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Abstract

In this thesis, shortcomings and limitations of existing methods for solving
fuzzy maximum flow problems (maximum flow problems in which each arc capacity
is represented by a fuzzy number) as well as the shortcomings and the limitations of
the existing methods for solving fully fuzzy capacitated minimum cost flow problems
(capacitated minimum cost flow problems in which all the parameters as well as the
decision variables are represented by fuzzy numbers) are pointed out. To overcome
the limitations of the existing methods as well as to resolve the shortcomings of
the existing methods, new methods are proposed for solving fuzzy maximum flow
problems, fully fuzzy single objective capacitated minimum cost flow problems, fully
fuzzy multi-objective capacitated minimum cost flow problems, fully fuzzy multi-
objective capacitated solid minimum cost flow problems and intuitionistic fully fuzzy

single and multi-objective capacitated solid minimum cost flow problems.
The chapter wise summary of the thesis is as follows:
Chapter 1

In this chapter, a brief review of the work done in the area of fuzzy maximal
flow problems as well as fuzzy single and multi-objective capacitated minimal cost

flow problems is presented.
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Chapter 2

In this chapter, shortcomings and limitations of the existing method [73]for
solving fuzzy maximum flow problems are pointed out. Also, to overcome these
shortcomings and limitations a new method, based on fuzzy linear programming
formulation, is proposed for solving fuzzy maximum flow problems. To show the
application of the proposed method in real life problems a real life fuzzy maximum

flow problem is solved by using the proposed method.
Chapter 3

To the best of my knowledge, only the existing method [38] is proposed in liter-
ature to find the fuzzy optimal solution of fully fuzzy capacitated minimum cost flow
problems. In this chapter, shortcomings and limitations of this method are pointed
out. Also, to resolve the shortcomings as well as to overcome the limitations of the
existing method [38], a new method is proposed for solving fully fuzzy capacitated
minimum cost flow problems. The advantages of the proposed method over the
existing method [38] are discussed. To illustrate the proposed method a fully fuzzy
capacitated minimum cost flow problem is solved and to show the application of the
proposed method in real life problems an existing real life fully fuzzy capacitated

minimum cost flow problem is solved by using the proposed method.
Chapter 4

Gupta et al. [49] claimed that there is no method in the literature for solving
fully fuzzy multi-objective transportation problems and proposed a method for the
same. In this chapter, the limitations of this existing method [49] and the limitations

of the method, proposed in Chapter 3, are pointed out and to overcome these lim-
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itations, a new method is proposed for solving fully fuzzy multi-objective capacitated
minimum cost flow problems. Also, the advantages of the proposed method over the

existing method [49] and over the method, proposed in Chapter 3, are discussed.
Chapter 5

In single and multi-objective capacitated minimum cost flow problems it is
assumed that there is only one conveyance which can be used for transporting the
product. However, in real life problems more than one conveyances are used for
transporting the product. To the best of my knowledge till now there is no method
in the literature for solving such fully fuzzy single and multi-objective capacitated
minimum cost flow problems in which more than one conveyances are used for
transporting the product. Since, in the literature [51] such transportation problems
in which more than one conveyances are used for transporting the product are named
as solid transportation problems so, in this chapter, such type of fully fuzzy single
and multi-objective capacitated minimum cost flow problems in which more than
one conveyances are used for transporting the product are named as fully fuzzy
single and multi-objective capacitated solid minimum cost flow problems and a new
method is proposed for solving these problems. The proposed method is illustrated

with the help of a numerical example.
Chapter 6

In real life, a person may assume that an object belongs to a set but it is
possible that he (she) is not sure about it. In other words, there may be hesitation
or confusion that whether an object belongs to a set or not. In fuzzy set theory, there

is no means to incorporate such type of hesitation or confusion. A possible solution
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is to use intuitionistic fuzzy set [9]. In the methods, proposed in previous chapters,
an existing ranking approach for comparing fuzzy numbers is used for converting
fully fuzzy linear programming problem into crisp linear programming problem. In
this chapter, it is pointed out that it is not genuine to use any of the existing ranking
approaches for comparing intuitionistic fuzzy numbers for converting intuitionistic
fully fuzzy linear programming problem into crisp linear programming problem and a
new ranking approach is proposed for comparing intuitionistic fuzzy numbers. Also,
with the help of proposed ranking approach, a new method for solving intuitionistic
fully fuzzy single objective capacitated solid minimum cost flow problems as well as
a new method for solving intuitionistic fully fuzzy multi-objective capacitated solid
minimum cost flow problems is proposed. The proposed methods are illustrated

with the help of numerical examples.
Chapter 7

Finally, in this chapter, based on the presented study future work have been

suggested.
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Chapter 1

INTRODUCTION

Network flow models provide a rich and powerful framework from which many
engineering and management problems can be formulated and solved.

Minimum cost flow problem is a general form of the network flow problem
whose aim is to find the least cost of the shipment of a commodity through a capac-
itated network in order to satisfy demands at certain nodes from available supplies
at other nodes. The minimum cost flow problem provides a unified approach to
many applications because of its general structure which includes, as special cases,
the shortest path, maximum flow, work assignment, project scheduling and trans-
portation problems.

The minimum cost flow problem is also very practical, it has been used to solve
several real-world applicational problems such as multi-stage production inventory
planning, mold allocation, nurse scheduling, project assignment, faculty course as-
signment, and automobile routing [3].

In classical form the minimum cost flow problem minimizes the cost of trans-
porting some product that is available at some sources and required at some desti-
nations. However, in most real world problems due to the complexity of the social

and economic environment there may also be need to consider the explicit objective



functions other than cost. These objectives are frequently in conflict, measured
in different scales and difficult to combine in one overall utility function. Multi-
objective minimum cost flow problems have been significantly studied in the litera-
ture [52].

In actual practice, the costs and the capacities of the network may not be
known precisely due to insufficient information. To deal quantitatively with im-
precise information, the concepts and techniques of probability could be employed.
There are articles discussing the network flow problems where arc capacities are
random variable. However, probability distributions require either a priori pre-
dictable regularity or a posteriori frequency determination to construct. Moreover,
the premise that imprecision can be equated with randomness is still question-
able [84].

As an alternative, uncertain values can be represented by membership func-
tions of the fuzzy set theory [126]. The main advantages of methodologies based
on fuzzy theory are that they do not require prior predictable regularities or pos-
terior frequency distributions and they can deal with imprecise input information
containing feelings and emotions quantified based on the decision-makers subjective
judgment.

Due to the same reason in the literature different methods are proposed for

solving network flow problems with fuzzy parameters.

1.1 Literature review

Although, maximum flow problems and minimum cost flow problems are im-

portant network flow problems but the solutions of these problems in fuzzy enviro-



nment is almost neglected. Very few researchers have tried to develop the methods
for solving these problems in fuzzy environment. In this section, a brief review of
these methods is presented.

Chanas and Kolodziejezyk [21] presented an algorithm for a graph with crisp
structure and fuzzy capacities, i.e., the arcs have a membership function associated
in their flow. This problem was studied by Chanas and Kolodziejczyk [22] again, by
assuming the flow as a real number and the capacities have upper and lower bounds
with a satisfaction function. Chanas and Kolodziejezyk [23] studied the integer flow
and proposed an algorithm. Chanas et al. [20] studied the maximum flow problem
when the underlying associated structure is not well defined and must be modeled
as a fuzzy graph. Diamond [29] developed interval-valued version of the maximum
flow minimum cut theorem and provided robustness estimates for flows in networks
in an imprecise or uncertain environment. Kumar et al. [73] proposed a method for
solving such fuzzy maximum flow problems in which each arc capacity is represented
by triangular (or trapezoidal) fuzzy numbers.

Shih and Lee [110] proposed a fuzzy version of minimum cost flow problems
by using multi-level linear programming formulation. But, they did not use the nice
structure of network constraints. Moreover, their scheme was inefficient because
the multi-level programming which was made applying their scheme, is non-convex
and so it is NP-hard. Liu and Kao [84] solved minimum cost flow problems with
fuzzy costs using Yager’s ranking index. Ji et al. [60] considered a generalized fuzzy
version of maximum flow problems in which arc capacities are represented by fuzzy
numbers.

Hashemi et al. [53] considered the minimum cost flow problem with interval



costs and extended some combinatorial algorithms for this problem. Ghatee and
Hashemi [38] transformed the fuzzy minimum cost flow problem into three crisp
problems. Ghatee et al. [42] extended the duality theorems for the fully fuzzy min-
imum cost flow problem. Ghatee and Hashemi [39] studied three models; minimum
cost flow problem with fuzzy costs, minimum cost flow problem with fuzzy supply-
demands and combination of two cases. Ghatee et al. [43] converted minimum cost
flow problem with fuzzy cost into into a three-objective minimum cost flow problem
and provided two efficient algorithms to find the preemptive priority based solu-
tion(s) using a lexicographical ordering. Ghiyasvand [45] proposed a method to
solve the minimum cost flow problem with interval and fuzzy data.

After reviewing the literature, it can be concluded that there are some short-
comings and limitations in the existing methods for solving fuzzy maximum flow
problems as well as in the existing methods for solving fully fuzzy minimum cost
flow problems. In this thesis, these shortcomings and limitations are pointed out. To
overcome the limitations of the existing methods as well as to resolve the shortcom-
ings of the existing methods, new methods are proposed for solving fuzzy maximum
flow problems, fully fuzzy single objective capacitated minimum cost flow problems,
fully fuzzy multi-objective capacitated minimum cost flow problems, fully fuzzy
multi-objective capacitated solid minimum cost flow problems and intuitionistic fully

fuzzy single and multi-objective capacitated solid minimum cost flow problems.

1.2 Organization of the thesis

The chapter wise summary of the thesis is as follows:

Chapter 2

In this chapter, shortcomings and limitations of the existing method [73] for



solving fuzzy maximum flow problems are pointed out. Also, to overcome these
shortcomings and limitations a new method, based on fuzzy linear programming
formulation, is proposed for solving fuzzy maximum flow problems. To show the
application of the proposed method in real life problems a real life fuzzy maximum

flow problem is solved by using the proposed method.
Chapter 3

To the best of my knowledge, only the existing method [38] is proposed in liter-
ature to find the fuzzy optimal solution of fully fuzzy capacitated minimum cost flow
problems. In this chapter, shortcomings and limitations of this method are pointed
out. Also, to resolve the shortcomings as well as to overcome the limitations of the
existing method [38], a new method is proposed for solving fully fuzzy capacitated
minimum cost flow problems. The advantages of the proposed method over the
existing method [38] are discussed. To illustrate the proposed method a fully fuzzy
capacitated minimum cost flow problem is solved and to show the application of the
proposed method in real life problems an existing real life fully fuzzy capacitated

minimum cost flow problem is solved by using the proposed method.
Chapter 4

Gupta et al. [49] claimed that there is no method in the literature for solving
fully fuzzy multi-objective transportation problems and proposed a method for the
same. In this chapter, the limitations of this existing method [49] and the limitations
of the method, proposed in Chapter 3, are pointed out and to overcome these limita-
tions, a new method is proposed for solving fully fuzzy multi-objective capacitated

minimum cost flow problems. Also, the advantages of the proposed method over the



existing method [49] and over the method, proposed in Chapter 3, are discussed.
Chapter 5

In single and multi-objective capacitated minimum cost flow problems it is
assumed that there is only one conveyance which can be used for transporting the
product. However, in real life problems more than one conveyances are used for
transporting the product. To the best of my knowledge till now there is no method
in the literature for solving such fully fuzzy single and multi-objective capacitated
minimum cost flow problems in which more than one conveyances are used for trans-
porting the product. Since, in the literature [51] such transportation problems in
which more than one conveyances are used for transporting the product are named
as solid transportation problems so, in this chapter, such type of fully fuzzy single
and multi-objective capacitated minimum cost flow problems in which more than
one conveyances are used for transporting the product are named as fully fuzzy sin-
gle and multi-objective capacitated solid minimum cost flow problems and a new
method is proposed for solving these problems. The proposed method is illustrated

with the help of a numerical example.
Chapter 6

In real life, a person may assume that an object belongs to a set but it is pos-
sible that he (she) is not sure about it. In other words, there may be hesitation or
confusion that whether an object belongs to a set or not. In fuzzy set theory, there is
no means to incorporate such type of hesitation or confusion. A possible solution is
to use intuitionistic fuzzy set [9]. In the methods, proposed in previous chapters, an

existing ranking approach for comparing fuzzy numbers is used for converting fully



fuzzy linear programming problem into crisp linear programming problem. In this
chapter, it is pointed out that it is not genuine to use any of the existing ranking
approaches for comparing intuitionistic fuzzy numbers for converting intuitionistic
fully fuzzy linear programming problem into crisp linear programming problem and a
new ranking approach is proposed for comparing intuitionistic fuzzy numbers. Also,
with the help of proposed ranking approach, a new method for solving intuitionistic
fully fuzzy single objective capacitated solid minimum cost flow problems as well as
a new method for solving intuitionistic fully fuzzy multi-objective capacitated solid
minimum cost flow problems is proposed. The proposed methods are illustrated

with the help of numerical examples.
Chapter 7

Finally, in this chapter, based on the presented study future work have been

suggested.






Chapter 2

A NEw METHOD FOR SOLVING
Fuzzy MaxiMmuM FrLow PROBLEMS

In this chapter, shortcomings and limitations of the existing method [73]
for solving fuzzy maximum flow problems are pointed out. Also, to overcome these
shortcomings and limitations a new method, based on fuzzy linear programming
formulation, is proposed for solving fuzzy maximum flow problems. To show the
application of the proposed method in real life problems a real life fuzzy maximum

flow problem is solved by using the proposed method.

2.1 Preliminaries

In the literature [32,130] it is pointed out that the computational efforts
required to solve a fuzzy linear programming problem can be reduced, if the deci-
sion maker can express his subjective impression using LR flat fuzzy numbers. All
kinds of crisp numbers, triangular and trapezoidal fuzzy numbers are LR flat fuzzy
numbers.

In this section, some basic definitions and arithmetic operations of LR flat

fuzzy numbers are presented.

The contents of this chapter are submitted after revision in Iranian Journal of Fuzzy Systems.

9
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2.1.1 Basic definitions

In this section, some basic definitions are presented [32].
Definition 2.1 Let X be a classical set of objects. Then, the set of ordered pairs
A= {(z,p;(x)) : & € X}, where puz : X — [0,1], is called a fuzzy set in X. The
evaluation function p ;(x) is called the membership function.
Definition 2.2 Let A be a fuzzy set in X and A € [0,1] be a real number. Then,
the classical set A* = {z € X : pz(z) > \} is called a A-cut of A.
Definition 2.3 A fuzzy set A = {(x, u;(z)) : © € X} is called a normalized fuzzy
set if and only if Supr(ee)r?um{uA(x)} =1
Definition 2.4 A fuzzy set A is called a convex fuzzy set if and only if
pilaxy + (1 — a)xg) > Minimum{p 3(x1), pz(z2)}, V 21,20 € X, o € [0,1].
Definition 2.5 A convex normalized fuzzy set A = {(z, u;(x)) : € X} is called a
fuzzy number if and only if u4(x) is piecewise continuous in X.
Definition 2.6 A function L : [0,00) — [0, 1] (or R : [0,00) — [0, 1]) is said to be
reference function of fuzzy number if and only if
(i) L(0) =1 (or R(0) =1)
(ii) L (or R) is non-increasing on [0, c0)
Definition 2.7 A fuzzy number A defined on universal set of real numbers R, de-
")

noted as (a,a,a”, a®®)pg, is said to be an LR flat fuzzy number if its membership

function p () is given by

L(%5), r<a,a >0
pale) = ¢ R(%H), z>a,a">0
1, a<zr<a

Definition 2.8 Let A = (a,@,a”,a®) g be an LR flat fuzzy number and « be a
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real number in the interval [0, 1]. Then, the crisp set A, = {z € X : pz(z) > a} =
[a — a“L7Y (), @+ a®R™(a)], is said to be an a-cut of A.

Definition 2.9 An LR flat fuzzy number A = (a,a,a®, af) g is said to be a zero
LR flat fuzzy number if and only if a = 0,@ = 0,a” = 0 and o’ = 0.

Definition 2.10 Two LR flat fuzzy numbers A; = (a;,a,a”,al?)pz and Ay =
(ay, T2, ak, al) L r are said to be equal ie., Ay = A, if and only if a; = a,, a7 =
@y, al = ak and off = al'.

Definition 2.11 An LR flat fuzzy number A = (a,@, a”, a™) g is said to be a non-

negative LR flat fuzzy number if and only if @ — a® > 0.

Remark 2.1 If ¢ = @ = a (say) then an LR flat fuzzy number (a,a,a”,a®)rr is

said to be an LR fuzzy number and is denoted as (a, a’, a®®)pg.

Remark 2.2 If ¢ =@ = a (say) and L(z) = R(z) = maximum {0,1 — =} then an

LR flat fuzzy number (a,@, a’, a®) g is said to be a triangular fuzzy number and is
denoted as (a, b, c).

where, a = a — a (or, a — a%),b=a (or @),c = a + a* (or a + a®)

Remark 2.3 If ¢ # @ and L(x) = R(z) = maximum {0, 1 —z} then an LR flat fuzzy
number (a, @, a’, a®)y g is said to be a trapezoidal fuzzy number and is denoted as
(a,b,c,d).
where, a =a—a*,b=a,c=a,d=a+a"
2.1.2 Arithmetic operations

In this section, some arithmetic operations between two LR flat fuzzy num-

bers are presented [32].

Let Ay = (a,,a,a", a) g and Ay = (ay, @, ak, af) g be two LR flat fuzzy
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numbers. Then,

(i) Ao A, = (ay + aq, @1 + o, af + ak, aft + all) g

(i) M, = (Aay, Ay, Aat, Aaft) g A>0
L=
(Aay, Aay, —Aaf, —Xal)rp A <0

Let A; = (a,,ay,aF,a®)pr and Ay = (ay, s, ak, af) Lz be two non-negative
LR flat fuzzy numbers. Then,

ceeN X e — R_.R
(iii) Ay ® Ay = (a1, @102, a;ak + ayat — atal a@yall + @af + affall) r

2.1.3 Liou and Wang ranking approach

In this section, the existing ranking approach [82] used in the existing

algorithm [73] for comparing fuzzy numbers is presented.

Let A = (a,@,a”, a®)r and B = (b, b, b", bF) g be two LR flat fuzzy numbers.
Then,
(i) A= Bif R(A) > R(B)
(i) A~ Bif R(A) = R(B)
(iii) A = B if R(A) > R(B)
where,
wmzxﬁ@—&L<»@+1— ) Jy @+ a™R(p))dp

=\ [ (b= b LY (p))dp + (1 — ) [ (b +bER™(p))dp

A€ [0,1]

Remark 2.4 If A = 1, L(z) = R(z) = maximum{0,1 — z}. Then, R(A) = (2a+

2a — a" + o'
2.2 Existing fuzzy Ford and Fulkerson algorithm

Kumar et al. [73] proposed a Fuzzy Ford and Fulkerson algorithm by mod
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-ifying the classical Ford and Fulkerson algorithm [114] for solving such maximum
flow problems in which each arc capacity is represented by a triangular (or trape-
zoidal) fuzzy number

The steps of the existing algorithm [73] are as follows:

Step 1 For all arcs (i, 7), set the residual fuzzy capacity equal to the initial fuzzy
capacity i.e.,(fcij, fe;)=(f@;, f¢;i). Let fa; = (00, 00,00) (or (00, 00,00,00)) and
label source 1 with [(c0, 00,00), —] (or [(c0, 00, 00,,00),—]). Set ¢ = 1, and go to
Step 2.
Step 2 Determine S;, the set of unlabeled nodes j that can be reached directly
from node i by arcs with positive residuals ( i.e., fcij is a non-negative triangular
(or trapezoidal) fuzzy number for all j € S; ). If S; # ¢, go to Step 3. Otherwise,
go to Step 4.
Step 3 Determine k € S; such that

I].Ié%)f{%(fcij)} = R(few)

Set far = feir and label node k with [fak, i]. If k = n, the sink node has been
labeled, and a breakthrough path is found, go to Step 5. Otherwise, set ¢ = k, and
go to Step 2.

Step 4 Backtracking: If i = 1, no breakthrough is possible; go to Step 6. Other-
wise, let r be the node that has been labeled immediately before current node ¢ and
remove ¢ from the set of nodes adjacent to r. Set i = r and go to Step 2.

Step 5 Determination of Residuals: Let N, = {1, k1, ko, ..., n} define the nodes
of the p'* breakthrough path from source node 1 to sink node n. Then, the maxi-

mum flow along the path is computed as

fp = min{fal, fakl, fakz, o ,fan}
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The residual capacity of each arc along the breakthrough path is decreased by
fp in the direction of the flow and increased by fp in the reverse direction i.e., for
nodes i and j on the path, the residual flow is changed from the current( fcij, fcji)
to
(a) (fcij o fp, fcj,- @ fp) if the flow is from ¢ to j

(b) (fcij D fo, fcjl- © f,) if the flow is from j to i

Reinstate any nodes that were removed in Step 4. Set ¢+ = 1, and return to
Step 2 to attempt a new breakthrough path.
Step 6 Solution:
(a) Let m breakthrough paths be determined. Then, the fuzzy maximum flow in

the network is

where, m is the number of iteration to get no breakthrough.
(b) Using the initial and final fuzzy residuals of arc (i,j),(féij, feji) and (fcij, feii)
respectively, the fuzzy optimal flow in arc (i, j) is computed as follows:

Let (&, B) = (féy; © feij, f2; © fegi). TER(&) > 0, the fuzzy optimal flow from
i to j is & Otherwise, if R(3) > 0, the fuzzy optimal flow from j to i is 5. (It is

impossible to have both (&) and R(5) positive.)

2.3 Shortcomings and limitations of existing fuzzy
Ford and Fulkerson algorithm

In this section, the shortcomings and the limitations of the existing fuzzy

Ford and Fulkerson algorithm [73] are pointed out.
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2.3.1 Shortcomings of existing fuzzy Ford and Fulkerson al-
gorithm

In this section shortcomings of the existing algorithm [73] are pointed out.

(1) On solving the fuzzy maximum flow problem, chosen in Example 2.1, by using
the existing algorithm [73] the obtained fuzzy maximum flow between source
node 1 and destination node 5 is (—15,45, 105, 165).

It is obvious that there exist negative part in the trapezoidal fuzzy num-
ber (—15,45,105,165), representing the fuzzy maximum flow between source
node 1 to destination node 5, which represents that the fuzzy maximum flow
may be negative. But, in real life problems the negative quantity of the flow
has no physical meaning. So, it is not genuine to use the existing algorithm [73]

for solving fuzzy maximum flow problems.

Example 2.1 Determine the fuzzy maximum flow between node 1 (say source
node) and node 5 (say destination node) for the network shown in Figure 2.1.
The fuzzy capacities (@;;) of the arcs (i, j) are represented by the following
trapezoidal fuzzy numbers:

s = (10, 20,30, 40), ii13 = (15, 30,45, 60), ii1s = (5, 10, 15, 20), iing = (30, 40,
50, 70), dias = (25, 30,35,40), izs = (5, 10, 15,20), i35 = (10, 20, 30, 40), iigs =

(0,20, 30,50) and remaining values of @;; are (0,0,0,0).

Figure 2.1 A network for the maximum flow problem



16

(2) Since, Garcia and Lamata [36] have proposed some modification in Liou and
Wang [82] ranking approach. So, it is not genuine to apply Liou and Wang [82]
ranking approach for comparing fuzzy numbers. However, in the existing
algorithm [73], Liou and Wang [82] ranking approach is used for comparing
fuzzy numbers so it is not genuine to use existing algorithm [73] for solving

fuzzy maximum flow problems.

2.3.2 Limitations of the existing fuzzy Ford and Fulkerson
algorithm

In the literature, it is pointed out that only a RL flat fuzzy number A, can
be subtracted from an LR flat fuzzy number A ie., if Ay and Ay both are LR flat
fuzzy numbers such that L(-) # R(-) then A; © A, does not exist. So, if all the fuzzy
capacities of fuzzy maximum flow problem are represented by such LR flat fuzzy
numbers for which L(-) # R(-) then due to the existence of & in the expressions
(fei;© fp feji® f), (Feiy® o, Fesio fy) and (fei; © fei), (6 © feji) used in Step 5
and Step 6 respectively, the existing fuzzy Ford and Fulkerson algorithm [73] can not
be used e.g, the fuzzy maximum flow problem, chosen in Example 2.2, in which each
arc capacity is represented by such LR flat fuzzy number for which L(x) # R(z)

can not be solved by using the existing fuzzy Ford and Fulkerson algorithm [73].

Example 2.2 Determine the fuzzy maximum flow between node 1 (say source node)
and node 5 (say destination node) for the network as shown in Figure 2.1. The fuzzy
capacities (u;;) of the arcs (i, j) are represented by the following LR flat fuzzy num-
bers:

12 = (20,30,10,10)1r, w13 = (30,45,15,15)g, @14 = (10,15,5,5)LR, TUsz =

(40,50, 10, 20) g, U2s = (30,35,5,5) LR, Uzs = (10,15,5,5) LR, U5 = (20, 30,10, 10) 1R,
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g5 = (20,30, 20,20),r and remaining values of @;; are (0,0,0,0).x.

where, L(r) = maximum{0, 1 — z}, R(x) = maximum{0, 1 — z*}
2.4 Garcia and Lamata ranking approach

In this section, Garcia and Lamata [36] ranking approach for comparing

fuzzy numbers is presented.

Let A = (a,a@,a", a®)pz and B = (b, b, b", b%) i be two LR flat fuzzy numbers.
Then,
(i) A= Bif R(A) > R(B)
(i) A~ Bif R(A) = R(B)
(iii) A = B if R(A) > R(B)
where, R(A) = 7| fy (a\ +a(l = A)dp| + (1= 9) |7 fy (@ = a“L 7 (p))dp + (1 -
N) Jy @+ a®R (p))dp)
R(B) = 7] fo @A +B(L = X))dp| + (1 =)\ fy b = "L (p))dp + (1 = 2) f b+
bRR(p))dp|

v, A €[0,1]

Remark 2.5Ify = 1, A = 1, L(z) = maximum{0, 1—2} and R(z) = maximum{0, 1—

2}, Then, R(A) = L(a +a—a") + L(a?)

N[ =

If v =3 A =3 and L(z) = R(z) = maximum{0,1 — z*}. Then, R(A) =

1
2
s(a+a) + 55 (" —a”)

If v = 5, A =3 and L(z) = R(z) = maximum{0,1 — x}. Then, R(A) =

s(a+a)+ g(a" —a®)

Remark 2.6 For the ranking index ‘R’, proposed by Garcia and Lamata [36] the

property R(k1A ® koB) = kyR(A) + koR(B) Vky, ky € RT is satisfied.
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2.5 Linear programming formulation of maximum
flow problems

In this section, the linear programming formulation of maximum flow prob-

lems in crisp and fuzzy environment is presented.

2.5.1 Linear programming formulation of crisp maximum
flow problems

Any crisp maximum flow problem can be formulated into the following
crisp linear programming problem [112]:

Minimize Z U4 T4

(i,5)EA
subject to
v —vs =1
V; — Uj + iCij Z 0 (P2.1>

zi; >0 V (i,j) € A
v; is unrestricted in sign V2 € V
V' : Set of nodes
A: The set of arcs (i, j)
v;: The variable corresponding to node ¢ (s and ¢ represents the source and desti-
nation node respectively.)
x;;: The decision variable denoting the flow through arc (3, j)

w;;: The capacity for arc (i, j)

2.5.2 Proposed fuzzy linear programming formulation of fuzzy
maximum flow problems

If the capacity of arc (¢, j) is represented by fuzzy number @;; then the crisp

linear programming problem (P, ;) is converted into the fuzzy linear programming
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problem (Ps5).

Minimize Z ﬂijxij

(i,j)€A
subject to
v — v =1
v —v;+ x5 >0 (P22)

v; is unrestricted in sign Vi € V

@;;: The fuzzy capacity for arc (4, j)

2.6 Proposed method based on fuzzy linear pro-
gramming formulation

In this section, to overcome the shortcomings and limitations of the ex-
isting fuzzy Ford and Fulkerson algorithm [73], pointed out in Section 2.3, a new
method, based on fuzzy linear programming formulation, is proposed for solving

fuzzy maximum flow problems.

The steps of the proposed method are as follows:

Step 1 Assuming @;; = (gij,ﬂij, uiLj, uf})LR the fuzzy linear programming problem

(Py2) can be written as:

. . . — L R
Minimize » (w;;, Wij, u;}, U LRTi;

(4,5)€A
subject to
vy — v, =1
Vi — Uj + .inj 2 O <P2.3)

v; is unrestricted in sign V2 € V
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Step 2 Suppose the fuzzy linear programming problem (P, 3) has k basic feasible
solutions and {z}}} be the w'™ basic feasible solution then the goal is to find the basic

feasible solution with the smallest objective value i.e., mllnlrré%m { > (u”, U, u{;,
sw (i.4)€E

) LRx%‘]’-}. Garcia and Lamata [36] pointed out the shortcomings of several ex-

isting methods for comparing fuzzy numbers and proposed the concept that if

. . R .
mlllilni%m { Z §R('u’2]7 ul] ) uzg’ z])Lsz]} 18 Z §R(u”, ul]’ um? ’Lj)LR'TZ] then
== (i.j)eA (ij)€E

mllrilwni%m{ Z (uw,uw,ué, g)LRZL‘U} will be Z (uw,uij,ufj, g)LRx”
== (3,7)€A (i,5)EE
In other words, by using the existing method [36], the fuzzy optimal solution

of the fuzzy linear programming problem (P, 3) can be obtained by solving the fol-

lowing crisp linear programming problem:

C L
Minimize Y ?R(uw,uw,uw, z])LRxZJ

(3,5)€A
subject to
v — U, = 1
v —vj+x >0 (P.4)

z;; >0 V(i,j) € A

v; is unrestricted in sign V¢ € V
Step 3 Using Section 2.4, the crisp linear programming problem (P, 4) can be writ-
ten as:
Minimize [v(fol(yij)\+mj(1—)\))dp)+( )‘fo wg;—u; L7 (p))dp+(1=X) [ (@i +
uffR™(p))dp)s;]
subject to

v — Vg = 1

v — v+ >0 (Pa25)
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v; 18 unrestricted in sign Vi € V

Step 4 Solve the crisp linear programming problem (Ps5), to find the optimal value

of z;;. Put the optimal values of x;; in objective function 7 (w;, Wj, uj;, u}) Lrij,

(3,7)€EA

to find the fuzzy maximum flow.

2.7 Advantages of the proposed method over the
existing algorithm

The main advantage of the method proposed in this chapter over the ex-
isting algorithm [73] is that on solving the fuzzy maximum flow problems by using
the proposed method all the shortcomings, occurring in the results, due to applying
the existing algorithm [73] are resolved. Also, all the fuzzy maximum flow problems
which can be solved by the existing algorithm [73] can also be solved by the method
proposed in this chapter. However, as discussed in Section 2.3.2, there exist sev-
eral fuzzy maximum flow problems which can not be solved by using the existing
algorithm [73] but can be solved by the method proposed in this chapter. To show
the advantage of the proposed method the fuzzy maximum flow problem, chosen in
Example 2.2, which can not be solved by using the existing algorithm [73] is solved

by using the proposed method.
2.7.1 Fuzzy optimal solution of the chosen problem

The fuzzy optimal solution of the fuzzy maximum flow problem, chosen in

Example 2.2, by using the proposed method can be obtained as follows:

Step 1 The chosen fuzzy maximum flow problem can be formulated into the fol-

lowing fuzzy linear programming problem:
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Minimize ((20, 30,10, 10) 5212 @& (30,45,15,15) L ga13 & (10, 15,5, 5) L gx1a & (40, 50,
10, QO)LRI'Qg D (30, 35, 5, 5)LRZE25 D (10, 15, 5, 5)LR1'34 D (20, 30, 10, 10)LRZL‘35 D (20, 30,

20, QO)LRZ‘45)

subject to

vy — U1 = 1, v — Vg + 112 > 0, vy —v3+ w13 >0
v1 — U4 + 214 > 0, Vg — U3 + T3 > 0, Vg — U5 + Ta5 > 0
vg—vs+x34 20, vg—vstwss >0, vg—vs+T45 >0
Vg — U1 + x91 2> 0, vz — v + x31 2> 0, vy — v +w4 20
vg— U2+ 23220, wvs—vat+T52>20, vi—v3+wyz>0
Us — U3 + T3 > 0, Us — Vg + Tsg > 0

T12, T13, L14, T3, T25, T34, T35, Lds, Ta1, T31, Td1, T32, T52, T3, L53, Tsa > 0

V1, Ug, U3, Uy, U5 are unrestricted in sign.

Step 2 Using Step 2 of the proposed method, the optimal solution of the fuzzy
linear programming problem, obtained in Step 1, can be obtained by solving the
following crisp linear programming problem:

Minimize (3(20, 30, 10, 10) . gx12+R(30,45, 15, 15) L rz13+R(10, 15, 5, 5) L rr14+ R (40,
50,10, 20) L rxes + R(30, 35, 5,5) Lrxes + R(10,15,5,5) Lrrss + R(20, 30, 10, 10) L gx3s

+ R(20, 30, 20, 20) g2 45)

subject to

vy — U1 = 1, v — V2 + 12 > 0, v —v3+a13 >0
v — g+ 21420, vy —v3+mxe3 >0, V2 —v5+ x5 >0
v3 — vy + 234 2> 0, v3 — U5 + x35 > 0, Vg — U5+ 145 2 0
Vo — U1+ 22120, wz—vi+x3312>20, vi—vi+wy >0

U3 — Vg + T332 > 0, Us — Vg + Ty > 0, Vg — U3 + T3 > 0
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U5—U3+IL’53ZO, U5—U4+LL’54ZO

T12,T13, T14, T23, T25, T34, T35, 45, L21, T31, T41, T32, T52, T43, T53, T54 > 0

V1, Vg, U3, Uy, U are unrestricted in sign.

Step 3 Using Remark 2.5, the crisp linear programming problem, obtained in Step

2, can be written as:

Minimize (22671’12 + 34.1'13 + 11331'14 + 4533.%23 + 3133%25 + 11331’34 + 22671’35 +

20.33145)
subject to
vy — v = 1, V1 — Vg + 212 > 0, v1 —v3+ 213 >0
v — vy + 14 2> 0, vy — U3 + T3 2> 0, Vg — U5 + Ta5 > 0
vz — Vg + T34 > 0, vz — U5 + T35 > 0, Vg — U5 + g5 > 0

Vg — U1 + 221 > 0, vs — U1 + 231 > 0, vy — U1+ 249 >0

vg—vy+x32 >0,  vs—vatws5e >0, vg—v3+T432>0

vs — U3 + T53 2> 0, Us — Vg + T5g > 0

T12, T13, T14, T3, T25, T34, T35, Tds, L215 T31, Td1, T32, T52, T3, T53, Tpa 2> 0

V1, Ug, U3, Uy, U5 are unrestricted in sign.

Step 4 On solving the crisp linear programming problem, obtained in Step 3, the
obtained optimal solution is x19 = 1,235 = 1,245 = 1,230 = 1,07 = —1,v3 =
—1,v4 = —1 and remaining are zero. Putting the values of z;; in objective function
((20,30,10,10) ,gz12 ® (30,45, 15,15) L rz13 © (10,15,5,5) L rx14 @ (40,50, 10,20) 1
2a3® (30, 35,5,5) L r2s B (10,15, 5,5) Lrx3s @ (20, 30, 10, 10) L g5 & (20, 30, 20, 20) L&
x45) the fuzzy maximum flow between source node 1 and destination node 5 is

(60,90, 40,40) . 5.
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2.8 Comparative study

To show the advantages of proposed method over the existing algorithm

[73]the fuzzy maximum flow for the problems, chosen in Example 2.1 and Example

2.2, obtained by using the existing algorithm [73] and the method, proposed in this

chapter, are shown in Table 2.1.

Table 2.1 Results obtained by using the existing method and
method proposed in this chapter

Example | Existing algorithm [73] Method proposed in
this chapter
2.1 (—15,45,105,165) (30, 60,90, 120)

2.2 Not applicable (60,90,40,40) R

The results, presented in Table 2.1, can be explained as follows:

The existing algorithm [73] can be used for solving such maximum flow problem
in which each arc capacity is represented by triangular (or trapezoidal) fuzzy
number. However, as discussed in Section 2.3.2, the existing algorithm [73]
can not be used for solving such maximum flow problems in which each arc
capacity is represented by LR flat fuzzy number (or LR fuzzy number). Since,
in the problem, chosen in Example 2.1, each arc capacity is represented by a
trapezoidal fuzzy number so, it can be solved by using the existing algorithm
[73]. However, in the problem, chosen in Example 2.2, each arc capacity is
represented by an LR flat fuzzy number. So, it can not be solved by using the

existing algorithm [73].

