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                                                                    ABSTRACT 

 

The present dissertation entitled, “ON 
1L - CONVERGENCE OF MODIFIED 

TRIGONOMETRIC SUMS”, contains a brief account of the study carried out by me on 1L - 

convergence of trigonometric series under the supervision of Dr. S.S. Bhatia, Professor, 

School of Mathematics and computer Applications, Thapar University, Patiala. 

                The whole work presented in this dissertation is divided into four chapters. 

Chapter-I is introductory. In this chapter, apart from setting up the notations and terminology 

to be used in subsequent chapters, I have presented some known results related with our 

results along with a brief plan of the results presented in chapters to follow. The aim of 

chapter II is to study the 1L -convergence of modified cosine sums of Kumari and Ram given 

in 1988 for the class S  of Sidon. Chapter III is devoted to the study of 1L - convergence of 

thr derivatives of the modified cosine sums of Kumari and Ram under class rS  of coefficient 

sequences introduced by Tomovski. 

             In chapter IV, the 1L - convergence of modified cosine sums introduced by Kumari 

and Ram for the class of the coefficient sequence given by Telijakovski have been studied. 

              References of various publications cited in the present dissertation have been 

reported towards the end of the dissertation. 
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                                                           CHAPTER I  

                                                        INTRODUCTION 

1.1 Introduction.  

The present dissertation comprises certain investigations carried out by the author “On 1L -

Convergence of Modified Trigonometric Sums”. It is well known that if trigonometric 

series converges in 1L -metric to a function )(1 TLf  , then it is the Fourier series of the 

function .f   Riesz [1, Vol.II,ch.VIII, p.144] gave a counter example showing that in a metric 

space 1L , we can not expect the converse of the above said result to hold true. This motivated 

various authors to study the 1L -convergence of trigonometric series with special coefficient. 

The work on this topic was introduced in 1913 by W. H. Young [43] by taking the classes of 

convex sequence )0( 2  na  and A. N. Kolmogorov [20] in the year 1923 by taking the 

classes of quasi-convex sequeuence )||(
1

2 




n

n

an .Teljakovaskii [42] in 1973 studied the 

1L -convergence of certain modified cosine sums under the class S  introduced by Sidon [31]. 

The result generalized by these authors were further generalized and extended by G. H. 

Hardy and J. E. Littelewood [12], T. Kano [14], J. W. Garret and C. V.Stanojevic ([8], [9]), 

B. Ram ([25], [26], [27]), N. Singh and K. M. Sharma ([32], [33], [34]), R. Bojanic and C. V. 

Stanojevic [4], C. P. Chen [5], R. Bala and B. Ram [2], F. Moricz [23], S. S. Bhatia and B. 

Ram [3], Z. Tomovski ([37], [38], [39], [40]), N. Hooda and B. Ram [13], K. Kaur, S. S. 

Bhatia and B. Ram [15], J. Kaur and S. S. Bhatia ([17], [18], [19]) and others by considering 

various generalizations of classes of sequences mentioned above for one-dimensional 

trigonometric cosine and sine sums. 

            During their investigations, some authors introduced modified trigonometric sums as 

these sums approximate their limits better than the classical trigonometric series in the sense 

that they converge in  1L -metric to the sum of the trigonometric series, whereas the classical 

series itself may not. Garrett and Stanojevic ([8], [9], [10]), Rees and Stanojevic [29], Kumari 

and Ram [21], Chen ([6], [7]), Bhatia and Ram [3], Hooda and Ram [13] and others, 

introduced new modified trigonometric sums and studied their integrability and 1L -

convergence under various classes  of coefficient sequences. Bhatia and Ram [3] generalized 

the results of Kumari and Ram [21] and obtained their results as corollary. 
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             In the present dissertation, number of results have been studied by the author, most of 

which are directly associated with the works of above mentioned authors.  

            To provide sufficient background for later chapters, we in this introductory chapter 

give a summary of basic definitions and a brief chapter wise resume of the results contained 

in the dissertation. However, some of the definitions and notations will be repeated in various 

chapters for the convenience. 

 1.2 Definition and Notations. 

Let }{ na  be a sequence. Then we write 

              1 nnn aaa  

              21

2 2)(   nnnnn aaaaa  

Abel’s transformation ([1], Vol.I, p.1): Let ,...,...,,,...,,, 10210 nvvvaaa  be any real numbers 

and also let us assume that 

              ,...10 nn vvvV   

then for any values of m and ,n  we have 

              1

1







 mmnn

n

mk

kkk

n

mk

k VaVaVava  

( under the condition that if ,0m  01 V ). 

