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Abstract

In daily life problems, a process is followed by an individual or group of persons to
finalize a decision. This process is called DM and the problems are called DMPrs. DMPrs
can be mainly classified into the two following categories:

(@) Single/multi-attribute DMPrs: This category contains those DMPrs in which a
finite number of alternatives are known and the aim is to rank these alternatives e.g.,
(i) To rank 50 students of a class on the basis of the marks, secured in
Mathematics, is a single attribute DMPr.
(i)  To rank 50 students of a class on the basis of marks, secured in Mathematics,
Physics and Chemistry, isa MADMPr.
(b) Single/multi-objective DMPrs: This category contains those DMPrs in which the
aim is to find a way which will maximize/minimize one or more functions subject to
various restrictions e.g.,

Q) To find the quantity of the product that should be supplied from various
sources to various destinations in such a manner that the total TrC is minimum
is a single objective DMPr.

(i) To find the quantity of the product that should be supplied from various
sources to various destinations in such a manner that the total TrC as well as
the total transportation risk is minimum is a multi-objective DMPr.

One of the important steps of DM is to collect the information/data regarding the problem.
It is pertinent to mention that it is not always possible to represent the collected
data/information as a RN e.g.,

(1)  The cost to hire a cab between two fixed places cannot be represented by a RN as it

varies from time to time depending on the traffic/weather-conditions/route etc.

vii



(i)  The rating of a movie review cannot be presented by a RN instead it can be

expressed in linguistic terms such as poor, average, good, excellent etc.

In the literature, different ways have been introduced to handle these types of data. One of

the way, used by several researchers, to handle the same is to express the data as FS [189]

and its extensions [9, 13, 52, 80, 127, 167, 168].

In the last few years, several researchers have proposed various methods for solving

DMPrs under fuzzy environment and its extensions. These methods can be classified into

different categories. Some of these categories are as follows:

(i)

(i)

(iii)

(iv)

(v)

Methods for solving DMPrs under IF environment:

This category contains all those methods for solving DMPrs in which some or all the
collected information/data is expressed as IFS [9].

Methods for solving DMPrs under IVIF environment:

This category contains all those methods for solving DMPrs in which some or all the
collected information/data is expressed as IVIFS [13].

Methods for solving DMPrs under DHF soft environment:

This category contains all those methods for solving DMPrs in which some or all the
collected information/data is expressed as DHFSS [52].

Methods for solving DMPrs under IVIF soft environment:

This category contains all those methods for solving DMPrs in which some or all the
collected information/data is expressed as IVIFSS [80].

Methods for solving DMPrs under neutrosophic environment:

This category contains all those methods for solving DMPrs in which some or all the

collected information/data is expressed as SVNS [168].

viii



(vi) Methods for solving DMPrs under interval-valued neutrosophic environment:
This category contains all those methods for solving DMPrs in which some or all those
collected information/data is expressed as VNS [167].

(vii)  Methods for solving DMPrs under IVPF environment:

This category contains all those methods for solving DMPrs in which some or all those

collected information/data is expressed as IVPFS [127].

In the last few years, various approaches have been proposed for solving MADMPrs
under various extensions of fuzzy environment. After a deep study, some limitations
and/or shortcomings have been observed in the existing methods [1, 8, 51, 56, 98, 99, 157]
for solving DMPrs under various extensions of fuzzy environment. Keeping the same in
mind, the aim of this thesis is
(i) To point out as well as to overcome the limitations of the existing method [99].

(if) To point out as well as to overcome the limitations of the existing method [98].
(iii) To point out as well as to resolve the shortcomings of the existing method [8].

(iv) To point out as well as to resolve the shortcomings of the existing method [51].

(v) To point out as well as to overcome the shortcomings of the existing method [1].
(vi) To point out as well as to overcome the shortcomings of the existing method [157].

(vii) To point out as well as to overcome the shortcomings of the existing method [56].
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Chapter 1

Introduction

1.1 Introduction

In daily life problems, a process is followed by an individual or group of persons to
finalize a decision. This process is called DM and the problems are called DMPrs. DMPrs can
be mainly classified into the two following categories:

() Single/multi-attribute DMPrs: This category contains those DMPrs in which a
finite number of alternatives are known and the aim is to rank these alternatives e.g.,
(i) To rank 50 students of a class on the basis of the marks, secured in
Mathematics, is a single attribute DMPr.
(i)  To rank 50 students of a class on the basis of marks, secured in Mathematics,
Physics and Chemistry, isa MADMPTr.
(b) Single/multi-objective DMPrs: This category contains those DMPrs in which the
aim is to find a way which will maximize/minimize one or more functions subject to
various restrictions e.g.,

Q) To find the quantity of the product that should be supplied from various
sources to various destinations in such a manner that the total TrC is minimum
is a single objective DMPr.

(i) To find the quantity of the product that should be supplied from various
sources to various destinations in such a manner that the total TrC as well as

the total transportation risk is minimum is a multi-objective DMPr.



One of the important steps of DM is to collect the information/data regarding the problem.
It is pertinent to mention that it is not always possible to represent the collected
data/information as a RN e.g.,
(1)  The cost to hire a cab between two fixed places cannot be represented by a RN as it
varies from time to time depending on the traffic/weather-conditions/route etc.
(i) The rating of a movie review cannot be presented by a RN instead it can be
expressed in linguistic terms such as poor, average, good, excellent etc.

In the literature, different ways have been introduced to handle these types of data. One
of the way, used by several researchers, to handle the same is to express the data as FS [189]
and its extensions [9, 13, 52, 80, 127, 167, 168].

In the last few years, several researchers have proposed various methods for solving
DMPrs under fuzzy environment and its extensions. These methods can be classified into
different categories. Some of these categories are as follows:

(i) Methods for solving DMPrs under IF environment:
This category contains all those methods for solving DMPrs in which some or all the
collected information/data is expressed as IFS [9].
(i)  Methods for solving DMPrs under IVIF environment:
This category contains all those methods for solving DMPrs in which some or all the
collected information/data is expressed as IVIFS [13].
(ili))  Methods for solving DMPrs under DHF soft environment:
This category contains all those methods for solving DMPrs in which some or all the
collected information/data is expressed as DHFSS [52].
(iv) Methods for solving DMPrs under IVIF soft environment:
This category contains all those methods for solving DMPrs in which some or all the

collected information/data is expressed as IVIFSS [80].



(v) Methods for solving DMPrs under neutrosophic environment:

This category contains all those methods for solving DMPrs in which some or all the
collected information/data is expressed as SVNS [168].

(vi) Methods for solving DMPrs under interval-valued neutrosophic environment:
This category contains all those methods for solving DMPrs in which some or all those
collected information/data is expressed as VNS [167].

(vii)  Methods for solving DMPrs under IVVPF environment:
This category contains all those methods for solving DMPrs in which some or all those

collected information/data is expressed as IVPFS [127].

1.2 Objectives of the Thesis

In the last few years, various approaches have been proposed for solving MADMPrs
under various extensions of fuzzy environment. After a deep study, some limitations
and/or shortcomings have been observed in the existing methods [1, 8, 51, 56, 98, 99, 157]
for solving DMPrs under various extensions of fuzzy environment. Keeping the same in
mind, the aim of this thesis is
(i) To point out as well as to overcome the limitations of the existing method [99].

(if) To point out as well as to overcome the limitations of the existing method [98].
(iii) To point out as well as to resolve the shortcomings of the existing method [8].

(iv) To point out as well as to resolve the shortcomings of the existing method [51].

(v) To point out as well as to overcome the shortcomings of the existing method [1].
(vi) To point out as well as to overcome the shortcomings of the existing method [157].

(vii) To point out as well as to overcome the shortcomings of the existing method [56].



1.3 Chapter wise summary of the Thesis

The chapter wise summary of the thesis is as follows:
Chapter 1 is an introductory in nature.
Chapter 2
Mehar RM for comparing CNs and its application in DM

Kumar and Garg [99] considered some IFMADMPrs to show that the existing
IFMADMM [18] fails to rank the alternatives of the considered IFMADMPrs. Kumar and
Garg also pointed out that this limitation of the existing IFMADMM can be resolved with the
help of a CN [28]. Since, to do the same there was need to transform each IFN [9] of the
IFDM into a CN. But, there was no method in the literature to transform an IFN into a CN.
Therefore, Kumar and Garg firstly proposed a method to transform an IFN into a CN. Then,
using this method, Kumar and Garg proposed a method to solve IFMADMPrs. In this chapter,
it is shown that the RM, used in Step 5 of Kumar and Garg’s method for comparing CNs,
fails to compare two distinct CNs. Hence, Kumar and Garg’s method fails to rank the
alternatives of IFMADMPTrs. Furthermore, to overcome the limitation of Kumar and Garg’s
method, a new RM (named as Mehar RM) is proposed for comparing CNs.
Chapter 3

Mehar IVIFMADMM without using the concept of CN

Kumar and Garg [98] pointed out that several researchers [18, 24, 43, 76, 133, 164, 170,
172] have used the CN [28] for solving MADMPrs under crisp environment, fuzzy
environment, IVF environment and IF environment. However, till now no one have used the
same for solving MADMPrs under IVIF environment. Since to fill this gap, there was need to
propose a method for transforming an IVIFS into a CN as well as a RM for comparing CNs.
Therefore, Kumar and Garg, firstly, proposed the methods for the same. Then, using these

methods, Kumar and Garg proposed an IVIFMADMM for solving IVIFMADMPTrs. In this



chapter, an IVIFMADMPr is solved by Kumar and Garg’s IVIFMADMM and shown that
Kumar and Garg’s method fails to rank the alternatives of the considered problem. To
overcome this limitation of Kumar and Garg’s IVIFMADMM, a new method (named as
Mehar IVIFMADMM) is proposed for solving IVIFMADMPrs without transforming the
elements of IVIFDM into CNs. Also, the PO for the alternatives of the considered
IVIFMADMPr is obtained by the proposed Mehar IVIFMADMM. Furthermore, the
advantages of applying the proposed Mehar IVIFMADMM over Kumar and Garg’s
IVIFMADMM are discussed.
Chapter 4
Modified expressions to evaluate the CoCf between two DHFSSs and their application
in DM

Arora and Garg [8] proposed two expressions for evaluating the weighted CoCfs between
two DHFSSs [52]. Arora and Garg claimed that their proposed expressions can be used for
finding the solution for several real-life MCDMPrs under DHFSS environment. To validate
the claim, Arora and Garg solved three real-life problems (finding the best candidate, medical
diagnosis problem and pattern recognition). In future, other researchers may use Arora and
Garg’s expressions for solving same type of real-life problems or some other type of real-life
problems. However, after a deep study, it is observed that the Arora and Garg have used some
mathematical incorrect assumptions to obtain their proposed expressions i.e., Arora and
Garg’s expressions are not valid in its present form. Therefore, if one will apply these
expressions then the obtained results may or may not be exact. Keeping the same in mind,
Arora and Garg’s expressions have been modified. Furthermore, using the modified
expressions, the exact results of the real-life problems, considered by Arora and Garg, have

been obtained.



Chapter 5
Modified NLP methodology for MADMPrs with IVIFSSs information

Garg and Arora [51] claimed that there is no method in the literature to solve
IVIFSMADMPrs and hence, proposed a NLPM for solving IVIFSMADMPrs. Since, it is
only method for solving IVIFSMADMPrs so the other researchers may be attracted to use
this method for solving real-life IVIFSMADMPrs. However, after a deep study, it is observed
that some mathematical incorrect assumptions have been considered in this method.
Therefore, it is scientifically incorrect to use this method for solving real-life
IVIFSMADMPrs. Keeping the same in mind, Garg and Arora’s method is modified.
Chapter 6
A novel method for solving fully NSLPPrs: Suggested modifications

Abdel-Basset et al. [1] claimed that although several methods have been proposed in the
literature to find the solution of different types of FLPPr/IFLPPrs (LPPrs in which some/all
the parameters are represented as FNs/ IFNs) [5, 17, 19, 37, 38, 44, 70, 71, 100, 104, 105,
112, 122, 134, 142, 149, 156, 159, 171, 197, 202]. However, there is no method in the
literature for solving such NSLPPrs in which some/all the parameters are represented as
TrNNs. To fill this gap, Abdel-Basset et al. proposed methods for solving different types of
NSLPPrs. In Abdel-Basset et al.’s methods, firstly, a NSLPPr is transformed into a CLPPr by
replacing each parameter of the NSLPPr, represented by a TrNN, with its equivalent
defuzzified crisp value. Then, the optimal solution of the transformed CLPPr is used to find
the optimal solution and optimal value of the considered NSLPPr. Abdel-Basset et al. also
pointed out that as a TrFN is a special case of TrNN. Therefore, the FLPPrs, can be solved by
the existing methods [38, 44, 100, 134], can also be solved by their proposed methods. Abdel-
Basset et al. also solved the same FLPPrs by their proposed methods as well as by the

existing methods [38, 44, 100, 134] and shown that the results, obtained on applying by their



proposed methods, are better than the results obtained on applying the existing methods [38,
44,100, 134]. In this chapter, it is shown that for the ranking function, used by Abdel-Basset
et al., to transform a TrNN into its equivalent crisp value, the linearity property is not
satisfying. Whereas, Abdel-Basset et al. have used the linearity property in their proposed
methods to transform a NSLPPr into its equivalent CLPPr. Therefore, Abdel-Basset et al.’s
methods are not valid in its present form. Furthermore, the required modifications in Abdel-
Basset et al.’s methods are suggested.
Chapter 7
Modified approach for optimization of real-life TrPr in neutrosophic environment

In daily life problems, there is a need to transport the product from various sources to
different destinations. To find a way to transport the product in such a manner so that the total
TrC is minimum is called the optimal way and the problem is called cost minimization TrPrs
[72]. Different methods have been proposed in the literature to find the optimal way of such
cost minimization TrPrs in which cost for transporting unit quantity of the product,
availability of the product at the sources and demand of the product at the destinations are
represented as a RNs. However, to assume these parameters as RNs is not always valid
according to real-life situations e.g., the TrC depends upon the circumstances like price of
petrol/diesel, weather, travel time, traffic jam etc. Similarly, the availability of crops varies
according to the monsoon, fertilizers, chemicals etc., the demand of the various clothes
depend on the season, fashion trends, discount offers etc. Furthermore, the opinions of the
experts about these parameters cannot always be represented as a RNs, e.g., generally experts
provide their opinion about these parameters in terms of linguistic variables like high, very
high, low, very low etc.

One of the way, widely adopted in the literature to deal with such situations, is to

represent these parameters as FNs [189] and its extensions [20]. Thamaraiselvi and Santhi



[157] pointed out that neutrosophic set [168], one of the extensions of FS, is used in different
research areas. However, till now no one have used the neutrosophic set in TrPrs. While,
several researchers have used FNs for representing various parameters of TrPrs [23, 45, 62,
82, 89, 90, 124, 129, 143]. Therefore, Thamaraiselvi and Santhi proposed the approaches for
solving NSTrPr of Type-l (TrPrs in which the cost for transporting unit quantity of the
product is represented as TrNN, whereas the availability and the demand are represented as
RNs) and NSTrPr of Type-Il (TrPrs in which the cost for transporting unit quantity of the
product, availability of the product and demand of the product are represented as TrNNSs).
Since, NSTrPrs is new area of research so others may be attracted to extend these approaches
for solving other types of NSTrPrs like neutrosophic solid TrPrs, neutrosophic time
minimization TrPrs, neutrosophic transshipment problems etc. However, after a deep study of
these existing approaches, it is noticed that a mathematical incorrect assumption has been
used in these existing approaches. Therefore, there is need to modify these existing
approaches. Keeping the same in mind, in this chapter, these existing approaches are
modified. Furthermore, the exact results of some existing TrPrs are obtained by the modified
approaches.
Chapter 8
Modified NLPM for MCDMPrs under IVNS environment

Garg and Nancy [56] claimed that there is no method in the literature to solve
INSMCDMPrs and hence, proposed a NLPM for solving INSMCDMPrs. Since, it is only
method for solving INSMCDMPrs so the other researchers may be attracted to use this
method for solving real-life INSMCDMPrs. However, after a deep study, it is observed that
some mathematical incorrect assumptions have been considered in this method. Therefore, it
is scientifically incorrect to use this method for solving real-life INSMCDMPrs. Keeping the

same in mind, the method, proposed by Garg and Nancy, is modified.



Chapter 9
Future Scope

In this chapter, some open research problems are discussed.
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Chapter 2

Mehar RM for comparing CNs and its
application in DM’

Kumar and Garg [99] considered some IFMADMPrs to show that the existing
IFMADMM [18] fails to rank the alternatives of the considered IFMADMPrs. Kumar and
Garg also pointed out that this limitation of the existing IFMADMM [18] can be resolved
with the help of a CN [28]. Since, to do the same there was need to transform each IFN [9] of
the IFDM into a CN. But, there was no method in the literature to transform an IFN into a
CN. Therefore, Kumar and Garg firstly proposed a method to transform an IFN into a CN.
Then, using this method, Kumar and Garg proposed a method to solve IFMADMPTrs. In this
chapter, it is shown that the RM, used in Step 5 of Kumar and Garg’s method for comparing
CNs, fails to compare two distinct CNs. Hence, Kumar and Garg’s method fails to rank the
alternatives of IFMADMPTrs. Furthermore, to overcome the limitation of Kumar and Garg’s
method, a new RM (named as Mehar RM) is proposed for comparing CNs.

2.1 Preliminaries

In this section, some basic definitions are presented.

Definition 2.1 [189] A set A = {{x,uz(x))|x € X, 0 < uz(x) <1}, defined on the
universal set X, is said to be a FS, where u;(x) represents the degree of membership of the

element x in A.

Definition 2.2 [9] A set A = {(x,uz(x), vz(x))|x € X, 0<uz(x) <1,0<vz(x) <1,

ui(x) +vi(x) < 1}, defined on the universal set X, is said to be an IFS, where, p;(x) and

" The contents of this chapter are published in Journal of Intelligent & Fuzzy Systems, vol. 35, pp. 5523-
5528, 2018. (Impact factor: 1.851).
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v;(x) represents the degree of membership and degree of non-membership respectively of the
element x in A. The pair {(uz,vz) is called an IFN or an IFV, where uz € [0,1], v € [0,1],
uztvz<1.

Definition 2.3 [28] If two sets A and B, having same number of characteristics (say N), are

put together to form a pair H with respect to the problem W, then the pair H is called a set

S

pair and the number u(H,W) = (ﬁ) + (g) is called a CN of the set pair H, where S

represents the number of identity characteristics and P represents the number of contrary

characteristics. Furthermore, (%) and (%) are called identical degree and the contrary degree
of these two sets respectively. Assuming (%) =a and (g) =c, the CN u(H,W) = (%) +

(g)j can also be written as u(H, W) = a + cj.
2.2 Kumar and Garg’s IFMADMM

Kumar and Garg [99] proposed the following IFMADMM for solving IFMADMPTs.
Step 1: Check that all the attribute of the IFDM D are of same type or not.

Case (i) If all the attributes are of same type then go to Step 2.

Case (ii) If some attributes are benefit attributes and others are cost attributes then
normalize the IFDM D by transforming the cost attributes into benefit attributes, by the
following way:

If the p" attribute is cost attribute then replace all the elements (u;p, v;, ) of the p**
column of the IFDM D with (v, uyp ).
Step 2: Find the PIS (u.*,v,") = (max;<jem {tit}, Mini<i<m {(vie}), t = 1ton as well as
the NIS (u; ™, v, ™) = (minygiam {#ic}, maxi<igm {vie}) t = 1ton.
Step 3: Find the CN, a;; + c;j, i = 1tom, t = 1ton, where, a;; + ¢;.j = (ai’ X c;”) +

(Cit+ X ai”)j
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_ [ #ie vt Hit—Bt Ve Vit pet—pie  Vieve” e vie )] s
- [(Ht+ X Vit) X ( Uit X ve© )] + [( uet X Vit ) X (Hit X Vt_)]]'
Step 4: Find the CN, w; = a; + ¢jj = Yi=1(wea;) + Xis(wecy)j, L = 1 tom, where, w, is

the crisp weight of the tt" attribute.

ai

Step 5: Find T(y;) = i = 1tom and check that T(u,) > T(ug) or T(u,) < T(uy)

a;+c; !

or T(“p) = T(P‘q)-
Case (i) If T(w,) > T(uq), then the PO for the alternatives A, and 4, is 4, > A,.
Case (ii) If T(1,) < T(uq), then the PO for the alternatives A, and 4, is 4, < 4,.
Case (iii) If T(u,) = T(uq), then the PO for the alternatives A, and 4, is 4, = A,.
2.3 Limitations of Kumar and Garg’s IFMADMM
In this section, an IFMADMPr, having four alternatives and two benefit attributes, is
solved by Kumar and Garg’s IFMADMM [99] to show that,
(i) Kumar and Garg’s IFMADMM [99] fails to rank two alternatives of the considered
IFMADMPT.
(if) The obtained PO of the remaining two alternatives is not correct.
Let
G, G,
A;71(0.1,0.2) (0.3,0.4)
D= (afij )= ((#ijfvij >)4><2 - ﬁ; 282:82; Egg:gi;
A4 1(0.4,0.8) (0.3,0.4)
represents the IFDM of an IFMADMPr, where
(i) A, A,, A5 and A, are the alternatives.

(if) G, and G, are the benefit attributes.

(iii) @; = (uij,vi; ) is the RV of the i*" alternative over the j** attribute.
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Since, the RV of all the alternatives over the second attribute G, is same, therefore, the
PO of the alternatives will depend only upon the RV of all the alternatives over the attribute
G,. Furthermore, as the RV of all the alternatives over the attribute G, are different.
Therefore, the PO of any of these alternatives cannot be same i.e., 4; # A; fori # j.

While, in this section, it is shown that if Kumar and Garg’s IFMADMM [99] is applied
to find the PO of the alternatives of the considered IFMADMPr. Then,

(i) Kumar and Garg’s method [99] fails to find the ranking of the alternatives A;
and A,.

(if) The ranking of the alternatives A, and A5, obtained by Kumar and Garg’s method

[99], is A, = A5, which is mathematically incorrect.

Using Kumar and Garg’s IFMADMM [99], discussed in Section 2.2, the ranking of the
alternatives for the considered IFMADMPr can be obtained as follows:
Step 1: Since both the attributes are benefit attributes. Therefore, according to Case (i) of
Step 1 of Kumar and Garg’s IFMADMM [99], there is no need to normalize the given IFDM
D.
Step 2: Using Step 2 of Kumar and Garg’s IFMADMM [99],

(i) (gt vi*) = (max{0.1,0.2,0.3,0.4}, min{0.2,0.4,0.6,0.8}) = (0.4,0.2).

(i) (u,*,v,*) = (max{0.3,0.3,0.3,0.3},min{0.4,0.4,0.4,0.4}) = (0.3,0.4).

(i) (uy~,vy~) = (Min{0.1,0.2,0.3,0.4}, max{0.2,0.4,0.6,0.8}) = (0.1,0.8).

(iv) (uy~, v, ) = (min{0.3,0.3,0.3,0.3}, max{0.4,0.4,0.4,0.4}) = (0.3,0.4).
Step 3: Using Step 3 of Kumar and Garg’s IFMADMM [99],

(i) The CN corresponding to the IFN (0.1,0.2) is 0 + 0j.
(ii) The CN corresponding to the IFN (0.2,0.4) is %6 + 1—16j.

(iii) The CN corresponding to the IFN (0.3,0.6) is i + 2—14j.
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(iv) The CN corresponding to the IFN (0.4,0.8) is 0 + 0j.

(v) The CN corresponding to the IFN (0.3,0.4) is 0 + 0j.
Step 4: If the weights of the attributes G, and G, are w; = 0.5 and w, = 0.5, respectively
then using Step 4 of Kumar and Garg’s IFMADMM [99],

(i) yy =a,; +¢;j=0.5(0+0)+0.500+0)j =0+ 0j.

(i) u, :a2+C2j=0-5(1—16+0)+0.5(%+0)j

0.5 0.5 .
=+ =2
16 16

—os (X 1, 0)j =08, 05
(iil) 3= a3+ c;j=05(-+0)+05(5+0)j =2+
(V) py = a4 + c4f = 0.5(0 + 0) + 0.5(0 + 0)j = 0 + 0j.

Step 5: Using Step 5 of Kumar and Garg’s IFMADMM [99],

O Tw) == =55=1

ai+cy - 0+0 -

a = = 1

.. _ 2 _ 16 _ 16 —

(i) Tup) = aztc; =422 B 22(1+1) BE)
a 0_5 0_5

_ 3 _ 24 — 24 j—

(iii) T(u3) = astcs 95,05 - S2(1+1) -

V) Ta) = oo =505 = 5

astc, 040

Since T(u;) = T(us3), so according to Step 5 of Kumar and Garg’s IFMADMM [99],
A, = Az, which is mathematically incorrect as RV of A, over the attribute G, is not equal to
RV of alternative A; over the attribute G,. Furthermore, the values of T(u,) and T (u,) are
indeterminate values. Therefore, it is not possible to conclude any result about the ordering of
Ay and A,.
2.4 Reasons for the occurrence of the limitations

Kumar and Garg’s IFMADMM [99] fails to find the PO of the alternatives for the

IFMADMPT, considered in Section 2.3, due to the following reasons.
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It is obvious from Step 5 of Kumar and Garg’s IFMADMM [99] that Kumar and Garg

[99] have used the following method for comparing two CNs, u; = a; +c¢yj and u, = a, +

CaJ.

a a

Find T(u,) = and T(u,) = and check that T(uy) > T(uy) or T(uy) < T(uy)

ai+cq az+cy

or T(uy) = T(us).

Case (i) If T(uy) > T(uy) then uy, > ps.
Case (ii) If T(uy) < T(uy) then puy < p,.
Case (iii) If T(uy) = T(uy) then uy = u,.
However, the following clearly indicates that it is not appropriate to use this method.

