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ABSTRACT

Contour plotting is one of the basic operations performed in many engineering analyses
where visual inspection of results is to be carried out. Such analyses produce a large
amount of data which is cumbersome to interpret in its numerical form. The graphical
representation of the numerical data in the form of contour lines in 2D and contour

surfaces in 3D makes the analyses more informative and faster.

Finite Element Analysis (FEA) is one of such analyses which produces voluminous data
and whose graphical representation becomes a necessity. Contour plotting is one method
which is used for graphical representation. It substitutes a large amount of numerical data
into graphical patterns, which helps to perceive the physical consequences of a
calculation. To users, not familiar with the details of FEA, it is possibly one of the best
ways to perceive the analysis results. So, once the ‘solver’ determines the element
resultants, a post-processor in the form of contour plots is used to graphically display the

domain response to the applied loads and boundary conditions.

For a user, the accuracy of the analysis results depends on the accuracy of the graphical
patterns which are displayed as contour lines or surfaces on the screen. Generally, higher
order elements are used for accurate analysis, but are degenerated into linear elements for
contour plotting to avoid complexity. This leads to loss of information in the graphical
plotting. In some cases, to visualize the solutions effectively, approximations on finer

meshes are required.

In the present work, an attempt is made to develop accurate and fast algorithms for
different meshes used for analysis in FEA. All the algorithms depend upon the contour

equations developed using ‘Shape Functions’ for these meshes.

The simplest way to plot contours on 2D domain is to use linear interpolation over
triangular elements. This method works well only if the accuracy of higher order is not
required. Higher order triangular elements are generally degenerated into linear
triangular elements for fast contour plotting but on expense of accuracy. Higher accuracy
may be desirable in regions where the variation in physical quantity is large or in
applications such as imaging. In the present work, an attempt is made to use higher order
interpolation using a six-node triangular element. The algorithm traces contours as

accurately as the analysis results obtained in FEA. The quadratic interpolation function

Vi



representing contours is degenerated into various conic sections and the special
characteristics of these conic sections are exploited to accurately interpolate the function.
After contour segments are traced, they are joined together to form contour lines for fast

display on graphical display devices.

Quadrilateral element is the second type of 2D element taken for contour plotting. The
contour equation is developed over linear and quadratic quadrilateral elements. An
attempt is made to enhance the speed of contour generation without compensating with
accuracy. In four-node quadrilateral element, the developed contour equation represents
a rectangular hyperbola. The contours are joined based on location of asymptotes of this
rectangular hyperbola, thus making the algorithm fast. Further, the accuracy of contour is
improved by using elementary calculus. Similarly, in eight-node quadrilateral element,

an attempt is made to develop an algorithm to join the contours accurately and quickly.

In 3D, the problems are mainly analyzed using tetrahedral and hexahedral elements. As
discussed in case of 2D, to simplify the 3D contour surface generation, a higher order
element is splited into linear elements and linear interpolation of the physical quantity is
performed, thus resulting in the linear patches of contour surfaces. Even a hexahedral
element is decomposed into 6 four-node tetrahedral elements for contour surface
generation, thus leading to the linear interpolation of the physical quantity. In the present
work, an attempt is made to develop accurate and fast contour surface plotting algorithm
by first deriving the boundary curves and then locating its interior points. The method
provides the contour surface as a group of bounding curves over an element. Towards the
end, the contour surfaces over a quadratic tetrahedral element are generated. The contour

equation is developed using shape functions which represents the various quadrics.

The detailed numerical experimentations after implementing the different algorithms are

given in respective chapters.

vii
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CHAPTER - |

INTRODUCTION

11 GENERAL

Graphical representation of results is essential to understand numerical behavior of a
mathematical model solving a physical problem. The representation substitutes analysis of a
mess of large amount of data by a simple visual inspection. Contour plotting of data is one
step towards such representation. The contour plot is an indispensable method for graphical
representation of results. Contour plots show the same value of a physical parameter in a
geometric domain. The term ‘contour’ as used in a topographical survey is defined as a line

joining points of equal elevations (Rajasekaran and Venkatesan, 1995).

Contour line plots offer visual information that is not obvious from looking at the voluminous
numerical data. It gives a graphical pattern for a numerical data. The large amount of
numerical data can be simply represented by this graphical representation for better
interpretation. For example, isothermal lines plotted on the visible surfaces of a heat

conducting body offer quick information about the spatial temperature distribution prevailing.

Various scientific problems need a contour plotting algorithm that can display a constant-

valued surface of a function of two or three variables.

Any piecewise continuous, single-valued function of two continuous independent variables
can be represented in the form of a contour map. The most common example is a contour
map representing elevation as a function of position in a two-dimensional geographic region.
Other geographic-position-dependent variables that are commonly represented in the form of
contour maps are temperature (isotherms) and pressure (isobars). However, the use of contour
maps need not be restricted to dependent variables relating to geographic position. An
example of a contour map used for a more general dependent variable is a plot of equal-
loudness curves drawn as a function of the intensity and frequency of an audible tone. In
some applications, contour maps may be used to facilitate visualization of data even though
an equation may exist that describes this data, for example, a plot of equipotential lines

around an electric dipole.



The advantage of a well made contour-map over other types of surface representation is that
it exhibits the characteristics of a surface and at the same time provides quantitative
information. Even with the present sophistication of 3D computer graphics, the display of
contour lines can convey information about the behaviour of a surface that cannot be gleaned

even from a shaded colour image.

Algorithms for contour plotting have wide applications in the areas of Medicine and
Engineering.

In Medical field, the contour plotting algorithms are mainly used for approximating the
surface spanning through a set of 2D and 3D data points. They also help a lot to radiologists
to interpret the 2D and 3D images of the data. Researchers have reported the application of
3D medical images in a variety of areas like acetabular fractures, craniofacial abnormalities,

complex bone structures, to name a few.

Data analysis in engineering applications frequently involves contour plotting. Although
graphics takes many forms, contouring two-dimensional surfaces is one of the most useful

techniques, sometimes even indispensable, to represent field variables under investigation.

In Engineering, there are a number of analysis tools which generate results in the form of
large amount of numerical data. This data is to be plotted properly for visual inspection.
Finite Element Analysis (FEA) is one such tool. FEA is the most prevalent numerical tool
used for the design and analysis of engineering systems. It is applicable to virtually any
engineering discipline describable by partial differential equations along with proper loads
and boundary conditions.

It is a computational technique used to obtain approximate solutions of boundary value
problems in engineering. Simply stated, a boundary value problem is a mathematical problem
in which one or more dependent variables must satisfy a differential equation everywhere
within a known domain of independent variables and satisfy specific conditions on the
boundary of the domain. Boundary value problems are also sometimes called field problems.
The field is the domain of interest and most often represents a physical structure. The field
variables are the dependent variables of interest governed by the differential equation. The
boundary conditions are the specified values of field variables on the boundaries of the field.
Depending on the type of physical problem being analyzed, the field variables may include

physical displacement, temperature, heat flux, and fluid velocity etc.



1.2 BASIC PROCEDURE FOR FEA

The fundamental concept of FEA is that a continuous function can be approximated using a
discrete model. The discrete model is composed of one or more interpolation polynomials,
and the continuous function is divided into finite pieces called elements. Each element is
defined using an interpolation function to describe its behavior between its end points. The
unknown function is approximated in every element by the interpolating polynomial that is

continuous with its derivative until a certain order.

Certain steps in formulating a finite element analysis of a physical problem are common to all
such analyses, whether structural, heat transfer, fluid flow, or some other problem. The steps
(David Hutton, 2004) are described as follows.

() Preprocessing: The preprocessing step is, quite generally, described as defining the
model and includes defining the

e Geometric domain of the problem

e Element type to be used

e Material properties of the elements

e Element connectivity (mesh the model)

e Physical constraints (boundary conditions)

e Loadings
The preprocessing step is a very critical step.

(b) Solution: During the solution phase, finite element assembles the governing algebraic

equations in matrix form and computes the unknown values of the primary field variables.

As it is not uncommon for a finite element model to be represented by large number of
equations, special solution techniques are used to reduce data storage requirements and

computational time.

(c) Postprocessing: The computed values are used by back substitution to compute
additional, derived variables, such as reaction forces, element stresses, and heat flow.
Analysis and evaluation of the solution results is referred to as Postprocessing.
Postprocessing software contains sophisticated routines used for sorting, printing, and
plotting selected results from a finite element solution. The most important objective of

Postprocessing is to apply sound engineering judgment in determining whether the solution
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results are physically reasonable. Lists of output data are difficult to appraise quickly for
judgment so the contour plot algorithms are to be added as a post-processor to give visual

representation of results.

1.3 COMPATIBILITY AND COMPLETENESS REQUIREMENTS

In most engineering problems, the domain of interest is a continuous solid body, often of
irregular shape, in which the behavior of one or more field variables is governed by one or
more partial differential equations. The objective of the finite element method is to discretize
the domain into a number of finite elements for which the governing equations are algebraic
equations. Solution of the resulting system of algebraic equations then gives an approximate

solution to the problem.

In FEA, solution accuracy is judged in terms of convergence as the element ‘mesh’ is refined.
There are two major methods of mesh refinement. In the first, known as h-refinement, mesh
refinement refers to the process of increasing the number of elements used to model a given
domain, consequently, reducing individual element size. In the second method, p-refinement,
element size is unchanged but the order of the polynomials used as interpolation functions is
increased. The objective of mesh refinement in either method is to obtain sequential solutions
that exhibit asymptotic convergence to values representing the exact solution. If convergence
is not obtained, the engineer using the finite element method has absolutely no indication
whether the results are indicative of a meaningful approximation to the correct solution. For a
general field problem in which the field variable of interest is expressed on an element basis

in the discretized form,

49 (0,2)= 3N, (x v, 2)p (1.1)

i=1
where M is the number of element degrees of freedom and N; is the interpolation function for

the i" node. The interpolation functions must satisfy two primary conditions to ensure

convergence during mesh refinement: the compatibility and completeness requirements.
1.3.1 Compatibility

The field variable and its partial derivatives must be continuous along the element
boundaries. These must be continuous up to one order less than the highest-order derivative

appearing in the integral formulation of the element equations. Given the discretized



representation of Eq. (1.1), it follows that the interpolation functions must meet this

condition, since these functions determine the spatial variation of the field variable.

The compatibility condition can be given a physical meaning as well. In structural problems,
the requirement of displacement continuity along element boundaries ensures that no gaps or
voids develop in the structure as a result of modeling procedure. In heat transfer problems,
the compatibility requirement prevents the physically unacceptable possibility of jump

discontinuities in temperature distribution.
1.3.2 Completeness

In the limit as element size shrinks to zero in mesh refinement, the field variable and its
partial derivatives up to, and including, the highest-order derivative appearing in the integral
formulation must be capable of assuming constant values. Again, because of the
discretization, the completeness requirement is directly applicable to the interpolation

functions.

The completeness requirement ensures that a displacement field within a structural element
can take on a constant value. The completeness requirement also ensures the possibility of
constant values of (at least) first derivatives. This feature assures that a finite element is

capable of constant strain, constant heat flow, or constant fluid velocity, for example.

The purpose of the following section is to develop the appropriate interpolation functions to a

number of commonly used elements of various shapes and complexity.

1.4  POLYNOMIAL FORMS: GEOMETRIC ISOTROPY

Formulation of finite element characteristics requires differentiation and integration of the
interpolation functions in various forms. Owing to the simplicity with which polynomial
functions can be differentiated and integrated, polynomials are the most commonly used

interpolation functions (David Hutton, 2004).

The polynomial representation of the field variable must contain the same number of terms as
the number of nodal degrees of freedom. In addition, to satisfy the completeness requirement,
the polynomial representation for an M-degree of freedom element should contain all powers
of the independent variable up to and including M-1. Another way of stating the latter
requirement is that the polynomial is complete. In two and three dimensions, polynomial
representations of the field variable, in general, satisfy the compatibility and completeness

requirements if the polynomial exhibits the property known as geometric isotropy. A
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mathematical function satisfies geometric isotropy if the functional form does not change
under a translation or rotation of coordinates. In two dimensions, a complete polynomial of

order M can be expressed as
NE
Py (X, y)=> ax'y’, i+j<M (1.2)
k=0

where  N@ —[M+1)M +2% is the total number of terms. A complete polynomial as

expressed by Eq. (1.2) satisfies the condition of geometric isotropy, since the two variables, x
and y, are included in each term in similar powers. Therefore, a translation or rotation of

coordinates in not prejudicial to either of the independent variables.

A graphical method of depicting complete two-dimensional polynomials is the so-called
Pascal triangle shown in Fig. 1.1. Each horizontal line represents a polynomial of order M. A
complete polynomial of order M must contain all terms shown above the horizontal line. For
example, a complete quadratic polynomial in two dimensions must contain six terms. Hence,
for use in a finite element representation of a field variable, a complete quadratic expression

requires six nodal degrees of freedom in the element.

X Y Linear
2 N . 2 .
X XY Y Quadratic
E NN S 2,7 3
N Xy’ .
X Xy S Y Cubic
4 3 o2 ol 3 4

Quartic

Figure 1.1 Pascal triangle for polynomials in two dimensions

In addition to the complete polynomials, incomplete polynomials also exhibit geometric
isotropy if the incomplete polynomial is symmetric. In this context, symmetric implies that
the independent variables appear as ‘equal and opposite pairs’, ensuring that each
independent variable plays an equal role in the polynomial. For example, the four-term
incomplete quadratic polynomial presented in Eq. (1.3) is not symmetric, as there is a

quadratic term in x but the corresponding quadratic term in y does not appear.
P(x,y)=a, +a,x+a,y + a,x> (1.3)

On the other hand, the incomplete quadratic polynomial presented in Eq. (1.4) is symmetric,

as the quadratic term gives equal ‘weight’ to both variables.



P(X,y)=a, +a,x+a,y+a,xy (1.4)

A very convenient way of visualizing some of the commonly used incomplete but symmetric
polynomials of a given order is also afforded by the Pascal triangle. Referring to Fig. 1.1, the
dashed lines show the terms that must be included in an incomplete yet symmetric
polynomial of a given order. All terms above the dashed lines must be included in a
polynomial representation if the function is to exhibit geometric isotropy. This feature of
polynomials is utilized to a significant extent in the development of various element
interpolation functions.

Figure 1.2 Pascal pyramid for polynomials in three dimensions

As in the two-dimensional case, the polynomial expression of the field variable in three
dimensions must be complete or incomplete but symmetric. Completeness and symmetry can
also be depicted graphically by the ‘Pascal Pyramid’ shown in Fig. 1.2. While the three-
dimensional case is a bit more difficult to visualize, the basic premise remains that each
independent variable must be of equal ‘strength’ in the polynomial. For example, the 3D
quadratic polynomial as presented in Eq. (1.5) is complete and could be applied to an element
having ten nodes.

P(X,y,z)=a, +a,Xx+a,y +a,z+a,x* +a;y? +a,2° + a,Xy + ;X2 + a, yz (1.5)

Similarly, an incomplete, symmetric form presented in Eq. (1.6) could be used for elements
having seven nodal degrees of freedom.

P(x,y,z)=a, +a,x+a,y+a,z+a,x* +a,y> +a,z*> or (1.6)

P(X,Y,2)=a, +a,X+a,y +a,Z +a,Xy + 8, X2 + a5 yZ



Geometric isotropy is not an absolute requirement for field variable representation, hence,
interpolation functions. Incomplete representations are quite often used and solution
convergence is attained. However, in terms of h-refinement, use of geometrically isotropic
representations guarantees satisfaction of the compatibility and completeness requirements.
For the p-refinement method, the interpolation functions in any finite element analysis
solution are approximations to the power series expansion of the problem solution. As the
number of element nodes is increased, the order of the interpolation function increases and, in
the limit, as the number of nodes approaches infinity, the polynomial expression of the field

variable approaches the power series expansion of the solution.

1.5 TRIANGULAR ELEMENTS

The interpolation functions (David Hutton, 2004) for triangular elements are inherently
formulated in two dimensions and a family of such elements exists. Fig. 1.3 depicts the first
three elements (linear, quadratic, and cubic) of the family. The internal node in cubic element

is required to obtain geometric isotropy.

ANV

Figure 1.3 Triangular elements: three-node linear, six-node quadratic, ten-node cubic
3 (X3, Y3)

y
2 (X2, Y2)
X

1 (X1, y1)

Figure 1.4 A general three-node triangular element referred to global coordinates

Fig. 1.4 depicts a general, three-node triangular element to which an element coordinate
system is attached. Here, it is assumed that only one degree of freedom is associated with

each node. The field variable is expressed in the polynomial form as shown in Eq. (1.7).

d(x,y)=a, +a,x+a,y (1.7)



Applying the nodal conditions
#(x.y.)= ¢
#(%,.Y,)= ¢, (1.8)
#(%:,¥s)= ¢,

In matrix form,

1 Xl yl a’O ¢l
1 %, y,NHa =14, (1.9)
1 X3 y3 aZ ¢3

Inverting the Eqg. (1.9),

0 _i[ 1(X2y3 - x3y2)+¢2(x3y1 - X1y3)+¢3(xly2 _Xzyl)]
:2_:;[ 1(Y2_y3)+¢2(y3_y1)+¢3(y1_y2)] (1.10)

1
= ﬂ[@(xa =X )"‘ 9, (Xl —Xg )+ ¢3(X2 - Xl)]
Substituting the values into Eq. (1.7) and collecting coefficients of the nodal variables,

(Y2 = Vo )+ (% =%, )y Iy
¢(X, y) = ﬂ + [(Xs Y1 =% y3)+ (ys ) ( )y]¢2 (1.11)
+[(X1y2 - X2y1)+(y1 yz)x+( )y]¢3

Given the form of Eq. (1.11), the interpolation functions are

[(Xz Ys —%3Y, )

N, (%, y)= %[(Xzys — XY, )+ (¥, = Vs X+ (X, - Xz)y]
N,(x,y)= i[(xsyl =%, Y )+ (Y3 = Yo X+ (%, = %;)y] (1.12)

N3(X, y)= i[(xlyz - X2y1)+(y1 - yz)x+(xz - Xl)y]

where A is the area of the triangular element. Given the coordinates of the three vertices of a

triangle, the area is given by Eq. (1.13).



11 X Y
A:§1 X, Y, (1.13)

1 X Y,

The algebraically complex form of the interpolation functions arises primarily from the
choice of the element coordinate system. As the linear representation of the field variable
exhibits geometric isotropy, location and orientation of the element coordinate axes can be

chosen arbitrarily without affecting the interpolation results.
1.5.1 Area Coordinates

When expressed in Cartesian coordinates, the interpolation functions for the triangular
element are algebraically complex. Further, the integrations required to obtain element
characteristic matrices are cumbersome. Considerable simplification of the interpolation
functions as well as the subsequently required integration is obtained via the use of area

coordinates.

Figure 1.5 Areas used to define area coordinates for a triangular element

Fig. 1.5 shows a three-node triangular element divided into three areas defined by the nodes

and an arbitrary interior point P(x, y). The area coordinates of P are defined as

LA LA 014
where A is the total area of the triangle. Clearly, the area coordinates are not independent,
since L, +L,+L;=1 L 2o (1.15)

L=
3 e
L, =1/2
L1 =1
2 N 2
1
(@) (b)

Figure 1.6 (a) Area A, associated with either P or Pis constant; (b) Lines of the

constant area coordinate L,
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In Fig. 1.6 (a), a dashed line parallel to the side defined by nodes 2 and 3 is indicated. For any
two points P and P’ on this line, the areas of the triangles formed by nodes 2, 3 and either of
P or P are identical. This is because the base and height of any triangle so formed are
constants. Further, as the dashed line is moved closer to node 1, area A, increases linearly
and has value A = A, when evaluated at node 1. Therefore, area coordinate L, is constant

on any line parallel to the side of the triangle opposite node 1 and varies linearly from a value
of unity at node 1 to a value of zero along the side defined by nodes 2 and 3, as depicted in

Fig. 1.6 (b). Similar arguments are made for the behavior of L, and L,. These observations

are used to write the following conditions satisfied by the area coordinates when evaluated at

the nodes:
Node 1: L =1 L,=L,=0
Node 2: L, =1 L=L,=0 (1.16)
Node 3: L, =1 L=L,=0

The conditions expressed by Eq. (1.16) are exactly the conditions that must be satisfied by
interpolation functions at the nodes of the triangular element. So, the field variables are

expressed in terms of area coordinates as
¢(X' y) =L + L0, + Lyo, (1.17)

The advantage of using area coordinates is seen in developing interpolation functions for
higher-order elements and performing integration of various forms of the interpolation

functions.
1.5.2 Six-Node Triangular Element

A six-node element is shown in Fig. 1.7 (a). The additional nodes 4, 5, and 6 are located at
the midpoints of the sides of the element. For six node, a complete polynomial representation
of the field variable is given by Eq. (1.18) which is ultimately to be expressed in terms of

interpolation functions and nodal values as given in Eqg. (1.19).
d(x,y)=a, +a,x+a,y+a,x> +a,xy+a,y’ (1.18)

6

#(x,y)= D N, (x.y), (1.19)

i=1
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As usual, each interpolation function is such that its value is unity when evaluated at its
associated node and zero when evaluated at any of the other five nodes. Further, each

interpolation is a quadratic function, since the field variable representation is quadratic.

(@) (b)

Figure 1.7 Six-node triangular elements: (a) node numbering; (b) lines of constant

values of the are coordinates

Fig. 1.7 (b) shows the six-node element with lines of constant values of the area coordinates
passing through the nodes. Using this figure (and a bit of logic), the interpolation functions
are easily ‘constructed’ in area coordinates. For example, interpolation function

N,(x,y)=N,(L,,L,,L,) must have value of zero at nodes 2, 3, 4, 5, and 6. Noting that
L, =% at nodes 4 and 6, inclusion of the term Ll—% ensures a zero value at those two

nodes. Similarly, L, =0 at nodes 2, 3, 4, so the term L, satisfies the conditions at those three

nodes. Therefore, Nlis as given by Eq. (1.20).

1
N, = L{L1 _EJ (1.20)

However, evaluation of Eq. (1.20) at node 1, where L, =1, results in N, =%. As N, must be

unity at node 1, Eqg. (1.20) is modified to the following form which satisfies the required

conditions at each of the six nodes and is a quadratic function, since L, is a linear function of

x andy.
1
N, = 2|_1(|_1 _Ej =1,(2L, -1) (1.21)

Applying the required nodal conditions to the remaining five interpolation functions in turn,

the following is obtained:

12



N, =L,(2L, -1)

N, = L,(2L, -1)

N, =4L,L, (1.22)
N, =4L,L,
N, =4L,L,

Using a similar straightforward procedure, interpolation functions for additional higher-order

triangular elements are constructed.
1.5.3 Integration in Area Coordinates

The second advantage of using area coordinates is in performing integration of various forms

of the interpolation functions.

Integration of various forms of the interpolation functions over the domain of an element are
required in formulating element characteristic matrices and load vectors. When expressed in
area coordinates, integrals of the following form are often used

[JuLsLsda (1.23)

A

The relation given by Eq. (1.23) is evaluated as

[[LLisda=(2a) albict (1.24)

A (a+b+c+2)
Eq. (1.24) is valid for all exponents a, b, ¢ that are positive integers. Therefore, integration in

area coordinates is quite straightforward.

1.6 RECTANGULAR ELEMENTS

Rectangular elements are convenient for use in modeling regular geometries (David Hutton,
2004). The simplest of the rectangular family of elements is the four-node rectangle shown in
Fig. 1.8, where it is assumed that the sides of the rectangular are parallel to the global
cartesian axes. As there are four nodes and four degrees of freedom, a four-term polynomial
expression for the field variable is appropriate. Since there is no complete four-term
polynomial in two dimensions, the incomplete, symmetric expression as given in Eq. (1.25) is

used to ensure geometric isotropy.
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d(x,y)=a, +a,x+a,y+a,xy (1.25)

Applying the four nodal conditions and writing in matrix form, we get

¢l l Xl yl Xl yl a0
¢2 — 1 X2 y2 X2 y2 al (1 26)
¢3 1 X3 y3 X3 y3 a‘Z
¢4 l X4 y4 X4 y4 a3
which formally gives the polynomial coefficients as
ay 1 ¥y Xy B &
a | _ 1. ¥, XY, ? (1.27)
a, 1 X3 Vs XYs ¢
a3 1 X4 y4 X4 y4 ¢4
In terms of the nodal values, the field variable is then described by
Lox oy, Xy (4
1 X Y, XY, ?
dxy)= x y xyfa}=1 x y xy] 2 (1.28)
{ 1 X3 y3 X3 y3 ¢3
1 X4 y4 X4 y4 ¢4

Eq. (1.28) is used to deduce the interpolation function.

4 (X4, Ya) 3 (X3, Y3)

X 1 (X1, Y1) 2 (X2, Y2)
Figure 1.8 A four-node rectangular element defined in global coordinates

The form of Eq. (1.28) suggests that expression of the interpolation functions in terms of the
nodal coordinates is algebraically complex. Fortunately, the complexity can be reduced by a
more judicious choice of coordinates. For rectangular element, the normalized coordinates
(also known as natural coordinates or serendipity coordinates) r and s are as given in
Eqg. (1.29).

>
|
> |
<
|
< |

(1.29)
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where 2a and 2b are the width and height of the rectangle, respectively, and the

coordinates of the centroid are as given in Eq. (1.30), shown in Fig. 1.9(a).

— +
y=htYa

o > (1.30)

Therefore, r and s are such that the values range from -1 to +1, and the nodal coordinates are
asin Fig. 1.9 (b).

4 3 4(1,1) 3(1,1)
T r r

y[ y 1 2 1(-1,-1) 2(1,-1)
X
PR

—>

(@) (b)

Figure 1.9 A four-node rectangular element showing (a) the translation to natural

coordinates; (b) the natural coordinates of each node

Applying the conditions that must be satisfied by each interpolation function at each node,

the following is obtained (essentially by inspection)

N, ()= 5 - r)a-s)
Nz(r,s)=%(1+ ri-s) (1.31)
N3(r,s)=%(1+r)(1+s)

N4(r,s)=%(1—r)(1+s)
Hence

¢(X1 y) = ¢(r’ S) = Nl(r's)¢l + Nz(r’ 5)¢2 + Ns(r’ 5)¢3 + N4(r’ 5)¢4 (1.32)

As in the case of triangular elements using area coordinates, the interpolation functions are

much simpler algebraically when expressed in terms of the natural coordinates. Nevertheless,
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all required conditions are satisfied and the functional form is identical to that used to express
the field variables in Eq. (1.25).

To develop a higher-order rectangular element, the logical progression is to place an
additional node at the midpoint of each side of the element, as in Fig. 1.10. This poses an
immediate problem, however. Inspection of the Pascal triangle shows that a complete
polynomial having eight terms cannot be constructed, but a choice of two incomplete,

symmetric cubic polynomials is available:

d(X,y)=a, +a,x+a,y +a,x> +a,xy +ay’ +a,x’ +a,y’ (1.33)
d(X,y)=a, +a,x+a,y+a,x> +a,xy+a,y’ +a x’y +a,xy’ (1.34)
4 7 3
y S
8e L, [ 15)
r
X 1 5 2

Figure 1.10 Eight-node rectangular element showing both global and natural

coordinate axes

Rather than grapple with choosing one or the other, the natural coordinates and the nodal
coordinates are used that must be satisfied by each interpolation function to obtain the
functions serendipitously. For example, interpolation function N, must evaluate to zero at all
nodes except node 1, where its value must be unity. At nodes 2, 3, and 6, r =1, so including
the term “r —1’ satisfies the zero condition at those nodes. Similarly, at nodes 4 and 7, s=1
so the term “s—1" ensures the zero condition at those two nodes. Finally, at node 5,
(r,s)=(0,-1), and at node 8, (r,s)=(—1,0). Hence, at nodes 5 and 8, the term “r +s+1" is
identically zero. Using this reasoning, the interpolation function associated with node 1 is to
be of the form as expressed in Eq. (1.35).

N,(r,s)=(1-r)l-s)r+s+1) (1.35)

Evaluating at node 1 where (r,s)=(~1,-1) , we obtain N, = -4, so a correction is required

to obtain the unity value. The final form is then

Nl(r,s)zi(r—l)(l—s)(r+s+1) (1.36)
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A parallel procedure for the interpolation functions associated with the other three corner

nodes leads to the following:

Nz(r,s)zi(r +1)1-s)s—r+1) (1.37)
N3(r,s)=%(1+ Y+ sr+s—1) (1.38)
N4(r,s)=%(r—1)(1+s)(r—s+1) (1.39)

The form of the interpolation functions associated with the midpoint nodes is simpler to

obtain than those for the corner nodes. For example, N has a value of zero at nodes 2, 3, and

6 if it contains the term ‘r—1’ and is also zero at nodes 1, 4, and 8 if the term ‘1+r’ is

included. Finally, if a zero value is at node 7, (r,s)=(0,1) is obtained by inclusion of ‘s —1".

The form for N is
1 1 2
N5=E@—rﬁ+fM—Q=E@—rXLs) (1.40)

where the leading coefficient ensures a unity value at node 5. For the mid-side nodes, the

shape functions are determined in the same manner.

N6=%ﬂ+0@—§) (1.41)
N7=%@—T2hﬁs) (1.42)
N8=%a—d@—§) (1.43)

Many other, successively higher-order, rectangular elements can be developed. In general,
these higher-order elements include internal nodes that, in modeling, are troublesome, as they

cannot be connected to nodes of other elements.

1.7 THREE-DIMENSIONAL ELEMENTS

As in two-dimensional case, there are two main families of three-dimensional elements. The
first is based on extension of triangular elements to tetrahedrons and the other on extension of

rectangular elements to rectangular parallelepipeds (often simply called brick elements). The
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algebraically cumbersome technique for deriving interpolation functions in global cartesian
coordinates has been illustrated for two-dimensional elements. These developments are not
repeated for three-dimensional elements; the procedures are algebraically identical but even
more complex. Instead, only the more amenable approach of natural coordinates is used to
develop the interpolation functions (David Hutton, 2004) for the two basic elements of the

tetrahedral and brick families.
1.7.1 Four-Node Tetrahedral Element

A four-node tetrahedral element is depicted in Fig. 1.11 in relation to a global cartesian

coordinate system.

Figure 1.12 A four-node tetrahedral element, showing an arbitrary point defining four

volumes

In a manner analogous to use of area coordinates, the concept of volume coordinates is shown
in Fig. 1.12. Point P(x, Y, z) IS an arbitrary point in the tetrahedron defined by the four nodes.

As indicated by the dashed lines, point P and the four nodes define four other tetrahedra

having volumes as given by Eq. (1.44).

V, = vol(P234) V, =vol(P134) (1.44)
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V, =vol(P124) V, = vol(P123)
The volume coordinates are defined as follows:

V, v Y/ V
L v SRV v Y/

where V is the total volume of the element given by

X Y 7
X, Y, Z
Vo2t 2 Yo 4
Xs Y3 Z3
X, Yy Z4

As with the area coordinates, the volume coordinates are not independent, since

V,+V, +V; +V, =V

(1.45)

(1.46)

(1.47)

The volume coordinates satisfy all required nodal coordinates for interpolation functions. The

field variables can be expressed as in Eq. (1.48).

¢(X, Y, Z): Lo + L@, + Loy + L9,

(1.48)

As with area coordinates, integration of functions of volume coordinates is relatively simple.

Other elements of the tetrahedral family are depicted in Fig. 1.13.

Figure 1.13 Higher-order tetrahedral elements: ten-node and twenty-node
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1.7.2 Eight-Node Brick Element

The brick element shown in Fig. 1.14 (a), are in reference to a global cartesian coordinate

system. The natural coordinates r,s,t are defined as per Eq. (1.49).

XX y-y t— -2 (1.49)
a b c

where 2a, 2b and 2c are the dimensions of the element in the x,y,z coordinates,

respectively, and the coordinates of the element centroid are given by Eq. (1.50).

X, =%

X = y=22_2 7= 1.50
2 Y 2 2 (1.50)
8 - (-1, 1,I-1) (1,1,-1)
2/ ! : .
1 ' A
s 3 2b (1,1, 1) 1,1,1)
i S S ' lan
y 5/’ """""""" - A6 (-1,-%,-1) G
/I, /’, t
X ! 2a 2 (-1,-1,1) L-11
z (@ (b)

Figure 1.14 Eight-node brick element: (a) global cartesian coordinates; (b) natural

coordinates with an origin at the centroid

The natural coordinates are defined such that the coordinate values vary between -1 and +1
over the domain of the element. As with the plane rectangular element, the natural
coordinates provide for a straightforward development of the interpolation functions by using
the appropriate monomial terms to satisfy nodal conditions. The interpolation functions are
written as in Eq. (1.51).

N1=%(1—r)(1—s)(1+t)
N, =%(1+ ril-s)i+t)
N3=%a+na+ga+o

N4:%a_ﬂa+ga+0 (151)
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stga_na_ga_o
N6=%a+oa_ga_o
N, =%(1+ rfl+s)l-t)

N, =%(1—r)(1+s)(1—t)

and the field variable is described by Eq. (1.52).

8

o(x.y,2)=2 Ni(r,s,t)g, (152)

i=1

If Eq. (1.52) is expressed in terms of the global cartesian coordinates, it is of the form as
given in Eq. (1.53).

B(X,y,2)=a, +a,X+a,y+a,Z+a,Xy +a; Xz + a, yZ + a,Xyz (1.53)

Eq. (1.53) shows that the field variable is expressed as an incomplete, symmetric polynomial.
Geometric isotropy is therefore assured. The compatibility requirement is satisfied, as is the

completeness condition.
1.8 ISOPARAMETIC FORMULATION

FEA is a powerful technique for analyzing engineering problems involving complex,
irregular geometries. However, the two dimensional and three dimensional elements cannot
be efficiently used for irregular geometries (David Hutton, 2004). Consider the plane area
shown in Fig. 1.15 (a), which is to be discretized via a mesh of finite elements. A possible
mesh using triangular elements is shown in Fig. 1.15 (b). It can be seen that the outermost
row of elements provides a chordal approximation to the circular boundary, and as the size of
the elements is decreased (i.e. the number of elements increased), the approximation becomes
increasingly closer to the actual geometry. Although the triangular element can be used to
closely approximate a curved boundary, other considerations dictate a relatively large number

of elements and associated computation time.

If the rectangular elements are considered, as in Fig. 1.15 (c), the problems are apparent.
Unless the elements are small, the area of the domain excluded from the model (the shaded

area in the figure) is significant. In such cases, combination of the element types can be used
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to improve the geometric accuracy of the model. Such combination of element types may not
be the best in terms of solution accuracy since the rectangular element and the triangular

element have different order polynomial representation of the field variable.

_‘—-.._‘_\_ )
"'\-\.‘.\‘
L] - 2 "\‘
. \__
L] Y
T 4 .'\.
W y
v;_‘ - ._' &
w »
* : - - i
(@) (b)
- . —
= - = T
= S T o
——r— ::I'L l\
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Figure 1.15 (a) A domain to be modeled; (b) Triangular elements; (c) Rectangular

elements; (d) Rectangular and Quadrilateral elements

The field variable is continuous across such element boundaries; is guaranteed by the finite
element formulation. However, conditions on derivatives of the field variable for the two

element types are quite different.

4{-1, 1 201, 1 4 (x4, ¥4) o9
g
¥
r
1, 7)
1¢-1,-1 2(1,-1) % 2 (32, ¥2)

Figure 1.16 Mapping of a parent element into an isoparametric element

Now the Fig. 1.15 (d), shows the same area meshed with rectangular elements and a new
element applied near the periphery of the domain. The new element has four nodes, straight

sides, but not rectangular. The new element is known as a general two-dimensional
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quadrilateral element, which can mesh ideally the curved boundary. The four-node
quadrilateral element is derived from the four-node rectangular element (known as the parent
element) via a mapping process. Fig. 1.16 shows the parent element and its natural (r,s)

coordinates and the quadrilateral element in a global cartesian coordinate system.

