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ABSTRACT

Functional analysis plays an increasing role in the applied sciences and mathematics. It is an
abstract branch of mathematics that is developed from classical analysis. Proper functional
analytic setting is important for the study of initial and boundary value problems. It is also
important for the construction of effective numerical schemes. With the discovery of distribu-
tions, the role of functional analysis in partial differential equations has become more important.
Numerical methods like finite element and finite volume methods depend on the results of func-
tional analysis both for the construction and error analysis of the schemes. The accuracy of
several approximations to partial differential equations very much depends on the smoothness
of the analytical solution to the equation under consideration. So, smoothness of data becomes
very important in the analysis. For this motive, we will consider some classes of functions with
some specific differentiability and integrability properties, called function spaces.

Chapter 1 starts with an introduction to function spaces with examples and we define the
different norms which are used in analysis of partial differential equations. In addition to this,
we have included the different inequalities which will be used in forthcoming chapters.

In Chapter 2, we discuss the theory of distributions and also discussed the need of distribu-
tions. Several properties like differentiability, measure as distribution and functions as distri-
butions have discussed. The concept of weak derivatives and convolution of distributions have
included.

Finally, in Chapter 3, we study the Sobolev spaces and norm defined on theses spaces.
Then we study some extension theorems, imbedding theorems, compactness theorems, and
trace theory. Then motivation for weak solution and its existence and uniqueness through Lax-
Milgram Theorem. Some test examples have been studied for weak formulation from elliptic

partial differential equations.
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Notation and conventions

(i) N denotes the set of non-negative integers.
(i) R™ denotes the n-dimensional Euclidean space over R.
(ii1)) Q < R”" will always be an open and non empty subset.
(iv) Q stands for the closure of Q in R”.
(v) 0Q stands for the boundary of Q.
(vi) Q' cc Q means that Q' is a relatively compact open subset of Q.
(vii) C(Q) is the space of continuous functions on Q.
(viii) C(Q) is the space of continuous functions on Q.
(ix) CK(Q) is the space of k-times continuously differentiable functions on Q.

(x) C*(Q) is the space of functions in C¥(Q) which together with all derivatives possess con-

tinuous extensions to Q.

(xi) C*(Q) = ﬁock(g).

—_— w -
(xii) C*(Q) = N CHQ).
k=0

(xiii) D(Q) is the space of functions in C*(Q) with compact support in Q.

(xiv) D = D(R").

(xv) D'(Q) is the space of distributions on Q.

(xvi) D' = D'(R").

(xvii) E(Q) =C*(Q).
(xviil) € = E(R").

(xix) &'(Q) is the space of distributions with compact support in €.

Xiil



(xx) & =& (R").
(xxi) 8 is the Schwartz space of rapidly decreasing functions in R".

(xxii) W"™P(Q) is the Sobolev space of order m for 1 < p < oo with norm |. |, .o and semi-norm

|‘|m,P,Q'
(xxiii) Wy"P(Q) is the closure of D(Q) in W™P(Q).
(xxiv) W™2(Q) = H™(Q) with norm |. |, and semi-norm |[.|,,, 0.
(xxv) WJ(Q) = HI'(Q).

(xxvi) WOP(Q) = LP(Q) with norm |.|p p.o.
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Chapter 1

Function Spaces

1.1 Introduction

In analysis we can investigate functions in two ways. First way is classical. In this way we
investigate properties of functions individually by calculating their values, derivatives, integrals
etc. On the other hand second way is general and modern. In this way we consider a set in
which functions are appeared as elements of the set. We analyze the geometric and algebraic
properties of such a set. First approach is used in classical analysis while the second approach
is used in functional analysis. From the second point of view we can define the function space.
A function space is a set of functions with specific differentiability and integrability properties.
In this chapter we will study various types of function spaces. For the sake of notational conve-

nience, we introduce the concept of multi-index.

Definition 1. (Multi-index notation) Let N be the set of non negative integers. An n-tuple
o= (0,...,0) € N"

is called multi-index of length |a| = o) + .. + 0.

pe_ (2N (N
S \axr ) T\ ox, COx % Ox, %



Example 1. Letn =3, and o. = (01, 002,03), 0; €N, j=1,2,3.

Then for a function v of three variables x1,x3,x3, we have

Z D% — v N v N v N v N v
=3 o ox3 0x120xy  Ox120x3  Ox10x22  Ox1Oxz2
N Ay Ay 3y v FoaaY.

(9)623 + (9)61 aX2(9X3 * (9)@25)63 + (9)625)632 + aX33.

This example shows the importance of multi-index notation. Instead of writing ten terms on the

right-hand side, we can compress the information by writing the single expression shown on the

left.

Definition 2. (Space C*(Q)) Let  be an open set in R” and let k € N. Then C¥(Q) be the set

of all continuous real-valued functions v defined on Q such that D*v is continuous on Q for all

o= (0p,....,0) With |ot| < k,i.e.

CK(Q) := {v: Q — R|vis k-times continuously differentiable} .

Definition 3. (Space C*(Q)) Let © is a bounded open set in R”. Then C*(Q) be the set of all

v in C¥(Q) such that D% can be extended from Q to a continuous function on Q, where Q

denotes the closure of the set Q.

Example 2. Consider Q = (0,1) < R. The function

1
v(x) = — e CX(Q), for eachk > 0.
x

Now Q = [0,1], clearly v is not continuous at x=0. Therefore, v ¢ C*(Q) for any k > 0.

1.1.1 Norm on C¥(Q)

Norm on C¥(Q) is defined as

IViek@ = D, suplD*v(x)].

|a|<kX€Q
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In particular if k = 0, we shall write C(Q) instead of C(Q) which denotes the set of all contin-
uous functions defined on Q. In this case norm is defined as

IVlie@) = sup[v(x)]
XeQ

If k =1, norm is defined as

Mg = 2 supD*v(x)]
|(X|<1XGQ
ov

n
= sup|v(x)|+ > sup X)|.
XGQI (x)] ;xeglaxj( )|

Definition 4. (Support of a function) Let v € C(Q) i.e. v be a continuous function defined on
Q. The support of v is written as supp(v) and is defined as the closure (in Q) of the set where v

1S non-zero, i.e.,

supp(v) 1= {xe Q| v(x) # 0}

Remark 1. Letve C(Q),

(i) v=0 < supp(v) = ¢.

(ii) supp(v) is closed subset of Q.

Example 3. Let v be the function defined on R" by

2 :
b(x) — el=h* x| < 1;

0, Otherwise,

where |x| = (x;% + ... +xn2)1/2. Clearly, the support of v is the closed unit ball

{xeR":|x| < 1}.



Definition 5. (Space C*(Q)) Let Q be an open set in R”. C*(Q) denotes the space of infinitely

continuously differentiable functions, i.e.

Elements of C*(Q) are called smooth functions.

Example 4. Let v: R — R be defined by
e ¥ , x>0,
0 , x<0.

Here, we only need to check smoothness at x = 0. For x < 0 all the derivatives will become

X2

me— ,

zero but for x > 0 the derivatives are finite linear combinations of terms of the form x~
where m is an integer greater than or equal to zero. By using the I’Hopital’s Rule these terms

will become zero. So, ve C*(R) i.e. v is a smooth function.

Definition 6. (Test functions) Let 2 be any open set in R". The space of smooth functions with

compact support is said to be the space of test functions. It is denoted by D(Q) i.e.,

D(Q) := {ve C*(Q)|supp(v) is compact} .

Remark: D(Q) can also be written as C.°(Q).

1.1.2 Non triviality of the space D(Q2)

For k € N, we have the inclusions
D(Q) c cH = ck@).

We know that zero function belong to D(Q). But the question arises whether there exist any non-

zero functions in D(Q) or not. For the answer of this question we will study Bump functions.



Example 5. (Bump function) The function y : R — R given by

=1
el—< x| <1,
y(x) = 4 _
0, Otherwise.
This is an example of bump function in one dimension. Since a function defined on R has

compact support iff its has bounded support. Therefore, this function has compact support

which is [-1,1]. Also it is smooth function. So, Y € D(Q).