(i) If u, = 0 + 0 andfor u, = 0 + 0j then T(uy) = g and/or T(u,) = g i.e., T(u,) andior

T(u,) will be indeterminate values. So, none of the conditions T(u;) > T(u,),
T(uy) < T(uy) and T (uy) = T (uy) will be satisfied.
(ii) If a; = ¢, and a, = ¢, then always the relation, T(u;) = T(u,) = %will be obtained.
2.5 Proposed Mehar RM for comparing CNs and its validity
It is obvious from Section 2.4 that to overcome the limitations of Kumar and Garg’s
IFMADMM [99], there is need to propose a RM for comparing CNs. Keeping the same in
mind in this section, a new RM (named as Mehar RM) is proposed for comparing CNs,
Uy =aq +cjand u, = a, + c,j.
The steps of the proposed Mehar RM are as follows:
Step 1: Check that a; —¢; >a, —¢c, or a; —c; <a, —¢c, OF @y —C; = Ay — Cy
Case (i) Ifa; —c; >a, —c, then u; > u,.
Case (ii) Ifa; — ¢, <a, —c, then pu; < u,.
Case (iii) If a; — ¢; = a, — ¢, then go to Step 2.

Step22 Chethhata1+C1 >a2+C2 or a1+C1<a2+C2 or a1+C1 :a2+C2
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Case (i) If a;+ ¢y >ay,+cythenpyy > u,.

Case (i) If a; + ¢4 <a,+cythenpyy < p,.

Case (iii) If a; + ¢, = a, + ¢, then pu; = u,.

To prove that the proposed Mehar RM is valid, it is sufficient to show that on comparing
two CNs, pu; = a; +¢4j and u, = a, + c,j, with the help of proposed Mehar RM, the
relation u; = u, will hold only if a; = a, and ¢; = c,.

According to the proposed Mehar RM, u, =u, = a;—c; = a, —c, as well as
a; + ¢4 = a, + c,. It is obvious that both equations will be satisfied only if a; = a, and
C1=Cy 8. Uy =lU, = ay = a,and c; = c,.

2.6 Exact PO of the alternatives for the considered IFMADMPr

It is obvious from the results, discussed in Section 2.4 that the Kumar and Garg’s
IFMADMM [99] fails to rank the alternatives due to using the inappropriate RM for
comparing CNs. If in Step 5 of Kumar and Garg’s IFMADMM [99], the proposed Mehar RM
will be used instead of the existing RM. Then, neither Kumar and Garg’s IFMADMM [99]
will fail to rank the alternatives nor incorrect ranking of the alternatives will be obtained on
using Kumar and Garg’s IFMADMM [99].

To validate this claim the IFMADMPr, considered in Section 2.3, is solved by Kumar
and Garg’s IFMADMM [99] with the suggested modification.

Using Kumar and Garg’s IFMADMM [99] with the suggested modification, the exact PO
of the alternatives for the considered IFMADMPr can be obtained as follows:

Step 1: Use Step 1 to Step 4 of Kumar and Garg’s IFMADMM [99], discussed in Section 2.2,

(i) w =a;+cyj =wi(0) +wy(0)j =0+ 0j.
.. ] 1 1Y .
(i) up=a+c,j=wy (g)"‘Wz (E)]-

(i) pz=az+c3j=wy (i) +w; (2_14)]
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(IV) ps =as+cyj = wi(0) +w,(0)j =0+ 0j.

Now according to Step 1 of the proposed Mehar RM, a; —c¢; =0, a, —¢; =
(wy —wz)%, as; —c3 = (wy —wz)i and a, —c, = 0.

Case () If w; =w,, then a;—c;,=a,—c,=a3—c3=a,—c, =0. Therefore,
according to Case (ii) of Step 1 of the proposed Mehar RM there is need to go to Step
2.

Case (ii) If w; >w, then ay—c¢; =a4—c, =0 buta, —c, > a; — c3. Therefore,
according to Case (ii) of Step 2 of the proposed Mehar RM A, > A5. But, to find the
relation between A, and A, there is a need to go to Step 2.

Case (iii) If wy, >w; then a; —c¢; =a, —c, =0 but a; —c3 > a, — c,. Therefore,
according to Case (ii) of Step 2 of the proposed Mehar RM A; > A,. But, to find the
relation between A, and A, there is a need to go to Step 2.

Step2:a;+c¢,=0,a,+c, =1—16, as + c3 =2—14and a,+c,=0.Sincea; +c; =a, +c¢y
and a, + ¢, > a3 + c5 for all values of w; and w,. Therefore, if w; = w, then (4; = 4,) <
Az < A,.
2.7 Conclusions

The limitations of Kumar and Garg’s IFMADMM [99] are pointed out. Also, it is shown
that these limitations are occurring due to using an inappropriate RM for comparing CNs.
Furthermore, to overcome the limitations of Kumar and Garg’s IFMADMM [99], a new RM

(named as Mehar RM) is proposed for comparing CNs.
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Chapter 3
Mehar IVIFMADMM without using the
concept of CN’

Kumar and Garg [98] pointed out that several researchers [18, 24, 43, 76, 133, 164, 170,
172] have used the CN [28] for solving MADMPrs under crisp environment, fuzzy
environment, IVF environment and IF environment. However, till now no one have used the
same for solving MADMPrs under IVIF environment. Since to fill this gap, there was need to
propose a method for transforming an IVIFS into a CN as well as a RM for comparing CNs.
Therefore, Kumar and Garg, firstly, proposed the methods for the same. Then, using these
methods, Kumar and Garg proposed an IVIFMADMM for solving IVIFMADMPrs. In this
chapter, an IVIFMADMPr is solved by Kumar and Garg’s IVIFMADMM and shown that
Kumar and Garg’s method fails to rank the alternatives of the considered problem. To
overcome this limitation of Kumar and Garg’s IVIFMADMM, a new method (hamed as
Mehar IVIFMADMM) is proposed for solving IVIFMADMPrs without transforming the
elements of IVIFDM into CNs. Also, the PO for the alternatives of the considered
IVIFMADMPr is obtained by the proposed Mehar IVIFMADMM. Furthermore, the
advantages of applying the proposed Mehar IVIFMADMM over Kumar and Garg’s
IVIFMADMM are discussed.

3.1 IVIFS [13]
A set A= {(x, [uk),u{ ] [vi)vi) 1 xeX, 0 < pb) <pi(x) <1, 0<

vi(x) <vi(x) <1, uf(x) +vi(x) < 1}, defined on the universal set X, is said to be an

" The contents of this chapter have been communicated for the possible publication in Journal of
Intelligent & Fuzzy Systems.
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IVIFS, where, [p5(x), 13 (x)] and [vi(x),vi(x)] represents the intervals of degree of
membership and degree of non-membership respectively of the element x in 4.
3.2 Kumar and Garg’s IVIFMADMM

To point out the limitation of Kumar and Garg’s IVIFMADMM [98], there is need to
discuss Kumar and Garg’s IVIFMADMM [98]. Therefore, the same method is discussed in
this section. Kumar and Garg [98] proposed the following IVIFMADMM for solving
IVIFMADMPrs.

Step 1: Normalize the IVIFDM, D = (&; ) = ({[uf;, uij).[vij, vij])),_ . where, the IVIFS

@;; = ([ufy ui;).[vE, vi}]) represents the RV of the i*" alternative over the j** attribute.

Step 2: Find the PIS

(et ud * L vet v ™)) =

(Imaxi<iem (B}, maxycicm (Wi}, [Ming ciem (v}, mingciem (vii31), t = 1to n as well as
the NIS

(lut— ud "L v v =

(Iminyciem (ufe}, ming<iem i3], [max,ciom i}, maxiciem (vi31), t = 1ton.

Step 3: Find the CN, a;; + c;j, i = 1tom, t = 1ton, where, a;; + ¢;,j = (ai’ X c;”) +
(cie” X ay™)j

[( (MEetiiy) y (vt +vf +)) 9 ((ukt+u:‘<’t)—(ut'+u? DIV (i +v¢ ‘)—(Vkﬁvl‘c’t))] +
(uEr+ul*) 7 (vEA+vE) (fe+uy) (v +v{7)

I:((”%++Mg+)_(#llét+ﬂllc]t) x (vﬁt+v,l(’t)—(v{“++v§’+)) % ((ﬂt_‘H'l%]_) (VEe+vie) )] .
(/‘%++/‘%’+) (Vﬁt"'vllc]t) (“kt"'”gt) (Vt_"'vy_) '

Step 4: Findthe CN, w; = a; + ¢;j = Xi=iwe(ay + ¢ipj), i = 1tom,

Step 5: Find T(y;) = ‘i‘ i = 1tom and check that T(u,) > T(pq) or T(up) < T(ng)

a;+c

or T(ip) = T(ug).
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Case (i)  IfT(up) > T(uq), then the PO for the alternatives A, and 4, is 4, > A,.
Case (ii) If T(up) < T(ugq), then the PO for the alternatives A, and 4, is 4, < 4.
Case (iii) If T(up) = T(uq), then the PO for the alternatives 4, and 4, is 4, = 4,.
3.3 Limitation of Kumar and Garg’s IVIFMADMM
In this section, to point out the limitation of Kumar and Garg’s IVIFMADMM [98], an

IVIFMADMPr is considered and shown that Kumar and Garg’s IVIFMADMM [98] fails to

rank the alternatives of the considered IVIFMADMPY.

Step 1: Let D = (@) = (([:“U'#U] [ Vijp v >)2><2

G G,
Lol el el
Al &)
represent the normalized IVIFDM of the considered IVIFMADMPr, where
(i) A, and A, are alternatives.
(i) G, and G, are benefit attributes.
(iii) @y = ([ufy u)[vi v]) is the RV of the i*" alternative over the j* attribute.
Step 2: Using Step 2 of Kumar and Garg’s IVIFMADMM [98],

@) (st uf ] vt v )

= ([max (3.3 max {2.3}] [min {535} omin (2. 5) = (53] [ 55

(i) (lug* wg ¥ vyt vi D) =

([max {5, mae {552l fmon {5525 min (52,2} = ([ 52l )

(i) (i~ pf "L vim v

= ([min 3.3}, min {2.2}], fmax {55 55} max {22,

(125 2)
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(V)(luz™, ug 1 v, vd™D)

= ([min {55} min {5 Gl mar {5555} max (52, 301) = ([ el B2

Step 3: Using Step 3 of Kumar and Garg’s IVIFMADMM [98],

(i) The CN corresponding to the IVIFS <[§,8] [1 > is 0 + 0j.

16’ 16

_1
18 18

(if) The CN corresponding to the IVIFS <%—] > IS0+ 0j.

1
16’ 16

(iii) The CN corresponding to the IVIFS <1i 3] [ > is 0 + 0j.

(iv) The CN corresponding to the IVIFS <ﬁ 8] [1 > is 0 + 0j.

*45]" [20 20
Step 4: |If it is assumed that the weights of the attributes G, and G, are w; = 0.5 and
w, = 0.5 respectively. Then using Step 4 of Kumar and Garg’s IVIFMADMM [98],
() p=a;+cj=05(0+0j)+0.500+0j) =0+ 0j.
(i)  p, =a, +cyj =0.5(0+ 0j) +0.5(0+ 0j) =0+ 0j.

Step 5: Using Step 5 of Kumar and Garg’s IVIFMADMM [98],

M T) = ==-5=2

ai;+cq 0+0

DT = =55 =0

ax+cy 0+0
Since the values of T(u,) and T(u,) cannot be compared as these are indeterminate
values. Therefore, it is not possible to conclude any result about the ordering of A; and A,.
3.4 Methodology used by Kumar and Garg’s for transforming an IVIFS into a CN
Although, in Kumar and Garg’s IVIFMADMM [98], discussed in Section 3.2, firstly an
IVIFS has been transformed into an IFS. Then, using the existing method [99], the obtained
IFS has been transformed into a CN. But, the same cannot be observed after going through

the steps of Kumar and Garg’s IVIFMADMM [98], discussed in Section 3.2. Therefore, in
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this section, the methodology, used by Kumar and Garg [98] in their proposed IVIFMADMM
for transforming an IVIFS into a CN, is discussed.

Kumar and Garg [98] have used the following methodology in Step 3 of their proposed

IVIFMADMM [98], discussed in Section 3.2, to transform an IVIFS into a CN.

Step 1: Transform each element ([uf;, ufj] [vf;,vij]) of the normalized IVIFDM D =

2

Li,U
([ufy,ui] [vh,vE])), . into the IFS <(“”:””),(v”+v”)>.
Step 2: Transform IVIF PIS

(Lab*, w1 W v = ([ max (), max ()] [ min b, min W23)]),  t=1tom,

1<ism
. x {uip} + max {ur} min (v} + min {v{}}
into the IF PIS’ <.ut+th+> — <1<L<m t 21<L<m t ’1<L<m t 21<l<m t t= 1to n, as We” as
transform IVIF NIS

1<i<

(b~ L e D) = ([ min ek, min ()] [ max (vE), max (v8}]), = 1tom,

{Hlt} +m <L<Trln{y'lt} 111112%.{1/“5} +17legicn{vlt}> t=1ton

2 ! 2

into the IF NIS (u;~,v,”) = <1<l<m

“iLj+“5) (Vu"'
2 ! 2

Step 3: Using the existing method [99], transform each IFS <( )> into the CN,

ai + ¢i¢j, i = 1tom, t = 1ton, where, a;; + ¢;;j = (ait+ X ¢ )t (cit+ X ai”)j

= [(He ﬂ) x (Mt s )] [(ut+—+uit o Vie=Ve ) (b vw)] ;.
He Vit Hit Ve Ht Vit Hit

3.5 Proposed Mehar method for solving IVIFMADMPr without using the concept of CN

It is obvious from Section 3.4 that Kumar and Garg [98] have firstly transformed an
IVIFS into an IFS and then the obtained IFS has been transformed into a CN.

In this section, with the help of Kumar and Garg’s IVIFMADMM [98], a new method
(named as Mehar IVIFMADMM) is proposed without using the concept of CN.

The steps of the proposed Mehar IVIFMADMM are as follows:
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Step 1: Use Step 1 of Kumar and Garg’s IVIFMADMM [98], discussed in Section 3.4, to
transform  the  IVIFDM, D = ({[uf,ujl [vivijl) .~ into the  IFDM

ijr Vij
i < <(uf,-+uz-) (1)

)

2 2

Step 2: Find the IFS, (u;, vi) = Xt=q we X (tie, Vie) = (1 — [Tr=a (1 — pie) ™4, [Te=a (Vi) ™),
i =1tom.
Step 3: Using the following steps of the existing method [175], check that {(u,, v,,) > (ug, vg4)
or {up, vp) < {Ug,Vq) OF {Up,Vp) = (lUq)Vq)-
Step 3(a): Check that , — vy, > pg —vg OF py — vy, < Ug — Vg OF Uy —V, = Ug — Vg
Case (i) If py — vy, > ug — vg then (uy, vy,) > (ug, vg)-
Case (ii) If up — vy < g —vg then (u,, vy) < (g, vg)-
Case (iii) If pu, — v, = ug — v4 then go to Step 3(b).
Step 3(b): Check that w, + v, > ug + v, 0r py, + vy, < pg +v4 Or iy + v, = g + v
Case (i) If py + vy, > ug +vg then (uy, vy,) > (ug, vg)-
Case (ii) If pp, + vy < pg +vg then (u,, v,) < (g, vg)-
Case (iii) If up, + v, = g + v4 then (uy,, vy,) = (g, vq)-
Step 4: Check that which relation out of the relations (u,,v,) > (ug,v4) OF {(up,vp) <
(g, vq) OF {1y, vp) = (Ug,Vq) is Obtained.
Case (i)  If (up,vp) > (ug,vq) then A, > A,.
Case (ii) I (up,vp) < {ug vq) then A, < A,.
Case (iii) If (up,vp) = (ug,vq) then 4, = A,.
Remark: In Kumar and Garg’s IVIFMADMM [98], it is assumed that on considering the

expression T(u;) = a‘% , the connection number y; = a; + ¢;j can be transformed into its

equivalent real number. While, this assumption is not correct as if a; = ¢; = 0. Then, T (y;)
will be an indeterminate value instead of a real number. Since, the proposed Mehar method is
independent from any such relation on considering which an indeterminate value is obtained.
Therefore, in general, the proposed Mehar IVIFMADMM can solve problems that cannot be
solved using Kumar and Garg's IVIFMADMM.
3.6 Exact PO for the alternatives of the considered IVIFMADMPr

In Section 3.3, an IVIFMADMPTr is solved by Kumar and Garg’s IVIFMADMM [98]

and shown that this method fails to rank the alternatives A; and A,.
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In this section, the same IVIFMADMPT is solved by the proposed Mehar IVIFMADMM.
Using the proposed Mehar IVIFMADMM, the PO for the alternatives of the considered
IVIFMADMPT can be obtained as follows:

Step 1: Using Step 1 of the proposed Mehar IVIFMADMM, the IVIFDM

Gy

G
D = ([ ijl i viil)),, = g[fz] - 16]> <[16'16Hi i]i

[l (3
9’9" [18" 18 45’451’

can be transformed into the IFDM

G, G,

<(%+%) (36=fe)> <(16 ) (et 16)>

]
|
<(:)(2)> < o e >J|

i = <<(ﬂ%j:ui”j)'(w:vu)>> _4

2X2

Gy Gy

<1 1) <1 1)
_Aj|\a’a 8’8

A <1 1) <L L>'
6’6 10’10

Step 2: Using Step 2 of the proposed Mehar IVIFMADMM, (u;,v;)=w; <ii>+

W, (; ;) = 0. 5(— —> +0. 5< > (0.1899,0.1768) and (o, vs ) = wy <%%> +

w2<1 ) 05(——>+05<——> (0.1339,0.1291).

10’10 10° 10
Step 3: Using Step 3(a) of the proposed Mehar IVIFMADMM, u; —v; = 0.0131 and
U, —v, = 0.00488. Since u, — v, > u, — v,, therefore, according to Case (i) of Step 3(a)
of the proposed Mehar IVIFMADMM (uy, v1) > (uy, v,).
Step 4: Since {(uq,vq) > (u,,v,) S0 according to Case (i) of Step 4 of the proposed Mehar

IVIFMADMM, 4, > 4,.
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3.7 Advantages of the proposed Mehar IVIFMADMM over Kumar and Garg’s

IVIFMADMM

It is better to apply the proposed Mehar IVIFMADMM as compared to Kumar and Garg’s

IVIFMADMM [98] due to the following reasons:

(i) It is obvious from Section 3.3 and Section 3.6 that there can exist IVIFMADMPrs
which cannot be solved by Kumar and Garg’s IVIFMADMM [98] but can be solved
by the proposed Mehar IVIFMADMM.

(ii) It is obvious from Section 3.4 that in Kumar and Garg’s IVIFMADMM [98], firstly,
each element of the IVIFDM, represented by an IVIFS, is transformed into an IFS.
Then, the obtained IFS is transformed into a CN. While, it is obvious from Section 3.5
that in the proposed Mehar IVIFMADMM, the obtained IFS are not transformed into
a CN. Therefore, less computational efforts are required to solve an IVIFMADMPr by
the proposed Mehar IVIFMADMM as compared to Kumar and Garg’s IVIFMADMM
[98].

3.8 Conclusions

It is shown that Kumar and Garg’s IVIFMADMM [98] fails to rank the alternatives of
IVIFMADMPrs. Also, a new IVIFMADMM (named as Mehar IVIFMADMM) is proposed
without using the concept of CN. Furthermore, it is shown that less computational efforts are
required to apply the proposed Mehar IVIFMADMM as compared to Kumar and Garg’s

IVIFMADMM [98].
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Chapter 4

Modified expressions to evaluate the CoCf
between two DHFSSs and their application in
DM”

Arora and Garg [8] proposed two expressions for evaluating the weighted CoCfs between
two DHFSSs [52]. Arora and Garg claimed that their proposed expressions can be used for
finding the solution for several real-life MCDMPrs under DHFSS environment. To validate
the claim, Arora and Garg solved three real-life problems (finding the best candidate, medical
diagnosis problem and pattern recognition). In future, other researchers may use Arora and
Garg’s expressions for solving same type of real-life problems or some other type of real-life
problems. However, after a deep study, it is observed that the Arora and Garg have used some
mathematical incorrect assumptions to obtain their proposed expressions i.e., Arora and
Garg’s expressions are not valid in its present form. Therefore, if one will apply these
expressions then the obtained results may or may not be exact. Keeping the same in mind,
Arora and Garg’s expressions have been modified. Furthermore, using the modified
expressions, the exact results of the real-life problems, considered by Arora and Garg, have
been obtained.

4.1 Preliminaries
In this section, some basic definitions are presented.

Definition 4.1 [40] Let X be an initial universe of objects. A set A on X defined as 4 =

{(x, pa(x))|x € X} is called a HFS, where p5(x(®) is a mapping defined by

" The contents of this chapter have been communicated for the possible publication in Engineering
Applications of Artificial Intelligence.
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ui(x®):x > [0,1]
where, ,Ltg(x(s)) is a set of some different values in [0,1] and s represents the number of
possible membership degrees of the element x € X to A.
Definition 4.2 [52] A set A on X defined as 4 = {(x, uz (x®),vi(x®@))|x € X} is called a
DHFS, where, uz (x©),vz(x®) is a mapping defined by

Ui (x(s)),vA(x(t)):X - [0,1],

where uz (x),vz(x®) is a set of some different values in [0,1], s represent the number of
possible membership degrees and t represent the number of possible non membership degrees
of the element x € X to A.
Definition 4.3 [80] Let X be an initial universe of objects and E the set of parameters in
relation to objects in X and A € E. Parameters are often attributes, characteristics, or
properties of objects. Let P (X) denote the power set of X. Then, the pair (F“,A) is called a SS
over X, where F is a mapping defined by

F:4-PX).
Definition 4.4 [80] Let F(X) be the set of all fuzzy subsets in X. Then, the pair (F,4) is
called an FSS over X, where F is a mapping defined by

F:A->FX).
Definition 4.5[80] Let #(X) be the set of all HFSs in X. Then, the pair (F,A) is called a
HFSS over X, where F is a mapping defined by

F:4 - H(X).
Definition 4.6 [52] Let DI (X) be the set of all DHFSs in X. Then, the pair (F, 4) is called a
DHFSS set over X, where F is a mapping defined by

F:A - DHX).
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4.2 A brief review about Arora and Garg’s expressions
Arora and Garg [8] pointed out that although there exist expressions to evaluate
(i) The CoCf between two FSs [77].
(i) The CoCf between two IFSs [58, 154].
(iii) The CoCf between two IVIFSs [21].
(iv) The CoCf between two PFSs [47].
(v) The CoCf between two intuitionistic multiplicative sets [50].
(vi) The CoCf between two HFSs [26, 178].
(vii) The CoCf between two DHFSs [183].
But, there does not exist any expression to evaluate the CoCf between two DHFSSs

[183]. To fill this gap, Arora and Garg [8] proposed the expression (4.1) as well as

expression (4.2) to evaluate the weighted CoCf between two DHFSSs (F,E)z
{(,uﬁ(ej)(xi(s)),Vﬁ(ej)(xi(t)))} and (5,E) ={(,ug(ej)(xi(s)),Vg(ej)(xi(t)))}, where i =
1,2,..,n, j=12,..,m, and s, t represents the number of values in Hi(e,) and Vi(e))
respectively.

o ((7.5).G.5)) -

Z{L=1 Ei Z;nzl n_](kllzls(;l(ﬁlﬁ(ej)(xfs) ”’G(e

) (v () v 55))

J

)
jm27;1m(ézi‘il(uz(ej)<x§s>>)+;izi;1(vg(ej)<x§f>>)) |

(4.1)
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P4 ((F: E)' (G' E)) =
) e (xf@))ﬁzi;(vﬁ(e,.)(xw)v;;(ej)(xw)))

Z?1$12] 177]< Zk ( e]

(4.2)
A e e e )

)
I
[2?1”7"““(%2 {r a<e,-><xf”)>+%2?=1(vaej><x£f>> )J

where,
(i) & represents the normalized weight (§; > 0 and Y, & = 1) of the i*" expert.
(ii)  n represents the normalized weight (; = 0 and Y7L, 7n; = 1) of the j** criteria.
(iii)  n represents the number of experts.

(iv)  m represents the number of criteria.

V) g )( (s )) and vg(e, )( (¢ )) are two sets of some values in [0,1]. Out of these two,

uﬁ(ej)( (S)) represents the set of all the possible membership degree and Vi(e )( (t))
represents the set of all the possible non-membership degree.

