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                                              Chapter-1 

                                      INTRODUCTION 

 

 

Throughout  this  thesis , p denotes  a  prime number and G  denotes a finite 

group unless stated otherwise.We denote by )(),exp(),(, GAutGGZG′  and 

)(GInn , respectively, the commutator subgroup, the center, the exponent, the 

automorphism group and the inner automorphism group of G .An 

automorphism σ  of a group G  is central if σ  commutes with every 

automorphism in )(GInn , or equivalently, if )(1 gg σ−  lies in the center of G , for 

all g  in .G  The central automorphisms fix the commutator subgroup G′ of G  

element wise , and form a normal subgroup )(GAut Z ,of the full automorphism 

group ).(GAut We denote by )(GAutZ  the set of all those automorphisms of G  

which fix )(GZ  elementwise.We denote by ),()()( GAutGAutGAut Z
Z

Z
Z ∩= the 

group of all central automorphisms of  G  fixing )(GZ  element wise. 

              Non-abelian −p groups G  in which all automorphisms are central, 

that is )()( GAutGAutZ = , have been well studied. If )(GAut  is abelian then this 

is necessarily the case, and various papers such as [2], [4] , [8] , [10] , [11] 

have considered this situation. But even if )(GAut  is non-abelian , all 

automorphisms may be central and this case has also been explored , for 

example in [3] , [7] , [9]. Curran [5] has proved that if ))(()( GInnZGAutZ =  

then GGZ ′≤)(  and also ))(()( GInnZGAutZ =  if and only if 

))(())(,/(Hom GInnZGZGG ≅′ . Curran and McCaughan [6] have proved that if 

G  is a finite −p group, then )()( GInnGAutZ =  if and only if )(GZG =′  and  
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)(GZ  is cyclic.In this thesis we prove that  if  G  is a finite −p group,then 

)()( GInnGAut Z
Z =  if and only if G  is abelian or G  is nilpotent of class 2 and 

)(GZ  is cyclic.All the main results in Chapter-3 of this thesis are proved in 

[1].  
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                                                 Chapter-2 

             NOTATIONS AND PRELIMINARIES 
 

 

Definition 2.1(Cyclic Group) 

A group G  is said to be a cyclic group if there exists an element Gb∈ ,such 

that every element of G  is a power of b .The element b  is called a generator 

of G  and we denote G  by .>< b  If the composition in G  were denoted 

additively then we could say that G  is a cyclic group if there exists an element 

a  of G  such that every element of G  is of the form  na  where n  is an integer. 

 

Definition 2.2(Quotient Group) 

Let G  be a group and let N  be a normal subgroup of G .Then the set NG /  of 

all cosets of N  in G ,together with the binary composition defined by 

NabNbNa =))((  for all NbNa, ∈ ,/ NG  is a group, and is called the quotient 

group of G  by .N  Further if the binary composition in G  is addition,each 

coset of N  in G  is denoted as ,aN + then the binary composition in NG /  is 

also denoted additively i.e we write ).()()( baNbNaN ++=+++  

 

Definition 2.3 (Center) 

The center of a group G , denoted by )(GZ ,is the set of all Ga∈  that commute 

with every element of G .It is easy to check that )(GZ  is a normal abelian 

subgroup of G .   
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Definition 2.4(Kernel of a homomorphism) 

Let f  be a homomorphism of a group G  into a group ,G′ then the kernel of f  

is the set = ,)(|{ exfGx ′=∈ the identity of .}G′ .We shall denote the kernel of 

f by . fKer   

 

Theorem2.5Let G  and G′  be any two groups e,  and ,e′ their respective 

identities.If f  is a homomorphism of G  into ,G′ then  

(1) .)( eef ′=  

(2) 11 )()( −− = xfxf  .Gx∈∀  

(3) fKer  is normal subgroup of G . 

Proof: 

(1)Since ).()()(,. efefefeee == However Gef ′∈)(  gives ).()( efeef ′=  

Thus ,)()()()( eefefeefef ′=⇒′= by right cancellation in .G′  

(2)For any ,Gx∈ since ,1 exx =− we get .)()()()( 11 eefxxfxfxf ′=== −− Similarly, 

exx =−1  gives .)()( 1 exfxf ′=− Hence, .)()( 11 −− = xfxf  

(3)Since ,)( eef ′= . fKere∈ This shows φ≠fKer . 

Now let , , fKerba ∈ .Gx∈ ∈a fKer ∈b, fKer .So, .)(,)( ebfeaf ′=′=  

i.e .)()(,)( 11 ebfbfeaf ′==′= −− So, .)()()( 11 eeebfafabf ′=′′== −−  

Hence, ∈−1ab  . fKer This proves that fKer  is a subgroup of .G  

It remains to show that it is also normal.Now, )()()()( 11 xfafxfaxxf −− =   

.)()()()()()()( 111 exfxfxfexfxfafxf ′==′== −−− Consequently ∈− axx 1 fKer . 

Hence, fKer  is a normal subgroup of .G  
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Theorem 2.6 If G  is a group such that )(/ GZG  is cyclic, then G  is abelian. 

Proof:Put )(GZN =  and let >=< gNNG /  for some .Gg ∈ Let Gba ∈,  then 

NggNaN kk == )(  and NggNbN ll == )(  for some lk,  .Z∈ Thus, 1nga k=  and 

,2ngb l=  ., 21 Nnn ∈ This gives that 21nngab lk+=  and 21nngba kl+=  as 21 , nn  

N∈ ).(GZ= Hence, .baab =  

 

Definition 2.7 (Principle of well-ordering) 

Every non-empty set of integers which is bounded below must possess a least 

element. 

 

Theorem 2.8(Division Algorithm)If a  and b  are integers, ,0≠b then there 

exist integers q  and r , such that rbqa +=  with .||0 br <≤ Further if 11 rbqa +=  

with |,|0 1 br <≤ then 1rr =  and .1qq =  

Proof:Let ZssbaS ∈−= :||{  and }0|| ≥− sba .Since aaba −≥≥  ||  |||| ,we get 

0 |||| ≥+ baa .So that for |,| as −= ,0|||||| ≥−=+ sbaaba gives .|| Ssba ∈− Hence 

S  is non empty.By the well ordering principle S  has a smallest member say 

.r Then, tbar ||−=  for some .Zt ∈  

    Clearly .0≥r We claim that .|| br < For let .|| br ≥ Then 

. ||0 rbr <−≤ However )1(|||| tbabr +−=−  gives that . || Sbr ∈− This contradicts 

the fact that r  is the smallest member of .S Hence .|| 0 br <≤ Thus,we have 

rtba += ||  with || 0 br <≤  -----(1) 

    If . ||,0 bbb => Then by putting ,tq = in (1) we get .rbqa += If 

,0<b .|| bb −= Then by putting ),(tq −= we get .rbqa += We now prove the 

uniqueness of q  and .r For let also .|| 0,,, brZrqrqba <′≤∈′′′+′= We get 

.rqbrbq ′+′=+ So that .)( rrqqb −′=′−   
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If ,qq ′≠ |,|  |)(| bqqb ≥′− but ≤−′ || rr  max |;| ),( brr <′ this leads to a contradiction. 

