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ABSTRACT

The present dissertation entitled, “ON L'- CONVERGENCE OF MODIFIED
TRIGONOMETRIC SUMS”, contains a brief account of the study carried out by me on L*-

convergence of trigonometric series under the supervision of Dr. S.S. Bhatia, Professor,

School of Mathematics and computer Applications, Thapar University, Patiala.

The whole work presented in this dissertation is divided into four chapters.
Chapter-I is introductory. In this chapter, apart from setting up the notations and terminology
to be used in subsequent chapters, | have presented some known results related with our
results along with a brief plan of the results presented in chapters to follow. The aim of

chapter 1l is to study the L*-convergence of modified cosine sums of Kumari and Ram given
in 1988 for the class S of Sidon. Chapter 11l is devoted to the study of L'- convergence of
r'" derivatives of the modified cosine sums of Kumari and Ram under class S, of coefficient

sequences introduced by Tomovski.

In chapter IV, the L'- convergence of modified cosine sums introduced by Kumari
and Ram for the class of the coefficient sequence given by Telijakovski have been studied.

References of various publications cited in the present dissertation have been

reported towards the end of the dissertation.
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CHAPTER I

INTRODUCTION

1.1 Introduction.

The present dissertation comprises certain investigations carried out by the author “On L'-

Convergence of Modified Trigonometric Sums”. It is well known that if trigonometric
series converges in L*-metric to a function f e L'(T), then it is the Fourier series of the

function f. Riesz [1, Vol.ll,ch.VIIl, p.144] gave a counter example showing that in a metric

space L', we can not expect the converse of the above said result to hold true. This motivated

various authors to study the L'-convergence of trigonometric series with special coefficient.
The work on this topic was introduced in 1913 by W. H. Young [43] by taking the classes of

convex sequence (A’a, >0) and A. N. Kolmogorov [20] in the year 1923 by taking the

classes of quasi-convex sequeuence (Zn | Aa_ | <o) . Teljakovaskii [42] in 1973 studied the
n=1

L" -convergence of certain modified cosine sums under the class S introduced by Sidon [31].
The result generalized by these authors were further generalized and extended by G. H.
Hardy and J. E. Littelewood [12], T. Kano [14], J. W. Garret and C. V.Stanojevic ([8], [9]),
B. Ram ([25], [26], [27]), N. Singh and K. M. Sharma ([32], [33], [34]), R. Bojanic and C. V.
Stanojevic [4], C. P. Chen [5], R. Bala and B. Ram [2], F. Moricz [23], S. S. Bhatia and B.
Ram [3], Z. Tomovski ([37], [38], [39], [40]), N. Hooda and B. Ram [13], K. Kaur, S. S.
Bhatia and B. Ram [15], J. Kaur and S. S. Bhatia ([17], [18], [19]) and others by considering
various generalizations of classes of sequences mentioned above for one-dimensional

trigonometric cosine and sine sums.

During their investigations, some authors introduced modified trigonometric sums as
these sums approximate their limits better than the classical trigonometric series in the sense
that they converge in L'-metric to the sum of the trigonometric series, whereas the classical
series itself may not. Garrett and Stanojevic ([8], [9], [10]), Rees and Stanojevic [29], Kumari
and Ram [21], Chen ([6], [7]), Bhatia and Ram [3], Hooda and Ram [13] and others,
introduced new modified trigonometric sums and studied their integrability and L'-
convergence under various classes of coefficient sequences. Bhatia and Ram [3] generalized

the results of Kumari and Ram [21] and obtained their results as corollary.



In the present dissertation, number of results have been studied by the author, most of

which are directly associated with the works of above mentioned authors.

To provide sufficient background for later chapters, we in this introductory chapter
give a summary of basic definitions and a brief chapter wise resume of the results contained
in the dissertation. However, some of the definitions and notations will be repeated in various

chapters for the convenience.

1.2 Definition and Notations.
Let {a,} be a sequence. Then we write
Aa,=a,—a,,

A’a,=A(Aa,)=a,-2a

n+1 + an+2

Abel’s transformation ([1], Vol.I, p.1): Let a,,a,,a,,...,V,,V,,...,V,,... be any real numbers

and also let us assume that
V, =V, +V, +...4+V,,

then for any values of mand n, we have

n n-1
D> ayv =Y AaV, +aV, -a,V,
k=m k=m

(under the condition that if m=0, V_ =0).
Null sequence: The sequence {a,} is null sequence if a, — 0 as n — o.
Convex sequence: A sequence {a,} is said to be convex if A*a_ > 0.