(vi)  k; represents the number of values in Hi (e, )( (s ))
.. ®
(vii)  I; represents the number of values in vg,, )( )

Arora and Garg [8] claimed that if ¢; =% for all i and n; =% for all j. Then, the

expressions (4.1) and (4.2) will be transformed into the expressions (4.3) and (4.4)

respectively.
pi ((F.E), (G.E)) =

n 1 ki (s)
St S 2 e ) e,

1 «lj
' [, ~t=1\ 'F .
n k; s 5
\/Zl 121 1<k1 Z (H;(e})(xf ))>+%Zt=1<v;(91)(‘xft))>> X
n ke s I
‘/Zl 12] 1(’(1 Z <#é(e1)(xl( ))>+llizt=1<vé(ej)(x§t))
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p2((F.E),(G,E)) =
Zin I <1 ZI: 1( 61) i(S)> He e')(xES))>+liiZil(vf(ej)(xi(t))Vﬁ(ej (x@)))

i 2t 1<ki hIpa 1(” i x ))>+zli2ii=1<vlz~:(ej)(xi(t)) >
l2n121 1<k1 2: 1<” (1)( (S))>+ziZti—1<vé(ej)(xi(t)))>J

To demonstrate the need of the proposed expressions, Arora and Garg [8] solved the

(4.4)

following three real-life problems by the proposed expressions (4.1) and (4.2).
4.2.1 First real-life problem
There is need to recruit an Assistant Professor out of the three candidates A;, A, and A,
in the department of Mathematics in a Central Government University. For the same purpose
a penal of three experts x;, x, and x5 have been constituted. These experts have to select one
candidate on the basis of the four criteria, (i) e;: qualification (ii) e,: teaching experience
(iii) e5: number of publication (iv) e,: teaching ability.
Arora and Garg [8] claimed that if it is assumed that
(1)  The weights assigned to the first, second and third expert are 0.3,0.5 and 0.2
respectively.
(i)  The weights assigned to the first, second, third and fourth criteria are 0.1,0.3, 0.4
and 0.2 respectively.
(iii)  The (i, /)" element of Table 4.1, Table 4.2 and Table 4.3 represented by a DHFSS,
represents the rating value of the i*® candidate A; (i = 1,2 and 3) over the j*
criteria e; (j = 1,2,3 and 4).
(iv)  The (i, )" element of Table 4.4, represented by a DHFSS, represents the rating
value of the reference set B.
Then, one may conclude that on applying the expression (4.1) and (4.2) the obtained

best candidate for the post of Assistant Professor is A,.
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Table 4.1. Rating values of the alternative 4

[ €1 €

1| {{0.7,0.6,0.5},{0.3,0.2,0.1}} {{0.6,0.5,0.4},{0.4,0.3,0.2}}

X2 [{{0.6,0.5,0.4},{0.3,0.2,0.1}} {{0.5,0.4,0.3},{0.5,0.3,0.3}}

X3 l{{0.8,0.7,0.7},{0.2,0.1}} {{0.8,0.8,0.7},{0.2,0.2,0.1}}

] €4

{{0.3,0.2,0.1},{0.7,0.6,0.6}} {{0.8,0.7,0.5},{0.2,0.1}} ]
{{0.7,0.7,0.5},{0.3,0.2,0.2}} {{0.4,03,0.2},{0.5}} |
{{0.7,0.6,0.5},{0.3,0.2,0.1}} {{0.7,0.6,0.5}, {0.3,0.2,0.1}}J

Table 4.2 Rating values of the alternative A,

e €;
X4 {{{0.4,0.4,0.3},{0.6,0.5,0.4}} {{0.6,0.6,0.5},{0.4,0.3,0.2}}
X, i {{0.7,0.6,0.4},{0.3,0.2}} {{0.6,0.4,0.3},{0.3,0.1}}
P | {{0.9,0.7,0.6},{0.1}} {{0.7,0.5,0.4},{0.3,0.2}}
es ey 1
{{0.8,0.7,0.6},{0.2,0.1,0.1}} {{0.7,0.5,0.4},{0.2,0.2,0.1}}|
{{0.6,0.4,0.3},{0.4,0.13} {{0.5,0.4,0.2},{0.4,0.3,0.1}} |
{{0.4,0.3,0.3},{0.6,0.5}}  {{0.7,0.6,0.4},{0.2,0.1}} J

Table 4.3 Rating values of the alternative A3

€1 e;
1 |r {{0.8,0.7,0.6},{0.2,0.13} {{0.5,0.4},{0.2,0.1}}
*2 1{{0.6,0.5,0.5},{0.4,0.2}} {{0.8,0.7,0.5},{0.2,0.1}}
X3 [ {{0.7,0.6,0.4},{0.2}} {{0.6,0.4,0.3},{0.3}}
] €4
{{0.9,0.8,0.6},{0.13} {{0.9,0.7,0.5},{0.1}}
{{0.6,0.4,0.3},{0.3,0.1}} {{0.3,0.2,0.1},{0.5,0.3,0.2}}|
{{0.4,0.3,0.3},{0.2,0.1}}  {{0.6,0.3,0.2},{0.2,0.1}}
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Table 4.4 Rating values of the reference set B

eq e,
*1 I[ {{0.3,0.2,0.1},{0.2,0.1}} {{0.4},{0.3,0.2}}
X2 |{{0.6,0.5,0.2},{0.4,0.3}} {{0.5,0.2},{0.3,0.1}}
xs | {{0.6,0.4,0.3},{0.2}} {{0.9,0.7,0.5},{0.1}}

€3 €4
{{0.6,0.4,0.3},{0.2}} {{0.4}, {0.5,0.1}}]

{{0.7,0.3},{0.3,0.13} {{0.2,0.1},{0.3}}
{{0.4,0.2},{0.50.3}}  {{0.8},{0.1}} J

4.2.2 Second real-life problem

A patient have the five symptoms, namely temperature (e;), headache (e,), stomach
pain (e;), cough (e,) and chest pain (es), of the following three diseases (i) viral fever (C,)
(ii) malaria (C,) (iii) typhoid (C3). A panel of four doctors d;, d, d; and d, have been
constituted to verify the actual disease of the patient.

Arora and Garg [8] claimed that if it is assumed that

(i) The weights assigned to the first, second, third and fourth doctor are 0.5, 0.2, 0.2 and
0.1 respectively.

(i) The weights assigned to the first, second, third, fourth and fifth symptom are
0.4,0.1,0.2,0.2 and 0.1 respectively.

(iii) The (i, /)" element of Table 4.5, Table 4.6 and Table 4.7 represented by a DHFSS,
represents the rating values of each diagnosis, over different symptoms by the
doctors.

(iv) The (i, /)" element of Table 4.8, represented by a DHFSS, represents the rating
value of the reference set B.

Then, on applying the expression (4.1) one may conclude that the patient is suffering

from the disease C5. While, on applying the expression (4.2) one may conclude the patient is

suffering from the disease C,.
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Table 4.5 Rating values of the alternative C,

i €1 €; €3
X1 1{{0.6,0.4,0.3},{0.3,0.1}} {{0.8,0.7,0.5},{0.1}} {{0.4,0.3},{0.2}}
X2 | {{0.9,0.8,0.7},{0.1}} {{0.7,0.6,0.4},{0.3,0.2}} {{0.5,0.3,0.1},{0.3}}
X3 1{{0.5,0.4,0.2},{0.5,0.3}} {{0.5,0.4,0.3},{0.4,0.2,0.1}} {{0.8,0.6,0.5},{0.2,0.1}}
X+ | {{0.3,0.2},{0.4,0.2}}  {{0.7,0.6},{0.3,0.2,0.1}} {{0.2,0.1},{0.5,0.4}}
€4 €s
{{0.8,0.7,0.5},{0.2,0.1}}  {{0.8,0.7},{0.2,0.1}}
{{0.5,0.4,0.3},{0.5,0.3}}  {{0.5,0.3,0.1},{0.4,0.3}}|
{{0.6,0.3,0.2},{0.4,0.1}}  {{0.2,0.1},{0.8}}
{{0.2,0.1},{0.7,0.5}}  {{0.3,0.1},{0.6,0.4}}

Table 4.6 Rating values of the alternative C,

i €1 € €3
*11((0.8,0.7},{0.2,0.1}} {{0.5,0.4,0.3},{0.4,0.3}} {{0.6,0.4},{0.4,0.2}}
X2 1{{0.4,0.3},{0.6,0.2}}  {{0.7,0.6},{0.3,0.2}}  {{0.7,0.6},{0.3,0.2}}
X3 1{{0.5,0.4},{0.3,0.2}} {{0.6,0.4},{0.3}} {{0.6,0.5},{0.3}}
X4 1{{0.8,0.7},{0.2,0.1}} {{0.8,0.73,{0.2,0.13}  {{0.7,0.6},{0.2}}
ey es }
{{0.3,0.2},{0.6,0.5}}  {{0.6,0.5,0.3},{0.2}}
{{0.7,0.6,0.4},{0.2,0.1}} {{0.7,0.3},{0.3,0.1}}|
{{0.6,0.5},{0.3,0.2}} {{0.4,0.2},{0.5,0.3}}
{{0.4,0.3},{0.2,0.1}} {{0.2,0.1},{0.3}}

Table 4.7 Rating values of the alternative C;

i e =) €3

1 {{0.6,0.5},{0.2,0.13}  {{0.6,0.4},{0.3,0.2}} {{0.7,0.4,0.2},{0.2,0.1}}
*2 | {105,04},{02)}  {{0.7,0.6,04},{03,0.2}} {{0.7,0.6,0.5},{0.3,0.2,0.1}}
X3 | {{0.6,0.5},{0.1}} {{0.4,0.3},{0.6,0.5}}  {{0.6,0.5,0.4},{0.3,0.2,0.1}}
X4 | {{0.5,0.4},{0.2,0.1}} {{0.8,0.73,{0.2}} {{0.4,0.4,0.3},{0.6}}

€4 €s ]

{{0.7,0.6},{0.3,0.23} {{0.6,0.4,0.3},{0.3,0.1}}

{{0.9,0.7,0.6},{0.13} {{0.7,0.5,0.4},{0.3,0.2}}|

{{0.8,0.7,0.6},{0.2,0.1}} {{0.5,0.4},{0.4,0.3}}

{{0.6,0.5},{0.4,0.23}  {{0.6,0.5},{0.2,0.1}}
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Table 4.8 Rating value of the reference set B

e

i 1 €; €3
X1 {{0.9},{0.1}} {{0.6,0.5},{0.4,0.3,0.1}} {{0.4,0.3,0.2},{0.5}}
X2 [{{0.6,0.4},{0.4,0.2}} {{0.8},{0.2}} {{0.7,0.5},{0.3,0.2}}

X3 | {{0.7},{0.2,0.1}} {{0.4,0.3},{0.2,0.13}  {{0.8,0.7},{0.2,0.1}}
X2 | {{0.8},{0.2}} {{0.9,0.6},{0.1}} {{0.6,0.4},{0.3}}

ey es 1
{{0.8,0.73,{0.1}} {{0.4,0.3},{0.6,0.5}}
{{0.3,0.2,0.1},{0.5,0.3}} {{0.7,0.5},{0.3,0.1}}|
{{0.6,0.3},{0.2}}  {{0.6},{0.4,0.2}}
{{0.5,0.4},{0.2,0.13} {{0.6,0.4},{0.2}}

4.2.3 Third real-life problem

There is need to identify the best unknown pattern among A,, A, and A;, corresponding
to a known pattern B by considering the three different criteria e;, e, and e;. Three experts
are assigned for the same purpose.
Arora and Garg [8] claimed that if it is assumed that

(i) The weights assigned to the first, second and third expert are 0.5,0.3 and 0.2
respectively.

(i) The weights assigned to the first, second and third criteria are 0.4,0.3 and 0.3
respectively.

(iii)  The (i,j)*" element of Table 4.9, Table 4.10 and Table 4.11 represented a the
DHFSS, represents the rating values provided by the decision makers over the
criteria for the patterns A, A, and A;.

(iv)  The (i,/)*" element of Table 4.12, represented by a DHFSS, represents the rating

values of the known pattern B.

Then, one may conclude that on applying both the expressions (4.1) and (4.2) the

obtained most desirable pattern is A,.
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Table 4.9 Rating values of the pattern A,
€1 €2 €3

x| {{0.7,06}{0.23}  {{0.8,0.7},{0.1}} {{0.2},{0.4,0.3}}
x2 | {{0.9},{0.1}} {{0.73,{0.3,0.2}} {{0.6},{0.2,0.1}}
*3[{{0.6,0.5},{0.2,0.1}} {{0.4},{0.5,0.3}} {{0.7,0.6},{0.1}}

Table 4.10 Rating values of the pattern A,
e e, es

x, [{{0.7,0.6},{0.2,0.1}} {{0.5},{0.4,03}}  {{0.3,0.2},{0.6}}
x2| {{0.4,0.3},{0.5}} {{0.8},{0.2,0.1}} {{0.8,0.7},{0.2,0.13} |.

*3| {{0.5},{03,0.2}}  {{0.7,0.6},{0.2}} {f0.6},{0.2}}
Table 4.11 Rating values of the pattern A3
€1 € €3

x [ {{0.201}3{0.73}  {{0.7,0.6},{0.3,0.13}  {{0.73,{0.1}}
x2 1{{0.7,0.6},{0.2,0.1}} {{0.4},{0.5}} {{0.6},{0.2,0.1}} |.
*3| {{0.6},{0.3,0.1}} {{0.1},{0.7}} {{0.6,0.5},{0.2}}

Table 4.12 Rating values of the known pattern B
€1 €2 €3

x, [{{0.7,0.6},{0.2}} {{0.2},{0.8,0.7}} {{0.6,0.4},{0.2}}
x2 1{{0.6},{0.3,0.1}} {{0.3,0.2},{0.73}  {{0.7},{0.1}}
*3({{0.5,0.3},{0.4}} {{0.5},{0.3,0.2}} {{0.3,0.1},{0.6}}

4.3 Origin of Arora and Garg’s expressions

In this chapter, it is claimed that the expressions (4.1) and (4.2) are not valid in its

present form. To prove that this claim is valid, there is need to discuss the origin of the

expressions (4.1) and (4.2). Therefore, the same is discussed in this section.

4.3.1 Origin of the first expression

It can be easily verified that the Arora and Garg [8] have obtained the expression

(4.1) in the following manner:
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S & Xy (Bt oo (517 (e (x7) + 1 Zia vi(e) (27 vaep (7))

Yicq 2571:1 (ZS 18N — P (nuF(eJ)( ¢ )).u(;(e])( ¢ )))) +
Y 121 1 (Zt 16177] L (VF(eJ)( « )) VG(e])( « ))))

= <<2?=1 25"125 1 \/—\/[MF(e])( (s))) X (27;1271:121; lJ_\/i—uG(ej)( ))> N

(Bt 2ty v (50°)) (Bt 2, v (+69)) )

Assuming, X; = Y- 1271125 1 \/—J[“F 61)( 1(5))’

o= B0 S 2 ) (),

= i1 21 il\/—\/%n—jvﬁ(e )( (t)) and YZ_Z?IZ;anl \/—\/l.—vc(e)(xz(t))

2i- 1&25”1771( 3oL 1:uF(eJ)( ))ﬂc(e,)( ())+%Z?=1vﬁ(e,.)(xi( )) "G(e,)( ()))

(X1Yy + Xo¥p) < X2+ X2,YZ + Y2

s<\/ (B mp b, Sl (x fS))) AR F(e’)(xi(t)ﬁ) ’

( j i T 2 L () (B, 2, G(eﬂ(xf”))Z)
( T e (VET) (( ()r()> +<Z?=1VF(631£;;)> >>) X
[ (o2 o 242 )
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NG i  Vpe(®?) 2 \‘
< Dieq Xj=1 §imj <<Z§L=1 (j/)k—i ) +<Z?=1%> X

- Hg e-(xl@)) : - Ve e-(xlgt)) i
2?12 15177]((2?:1 (j/)k_l ) +(2il=1 (J\;l—l )

< <<\/Z?=12] 151771( Zs 1'uF(e )( (S))+ Zt 1 F(e )(x(t)))>> %

\/Z P 151771 Zs 1'uG(e )(x( )+ Zt 1 G(e)(x(t))))

= T 6 s (Dol brten) (57 oo (507) + 5 2k vee) (67) vae (1(7))

<

(o G () + 2ot (7)) »
(

JZ 12 151771( Zs 1:uG(e )( (S)>+ Zt 1 G(e)(x'(t)))>}

2t e 25t (4 o) (P v ) (1) v (1)
<<JZ? 2t 20 <,->("l@)*izil”?<e,->(’“5t))>>>x
k ( jz:llz, oy e 2 (j)(x?))+%i2£=1vg(ej)(xl‘”») }

4.3.2 Origin of the second expression

It can be easily verified that the Arora and Garg [8] have obtained the expression

(4.2) in the following manner:

w1 &i j= 17]] (1 ZS 1/“‘F(ej)( )).u(f(ej)(xi(S)) + %Z?:lvﬁ(ej)(xi(t)) v@(ej)(xi(t))) =
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Yicq 2571:1 (ZS 18N — P (MF(eJ)(x( )).u(;(e])( ¢ )))) +
s 121 1(Zt 1€lnll (VF(G )(x ) G(ej)( ))) -

(st Sl () % B S Sl () )+

(Z? 12}”121 ‘/_\/%—VF(ej)(xi(t)) X Ni- 1271121 \/—\/%— G(ej)(xi(t)) )

Assuming, X; = Y- 1271125 1 \/—J[“F 61)( l(S))’

o= B0 S 0, ) (),

—yn oy, yh I Sy ) (%) and ¥, = T, T, Bi rf Ve, (%)

Z?lEle’lln,( Y 1ﬂp(e])( )#a(e)( ())+%Zii=1vﬁ(e,-)( f))vc(e,)( ()))
X1Y; + X,Y, < max{(X,® + X,2), (V% + 1,%)}
|, Bl (= )+ (B Zp 2 Bl (5 w
Ll<2?=127jﬂ1zlsc 1 \/—\/[MG e] (S) ) +(Z?1Z§n1 i 1\/—\/— x l}
Z?=1Z}"=1€mj< ( s= 1:“F(e])( )2 +%(Zt 1VF(e,)( ) )
Z?=1Z;‘n=1fi77j( ( s= 1:uG(e ( S))) (Zt 1Vé(e)) (xi(t)))2>

o [Eman iy (2 12 (x9) + 250 v (),
B 2?:1271:151771( Z 1/“‘G(e )( (S))-I_ziizii:lvé(ej)(xi(t))

< max «

< max -

= T & ZT s (i T o) (27 Yoo (507) + 5 Zka viep (507) va(ep (7))

{Z? 12] 18 ( Zs 1'uF(e )( (S)) + lizilvlg(ej)(xi(t))) '}
< max
2? 12] 16177] ( 2s 1“G(e )( (5)) + l_izf—“i=1vé(ej)(xi(t))
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e;j

Zflsz] 177]< ZS 1Hg (
N j

e lzm“(””( Ty f>("55))+%2i"=1”?<e,-)(’“9
LZ’le, 15177]( 2 (j)(x?))
4.4 Mathematical incorrect assumptions
It can be easily verified from Section 4.3.1 and Section 4.3.2 that to obtain the expressions
(4.1) and (4.2), Arora and Garg [8] have assumed the relations (i) to (vi) will be satisfied.

While, it is obvious from Example 4.1 that the relations (i) to (vi) are not satisfying. Hence,

the expressions (4.1) and (4.2), proposed by Arora and Garg [8], are not valid.

0 21 2 (28 S e (1 Y (7)) = (B B0 B0y 5 e (+17)) ¢
Bz m = ke (<))
@) 3 3 (B (0 (1 Pt () = (B B Bl F v (+17)

( 12 1Zt 1\/—\/\4—1/6(@1')()(1'&)))

(i) (Zor ttacen (7)) = 2250 i ()
) (S 2vieen(x)) = 35k v (1)

) (22 Easen(x)) =22 12y ()
Vi) (Zhor 2vpen(x2))” = 25e vy (x).

Example 4.1: Let

eq €,

T E) = {{0.1,0.2,0.5},{0.3}} {{0.2,0.4,0.6},{0.4,0.5,0.8}}
(4, )_xz {{0.2,0.3,0.5},{0.3,0.6,0.9}} {{0.2,0.3,0.73,{0.1,0.9}}
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€ =)

x; [{{0.1,0.2,0.4},{0.6,0.8,0.9}} {{0.2,0.4,0.1},{0.8,0.9,0.6}}

X2 1{{0.6,0.3,0.5},{0.9,0.2,0.3}} {{0.5},{0.9}} be two

(5.E) =
DHFSSs.

Furthermore, let &; = § $ = éand N = % N, = %

Then, it can be easily verified that

s Ben (B0 52 (ate) (5 e () )) = 0.1429

( i2=12 12 \/—\/i__:uA(ej)(xi(S)))x( i2=12 12 \/—\/[#B(Ej)(xl(S))>_12980

It is obvious that

T (0 ) (<8 e (1)) # (B s s T (52)) %

( DX 12 \/—\/ii—”l?(e;)(xl@))

Also, it can be verified that

o T (B T (v () e (+£7))) = 03096,

( i2=12 =1 ?1\/—\/%__ A(ej)(xi(t)>)x< i2=12 1211 \/—\/%— B(e])<xl(t))>:3'1130'

It is obvious that

=12 (Zt 151"1 A(e)(x( ))VB(G)( (t))) i( =12 )y 1\/—\/1-_ A(e;)(xl(t)» %

( z‘2=1 Z?=1 Zil=1 \/?\;%—VB(‘?J)( l(t)))

Furthermore, it can be easily verified that

(Zs 1 \/—MA(el)( ())) 1.6333, Zs 1:uA(€ )( (S)) = 0.0700,
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(zLs %VA(el)(xf)))z = 1.7633, 3 vE o (x7) = 0.6033,

(Bes Lupen(x®)) = 02133, L3 e (%17) = 01000,
(B Fvacen (xS ))) = 0.0900, 3ty VR e (2P = 0.0900.

It is obvious that

(Zs Etaeen (7)) # 2550 (),
(B grvien (x67))” # 1 2hsviien ().
(B Etien(x)) # 2 i (),
(

2 —1 \/_VB(el)(xgt))) Zt 1VB(e )( (t))'

4.5 Modified expressions and their origin
The expression (4.5) and (4.6) represents the modified form of the expression (4.1) and

(4.2) respectively. In this section, the origin of the modified expressions is discussed.

pP3 =

By "Es) ’ Ha(e: "ES)
2?1512}"177]-(( zZ(%()) zf&(%) 1|
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Py =

)6)

2?1512] 1"](,%2? HF(ej)(xgs))ua(ej)(xlgS))_I_l_izii:lvﬁ(ej)(xi )va(e]
2

(o ()N (e e (o)™ o (o
Z"lfl iy |\max{l2 ;1< F )kl > + ?:1( F( i/)l—z > E:L(%) +Z£i=1< G( {/)l_l )

4.5.1 Origin of the first modified expression

The modified expression (4.5) has been obtained as follows:

e & 2Ty (o Sk tn(e) (5 Yoo (317) 5 B V(e (27) oo (xi7))

o HE(e; (xi(S)) Mz (e (xi(S)) o VE(e; (xi(t)) Vé(e; (xi(t))
Z =1$i §n=177j <<Z§l=1 ({/)k—L (j)ki >+<Zil=1 (J\;l—l (1\31—1 ) )

Assuming,

(s) (s)
X(S) _ T:‘(ej)(xi ) Y(S) _ E(ej)(xi )
Vki ki’
® ®
x@® F( i)(xi )and y@® Vﬁ(ej)(xi )
Vi Vi

i=1&i j= 1771(125 1:“F(e])( ):“G(e )( ())+ Zt 1VF(e; )( l())vé(ej)(xi(t))) -

ke; l;
i=18i Xj=1 ) (Bl X© ¥© 4 3L xOy®)

< Zn 151 177] (J(Z 1()((5))2 XZ i (y(s))Z) +\/Z 1(x(t))2 le (Y(t)) )
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n m k; s s l;
Zi=1 & Z,’=1 77,-(,%,25:1 #F(ej)(xi( ))#E(ej) (xl( ))+%Zt=1 vF(e

2

PENEO! FNFON v (O v, \(x®
z?zlsiz;?;m,-(( \/z"ﬂ(F(j)k—()) 2'21(%()) \I+I/ zi"=1< F(ej)l—(il )> 2?;1( G(ej)l—(il )>
\\ )\

<L

4.5.2 Origin of the second modified expression

The modified expression (4.6) has been obtained as follows:

B 27 (5 Dt o) (57 Do) (57) + 3 Vot (567) voe (xi7))

o PE(e, (xi(S)) Hz(e; (xi(S)) ~ VE(e; (xl(t)) Vé(e; (xi(t))
= S 6 Ea, ((z’;zl e >+ (zi;l e )

(s s ® ®
X(S) _ Fi e]-)(xi ) Y(S) _ Hg e])( i ) X(t) _ VE ej)(xi )and Y(t) _ v?;(ej)(xi )
\/k_i ’ i L \/l—l

CwpHrss ((ﬁ: E): (5: E)) = Z?=1 &i 27;1 n; (Z’;l:l X© y© 4 Ziizl x® Y(t))
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<y & Z;n=1 n; (max {Z;‘il(x(s))Z + Z?:1(X(t))2 ;Z:il(y(S))z + Z?':l(y(t))Z}) <

. HE(e; (x§5)) : . VE(e; (xi(t)) ’ . Mz (e (xES)) ’
ot (P4E) 2t (M) () +

O 2
1 va(ej)(xi )
Zt:l \/l—L
n m ki S
Zi=1 fizjzln](klizs:l ‘uf:(ej)(xl( ))#E(e

PN NG
I/ E<M> st ( to(o) )

’ \I

|

" k; “a(e: (xl(S)) ’ I; VE(e; (xlgt)) 2 I
\ 2521( (]/—2(1_ _> +2tl=1< (i/)l—z ) /

4.6 Exact results of the existing real-life problems

=1 & Z;'n=177j

=

PRI )

Arora and Garg [8] used the expressions (4.1) and (4.2) to find the solutions of three
real-life problems, discussed in Section 4.2. However, as discussed in Section 4.4 that the
expressions (4.1) and (4.2) are not valid. Therefore, the results of the real-life problems,
obtained by Arora and Garg [8], are also not exact. The results of all the three real-life
problems, obtained by the existing expressions (4.1) and (4.2) as well as obtained by the
modified expressions (4.5) and (4.6), are shown in Table 4.13.