1.2 The LP spaces

Let Q denotes the open set and J be the collection of all measurable extended real valued
functions on Q which are finite a.e on Q. The functions f, g € J are said to be equivalent and is
denoted by f = g if

f(x) = g(x) for almost all x € Q.

Thus we get a equivalence relation, i.e. it is reflexive, symmetric and transitive. Therefore
it induces a partition of J into a disjoint collection of equivalence classes, which is denoted
by F/ = . There is a natural linear structure on ¥/ =~ . For any two functions f,g € JF, their
equivalence classes [f],[g] and real numbers o and 3, we define the linear combination af ]+
Bg] to be the equivalence class of the functions in JF that take the value a.f(x) + Bg(x) at points
x in Q at which both f and g are finite [[1].

The zero element of this linear space is the equivalence class of functions that vanishes a.e on
Q.

Definition 7. Let Q be a open set and 1 < p < o be a real number. The space LP(Q) is the

collection of equivalence classes [ f] for which

f f|Pdx < 0.
Q

In the late nineteenth century it was noticed that whether real valued functions of one or
more real variables were the basic elements of classical analysis but it is also useful to consider

real valued functions that have as their domain linear space of functions, such functions are



called functionals. Now we extend the concept of absolute value from the real numbers to

general linear spaces, which is known as norm.

Definition 8. (Normed linear space) Let X be a linear space. A real valued functional |.| on

X is said to be norm on X if it satisfies the following properties:

@ [f1=0 and |f|=0 <= f=0, VfeX.
@) lr+el <lfl+lsl, vfeeX.
@) Jof| =loflifl, VfeX,aeR.

A linear space together with a norm is called a normed linear space. If X is a normed linear
space with the norm ||.||, then a function f in X is said to be unit function if || f|| = 1. For any
f # 0 € X the function f/||f| is a unit function. Clearly it is a scalar multiple of f which we

call the normalization of f.

Example 6. Let f € L' (Q), where L' (Q) consists of equivalence classes of integrable functions.

Define
=] 17
Q
Then ||.|| defines a norm on L'(Q).
Let f,g € LY(Q), therefore f and g are finite a.e on Q.

We deduce from the triangle inequality of real numbers that
If+gl <|fl+|glaeonQ.

Therefore

If+ &l

Il |
b —
~ =~
+ +

o9
— = =
o9

|+l

Hence we have | f + gl <[ f[1 +lg]1-
Also, || f||1 is always = 0 for all f € L'(Q).




Now, if f € L1 (Q) and | f|| = 0 then we have f = 0 a.e on Q.
Therefore [ f] is the zero element of the linear space L' (Q) i.e f = 0.

Example 7. Consider the space L*(Q) and let f € L*(Q).

Then the norm is defined as
1/2
Wieor = ( [ 1P)
Q

Theorem 1. (The Cauchy-Schwarz inequality) Let u,v € Ly(Q). Then

()| < Jul @) VL 0)-
Proof. Let o€ R, then

O<||u—i—0ch%2(Q) = (u+owu+av)

(u,u) + (u,0w) + (o, u) + (o, ow)

= lulZ, @) +20(u,v) + [Vl q).

The right-hand side is a quadratic polynomial in & with real coefficients, and it is non-negative

for all o € R, therefore its discriminant is non-positive, i.e.
2 2 2
12(u, V)7 = 4l 7, ) VL, () < 05

and hence we get the required inequality. [

Theorem 2. (The triangle inequality) Let u,v € Ly(Q), then u+v € L,(Q), and
e+ vy < |4l @) + VL)
Proof. Here we use the Cauchy-Schwarz inequality.

vt = @+viu+v)=lulf,q +2uv)+ V7,

(luell () + ||VHL2(Q))2-

N

By taking the square root on both sides we get the required inequality. [

7



Definition 9. (Essential supremum of a function) Let v be a function defined on Q. The
smallest positive number M such that |v| < M for almost every x in Q is said to be essential
supremum of |v|. We write

M = ess. supp yeq|v(x)]

Definition 10. (Space L, (Q)) The space Ly (Q) consists of functions which have finite essen-

tial supremum on . Here norm is defined as

”VHL%(Q) =M = ess. supp xea|v(x)|.

So, we have defined the L!(Q) and L®(Q) spaces and their corresponding norms. Now we

define norm on L”(Q) for 1 < p < .

Definition 11. Let Q be an open set and 1 < p < c0. Let f be a function in L”(Q). Then we will

show that norm on L, (Q) is defined as

1/p
Wleye = ([, 1)
Here | f| = OYf € LP(Q).

Also f e LP(Q) and | f|, = O then we have f =0 a.e on Q.
Therefore [ f] is the zero element of the linear space LP(Q) i.e f = 0.

For triangle inequality we need,

|f +8lp < [£1p+ gl forall f; g in LP(Q).

But this is not obvious. It is called Minkowski’s Inequality and further we will prove it.

Young’s Inequality: Let p and g be positive real numbers satisfying

1 1
—+-=1
2
Then, for every positive real numbers a and b,
P pd
ab < < +—.
p q



Proof. We know that a real valued function f defined on an interval / is convex if for every
o,Beland for A, uec|0,1] withA+u=1,
S+ uP) <Af(o) +uf(B).

Also, we know that the function f(¢) = ¢, > 0 is convex. Thus, for every o, 3 € I and for
Aue [0, 1] withA+u=1,
OB < ) —i—,ueB,

equivalently,
M < Ne® + peP.
By taking A = 1/p and u = 1/g and o and B such that a = %7, b = eP/4,

we obtain the required inequality. [

Holder’s inequality:For any two functions v e L,(),w € L,(Q) with % + Cl] =1,

~

<V, @lwle,@)-

sz(t)w(t)d

r l/P
vl = ( |v<r>|Pdr) .
JQ

v, =0 < v=0.

Proof. Forve LP(Q), let

Note that

Thus, for v,w € LP(Q), if at least one of v and w is 0, then the inequality holds trivially. So, we

assume that both v and w are nonzero vectors. For each ¢, take

_ o)l
vlp’

Now, substitute a and b in Young’s inequality we have
p q
powol IV(l)|p N IW(t)Iq '
Wlplwly — plvil, — qlwlg

Taking integration on both sides, we get

4 t t)|P t)|4 1 1
pOwol . |\}()|pdtJr |W()|th:_+_:1.
a vlplwly a plvlp adqlwlg P 4
From this, the required inequality follows. [



Minkowski’s Inequality: For 1 < p < o0, and for any two functions f,g € L,(Q),

\f+8llz,@ < 1f],@ + gl @-

Proof.

r

|f+elh = | If+el”
Q
<
= QIJ“rgIIergV’_l

JQ(|f|+|g|)(|1“rg|)p_1
= Q(|f||f+g|p_l+|g||f+g|p_1)-

J

Applying Holder’s inequality, we have

1/q
ot ealr=t < us( 1r+el=)
= 1711f +elp.

Similarly,

J. tellr+al7=" < Ll + gl
Hence,

1+ 15 < (11 + Lello) 1 + 8l

From this, we obtain

If +8llp < £y +l8lp-

1.2.1 L” is complete: Riesz-Fischer theorem

Definition 12. Let {f,} be a sequence in normed linear space X. Then {f,} is said to converge
to fin X if

lim Hf_an =0.

n—oo0
We write

{/u} > finX.

10



Definition 13. Let { f,,} be a sequence in normed linear space X. Then { f,,} is said to be Cauchy

in X if for each € > 0, there exist a natural number N such that

|fn—fm| <€ forallm,n > N.

A normed linear space X is said to be complete provided every Cauchy sequence in X

converges to a function in X. A complete normed space is called Banach space.

Lemma 1. Let X be a normed linear space. Then every convergent sequence in X is Cauchy.

Moreover, a Cauchy sequence in X converges if it has a convergent subsequence.

Proof. Let {f,} be a convergent sequence in X and it converges to f i.e.,

limp || fo = f1| = 0.

By the triangle inequality we have,

foo = fnll < [ fu = f1 + | fin — f]| for all m,n.

