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ABSTRACT

Functional analysis plays an increasing role in the applied sciences and mathematics. It is an

abstract branch of mathematics that is developed from classical analysis. Proper functional

analytic setting is important for the study of initial and boundary value problems. It is also

important for the construction of effective numerical schemes. With the discovery of distribu-

tions, the role of functional analysis in partial differential equations has become more important.

Numerical methods like finite element and finite volume methods depend on the results of func-

tional analysis both for the construction and error analysis of the schemes. The accuracy of

several approximations to partial differential equations very much depends on the smoothness

of the analytical solution to the equation under consideration. So, smoothness of data becomes

very important in the analysis. For this motive, we will consider some classes of functions with

some specific differentiability and integrability properties, called function spaces.

Chapter 1 starts with an introduction to function spaces with examples and we define the

different norms which are used in analysis of partial differential equations. In addition to this,

we have included the different inequalities which will be used in forthcoming chapters.

In Chapter 2, we discuss the theory of distributions and also discussed the need of distribu-

tions. Several properties like differentiability, measure as distribution and functions as distri-

butions have discussed. The concept of weak derivatives and convolution of distributions have

included.

Finally, in Chapter 3, we study the Sobolev spaces and norm defined on theses spaces.

Then we study some extension theorems, imbedding theorems, compactness theorems, and

trace theory. Then motivation for weak solution and its existence and uniqueness through Lax-

Milgram Theorem. Some test examples have been studied for weak formulation from elliptic

partial differential equations.
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Notation and conventions

(i) N denotes the set of non-negative integers.

(ii) Rn denotes the n-dimensional Euclidean space over R.

(iii) Ω � Rn will always be an open and non empty subset.

(iv) Ω̄ stands for the closure of Ω in Rn.

(v) BΩ stands for the boundary of Ω.

(vi) Ω1 �� Ω means that Ω1 is a relatively compact open subset of Ω.

(vii) CpΩq is the space of continuous functions on Ω.

(viii) CpΩ̄q is the space of continuous functions on Ω̄.

(ix) CkpΩq is the space of k-times continuously differentiable functions on Ω.

(x) CkpΩ̄q is the space of functions in CkpΩq which together with all derivatives possess con-

tinuous extensions to Ω̄.

(xi) C8pΩq �
8�

k�0
CkpΩq.

(xii) C8pΩ̄q �
8�

k�0
CkpΩ̄q.

(xiii) DpΩq is the space of functions in C8pΩq with compact support in Ω.

(xiv) D � DpRnq.

(xv) D1pΩq is the space of distributions on Ω.

(xvi) D1 � D1pRnq.

(xvii) EpΩq �C8pΩq.

(xviii) E� EpRnq.

(xix) E1pΩq is the space of distributions with compact support in Ω.
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(xx) E1 � E1pRnq.

(xxi) S is the Schwartz space of rapidly decreasing functions in Rn.

(xxii) W m,ppΩq is the Sobolev space of order m for 1¤ p¤8with norm }.}m,p,Ω and semi-norm

|.|m,p,Ω.

(xxiii) W m,p
0 pΩq is the closure of DpΩq in W m,ppΩq.

(xxiv) W m,2pΩq � HmpΩq with norm }.}m,Ω and semi-norm |.|m,Ω.

(xxv) W m,2
0 pΩq � Hm

0 pΩq.

(xxvi) W 0,ppΩq � LppΩq with norm |.|0,p,Ω.
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Chapter 1

Function Spaces

1.1 Introduction

In analysis we can investigate functions in two ways. First way is classical. In this way we

investigate properties of functions individually by calculating their values, derivatives, integrals

etc. On the other hand second way is general and modern. In this way we consider a set in

which functions are appeared as elements of the set. We analyze the geometric and algebraic

properties of such a set. First approach is used in classical analysis while the second approach

is used in functional analysis. From the second point of view we can define the function space.

A function space is a set of functions with specific differentiability and integrability properties.

In this chapter we will study various types of function spaces. For the sake of notational conve-

nience, we introduce the concept of multi-index.

Definition 1. (Multi-index notation) Let N be the set of non negative integers. An n-tuple

α � pα1, ...,αnq P Nn

is called multi-index of length |α| � α1� ..�αn.

Dα �
� B
Bx1


α1

....

� B
Bxn


αn

� B|α|
Bx1α1 ...Bxnαn

.
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Example 1. Let n � 3, and α � pα1,α2,α3q, α j P N, j � 1,2,3.

Then for a function v of three variables x1,x2,x3, we have¸
|α|�3

Dαv � B3v
Bx13 �

B3v
Bx12Bx2

� B3v
Bx12Bx3

� B3v
Bx1Bx22 �

B3v
Bx1Bx32

� B3v
Bx23 �

B3v
Bx1Bx2Bx3

� B3v
Bx22Bx3

� B3v
Bx2Bx32 �

B3v
Bx33 .

This example shows the importance of multi-index notation. Instead of writing ten terms on the

right-hand side, we can compress the information by writing the single expression shown on the

left.

Definition 2. (Space CkpΩq) Let Ω be an open set in Rn and let k P N. Then CkpΩq be the set

of all continuous real-valued functions v defined on Ω such that Dαv is continuous on Ω for all

α � pα1, ....,αnq with |α| ¤ k, i.e.

CkpΩq :� tv : Ω Ñ R|v is k-times continuously differentiableu .

Definition 3. (Space CkpΩ̄q) Let Ω is a bounded open set in Rn. Then CkpΩ̄q be the set of all

v in CkpΩq such that Dαv can be extended from Ω to a continuous function on Ω̄, where Ω̄

denotes the closure of the set Ω.

Example 2. Consider Ω � p0,1q � R. The function

vpxq � 1
x
PCkpΩq, for each k ¥ 0.

Now Ω̄ � r0,1s, clearly v is not continuous at x=0. Therefore, v RCkpΩ̄q for any k ¥ 0.

1.1.1 Norm on CkpΩ̄q

Norm on CkpΩ̄q is defined as

}v}CkpΩ̄q :�
¸
|α|¤k

sup
xPΩ

|Dαvpxq|.
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In particular if k � 0, we shall write CpΩ̄q instead of C0pΩ̄q which denotes the set of all contin-

uous functions defined on Ω̄. In this case norm is defined as

}v}CpΩ̄q � sup
xPΩ

|vpxq|

If k � 1, norm is defined as

}v}C1pΩ̄q �
¸
|α|¤1

sup
xPΩ

|Dαvpxq|

� sup
xPΩ

|vpxq|�
ņ

j�1

sup
xPΩ

| Bv
Bx j

pxq|.

Definition 4. (Support of a function) Let v PCpΩq i.e. v be a continuous function defined on

Ω. The support of v is written as supp(v) and is defined as the closure (in Ω) of the set where v

is non-zero, i.e.,

supppvq :� tx P Ω | vpxq � 0u

Remark 1. Let v PCpΩq,

(i) v � 0 ðñ supppvq � φ.

(ii) supppvq is closed subset of Ω.

Example 3. Let v be the function defined on Rn by

vpxq �
$&% e

�1
1�|x|2 , |x|   1;

0, Otherwise,

where |x| � px1
2� ....� xn

2q1{2. Clearly, the support of v is the closed unit ball

tx P Rn : |x| ¤ 1u.

3



Definition 5. (Space C8pΩq) Let Ω be an open set in Rn. C8pΩq denotes the space of infinitely

continuously differentiable functions, i.e.

C8pΩq :�
£
k¥0

CkpΩq.

Elements of C8pΩq are called smooth functions.

Example 4. Let v : RÑ R be defined by

vpxq �
$&%e�x�2

, x ¡ 0,

0 , x ¤ 0.

Here, we only need to check smoothness at x � 0. For x ¤ 0 all the derivatives will become

zero but for x ¡ 0 the derivatives are finite linear combinations of terms of the form x�me�x�2
,

where m is an integer greater than or equal to zero. By using the l’Hôpital’s Rule these terms

will become zero. So, v PC8pRq i.e. v is a smooth function.

Definition 6. (Test functions) Let Ω be any open set in Rn. The space of smooth functions with

compact support is said to be the space of test functions. It is denoted by DpΩq i.e.,

DpΩq :� tv PC8pΩq|supp(v) is compactu .

Remark: DpΩq can also be written as C8
c pΩq.

1.1.2 Non triviality of the space DpΩq

For k P N, we have the inclusions

DpΩq �Ck�1
c �Ck

cpΩq.

We know that zero function belong to DpΩq. But the question arises whether there exist any non-

zero functions in DpΩq or not. For the answer of this question we will study Bump functions.
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Example 5. (Bump function) The function ψ : RÑ R given by

ψpxq �
#

e
�1

1�x2 , |x|   1;

0, Otherwise.

This is an example of bump function in one dimension. Since a function defined on R has

compact support iff its has bounded support. Therefore, this function has compact support

which is [-1,1]. Also it is smooth function. So, ψ P DpΩq.

1.2 The Lp spaces

Let Ω denotes the open set and F be the collection of all measurable extended real valued

functions on Ω which are finite a.e on Ω. The functions f ,g P F are said to be equivalent and is

denoted by f � g if

f pxq � gpxq for almost all x P Ω.