Table 4.13 Results of real-life problems

(Best candidate)

p3((A3,E), (B,E)) = 0.8356
p4((AL, E), (B,E)) = 0.6878
pa((Az, E), (B,E)) = 0.7946
pa((43,E), (B,E)) = 0.7509

Existing  real-life | Existing expressions (4.1) and | Modified expressions (4.5) and
problem [8] (4.2) [8] (4.6)

First real-life | p;((44,E), (B,E)) =0.8390 | p5((Ay,E),(B,E)) = 0.5347
problem p3((43,E),(B,E)) = 0.8926 | p3((4z E), (B, E)) = 0.9420

p3((43,E), (B, E)) = 0.9314
p4((A1,E), (B,E)) = 0.6248
p4((Az, E), (B,E)) = 0.7292
p4((43,E), (B,E)) = 0.6392
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Medical diagnosis

p3((Cy, E), (B, E)) = 0.8202
ps((C, E), (B,E)) = 0.8936
p3((C3,E), (B,E)) = 0.8976
p4((CL,E), (B,E)) = 0.6836
p4((C5, E), (B,E)) = 0.7952
p4((C3,E), (B,E)) = 0.7476

p3((CL,E), (B,E)) = 0.9572
p3((C5, E), (B,E)) = 0.9918
p3((C5,E), (B,E)) = 0.9788
p4((C, E), (B,E)) = 0.6229
p4((C2,E), (B,E)) = 0.7654
p4((C3,E), (B,E)) = 0.6975

Pattern recognition

p3((Ay, E), (B, E)) = 0.7604
p3((A3, E), (B, E)) = 0.8051
p3((43,E), (B,E)) = 0.7328
pa((A,E), (B,E)) = 0.7466
pa((Az, E), (B,E)) = 0.8031
pa((43,E), (B,E)) = 0.7203

p3((A,E), (B,E)) = 0.9925
p3((42,E), (B,E)) = 0.9868
p3((A43,E), (B,E)) = 0.9817
p((A1,E), (B,E)) = 0.6936
pa((A,E), (B,E)) = 0.7316
pa((A3,E), (B,E)) = 0.6535

It is obvious from the results, shown in Table 4.13, that

According to the existing expression (4.1), the obtained PO of the alternatives is A; <
A; < A,. Hence, the most preferred candidate is A,. While, according to the modified
expression (4.5), the obtained PO of the alternatives is A; < A; < A,. Hence, the most
preferred candidate is A,. Furthermore, according to the existing expression (4.2), the
obtained PO of the alternatives is A; < A; < A,. Hence, the most preferred candidate is A,.
While, according to the modified expression (4.6), the obtained PO of the alternatives is
A; < A; < A,. Hence, the most preferred candidate is A,.

According to the existing expression (4.1), the obtained RV of the disease is C; < C, <
Cs. Hence, the patient is suffering from the disease C5;. While, according to the modified
expression (4.5), the obtained RV of the disease is C; < C3 < C,. Hence, the patient is
suffering from the disease C,. Furthermore, according to the existing expression (4.2), the
obtained RV of the disease is C; < C3 < C,. Hence, the patient is suffering from the disease
C,. While, according to the modified expression (4.6), the obtained RV of the disease is

C; < C5 < C,. Hence, the patient is suffering from the disease C,.
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According to the existing expression (4.1), the obtained PO of the alternatives is A; <
A; < A,. Hence, the most preferred pattern is A,. While, according to the modified
expression (4.5), the obtained PO of the alternatives is A; < A, < A;. Hence, the most
preferred pattern is A,. Furthermore, according to the existing expression (4.2), the obtained
PO of the alternatives is A; < A; < A,. Hence, the most preferred pattern is A,. While,
according to the modified expression (4.6), the obtained PO of the alternatives is A; < A; <
A,. Hence, the most preferred pattern is A,.

4.7 Conclusions
It is pointed out that the existing expressions [8] to evaluate the CoCf between two

DHFSSs are not valid. Also, valid expressions are proposed for the same.
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Chapter 5
Modified NLP methodology for MADMPrs
with IVIFSSs information”

Garg and Arora [51] claimed that there is no method in the literature to solve
IVIFSMADMPrs and hence, proposed a NLPM for solving IVIFSMADMPrs. Since, it is
only method for solving IVIFSMADMPrs so the other researchers may be attracted to use
this method for solving real-life IVIFSMADMPrs. However, after a deep study, it is observed
that some mathematical incorrect assumptions have been considered in this method.
Therefore, it is scientifically incorrect to use this method for solving real-life
IVIFSMADMPrs. Keeping the same in mind, Garg and Arora’s method is modified.

5.1 Preliminaries
In this section, some basic definitions are presented.

Definition 5.1 [80] Let X be an initial universe of objects, E the set of parameters in relation
to objects in X and A € E. Parameters are often attributes, characteristics, or properties of
objects. Let JF(X) be the set of all IFSs in X. Then, the pair (F, A) is called an IFSS over X,
where, F is a mapping defined by

F:A - JF(X).
Definition 5.2 [80] Let JVF(X) be the set of all IVFSs in X. Then, the pair (£, A) is called
an IVFSS over X, where, F is a mapping defined by

F:A > JVFX).

" The contents of this chapter have been communicated for the possible publication in Journal of
Intelligent & Fuzzy Systems.
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Definition 5.3 [80] Let JVJFS(X) be the set of IVIFSs in X. Then, the pair (F,A) is called
an IVIFSS over X, where, F is a mapping defined by
F:A - Jvgrs(x).

5.2 A brief review of Garg and Arora’s method

The aim of this chapter is to point out the mathematical incorrect assumptions considered
in the existing method [51] as well as to propose a modified method. Since, to do the same
there is need to discuss the existing method [51]. Therefore, in this section, the existing
method [51] is presented in a brief manner.

The steps of the existing method [51] are as follows:

Step 1: Write the CLFPPr (Ps;) and the CLFPPr (Ps,) with the help of the IVIFSDM
M= <<[(#l(,k) #l(,k) ] [ (k) (k) ])) corresponding to the k" alternative of
nxm

the considered IVIFSMADMPr.

(R(k))L — min {Z;’ilfi(zi Loi(k)) )+Z§11nj(2?=1pi(1 ) ))}

STy S, (§jwitn p)

Subject to (Ps1)
or<w <! 5 i=12,..n k=121

pk<pi<p! ; i=12.,n k=12.,],

i<g&<g 5 j=12.m k=121,

Wh<m<n? 5 j=12.,m k=12.,L

(k) m n (k) L
)Y = Zf &(5 o)) )+Zf=1”f(2i=1pi<1‘(”if )))
(R ) = max Z]=1Z?=1(fjwi+njpi)

Subject to (Ps2)
Constraints of the CLFPPr (Ps ;)

where,
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() The IVIFSS <[(lif]k) ﬂl(,k) ] [ (k) (") ]> represents the RV for the k"

alternative provided by the i*" expert over the j* attribute.
(ii) The IVIFS ([wf, w?], [pF, pf1) represents the weight of the it" expert such that
0<owf<w! <1 0<pf<p! <tlandw! +p! <1.
(iii) The IVIFS ([¢},¢]], [n%.n}]) represents the weight of the j™ attribute such that
0<¢<é/<10<n;<ni<tland¢/+nj <1
(iv) w; represents the membership degree of the weight of the i*" expert which is given as
an interval i.e., ; € [w¥, w?].
(v) p; represents the non-membership degree of the weight of the it" expert which is
given as an interval i.e., p; € [pF, pf].
(vi) &; represents the membership degree of the weight of the jt" attribute which is given
asaninterval i.e., §; € [¢],&7].
(vii) n; represents the non-membership degree of the weight of the j** attribute which is
given as an interval i.e., n; € [n},n7].
(viii) [ represents the number of alternatives.
(ix) n represents the number of experts.
(x) m represents the number of parameters.
Step 2: Using CCTtr [59], the CLFPPr (Ps,) and the CLFPPr (Ps ) can be transformed into
its equivalent the CLPPr (Ps3) [51, Section 3.5, Eq. 12, p. 2036] and the CLPPr (Ps,) [51,

Section 3.5, Eq. 13, p. 2037] respectively.

(R(k))L = min {21 1 2 b (ijk)) + yij (1 - (Vgc))u)}

Subject to (Ps3)
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Irszwfs <zéfw!; i=12,.,m j=12,..m k=12..,]
gzn]L-piLSyijSznjpi ;i=12,.,n j=12,..m k=12,..,1,

L Lty +yy) =1

z = 0.

(R(k))U = max{ 121 1Lij (.“l(]k)) + Yij (1 ( l(Jk)) )}

Subject to (o)

Constraints of the CLPPr (Ps3).

Step 3: Using the optimal values (R("))L and (R("))U of the CLPPr (Ps) and the CLPPr
. L U

(Ps.), obtain (R®) = [(R®)",(R®)" | (k = 1,2,..., D).

Step 4: Using the values of (R®) = [(R("))L, (R("))U] (k =1,2,...,1), obtained in Step 3,

construct a [ x I matrix P = [p(RV)]lxl (k,v =1,2,...,1), where,

max (R©) -(r%) 0),0¢; if k#v
Pl _ *\=®)7 = (R0 () ()" ) f
\

;0 if k=v
)

N |-

l
Z£/=1 p(kv)‘l'g—l

Step 5: Find the value of %) =
1(1-1)

, (k,v =1,2,...,1) and check that 8¢ > g

or 0% < g™ or U = g,
Case (i) 0% > 00 then A® > 4W).
Case (ii) 1% < 9™ then A® < AW,
Case (iii) 1f0% =90M then AW = 4™,
5.3 Mathematical incorrect assumption considered in Garg and Arora’s method
The objective of the CLFPPr (Ps,) and the CLFPPr (Ps,) is to find such values of

wy,p, & (=12..,nj=12,..,m) where 0<w;p;¢;,n; <1 corresponding to

Z}r;1fj( (#L(;c)) )+Zm17’1<2?=1pi< ( l(;c)) ))

will be
Z]=1Zl=1(51w1+mpi)

which the value of the expression
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Z,:Jj( ?:1wi(#lgf))u)ﬂ?l:lUj(2?=1pi(1‘("l§1"c))L))

will
YT X (§jwitnjp:)

minimum and the value of the expression

be maximum.

To achieve this objective, Garg and Arora [51, Section 3.5, p. 2035] have solved the
CLFPPr (Ps;) and the CLFPPr (Ps ) independently by transforming the CLFPPr (Ps,) and
the CLFPPr (Ps,) into the CLPPr (Ps3) and the CLPPr (Ps4) respectively. However, it is
mathematically incorrect to solve the CLPPr (Ps3) and the CLPPr (Ps,) independently due
to the following reasons:

On solving the CLPPr (Ps ;) and the CLPPr (Ps,) independently the obtained values of
tipyij (1=12..,nj=1.2,..,m) will not necessarily be equal. While, as t;;,y;; (i =
1,2..,mj=12,..,m) are RNs so the values of ¢;;,y;; (i=12..,n;j =1.2,..,m),
obtained on solving the CLPPr (Ps 3) and the CLPPr (Ps_4), should be equal.

For example, to find the solution of the existing problem [51, Section 5, p. 2040], the
CLFPPr (Ps5) and the CLFPPr (Ps¢) are solved independently by transforming the CLFPPr
(Ps5) and the CLFPPr (Pgg) into the CLPPr (Ps,) [51, Section 5, Eq. 30, p. 2041] and the

CLPPr (Psg) [51, Section 5, Eq. 31, p. 2042] with the help of CCTr [59].

( 0.4flw1+0.4fzw1+0.1f3w1+0.651w2+O.6Ezw2+0.453w2+ \
0.3§{w3+0.5§,w3+0.5§3w3+0.781 w4 +0.68, w4 +0.383w4+
0.6171p1+0.67201+0.411301+0.711p2+0.712p2+0.873 02 +
(R(l))l' = min 0.6171p3+0.612p3+0.713p3+0.811 04 +0.792 4 +0.813p4
101 +E1 W+ W3+ E 1 WaAN1 P11 P21 P3N 1 P4+ E2 w1+ 62w+ w3+ wat
N2P1+N2P2+M2034M2P4+§3W1+E3w2+§3wW3+E3Wa 301+ N3P2 113031304

Subject to (Pss)
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015<w; <045;02<p, <04 ; 01<¢& <04;02<n, <0.55;
03<w,<04;04<p, <05 ; 02<& <05 ;0.15<n, < 0.45;
06<ws;<07;01<p;<02 ; 025<& <0.6;0.15<n;<0.38;
0.5<w,<0.7;01<p, <03.

0.561&)14‘0.652&)1+0.3Egw1+0.7flw2+0.7Ezw2+0.763w2+
0.6§1w3+0.68,w3+0.6§3wW3+0.881w4+0.78, w4 +0.483w4+
0.711p1+0.812p1+0.57301+0.871 p2+0.812p2+0.913 02 +
(R(l))U = max 0.711p3+0.712p3+0.9303+0.971 04 +0.97204+0.973 04
101+ w2 +E1 W3 HE1WaHN1P1HN1024N1P3+HN1P4HE2 w1+ W+ 6 w3+ wat
N2p1+M2P2+M2P3+1M2P4+83w1 83w HE3W3+E3Wa+N3P14N3P2+13P3+13P4

Subject to (Pse)

Constraints of the CLFPPr (Ps5).

(R(l))L = min(0.4t;; + 0.4t;, + 0.1t;3 + 0.6t + 0.6t,, + 0.4 to3 + 0.3t3; + 0.5t3, +
0.8y,5 + 0.6y3; + 0.6y5, + 0.7y35 + 0.8y,; + 0.7 y4, + 0.8y,3)

Subject to (Ps7)

(0.015z < t;, < 0.180z ; 0.030z < t;, < 0.225z ; 0.037z < t;5 < 0.270z;
0.030z < t,; < 0.160z;0.060z < t,, < 0.200z ;0.075z < t,; < 0.240z;
0.060z < t3; < 0.280z ; 0.120z < t;, < 0.350z ; 0.150z < t33 < 0.420z;
0.050z < t,; < 0.280z;0.100z < t,, < 0.350z; 0.125z < t,5 < 0.420z;
! 0.040z < yy; < 0.2202;0.030z < y;, < 0.180z;0.030z < y;53 < 0.152z;
0.080z < y,; < 0.275z;0.060z < y,, < 0.225z ;0.060z < y,5 < 0.190z;
0.020z < y3; < 0.110z;0.0152 < y3, < 0.090z; 0.0152 < y35 < 0.0762;
0.020z < y,; < 0.1652;0.0152 < y,, < 0.1352;0.015z < y,5 < 0.114z

\ ?:1 Z?:l(tij +yl-j) =1 ; z=0.

(R<1>)U = max (0.5t;; + 0.6t;, + 0.3t;3 + 0.7ty; + 0.7t,, + 0.7 ty3 + 0.6t3, + 0.6t5, +
0.6t33 + 0.8t4; + 0.7t,, + 0.4t43 + 0.7y5; + 0.8y5, + 0.5y,5 + 0.8y,; + 0.8 y,, +
0.9y,3 + 0.7y3; + 0.7y35 + 0.9y353 + 0.9y,; + 0.9y, + 0.9y,3)

Subject to (Pssg)
Constraints of the CLPPr (Ps ).

The optimal values of

t11, b2, 813, 821, 022, E23, U31, 032, B33, Ea1, Laz, 043, Y11, V120 V13: Y21, Y22, Y23, Y31, Y32, Y33, Va1, Va2
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and y,3, obtained on solving the CLPPr (Ps ;) [51, Section 5, Eq. 30, p. 2041] and the CLPPr

(Psg) [51, Section 5, Eq. 31, p. 2042], are shown in Table 5.1.

Table 5.1 Optimal values of the variables

Min (R@)" Max (R@)"

180 20 6 16
11 = S0 Yi1 = 5,5 ti1 = 7010 Y11 = 145
225 30 12 72
12 = S0 Yi2 = 55 ti2 = 7570 Y12 = To10
270 152 15 12
13 = Sea7 Y13 = 500, tiz = 1019 Y13 = 010
try = = Y21 = 2 try = = Y21 = 2
2647 2647 1019 1019

60 60 24 90
22 = S0 Y22 = 505 t22 = 1519 Y22 = 1055
3 = =, Y23 = 22 3 = s Y23 = e
2647 2647 1019 1019
3y = = Y31 = —— 3y = = Y31 = B
2647 2647 1019 1019

120 15 18 6
t32 = 5o Y32 = 5o t32 = 1019 Y32 = 1015
150 15 60 152
33 = S0 Y33 = a7 33 = 101 Y33 = 2095
50 20 12 66
tar = 5o Ya1 = 55 tar = 01 Ya1 = 1075
lyr = = Yaz = 25 lyr = e Yaz = St
2647 2647 1019 1019

420 15 50 228
43 = S Yaz = 5~ t43 = 7079 Va3 = S5o5

100 400
2= 2647 = 7019
Value of the objective function= Value of the objective function=
5489 7671
13235 10190

It is obvious from the results, shown in Table 5.1, that the values of the variables

t11, ti2, B3, 021, 022, B23, €31, 032, B33, Ca1, L4z, U043, Y11, Y120 V13, Y21, Y22, Y23, Y31, Y32, Y33, Ya1,Ya2

and y,3, obtained on solving the existing CLPPr (Ps-) [51, Section 5, Eq. 30, p. 2041] and

the existing CLPPr (Psg) [51, Section 5, Eq. 31, p. 2042], are not equal, which is

mathematically incorrect.




5.4 Suggested modifications
In the existing method [51, Section 3.5, p. 2035], two different CLPPr (Ps3) [51, Section
3.5, Eq. 12, p. 2036] and the CLPPr (Ps4) [51, Section 3.5, Eq. 13, p. 2037] are solved. Due

to the same reason, for each variable two distinct optimal values are obtained. If to achieve

Z;’nﬂ fj( ?:1 a’i(ﬂg'{))u)"'z}zl TIj(Z?=1 pi(l_(vg'c))l‘»

and to minimize
ST I (jwitn p)

the objective i.e., to maximize

St (s o) )epamy (Bt i (1-(o

U
))) . .
N I , the CLFPPr (Psq) is solved instead of the

CLFPPr (Ps ;) and the CLFPPr (Ps,) independently. Then, a unique optimal value will be
obtained for each variable i.e., the flaws of the existing method [51, Section 3.5, p. 2035],
pointed in Section 5.3, will be resolved.
U L
( {{z;zlff( o) )z (B pi(1-(vF) )} }

)
I
S (0 i) Vo3 my (5 2i(1-(v)
max(R(k)) = i { — ]( - (;;n;)zgﬂ(;j:)::’gjpi)lp( (VJ ) ))} i
)

\
!r }’il<s‘j(2?=1 u( ME?))U_(@;_«))L))) + 27;1<nj<2?=1pi <(1‘(V5§‘))L)>‘<1—(v§}‘>)”))) \L

L N7, X (Ejwitn pi) J

Subject to (Ps9)

(of<w, <! ; i=12,..,n k=12,
inLSpiSpiU ;=120 k=12,..,1
r<&<El ;s j=12.m k=121
lTIJL' =n; = TI;] ;o J=12,...m; k=12, ..,L
The CLFPPr (Ps4) can be solved as follows:
Step 1: Using CCTr [59], the CLFPPr (Ps4) can be transformed into its equivalent the CLPPr

(Ps.10)-
max(R(k)) — 27121 Z?:l{tij ((Hl(]l;))U _ (#i(]"())L> Ty ((1 _ (vi(}c))L>> _ (1 . (vi(]gc))u>}
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Subject to (Ps.10)

IfZE]LwiL <t; < ijl-]wf]; i=12,...,m j=12,...m; k=12,..,1,

4 mipf Sy <znipl ; i=12,.,m j=12,.,m k=121,

z=0.

Step 2: Find the optimal solution {tij,yij; i=12,..,nj= 1,2,...,m} of the CLPPr

(Ps.10)-

Step 3: Using the optimal solution, obtained in Step 2, find

(R®)" = {xm, 32, (1) + v (1- (vi(}‘))u)} and

(R®) =ym yn ¢ (ul-(,’-‘))u + i) (1 - (vl.(j‘))L).

Step 4: Construct a [ x [ matrix P = [p(’“’)]lxl (k,v = 1,2,...,1), where,

max {1 - max< (RY) ~(r%) O> ) 0}; if k+v

(R®)” - (R®)"+(R)"~(r))"”
;0 if k=v

p(kV) =

—_
N |-

l
Z%}:l p(kV) +E_ 1

= (kv =12,..,1) and check that g% > W)

Step 5: Find the value of %) =

or 6% < 9™ org =g,

Case (i) 1f0% > 90 then A¥ > AW,

Case (i) 1f 0% < 9™ then A® < AW,

Case (i) 1f 8% = 0™ then 4K = 4™,
5.5 Exact solution of the existing real-life problem

Garg and Arora [51, Section 5, p. 2040] solved a real-life problem to illustrate their
proposed method. However, as discussed in Section 5.2 that Garg and Arora [51, Section 5, p.

2035] have used some mathematical incorrect assumptions in their proposed method,
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therefore the results of the real-life problem, obtained by Garg and Arora [51, Section 5, p.
2040], are not exact. In this section, the exact result of the same real-life problem is obtained
by the modified method.

Using the modified method, the exact results of the existing real-life problem [51,
Section 5, p. 2040] can be obtained as follows:
Step 1: Using Step 1 of the modified method, the CLFPPr (Ps,;), the CLFPPr (Ps,,) and

the CLFPPr (Ps 43) can be obtained.

0.151(1)14‘0.252&)1+O.2€3(L)1+O.1€1w2+0.1€20)2+0.3€3w2+ \
0.3510)3'{'0.1520)3+0.1€3(1)3+0.1§1(J)4+0.1€2(1)4_+0.1§3(1)4_+ I
0.111p1+0.272p1+0.173 01 +0.111 p2+0.172 02 +0.173 02+ }

max(R(l)) — { 0.113p3+0.112p3+0.29303+0.111 P4 +0.21204+0.173 04
$1w1+81 W+ 81 W3 HE W AN 1P1 N1 P2 N1 P3+N1P4+E2 W1+ S W+ W3 HE wa+
L N2P1+N2P2+M2034M2P4+§3w1+E3w2+E3wW3+E3WaHN301+N3P2 413031304

Subject to (Ps11)

Constraints of the CLFPPr (Ps5).

0.1&{w1+0.28,w1+0.13w01+0.281 w2 +0.1&, w2 +0.1&3 w5+
0.2510)3*‘0.152&)3+O.1E3(l)3+0.1€1w4+0.152CU4+0.2€3(U4+
0.1m1p1+0.1m2p1+0.2113p1+0.111 p2+0.112 p2+0.173 02 +
max(R(z)) — 0.1, p3+0.113p3+0.17303+0.111 P4 +0.112 P4 +0.173 04
101 +E1 W +E W3+ E W N1 P11 P21 P31 P4 +E2 w1+ E W HE w3 +E wa+
L N2P1+M2P2+M2P3+N2P4+E3w1+E3Wa+E3W3+E3Wa+N3P1 N3 P2 1303 +1304 J

Subject to (Ps.12)

Constraints of the CLFPPr (Ps5).

0.1&{w1+0.1&w1+0.1&301+0.18; w2 +0.1& w2 +0.1&3 w5+
0.1$1w3+0.1$2w3+0.1$3w3+0.1Elw4+0.252w4+0.153w4+
0.1m1p1+0.212p1+0.2113p1+0.111 p2+0.212 p2+0.173 02+
max(R(3)) — 0.171p3+0.112p3+0.19303+0.111 P4 +0.272 04 +0.113 P4
E101+E1 W +E W3 +E W N1 P11 P21 P31 P4+ E2 W1 +E2 W +E W3 +E wa+
N2P1+M2P2+M2P3+N2P4+E3w1+E3wa +E3w3+E3Wa+N3P1 302113031304

Subject to (Ps413)
Constraints of the CLFPPr (Ps5).
Step 2: Using Step 2 of the modified method, the CLFPPr (Ps41),(Ps.412) and (Ps43) can be

transformed into the CLPPr (Ps 14), (Ps.15) and (Ps 1¢) respectively.
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max(RW) = {0.1t1;, + 0.2t;, + 0.2t33 + 0.1t51 + 0.1t55 + 0.3 tp3 + 0.3t5; + 0.1t3, +
0.1y,3 + 0.1y3; + 0.1y3, + 0.2y33 + 0.1y,; + 0.2y,, + 0.1y,5}

Subject to

(0.015z < t;, < 0.180z ; 0.030z < t;, < 0.225z ; 0.037z < t;5 < 0.270z;
0.030z < t,; < 0.160z;0.060z < t,, < 0.200z ;0.075z < t,3 < 0.240z;
0.060z < t3; < 0.280z ; 0.120z < t3, < 0.350z ; 0.1502 < t3; < 0.420z;
0.050z < t,; < 0.280z;0.100z < t,, < 0.350z; 0.125z < t,3 < 0.420z;
! 0.040z < y;; < 0.2202;0.030z < y;, < 0.1802;0.030z < y35 < 0152z (p; )
0.080z < y,; < 0.275z;0.060z < y,, < 0.225z ;0.060z < y,5 < 0.190z;
0.020z < y3; < 0.110z;0.0152 < y3, < 0.090z; 0.0152 < y33 < 0.0762;
0.020Z < y,; < 0.1652;0.015z < y,, < 0.1352;0.015z < y,3 < 0.114z

\ ?:12221(1“” + yij) =1 ; z=0.

max(R®) = {0.1t1; + 0.2t;, + 0.1t33 + 0.2t5; + 0.1t5; + 0.1ty3 + 0.2t5; + 0.1ts, +
0.1t33 + 0.1ty + 0.1t4, + 0.2t45 + 0.1y;; + 0.1y, + 0.2y;5 + 0.1y,; + 0.1y,, +
0.1y,5 + 0.1y3; + 0.1y3, + 0.1y35 + 0.1y,, + 0.1y,, + 0.1y,3}
Subject to (Ps.15)
Constraints of the CLPPr (Ps 14).
max(R®) = {0.1ty; + 0.1t;5 + 0.1t33 + 0.1t51 + 0.1t55 + 0.1ty5 + 0.1t5; +
0.1t3, + 0.1t35 + 0.1t4; + 0.2t4, + 0.1t,5 + 0.1y;; + 0.2y, + 0.2y,5 +
0.1y,1 + 0.2y,, + 0.1y,3 + 0.1y3; + 0.1y3, + 0.1y33 + 0.1y, + 0.2y,, +
0.1y,3}
Subject to (Ps.16)
Constraints of the CLPPr (Ps 14).
Step 3: The optimal solutions {¢;;,v;j; i = 1,2,..,m;j = 1,2, ..., m} of the CLPPr (Ps1,),

(Ps.1s) and (Ps 16) are,

» 413 —

vtz =

31 = o l32 =

15 225 135 15 15 60 70
i1 = vl =

2396’ 12 7 23096 1198’ 21 7 1198 599 599 599

30 75 25 25 _ 125 10 45 15 _
599’ 133 T Tiog’ 141 T Tiog’ t42 T 5oqr 143 T 55550 V11 T 5og0 V12 T 5590 V13 T 1150 V21 T
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20 15 15 5 15

599’ Y22 = 5997 Y23 T 5597 Y31 T 590 Y32 = 53540 V33

19 s _ and
_599’y41_599'y42_2396 Yaz =

15 }

2396)’

{t 30 450 75 320 120 150 560 _
11 7 44297 12 7 4429” V13 T 44297 V21 T 44097 V22 T 44797 723 T 4429’ 731 T 44997 32 T

240 300 100 200 840 80 60

2420’ 33 T qap9’ U141 T g9tz T g0 M3 T 090 V11 T 90 V12 T 590 V13 T

304 160 120 120 _ _ _ .