Null sequence: The sequence }{ na  is null sequence if .0  nasan  

Convex sequence: A sequence }{ na  is said to be convex if .02  na    

Quasi-Convex sequence ([1], Vol.II, p.202): A sequence }{ na  is said to be quasi-convex if  

              




||
1

2

n

nan  

Semi-convex sequence [14]: A null sequence }{ na  is said to be semi-convex if 
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              )0(,|| 0

2

1

1

2  





 aaan nn

n

 

Generalized semi-convex sequence [16]: A null sequence }{ na  is said to be generalized 

semi-convex,  if 

                   )0(,|| 0

1

1

1

1

 








 aaan nn

n

  

If we take ,1   then this sequence reduce to the semi-convex sequence as in [14]. 

Sequence of Bounded Variation ([1], Vol.I, p.3): A sequence }{ na  is said to be of bounded 

variation, if 

                 .||
1




n

na  

The class of all null sequences of bounded variation are denoted by .BV   

Sequence of Bounded Variation of order m  [11]: A sequence }{ na is said to be of bounded 

variation of order ,m  if 

                 ,||
1




n

n

ma  

where        .)( 1

111



  n

m

n

m

n

m

n

m aaaa  

The class of all null-sequences of bounded variation of order m  are denoted by .)( mBV  

Clearly for 1m , the class 
mBV )(  reduces to the class BV . 

Quasi-monotone sequence ([29], [35]): A sequence of non-negative numbers is said to be 

quasi-monotone, if 









n
aa nn


11  for some 0  and all )(0 nn  . An equivalent 

definition is that 0

nn   for some 0 . 

Trigonometric Series: A series of the form  
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                 )sincos(
2 1

0 nxbnxa
a

n

n

n 




 

is called trigonometric series, where ,...,,...,,, 21210 bbaaa  are the coefficients. These 

coefficients may be real or complex. 

Fourier Series: A trigonometric series  

               )sincos(
2

~)(
1

0 nxbnxa
a

xf n

n

n 




 

is called the Fourier Series, if )(xf  is periodic and intergrable function over the interval 

),(  and the Fourier formulae 

                



,)(

1
0 xfa  

                ,cos)(
1

nxxfan 



 

             .sin)(
1

nxxfbn 



 

Dirichlet kernel [1, Vol.I, p.85]: It can be defined as 

                .cos...2coscos
2

1
)( nxxxxDn   

This implies that 

                nx
x

x
xx

xD
x

n cos
2

sin2...cos
2

sin2
2

sin)(
2

sin2   

                                       xn 









2

1
sin  

Hence, 

                  

2
sin2

2

1
sin

)(
x

xn

xDn











  
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This expression is known as Dirichlet’s kernel. 

Also, 

                 nxxxxDn sin...2sinsin)(
~

  

                             

2
sin2

2

1
cos

2
cos

x

xn
x











  

                  

is called the conjugate Dirichlet kernel. 

If ),2(mod0 x  then 

               


 ||0,
2

)( xfor
x

xDn  

and 

                


 ||0,
2

)(
~

xforxDn  

We also note that the uniform estimate of Dirichlet kernel is given as 

                  xanyfornxDn ,
2

1
)(   

Fejer kernel ([1], [66]): The Fejer kernel )(xKn  is defined as 

                  )(
1

1
)(

0

xD
n

xK
n

j

jn 


  

                              















n

j
x

xj

n 0

2
sin2

2

1
sin

1

1
 

on using the estimate ,1|)(| nxDn  we find that .1)( nxKn  

The Fejer kernel )(xKn  has the following properties: 
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(i) xxKn  ,0)(  

(ii) .1)(
1

 dxxKn




 

The conjugate Fejer kernel )(
~

xKn  is defined as 

               )(
~

1

1
)(

~

0

xD
n

xK
n

j

nn 


  

We have 

              ,...3,2,1,00)(
~

 nxforxKn   

and the estimate: 

              nxKn
2

1
|)(

~
|  . 

In 1939, Sidon [31] introduced a new class S  of coefficient sequence as: 

The Class S ([31],[42]): A null sequence }{ na  belongs to class ,S  if  nasan 0  and 

there exists sequence }{ nA  such that 

(i)  nAn ,0 . 

(ii) .
0




n

nA  

(iii) .,|| nallforAa nn   

Moreover, if we let || 2

k

nk

n aA 




 , then we find that every quasi-convex null sequence 

satisfies the class S .  

In 2001, Tomovski [37] introduced a new class ,...2,1,0; rSr  of coefficient sequence which 

is an extention of class S , defined as follows: 

The class rS [37]: A null sequence }{ na  belongs to class ,...,2,1,0, rSr if there exists a 

sequence }{ nA  such that 
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       (i)    nAn ,0 , 

       (ii)  ,...2,1,0,
0






rforAn
n

n

r  

       (iii)  .,|| nallforAa nn   

For ,0r  this class rS  reduces to class S  of Sidon. 

