A study of numerical methods for nonlinear
problems and their applications

A Thesis

submitted in fulfillment of the requirements
for the award of the degree of

Doctor of Philosophy
in

Mathematics

Submitted by

Litika Rani
(Regd. No. 902011014)

under the guidance of

Dr. Munish Kansal

(Associate Professor)

tl

Department of Mathematics
Thapar Institute of Engineering and Technology
(Deemed to be University)
Patiala 147004, India
May 2026






Certificate

This hereby certify that the work, which is being presented in the thesis, entitled “A study of
numerical methods for nonlinear problems and their applications”, in fulfillment of the
requirement for the award of the degree of Doctor of Philosophy in the Department of Mathe-
matics, Thapar Institute of Engineering and Technology, Patiala, is an authentic record of my own

work carried out under the guidance of Dr. Munish Kansal.

It is certified that matter presented in this thesis has not been submitted for the award of any
degree at this or any other university.

Litika Rani

Reg. No. 902011014

Tt is certified that the above statement, made by the candidate is correct to the best of my knowledge.

Muuusia bwﬂbd

~ Dr. Munish Kansal

ai o

Dated: 19 May, 2026







Declaration

I hereby declare that thesis entitled “A study of numerical methods for nonlinear problems
and their applications” submitted for the award of the degree of Doctor of Philosophy in the
Department of Mathematics, Thapar Institute of Engineering and Technology, Patiala, is true and
original record of my own work carried out under the supervision of Dr. Munish Kansal, Associate
Professor at Department of Mathematics, Thapar Institute of Engineering and Technology, Patiala,
India. The matter embodied in this thesis has not been submitted in part or full to any other
university or institute for the award of any degree in India or abroad and that the ideas and

references cited herein have been duly acknowledged.

Ms. Litika Rani
Reg. No. 902011014







@W‘&WW
Jor cocrythizing






Contents

Acknowledgements xiii
Abstract XV
List of Publications Xix
List of Figures xxi
List of Tables XXV
List of Notations xxvii
List of Abbreviations XXix

1 Introduction 1
1.1 General introduction . . . . . . . .. L 1
1.2 Fundamental concepts of nonlinear problems . . . . . . . . ... .. ... ... ... 4

1.2.1 Jacobian matrix . . . . . . .. oL )
1.2.2  First-order divided difference . . . . . . . .. ... 0oL )
1.2.3  Order of convergence . . . . . . . . ... 5
1.2.4  Error equation . . . . .. .. 6
1.2.5 Computational order of convergence . . . . . . . . . ... ... ... ... 6
1.2.6 Efficiency index . . . . . . . .. 7
1.2.7 Fixed point iteration . . . . . . . . ... 9
1.2.8 Classification of iterative methods . . . . . . . . . . ... .. ... ... ... 9
1.2.9 Taylor’s theorem . . . . . . . . . .. .. 10

vii



Contents

3

viil

1.3 Fundamental concepts in the Banach spaces . . . . . .. .. ... ... ... .... 11
1.3.1 Banach space . . . . . . . . ... 11
1.3.2  Linear operator . . . . . . . . . . .. 11
1.3.3  Fréchet derivative . . . . . . . ... 12
1.3.4  Invertible operator . . . . . . . . ... 12
1.3.5 Local and semilocal analyses . . . . . . .. .. .. ... ... ... 13
1.4 Fundamental concepts of matrix sign function . . . . . .. ... .. ... 14
1.4.1 Matrix function via Cauchy integral form . . . . . . .. . ... ... .. ... 14
1.4.2  Matrix function via Jordan canonical form . . . . . .. ... ... ... ... 14
1.4.3 Matrix function via Hermite interpolation . . . . . . . . ... .. ... ... 15
1.4.4 Matrix sign function . . . . . .. ..o 15
1.4.5 Properties of matrix sign function . . . . . . . .. ..o oL 16
1.4.6 Order of convergence . . . . . . . . . ... 16
1.4.7 Asymptotic stability . . . .. ... 16
1.4.8 Matrix sign decomposition . . . . . .. ..o oo 17
1.5 Basins of attraction . . . . . . . .. L 17
1.6 Literature review . . . . . . . . L L 20
1.6.1 Literature review on the scalar nonlinear equations . . . . .. ... ... .. 21
1.6.2 Literature review on the systems of nonlinear equations . . . . . . . . . . .. 27
1.6.3 Literature review on the matrix sign function . . . . . . ... ... .. ... 33
1.7 Objectives and summary of the thesis . . . . . . . . . ... ... ... ... 38
Optimal family of Chebyshev—Halley type methods for multiple roots 41
2.1 Introduction . . . . . . .. 41
2.2 Tterative scheme . . . . . . . . ..o 44
2.3 Convergence analysis . . . . . . .. .. 45
2.4 Numerical results . . . . . . . .. 49
24.1 Reallifeexamples . . . . . . .. ... 52
2.4.2 Academic examples . . . . ... 54
2.5 Basins of attraction . . . . . .. ..o 58
2.6 Concluding remarks . . . . . . . ... 64
Optimal family of derivative-free King’s type methods for multiple roots 67



Contents

3.1 Imtroduction . . . . . . . .. 67
3.2 Tterative scheme . . . . . . . .. 69
3.3 Convergence analysis . . . . . . .. .. Lo 70
3.3.1 General form of error equation . . . . . . ... ... 73
3.4 Numerical results . . . . . . . . 75
3.4.1 Reallifeexamples . . . . . . . .. .. 78
3.4.2 Academic examples . . . . . ... 79
3.5 Basins of attraction . . . . . ... 82
3.6 Concluding remarks . . . . . . . .. 87

Family of multi-step vectorial iterative methods for solving nonlinear systems 89

4.1 Introduction . . . . . . . .. L 89
4.2  Formulation of new schemes . . . . . . . . . ... oL 92
4.2.1 Fourth-order scheme . . . . . . . . . .. ..o 92
4.2.2 Sixth-order scheme . . . . . . . ... o 96
4.2.3 Local convergence of the sixth-order scheme . . . . . . . .. ... ... ... 98
4.3 Generalized scheme . . . . . . . ..o 103
4.4 Computational complexity . . . . . . . . .. .. 107
4.4.1 Efficiency comparisons . . . . . . .. ... s 107
4.5 Numerical tests . . . . . . . . . 111
4.5.1 Modeling diffusion-reaction processes in catalyst pellets . . . . . . . . .. .. 111
4.5.2 Nonlinear reaction-diffusion equation with Van der Pol damping . . . . . . . 116
4.5.3 Transition curves of the Mathieu equation . . . . . ... .. ... ... ... 118
454 Burger'sequation . . . . .. ... Lo 122
4.5.5 Heat conduction problem . . . . . .. . ..o 122
4.5.6 Academic problem . . . . ... 125
4.6 Basins of attraction . . . . . . ..o 127
4.7 Concluding remarks . . . . . . . ... 130
Family of Steffensen-like iterative methods for solving nonlinear systems 133
5.1 Introduction . . . . . . .. 133
5.2 Formulation of new Steffensen-like families . . . . . . ... .. ... ... 135
5.2.1 Novel third-order family . . . . . . .. .. ... ... 0oL 135

ix



Contents

5.2.2  Novel fifth-order family . . . . . .. ... ... 138

5.3 Generalized multi-point Steffensen-like family . . . . . .. .. .. ... .. ... .. 140
5.4 Computational complexity . . . . . . . . . . ... 141
5.4.1 Efficiency comparisons . . . . . .. ... Lo 141

5.5 Numerical tests . . . . . . . . L 147
5.5.1 Academic problems . . . . . .. ... 147
5.5.2  Application to chemical engineering . . . . . . . .. ... ... 152
5.5.3 Applications to partial differential equations . . . . . . . ... ... ... .. 153

5.6 Basins of attraction . . . . . .. ..o 160
5.7 Concluding remarks . . . . . . . ... 161
6 Globally convergent iterative scheme for computing matrix sign function 163
6.1 Introduction . . . . . . . .. 163
6.2 TIterative scheme . . . . . . . . .. 166
6.3 Convergence analysis . . . . . . . ... 169
6.3.1 Rate of convergence . . . . . . . ... 171

6.4 Stability analysis . . . . . ... 172
6.5 Efficiency challenge . . . . . . . . . . 173
6.6 Numerical tests . . . . . . . . L 175
6.7 Concluding remarks . . . . . . ... L 181

7 Numerically stable higher-order matrix iterations for computing matrix sign

function 183
7.1 Introduction . . . . . . .. 183
7.2  New iterative methods . . . . . . . . . .. . o 186
7.3 Attraction basins to ensure global convergence . . . . . . ... ... 189
7.4 Convergence analysis . . . . . . . . ... 191

7.4.1 Convergence rate . . . . . . . . ..o 194
7.5 Application in solving Yang-Baxter equation . . . . . . .. ... ..o 195
7.6 Stability analysis . . . . . ... 195
7.7 Efficiency challenge . . . . . . . .. 197
7.8 Numerical tests . . . . . . . . 197
7.9 Concluding remarks . . . . . . . ..o 208



Contents

8 Conclusion and future scope 211
8.1 Conclusion . . . . . . . . . . 211
8.2 Future scope . . . . . . . 212

Bibliography 215

X1






Acknowledgements

Life can be understood as a continuous process of growth marked by important milestones. Along
this path, we are fortunate to encounter individuals whose guidance, encouragement, and presence
make the journey meaningful. As I complete this significant academic endeavor, I take this oppor-
tunity to sincerely acknowledge and appreciate all those who contributed, directly or indirectly, to
the successful completion of this research work.

First and foremost, I express my deep gratitude to the Almighty God for granting me strength,
clarity of thought, and perseverance throughout this journey. In moments of uncertainty and
difficulty, faith gave me resilience and direction. The successful completion of this work stands as
a testament to divine grace that guided me from the initial idea to the final submission.

I extend my profound thanks to my supervisor, Dr. Munish Kansal, DOM, Thapar Institute of
Engineering & Technology, Patiala, for his constant guidance, patience, and insightful suggestions.
His belief in my potential often exceeded my own, seeing the researcher I could become long before
I saw it myself. His inspiration was never loud; it was reflected in patient revisions, late-night
emails, challenging questions that pushed me beyond my comfort zone, and the quiet reassurance
that “this is just part of the process.” His guidance strengthened my research skills and shaped my
perspective toward professional integrity and humanity. I am deeply grateful for every lesson, every
word of encouragement, and for never giving up on me.

I would also like to thank Dr. Deepak Gumber, Professor and Head, DOM, Thapar Institute
of Engineering & Technology, Patiala, along with the former heads, Dr. Satish Kumar Sharma and
Dr. Mahesh Kumar Sharma, for their administrative support and encouragement, which enabled
me to explore diverse academic opportunities during my research tenure.

My sincere thanks to my doctoral committee members, Dr. Paramjeet Singh, Dr. Sanjeev
Kumar, and Dr. Ajay Kumar (CSED), for their constructive feedback, thoughtful suggestions, and
critical evaluation during progress reviews. I am equally grateful to Dr. Satish Kumar Sharma,
Dr. A.K. Lal, and Dr. Harish Garg for their motivating words and positive encouragement during
various academic interactions.

I would like to thank TIET for providing me a teaching associateship during the initial
two years of my research. I am also grateful to the Council of Scientific and Industrial Re-
search (CSIR), Government of India, for awarding me the CSIR SRF-DIRECT fellowship (File
No. 09/0677(18752)/2024-EMR-I) and providing financial support for this research work.

xiii



Acknowledgements
parmod Kumar Bansal, whose unwavering encouragemeng

I am deeply indebted to my father,
inspire

and belief in my abilities have always
unconditional love,

my mother, Saroj Bansal, whose
have achieved today is firmly rooted in the values and resilience

d me to aim higher. I express my heartfelt gratitude ¢,

sacrifices, and prayers have been my greatest

source of strength. Whatever 1
instilled in me by my parents. [ also extend my sincere appreciation to my brother, Umesh Bansa]
tant support system and closest companion. His encouragement

who has always been my cOnS
understanding, and shared moments of joy have made this journey lighter and more meaningful

I would also like to express my

much more than family; she has be
positivity and strength, and I am deeply grateful for the bond we share.
I am fortunate to have supportive friends who stood by me during challenges and celebrated

heartfelt thanks to my sister-in-law, Vibha Bansal, who has been

en a true friend. Her presence in my life has been a source of

my achievements. I thank Dr. Manpreet Kaur for their guidance and support in the initial stage of
this journey. I also express my appreciation to close friends Shagun Kaushal, Princy Garg, Ritika
Ramneek Kaur, Rahul Sachdeva, Sarishti Sharma, V. K. Singh, Nancy Phanghal, Huny,,Rama.n’
Duddi, Anshika Sharma, Jaspreet Kaur, and Priya Garg for their encouragement, meaningful dis-

cussi i i i ‘
ons, and companionship. The time we spent together, especially during informal breaks and

evening tea, created memories that I will always cherish.
It is not possible to mention every individual who contributed to my growth during this Ph.D

journey; however, I remain sincerely thankful to each one of them. This achievement is a collecti
ective

outcome of their support, guidarice, and goodwill. I extend my heartfelt gratitude to all
all.

e

Place: Patiala biges
Litika Rani

Date: 10 M=
5 19 WVlad'




Abstract

Computational methods have been effectively used to tackle real-world problems like global po-
sitioning systems, fluid flow, control systems, chemical reactions, computational economics, and
biological and physical phenomena with the advent of modern high-speed digital electronic com-
puters. These applications demonstrate the growing dependence on computational approaches in
solving complex practical problems. Because of its practical aspect, many look for solutions that are
“good enough,” but defining what “good enough” means is more difficult. Determining the required
accuracy therefore becomes a central topic in computational problem solving. The methodology
and techniques for addressing scientific and engineering challenges have experienced significant
transformations. The increasing complexity of the nonlinear problems under study largely drives
these changes. This complexity arises from the complex structures analyzed in the mathematical
modeling of various real-world instances. As a result, exact analytical solutions are often difficult
or impossible to obtain. Simultaneously, approximate numerical solutions to problems are often
sufficient. In many cases, such approximations provide results that are both accurate and compu-
tationally efficient. An approximation of the solution is necessary, precise to a specified number
of decimal places or within a defined tolerance. Various numerical techniques for solving a specific
problem generate a sequence of approximations that converge to the desired solution. The quality
of these approximations must be evaluated in relation to the problem’s requirements. But “good
enough” depends on the application area.

The primary objectives include finding the best possible approximate solutions for scalar or
systems of nonlinear equations, along with higher-degree polynomials, transcendental functions,
extensive multidimensional systems, and both ordinary and partial differential equations. Secondly,
it addresses the calculation of the matrix sign function, which is subsequently utilized to compute
solutions for nonlinear matrix equations. This function plays an important role in extending nu-
merical techniques to matrix-based problems. The matrix sign function is an axiomatic study of
the intuitive concepts that govern the matrix function of non-singular square matrices, which are
fundamental concepts in matrix theory. Therefore, performing these computations requires strong
theoretical knowledge. The present study requires the knowledge of not only the original problem

but also the derivation, error analysis, and performance limits of the numerical methods used to

XV



Abstract

solve it. This research develops new optimized iterative methods for solving nonlinear scalar, vec-
torial, and matrix equations, aiming for high convergence orders with minimal computational cost
and adhering to theoretical rigor to avoid common numerical pitfalls. This emphasis is particularly
important when numerical methods are applied to practical problems. As a fact, some algorithms
do not work for real-world problems. Although numerical techniques have improved greatly, some
limitations still exist.

Comprehensive numerical experiments consistently validate the theoretical developments. This
computational experience is useful, as it connects exact arithmetic theory with finite-precision com-
putation. At the same time, studying dynamical behavior through basins of attraction proves that
the proposed schemes are better, efficient, and useful in real-world computing instances.

To present these results in a systematic manner, the thesis is organized as follows:

Chapter 1 provides an introduction and developments in the theory related to nonlinear scalar,
vector, and matrix equations. We present a thorough literature review of algorithms for nonlinear
problems. The applications of these algorithms for computing the matrix sign function are studied
as well. Furthermore, we review basic mathematical concepts that drive the study of nonlinear
solvers and the existence of the matrix sign function.

Chapter 2 deals with developing a higher-order optimal family of Chebyshev—Halley type meth-
ods to solve a univariate nonlinear equation with multiple roots. The proposed scheme considers
weight functions that are selected adequately to optimize the convergence order and demands only
four functional evaluations at each iteration. An extensive convergence analysis is also provided
that demonstrates the establishment of eighth-order convergence for the developed scheme. As a
result, the efficiency index of the proposed scheme is optimal according to the Kung-Traub con-
jecture. Finally, the theoretical findings are verified through numerical experiments that include
real-life and nonlinear academic problems. In addition, the dynamical study of iterative schemes
reflects a comprehensive overview of their stability, convergence properties, and graphical aspects
by drawing attraction basins in the complex plane.

Chapter 3 aims to develop and analyze a new derivative-free class of higher-order iterative
methods for locating multiple roots numerically. The scheme is generated by using King’s type it-
erative method. By employing the Traub-Steffensen technique, a derivative-free family is proposed,
which requires three functional evaluations to achieve optimal fourth-order convergence. Moreover,
it can be observed that the theoretical convergence results of the family are symmetrical for different

multiplicities of roots. Finally, a wide variety of nonlinear problems are included to confirm the
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applicability and effectiveness of the proposed methods.

Chapter 4 deals with the development of multi-step vectorial iterative schemes for solving non-
linear systems, achieving fourth and sixth-order convergence. The proposed methods are designed
to minimize computational costs by employing a single inverse operator and reducing the number
of functional evaluations per iteration. Furthermore, the proposed three-step scheme is generalized
into a (¢ + 1)-step family, increasing the convergence order to 2¢ + 2. While standard local conver-
gence analysis based on Taylor series expansion is common, but it has limitations, as it requires the
use of higher-order derivatives. To overcome this limitation, the theoretical analysis in a Banach
space setting is conducted that relies solely on first-order derivatives. The existence of a unique
solution is guaranteed within a specific domain, whose radius of convergence is formally obtained
using Lipschitz constants. Furthermore, the theoretical results are tested on several numerical ex-
amples to check the performance and stability of the proposed methods in comparison to existing
counterparts.

In chapter 5, some new iterative families that utilizes a derivative-free approach, requiring two
frozen divided differences and one matrix inversion per iteration are proposed. Additionally, a gen-
eral multi-point family using a fifth-order scheme as a predictor is derived. The proposed families
are analyzed both theoretically and numerically, and experimentation is conducted using a range
of numerical problems to confirm the theoretical results on convergence order and computational
efficiency. The dynamical properties of each iterative method are studied by means of basins of
attraction.

In chapter 6, a novel matrix iteration for numerically computing the matrix sign function is
proposed. An extensive convergence analysis is carried out in the matrix case to achieve fourth-
order convergence. The basins of attraction are illustrated to demonstrate the global convergence
behavior of the proposed method. Analytically, it is shown that the presented scheme is asymp-
totically stable. Furthermore, theoretical developments are numerically verified by discussing the
clustering of eigenvalues around 1. Moreover, a class of numerical examples for matrices of various
dimensions is assessed to exhibit the efficacy of the proposed method.

In chapter 7, the primary objective is to develop two novel iterative schemes for computing
the sign of a matrix that has no pure imaginary eigenvalues. Detailed convergence analysis and
asymptotic stability of the proposed methods are discussed. It is shown that the new schemes
converge globally by drawing attraction basins. In addition, the obtained results are extended to

compute non-trivial solutions of the Yang-Baxter-like equation, provided the given matrix has no
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eigenvalues on the imaginary axis. To illustrate the effectiveness of theoretical developments, a class
of numerical examples for matrices of various dimensions, including eigenvalue clustering, is worked
out.

Chapter 8 discusses the summary and future aspects of the presented work.

xviii



List of Publications

o Litika Rani and Munish Kansal, “An optimal derivative-free King’s family for multiple zeros
and its dynamics”, Engineering Computations (Emerald), 39(6), 2367-2390, 2022.
SCIE, Impact Factor: 1.9
DOI: 10.1108/EC-08-2021-0449

o Litika Rani, Fazlollah Soleymani, Munish Kansal, and Hemant Kumar Nashine, “An opti-
mized Chebyshev—Halley type family of multiple solvers: Extensive analysis and applications”,
Mathematical Methods in the Applied Sciences (Wiley), 48(7), 7037-7055, 2025.

SCIE, Impact Factor: 1.8
DOI: 10.1002/mma.8699

o Litika Rani and Munish Kansal, “ Numerically stable iterative methods for computing matriz
sign function”, Mathematical Methods in the Applied Sciences (Wiley), 46(8), 8596-8617,
2023.

SCIE, Impact Factor: 1.8
DOI: 10.1002/mma.9004

o Munish Kansal and Litika Rani, “Globally convergent iterative scheme for computing matrix
sign function with numerical stability”, Mathematical Methods in the Applied Sciences (Wi-
ley), 48(7), 7580-7594, 2025.

SCIE, Impact Factor: 1.8
DOI: 10.1002/mma.9212

o Munish Kansal and Litika Rani, “An adaptive Steffensen-like families for solving nonlinear
systems using frozen divided differences”, Journal of Mathematical Chemistry (Springer), 62,
109-144, 2024.

SCIE, Impact Factor: 2.0
DOI: 10.1007/s10910-023-01524-1

o Munish Kansal and Litika Rani, “A family of multi-step vectorial iterative methods for solving

nonlinear systems”, Journal of Mathematical Chemistry (Springer), 64, Article ID 8, 2026.

Xix



List of Publications

SCIE, Impact Factor: 2.0
DOI: 10.1007/s10910-025-01770-5

XX



List of Figures

1.1 Basins of attraction of the polynomials pi(z) and pa(2). . . . . . . . . ... ... 19
1.2 Basins of attraction of nonlinear systems Fj(z) and Fy(z) using Newton’s method . 20
2.1 Continuous stirred tank reactor. . . . . . . . . ..o 54
2.2 Convergence planes of ZM;, ZM,, BM;, BM,, OM;, LM;, LM, and LMj for test
problem 1. . . . . . . L 60
2.3 Convergence planes of ZM;, ZM,y, BM;, BM,, OM;, LM;, LM, and LMj3 for test
problem 2. . . . .. L 61
2.4 Convergence planes of ZM;, ZM,, BM;, BM,, OM;, LM;, LM, and LMj for test
problem 3. . . . .. L 62
2.5 Convergence planes of ZM;, ZM,, BM;, BM,, OM;, LM;, LM, and LMj for test
problem 4. . . .. oL 63
2.6 Convergence planes of ZM;, ZM,, BM;, BM,, OM;, LM;, LM, and LMj for test
problem 5. . . . . 64
3.1 Convergence planes of the proposed methods for v = 0.01 in the test problem 1. . . 83

3.2  Convergence planes of the proposed methods for v = 0.0001 in the test problem 1. . 83
3.3 Convergence planes of the proposed methods for v = 0.000001 in the test problem 1. 84
3.4 Convergence planes of the proposed methods for v = 0.01 in the test problem 2. . . 84
3.5 Convergence planes of the proposed methods for v = 0.0001 in the test problem 2. . 85
3.6 Convergence planes of the proposed methods for v = 0.000001 in the test problem 2. 85
3.7 Convergence planes of the proposed methods for v = 0.01 in the test problem 3. . . 86
3.8 Convergence planes of the proposed methods for v = 0.0001 in the test problem 3. . 86
3.9 Convergence planes of the proposed methods for v = 0.000001 in the test problem 3. 86

xxi



List of Figures

4.1 Boundary lines in the plane-(po, pi1). - - - -« o oL 108
4.2 Efficiency plots for fourth-order methods on small k-scale systems. . . . . . . .. .. 110
4.3 Efficiency plots for sixth-order methods on small k-scale systems. . . . . .. .. .. 112
4.4 Efficiency plots for fourth-order methods on large k-scale systems. . . . . . . .. .. 113
4.5 Efficiency plots for sixth-order methods on large k-scale systems. . . . . . . . .. .. 114
4.6 Approximate solution of catalyst pellet problem 4.5.1. . . . . . . . .. .. ... ... 116
4.7 Approximate solution u(7) for Van der Pol problem 4.5.2 comparing MM, ;, RKM,,

and ABM, methods. . . . . . . . .. 118
4.8 Phase portrait comparison Van der Pol problem 4.5.2. . . . . . . .. ... ... ... 118
4.9 Mathieu equation on transition curve. . . . . . . . .. ... 121
4.10 Mathieu equation on near transition curve. . . . . . . . . ... ... ... ... ... 121
4.11 Absolute error relative error to RKMy on Mathieu equation. . . . . . . . .. .. .. 121
4.12 Approximate solution of Burger’s equation. . . . . . . . . .. ... ... ... .. .. 123
4.13 Approximate solution of heat conduction problem. . . . . . . . ... ... ... ... 124
4.14 Approximate solution of Hammerstein integral problem. . . . . . . . . . ... .. .. 126
4.15 Attraction basins of MMy 1, MM, o and MM, 3 methods, for the test problem 1. . . 128
4.16 Attraction basins of MMg 1, MMg 2 and MMjg 3 methods, for the test problem 1. . . 128
4.17 Attraction basins of MMy 1, MM, 2 and MM, , methods, for the test problem 2. . . 129
4.18 Attraction basins of MMg 1, MMg 2 and MMjg 3 methods, for the test problem 2. . . 129
4.19 Attraction basins of MM, 1, MM, 2 and MM, 3 methods, for the test problem 3. . . 129
4.20 Attraction basins of MMg 1, MMg 2 and MMjg 3 methods, for the test problem 3. . . 130
5.1 a Boundary between LM;; and ZM4;. b Region shaded if Rfﬁgi >1. ... ... 142
5.2 a Boundary between LM5; and LMj3;. b Region shaded if Riﬁzi >10.0 ... 143
5.3 a Boundary between LM7; and ZM4;. b Region shaded if Rfﬁ‘;i >1.. ... ... 143
5.4 a Boundary between LM7; and SAg;. b Region shaded if Ri&i’i >10 ... 144
5.5 a Boundary between LM7; and LM;5;. b Region shaded if R]ﬂﬁii >10. ... 144
5.6 a Boundary between LM7; and LMj3;. b Region shaded if Rlﬂﬁii >1.. 0.0, 145
5.7 Comparison of efficiencies between SA7 1, WZ7,, and LMz, for k = 10,---,50. . . 146
5.8 Efficiency log plot of Examples (E;) 5.5.1-5.5.4 w.r.t different methods. . . . . . . . 151
5.9 Discretization of the domain 0 < z,y < 1 with the step sizes Bk = 1/10. . . .. .. 154

5.10 Approximated solution of Poisson’s equation for z,y € [0, 1] by the method LM7,. . 156

xxii



List of Figures

5.11
5.12
5.13
5.14

6.1
6.2
6.3
6.4
6.5
6.6
6.7

7.1
7.2
7.3

7.4
7.5
7.6
7.7
7.8
7.9
7.10
7.11

7.12

7.13

7.14

Approximated solution of Fisher’s equation for ¢ € [0, 1] by the method LM7;. . . . 159
Efficiency log plot of Poisson’s and Fisher’s equation w.r.t different methods. . . . 160
Basins of attraction for iterative solvers. . . . . . . . ... ... L. 161
Basins of attraction for different iterative solvers. . . . . . . . ... ... ... ... 162
The attraction basins of different methods for solving f(z) =2*—1=0. . ... .. 168
The efficiency indices comparison of NM, ANM, HM, and LM. . . . . . . . ... .. 174
Clustering of eigenvalues of real matrix 100 x 100 in Experiment 6.6.1. . . . . . . . 176
Clustering of eigenvalues of real matrix 100 x 100 in Experiment 6.6.1 . . . . . . . . 177
The convergence history of different methods in Experiment 6.6.2. . . . . . . .. .. 178
The convergence history of different methods in Experiment 6.6.3. . . . . . . .. .. 178
The convergence history of different methods in Experiment 6.6.4. . . . . . . . . .. 179
The basins of attraction of distinct methods for solving equation f(z) =2? —1=0. 190

The basins of attraction of distinct methods for solving equation f(z) =2? —1=0. 191

The efficiency indices comparison of NM, ANM, HM, SM, LM, PM¢; and LM, with

the increase in m. . . . . . . .. 197
Clustering of eigenvalues of real matrix 100 x 100 in Experiment 7.8.1. . . . . . .. 199
Clustering of eigenvalues of real matrix 100 x 100 in Experiment 7.8.1. . . . . . . . 200
Clustering of eigenvalues of complex matrix 200 x 200 in Experiment 7.8.2. . . . . . 201
Clustering of eigenvalues of complex matrix 200 x 200 in Experiment 7.8.2. . . . . . 202
The convergence history of different methods in Experiment 7.8.3. . . . . . . .. .. 203
The convergence history of different methods in Experiment 7.8.4. . . . . . . .. .. 203
The convergence history of different methods in Experiment 7.8.5. . . . . . . . . .. 204
Comparison results of iteration number vs residual errors for the methods NM, AM,

LMy, LM,, ALM;, and ALM, using initial matrix Hy. . . . . .. .. .. ... ... 206
Comparison results of iteration number vs residual errors for the methods NM, AM,

LMy, LMy, ALM;, and ALM; using initial matrix Hy. . . . . . . . . . . .. . ... 207
Comparison results of iteration number vs residual errors for the methods NM, AM,

LMy, LM,, ALM;, and ALM, using initial matrix Hs. . . . . . .. ... ... ... 207

Comparison results of iteration number vs residual errors for the methods NM, AM,

LM;, LM,, ALM;, and ALM, using initial matrix Hy. . . . . . . .. ... ... .. 208



List of Figures

7.15 Comparison results of iteration number vs residual errors for the methods NM, AM,

LM;, LM,, ALM;, and ALM, using initial matrix Hs. . . . . . ... ... .. ... 209
7.16 Time comparison results of the methods NM, AM, LM;, LMy, ALM;, and ALM,
using initial matrix H;, j=1,2,3,4,5. . . . . .. . ... 209

XXiv



List of Tables

1.1

2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8
2.9
2.10

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8

4.1
4.2
4.3

Time elapsed and evaluation of EFs computing cost, where y = v/5 and z = /3 — 1 8

Numerical comparisons on Example 2.4.1 . . . . . . . . . ... ... ... ...... 53
Numerical comparisons on Example 2.4.2 . . . . . . . .. ... L. 55
Numerical comparisons on Example 2.4.3 . . . . . . .. . ... ... ... 56
Numerical comparisons on Example 2.4.4 . . . . . . . . .. ... ... .. .. ... . 57
Numerical comparisons on Example 2.4.5 . . . . . . .. . ... ..o 59
Convergence measures of methods for the test function fi(z) . . . . .. .. ... .. 60
Convergence measures of methods for the test function fo(2) . . . . . . ... .. .. 61
Convergence measures of methods for the test function f3(z) . . . .. ... ... .. 62
Convergence measures of methods for the test function fy(2) . . . ... ... .. .. 62
Convergence measures of methods for the test function f5(z) . . . . . ... ... .. 63
Numerical comparisons on Example 3.4.1 . . . . . . .. . ... ... ... ... ... 78
Numerical comparisons for Example 3.4.2 . . . . . . . . . . ... ... ... .. ... 80
Numerical comparisons on Example 3.4.3 . . . . . . .. . ... ... 80
Numerical comparisons on Example 3.4.4 . . . . . . . . . ... .. ... ... .... 81
Numerical comparisons on Example 3.4.5 . . . . . . . ... ... .. 82
Convergence measures of methods for test function py(z). . . . . .. .. .. ... .. 84
Convergence measures of methods for test function pa(z) . . . . . . . ... ... .. 85
Convergence measures of methods for test function ps(z) . . . . .. .. .. ... .. 87
Computational costs and efficiencies of different methods. . . . . . . . ... ... .. 109
Numerical comparisons on Example 4.5.1 . . . . . . . . .. ... ... ... ... .. 115
Comparison of iterative solvers for ¢ = 17.8885, F=003226 .. ........... 115

XXV



List of Tables

4.4
4.5
4.6
4.7
4.8
4.9
4.10

5.1
5.2

5.3
5.4
5.5
5.6
5.7
5.8
5.9

6.1

6.2
6.3

6.4

7.1

7.2
7.3

XXVi

Numerical comparisons on Example 4.5.2 . . . . . . . . ... ... L. 119
Comparison of methods for Van der Pol BVP (1= 0.5, 7 € [0,2], h = 0.07143) . . . 119
Comparative analysis of methods for the Mathieu equation solutions . . . . . . . . . 120
Numerical comparisons on Example 4.5.4 . . . . . . . . . . ... ... .. ... ... 123
Numerical comparisons on Example 4.5.5 . . . . . . . . . ... L. 125
Abscissas and weights of Gauss-Legendre quadrature formula for m=8 . . . . . .. 126
Numerical comparisons on Example 4.5.6 . . . . . . .. .. ... ... ... ... 127
Computational costs and efficiencies of different methods . . . . . . . ... ... .. 141
Estimation of CPU time and computational cost for elementary functions, where

T=vV3—land g =+5 . . ... 147
Comparison results on Example 5.5.1 . . . . . . .. . ... 0oL 148
Numerical comparison results on Example 5.5.2 . . . . . . .. . ... ... ... .. 149
Numerical comparison results on Example 5.5.3 . . . . . . . .. ... ... .. ... 150
Numerical comparison results on Example 5.5.4 . . . . . . ... ... .. ... ... 152
Numerical comparison results on Example 5.5.5 . . . . . ... ... .. ... .. .. 153
Numerical comparison results on Example 5.5.6 . . . . . . . .. ... .. ... ... 157
Numerical comparison results on Example 5.5.7 . . . . . . . .. ... ... ... .. 159
Comparisons in terms of iteration number using various random matrices of Experi-

ment 6.6.5 . . . . .. e 180
Comparisons in terms of CPU-time using various random matrices of Experiment 6.6.5180
Comparisons in terms of iteration number using a various random matrices of Ex-

periment 6.6.6 . . . . . ... L L 181

Comparisons in terms of CPU-time using various random matrices of Experiment 6.6.6181

Comparisons in terms of iteration number using various random matrices of Experi-
ment 7.8.6 . . . . L e e e e 204
Comparisons in terms of CPU-time using various random matrices of Experiment 7.8.6205

Comparisons in terms of R;, ,, using H; matrices for Experiment 7.8.7. . . . . . . | 208

n+1



List of Notations

N the set of natural numbers,

No the set of natural numbers including zero,

R the set of real numbers,

C the set of complex numbers,

R the set of positive real numbers,

R~ the set of negative real numbers,

Cct the set of positive complex numbers,

C- the set of negative complex numbers,

RF the set of all real k-tuple vectors,

CF the set of all complex k-tuple vectors,

RFx! the set of all real matrices of order k x [,

Ckx! the set of all complex matrices of order £ x [,

RF*k the set of all real square matrices of order k,

Chxk the set of all complex square matrices of order k,

T Transpose,

D the open interval that is subset of R,

f the nonlinear function defined on the domain D,

fi(x) the i'" order derivative of the function f(z),

m the multiplicity of the root,
the multiple zero of the function f(z) of multiplicity m > 1,

n the iteration number,

Ty the approximation of the root at the n'® iteration,

f(zy) the approximation of the function f(z) at the n'" iteration,

Y the rational map defined on extended complex plane (or the Riemann
sphere),

Dy (a*) the attraction basins which is the collection of those initial points 2y such

that their orbits converge to fixed point a*,

M/P mean value of iterations required by the algorithm per point,

XXVil



List of Notations

NC(%) the percentage of non-convergent points,
M¢/C mean value of iterations per convergent point,
ly, z; F] the first-order finite difference operator,
D the open convex domain that is subset of R”,
F the nonlinear function defined on the domain D,
F’ the first-order Fréchet derivative (or Jacobian matrix of order k),
[F'(z)]7! the inverse of first-order Fréchet derivative F'(z),
© the domain which is subset of C"™*™
F the analytic (or holomorphic) function defined on domain O,
sign(A) the matrix sign function of a matrix A,
S the matrix sign function or S = sign(A),
B, Banach space
By Banach space
S Convex domain which is a subset of ;
Field
Approximated order of convergence via actual solution
Pe Approximated order of convergence via functions
p Approximated order of convergence via three consecutive iterations
I Identity matrix

Identity matrix of order p

R

XXViii



List of Abbreviations

NT
CEI
DD
FE
EF
00C
ACOC
JCF
MSF
MSR
MMM
e-time
IVPs
BVPs
ODEs
PDEs
LCA
SLCA
LTID
BIBO
HPD
GM
AGM
AFP
SEFP
REF

Number of iterations
Computational efficiency index
Divided difference

Functional evaluation
Elementary function

Order of convergence

Approximated computational order of convergence

Jordan Canonical form

Matrix sign function

Matrix square root
matrix-matrix multiplications
Elapsed time

Initial value problems
Boundary value problems
Ordinary differential equations
Partial differential equations
Local convergence analysis
Semilocal convergence analysis
Linear time-invariant dynamic
Bounded-input bounded output
Hermitian positive definite
Geometric mean
Arithmetic-geometric mean
Attracting fixed point

Super attracting fixed point
Repelling fixed point

XX1X






Chapter 1

Introduction

1.1 General introduction

Computational mathematics plays a fundamental role in modern science and engineering by
providing effective tools for computing the numerical and symbolic solutions to mathematical models
arising in real-world applications. There are several computational aspects in physics, chemistry,
economics, fluid dynamics, statistics, functional equations, differential equations, number theory,
numerical linear algebra, and many other parts of applied mathematics that lead to equations for
which closed-form analytical solutions are either unknown or impossible to obtain. Therefore, one
of the most significant and fascinating areas of computational mathematics is to find accurate and

efficient numerical solutions to the nonlinear problems presented below:

(i) Scalar nonlinear equations:

f() =0, (L.1)

where f : D C R — R is a nonlinear sufficiently differentiable function on the open interval
D. In general, the solution 7 to a problem (1.1) is determined such that f(n) = 0. A root n
of the equation (1.1) is called a multiple root of multiplicity m if f'™(n) # 0 and f¥(n) = 0,

forl =0,1,...,m—1. The root with multiplicity m = 1 is called a simple root of an equation
(1.1).
(ii) Systems of nonlinear equations:

F(X) =0, (1.2)

where X = (X1, Xs,..., X;)T is an unknown vector and F : D C R*¥ — R* is a continuously

differentiable nonlinear function defined on a convex set D as (F1(X), Fo(X), ..., Fip(X))T.
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The goal is to find a vector X* such that F(X*) = 0. When k = 1, the equation (1.2) reduces

to the aforementioned case, i.e., the scalar nonlinear equation (1.1).

(iii) Nonlinear matrix equations:

F(X) =0, (1.3)

where F : © C C™™ — C™*™ is an analytic matrix function on some domain © and
X = [z;],1 < 4,57 < mis a m x m matrix that is to be determined. This definition is
formulated to adequately expand the concept of a function of a scalar variable f(z), where
z e C.

These three classes of nonlinear problems constitute the primary focus of many researchers from
different areas of science and engineering. In practice, exact analytical techniques are often in-
adequate for solving the complete mathematical formulation of these problems. These include
higher-degree polynomial equations [242, 243, 244, 289], transcendental equations [29, 66, 271],
nonlinear systems of equations [229, 263], integral equations [28, 252|, ordinary and partial differ-
ential equations [30, 31, 32, 239, 268|, IVP/BVPs [254, 255, 294, 354], linear systems [185, 205, 281]
and nonlinear matrix equations [54, 154, 222, 343, 344]. For instance, solving the Van der Pol

oscillator of the form:
d*u

dr?

w(0) =0, u(2) =1,

du
u? —1)— +u=0, p>0,
u( ) u 1.4

using the discretization technique based on central finite-difference formulae leads to an (I — 1) -

dimensional nonlinear system:
2h2Xs + h:u(XSZ - 1)(XS—1 - Xs—‘rl) + 2<X5+1 + Xs—l - 2XS) = 07 § = 17 2a s 7l -1

The system governing the current flow in a vacuum tube is obtained by partitioning the interval
[0,2] with a step size h = % Moreover, the nonlinear wave interactions and viscous flow can be

governed by a PDE, also called Burger’s equation [289], having a mathematical form:

v Ou ou
W - E +Ua —|—R(l,7’) - 07 (l7r) < [07 1] X [071]7

w(0,7) =u(l,r) =0, (1.5)
a(l,0) = 1001 — 1), u(i,1) = 2L=D

e
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where R(l,r) = —10[10[(1 — 31 4 21%) + €"(2 — [ + [*)] /e*" is a source term, and the solution is
constrained by mixed boundary conditions. The finite difference discretization leads to a large
nonlinear systems that requires numerical iteration for its solution.

In addition to such nonlinear systems, an important class of problems consists of nonlinear
matrix equations, where the unknown variable is a matrix and the nonlinearity is induced by matrix

products. A representative example is the Yang-Baxter-like matrix equation [112, 116] of the form:
AXA=XAX, (1.6)

which arises in quantum group theory and knot theory. The nonlinear and matrix-valued nature
of the equation (1.6) makes analytical solution techniques impractical. Moreover, direct methods
are applicable only to restricted classes of equations (see [6]). As a result, indirect methods have
become necessary for obtaining approximate solutions that are close to exact solutions to complex
mathematical models.

Under suitable conditions, numerical algorithms generate sequences of approximations that
converge to the desired solution. In real-life models, engineers and scientists use a wider range of
numerical methods to work with large-scale and complex mathematical models. These techniques
use the algebraic and structural properties of the governing equations to create fast and accurate
ways to solve a wide range of problems. Typical examples include the problem of studying the flow
of current [303], the three-body problem in a gravitational field [251], the problem of eigenvalue
clustering [162], the problem of calculating the potential field produced by a specific distribution
of electric charge [303], the problem of computing the solution of algebraic Riccati equations [110,
319, 320], the problem of computing invariant subspaces [36], the chemical equilibrium relations
combined with mass balance [76, 149], the computation of generalized inverses [342] and geometric
mean of Hermitian matrices [167]. Such methodologies also appear naturally in many engineering
applications, including linear-time invariant dynamic (LTID) control systems [64], such as the blood
glucose control for diabetes patients [267], the three-state continuous stirred tank reactor models
[284], the maleic anhydride production in fluidized bed reactors [208], the tenth-order transfer
functions [163], and the pneumatic conveying batch dryers [288], and the BIBO stability [123].

Generally, the scope and effectiveness of numerical techniques have expanded considerably due
to the rapid development of digital computers. Since computer systems represent one of the most

important ways to solve complex mathematical models in fields such as physics [289], chemistry
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[69], mechanics [261], economics [66], and biology [4]. As a result, the design and implementation
of modern numerical algorithms have undergone a significant transformation.

Newton’s method is perhaps the most frequently used technique for scalar problems, as it can be
extended from scalar to other variants for solving nonlinear matrix equations or systems of nonlinear
equations. The method is characterized by its simple structure and faster convergence. For scalar
nonlinear equations, systems of nonlinear equations, or nonlinear matrix equations, computing the
derivative of a function or the inverse of a matrix can be too costly or difficult to obtain. As a result,
Newton’s method and other derivative-based methods have become insufficient. Consequently, the
study increasingly concentrates on eliminating its derivatives. The secant method, analogous to
Newton’s method and free of derivatives, has been developed and continues to captivate academics
worldwide. Newton’s method is indeed of quadratic order, requiring several iterations to achieve
high accuracy, even when the solutions are less precise. Given this, derivative-free methods are
formulated to address nonlinear problems. Researchers also emphasize a higher convergence order,
resulting in fewer iterations. Even though they require a lot of calculations, computer softwares
like MATLAB and MATHEMATICA have made the process easier. These tools make it easy to
perform both symbolic and numerical calculations, break large tasks into smaller ones, and help
students to understand the concept better by showing them in graphs, which would be hard to do
manually.

Nevertheless, one must carefully consider the significant concepts presented in the preced-
ing problems. The key principles of discretization, conditioning, numerical error, and algorithmic
stability significantly impact the theoretical structure of any numerical problem. Therefore, when
selecting a method, it is essential to evaluate algorithms based on several factors, including accuracy,
the number of operations required, and efficiency.

The primary objective of this thesis is to discuss and incorporate our research on the develop-
ment of efficient numerical algorithms for solving nonlinear problems. We are particularly interested
in developing methods that have high-order convergence, reduced computational cost, low execution

time, high accuracy, larger basins of attraction, and a simple structure.

1.2 Fundamental concepts of nonlinear problems

We begin by recalling basic definitions and results on iterative methods for solving nonlinear prob-

lems, thereby making this chapter self-contained. The notation defined below is used globally for
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the rest of this work.

1.2.1 Jacobian matrix

The Jacobian matrix provides the matrix representation for the first-order Fréchet derivative F'(X).

Its entries are the first-order partial derivatives of the component functions of F/(X), given by

[or,  oF .. R ]

0X1 0X2 0Xy,

OF, 0F, .. OF

F/ (X) — 8).(1 8).(2 8Xk
o,  OF, . OF
LOX1 0Xo X,

1.2.2 First-order divided difference

For a multivariable function F, the first-order divided difference is expressed as a bounded linear
operator [-,; F] : D x D C R* x R* — L(R¥), where D is a convex subset of R¥. According to
Ortega [263], this operator is defined by the relation

Y, X;Fl(Y = X)=F(Y)-F(X), V(X,Y)eDxD, X=#Y. (1.7)

Potra and Ptak [274] observed that for £ > 1, the definition above does not uniquely specify the
divided difference. When F is differentiable, an integral representation of the divided difference can

be given as
1
[X+h,X;F]:/ F'(X +th)dt, ¥ (X,X+h)eDxD, (1.8)
0

where h =Y — X. In this formulation, the operator [-, -; F] corresponds to a k x k matrix.

1.2.3 Order of convergence

Consider a sequence {X (")}OO o in R* generated by an iterative method and converging to a solution
n=

X* of the system F(X) = 0. The rate of convergence is classified as follows:

1. Linear convergence: The sequence converges linearly if there exists a constant M € (0,1) and

an integer ng > 1 such that for all n > ny,

XU — X < Mfx ™ - X7 (1.9)
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2. Convergence of order p: For p > 1, the sequence is said to converge with order p if there exists

a constant M > 0 and an integer ng > 1 such that for all n > ny,
| XD — X < MIIX™ — X*|P. (1.10)
Specific cases are termed as quadratic and cubic convergence when p = 2 and 3, respectively.

1.2.4 Error equation

Define the error at the n'" iteration by ¢™ = X — X* where {X ™} is the sequence produced by
the iterative method and X* is the exact solution. Then, the error equation of an iterative method

can be expressed as

gt — L(g(n))p 4 O((ﬁ(”)>p+1> ’ (1.11)

where L € L(RF x --- x R* R¥) is a p-linear operator, and p denotes the order of convergence.

Recall that a p-linear function is linear separately in each of its p arguments.

1.2.5 Computational order of convergence

Let XD X®™ and X®™*) be three consecutive iterates near the solution X* of the system

F(X) = 0. The computational order of convergence (COC) [363] can be approximated as

- log (||X(n+1) — X/ HX(n) . X*H) L -
P Tog (IX0T — X[/ [XeD—x7)° "= b5 |

The COC is used either to verify the actual convergence order of an iterative method or to measure
how closely it matches the theoretical order in practice. A major limitation of this formula is its
dependence on the exact solution X*, which is generally unknown. To circumvent this, the following

alternative approximation, proposed by Jay [176], is often employed:

log (JEX ™)/ [FX™)])
7 Tog (IFCXON /X))

n=12 ... (1.13)

Here, X1 X and X1 are three consecutive iterations close to the zero X* of the system
F(X). Another way to avoid using the value of unknown zero X* is with help of approximated

computational order of convergence (ACOC), which was introduced by Cordero and Torregrosa
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[101] and is given by

log ([|X™+D — X || /|| X — X 0=D])
log ([ Xt — X0=D] / [ X (1) — X2’

P~ n=2.... (1.14)
This expression estimates the convergence order using only the computed iterates, avoiding any

need for the exact solution.

1.2.6 Efficiency index

The computational efficiency of an iterative method (see [265]) is measured with the help of efficiency
index

E = ps, (1.15)

where p is the order of convergence and 6 is the number of functional evaluations per iteration,
which includes evaluation of functions and its derivatives. To compare various iterative techniques,
a tool called the computational efficiency index is used.

The definition (1.15) has been modified for systems of nonlinear equations because while dealing
with nonlinear systems, the total operational or computational cost per iteration is the sum of
the evaluations of functions and the derivatives involved per step. In 2011, Grau-Sanchez et al.
[142] developed the idea of estimating the computational cost when solving a system of nonlinear
equations. An iterative approach with convergence order p has the computational efficiency index
(CEI) as given by

CEI = p'/Clhonkl), (1.16)

Here, the computational cost per iteration is given by
C (o, pi1, k, 1) = Popiok + Piuik* + P(k, 1), (1.17)

where Py and P; depict the number of evaluations of F'(X) and F’(X), respectively. For computation
of F', one needs to evaluate k scalar functions, whereas the number of scalar evaluations is k? for
any new derivative F’. Here, P(k,[) is the number of products and quotients needed per iteration,
[ is the ratio between quotients and products, pg > 0 and p; > 0 are the ratios between products
and function evaluations of F and F’, respectively.

Additionally, we must take into account the computational cost associated with calculating a
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matrix inverse. The LU decomposition entails k(k—1)/2 quotients and k(1 —2k)(1—k)/6 products,
prompting us to resolve a linear system rather than compute the inverse operator. Furthermore,
solving two triangular linear systems requires k quotients and (k — 1)k products. We also consider
k products when performing matrix-vector (or scalar) multiplication or when multiplying a vector
by a scalar. Furthermore, we examine a quotient that is comparable to the [, products.