Quasi-Convex sequence ([1], Vol.11, p.202): A sequence {a, } is said to be quasi-convex if

> n|Aa, |<o

n=1

Semi-convex sequence [14]: A null sequence {a,} is said to be semi-convex if



Y n|A’a, +A%, | <o, (a, =0)

n=1

Generalized semi-convex sequence [16]: A null sequence {a,} is said to be generalized

semi-convex, if

D n“ A, +A™Ma, | <o, (a, =0)
n=1

If we take « =1, then this sequence reduce to the semi-convex sequence as in [14].

Sequence of Bounded Variation ([1], Vol.I, p.3): A sequence {a,} is said to be of bounded

variation, if
z |Aa, | <.
n=1

The class of all null sequences of bounded variation are denoted by BV .

Sequence of Bounded Variation of order m [11]: A sequence {a,}is said to be of bounded

variation of order m, if
Z |A"a, | < oo,
=1

where A"a, =A(A"'a,)=A""a, —A""a, .

The class of all null-sequences of bounded variation of order m are denoted by (BV)".

Clearly for m =1, the class (BV)™ reduces to the class BV .
Quasi-monotone sequence ([29], [35]): A sequence of non-negative numbers is said to be

. . a .
quasi-monotone, if a , <a, [1+—j for some >0 and all n>n,(a). An equivalent
n

definition is that n”«, 1 0 for some B> 0.

Trigonometric Series: A series of the form



a, <& :
?°+Z (a, cosnx +b, sinnx)
n=1

is called trigonometric series, where a,,a,,a,,...,b;,b,,... are the coefficients. These

coefficients may be real or complex.

Fourier Series: A trigonometric series
a, < .
f(x) ~ ?+Z (a, cosnx+b_ sinnx)

n=1

is called the Fourier Series, if f(x) is periodic and intergrable function over the interval

(-, ) and the Fourier formulae
1 (=
a,=—1 f(x),
o= [, f(
a, =1 r f (x) cosnx,
72' -7

b, _1 r f (X) sinnx.
7Z' -7
Dirichlet kernel [1, Vol.l, p.85]: It can be defined as
1
D, (x) =§+cosx+c052x+...+cosnx.

This implies that

2sin > D, (x) = Sin 2 4+ 28iN X €08 X + ... + 25iN ~ COS NX
2 2 2 2

(3
=sin| n+— |X
2

Hence,

)
sin| n+ =[x

. X
2sin —



This expression is known as Dirichlet’s kernel.

Also,

D, (X) = sin x+sin 2x+...+sin nx

X 1)
cos = —cos| n+ = |x
2 ( 2

. X
2sin —

is called the conjugate Dirichlet kernel.

If x=0 (mod 27), then
T
D, (¥)|<—, for 0<|x|<x
2X

and

\Sn(x)\g%, for 0<|x|< 7
We also note that the uniform estimate of Dirichlet kernel is given as
1
|Dn(x)|3n+§, for any x

Fejer kernel ([1], [66]): The Fejer kernel K, (X) is defined as

K, =3 D,(9)

( 1]
sin| j+=|x
< 2

- . X
153 osin X

on using the estimate | D, (X) |<n+1, we find that K, (X)<n+1.

The Fejer kernel K, (x) has the following properties:



0] K,(x)>0, Vvx

(i) [ K00 dx=1
72' -
The conjugate Fejer kernel k‘n (x) is defined as

R.()=—" 3B,

n+1 =
We have
Kn(x)>0 for O<x<z, n=123..

and the estimate:
~ 1
K. (X)|<=n.
| K, (X¥) | 5

In 1939, Sidon [31] introduced a new class S of coefficient sequence as:
The Class S ([31],[42]): A null sequence {a,} belongs to class S, if a, > 0as n— o and
there exists sequence {A,} such that
(i) A 40, n—>o.
i) 3 A<w.
h-0

(i)  |Aa,|<A,, foralln.

Moreover, if we let A =Z | A%a, |, then we find that every quasi-convex null sequence
k=n

satisfies the class S .

In 2001, Tomovski [37] introduced a new class S,;r =0,12,... of coefficient sequence which

is an extention of class S, defined as follows:

The class S, [37]: A null sequence {a,} belongs to class S,, r=0.12,...,if there exists a

sequence{A,} such that



(i) AJ40,n>ow,

(i) n"A <o, for r=012,...
=0

(iii) |Aa, |[<A,, forall n.
For r =0, thisclass S, reduces to class S of Sidon.

