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Chapter-1
INTRODUCTION

Throughout this thesis, pdenotes a prime number and G denotes a finite
group unless stated otherwise.We denote by G',Z(G),exp(G), Aut(G) and
Inn(G), respectively, the commutator subgroup, the center, the exponent, the

automorphism group and the inner automorphism group of G.An
automorphism o of a group G is central if o commutes with every

automorphism in Inn(G), or equivalently, if g7'o(g) lies in the center of G, for
all g in G. The central automorphisms fix the commutator subgroup G'of G
element wise , and form a normal subgroup Aut”(G),of the full automorphism
group Aut(G). We denote by Aut,(G) the set of all those automorphisms of G
which fix Z(G) elementwise.We denote by Aut) (G)= Aut,(G) Aut”(G),the
group of all central automorphisms of G fixing Z(G) element wise.
Non-abelian p-groups G in which all automorphisms are central,
that 1s Auz, (G) = Aut(G), have been well studied. If Auz(G) is abelian then this

is necessarily the case, and various papers such as [2], [4] , [8] , [10] , [11]

have considered this situation. But even if Aut(G) is non-abelian , all
automorphisms may be central and this case has also been explored , for
example in [3], [7] , [9]. Curran [5] has proved that if Aut,(G)=Z(Inn(G))
then Z(G)<G' and also  Aut,(G)=Z(nn(G)) if and only if
Hom(G/G',Z(G)) = Z(Inn(G)) . Curran and McCaughan [6] have proved that if

G is a finite p - group, then Autz,(G) = Inn(G) if and only if G’ = Z(G) and



Z(G) 1s cyclic.In this thesis we prove that if G is a finite p - group,then
Aut? (G) = Inn(G) if and only if G is abelian or G is nilpotent of class 2 and

Z(G) 1s cyclic.All the main results in Chapter-3 of this thesis are proved in

[].



Chapter-2
NOTATIONS AND PRELIMINARIES

Definition 2.1(Cyclic Group)

A group G 1is said to be a cyclic group if there exists an element b e G ,such
that every element of G is a power of ».The element » is called a generator
of G and we denote G by <b>. If the composition in G were denoted
additively then we could say that G is a cyclic group if there exists an element

a of G such that every element of G is of the form na where » is an integer.

Definition 2.2(Quotient Group)

Let G be a group and let N be a normal subgroup of G .Then the set G/N of
all cosets of N in G ,together with the binary composition defined by
(Na)(Nb) = Nab for all Na,Nbe G/N, is a group, and is called the quotient

group of G by N. Further if the binary composition in G is addition,each
coset of N in G is denoted as N +a,then the binary composition in G/N is

also denoted additively i.e we write (N +a)+ (N +b)= N +(a +b).

Definition 2.3 (Center)

The center of a group G, denoted by Z(G),is the set of all a € G that commute
with every element of G .It is easy to check that Z(G) is a normal abelian

subgroup of G .



Definition 2.4(Kernel of a homomorphism)

Let f be a homomorphism of a group G into a group G',then the kernel of f

is the set ={x e G| f(x) =¢,the identity of G'.}.We shall denote the kernel of

by Ker f.

Theorem2.5l.et G and G’ be any two groups,e and ¢',their respective

identities.If f is a homomorphism of G into G',then

(1) fle)=e"

Q) ST =f(x)" VxeG.

(3) Ker f 1s normal subgroup of G.

Proof:

(1)Since ee=e, f(e)f(e) = f(e).However f(e)e G gives f(e)=e'f(e).

Thus f(e)f(e)=e'f(e) = f(e) =€, by right cancellation in G'.

(2)For any x € G,since xx™' =e,we get f(x)f(x) = f(xx"") = f(e) = €. Similarly,
x'x=e gives f(x")f(x)=e.Hence, f(x™")= f(x)".

(3)Since f(e)=¢€', ec Ker f.This shows Ker f #¢.

Now let a,beKer f,xeG.ac Ker f ,be Ker f.S0, f(a)=¢', f(b) = e

ie flay=e, f(b)=f(b)" =¢.So, f(ab™) = f(a)f(b)" =ce' =

Hence,ab™' € Ker f.This proves that Ker f is a subgroup of G.

It remains to show that it is also normal.Now, f(x'ax) = f(x™) f(a) f(x)
=f(x)" fla) f(x)= f(x)"ef(x)= f(x)" f(x) = .Consequently x'ax e Ker f .

Hence, Ker f is a normal subgroup of G.



Theorem 2.6 If G is a group such that G/Z(G) is cyclic, then G is abelian.

Proof:Put N=Z7(G) and let G/N =<gN > for some geG.Let a,becG then
aN =(gN)" =g"*N and bN =(gN)' =g'N for some k,! eZ.Thus,a=g‘n and
b=g'n,, n,n,eN.This gives that ab=g"'nn, and ba=g""nn, as n,n,

e N = Z(G).Hence, ab = ba.

Definition 2.7 (Principle of well-ordering)

Every non-empty set of integers which is bounded below must possess a least

element.

Theorem 2.8(Division Algorithm)If « and » are integers,b = 0,then there

exist integers ¢ and r, such that a =bg +r with 0<r </ b|.Further if a =bq, +r,
with 0<7, <|b|,then r=r, and ¢g=g¢,.

Proof:lLet S={a—|b|s:seZ and a—|b|s>0}.Since |a|b|>|a|>-a,we get
a+|a||b|>0.So that for s=—|a|, a+|b|al=a—|b|s=0,gives a—|b|s e S.Hence
S is non empty.By the well ordering principle S has a smallest member say
r.Then,» =a—|b|t for some ¢ e Z.

Clearly r>0.We  claim  that r<|b|.For let r>|b|.Then
0<r—|b|<r.However r—|b|=a—|b|(1+1) gives that r—|b|e S.This contradicts
the fact that » is the smallest member of S.Hence 0<r<|b|.Thus,we have
a=|b|t+r with 0<r<|b| ----- (1)

If b>0,b|=b.Then by putting g=tin (1) we get a=bg+rlIf
b<0,|b|=-b.Then by putting ¢=-(¢),we get a=bqg+r.We now prove the
uniqueness of ¢ and r.For let also a=bqg'+r,q,r'€Z,0<r' <|b|.We get

bg+r=>bq'+r'.So that b(g—q")=r"—-r.