Singh and Sharma ([32], [33]) gave a definition of one more class namely *S  in the 

following manner :  

The Class *S ([32],[33]): A sequence }{ na  of numbers is said to belong class *S , if 

 nasan 0  and there exists a sequence }{ nA  such that 

(i) }{ nA  is quasi monotone sequence, 

(ii) ,
0




n

nA  

(iii) .,|| nallforAa nn   

However, Leindler [22] in 2000 proved that class S  and the class *S  are equivalent. 

1.3 The following results about the behaviour of cosine and sine series are known:  

Theorem I([1], [20], [43]). If }{ na  is a quasi-convex null sequence, then 

             .],0[cos)( 1

1

Lkxaxf
k

k 




                                                                            (1.3.1) 

Theorem II([1], [40]). If }{ na  is a quasi-convex null sequence, then  

                 ,sin
1

nxa
n

n




                                                                                                     (1.3.2) 

is a Fourier series if and only if 


 k

ak

k

||

0

. 

In 1968, Theorem I and Theorem II were generalized by Kano [14] as given below: 
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Theorem III. If }{ na  is null sequence satisfying 

                 ,|| 2

1

2 











 n

a
n n

n

                                                                                      (1.3.3) 

then (1.3.1) and (1.3.2) are the Fourier series or equivalenly they represent integrable 

functions. 

    Teljakovaskii [42] has given the following results concerning the integrability of 

trigonometric series belonging to class S ([31], [42]). 

Theorem IV. Let the coefficient sequence }{ na  of the cosine series  

               nxa
a

n

n cos
2 1

0 




                                                                                                (1.3.4)

 

belongs to class S , then this represents a Fourier series and the following relation hold good: 

                  










010

0 |cos
2

|
k

k

n

n ACdxnxa
a



  

where C  is absolute positive constant. 

Theorem V. Consider nxa
n

n sin
1






 be a sine series belonging to class S . The following 

result holds for  ,...,3,2,1p

 

            







  








 11
)1(

1

||
|sin|

k

k

p

k

k

p
n

n AO
k

a
dxnxa





. 

 Theorem I and III give only sufficient conditions for the integrability of cosine series. Rees 

and Stanojevic [28] in 1973 have shown that the condition 





1k

k

k

a
 is a necessary and 

sufficient condition for 1L -convergence and integrability for a different type of cosine sums. 

The results proved by them are as follows: 

Theorem VI. Consider .0
k

a
b k

k  Then  
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               


 
 



























1

coslim)(
k

n

kj

j

k

n
kxb

k

b
xg , 

exists for ],0( x  and ],0[1 Lg  if and only if  


1k

kb . 

Theorem VII. Let .0||)1( 2  kak  Then  

           
 

 


























n

k

n

kj

jk
n

kxajakxh
1

22 cos||)1(||)1(
2

1
lim)( , 

exists for ],0( x  and ],0[1 Lh  if and only if }{ ka  is quasi-convex sequence. 

 Ram [26] in 1979 have shown that the conditions of the class S are sufficient for the 

integrability of Rees-Stanojevic [28] cosine sums given by 

            
 


n

k

n

kj

k

n

k

kn kxaaxf
10

cos
2

1
)(                                   (1.3.5) 

Ram [26]  proved the following result: 

Theorem VIII. Let the sequence }{ ka  satisfy the condition S. Then )(lim)( xfxf n
n 

  exist 

for ],0( x   and   





00

)(
k

kACxg



. 

In 1977, Ram [25] has proved the following result on 1L -convergence of cosine 

trigonometric sum (1.3.5) introduced by Rees-Stanojevic [28]: 

Theorem IX. If (1.3.5) belongs to class S , then   .,)1(|||| 1  noff
Ln  

Further, Kumari and Ram [21] in 1988  introduced new modified cosine and sine sums as 

                 kxk
j

aa
xf

n

k

n

kj

j

n cos
2

)(
1

0  
 











                           (1.3.6) 

                 kxk
j

a
xg

n

k

n

kj

j

n sin)(
1

 
 











                                                                         (1.3.7) 
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and studied their 1L -convergence under the condition that the cosine series and sine series 

belong to the class S . 

 Kolomogorov [20] have proved the following result regarding the 1L -convergence of cosine 

trigonometric series. 

Theorem X. If 0ka   and }{ ka  is convex or even quasi-convex, then for the convergence 

of the series (1.3.5) in metric space 1L . It is necessary and sufficient that 

 kokak ,)1(log . 