Singh and Sharma ([32], [33]) gave a definition of one more class namely S* in the

following manner :

The Class S™([32],[33]): A sequence {a,} of numbers is said to belong class S°, if

a, > 0 as n— oo and there exists a sequence {A,} such that
0] {A.} is quasi monotone sequence,
i) A <o,
n=0
(iii)  |Aa, |<A,, for all n.

However, Leindler [22] in 2000 proved that class S and the class S™ are equivalent.

1.3 The following results about the behaviour of cosine and sine series are known:

Theorem I([1], [20], [43]). If {a,} is a quasi-convex null sequence, then
f(x)=>_ a, coskxe L0, 7]. (1.3.1)
k=1
Theorem I1([1], [40]). If {a,} is a quasi-convex null sequence, then

> a,sinnx, (1.3.2)
n=1

. : . < |a
is a Fourier series if and only if > 13 <o,
k=0

In 1968, Theorem I and Theorem Il were generalized by Kano [14] as given below:



Theorem I1. If {a,} is null sequence satisfying

3 n? | A (ij| < oo, (1.3.3)
n-1 n
then (1.3.1) and (1.3.2) are the Fourier series or equivalenly they represent integrable

functions.

Teljakovaskii [42] has given the following results concerning the integrability of

trigonometric series belonging to class S ([31], [42]).

Theorem IV. Let the coefficient sequence {a,} of the cosine series
a <
?-f-z a_ cosnx (1.3.4)
n=1

belongs to class S, then this represents a Fourier series and the following relation hold good:

0

j|@+z a_ cosnx |dx < Ci A
0 2 k=0

n=1

where C is absolute positive constant.

Theorem V. Consider z a, sinnx be a sine series belonging to class S. The following
n=1

result holds for p=1,2,3,...,

T |iansinnx|dx:zp:|a—kk|+O(ZAkJ.

o0
7 n=1 k k=1
(p+1)

Theorem | and Il give only sufficient conditions for the integrability of cosine series. Rees

2, a
and Stanojevic [28] in 1973 have shown that the condition Z

?k<oo IS a necessary and
k=1

sufficient condition for L'-convergence and integrability for a different type of cosine sums.

The results proved by them are as follows:

Theorem V1. Consider b, :a?kio. Then



k=1

900 = lim > [—{Z b, Jcoskx}
exists for x € (0, z] and g €L'[0, z] if and only if i b, <.

k=1

Theorem VII. Let (k +1) |A’a, | 4 0. Then

h(x)= lim Zn: { (k +1) |A’a, |+ {Z (j+1) |A%a, |J coskx}

j=k
exists for xe(0, 7] and he L'[0, 7] if and only if {a,} is quasi-convex sequence.

Ram [26] in 1979 have shown that the conditions of the class S are sufficient for the

integrability of Rees-Stanojevic [28] cosine sums given by

f(x) = Z Aa, + Z z Aa, coskx (1.3.5)

k=1 j=k

Ram [26] proved the following result:

Theorem VIII. Let the sequence {a, } satisfy the condition S. Then f(x)=Ilim f_(x) exist

o0

for x € (0, 7] and ]E|g(x)| <C > A

k=0

In 1977, Ram [25] has proved the following result on L'-convergence of cosine

trigonometric sum (1.3.5) introduced by Rees-Stanojevic [28]:

Theorem IX. If (1.3.5) belongs to class S, then || f —f ||, =0(1), n—>oo.

Further, Kumari and Ram [21] in 1988 introduced new modified cosine and sine sums as

f(x)=-2+ Z Z A( J k coskx (1.3.6)

k=1 j=k

g,(x)= 3D A[a—jj] k sinkx (1.3.7)

k=L j=k



and studied their L*-convergence under the condition that the cosine series and sine series

belong to the class S .

Kolomogorov [20] have proved the following result regarding the L*-convergence of cosine
trigonometric series.
Theorem X. If a, 4 0 and {a } is convex or even quasi-convex, then for the convergence

of the series (1.3.5) in metric space L'. It is necessary and sufficient that
a, logk=0(),k > 0.

In 1973, Teljakovaskii [42] generalized the Theorem X as:

Theorem XI. If the coefficient sequence {a,} of the cosine series (1.3.5) belongs the class

S,

then a necessary and sufficient conditions for L'-convergence of (1.3.5) is

a, logk =0(1),k — oo.