10



If g#4',|b(g—q")|=|b]|,but | ¥ —r |< max(r,r") <|b|;this leads to a contradiction.
Hence ¢ =q'.Consequently bg+r=bg+r" and hence r=r"This proves the

theorem.

Theorem 2.91.et G be a finite group and let a e G be an element of order

n.Then a" =e¢ if and only if » is a divisor of m.

Proof:Firstly,let » is a divisor of m ,where o(a) =n.So there exists a positive
integer ¢ such that m =ng. Now a” =a™ =(a")! =e’ =e.

Conversely,let a” = e ,where o(a) = n.Suppose m is not divisible by ». Dividing
m by n, m=nqg+r where ¢,rel and0<r<nThus,e=a" =a""" =a".a"
=(a").a =e’.a” =a",a contradiction,since o(a)=n.Thus »=0 and hence m is

divisible by .

Theorem 2.10:Let G be a group and let a € G be an element of order m.Then

™ _ where k e N.

o(ak) =

5

Proof:Let o(a*)=t.Now,a" =(a"*)' = e, but o(a) = m. Thus by above theorem ,

m|kt.Let d=(mk).Thus d|m and d|k.Let m=md and k=kd where
(m,,k)=1.S0 gzml.Thus we need to prove m, =tNow m|kt,s0

m,d | k,dt. Thus m, |k, but (m,k)=1.Hence m, |t. --------- (1)
Again (a")" =a™ =a"" =a"" =(a")" =e,but o(a")=1.Thus, t|m,.---------- (2)

From (1) and (2),we get m, =t This proves the theorem.

11



Definition 2.11 (Homomorphism)Let G and G' be any two groups and let "

and '+ denote their respective binary compositions . A mapping f:G — G’ is
called a homomorphism if f(ab) = f(a)* f(b) Va,b € G.
A homomorphism f ,which at the same time is onto is called an epimorphism.

A homomorphism which is at the same time 1-1 is called a monomorphism,
A homomorphism of a group G into itself is called an endomorphism of G.

A homomorphism f of a group G onto a group G’ is called an isomorphism

if f isa 1-1 mapping.

Definition 2.12 (Automorphism)

An isomorphism of a group G onto itself is called an Automorphism of G .

Definition 2.13 (Inner Automorphism)

Let @ be an element of a group G.The map f,:G— G given by f,(x)=axa™

vV xeG becomes (proved below) an automorphism of G and is called an

inner automorphism of G determined by «.Inn(G) denotes the set of all inner

automorphisms of G.Letf, (x)=7,(y) then axa™ =aya™'.Premultiplying by
I

a”'on both sides,we get xa™' =ya~'.Again post multiplying by « on both

sides,we get x=y.Hence,f, is one-one.For each yeG3 a'yaecG st

' = y.Hence, f, is onto.

fu(aya)=a(a" ya)ya~
Now, £, (xy) = a(xy)a™ = axa aya™ = f,(x) f,(»).

So, £, 1s a homomorphism and hence f, is an automorphism.

12



Theorem2.14(Fundamental Theorem of Homomorphism)lLet G be a

group.If N is a normal subgroup of G ,then G/N is a homomorphic image of

G .Conversely if any group G’ is a homomorphic image of G then G’ is
isomorphic to some quotient group of G .In fact,if f is a homomorphism of
G onto G'.then G'=G/Kerf.

Proof:Define /:G— G/N by f(a)=Na VaeG.Since f(ab)= Nab = (Na)(Nb)
= f(a)f(b) Va,beG,and for each NceG/N, f(c)=Nc,we sec that f 1is a
homomorphism of G onto G/ N.

Conversely let G' be a homomorphic image of G,then there exists a
homomorphism g of G onto G'.Let N =Kerg.We know that Nis a normal
subgroup of G (theorem 2.5).Consider the quotient group G/N .Define
f:G/N -G by f(Na)=g(a) VaeG.

Firstly we show that f is well defined.For this,let a,,a, € G with Na, = Na,.
So, aa, €N 1ie g(aa, )=¢, the identity of G'.So,g(a)g(a,)” = and
g(a,)) = g(a,).Hence, f(Na,) = f(Na,).Consequently f is well-defined.Now for
any  Na,Nbe G/N. f[(Na)(Nb)]= f(Nab) = g(ab) = g(a)g(b) = f(Na) f (Nb).This
shows that f is a homomorphism.

Further f(Na) = f(Nb) i.e g(a)=g(b).S0,g(a)g(h) =c.And gab')=¢ i.e
ab™' € Ker g = N.Hence, Na = Nb. Thus, f is a 1-1 mapping.

Lastly let xeG',as g is onto 3 aeG such that g(a)=x. Consequently
f(Na) = g(a) = x. This proves that f is also onto.Hence f is an isomorphism of

G/Nonto G'and G/N = G'.This proves the theorem.

13



Theorem2.15 For any group G, Inn(G) is a normal subgroup of Aut(G).

Further Inn(G) = G/Z(G), where Z(G) denotes the center of G.
Proof: Clearly, 7 € Inn(G) as I(x)=x=exe' = f,(x) V xe G.Now forany a G,
x€G, f,o [ ()=L1f, ()]=f.la " x(@") "= f,(a 'xa) = a(a ' xa)a™ = x = ().
This implies f, o f , = 1.Similarly,(f ., o f,)(x) = 1(x).Thus, f o f, =1 = f,° f |
showing thereby that (f,)™ = ., € Inn(G). Also for any f,, f, € Inn(G). f, o f, =
foo f,(0) = fUf,(0)]= £,[bxb™ 1 = abxb™'a™ = (ab)x(ab) ™ = f,,(x).Thus f, = f, = .,
e Inn(G).Hence Inn(G) is a subgroup of Aut(G).