The method proposed in this chapter can be used for solving such fuzzy max-

imum flow problems in which each arc capacity is represented by an LR flat
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fuzzy number. Since, triangular fuzzy numbers and trapezoidal fuzzy num-
bers are particular type of LR flat fuzzy numbers so such fuzzy maximum flow
problems in which each arc capacity is represented by triangular (or trape-
zoidal) fuzzy number can also be solved by the proposed method. Due to the
same reason both the problems, chosen in Example 2.1 and Example 2.2, can

be solved by using the proposed method.
2.9 Case study

To show the application of the proposed method, a problem of Jet airways
airline (major commercial air carrier offering passenger’s service between most large
cities in the India), to find the maximum number of flights from Amritsar to Mumbai
for the coming month on the basis of the number of flights used in the previous
months, is solved by using proposed method.

In airline system there always exist uncertainty about the number of flights due
to atmospheric conditions (e.g., poor visibility due to thick cover of fog), technical
reasons etc. Due to which the number of flights in the future required may not
be represented by a real numbers. On the basis of the perception of the experts
the appropriate numbers of monthly flights between pairs of cities, represented by
LR flat fuzzy number, are shown in Table 2.2 and the different stoppage between

Amritsar and Mumbai are shown in Figure 2.2.

Table 2.2. Fuzzy data for Jet airways airline

Jet airways airlines between different cities | Arc capacity for Jet airways airlines
Amritsar-Delhi (A, D) (140,171,22,9).r
Delhi-Ahmedabad (D, Ah) (160,170,10,10) . r
Delhi-Lucknow (D, L) (155,175,8,5) LR
Ahmedabad-Mumbai (Ah, M) (83,88,5,2)Lr
Lucknow-Mumbai (L, M) (23,25,3,5)Lr
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where, L(z) = maximum{0, 1 — z}, R(z) = maximum{0, 1 — z}

Ahmedabad

Figure 2.2 Stoppage between Amritsar and Mumbai

On solving the chosen fuzzy maximum flow problem by using the proposed
method the obtained fuzzy maximum flow is (106, 113,8,7),5. Thus, Jet airways

should arrange (106, 113,8, 7). flights monthly connecting Amritsar and Mumbai.

2.9.1 Physical interpretation of the results

Using the proposed method, the maximum number of monthly flights con-
necting Amritsar to Mumbai is (106, 113, 8, 7). g, which can be physically interpreted

as follows:

(1) The least number of maximum monthly flights connecting Amritsar to Mumbai

is 98.

(2) The most possible number of maximum monthly flights connecting Amritsar

to Mumbai lies between 106 and 113.

(3) The greatest number of maximum monthly flights connecting Amritsar to Mum-
bai ia 120 i.e., the maximum number of maximum monthly flights connecting
Amritsar to Mumbai will always be greater than 98 and less than 120 and
maximum chances are that the number of maximum monthly flights will lie

between 106 and 113.
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The variation in maximum number of monthly flights connecting Amritsar to

Mumbai with respect to chances is shown in Figure 2.3.
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Maximum total monthly flights connecting Amritsar to
Mumbai

Degree of membership function

Figure 2.3 Membership function of LR flat fuzzy number representing the
maximum total monthly flights connecting Amritsar to Mumbai

2.10 Conclusions

On the basis of the present study, it can be concluded that it is better
to use proposed method as compared to the existing fuzzy Ford and Fulkerson

algorithm [73] for solving fuzzy maximum flow problems.






Chapter 3

A NEw MEeTHOD FoR Sorving FurrLy
Fuzzy CAPAcCITATED MINIMUM CoOST
Frow PROBLEMS

To the best of my knowledge, only the existing method [38] is proposed
in literature to find the fuzzy optimal solution of fully fuzzy capacitated minimum
cost flow problems. In this chapter, shortcomings and limitations of this method
are pointed out. Also, to resolve the shortcomings as well as to overcome the limi-
tations of the existing method [38], a new method is proposed for solving fully fuzzy
capacitated minimum cost flow problems. The advantages of the proposed method
over the existing method [38] are discussed. To illustrate the proposed method a
fully fuzzy capacitated minimum cost flow problem is solved and to show the appli-
cation of the proposed method in real life problems an existing real life fully fuzzy

capacitated minimum cost flow problem is solved by using the proposed method.

3.1 Existing linear programming formulations of
balanced crisp and fully fuzzy capacitated min-
imum cost flow problems

In this section, existing linear programming formulations of balanced crisp

The contents of this chapter are published in International Journal of Fuzzy Systems 14 (2012)
1-10.
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and fully fuzzy capacitated minimum cost flow problems are presented.

3.1.1 Classification of nodes

The nodes used in capacitated minimum cost flow problems can be cate-
gorized as follows:
Purely source node: A node S is said to be a purely source node if there exist
at least one node S’ such that the product may be supplied from S to S’ but there
does not exist any node S” such that product may be supplied from S” to S. The
set of all such nodes is represented by Npg.
Purely destination node: A node D is said to be a purely destination node if
there does not exist any node D’ such that the product may be supplied from D to
D’ but there exist at least one node D" such that product may be supplied from D"
to D. The set of all such nodes is represented by Npp.
Intermediate node: The following nodes in the network are said to be intermedi-
ate nodes:

(i) A node S at which some quantity of the product is available to transship at
other nodes and also there exist some nodes such that some quantity of the
product is supplied from those nodes to node S. All such intermediate nodes
are said to be source nodes and the set of all such nodes is represented by Ng.

(ii) A node D at which some quantity of the product is required and also there
exist some nodes such that the product is supplied from node D to those
nodes. All such nodes D are said to be destination nodes and the set of all
such intermediate nodes is represented by Np.

(iii) A node T at which neither any quantity of the product is available to transship

at other nodes nor any quantity of the product is required but there exist some
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nodes such that some quantity of the product is supplied from that nodes to
node 7" and the same quantity of the product is supplied from 7" to some other
nodes. All such nodes T are said to be transition nodes and the set of all such
intermediate nodes is represented by Nr.

3.1.2 Existing linear programming formulation of balanced
crisp capacitated minimum cost flow problems

Any balanced crisp capacitated minimum cost flow problem (total supply

= total demand) can be formulated into the crisp linear programming problem

(Ps.1) [3]:
Minimize Z (CUSUU)
(1,j)€A
subject to
Z Tij = Q4 1€ NPS
j:(i,j)EA
Z Lij — Z Tji = € iENS
j:(i,7)€A j:(3,0)€A
Z IL'Z']‘ = bj ] € NPD <P3.1)
i:(i,7)EA
> Tij— Y Ti=d; j€Np
i:(4,7)EA i:(4,i)EA
Z Tij = z Zji 1€ NT
J:(i5)€A J:(ji)eA
lij < wij < uj, x5 >0 v (i,j) €A
where,

A: The set of arcs (i, j)

x;;: Decision variable denoting the flow through arc (i, j)
c;;: Cost per unit flow through arc (4, j)

a;: Supply of the product at i** purely source node

e;: Supply of the product at i*" source node

b;: Demand of the product at j* purely destination node
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d;: Demand of the product at j destination node
l;;: Minimum amount that can flow through arc (3, j)

w;;: Maximum amount that can flow through arc (4, j)

Remark 3.1 A minimum cost flow problem is said to be un-capacitated minimum
cost flow problem if /;; = 0 and u;; = 0o V (4,j) € A. Otherwise, it is said to be

capacitated minimum cost flow problem.

3.1.3 Existing linear programming formulation of balanced
fully fuzzy capacitated minimum cost flow problems

Replacing the parameters x;;, ¢;;, ai, €;, b;, d;, l;; and w;; by Z;j, ¢, a;,

€i, b;, dj, lNij (= 6) and u;; respectively, the crisp balanced capacitated minimum

cost flow problem (Ps;) is converted into the fuzzy linear programming problem

(Ps.2) [38].
Minimize Y. (&; ® Ti;)
(i,j)EA
subject to
Z j'ij = le Z < NPS
Ji(i.4)eA
z Zf'w@H Z Ziﬂ:éz 1 € Ng
§:(i,5)€A J:(Gi)eA
> Tij=1b j € Npp (Ps2)
i:(i,7) €A
Yo Tijewm Y, Ty=d; J € Np
i:(4,7)EA i:(j4,0)EA
J:(i5)EA J:(4,1)€A
()j.f‘ijjfbij v (i,j) €A
T;; is a non-negative LR fuzzy number V (i,j) € A
where,

A: The set of arcs (i, 7)

Z;;: Decision variable denoting the fuzzy flow through arc (7, j)
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¢;;: Fuzzy cost per unit flow through arc (i, j)

a;: Fuzzy supply of the product at i"* purely source node

é;: Fuzzy supply of the product at i*" source node

b;: Fuzzy demand of the product at j purely destination node
d;: Fuzzy demand of the product at j destination node

l;j: Minimum fuzzy amount that can flow through arc (i, j)

@;;: Maximum fuzzy amount that can flow through arc (7, j)

3.2 Ghatee and Hashemi method

Ghatee and Hashemi [38] proposed a method to find the fuzzy optimal

solution of such balanced fully fuzzy capacitated minimum cost flow problems for

which I;; = 0V (i,j) € A. Ghatee and Hashemi [39,41] and Ghatee et al. [42]
applied the existing method [38] for solving real life problems.

The steps of the existing method [38] are as follows:

A L .R = L ..R = L R
Step 1 Assuming ¢;; = (Cijacijaci]’)LRa Tij = (xijaxijaxij)LRa a; = (as,a;,a;") LR

e, = (ei,eL €R)LR7 Bj = (b bL bR)LR, dj = (d dL dR)LR, l~ij = (0,0,0)LR and

7% VR ] 70 Hg 0 My

S L , R
Uij = (uij>uij>uij

)or the fuzzy linear programming problem (Pj5) can be written
as:

Minimize ) ((cij,cfj,cf;)LR®(mij,xfj,xﬁ)LR)

(i,)eA
subject to
L Ry _ _ L R »
> (xij>xijaxij)LR = (ai,a;,a;") LR i € Npg
j:(4,5)€A

> (wi, el alren Y (v ah,af)ir = (e ef ef)tr i€ Ny
Ji(i,5)eA J:(Gi)eA

> (wi,xlal)ir = (b, b5, )R J € Npp (Ps3)
i:(i,j)EA

> (@i el al)iron Y (i ak, el e = (dj,df,df) e j € Np
i(i) €A i:(j,)eA
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> (wij,ah, )R = Z (ﬂﬁju o, i) LR i € Nt
Ji(i.4)€EA Ji)EA
(07070)LR j (ZL‘Z‘], 1]7 ) j (uwa K R)LR V (Zaj) S A

(wij, x{;, :L‘R)LR is a non-negative LR fuzzy number V (i,j) € A

Step 2 Using the arithmetic operations [38] (ci;,cfs, ¢f)r ® (vij, 255, 2 )r =

’LJ’
3
L..L JolL (@)3dt
(Cljwljv CZ]x + C 'IZ] K;].C’ij’bj7 Cljx + C 'IZ] + HQCZIEZL‘ZIE)LR Where7 R1 m )
O
[HR™Y(8)3dt
0 L R R
K2 = f [R 1(t)]2dt and Z (Ii]7xz]7x ) ( Z xl]’ Z xz]’ Z xij>LR
0 Ji(i,4)€A ji@.)eA  jiig)eA  ji(ij)€EA
the fuzzy linear programming problem (Ps3), can be written as:
Minimize Y3 (cijaij, Cijaf; + sy — Rachafs, eyt + iy + kachial) Lr
(i,)€A
subject to
L .
( Z Tij, Z xi], Z xz; )LR—(GZ,G“GF)LR 1 € Npg

Ji(i,5)€A J:(i,5)€A J:(i.j)eA

( Z Ly, Z .735, Z Z; )LR @H( Z L4, z 'rjl';;a Z xﬁ')LR: (eiveiLa

FDNEA  (iNEA  j(ig)EA jE0eA  jUAEA  J(Gi)€A

. 4

el )LR ZGNS
YR 5 ’i] 717307 . PD 3.4

(X zy, X oah, X al)ir= (0,05 bk j€Nep  (Poa)

i:(i,j)€A i:(i,) €A i:(4,j)€A

(¥ ay ¥ ah ¥ afren( X o X ok Y ef)e=(dgd,

B(INEA  BGNEA | ixig)EA sGaeA  a(aeA  i(i)EA

d¥) LR 7€ Np

J

(Y 2y ¥ b ¥ wlie=( % @i ¥ ah X af)eie Ny

FDEA  Jif)EA T jilif)EA jghea JGaeA  jiaea

(0707O)LR j (xija'rilj'?xg)LR j (uij7ufj7u]j)LR v (Z,j) S A

(24, 215, 217 ) LR is a non-negative LR fuzzy number V (i,5) € A

Step 3 Using Definition 2.10, Definition 2.11, Remark 2.1, Remark 3.2 and Remark
3.3, the fuzzy linear programming problem (Ps4) can be converted into the fuzzy

linear programming problem (P 5):

Minimize ) (cmx”,c”x +ck T — kyckal CU[E +c; :v,]+/igcR:1:R)LR

1J g0 ij g
(i,5)eA

subject to
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Z Tij = Q4 1 € Npg
ji(i,j)EA

>zl =al i € Npg
J:(3,5)€A

> oxl=af i € Npg
J:(4,5)€A

Z Tij — Z Tj; = € iENS
Ji(i,5)€eA J:(di)eA

> xé - > ZUJLZ = ef 1€ Ng
J:(i,5)€EA J:(JH)EA

>ooan— Y wii=ef i € Ng
Ji(i,5)€A J:(gH)€eA

Yo wiy=0b; J € Npp
i:(i,5)€A

> xh = bk J € Npp (Pss)
i:(i,7)EA

z l’g = bf’ j € Npp
i:(i,j)€A

z xij_ Z ZL’ji:dj jGND
i:(i,j)€A i:(ji)EA

> owh— Y ap=df j € Np
i:(i,) €A :(ji)€EA

> xf} - > xﬁ =d& j € Np
i:(4,7)EA :(ji)EA

Z xij = Z Iji ) < NT
gi(i,5)€A J:(4i)€A

L __ L : N.

> T = ) @ v &€ Nr
Ji(i.4)€A J: (4,1 €EA

>ozh= Y ok t € Ny
gi(i,5)€A Ji(gi)eA

L L R R o

0 <y <wu, 0<zf <uf,0<al <ull V(ij)eA

Tij — 5, w0 >0 Y (i,5) € A

Step 4 The fuzzy optimal solution of fuzzy linear programming (Ps5) can be ob-

tained by solving the following crisp linear programming problem:

Minimize Y (k(cizi;) + Ucals + chayg — mehal) + (el + cliag + racllafl))
(i) €A
subject to (Pss6)

constraints of problem (P 5)
where, k = 9™ ,] = @™ and r = 39™, q1, 2,93 € Q, ny # ny # n3 are non-

negative integers and 1 is a non-algebraic positive real number.
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Step 5 Solve the crisp linear programming problem (Ps¢) to find the optimal solu-

. L ..R
tion {z;, x7, ;% }.

. . L R . ~ _ L R
Step 6 Put the obtained optimal values of z;;, Ty and Ti; in Ty = (.Tij,xij7$ij)LR

to find the fuzzy optimal solution {Z;;}.
Step 7 Put the fuzzy optimal values of Z;;, obtained from Step 6, in > (¢; ®
(i,5)€A

Z;;), to find the minimum total fuzzy transportation cost.

Remark 3.2 Ghatee and Hashemi [38] have replaced the fuzzy restriction 0 < &;; =<

Uiy i.e., (0,0,0)pr = (24, 205, 215 Lr = (uij, ufs, uft)Lr by the following crisp restric-

tions:

0 < iy <y, 0 <aly <uly,0<afl <uff

Remark 3.3 [38] Let A = (a,a”, a®) .z and B = (b, b*,b%) i be two LR fuzzy num-

bers such that a® > b* and a® > b®. Then, A Sy B = (a — b,a" — b*,a"* — o) 5.

Remark 3.4 [41] Let A= (a,a,a* af) g and B = (b,b,b",b%)  be two LR flat
fuzzy numbers such that a” > b* and af* > b, Then, Aoy B = (a —b,@— b,a” —

bL, CLR — bR)LR.

3.3 Shortcomings of existing linear programming
formulation

In this section, the shortcomings of the existing linear programming for-
mulation (Ps2) of balanced fully fuzzy capacitated minimum cost flow problems is
pointed out.

In the formulation (Ps5) the following type of equation is used:

AegB=C (3.1)

where, A,B and C are LR flat fuzzy numbers i.e., in the existing formulation
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(Ps3), it is assumed that if A = (a,@,a" a®)z and B = (b,b,b*,b") 5z are two
LR flat fuzzy numbers such that a” > b and a® > b then Hukuhara’s difference
C =AcyB=(a—ba—ba" —bla® —b?),; will also be an LR flat fuzzy
number. However, the Hukuhara’s difference of two LR flat fuzzy numbers A and
B is not necessarily an LR flat fuzzy number e.g., for the LR flat fuzzy numbers
A=(2,5,3,4)g and B=(1,6,1,2)z, C = Aoy B=(1,—1,2,2)5 is not an LR
flat fuzzy number.

Since, in the constraints of fuzzy linear programming formulation (Pss) the
Hukuhara’s difference A ©5 B is used. So, it is not genuine to use the existing

formulation (Ps2) for solving fully fuzzy capacitated minimum cost flow problems.
3.4 Shortcomings of Ghatee and Hashemi method

It is not genuine to apply the existing method [38], presented in Section 3.2,
for solving fully fuzzy capacitated minimum cost flow problems due to the following
reasons:

(1) To solve the fuzzy linear programming problem (Ps5), Ghatee and Hashemi
[38] pointed out that the average, left and right spreads of a feasible flow have
to be less than the maximal value of the corresponding quantities. Hence, in
Step 3 of Ghatee and Hashemi [38] method the fuzzy restriction 0 < 7;; < @y
ie., (0,0,0),r =< (xij,xfj,xg)LR = (uij,ufj,ufj)LR are replaced by the crisp

restrictions 0 < x5 < uy,0 < 2 < uf

70 < xf} < uf ie., in Step 3 of

j
the Ghatee and Hashemi method, it is assumed that if A = (a,a”,a®) g

and B = (b,b",b") are two LR fuzzy numbers then A < B if and only if

a <bak <bl al* <blie,
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o . A ifa<bal<bl ol <bf
minimum{A, B} =< _
B ifb<a,b" <al bl <aff
While, in the Step 4 of the Ghatee and Hashemi method where, there
is need to find such feasible solution out of all the possible feasible solutions
corresponding to which the value of the objective function is minimum i.e.,
to find the minimum of fuzzy numbers, representing the values of objective
function corresponding to all the feasible solutions, Ghatee and Hashemi [38§]

have assumed that if A = (a,a”, a®®) g and B = (b, b%, b™) g are two LR fuzzy

numbers then A < B if and only if ka + la* + ra®® < kb + b + rbf ie.,

A if ka+lat + ra® < kb + IbE + ro®
B if kb+ IbY + rb® < ka + la* + ra®

minimum{A, B} = {

Hence, in the same method two different approaches are used for finding

the minimum of LR fuzzy numbers which is not genuine. Although, it seems

that this shortcoming of the Ghatee and Hashemi method can be resolved by

using the same method for finding the minimum of fuzzy numbers in both
steps. But, it is not possible to do so due to the following reasons:

If A = (a,a a®)pr and B = (b,b%,b%) .z are values of the objec-

tive function corresponding to two feasible solutions of the fuzzy linear pro-

gramming problem (Ps5) such that neither a < b, a’ < bl af* < bE nor

b < a,b” <a” b <af then the minimum{fl, B} i.e., fuzzy optimal value of

the fuzzy linear programming problem (Ps5) can not be obtained by using

A ifa<bal<bl ol <bf

minimum{A, B} = { "
B ifb<a,b® <a" bl <aff

eg., 5&1 = (17 07 0)LR7 '%2 = (07 07 O)LR; ‘fi‘3 = (17 07 O>LR and '%1 = (07 07 O)LR7 '3%2 =

(1,0,0)Lr, 73 = (0,0,0),r both are the feasible solutions of the fuzzy linear
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programming problem (Ps;) and the values of the objective function corre-
sponding to these feasible solutions are (10,4, 1),z and (9, 2, 2) g respectively.
Since, in these fuzzy numbers neither the condition a < b,a” < b%, af* < bF
nor the condition b < a,b” < a®, bf* < a® is satisfying so, it is not possible to
find the minimum of fuzzy numbers (10,4, 1),z and (9,2,2).r

Minimize ((5,1,1),r ® 71 ® (10,4, 1)1 r @ To ® (4,1, 1) 15 @ T3)

subject to

F1® @ = (1,0,0) 18

T1 = T3 (Ps7)
To ® T3 =(1,0,0)Lr

Z1,T9, T3 are non-negative LR fuzzy numbers.

A if ka + laf + ra® < kb + bF + rbB
B if kb + IbE + rbf < ka + lat + ra®

can be used only for comparing LR fuzzy numbers so if the parameters are

(2) Since, the method minimum{A, B} = {

replaced by LR flat fuzzy numbers then it is not possible to apply this method.

3.5 Limitations of Ghatee and Hashemi method

Since, in Step 3 of the existing method [38], discussed in Section 3.2,

the fuzzy restriction lj; < &y = Gy ie., (L, lij 15,15 0r < (24, T o5, 28 r =
(um,uw,uf], g)LR is replaced by the crisp restrictions [; < z;; < u;, li; <7 <

Wjj, lL<:UL§u anleS:L’R<u

i so the existing method [38] can be used

157

only for solving such fully fuzzy capacitated minimum cost flow problems for which
the restrictions L- < z;; < wyy, Zij < 7 < Wy, liLj < :EZLJ < ué and lf; < xf} < uf;?

are satisfied. If I;; = (0,0,0,0).r V (i,j) € A then these restrictions will always

be satisfied i.e., such fully fuzzy capacitated minimum cost flow problems for which
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li; = (0,0,0,0)r V (i,7) € A can always be solved by the existing method [38].
However, if the existing method [38] will be used for solving such fully fuzzy ca-
pacitated minimum cost flow problems for which these restrictions are not satisfied
then no feasible solution will be obtained e.g., for the values of l~ij and ;; chosen
in Example 3.1 and Example 3.2, these conditions are not satisfying so no feasible

solution of these problems can be obtained by using the existing method [38].

Example 3.1 Find the fuzzy optimal solution of the balanced fully fuzzy capaci-
tated minimum cost flow problem depicted in Figure 3.1. The data is listed in Table

3.1 and Table 3.2.

Figure 3.1 Network representing fully fuzzy capacitated minimum cost flow
problem

Table 3.1 Fuzzy cost (&;), minimum fuzzy amount (I;;) and maximum

fuzzy amount (a;;)

Arc (i,7) &ij lij iy
(2,1) | (12,15,2,5),r | (0,0,0,0)pr | (70,80,10,10).5
(2,3) | (9,11,2,19) 15 | (10,15,2,3),r | (251,260,1,2).p
(2,4) | (15,19,7,4)r | (15,17,3,10) 15 | (302,350,2,5)rr
(1,3) | (10,12,3,7)zr | (0,0,0,0)rr | (90,100,10,20)rr
(3,4) | (10,15,5,5),r | (0,0,0,0)rr | (60,70,10,10)1 5

Table 3.2 Fuzzy supply (d;/&;) and fuzzy demand (b;/d;)
Nodes (ai /&) (b;/d;)

1 _ _
2 | (150,250, 100,50) 1k -
3 - (100,150,80,50)
4 - (50,100, 20,0) g
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where, L(r) = maximum{0, 1 — z}, R(z) = maximum{0,1 — z*}

Example 3.2 Find the fuzzy optimal solution of the unbalanced fully fuzzy ca-
pacitated minimum cost flow problem with the same network flow structure as in

Example 3.1. The data is listed in Table 3.3 and Table 3.4.

Table 3.3 Fuzzy cost (&;), minimum fuzzy amount (I;;) and maximum

fuzzy amount (a;;)

Arc (i,7) Cij Lij Usj
(2,1) (12,15,2,5)Lr (0,0,0,0)r (70,80,10,10)r
(2,3) | (9,11,2,19) 15 | (10,15,2,3).r | (251,260,1,2).x
(2,4) (15,19,7,4)rr | (15,17,3,10)r | (302,350,2,5)rr
(1,3) (10,12,3,7)rr | (5,10,10,3)Lr | (90,100,10,20).r
(3,4) | (10,15,5,5)zr | (0,0,0,0)zr | (60,70,10,10).5

Table 3.4 Fuzzy supply (a;/&;) and fuzzy demand (b;/d;)
Nodes (ai/é) (b;/d))

1 _ —
2 | (200,250,100, 50) 5 -
3 - (100,150, 80, 50) 1 &
4 - (50,100, 20,0) . x

where, L(r) = maximum{0, 1 — z}, R(z) = maximum{0,1 — z*}

3.6 Modified representation of linear programming
formulation of balanced crisp and fully fuzzy
capacitated minimum cost flow problems

In this section, to overcome the shortcoming of existing linear program-
ming formulation of balanced fully fuzzy capacitated minimum cost flow problems,
pointed out in Section 3.3, the existing linear programming formulation of balanced
crisp and fully fuzzy capacitated minimum cost flow problems, presented in Sec-
tion 3.1, is modified in such a manner so that the physical meaning of existing and

modified linear programming formulation of balanced crisp capacitated minimum
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cost flow problems are same while the modified representation of balanced fully
fuzzy capacitated minimum cost flow problem represents the balanced fully fuzzy
capacitated minimum cost flow problems in a more realistic manner as compared
to the existing linear programming formulation of balanced fully fuzzy capacitated

minimum cost flow problems.

3.6.1 Modified representation of linear programming for-
mulation of balanced crisp capacitated minimum cost
flow problems
The crisp linear programming problem (Ps;) can be converted into crisp

linear programming problem (Psg):

Minimize Z (Cij-rij)

(i,7)€EA
subject to

Z ZEZ']‘ = Q; 1€ NPS
ji(i,j)EA

Z Tij = Z T+ €; 1 € Ng
ji(i,j)EA j:(Ji)EA

> Tij=0b; J € Npp (Pss)
i:(i,5)€A

> wy= ), rit+d;  jEND
i:(i,7) €A i:(j,i) €A

Z Tij = Z T i 1€ NT
ji(i,j)EA j:(Ji)EA
lij <z < ugj, 45 2> 0 V(i,j) € A

3.6.2 Modified representation of linear programming for-
mulation of balanced fully fuzzy capacitated minimum
cost flow problems
The linear programming formulation of balanced fully fuzzy capacitated

minimum cost flow problems, presented in Section 3.1.3, is obtained by using the

linear programming formulation of balanced crisp capacitated minimum cost flow
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problems, presented in Section 3.1.2. On the same direction fuzzy linear program-
ming problem (Ps) can be obtained by using the modified crisp linear programming
problem (Ps3g):

Minimize ). (&; ® &;j)

(3,7)€A
subject to

Z iij - ELl Z € Nps
j:(i,j)EA

Z :Z‘ij: Z {Z‘ji@éi 1 € Ng
J:(3,5)€A J:(ji)eA

> Ty =10 j € Npp (Psg)
i:(i,7)EA

> Tij = > Zj; Dd, 7 € Np
i:(1,5) €A i:(4i)EA
j:(i,5)€A J:(4)€eA
lij 2 25 = Uy V(i,j) € A

Z;; is a non-negative LR flat fuzzy number V (i,j5) € A
3.7 Proposed method

In this section, to resolve the shortcomings of existing method [38], dis-
cussed in Section 3.4, as well as to overcome the limitations of the existing method
[38], discussed in Section 3.5, a new method is proposed for finding the fuzzy opti-
mal solution of balanced and unbalanced fully fuzzy capacitated minimum cost flow
problems by representing all the parameters by LR flat fuzzy numbers. If the supply
of product at " purely source node and i*" source node is @; and é; respectively
and the demand of the product at j** purely destination node and j** destination
node is l~)j and Jj respectively then the exact fuzzy optimal solution of fully fuzzy
capacitated minimum cost flow problems can be obtained by using the following

steps:
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Step 1 Find the total fuzzy supply >  a; @ > €& and the total fuzzy demand

i€Npg i€ENg
Z BJ@ Z Cij. Let Z CNLZ@ Z éi:(m,m,mL,mR)LR and Z l;JEB Z Cij:
JENppD JEND 1€ENpg 1€Ng JjENPD JEND
(n,m,nt n®) p. Examine that the problem is balanced or not, ie., Y, @ @
i€Npg
Sa= Y o Y dior X a®y &4 Y e ) d.
t€Ng JENPD JEND 1€Npg t€Ng JENPD JEND
Case (i) If the problem is balanced, i.e., 3. @@ 3. &= > b;® 3 d; then
i€ENpg i€ENg JENPD JEND

Go to Step 2.

Case (i) If Y @@ Y. &# > b;® 3 d; then convert the unbalanced prob-
i€Nps i€ENg jENPD j€END

lem into balanced problem as follows [65]:

Case (a) [f m—m* < n—n® mP <nl m—m <n—n, and m? < n® then introduce
a dummy purely source node with fuzzy supply (n—m,n—m, nt —m?% n® —mf)p.
Assume the fuzzy cost for transporting one unit quantity of the product from the
introduced dummy purely source node to all purely destination nodes and all inter-
mediate nodes as zero LR flat fuzzy number. Go to Step 2.

Case (b) If m — m% > n—nt, ml > nf, m —m >n —n, and m® > n® then

introduce a dummy purely destination node with fuzzy demand (m —n, m—mn, m¥ —

n,mP — nf)

Lr- Assume the fuzzy cost for transporting one unit quantity of the
product from all purely source nodes and intermediate nodes to the introduced
dummy purely destination node as zero LR flat fuzzy number. Go to Step 2.

Case (c) If neither Case (a) nor Case (b) is satisfied then introduce a dummy source
with fuzzy supply (maximum {0, (n —n’) — (m —m’)} + maximum {0, (n —m?%)},
maximum {0, (n — n%) — (m — m%)} + maximum {0, (¥ — m*)} + maximum
{0,(m—n) — (M—m)}, maximum {0, (n” —m%)}, maximum {0, (n® —m®)}) g and

dummy purely destination with fuzzy demand (maximum {0, (m —m%) — (n —n*)}

+ maximum {0, (m* — n*)}, maximum {0, (m — m%) — (n — nt)} + maximum
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L—ph)}, max-

{0, (m* —n")} + maximum {0, (M —m) — (7 —n)}, maximum {0, (m
imum {0, (m® —n®)}) r. Assume the fuzzy cost for transporting one unit quantity
of the product from the introduced dummy purely source node to all intermediate
nodes, existing purely destination nodes and introduced dummy purely destination
node as zero LR flat fuzzy number. Similarly, assume the fuzzy cost for transporting
one unit quantity of the product from all intermediate nodes, existing purely source
nodes and introduced dummy purely source node to the introduced dummy purely
destination node as zero LR flat fuzzy number. Go to Step 2

Step 2 Formulate the balanced fully fuzzy capacitated minimum cost flow problem,

obtained in Step 1, into the fuzzy linear programming problem (Psy).

R ~ — L
$i]7'x x; )LR7 a; = (Qz‘aaiaa’i 9

. ~ o p— L R ~
Step 3 Assuming ¢;; = (c;;, Cij» Cij Ci ) LRy Tij = (2 7

R

azR)LRa éz = (617617657 ﬁ)LR: b] (b bj7b] )b] )LR7 dj (d d]a d] 7d] )LR7 lzg =
L--,Zi-,l@,lﬁ e and U = (w,., Ui, uk uR LR, the fuzzy linear programming prob-
270 780 T1g Mg J gy Yig

150

lem (Ps9) can be written as:

Minimize Z (( zgaclb 1L]’ S)LR(X)( z]?xl]’ zL]7 E)LR)

(i.4)eA
subject to
L Ry ., — L R »
> (@, Tij, v w5 LR = (a4, @iy 077, 05" ) LR i € Npg
J:(i.5)€A
= L Ry _ _ —~ L R = L R :
‘ Z (Zij> Tij» Tij» Tij )LR = ‘ Z (@i, Tji, 55, 053 LR D (€4, € €57, €5 )Lr 1 € Ng
Jj:(ij)€A J:(Gr)eA
= L R L :
Z (%jvwz‘j?xij‘a%j)LR = (b b]abj 7b] ) LR Jj € Npp
i:(i,)€A

Z (gijaxl])xfyv S)LR: Z ( ]z7$jla ]LZ) ﬁ)LR@(d d]7df)d ) LR jeND (P3.10)
:(,5)€A i:(ji)€EA

- L ..R _ L _.R ;
(&Z‘j,xipxijaﬂ%j)LR = > (szvx]17xj17xji)LR 1€ Nt
Ji(i.5)eA J:(ji)eA
7 L JR - L ,.R L , R N
(LijvlijJij?lij)LR = (@ij?xzjaxwax@]) = ( 1]7ui]7ulj7uj)LR v (Zaj) €A

(i, Tij, sz], xR)LR is a non-negative LR flat fuzzy number V (7,7) € A

Step 4 Using the arithmetic operations of LR flat fuzzy numbers, defined in Section
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2.1.2, the fuzzy linear programming problem (Ps19) can be written as:

T - L, L L.L = R .R= R..R
Minimize 37 (¢;;@;5, CijTij, ¢jTi5 + Ci5%;5 — €55, Cigys + CiTij + CSTi LR
(i,)€A
subject to
= L Ry  _ (., = oL R '
(> zy, > T 2w, > yp)ir = (4,867,607 )LR i € Nps

Jj@eA  gi)eAd  G(geA  ji(ij)eA

(> zy, > Ty, ) fL’iLja > xf})LR:( > Zj;+ €5 > Tjite,

ji(i’j)eAi J:(i,5)€A J:(i.5)€A J:(i,5)€A J:(GH)eA J:(ji)eA

> xfﬁ-ef, > xﬁ—i—eZR)LR) 1 € Ng
J:(4i)eA J:(Gi)eA
( Z glja Z E7,]7 Z J"iLj) Z le'?)LR — (ijgjvb][/)b;%)LR j € NPD

:(1,5)€A i:(4,5)€A i:(3,5)€A :(i,5)€A

(X @y > Ty, o>owh, > wr=( X z;+d;, Y Ti+dg,

i:(2,5)€A i:(4,5)€A i:(4,5)€A i:(,5)€A i:(j,0)€A i:(j0)€EA

> :C]I{L-—i-d][’, > $ﬁ+d§%)LR j€Np (Ps11)
i:(ji) €A i:(ji)€A
( Z Lij Z Tij, Z x%’ Z xﬁ)LR = ( Z Ljis Z Tji, Z l’]l‘jia
JiieA  giig)ed  G(ig)eA  ji(ij)eA JiGieA  j:(4iHeA  :(ji)eA
'(Z):eAxﬁ)LR i € Np
VAW
(Lijs Lig L5 U LR = (2, Ty o, o) r = (W, Tagy ulf, ult ) or v (i,j) € A

(24, Tij» w15, ¢ ) LR is a non-negative LR flat fuzzy number V (i, j) € A
Step 5 Using Definition 2.10 and Definition 2.11, the fuzzy linear programming
problem (Ps11) can be converted into the fuzzy linear programming problem (P 12):

nimi = = L, L. _ .L.L = R, R— o R R
Minimize > (¢4, CijTij, ¢ x5 + ¢z Cijxij7clsz‘j+Cz’jxl]+c"$ij)LR

(i,j)€A e A "
subject to

> Lij = 44 i € Npg
J:(i,5)€A

Z fij = al ’l < NPS
J:(4,5)€A

>, wh=af i € Npg

> :Ufj» = af 1 € Npg
J:(i,5)€EA

Yo o Ty= Y, 1t i € Ng
J:(4,5)€A J:(gi)€eA

Z Tij: Z fji+éi 1 € Ng
J:(3,5)€A J:(d0)€eA

> xk= Y ah+ef i € Ng

J:(i.j)eA J:(di)eA
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>ooxi= Y zii+ef i € Ng
Ji:(i.5)€eA J:(Gi)eA

Z T, = l_)j j € Npp
i:(i,)€A

> Tij=b J € Npp
i:(i,j)EA

> szg = bJL J € Npp (P3.12)
i:(i,§) €A

> xf =0k J € Npp
i:(i,j) €A

Yo oxy;= ) zutd; J€Np
i:(i,j) €A :(ji)EA

> Tij= ) Titd j € Np
i:(i,5)€A i:(4,i)€A

> oxk= Y ah+db j € Np
i:(i,) €A i:(j,i)EA

>ooxfl= Y ai+df j € Np
i:(i,j)EA i:(j,0)EA

X Ly= Yz i € Nr
J:(i,5)€EA J:(GH)eA

Z Eij - Z fji Z < NT
ji(i,j)EA j:(4,i)EA

>ooxh= Yk i € Ny
j:(i,5)EA j:(ji)EA

> xﬁ = > xﬁ 1 € Nt
J:(i,5)€EA J:(GA)EA
zy;—ah > 0,Ty; —xy > 0,252 >0V (i,5) € A

(Lij’llﬁlle’ lzJ)LR = (l‘m’xlﬁxé7 S)LR = (uzj’uU?ule7 zj)LR Vv (i,j) € A } (Cs1)
Step 6 Suppose the fuzzy linear programming problem (P 12) has k basic feasible so-

lutions and {((z;;)", (Ti;)*, (x5)", (z5)*)Lr} be the w' basic feasible solution then

the goal is to find such basic feasible solution corresponding to which the value of

w = (7w L\w
the objective function is minimum i.e, mllrgﬂrri%m > (i), e (Te)?, cij(wi) +
(i,j)eA

i) — ch(xh)” (@)Y + (@) + cli(@f)”)pr. Garcia and Lamata [36]

pointed out the shortcomings of several existing methods for comparing fuzzy num-

bers and proposed the concept that if mlnlwrri%m . Z):GA%(Q” (z:;)", € (Ti)" ¢ (3;5 )+
7-]
(i) —ch(eh)", Ty (al) 4+l (Ty) Y + el (2)Y ) Lr is (A;EA%(QU<£U)¢7Eij<fij)¢7Qij
]

(@35)? +eij(zyy)? — i (@i3)? C (@) + i (Tig) +cfi (@])°) LR then milgiwrgl,gm(;@(eij
<wsk ;5
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(24)", T (Tig)*, i (@) A el (245)" — e (@5)", Ty ()Y + (@)Y + ()Y )Lr s

('%A<Qij(£ij)¢aEij(fij)d),CZ]( )4l (zy) P —ch (), G (2 f) el (Ti) P+l (2)) L.