In 1967, Teljakovskii [41] generalized Theorem X for the cosine series (1.3.5) with
coefficient {a,} satisfying conditions of quasi-convexity and established the following

result:

Theorem XI1. Let the coefficient {a,} of the series (1.3.5) satisfy the conditions of quasi-

convexity If lima, =0, then the series (1.3.5) converges in the L'-metric space.

n—o0

Also Teljakovaskii [40] has shown that the series (1.3.5) is Fourier series under the

conditions of quasi-condition and

V4 a ©
j |?°+Z a, coskx|dx < C(T, +T,),
0 k=1

where C is a positive absolute constant.

In chapter I, we have studied the L'-convergence of new modified cosine sums (1.3.6)

(introduced by Kumari and Ram) under the class S and have also studied the L'-

convergence of cosine trigonometric series as corollary.

10



In chapter 111, we have studied the L'-convergence of r™ derivative of modified cosine sums

(1.3.6) of Kumari and Ram under the class S, of coefficient sequence.

The aim of chapter IV is to study the L'-convergence of the cosine sums (1.3.6) under a new
class of coefficient sequence which generalizes the idea of quasi-convexity and the result of

Taljakovaskii [41] has been studied as a corollary.

11



CHAPTER I

L'-CONVERGENCE OF A MODIFIED COSINE SUM

2.1 Introduction.

Consider the cosine trigonometric series

a—20+Zak cos kx (2.1.1)

k=1

satisfying a, =0(1),k — oo and if there exists a sequence {A, } such that

i) A0 k—ow (2.1.2)
i) YA <o (2.1.3)
(i) |Aa |<A Vk=123.., 2.1.4)

then, we say that the coefficient of sequence {a, } belongs to the class S introduced by Sidon

[31].

Let S, (x) denotes the n™ partial sum of (2.1.1) and let f (x) = lim S_(x).

In 1973, Rees-Stanojevic [28] have introduced modified cosine sums as

f,(x)= % i Aa, +Zn: Zn: a, coskx (2.1.5)
k=0

k=1 j=k
and studied their L -convergence.

Further in 1977, Ram [25] obtained L'- convergence of the modified sums (2.1.5) and proved

the following result:

Theorem |I. If the coefficient {a, }of the cosine trigonometric series (2.1.1) belongs to the

class S, then

| f-f.ll.=0@),n—>o.

12



Later, in 1988, Kumari and Ram [21] introduced new modified cosine sums.

g,(x) :a?°+ > A(a—_j] k coskx
J

k=1 j=k

and studied their L'-convergence. Also, they deduced the L'-convergence of the cosine

trigonometric series as corollary.

In this chapter we have studied the L"-convergence of modified cosine sum ( introduced by
Kumari and Ram [21]) under the class S and shall also study the L'-convergence of cosine

series as well.

2.2 Lemmas.

The following lemmas will be required for the proof of the main result.
Lemma 2.2.1[7]. If |c, | £1, then

) 1
] sm[k+2jx
c,———— | <C(n+1)

k=0 2sin—
2

O =

where C is a positive absolute constant.

Proof: We know that

sin(k +1jx
D, (X) = ——22-

Zsin5
2

Since Dirichlet kernel is bounded.

sin[k+1)x
2] |

Zsin5
2

13



<B(n+)z=C(n+1)

A n sin(n+2j X
:>_[ c, ——— | dx<C(n+1)
X
0| k=0 23|nE

X 1
COS ——CoS| N+ = |X

Lemma 2.2.2[30]. Let ISn(x) = be the conjugate Dirichlet kernel. Then

2sin—
2
_[ D, (X) [=0(n"logn); n —> oo, r=012,...
where [3,2(x) represents the r™ derivative of conjugate Dirichlet kernel.
In particular if r =1, then f | I5r’] (x) |=0(nlogn); n — oo,

T

Proof. Let r be any non-negative integer. Use of Bernstein inequality ([1], Vol.1, p.35) gives

[Sh e |

| Dy (x)|dx < nff D, (x)] dx (2.2.1)

Now,

n—oo
v X

mﬂﬁn(x)\ dx < lim [Z dx

Va

=limr 1dX

n—oo X

= lim z[log x ]

T
T
n—o0 pad

n

14



T
= 7{ Iogzz—log—}
n

= [ log 7 —log z+logn]
=z logn = O(logn)

Therefore,

\ Sn(x)\ = O(logn)

[Sh e T}

and hence from (2.2.1), we have
j‘ﬁn'(x)‘:O(nr logn), r=012,..
0

2.3 Main Result.

Theorem 2.3.1. Let (2.1.1) belongs to the class S. If limla,,|logn=0, then

I f-g,ll,=0@),n—o00.