However, in case of derivative-free iterative methods, the computing cost at each iteration for

a k-dimensional nonlinear system is evaluated through the following expression:

where A(k) denotes the count of scalar function evaluations (FEs) in F' and [z,y; F]. However,
p > 0 is the ratio between the products and FEs of F. The function P(k,l,) denotes the count of
products or quotients required at each iterative step. In order to examine (1.18), we should evaluate
each possible factor that contributes to the total computational cost. For instance, to evaluate F' in
an iterative technique, we consider k scalar functions and consequently 2(k — 1)k scalar functions
for each DD, i.e., [X,Y; F] (see [132]), where F/(X) and F(Y') are computed separately. Moreover,
we take into account the computational effort needed to reckon a matrix inverse. As a result, we
solve a linear system instead of computing the inverse operator since the LU decomposition has
k(k—1) k(k—1)6(2k—1)

22—, quotients and

5 products. Furthermore, k& quotients and k2 products are needed for

resolving two triangular linear systems. Additionally, for multiplication of the matrix by a vector, k2
products and vector by a scalar, k products are counted. We consider a quotient to be comparable
to [, products.

In order to estimate the values in each problem, we expressed the cost of every elementary
function in product units in Table 1.1, and accordingly, the value of is approximately 2.6, which
directly depends on the software, computer system, and the arithmetic used [127]. All the compu-
tational work has been performed in the programming package MATHEMATICA 11 or 13 [365] on
a 64-bit machine with an Intel(R) Core(TM) i7-7600U CPU @ 2.80GHz and Microsoft Windows 11

as the operating system.

Table 1.1: Time elapsed and evaluation of EFs computing cost, where y = v/5 and = = v/3 — 1

EFs Ty  xfy VT e” In(z) sin(z) cos(z) cos7i(x) tan~!(x)
CPU time 0.0125 0.0296 0.0109 0.3437 0.2813 0.4844 0.4687  0.3906 0.3594
Cost 1 2375  0.875 27.5 22.5 38.75 37.5 31.25 28.75
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Remark 1.2.1. Throughout this work, the computational cost of iterative methods is evaluated fol-

lowing the approach of Grau-Sanchez et al. [142] (Case 1), which provides a systematic comparison.

1.2.7 Fixed point iteration

A function ¢ : D C R*¥ — R* is said to have a fixed point at X* € D if
(X)) = X™. (1.19)

The problem of solving a nonlinear system F'(X) = 0 is connected to the fixed-point formulation.
Indeed, one can construct a continuous mapping G : R¥ — R* defined on a closed set D C R*
such that G(D) C D and G possesses a fixed point X* that coincides with a solution of F'(X) = 0.
One natural construction is G(X) = X — F(X). It should be noted that this representation is not
unique; many different G may yield the same solution X*. Conversely, if G admits a fixed point
X*, then the function defined by F(X) = X — G(X) has X* as a zero. This equivalence provides

the use of fixed-point iteration to solve nonlinear equations. The iterative procedure is given by
X+ = G(X(">), n € Ny, (1.20)
where G is referred to as the iteration function.

1.2.8 Classification of iterative methods

Traub [351] classified iterative methods into two main categories, namely one-point and multi-
point methods, which can be further subdivided into two subclasses based on their formulation and
computational features.

1. One-point iterative method without memory: In this class of methods, the next iterate
X @+ depends only on the current approximation X ™, and no previously computed information

is reused. Accordingly, the iteration can be written as
X+ = G(X(">) . neNy, (1.21)

where G is referred to as a one-point iteration function without memory.

One-point iterative method with memory: Here, the new approximation X ™+ is obtained
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(n

using both the present iterate X and a finite number of earlier iterates X1 ... X9 The

corresponding iterative process is given by
X0 = (X XD X)) e, (1.22)

where G denotes a one-point iteration function with memory.

2. Multi-point iterative method without memory: In this category, the next iterate X "1 is
computed using only newly generated quantities based on the current approximation X ™ namely
wi (X™), ... wy(X™) with ¢ > 1, and no previously stored information is utilized. The iterative

process is expressed as
X0 = G(XM w (XM), . wg(X™)), ne RN, (1.23)

where G is referred to as a multi-point iteration function without memory.

Multi-point iterative method with memory: In this case, the new approximation X1 is
obtained from a set of newly generated values Z(™ = {X®™ 1 (X™) . w,(X®™)} together with
a finite number of previously computed sets Z™1 ... Z("=%)  Accordingly, the iteration is given
by

(1) — G(z(n); A Z(n—S)) . neN, (1.24)

where G denotes a multi-point iteration function with memory.

1.2.9 Taylor’s theorem

Now, we define the following hypothesis, based on Taylor’s expansion of vector functions (see
[263]), to examine the convergence analysis of an iterative scheme.
Lemma 1.2.1. Suppose F' : D C RF — RF is a Fréchet differentiable function on a open convex
subset D of R¥. Then,

1
(r—1)!

F(X +§) = F(X) + F(X)¢ + 2 F/(X)E 4+ +

] FODXET +C,  (129)

1 ,
for all X, ¢ € RY, where ||C,]] < = sup [[FO(X + I €], and & = (€, & 74 €).

We outline a few notations and findings (see [89]) that must be satisfied by each iterative

10
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scheme. Let I be r-times Fréchet differentiable function with 7 > 1. The r-linear function F™(u) :
R x ... x R¥ — R* denotes the r'" derivative of F' at u € R*. It is simple to see that

(i) FOw)(hy, .., by, ) € L(RY),
(i) FO(u)(haq)s - - - s ha@y) = FO W) (ha, .. hy), YV a € {1,2,...,r}
Based on these properties, we define

(i) FO(u)(hy, ..., k) = FO(u)hy, ... by,
(ii) F(r)(u)hr—lF(p)hp — () (U)F(p)(u)hrﬂ,_l'

1.3 Fundamental concepts in the Banach spaces

We now present an overview of the concepts above and notions in the context of Banach spaces.

1.3.1 Banach space

A Banach space is a complete normed vector space. More precisely, it is a vector space B over
the field of real or complex numbers, equipped with a norm ||-|| : B — R satisfying the following

properties for all z,y € B and any scalar a:
1. Positive definiteness: ||z|| > 0, and ||z|| = 0 if and only if z = 0.
2. Homogeneity: ||az| = | ||z||.
3. Triangle inequality: ||z +y| < ||z|| + ||y

Additionally, the space must be complete with respect to the metric induced by the norm, i.e., every

Cauchy sequence in B converges to an element within B.

1.3.2 Linear operator

Let By and B, be Banach spaces defined over an arbitrary scalar field S. A mapping F': By — Bs

is termed additive if it preserves vector addition, i.e.,
F(xy 4 x9) = F(x1) + F(x9) for all zy, 29 € By. (1.26)
It is called homogeneous if it respects scalar multiplication

F(sx) = sF(x) forall z € B; and s € F. (1.27)
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Chapter 1. Introduction

A mapping that is both additive and homogeneous is known as a linear operator.

Furthermore, we say a linear operator is bounded when the image of every bounded subset of B;
is itself bounded in B,. This property is fundamental in functional analysis, as it ensures continuity
and facilitates many central results, including the classical uniform boundedness principle and the

theory of linear functionals.

1.3.3 Fréchet derivative

The Fréchet derivative extends the classical notion of differentiation from real-valued functions
to vector-valued operators defined on Banach spaces. Let F' be an operator mapping on a Banach
space B; into another Banach space By. We say that F' is Fréchet-differentiable at a point xg € B;

if there exists a bounded linear operator L : B; — Bs such that

Lo I PG+ b) = F(a) = Lh)|

0. 1.28
s Tl (1.28)

This limit must hold uniformly regardless of the direction in which h approaches zero. The operator

L is uniquely determined and is denoted by F’(xg), referred to as the first Fréchet derivative of F’
at xg.

For any = € B; and sufficiently small dz € B, the Fréchet differential 6F(x) = F'(z) iz,
provides a local linear approximation to the increment F(x + dx) — F'(x), making it a useful tool

for analyzing functional variation in infinite-dimensional settings.

1.3.4 Invertible operator

The existence of inverse operators in Banach spaces is characterized by the following fundamental
result, often referred to as the Banach lemma on invertible operators.
Theorem 1.3.1. Let F' be a bounded linear operator on a Banach space Bi. Then, the inverse
operator F~1 exists if and only if there exists a bounded linear operator L on By such that L™
exists and
|l — LF| < 1.
Moreover, if F~1 exists, it can be expressed via the Neumann series

F'=>(I-LF)"L, (1.29)

n=0

12
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and its norm satisfies the estimate

: 1]
174 < — (1.30)

11— LF|
This theorem provides a constructive criterion for invertibility and is important in the analysis

of linear operators, particularly in perturbation theory and iterative methods in functional analysis.

1.3.5 Local and semilocal analyses

Let By and By be the two Banach spaces. Here, we posit that F': S C B; — Bs is a nonlinear
operator mapping on a convex, open, non-empty, subset S of B; space. The task of approximating
locally unique solutions to equations of the form F'(z) = 0 using iterative methods naturally gives
rise to four fundamental problems in numerical analysis.

The first problem is to demonstrate the well-defined nature of iterates. For instance, if the
algorithm involves evaluating F' at each x,,, it must be ensured that the iterates remain within the
domain of F'. While it’s generally challenging to identify the precise set of initial data for which a
process is well defined.

The second one is to address the sequences convergence that is produced by an algorithm and
ascertain if their limit points actually represent solutions to F'(z) = 0. Mainly two types of con-
vergence results exist. The first, termed a local convergence analysis (LCA), assumes the existence
of a particular solution z* and asserts the existence of a neighborhood U of z* such that, for all
initial vectors in U, the iterates converge to z*. The second type, a semi-local convergence analysis
(SLCA), does not require knowledge of a solution but guarantees convergence to some nearby solu-
tions x* from initial vectors satisfying specific, often stringent conditions. These theorems usually
provide computable estimates for the error z,, — x*, unlike local convergence theorems.

The third is to address the efficiency of overall operations, precisely the convergence speed for
a given sequence. Two approaches correspond to LCA and SLCAs. The latter often yields error
estimates, which may be reinterpreted as estimates of the sequence’s convergence rate. However,
these estimates tend to be overly pessimistic. The second approach explores the behavior of the
sequence {x,} as n becomes large, particularly when z, is near solutions x*. This behavior is
determined, to a first approximation, by the properties of the iteration function near z* and leads
to asymptotic rates of convergence.

The last one is to determine the optimal selection of an algorithm or software program for
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Chapter 1. Introduction

solving a particular problem, along with specifying the conditions under which a given algorithm
or method proves successful or unsuccessful.

More specifically, the problems defines that if the algorithm evaluates F' at every z,,, it must
be ensured that the iterates locate within the F' domain. While it’s generally challenging to identify
the precise initial data set for a iterative procedure is well-defined, we focus on providing conditions

that guarantee the well-defined nature of an iteration sequence for specific initial guesses.

1.4 Fundamental concepts of matrix sign function

We now present an overview of the concepts above and notions in the context of matrices.

1.4.1 Matrix function via Cauchy integral form

The matrix function F(A) of any given matrix A € C™*™ is generally defined by the Cauchy

integral formula as follows:

F(A) = 5 § FOCI - A)ac, (1.31)

- 2mi

where F : © C C — C is a holomorphic function in a closed loop o that envelopes each eigenvalue
of A (or simply the domain of F should contain these eigenvalues analytically) and I is an identity

matrix of order m x m .

1.4.2 Matrix function via Jordan canonical form

Let F be a function defined on the spectrum of a matrix A € C™*™. Suppose A admits the
Jordan canonical form A = UJU™!, such that U™tAU = J = diag(J, Ja, . . ., Jp). Then,

F(A)=UF(NHU ' = Udiag(F(L), F(Ja), ..., F(J,))U, (1.32)
where i Foun(3)]
FA) F(A) e 1)1
F(Jy) = F(Ag) : ,
F'(Ag)
i FA)
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U is non-singular, J, = J,(A;) € C™*™ is a Jordan block and Y>7_; mq = m. The Jordan canonical
form J of a matrix is determined uniquely, except for possible reordering of its constituent Jordan
blocks. However, the similarity transformation matrix U that satisfies A = UJU ! is not unique.
For each distinct eigenvalue )\, of A, we define its index m, as the size of the largest Jordan block

associated with A,.

1.4.3 Matrix function via Hermite interpolation

Let A € C™™ and suppose F is defined on the spectrum of A. Denote ¢ be the minimal
polynomial of A. We define F(A) := P(A), where P is a polynomial of degree less than degi) =

Y71 m; that satisfies the Hermite interpolation conditions:
PON)=F90N), j=01,....m—1, i=12...,5. (1.33)

The polynomial P satisfying these conditions exists and is unique; it is called the Hermite interpo-

lating polynomial.

Remark 1.4.1. The three definitions of the matriz function are equivalent, provided that in the
Cauchy integral definition, F is analytic in a domain containing the spectrum of the matriz. For
more details, readers can refer [154]. However, in this work we majorly use the definition of matriz

function via JCF.

Remark 1.4.2. A wide class of matriz functions can be defined using the notions introduced above.
However, the present study is restricted to the matriz sign function (MSF). Accordingly, all subse-

quent definitions are defined specifically with respect to the MSF.

1.4.4 Matrix sign function

It is known that in scalar case, the sign function is represented for each ( € C not located on
imaginary axis by
+1, R(¢) >0,
sign(¢) = (1.34)
-1, R <0.
where R represents the real part of (. This definition can be extended to matrices via matrix

function definition 1.4.2. Suppose that nonsingular matrix A € C™*™ has no eigenvalues on the

imaginary axis. Then, the matrix sign function for a matrix A having JCF, A = UJU ! is defined
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by

sign(A) =U Ut (1.35)

1.4.5 Properties of matrix sign function

Let A € C™*™ has no eigenvalues on the imaginary axis and let S = sign(A). Then
(i) S? =1, i.e., S is involutory,

(ii) S is diagonalizable with eigenvalues 41,

(iii) SA = AS,

(iv) if A is real, then S is real,

(v) (I—S)/2and (I+95)/2 are projections onto invariant subspaces that correspond to eigenvalues

in the left and right half-plane, respectively.

1.4.6 Order of convergence

The order of convergence of a matrix iteration for computing the matrix sign function S is defined
analogously to the vector case. Let {&X,}5°, be a sequence of matrix iterates. The iteration is said

to have order p if there exists a constant M > 0 such that

1t — S|l < M1, - S|P (1.36)

1.4.7 Asymptotic stability

Let {X,}5°, be a sequence generated by a matrix iteration for computing the matrix sign function
S. The iteration is said to be asymptotically stable if nh_)rgo X, = S, and for any sufficiently small
perturbation & in the initial matrix Xy, the corresponding perturbed sequence {5(2}20:0 satisfies

lim || X, — X,|| = 0. (1.37)

n—o0

Remark 1.4.3. [t is worth distinguishing between stability and asymptotic stability. Stability en-
sures that the iterates remain close to the solution under sufficiently small perturbations of the

initial matriz, whereas asymptotic stability additionally guarantees that the iterates converge to the
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solution as the iteration index tends to infinity.

1.4.8 Matrix sign decomposition

Suppose that matrix A € C™*™ has no eigenvalues on the imaginary axis. Then, the matrix sign

decomposition is given by (see [155, 210])
A= SN = A(A?) V24212, (1.38)

whereas S = A(A?)~'/2 is the matrix sign function which generalizes the scalar formula sign(¢) =

¢/(¢®)"? and 1/2 denotes the principal matrix square root of a given matrix.

1.5 Basins of attraction

Different iterative methods are analyzed from various perspectives. The investigation into the
basins of attraction of scalar iterative methods is a current area of research. This study facilitates
the classification of different iterative methods based on their order of convergence and aids in
analyzing how these formulas perform relative to the chosen initial approximation. This approach
not only allows for the selection of family members with superior stability properties but also enables
the categorization of iterative methods of the same order according to their dynamic behavior. A
concise recall of some basic ideas concerned with the visual tool is provided in the research article
[358].

In order to determine the complex zeros of a complex polynomial p(z), Cayley [71] employed
the well-known Newton’s method [351], given by

— . p(zn)
Znil = Zn P (1.39)

In fact, Cayley [71] discovered that if we know a function’s zeros, we can check the behavior of
different initial guesses through the Newton’s approach. Further, in 1918 Julia [180] demonstrated
that the answer lies in the theory of basins of attraction. To understand the concept more appro-
priately, assume the rational map 1 : C — C on extended complex plane (the Riemann sphere).

Let zg € C be any point, and we define its orbit like

{207 ¢(Zo)7 ¢2(Zo), ce ,wn(ZO), .. }
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Usually, we call a point zy € C as periodic point with period ¢ (where ¢ is the least positive
integer) if 19(29) = 2z9. Accordingly, when ¢ = 1, a fixed point is named as a periodic point. If
|1 (20)] < 1 then a complex point zy is attracting, repelling if |1)'(zo)| > 1, neutral if [¢)'(20)] = 1
and super attracting if |¢'(z)| = 0. Consider o* be a attracting fixed point of the rational function
1. Concerning each attracting fixed point a*, the attraction basins (denoted by D;(a*)) is defined

as the collection of those initial points 2y such that their orbits tend to a* as n increases, given by
Di(a) ={z0 € C:¢Y"(29) —» & as n — oo}. (1.40)

The collection of all points whose orbits are approaching attracting fixed point a* is called the
Fatou set. Its complementary set is called the Julia set. The Julia set represents the closure of the
set where fixed points are repelling, which confirms the lines between the basins of the respective
zeros. Therefore, the basins of attraction technique permits us to choose those initial points that
converge to the desired root when we employ an iterative scheme on a polynomial. Moreover, we
can visualize those initial points which are not suitable candidates for an iterative method.

In each example, we take the grid points 512 x 512 and choose zy € C as the initial point in
D, where D = [—3,3] x [—3, 3] represents the rectangular domain in C such that it contains the
desired root of an equation p(z) = 0. In addition, if the root is not enclosed in the domain D, we
can enlarge the domain accordingly. When we draw basins, there are two possibilities that a scheme
starts with initial point zg € D may or may not converge to the zero of a function p(z). To estimate
the attraction basins, we use the value 0.001 in the convergence-stopping rule, which is limited to
25 iterations. If the tolerance is not attained in the expected number of iterations, the scheme will
be discarded, including any findings that show non-convergence in the iteration formula beginning
with z5. We allow one color to each initial guess zg as we form the attraction basins. The basins
with the designated color are generated if the numerical approach converges for the initial point.
Otherwise, it will be shaded black as the scheme diverges in the expected number of iterations.

For instance, consider p;(z) = (22 —1)? and py = (23— 2)? be the polynomials with multiplicity
two and three, respectively. The basins of attraction for these two polynomials are shown in the
Figure 1.1 using modified Newton’s method. For the polynomial p;(z), if the initial guesses are
converging to the —1 and 1, than it will be colored yellow and red, respectively. However, if the
initial guess for the polynomial py(z) converges to the roots —1,0 and 1, it will be colored yellow,

red and green, respectively. The required roots are denoted by white point in the attraction basins.
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1.5 Basins of attraction

The dynamic nature of a rational map in the context of an vectorial iterative approach is also

-1.5 0. 1.5 3.

Figure 1.1: Basins of attraction of the polynomials p;(z) and pa(z2).

important for understanding the convergence and stability of the method, which was first analyzed
by Cordero et al. [103] who studied the behavior of several methods on particular polynomial sys-
tems. Let ¢ : R¥ — R* denote the vector rational map. The orbit of a point X(© € R¥ represents the
set containing successive images of X (?) via the map 1, denoted as {X© (X ©) ... *¥(X©) . }.
Further, the orbit can categorize the behavior of any point in R¥ pivoting on its asymptotic behav-
ior. A fixed point X* € R* of ¢ is a point such that 1(X*) = X*. The stability of fixed points can
be classified using the practical tool described in [85]. Consider X* denotes the fixed point of ).
Then, X* is
(a) attracting fixed point (AFP), if ’8% ‘ <3

(b) super attracting fixed point (SFP), if M” ‘ =0,

(c) unstable or repelling fixed point (RFP) and belongs to the Julia set, if aw,(x )‘ > 1

where 1);(x) are the coordinate functions of the fixed point multivariate function ¢ and i,; €

{1,2,...,k}. The following set of pre-images of arbitrary order
B(X*) ={X e R : (X)) - X*, n — oo}

are referred to as the basin of attraction B(X*), whereas F(¢) denotes the Fatou set containing
points whose orbits are approaching the AFP, i.e., X*. In contrast, the set consisting of the closure
of RFPs, referred to as the Julia set, denoted by J(v), apparently specifies the borders between the

attraction basins. For instance,
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Problem 1: Consider a nonlinear system

X2-1 =0,
Fi(X1,X,) = (1.41)

X2-1 =0,

that has four exact solutions X7 = (1,1)7, X5 = (1,-1)", X3 = (-1,1)T, Xj = (—1,—1)7, where
yellow, green, blue, and red colors are allocated to each initial point that converges to the solutions
X7, X5, X5 and X, respectively, as shown in Figure 1.2.

Problem 2: Let us suppose a nonlinear system

— X+ X?—3X,X2 =0,
FQ(Xl,XQ) - (142)

— X, +3X2X, — X3 =0,

having three solutions X7 = (—1,0)7, X3 = (0,0)T, X3 = (1,0)7, where green, red, and yellow
colors are allocated to each initial point that converges to the solutions X7, X3, and X3, respectively,

as shown in Figure 1.2.

Figure 1.2: Basins of attraction of nonlinear systems F}(z) and F»(z) using Newton’s method

1.6 Literature review

The study of complex real-world phenomena often depends on mathematical models expressed
through nonlinear equations. The inherent nonlinearity of these models makes their analysis chal-
lenging, and finding their solutions is important for understanding the underlying physical processes.

While analytical solutions are generally infeasible, iterative numerical methods provide a practical
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alternative, yielding approximate solutions to nonlinear problems up to a desired accuracy.
The development of iterative methods for efficiently approximating the roots of three major

classes of problems:
(i) simple or multiple roots of nonlinear equations,
(ii) solutions of system of nonlinear equations,
(iii) solutions of nonlinear matrix equations,

represents a rich and challenging area in numerical mathematics. For more than four centuries,
these so-called root-finding or zero-finding problems have attracted considerable research interest,
resulting in an extensive body of literature. Generally, two important classes of methods are used to
solve such problems: direct and iterative methods. Direct methods yield the exact roots in a finite
number of steps and often provide all roots simultaneously. However, their applicability is limited;
for instance, no direct method exists for solving every polynomial equation of degree greater than
four. Consequently, one usually goes to iterative methods.

The idea behind iterative techniques is to make successive approximations, starting with one
or more initial guesses. A recurrence formula is used to make a series of approximations that, when
the suitable conditions are met, converge to the desired root. The literature has proposed a vast
number of such methods. Since exact solutions are rarely attainable, the goal of iterative methods is
to produce an approximate root that lies within a prescribed tolerance. This practical requirement,
together with the fact that no single iterative method works well for all types of problems, explains
the considerable diversity of research in this field. For a comprehensive overview of the fundamental
iterative schemes, the reader may consult standard books by Traub [351], Ostrowski [265], Ortega
and Rheinboldt [263], Petkovié¢ et al. [268], Argyros and Magrenan [22], and Higham [154].

The design of iterative schemes generally focuses on a few, such as good convergence properties,
computational efficiency, numerical stability, robustness, and low algorithmic complexity. However,
the convergence of these methods depends on factors such as the initial estimates, the behavior of

the function and its derivatives near the root, and the presence of a bracketing interval for the root.

1.6.1 Literature review on the scalar nonlinear equations

We begin with the simplest problem, i.e., finding a simple root of a scalar nonlinear equation
f(z) = 0. Classical methods for this task include the bisection method, the regula-falsi method,

the secant method, Newton’s method, and its variants. The bisection and regula-falsi methods
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are globally convergent but only linearly convergent, with an efficiency index of 1. However, they
cannot handle the roots of even multiplicity. The secant method converges superlinearly, while
Newton’s method converges quadratically.

Most iterative methods can be derived geometrically [16, 77, 203, 265, 351] by approximating
the function near the root with a simple curve (e.g., a straight line, parabola, hyperbola, circle, or
ellipse). Other common derivation techniques include compositional techniques [213, 214], weight-
function approaches [133], inverse interpolation [268, 351], sampling methods [79, 174, 175, 258],
Adomian decomposition [2, 3, 7, 8, 9, 78, 268|, quadrature formulas [245], power-mean approaches
[201], and functional approaches [204, 300]. For example, Newton’s method [351] can be obtained
by fitting the tangent line y(z) — f(z,) = f'(z,)(z — x,), and setting y(x,41) = 0, which yields the
iteration

Tpy1 = T — ff/((zz)), n e Ny. (1.43)

This is perhaps the most classical root-finding algorithm. It requires two function evaluations per
step (one of f and one of f’) and has an efficiency index of /2 ~ 1.414. Nevertheless, Newton’s
method has several well-known drawbacks, as it requires the evaluation of the first derivative at
every step, which may be expensive or impractical. Its convergence depends critically on a correct
initial guess since a poor choice may lead to divergence or slow convergence. The method fails if
the derivative f’(x,) equals zero near the root.

To address the first problem, Steffensen [345] proposed a derivative-free variant

" — flan)?
o ! f(@n + f(zn)) — f(2n)

n e Ny, (1.44)

which replaces f’(x,) by a finite difference. This scheme retains quadratic convergence and is often
referred to as a Steffensen-type method. To alleviate the second difficulty, Wu [367] introduced the

family
f(xn)

Tn41 = Tp — f/(xn) — Alf(xn)’

This method converges quadratically even when f'(x,) = 0 at some points, as long as f'(x,) —

M f(z,) # 0. The classical Newton method corresponds to A\; = 0.

)\1 € R, n € NO. (145)

Several other quadratic families have been derived from different conic sections, e.g., the ellipse
method of Gupta et al. [145] does not fail when f’(z,,) is small or zero. Higher-order one-point itera-

tive methods, such as Chebyshev’s method, Halley’s method, super-Halley method, and Ostrowski’s
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method, achieve cubic convergence at the cost of evaluating second derivatives. These are usually
derived by fitting a quadratic curve (parabola or hyperbola) and imposing tangency conditions up
to the second order. The need to compute second derivatives is often cumbersome for complicated
functions, which has motivated the development of multi-point methods. Multi-point schemes reuse
information from previous steps or from several points within the same step, thereby overcoming
certain theoretical limitations of one-point iterations. According to the Kung-Traub conjecture
[221], a multi-point method without memory that uses d function evaluations per iteration has an
optimal order of 291,

Traub [351] introduced the third-order midpoint Newton method, and many other non-optimal
methods [80, 113, 114, 157, 158, 159, 231, 240, 259, 260, 270, 273, 269, 353] have since been derived
by approximating the integral in Newton’s theorem with different quadrature rules (rectangular,
trapezoidal, Simpson’s, etc.). Although these methods are free of second derivatives, they are not
optimal because they require three to four evaluations per step. Optimal fourth-order methods
using three evaluations were first discovered by Ostrowski [265] and later generalized by Jarratt

[174] and King [212] using the approximation to

_ @) (Fan) +7f ()
F ) (£ () + B (un)

f'(yn) (1.46)

By substituting this approximation for f’(y,) with v = § — 2 into the double Newton method

formula, we obtain the well-known King’s family of iterative methods, which converges quartically,

as follows:

fo) (@) +8fw) o (1.47)
F!(@n) (f(an) + (B = 2)F(yn)) ) |

In pursuit of this, a mean-based approach on a function’s second derivative in the Chebyshev-Halley

Tn+1 = Yn —

family, Kansal et al. [191] constructed iterative methods with optimal fourth-order convergence.
More recently, optimal fourth-order, eighth-order, and sixteenth-order multi-point methods have
been proposed by Argyros et al. [21], Chang et al. [72], Cordero et al. [94], Kansal et al. [193],
Kaur et al. [206], and Kumar et al. [218], with efficiency indices ¥4 ~ 1.587, v/8 ~ 1.682 and
/16 ~ 1.741, respectively. All these methods, however, share the same locality drawbacks as
Newton’s method, converging only if the initial guess is sufficiently close to the root.

The problem of finding multiple roots (multiplicity m > 1) presents additional challenges.

Bracketing methods fail for roots of even multiplicity because the function does not change sign.
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The first classical approach is given by Rall’s [277], i.e., the modified Newton method

Tpyl = Tp — mf/(xn), n € N, (1.48)

which converges quadratically for locating multiple roots of f(z) = (x —n)™g(x), g(n) # 0 when
m is known. This scheme (1.48) can be obtained by applying Newton’s method to the function
flz) = W With the same transformation, a third-order Laguerre family [268] of iterative
methods has been obtained by Bodewig [62] for computing multiple roots. Then, the well-known
Hansen-Patrick, Euler-Cauchy, Halley, and Ostrowski-like methods can be retrieved as a special
case from the Laguerre family. But the presence of first and second-order derivatives makes it
computationally expensive.

To get rid of derivatives, Traub-Steffensen [351] employed the following approximation:

' - flxn +9f(2)) — fl2n)
low = Lot LD 2] e gy, (119)

where the derivative is replaced with the first-order divided difference approximation (1.49) in the

modified Newton method (1.48), and one arrives at

Hn = Ty +7f(20), (1.50)
Tn+1 = Tp — an)7 nENm '
flttns 0]
known as the modified Traub-Steffensen method, where f[u,,x,] = % is the first-order

divided difference. By maintaining second-order convergence, the approach (1.50) improves upon
the modified Newton’s method significantly and is derivative-free. Further, Kansal et al. [186]

proposed the generalized optimal derivative-free scheme, given by

(1 —a)f(pn) + af (xn)

. neN,, 1.51
Fltin, 2] : (L51)

Tptl =Ty — M

where u, = x, + vf(z,) and v is any real number. When a = 1, the above scheme reduces
to scheme (1.48). Using the weight function approach, Arora et al. [24] have proposed another
optimal one-point iterative family with quadratic order of convergence.

Subsequently, several variations of high-order schemes (1.48) have been proposed and ex-

amined. In research papers [262, 351], a third-order Chebyshev approach for multiple zeros was
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proposed. For polynomial zeros, a thorough local convergence study of this approach has been
provided in [172]. One can find further variations of Chebyshev’s technique for multiple zeros at
[259]. Furthermore, the modified Halley’s approach for multiple zeros was proposed by Obreshkov
in [262] and later by Hansen and Patrick in [148]. In addition to error estimates and an estimate
of the asymptotic error constant of Halley’s approach for multiple roots, the theoretical result of
[172] provides explicit bounds on the convergence domain. The scheme for multiple roots was in-
troduced by Ostrowski in [265], and subsequently Osada [264] and Chun and Neta in [80] proposed
the third-order iterative methods.

Several versions of the modified Newton’s approach have been developed and examined in the
literature to approximate multiple zeros of nonlinear functions. Using derivatives, many researchers,
such as Cordero et al. [94] and Zafar et al. [376], extended the modified Newton’s technique (1.48)
for multiple roots. Higher-order variants, such as Halley-type, Chebyshev-type [259], and Jaratt-
type methods [260], have been developed, but they usually require second derivatives. Derivative-
free two-point methods of third and fourth order have also been proposed by Kanwar et al. [202],
Wang and Liu [362], Yun [374], though optimal fourth-order methods for multiple roots remain
relatively scarce.

Strikingly, the first optimal fourth-order technique for finding multiple roots was not introduced
until 2009 by Shengguo et al. [314]. This development occurred nearly fifty years after optimal
two-point methods for simple roots were established. A significant advancement followed in 2011
when Zhou et al. [383] presented a generalized, optimal two-point scheme that utilized a weight
function. This work gained wide recognition for its straightforward structure and for encompassing
numerous existing methods as particular examples, including the earlier work of Shengguo et al.
[314] and the fourth-order techniques of Sharma and Sharma [311]. More recently, Zhou et al. [384]
constructed another family of fourth-order methods, with each iteration demanding two function
evaluations and one derivative evaluation. Separately, Sharma and Sharma [311] also developed an
optimal fourth-order adaptation of Jarratt’s classical method [175], specifically designed for multiple
roots. For more, see the articles [51, 124, 165, 173, 217, 219, 220] and their references therein.

Furthermore, recent and some derivative-free higher-order multi-point techniques have been
discussed by Bala et al. [40], Kansal et al. [186, 187, 190, 195], Sharma et al. [298, 309], Soleymani
et al. [334], etc. These methods belong to a class of iterative solvers that require knowledge of the
multiplicity. However, the exact value of this multiplicity may not be available in practice. In such

circumstances, a very close approximation of multiplicity can be calculated by using the subsequent
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forms given by

1. Traub [351] approximation formula:

1
~ M, (1.52)
0| 1)
/()
as x approaches the multiple root of f in close proximity;
2. Lagouanelle [223] approximate formula:
f'(z)?
m = , 1.53
PP - Fo P .
as x approaches the multiple root of f in close proximity.
When the multiplicity m is unknown, one may apply the transformation
flx
: W ) 0.
Gz) = ['(@) (1.54)
0, f'(x) =0,

which converts a multiple root into a simple zero of G. Applying Newton’s method to G yields

Schroder’s method [272, 275, 292]

Ty =, — f(@a) ['(20)
" " 1) }? = fQ@n) f"(zn)’

n e Ny, (1.55)

which converges quadratically without knowledge of m. The need to compute second derivatives,
however, makes this approach costly. References to discussions of Schréder’s method (1.55) are
provided by various authors, including Traub [351], McNamee [241], Dahlquist and Bjorck [106],
Amat et al. [17], Gilbert [136], Scavo and Thoo [290], Ypma [372], and others. Soleymani et al.
[328, 329] further implemented this transformation for handling multiple roots in the absence of
multiplicity through iterative techniques. Then, in 2021, Cordero et al. [98] introduced a memory-
based iterative scheme
G(z,)

Tptl = Ty — —= — = , nEN, 1.56
! G[xn727 xn] - G[xnf% $n71] + G[xnfla wn] ’ ( )

for computing roots of unknown multiplicity using three initial approximations x,,_o, x,,_1, z,. This

26



1.6 Literature review

approach improves the efficiency of Schroder’s derivative-free counterpart and is considered a base
for developing higher-order methods with memory.

In later work, Cordero et al. [88] adapted Kurchatov’s scheme to obtain derivative and
derivative-free iterative methods with memory for multiple roots. The iteration that uses derivatives
is given by A

G(mn)

Tnpl = Tp — — . neNy, 1.57
! G2z, — xp_ 1, 2Tn 1] ’ (157)

while the derivative-free form is expressed as

G(x
Tn41 = Tp — 3% g( TL)

eN 1.58
g[QQZn — Tp—1, xnfl] 7 " o ( )

(z)

__f
flz+f(z),2]
able dynamical properties.

where §(x) . These modifications preserve second-order convergence and exhibit favor-
Since many practical problems involve more than one equation, the next section provides the

literature on nonlinear systems of equations.

1.6.2 Literature review on the systems of nonlinear equations

We are now addressing the second class of problems, that is solving vectorial or multivariable
problems. Usually, these cases are viewed as extensions of scalar nonlinear problems. However, it is
important to note that not every iterative method derived from the scalar form can be extended. The
development of computationally efficient algorithms for solving vectorial problems has motivated
extensive research employing a range of techniques.

A classical algorithm for approximating solutions to the nonlinear system (1.2) is the quadrat-

ically convergent Newton method [351]:
X0 = X0  [F(X0)]TF(X™), nel, (1.59)

where X(© is an initial guess and [F ! (X (”))} - denotes the inverse of the Fréchet derivative. New-
ton’s method and its variants converge provided the Fréchet derivative F”(X) remains non-singular
and well-conditioned near the solution. In 1916, Fine [126] significantly opened a new chamber of
research in numerical analysis and introduced the SLCA of Newton’s method. Further, L.V. Kan-
torovich [263] pioneered the generalization of Newton’s method, and explored its semi-local conver-

gence analysis (SLCA) for operator equations in By-spaces. In 1939, Kantorovich [200] provided the
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fundamental convergence results for Newton’s method and in 1948, utilizing recurrence relations, he
established a result for Newton’s method in Bj-space, known as the Newton-Kantorovich theorem
[198]. This theorem covers the error estimate, initial point, and the existence and uniqueness of the
solution, though not in the explicit form. However, the explicit formulations of these error estimates
were independently obtained by Ostrowski [265]; Gragg and Tapia [139]. Furthermore, Kantorovich
[199] provided an alternative proof of the Newton-Kantorovich theorem (NKT) using the principle
of majorizing sequences.

Increasing the convergence order from quadratic to cubic has led to various one-point methods.
A notable example is the Chebyshev method of cubic convergence, introduced by Gutiérrez and

Hernandez [146]:

-1

X X0~ (1 (O [P ()] R, nef 1

where £ (1) = [(x0)]" (o) [ ()]

This scheme explicitly depends on the first and second Fréchet derivatives. For a system of k equa-
k2(k+1)
2

F (X (")), and [ is the identity operator.
tions, evaluating F’ requires k? operations, while F” demands operations. Hence, third-order
methods such as Halley’s and Chebyshev’s, despite their higher convergence, are often considered
computationally impractical due to the high cost of evaluating the second derivative.

To circumvent the computation of F”, the two-point Newton method with frozen derivative

[351] is frequently employed:

Yy — xm _ [F/(X(m)}*lF(X(n))’

» ) (1.61)
XD =y —[F(X™)] T F(Y™), neR,.

This method achieves a higher order without requiring extra derivative evaluations or matrix in-
versions, which makes it more efficient than the basic Newton iteration. To find faster algorithms,
researchers have suggested and studied several higher-order multi-point methods that do not use
second-order derivatives [250, 305, 307, 312, 338]. For instance, Cordero et al. [90, 91, 92, 95]
proposed a technique that integrates an iterative method of order p with a modified variant of
Newton’s method. However, these kinds of compositional methods often need to evaluate extra
nonlinear functions and their Jacobian matrices, which makes the calculations more expensive. As
a result, the algorithms that come out of this may not work well or computationally less efficient.

In 2014, Frontini and Sormani [129] proposed a third-order method based on quadrature for-
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mulas of order at least one. Subsequently, Cordero et al. [101] derived variants of Newton’s method
using fifth-order quadrature formulas to achieve third-order convergence. Further, some fourth-order
methods were later developed by Nedzhibov [257]. Additionally, various novel iterative techniques
have been explored, including those based on the Adomian decomposition approach, functional
approach, sampling approach, inverse interpolation approach, and weight function approach, as
documented in [7, 26, 89, 104, 166, 174, 204, 253, 351, 371].

A common feature among many iterative schemes is the need to compute Jacobian matrices at
one or more points during each iteration. This requirement presents an important computational
challenge, particularly when the Jacobian is undefined or in high-dimensional cases where its eval-
uation becomes more expensive or impractical. To avoid the explicit computation of derivatives,

Traub [351] introduced the derivative-free scheme

yim = XM 4 gR(X™), g e R\{0},
(1.62)

D) — xh) _ [Y("),X("); F]_IF(X(")), n € Ny,

where |V X®). F}_l is the inverse of the first-order divided difference of F. For g = 1, this
reduces to Steffensen’s method as presented by Samanskii [287], a derivative-free alternative that
retains quadratic convergence. While both the Steffensen and Newton methods achieve quadratic
convergence, studies indicate that Steffensen’s scheme exhibits weaker numerical stability relative to
Newton’s method, with its performance being more sensitive to the choice of the initial approxima-
tion. This behavior has been examined in detail by [75, 100], where it was demonstrated for scalar
equations that derivative-free iterative schemes gain stability when the auxiliary point is chosen as
y = x + B f(x) for sufficiently small real parameters /3.

Nevertheless, replacing the exact Jacobian with divided-difference approximations may reduce
the convergence order of certain iterative methods. One of the example is the multidimensional

extension of Ostrowski’s fourth-order method (see [97, 265]):

vy — xm) _ [F’(X<”>)]_1F(X<">),

X0 =y (2]y®, x; F] - [F(X)]) T F(Y®™), neR, (1.63)

attains only cubic convergence when the Fréchet derivative F’(X) is substituted with the divided
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difference [Y, X; F|, as shown below:

ym — xm _ [X(m +F(X(”)),X(");F]_IF(X(")>,
(1.64)
X0 =y ™ — (2]y™, x0; p| - [X0) 4 p(X™), X0, FD*1 F(y™), neN,.

It is important to note that a similar loss of convergence order occurs with other fourth-order
schemes as well, such as Jarratt’s method [174], Sharma’s scheme [307], Montazeri’s algorithm
[250], the vectorial extension of Ostrowski’s method [97, 265], and the fifth-order method of Sharma
and Arora [301]. In each case, the derivative-free variant converges at a lower rate. However, Amiri
et al. [18] showed that employing a structured divided-difference operator of the form [X, X +
G(X); F], where G(X) = (Fl(X)O‘,FQ(X)O‘,...,Fk(X)a)T, a € N, as an approximation of the
Jacobian matrix, for a suitably chosen exponent «, preserve the original fourth-order convergence
of these methods.

Although certain derivative-free modifications lead to a decrease in convergence order, it should
be emphasized that iterative schemes exist that can be reformulated to retain their original order
even when the exact Jacobian is eliminated. One such example is the family of methods presented
by Behl et al. [50], which merges the Traub-Steffensen approach with a second step based on
divided-difference operators. Following Amiri et al’s [18] methodology with parameter a@ = 2, the
Jacobian matrix is replaced by a structured divided-difference operator, and some derivative-free
variants have been obtained from existing schemes proposed by authors [1, 97, 265, 304]. In 2023,

Singh et al. [324] introduced a parametric family of Jacobian-based iterative methods, given by

-1

wm — xm) _ [F'(X(”))} F(X™),
FW N R (W) (1.65)
F(XMYF(X M)

1 N
X — ) (m +ps ) [PV W), ne N,

FW Y PW ™)

where the quotient FXOTR(XM)

acts as a scalar accelerator. The real parameters p; and py govern
the convergence order; the scheme attains fifth-order when p; = py = 1, fourth-order when p; =1
(with po arbitrary), and second-order when p; # 1 (with py arbitrary). Replacing the Jacobian
matrices in (1.65) with suitable divided-difference operators yields the derivative-free family pro-
posed by Cordero et al. [96] using F'(X ™) ~ {U)(?),X(");F}, F'(Y™) ~ [U&”),Y(");F}, with

UP = XM 4 oF(X™) and UM = Y™ 4 oF(Y™), o € R.
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In the last decade, many other iterative methods for solving nonlinear systems have been
developed. These include approaches for systems originating from real-world applications such as
chemotaxis models (e.g., Keller-Segel models [179, 234]) and neurophysiology models in medicine
[11, 18, 108, 276, 285]. More recently, a high-order iterative scheme called the asynchronous parsi-
monious method was introduced for model identification by Sun et al. [347]. High-order iterative
solvers can be particularly useful in this context for achieving accurate parameter estimation and
model calibration.

Most existing two-step methods offer at most fourth-order convergence, while three-step meth-
ods generally reach up to eighth-order. However, some two-step fifth-order methods have been pro-
posed by Singh et al. [324] and Cordero et al. [92], and three-step fifth-order methods by Sharma
et al. [303] and Singh et al. [321]. Comparative studies have also been conducted by Singh and
Sharma [321, 322], who evaluated fifth and seventh-order methods using efficiency indices, further
Chun and Neta [81] compared sixth-order methods based on computational order and iteration cost;
and Zhanlav et al. [381] performed a broader comparison of more than twenty methods of orders
six to eight, utilizing metrics such as average of iteration count, CPU time, and divergence rate.
Additional comparisons of higher-order three-step methods can be found in [48, 84, 237, 323, 380].

Recently, Behl et al. [48] introduced a sixth-order two-step method. They emphasized the
practical importance of developing new two-step sixth-order methods, as these are typically simpler
than three-step methods of the same order. The primary motivation behind such developments is
to design schemes that achieve high convergence order while maintaining low computational cost.
A key advantage of the methods proposed here is their higher order of convergence coupled with
the use of only one matrix inversion per iteration, making them computationally efficient. Readers
can see more iterative methods in the articles by Bhavna and Bhatia [58], Guo et al. [144], Kansal
et al. [188, 189], Sharma and Arora [306], Shang et al. [295], Wang et al. [361], Yu and Wang [373]
and their references therein.

As we have already discussed, one of the primary goals of the development of optimal tech-
niques is their high computational efficiency. It is generally known that Kung and Traub [221, 351]
established the optimality criterion conjecture for scalar equations (1.1). Nevertheless, this conjec-
ture is not relevant, especially when dealing with nonlinear equation systems. In that instance, the
following conjecture was put up by Arroyo et al. [25]:

The order of convergence of any memory-free Newton-type iterative method for solving non-

linear systems cannot be greater than 2+~ where d; is the number of functional evaluations
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in the Jacobian matrix entries per iteration and dy is the number of functional evaluations of the
nonlinear function, where di < dy. In the vectorial sense, the approach is considered optimal if it
achieves this bound.

In the sense of the above conjecture, the optimal method for solving nonlinear systems is only
Newton’s method. Due to which, Cordero et al. [99] generalizes the Ostrowski’s, King’s, Chun’s,
and KLAM families by proposing a first novel optimal class of efficient two-parameter optimal

iterative techniques in a multidimensional setting, given by

Vp =

[FO™)? PRy ®™)
[F(Xm)[2 FXE)TEX M)’
1

n

- 14+ M\,

Pn = Kn<1 + W/n), qn = 2[(nljna
—1

(1.66)

ym) — x0) _ {F/(X("))} F(X™),

X+l _ y(n) {F/(X(n))}fl [pnF(Y(")) + an(X(”))} , MmE NO.

Further, Cordero et al. [102] presented another iterative technique for solving nonlinear systems
that achieves eighth-order convergence and demonstrates its optimality. Recently, the Newton
scheme was expanded by Singh et al. [323] to a weighted-Newton iteration, and the suggested
scheme exhibits the optimal fourth order of convergence. Nowadays, many researchers are focusing
on developing higher-order optimal methods for solving vectorial problems. However, due to local
convergence limitations, some scholars are exploring global or semilocal convergence characteristics.
Quasi-Newton methods [263] offer global convergence, but at the cost of reducing the convergence or-
der from quadratic to superlinear, thereby sacrificing one of the key advantages of iterative schemes.
Another approach for improving convergence order and efficiency is the use of memorization. Iter-
ative methods with memory can elevate the convergence order of their memory-free counterparts
without requiring extra function or Jacobian evaluations. Such methods are broadly classified into
two categories, i.e., Newton-type methods with memory [5, 299] and Steffensen-type methods with
memory [183]. However, we will focus exclusively on methods without memory, so this discussion
will be omitted.

In recent literature, various robust and efficient high-order iterative methods have been de-
veloped for solving nonlinear equations. However, a significant limitation of many such schemes is

their inability to generalize effectively to multivariate problems. Because of this, researchers are
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exploring additional ways to combine old methods with new algorithms designed for multivariable
contexts. By addressing these problems, the field aims to enhance the usefulness of high-order

methods for a wider range of mathematical problems.

1.6.3 Literature review on the matrix sign function

The first two classes of the nonlinear problems extend naturally to the matrix domain, where
functions of matrices are important for solving higher-dimensional problems arising in systems
theory, control, and scientific computing. Among these, the matrix sign function has emerged as a
pivotal tool with deep theoretical connections and wide-ranging applications.

Matrix functions generalize scalar functions to the matrix setting. The MSF, in particular,
has experienced substantial growth in interest due to advances in high-speed computing. In liter-
ature, the Schur method [154] is computationally intensive but numerically stable for matrix sign

determination. But it is not recommended for practical use, as the Schur decomposition (SD) can

often solve problems without explicitly computing the MSF. When a complex matrix A € C™*™
has an Schur decomposition, i.e., A = QT'Q*, then
sign(A) = Qsign(7)Q", (1.67)

where T' is an upper triangular and () is a unitary matrix. This simplifies the problem to compute
sign(7) as an upper triangular matrix whose diagonal elements are +1. The modern computa-
tional foundation of MSF was established by Roberts [283], who introduced Newton’s iteration for
computing the MSF:

1 (1.68)
Xn—i—l = §<Xn+Xn_1)7 neNOu

where A is a nonsingular matrix having no eigenvalues on the imaginary axis. This iteration is fun-

damental for model reduction and for solving algebraic matrix Riccati equations, as it decomposes
a matrix into components whose spectra lie on opposite sides of the imaginary axis. Subsequently,
Denman [110] and Benner [56] demonstrated the MSF’s critical role in control theory, specifically for
solving Lyapunov and Sylvester matrix equations. Its utility has been further cemented in various
other applications, [226]. These problems include solving spectral factorizations, pole assignments,

Lyapunov equations, coupled Riccati equations, MSRs, etc. More precisely, Gardiner and Laub
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[131] proposed a generalized Newton sign iteration that has the form:
1 . N
X1 = 5(2(” +HX, "H), n €Ny, (1.69)

with Xy = A as the initial value. If H is nonsingular, it fundamentally performs the standard Newton
iteration on H'A and converges to Hsign(H *A). However, for singular H, the convergence

is uncertain and may be linear. In 1994, Higham [155] pointed out the appeal of the concise

—-1/2 1/2

representation of sign(A) = A(A?)"Y/2, by employing extension to sign(z) = z/(2%)Y/? in scalar
form. The computation of MSF involves an explicit matrix inverse, which is usually avoided through
the Newton-Schultz iteration, i.e., replacing the inverse with the Schultz iteration [161]. Despite
being more computationally expensive, this method only exhibits local convergence. In addition,
by leveraging the storage format of the hierarchical H-matrix, as described in [42, 140], the MSF
can be modified to determine efficient solutions to low-rank problems. The MSF also possesses
important theoretical links with other matrix operations, including polar decomposition [156], the
matrix square root [154], and the matrix p'* root [168].