Therefore {f,} is Cauchy.
Now let { f,} be a Cauchy sequence in X which has subsequence {f,, } — fin X.

Let € > 0. Since {f,} is Cauchy, therefore we can choose a natural number N such that

|fn = fmllp <&/2

for all n,m > N.
Since {f,, } converges to f, so we may choose k such that ny > N and || f,,, — f|, < &/2.

Then, by triangle inequality for the norm we have,

o= flp = Ifa—=fud+ e = F1lp
1o = Fonllp + Mo = F

< eforn=N.

N

Therefore {f,,} — fin X.

11



Definition 14. Let X be a normed linear space. A sequence {f,} in X is said to be rapidly

Cauchy if there exist a convergent series of positive numbers ;- | & for which
I fix1 — fil < € for all k.

It is useful to observe that if {f,} is a sequence in a normed linear space and the sequence

of non-negative numbers {a;} has the property that

| fe1 — fill < ai for all k,

then
n+k—1
fosk—Fa = Y [fjr1—fi] forall n,k, (1.1)
j=n
n+k—1 0
[fure=Fall <Y Ifim1— £l < D aj foralln.k (1.2)
j=n Jj=n

Lemma 2. let X be a normed linear space. Then every rapidly Cauchy sequence in X is Cauchy.

Furthermore, every Cauchy sequence has a rapidly Cauchy subsequence.

Proof. Let {f,} be a rapidly Cauchy sequence in X and > ;2 | € a convergent series of non-

negative numbers for which

| fes1 — fill <& forall k. (1.3)
From (1.2) we have
o 0]
|fork = full < D € foralln,k. (1.4)
j=n

Since the series ZZOZI €, converges, therefore the series ZZOZI e% is also convergent.
Now from (I.4) we have that {f,} is a Cauchy sequence in X. We may inductively choose a

strictly increasing sequence of natural numbers {n;} for which

ank-&-l _fnkH < (I/Z)k for all k.

The subsequence {f;,} is rapidly Cauchy since the geometric series with ratio 1/4/(2) con-

verges. [

12



Remark 2. Let E be a measurable set and 1 < p < co0. Then every rapidly Cauchy sequence in
LP(E) converges both with respect to the L”(E) norm and pointwise a.e. on E to a function in
LP(E).

The Riesz-Fischer theorem: Let E be a measurable set and 1 < p < o0. Then LP(E) is a

Banach space. Moreover, if {f,} — f in L”(E), a subsequence of {f,,} converges pointwise a.e.
onE to f.

Proof. Let {f,} be a Cauchy sequence in L”(E). According to Lemma(?2), there is a subse-
quence {fy, } of {f,}, that is rapidly Cauchy. The preceding remark tells us that { f;, } converges
to a function f in LP(E) both with respect to the L”(E) norm and pointwise a.e. on E. Ac-
cording to the lemma(1) the whole Cauchy sequence converges to f with respect to the LP(E)

norm. L]

13



Chapter 2

Distributions

2.1 Introduction

When we study the solution of partial differential equation in the classical sense, we know
that the solution must be differentiable at least as many times as the order of the equation and it
must satisfy the equation everywhere in space and time [2]]. However, such point of view is very
restrictive and we have several equations which fail to possess such solutions. Let us consider

the following example.

Example 8. Consider the following partial differential equation
u+uu,=0,xeR, >0, (2.1)

where the subscripts denote differentiation with respect to the corresponding independent vari-
able. This equation is known as Burger’s equation and is closely related to a class of partial
differential equations known as hyperbolic conservation laws. Let u(x,t) be a smooth solution

of given equation which satisfies an initial condition of the form
u(x,0) = up(x), xe R, (2.2)

where uo(x) is a given function of x. Let us now define a curve x = x(t) in the x —t plane by

means of the ordinary differential equation

dx
E(I) = u(x(t),t). (2.3)

14



Along such a curve we have
du  Ju N Ou dx
dt ot oxdt
since u satisfies (2.1). Hence along each such curve, u=a constant. It then follows from (2.3)

that such curves are straight lines. These are called ’characteristic curves’ and the curve

=u+uu, =0

through the point (xo,0) on the real line will have the form
X =xo+ct, c=up(xp) 2.4)

and all along this curve u(x,t) = uy(xo). Now consider a smooth initial function uy. Here the
two characteristic curves meet at the same point(say P) and hence the value of u at P is not even
well defined. Thus except for a short time, we can not even expect the function to be continuous.
If we only wish to study classical solutions, such equations can not be tackled. So, there is need
of generalizing the notion of a solution of partial differential equations. In other words, we will
study the larger class of objects, called Distributions, on which we can define a generalized
derivative and wherein the usual rules of calculus will hold. Distributions are also known as
generalized functions. To study the definition of distribution, we first need to understand linear

functional and convergence of test functions.

Definition 15. (Linear functional) A linear functional f is a mapping from a vector space into
a field i.e.
f:Vo>F

such that
@ fx+y) =Fx)+f0),
(i) f(ox) = ouf(x),

for all x,ye V and o€ F.

Example 9. Let V = Cla,b] then f is defined by

b
) = J ()i, xeClabl.

a

Here f is a linear functional.

15



Example 10. Consider the Hilbert space I* and choose a = (o) € 2, then
0
flx) = inoci, x = (x;) el
i=1

Here f is linear functional.

Definition 16. (Convergence of test functions) Let {0,} be a sequence of functions in D(Q).
Then ¢, — 0 (as n — o) in D(Q) if

(i) there exist a compact set K — Q such that supp(¢) = K and supp(¢,) = K ¥n, and

(ii)0%¢,, — 0*¢ uniformly on K for all oc e N".

Definition 17. A linear functional 7 on D(Q) is said to be distribution on Q if whenever
¢, — 0 in D(Q) then T(¢,) — 0 in F, equivalently we can say that if ¢, — ¢ in D(Q) then
T(¢n) = T(9) in F.

Remark 3. The space of all distributions on Q is denoted by D/ (Q).

Definition 18. A function u : QQ — R is said to be locally integrable if for every compact subset

K of Q. we have
J lu| < oo.
K

For example every continuous function is locally integrable.

The locally integrable functions generates distribution. For this see the following examples.

Example 11. Consider the locally integrable function(on R?) as r~' where r = |x|. If B is the

ball of radius € centered at the origin, then

1 € 2T 1
f - = J J —rd0dr,
BT oJo T
which is finite. Let u: R" — R be a locally integrable function.

Then a functional T, : D(R") — C defined by

1) = | utotods. o0 DR,

is a distribution.

16



If f and g are two locally integrable functions such that f = g a.e. then it is obvious that
Ty = T,. In particular if f = 0 a.e., it defines the zero distribution. In fact, the converse is also

true. If 7r = O then f = 0 a.e., given that f is locally integrable.

Example 12. Let x € R" and the functional d, is defined as

5:(0) = 0(x), 0 D(R").

Then &, is distribution.

In particular, if x = 0 we write this distribution as & and it is the well known ”Dirac’ delta
distribution”, introduced by PA.M. Dirac early in this century. His symbolic calculus of the
d—function made no mathematical sense until correctly formulated in the framework of the

theory of distributions developed essentially and L. Schwartz.

Theorem 3. (Legendre’s lemma) Let v : R" — C be a locally integrable function. Then
1) - | viowdi=0.veedE, (1)
if and only if v(x) = 0 almost everywhere in D(R").

Proof. Let v(x) = 0. Then clearly T, = 0.

Conversely assume that 7;, = 0.

To prove: v(x) = 0 almost everywhere(a.e).

In this proof we will first extend the relation (1) from D(R") to C(R") of all continuous functions
with compact support and then to the set M(R") of all bounded measurable functions with
compact support.

Let ¢ > 0. Let the set K. denotes the c-neighbourhood of a compact set K < Q. We know that
the set K. consists of points having distance from K less than c.

By uniform-boundedness theorem, for every given € > 0,¢ > 0 and a function f € C(R") having

support K there exist a function ¢; € D(R") such that

supp(91) < Ke and |f(x) —d1(x)| < e, xe K.