In other words, by using the existing method [36], the fuzzy optimal solution
of the fuzzy linear programming problem (Ps;2) can be obtained by solving the
following crisp linear programming problem:

. . . L L
Minimize . Z):A%(cmxw, Czyxmcm% + cwxl] CiiTiss cwx + c T+ CU%J)LR
1,7)€

subject to (Ps.13)

Ry Lij, 15 1) pr < Ry, Ty ol 28 p < Ry,

1js Yigr Yig 157 /R

Uij, ub, ul)p ¥ (i,7) € A

179 35 50 Vg

as well as all the constraints of problem (Ps13) except (Cs1)

Step 7 Using Section 2.4, the crisp linear programming problem (Ps13) can be writ-
ten as:

Minimize [y fo CiiZii) A+ (CiTij) (L= N))dp) +(1—7) )\fo i) — (el + el —

ckxB) LN (p))dp + (1 = N) [, (€T + (€yalt + iz + cBal) R (p))dp)]

subject to (Ps.14)
( (o LA (1= X)) dp)+(1=7) (A [ (L —1E L (p))dp+(1—N) fol(zij—klf}R*l(p))dp))
s@w@@+@u—m@> VO Sy (g = oL (p)dp+ (1= N) f @ +

aﬁR;%MﬁwD:E(WUEQgA+ﬂwO-Mﬁm) Ny (= ub L (p))dp +

= ) Jo @iy + uli R (p))dp))

as well as all the constraints of problem (Ps12) except (Cs1)
Step 8 Solve the crisp linear programming problem (Ps14), to find the optimal so-

.%'ij, ZL'L QTR

lution {z; T

50

Step 9 Put the optimal values of :cw,xzj,xé and 2%, obtained from Step 8, in

157

Tij = (2;5, Tyj, v, o) Lk to find the fuzzy optimal solution {Z;;}.

Step 10 Put the fuzzy optimal values of Z;;, obtained from Step 9,in > (¢; ®
(i,5)eA
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Z;;) to find the minimum total fuzzy transportation cost.

3.8

Advantages of the proposed method over ex-
isting method

In this section, advantages of the proposed method over existing method

[38] are discussed.

(1)

Since, in the proposed method instead of fuzzy linear programming formulation
(Ps2) the modified fuzzy linear programming formulation (Psg) of balanced
fully fuzzy capacitated minimum cost flow problems is used. So, all the short-
comings, pointed out in Section 3.3, occurring due to Hukuhara’s difference

are resolved.

All the problems which can be solved by the existing method [38] can also
be solved be the proposed method. However, there exist several problems
which can be solved by the proposed method but can not be solved by using
the existing method [38]. To illustrate the proposed method and to show its
advantage the unbalanced fully fuzzy capacitated minimum cost flow problem,
chosen in Example 3.2 which can not be solved by using the existing method

[38], is solved by the proposed method.

3.8.1 Optimal solution of the chosen fully fuzzy capacitated

minimum cost flow problem

The fully fuzzy capacitated minimum cost flow problem, chosen in Exam-

ple 3.2, can be solved by using the following steps of the proposed method:

Step 1 Total fuzzy supply = (200, 250, 100, 50) g and total fuzzy demand = (150, 250,

100,50) 5. Since total fuzzy supply # total fuzzy demand, so it is an unbalanced
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fully fuzzy capacitated minimum cost flow problem.

Now, as described in the proposed method (using Case (c) of Step 1), the
unbalanced fully fuzzy capacitated minimum cost flow problem can be converted
into a balanced fully fuzzy capacitated minimum cost flow problem, by introduc-
ing a purely dummy source node (5) with fuzzy supply (0,50,0,0).r and a purely
dummy destination node (6) with fuzzy demand (50,50,0,0).z. So that total
fuzzy supply = total fuzzy demand i.e., (200,250,100,50).r € (0,50,0,0),r =
(150,250, 100, 50) .z ® (50,50,0,0) 5.

Assume the fuzzy transportation cost for the one unit quantity of the product
from the introduced purely dummy source node (5) to all intermediate nodes (1 and
3), existing purely destination node (4) and introduced purely dummy destination
node (6) as zero LR flat fuzzy number. Similarly, assume the fuzzy transportation
cost for the one unit quantity of the product from all intermediate nodes (1 and 3),
existing purely source node (2) and introduced purely dummy source node (5) to
the introduced purely dummy destination node (6) as zero LR flat fuzzy number
i.e., Gs51 = Cs3 = Csq = Cs6 = C36 = Ca6 = C16 = (0,0,0,0)r-

Step 2 The balanced fully fuzzy capacitated minimum cost flow problem, obtained
from Step 1, can be formulated into the following fuzzy linear programming prob-
lem:

Minimize ((12,15,2,5)1r ® &21 @ (9,11,2,19) 18 ® T2z & (15,19,7,4)1p ® Fau &
(10,12,3,7) g ® Z13 & (10,15,5,5)1r ® T34 & (0,0,0,0)r @ T16 ® (0,0,0,0)r ®
Tog @ (0,0,0,0)Lr ® 36 ® (0,0,0,0),r ® T51 D (0,0,0,0),r @ T53 @ (0,0,0,0) 5 ®
T54 D (0,0,0,0) g ® Tse)

subject to
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T13 © T16 = To1 © T;1

To1 @ Toz ® Tog @ Tog = (200, 250, 100, 50) L r

T13 @ To3 © Ts3 = T34 © T3¢ © (100, 150, 80,50) g

Toy @ T34 @ T54 = (50,100,20,0) .5

Ty © Tsz B Tsa B Ts6 = (0,50,0,0) 1

T16 D Tos D T36 D Tse = (50, 50,0,0) L

T91 = (0,0,0,0) R, T91 = (70,80,10,10)1r, T23 = (10,15,2,3)1r
Toz = (251,260,1,2)pg, Tos = (15,17,3,10)Lr, T2s =< (302,350,2,5)r

13 = (5,10,10,3) Lk, d13 =< (90,100, 10,20) 15, F31 = (0,0,0,0) .5

2734 (60 70 10 10)LR7 Ilﬁ (0 O 0 0)LR7 fL‘QG (0 0 O 0)
T36 = (0,0,0,0)Lr, T51 = (0,0,0,0)Lr, T54 = (0,0,0,0)Lr
ZE53 (O O 0 0)LR7 ZE56 (0 O 0 0)

Z;; is a non-negative LR flat fuzzy number V (i,j) € A

Step 3 Using Step 3 to Step 7, of the method, proposed in Section 3.7, the fuzzy
linear programming problem, obtained in Step 2, can be converted into the following
crisp linear programming problem:

Minimize = 35 (15029, + 105293 + 12029, + 10525 + 7523, + 265T21 + 317T23 + 317T24 +
236713 + 265734 — 15028, — 1052L, — 1202, — 10528, — 752%, + 16028 + 24025 +

184z8, + 15228 + 1602L)

subject to

Zyz+ Ty — Ty — L5y =0, Loy + Loy + Toy + Tog = 200
Tyg + Loy + L5z — L3y — 236 = 100, Toy + XLyy + 254 = 50

Zgy + T3 + 2y + 56 = 0, Zyg + Toyg + Zgg + T56 = 50

T13 + Tig — To1 — Ts1 = 0, To1 + Tag + Tog + Tos = 250
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Ts1 + Ts3 + Tsa + Tse = 50, T16 + Tog + T36 + Ts6 = 90
aiy + wi — ah — xfy =0, x4 x5 + 5y + x5 = 100
iy + aly + ks — 2k, — 2k =80, xly + xk + 2k, =20

ok +aly + 2k + 2k =0, o + ol + 2l + 2k =0
oft + 2B — 2l — 2l =0, ol + ol + 2l + 2t = 50
x%+w§3+x%—m§1—m%:50, x§1+x§;l—|—x§4=0

ol + 2l + 2B+ 2k =0, it + ol + 2B+ 2l =0

1525, + 15Ta; — 152k, + 82 < 2180, 152y, + 15T93 — 152k, + 82k, < 7666
152, + 15T9; — 152k, + 828, < 9790, 15z, + 15213 — 152k + 8aF, < 2860

15&34 + 15734 — 151'%4 + 8~T3R4 < 1880, 15%16 + 1571 — 15$1LG -+ 81‘{{6 >0

15245 + 15T36 — 152k + 82l > 0, 15255 + 15753 — 152k, + 82fL >0
1525 + 1556 — 150k + 8z& > 0, 15206 + 15T0s — 152k + 828 > 0
1525, + 15T5 — 152f + 8z > 0, 1525, + 15T54 — 152%, + 825, > 0

152y, + 15T — 152% + 8z >0, 15295 + 15T93 — 152k, + 828 > 369
1529, + 1579y — 152k, + 82, > 515, 15x,5 + 15713 — 152k + 825 > 99

1524, + 15734 — 152k, + 828, >0

To1 — Xy 20, Toz —@y3 20, Tog — 2oy 20, Tog—2T9s >0, Ti3—2y32>0
T4 — 23y 20, Tag— 23620, Tie— 23620, Ts1—25 >0, Tp3—2532>0
Tsa —Tsy 20, Tsg — Ty >0, Tog — x%l >0, 2y — 9553 >0, zy — x§4 >0
Ty — 35 >0, @3 — a3 >0, @y — a5 >0, 23— 355> 0, 23— 2 >0
L51 — xél >0, Z53— xé:a >0, Zz— 955L4 >0, Zy— I§6 >0

L. .. L L L L .L L .L L L .L R ..R R ..R ..R R
To1, Taz, Loy, Tag, L135 L34 L3y Ligs Ls1y Ts30 T4y Trey Lo1y L3, Loy, Lag, L13, Lag

R .R ..R .,.R R R
T36, Ty Ty, Ty, Tag, Tpg = 0
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Step 4 The optimal solution of the crisp linear programming problem, obtained
in Step 3, is Loz = 100,@24 = 507226 = 50,523 = 150,524 = 50,526 = 50,554 =
50, 2k, = 80, 2k, = 20, 28 = 12.37, 2% = 37.62, 214 = 12.37 and the remaining val-

J— L R .
ues of x,;, T;;, x5, x;; are zero respectively.

Step 5 Putting the optimal values of @ij,fij,xL and !, obtained from Step 4,

ij i
in 7;; = (gij,@j,xfj,xf})LR, the fuzzy optimal solution is Z9; = (0,0,0,12.37) g,
Toz = (100,150, 80,37.62) r, T24 = (50,50,20,0).r, T13 = (0,0,0,12.37)1r, T2
= (50,50,0,0) g, T5s4 = (0,50,0,0) .z and remaining values of Z;; are (0,0,0,0)g.
Step 6 Putting the fuzzy optimal values of Zo1, To3, Tos, Tog, T13, T34, T36, T16, T51, L53,
T4, Tse in ((12,15,2,5)Lr @ To1 @ (9,11,2,19)1r ® Tog @ (15,19,7,4) g @ Toy &
(10,12,3,7) Lr ® 2136 (10,15,5,5) Lr @ T34 (0,0,0,0) L r @ T16 B (0, 0,0,0) g ® Tos B
(0,0,0,0)1r ® T36 © (0,0,0,0) 5 @ Z51 @ (0,0,0,0)r ® Ts3 B (0,0,0,0)r ® Tsg B

(0,0,0,0),r®T56), the minimum total fuzzy transportation cost is (1650, 2600, 1270,

4661.37) 5.

3.8.2 Physical interpretation of the results

In this section, the minimum total fuzzy transportation cost, obtained by
using the proposed method, is physically interpreted. Similarly, the obtained fuzzy
optimal solution can also be physically interpreted.

Using the proposed method the minimum total fuzzy transportation cost is

(1650, 2600, 1270, 4661.37) L, which can be physically interpreted as follows:
(1) The least amount of minimum total transportation cost is 380.

(2) The most possible amount of minimum total transportation cost lies between

1650 and 2600.

(3) The greatest amount of minimum total transportation cost is 7261.37 i.e., the
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minimum total transportation cost will always be greater than 380 and less
than 7261.37 and maximum chances are that the minimum total transporta-

tion cost will lie between 1650 and 2600.

The variation in minimum total transportation cost with respect to chances is

shown in Figure 3.2.

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0 L -
0 1500 3000 4500 6000 7500

Minimum total transportation cost

Degree of membership function

Figure 3.2 Membership function of LR flat fuzzy number representing the
minimum total fuzzy transportation cost

3.9 Comparative study

To show the advantages of proposed method over existing method [38], the
results of an existing balanced fully fuzzy capacitated minimum cost flow problem
and the results of fully fuzzy capacitated minimum cost flow problems, chosen in
Examples 3.1 and Example 3.2, obtained by using the existing method [38] and the

proposed method are shown in Table 3.5.

Table 3.5 Results obtained by using the existing method and method proposed in this chapter

Example Existing method [38] Method proposed in

this chapter

3.5 [39, pp. 2498] | (1924000, 1903300, 7299800).r | (1924000,1903300, 7299800) L
3.1 No feasible solution (1650, 3550, 1270,4750) . r

3.2 No feasible solution (1650, 2600, 1270, 4661.375) L r
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The results, presented in Table 3.5, can be explained as follows:

(1) The existing method [38] can be used only for solving such fully fuzzy ca-
pacitated minimum cost flow problems for which the restrictions Lij <z <

Wi, lij < Ty < Wy, U < o < wfsand I < aff < ufl are satisfied. How-
ever, no feasible solution is obtained by using the existing method [38] on
solving such fully fuzzy capacitated minimum cost flow problems for which
these restrictions are not satisfied. Since, for the values of lNij and w;; cho-
sen in the existing problem [39, Example 3.5, pp. 2498] the restrictions

lj < xiy < ug, 15 < ol < uland If < 2f < uff are satisfying, so as

iy — g
discussed in Section 3.5, it can be solved by using the existing method [38].
However, for the values of l;j and ;; chosen in Example 3.1 and Example

Wiy lij < Ty < iy, 1L < 2k < uk and

3.2, the restrictions [; < z;; < ij > Tij

lf} < xf; < uf} are not satisfying so as discussed in Section 3.5 by using the

existing method [38] no feasible solution is obtained for these problems.

(2) Since, the fully fuzzy capacitated minimum cost flow problems for which the re-

o 7 — — L L L R R R
strictions iij <z,;<u lij <o <y, ll-j < ap < g and lij < zy; < wy; are

ij
satisfied can be solved by the proposed method. Also, by using the proposed
method a feasible solution can be obtained for such fully fuzzy capacitated
minimum cost flow problems for which these restrictions are not satisfied. So,
the existing problem [39, Example 3.5, pp. 2498| can be solved by the pro-

posed method as well as for the problems, chosen in Example 3.1 and Example

3.2, feasible solutions can be obtained by the proposed method.

Remark 3.5 Since, in the existing methods [38,39] and proposed method different

type of multiplication and ranking approach are used in the objective function so
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the different fuzzy optimal values are obtained by using the existing and proposed
methods. But, to compare the results of existing method [39] and proposed method
same type of multiplication and ranking approach is used for solving fully fuzzy

capacitated minimum cost flow problems.

3.10 Case study

Ghatee and Hashemi [41, Definition 5.2, pp. 804] have claimed that if a
and b and are two non-negative fuzzy numbers such that a + b. Then, a #+ b can be
converted in @ = b by the following manner:

Find é = @ © b and check that é is negative or positive.
Case (i) If ¢ is positive then b @ é = a.
Case (ii) If ¢ is negative then a & ¢/ = b, where, ¢/ = &yé.

However, it is not always possible to convert a # b into @ = b by using the
described method due to the following reasons:

If G and b are two non-negative fuzzy numbers such that @ # b then é = a© b
may be neither negative nor positive. i.e., neither bé = a nor ade’ = b. e.g., in the
existing real life fully fuzzy capacitated minimum cost flow problem [41], described
in Section 3.10.1, total fuzzy supply a = (1580, 49, 100),r is not equal to the total
fuzzy demand b= (1498.9,64,59) 1 so it is an unbalanced fully fuzzy capacitated
minimum cost flow problem. However, é = a © b = (81.1,108,164) 1 is neither
negative nor positive fuzzy number and neither b é=anorade =Db.

Since, Ghatee and Hashemi [41] have used the existing method [38] to obtain
the fuzzy optimal solution of this unbalanced real life problem without converting

it into the balanced fully fuzzy capacitated minimum cost flow problem. So, the
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results of this real life problem, obtained by Ghatee and Hashemi [41], are not
genuine.
In this section, the method, proposed in this chapter, is used to find the fuzzy

optimal solution of this real life problem.

3.10.1 Description of problem

A simplified network of petroleum industry distribution system Iran, shown
in Figure 3.3, which is operated to transport crude oil from production units and
import terminals to refineries, export terminals and storage tanks, and from there

to destinations with minimum cost is depicted in Figure 3.4.

a NEAM | Doatrala

Iy cuvlc'ﬁi‘ﬁi
Lg :gl supply

s | i Qe
Beaod 7L
Import terminal Refineries

(swap)

Figure 3.3 General petroleum supply chain, including the suppliers and
demanders of petroleum

l
o] T N v O O

Figure 3.4 A simple diagram of a pilot in Iranian petroleum industry
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The fuzzy supply of the crude oil at different sources and destinations are
shown in Table 3.6 and the fuzzy cost and the fuzzy capacity for transporting one

unit quantity of the crude oil from different sources to different destinations are

shown in Table 3.7. with L(z) = R(x) = maximum {0,1 — '}

Table 3.6 The fuzzy supply and fuzzy demand

Node Fuzzy supply Fuzzy demand
1 - (588,10,5).n
2 (0,0,0)Lr (0,0,0)Lr
3 (200,10,10) g -

4 (0,0,0)Lr (0,0,0)Lr

5 (80,4,7)Lr -

6 (0,0,0)L.r (0,0,0) L
7 (220,4,12) L5 -

8 (0,0,0)Lr (0,0,0)Lr

9 (150,5,9)Lr -

10 (0’070)LR (07 O)O)LR
11 (0,0,0)Lr (0,0,0)Lr
12 (220,5,16)r -

13 (70,2,5)Lr -

14 (50,3,5)Lr -

15 (70,1,4)Lr -

16 (0,0,0)Lr (0,0,0)Lr
17 - (400,17,20) g
18 - (158.9,3,15) Lk
19 (0,0,0)Lr (0,0,0)

20 (520,15,32)Lr -

21 - (352,34,19).r

Table 3.7 The fuzzy cost and maximum fuzzy quantity

Node | Node Fuzzy cost Maximum fuzzy quantity
2 1 (4550, 220.68,1419.6) L. r (10,0.78,1.75) Lr
3 2 (4550, 22.75,1656.2) L (15,1.365,1.515)Lr
3 5 (5000, 160, 940) 1, r (200,0.94,2.22) . 5
5 4 (10000, 595, 2360) 1. r (30,1.77,5.34) LR
4 3 (10000, 830,440) 1 r (40,0.44,7.08) Lr
5 7 (10000, 525, 80) Lr (50,0.1,5.35) LR
7 6 (10000, 610,960) 1 r (60,1.44,7.08)Lr
6 5 (10000, 150, 2840) 1, (70,4.97,7.07) LR
7 9 (10000, 440,920) L r (80,1.84,8.88)Lr
9 8 (2500, 76.25,940) L r (90,8.46,13.95) L. r
8 7 (10000, 625, 2280) 1. r (100,5.7,18.2) L
9 11 (10000,590,1920) 1. r (110,5.28,18.26) L r
11 10 (10000,430,1040) . r (120,3.12,13.44)Lr
10 9 (10000, 515,960) L r (130,3.12,16.51) L r
13 11 (10000, 770, 240) 1, & (140,0.84,22.4) 1 »
14 15 (10000, 895, 400) 1. p (150,1.5,28.35)L.r
15 11 (2000, 131,368) LR (160, 7.36,28.32)Lr
11 16 (5000, 127.5,1460) . (390,12.41,21.08)Lr
16 17 (5000, 227.5,1520) . g (390, 13.68,30.06) L r
12 11 (5000, 167.5,1520) . » (190,14.44,27.17) . »
20 19 (1600,89.6,96) . r (200,3,25.4)Lr
20 21 (2500, 148.75,700) . r (410,14.7,39.69) L r
21 1 (1600, 103.2,89.6) L r (588,10.08,31.46) L r
19 18 (30000, 585, 7800) 1. r (230, 14.95,23.92) L r
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3.10.2 Results

The fuzzy quantity of crude oil that should be transported from one node

to another node, obtained by using the proposed method, is shown in Table 3.8.

Table 3.8 The fuzzy optimal flow between each couple of node in the simplified pilot in Iran

Node — Node Fuzzy flow Node — Node Fuzzy flow
2 —1 (0,0,0)Lr 11 — 10 (2.44,2.44,0) 1R
3—2 (0,0,0)Lr 11 — 16 (388.55,5.55,20) LR
3—5 (200,10,0) R 12 — 11 (191.81,5,11) 1.5
3 — 23 (0,0,10)Lr 12 — 23 (28.18,0,5) LR
4—3 (0,0,0)Lr 13 — 11 (70,2,5) LR
5 — 4 (0,0,0)Lr 14 — 15 (0,0,0)Lr
5— 7 (0,0,0)Lr 14 — 18 (50,3,5) LR
5 — 21 (280,14, ") Lr 15 — 11 (70,1,4) L r
6 —5 (0,0,0)Lr 16 — 17 (388.55,5.55,20) LR
7T—6 (0,0,0)Lr 19 — 18 (108.9,0,10) LR
7 — 21 (245.33,11.44,12) . 20 — 19 (108.9,0,10) LR
7T—9 (0,0,0)Lr 20 — 21 (411.1,15,5) R
8§ — 7 (25.34,7.44,0),r 20 —23 (0,0,17) LR
9 — 8 (25.34,7.44,0) g 21 — 1 (584.44,6.44,5) . r
9 — 11 (59.18,0,0)Lr 22 — 1 (3.55,3.55,0) LR
9 — 23 (67.91,0,9)Lr 22 — 17 (11.44,11.44,0) g
10 — 9 (2.44,2.44,0)

3.10.3 Discussion

Since, it is obvious from Figure 3.3 that node 5, node 7 and node 14 are
not connected to node 21, node 21 and node 18 respectively. So, in the fuzzy op-
timal solution the fuzzy quantity of the crude oil that should be transported from
node 5, node 7 and node 14 to node 21, node 21 and node 18 respectively should be
zero LR fuzzy number. However, it is obvious from the results, shown in Table 3.8,
that these quantities are not zero LR fuzzy number. So, the obtained fuzzy optimal
solution of the chosen real life problem is a pseudo fuzzy optimal solution.

Since, the fuzzy cost for transporting one unit quantity of the crude oil

from node 5, node 7 and node 14 to node 21, node 21 and node 18 respectively
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are not given in the existing data [41]. So, assuming this cost as M the ob-
tained minimum total fuzzy transportation cost is (12429794+575.33M, 781344.46+

28.44M,3775337.62 + 24 M) . 5.

Remark 3.6 Since the chosen real life problem is an unbalanced problem so to find
the fuzzy optimal solution of the chosen problem a purely dummy source node (22)
and a purely dummy destination node (23) is introduced. In the results, presented
in Section 3.10.2, ¢ — 23, where, ¢ = 3,9, 12, 20 represents the fuzzy quantity of
the crude oil that should be transported from i** node to purely destination node
(23). Similarly, 22 — 7, where, j = 1,17 represents the fuzzy quantity of the crude

oil that should be transported from purely dummy source node 22 to j** node.

3.11 Conclusions

On the basis of present study, it can be concluded that it is better to use

the method, proposed in this chapter, as compared to the existing method [38].



Chapter 4

A NeEw MEeTHOD FOR SoLviING FuLLy
Fuzzy Murtt - OBJECTIVE
CaAPAcITATED MiINIMUM Cost Frow
PRrRoOBLEMS

Gupta et al. [49] claimed that there is no method in the literature for
solving fully fuzzy multi-objective transportation problems and proposed a method
for the same. In this chapter, the limitations of this existing method [49] and the
limitations of the method, proposed in Chapter 3, are pointed out and to overcome
these limitations, a new method is proposed for solving fully fuzzy multi-objective
capacitated minimum cost flow problems. Also, the advantages of the proposed
method over the existing method [49] and over the method, proposed in Chapter 3,

are discussed.

4.1 Existing method

Gupta et al. [49] proposed a method to find the fuzzy optimal solution of
fully fuzzy multi-objective transportation problems.

The steps of the proposed method are as follows:

The contents of this chapter are published in Applied Mathematical Modelling. DOI:
10.1016/j.apm.2012.04.040
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P a .
Step 1 Find the total fuzzy supply ) a; and the total fuzzy demand ) b,

i=1 j=1

p
Z a; = (a,d’,a",a"”) an = (b,0/,0",1""). Examine that the problem is bal-

q
a; # Y bj.
’

1
q
, > a; =Y bj, then Go to Step 2.
j=1

ia

Mws

anced or not, i.e. Z a; =
=1

=1 j

Case (i) If the problem is balanced, i.e.
=1
P a . P q .
Case (ii) If > a; # > b; then convert the unbalanced problem > a; # > b; into
i=1 j=1 i=1 j=1
balanced problem " a; = > Bj, m =porp+1and n = q or ¢+ 1 by using the

i=1 j=1

existing method [75].
Step 2 Formulate the balanced fully fuzzy multi-objective transportation problem,

obtained from Step 1, into the multi-objective fuzzy linear programming problem

(Pr1)-

Minimizeii( - ® Tyj) k=1,2,...,P

subject to
iliij:di, i=1,2,....m; m=porp+1 (Py1)
j=
f:li;ij:i)j, j=12...,n, n=qorqg—+1

Z;; is a non-negative trapezoidal fuzzy number.

> ~ . k tk nk ik
Step 3 Assuming ¢¥;, a;,b; and Z;; as trapezoidal fuzzy numbers (cijs igs iy i),

ij)
(a;,d'i,a";,a";), (b, b5,0"5,0";) and (x5, yij, 2ij, wij) respectively, the fuzzy multi-

objective linear programming problem (P;;) can be written as:

m n
Minimize Y Y- ((cf;, ’fj, ”fj, c”'fj) ® (T35, Yij» 2ij> Wij)) k=1,2,...,P
i=17j=1
subject to
n .
Z(l‘ij,yij, zij,wij) = (Gi, a'i, CZHZ', Clmi), 1 = 1, 2, o.M
j=1
m
Z(xij>yij7zijawij) = (bjabljab”j7bmj>v j: 172a"'>n (P4~2)
=1

(wij, Vij, 2ij, wi;) is a non-negative trapezoidal fuzzy number.
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Step 4 Assuming E Z( @ Tyj) = (xf,yb, 25, wk) and using the arithmetic oper-
ations discussed in Sectlon 2.1.2 and Remark 2.3, the fuzzy multi-objective linear

programming problem (P} ) can be written as:

Minimize (zf, y¥, 28 wk) k=1,2,...,P
subject to
n n n n
(Z Tij, Z Yij, Z Zigs Z wij) = (ai,@/i>a"i7amz’)> 1=1,2,...,m
j=1 j=1 =1 = j=1
m m m m
(leiﬁ -Zly"j’ -leiﬂ" leij) = (b;, 0;,0";,0"5), j=1,2,...,n (Pu3)
1= 1= 1= 1=

(%ij, Yij, 2ij, wi;) is a non-negative trapezoidal fuzzy number.
Step 5 Using Definition 2.10 and Definition 2.11 and Remark 2.3, the fuzzy linear
programming problem (Pj3) can be converted into the fuzzy linear programming

problem (Py4):

Minimize (zf, yk, 25, wf) k=1,2,...,P

subject to

n n

Yowij=a;, 1i=12,...,m Z?Jw i i=1,2,....m
~ 2

]n ]n

Zzzj—a”ia 1—172; , M Zwij—a’”i, i:1,2,...,m
] 2

]m ]m |

Yoxiy=0b;, j=12....n Yy =04, j=12,...,n (Py.4)
i=1 i=1

Ms
Ms

ziy=b"5, j=1,2,....n wy; =b0";, j=1,2,....n

N
Il
i
.
Il
—

Tij, Yij — Tijs Zij — Yij, Wij — 235 = 0V 1,]

Step 6 The fuzzy optimal compromise solution of fuzzy linear programming problem
(Py.4) can be obtained by solving the following crisp multi-objective linear program-
ming problem:

Minimize (zf + y§ + 2§ + wf) k=1,2,... P

subject to (P1s)

constraints of problem (P, 4)
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Step 7 Solve the crisp linear programming problem (P, 5) to find the optimal com-
promise solution {x;;, yij, 2ij, Wij }-

Step 8 Put the obtained values of z;;,yij, zij, wi; in T;; = (45, Yij, %ij, wij) to find
the fuzzy optimal compromise solution {Z;;}.

Step 9 Find the fuzzy optimal value of each objective function by putting the values

of Z;; in Y Y (¢ @ &y;) ;k=1,2,...,P.

i=1j=1

4.2 Limitations of the existing method and the
method proposed in the previous chapter

In this section, the limitations of the existing method [49] and the method

proposed in the Chapter 3, are pointed out.

(1) The existing method [49] can be used for solving fully fuzzy single and multi-
objective un-capacitated transportation problems. However, the existing method
[49] can neither be used for solving fully fuzzy single objective capacitated
transportation problems nor for solving fully fuzzy multi-objective capacitated
transportation problems e.g., neither the fully fuzzy single objective capaci-
tated transportation problem nor the fully fuzzy multi-objective capacitated
transportation problem chosen in Example 4.1 and Example 4.2 respectively

can be solved by using the existing method [49].

Example 4.1 A company has two sources 51, S5 and three destinations Dy, Do,
Dj3. The fuzzy supply of the product at sources Sy, Ss is (90,90, 20, 10) 5z and
(60, 70,20, 10) g respectively and the fuzzy demand of the product at desti-
nations Dy, Do, D3 is (40,50, 10,20) g, (30,40, 10, 10) .z and (50, 50, 10, 30)

respectively. The fuzzy transportation cost (¢;;) required for transporting one
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" source to j™ destination, minimum fuzzy

unit quantity of product from ¢
quantity of the product (ZZ]) and maximum fuzzy quantity of the product (;;)
are listed in Table 4.1, Table 4.2 and Table 4.3 respectively. The company
wants to determine the fuzzy quantities of the product to be transported from
th

i'" source to j' destination in order to minimize the total fuzzy transportation

cost.

Table 4.1 Fuzzy transportation cost (&;;)

Destination— Dy Dy Ds
Sourcel
S1 (7,8,1,3)Lr | (8,9,1,3)Lr | (9,10,1,3)LR
Sa (5,8,1,2)Lr | (4,5,1,3)Lr | (3,4,1,4)Lr

Table 4.2 Minimum fuzzy quantity of the product (Zij)

Destination— Dy Dy Ds
Sourcel
Sl (273’171)LR (37471’2)LR (0»0707 O)LR
So (1,2,1,1)rr | (0,1,0,1)rr | (6,8,1,)rr

Table 4.3 Maximum fuzzy quantity of the product (@;;)

Destination— Dy Dy Ds
Sourcel
S1 (40,50,20,20)Lr | (25,30,10,20)Lr | (55,60,50,30)Lr
Sa2 (40,50,10,20),r | (45,50,40,10)rLr | (60,70,20,30)Lr

where, L(z) = maximum{0,1 — z}, R(z) = maximum {0,1 — z*}

Example 4.2 Consider a fully fuzzy bi-objective capacitated transportation
problem with the same data as in Example 4.1. The first objective is the same
as in Example 4.1 and the second objective is to minimize the total fuzzy
transportation time. The fuzzy transportation time (¢;;) required for trans-

h

porting one unit quantity of product from ¥ source to j** destination is listed

in Table 4.4.
Table 4.4 Fuzzy transportation time (Z;;)
Destination— Dy Dy Ds
Sourcel
S1 (8797173)LR (1727171)LR (3757171)LR
So (8,9,1,3)Lr | (3,51, )rr | (5,6,1,3)Lr
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where, L(r) = maximum{0,1 — z}, R(z) = maximum {0,1 — z*}

Since, fully fuzzy minimum cost flow problem is the generalization of fully fuzzy
transportation problem so the existing method [49] can neither be used for solv-
ing fully fuzzy single and multi-objective un-capacitated minimum cost flow
problems nor for solving fully fuzzy single and multi-objective capacitated min-
imum cost flow problems e.g., the fully fuzzy single objective un-capacitated
minimum cost flow problem, fully fuzzy single objective capacitated minimum
cost flow problem, fully fuzzy multi-objective un-capacitated minimum cost
flow problem and fully fuzzy multi-objective capacitated minimum cost flow
problem chosen in Example 4.3, Example 3.2, Example 4.4 and Example 4.5

respectively can not be solved by using the existing method [49].

Example 4.3 Find the fuzzy optimal solution of the fully fuzzy un-capacitated
minimum cost flow problem depicted in Figure 4.1. The data is listed in Table

4.5.

Figure 4.1 Network representing fully fuzzy capacitated minimum cost flow
problem

Table 4.5 Fuzzy cost (¢;;), fuzzy supply (@;/&;) and fuzzy demand (b;/d;)

Node ;)& b;/d; Arc (4,7) ij
1 - - (2,1) (12,15,2,5) LR
2 (200, 250, 100, 50) 1, - (2,3) (9,11,2,19) g
3 - (100,150, 80, 50) 1, g (2,4) (15,19,7,4) LR
4 - (50,100, 20,0) 1,5 (1,3) (10,12,3, ") r.r
- - - (3,4) (10,15,5,5) .

where, L(r) = maximum{0, 1 — 2}, R(z) = maximum{0, 1 — z*}
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Example 4.4 Find the fuzzy optimal compromise solution of the fully fuzzy
multi-objective un-capacitated minimum cost flow problem with the same net-
work flow structure as in Example 4.3. The first objective is to minimize the
total fuzzy transportation cost and second objective is to minimize the total

fuzzy passing time. The data is listed in Table 4.6.

Table 4.6 Fuzzy cost (6213.), fuzzy time (622].), fuzzy supply (@;/&;) and fuzzy demand (b;/d;)

Node ;)& b;/d; Arc (4, ) & &
1 - - (2,1) (10,12,3,7)rr | (10,12,3,7)Lr
2 (200,250, 100, 50) 1, - (2,3) (12,15,2,5)r | (15,19,2,5)r
3 - (100,150, 80, 50) 1, g (2,4) (9,11,2,19) g | (12,14,7,4)1r
4 - (50,100, 20,0) 1. » (1,3) (15,19,7,4)rr | (9,13,5,5) LR
- - - (3,4) (10,15,5,5)Lr | (9,11,2,19)1r

where, L(z) = maximum{0, 1 — z}, R(z) = maximum{0,1 — z*}

Example 4.5 Find the fuzzy optimal compromise solution of the fully fuzzy
multi-objective capacitated minimum cost flow problem with the same network
flow structure as in Example 4.3. The first objective is to minimize the total
fuzzy transportation cost and second objective is to minimize the total fuzzy
passing time. The data is summarized in Table 4.7 and Table 4.8.

Table 4.7 Fuzzy cost (E}j), fuzzy time (6%), minimum fuzzy amount (#;;) and

maximum fuzzy amount (I;;)

where, L(z) = maximum{0, 1 — z}, R(z) = maximum{0,1 — z*}

Arc (i,5) & & lij iy
(2,1) (10,12,3,7)rp | (10,12,3,7)Lr | (0,0,0,0)Lr | (70,90,20,10)1r
(2,3) (12,15,2,5)Lp | (15,19,2,5)Lr | (5,20,3,2)Lr | (255,270,3,2)Lr
(2,4) (9,11,2,19)p | (12,14,7,4)Lr | (12,15,2,5)Lr | (301,351,2,5)1r
(1,3) (15,19,7,4)Lr | (9,13,5,5)L,r | (0,0,0,0),r | (80,110,10,20)1p
(3,4) (10,15,5,5) L | (9,11,2,19),r | (0,0,0,0)pr | (65,70,15,10)pr

Table 4.8 Fuzzy supply (@;/€;) and fuzzy demand (b;/d;)

Node ai/é; b;/d;
1 — —
2 (200, 250, 100, 50) 1 & -
3 - (100, 150, 80, 50) . &
4 - (50,100, 20,0) L
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(3) The method, proposed in Chapter 3, can be used for solving fully fuzzy single
objective un-capacitated and capacitated transportation problems as well as
fully fuzzy single objective un-capacitated and capacitated minimum cost flow
problems but can neither be used for solving fully fuzzy multi-objective un-
capacitated and capacitated transportation problems nor for solving fully fuzzy
multi-objective un-capacitated and capacitated minimum cost flow problems
e.g., none of the problems chosen in Example 4.2, Example 4.4 and Example

4.5 can be solved by the method proposed in Chapter 3.