Hence .qq ′= Consequently rbqrbq ′+=+  and hence .rr ′= This proves the 

theorem. 

 

Theorem 2.9Let G  be a finite group and let Ga∈  be an element of order 

.n Then ea m =  if and only if n  is a divisor of m . 

Proof:Firstly,let n  is a divisor of m ,where .)( nao = So there exists a positive 

integer q  such that .nqm = Now .)( eeaaa qqnnqm ====  

Conversely,let ea m = ,where .)( nao = Suppose m  is not divisible by .n Dividing 

m  by ,n rnqm +=  where Irq ∈,  and .0 nr <≤ Thus, rnqrnqm aaaae .=== +  

,..)( rrqrqn aaeaa === a contradiction,since .)( nao = Thus 0=r  and hence m  is 

divisible by n . 

 

Theorem 2.10:Let G  be a group and let Ga∈  be an element of order .m Then 

),(
)(

km
mao k =  where .Nk ∈  

Proof:Let .)( tao k = Now, ,)( eaa tkkt == but .)( mao = Thus by above theorem , 

.| ktm Let ).,( kmd = Thus md |  and .| kd Let dmm 1=  and dkk 1=  where 

.1),( 11 =km So .1m
d
m
= Thus we need to prove .1 tm = Now ,| ktm so 

.| 11 dtkdm Thus ,| 11 tkm but .1),( 11 =km Hence .|1 tm  ---------(1) 

Again ,)()( 111111 eaaaaa kmmkdmkkmmk ===== but .)( tao k = Thus, .| 1mt ----------(2) 

From (1) and (2),we get .1 tm = This proves the theorem. 
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Definition 2.11 (Homomorphism)Let G  and G′  be any two groups and let '.'  

and ''∗  denote their respective  binary compositions . A mapping GGf ′→:  is 

called a homomorphism if )()().( bfafbaf ∗= ., Gba ∈∀  
A homomorphism f ,which at the same time is onto is called an epimorphism. 

A homomorphism which is at the same time 11−  is called a monomorphism. 

A homomorphism of a group G  into itself is called an endomorphism of  G . 

A  homomorphism f  of a group G  onto a group G′  is called an isomorphism 

if f  is a 11−   mapping. 

 

Definition 2.12 (Automorphism) 

An isomorphism of a group G  onto itself is called an Automorphism of G .  

 

Definition 2.13 (Inner Automorphism) 

Let a  be an element of a group G .The map GGfa →:  given by 1)( −= axaxfa  

∀  Gx∈  becomes (proved below) an automorphism of G  and is called an 

inner automorphism of G  determined by a . )(GInn  denotes the set of all inner 

automorphisms of G .Let )()( yfxf aa =  then .11 −− = ayaaxa Premultiplying by 
1−a on both sides,we get 11 −− = yaxa .Again post multiplying by a  on both 

sides,we get .yx = Hence, af  is one-one.For each  ∃∈ ,Gy  Gyaa ∈−1  s.t 

.)()( 111 yayaaayaafa == −−− Hence, af  is onto. 

Now, ).()()()( 111 yfxfayaaxaaxyaxyf aaa === −−−  

So, af  is a homomorphism and hence af  is an automorphism. 
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Theorem2.14(Fundamental Theorem of Homomorphism)Let G  be a 

group.If N  is a normal subgroup of G ,then NG /  is a homomorphic image of 

G .Conversely if any group G′  is a homomorphic image of G  then G′  is 

isomorphic to some quotient group of G .In fact,if f  is a homomorphism of 

G  onto G′ ,then ./ KerfGG ≅′  

Proof:Define NGGf /: →  by Naaf =)(  .Ga∈∀ Since == Nababf )( ))(( NbNa  

)()( bfaf=  ,, Gba ∈∀ and for each ,)(,/ NccfNGNc =∈ we see that f  is a 

homomorphism of G  onto ./ NG  

  Conversely let G′  be a homomorphic image of ,G then there exists a 

homomorphism g  of G  onto .G′ Let gKerN  = .We know that N is a normal 

subgroup of G  (theorem 2.5).Consider the quotient group NG / .Define 

GNGf ′→/:  by )()( agNaf =  .Ga∈∀  

   Firstly we show that f  is well defined.For this,let Gaa ∈21 ,  with .21 NaNa =  

So, Naa ∈−1
21  i.e ,)( 1

21 eaag ′=− the identity of .G′ So, eagag ′=−1
21 )()( and 

).()( 21 agag = Hence, ).()( 21 NafNaf = Consequently f  is well-defined.Now for 

any ∈ , NbNa ./ NG ).()()()()()()])([( NbfNafbgagabgNabfNbNaf ==== This 

shows  that f  is a homomorphism. 

Further )()( NbfNaf =  i.e ).()( bgag = So, .)()( 1 ebgag ′=− And eabg ′=− )( 1  i.e 

. 1 NgKerab =∈− Hence, .NbNa = Thus, f  is a 11−  mapping. 

 Lastly let ,Gx ′∈ as g  is onto ∃  Ga∈  such that .)( xag = Consequently 

.)()( xagNaf == This proves that f  is also onto.Hence f  is an isomorphism of 

NG / onto G′ and ./ GNG ′≅ This proves the theorem.  
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Theorem2.15 For any group ,G )(GInn  is a normal subgroup of )(GAut . 

Further ),(/)( GZGGInn ≅ where )(GZ  denotes the center of .G  

Proof: Clearly, )(GInnI ∈  as )()( 1 xfexexxI e=== − ∀ .Gx∈ Now for any Ga∈ , 

Gx∈ , )(1 xff
aa −o = ).()()(])([)]([ 111111

1 xIxaxaaaxaafaxafxff aaaa ===== −−−−−−
−  

This implies .1 Iff
aa =−o Similarly, ).())(( 1 xIxff aa

=− o Thus, 11 −− ==
aaaa

ffIff oo  

showing  thereby that ).()( 1
1 GInnff

aa ∈= −
− Also for any )(, GInnff ba ∈ . =ba ff o  

[ ] ).()()(][)()( 1111 xfabxabaabxbbxbfxffxff abababa ===== −−−−o Thus abba fff =o

).(GInn∈ Hence )(GInn  is a subgroup of ).(GAut  

    To show that )(GInn  is a normal subgroup of ),(GAut it only remains to 

prove that for any ),(GInnfa ∈ ),(GAut∈σ )(1 GInnfa ∈−σσ oo . 