In 1973, Teljakovaskii [42] generalized the Theorem X as: 

Theorem XI. If the coefficient sequence }{ ka  of the cosine series (1.3.5) belongs the class 

,S  

then a necessary and sufficient conditions for 1L -convergence of (1.3.5) is 

.),1(log  kokak  

In 1967, Teljakovskii [41] generalized Theorem X for the cosine series (1.3.5) with 

coefficient }{ ka  satisfying conditions of quasi-convexity and established the following 

result: 

Theorem XII. Let the coefficient }{ ka  of the series (1.3.5) satisfy the conditions of quasi-

convexity  If ,0lim 


k
n

a  then the series (1.3.5) converges in the 1L -metric space. 

Also Teljakovaskii [40] has shown that the series (1.3.5) is Fourier series under the 

conditions of quasi-condition and  

                     ,)(|cos
2

| 21

10

0 TTCdxkxa
a

k

k 






 

 where C  is a positive absolute constant. 

In chapter II, we have studied the 1L -convergence of new modified cosine sums (1.3.6) 

(introduced by Kumari and Ram) under the class S   and have also studied the 1L -

convergence of cosine trigonometric series as corollary. 
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In chapter III, we have studied the 1L -convergence of thr  derivative of modified cosine sums 

(1.3.6) of Kumari and Ram under the class rS  of coefficient sequence. 

The aim of chapter IV is to study the 1L -convergence of the cosine sums (1.3.6) under a new 

class of coefficient sequence which generalizes the idea of quasi-convexity and the result of 

Taljakovaskii [41] has been studied as a corollary. 
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                                                     CHAPTER II 

               1L -CONVERGENCE OF A MODIFIED COSINE SUM 

2.1 Introduction. 

Consider the cosine trigonometric series 

                      kxa
a

k

k cos
2 1

0 




                                                              (2.1.1) 

satisfying  koak ),1( and if there exists a sequence }{ kA  such that 

        (i)       kAk ,0                                                                    (2.1.2) 

        (ii)       


0k

kA                                                                (2.1.3) 

        (iii)      ,...3,2,1||  kAa kk ,                                                                             (2.1.4) 

then, we say that the coefficient of sequence }{ ka  belongs to the class S  introduced by Sidon 

[31]. 

Let )(xSn  denotes the thn  partial sum of (2.1.1) and let .)(lim)( xSxf n
n 

   

In 1973, Rees-Stanojevic [28] have introduced modified cosine sums as 

                       kxaaxf
n

k

n

kj

k

k

kn cos
2

1
)(

10

 
 





                                                         (2.1.5) 

and studied their 1L -convergence. 

Further in 1977, Ram [25] obtained 1L - convergence of the modified sums (2.1.5) and proved 

the following result: 

Theorem I. If the coefficient }{ ka of the cosine trigonometric series (2.1.1) belongs to the 

class ,S  then 

                           .,)1(|||| 1  noff
Ln  
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Later, in 1988, Kumari and Ram [21] introduced new modified cosine sums. 

                          kxk
j

aa
xg

n

k

n

kj

j

n cos
2

)(
1

0  
 











  

and studied their 1L -convergence. Also, they deduced the 1L -convergence of the cosine 

trigonometric series as corollary. 

In this chapter we have studied the 1L -convergence of modified cosine sum ( introduced by 

Kumari and Ram [21]) under the class S and shall also study the 1L -convergence of cosine 

series as well. 

2.2 Lemmas. 

The following lemmas will be required for the proof of  the main result. 

Lemma 2.2.1[7]. If ,1|| kc  then 
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where C  is a positive absolute constant. 

Proof:  We know that 
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Lemma 2.2.2[30]. Let 

2
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1
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2
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)(
~

x
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x

xDn











  be the conjugate Dirichlet kernel. Then 

,...2,1,0,;)log(|)(
~

| 


rnnnOxD rr

n





  

where )(
~

xD r

n  represents the thr  derivative of conjugate Dirichlet kernel. 

In particular if 1r , then .;)log(|)(
~

| 


nnnoxDn





   

Proof. Let r  be any non-negative integer. Use of Bernstein inequality ([1], Vol.I, p.35) gives  

                              dxxDndxxD n
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n  



00
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~

)(
~

                                                            (2.2.1) 

Now, 
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                                                            









n


 loglog  
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                                                             )(loglog nOn   

Therefore, 
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and hence from (2.2.1), we have 
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2.3 Main Result. 

Theorem 2.3.1. Let (2.1.1) belongs to the class .S  If ,0log||lim 1 
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 then 
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here )(
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xDn
  denotes the derivative of conjugate Dirichlet kernel. 
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Now, using Abel’s transformation, we obtain 
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Applying Abel’s transformation and making use of Lemma 2.2.1, we get 
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Applying Abel’s transformation on  kA , we have n

n

k

k

n

k

k AnAkA 




1

11

)1( . By use of 

(2.1.2) and (2.1.3), the series 





1

)1(
k

kAk  is convergent and therefore the first term in 

(2.3.1) goes to zero as .n  

Also, by using lemma (2.2.2), we obtain 
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                                                ~  nan log|| 1                                                                    (2.3.2) 

Since dxxDn







|)(
~

|  behave like .log nn  

This implies, 

)log|(|)log|(|)1()()( 11

0

naOnaOodxxgxf nnn  


 

Hence, under the given assumption that ,0log1  nasnan  we have  

                         .)1(  nasogf n  

Thus, the conclusion of main result holds. 