Proof : Consider,

«©«
=]
—~
X
S
Il
QD
+
=}
=1
>
7\
|
N—
~
Q
o
w
%
X

= ﬁ+z k cos kx (A(ﬁ]+A[_ak+l ]+,_,+A[a_nD
2 g k k+1 n

:&+Z k cos kx((ﬁ— B ]+(ak” _ B2 j+
2 k k+1 k+1 k+2

a0 c ak an+1
=—+ > kcos kx| ——-—-
2 kzzl: {k n+1}

(an a‘n+l j]
+ — e =
n n+l1

a A,
=2+ a, cos kx— —"L %" k cos kx
2 = n+1i=

15



— S (X) n+l D (X)
n+1
here 5;(x) denotes the derivative of conjugate Dirichlet kernel.

f(x)-g,(x) = Zak coskx—S, (x) + ”*11 D! ()

k=1

=S, (x)+ Zak coskx—S, (x) + 2:1 D’ (X)

k=n+1

a, cos kx +—L B D’ (x
Zk 1 7 ()

k=n+1

Now, using Abel’s transformation, we obtain

FO)-9,(x) = ZAak Dy (x) =8,,,D,(x) + ””1 D; (x)

k=n+1

Now consider,

f|f(x)—gn(x)|dx_j dx

0

Z Aa, D, (x)-a, D, (X)+ ”*11D (X)

k=n+1

o0

Z a, D, (x)

z z

a ~
j dX+I| n+1~n LllDr:(X)
0 0 0 n-+

Aak D, (x)

n+1="n

dx+]£|
0

At Br(x) |dx
o N+l

Applying Abel’s transformation and making use of Lemma 2.2.1, we get

[1f00-9,00] dx = IiAAkZ AP0 05 [ 2,0, (9o
]E n+l D (X)
< iAAkj Z%D ) dx+I|an+1Dn(x)|dx+I :—+11 B ()] dx




<C Z(k +1) AA, +I|an+lD (x)|dx+j ot D "(x)|d

k=n+1

(2.3.1)

n n-1
Applying Abel’s transformation on ZAk , we have ZAK = Z(k +1)AA, —nA, . By use of

k=1 k=1
(2.1.2) and (2.1.3), the series Z(k +1) AA, is convergent and therefore the first term in
k=1
(2.3.1) goes to zero as N — oo,

Also, by using lemma (2.2.2), we obtain

T

J1218000 < 1724 6001 ox

-

— |a 1| f
= = D! (x) | dx

— +1|
= D! (x) | dx
n+1 j| 10|
~ |a,,, | logn (2.3.2)

Since I| 5;(x)|dx behave like nlogn.

This implies,

[ f09-9,(x]dx = 0@2)+O( a,,, | logn)+O(l a,, |logn)
0

Hence, under the given assumption that | a,,,| logn — 0 as n — oo, we have
| f-g,|=0(@) asn—cw.
Thus, the conclusion of main result holds.

Corollary. If (2.1.1) belongs to the class S and Ilim|a, ,|logn=0, then

n+1 |

I'f-S,l=0@),n—>c.

17



Proof : Consider,

JI00=5,091dx= [ 1100 = g,(x) + 9,00 =S, | dx
< [1F09- 9,091+ 19,00 - 8,00 | dx

f T an+l N/
< J1109 - 9,001 dx+ [ 57 091 dx

Now, by the use of our Theorem 2.3.1 and Lemma 2.2.2, the conclusion of the corollary

follows; i.e.,

j| f(x) =S, (x)| dx >0, as n— o,

-

18



CHAPTER 11

ON L'- CONVERGENCE OF r" DERIVATIVE OF KUMARI AND RAM’S
MODIFIED COSINE TRIGONOMETRIC SUMS
3.1 Introduction.

Let

61—2(’+Zan COS NX (3.1.1)

n=1

be a cosine series. Let S, (x) be the n™ partial sum of the series (3.1.1) and limS_(x) = f (x)

Further, let limS!(x) = f"(x), r €{012,...}, where f"(x) denotes r" derivative of f(x)

and S'(x) denotes r" derivative of n™ partial sum S_(x).