Let Gx∈ ,then =− ))(( 1 xfa σσ oo ).()]([)()()]([)( )(
111 xfaxaaxa aσσσσσσσ == −−−

).()(
1 GInnff aa ∈=−

σσσ oo Now we consider the last part of the theorem.For 

this purpose define a mapping )(: GInnG →φ by afa =)(φ ∀ .Ga∈ Then 

)()()( bafffab baab φφφ oo ===  ∀ Gba ∈,  shows that φ  is a homomorphism. 

Clearly,φ  is onto since each member of )(GInn  is of the form af  and by 

definition ).(afa φ= Applying Fundamental Theorem of Homomorphism we 

get φKerG / ).(GInn≅ The result will follow if we show that ).(GZKer =φ Now 

φKera∈  if and only if ,)( Ia =φ the identity  of )(GInn  if and only if If a =  if 

and only if )()( xIxfa = ∀ Gx∈  if and only if xaxa =−1 (Definition of )af  if and 

only if )(GZa∈ (Definition of ).(GZ Hence, Ker )(GZ=φ  and this completes 

the proof. 
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Definition 2.16 

If G  is a group,then G  itself and }1{  are always subgroups.Any subgroup H  

of G  other than G  is called a  proper subgroup,and we denote this 

by ;GH < the subgroup 1 is often called the trivial subgroup. 

 

Remark:If a group G  is not abelian  then GGZ ≠)(  and consequently 

)(/ GZG is not a trivial group; further because of the above theorem )(GInn  is 

also not a trivial group.Consequently if a group G  is not abelian,then G  has a 

non-trivial automorphism .If a group G  is abelian,then each of its inner 

automorphism is identity,so the above theorem does not provide us a non-

identity automorphism of an abelian group.  

 

Definition 2.17 (Commutator) 

If ba, ∈ G ,the commutator of a  and b ,denoted by ],[ ba ,is  .],[ 11 −−= bababa  

 

Definition 2.18 

Let S  be a subset of a group .G A subgroup H  of G  is said to be generated by 

S  if it satisfies the following conditions: 

(1) S .H⊆  

(2)If K  is any subgroup of G such that S ,K⊆ then .KH ⊆  

We denote the subgroup generated by S ,by .>< S  

 

Definition 2.19 (Commutator Subgroup) 

The Commutator subgroup (or derived subgroup) of G ,denoted by G′ ,is the 

subgroup of G  generated by all the commutators. 
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Lemma 2.20 If S  is any non-void subset of a group G ,then the subgroup 

>< S  of G  generated by S is the set of all finite products of the form naaa ...21  

where for each i ,either Sai ∈  or .1 Sa ∈−  

Proof:Let H  be the set of all finite products of the form naaa ...21 ; ia  or 

Sai ∈−1 , n  any positive integer.Consider mn bbbyaaax ...,.... 2121 ==  in .H  Then 

mn bbbaaaxy ...... 2121=  is a product of finite number of elements jiba  such that 

either the factor or its inverse is in ,S consequently .Hxy∈ Further 

..... 1
1

1
2

1
1

11 −−−
−

−− = aaaax nn Consider any .1−
ia Since ia  or 1−

ia  is in S,and  ,)( 11 −−= ii aa we 

see that either 1−
ia  or 11 )( −−

ia  is in S,hence .1 Hx ∈− This proves that H is a 

subgroup of .G Clearly, .HS ⊆ Consider any subgroup K  of G  containing 

S.Then for each KaSa ∈∈ ,  and hence .1 Ka ∈− Thus if Saaaax in ∈= :....21  

or ,1 Sa ∈− is any element of H ,then ,Kx∈ since ia K∈  .i∀ Hence .KH ⊆  

This proves that H  is the subgroup of G  generated by .S  

 

Theorem 2.21 Let G be a group and G′  be its commutator subgroup,then 

1)G′  is a normal subgroup of .G  

2)For any normal subgroup H of G , HG /  is an abelian group if and only if 

H contains G′ . 

Proof: 

1)Let ,, Gba ∈ since baababba 11111 )( −−−−− =  is again a commutator,it follows 

from the above lemma that each element of G′  is a product of finite number of 

commutators.Consider Gx ′∈ ,then tgggx ....21=  where for each igti ,...,2,1= is a 

commutator,so that iiiii babag 11 −−=  for some ., Gba ii ∈ Now for any ,Ga∈  

).)...()(( 1
2

1
1

11 agaagaagaxaa t
−−−− =  

Further, ;))(()()( 111111111111 cddcabaaaaabaaaaababaaaga iiiiiiiii
−−−−−−−−−−−− === where  
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abadaaac ii
11 , −− == .Thus, aga i

1−  is again a commutator.Hence xaa 1−  is a 

product of commutators;by definition .1 Gxaa ′∈− This proves the result. 

2)Consider Gba ∈, .Let HG /  be abelian i.e ))(())(( aHbHbHaH =  

HGbHaH /, ∈∀ So, .baHabH = Thus, .)()( 111 Habbaabba ∈= −−− Thus H contains 

every commutator .11 abba −− Consequently,as G′  is generated by all the 

commutators, .HG ⊆′ Conversely let .HG ⊆′ Then Gabba ′∈−− 11  gives 

.11 Habba ∈−− i.e .baHabH = Thus, ).)(())(( aHbHbHaH = This establishes that 

HG /  is abelian. 

 

• A group G  is commutative if and only if ).(eG =′  

 

Definition 2.22Let  ba,   be  two   integers . Integer  a   is  called  congruent  

to  b    modulo  m , written as )(mod mba ≡  if and only if bam −|  or 

equivalently ba −  is an integral multiple of .m Thus, )(mod mba ≡  if and only if 

),(mba ∈− the subgroup of Z  consisting of multiples of  m . 

 

Definition 2.23(Right Congruence modulo a subgroup) 

Let G  be a group and H  be a subgroup of  G .Given ,, Gba ∈ a  is said to be 

right congruent to b  modulo H {symbolically )(mod Hba r≡ } if and only if 

.1 Hab ∈−  

 

Theorem 2.24 If  G  is a group and H is a subgroup of G .Then the relation  

r≡  of right congruence modulo H  is an equivalence relation on G .Further for 

any Ga∈  the set }|{ Hhha ∈  is the equivalence class to which a  belongs. 