Corollary. If (2.1.1) belongs to the class S  and ,0log||lim 1 


nan
n

 then 

.,)1(||||  noSf n  



18 
 

Proof : Consider, 

                     dxxSxgxgxfdxxSxf nnnn |)()()()(||)()(|  
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Now, by the use of our Theorem 2.3.1 and Lemma 2.2.2, the conclusion of the corollary 

follows; i.e., 

                           ,0|)()(| 


dxxSxf n
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                                                              CHAPTER III 

        ON 1L - CONVERGENCE OF thr  DERIVATIVE OF KUMARI AND RAM’S  

                                 MODIFIED COSINE TRIGONOMETRIC SUMS 

3.1 Introduction. 

 Let 

                               nxa
a

n

n cos
2 1

0 




                                                                                 (3.1.1) 

be a cosine series. Let )(xSn  be the thn  partial sum of the series (3.1.1) and )()(lim xfxSn
n




. 

Further, let  ,...2,1,0,)()(lim 


rxfxS rr

n
n

, where )(xf r  denotes thr  derivative of )(xf  

and )(xS r

n  denotes thr  derivative of thn  partial sum )(xSn . 

In 1988, Kumari and Ram [21] introduced a new modified cosine sum as 

                                 kxk
j

aa
xg

j
n

k

n

kj

n cos
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)(
1

0











 

 

                                                (3.1.2) 

and studied the 1L -convergence of cosine series (3.1.1) by using modified cosine sum (3.1.2). 

In 1939, Sidon [31] introduced class S  of coefficient sequence defined as follows : 

Class S of coefficients Sequence ([31], [42]): A null sequence }{ na  belongs to class ,S  if 

there exists a sequence }{ nA  such that 

(i) ,0  nasAn  

(ii) ,
1




n

nA  

(iii) nAa nn  . 
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Further, Tomovskii [37] in 2000 extended the class S  to a new class ,...2,1,0; rSr of 

coefficient sequence defined as follows: 

Class rS  of coefficient sequence [37]: A null sequence }{ na  belongs to class ,...2,1,0; rSr

, if there exists a sequence }{ nA  such that 

(i) ,0  nasAn  

(ii) ,
1




n

n

r An  

(iii) nAa nn  . 

For ,0r this class reduces to class .S  

In this chapter, we have studied the 1L -convergence of the thr derivative of modified cosine 

sums (3.1.2) under a new class rS  of coefficient sequence. 

3.2 Lemmas. 

The following lemmas will be required for the proof of our main result: 

Lemma 3.2.1 [7]. If ,1|| ka  then 

             )1(

2
sin2
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1
sin

0












  nCdx
x

xk

ak



 

where C  is a positive absolute constant.  

Moreover, by Bernstein’s inequality ([1],Vol.I, p.35), for ,...2,1,0r , we have 

               1

1 0

)1()( 

 

  r

n

n

k

r

kk nCdxxDa


  

where )(xD r

n  represents the thr  derivative of Dirichlet kernel. 
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Lemma 3.2.2.[30]. ,...2,1,0,)log(||)(
~

|| 1  rnnOxD r

L

r

n where )(
~

xD r

n
 denotes the thr  

derivative of  conjugate Dirichlet kernel. 

Note: The proof of above two lemmas have already been given in chapter II. 

Lemma 3.2.3. Let  ,0  nasan  if  n

r an  then  

n

r an 1)1( . 

Proof. In order to prove the Lemma, we shall first prove the following inequality: 

                 m
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)1( 



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

                                                                (3.2.1) 

We shall make use of Method of Induction to prove this inequality. 

Clearly, for ,0r the inequality (3.2.1) holds. 

Now, Assume that (3.2.1) hold for ,kr   i.e.,           

                   m
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n
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n

k

n

m

n

k amanan 1
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1
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)1( 








                                                                 (3.2.2) 

We now prove it for 1 kr . 

Multiply (3.2.2) by n both sides, we get 
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                              m

k

n

m

n

k aman 2
1

0

2)1( 




   

Hence, (3.2.1) is true for 1 kr . 

Further, in the proof of Lemma 3.2.3, we require Oliver’s theorem. The theorem says that if 

the series 


1n

na and  ,0  nasan  then .0  nasnan  

Thus, by inequality (3.2.1) and by use of Oliver’s theorem, the series




 
1

1)1(
n

n

r an  is 

convergent. 
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This proves the lemma 3.2.3. 