To show that /nn(G) 1s a normal subgroup of Auz(G),it only remains to
prove that for any 7, € Inn(G), o € Aut(G), o f, oo™ € Inn(G).
Letxe G then(oo f, oo )(x) = o(a)olo ™ (x)]o(a™) = a(@)x[o(a)] " = £, (x).

1

oo f, o0 =f, ., €Inn(G).Now we consider the last part of the theorem.For

o(a
this purpose define a mapping ¢:G— Inn(G)by ¢(a)=f,V a e G.Then
dlab)=f., = f o f, =d(a)op(b) ¥ a,b e G shows that ¢ is a homomorphism.

Clearly,¢ 1s onto since each member of Inn(G) is of the form f, and by
definition f, = ¢(a). Applying Fundamental Theorem of Homomorphism we
get G/ Kerg = Inn(G). The result will follow if we show that Kerg = Z(G).Now
a € Kerg if and only if ¢(a) =1,the identity of Inn(G) if and only if f, =1 if
and only if 7, (x)=1(x) V xe G if and only if axa™ = x (Definition of f,) if and
only if @ e Z(G) (Definition of Z(G).Hence, Ker ¢ =Z7(G) and this completes

the proof.

14



Definition 2.16

If G is a group,then G itself and {1} are always subgroups.Any subgroup H

of G other than G 1is called a proper subgroup,and we denote this
by H < G;the subgroup 1 is often called the trivial subgroup.

Remark:If a group G is not abelian then Z(G)#G and consequently
G/Z(G)is not a trivial group; further because of the above theorem Inn(G) is

also not a trivial group.Consequently if a group G is not abelian,then G has a
non-trivial automorphism .If a group G 1is abelian,then each of its inner
automorphism is identity,so the above theorem does not provide us a non-

identity automorphism of an abelian group.

Definition 2.17 (Commutator)

If a,b € G ,the commutator of a and b ,denoted by [a,b],iS [a,b]=aba 'b".

Definition 2.18

Let S be a subset of a group G.A subgroup H of G is said to be generated by
S if it satisfies the following conditions:

(1) ScH.

(2)If K 1s any subgroup of G such that S < K,then H c K.

We denote the subgroup generated by S,by <S >.

Definition 2.19 (Commutator Subgroup)

The Commutator subgroup (or derived subgroup) of G ,denoted by G',is the

subgroup of G generated by all the commutators.

15



Lemma 2.20 If S is any non-void subset of a group G ,then the subgroup

<8 > of G generated by S is the set of all finite products of the form «,qa,...q,

where for each i,either ¢, e S or a™' €.

Proof:Let H# be the set of all finite products of the form a,a,..a,;a, or

a;' €S ,n any positive integer.Consider x =a,a,...a,,y =bb,..b, in H. Then

xy =a,a,..a,bb,..b, is a product of finite number of elements a5, such that

either the factor or its inverse is in S,consequently xye H.Further
o i

x"'=a'a..a;'a;'.Consider any «;'.Since a, or a;

n

"isin S,and a, =(a;')"',we

1 1

see that either a, or (a;')"' is in S,hence x' € H.This proves that His a

subgroup of G.Clearly,S < H.Consider any subgroup K of G containing

S.Then for each a € S,ae K and hence a™' e K. Thus if x=a,a,...a,:a, €S
or a' € S,is any element of H ,then x e K,since ¢, K ViHence H c K.

This proves that H is the subgroup of G generated by S.

Theorem 2.21 Let G be a group and G’ be its commutator subgroup,then

1)G' is a normal subgroup of G.

2)For any normal subgroup Hof G,G/H is an abelian group if and only if
H contains G'.

Proof:

1)Let a,beG,since (a'b'ab)” =b"'a"'ba 1is again a commutator,it follows
from the above lemma that each element of G’ is a product of finite number of

commutators.Consider x € G’ ,then x=g,g,...g, where for each i=12...,z,g,1s a

commutator,so that g, =a;'b;'a.b, for some a.,b, € G.Now for any a € G,

a_lxa = (a‘lgla)(a_lgza).‘.(a_lg,a).

Further,a'g.a=a"'a;'b'ab.a=(a"'a,a)"' (a”'ba) ' (a 'a,a)a'b,a) = c”'d ' cd; where

16



c=a'aa,d=a"'ba.Thus,a”'g,a is again a commutator.Hence a'xa is a
product of commutators;by definition a'xa € G'. This proves the result.

2)Consider a,becG.Let G/H be abelian 1i.e (aH)(bH)=(bH)(aH)
Y aH,bH € G/ H S0,abH = baH.Thus,a'b'ab = (ba) ' (ab) e H. Thus H contains
every commutator a 'b'ab.Consequently,as G’ 1is generated by all the
commutators,G' c H.Conversely let G'cH.Then a'b'abeG  gives
a'blabe Hie abH =baH.Thus,(aH)(bH) = (bH)(aH).This establishes that

G/ H 1s abelian.

e A group G is commutative if and only if G’ = (e).

Definition 2.221.et a,b be two integers . Integer « is called congruent

to b modulo m, written as a=b(modm) if and only if m|a-b or
equivalently a -5 is an integral multiple of m.Thus, a = b(modm) if and only if

a—b e (m),the subgroup of Z consisting of multiples of m .

Definition 2.23(Right Congruence modulo a subgroup)

Let G be a group and H be a subgroup of G .Given a,be G, a is said to be
right congruent to » modulo H {symbolically a =, b(modH)} if and only if

ab™ € H.

Theorem 2.24 If G is a group and H is a subgroup of G .Then the relation

= of right congruence modulo # is an equivalence relation on G .Further for
any a € G the set {ha|h e H} is the equivalence class to which a belongs.

Proof:Let a,h € G and ebe identity of H.

17



1)Reflexivity: Since aa™ =ee H,a =, a(mod H).

2)Symmetry:a =, b(modH)=ab”' e H.= (ab™') ' e H

ie ba'e H=b=, a(modH).

3)Transitivity: a=, b(mod H),b =, c(mod H)i.e ab™' € H,bc™' € H.