2220’ V21 T ap90 V22 T g0 V23 T 500 V31 T 090 Y32 T 0590 Y33 T pe Va1 =

40 _ and 30}

2229’ V42 = Qa9 Ya3 = 100

and

{ _ 10 20 25 20 40 50 40 _
11 ™ 43737712 7 43737 713 7 43737 721 7 13737722 7 4373’ 723 7 1373’ 731 7 43737732 7
80 _ 100 . _ 100 . _ 700 250 80 120 _

13737133 T 3730t T gpgr ta2 T g0t T gy Y1 T g Y12 T 150 V13 =

304 160 150 40 40 10 10

2119’ V21 T gqp90 Y22 T 13730 Y23 T 5550 Y31 T gy Y2 T 15530 Y33 T 50 Va1 =

40

and i} respectivel
4119 Yaz = 1373 P y-

2119’ V42 = 1373

Step 4: Using the optimal solutions {tij;yij; i=12,..,nj= 1,2,...,m}, obtained in

(1 1389 (1 u 7717 ( ) 24-18 ) 31083 ( 124—07
Step 3 (R 1) 2995 (R 1) 11980 ( 2) 44-29 ( (2) 4-4290 ( 3)) 20595

) U 10339
(R ’ ) T 13730°

Step 5: Using Step 5 of the modified method,
0.5 0.53647 0.12608
P =10.70792 0.5 0.32428|.
0.87392 0.67571 0.5

Step 6: Using Step 6 of the modified method 8V = 0.277091666, 6 = 0.3387 and
63 = 0.42493833 respectively. Furthermore, since, the ranking order obtained is 6® >

0@ > 9 5o the PO of the alternatives is A® > A@ > 4D,

60



5.6 Conclusions
It is shown that the existing method [51] is not valid in its present form. Also, the
modified version of the existing method [51] is proposed. Furthermore, to illustrate the

proposed method the existing IVIFSMADMPr [51] is solved by the modified method.
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Chapter 6
A novel method for solving fully NSLPPrs:

Suggested modifications

Abdel-Basset et al. [1] claimed that although several methods have been proposed in the
literature to find the solution of different types of FLPPr/IFLPPrs (LPPrs in which some/all
the parameters are represented as FNs/ IFNs) [5, 17, 19, 37, 38, 44, 70, 71, 100, 104, 105,
112, 122, 134, 142, 149, 156, 159, 171, 197, 202]. However, there is no method in the
literature for solving such NSLPPrs in which some/all the parameters are represented as
TrNNs. To fill this gap, Abdel-Basset et al. proposed methods for solving different types of
NSLPPrs. In Abdel-Basset et al.’s methods, firstly, a NSLPPr is transformed into a CLPPr by
replacing each parameter of the NSLPPr, represented by a TrNN, with its equivalent
defuzzified crisp value. Then, the optimal solution of the transformed CLPPr is used to find
the optimal solution and optimal value of the considered NSLPPr. Abdel-Basset et al. also
pointed out that as a TrFN is a special case of TrNN. Therefore, the FLPPrs, can be solved by
the existing methods [38, 44, 100, 134], can also be solved by their proposed methods. Abdel-
Basset et al. also solved the same FLPPrs by their proposed methods as well as by the
existing methods [38, 44, 100, 134] and shown that the results, obtained on applying by their
proposed methods, are better than the results obtained on applying the existing methods [38,
44,100, 134]. In this chapter, it is shown that for the ranking function, used by Abdel-Basset
et al., to transform a TrNN into its equivalent crisp value, the linearity property is not

satisfying. Whereas, Abdel-Basset et al. have used the linearity property in their proposed

" The contents of this chapter are published in Journal of Intelligent & Fuzzy Systems, vol. 37, pp. 885-895
(2019). (Impact factor: 1.851)
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methods to transform a NSLPPr into its equivalent CLPPr. Therefore, Abdel-Basset et al.’s
methods are not valid in its present form. Furthermore, the required modifications in Abdel-
Basset et al.’s methods are suggested.
6.1 Preliminaries

In this section, some basic definitions are presented.
Definition 6.1 [168] A set AN = {(x, T v (x), Iin (x), Fin(x))|x €X, 0 < Tun(x) <1, 0 <
Iin(x) <1, 0<Fan <1, Ta(x) + Izn(x) + Fzv(x) < 3}, defined on the universal set X,
is said to be a SVNS, where, T v (x),I;zn(x) and Fzn(x) represents the degree of truth-
membership, the degree of indeterminacy-membership and degree of falsity-membership
respectively of the element x in AV,
Definition 6.2 [185] A SVNS AV through X is said to be a SVTINN, if Tzn(x), ;v (x) and

F ;v (x) are defined as,

( X —aq
WjN , fora; <x<a,

a; —a;
- <x<
Ton () = 1 WjN, fora, <x < a;
A a4, — X
WiN , foraz; <x<a,
as —as
\ 0, otherwise,

(a; —x +uzn(x —ay)

, fora; <x<a,
a; —a

UsN, fora, <x<a;

Iin(x) = <
() x —az+uz(a, —x)

, foraz; <x<a,

a, —das
\ 1, otherwise,

(az—x+y,~11v(x—a1)
ar,—aq
YN, fora, < x < a;

x—az+y4n(as—x)

, fora; <x<a,

FA'N(X) =

, foraz; <x <a,
k as—as

1, otherwise,
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A SVTINN is represented as, AN = ((ay,a,, as, as); win, uzn, yzn) Where win, uzn
and y;v denote the maximum truth-membership degree, minimum-indeterminacy
membership degree, and minimum falsity-membership degree, respectively.

Definition 6.3 [185] Let Zy =((ay,ay,a3,a4); Wz, Uz, Vz,) and
Zy = ((b1, by, b3, by); Wz, uz,,yz,) be two SVTrNNs. Then,
iy z1+2,=

((al + by, a, + by, a3 + b, a, + by); min(wzl,wzz) ,max(uzl,uzz),max(yzl,yzz))
(i) z,-2, =

((al — by, a, — bs, a3 — by, a, — by); min(wzl,wzz) ,max(uzl,uzz),max(yzl,yzz))
(i) Z,.Z, =

((albl,azbz,a3b3,a4b4);min(wzl,wzz),max(uzl,uzz),max(yzl,yzz), ifa, >0, by, > 0)
((a1by, azbs, ashy, asby); min(wy,, wz, ), max(uz,, uz, ), max(ysz,,vz,), ifa, <0, by > 0)

((agby, asbs, azby, arby); min(wy,, wy, ), max(uz,, uz, ), max(yz,ys,), ifas <0, by <0)

<(‘;: Zz Zz Z“) min(w;,, w;, ), max(uz,, uz, ), max(yz, vz, ), ifa, >0, by > 0)

|

(iv) 2 = <(2i ZZ Zj Zi) min(wy,,wz, ), max(uz,, uz, ), max(ysz,vz,), ifay <0, by > 0)

N
N

k<(§‘1‘ gz ;Z Zl) mm(WZl,WZz) max(uzl,uZZ) max(yzl,yZZ), ifa, <0, by < 0)

((Aaq, Aaz, A az, Aay); wi,, uz,, ¥z ), ifA >0

(V) AZI - {((Aaél-l Aag,l aZtlal); Wfllufll yZl); lfl < O

(vi) z;1= <(ai4»ai3:aiz'ail);wfyuf1'yf1>’ Z; # 0.
6.2 Existing method for comparing two TrNNs

Abdel-Basset et al. [1] have used the following method for comparing two TrNNs
4, = (a},a",a]"?,a};Ta, 15, Fz,) and A, = (a},a;",a52,a%; T4, 14, Fa,),
Check that the considered NSLPPr is a maximization problem or a minimization problem.

Case (i) If the considered NSLPPr is a maximization problem, then

(i) A, >4, if R(4,) > R(4y)
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(i) 4, <4, if R(4;) < R(4,)
(i) 4, =4, if R(4;) = R(4,)

where,

R(Al) _ <a§+a11‘+2(§1n1+a;n2)) + (TA1 _ Iﬁl _ F/il) and

R(4;) = (aémg”(: ;n1+a;nz)) +(Ta, = 1z, = Fz,).

Case (ii) If the considered NSLPPr is a minimization problem then
(i) A, >A4,if R(4;) <R(4,)
(i) A, <4, if R(4,) > R(4;)
(i) A, = 4, if R(4,) = (4,)

where,

R(4,) = (ai+a¥_3(:;nl+a11n2)) + (Tx, — 14, — Fz,) and

R(4z) = <aé+ag_3(:;nl+aglz)) +(Ta, — 1z, — Fa,).
6.3 Abdel-Basset et al.’s method

In this section, the Abdel-Basset et al.’s method [1] for solving different type of NSLPPrs
is discussed.
6.3.1 NSLPPr of first type

Abdel-Basset et al. [1] proposed the following method for solving NSLPPr (P ;).

Maximize/Minimize [Z}l:l ijj]
Subject to (P.1)

j=1@iX <=2 by, 1 =12,..,m;

o (pl M M2 UL g
where, cj—(cj,cj /€ ,cj,TC]_,ICJ.,FCj) isa TrNN.
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Step 1: Transform the NSLPPr (P, ;) into its equivalent CLPPr (Pg).
Maximize/Minimize [Z};l R()x]

Subject to (Ps5)
Constraints of the NSLPPr (P ;).

Step 2: Find the optimal solution {x;} of the CLPPr (Pg).

Step 3: Using the optimal solution {xj}, obtained in Step 2, and using the relation
1( ml, . ]?‘;Téj,lfj,Ffj)Xxj <(Z 1cl)><x],(2 1cm1)><x],(2 1Cm2)x
x],(Z 1c“) X Xj; MiNy<j<n {T } MaXi<j<n {I } max1<J<n{ }> find the optimal value

T lcf e i 065 Tepp leyy Fe;) X x; of the NSLPPr (Pg 4).
6.3.2 NSLPPr of second type
Abdel-Basset et al. [1] proposed the following method for solving the NSLPPr (Pg5).
Maximize/Minimize [Z;‘zl ¢ix;]
Subject to

Z;’lzl c”luxj <,=2= Bi , i = 1,2, ., M, (P6.3)

m; m
Log™ g™ qu.T

where, dij=(au, ij Qi 0 Qiji Tay, au

Fg,;) and b; = (b}, b;"*,b{"*,b}"; T5,, 15, Fp,) are
TrNNs.

Step 1: Transform the NSLPPr (P, 5) into its equivalent CLPPr (Pg4).

Maximize/Minimize [Z;‘zl ¢ix;]

Subject to (Pe.4)

Step 2: Find the optimal solution {x;} of the CLPPr (P, ,).
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Step 3: Using the optimal solution {x]} obtained in Step 2, the optimal value of the
considered NSLPPr (Pg 3) is X7, ¢;x;.
6.3.3 NSLPPr of third type

Abdel-Basset et al. [1] proposed the following method for solving NSLPPr (Pg5).
Maximize/Minimize [¥}_, &x;]
Subject to (Pe.s5)

Y dyn <,=,2b, i=12,..,m;

where,

& = (cf cjml,cjmz,c}‘; Te, e, Fe), Gy = (ai;, aﬁl,agz,af}; Ta, lay Fay)  and b; =
(b}, b;", b, b}; T, 15, Fj,) are TPNNS.

Step 1: Transform the NSLPPr (P, <) into its equivalent CLPPr (P ).
Maximize/Minimize [Z;‘zl R()x]

Subject to (Pe.s)

T R(@)x <= =R(b;), i=12,...m
x>0, j=12.,n
Step 2: Find the optimal solution {x;} of the CLPPr (P;.,).
Step 3: Using the optimal solution {xj}, obtained in Step 2, the optimal value of the
considered NSLPPr (Pg 3) is X7, §jx;.
6.4 Origin of Abdel-Basset et al.’s method
In this section, the origin of Abdel-Basset et al.’s method [1] is discussed.
6.4.1 NSLPPr of first type
Abdel-Basset et al. [1] have used the following methodology to transform the NSLPPr

(Pg.1) into a CLPPr (Pg5).
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Step 1: Using the method for comparing TrNNs, discussed in Section 6.2, the NSLPPr (Pg,)
can be transformed into its equivalent CLPPr (P ;).
Maximize/Minimize|R(X}-, &x;)]
Subject to (Pg.7)
Yi=1QiX <, == by, i =12,..,m
X 20, j=12,.,n
Step 2: Using the property R(X7_,&x;) = X7-1[R(¢)]x;, the CLPPr (Ps;) can be
transformed into its equivalent CLPPr (Pg ).
6.4.2 NSLPPr of second type

Abdel-Basset et al. [1] have used the following methodology to transform the NSLPPr
(Pg.3) into the CLPPr (Pg4).
Step 1: Using the method for comparing TrNNSs, discussed in Section 6.2, the NSLPPr (P 3)
can be transformed into the CLPPr (P g).
Maximize/Minimize [Z}l:l cjxj]

Subject to (Psg)

Step 2: Using the linearity property, R(X7-, @;;x;) = X7-; R(d;;) x;, the CLPPr (Psg) can
be transformed into the CLPPr (P, ,).
6.4.3 NSLPPr of third type

Abdel-Basset et al. [1] have used the following methodology to transform the NSLPPr
(Ps5) into the CLPPr (Pg¢).
Step 1: Using the method for comparing TrNNs, discussed in Section 6.2, the NSLPPr (P 5)

can be transformed into the CLPPr (Pg ).
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Maximize/Minimize|R (27:1 &ix;)]
Subject to (Pe.o)
R(X1idyx) <,==2R(b;), i=12,..,m;
x>0, j=12.,n
Step 2: Using the linearity property, R(X}-, @;;x;) = ¥7-1 R(@;) x;, as well as using the
relation R(a) = a, the CLPPr (P, 4) can be transformed into the CLPPr (P ¢).
6.5 Mathematical incorrect assumptions
The following mathematical incorrect assumptions have been considered by Abdel-

Basset et al. [1].

It is obvious from Section 6.4 that

(i) Abdel-Basset et al. [1] have used the property [R(X7-; &x;)] = [(X7-1 R(&)x;)] to
transform the objective function [R(X}-, &x;)] of the CLPPr (P ) into the objective
function [(X7-, R(&)x;)] of the CLPPr (P ,).

(ii) Abdel-Basset et al. [1] have used the property [R(X7-, @;x;)] = [(X7=1 R(@;;)x;)] to
transform the constraint R(X7-; ;%) <,==R(b;), i =1,2,..,m; of the CLPPr
(Psg) into the constraint Y7, R(d;;)x; <,=,=R(b;), i = 1,2,...,m; of the CLPPr
(Po.4)-

However, the following clearly indicates that if 4; = (a{,a]™, ai"?, a¥; T4, I4,, F,)
and A, = (ab,a;", a;?,a¥%; T, 14, Fa,) are two TrNNs then R(4; @ 4,) # R(4;) +
R(4,).

(al +ab), (@ +a™), (o + af), (at + a%»)
min{Tgl, TAZ}, max{lgl, Iﬁz}' max{Fgl, Fﬁz}

R(A4, ®4,) = R<
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l l uy ,u my my mp mp
_ajt+az+af+a¥+2(a) t+a, t+a, 2+ay, 2) . ~ B g
= 5 + (mm{TAl, TAz} - max{IAl, IAz} -

max{Fgl, ng}) (6.1)
while,
R(A) + R(A,) = S Dvet | o,y ) 4 2 e T)vd

(Ta, — 1z, — Fi,) (6.2)

It is obvious from (6.1) and (6.2) that R(4, @ 4;) # R(4,) + R(4,).

(iii) Abdel-Basset et al. [1] have assumed that if ‘a’ is a RN then R(a) = a and have used this

relation to transform the constraint R(X}_, a;;x;) <,=,= R(b; ) of the CLPPr (P4 ) into
the constraint X7, R(a;;)x; <,=,= R(b; ) of the CLPPr (Ps.).

However, the following clearly indicates that R(a) # a.

Abdel-Basset et al. [1] have pointed out that if T; =1, I; = 0 and F; = 0 then the
TINN d = (a',a™,a™,a%; T, I F;) will be transformed into a TrFN d =
(al,a™,a™2,a%; 1,0,0) and hence, in this case,

al+a¥%+2(a™1+a™m2)
2

(i) The expression R(d) = ( )+ (Tz — I; — F5) is equivalent to the

. ~ Lta%+2(a™1+a™2
expression R(d) = (a - (Z B )> +1.
al+a¥—3(a™1+a™M2)

2

(i) The expression R(@) = ( )+ (T — Iz — F;) is equivalent to

l u_ m m
R(@) = (B2 4 g

Furthermore, it is well known fact that if a! = a% = a™ = a™2 then the TrFN
A= (al,a™,a™,a%;1,0,0) will be transformed into a RN 4 = (a,a, a,a;1,0,0) and
hence, in this case,

+a*+2(a™1+q™2)
2

- l
(i) The expression R(4) = (a ) + (T; — I; — F;) is equivalent to the

expression R(A) =3a+ 1 # a.
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+a*-3(a™1+a™2)
2

(ii) The expression R(A) = (al ) + (T; — I; — F;) is equivalent to the
expression R(A) = —2a + 1 # a.
(iv) The TINN A ={(al,a™,a™,a%;T; 15 Fz) can also be represented as A =
(a™,a™,a,B; Tz 15 Fz), where, « = a™ —al and g = a* — a™.

It is pertinent to mention that to find R(a™1,a™z, a, B; Tz, 1z, F 7), firstly, there is need
to transform (a™,a™2,a,B;Ts 15 Fz) into the representation
(@™ —a,a™,a™2,a™2 + ;T3 15 Fz ). However, the following clearly indicates that
the value of R(a™t,a™2,a, B; Tz 15, F5), in the existing NSLPPr [1, Section 6.1, Ex 1],
has been obtained by considering a™ as a1, a™2 as a™, a as a™2 and B as a*, which
is mathematically incorrect.

In the existing NSLPPr [1, Section 6.1, Ex 1], the TrNN (13,15,2,2) has been

replaced by the crisp number 19. This crisp number 19 has been obtained by considering

at =13, a™ =15 a™ =2, a* =2 in the expression R(al,a™,a™z, a%) =

(al+au+2((21m1 +am2)) +1.

While, in actual case, to find a crisp number corresponding to the TrNN (13,15,2,2)
is 43, which is obtained as follows:

Since, the TrNN (13,15,2,2) is written in the representation
(at,a™,a™z,a%; Tz, 15 Fz). So, firstly, there is need to represent it into the
representation (a™t — a,a™t,a™2,a™2 + B; Ty, 15 Fz ). In this representation, the TrNN
(13,15,2,2) can be rewritten as (13 —2,13,15,15+ 2) = (11,13,15,17). Now, as
at =11, a™ =13, a™ =15 and a% =17, therefore, using the expression

al+at+2(aMm14+a™2)
2

R(a!,a™, a™2, q) = ( ) +1, R(13,152,2) = R(11,13,15,17) =

72



11+1742(13+15)

> +1=43 ie, the actual crisp number corresponding to TrNN

(13,15,2,2) is 43 instead of 19.
6.6. Suggested modifications

It is obvious from Section 6.5 that several mathematical incorrect assumptions have been
considered in Abdel-Basset et al.’s method [1]. Therefore, it is scientifically incorrect to use
Abdel-Basset et al.’s method [1] in its present form.

In this section, the required modifications in Abdel-Basset et al.’s method [1] are

suggested.
Since, R(Xi(ai,ai™, ], a¥; Ta, la, Fa)) = Xty Rai, a]™, @)™, al'; Ta, lay Fa,) —
L Ta, + Xi% 1 1q, + Xit1 Fa, + ming<jop {ng} — MAX1<j<n {15].} — MAX1<j<n {ng} instead
of R(X2 (ai,a;, a;"?, af'; Ta, la, Fa,)) = Xy R{aj, ai™, a;"%, a}'; Ta,, 1a,, Fg,). Therefore,
(i) The exact CLPPr corresponding to the NSLPPr (P ,) is (Pgq1o) instead of the CLPPr
(Pg,). Therefore, the optimal solution of the NSLPPr (Ps,) should be obtained by

solving the CLPPr (Pg 1) instead by solving the CLPPr (Pg,).

Maximize /Minimize
[Z} 1R(C]x]) Z] 1 ch]+Z] 1 cx Z] 1 cx +mln1<]<n{T€jxj}_

maxlSjSTl {Iéjx]} - maxlSjSTl {Fc”]x]}]
Subject to (Ps.10)
al-jxj <,=2= bl', i = 1,2,...,771;

n
j=1

(ii) The exact CLPPr corresponding to the NSLPPr (Py3) is (Psq,) instead of the CLPPr
(Pg4). Therefore, the optimal solution of the NSLPPr (P, ;) should be obtained by

solving the CLPPr (P 1,) instead by solving the CLPPr (Pg_,).
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Maximize/Minimize [Z};l ¢jx;]
Subject to (Ps11)
2?;1 R(dl]x]) - Z?:l Tdi]-xj + Z?:l Idi]-xj + Z?:l Fdi]-xj + minlSan {Taux]} -

IQJaSJTcl {Idi,-xj} — MAX1<j<n {Fdi,-xj} <=2 R(bi ), i=12,..,m

x =0, j=12,.,n
Furthermore, it is obvious from Section 6.5 that R(a) =3a+ 1 (in case of
maximization problem) and R(a) = —2a + 1 (in case of minimization problem).

(i)  Therefore, the exact CLPPr corresponding to the NSLPPr (Pss) (in case of
maximization problem) is (Pg;,) instead of the CLPPr (Ps;g). Hence, the optimal
solution of the NSLPPr (P, ) (in case of maximization problem) should be obtained by
solving the CLPPr (Pg 1) instead by solving the CLPPr (Pgg).

Maximize

|20 R(G) — Zia T

n n ;
X + Zj:ll(:‘jx]' + Zj:lFijj + mlnlSjSTl {Tc”]x]} -
maxlSjSTL {Ic”]x]} - maxlSjSTl {F(f]x]}:l

Subject to (Ps.12)

B[y, R(d)x] +1<,==R(B,), i=12,..,m

(i)  The exact CLPPr corresponding to the NSLPPr (Pgc) (in case of minimization
problem) is (Ps43) instead of the CLPPr (Ps4). Hence, the optimal solution of the
NSLPPr (Pg5) (in case of minimization problem) should be obtained by solving the

CLPPr (P, 43) instead by solving the CLPPr (Pg).
Maximize [2;;1 R(6%7) = S0y e, + S0y lepu, + Xiay Fpa, + Mintycjen {Téjxj} -

maxlSjSTl {I(f]x]} - maxlSan {Féjx]}]

74



Subject to (Ps.13)

—2[X7 R(@)x] +1<,==2R(b;), i =1.2,..,m

Xj 2 0, j=12,..,n
6.7 Correct solution of the existing NSLPPrs

Abdel-Basset et al. [1] solved some NSLPPrs as well as a NSLPPr of a real-life problem
to illustrate their proposed method. However, as discussed in earlier sections that several
mathematical incorrect assumptions have been considered for the same. Therefore, the
solutions, of the NSLPPrs, obtained by Abdel-Basset et al. [1], are not correct. The correct
solutions of the NSLPPrs, considered by Abdel-Basset et al. [1], are obtained in this section.
6.7.1 Correct solution of the first NSLPPr
Abdel-Basset et al. [1] solved the NSLPPr (P ;,) to illustrate their proposed method.
Maximize[(13,15,2,2)x; + (12,14,3,3)x, + (15,17,2,2)x5]
Subject to (Pe.14)
12x; + 13x, + 12x3 < (475,505,6,6),
14x; + 13x3 < (460,480,8,8),
12x, + 15x, < (465,495,5,5),
X1,%X2, %3 = 0.
The correct solution of the NSLPPr (P, 14) can be obtained as follows:

Step 1: Since, in the NSLPPr (Py,4), the TrNNs have been represented in the form
(a™,a™, a, ), where, « = a™ — a' and f = a¥* — a™=. Therefore, firstly, there is need to
replace each TrNN (a™,a™,a,B) with its another representation
(a™ —a,a™,a™2,a™ + B) ie., {(a'a™,a™,a%*). Following the same the NSLPPr
(P 14) can be transformed into NSLPPr (Pg ;5).
Maximize[(11,13,15,17)x; + (9,12,14,17)x, + (13,15,17,19)x5]

Subject to (Pe.15)
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12x; + 13x, + 12x3 < (469,475,505,511),

14x; + 13x5 < (452,460,480,488),

12x, + 15x, < (460,465,495,500),

X1, X2,%X3 = 0.

Step 2: To find the solution of the NSLPPr (Pg ;<) is equivalent to find the solution of the
CLPPr (Pg 16)

Maximize [R((11,13,15,17)x; + (9,12,14,17)x, + (13,15,17,19)x3) |

Subject to (Pe.16)
R(12x; + 13x, + 12x3) < R(469,475,505,511),

R(14x; + 13x3) < R(452,460,480,488),

R(12x; + 15x,) < R(460,465,495,500),

X1,%X2,%X3 = 0.