Proof:Let Gba ∈,  and e be identity of .H  
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1)Reflexivity: Since ).(mod,1 HaaHeaa r≡∈=−   

2)Symmetry: HabHabHba r ∈⇒∈⇒≡ −−− 111 )(.)(mod

).(mod  i.e 1 HabHba r≡⇒∈−  

3)Transitivity:  i.e ) (mod , ) (mod HcbHba rr == ., 11 HbcHab ∈∈ −−  

Thus, .))(( 111 Hbcabac ∈= −−− Hence, ). mod( Hca r≡  

Thus the relation of right congruence modulo H  is an equivalence relation on 

.G Let )(aCl  denote the equivalence class to which a  belongs i.e 

)}.(mod|{)( HabGbaCl r≡∈= Let Ha  denote the set }.|{ Hhha ∈ Now 

)(mod  i.e  )( HabaClb r≡∈ .Thus .1 Hba ∈− So, .)( 1 Haabab ∈= − Thus .)( HaaCl ⊆  

Again Hac∈ ei.  hac =  for some .Hh∈ Thus, .1 Hhca ∈=− So, ) (mod Hac r≡  ei.  

).(aClc∈ Thus, ).(aClHa ⊆ Hence, .)( HaaCl =  

 

Definition 2.25 (Exponent) 

The exponent of a group G  is the smallest positive integer n  such that 1=nx  

∀  Gx∈  if such n  exists ; otherwise it is ∝ .For example,the exponent of S 3  

is 6. 

 

Lagrange Theorem 2.26 The Order of any subgroup of a finite group divides 

the order of the group. 

Proof:Let G  be a finite group and H  a subgroup of G .Suppose .)( nHo = For 

any ,Ga∈ define HaHf →:  such that .)( hahf = This mapping is onto as each 

member of Ha  is of type ., Hhha ∈ Further for any two elements ,, 21 Hhh ∈ let 

)()( 21 hfhf =  so .21 ahah =  i.e .21 hh =   (right cancellation law).Hence f is a 11−  

mapping of H  onto .Ha This means that ).()( HaoHo = Let tHaHaHa ,....,, 21  be 

the totality of distinct right cosets of H in .G Then these t  right cosets 
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constitute the totality of distinct equivalence classes in G  determined by the 

relation of right congruence modulo .H Thus tHaHaHa ,..., 21  are disjoint 

subsets of G  and .....21 tHaHaHaG ∪∪∪= As seen above nHoHao i == )()(  

.,...2,1 ti =∀ Therefore, .)( ntGo = Hence ).(/)( GoHo  

 

• It is evident from the proof of the above theorem that )(/)( HoGo  is equal to 

the number of right cosets of H in .G Similarly it can be proved that 

)(/)( HoGo is equal to the number of left cosets of H  in .G  

 

• Lagrange’s theorm shows that a finite group G  of order n  has exponent 

≤ n . 

 

Theorem 2.27 Show that the Converse of Lagrange’s theorem holds for  

cyclic groups. 

Proof:Let >=< aG  be a cyclic group of order n  generated by .a Let m  divide 

n .Therefore,∃  Zq∈ such that .mqn = We know that, elements of  G  are of the 

form ,ka where .Zk ∈ Also,
),(

)(
kn

nao k = ( by theorem 2.10).Therefore, 

.
),(

)( m
q
n

qn
nao q === Therefore,∃  an element ,Ga q ∈ whose order is 

.m Therefore,∃  a cyclic subgroup >=< qaH  of order .m  

For uniqueness: Let >=<′ laH  be another subgroup of G  of order 

.m Therefore, mao l =)(  i.e ea ml =)( .So, .ea ml = By Division algorithm theorem, 

∃ Zrk ∈, such that ,rkql += where .0 qr <≤  So, ,mrmkqml +=  where 

.0 nmqmr =<≤ Therefore, mrqmrqnmrkmqmrmkqml aeaaaaaae ===== + .)()( .mra=  
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But .0 nmr <≤ Therefore above result is true if 0=mr  i.e .0=r  

So, .kql = Therefore, .)( kqkql aaa == So, .HH ⊆′  But .)()( mHoHo ==′  

Hence .HH =′ Hence H  is unique subgroup of G  of order .m  

 

Definition 2.28 (Lower central series) 

The lower central series )(Giγ  of a group G  is defined inductively as follows: 

;)(1 GG =γ  [ ]GGG ii ),()(1 γγ =+ .Notice that [ ] [ ] .,),()( )1(
12 GGGGGGG =′=== γγ It is 

easy to check that ).()(1 GG ii γγ ≤+  

 

Definition 2.29 

A group G  is called a nilpotent group if there is a positive integer c  such that 

;1)(1 =+ Gcγ the least  such c  is called the class of the nilpotent group G . Note 

that a group is nilpotent of class 1 if and only if it is abelian. 

 

Definition 2.30 

If p  is a prime, then a p-group  is a group in which every element has order a 

power of .p For example: Klien-4 group G = },,,1{ cba where abc =  and 

.1222 === cba G is a 2-group. 

 

Cauchy’s Theorem For Abelian Groups 2.31 Let A  be a finite abelian group 

and let p  be a prime.If p | )(Ao ,then A  has an element of order .p  

Proof: We prove the result by induction on .)( nAo = For 1=n  result is true. 

Assume  result  is  true  for  all  abelian  groups of order .n<  If   pAo =)(  i.e  

A  is cyclic , then A  has an element of order .p So, suppose that ∃   )( eb ≠ A∈  

such that .Ab >≠<  If p divides |,| >< b  then we are done.(By theorem 2.27).So 
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let p does not divide || >< b  but ).(| Aop So,
||

|||
>< b

Ap  i.e p divides .|/| >< bA So 

by induction hypothesis >< bA /  has an element say a  of order .p Thus, 

( ) .>=< ba
p Hence, .>=< ba p (because ).)( HaaH mm = Let ka =|| , then .1=ka So, 

>=<= ba k 1  i.e .>=< ba
k Thus , .||| akp =  Hence, )(| Aop  and ).(| >< aop  

So, >< a   and hence A  has an element of order .p  

 

Theorem 2.32 A finite group G  is a −p group if and only if || G  is a power of 

.p  

Proof:If || G = ,mp then lagrange’s theorem shows that G  is a −p group. 

Conversely,assume that there is a prime pq ≠  which divides || G . 

By Cauchy’s theorem, G  contains an element of order ,q and this contradicts 

G  being a −p group. 

 

Lemma 2.33Let G  be a finite group and )(GAutf ∈ .If )(GZz∈ , then 

).()( GZzf ∈   

Proof: Let )(GZz∈ ,then gzzg =  Gg ∈∀ .So, )()( gzfzgf = . 

Since f  is a homomorphism, ).()()()( zfgfgfzf = Thus, )()( GZzf ∈ .(because 

)(gf  ranges over whole G  i.e f  is onto.)  
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                                     Chapter-3    

                      MAIN RESULT 
 

 

Lemma 3.1The central automorphisms of G  form a normal subgroup 

)(GAut Z of the full automorphism group.  