3.3 Main result. 

Theorem 3.3.1.  If the }{ ka  belongs to class rS  and ,),1(log1  nonan n

r
 then 
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Here, )(
~

xDn
  denotes the first derivative of the conjugate Dirichlet kernel. 

Taking thr derivative both sides, we have 
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Here, )(xg r

n  denotes the thr derivative of )(xgn  and )(
~

xD r

n  denotes the thr derivative of 

conjugate Dirichlet kernel. 
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Since },...2,1,0{,}{  rSa rn  is a null sequence and )(
~

xD r

n  is bounded in ,],0(    

Therefore, 
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Thus the limit exists in .],0(   

Now, it follows from (3.3.1) that 
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By the use of Abel’s transformation, we get 
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Here, )(xD r

n  denotes the thr derivative of Dirichlet kernel. 
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Again, applying Abel’s transformation, we get 
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  Using Lemmas 3.2.1 and 3.2.2, we have 
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Therefore by the use Lemma 3.2.3, k

k
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1)1(  is convergent and therefore the first term 

of (3.3.2) is zero. 

Hence, this implies that 
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Therefore, by the given hypothesis, the conclusion the result follows. 
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 by our theorem and dxxD
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r log1 (by Lemma 3.2.2), the conclusion of corollary follows. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



26 
 

                                                          CHAPTER IV 

                      ON CONVERGENCE OF CERTAIN TRIGONOMETRIC SUMS  

                                                  IN THE METRIC SPACE L  

4.1 Introduction.  

Let  

                               nxa
a

n

n cos
2 1

0 




                                                                                 (4.1.1) 

be the cosine series and )(lim)( xSxf n
n 

 , where )(xSn  is the thn  partial sum of the series 

(4.1.1). 

 A sequence }{ ka  is said to be convex if 02  ka and quasi-convex if .||)1(
1

2 


k

kak  

where                     )(2

kk aa   

                                        )( 1 kk aa  

                                        211   kkkk aaaa  

                                        212   kkk aaa  

The concept of quasi-convexity was further generalized by Sidon [31] in 1939 by defining a 

new class S  of coefficient sequences as follows: 

The class S  of coefficient sequence ([31], [42]): A sequence }{ ka  is said to belong to the 

class S  if  koak ,)1(  and there exists a sequence of numbers }{ kA  such that 

(i) ,,0  kAk  

(ii) ,
1




k

kA  

(iii) ., kallforAa kk   
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Remark: If we choose || 2

m

nm

n aA 




 , then the quasi-convex null sequence satisfies the 

condition of the class .S  

 Later in 1964, Teljakovaskii [40] generalized the idea of quasi-convexity in the following 

way :  

Let }{ ka  be a sequence satisfying the following condition: 

                         ,,)1(  koak                                (4.1.2) 

                          ,||
0

1 


k

kaT                                                                   (4.1.3) 

                         
 

.||
2

12

2 


 







m

k

kmkm

m k

aa
T                                      (4.1.4) 

It can be easily noted that a quasi-convex null sequence satisfies the (4.1.3)-(4.1.4). 

Concerning the 1L -convergence of the cosine series (4.1.1), Kolmogorov [20] proved the 

following result: 

Theorem I. If 0ka  and }{ ka  is convex or even quasi-convex, then for the convergence of 

the series (4.1.1) in the metric space L , it is necessary and sufficient that 

.,)1(log  kokak  

 In 1973, Teljakovaskii [42] proved the 1L -convergence of cosine series under class .S  The 

result reads as follows: 

Theorem II. If the coefficient sequence }{ ka  of the cosine series (4.1.1) belongs the class  ,S  

then a necessary and sufficient conditions for 1L -convergence of (4.1.1) is 

.),1(log  kokak  

 In 1967, Teljakovaskii [41] generalized Theorem I for the cosine series (4.1.1) with the 

coefficient }{ ka  satisfying conditions (4.1.2)-(4.1.4) and obtained the following result: 
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Theorem III. Let the coefficient }{ ka  of the series (4.1.1) satisfy the conditions (4.1.2)-

(4.1.4). If ,0lim 


k
k

a  then the series (4.1.1) converges in the metric space L . 

Also, Teljakovaskii [40] proved that the series (4.1.1) is a Fourier series under the conditions 

(4.1.2)-(4.1.4) and 

               )(|cos
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| 21

10

0 TTCdxkxa
a

k

k 






                               (4.1.5) 

where C  is a positive absolute constant. 

In 1977, Ram [25] studied the 1L -convergence of the Rees-Stanojevic sums as 

                                
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10

cos
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)(                                             (4.1.6) 

and obtained the Theorem II as a corollary of his result. 