Therefore, we have

[RELEREI

< EJ [v(x)|dx,
K.
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Now by using (1) the above inequality is reduced to

J}Rn v(x) f(x)dx

<e J ()| dx.
K.
For fixed c if we assume € — 0, we have

J ) v(x)p (x)dx = 0.

Now let / be a arbitrary function in M(R").
According to the Lebesgue theory of integration, there exist a sequence of functions £, € C(R")

converging to h a.e as m — c0. Then we have

f V(h(x)dx = limy J V()i () dx = 0.

n

Therefore for any 7 € M(R") we have

J ) v(x)h(x)dx = 0.

Finally, let us represent a complex valued function v(x) defined by
v(x) = v(x) ™,

and define a function A, (x) by

e=®W (x| <a and v(x)=0;
ha(x) =
0, |x| >a or v(x)=0.

where a is the positive number.

Therefore, for any a > 0 we have

0= f ()ha(x)dx = f v (x)|dx.

|x|<a

As |v(x) = 0] and S|X|<a [v(x)|dx = 0.
So we must have v(x) = 0 a.e on the ball |x| < a. Since the number a > 0 is arbitrary, so we
conclude that v(x) = 0 a.e on R". O

Theorem 4. Let Q be an open subset of R". Then the following statements are equivalent:

18



(i) T is distribution on €.

(ii) For every compact subset K of Q there exist constants ¢ and o. depend on K such that

7O <c[Ola, (%)

for all ¢ € D(Q) and supp(d)c K, where |||q, is the maximum absolute value of ¢ over Q

and all its derivatives upto order Q.

Proof. (1) = (ii)

Let T is distribution on Q i.e. T € D'(Q).

Let Dy denotes the subspace of functions in D(€) which have support in K and let ¢,,, — 0 in
D(Q). Then ¢, — 0 in D(Q).

Also, T () — 0 because 7 is distribution. Now, the induced topology on Dy is metrizable and
is generated by the semi-norms |.|q. Thus 7 restricted to Dy is continuous for any compact set

K < Q and (*) just expresses this fact.

(i) = (1)
Let ¢,, — 0 in D(Q2). Then |0y, — O for all o.
By using the given condition in (ii), 7'(¢,,) — O.
Hence T € D'(Q). O

2.1.1 Calculus with distributions
Functions as distributions

Suppose u is a locally integrable complex valued function in €2, i.e. for every compact subset K

f|u|<oo.
K

T,(0) = L¢<x>u(x>dx, 0eD(Q).

of Q, we have
Define

Since
T.(0)] < ( [ |u|) ol 0€Dx.
K

Now, by theorem @) 7, € D' (Q).
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Measures as distributions

If v is a complex Borel measure on Q, or if v is a positive measure on Q with v(K) < oo for

every compact set K < Q, the equation

=f odv,  0eD(Q),
Q

defines a distribution 7, in Q2.

Differentiation of distributions

If o is a multi-index and 7 € D'(Q), then
(D°T)(9) = (~=D)IT(D%),  ¢eD(Q)
defines a linear functional D*T on D(Q). If
7] < c[0].,

for all ¢ € Dk, then
((D*T)(9)] < ¢ D¥Olln < €[ @]ln-+1oq-

Therefore, by theorem (@) D*T € D' (Q).
Remark 4. For every distribution 7 and for all multi-induces o and B we have,
D*DPT = p**PT = DPDOT,
Proof.

(D*DPT)(9) = (—1)1(DPT)(D%))

= (- 1)|a|+|B|T(DBDa¢)
(—1)leFPlT (DtBy)
(D™PT)(9).
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Example 13. Consider the Dirac distribution & on R

which is, upto a sign, the doublet distribution.

Example 14. Consider the Heaviside function on R

I, x=0;
H(x) =
0, x<O0.

Clearly this function is locally integrable. Therefore it defines the distribution.
Let us denote this distribution by Ty . Let ¢ € D(R). Then

T = (%)

[P
= OREC)

Thus, we have
d TH

T = 0.

2.1.2 Weak derivatives

We denote by L|

Lebesgue measurable functions which are integrable over every bounded interval. Let CF(R)

(R) the space of locally integrable functions f : R — R. These are the

loc

be the space of all continuous functions with compact support.

Definition 19. Given an integer k > 1, the distributional derivative of order k of f e Lllo . 1s the

linear functional
Ty J f(x)Dro(x
If there exist a locally integrable function g such that Tpy sy = T, namely
f g(x)0(x)dx = (—1)kf f(x)D*o(x)dx for all g € C*(R)
R R
then we say that g is the weak derivative of order k of f.
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Example 15. Consider the function

ﬂ@={0’x<m

x, x>0.

It’s distributional derivative is the map

1o = - [ “xdwas= [ "ot~ [ H@owas

I, x=0;
H(x) =
0, x<O.

Here the Heaviside function H is the weak derivative of f.

where

Remark 5. (Leibniz’s Formula) Let Q < R” be an open set, ¢ € C°°(Q), T € D'(Q). Then for

any multi-index o,
B+yo—p
“(OT) = ) B' D oD% BT,

p<a

Definition 20. (Support of a distribution) The support of a distribution is the complement of the

largest open set on which the distribution vanishes.

Example 16. If T = Ty, the distribution generated by a continuous function, then

supp Ty = supp (f).
Example 17. The support of the Dirac distribution and all its derivatives is the set {0}.

Definition 21. Let 7 € D'(Q). The singular support of 7' is the complement of the largest open
set on which T is C*.

Clearly the singular support of 7', denoted by sing.supp(7’), is closed in € and

sing supp(T)< supp(T).
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2.1.3 Convolution of functions

We will now study an important and useful operation on functions which we will later extend
to certain classes of distributions.

Let f,g € L' (R"). For x € R", consider the integral,

h(x) = N f(x—y)g(y)dy. (2.5)

This integral is well-defined since F(x,y) = f(x —y)g(y) is measurable in the product space
R x Ry and by Fubini’s theorem and the property of translation invariance of the Lebesgue

measure,

fRann |F(x,y)|dxdy = f ) |g(y)|dyJRn If (x—y)|dx

= [8llzi @ 1 | gy < 00

Hence, again by Fubini’s Theorem, the x-section of F, viz.

Ei(y) = f(x—y)g(y)

is in L=1(R") and A(x) is well-defined. Further 4 € L' (R") as a function of x and by the preced-

ing computation,

Al ey < 1o ey 181l ey -

Definition 22. Let f,g e L' (R"). Then the function i € L' (R") defined via the equation (2.3) is

called convolution of f and g and is denoted by

h=f=g.

Theorem 5. The convolution is a commutative and associative binary operation on L' (R").

Proof. Let f,g e L'(R"). Then
(frg)(x) = Rnf(x—y)g(y)dy = Rnf(Z)g(x—Z)dZ = (g+ f)(x)
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using the change of variable z = x — y. This proves the commutativity.
If f,g,he L' (R"), then by use of the change of variable z = ¢ — y and by Fubini’s theorem,

(Feg) @) = | (Fea)=nh)dy

= f(x—y—2)g(z)h(y)dzdy
R} JR?

[

_— f(x—t)f g(t —y)h(y)dydt
JRY ;l

= | flr=1)(g=h)()dt

JR}

= (f=(g=h))(x)

which proves the associativity. ]

Theorem 6. Let 1 < p < oo and f € L'(R"), g€ LP(R"). The f « g is well defined and further,
fegeLP(R") with

I *glrrny < 1o gy l8llLr @) (2.6)
Proof. Let g be the conjugate exponent of p, i.e. 119 cl] = 1. Let h e LY(R"). Then (x,y) —
f(x—y)g(y)h(x) is measurable and
Jo Ly e mstmeanay = e 156 stsasis
n n J n

_ j |J x—1)|dtdx
- [ “"”fRJ ()~

JR

X X

N

12l (rmy 8 ey 1 it ey < 40

where we have used Holder’s inequality and the fact that by the translation invariance of the

Lebesgue measure g(x) and g(x —¢) have the same L norm. Thus by Fubini’s theorem

| mse=ygtay

y
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exists for almost for all x and since we can choose A(x) # 0 for all x(e.g.h(x) = exp(—|x|?), |x|? =
>, x?) we deduce that f = g, defined by ([2.3) is well defined. Also

he | (regm

is a continuous linear functional on L7(R") with norm bounded by |g|z» )| f]|.1(re) Which
shows, by the Riesz Representation theorem, that f = g € L”(R") and the required inequality
holds. =

Remark 6. The inequality (2.6) is a particular case of Young’s inequality.