Proof:Let gf , ∈ )(GAut Z .We have to show that fg ∈ )(GAut Z  i.e 

)())((1 GZxfgx ∈− .Now, )))((())(( 11 xgfxxfgx −− = = ))((( 11 xgxxfx −− = ))(()( 11 xgxfxfx −−

).(GZ∈ Hence, )(GAut Z  form a subgroup of the full automorphism group. 

Let φ ∈ )(GAut  and ψ ∈ )(GAut Z .We have to show that φ -1ψ φ ∈ )(GAut Z  ∀  

φ ∈ )(GAut . 

Consider, 1−a (φ -1ψ φ ) a = 1−a φ -1(ψ (φ ( a )))= 1−a φ -1(φ ( a )φ ( a )-1ψ (φ ( a ))) 

                                                                   = 1−a φ -1(φ ( a ))φ -1(z) where )(GZz∈ .   

                                                                   = 1−a a φ -1(z)= φ -1(z)∈ ).(GZ . 

 Hence, )(GAut Z  is a normal subgroup of ).(GAut  

 

Theorem 3.2 Prove that the following two Statements are equivalent: 

1)An automorphism σ  of a group G  is central if σ  commutes with every 

automorphism in )(GInn . 

2)An automorphism σ  of a group G  is central if )(1 gg σ−  lies in the center of 

G , for all g  in .G   

Proof (1)→ (2) 

Let σ  commutes with every automorphism in )(GInn  i.e .σσ gg II ≡ So, 

)()( xIxI gg σσ = .x∀ Then, .)()( 11 −− = gxggxg σσ Thus, .)()()()( 11 −− = gxggxg σσσσ  
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So, .)()()()( 111 −−− = gxgxgg σσσσ Hence, )()()()( 11 ggxxgg σσσσ −− =  .x∀  

(2)→ (1) 

Let )(1 gg σ−  lies in the center of G , for all g  in .G  i.e ).()(1 GZgg ∈− σ  

So, .)(1 zgg =− σ Thus, .)( gzg =σ  

Consider, 1111 )()()()()())(( −−−− === gzxgzgxggxgxI g σσσσσσ .)( 1−= gxgσ  

Now consider, .)())(())(( 1−== gxgxIxI gg σσσ Hence, .σσ gg II ≡  

 

Lemma 3.3 )(GAutZ is a normal subgroup of ).(GAut . 

Proof:Let ).(, GAutZ∈ψφ So, Z(G).z  z(z) and )( ∈∀== ψφ zz Consider, )(1 z−φψ

)(zφ=  .z= (since  ψ is an automorphism so zz =− )(1ψ .Hence, )(1 GAutZ∈−φψ  

and )(GAutZ  is a subgroup of )(GAut .Let )(GAut∈σ  and 

∈φ )(GAutZ .Consider ))(()( 11 zz σφσφσσ −− = = )(1 zφσ − = zz =− )(1σ .(As )(GAut∈σ , 

so zz =− )(1σ ). 

 

For example, )(GInn ).(GAutZ∈ i.e )(GInn  fixes )(GZ  elementwise: 

Let ).(GZx∈ Consider .)( 11 xxgggxgxI g === −− And )(GInn  ∈ )(GAut Z  if G  is 

nilpotent of class 2. Let )(GInnI g ∈  and GGI g →:  be defined by .)( 1−= gxgxI g  

Consider, [ ] ).(,)( 1111 GZGgxgxgxxIx g ≤′∈== −−−−   

 

• And it is clear from the lemmas 3.1 and 3.3 that )(GAut Z
Z ).(GAut<  

 

Definition 3.4 

If G  and H  are two groups,We denote by ),(Hom HG  the set of all group 

homomorphisms from G  to .H  
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Theorem 3.5If H  is abelian , then Hom ),( HG  is an abelian group  with the 

binary operation defined by )()())(( xgxfxfg =  for all gf ,  ∈Hom ),( HG  and 

for all .Gx∈  

Proof: 

1)Associative Property:  

Let hgf ,, ∈ ).,(Hom HG  

).()()()())(())()(( xhxgxfxhxfgxhfg ==  

).()()())()(())(( xhxgxfxghxfxghf ==  

So, associative property holds. 

2)Existence of Identity: 

 Let HGI →:  be defined by 1)( =xI  .Gx∈∀ Clearly, ).,(Hom HGI ∈  

 Let ).,(Hom HGf ∈ Then ).)(()()()()()())(( xIfxfxIxfxIxfxfI ====  

 So, I is the identity. 

3)Existence of Inverse: Let f ∈ ),(Hom HG . 

  We define HGf →− :1  by .))(()( 11 −− = xfxf  

 ).()()()())(())(())()(())(()( 111111111 yfxfxfyfxfyfyfxfxyfxyf −−−−−−−−− =====  

  Thus, 1−f ∈ ),(Hom HG . 

  And, .))()(()()())(( 111 Ixfxfxfxfxff === −−−  

  Similarly, .)())(()()())(( 111 Ixfxfxfxfxff === −−−  

  So, 1−f  is the inverse of f . 

4)Commutative Property: Let gf , ∈ Hom ).,( HG  

).)(()()()()())(( xgfxfxgxgxfxfg ===  

i.e .gffg =  
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Lemma3.6Hom ≅× ),( CBA Hom ),( CA ×Hom ).,( CB  

Proof:Let BA  ,  and C  be abelian groups. 

Let φ ∈ Hom ),( CBA× .Then A|φ ∈ Hom ),( CA  and B|φ ∈ Hom ).,( CB  

)0,()0,( aaA φφ =  and  ).,0(),0( bbB φφ =  

Define :f  Hom →× ),( CBA Hom ),( CA ×Hom ),( CB  by ).,()( BAf φφφ =   

f  is a homomorphism: 

))(,)(()( 212121 BAf φφφφφφ ++=+  

Consider A)( 21 φφ + = )0,()( 21 aAφφ + = ).0,()0,()0,)(( 2121 aaa φφφφ +=+  

Similarly, B)( 21 φφ + =φ 1 ),0( b +  φ 2 ).,0( b  

So, ))(,)(()( 212121 BAf φφφφφφ ++=+     

                    )),0(),0(),0,()0,(( 2121 bbaa φφφφ ++=   

                    )),0(),0,(()),0(),0,(( 2211 baba φφφφ +=                       

                    )),0(),0,(()),0(),0,(( 2211 baba BABA φφφφ +=  

                    ),(),( 2211 BABA φφφφ +=   

                    ).()( 21 φφ ff +=   

f  is 1-1: Let )()( 21 φφ ff = i.e ).,(),( 2211 BABA φφφφ = Thus AA 21 φφ =  and BB 21 φφ = . 

             )0,()0,( 21 aa AA φφ = .So, )0,()0,( 21 aa φφ = .Hence 21 φφ = . 

              Hence f  is .11−  

f  is onto:Let ∈g Hom ),( CA  and  h ∈Hom ).,( CB  

              Let φ ∈Hom ),( CBA×  defined by ),0()0,(),( bhagba +=φ . 