Thus we get a equivalence relation, i.e. it is reflexive, symmetric and transitive. Therefore

it induces a partition of F into a disjoint collection of equivalence classes, which is denoted

by F{ � . There is a natural linear structure on F{ � . For any two functions f ,g P F, their

equivalence classes r f s,rgs and real numbers α and β, we define the linear combination αr f s�
βrgs to be the equivalence class of the functions in F that take the value α f pxq�βgpxq at points

x in Ω at which both f and g are finite [1].

The zero element of this linear space is the equivalence class of functions that vanishes a.e on

Ω.

Definition 7. Let Ω be a open set and 1 ¤ p   8 be a real number. The space LppΩq is the

collection of equivalence classes r f s for which»
Ω

| f |pdx  8.

In the late nineteenth century it was noticed that whether real valued functions of one or

more real variables were the basic elements of classical analysis but it is also useful to consider

real valued functions that have as their domain linear space of functions, such functions are

5



called functionals. Now we extend the concept of absolute value from the real numbers to

general linear spaces, which is known as norm.

Definition 8. (Normed linear space) Let X be a linear space. A real valued functional }.} on

X is said to be norm on X if it satisfies the following properties:

piq } f } ¥ 0 and } f } � 0 ðñ f � 0, @ f P X .

piiq } f �g} ¤ } f }�}g}, @ f ,g P X .

piiiq }α f } � |α|} f }, @ f P X ,α P R.

A linear space together with a norm is called a normed linear space. If X is a normed linear

space with the norm }.}, then a function f in X is said to be unit function if } f } � 1. For any

f � 0 P X the function f {} f } is a unit function. Clearly it is a scalar multiple of f which we

call the normalization of f .

Example 6. Let f P L1pΩq, where L1pΩq consists of equivalence classes of integrable functions.

Define

} f }1 �
»

Ω

| f |.

Then }.}1 defines a norm on L1pΩq.
Let f ,g P L1pΩq, therefore f and g are finite a.e on Ω.

We deduce from the triangle inequality of real numbers that

| f �g| ¤ | f |� |g| a.e on Ω .

Therefore

} f �g}1 �
»

Ω

| f �g|

¤
»

Ω

p| f |� |g|q

�
»

Ω

| f |�
»

Ω

|g|
� } f }1�}g}1.

Hence we have } f �g}1 ¤ } f }1�}g}1.

Also, } f }1 is always ¥ 0 for all f P L1pΩq.

6



Now, if f P L1pΩq and } f } � 0 then we have f � 0 a.e on Ω.

Therefore r f s is the zero element of the linear space L1pΩq i.e f � 0.

Example 7. Consider the space L2pΩq and let f P L2pΩq.
Then the norm is defined as

} f }L2pΩq :�
�»

Ω

| f |2

1{2

Theorem 1. (The Cauchy-Schwarz inequality) Let u,v P L2pΩq. Then

|pu,vq| ¤ }u}L2pΩq}v}L2pΩq.

Proof. Let α P R, then

0 ¤ }u�αv}2
L2pΩq

� pu�αv,u�αvq
� pu,uq�pu,αvq�pαv,uq�pαv,αvq
� }u}2

L2pΩq
�2αpu,vq�α

2}v}2
L2pΩq

.

The right-hand side is a quadratic polynomial in α with real coefficients, and it is non-negative

for all α P R, therefore its discriminant is non-positive, i.e.

|2pu,vq|2�4}u}2
L2pΩq

}v}2
L2pΩq

¤ 0,

and hence we get the required inequality.

Theorem 2. (The triangle inequality) Let u,v P L2pΩq, then u� v P L2pΩq, and

}u� v}L2pΩq ¤ }u}L2pΩq�}v}L2pΩq.

Proof. Here we use the Cauchy-Schwarz inequality.

}u� v}2
L2pΩq

� pu� v,u� vq � }u}2
L2pΩq

�2pu,vq�}v}2
L2pΩq

¤ p}u}L2pΩq�}v}L2pΩqq2.

By taking the square root on both sides we get the required inequality.
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Definition 9. (Essential supremum of a function) Let v be a function defined on Ω. The

smallest positive number M such that |v| ¤ M for almost every x in Ω is said to be essential

supremum of |v|. We write

M � ess. supp xPΩ|vpxq|

Definition 10. (Space L8pΩq) The space L8pΩq consists of functions which have finite essen-

tial supremum on Ω. Here norm is defined as

}v}L8pΩq � M � ess. supp xPΩ|vpxq|.

So, we have defined the L1pΩq and L8pΩq spaces and their corresponding norms. Now we

define norm on LppΩq for 1   p  8.

Definition 11. Let Ω be an open set and 1  p 8. Let f be a function in LppΩq. Then we will

show that norm on LppΩq is defined as

} f }LppΩq :�
�»

Ω

| f |p

1{p

.

Here } f } ¥ 0@ f P LppΩq.
Also f P LppΩq and } f }p � 0 then we have f � 0 a.e on Ω.

Therefore r f s is the zero element of the linear space LppΩq i.e f � 0.

For triangle inequality we need,

} f �g}p ¤ } f }p�}g}p for all f , g in LppΩq.

But this is not obvious. It is called Minkowski’s Inequality and further we will prove it.

Young’s Inequality: Let p and q be positive real numbers satisfying

1
p
� 1

q
� 1.

Then, for every positive real numbers a and b,

ab ¤ ap

p
� bq

q
.

8



Proof. We know that a real valued function f defined on an interval I is convex if for every

α,β P I and for λ,µ P r0,1s with λ�µ � 1,

f pλα�µβq ¤ λ f pαq�µ f pβq.
Also, we know that the function f ptq � et , t ¡ 0 is convex. Thus, for every α,β P I and for

λ,µ P r0,1s with λ�µ � 1,

eλα�µβ ¤ λeα�µeβ,

equivalently,

eλαeµβ ¤ λeα�µeβ.

By taking λ � 1{p and µ � 1{q and α and β such that a � eα{p, b � eβ{q,

we obtain the required inequality.

Hölder’s inequality:For any two functions v P LppΩq,w P LqpΩq with 1
p � 1

q � 1,����»
Ω

vptqwptqdt
����¤ }v}LppΩq}w}LqpΩq.

Proof. For v P LppΩq, let

}v}p �
�»

Ω

|vptq|pdt

1{p

.

Note that

}v}p � 0 ðñ v � 0.

Thus, for v,w P LppΩq, if at least one of v and w is 0, then the inequality holds trivially. So, we

assume that both v and w are nonzero vectors. For each t, take

a � |vptq|
}v}p

,

b � |wptq|
}w}q

.

Now, substitute a and b in Young’s inequality we have

|vptqwptq|
}v}p}w}q

¤ |vptq|p
p}v}p

p
� |wptq|q

q}w}q
q
.

Taking integration on both sides, we get»
Ω

|vptqwptq|
}v}p}w}q

dt ¤
»

Ω

|vptq|p
p}v}p

p
dt�

»
Ω

|wptq|q
q}w}q

q
dt � 1

p
� 1

q
� 1.

From this, the required inequality follows.

9



Minkowski’s Inequality: For 1 ¤ p  8, and for any two functions f ,g P LppΩq,

} f �g}LppΩq ¤ } f }LppΩq�}g}LppΩq.

Proof.

} f �g}p
p �

»
Ω

| f �g|p

�
»

Ω

| f �g|| f �g|p�1

¤
»

Ω

p| f |� |g|qp| f �g|qp�1

�
»

Ω

p| f || f �g|p�1�|g|| f �g|p�1q.

Applying Hölder’s inequality, we have»
Ω

| f || f �g|p�1 ¤ } f }p

�»
Ω

| f �g|pp�1qq

1{q

� } f }p} f �g}p{q
p .

Similarly, »
Ω

|g|| f �g|p�1 ¤ }g}p} f �g}p{q
p .

Hence,

} f �g}p
p ¤ p} f }p�}g}pq} f �g}p{q

p .

From this, we obtain

} f �g}p ¤ } f }p�}g}p.

1.2.1 Lp is complete: Riesz-Fischer theorem

Definition 12. Let t fnu be a sequence in normed linear space X . Then t fnu is said to converge

to f in X if

lim
nÑ8

} f � fn} � 0.

We write

t fnu Ñ f in X .

10



Definition 13. Let t fnu be a sequence in normed linear space X . Then t fnu is said to be Cauchy

in X if for each ε ¡ 0, there exist a natural number N such that

} fn� fm}   ε for all m, n ¥ N.

A normed linear space X is said to be complete provided every Cauchy sequence in X

converges to a function in X . A complete normed space is called Banach space.

Lemma 1. Let X be a normed linear space. Then every convergent sequence in X is Cauchy.

Moreover, a Cauchy sequence in X converges if it has a convergent subsequence.

Proof. Let t fnu be a convergent sequence in X and it converges to f i.e.,

limnÑ8} fn� f } � 0.

By the triangle inequality we have,

} fn� fm} ¤ } fn� f }�} fm� f } for all m,n.

Therefore t fnu is Cauchy.

Now let t fnu be a Cauchy sequence in X which has subsequence t fnku Ñ f in X .

Let ε ¡ 0. Since t fnu is Cauchy, therefore we can choose a natural number N such that

} fn� fm}p   ε{2

for all n,m ¥ N.