The geometry of the quadrilateral element is given by Eq. (1.54) and (1.55).

X =

G, (x y)x, (1.54)

4
=1

y =Y G/(xy)y, (1.55)

4
i=1
where the G, (x, y) are the geometric interpolation functions, and each such function is

associated with a particular node of the quadrilateral element. Given the geometry and the

form of Eqg. (1.54) and (1.55), each function Gi(x, y) evaluates to unity at its associated node

and to zero at each of the other three nodes, conditions remaining same as those imposed on
the interpolation functions of the parent element. Consequently, the interpolation functions
for the parent element can be used for the geometric functions, if we map the coordinates, so
that

(rs)=(-1-1)=(x,y,)
(rs)=0-1)=(x,.y,)
(r,s)=01)= (x5, y5) (1.56)
(rs)=(-11)= (x,.y.)
where (r,s) are the actual coordinates of the 2 unit by 2 unit parent element.

Consequently, the geometric expressions become as shown in Eq. (1.57).
4 4

X:zNi(r’S)Xi , y:zNi(r'S)yi (1.57)

i=1 i=1

The field variable variation in the quadrilateral element is also expressed as shown in
Eqg. (1.58).

#00y)=9(rs)=3 N, (r.s) (1.58)

4
i=1
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Since the same interpolation functions are used for both the field variable and description of
the element geometry, the procedure is known as isoparametric mapping. The element

defined by such a procedure is known as an isoparametric element.

The isoparametric formulation is by no means limited to linear parent element. Many higher-
order isoparametric elements are being formulated and used. Fig. 1.17 depicts the
isoparametric elements corresponding to the six-node triangle and eight-node rectangle.
Owing to the mapping being described by quadratic functions of the parent elements, the
resulting elements have curved boundaries, which are also described by quadratic functions
of the global coordinates. Such elements can be used to closely approximate irregular
boundaries.

(@) (b)

Figure 1.17 Isoparametric mapping of quadratic elements into curved elements:

(a) six-node triangle; (b) eight-node rectangle

1.9 OBJECTIVES OF THE PRESENT WORK

Most procedures use some type of linear interpolation to approximate the contour. In general,
the use of linear interpolation to locate contour lines on higher order finite elements destroys
much of the interelement information contained within the results of an analysis. A number
of researchers viz Akin and Gray (1977, 1979); Kontopidis and Limbert (1983);
Rajasekaran (1984); Akin, Gray and Zhang (1984); Stelzer and Welzel (1987); Singh (1990);
Twu and Wang (1992); Rajasekaran and Venkatesan (1995) have presented a general non-
linear interpolation procedure for contouring on different isoparametric finite elements based
on isoparametric interpolation functions. The use of interpolation functions in contour
plotting does not destroy or invent any information that was not already contained within the
results. The work presented here extends the procedure with regards to accuracy and speed in

following the contour lines or surfaces.
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So, the purpose of present research work is to develop accurate and fast contouring in 2D and
3D domains using linear and non-linear interpolation over triangular, quadrilateral and

isoparametric meshes. The present work comprises of the following phases:

1.  Development of contour plotting algorithm over triangular meshes using linear and non-

linear interpolation.

2. Development of contour plotting algorithms over a quadrilateral, four-node and eight-

node isoparametric elements.

3. Extension of the above two types of algorithms for contour plotting on tetrahedral and

hexahedral elements in 3D.

4.  Development of graphics display and visualization routines for displaying contours on
2D and 3D domains.

5. Implementation of above algorithms in C language using Turbo C graphics library for

the display of contours.

6. Comparison of results (accuracy of interpolation and speed) of the new algorithms with

those of the existing techniques.

1.10 ORGANIZATION OF THESIS

The write up of the thesis has been organized into seven chapters:

Chapter | (Introduction) gives the basic introduction to contour plotting with its application
mainly to the FEA analysis results. The purpose of interpolation functions in FEA and
contour plotting is highlighted. Further the interpolation functions for different 2D and 3D

elements are given.

Chapter Il (Literature Review) attempts to record in brief, the findings from literature on
various algorithms for contour plotting. Based on description of all the related algorithms
proposed by various researchers, the proposed algorithms for different 2D and 3D elements

have been developed.

Chapter 111 (Contouring in 2D using Linear Elements) presents in detail the contouring in
2D using linear triangular and quadrilateral elements. The contour equations are developed
over these elements using the interpolation or shape functions. The developed contour
equations over these elements represent the linear equations, which are used to plot the

contours.
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Chapter IV (Contouring in 2D using Non-Linear Elements) describes the detail of contour
plotting in 2D using higher order triangular and quadrilateral elements. The contour equations
are developed over these elements using these shape functions. The developed contour
equation over six-node triangular element represents the equation of various conic sections.
In this case, the problem reduces to accurately tracing the contour segment represented by a
conic section over a six-node triangle. The contour equation over eight-node quadrilateral
element is a cubic equation. The different contour shapes are investigated and a fast
algorithm is developed to reduce the time taken to plot these contours.

Chapter V (Contouring in 3D using Linear Elements) covers the contour plotting in 3D
using linear tetrahedral and hexahedral elements. The contour equation developed over
tetrahedral element using shape functions represents a plane, which is used to plot the contour
surfaces. Thereafter, a technique for accurate and fast tracing of contour surfaces using
hexahedral elements is discussed.

Chapter VI (Contouring in 3D using Non-Linear Elements) gives the detail of contour
plotting using ten-node tetrahedral elements. This element provides a quadratic interpolation
functions which is used to accurately interpolate the physical quantity without any loss of
information. The contour equation over a ten-node tetrahedral element represents the

quadratic surfaces which are used to plot the contour surfaces.

Chapter VIl (Conclusions and Future Scope) highlights the conclusions and various
potential areas for further research. The major inferences and learnings drawn from various
developed algorithms have been presented. Based on the results and findings, various

conclusions have been drawn.

1.11 CONCLUDING REMARKS

Contour plot algorithms are a very important part of post processing in FEA to give a visual

representation of large amount of generated output data.

The interpolating polynomial which is used to approximate the variation of unknown function
in every element can be used to plot the output results of FEA. The use of interpolation
polynomial or interpolating functions can plot the contours as accurate as the FEA results.

So the present work uses the interpolation functions to accurately plot the contours over the
most commonly used 2D and 3D elements.

An extensive review of literature is the first logical step in a research effort and the next

chapter is devoted to the same.
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CHAPTER - 1l

LITERATURE REVIEW

2.1 INTRODUCTION

The results of any research are useful when relevant previous literature has been reviewed
and analyzed. This chapter attempts to record in brief, the findings from literature on various
algorithms for contour plotting. A review of the various algorithms, their advantages, their

limitations and applications has been carried out.

2.2 NEED FOR CONTOUR PLOTTING ALGORITHMS

As stated in the previous chapter, graphic representation of results is essential to understand
numerical model behaviors. This representation substitutes analyses of a mess of large
amount of data by a simple visual inspection. With a lot of advancements in hardware and
software technologies, it is need of the hour to accurately display this representation, that too
with high speed. Enormous research has taken place to explain the contour plotting

algorithms in the field of Engineering and Medicine.

In Engineering, there are a number of analysis tools which generate results in the form of

large amount of data. This data is to be plotted properly for visual inspection.

In Medical field, three-dimensional surfaces of anatomy offer a valuable tool. Images of these
surfaces, constructed from multiple 2D slices of computed tomography (CT), magnetic
resonance (MR), and single-photon emission computed tomography (SPECT) etc., help
physicians to understand the complex anatomy present in the slices. Interpretation of 2D
medical images requires special training, and although radiologists have these skills, they
must often communicate their interpretations to the referring physicians, who sometimes have
difficulty in visualizing the 3D anatomy. Researchers have reported the application of 3D
medical images in a variety of areas like acetabular fractures, craniofacial abnormalities,

complex bone structures, to name a few.
The literature reported has been organized into the following broad headings:
» Algorithms for triangular and tetrahedral elements.

» Algorithms for rectangular, quadrilateral and brick elements.

27



» Algorithms using various interpolation techniques.
= Algorithms using various parametric curves and surfaces.

» Algorithms developed by researchers to satisfy a particular application. These type of

algorithms are categorized as ‘Miscellaneous’.

2.3 ALGORITHMS FOR TRIANGULAR AND TETRAHEDRAL ELEMENTS

Triangular elements in 2D and tetrahedral elements in 3D are the most used elements in
contour plotting due to their best fit capability in any domain. A number of researchers have
discussed their algorithms based on these types of elements. Mostly the researchers use the
linear interpolation over these types of elements. A brief account of such algorithms is given

below.

Meek and Beer (1976) developed a method to trace contours through any finite element
whether it be rectangular or triangular. The contour was traced through the unit square or
triangle and then mapped on to the real surface using the shape functions. The method treated
the two-dimensional elements by breaking them up into sub-domains with linear interpolation

being used within the sub-domains.

Marlow and Powell (1976) presented a Fortran subroutine to approximate part of a conic by a
sequence of straight line segments in order that the approximation was drawn directly by an
automatic graph plotter. The main purpose was to use few line segments subjected to an
accuracy parameter that was set by the user of the subroutine. All parts of the routine were
drawn that were inside a given triangle. The conic was specified by function values at the
vertices and at mid-points of the sides of the triangle. The conic section was plotted by the
approximation that was composed of straight line segments so that the resultant piecewise
linear curve was sufficiently close to the required section of the conic. Much of the

calculations were done in homogeneous coordinates.

Gold et al. (1977) proposed a method where a map area was automatically divided into
suitable triangular domains with a data point at each vertex. In the proposed method the
surface estimation and contour plotting were performed independently for each triangle using
a measured or best-fit plane associated with each data point. The approach required
utilization of three non-original aspects: i) the derivation of a local homogenous ‘area’

coordinate system for any arbitrary triangle; ii) the construction of a data-structure, linking
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each triangular domain with its three neighbouring triangles and three associated data points,

and iii) use of a ‘conforming’ triangular finite-element interpolating function.

The use of first two of these concepts permits the economic generation and optimization of a
triangular mesh from a set of data points. The use of first and third concepts permits the
interpolation of a smooth surface over the whole map area even though each triangular
element is estimated and plotted independently. The requirements for a suitable interpolating
function were discussed, and an interpolant was suggested that preserved elevation and slope
at each data point as well as elevation and slope continuity between domains. Contour line
segments were produced by division of each triangle into N2 sub-triangles, elevation
estimation at each resulting node, and linear interpolation and plotting within each sub-

triangle.

Powell and Sabin (1977) described a method of “constructing piecewise quadratic
approximations which had the property that, if they were applied on each triangle of a

triangulation, then @(x, y) and its first derivatives are continuous everywhere”.

The main conclusion was that it was possible to construct piecewise quadratic functions with
first derivative continuity that interpolate to given function values and first derivatives at the
vertices of any triangulation. The results were helpful to computer calculations that use
approximations to functions of two variables, where it is advantageous to achieve continuous
first derivatives and to build the approximation from quadratic pieces. It was also stated that

it had an important application in contour plotting.

Sibson and Thomson (1981) introduced a seamed rectangular element, on each of whose
sixteen triangular panels the function was quadratic; the element, were internally
continuously differentiable, were specified by value and gradient data at its vertices, and by
the requirement of linearity of normal component of the derivative along its edges, and had
no spare degrees of freedom under the requirements. Its use in conjunction with the Marlow
and Powell (1976) quadratic contouring algorithm facilitated the economical production of

high-quality contour maps.

On a rectangular grid, the use of this element leads to a sixteen triangles per grid point
subdivision, a performance reasonably competitive with that obtained on a triangular grid

using the Powell and Sabin (1977) element.

Lyness and Asquith (1983) described an algorithm to “produce piecewise linear contour plots

for finite element output”. Quadrilateral elements were partitioned to form two triangles.
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Curvilinear quadrilaterals were approximated with straight sides which lead to some loss of

information on nodal values.

It was shown that the piecewise linear contours produced by the algorithm gave an effective
representation of finite element output. The piecewise linear representation was used rather
than curve fitting techniques to prevent ‘meandering’ of contours in coarse mesh regions.
Refinement of the finite element mesh was used in regions of high gradient producing
contours of greater accuracy than those found in regions of low gradient. Further refinement
of the contours, of the eight-noded element, was made by taking an average of the element

nodal values at the centroid and dividing these elements into eight rather than two triangles.

Preusser (1984) discussed a method for computing contour lines directly from the polynomial
coefficients found for each triangle by solving a nonlinear equation for every point of a line.
The lines were computed triangle by triangle so that in principal, a true parallel operation on

all triangles is possible.

The main advantages of the proposed method were that it was methodically more direct and
more exact as the points plotted were evaluated directly from the interpolation function. It
required less memory and in normal cases also less computation time. The characteristics
that were regarded as disadvantageous were that the contour lines were created piecewise and

the contour lines that did not cross triangle borders were not detected.

Yeo (1984) presented a very fast interactive contour plotting package. “Any finite element
mesh was automatically converted into a contour plotting mesh composing of three-node
triangular elements”. The resulting contours were smooth and accurate provided the analysis

mesh was sensible.

Preusser (1990) found explicit formulas for the coefficients of bivariate nonic polynomials
with the help of a computer algebra system. A linear system with 55 equations and 45 non-
zero right hand sides were solved algebraically. The interpolant was twice differentiable
across triangle sides and based on function values and partial derivatives up to fourth order at
the nodes. The main difference of the approach was that the coefficients were determined in a

more efficient Taylor form which was based on two variables only.

Wiley et al. (2003) extracted a contour line (or isosurface) from quadratic elements-
specifically from quadratic triangles and tetrahedra. The resulting contour line (or surface)
was also transformed into a quartic curve (or surface) based on a curved-triangle (curved-

tetrahedron) mapping.
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The contour line method was applied to each of the tetrahedron's faces to find the contour
intersections. Then, rational-quadratic patches were formed that approximated the contour

surface from the contour lines on the faces.

In the bivariate case, a rational quadratic can represent a contour curve exactly since it is a
conic section. In the trivariate case, the intersection of the contour surface can be represented
with each face exactly. However, the contour surface inside a tetrahedron cannot be
represented exactly with a rational-quadratic patch. Some degree of error was inherent in the
surface representations because of the chosen patches. An alternative was to tessellate
(approximate to) the quadratic tetrahedron with linear tetrahedra and then to extract the

isosurface from these linear elements.

To obtain an isosurface with less approximation error one would need to use several linear
tetrahedra per quadratic tetrahedron, which is undesirable for two reasons: first, the
performance penalty for the tessellation is too high; and second, the amount of data sent to
the video hardware would increase. The method guarantees only C°-continuity between the

rational-quadratic patches.

From the literature review discussed above it was found that Meek and Beer (1976) and
Lyness and Asquith (1983) used linear interpolation functions on the said domain. All the
above researchers except Wiley et al. (2003) used linear triangular elements for the contour

plotting. Wiley et al. (2003) used quadratic elements.

The triangular or tetrahedral elements are also used to approximate the surface for a given
number of scattered data points or the slices. This has a very important application in the

medical field.
2.3.1 Surface Approximations using Triangular Element

The problem of approximating the surface spanning a given set of 2D or 3D points has many
applications in the field of computer graphics, computer vision and medical field. A review of

such types of algorithms is given below.

Keppel (1975) described an algorithm for obtaining an optimal approximation, using
triangulation, of a three-dimensional surface defined by randomly distributed points along
contour lines. The combinatorial problem of finding the best arrangement of triangles was
treated by assuming an adequate objective function. “The optimal triangulation was found

using classical methods of graph theory”.

31



Ganapathy and Dennehy (1982) reviewed several solutions to the problem of approximating
the surface spanning a given set of 3D points as a polyhedron of triangular faces
(‘triangulation’). An efficient heuristic for triangulation of the 3D surface formed by
spanning a set of planar contours was discussed. These contours could have arbitrary

geometry, but were limited to be planar.

Ekoule et al. (1991) defined a general triangulation procedure that provides solution to a
number of limitations of planar contours generated by conventional triangulation algorithms.
Some limitations are, incorrect results obtained when the contours are not convex, or when
the contours in two successive slices are very different. In the same way, the presence of

multiple contours in a slice leads to ambiguities in defining the appropriate links.

A simple heuristic triangulation algorithm was first described which was extended to
nonconvex contours. It used an original decomposition of an arbitrary contour into
elementary convex subcontours. Then the problem of linking one contour in a slice to several
contours in an adjacent slice was examined. A unique interpolated contour was generated
between the two slices, and the link was created. Next, a solution to the general case of
linking multiple contours in each slice was proposed. Finally, the algorithm was applied to

the reconstitution of the external surface of a complex shaped object.

The heuristic general algorithm provided a solution for single-branching of two contours of
dissimilar shapes and orientation gave a solution for any number of contours in each slice;

and operated automatically without user interaction during the process.

Hamann (1992) discussed a general scheme for computing contours of trivariate data. A
method was described that first estimated points on a particular contour, generated a
piecewise linear approximation to that contour, and finally used that linear approximation as
input for a surface scheme. The surface scheme then yielded a surface which approximated

the desired contour.

The whole modeling process was divided into a number of sequence steps. Firstly, a method
was given for data reduction. Secondly, the algorithm was presented for obtaining points on a
contour considering only the given scattered or rectilinear data points. Triangles were
constructed from these contour points as a piecewise linear approximation to a contour.
Further, the topological information was generated. Finally, a technique was introduced for

estimating the curvature behavior of a surface.
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Barequet and Sharir (1996) presented a technique for “piecewise-linear surface reconstruction
from a series of parallel polygonal cross sections”. The algorithm used a partial curve
matching technique for matching parts of the contours, an optimal triangulation of 3-D
polygons for resolving the unmatched parts, and a minimum spanning tree heuristic for

interpolating between nonsimply connected regions.

Several techniques were combined to obtain the solution. First, a partial curve matching
technique based on geometric hashing was used, adapted from computer for identifying
matching contour portions. Then, the matching portions were tiled using a simple ‘merge-
like” advancing rule. Finally, the remaining clefts were identified and employed a minimum
spanning-tree technique for simplifying the clefts, followed by a minimum-area triangulation
of 3-D polygons in order to fill them. A line-sweep procedure was used to identify the

hierarchy of contour nesting in a slice.

The method produced a relatively smooth boundary, due to the contour discretization. In
situations where the addition of new vertices was not desired, e.g. due to data explosion, the
system used the discretization only for the matching step, but the tiling itself and the
following minimum-area triangulation were performed on the contours containing only the

original points.

Cheng and Dey (1999) revisited a method due to Boissonnat (1988) for surface
reconstruction from parallel slices based on Delaunay triangulations. “The costly step of
computing the three dimensional Delaunay triangulations was eliminated and instead the
surface triangles were computed directly”. A non self-intersecting tiling was automatically

guaranteed by these triangulations.

Barequet et al. (2003) presented an efficient method for interpolating a piecewise-linear
surface between two parallel slices, each consisting of an arbitrary number of (possibly
nested) polygons that define ‘'material' and 'nonmaterial’ regions. The method was fully
automatic and guaranteed to produce non-self-intersecting surfaces in all cases regardless of
the number of contours in each slice, their complexity and geometry, and the depth of their
hierarchy of nesting. The method was based on computing cells in the overlay of the slices
that form the symmetric difference between them. Then, the straight skeletons of the selected
cells guided the triangulation of these cells. Finally, the resulting triangles were lifted up in

space to form an interpolating surface.
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The algorithm made no prior assumption about the input. It operated on any kind and number
of contours, and handled all branching situations and hierarchical structures. It guaranteed to
interpolate a valid surface for any possible input, and was intuitive in the sense that it tends to
minimize the surface area of the reconstruction. This is because it used an offset distance

function to locally decide which contour featured to bind.

From the literature discussed above, it has been found that different researchers have used
different techniques for triangulation process i.e. Keppel (1975) used Graph theory;
Ganapathy and Dennehy (1982) and Ekoule et al. (1991) used heuristic triangulation
algorithm. In medical field, the contour plotting played a very important role in generating
the surfaces from data points like Boissonnat (1988); Hamann (1992); Barequet and Sharir
(1996); Cheng and Dey (1999).

24 ALGORITHMS FOR RECTANGULAR, QUADRILATERAL AND BRICK
ELEMENTS

A number of researchers have used rectangular, quadrilateral and brick elements because of

their simplicity. A brief account of such algorithms is given below.

Akima (1974) designed a method for interpolating values given at points of a rectangular grid
in a plane by a smooth bivariate function z = z(x,y). The interpolating function was a
bicubic polynomial in each cell of the rectangular grid. Emphasis was laid on avoiding

excessive undulation between given grid points.

The method was based on a piecewise function composed of a set of bicubic polynomials in x
and y; a bicubic polynomial in x and y was a polynomial that had terms x®*y?, where
a=0,1,2,3and B =0,1,2,3. Each polynomial is applicable to a rectangular area in the
x — y plane bounded by the four straight lines x = x;, x = x;., ,y = y; and y = y;,,. Each
polynomial was determined by the given values of the function z(x,y) and the values of the
partial derivatives z, = (%%/;, ), 2, = (%%/,,), and z, = (9°7/,,5 ) at the four corner points of
the rectangle. The resulting surface was smooth not only at the grid points but also along the

line segments that formed the rectangles.
Preusser (1989) described an algorithm plotting contour lines for discrete values z;; given at
the nodes of a rectangular mesh. More precisely, it handled the graphical display of curves,

which were solutions of the equation f(x,y) —c =0, where f(x,y) were bicubic

polynomials defined over rectangles, and c the contour levels.
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A bicubic Hermite polynomial, f(x,y) was determined for every rectangle of the mesh,
interpolating the z;; and the derivatives z,, z,, and z,,. The derivatives were optionally
computed by the algorithm. The contours found were normally smooth curves. They
consisted of polygons approximating intersections with the bicubics. It was also possible to
fill the areas between them with certain colors or patterns. This was done with a piecewise

technique rectangle by rectangle.

Singh and Sarkar (1990) described a fast algorithm for the plotting of contours using
quadrilateral elements. “The contours were generated over each element as accurately as the
interpolation functions and joined together using the C° continuity of the element”. The
technique, which was an improvement over the method of Stelzer and Welzel (1987),
employed only m solutions of the contour equation by dividing either the r- axis or the s-axis
into m intervals. Since there was no test performed for a straight line segment or for a branch
passing over a small region of element, the total numbers of solutions were not reduced in
these special cases. The way the algorithm was designed, it was easy to diagnose these cases
resulting in drastic reduction in computation. The algorithm was easy to implement. The
contours were represented correctly to the desired accuracy of the displaying media such as
graphics terminal and plotter. The increase in time with respect to resolution was linear and
did not require steps to be modified. The algorithm for joining of the contour segments over
individual elements into complete branches over the entire domain was very useful for faster
displays than plotting them on element basis. The technique was however limited to 4-node

quadrilateral elements.

Gopalakrishnan and Korttom (1993) developed an algorithm based on the finite element
method for contour plotting and interpolation of field data. The method suggested was
suitable for both regularly and irregularly distributed data points and especially for output
from numerical models. The technique adopted used the bilinear finite element to determine
the piecewise smooth surface connecting four data points. The gradients of the piecewise
surfaces were then modified at the corners of the quadrilateral elements to produce a globally
smooth surface. The main advantage of the present algorithm was its intrinsic ability to

recognize structures or other obstructions protruding into the field of analysis.

However, the package had some limitations such as it was not convenient for contouring
regionally clustered data. Secondly, the field data could contain points in such a way that not

all of them could be connected by a set of quadrilaterals as required by this method. Thirdly,
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the application of the package required initial desk work in forming the quadrilateral finite

element network and preparing the corresponding data.

Some of the researchers (Sibson and Thomson (1981); Lyness and Asquith (1983)) have even

converted the rectangular elements into the triangular elements for contour plotting.

The rectangular or brick elements along with the triangular or tetrahedral elements are also
used to approximate the surface for a given number of scattered data points. Such types of
applications are very important in the medical field. The Marching Cubes (MC) method

(Lorensen and Cline, 1987) played a very important role in such type of applications in 3D.
2.4.1 Marching Cubes (MC) Method

MC method played a very vital role in creating the surfaces from 3D medical data. These
surfaces were developed by creating triangle models of constant density surfaces from the
given data. Since the MC was proposed, many researchers have focused on extending the

basic approach to improve its limitations.

Newman and Yi (2006) gave a survey of the development of the Marching Cube algorithm.
The paper’s primary aim was to give the development of the algorithm and its computational

properties, extensions, and limitations.
A brief account of the MC method and the literature using the MC method is given below:

Lorensen and Cline (1987) presented an algorithm, called Marching Cubes, that created
triangle models of constant density surfaces from 3D medical data. Using a divide-and-
conquer approach to generate inter-slice connectivity, a case table that defines triangle
topology was created. The algorithm processed the 3D medical data in scan-line order and
calculated triangle vertices using linear interpolation. The gradient of the original data was
found, normalized, and used as a basis for shading the models. The detail in images produced
from the generated surface models was the result of maintaining the inter-slice connectivity,

surface data, and gradient information present in the original 3D data.

There were two primary steps in the approach to surface construction problem. First, locating
the surface corresponding to a user-specified value and creating triangles. Then, to ensure a
quality image of the surface, the normals to the surface at each vertex of each triangle were

calculated.

Marching Cubes uses a divide-and-conguer approach to locate the surface in a logical cube

created from eight pixels; four each from two adjacent slices. The algorithm determines how
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the surface intersects this cube, then moves (or marchs) to the next cube. To find the surface
intersection in a cube, a one is assigned to a cube's vertex if the data value at that vertex
exceeds (or equals) the value of the surface that is constructed. These vertices are inside (or
on) the surface. Cube vertices with values below the surface receive a zero and are outside
the surface. The surface intersects those cube edges where one vertex is outside the surface
(one) and the other is inside the surface (zero). With this assumption, the topology of the
surface within a cube is determined, finding the location of the intersection later. The final
step in marching cubes calculates a unit normal for each triangle vertex which is used for

rendering algorithm.
“But the MC method suffers from a tendency to create ill-shaped triangles”.

There are a number of algorithms in the literature which were inspired by MC method for the

contour plotting algorithm. A brief account of these is given below.

Breitkopf (1998) presented a fast and efficient way to obtain realistic 3D surfaces of constant
field value and cross-sectional contour maps of values computed on the finite element mesh
using linear interpolation. The technique was equivalent to the reconstruction of 3D forms
from sequences of 2D slices used in medical imaging. The algorithm was inspired by the
original MC algorithm developed for constant density surface construction from medical data
defined on regular cubic grids in computed tomography and magnetic resonance. Marching
bricks provided the user with an additional insight into the complex 3D behavior giving
straightforward interpretation of the finite element results. The algorithm was illustrated for
the basic element forms: tetrahedra, prisms and hexahedra. The more complex forms and
higher-order elements could be treated by subdivision into these simple forms. The algorithm
worked by determining how the sought surface intersects with a given element and then went
to the next element. There were two primary steps in the approach to the surface construction
problem. First, the surface corresponding to the user-defined value was located and triangles
were created. Then the normals to the surface at each vertex of each triangle were calculated

for smoothing, shading and lighting computations for 3D visualization.

Kenmochi et al. (1999) solved the topological problem of isosurfaces generated by the MC
method using the approach of combinatorial topology. The solution to the problem was to
prepare all polyhedral configurations corresponding to all possible cases of point
connectivities at the joint. Although this solution enabled to avoid the ambiguity problem if

an adequate configuration of triangles were chosen at each joint, it was incoherent from the
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viewpoint of the point connectivity; the connectivity of points was considered only at the
joint of unit cubes, but not in each unit cube. The approach of combinatorial topology was
used to discuss the connectivity of points in a polyhedral surface. Discrete polyhedra were

guaranteed not to cause the topological ambiguity.

The problem of ill shaped triangles given by MC method was fixed to some degree by dual
contouring given by Ju et al. (2002), which also provided adaptive contouring and an elegant
means of preserving sharp boundaries. The method for contouring a signed grid whose edges
were tagged by Hermite data (i.e., exact intersection points and normals) was described. The
method avoided the need to explicitly identify and process ‘features’. Using a numerically
stable representation for quadratic error functions, an octree-based method was developed for

simplifying contours produced by this method.

Nielson (2004) presented the definition and computational algorithms for a new class of
surfaces which were dual to the isosurface produced by the widely used MC algorithm. These
new isosurfaces had the same separating properties as the MC surfaces but they were
comprised of quad patches that tend to eliminate the common negative aspect of poorly
shaped triangles of the MC isosurfaces. Based upon the concept of the new dual operator, a
simple, but rather effective iterative scheme was described for producing smooth separating
surfaces for binary, enumerated volumes which are often produced by segmentation
algorithms. Both the dual surface algorithm and the iterative smoothing scheme were easily

implemented.

The dual surface was obtained, first by extending the concept of the MC surface to a patch
version which eliminated the edges of the MC surface interior to voxels to obtain a surface
with polygon bounded patches where each vertex was included in exactly four patches. Then
for each patch there was associated a vertex of the dual surface. The dual consisted of quad
patches which were connected in exactly the same manner as the connectivity of the vertices

of each patch.

Jin et al. (2006) improved the MC method by redefining the surface configurations. Applied
to the surface rendering, the MC method showed a great promise for surface extraction by
using the surface configurations of a cube. In surface rendering procedures, the volume data
was first partitioned into cubes, and then the algorithm decided the surfaces of each cube
according to 15 surface configurations. But in practical applications, the MC method showed

several disadvantages. First, during the surface combination of every two adjacent neighbor
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cubes, it may produce a wrong surface for the cubes due to more than one choice of the
surface configuration. Second, it may produce some holes for the generated surface during

connections of the triangles.

The MC algorithm doesn’t distinguish between the vertices whose data value exceeds or
equals to the value of the surface reconstructed, and considered these vertices to be inside the
surface. When the coordinates of the intersected points were calculated using interpolation,
approximate coordinates for points on the iso-surface were obtained. Therefore, some
separate surfaces were produced to make the MC algorithm weak. For the improvement over
marching cubes method, zero or one was assigned to these inside vertices according to the

positions of the inside vertices, and redefined the 15 cases of configurations.

Because the MC algorithm did not distinguish the vertices, which were in the surface and on
the surface and considered as inside vertices entirely. Therefore, when using interpolation to
calculate the intersected points of the reconstructed surface with the edges of the cube, the
approximate interpolated points were obtained. This configuration operation produced some
redundant and separate triangles, and further led to the appearance of the holes. Considering
the relations of the inside vertices, which were composed of the vertices in the surface and on

the surface, a new configuration scheme was proposed.

The first step was similar to that of the MC algorithm. The volume data was partitioned into
cubes. Then a logical cube got recurred to the division of the inside and the outside vertices.
Every logical cube was corresponding to a case of the configurations. The number of
configurations were limited to 15 patterns due to the reverse and symmetric properties of
cube. In the second step, the configurations for the 15 cases were re-specified. Reconsidering
the inside vertices in a logical cube, a second index was created to search for the
configurations produced. For the inside vertices of the logical cube, the second index
assigned one to the vertices that were on the surface and assigned zero to that in the surface.
On this condition the algorithm looked for the configurations that were redefined based on
the second index. Using the second index for the configurations the amount of the separate

surfaces were decreased to reduce the probability of the hole appearance.

Bargteil et al. (2006) presented a semi-Lagrangian surface tracking method for use with fluid
simulations. The method maintained an explicit polygonal mesh that defined the surface, and
an octree data structure that provided both a spatial index for the mesh and a means for

efficiently approximating the signed distance to the surface. At each timestep, a new surface
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was constructed by extracting the zero set of an advected signed-distance function. Semi-
Lagrangian backward path tracking was used to advect the signed-distance function. One of
the primary advantages of the formulation was that it enabled tracking of surface
characteristics, such as color or texture coordinates, at negligible additional cost. The MC
method was used due to its simplicity, robustness and speed. Each cube was divided into six
tetrahedra to simplify the implementation. The choice of MC method does result in creating

poorly shaped triangles.

Nielson (2008) discussed the Dual Marching Tetrahedra (DMT) method. The DMT was
viewed as a generalization of the classical cuberille method of Chen et al. (1984) to a

tetrahedronal.

The cuberille method produced a rendering of quadrilaterals comprising a surface that
separated voxels deemed to be contained in an object of interest from those voxels not in the
object. A cuberille was a region of 3D space partitioned into cubes. A tetrahedronal was a
region of 3D space decomposed into tetrahedra. The DMT method generalized the cubille
method from cubes to tetrahedra and corrected a fundamental problem of the original
cuberille method where separating surfaces were not necessarily manifolds. For binary
segmented data, a method was proposed for computing the location of vertices that was based
upon the use of a minimal discrete norm curvature criterion. The method was extended to the

case where there were dependent function values given at every grid point.

The implementation of the algorithm was stated to be considerably easier and less tedious
than the standard MC or Dual MC method due to the differences in complexity of the

algorithm.

From the above it is observed that the researchers have improved the MC method for

accuracy.

2.5 ALGORITHMS USING VARIOUS INTERPOLATION TECHNIQUES

Researchers have used various mathematical and isoparametric interpolation techniques for
contour plotting for various applications. Mostly linear interpolations have been used by
different researchers. An account of such review is also given in section 2.2 where these
techniques have been used on triangular or tetrahedral elements. Table 2.1 provides summary

of such literature.
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Technique Literature

Shape Functions (Linear Interpolation) Meek and Beer (1976)

Curve converted to straight lines Marlow and Powell (1976)
Interpolation function (Linear) Gold et al. (1977)
Interpolation function Preusser (1984)

Table 2.1 Interpolation techniques used in triangular elements
2.5.1 Mathematical Interpolation Techniques
A brief literature using various mathematical interpolation techniques is given below.

McLain (1974) described a computer method for drawing, on an incremental plotter, a set of
contours when the height is available only for some arbitrary collection of points. The
method was based on a distance-weighted, least-squares approximation technique, with the
weights varying with the distance of the data points. It is suitable not only for mathematically
derived data, but also for data of geographical and other non-mathematical origins, for which

numerical approximations are not usually appropriate.

Sutcliffe (1976a) described an algorithm which traced the curve f(x,y) = 0, in a region over
which there was a method of calculating f, using a series of straight lines of length one and
two times the step size assumed for the graph plotter or display unit. It was done by
determining the sign of the function on the region of the curve and plotting a path between
positive and negative values. It was also suggested that by means of a suitable interpolation

formula the algorithm may be used for contour plotting over a grid of values.

Sutcliffe (1976b) described an error in the contouring algorithm of Mclain (1974) and

suggested the method to avoid such error.

In the contouring algorithm of McLain (1974) an error aroused when the contour passed the
mouth of certain valleys. This had the effect that the algorithm could trace the bottom of the
valleys rather than the true contours and so produced unwanted false contours. The result of
the error was that under some circumstances the algorithm drew a curve which was not a part

of a contour.

The corrected method rightly accepts points which were astride the contour and correctly

rejected the points that lied across the bottom of a valley if it was reasonably shallow.

41



However, it tended to be rather insensitive to picking up valleys if one (or both) sides are

steep and could trace a valley a long way before detecting it.

Faber et al. (1979) gave a review of possible computer methods to plot contour maps for data
available on the mesh-points of a regular grid. Thereafter the details were given of an
improved method which plots one contour at a time. The method of ‘drawing one contour at a
time’ is particularly suitable when the total surface can be described by an analytical
equation, but it can be adapted for data in grid form. It then requires a repetitive search
technique to create strings of numbers that represent coordinates of successive points of the

contour.

In principle, the ‘triangulation method’ was modified for ‘drawing one contour at a time’.
However, the points situated on the diagonals of the gridunits turn out to affect the
smoothness of the contours unfavourably compared to curves constructed by using the
locations on the gridlines only. Fortunately, the required sequence of points on the gridlines

can be obtained by a repetitive search technique from those points alone.