Thus,ac™ = (ab™")(bc™") e H.Hence,a =, c(mod H).

Thus the relation of right congruence modulo H is an equivalence relation on
G.Let Cl(a) denote the equivalence class to which « belongs i.e
Cl(a)={beG|b=, a(modH)}.Let Ha denote the set {ha|heH} Now
beCl(a) i.e b=, a(modH).Thus ba™' € H.S0,b = (ba")a € Ha. Thus Cl(a) c Ha.
Again c e Ha ie ¢ =ha for some he H.Thus,ca™ =he H.So, c=, a(mod H) i.e

c € Cl(a). Thus, Ha < Cl(a). Hence, Cl(a) = Ha.

Definition 2.25 (Exponent)

The exponent of a group G is the smallest positive integer » such that x" =1

vV xeG if such n exists ; otherwise it is o« .For example,the exponent of S,

1s 6.

Lagrange Theorem 2.26 The Order of any subgroup of a finite group divides

the order of the group.

Proof:Let G be a finite group and H a subgroup of G .Suppose o(H) = n.For
any a € G,define f:H — Ha such that f(h)=ha. This mapping is onto as each
member of Ha is of type ha,h € H.Further for any two elements 4,4, € H,let
f(h)=f(h,) SO ha=h,a. i.e h =h,. (right cancellation law).Hence fisa 1-1
mapping of H onto Ha.This means that o(H)=o(Ha).Let Ha,, Ha,,...,Ha, be

the totality of distinct right cosets of Hin G.Then these ¢ right cosets

18



constitute the totality of distinct equivalence classes in G determined by the

relation of right congruence modulo H.Thus Ha,,Ha,,.Ha, are disjoint
subsets of G and G =Ha, UHa, U...UHa,. As seen above o(Ha,)=o(H)=n

Vi =1,2,..t. Therefore, o(G) = nt. Hence o(H)/o(G).

e It is evident from the proof of the above theorem that o(G)/o(H) is equal to

the number of right cosets of Hin G.Similarly it can be proved that

o(G)/o(H)1s equal to the number of left cosets of H# in G.

e Lagrange’s theorm shows that a finite group G of order » has exponent

<n.

Theorem 2.27 Show that the Converse of Lagrange’s theorem holds for
cyclic groups.

Proof:L.et G=<a> be a cyclic group of order »n generated by a.Let m divide
n . Therefore,3 ¢ e Z such that » = mg. We know that, elements of G are of the

n

form «f,where k € Z.Also,o(a") =
(n,k)

( by theorem 2.10).Therefore,

n n

o ):(n,q)_q

=m.Therefore,3 an element 4o G,whose order 1s

m.Therefore,3 a cyclic subgroup H =<a? > of order m.

For uniqueness: Let H'=<a’'> be another subgroup of G of order
m.Therefore,o(a')=m i.e (a')" =e.S0,a™ =e.By Division algorithm theorem,
dk,reZsuch that [=kg+r,where 0<r<gq. So, ml=mkq+mr, where

0 < mr < mq =n. Therefore,e =a™ =a™™ =(a") a"™ =(a")".a™ =e'a” =a™.

19



But 0<mr<n Therefore above result is true if mr=0 1ie r=0.
So,! = kq. Therefore,a' =a" =(a*)".So,H' c H. But o(H') = o(H) = m.

Hence H' = H.Hence H is unique subgroup of G of order m.

Definition 2.28 (Lower central series)

The lower central series y,(G) of a group G is defined inductively as follows:
71(G)=G; 7,,(G)=[r,(G).G].Notice that »,(G)=[r,(G),G]=[G.G]=G'=G" Tt is

easy to check that y, (G)<y,(G).

Definition 2.29

A group G 1is called a nilpotent group if there is a positive integer ¢ such that

7...(G) =1;the least such ¢ is called the class of the nilpotent group G. Note

that a group is nilpotent of class 1 if and only if it is abelian.

Definition 2.30

If p is a prime, then a p-group is a group in which every element has order a

power of p.For example: Klien-4 group G={l,a,b,c} where c=ab and

2

a’=b"=c’> =1.G is a 2-group.

Cauchy’s Theorem For Abelian Groups 2.31 Let 4 be a finite abelian group

and let p be a prime.If p|o(4),then 4 has an element of order p.

Proof: We prove the result by induction on o(4)=n.For n=1 result is true.
Assume result is true for all abelian groups of order <n. If o(4)=p i.e
A 1is cyclic , then 4 has an element of order p.So, suppose that 3 b(=e) € 4

such that <5 >= 4. If pdivides |<b >|, then we are done.(By theorem 2.27).So

20



| 4]

let p does not divide |<b >| but p|0(A).SO,p|| b
<b>

1.e p divides | 4/ <b>|.So

by induction hypothesis 4/<b> has an element say a of order p.Thus,

(5),; =<b >.Hence,a_":<b > .(because(aH)" =a"H).Let |a|=k, then " =1.So,

a* =1=<b> i a =<b>.Thus , p|k=a|. Hence, plo(4) and p|o(<a>).

So,<a > and hence 4 has an element of order p.

Theorem 2.32 A finite group G is a p—group if and only if | G| is a power of

p.

Proof:If | G|=p”,then lagrange’s theorem shows that G is a p—group.
Conversely,assume that there is a prime ¢ = p which divides |G |.

By Cauchy’s theorem, G contains an element of order g,and this contradicts

G being a p - group.

Lemma 2.33Let G be a finite group and f e Aut(G).If zeZ(G), then
f(z) € Z(G).
Proof: Letz e Z(G),then zg =gz Vg e G.So, f(zg)= f(g2).