A significant application of the MSF is in spectral decomposition and the analysis of matrix
pairs. Bai and Demmel [36, 37, 38] investigated perturbation theory, conditioning, and iterative
refinement for the MSF, employing it to compute unitary matrices Z and @) that decouple a matrix

pair (A, B) via a transformation of the form:

" A A
QY AZ — Q1 A(Z1. Z) = n A |
QY 0 Ay (170
1.70
QHBZ _ Qllq B(Zl ZQ) _ Bll Bl?
QY 0 DB

This decoupling splits the eigenspectrum into smaller subproblems (A11, By1) and (Asg, Bas), which
is essential for finding deflating subspaces in linear control systems [23, 55, 56, 59, 68, 109, 130,
131, 164, 232, 233, 246, 368]. While the recursive use of this technique provides partial spectral
information, the QZ algorithm [248] remains the most stable method for complete eigenspectrum
computation. However, the Newton iteration for the MSF is often computationally more efficient,
relying on simpler building blocks, with high-performance software available for both serial and
parallel architectures. Sun and Quintana-Qrti [348] have proposed another generalized technique

for determining the MSF.
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To improve upon the quadratic convergence of Newton’s method (1.68), families of higher-order
iterations have been developed. A generic family was proposed by Kenney and Laub [210, 211] and

—-1/2

later by Gomilko et al. [138], based on Padé approximants to the function F(x) = (1—x)~"/*, where

2

x = 1 — 2% Representing the sign function as sign(z) = z/(1 — x)¥/?, and letting R, ;(x)/Ts.(X)

denote the (s,[)-Padé approximant to F(yx), the iteration

ZnRs (1 — 22) o
= ; LZA ’ € N, 1.71
Zn+1 Tl = 22) Yost121, M 0 (1.71)

converges locally (when s > [ — 1) to 1 with order [ + s + 1. Tannazzo [168] later showed these
iterations belong to the larger class known as the basic family [184] or Konig family [65]. Further
improvements include the extension of Chebyshev-Halley type methods for global convergence by
Cordero et al. [86]. Theoretical aspects, including partial fraction expansions [266] and the analysis
of Padé recursions on triangular matrices [211], have also been thoroughly studied.

The MSF is deeply intertwined with other important matrix functions, forming a cohesive
computational ecosystem. A key result by Higham [153] expresses the MSF of a block anti-diagonal

matrix in terms of the matrix square root:

_ 0 A 0 A2
sign = . (1.72)
I 0 AT

This relationship is part of a broader pattern. The unitary polar factor (polar(A)), the geomet-
ric mean (GM) (A#B) of two Hermitian positive definite (HPD) matrices, and MSF can all be
expressed via MSR, like

polar(A) = A(A*A)~1/2
A#B = AV2(ATY2BATY2)2 A2 (1.73)

sign(A) = A(A%)71/2,

respectively. Conversely, the MSF can compute these functions through elegant block matrix for-
mulations:
0 A 0 polar(A)

sign = ) (1.74)
A0 (polar(A))* 0
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, 0 A 0 A#B
sign = : (1.75)
B 0 (A#B)~' 0

These identities highlight the MSF’s role as a unifying computational primitive.
The geometric mean of two HPD matrices, A and B, defined as GM (A, B) := A(A~'B)"/? or

equivalently A#B, is a particularly important application. While the scalar arithmetic-geometric
mean (AGM) iteration is simple, its direct matrix generalization is nontrivial. Bhatia [57] provided
the standard definition A#B = AY2(A~Y2BA-Y2)1/2A12 spurring significant research into its
computation, often leveraging MSF or MSR iterations [137, 167, 330, 377]. Applications span
adaptive filtering [366], surface wave problems [261], and other areas of numerical linear algebra
[41, 119, 120, 235, 332, 378].

In 2011, Tannazzo and Meini [170] proved the uniqueness and existence of the X, solution
with non-unit spectral radius for the matrix equation ¢(X) = 0. They also showed that when
p(X.) < 1, the matrix Laurent polynomial L(z) = Q + Pz + Pz~! has inversion within an annulus
that encompasses the circle of unit radius. The inverse H(Z) = L~!(z) can be expressed as an
expansion of power series H(z) = Ho+ >.2°, Hi(27" + 2'). They demonstrated that for particular
choices of the coefficients P and ), namely P = i(A — B) and QQ = %(A + B), H, is equal to one
of the matrix functions, i.e., A#B. So one can obtain MSF using the (1.75) form.

Soheili et al. [327] proposed a new iterative approach in matrix form for finding the MSF using

six matrix-matrix products, given by the formula

Xo — A,
(1.76)
X1 = X, (101 4 98X2 + 126 X% + 22X0)[I + 42X2 + 140X + 70X5 + 3X5]71,

with applications to stochastic differential equations. The geometric mean of a and b (nonnega-
tive numbers) is defined by iterating a,.; = %(an +b,) and b,y = Va,b, until a, = b, to the
desired precision. However, extending this iterative formula for general nonsingular matrices is not
straightforward. In 2017, Cordero et al. [86] extended the Chebyshev—Halley type method into
a matrix iteration for approximating the MSF and demonstrating global convergence. Further, in

2018, Kumar and Cardoso [215] have considered the iterative scheme as follows:

X1 = X202X%,—1)7Y, neky, (1.77)
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where the initial matrix X, commutes with A and has no eigenvalues (say A;’s) whose Re();) =
1/2. This method works for both diagonalizable and non-diagonalizable matrices, and a thorough
investigation of the generated sequence { X, }°°, through (1.77) is provided to analyze its numerical
behavior. Thereafter, Song et al. [341] have considered again the notion of the geometric mean in

a matrix case to highlight the application of MSF by developing matrix iteration
KXoi1 = 4%, (I + XH[I +6X2 + X471, neN,, (1.78)

In 2022, Dong and Wang [115] have proposed a generalized iterative method of arbitrary order p

using the generalized formula

Tpg —1 (xp — 1)? (x, =)
Tpi1+1 (2, +1)P (—z, —b)

L beR, neN,, (1.79)

such that many existing matrix iterations can be seen as special cases of this family. For instance,
(249, 313, 327, 337].
In 2024, Kansal et al. [197] proposed an iterative method for computing generalized eigenvalues

of regular matrix pencils in the context of MSF computation, expressed as
-1
Xy = | Xy (211 + 5027 + 9X7) | [4T + 457 + 304} + Xf| (1.80)

In addition, the Kansal et al. [196] used the MSF to determine invariant subspaces associated with
eigenvalues lying within a chosen region of the complex plane for a square matrix. To achieve this,

they extended a three-step iterative scheme into the following matrix iteration:
X1 = [, (251 +30X2 + 1) [61 + 4042 + 104 . (1.81)

Recently, Jung et al. [181] extended the general weight-function approach to derive a multi-
parameter family of three-point iterations for the matrix sign function. By imposing conditions
for conformal conjugacy on quadratic polynomials, the resulting class generalizes the Padé fam-
ily and yields several new methods. Using a similar approach, Wang et al. [359] have proposed
sixth-order matrix iteration for computing S. For more information, one can see research articles
(61, 70, 73, 115, 121, 122, 143, 147, 150, 160, 169, 182, 194, 227, 247, 286, 296, 331, 339].

The primary objective of this research is to extend scalar iterative methods to the matrix
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setting for computing the matrix sign function S with global convergence properties. Accordingly,
we propose new iterative schemes with convergence orders six and eight that do not belong to the
Padé family, nor to any existing literature, or their reciprocals. The convergence behavior and
stability of the proposed methods are established through analytical investigation.

In this thesis, we aim to develop new iterative methods that are computationally efficient,
robust, and, wherever possible, free from higher-order derivatives. We shall construct families of
multi-point methods for scalar equations involving multiple roots, nonlinear systems of equations,
and nonlinear matrix equations involving the matrix sign function. While developing matrix itera-
tions for the computation of the matrix sign function, particular attention is given to ensuring that
the proposed methods are distinct from the Padé family [154], existing methods available in the
literature, and their reciprocal forms. The performance of the proposed methods will be evaluated
in terms of the number of iterations, computational order of convergence, and accuracy achieved

for a fixed number of function evaluations.

1.7 Objectives and summary of the thesis

As high-performance computing becomes more common, it is even more important to make
numerical methods better for solving nonlinear problems. Multi-point iterative methods are very
effective here because they can converge faster than one-point methods. However, multi-point
approaches sometimes converge better, but the result usually means that more function or derivative
evaluations are needed, which can slow down computing, especially for complex systems. This trend
has led to research on faster, more efficient multi-point algorithms. Also, a thorough study of their
dynamic aspects is necessary to determine how stable and efficient these iterative processes are.

Taking all of these factors into account, this study aims to achieve the following main goals:

1. Construction and analysis of efficient iterative methods for solving nonlinear problems and its

dynamics.

2. To develop and analyze iterative methods for nonlinear systems of equations and their appli-

cations.

3. To study and implement the globally convergent matrix iteration for computing matrix sign
function along with its numerical stability.
This thesis comprises eight chapters, beginning with an introduction in Chapter One. The further

contents of each chapter are summarized below:
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In chapter 2, the authors have introduced a higher-order optimal family of Chebyshev-Halley
type methods to solve a univariate nonlinear equation with multiple roots. The proposed scheme
considers weight functions that are selected adequately to optimize the convergence order and de-
mands only four functional evaluations at each iteration. An extensive convergence analysis is also
provided that demonstrates the establishment of eighth-order convergence for the developed scheme.
As a result, the efficiency index of the proposed scheme is optimal according to the Kung-Traub
conjecture. Finally, the theoretical findings are verified through numerical experiments that include
real-life and nonlinear academic problems. In addition, the dynamical study of iterative schemes
reflects a comprehensive overview of their stability, convergence properties, and graphical aspects
by drawing attraction basins in the complex plane.

In chapter 3, the authors aim to develop and analyze a new derivative-free class of higher-order
iterative methods for locating multiple roots numerically. The scheme is generated by using King’s
type iterative method. By employing the Traub-Steffensen technique, a derivative-free family is
proposed, which requires three functional evaluations to achieve optimal fourth-order convergence.
Moreover, it can be observed that the theoretical convergence results of the family are symmetrical
for different multiplicities of roots. This further motivates us to present the result in general, which
confirms the convergence order of the proposed scheme. It is also worth mentioning that we can
obtain already existing methods as particular cases of the proposed family for some suitable choice
of free disposable parameters. Finally, we include a wide variety of nonlinear problems to confirm
the applicability and effectiveness of the proposed methods.

In chapter 4, we develop multi-step vectorial iterative schemes for solving nonlinear systems,
achieving fourth and sixth-order convergence. The proposed methods are designed to minimize
computational costs by employing a single inverse operator and reducing the number of functional
evaluations per iteration. Furthermore, we generalize the sixth-order three-step scheme into a
(¢ + 1)-step family, increasing the convergence order to 2q 4+ 2. While standard local convergence
analysis based on Taylor series expansion is common, but it has limitations, as it requires the use
of higher-order derivatives. To overcome this limitation, we conduct the theoretical analysis in a
Banach space setting that relies solely on first-order derivatives. The existence of a unique solution
is guaranteed within a specific domain, whose radius of convergence is formally obtained using Lips-
chitz constants. Furthermore, we test the theoretical results on several numerical examples to check
the performance and stability of the proposed methods in comparison to existing counterparts.

In chapter 5, the authors propose a third-order two-step and a fifth-order three-step iterative
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family that utilizes a derivative-free approach, requiring two frozen divided differences and one ma-
trix inversion per iteration. Additionally, we derive a general multi-point family using a fifth-order
scheme as a predictor. The proposed families are analyzed both theoretically and numerically, and
experimentation is conducted using a range of numerical problems to confirm the theoretical re-
sults on convergence order and computational efficiency. The dynamical properties of each iterative
method are studied by means of basins of attraction.

In chapter 6, we propose a novel matrix iteration for numerically computing the matrix sign
function. An extensive convergence analysis is carried out in the matrix case to achieve fourth-order
convergence. The basins of attraction are illustrated to demonstrate the global convergence behav-
ior of the proposed method. Analytically, it is shown that the presented scheme is asymptotically
stable. Furthermore, theoretical developments are numerically verified by discussing the clustering
of eigenvalues around +1. Moreover, a class of numerical examples for matrices of various dimen-
sions is assessed to exhibit the efficacy of the proposed method.

In chapter 7, the primary objective is to develop two novel iterative schemes for computing the
sign of a matrix that has no pure imaginary eigenvalues. Detailed convergence analysis and asymp-
totic stability of the proposed methods are discussed. It is shown that the new schemes converge
globally by drawing attraction basins. In addition, we extend the obtained results to compute non-
trivial solutions of the Yang-Baxter-like equation, provided the given matrix has no eigenvalues on
the imaginary axis. To illustrate the effectiveness of theoretical developments, a class of numerical
examples for matrices of various dimensions, including eigenvalue clustering, is worked out.

In chapter 8, we provide the summary and future aspects of the presented work.
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Chapter 2

Optimal family of Chebyshev—
Halley type methods for multi-
ple roots

In this chapter, we introduce a higher-order optimal family of Chebyshev—Halley type methods
to solve a univariate nonlinear equation with multiple roots. The proposed scheme considers weight
functions that are selected adequately to optimize the convergence order and demands only four
functional evaluations at each iteration. An extensive convergence analysis is also provided that
demonstrates the establishment of eighth-order convergence for the developed scheme. As a result,
the efficiency index of the proposed scheme is optimal according to the Kung—Traub conjecture.
Finally, the theoretical findings are verified through numerical experiments that include real-life
and nonlinear academic problems. In addition, the dynamical study of iterative schemes reflects a
comprehensive overview of their stability, convergence properties, and graphical aspects by drawing

attraction basins in the complex plane.

2.1 Introduction

One of the most well-known and straightforward method for calculating multiple roots is the mod-

ified Newton’s technique [292], given by

Tyl = Ty — m;/((?;)), n e Ny, (2.1)

The contents of this chapter are published in Mathematical Methods in the Applied Sciences, Vol. 48 No. 7, pp.
7037-7055, 2025 (SCIE, L.F.: 1.8)
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such that the initial guess should be close enough to the required root. Moreover, the modified New-
ton’s method achieves second-order convergence but requires the computation of the first derivative
at each iteration. Further, to achieve even higher orders of convergence, various iterative schemes
based on Newton’s approach have been given and studied in the literature, see Victory and Neta
[353], Soleymani et al. [329], Kansal et al. [190, 192], Ali et al. [14], and more. One such well-known
scheme is the cubically convergent Chebyshev-Halley family [268], given as follows

1 Lf<xn) f(xn) N
ntl = Tp — |1+ 2 s eN s 2.2
== 13 (2250 )| ey et 22
where L¢(x,) = %,and a € R. By giving certain values to the parameter «, the family

(2.2) generates many iterative techniques, including the classical Chebyshev method for (o = 0),
Halley method for (a = %), and super-Halley method for (« = 1). Although the family (2.2)
attains a higher order of convergence than Newton’s method, it depends on the second derivative
of the function f, which restricts the efficiency and practical applicability. In general, one-point
methods have theoretical limitations since they can not achieve the p-th convergence order without
evaluating the first p—1 derivatives of f. On the other hand, multi-point methods can overcome the
drawbacks of one-point methods in terms of convergence order and computational efficiency. This
feature prompted several researchers to investigate higher-order multi-point Newton-like methods
that are free from second- or higher-order derivative computations for approximating multiple zeros
of nonlinear functions. For a detailed survey on different classes of such methods, one can consult
the research articles given by Zafar et al. [375], Behl et al. [46, 52, 53], Alharbey at al. [13], Sharma
and Kumar [308], and references therein.

It was previously challenging to generate a higher-order optimal multi-point scheme for multiple
zeros of a given function with multiplicity m. Nowadays, highly efficient computers enable the design
of higher-order optimal methods. Many scholars, including Shengguo et al. [314], Zhou et al. [383],
Li et al. [230], Sharifi et al. [297], Sharma and Sharma [311], Soleymani and Babajee [328, 329],
Thukral [349], Behl et al. [49], developed optimal fourth-order iterative methods. In addition,
several researchers have attempted to develop higher-order optimal methods, but they can achieve,
at most, sixth-order convergence for calculating multiple roots. For instance, in 2013, Thukral [350]

presented a multi-point iterative method with sixth-order convergence, which is given by

f(an)’

n = Tp —
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2.1 Introduction

i=1

1, i72
m f(yn)> m R
) , n € Np. 2.3
[Z ( f (@) ’ &
In 2015, Geum et al. [134] have given the following two-point sixth-order iterative scheme

f(xn)’

Tpt1 = Yn — Q(pTM Sn)ff,((inga ne NOa

Yn = Tpn —

(2.4)

where p, = 7/ ]{((Z"L;, Sp = ™Y Jf:gz’;)) and Q : C? — C is holomorphic function in the neighborhood
of origin. Furthermore, Geum et al. [135] have proposed a new three-point iterative scheme of
sixth-order convergence using weight functions for estimating multiple zeros, which can be seen in

the following expression

— o —m f(zn)
B f(xn)
Wy, = Ty, — mG(pn)f/(xn), (2.5)
Tpr1 = T — MK (py, tn)m, n e No,

where p, = T %, and t, = T % Here G : C — C and K : C?> — C are holomorphic functions

in the neighborhood of origin. The above three schemes (2.3)—(2.5) require four function evaluations
to attain sixth-order convergence. With the passage of time, many mathematicians have attempted
to refine existing schemes for improved accuracy and higher convergence order. Several optimal
methods are also proposed by Zafar et al. [375], Cordero et al. [94], Behl et al. [52], and Akram et
al. [12]. For instance, in 2019, Behl et al. [52] proposed a three-point sixth-order iterative technique

based on a Chebyshev-Halley family with four functional evaluations per iteration, given as follows

P f(xn)
n n f’(l‘n)7
e\ S
Zn = Ty (1 + T ozun> Flan) (2.6)
Tp+1 = Rn H(um Un) ff,((xxnz ) € NO:
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1

1 1
where u,, = (%) "o, = (;gzzg) ™ and H : C? — C is holomorphic function in the neigh-

borhood of origin. The above family (2.6) requires four functional evaluations to achieve sixth-order

convergence under specified constraints on the weight function H(u,,v,). It attains eighth-order
convergence for only a specific parametric value, i.e., &« = 2. Recently, Sharma and Sharma [308]
proposed an optimal three-point iterative scheme using different multi-valued functions for comput-
ing multiple roots m > 1, requiring four functional evaluations to achieve at least the eighth order
of convergence.

Motivated by the research going in this direction to generate more efficient optimal higher-
order methods, this work focuses on the design, analysis, and implementation of multi-point iter-
ations with a higher convergence order requiring minimum functional evaluations, which follows
the Kung-Traub conjecture [221]. In the literature, the class of optimum three-point iterative
methods of the Chebyshev-Halley type for estimating the multiple roots of nonlinear equations has
yet to be discussed. Therefore, inspired by this, we have attempted to present a new three-point
Chebyshev-Halley family with a weight function approach that is adequately selected to optimize
the convergence order for distinct multi-valued functions. Furthermore, the applicability of the
newly suggested methods is tested numerically on real-life problems that can be modeled as non-
linear equations with multiple roots. The basins of attraction will also be drawn to determine the

convergence domains of the proposed methods.

2.2 Iterative scheme

In this section, the primary objective is to construct an iterative algorithm that utilizes the weight
function approach to accelerate the convergence rate of the Chebyshev-Halley scheme (2.2) without
relying on any second-order derivatives. The technique is designed to minimize computing cost
while achieving the highest feasible convergence order. In this view, it is reasonable to analyze an

iterative approach of the form:

_ f(@n)
T )
Zp = Wy — M _Hn f(@n)
v O+1—aw>waﬂ@w’ &0
o . f(xn) N\
Tni1 = Zn mﬁnG(p%a ﬁn)f,(xn)a ne NO»
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1

1 1
where u, = (J},((Z’:)))mfl W = (%)m, and « is a free parameter. In addition, Q(u,), and

G(fn, Vy) denote the weight functions in the neighborhood of 0 and (0, 0), respectively. Note that the

functions p, and ¥J,, are multi-valued. Therefore, we consider their principal analytic branches (see

Ahlfors [10]). For instance, we consider the principal root of ¥,, given by 9,, = exp [% log (}{E;Z%)} ,

where log (}C((;:))) = log ‘;E;Z% +iarg (}c((;z))) for —m < arg (}c((;z))) <.
1
Also, we can write 9,, = ‘ }C((;’:L)) ™ exp [% arg ( ;EZ%)] = O(ey,). This convention of principal

argument arg(z) for z € C coincides with the built-in command of computer algebra system used

in this work.

2.3 Convergence analysis

This section is to analyze the convergence order of the proposed scheme (2.7). In the following
theorem, the Taylor series expansion is applied to functions, and we derive conditions for the
weight functions to optimize the convergence order.

Theorem 2.3.1. Assume that n € R be a multiple zero with multiplicity m > 2 of the continuous
function f : D C C — C defined on the open interval D, containing the required root. Then, the

proposed scheme (2.7) has at least eighth-order convergence, provided,

Q():O; Q1:17 QQZM,

m—1

Qs = 3(4 4+ 4m — Goom — 4m? + Goom? — 2 + dma — 2m2a)
3 — (m o 1)2 ’

2(2m?* — 2m — 1)
m2

m—1
Go =1, Gip =2, szT, G =

Y

and

2(18 — 10m — 28m? + 24m3 — 6a(1 — 2m + m?) + 3a*(1 — 3m + 3m? — m?))
3(2 4+ m — 6m?2 + 3m?)

G!20 =

Y

where o is any real number.

Proof. Suppose that e,, = x,,—n denotes the error in the n'* iteration. We assume Taylor’s expansion
for the functions f(x,) and f’(x,) around the zero x = 7, given by
S™(n)

f(z,) = 76? (1 + cren + cae? 4 caed 4 cuet 4 cxe’ + cgel + crel + cged + O(e%)) , (2.8)
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and

f(x,) = fﬂf?)eg_l(m + (m+ Deren + (m 4 2)cae2 + (m + 3)czed + (m + 4)cqer

+ (m 4 5)csed + (m + 6)cgel + (m + T)egel + O(ei)),

(2.9)

respectively. Here, ¢, = #@%, k=1,2,3,4,...,8.

Substituting the expressions (2.8) and (2.9) in the first sub-step of scheme (2.7), one gets

5
wy == e+ Y kel + O(el), (2.10)
m =0
where
 —(L+m)cf + 2me, (L4 m)*c} —m(4 4 3m)eicy + 3mPes
I{O - m2 I "11 - m3 )

etc. For the sake of simplicity, we are not mentioning the terms ko, k3, k4, and k5 as these contain

lengthy expressions. Now, we substitute (2.10) in (2.9) to obtain f’(w,) and by adopting (2.9), we

can get
1 (+m)c? 2 5
Fw)\™T el | (Caen +2e) € '
= — 03 L O(e? 2.11
where
9 (=2 —m +2m? 4+ 3m? + 2m*)c} — 2m2(—4 + m + 3m?)cicp + 6(—1 + m)*m?c3)
0= )

2(m — 1)>m?

etc. It is straightforward to say from the expression (2.11) that p, is of order e,. So, we can
expand the weight function Q(u,) in the neighborhood of the origin by Taylor series expansion up

to third-order terms as follows

2 .3
Qua) e Qo + Dty Doltn Qo

(2.12)

where Q; = Q7(0) for 0 < j < 3. By substituting the equations (2.8)—(2.12) in the second sub-step

of proposed scheme (2.7), we get the following relation

—1 1 clei 1
( +7S) * 2(—1—|—m)m2((

+ Q1) + Q2 — m(—2Q1 + Q2 + 2Qo(—2 + ) + 2Qoa)c}

2+ 2m*(—1

Zn_n:_QOen_
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+4m(m — 14+ Qy — le)Cg)ei +0(ed). (2.13)

In order to get at least fourth-order convergence, we can substitute the conditions Qg = 0, Q)1 =

2(1
1, and Q5 = ﬂ Then, (2.13) becomes

_ZH_U_M((lzJF?)m — Q3 — 60 —m?(18 4+ Q3 + 6a) (2.14)

+m(3 +2Q5 + 12a))cd — 6(m — 1)m20162)6i +O(e).

Using (2.8) and Taylor’s series expansion of f(z,), we obtain

f)\™ 1
+ 6a) + m(3 + 2Q3 + 12a))c; — 6(m — 1)20162))62 (2.15)
+ Z e+ 0(e

where ; = @;(m, f™(n), a, c1, ¢, 3, ¢4, C5,¢6). On expanding the weight function using Taylor’s

series of G(p,,Y,) in the neighborhood of origin, we get the following

Y, 1 92
G(Mn, ﬁn) ~ Gog + Gw,un + G()l; + 5 (MiGgo + QﬁnGll + ;L;LGO2> s (216)

n n

where G;; = G™(0,0) for 0 < 4,5 < 2. After substituting (2.9)-(2.16) in the third sub-step of

iterative scheme (2.7), it leads us to

1+G
Eny1 = — HOO)Cl((lQ +3m® — Q3 — 60 — m*(—18 + Q3 + 6a) + m(3
6(m — 1)?m?3
5 (2.17)
+2Qs3 + 120))¢ — 6(m — 1)m?esy) Jeh + > wit® + O(el),
i=0
where w; = w;(m, f™(n), o, c1, ca, c3, ¢4, C5, C6).
Now, to get convergence order eight, the coefficients of 2, €3 €S e are equated to zero, then
we obtain the following conditions on the weight function
m—1 2(2m? —2m — 1
Go=1, Gio=2, Goo=——, G = ( 5 >,
m m
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3(4 + 4m — Gogm — 4m? + Gogm? — 2a + dma — 2m>a)
QS = 2 )
1)
2(18 — 10m — 28m? + 24m? — 6a(1 — 2m + m?) + 3a*(1 — 3m + 3m? — m?))
3(2 4+ m — 6m?2 + 3m?) '

Gao =

Therefore, from (2.17), we obtain the following error equation

Cnpl = (ZA ) ed +0(e). (2.18)

Here A; = Ay(m, f™(n), a, c1, c2, c3, ¢4, €5, Cg). For instance, the first few coefficients can be explic-

itly written as

Ao = 7((21m" + m?(44 + 156a — 78a2) + 18m°(6 + a) + 12(3 — 2a + a?) — 4m°(35
—9a + 3a® + 2m(65 — 6a?) — 12m*(27 — a + 8a?) + 3m?*(15 — 60a + 56a?))c;
—6(m — 1)m(4 + 12m° — 2m(4 — 6a + 3a®) — 6m*(13 — 2a + 3a?) + m*(33
+ 6a?) 4+ 3m?(—5 — 8a + 6a?))cicy — 12(m — 1)*m*(2 + 3m — 3m?)(c5 + cic3)),

Ay = 7((21m" + m?(54 + 84 — 30a?) + m(94 + 24 — 24a?) + 18m°(5 + o) + 12(3
— 20+ a?) — 4m° (47 — 9a + 602),m* (31 + 3a 4 12a7) — 3m?3(21 4 36a — a?))c}
—6(m — 1)m(4 + 12m° — 6m(2 — 2a + o?) + 3m*(9 + 2a%) — 6m*(11 — 2«
+3a?) — m*(17 + 24a — 18a?))cicy — 12(m — 1)*m* (2 + 3m — 3m?)(c5 + c1c3)),

((1—3m+2m2)c§—6(—1+m)mcl co +6m203)

ST (=2 =3mT3m?) . The equation (2.18) confirms that the proposed

etc., where 7 =
scheme (2.7) achieves eighth-order convergence for any value of the free parameter ov. The proof is

complete now. O

Now, the proposed class (2.7) can be written as

_ f(@n)
Wy = Ty — mli,
fin f(zn)
o= = (1 ) Q) ) (219)
Tn, .
Tpny1 = Zn — mﬂnG(ﬂ'na ﬁn)}f,((x >)a ne NO»
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3 (12(—=24a)+6m(—4—3a+a?)—6m?* (—2+3a+a?)—2m? (—2+9a+9a2)+2m3 (84+21a+9a?))
g = s and
6(m—1)2(3m2—-3m—2) ’
_ p2(m?(284+6a—902)+3m3 (a® —8)—3(6—2a+a?)+m(10—12a+9a?))
v = 302+ m—6m2+3m3)

can be seen that the scheme (2.19) satisfies all the conditions stated in Theorem 2.3.1.

, where o and G, are free parameters. It

Remark 2.3.1. To achieve eighth-order convergence for every value of the parameter, the proposed
family (2.19) requires four functional evaluations per step, namely f(x,), f'(x,), f'(w,), and f(z,).
The suggested class demonstrates that it has optimum order in terms of the Kung-Traub conjecture
by requiring just four functional evaluations at each iteration. As a result, the efficiency index of

the presented scheme (2.19) is 81 ~ 1.6817.

Remark 2.3.2. [t is worth noting that the proposed approach achieves eighth-order convergence
only for multiplicity m > 2 because when m = 1, the value of p, is not defined. Moreover, in the
coefficient of €3, the denominator of T becomes 0 for m = 1, which is impossible. As a result, the

primary focus of this research is solely on multiple roots.

2.4 Numerical results

This section analyzes the convergence behavior of proposed methods LM; (for o = 0), LM, (for
a = 1), and LMj3 (for &« = 1.9) on some well-known real-world applications from the scientific
literature. First, we study the global CO, ocean chemistry and continuous stirred tank reactor
(CSTR) models. Following that, we study the root clustering problem to determine the nature of
approximate solutions when the roots are closer. An example of higher multiplicity (m = 50) is
also discussed.

We have considered some previously existing Newton-like schemes from the literature, which
have an optimal order of eight, to compare with the proposed methods. Firstly, we consider the
scheme proposed by Zafar et al. [375] for computing multiple roots with known multiplicity, having
two free parameters and three univariate weight functions. This technique requires four functional

evaluations, i.e., f(x,), f'(z,), f(yn), and f(z,) to get optimal order eight as follows

— f(zn)
o f(@n)’
Zn = Yn — mu, H(uy,) S () (2.20)

f(@n)’

Ty, = Zn — UpUy (Ag + Asuy,) P(v,)G(wy,) n e NO,
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where Ay, A3 € R are free parameters and the weight functions H : C — C, and P : C — C

1 1 1
are analytic in the neighborhood of 0 with u, = (%)m , Up = (;E;’;;)m Wy, = (}{E;:g)m For
comparison, the following weight functions are taken:

2mw m
H(u,) = 6u —u? +2u, +1, P(v,) =v,+ 1, Glw,) = z , 2.21
(un) = 6u;, —uy +2u, + 1, P(v,) =v, + 1, G(wy,) A2P0+A2P0 (2.21)
and
1 — 5u? + 8u? 3w, +1
Hu,)=—"—2" P, =v,+1, Glw,) = . 2.22
(1) =~ P(v,) = v+ 1, Glu,) = Z5 (222)

Thus, the optimal eighth-order scheme corresponding to weight functions (2.21) and (2.22) takes

the form

1. Zafar et al. method (ZM,):

Un = Ly — T f(zn)
n n f/(x/n)7
Zn = Y — Mty (6u® — u? + 2u,, + 1)}6/((3;71)), (2.23)
2w, + 1 . .
Ty, = 2 — MU (1 + 2uy,) (1 + vy) ( 122;:0 > ;’<(xx )), n € Ny,
2. Zafar et al. method (ZM,):
Yp = Ty — M f(@n)
n n fl($n>,
1—5uZ 4+ 8ul\ f(x,)
— o — n n 2.24
3w, + 1 Tn N
Tpy1 = Zn — munvn(l + 2un)(1 + Un) <A2P0(1 +w )) ;./<(.1' ))7 ne No,

where A2 = P() =1.
Next, we have considered an optimal eighth-order scheme given by Behl et al. [46], which

requires the four functional evaluations f(x,), f'(x,), f(yn), and f(z,), given as follows:

— f(xn)
= f(wn)’
Zn = UYn — unt(un)M (2.25)
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WU

HENQ,

) ) + K () T2

Tn+1 = Zn + ( f/(xn)’

1—w,

where the weight functions Gy, Hy, and Ky : C — C are analytic functions in a neighborhood
1 1 1

of 0 with u,, = (%)m , Up = (%)m , and w, = (%)m After substituting the values of

respective weight functions as provided in [46], we obtain

3. Behl et al. method (BM,):

v )
f'(n)
Zn = Yn — mu, (1 + 2un)ff/((i7;)>, (2.26)
Tpil = 2Zpn+ M <_Zj;w:1> (4u? —u? — 2u, — 20, — 1) J{’((ZZ))’ n e Ng,
4. Behl et al. method (BM,):
f(@n
”:%_mﬁ%}
Zn = Yn — My (1 + 2uy,) ]{/i:)), (2.27)
2 A~
Tl = 2+ 10 (_:Zzu—,; 1) (9uz + 8unzjfjj§:)+ 6u, + 1) J{/((xx,;))’ ne R,

Furthermore, the method given by Behl et al. [52] is considered for comparison, whose iterative

expression is

5. Behl et al. method (OM,):

_ f(@n)
n — Tn — mf/(xn)’
_ U, f(zn)
Zn —xn—m<1+ l—aun> Flan) (2.28)
B UnVn (B — (0 — 2)%u2 (up, + 1) + 02 +03) f(z,) “
T (o Dl +1) file SN

where 8 =m ((a(a+2) + 9)ud + u2(a(a + 3 — 6v, — 3)) + up(a + 8v, + 1) + 20, + 1).
In Tables 2.1-2.5, we have displayed the number of iterations (n), residual errors in the con-
secutive iterations (|z,.1 — x,|), absolute error of the corresponding function (| f(z,)|), the compu-

tational order of convergence (denoted by p), and CPU-time (execution of time in seconds), where

51



Chapter 2. Optimal family of Chebyshev—Halley type methods for multiple roots

the expression for p (see [105]) is

I CIIEN]
log | (en)/ £ ()]

, neN. (2.29)

In order to minimize round-off errors, we perform our calculations with a minimum of 3000 signifi-
cant digits. We calculate the absolute residual error and functional residuals up to several significant
digits; however, we display the value of |z, — z,| and |f(z,)| up to first two significant digits
with exponent power in Tables 2.1-2.5. An approximate value of x,, with significant digits up to 25
is also provided in Examples 2.4.1-2.4.5. Furthermore, the accuracy of the computational order of
convergence is demonstrated to five significant digits in all tables. Further, the error representation

O:I:b

of the type a x 10*” is shown in the form a(+b). Here, numerical tests are performed using Gy = 2.5

and the following examples are selected for testing:

2.4.1 Real-life examples

Example 2.4.1. Global CO, model in ocean chemistry [291]:
This example is to study the global CO, model in ocean chemistry, where the impact of atmospheric
CO, is complicated and modifies among the location. The problem is to find a numerical solution

to a four-degree nonlinear function

(2.30)

4 2309 5 65226608163 , 425064009069 10954808368405209)5

fi(x) = (93 550 © 500000 % T 5000 ¢ 62500000

interpreted by Babajee [34] in the estimation of the pH of the ocean. The roots of the above equation
are given by x ~ 268.332,140.771,11.286, —411.152. Here, the desired root is n ~ —411.152 having
multiplicity five. After implementing the proposed and existing methods, the approximated root
up to 25 digits is —411.1521869660539592549395. The computational results are displayed in Table
2.1 for an initial guess of xqg = —412.

In Table 2.1, the results show that the newly proposed methods LM;, LM,, and LM3 have a
better performance in comparison to other compared methods in terms of absolute error, functional

error, and CPU time. Moreover, the method BM, diverges for this example.

Example 2.4.2. Continuous stirred tank reactor problem [83]:
Here, we consider the problem related to a continuous stirred tank reactor as shown in Figure 2.1.

The reactors R and A are filled into the tank at the rates g — Q and Q, respectively. The reaction
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Table 2.1: Numerical comparisons on Example 2.4.1

Methods n |Tpt1 — Tl | f1(zn)] p CPU-Time
1 9.5(—15) 7.7(—30)

ZM; 2 2.5(—126) 1.1(—587) 8.0000 0.346
3 6.7(—1019) 1.4(—5050)
1 1.3(—14) 3.2(—29)

ZM, 2 3.3(—125) 3.7(—582) 8.0000 0.406
3 6.7(—1010) 1.3(—5005)
1 2.7(—15) 1.4(—32)

BM; 2 2.9(—131) 2.0(—612) 8.0000 0.390
3 5.1(—1059) 3.6(—5251)
1

BM, 2 *ok Kok *ox K%
3
1 1.9(—15) 2.3(—33)

OM, 2 2.1(—132) 3.2(—619) 8.0000 0.374
3 2.5(—1070) 9.1(—5308)
1 5.1(—16) 3.6(—36)

LM, 2 8.9(—138) 5.5(—645) 8.0000 0.313
3 7.1(~1112) 1.9(—5515)
1 9.3(—16) 6.9(—35)

LM, 2 1.9(—135) 2.6(—633) 8.0000 0.313
3 6.4(—1093) 1.0(—5420)
1 1.7(—15) 1.2(—33)

LM; 2 3.4(—133) 4.7(—622) 8.0000 0.312
3 1.1(~1074) 2.0(—5329)

schemes that originated in the tank are

A+ R — B,
B+R—C,
C+R—D,
D+R—E

** indicates the non-convergence of respective method
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a-Q Q
R A
[ eomme- =3
q
AN

Figure 2.1: Continuous stirred tank reactor.

This problem is further converted by Douglas [117] into a mathematical form

2. .
C 98(t + 2.25) . (2.31)
(t + 2.85)2(t + 1.45)(t + 4.35)

where K. represents the gain of the proportional controller. For any value of K., this control system

has stability. So, if we put K. = 0, we can obtain

fo(x) = 2" + 11.502° + 41.492° + 83.06325z + 51.23266875 = 0. (2.32)

The above equation shows that fo(z) has three roots: —2.85, —1.45, and —4.35. Here, —2.85 is a
multiple root with multiplicity m = 2. We test this problem for the initial guess zy = —2.5, and
the corresponding results are displayed in Table 2.2. Also, the approximated root computed here
is similar to the exact root.

In Table 2.2, the computational results show that the new methods LM;, LM,, and LM;j
possess better results due to lesser absolute residual error and functional error than the compared
ones. However, the technique ZM, diverges for this initial guess. Regarding CPU time, the fastest
iterative method is LMs.

2.4.2 Academic examples

Example 2.4.3. Standard problem [268]:

We consider the following standard academic problem:

f3(x) = (cosx — x)5 ,
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Table 2.2: Numerical comparisons on Example 2.4.2

Methods n |Tpt1 — Tl | fo(zn)] p CPU-Time
1

ZMl 2 kok kk kk k3
3
1 9.5(—1) 3.4(—1)

ZM, 2 —6.2(0) 5.1(—1) 18.575 0.374
3 4.2(0) 9.6(2)
1 2.0(—2) 8.6(—4)

BM; 2 7.5(—8) 1.2(—14) 3.0550 0.375
3 1.9(—24) 7.8(—48)
1 2.0(—2) 8.6(—4)

BM, 2 7.5(—8) 1.2(—14) 3.0551 0.359
3 2.0(—24) 8.0(—48)
1 7.6(—1) 3.0(—1)

OM, 2 8.9(—1) 2.7(—1) —5.3268 0.437
3 2.1(0) 5.1(—1)
1 3.4(—3) 2.5(—5)

LM, 2 5.2(—23) 5.6(—45) 3.4559 0.297
3 1.6(—91) 5.7(—182)
1 4.2(—3) 3.8(—5)

LM, 2 2.9(—22) 1.7(—43) 3.4567 0.328
3 1.6(—88) 5.1(—176)
1 5.5(—3) 6.3(—5)

LM, 2 2.1(—21) 0.4(—42) 3.4576 0.266
3 4.6(—85) 4.5(—169)

** indicates the nonconvergence of respective method

where f3 has a only zero, i.e., z = 0.739085133 with multiplicity 5. For this function, we choose the
initial guess ¢y = 0.8, and after implementing the iterative algorithms, the value of the approximated
root up to 25 digits is 0.7390851332151606416553121.

In Table 2.3, the computational results indicate that the newly suggested methods LMy, LMs,
and LMj offer lesser absolute errors, functional errors, and CPU time than the compared methods.

Moreover, the method LM3 works exceptionally well for this example.
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Table 2.3: Numerical comparisons on Example 2.4.3

Methods n |Tpt1 — Tl | f3(zn)] p CPU-Time
1 1.5(—12) 1.1(—58)

ZM; 2 3.5(—97) 6.7(—482) 8.0000 0.515
3 2.6(—774) 1.5(—3867)
1 1.8(—12) 2.4(—58)

ZM, 2 1.5(—96) 1.0(—478) 8.0000 0.640
3 2.6(—769) 1.0(—3841)
1 5.2(—13) 5.2(—61)

BM; 2 2.2(—101) 7.4(—503) 8.0000 0.563
3 2.2(—808) 1.3(—4037)
1 2.4(—13) 1.0(—62)

BM, 2 1.4(—104) 7.4(~519) 8.0000 0.532
3 2.1(—834) 5.9(—4168)
1 1.0(—12) 1.4(—59)

OM; 2 8.1(—99) 4.6(—490) 8.0000 0.500
3 1.3(—787) 5.7(—3934)
1 1.3(—13) 5.8(—64)

LM, 2 9.0(—107) 7.8(—530) 8.0000 0.375
3 3.7(—852) 9.2(—4257)
1 1.3(—13) 5.4(—64)

LM, 2 7.9(—107) 4.0(—530) 8.0000 0.422
3 1.3(—852) 4.1(—4259)
1 0.7(—14) 1.1(—64)

LM, 2 3.8(—108) 1.1(—536) 8.0000 0.454
3 2.1(—863) 5.4(—4313)

Example 2.4.4. Root clustering problem [379]:
In the fourth example, we consider a polynomial with clustered roots that Zeng [379] has analyzed,
given by

fa(z) = (z = 1)*(z = 2)?(z = 3)"(z — 4)".

The function f; has four multiple zeros at x = 1,2, 3, and 4 with multiplicities of twenty, fifteen,

ten, and five, respectively. All multiple zeros are clustered closely together, but here, the desired
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root is x = 2 with multiplicity 15. The numerical performance of methods is depicted in Table 2.4

using an initial guess xg = 2.1. The approximated root is 2, which implies the actual root.

In Table 2.4, the computational results illustrate that the new methods LM;, LM,, and LMj3

Table 2.4: Numerical comparisons on Example 2.4.4

Methods n |Tpa1 — Tl | fa(x,)] 0 CPU-Time
1 0.8(—9) 2.5(—119)

7N, 2 7.4(—64) 3.5(—946) 8.0000 0.437
3 7.6(—505) 5.0(—7561)
1 1.0(—8) 3.9(—119)

ZM, 2 1.0(—63) 6.0(—944) 8.0000 0.391
3 1.3(~503) 1.8(—7542)
1 3.0(—9) 3.6(—127)

BM; 2 1.6(—68) 5.0(—1016) 8.0000 0.407
3 1.4(—542) 7.7(—8127)
1 2.6(—9) 6.7(—128)

BM, 2 4.2(—69) 6.0(—1025) 8.0000 0.405
3 1.6(—547) 2.5(—8201)
1 1.5(=8) 8.9(—117)

OM; 2 1.6(—62) 3.9(—926) 8.0000 0.344
3 3.5(—494) 5.4(—7401)
1 1.9(—9) 6.3(—130)

LM, 2 4.1(—70) 4.2(—1040) 8.0000 0.375
3 1.5(=555) 1.6(—8321)
1 1.9(—9) 4.2(—130)

LM, 2 3.4(=70) 3.6(—1041) 8.0000 0.344
3 4.3(—556) 1.2(—8329)
1 1.7(-9) 1.4(—130)

LM, 2 2.1(~70) 2.2(—1044) 8.0000 0.374
3 9.1(—558) 7.5(—8355)

work exceptionally well in terms of error between the consecutive iterations, functional error, and

CPU time.
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Example 2.4.5. Higher multiplicity [268]:

Now, we consider the following standard academic problem

folw) = ((x =1 = 1)""

where f5 has a zero at x = 2 with multiplicity 50. The computational results are displayed in Table
2.5 with initial guess o = 2.1. Moreover, the approximated root is converging exactly towards the
actual root.

In Table 2.5, the computational results show that the newly suggested methods LM;, LM,,
LM3z and OM; perform better than the other compared schemes in terms of absolute residual
error, functional error, and CPU time. Furthermore, in the resulting scheme, by choosing another
parametric value like a = 1.9, Gpo = 5, we can generate a new iterative method that gives a minor
functional error, i.e., 2.2(—22006), which is significantly less in comparison to all existing methods.

Therefore, the numerical results show that the proposed methods LM;, LM,, and LMj3 are
comparable and competitive to the existing optimal eighth-order algorithms. It is evident that the
new methods consistently outperform their counterparts in terms of residual errors. Although the
considered parametric values are not specific, we can generate several new iterative methods by
taking (o = 2,Goe = 0.1), (a = 1.8, G2 = 2.5), and (o = 2.1, Goy = 2.4). Consequently, the new
methods can be a better alternative as they offer lesser absolute functional errors than the other

compared methods.

2.5 Basins of attraction

In this section, we explain the convergence and stability of the iterative scheme by analyzing its
basins of attraction. These basins are obtained by applying the approach to some complex poly-
nomials f(z). Basins of attraction are generally assumed to be like visual geometrical tools for
comparing iterative techniques, which explains how a specific scheme functions for different initial
points. A concise review of some basic ideas related to the visual tool is provided in the introduction
1.5 and also in the research article [358].

For the complex dynamics, five polynomials with multiple zeros are utilized. We quantify the
suggested techniques in Tables 2.6-2.10, by examining different convergence measures per point.
The first column (M/P) indicates the average number of iterations required by a method per point

until the root is not found. Otherwise, the point is considered non-convergent. The second column
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Table 2.5: Numerical comparisons on Example 2.4.5

Methods n |Tpt1 — Tl | f5(zn)] p CPU-Time
1 4.8(—7) 6.6(—293)

ZM; 2 5.7(—49) 3.4(—2389) 8.0000 0.343
3 2.2(—384) 1.6(—19159)
1 6.5(—7) 2.3(—286)

ZM, 2 8.4(—48) 9.4(—2331) 8.0000 0.345
3 6.6(—375) 7.1(—18686)
1 1.9(~7) 1.8(—313)

BM, 2 8.0(—53) 0.8(—2582) 8.0000 0.312
3 9.6(—416) 8.8(—20728)
1 6.3(—8) 6.2(—337)

BM, 2 4.2(—57) 1.1(—2795) 8.0000 0.327
3 5.9(—169) 3.4(—8388)
1 1.4(—7) 3.3(—319)

oM, 2 6.7(—54) 1.6(—2635) 8.0000 0.312
3 1.7(—424) 6.1(—21166)
1 1.8(=7) 2.0(—314)

LM, 2 4.2(—53) 1.2(—2595) 8.0000 0.297
3 4.3(—418) 2.1(—20845)
1 2.2(—7) 3.1(—310)

LM, 2 2.6(—52) 1.0(—2555) 8.0000 0.360
3 1.4(—411) 1.1(—20519)
1 3.4(—7) 1.5(—300)

LM; 2 1.7(—=50) 8.4(—2466) 8.0000 0.298
3 6.0(—397) 8.5(—19788)

contains the proportion of non-convergent points NC(%) that can be seen as black spots in Figures
2.2-2.6. Notably, the value of M /P is contingent on the non-convergent points, as these points have
always contributed to the maximum number of 25 iterations permitted. In contrast, convergent
points are typically obtained relatively fast because we use higher-order multi-point techniques.
Finally, we include a column (Mc/C) that represents the mean number of iterations per convergent

point to reduce rounding errors.
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To draw the attraction basins, the following test problems (Examples 2.4.1-2.4.5) are chosen
in the complex plane for testing the proposed scheme.
Test Problem 1: Let us consider a complex polynomial f;(z) in the region of the complex plane.
Since the prescribed domain D does not enclose the roots, we enlarge the domain up to [—500, 500] x
[—500, 500]. Each zero of the polynomial fi(z) is associated with a specific color. Specifically, we
assign the colors purple, yellow, orange, and cyan to the zeros —411.152, 11.286, 140.771, and
268.332, respectively. Also, we paint the points in orange if their orbit converges to the multiple

root —411.152, and in black, if it diverges.

Table 2.6: Convergence measures of methods for the test function f;(z)

Methods ZM, ZM, BM, BM, OM; LM; LM, LM3

M/P 14.3320 16.0899 7.40186 11.7237 10.6193 14.1716 14.0380 11.9634
NC(%) 24.9562  37.0849 7.23033 15.4148 8.67883  35.4286  34.1568  21.8115
M¢/C 10.7855  10.8379  6.03029  9.30427  9.25261  8.25238 8.35214  8.33259
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Figure 2.2: Convergence planes of ZM;, ZM,y, BM;, BMs, OM;, LM;, LM, and LM3 for test problem
1.