An outstanding advantage of ‘drawing one contour at a time’ was that all points that
constitute a contour are known prior to the drawing of the contour. Smooth curves were then
constructed without using explicit analytical expressions for the surface. Dotted or broken
curves were easily produced and automatic annotation of the contours was feasible. The
scheme discussed consisted of three stages: (a) ‘locating’ (interpolation of contour locations
on the grid lines, (b) ‘chaining’ (forming chains of successive points), (c) ‘smoothing’

(drawing smooth curves from weighted averages of two circle segments).

Preusser (1986) presented the principal ideas of the Trip Algorithm, which finds closed
polygons for filling the area between contour lines. These polygons consist of points P
defining the contours, intersections S with the boundary of the domain, and vertices V of the
domain. The points P were computed successively by a nonlinear method that combined
extrapolation and the regula falsi in order to adjust the distance between the points to the
curvature of the contour. For the extrapolation, derivatives of Lagrange polynomials were
used. Empirical parameters for the automatic step size control were given. Once the points S
were determined, the method was independent of the type of the interpolation function
f(x,y). Two examples for applications of the Trip Algorithm were presented: one from

scattered data interpolation, the other from stress analysis by finite element methods.
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Table 2.2 gives a summary of various mathematical techniques used by the different

researchers.
Technique Literature
Distance-Weighted, Least-Squares McLain (1974)
Weighted Averages Faber et al. (1979)
Extrapolation, Regula Falsi Preusser (1986)

Table 2.2 Different mathematical techniques used by researchers
2.5.2 Shape Functions or Isoparametric Interpolation Techniques

Shape functions or isoparametric interpolation techniques are used by different researchers

for contour plotting for finite element data.

Akin and Gray (1977) presented a “general non-linear interpolation procedure for contouring
on any isoparametric surface”. The method was based upon standard isoparametric

interpolation functions and a predictor method for tracing element contour lines.

Gray and Akin (1979) presented the method which extended the previous work
(Akin and Gray, 1977) by using a predictor-corrector method to trace contour lines, thereby

making the contouring algorithm more accurate.

Kontopidis and Limbert (1983) described a contouring algorithm for isoparametric elements
which can be used to map three-dimensional scalar fields. The contours were generated on
arbitrary planes intersecting finite element structures. Tracing element contour lines were
accomplished by an accurate predictor-corrector technique. A method of finding starting

points for the algorithm on the boundary of the elements was also given.

The algorithm was the extension of the method given by Gray and Akin (1979). The method
gives predictor equations which used a point that belongs to the desired contour and found a
new point in the direction of the contour line. The corrector equations used this result to find
a new point of the contour line by ‘taking a step’ perpendicular to the contour, as in Gray and
Akin (1979). The algorithm had a recursive form and required starting points in the cut plane
at the desired contour values. These points were determined by finding the intersection of the
boundaries of the finite elements with the cut plane. Then, the locations of the desired

contour values along this line of intersection were found.
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Rajasekaran (1984) suggested that it was better to use the °‘lso-parametric type of
representation’ of shape function to plot the curves rather than simply using the usual
interpolations such as Newton’s Divided Difference, Lagrangian Interpolation or Least
Square Fitting. It is due to the reason that the interpolation of a polynomial function behaves

very badly near the extremities of the region of definition.

Akin, Gray and Zhang (1984) presented a procedure for displaying variables in colour on an
isoparametric surface. It utilized the isoparametric interpolation functions to produce

continuous colour variations on the surface.

Stelzer and Welzel (1987) introduced a simple and straightforward scheme for plotting
contours. The presented method has some common roots with the work of Meek and Beer
(1976), however, neither subelement regions were used nor linear variations of the variable in
the subregion. Instead, the contours were calculated without any approximation disclosing the
information contained in the shape functions. The method was straightforward. The contours
were smoothly bent. Thereafter the paper dealt with treatment of contour discontinuities

across element borders which frequently occurred with stresses and heat fluxes.

Singh (1990) described some aspects experienced during the numerical experimentation. The
contour line algorithm given by Stelzer and Welzel (1987) was incorporated because of its
exactness and its convincing straightforwardness. Although Stelzer and Welzel (1987) dealt
with both linearly interpolated isoparametric elements and quadratic ones but linear type were

only used to keep the relationships simple.

Twu and Wang (1992) developed a simple method to get a contour plot in an element with
given nodal values. The contour lines were obtained by solving a differential equation
obtained from the shape function using symbolic computation. This simple and
straightforward method moved stepwise along one axis of coordinates and computed the
coordinates of the contour point on the other axis within an element by solving an algebraic
equation. Akin and Gray (1977) developed a method using local derivative values to trace the
locus of a contour line. But that method depended on the assumed size of step increment and
error accumulation could occur. The method developed by Twu and Wang (1992) was similar
to that of Akin and Gray (1977) approach but without the need to assume the step size. Both
open and closed contours could be constructed. It could also be applied to three-dimensional

elements if only the contour lines on the surface of element were desired.
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Rajasekaran and Venkatesan (1995) developed an algorithm to obtain the contour plot of
principal scalar, vector and tensor valued fields in areas of engineering. The isoparametric
style of interpolation was used to draw the contour map in two dimensions and the contour
surface in three dimensions. The three dimensional shaded view was also simulated using the

programs. Since linear interpolation was used, the domain was divided into smaller elements.

26 ALGORITHMS USING VARIOUS PARAMETRIC CURVES AND SURFACES

Some researchers have used the synthetic curves and surfaces for drawing the contour lines or
surfaces. These curves and surfaces were used in the parametric form or other parametric
representations were used to make the calculations simpler. A brief account of such literature

is given below.

Farin (1986) discussed the theory related to the Triangular Bernstein Bezier Patches. It was
also stated that the concept can be applied to contouring. It was also suggested that one
should use rectangular patches whenever possible since they can be computed quickly and
without the need for a complicated data structure. In those cases where rectangular patches
were too tedious to use, triangular patches should be employed. They may be more CPU-
intensive, but the expense incurred should weigh little compared to cost of (human) efforts to

design complex surfaces with insufficient tools.

Dickinson et al. (1989) described a system for the interactive editing and contouring of
surfaces derived from empirical fields. The approach taken began with the representation of a
field as a general-order, nonuniform, tensor-product, B-spline surface. It provided an
interactive display for editing the surface by control-vertex manipulation and a contouring
algorithm that was specifically designed for the fast and robust contouring of B-spline
surfaces. Interactive editing of the resulting model was feasible because of the local nature of
editing changes when B-splines were used. The use of nonuniform B-splines gave the

flexibility required to model highly irregular data efficiently.

Worsey and Farin (1990) considered the problem of contouring a bivariate quadratic
polynomial, defined as a triangular Bezier patch. The important cases where the contour had
disjoint sections or was a closed curve were considered in detail. The results led to a simple,
yet completely robust algorithm for describing contours as piecewise rational quadratic

Bezier curves.
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The algorithm developed for solving the problem was said to be more efficient, accurate and
robust than that of Marlow and Powell (1976) and Farin (1986).

Berry (1990) used a complete bi-quadratic parametric function to map nodal resultants, and
geometry, over the finite element parametric space. The parametric functions were then used
to determine contour lines representing the element resultants. The algorithm was developed
in C-base and was applicable to 2-D and 3-D linear and quadratic elements. In the method
used, the accuracy was independent of the element size or its geometric position in 3D space.
It was due to the parametric space mapping algorithm as opposed to a physical space-

mapping algorithm.

Grimm and Hughes (1995) presented a method for approximating an isosurface with a

smooth parametric representation.

Modeling shapes via an isosurface of a three dimensional data set is an efficient and natural
method for specifying the topology and basic geometry of an object but it can be difficult to
control fine surface details. Parametric surfaces e.g., B-splines provide good detail control,
but creating topologically arbitrary surfaces with them is difficult. A modeling paradigm was
proposed wherein an artist creates a sketch of an object using a 3D paint program such as
Sculpt from which a smooth parametric representation of an isosurface is constructed, at
some level of fidelity. Further adjustment of the surface detail was accomplished using the

parametric representation.

Hamann et al. (1997) discussed the construction of an approximation of a contour using
triangular rational-quadratic surface patches. The approximating rational-quadratic surfaces
were represented in triangular rational Bezier form as was done by Farin (1986). The primary
motivation for the scheme was to model or postprocess an approximation of a contour of a
trivariate function in terms of parametric patches. The approximation of a contour by
parametric surface patches was also done by Grimm and Hughes (1995). The construction
described yielded patches with three, four, five, and six boundary curves. The topology at
vertices was characterized by the fact that exactly four patch boundary curves meet at a
shared patch corner vertex, (i.e., each patch corner vertex has valence four). Furthermore, not
all vertices produced by a Marching Cube (MC) algorithm were interpolated by the method
given by Grimm and Hughes (1995). The algorithm given by Hamann et al. (1997) did not

require certain valences for patch corner vertices, and it interpolated all the points generated
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by an MC algorithm. The algorithm reduced the number of triangular patches, based on the

idea of identifying patches in (nearly) planar regions.

Table 2.3 gives a summary of the different parametric curves and surfaces used by the

different researchers.

Technique Literature

Triangular Bernstein Bezier Patch Farin (1986)

B-Spline Surface Dickinson et al. (1989)
Triangular Bezier Patch Worsey and Farin (1990)
Bi-Quadratic Parametric Function Berry (1990)

Triangular Rational-Quadratic Patch Hamann et al. (1997)

Table 2.3 Different parametric curves and surfaces used by researchers

2.7 MISCELLANEOUS

Apart from all the methods discussed above, a number of researchers have developed their
own contouring methods for a particular application. These all are categorized under the

‘Miscellaneous’ category.

Stineman (1967) developed a method for constructing an approximate plot of a function of
three independent variables. The plot was similar to a conventional contour map except that
there were three scales to represent the independent variables. Scale values of the three
independent variables were added vectorially, and the value of the function was then read
from the values associated with nearby contours. A computer program was coded in Fortran

to generate the contour map.

Morse (1969) developed a generalized technique to simplify the solution of problems relating
to contour maps. The techniques made use of the topological properties of contour maps. The
topology was represented by a graphical structure in which adjacent contour lines appeared as
connected nodes. A mathematical model for the analysis of contour map was developed. The
model defined contour lines in an abstract sense and took into account the presence of cliff
lines but excluded overhanging cliffs. A study of the model led to the conclusion that in
certain cases contour lines were nonintersecting closed curves. These properties were

exploited to introduce interior and exterior contour lines. An investigation of the relationships
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between adjacent contour lines resulted in a graph that displayed these relationships. The
topological properties of the contour map were found to be related to the properties of the
graph. As the graph contained only a part of the information found on the contour map, the
solutions of problems were simplified by examining the graph before examining the entire
map. Some non topological properties were considered. In particular, the geometrical
properties involving straight lines drawn on the contour map were investigated. As a result of
the investigation of the geometrical properties, boundaries were obtained for the location of

straight lines satisfying specified conditions.

Snyder (1978) made a subroutine, GCONTR which determined sequence of points in the
plane which were used to draw contours through equal values of the surface. The contours
were constructed from some starting point until they close or intersect a boundary, or by
examining each cell of the grid in turn and drawing all contours found inside the cell. The
contour labeling was relatively easy in the algorithm. The contour found inside a cell requires
less auxiliary storage. Each cell was completely processed before going on to the next,
thereby allowing generation of contours over a much larger array than was accommodated in
main memory at one time. GCONTR used linear interpolation to estimate the point at which a
contour value intersects the edge of a cell. The nonlinear interpolation was not used as there
was the possibility of multiple intersections of a contour with an edge and the possibility of
closed contours which intersect no edges. Linear interpolation has the disadvantage that
extrema occur only at nodal points and it does not provide smooth and accurate contours. The
second disadvantage can be removed by computing more function values or interpolatory
subtabulation to a finer mesh. If the required storage is larger than desired, the independent
variable plane was easily divided into separately processed segments. GCONTR did not
provide automatic subtabulation because different methods work better for different
problems. Since GCONTR used a contour following method, any implementation of

automatic subtabulation had a higher cost than a reasonable user implementation.

Wright and Humbrecht (1979) presented the algorithm which drew an approximation of the
surface or surfaces where the function attains a specified value for a given three-dimensional
array containing values of a function of three variables. This was done by contouring two-
dimensional subsets of the three-dimensional array and suppressing the invisible parts of the

contours. The union of all the contour line parts approximated the desired surface.

Antoy (1983) provided a fortran subroutine for determining the contour lines of a function

specified on a mesh made by a set of irregular profiles. The subroutine was independent of
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the support medium holding the mesh, thus it was possible to work on a large set of data with

a small computer.

Steven (1984) showed how a smoothing scheme based on a minimum surface theory
significantly improved the quality of the graphical results. The scheme proposed was
compared with many other smoothing schemes, including least squares, on a simple problem.
However, the technique would break down at boundary points since information was not
always available on the nature of the quantity being smoothed or fitted at that boundary.
Since the points being fitted did not fall within a closed curve of element centriodal nodes,

the minimum surface theory use to break down.

Zyda et al. (1987) presented an expanded algorithm that not only handled the mappings of
multiple contours per plane and partial contour mappings, but also allowed human interaction
to resolve mapping problems. A discussion of the algorithm's limitations and the proposed

solutions to the limitations was also presented.

Yates (1987) described the contouring algorithm which allowed to produce high-quality two-
dimensional contour diagrams from values of a dependent variable located on a uniform grid
system (i.e. spacing of nodal points in x and y directions was constant). Computer subroutines
(supplied) were developed and tested which carried out the computations. Output from the
subroutine was in the form of a list of coordinates for each specified contour level which was

used in a standard line-plot program to generate user-tailored contour diagrams.

Zyda (1988) presented a study of a highly decomposable algorithm useful for the parallel
generation of a contour surface display. The core component of the algorithm was a two-
dimensional contouring algorithm that operated on a single 2 x 2 subgrid of a larger grid. An
intuitive procedure for the operations used to generate the contour lines for a subgrid was
developed. A data structure, the contouring tree, was introduced as the basis of a new
algorithm for generating the contour lines for the subgrid. The construction of the contouring
tree was detailed. Space requirements for the contouring tree algorithm were described for

particular implementations.

The first step in the procedure was to determine whether any contours should be generated
for the subgrid. That determination was based on whether any of the subgrid’s edges
contained the desired contour level k. An edge contained a contour level k if the contour level

was within the range of values defined by the grid points’ edge.
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The next part of the procedure was the computation of the contour edge intersections for any
subgrid edges shown to contain the contour level. The point of intersection was computed
through linear interpolation, using grid values assigned to the endpoints of the edge and their
corresponding coordinates. The point of intersection represented the location on the subgrid

edge corresponding to the contour level, k.

Sewell (1988) presented a technique for the “graphical representation of some contour (level)
surfaces of a function of three variables defined by its values on an array of points
(xi,¥j,2,) . The algorittm involved drawing and projecting the contour curves
corresponding to the cross sections x = x; andy = y;. The computer program presented,
CONS3D, visually represented a function of three variables in a single plot by drawing several

contour surfaces.

Because the curves were drawn as thick, opaque bands, which mask all bands in the
immediate background, a sense of depth was retained, yet background contours were still

visible between the bands.

Sergio and Ali (1996) developed a contouring method by finding where a contour crossed the
area bounded by the known data (interpolation). Once the location of the contour
intersections with the boundaries of a grid node was found using linear interpolation, a isoline
was formed by connecting these two intersecting points by a straight line segment. Since the
computations were based on the edges of each node, there was no possibility for

discontinuities or contour gaps.

Lima and Soriano (1997) presented the stress representation by coloured patterns and
contours through the use of the finite element method. Stresses were computed at the center
of subregions of a network for every two-dimensional element, or face and cross-section of
three-dimensional element to be viewed. Therefore, the method must be used in conjunction

with methods for view representations.

Computed subregions stress defined a matrix of colour codes which were used to ‘paint’ the
corresponding subregions. Two different adjacent codes in that matrix indicated that a
contour passed between the corresponding subregions and were used to generate contours. As
that coloured pattern required stress computation for the subregions, and no additional stress

computation was needed, the generation of contours was considered natural and simple.
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The method could fail in the two following cases:

(i) When part of the contour coincides with the element boundary. This occurrence
identified, the corresponding segment of the contour may be plotted.

(i)  When a contour is circumscribed by the element boundary. To prevent this occurrence,
which seldom occurs with linear and quadratic elements, the method may be applied for

some subelements of every element.

Grandine (2000) presented several practical applications of the univariate contouring
problem, and it demonstrated how these problems could be solved accurately and reliably as

numerical solutions of a particular differential algebraic equation derived for that purpose.

Strain (2001) presented a new approach to numerical methods for general moving-interface
problems. A semi-Lagrangian advection formula was contoured, evaluated with efficient
geometric algorithms, to extract the moving interface. A fast contouring technique controlled
the interface resolution independent of the time step, and grid-free adaptive refinement
increased accuracy by orders of magnitude. Semi-Lagrangian advection merged and broke
complex topology, with stable time stepping independent of the interface resolution, while
fast geometric algorithms resolved an N-element interface with  optimal
O(Nlog N) efficiency. The implementation provided fast new intrinsic first-order and
embedded second-order geometry evaluation modules for solving specific moving-interface

problems.

Owada et al. (2003) proposed an algorithm that enumerated all possible cases of the
correspondence of contours. It was useful for achieving fully automatic interpolation of

contours, although the implementation still required some degree of manual interaction.

When polygonal meshes were constructed from sparse cross-sectional contours, each
interspace between adjacent cross-sectional planes had to be filled by interpolation. If the
shape of the object was simple, the interpolation was trivial. However, handling real-world
medical data, such as the human skeleton or brain, became difficult as the spacing between
slices increased when the number of contours in adjacent cross sections differed. Although
the topological structure was important, a user’s knowledge was not limited to topology. The
topology of an object described just one part of the full shape information-the skeleton
information. Other knowledge may be specified by means of the integral of the surface

curvature, the volume of the object, or its interference with other objects’ surfaces, but these
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quantities cannot be calculated and compared with possible cases until the surface has been
reconstructed. However, the strategy of first determining the topological structure, then
constructing the surface, and finally optimizing the shape to match user’s knowledge tends to
find local minima, because the optimization is usually performed to improve shape of the
surface, rather than to change the topology. Even if topological change is allowed, without
scanning every possible case, it is hard to find an answer that is sufficiently close to the
global optimum, because topological changes strongly and unpredictably affect the above-
mentioned quantities. The proposed method enumerates all possible topological structures. A
polygonal mesh was constructed for each result in the enumeration. The algorithm formed a
basis for calculating the global optimum, namely the shape that best matches the user’s

knowledge.

Bradbury and Enright (2003) investigated the application of Differential Equation
Interpolants (DEISs) to the visualization of solutions to Partial Differential Equations (PDES).
In particular, it was described how a DEI was used to generate a fine mesh approximation
from a coarse mesh approximation; this fine mesh approximation was then used by a standard
contouring function to render an accurate contour plot of the surface. However, the standard
approach had a time complexity equivalent to that of rendering a surface plot, O(fm?) for each
element of the coarse mesh (where fm is the ratio of the width of the coarse mesh to the fine
mesh). To address this concern, three fast contouring algorithms were proposed that
computed accurate contour lines directly from the DEI, and had time complexity at most

O(fm) for each coarse mesh element.

MATLAB has been used to implement the fast contouring algorithms because it provides a
convenient environment for prototyping numerical algorithms. If they are to reach their full
potential, and be applied in applications involving high performance simulations, the fast
contouring algorithms can be rewritten in a procedural language such as C instead of the

slower interpreted language of MATLAB.

Jaworska (2006) presented a new method of creating contour lines based on irregularly
spaced data. The analysis was focused on contour plots as a useful tool of visualization and
real-time verification of the postprocessing stage in multigrid computational environment.
Given geometry of the considered domain was used to prepare an initial mesh, which was
relatively coarse, and to establish the base for the adaptative procedure. Depending on the
solution method, each mesh had to contain different topological information. After

calculation, an a’posteriori error analysis was carried out. The result of this analysis was used
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to prepare a list of new nodes, which were added to the mesh. As a consequence of new

nodes appearing, mesh topology information was updated.

The tool could visualize all the mesh related information for every step of the generation
process, allowed for interactive modification, dynamic presentation of the series of meshes
and the solution during the adaptation process. The software could work on-line providing
instant visualization of intermediate as well as final results. The approach was based on
OpenGL and its toolkits GLUT, GLUI.

2.8 OBSERVATIONS BASED ON THE REVIEW

From the detailed review discussed above it has been found that the simplest way to plot
contour on 2D domain is to use linear interpolation using triangular elements. Even
quadrilateral elements were partitioned into triangular elements for contour plotting. The use
of linear interpolation works well if accuracy of higher order is not required. This will result
into loss of information in contour plotting even when FEA is done accurately using higher

order elements.

It has been found from literature review that very less amount of work is available on contour
plotting using quadratic 2D elements. The contour plots on quadratic elements are very
important so that accurate results can be plotted without loss of any information. In order to
simplify the contour surface generation, generally a higher order element is split into linear
elements and linear interpolation of the physical quantity is performed. The linear

approximation of a non-linear function creates inaccuracies in the results.

Similarly, there is very little literature dealing with contour plot algorithms using higher order
3D elements. To make the overall task simple, the analysis is performed with higher order
elements but the graphical display of results in the form of contour surfaces is carried out

using linear elements.

Further, there is even scope of increasing the speed of existing algorithms to make the

plotting algorithms fast.

2.9 CONCLUDING REMARKS

The detailed literature review has given an insight of various algorithms used for contour

plotting in different application areas.
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In medical field, the triangulation process plays a very important role to approximate the
surface for a given number of scattered data points or the slices. The Marching Cube (MC)
method (Lorensen and Cline, 1987) has played a very important role in such type of

applications in 3D.

In Engineering, contour plotting algorithms are mainly used for graphically displaying the
output results of various analysis tools, FEA being the front runner. The contour plot
algorithms used in FEA are mainly developed in accordance with the type of elements used
for analysis. The various methods involving different mathematical interpolation techniques,
shape or isoparametric interpolation techniques and parametric curves or surfaces, to name a

few, are being used for contour plotting.

The next chapter describes the contour plotting algorithms used for linear 2D elements.
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CHAPTER - 11l

CONTOURING IN 2D USING LINEAR ELEMENTS

3.1 INTRODUCTION

This chapter discusses in detail the contouring in 2D using linear triangular and
quadrilateral elements which are more commonly used in FEA.

The triangular elements are popular in FEA because they fit better in an irregular domain
as compared to other elements. It is also a common observation that four-node
quadrilateral elements perform much better than three-node triangular elements,
especially when the discretization is not dense.

The simplest way to plot contours on 2D domain is to use linear interpolation over
triangular elements. When the triangular scheme is not available and only data points and
values of the physical parameter on the given data points are available, we first resort to
Delaunay triangulation and then perform linear interpolation. This method works well if
accuracy of higher order is not required. Even the quadrilateral elements are partitioned
into triangular elements for contour plotting.

In the present chapter, simple, accurate and fast contour plotting algorithms are

developed over triangular and quadrilateral elements.

3.2 CONTOUR EQUATION OVER TRIANGULAR ELEMENT

As stated earlier, a three-node triangular element, shown in Fig. 3.1, which interpolates
the function linearly over the element, is used mainly for its simplicity for fast

contouring.

(%3 ¥3), f2

(XIAVE)J _f! (XE-YR‘)J fz

1 2

Figure 3.1 A three-node triangular element
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The coordinates of the three vertices of the triangle are available prior to analysis and the
physical quantity, f(x,y), is known after analysis, i.e. after solving a mathematical model.
The linear interpolation of coordinates and a function over the element is performed as

expressed in the following equations:

x:ZNixi (3.1)
yzzslNiyi (3.2)
f(x,y)= 23‘, N; f; (3.3)

A contour in 2D is a continuous curve characterized by Eqg. (3.4).
f(x,y)=C (3.4)

From Egs. (3.3) and (3.4),
3
> N;f,=C (3.5)
i=1
where X, y are spatial coordinates, C is an contour level, a constant, N, =L; and

1
L =—(a +hb _ 3.6
> (a,+ ,x+c,y) (3.6)

The coefficients a; ,bj and c; are cofactors of the matrix, M, as represented in Eq. (3.7).

1 x v
M=i1 x, Y, (3.7)
1% vy,

and, A =det(M). The functions L, = L,(x,y), i=1,2,3 are called shape functions.

After substituting the values of shape function from Eq. (3.6) into Eq. (3.5), the Eq. (3.5)

is simplified to
I, +1x+l,y=C (3.8)
where,

1
Io =£(alf1+a2 fz +a3 fa)
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1
|1 zﬂ(blfl—’_bz fz+b3 f3)

1
Iz :ﬁ(clfl-'_cz fz +Csf3)

Eqg. (3.8) can be compared with the following general equation which represents a line
F(x,y,z)=ax+by+c (3.9)

The problem now reduces to accurately trace the contour represented by a line over a
triangle. The high speed line algorithm like mid-point algorithm (Hearn and Baker,

2002), which works on integer arithmetic is used to trace the line.

3.3 CONTOURING ALGORITHM

The overall algorithm for contouring is described as follows:

(i) Consider an element.

(if)  Find the minimum and maximum, fyi, and fax, Of f(X, y) over the element.

<C<f

(i) If f;, < max tNEN go to step (iv), else go to step (vi).
(iv) Trace the contour over the element.
(v) Save the contour.

(vi) If not all the elements are processed, then consider the next element and go to step

(i), else go to step (vii).
(vii) Join the contours of the same level.
(viii) Plot the contours.

Except for step (iv) all steps are easy to understand. Detailed explanation for this step is

given in the following section.
Step (iv) Tracing contour line over a triangle element

The contour line is traced over the triangle element by finding the possible intersection

of the line with the edge of the triangle.
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1 2 1 Ca 1 2

Figure 3.2 Possible cases of intersection of a side with nodes 1 and 2 with the line
a) The line intersects at one point of the side; b) Intersection point is outside the

side; c) The line touches the corner point

The intersection of a line with one of the sides of the triangle has three possible cases as
shown in Fig. 3.2(a) through Fig. 3.2(c). In the second case, the contour line lies outside
the element. The last case, if detected, is discarded for contour plotting as it yields a

single point which is of no interest.

In general, the intersection of a line with an edge of a triangle is found out using
parametric equations (Zeid, 2007) and the point of intersection, if any, is recorded. Let

the parametric equation, in vector form, of an edge represented by end points P,P, be
P=P+u(P,-P), uelo,1] (3.10)
And the general equation of the contour line be
L x+lL,y+l,=0 (3.11)
On substituting x and y from Eq. (3.10) into Eg. (3.11) and rearranging, we get

(lel +ly, + |3)
(Il(xl - X2)+ Iz(Y1 —-Y ))

The intersection point lies between P, and P, if the value of u lies between 0 and 1.

u=

(3.12)

Similarly, the intersection points on all the edges are calculated and joined with the help

of a line to form a contour line over an element.

3.4 CONTOUR EQUATION OVER QUADRILATERAL ELEMENT

As stated above, the performance of four-node quadrilateral element is much better than
three-node triangular element. A number of researchers have worked on contour plotting
using shape or interpolation functions over quadrilateral element. The scheme given by

Meek and Beer (1976) is based on subdividing an element into a number of subregions
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and then carrying out linear interpolation for contour points. The scheme presented by
Akin and Gray (1977) used a starting contour point over an element and the line is
moved in the direction of the tangent to the contour with a predefined step length. This
technique is applicable to any element but causes discontinuities at element interfaces,
particularly with C°elements, and in general the contour line deviates from its correct
position. Stelzer and Welzel (1987) developed a simple and straightforward scheme for

four-node isoparametric element.

The present section reproduces the algorithm given by Singh and Sarkar (1990), as it
forms the basis of the thesis. The algorithm uses a technique where the contour lines are
as exact as the finite element mesh and the speed is greatly enhanced compared to other

methods.

It is assumed that the domain under consideration is discretized into four-node
quadrilateral elements and the function values at all the nodes are known. The

quadrilateral elements are mapped onto a square [-1,+1][-1,+1]in the r-s co-ordinates

systems (Figs. 3.3(a) and 3.3(b)) and the function is interpolated linearly using the

transformation

4

f(xy)=> N f, (3.13)

i=1
where f,is the function value and N.is the shape function for the i node. The shape

function, N; is defined by Eq. (3.14).
1
N, :Z(1+ rr Y1+ ss;) (3.14)
Here (ri , si)is the position of the i™ node. A contour is characterized by the equation
f(x,y)=C or C=>Nf, (3.15)

After substituting the values of shape function from Eqg. (3.14) into Eqg. (3.15), the

contour Eqg. (3.15) is simplified in local co-ordinates as
C=a,+ar+a,s+ays (3.15)

where,
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ao=%(f1+f2+f3+f4)

1
a1:Z(_ f1+ f2+ fs_f4)

1
a, ZZ(_ fl_f2+ f3+ f4)

1
a, :Z(fl— f,+f,—f,) (3.16)

If the contour is traced out in local co-ordinates arrays, it can be transformed into global
co-ordinates using the expressions in Eq. (3.17).

4 4
XZZNiXi’ y:ZNiyi (3.17)
i=1 i=1
¥ 3 (=3, ya)
Y
s
4 3
-1, 1 1,1
5 -1 1 (113
4 (z2, v2)
(24, ya) >t
(0,0
1z, )
> X 1 2
(0, 0 -1,-13 (1, -1)
(a) Element in global co-ordinates (b) Element in local co-ordinates

Figure 3.3 Four-node element in global and local co-ordinate systems
3.4.1 Tracing of Contour over Quadrilateral Element

The tracing of the contour is done as per the modification of algorithm discussed in
section 3.3.

(i) Consider an element.

(if) Find the minimum and the maximum of f(x, y)over the element.
(iii) If f,, <C<f_,, then go to step (iv), else go to step (vii).

(iv) Determine the contour over the element.
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(v) Refine the contour branch, if required.

(vi) Store the branch.

(vii) If all elements are not processed, then consider the next element and go to step (ii).
(viii) Join the contour segments of the same level.

(ix) Plot the contour lines on graphics devices.

The steps (iv) and (v) are elaborated in the following sections.

Step (iv) Contour branch over an element

The key to the contouring algorithm is to determine the end points of the branch

intersecting with the element edges and subsequently to refine it to the desired accuracy.

All possible cases for the occurrence of the line over an element are explained as

follows:

Case 1l

If a, =0, the contour Eq. (3.15) reduces to
C=a,+ar+a,s (3.18)

(i) If a’+a’>0, Eq. (3.18) represents a straight line. Fig. 3.4 represents a typical

example exhibiting this case. The case when a contour passes through only one vertex is

not of practical importance.

Contour ——. Contour

Figure 3.4 Contour as a straight line over an element

(ii) If a/ +a’ =0, Eq. (3.18) represents a contour plane,
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Case 2

If a, =0, equation (3.15) represents a rectangular hyperbola:

where K = i(c —a, + alazj

[r+ﬁJ(s+ﬁJ= K, (3.19)
a3 a3

a3

The asymptotes r =r, = —aA and s=s, = —% are parallel to s-axis and r -axis and,
3 3

therefore, perpendicular to each other.

(i)

(i)

(iii)

/4
Contour [‘i’_i]

If K=0, the contour branches fall on the asymptotes. Figs. 3.5(a) to
Fig. 3.5(d) explain the possible cases when centre of the hyperbola lies in different
locations over an element. At least one of the axes will pass over the element,
otherwise the condition f_, <C < f__ will fail.

If K >0, the contour branches will lie in the first and the third quadrant assuming

(r,,S,) as the reference point of the hyperbola, because (rﬁ%s) and (s+%3j

will have the same sign.
Similarly, if K <0, the contour branches will fall in the second and fourth

quadrants.

Contour

g

4 5

—

1
1 I
Centour | : -— Clontour
i i

(a) Centre of hyperbola inside the element (b) Centre of hyperbola over an edge

62



Cont Contour [_i _i}
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\ | N YN
______ 4 . !
4 3
197
54 3
1 2 1 2
Contour "f'i Contour ,-—-“‘*i

(c) Centre of hyperbola over anode (d) Centre of hyperbola outside the edge
Figure 3.5 Contour branches parallel to r-axis and x -axis

It is now easy to determine the intersection points with the edges and the number of
branches. For example, if K >0and (r,,s,)e[-1+1]x[-1+1] (i.e. the centre of the

hyperbola lies within the square region), then there may be a maximum of two branches,
the first one lying in the first quadrant and the second in the third quadrant. In order to
find the end points of the first branch, we have to take the intersection with r =+1 and
s =+1. Similarly, the second branch will intersect r =-1 and s =-1. Figs. 3.6(a) and
3.6(b) represent two such cases. Depending upon the location of the centre point and the
sign of K, other cases can also be efficiently worked out as shown by Figs. 3.6(c) and
3.6(d).

Intersection with the r —edges (r = ¥1) results in Eq. (3.20).

C-a,ta

s— (3.20)
(2, ¥a,)
and with the s —edges (s = ¥1) results in Eq. (3.21).
T (3.21)
(a, Fa;)
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(c) Branch intersecting any two of four edges  (d) Branch will not intersect edge, s = +1
Figure 3.6 Various cases of contour branches intersecting element edges
Step (v) Refinement of the contour branch

The contour branch over an element obtained so far is a straight line approximation to
the branch of the hyperbola represented by the interpolation Eq. (3.15). Fig. 3.7 depicts a
true branch and the approximated one. The accuracy is increased by finding the
intermediate points which is now a simple task. For practical purposes, we shall first find
the maximum error which will be reduced iteratively till it is brought below a predefined

permissible quantity.

The maximum error representing the maximum shift in the location of the contour is

given by

E= \/(rm -, )2 + (sm - sp)2 (3.22)
where (rm,sm) is a point on the hyperbola, the slope of which is the same as that of the
straight line joining (s,,r,) and (s,,r,), the two end points of the contour branch. The
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point (rp,sp) is the point of intersection of the normal to the straight line AB passing

through (r_,s, ).

Elementary calculus shows that s is given by Eq. (3.23a) as follows:

S, = ai[— a, +4/(a, +a,s, (@, +a,5, )] (3.23a)

and, by substituting s=s_,, r, can be found as in Eq. (3.23b)

po G -as (3.23b)
a, +a,S

It is worth mentioning that the expressions under the square root in Eq. (3.23a) do not
change sign owing to the continuity property of the contour branch. Also s, is chosen

suchthat s, <s, <s,.
The accuracy is now increased by subdividing the larger of the intervals [rl,rz] and
[sl,sz]. Let the s—interval be subdivided so that s, :%(Sl+52). The corresponding

r —value, r; is found from Eq. (3.23b). The maximum error in the two intervals is

computed and the process is repeated for that interval in which the error is still more than

the permissible limit i.e. the resolution of the graphics system.

s

E .5, 1
Mlarimim error

—_—»1I

2
A {,5) N Siraightline

approzimation

Figure 3.7 The maximum error in approximation over an element
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3.5 PLOTTING OF CONTOURS IN 2D

The contour curves and surfaces are derived in user coordinates systems. These are to be
plotted on the display devices such as on a computer screen or on a hardcopy device. The
coordinates of display devices are called the screen coordinates. These are essentially 2D
plane surfaces. Therefore, proper transformation of user coordinates are required to plot
the contours onto the screen coordinates. In two dimensions, this process is
straightforward, in the sense that only one transformation, called the window-to-viewport

transformation, is required to map the coordinates.
3.5.1 Determining the Window

Let (xi,yi ) i=0,1,...,n—1, be the n-points of a contour line (or contour segment). Let

__max

Xmin :g]si?m—l {Xi}’ ymin :g]si?m—l {yi}’ Xmax T 0<i<n {Xi}’ ymax zgnsaix<n {yl} Then the WindOW

is a rectangular region defined by [X....» Youn 1% [Xax s Yinme J-

3.5.2 Determining the Viewport

Viewport is set according to resolution of the display screen. The contours can be
displayed either on the whole screen or on a part thereof. Thus the viewport is set as the
be the

default viewport (whole screen) or a sub-screen. Let b/xmin ,Vymian b/xmax,vymaxj

viewport, then for the whole screen V, ., =V . =0 and V, . =X,-1 and

V,mx =Yr —1 , where X and Y, are the maximum resolutions along horizontal and

y max

vertical directions. If a part of the viewport is chosen, then we define V, .., V, s Vymin

and V such that 0 <V <V

y max xmin X max

<Xgand 0<V, .. <V, . <Y,. Having defined

y min y max
the viewport, the window to viewport transformation is carried out using the following

matrix equation in homogenous coordinate system.