4.3 Fuzzy programming technique to solve multi-
objective linear programming problems

In this section, the fuzzy programming technique [129] which is used in
this chapter for solving multi-objective problems is presented. The optimal compro-
mise solution of the multi-objective problems can be obtained by using the following
steps:

Step 1 Formulate the chosen multi-objective problem into the following multi-
objective linear programming problem:
Minimize > C"X n=12..,P
subject to
AX <,=,>b
X>0
Step 2 Solve the multi-objective problem, obtained in Step 1, as a single-objective
problem P times, by taking one of the objectives at a time, to find P optimal

solutions X', X2 .. X7F.
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Step 3 Find the value of each objective function corresponding to the each optimal
solution obtained in Step 2. Let the value of i** objective function Z; corresponding
to j™ optimal solution X7 be denoted by Z;(X7).

Step 4 Find U; = maximum{Z;(X’)} Vi=1,2,....P

1<j<P

L; = minimum{Z;(X?)} Vi=1,2,..,P

1<j<P

Step 5 Define the linear membership function p(Z;) Vi =1,2, ..., P.

1, Z; < L
where, u'(Z;) =< 1-— g’j:?, L;<Z; < U
0, Z; > U;

Step 6 Using the linear membership function, obtained in Step 5, convert the multi-
objective linear programming problem, obtained in Step 2, into the following single
objective crisp linear programming problem:
Maximize \
subject to
Zi+NU, - L) <U;, i=1,2,...P
AX <,=,>b
X>0,N>0
Step 7 Solve the crisp linear programming problem, obtained in Step 6, to find
the optimal compromise solution of the chosen multi-objective linear programming
problem.
Step 8 Put the value of X, obtained from Step 7, in each objective function to find

the optimal value of each objective function.
4.4 Proposed method

In this section, to overcome the limitations of the existing method [49] and
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the method proposed in Chapter 3, pointed out in Section 4.2, a new method is
proposed for solving such unbalanced fully fuzzy multi-objective capacitated min-
imum cost flow problems in which all the parameters as well as decision variables
are represented by LR flat fuzzy numbers.

If the supply of product at " purely source node and ‘" source node is @; and
&; respectively and the demand of the product at j** purely destination node and
4" destination node is lN)j and Jj respectively then the fuzzy optimal compromise
solution of the fully fuzzy multi-objective capacitated minimum cost flow problems
can be obtained by using the following steps:
Step 1 Use Step 1 of the method, proposed in Section 3.7, to obtain a balanced
fully fuzzy multi-objective capacitated minimum cost flow problem.
Step 2 Formulate the balanced fully fuzzy multi-objective capacitated minimum
cost flow problem, obtained in Step 1, into the fully fuzzy multi-objective linear
programming problem (Pj¢) [40].

Minimize >3 (& ® &ij) n=12..,P

(i.7)€A

subject to

Z fij = a; 1 € Npg
J:(i,5)€A

Y Ty= ) Ti0é i € Ng
J:(i,5)€A J:(g,1) €A

Z .fij = ZN)j j € Npp
i:(i,j)€A

Yoo Tyj= ), Tp® ~j J€Np (P16)
i:(i,7) €A i:(ji)€A

Z Zi'ij = z .i‘ji 1€ NT
J:(i,5)€A J:(g,1)€A

lij = 25 = Uy V(i,j)e A

Z;; is a non-negative LR flat fuzzy number V (i,j) € A

¢y « The fuzzy penalty per unit of flow through arc (7, j) in the n'" objective function.
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P: is total number of objective functions.

: ~ = L R ~ L ..R ~ — L
St’ep 3 Assumlng Cij - (Qz]? Cija Cija Cij)LRa l‘z] — (xljamijvxz]a €; )LRa a; = (Qm ai, a;,

aﬁ)LRa € = (Q,émef,@ﬁ)LR, bj (b bpbj,b LR dj (d d]ad]:d] LR l’Lj =

Uij, uls, u! ) rr the fully fuzzy multi-objective linear

(Lijvz” lL ZR)LR and INLZ']‘ = (U ij

239 130 “1g 2139

programming problem (Pj¢) can be written as:

Minimize ( > (((eij)m, (eig)n, (cz-Lj)”, (cﬁ)")LR ® (gij,fij,xfj,xg)LR) m=12..,P
i,j)EA

subject to

> (@ Tig, als, wl) e = (a5, 0 oY) LR i € Nps
Ji(i,5)€A

Z (&7,]751]7%5771;5)[/}2: Z (x]zax]’uxﬁ7 ﬁ)LR@(eme’uefl7 ZR)LR ZE NS
Ji(i.g)€A J:(4i)eA

S (zy, Tig, ol 1Y) = (b, b bl bl €N,

=190 L) g0 g LR ]7 777 LR .] PD

i:(,5)€A

Z (mz]7x1]7x7,[37 g)LR: Z (szyleu ]Lp jZ)LR@(d dz;dz 7dZR) LR .]e ND (P4.7)
i:(4,7)EA i:(j4,0)EA

(zlj’fl]’mfj’xg)LR = Z ( jl?x]17xﬁ7xﬁ)LR 1 E NT
J:(4,5)€A J:(Ji)EA
(Lz]al2]7l757lg)LR = ('TZJ?xZ]axZI;axz]j) j ( z]auijvuzl_;auR)LR v (Zvj) € A

Ty, o, oft) LR is a non-negative LR flat fuzzy number V (i,7) € A

(QZ i)

=i
Step 4 Using the arithmetic operations of LR flat fuzzy numbers, presented in Sec-

tion 2.1.2, the fully fuzzy multi-objective linear programming problem (P;7) can be

written as:

Minimize 3> ((¢;;)"z;;, (€)%, (Qij)nxiLj + (Cz‘Lj)n%j - (CiLj)nfUiLja (i5)" 1‘ + (c; ) Tij +

(i.j)€A
(Cg)n$}§>LR = 1727 7P
subject to
(Y oz > Ty x> wl)r= (g, a],af) LR i € Npg

J@eA  giiieA  Gi(hi)eA  j:(i,j)EA

(2 @ij > Ty, Y 95{}': > $5)LR:( > Tjtes Do Tpten ) %Lz

J:(i,5)€EA J:(i,5)EA J:(i,5)€EA J:(i,5)€A J:(ji)eA J:(di)eA Ji(ji)eA
+ef, X ai4el)r) i € Ng
J:(ji)eA

i:(1,7)EA i:(4,7)EA i:(4,7)EA i:(4,5) €A
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(X zy X Ty, Y. xiLj7 > Jfg)LR:( > Tj+d;, > Tjitdy, Y xfz

BINEA T E(EA | E)EA | i(if)EA i(ja)eA i(Ga)eA () eA

+df, Y xi+di)r jE€Np (Pus)
i:(j)EA

( Z Lij Z Tij Z miLjv Z xﬁ)LR = ( Z Ljjs Z Tjis Z mgLiv Z

JigeA  g(ij)eA  Ji(i)EA  j:(ij)EA JiGheA  j:(iHeA  5:(GiHeA  j:(ji)EA

xﬁ)LR 1 € Np

(Lijs Lig U W) Lr = (2, Ty o, el Lr = (g, Wagy ulf, ult) g V(i,j) € A

L
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(24, Tij» 15, ¢17 ) Lr is a non-negative LR flat fuzzy number V (i, ) € A

Step 5 Using Definition 2.10, Definition 2.11, the fully fuzzy multi-objective linear
programming problem (P, g) can be converted into fuzzy multi-objective linear pro-
gramming problem (Pyg):

Minimize Y ((¢;;)"2y;, (i) Tij, (i) s + (cf) Ty — (eh) 1l (@)l + (ef)1T; +

(i,7)€EA
(Q@)”%@)LR = 172?"'7P
subject to

> Ty = 1 € Npg
ji(i,4)EA

Z ng =q; 1€ Nps
j:(i,5)EA

> mZLj =aq 1 € Npg
j:(i,j)EA

> :Uf;“- = af 1 € Npg
j:(i,5)EA

> Ly = > Tyt €& i € Ng
j:(i,5)€A 7:(4,i)eA

Z Tz‘j: Z Tji—i—éi iGNS
ji:(i,4)€A j:(ji)eA

>ooxh= Y ah+ef i € Ng
j:(i,5)EA j:(ji)EA

>oozp= Y axi+ef i € Ng
Ji(ig)eA J:(71)eA

Z Li; = b, J € Npp
i:(,j)€A

>, Ty =b J € Npp
i:(1,5)EA

> szg = bJL J € Npp (P1o)
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>zl =0bf J € Npp
(i,5)€A
> xy= Y rtd; j € Np
i:(4,5)€A :(ji)EA
Z Tij: Z fji—i-dj jGND
i,7)€E 1:(g,2)€
(i,5)€A (j1)eA
>oxh= Y wh+df Jj € Np
(i,7)€EA i:(j,0)EA
S b= T ofedt jeN
(i,j)eA i:(j,i)eA
> Lij = > L i € Ny
J:(i.5)€A J:(4i)eA
2 Ty = )L Ty i€ Nr
Ji(i.5)eA J:(Gi)eA
ji(i,j)EA J:(ji)eA
J:(i.5)€A J:(40)€A
zy;—xh > 0,Ty —xy; > 0,252 >0 V(i,5) € A

(Lij,lw,lZL],lﬁ)LR < (x”,xij,:vfj,xfj)LR < (uw,uij,ug,ug)LR vV (i,j) € A } (Ci1)
Step 6 As discussed in Step 6 of the method, proposed in Section 3.7, the fuzzy op-
timal compromise solution of the fuzzy multi-objective linear programming problem
(Py9) can be obtained by solving the following crisp multi-objective linear program-

ming problem:
Minimize (%:A%((Qij)”%j’(@'j)"@j,(g Dl (cf) 1 — (ch) el (@) el + (cff) T +
©,7)€

()l LR n=12,..,P
subject to (Py10)

R

Z-J,l L r < R(zy, Ty, ok, 2l pr < Ry,

1js Yigy Yig 477 /]

uz]auL UR)LR V (27]) € A

35 150 Yig

as well as all the constraints of problem (Pjg) except (Cy1)

Step 7 Using Section 2.4, the crisp linear programming problem (P} 19) can be writ-

ten as:

Minimize fo z,) A+ ((€5)"Ti;) (1= A))dp) + (1_’7)()‘fol(((gij)n£ij)_

(w)eA
(i)l + (M) — (CL)%xfj)L‘l(p))der(l—A)fol((@j)”fifr((Eij)"wf’}Jr(cR)Zfiﬁ
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(™)) R (p))dp)]

subject to (Py11)
(Vs WA+ (1= )+ (=) Oy (=T L™ »dn+a—x>ﬁKLfH£R—%p»dm)
S@%@A%M—WM Ny p)dp+ (1= N J (7 +

ﬁRﬂM@Ds(LuA+%( = N))dp) + (1 =)\ Ji (wy; — b L7 (p))dp +

= ) Jo (@ + ul R (p))dp)
as well as all the constraints of problem (P,q) except (Cy 1)
Step 8 Solve the crisp multi-objective linear programming problem, obtained in

Step 7, to find the optimal compromise solution {z,;, Ti;, xk xlY of the crisp multi-

I z]

objective linear programming problem.

Step 9 Put the values of z,., T;;, z5, 2l in 2;; = (2T Tij, T rr to find the fuzzy

459 157 g 59 zg)

optimal compromise solution {Z;;}.

Step 10 Find the fuzzy optimal value of each objective function by putting the
values of Z;; in > (&}, ® &) ;n=1,2,..., P.

(i,5)€eA

Remark 4.1 In Step 6 of the existing method [49], discussed in Section 4.1 Liou
and Wang [82] ranking approach is used for comparing fuzzy numbers. But, Garcia
and Lamata [36] have proposed some modification in Liou and Wang [82] ranking
approach. So, it is not genuine to apply Liou and Wang [82] ranking approach for

comparing fuzzy numbers. Therefore, in Step 7, of the proposed method Garcia and

Lamata ranking approach, discussed in Section 2.4, is used.

4.5 Advantages of the proposed method over the
existing method and the method proposed in
the previous chapter

The main advantage of the proposed method over the existing method [49]
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and the method proposed in Chapter 3 is that all the problems which can be solved
by using the existing method [49] and the method proposed in Chapter 3 can also
be solved by using the proposed method. However, as discussed in Section 4.2, there
exist several problems which can be solved by the proposed method but can not be
solved by using the existing method [49] and the method proposed in Chapter 3. To
illustrate the proposed method and also to show its advantage the fully fuzzy multi-
objective capacitated minimum cost flow problem, chosen in Example 4.5, which
can not be solved by using the existing method [49] and the method proposed in

Chapter 3 is solved by using the proposed method.

4.5.1 Fuzzy optimal compromise solution of the chosen prob-
lem
The fully fuzzy multi-objective capacitated minimum cost flow problem,
chosen in Example 4.5, can be solved by the using the following steps of the pro-
posed method:
Step 1 Total fuzzy supply = (200, 250, 100, 50) g and total fuzzy demand = (150, 250,
100,50) 5. Since total fuzzy supply # total fuzzy demand, so it is an unbalanced
fully fuzzy multi-objective capacitated minimum cost flow problem.

Now, as described in the proposed method (using Case (c¢) of Step 1), the
unbalanced fully fuzzy multi-objective capacitated minimum cost flow problem can
be converted into a balanced fully fuzzy multi-objective capacitated minimum cost
flow problem, by introducing a purely dummy source node (5) with fuzzy sup-
ply (0,50,0,0),r and a purely dummy destination node (6) with fuzzy demand
(50, 50,0,0) g, so that total fuzzy supply = total fuzzy demand i.e., (200, 250, 100,

50) 1k @ (0,50,0,0) L5 = (150,250,100, 50) 5 @ (50,50, 0, 0) 5.
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Assume the fuzzy transportation cost and fuzzy transportation time for the
one unit quantity of the product from the introduced purely dummy source node (5)
to all intermediate nodes (1 and 3), existing purely destination node (4) and intro-
duced purely dummy destination node (6) as zero LR flat fuzzy number. Similarly,
assume the fuzzy transportation cost and fuzzy transportation time for the one unit
quantity of the product from all intermediate nodes (1 and 3), existing purely source
node (2) and introduced purely dummy source node (5) to the introduced purely
dummy destination node (6) as zero LR flat fuzzy number i.e., ¢i, = ¢l = ¢, =
6%6 = 5%;6 - 5%6 - 5%6 - 5%1 - 5%3 - 5%4 = E?G - 5:2’,6 - 656 - 6%6 - (07 0,0, O)LR-
Step 2 The balanced fully fuzzy multi-objective capacitated minimum cost flow
problem, obtained from Step 1, can be formulated into the following fully fuzzy
multi-objective linear programming problem:
Minimize ((10,12,3,7)1r ® &2y @ (12,15,2,5) 18 ® T2z @ (9,11,2,19) 15 ® Fay &
(15,19,7,4)Lr @ Z13 ® (10,15,5,5) 1 ® T34 @ (0,0,0,0)Lr @ Z16 @ (0,0,0,0)rr ®
T96 @ (0,0,0,0)r @ T3 D (0,0,0,0),r @ T51 D (0,0,0,0)r @ T53 B (0,0,0,0)Lr ®
T54 @ (0,0,0,0)r ® T56)
Minimize ((10,12,3,7),r ® To1 @& (15,19,2,5)1r ® Toz @ (12,14,7,4) g ® Tog &
(9,13,5,5),r @ T13D(9,11,2,19) g @ T34 (0,0,0,0) Lr @ T16 D (0,0,0,0) L ® Tog D
(0,0,0,0)1r ® T36 © (0,0,0,0),r @ Z51 @ (0,0,0,0),r ® Ts3 ® (0,0,0,0)r ® Tsg B
(0,0,0,0).r ® T56)
subject to

T13 D T16 = To1 D Tp1
To1 @ Toz @ Tog B Tog = (200, 250, 100, 50) L r

T13 D Tag B Tsz = Tga © Tae B (100, 150, 80,50) L
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Toy @ T34 @ T54 = (50,100,20,0) .8

T51 @ T53 D Ts4 D T56 = (0,50,0,0) L

T16 © Tog @ T36 @ Ts6 = (50,50,0,0) 1k

To1 = (0,0,0,0) g, To1 =(70,90,20,10) g, T23 = (12,15,2,5)1r

$23 (255 270 3 2)LR7 3724 (5 20 3 2)LR7 1'24 (301 351 2 5)

13 = (0,0,0,0) g, F13 = (80,110, 10, 20) 1.5, Z34 = (0,0,0,0) 15
F34 = (65,70,15,10) 15, F16 = (0,0,0,0) .5, Fas = (0,0,0,0) 1
Fs6 = (0,0,0,0) R, 5 = (0,0,0,0) 5, 54 = (0,0,0,0) .5
53 = (0,0,0,0) g, 56 = (0,0,0,0) 1k

Z;; is a non-negative LR flat fuzzy number V (i,j) € A

Step 3 Using Step 3 to Step 7 of the method, proposed in Section 4.4, the fully fuzzy
multi-objective linear programming problem, obtained in Step 2, can be converted
into the following crisp multi-objective linear programming problem:

Minimize = 35 (10525 + 150293 + 10529, + 12025 + 7523, + 236T21 + 26523 + 317To4 +
31713 + 265734 — 1052L, — 1502k — 1052%, — 1202 — 752k, + 15228 + 16025, +
24028, + 1842% + 1602L,)

Minimize - 35 (10529 + 195293 + 7529, + 602,53 + 10525, + 23621 + 325Ta3 + 24274 +
235T 13 + 31734 — 10528, — 1952L, — 1752%, — 6025, — 10525, + 15208 + 19228 +

14428 + 14428 + 24028,

subject to

Zy3+ Ty — Ty — L5 =0, Loy + Loy + Toy + Tog = 200
Tyg + Loy + L5z — L3y — 236 = 100, Toy + XLyy + 254 = 50

Zgy + T3 + 2y + 56 = 0, Zyg + Toyg + Zgg + T56 = 50

T13 + Tig — To1 — Ts1 = 0, To1 + Tag + Tog + Tos = 250
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T13 + Toz + Tsz — Ty — Tzg = 150,
Ts1 + Tsz + Tsa + Tse = 00,

L L L L _
Ti3 + T — Tgp — T =

0,
L L L L L _
Tyy + Toy + X535 — w3y — w35 = 80,

L L L L _

R R R R _
T3 + x5 — Ty — Xy = 0,

R R R R R _
T3 + Ty + Tpz — Tyy — Tzg = 00,

off + ol + 2l + 2l =0,

1524, + 15T9; — 152% + 8zf < 2180,
1525, + 15Ty — 1525, + 828, < 9790,
1524, + 15734 — 1525, + 82, < 1880,
15246 + 15T36 — 152k + 8z& > 0,
1525 + 1556 — 150k + 8z& > 0,
1525, + 15T5 — 152E + 8zF >0,
152y, + 15T — 152% + 8z >0,
1524, + 15T94 — 152k, + 828 > 415,

Tor — Xy 20, Toz3 — 293 >0, Toy—2x
T3y — T34 >0, Tag— T35 >0, Tig—x
Tsy — Ty > 0, Tse — X6 >0, 2o
Log — 5’356 >0, z5— 5171Lg >0, g
L51 — Iél >0, 55— xé:a >0, gy

L

L L L L L L L
To1, Loz, Logs Lag, Tz, T34, L3gs

R R

R ..R R R
T3, T, Ty, Ty, Tag, Tpg = 0

r .. .L .L R R R .R R
Ti6» Ts1s L53s Lr4, Trey L2159 L23s Lagr Log, T3y L34

To4 + Tyg + Ty = 100

T16 + T26 + Ta6 + Tog = 00

v31 + gy + wfy + w55 = 100

xfy + 2k + 2k =20

ok + ol + 2k + 2k =0

ol + 2l + 28 + 2l =50

ol + 2l + 28 =0

o ol 4ol + 2l =0

15295 + 1573 — 15xky + 82l < 7846
1525 + 15713 — 152y + 821 < 2860
15216 + 15716 — 152l + 82t >0
15255 + 15753 — 152k, + 82fL >0
15206 + 15T0s — 152k + 828 > 0
1525, + 15T54 — 152k, + 828, >0
15295 + 15Tz — 152k, + 82l > 346

1525 + 15T13 — 150k + 82 >0

Loy >0, T — Log >0, Ti3— L3 >0
T >0, Ts1 —x5 >0, Ts3 — 253 >0
5 20, gy — 9553 >0, 2y —x5 >0
w5 20, 2y — 23520, 23— 27520
w5 20, 25— 55> 0

R
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Step 4 Using fuzzy programming technique, discussed in Section 4.3, the optimal
compromise solution of the crisp multi-objective linear programming problem, ob-
tained in Step 3, is z43 = 100, 29, = 50, 2o = 50, Tog = 125, Ty = 75, Tas = H0, T3 =

fij; IL (L’R

25,54 = 25, 2ky = 80, 2%, = 20, z% = 50 and the remaining values of x oaf

15
are zero respectively.
= L

R: 4~ — L R
Tij, Tij and Ty M Ty = (&ja Tij, T, %j)LR» the fuzzy

Step 5 Putting the values of z,;,
optimal compromise solution is 93 = (100, 125, 80,50) 1, Z24 = (50,75, 20,0)Lr, Tos
= (50,50,0,0)r, T53 = (0,25,0,0)Lr, T54 = (0,25,0,0), and remaining values of
z;; are (0,0,0,0)5.

Step 6 Putting the values of To1, To3, Tos, Tog, T13, T34, T36, T16, L1, T53, Ts4, Tng 1N
((10, 12,3, 7) L r®@To1 ®(12,15,2,5) L p @ Tos D (9, 11,2,19) L r @ Tos D (15,19, 7,4) Lr ®
T138(10,15,5,5) Lr®@T345(0,0,0,0) L r®T16B(0,0,0,0) L g R@T26D(0,0,0,0) L r QT 36D
(0,0,0,0),r @51 (0,0,0,0)r @ T53D(0,0,0,0)r @ T54(0,0,0,0) L ® f56> and
((10,12,3,7)10 ® 21 ® (15,19,2,5) 5 @iy © (12,14,7, 4) s o @ 2 B (9, 13,5,5) 1 @
T13®(9,11,2,19) g ® T34 P (0,0,0,0) Lr @ T16 D (0,0,0,0) g ® To6 @ (0,0,0,0) g ®
Z36©(0,0,0,0)Lr®@T51 D (0,0,0,0) g ®T53(0,0,0,0) rRT54D (0, 0,0, O)LR®i56>,
the minimum total fuzzy transportation cost and the minimum total fuzzy passing

time are (1650,2700, 1240, 3050) . and (2100, 3425, 1690, 2125) . » respectively.

4.5.2 Physical interpretation of the results

In this section, the minimum total fuzzy transportation cost obtained by using
the proposed method, is physically interpreted. Similarly, the obtained minimum
total fuzzy passing time and fuzzy optimal compromise solution can also be physi-

cally interpreted.
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Using the proposed method the minimum total fuzzy transportation cost is

(1650, 2700, 1240, 3050) g which can be physically interpreted as follows:

(1) The least amount of minimum total transportation cost is 410.

(2) The most possible amount of minimum total transportation cost lies between
1650 and 2700.

(3) The greatest amount of minimum total transportation cost is 5750 i.e., the
minimum total transportation cost will always be greater than 410 and less
than 5750 and maximum chances are that the minimum total transportation

cost will lie between 1650 and 2700.

The variation in minimum total transportation cost with respect to chances

is shown in Figure 4.2.

1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0

Degree of membership function

0 1000 2000 3000 4000 5000 6000

Minimum total transportation cost

Figure 4.2 Membership function of LR flat fuzzy number representing the
minimum total fuzzy transportation cost

4.6 Comparative study

To show the advantages of proposed method over the existing method [49]
and the method proposed in Chapter 3, the results of an existing fully fuzzy multi-
objective un-capacitated transportation problem [49, Example 4.2] and the results of

problems, chosen in Example 4.1, Example 4.2, Example 4.3, Example 3.2, Example
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4.4 and Example 4.5, obtained by using the existing method [49], method proposed

in C

hapter 3 and the method proposed in this chapter are shown in Table 4.9.

Table 4.9 Comparison of results obtained by using the existing method, method proposed in Chapter
3 and method proposed in this chapter

Example Existing method [49] Method proposed Method proposed in
in Chapter 3 this chapter
4.2 [49] (111.25,167.80,41.90,142) L p Not applicable (113.90, 169.20, 43.50, 141.99) L, p
(151.75,200.75,47,140.25) 1 r (149.99,198.99, 47, 140.25) 1, g
4.1 Not applicable (630, 800, 230, 639.5) 1, R (630, 800, 230, 639.5) 1 g

(671.62, 867.94, 205, 578.69) 1, »

4.2 Not applicable Not applicable
(494.69, 672.34, 158, 369.69) 1, g
4.3 Not applicable (1650, 2600, 1270, 4550) 1, g (1650, 2600, 1270, 4550) 1, g
3.2 Not applicable (1650, 2600, 1270, 4661.37) g (1650, 2600, 1270, 4661.37) 1 r
4.4 Not applicable Not applicable (1650, 2700, 1240, 3050) L r
(2100, 3425, 1690, 2125) 1, g
4.5 Not applicable Not applicable (1650, 2700, 1240, 3050) L r

(2100, 3425, 1690, 2125) L

The results, presented in Table 4.9, can be explained as follows:

The existing method [49] can be used for solving fully fuzzy single and multi-
objective un-capacitated transportation problems. However, the same method
can neither be used for solving fully fuzzy single and multi-objective capac-
itated transportation problems nor for solving fully fuzzy single and multi-
objective minimum cost flow problems. Since, the existing problem [49, Exam-
ple 4.2] is a fully fuzzy multi-objective un-capacitated transportation problem,
so it can be solved by using the existing method [49]. However, the problems
chosen in Example 4.1, Example 4.2, Example 4.3, Example 3.2, Example 4.4
and Example 4.5 are fully fuzzy single objective capacitated transportation
problem, fully fuzzy multi-objective capacitated transportation problem, fully
fuzzy single objective un-capacitated minimum cost flow problem, fully fuzzy
single objective capacitated minimum cost flow problem, fully fuzzy multi-

objective un-capacitated minimum cost flow problem and fully fuzzy multi-
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objective capacitated minimum cost flow problem respectively. So, none of

these problems can be solved by using the existing method [49].

The method proposed in Chapter 3 can be used for solving fully fuzzy single
objective un-capacitated and capacitated transportation problems as well as
fully fuzzy single objective un-capacitated and capacitated minimum cost flow
problems. However, the same method can neither be used for solving fully
fuzzy multi-objective un-capacitated and capacitated transportation problems
nor for solving fully fuzzy multi-objective un-capacitated and capacitated min-
imum cost flow problems. Since, the problem chosen in Example 4.1, Example
4.3 and Example 3.2 are fully fuzzy single objective capacitated transportation
problem, fully fuzzy single objective un-capacitated minimum cost flow prob-
lem and fully fuzzy single objective capacitated minimum cost flow problem
respectively. So, these problems can be solved by using the method proposed
in Chapter 3. However, the existing problem [49, Example 4.2] and the prob-
lems chosen in Example 4.2, Example 4.4 and Example 4.5 are fully fuzzy
multi-objective problems so none of these problems can be solved by using the

method proposed in Chapter 3.

Since, the method proposed in this chapter can be used for solving fully
fuzzy single and multi-objective un-capacitated and capacitated transportation
problems as well as fully fuzzy single and multi-objective un-capacitated and
capacitated minimum cost flow problems. So, the existing problem [49, Exam-
ple 4.2] as well as the problems, chosen in Example 4.1, Example 4.2, Example
4.3, Example 3.2, Example 4.4 and Example 4.5 can be solved by using the

method proposed in this chapter.
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4.7 Conclusions

On the basis of present study, it can be concluded that it is better to use
the method, proposed in this chapter, as compared to the existing methods [38, 49]

and the method proposed in Chapter 3.






Chapter 5

A NEw METHOD FOR SorviNnG FuLLy
Fuzzy Murtt - OBJECTIVE
CAPACITATED Sorip MiNnimuM CosT
Frow PrROBLEMS

In single and multi-objective capacitated minimum cost flow problems it
is assumed that there is only one conveyance which can be used for transporting
the product. However, in real life problems more than one conveyances are used for
transporting the product. To the best of my knowledge till now there is no method
in the literature for solving such fully fuzzy single and multi-objective capacitated
minimum cost flow problems in which more than one conveyances are used for
transporting the product. Since, in the literature [51] such transportation problems
in which more than one conveyances are used for transporting the product are named
as solid transportation problems so, in this chapter, such type of fully fuzzy single
and multi-objective capacitated minimum cost flow problems in which more than
one conveyances are used for transporting the product are named as fully fuzzy
single and multi-objective capacitated solid minimum cost flow problems and a new

method is proposed for solving these problems. The proposed method is illustrated

The contents of this chapter are published in Applied Intelligence. DOI: 10.1007/10489-012-
0368-6

85
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with the help of a numerical example.

5.1 Proposed linear programming formulation of
fully fuzzy multi-objective capacitated solid
minimum cost flow problems

In this section, fuzzy linear programming formulation of balanced fully
fuzzy multi-objective capacitated solid minimum cost flow problems is proposed.
Let a; and & be the fuzzy supply of a product at i*" purely source node and

th source node, IN)j and Jj be the fuzzy demand of the product at j** purely

at 7
destination node and at the j* destination node, fi be the fuzzy capacity of the k"
conveyance i.e., the amount of product which can be carried by the k' conveyance,
¢y, be the fuzzy penalty per unit of flow from i" node to j** node by means of the
k' conveyance in the n'* objective function n = 1,2, ..., P, where P is total number
of objectives, Z;;; be the fuzzy quantity of the product that should be transported
from " node to j* node by means of the k'* conveyance in order to minimize P
objective functions, Zijk be the minimum fuzzy amount that can flow from 7*" node
to 5 node by means of the k" conveyance and @;;;, be the maximum fuzzy amount

that can flow from i node to j** node by means of the k'* conveyance. Then, any

balanced fully fuzzy multi-objective capacitated solid minimum cost flow problem

e, Y Y éa= 3 b® Y d = 3 fi can be formulated into the

i€Npg 1€Ng JENPD JEND keSc

following fuzzy multi-objective linear programming problem:

Minimize (’%:GA kEZS: (Chix @ Tiji) n=1,2,..P
2, C
subject to
Z Z-%Uk:dz 1 € Npg

j:(ij)eA keSo
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> Tigk = D> 2 Tjk D & i € Ng
j:(3,5)EA k€SC j:(Ji)EA kESc

> Fijn = bj j € Npp
i(i.5)€A keSc

> Tije = 2. D Tjw D d; j€Np (Ps5.1)
i+(i,5)€A keSc i()EA kESc

> Tk = 2. 2 Tjik i € Np
j:(3,7)€A Ek€Sc j:(5,0)€A k€S

> Tik = fr ke Se
(i,7)€A

lijk 2 Tije 2tV (i,5) € A, k€ Se

Zijk is a non-negative LR flat fuzzy number V (4, j) € A, k € S¢
where, A is set of arcs joining different nodes and S¢ is the set of all available

conveyances.

Remark 5.11f Y @@ Y. &= Y b;® 3 d;= Y fi then a fully fuzzy
i€ENpg i€ENg JENPD JEND keSo

multi-objective capacitated solid minimum cost flow problem is said to be a balanced

fully fuzzy multi-objective capacitated solid minimum cost flow problem. Otherwise,

it is said to be an unbalanced fully fuzzy multi-objective capacitated solid minimum

cost flow problem.

5.2 Limitations of method proposed in the previ-
ous chapter

The method, proposed in the Chapter 4, can be used for solving fully fuzzy
single and multi-objective capacitated transportation problems as well as fully fuzzy
single and multi-objective capacitated minimum cost flow problems but can not be
used for solving fully fuzzy single and multi-objective un-capacitated solid trans-
portation problems, fully fuzzy single and multi-objective capacitated solid trans-
portation problems, fully fuzzy single and multi-objective un-capacitated solid min-

imum cost flow problems and fully fuzzy single and multi-objective capacitated solid
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minimum cost flow problems e.g., fully fuzzy multi-objective un-capacitated solid
transportation problem, fully fuzzy multi-objective capacitated solid transportation
problem and fully fuzzy multi-objective capacitated solid minimum cost flow prob-
lem chosen in Example 5.1, Example 5.2 and Example 5.3 respectively can not be

solved by using the method proposed in Chapter 4.

Example 5.1 A company has two sources Si,Ss, three destinations Dy, Dy, D3
and two conveyances F, Fy. The fuzzy supply of the product at sources Si, 9 is
(80,100, 10,20),r and (70,70, 10, 20) g respectively, the fuzzy demand of the prod-
uct at destinations Dy, Do, D is (30,40, 20, 10) g, (50,50, 10,10) .z and (40, 60, 10,
10) 1 respectively and fuzzy capacity of the conveyances Fi, Fy is (80, 80, 10,20) .5
and (70,70, 10,20)r respectively. The fuzzy transportation cost (Qljk) and fuzzy
transportation time ((fjk) required for transporting one unit quantity of product

h

from 7" source to j* destination by means of k' conveyance are listed in Table 5.1.

The company wants to determine the fuzzy quantity of the product to be trans-

h

ported from i** source to j¥ destination by means of k' conveyance in order to

minimize the total fuzzy transportation cost and minimize total fuzzy transporta-

tion time.

Table 5.1 Fuzzy transportation cost (6}jk) and fuzzy

transportation time (Efjk)

=1 =2

il gk Cijk Cijk
11| 1/ (30,30,10,10)Lr 70
112 70 60
1121 60 50
122 60 (30,30,10,10) L g
1131 50 60
11312 30 30
2 1] 1] (202010,10),r | (20,30,10,10)rr
21112 40 (20,20,10,10) L
2121 20 10
2122 50 40
2 13]|1 40 20
213 |2 50 (30, 40,20,20) LR
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where, L(z) = R(z) = maximum {0,1 — z*}

Example 5.2 A company has two sources 57,9, three destinations Di, Dy, D3
and two conveyances Fi, F,. The fuzzy supply of the product at sources S, .95,
the fuzzy demand of the product at destinations Dy, D,, D3 and fuzzy capacity of
the conveyances F}, I, are same as in Example 5.1. The fuzzy transportation cost

(E}jk) and transportation time (6fjk) required for transporting one unit quantity of

h

product from i** source to j destination by means of k* conveyance, minimum

fuzzy quantity of the product (l;;;) and maximum fuzzy quantity of the product

h

(1) from " source to j™ destination by means of k' conveyance are listed in

Table 5.2. The company wants to determine the fuzzy quantities of the product

" source to j* destination by means of k' conveyance

to be transported from
in order to minimize the total fuzzy transportation cost and minimize total fuzzy

transportation time.

Table 5.2 Fuzzy transportation cost (E}jk)7 fuzzy transportation time (Efjk), minimum fuzzy

quantity of the product (Zz]k) and maximum fuzzy quantity of the product (Z”k)

iJ |k Ciik &k lijk Uik

11| 1| (30,30,10,10).r 70 (0,0,0,0)Lr | (10,20,10,10)1r
112 70 60 (0,0,0,0)Lr | (30,40,10,20),r
121 60 50 (0,0,0,0)Lr | (30,40,10,10)1r
1|22 60 (30,30,10,10) L | (0,0,0,0)Lr | (40,50,20,10).x
1031 50 60 (0,0,0,0)Lr | (40,60,20,10),r
1|32 30 30 (2,3,1,2)Lr | (40,60,20,20) .5
21 1] 1] (20,20,10,10)15 | (20,30,10,10).5 | (0,0,0,0)Lr | (10,20,10,10),x
2012 40 (20,20,10,10),r | (0,0,0,0)Lr | (30,40,10,20).x
20211 20 10 (1,3,1,1)r | (40,50,30,20),r
2] 2|2 50 40 (0,0,0,0)rr | (40,50,20,10)1r
231 40 20 (0,0,0,0)Lr | (40,60,20,10), 5
2032 50 (30,40,20,20) Lz | (0,0,0,0)Lr | (40,60,20,20); %

where, L(z) = R(z) = maximum {0,1 — 2}

Example 5.3 Find the fuzzy optimal compromise solution of the fully fuzzy capac-

itated solid minimum cost flow problem depicted in Figure 5.1. The data is
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listed in Table 5.3 and Table 5.4.