              )0,0()0,()0,( hagaA +=φ = )0,(ag . 

              ),0()0,0(),0( bhgbB +=φ = ),0( bh . 

So,∀ ∈g Hom ),( CA  and h ∈Hom ),( CB  ∃  ∈φ  Hom ),( CBA×  s.t ).,()( hgf =φ  

Hence, f is onto.  
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Let A,B and C be abelian groups for the following three lemmas: 

Lemma 3.7 Hom =),( BA Hom ).,( AB  

Proof:Proof can be found in [12]. 

 

The following Lemma follows easily from above two lemmas. 

Lemma 3.8 Hom ),( CBA × =Hom ×),( BA Hom ).,( CA   

 

Lemma 3.9 Hom dnm CCC ≈),( ,where =d gcd ).,( nm  

Proof: Proof can be found in [12]. 

 

Theorem 3.10 If A  is an abelian group,then Hom AAZ ≅),( .  

Proof:Let a ∈ A .Define AZTa →:  by .)1( aTa = Since, .1 >=<Z aT  can be  

extended to a homomorphism AZTa →: . 

) .....11()( timesmTmT aa ++= = timesmTT aa  ....)1()1( ++ timesmaa ....++= ma= ).1(amT=  

.0)0( =aT Define  ),(Hom: AZA→φ  by .)( aTa =φ  

Now we show that φ  is a homomorphism. 

.)( baTba +=+φ ).()()1()1()1( baTTbaT baba φφ +=+=+=+  

 So, φ ).()()( baba φφ +=+   

Hence, φ  is a homomorphism. 

If ∈T Hom ),( AZ ,then bT =)1(  for some .b  

Hence, .bTT ≡ So,φ  is onto. 

Let φ )(a =φ )(b  i.e   ba TT ≡   so  )1()1( ba TT = .Thus, .ba = And henceφ  is .11−  

Thus, ),(Hom AZA ≅ . 
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Theorem 3.11 1.)Z,Hom(Z =nm qp
 if qp ≠ . 

Proof:Let A = >< a  and B = >< b  be two finite cyclic groups. 

Let BAT →:  be a non zero homomorphism.Let .0)( ≠= caT Let na =|| .Then 

ncanTnaTT ==== )()()0(0 .Thus, || c divides .|| an = If qp ≠ ,then order of no 

element of  nq
Z  can divide .mp So, 1.)Z,Hom(Z =nm qp

 if qp ≠ .(i.e there will be 

only zero homomorphism). 

 

Theorem 3.12 .)Z,Hom(Z ),min( nmnm ppp
Z≅   

Proof:Let .>=< aZ mp
For each non zero np

Zc∈ ,  || c divides || a ,we have a non 

zero homomorphism nm ppc ZZT →:  given by .)( caTc = If nm ≥ ,then each 

c≠0 np
Z∈  is s.t npc /||  and hence ./|| mpc So, .|),(Hom| n

pp
pZZ nm = Let 

>=< bZ np
 and baTb =)( .If c np

Z∈ ,then .rbc = Thus, .rbc TT ≡ )).(()( aTrrbaT brb ==  

And, ).)(()( arTarT bb = Hence, .brb rTT = So, .brbc rTTT ≡=  

So, ),(Hom nm pp
ZZ = .>< bT Hence, ),(Hom nm pp

ZZ .np
Z≅   

So, . if |),(Hom| nmpZZ n
pp nm ≥=     -------(1) 

Let n m≥ . ).,(Hom),(Hom mnnm pppp
ZZZZ ≅  (lemma 3.7) 

.|),(Hom| m
pp

pZZ mn =            by (1) 

 

Lemma 3.13 Let ba,  be two elements of finite order,of a group G  such that 

)(ao and )(bo  are co-prime and .baab = Then ).()()( boaoabo =  

Proof:Let mao =)( and .)( nbo = Let >=< abH  be the subgroup of G  generated     

by .ab Since, ,)( ebaab mnmnmn == we get  .|)()( mnaboHo = Now, mmm baab =)( mb=  
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,H∈ since ea m = .As ,1),( =nm and ,)( nbo = we have .)()( nbobo m == Since Hbm ∈  

so, )(|)( Hobo m .Hence, ).(| Hon Similarly, ).(| Hom Thus,we have ).(| Homn  

Hence ).()( abomnHo == This proves the lemma. 

 

Lemma 3.14 The order of any element of a finite abelian group G  divides the 

largest order of an element of G . 

Proof:Let there exists an Ga∈  such that kao =)(  and for every 

,Gb∈ .)()( kaobo =≤ Suppose on the contrary there exists Gb∈  such that )(bo  

does not divide .k This implies that there exists a prime number p such that for 

some positive integer )(|, bopt t  but tp  does not divide ).(ao This means that  

we can write spaoqpbo βα == )(,)(  such that ,1),(,1),( == spqp  and .αβ < Let 

., 00

βpq aabb == Then ,)( 0
αpbo = and .)( 0 sao = Lemma 3.13 gives =)( 00bao spα  

).(aosp => β This contradicts our assumption.Hence lemma follows.  

 

Definition 3.15(Internal Direct Product) 

A group G  is said to be an internal direct product of its subgroups nHHH ,...., 21  

if it satisfies the following conditions: 

(i)For ji ≠  ., ijjijjii aaaaHaHa =⇒∈∈  

(ii)Each Gx∈  is uniquely expressible as ,1,,...21 niHxxxxx iin ≤≤∈= in the 

sense that if also ,1,,...21 niHyyyyx iin ≤≤∈= then .iyx ii ∀= If the binary 

composition in G  is addition,we say that  G  is an internal direct sum of 

,,...., 21 nHHH and write .....21 nHHHG ⊕⊕⊕=  
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Fundamental Theorem of finite abelian groups 3.16 Every Abelian group 

G  of order n, is a direct product tGGGG ×××= ....21 ,where iG  are cyclic 

subgroups of order in  such that ii nn /1+  and the integers in  are uniquely 

determined.Further ....21 tnnnn =  

Proof:We prove the result by induction on ).(Go If 1)( =Go ,the result holds 

trivially.Suppose 1)( >= nGo  and that result holds for all abelian groups of 

order ).(Go<   

          Let 1g  be an element of G  of largest order .1n  Let .11 >=< gG If 

1GG = ,then G  itself is cyclic.Let .1GG ≠ Then .)/(1 1 nGGO << By the induction 

hypothesis  tHHHGG ×××= .../ 321  where each iH  is a cyclic subgroup of  

1/ GGG =  of order 1>in  such that ii nn |1+  ∀ ,1,...,4,3,2 −= ti and 

)(/ 1 GOnn = = ....32 tnnn -----(1) 