The convergence planes of all methods indicate that the NC(%) of BM;, BM,, OM; and LM3
is minimal, therefore exhibiting its stable performance in comparison to other existing methods that
can be seen in Figure 2.2 and Table 2.6.

Test Problem 2: Here, the polynomial f»(2) is analyzed for testing, and we have allotted orange
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and yellow colors to the zeros at —2.85 and —1.45, respectively. The points whose orbit is convergent
to the desired multiple root —2.85 are colored orange, while those whose orbit diverges are colored

black.
Based on the convergence planes of all methods, the NC(%) of each technique except ZM;

Table 2.7: Convergence measures of methods for the test function fo(z)

Methods ZM, ZM, BM, BM, OM; LM; LM, LM;

M/P 10.0404  9.94492  6.66829  8.29554  6.92977  9.20234 9.05933  8.77740
NC(%) 14.0788  13.7026  3.31232 4.64188 0.69385  10.3747  9.15495  7.75433
M¢/C 7.58940  7.55463  6.04028  7.48248 6.08351 7.37366  7.45290  7.41370
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Figure 2.3: Convergence planes of ZM;, ZM,y, BM;, BMs, OM;, LM;, LM, and LM3 for test problem
2.

and ZM, is smaller. Moreover, the average number of iterations required per convergent point is
less for BM;, BMjy, and LM, therefore revealing their stability over the other compared methods
that can be seen in Figure 2.3 and Table 2.7.
Test Problem 3: Here, the attraction basins are drawn for f3(z). Particularly, the points whose
orbits converge to the multiple root 0.739085133 are colored orange, and the ones whose orbits
converge to strange fixed points, cycles, etc., are colored black.

From the basins Figure 2.4 and Table 2.8, the convergence planes reveal that the LM;, LM,

and LM3 methods require a lesser number of iterations for each mesh point, i.e., M/P. Also, ZM;
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Table 2.8: Convergence measures of methods for the test function f3(2)

Methods 7N, ZM, BM; BM, OM; LM, LM, LM;

M/P 13.2060  15.1328 9.86413 12.1591 18.4858 9.72074 10.3118  10.1385
NC(%) 89.1245 83.8074 56.0290 67.8594  73.4342 61.0357  60.6462  57.2875
M¢/C 437651 496719  3.08720 4.01465 4.26228 4.83724  4.85489  5.03506

.fl -1.5 . . 3. -3. . . . 3. -3. -1.5 0. 1.5

Figure 2.4: Convergence planes of ZM;, ZM,y, BM;, BMs, OM;, LM;, LMs and LMj3 for test problem
3.

an ZMj exhibit more NC(%), while new ones has smaller diverging area. As a result, we can state
that the proposed methods are more stable and efficient.

Test Problem 4: For testing, consider the polynomial f;(z), and its attraction basins are drawn.
We assign the colors yellow and orange to zeros 2 and 1, respectively. We color the points gray if
their orbit converges to the multiple root 1 and black if it diverges.

From the basins Figure 2.5 and Table 2.9, it indicates that the BM; and LMj3 require a lesser

Table 2.9: Convergence measures of methods for the test function fy(z)

Methods ZM, ZM, BM; BM, OM; LM, LM, LM;

M/P 24.9478 249281 6.82426 10.2644  7.42974 7.75535  T7.68308  6.86403
NC(%) 99.7067  99.5972  6.35219  5.00249  4.68558  9.44070  7.36865  5.23200
M¢/C 7.23705  7.14151 5.59138  9.48840 6.56599  5.95807  6.30555  5.86285
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Figure 2.5: Convergence planes of ZM;, ZM,y, BM;, BMy, OM;, LM;, LM, and LM3 for test problem
4.

number of iterations, i.e., M/P. Moreover, their NC(%) is less than that of other compared schemes.
Whereas ZM; and ZM, show almost 100% of the diverging area or simply instability. Therefore,
we can say that the proposed methods are more stable and have better efficiency, especially LMs3.
Test Problem 5: In this problem, the attraction basins are drawn for f5(z), and we allot yellow,
orange, and cyan colors to zeros 0.5 — 0.86602540378443861,0.5 + 0.8660254037844386/ and 2,
respectively. We paint the points whose orbit converges to the multiple root 2 in pink and the
points whose orbit diverges in black.

In the basin Figure 2.6 and Table 2.10, it is clear that BM;, LM;, LMy, and LM3 methods

Table 2.10: Convergence measures of methods for the test function fi(z)

Methods ZNM, ZM, BM; BM, OM; LM, LM, LM;

M/P 24.9957 249975 15.7322 19.9901 17.6521 18.7253  18.6005  17.0400
NC(%) 99.9878  99.9886  42.3906  69.5078  43.6522  59.0221  56.2243  47.4002
M¢/C 3.06250  3.13333 8.91670 8.56977 11.9597 9.76522 10.3833  9.86921

require a lesser number of iterations per point (i.e., M/P) and has smaller NC% in the fractal images,
whereas ZM; an ZM, has much larger divergence region indicating, instability. Consequently, the
proposed method’s stability is thus made apparent.

It is clear from the Figures 2.2-2.6 and convergence measures from Tables 2.6-2.10 that the
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1.5

Figure 2.6: Convergence planes of ZM;, ZM,y, BM;, BMy, OM;, LM;, LM, and LM3 for test problem
5.

existing methods ZM; and ZM, have unstable behavior due to the presence of black shaded region
in their fractal pictures. However, the basin figures constructed through the proposed algorithms
possess brighter areas. They are almost free from black regions compared to others of a similar

type, justifying the supremacy of the constructed algorithms over the others.

2.6 Concluding remarks

In this chapter, a three-step Chebyshev-Halley family is presented and analyzed to compute multi-
ple roots of scalar nonlinear equations. The construction of the proposed technique is based on the
weight function approach to accelerate the convergence order of the well-known Chebyshev-Halley
family. With only four functional evaluations per iteration, the new methods are considered optimal
according to the Kung-Traub conjecture. The extensive convergence analysis supports this asser-
tion. Further, numerical performance is evaluated by running the algorithms using high-precision
arithmetic to find the multiple zeros of nonlinear problems. Finally, the attraction basins in the
complex plane ensure efficiency, accuracy, and stability. Moreover, after a comparative analysis, it
was concluded that the proposed methods outperform existing ones in terms of convergence behav-
ior, absolute residual error, functional error, and CPU time elapsed during process execution.

The next chapter expands the applicability of the presented algorithms by introducing a

derivative-free iterative scheme for solving nonlinear equations. The method is specifically designed
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to address problems where computing the derivative is complex, costly, or impractical.
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Chapter 3

Optimal family of derivative-free
King’s type methods for multiple
roots

In this chapter, the authors develop and analyze a new derivative-free class of higher-order
iterative methods for locating multiple roots numerically. The scheme is generated by using King’s
type iterative method. By employing the Traub-Steffensen technique, a derivative-free family is
proposed, which requires three functional evaluations to achieve optimal fourth-order convergence.
Moreover, it can be observed that the theoretical convergence results of the family are symmetrical
for different multiplicities of roots. This further motivates us to present the result in general, which
confirms the convergence order of the proposed scheme. It is also worth mentioning that we can
obtain already existing methods as particular cases of the proposed family for some suitable choice
of free disposable parameters. Finally, we include a wide variety of nonlinear problems to confirm

the applicability and effectiveness of the proposed methods.

3.1 Introduction

Many higher-order iterative schemes based on modified Newton’s method have been presented and
explored in the literature, see references Hansen and Patrick [148], Dong [114], Osada [264], Neta
[259], Shengguo et al. [314], Li et al. [230], Sharma an Sharma [311], Zhou et al. [383], Sharifi et

The contents of this chapter are published in Engineering Computations, Vol. 39 No. 6, pp. 2367-2390, 2022
(SCIE, LF.: 1.9)
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al. [297], Soleymani et al. [329], Geum et al. [134], Kansal et al. [192], Behl et al. [53], Behl and
Al-Hamdan [44]. These methods can be broadly classified into two categories:

(i) methods with derivatives
(ii) methods without derivatives

The first category of methods requires the evaluation of the first or second-order derivative at
each iteration, for instance, modified Newton’s method and the Chebyshev-Halley family. These
iterative variants cannot be applied to non-smooth functions because they involve derivatives. This
fact inspired researchers to develop iterative methods that do not require derivatives for locating
multiple roots.

In order to circumvent the use of derivatives, Traub-Steffensen [351] used the following approx-

imation
f(xn +9f(2,)) = fl2n)
vf ()

In the replacement of derivative f’(x) in the modified Newton method, one obtains the modified

f(wn) =~

. v e R\{0}. (3.1)

Traub-Steffensen method given by

Flum g " €N &

Tpil = Tp — M

where u, = x,, + vf(x,), and flu,,z,] = W denotes the first-order divided difference. The
method (3.2) is derivative-free and a significant improvement of modified Newton’s method because
second-order convergence is retained.

Several variants of King’s family have been developed and analyzed in the literature for approx-

imating the simple zeros of nonlinear functions. Recently, Behl et al. [51] have extended the King’s

family using derivatives for multiple zeros of a function, given as follows

v =z — md2n)
Tpi1 = Yn + (Yn — Tn) [Mt] u,Q(uy), n € No,

where the parameter can take any real value, the weight function Q(u,,) : C — C is a holomorphic

function in the neighborhood of origin and w,, = (%) ™ is multi-valued function.

Going a step further, Behl et al. [45] presented the following Ostrowski’s method (a special case
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of King’s family) without using derivatives for the case of multiple roots (m > 2)

_ f(zn)
Zn = Ty — M————
flttn, ] (3.4
as, + Bt, - '
Tpy1 = Zn T (Zn + xn) ﬁ , neE No,

where p, = x, +vf(xn), fliin, vn] denotes the first-order divided difference, and v € R\{0}. Also,
in scheme (3.4), s, and t,, are muti-valued functions. Furthermore, some derivative-free multi-point
methods for computing multiple roots have also been analyzed by Cordero et al. [94], Behl et al.
[47, 49], and Kansal et al. [186].

Motivated by the research going in this direction, we have made an attempt to propose a
derivative-free King’s family [212] that requires only three functional evaluations to attain optimal
fourth-order convergence. Moreover, it is in accordance with the Kung—Traub conjecture [221]. The
proposed family is analyzed numerically on a variety of problems. It is interesting to observe that
the entire family in [45] is a special case of the proposed class. The proposed family is compared to

its counterparts of a similar nature to demonstrate computational efficiency.

3.2 Iterative scheme

We consider the following derivative-free scheme

2y =T —mif(x")
T ) (35)
_ f(mn) 1 + 5371 (Sn + Un) J .
Tpt1 _Zn_mf[,umxn] l1+(3—2)5n] 5 (1+a(s, —v,)), n €Ny,

1 1
where p, = z, +vf(x,), s, = (}c((;:)))m, Uy = (J]:((;Z)))m Here, o and 3 are free parameters, but

v € R\{0}. Note that the functions s, and v, are multi-valued functions. Therefore, we consider

their principal analytic branches [10]. For instance, we consider the principal root of s,, given by

Sp = €Xp U”L log (;éz)))] ,

+ iarg (}cé;%) for —m < arg (}[((CIZSZ))) < 7. Also, we can write s, =
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3.3 Convergence analysis

In this section, we prove that the proposed scheme (3.5) attains an optimal fourth-order of conver-
gence for all non-zero real values of . In the following Theorems 3.3.1-3.3.2, we will show that the
theoretical convergence results of the scheme (3.5) are symmetrical for different cases depending on
the multiplicity m.

Firstly, we prove the result for the case m = 2 in the following theorem.
Theorem 3.3.1. Assume that n € R be a multiple zero with multiplicity m = 2 of the function
f: D CC — C defined on the interval D, containing the required root n. Then, the proposed scheme

(3.5) has at least fourth-order convergence satisfying the following error equation

Ens1 = 312(@—1 +201)(0} (=14 B — @) + 01(=3 + 48 — 2a)er + (3 + 48)c} — dep) e + O(e]),

(2+k)
where a, § € R,y € R\{0}, o1 =~vf"(n), and ¢, = mii;c)lff”i(n()n)» k=1,2.
Proof. Suppose that e, = x, — 1 denotes the error at the n'® iteration. We assume Taylor’s

expansion for the functions f(z,) and f(u,) around the zero = = n such that f(n) = f'(n) = 0 and
f"(n) # 0, which are given by

')
2!

f(xn) e (1 + cren + €2 + czel + cqer + O(ei)) , (3.6)

and
_f"()

f () o

1 1
e [1 + (o1 +c1)en + Z(O’% +1001¢; + 4ea)el + 1(50301
1
+601¢; + 1201y + 4des)ed + g(afcl + 140%c] + 16073 ¢, (3.7)
+ 2801 c1c + 2801c3 + 8cy et + O(ei)] ,

respectively. Here, ¢, = (2%)']0(,2;7};;()”)’ for k=1,2,3,4,....

Substituting the expressions (3.6) and (3.7) in the first sub-step of scheme (3.5), one gets

1 1 1
2 — 1 :1(01 + 2c1)e2 — T [a% — 8011 + 1263 — 1602} el + 6l [a% — 10¢, (03

(3.8)
+ 16¢5) — 2007c] + 640ycy + 7265 + 964 et +0(ed).
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Using equation (3.8) and expansion of Taylor series for the function f(z,), we obtain

"
1
f(zn) = fQ(l )e llﬁ( o1+ 2¢1)%e2 — 5(01 + 2¢1)(0? — 811 + 12¢] — 16¢5)e?
1
+ o (30 — 4e1 (707 — 4801¢, — 96¢3) + 9607 ¢y + 32c} (07 — 3202) (3.9)

— 800:¢} + 19207 ¢5 + 464c] + 25663 ) ey, + O(ei)] .

By adopting the expressions (3.6), (3.7) and (3.9), we get

Zn : 1 1 X
Sn:<f( )) :Z(Ul+201)€n 16( (o +601C1—1601+1602>e —l—f( 3

fzn) 64 (3.10)
—60%c; — 2201C + 560,¢y + 11665 — 208¢ico + 9603) e2 +0(ed),
and
f(zn) : 1 1 1 3
n = == 2¢1) en + — (=307 — doyc; — 1663 + 16 7o}
v (f(,un) 1 (01 4 2¢1) e, + T ( o} — 4oy i+ 02> e, + 64( (3.11)

— 220%¢; — 1401} + 24015 + 116¢; — 208¢ic5 + 96¢3)e + Ofel).

Now, substituting the equations (3.6)—(3.11) in the proposed scheme (3.5), we get the following

relation )
enir = 53 ((01+20)(0F(~1+ B = @) + 01(=3 + 48 — 2a)e; + (3+48)¢]

(3.12)
— 402))(2?1 +0(ed),

where o1 = vf”(n). Hence, the family (3.5) achieves fourth-order convergence for multiplicity

two. O

Now, we prove the result for m = 3.
Theorem 3.3.2. Assuming the same hypothesis of Theorem 3.3.1, the family (3.5) achieves fourth-

order convergence for m = 3 with error equation

Ent1 = 1(1)8 ( (1+ B)b} — 3by (02 + 452)) en +0(e)),
31 fBER(n) j
B+ )7

Proof. Firstly, we suppose that f(n) = f'(n) = f"(n) = 0 and f”(n) # 0. Then, we obtain the

where o, f € R, v € R\{0}, 0o =~vf"(n), and b; = =1,2.
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following Taylor series expansions of the functions f(z,) and f(u,) around x = 7 as

"
o) = 5 (14 b+ bl + ik + O(E), (3.13
and "
1 7
Fln) _f 3('77)65’; [1 + bie, + 5(02 + 2by)e2 + (60—2171 + b3> el
'1 (3.14)
+ E(O‘S + 8097 + 1609y + 12b4> et + O(ei)] :
31 B (y)
where b; = , j =1,2,3,4 are error constants. By using the expressions (3.13) and

(B+5)! ()
(3.14) in the first sub-step of scheme (3.5), we have

b 1 1603
-7 ——163 + — (309 — 8b2 4 12by )€l + b1(202 — 13by) + —=- + b3 |er
3 18 9 27 (3.15)
+0(e?).
Expression (3.15) and Taylor series expansion of f(z,) lead us to
f(z) = U )e —b2(302 807 + 12by)er + O(e?)| . (3.16)
3! 27t 51 ' 8 8
By adopting the expressions (3.13), (3.14) and (3.16), we obtain
f(zn) s by 1 2 2 1 3
n = =—e, + — (309 — 1007 4+ 12b —(902b1 + 46D
S (f($n> 36 +18( 09 1+ 2)671_'_54( 0901 + 1 (317)
— 96byby + 54bs ) el + O(eh).
and
f(zn) \?® b 1 2 2, 1 3
n = =—e, + — (309 — 1007 4+ 12b —(3029b1 + 23D
’ (f(un) 3 on 15 872 100+ 120)el+ o7 (3o + 2308 (3.18)

— 48boby + 27bs )€l + O(ep).

On substituting the expressions (3.13)—(3.18) in the proposed scheme (3.5), one can get the following

error equation

<oz (8014 BB} = 3ba(02 + 4ba)) el + O(e), (3.19)

en—f—l

where 09 = vf"(n). Hence, the presented scheme (3.5) attains fourth-order convergence for multi-
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plicity three. O]

3.3.1 General form of error equation

Now, we shall present the general form of the error equation of the derivative-free scheme (3.5) for
multiplicity m > 4.

Theorem 3.3.3. The proposed scheme (3.5) has convergence order four for multiplicity m > 4
for any real values of o, B and non-zero real values of v. Moreover, error equation of the proposed

scheme (3.5) is
1

ent1 = 5 {((m +1) + 48)w? — melwg} ep + O(e),
ml [0 ()
where a, B € R, v € R\{0}, and w; = : ,j=1and 2.
MO and s = G Fo)
m! frH) ()

Proof. Let us consider that e,, = z, —n and w; = , 7 =1,2,3,4 denotes the error

(m+5)! f(n)
at n'" iteration and asymptotic error constants, respectively. Now, adopting the Taylor’s expansion

for the functions f(x,) and f(u,) about the point = 1 such that f(n) = f'(n) = --- = fmV(n) =
0 and f™(n) # 0 are

_f(m)(n) m 2 3 4 5 3.20
flz,) = e (14 wie, + wae;, + wse;, + wye,) + O(e,), (3.20)
and
(m) 2 ,
o) =T [y A+ o), (521
: i=0

respectively. Here A; = A;(m, ™ (n), v, w1, ws, w3, wy). For instance, the first few coefficients can

be explicitly written as Ag = wy, Ay = we, and

N { () +6ws)  m=4
o

W3 m > 5.

Now, using the expressions (3.20) and (3.21) in the scheme (3.5), one can get

U}12

1 2\ 3 1 2
€ = 20 =N =€y F W(2mw2 — (L +m)wy)e;, + ﬁ(/’io + 3m-ws

(3.22)
+ (1 +m)*w} — m(3m + 4)w2w1)ei +0(e?),
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where

) :{ (myfOm)  m=4
" 0 m > 5.

The Taylor’s expansion of the function f(z,) and expression (3.22) give

_f"")(n) m 2 3 4 5 (3.23)
f(zn) = — el (1 + wie., + woes +wse; +wge; + O(e;)). :

From the expressions (3.20), (3.21) and (3.23), we obtain

1

fzo)\ ™ wq 1
Sp = < = en + = (Qmw2 — (m+ 2)w%) e2 +

(m + (2m?* + Tm

f(zn) 2m? (3.24)
+ T)w? — 2m(3m + T)wiwy + 6m2w3) e +0(el),
and
f(zn) ) E w1 1 2y ,2 1 2
Uy = =—e, + —(2mwy — (m + 2)wy)e, + ——= (K1 + (2m~ 4+ Tm
(f(un) m m2< 2= Jur) 2m3( s (3.25)
+ Tw? — 2m(3m + T)wywy + 6m2w3)ei +O(ed),
where
{ (2myf@(m) m=4
K1 =
0 m > 5.
By using expressions (3.20)—(3.25) in the scheme (3.5), we have
—L[ 1)+ 48)w? — 2 [ en+0(e) (3.26)
Cni1 = 53 ((m+ 1) +4p)w; — 2mwiws| e, + O(e,). .

The Eq. (3.26) demonstrates at least fourth-order convergence of the presented family (3.5) for all

non-zero real values of v when m > 4. O]

Remark 3.3.1. Finally, the proposed class (3.5) can be written as follows

Zn = T, — mm
! ! f[:unaxn]’
_ fxn) 1+ Bs, S+ U+ 502 — 12) (3.27)
xn+1—zn—mf[un,xn] 1+ (B —2)s, 5 ;

where ac and B are free parameters. It is worth mentioning that the scheme (3.27) has a simple body
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3.4 Numerical results

structure and satisfies all the conditions stated in Theorems 3.3.1-3.53.3 above.

Remark 3.3.2. It can be seen that the parameters o and vy are not present in the final error
equation (3.26) (for m > 4). Although they exist in the coefficient of €2, we do not state it, as we
have already attained the optimal convergence order of four. Moreover, the role of parameters «, (8
and 7y can be seen in equations (3.12) and (3.19) for m =2 and m = 3, respectively.

Remark 3.3.3. It can be observed that the iterative scheme of Behl et al. [45] can be retrieved as
a particular case of the proposed family (3.5) for a =0 and 8 = 0.

3.4 Numerical results

In this section, we check the numerical behavior of the derivative-free proposed scheme (3.5) on
some problems. The first two real-life problems 3.4.1 and 3.4.2 are related to the case of multiple
roots. Next, we choose an example 3.4.3, where roots are clustered. Furthermore, we consider two
standard academic problems in Examples 3.4.4 and 3.4.5, which have multiple zeros of multiplicity
m = 100 and m = 77, respectively. In the last two examples, we examine the behavior of the
proposed scheme when the roots have higher multiplicity.

We consider several existing optimal Newton-like schemes for multiple roots having order four.
The methods are expressed as follows:

1. Shengguo et al. [314] method (LC,;):

2m  f(x,)
Yn = Tpn — —& )
m+ 2 f'(z,) (3.28)
T — 0 — D f(xn)_ f('rn> HEN
T T @) baf' (@) + b f'(yn)” v
where by = m — m;, by = —%, and by = ————.
m\ mi2
2. Soleymani et al. [329] method (SB;):
. 2m f(zy)
Zn — Tp m+2f’(:(:n)7
: (3.29)
/ (zn)f(xn) n e NO

Tl = @ (f'(2))? + @2 f'(z0) f'(z0) + @3 (f' (7))

where q; = £m* ™(m +2)™, ¢ = S_m(m;'i)(mQ_Q), and g3 = s=(m — 2)m™ ! (m + 2)*™.
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3. Sharma et al. [309] method (SM,):

_ f(un)
Wy = Uy — M :
Slon, un
Sn — Un + myy — mZSnyn + Qmsnyn f(un) N
n+l — Wn — ) N ) .
tnt1 =0 ( —ms, + 5,2 + 1 > flon, wn] me o (3:30)
4. Sharma et al. [309] method (SMs):
Wy = Uy — M f(un) :
f[vnv un]
n TL2 - - 1 n n 1 n A
Uy =y 4 S (m = Dyn(myn = 1) _f(un) . nel, (3.31)
my, — 1 flons un)

where v, = u,, + 8f(un), $p = (f(um)) m, Yp = (‘;if”;) " and § = 0.5 in the schemes (3.30) and
(3.31).

5. Sharma et al. [310] method (MM,):

B f(un)

Zn = Up — )
flon, tn) (3.32)
mhy,(1+3hy,) (1 f(uy) . '
Un4+1 = 2n — — 5 — +1 ) TZGN(),
2 Yn f[vna un]
6. Sharma et al. [310] method (MMy,):
Zn = Up — mf.[f(un) ],
/Un7 u?’L
Upt1 = 2n — mhn_ (1 +1 f (tn) neN 5
T Y 6k, \ flvn, un]’ 0

where v, = u, + 5f(un), , = <f(zn)>m’ Yn = (f(v,ﬁ)’") h, = L, and # = 0.5 in the
methods (3.32) and (3.33).
7. Behl et al. [47] method (KM,):

f(zn)

Zp = Xp — M——,
f[ﬂn7xn]
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Tptl = Zn + (Zn - xn)

14 Bsy 1 Q" (0)
2 2 3!

; )
L+ (B —2)sn) \ 27" +3 Sn ) , neN,, (3.34)

where p, = x, + vf(xn), Yo = <;((;n)>>m, Sp = (f(zn)>m’ and v = 0.5. Also, 8 = % and
Q///(()) -9

8. Behl et al. [49] method (AM,):

fan)
Hlptn 2] ) (3.35)

Tn+1 = Yn + (yn - In) (

Yn = Tpn — M

3=

where p, =z, +vf(x,), v, = (;EZ:;)T”, Sp = (;8:;) , and v = 0.5.

9. Behl et al. [45] method (BM,):

_ f(zn)
Zn — Tp — M s
(Zn - xn)(sn + Vn) S '
Tpt1 = 2n + 2(1—28 ) ) neNOa

where u, =z, + ff(x,), sp = (%)E and v, = (]{((M ))) Here 8 = 0.5.

Numerical tests are performed by using v = 1/2 in the new methods with other parametric set

of values
M L1\/[1: = 1775 = 177
o LMy o= 19v5 = 19>

e LMs: oo = 5,52 —§,

o LMy: a=2,5=0.
In Tables 3.1-3.5, we have displayed the number of iterations (n), errors in the consecutive approx-
imations |z,4+1 — x|, residual errors |f(z,)|, and the computational order of convergence (denoted
by p). The expression for p [176] is given in (2.29).

To minimize the round-off errors, we have considered minimum 3000 significant digits. We

demonstrate the value of |z,41 — x| and |f(z,)| up to first two significant digits with exponent
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power in Tables 3.1-3.5. Furthermore, the computational order of convergence is shown up to first
five significant digits. The following numerical examples were selected for testing:
3.4.1 Real-life examples

Example 3.4.1. Van der Waals equation [69]:
We consider the following Van der Waals equation of the ideal gas [69]

ayn?
<P1 + %/1) (Vi —niby) = m Ry Ty,
1

which describes the behavior of a real gas having two constants a; and b;. The volume V) can be

obtained by solving the following nonlinear equation
fi(z) = 2° — 5.222% + 9.0825z — 5.2675.

The multiple root is n = 1.75 of multiplicity m = 2. In Table 3.1, we include the computational

results for several iterative schemes with xy = 2.

Table 3.1: Numerical comparisons on Example 3.4.1

Methods n |z — 21| |zg — 29| |zy — 23] | f1(z3)] p CPU-Time
LC; 3 28x1072 7.6 x 1074 43 %107  55x 1071  3.0792 0.437
SB; 3 28x1072 7.6 x 1074 43x107%  55x 107 3.0792 0.313
SM; 3 2.7x107?2 6.7 x 1074 21x107 1.3x107Y 3.1312 0.327
SMs 3 24x107?2 3.7x 107 1.2x 10710 4.7x1072% 3.3247 0.468
MM; 3 3.7x107? 2.6 x 1073 1.3x107%  52x107 24417 0.282
MM, 3 23x1072 3.4x107% 86 x 107 22x10722 3.3485 0.360
KM, 3 26x107?2 5.6 x107* 9.1 x 107 25x1072° 3.1956 0.313
AM; 3 32x107? 1.5x 1073 9.0x 1078 24 x10716 27748 0.328
BM; 3 23x107?2 3.4x107* 86x1071 22x107%2 3.3485 0.265
LM, 3 22x1072 24x107% 1.6 x 10711 7.9x 1072 3.4441 0.297
LM, 3 21x1072 22x107* 1.1 x 107" 3.8x107* 3.4639 0.298
LM3; 3 21x107? 20x107* 80x10712 19x107* 3.4813 0.297
LM, 3 22x107?2 29x107* 50x107" 74x107% 3.3831 0.282
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Example 3.4.2. Planck’s radiation law [63]:
Let us consider the problem related to Planck’s radiation law [63], whose mathematical form is

defined as follows

Smchy™®
H(?/) = "
evkT — 1]

where y, T, k, ¢, and h denote the wavelength of radiation, absolute temperature of the black-body,
Boltzmann constant, speed of light, and Planck’s constant, respectively.

In thermal equilibrium, this law provides the spectral distribution of radiation at a particular
temperature from a black body. For this purpose, we solve the equation H'(y) = 0 for evaluating
the wavelength y, corresponding to the maximum energy density of H (y).

After algebraic calculations, we obtain the following equation

() 77

ch = 5
eviT — 1

Further, we can formulate it in the form of a nonlinear equation as follows

folz) = (e” —1+x>3,

5
h
where x = % The multiple root for this problem is n = 4.96511423174428 of multiplicity three.
Y
h
Now, one can compute the wavelength y using = = o We test this problem for the initial guess

ykT
xo = 5.4 and the corresponding results are displayed in Table 3.2.

3.4.2 Academic examples
Example 3.4.3. Clustered root problem [379]:
Now, we consider a clustered root problem given by

fs(@) = (2 = 1)*(z = 2)P(z - 3)°(z — 4)°.

The function f3 has four multiple zeros x = 1, 2,3 and 4 with multiplicities twenty, fifteen, ten, and
five, respectively. All multiple zeros are clustered closely together. Our desired root is x = 1 with
multiplicity 20. The numerical performance of methods is depicted in Table 3.3 using an initial

guess xg = 0.8.
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Table 3.2: Numerical comparisons for Example 3.4.2

Methods n |z — 24| |zg — 29| |zy — x3] | fo(z3)] p CPU-Time
LC, 3 20x107° 12x1072 15x107" 25x 107%™ 3.9999 0.328
SB; 3 20x107° 12x1072%  15x107 26 x1072™ 3.9999 0.407
SM, 3 19x107% 1.1x107% 15x10712 23 x1073%¥  4.0000 0.374
SM, 3 1.8x107% 81x1072® 3.6x107'"% 3.3 x 1073  4.0000 0.438
MM, 3 28x107% 79x107?" 52x107'% 1.0 x 1073%"  4.0000 0.359
MM, 3 1.7x107% 68x1072® 1.8x 107" 4.0x 1073  4.0000 0.453
KM, 3 18x107% 86x107%® 47x 107" 7.7 x107*°  4.0000 0.422
AM, 3 22x107% 23x1072" 3.1 x 107" 4.0 x 107334 4.0000 0.391
BM,; 3 17x107% 6.8x1072® 1.8x107'"%  4.0x 1073  4.0000 0.376
LM, 3 1.7x107% 6.0x1072® 1.0x 107" 7.4 x 1073  4.0000 0.375
LM, 3 16x10% 58x107%® 9.0x 107" 53 x 10732  4.0000 0.344
LM; 3 16x107% 56x1072® 81x107'" 3.8 x 10732 4.0000 0.359
LM, 3 17x107% 64x1072 1.4x107'"%  1.9x 1073  4.0000 0.389
Table 3.3: Numerical comparisons on Example 3.4.3
Methods n  |zy — 24| |z — 29| |zy — 23] | f3(x3)] p CPU-Time
LC, 3 26x107% 22x1071 1.1x107%® 1.3 x107™*  3.9982 0.328
SB; 3 34x107% 75x1070 1.9x107%  6.5x 10770  3.9977 0.375
SM;, 3 12x1072 13x10% 34x107? 1.1x1072* 1.3914 0.296
SM, 3 13x1072  14x107% 41x107" 55x1072%  1.3931 0.312
MM, 3 47x107%  57x107% 13x107% 7.0x107%%  3.9953 0.359
MM, 3 90x107* 73x107% 32x107% 2.7x107%  3.9997 0.359
KM, 3 14x107% 74x1072 59x107% 6.4 x 10730  3.9994 0.281
AM, 3 3.0x107% 52x1071° 47x107% 6.0 x 10772  3.9978 0.390
BM, 3 9.0x107* 73x1078® 32x107% 27 x1079  3.9997 0.360
LM, 3 63x107* 1.1x107% 9.0x107% 2.7 x 1071056 39998 0.359
LM, 3 58x107* 66x107" 1.1x107% 1.6 x 1071%* 3.9998 0.328
LM; 3 56x10 55x107"  50x 107 2.6 x 1071061 3.9998 0.328
LM, 3 56x107% 55x 1071 50x107% 2.6 x 107191 3.9998 0.328
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Example 3.4.4. Standard academic problem [}4]:

We consider a standard academic problem given by

100

fa(w) = ((z =1 =1) ",

where f; has a zero at x = 2 with multiplicity 100. In Table 3.4, we display the computational
results by taking xy = 2.1.

Table 3.4: Numerical comparisons on Example 3.4.4

Methods n |zo — 21| |zg — 29| |zy — 23] | fa(zs)| p CPU-Time
LC, 3 21x107* 6.1x107" 45x107°" 88 x 107°%%  3.9999 0.250
SB; 3 29x107* 29x107" 3.0x107° 6.6 x 1073  3.9999 0.282
SM, 3 16x107%  1.6x107 52x107'% 1.4 x 107168 14141 0.329
SM, 3 1.6x107%  16x107 54x10718% 1.1 %1071 14144 0.266
MM, 3 49x107* 56x107% 9.7x107% 2.9 x 107%™ 3.9997 0.312
MM, 3 53x107° 52x107® 50x107 59 x 107988 4.0000 0.328
KM, 3 99x107° 13x107'% 35x107% 1.7 x 1072  4.0000 0.267
AM; 3 28x107% 29x107" 33 x107% 6.0 x 1077301 3.9999 0.343
BM, 3 53x107° 52x107® 50x1077 59 x 10798 4.0000 0.281
LM, 3 29x107°  21x107Y 6.0x107 4.1 x 107"  4.0000 0.282
LM, 3 24x107° 79x107*° 93 x107™ 5.0 x 10776 4.0000 0.297
LM; 3 22x107° 53x1072 1.8x107"™® 6.5 x 10778  4.0000 0.312
LM, 3 53x107° 52x107® 50x107 59 x 10798 4.0000 0.329

Example 3.4.5. Higher multiplicity problem [268]:

Let us consider another problem related with higher multiplicity, which is given as follows:

fs(z)=(2° -2+ +1)7.

The above equation has a multiple zero at n = —1 with multiplicity 77. Using o = —1.1, we
include numerical results in the Table 3.5.

In Tables 3.1-3.5, we present the numerical results of different methods for computing the
multiple roots of nonlinear functions fi, fa, f3, f4, and fs5, respectively. Therefore, the numerical

results in Tables 3.1-3.5 reveal that the proposed methods LM;, LM,, LM3, and LM, perform
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Table 3.5: Numerical comparisons on Example 3.4.5

Methods n  |xe — 24| |zg — 29| |zy — 3] | f5(x3)] p CPU-Time
LC; 3 15x107% 1.5x1071% 1.6x107%® 4.1 x 107%™  3.9984 0.328
SB; 3 25x1073 1.5x 1077 20x1073* 1.1x1072%%  3.9976 0.312
SM; - Diverges - - - - 0.375
SM, - Diverges - - - - 0.313
MM, 3 36x10%  1.8x10° 13x1072 54 x 102185 3.9929 0.374
MM, 3 44x107% 21x1078 1.0x 1079 3.8 x 107383 3.9998 0.375
KM, 3 89x107* 9.0x107" 95x107* 9.8 x 1077  3.9993 0.250
AM; 3 23x1073 1.5x107  3.1x107% 2.8 x 1072  3.9969 0.359
BM; 3 44x107% 21x1078B  1.0x 10799 3.8 x 1073813 3.9998 0.297
LM, 3 1.9x107% 15x107% 58 x107% 2.1 x107%25  4.0000 0.312
LM, 3 14x107% 12x1071% 76x107% 59 x 10749  4.0002 0.266
LM, 3 12x107%  1.1x107Y7 73x10°7 1.1 x 10787  4.0012 0.312
LM, 3 44x107% 21x1078 1.0x107% 3.8 x 10-313  3.9998 0.281

better in comparison to the existing robust methods as they offer lesser absolute errors in the
consecutive iterations and absolute residual errors than the other methods.

In addition to the parameters considered, we can generate some new methods from the proposed
scheme (3.5) by considering the different parametric values like {a = %, £ = —%}, { = %,B =

_ 35 — 954 g__ _ 3 — 49 p_ 224
23}, {a =10 = 14}, and {a =150 = 100} to have even more better results.

3.5 Basins of attraction

Here, we illustrate the relevant information regarding the convergence and stability of the iterative
scheme by analyzing their basins of attraction obtained by employing the approach to some complex
polynomials p(z). Basins of attraction are generally assumed to be visual geometrical tools for
comparing iterative techniques, which explain how a specific scheme functions for different initial
points. A concise review of some basic ideas related to the visual tool is provided in the introduction
1.5, while more information can be found in [352].

Three polynomials with multiple zeros are used for the complex dynamics of the new methods

LM;, LM,, LMj3, and LMy. The problems are given below.
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3.5 Basins of attraction

Test Problem 1: For the testing, let us suppose the polynomial p;(z) = (2% — 1)? carrying two
zeros {—1,1} with multiplicity m = 2. Basins for the polynomial are displayed within Figures
3.1-3.3 corresponding to v = 0.01,107%,107°, respectively. One color is allotted to each starting
point in the basins of attraction. Particularly, we assign the colors purple and cyan to the zeros —1

and 1, respectively.

-3. -1.5 0. 1.5 3. 1.5 3. -3. -1.5 0. 1.5 3. -3. -1.5 0. 1.5 3.

(a) LM, (b) LM, (c) LMj (d) LMy

Figure 3.1: Convergence planes of the proposed methods for v = 0.01 in the test problem 1.

-3. -1.5 0. 1.5 3. -3. -1.5 0. 1.5 3. -3. -15 0. 1.5 3. -3. -15 0. 1.5 3.

(a) LM, (b) LM, (c) LMj (d) LM,

Figure 3.2: Convergence planes of the proposed methods for v = 0.0001 in the test problem 1.

Test Problem 2: Consider the polynomial py(z) = (2% + 12)? carrying three zeros { —i% O} with
multiplicity m = 3. Basins of attractors are estimated by the proposed scheme for the polynomial,
as depicted in Figures 3.4-3.6, corresponding to chosen values for the parameter ~y, 0.01, 10~4, 1075,
The corresponding basins of zeros are distinguished via a color allotted to them. Particularly, we

assign the colors purple, cyan, and green to the values —%, %, and 0, respectively.

Test Problem 3: Let us examine the function p3(z) = (2* — 2)* having three zeros {—1,1,0}

with multiplicity m = 4. Basins corresponding to the zeros are depicted in Figures 3.7-3.9, for
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-3. -1.5 0. 1.5 3. -3. -1.5 0. 1.5 3. 1.5 3. -3. -15 0. 1.5 3.

(a) LM, (b) LM, | (c) LM3 (d) LM,

Figure 3.3: Convergence planes of the proposed methods for v = 0.000001 in the test problem 1.

Table 3.6: Convergence measures of methods for test function p;(z).

y Methods LM, LM, LM; LM,
10—2 M/P 4.18814 4.21450 4.43860 4.56074
NC(%) 4.53093 4.75094 5.79856 5.66549
M¢/C 3.20042 3.17774 3.17295 3.3332
10~4 M/P 3.22445 3.22109 3.21875 3.22129
NC(%) 0.514498 0.567696 0.586695 0.043906
M¢/C 3.11183 3.09675 3.0902 3.21172
1076 M/P 3.16681 3.15637 3.15320 3.22626
NC(%) 0.184292 0.203671 0.215071 0.007570
M¢/C 3.12649 3.11179 3.10611 3.22461

-3. -1.5 0. 1.5 3. -3. -1.5 0. 1.5 3. -3. -1.5 0. 1.5 3. -3. -1.5 0. 1.5 3.

(a) LM, (b) LMs (c) LM; (d) LM,

Figure 3.4: Convergence planes of the proposed methods for v = 0.01 in the test problem 2.

the particular values of v = 0.01,0.0001, 0.000001 respectively. One color is allotted to each initial
point in the basins with zeros —1,1, and 0. Particularly, we assign the colors purple, cyan, and
green to the values —1, 1,0, respectively.

In Table 3.6-3.8, we present convergence measures of the proposed methods by considering
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-3. -1.5 0. L5

(a) LM1

v
L
bed

0. L5

(b) LM,

hod

-3. -15

(C) LM3

1.5

had

-1.5 0. 1.5

(d) LMy

had

Figure 3.5: Convergence planes of the proposed methods for v = 0.0001 in the test problem 2.

w
L
w

T 0. 15

(a) LM1

0. 1.5

(b) LMy

hod

-3. -1.5

(c) LM3

1.5

hod

-1.5 0. 1.5

(d) LMy

hod

Figure 3.6: Convergence planes of the proposed methods for v = 0.000001 in the test problem 2.

Table 3.7: Convergence measures of methods for test function po(z)

0% Methods LM, LM, LM; LMy
1072 M/P 20.4717 20.4703 20.4913 20.6493
NC(%) 78.5465 78.5594 78.5852 79.4471
M¢/C 3.89238 3.87314 3.94567 3.81900
1074 M/P 11.2258 11.1851 11.2568 11.9144
NC(%) 33.0183 32.8724 33.0328 36.0853
M¢/C 4.43589 4.41994 4.47770 4.52650
1076 M/P 4.57397 4.53642 4.49333 4.81418
NC(%) 1.05982 1.15672 0.678284 0.393647
M¢/C 4.35517 4.29694 4.35329 4.73441

different values of the parameter 4. The first column (M/P) represents the mean value of iterations

required by the algorithm per point to reach the desired root. Otherwise, that point comes out to be

non-convergent. The second column NC(%) defines the percentage of non-convergent points. The

black zones indicate non-convergent points that can be seen in the fractal images (Figs. 3.1-3.9)
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H—3. -1.5 0. 1.5 3. .—3. -1.5 0. 1.5 3. .—3. -1.5 0. 1.5 3. .—3A -1.5 0. 1.5 3.

(a) LM1 (b) LM2 (C) LM3 (d) LM4

Figure 3.7: Convergence planes of the proposed methods for v = 0.01 in the test problem 3.

-3. -15 0. 1.5 3. -3. -15 0. 1.5 3. -3. -15 0. 1.5 3.

(a) LM1 (b) LM2 (C) LM3

Figure 3.8: Convergence planes of the proposed methods for v = 0.0001 in the test problem 3.

(b) LM, (d) LMy

Figure 3.9: Convergence planes of the proposed methods for v = 0.000001 in the test problem 3.

for different test functions.

Note that the value of M/P is dependent on the non-convergent points since these points always
contributed with the maximum number of 25 allowed iterations. Usually, the convergent points
are reached very quickly while working with higher-order multi-point methods. Finally, we include
another column (M¢/C) which depicts the mean value of iterations per convergent point to minimize

the round-off errors.
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Table 3.8: Convergence measures of methods for test function ps(z)

~y Methods LM, LM, LM, LM, |
102 M/P 21.9461 21.9571 21.9974 22.0097
NC(%) 85.8923 85.9528 86.1572 86.2042
Mc/C 3.35309 3.33810 3.30903 3.32474
1074 M/P 17.5385 17.5385 17.5993 17.6877
NC(%) 64.9225 64.8758 65.2717 65.4620
M¢/C 3.72863 3.72167 3.68965 3.82812
106 M/P 8.25922 8.21239 8.32539 8.56264
NC(%) 20.3637 20.2062 20.7603 21.4250
M¢/C 3.98477 3.96501 3.96060 4.08638

It can be seen that the estimation of parameter v plays a crucial role in the convergence behavior
of the proposed family (3.5). Due to this reason, we have selected different values of v to visualize
the basins. The basin attractors indicate that they are becoming wider as the parameter v decreases.
On the contrary, the fractals shrink for large values of the parameter v. Moreover, the black areas
indicate the divergence regions, which are also diminishing as the value of v decreases. Finally, we
conclude that the convergence of the proposed methods is significantly improved for smaller values

of the parameter ~.

3.6 Concluding remarks

We present derivative-free iterative methods for approximating multiple roots of nonlinear equations.
The theoretical analysis is provided for m = 2 and m = 3. It is further generalized for m > 4, which
confirms that the proposed scheme is optimal, having convergence order four. It is noticeable that
some already existing methods are special cases of the proposed class. In order to verify stability,
we have also displayed the basins of attraction of the newly proposed methods for various parameter
values in the complex plane. The performance of the proposed methods is superior, as demonstrated
by the numerical results. The numerical experiments further reveal that the presented derivative-
free family works very well for higher multiplicity corresponding to the considered test functions, as
compared to the other methods. Thus, we can conclude that the proposed class would be a useful
alternative for numerically computing multiple zeros of nonlinear functions.

After developing a robust, derivative-free scheme for finding multiple roots of scalar nonlinear

equations, the next important step is to extend these ideas to higher-dimensional cases. The
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challenges multiply when transitioning from scalar to systems, requiring a focus on computational
efficiency and a rigorous theoretical base that extends beyond the limitations of the Taylor series.
In the next chapter, we address these challenges by developing a new family of multi-step iterative
schemes for nonlinear systems. We shift our analysis to a Banach space setting, which enables us
to provide a more general convergence theory that relies solely on first-order derivatives and to

formally establish the existence and uniqueness of solutions.
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Chapter 4

Family of multi-step vectorial
iterative methods for solving
nonlinear systems

In this chapter, we develop multi-step vectorial iterative schemes for solving nonlinear systems,
achieving fourth and sixth-order convergence. The proposed methods are designed to minimize
computational costs by employing a single inverse operator and reducing the number of functional
evaluations per iteration. Furthermore, we generalize the sixth-order three-step scheme into a
(¢ + 1)-step family, increasing the convergence order to 2q 4+ 2. While standard local convergence
analysis based on Taylor series expansion is common, but it has limitations, as it requires the use
of higher-order derivatives. To overcome this limitation, we conduct the theoretical analysis in a
Banach space setting that relies solely on first-order derivatives. The existence of a unique solution
is guaranteed within a specific domain, whose radius of convergence is formally obtained using
Lipschitz constants. Furthermore, we test the theoretical results on several numerical examples to

check the performance and stability of the proposed methods in comparison to existing counterparts.
4.1 Introduction

Nonlinear problems, which describe complex phenomena like turbulent fluid flow, heat transfer
with sharp gradients, and reaction-diffusion processes in catalysts, are mathematically governed
by boundary value problems (BVPs) [289], ordinary/partial differential equations (ODEs/PDEs)
(93, 278, 279, 280, 282, 316, 317, 318, 355, 357], or integral equations. For instance, the concentration

The contents of this chapter are published in Journal of Mathematical Chemistry, Vol. 64, Article ID 8, 2026
(SCIE, L.F.: 2.0)
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distribution of the diffusion of reactants in a spherical catalyst pellet is governed by the nonlinear

ODE:

D

Dpd (,dC) _ k.R(C), 0 <71 <R,

rZ dr dr (4.1)
dC '
%(0) =0, C(R,) = Cs,

where C represents reactant concentration, R(C) is the reaction rate function, Dy denotes effective
diffusivity, k, is the reaction rate constant, and r indicates radial position. Similarly, oscillatory
systems like the Van der Pol oscillator [93] exhibit nonlinear dynamics, described by

d?*u du

— —pw?—=1)—~+u=0, u>0,

dr (4.2)

Moving to PDEs, Burger’s equation [289] serves as a fundamental model for nonlinear wave inter-

actions and viscous flow, having a mathematical form

O*u  Ou  Ou
W - E‘i‘ua—i‘R(l,T) =0, (Z,T’) S [0,1] X [0,1],
uw(0,7) = u(l,r) =0, (4.3)
10((l —1
u(l,0) =101(l — 1), wu(l,1)= (e),
where R(l,7) = —10[100(1 — 31 + 2{*) + e"(2 — L + {*)] /e*" is a source term, and the solution is

constrained by mixed boundary conditions. Another example is the nonlinear heat conduction
problem [289]:
= — ——+u'=H(l,r), 1€[0,1], r>0,
u(l,0) = sin(Im), (4.4)
u(0,7) =0, u(l,r) =0,
with H(l,r) = — ((x® — 2)sin(xl) + 7 cos(nl)) /e" introducing additional complexity.
The challenges posed by nonlinear models have spurred significant research into numerical meth-
ods across scientific and engineering disciplines. Classical approaches for solving ODE-based BVPs
include Runge-Kutta methods [67] and Adams—Bashforth multi-step methods [224], which offer ef-

ficiency through the reuse of previously computed values. While these methods are well-established

for many problems, they can encounter certain difficulties with stiff systems or when applied as
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shooting methods. This motivates alternative approaches, such as the iterative scheme developed
in this work, which solves the discretized system iteratively.

