= 01000001011110010000000000000000
b= 01000001011010010000000000000000
The output final_result is:
final_result= 01000011100100000111000010000000
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5.3 DIVIDE & CONQUER TECHNIQUE WITH PIPELINING
The multiplier is designed by using Divide & Conquer techaiglso includes the pipelining in
the intermediate multipliers used during floating point multipicca Synthesis results and
simulation results are shown in table 5.3 and figure 5@&:res

5.3.1 Synthesis Results on Xilinx

The synthesis results for floating point multiplier desighgdising Divide & Conquer technique
with pipelining is shown in table 5.3:
Table 5.3: Synthesis Report of Floating Point Mulgplier using Divide & Conquer
Technique with Pipelining

Device Specifications Spartan 3E
xc3s500E

No. of Slices 1523/4656 (30%)

No. of LUTs 2809/9312 (30%)

Delay 8.02 ns

5.3.2 Simulation Results

Figure 5.3 shows the simulation results of multiplication uSiiwide & Conquer technique.
a: input data 32-bit

b: input data 32-bit

final_result: Output product 32-bit

42



ga| wave - default e E]

01000001011110010000000000000000 |
01000001011010010000000000000000

o [divide_technique_module_call_final/dk
B4 fdivide_technique moduile_call_finaffinal_result [01000010111000101010000 100000000

700000 ps

Figure 5.3: Simulation Results of Floating Point Mitiplier using Divide & Conquer
technique with Pipelining
Consider the inputs:
a= 01000001011110010000000000000000
b= 01000001011010010000000000000000
The output final_result is:
final_result=01000011100100000111000010000000
This chapter concludes what have been done in dissergatibwhat can be done in future.

5.4 CONCLUSION

A new hardware implementation of a high speed floatmgtpnultiplier based on the IEEE-754
single precision format is developed based on Divide & q@en technique and pipeline
technique. IEEE Standard for Floating-Point Arithmetic (IEE®)7is a technical standard
established by the Institute of Electrical and Electronicgirtgers (IEEE) and the most widely
used standard for floating-point computation, followed bwgnyn hardware and software

implementations.
First array multiplier is used for significand multiplicatidfor exponent addition ripple carry

adder is used and the result is finally normalized gh8iBoutput is calculated. The maximum

combinational delay for this multiplier is 102.94 ns.
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Further in next algorithm for floating point multiplier insteafdusing Carry Save Multipliers for
significand multiplication, Booth’s Recoding scheme is ugedenerate the partial products.
Radix-4 Booth Algorithm is used for the generation of pagiaducts. After that Divide &
conquer technique is used to divide both mantissa twto parts. Since the multiplier and
multiplicand comprises of 12 bits in two parts, it makes 4 mutagilbns each multiplication will
generate 6 partial products using Radix-4 Modified Boo#tigprithm. These 6 partial products
of each multiplication are reduced by using carry sadd@ers. Further the partial products
accumulated through carry save adders are further eddog using Ripple Carry Addefrhe
result of the significand multiplication (intermedigeduct) is normalized to have a leading ‘1’
just to thdeft of the decimal point.

In order to enhance the performance of the multipligrelming is used to divide the critical
path thus decreasing the maximum combinational delay of th&pher. The operation of
multiplier is divided in sequence subtasks which can beués@aconcurrently with other stages
and flip flops are inserted between subtasks.

Synthesis results of Array multiplier, multiplier using dividec&quer technique and multiplier
using divide & conquer technique with pipelining floating Pointlt\dlier on Xilinx Spartan 3E
is shown in table 5.4. The maximum combinational delay ioddafrom array multiplier,
multiplier using divide & conquer technique and multipliemgsdivide & conquer technique
with pipelined structure is 102.94 ns, 87.96 ns and 892espectively. Hence floating point

multiplier achieves high throughput by insertion of pipelsteges but at the cost of area and

delay.
Table 5.4: Comparison of Synthesis Report of diffeent multipliers
Array Divide & Conquer | Divide & Conquer
Multiplication Technique Technique with
pipeline

No. of Slices | 665/4656 (12.5%) 1281/4656 (25%) 1523/4656 (30%)
No. of LUTs | 1163/9312 (12.5%) 2337/9312 (25%) 2809/9312 (30%)
Delay 102.94 ns 87.96 8.02 ns
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5.5 FUTURE SCOPE
The present work on the multiplier architecture can be deténn various directions. Some
suggestions are given below:
1. In order to enhance the performance higher order oessprs like 7:2, 9:2 can be used to
accumulate the partial products.
2. In place of ripple carry adder, other adders sucleaaisy select adder and carry look
ahead adder can be used to increase the performance.
The ability to construct high performance multipliers provideny other interesting
possibilities. A double precision IEEE Floating Point Mulgplcan be designed. Multiplication
intensive applications, such as DSP or graphics, could bengifificantly from several high
performance multipliers on the same chip. A single veri tigoughput multiplier, or several
multipliers working in parallel on the same chip, could oppmew possibilities such as single

chip video signal processors.
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