In 1988, Kumari and Ram [21] considered modified sums            

                                 kxk
j

aa
xg

n
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j

n cos
2

)(
1

0  
 











                                                (4.1.7) 

The aim of this chapter is to study the 1L -convergence of modified sums (4.1.7) under a new 

class of coefficient sequences which generalizes the concept of quasi-convexity and to get the 

Theorem III of Teljakovaskii [41] as a corollary. 

4.2 Lemmas. 

The following lemmas will be required in the proof of the our main result. 

Lemma 4.2.1[41]. Let }{ ka  be a sequence of numbers satisfying the condition (4.1.3), and let 

n  be a natural number. If 

                    









,

0

nkfora

nkfor
b

k

k  

then for all 2n  
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The proof of this lemma has been reported in chapter II. 

4.3 Main result. 

Theorem 4.3.1. Let }{ ka  be a sequence of numbers satisfying the conditions (4.1.2)-(4.1.4). 

If ,0loglim 


nan
n

 then .),1(|||| 1  nogf
Ln  

Proof. Let kb  be the numbers as defined in Lemma (4.2.1). Then the cosine series (4.1.1) can 

be written as 
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Furthermore, we have     
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Consider, 
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By using (4.3.1), we have 
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By using the inequality (4.1.5), we get 
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Now,  making use of Lemma (4.2.1), we have 
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Use of Lemma (4.2.2) implies that                                                                                                          
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31 
 

Now, the use of given hypothesis both the terms of (4.3.2) tends to zero as .n  

Therefore, the conclusion of the result follows. 

4.4 Corollary. 

Corollary. Let }{ ka  be a sequence of numbers satisfying the conditions (4.1.2)-(4.1.4) and if 

,0loglim 


nan
n

 then .,)1(  noSf n  

Proof. Consider, 
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 by Theorem 4.3.1 and using Lemma 4.2.2, the 

conclusion of corollary follows. 

 

 

 

 

 

 

 

 

 

 



32 
 

                                                       References 

 

[1] N. K. Bary, A treatise on trigonometric series, Vol I and Vol II, Pergamon Press, London 

(1964).  

 

[2] R. Bala, and B. Ram, Trigonometric series with semi-convex coefficients, Tamkang J. 

Math., 18(1) (1987), 75-84.  

 

[3] S. S. Bhatia,  and B. Ram, On -convergence of certain modified trigonometric sums, 

Indian J. Math., 35 (2) (1993), 171-176.  

 

[4] R. Bojanic, and C. V. Stanojevic,A class of 1L -convergence, Trans. Amer. Math.Soc., 

269(2) (1982), 677-68 

 

[5] C. P. Chen, 1L -convergence of Fourier series, J. Aust. Math. Soc. (Series A), 41(1986), 

376-390. 

 

[6] C. P. Chen, Pointwise convergence of Trigonometric series, J. Aust. Math. Soc.(Series 

A), 43 (1987), 291-300. 

 

[7] G. A. Fomin, On Linear methods for summing Fourier series, Mat. Sb., 66(107) (1964), 

114-152. 

  

[8] J. W. Garrett, and C. V. Stanojevic, On integrability and 1L -convergence of certain cosine 

sums, Notices, Amer. Math Soc., 22 (1975), A-166. 

 

[9] J. W. Garrett, and C. V. Stanojevic,On 1L -convergence of certain cosine sums,Proc. 

Amer. Math. Soc., 54 (1976), 101-105. 

 

[10] J. W. Garrett, and J. W. Stanojevic, Necessary and sufficient conditions for 1L -

convergence of trigonometric series, Proc. Amer. Math. Soc. 80 (1976), 68-71. 

 



33 
 

[11] J. W. Garrett and C. S. Rees, and J. W. Stanojevic, 1L -convergence of Fourier serieswith 

coefficients of bounded variation, Proc. Amer. Math. Soc., 80 (3) (1980), 423-430. 

 

[12] G. H. Hardy, and J. E. Littlewood, Some properties of Fourier coefficients, J. London 

Math. Soc., 6(1931), 3-9. 

 

[13] N. Hooda, and B. Ram, Convergence of certain Modified Cosine Sum, Indian J. 

Math.,1(2002), 41-46. 

 

[14] T. Kano, Coefficients of some trigonometric series, J .Fac. Sci. Shinshu Univ., 3 

(1968), 153-162. 

 

[15] K. Kaur, S. S. Bhatia, and B. Ram, Integrability and 1L -convergence of cosine series 

with Hyper Semi- Convex Coefficients, SOLSTICE: Electronic Journal of Mathematics 

& Geography, 8(2) (2002), 1-6. 