Since t fnku converges to f , so we may choose k such that nk ¡ N and } fnk � f }p   ε{2.
Then, by triangle inequality for the norm we have,

} fn� f }p � }r fn� fnks� r fnk � f s}p

¤ } fn� fnk}p�} fnk � f }p

  ε for n ¥ N.

Therefore t fnu Ñ f in X .

11



Definition 14. Let X be a normed linear space. A sequence t fnu in X is said to be rapidly

Cauchy if there exist a convergent series of positive numbers
°8

k�1 εk for which

} fk�1� fk} ¤ ε
2
k for all k.

It is useful to observe that if t fnu is a sequence in a normed linear space and the sequence

of non-negative numbers taku has the property that

} fk�1� fk} ¤ ak for all k,

then

fn�k� fn �
n�k�1¸

j�n

r f j�1� f js for all n,k, (1.1)

} fn�k� fn} ¤
n�k�1¸

j�n

} f j�1� f j} ¤
8̧

j�n

a j for all n,k. (1.2)

Lemma 2. let X be a normed linear space. Then every rapidly Cauchy sequence in X is Cauchy.

Furthermore, every Cauchy sequence has a rapidly Cauchy subsequence.

Proof. Let t fnu be a rapidly Cauchy sequence in X and
°8

k�1 εk a convergent series of non-

negative numbers for which

} fk�1� fk} ¤ ε
2
k for all k. (1.3)

From (1.2) we have

} fn�k� fn} ¤
8̧

j�n

ε
2
j for all n,k. (1.4)

Since the series
°8

k�1 εk converges, therefore the series
°8

k�1 ε2
k is also convergent.

Now from (1.4) we have that t fnu is a Cauchy sequence in X . We may inductively choose a

strictly increasing sequence of natural numbers tnku for which

} fnk�1 � fnk} ¤ p1{2qk for all k.

The subsequence t fnku is rapidly Cauchy since the geometric series with ratio 1{ap2q con-

verges.
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Remark 2. Let E be a measurable set and 1 ¤ p ¤8. Then every rapidly Cauchy sequence in

LppEq converges both with respect to the LppEq norm and pointwise a.e. on E to a function in

LppEq.

The Riesz-Fischer theorem: Let E be a measurable set and 1 ¤ p ¤ 8. Then LppEq is a

Banach space. Moreover, if t fnuÑ f in LppEq, a subsequence of t fnu converges pointwise a.e.

on E to f .

Proof. Let t fnu be a Cauchy sequence in LppEq. According to Lemma(2), there is a subse-

quence t fnku of t fnu, that is rapidly Cauchy. The preceding remark tells us that t fnku converges

to a function f in LppEq both with respect to the LppEq norm and pointwise a.e. on E. Ac-

cording to the lemma(1) the whole Cauchy sequence converges to f with respect to the LppEq
norm.
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Chapter 2

Distributions

2.1 Introduction

When we study the solution of partial differential equation in the classical sense, we know

that the solution must be differentiable at least as many times as the order of the equation and it

must satisfy the equation everywhere in space and time [2]. However, such point of view is very

restrictive and we have several equations which fail to possess such solutions. Let us consider

the following example.

Example 8. Consider the following partial differential equation

ut �uux � 0, x P R, t ¡ 0, (2.1)

where the subscripts denote differentiation with respect to the corresponding independent vari-

able. This equation is known as Burger’s equation and is closely related to a class of partial

differential equations known as hyperbolic conservation laws. Let upx, tq be a smooth solution

of given equation which satisfies an initial condition of the form

upx,0q � u0pxq, x P R, (2.2)

where u0pxq is a given function of x. Let us now define a curve x � xptq in the x� t plane by

means of the ordinary differential equation

dx
dt
ptq � upxptq, tq. (2.3)
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Along such a curve we have

du
dt

� Bu
Bt
� Bu
Bx

dx
dt
� ut �uux � 0

since u satisfies (2.1). Hence along each such curve, u=a constant. It then follows from (2.3)

that such curves are straight lines. These are called ’characteristic curves’ and the curve

through the point px0,0q on the real line will have the form

x � x0� ct, c � u0px0q (2.4)

and all along this curve upx, tq � u0px0q. Now consider a smooth initial function u0. Here the

two characteristic curves meet at the same point(say P) and hence the value of u at P is not even

well defined. Thus except for a short time, we can not even expect the function to be continuous.

If we only wish to study classical solutions, such equations can not be tackled. So, there is need

of generalizing the notion of a solution of partial differential equations. In other words, we will

study the larger class of objects, called Distributions, on which we can define a generalized

derivative and wherein the usual rules of calculus will hold. Distributions are also known as

generalized functions. To study the definition of distribution, we first need to understand linear

functional and convergence of test functions.

Definition 15. (Linear functional) A linear functional f is a mapping from a vector space into

a field i.e.

f : V Ñ F

such that

(i) f px� yq � f pxq� f pyq,

(ii) f pαxq � α f pxq,

for all x,y PV and α P F.

Example 9. Let V �Cra,bs then f is defined by

f pxq �
» b

a
xptqdt, x PCra,bs.

Here f is a linear functional.
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Example 10. Consider the Hilbert space l2 and choose a � pαiq P l2, then

f pxq �
8̧

i�1

xiαi, x � pxiq P l2.

Here f is linear functional.

Definition 16. (Convergence of test functions) Let tφnu be a sequence of functions in DpΩq.
Then φn Ñ φ pas n Ñ8q in DpΩq if

(i) there exist a compact set K � Ω such that supppφq � K and supppφnq � K @n, and

(ii)Bαφn Ñ Bαφ uniformly on K for all α P Nn.

Definition 17. A linear functional T on DpΩq is said to be distribution on Ω if whenever

φn Ñ 0 in DpΩq then T pφnq Ñ 0 in F, equivalently we can say that if φn Ñ φ in DpΩq then

T pφnq Ñ T pφq in F.

Remark 3. The space of all distributions on Ω is denoted by D1pΩq.

Definition 18. A function u : ΩÑR is said to be locally integrable if for every compact subset

K of Ω, we have »
K
|u|   8.

For example every continuous function is locally integrable.

The locally integrable functions generates distribution. For this see the following examples.

Example 11. Consider the locally integrable function(on R2) as r�1 where r � |x|. If B is the

ball of radius ε centered at the origin, then»
B

1
r
�
»

ε

0

» 2π

0

1
r

rdθdr,

which is finite. Let u : Rn Ñ R be a locally integrable function.

Then a functional Tu : DpRnq Ñ C defined by

Tupφq �
»
Rn

upxqφpxqdx, φpxq P DpRnq,

is a distribution.
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If f and g are two locally integrable functions such that f � g a.e. then it is obvious that

Tf � Tg. In particular if f � 0 a.e., it defines the zero distribution. In fact, the converse is also

true. If Tf � 0 then f � 0 a.e., given that f is locally integrable.

Example 12. Let x P Rn and the functional δx is defined as

δxpφq � φpxq, φ P DpRnq.

Then δx is distribution.

In particular, if x � 0 we write this distribution as δ and it is the well known ”Dirac’ delta

distribution”, introduced by P.A.M. Dirac early in this century. His symbolic calculus of the

δ�function made no mathematical sense until correctly formulated in the framework of the

theory of distributions developed essentially and L. Schwartz.

Theorem 3. (Legendre’s lemma) Let v : Rn Ñ C be a locally integrable function. Then

Tvpφq �
»
Rn

vpxqφpxqdx � 0, @ φ P DpRnq, p1q

if and only if vpxq � 0 almost everywhere in DpRnq.

Proof. Let vpxq � 0. Then clearly Tv � 0.

Conversely assume that Tv � 0.

To prove: vpxq � 0 almost everywhere(a.e).

In this proof we will first extend the relation (1) from DpRnq to CpRnq of all continuous functions

with compact support and then to the set MpRnq of all bounded measurable functions with

compact support.

Let c ¡ 0. Let the set Kc denotes the c-neighbourhood of a compact set K � Ω. We know that

the set Kc consists of points having distance from K less than c.

By uniform-boundedness theorem, for every given ε¡ 0,c¡ 0 and a function f PCpRnq having

support K there exist a function φ1 P DpRnq such that

supppφ1q � Kc and | f pxq�φ1pxq| ¤ ε, x P Kc.

Therefore, we have ����»
Rn

vpxqrφ1pxq� f pxqsdx
����¤ ε

»
Kc

|vpxq|dx,
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Now by using (1) the above inequality is reduced to����»
Rn

vpxq f pxqdx
����¤ ε

»
Kc

|vpxq|dx.

For fixed c if we assume ε Ñ 0, we have»
Rn

vpxqφ1pxqdx � 0.

Now let h be a arbitrary function in MpRnq.
According to the Lebesgue theory of integration, there exist a sequence of functions hm PCpRnq
converging to h a.e as m Ñ8. Then we have»

Rn
vpxqhpxqdx � limmÑ8

»
Rn

vpxqhmpxqdx � 0.

Therefore for any h P MpRnq we have»
Rn

vpxqhpxqdx � 0.

Finally, let us represent a complex valued function vpxq defined by

vpxq � |vpxq|eθpxq,

and define a function hapxq by

hapxq �
#

e�iθpxq, |x| ¤ a and vpxq � 0;

0, |x| ¡ a or vpxq � 0.

where a is the positive number.

Therefore, for any a ¡ 0 we have

0 �
»
Rn

vpxqhapxqdx �
»
|x|¤a

|vpxq|dx.