            Now each 1/ GHH ii =  for some subgroup iH  of G  containing 

.1G Choose ii Hh ∈  such that 1Ghh ii =  is a generator of .iH Then 

iiii mn
i

n
i

n

i ghgGhGeh 1111 So,. i.e =>=<∈== for some im  such that  .1 1nmi ≤≤ Let 

).,( iii nm=α Then iiim βα=  for some ,1≥iβ iin γα=1  for some 1≥iγ  and 

.1),( =ii γβ Now, iingo γα== 11 )(  so i
igo γα =)( 1 .As )(,1),( 1

iigoii
βαβγ = ).( 1

igo α=  

However , .1
iii gh n

i
βα= So, .)( i

n
i

iho γ= On the other hand )(| i.e )(|)( iiii honhoho .So   

.
)(

)(
i

in
i n

ho
ho i = Hence, .)()( iii

n
ii nnhoho i γ==     ---------(2) 

          Since ,|)( 1nho i  the largest order(lemma 3.14) and ,1 iin γα= we have 

.| iiii n γαγ So iiiii nn δαα = so |  for some .1≥iδ Then .1
iiii nn

i gh βδ= Put  

iighg ii
βδ−= )( 1  .,...3,2 ti =∀ We see that .)(, 11 eghghGgg iiiii nn

i
n

iiii ==== − βδ  
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This yields .)( ii ngo = Define .....32 ><>><=< tgggH H  is subgroup of G  

such that ....|)( 32 tnnnHo Let 1/: GGGf →   be  the  natural  homomorphism. 

Since ><××><×>=< tgggHf ...)( 32 1432 /.... GGHHHH t =××××=  and also 

,/)()( 11 GHGHf = we get .....2111 ><>><=<== tgggHGHGG The fact that 

tnnnnGo ...)( 21== )()....()( 21 tgogogo=  gives ......21 ><××><×>=< tgggG  

Also, iii ngogo ==>< )()(  such that .|1 ii nn +  

Suppose  tHHHG ×××= ....21    ---------(3) 

                   uKKK ×××= ....21     --------(4) 

be two decompositions of G  into internal direct product of cyclic 

subgroups,such that for ,)(,)(,,....,2,1,,...,2,1 jjii mKonHoujti ==== for 

,1−≤ ti ii nn /1+  and for .|,1 1 jj mmuj +−≤ Consider ,Gg ∈ then (3) gives 

.;...21 iit Hhhhhg ∈= Since iii nHoho =)(|)(  and ,| 1nni we get .1 eh n
i =  

Consequently ..... 1111
21 ehhhg n

t
nnn == Thus, Ggngo ∈∀≤ 1)( .Further as 1H  is cyclic 

group of order 11, Hn  contains an element of order .1n Hence 1n  is the largest 

order of an element of .G Similarly 1m  is the largest order of an element of 

.G Thus .11 mn = Suppose we have proved that 112211 ,....,, −− === ii mnmnmn  for 

some ;i we shall prove that .ii mn = Suppose on the contrary ,ii mn ≠ and to be 

definite let .ii mn > Define }.|{ GxxK im ∈= Since for any 

,)(,, 1 KxyyxGyx iii mmm ∈=∈ −− we get that K  is a subgroup of .G Suppose that for 

>=<= kk aHtk ,,....,2,1  and for each .,,....,2,1 >=<= jj bKuj Since for 

.,|)(, ebmmKoij im
jijj ==≥  

Hence ..... 121 ><××><×>=< −
iii m

i
mm bbbK  

Thus ,....)( 121

i

i

ii m
m

m
m

m
mKo −= since .)( jmbo jj ∀= -------------(5) 
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Since also ><××>=< taaG ....1       (from (3)) 

We have ><×><×>=< iii m
t

mm aaaK ....21 .Now 
),(

)(
ki

km
k nm

n
ao i =  .,....,2,1 tk =∀  

Consequently 
),(

.....
),(),(

......
),(),(

)(
1

1

2

2

1

1

ti

t

ii

i

ii

i

ii nm
n

nm
n

nm
n

nm
n

nm
n

Ko
+

+= -----------(6) 

Now ji mm |  and jj nm =  ,ij <∀ by our hypothesis. 

Thus 
i

i

ji

j

ji

j

m
m

mm
m

nm
n

==
),(),(

  .ij <∀  

Hence from (5) and (6) we obtain 

),(
......

),(
1

ti

t

ii

i

nm
n

nm
n

=    -------------(7) 

However ii nm <  gives .1
),(
>

ii

i

nm
n As a consequence,(7) cannot hold.This gives 

.ii nm = Hence by induction ii nm = .i∀ However ....... 2121 ut mmmnnnn == Thus we 

must also have .ut = This completes the theorem. 

 

Corollary 3.17 Every finite abelian −p group G  is expressible as an internal 

direct product of cyclic groups  rGGGG ××= ....21  such that im
i pGo =)(  

ri ,...2,1=∀  and 1+≥ jj mm  .1,...2,1 −=∀ rj Further imp are uniquely determined. 

Proof:By the above theorem,we can express rGGGG ×××= ....21  ---------(1) 

such that each iG  is a cyclic subgroup of order in  and jj nn |1+  .1−≤∀ rj  

Since G  is a −p group,each iG  is a −p group,we have mpGO =)(  for some 

,m and .)( ipGon im
ii ∀== Since ,|1 jj nn + we have jj mm ≤+1  .1−≤∀ rj  

If  sHHHG ×××= ....21 ----------(2) is another decomposition of G  into cyclic 

subgroups such that iu
i pHo =)( si ,...,2,1=∀  and 1+≥ jj uu  ,1−≤∀ sj we see that 

)(|)( 1 jj HoHo +  .1,...,2,1 −=∀ sj This establishes the corollary. 
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Theorem 3.18 Suppose K  is an abelian −p group of exponent cp ,and A  is                 

Cyclic of order divisible by cp .Then Hom ),( AK  is isomorphic to K . 

Proof:Given A  is cyclic of order divisible by cp ,therefore mpc=|A|  for some 

positive integer m .Since K  is an abelian −p group of exponent cp . 

Therefore, .|| tcpK +=  

Let K .....321 KKK ××=  (theorem 3.16) (Here no iK  is of order > cp ) 

.......),Hom(),Hom(),(Hom 21 ××= AKAKAK (lemma 3.6) 

               ........321 ×××= KKK (lemma 3.9) 

               .K=  

i.e ),(Hom AK  is isomorphic to .K  

 

Definition 3.19 (Rank) 

A  finite  abelian  group  has  RANK n  if it is a direct sum of n  cyclic groups 

and n  is minimal possible. 