 

[16] K. Kaur, S. S. Bhatia, and B. Ram, Integrability and 1L -convergence of Ress-Stanojevic 

Sums with Generalized Semi-convex Coefficients, International Journal of Mathematics 

& Mathematical Sciences, 30(11) (2002), 645-650. 

 

[17] J. Kaur, and S. S. Bhatia, On 1L -convergence of certain trigonometric sums, Global 

Journal of Pure and Applied Mathematics, 2(2),(2006), 111-116. 

 

[18] J. Kaur, and S. S. Bhatia, Integrability and 1L -convergence of certain cosine sums, 

Kyungpook Mathematical Journal, 47 (2007), 323-328. 

 

[19] J. Kaur, and S. S. Bhatia, Convergence of new modified trigonometric sums in the 

metric space L, The Journal of Nonlinear Sciences and Applications, 1(3), (2008), 179-

188. 

 

[20] A. N. Kolmogorov, Sur I’ ordere de grandeur des coefficients de la series de Fourier- 

Lebesque, Bull. Acad. Pol. Sci. Ser. Sci. Math. Astronom. Phys., (1923), 83-86.  

 



34 
 

[21] S. Kumari, and B. Ram, 1L -convergence modified cosine sum, Indian J . Pure Appl. 

Math. , 19(11) (1988), 1101-1104. 

 

[22] L. Leindler, On the equivalence of classes of Fourier coefficients, Math. Ineq. & Appl, 

3(2000), 45-50.  

 

[23] F. Moricz, On the integrability and 1L -convergence of sine series, Studia Math., 92 

(1989), 187-200. 

 

[24] F. Moricz, On the integrability and 1L -convergence of double trigonometric series, 

Studia Math., 98(3) (1991), 203-225. 

 

[25] B. Ram, Convergence of certain cosine sums in the metric space L, Proc. Amer. Math. 

Soc., 66(2) (1977), 258-260. 

 

[26] B. Ram, A sufficient condition for the integrability of Rees Stanojevic sum, Kyungpook 

Mathematical Journal, 19 (1979), 257-260. 

 

[27] B. Ram, Integrability of Rees- Stanojevic sums, Acta Sci. Math. (Szeged), 42 (1980), 

153-155. 

 

[28] C. S. Rees, and C. V. Stanojevic, Necessary and sufficient condition for integrability of 

certain cosine sums, J. Math. Anal. Appl., 43 (1973), 579-586. 

 

[29] S. M. Shah, Trigonometric series with quasi-monotone coefficients, Proc. Amer. Math. 

Soc., 13(1962), 266-273. 

 

[30] Sheng, Shuyun, The extension of the theorems of C. V. Stanojevic and V. B. Stanojevic, 

Proc. Amer. Math. Soc., 110(1990), 895-904. 

 

[31] S. Sidon, Hinreichende Bedingungen fur den Fourier- Charakter einer 

Trigonometrischen Reihe, J. Lonon Math. Soc., 14(1939), 158-16 

 



35 
 

[32] N. Singh, and K. M. Sharma, 1L -convergence of modified cosine sums with generalized 

quasi-convex coefficients, J. Math. Anal., 43(1973), 579-586. 

 

[33] N. Singh, and K. M. Sharma, 1L -convergence of modified cosine sums with generalized 

quasi-convex coefficients, J. Math. Anal., 43(1973), 579-586. 

 

[34] N. Singh and K. M. Sharma, Convergence of trigonometric series in the metric space L, 

Arabian J. Sci. Engrg., 4(1979), 137-140.  

 

[35] O. Szasz, Quasi-monotone series, Amer. J. Math., 70(1948), 203-206. 

 

[36] Z. Tomovski. An Extension the Garrett- Stanojevic class, Approx. Theory and its 

Applications, 16(1) (2000), 46-51. 

 

[37] Z. Tomovski, An Extension of The Sidon – Fomin Type Inequality and its Applications, 

Math. Ineq. and Appl., 4(2) (2001), 231-238.  

 

[38] Z. Tomovski, On the theorem of N. Singh and K.M. Sharma, Math. Comm., 

7(2002),119-122.  

 

[39] Z. Tomovski, Remarks on some classes of Fourier coefficients, Analysis Mathematica, 

29(2003), 165-170.  

 

[40] S. A. Teljakovski, Some estimates for trigonometric series with quasi-convex 

coefficients, Mat. Sb., 63(105) (1964), 426-444.  

 

[41] S. A. Teljakovskii, On a problem concerning convergence of Fourier series in metric L, 

Mat. Zametki 1 (1967) 91-98. 

 

[42] S. A. Teljakovskii, A sufficient condition for the integrability of trigonometric series, 

Mat. Zametki, 14 (3) (1973), 317-328. 



36 
 

 

[43] W. H. Young, On the Fourier series of bounded functions, Proc. London Math. Soc , 

12 (2) (1913), 41-70. 

 