VX WX
vV, =MW, (3.24a)
1 1
where,
1 0 VipnllSe 0 01 0 —xy,
M = 1 Va0 s, 00 1 -yl (3.24b)
00 1 0 0 1|0 O 1



and,

\Y =V, \ max -V min
5, = 5, =~ (3.240)

In Eq. (3.24a), a point (W,, W, ) of the window is mapped to a point (V,,V,) in the

viewport such that 0 <V, < Xy and0 <V, <Y,.

3.6 IMPLEMENTATION OF THE ALGORITHM FOR TRIANGULAR
ELEMENT

The contour plot algorithm, discussed in section 3.3, is implemented in Turbo C++ and
runs on an IBM compatible PC with 3.0 GHz CPU and 256 RAM under Windows
operating system. For better graphics output, the algorithms are also implemented in
Visual C++ 6.0 environment with OpenGL graphics libraries (Hearn and Baker, 2009;
Chen and Cheng, 2005) to display the geometry along with the contour lines and

surfaces.

The problems considered here are deflection and thermal problems of the different

components.

The first problem is a deflection of a 2D beam with specifications shown in Fig. 3.8.

R40
— 200 -—
y A
200
Y
-t 400 -

Figure 3.8 Specification of the beam
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In the first case the beam is fixed at one end and loaded axially at the other end, as
shown in Fig. 3.9(a), and in the second case the beam is fixed at one end and a vertical
load is applied at the other end, as shown in Fig. 3.9(b). For a load of 100 N, Young’s
Modulus 2.1x10° N/mm?, Poisson’s ratio 0.3, the values of deflections are derived using

FEA, considering the problem as 2D plane problem with negligible thickness.

Figure 3.9(a) Beam fixed at one end and axially loaded at other end

Figure 3.9(b) Beam fixed at one end and vertically loaded at other end

Since the beam is axially loaded in the first case, the general expression for direct
horizontal deflection (Subramanian, 2005) is given by Eqg. (3.25).

WL

5, =—0
AE

(3.25)

where W is the load applied, L is the length of beam, A, is the area of cross section and E
is the Young’s Modulus. The value of Ay is constant in section 1-1 (from location A to B)
and 3-3 (from location C to D) as shown in Fig. 3.10, but in section 2-2 (from location B

to C), the value of A varies with respect to length of the beam. Due to the varying cross
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section at section 2-2, shown in Fig. 3.10, there will be eccentricity in loading. There will
be more elongation at upper layers than the compression at lower layers. This will give
rise to resultant horizontal and vertical deflections, with the vertical deflection being
relatively less as compared to the horizontal one. The resultant horizontal and vertical
deflections are considered for contouring in the numerical experimentation for the

proposed algorithm.

Fig. 3.11(a) and 3.11(b) depict the contour plots of horizontal and vertical deflections

using three-node triangles for different levels of deflections.

Figure 3.10 Section 1-1, 2-2 and 3-3 considered in the beam

(S

Figure 3.11(a) Contour plot of horizontal deflection using three-node triangles for

Contour Levels 5X
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1.5x10"*

2 x10™
2.8 x10"*
35x10*
4.5 x10™
5.5 x10*
6.5 x10™
7.5x10*
8.5 x10*
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axially loaded beam (units in mm)
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Contour Levels O,

13 ontour Levels y
0.5x10"
0.4 x10"

1
2
3 0.3 x10*
13 14 4 0.2 Xlo:j
5 0.1x10
6 -0.1x10*
1 7 -0.13 x10*
8 -0.3x10*
10 9 -0.5 x10*
10 -0.7 x10*
11 -1x10*
12 -2 x10*
13 -3x10*
’ 13 14 -4x10*
15 -5 x10*

Figure 3.11(b) Contour plot of vertical deflection using three-node triangles for

axially loaded beam (units in mm)

For the second case, when the load is applied vertically downwards, the general equation

for bending moment (Subramanian, 2005) is given by Eqg. (3.26).

2

4%
El, Y = W(L-x) (3.26)

X2

The solution to this problem under the conditions of deflection and slope being zero at

fixedend, ie. at x=0, &, = d_xy =0, isgiven by Eq. (3.27).

2 3
El & :-(WLX W J (3.27)

where o, is the vertical deflection, E is the Young’s Modulus, Iy is the area moment of

3
inertia given by % for a rectangular section, W is the point load applied, L is the length

of beam, x is the distance of a section from the fixed end, t is the thickness and h is the
height of the beam. The value of I, is constant in sections 1-1(from location A to B) and
3-3 (from location C to D), but in section 2-2 (from location B to C), shown in Fig. 3.10,

the value of I, varies with respect to the length of the beam.

There will also be horizontal shear load due to the horizontal shear stress in the beam
which will give rise to horizontal deflection. This horizontal deflection is relatively less
than the vertical one. The horizontal shear load per unit length of the beam at a layer

above the neutral axis is given by
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W, - @ (3.28)

X
where S is the shear force at a given section, ay is the first moment of the area beyond a

layer about the neutral axis.

Fig. 3.12(a) and 3.12(b) are the contour plots of vertical and horizontal deflections using

three-node triangles for different levels of deflections.
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Figure 3.12(a) Contour plot of vertical deflection using three-node triangles for

vertical loaded beam (units in mm)

Contour Levels 5X
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Figure 3.12(b) Contour plot of horizontal deflection using three-node triangles for

vertically loaded beam (units in mm)

The next component is a beam with specifications shown in Fig. 3.13 (a). The beam is

fixed at one end and loaded vertically at the other end, as shown in Fig. 3.13(b). For a

load of 1000 N, Young’s Modulus 0.2x10° MPa, Poisson’s ratio 0.3, the values of

deflections are derived using FEA, considering the problem as 2D plane problem with
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negligible thickness. As the beam is vertically loaded, the horizontal and vertical
deflections are given by Egs. (3.26) to (3.28).

Fig. 3.14 (a) and 3.14(b) present the contour plots of vertical and horizontal deflections

using three-node triangles for different levels of deflections.

25

100

(@) (b)

Figure 3.13 (a) Specification of the component (all dimensions in mm);

(b) Loading and boundary conditions of the component
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[ 5 4 3 201

Figure 3.14(a) Contour plot of vertical deflection using three-node triangles for

the component
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Figure 3.14(b) Contour plot of horizontal deflection using three-node triangles for

the component

Fig. 3.15(a) shows the specifications of a rocker arm. The arm is fixed at the centre and
loaded vertically at both the end, as shown in Fig. 3.15(b). For a load of 1000 N,

Young’s Modulus 0.2x10° MPa, Poisson’s ratio 0.3, the values of deflection are derived

using FEA, considering the problem as 2D plane problem with negligible thickness. As

the arm is vertically loaded, the vertical deflection is given by Eg. (3.26).

Fig. 3.16 shows the contour plots of vertical deflections using three-node triangles for

different levels of deflection.

=
o

20

Figure 3.15(a) Specifications of the rocker arm (all dimensions in mm)
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Figure 3.15(b) Boundary conditions and loading of the rocker arm
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Figure 3.16 Contour plot of vertical deflection using three-node triangles for

rocker arm

spanner is vertically loaded, the vertical deflection is given by Eq. (3.26).

1,50 —=

Y |
150 h 7%
1\3‘
b4

Figure 3.17(a) Specifications of a spanner (all dimensions in mm)
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Fig. 3.17(a) shows the specifications of a spanner. The spanner is fixed at two different
points and loaded vertically, as shown in Fig. 3.17(b). For a load of 1000 N, Young’s
Modulus 0.2x10° MPa, Poisson’s ratio 0.3, the values of deflection are derived using

FEA, considering the problem as 2D plane problem with negligible thickness. As the

2.o0
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Figure 3.17(b) Boundary conditions and loading of the spanner

Fig. 3.18 shows the contour plots of vertical deflections using three-node triangles for

different levels of deflection.
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6 5/ o 9 40 x10™*
4 10 50 x10*
3

Figure 3.18 Contour plot of horizontal deflection using three-node triangles for the

spanner

Fig. 3.19(a) shows the specifications of a connecting rod. The connecting rod is fixed at
one end and loaded axially, as shown in Fig. 3.19(b). For a load of 1000 N, Young’s
Modulus 0.2 x10° MPa, Poisson’s ratio 0.3, the values of deflections are derived using
FEA, considering the problem as 2D plane problem with negligible thickness. As the

connecting rod is axially loaded, the horizontal deflection is given by Eg. (3.25).

200

60

|
25

30

Figure 3.19(a) Specifications of connecting rod (all dimensions in mm)
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Figure 3.19(b) Boundary conditions and loading of the connecting rod

Fig. 3.20 shows the contour plots of horizontal deflections using three-node triangles for

different levels of deflection.

5
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Figure 3.20 Contour plot of vertical deflection using three-node triangles for

connecting rod

Fig. 3.21(a) shows the specifications of a connecting plate. The connecting plate is fixed
at three holes and loaded vertically at the centre hole, as shown in Fig. 3.21(b). For a
load of 1000 N, Young’s Modulus 0.2x10° MPa, Poisson’s ratio 0.3, the values of
deflection are derived using FEA, considering the problem as 2D plane problem with
negligible thickness. As the spanner is axially loaded downwards, the vertical deflection
is given by Eq. (3.25). As explained in first problem, the eccentricity will also give rise

to horizontal deflection.

Fig. 3.22(a) and 3.22(b) show the contour plots of vertical and horizontal deflections

using three-node triangles for different levels of deflection.
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Figure 3.21(a) Specifications of a plate (all dimensions in mm)

Figure 3.21(b) Boundary conditions and loading of the plate
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Figure 3.22(a) Contour plot of vertical deflection using three-node triangles

for the plate
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Figure 3.22(b) Contour plot of horizontal deflection using three-node triangles

for the plate

Fig. 3.23(a) shows the specifications of a connecting plate. The connecting plate is fixed
at the top end and loaded vertically at the hole, as shown in Fig. 3.23(b). For a load of
1000 N, Young’s Modulus 0.2x10° MPa, Poisson’s ratio 0.3, the values of deflections
are derived using FEA, considering the problem as 2D plane problem with negligible
thickness. As the plate is loaded downwards, the vertical deflection is given by
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Eq. (3.25). As explained in first problem, the eccentricity will also give rise to horizontal

deflection.

Fig. 3.24(a) and 3.24(b) show the contour plots of vertical and horizontal deflections
using three-node triangles for different levels of deflections.

‘ 30 |
335

Figure 3.23(b) Boundary conditions and loading of the plate
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Figure 3.24(a) Contour plot of vertical deflection using three-node triangles

for the plate
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Figure 3.24(b) Contour plot of horizontal deflection using three-node triangles

for the plate

The next problem is a heat conduction problem, with specifications shown in
Fig. 3.25(a). The temperature of 673°C and 273°C is fixed at the inside and outside of the
reactor, as shown in Fig. 3.23(b). For the known heat flow rate, thermal conductivity of
the materials as 0.01 W/m-deg and 0.0057 W/m-deg, and the given boundary

temperatures, the values of temperature distribution are derived using FEA.

The temperature distribution through a wall can be calculated by using the Fourier rate
equation (Kumar, 2008). The Fourier rate equation is simplified to the expression shown
in Eq. (3.29).

_KA(t, -t,)
Q=—"5" (3.29)
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where Q is the heat flow rate, k is the thermal conductivity of the material, A is the
area of cross section, ¢ is the width of wall, t,and t,are the temperatures at the inside

and outside of the wall.

For the n- layer composite wall, the Eqg. (3.29) is extended as

Q — (tl n_tn+1)
2R

(3.30)

where R, = O is the thermal resistance of i" layer of the composite wall.

Fig. 3.26 shows the contour plots of temperature distribution using three-node triangles

for different levels of temperatures.

[
-

300

]

(@) (b)
Figure 3.25 (a) Specifications of a reactor (all dimensions in mm);

(b) Boundary conditions and temperature fixation of the plate
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Figure 3.26 Contour plot of temperature distribution (in °C) using 3-node triangles

for the reactor

It is observed that the contouring algorithm is very fast and takes very less time for the
different problems shown above. The developed technique can be used to plot contours
for applications where high speed is required. Although the discussed algorithm
simplifies contour plotting, inaccuracies due to lower order interpolation are however

introduced.

3.7 IMPLEMENTATION OF THE ALGORITHM FOR QUADRILATERAL
ELEMENT

The contour plot algorithm, discussed in section 3.4, is implemented using the previously

defined system specifications.

The first problem analyzed is a deflection problem of a rocker arm with specifications
shown in Fig. 3.27. The rocker arm is fixed at the centre and loaded vertically
downwards through the two side holes, shown in Fig. 3.15(b). For a load of 1000 N,
Young’s Modulus 200 x10°MPa, Poisson’s ratio 0.3, the values of vertical deflections
are derived using FEA, considering the problem as 2D plane problem with negligible

thickness.

As the load is applied vertically downwards, the horizontal and vertical deflections are
given by Egs. (3.26) to (3.28).

82



20a . A

A‘é
e
cy

Fig. 3.27 Specifications of the rocker arm (all dimensions in mm)

The horizontal deflections are considered for contouring in the numerical
experimentation for the proposed algorithm. Fig. 3.28 depicts the contour plots of
horizontal deflections using four-node quadrilateral elements for different levels of

deflection for rocker arm.
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Fig. 3.28 Contour plots of horizontal deflection for rocker arm

Fig. 3.29(a) shows the specifications of a connecting plate. The connecting plate is fixed
at the top end and loaded vertically at the hole, as shown in Fig. 3.29(b). For a load of
1000 N, Young’s Modulus 0.2 x10° MPa, Poisson’s ratio 0.3, the values of deflection are
derived using FEA, considering the problem as 2D plane problem with negligible
thickness. As the plate is axially loaded downwards, the vertical deflection is given by
Eq. (3.25). As explained in first problem, the eccentricity will also give rise to horizontal
deflection. Fig. 3.30(a) and 3.30(b) show the contour plots of vertical and horizontal

deflections using four-node quadrilateral elements for different levels of deflections.
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Figure 3.29(a) Specifications of a plate (all dimensions in mm)
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Figure 3.30(a) Contour plots of vertical deflection for the above specified plate
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Figure 3.30(b) Contour plots of horizontal deflection for the above specified plate

Fig. 3.31(a) shows the specifications of a connecting plate. The connecting plate is fixed
at the side edges and loaded vertically at the hole, as shown in Fig. 3.31(b). For a load of
1000 N, Young’s Modulus 0.2 x10° MPa, Poisson’s ratio 0.3, the values of deflection are
derived using FEA, considering the problem as 2D plane problem with negligible
thickness. As the plate is axially loaded upwards, the vertical deflection is given by

Eq. (3.25). As explained in first problem, the eccentricity will also give rise to horizontal
deflection.
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Figure 3.31(a) Specifications of a plate (all dimensions in mm)



Figure 3.31(b) Boundary conditions and loading of the plate

Fig. 3.32(a) and 3.32(b) show the contour plots of vertical and horizontal deflections

using four-node quadrilateral elements for different levels of deflection.

l J Contour Levels 5y

15 15 1 0.1x10*

2 0.3x10*

3 0.5 x10"

13 4 0.8 x10"*

5 1x10™*

6 1.5 x10"*

12 7 1.8 x10*

8 2 x10*

9 2.2 x10"*

10 2.4 x10*

11 2.6 x10*

12 2.8 x10*

13 3.3x10*

14 3.6 x10*

15 5x10*

; ?391010937 :
47 * g
3 3
2 2
1 1

Figure 3.32(a) Contour plots of vertical deflection for the above specified plate
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Figure 3.32(b) Contour plots of horizontal deflection for the above specified plate

Fig. 3.33(a) shows the specifications of a connecting plate. The connecting plate is fixed
at the centre and loaded vertically and horizontally at the four outer holes, as shown in
Fig. 3.33(b). For a load of 1000 N, Young’s Modulus 0.2x10° MPa, Poisson’s ratio 0.3,
the values of deflections are derived using FEA, considering the problem as 2D plane
problem with negligible thickness. As the plate is loaded vertically and horizontally, the
deflection is given by Eq. (3.25).
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Figure 3.33(a) Specifications of a plate (all dimensions in mm)
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Figure 3.33(b) Boundary conditions and loading of the plate

Fig. 3.34(a) and 3.34(b) show the contour plots of vertical and horizontal deflection

using four-node quadrilateral elements for different levels of deflection.
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Figure 3.34(a) Contour plots of vertical deflection for the above specified plate
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Figure 3.34(b) Contour plots of horizontal deflection for the above specified plate

Fig. 3.35(a) shows the specifications of a safety valve lever. The lever is fixed at two
holes on the left hand side and loaded vertically at the right hand side, as shown in
Fig. 3.35(b). For a load of 1000 N, Young’s Modulus 0.2x10° MPa, Poisson’s ratio 0.3,
the values of deflections are derived using FEA, considering the problem as 2D plane
problem with negligible thickness. As the lever is loaded downwards, the deflections are
given by Egs. (3.26) to (3.28).

Fig. 3.36(a) and 3.36(b) show the contour plots of vertical and horizontal deflections

using four-node quadrilateral elements for different levels of deflection.
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Figure 3.35(a) Specifications of a safety valve lever (all dimensions in mm)
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Figure 3.35(b) Boundary conditions and loading of the safety valve lever
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Figure 3.36(a) Contour plots of vertical deflection for the safety valve lever
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Figure 3.36(b) Contour plots of horizontal deflection for the safety valve lever

The next problem is a heat conduction problem, with the specifications shown in
Fig. 3.37(a). The temperature of 673°C and 273°C is fixed at the inside and outside of the
shell, as shown in Fig. 3.37(b). For the known heat flow rate, thermal conductivity of the
materials as 0.01 W/m-deg and 0.0057 W/m-deg respectively, and the given boundary

temperatures, the values of temperature distribution are derived using FEA.
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For the n- layer composite concentric cylindrical wall (Kumar, 2008), the Eqg. (3.29) is
modified to Eq. (3.31).

Q=

t, -t
(1 n+1) . (331)
i+1

n iIog
=27k T r

where, | is the length of the cylinder, r;is the corresponding radius of the cylindrical

wall and Zﬁlogeﬁ is the sum of the thermal resistances of different layers
= : I

comprising the composite cylindrical wall. Other parameters are as defined above.

Fig. 3.28 shows the contour plots of temperature distribution using four-node

quadrilateral elements for the different levels of temperature.
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Figure 3.37(a) Specifications of a boiler shell (all dimensions in mm)

Figure 3.37(b) Boundary conditions and temperature fixation of the boiler shell
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Figure 3.38 Contour plots of temperature distribution (in °C) for the boiler shell
3.7.1 Speed of the Algorithm

The speed of the discussed algorithm is compared with other, similar techniques (Stelzer
and Welzel, 1987; Rajasekaran and Venkatesan, 1995). The algorithms divide the square
[-1,+1]x[-1,+1] into a net of mxm smaller squares by dividing the r-axis and s -axis
into mequal parts and assuming straight lines parallel to the axes, mbeing arbitrary. The
contour Eq. (3.15) is, therefore, solved m?times. Thus there is no distinction between a
straight line segment and a curved one. Also when the segment intersects a small part of
the element, unnecessary computations are performed over the free region. The discussed
algorithm is designed to avoid such types of unnecessary computations resulting in
drastic reduction in the execution time. The program based on the algorithm takes 30%
to 40% less time as taken by the implementation of above said techniques for different

problems shown in the present work.

3.8 CONCLUDING REMARKS

Triangular and quadrilateral elements are the most widely used elements for their own
respective advantages. In the present chapter, the contour equations are developed using

the shape or interpolation function which are same as used in FEA.

In case of triangular element, the developed contour equation represents a line which can
be used to quickly plot a contour. The algorithm is mainly used for high speed
algorithms but may lead to inaccuracies in results due to the linear variation of field

variable.

In quadrilateral element, the contour equation generated using shape function represents
a rectangular hyperbola. The decision for joining the contour branches over an element is

taken based on asymptotes of a rectangular hyperbola, thus making the algorithm fast.
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Thereafter, accuracy of the contour is improved by using the elementary calculus.

To improve the accuracy, higher order elements can be directly used to plot the contours.

The next chapter attempts the same.
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CHAPTER - IV

CONTOURING IN 2D USING NON-LINEAR ELEMENTS

4.1 INTRODUCTION

Higher-order elements have gained importance since they can be used to represent
complex data. Higher-order elements can typically represent the data better when
compared to lower-order elements. The accuracy of the results can be improved by using
higher order elements. Higher order element tries to achieve a closer approximation to
the true value of the unknown parameter (Zienkiewicz, 2002). The higher order elements
result in higher-order variations within element, and convergence to the exact solution
thus occurs using fewer elements. Wiley et al.(2002) showed the potential for substantial
reduction in the number of required elements when replacing linear elements with
quadratic elements. Another advantage of higher order element is that the curved
boundaries of irregularly shaped bodies can be approximated more closely than by the

use of simple straight-sided linear elements (Logan, 2008).

It is probably true to say that higher the order of elements used in the analysis, the more
the useful it is to produce the contour data, because within each element more variation
is allowed. However, generation of contour lines using higher order elements is a
complex task. In order to simplify the contour surface generation, normally a higher
order element is split into linear elements and linear interpolation of the physical quantity
being interpreted is performed. The linear approximation of a non-linear function creates
inaccuracies in results which are unacceptable in many situations, particularly when the

variation in physical quantity is large in a small neighbourhood.

In this chapter, an attempt is made to use higher order interpolation using a triangular
and quadrilateral element. These elements provide a non-linear interpolation function
which is used to accurately interpolate the physical quantity without any loss of
information.

The contour equation is developed over these elements using the shape functions. The
developed contour equation is quadratic over six-node triangle and -eight-node
quadrilateral elements. The contour equation is cubic in nature over ten-node triangular

element.
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4.2 CONTOUR EQUATION OVER SIX-NODE TRIANGLE

A quadratic interpolation can be performed by using a triangular element and by taking
three more discrete values of function on the middle of the three sides, as shown in
Fig. 4.1. This is called a six-node triangular element. The words side and edge
interchangeably have been used throughout the chapter.

3 (%3, ¥s)

fe
O
4

(%2, 51) 1 2 (%2.¥2)

Figure 4.1 A six-node triangular element

The interpolation is performed as shown in Eq. (4.1) to Eq. (4.3).

x=ZNixi (4.1)
y:ZNiyi (4.2)
f(x,y) =ZG:Ni f (4.3)

where N, =L;,i=123 and N,=4L,L, ,,i=456 with L,=L,.

Linear interpolation for contour plotting has been investigated by many researchers as
discussed in chapter Il. In fact, it is the simplest interpolation technique which provides
C° continuity in the entire domain. A six-node interpolation using a triangular element
has been in use in FEA for a long time as it provides quadratic interpolation and requires
less number of elements for the same order of approximation in solution using finite
element technique. However, in order to plot contours, a six-node element is divided into
4 three-node triangular elements and linear interpolation is performed to plot contours.
Although it simplifies contour plotting, inaccuracies due to lower order interpolation are
introduced. This degrades the visual presentation of results in regions where the function
changes rapidly or where contours are closely placed. Moreover, the benefits due to

higher order approximations in finite element results are not reflected in visual
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presentation of results. Motivated by these considerations, the exact tracing of contours
has been performed over a six-node element using quadratic interpolation. The method is

explained as follows.

The contour equation assumes the following form over a six-node triangular element
6
DN f=C (4.4)
i=1

After substituting the values of shape function into Eq. (4.4), the Eq. (4.4) is simplified
to Eq. (4.5).

ax® + 2hxy +by? + 2gx+2fy +c =0 (4.5)
where,
1 2 2 2 1 4 6
az?[bl fl +b2 fz +b3 f3]+E[b1bz f4 +b2b3 fs +b1b3 fe]’ ( . )
1 2 2 2 1
b =?[C1 f,+cf, +¢ fa]JrE[clc2 f, +C,C, fs +C,Cy fy s 4.7)

1 1 1 1 1 1
c=——(a?-Aa,)f, +E(a22 ~Aa, )f, +E(a32 ~Aa, )f, +E(a1a2)f4 +E(a2a13)f5 +E(a1a3)f6,

2A?
(4.8)

1 1
h= E[Zblcl f,+2b,c, f, +2b,c, f3]+ﬁ[(cl|o2 +b,c, )f, +(c,b, +byc, ) fs +(c,b, +byc, ) f, ],(4.9)

1
g :E[(Zalbl —Ab, )f, +(2a,b, — Ab, )f, +(2a,b, — Ab, ) f, ]+

2—12 [(ba, +a,b, ), +(b,a, + b, )F, + (b,a, +agb, ), . (4.10)
and
f= &[(23101 —Ac,)f, +(2a,c, —Ac, )f, +(2a,c, — Ac, ) f, ]+

%[(cla2 +a,c,)f, +(c,a, +a,c,)f, +(c,a, +a,c;)f, ], (4.11)

Eqg. (4.5) is the equation of general conics which represents curves in 2D plane

depending on the values of the coefficients a through f. Let « be given by Eq. (4.12).
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The various conics are given in Table 4.1 for different values of o, a, bandh.

Case Conditions Conic Section

1 a#0,a=band h=0 Circle

2 a#0,h?<ab Ellipse

3 a0, h?=ab Parabola

4 a#0,h*>ab, a+b=0 Hyperbola

5 a#0,h?>ab, a+b=0 Rectangular Hyperbola

6 a=0,h?=ab Pair of straight lines

7 a=0,h?=ab Pair of parallel straight lines
8 a=0,a+b=0 Pair of perpendicular st. lines

Table 4.1 Various conic sections represented by a quadratic equation in 2D

The problem now reduces to accurately tracing the contour segment represented by a

conic section over a triangle. This is achieved by finding the intersection of the sides of

the triangle with that of a conic section.

The algorithm discussed in section 3.3 of chapter Il is used for plotting of contours.

Except for steps (ii), (iv) and (vii), all steps are easy to understand. Detailed explanations

are given for these steps in the following sections.

4.2.1 Finding the Minimum and the Maximum of f(x, y) over the Element

In general, the minimum and the maximum for a quadratic equation can be found by

finding the point of extremum by taking the partial derivatives of the function given by

Eq. (4.5) w.r.t. Xand y and equating them to zero, i.e.,
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Z—f=2ax+2hy+2g=ax+hy+g=0 (4.13)
X

%:th+2by+2f =hx+by+ f =0 (4.14)

Let the solution of Eq. (4.13) and (4.14) be (X,, Y. )and the value of the function f(x,y) as
expressed by Eq. (3.3) at (X.,Y.) be fe. Now we find fpin and fnax by finding the

minimum and the maximum of the values f. and fq, f5 ..... and fs. It can be noted here that

we are simply interested here in deriving the extremum value at (X,,Y,) notwithstanding

the fact whether it is a point of the maximum or the minimum.
4.2.2 Tracing Contour Segment over an Element

The contour segment represented by Eq. (4.5) can have one of the eight possible conic
sections. They are divided into four categories — a single closed curve (circle / ellipse), a
single open curve (parabola), a pair of two curves (hyperbola / rectangular hyperbola)

and a pair of straight lines. The tracing of contours is explained as follows:
i) Circle / Ellipse:

The contour segment turns out to be a circle whena =0, a =b,h=0 or an ellipse when

a#0,h?<ab.

The intersection of a circle with one of the sides of the triangle has six possible cases as
shown in Fig. 4.2(a) through Fig. 4.2(f). The six cases of intersection for a side with
nodes 1 and 2 are: (a) the circle intersects at two points of the side, (b) one of the two
intersection points is outside the side, (c) both the intersection points are outside, (d) the
side does not intersect but the center of the circle is to the left of the side, (e) the side
does not intersect but the centre of the circle is to the right of the side, and (f) the circle
touches the circle and the centre is to the right of the side. The last case, if detected, is
discarded for contour plotting as it yields a single point which is of no interest. A circle
remains completely inside a triangle when none of the sides intersects the circle and the
center of the circle is to the left of all sides, a case represented by Fig. 4.2(d). If all the
sides do not intersect but the center is to the right of at least one side then we are
confronted with the case represented by Fig. 4.2(e). The case of an edge touching a circle

is discarded (shown in Fig. 4.2(f)) as it will give a single point on the contour. This does
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not affect the tracing of the contour irrespective of the fact that the circle intersects the

other two edges or not.

3 3

A /\,
@ (c)
3
3 /\
O z

S .

(d) (f)

Figure 4.2 Possible cases of intersection of a side with nodes 1 and 2 with the circle:
a) the circle intersects at two points of the sides; b) one of the two intersection
points is outside the side; c) both the intersection points are outside; d) the side does
not intersect but the center of the circle is to the left of the side; ) the side does not
intersect but the center of the circle is to the right of the side; f) the circle touches

the circle and the center is to the right of the side

In general, we find intersection of a circle with a side of a triangle and record the point of

intersection, if any. Let the side be given by Eqg. (4.15).

y=mx+n (4.15)
The general equation of the circle be given by Eq. (4.16).

X* +y? +2Gx+2Fy+H =0 (4.16)
On substituting y from Eq. (4.15) into Eq. (4.16), we get Eq. (4.17).

Ax* +Bx+C =0 (4.17)
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where, A=1+m?,  B=-2m’x +2y,m+2G+2Fm  and
C =y +m?x} —2y,mx, +2Fy, — 2Fmx, +H
Eq. (4.17) has two real roots, if B> —4AC > 0, otherwise both the roots will be complex.

A point (x,y) is to the left of Iline segment if the expression

f(X,y) =0, = x)(Yy—V,)— (Y, — y,)(X—X,) is positive. The ordering of the nodes is in

counterclockwise direction.

The case of a contour being an ellipse can be processed in a similar manner.

i) Parabola

(@) (b)

(d) ()

Figure 4.3 Possible cases of intersection of a side with nodes 1 and 2 with a
parabola:
a) repetitive roots and roots lying within the side; b) nonrepetitive roots, both lying
within the side; c¢) one root within the side; d) both roots outside the side; and €) the

side does not intersect the parabola (complex roots)

The equation of a parabola also turns out to be a quadratic equation which also has either
two real roots or two complex roots. When the roots are complex, the parabola does not
intersect a side. The real roots may either be repetitive or nonrepetitive.

Fig. 4.3(a)-4.3(e) depicts all possible cases of the intersection of the side with nodes 1
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and 2 with the parabola. Fig. 4.3(a) represents the case of repetitive roots and the roots
lie within the side. Fig. 4.3(b) through Fig. 4.3(d) represents the case of distinct roots. As
in the case of a circle, we discard repetitive roots which represent the case of the side

touching the parabola.

iii)  Hyperbola and rectangular hyperbola

Figure 4.4 Possible cases of intersection of a side with nodes 1 and 2 with a
hyperbola:
a) real roots when two roots lie within the side; b) real roots when one of the roots

lie within the side; c) when no root lies within the side; d) no real root exists

These are also characterized by quadratic polynomial equations which have either two
real roots or two complex roots. The possible cases of intersection by a side of the
triangle with the hyperbola are given in Fig. 4.4(a) through Fig. 4.4(d). Fig 4.4(a), 4.4(b)
and 4.4(c) represent, respectively, the cases of real roots when two roots, one root and no
root lie within the side. Fig. 4.4(d) represents the case when no real root exists. A
rectangular hyperbola also depicts a similar characteristic. As before, the case when roots

are repetitive is discarded.
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vi) Pair of Lines

(d) (€)

(9)

Figure 4.5 Possible cases of intersection of a side with nodes 1 and 2 with a pair of
straight lines: a) both contour lines intersect the inner part of the side; b) only one
line intersects the inner part; c) both the intersections lie on the extended part of the
side; d) one of the contour lines is parallel to the edge; e) both contour lines are
parallel to the edge; ) one of the contour lines overlaps the edge; g) both contour

lines overlap the edge

The quadratic equation representing the conic section in such a case yields two linear

equations which can be written as

(px+0,y+1 ) pX+0,y+r,)=0, (4.18)

e, px+0g,y+r=0and p,x+d,y+r, =0.When we find intersection with a side of
triangle, we get a real root for each of the two lines. Thus there are either two or one

intersection points which may fall within the side of the triangle or intersect the extended
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part of the side. All possible cases of intersection of a side with nodes 1 and 2 of the
triangle with a pair of straight line contour branches are depicted in Fig. 4.5(a)-4.5(q).
The possible cases include: (a) both contour lines intersect the inner part of the side,
(b) only one line intersects the inner part, (c) both the intersections lie on the extended
part of the side, (d) one of the contour lines is parallel to the edge, (e) both contour lines
are parallel to the edge, (f) one of the contour lines overlaps the edge and (g) both
contour lines overlap the edge. There may be a case when both or one line are/is parallel

to the side or may overlap it.

After identifying the type of a conic section and deriving the intersections with all edges,
the next task is to trace the contour over the element. The various conic sections are dealt

with separately.
Tracing individual conic contour segment

i) Circle / Ellipse: The total number of intersections varies from 2 to 6. In fact a circle
will form contour segment(s) over the triangle when the number of intersections is 2, 4,
or 6. Fig. 4.6(a) through Fig. 4.6(e) depicts the five cases when the number of
intersections is 2 (Fig. 4.6(a) and Fig. 4.6(b)), 4 (Fig. 4.6(c) and (d)), and 6 (Fig. 4.6(¢)).
None of the other cases, i.e., the number of intersections being 1, 3, or 5, exists,
excluding the case when a circle lies completely inside or completely outside the
triangle. It is due to the reason that for finding the intersection of side with the circle we
solve a quadratic equation. The number of real roots will be either 0 or 2. In case the
circle touches a side, there will be two repeated roots. Therefore, the total number of
intersections with the three sides can be either 0 or 2 or 4 or 6. We move
counterclockwise direction along the sides of the triangle and arrange the coordinates of

the intersection points accordingly. The intersection points and their coordinates are

represented by P and (xi,yi), i=12,.....6, respectively. Contour segments are traced

according to number of intersections in the intervals as given below.

Number of intersections 2: interval is [1,2]
Number of intersections 4: intervals are [2,3] and [4,1]

Number of intersections 6: intervals are[2,3], [4,5] and [6,1]
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Figure 4.6 Possible cases of circular arcs intersecting the edges of a triangle:
a) two intersections with an edge; b) two intersections with two edges; c) four
intersections with two edges; d) four intersections with two edges; e) six
intersections with three edges. The case of circle lying completely inside or

completely outside the triangle is not included

Let dx=x, —x, and dy =1y, —y,. If |dx >|dy|, then starting from x = x, we increment x

by dx/N . Here N is a predetermined integer number which represents the number of

straight line contour segments which approximate the circular contour arc and compute y
and plot the point or save it. The steps are summarized as

(i) Let X« x;, Yy« y,and Ax <« dx/N. Plot (x,y).
(i) While x < x,
(@ X<« X+AX

(b) Compute y from equation of circle. In general there will be two values of y,
say, y=a, Y= /. We choose that value of y for which y, <y<'y,. Let

thisvaluebe y=«.