In 1988, Kumari and Ram [21] introduced a new modified cosine sum as

g,(x) =a—2° +Zn: Zn: A [a—jijcos kx (3.1.2)

k=1 j=k

and studied the L'-convergence of cosine series (3.1.1) by using modified cosine sum (3.1.2).
In 1939, Sidon [31] introduced class S of coefficient sequence defined as follows :

Class S of coefficients Sequence ([31], [42]): A null sequence {a,} belongs to class S, if

there exists a sequence {A,} such that

(i) A, Y0asn— oo,
(i) 3 A <o,

(iii) | Aa,| < A, Wn.

19



Further, Tomovskii [37] in 2000 extended the class S to a new class S,;r=012,...0f

coefficient sequence defined as follows:

Class S, of coefficient sequence [37]: A null sequence {a,} belongstoclass S,;r =012,...

, if there exists a sequence {A,} such that

(i) A, L 0asn— oo,
(i) S A, <o,
(iii) | Aa,| < A, Wn.

For r =0, this class reduces to class S.

In this chapter, we have studied the L' -convergence of the r" derivative of modified cosine

sums (3.1.2) under a new class S, of coefficient sequence.
3.2 Lemmas.
The following lemmas will be required for the proof of our main result:

Lemma 3.2.1[7]. If |a, |<1, then

sin(k + 2) X
'[” Z a, ———{dx<C(n+1)
0 . X
2sin—
2
where C is a positive absolute constant.

Moreover, by Bernstein’s inequality ([1],Vol.I, p.35), for r =0,1,2,..., we have

D a,Di(x)|dx<C(n+1"™

k=0

T
T
n+l

where D! (x) represents the r" derivative of Dirichlet kernel.
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Lemma 3.2.2.[30]. || I5nr (Il.=0(n"logn), r=012,... where 5;(x) denotes the r"

derivative of conjugate Dirichlet kernel.

Note: The proof of above two lemmas have already been given in chapter Il.
Lemma3.23.Let a, 4 0 asn—oo, if Y n"a, <oothen D (n+1)"Aa, <oo.

Proof. In order to prove the Lemma, we shall first prove the following inequality:

m m-1
Z » <D (n+)™Aa, +m™a, (3.2.1)
n=0

We shall make use of Method of Induction to prove this inequality.

Clearly, for r =0, the inequality (3.2.1) holds.

Now, Assume that (3.2.1) hold for r =Kk, i.e.,

m -1
Z <> (n+D)*MAa, +mita, (3.2.2)
=0

n

3

1l
o

We now prove it for r =k +1.
Multiply (3.2.2) by n both sides, we get

m -1
> n“a, n(n+1)*'Aa +m“'na,_
n=0

3

>
Il
o

-1
<> (n+D**?Aa, +m“a_

n

3

1l
o

Hence, (3.2.1) is true for r =k +1.
Further, in the proof of Lemma 3.2.3, we require Oliver’s theorem. The theorem says that if

the series Zan <coand a, + 0 asn— oo, then na, —0 as n — oo.
n=1

Thus, by inequality (3.2.1) and by use of Oliver’s theorem, the seriesZ(n +1)™ Aa, is

n=1

convergent.
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This proves the lemma 3.2.3.

3.3 Main result.

Theorem 3.3.1. If the {a,} belongs to class S, and n'|a,.,|logn = o(1), n — o, then

r rl _
f_n

Proof. Let

«
=
—
>
S
I
|m
o
+
=]
>
=
>
7\
— |2
N—
~
(@)
o
w
pld
x

=ﬁ+ k cos kx B B + Bea _ B Foeeeenns + B _ A
2 o k k+1 k+1 k+2 n n+l

a‘O c ak an+l
=—+ » kcoskx| ———=-
G+ om0

=} n+1

n

a
=04 coskx—”—+1 choskx
2 n+1

=S, (X)— ”J:ll D! ()

Here, 5; (x) denotes the first derivative of the conjugate Dirichlet kernel.

Taking r™ derivative both sides, we have
g,(x)=S; (x)- ':11 D”l(x) (3.3.1)

Here, g'(x) denotes the r"derivative of g, (x) and 5;(x) denotes the r" derivative of

conjugate Dirichlet kernel.

22



Since {a,} < S,, r€{012,...} is a null sequence and [3,:(x) is bounded in (0, 7],
Therefore,

lim g, (x) = lim S;(x) = £"(x).
Thus the limit exists in (0, z].