As |vpxq ¥ 0| and
³
|x|¤a |vpxq|dx � 0.

So we must have vpxq � 0 a.e on the ball |x| ¤ a. Since the number a ¡ 0 is arbitrary, so we

conclude that vpxq � 0 a.e on Rn.

Theorem 4. Let Ω be an open subset of Rn. Then the following statements are equivalent:
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(i) T is distribution on Ω.

(ii) For every compact subset K of Ω there exist constants c and α depend on K such that

|T pφq| ¤ c}φ}α, p�q

for all φ P DpΩq and supp(φ)� K, where }φ}α is the maximum absolute value of φ over Ω

and all its derivatives upto order α.

Proof. (i) ùñ (ii)

Let T is distribution on Ω i.e. T P D1pΩq.
Let Dk denotes the subspace of functions in DpΩq which have support in K and let φm Ñ 0 in

DpΩq. Then φm Ñ 0 in DpΩq.
Also, T pφmq Ñ 0 because T is distribution. Now, the induced topology on Dk is metrizable and

is generated by the semi-norms }.}α. Thus T restricted to Dk is continuous for any compact set

K � Ω and (*) just expresses this fact.

(ii) ùñ (i)

Let φm Ñ 0 in DpΩq. Then }φm}α Ñ 0 for all α.

By using the given condition in (ii), T pφmq Ñ 0.

Hence T P D1pΩq.

2.1.1 Calculus with distributions

Functions as distributions

Suppose u is a locally integrable complex valued function in Ω, i.e. for every compact subset K

of Ω, we have »
K
|u|   8.

Define

Tupφq �
»

Ω

φpxqupxqdx, φ P DpΩq.
Since

|Tupφq| ¤
�»

K
|u|


}φ}0, φ P DK.

Now, by theorem (4) Tu P D1pΩq.
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Measures as distributions

If v is a complex Borel measure on Ω, or if v is a positive measure on Ω with vpKq   8 for

every compact set K � Ω, the equation

Tvpφq �
»

Ω

φdv, φ P DpΩq,

defines a distribution Tv in Ω.

Differentiation of distributions

If α is a multi-index and T P D1pΩq, then

pDαT qpφq � p�1q|α|T pDα
φq, φ P DpΩq

defines a linear functional DαT on DpΩq. If

|T φ| ¤ c}φ}n,

for all φ P DK, then

|pDαT qpφq| ¤ c}Dα
φ}n ¤ c}φ}N�|α|.

Therefore, by theorem (4) DαT P D1pΩq.

Remark 4. For every distribution T and for all multi-induces α and β we have,

DαDβT � Dα�βT � DβDαT.

Proof.

pDαDβT qpφq � p�1q|α|pDβT qpDα
φq

� p�1q|α|�|β|T pDβDα
φq

� p�1q|α�β|T pDα�β
φq

� pDα�βT qpφq.
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Example 13. Consider the Dirac distribution δ on R

dδ

dx
pφq � �φ

1p0q

which is, upto a sign, the doublet distribution.

Example 14. Consider the Heaviside function on R

Hpxq �
#

1, x ¥ 0;

0, x   0.

Clearly this function is locally integrable. Therefore it defines the distribution.

Let us denote this distribution by TH . Let φ P DpRq. Then

dTH

dx
pφq � �TH

�
dφ

dx



� �

» 8
0

dφ

dx
� φp0q � δpφq.

Thus, we have
dTH

dx
� δ.

2.1.2 Weak derivatives

We denote by L1
locpRq the space of locally integrable functions f : R Ñ R. These are the

Lebesgue measurable functions which are integrable over every bounded interval. Let C8
c pRq

be the space of all continuous functions with compact support.

Definition 19. Given an integer k ¥ 1, the distributional derivative of order k of f P L1
loc is the

linear functional

TDkp f qpφq � p�1qk
»
R

f pxqDk
φpxqdx.

If there exist a locally integrable function g such that TDkp f q � Tg, namely»
R

gpxqφpxqdx � p�1qk
»
R

f pxqDk
φpxqdx for all φ PC8

c pRq

then we say that g is the weak derivative of order k of f.
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Example 15. Consider the function

f pxq �
#

0, x ¤ 0;

x, x ¡ 0.

It’s distributional derivative is the map

T pφq � �
» 8

0
x.φ1pxqdx �

» 8
0

φpxqdx �
»
R

Hpxqφpxqdx

where

Hpxq �
#

1, x ¥ 0;

0, x   0.

Here the Heaviside function H is the weak derivative of f .

Remark 5. (Leibniz’s Formula) Let Ω � Rn be an open set, φ P CcopΩq, T P D1pΩq. Then for

any multi-index α,

DαpφT q �
¸
β¤α

α!
β!pα�βq!Dβ

φDα�βT.

Definition 20. (Support of a distribution) The support of a distribution is the complement of the

largest open set on which the distribution vanishes.

Example 16. If T � Tf , the distribution generated by a continuous function, then

supp Tf � supp p f q.

Example 17. The support of the Dirac distribution and all its derivatives is the set t0u.

Definition 21. Let T P D1pΩq. The singular support of T is the complement of the largest open

set on which T is C8.

Clearly the singular support of T, denoted by sing.supp(T ), is closed in Ω and

sing supp(T )� supp(T ).
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2.1.3 Convolution of functions

We will now study an important and useful operation on functions which we will later extend

to certain classes of distributions.

Let f ,g P L1pRnq. For x P Rn, consider the integral,

hpxq �
»
Rn

f px� yqgpyqdy. (2.5)

This integral is well-defined since Fpx,yq � f px� yqgpyq is measurable in the product space

Rn
x �Rn

y and by Fubini’s theorem and the property of translation invariance of the Lebesgue

measure, »
Rn�Rn

|Fpx,yq|dxdy �
»
Rn
|gpyq|dy

»
Rn
| f px� yq|dx

� }g}L1pRnq} f }L1pRnq  �8.

Hence, again by Fubini’s Theorem, the x-section of F, viz.

F�
x pyq � f px� yqgpyq

is in L�1pRnq and hpxq is well-defined. Further h P L1pRnq as a function of x and by the preced-

ing computation,

}h}L1pRnq ¤ } f }L1pRnq}g}L1pRnq.

Definition 22. Let f ,g P L1pRnq. Then the function h P L1pRnq defined via the equation (2.5) is

called convolution of f and g and is denoted by

h � f �g.

Theorem 5. The convolution is a commutative and associative binary operation on L1pRnq.

Proof. Let f ,g P L1pRnq. Then

p f �gqpxq �
»
Rn

f px� yqgpyqdy �
»
Rn

f pzqgpx� zqdz � pg � f qpxq
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using the change of variable z � x� y. This proves the commutativity.

If f ,g,h P L1pRnq, then by use of the change of variable z � t� y and by Fubini’s theorem,

pp f �gq �hqpxq �
»
Rn

y

p f �gqpx� yqhpyqdy

�
»
Rn

y

»
Rn

z

f px� y� zqgpzqhpyqdzdy

�
»
Rn

t

f px� tq
»
Rn

y

gpt� yqhpyqdydt

�
»
Rn

t

f px� tqpg �hqptqdt

� p f � pg �hqqpxq

which proves the associativity.

Theorem 6. Let 1   p  8 and f P L1pRnq, g P LppRnq. The f �g is well defined and further,

f �g P LppRnq with

} f �g}LppRnq ¤ } f }L1pRnq}g}LppRnq. (2.6)

Proof. Let q be the conjugate exponent of p, i.e. 1
p � 1

q � 1. Let h P LqpRnq. Then px,yq Ñ
f px� yqgpyqhpxq is measurable and»

Rn
x

»
Rn

y

| f px� yqgpyqhpxq|dxdy �
»
Rn

x

|hpxq|
»
Rn

y

| f px� yqgpyq|dydx

�
»
Rn

x

|hpxq|
»
Rn

t

| f ptqgpx� tq|dtdx

�
»
Rn

x

| f ptq|dt
»
Rn

x

|hpxq||gpx� tq|dx

¤ }h}LqpRnq}g}LppRnq} f }L1pRnq  �8

where we have used Hölder’s inequality and the fact that by the translation invariance of the

Lebesgue measure gpxq and gpx� tq have the same Lp norm. Thus by Fubini’s theorem»
Rn

y

hpxq f px� yqgpyqdy
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exists for almost for all x and since we can choose hpxq� 0 for all xpe.g.hpxq� expp�|x|2q, |x|2 �°n
i�1 x2

i q we deduce that f �g, defined by (2.5) is well defined. Also

h Ñ
»
p f �gqh

is a continuous linear functional on LqpRnq with norm bounded by }g}LppRnq} f }L1pRnq which

shows, by the Riesz Representation theorem, that f � g P LppRnq and the required inequality

holds.

Remark 6. The inequality (2.6) is a particular case of Young’s inequality.

Let 1 ¤ p,q,r  8 such that

p1{pq�p1{qq � 1�p1{rq.
If f P LppRnq,g P LqpRnq then f �g P LrpRnq and

} f �g}LrpRnq ¤ } f }LppRnq}g}LqpRnq.

If f is a continuous function on Rn and g continuous with compact support then again the

integral in (2.5) makes sense. Thus in this case also we use (2.5) to define convolution f � g.