(c) Plot (xy).
The case |dy| > |dx| can be handled in a similar way. When a circle is within the triangle

completely, the complete circle can be plotted using a fast algorithm, such as
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Bresenham’s circle algorithm (Hearn and Baker, 2002), which works on integer
arithmetic. In addition, an eight-way symmetry of circle can be used to enhance the

speed of tracing.

i) Parabola: The possible cases of intersection of the edges of the triangle with
parabolic segment of contours are shown in Fig. 4.7 (a) through Fig. 4.7(d). The number
of roots can be 2 or 4. When the number of roots is 2, we trace the contour between the
roots. When the number of roots is 4, we have two possible cases as shown in Fig. 4.7(c)
and Fig. 4.7(d). Fig. 4.7(c) represents the case when two intersections lie on two edges
each. In such a case we have two contour segments lying inside the triangle. The
segments are traced by numbering the intersections in anticlockwise directions and
numbering intersections 1 and 2 on the first edge and 3 and 4 on the second edge. The
segments are then traced in the intervals [1,4] and [2,3]. The second case of four-
intersections arises when an edge has two intersections and the remaining two
intersections lie on two other edges of the triangle as shown in Fig. 4.7(d). The two
contour segments are traced by ordering the intersections in anticlockwise direction
starting the numbering process from the two intersections lying on the same edge as
shown in Fig. 4.7(d). The two contour segments then also lie in the intervals [1,4] and
[2,3].

1

2

N T— TR
(@) (b) (©) (d)

Figure 4.7 The four cases of parabolic contour segment(s) lying over a triangle:
a) two intersections lying on an edge; b) two intersections lying on two edges; c)

four intersections lying on two edges; and d) four intersections lying on three edges

iii) Hyperbola: There are four possible cases of intersection of a hyperbola with a
triangle as represented in Fig. 4.8(a)-4.8(d). The number of intersections can be 2 or 4. A
contour segment is traced in the interval [1,2] when the number of intersections is 2.
When the number of intersections is 4, we can have ordering as given in Fig. 4.8(c) or

4.8(d), i.e., the two contour segments may lie either in the intervals [1,2] and [3,4] or in
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the intervals [1,4] and [2,3]. These two cases can be differentiated on the basis of
locating a contour point in the interval [1,2] (or [1,4]) and determining whether the point

lies inside the triangle or not.

\/

(©) (d)

Figure 4.8 The four cases of hyperbola contour segment(s) lying over a triangle:
a) two intersections lie on an edge; b) two intersections lie on two edges;
¢) & d) four intersections lie on three edges but the numbering on

intersections differ

iv) Pair of straight lines: There are three possible cases having the number of
intersections 2 or 4 as shown in Fig. 4.9(a)-4.9(c). As before, tracing a line contour
segment over a triangle is simple when the number of intersections is 2. The contour line
lies in the interval [1,2]. When the number of intersections is 4, the contour line
segments may lie either in the intervals [1,4] and [2,3] or in the intervals [1,2] and [3,4].
These two cases can be identified by deriving the coordinates of a contour point in a

given interval and determining whether the contour point lies inside the triangle or not.
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2 3

1 7 /1
(@) (b) (©)

Figure 4.9 The three possible cases of a pair of line contour segments intersecting
the triangle: a) two intersections on two edges; b) four intersections on two edges;

and c) four intersections on three edges
4.2.3 Joining the Contour Segments

The next task is to join contour segments of same level in order to plot a complete
contour line from one end to another. This provides a fast way of contour lines over a 2D
domain. If the contour lines are plotted elementwise, then the processing time would be
too large. We develop data structures representing the contour segments and provide an

algorithm for joining contour segment of same level.

Data structure: A contour segment is represented as a record with the following fields:

Ci . contour level
n . number of points in contour segment
PP P, n contour points over the segment arranged in an order. The

points are arranged in increasing order of their x-coordinates and
if the x-coordinates of two points are same, then the points are

ordered in their increasing y-coordinates
NP[i] . number of points in the i-th segment

Fig. 4.10 represents a contour segment over an element with the above information.
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Figure 4.10 Representation of a contour segment over an element

Partitioning contour segments: We perform search operation for joining contour
segments having same levels. Two contour segments are joined when the distance
between either of their end points is zero. Since floating point operations are involved in
determining the coordinates of end points, we take a small number, say 10°®, represented
by the symbol EPS, instead of zero value and square of the distance is compared with

this number to avoid square root operation.

Joining contour segments involves 0(M?) operation, where M is the total number of
contour segments. We partition contour segments based on their levels thus reducing the
number M to M/L on average, where L is the number of contour levels. This reduces the
search space by one-tenth of total space. The following algorithm describes the steps for

joining contour segments within a level.

Algorithm: It is assumed that the contour segments are partitioned in L buffers, where L
is the total number of contour levels. Let M be the total number of contour segments in a
buffer. There can be at the most M distinct contour lines indicating that none of the
segments joins with others. The algorithm proceeds by choosing a segment from the
buffer which is the first segment of a contour line. A matching segment is searched from
the remaining segments in the buffer. If a match is found, it is added with the current
contour line forming a new line by updating its list of points. This process is repeated
until no match is formed which indicates that a complete contour line is traced. There
may be a few contour segments left in the buffer which have not found a match
indicating that another contour line exists which can be traced in a similar fashion. The

process is repeated until all segments in the buffers are exhausted.

We use a Boolean array A[i], i=1, 2,....., L, which is initialized to false implying thereby
that none of the contour segments has formed a match. The variables NSEG save the

number of unprocessed segments which is initialized to M and it is decremented by 1
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everytime a match is found. A contour line starts building up with an unprocessed i-th
contour segment determined by the value of the Boolean array A[i] which is false.
Matching is formed by taking the square of distance between the two end points of the

contour line with the end points of an unprocessed contour segment. If a match is found

the corresponding element of the Boolean array is set true. Let the points P and P! be
the two end points of contour line and P° and P;’be the end points of contour segment.

The variables n, and n represent the number of points in a contour line and in a contour

segment, respectively. The joining of a contour line with a contour segment is

represented in Fig. 4.11(a) through Fig. 4.11(d) for all the four possible cases:

(1 The HEAD of the list of points of contour line, P!, joins with the HEAD of
the list of points of contour segment, B°. The updated contour line has the

new list of points, P’...P°P'...P! (Fig. 4.11(a)).

(i)  The HEAD of the list of points of contour line, P!, joins with the FRONT of
the list of points of contour segments, P’ . The updated contour line has the

new list of points, P°...P°*P/...P! (Fig. 4.11(b)).

(iii)  The FRONT of the list of points of contour line, P!, joins with the HEAD of

the list of points of contour segment, B°. The updated contour line has the

new list of points, P'...P!P*...P® (Fig. 4.11(c)).
(iv)  The FRONT of the list of points of contour line, P!, joins with the FRONT of

the list of points of contour segment, P’. The updated contour line has the

new list of points, P,...P/P’...P° (Fig. 4.11(d)).
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front pn' front p!

F)ll
head “~._ - P’
" head
front pns
(@)

(© (d)
Figure 4.11 The four possible cases of joining of a contour line with a contour
segment (a) HEAD joins with HEAD, (b) HEAD joins with FRONT, (c) FRONT
joins with HEAD, and  (d) FRONT joins with FRONT

The psuedocode for the algorirthm is given as follows:

(1) Ali]« false, i=12,...,M; NSEG<« M;l«0
(2) While NSEG>0
l—1+1
If A[l]= false
flag <1

While flag =1

110



flag < 0

All]=true; x, < P'.Xx;X, < Pl.X; y, « Plyiy, < Pl.y; n, « NP[l]
Fors=1toM
If Als]= false
X1 P XXz« PoX: Y1 PRy v « Piy: n, « NP[s]
If dist(Xy, Y1, X1, Y1 )<EPS
flag <1
X, ¢ X2;y, <y
Add_List_points(P*...P° P ...P');
Else If dist(xy, y1, Xz, Yo )<EPS
flag « 1
X, < X1; Y < Y13
Add_List_points(P?....P*P'...P!);
Else If dist(Xy, Y2, X1, V1 )<EPS
flag <1
X, = X2 Y, < Yo2;
Add_List_points(P,'...P!P*...P});
Else If dist(xy, Y2, X2, Y2 )<EPS
flag <1
X, <= X1 ¥, < Y1
Add_List_points(p,"...P'PS....P);
EndIf
If flag=1
NSEG «<- NSEG -1, n, <~ n, +n; Als] < true

EndIf

EndIf
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EndFor
EndWhile
EndIf

EndWhile

43 CONTOUR EQUATION OVER TEN-NODE TRIANGLE

A cubic interpolation can be performed by using the triangular element and by taking
two more discrete values of function on each of the three sides, as shown in Fig. 4.12(a).
There is also one node at the centre of the element. This is called a ten-node triangular

element.

3 (X3, ¥3)

(X1, y1) 1 2 (X2, Y2)
Figure 4.12(a) A ten-node triangular element

The interpolation is performed as shown in Eq. (4.19a) and (4.19b).

X = Z N, X; (4.192)
y= _ZglNiyi (4.19b)

To increase the accuracy of the results further, we perform the exact tracing of contours

over a ten-node element using cubic interpolation. The method is explained as follows.

The contour equation assumes the following form over a ten-node triangular element

10
2 Nifi=c (4.19¢)
i=1
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where f. is the function value and N, is the shape function for the i" node. The shape
function, N, for ten-node triangular element (Zienkiewicz et al., 2005) is defined by the

following equations:

For corner nodes N, = %(3Li ~1)3L, -2)L,  with i=12,3

For mid-side nodes N, = % L,L,(3L, -1)

N, :§L1L2(3L2 -1)

The shape functions for other nodes can be written in a similar

manner.

For centre node N,, =27L,L,L,

1
h L =—(a +b )
where L, 2A(a,+ X+CY)

L X
A=det(M) and M =1 x, v,
1 X3 Y,

After substituting the values of shape function into Eq. (4.19c), the Eq. (4.19c) is

simplified to
I +Lx+Ly+Lxy+1,x% +Ly? + 1, x2y + Lxy? +1,x* +1,y° =¢ (4.19d)
where,
3 2 3 2 3 2
OZL &ilz_gi_{_Zal +£ &122—9&4‘2&2 +£ gi:’;_g&_}_zag +
AN\ AN 2A AN\ AN 2A AN\ AN 2A

2 2 2
R R -

9f. ( 3a’a 9f. (3a’a 9f, ( 3a’a 27 f
R e e e I S

f1(27alzb1 _18ab, +2b J+f(27a22b2 _183,b, +2b )+f3(27a32b3 _18a;b, +2b3J+
X 2

_ 2
4N\ 4N 2A AN\ 4A? 2A 4A|  4A? 2A

1
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2

3

9f, (6a,a,b, 3a’b 9f, (6a,ab, 3a’b
24 81A§ Ly 81A32 —albz—blaz}r 26( E;As 2 8233 —azbs—b2a3j+
9f. (6a.ab, 3a’b 9f. (6a,a,b, 3a’h
7f £§34—8;1—%Q—bﬁj+ ;[ ééz—rsgl—apz—q%j+
9f, (6a,ab, 3a’b 9f, ( 6a,a.b, 3a’b
27 82A§ 34 83A32 —a,b, —b2a3j+79( 81A§ Ly 8233 —a3b1—b3a1j+
27 f
;-0 (alaZbS + alaSbZ + aZaSbl)
8A
_ fy(27ajc, 18ac e +L 27ajc, 18a,c, e +& 27ajc, 18a,c,
AN\ 4N 2A Y]aal 4’ 2A 2] 4A| 4N 2A
2 f 2
1 e R
9f. (6a.a,c, 3a’c 9f 2
e A
of 2 f, ( 6a,a 2
1 b e
27 f
K;o(alazcts +a,8,C, + a2a3cl)
_ fi(54abc, 18bc, | f,(54a,b,c, 18b,c, N f; (54a;b,c; 18Dy, N
4N\ AN? 2A AN\ 4A? 2A 4N\ 4N? 2A
9f, (6a,b,c, 6ab,c, 6ab.c
24 82A31 1 81Ag 1 81A13 e, _Clbz}r
9f. (6ab,c, 6ab,c, 6ah.c
E1 e e TR UL
9f, (6a,b,c, 6a,b,c, 6a.b,c
= slAz 3 83A; 3 83A§ ~ by _Clba}r
QE{GQ%%+6%%% GQ%Q_Q%_QQJ+
2 8A 8A 8A
9f, (6a,b,c, 6a,b,c, 6a,b.c
(T T B e )
9f, (6a,b,c, 6abh.c, 6ab.c
29( T T _Clb3j+
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271,
8A°

f, (27b%a, 9b +L 27b§a2_% +& 27b’2a, 9b .
NS 2A ) 4A| aA? 2A | AA|  4A? 2A

4=

(ab,c, +c,a,b, +b,a,c, +bc,a, +c,a,b, +c,b,a,)

of, 3a2lzf . Gblbzgat1 b, |+ of, 3a3t3)22 . 6b2b3éa2 b
2 | 8A 8A 2 | 8A 8A
2
9fy 3a1t; 6b, b3a3 bb. |+ 9f, 3a1t22 N 6b1b23a2 b, |+
2 { 8A 8A 2 ( 8A 8A
2
9f, 3a2l2 6b, b3a3 “b,b, +% 3a321 N 6b1b33a1 b,
2 | 8A 8A 2 | 8A 8A
2;';10 (a,b,b, +ba,b, +bb,a,)

f, (27cfa, 9c! )| f,(27ca, 22 fy (27cja; 9]
l5 = T AA2 Tl T Az o T
4A\ 4A 2A 4A\ 4A 2A 4A( AN 2A

9f,(3a,c’ 6ccya, a3c2 6c,C,a,

2 | sy | 8Al T
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27 f
8T31°(a10203 + Clazcs + Clczaa)

f, (27blc, | f,(27b%c,) f,(27blc,
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AN 4A 4A( 4N 4N 4N

9f,

2

9f,

3c2b12+6b1b2c1 +9f6 3c3b22+6b2b3c2 . 9f, 301b§+6b3blc3 .\
8A® 8A® 2 | 8A° 8A® 2 | 8A° 8A®

2

27 f10 b,

3c,b? +6blbzcz +9f7 3c,b? +6b2b303 s 9f,  3c,b/ +6b1b301 .
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9f, (3b,c5  6c,C,h, L 9fy (3
+ —_—
2 | 8A° 8A° 2

c’ L 6eebs ) 9fg 3blc§+6clc:2b2 .
A’ 2 8 8A

(b1C2C3 +Cb,c, + C1C2b3)

9f7[3bzc§+600b] 9f9(3bc , Bech, J+27f10

2 8  8A | 2| 8A  gA® 8A®
|=L£+£ 9b23 L3bb 9f6 3b,b2 .
VYN WX VTN VI 4A 4A2 2 | 8A° 2 | 8A®
% 3b,b? L 9fs 9f, ( 3b,b? 9f 3b,b2 9f 3b,b; 27 fio (b b,b )
2 | 8A° 2 | 8A° 2 | 8A 2 | 8A 8A3
| :L ﬁ +£ ﬁ +£ % +ﬂ BCZCIZ +% 3C3CZZ +
AN AN | AAL4A? ) AN AN 2 | 8A° 2 | 8A
9f, (3c,c?2) 9f.(3c,c?) 9f, (3c,c?) 9f,(3c,c?) 27f
78( N +75[ 81A32j+ 27£ N ]+79( N ]+ TR
To trace the contours, we find intersection of the curve defined by Eqg. (4.19d) with a side

of a triangle and record the point of intersection, if any. Let the equation of a side be as
given in Eq. (4.19).

y =mx+n (4.19)
On substituting y from Eq. (4.19¢) into Eq. (4.19d), we get Eq. (4.19f).
Ax®+Bx*+Cx+D=0 (4.19f)
where  A=lm+1,m? +1; +I;m*
B=lm+l, +1,y, —l,;mx, — 2x,m?l, + 2y,ml, —3l;m®x, +3y,m?l, +1,m?
C=1+lLm+ly, —l,mx +1,y2 +1,m*x? — 21, y,mx, +3l,m*x” —3y,m?x,|, +
3my/ly —3y,m*x,ly — 2x,m?l; +2y,ml,
D=1, +1,y, —Lmx, +1y —1;m®x} —3yZmx|, +3y,m*x]l, +
Iy +1;m?x?2 —2y,mx|, —c

The Eqg. (4.19f) can have maximum of three roots which signifies the intersecting points.
Now the contour is traced by using Eq. (4.19d).

Although the direct method used here is straightforward in its implementation, its order
of time is very high.
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44 CONTOUR EQUATION OVER EIGHT-NODE QUADRILATERAL
ELEMENT

It is assumed that the domain under consideration is discretized into eight-node
quadrilateral elements with the known function values at all the nodes. The elements are

mapped onto a square [-1,+1][-1,+1]in the ‘r—s co-ordinates system, shown in

Fig. 4.12(b). The function f(x,y)is interpolated using the transformation
8
f,y) =D N, (4.20a)
i=1

where f. is the function value and N, is the shape function for the i"" node. The shape

function, N; is defined by the following equations.

For corner nodes N, = %(1+ rr, X1+ ss; Xrr; +ss, —1)
- - - 1 2
For mid-side nodes if =0 N, = E(1— r )(1+ ss,)
. 1 )
if s=0 N, =E(1+rri)(1—s )
5
1o Ij o 1
(-1, 1) (1,1
il —
0. 0) ;
o O .
3 7 4
(-1,-13 (1, -1

Figure 4.12(b) Eight-node element in local co-ordinate systems

The contour Eq. (4.20a) is simplified to
f(r,s)=C=C, +C,r +C,5+C,rs+C,r’s+C,rs* +C,r? +C,s’ (4.20b)
where,
C, =0.5(f, + f, + f, + fy)—0.25(f, + f, + f, + f,)
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C, =05(f, - f;)

C,=05(f,—f,)

C, =0.29[f, + f, —(f, + f,)]

C, =0.25[f, + f, —(f,+ f,)+2(f, - f.)]
C, =0.29[f, + f, —(f, + f,)+2(f, — f;)]
C,=0.25[f, + f, + f, +f, —2(f, + )]
C,=025[f, +f, +f +f,—2(f,+f)]

The contour traced in local co-ordinates using Eq. (4.20b) is transformed into global co-
ordinates using Eq. (4.20c) and (4.20d).

8

x=> NX (4.20c)
i1
8

y= Z N;y; (4.20d)
i1

The algorithm discussed in section 3.3 of chapter Il is used for plotting of contours.
Except for steps (ii), (iv) and (vii), all steps are easy to understand. Detailed explanations

are given for these steps in the following sections.
4.4.1 Finding the Minimum and the Maximum of f(x, y) over the Element

In general, the minimum and the maximum for a quadratic equation can be found by
finding the point of extremum by taking the partial derivatives of the function given by

EQ. (4.20b) w.r.t. r and S and equating them to zero, i.e.,

%202C1+C3S+2C4FS+C582+2C6r (4.21)

r

%:0:02+csr+c4r2+205rs+2c7s (4.22)
S

From these expressions in general a polynomial of fourth order in S can be deduced. The

following steps are helpful to obtain an advantageous formulation.

From Eq. (4.21), we can write
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_C,+Cys+Cs°
2(C, +C,s)

(4.23)

The value of ris substituted in Eq. (4.22) to obtain the expression given in Eq. (4.24).
a,s*+a,s’+a,s°+as+a, =0 (4.24)
where,
a, =-3C,C?
a, =8C;C, —-4C’C, -4C,C,C,
a, =4C,C? +16C,C,C, -6C,C.C, —CZC, —-2C,C,C,
a, =8C,C,C, +8CZC, —2C’C, -4C,C.C,
a, =4C,C2-2C,C,C, +CC,
Eq. (4.24) has four, two or no real roots, s; which are obtained by standard routines. The

appropriate values of r; are obtained by inserting s; into Eq. (4.23). Only the values of

I, S; that lie in the square —1<r,s <1 are used for further calculations for value of

function over an element. These calculated values along with the given values on the

nodes of an element decide the minimum and the maximum, f_ and f ., of f(x,y)

over the element.
4.4.2 Tracing Contour Segment over an Element

A contour may appear in different forms over an element depending upon the number of
intersections with its edges.

Intersection with the r-edges (r = +1) results in

s?(xC, +C,)+s(C, £C, +C,)+(C, +C, +C, -C)=0 (4.25)
Intersection with the s-edges (s = +1) results in

r’(+C, +C,)+r(C,+C,+C,)+(C, £C,+C, -C)=0 (4.26)

The Egs. (4.25) and (4.26) can be solved to find the intersections with the edges. The

roots that lie between —1<r,s <1 are used for further calculations.
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Depending upon the number of intersection, nr the following different cases appear.
Case 1: No intersection with the edges

<C<f

If there are no intersections, nr =0and f_, < nax o then there is a contour loop,

shown in Fig. 4.13, tracing of which is done by finding the intersections of required

contour curve with r=r_; or r=r and s=s. or s=s_ . Substituting the values

min
of r . ,r_ands_ s __in the contour equation will yield its boundary intervals which

min * " max min ? ¥max

can be joined. There can be only one contour loop, because the equation is cubic.

5
an 20 i} @ il
Fman
L /" ‘_\mx : 5 & O 50
xsmj :
il 5 il % 5 @
C=1 C=72

Figure 4.13 Possible case of a loop
Case 2: Two intersections with the edges

If there are two intersections, nr = 2, then these are two ends of the contour curve. The
possible cases are shown in Fig. 4.14. In case the point of minimum/ maximum lies
inside the element, the intersections with r =r_, or r=r ,and sS=s_ Or s=s . are

found as discussed in previous step, which will yield its boundary intervals. These

boundary intervals can be joined to form a contour.

{rz, s2)

(2. %2 rz, 52)/_\
{r. s1)

(r1, =1)

(r1, 51)
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o - g il
l i w5 20 0 20 M |5
C=75 C=45 C=15
30 =L 40
5 5
5 5 5

C=12

Figure 4.14 Different possible cases for two intersections
Case 3: Four intersections with the edges

If there are four intersections, nr =4 then the number of possible intersections on the
four edges are (1,1,1,1), (1,1,2,0) and (2,2,0,0). All these possible intersections are

discussed below.

(a) For one intersection each on the edges, there can be two different cases, shown in

Fig.4.15, for joining the intersection points. For example, (rz,sz) can be joined
with either (r,,s,)or with (r,,s,). To join the proper intersecting points, the
intermediate points between  (r,,s,) and (r,s,) are calculated. If these
intermediate points approach(r,,s, ), then (r,,s, ) is joined with (r,,s,), else it is

joined with (r,,s,).
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(a) Intermediate points approach (r3,s3) (b) Intermediate points approach (r4,s4)

(b)

Z0

a0 0

a0 5
C=22
Figure 4.15 Different cases of (1,1,1,1) possible intersections

For the possible intersections of (1,1,2,0), there can be two different cases, shown
in Fig.4.16, for joining the intersection points. For example, (rz,sz) can be joined
with either (r,,s,)or with (r,,s,). To join the proper intersecting points, the
intermediate points between  (r,,s,) and (r,s,) are calculated. If these
intermediate points approach(r,,s, ), then (r,,s,) is joined with (r,,s,), else it is
joined with (rl,sl). To generalize the concept, the calculation of intermediate

points is started from the edge with only one intersection point.
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Figure 4.16 Different cases of (1,1,2,0) possible intersections
(c) For the possible intersections of (2,2,0,0), there can be different cases, shown in
Fig. 4.17, for joining the intersection points. For example, (r,,s,) can be joined
with either (r,,s,)or with (r,,s,). To join the proper intersecting points, the
intermediate points between (r,,s,) and (r,,s,) are calculated. As we move from
point (r,,s,) towards (r,,s,), there can be one or two roots i.e. one or two

intersection points which form the curve. If there are two roots, then the distance
between the two roots is calculated. If the distance approaches zero value, then

(r,,s,) is joined with (r,,s, ), else it is joined with (r,,s,).

(rs, 53 {ry, 1) (rs 53) (ru 54

(ra, 5a) (rz sa) (Fa 5a) . (ra 53]
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50
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Figure 4.17 Different cases of (2,2,0,0) possible intersections
Case 4: Six intersection with the edges

If there are six intersections, nr = 6 then the number of possible intersections on the four

edges are (1,1,2,2) and (2,2,2,0). All these possible intersections are discussed below.

(@) For the possible intersections of (1,1,2,2), there can be four different cases, shown

in Fig. 4.18, for joining the intersection points. Firstly the points are arranged in
clockwise or anticlockwise direction. Point (r,,s,) can be joined with either (rz,sz)
or with (rG,SG). To join the proper intersecting points, the intermediate points

between (r,,s, ) and (r4,s4) are calculated. If these intermediate points approach
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(r,,s,), then (r,,s,) is joined with (r,,s,) and rest of the four points are joined as
discussed in Case 3, else(r,,s, ) is joined with (r,,s, ) and rest of the four points are
joined as discussed in Case 3. To generalize the concept, the calculation of

intermediate points is started from the edge with only one intersection point.

|:-V3=53) (5] (rj,sjj (Y:,S:j

/ \m,sln - ()

(754

RN
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(I’q, 34:' \ (rl, 51} / |:T!. SI:I
(ry, )

(rs, 55) (16 56) (s, 83) (1, s¢)

il
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/- \\ o \il{l

i ] 5 5
\ ,..-——"'_'_'_""'--..._\_“
0 10 Ll 5 30 a0
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45 / 40
35 55
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C=38
Figure 4.18 Different cases of (1,1,2,2) possible intersections

(T4, 54)  (rs, 531 {rq, 54) (13, 53)

\ (rs, 55 U (rz, 52)
{rs, 55 (r2, s2) ) C
its, 35 (r1, s1)

(r&., 54) ir1, 810

iy, 54)  (r3, 53)

(ts, =5
) (t2 52

{te. o)
(1, s1)

20

50 / \SEI 25 2 25

2n N oy a0 30

1| 50 50 13 a7 20 13 ey a0
C=30 Cc=27 C=27

Figure 4.19 Different cases of (2,2,0,0) possible intersections
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(b) For the possible intersections of (2,2,2,0), there can be three different cases, shown
in Fig.4.19, for joining the intersection points. Joining of these points are done as

discussed in Case 4 (a).
Case 5: Eight intersection with the edges

If nr =8, then the number of possible intersections on the edges is only (2,2,2,2). The
possible case for joining the intersecting points is shown in Fig.4.20. Firstly the points

are arranged in clockwise or anticlockwise direction and then joined together in pairs i.e.,
(rZ’SZ) (r3’S3)1 (I’4,S4) (rS'SS)' (rﬁ’SG) (r7’S7) and (rs'ss)(rl’sl)

(ra, sq) (r3, 53) n / \EI]
4 N

(rs, s5) (r2, 52)

(rs, 56)\ / (r1, 51) \ /

(r7, 57) (rs, s8) il c 70

C=20
Figure 4.20 Case of (2,2,2,2) possible intersections

45 |IMPLEMENTATION OF THE ALGORITHM FOR SIX-NODE
TRIANGULAR ELEMENT

The contour plot algorithm, discussed in section 4.2, is implemented in Turbo C++ and
runs on an IBM compatible PC with 3.0 GHz CPU and 256 RAM under Windows
operating system. The OpenGL graphics libraries are used to display the geometry and

contour lines for different components.

Firstly, a pure synthetic problem is analyzed which represents all conic sections for the
cases represented by Eq. (4.5). We consider a square domain [— 2,2]>< [— 2,2] in cartesian
system and find contours for various values of the coefficients, a through f, as given in

Table 4.2. The coefficients given are for the global function f(x, y).
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Conic a h b g f c

Circle 1 0 1 0 0 -38<c<-1.16
Ellipse 0.82 0 1414 |0 0 -3.2<c<-1
Parabola 1 0 0 2 -5<f<-2 1

Hyperbola 1 -1 -3 0 0 -25<c<-05
Rectangular 1 -1 -1 0 0 -25<c¢c<-05
Hyperbola

Pair of St. lines | -0.05 |-0.19 |1 0.74 -1.91 -0.5<c<-0.2
Pair of parallel | 2 0 0 -2.5<g<-05 |0 -2

St. lines

Pair of 0 1 0 -1.1<g<0.5 | -1.1<f<0.5 | 0.25<c<1.21
Perpendicular

St. lines

Table 4.2 Values of coefficients for different contours shown in Fig. 4.22

For example, the circle generating function is
f(x,y)=x"+y° (4.27a)

i.e., a=b=1, f=g=h=0and ¢ < [-3.8,~1.16] which is taken to be arbitrary. For a given
point (x,y) in the square, it provides the value of the function f(x, y). Fig. 4.21 depicts

the griding of six-node triangles. Fig. 4.22 (a)-4.22(h) displays the contours using six-
node triangular elements.

[e] L1} ] ] 0 ] ] L1} o
1] o (1] o ] o (1] o 1]
L] L L] L1 0 L1 L] 1] 1]
1] o (1] o ] o (1] o 1]
[e] L L] L1 0o L1 L] 1] 1]
1] o (1] o ] o (1] o 1]
[e] L [e] L1 0o L1 [e] 1] L]
1] o L1} o 1] o L1} o 1]
2] i} 2] o L} o 2] =} L]

Figure 4.21 Griding of a square domain using six-node triangles
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(@) (b) (©)

(d) (e) (f)

(9) (h)

Figure 4.22 Contours over the square domains: (a) circle; (b) ellipse;
(c) parabola; (d) rectangular hyperbola; (e) hyperbola;
(f) pair of parallel straight lines; (g) pair of perpendicular straight lines;

(h) pair of straight lines
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Next, the algorithm is implemented using the practical problems for different

components.

To demonstrate the accuracy of the algorithm, the components that were analyzed using
three-node triangular element in chapter Ill, were again analyzed using six-node
triangular elements taking the same number of nodes and elements. Thereafter, the

contour lines generated for both the results were compared for accuracy.

The first problem compared is a deflection of a 2D beam with specifications shown in
Fig. 3.8 and boundary conditions given in Fig. 3.9(a) and Fig. 3.9(b). After implementing

the above discussed algorithm, the contours have been plotted.

\11
10
]
3
7
4 g
1 ’ &

Figure 4.23(a) Contour plot of horizontal deflection using six-node triangles for

Contour Levels 5)(

0.5 x10™*

1x10™
1.5x10*

2 x10*
2.8 x10*
3.5x10*
45x10*
5.5 x10™
6.5 x10™
7.5 x10™
8.5 x10*

© 00 NO U WN -

|35}

P
= O

axially loaded beam (units in mm)

Contour Levels O

y
\ 1 0.5 x10™

15 2 0.4 x10™

3 0.3 x10™

4 0.2 x10™

13 5 0.1 x10™

6 -0.1x10*

14 7 -0.13 x10*

1 8 -03x10*

9 -0.5 x10*

9 12 10 0.7 x10*
11 -1x10*

10 12 -2 x10*

13 -3x10*

14 -4 x10*

15 -5x10*

Figure 4.23(b) Contour plot of vertical deflection using six-node triangles for

axially loaded beam (units in mm)

Fig. 4.23(a) and 4.23(b) depict the contour plots of horizontal and vertical deflections

using six-node triangles for different levels of deflections for axially loaded beam.
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Contour Levels 5y

-0.5 x10*
-1x10*
-2 x10*
-4x10*
-6 x10*
-8 x10*

-10 x10™
-13x10*
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-20 x10*

[ %]
L
k=]
© 00 N UL WN -

=
~ o

11

Figure 4.24(a) Contour plot of vertical deflection using six-node triangles for

vertically loaded beam (units in mm)

Tl e S Ny VR Contour Levels O,

0 1 -5 x10™
el Yl VI 4

2 -3x10
R AN SN T N -4

3 -2 x10
4 -1x10*
5 -0.5 x10™
6 0.5 x10™
7 1x10*
8 2 x10*
9 2.7 x10*
10 4x10*
11 5 x10™
12 7x10*

Figure 4.24(b) Contour plot of horizontal deflection using six-node triangles for

vertically loaded beam (units in mm)

Fig. 4.24(a) and 4.24(b) depict the contour plots of horizontal and vertical deflections

using six-node triangles for different levels of deflections for vertically loaded beam.

The second problem compared is a deflection of a 2D beam with specifications shown in
Fig. 3.13(a) and boundary conditions given in Fig. 3.13(b). The beam is analyzed using
six-node triangles with same number of elements, loading, material properties and

boundary conditions.

Fig. 4.25(a) and 4.25(b) are the contour plots of vertical and horizontal deflections using

six-node triangles for different levels of deflections.
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Contour Levels 5y

1 2 x10™
16 15 4 13 12 2 3 Xlo.i
1y 3 5 )(10_4
E 4 7x10
5 8 x10*
7 6 9 x10*
6 7 10 x10*
5 8 15 x10*
9 20 x10*
10 25 x10*
11 35 x10*
12 50 x10*
13 70 x10*
14 90 x10*
15 120 x10*
6 5 4 3 P 16 140 x10*

Figure 4.25(a) Contour plot of vertical deflection using six-node triangles for

the component

13 14 13

Contour Levels &,

1 -10 x10*
2 -5 x10™*
3 -3x10*
4 -2 x10*
5 -15x10*
6 -1x10*
7 -0.5x10*
8 0.5 x10*
9 1.5 x10*
10 3x10*
11 6 x10™*
12 8 x10*
13 12 x10*
14 15 x10*
15 25 x10*
16 35 x10*

Figure 4.25(b) Contour plot of horizontal deflection using six-node triangles for

the component

It is clear from Fig. 4.23(a), 4.23(b), 4.24(a), 4.24(b), 4.25(a) and 4.25(b) that the
behavior of contours on six-node triangles is non-linear because they appear to be curves
unlike the contours in Fig. 3.11(a), 3.11(b), 3.12(a), 3.12(b), 3.14(a) and 3.14(b) which
are straight line segments. It can be seen that the behavior of contours on six-node
triangles are more accurate than those on three-node triangular elements. Thus, the

contouring using six-node elements is as accurate as the analysis results of FEA.

Further the different components are analyzed and contour plots are generated using six-

node triangular element.

The contours are generated for the rocker arm with specifications, boundary and loading
conditions shown in Fig. 3.15(a) and 3.15(b). For a load of 1000 N, Young’s Modulus
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0.2x10° MPa, Poisson’s ratio 0.3, the values of deflections are derived using six-node
triangular element, considering the problem as 2D plane problem with negligible
thickness. As the arm is vertically loaded, the vertical and horizontal deflections are
given by Eq. (3.26) and (3.28).

Contour Levels 5y

1 -1x10*

| | 2 5x10*
3 -10 x10*

| 4 -20 x10*
15 15 5 -30 x10°
1413 314 6 -50 x10*
1244 1112 7 -80 x10*
10 5 g 10 8 -100 x10*
g s 9 -150 x10*
; & 10 -200 x10*
54 i 53 11 -250 x10*
Iy 23 12 -300 x10*
13 -350 x10*
14 -400 x10™*
15 -480 x10™*

Figure 4.26(a) Contour plot of vertical deflection using six-node triangles for

the rocker arm

Contour Levels  J,

1 -210 x10*
o 16 2 -120 x10*
1= 15 T = 3 -70 x10™*
J T 12 14 Soe” 4 -30 x10™
_‘_‘—___,__—-"""' 5 #1011 b 5 220 x10*
3 E—f—a\—q——’/// \‘&ﬁ o 8x107
7 -1x10*
T8 8 1x10*
= o Lo
1 15 x10°
12 N ! 4 11 20x10°
0 53474 2 o
14 70 x10*
15 100 x10*
16 200 x10*

Figure 4.26(b) Contour plot of horizontal deflection using six-node triangles for

the rocker arm

Fig. 4.26(a) and 4.26(b) shows the contour plots of vertical and horizontal deflections

using six-node triangles for different levels of deflections.

The contours are generated for the spanner with specifications, boundary and loading
conditions shown in Fig. 3.17(a) and 3.17(b). For a load of 1000 N, Young’s Modulus
0.2x10° MPa, Poisson’s ratio 0.3, the values of deflections are derived using six-node
triangular element, considering the problem as 2D plane problem with negligible
thickness. As the arm is vertically loaded, the vertical and horizontal deflections are
given by Eqgs. (3.26) to (3.28).
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Figs. 4.27(a) and 4.27(b) shows the contour plots of vertical and horizontal deflections

using six-node triangles for different levels of deflections.

Contour Levels 5y

1 -30 x1072

2 -20 x1072

3 -15 x10?