Now, it follows from (3.3.1) that

- rr a ., ~
frO0—g ()= ak'cos| kx+— | —S"(x il Dtk
() gn() kz=1:k [ +2J n()+n+l n()

2 rz $ aa
=Y ak'cos| kx+— a, k' cos| kx+— |+ =L D" (x
S, [ zjzk [ 2) Bt 57 )

k=1
= > ak'cos kx+ L | + L Dre(x)
k=n+1 2 n+1
By the use of Abel’s transformation, we get

Fr 00 —g,(x) = ZAakD () - a,.,D; () + ”*llD”l(X)

k=1

Here, D! (x) denotes the r" derivative of Dirichlet kernel.

Further, we consider

D Aa,Dy(x) - a,,, Dy (x) + L .k D (x) | d
n+1

k=n+1

|

ZAakD (x) a,,,D} (x)| dx + j 1 D”l(x) dx

k=n+1

dx+J

|
ilg»

Aak D! (X)

a

n+1

f r T Ang X+
dx+£ D; (x)| dx+-([n—+11D” L(x)

k=n+1

Again, applying Abel’s transformation, we get
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=T Z A Z ’D (X) dx+j a,,,D5 (X)) dx+j Bn.a DM(X) dx
< ZAAkI el D" (x)| dx +I amD,:(X)‘ dx +]E:n_;115;+1(x) dx

Using Lemmas 3.2.1 and 3.2.2, we have

fr dx + O( "la,..|log n)+ O(n'|an+1| log n) (3.3.2)

(k +1)r+1AAk

Therefore by the use Lemma 3.2.3, Z(k +1)™ AA_is convergent and therefore the first term
k=1

of (3.3.2) is zero.

Hence, this implies that

(nr|an+l| log n)

Therefore, by the given hypothesis, the conclusion the result follows.

Corollary. If {a,} belongs to class S,, r=012,... and if |an+l|nr logn =0(1), n —> . Then

fr

Proof. Consider

fl’

+ (g, =S

a ~
“Jmstred

dx

T an+l ~r+l
—=D_ (X
n+1 " )
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Since ‘ dx behaves like

f'—og, : =0(1), n—>o by our theorem and J.
0

an+l ISr:Jrl (X)
n+1

nr|an+1| logn (by Lemma 3.2.2), the conclusion of corollary follows.
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CHAPTER IV
ON CONVERGENCE OF CERTAIN TRIGONOMETRIC SUMS
IN THE METRIC SPACE L
4.1 Introduction.

Let

61—20+Zan COS NX (4.1.1)

n=1

be the cosine series and f(x) = limS_(x), where S_(x) isthe n" partial sum of the series

(4.1.1).

A sequence {a, } is said to be convex if A’a, >0 and quasi-convex if Z(k +1)|A*a, | < oo,
k=1

where Na, =A(Aa,)
=A@, —a,,)
=a, —a ., — ., +3,,
=a, — 2ak+1 T,

The concept of quasi-convexity was further generalized by Sidon [31] in 1939 by defining a

new class S of coefficient sequences as follows:

The class S of coefficient sequence ([31], [42]): A sequence {a,} is said to belong to the

class S if a, =0(1), k — oo and there exists a sequence of numbers {A, } such that

(i) A 10, koo,
(i) " A <o,

(iii) |Aa, | < A, for all k.
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Remark: If we choose A =)»'|A?a, |, then the quasi-convex null sequence satisfies the

m=n

condition of the class S.

Later in 1964, Teljakovaskii [40] generalized the idea of quasi-convexity in the following

way :

Let {a, } be a sequence satisfying the following condition:

a, =01, k>, (4.1.2)
T, =) |Aa | <o, (4.1.3)
k=0

ik | < oo, (4.1.4)

It can be easily noted that a quasi-convex null sequence satisfies the (4.1.3)-(4.1.4).

Concerning the L'-convergence of the cosine series (4.1.1), Kolmogorov [20] proved the

following result:

Theorem I. If a, 4 0 and {a,} is convex or even quasi-convex, then for the convergence of

the series (4.1.1) in the metric space L, it is necessary and sufficient that

a, logk=0(2),k — 0.

In 1973, Teljakovaskii [42] proved the L'-convergence of cosine series under class S. The

result reads as follows:

Theorem I1. If the coefficient sequence {a, } of the cosine series (4.1.1) belongs the class S,

then a necessary and sufficient conditions for L'-convergence of (4.1.1) s

a, logk=0(1), k — oo.

In 1967, Teljakovaskii [41] generalized Theorem | for the cosine series (4.1.1) with the
coefficient {a, } satisfying conditions (4.1.2)-(4.1.4) and obtained the following result:
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Theorem I111. Let the coefficient {a,} of the series (4.1.1) satisfy the conditions (4.1.2)-

(4.1.4). If lima, =0, then the series (4.1.1) converges in the metric space L.
k—o

Also, Teljakovaskii [40] proved that the series (4.1.1) is a Fourier series under the conditions
(4.1.2)-(4.1.4) and

| |a—2°+ a, coskx|dx < C(T, +T,) (4.1.5)
0

k=1
where C is a positive absolute constant.