Let 1 < p,q,r < oo such that
(1/p)+(1/q) =1+ (1/r).
If feLP(R"),g e LY(R") then f«ge L"(R") and
1f # gllrrry < | fllor @y gl Lamny-

If f is a continuous function on R" and g continuous with compact support then again the
integral in (2.5) makes sense. Thus in this case also we use (2.5) to define convolution f = g.
More generally, if fi, ..., fx are continuous functions on R" such that all but at most one of them
has compact support, then again we can define fi = ... * f; by considering the functions as follows

(for instance):
Jr=(fa(fim1# fi))-

The actual order will be unimportant by commutativity and associativity. That between each
parenthesis, at least one element has compact support is a consequence of the following result.
Theorem 7. Let f be continuous and g continuous with compact support. Then

supp (f = g) < supp (f)+ supp (g) (2.7

where for sets A and B in R",

A+B={x+ylxeA, yeB}. (2.8)
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Proof. Set A=supp(f), B=supp(g), B compact.

Then A + B is closed, for if x; + yx € A + B, xx + yx — z, then (for a subsequence) yy — y € B.
Hence x; — z—y and the limit must be in A. Thusz—y=xecA andsoz€ A+ B.

In order that (f = g)(x) # 0, we need clearly only consider the integral over the set B=supp
(g)- Then necessarily, x —y € A = supp (f) for all y in a subset(of non -zero measure) of B.

Hence x € supp (f) + supp (g) and so

supp (f = g) = {x|(f +g)(x) # 0} = supp (f) +supp (g).

O
2.1.4 Convolution of distributions
Let u be a function on R" and let x € R". We define
(Tett) (v) = u(y —x) (2.9)
the translation operator, and
i(y) = u(—y). (2.10)
Starting from these relations, the following are easy to verify:
(tau) = T_(iD) @.11)
TyTy = Tty (2.12)

Given two functions u# and v on R” we have

J (Teu)v = J u(ly —x)v(y)dy = J u(z)v(z+x)dz = f u(T_yv). (2.13)
In the same vein, if T € D'(R") we define 1,T € D'(R") by
(%, T)(0) = T (t_,0) for all o € D'(R") (2.14)

which is exactly (2.13) if T is a function. It is easy to see that 7, T is indeed a distribution.

If u and v are functions whose convolution can be defined, then we have

W) = | uthe—y)dy = | u)E o)y @.15)

Thus we are led to the following:
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Definition 23. Let 7 € D'(R") and ¢ € D(R"). Then the convolution of 7 and ¢ is a function
T + ¢ defined by

(T +0)(x) = T (1:9).
We now prove some of the basic properties of the convolution defined above.
Theorem 8. Let T € D' (R") and ¢ € D(R"). Then:

(i) for any x e R",
W(T#0) = (0.T) =0 =T = (1:0)

(ii) if o is any multi-index,
DX(T +¢) = (D°T) »¢ =T « (D%)
in particular, T = ¢ € E(R").

(iii) If ye D(R"), then
Tx(@xy) = (T+0)=V.

Proof. (i) The proof of (i) is by a straightforward computation using above relationships.

TW(T+0) = (T+9)(y—x) =T (1,—9)
= T(t_ty0) = (t.T)(1,0) = (T «9)(y)

~

T(1y(1:0) ) = (T *1:0) ()

(ii) It suffices to prove (ii) when o = (0,0, ....,1,....,0) with 1 at the ith place. By iterating

this suitably, we can deduce the general case.
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Let ¢; be the ith (standard) basis vector of R”. Then

(T

0

Since % — g—i in D(R").

Iterating this we get one part of (ii). To prove the other, we have

0
(T

(T 0)(x) = (T ) (x— hei)
h

lim o [(T +0)(x) ~ e (T 0) ()]
limg o [(T +0)(x) — (7 (136,0)) ()]

limh_,o%(T + (0 Te,0) (1)

— (Tx (9 —;heiq)))
T (‘cx (g—i)l))
(T . g_i) (x).

[ inp—0

— time (ST 0 0

. T —the;T ~
= llmh_,() <—> (Tx¢)

h

oT , ~
a_xi (qu))

T, T .
Here we use the fact that % converges to ZTT in D'(Q).

(iii) Let ¢,y € D(R™). Now it needs to prove that

(T + (0 y))(0) = (T x¢) »y)(0).

(2.16)

Then (iii) will follow since for any x € R” we can apply with T_, instead of y and

then use (i). But

~

(T+(¢+y))(0) = T((0+y)).
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Now

(0+y)(x) = (d=y)(—x)

= Jd)—x )y
- fwwwww@

and it suffices to consider this integral over the compact set, supp(\). This integral could

be considered as the limit, as € — 0, of the Riemann sum
") Tepd(x)W(ep)
P

where the sum extends over all integral lattice points p in R". Again this is essentially
only a finite sum since for any fixed number € > 0, only a finite number of €p will lie in

the set supp(), which is compact. Thus
(= W) = limg_,0€" Z Zfepq)

in the topology of D(R") and so

(T+(0+y)(©0) = T((9+v))
= lime_o€" Y. T (Tep0)W(ep)

- |90
(T +0)w)(0).

This completes the proof.

2.2 The Fourier Transform

Definition 24. Let f € L' (R"). The Fourier transform of f, denoted by f , a function defined on
R” by the formula

7(e) = | el s, i= VL

n
where x.§ = ), x;&; is the usual euclidean inner-product in R”.
j=1
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Since f € L'(R"), it is immediate to see that f(&) is well-defined for every & € R". In fact
we have

~

IFO] < [ f ] gy (2.17)

Remark 7. The function f is uniformly continuous function.

Definition 25. (The Schwartz space, 8) The Schwartz space, or the space of rapidly decreasing

functions, §, is given by

S={fe&R" | lim XBD% £ (x)| = 0 for all multi-indices o and p}. (2.18)
X|—00

Example 18. Any function ¢ € D is trivially in §.

Example 19. Let n = 1 and f(x) = e . Then f € 8. Here we can easily check that |x|ke_"2

tends to zero as |x| — oo.

Remark 8. (The Weak Parseval Relation) Let f, g € 8. Then

F()g(E)de = f (g ()dx. 2.19)
R~ Rn

Remark 9. (Fourier Inversion Formula) Let g € 8. Then

¢ = | explomivE)aE)ae,

Remark 10. The Fourier transform is a (topological) isomorphism of § onto itself.

Remark 11. (Strong Parseval Relation) Let f,g € §, Then

| ro- N
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Chapter 3

Sobolev spaces and weak solutions to

elliptic problems

In this chapter we will study some of the important properties of a class of function spaces,
known as Sobolev spaces, named after the Russian mathematician S.L. Sobolev. This space

will provide the proper functional setting for the study of the partial differential equations[3} 4].

Definition 26. Let m > 0 be an integer and let 1 < p < 0. The Sobolev space W™ (Q) is
defined as

WmP(Q) = {ue LP(Q)|Due LP(Q)  for all |a| < m}. (3.1)

In other words, WP (Q) is the collection of all functions in L” () such that all distribution
derivatives upto order m are also in LP(Q2).