14 12 4 -10 x10?

l 5 -5 x1072

17 1515 6 -2x10”
13/ 7 -15x10?

D 8 -1.2 x10?

9 -1 x107

9 10 0.8 xlO'z

11 -0.6 x10°

}f;hl , \ - 6 7 4 3 2 L 12 0.4 X107
14 f ﬁz 2 13 -0.2x10”
12yg % 14 -0.05 X102
15 0.1x10

16 0.4 x10

17 0.7 x10

Figure 4.27(a) Contour plot of vertical deflection using six-node triangles for

the spanner
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0.1x10?
vy 0.5 x10
6 & 12 1.0 x102
13 1.2 x10
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Figure 4.27(b) Contour plot of horizontal deflection using six-node triangles for

the spanner

Fig. 4.28(a) shows the specifications of a lever. The lever is fixed at the centre hole and
loaded horizontally and vertically through the other holes, as shown in Fig. 4.28(b). For a
load of 1000 N, Young’s Modulus 0.2x10° MPa, Poisson’s ratio 0.3, the values of
deflections are derived using FEA, considering the problem as 2D plane problem with
negligible thickness. For the given loading conditions, the horizontal and vertical
deflections are given by Egs. (3.26) to (3.28).



Figure 4.28(a) Specifications of the lever (all dimensions in mm)

Figure 4.28(b) Boundary conditions and loading of the lever

Fig. 4.29(a) and 4.29(b) shows the contour plots of horizontal and vertical deflections

using six-node triangles for different levels of deflection.
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Figure 4.29(a) Contour plot of vertical deflection using six-node triangles for

the lever
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4 6 -3.0 x10?
s 7 -2.0x10?
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P | 9 -0.5 x10”
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Figure 4.29(b) Contour plot of horizontal deflection using six-node triangles for

the lever

Fig. 4.30(a) shows the specifications of a plate. The plate is fixed at the hole on left hand
side and loaded horizontally through the other two holes, as shown in Fig. 4.30(b). For a
load of 1000 N, Young’s Modulus 0.2x10° MPa, Poisson’s ratio 0.3, the values of

deflections are derived using FEA, considering the problem as 2D plane problem with
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negligible thickness. For the given loading conditions, the deflections are given by
Egs. (3.26) to (3.28).

Fig. 4.31(a) and 4.31(b) shows the contour plots of horizontal and vertical deflections
using six-node triangles for different levels of deflections.

125

Figure 4.30(a) Specifications of the plate (all dimensions in mm)

oy

JF:{ OO0 TNT

Figure 4.30(b) Boundary conditions and loading of the plate

137



Contour Levels O

34 5 y
6, 1 -34 x10*
%0 2 -32 x10™
wh 3 -25 x10°*
fi 4 -20 x10*
5 -15 x10"
12 6 -08 x10™
76 7 -05 x10™
] 8 02 x10*
=3 9 5 x10
N 10 -1x10™
4 11 0.6 x10*
12 1.0 x10™
13 5.0 x10*
14 10 x10*
15 15 x10*

1515 g4’

Figure 4.31(a) Contour plot of vertical deflection using six-node triangles for

the plate

Contour Levels O,
145 1 0.5 x10*
5 14 2 1.0x10*
15 3 3.0x10*
u \k ?_ 16 4

10 4 5.0 x10
e e T 5 10 x10*
12 6 15 x10™
-4

s 7 20 x10
e 8 25 x10*
Q’m 9 30 x10™*
Ty 10 40 x10*
fe] ey 11 50 x10™*
e JP 12 60 x10™
2 L5 fod 2 13 70 x10°
G —— 14 80 x10*

3 g 16

0 NS 15 90 x10*
1 14 16 100 x10*
12 13 17 110 x10*
T 18 130 x10*
19 140 x10*
20 145 x10*
21 149.5 x10™

Figure 4.31(b) Contour plot of horizontal deflection using six-node triangles for

the plate

Fig. 4.32(a) shows the specifications of a plate. The plate is fixed at the two holes on
right hand side and loaded horizontally through the hole at the left hand side, as shown in
Fig. 4.32(b). For a load of 1000 N, Young’s Modulus 0.2x10° MPa, Poisson’s ratio 0.3,
the values of deflections are derived using FEA, considering the problem as 2D plane
problem with negligible thickness. For the given loading conditions, the deflections are
given by Eqg. (3.25).
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13

Figure 4.32(a) Specifications of the plate (all dimensions in mm)

-ﬂl D ':‘lm

Figure 4.32(b) Boundary conditions and loading of the plate

Fig. 4.33(a) and 4.33(b) shows the contour plots of vertical and horizontal deflections
using six-node triangles for different levels of deflections.
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Contour Levels 5y

-41 x10*
-39 x10*
-35 x10*
-30 x10*
-20 x10*
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18 40 x10™
12
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Figure 4.33(a) Contour plot of vertical deflection using six-node triangles

O©COoOoO~NOOO s WNE

for the plate
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. St , s 4 -80 x10™
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4 52 /;—-l/ ? 1 \’,/; 6 -60 x10*
AN b 7 50 x10°
7 16 8 -40 x10*
2 9 -30 x10™
15 10 -20 x10™*
1

=t i1 ol g 11 -15 x10°
2 12 -12 x10™
\ y 13 -10 x10*
T 14 -9x10"
Sl AN ‘\ 1? N 4

R e / 15 810
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6—___/) 7 /\ 12 17 -2 x10°
{fﬁ 17 18 0.5 x10*
f i 19 0.1 x10*

/ 20 0.05 x10*

21 0.2 x10

Figure 4.33(b) Contour plot of horizontal deflection using six-node triangles

for the plate

The next problem is a heat conduction problem, with the specifications shown in
Fig. 4.34(a). The temperature of 673°C and 273°C is fixed at the left and right side of the
composite plates, as shown in Fig. 4.34(b). For the known heat flow rate, thermal
conductivity of the materials is assumed as 0.01 W/m-deg (outer parts), 0.0057 W/m-deg
(upper middle part) and 0.0015 W/m-deg (lower middle part) and the given boundary

temperatures, the values of temperature distribution is derived using FEA.
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The temperature distribution can be calculated by using Eq. (3.30) i.e.

_ (tl _tn+l)
Q - th

For the given composite plates, the two middle plates are in parallel. Their equivalent

thermal resistance, R, is given as

Ry, = : (4.27b)

This equivalent thermal resistance is in series with the two outer resistances. So, the total
thermal resistance for the entire circuit becomes

> R =R, +Ry +R, (4.27¢)

where R, is the thermal resistance of the left outer wall, R, is the thermal resistance of

the upper middle wall, R_is the thermal resistance of the lower middle wall and R, is the
thermal resistance of the right outer wall.

Fig. 4.35 shows the contour plots of temperature distribution using six-node triangles for
different levels of temperature.

i 50 i 50 . 100

PT:673 [C] T

100
100

@) (b)
Figure 4.34 (a) Specifications of composite plates (all dimensions in mm);

(b) Boundary conditions and temperature fixation of the plates
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Contour Levels T
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10 400
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14 300
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123435 ¢ 20 10 11 12 13 14 15 16 16 260

Figure 4.35 Contour plot of temperature distribution (in °C) using six-node

triangles for the plates

4.6 IMPLEMENTATION OF THE ALGORITHM FOR EIGHT-NODE
QUADRILATERAL ELEMENT

The contour plot algorithm, discussed in section 4.4 is implemented using the previously

defined system configurations.

The contours are generated for the rocker arm with specifications, boundary and loading
conditions shown in Fig. 3.15(a) and 3.15(b). For a load of 1000 N, Young’s Modulus
0.2x10° MPa, Poisson’s ratio 0.3, the values of deflection are derived using eight-node
quadrilateral elements, considering the problem as 2D plane problem with negligible
thickness. As the arm is vertically loaded, the vertical and horizontal deflections are
given by Eqgs. (3.26) to (3.28).

The vertical deflections are considered for contouring in the numerical experimentation
for the proposed algorithm. Fig. 4.36 depicts the contour plots of vertical deflections

using eight-node quadrilateral elements for different levels of deflections of rocker arm.

Contour Levels O

y

e 1 -180 xlO':
T e 2 -140 x10°
—3_;3:“£ :n 3 100 x10°
VIR e 4 -60 X10°

5,,//5 / %ﬂ A 5 -20 x10*

-qu“—\_a‘—‘——_:‘;—/ 6 -5 x10*

T %ﬁf 7 0.01 x10°*

N\a 3 5 = 8 20 x10*

™ ‘\ / / 9 30 x10*

10 50 x10°

11 100 x10*

Figure 4.36 Contour plots of vertical deflection for rocker arm
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The second problem analyzed is a deflection problem of a connecting rod, with
specifications shown in Fig. 3.19(a). The rod is fixed at the left end and a horizontal load
is applied through the hole on right hand side, as shown in Fig. 3.19(b). For the same
material properties, the values of horizontal deflections are derived using FEA. As the
rod is axially loaded, the general expression for direct horizontal deflection is given by
Eqg. (3.25).

Fig. 4.37 shows the contour plots of horizontal deflections using eight-node quadrilateral

elements for different levels of deflections for the said component.

Contour Levels O,

1 0.3 x10*

2 1.0 x10*

3 1.2 x10*

4 2.0x10*

"‘“\1 [:3’ 13 5 5.0 x10*
13 e 14 6 12 x10 4

[ \:'\ = 7 16 x10*

10 12 =ys 8 23 x10™

H—g 5 12 5 9 30 x10™

E( % Pt 10 36.5 x10™

\ ! =7, 11 37.5x10%

13 12 40 x10*

3 13 47 x10*
Lof 14 50 x10*
15 57 x10™*

Figure 4.37 Contour plots of horizontal deflection for connecting rod

The next problem analyzed is a deflection problem of a proving ring, with specifications
shown in Fig. 4.38(a). The ring is fixed at the lower end and a vertically upward force is
applied at the top end, as shown in Fig. 4.38(b). For a load of 1000 N, Young’s Modulus
0.2x10° MPa, Poisson’s ratio 0.3, the values of deflections are derived using eight-node

quadrilateral elements, considering the problem as 2D plane problem with negligible
thickness.

As the ring is axially loaded, the general expression for resultant stress, which can be

used to calculate the vertical displacement (Singh, 2008) is given by Eq. (4.28).

W sin 8
o, =
2A

+o (4.28)

where W is the load applied, A is the area of the considered cross section, o is the stress
due to bending moment and @ is the angle of inclination along which the section is

considered. The angle is with the line of action of the applied load.
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The stress,

r

o is calculated as shown in Eq. (4.29)

wl R R2 [ 2R . Ry
- —sin@ 4.29
AL(R2+h2)+2h2{7z(R2+h2) }{Rwﬂ (4.29)

where R is the radius of the centre axis of the ring, h is a constant for the cross-section of

the ring and y is the distance of the neutral axis.
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!

Figure 4.38(a) Specifications of the proving ring (all dimensions in mm)

Figure 4.38(b) Boundary and loading conditions of the proving ring
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Fig. 4.39 shows the contour plots of vertical deflections using eight-node quadrilateral

elements for different levels of deflections for the proving ring.

" \[J [ 12 Contour Levels 5y
e 1 13i/4 " 1 1.0 x10°*
" I TRar g} | 2 2.6 10
e 3 3.5 x10
\ ' 4 5.0 x10*
{11 ! | 5 10 x10™*
}IJ \ 6 50 x10°
o 7 80 x10
o 11"m '.:"i ] 8 100 x10*
9 a 9 110 x10*
" ’ ” 10 120 x10™
N \ 11 140 x10°*
Vs p 12 180 x10*
I |[ 1t 13 220 x10°
| : AL 14 225 x10°*
1 4 4 l? 15 226 x10°*
I L [ l\ ; 16 227 x10*
4 ( 6 ‘ ) . 17 228 x10°*
RN

|

Figure 4.39 Contour plots of vertical deflection for proving ring

Fig. 4.40(a) shows the specifications of a chain plate. The plate is fixed at the hole on left
hand side and loaded horizontally through the hole at the right hand side, as shown in
Fig. 4.40(b). For a load of 1000 N, Young’s Modulus 0.2x10° MPa, Poisson’s ratio 0.3,
the values of deflections are derived using FEA, considering the problem as 2D plane
problem with negligible thickness. For the given loading conditions, the deflections are
given by Eqg. (3.25).

Fig. 4.41(a) and 4.41(b) shows the contour plots of vertical and horizontal deflections

using eight-node quadrilateral for different levels of deflections.

-
e 8
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Figure 4.40(a) Specifications of the chain plate (all dimensions in mm)
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Figure 4.40(b) Boundary conditions and loading of the chain plate
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Figure 4.41(a) Contour plots of vertical deflection for chain plate
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Figure 4.41(b) Contour plots of horizontal deflection for chain plate
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The contour plots are generated for a connecting plate shown in Fig. 3.21(a) and
Fig. 3.23(a). The results are generated for the same material properties, boundary and

loading conditions using eight-node quadrilateral elements.

Fig. 4.42(a), 4.42(b), 4.43(a) and 4.43(b) shows the contour plots of vertical and
horizontal deflections using eight-node quadrilateral elements for different levels of

deflections for the said two plates.
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Figure 4.42(a) Contour plots of vertical deflection for the plate
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Figure 4.42(b) Contour plots of horizontal deflection for the plate
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Figure 4.43(a) Contour plots of vertical deflection for the plate
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Figure 4.43(b) Contour plots of horizontal deflection for the plate

4.6.1 Speed of the Algorithm

The speed of the algorithm used in eight node quadrilateral element is compared with
that of Stelzer and Welzel (1987). The algorithm of Stelzer and Welzel (1987) divides

the square [~1+1]x[-1+1]into m equal parts by dividing the r—and s—axes and
assuming straight lines parallel to the axes, m being arbitrary. The contour Eq. (4.20) is,
therefore solved m*times. When the segment intersects a small part of the element,

unnecessary computations are performed over the free region. The present algorithm is

designed to avoid such type of unnecessary computations resulting in drastic reduction of
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execution time. The program based on the present algorithm takes 40-50% of the lesser
time as taken by an implementation of the algorithm given by Stelzer and Welzel (1987)
for the different problems shown in the present work. Table 4.3 below gives the

comparison of execution time using the two algorithms.

Component | No. of Elements | No. of Nodes | No. of Contour | Execution Time | Execution  Time
Levels (seconds) for | (seconds) for
Stelzer and | Proposed
Welzel (1987) Algorithm
Rocker Arm | 144 524 11 1.428571 0.824176
Connecting | 156 554 15 1.043956 0.604396
Rod
Proving 129 493 17 1.648352 0.879121
Ring

Table 4.3 Comparison of execution time

4.7 CONCLUDING REMARKS

Higher order elements are mostly used for their better results, closer approximation of
curved boundaries and convergence to the exact solution with fewer elements. Higher
order triangular and quadrilateral elements are most commonly used in 2D problems for

analysis.

The quadratic nature of the interpolation in six-node triangular element is analyzed in
detail and algorithms are presented to accurately interpolate the function representing the
various conic sections in 2D. Data structures and algorithm for joining the contour
segments derived on individual elements are presented. Numerical results presented are
compared with contours using three-node triangular elements. The contour generated
using six-node elements are found to be more accurate than three-node triangular

element.

A fast algorithm for the plotting of contours using eight-node quadrilateral elements is
described. The contours are accurately generated over each element using the
interpolation functions. The contour joining algorithm discussed here is considerably

faster than the existing techniques.

After the completion of algorithms using 2D elements, the concentration is shifted

towards 3D elements. The next chapter is devoted to the 3D linear elements.
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CHAPTER -V

CONTOURING IN 3D USING LINEAR ELEMENTS

51 INTRODUCTION

Tetrahedral elements are very commonly used in analysis because of their simple forms
and better adaptability to fit in the irregular 3D domains. Many 3D engineering problems
are also analyzed using hexahedral elements because they provide more accurate and
stable results as compared to tetrahedral elements.

In 3D, the amount of data becomes manifold as compared to 2D and the representation
of data in the form of contour surfaces becomes very important. It is a common practice
in FEA to use higher order elements for better accuracy and stability of results of the
analysis. However, generation of contour lines or contour surfaces using higher order
elements is a complex task. In order to simplify the contour surface generation, normally
a higher order element is split into linear elements and linear interpolation of the physical
quantity is performed. This results in the linear patches of contour surfaces.

One of the common examples is the decomposition of an eight-node hexahedral element
into 6 four-node tetrahedral elements. The eight-node hexahedral element provides a
non-linear interpolation of a physical quantity while the four-node tetrahedral element
performs linear interpolation. In order to make the overall task simple, the analysis is
performed with higher order elements whereas the graphical display of results in the
form of contour lines or surfaces is carried out with linear elements.

In the first part of this chapter, the detail of contour plotting using four-node tetrahedral
elements is given. It provides a linear interpolation over its domain. The contour
equation over four-node tetrahedral element is developed using shape functions. The
developed contour equation represents a plane. The contour is traced by finding the
intersection of a plane with the edges of the tetrahedral.

In the second part of this chapter, a technique for accurate and fast tracing of contour

surfaces using hexahedral elements is discussed.

5.2 CONTOUR EQUATION OVER TETRAHEDRAL ELEMENT

For a four-node tetrahedral element, the contour equation in 3D assumes the form given
in Eq. (5.1).
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f(x,y,2)=C (5.1)
where x, y, z are spatial coordinates and C is a constant.

A four node tetrahedral element normally used for analysis is given in Fig. 5.1.

EERCRR

(¥u¥uih fi (¥a¥aZah o
-

5 (e ez fs

Figure 5.1 A four-node tetrahedral element

The coordinates of the four vertices of the tetrahedral are available prior to analysis and
the physical quantity, f(x,y,z), is known after analysis, i.e. after solving the mathematical
model. The linear interpolation of coordinates and function over the element is

performed as shown in Egs. (5.2) to (5.5).

x=> N;X, (5.2)
i=1
4
y::}jhhyi (5.3)
i=1
4
z=> Nz, (5.4)
i=1
4
f(xy,2) =D N, f, (5.5)
i=1
where N, =L, and L, =é(ai+bix+ciy+diz) (5.6)

The coefficients a; ,b;, ¢i and d; are cofactors of the matrix, M, where

1 x5 v z
1 xi vy z

M=l X’ y‘ Z’ (5.7)
1 x, 9, 2z,
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and, 6A = det(M). The functions L; = L; (x, Y, z), i =1,2,3,4 are called shape functions.
The Eq. (5.5) is simplified to the form shown in Eq. (5.8).

l, +1x+L,y+1,z=C (5.8)
where,

1
ly :a(alflﬂiz f,+a,f,+a,f,)

1
1, :a(blfl+b2 f,+b,f, +b,f,)

1
I :a(clfﬁc2 f,+c,f,+c,1,)

1
I, :G—A(dlfl+d2f2 +d,f,+d,f,)

Eqg. (5.8) can be compared with the following general equation which represents a plane
F(x,y,z)=ax+by+cz+d (5.9)

The problem now reduces to accurately trace the contour represented by a plane over a
tetrahedral.

5.2.1 Tracing Contour Surface over a Tetrahedral Element

As discussed in 2D, the intersection of an edge of a tetrahedral with the contour plane

using parametric equations (Zeid, 2007) is found and the point of intersection, if any, is

recorded. Let the parametric equation, in vector form for an edge given by end points P,
and P, be given by Eq. (5.10).

P=R+u(P,-R), uel0]] (5.10)
And the general equation of the contour plane be given by Eqg. (5.11).

I x+Ly+Lz+1,=0 (5.11)

On substituting x, y and z from Eq. (5.10) into Eq. (5.11) and rearranging, Eq. (5.12) is

obtained

(Ix, +1,y, + 1,2 +1,)

106 =)+ 1,(y, - y,)+ Lz - 2,)) (5.12)

u=
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The intersection point lies between P, and P, if the value of u lies between 0 to 1.

Similarly, the intersection points on all the edges are calculated and joined with the help
of a line to form a contour plane over an element. The shading of the plane is done using

OpenGL graphics libraries.

5.3 CONTOUR SURFACES IN 3D USING HEXAHEDRAL ELEMENTS

This section presents a fast and accurate method for generating contour surfaces after
deriving its boundary curves and then locating the interior points of the contour surfaces.
The accuracy of the contour surfaces is the same as that obtained by direct method
(Rajasekaran and Venkatesan, 1995), however, computation time is reduced
significantly. The proposed method provides contour surface as a group of bounding
curves over an element. The interelement continuity of contour surfaces provides a way
for creating independent contour surfaces within the entire domain defined by the

assemblage of all hexahedral elements.

A 3D domain, D is assumed to be represented by non-intersecting hexahedral elements

expressed by Eq. (5.13).

D :OHi (5.13)

where H,, H,, ..... , H, are n hexahedral elements, such thatH, NH; =¢,i#j.

Such applications arise in finite element analysis of many physical problems. A
hexahedral element is represented in Fig. 5.2(a) in global coordinates whose local

coordinate representation is given in Fig. 5.2(b).

(XB:J’Z:ZB)“ ¢3 (X4,}’4,Z4)

A

(xg: yg,zg)

(%g. ¥, Z5)

& -

(%5, Ye» Z6)
(%5, ¥s5. Z5)

()
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Figure 5.2 A hexahedral element in (a) Global coordinates; (b) Local

coordinates

The interpolation functions, N, (r,s,t), i =1,2,......,8, in local coordinates are given by

N, :%(1+ e )l+ss, J1+tt,), r,s,t==+1 (5.14)
The following expressions are used to convert local coordinates into global coordinates.

X:ZNiXi y=Z81:Niyi Z:iNizi

i-1 ’ i , i (5.15)
The interpolation of the function ¢(r, s,t) is carried out in local coordinates as given by

8

#r.st)=> N (5.16)

i=1
Substituting the values of interpolation functions from Eq. (5.14) into Eq. (5.16).
#(r,s,t)=a, +a,r +a,s +a,t +a,rs+a,st + a,tr + a,rst (5.17)
where,

B =2+ ot ot s+ 6 )

3= (bbb bt b=+ 4)

3 =2 b= b b+ b=, —4,)
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3=t b b=~ b~ 4) 5.19)
3 ==+ bbb+ 6~ 4,)

B =2 bbb~ bbb )

as :%(¢1_¢2_¢3+¢4 s + s + ¢, _¢8)

4 ==+ = b= =+ 4,)
The contour surface is traced by substituting, ¢(r,s,t)=C in Eq. (5.17), which is given
by Eqg. (5.19).

C=a,+ar+a,s+at+a,rs+agst+agtr+a,rst (5.19)
where, C is the contour level.
5.3.1 Direct Method for Tracing Contour Surfaces
The Eq. (5.17) for contour surface is expressed as Eq. (5.20).

C—(a, +a,5+a,t +a,st)
a, +a,S+a,t+a,st

F = p(s,t)= (5.20)

The contour surface is traced by letting the parameters sand t vary between -1.0 and
+1.0 and computing r. If |r| <1, then the point P(I’,S,t) lies on the contour surface. The

pseudocode given in Fig. 5.3 explains this process more clearly.

1. Set n (total number of intervals) for r e[—ll] and Se[—ll] and a contour
level C.

2. Compute As :g and At :E
n n

3. fori=0ton
S, =—-1+i*As
for j=0ton

t, =-1+ j*At
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r=yls,t;) (Eq. (5.20))
if |r;|<1.0 then
save P[r;,s;,t;]
endif
endfor

endfor

Figure 5.3 Pseudocode for direct method of tracing contour surface

The pointsP|[r.,s

ijreio

t;] as determined in the pseudocode lie on the contour surface in
local coordinate system. The global coordinates of these points are determined using
Eqg. (5.15).

Although the direct method is straightforward in its implementation, its order of time
complexity, O(nz), is very high. An entire solution domain for a tetrahedral element
requires the evaluation of the function in Eq. (5.20) n? times where n is the number of

points in the interval [—ll].
5.3.2 Contouring By Linear Interpolation

The function r:l//(S,t) is non-linear which is evident from Eq. (5.19). One of the

methods of reducing the time complexity is to perform linear interpolation by
decomposing a hexahedral element into 6 four-node tetrahedral elements and then
tracing the contour surfaces on each tetrahedral which turn out to be planner surfaces.

Fig. 5.4 depicts the process of decomposition of a hexahedral element.

Tetrahedral §-lodes
6 3
263

&

[ )

1
21
21
32

=)

DA A L [ e
= =
B o e ]

Figure 5.4 A hexahedral element with its local node numbering and its

decomposition into 6 tetrahedral elements
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The process of linear interpolation of contour planes using tetrahedral elements is
achieved by performing linear interpolation of the function ¢(X, y,z) in global
coordinates over each of the 4 triangular faces of the tetrahedrals. Let the local numbers
of the vertices of a triangular face of a tetrahedral (Fig. 5.5(a)) be given as 1, 2 and 3

with the function values ¢, ¢ andd,, respectively, as shown in Fig. 5.5(b). A contour

surface (X, y,z)=C will intersect the face ifg,, <C <g__, where ¢ = En_ir31{¢i} and

... = Max {g, }. Assuming@ <C <, then the intersection is obtained by computing

1<i<3

the parameter u as expressed in Eq. (5.21).

¢2 _¢1
Using the equation of line passing through the vertices 1 and 2 in parametric form;

expression as given by Eq. (5.22) are obtained.
X =X +Uu(X,—%), y, =y, +uly,-y,), and z, =z +u(z, -z,) (5.22)

If a contour surface intersects an edge of a triangle, then due to continuity and linear
interpolation it will also intersect another edge of the triangle. At the most two edges will

be intersected by the contour surface. Two special cases arise. In the first case, if
C=¢ =¢, , then the edge will be a contour line and in the second case if

C = ¢, = ¢, = ¢, then the triangle itself will be a contour plane.

After the two intersection points are determined, these are joined to form a boundary of
the contour surface. Contour boundaries are determined on all four triangular faces of the
tetrahedral. The contour boundaries will form a closed polygonal surface in 3D as
depicted in Fig. 5.5(c). Fig. 5.5(c) depicts a contour plane with four boundaries for given
function values at four vertices of a tetrahedral with C =25.0. The overall procedure is

depicted through a pseudocode given in Fig. 5.6.
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Figure 5.5(a) A tetrahedral element and its local node numbering; (b) A face of

the tetrahedral; (c) A contour plane with four boundaries

1. Split a hexahedral into 6-tetrahedrals
2. For each tetrahedral repeat
(i) split a tetrahedral into 4 triangular faces

(it) for each face do the following

(@) consider an edge of the triangle and take ¢ and ¢,
(b) if ¢ <C <4, then find the point of intersection, P.(x,,Y,,z,)

(c) repeat steps (a) and (b) for all the three edges. Only two edges
will make intersections

(iif) join the two points of intersections P, and P,, obtained in step (ii)
to form a boundary

(iv) join all boundaries to form a planner contour surface
Figure 5.6 Pseudocode for generating a planner contour surface within a

tetrahedral element
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Thus we approximate the curved contour surfaces by planner surfaces. It is a very fast
approach as we do not have to evaluate the contour surface given by Eq. (5.19).

However, the speed up is achieved at the cost of accuracy of the contour surface.
5.3.3 Accurate and Fast Generation of Contour Surface

This section proposess an accurate contour surface plotting algorithm which is as
accurate as the direct method but with much low time complexity. The algorithm first
determines the boundaries of a contour surface within a hexahedral in the form of a
closed polygon. The closed boundary provides the reduced extents of the domain of
search for contour surface without testing whether a point falls in the interior of the
contour surface or not unlike the situation in the direct method. This is the basis of the
reduced time complexity of the proposed method. We explain the procedure through an
example and later on a general algorithm will be presented. Fig. 5.7 is a hexahedral
element in local coordinates which is a cube with length 2 units. The vertices are
numbered as N,(1.0,1.0,1.0),N,(~1.0,1.0,1.0),N,(-1.0-1.0,1.0) , N,(1.0,-1.0,1.0),
N,(1.0,1.0,-1.0), N¢(-1.0,1.0,-1.0), N,(-1.0,-1.0,-1.0), N,(1.0,-1.0,-1.0) and
the function values are ¢, =80, ¢, =70, ¢, =60, ¢, =50, ¢, =40, ¢, =30, ¢, =20,
¢, =10. A contour surface for the contour level C =25.0 is traced which is in the form

of a four-sided polygon with vertices P,(-1.0,0.0,-1.0) , P(1.0,00,-10) ,

P,(1.0, 1.0, —0.25),P,(-1.0, —1.0, =0.75 ). The sides of the polygon are, in general,
curves which are contour lines on the planner faces of the hexahedral. In the present
example, incidentally they are straight lines. The contour line joining the points P, and
P, is derived on the face N;,N;N_N,. Similarly the contour lines joining P andP,, P,
and P,, P,and P, are derived on the faces N;N.N;N,, N,N,NgN,, N,N;N.N;,
respectively. There is no contour line on the faces N;N,N,N. and N;N,N,N,. The
interpolation function, Eq. (5.19), is C° continuous, thus enabling the process of joining
the contour lines generated on the individual faces of the cube to form outlines of the
curved contour surface. There can be at the most 4 disjoint contour surfaces on a
hexahedral element as shown in Fig. 5.7 and Fig. 5.8(a)-5.8(c) which show one, two,

three and four disjoint contour surfaces, respectively, on a hexahedral element in local

coordinate system.
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Figure 5.7 A hexahedral element (cube with length 2 units) in local

coordinates and a contour surface for the contour level C =25.0
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6 ¢ =100 5 #5=10 P, (06.-1.0.1.0)
¢ =60 P, (1.0,-0.6,1.0)

Figure 5.8(b) Three disjoint contour surfaces
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Cntline of first contour surface, 351

50 -0.6,-1.0,-1.07

By (-1.0-0.6,-1.00

P -1.0-1.0-06

fi= 50 2 4 ]

Ctline of second contour surface, Sg

b Y Ey Ty (1.0,0.6,-1.0)
8 =50 Po P (1.0,1.0,-0.6)
P {0.6,10-1.00

F Cntline of third contour surface, 33

Py (1.0,-1.0,0.6)
P (0.6,-1.0,1.00
Pyl #:=100 P2 (1.0,-0.6,1.0)

- Cutline of fourth contour surface, 34
-~ Iy {-06,1.0,1.0%
64 _ 12 (-1.0,0.6,1.0%
=100 = 60 P, (-1.0,1.0,0.6)

Figure 5.8(c) Four disjoint contour surfaces

The whole process of determining contour surfaces on a hexahedral element is

summarized using the following steps.

1)
)

@)

(4)

Split the hexahedral element into six faces.

Determine the contour lines on each face. It is shown in the following section
that the contour lines are, in general, branches of rectangular hyperbola on a

plane.

Join the contour lines determined on the six faces to form boundaries of

disjoint contour surfaces.

Develop the contour surfaces whose boundaries are determined in step (3).

Step (1) of the above procedure is a straightforward task. We develop detailed algorithms

for the other three steps.

Step (2)

Determining the Contour Lines on a Face

A face of a hexahedral element is a planner face. Therefore, without any loss of

generality, we assume that the face is a 2D plane where only two parameters out of the

three parameters r, s and t change and the third parameter becomes a constant + 1 or

—1. Let us assume that t=t, =+1. Then the contour Eq. (5.19) assumes the form as

shown in Eq. (5.23).

C=a,+ar+a,stast, +a,rsta.st, ast,r +a,rst, (5.23)

Eqg. (5.23) is rewritten as the expression given in Eq. (5.24).
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C=Db, +b,r+b,s+b,rs (5.24)
where,
b, =a,ta;t,, b =a tast,, b,=a,tat,, b,=a,tat, (5.25)

It is pointed out here that the contour Eq. (5.24) is the same which is obtained while
generating contour lines using four-node quadrilateral elements in 2D, a fast method for
which is derived by Singh and Sarkar (1990). Here, we mention the process briefly for
the sake of completeness of the whole algorithm with some modifications to make the
process faster. Eq. (5.24) is the equation of a rectangular hyperbola having the following
standard form

(r+b—2j(s+ﬂ]: K, b, #0 (5.26)
b3 b3
where,
K = i{c —b, + blbz} (5.27)
b3 b3

For the case b,=0, Eq. (5.24) represents a contour line, if b>+b? >0 and if

b/ +b’ =0, then the face is a contour face. The derivation of contour line or face is a

straightforward task, and hence we elaborate the case b, #0.

b

p=—2
E:13

)
3

B‘lMD“

i

{0.0) ==t

@ (b)
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(©)
Figure 5.9 Contour segments as branches of a rectangular hyperbola on a
guadrilateral element in local coordinates for various values of K
The asymptotes of the hyperbola are r :—E—Z and s= —E—l which are parallel to s-axis and
3 3

r-axis, respectively.

Contour branches are traced on a quadrilateral element in 2D for the following values of
K.
(i) K =0, the contour branches are the asymptotes r = —E—Z and s= —E—l. The branches

3 3

lie within the element if |r| <lor |s|<1.

(i) K >0, the two branches of the contour lie on the first and third quadrant of the

quadrilateral.

(iif) K <0, the two branches of the contour lie on the second and fourth quadrant of the

quadrilateral.

The above three cases provide an efficient method for tracing contour segments in 2D

using quadrilateral element. We find the intersection of the contour line ¢ = C with four

edges of the quadrilateral and record the number of intersections with the edges. The
total number of intersections can be 0, 2 or 4, thus yielding no branches, one branch and
two branches, respectively. For two intersections a branch is obtained by considering the
two intersections as the end points of the branch. When the number of intersections is 4,

we form the two contour branches as follows.
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(i) Find the intersections with the edgess =1, r =-1, s=-1, r =1 and number them
as1l,2, 3and4.

(i) Evaluate K using Eq. (5.27). IfK =0, join 1 and 3, and 2 and 4. IfK >0, join 1
and 4, and 2 and 3. ForK <0, join 1 and 2, and 3 and 4. A graphical representation
of the process is given in Fig. 5.9(a) — 5.9(c).

Efficient Tracing of Contour lines
After having determined the end points of contour lines, the efficient derivation of the

intermediate points is an important task. Here an efficient approach is presented.

Let A(rl,sl) and B(rz,sz) be the two end points. It is mentioned here that t is taken to be
a constant, +1 or —1, between A andB . The contour segment is traced by starting at

one end point and reaching at the other end. A simplest way is to find r; for a givens,,

starting with S=S5, and incrementing s by AS :(52 —Sl)/n, where n is the number of
intervals between A andB . The equation of rectangular hyperbola, Eq. (5.24), is used

which yields Eq. (5.28).

C _(bo + bzsi)
b, +b,s,

r =

, S =S, +IAs, i=01...,n (5.28)

7\4":'1 {'rlﬂglj
Figure 5.10 A contour segment and its maximum shift from the line AB

The efficiency of the algorithm depends on the number of intervals between A and B. If
the value of n is fixed, then we might be computing all intermediate points which may
not be required for an efficient algorithm. For example, if the contour segment turns out
to be a straight line between A and B, then we need not evaluate Eq. (5.28) for all
intermediate points. We can use the line plotting algorithm, such as Bresenham’s
algorithm used in computer graphics (Hearn and Baker, 2009). Thus the number of

intervals, n, turns out to be a function of the maximum deviation of the contour segment
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from the straight line joining A and B . The maximum deviation is obtained by locating
a point P on the curve at which the slope of the curve is the same as the slope of the

straight line AB , and then finding the distance of P from the line AB .
The slope of the contour curve, S = f(r) (Eq. (5.24)) is given in Eq. (5.29).

ds _ b, +b,(C—by) (5.29)
dr (bz +b3r)2

The equation of the straight line AB is given in Eq. (5.30). The slope mis given by
Eg. (5.31).

r(s, —s,)+s(r, —1r,)+r,s, —1s, =0 (5.30)
m= S2 7S (5.31)
rz - rl

Let the slopes of the curve, j—s, and the straight line AB be the same, then
r

_ blbz +b3(C _bo) _ (32 _31)
(b, +b,r)f  (r,-1) (5:32)

This yields the solution r =r,, where

- 1o, s [BECIOBE ) 659
b3 (32 _Sl)

Substituting r =r,, in Eq. (5.24), we get s =s,, where

oy = S0 +bi1) (5.34)
(bz + b3r0)

The perpendicular distance of the point (r,,s, ) from the straight line AB is

d= o (32 - 51)+ So (rl -n )+ 5, — 1S, (5.35)

\/(51 =3, )2 +(r, -, )2

The magnitude of the parameter d provides the maximum shift of the straight line from

the contour segment. We thus split recursively the contour segment between the

endpoints (r;,s,) and (r,,S,) into two contour segments (r,,S,)and (r,,s, ), and (r,,s,)
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and (I’Z,Sz). If |d| <d,, where d, is a predetermined value which can be set depending

on the resolution of display screen, then we stop the process of subdividing the interval.