Since f is a homomorphism, f(z)f(g)= f(g)f(z).Thus, f(z) € Z(G) .(because

f(g) ranges over whole G 1.e f is onto.)
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Chapter-3
MAIN RESULT

Lemma 3.1The central automorphisms of G form a normal subgroup

Aut” (G) of the full automorphism group.
Proof:Let f,g € Aut”(G).We have to show that fge dut”(G) 1i.e
X (fe)(x) € Z(G) Now, x ' (f2)(x) = x™ (f(g(x)) =x" (f(xx " g(x)=x"" f(x) f(x "' g (x))
€ Z(G).Hence, Aut” (G) form a subgroup of the full automorphism group.
Let ¢ Aut(G) and w e Aut”(G).We have to show that ¢ 'y ¢ e Aut”(G) V¥
é e Aut(G).
Consider, a™'(¢™'y ¢)a=a" ¢ " (y ($(a)=a" ¢"(#(a)$(a) v (4(a)))
=a" ¢7(4(a))¢ ' (z) where z € Z(G).
=a'a¢(2)= ¢ (2)e Z2(G)..

Hence, Aut”(G) is a normal subgroup of Aut(G).

Theorem 3.2 Prove that the following two Statements are equivalent:

1)An automorphism o of a group G is central if & commutes with every

automorphism in nn(G).
2)An automorphism o of a group G is central if g'o(g) lies in the center of

G, forall g in G.
Proof (1)—(2)

Let o commutes with every automorphism in Inn(G) 1€ ol, =1,0.S0,

ol ,(x)=1,0(x) Vx.Then,o(gxg™) = go(x)g'. Thus, o(g)o(x)o(g™) = go(x)g .
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So, g 'o(g)a(x)o(g) " =o(x)g™' . Hence, g o(g)o(x) = o(x)g 'o(g) Vx.

(2)~>(1)

Let g7'o(g) lies in the center of G, forall g in G. i.e g7'o(g) € Z(G).
So, g7'o(g) = z.Thus, o(g) = gz.
Consider, (o, )(x) = o(gxg™) = o(g)o(x)o(g)™ = gzo(x)z"'g ™ = go(x)g ™.

Now consider, (/,0)(x) = I, (o(x)) = go(x)g~'.Hence, ol , = 1,0.

Lemma 3.3 Aur,(G)is a normal subgroup of Aut(G)..

Proof:Letg,y e Aut,(G).S0,¢(z)=zandy(z)=2zV z € Z(G). Consider, gy ' (z)
=¢(z) =z.(since w is an automorphism so y '(z) =z .Hence, gy ' € dut,(G)
and  Aut,(G) is a subgroup of Aut(G).Let oeAutr(G) and
¢ € Aut,(G) .Considero'go(z) = o '¢(a(2) =0 '¢(z2)=0c"'(2) = z .(As o € 4ut(G),

s0 oc7'(z)=2z).

For example, /nn(G) € Aut,(G).1.e Inn(G) fixes Z(G) elementwise:

Let xeZ(G).Consider I,(x)=grg™ =gg"'x=x.And Inn(G) € Aut”(G) if G is
nilpotent of class 2. Let /, € Inn(G) and I, : G — G be defined by 7, (x) = gxg™".

Consider, x ', (x)=x"'gxg™" = [x,g_l]e G' <Z(G).
e And itis clear from the lemmas 3.1 and 3.3 that Aut/ (G) < Aut(G).

Definition 3.4

If G and H are two groups,We denote by Hom(G,H) the set of all group

homomorphisms from G to H.
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Theorem 3.5If H is abelian , then Hom (G, H) is an abelian group with the

binary operation defined by (fg)(x)= f(x)g(x) for all f,g¢ eHom(G,H) and
for all xeG.
Proof:

1)Associative Property:

Let f,g,h e Hom(G, H).

(/8)(h)(x) = (f2)(x)A(x) = f(x)g(x)A(x).
S (gh)(x) = f(x)(gh)(x) = f(x)g(x)h(x).
So, associative property holds.

2)Existence of Identity:

Let 1:G — H be defined by I(x)=1 Vx e G.Clearly, I e Hom(G, H).
Let f e Hom(G, H).Then (fT)(x) = f(x)I(x) = f(x) = 1(x)f(x) = (I ) ().
So, I is the identity.

3)Existence of Inverse: Let /' € Hom(G,H).

We define /7' :G— H by f'(x)=(f(x)".
L) =) =N =ONUE) T =TT ) =TT
Thus, /' € Hom(G,H).
And, (ff )(x) = f()f T (x) = ) =1
Similarly, (7' /)(x) = £ (x)f(x) = (f(x) " f(x) = 1.
So, /7' is the inverse of 1.
4)Commutative Property: Let f,g € Hom(G, H).
(/8)(x) = f(x)g(x) = g(x) f (x) = (& ().
1.e fg=gf.
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Lemma3.6Hom (4x B,C) =Hom (4,C) xHom (B, ).
Proof:lLet 4,8 and C be abelian groups.
Let ¢ e Hom(4Ax B,C). Then ¢|, € Hom(4,C) and ¢|, e Hom(B,C).
¢,(a,0) = #(a,0) and ¢,(0,0) = ¢(0,b).
Define f: Hom(4x B,C) > Hom(4,C) xHom(B,C) by f(#)=(4,.4;).
f 1s a homomorphism:
f(@+) =4 +0,) (8 +6,)5)
Consider (¢, +4,) ,=(4, +¢,) ,(a,0)= (4, +¢,)(a,0) = ¢,(a,0) + ¢,(a,0).
Similarly, (¢ +¢,),=641(0,b) + ¢2(0,b).
S0, (4 +6,) = (¢ +8,) 1.(d + 1))
= (¢,(a,0) + ¢,(a,0),4,(0,b) + ¢,(0,b))
= (¢,(a,0),4,(0,0)) + (#,(a,0),4,(0,b))
= (4,4(a,0),4,5(0,0)) + (4, ,(a.0),4,;(0,5))
= (h14:015) + (924> 05)
= f () + [ (9,)
fis 1-1:Let f(¢)=f(¢,)i€ (4,.45) = ($,4.4,5)-Thus ¢, =¢,, and ¢, =¢,,.
$,,(a,0) =9, ,(a,0).S0,4 (a,0) = ¢,(a,0) .Hence ¢ =¢,.
Hence f is 1-1.
f is onto:Let g eHom(4,C) and » e Hom(B,C).
Let ¢ eHom (4 x B,C) defined by ¢(a,b) = g(a,0) + h(0,b).
$,(a,0) = g(a,0) +(0,0)=g(a,0) .
¢5(0,b) = 2(0,0) + h(0,b) =h(0,b) .
So,V g eHom(4,C) and » e Hom(B,C) 3 ¢ Hom(4x B,C) s.t f(d)=(g,h).