Step 3: Using the expression

R(Zﬁl(a%’ a:nl’ amz’ a:,'l' Tdi’ Idi' Fdi)) = Z?;l R(a%’ a:nl' aTnz' a:l' Tdi’ Idi' Fdi) - Z‘{Zl Tdi +

i i
Yingla, + X1 Fa + mingcjey, {ng} — MaX1<j<n {15].} — MaX1<j<n {Ffj} and the expression
R(a) = 3a + 1, the CLPPr (P4 1¢) can be transformed into its equivalent CLPPr (Pg 7).
Maximize[R((11,13,15,17)x,) + R((9,12,14,17)x,) + R((13,15,17,19)x5) — 3 + 0 +
0+1—-0-0]

Subject to (Pe.17)
3[12x; + 13x, + 12x3] + 1 < R(469,475,505,511),

3[14x; + 13x5] + 1 < R(452,460,480,488),

3[12x; + 15x,] + 1 < R(460,465,495,500),

X1,%X2,%3 = 0.
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l,u m m
Step 4: Using the expression, R(a!,a™,a™:, a% Ty I Fy) = (a e +2(Z e 2))
(Ta — 1 —F;) with T; =1, F; =0, I; = 0, the CLPPr (Pgz;,) can be transformed into the

CLPPr (Pg13)-

11+17+2(13+15) + 9+17+2(12+14) +

Maximize[( 1—O—O)x1+( 1—0—0)x2+
(13+19+2(15+17) +

1—0—O)x3—3—0—0+1—0—O]

Subject to (Pg.18)

469+511+2(475+505)

3[12x; +13x, + 12x3] + 1 < .

+1-0-0,

452+488+2(460+480)
2

460+500+2(465+495)

3[12x; + 15x,] +1 < >

+1-0-0,
X1,%X5,%3 = 0.

Step 5: On solving the CLPPr (P ,5), the obtained optimal solutionis x; =0, x, =0,x3 =

245

18’
Step 6: Using the optimal solution, obtained in Step 5, the optimal value of the NSLPPr

(Pg1a) is (11,13,15,17)x; + (9,12,14,17)x, + (13,15,17,19) x5

(11,13,15,17)(0) + (9,12,14,17)(0) + (13,15,17,19) (245)

18
13(28) +15(25) +17 (X)) + 19(22)

18 18 18 18

_ 7840

9

6.7.2 Correct solution of the second NSLPPr

Abdel-Basset et al. [1] solved the NSLPPr (Pg 14) to illustrate their proposed method.
Maximize[25x; + 48x,]
Subject to (Pe.19)

(14,15,17,18)x; + (25,30,34,38)x, < (44980,45000,45030,45070),
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(21,24,26,33)x; + (4,6,8,11)x, < (23980,24000,24050,24060),
(17,21,22,26)x; + (12,14,19,22)x, < (27990,28000,28030,28040),
X1,%, = 0.
The correct solution of the NSLPPr (P, 14) can be obtained as follows:
Step 1: Since, in the NSLPPr the TrNNs have been represented in the form
(at,a™,a™z,a%*). Therefore, there is no need to change it.
Step 2: To find the solution of the NSLPPr (P, ,4) is equivalent to find the solution of the
CLPPr (Pg 20)-
Maximize[25x; + 48x, |
Subject to (Pe.20)
R[(14,15,17,18)x; + (25,30,34,38)x,] < R(44980,45000,45030,45070),
R[(21,24,26,33)x, + (4,6,8,11)x,] < R(23980,24000,24050,24060),
R[(17,21,22,26)x;, + (12,14,19,22)x,] < R(27990,28000,28030,28040),
X1, % = 0.
Step 3: Using the expression

R(Zﬁl(a%’ a:nl’ amz’ a:,'l' Tdi' Idi' Fdi)) = Z?;l R(a%’ a:nl' amz' a:l' Tdi’ Idi' Fdi) - Z‘{Zl Tdi +

i i
Yingla, + X1 Fa + mingcjey, {ng} — MaX1<j<n {15].} — MaX1<j<n {Ffj} and the expression
R(a) = 3a + 1, the CLPPr (P ,,) can be transformed into its equivalent CLPPr (Pg54).
Maximize[25x; + 48x, |

Subject to (Pg21)
R[(14,15,17,18)x,] + R[(25,30,34,38)x,] —2—0—0+1—-0—-0 <
R(44980,45000,45030,45070),

R[(21,24,26,33)x;] + R[(4,6,811)x,] —2—-0—-041—-0-0<

R(23980,24000,24050,24060),
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R[(17,21,22,26)x,] + R[(12,14,19,22)x,] —2—-0—-0+1—-0—0 <
R(27990,28000,28030,28040),

X1,%, = 0.

l u m m
Step 4: Using the expression, R(al,a™,a™z,a%; Ta,ld,Fa)z(a a +2(‘21 “ta 2))

(Ta — 1 —F;) with T; =1, F; =0, I; = 0, the CLPPr (Pgz,;) can be transformed into the
CLPPr (Pg55).
Maximize[25x, + 48x, |

Subject to (Ps.22)

25+38+2(30+34)

(14+18+2(15+17) N
2

2

1-0-0)x, +( +1-0-0)x,—2-0-0+1-0—

44980+45070+2(45000+45030) +

o< (s

1-0— 0)
(21+33+2(24+26) +1-0- 0) % + (4+11+2(6+8) +1-0- 0) Xy—2—-0—0+1—0—
2 2
23980+24060+2(24000+24050)+
2

0< ( 1-0-— 0),
(17+26+2(21+22) +

12+422+2(14+19)
- 1—0—0>x1+(f+1—0—0)x2—2—0—0+1—0—

0< (27990+28040+2(28000+28030) +1-0-— 0)1
2
X1, X 2 0.
. . . . . 579043
Step 5: On solving the CLPPr (Pg,,), the obtained optimal solution is x; = oo’ X2 =
943916
763

Step 6: Using the optimal solution, obtained in Step 5, the optimal value of the NSLPPr

. 579043 943916 10174256
(Pg10) IS 25%, + 48x, = 25( o ) +48 (22 ) ==

6.7.3 Correct solution of the third NSLPPr
Abdel-Basset et al. [1] solved the NSLPPr (P ,5) to illustrate their proposed method.

Minimize (6x; + 10x,)

79



Subject to (Pe.23)
2x; + 5x, = (5,8,3,13),
3x1 + 4x, = (6,0,4,16),
X1,%, = 0.
The correct solution of the NSLPPr (P, ,5) can be obtained as follows:
Step 1: Since, in the NSLPPr the TrNNs have been represented in the form
(at,a™,a™z,a%*). Therefore, there is no need to change it.
Step 2: To find the solution of the NSLPPr (P ,3) is equivalent to find the solution of the
CLPPr (Pg24).
Minimize[6x; + 10x, |
Subject to (Pg.24)
R[2x; + 5x,] = R(5,8,3,13),
R[3x; + 4x,] = R(6,0,4,16),
X1, % = 0.
Step 3: Using the expression

R(ZEi(af, ™ ai, af; T Ia, Fa)) = Zi21 R(ab, @i, 0], af's Tay lay Fa,) — X1 Ta, +

i i
Yingla, + X1 Fa + mingcjey, {ng} — MaX1<j<n {15].} — MaX1<j<n {Ffj} and the expression
R(a) = —2a + 1, the CLPPr (P4 ,4) can be transformed into its equivalent CLPPr (P ,5).
Minimize[6x; + 10x, ]

Subject to (Pe.25)

5+13-3(8+3)
2

—2[2x; + 5x,]+1 > +1

6+16—3(0+4)

—2[3x; +4x,]+1 > >

+1,
X1, %Xy = 0.

Step 4: On solving the CLPPr (P ,5), the obtained optimal solutionis x; = 0 and x, = z.
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Step 5: Using the optimal solution, obtained in Step 4, the optimal value of the NSLPPr

(Pg.43) is 6x; + 10x, = 6(0) + 10 G) - 175

6.7.4 Correct solution of the real-life NSLPPr

Abdel-Basset et al. [1] solved the NSLPPr (P ,¢) to obtain the solution of a real-life
problem.
Maximize[(6,8,9,12)x; + (9,10,12,14)x, + (12,13,15,17)x3 + (8,9,11,13)x,]
Subject to (Ps.26)
0.5x; + 1.5x, + 1.5x5 + x, < (1200,1300,1500,1700),
3x; + x5 + 2x3 + 3x, < (2200,2250,2350,2400),
2x; + 4x, + x5 + 2x, < (2200,2400,2600,2800),
0.5x; 4 x, 4+ 0.5x53 4+ 0.5x, < (1000,1100,1200,1300),
x; = (120,130,150,170),
x, = (70,80,100,120),
x5 = (270,280,300,320),
x, = (370,380,400,420),
Xq,X5, X3, X4 = 0.

The correct solution of the NSLPPr (P, ,¢) can be obtained as follows:
Step 1: Since, in the NSLPPr (Ps,4), the TrNNs have been represented in the form
(at,a™, a™z,a"*). Therefore, there is no need to change it.
Step 2: To find the solution of the NSLPPr (P ) is equivalent to find the solution of the
CLPPr (Pg 27)
Maximize[R((6,8,9,12)x; + (9,10,12,14)x, + (12,13,15,17)x;3 + (8,9,11,13)x,)]
Subject to (Pg.27)
R(0.5x; + 1.5x, + 1.5x5 + x,) < R(1200,1300,1500,1700),
R(3x; + x, + 2x5 + 3x,) < R(2200,2250,2350,2400),
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R(2x; + 4x, + x5 + 2x,) < R(2200,2400,2600,2800),

R(0.5x; + x, 4+ 0.5x5 + 0.5x,) < R(1000,1100,1200,1300),

x; = R(120,130,150,170),

x, = R(70,80,100,120),

x3 = R(270,280,300,320),

x4 = R(370,380,400,420),

X1,%X2,%X3,X4 = 0.

Step 3: Using the expression

R(X(al, a™, ai", a}'; Ta, Ia, Fay)) = 2121 R(af, ai™, @), al; Ta,, lay Fa,) — 212 Ta, +
Yin1la, + it Fa, + mingcjey {Tfj} — MaXi<j<n {15].} — MaXi<j<n {ng} and the expression
R(a) = 3a + 1, the CLPPr (P4 ,-) can be transformed into its equivalent CLPPr (Pg,5).
Maximize[R(6,8,9,12)x; + R(9,10,12,14)x, + R(12,13,15,17)x5 + R(8,9,11,13)x,] —
4+0+0+1-0-0

Subject to (Pe.28)
3[0.5x; + 1.5x, + 1.5x5 + x,] + 1 < R(1200,1300,1500,1700),

3[3x; + x, + 2x5 + 3x,] + 1 < R(2200,2250,2350,2400),

3[2x; + 4x, + x5 + 2x,] + 1 < R(2200,2400,2600,2800),

3[0.5x; + x, + 0.5x5 + 0.5x,] + 1 < R(1000,1100,1200,1300),

x; = R(120,130,150,170),

x, = R(70,80,100,120),

x3 = R(270,280,300,320),

x, = R(370,380,400,420),

Xq,X5, X3, X4 = 0.
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al+a¥+2(a™ +am2))

Step 4: Using the expression, R(al,aml,amZ,au;Ta,Id,Fd)=( >

(Ta — 1 —F;) with T; =1, F; =0, I; = 0, the CLPPr (Pg,g) can be transformed into the

CLPPr (Pg 29).

6+12+2(8+9) 9+14+2(10+12)
—+ —

Maximize[( 1—0—0)x1+( 1—0—0)x2+

1-0-0)x; + (FE2EED 4 1-0-0)x, —4-0-0+1—

(12+17+2(13+15) +
2

0-0]
Subject to (Pe.29)
3[0.5x; + 1.5x; + L5x; +x,] + 1 < (BRHEERHSD 1 1 _ 9 —9),
3[3x, + X, + 223 + 3x,] +1 < (2200+2400+2(2250+2350) 11-0— 0)’
3[2x1 + 4X2 + X3 + 2x4] +1< (2200+2800+2(2400+2600) +1-0-— 0),
3[0.5%; + x, + 0.5x5 + 0.5x,] + 1 < (1000“300*2(“00“200) +1-0-— o),
X1 = 4‘26,
Xy = 3‘13,
X3 225376,
X, = 1176,
X1, X2,X3, X4 = 0.
Step 5: On solving the CLPPr (Pg,5), the obtained optimal solution is x; = % X, =
O,X3 =@,X4=O.

7

Step 6: Using the optimal solution, obtained in Step 5, the optimal value of the NSLPPr

(Ps0) is (6,8,9,12)x; + (9,10,12,14)x, + (12,13,15,17)x5 + (8,9,11,13)x,

= (6,8,9,12) (%) +(9,10,12,14)(0) + (12,13,15,17) (

6200
7

)+ (89,11,13)(0)
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(6 () +9(2) 12 (2] 122 +13(2) 4 15(22)+

17 (=2)

1189700
T2

6.8 Conclusions
The mathematical incorrect assumptions, used in Abdel-Basset et al.’s method [1], are
pointed out. Also, the required modifications in Abdel-Basset et al.’s method [1] are
suggested. Furthermore, the correct results of the NSLPPrs, solved by Abdel-Basset et al.

[1] to illustrate their proposed method, are obtained.
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Chapter 7
Modified approach for optimization of real-life

TrPr in neutrosophic environment”

In daily life problems, there is a need to transport the product from various sources to
different destinations. To find a way to transport the product in such a manner so that the total
TrC is minimum is called the optimal way and the problem is called cost minimization TrPrs
[72]. Different methods have been proposed in the literature to find the optimal way of such
cost minimization TrPrs in which cost for transporting unit quantity of the product,
availability of the product at the sources and demand of the product at the destinations are
represented as a RNs. However, to assume these parameters as RNs is not always valid
according to real-life situations e.g., the TrC depends upon the circumstances like price of
petrol/diesel, weather, travel time, traffic jam etc. Similarly, the availability of crops varies
according to the monsoon, fertilizers, chemicals etc., the demand of the various clothes
depend on the season, fashion trends, discount offers etc. Furthermore, the opinions of the
experts about these parameters cannot always be represented as a RNs, e.g., generally experts
provide their opinion about these parameters in terms of linguistic variables like high, very
high, low, very low etc.

One of the way, widely adopted in the literature to deal with such situations, is to
represent these parameters as FNs [189] and its extensions [20]. Thamaraiselvi and Santhi
[157] pointed out that NS [168], one of the extensions of FS [189], is used in different

research areas. However, till now no one have used the NS in TrPrs. While, several

" The contents of this chapter are published in Mathematical Problems in Engineering, vol 2017, Article
ID 2139791, 9 pages. (Impact Factor : 1.009)
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researchers have used FNs for representing various parameters of TrPrs [23, 45, 62, 82, 89,
90, 124, 129, 143]. Therefore, Thamaraiselvi and Santhi proposed the approaches for
solving NSTrPr of Type-l (TrPrs in which the cost for transporting unit quantity of the
product is represented as TrNN, whereas the availability and the demand are represented as
RNs) and NSTrPr of Type-Il (TrPrs in which the cost for transporting unit quantity of the
product, availability of the product and demand of the product are represented as TrNNSs).
Since, NSTrPrs is new area of research so others may be attracted to extend these approaches
for solving other types of NSTrPrs like neutrosophic solid TrPrs, neutrosophic time
minimization TrPrs, neutrosophic transshipment problems etc. However, after a deep study of
these existing approaches, it is noticed that a mathematical incorrect assumption has been
used in these existing approaches. Therefore, there is need to modify these existing
approaches. Keeping the same in mind, in this chapter, these existing approaches are
modified. Furthermore, the exact results of some existing TrPrs are obtained by the modified
approaches.
7.1 Existing method for comparing SVTrNNs

Thamaraiselvi and Santhi [157] have used the following method for comparing two
SVNNs. Let @ = ((ay,ay, as, as); wa, ug,ya) and b = ((by, by, bs, by); Wi, ug ,v5) be two
SVNN:Ss.

Step 1: Find the score function,
S(@) = 1—16([a1 ta,+az+a]x[pa+Q—va)+(1—-2)D as well as S(b)=

1—16([b1 + by + by + by] X [uz + (1 —v5) + (1 —25)]) and check that S(@) <S(b) or
s(@) > S(b) or s(a) = S(b).
Case (i) IfS(@) < S(b)thena < b.

Case (ii) If S(@) > S(b) then @ > b.
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Case (iii) If (@) = S(b) then go to Step 2.
Step 2: Find the accuracy function,
A@ =—(a+a+as+a]x[ua+ A —ve) + A+ as well as  A(B) =
—([by+ by + by + byl X [u5 + (1 = v5) + (1 +45)]) and check that A(a@) < A(b) or
A(@) > A(b) or A(a) = A(D).
Case (i) If A(@) > A(Db) thena > b.
Case (ii) If A(@) < A(b) then @ < b.
Case (iii) If A(@) = A(Db) then @ = b.
7.2 A brief review of Thamaraiselvi and Santhi approaches
To point out the mathematical incorrect assumptions in the approaches, proposed
by Thamaraiselvi and Santhi [157], there is a need to describe these approaches.
Therefore, in this section, a brief review of the approaches, proposed by the
Thamaraiselvi and Santhi [157], for solving both types of NSTrPrs are discussed in a
brief manner.
7.2.1 Thamaraiselvi and Santhi approach for solving NSTrPr of Type-I
Using the approach, proposed by Thamaraiselvi and Santhi [157], the optimal
solution of a NSTrPr of Type -1 can be obtained as follows:
Step 1: Formulate the NSTrPr as a NSLPPr (P ;).
Minimize (Y72, X7 ENx;)
Subject to
axy=ag, i=1,2,..,m,
mix;=b;, j=1,2,..,n, (P; 1)
x; =0,V i,j.
where,

()  x; is the number of units of the product transported from i*"* source to j** destination.
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(i) ¢ is the neutrosophic cost of one unit quantity transported from i** source to j*"
destination.

(iii)  a; is the total availability of the product at the source i.

(iv)  b; is the total demand of the product at the destination j.

(v)  misthe total number of sources.
(vi)  nisthe total number of destinations.

Step 2: Transform the NSLPPr (P, ;) into its equivalent CLPPr (P, ).
Minimize S(Xj, Xi-q €N x;)
Subject to (P7.2)
Constraints of the CLPPr (P, ,)
where,
S@") = S(<(ay,az,a3,a4), 4g,va Aa >)
= —lay+az +as+ayllug + (1 —va) + (1 - 2A3)] . (7.1)
Step 3: Transform the CLPPr (P, ) into its equivalent CLPPr (P, 3).
Minimize (Y72, Yj-; S(EM)x;)
Subject to (P7.3)

Constraints of the CLPPr (P, ;).
Step 4: Represent the CLPPr (P, 3) into tabular form shown in Table 7.1.
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Table 7.1 Tabular representation of the transformed crisp TrPr

Destinations

—>

Sources D, D, Dy D, Supply
Sy 5(5%) 5(51\]2) 5(511\9 5(5%) a;
S 5(59]1) 5(59]2) 5(521\3],) 5(55111) a,
S3 5(5911) 5(5912) S(5§V3) S(éévn) as
Sm S(Em1) S(Em2) | S(Eh3) S(Emn) am

Demand b, b, b, b,

Step 5: Find the crisp optimal solutions {xij} of crisp TrPr represented by Table 7.1.
Step 6: Find the total minimum NSTrC by putting the optimal solution {xij}, obtained from
Step 5,in X%, ¥, €N Xy
7.2.2 Thamaraiselvi and Santhi approach for solving NSTrPr of Type-II|
Using the approach, proposed by Thamaraiselvi and Santhi [157], the optimal
solution of a NSTrPr of Type - Il can be obtained as follows:
Step 1: Formulate the NSTrPr as a NSLPPr (P, ,).
Minimize (X%, X7, ENEN
Subject to (P7.4)
Tzl =al, i=12..,m,
maxEY =D, j=12..,n
V=0,V i,j

Step 2: Transform the NSLPPr (P, ,) into its equivalent NSLPPr (P, ).
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Minimize S( X172, X7, &l &)
Subject to (Pr5)

Constraints of the CLPPr (P, ,).
Step 3: Transform the NSLPPr (P, 5) into its equivalent NSLPPr (P, ).

Minimize Y%, Y7, S(¢) %
Subject to (P7.6)

Constraints of CLPPr (P, ,).
Step 4: Represent the NSLPPr (P, ¢) into tabular form as shown in Table 7.2.

Table 7.2 Tabular representation of the NSLPPr of Type — 11

Destigations
|
\l/ SOUrces D, D, Ds Dy Supply
S1 S@EN) | SE1) | S@Eh) S(E) aj’
S S(@E) | SE) | SE3) S(E ) ay
S3 S(E3h) | S(E3n) | S(E1s) S(E3n) ay
Sm S@Em) | SCm2) | SEma) S(Emn) am
Demand b by b bN

Step 5: Find the neutrosophic optimal solution {i’l‘j of the TrPr represented by Table 7.2.
Step 6: Find the total minimum NSTrC by putting the optimal solution {ff)’ , obtained in Step

H m n ~N =N
5,1In Zi=12j=1 Cij Xij-
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7.3. Mathematical incorrect assumption considered in Thamaraiselvi and Santhi
approaches

In this section, the mathematical incorrect assumption, considered in Thamaraiselvi and
Santhi approaches [157], is pointed out.

It is obvious from Step 2 and Step 3 of the first approach, presented in Section
7.2.1, that Thamaraiselvi and Santhi [157] have assumed that the NSLPPr (P,,) can be
transformed into the NSLPPr (P, 3). Similarly, it is obvious from Step 2 and Step 3 of the
second approach, presented in Section 7.2.2, that Thamaraiselvi and Santhi [157] have
assumed that the NSLPPr (P, ) can be transformed into NSLPPr (P, ).

It is pertinent to mention that to transform the NSLPPr (P, ,) into the NSLPPr (P, 3) as
well as the NSLPPr (P, <) into the NSLPPr (P,,), Thamaraiselvi and Santhi [157] have
considered that, (X%, X}, &Nx;) = Xk, Xjo, S(EN)x,; ie., Thamaraiselvi and Santhi
[157] have considered the assumption that if @™ =< (ay,a,,as,a4), ugz,vs Ag > and
b "N = < (by, by, bs, by), Uz, vz Ag > are two TrNNs, then
S(@¥+bN)y=s@")+s("). (7.2)
However, the following example clearly indicates that
s(@¥+bN)=s@")+s("). (7.3)

Let @V =((2,4,6,8);0.1,0.2,0.3) and b N =((3,6,9,12);0.4,0.5,0.6) be two TrNNs
then according to existing result [157, Def. 10, p. 4]
av + bV =((24,6,8);0.1,0.2,0.3) + ((3,6,9,12) ; 0.4,0.5,0.6)

= ((5,10,15,20) ; 0.1,0.5,0.6) (7.4)
Furthermore, using the existing result [157, Def. 11, p. 4]

s(@¥+n") = %(5 + 10 + 15 + 20)(0.1 + 0.5 + 0.4) = 3.125.. (7.5)

While,
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S@") +S(b") ={=@+4+6+8)(0.1+08+07)}+{=(3+6+9+12)(0.4+
0.5 + 0.4)} = 2 +2.4375
= 4.4375 (7.6)
It is obvious that
s(@¥ + b¥)=s@"+s"). (7.7)

Hence, the approaches for solving NSTrPr, proposed by Thamaraiselvi and Santhi [157],
are not valid.
7.4 An important result

It is obvious from Section 7.3 that to modify the existing approaches [157], there is need
to find the exact relation between S(Xi~; a;) and X.i-; S(a;). Therefore, in this section, the
exact relation between S(37L; a;) and Y:1=,; S(a;) is obtained.

Let aN =< (ay,a,,as,a,), g, Va Ag > and b N = < (by, by, bs, by), 1z, va Ag > be two
TrNNSs. Then, using the existing arithmetic operations [157, Def.10, p. 4]
imat = ((Z?:l Qi1 Xi=1 Giz ) Ki=1 Qi3 » Li=1 Fia); MiNgicn(Ha,) » MAX1<i<n(Va,),

maxlsisn(/’lai)) and using the existing results [157, Def. 12, p. 4],
S(Er,a") =
5((2?:1 Qi1 Xim1 Giz» Di=1 Qi3 » Di=q Aia); MM gi<n( Ha;) »MaX1<i<n(Va,), max1si5n(/1ai))
= 1—16 Oy an + Xy @iz + iy @iz + Xieq ai) [Mingcien (ig,) +(1 — maxycien (va,)) +
(1 — maxy<ien(Aa))] (7.8)
Furthermore, using the existing results [157, Def. 12, p. 4],
S(a) = = (@ + @i + a3 + ) [sg, +(1 = va,) + (1 = 1g,)] (7.9)

From the eq. (7.1) and the eq. (7.2) ,
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\) (Z?=1 a N) =

ZN
(minlsisn(ﬂai) + maxlsisn(l - vai) + maxlSiSTl(l - ){'ai) ) Z?:l <H-ai +(1_51‘/(l:l)1(1—/1ai)>

(7.10)

7.5. Modified approaches for solving NSTrPrs

In this section, to resolve the flaws of the existing approaches, pointed out in Section
7.3, the existing approaches [157] are modified.
7.5.1 Modified approach for solving NSTrPrs of Type - |

In this section, a modified approach has been proposed to solve the NSTrPrs of Type -
I. The steps of the modified approach are as follows:
Step 1: Use Stepl and Step 2 of the existing approach [157] to obtain the problem(P; ).
Step 2: Using the relation, obtained in Section 7.4, transform the problem (P,,) into its
equivalent NSLPPr (P, ).
Minimize (X2, X711 M (EM)x;;)

Subject to (P7.7)
Constraints of the CLPPr (P, ;)

where,

M(el) =

S(c”?J’- xij) >

( minlsisn(ﬂg?}’.) +max;<i<n(1 — Vgli\;. ) + maxi<i<n (1 — leli‘]’. )) i=1 Z7=1 (

uEI-V- + (1_VEI.V.) +(1_AEI.V.)
ij ij ij
(7.11)

Step 3: Represent the NSLPPr (P, ;) into tabular form as shown in Table 7.3.
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Table 7.3 Tabular representation of the transformed crisp TrPr

Destinations

e

Sources D, D, D, D, Supply
S1 M@EY) | M@E1) | M@EY) M(ED) a,
S, M(@E2) | M(E3) | M(EY) M(E5) a,
S3 M(@E3) | M(@EY) | M(E35) M(E3h) as
Sm MRy | M(Ehma) | M(Ems3) M(Ehn) A

Demand b, b, by b,

Step 4: Find the crisp optimal solution {xij} of the crisp TrPr presented by Table 7.3.