The process can be summarized in the following

(i)  Start with the interval (rl,sl) - (rz,sz).

(iiy Find the point of maximum shift (r,,s,).

(iii) Find d using Eg. (5.35).

(iv) If |d| <d,, stop, else, divide (r,,s,) - (r,,s,) into two intervals (f,s,) - (r,,s,) and
(r,,s,) - (rz,sz) and repeat the process recursively.

Step (3) Joining contour segments: Determining boundaries of contour surfaces

The C° continuity of linear interpolation of discrete function values and tracing of
contour segments on the faces of hexahedral element provide a mechanism to efficiently
determine the boundaries of the contour surfaces in 3D. The boundaries are in the form

of curved polylines. We demonstrate this by taking up an example given by Fig.5.7. The
contour surface represented by the curved polylines P,P,, BP,, P,P, and P,P, is
generated after determining the contour segments on the faces N.N,N,N,, RP,R,P,,
N,N,NgN,, and N,N,N, N, respectively. The remaining faces do not contain contour
segments. Once the boundary of a contour surface is determined, it becomes
computationally efficient to trace the contour surface because the domain of the search
space is reduced considerably.

Algorithm: The contour segments are represented by two parameters ns and PS[ns,i].
The parameter ns represents segment number and the parameter PS[nS,i] represents the
two vertices of a segment ns for i =1,2. The parameter PS[nS,i] is a point in 3-D
having three components r[ns,i], S[ns,i] and t[ns,i]_ The algorithm for joining the

contour segments to form contiguous boundaries of contour surfaces is given in the form

of a pseudocode depicted in Fig. 5.11. The parameter nsurf represents the total number
of surfaces which is initialized to zero. After the execution of the pseudocode, the
contour surfaces are available in the form of nv{nsurf] and PV/i,nvi], where nvi=ni]

gives the number of vertices for the i™ surface whose local coordinates are saved in the
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array PV[i,nvi]. The array PV([i,nvi] represents the r—, s—, and t —coordinates of a
vertex. We use the term polylines for the boundary of a contour surface to indicate that
the boundary is approximated by line segments. The term contour segments are used to

point to individual contour lines generated on each face of the hexahedral.

In the beginning of the algorithm the parameter for number of surfaces, nsurf , is set to
zero, and it is assumed that all contour segments are unprocessed indicated by the
flags, f[i], which are set to zero. A contour segment is said to be processed if it forms
a part of polylines of a contour surface in which case its flag is set to 1. The boundary of
a contour surface is built up in the form of polylines by picking one unprocessed contour
segment (with flag value zero) and then finding its adjoining matching contour
segments. The matching is found by taking the euclidean distance between the two
endpoints of the polylines and that of an unprocessed contour segment. The process is
repeated until no unprocessed contour segment is found. This condition is indicated by
another flag f, which is initialized to zero before starting the process of finding a match
and set to 1 if a match is found. If still some unprocessed contour segments are left, then
there could be other contour surfaces and the process must be repeated. As discussed
earlier, there can be a maximum of four disjoint contour surfaces in a hexahedral
element. At the end there must not be any unprocessed contour segment left out.

1. nsurf =0, f[i]=0,i=12,...,ns -1

2. fori=0 to ns-1

nvi <0 /I no. of vertices is initialized to zero
if f[i]=1 thennext i /1 if the segment already processed, then skip
fli]«1

P, < Ps[i,0], P, «PS[i,]

PV [nsurf, nvi] « P, II save first vertex

nvi < nvi +1 /I no. of vertex incremented by one
PV [nsurf , nvi]« P, /I save second vertex

nvi < nvi +1 /I no. of vertex incremented by 1

for k=0 to ns—1

f, <0 // initially assume no match found
for j=0 to ns-1

if f[j]=1 thennext j
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P, « PS[j,0] /1 select the first vertex of contour segment for a match

P, < PS[j,1]
if P, = P, then /I B, joins Py
fi <1 /1 match found
PV[nsurf, nvi]<— P, P«P I save vertex
nvi < nvi+1 /I increment no. of vertices by 1
elseif P, = P, then /I P, joins P,
fi <1 /I match found
PV [nsurf ,nvi]« Py, P, « P, /I save vertex
nvi < nvi+1 /I increment no. of vertices by 1
else if Py = P, then /I Py joins Py
fi <1 /1" match found

for I=nvi to 1step-1 /I shift vertices to make room for the new vertex to be added

PV[nsurf, 1]« PV|nsurf, 1 -1]

endfor
PV[nsurf, 0]« P, P, « P, Il save vertex
nvi < nvi+1 /I increment no. of vertices by 1

elseif Py = P, then
fi <1
for | =nvi to 1step-1 /1 shift vertices to make room for the new vertex to be added

PV[nsurf, 1]« PV[nsurf, 1 -1]

endfor
PV [nsurf, 0]« Py, Py « P, Il save vertex
nvi < nvi+1 Il increment no. of vertices by 1
endif
endfor // end of j-loop
if fl =0 then break /I no connected segment found, jump out of k-loop
endfor / end of k-loop
nv[nsu rf] <« Nnvi /I save no. of vertices for the surface- nsurf
nsurf < nsurf +1 /I increment no. of surfaces by one.
endfor // end of i-loop

Figure 5.11 Pseudocode for finding the closed polyline of a contour surface
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Step (4) Developing contour surfaces

The boundary of a contour surface is available in the form of polylines. Let the vertices
of the polylines be given by P, F,,....., P,. The polylines comprise of the lines PP, PP,
, ..., P,P,. In general a line PP, is a curved line whose points can be generated by
using the equation of a rectangular hyperbola, Eq. (5.24), in which it is assumed that one

of the three parameters is a constant, + 1 or —1. The surface is developed by using the
surface equation U = w(v, W) which can be obtained from Eq. (5.19). The parameter w is
one of the three parameters r, s, and t whose span is maximum. The span of parameters

is determined by computing r,, =min{r} , r._ =max{r} , s, =min{s} ,

S max min ! S max min

ZmaX{Si} ! tmin :m.in{ti} ! tmax Zm.ax{ti} v =T !
i i

Thus, if t is maximum of r,, s, and t,, thenw =t. We choose the parameter with the

maximum span to plot the contour surface in the form of a surface mesh because it
provides better appearance of the display of the contour surface. The contour surface is
displayed in the form of pixels of points on the surface by tracing the contour points on
the line w=w,, wherew,_, <w, <w_, . After fixingw=w,, we next consider that
parameter out of the remaining two parameters (say, r ands) whose span is higher (say,
s) and represent this parameter by v. The parameter v is varied between V ;,and v,
which lie on the left and right edges of contour surface. The third parameter, i.e. U is
computed using the function U= l//(V, W). As shown in Fig. 5.12, let w = w;, intersect the
left and right edges, AE and BC, respectively, at P andQ, then the value of v at P
and Q represented by Vv, and V, are computed. Let there be m+1 intersection points on
this line withv, =v, +(v, —v,)j/m, j=012,...,m. The third parameter is computed
using the contour surface equation, i.e. u; = z//(vj LW, ) Since one of the three parameters

(w;) is constant on this line, we make the process of determining the points on this line

efficient as already outlined in step (2) earlier. The contour point (uij VW, ) which is in
local coordinates is converted into global coordinates using the transformations given in
Eqg. (5.15). It is plotted on the screen after making suitable projection transformations

from global coordinates to screen coordinates.
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Figure 5.12 Generation of interior points on contour surface

5.4 PLOTTING CONTOURS IN 3D

A contour line in 3D is defined by a set of vertices P.(x;,Y;,z;), 0<i<n such that the

line P,P,, connects the vertices P, and P,

Py .1, thus forming a polyline having n—1 straight
line segments. After the contour lines are derived in the world coordinate system, it is
desired that the lines are plotted on the display devices such as a computer screen. This

requires projection of a point from 3D to 2D plane. There are two types of projections:
(i)  Parallel Projection
(i)  Perspective Projection

Normally, parallel projection is used in engineering drawings. A specific case of parallel
projection-parallel orthographic projection-is used which maintains the scale and shape
of an object when a 3D object is projected onto a 2D plane. The direction of projection is
the prescribed direction for all projectors. Orthographic projections are characterized by
the fact that the direction of projection is perpendicular to the viewplane. We define the

orthographic parallel projection by defining the following parameters:

(i) View Plane: The view plane is the plane on which the projection is taken. A view
plane is determined by its view reference point R;(X,,Y,,Z,) and view plane
normal N .

(if) Reference Point: The reference point determines the location of the viewplane. It is
determined by specifying its coordinates in the user coordinate system and is

denoted by R, (X,, ¥, 2,) -
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(iii) View Plan Normal Vector: The viewplane normal vector N is defined by joining

the eye position (e,,e,,e,) and the view reference point R;(X,,Y,,2,) . The
direction of the vector N is given by the direction ratios (e, — X,, &, — Yo, €, — Z;) -

Fig. 5.13(a) depicts the viewplane specification in the user coordinate system. The vector

N is given by
N =(e, —X) I +(e, —¥o) I+ (e, - 2,)K (5.36)
where 1,J and K are unit vectors along coordinate axes and R,(X,,Y,,Z,) and

E(e,, e,, e,) are the reference point and eye position.

Figure 5.13(a) Specifying viewplane in user coordinate system
5.4.1 Deriving Matrix Equation for Orthographic Parallel Projection

The objective is to find a composite matrix that determines the general transformation

from world coordinates to view plane coordinates system. This comprises of two steps:

(i) Determining view plane coordinate system
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(i) Finding a transformation that aligns world coordinates to the view plane

coordinates
Determining View Plane Coordinate System: We define view plane coordinate system
by specifying the view plane reference point R,(x,,Y,,Z,) and eye position

E(e,, e, &,) . The normal vector to the view plane is determined as given by Eq. (5.36).

We determine the three unit vectors 1,,J, and K, for the view plane coordinates system.

N

These unit vectors are orthogonal to each i.e. I, xJ, =J xK, =K, xI,=0.

|z¢

Let EV = , which is the unit vector normal to the view plane. The two other vectors

zl

I, and J, will lie on the plane and will be perpendicular to each other as shown in

Fig. 5.13(b).

The unit vector fv is given by Eq. (5.37).

—

3= (5.37)
U, |
where,
Jsz—[r\T.le\T (5.38)

Here U is the up-vector which specifies the direction of the vector J, in the view plane.

The concept of up-vector is used to align the image along a particular direction. We
normally, take U as given by Eq. (5.39).
n

U=01+1J+0.K (5.39)
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Figure 5.13(b) The View plane coordinate system indicating orthogonal unit

- -

vectors|,, J, andK

\

This indicates that the y-axis of the user coordinate system will be aligned with the J,

axis of the view plane coordinate system. We must make sure that the vectors N and U
are not parallel to each other, otherwise U, will turn out to be undefined. The vector U,

is the projection of the vector U on the view plane.

Having defined IZV and fv , we can find C as given by Eq. (5.40).

— v K
I, = LKy (5.40)
| J vx K\/ |
This completes the derivation of the unit vectors|,, J, and K, for the view plane
coordinate system.
Transformation that Aligns World Coordinates to the View Plane Coordinates

The following are defined:

(i) The view reference pointR,(X,, Yo, Z,) -

(i) Theeye positionE(e,, e,, e,).
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(iii) The up vector, U(u,, u,, u,). We can take U =(0,1,0), i.e. the unit vector fv of

the view plane coordinate system is upward. If U and N are parallel to each other,

ie. J.N = N |J |, then U =(0,0,1), i.e. the unit vector J: is along the direction

—

of K.

(iv) Derivel,, J, and K, as explained in the previous section.

(v) Translate the view plane reference point R,(X,,Y,,Z,) to the origin. The

homogenous matrix for translation is

(5.41)

o o - o
o B O O
I
<
o

(vi) Align the view plane normal vector N with K using the transformation matrix

A,, where
m -ab -ac 0
n mn mg
C —
o — — 0
A, = m m (5.42)
a b ¢
n n n
0 0 0 1
where
a=e —X,b=e, -y, c=e,—-2, m=vb*+c®, n=va’+m’ (5.43)
If m=0, then
0020
4
A= 1 01 (5.44)
— 0 0 O
5
0 0 0 1
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(vii)

(viii)

(ix)

(x)

5.5

We perform the transformation

', = Ay, (5.45)

Rotate I'pabout z-axis so that it aligns with 1, i.e. along positive x-axis. Let &
be the angle of rotation, then we rotate I' by angle (—#) . This is achieved by

using the coordinates of 1", derived in Eq.(5.45). Let I', = (u, v, w) then

cosé = L, sind = v (5.46)
u? +v?2 u®+v

The rotation matrix is

cosd -sing 0 O
sind cos¢ 0 O
R, = (5.47)
0 0 10
0 0 01
The composite matrix is
T=R, AT, (5.48)

Transform all points of the objects in the world coordinates to viewplane

coordinates by using
P,=TP (5.49)
where P=(x,y,21) and P, =(x,,Y,,W,,1) in the homogenous coordinate

system.

IMPLEMENTATION OF THE ALGORITHMS FOR TETRAHEDRAL
ELEMENT

The contour plot algorithm, discussed in section 5.2, is implemented in Turbo C++ and
runs on an IBM compatible PC with 3.0 GHz CPU and 256 RAM under Windows

operating system. The OpenGL graphics libraries are used to display the geometry and

contour lines for different components.

The problems considered here are the deflection and thermal problems of the different

components.
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The first problem is a deflection of a 3D beam with specification shown in Fig. 5.14(a).
The beam is fixed at one end and an axial load is applied at the other end, shown in Fig.
5.14(b). For a load of 48 N, Young’s Modulus 200GPa, Poisson’s ratio 0.3, the values

of horizontal deflections are derived using FEA taking four-node tetrahedral elements.

Since the beam is axially loaded, the general expression for direct horizontal deflection is
given by Eq. (3.25).

Fig. 5.14(c) shows the contour surfaces for horizontal deflections using four-node

P

tetrahedrals for different levels of deflections.

—
=y

| 0

—
I

T

Figure 5.14(a) Specifications of a beam (all dimensions in mm)

Figure 5.14(b) Boundary conditions and loading of the plate
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b Contour Levels C= 5X
2x10°
5x10°
10 x10°
20 x10°
\ 30 x10°®
45 x10°®
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3

70 x10°
‘ |

Figure 5.14(c) Contour surfaces of horizontal deflection using 4-node tetrahedrals

? b
¢ 5

for the different deflection levels for the plate

Fig. 5.15(a) shows the specifications of a crane hook. The hook is fixed at the top and
loaded vertically, as shown in Fig. 5.15(b). For a load of 1000 N, Young’s Modulus
0.2x10° MPa, Poisson’s ratio 0.3, the values of deflections are derived using FEA,

considering it as the 3D problem.

As the hook is vertically loaded, the general expression for resultant stress, which can be
used to calculate the displacements (Singh, 2008) is given by Eqg. (5.50) and (5.51).

2
o= W Wi R[4 (5.50)
A AT h?lR-d,
2
o, =—ﬂ+ﬂ 1+R—2 d; (5.51)
A AT hZR+d,

where W is the load applied, A is the area of the considered cross section, R is the radius
of curvature of the centroidal axis, h is a constant depending upon the cross-section of

the hook, d; and d; are the inside and outside diameter of the hook, o, and o, are the

stresses at the inside and outside layer of the hook.

Fig. 5.16(a) and 5.16(b) shows the contour plots of horizontal and vertical deflections

using four-node tetrahedral elements for different levels of deflections.
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Figure 5.15(a) Specifications of a crane hook

.‘ 1000 [N] |

Figure 5.15(b) Boundary conditions and loading of the crane hook
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Contour Levels C= 5X

1 -0.05 x10*
. 2 0.3x10*
3 -1x10™
| 4 -3x10*
2 5 -7 x10™
6 -10 x10*
3 7 -15 x10*
4
- 8 -20 x10 .
4 9 -30 x10
e 10 -40 x10*
; 11 -50 x10*
12 -60 x10™
7 — 13 -70 x10*
. 5 — 14 -80 x10*
] ——
2 . 0 —
P —
910'- 10 m——
1
1
-
12
e —
13
=

Figure 5.16(a) Contour surfaces of deflection in x-direction using four-node

tetrahedrals for the different deflection levels

Contour Levels  C= 5y

g 1 15 x10™*

2 10 x10°*

s 3 5x10*

4 4 1x10*

5 0.1x10*

3 6 -0.1x10*

7 -0.5 x10"

2 8 10 x10*

9 -30 x10™

10 -50 x10™

| 11 -70 x10*

12 -90 x10*

i 13 -110 x10™*

14‘ 4 14 -115 x10™*
[

Figure 5.16(b) Contour surfaces of deflection in y-direction using four-node

tetrahedrals for the different deflection levels

Fig. 5.17(a) shows the specifications of a bearing bracket. The bracket is fixed at the base
and loaded vertically, as shown in Fig. 5.17(b). For a load of 1000 N, Young’s Modulus

0.2x10° MPa, Poisson’s ratio 0.3, the values of deflections are derived using FEA,
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considering it as the 3D problem. For the given loading conditions, the deflections are

due to the bending moment which is given by Egs. (3.26) to (3.28).

Fig. 5.18(a), 5.18(b) and 5.18(c) shows the contour plots of deflections in x, y and z-

directions using four-node tetrahedral elements for different levels of deflections.

Figure 5.17(a) Specifications of the bearing bracket

DOF Fixed

aCS9s: WCSad

4[| POF Fixed
% WCS

Figure 5.17(b) Boundary conditions and loading of the bearing bracket
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Contour Levels C= 5X

1 4x10
2 1x10?
3 0.5 x10°?
4 0.1x10?
5 -0.0005 x1072
6 0.1 x10?
7 -1x10%?
8 -4 x10%
9 -7x10
10 -12 x102
11 -16 x102
12 -20 x10°
13 -33x10°

Figure 5.18(a) Contour surfaces of deflection in x-direction using four-node

tetrahedrals for the different deflection levels for bearing bracket

Contour Levels c=0,
1 0.0005 x1072
2 0.03 x102
3 0.1x10?
4 0.5x10?
5 1x10?
6 2x10?
7 3x107
8 5x107
9 7x10%?
10 10 x102
11 14 x102
12 17 x102
/ 13 22 x102
14 26 x102
15 32 x102
16 38 x10
5 17 42 x10*
3 18 47 x10°

16 17

Figure 5.18(b) Contour surfaces of deflection in y-direction using four-node

tetrahedrals for the different deflection levels for bearing bracket
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Contour Levels C= 52

1 35 x102
2 30 x102
3 25 x1072
4 20 x1072
5 15 x102
6 10 x1072
7 6 x107
11 8 3 X].O-2
9 1x10?
10 0.1x10?
11 0.0006 x107
12 -0.1x10?
13 -0.05 x10°2
12
13 10
a
2
7
é 3

4

Figure 5.18(c) Contour surfaces of deflection in z-direction using four-node

tetrahedrals for the different deflection levels for bearing bracket

Fig. 5.19(a) shows the specifications of a fork. The fork is fixed at the axial hole and
loaded horizontally, as shown in Fig. 5.19(b). For a load of 1000 N, Young’s Modulus
0.2x10° MPa, Poisson’s ratio 0.3, the values of deflections are derived using FEA,
considering it as the 3D problem. For the given loading conditions, the deflections are
due to the combined effect of direct force and bending moment which are given by
Egs. (3.25) to (3.28).
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Figure 5.19(a) Specifications of the fork
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Figure 5.19(b) Boundary conditions and loading of the fork

Fig. 5.20(a), 5.20(b) and 5.20(c) shows the contour plots of deflections in x, y and z-
directions using four-node tetrahedral elements for different levels of deflections.

Contour Levels C= 5X

-2.8x10*
-2.0x10*
-1.5x10*
-0.5x10*
-0.1x10*

OO ~NOO U WNE

f

Figure 5.20(a) Contour surfaces of deflection in x-direction using four-node
tetrahedrals for the different deflection levels
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Contour Levels C= 5y
-42 x10*
-38 x10*

1

2

3 -32x10*
4 -27 x10*
5 -21 x10*
6 -12 x10*
7 -6 x10™*
8 -1x10™
9 1x10*

10 6 x10™

11 12 x10*

12 21 x10*

13 27 x10™

14 32 x10™

l I l I’ ” 15 38 x10*
a8 7 & 5 4 3

21

Figure 5.20(b) Contour surfaces of deflection in y-direction using four-node

tetrahedrals for the different deflection levels

| Contour Levels C= 52
-30 x10™*
2 -4
-25x10
i 4 3 -20 x10*

ey 15 x10°
\ -10 x10*

g ? -5 x10™
-2 x10*

‘ § 0.05x10™*

8’ 7
P
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Figure 5.20(c) Contour surfaces of deflection in z-direction using four-node

tetrahedrals for the different deflection levels

Fig. 5.21(a) shows the specifications of a fork. The fork is fixed at the two vertical holes
and loaded horizontally through the other two holes, as shown in Fig. 5.21(b). For a load
of 1000 N, Young’s Modulus 0.2 x10° MPa, Poisson’s ratio 0.3, the values of deflections
are derived using FEA, considering it as the 3D problem. For the given loading
conditions, the deflections are due to the combined effect of direct force and bending

moment which are given by Eqgs. (3.25) to (3.28).
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Figure 5.21(a) Specifications of the fork

¥

Figure 5.21(b) Boundary conditions and loading of the fork

Fig. 5.22(a), 5.22(b) and 5.22(c) show the contour plots of deflections in x, y and z-

directions using four-node tetrahedral elements for different levels of deflections.
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Contour Levels C= 5X

0.05 x10°®
0.6 x10°¢
1x10°
2x10°
3x10°
45x10°
7 x10°®

~NOoO s WN

Figure 5.22(a) Contour surfaces of deflection in x-direction using four-node

tetrahedrals for the different deflection levels for the fork

3 6 54 3 2 1
5 Contour Levels C= 5y
‘ ‘ -2 x10°®
-1.5x10°®

-0.5 x10°®
-0.2x10°
0.07 x10°®
0.2 x10°¢
0.8 x10°¢
1.8 x10°
3.5x10°¢
5.2 x10°¢
7.5 x10°

P POO~NOUOA~WNPRE
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Figure 5.22(b) Contour surfaces of deflection in y-direction using four-node

tetrahedrals for the different deflection levels for the fork

Contour Levels C= 52

8 x107
5x107
3x107

1 x107
0.5 x107
-0.1x107
-1x107
-3x107

O~NOO U WN B

]

Figure 5.22(c) Contour surfaces of deflection in z-direction using four-node

tetrahedrals for the different deflection levels for the fork

Fig. 5.23(a) shows the specifications of a bracket. The bracket is fixed at the base and

loaded vertically, as shown in Fig. 5.23(b). For a load of 1000 N, Young’s Modulus

0.2x10° MPa, Poisson’s ratio 0.3, the values of deflections are derived using FEA,
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considering it as a 3D problem. For the given loading conditions, the deflections are due

to the bending moment which is given by Eqgs. (3.26) to (3.28).
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Figure 5.23(a) Specifications of the bracket

All DOF Fixad
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Figure 5.23(b) Boundary conditions and loading of the bracket

Fig. 5.24(a), 5.24(b) and 5.24(c) show the contour plots of deflections in x, y and z

directions using four-node tetrahedral elements for different levels of deflections.
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Contour Levels C= 5X

200 x10*
100 x10™*

50 x10™

-5 x10*
-100 x10™
-250 x10™*
-500 x10™

~NOoO O~ WN R

Figure 5.24(a) Contour surfaces of deflection in x-direction using four-node

tetrahedrals for the different deflection levels for the bracket

Contour Levels C= 5y

1 440 x10°
2 400 x10°
3 350 x10°
4 300 x10°
5 250 x10°
6
7
8
9

200 x10°

150 x10°

100 x10°

50 x10°®

10 20 x10°®
11 5x10°
12 0.1x10°

Figure 5.24(b) Contour surfaces of deflection in y-direction using four-node

tetrahedrals for the different deflection levels for the bracket
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e Contour Levels C= 52

350 x10°

f i 300 x10°
5

250 x10°
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Figure 5.24(c) Contour surfaces of deflection in z-direction using four-node

tetrahedrals for the different deflection levels for the bracket

The next problem is a heat conduction problem, with the specifications shown in
Fig. 5.25(a). The temperature of 673°C and 273°C is fixed at the inside and outside of the
reactor, as shown in Fig. 5.25(b). For the known heat flow rate, thermal conductivity of
the materials as 0.01 W/m-deg and 0.0057 W/m-deg, and the given boundary
temperatures, the values of temperature distribution are derived using FEA. For the given

conditions, the temperature distribution is given by Eq. (3.30).
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Figure 5.25(a) Specifications of the reactor
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Figure 5.25(b) Boundary conditions and temperature fixation of the reactor

Fig. 5.26 shows the contour plots of temperature distribution using four-node tetrahedral

elements for different levels of temperature.

Contour Levels C=T
650
480
420
350
310
290
260

~No o~ wN e

Figure 5.26 Contour plot of temperature distribution (in °C) using four-node

tetrahedral elements for the reactor

It is observed that the contouring algorithm used here is very fast and takes 0.054945
seconds for the problem involving 276 four-node tetrahedral elements. The technique
developed here can be used to plot contours for applications where high speed is
required. Although the discussed algorithm simplifies contour plotting, inaccuracies due

to lower order interpolation are however introduced.
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5.6 IMPLEMENTATION OF THE ALGORITHMS FOR HEXAHEDRAL
ELEMENT

The contour surface generation algorithms discussed in section 5.2, are implemented in

the said system configuration.

The first problem is a deflection of a cantilever beam with specifications shown in
Fig. 5.27(a). The beam is fixed at one end and a vertical load is applied at the other end,
shown in Fig. 5.27(b). For a load of 100 N, Young’s Modulus 200GPa, Poisson’s ratio
0.3, the values of vertical deflections are derived using FEA, considering it as a 3D
problem. For the given loading conditions, the deflections are due to the bending
moment given by Egs. (3.26) to (3.28).

-
50

\_ @30 b | 50 |

Figure 5.27(b) Boundary conditions and loading of the beam
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To demonstrate the accuracy of the algorithm, the contour surfaces were plotted by
dividing the hexahedral into different tetrahedral elements (as discussed in section 5.3.2)
and then plotting the same using the discussed algorithm. Fig. 5.28 shows the contour
surface plots of vertical deflections using the two methods for different levels of
deflection. It can be seen from Fig. 5.28(a) and 5.28(b) that the behavior of contours

using the discussed algorithm is more accurate.

Coniour Levels C= .ﬁy

1 -0.01 =104
2 -0.05 =107
3 -0.08 =107
4 -012x104
3 -0.18=107

1 ! ’

2 2
2 4
4 4
5 5

(a) (b)
Figure 5.28 Contour surfaces of deflection in y-direction using eight-node

hexahedral element by: (a) Dividing the hexahedral element into different

tetrahedral elements; (b) Using the discussed algorithm

Figure 5.29 Specifications and conditions of the crane hook
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The second problem is a deflection problem of a curved beam in the form of a hook
shown in Fig. 5.29. The hook is fixed at one end and a vertical load is applied at the
other end, shown in Fig. 5.29. For a load of 5 kN, Young’s Modulus 200GPa, Poisson’s

ratio 0.3, the values of vertical deflections are derived using FEA.
The general equation of strain (Singh, 2008) in the curved beam is given by Eq. (5.52).

_My

Sl ) (5.52)

h

h

ey TPTT Y

Iogn(zj logn(zJ
r‘1 rl

where M is the bending moment, y is the distance from the neutral surface, E is the

with r, = for a square cross section.

Young’s Modulus, A is the area of cross section and p, is the internal radius of

curvature of the centroidal surface.

\
My

Figure 5.30 Contour surfaces of deflection in vertical direction using eight-node

Contour Levels C= 5y

~No g~ wWwN
o
[$)]

hexahedral elements for different deflection levels for the hook

We can derive deflection by the usual expression of strain. Fig. 5.30 shows the contour
surface plots of vertical deflections using eight-node hexahedral elements for different

levels of deflection.

Fig. 5.31(a) shows the specification of a plate. The beam is fixed at one end and a
horizontal load is applied at the other end, shown in Fig. 5.31(b). For a load of 1000 N,

Young’s Modulus 0.2 x10° MPa, Poisson’s ratio 0.3, the values of deflection are derived
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using FEA, considering it as a 3D problem. For the given loading conditions, the

deflections are due to the direct force which is given by Eg. (3.25).

Figure 5.31(a) Specifications of the plate

Figure 5.31(b) Boundary conditions and loading of the plate
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Fig. 5.32(a), 5.32(b) and 5.32(c) show the contour plots of deflections in x, y and z-

directions using eight-node hexahedral elements for different levels of deflection.

Contour Levels c=0,

1 0.05 x1072
2 0.15 x1072
3 0.25 x1072
4 0.45 x1072
0 5 0.65 x102
6 1.0 x102
o 7 1.4 x107?
12 8 1.8 x10?
9 2.2 x10?
10 2.8 x10°
11 3.2x10?
12 5.0 x10??
13 13 7.5 x107
7 2 11 12
&
5
4
3
2
1

Figure 5.32(a) Contour surfaces of deflection in x-direction using eight-node

hexahedral elements for the different deflection levels

Contour Levels C= §y

1 -0.09 x10%
2 -0.05 x10%
3 -0.01 x10%
4 0.005 x10°
5 0.05 x1072
6 0.15 x1072
7 0.25 x1072
8 0.35 x1072
9 0.55 x1072
10 0.75 x1072
11 1.2 x102
12 1.6 x102
13 3.0 x10?
14 4.1 x10%
15 4.4 x10%

Py
e

Figure 5.32(b) Contour surfaces of deflection in y-direction using eight-node

hexahedral elements for the different deflection levels
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0 0.055 x10?

Figure 5.32(c) Contour surfaces of deflection in z-direction using eight-node

hexahedral elements for the different deflection levels

Fig. 5.33(a) shows the specification of the ring. The ring is fixed and loaded as shown in
Fig. 5.33(b). For a load of 1000 N, Young’s Modulus 0.2x10° MPa, Poisson’s ratio 0.3,
the values of deflections are derived using FEA, considering it as a 3D ring problem. For
the given loading conditions, the deflections are due to the combined effect of direct

force and bending moment.

As the ring is vertically loaded, the general expression for resultant stress which can be

used to calculate the displacements is given by Egs. (5.50) and (5.51).

Figure 5.33(a) Specifications of the ring
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Figure 5.33(b) Boundary conditions and loading of the ring

Fig. 5.34(a), 5.34(b) and 5.34(c) show the contour plots of deflections in x, y and z-

directions using eight-node hexahedral elements for different levels of deflections.

Contour Levels C= (5x

\\\\\ 1 -20 x10?
2 -10 x102

3 -5 x107?

4 -1x10?

y 5 10 x1072
\3 6 70 x10?
2 7 130 x102

2 ER 8 220 x10?
a | 9 350 x10°
5 10 500 x10°
11 700 x1072

J 12 850 x10°
\ 13 1000 x10°
N
Figure 5.34(a) Contour surfaces of deflection in x-direction using eight-node

hexahedral elements for the different deflection levels for the ring

s Contour Levels C= 5y

48 // 1 250 107
S / 2 -150 10

/ 3 -80 x10°
1 4 -30 x10°
15 5 -5 xlO':

o 6 1 x10°

ﬂ/ 16 7 3x107
8 15 x102
9 30 x10?
10 60 x10
/ 11 120 x10%
/ 12 200 X102
/ 13 350 x102
14 600 x102
/ 15 900 x10%
{ 16 1300 x1072

Figure 5.34(b) Contour surfaces of deflection in y-direction using eight-node

hexahedral elements for the different deflection levels
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Contour Levels C= 52

1 -10 x10™
2 -30 x10™
3 -50 x10™
4 -100 x10™

Figure 5.34(c) Contour surfaces of deflection in z-direction using eight-node

hexahedral elements for the different deflection levels

Fig. 5.35(a) shows the specification of a U-section beam. The beam is fixed and
vertically loaded as shown in Fig. 5.35(b). For a load of 1000 N, Young’s Modulus
0.2x10° MPa, Poisson’s ratio 0.3, the values of deflections are derived using FEA,
considering it as a 3D problem. For the given loading conditions, the deflections are due

to bending moments which are given by Eqgs. (3.26) to (3.28).

Fig. 5.36(a), 5.36(b) and 5.36(c) show the contour plots of deflections in x, y and z-
directions using eight-node hexahedral elements for different levels of deflection.

300

Figure 5.35(a) Specifications of the U-section beam
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Figure 5.35(b) Boundary conditions and loading of the U-section beam

Contour Levels C= §X

-7.0x10°
-2.0x10?
-0.5x10?
0.009 x10°
0.1 x10%
0.5 x107
2.0 x10?
5.0 X107
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Figure 5.36(a) Contour surfaces of deflection in x-direction using eight-node

hexahedral elements for the different deflection levels
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-29 x10°?
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Figure 5.36(b) Contour surfaces of deflection in y-direction using eight-node

hexahedral elements for the different deflection levels
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Contour Levels C= 52

-50 x10™*
-20 x10**
-8 x10*
-3x10*
-0.5x10*
2 x10™
25 x10™
90 x10™*
160 x10™
240 x10*

Figure 5.36(c) Contour surfaces of deflection in z-direction using eight-node

hexahedral elements for the different deflection levels
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Fig. 5.37(a) shows the specification of a lever. The lever is fixed at the hole and loaded
as shown in Fig. 5.37(b). For a load of 1000 N, Young’s Modulus 0.2x10° MPa,
Poisson’s ratio 0.3, the values of deflection are derived using FEA, considering it as a 3D
problem. For the given loading conditions, the deflections are due to bending moments
which are given by Egs. (3.26) to (3.28).

Fig. 5.38(a), 5.38(b) and 5.38(c) shows the contour plots of deflections in x, y and z-

directions using eight-node hexahedral elements for different levels of deflections.

Figure 5.37(b) Boundary conditions and loading of the lever
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Contour Levels C= 5X

1 -180 x10°®
2 -140 x10°®
3 -100 x10°®
4 -60 x10°
5 -40 x10°
6
7
8

-20 x10°
-10 x10°
-5.0x10°®

9 -1.0x10°
g 10 0.5 x10°
g 11 2.0x10%
. 12 7.0x10°
13 17 x10°®
5 / 14 30 x10°
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Figure 5.38(a) Contour surfaces of deflection in x-direction using eight-node

10

hexahedral elements for the different deflection levels for the lever

Contour Levels C= 5y

1 -20 x1072
2 -17 x1072
3 -12 x1072
4 -8 x10°
5 -4 x10°?
6 -2.5x10°
7 -1.5x10°?
8 -0.7 x10°?
9 -0.2 x10°?
10 -0.05 x1072
11 0.1x10?
12 0.5 x10?
13 1.5 x10%
14 3.0x102

Figure 5.38(b) Contour surfaces of deflection in y-direction using eight-node

hexahedral elements for the different deflection levels for the lever
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Contour Levels c=0,

-0.1 x10™
-1.5x10™
-3.0x10*
-5.0 x10*
-10 x10*

s wWwN -

Figure 5.38(c) Contour surfaces of deflection in z-direction using eight-node

hexahedral elements for the different deflection levels for the lever

The contour surfaces of all the problems show the non-linear form of different surfaces
plotted. This shows that the contour plots are more accurate. The execution time for
some of the problems shows that the developed algorithm takes nearly 50% of less time

as taken by a direct method.