A central problem involves determining a solution vector X* = (X7, X3, ..., X}) such that it
satisfies the nonlinear system (1.3). These systems arise naturally when discretizing BVPs, model-
ing equilibrium states in dynamical systems, or PDEs. An alternative approach reformulates (1.3)

as a fixed-point problem, seeking a function ®5 : D C R*¥ — R* such that
X — @ (XM n=0,1,2,..., (4.5)

where iterations converge to the solution or fixed point X*. Recent studies [20, 189, 338| have
developed efficient algorithms to approximate the solutions within specified tolerances. Among
these, Newton’s method [263] remains classical due to its quadratic convergence under standard
conditions. To achieve higher-order convergence, modified Newton-type methods introduce addi-
tional computations, e.g., new functional evaluations, Jacobian updates, or inverse operators. For

instance, Cordero et al. [89] proposed a fourth-order scheme, given by

2
YO = @ (X)) = X0 — S[F(XO)R(X ),

X+ = Y (X, y )y

=X™ _ ;[3F/(Y<">) — (XM BF(Y™) + F'(X™))

(4.6)

X< [F(XM) T RX ™),

requiring two Jacobians and two inverse operators per iteration. Similarly, Babajee et al. [33]
derived a fourth-order technique using weight functions. Further refinements include in the work of
Narang et al. [253], who combined this approach with Nedzhibov’s scheme [257] to preserve fourth-
order convergence while reducing computational costs. They later extended it to sixth order by
incorporating an additional function evaluation. However, due to two matrix inversions, there is an
immediate increase in the computational cost and a decrease in computational efficiency. Recently,
Dehghan and Shirilord [108] suggested another sixth-order iterative technique, which includes three
functional evaluations, two Jacobians, and two inverse operators. Going further, Sharma and Kumar
[303] presented a generalized scheme with (¢ + 1)-steps using Newton-Jaratt composition requiring
g functional evaluations, two Jacobians, and one matrix inverse operator to attain 2¢ + 1, ¢ € N

order of convergence.
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The primary aim when developing efficient iterative algorithms is to maximize the convergence
order while minimizing the number of function evaluations. However, the most evident obstruction
in solving nonlinear systems is the need for matrix inversion computation, which requires a sub-
stantial amount of computational work. Therefore, utilizing the minimum number of such inverse
operators will be reasonable. Keeping this in mind, we attempted to propose a two-step iterative
scheme using one functional evaluation, two Fréchet operators, and one matrix inverse operator
to achieve at least fourth-order convergence. Further, the convergence order is increased to six by
including one extra function evaluation. Due to certain limitations of the Taylor series expansion,
we carry out an extensive local convergence analysis for each developed class in the Banach space
setting. Furthermore, in pursuit of higher convergence order, the approach has been extended to
incorporate (g + 1)-steps, where the convergence order increases to 2q + 2, ¢ € N. One noteworthy
aspect of the proposed methods is that they enhance the convergence order by two while using
only one auxiliary function per step. The proposed schemes have also been tested on some real-life

models to determine their practicality.

4.2 Formulation of new schemes

This section presents the formulation and analysis of two new iterative families for solving nonlinear

vector problems.

4.2.1 Fourth-order scheme

We propose a two-step iterative family that enhances the convergence rate of Newton’s technique
(1.59) while reducing the computational cost per iteration by minimizing function and Jacobian

evaluations, as well as the use of inverse operators, given by

2
y) — x0) _ §U0<X(n))7
XD — ¢V (x ) y () (4.7)

= X (o1 4 SLHX) ) W) 0(XD), 0 e N,

where vo(X™) = [F/(XM)]'E(X™), H(X™) = T — [F/(XT)]LE/(Y™), and W(H(X™)) is
the weight function. Also, o, are two non-zero free parameters, whereas 1 can take any value in R.

Here, I denotes an k-order identity matrix. The first step of the proposed scheme (4.7) is based on
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the well-known the Jaratt technique; however, the next sub-step is primarily based on the weight
function approach.

We now establish the convergence analysis of the proposed fourth-order family (4.7).

Theorem 4.2.1. Suppose the function F : D — R*, defined on an open convex domain D C RF,
has a zero at X* and is r-times Fréchet differentiable in a neighborhood of X*. Furthermore, assume
the derivative F'(X) is continuous and non-singular at X = X*. Then, the iteration (4.7) defines a
sequence {X(”)}Z":O that converges to X* with order at least four, provided the initial iterate X© is

chosen sufficiently close to the root. The following equation describes the asymptotic error behavior

cnt)) _ <(135a353 — 360250 + 1200nm* — 8)3)

27535° A + (A2A3 —34345) + ) (€)' +0((E™)),

where 0,6 € R\{0} and n € R.

Proof. Let €™ = X — X* By using Lemma (1.2.1), the function F(X®™) can be expanded in a

neighborhood of zero X*, one obtains

LRI EM) P EDP 4O, (48)

F(X™M) = F(X*) 4+ F'(X*)e™ + ol 3

For an actual root X*, we have F'(X*) = 0 which further leads us to
F(X™) = FI(XM[E™ + Ao€™) + A3(™)* + Au€™)" + O((€™))], (4.9)
1
where A; = —FF(’)(X*) € L;(R* R¥) and L;(R* R¥) for i = 2,3,... denotes the set of bounded
i-linear functlons Also, FO(X*) € Lij(RF x i-times x RF RF) T = [F'(X*)]~' € L(RF,R¥), (¢M)k =

(€M) ) k-times ¢(m)) e ¢ RF and A;(¢€™)7 € R*. Now, the Fréchet derivative function F”(X ™)

which is determined from (4.9), is given by

FI(X™) = F/(X*)

I+ ijAj(S("))j_l + 0((5(”))6)] : (4.10)

i=2

Taking inverse of Jacobian matrix F'(X™) as follows

PO =

I+ i@»(é"))j + 0((5"’)6)] I, (4.11)

=1
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where

O = —2Ay, Oy = —3A5 +4A% O3 = —4A, +6A3A; + 64,435 — 8A3,

Cy= — 545+ 16A3 — 1243A2 — 124, A345 — 12A3A5 + 84, Ay + 8Ay Ay + 9A2,

Cs = 104345 + 12A3A, + 124, A3 + 104545 — 16434, — 18A2A3 — 16454, Ay — 184345 A3
— 18A2A; — 16A4A2 + 24 A3 A3 + 24A2A3 A, + 24 A0 A3 A2 4 24 A3 A3 — 32A3 — 64,.

Post-multiplying (4.11) by (4.9), one gets

w(XO) = [FXTRX®) = €0 1 3 B (€)1 + 0((E)), (4.12)

j=1
where
Bl - — AQ, BQ - 2(143 - Ag), Bg - —414; + 4A2A3 + 3A3A2 - 3A4,
By = 6A5A, + 6A2 + 44, A5 — 8A3 A3 — 6Ay A3 Ay — 6A3A% + 8AS — 4A;5,

Bs = 8AyAs + 9A3A, + 8A4 Az + 5As Ay — 12A5A4 — 1245A% — 8A5 A Ay — 124345 A5
— 9AZ Ay — 8ALAS + 16A5A3 + 12A3 A3 A, + 124, A3 A% + 12A3A5 — 16 A2 — 54,.

Let Y™ = £ 4 X* and employing (4.12) in the first step of (4.7), one gets

~ 1 2 4 2
£ = gf(n) + §A2(5(n))2 - g(Ag — Ag) (™) - §(4A2A3 + 34345 — 3A4

(4.13)
—443)(EM) + O((€™)).
Further, utilizing the above Eq. (4.13) in the expansion of F/(Y ™) at X*, we have
/(v (n) ! * 2 (n) 1 2 (n)\2 4
F(Y"™) = F'(X") |1+ A" + (A3 + 4A5)(E"™)" + —=(18A2A5 + 9A3 A,
3 3 27 (4.14)
—1843 + A)(€™)* + O((€)h)]
Pre-multiplying the Eq. (4.14) by (4.11), one gets
/ (m\1-1 /(v (n)y 4 (n) 4 2 (n))2 8 3
[FXONTE () = 1= S A + (=245 +3A3)(€")* - (3643 + 134,
—27AyAs — 18A3A5) (€™)2 + O((€M™)h). (4.15)
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From Eq. (4.15), H(X™) can be obtained as

4 4 8
Are™ — —(—2A;5 + 4A3)(£™)? + 57 (3643 + 134, — 274, 44

H(X(")) —
3 (4.16)
— 18434)(€™)* + O((¢™)").
Consider the weight function W (#H (X)) up to two degree terms only as
H(X™ H(X )2
W(H(X ™)) = Wol + W, (1, ) - W2(2|).
On substituting Eq. (4.16) in the above weight function, one gets
(n) 4 (n) 4 2 8 2 (n)\2
W(H(X"™)) =Wy + §W1A2£ + §W1(—3A2 +2A4;) + §W2A2 &™)
8 3 16 3
+ 2—71/1/1(36142 + 13A, — 27TA A3 — 8A3Ay) + §W2(6A2 (4.17)
- 2y - 240) ) (€7 + O((E))
We now use Eq. (4.17) to expand the second sub-step in (4.7), which leads us to
(n1) my _ (2 2 (n))2
f = (I — O'WQ)(f ) — %walAg — O'W()AQ + g"]W()AQ (5 )
8 2 2, 8 4 2 2
- §O'W2A2 - 40’W1A2 + gO’WlAg - gO’WlAQ + 20'W0(A2 - A3) (418)
2n (4 W 4
52t - waag) - 3 - a0 )€ + O,
Moreover, one can achieve fourth-order convergence by adopting the values
1 306 — 2 90262 — 300n + 2n?
Wo = o’ W= 4025 We = 40362 '
On substituting, the values mentioned above in (4.18), the error equation becomes
wrny [ (1350%6% — 360%6%n + 1200m* — 8A) o 1
éﬂ_( SE A A3+ 5 (Ap Ay — 343 40)
y (4.19)
+ )€ 0l
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Therefore, the proposed scheme (4.7) attains at least fourth-order convergence, under suitable

smoothness assumptions. ]

4.2.2 Sixth-order scheme

Here, we propose a three-step iterative scheme for solving vectorial problems consisting of the first

two steps of the proposed family (4.7), given by

X0+ = e (x ™)y Zm) (4.20)
=z - (plf + 01 (X ™) (po] +P3U1(X(n)))) [F(XM)TR(Z™), neN,

where vy (X™) = [F/(X™)]7'F'(Y™). Here, p;, ps, and ps are constants that need to be deter-
mined.

Now, we analyze the convergence of the proposed scheme (4.20) in the following Theorem (4.2.2),
requiring an additional function evaluation F(Z™) at the third step.
Theorem 4.2.2. If the conditions of Theorem 4.2.1 hold, then, for n € R and o, 6 € R\{0}, the

resulting error equation for (4.20) yields at least sizth-order convergence for the sequence { X (")}j’f:o

1 1

 5ad = 3Aus) + ) (€9 + O(E))

provided p; = % + p3, po = —%(3 + 4p3), and p3 € R.

Proof. Suppose Z™ = s 4+ X* we can use the Eq. (4.19) established earlier for scheme (4.7) to

obtain the following expression

(n) _ (1350353—360252n+1205772—8)\3)A3 1 Ao — 3AA Ag\ s
, ( ot byl s E
+O((E™)).
Now, expand F(Z™) about X*, one acquires
F(ZM) =F'(X*)[s™ + Ay(s™)% 4 Ag(s™)3 + O(s™)4). (4.22)
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Pre-multiplying Eq. (4.22) by Eq. (4.11) and simplifying, we get

[F'(XMNTTF(ZM) = 50 — 24, (65 — (345 — 4A2) (€)™ + (64543

(4.23)
+ 64342 — 44, — 843)(€™)*s™ + Ay(s™)? + O(eM)".

By employing Eq. (4.15) in the following expression, one can obtain

pil + v (X ") (pol + p3 v1(X™)) = Do I+ D™ + Dy(€M)? + Dy (€M) + O((€™)h),  (4.24)

where

4 4
Dy = p1+p2+p3, D= —§A2 (p2 +2p3), Dy = §( (9p2 + 22ps) AZ — 6(p2 + 2p3)A3),

8
Dy 3(9py + 22p3) Ag Az + 6(3pa + 8p3) Az Ay — 36(ps + 3p3) A5 — 13(p2 + 21?3)144}-

:ﬁ[

Substituting Eqs. (4.23)—(4.24) in the last sub-step of scheme (4.20), the error equation becomes

f(nH) :(1 —P1— P2 —p3)3(n) =+ 3

(3(171 + p2+p3) + 2(p2 + 2P3)>A2§(")5(n)

1
- <2(18(p1 + 2+ ps) + 30(p2 + 2ps) + 8ps ) A3 — 3(9(p1 + p2 + ps) (4.25)

+8(p+ 2p3>)A3> (€250 1 O((€)7),

Now, our objective is to get appropriate values of py, ps, and ps in scheme (4.20) that maximize its
5 1

convergence order. Therefore, if we put p; = 3 + p3, P2 = —5(3 + 4p3), we obtain our final error

equation as

1 1
gt — _ 5 (9143 +2(=27 + 8p3)A§) <270363(1350353 — 360°%6%n + 1206n*

(4.26)
- N)AL+ 3 (Aus — Bu) + 5 €+ O

where 7 € R and o, § € R\{0}, and p3 is considered as a free parameter. Hence, it reveals that by
employing just two functional evaluations, two Jacobians, and one inverse operator, the presented

family (4.20) gives at least sixth-order convergence. m

We have conducted a local convergence analysis for the proposed schemes (4.7) and (4.20) on
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the basis of Taylor series expansion to achieve at least fourth and sixth-order convergence, which
in turn limited the functionality due to the presence of higher-order derivatives, particularly in
schemes that only contain first-order derivatives. These results demonstrate that the sequence
{X ™1} converges to the solution X*, provided the initial guess X(® is sufficiently near the root
X*. However, the question arises: how accurate should the initial guess X(® be? To estimate the
radius of the convergence region associated with the method, these results provide no information.
Thus, we use only first-order derivative of I to increase the applicability of the suggested techniques.
Furthermore, we employ Lipschitz parameters in place of Taylor expansion. In this manner, we may

demonstrate the local convergence of these techniques without the need for higher-order derivatives.

4.2.3 Local convergence of the sixth-order scheme

Let us first consider that F' be a nonlinear mapping on the subset D = S of Banach space By to By,

then the proposed sixth-order scheme takes the form

2
Yn = Tn — *Uo(xn);

3

zwww(d+;m%gwm@mm%y (4.27)

Tnt1 = 20 — (p1+ v1(20) (P2 + P3v1 (7)) [F'(2)] ' F(20), m € N,

where vy(1,) = [F'(x,)] " F(x,) and vi(z,) = [F'(2,)] 7 F' (yn)-
Using a few scalar functions and parameters, the local convergence of scheme (4.27) in the
Banach space is initially shown to derive the error estimates for the required solution X*.
Consider the parameters Ly > 0, £ > 0, M > 0 and define some scalar functions le, iLQ, 33, go,

u; and g3 on the interval [0, L%)) by

A Ls+ %
hi(s) = 201 — Los)’

7 2 7 o\2 3 2 3
ha(s) = Ls 3M£o(1+h123) +50M£0(1+h138) 32+ﬁ1M£0(1+h1 (45)) &
2(1=Los) ~ 4(1 = Los) (1= Los) (1— Los)
g2(s) = ha(s) — 1,

ng p3M2 M
—(14p + + :
Ul(s) < D1 (1 _ ;COS) (1 . £0$>2> (1 B £05>
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and some parameters r; and r4 defined by

2(1-2) 2
L+20, T Lt2cy

r =

and also, we have hy (r;) = 1,

0<r <ra, (4.28)

and

0< hl(S) < ]_,

18026% — 306n + 21? n |9026% — 306n + 21
s and 61 = — .
80242 26 40202

From the definitions of the above defined functions k1, ha, hs, ga, g3 and uy, we get 9:(0)=—-1<0

for each s € [0,71), where 3y =

and ¢;(s) — +oo as we move ‘s’ towards IL—;, which follows the condition of intermediate value

theorem and hence, the equation g;(s) = 0 have roots in the interval (0, Lio) Now, we define the

minimal positive root r as

r=min{r;}, i =1,2,3. (4.29)
Then, we arrive at
1
0<r<ras<-—, (4.30)
Ly
0 < hi(s) < 1, (4.31)
and
0< u1(8>7 (432)

for each s € [0,7).

Let B(a,p) and B(a,p) represent, respectively, the open and closed balls centered at a with
radius p. The following theorem details the local convergence analysis for the iterative scheme
(4.27).

Theorem 4.2.3. Consider a nonlinear function F' : D C By — By to be Fréchet differentiable and
suppose that there exists X* € D and Lo > 0, such that F(X*) =0, F'(X*)™! € L(By, By), for each
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r €D,
|F/OX) T (F @) = FIOX))|| < Lo lle = X7 (4.33)

Also, assume that there exists L > 0 and M € [1,3) such that for every x,y € Dy := DNB (X*, %0)7
then
|F'xX) " (F'(2) - F')|| < L1z =l (4.34)

|F((x) 7 F (@) < M, (4.35)

and B(X*,r) € D, where r in (4.29) defines the radius of convergence. Then, the sequence {, }>2,
generated from the proposed scheme (4.27) is well defined and remain in the open ball B(X*,r) for
an initial estimate xo € B(X*,r) —{X*} and converges to X* and the following conditions hold on

error estimates

1yn = X7 < hu (= X7[) [ = X7|| < [ = X7|| <1, (4.36)

120 = X" < hog (lan = X*|]) ||z = X7 < [z — X7 <, (4.37)
and

@1 = X7 < g (|2 = X7[]) [[2n = X7|| < [[@n — X1, (4.38)
where the ‘h;’ functions are defined earlier. For T, € [r, 50), the limit X™* constitutes the unique

zero of F(z) = 0 within uniqueness domain D; = DN B(X*,T,).

Proof. For any x € B(X*,r), we will first demonstrate that F'(X*)™' € L(By, B;).
Employing (4.30) and (4.33), we have

|F'xX) " (F'(2) = F'(X)|| < Llle = X7 < £r < 1. (4.39)

Using Banach’s invertibility lemma and the inequality (4.39) imply that F(z)~! € L(Bs, B), and

therefore
1

< .
1—Lollx — X*||

[ () F ()

(4.40)

As of fact the initial estimate o € B(X*,r), therefore the estimate (4.40) for x¢, it takes the form

< ! .
1 _EOH'TO —X*H

| (o) P (X7) (4.41)
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For n = 0, the scheme (4.27) yields well-defined g, 20, and x; iterates. Consequently, we obtain
1
F(zo) = F(zo) — F(X*) = / F (X" +0(zo — X)) (20 — X7)d6. (4.42)
0

It is important to note that X*+0(zo—X*) € B(X*,r) as || X* + 0(zo — X*) — X*|| = 0 ||xzg — X*|| <
r. From the Eqgs. (4.35) and (4.42), we obtain

1F/(X*) " F (o)) |—H/ FIX*) F(X* + 6(z0 — X ))(xo—X*)dGH
(4.43)
< M|z — X7||.

By using the first substep of the method (4.27), (4.39), (4.41), and (4.43) for n = 0, we get

o — X*|| < HF’ z0) VF(X \F' )7 (F (X" + 0(wo — X)) = F(wo)) (w0 — X"
+§HF/ 1F1 ‘F/ IFIO H
Lz — X°| M ||z — X|

IN

2(1 = Lollzo = X*[I) ~ 3(1 = Lolwo — X*[])
= ha ([lzo — X7|)) [Jzo — X*|| < |z — X7|| <,

which shows that (4.36) is true for n = 0 and yo € B(X*, 7).
For simplicity, let us consider ag = F’(z0) "' F'(yo), and let C,, = (UI + %H(X“”)) W (H(X™)).

Then, we obtain

3 180262 — 3061 + 21
Ow:I+4([_a0)+< o adn + 21

30252 ) ([ — a0)2
n 90262 — 300n + 2n? 3
26 ( 10257 (= ao).

Proceeding to the second sub-step of algorithm (4.27) for the initial index for n = 0 then allows us

(4.44)

to state that

20— X* = (zg — X*) — F'(z0) ' F(x0) + (i (F’(:co)—1 (F'(z0) — F'(X*))+

<180‘ ) ga?;gfn—FQn ) (F/(l’o)il ((F’(l‘o)
SFC) + (P = Pl + g (P ) (1.49

x (F'(wo) ™ ((F"(wo) — F'(X™)) + (F'(X") — F’<y0>>>)3)

X (F'(X") = F'(y0)))) +
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x (F'(ao) ' F/(X7)) (F/(X7) " F(x))

and applying norms on both sides, one gets

o = X711 < [fo0 = X+ Fan) Pl +  § [P0 f
< (||F/ ()1 F (20) = FI(X)|| + ||/ () 1 F (X = Fl(w)|)
+ o || F' (o) 0| (|| P 0) T E (o) — F(X7))|
[Py F )~ Fla))]])” + 6 |[F o) P

Py an) = POC| |+ [ ee ) (446

~Fl" ) ) [P0 )|
Clloo— XU | 3ME(1+ (oo — X*])
~ 2(1— Lo||lzo — X*|) 4(1 = Lo ||xo — X*]))?
5, ML (o — X ML+ (e = X°|)Y
(1= Lollo — X7[]) (1= Lolfzo — X7[])
= o (o = X°I1) o — X7 < [fo — X°|| <

[lzo — X*|I°

[lwo — X*|I* + 51 [lwo — X|1*

which implies (4.37) holds for n = 0 and 2z, € B(X*, 7).
Then, from the third step of the proposed scheme (4.27) for n = 0, we have

11— X" = (20— X*) = (pu] + pa (F'(20) " F/(X7)) (F/(X7) ' F (o))
+ps (F' (o) " F/(X7)) (F'(X™) 7' F' (o)) (F (o) " F'(X7)) (4.47)
x (F/(X*) 7 F (o)) (F'(wo) " F/(X7)) (F/(X") ™ F (=) -

Now taking norms on both sides of (4.47) and using (4.35), (4.39), (4.41), (4.43), and (4.46), in

turn we obtain that

21 = X*I < llz0 = X*I|+ (p1+ p2llF (o) ™ F/ (X F'(X7) " F (o)
s |F (o) F/ (X P (X) T F (o) I17) 1| () ™ Y (X)|
X ||F'(X7) T F (%)

pa M X p3M2 )
(1= Lollzo — X*[I) (1 = Lo||zo — X*|])?

< <1+p1+
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X M |
(1 = Lollzo — X*|])

< wi(|lwo — X7)) ha(llzo — X*[)]|z0 — X7

|20 — X7

< hs(llzo = X|)[zo — X7

< ||lzo — X*|| < 1.

For the next step, we replace x1, 29, Yo, o BY Tni1, Zn, Yn, Tn, and employing the mathematical

induction, we arrive at the estimates (4.36)—(4.38). Henceforth,
|01 = X < Clln — X7

where C = hs(||z, — X*||) € [0,1). So, lim 2,4 = X" and 2,1 € B(X",r). Finally, we show
the uniqueness part, for that let us consider @ = [} F(X* + 6(Y* — X*))df, where F(Y*) = 0 and
Y* € Dy. Then, using

*COTu

<1 4.48
<, (1.43)

[Py - Py < 2 - v <

which implies Q € L(By, By). Hence, Y* = X*. ]

4.3 Generalized scheme

The generalized (g + 1)-step scheme is proposed by taking three-step scheme (4.20) as a predictor

and has the following structure

n n 2 n - n
wy? = X0 = S [FXO)TEX™),

wf? = X (1 4+ JHCX) ) WHX )P (X)] TP,
wy = wi’ = Qu [F'(X ") F(wf”),
wf? = — Qu [F(X) 7 Fluf),

wi = w” — Q, [F'(X™) 1 F(w{"),

(4.49)

w™ = wl” — Q, [F'(X" " F(w(™), neNy,
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where ¢ € N\{1}, w§” = Y™, w{" = 20wl = X0+ (XM = [F/(XM)]1F(Y ),

H(X™) = T—0(X™), Qp = (p11+U1(X(n))(p2]+P3U1(X(n)))>; p1 = 5+ps, and py = —5(3+4ps).
We establish the following theorem to examine the convergence order:

Theorem 4.3.1. If the conditions of Theorem 4.2.2 hold, then, for n € R and o, 6 € R\{0},

the resulting error equation for (4.49) yields at least 2q + 2, q € N\{1} convergence order for the

sequence { XM} is

(1350%85% — 360%6%n + 1206n* — 8\*) A5

1 01
(n+1) _ [ _ = . 2
¢ ( (945 +2(—27 + 8p3)A2)> (2703 -

(A= 3ue) + 1 (€)P52  O(€)),

l\D\»—t

where €™ = X™ — X* and 51(;”;)71 — wé@l — X"

Proof. Let €™ = X — X* and fz(u’jl)_l = w((;i)l — X*. By using Lemma (1.2.1), expanding F(X™)

in a neighborhood of X*, one can obtain

F(wé@l) _ F’(X*)[f( n) +A2<§w 1) + As (qu 1) + Ay (qu 1)4

(4.50)
+O((E8 )],
Post-multiplying (4.11) by (4.50), we get
[F'(XONTF@) = & — (246" — (443 — 345)(£™)? + (843
+ 64345 + 64345 — 4A44)(E™)? + O£l | (4.51)
+ Ag(€07 )% = 24,60 (€0 )P + O((6MER)P).
Using Eq. (4.24), we can write
4 27 8 27
Qn = I +2A4,6™ + 5 (( -5+ Aps) A3 + 94 )(5(’%2 7 (3 <4p3 - >A2A3
(4.52)

9 3 3, 39 (n))3 (n)y4
+6<—2+2p3)A3A2—36(—2+p3>A2+2A4>(§ )7+ O((E™)7).
By employing Eq. (4.51) and Eq. (4.52), one obtains

Qn[F/(X(n))]—lF(w[(ﬁ)l) — 51(1}’;)_1 + ( - ;((—27 + 8p3) A2 + 9A3) (M2 4 O((f(n))3)>§gz)_1 (4.53)
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+O((&0.,)).

Then, using the Eq. (4.53) in the scheme’s (4.49) final step, we have

= x0= (b2 st oA )€ 4 ore e +ouen B s

We obtain the relevant error equations for ¢ = 3,4 as

w§">—X*=<_§<< 27+8p3>A2+9A3>< )?+O((¢' >>3>)f&?+0<<5&’?>2>, (4.55)

= (9,43 +2(—27 + 8ps) A3)) (1350°6% — 36026%n + 1200n°

81 (27 755

- V)AL + (s~ 3us) + )€+ O(E))
and

=3 = (= (2 8w 94 ) €7+ O )l + (),

(135036 — 36026y + 1200m*  (4.56)

1
270363

1 3
= 35 (945 + 2(—27 + 8ps) A3) (

1 A
~ 8L+ (Aude = 3us) + 5 €)1+ O(E)).
On proceeding through induction, we obtain
g(n—&—l) _ wén) —X*
1
= (- (27 842+ 04 €7+ (€ el + O((e. ),
— (_1(9143 +2(=27 + 8p3)A2)>q_1 ! ———(1350%0° — 36020 + 1200n?
9 2 270303
Ay
-8 (Aads = 3as) + g€ 4 O
Hence, the result follows for ¢ > 2, where p3 is free parameter. n

Now, we are going to present some additional auxiliary functions and parameters for analyzing

the local convergence of the novel generalized family (4.49) in the Banach space setting. Define
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functions h; on the interval [0, i),i =3,---,q+1by

Lo
hi(s) = uy(s)hi_1(s) (4.57)
and
gi(s) = ha(s) — 1. (4.58)
Then, again we have that ¢;(0) = —1 < 0 and g;(s) — +o00 as s — 1?; For each function g; in

(0, i), let r; represent its smallest zero and define

r=min{r;}, j=1,2,---,¢+1 (4.59)
Hence,
1
0<rT<ry<-—, (4.60)
Lo
0<hy(s) <1, (4.61)

and 0 < uy(s), for each s € [0,7). Employing the previously mentioned notations and the demon-
stration of Theorem 4.2.3, we obtain the following result.

Theorem 4.3.2. Consider a function F' : D C By — By to be Fréchet differentiable and assume
that there exists X* € D and Lo > 0 and M € [1,3) satisfying F(X*) =0, F'(X*)™! € L(By, By),
and (4.33)(4.35) and B(X*,7) C D, where © denotes the the radius of convergence given in (4.59).
Then, the sequence {wl} generated by the scheme (4.49) for each xy € B(X*,T) — {X*} is well-
defined, remains in B(X*,7) forn =0,1,2,..., and j = 1,2,...,q, the sequence converges to X*

and satisfies the error bounds:
[[w), = X~ < hypa(lon = X Dl|zn = X7 < [[en — X <7, j=0,1,2,--- =1,  (4.62)
and
e = X711 = [t = X*1| < hyer(llen = X Dlan = X7 < [l — X7, (4.63)

where the h functions are provided earlier. Furthermore, forT € [r, %0), the limit X* of the sequence

is the unique solution of F(x) =0 in D;.

Proof. This theorem can be proved by following similar steps as in the proof of Theorem 4.2.3, with

appropriate modifications to account for the altered coefficients and corresponding error terms. [J
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4.4 Computational complexity

This section investigates the computational cost of an iterative solver. Here, we consider different
sets of parametric values in our proposed schemes (4.7), and (4.20) as follows:

o MMy;: 0= %,5 = %,77 =1,

e MMys: 0= %,5 = %,77 =1,

« MMyg: 0 =10 =1,10= 1,

e MM41: 0 =1,0= %,17: 1,

e MMgo: 0= %,(5 = %,77 =1,

e MMgs: 0=1,0= %,n =1
The computational efficiency of the proposed fourth and sixth-order methods is compared with
several existing schemes, i.e., the Nedzhibov method [257] (NMy;), Sharma and Arora method
[306] (SMy,1), Cordero et al. method [89] (CMg,), Narang et al. method [253] (NMg ), and the
Dehghan and Shirilord method [108] (DMg1). We define the computational cost and efficiency index
of each solver as Cy;,, and Fy, ,, respectively. Based on the provided information, we compute the
costs and efficiencies displayed in Table 4.1.

In the following subsection, we will discuss the efficiency comparisons of various approaches.

4.4.1 Efficiency comparisons

We evaluate the efficiency of two iterative methods, Mp,i and Mq,j, through their ratio comparisons,

which is mathematically defined by

A log(Ey ) Cyy log(p)
R(M,;, M, ;) = Pt = 4 . 4.64
( b, QJ) 10g<EMq ) C]\?[p,i log(q) ( )

»J

It is evident that if R(Mm, Mq,j) > 1, then Mp,i is more efficient method than Mw. The boundary

between the two computational efficiencies occurs when R(Mp,i, ]\7[(],]-) = 1. This boundary can be
described by an expression po which is a function of uy, k, and . Here, (u1, io) are in the range
(0,00) x (0,00), where k > 2 and [, > 1. Using the ratio (4.64), we compile our comparison results
of the proposed solvers alongside existing ones, considering both the same and different convergence
orders in the following theorem:

Theorem 4.4.1. 1. Givenl, > 1, 11, and 1o > 0:
(CL) EMM471 > ENM471 < MM4’1 > NM471 vV k > 13.
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Figure 4.1: Boundary lines in the plane-(p, 1)

(b) Evy, > Esyy, == MMy, > SMy, ¥V k> 10.
(¢) Evme, > Ecmg, == MMsy > CMgy ¥V k > 25.
(d) Esug, > Enmg, <= MMgy > NMs, ¥ k > 19.
(e) Evute, > Epms, <= MMgy > DM, V k > 25.
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2. For all k > 2, we have:
(a) Exyy > Eomg, <= MMyy > CMe 1 ¥ o > 2.
(b) Evy, > Envs, = MMy > NMgy Vo > 3.
(¢) Evmy, > Epms, == MMy > DMy ¥V po > 4.
(d) Eymyy > Evmg, = MMy1 > MMy ¥V po > 5.
(e) Evne, > Enmy, = MMgy > NMyy Vo > 6.
(f) Evme, > Esmy, == MMgy > SMy ¥V po > 7.

Table 4.1: Computational costs and efficiencies of different methods.

Mp,i CMp’i EMP,'L’
NMy, kpto + 2Ky + 5(1 4+ 2k + 31,(1 + k) + 6k), (4)Y/Oas
SMaa kpo + 2K2 1 + 5(4+ 2k2 4 31,(2 + k) + 9k), (4)Y/Csva,
MMy, kpto + 2k% 1 + (1 + 2k% + 31,(7 + k) + 39k), (4)Y/Ors
CM671 2kpo + 2]{32/11 + %(1 + 2k2% + 3lq(2 + k;) + 9]{;)’ (6)1/CCM6’1
NMg,1 2k gt + 2K + B(1 + 2% + 31,(3 + k) + 15k), (61
DM 1 3kpio + 2k + E(—8 + 2k + 31,(3 + k) + 9k), (6)/ Ve
MM 1 ko + 2k 1 + 5(1+ 2k + 31,(13 + k) + 69k), (6)Y/ O
Where
1
Vo= — ————— (A2 + 12l, + k(18 + 6l, + 4k + 1211)) — b1),
6(2a — b)
1
Y3 = — ———=(a(2 + 181, + k(30 4 61, + 4k + 12p1)) + 61),
6(2a — b)
1
6(30 — b)
1
V5 = — ————=(a(1 + 390 + k(69 + 3, + 2k + 12u1)) — d1),
6(2a — b)
1 .
Yo = — ————(b(2 + 61, + k(12 + 61, + 4k + 12111)) — 2),
6(b — 2a)
1 .
V7= — ————(b(8 + 12l; + k(18 4 61, + 4k + 12p1)) — J2).
6(b—2a)

where a = log(4), b = log(6), & = b(1 + 211, + k(39 + 3, + 2k + 12u1)), and &, = a(1 + 391, +
k(69 + 31, + 2k + 12111)).
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Additionally, the boundary lines Ly, Lo, Ls, Ly are delineated for £ = 2,7,11,15 and [, = 2
in Figures 4.1a—4.1f to evaluate the efficacy of the proposed methods against established solvers.
Within the area below the boundary lines, the proposed solvers demonstrate greater efficacy than the
comparative methods, as illustrated in Figures 4.1a—4.1f, where the effective region of the proposed
solvers expands with increasing values of k. Furthermore, as illustrated in Figures 4.2-4.5, the
proposed methodologies exhibit an enhanced computational efficiency index with the increase of
k. The theoretical results indicate that, for large-scale systems, the proposed solvers demonstrate

superior efficiency compared to the alternative ones, as depicted in Figures 4.2—4.5.

*
1.0004
.
o) 1.0003 1 Methods
<
A NMy
20 1.0002 f
S ~7 SMy,
m
1.0001 e by
-
1.0000}
15 20 25 30 35 40 45 50
k
(a) For k = 15,16,--- , 50
1.000020}
B .
5 100001 it
<
A i NMy,|
20 [
& 1000010} v SMa,
- * MM4,1
1.000005
50 60 70 80 90 100
k

(b) For k = 51,52, ---,100.

Figure 4.2: Efficiency plots for fourth-order methods on small k-scale systems.
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4.5 Numerical tests

This section considers many real-life applications to demonstrate the computational efficiency of the
proposed schemes. For the first three problems, we perform comparative analyses between our pro-
posed MM, ; method and two well-established fourth-order ODE techniques, i.e., the Runge-Kutta
method [67] (denoted by RKM,) and the Adams-Bashforth method [224] (denoted by ABM,). For
the third problem, the Mathieu equation, we additionally include the method PFML [356]. These
comparisons assess accuracy and convergence behavior across different problem classes. The re-
sults are displayed in tables by taking certain parameters, i.e., iterations (n) needed to converge
from a particular initial guess to the approximate solution X*, the residual error for the consec-
utive iterations (|| X"+ — X™|| = ||&,41]), computational cost, computational efficiency, and
approximated computational order of convergence (ACOC). The stopping criterion used here is
il + IF(X)]| < 1075,

We use p; = 27/8 in the proposed sixth-order methods MMg;, MMgo, and MM 3, and in
Tables 4.10-4.8 the representation A x 10:™) is written in the form A(4m). For testing, we have

considered following numerical examples.

4.5.1 Modeling diffusion-reaction processes in catalyst pellets

Example 4.5.1. A key challenge in catalytic engineering is analyzing the simultaneous diffusion
and chemical reactions within porous catalyst particles. The central objective is to determine the
global reaction rate exhibited by the catalyst pellet in Eq. (4.1). Consider a practical example:
A 2mm ~y-alumina sphere with platinum (Pt) catalyst promoting cyclohexane dehydrogenation at

700K, where k, = 4s™' and Dy = 0.05¢cm?/s. For a second-order reaction R(C) = C?, we define

dimensionless variables C = £ and )\ =

- - Assuming isothermal conditions, the dimensionless
s P

model becomes: R
C 2 4

“dC 1242 N\
7d:}2+:\d5\_¢070<)\<1’ (465)
dC A

d\
where ¢ = Ry, /g—; s the Thiele modulus. The boundary value problem is discretized using central

finite differences: A A
dQO _ Xj+1 — 2XJ + Xj—l @ - Xj+1 — Xj—l

) )

A (4.66)
d\? h? ) 2h
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Figure 4.3: Efficiency plots for sixth-order methods on small k-scale systems.

where the step size is h = 1/(k+ 1) and X, = C(\,), and Ay = 0+ sh, 0 < s < k+ 1, after

substituting it gives the nonlinear system as
1 1 29 12 y-2
(1-) X, 1+ <1+) Xoor — 2X, = B262X2, s = 1,2,--- K, (4.67)
s S

and Xpy1 = 1. At A = 0, the differential equation simplifies, as its second component becomes
ol

C ~ ~ ~ N
lim 7= C". As a result, it becomes 3C" — ¢*C? = 0, then we get X; —2Xo+ X_1 — 5h*¢* X, = 0.
A—=0
A central difference approzimation is applied to the boundary condition C”(O) =0, leading to X_| =

X, hence our first nonlinear equation would be X; — Xy — %ﬁ2¢2X§ = 0. Thus, problem (4.1) is
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governed by the system F(X) =0, where F : R¥1 — RFFL given by

Using an initial guess of X©© = (1/10,--- ,1/10)T and k

1.
Xl - XO - 6h2¢2Xga

1 1
1= =) X +14+ > —2X,.
( k:) et Ly k

1 | )
(1 _ -) X, + (1 + —) Xopr — 2X, — Li207X2 s=1,2,--
S S

1.000003 |

1000002}
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. .130.
k
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= 30, the proposed methods converged to

Figure 4.4: Efficiency plots for fourth-order methods on large k-scale systems.
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Figure 4.5: Efficiency plots for sixth-order methods on large k-scale systems.

the approzimate solution:

X" = (0.03631659227845877 ..., 0.03638978797043073 ..., 0.03670815069254177 . . .,
0.03720385359214455 ..., 0.03786999171157227 ..., 0.03871204043974698 . . .,
0.03974123599837580 . .., 0.04097330169422567 ..., 0.04242848301604330.. .,
0.04413211895514183 ..., 0.04611558388678215. .., 0.04841760397912291 .. .,
0.05108602866466188 . .., 0.05418019901879434 ..., 0.05777412778747872 ...,
0.06196080812655120 ..., 0.06685812114702312..., 0.07261704879757132 .. .,
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0.07943327307585394 . . ., 0.08756384999493383 ..., 0.09735165744012810.. .,
0.10926204524086780 . .., 0.12393916715642040 . .., 0.14229504912843550. . .,
0.16565504019428740 . .., 0.19600433870853440 . .., 0.23642431664043280. . .,
0.29190517591636820. .., 0.37095470033075400. .., 0.48902827574993210. ..

Y

0.67654865292402530 . ..)7,

which is also depicted in Figure 4.6. Table 4.2 summarizes the corresponding computational results

for the parameter set (k,lg, po, 1) = (31,2.375,7.47177,0.114074).

Table 4.2: Numerical comparisons on Example 4.5.1

Methods 7 NEn1l] €] Cu, . Ey . ACOC
NMy,1 7 7.0(—568) 4.5(—2269) 25591.9 1.00005417078308  4.0000
SMy 1 7 1.2(—426) 8.6(—1704) 26688.5 1.00005194485888  4.0001
MMy ; 7 1.0(—550) 3.3(—2200) 18620.8 1.000074451671734  4.0001
MMy 2 7 1.6(—494) 6.3(—1976) 18620.8 1.000074451671734  4.0000
MMy 3 7 5.4(—763) 0 18620.8 1.000074451671734  4.0000
CMgs,1 5 6.4(—149) 4.0(—889) 26889.1 1.00006663731779  6.0007
NMs 1 6 1.6(—738) 2.8(—4426) 28915.8 1.00006196674765  6.0001
DMg. 1 6 4.9(—469) 1.1(—2340) 271324 1.00006603987422  5.0028
MMg 1 6 1.8(—794) 1.4(—4763) 23971.3 1.00007474897782 6.0011
MMe 2 5 1.6(—156) 7.3(—937) 23971.3 1.00007474897782  6.0064
MMs 3 5 4.8(—163) 5.1(—975) 23971.3 1.00007474897782  5.9978
Table 4.3: Comparison of iterative solvers for ¢ = 17.8885, h = 0.03226
Method Concentration Performance Iterations
C(0) (1) Time (s)  Error

MM, ; 0.0363166 1.000000 0.5906 - 7

RKM, 0.0377591 1.000000 0.3109 1.47(-8)

ABM, 0.0380469 0.999998 0.1575 2.05(=T7)

Figure 4.6 shows the concentration profiles C’(;\) from all three methods. Table 4.3 reveals that
ODE methods (RKM,y and ABM,) produce slightly higher center concentrations than MM,,. The
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Figure 4.6: Approximate solution of catalyst pellet problem 4.5.1.

differences in C’(l) values arise from the distinct numerical approaches rather than accuracy differ-
ences. Moreover, the MMy, method converged in 7 iterations, whereas the ODE methods achieved
comparable satisfaction of the boundary condition. The small differences in error between meth-
ods relative to our proposed method confirm the consistency of the solution. Although ABM, is
the fastest method, MM, remains valuable for stiff problems where shooting methods may fail to

converge, despite its higher computational cost from matriz operations.

4.5.2 Nonlinear reaction-diffusion equation with Van der Pol damping

Example 4.5.2. We consider a Van der Pol equation [66] whose expression is given in Eq. (4.2).
The dynamics of the Van der Pol oscillator have nonlinear damping, making it a non-conservative
oscillator. It changes over time (T) in accordance with Eq. (4.2), by which the current flow in a
vacuum tube is governed. Here, u denotes the position component that depends on time 7, and p
denotes a scalar parameter that describes the damping nonlinearity and strength. Now, to solve the

problem, we first partition the given interval [0,2] as
2
T=0<n<...<Tph1<Tp, Ts=To+ sh, h=—.
n
For simplicity, we define

up =u(10) =0, ug =u(m), ..., Up_1 = u(TH_1),u, = u(r,) = 1.
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Xs+1 - Xs—l
2h ’
, s=1,2,...,n—1 in the differential equation (4.2). After discretizing

Further, we employ the mathematical formulas for first and second derivatives u, =
Xs—l - 2Xs + Xs+1
B2
the Eq. (4.2), one gets a n — 1 dimensional nonlinear system:

Urr =

2R X, + hu(X2 — 1) (X1 — Xog1) +2(Xgp1 + Xo 1 —2X,) =0, s=1,2,...,n— 1.

In particular, consider p = 0.5 and n = 28, then, we obtain a nonlinear system of k = 27 equations
in 27 unknowns and using initial estimate X (©) = (0.4,0.4,...,0.4)T, the corresponding approzimate

solution is obtained:

X" = (0.1016368421075541 . . .

)

0.1992341283569330 . . .

0.2925412250417608 . . .

0.3813814943256929 . .., 0.4656345717973973 ..., 0.5452206012476981 .. .,
0.6200866994000466 . . ., 0.6901956779337255 ..., 0.7555169051502446 . . .,
0.8160191204841613 ..., 0.8716649985988837 ..., 0.9224072768658683 . . .

0.9681862958871847 . ..

1.0749457197638950 . . .

1.1336976154388730 . ..

1.1414977997468240 . . .

1.0965132383910720.. ..

1.0089288465209730 . ..

1.1000127833275650 . . .

1.1420903039131950.. ..

1.1323890429341970 . ..

1.0698791698760060 . . .

1.0445482605781440. ..
1.1196351445584520 . . .
1.1447158873681130. ..
1.1173812154511210. ..

o

1.0376344571750050 . .

which is also shown in Figure 4.7 and the computational results are shown in the Table 4.4 by taking
parametric values (k,lg, po, p1) = (27,2.375,6.1759,0.1958).

The solution profiles for the Van der Pol problem, obtained via the MM,,, RKM,, and ABM,
methods, are presented in Figure 4.7 and Table 4.5. All methods satisfy the boundary condition
u(2) = 1, but RKMy and ABMy show small boundary errors, confirming consistency across meth-
ods. The phase portrait in Figure 4.8 shows all three methods tracing nearly identical limit cycle
trajectories, accurately capturing the nonlinear oscillatory dynamics. In terms of computational
performance, ABMy is the fastest method but exhibits a larger boundary error. Also, RKM, offers
a balanced performance in terms of speed and accuracy. Meanwhile, MMy, although the slowest

due to its matriz operations, provides a robust iteration-based solution without requiring shooting
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Figure 4.7: Approximate solution u(7) for Van der Pol problem 4.5.2 comparing MM, ;, RKM,,
and ABM, methods.
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Figure 4.8: Phase portrait comparison Van der Pol problem 4.5.2.

parameter estimation.

4.5.3 Transition curves of the Mathieu equation

Example 4.5.3. In applied mathematics, the angular Mathieu functions are special functions de-

fined as solutions to Mathieu’s differential equation:

d? A
d—xz 4+ (8 +ecos(22))y =0, xel0,L], (4.69)

where § and ¢ are real-valued parameters. The behavior of solutions to equation (4.69) can be
analyzed using Floquet theory [82]. The boundaries separating stable from unstable regions, referred

to as transition curves, are defined by the periodic solutions of the equation. Here, we consider
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Table 4.4: Numerical comparisons on Example 4.5.2

Methods n 1En—1]| 1€nll Crr, Ey . ACOC
NMy 1 ) 2.3(—226) 2.1(—907) 16793.0 1.00008255539593 4.0014
SMy 1 ) 9.3(—217) 9.8(—868) 17613.1 1.00007871119091 3.9994
MMy 1 ) 9.4(—265) 1.1(—1060) 12802.6 1.00010828802436 3.9997
MMy 2 ) 7.0(—236) 1.8(—945) 12802.6 1.00010828802436 4.0006
MMy 3 ) 6.6(—212) 5.4(—849) 12802.6 1.00010828802436 3.9973
CMe 1 4 8.9(—196) 2.3(—1177) 17752.9 1.00010093302665 6.0016
NMse 1 4 8.8(—175) 7.9(—1052) 19275.0 1.00009296208276 6.0065
DM, 1 ) 7.9(—330) 4.2(—1650) 17902.7 1.00010008801474 4.9989
MMge 1 4 2.1(—203) 1.8(—1223) 16806.7 1.00010661529333 6.0031
MMs 2 4 7.9(—218) 3.6(—1310) 16806.7 1.00010661529333 5.9963
MMg 3 4 1.9(—221) 5.2(—1331) 16806.7 1.00010661529333 5.9999

Table 4.5: Comparison of methods for Van der Pol BVP (= 0.5, 7 € [0,2], h = 0.07143)

Method Solution Characteristics Performance Iterations
u'(0) u(2) Error at w(2) Time (s) Max Error
MMy 4 1.38586  1.0000000 — 10.6820 — 7

RKM, 144931 0.9999998  2.04(—9) 02154  3.85(—2) -
ABM,  1.44931 1.0374716  3.75(—2)  0.0057  3.84(—2) -

following two cases (see [256]) for testing our method:
Case (i). Setting € = 0.001, the parameter 6 = 1.000499968748047, with initial conditions y(0)=0
and y'(0) = 1. This case lies directly on a transition curve for (4.69).
Case (ii). Again taking ¢ = 0.001, we set 6 = 0.9997918443656178. The initial conditions are
y(0) = —1.557212993975872 and y'(0) = 1, which corresponds to a solution near to the transition
curve for (4.69).

Let the domain [0, L] be divided into " equal intervals with step size h = L/m. Define grid
points x; = ih fori=0,1,...,m, and let y; = y(x;) denote the approzimate solution at x;.

Using the central difference approximation for the second derivative:

@ Vi1 — 2y + Y
dx? h? ’

(4.70)
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which simplifies to
Yie1 — 2Y; + yio1 + hQ(S + e cos(2z;))y; = 0. (4.71)

The initial condition y(0) = 0 gives yo = 0. For the initial derivative condition y'(0) = 1, we use

a forward difference approzimation y'(0) ~ “3% = 1, The discretized equations form a nonlinear

system F(X) =0, where X = (y1,...,ya_1)". Fori=0, we have yo =0, and i = 1:
For interior points i = 2,3,...,n — 1 (from (4.71)):

Fi(X) = yir1 — 2ui + yi1 + h23(6 + e cos(2z;))y: = 0, (4.73)
Fi(X) = h2yﬁ+1(3 +ecos(2h(n+1))) + ya_1 + Yar1 — 2y, = 0.

To solve the resulting nonlinear system F(X) = (Fy(X), Fo(X),..., Fa(X))' = 0, we employ the
MMy, method by defining the solution vector X = (X1, Xo, ..., X3)T, where X; = y;11 fori =
1,2,...,7 correspond to the interior grid points. Starting from an initial guess X© = (0,0,...,0)T
in the method MMy, for computing the solution. The iteration proceeds until convergence, typically
requiring only 2-8 iterations to achieve |[F(X™)|| < 107'2. The solution profiles obtained for
the transition and near-transition cases are presented in Figures 4.9—4.10, respectively, alongside
comparisons with RKM,, ABM,, and PFML methods. For 1 =n—1, L = 107, h = L/(A — 1)
and n = 1000, the results are obtained in the Table 4.6.