A 4

O  Conveyance 1

A Conveyance 2

Figure 5.1 Network representing fully fuzzy capacitated solid minimum cost flow

problem

Table 5.3 Fuzzy penalties (E}jk)7 (E?jk), (6fjk), minimum fuzzy amount (l~”k) and maximum fuzzy

amount (;;y)

i J |k Sk in ik Lijk Ui

113 ]1 (8,10,2,2)Lr (5,8,3,3)Lr (6,9,2,3)Lr (2,3,0,5)Lr (10,20,10,0) LR
1131 2 (4,8,3,2)Lr (8,10,2,2)Lr (3,6,2,3)Lr (7,10,5,3)Lr | (30,40,10,20)1r
2|1 1 (8,10,4,49)r | (9,12,6,3)Lr (5,8,3,3)Lr (0,0,0,0).r (30,40,10,10).r
21112 (6,8,4,4)Lr (8,10,4,4)Lr (9,12,6,3)Lr (0,0,0,0).r (40,50,20,10) g
21311 (9,12,6,3)Lr (6,8,4,4) LR, (2,4,2,2)Lr (0,0,0,0).r (40,60,20,10) g
21312 (3,6,2,3)Lr (6,9,2,3)LRr (4,8,3,2)Lr (2,3,1,2)Lr (40, 60,20,20) R

Table 5.4 Fuzzy supply (@;/€;), Fuzzy demand (b;/d;) and fuzzy capacities (f)

Nodes a;/é; b;/d; Conveyances Ir
1 (60,80, 20,20) 1.5 - 1 (60,80,20,10) 1. g
2 (50,70, 20,20) 1. g - 2 (50,70, 20, 40) . g
3 - (50,80, 30,50) 1. g - -

where, L(z) = maximum {0,1 — z*} R(z) = maximum {0,1 — x}
5.3 Proposed method

In this section, to overcome the limitations of the method, proposed in
Chapter 4, a new method is proposed for solving such fully fuzzy multi-objective
capacitated solid minimum cost flow problems in which all the parameters as well
as all the decision variables are represented by LR flat fuzzy numbers.

The steps of the proposed method are as follows:

Step1Find 3 @® Y. &, S b, Y djand 3 fr. Let 3. @@ 3 &=

iENPpPs 1ENg JENPD JEND keSc iENPpPs iENg
(mumv mLJmR)LR7 Z b] S Z d] = (ﬂaﬁa nLunR)LRa 2 fk = (i777 fLJfR)LR
JjENpD JEND keSc

and examine that the problem is balanced or unbalanced.



91

Case (1) If the problem is balanced, ie., S @@ Y. &= Y b;® 3 d; =

i€ENpg i€ENg JENpPD JEND

> f, then Go to Step 4.

keSc
Case (2) If the problem is unbalanced i.e., > @ ® Y. &= > b @ Y d;
i€ENps 1€Ng JENPD JEND

X fror Loae Y at Y oY di=Y fior ¥ oad )y b=
k’ESC iENpS iENS jENpD jGND kESC iGNpS iENS

S A X be Y dior ey &# Y bid Y di# > fi then

keSc JENpD JEND 1€ENpg 1€ENg JENppD JEND keSc

Go to Step 2.

i€ENpg i€ENg JENPD JEND i€ENpg i€ENg JENpPD
b ® Y. d;.
JEND
Case (1) If Y a,® Y &= > b;® 3 d; then Go to Step 3.
i€Npgs 1€Ng Jj€ENPD JEND
Case (2)If Y @@ Y. &# X b;® 3 d;then convert Y @@ 3. & #
iENpg i€ENg JENpD JEND i€ENpg i€ENg
S @ Y djinto Y w® Y. &= 3 b® Y d; as follows [65]:
JENpPD JEND i€Npg i€Ng JENpPD JEND

Case (2a) If m—m? < n—nt m? < n¥ m-m <n—nand m® < n® then introduce

a dummy purely source node with fuzzy supply (n—m,n—m,n’ —m nft —mf)
sothat 3 a,® Y. &= 3 b;® 3 d;. Goto Step 3.
iENpg i€ENg JENPD JEND

Case (2b) If m — m* > n —nl, ml > nt m —m >n —n and m® > nf then

introduce a dummy purely destination node with fuzzy demand (m—n,m—n, m’ —

nb,mf —nf)psothat S @@ Y &= > b;@ 3 d;. Goto Step 3.

i€ENpg 1€ENg JENPD JEND
Case (2c) If neither Case (2a) nor Case (2b) is satisfied then introduce a dummy
purely source node with fuzzy supply (maximum {0, (n — n%) — (m — m*)} + max-
imum {0, (nt — m%)}, maximum {0, (n — n%) — (m — m%)} + maximum {0, (n* —
m*)} + maximum {0, (7 — n) — (M — m)}, maximum {0, (n* — m%)}, maximum
{0, (' —=m®)}) r and a dummy purely destination node with fuzzy demand (max-

imum {0, (m — m*) — (n — n!)} + maximum {0, (m% — n%)}, maximum {0, (m —

mbt) — (n —nt)} + maximum {0, (m* —nl)} + maximum {0, (M —m) — (m —n)},
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maximum {0, (m? —n?)}, maximum {0, (m? —nf)}) g so that > a;® > & =

i€Npg i€Ng
S b; @ Y dj. Go to Step 3.
JENPD JEND
Step 3 Using Step 2, 3. @@ Y. &= S b® S d. Let S @@ Y &
i€ENpg 1€ENg JENPD JEND i€ENpg i€ENg
= Z b]@ Z dj:<27§7gLagR)LR and Z fk:(i7?7fL7fR)LR
JENpPD JEND keSo
Now check Zdz@ZéZ: Z Bj@ZJj:kaOI Zdz@ZéZ:
i€Npg i€ENg JENPD JEND keSc i€Npg i€ENg
> bid X di# X
JENppD JEND keSo
Case (1) If Y a,® Y &= S b;® > dj= 3 f then Go to Step 4.
i€ENpg i€ENg JENPD JEND keSo
Case (2)If 3 @@ S &= X b;® Y dj# 3 frthenconvert Y @@
i€ENpg 1€ENg JENppD JEND keSe 1€ENpg
Sa= > e Y di# Y fiinto Yoae Y b= Y be Y d=
i€ENg JENpPD JEND keSc i€ENpg i€ENg JENpD JEND
S fr as follows:
keSc

Case (2a) If g—g" < f—fF g" < fF,g—g < f—i, and g% < £ then check that
in Step 2, a dummy purely source node is introduced or not and also check that a
dummy purely destination node is introduced or not.

Case (i) If both the dummy purely source node and dummy purely destination
node are introduced then increase both the fuzzy supply of the already introduced
dummy purely source node and the fuzzy demand of the already introduced dummy
purely destination node by the same fuzzy quantity (f —g, =g, fF =g ff—g®rr

sothat Y a,® S &= > b;® Y dj= 3 fi Go to Step 4.

1€Npgs 1€Ng JENPD JEND keSc

Case (ii) If a dummy purely source node is introduced but no dummy purely desti-

nation node is introduced then increase the fuzzy supply of the already introduced

dummy purely source node by the fuzzy quantity (f — g, f—a.ff g% ff— g™ g

and also introduce a dummy purely destination node with fuzzy demand (f — g, f—

g, /=gt ff—g™)rsothat Y a® Y &= > Bj@ > Czj: > fr Go
i€ENpg i€ENg JENPD JEND keSo
to Step 4.
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Case (iii) If a dummy purely destination node is introduced but no dummy purely

source node is introduced then increase the fuzzy demand of the already introduced

dummy purely destination node by the fuzzy quantity (f—g, f—9, f L_gb fR—g™) R

and also introduce a dummy purely source node with fuzzy supply (f —g, f—g, fF—

g P —g®rsothat 3 @@ Y &= Y b® Y di= Y fi Go to Step

1€ENpg i€ENg JENPD JEND keSc

4.

Case (2b) If g—g* > f—fF " > [, g—g > f— f,and g > f# then introduce

a dummy conveyance with fuzzy capacity (g — f, 7 — f,g" — fL, g — ) g so that
i€ENpg i1€Ng JENPD JEND keSc
Case (2c) If neither Case (2a) nor Case (2b) is satisfied then check that in Step

2 a dummy purely source node is introduced or not and also check that a dummy
purely destination node is introduced or not.

Case (i) If both the dummy purely source node and dummy purely destination
node are introduced then increase both the fuzzy supply of the already intro-
duced dummy purely source node and the fuzzy demand of the already introduced
dummy purely destination node by the same fuzzy quantity (maximum{0, (f —
- (g — g")} + maximum{0, (f¥ — ¢*)}, maximumf{o0, (f — - (9 — ")}
+ maximum{0, (f* — ¢*)} + maximum{0, (f — f) — (g — g)}, maximum{0, (fF —
g")}, maximum{0, (f — ¢)})rr and also introduce a dummy purely conveyance
with fuzzy capacity (maximum{0, (g — g*) — (f — f*)} + maximum{0, (¢"* — f*)},
maximum{0, (g—g*) — (f — f*)} + maximum{0, (¢* — %)} + maximum{0, (7—g) —

(f — )}, maximum{0, (¢ — f*)}, maximum {0, (¢" — f)})Lr so that > @ @

i€ENpg

f-
Z S ;@ Y dij= > fi. Go to Step 4.
ENs

JENPD JEND keSc
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Case (ii) If a dummy purely source node is introduced but no dummy purely desti-
nation node is introduced then increase the fuzzy supply of the already introduced
dummy purely source node by the fuzzy quantity (maximum{0, (f - f*)—(g—g¢")} +
maximum{0, ( f¥—¢*)}, maximum{0, (i—fL) — (g—gL)} + maximum{0, (£ —g%)}
+ maximum{0, (f — f) — (7 — )}, maximum{0, (f* — ¢g*)}, maximum{0, (f* —
g™} rr and also introduce a dummy purely destination node with fuzzy demand
(maximum{0, (f — f*) — (g — ¢")} + maximum{0, (f* — ¢g*)}, maximum{0, (f —
%) — (g — 6"} + maximum{0, (f* — ¢")} + maximum{0,(F — f) - (7 — o)},
maximum{0, (f*—g¢*)}, maximum {0, (f®—g¢®)})rr. Also, introduce a dummy con-
veyance with fuzzy capacity (maximum{0, (g—¢")— (f — f*)} + maximum{0, (¢" —
5}, maximum{0, (9—g")—(f—f*)} + maximum{0, (¢" —¢*)} + maximum{0, (g—
g)— (7—i)}, maximum{0, (¢* — f)}, maximum{0, (¢% — f#)}) g so that % a; D
1€Npg

S é= 3 bj® Y di= 3 fr Coto Step 4.

i€Ng j€NPD jEND kESc

Case (iii) If a dummy purely destination node is introduced but no dummy purely
source node is introduced then increase the fuzzy demand of the already intro-
duced dummy purely destination node by the fuzzy quantity (maximum {0, (f —
- (g — g")} + maximum{0, (f* — ¢*)}, maximum{0, (f — ) - (g — ")}
+ maximum{0, (f* — ¢*)} + maximum{0, (f — f) — (g — g)}, maximum{0, (ff —
g")}, maximum{0, (f® — ¢™)})rr and also introduce a dummy purely source node
with fuzzy supply (maximum {0, (f — %) — (g — ¢*)} + maximum{0, (f* — g*)},
maximum{0, (f — f*) — (g — ¢*)} + maximum{0, (f* — ¢*)} + maximum{0, (f —
f) — (@ — ¢)}, maximum{0, (f* — ¢*)}, maximum{0, (f** — ¢g™)})Lr. Also, intro-
duce a dummy conveyance with fuzzy capacity (maximum{0, (g — g*) —( f=r Y+

maximum{0, (¢* — %)}, maximum{0, (¢—g*)— (f — f*)} + maximum{0, (¢* — %)}
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+ maximum{0, (g—g)—(?—i)}, maximum{0, (¢"— %)}, maximum{0, (¢~ f")})Lr

sothat 3 a,® Y &= 3 b® X di= 3 fr Coto Step 4.

i€ENpg i€Ng JENPD JEND keSc

Step 4 The balanced fully fuzzy multi-objective solid minimum cost flow problem,
obtained by using Step 1 to Step 3, can be formulated into the fuzzy linear pro-
gramming problem (P5;) by assuming the following fuzzy penalty as zero LR flat

fuzzy numbers:

(i) If any dummy purely source node is introduced then assume the fuzzy penalty
for transporting one unit quantity of the product from the introduced dummy
purely source node to all purely destination nodes and all intermediate nodes

by all conveyance as zero LR flat fuzzy number.

(ii) If any dummy purely destination node is introduced then assume the fuzzy
penalty for transporting one unit quantity of the product from all purely source
nodes and intermediate nodes to the introduced dummy purely destination

node by all conveyance as zero LR flat fuzzy number.

(iii) If any dummy conveyance is introduced then assume the fuzzy penalty for
transporting one unit quantity of the product from all purely source nodes
and intermediate nodes to all intermediate nodes and all purely destination
nodes by introduced dummy conveyance as zero LR flat fuzzy number.

Step 5 Assuming ¢y = (), (O, (") () 2rs Tije = (Ziji Tigs T
el )ik, @ = (a5, @0k, af)ir, & = (e, € el,ef) i, by = (b, b, bk, b1k, d; =

(Qljaajadf>d§z)LR7 fk = (ika7k7flfaf1§)LRv Zijk: = (iijkazijkvlfjkalgk)LR and U, =

(Wiji» Wi Uiy, Uy, ) LR the fuzzy linear programming problem (Ps;) can be written

as:
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Minimize Z Z z]k’ z]kv(CL)Zw(CR)?jk)LR@(zijk7fijk7$fjk>$§k)LR)
(i,j)€EA k€S

=12 ..,P
subject to
(z): A kzs; ( z]k?xljk7$5]k)7$£k)LR = (Qiaaiv a@'La aﬁ)LR 1€ NPS
7:(2,9)€ eS¢
> (&ijk,fijkwfjm If}k)LR = > > (T Ty, %Lik, l’ﬁk)LR ® (g8,
j:(4,5)EA k€SC j:(ji)eAkeSc
er el )ir i € Ng
(z): A kzsj ( zgk?xlﬂﬁ zgk’ z};k)LR - (b bj7bjL?bf) j € NPD
1,7)€ €5¢
> Y @gp Tgm i el e = X Y (i Tk Ty 2l ) e @ (d;, dj,
i:(i,j)eA kESc i:(ji)eA kE€Sc
d]L,df) JENp (Ps2)
(e sz: (&ijkvfijkvx%kyxf‘?k)[/}? = (Z) B kzsj (zﬂk,fﬁk,?ﬂf@-k,%ﬁkhz% i € Ny
ji(ij)EA kESe j:(j.i)eA keSc
( X):A<—l]k’w1]k’ ijk> Uk) (fk7fk’7fk’fk )LR ke SC
i,j)€

(Lijio Liges Ui U L 2 (@i T w5 08 LR = (Wi T, by, ull ) Lr

YV (i,j) € A, k€ Sc
(Zijp> Tijh> Tip Thp) LR 15 non-negative LR flat fuzzy number V (i, ) € A, k € S¢
Step 6 Using the arithmetic operations of LR flat fuzzy numbers, defined in Sec-

tion 2.1.2, the fully fuzzy multi-objective linear programming problem (Ps3) can be

written as:

Minimize % > () liges (O)Tisn (©)why + () — () aky, @),
(i,7)EA kKESC

wfin + ()T + () palin)ir m=1,2,..,P

subject to

( Z Z Lijk Z Z Tijks Z Z Iiij:J z Z xgk)LR = (Qiaa”haz‘L?

j:(i,5)€A k€eSc j:(i,5)€A k€eSc j:(i,5)€A k€Sc j:(i,5)€A k€Sc

a')Lr i € Npg

(> > Lijks > > Tijik, > > l‘iij, > ) l’f}k)LR =( >

j:(4,5)EA k€SC j:(4,5)EA EkESc j:(4,5)€A Eke€Sc j:(i,5)€A Ek€Sc j:(Ji)EA

YTkt Y YT ten Y oy ahpter, Y 3 al el )ir

keSc j:(ji)EA k€S j:(ji)EA k€S j:(ji)EA keSc
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1 € Ng
(> > Lk > > Tijks > > %’ija > > ﬂfﬁk) (Q],bj,b]L,
:(i,j)€EA k€S i:(3,j)EA k€S i:(4,j)€A k€Sc i:(i,j)€A k€S
bf')LR j € NPD (P5,3)

Lk _Z'jka ijks ijk)LR —

(> Xz > LT > Tgw 2 2 Tih) (>
i:(3,7)€A k€SC i:(i,j)EA k€ESc i:(i,j)€EA k€S i:(4,j)EA  k€ESc :(ji)EA
> T + C—lj’ > > Ty, + dj, > 2 %sz + djL7 > 2 xﬁk + df)LR
keSc :(ji)€A k€S :(jt)EA k€S i:(ji)€A k€S

J € Np

(2 2 e 2 2 Tge > > T 2 2 e = (2

j:(i,5)EA keS¢ j:(i,j)EA k€S j:(i,j)EA keS¢ j:(i,j)€EA k€S 7:(ji)EA
> Ljikes Yo 2 Tk, p, D Liks > 2 xjik)LR i€ Nr
keSc j:(Gi)eA kESc j:(ji)EA keSc j:(ji)eA kESc

= L
(> Lijk > Tijks D Lijks > xz]k:) (fk,fmfkafk) ke Se
(i,j)€A (i,j)€A (i,j)€A (i,j)€A

(Lijis Ligi U U8 LR = (@i Tighs T3 T01) LR = (Wij Tigh Wi, Uik LR

V(i,5) € A, k€ Se
(Zijk> Tijis o, o%51) LR is a non-negative LR flat fuzzy number V (i,5) € A, k € Sc
Step 7 Using the Definition 2.10, Definition 2.11, the fully fuzzy multi-objective
linear programming problem (Ps3), can be converted into the fully fuzzy multi-

objective linear programming problem (FPs4):

Minimize Z Z zgk%kv _>zjkfijka (Q)?]k‘rzij + (CL)%k&jk - (CL>?jkxiij:7 (E)Zk

( ,])GA keSo
R R\ = R\7 ..R o —
Ty, + (c )ijkxijk + (c )ijkxijk)LR n=12,..,P
subject to
Lijk = 4 i € Npg
j:(i,j)€A k€Sc
Z Z Tijk:ai 1 € Npg
j:(i,j)EA kE€Se
L _ L ;
>y Ty = @ i € Npg
j:(i,j)EA kE€Se
R _ R -
> > Tijk = O i € Nps

j:(i.j)EA kESE

o2 T = > 2 T te i € Ng

j:(i,5)EA kESE j:(ji)EA k€S
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7 7L IR — L R — L R
(Lijkn Lijk, lijk? lijk)LR = @z‘jk>$ijk>%jka xz’jk)LR = (Qijmuijk?uijk?uz’jk)LR

Z,

Yo Tigk= Y, Y Tk Te

j:(i,5)€A k€Sc j:(ji)EA k€Sc

> X wmp= 2 Y wptel

ji(i,)€EA kESe j:(ji)EA kESc

> 2 xﬁk: > Zxﬁkjteﬁ

j:(i.j)€EA kESe j:(ji)EA kS

> > Liile = bj

i:(i,j)€EA k€S

> Y Tk = b

ir(i,))EA kESe

> chfjk:bf

ir(i,))EA k€S

> Zxﬁk:bﬁ

i:(i,j)€EA k€Sc

Yo T = Y. 2 Ty t+d;

1 € Ng
i € Ng
i € Ng
J € Npp
J € Npp
J € Npp
J € Npp
J € Np
J € Np
J € Np
J € Np
i € Np
i € Nr
1 € Np
i € Nr
k€ Sc
k€ Sc
ke Sc

k€ Sc

i:(i,j)€A kESE i:(j,i)€EA keSc
> D Tygk= ), > T td
i:(i,j)eA keSc i:(j4,0)€EA k€S
L _ L L
> > Tijk = )OEEDY Ty, + dj
:(i,j)€EA keSc i:(4,i)€A kE€Sc
R _ R R
> > Lijk = > 2 Ty T dj
i:(3,7)€A k€SC i:(j4,i)€EA k€S
> > Lijke = > > Ljik
ji:(i,4)eA keSc j:(g,0)eA keSc
> T = > > Tk
ji(i,j)EA k€ESc j:(ji)EA k€S
L _ L
> Tijk = > > Liik
j:(i,5)EA k€Sc j:(Ji)EA k€Sc
R _ R
> X Tk = > D Tk
ji(i,j)EA keSc §:(ji)EA keSc
2. = [,
(i.5)€A
> Tk = [
(i.5)€A
L _ L
> Tijk = Tk
(i,5)€A
R _ ..R
> Tijk = Lk
(i.5)€A
L = L R o

vV (i,5) € A, k€ Sc

} (Cs.1)

Step 8 As discussed in Step 6 of the method, proposed in Section 3.7, the fuzzy

optimal solution of the fuzzy multi-objective linear programming problem (Ps4) can
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be obtained by solving the following crisp multi-objective linear programming prob-

lem:

Minimize > S RIS i1 (@8 Fgr (1 ky + (F) sy — ()0 ak, (@0,
(i,j)e A kE€Sc
wfte + ()T + ()l r n=1,2..P
subject to (Pss5)
%(Lijkjijk? liij:7 lﬁk)LR < %@ijka@jkaxfjkyﬂfﬁkh}z < %(Mijk,ﬂijk,ufjk,ugk)LR
V(i,j) € A, ke Sc

as well as all the constraints of problem (Ps4) except (Cs.1)

Step 9 Using Section 2.4, the crisp linear programming problem (Ps5) can be writ-

ten as:
Minimize Z Z z]k U]f))\‘i‘((czjk) ngk)(l )‘)>dp )‘fo zgk
(i,7)eA kESC
_ 1, _
i) = ((cije)" @i, + () zin — () al) L7Hp))dp + (1= A) fo (@) g +
(@) fly, + ()T + () aln) B (p))dp)] n=1,2,..,P
subject to (Ps.6)

(’7(]01@1'3'14)‘ + Zijk(l —A))dp) + (1 —)(A f()l(Lijk lékal( ))dp + (1 — fo wk +
R p)dp)) < (Y (@A +Tin(1=N)dp) + (1=7) A fy (i =25 L7 (0)dp+
(=2 Jy @ign R (0))dp) ) < (Vo (aied+ (1= X)dp) + (1=7) (N fy (g~
ub L7 (p))dp + (1= ) fy (@i + ub R (p))dp)

as well as all the constraints of problem (Ps4) except (Cs.1)

Step 10 Solve the crisp multi-objective linear programming problem (Psg), obtained
in Step 9, by using any of the existing approach to find the optimal compromise so-
lution {24, Tijk, T/, 213y, } of the crisp multi-objective linear programming problem.
Step 11 Put the values of z,;;, Tij, xfjk, ng in 2y, = (i, Tijs a:iij, :vf;“-k)LR to find

the fuzzy optimal compromise solution {Z;j }.
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Step 12 Find the fuzzy optimal value of each objective function by putting the

values of Zyj, in > > (&), ® Zy) sn=1,2,..., P.
(i,j)EA kESc

5.4 Advantages of proposed method over the method
proposed in previous chapter

The main advantage of the proposed method over the method proposed
in Chapter 4 is that all the problems which can be solved by using the method
proposed in Chapter 4 can also be solved by using the method proposed in this
chapter. However, as discussed in Section 5.2, there exist several problems which
can be solved by using the proposed method but can not be solved by using the
method proposed in Chapter 4. To illustrate the proposed method and also to
show its advantages the fully fuzzy multi-objective capacitated solid minimum cost
flow problem, chosen in Example 5.3 which can not be solved by using the method
proposed in Chapter 4, is solved by using the method proposed in this chapter.

5.4.1 Fuzzy optimal compromise solution of the chosen prob-
lem

The fuzzy optimal compromise solution of fully fuzzy multi-objective ca-
pacitated solid minimum cost flow problem, chosen in Example 5.3, can be obtained

as follows:

Step 1 Total fuzzy supply >, a; @& > & = (110,150,40,40).r, total fuzzy de-
i€Npg 1€ENg

mand 3 b, ® Y d; = (50,80,30,50).z and total fuzzy capacity ) fi =

JEND JENpPD keSe

(110,150,40,50) 5. Since S @@ S & # S b;® S dj # X fi, so it

i€ENpg i€Ng JEND JENpPD keSc

is an unbalanced fully fuzzy multi-objective capacitated solid minimum cost flow

problem.
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Step 2 Comparing 3. @ @ Y. & = (110,150,40,40) .z by S @@ 3. & =

i€Npg i€ENg i€ENpg i€ENg

(m,m,mY m®) g and 3 b; @ 3. d; = (50,80,30,50),r by 3. b@® S d;
JEND Jj€ENPD JjENPD JEND

= (n,m,nt, nf)

r the values of m,m, m* m®, n,7,n’ and nf are 110, 150, 40, 40,
50, 80, 30 and 50 respectively.

Since, > a;® Y. & F# >, l;j@ > ch and neither the condition m—m?* <

1€ENpg 1€ENg JENPD JEND

n—nt mt <nl, m—m <n—n, m® <nf nor the condition m — m* > n — n”,

mt >nl m—m >n—n, m® > n® is satisfying so, as described in Case (2c) of Step

2 of the proposed method, there is need to introduce a dummy purely source node
(4) with fuzzy supply a4 = (0,0,0,10).r and a dummy purely destination node (5)

with fuzzy demand bs = (60,70,10,0) g so that 3 @® 3 &= 3 b;® 3. d;.

1€ENpg i€ENg JEND JENpPD
Step 3 Since, Y. a® Y. &= > b;® S d; =(110,150,40,50)1r = 3. fr,
1€Npg 1€ENg JEND JENpPD keSc

so the fully fuzzy multi-objective capacitated solid minimum cost flow problem, ob-
tained in Step 2, is a balanced fully fuzzy multi-objective capacitated solid minimum
cost flow problem.

Step 4 Since, a dummy purely source node (4) and a dummy purely destination
node (5) are introduced. So, as described in Step 4 of the proposed method, by
assuming Gy = Cisp = Cijp = Cosp = Cap = Cospe = (0,0,0,0),r Vi = 1,2,4; j =
1,3,5; k = 1,2, the fuzzy linear programming formulation of the balanced fully
fuzzy multi-objective capacitated solid minimum cost flow problem, obtained from
Step 3, can be written as:

Minimize ((8, 10,2, 2) . r®@%131D(4, 8, 3,2) LrR@T132DB(8, 10,4, 4) g RT211B(6, 8,4, 4) 1 r
®@T212PB(9,12,6,3) LR®T231D(3,6,2,3) Lr®@T232@(0,0,0,0) L r®T4119(0,0,0,0) L ®
Z412®(0,0,0,0) g ® 431 ©(0,0,0,0) g @ T432® (0,0,0,0) g @ Tas1 @ (0,0,0,0) g ®

T9508(0,0,0,0) L r®T4519(0,0,0,0) L r®T45285(0,0,0,0) L rRT15:B(0,0,0,0) L RT152)
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Minimize(5, 8, 3, 3) L r@Z131D(8, 10,2, 2) Lr®T132D(9, 12,6, 3) LrR®T211D(8, 10,4, 4) g
R To12D(6,8,4,4) [ r @ Taz1 D(6,9,2,3)Lr®@T232P(0,0,0,0) L g ®@T411(0,0,0,0)Lr®
Z4129(0,0,0,0) g ® T431 ©(0,0,0,0) g @ T430® (0,0,0,0) g @ Tas1 ©(0,0,0,0) g ®
To50®(0,0,0,0) g @ 451 (0,0,0,0) g @ Tys50 D (0,0,0,0) g @ T151 @ (0,0,0,0) g ®

T152))

Minimize (6, 9, 2, 3)LR®57131@(37 6, 2, 3)LR®£132@(5> 8, 3, 3)LR®=%211@(9a 12, 6, 3)LR®
'%212 ©® (27 47 27 2>LR & ‘%231 S (47 87 37 2)LR & 5;232 S (07 07 07 O)LR & i‘411 S <07 07 07 O)LR &
T412®(0,0,0,0) g ® T431 ©(0,0,0,0) g ® Ty32® (0,0,0,0) g ® Ta51 @ (0,0,0,0)Lr ®

T9508(0,0,0,0) Lr®T4516(0,0,0,0) L r®T4520(0,0,0,0) LrR®T1518(0, 0, 0,0) LRRT152)

subject to

2 i 2 i

> (T13k @ T1sk) = 2 (Zawk © T21x) @ (60,80, 20,20) 15
k=1 k=1

2

> (Zo1k ® Task ® Tosk) = (50, 70,20,20) 1k
k=1

2

5 (13 © ok ® Fage) = (50, 80,30,50) 5
k=1

2

> (Tark © Tasp @ Tusk) = (0,0,0,10)1p
k=1

2

> (T1sk © Tk ® Lask) = (60,70,10,0),r
k=1

T131 D T151 B To11  Taz1 D Tasy B Tan B Taz1 D Tus1 = (60,80,20,10)1r

T132 B T152 B To12 D Taga D Taza B Tar2 B Taze B Tase = (50,70, 20,40) Lk

Z131 = (2,3,0,5) 1R, T131 = (10,20,10,0)Lr,  Z132 = (7,10,5,3) LR
T132 = (30,40,10,20)1r,  To11 = (0,0,0,0) 1R, To11 = (30,40, 10,10)r
To12 = (0,0,0,0) LR, To12 = (40,50,20,10)Lr, T231 = (0,0,0,0)Lr
To31 = (40,60,20,10)1r, Toso = (2,3,1,2)1r, Taso = (40,60, 20,20)r

Zi;, are non-negative LR flat fuzzy numbers Vi =1,2,4; j=1,3,5; k=12
Step 5 Using Step 6 to Step 9, of the proposed method, the fuzzy multi-objective

linear programming problem, obtained in Step 4, can be converted into the following
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crisp multi-objective linear programming problem:
Minimize 55(104z,5, — 48215, + 180T 131 + 1802 {h; +36, 30 — 8 {5, +150T 130+ 150215, +

Minimize % (74@131 — 321’%31 + 1805131 + 180%{%31 + 29&132 — 8.1’%32 + 1355132 + 135I%2 +

subject to

9 2
Do (@ygp +2ysp) = D0 (Zygp + Togp) + 60

T‘r
—_
ﬁ‘
—_

Mw
IS

(T1sk + ZT1sk) = D (Tark + Torx) + 80

>
Il
—
=
Il
—

MI\D
Il
M

($f3k + 951L5k> (xfm + %Luc) +20

B
Il
—
B
Il
—

Mm
NS

(xf, + 2l ) +20

2
(Zoyp, + Tozp, + Tosy,) = 50, D (Tork + Tasp + Task) = 70

(il +2ihp) =

T‘r
—_
?‘
—_

Mw

k=1 k=1
2 2
kzl(%Lw + -75%31@ + $55k) =20, kZl(rC?m + %ng + 95551@) =20

2
(131, + Tozp, + 243;,) = 50, > (T1sk + Tazk + Task) = 80

bl
gl
I

T

I

IS

(xfh), + 25y + 285),) = 50

Mw

({5, + T35, + 2h3;,) = 30,

£
Il
—
=
Il
—_

Mw
Mm

(Za1p + Zyzp + 245) = 0, (Zark + Tagk, + Tus) =0

B
Il
—
=
Il
—

Mw

(24, + oihy + 245;,) = 10

Mw

L L Ly _
(zghp + Ty, + 245) = 0,

T‘T
—_
W‘
—_

Mw
IS

(Z151, + Tosp, + 245;,) = 60, (T1sk + Tosk + Task) = 70

£
Il
—_
=
Il
—_

M

R R R\ _
(275, + T8, + 145,) = 0

Mw

(leSk + 37551@ + xfsk) = 10,

B
Il
a
B
Il
N
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Zygy + Lys1 + Loy + Zogy + Tosy + Lygy + 2yzy + 245 = 60
T131 + T151 + To11 + Tas1 + Tas1 + Tar1 + Taz1 + Tas1 = 80
Ty + Tisy gy + 2y gy + oy ol + oy =20
afyy + @iy +agyy + gy + ol +ally ol o, =10
Lygp + Ly5g + Togp + Logo + Losy + Ty1p + Lygo + Ly50 = 50
T132 + T152 + To12 + Tazz + Tas2 + Tarz + Taza + Tuse = 70
TT5p + Tigy + oo + Ty + Thiy + 2y + iy + w5y = 20
wihy + Ty + 25y + 2y + iy + 2y + ly + 2l = 40
15215, + 15131 — 8zls, + 1528, < 370, 1525, + 157130 — 8wky, + 15218, < 1270
1520;, + 15Ta1, — 82k, + 1528, < 1120, 1524,y + 15713 — Sk, + 1528, < 1340
1505, + 15T031 — Saky + 1508, < 1490, 15245y + 157030 — 81ksy + 1528, < 1640

15&231 _'_ 155231 - 8$§'4 + 151‘%1 Z O, 15&232 + 155232 - 8:65132 + 15'7;%2 Z 97

Step 6 Using fuzzy programming technique [129] the optimal compromise solu-
tion of the crisp multi-objective linear programming problem, obtained in Step 5, is
T3 = 6.99,T131 = 6.99, 25, = 6.99, 2,3, = 3, T30 = 23,25, = 3, 2L, = 20,245, =
19.41, T3 = 2941, 2k, = 3,195 = 20.58, T3 = 20.59, 2k, = 16.99, 28, =
20,215, = 33.59,T151 = 33.59, 2k, = 10, 215, = 16.41, T150 = 16.41, o5 = 10, 2955 =
10, a5 = 10, 2%, = 10 and the remaining values of Ziiks Tijhs xfjk, xﬁk are zero.

Step 7 Putting the values of x,;, Tijr, ©1;, and ]t in Tij = (Zyp, Tijh, T T ) LR
the fuzzy optimal compromise solution is Z131 = (6.99,6.99,6.99,0) g, Z132 = (3, 23, 3,

20) 1k, Foz1 = (19.41,29.41,3,0) 15, Fazo = (20.58,20.59, 16.99, 20) 15, F151 = (33.59,
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33.59,10,0) g, T152 = (16.41,16.41,0,0) g, T251 = (0,10,0,0) 1, Tase = (10,10,0,0) g,
Z431 = (0,0,0,10) 5 and remaining values of Z;;;, = (0,0,0,0)x.

Step 8 Putting the values of 131, T132, Ta11, To12, 231, T232, T411, Ta12, Ta31, Ta32, Ta51,
Ty52, Ta51, T252, T151, T152 1 <(87 10,2,2)Lr®T131B(4, 8,3, 2) Lr®T132D(8, 10,4, 4) Lr®
To11D(6,8,4,4) LR ®@T212D(9,12,6,3)Lr R Ta31 D (3,6,2,3) LR R T30 (0,0,0,0)r ®
T4119(0,0,0,0) g ® T412®(0,0,0,0) g @ T431 ©(0,0,0,0) g @ T432 @ (0,0,0,0) g ®
T251 9 (0,0,0,0) L5 ® Tas2 @ (0,0,0,0) L @ Zas1 © (0,0,0,0) L5 ® Tasz @ (0,0,0,0)Lr ®
71519(0,0,0,0) 7% F152) (5,8, 3,3)n @131 0 (8, 10,2,2) @12 (9, 12,6, 3) @
T211D(8,10,4,4)Lr @ T212® (6,8,4,4) LR ® Tag1 B (6,9,2,3) Lr ® T232 D (0,0,0,0) L ®
4119 (0,0,0,0) g @ T4129(0,0,0,0) g @ T431 © (0,0,0,0) g @ T432 (0,0,0,0) L ®
To519(0,0,0,0) g ® Tas2 @ (0,0,0,0) g @ Ty51 © (0,0,0,0) g @ Ty52© (0,0,0,0) g @
#1519(0,0,0,0) 113152 ) and ((6,9,2,3)p@31319(3,6,2, 3)a@71520(5, 8, 3, 3) L@
T9119(9,12,6,3) LR @T212PB(2,4,2,2) Lr @ To31 P (4,8,3,2) LR ® Ta326(0,0,0,0)Lr ®
Z4119(0,0,0,0) g ® T412®(0,0,0,0) g ® T431 ©(0,0,0,0) g @ T432® (0,0,0,0) g ®
T251 9 (0,0,0,0) L5 ® Taso @ (0,0,0,0) g ® Zas1 © (0,0,0,0) 15 ® Tasz ©(0,0,0,0)Lr ®
T151 D (0,0,0,0)r ® :E152> the fuzzy optimal values of first, second and third ob-
jectives are (304.45,730.48,251.63,589.96) 1, (298.99, 706.57,251.81,726.40) .z and

(172.16,483.63, 168.57, 569.69) . respectively.

5.4.2 Physical interpretation of the results

In this section, the fuzzy optimal value of first objective, obtained by using
the proposed method, is physically interpreted. Similarly, the obtained fuzzy optimal
compromise solution, fuzzy optimal value of second objective function and the fuzzy

optimal value of third objective function can also be physically interpreted.
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Using the proposed method the fuzzy optimal value of the first objective

is (304.45,730.48,251.63,589.96) . g which can be physically interpreted as follows:

(1) The least amount of the fuzzy optimal value of the first objective is 52.82.

(2) The most possible amount of the fuzzy optimal value of the first objective lies
between 304.45 and 730.48.

(3) The greatest amount of the fuzzy optimal value of the first objective is 1320.44
i.e., the fuzzy optimal value of the first objective will always be greater than
52.82 and less than 1320.44 and maximum chances are that the fuzzy optimal

value of the first objective will lie between 304.45 and 730.48.

The variation in the optimal value of the first objective with respect to chances

are shown in Figure 5.2.