 

Lemma 3.20Suppose K  is an abelian −p group of rank r ,and A  is cyclic of 

order p .Then ),(Hom AK  is isomorphic to .)( r
pC  

Proof :Let ......21 rnnn ppp
CCCK ×××=  (definition of rank) 

),(Hom.........),(Hom),Hom( 1 pppp
CCCCAK rnn ××=    (lemma 3.6) 

                .)(........ r
pppp CCCC =×××≅ (lemma 3.9) 

 

Lemma 3.21 If G  is nilpotent group of class 2,then exp )( 'G =exp ))(/( GZG . 

Proof: Lemma 0.4 [11].  
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Definition 3.22 (Purely non abelian group) 

A non-abelian group G  which has no non-trivial abelian direct factor is said 

to be purely non-abelian. 

 

Let G  be a purely non-abelian −p group,of nilpotent class 2. Let )(/ GZG  and 

G′  have exponent cp ,with ranks r  and d  respectively.If 1=r , )(/ GZG  is 

cyclic and G  is abelian but we have taken G  is non-abelian.So .2≥r  .Let 

)(GZ  have rank z .As G  is of class 2 so ).(GZG ≤′ .So, )(GZ  has exponent at 

least .cp  

 

Lemma 3.23 |Hom ))(),(/( GZGZG |≥ | )(/ GZG | .)1( −zrp  

Proof:Let zCCCGZ ×××≅ ....)( 21  because )(GZ  have rank .z  

Hom ))(),(/( GZGZG )),(/(Hom.....)),(/(Hom 1 zCGZGCGZG ××≅  since )(GZ  has z  

direct factors and at least one of these say 1C  is of order .cp  

Hom ))(),(/( GZGZG )),(/(Hom.....)),(/(Hom)(/ 2 zCGZGCGZGGZG ×××≅ (by  

theorem 3.18) 

Hom ))(),(/( GZGZG )),(/(Hom.....)),(/(Hom)(/ pp CGZGCGZGGZG ×××≥  

                                .)(.....)()(/ r
p

r
p CCGZG ×××≅ (by lemma 3.20) 

Therefore, |Hom ))(),(/( GZGZG |≥ | )(/ GZG | .)1( −zrp  

 

Lemma 3.24 If G  is a finite −p group,then )(GAut z
z Hom≅ ))(),(/( GZGZG . 

Proof: Let )(GAutf Z
Z∈ .Define fσ : )()(/ GZGZG →  by fσ ))(( GgZ = )(1 gfg − .  

As f ∈ )(GAut z
z  so )(1 gfg − ).(GZ∈ Let )()( GhZGgZ =  then gzh = ; )(GZz∈ .Now 

fσ )())(( 1 hfhGhZ −= )()()( 111 gzfgzgzfgz −−− == )()(11 zfgfgz −−= == −− zgfgz )(11
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=− )(1 gfg )).(( GgZfσ (As f  fixes each element of )(GZ ).Hence, fσ is well 

defined.Define ))(),(/(Hom)(: GZGZGGAut Z
Z →σ by .)( ff σσ = Consider, 

))(())(()( 1 hgfhGhZgf gfgf +===+ −
++ σσσ = ))()((1 hghfh +− = )()( 11 hghhfh −− + = 

gf σσ + = ).()( gf σσ + Hence,σ  is a homomorphism. 

Let )()( 21 ff σσ = i.e
21 ff σσ = .Thus  ))(())((

21
GgZGgZ ff σσ = )(/)( GZGGgZ ∈∀ . 

So )()( 2
1

1
1 gfggfg −− =  i.e  )()( 21 gfgf = ∀g∈G. Hence .21 ff = Therefore,σ  is 

1-1.Now for each h ∈Hom ))(),(/( GZGZG ,the map f  defined by 

))(()( GgZghgf =  for all Gg ∈  is a central automorphism fixing )(GZ  

elementwise and .)( hf =σ Let .1)( =xf i.e 1))(( =GxZxh so 1))(( −= xGxZh and 
1−x ∈ )(GZ .Hence x ∈ )(GZ  and )()( GZGxZ = .So 1))(( =GxZxh  i.e 

1))(( =GZxh .And since 1))(( =GZh so 1=x .Hence f is 1-1.Now, Since G  is 

finite and f  is .11− .So, f  is onto. 

Let 21, gg G∈ . ))(()( 212121 GZgghggggf = = ))()(( 2121 GZgGZghgg        

)))(())((( 2121 GZghGZghgg= )()())(())(( 212211 gfgfGZghgGZghg == .So, f  is an 

automorphism.Since, )())(()))((()( 11 GZGgZhGgZghggfg ∈== −− as 

h: )()(/ GZGZG → .So, f  is a central automorphism. 

Let .1.))(())(()().( ggGZghGgZghgfGZg ====∈  

Hence, f  fixes )(GZ  elementwise.So )(GAutf Z
Z∈  and .)( hf =σ So,it follows 

that σ  is a group isomorphism and )(GAut z
z ≅Hom ))(),(/( GZGZG . 

 

Theorem 3.25 If G  is a finite p-group,then )()( GInnGAut z
z = if and only if G  is 

abelian or G  is nilpotent of class 2 and )(GZ  is cyclic. 

Proof:Suppose first that )()( GInnGAut z
z = and G  is non abelian .Let Gg ∈ .Then 

the inner automorphism gθ  induced by g  is a central automorphism and so 
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)()(],[ 1 GZxxgx g ∈= − θ for all .Gx∈ This shows that G  is nilpotent of class 

2.Since G  is nilpotent of class 2,exp ))(/( GZG =exp )(G′ = cp  for some natural 

number c .(from lemma 3.21).Let )(/ GZG  and )(GZ  have ranks r  and 

z ,respectively.As G  is nilpotent of class 2, it follows from lemmas 2.15,     

3.23 and 3.24 that |)(/| GZG = |)(| GInn = |)(| GAut z
z = |))(),(/(Hom| GZGZG ≥     

)1(|)(/| −zrpGZG .Since ,1,2 =≥ zr it follows that )(GZ  is cyclic. 

Conversely,if G is abelian,then it is clear that )()( GInnGAut z
z = =1.Assume that 

G  is nilpotent of class 2 and )(GZ  is cyclic.Since,G′ )(GZ< (as G  is nilpotent 

of class 2) so  )(/ GZG  is an abelian p-group(Theorem 2.21).Since )(GZ  is 

cyclic and G′ )(GZ< ,so G′ is cyclic i.e G′= >< a  and exponent of  G′  will be 

order of G′ only . Hence, )(/ GZG   is of exponent || G′ . 

It follows from  theorem 3.18 that ))(),(/Hom( GZGZG ).(/ GZG≅ Therefore 

)(GAut z
z ≅ ))(),(/(Hom GZGZG ≅ )()(/ GInnGZG ≅ .Since G  is nilpotent of class 

2, )()( GAutGInn z
z≤  and hence ).()( GInnGAut z

z =  
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