We have demonstrated the algorithm by analyzing the number of different problems. The
algorithm takes 0.5495 seconds for the generation and plotting of one contour surface for
126 hexahedral elements on a P-1V PC with 3.0 GHz CPU and 256 MB RAM for the
cantilever beam shown in Fig. 5.27(a). The direct approach takes 2.107 seconds for the
same problem run on the same environment. For the problem depicted in Fig. 5.29(a),
the time taken for 68 elements is 0.3297 seconds while the direct approach takes

0.604396 seconds for generation and plotting of one contour surface.

5.7 CONCLUDING REMARKS

The contour plotting technique using shape functions is demonstrated in the present

chapter.

The algorithm developed using four-node tetrahedral element can be used to plot
contours for applications where high speed is required, however, inaccuracies due to

lower order interpolation are introduced.
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Fast and accurate algorithms for the generation of contour surfaces are described using
hexahedral elements. The contour surfaces are described in the form of groups of
boundaries of contour segments and their interior points are derived using the contour
equation. The locations of contour boundaries and the interior points on contour surfaces
are as accurate as the interpolation results obtained by hexahedral elements and thus

there are no discrepancies between the analysis and visualization results.

To further increase the accuracy of results, higher order interpolation is investigated in

the next chapter.
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CHAPTER - VI

CONTOURING IN 3D USING NON-LINEAR ELEMENTS

6.1 INTRODUCTION

As discussed in the previous chapter, higher-order elements represent the data better than
lower-order elements. However, these generate large amount of numerical data as
compared to lower-order elements. So the generation of contour surfaces on higher-order
elements is more important, but it is a complex task. In order to simplify the contour
surface generation, normally a higher order element is split into linear elements and
linear interpolation of the physical quantity being interpreted is performed. The linear
approximation of a non-linear function creates inaccuracies in the results which is
unacceptable in many situations, particularly when the variation in the physical quantity
is large in a small neighbourhood. In this chapter, a technique is proposed for accurate
tracing of contours using ten-node tetrahedral element, as the tetrahedral elements are
commonly used in FEA due to their shape. The literature shows that no work related to

contour plotting is done on quadratic tetrahedral elements using shape functions.

6.2 CONTOUR EQUATION OVER TEN-NODE TETRAHEDRAL ELEMENT

A quadratic interpolation can be performed by taking six more discrete points on the
middle of the six sides of the tetrahedral element, as shown in Fig. 6.1. This is called ten-

node tetrahedral element.

3 (X3!y31 23)1 f3
()

(X2.¥2, 22), T
2
(Xp,y1, 71), f

(X4,Y4,24), T4

Figure 6.1 A ten-node tetrahedral element
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The interpolation is performed as shown in Egs. (6.1) to (6.4a).

x=i§|\|ixi (6.1)
yngiyi (6.2)
; :iZil:Nizi (6.3)
F(x,y) = 2 N, (6.42)

where N, = (2L, -1)L,,i=1234 and N, =4L,L,, N, =4L,L,, N, =4L,L,,
N, =4L,L,,N, =4L,L,,N,, =4L,L,and L, :%(ai +bx+cy+dz) (6.4b)

The coefficients a; ,b;, ¢i and d; are cofactors of the matrix, M, where

1 x5 v gz
Lox oy oz

M = 1 x. y 2 (6.5a)
1 X, Yo Z,

and, 6V = det(M ) The functions L, = L, (x, Y, z), i =1,2,3,4 are called shape functions.

A ten node interpolation using a tetrahedral element provides quadratic interpolation and
requires less number of elements for the same order of approximation in solution using
finite element technique. However, in order to plot contours, a ten node element is split
into number of four node tetrahedral elements and linear interpolation is performed to
plot contours. Although it simplifies contour plotting, inaccuracies are introduced. This
degrades the visual presentation of results in regions where the function changes rapidly
or where contours are closely placed. Moreover, the benefits due to higher order
approximations in finite element results are not reflected in visual presentation of results.
Motivated by these considerations, the exact tracing of contours over a ten-node element

is performed using quadratic interpolation. The method is explained as follows:

The contour equation assumes the following form over a ten-node tetrahedral element:
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10
SN, f, =C (6.50)
i=1

Substituting the values of shape function, N; from Eq. (6.4b) into Eq. (6.5b) and

simplifying, we get

I+ 1 X2 +Ly? + 1,22 + 1, x+ Ly + 1,z + 1 xy +l,yz +1,2x =C 6.6
y

0 1 2y 3 4 5 6 7 8 9

where

I, = (a2 —3va, )+ o (a2 —3va, )+ fy (a2 -3va )+L(a2—3Va )+

0 _18\/2 1 1 18\/2 2 2 18\/2 3 3 18\/2 4 4
f f f

wisz(alaz)+9\/762(3@3)+9V772(ala4)+9visz(aza3)+9V792(3334)+9V7102(a234) !

I, h (b12)+ fy (b22)+ ks (bsz)+ L (b42)+

TR 18v° 18v° 18v°

f f f f f f
9V52 (b1b2)+ 9V62 (b1b3)+ 9V72 (b1b4)+9V—82(b2b3)+9v—92(b3b4)+gv%(b2b4) !
f f f f
IZ = 18\; 2 (C12)+18\; 2 (C§)+18\; 2 <032)+18\;2 (C§)+
f f f f f f
9\/752(0102)+9\/762(0103)+w772(clc4)+9\/782(czcs)"'9\/792((:304)+9V%(Czc4) !
f f f f
T I ) P I W'
f5 fs f7 fs fg f10
gv—z(dldz)+9\/—2(d1d3)+gv—2(d1d4)+9v—2(d2d3)+9v—2(d3d4)+ N (d2d4) !
f f f f

l, :18\/712(251;)1 —3\/b1)+wv—22(2a2b2 —3\/b2)+wv—32(2a3b3 —3\/b3)+wv—42(2a4b4 —3vb, )+
f5 fG f7 f8
g\/ﬁ(albz +b1a2)+9\/72(a1b3 +b1a3)+9\/72(a1b4 +b1a4)+9\/72(a2b3 +b,a, )+
f f
g\/igz(asbél +b3a4)+9v7102(a2b4 +b2a4)’
fl f2 f3 f4
|5 = 18\/72(2a1(:1 —3\/Cl)+18\/72(2a202 —3\/(:2)"1‘18\/72(2&303 —3\/03)+18V72(Za404 —3\/C4)+

f f f f
9\/752(31(:2 +C,a, )+9V—62(a1(:3 +Cla3)+9\/772(a104 +Cla4)+9\/782(azcs +C2a3)+

f f
9\/792(61304 +Cia, )+9V%(a204 +Cza4)’
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f f f f
I =18V—12(2a1d1 —3\/d1)+18\/—22(2a2d2 —3Vd2)+18\/—32(2a3d3 —3Vd3)+18\/—42(2a4d4 -3vd, )+

f f f f
9\/752(a1d2 +d1a2)+9\/762(a1d3 +d1a3)+9\/772(a1d4 +d1a4)+9\/782(a2d3 +d2a3)+

f f
W%(asd4 +d3a4)+9\/7102(a2d4 +d2a4)’

f f f f
|7 = 18\/712(2b101)+18\/722(2bzcz)+18V732(2bgc3)+18v742(2b4c4 )+

f f f f
9\/752(b102 +Clb2 )+9V762(b103 + C1b3)+9\/772(b104 +C1b4 )+9V782(b203 +Czb3)+

f f
W—gz(b3c4 +Csb4 )+9\/%(bzc4 +Czb4 )’

lg = 18ﬁ(2c1d1)+18#(202d2)+18v—32(2c3d3)+18\/7“2(2¢40|4)+

f f f f
W%(Cldz +d102)+9\/762(01d3 +d103)+9\/772(01d4 +dlc4)+9\/782(02d3 +d203 )+

f f
9\/792(C3d4 +d304)+9\/%(czd4 +dzc4)’

f f f f
:]_8\/712(2b1d1)+18\/722(2b2d2)+18\/732(2b3d3)+18\/742(2b4d4)+

ly
fs fo f fs
W(bldz + d1b2 )+9V72(b1d3 + d1b3)+9\/72(b1d4 +d1b4)+9\/72(b2d3 +d2b3 )+
f f
g\/igz(bsdzt +d3b4)+9\/7102(b2d4 +dzb4)'
Eg. (6.6) can be compared with the following most general equation of second degree
which represents the quadratic surfaces or quadrics (Vasishtha and Agarwal, 2000)
F(x,y,2z)=ax? +by® + cz® + 2 fyz + 2gzx + 2hxy + 2ux + 2vy + 2wz +d =0 (6.7)

To select the type of quadric surface, Eq. (6.7) is to be reduced to either of the following

two, by the transformation of axes:
First form: A, x>+ A, y> +A,2° = u (6.8)
Second form: A,x* + A,y° =2z (6.9)

By giving different values to 4,, 4,, 4, and u the Egs. (6.8) and (6.9) will give rise to

different types of surfaces which are given in Table 6.1 and 6.2.
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Case Condition Quadric Surface

1 Ax* + By’ +Cz* =1 Ellipsoid

2 A(? +y?)+Cz? =1 Ellipsoid of revolution

3 A(x2 +y? +22)=1 Sphere

4 Ax? +By?-Cz? =1 Hyperboloid of one sheet

5 Ax? —-By?’-Cz? =1 Hyperboloid of two sheet

6 A(x2 - zz)-q- By? =1 Hyperboloid of revolution

7 Ax? +By?+Cz? =0 Cone

8 Ax* +By? =1 Elliptic cylinder

9 Ax* —By? =1 Hyperbolic cylinder

10 Ax* —By? =0 Pair of intersecting planes

11 Ax? =1or By? =1 or Cz? =1 | Pair of parallel planes
Table 6.1 Different forms of Eq. (6.8)

Case Condition Quadric Surface

1 Ax? + By? = 2Cz Elliptic paraboloid

2 Ax? —By? =2Cz Hyperbolic paraboloid

3 A(x2 n y2)= 2Cz Paraboloid of revolution

4 Ax® = +2Cz Parabolic cylinder

The coordinates of the centre of the surface F(x,y,z)=0 is found by taking the centre

as (@, B,7). Shifting the origin to (e, 8,7), Eq. (6.7) transforms to the form shown in

Eq. (6.10).

Table 6.2 Different forms of Eq. (6.9)

ax+a) +b(y+B)Y +c(z+y) +2f(y+ BNz +y)+29(z+y)x+a)+

2h(x +a )y + B)+2u(x+a)+2v(y + B)+2w(z + y)+d =0

Now the centre of Eq. (6.10) is the origin and hence it will be a homogeneous equation.

Therefore the first degree terms should vanish, so
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_0 i LoF/ _o e OF/ -
ac+hf+gy+u=0 1ie. > éa_o le. éa_o

he+bp+ fr+v=0 ie. %8F8ﬂ= e, OF/ =0 (6.11)
ga+ fB+cy+w=0 ie. %5':67: ie. 8%y=o

Rearranging Eqg. (6.10), we get

aa’ +bpB% +cy® + 216y + 29y + 2haf + 2ua + VB + 2wy +d
alaa+hp+gy+u)+ pha+bp+ fy+v)+ y(ga + 8 +cy+w)+ua +vE +wy +d

Using Eq. (6.11), the above equation can be written as

ua+vg+wy+d=d’ (6.12)

Hence the transformed Eq. (6.10) reduces to the following form:
ax® +by? +cz® +2fyz + 2gzx + 2hxy +d’ =0
where d’ is given by Eq. (6.12) and the centre (a,ﬂ,y) is given by the Eq. (6.11).

The following steps are used to reduce a general equation, F(x, y,z)=0 of second

degree to the standard form provided the terms of second degree do not form a perfect

square.
1. Form the discriminating cubic and solve it.

2. If all the three characteristic roots (say 4,,4,and A,) are different from zero, then

find the coordinates, (@, 3,7) of the centre by solving the Eq. (6.11).

3. Shift the origin to the centre, (@, /3,7) and then rotate the axes, the reduced

equation becomes
X+ A,y + A28 =
where  u=—(Uax+vB+wy+d)

4. If one root (say 4, =0) is equal to zero, then corresponding to this value, find the

principal directions, I,,m;,n, from any two of the following equations:
al; +hm, +gn, =0
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hl, +bm, + fn, =0 (6.13)
gl; + fm, +cn, =0
And evaluate k =ul, +vm, +wn, =0

If k #0. The reduced equation is A,x* + 1,y* +2kz = 0, and represents an elliptic

or hyperbolic paraboloid whose vertex is given by solving any two of the
Egs. (6.7), (6.10) and (6.11) along with the Eq. (6.13).

5. If k=0.There is a line of centers, given by any two of the following equations

5%X=o,5%y:o,5%z=o.

Let any point (a,ﬁ, y) on the line of centers be chosen as centre; then the reduced
equation is

ﬂixz +4, y* =u
where u=—(ua+vB+wy+d)

The algorithm discussed in section 3.3 of Chapter 1l is used for plotting of contours.
Except for steps (ii) and (iv), all steps are easy to understand. Detailed explanations are

given for these steps in the following sections.
6.2.1 Finding the Minimum and the Maximum of f(x, y,z) over the Element

In general, the minimum and the maximum for a quadratic equation can be found by
finding the point of extremum by taking the partial derivatives of the function given by

Eq. (6.7) w.r.t. X, y and z and equating them to zero, i.e.

2—f=2ax+2gz+2hy+2u=ax+gz+hy+u=0 (6.14a)

X

%szy+2fz+2hx+2v:by+fz+hx+v=0 (6.14b)
of

a—=2c2+2fy+2gx+2w=cz+ fy+gx+w=0 (6.14c)
z

Let the solution of Egs. (6.14a), (6.14b) and (6.14c) be (x,,Y.,z,)and the value of the

function f(x,y,z) at (X,,Y,.,z,) be fe. Now we find fyin and fmax by finding the minimum
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and the maximum of the values f. and f, f5 ..... and fio. It can be noted here that we are

simply interested here in deriving the extremum value at (x,,Y,,z,) notwithstanding the

fact whether it is a point of the maximum or the minimum.
6.2.2 Tracing Contour Surface over an Element

The contour surface represented by Eq. (6.6) can have one of the different possible
quadric surfaces. The contour surface is traced over the tetrahedral element by finding
the possible intersection of the surface with the face of the tetrahedral (Schneider and
Eberly, 2003). The face of the tetrahedral is taken as a plane. The intersection of the

possible quadric surface with the plane is one of the conic section, as discussed below.

Let us consider an arbitrary plane given by Eq. (6.15a).
ax+by+cz+d=0 (6.15a)

where at least one of the coefficients a, b, ¢ is distinct from zero.

Rearranging the Eq. (6.15a), we get

g Aabyrd o cx0 (6.15b)
C

The intersection equation of quadratic surface and the plane is obtained by substituting
the value of z from Eq. (6.15b) into Eq.(6.6), which yields the equation of the form

ax? + 2hxy + by? + 2gx + 2fy +¢c =0 (6.16)
Eqg. (6.16) represents the equation of general conics, discussed in detail in chapter V.

The tracing of contours for some of the quadric surfaces are explained as follows:

i) Sphere: A sphere can be defined implicitly:
(x-C,f+(y-c,F+(z-c,;-r=0 (6.17)

where C is the center of the sphere and r is the radius. If a plane is defined parametrically
as

P(ty t,)=p+t,0+t,V (6.18)
Substitute Eq. (6.18) into Eq. (6.17) for the given equation of the form
AtZ +Bt,t, +Ct> +Dt, + Et, + F =0 (6.19)

where,
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A=uj +uj +u?

B=2(uxvX +U,v, +uzvz)
2 2 2

C=vy +vy +V,

D Z(pxux +p,u, + pzuz)—Z(CXvX +Cyvy +Csz)

E :Z(vaX +p,v, + pzvz)—Z(vaX +Cyvy +Csz)

F=C’ +Cf +CZ+p2+ p§ +p? +2(CXPX +C,P, +CZPZ)—r

Figure 6.2 Intersection of a plane and a sphere

An alternative is to use a more direct geometric approach. Clearly, the intersection of a
plane and a sphere, if it exists, is simply a circle lying in the plane as shown in the
Fig. 6.2. The plane’s equation provides part of a 3D circle specification, so we need to
find the circle’s centre and radius. The insight for the solution lies in observing that the
centre C of the sphere is located at some distance along a line that passes through the
centre of the circle Q of intersection and is normal to the plane P, as can be seen more
directly in cross section in Fig. 6.3. If plane P is given in the normalized coordinate-free

version of the implicit form
PA+d=0
then the distance between the plane and the centre of the sphere can be simply written as

b=nQ+d
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If |b| > r, then there is no intersection; otherwise, the centre of the circle Q is simply
Q=C-bn

Now all that remains is to determine the radius of the circle of intersection. From

Fig. 6.3, it is see that
a?+b%=r? andso a=4/r>—b? isthe radius.

If the plane just barely ‘grazes’ the sphere, then r® —b®will be a very small number; in

this case, intersection is just a point.

i

Figure 6.3 Cross-sectional view of sphere-plane intersection

i) Cylinder: There are a number of ways a finite cylinder can intersect with a plane,

six of which are shown in Fig. 6.4.

J
i I

I I

}____________

/

Ellipse Circle Quadrilateral
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Line Elliptical Arc/ Line Segment Point
Figure 6.4 Some of the ways a plane and a cylinder can intersect
For the intersection detection algorithm, a plane is defined implicitly
PA+d=0 (6.20)
For the purposes of detecting an intersection, a plane P and a cylinder C can be in one of

several configurations:

1. P may be parallel to C’s axis: ‘a.ﬁ‘ =1. Then there will be an intersection if the

distance between P and C’s axis is less than or equal to the radius of the cylinder
(in which case the intersection will be a quadrilateral or a single line,

respectively).

2. P may be perpendicular to C’s axis: d.fi = 0. Then there will be an intersection if
the distance between P and C is less than or equal to the half-height of the

cylinder (in which case the intersection will be a circle).

3. P may be neither parallel nor perpendicular to C’s axis. Then there are two cases

to consider:

a. The intersection of P and the axis of C is closer to the centrepoint of C

than the half-height; in this case, there is definitely an intersection.

b. P intersects the axis of C outside the end caps of the cylinder, in which
case there may or may not be an intersection, depending on the relative
location of the point of intersection and the angle between the plane and

the axis.
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In either case, the intersection will be either an ellipse, an elliptical arc and a straight
line, or two elliptical arcs and two straight lines, depending on the relative orientation of

the plane.

All of the cases but the last are fairly trivial. Determining whether or not the plane is
parallel or perpendicular to the cylinder’s axis involves only a dot product. Computing
the distance between the cylinder’s centre point C and the plane is simple and

inexpensive. Computing the intersection of the plane and the cylinder’s axis is also

\f & ﬁz&’xlﬁxﬁ)

a

inexpensive.

S

Figure 6.5 Edge-on view of plane-cylinder intersection

The last case is illustrated in Fig. 6.5. The edge-on view is not simply a diagrammatic
convenience -the method for determining whether or not an intersection exists is done in

a plane perpendicular to P and going through C. The rest is basic trigonometry.
If 1, is the intersection of P and the axis of the cylinder, then if the point I is closer to
the axis than r (the radius of the cylinder), we have an intersection. The plane P’
perpendicular to P and going through C is parallel to d , and so its normal is *fixd’. A
vector in P’ that is perpendicular to d:

W=dx(ixd) (6.21)
The angle & between nand W is given by Eq. (6.22).

cos(6) = AW (6.22)
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The distance a is given by Eq. (6.23).

a=|I,—C|-h (6.23)
By the definition of the cosine function, it is known that

cos(@)=alc (6.24)
Substituting the values from Eq. (6.22) and (6.23) into Eq. (6.24), we get

|t. -¢|-h 1. -C]-h

AW="—"———andso c="—"——— (6.25)
C n.w

Invoking the Pythagorean Theorem,

a’+b*=c’

2
(1, —c|-h) +b2 = (Mj
n.w
2
ot <[ B2t -y (626
n.Ww

And so if b? <r?, we have an intersection; otherwise, not.

(iii)  Cone: There are actually quite a number of ways a cone and a plane can intersect,
eight of which are shown in Fig. 6.6.

Point Circle Ellipse Straight Line
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Point (finite cone only) Lines Hyperbola Parabola
Figure 6.6 Some of the ways a plane and a cone can intersect

For the intersection detection algorithm, a plane is defined implicitly by Eq. (6.20). The

finite single cone is defined in ‘general position’ — as a base point B, axisd , and height
h.

For the purposes of detecting an intersection, a plane P and a cone C can be in one of

several configurations:

A

1. P may be parallel to C’s axis: |[d.A|=1. Then there will be an intersection if the

distance between P and C’s axis is less than or equal to the radius of the cone.

2. P may be perpendicular to C’s axis: d.fi=0. Then there will be an intersection if

the signed distance (relative to d ) from B to P is between 0 and h.

3. If P is neither parallel nor perpendicular to C’s axis, then there are two cases to

consider:

a.  The signed distance (relative to J) from B to P is between 0 and h; in this

case, there is definitely an intersection.

b. P intersects the axis of C outside the apex or end cap of the cone, in this case,
there may or may not be an intersection, depending on the relative location of

the point of intersection and the angle between the plane and the axis.

All of the cases but the last are fairly trivial. Determining whether or not the plane is
parallel or perpendicular to the cone’s axis involves only a dot product. Computing the
distance between the cone’s base point B and the plane, is simple and inexpensive.

Computing the intersection of the plane and the cone’s axis is inexpensive as well.
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The last case is illustrated in Fig. 6.8. The edge-on view is not simply a diagrammatic
convenience — the method for determining whether or not an intersection exists is done

in a plane perpendicular to P and going through B. The rest is basic trigonometry.

If 1, is the intersection of P and the axis of the cone, then if the point 1_is closer to the
axis than r (the radius of the cone), there is an intersection. The plane P’ perpendicular to

P and going through B is parallel to d ,and so its normal is Axd
We define a vector in P that is perpendicular to d:
W=dx(ixd) (6.27)

The angle & between nand w is given by Eq. (6.28).

cos(@) = AW (6.28)
The distance a is given by Eq. (6.29).

a=|1,-B|-h (6.29)
By the definition of the cosine function,

cos(@)=alc (6.30)

Substituting, the values from Eq. (6.28) and (6.29) into Eq. (6.30),

AW = w andso c = w (6.31)
C AW
Invoking the Pythagorean Theorem, the following is obtained,
a’+b®=c’
2
(11, - B|-hY +b* :[WJ
n.W
|t -B-hY
b? = (—] ~(r, —B|-h)’ (6.32)
AW

And so if b? < r?, there is an intersection.
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Figure 6.7 Edge-on view of plane-cone intersection
Similarly the intersections of all the other quadric surfaces with the plane are defined.

The next task is to plot the contour surfaces of same level in order to make a complete
contour surface from one end to another. The plotting of the contour surface is done

through rasterization. This provides a fast way of contour surfaces over a 3D domain.

6.3 IMPLEMENTATION OF THE ALGORITHM AND NUMERICAL
RESULTS

The contour plot algorithm, discussed in section 6.2, is implemented in Turbo C++ and
runs on an IBM compatible PC with 3.0 GHz CPU and 256 RAM under Windows
operating system. The OpenGL graphics libraries are used to display the geometry and

contour lines for different components.

The first problem is a pure synthetic problem which represents some of the quadric
surfaces for the cases represented by Eq. (6.6). We consider a cube domain
[-2,2]x[-2,2]x[-2,2] in cartesian system which is divided into number of ten-node
tetrahedral elements and find some of the contour surfaces for various values of the
coefficients, |,through I, as given in Table 6.3. Fig. 6.8 demonstrates that the contour
surfaces are more accurate as compared to four-node tetrahedral elements where the

contour surfaces can only be the linear planes.
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Quadric
Surface

Cylinder 15 -10 -1 -2 -3 -4 -5 -2 -3

Hyperbolic 0 1 -1 -1 0 0 -1 0 0
Paraboloid

Ellipsoid -1 0.11 1 0.25 0 0 0 0 0

Hyperboloid | 0.25 1 -1 2 0 0 -1 0 0
of Two
Sheets

Hyperboloid | -0.5 1 -1 2 0 0 -1 0 0
of One
Sheets

Table 6.3 Values of coefficients for different contours shown in Fig. 6.8

(©) (d)
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(e)
Figure 6.8 Contours over the cube domains: (a) Cylinder; (b) Hyperbolic

Paraboloid; (c) Ellipsoid; (d) Hyperboloid of Two Sheets; (e) Hyperboloid of
One Sheets

Further, the problems considered here are the deflection and thermal problems of the

different components.

The first problem is a deflection of a 3D hand wheel with specification shown in Fig. 6.9.
The wheel is fixed at one end and a load is applied at the handle, shown in Fig. 6.10. For
a load of 1000 N, Young’s Modulus 0.2x10° MPa, Poisson’s ratio 0.3, the values of
deflections are derived using FEA, considering it as a 3D problem using ten-node

tetrahedral elements.

For the given loading conditions, the deflections are due to the bending moment which is
given by Egs. (3.26) to (3.28).

Figure 6.9 Specifications of the hand wheel
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Figure 6.10 Boundary conditions and loading of the hand wheel

Fig. 6.11(a), 6.11(b) and 6.11(c) shows the contour plots of deflections in x, y and z-

directions using ten-node tetrahedral elements for different levels of deflection.

Contour Levels C= 5X

3 1 -70 x10°®

2 -50 x10°®

3 -38 x10°®

6 & 4 -22 x10°®
6 5 -12 x10°®

5 6 -5x10°

4 / 7 5x10°

321

Figure 6.11(a) Contour surfaces of deflection in x-direction using ten-node

tetrahedral elements for the different deflection levels for the hand wheel

E

' Contour Levels C= 5y

‘ 1 -4.0 x10*

I 2 -3.0 x10™

3 -2.0x10*

4 -1.0 x10*

5 0.01 x10*

6 0.1 x10*

65

Figure 6.11(b) Contour surfaces of deflection in y-direction using ten-node

tetrahedral elements for the different deflection levels for the hand wheel
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Contour Levels

O©CoOoO~NOO R WNE

c=0,

-1.0x10*
-0.7 x10*
-0.4 x10*
-0.1x10"

0.1x10*
0.5x10*
2.0 x10™*
4.0x10*
5.7 x10™

Figure 6.11(c) Contour surfaces of deflection in z-direction using ten-node

tetrahedral elements for the different deflection levels for the hand wheel

Fig. 6.12(a) shows the specification of a component. The component is fixed and loaded

as

shown in Fig. 6.12(b). For a load of 1000 N, Young’s

Modulus

0.2x10° MPa, Poisson’s ratio 0.3, the values of deflections are derived using FEA,

considering it as a 3D problem. For the given loading conditions, the deflections are due

to the combined effect of direct force and bending moments which are given by Egs.
(3.25) to (3.28).

40
3

30

10

50
1

Figure 6.12(a) Specifications of the component
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Figure 6.12(b) Boundary conditions and loading of the component
Fig. 6.13(a) and 6.13(b) shows the contour plots of deflections in x and y-directions using
ten-node tetrahedral elements for different levels of deflections.

Contour Levels C= 5X

1 -60 x10*
2 -30 x10*
3 -1x10*
1 4 20 x10*
6 100 x10™*
—T 7 200 x10™
8 300 x10*
9 500 x10*
- 10 600 x10*
11 661 x10*
— -
& 5 4

i 2 3

Figure 6.13(a) Contour surfaces of deflection in x-direction using ten-node

tetrahedral elements for the different deflection levels for the component

321 Contour Levels C= 5y

L 1 -10 x10*

2 -5 x10*

3 -1x10*

4 5x10*

5 15 x10*

6 30 x10™

7 50 x10*

8 100 x10™*

9 200 x10*

10 300 x10™

.’/ 11 400 x10™*

1 12 500 x10*

15 14 13 12 11 1w 9 g 7 6 5432 13 650 x10°
14 750 x10*

15 900 x10*

Figure 6.13(b) Contour surfaces of deflection in y-direction using ten-node

tetrahedral elements for the different deflection levels for the component
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Fig. 6.14(a) shows the specification of the bearing holder. The bearing holder is fixed
and loaded as shown in Fig. 6.14(b). For a load of 1000 N, Young’s Modulus
0.2x10° MPa, Poisson’s ratio 0.3, the values of deflections are derived using FEA,
considering it as a 3D problem. For the given loading conditions, the deflections are due
to the combined effect of direct force and bending moments which are given by
Egs. (3.25) to (3.28).

Fig. 6.15(a) and 6.15(b) shows the contour plots of deflections in x and y directions using

ten-node tetrahedral elements for different levels of deflections.

82

180

1 =i

Figure 6.14(b) Boundary conditions and loading of the bearing holder

226



L-osgabdar i, Contour Levels C= §X

-70 x10*
-45 x10*
-25 x10™

-8 x10*

-2 x10*
10 x10*
20 x10*
35 x10*
45 x10*
60 x10™

J

o

¢ I——

Figure 6.15(a) Contour surfaces of deflection in x-direction using ten-node

tetrahedral elements for the different deflection levels for the bearing holder

1

g

i}

Contour Levels C= 5y

I 1x10*
w 1 3x10*
7.5x10"

4 15 x10*

25 x10™
35 x10™
55 x10™

75 x10*

2
90 x10*
, ‘ , 0 122 x10™

Figure 6.15(b) Contour surfaces of deflection in y-direction using ten-node

3

2

P OO~NOUh~WNPRE

tetrahedral elements for the different deflection levels for the bearing holder

Fig. 6.16(a) shows the specification of chair. The chair is fixed at the base and vertically
loaded as shown in Fig. 6.16(b). For a load of 1000 N, Young’s Modulus 0.2x10° MPa,
Poisson’s ratio 0.3, the values of deflection are derived using FEA, considering it as a 3D
problem. For the given loading conditions, the deflections are due to the direct force
which is given by Eq. (3.25).

Fig. 6.17(a) and 6.17(b) shows the contour plots of deflections in y and z- directions

using ten-node tetrahedral elements for different levels of deflection.
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Figure 6.16(a) Specifications of the chair

bl DOF Fixad
Cays: WCS

hal| DOF Fixad
Cayst WCS

Figure 6.16(b) Boundary conditions and loading of the chair
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Contour Levels C= 5y

-220 x10%
-180 x10%
-140 x10%
-100 x107
-50 x1072
-10 x1072
-6 x1072
-3x10%

O~NO U WN -

Figure 6.17(a) Contour surfaces of deflection in y-direction using ten-node

tetrahedral elements for the different deflection levels for the chair

Contour Levels c=0

-27 x10?
-17 x10?
-10 x10?
-5 x10%
-1x10%
3x10?
13 x102
23 x10?
30 x10?
33.5x102

SBoo~vouh~wnr

Figure 6.17(b) Contour surfaces of deflection in z-direction using ten-node

tetrahedral elements for the different deflection levels for the chair

229



The next problem is a heat conduction problem, with the specifications shown in Fig.
6.18(a). The temperature of 673°C and 273°C is fixed at the base and top of the pan, as
shown in Fig. 6.18(b). For the known heat flow rate, thermal conductivity of the material
as 0.20800 W/m-deg and the given boundary temperatures, the values of temperature
distribution is derived using FEA. For the given conditions, the temperature distribution

is given by Fourier Equation (Kumar, 2008).

g2u0_ 2

Figure 6.18(b) Boundary conditions and temperature fixation of the pan

Fig. 6.19 shows the contour plots of temperature distribution using ten-node tetrahedral

elements for the different levels of temperature.
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Figure 6.19 Contour plot of temperature distribution (in °C) using ten-node

tetrahedral elements for the pan

Fig. 6.20(a) shows the specification of the boiler shell for the heat conduction problem.
The temperature of 673°C and 273°C is fixed at the inside and outside of the shell, as
shown in Fig. 6.20(b). For the known heat flow rate, thermal conductivity of the
materials as 0.20800 W/m-deg and 0.12800 W/m-deg, and the given boundary
temperatures, the values of temperature distribution is derived using FEA. For the given

conditions, the temperature distribution is given by Eq. (3.31).

Fig. 6.21 shows the front and top view of contour plots of temperature distribution using

ten-node tetrahedral elements for the different levels of temperature.
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Figure 6.20(a) Specifications of the shell
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Figure 6.20(b) Boundary conditions and temperature fixation of the shell
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Figure 6.21 Front and top view of contour plot of temperature distribution (in °C)

using ten-node tetrahedral elements for the shell

The contour surfaces generated in the different problems discussed above shows that the
contour equation developed using shape functions can be used to plot the surfaces. The
algorithm takes less than 4 seconds for the generation and plotting of one contour surface
for 825 ten-node tetrahedral elements on a P-IV PC with 3.0 GHz CPU and 256 MB
RAM.

6.4 CONCLUDING REMARKS

Higher order elements are mainly used for better results. These results are also to be
accurately plotted to conceive the information generated by these results. To simplify the
contour plotting, generally the higher order elements are splited into number of linear
elements. To increase the accuracy of plotting, the contour equation is developed using
shape functions for ten-node tetrahedral element. The developed contour equation

represents the quadratic surfaces or quadrics, which are traced as contour surfaces.
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CHAPTER - VII

CONCLUSIONS AND FUTURE SCOPE

7.1 GENERAL

This chapter covers the summary of research work and presents the conclusions. It also

discusses the scope for further research.

The main conclusions of the present research work have been derived from the numerical

results presented by implementing the developed algorithms in the different chapters.

7.2 CONCLUSIONS

The following conclusions have been drawn:

A simple and fast method for contour plotting is developed using three-node

triangular element in 2D.

An accurate and fast algorithm for contour plotting using four-node quadrilateral
element is developed. The contour equation is developed using shape functions,
which generates the contours as accurate as the FEA results. The algorithm for the

joining of the contour segments is very useful for faster displays.

Accurate contour plotting algorithm using six-node triangular elements is
developed. The quadratic interpolation function representing contours is
degenerated into various conic sections for accurate and fast display. It is observed
that the contouring algorithm is very fast and takes less than 0.17 seconds for the
different shown cases in the problem involving 132 six-node elements. The
accuracy is demonstrated by comparing contour lines derived with three-node
elements. The technique developed in this paper can be used to plot contours

accurately for applications where high accuracy is required.

A fast algorithm for the plotting of contours using eight-node quadrilateral
elements is described. The contours are accurately generated over each element
using the interpolation functions. The exactness of the contours matches that of the
finite element analysis. The developed contour joining algorithm makes the

technique faster than the existing techniques.
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The contour surfaces in 3D are developed to show the variation of the physical
parameter within the considered domain as against the techniques which show the

variation only on the surface.

A simple and fast algorithm for contour plotting is developed using four-node
tetrahedral element in 3D.

Fast and accurate algorithms for the generation of contour surfaces in 3D are
described using hexahedral elements. The algorithm provides contour surfaces in
the form of polygons whose sides are curves in 3D. The method for the generation
of interior points of contour surfaces is given which provides their accurate
locations. However, the contour surfaces are C° continuous at interelement

boundaries.

An accurate algorithm for plotting contour surfaces in 3D using ten-node
tetrahedral elements is presented. The interpolation function representing contours

is degenerated into various quadric surfaces for ten-node tetrahedral elements.

The main drawback of the interpolation formulation used in the development of contour

equations in all the above algorithms is that as the order of the element increases, the

complexities in terms of computations are increased.

7.3 SCOPE FOR FUTURE WORK

While carrying out the present study, a number of areas have come to focus, where

detailed research can be taken up. These areas demand more exploration and analysis

through further research. The scope of future work may be as follows:

The algorithm for contour plotting can be developed over twenty-node hexahedral

element.

Perspective projections can be taken into account for displaying the contour
surfaces.

Hidden line or surface algorithm can be implemented to show the variation only on
the outer surface of the domain.
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