Step 5: Find the total minimum NSTrC by putting the optimal solution {xij}, obtained from
Step 4,in X2, X7, CN x;; .

7.5.2 Modified approach for solving NSTrPrs of Type-II

In this section, a modified approach has been proposed to solve the NSTrPrs of Type -

The steps of the modified approach are as follows:
Step 1: Use Step 1 and Step 2 of the existing approach [157] to obtain the NSLPPr (P, 5) .
Step 2: Using the relation, obtained in Section 7.4, transform the NSLPPr (P, ) into NSLPPr
(P7.8)
Minimize (X2, X7, M(EN) &
Subject to (Pyg)

Constraints of the CLPPr (P, ,).

Step 3: Represent the NSLPPr (P, g) into tabular form as shown in Table 7.4.
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Table 7.4 Tabular representation of the NSTrPr of Type — 11

Destinations
—>
Sources Dl DZ D3 Dn Supply
S1 M(EY) | M(E1%) | M(E%) M(E1) aj’
S5 M(E3y) | M(E3%) | M(E%) M(E5) ay
S3 M) | M(ELy) | M(E55) M%) ay
Sm M(Cm1) | M(Em2) | M(EM3) M(E ) am
Demand bN by by by

Step 4: Find the neutrosophic optimal solution {f{‘,’} of NSTrPr presented by Table 7.4.
Step 5: Find the total minimum NSTrC by putting the optimal solution {a?{\]’ , obtained in
Step 4 in, X2, X7, CNXY .
7.6 Exact solution of the numerical problems

Thamaraiselvi and Santhi [157] solved a NSTrPr of Type — I and NSTrPr of Type — 1l to
illustrate their proposed approaches. However as discussed in Section 7.3 that Thamaraiselvi
and Santhi [157] have used some mathematical incorrect assumptions in their proposed
approaches. Therefore, the optimal solution of these problems, obtained by Thamaraiselvi and
Santhi [157], are not exact. In this section, the exact solution of these problems is obtained by
modified approaches.
7.6.1 Exact solution of the NSTrPr of Type — I

Thamaraiselvi and Santhi [157] solved the NSTrPr of Type — I, represented by Table 7.5,

by their proposed approach.
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Table 7.5 Input data for the NSTrPr

D, D, D D, Supply
Sy ((3,5,6,8); ((5,8,10,14); ((12,15,19,22); | ((14,17,21,28); 26
0.6,0.5,0.4) 0.3,0.6,0.6) 0.6,0.4,0.5) 0.8,0.2,0.6)

Sz ((0,1,3,6); ((5,7,9,11); ((15,17,19,22); | ((9,11,14,16); 24
0.7,0.5,0.3) 0.9,0.7,0.5) 0.4,0.8,0.4) 0.5,0.4,0.7)
0.6,0.3,0.2) 0.6,0.3,0.5) 0.5,0.4,0.7) 0.3,0.7,0.6)

Demand 17 23 28 12

In this section, the exact solution of this problem is obtained by the modified approach.

Using the modified approach, the exact solution of NSTrPr of Type — I, represented by in

Table 7.5, can be obtained as follows:

Step 1: Using Step 1 to Step 3 of the modified approach, the NSTrPr, represented in Table

7.5, can be transformed into the crisp TrPr (represented by Table 7.6).

Table 7.6 Transformed crisp TrPr

D, D, Ds D, Supply
S1 3 4 8 9 26
S, 4 8 6 24
Ss 2 3 5 30
Demand 17 23 28 12

Step 2: On solving the crisp TrPr (Table 7.6), the obtained optimal solution is x;, = 23,

X14 =3, X1 =17, X34 =7, X33 =128, x3, = 2.

(7.12)

Step 3: Using the obtained optimal solution, the minimum total NSTrC is,

o1 X1 x; €)= 23((5,8,10,14);0.3,0.8,0.7) + 3((14,17,21,28); 0.3,0.8,0.7) +

17((0,1,3,6); 0.3,0.8,0.7) + 7((9,11,14,16); 0.3,0.8,0.7) + 28((5,7,8,10); 0.3,0.8,0.7) +

2((5,9,14,19); 0.3,0.8,0.7)

= ((370,543,694,938); 0.3,0.8,0.7).
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7.6.2 Exact solution of the NSTrPr of Type — 11l

Thamaraiselvi and Santhi [157] solved the NSTrPr of Type — I, represented by Table

7.7, by their proposed approach.

Table 7.7 Input data for the NSTrPr

D, D, D D, Supply
S, ((3,5,6,8); ((5,8,10,14); | ((12,15,19,22); | ((14,17,21,28); | ((22,26,28,32);
0.6,0.5,0.4) 0.3,0.6,0.6) 0.6,0.4,0.5) 0.8,0.2,0.6) 0.7,0.3,0.4)
S, ((0,1,3,6); ((5,7,9,11); ((15,17,19,22); | ((9,11,14,16); | ((17,22,27,31);
0.7,0.5,0.3) 0.9,0.7,0.5) 0.4,0.8,0.4) 0.5,0.4,0.7) 0.6,0.4,0.5)
S3 ((4,8,11,15); ((1,3,4,6); ((5,7,8,10); ((5,9,14,19); ((21,28,32,37);
0.6,0.3,0.2) 0.6,0.3,0.5) 0.5,0.4,0.7) 0.3,0.7,0.6) 0.8,0.2,0.4)
Dem | ((13,16,18,21);| ((17,21,24,28); | ((24,29,32,35); | ((6,10,13,15);
and 0.5,0.5,0.6) 0.8,0.2,0.4) 0.9,0.5,0.3) 0.7,0.3,0.4)

In this section, the exact solution of this problem is obtained by the modified approach.

Using the modified approach, the exact solution of the NSTrPr of Type — I, represented

by Table 7.7, can be obtained as follows:

Step 1: Using Step 1 to Step 3 of the modified approach, the NSTrPr, represented by Table

7.7, can be transformed into NSTrPr (represented by Table 7.8).

Table 7.8 NSTrPr with crisp cost

I D, Ds D, Supply

S 1 2 3 4 ((22,26,28,32);
0.7,0.3,0.4)

S, 1 2 4 3 ((17,22,27,31);
0.6,0.4,0.5)

Ss3 2 1 2 2 ((21,28,32,37);
0.8,0.2,0.4)

De | ((13,16,18,21);| ((17,21,24,28);| ((24,29,32,35);| ((6,10,13,15);

m 0.5,0.5,0.6) 0.8,0.2,0.4) 0.9,0.5,0.3) 0.7,0.3,0.4)

and

Step 2: On solving the NSTrPr with crisp cost (Table 7.8), the obtained optimal solution is
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N =((-6,2,7,11);0.7,0.3,0.4), %V, =((17,21,24,28); 0.8,0.2,0.4) ,
Y =((2,9,16,27);0.5,0.5,0.6) , %Y, = ((—10,6,18,29);0.5,0.5,0.6) ,
= ((24,29,32,35); 0.9,0.5,0.3), &Y, = ((—14, —4,3,13); 0.8,0.5,0.4) (7.14)
Step 3: Using the obtained optimal solution, the minimum total NSTrC is
Z?=1Z}*=1f?]l ELN =
((—6,2,7,11);0.7,0.3,0.4 ) x ((3,5,6,8); 0.6,0.5,0.4) + ((17,21,24,28); 0.8,0.2,0.4) X
((5,8,10,14); 0.3,0.6,0.6) + ((2,9,16,27);0.5,0.5,0.6) X ((0,1,3,6); 0.7,0.5,0.3) +
((—10,6,18,29); 0.5,0.5,0.6) x ((9,11,14,16); 0.5,0.4,0.7) + ((24,29,32,35); 0.9,0.5,0.3) X
((5,7,8,10); 0.5,0.4,0.7) + ((—14,—4,3,13); 0.8,0.5,0.4) x ((5,9,14,19); 0.3,0.7,0.6)
= ((27,420,880,1703); 0.3,0.7,0.7). (7.15)
7.7 Conclusions

It is pointed out that it is not genuine to use the existing approaches [157] as in these
approaches mathematical incorrect assumption has been used. Therefore, the modified
approaches are proposed. Furthermore, the exact solution of two existing NSTrPrs are

obtained by the modified approaches.
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Chapter 8
Modified NLPM for MCDMPrs under VNS

environment”

Garg and Nancy [56] claimed that there is no method in the literature to solve
INSMCDMPrs and hence, proposed a NLPM for solving INSMCDMPrs. Since, it is only
method for solving INSMCDMPrs so the other researchers may be attracted to use this
method for solving real-life INSMCDMPrs. However, after a deep study, it is observed that
some mathematical incorrect assumptions have been considered in this method. Therefore, it
is scientifically incorrect to use this method for solving real-life INSMCDMPrs. Keeping the
same in mind, the method, proposed by Garg and Nancy, is modified.

8.1 IVNS [167]

A set AV = {(x, [Tiv ), Tiv (O] [In (), v ()], [Fin (), Fin(@))x € X, 0 <
Tiv() STiv@) <1, 0< In(x) < Iiv(x) <1, 0 < Fin(x) < Fin(x) < 1, Tin(x) +
IgN(x) +FA’{V(x) <3}, defined on the universal set X, is said to be an IVNS, where,
[Tiv (), Tiv ()], [Lin (), in ()] and [Fiv (x), Fin (x)] represents the intervals of the degree
of truth-membership, the degree of indeterminacy-membership and the degree of falsity-
membership respectively of the element x in AV,

8. 2 A brief review of Nancy and Garg’s method
The aim of this chapter is to point out the mathematical incorrect assumptions considered

in the existing method [56] as well as to propose a modified method. Since, to achieve this

" The contents of this chapter are published in Mathematical Sciences International Research Journal,
vol. 7, pp. 41-52, 2018.
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aim, there is need to discuss the existing method [56]. Therefore, in this section, the existing
method [56] is presented in a brief manner.

The steps of the existing method [56] are as follows:
Step 1: Write the CLFPPrs (Pg,) [56, Section 3.5, Eq. 16] and (Ps,) [56, Section 3.5, Eqg.

18], with the help of the INSDM D = ({[uij, uijl, [of, pij), [vis vij])). . corresponding to

the it" alternative of the considered INSMCDMPr.

o (Zdes el + & (opl) 40, v}
K" = mln{ Yhg(wj+&i+v))

Subject to (Pg.1)

a)jL <wj < w}] ; J=12,..,n,
g}#gfjgij ;o j=1.2,..,n,
n}@gnjgny ;0 j=1.2,..,n

U _ Sieaf @) w+ & (1-pk) + 0 (1-vh)}
Ko = max{ Lfea(wj+8j+v))

Subject to (Pg2)

Constraints of the CLFPPr (Pg4).

Here
(i)  The IVNS, ([uf;, ui]. [pf; pij] [vi; vij]) represents the RV of the i** alternative over
the jt" criteria.
(i) The IVNS ([w},w/].[¢}.€]] [n}.,n}]) represents the normalized weight (w; >
0,and Y-, w; = 1) of the j™* criteria,

(iii)  w; represents the membership degree of the weight of the j** criteria which is given as

- - L U
aninterval i.e., w; € [wf, ®/].
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(iv) & represents the indeterminacy degree of the weight of the j* criteria which is given

asan interval i.e., §; € [£],€7].
(v) n; represents the falsity degree of the weight of the jt" criteria which is given as an

interval i.e., n; € [n},n7].

(vi)  m represents the number of alternatives.

(vii)  n represents the number of criteria.

Step 2: Using CCTr [61], the CLFPPr (Pg ;) and the CLFPPr (Pg,) can be transformed into

its equivalent CLFPPr (Pg3) [56, Section 3.5, Eq. 19] and the CLFPPr (Pg,) [56, Section 3.5,

Eq. 20] respectively.

K =min{Yi_{t;ul; + (1 —-p5) + v (1 —vi)}}

Subject to (Pg3)
rzij <t < zw}’; ji=12,..,n,
ZEJLSTJ'SZE}J; j=12,..,n,
< Zr’]L. <y < zr);]; j=12,..,n,
= + 1+ ) =1,
\z>0.

K = max{Zi{tuiy + 1 (1= pjp) + v (1= vi)}}

Subject to (Pg.a)
Constraints of the CLPPr (Pg ).

Step 3: Using the optimal values K} and K of the CLPPr (Pg3) and the CLPPr (Pg,), we
obtain K; = [K}, K] (i = 1,2,...,m).

Step 4: Using the values of K; = [K}, K] (i = 1,2, ..., m), obtained in Step 3, we construct a
m X m matrix P = [Pixlmxm, Where,

U L

Ky —K;
U _oLooU_ oL’
KV -kF+kf -KE

O),O};ifi;tk
;if i=k

max {1 — max (
Pik = 1
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n n
Zj:l pik"‘E_

Step 5: Find the value of 6, = D) 1, i=12,...m k=1.2,..,m) and we check

that 6; > 6, or 6, < 6, or 8, = 6,.
Case (iv) If6; > 6, then 4; > A,.
Case (v) If6; <6, then A; < Ay.
Case (vi) If 6; = 6, then A; = A,.
8.3 Mathematical incorrect assumptions considered in the existing method
The objective of the CLFPPr (Pg;) and the CLFPPr (Pg,) is to find such values of

w;,&5,m; (G =1,2,..,m) where 0 < wj,§;,n; <1 corresponding to which the value of the

i) uly + & (1-pl) +n; (1-vE)}
Tiei(@j+ 8 +v))

expression will be minimum and the value of the expression

STy { )l + & (1-p5) + my (1-vE))

will be maximum.
Z?:1(“’1' +&j+v))

To achieve this objective, Garg and Nancy [56] have solved the CLFPPr (Pg;) and the
CLFPPr (Pg,) independently by transforming the CLFPPr (Pg ;) and the CLFPPr (Pg,) into
the CLPPr (Pg3) and the CLPPr (Pg,) respectively. However, it is mathematically incorrect
to solve the CLPPr (Pg3) and the CLPPr (Pg,) independently due to the following reasons:

On solving the CLPPr (Pg3) and the CLPPr (Pg,) independently, the obtained values of
tj,1,y; G = 1,2,...,n) will not necessarily be equal. While, as ¢;,7;,y; j = 1,2,..,n) are
RNs so the values of t;,7;,y; (j = 1,2,...,n), obtained on solving the CLPPr (Pg3) and the
CLPPr (Pg4), should be equal.

For example, to find the solution of the existing problem [56], the CLFPPr (Pg ) and the

CLFPPr (Pg ) are solved independently by transforming the CLFPPr (Pg ) and the CLFPPr
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(Pg) into the CLPPr (Pg ) [56, Section 5.1, Eq. 37] and the CLPPr (Pgg) [56, Section 5.1,

Eq. 38] with the help of CCTr [59].

0.7 w1+ 0.6 wy + 0.8 w3 + 0.7 wy +
038 +05& +0.4&+0.6&,+
0.8 N1t 0.7 N2 + 0.8 N3 + 0.8 N4

w1twytwztwa+E1+E+E3+E4 N1+ +03 41,

K} = min

Subject to (Pg5)

(0.10 < w; <£0.3;0.10 < & <0.2;
0.2<n, <04

020w, <£05;01<¢,<0.2
0.15 <7, <£0.25;

0.25 < w3 <04;02<&<0.3;
0.15<1n3<0.3;
015<w, <£0.3;01 <&, <0.3;

\ 03 <n,=<04.

A

( 08w+ 08wy +08w3z+ 09w, +
0.5& +0.6& +0.6& +0.7 & +

09n.+ 0.7 + 0.9 + 0.8
K1U — maxi N1 N2 N3 N4 f

W1t Wy +w3z+wa+E1+E+E3+E4 N1 N2 403+,

Subject to (Pg6)
Constraints of the CLFPPr (Pg5).

KE = min(0.7t; + 0.6t, + 0.8t; + 0.7t, + 031, + 057, + 0.4r; + 0.6r, + 0.8y, +
0.7y, +0.8y; + 0.8y,)

Subject to (Pg7)

(0.10z <t; <0.32;0.10z <nr; < 0.2z
0.2z <y, <04z
0.20z<t, <05z01z<r, <0.2z
0.15z <y, < 0.25z;
0.25z <t3 <0.4z2;0.2z < r; < 0.3z;
0.15z < y; < 0.3z
0.15z <t, <£0.32z;0.1z <1, <0.3z;

0.3z <y, <04z
=t 1+ ) =1
\ z = 0.
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KY = max(0.8t; + 0.8t, + 0.8¢t; + 0.9t, + 0.57, + 0.6, + 0.6r3 + 0.7r, + 0.9y, +
0.7y, +0.9y; + 0.8y,)
Subject to (Pgg)
Constraints of the CLPPr (Pg).

The optimal values of ty,t,, ts, ta, 11,7, 73, 74, V1, Y2, ¥3 and y,, obtained on solving the
CLPPr (Pg ;) and the CLPPr (Pgg), are shown in Table 8.1.

Table 8.1 Optimal values of the variables

Val’lab|eS tl tz t3 t4 1} Y] 3 " V1 Vo V3 Va Z Value Of
- the
objective

function

Minkfl |1 (5|53 |11 3|3 |1]33|3]5 22
28|28 |56|56|14 |14 |28 |28 |14 |56 |56 | 28|14 35

Maxk’ | 6 | 2|8 |6 |2 |2 42 |8|3|6)|8]|4 517
65|13 |65 |65|65|65|65|65|65|65|65]|65]|13 650

It is obvious from the result, shown in Table 8.1, that the values of the variables
t1,ty, t3, 4, 71,12, 13,74, Y1, V2, Y3 and y,, obtained on solving the existing CLPPr (Pg) [56,
Section 5.1, Eq 37] and the existing CLPPr (Pgg) [56, Section 5.1, Eq. 38], are not equal,
which is mathematically incorrect.

8.4 Impact of the mathematical incorrect assumptions

It is obvious from Section 8.2 that on applying the existing method [56] the obtained
optimal value will be an interval but the values of the variables will not be RNs. This is like a
situation that one is saying that the profit is rupees 20 (assumed) but it is not possible to find
a strategy corresponding to which this profit will be achieved. In actual case, on applying the

existing method [56], there doesn’t exist any such optimal solution corresponding to which
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the profit is rupees 20. Hence, it is not appropriate to apply the existing method [56] for
solving real-life problems.
8.5 Suggested modifications

The shortcomings of the existing method [56], pointed out in Section 8.2, can be resolved

STaf g i+ &5 (1-p5) + my (1-vE))

and to minimize
z:?:1(“"1' +&j+vj)

if to achieve the objective i.e., to maximize

Feifwj il +85 (1-p0) +1; (1-v
i@+ &5 +v))

U
”)}, the CLFPPr (Pgo) is solved instead of the CLFPPr (Pg;)

and the CLFPPr (Pg,) independently.

n ) @i “U+ 51 (1 p”) n @int+E (1—p5)+ )
JZ}:l L) _ijl
Vij
|
\

Sia(wj+§+v)) }

K; = max

(- {w,-(uz—ua)+ 6 ((1-ob)=(1-05)) + }\
= n; ((1-vh)-(1-v5))
fea(wj+&j+v))
)

= max

Subject to (Pg9)

a)jL Swj < w}’ ;o J=12,..,n,
<& <& ;5 j=12,.,n
77]L'S77j5n5'1 ;o j=12,...,n

The CLFPPr (Pg4) can be solved as follows:

Step 1: Using CCTr [59], the CLFPPr (Pg4) can be transformed into its equivalent CLPPr

K= max (S {ty () + 17 (= lp) = (1= o)) + 3, (1= vi) -

Subject to (Pg.10)
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(zwf < tj < 2w ; j=12,..,n
ZEJLST]'SZf]U; j=12,..,n,
<zn]L-SijZnJL-’; j=12,..,n,
ol + 1 +y) =1,
\z>0.

Step 2: Find the optimal solution {t;,7;,y;; j = 1,2,..,n} of the CLPPr (Pg1,).
Step 3: Using the optimal solution, obtained in Step 2, find

Ki = Ejaft g + 15 (1-pjj) + 3, (1 -vj)} and

KY = Sjaaftul] + 1 (L= o) + 3 (1= v}

Step 4: Construct a m X m matrix P = [pixlmxm, Where,

kY -kF o
max 1 —max|———5—1,0),0¢; if i #k
kY -kF+kY-KE

SR Jif i=k

n n
Yj=1Pik+5—

Step 5: Find the value of 6; = D 1, (i=12,...,m k=12,..,m) and check that

0; >0, or 6, <6 o0r 6; =0,.

Case (i) If 6; > 0, then A; > Ay.

Case (i) If 6; < 6, then A; < Ay.

Case (i) If 6; = 6, then A; = A;.
8.6 Exact solution of the existing problem

Garg and Nancy [56] solved a real-life problem to illustrate their proposed method.
However as discussed in Section 8.2 that Garg and Nancy [56] have used some mathematical
incorrect assumptions in their proposed method, therefore the results of the real-life problem,
obtained by Garg and Nancy [56], are not exact. In this section, the exact result of the same
problem is obtained by the modified method.

Using the modified method, the exact results of the real-life problem [56] can be obtained

as follows:
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Step 1: Using Step 1 of the modified method, the CLFPPr (Pg41), the CLFPPr (Pg45), the

CLFPPr (Pg13), the CLFPPr (Pg44) and the CLFPPr (Pg45) can be obtained.

028 +01& +02 &+ 0.1 &4+
0.1 + 0 + 0.1 +0
K, = max{ M1 M2 13 N4 }
W1+ W tw3+wa+E1+E+E3+HE4 N1 N2 40347,

Subject to (Pg11)

Constraints of the CLFPPr (Pg5).

( 02w, +02 wy+ 0 w3z + 0.2 wat \
02 &, +02& +01& + 0 &+
0.2 + 0.2 + 0.1 + 0.2
KZ — max{ M1 N2 N3 N4 }
W1+ W tw3+wa+E1+E+E3+E84 N1 N2 40341,

Subject to (Pg12)

Constraints of the CLFPPr (Pg5).

0.2 w1 +0.1 wy + 0.1 w3 + 0.1 wy+
08 +02& +01&+ 0.1 &+

W1t Wy tw3z+wa+E1+E+E3 84NN 40341,

K; = max

Subject to (Pg13)
Constraints of the CLFPPr (Pg5).
0.1 w1 + 0.1 [OF) + 0.1 w3 + 0.1 (1)4+
01 & 4+01&+01&+ 0.1 &4+
K4_ = max 0 n1 + 0.1 N2 + 0.1 N3 + 0.1 N4
w1twytw3z+wa+E1+8+E3 84+ +N2 4341,

Subject to (Pg14)
Constraints of the CLFPPr (Pg5).
01wy +01 wy+ 01wz + 0.2 wyat
0.1 &,+01&+01&+ 0 &4+
KS = max 017ny+ 017n,+017n3+01n,
W1+ W2+ W3+ W +E1+82+E3+E4+N 141241347,

Subject to (Pg15)

Constraints of the CLFPPr (Pg5).
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Step 2: Using Step 2 of the modified method the CLFPPr (Pg11),(Pg12), (Pg.13), (Pg14) and
(Pg15) can be transformed into the CLPPr (Pgi6), (Ps17): (Pgis), (Pg19) and (Pgag)
respectively.

K; = max {0.1t; + 0.2t, + 0t3 + 0.2t, + 0.2r; + 0.1r, + 0.2r53 + 0.1, + 0.1 y; + Oy, +

Subject to (Pg.16)

r 010z <t; <£0.32;0.10z <7 <0.2z
0.2z <y, <04z
0.20z<t, <05z;01z<r, <0.2z
0.15z <y, < 0.25z;
0.252 <t3<04z;0.2z <r; <0.3z;
0.15z < V3 < 0.3z;
0.152<t,<0.32;01z <1, <0.3z
0.3z <y, <04z
o + ) =1
\z > 0.

K, = max {0.2t; + 0.2t, + 0 t5 + 0.2t, + 0.2r;, + 0.2 7, + 0.1r5 + Or, + 0.2y, +
0.2y, +0.1y; + 0.2 y,}

Subject to (Pg.17)
Constraints of the CLPPr (Pg_14).

K; = max {0.2t; + 0.1 ¢, + 0.1t5 + 0.1t, + Or; + 0.2r, + 0.175 + 0.1, + 0.2 y; +
0.1y, + 0.1y; + 0.1y,}

Subject to (Pg.18)
Constraints of the CLPPr (Pg 1¢)-

K, = max {0.1t; + 0.1t, + 0.1t; + 0.1t, + 0.1r; + 0.1, + 0.1r5+ 0.1, + 0y, +
0.1y, + 0.1y; + 0.1y,}

Subject to (Pg.19)

Constraints of the CLPPr (Pg 1¢)-
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Ks = max {0.1t; + 0.1¢t, + 0.1t3 + 0.2t, + 0.1, + 0.1r, + 0.1r53 + O, + 0.1y, +

0.1y, + 0.1y; + 0.1y,}

Subject to (Ps.20)
Constraints of the CLPPr (Pg 1¢)-

Step 3: The optimal solutions {¢;, 7, y;; j = 1,2, ...,n} of the CLPPr (Pg14), (Pg17), (Ps1s),

(Pg.19) and (Pg o) are,

o —B}and

73 Y4 = 73

{t—zt—4t—5t—6r—2r—2r—4r—2 4 3 _
1= ph=pgb=gu=gnh =g === =5 Y2=3)3

2 = i} respectivel
PERRL Bl p y.

e : . L oo L _ 339

Step 4: Using the optimal solution {¢;,7,y;; j = 1,2, ...,n}, obtained in Step 3, K{ = o
202 191 491 141 87 413 241 267
265 325 650 250 125 730 365 430
157

KV ==,
215
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Step 5: Using Step 5 of the modified method,
0.5 0.60127 0.74536 0.78284 0.76806

0.39872 0.5 0.63860 0.72319 0.57499

P =10.22139 0.36139 0.5 0.57499 0.31110}
l0.09509 0.27680  0.42501 0.5 0.19301J

0.3906 0.51459 0.68889 0.73532 0.5

Step 6: Using Step 6 of the modified method, 6; = 0.2448765, 6, = 0.216775, 0; =
0.1734435, 6, = 0.1494955 and 65 = 0.2164725 respectively. Furthermore, since, the
ranking order is 6, > 6, > 6 > 65 > 0,, so the PO of the alternatives is A; > 4, > Az >
Az > A,
8.7 Conclusions

The mathematical incorrect assumptions considered in the existing method [56] are
pointed out. Also, the impact of these mathematical incorrect assumptions on the solutions of
real-life problems is discussed. Furthermore, the required modifications in the existing

method [56], to resolve its flaws, are suggested.
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Chapter 9

Future Scope

The following problems may be considered as challenging open research problems.