Table 4.6: Comparative analysis of methods for the Mathieu equation solutions

Method Transition Case Near-Transition Case Iterations
Error Time (s) Error Time (s)

RKM, 1.03(-5) 0.2083 1.79(—5) 0.2020 -

ABM, 1.04(-5) 0.1775 1.81(—5) 0.1741 -

PFML 1.62 0.0664 3.30 0.0759 -

MMy 1.00 109.41 1.89 109.84 2

Figure 4.11 illustrates the growth of absolute error relative to a high-precision reference solution
for each method. Table 4.6 summarizes the maximum absolute errors at x = 10mw. The error
growth results for RKMy and ABM,y are consistent with those for classical stepwise solvers. In

contrast, MMy, shows a distinct error behavior due to its different solution approach, while PFML
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Figure 4.9: Mathieu equation on transition curve.
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Figure 4.11: Absolute error relative error to RKM, on Mathieu equation.
demonstrates reduced error accumulation in oscillatory problems, aligning with its frequency-adapted
design. The MM, method offers an alternative to classical ODE methods by solving the Mathieu
equation iteratively rather than step-wise. While computationally more expensive, it provides robust
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convergence.

4.5.4 Burger’s equation

Example 4.5.4. Here, we consider Burger’s equation (see [289]), whose mathematical model is
giwen in (4.3). The function u = u(l,r) is the required solution. Now, we partition the given

domain [0,1] x [0, 1] as follows

O:l0<ll<l2<"'<13,1<1521, li+1:li+h,

O=ro<ri<ro<---<re1<rs=1, r,yy=r,+h, h=1/s,

where 0 < i,v < s—1. We denote u;,, = u(l;,r,) and R;, = R(l;,r,) fori,v = 0,1,--- s, then
the boundary conditions takes the form: ug, = u(ly,r,) =0, us, = u(ls,7,) =0, w0 = u(l;,r9) =
10[1(12 — 1), and Ui s = u(li,rs) = —10(1 — ll)lz/e

In (4.3), the partial derivatives are approzimated by

2
ou _ Ujp41 — Ujp—1 ou Uiy — Ui—1p 0“u U1y — 2ui,u + Ui—1,

o 2h ol 2h »and g = 12 ’

and we obtain the following nonlinear system of (s — 1) x (s — 1) dimension:
2h2Ri,u +uim1(2 = hugy) + h(Wip—1 — Wipi1) — Wi (4 — htigr ) + 2ui41, = 0, (4.74)

where i,v =1,2,--- s — 1. Denoting u;, — X, (i—1)(s—1) for each i and v. Specifically, we set s =
11, which corresponds to a 100-dimensional nonlinear system. Further, the obtained approximated
solution is displayed in Figure 4.12 for the problem (4.74) by taking initial guess w;, = —% for
,v=12---,10.

The estimated parametric values are (k,ly, po, 1) = (100,2.375,4.37,0.01), for which the per-

formance of the schemes is given in Table 4.7.

4.5.5 Heat conduction problem

Example 4.5.5. Now, we consider the heat conduction problem (see [289]) whose mathematical
expression is given in Eq. (4.4) where uw = u(l,r) is the required solution, and | and r are spatial

and temporal domains, respectively. We choose the partition of domain [0, 1] x [0, 1] with mazximum
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Figure 4.12: Approximate solution of Burger’s equation.

Table 4.7: Numerical comparisons on Example 4.5.4

Methods n 1En—1]| 1€nll Cu,., Ey . ACOC
NMy 1 6 1.5(—396) 6.7(—1590) 711325 1.00000194889352 4.0012
SMy 1 6 8.1(—357) 1.1(—1430) 721662 1.000001920976430  4.0004
MMy 1 6 4.6(—333) 6.8(—1336) 411693 1.00000336730489 3.999

MMy 2 6 2.9(—378) 0 411693 1.00000336730489 4.0000
MMy 3 6 2.6(—305) 7.7(—1225) 411693 1.00000336730489 4.0004
CMs 1 ) 5.9(—322) 2.3(—1937) 721999 1.00000248166783 5.9979
NMse 1 ) 8.1(—305) 1.8(—1834) 742237 1.00000241400367 6.0010
DM 1 6 1.8(—1730) 1.1(—3653) 722374 1.00000248038126 4.9987
MMge 1 ) 2.3(—292) 1.9(—1759) 462843 1.00000387121314 5.9990
MMg 2 ) 7.4(—285) 5.4(—1716) 462843 1.00000387121314 6.0046
MM 3 ) 3.0(—269) 1.1(—1621) 462843 1.00000387121314 6.0044

value of r =1 by
lZ:O-i-Zh, 220,1, , Ny, hzl/nl,

r,=0+vs, v=0,1,--- ,n,., s=1/n,,
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where n; and n, denotes the number of sub-intervals in | and r domains, respectively.
Let us take u;, = u(l;,r,) and ﬁi,,, = fl(li,r,,) fori=0,1,--- . ng, and v =0,1,--- . n,.. The
model (4.4) has been discretized using the following approximation to partial derivatives
ou Uil — Ui-1p U Uiy — Uiy 0*u Uity — 22Uy F Ui

o 2h T s  and 5 = 2h ’

and correspondingly, we obtain the nonlinear system of (n; — 1) X n, equations as follows

(2 — h)suii1, — 2(25 + h*)ug, + (24 h)su;_1, + 23h2uiu + 2R, = QShzﬁi,y, (4.75)
where i = 1,2,--- .my — 1, and v = 1,2,--- ,n,. Denoting u;, — X,qi-1)(n,—1) for each i and v.

In particular, we set n; = 11 and n, = 10, resulting in a nonlinear system with 10 X 10 equations.
Further, the approximated solution of the Eq. (4.75) is presented in the Figure 4.13 with initial
estimate of u;, = sin (%) for each v.

The estimated parametric values for this problem are (k,l,, to, 1) = (100,2.375,6.26,0.01), for

Figure 4.13: Approximate solution of heat conduction problem.

which the performance of the methods is displayed in Table 4.8.
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Table 4.8: Numerical comparisons on Example 4.5.5

Methods n |[En—1]] [Enl] Cu,. By, ACOC
NMy 1 ) 2.6(—272) 3.0(—1092) 711514 1.00000194837584 3.9991
SMy 1 ) 3.7(—256) 1.8(—1027) 721851 1.00000192047346 3.9991
MMy 1 ) 6.1(—282) 1.6(—1130) 411882 1.00000336575974 4.0000
MMy 2 ) 7.3(—278) 1.0(—1114) 411882 1.00000336575974 3.9991
MMy 3 ) 1.5(—272) 8.5(—1093) 411882 1.00000336575974 4.0000
CMe 1 4 4.5(=217) 0 722377 1.00000248036924 6.0000
NM, 4 1.8(—208)  3.0(—1255) 742615 1.00000241277491  5.9972
DM, 1 ) 2.0(—608) 1.7(—3045) 722941 1.00000247843590 5.0009
MMge 1 4 4.7(—221) 0 463221 1.00000386805413 6.0000
MMs 2 4 2.7(—234) 0 463221 1.00000386805413 6.0000
MMg 3 4 5.1(—232) 0 463221 1.00000386805413 6.0000

4.5.6 Academic problem

Example 4.5.6. Now, we take the mized Hammerstein integral equation [253]:

1
X(r) =1+ | Mo X @, (4.76)
0
(1—=n), 1<,
where X € C[0,1], r,l € [0,1] and M(r,1) = is the kernel. We convert the
r(1-=1), r<l

equation (4.76) into a finite-dimensional case by employing the Gauss-Legendre quadrature formula

as

[ ot = 3 wsgt),

where w; and l; denotes the weights and abscissas, respectively, for m = 8. We approzimate X (l;)

with X, for 1 < s < 8, and therefore we get

8
5X,— Y agX;—5=0, s=1,2,....8

J=1
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systems

Table 4.9: Abscissas and weights of Gauss-Legendre quadrature formula for m = 8

L

wj

0] -~ (= ot —~ w [\ — .

0.01985507175123188415821957
0.10166676129318663020422303
0.23723379504183550709113047
0.40828267875217509753026193
0.59171732124782490246973807
0.76276620495816449290886952
0.89833323870681336979577696
0.98014492824876811584178043

0.05061426814518812957626567
0.11119051722668723527217800
0.15685332293894364366898110
0.18134189168918099148257522
0.18134189168918099148257522
0.15685332293894364366898110
0.11119051722668723527217800
0.05061426814518812957626567

LiX;(1—=1), j<s,

where ag; = . The initial guess considered here is X© = (1,1,...,1)" and

[ X;(1-1), s<j
the corresponding approximate solution obtained here is

X* =(1.002096245031123, 1.009900316187357, 1.019726960993045, 1.026435743030670,
1.026435743030670, 1.019726960993045, 1.009900316187357, 1.002096245031123) .

This problem has parametric values (k,ly, po, 1) = (8,2.375,11,1.25), and the computational results
are shown in Table 4.10.

1.025F
1.020F

1.015F

X(r)

1.010F

1.005

1.000F. . . . o]
0.0 0.5 1.0 1.5 2.0

r

Figure 4.14: Approximate solution of Hammerstein integral problem.
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Table 4.10: Numerical comparisons on Example 4.5.6

Methods n [|En—1]] [1Enl| Crr, Ey . ACOC
NMy 1 ) 1.3(—647) 8.0(—2592) 891.0 1.00155709694568 4.0000
SMy 1 ) 2.6(—640) 1.4(—2562) 982.0 1.00141270197670 4.0000
MMy 1 ) 1.8(—669) 1.4(—2679) 978.5 1.00141775865558 4.0000
MMy 2 ) 2.2(—650) 5.3(—2602) 978.5 1.00141775865558 4.0000
MMy 3 ) 1.4(—1762) 1.4(—3053) 978.5 1.00141775865558 3.9923
CMe 1 4 2.6(—532) 6.9(—3196) 1062.0 1.00168857985717 6.0000
NMse 1 4 5.1(—524) 5.7(—3146) 1209.0 1.00148311648887 6.0000
DM, 1 - 2.2(—345) Diverges 1145.0 1.00156608045681  Diverges
MMge 1 4 3.3(—536) 2.2(—3219) 1443.5 1.00124203113928 6.0000
MMgo, 4 1.3(—542) 3.3(—3256) 1443.5 1.00124203113928  6.0000
MMgs 4 2.2(—549) 8.2(—3299) 1443.5 1.00124203113928  6.0000

The numerical results demonstrate the stability of the suggested approaches in Tables 4.10-4.8
in terms of all parameters like iteration count, residual error, computing cost, and computational
efficiency. Moreover, the ACOC for each method strongly supports the theoretical convergence

order.

4.6 Basins of attraction

Now, we study the stability of proposed techniques through ‘basins of attraction’” when applied to
different nonlinear systems; for more details, see [352]. We look at the following three test problems
to analyze the attraction basins related to the proposed variants:

Test problem 1: Consider a nonlinear system

X?2—-1 =0,
Sl(Xl,Xg) - (477)
X3-1 =0,

that has four exact solutions X7 = (1,1)7, X5 = (1,-1)%, X3 = (—1,1)7, Xj = (—1,—-1)7, where
green, yellow, blue, and red colors are allocated to each initial point that converges to the solutions

X7, X5, X3 and X, respectively.
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-2 -1 0 1 2 -2 -1 0 1 2

Figure 4.15: Attraction basins

-2 -1 0 1 2

Figure 4.16: Attraction basins of MMjg 1, MMg 2 and MMg 3 methods, for the test problem 1.

Test problem 2: Let us suppose a nonlinear system

—X1+X?—3X1X22 :O,
Sa(X1,X2) = (4.78)

—X2—|—3X12X2—X§ :O,

having three solutions X; = (—1,0)T, X5 = (0,0)7, X3 = (1,0)T, where cyan, purple, and yellow
colors are allocated to each initial point that converges to the solutions X7, X;, and X3, respectively.

Test problem 3: Now consider

X1+ X? - 10X3X2 +5X, X3 =0,
S3( X1, Xp) = (4.79)
X+ 5X1X, — 10X2X3 + X5 =0,

that has five solutions X; = (0,0)%, X; = (-0.707107, —0.707107)", X3 = (—0.707107, 0.707107)7,
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-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2

Figure 4.17: Attraction basins of MMy 1, MM,y 2 and MM, 2 methods, for the test problem 2.

Figure 4.18: Attraction basins of MMg 1, MMg 2 and MMg 3 methods, for the test problem 2.

X; = (0.707107, —0.707107)7, X = (0.707107,0.707107)7, where blue, green, red, pink, and yellow
colors are allocated to each initial point that converges to the solutions X7, X3, X3, XJ and X7,

respectively.

Figure 4.19: Attraction basins of MMy 1, MM, 2 and MM, 3 methods, for the test problem 3.
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-2 -1 0 1 2 -2 -1 0 1 2

Figure 4.20: Attraction basins of MMg 1, MMg 2 and MM;g 3 methods, for the test problem 3.

We explore the attraction basins of the proposed techniques by analyzing a specified area [—2, 2] x
[—2,2] with a mesh of 401 x 401 points enclosing each desired solution. If, for the given initial point,
the iterative algorithm converges to the desired solution X*, then it will be colored according to the
assigned color of X*; else, the points are considered divergent initial points, hence colored black.
Figures 4.15-4.20 display the attraction basins of the suggested algorithms, where the solutions are
marked by white stars, notably in Figures 4.15-4.20, the basins show broader coverage and stable

behavior when solving nonlinear systems S; — S3 in test problems 1-3.

4.7 Concluding remarks

In this chapter, we have introduced two new multi-point iterative families with fourth- and sixth-
order convergence for approximating solutions of nonlinear systems. A novel generalized (¢g+1)-step
family with convergence order increased up to 2q + 2, where ¢ € N, has been further developed
and investigated. Moreover, using a single inverse operator throughout each iteration makes the
scheme computationally more efficient. Analyzing the efficiency indices of the proposed family and
comparing them to the efficiencies of existing procedures supports this idea. The numerical testing
of the new techniques is executed on academic problems and several real-life models, including
boundary value problems, Hammerstein integral equations, Burger’s equations, and heat conduction
problems. A performance comparison of the new methods with the previous ones reveals that
they perform noticeably better in terms of efficiency and convergence behavior. It is essential to
highlight that the proposed techniques are generally applicable, but they are particularly effective

for computing numerical solutions of large nonlinear systems. Finally, the dynamical planes of
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different test problems are obtained using new schemes to demonstrate the stability.
The next chapter expands the applicability of the presented family by introducing a derivative-
free iterative family for solving vectorial nonlinear equations. The methods are specifically designed

to address problems where computing the derivative is computationally complex.
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Chapter 5

Family of Steflensen-like iterative
methods for solving nonlinear
systems

In this chapter, we propose a third-order two-step and a fifth-order three-step iterative family
that utilizes a derivative-free approach, requiring two frozen divided differences and one matrix
inversion per iteration. Additionally, we derive a general multi-point family using a fifth-order
scheme as a predictor. The proposed families are analyzed both theoretically and numerically, and
experimentation is conducted using a range of numerical problems to confirm the theoretical results
on convergence order and computational efficiency. The dynamical properties of each iterative

method are studied by means of basins of attraction.

5.1 Introduction

In various fields, including chemistry [39], engineering [216], applied mathematics [107, 325, 326],
and physics, computing an efficient solution of nonlinear models is crucial. For instance, the Frank-
Kamenetskii theory [189] elucidates the thermal explosion phenomenon in a homogeneous mixture
of reactants confined in a closed vessel with walls maintained at a constant temperature, and heat

transfer within porous catalyst particles often leads to nonlinear systems

F(X) =0, (5.1)

The contents of this chapter are published in Journal of Mathematical Chemistry, Vol. 62, pp. 109-144, 2024
(SCIE, L.F.: 2.0)
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where X = (X, Xy, -, Xg)? is a vector in R*, F' : D C R¥ — R* is nonlinear mapping, and D
denotes the convex subset of R¥. Moreover, the traveling wave solutions that switch between equi-
librium states, as well as the auto-catalytic chemical reactions, involve nonlinear reaction-diffusion
terms [238, 289]. A study of hydrogen’s electronic structure under strong magnetic fields can also be
numerically addressed through iterative procedures (see Logrado and Vianna [236]). Importantly,
the numerical technique allows researchers to validate models of observed phenomena [177] by ap-
plying it to distinct physical and chemical problems.

Several mathematicians have developed different iterative algorithms to study this area of re-
search. Among these, the classical Newton’s method is widely used for solving (5.1) due to its

quadratic rate of convergence, given as follows
X0+ = XM _ prxm)y=1p(x ™) peN,. (5.2)

This method requires F(X) to be continuously differentiable, and the initial estimate (X () should
be close enough to the root. Here, F'(X) € L(RF R¥) denotes the linear operator or Fréchet
derivative of the vector function F'(X). To achieve quadratic order of convergence, the scheme (5.2)
requires one function evaluation (F'), and just one matrix inverse (F”)~! per iteration. Additionally,
Traub-Steffensen [351] introduced the following method that significantly improves the scheme (5.2)

by retaining quadratic convergence without the need for derivatives
X0+ = X0 1y XM FITTRE(X ™)) e Ny, (5.3)

where [u(™, X(™; F] represents the first-order divided difference (DD) and 3 is a nonzero constant
that can be chosen arbitrarily. It is worth noting that when 5 = 1, the scheme (5.3) simplifies to the
well-known Steffensen’s method [346]. For further insights and comprehensive discussions on this
topic, interested readers are encouraged to explore relevant articles by Abad et al. [1], Alqahtani
et al. [15], Argyros and Magrenan [19], Chicharro et al. [74], Cordero et al. [84, 93], Kansal et al.
[188], Kelley [207], Ortega and Rheinboldt [263] and their references therein.

Although multiple higher-order techniques involving derivatives are available in the literature,
finding efficient iterative methods for solving nonlinear systems of derivative-free nature remains a
challenging task, and only a few efficient approaches are currently available. However, to improve
the efficiency of Traub-Steffensen’s scheme, various researchers have suggested different higher-

order methods over the years (see Zheng et al. [382], Kansal et al. [189], Grau-Sanchez et al. [141],
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Sharma and Arora [301, 302]). However, these solvers converge to the solution at different rates
and can achieve a solution by increasing the convergence order, decreasing the computational cost
of the algorithm, or both.

In addition, some seventh-order derivative-free methods have been developed by Wang et al.
[360], Sharma et al. [302], which require five DDs, some matrix inversions, and other functional
evaluations per step. In 2015, Wang et al. [361] introduced a derivative-free seventh-order pro-
cedure that requires three DDs and one matrix inverse per step. These procedures demonstrate
notable efficacy when a well-informed initial approximation is provided, rendering them appealing
for practical applications. However, it is worth noting that the computational cost of these methods
increases due to the substantial number of divided differences involved.

With this motivation, we introduce a novel family of derivative-free methods that exhibit a
third-order convergence rate. Notably, each iteration of this family requires only one matrix in-
verse, two function evaluations, and two DDs. The convergence rate is further enhanced to fifth
order by incorporating just one additional function evaluation. We modify the technique to include
q+ 1 steps, achieving even higher convergence rates with an increasing convergence order of 2q + 1,
where ¢ € N. This modified technique offers the advantage of an increase in convergence order up
to two at the cost of one additional function evaluation per step. Notably, the calculation of the
inverse matrix remains constant throughout the technique, resulting in minimal computational cost

and better computational efficiency.

5.2 Formulation of new Steffensen-like families

This section outlines the construction of third and fifth-order iterative algorithms, which serve as

the fundamental procedures for the generalized technique presented in the forthcoming section.

5.2.1 Novel third-order family

The proposed approach in this study aims to enhance the convergence order of (5.3) by minimiz-
ing the cost associated with the matrix inverse operator and function evaluations. The iterative

procedure is

Y = X gA—lF(X(”))7

(5.4)
X (1) y(n) — (a1l + agQ)A’lF(y(”)% n=20,1,2,...,
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where A = [u™ v™; F],Q = A7 [y™, X®): F|,u™ = X + 3F(X®) 0™ = X — gp(X M),
p € R\{0}, a1, as denote the free parameters, and the identity matrix of order k x k is denoted by
1.

For convergence analysis, we use Taylor’s expansion of F'(X + th) at point X, and then inte-

grating, one obtains the following divided difference

1 1 1
X +h X;F]= / F'(X +th)dt = F'(X) + 5F”(X)h + 6F”’(X)h2 + O(h?), (5.5)
0
where hF = (h h, ke times h) Jh € RF. Let €™ = X® — X* Furthermore, assume that I' =

[F'(X*)]7! exists, then expanding F(X () in the neighborhood of X*, one obtains
F(X™) = F/(X*) [¢ + Co(€™) + C5(6™) + Ca(6™)" + O((€™)%)] | (5.6)

where C; = ATFO(X*) € L, (R*, R) ;i = 2,3,..., and (£ = (gw,g(")f fimes §<">> ¢ ¢ RE.
We can now analyze the convergence behavior of the scheme (5.4) by proving the following

theorem.

Theorem 5.2.1. Consider F' : D — R” be a function that is Fréchet differentiable on an open convex

set D C R* having zero X*. Assume that at X = X*, F'(X) is continuous and non-singular. If the

initial approvimation X is close enough to the value X*. Then, the sequence {X ™} obtained

from the iterative procedure (5.4) converges to X* with at least third-order convergence ¥V 3 € R\{0}.

Proof. Let €™ = X — x* ¢ — 40 _ x* = ¢0) 4 gp(X™) and & = o™ — X* =

€M — BF(X™) be the errors at n'® iteration. Therefore, we can write

= (T + BF/(X)EM + BF(X™)(Co(€M) + C(€™)* + O((€™)*)), (5.7)
& = (I = BF/(X")EM — BF/(X*)(Co(EM)? + C(£M) + O((¢)). (5.8)
Substituting X +h = u™, X = , h = 51 f ") in Eq. (5.6), one obtains the following operator

A = [u™ v™; F], on simplification

A=FX)[T+C (6" +&7) + G5 (") + &7 + (&)?) + G (€M)
(&”V§m+ff(& )+ (6"7)) + G5 (6™ + (P E™) + @&’ (5.9)
H(EN) +0((€™)7)] .-
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Furthermore, the inverse of the same can be obtained as

AT = [1— Co(el +€87) + (G2 — Co)((6) + (€57)2) + (203 — Cy)eled”
—(Cy — CoC5 — C5Cs + C3)((6)% + (8V)?) — (Cy — 205C5 — 205 (5.10)

+3C) ()2 + (&)%) + o] T

Now, pre-multiply Eq. (5.10) by (5.6), we get

ATTF(X M) = € — Oy (¢f”)? = (203 — Co) (€M) = (€3 = Cy) (1) (&")2)e™

(5.11)
— (203 — Co)tV&Me™ + O((6™)"),

On substituting the above, in the first substep of the scheme (5.4) such that 575”) =y — X* one

obtains
1 2 2 2 n n n n
67 = 56 + SCa6™) + 5 (205 — Ca)(6™)° - 5205 - G + O((€™)Y).  (5.12)
Now, using the Taylor’s expansion of F(y™), one obtain the DD operator as

[y™, XM F) = F'(X¥) [I + %025("’ + ;(1303 +6C3)(§™)? + (3:03 - 20203

10 40 2 2
0+ 04) (€™)3 & (—Cg’ + 2050y — 4C,C2 + 40403>
9 3 ) 3 (5.13)
X(EP) + (7)) + (568 - 20205 — 4C,CE +2CF ) €7
+O((6™)")]
Substituting the above in second substep of (5.4), one gets
8 n
5(n+1) =(1-a — @2)53(/n) + <2G1 + 3612) szysn) — (ay + a2)(022 - 03)((55 ))2
n n n) ~(n 1 n n
+(E@"))E — (1 +a2) (205 — C)e & — (13Cs — 6C)an(€7)¢" _

— 0203 — G — (a1 + a)CalEl)? +(2a1+§a2) CHeg)e
— (@ + @) (") + O((E)").

The proposed scheme (5.4) achieves at least the third order of convergence, provided a; = %, and as =
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—g. Then, the error equation becomes

£ = 2682 — 905 (302 + D)€ + O((€")), (5.15)
where v = SF'(X*) and 8 € R\{0}. O

5.2.2 Novel fifth-order family

Now, we further enhance the convergence order of family (5.4) by adding just one functional eval-
uation at the third step and obtain the following valuation at the third step. Thus, we have the

following iterative family

Y = X gA—lF(X(”))’
) =y~ (71~ 5Q)AT (), (516)

XF) — o — (b1 + b Q)A™ (Z(n))a n=012...,

where A = [u™ v™; F],Q = A7 y™, XM, Flu™ = XM 4+ 3FR(XM) oM = X — (X ™),
f € R\{0} and by, bg denote the free parameters.

Theorem 5.2.2. Assume the same hypothesis as in Theorem (5.2.1). Then, ¥V 5 € R\{0} and
v = BF'(X*), the iterative procedure (5.16) yields at least local convergence order of five for the

sequence { XM} if by = 4, and by = —3. The error equation is

¢ = — (367205 — 1458¢°C5C5 — 97205C; — 12247°C5C5 — 1020C,5C5

% | (5.17)
+ (486" + 72992 + 270) CF) (™) + O((6™)"),

Proof. Suppose 2™ = s 4+ X* in Eq. (5.15) established earlier for scheme (5.4) such that

s = o (6802 (279* +18) C3) (€™)* + 6 (—618C + (2079° + 392) CoCs
+452C5C; — (32497 +126) Cy) (€M)" + 4;6 (2700C3 — (9274* + 2892) C3C5

— (9729 + 4254) CoC5C; + (24844* + 1778) CoCy + (1458y* — 1716) C5C3 (5.18)

+ (162" + 12879 + 2414) CF + 1982C4Cy — (243" + 2430° + 612) C5 ) (£)°
+O((€™)9).
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Now, expand F(z™) about X*, one acquires
F(z™) = F'(X7) (s + Cy(s™)? + O((s™)?)) . (5.19)
Pre-multiplying Eq. (5.19) by Eq. (5.10) and simplifying, we get

1 1
-1 (n)y — — 2 2 . (n)\3 i 3 2

1
_ 2 (n)\4 - 4 2

+452) CyC5 — (32492 +126) Cy ) (6™)* + 5 (8856C3 — (31414

+5892) C3C5 — (9729% + 6966) CoC5Ch + (44287 + 2534) CoCy

+ (8469% — 3552) C5C3 + (405" + 2178%) C3 + 2900C3 + 1982C,Cy

— (24391 + 243092 + 612) C5 ) (€7)° + O((£™)°).

(5.20)

Substituting Eq. (5.20) in the last sub-step of scheme (5.16), the error equation becomes

1
gnt) — 54( — 680,07 + 277%b,C5 + 18b, 05 — 68byC3 + 2742byCs + 18byC + 68C3
1
— 277204 — 18@,) (€M)3 + o) (10261)103 — 36972b,CoC5 — 500b;C4Cl

— 452b,C3C + 32472b, Oy + 126b,Cy + 11625503 — 42392b,C5Ch — 536b,C5Cy  (9:21)
— 4520,C5CY 4 3247%b,Cy + 126b,Cy — 618C% + 20772CoCy + 3920,C'

+ 45205C, — 32442C, — 12604) (€M) L O((™)P).

Now, our objective is to get appropriate values of b; and by in scheme (5.16) that maximize its

convergence order. Therefore, if we put

we obtain our final error equation as

1

gt — 1 (36720§ — 145872C2Cy — 9720205 — 12244%C5C2 — 1020C5C2
86 (5.22)
4867102 + 7204202 + 27005) (€M) 4 O((£9),
where 3 € R. Hence, the presented family (5.16) gives at least fifth-order convergence. m
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5.3 Generalized multi-point Steffensen-like family

Here, we propose the simple generalized version of procedure (5.16) in (g + 1)-steps, as given by

2
gA‘lF(X(”)),

wy? = X —
n n 1 — n
wi" = wf” — (71 = 5Q)A™ F(ug”),

ws = wi — (41 = 3Q)AT F(w{"),

(5.23)
wy? = wi — (AT = 3Q)AT'F(uwy"),
wit =l — (4 = 3Q)AT F(w”), n=0,1,2,...,
where A = [u(" FJ,Q = A7 y™ XM Fl u™ = XM 4 BR(XM) oM = X — gF(X ™),

B € R\{0}, wo = y™ and w{" = 2™,
Theorem 5.3.1. Assume the same hypothesis as in Theorem (5.2.2). Then, ¥V 3 € R\{0}, the
following error equation of proposed technique (5.23) yields at least local convergence order of 2q +

1, ¢ > 3 for the sequence {X ™},

g(n—i-l) _ 1
a 54(3)0 1

+O0((E™)**2),

(18C2 — (5 + 672)C3) 1 H(68C2 — 9C5(37% + 2)) (™) 2+
(5.24)

where v = BF'(X*), and ) is the error at the (q+ 1)™ step.

Proof. The proof of convergence for the iterative scheme (5.16) follows a similar approach as that

used for the proof of Theorem (5.2.1). It is hence omitted. O

Different iterative families can be generated from the proposed family (5.23) by assigning various
values to q. However, our focus will be on the numerical and stability behavior of the family denoted
as LMsg41,i, where 2g+1 indicates the order of convergence and 7 refers to the index associated with
different parametric values of 5. We will specifically examine cases for ¢ = 1,2, and 3 only. The
proposed generalized scheme requires only one matrix inverse per step, used only once throughout

the iteration. This feature of the proposed scheme is referred to as a ‘method with frozen operator’.
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5.4 Computational complexity

This section studies the computational cost of an iterative solver. Here, we have considered different
set of values to parameter 3, specifically, we take 5 = 0.01,0.9, and 1.5 in the p-order proposed
methods LM, ;, LM,», and LM, 3, where p = 3,5, and 7. Further, the computational efficiency
of the proposed methods is compared with several existing schemes, i.e., Zheng et al. [382] method
of fourth-order (denoted by ZM, ), Sharma et al. [301] method of sixth-order (denoted by SAg1),
Sharma et al. [302] method of seventh-order (denoted by SAz;), and Wang et al. [361] method of
seventh-order (denoted by WZz ;).

We denote the computing cost and efficiency index of the solver M,; (p = 3,4,5,6,7 and
i=1,2,3) as Cy,, and Eyy, ,, respectively. Using the above information, we obtain the computing

cost and efficiencies as displayed in Table 5.1.

Table 5.1: Computational costs and efficiencies of different methods

My Cityi B,

LM, B (150,(1 + k) + 2> + 24kp + 21k + 1), (3) /s
ZMy E(14(3+ 9k) + 2k + 6(—1 + 2k)pu + 5k — 5), (4) /€t
LM, K (314(9 + 5k) + 2k + 6(1 + 4k)p + 39k + 1), (5) 1tz
SAg,1 % (1,27 + 15k) + 2k* + 6(1 + 4k)p + 39k — 5), (6)"/%r6
SAzy L (1,(12 4+ 18k) + 2k% + 6(—3 + 5k)u + 18k — 11),  (7)/%Am
WZry B (1,(3+21k) + 2k2 + 6(—1+ 6k)p + 51k —5),  (7)/Wem
LMz, k(31,13 + 5k) + 2k + 6(2 + 4k)u + 5Tk + 1), (7)Y

Now, the comparison between the efficiencies of different methods is examined in the following

subsection.

5.4.1 Efficiency comparisons

For the comparison of computational efficiencies (CE’s), we have considered the ratio as follows

Ny _ logEMA _ CMB log (pa)
Ma logEy, — Cy,log(pp)’

(5.25)
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Chapter 5. Family of Steffensen-like iterative methods for solving nonlinear systems

where ps and pp denote the convergence order of the solvers M 4 and M B, respectively. More
appropriately, if Rﬁf > 1, then we can say iterative solver M 4 is more efficient than Mp.
The boundary lines between the CE’s are when R%j = 1, and the respective expression y is a

function of k and [ (k> 2, 4 > 0 and I, > 1).

ZM4 1

LM;; and ZM,; comparison: The boundary lines can be obtained if Ry, = 1, and corre-

spondingly u can be written as

(15 — 91, — 15k — 271,k — 6k?)n; + (1 + 271, + 39k + 151,k + 2k2)n2)

= (5.26)

where 7; = log(5) and 7y = log(4). In the case of k = 2.4896, u has a vertical asymptote. This
represents that the iterative solver LM ; is more efficient than ZMy,; V £ > 3, and [, > 1. The

graphical manifestation has also been shown in Figure 5.1.

2 3 4 5 6
k k

Figure 5.1: a Boundary between LMj;; and ZM,;. b Region shaded if REM‘f > 1.

. . . L LM
LM;; and LMj; comparison: The boundary lines can be obtained in similar manner, as Rpy> =

1, and

. ((—1 — 151, — 21k — 151,k — 2k:2)n1 + (1 + 271, + 39k + 151,k + 2k2)n2)

(5.27)

where 7, = log(5) and 7y = log(3). In the case of k = 0.97717, u has a vertical asymptote. This
represents that the iterative solver LM ; is more efficient than LM3; V £ > 2, and [, > 1. The

graphical manifestation has also been shown in Figure 5.2.
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ST 1.0

04r B 0.8

0.3F B 0.6
X X

3f5 4:0
Figure 5.2: a Boundary between LM5; and LM3;. b Region shaded if Rfl\l\ﬁ‘gi > 1.

LM, and ZM,; comparison: Here, we obtain the boundary lines if RLM4 '=1, and

(15 —9l, — 15k — 271,k — 6k + (1 + 271, + 39k + 151,k + 2k2)n2)
6(—3m + 6kn — ny — 4kno)

= (5.28)
where 7, = log(7) and 7, = log(4). In the case of k = 2.75067, u has a vertical asymptote. This
represents that the iterative solver LMz ; is more efficient than ZM,;V k£ > 3, and [, > 1. The

graphical manifestation has also shown in Figure 5.3.

50 : : : : 6T
4t SF
4_
3_
3 %3
2_
2_
1F JF
o . . : o : : .
2 3 4 5 6 2 3 4 5 6
k k

Figure 5.3: a Boundary between LM;; and ZM,;. b Region shaded if Rgﬁji > 1.

LM, and SAs; comparison: The boundary condition is Riﬁffl =1, and p is given by

((5— 27l — 39k — 151,k — 2k*)n1 + (1 + 391, + 57k + 151,k + 2k2)n2)
6(m1 + 4kny — 2ny — 4knp)

pw= (5.29)

where 1, = log(7) and 1, = log(6). In the case of k = 67.47068, 1 has a vertical asymptote. This
represents that the iterative solver LMy, is more efficient than SAg; V & > 68, and [, > 1. The
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graphical manifestation has also been done in Figure 5.4.

50

100+
40 80+
30 60

201 40+

1 1 1 1 1 1 1 1 L L L L
3.0 35 4.0 45 5.0 5.5 6.0 3 4 5 6 7
k k

Figure 5.4: a Boundary between LM7; and SAg;. b Region shaded if Riﬁ‘}?’i > 1.

LM, and LM;; comparison: Here,

((—1 =271y — 39k — 151k — 2k*)n1 + (14 391, + 57k + 151,k + 2k*)n)

, 5.30
6(m + 4kny — 2ny — 4kny) (530)

/"L:

where 17, = log(7) and 1y = log(5). In the case of k = 7.51552, u has a vertical asymptote. This
represents that the iterative solver LMy ; is more efficient than LMs; V £ > 8, and [, > 1. The

graphical manifestation has also been done in Figure 5.5.

4 5
4_

3_
3_

3 2F 3

2_

1_
1+

0 0 L

5 10 15 5 10 15
k k
(a) (b)

Figure 5.5: a Boundary between LM7; and LM;;. b Region shaded if Rlﬂﬁii > 1.

. . . . . LM:-
LMy ; and LM3; comparison: The boundary lines can be obtained in similar manner as RLMj’i =
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1, and

o (1= 151y = 20k = 151, = 2k, + (14 390, 4 5Tk + 151k + 24%))
12(2kmy — no — 2kno) ’

(5.31)

where 77 = log(7) and 1, = log(3). In the case of k£ = 1.81061, u has a vertical asymptote. This
represents that the iterative solver LMy ; is more efficient than LM3; V £ > 2, and [, > 1. The

graphical manifestation has also been done in Figure 5.6.

20 T T T T 3.0
25
151
20
3 1.0 § X 1.5 b
1.0 b
0.5r 4
05 b
00 1 1 1 1 1 00 L L L L L L L
2.0 2.5 3.0 3.5 4.0 2.0 25 3.0 3.5 4.0 4.5 5.0
k
(a) (b)

Figure 5.6: a Boundary between LM;; and LM3;. b Region shaded if Rlﬂﬁii > 1.

LM, and SA;; comparison: The ratio (5.25) can be written as

RSAT _ 2 (=11 + 2k* + 61,(2 4+ 3k) — 18 + 6k(3 + b)) (5.32)
PMz T (o1 4 2K2 + 31,(13 + 5k) + 12 + 3k(19 + 8p)) '
and the corresponding boundary equation is Ri‘mi = 1. Moreover, we obtain the following
23 + 151, + 21k — 211,k — 2k?
_ 29+ 1olg + a (5.33)
12(3k — 4)
Here, Riﬁ;; >1, Vi, >1, p>0,and k > 3.
LM, and WZ;; comparison: On a similar basis, the ratio (5.25) becomes
RWZn _ (=5 + 2k* + 31,(11 + Tk) — 6u + k(51 + 36u)) (5.34)
PM7L T (1 4 282 + 31, (13 + 5k) + 12 + 3k(19 + 8p)) ‘
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and for boundary lines REVI\%: =1, it takes the form

WZ771
Here, Ry,

Al —k

>1,Vi,>1, p>0,and k > 3.

2k —3

(5.35)

The efficiency plots of different iterative methods, including SA;,, WZ7;, and LMy ;, are pre-

sented in Figure 5.7. These graphs confirm the findings obtained in the two previous cases for

specific values of ¢ = 1 and [, = 1. It is clear from the plot that the efficiency of LM7; improves

compared to SA7; and WZ7; as k increases. Although the efficiencies of the compared methods

appear similar for £ > 31, they are actually quite different. Therefore, a subplot is included in

Figure 5.7 to illustrate the more efficient nature of the proposed scheme LMy;; compared to the

other methods. The following theorem provides a summary of the above findings:

1.0010F
1.0008 -
1.0006 |-

1.0004 |- ® ‘

1.0002 |

Computational Efficiency Index
@
e

1.0000

1 |

® SA7
m WZ7,

* LMy,

25

30

Computational Efficiency Index

1.00007
1.00006
1.00005
1.00004
1.00003
1.00002

1.00001

o SA7,
s, s
He * LM7,
He
¥
?s g
: 8y
.‘ “
° fg
® [ |
[ JPY ..
®eo 6 fay
O......

Figure 5.7: Comparison of efficiencies between SA7;, WZ7,, and LMy, for k = 10,--- ,50.

Theorem 5.4.1. Forl, > 1 and p > 0, we obtain

(a).
(b).
(c).
(d).
(e).
(f).
(9).
(h).

Erms, > Ezu,, V k2> 3,
Eontsy > By, ¥ k> 2,
Ervg, > Ezuy, V k2> 3,
Epng, > Esag, V k> 68,
Ervy, > Epy,, V k2> 8,
Eimy, > Epvs, V k2> 2,
Eiay, > Bsa, V k>3,
Epy, > Bwz,, ¥ k> 3.
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5.5 Numerical tests

This section presents various numerical problems to demonstrate the theoretical results, such as
the convergence order and efficiency of the proposed iterative solvers. The new solvers with specific
values of the parameter § are compared to existing solvers, namely ZM,; (for § = 0.01), SAg;
(for f = 0.01), SA7; (for B = 1.5), SA;, (for § = 0.9), SA73 (for § = 0.7), and WZ7;. In
each problem, the iteration number is computed with the stopping criterion of HX (nt1) _ x () ‘ ‘OO +
I (e

[363] to verify the theoretical convergence order. We validate the theoretical results through several

< 1073%, Additionally, we compute the computational order of convergence (pcoc)

e}

numerical problems, and the corresponding outcomes are presented in Table 5.3-5.9. In these
tables, p denotes the convergence order of an iterative solver, and &, = HX (nt1) _ x () H denotes
the residual error norm. The values Cy,, and Eyy, , represent the computational cost and efficiency
of an iterative technique M, ; in terms of the products and quotients required, which are computed
using the expressions provided in Table 5.1. The CPU time (e-Time) is also reported in the last
column of each table.

In order to estimate the values of [, and p in each problem, we expressed the cost of every
elementary function in product units in Table 5.2, and accordingly, the value of [, is approximately

2.6., which directly depends on the software, computer system, and the arithmetic used [127].

Table 5.2: Estimation of CPU time and computational cost for elementary functions, where z =

ﬁ—landy:\/g

A

Functions Txq /9 Vi et In(2)  sin(2) cos(2) cos7H(Z) tan~l(2)

CPU time 0.0390625 0.103125 0.034375 1.03125 0.90625 1.39063 1.39063 1.1875  1.04688
Cost 1 2.64 0.88 26.4 23.2 35.6 35.6 30.4 26.8

In the Table 5.3-5.9, the expression M (4e) represents the form M x 10&£¢). For numerical

experimentation the following examples have been considered.

5.5.1 Academic problems

Example 5.5.1. Consider the nonlinear system of two equations:

X, 4 e — cos(Xy) =0,
3X1 — X2 — SiH(Xl) 0.
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The initial guess here is X© = (0.1,0.1)T in the iterative solvers to get the solution X* = (0,0)7.
Also, the parametric values, (k, 1) = (2,49.3) are used to evaluate the computing costs and efficiency.

The final outcomes are shown in the Table 5.3.

Table 5.3: Comparison results on Example 5.5.1

Methods n & & &y C M, Enr,, p  pcoc e-Time
LM3 6  5.61(—11) 7.43(-=32) 1.73(—94) 844.8  1.00130128662225 3  3.0000 0.436
LMs 6  6.99(—11) 1.48(—=31) 1.50(—93) 844.8  1.00130128662225 3  3.0000 1.484
LMs 5 6 5.17(—11) 5.85(—=32) 1.02(—94) 844.8  1.00130128662225 3 2.9961 0.828
ZMy 4 9.27(—39) 1.49(—154) 9.30(—618) 955 1.00145267123820 4  4.0002  1.048
LM; 4 T7.67(—26) 2.24(—126) 4.82(—629) 965.8  1.00166781907776 5  5.0000  0.469
LM5 5 4 881(—26) 5.18(—126) 3.63(—627) 965.8  1.00166781907776 5  5.0000 0.906
LM; 3 4 241(-26) 7.35(—129) 2.39(—641) 965.8  1.00166781907776 5 5.0000 0.889
SAg1 4 1.89(—34) 9.36(—203) 1.41(—1212) 963.8  1.00186078646357 6 6.0000 0.437
SA71 4 6.33(—43) 1.40(—296) 3.63(—2072) 1485.6  1.00131070619877 7 6.9999  2.952
SA7, 3 1.01(—45) 3.88(—316) 4.79(—2209) 1485.6  1.00131070619877 7 7.0000  3.000
SA7; 3 7.42(—47) 4.55(—324) 1.48(—2264) 1485.6 1.00131070619877 7  7.0000 2.142
WZ7 4 3 2.41(—46) 1.34(—319) 2.28(—2232) 1184.6  1.00164402268390 7 7.0000 0.610
LMz, 3 1.60(—47) 4.50(—328) 6.35(—2292) 1086.8 1.00179209906202 7 7.0000 0.516
LM 3 1.81(—47) 1.32(—327) 1.48(—2288) 1086.8 1.00179209906202 7 7.0000 0.859
LM 5 3 3.57(—48) 1.78(—332) 1.48(—2322) 1086.8 1.00179209906202 7 6.9999  0.906

Example 5.5.2. Here, we take the integral equation (4.76) of mized Hammerstein (for reference,

[252]) such that after discretization, we obtain the following nonlinear system:

8
5X,— > ayX)—5=0, s=1,2,....8,

=1

AL =), j<s,

For solving this system, we take an initial quess X =
lsAj(l — lj), 5 < J.

where agj; = {
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(0.9,0.9,...,0.9)T, and the correspondingly, we obtain the following approzimate solution

X* = (1.002096...,1.009900..., 1.019727..., 1.026435...,1.026435..., 1.019727...,
1.009900..., 1.002096...)".

This problem considers parametric values of (k, ) = (8,11), which we use to evaluate the computing

cost and efficiency. The computational outcomes are shown in the Table 5.4.

Table 5.4: Numerical comparison results on Example 5.5.2

Methods n & & &y Cu,, I p  pcoc e-Time
LMs 5  3.93(—16) 2.10(—49) 3.24(—149) 3680 1.00029858051430 3 2.9999 12.985
LM; 5 291(-11) 1.37(-33) 1.47(—100) 3680 1.00029858051430 3 2.9997 13.062
LMs; 3 6 5.56(—5)  2.53(—14)  2.44(—42) 3680 1.00029858051430 3 2.9986 25.938
ZM, 4 4 7.27(-29) 6.37(—117) 3.78(—469) 5392 1.00025713512351 4 4.0000 15.406
LM; 4 1.04(—41) 7.20(—210) 1.16(—1050) 4001.6  1.00040227949137 5 5.0000 17.375
LM; 4 140(-27) 6.97(—137) 2.17(—683) 4001.6  1.00040227949137 5 4.9999 19.438
LM; 3 4 19.30(—22) 3.44(—110) 4.46(—549) 4001.6  1.00040227949137 5 4.9999 19.297
SAga 3 2.58(—60) 1.57(—363) 8.11(—2183) 3993.6  1.00044875838158 6  6.0000 20.063
SA7, — Diverges - - - - - - -

SA7. Diverges - - - - - - -

SA7s 3 1.79(—71) 9.84(—501) 1.50(—3505) 8289.6  1.00023476869324 7 7.0000 25.109
WZ;, — Diverges — - - — - — -

LMz, 3 1.96(—79) 1.11(=557) 2.17(—3905) 4323.2  1.00045021006439 7  7.0000 17.594
LM, 3 1.69(—51) 1.18(—358) 9.55(—2509) 4323.2  1.00045021006439 7  7.0000 25.609
LM 3 4 3.87(—41) 7.25(—285) 6.01(—1991) 4323.2  1.00045021006439 7 6.9999 25.250

Example 5.5.3. Next, the nonlinear system of 25 equations has been considered:

XX —1=0, 1<i<24,

X2X, — 1 =0,

1= 25.

The initial estimate here is X(© = (15/10,15/10, ..., 15/10)T with resulting approxvimate corrected
value of X* = (1,1,...,1)T. The concrete parametric values in this example are (k,p) = (25,2),

which we use to calculate the computing cost and efficiency. These computational outcomes are

149



Chapter 5. Family of Steffensen-like iterative methods for solving nonlinear systems

shown in the Table 5.5.

Table 5.5: Numerical comparison results on Example 5.5.3

Methods n & &3 &4 Cu

Pyt

E]VI/M'

402(—11)  2.97(—33) 16625  1.00006608412564

1.14(—16)  3.95(—51) 16625  1.00006608412564
)

16625  1.00006608412564

pPcoc e-Time

3.0000 6.874
3.0000  7.327

LMs;,
LM;.,
LMy
ZM,
LMs;,
LM,
LM 5

7
6
7 3.0008  5.562
5

5

5

5

SAg; 4 6.33(—10) 5.45(—58

5

5

5

4

4

4

4

4.0000 5.11
5.0000  9.922
5.0000  9.875

p
3
3
3
) 31885  1.00004347889284 4
) 18680  1.00008616205823 5
) 18680  1.00008616205823 5
) 18680  1.00008616205823 5  5.0000 12.656
) 18655  1.00009605175656 6  6.0000 9.686
SA7, 1.04(—163) 36285  1.00005362993877 7  7.0000 10.282
SA7, ) 7
SA73 ) 7
WZ7.1 ) 7
LMz, ) 7
LMy ) 7
LMz 3 ) 7

36285  1.00005362993877 7.0000 12.641
36285  1.00005362993877 7.0000 11.297
23995  1.00008109977305 7.0000 11.187
20735  1.00009385104705
20735  1.00009385104705
20735  1.00009385104705

6.52(—14)  1.09(—95
3.43(—16) 8.12(—115) 3.40(—805
3.61(—8)  7.34(—55) 1.06(—381

7.0000 12.594
7.0000 14.594
7.0000 14.204

Example 5.5.4. Now, consider the Frank-Kamenetskii problem [128] described by the differential
equation

X"+ X'+ 1eX =0,
(5.36)
X'(0)=X(1)=0.

Here, the following finite difference discretization is used

Xjo1 = 2X; + Xjn Xjr1 — X

X// — X/ —
h? ’ h ’

and we can convert the BVP (5.36) into systems of 50 nonlinear equations in 50 unknown variables

with step size h = 5%, given by
jh*e + h(X; 1 —2X; + X)) +h(Xj0 — X;) =0,5=1,2, ..., 50.

The initial estimate used here is X© = (1/10,1/10, ...,1/10)" with resulting approzimate solution

150



5.5 Numerical tests

X* = (0.474290765 . .., 0.473878907 . .., 0.473055394 . . ., 0.471820648 . . ., 0.470175306 . . . ,
0.468120222. .., 0.465656465 . . ., 0.462785314 . . ., 0.459508258 . . ., 0.455826994 . . .,
0.451743424 . .., 0.447259647 . . ., 0.442377962 . . ., 0.437100858 . . ., 0.431431015. . .,
0.425371293 ..., 0.418924732 . .., 0.412094545 . . ., 0.404884113 . . ., 0.397296979 . . .,
0.389336840. . .,0.381007544 . . ., 0.372313084 . .., 0.363257589 . . ., 0.353845317 . . .,
0.344080652 . . ., 0.333968096 . . ., 0.323512259 . . ., 0.312717856 . . ., 0.301589700 . . . ,
0.290132692. . .,0.278351818.. .., 0.266252139 . .., 0.253838787 . .., 0.241116956 . . .,
0.228091898 . .., 0.214768913 . ..,0.201153346 . .., 0.187250579 . ..., 0.173066025 . . . ,
0.158605121 ..., 0.143873326 . .., 0.128876110. ..,0.113618952.. . ., 0.098107334. . .,

0.082346735. . .,0.066342626 . .., 0.050100467 . . ., 0.033625700 . .., 0.016923746 . . .)".