More generally, if f1, ..., fk are continuous functions on Rn such that all but at most one of them

has compact support, then again we can define f1 � ...� fk by considering the functions as follows

(for instance):

f1 � p f2 � ..p fk�1 � fkqq.
The actual order will be unimportant by commutativity and associativity. That between each

parenthesis, at least one element has compact support is a consequence of the following result.

Theorem 7. Let f be continuous and g continuous with compact support. Then

supp ( f �g) � supp ( f )+ supp (g) (2.7)

where for sets A and B in Rn,

A�B � tx� y|x P A, y P Bu. (2.8)
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Proof. Set A=supp( f ), B=supp(g), B compact.

Then A�B is closed, for if xk� yk P A�B,xk� yk Ñ z, then (for a subsequence) yk Ñ y P B.

Hence xk Ñ z� y and the limit must be in A. Thus z� y � x P A and so z P A�B.

In order that p f �gqpxq � 0, we need clearly only consider the integral (2.5) over the set B=supp

(g). Then necessarily, x� y P A � supp p f q for all y in a subset(of non -zero measure) of B.

Hence x P supp p f q� supp pgq and so

supp p f �gq � tx|p f �gqpxq � 0u � supp p f q� supp pgq.

2.1.4 Convolution of distributions

Let u be a function on Rn and let x P Rn. We define

pτxuqpyq � upy� xq (2.9)

the translation operator, and

qupyq � up�yq. (2.10)

Starting from these relations, the following are easy to verify:

pτxuqq � τ�xpquq (2.11)

τxτy � τx�y. (2.12)

Given two functions u and v on Rn we have»
Rn
pτxuqv �

»
Rn

upy� xqvpyqdy �
»
Rn

upzqvpz� xqdz �
»
Rn

upτ�xvq. (2.13)

In the same vein, if T P D1pRnq we define τxT P D1pRnq by

pτxT qpφq � T pτ�xφq for all φ P D1pRnq (2.14)

which is exactly (2.13) if T is a function. It is easy to see that τxT is indeed a distribution.

If u and v are functions whose convolution can be defined, then we have

pu � vqpxq �
»
Rn

upyqvpx� yqdy �
»
Rn

upyqpτxqvqpyqdy. (2.15)

Thus we are led to the following:
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Definition 23. Let T P D1pRnq and φ P DpRnq. Then the convolution of T and φ is a function

T �φ defined by

pT �φqpxq � T pτxqφq.
We now prove some of the basic properties of the convolution defined above.

Theorem 8. Let T P D1pRnq and φ P DpRnq. Then:

(i) for any x P Rn,

τxpT �φq � pτxT q �φ � T � pτxφq

(ii) if α is any multi-index,

DαpT �φq � pDαT q �φ � T � pDα
φq

in particular, T �φ P EpRnq.

(iii) If ψ P DpRnq, then

T � pφ �ψq � pT �φq �ψ.

Proof. (i) The proof of (i) is by a straightforward computation using above relationships.

τxpT �φq � pT �φqpy� xq � T pτy�xqφq
� T pτ�xτyqφq � pτxT qpτyqφq � pτxT �φqpyq
� T pτypτxφqqq � pT � τxφqpyq.

(ii) It suffices to prove (ii) when α � p0,0, ....,1, ....,0q with 1 at the ith place. By iterating

this suitably, we can deduce the general case.
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Let ei be the ith (standard) basis vector of Rn. Then

B
Bxi

pT �φqpxq � limhÑ0
pT �φqpxq�pT �φqpx�heiq

h

� limhÑ0
1
h
rpT �φqpxq� τheipT �φqpxqs

� limhÑ0
1
h
rpT �φqpxq�pT � pτheiφqqpxqs

� limhÑ0
1
h
pT � pφ� τheiφqqpxq

� limhÑ0T

�
τx
pφ� τheiφqq

h

�

� T

�
τx

� Bφ

Bxi



q

�

�
�

T � Bφ

Bxi



pxq.

Since
φ�τhei

h Ñ Bφ

Bxi
in DpRnq.

Iterating this we get one part of (ii). To prove the other, we have

B
Bxi

pT �φqpxq � limhÑ0

��
T � τheiT

h



�φ



pxq

� limhÑ0

�
T � τheiT

h



pτxqφq

� BT
Bxi

pτxqφq
�

�BT
Bxi

�φ



pxq

Here we use the fact that
T�τheiT

h converges to BT
Bxi

in D1pΩq.

(iii) Let φ,ψ P DpRnq. Now it needs to prove that

pT � pφ �ψqqp0q � ppT �φq �ψqp0q. (2.16)

Then (iii) will follow since for any x PRn we can apply (2.16) with τ�xψ instead of ψ and

then use (i). But

pT � pφ �ψqqp0q � T ppφ �ψqqq.
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Now

pφ �ψqqpxq � pφ �ψqp�xq
�

»
φp�x� yqψpyqdy

�
»

τyqφpxqqψpyqdy

and it suffices to consider this integral over the compact set, supp(qψ). This integral could

be considered as the limit, as ε Ñ 0, of the Riemann sum

ε
n
¸

p
τεpqφpxqqψpεpq

where the sum extends over all integral lattice points p in Rn. Again this is essentially

only a finite sum since for any fixed number ε ¡ 0, only a finite number of εp will lie in

the set supp(qψ), which is compact. Thus

pφ �ψqqp.q � limεÑ0ε
n
¸

p
...
¸

p
τεpqφp.qqψpεpq

in the topology of DpRnq and so

pT � pφ �ψqqp0q � T ppφ �ψqqq
� limεÑ0ε

n
¸

p
T pτεpqφqqψpεpq

�
»
pT �φqpyqψp�yqdy

� ppT �φq �ψqp0q.

This completes the proof.

2.2 The Fourier Transform

Definition 24. Let f P L1pRnq. The Fourier transform of f , denoted by pf , a function defined on

Rn by the formula pf pξq � »
Rn

ep�2πix.ξq f pxqdx, i �?�1,

where x.ξ �
n°

j�1
x jξ j is the usual euclidean inner-product in Rn.
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Since f P L1pRnq, it is immediate to see that pf pξq is well-defined for every ξ P Rn. In fact

we have

|pf pξq| ¤ } f }L1pRnq. (2.17)

Remark 7. The function pf is uniformly continuous function.

Definition 25. (The Schwartz space, S) The Schwartz space, or the space of rapidly decreasing

functions, S, is given by

S� t f P EpRnq | lim
|x|Ñ8

|xβDα f pxq| � 0 for all multi-indices α and βu. (2.18)

Example 18. Any function φ P D is trivially in S.

Example 19. Let n � 1 and f pxq � e�x2
. Then f P S. Here we can easily check that |x|ke�x2

tends to zero as |x| Ñ8.

Remark 8. (The Weak Parseval Relation) Let f ,g P S. Then»
Rn

pf pξqgpξqdξ �
»
Rn

f pxqpgpxqdx. (2.19)

Remark 9. (Fourier Inversion Formula) Let g P S. Then

gpxq �
»
Rn

expp2πix.ξqpgpξqdξ.

Remark 10. The Fourier transform is a (topological) isomorphism of S onto itself.

Remark 11. (Strong Parseval Relation) Let f ,g P S, Then»
Rn

f g �
»
Rn

pf pg.
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Chapter 3

Sobolev spaces and weak solutions to
elliptic problems

In this chapter we will study some of the important properties of a class of function spaces,

known as Sobolev spaces, named after the Russian mathematician S.L. Sobolev. This space

will provide the proper functional setting for the study of the partial differential equations[3, 4].

Definition 26. Let m ¡ 0 be an integer and let 1 ¤ p ¤ 8. The Sobolev space W m,ppΩq is

defined as

W m,ppΩq � tu P LppΩq|Dαu P LppΩq for all |α| ¤ mu. (3.1)

In other words, W m,ppΩq is the collection of all functions in LppΩq such that all distribution

derivatives upto order m are also in LppΩq.
Clearly W m,ppΩq is a vector space. Also it is normed linear space with the norm

}u}m,p,Ω �
¸
|α|¤m

}Dαu}LppΩq (3.2)

or, equivalently, for 1   p  8,

}u}m,p,Ω �
�� ¸
|α|¤m

»
Ω

|Dαu|p
�
1{p

�
�� ¸
|α|¤m

}Dαu}p
LppΩq

�
1{p

. (3.3)
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Notations

1. The case p � 2 will play a special role in the sequel. These spaces will be denoted by

HmpΩq. Thus

HmpΩq �W m,2pΩq (3.4)

and for u P HmpΩq, we denote its norm by }u}m,Ω, i.e.

}u}m,Ω � }u}m,2,Ω. (3.5)

The space HmpΩq have a natural inner-product defined by

pu,vqm,Ω �
¸
|α|¤m

»
Ω

DαuDαv, f or u,v P HmpΩq. (3.6)

2. We will also often use the semi-norms which consists of the Lp�norms of the highest

order derivatives. We denote these by |.|m,p,Ω. Thus for u PW m,ppΩq,

|u|m,p,Ω �
¸
|α|�m

}Dαu}LppΩq.

3. We can naturally consider the space LppΩq as a special case of the Sobolev class when

m � 0 i.e. we do not bother about derivatives. In particular we denote the Lp�norm of a

function by |.|0,p,Ω(since in this case the semi-norm and norm are the same). Again the

L2pΩq� norm will be denoted by |.|0,Ω.