1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0

Degree of membership function

0 150 300 450 600 750 900 1050 1200 1350

Minimum total penalty

Figure 5.2 Membership function of LR flat fuzzy number representing the
minimum total fuzzy penalty

5.5 Comparative study

To show the advantage of the proposed method over the method, proposed
in Chapter 4, the results of some problems, obtained by using the method proposed

in Chapter 4 and the method proposed in this chapter, are compared in Table 5.5.
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Table 5.5 Comparison of results obtained by using the method proposed in Chapter 4
and method proposed in this chapter

Method proposed in

Example Method proposed in this chapter
Chapter 4
45 (1650, 2700, 1240, 3050) . g (1650, 2700, 1240, 3050) . g
(2100, 3425,1690,2125) L r (2100, 3425,1690,2125) L r
51 Not applicable (1987.99,1987.99, 100, 1000) . p
(1412.01,1512.01, 100, 800) L g
59 Not applicable (1648.49,1648.49, 100, 1000) L r

(1241.83,1341.83,103.33,803.33) .
(304.45,730.48, 251.63, 589.96) 1 r

5.3 Not applicable (298.99, 706.57, 251.81,726.40) L g

(172.16,483.63, 168.57, 569.69) 1 r

The results, presented in Table 5.5, can be explained as follows:

The method, proposed in Chapter 4, can be used for solving fully fuzzy single
and multi-objective capacitated transportation problems as well as fully fuzzy
single and multi-objective un-capacitated and capacitated minimum cost flow
problems. However, the same method can neither be used for solving fully
fuzzy single and multi-objective un-capacitated and capacitated solid trans-
portation problems nor for solving fully fuzzy single and multi-objective un-
capacitated and capacitated solid minimum cost flow problems. Since, the
problem chosen in Example 4.5 is a fully fuzzy multi-objective capacitated
minimum cost flow problem so it can be solved by using the method proposed
in Chapter 4. However, the problems chosen in Example 5.1, Example 5.2 and
Example 5.3 are fully fuzzy multi-objective un-capacitated solid transportation
problem, fully fuzzy multi-objective capacitated solid transportation problem
and fully fuzzy multi-objective capacitated solid minimum cost flow problem
respectively so none of these problems can be solved by using the method

proposed in Chapter 4.

Since, the method, proposed in this chapter, can be used for solving fully
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fuzzy single and multi-objective transportation problems, fully fuzzy single
and multi-objective solid transportation problems, fully fuzzy single and multi-
objective minimum cost flow problems, fully fuzzy single and multi-objective
solid minimum cost flow problems. So, all the problems, chosen in Example
4.5, Example 5.1, Example 5.2 and Example 5.3, can be solved by using the

method proposed in this chapter.

5.6 Conclusions

On the basis of present study, it can be concluded that it is better to use
the method, proposed in this chapter, as compared to the existing methods [38, 49]

as well as the methods proposed in Chapter 3 and Chapter 4.



Chapter 6

A NEw MEeTHOD FOR SOLVING
INnTUITIONISTIC FULLY FUuzzy MULTI-
OBJECTIVE CAPACITATED SOLID
MiniMuM Cost FLow PROBLEMS

In real life, a person may assume that an object belongs to a set but it is
possible that he (she) is not sure about it. In other words, there may be hesitation or
confusion that whether an object belongs to a set or not. In fuzzy set theory, there is
no means to incorporate such type of hesitation or confusion. A possible solution is
to use intuitionistic fuzzy set [9]. In the methods, proposed in previous chapters, an
existing ranking approach for comparing fuzzy numbers is used for converting fully
fuzzy linear programming problem into crisp linear programming problem. In this
chapter, it is pointed out that it is not genuine to use any of the existing ranking
approaches for comparing intuitionistic fuzzy numbers for converting intuitionistic
fully fuzzy linear programming problem into crisp linear programming problem and a
new ranking approach is proposed for comparing intuitionistic fuzzy numbers. Also,

with the help of proposed ranking approach, a new method for solving intuitionistic

Some contents of this chapter are accepted for the publication in Journal of Applied Research
and Technology and the remaining are communicated for publication in International Journal of
Uncertainty, Fuzziness and Knowledge-Based Systems.

109



110

fully fuzzy single objective capacitated solid minimum cost flow problems as well as
a new method for solving intuitionistic fully fuzzy multi-objective capacitated solid
minimum cost flow problems is proposed. The proposed methods are illustrated

with the help of numerical examples.

6.1 Preliminaries

In this section, some basic definitions and arithmetic operations are pre-

sented [101].

6.1.1 Basic definitions

In this section, some basic definitions are presented [101].
Definition 6.1 An intuitionistic fuzzy set A = {(x, p;(z),v;(z))| z € X} on the
universal set X is characterized by a truth membership function p 4, pz5 : X — [0, 1]
and a false membership function vz, v; : X — [0,1]. The values p;(x) and v4(z)
represents the degree of membership and degree of non-membership for z € X and
always satisfies the condition p;(z) + v4(x) <1V 2 € X. The value (1 — p;(z) —
v;(x)) represents the degree of hesitation for z € X.
Definition 6.2 Let A be an intuitionistic fuzzy set. Then, A, = {z € X | uz(z) >
o, vz(x) < (1 — )} is said to be an a-cut of A.
Definition 6.3 An intuitionistic fuzzy set A = {(z, uz(x),v;(x)) | z € X} is called
intuitionistic fuzzy-normal, if there exist at least two points g, x; € X such that
pa(wo) = 1,v4(z1) = 1.
Definition 6.4 An intuitionistic fuzzy set A = {(z, uz(x),v;(x)) | z € X} is called

intuitionistic fuzzy-convex, if Vay, 25 € X, A € [0, 1]
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pa(ATy + (1 = A)x2) > min(p (1), pi(2))

vi(Azy + (1 — Naxe) < max(vj(z1),v4(22))

Definition 6.5 An intuitionistic fuzzy set A = {(z, u;(x),v;(z)) | z € X} defined
on the universal set X is called intuitionistic fuzzy number if

(i) A is intuitionistic fuzzy-normal

(ii) A is intuitionistic fuzzy-convex

(iii) 44 is upper semicontinuous and v is lower semicontinuous

(iv) A= {z € X | v;(z) < 1} is bounded

Definition 6.6 An intuitionistic fuzzy number A, defined on the universal set of real

numbers R, denoted as A = {(a,a@,a”, a®)rg; (¢, d,a'", a'")

=

Lr}, where @’ — a'* <
fuzzy number if degree of membership p;(z) and degree of non-membership v ;(z)

are given by:

L(%5), r<a, a*>0

pi(r) =49 R(iE), x>a, af >0
L b a<z<a

(11— (%), r<da, d’>0

vilr) =< 1 - R(ZE), z>d, df >0
L 0, d<z<d

L

Definition 6.7 Two LR flat intuitionistic fuzzy numbers A = {(a,@, a*, a®).g; (¢,

a,a'" a®) rY and B = {(b,b,b", b%) pp; (W, 0, 0" W)z} are said to be equal i.e.,

A=DBifandonlyifa = b,a = b,al = bl af = b8, =V, d =V, a’" = b’ and

a/R — b/R.

Definition 6.8 An LR flat intuitionistic fuzzy number A = {(a,@,a, al®)pg; (d, d,

a'l a®) g} is said to be a zero LR flat intuitionistic fuzzy number if and only if

a=0,a=0,a"=0 a%"=0,d=0,d =0, a'¥'=0andad®=0.
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Definition 6.9 An LR flat intuitionistic fuzzy number A = {(a,a, a*, a").z; (¢, @,

a'l;a®)pr} is said to be non-negative LR flat intuitionistic fuzzy number if and

only if @’ — a'* > 0.

Remark 6.1 If a = @ = ¢ = d = a (say) then an LR flat intuitionistic fuzzy

number {(a, @, a’, a®)pr; (a’,d’,a’t, a’®) g} is said to be an LR intuitionistic fuzzy

number and is denoted as {(a,a”, a®®)pr; (a,a’",a'®) g}

Remark 6.2 If a =@ =d = d = a (say) and L(z) = R(z) = maximum{0, 1 — z}

then an LR flat intuitionistic fuzzy number {(a, @, a’, a®)pr; (¢, d,a'*, a'?)

=

LR} 18

said to be triangular intuitionistic fuzzy number and is denoted as {(a1, a, as); (a}, a,

CLIQ)} or (a/h ai, a, ag, GIQ)

L R
where, a) =a—da'”, a1 =a—a, ay=a+adf dy=a+d

Remark 6.3 If ¢ # @, d’ # o and L(z) = R(z) = maximum{0,1 — z} then an

LR flat intuitionistic fuzzy number {(a, @, a’, a®)pg; (d', d’, a'*, a'?)

LR} s said to be

trapezoidal intuitionistic fuzzy number and is denoted as {(a1, az, ag, a4); (a}, ay, aj,
/ / !/ / /

ay)} or (ay,ay, ay, as, as, ay, as, ay).

— J— L —_
where, aj = a—al, ay =a,a3 =@, ay =a+al*, d) =d —d”, dy=d, a} = d,

ay=a +a’

6.1.2 Arithmetic operations between LR flat intuitionistic
fuzzy numbers

In this section, some arithmetic operations between LR flat intuitionistic

fuzzy numbers, defined on universal set of real numbers R, are presented.

(1> Let A = {(Q? aa aL7 aR)LR; (&,7 Ev a,L7 a,R)LR} and B = {(bu 57 bL7 bR)LR; (b_,7 yu b/L’

V®)rr} be two LR flat intuitionistic fuzzy numbers. Then,
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A®B = {(a+b,a+b,a*+b" a®+0")pg: (d +V,a+V, a> + 0", '+ 1) 5}

(i) Let A = {(a,a,a*, a®)pp; (d',d’,a’",a’®) g} be an LR flat intuitionistic fuzzy

number. Then,
WA = {(\a, \a, \al, \af?) L r; (A, Aa/, Aa't, ') R}, A>0
{(\@, \a, —Aa®f®, —\a®) ) pr; N/, Ad, —a'®, —XaP)pr}, A <0

(iii) Let A= {(a,a,a, a®)pr; (d,d’,a'", a'®) g} and B = {(b, b, b7, b s (W, B, B'F,
V™) r} be two non-negative LR flat intuitionistic fuzzy numbers. Then,
A® B= {(a b,ab,ab” 4 ba® — a b’ @b" + ba® + a®b®)p; (' U, d’ V,a'b'" +
va't — " a4 Va4 W) )

6.2 Limitations of the existing methods as well as
the methods proposed in previous chapters

The existing methods [38,49] and the methods proposed in previous chap-
ters can not be used for solving intuitionistic fully fuzzy single and multi-objective
transportation problems, intuitionistic fully fuzzy single and multi-objective solid
transportation problems, intuitionistic fully fuzzy single and multi-objective mini-
mal cost flow problems and intuitionistic fully fuzzy single and multi-objective solid
minimal cost flow problems e.g., the intuitionistic fully fuzzy single objective capac-
itated solid minimum cost flow problem chosen in Example 6.1 and the intuitionistic
fully fuzzy multi-objective capacitated solid minimum cost flow problem chosen in
Example 6.2 can not be solved by using the existing methods [38,49] and the meth-

ods proposed in previous chapters.

Example 6.1 Find the intuitionistic fuzzy optimal solution of the intuitionistic
fully fuzzy single objective capacitated solid minimum cost flow problem depicted

in Figure 6.1. The data is listed in Table 6.1, Table 6.2, Table 6.3 and Table 6.4.
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O  Conveyance 1
A Conveyance 2

Figure 6.1 Network representing intuitionistic fully fuzzy capacitated
solid minimum cost flow problem

Table 6.1 Intuitionistic fuzzy cost (&;jx)

Cijk

[ S R T
W W NN W W~
N = N = N |

{(400, 4000, 360, 36000) 1, z; (200, 22000, 180, 38000) . }
{(200, 2000, 180, 18000) . &; (100, 11000, 90, 19000) .z }
{(100, 1000, 90, 9000) . z; (50, 5500, 45, 9500) . & }
{(50,200, 48, 1800) 1, ; (10, 1100, 9, 1900) 1, }
{(300,3000, 270, 27000) . z; (150, 16500, 135, 28500) 1 }
{(500, 5000, 450, 45000) 1, r; (250, 27500, 225, 47500) 1z }

Table 6.2 Minimum intuitionistic fuzzy amount (l;;5) and maximum intuitionistic

fuzzy amount (k)

lijk

Ujj

N DN = = = e

0) 07 07 0 LR;
63 77 37 2 LR;

23 3» ]-v 1 LR;
0707070 LR;
0307070 LR;

W W NN W W
D= NN =N =

( )or;: (0,0,0,0) 15} {(40, 50, 20, 20) . g; (30, 60, 20, 40) 1 }
( Vor: (4,8,3,3)r} | {(150,220,100,40) L z; (100,240, 80, 60) 5}
(0,0,0,0)5; (0,0,0,0) .z} {(65,70,35,10) . g; (60, 75,45,10) .5 }
( )or: (1,3,1,2) )} | {(100,150,80,150) Lz (60,170, 60, 180) L5 }
( )or; (0,0,0,0)} | {(150,220,100,40) L x; (100,240, 80, 60) .5}
( )or; (0,0,0,0)1r} {(50,55,42,10).z; (13,60,9,11) .}

Table 6.3 Intuitionistic fuzzy supply (a;/&;) and intuitionistic fuzzy demand (b;/d;)

Node ai/é; b;/d;
1 {(200, 250, 100, 50) . r; (150, 270, 100, 80) L r } -
2 - {(100, 150, 80, 50) 1. r; (60,170,60,80) L r }
3 - {(50, 100,20, 0) 1. g; (40, 100, 40, 50) 1.z }

Table 6.4 Intuitionistic fuzzy capacity (fx)

Conveyance fk
1 {(0a50707O)LR; (055050750)LR}
2 {(200, 250, 100, 50) 1. ; (150, 270, 100, 80) 1.z}

where, L(z) = maximum{0, 1 — z}, R(z)= maximum {0,1 — x}
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Example 6.2 Consider an intuitionistic fully fuzzy bi-objective capacitated solid

minimum cost flow problem with the same network flow structure and data as in

Example 6.1. The first objective is same as in Example 6.1 and the second objective

is to minimize the total intuitionistic fuzzy passing time. The intuitionistic fuzzy
h

passing time required for transporting one unit quantity of product from " source

to j* destination by means of k' conveyance is listed in Table 6.5.

Table 6.5 Intuitionistic fuzzy passing time (E?j %)

&k
{(500, 5000, 450, 45000) 1, z; (250, 27500, 225, 47500) 1}
{(0,0,0,0)£r; (0,0,0,0)Lr}

{(150,950, 141, 8050) . r; (45, 5000, 41, 11000) & }
{(45,150,42,1950) 1 ; (11,1000, 9, 1900) 5 }
{(400,4000, 360, 36000) 1, z; (200, 22000, 180, 38000) 1}
{(200,2000, 180, 18000) 1, z; (100, 11000, 90, 19000) .z}

NN — e e
W W NN W WS
N = N = N |

where, L(z) = maximum{0, 1 — z}, R(z) = maximum {0,1 — z}

6.3 Need of proposing new ranking approach for
comparing intuitionistic fuzzy numbers

To overcome the limitations of the existing methods [38,49] and the meth-
ods proposed in previous chapters, pointed out in Section 6.2, it may be tried
to modify the method, proposed in Chapter 5 with the help of existing meth-
ods [31,47,80,91,98-101,122,125] for comparing intuitionistic fuzzy numbers. How-
ever, it is not genuine to do so due to the following limitations and shortcomings of

these methods.

6.3.1 Limitations of the existing methods

In this section, the limitations of the existing methods [31, 47,80, 91, 99,

100,122,125] for comparing intuitionistic fuzzy numbers are pointed out.
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(1)

The existing methods [47,91, 122, 125] can be used only for comparing intu-
itionistic fuzzy set. However, none of the existing methods [47,91, 122, 125]

can used for comparing intuitionistic fuzzy numbers.

Nayagam and Sivaraman [99] pointed out the shortcomings of the existing
method [100] and proposed a method for comparing such triangular intuition-
istic fuzzy numbers {(a,b,c), (e, f,g)} for which either the conditions e > b
and f > ¢ or the conditions f < a and g < b are satisfied. However, the
existing method [99] can not be used for comparing such triangular intuition-
istic fuzzy numbers for which neither the conditions e > b and f > ¢ nor the

conditions f < a and g < b are satisfied.

Dubey and Mehra [31] pointed out the shortcomings of the existing methods
[80] and proposed a method for comparing such triangular intuitionistic fuzzy

sets a = {(a", a,a";wz), (@”,a,a";uz)} for which the condition V,(a) < V,(a)

_ (a"+data")ws and Vy(&) _ (g“+4a+61’)(1—ua)'

5 5 How-

is satisfied, where V,(a)
ever, the existing method [99] can not be used for comparing such triangular

intuitionistic fuzzy sets for which the condition V,(a) <V, (a) is not satisfied.

6.3.2 Shortcomings of the existing methods

In this section, the shortcomings of the existing methods [80, 98,100, 101] for

comparing intuitionistic fuzzy numbers are pointed out.

(1)

Li [80] proposed the following method for comparing triangular intuitionistic
fuzzy sets. Let A = ((ay,as,as3);wy,u) and B = ((a1,as, as); ws, ug) be two
triangular intuitionistic fuzzy sets. Then,

(i) A < B if L}(A) < L}(B)



117

V,(A) = 4 (a1 + dag + a3), Au(A) = % (a3 — ay), A (A) = =8 (a3 — ay)

It is not genuine to apply this method due to the following reasons:

It is obvious from the existing ranking approach [80] that if (a; + 4aq +
az) # 0 then the comparison of A and B will depend upon the values of
wy, uq, wy and uy and if (ay +4as+az) = 0 then A ~ B for all values of wy, U7,
wy and usg i.e., according to existing approach [80] , in first case comparison
of triangular intuitionistic fuzzy sets depends upon degree of membership and
non-membership of intuitionistic fuzzy sets while in second case comparison
of triangular intuitionistic fuzzy sets does not depend upon degree of member-

ship and non-membership of intuitionistic fuzzy sets which is a contradiction.

Example 6.3 Let A = ((1,1,1);wy,uy) and B = ((1,1,1); wy, us) be two tri-
angular intuitionistic fuzzy sets. Then, according to existing ranking approach
80] values of L).(A) and L) (B) will depend upon the values of wy, uy, wy and
s i.e., the ordering of A and B will depend upon the values of wy, uy, ws and
Us.

Example 6.4 Let A = ((—8,1,4);wy,u1) and B = (=8, 1,4); ws, u) be two
triangular intuitionistic fuzzy sets. Then, according to existing ranking ap-
proach [80], L-(A) = L)(B) =0 = A ~ B i.e., in this case the ordering of A

and B is independent from the values of wy, uy, wsy and us.
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(2)

Nayagam and Sivaraman [98] proposed the following method for comparing
interval valued intuitionistic fuzzy sets:

Let A= {z:[ay,b1],[c1,dy] | © € X} and B = {x : [ag,by],[c2,ds] | « €
X} be two interval valued intuitionistic fuzzy sets defined on a universal set
X. Then
(i) A < B if LG(A) < LG(B)
(ii) A = B if LG(A) > LG(B)
(ili) A ~ B if LG(A) = LG(B)

where, LG(A) _ (Cbl+bl)(1*5);5(2*(01%1))7 LG(B) _ (a2+52)(1*5);5(2*(02+d2))

and ¢ € [0, 1].

Nayagam and Sivaraman [98] used the same method for comparing trape-
zoidal intuitionistic fuzzy numbers A = {(a1,a1,b1,b1), (¢1,¢1,d1,dy)} and
B = {(az, az,ba, by), (ca, c2,da, d2)}. However, it is not genuine to use this
method for comparing trapezoidal intuitionistic fuzzy numbers due to the fol-
lowing reasons:

In the intuitionistic fuzzy set A = {z : [ay,bi],[c1,dh] | € X}, a1, by
and cy, d; represents the infimum and supremum values of membership degree
and non-membership degree corresponding to a point . While, in the trape-
zoidal intuitionistic fuzzy number A = {(ay, ay, by, by), (1, c1,d1,dy)}, ay and
b, represents that points of universal set X corresponding to which the mem-

bership degree is 1. Similarly, ¢; and d; represents that points of universal set

X corresponding to which the non-membership degree is 1.

Since, intuitionistic fuzzy numbers are the generalization of fuzzy numbers. So,

the approach which can be used for comparing intuitionistic fuzzy numbers can



119

also be used for comparing fuzzy numbers. To show the shortcomings of the
existing approach [101], two fuzzy numbers are compared by using the exist-
ing approaches [36,82,101] and it is shown that ordering of fuzzy numbers
obtained by using Nehi’s approach [101] and Liou and Wang approach [82] is
same and is contradicting the ordering of fuzzy numbers obtained by using
the Garcia and Lamata approach [36]. Since, Garcia and Lamata [36] pointed
out that their approach is better than Liou and Wang’s approach [82]. So, it
is not genuine to use the existing approach [101] for comparing intuitionistic

fuzzy numbers.

Example: 6.5 Let A= (4,4,3,1),z and B = (3,3,1,3)r (L(x) = maximum
{0,1—2}, R(xz) = maximum {0, 1—=z}) be two LR flat fuzzy numbers. The in-
tuitionistic representation of these LR flat fuzzy numbers is A = {(4,4,3,1) 1R ;
(4,4,3,1) 15} and B = {(3,3,1,3)1r : (3,3,1,3).r}.

The ordering of these numbers obtained by using the existing ranking

approaches [36,82,101] is shown in Table 6.6.

Table 6.6 Comparison of the results

Approach Ordering
Liou and Wang [82] A~B
Nehi [101] A~B
Garcia and Lamata [36] | A >~ B

It is obvious from the results, shown in Table 6.6, that ordering of fuzzy
numbers A and B, obtained by using the existing approach [101], is same as
obtained by the existing approach [82] while it is different from the ordering

obtained by using the existing approach [36].



120

6.4 Proposed ranking approach for comparing LR
flat intuitionistic fuzzy numbers

Garcia and Lamata [36] pointed out that although LR flat fuzzy num-

ber A = (a,@,a”, a®)Lp is defined by four points but in the existing formula [82],
R(A) = ()\ JHa = atL=Y(p))dp + (1 = A) ;'@ + a®R\(p ))dp)) where, A € [0,1]
the central points a and @ are taken into account in an indirect way and pro-
posed the following modified formula, R(A) = [fo (aX + a(l — )\))dp] (1 -
[)\ fo a—a" L7 (p))dp+(1—X fol d—i—aRR_l(p))dp]. Since, in the existing formula
[101], C¥'(A fl la—a*L7Y(r) + @+ a"R7\(r))dr, C¥ (A) = ¥ frk' —

0

a/"L7Y(r) + @ 4 o/"R7Y(r)]dr, where, k' € [0,00) the central points a,a@ and d’,d’
are also taken into account in an indirect way so, to overcome the shortcomings
of existing approach [101], pointed out in Section 6.3.2, a new ranking approach,
by modifying the existing ranking approach [101], is proposed for comparing LR
flat intuitionistic fuzzy numbers A = {(a, @, a", a®)pp; (d',,a'", ™) z)} and B =

{(ba Ba bL7 bR)LR; (b_,a ya b/L7 b/R)LR)}'

The steps of the proposed ranking approach are as follows:

1 1
Step 1 Calculate M+ (A) [ L [r¥(a+a dr} (1— B)[ L [r¥la—a*L7Y(r)+
0 0

1
@+ RN (r)dr|, MP¥(B) [k’;l [+ ydr| + (1 - 5)| 5

0
1 5 o
[7¥[b — b*L7Y(r) + b + bRR7! } and check that M*¥(A) > MS¥(B) or
0

KA K (D K _ N
MP¥ (A) < MP¥ (B) or MP¥ (A) = MO (B).

Case (i) If M[fk'(fl) > Mfk,(é) then A > B i.e., minimum(A, B) = B

A

Case (ii) If ME’@’(A) < ]\/[5’“/(@) then A < B i.e., minimum(A, B)

Case (iii) If M* (A) = MJ* (B) then Go to Step 2.
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1

1
Step 2 Calculate MPF(A) = [ (d +d dr] (1 -25) [%frk/[ﬂl -
0

0

"L )+ + a’RRfl(T)]dr], MPH(B) = B[% frkl(b_’—ky)dT] +(1-0) [%
0

frk’ WL )+l_)/+b’RR_1(T)]d7‘] and check that — M5 (A) > —MP¥ (B) or

~MEF (A) < ~MEY(B) or MY (A) = M (B).

Case (i) If —MP¥ (A) > —MP¥ (B) then A = B i.e., minimum(A4, B) = B

Case (ii) If —MP¥ (A) < —MP¥ (B) then A < B i.e., minimum(A, B) = A

Case (iii) If MP* (A) = MP¥ (B) then A ~ B

Remark 6.4 For g = 3 and k' = 0 the index for membership and nonmembership

functions M, /30(1211-) and Ml}/g’o(fli), are as follows:

M&/B’O(Ai) _ %(3@+3&—2aL+aR) and Ml}/S,O(Al) _ %(3a7'+3g—2a’L+a'R)

6.5 Proposed linear programming formulation of
balanced intuitionistic fully fuzzy single and
multi-objective capacitated solid minimum cost
flow problems

In this section, linear programming formulation of balanced intuitionistic
fully fuzzy single and multi-objective capacitated solid minimum cost flow problems

is proposed.

6.5.1 Linear programming formulation of balanced intuition-
istic fully fuzzy single objective capacitated solid min-
imum cost flow problems

Let @; and & be the intuitionistic fuzzy supply of the product at i*" purely
source node and at i"* source node, Z;j and (jj be the intuitionistic fuzzy demand of

the product at % purely destination node and at the j™* destination node, f; be the
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intuitionistic fuzzy capacity of the k™ conveyance i.e., the amount of product which

can be carried by the k™ conveyance, ¢ be the intuitionistic fuzzy cost per unit

h

of flow from " source to j destination by means of the k™ conveyance, Z;;; be

the intuitionistic fuzzy quantity of the product that should be transported from ‘"
node to j** node by means of the k' conveyance, Zijk be the minimum intuitionistic
fuzzy amount that can flow from i** node to %" node by means of the k* conveyance
and ;j; be the maximum intuitionistic fuzzy amount that can flow from it" node
to 7' node by means of the k' conveyance. Then, any balanced intuitionistic fully

fuzzy capacitated solid minimum cost flow problem ie., > a® > & = >,
i€Nps i€Ns jENPD

lN)j e > Jj = > &, can be formulated into the following intuitionistic fuzzy multi-
JEND keSe

objective linear programming problem:

Minimize > > (éijk ® Czijk)
(i.))EA kESc

subject to

Z Ziz]kzéz 1 € Npg
j:(i,j)€EA k€S

> Tyk= 3 X Tk D& i € Ng
j:(i,j)€EA k€S 7:(ji)EA keSc

Yo > Tk =0y J € Npp
i:(i,j)€A k€Sc

Z Z -i'ijk: = Z Z ii‘jl’k D dj j < ND (Pﬁ.l)
i:(i,j)€A kESc i:(j.) €A kESe

> Do Tk = D D Tk i € Nr
j:(i,j)€EA keSc j:(ji)EA k€Sc

S Fie = fr ke Se
(i,5)€A

Lije = Tyk 2 UV (4,7) € A, k€ Se
Tijk 1s a non-negative LR flat intuitionistic fuzzy number V (i,5) € A, k € S¢

where, A is set of arcs joining different nodes and S¢ is the set of all available

conveyances.
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6.5.2 Linear programming formulation of balanced intuition-
istic fully fuzzy multi-objective capacitated solid min-
imum cost flow problems

If there are more than one objectives (say P) than any balanced intuition-
istic fully fuzzy capacitated solid minimum cost flow problem can be formulated into

intuitionistic fully fuzzy multi-objective linear programming problem (Fg2).

Minimize (‘;EA k;eZS (E?]k ® Tijk) n=12..P
1, C
subject to
Yo 2 Tk =G i € Npg

j:(i,)€A kESe

oD Tk = Y. > Tk D& 1€ Ng
ji(ij)EA kESc j:(jA)EA keSe
> 2 Tk =0b; j € Npp

i:(1,j)€A k€S

SOOX dp= Y X T @ d j€Np (Ps.2)

i:(3,j)€A k€Sc :(ji)€A k€Sc

> Do Tige = D DL Ty 1€ Np
jii,j)EA k€ESc §:(ji)EA keSc

Yo Tk = fu ke Se
(i.5)eA

lijk 2 Tijr 2 Ui YV (i,7) €A, ke Se
Zijk 1s a non-negative LR flat intuitionistic fuzzy number V (i, j) € A, k € S¢

" source to j destina-

5?;‘14: The intuitionistic fuzzy penalty per unit of flow from *
tion by means of the k" conveyance in the n'* objective function.

P: total number of objectives.

Remark 6.51f 3 @@ Y &= Y b;® Y d;j= 3 f then an intuitionistic
i€ENpg i€ENg jJENpPD JEND keSe

fully fuzzy multi-objective capacitated solid minimum cost flow problem is said to

be a balanced intuitionistic fully fuzzy multi-objective capacitated solid minimum

cost flow problem otherwise it is said to be an unbalanced intuitionistic fully fuzzy

multi-objective capacitated solid minimum cost flow problem.



124

6.6 Proposed methods

In this section, to overcome the limitations of the methods, discussed in
Section 6.2, a new method for solving intuitionistic fully fuzzy single objective ca-
pacitated solid minimum cost flow problems as well as a new method for solving
intuitionistic fully fuzzy multi-objective capacitated solid minimum cost flow prob-

lems is proposed.

6.6.1 Proposed method for solving intuitionistic fully fuzzy
single objective capacitated solid minimum cost flow
problems

In this section, a new method is proposed for finding the intuitionistic fuzzy
optimal solution of such intuitionistic fully fuzzy single-objective capacitated solid
minimum cost flow problems in which all the parameters are represented by LR flat
intuitionistic fuzzy numbers.

The steps of the proposed method are as follows:

i€ENpg i1€Ng JENPD JEND keSc i€ENpg i€ENg
{(m,m, m", m®) s (!, m™ m®)r}y, Y b Y dy = {(n, 7, ) Lg; (0,
JjENPD JEND
ﬁu n,L7 n/R)LR} and Z fk = {(iv f; fL7 fR)LR; (i/a flv f/La f,R)LR}' Examine that
keSe

the problem is balanced or unbalanced.

Case (1) If the problem is balanced, i.e., . @@ Y. &= > b® 3 d; =

i€ENpg i€ENg JENpD JEND

S fx, then Go to Step 4.
keSc

Case (2) If the problem is unbalanced i.e., . @@ Y. &= S b & Y d;

1€ENpg i€ENg JENPD JEND

Y fror X ao L at N bho Ydi=Y fror X ady &=

keSe i€ENpg i€ENg JENPD JEND keSe i€ENpg i€ENg
o fe# X by Y djor X0 ad Y & #F Y. bi® Y dj#F Y fi then
keSc j€ENPD JEND i€Nps i1€ENg Jj€ENpPD JjE€END keSc
Go to Step 2.
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i€ENpg i€ENg jENpPD JEND i€ENpg i€ENg JENpPD
b ® Y. d;.
JEND
Case (1) If Y a,® Y &= > b;@® 3 d; then Go to Step 3.
i€ENpgs 1€Ng Jj€ENPD JEND
Case (2)If Y a;® Y &# 3 b;® Y djthenconvert . @@ Y. & #
i€ENpg i€ENg JENpPD JEND i€ENpg i€ENg
S obe Y diinto Y @@ Y. &= 3 b@ Y d;as follows:
JENPD JEND i€Npg i€Ng JENpPD JEND

Case (2a) If m' — m't < n/ =2, (m —mt) — (W —m'*) < (n—n*) — (0 -

L), m—(m—m*) <n —(n—n"), m—m' <n-n, M-—m<n-—n, m—m <

n
n —n, (m+m?) —m/ < @+nf) —n' and (m' +m/'F) — (m+mb) < (0 +n'F) -

(m+n®) then introduce a dummy purely source node with intuitionistic fuzzy supply

L L R L

{(n—m,m —m,n" —m* nf —mP) (0 — w0 =0 — P — T

—m'7 0 —m') R}

sothat Y a,® Y. &= 3 b;® 3 d;. Goto Step 3.

i€ENps 1€Ng JjENPD JEND
Case (2b) If m' — m/t > ' —n'F, (m —mb) — (m/ —m't) > (n —nt) — (0 —
,L>7 ﬁ_(m_mL) Z&,_(ﬂ_nL)7 m_ﬁzﬂ_n_/a

n m—m>n—n, m'—m 2>

n'—mn, (m+mf)—m’ > (n+nf)—n’ and (m/+m'%)—(m+m?) > (0’ +n'8)— (n+nk)
then introduce a dummy purely destination node with intuitionistic fuzzy demand

{(m —n,m —m,ml —nlm® —nf) g (m' —n',m’ — W,m’L — n’L,m’R — n’R)LR}

sothat Y a,® Y &= S b;® 3 d;. Goto Step 3.
i€ENpg i€ENg JENpPD JEND

Case (2c) If neither Case (2a) nor Case (2b) is satisfied then introduce a dummy
purely source node with intuitionistic fuzzy supply {(C,C,C%, C®).z; (C',C7,C"*,
C’ R) rr} and also introduce a dummy destination node with intuitionistic fuzzy de-

mand {(D, D, D* D) p: (D', D', D'*, D'™) g} so that > @@ Y & =
i€Npg 1€ENg JENPD

b; @ 3. d;. Co to Step 3.

JEND

where,

C' = maximum(0, [(n/ — n'") — (m’ — m'")])+maximum(0, {[(n — n%) — (0’ —n'")] —
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[(m —m*") — (m — m'")]})+maximum (0, (' — (n — n*)) — (m/ — (m — m*)])
C = C’+maximum(0, [(n — n) — (m — m/)])
C = C+maximum(0, [(7 — n) — (M — m)])

C" = CHmaximum(0, [(n/ —7) — (m/ —m)])

C"" = maximum (0, [(n —n® —n/ +n'") — (m —m* —m’ +m'")])+maximum (0, [(n/ —

Ct = maximum(0, [(n' —n+nl) — (m/—m-+m?)])+maximum(0, [(n—n') — (m—m')])

C* = maximum (0, [(7/ —7) — (m/ —m)])+maximum (0, [(7+nf —77) — (m+m- —m7)))
" = maximum (0, [(7 +n® — 1) — (7 +m" — m/)])+maximum(0, [(7/ +n'" —71 —
nfy — (m/ +m'™ —m — m®)]) and
D' = maximum(0, [(m/ —m'*) — (o' — ") +maximum (0, [(m —m*) — (m' —m'™)] -
[(n—n") — (0 — n'")])+maximum(0, [(m’ — (m —m*)) — (2 — (2 — n")))
D = D'+maximum(0, [(m — m/) — (n — n)])

D = D+maximum(0, [(m — m) — (7 — n)])

D' = D+maximum(0, [(m' —m) — (n/ —7)])

D'" = maximum(0, [(m —mF —m/ +m'") — (n—n" —n/ +n'")])+maximum (0, [(m/ —

m+m*) — (n' —n+n")])

DY = maximum(0, [(m/ —m+m?%) — (n' —n+n’)])+maximum(0, [(m—m') — (n—n')])

D® = maximum(0, [(m/—m)— (0’ —n)])+maximum(0, [(m+mT—m/)— (m+nf—n’)])
D' = maximum(0, (7 + m® — /) — (7 + n® — ')])+maximum(0, [(m’ + m'" —
m—mf) — (W + 0" —m — nf))

i€Npg i€Ng JENPD JEND i€ENpg i€ENg

Z B]EB Z Jj = {(gaga gngR)LR; (.g_/aya gIL7g/R)LR} and Z fk - {(i77; fL’fR

JENPD JEND keSc

)LR; (L/a ?7 f,La f,R)LR}
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Now check Y @@ Y &= Y bo YNdi= > fror S @@ 3 & =

i€Npg 1€Ng JENPD JEND keSc i€Npg 1€Ng

> bi® > di#F > fi

JENPD JjEND keSc

Case (1) If Y a,® Y &= S b;® > dj= 3 fr then Go to Step 4.
i€Npg i€ENg JENpPD JEND keESc

Case (2)If 3 a® Y &= 3 bi® 3 dj# 3 frthen convert 3 @@
i€ENpg i€Ng JENPD JEND keSc i€ENps

D= 2 bd Y diF Y frinto Y w® Y &= ) bid ) dj=

1€ENg JENppD JEND keSc 1€ENpg i€Ng JENpPD JEND

S fr as follows:

keSo
Case (2a) If g/ —g* < f'—f", (g—9") (g =d") < (f =)= (f'= "), ¢ —(g—

9= (=1 g <f-f9-9<f-f -G F~F (G+9") g <
(F+ 4%~ F and (7 + ¢®) — @ +9") < (F + %) = (F + f%) then check that
in Step 2, a dummy purely source node is introduced or not and also check that a
dummy purely destination node is introduced or not.
Case (i) If both the dummy purely source node and dummy purely destination
node are introduced then increase both the intuitionistic fuzzy supply of the already
introduced dummy purely source node and the intuitionistic fuzzy demand of the
already introduced dummy purely destination node by the same intuitionistic fuzzy
quantity {(f =g, f =G f* —g* =g (f =g, P = f =g " — g™ r}
sothat > @@ > &= >, l;j@ > cij: S fe. Go to Step 4.

i€ENpg i€Ng jeNppD jeND keSc
Case (ii) If a dummy purely source node is introduced but no dummy purely
destination node is introduced then increase the intuitionistic fuzzy supply of the
already introduced dummy purely source node by the intuitionistic fuzzy quantity
{(f =0T -9 =" 1" = g"ums ([ =g =g /" = g" /" = ¢")ir} and
also introduce a dummy purely destination node with intuitionistic fuzzy demand
{(f=0.F= " =d" P =g (f =g, T =g " = g [ — g™} so that

Z le@ Zéz: Z EJEB Z Cij: Z f~k GotoStep4.