Hence, 1 is onto.
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Let A,B and C be abelian groups for the following three lemmas:
Lemma 3.7 Hom (4, B) =Hom (B, A).

Proof:Proof can be found in [12].

The following Lemma follows easily from above two lemmas.

Lemma 3.8 Hom (4, BxC)=Hom (4, B)xHom (4, C).

Lemma 3.9 Hom(C,,C,) ~ C, ,where d =gcd (m,n).

Proof: Proof can be found in [12].

Theorem 3.10 If 4 is an abelian group,then Hom (Z, 4) = 4.

Proof:leta € 4.Define T,:Z — 4 by T,(1)=a.Since,Z =<1>.T, can be
extended to a homomorphism 7, : Z — 4.

T (m)=T (A+1+....mtimes) =T, () +T,(1)+...mtimes =a+a+...mtimes = ma = mT (1).
T,(0)=0.Define ¢: 4 — Hom(Z, 4) by ¢(a)=T,.

Now we show that ¢ is a homomorphism.

Ha+b)=T,,.T,.,,()=a+b=T ()+T,(1) = ¢(a) + §(b).

So, ¢ (a+b)=d(a)+ ¢().

Hence, ¢ is a homomorphism.

If T eHom(Z, A) ,then T(1) =5 for some b.

Hence, 7 =T,.So,¢ is onto.

Let ¢ (a)=¢ (b) 1.6 T,=T, so T,(1)=T,(1).Thus, a =b. And henceg is 1-1.

Thus, 4 =Hom(Z, A).
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Theorem 3.11 Hom(Z ,.Z ,)=1. if p#g.

Proof:let 4=<a> and B=<b > be two finite cyclic groups.

Let 7: 4— B be a non zero homomorphism.Let T(a)=c#0.Let |a|=n.Then
0=T(0)=T(na)=nT(a)=nc.Thus, |c|divides n=|a|.If p#qg,then order of no

element of Z, can divide p”.So, Hom(Z ,.Z ,)=1. if p#q.(i.e there will be

only zero homomorphism).

Theorem 3.12 Hom(Z ,,Z )= Z -

Proof:Let Z,=<a >.For each non zero ce Z,,lc| divides |a|,we have a non
zero homomorphism 7,:Z , —Z , given by T.(a)=cIf m=nthen each
O%ceZ, 1S st |c|/p" and hence |c|/p”. So,|Hom(me,an)|: p".Let
Z,=<b> and T,(a)=b.If c € Z, jthen ¢ =rb. Thus,T. =T,. T, (a) = rb=r(T,(a)).
And,rT,(a) = (+T,)(a).Hence, T, =rT,.So,T, =T, = rT,.

So,Hom(Zp,,,,an)=< T, > .Hence, Hom(Z ,.Z )=Z .

So, |H0m(me,Zp,,) =p'ifm=2n = ------- (1)

Let n>m. Hom(me ,an) ~ Hom(an ,me ). (lemma 3.7)

|Hom(Z ,,Z ,)|= p". by (1)

Lemma 3.13 Let a,b be two elements of finite order,of a group G such that

o(a) and o(b) are co-prime and ab = ba. Then o(ab) = o(a)o(b).
Proof:let o(a)=mand o(b)=n.Let H =<ab > be the subgroup of G generated

by ab.Since, (ab)™ =a™b™ =e,we get o(H) = o(ab)| mn.Now, (ab)" =a"b" =b"
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e H,since a" =e.As(m,n)=1,and o(b) = n,we haveo(b”) = o(b) = n. Since b" € H
s0, o(b™)|o(H) .Hence, n|o(H).Similarly,m | o(H). Thus,we have mn|o(H).

Hence o(H) = mn = o(ab). This proves the lemma.

Lemma 3.14 The order of any element of a finite abelian group G divides the

largest order of an element of G .

Proof:Let there exists an aeG such that o(e)=k and for every
b e G, o(b) <o(a) = k.Suppose on the contrary there exists » e G such that o(b)
does not divide 4. This implies that there exists a prime number p such that for
some positive integer ¢, p' | o(b) but p' does not divide o(a). This means that
we can write o(b) = p“q,0(a) = p”s such that (p,q)=1,(p,s)=1, and B<a.Let
b, =b?,a, =a”" .Then o(b,) = p*,and o(a,) =s.Lemma 3.13 gives o(a,b,) = ps

> p”s = o(a). This contradicts our assumption.Hence lemma follows.

Definition 3.15(Internal Direct Product)

A group G is said to be an internal direct product of its subgroups #H,,H,,...H,
if it satisfies the following conditions:

(DFor i#j a,eH,,a,eH, = aa, =a,a,.

(i)Each xeG 1s uniquely expressible as x=xx,..x,,x, € H,1<i<n,in the
sense that if also x=y,y,...y,,», € H, 1 <i<n,then x, = y,Vi.If the binary

composition in G is addition,we say that G is an internal direct sum of

H,H,,..H  and writte G=H ®H,®...® H,.

n>

28



Fundamental Theorem of finite abelian groups 3.16 Every Abelian group

G of order n, is a direct product G=G,xG, x...xG, ,where G, are cyclic
subgroups of order n, such that n, /»n, and the integers », are uniquely
determined.Further n=nn,..n,.
Proof:We prove the result by induction on o(G).If o(G)=1,the result holds
trivially.Suppose o(G)=n>1 and that result holds for all abelian groups of
order < o(G).

Let g, be an element of G of largest order »,. Let G, =<g, >.If
G =G, then G itself is cyclic.Let G = G,.Then 1< O(G/G,) < n.By the induction
hypothesis G/G, = H, xH, x..xH, where each H, is a cyclic subgroup of
G=G/G, of order =n,>1 such that =, |n, Vi=234,..t-1,and
n/n, =O(a)=n2n3...n,. ----- (1)

Now each H,=H, /G, for some subgroup H, of G containing

G,.Choose h eH, such that h =hG, is a generator of H,_.Then

n.