4. In case Ω � Rn the space HmpRnq can also be defined via the Fourier transform. Let u P
HmpRnq. Then by definition, Dαu P L2pRnq for all |α| ¤ m. Hence the Fourier transform

of Dαu is well defined and we have

pDαuq^ � p2πiq|α| ξ
α pu,

and so ξαpupξq P L2pRnq for all |α| ¤ m. Conversely if u P L2pRnq such that ξαpupξq P
L2pRnq for all |α| ¤m, we have Dαu P L2pRnq for all |α| ¤m and so u PHmpRnq. We can

express this in a more compact form using the following lemma.

Lemma 3. There exist a positive constants M1 and M2 depending only on m and n such that

M1p1�|ξ|2qm ¤
¸
|α|¤m

|ξα|2 ¤ M2p1�|ξ|2qm (3.7)

for all ξ P Rn.
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Proof. Recall that |ξ|2 � ξ2
1� ...�ξ2

n and |ξα| � |ξ1|α1...|ξn|αn . By a simple induction argument

on m we can see that same powers of ξ occur in p1�|ξ|2qm and
°

|α|¤m
|ξα|2, albeit with different

coefficients, which depend only on n and m. Since the number of terms is finite and depends

again only on n and m, the inequalities (3.7) follow.

By virtue of the preceding lemma we can define that space HmpRnq as follows:

HmpRnq � tu P L2pRnq|p1�|ξ|2qm{2ppuqpξq P L2pRnqu. (3.8)

Again, by the Plancherel Theorem, it follows that the norm }.}m,Rn on HmpRnq is equivalent to

the norm:

}u}HmpRnq �
�»

Rn
p1�|ξ|2qm|pupξq|2dξ


1{2

. (3.9)

The advantage of this definition is that it is immediate to generalize to all s ¥ 0. If s ¥ 0 we

define HspRnq

HspRnq � tu P L2pRnq|p1�|ξ|2qs{2pupξq P L2pRnqu (3.10)

with associated norm

}u}HspRnq �
�»

Rn
p1�|ξ|2qs|pupξq|2dξ


1{2

. (3.11)

We will investigate such spaces defined over other open sets of Rn later. Let us return to the

spaces W m,ppΩq. The map

u PW 1,ppΩq Ñ
�

u,
Bu
Bx1

, ....,
Bu
Bxn



P pLppΩqn�1 (3.12)

is an isometry of W 1,ppΩq into pLppΩqqn�1 if we provide the latter space with the norm

}u} �
n�1̧

i�1

|ui|0,p,Ω or }u} �
�

n�1̧

i�1

|ui|p0,p,Ω
�1{p

for u � puiq P pLppΩqqn�1, depending on whether we use the formula (3.2) or (3.3) for

the norm on W 1,ppΩq. This is a useful fact to remember and will be used in the proof of the

following result.
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Theorem 9. For every 1 ¤ p ¤ 8, the space W 1,ppΩq is a Banach space. If 1   p   8, it is

reflexive and if 1 ¤ p  8, it is separable. In particular H1pΩq is a separable Hilbert space.

Proof. Let tumu be a Cauchy sequence in W 1,ppΩq. It follows from the definition of the norm

that tumu and
!
Bum
Bxi

)
,1 ¤ i ¤ n are all Cauchy sequences in LppΩq. Let um Ñ u and Bum

Bxi
Ñ

vi,1 ¤ i ¤ n, in LppΩq. The completeness of the space W 1,ppΩq will be proved if we show that
Bu
Bxi
� vi in the sence of distributions so that, on one hand, u PW 1,ppΩq and, on the other um Ñ u

in W 1,ppΩq.
Let φ P DpΩq. We need to show that»

Ω

u
Bφ

Bxi
��

»
Ω

viφ. (3.13)

Now, since um PW 1,ppΩq, we know that»
Ω

um
Bφ

Bxi
��

»
Ω

Bum

Bxi
φ. (3.14)

Since φ PDpΩq, φ P LqpΩq for all 1¤ q¤8 and so we pass to the limit on both sides of (3.14)

as m P 8 to obtain (3.13). Thus W 1,ppΩq is complete and if p � 2, we get H1pΩq is a Hilbert

space.

Now pLppΩqqn�1 is reflexive for 1   p   8 and separable for 1 ¤ p   8. Since W 1,ppΩq is

complete, its image under the isometry (3.12) is a closed subspace of pLppΩqqn�1 which inherits

the corresponding properties.

Remark 12. The results of this theorem can be proved by the same way for any integer m ¥ 2.

Theorem 10. Let I �R be an open interval and let u PW 1,ppIq. Then u is absolutely continuous.

Proof. Let x0 P I and define

upxq �
» x

x0

u1ptqdt, (3.15)

which, by definition, is absolutely continuous. Hence its classical derivative exists a.e. and is

equal a.e. to u1; this is also its distribution derivative. Hence, in the sense of distributions,

pu�uq1 � 0

and so u� u � c, a constant a.e. Thus u � u� c a.e. and the latter function is absolutely

continuous.
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We can deduce an important property of W 1,ppIq from the preceding theorem, when I is a

bounded interval. Let, for instance, I � p0,1q. Then if u PW 1,ppIq, we can write

upxq � up0q�
» x

0
u1ptqdt. (3.16)

Hence by Hölder’s inequality, if q is the conjugate exponent of p, i.e., p�1�q�1 � 1, we have

|up0q| ¤ |upxq|� |u1|0,p,I|x|1{q.

Thus it follows (on integration) that

|up0q| ¤Cp|u|0,p,I �|u1|0,p,Iq �C}u}1,p,I (3.17)

where C ¡ 0 is a constant not depending on u.

Now using (3.16) and (3.17) we also deduce that for any x P I

|upxq| ¤C}u}1,p,I, C ¡ 0, independent of u. (3.18)

Let B be the unit ball in W 1,ppIq. Then

B � tu PW 1,ppIq|}u}1,p,I ¤ 1u (3.19)

It follows that if i : W 1,ppIq ÑCpIq is the inclusion map then B � ipBq is a uniformly bounded

set in CpIq. Again if x,y P I, by (3.16), we have

|upxq�upyq| ¤ |u1|0,p,I|x� y|1{q ¤ }u}1,p,Ix� y1{q (3.20)

from which it follows that B is equicontinuous in CpIq. It follows from Ascoli-Arzela theorem

that B is relatively compact in CpIq; in other words, the map i : W 1,ppIq Ñ CpIq is a compact

operator.

Finally, we introduce an important subspace of the space W m,ppΩq. If 1¤ p 8, we know that

DpΩq is dense in LppΩq.Also, if φ PDpΩq, so does every derivative of φ and so DpΩq �W m,p
0 pΩq

is a closed subspace of W m,ppΩq and its elements can be approximated in the W m,ppΩq norm

by C8 functions with compact support. In general this is a strict subspace of W m,ppΩq, except

when Ω � Rn.

Remark 13. Let 1 ¤ p  8. Then for any integer m ¥ 0,

W m,ppRnq �W m,p
0 pRnq
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3.1 Approximations By Smooth Functions

Remark 14. Let 1 ¤ p  8, and let u PW 1,ppΩq. Then there exists a sequence tumu in DpRnq
such that um Ñ u in LppΩq and Bum

Bxi
|Ω1 Ñ Bu

Bxi
|Ω1 in LppΩ1q for every 1 ¤ i ¤ n and for every

Ω1 �� Ω.

Definition 27. Let Ω be an open set in Rn. An extension operator P for W 1,ppΩq is a bounded

linear operator

P : W 1,ppΩq ÑW 1,ppRnq
such that Pu|Ω � u for every u PW 1,ppΩq.

Remark 15. If Ω is an open set in Rn such that an extension operator P : W 1,ppΩq ÑW 1,ppRnq
exists, then given u P W 1,ppΩq there exist a sequence tumu in DpRnq such that um|Ω Ñ u in

W 1,ppΩq.
Now, the above remark tells us that if Ω admits an extension operator, then elements of W 1,ppΩq
can be approximated by functions in C8pΩq which are restrictions of functions of DpRnq.
However, a more difficult theorem of Meyers and Serrin says that the set of all functions in

C8pΩqXW 1,ppΩq is dense in W 1,ppΩq when 1 ¤ p  8, for all open sets Ω.

None of the results extend to the case p � 8. If Ω � Rn, it is known that the completion of

continuous functions with compact support with respect to the L8� norm is the space of con-

tinuous functions which vanish at infinity. Thus while the function u � 1 is in W 1,8pRnq, it

cannot be approximated by elements of DpRnq. We give below another simple example.

Example 20. Let Ω be an open interval, say p�1,1q. Consider the function

upxq �
#

0, x ¤ 0;

x, x ¥ 0.

Then as u is absolutely continuous, its distribution derivative is given by

upxq �
#

0, x   0;

1, x ¡ 0.

Then φ PC8pΩq such that

|φ1�u1|0,8,Ω   ε.
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Thus if x   0, |φ1pxq|   ε and if x ¡ 0, |φ1pxq�1|   ε or φ1pxq ¡ 1� ε.

Thus by continuity φ1p0q ¤ ε and ¥ 1� ε which is impossible if ε   1{2. Thus u cannot be

approximated in W 1,8pΩq by smooth functions.