The concrete parametric values in this case are (k,u) = (50,36.4) which we use to evaluate the
computing cost and efficiency. The computational outcomes are presented in the Table 5.6.

For illustration, we have graphed efficiency log plots for the above four examples using his-
tograms. Figure 5.8 reveals that the proposed methods have reasonably better efficiencies compared

to existing ones.

0.0015 | WMLMs; W SA7;

] MLM;; [T SA7:
{ MLMs35 [1SA;73
1 mzm,, mwz,,
| WMLMs, WLM;,
1 WLMs, MWLMz,
| mLMs3 WLM;3
1 W SAg;

0.0010

Efficiency

0.0005

0.0000

E, E, E; E,

Examples(E;)
Figure 5.8: Efficiency log plot of Examples (F;) 5.5.1-5.5.4 w.r.t different methods.
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Table 5.6: Numerical comparison results on Example 5.5.4

Methods n & & &y Cu,. Ewn,, P pcoc e-Time
LMs 6  7.02(-09) 1.23(=27) 6.61(—84) 431000  1.00000254898768 3  3.0000 91.859
LM; 6  7.02(-09) 1.23(—27) 6.60(—84) 431000 1.00000254898768 3  3.0000 91.359
LMs 3 6  7.01(—=09) 1.23(=27) 6.59(—84) 431000 1.00000254898768 3  2.9961 92.125
ZMy 5  5.04(—17) 7.98(—70) 5.02(—281) 701110 1.000001977287061 4  4.0000 60.859
LM; . 4 5.35(—22) 2.69(—111) 8.62(—558) 440580 1.00000365300479 5 5.0000 145.593
LMs o 4 5.35(—22) 2.69(—111) 8.57(—558) 440580  1.00000365300479 5  5.0000 145.187
LM; 3 4 5.35(—22) 2.68(—111) 8.48(—558) 440580 1.000003653004795 5  5.0000 145.203
SAga 4 1.16(—=30) 2.27(—185) 1.29(—1113) 440530 1.00000406728966 6  6.0000 83.313
SA7. - Diverges - — - - ) - _

SA7 - Diverges - - - . - _ _

SA73 - Diverges — - _ _ - _ _

WZ7.1 - Diverges - - - ~ - - -

LMz, 4 4.18(—41) 2.36(—289) 4.25(—2027) 450160 1.00000432271716 7 7.0000 191.562
LMz, 4 4.18(—41) 2.35(—289) 4.20(—2027) 450160 1.00000432271716 7 7.0000 195.235
LMz 3 4 4.18(—41) 2.35(—289) 4.10(—2027) 450160 1.00000432271716 7 6.9999 193.923

5.5.2 Application to chemical engineering

Example 5.5.5. In chemical engineering, a significant challenge involves predicting the diffusion
and reaction processes within a porous catalyst pellet. The primary aim is to determine the overall
reaction rate of the catalyst pellet. The preservation of mass within a spherical domain yields a
mathematical model, as shown in Example 4.5.1. We employ central divided differences to solve this

problem, which transforms this into a nonlinear system. Subsequently, our problem (4.1) results in

system F(X) =0, where F : RFFL — RFL given by

1x
X1 = Xo - R26X3,

1 1 132 12 2
F(X) = (1_3>X51+(1+5>X5+1_2X5_GH¢X5>5:172"””“_1’ (5.37)

| |
- et ox,
( k) koLt Lt T Ak
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For the initial guess X© = (0.1,---,0.1)" and k = 10, the proposed solvers converge to the

approzimate solution

X* =(0.0361320888367 . ..,0.0367075281067 . . ., 0.0392749976060 . . ., 0.0436182869414 . . .,
0.0502495007795 . ..,0.0602350754674 . . ., 0.0755922657555 . . ., 0.1003330789655 . . .,
0.1432405989194 . .., 0.2264025349114 . .., 0.4176792391196 . . .)".

We have presented the computational results in the Table 5.7 for parametric values (k + 1,u) =
(11,7.8).

Table 5.7: Numerical comparison results on Example 5.5.5

Methods n & & &y Cum,. Enr,, p  pcoc e-Time
LM3 6 2.7(—05) 1.7(—13) 4.3(—38) 5511  1.00019936886219 3  3.0037 0.594
LM; 6 2.7(—05) 1.7(—13) 4.3(—38) 5511  1.00019936886219 3  3.0037 0.984
LMs 5 6 2.7(—05) 1.7(—13) 4.3(—38) 5511  1.00019936886219 3  3.0037 0.843
ZMy 5 3.4(—9) 9.9(—35)  2.0(—136)  8482.6  1.00016344135606 4 3.9820 0.578
LM; 4 5 5.7(—10) 2.2(—44)  1.4(—=216)  6017.2  1.00026750867050 5  5.0030  0.563
LM; 5 5.7(—10) 2.2(—44)  1.4(-=216)  6017.2  1.00026750867050 5  5.0030  0.359
LM;5 5 5 5.7(—10) 2.2(—44)  1.4(-216) 6017.2 1.00026750867050 5 5.0030  0.265
SAg 6 4.7(-2) 1.9(—6) 2.1(—31) 6006.2  1.00029836281728 5 5.6787  0.343
SA7, —  Diverges —— —— —— —— - - -
SA7 —  Duiverges —— —— —— —— - - -
SA7s —  Diverges —— —— —— —— - - -
WZ7, 4 5.3(401) 3.7(+02) 5.8(+02) 8311.4 1.00023415284553 7 1.3370 1.438
LMy, 4 4.0(—16) 4.5(—106) 4.9(—734)  6523.4 1.00029834141819 7 6.9816  0.500
LMy, 4 4.2(-09) 2.2(—56)  1.7(—387) 65234 1.00029834141819 7 6.9860 0.531
LMz 4 4.0(—16) 4.5(—106) 4.9(-=734)  6523.4 1.00029834141819 7 6.9816 0.625

5.5.3 Applications to partial differential equations

This section focuses on numerical computations for two well-known partial differential equations

using the proposed methods and various existing solvers. The following problems are considered:

Example 5.5.6. Theoretical physics makes considerable use of an elliptic partial differential equa-
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Chapter 5. Family of Steffensen-like iterative methods for solving nonlinear systems

tion known as Poisson’s equation. It is often used to calculate the potential field produced by a
specific distribution of electric charge or mass density. It is possible to calculate the associated elec-
trostatic or gravitational force field once the potential field has been identified. In order to obtain
such a force, we consider its mathematical model in the domain (x,y) € [0,1] x [0,1], given as

follows

Yoo+ Ty = T2, (5.38)

having boundary constraints

T(2,0) =1—a+22* 7YT(x,1)
T0,y)=1-y+2" T(Ly)

2,
(5.39)
2.

Let Y, ; = Y(x;,y;) denote the estimated solution at the mesh grid points, where xy = yo = 0 and

A i =1/10
Yo.10
Y110 = Y310 Ya10 Y510 Ye.10 Y710 Ye10 Ys,10( | Y1010
Yoo
‘ x:’s‘ ‘ 174‘ ‘ x:’s‘ ‘ l’?&‘ ‘ x:’?‘ ‘ X'}'S‘ ‘ X?'Q‘ ‘ X80 ‘ XBI‘ Yigo
Yos
‘ Xth-‘ ‘ Aes Xee ‘ l’w‘ Xea Xeo X0 X71 ‘ XTZ‘ Yioe
Yo7
Xss Xse Xs7 Xsg Xso Xeo Xa1 Xaz Xes Yio07
Yo.6
Xag Ka7] Xan Xa9) Asal As1 Xs2 Asz Xsa) Yioe
Yos
Xa7 Xan VET Xan Xaa Xa> Xaz Xaa Xag) Yios
Yo.u % T’
X2g] X2a Xan| Az Xaz Xaz Xza Xas VET Yio.4 -
YO.S ‘:.
o
X1a A=20| K21 A22 X2z A24) ‘ Az2s) K26 A27| Yi03
Yo.2
Y X10 X11 X12 X1z X14 X1s X1e X7 X18 Yi02
0.1
Yo.0 Yo Y20 Y30 Yao Y50 Yeo Y70 Ygo Yo, Y100

Figure 5.9: Discretization of the domain 0 < z,y < 1 with the step sizes h, k= 1/10.

Ty = yn = 1. Henceforth, we denote Y(x;,y;) = Yij; = XjiG-1)ym for each i and j. Then, the
domain of x and y can be discretized with step sizes h and k as shown in Figure 5.9 in which the

boundary and initial points are colored green with values To; = 2(ih)? —ih + 1, Tp,; = 2, and
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5.5 Numerical tests

Tio = (jl;:)2 — jl;: +1, 1,4 = 2, and also the unknown variables t; are colored black. Assume m
and 7 defines the step count in x and y directions, respectively, and h and k be their respective step
sizes (h = 1/m, k = 1/7). Now, the problem is been discretized by utilizing the central divided

differences, i.e.,

v Moy =20+ Towng) o (Tign = 2T + Tija)
Txr — hQ I yy — 2/12 9
we obtain the following systems of nonlinear equations:

wherei=1,2,....m—1, 7 =1,2,...,7— 1. We have considered m = 10 and n = 10, and thereby
solve the resulting nonlinear system of 81 nonlinear equations in 81 unknowns by using initial vector

X0 = (2,--- ,2)T, to get an approrimate solution:

X" =(0.925427...,0.935136...,0.963300...,1.016549 ...,1.098466 . ..,1.211243...,1.356417 ...,
1.535275...,1.749184 ...,0.935136 . ..,0.9805620 ...,1.030795...,1.094764 ...,1.178137 ...
1.284762...,1.417550...,1.579069...,1.772058...,0.963300...,1.030795...,1.095180. . .,
1.165562...,1.248435...,1.348623...,1.470045...,1.616329...,1.791382...,1.016549. ..
1.094764 ...,1.165562...,1.237454 ...,1.317002...,1.409440...,1.519289...,1.650943 . . .,
1.809232...,1.098466...,1.178137...,1.248435...,1.317002...,1.390025...,1.472710.. .,
1.569810...,1.686181 ...,1.827334...,1.211243...,1.284762...,1.348623...,1.409440. . .,
1.472710...,1.543252...,1.625703...,1.725066 . ..,1.847317...,1.356417...,1.417550. ..
1.470045...,1.519289...,1.569810...,1.625703...,1.691114...,1.770824 ... ,1.870992 . . .,
1.535275...,1.579069 ...,1.616329...,1.650943...,1.686181...,1.725066...,1.770824 .. .,
1.827480...,1.900835...,1.749184 ...,1.772058 ...,1.791382...,1.809232...,1.827334 . ..

1.847317...,1.870992. ..,1.900835. . ., 1.940999)7,

which is also shown in Figure 5.10. In this problem, we use (k,u) = (81,3) to calculate computa-

tional costs and efficiency indices. The computational results are displayed in the Table 5.8.

Example 5.5.7. Let us now examine the reaction-diffusion system, also known as Fisher’s equation,
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whose mathematical expression is given as follows
vy = Dyvg, +v(1 —v), (5.41)

with homogeneous Neumann’s boundary conditions,

v(z,0) = 0.5cos(mx) +1.5,0 <z <1,

Figure 5.10: Approximated solution of Poisson’s equation for x,y € [0, 1] by the method LMz ;.

exhibit traveling wave solutions that switch between equilibrium states.

Let this diffusive equation have an ezact solution denoted by v = v(z,t). Suppose w;;
v(xi, t;) = Xjpa-1m 15 its approximate solution at the grid points of the mesh. Let h = % and
k= % be the step sizes, where m and . are the step count of space and time, respectively. To solve
the above partial differential equation, we can discretize it by applying backward differences to v,

and central differences to other terms, i.e.,

Wit1,5 — Wi j Wi i — W; 5
U (24, 5) = (@Hﬂhw) vy, ;) ~ (wkwl)
w‘ 17‘ B 2w7 +w_17
Umx(xhtj) = ( s FL;] ! J).

This gives rise to a nonlinear system of (M —1) X 1 equations. Here, we assume Dy = 1 with initial
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Table 5.8: Numerical comparison results on Example 5.5.6

Methods n & & &y Cu,., En,, P pcoc e-Time
LM3 6 5.5(+0) 5.6(—12) 1.0(—38) 322029 1.00000341153798 3  2.9996 30.975
LMs 6 5.5(40) 5.6(—12) 1.0(—38) 322029 1.00000341153798 3  2.9996 32.9953
LM; 3 6 5.5(40) 5.6(—12) 1.0(—38) 322029  1.00000341153798 3  2.9996 40.4843
ZMy 7 5.5(+0) 1.0(—6) 1.5(—28) 742090  1.00000186809740 4  3.9889 24.2438
LM; 5 2.1(—6) 5.7(=32)  9.5(—165) 342376  1.00000470079899 5 4.9979 34.3296
LM; 5 5 2.1(—6) 5.7(=32)  9.5(—165) 342376  1.00000470079899 5 4.9979 33.9688
LM;3 5 2.1(—6) 5.7(=32)  9.5(—165) 342376  1.00000470079899 5 4.9979 39.2469
SAg1 5 2.2(—6) 3.7(—44)  1.2(=270) 342295 1.00000523455824 6  5.9983 42.886
SA7. 4 5.9(-9) 4.6(—71)  87(—=506) 691929 1.00000281230139 7 6.9997 283.03
SA7, 4 1.1(—8) 6.5(—69)  2.0(—=590) 691929 1.00000281230139 7  6.9995 275.488
SA7; 4 1.3(=8) 3.0(—68)  1.0(—485) 691929 1.00000281230139 7 6.9994 249.867
WZ7 4 4 1.7(=7) 3.1(=53)  1.3(—326) 411566 1.00000472807000 7  5.9781 57.902
LMz, 4 9.2(—8) 2.1(—61)  7.9(—437) 362723 1.00000536473624 7 6.9986 50.2141
LM, 4 9.2(—8) 2.1(—61)  7.9(—437) 362723 1.00000536473624 7  6.9986 45.5375
LMy 3 4 9.2(—8) 2.1(—61)  7.9(—437) 362723 1.00000536473624 7 6.9986 43.3017

estimate X(© = (X1, Xo, ..

., Xi96) = (0.5, -

approximate solution is evaluated using different techniques, given by

X" =(1.698102...
1.242497 . ..
1.685266 . . .
1.242370 . ..
1.660669 . . .
1.242121 ..
1.625776 . ..
1.241765 . ..
1.582413. ..
1.241317. ..

,1.536494 . ..,1.438474 ..., 1.374222 . ..
,1.222043...,1.203943 ..., 1.187722.. ..
,1.530102...,1.435178...,1.372510. ..
,1.221976...,1.203908 . .., 1.187703 . ..
,1.517660...,1.428752...,1.369171. ..
.,1.221846...,1.203839. .., 1.187667 ...
,1.499812...,1.419516....,1.364371 . ..
,1.221660...,1.203741...,1.187616. ..
,1.477457...,1.407931 ..., 1.358349.. ..
,1.221425...,1.203618...,1.187551 . ..

,1.328692....,1.204034 . ..
,1.173065. .., 1.159750.. ..
,1.327800. .., 1.293569. ..
,1.173055. .., 1.159745 . ..
,1.326061 .. .,1.292661 ...
,1.173037...,1.159735.. ..
,1.323561...,1.291356.. ..
,1.173010...,1.159721 . ..
,1.320424 . ..,1.289720. ..
,1.172976.. .., 1.159703 . ..

70.5)T for i = 15 and n = 14 of size 196, and the

,1.266064 . . . ,
,1.147607 . . . |
,1.265821 .. .,
,1.147604 . . . |
,1.265346. . . ,
,1.147599. . .,
,1.264665 . . . |
,1.147592... .,
,1.263810. . .,
,1.147582.. .,
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1.532718...,1.451708 . ..,1.394572...,1.351406 ...,1.316809...,1.287835...,1.262825 . . .,
1.240802...,1.221155...,1.203477...,1.187477...,1.172936 ..., 1.159682. ..,1.147571 . ..,
1.479075...,1.423832...,1.380104 . ..,1.343887...,1.312895 ..., 1.285793...,1.261759.. . .,
1.240244 ...,1.220863...,1.203324...,1.187396...,1.172894...,1.159660. . .,1.147560. ..,
1.424026 . ..,1.395200. . .,1.365246.. ..,1.336169 ..., 1.308878...,1.283699. . .,1.260665 . . .,
1.239672...,1.220563...,1.203166...,1.187314...,1.172851...,1.159637...,1.147548 . . .,
1.370186 ...,1.367226...,1.350741 ...,1.328638 ..., 1.304960 . .., 1.281657. ..,1.259598 . . .,
1.230114...,1.220271...,1.203013...,1.187233...,1.172808 ..., 1.159615...,1.147536 . . .,
1.320137...,1.341299...,1.337315...,1.321672...,1.301337...,1.279769 ..., 1.258612. . .,
1.238598...,1.220001 . ..,1.202871...,1.187159...,1.172769...,1.159594 . . ., 1.147525 . . .,
1.276330...,1.318723...,1.325647...,1.315622...,1.298192...,1.278130...,1.257757 . ..,
1.238151...,1.219766...,1.202748 ...,1.187094 ..., 1.172735...,1.159576 . ..,1.147516. ..,
1.240991...,1.300653...,1.316328...,1.310794...,1.295683...,1.276823...,1.257074. . .,
1.237794 ...,1.219579...,1.202650. ..,1.187043 ..., 1.172708 ..., 1.159562. .., 1.147508.. . .,
1.216035...,1.288034...,1.309835...,1.307433 ...,1.293937...,1.275913 ..., 1.256599 . . .,
1.237546 . ..,1.219449 . ..,1.202582. ..,1.187007...,1.172689...,1.159552. ..,1.147503 . . .,
1.202998 . ..,1.281543...,1.306502. . .,1.305708 ...,1.293041 ..., 1.275446...,1.256356 . . .,
1.237418...,1.219383...,1.202547 ..., 1.186989 ..., 1.172680 ..., 1.159547 ..., 1.147500...)"

also displayed in Figure 5.11. Also, the computing cost and efficiency for parametric values (k, p) =
(196,9) are provided in Table 5.9 for several procedures.

The results obtained from numerical experiments imply the stable behavior of the proposed
techniques in Tables 5.3-5.9, where the pcoc of each solver is in good agreement with the theoretical
convergence order. The elapsed time (in seconds) for program execution indicates that the proposed
solvers are more efficient than other existing techniques. It is generally considered that a method
that consumes less computing time is highly efficient, and vice versa. Moreover, the presented
procedures exhibit better efficiency than the compared solvers, as illustrated in Figure 5.8 and
Figure 5.12. Therefore, the numerical experiments performed on several examples from different
types provide strong evidence for the above findings.

The following section will discuss the stability of the methods using the basins of attraction.
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Table 5.9: Numerical comparison results on Example 5.5.7

Methods n & & & Cu,,; Eu,, p  pcoc e-Time
LM3 6 1.3(40) 1.4(-3) 1.1(—12)  4.27829(+6) 1.00000025678786 3  3.0641 216.605
LM35 6 1.3(40) 1.4(-3) 1.1(—12)  4.27829(+6) 1.00000025678786 3  3.0641 197.739
LM;3 3 6 1.3(40) 1.4(-3) 1.1(—12)  4.27829(+6) 1.00000025678786 3  3.0641 162.189
ZMya 5 2.0(+0) 3.7(-9) 2.2(—40)  1.01445(+7) 1.00000013665492 4  4.0359 161.417
LM;5 4 5 1.2(40) 1.8(—6) 1.3(—35)  4.39632(+6) 1.00000036608766 5 5.0161 291.900
LM5 5 5 1.2(40) 1.8(—6) 1.3(—35)  4.39632(+6) 1.00000036608766 5 5.0161 297.836
LM; 5 5 1.2(40) 1.8(—6) 1.3(—35)  4.39632(+6) 1.00000036608766 5 5.0161 354.691
SAg 1 5 2.3(+0) 4.0(—6) 1.9(—40)  4.39612(+6) 1.00000040757726 5 5.9514 425.302
SA7.1 —  Diverges —— —— —— —— - - -

SA7s —  Diverges —— —— —— —— - - -

SA73 —  Diverges —— —— —— —— - - -

WZ7 4 4 1.1(+0) 1.7(—9) 6.8(—64)  5.26131(+6) 1.00000036985311 7  6.1787 478.663
LMz, 4 6.1(—1) 3.0(—11) 2.9(—-83)  4.51435(+6) 1.00000043104996 7  6.9860 520.431
LMz, 4 6.1(—1) 3.0(—11) 2.9(—83)  4.51435(+6) 1.00000043104996 7  6.9860 451.728
LM7 3 4 6.1(—1) 3.0(—11) 2.9(—-83)  4.51435(+6) 1.00000043104996 7  6.9860 413.016

Figure 5.11: Approximated solution of Fisher’s equation for ¢ € [0, 1] by the method LMz ;.
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Figure 5.12: Efficiency log plot of Poisson’s and Fisher’s equation w.r.t different methods.

5.6 Basins of attraction

To investigate the dynamic behavior of the solvers presented in the previous sections, we analyze

their basins of attraction on the polynomial system

X2 X2-1 =0,

(5.42)
X1 X, =0,
: . —1 1 . : :
which has solutions  r = Ty = . We employ an iterative procedure starting at each
0 0

point in a square [—2,2] x [—2,2] with 401 x 401 points, which encompasses all the roots of the
system, to create these basins of attraction connected to the roots of the nonlinear systems. Each
point receives a color based on the root to which the appropriate orbit of the iterative process,
starting at the point, converges. In particular, we assign cyan to the r; root and green to the ry
root. We designate those points with a black color if the associated orbit, with a tolerance of 1073
in a maximum of 50 iterations, does not converge to any root of the polynomial.

For the above test case, we can see in Figures 5.13-5.14 that all of the polynomial system’s roots
have a unique basin of attraction, each of which is colored differently. Additionally, the Julia set
can be viewed as a set of chaotic black lines. From Figures 5.13-5.14, it can be seen that the fractals
of SA71, SA7,, and SA7 3 have more black shaded regions, while the rest have a more stable form.

Thus, we conclude that the proposed methods sustain stability in a reasonable manner compared
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to existing counterparts.

(a) LM3 1 (b) LM3 2 (C) LM3 3

(d) ZM4 1 (e) LM5 1 (f) LM5 2

)

X X

(g) LM5 3 (h) SAg

Figure 5.13: Basins of attraction for iterative solvers.

5.7 Concluding remarks

We have developed new families of multi-point iterative procedures that can accurately approximate

solutions to nonlinear systems with third and fifth-order convergence. Additionally, we introduce a
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generalized version of the method that utilizes ¢ + 1 steps with an increasing convergence order of
2q+1, where q is a natural number. The key innovation of these families is that the convergence order
is increased by two at the expense of an auxiliary function per step, resulting in a computationally
efficient scheme that utilizes only one inverse matrix operator per step. We compared the suggested
solvers to existing solvers by analyzing their computational efficiency using various methods. Our
results show that the presented methods outperform existing robust techniques, particularly for
large-scale systems. Numerical analyses confirmed that the proposed solvers are effective, efficient,
and superior to the compared solvers in terms of iteration counter, residual error, computational
efficiency, stability, and program execution time.

We now extend this methodology to the theory of matrix functions. The next chapter presents

2 2 2
Time: 41.63s Time: 55.30s| Time: 38.32s
M/P: 2.569 M/P: 2.353 M/P: 1.243

151 {Ne: 0.7% 151 {Nc: 0.6% 151 {NC: 05%

1 1 1

Time: 83.80s|
M/P: 2.650
NC: 1.1%

2 -1 0 1 2 “2 -1 0 1 2 “2 -1 [) 1 2

X X

(d) LM7’1 (e) LM7’2 (f) LM7,3

Figure 5.14: Basins of attraction for different iterative solvers.

a novel, fourth-order matrix iteration for the numerical computation of the matrix sign function,

an important tool in control theory and other applications.
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Chapter 6

Globally convergent iterative
scheme for computing matrix sign
function

In this chapter, we propose a novel matrix iteration for numerically computing the matrix sign
function. An extensive convergence analysis is carried out in the matrix case to achieve fourth-order
convergence. The basins of attraction are illustrated to demonstrate the global convergence behavior
of the proposed method. Analytically, it is shown that the presented scheme is asymptotically
stable. Furthermore, theoretical developments are numerically verified by discussing the clustering
of eigenvalues around 1. Moreover, a class of numerical examples for matrices of various dimensions

is assessed to exhibit the efficacy of the proposed method.

6.1 Introduction

The matrix function F(A) of any given matrix A € C™*™ is generally defined by the Cauchy

integral formula as follows:

FlA) = o § FIOCT - Ay (61)

2w
where F : © C C — C is a holomorphic function in a closed loop ¢ that envelopes each eigenvalue
of A (or simply the domain of F should contain these eigenvalues analytically), and I is an identity
matrix of order m x m . The integral of any arbitrary matrix Q can be thought of as a matrix in

which elements are the integrals of Q’s entries. This attractive formula is difficult to understand

The contents of this chapter are published in Mathematical Methods in the Applied Sciences, Vol. 48, pp.
7580-7594, 2025 (SCIE, L.F.: 1.8)
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when it comes to discovering the function of matrices and requires studying complex analysis.
As a result, numerous techniques for determining the matrix function have been developed and
researched, including the Jordan canonical form, polar decomposition, and others, which can be
found in the literature by Howland [162], Filbir [125], Higham [154], and Cordero et al. [86, 87].
Among the wide applications of a matrix function in the domain of mathematics, we direct the
readers to explore references [225, 333, 340].

Let us recall the definition of a sign function. It is known that in the scalar case, the sign

function is represented for each ( € C not located on the imaginary axis by

+1, fR(C) >0,
sign(¢) = 1 ‘ﬁiéi .
-4 < )

where PR represents the real part of . In 1980, Roberts [283] developed the matrix extension of
this function as a tool to obtain an explicit solution of the Riccati and Lyapunov algebraic matrix
equations. He derived the integral formulation of sign(A) by defining the sign function as a Cauchy
integral:

sign(A) = S = iA/OOO(ﬂI + A?)~tdt. (6.2)

The sign of the matrix holds the fundamental theoretical and computational relationships with the
polar decomposition [156], the square root of a matrix, and the p* roots of a matrix. For example,
corresponding iterations for the matrix sign function can yield a large class of matrix square root
iterations that require the discussion and design of a novel iterative method to find the sign of a
matrix.

On the imaginary axis, we assume that the set containing eigenvalues of non-singular matrix
A € C™™ is empty. Thus, the matrix sign function S can be expressed uniquely. In research
articles by Higham [155] and Kenney and Laub [210, 211], the simplest formulation is the matrix

sign decomposition, provided by
A= SN = A(AY)~V2(A%H/2 (6.3)

whereas S = A(A?)~1/2 is the matrix sign function and 1/2 denotes the principal square root of a
given matrix.

In fact, similar to the matrix sign function, the matrix disk function can be utilized to obtain
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invariant subspaces. Other applications of the matrix sign function can be explored in references
[246, 315]. This matrix sign function has a number of characteristics, and Kenny and Laub [210]
provide a few of them, as mentioned in the introduction 1.4.5. The reader is directed to study the
reference [171] for more information on the matrix sign function.

Remember that the matrix sign function is indeed a primary matrix function with a non-primary
flavor, i.e., for a given matrix A € C"™*™ it is (broadly) a non-primary square root of I depending
upon A. Iteration functions of the following type, as cited by Higham [154], can be used to compute

a variety of matrix functions F(A):
X1 = G(X), n=0,1,2,..., (6.4)

where X is not arbitrary, but G is a fixed iterative function of A for the iterations used in practice.
When the computational cost is taken into consideration, it is clear that GG is a polynomial or rational
function. The linear system solutions with several right-side expressions, or even an explicit matrix
inverse, would be required for a rational G. It is noticeable that the results and concepts from
nonlinear iterations in the scalar case do not always apply to matrix cases. Standard convergence
measures at a fixed point of G stated in terms of derivatives of Frechét or higher-order kind do not
simply convert into similar matrix environments.

In literature, Newton’s method [283] (NM) is the frequent and well-known means of determining

the sign of a non-singular square matrix with a quadratic convergence rate, as given as
1 ~1
Xn+1:§(2’(n—l—Xn ), 77/2071,2..., (65)

with Ay = A as an initial matrix. Moreover, the order of convergence of the NM method (6.5) can
be accelerated via the norm scaling parameter at the amount of just two l;-matrix norms, and it is

called the accelerated Newton’s method (ANM), represented by

Xy =A,
1]
Up = , (6.6)
1|
_ 1 -1yp-1 _
XnH—i(l/an—l—l/n X, ), n=20,1,2....

Several authors have attempted to improve the convergence rate of matrix iteration (6.5) by scaling;

165



Chapter 6. Globally convergent iterative scheme for computing matrix sign function

in fact, this is a quite efficient approach. In order to achieve this goal, Gomilko [138] and Kenney
[209] used Padé approximants to F(&) = (1 — &)~"/2 and developed a general family of matrix
iterative techniques for computing S. Here, consider the (r, s)-Padé approximant to F (&) by %,

where r + s > 1. Then, for any r > s — 1, the general scalar iterative expression is

Ty Prs(1 — 22)

it = QT,S(l —x2)

= w2r+1,2sa n = 0, 1, 2... > (67)

having convergence order 7 + s + 1 and converging towards +1.

It is significant to note that there are some well-known matrix schemes for determining S,

including the Newton-Schultz method [293] (NSM):

1
Xy = 52@(3[-2{3), n=01,2..., (6.8)
and Halley’s method [209] (HM):
X, =[I+3X2)[X,B3I+ X, n=0,1,2..., (6.9)

which are members of the Padé family or its reciprocals.
Recently, Soleymani [337] proposed an iterative method for computing the matrix sign function

S with a convergence rate of four as follows:
Xy = (31 +22X2 + TAH X, (13T + 18X2 + AH™ ', n=0,1,2.... (6.10)

We denote the above method (6.10) by SM. One may refer to [155, 156, 154, 296] and the references
therein for more information regarding such matrix iterations.

The primary goal of this research is to propose a numerically stable iterative scheme that is
different from the Padé family or its reciprocals. Moreover, the matrix iteration should have global
convergence behavior for computing the matrix sign function S. Therefore, we present a new

iterative scheme in the upcoming section.

6.2 Iterative scheme

We construct and propose a new matrix iterative scheme to solve the matrix problem X? = I. We

have two obstacles to overcome in order to achieve this goal. The first one is the uniqueness of the
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6.2 Iterative scheme

obtained matrix iteration, i.e., it should not coincide with any of the members of the general family
by Padé (6.7) or their reciprocals. The second one is its global convergence behavior.
To address such issues, we use the three-step new iterative scheme in the scalar case outlined

below:

()

i
(xn f yn) f( n)
(f(wn) f yn>> ()’ (6.1)

f(zn
Tpal = 2p — , n=0,1,2,...,
o f[yn,anf (n)

to solve 22 = 1 in the scalar case, then naively extend the iteration to a matrix environment. Where

Yn = Tn —

flyn, zn] = % denotes the first-order finite-difference. Although the root solver (6.11) is not
optimal in the context of the Kung-Traub conjecture, it is a perfect structure for extending to
finding the matrix sign function.

Now, we provide the error equation of the proposed scheme in the scalar case, as follows:
Theorem 6.2.1. For sufficiently differentiable function f: 1D C C — C having simple zero n € D

with initial approximation o, in the open interval. The error equation of (6.11) can be obtained as
Ent1 = ! (c% - 0203) e, +O(ey),
2 n n

1 fi(n)
il f'(n)

Proof. The steps for proving the order of convergence of this iterative method are straightforward

where ¢; = , 1 >2and e, =x, —1n.

via Taylor’s expansion (e.g., refer to [268]). It is hence omitted. O]

We are now ready to deduce the matrix iteration function for the proposed scheme (6.11). In a
matrix environment, the iterative scheme (or their reciprocals) of the achieved iteration would take

the form as follows:
X, = [I+19X2 + 39X + 5X°][6X, + 36X> +22X°)1, n=0,1,2..., (6.12)

where Xy = A. The iterative approach (6.12) can be expressed in a more cost-effective manner as

follows:

X, = [I+19X2 + 392 + 5X°][X, (61 + 36X2 + 22X, n=0,1,2..., (6.13)
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Chapter 6. Globally convergent iterative scheme for computing matrix sign function

requiring five products of matrix-matrix type in contrast to (6.12), which uses six matrix-matrix
products per iteration. Eventually, we came up with a new matrix iterative scheme that is not
related to (6.7) or its reciprocal family of iterations. This indicates that the proposed scheme
(denoted by LM) has adequate ability and originality to support deeper study.

Before proceeding, it is important to note that the convergence should be global. To achieve this
goal, we draw attraction basins of the proposed method (6.13) in order to get the solution of the
scalar nonlinear equation f(x) = z2—1 = 0 (see lannazzo [171] for more details). We color each point
in a rectangle D = [—2,2] x [—2,2] C C based on the simple zero at which the iterative technique
starting at zy € D converges, or mark the point as black if the procedure diverges. The stopping
criterion used in this section for the method to converge is | f(z,)| < 1072 with maximum iterations
25. As a result, the colors of the attraction basins for different methods can be distinguished. Two

white points in the basins also indicate the precise location of the zeros.

-1 0. 1. 2.

|
]

|
oL
[S]

|
8]

) I > 2 L o . 2
(c) HM (d) LM

Figure 6.1: The attraction basins of different methods for solving f(z) = 22 — 1 = 0.
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Figure 6.1 depicts the attraction basins for the scheme (6.5), (6.8), (6.9), and (6.13), revealing
its global convergence except for the method NSM, since it has a black shaded region. The higher
convergence order of scheme (6.11) results in broader and lighter attraction basins.

The motivation for developing an iterative method is to achieve a higher-order globally conver-
gent matrix iteration for determining the matrix sign function with the least computational effort,
as well as to apply it to problems that frequently arise in computational and applied mathematics.
It is essential to note that constructing a matrix iteration from a multi-point iterative scheme, such
as (6.11), is not a straightforward task, as not every scalar iterative method can be transformed into
a matrix case. Henceforth, we analyze certain crucial factors of matrix iteration for determining the
matrix sign function, including the convergence rate, numerical stability, and global convergence

behavior. These are described in the next two sections.

6.3 Convergence analysis

The aim of this section is to show analytically that the proposed iteration (6.13) is convergent for

matrix cases under some assumptions. This is done in the following theorem.

Theorem 6.3.1. Consider a set containing imaginary eigenvalues of the initial matriz Xy = A €
C™ ™ as empty. Then, the sequence of matrix iterations { X, }5°, from (6.13) converges to the sign

of matrix, i.e., S.

Proof. Suppose T is a rational function with which (6.13) is associated. As we know, for any
complex matrix X € C™*™, the Jordan canonical form can be written if there exists an invertible
matrix V with X = VJV~! Then, T(X) = VT(J)V~'. Using Eq. (6.13), the eigenvalue 3 of
X, is mapped into an eigenvalue T'(3) of A, 11. Because of the eigenvalue scalar relationship, we
investigate how the complex plane is mapped into itself by 7'(5). The rational function 7', to be
precise, must satisfy the following properties:

(i) Preservation of sign, i.e., sign(7T(z)) = sign(z), Vx € C, &

(ii) Convergence should be global, i.e, the sequence defined by x,+1 = T'(z,), with initial guess

xo = x not located on the imaginary axis, converges to sign(x).

To prove this, consider A has the following Jordan canonical form (for reference, see [154]):

L. oo
VAV = A = : (6.14)
0 N
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Chapter 6. Globally convergent iterative scheme for computing matrix sign function

where V' is a non-singular matrix and €', N are Jordan blocks equivalent to eigenvalues in C~ and
Ct, respectively. The values located on the principal diagonal of blocks C' and N are denoted by

B1, Ba2,...,Bp and Byi1, ..., Bm, respectively.
Adopting Eq. (6.14), we have

-1 0
sign(A) =V | 7 v (6.15)
0 Iy
Therefore, one can get
sign(A) = sign(V1AV)
=V lsign(A)V,
sign ()
(6.16)
_ Sign(ﬁp)
Sign<6p+1)

sign(Bm)

From Dy = V1AV, we define ®,, = VXV, n =0,1,2,..., such that the sequence converges to
sign(A). Then, from the proposed scheme (6.12), one can obtain

D1 = [(I +19D? + 39D} + 509)][6D,, + 3603 + 22D2] 1. (6.17)

If ®¢ has entries on the main diagonal, then all subsequent ®,, are diagonal as well, based on
mathematical induction. It is important to note that the case where ®; is not a diagonal matrix
can be treated in the same way, as it is addressed in the proof later. To solve f(z) = 2> — 1 = 0,

express Eq. (6.17) in the form of an m uncoupled scalar iterative technique as follows:

1+ 19d.* + 39d." + 5d’°
6d, + 36d:° + 22di°

diyy = , (6.18)

where d!, = (D,);; and 1 < i < m. From Egs. (6.17) and (6.18), we analyze the convergence
behavior of {d’} to sign(s3;), V1 <i < m.
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6.3 Convergence analysis

From Eq. (6.18) and using the assumption on eigenvalues, we have sign(3;) = s; = £1. Thus,

diy+si \ si+di ) 14 2sd +5(di)? '
It can be seen that the right-side expression of Eq. (6.19) is bounded for i = 1,2,... m.

—| < 1, we have
S; +d6

By adopting an appropriate initial matrix Xy = A, and as the factor

) —s; +dt
lim liznﬂ
n—oo | g, + dn—H

=0, (6.20)

and therefore, Jgngo(d;) = s, = sign(f;). Hence, we conclude that lim 9, =5 = sign(A).
As briefly presented at the start of proof, we should study the scalar relationship among eigen-
values of the iterates for (6.13), if @ is not diagonal. The eigenvalues of X,, are mapped from the

iterate n to n 4+ 1 by the following relation:
= (1957 4395+ 58.0)][68% + 3685 + 22877, 1<i<m. (6.21)

Eq. (6.21) demonstrates that in the usual case, the eigenvalues are convergent to s; = £1, but in

other cases, we employ the same approach as before, and we get

lim (Dt =S5 (6.22)
n=o0 | B4y + S
Finally, it is simple to conclude that
Jim X, = V( lim D,)V ! = Vsign(A)V ! =sign(A). (6.23)
This finishes the proof. [

We now look at the rate of convergence of (6.11), despite the fact that the preceding theorem

dealt with convergence analysis.

6.3.1 Rate of convergence

In Theorem 6.3.1, we have studied the convergence of the proposed matrix iteration (6.13) to the

matrix sign function S. We will now discuss the convergence rate in the following theorem.
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Theorem 6.3.2. Consider the same hypotheses as in Theorem 6.3.1. Then, the proposed method

(6.13) achieves fourth-order convergence to S.

Proof. This is clear that A, is a rational operator of A for every n > 0 and hence commutes with

S, just like A. In addition, the following relationships are available in the research article [335]:
S?=1 81'=8 S¥=Tand St =9 j>1 (6.24)

Applying the substitution C,, = (6X,, + 36X 4+ 22X7), we obtain

X1 — S =(1+19X2 + 39X + 5xX5)C1 — 9,
= (I +19X2 + 39X + 5X° — SC,)C;. 1,
= (I 4+19X% + 39X + 5X° — 65X, — 365Xx% — 225X°)C. 1,
= (I —6SX, + 19X — 36SX> + 39X, — 225X +5X°)C; !, (6.25)
= (S5 - 65°X, +195*X? — 365°Xx° + 39522 — 228X° + 5X5)C 1,
=((S—&,)°0 +4X%(S* — 45X, +6S°X? —4SX% + X)) O,
= (X, — 9)*(I — 28X, +5XHC; L.

Now, applying the matrix norm on both sides of Eq. (6.25), we obtain
X1 = SI| < ICHI T = 252, + 5| [|X, — S| (6.26)

This demonstrates that the new method (6.13) has a fourth-order convergence. This step finishes
the proof. n

6.4 Stability analysis

The stability of (6.13) for finding S in a neighborhood of the solution is explored in this section.
We study how a small perturbation at the n'® iteration is exaggerated or dissipated as the iterations
progress.

Theorem 6.4.1. The sequence {X,,}'=5° formed by (6.13) is asymptotically stable under the iden-

tical assumptions as in Theorem 6.3.2.

Proof. 1f the initial condition is Xy = A, then from (6.13) the obtained iterate is also a function of
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A and hence satisfies the commutative property on A. Consider d,, to be the numerical perturbation

generated at the n'® iterate in (6.13), we have
X, =X, +0,. (6.27)

We now undertake error analysis of first-order here, which means we use approximations explicitly
(6,)' = 0, as (,)!, | > 2 is closer to zero (matrix). If (4,)! is small enough, this usual approach is

appropriate. For large enough n, we have (assuming &, ~ sign(A) = 5).

Xoy1 = (I +19X% 439X + 5X°)[64, 4+ 36X> + 2245 7!
= (I +19(X, + 6,)% +39(X,, + 8,)* +5(X, + 6,)9)[6(X, + 6,,) + 36(X,, +5,)°
+22(X, +6,)° 71, (6.28)
(641 + 1126, S + 11256,)(64S + 1446, + 8056,5)"
(1+ 5.5+ 55 ) (s+i5n— i&sns) ,

1
~ (25 = 6, + 55,5),

wherein the following identity was used (for any nonsingular matrix B and the matrix C, one can
refer [151])
(B+C) ' =B -B'cB +0(C?.

Note that after some algebraic manipulations and using d,,,1 = QEnH — X411, we have

1 1
~ =0, — = . 2
Oni1 A 500 — 550,8 (6.29)

We used the facts on the matrix sign function, i.e., S = I and S™! = S We can now conclude
) (60 S600.5). Therefore,
the sequence {X,,}"=5° generated by (6.13) is asymptotically stable. This ends the proof. O]

that the perturbation at the (n + 1) iterate is bounded, i.e., 6,41 ~

6.5 Efficiency challenge

The computational efficiency index (EI) of an iteration method is estimated according to Soleymani
et al. [335], i.e
EIy = p©. (6.30)
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In this context, p denotes the convergence order, and C represents the total computational cost per
iteration required to execute the iterative method for locating S.

To fairly compare the EI of various iterative schemes, we consider that one matrix-matrix mul-

2373/1000

tiplication costs m and one matrix inverse costs @ Noting that matrix multiplications in

recent programming packages cost on the order of 2.373 (refer to article [228]). Furthermore, we

ignore the cost of matrix addition and subtraction for each iteration.
We have the following efficiency index for the methods NM, ANM, HM, and LM (while the cost

of adopting norm computation per iteration is being ignored):

1 1

2373/1000 4 2m3 2373/1000 _ 2m3
Ehn=2" T8 Elaww = Gk T

1 1

2373/1000 4 2m3 2373/1000 __ 2m3
EIHM:33m 0% + 5 ., ELy = 4om /1000 4 22

(6.31)

Y

where m is the matrix size and /7 = /3 + 1. It is worth mentioning that NM and ANM only

1.000000015 F - - - - =

A
% A
he) J
E A .
> - A ' Method
£ 1.000000010F . CEHOCS
2 | A ] e NM
2 ) A ]
@ ® 4. ] ANM
S ® A
g i ® A, 1 HM
'E 1.000000005 | ® e A, .
5 I L 2PS A, ] A LM
g e ¥ A —
® A
5 ® ' W'
@) 0...‘.. 2444
L 00006
1.000000000 F . . . . .
500 600 700 800 900 1000

m (Matrix Size)

Figure 6.2: The efficiency indices comparison of NM, ANM, HM, and LM.

require one matrix multiplication per iteration to achieve a safer stopping criterion, as numerical
evidence will subsequently demonstrate. The comparison results (assuming a unit cost per flop)
are presented in Figure 6.2, which shows that the proposed scheme is more efficient in terms of the

efficiency index.
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6.6 Numerical tests

For various matrix iterations, the comparison results based on iteration number and residual norm
are presented here. If the iteration X, has a largest eigenvalue, i.e., if ||X,|| >> 1, the convergence
may be slow. As a result, we can accelerate the convergence of the proposed iteration by scaling

(for reference, see [211]). The scaling parameter v, is introduced for this purpose as follows:

2] |
o (Norm scaling)
A
vo={ P (S , (6.32)
n , pectral scaling)
p(Xn)
| det(X,,)| ", (Determinant scaling)
with scaling factor, the scheme can be written as

Xo = A,
Un, = the scaling parameter computed by (6.32), (6.33)

Xpsr = [T+ 190,202 4 390, 2 X4 + 50,5 X5 [1, X, (6] + 361, 2X2 + 220,241,

where 1}13010 v, =1 and T}grglo X, = S. However, due to high cost in some cases, the computation of
scaling parameter v, for any iteration method is not studied in depth. The stopping termination
considered for this work is

127 = 1]l <€, (6.34)

where € and ||.||. denote matrices (see reference [327] for tolerance and suitable matrix norm,
respectively). The [, and Iy are considered for real and complex input matrices.

The iteration number and computational e-time (CPU) for various methods are compared. We
only employ approaches that have global convergence behavior for the sake of comparison. The
methods being compared are NM (6.5), ANM (6.6), HM (6.9), LM (6.13), and ALM (spectral
scaling (6.33)). Additionally, comparisons with methods exhibiting local convergence behavior
(such as NSM) or methods from different categories (like computing the Cauchy integral (6.2)) are
excluded.

The following examples are tested to illustrate the performance of the proposed method:

Experiment 6.6.1. In this example, we discuss below the study of eigenvalue clustering using a
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randomly generated real matriz of size 100 x 100:

SeedRandom[1]; A = RandomReal[{-5, 5}, {100, 100}]; tolerance = 107-3;

n = 0; max = 50;

The results are presented in Figures 6.3-6.4, by applying the infinity norm with tolerance e = 1073 in
double precision. It is observed that, at the initial stage, the eigenvalues of Xy are widely scattered.
As the proposed scheme (6.13) is applied, the eigenvalues of X;, i = 2,...,6, progressively cluster
around —1 or 1. This behavior indicates that the matriz sequence {X,}>2, converges to sign(A).

Consequently, the theoretical results of Theorem 6.5.1 are verified.

30k
* [ * %[ .
* | * * | *
* * % [ * * * * % * *
* 201 *
* *rox % * T *
* [ * L
* [ * * * * *
* *x ¥ *o * * I *
x * x| *
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* * * r *
*oox *ole x ox * ok * * oL % * * %
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lg 1 “K*‘ | I R B *\ TR w* wxw w* | * ! * TR - ‘X‘ *
-30 20 0 x| 10 20 S 4, %2 * | * ’é *ky *5
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* * % % * * * *
* ¥ * ¥ * * r x ¥
~10F * * * 2r * * %
* * * *
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=30 [
(a) Xy (Initial Iteration) (b) &A1 (First Iteration)

Figure 6.3: Clustering of eigenvalues of real matrix 100 x 100 in Experiment 6.6.1.

Experiment 6.6.2. In this example, we discuss the study of the matriz sign function using a
random complex matriz 1000 x 1000 for different iterative methods by employing the following input
SeedRandom[12] ;
A = RandomComplex[{-10 - 10*Sqrt[-1], 10 + 10*Sqrt[-1]}, {1000, 1000}];

tolerance = 107-4; n = 0; max = 50;

using € = 10™* with ly norm, since the input is complex matriz with Xy = A as an initial condition.
Figure 6.5 presents the comparison results in terms of iteration number and absolute error,

illustrating the steady and consistent behavior of LM in computing the matriz sign function.
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Figure 6.4: Clustering of eigenvalues of real matrix 100 x 100 in Experiment 6.6.1

Experiment 6.6.3. Next, we discuss the study of matrix sign function using a random complex
matriz 1500 x 1500 for different iterative methods by employing the following input
SeedRandom[125] ;
A = RandomComplex[{-15 - 15xSqrt[-1], 15 + 15*Sqrt[-1]}, {1500, 1500}];

tolerance = 107-4; n = 0; max = 50;

using € = 10™* with ly norm, since the input is a complex matriz with initial condition X, = A.
Figure 6.6 presents the comparison results in terms of iteration number and absolute error,

illustrating the steady and consistent behavior of LM in computing the sign of a matriz.

Experiment 6.6.4. In this experiment, we study the convergence history of different methods for
a randomly 2000 x 2000 real matriz as follows:

SeedRandom[979] ;
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Figure 6.5: The convergence history of different methods in Experiment 6.6.2.
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Figure 6.6: The convergence history of different methods in Experiment 6.6.3.

A = RandomReal[{-6, 6}, {2000, 2000}]; tolerance = 107-4; n = 0; max = 50;

using € = 10™* with lo norm, since the input is a real matriz with initial condition X, = A.
Figure 6.7 shows the comparison results regarding the iteration number and absolute error, which

demonstrate the steady and consistent behavior of LM in computing the matriz sign function.

In the next two experiments, we introduce a new method, SM, for comparison with the proposed

methods, which have the same convergence order as given in equation (6.10).

Experiment 6.6.5. Here, we compare the convergence histories of several methods for a set of ten
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Figure 6.7: The convergence history of different methods in Experiment 6.6.4.

randomly chosen complexr matrices
SeedRandom[15] ; number = 10;
Table[A[1] = RandomComplex[{-5-5Sqrt[-1],5+5Sqrt[-1]1}, {501, 50%1}];,
{1, number}]; tol = 10°{-4}; n = 0; max = 50;

The numerical results are given in Tables 6.1-6.2 for input matrices of different sizes depending
on the required iteration number and the e-time (CPU-time) using loa-norm, since the matrices are
complex. The results show that the average iteration number and CPU time improve when the new
methods are employed. Table 6.2 has units in seconds. As a result, the proposed iterative methods

exhibit robust and consistent behavior while computing the matriz sign function.