"—e=G,ieh" €G =<g,>So,h" =g for some m, such that 1<m <n, Let

a,=(m;,n). Then m =« p for some B >1,n =a,y, for some y, >1 and
(ﬂiayi)zl'N0W>0(gl):nl:aiyi SO O(glal):%‘-As (7,‘aﬂ,‘):1>0(g1alﬂi):O(glai)-

However , 1" = g,“".S0,0(h") = y,.On the other hand o(k)|o(h)i.en, |o(h).So

o(h") = %h) Hence, o(h,) = o(h," n, = y,n,.  ===mmnemv 2)

1

Since o(h,)|n,, the largest order(lemma 3.14) and », =«,y,, we have
yn ey, S0 n|a;soa,=ns, ~ for some & >1.Then A" =g"*” Put

1

g, =h(g) " Vi=23,.1.We see that g, =g,G, = h,g" =h"(g) """ =e.
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This yields o(g,)=n,.Define H=<g,><g,>...<g,>.H 1is subgroup of G

such that o(H)|n,n,..n.Let f:G—>G/G, be the natural homomorphism.

Since f(H)=<g, >x<g, >x.x<g, >=H,xH,xH,x...xH, =G/G, and also
f(H)=(HG,)/G,,we get G=HG, =GH-=<g, ><g,>..<g, >.The fact that
o(G)y=n=nn,..n, =0(g,)o(g,)...o(g,) gives G=<g, >x< g, >x..x< g, >.
Also,o(< g, >)=o(g,) =n, such that n_, |n,.

Suppose G=H, xH,x..xH, =--------- (3)

t

=K, xK,%..xK, & = -=-==-m- 4)

u

be two decompositions of G into internal direct product of cyclic
subgroups,such  that  for i=12,.,t,j=12,..,u,0(H;)=n,0(K,;)=m,, for
i<t-1,n,/n and for j<u-1m, |m, Consider geG,then (3) gives
g=hh,..h;h € H.Since o(h)|o(H,)=n, and n, |n,,we get h," =e.
Consequently g" =h"h,"...h" =e.Thus, o(g) <nVg € G .Further as H, is cyclic
group of order n,H, contains an element of order »,.Hence n, is the largest
order of an element of G.Similarly m, is the largest order of an element of
G.Thus n, =m,.Suppose we have proved that »n, =m,,n, =m,,....,n_ =m_, for
some i;we shall prove that »n, = m,.Suppose on the contraryn, =m,,and to be
definite let n, >m,. Define K ={x" | x € G}.Since for any
x,yeGx"y™ =(xy)™ e K,we get that K is a subgroup of G.Suppose that for
k=12,..,t,H, =<a,> and for each ;=12,..,u,K, =<b, >.Since for
Jjzi,o(K;)=m,|m,b" =e.

Hence K =<b" >x<b)" >x..x<b" >.

Thus o(K)="2"2 ™= since o(b,) = m,j. ~---mmermmem- (5)
m. m. m

i i i
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Since also G=<a, >x..x<a,> (from (3))

ny

We have K =<a/" >x<a)’ >x...<a" >.Now o(a]") = Vk=12,...,t

(m;,n;)

n, n, n

Consequently o(K)= —2 " i LI LA — 6
ety o) = ) o)™ G (o)™ o) ©

Now m, |m, and m; =n; Vj<i,by our hypothesis.

Thus I = T Vj <i.
(mianj) (miamj) m;

1

Hence from (5) and (6) we obtain

However m, < n, gives ( T S1.Asa consequence,(7) cannot hold.This gives
m.,.n

i i

m, = n,.Hence by induction m, = n, Vi.However n=nn,..n, = mm,..m,. Thus we

must also have ¢ =u.This completes the theorem.

Corollary 3.17 Every finite abelian p-group G is expressible as an internal

direct product of cyclic groups G=G,xG,...xG, such that o(G,)=p™

Vi=12,.r and m, >m,,, Vj=12,.r-1.Further p" are uniquely determined.

J+l

Proof:By the above theorem,we can express G =G, xG, x...x G, --=------ (1)

I

such that each G, is a cyclic subgroup of order », and n,, [n, Vj<r-1.

Jj+l
Since G is a p-group,each G, is a p-group,we have O(G)=p" for some

m; . . .
m,and n, = o(G,)= p™Vi.Since n | n;,we have m  <m, Vj<r-1I.

j+l1
If G=H xH,x..xH_ ---------- (2) is another decomposition of G into cyclic

subgroups such that o(H,)=p" Vi=12,.,s and u; >u,, Vj<s-I1,we see that

o(H,,)|o(H;) Vj=12,.,s—1.This establishes the corollary.
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Theorem 3.18 Suppose K is an abelian p — group of exponent p¢,and 4 is

Cyclic of order divisible by p°.Then Hom (X, 4) is isomorphic to K .
Proof:Given 4 is cyclic of order divisible by p¢,therefore | A |= p°m for some
positive integer m .Since K is an abelian p — group of exponent p°.
Therefore,| K |= p°*.
Let K =K, xK,xK,..... (theorem 3.16) (Here no KX, is of order > p¢)
Hom(K, A) = Hom(K,, A) x Hom(K ,, A) x....... (lemma 3.6)

=K, xK,xK;%.... (lemma 3.9)

=K.

i.e Hom(K, 4) is isomorphic to K.

Definition 3.19 (Rank)

A finite abelian group has RANK # if it is a direct sum of »n cyclic groups

and » is minimal possible.

Lemma 3.20Suppose K is an abelian p - group of rank »,and 4 is cyclic of

order p.Then Hom(X, 4) is isomorphic to (C,)".
Proof :Let K = CoxC . xxC . (definition of rank)
Hom(K, 4) =Hom(C ,,C,)%......... xHom(C ,,C,) (lemma 3.6)

=C,xC,%.... xC,=(C,)".(lemma 3.9)

Lemma 3.21 If G is nilpotent group of class 2,then exp (G )=exp(G/Z(G)).