Remark 16. (Chain Rule) Let G PC1pRq such that Gp0q � 0 and |G1psq| ¤ M for all s P R. Let

u PW 1,ppΩq. Then the function Gou PW 1,ppΩq and

B
Bxi

pGouq � pG1
oq
Bu
Bxi

, 1 ¤ i ¤ n.

Remark 17. Let 1 ¤ p   8, and let u PW 1,ppΩq such that u vanishes outside a compact set

contained in Ω. Then u PW 1,p
0 pΩq.

Remark 18. Let G be a Lipschitz continuous function of R into itself such that Gp0q � 0. Then

if Ω is bounded, 1   p  8, and u PW 1,p
0 pΩq, we have Gou PW 1,p

0 pΩq.

Corollary 1. Let u P H1
0 pΩq, Ω is a bounded open set in Rn. Then |u|,u� and u� belong to

H1
0 pΩq where

u�pxq � maxtupxq,0u (3.21)

u�pxq � maxt�upxq,0u. (3.22)

Proof. We use the above remark with p � 2 and Gptq � |t|. Thus |u| P H1
0 pΩq for u P H1

0 pΩq.
Now

u� � |u|�u
2

,u � |u|�u
2

and so u�,u� P H1
0 pΩq.

3.2 Extension Theorems

We know that it is easy to prove properties of the Sobolev space W m,ppΩq by taking Ω � Rn.

The corresponding results for a general Ω often follow easily if we have an extension operator

Ω to Rn. We have seen that such operators exist. But these extensions operators are not unique.

A domain Ω may have many such operators. For this consider the following example.
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Example 21. Let Ω� p0,1q �R. Let u PW 1,ppΩq, then u is absolutely continuous and also the

value of u at any point is uniformly bounded by the W 1,p� norm of u. ( i.e. |upxq| ¤C}u}1,p,Ω,

where C is constant, x P Ω)

Now consider the following function defined on R :

upxq �

$''''&''''%
0, x ¤�1,x ¥ 2

(x+1)u(0), �1 ¤ x ¤ 0

u(x), 0 ¤ x ¤ 1

(2-x)u(1), 1 ¤ x ¤ 2.

Then upxq is an absolutely continuous function (and hence its distribution derivative is its

classical derivative). Thus

u1pxq �

$''''&''''%
0, x  �1,x ¡ 2

u(0), �1   x   0

u’(x), 0   x   1

-u(1), 1   x   2.

Clearly u1pxq P LppRnq and so upxq P W 1,ppRq. Also u Ñ u is an extension operator from

W 1,ppΩq into W 1,ppRq.
In the same way, we can define several other such operators. For instance

u1pxq �

$''''&''''%
0, x ¤�2,x ¥ 3

(1/2)(x+2)u(0), �2 ¤ x ¤ 0

u(x), 0 ¤ x ¤ 1

(1/2)(3-x)u(1), 1 ¤ x ¤ 3.

defines yet another extension operator u Ñ u1 of W 1,ppΩq into W 1,ppRq.
Theorem 11. (Poincare’s Inequality) Let Ω be a bounded open set in Rn. Then there exist a

positive constant C �CpΩ, pq such that

|u|0,p,Ω ¤C|u|1,p,Ω for every u PW 1,p
0 pΩq. (3.23)

In particular, uÑ |u|1,p,Ω defines a norm on W 1,p
0 pΩq, which is equivalent to the norm }.}1,p,Ω.

On H1
0 pΩq, the bilinear form

pu,vq Ñ
»

Ω

ņ

i�1

Bu
Bxi

Bv
Bxi

,

defines an inner product giving rise to the norm |.|1,Ω, is equivalent to the norm }.}1,Ω.
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Proof. Let Ω � p�a,aqn, a ¡ 0. Let u P DpΩq. Then

upxq �
» xn

�a

Bu
Bxn

px1, tqdt, x � px1,xnq, since upx1,�aq � 0. (3.24)

Hence

|upxq| ¤
�» xn

�a

���� Bu
Bxn

px1, tq
����pdt


1{p

|xn�a|1{q, pp�1�q�1 � 1q

or, |upxq|p ¤ xn�ap{q
» a

�a

���� Bu
Bxn

px1, tq
����pdt

integrating over x1, »
|upx1,xnq|pdx1 ¤ 2ap{q

»
Ω

���� Bu
Bxn

����p,
and so

»
Ω

upxqp dx � p2aqp{q�1
»

Ω

���� Bu
Bxn

����p,
which proves (3.23) for u P DpΩq. But DpΩq is dense in W 1,p

0 pΩq and the inequality follows

for all u PW 1,p
0 pΩq. If Ω is not a ’box’ and let Ω � Ω̃, box of the form p�a,aqn and extend

u PW 1,p
0 pΩq by zero to get ũ PW 1,p

0 pΩ̃q and apply the result which is available for Ω̃ and the

inequality follows.

3.3 Imbedding Theorems

Remark 19. (Sobolev’s Inequality) Let 1 ¤ p   n. Then there exist a constant C �Cpp,nq ¡ 0,

such that

|u|0,p�,Rn ¤C|u|1,p,Rn

for every u PW 1,ppRnq. In particular, we have the continuous inclusion

W 1,ppRnq Ñ Lp�pRnq.

Remark 20. Let Ω � Rn be an open set. Then

W 1,p
0 pΩq � LqpΩq for all q P rn,8q.

Remark 21. Let p ¡ n. Then we have the continuous inclusion

W 1,ppRnq Ñ L8pRnq.
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Further, there exist a constant C �Cpp,nq ¡ 0 such that

|upxq�upyq| ¤C|x� y|α|u|1,p,Rn a.e. in Rn (3.25)

for every u P W 1,ppRnq, where α � 1� pn{pq. Again, if Ω is an open set in Rn, the same

conclusions hold for W 1,p
0 pΩq.

Remark 22. Let Ω � Rn
� or an open set of class C1 with bounded boundary BΩ. Then we have

the continuous inclusions

(i) if 1 ¤ p   n, W 1,ppΩq Ñ Lp�pΩq

(ii) if p � n, W 1,npΩq Ñ LqpΩq for all q P rn,8q

(iii) if p ¡ n, W 1,ppΩq Ñ L8pΩq

and further, in the latter case, u is Hölder continuous of exponent α � 1�pn{pq. In particular,

W 1,ppΩq �CpΩq, p ¡ n.

Remark 23. Let m ¥ 1 be an integer and 1 ¤ p  8. Then

1. if 1
p � m

n ¡ 0, W m,ppRnq � LqpRnq, 1
q � 1

p � m
n ,

2. if 1
p � m

n � 0, W m,ppRnq � LqpRnq, for q P rp,8q

3. if 1
p � m

n   0, W m,ppRnq � L8pRnq.

3.4 Compactness Theorems

Remark 24. Let Ω � Rn be a bounded open set and let Ω1 �� Ω. Let F be a bounded set in

LppΩq, 1 ¤ p  8. Assume that for every ε ¡ 0 there exists a δ ¡ 0 such that

1. δ   dist pΩ1,RnzΩq.

2. For every h P Rn with |h|   δ

|τ�h f � f |0,p,Ω1   ε for every f P F,
where τyp f qpxq � f px�yq. Then F|Ω1, the set of restrictions of elements of F to Ω1, is relatively

compact in LppΩ1q.
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Remark 25. Let Ω�Rn be a bounded open set and let 1¤ p 8. Let F be a bounded open set

in LppΩq. Assume that

1. for every ε ¡ 0 and for every Ω1 �� Ω, there exist δ ¡ 0 such that δ   dist pΩ1,Rnq and

|τ�h f � f |0,p,Ω1   ε (3.26)

for all h P Rn with |h|   δ and for all f P F,

2. for every ε ¡ 0 there exist Ω1 �� Ω such that

| f |0,p,Ω{Ω   ε for every f P F. (3.27)

Theorem 12. (Rellich-Kondrasov) Let Ω � Rn be a bounded open set of class C1. Then the

following inclusions are compact.

(i) If p   n, W 1,ppΩq Ñ LqpΩq, 1 ¤ q   p�,

(ii) if p � n, W 1,npΩq Ñ LqpΩq, 1 ¤ q  8,

(iii) if p ¡ n, W 1,ppΩq ÑCpΩq.

Proof. When p ¡ n, as observed earlier the functions of W 1,ppΩq are Hölder continuous. If B

is the unit ball in W 1,ppΩq, then the functions in B are uniformely bounded and equicontinuous

in CpΩq. Thus B is relatively compact in CpΩq by the Ascoli-Arzela Theorem.

Assume for the moment that the result is true for p  n. Notice that as pÑ n, p� Ñ8. Hence,

since Ω is bounded W 1,npΩq �W 1,n�εpΩq for every ε ¡ 0 and given any q   8 we can find

ε ¡ 0 such that 1 ¤ q   pn� εq�. Hence by using the case for p � n� ε   n, we deduce that

W 1,npΩq is compactly imbedded in LqpΩq for any 1 ¤ q  8.

Thus the theorem will be proved if we prove it for the case p   n. Let B be the unit ball in

W 1,ppΩq. We now verify conditions (i) and (ii) of remark (25). Let 1¤ q  p � . Then choose α

such that 0   α ¤ 1 and
1
q
� α

1
� 1�α

p� .