1€Nps 1€Ng JENPD JEND keSc
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Case (iii) If a dummy purely destination node is introduced but no dummy purely
source node is introduced then increase the intuitionistic fuzzy demand of the al-
ready introduced dummy purely destination node by the intuitionistic fuzzy quan-
tity {(f =g, F =G f* =" B = 9w (' — o, F =, 1" = 9" 1" — 9" ir}
and also introduce a dummy purely source node with intuitionistic fuzzy supply

{(i_g’7_§7fL _gL7fR_gR>LR; (ﬂ_gla?_yv f/L —g'L,f’R—g’R)LR} so that

Z CNLZ@ Z éz: Z b]@ Z Jj: Z fk GotoStep4.

i€Nps i€Ns jENPD j€END keSc

Case (2b) If g'—g"™ = ['— [, (9—9") = (¢'—g") =2 (f = /") = (/"= 1), ¢ — (g~
9NV == 9-9d > 9-9>F—f, d—-9=>F—F, G+g")—g¢ >
(F+f7) = Fand (¢ + g7) = (G +m") = (F + f7) = (F + £7) then introduce a
dummy conveyance with intuitionistic fuzzy capacity {(g — f,7 — fogb — frogf —
e (g — fg = gt = 59" = fF)ir} so that > @@ > &= >

i€ENpg i€ENg JENpPD

b;d Y dj= 3 fi. Goto Step 4.

JEND keSc
Case (2c) If neither Case (2a) nor Case (2b) is satisfied then check that in Step
2 a dummy purely source node is introduced or not and also check that a dummy

purely destination node is introduced or not.

Case (i) If both the dummy purely source node and dummy purely destination
node are introduced then increase both the intuitionistic fuzzy supply of the already
introduced dummy purely source node and the intuitionistic fuzzy demand of the
already introduced dummy purely destination node by the same intuitionistic fuzzy
quantity {(L, 1,15 1% 5; (I, T, I'", ')} and also introduce a dummy purely
conveyance with intuitionistic fuzzy capacity {(J, J, J¥, J®)pr; (J', J', JE J’R)LR}

sothat Y a,® S a= Y e 3 IN);: > ér. Go to Step 4.

i€ENpg i€ENg JENpPD JEND keSo
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where,
I' = maximum(0, [(f' — = (g_’—g’L)]+maximum((), (f=f")—(f - 5] - [(g—

") = (¢’ — ¢'")))+maximum(0, [(f = (f = /*)) = (¢’ — (g — ¢")])

I~

= I'+maximum(0, [(f — f') — (g — ¢')])

I = I+maximum(0, [(f f)—@-9)])

I’ = [+maximum(0, [(f/ — 7) — (¢ =9))

' = maximum(0, [(f — f* = '+ f") = (g — g* — ¢’ + ¢'")])+maximum(0, [(f'

f+ 1 =g —g+9"))
IF = maximum(0, [(f' — f+ f*) = (¢’ — g + ¢")])+maximum(0, [(f — f) — (g — ¢)])
I = maximum(0, [(F' — f) — (¢ — §)])+maximum(0, [(F + % — F) — (G+ g% — 7))
' = maximum(0, [(f + f# = /) — (g + " — ¢")])+maximum (0, [(f'+ fF— f — f7) -
(¢ +¢" —g—g")) and
J' = maximum(0, [(¢' — ¢'*) — (/' = f")l+maximum(0, [(g — ¢*) = (¢’ —9")] = [(f —

1) = (f' = 7)) +rmaximum(0, (¢ — (g — g") = (f' = (f = /"))

J = J'+maximum(0, [(g — ¢') — (f — f)])

J' = J+maximum(0, [(¢' —9) — (f' — f)])

J'" = maximum(0, (g — g" — ¢ +¢'") = (f = f* = £+ f")])+maximum(0, (¢’ ~

g+g") = (f' = f+ )

JE = maximum(0, [(¢' — g+ ¢%) — (f' — f + f5)])+maximum(0, [(g — ¢') — (f — f)])

JE = maximum(0, [(¢' — g) — (= f)])+maximum(0, [(§+ g% — ¢) — (F + 2 = F)))

J* = maximum(0, [(G+¢" — ') — (f + 17 = )] +maximum(0, [(¢'+ ¢ =7 — g") —
(f'+ =7 =)

Case (ii) If a dummy purely source node is introduced but no dummy purely
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destination node is introduced then increase the intuitionistic fuzzy supply of the
already introduced dummy purely source node by the intuitionistic fuzzy quantity
{(I,T,1" 1% (I, T, I'", ') g} and introduce a dummy purely destination node
with intuitionistic fuzzy demand {(L,T, 1% I™) 5 (L', T, I'", I'") z}. Also, intro-
duce a dummy conveyance with intuitionistic fuzzy capacity {(J, J, J*, J®)Lr; (J,

T T ) R} so that WD Y A= Y b® Y l;; = > é,. Go to Step
iENpg i€ENg JENpPD JEND keSe

4.

Case (iii) If a dummy purely destination node is introduced but no dummy purely
source node is introduced then increase the intuitionistic fuzzy demand of the al-
ready introduced dummy purely destination node by the intuitionistic fuzzy quantity
{(I,T,1" 1% (I', T, I'", I'™) g} and introduce a dummy purely source node with
intuitionistic fuzzy supply {(I, T, 1% I%) g (I, T, ', I'"") z}. Also, introduce a
dummy conveyance with intuitionistic fuzzy capacity {(J, J, J*, J®)pr; (J, J', J' L
JMr}sothat 3 @@ Sai= Y bo Y l;; = > é. Go to Step 4.

i€ENpg i€ENg JENpPD JEND keSe

Step 4 The balanced intuitionistic fully fuzzy single objective solid minimum cost
flow problem, obtained by using Step 1 to Step 3, can be formulated into the intu-

itionistic fuzzy linear programming problem (FPs 1) by assuming the following intu-

itionistic fuzzy transportation cost as zero LR flat intuitionistic fuzzy numbers:

(i) If any dummy purely source node is introduced then assume the intuitionistic
fuzzy transportation cost for transporting one unit quantity of the product
from the introduced dummy purely source node to all purely destination nodes
and all intermediate nodes by all conveyance as zero LR flat intuitionistic fuzzy

number.

(ii) If any dummy purely destination node is introduced then assume the intuiti-
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onistic fuzzy transportation cost for transporting one unit quantity of the prod-
uct from all purely source nodes and all intermediate nodes to the introduced
dummy purely destination node by all conveyance as zero LR flat intuitionistic

fuzzy number.

(iii) If any dummy conveyance is introduced then assume the intuitionistic fuzzy
transportation cost for transporting one unit quantity of the product from all
purely source nodes and intermediate nodes to all intermediate nodes and all
purely destination nodes by introduced dummy conveyance as zero LR flat
intuitionistic fuzzy number.

: ~ _ - L R (A ) /L R = _
Step 5 Assuming Gy = {(Ciji, Cighr Cijr Cijr) LRr: (i g i Ciji) LrY, Tige =
== L R (! ) 1L 1R ~ = L R (A 7 L
{(L'jkv Lijky Lijk> xijk)LRa (I_ijka T ijk, T ijks L ijk)LR}a a; = {(a;, @5, a7, ;") Lr; (@, /s, d;
IR 5 = L R\ ./ i L R [ NN AN V)
,a')ert, € = {(e; €, e’ € ) Lr; (€, €i, €77, €7 )R}, by = {(b;, b5, b7, b7 ) rs (U, 05,
W ). d = {(dy dy b s (& @ A ) ), o = ((Fy e B FE)
iV /LRy, Yy — Wy, Yy Gy Wy LRy, \& gy Wy @, G5 JLRY, JE — W\ o Jky JE o Jk /LR
r 7 pLo R 7. _ 7..9L RN . g pL pR S
(Lk7 e f ks f k )LR}a lijk - {@ijka lijk:a lijk’ lijk)LR, (l_z'jka ! ijk> l ijk> l ijk)LR} and Uijk =
{(wyp Wi ulp s ul ) gy (Wi W 0/ E, /' F ) L Y the intuitionistic fuzzy linear pro-
Sigky Wigks Wijks Yijk) LRy \&ijk> Wighks Wik Y ik ) LR y p
gramming problem (Ps 1) can be written as:

Minimize Z Z ({(Qijk76ijk7 Cz'ija Cg’k)LRQ (C_/ijk; gijk; C/Z'ij;a C/gk;)LR} & {(ija Tijks
(i,j)€EA k€S
o o) Ly (2 ¥ i ¥ @) LR

subject to

(Z; B kZS) {(Ejk,@jk,xfjk,flfﬁk)LR; (L’ijk,?ijkwlfjkﬁlgkh}%} = {(Qiﬁi:afaaﬁ)m;
7:(2,9)€ cSc

(Q/hah a/iLa a/f)LR} 1 € Npg
— — L R
> > {(iijkaxijk7$fjk7$ﬁk)LR§ (x_/ijkax/ijkvff/ijk>$/ijk)LR} = > > {(ijz'ka
j:(i,j)EA k€Sq j:(j,i) EAkESE

fjik,xfiml’ﬁk)LR; (x_,jikn?jik; SU/JLikJ'ﬁk)LR} © {(e;, €, €¢L7 GZR)LR; (Q’i,gi, 6/57 elf)LR}

1 € Ng
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S o @i Tigro Tl T LR; (iijk;yijkax/fjkaxlgk)LR} = {(bjagjabfybf)LR;

i:(4,7)€EA k€Sc

(b_/]a yj) b/]La b/f)LR} ] S NPD
— L R
> > {(= ik Tijhy T zyk:’ &)LR, (x—,ijkﬂx/ijk’x/ijmx,i]’k)LR} = > 2 {(%ik,
i:(4,j)€EA k€Sc i:(j4,i)€EA k€S

Tjies ®hp, @R LR (20 Vi ¥ o @' i} ©A(dy, djy A, dR) s (d, Ay, A AT ) R}

JE€Np (Fss)
1L IR
Z Z {( zyk?xlﬂw z]k’ z]k)LRa( L ijko 2Jk7xzjk7xz]k>LR} - Z Z {(gjilw
J:(i,5)€A k€Sc j:(j,i)€A keSc
T L R oW s 1L 'R c N
Jiks Tjits Tjie) LR (L jiges T gk, T i k) LR} ve Nr

IR
Z {(—’L]k’xl]k7 ijks 3k)LR7 (_wlm l]’ﬁwz]k? zyk:)LR} {<fk7fk7fk7fk )LR7 (ﬂk’

(i,7)€A
P e e} ke Sa

{(l2]k7 ll]’“ lz]kﬂ lﬁk)LRv (l—ljk7 l LT l/zjk’ llgk)LR} = {(zijkv fijk’ l‘i[}'k’ xf}k)LRv (Llijlw lJij’“

1L

IR 1L IR
Tijks T z]k)LR} = {( Uijks ul]’W zyk’ zjk)LRa ( Ujgs U l]lﬁ u' ijks U zgk)LR}

vV (i,5) € A, k€ Sc
{(ijnr Tijhs T o) LR (2 iy x’fjk, x’gk)LR} is non-negative LR flat intuition-
istic fuzzy number V (4, j) € A, k € S¢
Step 6 Using the arithmetic operations of LR flat intuitionistic fuzzy numbers,
defined in Section 6.1.2, the balanced intuitionistic fully fuzzy single objective ca-

pacitated solid minimum cost flow problem (Ps3) can be written as:

- = L L L L = ..R R =
Minimize E E {(Qijk Zijks Cijk Tijhs CijieTisn+CijpLije — CijkTijk» CijkTijr+ Cijplijk T
L L 'R 'R —7
zjkngk)LRv ( ijk ! L jiky € Uk Z ij7—z]kx z]k + zgkm ik = CijkL ijks Cijkd ijk tc ijkL ijk +

R IR
Clz‘jkx/z‘jk)LR}
subject to
{C X Yz > ZTgr 2 2T 2 2 Tiri( 2
j:(i,5)€A k€S j:(i,7)€A k€S j:(i,5)€A k€S j:(i,7)€A k€Sc j:(i,7)€A k€S
L’z‘jm Z Z Pz‘jlm Z Z x/iij7 Z Z x/fjk)LR} = {(_zﬁuaf, ﬁ)LR; (iiy
j:(i,j) €A k€Sc j:(i,j) €A k€S j:(i,j)eA k€Sc

- /L IR .
aiay d) LR} 1 € Npg

77
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{C X Pap X YT 2 Ywje > dap)ur; (X

j:(i,j)€A k€S j:(i,j)€EA k€Sc j:(i,j)€A k€S j:(i,j)€eA keSc j:(i,j)€EA k€Sc

D VDT DD DR MDD DD DEHIIT LR (D VD DE DD

j:(i,j)€AkESc j:(i,)€AkESc j:(i,5)€AkESC j:(5,0)e AkES j:(ji)eA

PORTIED DI DI D DI DI 718§y (D DI DI 4 D DI DI T O

keSc §:(ji)EA kS j:(j,i)€AkESE j:(j,i)EARESE §:(ji)EARES J:(ji)EA

kzs x]zk:ﬂ (Z) N k:ZS x]zk)LR} ¥ {(—17 €i, € z ’ ﬁ)LRa (_/17g €/f7€/f)LR} (S NS
€50 Jyi)€e eSc

HEDY Ziz‘jka > 2 Tk D Z%ijv > ngk)LR;( > Zx—/ijk’

1:(3,j)€EAkESC i:(i,j)€ARES i:(i,j)€AkES i:(4,j)€AkESC i:(4,j)€A k€S

Z Z Fijk, Z Z ! mk’ Z Z xlgkz)LR} = {(Q]7 b]> b] >bR)LR; (b_ljvyj’ blf?

i:(i,5)€A k€Se i:(i,j)€A k€Se i:(i,j)€A kESe
bI%LR} J€ Npp (Fsa)

(O Zop X X Tgrn > X > rgdwei( 2 X

1:(3,j)€EA k€S i:(3,j)€EA k€S i:(4,j)€A k€Sc i:(i,j)€A k€S i:(i,j)€A k€Sc

CHOED DD VE D DD VR D DD DEHITY S (U DD DE DD

i:(i,j)EA k€Se i:(i,j)EA ke€Sc i:(i,j)EAkES i+(j,i) € AkESc i:(ji)EA

PORATHED SRS DI D DI DI B S (N DI D0 D DI DI N 3

keSc i:(j,i)€A k€S i:(j,i)€A k€S i:(j,i)€A k€S i:(j,i)€A k€S :(j,i)EA
R T L R .
Z 7’ ]zk’ Z Z xljik)LR} D {(C_l], d]7 d]L’ df)LRa (i/ja d/jv d/j 5 d/j )LR} J € ND
keSc :(j0)EA k€S

{C X Yope X0 NTw 2 X o Yoapduri( 23

j:(i,5)€A k€Sc j:(i,j)EA k€S j:(i,j)eA keSc j:(i,5)€A k€S §:(1,5)€A k€SC
7 R

x—,ijkﬂ > 2 Tk 2 Izgka > ‘T/ijk>LR} ={( X X Ljik >
j:(i,5)€EAkES j:(i,5)€ Ak€Sc j:(i,5)€EA k€S j:(ji)eAkESc j:(4,1)€EA

Z Tjik, Z Z xf@'k’ Z Z ]zk)LR 7( Z Z x—]zk’ Z Z ?jika Z
keSc j:(45)€AkESC j:(ji)€EA k€S j:(ji)€EA k€S j:(ji)€EA k€S ji(g0)eA
E m]zk? Z E x,ik)LR} (S NT

keSc (j,i)GA keSc
_ — L

{C > Lijks > Tijks D xiijv > xﬁk)LR Y iz’jkz: > ik, D m,ijka >
(4,5)eA (i,5)€A (4,5)eA (i,5)€A (¢,5)€A (i,5)eA (i,5)eA (4,5)€A

viiny = (o Fro B8 T er s £ P 1 P r)} k€ So

{@ijka Zijka liI}'ka lgk)LRQ (l_,z‘jkn l 1jk> l ijk> Z]k)LR} = {( Lijks -ngk, xékﬂ :ng)LPu <_zgk> 1jks

R
/ijk>LR}

1L 'R — L R i - 1L
L jjkr L ijk)LR} = {(Qijka Wijk, Wi uijk)LR’ (lijkﬂ Wigh, Wijr, U
YV (i,j) € A, k€ Se
{(z;i, T B )V g; (2 oL 2'® )R} is non-negative LR flat intuition-
z]k;? Z]k? z]ka ij LR; z]k) 'ija ijko* ijk/)LR g

istic fuzzy number V (i,j) € A, k € S¢

Step 7 Using Definition 6.7 and Definition 6.9, the intuitionistic fuzzy single objec-
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tive linear programming problem (Fs,4) can be written as:

R I L L L .L = R R —
Minimize E E {(Qijk Zijks Cijk Tijh, CijieTisn+CijpLije — CijkTijk» CijkTijr+CijpTlijk T
R .R (A / v - / 1L Lo 'L L 5 'R 'R —7
CinTise ) LR (Cijie Thigns i i i’ i + iinliie — i ins i g + i +

/R IR
CijkT z‘jk)LR}
subject to
Z gijk = q; 1€ NPS
j:(ij)EA kESe
Z fijk = a; 1 € Npg
ji(i,)€A kESE
L L :
oo >z, =a; i € Npg
ijk 7
ji(ij)eA k€Se
> X Ty =af i € Npg
j:(i,5)€A k€Se
/ i -
ooy 2 =d i € Npg
= ijk =
j:(ij)€A kESe
> ?ijk =d; 1 € Npg
j:(ij)EA kESe
1L 1L .
Z Z .o =a,; 1 € Npg
ijk i
J:(i,5)€A keSc
IR 'R .
> 2L v =4 i € Nps

> > Lijk = > zijik+§i i € Ng

j:(i,5)EA k€Sc j:(ji)EA k€Sc
Z Z Tijr = Z Zfﬁk—f-éi 1 € Ng
j:(i,5)EA k€Sc j:(ji)EA kESc
L _ L L .
Yo T = DL D T te i € Ng
ji(i)EA keSe j:(G i) €A kESc
R __ R R .
Yo T = DL D T te 1€ Ng
j:(i,5)€A k€eSc j:(40)€A k€S
/ _ / / .
> = > @ te, i € Ng
ji(ij)eA keSe j:(j)EA kESc
Z Z i = Z Z 'y + €5 1 € Ng
j:(i,4)EA k€Sc j:(j,i)eA keSc
L 1L 1L .
Yoo 2 A=y YAyt i € Ng
ji(i,j)EA kESe j:(ji)eA kESc
/R 1R 1R .
Yoo Tap= Y Yot i € Ns
ji(ij)EA keSc j:(ji)eA kESc
o 2 T = b J € Npp
i:(2,j)€A k€Sc
Y D Tk = b; J € Npp
i:(i,j)€A keSc
L _ 1L .
‘ Z injkibj jENPD



i:(i,j)€A k€

:(4,§)€A ke

X

R _ 1R
Z‘Ti] - Y3
keSce

/ _

Lk j

v _

ajijk_bj

L
x k—b’
/R
zgk_bj

i:(i,j)€A k€

i:(i,j)€A ke

i(i.d)eA ke

i:(i.4)€A ke

i:(i,j)€A ke

i(i.d)€A ke

i:(i.§)€A ke

i:(i,j)€A ke

i:(i.d)eA ke

j:(3,5)€A ke

ji(i,§)€A ke

ji(if)eA ke

N

T = > > Ty t+d;
i:(ji) €A kESe
> D Tkt d;
i:(ji)EA kE€Se
L _ L L
Toe= > D Tt d;
i:(ji) €A k€S
R _ R R
T = ijik+dj
i:(ji)EA kESe
I—Jijk = Z Z ! £ jik + ]
:(j1)EA k€S
Z z ?jik + Ej
i:(ji)EA keSe

/L 1L 1L
=2 Ay +d
i:(ji)eA keSc

/R IR
o= > Zf]zk"‘dj
:(j0)EA k€ESC

> > Liik

j:(4)€A k€S

Tijk = 2. Y. Tjik

j:(ji)EA k€S

L _ L
Lijke = > 2 ik
j:(ji)EA kESe

xﬁk = > xﬁk

j:(j,i)eA keSc

ilijk = Z Z ﬁjz’k

J:(ji)EA kESe

Cir= >, > T

J:(j)EA keSe

L
x/ijk = Z Z Ijzk

j:(3,0)€A k€S

R
x/ijk = Z Z szk

Tijk =

P
Lijk =

Liile =

g:( A ke j:(Ji)EA kESc
2 Zigp = 1,

(i,5)€A
ZA'TZ]]C — fk
7] e

(Z zgk fk

i

J € Npp
J € Npp
J € Npp
J € Npp
J € Npp
J € Np
J € Np
J € Np
J € Np
J € Np
J € Np
J € Np
J € Np
1 € Np
1 € Nr
i € Nr
1€ Np
i € Nr
i € Np
i € Nr
i € Np
ke Sc
k € Sc

ke Sc
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(i,7)EA
Z —z]k f/ k€ Sc
(3.4)€A
Z ?ijk = f/k ke SC
(1.5)€A
L L
> i =1"% ke Sc
(1.5)€A
R R
> =tk ke Sc
(1.5)€A
L L
ﬁijk - z]k > 0, (Ejk - %jk) - (x—,z’jk: - ”k) >0, 2, ijk (L‘jk - xijk) >0,
lijk z]k > O xl]k 'ij > 0 JZ ijk ‘/EZJ]C = 0 (‘TUk + mljk) - Hijk Z 07

(?ijk + ‘7:,519) — (Eijk + .ng) >0 Vv (Z,]) < A, ke So

{(Lijk’zijk’ lzlj/k’ lzljk)Ll‘% (l—/ijlm lll]k” llzyk’ zgk)LR} = {( Lijks xljlﬁ l]k’ Zk)LR)
1L IR 1L
( ijks L Uk7 ! ijks L z]k)LR} = {( Uijks uZJk7 z]k’ zjk)LRv ( Ujjgs U l]lﬁ u' ijks (06-1>
ulijk)LR}v V(i,j) € A, k€ Sc

Step 8 Suppose the intuitionistic fuzzy linear programming problem (FPg5) has f ba-
sic feasible solutions and {((z )" (Tige) ™, (:Efjk)w, (:L“f}k) Jer; ((255)" (2'51)%, (m’fjk)w
, (2 f}k)w) rr} be the w' basic feasible solution then the goal is to find such a basic

feasible solution corresponding to which the value of the objective function is mini-

= L L _ L L = .R
mum i.e, rnllmwng}m E E {(Qijk%jkvcijk$ijk>Qz'jkxijk"’%jkcijk_Cijkxijk»Cijkffz'jk‘*’
(i,j)eAkeSC

L L 1L~ IR
x’Ukczgk + Czykngk)L}% ( ijk ! z]k:? Uk LU ’ij7—7,jkx zgk + ! z]kc - Cijk‘r ijk» Clijkd ijk +

2 iirc g-k + c’gkx' gk) Lr}) which can be obtained by using the ranking approach pro-
posed in Section 6.4 i.e. the intuitionistic fuzzy optimal solution of the intuitionistic
fuzzy linear programming problem (Fg5), can be obtained by solving the following

crisp single-objective linear programming problem:

2:}: oK ( R A
Minimize M,u ( zgk; a:z]k’ Cljk xlﬂﬁ—z]kxuk +tz ijcmk ijkxijm Cljkxijk +
(iJ)eA keSc
— R R ,.R ) / Ry ) 1L / 1L Lo gL 5 R
TijkCity + CioTise) LR (Ciji Zhijio Cigh Tigh, i’ i + 2ijaiin — iin® i Cigh 5 +
- 'R /R IR
i i+ ikt e LrY)

subject to (Pss)
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Mf’kl{(l”k,l”k,l”k,lwk)LR7 (l—zjk7l1]k7l/2jk7 /zjk)LR} < M’Bk {(z Zijks Tijh z]k7$£k>LR;

(—zyka ijks T zjk?xlﬁk)LR} < Mf’k/{(%jkaﬂijka u@'ija U’gk)LR; (&Iijkvaijk’ulfjmulz}?k)LR}
as well as all the constraints of problem (Fg5) except (Cg.1)

Case (i) If there does not exist any alternative optimal solution then put the values

= L R / ol 1L 2 = L R .
of Lijks Lijky Lijky Lijks Lijks Lijky Tk and ijk 11 Tijk = {(%jka Lijks Tijl ﬂfijk)Lm

(@0 i x’fjk, Ilgk)LR} to find the intuitionistic fuzzy optimal solution {Z;;;} and
find the intuitionistic fuzzy optimal value > > (G ® %) by putting the

(i,j)EA k€S

values of Z;j.
Case (ii) If alternative solution exist then Go to Step 9.

Step 9 Solve the crisp linear programming problem (Fs7) to find the optimal solu-
: = L R / ol

tlon {z;;, Tijk, Tije, Tijpr Tijrs Vigy T wkv wk}

inimi Bk Gt s L L _ L L & R
Minimize >° > MJP" ({(¢ijk Zijks Cik Tighs CijpTize + TijeCite — CiipTino CighTisg +

(i,7)€A k€Sc
R 1L L /L~ IR

xZJkCUk + Cz]kaJk)LRa ( =ijk i zgka ij l‘ 15k z]kx z]k: + ! Z]kc ik c ijkx igk» Clijkl ijk +
7 R 'R IR
e ijk +c ijkx ijk)LR})
subject to (Ps.7)

Myﬁ’k/{(lzjmzljk? lz]k7 lz};k>LR7 (l_zjk7 l/l]k7 llzyk’ Iij)LR} < Mﬁ’ {( Lijks xl]k’ zljlw xﬁk)LRv

1L

(@500 @i, e e ) LR Y S MEF L (W0 Wigier 0wl ) s (W00 Wi W e W ) L}

ﬁ,k’ L Lol G R = R
E E M;L ({(c Cijk Lijks Cigk $wk7_wkxuk + ZiirCijr — Cijulijis CigkTijr T TijkCijp +
(i,j)€A keSc

R ..R (A / . / 1L / 2 Lo L 'R - /R
CijkiUijk)LRy (C_ijk Tiiks Cijhk Tijhs Cijr ik + LijkC ik — Cijk® ijks CijkT ik + TijkC i, +

Clﬁkxlﬁk)LR}) =a

as well as all the constraints of problem (Ps5) except (Cp1)

where, a is the optimal value of the crisp linear programming problem (Psg).

Step 10 Put the values of 2, Tijk, i, Thy Zijn, @ik x’fjk and x’gk in

T = oL R . N P
Tijk = {(Ziji Tighr T T ) LR (2530 T ik, @i, '35 ) LR} to find the intuitionistic
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fuzzy optimal solution {;;;}.
Step 11 Put the values of Z;;, obtained from Step 10, in > > (Gijk @ Tijk),
(i.)eA keSc

to find the minimum total intuitionistic fuzzy transportation cost.

6.6.2 Proposed method for solving intuitionistic fully fuzzy
multi-objective capacitated solid minimum cost flow
problems

In this section, a new method is proposed for solving such intuitionistic
fully fuzzy multi-objective capacitated solid minimum cost flow problems in which
all the parameters are represented by LR flat intuitionistic fuzzy numbers.

Step 1 Use Step 1 to Step 3 of the method, proposed in Section 6.6.1, for obtain-
ing the balanced intuitionistic fully fuzzy multi-objective solid minimum cost flow
problem.

Step 2 Formulate the chosen intuitionistic fully fuzzy multi-objective capacitated
solid minimum cost flow problem into the intuitionistic fuzzy multi-objective linear
programming problem (FPs2) by assuming the following intuitionistic fuzzy penalty

as zero LR flat intuitionistic fuzzy numbers:

(i) If any dummy purely source node is introduced then assume the intuitionis-
tic fuzzy penalty for transporting one unit quantity of the product from the
introduced dummy purely source node to all purely destination nodes and
all intermediate nodes by all conveyance as zero LR flat intuitionistic fuzzy

number.

(ii) If any dummy purely destination node is introduced then assume the intu-
itionistic fuzzy penalty for transporting one unit quantity of the product from

all purely source nodes and all intermediate nodes to the introduced dummy
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purely destination node by all conveyance as zero LR flat intuitionistic fuzzy

number.

(iii) If any dummy conveyance is introduced then assume the intuitionistic fuzzy
penalty for transporting one unit quantity of the product from all purely source
nodes and intermediate nodes to all intermediate nodes and all purely desti-
nation nodes by introduced dummy conveyance as zero LR flat intuitionistic

fuzzy number.

Step 3 Use the method, proposed in Section 6.6.1, to find P intuitionistic fuzzy
optimal solutions X', X2, ..., X? of the problems (P} ,), (P.,),..., (P} ) respec-
tively.
Minimize > > (Elljk ® Tijk)

(i,j)€A kESc
subject to (P{y)

constraints of problem (P 1)

Minimize . (ngk ® Tyjk)
(i.j)€A k€S
subject to (F5.2)

constraints of problem (P 1)

Minimize Y Y (& © Zijk)

(1,7)€A k€Sc
subject to (P p)
constraints of problem (P 1)
Step 4 Find the value of each objective function corresponding to the each intu-
itionistic fuzzy optimal solution obtained in Step 3. Let the value of i* objective

function Z; corresponding to j™ intuitionistic fuzzy optimal solution X7 is denoted
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Step 5 Find U; = m%}élgl}alm{%(zl()z]))} Vi=1,2,..,P

L= mlmmum{%(z (X))} Vi=1,2,..,P

1<5<P
where, R(Z;(X7)) = MP¥ (Z;,(X7)) if no alternative solution exist for the i*" fuzzy

linear programming problem (P},) otherwise R(Z;(X7)) = MPH (Z;(X7)).

Step 6 Define the linear membership function p#(R(Z;)) Vi=1,2, ..., P.

WR(Z)) = 1= 2200 L <w(Z) <U
0, R(Z:) > U,

Step 7 Using the linear membership function, obtained in Step 6, the intuitionistic
fuzzy multi-objective linear programming problem (FPs2) can be converted into the
following single objective crisp linear programming problem:

Maximize \

subject to (FPos)
R(Z)+N(U;— L) <U;, i=1.2,..,P

N>0

as well as constraints of the problem (Fgg)

Step 8 Solve the crisp linear programming problem (Psg) to find the optimal values

— L R
ZL’R / / /

- L /
of Lijks Lijks Lijir Tijks Lijks Ligks Tijhks L ijk-

= L R / v 1L A

Step 9 Put the value of x5, Tijk, Tijs Tijp, Tigrs Tijk, T and ' in Ty, =
o to find the intuitionistic f

{( zyk?xlﬂﬁ zjk7 ij‘)LR7 (—mk? ijks Tijko ij)LR} O 1n e intuitionistic uzzy op-

timal solution {Z;j }.

Step 10 Find the intuitionistic fuzzy optimal values of each function by putting the

value of Z;j; in (%:GA kezsj (6:7jk ® k) sn=1,2,...,P.
2, C



141

6.7 Advantages of the proposed methods

The main advantage of the proposed methods over the existing meth-
ods [38,49] and the methods, proposed in previous chapters, is that all the problems
which can be solved by the existing methods [38,49] can also be solved by the
methods proposed in this chapter. However, as discussed in Section 6.2, there exist
several problems which can be solved by the methods proposed in this chapter but
can neither be solved by the existing methods [38,49] nor the methods proposed
in previous chapters. To show the advantages of the proposed methods the intu-
itionistic fully fuzzy single and multi-objective capacitated solid minimum cost flow
problems chosen in Example 6.1 and Example 6.2 which can not be solved by using
the existing methods [38,49] and the methods, proposed in previous chapters, are
solved by proposed methods.

6.7.1 Intuitionistic fuzzy optimal solution of the chosen in-

tuitionistic fully fuzzy single objective capacitated solid
minimum cost flow problem

The intuitionistic fuzzy optimal solution of intuitionistic fully fuzzy single
objective capacitated solid minimum cost flow problem, chosen in Example 6.1, can
be obtained as follows:

Step 1 Total intuitionistic fuzzy supply > a;® Y & = {(200,250, 100, 50)r; (150,

i€Npg i€Ng
270,100, 80) g}, total intuitionistic fuzzy demand l;jeB > Ozj:{(150,250,100,
JEND JENPD
50)Lr; (100,270, 100, 130),r} and total fuzzy capacity > fk:{(QOO, 300, 100, 50) 1 g;
keSc
(150,320,100,130)g}. Since > @@ S, &# S 0@ Y dij# 3 fu,soitis
1€ENpg 1€ENg JEND JENppD keSe

an unbalanced intuitionistic fully fuzzy single objective capacitated solid minimum

cost flow problem.
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Step 2 Comparing 3 @ ® 3 & = {(200,250, 100,50z (150,270, 100, 80) .11}
i€Npg i€ENg
by > @@ Y. é={(m,m,ml m)p; (m',m/,m" m'?) g} and Y Bj@ > Czj

1€Npg 1€Ng JEND JENPD

—={(150,250, 100, 50) . r; (100, 270,100, 130) .z} by > b;® 3 d; = {(n, 7, n" n®
j€ENPD JEND

)LR; (&la TL/, n/La n/R>LR} the values of m, m? mL7 mR7 ﬂl7 m,7 m/L) m/Ra n, ﬁa nLa nR7 QIJ

n',n't and n'E are 200, 250, 100, 50, 150, 270, 100, 80, 150, 250, 100, 50, 100, 270,
100 and 130 respectively.

Since, Y @® Y. & # 3. b;® . d; and neither the condition m/ — m'* <

i€ENpg 1€Ng JENPD JjENppD
W=t (m—mb) — (= mh) < (n—nb) — (@ — wh), m — (m—mb) <
n/—(n—nL>, m_ﬂlgﬂ_i7 m_MSﬁ_ﬂa _/_mg_,_na (m—i_mR)_WS

V

m/_m/L 2 /_n/L’ (m_mL)_(m/_m/L> Z (ﬂ—nL)—(&’—n’L), ﬂ/_(m_mL)

\|

m-m>n—n, m'—m>n—n, (M+mf)—m'>
(m+nf) —n’ and (m’ + m'?) — (M +m®) > (0 + n'?) — (m + nf) is satisfying
so, as described in Case (2¢) of Step 2 of the method, proposed in Section 6.6.1,
there is need to introduce a dummy purely source node 4 with intuitionistic fuzzy
supply a4 = {(0,50,0,0).r; (0,50,0,50),r} and a dummy purely destination node
5 with intuitionistic fuzzy demand bs = {(50,50,0,0).z; (50,50,0,0).5} so that
S oy &= o Y d;
i€Nps i€Ns j€ND JENPD

Step 3Since, Y @d Y &= 3 b S d; = {(200,300, 100, 50); (150, 320,

i€ENpg i€Ng JEND JjENPD

100,130).r} = > €, so the intuitionistic fully fuzzy single objective solid mini-
keSc

mum cost flow problem, obtained in Step 2, is a balanced intuitionistic fully fuzzy

single objective capacitated solid minimum cost flow problem.