Proof: Lemma 0.4 [11].
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Definition 3.22 (Purely non abelian group)

A non-abelian group G which has no non-trivial abelian direct factor is said

to be purely non-abelian.

Let G be a purely non-abelian p - group,of nilpotent class 2. Let G/Z(G) and
G' have exponent p°,with ranks » and d respectively.If r=1,G/Z(G) 1is

cyclic and G is abelian but we have taken G is non-abelian.So »>2. .Let

Z(G) have rank z.As G is of class 2 so G'<Z(G)..So,Z(G) has exponent at

least p°.

Lemma 3.23 [Hom(G/ Z(G),Z(G))|>| G/ Z(G) | p" 7.

Proof:lLet Z(G)= C,xC, x...xC_ because Z(G) have rank z.

Hom (G / Z(G),Z(G)) = Hom(G/ Z(G),C,)x....x Hom(G/ Z(G),C.) since Z(G) has z

direct factors and at least one of these say C, is of order p°.

Hom (G/Z(G),Z(G)) = G/ Z(G) x Hom(G / Z(G), C,) % .....x Hom(G / Z(G),C.) (by

theorem 3.18)

Hom (G/Z(G),Z(G)) 2 G/ Z(G)x Hom(G/ Z(G),C, ) x......x Hom(G / Z(G),C, )
=G/Z(G)x(C,) x....x(C,)".(by lemma 3.20)

Therefore, |Hom (G/ Z(G),Z(G)) || G/ Z(G) | p"“ 7.

Lemma 3.24 If G is a finite p — group,then Aut’(G) = Hom (G/Z(G),Z(G)).

Proof: Let f e Aut](G).Define o,:G/Z(G) - Z(G) by o, (gZ(G)=g ' f(g).
As f e Aut’(G) s0 g ' f(g) e Z(G).Let gZ(G)=hz(G) then h=gz;z e Z(G) Now

o, (hZ(G)=h"f(h)=(g2)" f(gr)=z"g 'flg) =z "¢ ' f(&)f(2)=z"g " f(g)z=
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g ' f(g)=0,(gZ(G)).(As f fixes each element of Z(G)).Hence,o,is well

defined.Define o: Aut; (G) - Hom(G/ Z(G),Z(G)) by o(f)=0o,.Consider,

o(f+8)=0,,, =0, (hZ(@)=h"(f+g)W)=h"(f(h)+gW)=h""f(h)+h " g(h)=
o, +o,=o(f)+o(g).Hence,o is a homomorphism.

Let o(f,)=o(f,)ieo, =0, .Thus o, (gZ(G)) =0, (¢Z(G)) YgZ(G) € G/ Z(G).
So g7'fi(g)=g'f,(g) 1.e f(2)=f,(g) VgeG. Hence f, = f,.Therefore,os is
I-1.Now for each heHom(G/Z(G),Z(G)),the map f defined by
f(g)=gh(gZ(G)) for all geG is a central automorphism fixing Z(G)
elementwise and o(f)=h.Let f(x)=1.i.e xh(xZ(G))=1s0 h(xZ(G))=x"and
x'eZ(G).Hence xeZ(G) and xZ(G)=Z(G).So xh(xZ(G)=1 1i.e
xh(Z(G))=1.And since h(Z(G))=1so x=1.Hence f is 1-1.Now, Since G is
finite and £ 1s 1-1..So, f is onto.

Letg,,g,eG. f(g,g,) = g,2,hg,2,2(G)) = £&:(g,2(G)g,Z(G))

=88, (h(g,Z(G)h(g,Z(G))) = g,h(g,2(G))g,1(g,Z(G)) = f(g,)f(g,).S0, f is an
automorphism.Since, g ' f(g) = g ' (gh(gZ(G))) = h(gZ(G)) € Z(G) as

h:G/Z(G)— Z(G).So, f is a central automorphism.

Letg € Z(G).f(g) = gh(gZ(G)) = gh(Z(G)) = g.1 = g.

Hence, f fixes Z(G) elementwise.So f e Aut;(G) and o(f)=h.So,it follows

that o is a group isomorphism and 4ut>(G) @ Hom(G/Z(G),Z(G)).

Theorem 3.25 If G is a finite p-group,then Aut?(G) = Inn(G)if and only if G 1is

abelian or G is nilpotent of class 2 and Z(G) is cyclic.
Proof:Suppose first that Aut?(G) = Inn(G)and G is non abelian .Let g € G. Then

the inner automorphism 6, induced by g is a central automorphism and so
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[x,g]=x"0,(x) e Z(G) for all xeG.This shows that G is nilpotent of class
2.Since G is nilpotent of class 2,exp(G/Z(G))=exp(G')=p° for some natural
number c.(from lemma 3.21).Let G/Z(G) and Z(G) have ranks r and
z respectively.As G is nilpotent of class 2, it follows from lemmas 2.15,
323 and 3.24 that |G/Z(G)|=|Inn(G)|=| Aut’(G)|=| Hom(G/Z(G),Z(G))| =
|G/Z(G)| p"*" .Since r > 2,z =1,it follows that Z(G) is cyclic.

Conversely,if G is abelian,then it is clear that Aut’(G) = Inn(G)=1.Assume that
G 1s nilpotent of class 2 and Z(G) is cyclic.Since,G' < Z(G) (as G is nilpotent
of class 2) so G/Z(G) is an abelian p-group(Theorem 2.21).Since Z(G) is
cyclic and G' < Z(G),s0 G'is cyclic i.e G'=<a > and exponent of G' will be
order of G'only . Hence, G/Z(G) is of exponent | G'|.

It follows from theorem 3.18 that Hom(G/Z(G),Z(G)) = G/Z(G). Therefore
Aut?(G) = Hom(G/ Z(G), Z(G)) = G/ Z(G) = Inn(G) .Since G 1is nilpotent of class

2,Inn(G) < Aut?(G) and hence Aut’(G) = Inn(G).
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