Then if u P B, Ω1 �� Ω and h P Rn such that |h|   distpΩ1,RnqΩ,

|τ�hu�u|0,p,Ω1 � |τ�hu�u|α0,1,Ω1 |τ�hu�u|1�α

0,p�,Ω1

¤ p|h|α|u|α1,1,Ωq2|u|0,p�,Ω1�α

¤ C|h|α.
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We choose h small enough such that C|h|α   ε. This will verify (3.26)

now if u P B and Ω1 �� Ω, it follows by Hölder’s inequality that

|u|0,q,ΩzΩ1 ¤ |u|0,p�,Ω zΩ1 meas pΩΩ1q1�pq{p�q

¤ C meas pΩΩ1q1�pq{p�q

which can be made to be less than any given ε ¡ 0 choosing Ω1 �� Ω to be ’as closely filling

Ω’ as needed. This verifies (3.27). Thus B is relatively compact in LqpΩq for 1 ¤ q   p� and

the theorem is proved.

Theorem 13. (Poincare-Wirtinger Inequality) There exist a constant C ¡ 0 such that for every

u PW 1,ppΩq, 1 ¤ p ¤8,

|u�u|0,p�,Ω ¤C|u|1,p,Ω (3.28)

where

u � 1
measpΩq

»
Ω

u

is the average of u over Ω. Further, if p   n, then

|u�u|0,p�,Ω ¤C|u|1,p,Ω.
Proof. If we set u � u .... with V � LppΩq..., we easily

3.5 Trace Theory

Theorem 14. Let Ω � Rn
�. Then there exist a continuous linear map γ0 : H1pRn

�q Ñ L2pRn�1q
which is such that if v is continuous on Rn

� then

γ0pvq � v|Rn�1. (3.29)

Proof. Let v P DpRnq. We denote x P Rn by x � px1,xnq with x1 P Rn�1.

Now

|vpx1,0q|2 � �
» 8

0

B
Bxn

p|vpx1,xnq|2qdxn

� �2
» 8

0
vpx1,xnq Bv

Bxn
px1,xnqdxn

¤
» 8

0

�
pvpx1,xnqq2�

� Bv
Bxn

px1,xnq

2
�

dxn.
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Integrating both sides of this relation with respect to x1, we get

|vpx1,0q|20,Rn�1 ¤ }v}1,Rn
�
.

Thus the map vÑ v|Rn�1 is continuous on DpRnq with the H1pRnq topology. But the restriction

of DpRnq functions to Rn
� are dense in H1pRn

�q. Thus there exist a unique continuous extension

to H1pRn
�q of this map.

Remark 26. The range of the map γ0 is the space H1{2pRn�1q.
Remark 27. (Green’s formula) let u,v P H1pRn

�q. Then»
Rn
�

u
Bv
Bxi

� �
»
Rn
�

Bu
Bxi

v if 1 ¤ i ¤ pn�1q (3.30)»
Rn
�

u
Bv
Bxn

� �
»
Rn
�

Bu
Bxn

v�
»
Rn�1

γ0puqγ0pvq. (3.31)

Remark 28. Let v P ker pγ0q. Then its extension by zero outside Rn
�, denoted ṽ, is in H1pRnq,

and

Bṽ
Bxi

�
� Bv
Bxi


�
, 1 ¤ i ¤ n. (3.32)

Remark 29. Let 1 ¤ p  8 and h P Rn. Then if f P LppRnq

limhÑ0|τh f � f |0,p,Rn � 0.

Remark 30. ker pγ0q � H1
0 pRn

�q.

Theorem 15. (Trace Theorem) Let Ω�Rn be a bounded open set of class Cm�1 with boundary

Γ. Then there exists a trace map γ � pγ0,γ1, ...,γm�1q from HmpΩq into pL2pΩqqm such that

1. if v PC8pΩq, then γ0pvq � v|Γ, γ1pvq � Bv
Bv |Γ, ...and γm�1pvq � Bm�1

Bvm�1 pvq|Γ, where v is the

unit exterior normal to the boundary Γ.

2. The range of γ is the space
m�1¹
j�0

Hm� j�1{2pΓq.

3. The kernel of γ is Hm
0 pΩq.
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Now, we shall focus on boundary value problems for elliptic partial differential equations

[5]. Elliptic equations are typified by the Laplace equation

∆u � 0,

and its non-homogeneous counterpart, Poisson’s equation

�∆u � f ,

where we used the notation

∆ �
ņ

i�1

B2

Bx2
i

for the Laplace operator.

More generally, let Ω be an bounded open set in Rn and consider the linear second-order partial

differential equation

�
ņ

i, j�1

B
Bx j

�
ai j

Bu
Bxi



�

ņ

i�1

bipxq Bu
Bxi

� cpxqu � f pxq, x P Ω, (3.33)

where the coefficients ai j,bi,c and f satisfy the following conditions:

ai j P C1pΩq, i, j � 1, ...,n;

bi P CpΩq, i, j � 1, ...,n;

c P CpΩq, f PCpΩq,

and
ņ

i, j�1

ai jpxqξiξ j ¥ c̃
ņ

i�1

ξ
2, @ξ � pξ1, ...,ξnq P Rn, x P Ω. (3.34)

here c̃ is a positive constant independent of x and ξ. The condition (3.34) is usually referred to

as uniform ellipticity and (3.33) is called an elliptic equation.

We begin by considering the homogeneous Dirichlet boundary value problem

�
ņ

i, j�1

B
Bx j

�
ai j

Bu
Bxi



�

ņ

i�1

bipxq Bu
Bxi

� cpxqu � f pxq, x P Ω, (3.35)

u � 0 on BΩ, (3.36)

where ai j,bi,c and f are as in (3.34).

A function u P C2pΩq XCpΩq satisfying (3.35) and (3.36) is called classical solution of this

problem.
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3.6 Motivation for definition of weak solutions

How should we define a weak or generalized solution? Assuming for the moment u is really

a smooth solution, let us multiply the PDE, Lu � f by a smooth test function v P C8
c pΩq and

integrate over Ω, to find

ņ

i, j�1

»
Ω

ai jpxq Bu
Bxi

Bv
Bx j

dx�
ņ

i�1

»
Ω

bipxq Bu
Bxi

vdx (3.37)

�
»

Ω

cpxquvdx �
»

Ω

f pxqvpxqdxpΩq (3.38)

Where we have integrated by parts in the first term on the left-hand side. There are no boundary

terms since v � 0 on BΩ. By approximation we find the same identity holds with the smooth

function v replaced by any v PH1
0 pΩq, and the resulting identity makes sense if only u PH1

0 pΩ.q

Definition 28. Let ai j P L8pΩq, i � 1, ...,n, bi P L8pΩq, i � 1, ..,n, c P L8pΩq, and let f P
L2pΩq. A function u P H1

0 pΩq satisfying

ņ

i, j�1

»
Ω

ai jpxq Bu
Bxi

Bv
Bx j

dx�
ņ

i�1

»
Ω

bipxq Bu
Bxi

vdx (3.39)

�
»

Ω

cpxquvdx �
»

Ω

f pxqvpxqdx @v P H1
0 pΩq (3.40)

is called weak solution of (3.35) and (3.36). All partial derivatives in (3.40) should be under-

stood as weak derivatives [6, 7].

3.7 Existence of weak solutions

Theorem 16. (Lax and Milgram theorem) Suppose that V is a real Hilbert space equipped with

norm }.}V . Let ap., .q be a bilinear functional on V �V such that:

(i) D c0 ¡ 0 @ v PV apv,vq ¥ c0}v}2
V ,

(ii) D c1 ¡ 0 @ v,w P V |apw,vq| ¤ c1}w}V }v}V , and let lp.q be a linear functional on V such

that

(iii) D c2 ¡ 0 @ v PV |lpvq| ¤ c2}v}V .
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Then, there exist a unique u PV such that

apu,vq � lpvq @v PV.

Example 22. Consider, the following Dirichlet-Neumann mixed boundary value problem:

�∆u � f in Ω,

u � 0 on Γ1,
Bu
Bv

� g on Γ2,

where Γ1 is a non-empty, relatively open subset of BΩ and Γ1YΓ2 � BΩ. We shall suppose that

f P L2pΩq and that g P L2pΓ2q. Now consider the special Sobolev space

H1
0,Γ1

pΩq � tv P H1pΩq : v � 0 on Γ1u,

and define the weak formulation of the mixed problem as follows: find u P H1
0,Γ1

pΩq such that

αpu,vq � lpvq

for all v in H1
0,Γ1

pΩq, where we put

αpu,vq �
»

Ω

ņ

i�1

Bu
Bxi

Bv
Bxi

dx

and

Ipvq �
»

Ω

f pxqvpxqdx�
»

Γ2

gpsqvpsqds.

Applying the Lax-Milgram theorem with V � H1
0,Γ1

pΩq the existence and uniqueness of a weak

solution to this mixed problem easily follows.

3.8 Conclusions

In this thesis we have discussed function spaces and then some important inequalities which are

useful in analysis of partial differential equations. Further we studied the need of distributions

and then some important properties of distributions. We have also included extension theorems,

compactness theorems, imbedding theorems and trace theory. Since there are many functions

whose derivative does not exist in classical sense so we introduced the notion of weak derivative.

The theory of Sobolev spaces is also included which are useful in weak formulation of partial

differential equations.
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