Step 4 Since, a dummy purely source node (4) and a dummy purely destination

node (5) are introduced. So, as described in Step 2 of the method, proposed in Sec-
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tion 6.6.1, by assuming ¢é4j; = G5, = {(0,0,0,0)1r;(0,0,0,0) 5} Vi=1,2,4; j=
2,3,5; k=1,2, the Intuitionistic fuzzy linear programming formulation of the bal-
anced intuitionistic fully fuzzy single objective capacitated solid minimum cost flow
problem, obtained from Step 3, can be written as:

Minimize ({(100, 1000, 90,9000).z; (50, 5500, 45, 9500) .z} ® T121 & {(400, 4000, 360,
36000)zr; (200, 22000, 180, 38000) 1 g }®F13:5{ (300, 3000, 270, 27000) L £; (150, 16500,
135,28500) Lz} ® T231 @ {(50, 200,48, 1800) ; (10, 1100,9,1900) .z} & T122 @ {(200,
2000, 180, 18000) 1,g; (100, 11000, 90, 19000) .r} ® 132 B {(500, 5000, 450, 45000) 1. r;

(250, 27500, 225, 47500) g } @T23289{(0,0,0,0) Lr; (0,0,0,0) L r } RT421D{(0, 0,0, 0) 1 g;

(0,0,0,0)Lr}®Z431©{(0,0,0,0)Lr; (0,0,0,0)Lr} ®Z4510{(0,0,0,0)r; (0,0,0,0) L }
® T151 ® {(0,0,0,0)1r; (0,0,0,0)Lr} ® Ta51 ® {(0,0,0,0)1r;(0,0,0,0)Lr} ® Tyz0 &
{(0,0,0,0)1r; (0,0,0,0)r}®T4328{(0,0,0,0)Lr; (0,0,0,0) L, r }RT4508{(0, 0,0, 0) g;
(0,0,0,0)r} ® Z152 @ {(0,0,0,0)r; (0,0,0,0)Lr} ® Tas2)

subject to

2
> (Z19k @ 1k © T1s) = {(200, 250, 100, 50) . ; (150, 270, 100, 80) Lz}

2 2

o
—_

];(fuk D Tyop) = kzl(i‘zgk @ Tasr) @ {(100, 150, 80, 50) .5; (60, 170, 60,80) Lz}
é(i‘lgk @ Tosr @ Tya3x) = {(50, 100, 20, 0)r; (40,100, 40,50) Lz}

kzi:l(imk D Tysr @ Zusk) = {(0,50,0,0)r; (0,50,0,50) 5}

];2:1(5:15/% @ Tosk @ Tusk) = {(50,50,0,0)r; (50,50,0,0) .z}

T121 @ T131 D T151 D Ta31 D Tos1 D Taz1 D Taz1 D Tus1 = {(0,50,0,0)2r; (0,50,0,50)Lr}

T120 B T132 B T1p2 D Tagz D Tasa B Taze B Tuze B Taso = {(200, 250, 100, 50) r; (150,
270,100, 80) g}
{(0, 0, 0, O)LR; (O, 0, 0, O)LR} j flgl j {(65, 70, 35, 10)LR; (60, 75, 45, 1O)LR}

{(07 07 07 O)LR; (07 07 07 O)LR} = i‘l?;l = {(407 507 207 20)LR7 (307 607 207 4O)LR}
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{(0,0,0,0)1r; (0,0,0,0)Lr} = Ta31 =< {(150, 220, 100, 40)g; (100, 240, 80,60) .z}
{(2,3,1,1)1r; (1,3,1,2)Lr} = T122 =< {(100, 150, 80, 150) . g; (60, 170, 60, 180) Lz}
{(6,7,3,2)1r; (4,8,3,3)Lr} = Z132 = {(150, 220, 100, 40) .g; (100, 240, 80,60) .z}
{(0,0,0,0)r; (0,0,0,0)Lr} = Tazz = {(50,55,42,10)Lp; (13,60,9,11) L}

Z;;, are non-negative LR flat intuitionistic fuzzy numbers V ¢ = 1,2,4; j =
2,3,5; k=1,2.

Step 5 Using Step 6 and Step 7, of the method, proposed in Section 6.6.1, the
intuitionistic fuzzy single-objective linear programming problem, obtained in Step
4, can be converted into the following single-objective intuitionistic fuzzy linear pro-
gramming problem:

Minimize {(100z,9, + 40023, + 300295, + 502199 + 200255 + 500293,, 1000Z19; +
40007131 +3000T 31 +200Z 129 +2000F 132 +5000T 232, 90215, +102L,, +3602, 5, +40x15, +
27095, + 30wy, + 481199 + 2255, + 18023 + 20215, + 450295, + 50xks,, 9000719, +
100001, + 360007131 + 40000x1%; + 27000Z23; 4+ 30000255, + 1800T 192 + 2000215, +
180007132 + 20000218, + 45000F932 + 5000028, ) L r; (502’19, + 200215, + 150295, +
102199 +1002" 135 +2502" 535, 550027 121 +220002" 131 + 1650027931 + 110027 199+ 110002 13
+ 2750027 939, 452" 191 4 52" 1oy + 18027 157 + 20215, + 1352 o5, + 152 55 + 92" 90 + 2/ 19y +
902" 59 + 102" Ty 42257 530 + 252 53, 950027191 4+ 150002 T, 43800027 131 + 60000 15, +

285007931 +450002' 55, 4290027 155 + 30002 15, + 19000271 35 4300002 15, + 4750027 935 +

75000255, i }

subject to

2 9

k;(&zk + 131 + Ty5,) = 200, k;(flzk + T3k + Tisk) = 250
2 2

kZ_)l(wf% + xiy, + x15;) = 100, g_)l(wﬁk + xfy, +aft,) = 50

Mw

(2126 + @131 + 215%) = 270

Mw

(2!y9p + 2’43, + 2'151,) = 150,

>
I
—
>
Il
—



2 2
L L L R R R
> (@ + 213, + 2'15;,) = 100, I;(xll% + a'13;, + 2'15,) = 80

i
I

Ml\?
Il
M

(Zyor + o) (Tg3p, + Zoz;,) + 100

£
Il
—
=
Il
—

MM
Il
M

(T12k + Taok) (Task + Task) + 150

=
Il
—
=
Il
._.

Ml\)
I
M

(21 + Tiop) (28, + 2555,) + 80

TT
—_
ﬁ‘
—

Il
NS

(2fhy, + o) (23, + 5%),) + 50

bl
gl
A
o

ML\D
I
Mo 2

(2’10, + 2 40p) (2935, + 2'55;,) + 60

=
Il
fa
=
Il
i

(2'23% + 2'951) + 170

I
Ml\)

(?121{ + 374%)

Mw

TT
—_
T‘r
—_

(2'5p, + T'55p,) + 60

I
Ml\')

(55/1L2k + $/£2k)

Mm

k=1 k=1
2 2
R R R R
kzl(x/l% + ') = ];(x/%k + 2'55;,) + 80

Mw
NS

(131, + T3y, + 243;,) = 50, (T13k + Tozk + Tazi) = 100

>
I
—
e
Il
—

R R R\ _
(2135 + T3y, + Ty3;,) = 0

Mw
M

(xfgzk + xgzk + xfsk) = 20,

£
Il
—
£
Il
—

(2135 + /93 + ¥431,) = 100

Mm
Mm

(2135, + 2oz, + 2y5) = 40,

T‘r
—_
?
—_

1R 'R 'R\
('35, + 2 + 2)3) = 50

Mw

1L 1L 27N
(2" 13y, + 255y, + 2 5) = 40,

M T
g

(Zgor + Zyzp + 245) = 0, (ZTaok + Tagk + Tas) = 50

B
Il
—
B
Il
—

R R R\ _
(T + sy, + T45;,) = 0

Mm
Mw

L L L\ _
(‘T42k T+ Tyzp, T+ x45k) =0,

T‘r
—_
T‘r
—_

(2" 4ok + /a3 + ¥ 451) = 50

Mw
Mw

/ / / _
(£42k + Tzt $_45k) =0,

~
I
—
>
I
—_

1R 1R /R O\
(2" + 23 + 7' 45) = 50

Mm

1L 1L 1L _
(2o + g5y + 7' 45) = 0,

M T
M T

(2151, + Tosp, + 245,) = 50, (T1sk + Tosk + Task) = 50

T‘r
—_
ﬁ‘
—_

R R R\ _
(2155 + To5p, + 245,) = 0

Mw
Mw

L L Ly _
(T151 + Tosp, + T45) = 0,

e
Il
—
£
Il
—

(215 + @51 + T/ 45x) = 50

Mw
Mw

(2155 + 2951, + 2y51) = 50,

k=1 k=1
2 2
L L L R R R
I;l(xlwk + /955, + 245) = 0, l;(x/wk + o5, + 245,) = 0 (Ps.o)

Zyo) + iz + Typy + Togy + Tosy + Tyoy + Tygy + Tys =0

T121 + T131 + Tis1 + Tog1 + Tas1 + Taz1 + Taz1 + Tas1 = 90

145
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xle + xf31 + le51 + x%:ﬂ + x%m + @%21 + $£31 + xi”)l =0
xfm + 93?31 + xﬁl + x%l + $§51 + xfm + xfzn + foI =0
op + 2151 + 251 + 251 + 251 + 20y + 2051 + 205 =0
291 + @131 + 151 + Taz1 + a5t + Tam + 31 + Tam = 50
$121+x131‘|‘$151+5U231+35251+$421+93431+x451 =0
x’f;l + x’ﬁﬂ + x’ﬁ,l + x’§31 + x’%l + x’fm + :c’fgl + x’ﬁ,l =50
Tigp + Lyzo + Tysg + Togo + Togy + Lygy + Lygy + Zy50 = 200
T122 + T132 + T152 + Tazg + Tasg + T2 + Ty32 + Tys0 = 250
xfm + xf32 + le52 + I§32 + 5552 + @%22 + 554%32 + x£52 =100
xfm + I%Q + xﬁm + fpggu + $§52 + $f22 + xfw + fffm =50
90 + 2130 + 250 + Xogo + Xo5y + 2 ygp + 2450 + 245 = 150
2192 + &' 132 + ¥152 + T'ass + ¥as2 + T a0 + a3 + 3450 = 270
122+37132‘l‘m152+x232+35252+x422+33432+55452 =100
a:’fim + :U’fgz + x’ﬁ,Q + x’§32 + x’§52 + x’fm + az’ﬁz + x’fw =80
L’z‘jk —a z]k >0, (z Lijk — zij) - (x—/ijk - 95/51@) >0, ﬁijk - (L’jk - %L]k) >0,

o
zUlf - Z]k > O wUk 'ij > 0 iU ijk — ngk > O (.’L'ij + xwk) — X ijk 2 0,

(@i +2'y) — @ +2l) >0 Vi=1,2,4; j=2,3,5 k=12

{(0,0,0,0)5; (0,0,0,0) .} = F121 =< {(65,70,35,10).5; (60, 75,45,10) .5}
{(0,0,0,0) 2z (0,0,0,0).r} < 131 < {(40,50, 20, 20)..x; (30, 60, 20, 40) .5 }
£(0,0,0,0); (0,0,0,0) 15} < a1 < {(150, 220, 100, 40) 1 z; (100, 240, 80, 60) 1.5}
{(2,3,1, 1) 15: (1,3,1,2) L} =< F120 < {(100, 150, 80, 150) . z; (60, 170, 60, 180) 1}
{(6,7,3,2)1r: (4,8,3,3) .} < F132 < {(150, 220, 100, 40) . z; (100, 240, 80, 60) 1.1 }
{(0,0,0,0)15; (0,0,0,0) 1} = Fa3o < {(50,55,42,10)5; (13,60,9,11) 15}

o~ o~ o~

/

Step 6 Using Step 8 of the method, proposed in Section 6.6.1 and assuming
b = %, k' = 0, the intuitionistic fuzzy optimal solution of the intuitionistic fuzzy

linear programming problem, obtained in Step 5, can be obtained by solving the
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following crisp linear programming problem:

Minimize %(2101121—#120005121 +8402,4; +480007 131 +6302 53, +36000T231 +1022 55+
2400 129 + 4202 1 35 + 240007 130 + 1050253, + 60T 930 — 102l — 402k, — 302k, — 221, —
20215, — 5025, +1000021%, 44000025, +3000028%, 4200021, +200002%,+500002%, )
Subject to (Ps.10)
3219y + 3T1o1 — why, + 2l >0, 3xy9 + 3T — 2k, + 2, <380

32131 + 3T131 — alyy + 28, >0, 325 + 3713 — 2y + 21, <270

3ygy + 3Tos1 — by + adly >0, 3zyq + 3Tos — ady, + 2ff, <1050

3% 199 + 3T12o — Ty + 2ty > 15, 3299 + 3T120 — vk + 2ty < 820

3T 139 + 3T130 — Ty + Ly > 38, 3155 + 37130 — 2, + 24, < 1050

BTyg0 + 3Tas2 — Tgpp + T3y > 0, 3osy + 3Taze — Tipp + 23 < 283

as well as all the constraints of problem (FPgg) except (Cg.o)

Step 7 Since, on solving the crisp linear programming problem (P 19), alternative
optimal solutions are existing i.e. Case (ii) of Step 8 of the method, proposed in Sec-
tion 6.6.1 is satisfied and the optimal value of the crisp linear programming problem
(Ps.10) is %ﬁ“o so by using the Step 9 of the method, proposed in Section 6.6.1,
the intuitionistic fuzzy optimal solution of the chosen intuitionistic fully fuzzy single
objective capacitated solid minimum cost flow problem can be obtained by solving
the following crisp linear programming problem:

Minimize #(1052'15, + 1500027121 + 4202’5, + 6000027131 + 3152755, + 4500027531 +
21|99 + 400027199 + 21027 155 4 3000027135 + 5252”550 + 750007939 — 53" 1y, — 20215, —
1525y, — a/1yy — 102", — 25275, 4+ 150002, 4 600002, + 4500025, + 30002/, +
360002 5, 4 750002 55,)

Subject to
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32191 + 37101 — ¥'fpy + 210y >0, 32151 + 37101 — 31y, + 15 < 370

32/131 + 327131 — @' fy; + 2151 > 0, 3215 + 307131 — /1y + 2151 < 290

32y + 30931 — ¥'5gy + a'551 > 0, 3xgy; + 327231 — by + 2/ < 1000

32199 + 377122 — ¥'{py + ¥ (hy > 13, 3219y + 327122 — 21y + 21y < 810

30 gy + 307130 — &' bay + 215y > 36, 32150 + 307152 — 1y, + 2715, < 1000

30 g5 + 307930 — T/ 550 + T'oge >0, 3T ga0 + 377937 — 'hy + 7' hgy < 221

2109, + 12000 191 + 840 5, + 48000 131 + 6305, +36000T 931 + 102 199 + 2400 195 +
420,35 + 24000T 135 + 10502935 + 60To30 — 102y, — 4025, — 302L;, — 225, — 202k, —
50xks, + 1000021, + 40000218, + 3000028, + 200021, + 20000218, + 5000028, =
1690640

as well as all the constraints of problem (Fgg) except (Cg.o)

Step 8 Solving the crisp linear programming problem, obtained in Step 7, the op-
timal values of 159, T122, 2152, T1hos 2129, 2122, -T/1LQQa 5”%27 L1329, T132, T132, 139, 7132,

29, 150y T1s52, 159, T 152, Tazn, a1 and 2’4y, are 100, 150, 80, 50, 60, 170, 60, 80, 50,
50, 20, 40, 50, 40, 50, 50, 50, 50, 50, 50 and 50 respectively.

Step 9 Putting the values of z;;, T, :ciij, xf}k, ik 2ijk, x’fjk and x’gk in
Tijk = {(Zijnr Tigior s TR LR: (23100 T i x’fjk, x’f}k)LR} the intuitionistic fuzzy op-
timal solution is Z190 = {(100, 150, 80, 50)r; (60, 170, 60, 80) g }, Z132 = {(50, 50, 20,
0)rr; (40,50,40,0) g}, Z152 = {(50,50,0,0).r; (50,50,0,0)Lr}, Z431 = {(0,50,0,0

)rr; (0,50,0,50),r} and the remaining 75, are {(0,0,0,0).g;(0,0,0,0).r}

Step 10 Putting the values of Zijr = {(Zy5, Tijk, T, T ) LR (25500 Tijis x’fjk,x’gk
Jor} in ({(100,1000,90,9000).r; (50,5500,45,9500),r} ® Z191 & {(400,4000, 360,

36000)1.z; (200, 22000, 180, 38000) .z } @713 24 (300, 3000, 270, 27000) 1. r; (150, 16500,

135,28500) L1} ® Fa1 @ {(50, 200, 48, 1800) ,5; (10, 1100, 9, 1900) Lz} ® F120 & { (200,
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2000, 180, 18000) 1&; (100, 11000, 90, 19000) .1} © F130 & {(500, 5000, 450, 45000) 1 1
(250, 27500, 225, 47500) L g } @T23289{(0,0,0,0) Lr; (0,0,0,0) L r }RT4219{(0, 0,0, 0) 1 r;
(0,0,0,0),r}®T43154{(0,0,0,0)1r; (0,0,0,0),r} ®F4515{(0,0,0,0)r; (0,0,0,0).r}
® Z151 © {(0,0,0,0)2r;(0,0,0,0)Lr} ® Ta51 @ {(0,0,0,0)r; (0,0,0,0)Lr} @ Tazz
{(0,0,0,0)1r;(0,0,0,0) g }®T432{(0,0,0,0)r; (0,0,0,0) L r } @T4526{ (0, 0,0, 0) L g;
(0,0,0,0) g }®T1509{(0,0,0,0)Lr; (0,0,0,0) g} ®Ta52) the minimum total intuition-
istic fuzzy transportation cost is {(15000, 130000, 14360, 13870000) 1. r; (4600, 737000,

4600, 1513000) g }-

6.7.2 Intuitionistic fuzzy optimal compromise solution of
the chosen intuitionistic fully fuzzy multi-objective ca-
pacitated solid minimum cost flow problem

The intuitionistic fuzzy optimal compromise solution of intuitionistic fully
fuzzy multi-objective capacitated solid minimum cost flow problem, chosen in Ex-
ample 6.2, can be obtained as follows:

Step 1 Using Step 1 of the method, proposed in Section 6.6.2, the chosen unbal-
anced intuitionistic fully fuzzy multi-objective capacitated solid minimum cost flow
problem is converted into a balanced intuitionistic fully fuzzy multi-objective capac-
itated solid minimum cost flow problem.

Step 2 Since, a dummy purely source node (4) and a dummy purely destination
node (5) are introduced. So, as described in Step 2 of the method, proposed in
Section 6.6.2, by assuming ¢, = Cls, = G = Csp = 1(0,0,0,0)1;(0,0,0,0) 1}
Vi=1,2,4; j=23,5 k=1,2,the intuitionistic fuzzy linear programming for-
mulation of the balanced intuitionistic fully fuzzy multi-objective capacitated solid

minimum cost flow problem, obtained from Step 1, can be written as:
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Minimize Z; = ({(100, 1000, 90, 9000) . z; (50, 5500, 45, 9500) 1z } @ Z121 B { (400, 4000,
360, 36000) . z; (200, 22000, 180, 38000) 1z} ® F13, & {(300, 3000, 270, 27000) . z: (150,
16500, 135, 28500) 1z} ® Fa31 B {(50, 200, 48, 1800) 1 z: (10, 1100, 9, 1900) .z} & F 100 @
{(200, 2000, 180, 18000) . z; (100, 11000, 90, 19000 1} & F132 & {(500, 5000, 450, 450
00).5; (250, 27500, 225, 47500) .1} & Fa32 @ {(0,0,0,0)1.5; (0,0,0,0) 1} @ dazy & {(0,
0,0,0)15;(0,0,0,0)Lr} @ Taz1 ® {(0,0,0,0)1r;(0,0,0,0),r} ® Z451 B {(0,0,0,0)r;
(0,0,0,0)Lr}@Z1519{(0,0,0,0)Lr; (0,0,0,0)Lr} ®T2515{(0,0,0,0) Lr; (0,0,0,0)Lr}
® Ta92 B {(0,0,0,0)1r;(0,0,0,0)1r} ® ZTaz2 ® {(0,0,0,0)1r;(0,0,0,0),r} @ Tys0 B
{(0,0,0,0)1r; (0,0,0,0)Lr} ® Z152 D {(0,0,0,0)1r;(0,0,0,0),r} ® Tos2)

Minimize Z, =({(150, 950, 141, 8050) ,.5; (45, 5000, 41, 11000) . £ } 121 6{ (500, 5000,
450, 45000) . 5; (250, 27500, 225, 47500) 15} @ G131 & {(400, 4000, 360, 36000) . z; (200,
22000, 180, 38000) 11} ® Faz1 @ {(45, 150,42, 1950) . ; (11, 1000, 9, 1900) 1z} & F100 B
{(0,0,0,0)z; (0,0,0,0) .} @132 { (200, 2000, 180, 18000) 1 &; (100, 10000, 90, 20000
JLR} ®T23204(0,0,0,0)1r; (0,0,0,0)Lr} ®@T421D{(0,0,0,0)1r; (0,0,0,0) g} T 431 B
{(0,0,0,0)r; (0,0,0,0)Lr}®Z4519{(0,0,0,0)Lr; (0,0,0,0)Lr}R%1519{(0,0,0,0) Lg;
(0,0,0,0),r}®T25104{(0,0,0,0)1r; (0,0,0,0) g} @T4205{(0,0,0,0)r; (0,0,0,0),r }
® Zaz2 @ {(0,0,0,0)zr; (0,0,0,0)rr} ® Tas2 & {(0,0,0,0)1r;(0,0,0,0)rr} ® T150 &
{(0,0,0,0)1r; (0,0,0,0)Lr} ® Tas2)

subject to

all the constraints of problem (FPs9)

Step 3 Using the method, proposed in Section 6.6.1, the intuitionistic fuzzy optimal
solutions of the problems FPs1; and Pg o are X1 and X2 respectively.

Minimize Z; = ({(100, 1000, 90, 9000) . z; (50, 5500, 45, 9500) 1 5 } ® F121 & { (400, 4000,

360, 36000) 1, z; (200, 22000, 180, 38000) Lz} ® 131 @ {(300, 3000, 270, 27000) 1, &; (150,
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16500, 135, 28500) 1.2} © Fag1 ® { (50, 200, 48, 1800) 1z (10, 1100,9, 1900) 1.1} © 12 B
{(200, 2000, 180, 18000) .z (100, 11000, 90, 19000) 1 2} © 152 & { (500, 5000, 450, 450
00) 1.5; (250, 27500, 225, 47500) 11} © Faga © {(0,0,0,0)1.x; (0,0,0,0) 11} @ Fao & {(0,
0,0,0)1r;(0,0,0,0)Lr} @ Zaz1 @ {(0,0,0,0)1r;(0,0,0,0),r} ® Z451 B {(0,0,0,0)g;
(0,0,0,0)r}®%1516{(0,0,0,0)1r; (0,0,0,0) g} @Te515{(0,0,0,0)r; (0,0,0,0) g }
® Ta22 @ {(0,0,0,0)r;(0,0,0,0)Lr} ® Zaz2 ® {(0,0,0,0)1r;(0,0,0,0),r} ® Tys52 @
{(0,0,0,0)1r; (0,0,0,0)r} ® Z152 @ {(0,0,0,0)1r; (0,0,0,0)Lr} @ T252)

subject to (Ps.11)

all the constraints of problem (FPgs9)

and

Minimize Zo =({(150, 950, 141, 8050) 1 r; (45, 5000, 41, 11000) 1 g } ®F121 B { (500, 5000,
450, 45000) g (250, 27500, 225, 47500) Lz} @ F151 & { (400, 4000, 360, 36000) . &; (200,
22000, 180, 38000) 1.1} ® Faz1 @ {(45, 150, 42, 1950) 1 ; (11,1000, 9, 1900) 1z} © F100 &
£(0,0,0,0)2z: (0,0,0,0) 15} ©F 1528 { (200, 2000, 180, 18000) . z: (100, 10000, 90, 20000
JLr} ®T23264{(0,0,0,0)1r; (0,0,0,0) 5} ®T4216{(0,0,0,0)1r; (0,0,0,0)Lr} @T 431 B
{(0,0,0,0)Lr; (0,0,0,0)Lr}®T4516{(0,0,0,0)Lr; (0,0,0,0) Lr}@T15:8{(0, 0,0, 0) L &;
(0,0,0,0)Lr}®T2515{(0,0,0,0)2r; (0,0,0,0) Lr} ®T4225{(0,0,0,0)Lx; (0,0,0,0) Lr}
® Ta32 D {(0,0,0,0)1r;(0,0,0,0)Lr} ® Tas2 ® {(0,0,0,0)r;(0,0,0,0)Lr} ® T150 &
{(0,0,0,0)1g; (0,0,0,0)Lr} ® Tas2)

subject to (Ps.12)

all the constraints of problem (Fsg)

(

T122 = {(100, 150, 80, 50) .5; (60, 170,60, 80) Lz },
T132 = {(50, 50, 20, 0) . ; (40, 50,40,0) R },
Z431 = {(0,50,0,0)g; (0,50,0,50)Lr},
T152 = {(50,50,0,0)1r; (50,50,0,0) 5}
and the remaining 7;;, are {(0,0,0,0).r;(0,0,0,0).r}

:>§z
Il
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and
190 = {(100, 100, 80, 50) 1, : (60, 120, 60, 30) L » },
132 = {(50, 100, 20, 0) . z; (40, 100, 40, 50) 15},
X% =14 G4 = {(0,50,0,0)5; (0,50,0,50) .5},
150 = {(50,50,0,0)5; (50,50,0,0) 5}
and the remaining %;;, are {(0,0,0,0).r;(0,0,0,0)rr}

\

Step 4 Using Step 4 of the method, proposed in Section 6.6.2, values of Z; (X'l), Z
(X3), Zo(X;) and Zy(X5) are {(15000, 130000, 14360, 13870000) 1. z; (4600, 737000, 46
00, 1513000) g}, {(15000, 220000, 14360, 2080000),r; (4600, 1232000, 4600, 3718000
Jor}, {(4500, 22500, 4440, 397500) 1, z; (660, 170000, 660, 555000),r} and {(4500, 1500
0, 4440, 300000) 1. g; (660, 120000, 660, 315000) ,z} respectively.

Step 5 Using Step 5 of the method, proposed in Section 6.6.2, values of Uy, Us, Ly
and Ly are 7423200, 1066320, 3733200 and 676320 respectively.

Step 6 Using Step 6 of the methods, proposed in Section 6.6.2, the linear member-

ship function p'(MP* (Z,)) and p2(MP* (Z,)) are as follows:

1, MPH (7)) < 3733200

W (MPF (22) = 41— MM E0smsan 3733500 < MK (7,) < 7423200
0, MPH¥(Z,) > 7423200
1, MPH¥(Z,) < 676320

(M (Zy)) = {1 — MEUZ0men G300 < MPF (7,) < 1066320
0, MPH¥(Zy) > 1066320

Step 7 Using the linear membership functions, obtained from Step 6, the intuition-
istic fuzzy multi-objective linear programming problem, obtained in Step 2, can be
converted into the following single objective linear programming problem:
Maximize \

subject to

MP* (Zy) 4 3690000\ < 7423200
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MP* (Zy) 4 390000\ < 1066320

N>0

as well as all the constraints of problem (Fg10)

Step 8 Solving the crisp linear programming problem, obtained in Step 7, the op-
timal values of 9y, T122, T159, T1ho, 2129, 122, 95/%227 95/?22»%32’ T132, T30, 2132, T 132,
x’f32, x’ﬁ2,§152,f152,£’152,?152,@31,?431,7421,F421 and x’fm are 100, 139.61, 80, 50,
60, 159.61, 60, 30, 50, 60.39, 20, 40, 60.39, 40, 50, 50, 50, 50, 50, 39.61, 39.61, 10.39, 10.39
and 50 respectively.

Step 9 Putting the values of z., Tijr, xfjk, xﬁk, ik ijk, xliij and x’f}k
in Ty = {(ij Tijhr T Tiig ) LRS (x_'ijk,?ijk,x’fjk,x’gk)LR} the intuitionistic fuzzy
optimal solution is Zj90 = {(100,139.61,80,50)r; (60,159.61,60,30).r}, T132 =
{(50,60.39,20,0)r; (40,60.39,40,50),r}, T152 = {(50,50,0,0).5;(50,50,0,0).r},
Z431 = {(0,39.61,0,0)r; (0,39.61,0,0)rr}, Za21 = {(0,10.39,0,0).r; (0,10.39,0,

50) g} and the remaining Z;;, are {(0,0,0,0).g; (0,0,0,0)Lr}.

L 'R
ijks L ik

Step 10 Putting the values of Z;;;, = {(%jk,fzjka ZEiij, $5k>LR; (L’ijk,yijk,x’
Jor} in ({(100, 1000, 90, 9000) .r; (50,5500, 45,9500)Lr} ® Z121 & {(400, 4000, 360,
36000) Lr; (200, 22000, 180, 38000) . r } @Z 131 B4 (300, 3000, 270, 27000) L r; (150, 16500,
135,28500)Lr} ® T231 @ {(50, 200, 48, 1800) x; (10,1100,9,1900) . } ® T122 & {(200,
2000, 180, 18000) 1, g; (100, 11000, 90, 19000) .} ® Z132 @ {(500, 5000, 450, 45000) 1 g;

(250, 27500, 225, 47500) L g } @T23289{(0,0,0,0) Lr; (0,0,0,0) L g} RT4219{(0, 0,0, 0) 1 r;
(0,0,0,0)r}®T4318{(0,0,0,0)1r; (0,0,0,0)Lr} @T4515{(0,0,0,0)r; (0,0,0,0) g}
® Z151 © {(0,0,0,0)2r;(0,0,0,0)Lr} ® Ta51 @ {(0,0,0,0)r; (0,0,0,0)Lr} @ Tazz

{(07 07 07 O)LR; (Oa 07 07 O)LR} & j432 Y {(07 Oa 07 O)LR; (07 07 Oa O)LR} X ‘%452 P {(07 07 07

O)LR; (07 07 Oa O)LR}®£152®{(07 07 07 O)LR; (07 07 Oa O)LR}®§7252> and ({(1507 9507 1417
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8050) 1 ; (45, 5000, 41, 11000) 1 5 } @121 84 (500, 5000, 450, 45000) 1 g: (250, 27500, 225,
47500)Lr} ® T131 @ {(400, 4000, 360, 36000) 1, ; (200, 22000, 180, 38000) Lz} ® Ta31 &
{(45,150, 42, 1950) .g; (11, 1000,9, 1900) 1} ® F122 & {(0,0,0,0)1.5; (0,0,0,0)1x} &
13204 (200, 2000, 180, 18000) - &; (100, 10000, 90, 20000) 1 1} @F2328{ (0, 0,0, 0) 1.z (0,
0,0,0)Lr} ®T421B{(0,0,0,0)r; (0,0,0,0),r} ®T4310{(0,0,0,0)1r;(0,0,0,0),r} ®
T450©2{(0,0,0,0)r; (0,0,0,0)Lr} ®715:D{(0,0,0,0)r; (0,0,0,0)Lr} ®T251 B {(0, 0,
0,0)2r;(0,0,0,0),r}®T42099(0,0,0,0)1r; (0,0,0,0)Lr} ®74326{(0,0,0,0)g; (0,0,
0,0)Lr} ® Tas2 ®{(0,0,0,0)1r; (0,0,0,0)Lr} ® T1520 P {(0,0,0,0)1r; (0,0,0,0)Lr} ®
@52) the minimum total intuitionistic fuzzy transportation cost and minimum total
intuitionistic fuzzy passing time are {(15000, 148704.48, 14360, 1438340.34) 1 r; (4600,
839874.65, 4600, 3040692.58) .} and {(4500, 20941.29, 4440, 377236.81).r; (660,

159608.62, 660, 390256.38) 1z} respectively.
6.8 Comparative study

To show the advantage of the proposed method over the existing methods
[38,49] and methods proposed in previous chapters (Chapter 3, Chapter 4 and
Chapter 5) the results of some existing and chosen problems, obtained by using the
existing methods [38, 49],methods proposed in previous chapters and the method

proposed in this chapter are compared in Table 6.7.
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The results, presented in Table 6.7, can be explained as follows:

(1)

The existing method [38] can be used only for solving such fully fuzzy ca-
pacitated minimum cost flow problems for which the restrictions éz-j <y <

wy, Ly < Ty < g, liLj < xfj < ule and lf} < xf} < ug are satisfied. How-
ever, no feasible solution is obtained by using the existing method [38] on
solving such fully fuzzy capacitated minimum cost flow problems for which
these restrictions are not satisfied. Since, for the values of Lj and ;; chosen
in the existing problem [39, Example 3.5, pp.2498] the restrictions /;; < x;; <
Ui, liLj < :c{; < ufj and lﬁ < xf} < ufj% are satisfying so as discussed in Sec-
tion 3.5, it can be solved by using the existing method [38]. However, for the
values of Zij and u;; chosen in Example 3.1 and Example 3.2 the restrictions

— — L L L R R R
Lij < @y < g, lij <z < uy; and lij < z;; < uy; are not

L <£ij§“ tj v

Lij = Wi
satisfying so as discussed in Section 3.5 by using the existing method [38] no
feasible solution is obtained for these problems. Also, the remaining problems
are neither fully fuzzy single objective un-capacitated transportation problems
and fully fuzzy single objective un-capacitated minimum cost flow problems
nor such fully fuzzy single objective capacitated transportation problems and

fully fuzzy single objective capacitated minimum cost flow problems, so none

of the remaining problems can be solved by using the existing method [38].

The method, proposed in Chapter 3, can be used only for solving fully fuzzy
single objective un-capacitated and capacitated transportation problems as
well as fully fuzzy single objective un-capacitated and capacitated minimum
cost flow problems. Since, the existing problem [38, Example 3.5] and the prob-

lems, chosen in Example 3.1, Example 3.2, Example 4.1, Example 4.3, are fully
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fuzzy single objective capacitated minimum cost flow problem and fully fuzzy
single objective capacitated minimum cost flow problem, fully fuzzy single
objective capacitated minimum cost flow problem, fully fuzzy single objective
capacitated transportation problem, fully fuzzy single objective un-capacitated
transportation problem respectively. So these problems can be solved by us-
ing the method proposed in Chapter 3. However, the remaining problems are
neither fully fuzzy single objective un-capacitated and capacitated transporta-
tion problems nor fully fuzzy single objective un-capacitated and capacitated
minimum cost flow problems. So, none of the remaining problem can be solved

by the the method proposed in Chapter 3.

The method, proposed in Chapter 4, can be used for solving fully fuzzy sin-
gle and multi-objective un-capacitated and capacitated transportation prob-
lems and fully fuzzy single and multi-objective un-capacitated and capaci-
tated minimum cost flow problems. Since, the existing problem [49, Exam-
ple 4.2], the problems chosen in Example 4.2, Example 4.4 and Example 4.5
are fully fuzzy multi-objective un-capacitated transportation problem, fully
fuzzy multi-objective capacitated transportation problem, fully fuzzy multi-
objective un-capacitated minimum cost flow problem and fully fuzzy multi-
objective capacitated minimum cost flow problem respectively. So, all these
problems can be solved by the method proposed in Chapter 4, Also, the method
proposed in Chapter 4 is the generalization of the method proposed in Chap-
ter 3. So, all the problems which can be solved by the method proposed in
Chapter 3 can also be solved by the method proposed in Chapter 4. However,

the remaining problems are neither fully fuzzy single and multi-objective un-
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capacitated and capacitated transportation problems nor fully fuzzy single and
multi-objective un-capacitated and capacitated minimum cost flow problems.
So, none of the remaining problem can be solved by the the method proposed

in Chapter 4.

The method, proposed in Chapter 5, can be used for solving fully fuzzy sin-
gle and multi-objective un-capacitated and capacitated solid transportation
problems and fully fuzzy single and multi-objective un-capacitated and ca-
pacitated solid minimum cost flow problems. Since, the problems chosen in
Example 5.1, Example 5.2 and Example 5.3 are fully fuzzy multi-objective un-
capacitated solid transportation problem, fully fuzzy multi-objective capaci-
tated solid transportation problem and fully fuzzy multi-objective capacitated
solid minimum cost flow problem respectively. So these problems can be solved
by the method proposed in Chapter 5. Also, the method proposed in Chap-
ter 5 is the generalization of the method proposed in Chapter 4. So, all the
problems which can be solved by the method proposed in Chapter 4 can also
be solved by the method proposed in Chapter 5. However, in the problems,
chosen in Example 6.1 and Example 6.2 all the parameters are represented by
intuitionistic fuzzy numbers so these problems can not be solved by using the

method proposed in Chapter 5.

The method, proposed this chapter, can be used for solving intuitionistic fully
fuzzy single and multi-objective un-capacitated and capacitated solid trans-
portation problems and intuitionistic fully fuzzy single and multi-objective

un-capacitated and capacitated solid minimum cost flow problems. Since, the
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problems chosen in Example 6.1 and Example 6.2 are intuitionistic fully fuzzy
single objective capacitated solid minimum cost flow problem and intuition-
istic fully fuzzy multi-objective capacitated solid minimum cost flow problem
respectively. So, these problems can be solved by the methods proposed in this
chapter. Also, the method proposed in this chapter is the generalization of
the method proposed in Chapter 5. So, all the problems which can be solved
by the method proposed, in Chapter 5, can also be solved by the method

proposed in this chapter.

6.9 Conclusions

On the basis of the present study, it can be concluded that it is better
to use the proposed ranking approach for comparing intuitionistic fuzzy numbers
as compared to existing ranking approaches. Also, it can be concluded that it is
not possible to find the intuitionistic fuzzy optimal solution of intuitionistic fully
fuzzy single and multi-objective capacitated solid minimum cost flow problems by
using any of the existing methods [38,49] as well as methods proposed in Chapter 3,
Chapter 4 and Chapter 5. Only the methods proposed in this chapter can be used

for the same.






Chapter 7

FUTURE SCOPE

(1)

The following may be treated as future directions:

To collect the data of a real life intuitionistic fully fuzzy multi-objective capac-
itated solid minimum cost flow problem and to apply the methods proposed

in Chapter 6 for solving it.

To apply the method for comparing intuitionistic fuzzy numbers, proposed in
Chapter 6, for solving other problems such as intuitionistic fuzzy shortest path
problems, intuitionistic fuzzy maximum flow problems and intuitionistic fuzzy

assignment problems etc.

To develop a ranking approach for comparing interval valued LR flat intuition-
istic fuzzy numbers and use it to modify the method proposed in Chapter 6
for solving interval valued intuitionistic fully fuzzy single and multi-objective

capacitated solid minimum cost flow problems.
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