In 1977, Ram [25] studied the L'-convergence of the Rees-Stanojevic sums as

fn(x):%iAak+Zn: Zn:Aaj cos kx (4.1.6)
k=0

k=1 j=k
and obtained the Theorem Il as a corollary of his result.

In 1988, Kumari and Ram [21] considered modified sums

g,(x) =a—2°+ Z Z A[ij k coskx (4.1.7)

2 =k J

The aim of this chapter is to study the L'-convergence of modified sums (4.1.7) under a new
class of coefficient sequences which generalizes the concept of quasi-convexity and to get the

Theorem 111 of Teljakovaskii [41] as a corollary.
4.2 Lemmas.
The following lemmas will be required in the proof of the our main result.

Lemma 4.2.1[41]. Let {a, } be a sequence of numbers satisfying the condition (4.1.3), and let

n be a natural number. If

b_0 for k <n
““la, for k >n,

then forall n>2
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o [m/2] max
Abm_ By | = Z | z mk 1 o(n/2 <k <3n/2]a, | logn).

cos—cos( j
Lemma 4.2.2[30]. If I5n (x) = 2 » 2 be the conjugate Dirichlet kernel, then
Zs,inE

T| D’ (x) | dx = O(nlogn).

T

The proof of this lemma has been reported in chapter II.
4.3 Main result.

Theorem 4.3.1. Let {a, } be a sequence of numbers satisfying the conditions (4.1.2)-(4.1.4).

If lim a,logn=0, then || f —g, [|,=0(1), n—> .

n—oo

Proof. Let b, be the numbers as defined in Lemma (4.2.1). Then the cosine series (4.1.1) can

be written as

o0

—2+> b, coskx= > a, coskx (4.3.1)

k=1 k=n+1

Furthermore, we have

ak a‘k+l a'n
g,(x) = ) +z k cos kx A(?J+A(k+1]+"'+A(Fﬂ

:&4_ kCOSkX a_k_a'k+l + akﬁ-l_a'k+2 +
2 Lk k+1 k+1 k+2

an an+l
+ —_— e — =
n n+1

=2 3 keosky| Do - Fut
2 k n+1

n
—2+> a, coskx— Sty choskx
k=1 n+1:3

=S, (X)- +1 D’ (x) .
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Consider,

dx

T|f(x)—gn(x)|dx_j

Z a, coskx + A D! (x)
n+1

k=n+1

By using (4.3.1), we have

V3 bo
=| | =+ b, coskx+ D X)| dx
! 2 kzll n+ 1 )
T bo S n+l
< j = Z cos kx D ' (x)| dx
0 2 k=1
By using the inequality (4.1.5), we get
o w2 L —Ab Toa., ~
<C Ab, |+ mk 1)+ "l D’ (x) | dx
(Z| | Z|Z - ) !Inﬂ (%)

Now, making use of Lemma (4.2.1), we have

© m/Z]A —A
| (x)- g(x)||<c(Z|Aak|+Z|Z ok =8 | max |ak|lognj

k=n+1 m=n k=1 k /2 <k<3n/2

[ | 25 () | o (4.32)
n+1

0

Use of Lemma (4.2.2) implies that

| dx

O

n+lDX
1 (x)

= n“++11| ”D (x)‘dx

| logn, (4.3.3)

| n+1

Since ” 5; (x)‘dx behaves like nlogn.
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Now, the use of given hypothesis both the terms of (4.3.2) tends to zero as n — co.

Therefore, the conclusion of the result follows.

4.4 Corollary.

Corollary. Let {a, } be a sequence of numbers satisfying the conditions (4.1.2)-(4.1.4) and if

lima, logn=0, then ||f —S,[=0(1), n — .

N—o0

Proof. Consider,

[1£00-5,001=]1F00-g,(x) +9,(0~5,(x)| dx

< 1 £(0 -9, 091dx+ [1g,(x) — S, (¥)]dx

n n

< [ 1100-g,00 ] dx +

-

dx.

Ay =
n+D!X
n+1 ()

Since, lim Ilf(x)—gn(x)ldx:o by Theorem 4.3.1 and using Lemma 4.2.2, the

conclusion of corollary follows.
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