Clearly W"™P(Q) is a vector space. Also it is normed linear space with the norm
ltlmpe= 3, Do) (32)
|ot|<m
or, equivalently, for 1 < p < o0,
1/p 1/p

Wwpa= | 3 |10 = X 10l | (33)

o] <m |o|<m
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Notations

1. The case p = 2 will play a special role in the sequel. These spaces will be denoted by
H™(Q). Thus
H™(Q) = W™(Q) (3.4)

and for u € H™(Q), we denote its norm by ||u/, o, i.e.

|t m,0 = [ut]m2.02- (3.5)
The space H™(Q) have a natural inner-product defined by
(U, V)ma = Z J D*uD%v,  foru,ve H"(Q). (3.6)
o <m V€2

2. We will also often use the semi-norms which consists of the LP—norms of the highest

order derivatives. We denote these by |.|,s., . Thus for u e W™ (Q),

|lm,p.02 = Z |D%ul 1 (@)

|oi|=m

3. We can naturally consider the space L”(Q) as a special case of the Sobolev class when
m = (0 i.e. we do not bother about derivatives. In particular we denote the L” —norm of a
function by |.|0’p7g(since in this case the semi-norm and norm are the same). Again the

L*(Q)— norm will be denoted by |.|o o

4. In case Q = R" the space H"(IR") can also be defined via the Fourier transform. Let u €
H™(R™). Then by definition, D%y € L?(R") for all || < m. Hence the Fourier transform
of D% is well defined and we have

(D% )" = (2mi)l™ £% 7,

and so E*(E) € L*(R") for all |o| < m. Conversely if u € L>(R") such that £*#(&) €
L2(R") for all || < m, we have D%u € L?(IR") for all || < m and so u € H™(R"). We can

express this in a more compact form using the following lemma.

Lemma 3. There exist a positive constants M| and My depending only on m and n such that

Mi(1+[EP)" < D) [E*P <Mr(1+[EP)" 3.7)

|or|<m

forall § e R".
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Proof. Recall that [§]> = &2 +...+&2 and |E*| = [&;]™'...|€,|%. By a simple induction argument

on m we can see that same powers of & occur in (14 &[%)" and Y |E*[?, albeit with different
|ot|<m
coefficients, which depend only on n and m. Since the number of terms is finite and depends

again only on n and m, the inequalities (3.7) follow. [
By virtue of the preceding lemma we can define that space H™(R") as follows:

m/2

H"(R") = {ue L*(R")|(1+ €)™ @)(€) € L*(R")}. (3.8)

Again, by the Plancherel Theorem, it follows that the norm |. |, g» on H”(R") is equivalent to

the norm:

1/2
ey = ([ 18P A@RAE) 6.9)

The advantage of this definition is that it is immediate to generalize to all s > 0. If s > 0 we
define H(R")

HY(R") = {ue L(R")|(1 +[E]%)*a(E) e L2(R")} (3.10)
with associated norm
; 1/2
e = ([ 0+ PG PaE) G110

We will investigate such spaces defined over other open sets of R" later. Let us return to the
spaces W"P(Q). The map

ou ou

Tox1” T Oxp

ue Wr(Q) - ( ) e (LP(Q)"! (3.12)

is an isometry of W1P(Q) into (L (€))"*! if we provide the latter space with the norm

n+l n+1 1/p
lul = > uilopa or M||=<Z |“i6).,p,g>

i=1 i=1

for u = (u;) € (LP(Q))""", depending on whether we use the formula (3.2) or (3.3) for
the norm on W!7(Q). This is a useful fact to remember and will be used in the proof of the

following result.
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Theorem 9. For every 1 < p < oo, the space WP (Q) is a Banach space. If 1 < p < o, it is

reflexive and if 1 < p < oo, it is separable. In particular H' (Q) is a separable Hilbert space.

Proof. Let {u,,} be a Cauchy sequence in W!?(Q). It follows from the definition of the norm
that {u,,} and {%‘7’:‘} ,1 < i< n are all Cauchy sequences in L”(Q). Let u,, — u and ?TT —
vi,1 <i<n,in LP(Q). The completeness of the space W!”(Q) will be proved if we show that
g—)’:j = v; in the sence of distributions so that, on one hand, u € W!? (Q) and, on the other u,, — u
in Whr(Q).

Let ¢ € D(Q). We need to show that

J W20 —J V0. (3.13)
o Ox Q
Now, since u,, € W' (Q), we know that
ob Ouyy,
A . 14
Lu 0x;j Lz Oxi ¢ G149

Since 0 € D(Q), ¢ € L1(Q) for all 1 < ¢ < o0 and so we pass to the limit on both sides of (3.14))
as m € oo to obtain (3.13). Thus W' (Q) is complete and if p = 2, we get H'(Q) is a Hilbert
space.

Now (LP(€))"*! is reflexive for 1 < p < o and separable for 1 < p < oo. Since W'(Q) is
complete, its image under the isometry (3.12) is a closed subspace of (L7 (€2))" ! which inherits

the corresponding properties. 0
Remark 12. The results of this theorem can be proved by the same way for any integer m > 2.
Theorem 10. Let I < R be an open interval and let ue WP (I). Then u is absolutely continuous.

Proof. Let xo € I and define
X
u(x) = J ' (t)dt, (3.15)

which, by definition, is absolutely continuous. Hence its classical derivative exists a.e. and is

equal a.e. to u'; this is also its distribution derivative. Hence, in the sense of distributions,
(u—u) =0

and so u —u = ¢, a constant a.e. Thus u = u+ ¢ a.e. and the latter function is absolutely

continuous.
O]
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We can deduce an important property of W!-7(I) from the preceding theorem, when [ is a

bounded interval. Let, for instance, I = (0,1). Then if u € W!'»(I), we can write

u(x) = u(0) + Lxu/(t)dt. (3.16)
Hence by Holder’s inequality, if ¢ is the conjugate exponent of p, i.e., p~! + ¢! = 1, we have
[w(O)] < [ue() |+ [a o p,1[x] /4.
Thus it follows (on integration) that
u(0)] < C(lulops + [W'lo.p.) = Clulip. (.17)
where C > 0 is a constant not depending on u.
Now using (3.16) and (3.17)) we also deduce that for any x € I
lu(x)| < Cllul|1,p,7, C > 0, independent of u. (3.18)
Let B be the unit ball in W!-7(I). Then
B={ueW"P(D)||ulipr <1} (3.19)

It follows that if i : W1-7(I) — C(I) is the inclusion map then B = i(B) is a uniformly bounded
setin C(I). Again if x,y € I, by (3.16)), we have

u(x) — u ()| < [d'lo,p.re = 3|4 < Jull i pax—y"/e (3.20)

from which it follows that B is equicontinuous in C(I). It follows from Ascoli-Arzela theorem
that B is relatively compact in C(I); in other words, the map i : W!P(I) — C(I) is a compact
operator.

Finally, we introduce an important subspace of the space W (Q). If 1 < p < o0, we know that
D(Q) is dense in LP(Q).Also, if ¢ € D(Q), so does every derivative of ¢ and so D(Q) = W 7 (Q)
is a closed subspace of W"-?(Q) and its elements can be approximated in the W”"#(Q) norm

by C* functions with compact support. In general this is a strict subspace of W"?(Q), except
when Q = R".

Remark 13. Let 1 < p < oo0. Then for any integer m = 0,
Wm,p(Rn) — W(;%P(Rn)
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3.1 Approximations By Smooth Functions

Remark 14. Let 1 < p < oo, and let u € W1*?(Q). Then there exists a sequence {u,,} in D(R")
such that u,, — u in L”(Q) and %‘T’lﬂgl — g—;bz in L,(Q’) for every 1 <i < n and for every

Q' cc Q.

Definition 27. Let Q be an open set in R”. An extension operator P for W!7(Q) is a bounded
linear operator
P:whr(Q) - whr(RY)

such that Pu|q = u for every ue W'»(Q).

Remark 15. 1If Q is an open set in R” such that an extension operator P : W' (Q) — W12 (R")
exists, then given u € W (Q) there exist a sequence {u,,} in D(R") such that u,|q — u in
wWhr(Q).

Now, the above remark tells us that if Q admits an extension operator, then elements of W17 (Q)
can be approximated by functions in C* () which are restrictions of functions of D(R").
However, a more difficult theorem of Meyers and Serrin says that the set of all functions in
C*(Q) nWP(Q) is dense in W17 (Q) when 1 < p < oo, for all open sets Q.