Experiment 6.6.6. Lastly, we compare the convergence histories of several methods for a set of
ten randomly chosen real matrices:

SeedRandom[579] ; number = 10;

Table[A[1] = RandomReal[{-9, 9}, {50%1, 50%1}];, {1, number}]; tol = 10°-5;

n = 0; max = 50;

The numerical results are reported in Tables 6.3-6.4 for input matrices of various sizes, in terms of
the required number of iterations and the elapsed CPU time (e-time). The {y-norm is used since the
matrices are real. The results indicate that both the average iteration count and the CPU time are
reduced when the proposed methods are applied, as shown in the last row of each table. The e-time

in Table 6.4 is measured in seconds. The proposed iterative solver for the matrixz sign function has
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Table 6.1: Comparisons in terms of iteration number using various random matrices of Experiment
6.6.5

Matrix NM ANM HM SM LM  ALM
Asox50 13 12 9 6 6 5
A100x100 16 16 10 7 7 5
Ats0x150 15 13 10 7 7 5
As00x200 15 14 10 7 7 6
Assox250 14 15 9 7 7 6
As00x300 15 14 10 7 7 5
Ass0x350 16 16 10 7 7 7
Au00x400 20 17 13 9 9 6
Ausox450 16 17 10 7 7 5
As00x500 18 17 12 8 8 6
Mean 15.8 15.1 103 7.2 7.2 5.6

Table 6.2: Comparisons in terms of CPU-time using various random matrices of Experiment 6.6.5

Matrix NM ANM HM SM LM ALM

Asoxso 0.07  0.07 004 003 003 0.04
Aigoxi00 018 030 016  0.13  0.11 0.15
Aisoxizo 035 051 036 037 031 0.37
Asgoxao0 077 1.07  0.67 063  0.62 0.75
Assoxaso  0.95 154 098 091  0.96 1.47
Asooxsoo 155 279 235 146 1.40 1.68
Assoxzso 218 366 214 211 1.90 3.62
Agoxao 344 518 442 3.87  3.65 3.85
Agoxaso 3.68 722 461 435  3.72 4.53
Asooxsoo 812 891 716 651  6.31 8.09
Mean 2.13 313 229 204 1.90 246

been computed.
Numerical evidence indicates that the proposed scheme provides a reasonable understanding

and effective approach for iteratively calculating the matrix sign function.
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Table 6.3: Comparisons in terms of iteration number using a various random matrices of Experiment
6.6.6

Matrix NM ANM HM SM LM ALM
Asox50 16 12 10 8 7 6
A100x100 15 13 10 7 7 5
A150%150 14 13 9 6 6 5
A200%200 15 14 10 7 7 6
Ass0%250 16 14 10 7 8 6
A300x300 16 17 11 7 7 )
A350%350 16 15 11 8 8 5
A 400400 17 17 11 8 8 6
Au50x450 18 18 12 8 8 5
As00x500 20 19 13 7 8 5
Mean 16.3 15.2 10.7 7.3 7.4 5.4

Table 6.4: Comparisons in terms of CPU-time using various random matrices of Experiment 6.6.6

Matrix NM ANM HM SM LM ALM

Asoxs0 0.06 007 005 004  0.02 0.03
Awoxioo 014 018 011 0.09  0.06 0.09
Aisoxiso 050 0.35 020 0.14  0.13 0.19
Asgowooo 058 0.63 040 037  0.27 0.42
Assowaso  0.77 1.07 067 054  0.55 0.67
Asoowzoo  1.24 1.92 122 127 0.75 0.79
Assowzso 173 231 154 185  1.12 1.36
Agoxao 220 339 256 194  1.87 2.04
Assoxaso  3.06  4.82 3.73 214 2.53 2.32
Asooxsoo 3.97 649 539 255  3.48 3.07
Mean 143 2.12 159  1.09 1.08  1.10

6.7 Concluding remarks

The matrix function theory and computation are vital in many aspects of numerical linear algebra
and scientific computing. It serves as an efficient technology in modern computational algebra,

enabling the solution of current challenges in control theory. A matrix function can be computed
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from a variety of approaches, but the three most common are polynomial interpolation, the Jordan
canonical form, and the Cauchy integral. We focus on a new iterative approach for such an objective
in this study. Therefore, a higher-order iterative solver for scalar nonlinear equations was used
to develop a new method for determining the matrix sign with no pure imaginary eigenvalues.
The proposed matrix iteration converges globally in the complex plane, as proven by attraction
basins with a fourth-order convergence rate. Finally, numerical tests were used to demonstrate
the superiority and applicability of the presented method. Furthermore, future work can focus
on extending the matrix sign function to other related matrix functions and calculating the polar
decomposition based on the application of the new schemes.

In the next chapter, we propose two novel higher-order iterative schemes for computing the
matrix sign function. Furthermore, we extend their application to compute non-trivial solutions of

the Yang-Baxter-like equation.
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Chapter 7

Numerically stable higher-order
matrix iterations for computing
matrix sign function

In this chapter, the primary objective is to develop two novel iterative schemes for computing
the sign of a matrix that has no purely imaginary eigenvalues. A detailed convergence analysis and
the asymptotic stability of the proposed methods are discussed. It is shown that the new schemes
converge globally, as demonstrated through attraction basins. In addition, the obtained results are
extended to compute nontrivial solutions of the Yang—Baxter-like equation, provided that the given
matrix has no eigenvalues on the imaginary axis. To illustrate the effectiveness of the theoretical
developments, a class of numerical examples for matrices of various dimensions, including cases

with eigenvalue clustering, is presented.

7.1 Introduction

The quadratic matrix equation

AXA=XAX, (7.1)

is known as a Yang—Baxter-like equation (or YBM equation), where A and X are two square
matrices of the same order; see Ding and Rhee [112] and Dong and Ding [116] for reference. The
YBM equation is named after the classical Yang—Baxter equation, which was first introduced by
Yang [369] for the delta-function Fermi gas in 1967 and later by Baxter [43] for the eight-vertex

model in 1972. They independently showed that certain rational matrix functions satisfy nonlinear

The contents of this chapter are published in Mathematical Methods in the Applied Sciences, Vol. 46, pp.
8596-8617, 2023 (SCIE, L.F.: 1.8)
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matrix equations arising in their respective research problems. Since then, physicists [152] have
constructed additional solutions to the Yang—Baxter equation in various forms.

Several approaches have been proposed for solving the YBM equation, such as the set-theoretic
method [35], which is based on the idea [118] that the vector-space problem can be reduced to
its basis as a finite set. The YBM equation has numerous applications, including quantum group
theory and knot theory (see [370]). Motivated by these applications, many researchers [178] have
sought to develop efficient methods for computing its solutions.

It should be emphasized that obtaining all solutions of equation (7.1) is a challenging task. One
explanation can be drawn from algebraic geometry, which suggests that solving the equation for
a generic matrix A of order m x m is equivalent to solving a polynomial system consisting of m?
quadratic equations in m? unknowns. The first attempt to solve equation (7.1) from the perspective
of matrix theory was made in 2012 by Ding and Rhee [111], where the Brouwer’s fixed point theorem
was employed to compute a nontrivial solution for the case in which the input matrix A is invertible.

There are two trivial solutions of the YBM equation, namely, X = 0 and X = A. Direct ap-
proaches, such as those presented in [112], can be used to obtain nontrivial solutions. However, these
methods generally require substantial computational time and memory. Consequently, numerical
iterative methods are preferable for computing such solutions. If an efficient iterative approach can
be constructed for solving the equation (7.1) and applied to a larger class of matrices A, it would be
highly effective. With this motivation, the primary objective is to develop a new iterative method
for solving equation (7.1).

This study focuses on a particular case generated by using a MSF (see [162]). It is known
that, in the case of a scalar, the sign function is defined for each ( € C that does not lie on
the imaginary axis by Eq. (1.34). The matrix sign function holds the primary theoretical and
computational connections with the polar decomposition (see [156]), the square root of a matrix,
and, more generally, the p'" roots of a matrix. For instance, a large class of iterative methods for
computing the matrix square root can be derived from the corresponding iterations for the matrix
sign function, which motivates the study and development of new iterative schemes for evaluating
the matrix sign function.

We assume that the spectrum of a matrix A € C™*™ does not intersect the imaginary axis.
Under this assumption, the matrix sign function is uniquely defined (with A being non-singular). A
concise formulation of the matrix sign decomposition, due to Higham [155] and Kenney [210, 211], is

given by A = SN = A(A?)7Y/2(A%)Y/2 where S = A(A?)~'/2 denotes the matrix sign function and
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(-)*/2 represents the principal matrix square root. Since A has no eigenvalues on the negative real
axis, there exists a unique primary square root X of A whose eigenvalues lie in the open right-half
plane (see [154] for details). This square root is referred to as the principal square root of A and is
denoted by X = A'/2. Further applications and properties of the matrix sign function can be found
in [154, 155, 171, 209, 246, 315].

Recently, Soleymani and Kumar [337] derived a new fourth-order matrix iterative scheme for

computing the matrix sign function, expressed as
—1 A
Xor = (31 + 222 + 7X7) (X, (131 + 18X + &), neN, (7.2)

provided that the initial matrix has no purely imaginary eigenvalues. This iteration requires four
matrix-matrix multiplications (MMM) and one matrix inversion per step.

Furthermore, Delshad and Lotfi [27] presented a constructive approach for computing the matrix
sign function based on a stable variant of the Kung—Traub method with fourth-order convergence,
given by

Ko = (14332 + 23X) +540)[2%, + 1222 + 18X, n e N, (7.3)

which requires five matrix—matrix multiplications and one matrix inversion per iteration. More
recently, Zaka Ullah and Alaslani [378] investigated a higher-order iterative scheme for computing
the matrix square root and further analyzed it through the framework of the matrix sign function.

Very recently, Soleymani et al. [336] proposed an iterative scheme for computing the matrix

sign function S with sixth-order convergence, given by
X1 = Xy <(3 — 20a + 28a°)I + 4(—13 + 40a + 8a*) X2 + 2(93 + 108a — 68a*) X,
+ 4(87 — 80a + 16a%)X° + 3(3 — 2a)2)c§) [(1 —2a)°T + 4(=3 + 160%) X (7.4)

-1
—2(9 — 172a + 44a*) X} — 4(—97 + 40a + 8a*) XS + (=3 + 2a)(—51 + 26a) x|

where a is a free parameter and n € No. In particular, for a = %, the method reduces to the

following matrix iterative scheme (denoted by SM):

X1 = X, (I +3X2) (51 +3X2)(3] + 58X + 3X,) [(I +7X2) (I + 89X2 + 139X
-1 (7.5)
+27X9)]
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For further discussion of matrix iterative schemes of this type, see [60, 154, 155, 156, 296] and the
references therein.

The primary objective of this research is to extend scalar iterative methods to the matrix setting
for computing the matrix sign function with global convergence properties. Accordingly, we propose
new iterative schemes with convergence orders six and eight that do not belong to the Padé family,
nor to the iterative family introduced by Dong and Wang [115], or their reciprocals. The convergence

behavior and stability of the proposed methods are established through analytical study.

7.2 New iterative methods

In this section, we construct new iterative schemes for computing the matrix sign function of A,
where A has no eigenvalues on the imaginary axis. The first objective is to derive matrix iterations
that do not coincide with any member of the Padé family (6.7) or their reciprocals. The second one
is to ensure their global convergence behavior. Moreover, in designing efficient iterative methods
for the matrix sign function, the overarching goal is to achieve higher orders of convergence while
maintaining minimal computational cost.

In order to derive a novel and efficient family of iterative methods for solving the nonlinear

matrix equation X2 = I, we propose the following scalar nonlinear solvers:

— 0 f(@n)
T )
Y — _(f(xn)_f(yn)>f($n)
" ! f(xn> - 2f(yn) f/(xn>’
R Fz) (7.6)
o f[yrzvzn)] + f(wn)’
D i ) B
Tp+1 = Wy f[wmyn], € Ny,
and fen)
Yn = Tn — f/(xn)’
Jo— _(f(fn)—f@n))f(fl?n)
" " f(@n) = 2f(yn) f/(xny
v Fzn) (7.7)
" " f[y?zn)] + f(2n)’
I 1) B
Tn+1 = Wp f[’wn, Zn] ) € N,
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where flyn, zp] = L¥=1Cn) and flw,, z,] = {@n=ICn) denote the first-order finite differences.

Yn—2n Wn—2Zn
Theorem 7.2.1. Let f: 1D C C — C be a sufficiently differentiable function having a simple zero

n in the open interval . If the initial guess xq is close enough to n, then the convergence order of

the scheme (7.6) is siz and satisfies the following error equation:

(cg - cg’c;;) e +0(eh), (7.8)

En+1 =

DN | —

1 f®(n)
ERTO R

Proof. Let e, = x,, — n denote the error at the n'® iteration. We can write the Taylor’s expansion

where ¢, =

of f(x,), and f'(z,) about exact zero n at n'! iteration as follows:
f(xn) = F/(n)(en + cae2 + cze + caet + csel + coeb + crel + cged + O(el)), (7.9)
and
f'(w,) = /() (1 + 2cpe,, + 3eze? + deged + Sesel + 6esed + Tegeb + 8cgel + O(ed)). (7.10)

Now, we divide equation (7.9) by (7.10) to get the following expansion of iteration function:

= e, — 22 +2(c3 — c3)ed + (Teges — 4¢3 — 3ey)el + (8¢y — 20c5cs + 6¢3
5 5 3 2 2 (7.11)
+ 10cocy — 4cs)e;, + (—16¢; + 52¢;c3 — 28¢5¢4 + 1Tescy + c2(—33c;
+ 13¢5) — 5eg)ed + O(el).
On substituting Eq. (7.11) in first sub-step of the proposed method (7.6), we obtain
eyn = yn - TI
= cpe2 —2(c3 — c3)ed — (Teaes — 4cy — 3ey)et — (8¢5 — 20c5cs + 6¢3 + 10cycy — 4es)ed (7.12)

— (=16¢5 + 52chc3 — 28¢hes + 17czeq + ca(—33¢5 + 13¢5) — 5eg)el + O(el).

Using Eq. (7.12), it is possible to obtain the value of error at the second sub-step as

€z, = Rn — 1
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= (3 — cac3)et — 2(2¢k — Aces + A + coeq)e + (1065 — 3033 + 12¢2¢4 — Tesey
2 n 2 2 3 n 2 2 2

+ 3ca(6c3 — ¢5))el + O(el). (7.13)

Similarly, using Eq. (7.13), Taylor’s series expansion of f(z,) can be derived. Substituting this

expansion into the third sub-step of the proposed scheme yields

Cw, = Wy — 1)
Lrs 3 Ny a1 4 =2 2 5 Loas 3 2
=3 (62 - cgcg) e, + 5(—302 + T5e3 — 2¢5 — 2c9cq )€, + Z<1102 — 40c5¢3 + 20c5¢4 (7.14)

— ldegey + c2(29¢2 — 6c5))ed 4+ O(el).

Finally, by substituting Eq. (7.14) into the last sub-step of (7.6), we obtain the final error equation

as

(cg — cgcg) e +0(el). (7.15)

N |

Ent+1 =
This finishes the proof. [
Theorem 7.2.2. Let f : D C C — C be a sufficiently differentiable function having a simple zero

1 in the open interval D. If the initial guess xq is close enough to n, then the convergence order of

the scheme (7.7) is eight and satisfies the following error equation:

1 2
Cni1 = 50?2’ (cg — 03) ed +0(e)), (7.16)
where ¢j, = %f;}fzé’;), k> 2.
Proof. The proof is similar to the proof of Theorem 7.2.1. Hence, it is omitted. ]

Finally, we can obtain the following matrix iterations by imposing the proposed schemes (7.6)

and (7.7) on the matrix equation X? = I:
X, = [1+32X2 + 130X + 88X° + 5% [8(X, + 102 + 17X° +4X7)] ™, (7.17)

and

Koot = [ + 4942 + 3221 4 490X + 1574 + SXL|[10, + 15247 + 4767 (7.18)
+344X7 + 42X° 71, |
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where Ay = A. The iterative approaches (7.17) and (7.18) require eight and ten matrix-matrix
products, respectively. In order to lessen the computational work, the iterative approaches (7.17)

and (7.18) can be expressed more cost-effectively as
X1 = [T+ 32X2 + 130X + 88X° + 5XP)[8X,, (I + 10X2 + 17X +4X8)] ™, (7.19)

and

X, = [I+49X% + 322X +490X° + 157X% + 5X 101X, (101 + 152X2 + 476X} (720
7.20
+ 3447 + 42x5)] 7.

We denote the above iterations (7.19) and (7.20) by LM; and LMy, respectively.
Remark 7.2.1. It is worth mentioning that the matrixz iterations for computing the sign function S
must be globally convergent, and it should not be a member of the Padé family (6.7) or any existing
family of iterative methods or their reciprocals. It is interesting to note that the proposed iterations
(7.17) and (7.18) are novel since they are not members of the Padé family.

This demonstrates that the proposed schemes possess the requisite ability and originality to

facilitate a deeper investigation.

7.3 Attraction basins to ensure global convergence

Now, our second goal is to achieve global convergence for the proposed methods (7.6) and (7.7) for
solving equation f(z) = 2% —1 =0 (see [171] for more information). The global convergence of the
methods can be observed by drawing the basins of attraction.

For this purpose, we consider a rectangular domain D = [—2, 2] x [—2,2] C C with a 256 x 256
mesh, containing two simple zeros at —1 and 1. Each point is colored according to the simple zero
to which the iterative method, starting from zy € D, converges, or is marked in black if the iteration
diverges. The stopping criterion adopted in this section is | f(z,)] < 1072, with a maximum of 25
iterations. Consequently, the attraction basins corresponding to different methods can be clearly
distinguished by their colors. The white points located within the basins also indicate the precise
positions of the zeros.

Figures 7.1-7.2 depict the basins of attraction for the schemes NM (6.5), NSM (6.8), HM (6.9),
PM,, (6.7), LM; (7.19), and LM, (7.20). This indicates that the methods NSM, PM3,, PMy;,
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—‘14 6 ‘. ‘. = . —Il. 0I . . . .
(g) PMs (h) PMy3 (i) PM7p

Figure 7.1: The basins of attraction of distinct methods for solving equation f(x) =2* —1 = 0.

PM;so, PMy 3, PM7o, PMg;, or simply Padé variants of (6.7) having sixth or eighth-order con-

vergence are converging locally, while the other methods converge globally. Moreover, the higher
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e I ST I 2
(a) PM6’1 (b) LMl (C) LM2

Figure 7.2: The basins of attraction of distinct methods for solving equation f(z) = z* —1 = 0.

convergence order of PM; 4, LM, and LM, resulted in broader and lighter attraction basins.
In the upcoming sections, we will analyze several crucial factors related to matrix iterations for

determining the matrix sign function, including convergence rate and numerical stability.

7.4 Convergence analysis

Here, we present the theoretical behavior of matrix iterative expressions (7.19) and (7.20) in relation
to the sign of a matrix.

Theorem 7.4.1. Consider a set containing imaginary eigenvalues of the initial matriz Xy = A €
C™ ™ as empty. Then, the sequence of matriz iterations { X}, obtained from (7.19) converges

to the matriz sign, i.e., S.

Proof. Suppose R is a rational function with which (7.19) is associated. As we know, for any
complex matrix X € C™*™, the Jordan canonical form can be written if there exists an invertible

matrix U such that X = UJU!. Then,
R(X)=UR(JU .

Using Eq. (7.19), an eigenvalue (§ of X, is mapped to an eigenvalue R(f3) of A,;. Owing to this
scalar eigenvalue relation, it is necessary to examine how the complex plane is mapped onto itself
by R(f3). More precisely, the rational function R must satisfy the following two properties:

(i) Preservation of sign, i.e., sign(R(z)) = sign(x), V = € C.

(ii) Convergence should be global, i.e, the sequence defined by x,.; = R(z,), with initial guess
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xo = x not located on the imaginary axis, converges to sign(x).

To prove this, consider A has a Jordan canonical form that can be written as in [154]:

Lo oo
U™ AU = A = , (7.21)
0 N

where U is a non-singular matrix and C', N are Jordan blocks equivalent to eigenvalues in C~ and
Ct, respectively. The values located on the principal diagonal of blocks C' and N are denoted by
B, B2y, Bp, and Bpi1, ..., Bm, respectively. Using Eq. (7.21), we have

sign(A)=U| " Ut (7.22)

Therefore, one can get

sign(A) = sign(U ' AU) = U 'sign(A)U,
sign(f1)

sign(5,) (7.23)
Sign(ﬁp-&-l) .

sign(Bm)

From ©y = U AU, we define ©,, = U7X, U, n = 1,2,..., such that the sequence converges to
sign(A). Then, from the proposed scheme (7.19), one can obtain

D1 = [ + 3202 + 130D, + 88D° + 5DF)[8D,,(I + 1092 + 1702 + 4D8)] 1. (7.24)

If ®¢ has entries on the main diagonal, then all subsequent ®,, are diagonal, based on mathematical
induction. It is important to note that the case where ® is not a diagonal matrix cannot be treated
in the same way, as addressed in the proof later. To solve f(x) = 2? — 1 = 0, express Eq. (7.24) in

the form of an m uncoupled scalar iterative technique as follows:

1+ 32d.% + 130d:" + 88d.° + 5d1.°
8di + 80d:* 4 126d:,° + 3248

dfﬂ-l = ’ (725)
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where d!, = (D,,);; and 1 < i < m. From Egs. (7.24) and (7.25), we must analyze the convergence
behavior of {d} to sign(s;), V1 <i < m.

From Eq. (7.25) and with the assumption on eigenvalues, we have sign(f;) = s; = +1. Thus,

&y —si [ —si+d)\" 1= 28, + 5(d,)? (7.26)
diy+si \ si+di ] 1+ 2s;d +5(di)? '
It can be seen that the right-side expression in Eq. (7.26) is bounded for i = 1,2,... m.
—s; + d
By adopting an appropriate initial matrix Xy = A, S—:‘dio < 1, we have
S; 0
—s; +d
lim |51l (7.27)
n—oo | g, + diH—l

and therefore, T}Lrgo(d;) = s, = sign(f;). Hence, we conclude that nll—>nolo<©n) = sign(A).
As briefly presented at the start of the proof, we should study the scalar relationship among
eigenvalues of the iterates for (7.19), if ® is not diagonal. The eigenvalues of &, are mapped from

the iterate n to n + 1 by the following relation:
i i2 i4 i6 i8 i i2 i4 i6\1—1
=+ 328, + 1305, + 880, + 58, |86, (1 + 108, + 178, + 45, )] . (7.28)

Eq. (7.28) demonstrates that in the usual case the eigenvalues are convergent to s; = +1, using the

same methodology as before

lim (Dt =% (7.29)
n—00 ﬁ}H_l + 8;
Finally, it is simple to conclude that
Jim &, = U( lim D,)U ™! = Usign(A)U ™! = sign(A). (7.30)
This finishes the proof. [

Analogously to the previous theorem, we can conclude the following result.
Theorem 7.4.2. Consider a set containing imaginary eigenvalues of the initial matriz Xy = A €
C™ ™ as empty. Then, the sequence of matriz iterations { X}, obtained from (7.20) converges
to the sign of matriz, i.e., S.

We now examine the convergence rate of (7.19) and (7.20), despite the preceding theorem

focusing on convergence analysis.
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7.4.1 Convergence rate

In Theorems 7.4.1-7.4.2, we have confirmed the convergence of the proposed iterations towards the
matrix sign function S. Now, it is important to further analyze the rate of convergence of (7.19)
and (7.20). This is the aim of the next theorem.

Theorem 7.4.3. Assume the identical hypotheses as in Theorem 7.4.1. Then, the proposed method

(7.19) has a convergence rate of siz to S.

Proof. This is clear that A, is a rational operator of A for every n > 0 and hence commutes with

S, just like A. In addition, the following relationships are available in [335]:
S?=1 51'=8 S¥=Tand S¥ =5 j>1. (7.31)
Applying the following substitution C,, = (8X,(I + 10X? + 17X} + 4X?°)), we obtain

X1 — I+ 32X2 + 130X +88x° + 5X)C; 1 — S

I+ 32X2 + 130X +83X° + 5x% — SC,)C;
T+ 32X7% 4 130X + 88X° 4 5X° — 85X, — 80SX? — 136SX° — 325X7)C,*

= (
= (
= (
= (S® — 857X, +325°X? — 80S°X? + 1305 A? — 1365 X% +8852X° — 325X + 5X%)C; !
= ((S — X,)% +4X2(S° - 65°X, + 158* A2 — 208343 4+ 1552X% — 65X + X8))C. !

= (

X, —S)5(I — 28X, +5X3)C; L. (7.32)
Now, applying the matrix norm on both sides of Eq. (7.32), we obtain
X1 = S| < (1G] = 25, + 5X3]| |, — S|I°. (7.33)

This demonstrates that the new method (7.19) has a sixth-order of convergence. This finishes the

proof. O]

Theorem 7.4.4. Assume the identical hypotheses as in Theorem 7.4.2. Then, the proposed method
(7.20) has a convergence rate of eight to S.

Proof. The proof of this theorem is similar to the proof of Theorem 7.4.3. It is hence omitted. [J
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7.5 Application in solving Yang—Baxter equation

We can recall the existence result [337] for computing the solutions of the YBM equation (7.1)
corresponding to the matrix A with no pure imaginary eigenvalues for determining non-trivial
solutions of (7.1).

Theorem 7.5.1. Let S be the sign function of a square matriz A. Then, X = Aag—s) and X =

A@ are both solutions of (7.1).

Proof. Based on properties of the matrix sign function, we can derive the following

A (AUJ;S)> A= A3<I+25), (7.34)
and (A(];S)>A<A(I42—S)>:A3<(I%2—S)>2:A3(I%2—S)' (7.35)

Therefore, X = (A(IJQF—S)) is a solution of equation (7.1). On similar basis, X = (A(I;S)) is also a

solution of equation (7.1). O

Theorem 7.5.2. For a given square matrix A and for v € C. If
(a) S* be the sign function of a matric H = A+ ~vI. Then, X = A(I_Qis*) and X = A@ are
both solutions of (7.1).
(b) S** be the sign function of a matric H = vA. Then, X = A@ and X = A(HQ& are both
solutions of (7.1).

Proof. Using (5*)2 = I and S*(A +~I) = (A +~I)S*, we have S*A = AS*. It is obvious how the

rest of the proof works. Similarly, proof in the second case can be done. O

7.6 Stability analysis

The stability of (7.19) and (7.20) for locating S in a neighborhood of the solution is explored in
this section. We study how a small perturbation at the n'® iteration is exaggerated or dispersed as
the iterations progress.

Theorem 7.6.1. The sequence {X,,}>2, formed by (7.19) is asymptotically stable under the identical

assumptions as in Theorem 7.4.3.

Proof. If the initial condition is Xy = A, then from (7.19) the obtained iterate is also a function of A
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and hence satisfies the commutative property on A. Consider X, to be the numerical perturbation

generated at the n'! iterate in (7.19). We have
X, =X, +0,. (7.36)

We conduct first-order error analysis here, which means we explicitly use approximations where
(6,)! = 0, since (8,)! for [ > 2 is closer to zero (matrix). This usual approach is appropriate if ()"

is small enough. For sufficiently large values of n, we have the assumption that X, =~ sign(A) = S.

Koy = (I +32X% + 130X + 88X° + 5X8)[8X, + 803 + 136X + 3247,
= (I 4+ 32(X, + 6,)* + 130(X, + 6,)" + 88(Xy, + 6,)° + 5(Xn + 6,)%)[8( X + )
+ 80(X, + 6,)* + 136(X,, + 0,)° + 32(X, +0,)"] 71,

~ (2561 + 5760,S + 57653,)(256S + T043, + 44858,5)~", (7.37)
9 9 1. 7
~ ([ + 305 + 455n> (s ~ - 455n5> 7

1. 1
~ S = S0+ 50,5,

wherein using the identity (B+C)~' = B! = B-1CB~' + O(C?), and 6,41 = X1 — X,p1, and after

some algebraic manipulal iOIlS, one gels
n+1 7~ 2 n 2 nk- .

We have used the facts about the matrix sign function, i.e., S? = I and S~! = S. We can now

conclude that the perturbation at iterate n + 1 is bounded, i.e.,

(5 — S60S).

Oni1 ® 5oy

Therefore, the sequence {X,,}5°, generated by (7.19) is asymptotically stable. This ends the proof.
0

Theorem 7.6.2. The sequence {X,}>2, formed by (7.20) is asymptotically stable under the identical

assumptions as in Theorem 7.4.4.

Proof. This theorem can be demonstrated in a manner analogous to Theorem 7.6.1. So, it is

omitted. 0
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7.7 Efficiency challenge

As discussed in the previous chapter, now we have also computed the efficiency index of the methods

SM, LMl, PMGJ, and LM2 as

1 1

2373/1000 | 2m3 2373/1000 | 2m>
OEISM - 68m / + 3 ,C’E'ILM1 = 66m / + 3

1 1

2373/1000 | 2m? 2373/1000 | 2m>

where m is the matrix size. Meanwhile, we have plotted the efficiencies of several methods in Figure

7.3, showing that the proposed schemes have better efficiency indices.

1.00000002 —_—

B
x B Methods
Y g e NM

X® = ANM
X B HM
X g g 5 SM
LITX LM,
te ] g - PM
TP E g z g 6,1
Tt 2
1.00000000 ¢ . . T T T T ! T 117 | I —
500 600 700 800 900 1000
m (Matrix Size)

B
1.00000001 f s || X

Computational Efficiency Index
L 4

o o 4 > o

Figure 7.3: The efficiency indices comparison of NM, ANM, HM, SM, LM;, PMg; and LM, with
the increase in m.

Using the above computational efficiencies, we can measure the time required for each iterative
method to complete.

7.8 Numerical tests

This section presents several examples to verify the behavior of the methods. The computational

results are based on the iteration number and the residual norm for various matrix iterations. If

197



Chapter 7. Numerically stable higher-order matrix iterations for computing matrix
sign function

the iteration X, has a largest eigenvalue, i.e., if ||X,|| >> 1, the convergence may be slow. As a
result, we can accelerate the convergence of the proposed iteration via scaling (for reference, see
[211]). The scaling parameter v, is introduced in equation (6.32). With scaling factor, the schemes

(7.19) and (7.20) can be written as:

XO = A7
Up = the scaling parameter computed by (?7), (7.39)
Xop1 = [I+ 320,282 + 1300, X2 + 881,080 + 51,2 X8 A, ne N,,

n

and

XO — A,
Un = the scaling parameter computed by (?7), (7.40)

X1 = [I + 490, 2X2 + 3220, X2 4 4900, X5 + 1570, 845 + 51, P X0 B! n e N,

n

where A,, = 8v, X, (I + 10v,,2X% + 17, X} + 4v,5X°), B, = v, X, (101 + 1521,2X? + 4760, X! +
344v,5X° + 420,8X8), lim v, =1, and lim X, = S. However, due to high cost in some cases, the
study of scaling parameter v, is not studied in depth; for instance, when evaluating the determi-
nantal scaling factor, some care is needed to avoid unnecessary overflow and underflow, especially
when m is large. The quantity v, should be within the range of the floating-point arithmetic since
its reciprocal has magnitude of the geometric mean of the eigenvalues of X, and hence lies between
the moduli of the smallest and largest eigenvalues. Determinantal scaling can be ineffective when
a small group of outlying eigenvalues exists, and the rest are nearly converged. Moreover, spectral
scaling can be ineffective when the eigenvalues of A are clustered close to the imaginary axis. In
general, all of them work well, but there are some specific advantages and disadvantages. All three
scaling parameters converge to 1 as X,, — S, so scaling does not destroy the convergence, nor does

it bring any benefit.

The stopping criterion adopted for the numerical examples in this chapter is
1 = 1]l <e, (7.41)

where € and ||.||. denote tolerance and suitable matrix norm, respectively. The [, and [y are

considered for real and complex input matrices (see [327]).
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The iteration number and computational e-time (CPU) for various methods are compared. We
only employ approaches that have global convergence behavior for the sake of comparison. The
methods being compared are NM (6.5), ANM (6.6), HM (6.9), SM; [a = —1/2 in (7.4)], SM;
[a = —=5/4 in (7.4)], PMy,4 (6.7), LM; (7.19), LM, (7.20), ALM; (7.39), and ALM, (7.40). We
have used spectral scaling in methods ALM; and ALM,. Additionally, comparisons with methods
exhibiting local convergence behavior (such as NSM (6.8)) or methods from different categories
(like computing the Cauchy integral (6.1)) are excluded. The simulations are carried out using
Mathematica [364] with system specifications “Windows 11 Pro Insider Intel(R) Core(TM) i7-7600U
CPU running at 2.90 GHz processor having 8.00 GB RAM (64-bit operating system).”

Experiment 7.8.1. In the first example, we study the eigenvalue clustering using a randomly
generated real matriz of size 100 x 100, as follows:

SeedRandom[1]; A = RandomReal[{-5, 5},{100, 100}];

30—
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* * & %
* * % * * * * % - *
* 20+
*
* L *
. * [* * x * % % *
* lx  * * * *
* * * % % * *
* % %[ * 4 * x4, Kk 2 *
r *
. i * * * * 4
L * _
* * * (e * * * * % * * * 4 *
* * x * R
i i * R A * * * A% ‘* x W L * * A% 4
-3 *-20 0 * L 10 20 4 . -2 * bl 7
* * x [FF % * % w5 * * % *
* * * * * *
10 * * % . * % *
*t * *
* * * * . * - N * *x * *  2- * N
* * L * * * * *
* *x[ * * * * * * * *
*  ~0r *
* * * * * * * * * *
*[ x *_ %
* * * *
-30—
(a) Xp (Initial Iteration) (b) Xy (First Iteration)

Figure 7.4: Clustering of eigenvalues of real matrix 100 x 100 in Experiment 7.8.1.

The results are reported in Figures 7.4-7.5, by applying the infinity norm with e = 1073 in double
precision (7.41). We observe that at the initial stage, the eigenvalues of Xy are scattered. However,
when using the proposed scheme (7.19) for the next approximation, the eigenvalues of X;, 1 =
2,...,5, accumulate either around —1 or 1. This reveals that the matriz sequence {X,,}5%, is

converging towards sign(A). Hence, the theoretical results of Theorem 7.4.1 are verified.
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Figure 7.5: Clustering of eigenvalues of real matrix 100 x 100 in Experiment 7.8.1.

Experiment 7.8.2. Here, we consider the clustering of eigenvalues using a randomly generated
complex matriz of size 200 x 200 as follows:

SeedRandom[5] ;

A = RandomComplex[{-4 - 4 I, 4 + 4 I}, {200, 200}];

Figures 7.6-7.7 show the results using € = 1073 in double precision and ly norm. We can observe
that the eigenvalues of Xy are scattered at first. Still, as we progress to the next approximation using
the proposed method (7.20), the eigenvalues of X;,i = 2,3,...,5 are accumulating either around —1
or 1. This shows that the matriz sequence {X,}22, is convergent towards sign(A). As a result, the

theoretical results of Theorem 7.4.2 are confirmed.

Experiment 7.8.3. In this example, we discuss the study of the matrix sign function using a
random complex matrixz of size 1000 x 1000, applying different iterative methods with the following
mput:

SeedRandom[11];

A = RandomComplex[{-5 - 7xSqrt[-1], 5 + 7*Sqrt[-11}, {1000, 1000}];
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Figure 7.6: Clustering of eigenvalues of complex matrix 200 x 200 in Experiment 7.8.2.

using € = 10™% with ly norm, since the input is a complex matriz with initial condition X, = A.
Figure 7.8 presents the comparison results in terms of iteration number and absolute error,

tllustrating a stable behavior for the new methods LMy, LMy, ALM;, and ALM; in computing the

matrix sign function.

Experiment 7.8.4. Next, we discuss the study of the matriz sign function using a random complex
matriz of 1500 x 1500 for different iterative methods by employing the following input:
SeedRandom[15] ;
A = RandomComplex[{-1 - 1*Sqrt[-1], 1 + 1xSqrt[-1]}, {1500, 1500}];

using € = 10~* with ly norm, since the input is a complex matriz with initial condition Xy = A.
Figure 7.9 depicts the comparison results in terms of the iteration number and absolute error,
demonstrating a steady and consistent behavior of LMy, LMy, ALM;, and ALMs in computing the

matriz sign function.

Experiment 7.8.5. In this experiment, we study the convergence history of different methods for
a randomly 2000 x 2000 real matriz as follows:

SeedRandom[111];

A = RandomReal [{-2, 2}, {2000, 2000}];
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Figure 7.7: Clustering of eigenvalues of complex matrix 200 x 200 in Experiment 7.8.2.

using € = 1073 with lo norm, since the input is a real matriz with initial condition X, = A.

Figure 7.10 illustrates that the newly proposed methods outperform the existing ones and converge
towards the matriz sign function. Additionally, the comparison results show that the new methods
require fewer iterations and absolute values, further revealing the steady and consistent behavior of

the suggested methods in computing the matriz sign function.

Experiment 7.8.6. Now, we compare the convergence histories of several methods for a set of ten

complex matrices chosen at random:

SeedRandom[50] ; number = 10; tolerance = 107-5; n = 0; max = 50;
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Figure 7.8: The convergence history of different methods in Experiment 7.8.3.
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Figure 7.9: The convergence history of different methods in Experiment 7.8.4.

Table[A[1] = RandomComplex[{-1.5 - 1.5 I, 1.5 + 1.5 I}, {50%1, 50%1}];,
{1, number}];

The numerical results are given in Tables 7.1-7.2 for input matrices of different sizes, depending
on the required iteration number and the e-time (CPU-time) using la-norm, since the matrices are
complex. They demonstrate that the average iteration number and CPU time improve when the new
methods are employed, as indicated in the last row of each table. Table 7.2 has units in seconds. As
a result, the proposed iterative methods exhibit robust and consistent behavior while computing the

matrix sign function.
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Figure 7.10: The convergence history of different methods in Experiment 7.8.5.

Table 7.1: Comparisons in terms of iteration number using various random matrices of Experiment

7.8.6

Matrix NM ANM HM SM; SM, PM,, LM; LM, ALM; ALM,
Asox50 9 10 6 4 4 8 4 3 3 3
Ajooxi00 14 16 9 6 7 9 6 5 5 4
Aisox150 16 17 11 7 7 13 6 5 5 5
Asoox200 15 15 10 7 7 12 6 5 5 5
Asgsoxaso 16 16 10 7 7 15 6 6 5 5
Asooxzoo 14 14 9 6 6 13 3 5 5 4
Assoxsso 1D 16 9 7 7 12 6 5 5 4
Agooxa00 18 20 11 7 8 15 6 6 6 5
Assoxaso 19 21 12 8 8 14 7 7 5 3
Asooxso0 17 23 11 8 8 16 6 6 6 >
Mean 153 168 98 6.7 69 127 58 5.3 5 4.5

Numerical evidence indicates that the proposed scheme provides an effective approach for the
iterative computation of the matrix sign function. Moreover, in each of the numerical examples
presented above, the proposed matrix iteration significantly outperforms the existing methods in
terms of convergence rate and numerical stability. We next employ the proposed matrix scheme to

iteratively solve a Yang—Baxter matrix-like equation, which plays an important role in mathematical
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Table 7.2: Comparisons in terms of CPU-time using various random matrices of Experiment 7.8.6

Matrix NM ANM HM SM; SMa PM, 4 LM, LM, ALM; ALM,
Asoxso  0.06599  0.05477  0.03017 0.05627 0.04039  0.05823  0.01699 0.01441 0.02730 0.02395
Atooxi00  0.15771  0.36404 0.12112 0.14158 0.18226  0.22412  0.10187 0.09558 0.17089 0.12574
Arsoxiso  0.37413  0.70010  0.45177 0.40362 0.40420 0.86365  0.24403 0.24210 0.42209 0.40058
Asgoxoo0  0.60484  0.99517 0.89464 0.86781 0.89233  1.55394  0.49616 0.50044 0.75972 0.84227
Assoxzso  1.18620  1.70152  1.03599 1.46507 1.40482  2.82938 0.79874 0.96901 1.34486 1.31423
Asooxzoo  1.50399  2.18757 1.30565 1.79286 1.91045  3.96273  1.05604 1.33592 1.79213 1.51671
Assoxgso  2.08273  3.10377  2.02420 3.38013 3.27436  5.18537  2.11036 1.81117 2.80751 2.52464
Asooxaoo  3.25383  5.38425  3.18201 4.29881 5.32141  9.21980  2.84087 3.54879 5.14803 4.33090
Assoxaso 4.07554  10.07840 4.83051 7.55678  7.12863 11.93657 4.93791 5.81708 5.22150 6.39332
Asooxso0  4.89676  11.15954 5.99030 9.85189 10.03518 19.73707 5.52582 7.37126 9.46699 8.40012
Mean 1.82017 3.57291 1.96964 2.98148 3.05940 5.55709 1.81288 2.17058 2.7161 2.58725

physics and quantum theory.

Experiment 7.8.7. In this test problem, we demonstrate the computational results of the YBM

equation. In this case, we apply newly proposed methods with stopping criteria ||X? — I|]y < 1078,

for computing the sign function of H; corresponding to A;, to solve several Y-B-like equations while

with the following test matrices [337]:

10 7 -8 7
4|75 6 B |
8 6 10 9
7 5 9 10
(07 418/ —36+54i —45+54i —99+81i
4 | TATHTE 624510 S84 42 ~148 + 631 |
32-4i  20—24i 34—15i 82— 36i
| 14—4i  38-24i 943 -24i 64—2Ti |
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(34133 34—288 51—339 85— 318i |
4 | 78005 —80+10i —120 - 45i 200 - 90i |
TAL 62 T4+82i 111+ 146 185+ 102i
|—26+62i —26+82i —39+96i —65+ 152
(87— 79i —45—169i —315— 248 —360 — 428i]
4| ATHA0 R4S ATH1220 168+ 206 |
544500 27+ 104i 192+ 154i 216 + 262
—30—-20i —15-59i —105—88i —117 — 148i
1431 9-2 243i 7—5i
4 |BTE 6T 1I-1T 143
344 9—1i 18+5 6+ 19
7-9i 1-8 10-3i 9+8i

The residual norms R;, = HF] (A]%)H for NM, AM (see reference [337]), LMy, LMy, ALM,

100.000F
Methods
£ 0.001f ¢ NM
2 AM
S
£ 108 + LM,
k) & LM,
&
— 10_13_ * ALM]
* ALM,
0 2 4 6 8

Number of iterations
Figure 7.11: Comparison results of iteration number vs residual errors for the methods NM, AM,

LM, LMy, ALM;, and ALM, using initial matrix Hj.

and ALM, with chosen Hj for each YBM equation in A; are shown in Table 7.3 with respect to the
number of iterations required per algorithm. This illustrates how newly proposed methods are put

into practice. As a result, new methods are not only a great alternative for obtaining S but also for
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Figure 7.12: Comparison results of iteration number vs residual errors for the methods NM, AM,
LM, LM,, ALM;, and ALM, using initial matrix Hs.
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Figure 7.13: Comparison results of iteration number vs residual errors for the methods NM, AM,
LM, LMy, ALM;, and ALM, using initial matrix Hs.

addressing YBM equation.
It should be noticed that the values of R;, = H]—"J (Aj

thus we do not include them in Table 7.3. Also, the Figures 7.11-7.16 show numerical reports and

Uﬁf"))H are quite similar to those of R;,,

evidence in terms of iteration number and CPU time, clearly demonstrating that NM takes longer

than the other approaches.
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Figure 7.14: Comparison results of iteration number vs residual errors for the methods NM, AM,

LM, LMy, ALM;, and ALM, using initial matrix Hy.

Table 7.3: Comparisons in terms of R; ,, using H; matrices for Experiment 7.8.7

n+1
j H; NM AM LM, LM, ALM; ALM,

1 A; 1.29751 x 107°  5.14446 x 1077 1.13118 x 107*  3.42357 x 10°  1.73675 x 1075  4.46391 x 1073
n=23y n=4 n=3 n=3 n=3 n=2

2 A +71 0 5.14446 x 1077 2.08128 x 10710 6.59817 x 10710 1.34470 x 1075 6.16468 x 107°
n=29 n=4 n=4 n=3 n=2 n=2

3 %(Aj) 1.59968 x 1077 1.57423 x 1075 3.11998 x 107°  1.77969 x 10~2  9.00670 x 10~3 9.58247 x 10~°
n=9 n=4 n=4 n=3 n=2 n=2

4 %(Aj +51)—1 1.64076 x 1078  2.38788 x 10~ 0 9.16434 x 1072 1.73090 x 10~% 9.61863 x 107°
n==6 n=3 n=3 n=2 n=2 n=2

5 é(Aj +111) — T 1.66475 x 10710 2.34792 x 1077  1.54877 x 1075 9.16434 x 107° 3.19238 x 107% 1.20947 x 10~°
n=29 n=4 n=4 n=3 n=23 n=3

7.9 Concluding remarks

This chapter presents novel matrix iterations for computing a sign matrix that does not have
any pure imaginary eigenvalues. Convergence and stability analysis of the proposed schemes are
thoroughly discussed. The suggested schemes are unique in the sense that they are not members
of the Padé family or reciprocals. Furthermore, as illustrated by attraction basins, the matrix
iterations have global convergence. The results are further extended to solve the nonlinear Yang—

Baxter-like matrix equation. Finally, several numerical tests show that the proposed schemes are
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more efficient than existing methods in terms of residual error, the number of iterations required

by an algorithm, and computational time.

100.000

0.001}

10—8 L

Log of absolute error

10—13 L

Methods
- NM

AM
-+ LM,
<% LM,
+* ALM;

Number of iterations

4

- ALM,

Figure 7.15: Comparison results of iteration number vs residual errors for the methods NM, AM,
LM, LMy, ALM;, and ALM, using initial matrix Hs.
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Figure 7.16: Time comparison results of the methods NM, AM, LM;, LM,, ALM;, and ALM, using

initial matrix H;, 7 =1,2,3,4,5.
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Chapter 8

Conclusion and future scope

8.1 Conclusion

This research has methodically progressed the formulation and examination of efficient iterative
techniques for resolving nonlinear equations, transitioning from scalar cases to complex matrix
functions. The thesis began by illustrating the necessity for novel numerical solvers in areas where
analytical solutions are impractical.

At first, the thesis introduces new derivative-free multi-point iterative families for finding mul-
tiple roots of scalar nonlinear equations. This is because classical methods have some problems.
These methods use weight-function strategies to get higher-order convergence with as few function
evaluations as possible. We use numerical benchmarks and dynamical analysis in the complex plane
through basins of attraction to make sure that they work better than other methods in terms of
accuracy, stability, and computational efficiency.

Based on these outcomes, the research then moved on to nonlinear systems. New multi-step
iterative schemes were developed within a Banach space setting, facilitating a stringent convergence
theory studied exclusively on first-order derivatives. These approaches use only one inverse operator
at each step, which helps keep costs down while still achieving high-order convergence. When ap-
plied to academic and practical problems, such as boundary value problems, Hammerstein integral
equations, BVPs, and PDEs, the proposed solvers exhibit much better convergence rates and resid-
ual errors, especially for large-scale systems. The final section of the study utilized similar iterative
principles on the matrix functions, with an emphasis on the matrix sign function and related matrix
equations. We constructed globally convergent matrix iterations that give higher-order convergence

without employing Padé approximants.
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In short, this thesis presents a set of iterative techniques that improve both the theory and

practice of solving nonlinear problems at different levels, from scalar roots to systems of equations

and matrix functions. The proposed methods are not only theoretically sound and computation-

ally efficient, but they are also suitable for a wide range of problems in scientific computing and

engineering.

8.2 Future scope

The findings of this thesis naturally set a basis for various directions for future research. The

following points will be explored: The derivative-based or derivative-free scalar iterative families

established here provide a way for several advancements:

Developing with memory iterative methods that compute multiple roots, possibly using differ-
ent divided-difference techniques to make them more efficient without adding more function
evaluations.

A thorough convergence analysis of higher-order Newton-like methods in Banach spaces via
recurrence relations would strengthen their theoretical part.

Using tools from complex dynamics to do a detailed dynamical analysis to find the best

parameter ranges that make stability and basin of attraction characteristics as high as possible.

The multi-step iterative schemes for nonlinear systems can be extended in different ways:

Incorporating memory-based techniques to increase the convergence order while maintaining
computational efficiency.

Conduct local and semi-local convergence analyses of the developed classes based on various
assumptions in Banach spaces.

The goal of developing iterative algorithms for differential equations is to make them more
efficient than traditional Runge-Kutta-like methods and easier to scale up for use in high-

dimensional settings.

The iterative methods developed for the matrix sign function have new extensions for applications

in numerical linear algebra:
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Extend the proposed schemes to calculate associated matrix functions, including the matrix
square root, matrix pth root, or polar decomposition, utilizing parallel computing software.
Investigating global convergence characteristics for inverse-free iterations utilized on an ex-

panded set of matrix equations.



8.2 Future scope

e Study into how matrix functions can make stochastic or time-dependent matrix problems
more robust for real-world simulations.
Each of these directions widens the theoretical concept while also making it more useful in real-world

scientific computing and engineering applications.
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