None of the results extend to the case p = co. If Q = R”, it is known that the completion of
continuous functions with compact support with respect to the L — norm is the space of con-
tinuous functions which vanish at infinity. Thus while the function u = 1 is in WL (R"), it

cannot be approximated by elements of D(R"). We give below another simple example.

Example 20. Ler Q be an open interval, say (—1,1). Consider the function

0, x<0;
wwz{ ¥

x, x=0.

Then as u is absolutely continuous, its distribution derivative is given by

u(x):{ 0, x<O0;

1, x>0.
Then ¢ € C*(Q) such that

|¢/ — ul|0’g_‘)79 < €.
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Thus if x <0, |¢/(x)| <eand if x>0, [¢/(x) — 1| <eor¢'(x) > 1—c¢.
Thus by continuity ¢'(0) < € and > 1 —¢€ which is impossible if € < 1/2. Thus u cannot be

approximated in W' (Q) by smooth functions.

Remark 16. (Chain Rule) Let G € C!(R) such that G(0) = 0 and |G'(s)| < M for all s € R. Let
ue W'P(Q). Then the function G,ue W'?(Q) and

0 .\ Ou
—(Gou) =(G,))—, 1<i<n.
8xl~( u) = ”)é‘xi P

Remark 17. Let 1 < p < oo, and let u € WP(Q) such that u vanishes outside a compact set
contained in Q. Then u € W, 7(Q).

Remark 18. Let G be a Lipschitz continuous function of R into itself such that G(0) = 0. Then
if Q is bounded, 1 < p < o0, and u € W, " (Q), we have G,u € W, ”(Q).

Corollary 1. Let u € H}(Q), Q is a bounded open set in R". Then |u|,u™ and u~ belong to
H} (Q) where

ut(x) = max{u(x),0} (3.21)
u (x) = max{—u(x),0}. (3.22)

Proof. We use the above remark with p = 2 and G(t) = |t|. Thus |u| € H}(Q) for u € H} (Q).

Now
v lultu Jul—u

2 7 2

and so u™,u” € H}(Q).

3.2 Extension Theorems

We know that it is easy to prove properties of the Sobolev space W"™?(Q) by taking Q = R”".
The corresponding results for a general Q often follow easily if we have an extension operator
Q to R". We have seen that such operators exist. But these extensions operators are not unique.

A domain  may have many such operators. For this consider the following example.
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Example 21. Let Q = (0,1) c R. Let ue W'P(Q), then u is absolutely continuous and also the

value of u at any point is uniformly bounded by the WP — norm of u. (i.e. [u(x)] < Clluli p.0,
where C is constant, x € Q)

Now consider the following function defined on R :

0, x<—1,x=2
B (x+1u(0), —1<x<0
u(x) =

u(x), 0<x<l1

(2-x)u(l1), 1<x<2.

Then u(x) is an absolutely continuous function (and hence its distribution derivative is its

classical derivative). Thus

0, xr<—1,x>2
u0), —-1<x<0
u'(x), 0<x<l1
-u(l), 1<x<?2.

i (x) =

Clearly @ (x) € LP(R") and so t(x) € WIP(R). Also u — % is an extension operator from
WLP(Q) into WP (R).

In the same way, we can define several other such operators. For instance

0, x<—2,x=3
_ (172)(x+2)u(0), —2<x<0
i (x) =

u(x), 0<x<l1

(172)(3-x)u(l), 1<x<3.
defines yet another extension operator u — uy of WP (Q) into WP (R).

Theorem 11. (Poincare’s Inequality) Let Q be a bounded open set in R". Then there exist a

positive constant C = C(Q, p) such that

lulo.po <Clulipq foreveryue Wol’p(Q). (3.23)

In particular, u — |uly , o defines a norm on Wol’p(Q), which is equivalent to the norm |.||1 p o-
On H}(Q), the bilinear form

defines an inner product giving rise to the norm |.|| q, is equivalent to the norm |.| g.
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Proof. Let Q = (—a,a)", a> 0. Let u e D(Q). Then

u(x) = ' %(x’,t)dl, x = (x',x,), since u(x',—a) = 0. (3.24)
Hence
Xn au , p 1/[) 1 1
el < ([ 5wl ar) a0 e =1

p

P
“ dt

a—(x’,t)

a
or, u(x)|? < x, +ap/4J .
—a n

integrating over x/,

ou |P
' x) P < 2 P/QJ el
J e mypar < 2ain| 128
ou P
andsof ux)dx = (2a)p/q+lf e :
Q Q| 0xn

which proves (3.23) for u € D(Q). But D(Q) is dense in WO1 7(Q) and the inequality follows
for all u € WOI’I’(Q). If Q is not a *box’ and let Q = Q, box of the form (—a,a)" and extend
ue WO1 P (Q) by zero to get ii € WO1 7(Q) and apply the result which is available for & and the
inequality follows. O

3.3 Imbedding Theorems

Remark 19. (Sobolev’s Inequality) Let 1 < p < n. Then there exist a constant C = C(p,n) > 0,
such that

o, ps rn < Cluy pre

for every u € WP (R"). In particular, we have the continuous inclusion
whP(R") — LP*(R").
Remark 20. Let Q < R" be an open set. Then
W, 7(Q) ¢ LU(Q) for all g € [n,0).
Remark 21. Let p > n. Then we have the continuous inclusion
whP(R") — L®(R").
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Further, there exist a constant C = C(p,n) > 0 such that
u(x) —u(y)| < Clx—y|*|ul; pre ace. in R” (3.25)

for every u € W'P(R"), where o = 1 — (n/p). Again, if Q is an open set in R", the same
conclusions hold for WO1 P(Q).

Remark 22. Let Q = R’} or an open set of class C I with bounded boundary dQ. Then we have

the continuous inclusions
Q) ifl<p<n, WIP(Q)—Lr*Q)
(i) if p=n, W'(Q)— LI(Q) for all g € [n,0)
(i) if p>n, WIP(Q) —L*(Q)
and further, in the latter case, u is Holder continuous of exponent o = 1 — (n/p). In particular,
whr(Q)cc(Q), p>n.

Remark 23. Let m > 1 be an integer and 1 < p < co. Then

e 1 m, n n
Lif L—m >0, wmr(R) < LI(RY),

_m
n

<=

1
q

2. if Lo m _ o wmp(RM) < LI(RM), for g € [p,0)

= =

e 1 m

3.4 Compactness Theorems

Remark 24. Let Q < R” be a bounded open set and let Q' cc Q. Let F be a bounded set in
LP(Q), 1 < p < oo. Assume that for every € > 0 there exists a & > 0 such that

1. & <dist (', R\Q).

2. For every h e R" with || < &

1T_nf — flopo <eforevery fe T,

where T,(f)(x) = f(x—y). Then F|q, the set of restrictions of elements of F to &', is relatively
compact in LP(Q').
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Remark 25. Let Q < R" be a bounded open set and let 1 < p < oo. Let I be a bounded open set
in LP(Q). Assume that

1. for every € > 0 and for every Q' cc Q, there exist 8 > 0 such that 6 < dist (Q',R") and

Tnf = flopo <€ (3.26)

for all h € R" with |h| < & and for all f € T,
2. for every € > 0 there exist Q' < Q such that

|f|07p79/§ <¢g forevery feJ. (3.27)

Theorem 12. (Rellich-Kondrasov) Let Q@ — R" be a bounded open set of class C'. Then the

following inclusions are compact.
(i) If p<n, WHP(Q) > LU(Q), 1<q<ps,
(i) ifp=n, WH"(Q) - LI(Q), 1<q<o,

(iii) if p>n, WHP(Q) — C(Q).

Proof. When p > n, as observed earlier the functions of W!”(Q) are Holder continuous. If B
is the unit ball in W' (Q), then the functions in B are uniformely bounded and equicontinuous
in C(Q). Thus B is relatively compact in C(Q) by the Ascoli-Arzela Theorem.

Assume for the moment that the result is true for p < n. Notice that as p — n, p* — c0. Hence,
since  is bounded W!"(Q) = W1"=#(Q) for every € > 0 and given any ¢ < oo we can find
€ > 0 such that 1 < ¢ < (n—¢)". Hence by using the case for p = n —¢& < n, we deduce that
W1 (Q) is compactly imbedded in L9(Q) for any 1 < g < o0.

Thus the theorem will be proved if we prove it for the case p < n. Let B be the unit ball in
WP (Q). We now verify conditions (i) and (ii) of remark (23)). Let 1 < g < p+. Then choose o

such that 0 < o < 1 and

1 o 1—-«o
—=—4 i
g 1 p=
Then if u € B, Q' cc Q and h € R” such that || < dist(Q',R")Q,
|T—hu—u|o,p,sz' = |T—hu—M|8c,1,gf|f—hu—u|(l);§,gf
< (Rl ) @)2lulo o'~

e
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We choose h small enough such that C|h|* < €. This will verify (3.26)
now if u € B and Q' cc Q, it follows by Holder’s inequality that

|l/l|0 q Q\@ < |u|0.p* Q\@ meas (Q@)l_(‘l/l’*)
< C meas (Q@)l—(Q/p*)

which can be made to be less than any given € > 0 choosing Q' cc Q to be "as closely filling
Q’ as needed. This verifies (3.27). Thus B is relatively compact in L4(Q) for 1 < ¢ < p* and

the theorem is proved. [

Theorem 13. (Poincare-Wirtinger Inequality) There exist a constant C > 0 such that for every

ueWhr(Q),1<p<om,
u—1lopr.0 < Clul1pa (3.28)
where
_ 1 J
n=——-—| u
meas(Q) Jo
is the average of u over Q. Further, if p < n, then
u—lo,pe0 < Clul1 po

Proof. If we setu =1u .... with V = LP(Q)..., we easily

3.5 Trace Theory

Theorem 14. Let Q = R".. Then there exist a continuous linear map Yo : H'(R%) — L>(R"~1)

which is such that if v is continuous on R, then

Yo(v) = Vlge-1. (3.29)
Proof. Letve D(R"). We denote x € R” by x = (x',x,) with ¥’ € R"~ !,
Now
pEOF = = [t P,
o Oxp
= —ZLOOv(xl,xn)j—):l(xl,xn)dxn

N

LOO [(v(x’,xn))2 + (%(x’,xn)) 2] dx,.
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Integrating both sides of this relation with respect to x’, we get
2
V', 0)g o1 < V] ) e -

Thus the map v — v|ga—1 is continuous on D(R") with the H' (R") topology. But the restriction
of D(R") functions to R™. are dense in H!(R™.). Thus there exist a unique continuous extension
to H'(R™) of this map.

Remark 26. The range of the map 7y is the space H'/2(R"~1).

Remark 27. (Green’s formula) let u,v € H'(R™ ). Then

f W2 —J M i l<i<(n—1) (3.30)
R” 8x,~ R™ 8xl~
+ +
ov ou
|ouse = = s | wwme) (3:31)
Rrjr Xn Rrjr Xn Rr—1
O

Remark 28. Let v e ker (Yo). Then its extension by zero outside R”., denoted 7, is in H!(R"),

and

5V—(6V) , l<i<n (3.32)

oxi \ox
Remark 29. Let 1 < p < oo and h € R™. Then if f € LP(R")
Limy_o%f = flo.prr = 0.
Remark 30. ker (yo) = H} (R™).

Theorem 15. (Trace Theorem) Let Q < R" be a bounded open set of class C"+! with boundary
I. Then there exists a trace map Y = (Yo, V1, -, Ym—1) from H™(Q) into (L>(Q))" such that

1. ifve C®(Q), then yo(v) =v|r, 11(v) = %h", cand Yp—1(v) = g:’,’n__ll (v)|r, where v is the

unit exterior normal to the boundary I'.

2. The range of Y is the space

m—1

[ a7

J=0

3. The kernel of y is HJ'(2).
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Now, we shall focus on boundary value problems for elliptic partial differential equations

[S]. Elliptic equations are typified by the Laplace equation
Au =0,

and its non-homogeneous counterpart, Poisson’s equation

—Au = f7

where we used the notation
A= —
Z 8x12

for the Laplace operator.
More generally, let Q be an bounded open set in R” and consider the linear second-order partial

differential equation
0 ou - u
— Z o L +Zbi(x)f+c(x)u = f(x), xeQ, (3.33)

where the coefficients a;;,b;,c and f satisfy the following conditions:
aij € C ! (
bi € C(Q
e C(Q

), Lj=1,..,n;
, Lj=1,...,m

)
), feC(Q),

and

n

D aij(x)gE; > ¢ Z = (&1, &) ER", x€Q. (3.34)

ij=1 =1
here ¢ is a positive constant independent of x and &. The condition ((3.34) is usually referred to
as uniform ellipticity and (3.33)) is called an elliptic equation.

We begin by considering the homogeneous Dirichlet boundary value problem

_Z&xj (a’fax) Zb 5x, cu = flx), xeQ, (3.35)

u = 0 on 0Q, (3.36)
where a;j,b;,c and f are as in (3.34).
A function u € C2(Q) N C(Q) satisfying (3.35) and (3.36) is called classical solution of this

problem.
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3.6 Motivation for definition of weak solutions

How should we define a weak or generalized solution? Assuming for the moment u is really
a smooth solution, let us multiply the PDE, Lu = f by a smooth test function v € CZ°(Q) and

integrate over €, to find

$ ou v - ou
iél LZ a;j(x) 8_xl~§jdx + ; Lz b; (x)a—Xivdx (3.37)
+ | ctmas— | romax(@ 33%)
Q Q

Where we have integrated by parts in the first term on the left-hand side. There are no boundary
terms since v = 0 on 0Q. By approximation we find the same identity holds with the smooth

function v replaced by any v € H} (), and the resulting identity makes sense if only u € H} (Q.)

Definition 28. Let a;j € Ln(Q), i =1,...,n, bje Lnx(Q), i = 1,..,n, c € Ly,(Q), and let f €
L>(Q). A function u € H} (Q) satisfying

& ou Ov " ou
i,jzzl1 L}aij(X)@_xiajdx—F;Lzbi(x)a_xi‘}dx (3-39)
—i—f c(x)uvdx = J fx)v(x)dx Vve H}(Q) (3.40)
Q Q

is called weak solution of (3.35) and (3.36). All partial derivatives in (3.40) should be under-

stood as weak derivatives [6, [7].

3.7 Existence of weak solutions

Theorem 16. (Lax and Milgram theorem) Suppose that V is a real Hilbert space equipped with

norm ||.|ly. Let a(.,.) be a bilinear functional on'V x V such that:
(i) 3co>0YveV av,v) = colv|?,

(ii) 3c1 >0 VvweV |alwv)| <ci|w|v|vlv, and let I(.) be a linear functional on V such
that

(iii) 32 >0 VveV [Iv)|<c|v]v.
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Then, there exist a unique u €V such that
a(u,v)=1(v) WYveV.
Example 22. Consider, the following Dirichlet-Neumann mixed boundary value problem:

—Au = f in Q,
u = 0 on TI7,
ou

— = on Iy,
o 8 2

where I'| is a non-empty, relatively open subset of 0Q and I'y Ty = 0Q. We shall suppose that
f€Ly(Q) and that g € Ly(I';). Now consider the special Sobolev space
H(},FI(Q> = {veHl(Q) :v=00nT1},
and define the weak formulation of the mixed problem as follows: find u € H(%,Fl (Q) such that
ou,v) =1(v)

forallvin H(},Fl (Q), where we put

and
I(v) = Jgf(x)v(x)dx—l— L g(s)v(s)ds.

Applying the Lax-Milgram theorem with V = H(%,rl (Q) the existence and uniqueness of a weak

solution to this mixed problem easily follows.

3.8 Conclusions

In this thesis we have discussed function spaces and then some important inequalities which are
useful in analysis of partial differential equations. Further we studied the need of distributions
and then some important properties of distributions. We have also included extension theorems,
compactness theorems, imbedding theorems and trace theory. Since there are many functions
whose derivative does not exist in classical sense so we introduced the notion of weak derivative.
The theory of Sobolev spaces is also included which are useful in weak formulation of partial

differential equations.
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