1. Zhang [194] proposed the following method for comparing IVPFNs,
a, = ([alJ bl]) [Cl; dl]) and a, = <[a2, bz], [Cz, dz]), Where 0 < aq < b1 < 1, 0 < C1 <

d<1,0<a,<b,<1,0<c,<d, <1,b?+d? <1andb?+d?<1.

“A set A= {(x, (1500, 13 O] [vie),vi)]) [ x € X, 0< ph(x) Spi(x) <1,

2 2
0<vi(x)<vi(x) <1, (,uf{(x)) + (vf{(x)) < 1}, defined on the universal set X, is

said to be an IVPFS [127], where, [pu5(x), 15 (x)] and [vi(x),v{ (x)] represents the
intervals of degree of membership and degree of non-membership respectively of the

element x in A.”

a?+b?—c?-d?

4 and S(ay) =

a?+b%—c?-d?

Step 1: Find S(a;) = and check that S(a;) >
S(ay) or S(ay) < S(ay) or S(ay) = S(ay).

Case (i) If S(a;) > S(ay) then a; > as.

Case (i) If S(a;) < S(ay) then a; < a,.

Case (iii) If S(a;) = S(a,) then go to Step 2.

a?+b?+c?+d? aZ+b3+c2+d3

Step 2: Find H(a,) = and H(a,) = and check that H(a,) >
H(a,) or H(a;) < H(a,) or H(a;) = H(a,).

Case (i) IfH(a;) > H(ay) then a; > a,.

Case (i) If H(a;) < H(a,) then a; < a,.

Case (iii) If H(ay) = H(a,) then a; = a,.
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Garg [48] pointed out that there can exist two different [VPFNS,
a, =([ay, bq],[c1,d.]) and a, = ([a,, b,], [c2,d3]), where 0 <a; <b; <1, 0<c¢, <
d<1,0<a,<bh,<1,0<c;<d, <1, b?+d? <1 and b2 +d3 <1 such that
S(a;) = S(a,) aswell as H(a,) = H(a,).

For example, if a; =([0.2,0.3],[0,0]) and a,=([0,¥0.13],[0,0]) are two
IVPFNSs, then S(a;) = S(a;) = 0.65 and H(a;) = H(a,) = 0.65. While, a; # a,.

Therefore, it is inappropriate to use Zhang’s method [194] for comparing IVPFNs.

To handle this situation, Garg [48, Section 3, p. 536] proposed the following method
for comparing IVPFNs.

a?+b?—c?-d?

Step 1: Find S(a,) = > 4 and S(ay) =M and check that S(a;) >
S(ay) orS(ay) < S(ay) or S(ay) = S(ay).

Case (i) If S(a;) > S(ay) then a; > a,.

Case (ii)) If S(a;) < S(ay) then a; < a,.

Case (iii) If S(a;) = S(a,) thengoto Step 2.

a?+b?+c?+d?
2

a?+b3+c3+d3

Step 2: Find H(a,) = >

and H(a,) = and check that H(a;) >
H(a,) or H(a;) < H(ay) or H(a;) = H(ay).

Case (i) IfH(ay) > H(a,) then a; > a,.

Case (i) If H(a;) < H(ay) then a; < a,.

Case (iii) If H(a;) = H(a,) then go to Step 3.

a?- [1—a?—c2+b%- [1-b2-d? a2— [1—a2—c2+p2— |[1-p2—g2
Step 3: Find M(al) = ! \/ ! ! L \/ ! 1 and M(az) — 2 \[j 2 \[i

2 2

and check that M(a,) > M(a,) or M(a,) < M(a,) or M(a,) = M(a,).
Case (i) If M(a;) > M(a,) then a; > a,.
Case (ii) If M(a;) < M(a,) then a; < a,.
Case (iii) If M(a;) = M(a,) then a; = a,.
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Garg [49] also proposed the following method for ranking two IVPFNs, a; =

([a1, b1], [c1,d1]) and @, = ([ay, by], [c;, d3]).

) af+bf,1—a%—cf+bf+a%/1—b%—d%
Flnd, K(al) =

as well as

2

a2+b2,1—a2—cz+b2+a2/1—b2—d2
K(ay) = : e * * and check that K(ay) < K(ay) or K(ay) >

2

K(ay) orK(ay) = K(ay).

Case (i) If K(a;) < K(ay) then a; < a,.

Case (ii)) If K(a;) > K(ay) then a; > a,.

However, the following example clearly indicates that the methods for comparing two

IVPFNs, proposed by Garg [48, Section 3, p. 536], are also not valid.

(i)

(ii)

Let a; = ([+/0.02,v0.07],[0.2,4/0.05]) and a, = ([0.2,v0.05],[v/0.02,v/0.07]) be
two IVPFNs. It is obvious that a; # a,. But, as S(a;) = S(a,) =0, H(a;) =
H(a,) = 0.09 and M(a;) = M(a,) = —0.908809561. Therefore, according to the
first RM, proposed by Garg [50], a; = a5, which is mathematical incorrect. This
clearly indicates that the flaw, pointed out by Garg [48] in the existing method [194],
is also occurring in Garg’s method [48]. Therefore, the first RM for comparing
IVPFNs, proposed by Garg [48] is also not valid.

It is obvious that infinite number of IVPFNSs can be obtained by changing the values
of cand d ina = ([0,0], [c,d]), where, 0 < c < 1and 0 < d < 1. Also, for all these

2 2./1_ _ 2 2 — —
infinite numbers of IVPENS, the value of K (a) = &2¥1=% Cz;rb raVATDE A il

be zero. This clearly indicates according to the second RM, proposed by Garg [49],
all these infinite IVPFNs are equal. While, it is obvious that these infinite IVPFNs

are not equal. For example, choosing ¢ = 0.4, d = 0.6 and ¢ = 0.6, d = 0.8, two

113



IVPFNs a; = ([0,0],[0.4,0.6]) and a, = ([0,0], [0.6,0.8]) are obtained, it is obvious
that a; # a,. While, K(a;) = K(a;) = 0. Therefore, the second RM, proposed by
Garg [49], is not valid.
Hence, to propose a valid accuracy function for comparing IVPFNs may be considered
as a challenging open research problem.
. Sahin [137] proposed the following method for comparing two SVNSs, A; = (a4, b1, ¢1)

and A, = (ay, by, ¢3).

_ 1+a,—-2b1—C1 _ 1+a,—2by—c;
)= ) =—

Find K(A and K(A and check that K(4,) > K(A4,) or

K(A;) < K(Az) or K(A;) = K(4y).

Case (i) IfK(A;) > K(A,)then A; > A,.
Case (ii) If K(4;) < K(A,) then 4; < A,.
Case (iii) If K(4,) = K(A4,) then 4; = A,.

Nancy and Garg [123, Section 2, Def. 2.6, Ex. 2.1, p. 379] considered two different
SVNSs, A; =(0.5,0.2,0.6) and A, =(0.2,0.2,0.3) to show that on considering the
existing method [137], the relation A; = A, is obtained. While, it is obvious that A; # A,.
On the basis of this numerical example, Nancy and Garg [123, Section 2, Def. 2.6, Ex. 2.1,
p. 379] claimed that the existing method [137] for comparing SVNSs is not valid.

Sahin [137] also proposed the following method for comparing of two IVNSs, 4; =

(lat,ai'], [b1, byl [cf, 1) and A, = ([a}, a7 ], [b%, b7], [c7, c5'1).

) = 2+ak+aV—2pt—2pY —ck—cU ) = 2+ak+a¥-20y-2bY —ck-c¥
1) — 2) =

Find L(A ” and L(A . , and check

that L(A;) > L(A,) or L(4;) < L(A,) or L(4,) = L(A4,).
Case (i) IfL(A;) > L(A,)then A, > A,.
Case (ii) If L(A;) < L(A,) then 4; < A,.

Case (iii) If L(A;) = L(A,) then A; = A,.
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It is pertinent to mention that the SVNS, A; = (0.5,0.2,0.6) and A, = (0.2,0.2,0.3) can
also be represented as IVNS, A; =([0.5,0.5],[0.2,0.2],[0.6,0.6])
and A, = ([0.2,0.2],[0.2,0.2],[0.3,0.3]). It can be verified that on considering the existing
method [137], the relation A; = A, is obtained. While, it is obvious that A; # A,. Hence,
the existing method [137] for comparing IVNSs is also not valid.

To resolve these shortcomings of the existing methods [137], Nancy and Garg [123,
Section 3, Def. 3.1, p. 379] proposed the following method for comparing two SVNSs,

Ay =(ay, by, c1)and A, =(ay, by, ¢c5).

1+(a1—2b1—C1)(2—a1—C1)
2

1+(a2—2b2—cz)(2—a2—(:2)
2

Find N(4,) = and check

and N(4,) =

that N(A;) > N(4,) or N(4;) < N(4;) or N(A,) = N(4,).
Case (i) IfN(A;) > N(A,)thenA; > A,.
Case (ii)) IfN(A;) < N(A,)then A; < A,.
Case (iii) If N(A;) = N(A,) then A, = A,.
Furthermore, Nancy and Garg [123, Section 3, Def. 3.2, p. 381] proposed the following
method for comparing two IVNSs, A; = ([af,a¥], [, bY], [cicl]y and 4, =

-t —2bi-2b{)(4—af-af —ci-ci)
8

L, U_
([ak, al], [b%, bY], [chcV]). Find M(A,) = Hlertar—c and

) _ 4+(a’2“+a§]—c%—czu—ZbZL—Zbg)(él—a%—aé’—c%—czu)
2) =

M(A -

, and check that M(A;) > M(A4,) or
M(A;) < M(Ay) or M(Ay) = M(4,).
Case (i) IfM(A;) > M(A,) then A; > A,.
Case (i) If M(A;) < M(A,) then A; < A,.
Case (iii) If M(A;) = M(A,) then A, = A,.
However, the following example clearly indicates that the existing methods for

comparing SVNSs and IVNSs are not valid.

115



(i) Let A; =(0.8,0.1,0.6) and A, = (0.8,0.2,0.4) be two SVNSs. Then, according to
the existing method [123, Section 3, Def. 3.1, p. 379], N(4,) = N(4,) = 0.5.
Therefore, according to the existing method [123, Section 3, Def. 3.1, p. 379],
A; = A,. While, it is obvious that A; # A,. So, the existing method [123, Section 3,
Def. 3.1, p. 379] for comparing two SVNSs is not valid.

(i) Let A, = ([0.1,0.7],[0.05,0.15],[0.1,0.3]) and
A, =([0.2,0.8],[0.05,0.15],[0.2,0.4]) be any two IVNSs. Then, according to the
existing method [123, Section 3, Def. 3.2, p. 381], M(4,) = M(A;) = 0.5. Therefore,
according to the existing method [123, Section 3, Def. 3.2, p. 381], A; = A,. While, it
is obvious that A; # A,. So, the existing method [123, Section 3, Def. 3.2, p. 381] for
comparing two IVNSs is not valid.

Hence, to propose the valid methods for comparing two SVNSs and IVNSs may be
considered as challenging future research problems.

. Garg and Kumar [53] discussed a brief review of the existing CoCf [21, 27, 47, 58, 74, 75,
101, 165, 173, 177]. Furthermore, Garg and Kumar [53, Section 4, Eq. 13, p. 8] used the
existing expression (9.1) [192] to evaluate the CoCf of three known patterns, A; =
{(x;,0.4,0.5), (x,,0.7,0.1), (x3,0.3,0.3)}, A, = {{x;,0.5,0.4), (x,,0.7,0.2), (x5, 0.4,0.3)}
and A; = {(x1,0.4,0.5),(x;,,0.7,0.1), (x5, 0.4,0.3)} with the unknown pattern, B =
{(x1,0.1,0.1), (x,, 1.0,0.0), (x5, 0.0,1.0)} and shown that the obtained CoCf between A,
and B, the obtained CoCf between A, and B as well as the obtained CoCf between A5 and
B are equal. Therefore, the expression (9.1) [192] cannot be used to identify a suitable

pattern, for the unknown pattern B, from the known patterns A;, A, and A;.

ZL(A,B) = o1 (uateup () +va(x)vp (x) +ma(x)np(xr)) 9.1)

\/Z?=1(ui(xt)+vi(x¢)+7ri(x¢)). . (ud e +vE ) +mh )
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Garg and Kumar [53, Section 4, Eq. 14, p. 9] used the existing expression (9.2) [154]
to evaluate the CoCf between the IFSs, A = {(x;,0.1,0.2), (x,, 0.2,0.1), (x3,0.29,0.0)} and
B = {{(x4,0.1,0.3), (x,, 0.2,0.2), (x3,0.29,0.1)} and shown that the obtained CoCf between
A and B is 1, which is mathematically incorrect as it indicates that the IFSs A and B are
equal. Whereas, it is obvious that both the IFSs are not equal. Therefore, the existing

expression (9.2) [154] cannot be used to obtain CoCf between A and B.

T(A’ B) — rl(A,B)+r2(.;1,B)+r3(A,B) (9.2)
where,
r (A, B) = Yt (uale)—ug) (up(x)—ug)
1 ) - y
\/Z?ﬂ(uA(xt)—W)Z-Z?ﬂ(us(xt)—@)z
T (A B) _ Z?=1(17A(xt)—ﬂ)(vs(xt)—@)
2 ) - y
\/2?=1(1’A(xt)—ﬂ)2-2?=1(v3(xt)—ﬁ)z
r:(4,B) = Y1 (ma(xe) -1 a) (g (x:)—Tg)

\/z’g=1(nA(xt>—ﬂ)2.2?=1<nB(xt)—mz’

— 1 — 1
Uy = ;Z?ﬂ uy(xe), ug = ;2?:1 ug(x;),

<

1 — 1
A ;2?:1 va(xe), Vg = ;2?:1 vp(xe),

Ta = =St ma(xe), Ty = = Ny ma(xe).

Garg and Kumar [53, Section 4, Eq. 15, p. 10] used the existing expression (9.3)
[177] to evaluate the CoCf between the three known  patterns,
A; = {{(x1,0.4,0.5), (x,,0.7,0.1), (xs,0.3,0.3)},

A, = {(x;,0.5,0.4), (x5, 0.7,0.2), (x3, 0.4,0.3)} and
As; = {(x1,0.4,0.5),(x,,0.7,0.1),(x5,0.4,0.3)} with the unknown pattern, B =

{(x4,0.1,0.1), (x,, 1.0,0.0), (x5, 0.0,1.0)} and shown that the obtained CoCf between A,

and B, the obtained CoCf between A, and B as well as the obtained CoCf between A; and
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B are equal. Therefore, the expression (9.3) [177] cannot be used to identify a suitable
pattern, for the unknown pattern B, from the known patterns A,, A, and A;.

Yo (ua(x)up(x)+va(x)vp () +ma(x)mp(x1)) 9.3)
max{Z?zl(ui(xt)+vfl(xt)+1tfl(xt)). ?zl(ulzg(xt)+v§(xt)+1r)23(xt))} '

Xul(A, B) =

To overcome this limitation of the existing expressions (9.1) — (9.3), Garg and
Kumar [53], firstly, proposed the expression (9.4) [53, Section 3, Eq. 6, p. 4] to transform
anan IFN (u,(x.),vp(x)) intoa CN a,(x.) + b,(x¢)i + c,(x¢)j [28]. Then, using the
proposed the expression (9.4), Garg and Kumar [53] proposed the expression (9.5) [53,
Section 3, Eq. 9, p. 5], the expression (9.6) [53, Section 3, Eq. 10, p. 7] for evaluating the
CoCf and the expression (9.7) [53, Section 3, Eq. 11, p. 7], the expression (9.8) [53,

Section 3, Eq. 12, p. 7], for evaluating the weighted CoCf between two IFSs A =

{ua (x), v1(x)) Y and B = {{u (x0), v2 (xe)),} £ = 1,2, ...,

ap () = iy () (1= v, (x)), bp(e) = 1=y () (1= v () = v (Ge) (1 -
() ) and ¢, () = v, () (1 = 11 (x2)) (9.4)
K, (A, B) — S 1(as(xp)az (ep)+b (xp)by (xp)+c1 (xp)ca (xt)) (95)
ng=1(a§(xt)+bf(xt)+cf(xt)). (a2 +b3 () +c2 (xp)
Y 1(a1 () az (xp)+b1(xe)by (xp)+c1 (xp)ca (x1))
K,(A,B) = 9.6
2( ) max{2?=1(a%(xt)+bf (xp)+c2 (xt)), ?=1(a§ (xe)+b2(xp)+c2 (xt))} ©-6)
K; (A, B) — Yea we(as (xe)agz () +b1 (xe) by () +c1 (x)ca (xr)) (97)
\/2;;1Wt(a%(xt)+bf(xt)+cf(xt)). ?zlwt(ag(xt)+b%(xt)+czz(xt))
K4(A, B) — Yy we(as(xp)az (xp)+bq (xp)by (xp)+c1 (x)cz (xr)) (9.8)

max{Z?zlWt(a%(xt)'l'b%(xt)'l'cf(xt)); Z?=1wt(a§(xt)+b%(xt)+czz(xt))}
However, the following clearly indicates that the shortcoming, pointed out by Garg
and Kumar [53] in existing methods [154, 177, 192], is also occurring in Garg and

Kumar’s method [53].
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Let us consider two known patterns 4; = {(x;, 0.1,0.4), (x5, 0.4,0.3), (x5, 0.25,0.35)},
A, = {(x1,0.4,0.1),(x,,0.3,0.4),(x3,0.35,0.25)} and an wunknown pattern B =
{(x41,0.3,0.3), (x5, 0.2,0.2), (x3,0.1,0.1)}, represented by IFSs. Also, let the weights of a
relative importance be (0.40, 0.45,0.15).

To apply the CoCfs (9.5) — (9.8) [53], proposed by Garg and Kumar [53], firstly,
there is need to transform each element of A, A, and B into a CN.

Using the expression (9.4), proposed by Garg and Kumar [53] for transforming an
IFN into a CN, the elements (0.1,0.4), (0.4,0.3), (0.25,0.35), (0.4,0.1), (0.3,0.4),
(0.35,0.25), (0.3,0.3), (0.2,0.2) and (0.1,0.1) can be transformed into its equivalent CNs
(0.06,0.58,0.36), (0.28,0.54,0.18), (0.1625,0.575,0.2625), (0.36,0.58,0.06),
(0.18,0.54,0.28), (0.2625,0.575,0.1625), (0.21,0.58,0.21), (0.16,0.68,0.16) and
(0.09,0.82,0.09) respectively. Therefore, A;, A, and B in terms of CNs can be rewritten
as
A; = {(x,,0.06,0.58,0.36), (x,, 0.28,0.54,0.18), (x3,0.1625,0.575,0.2625)},

A, = {(x4,0.36,0.58,0.06), (x,,0.18,0.54,0.28), (x5, 0.2625,0.575,0.1625)},

and,

B = {(x1,0.21,0.58,0.21), (x5, 0.16,0.68,0.16), (x5, 0.09,0.82,0.09)}.

Now,

(i) Using the existing expression (9.5), proposed by Garg and Kumar [53] for evaluating
the CoCf between IFSs, K;(A,,B) = 0.946359402 and K;(A,, B) = 0.946359402.
Since K, (4,,B) = K;(A,, B) so it is not possible to identify the suitable classifier for
the unknown pattern B from the known patterns A; and A,.

Hence, the flaw, pointed out by Garg and Kumar [53] in the existing CoCfs

(9.1) — (9.3), is also occurring in Garg and Kumar’s expression (9.5) [53].

119



(if) Using the existing expression (9.6), proposed by Garg and Kumar [53] for evaluating
the CoCf between the IFS,
K,(A;,B) = 0.84530981 and K,(A,, B) = 0.84530981.
Since K, (A, B) = K,(A,, B) so it is not possible to identify the suitable classifier
for the unknown pattern B from the known patterns A, and A,.
Hence, the flaw, pointed out by Garg and Kumar [53] in the existing CoCf (9.1) —
(9.3), is also occurring in Garg and Kumar’s expression (9.6) [53].
(iii) Using the existing expression (9.7), proposed by Garg and Kumar [53] for evaluating
the CoCf between the IFSs,
Ks(A;, B) = 0.951828261 and K;(A4,, B) = 0.951828261.
Since K5(A;, B) = K5(A,, B) so it is not possible to identify the suitable classifier
for the unknown pattern B from the known patterns A, and A,.
Hence, the flaw, pointed out by Garg and Kumar [53] in the existing CoCfs
(9.1) — (9.3), is also occurring in Garg and Kumar’s expression (9.7) [53].
(iv) Using the existing expression (9.8), proposed by Garg and Kumar [53] for evaluating
the CoCf between the IFSs,
K,(A;,B) = 0.881829449 and K,(A,, B) = 0.881829449.
Since K,(A,,B) = K,(A,, B) so it is not possible to identify the suitable classifier
for the unknown pattern B from the known patterns A; and A,.
Hence, the flaw, pointed out by Garg and Kumar [53] in the existing CoCfs
(9.1) — (9.3), is also occurring in Garg and Kumar’s expression (9.8) [53].
4. In the last few years, several methods have been proposed in the literature to find the
ranking of the alternatives for such MADMPrs in which RV of each alternative over each
criterion is represented as an IFS. Garg and Kumar [54] pointed out that the following

concept can be used to find the ranking of alternatives such that,
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“Construct the IFS P; whose elements are the elements of the i*"* row of the IFDM.
Then, find the distance of each P; from the fixed IFS (goal) and use these distances to
rank the alternatives.”

But, on applying the existing DiMs (9.9) — (9.13) [39, 78, 153, 169] to measure the
distance of a fixed IFS with other distinct IFSs, the obtained distances are equal.
Therefore, it is inappropriate to use the existing DiMs (9.9) — (9.13) [39, 78, 153, 169]
for the same purpose.

(i) To validate this claim, Garg and Kumar [54, Section 2, Def. 2, Eq. 1, Eq. 4 and Eq.
5] used the DiM (9.9) [169], the DiM (9.10) [153] and the DiM (9.11) [78] to
evaluate the distance of two known patterns
A = {(x;,0.5,0.3), (x, 0.5,0.2), (x3,0.9,0.0), (x,, 0.5,0.4), (x5, 0.7,0.1)} and B =
{(x1,0.7,0.2), (x5, 0.5,0.4), (x5,0.9,0.1), (x,, 0.6,0.3), (x5,0.8,0.0)}  with the
unknown pattern
P = {(x,0.7,0.1), (x5, 0.6,0.3), (x5, 0.7,0.1), (x4, 0.5,0.4), (x5, 0.4,0.5)} and shown
that the obtained distance between A and P as well as the obtained distance between
B and P are equal. Therefore, none of the DiM (9.9) — (9.11) [78, 153, 169] can be
used to identify a suitable pattern for the unknown pattern P from the known patterns

Aand B.

dirs(4,B) = % t=llta(xe) — up(x )| + va(xe) = vp (x| + |ma(xe) — mp(x) [}
(9.9)

dirs(4,B) = % t=amax{lua(xe) — ug (x|, [va(xe) — vp (x|, Ima(xe) — mp(x) [}
(9.10)

dizs =1—S(A,B) (9.11)
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(ii)

(iii)

Ga

(.

where,

Y1 (1-2pale) —up () |+ va(xe) —ve(x) )
S(A,B)Z tl( 2 HaXe)—UB(Xt vaXe)—vp(Xt )’ nA(xt):l_,uA(xt)_VA(xt),

n

mp(xe) =1 — pg(xy) —vp(xp).

Garg and Kumar [54, Section 2, Def. 2, Eq. 2 and Eq. 3] also used the DiM (9.12)
[169] and the DiM (9.13) [39] to evaluate the distance of two unknown patterns,
A = {(x4,0.9,0.1), (x;, 0.8,0.1), (x5, 0.8,0.1), (x4, 0.5,0.3),(x5,0.7,0.2)} and B =
{(x;,0.7,0.2), (x5, 0.5,0.4), (x3,0.9,0.1), (x4, 0.6,0.3), (x5, 0.8,0.0)} with the known
pattern P = {{x;,0.5,0.3), (x5, 0.6,0.2), (x3,0.5,0.3), (x,, 0.4,0.5), (x5, 0.7,0.2)} and
shown that the obtained distance between A and P as well as the obtained distance
between B and P are equal. Therefore, none of the DiMs (9.12) — (9.13) [39, 169]
can be used to identify a suitable pattern for the unknown pattern P from the known

patterns A and B.

dfes(4,B) = (5= ZialliaCee) = pp (e 2 + [vaCre) = v (e) I + Ima ) —

1
m5(x)12})? (9.12)
d%s(A»B) = i ?=1[|.uA(xt) —up(x)| + ||.uA(xt) —Va(x)| — lup(xe) —

vp(e)l| + [luaCee) — ma (el = lug Ge) — w5 (x| |] (9.13)
Furthermore, Garg and Kumar [54] considered a real-life MADMPr under IF
environment and shown that if the existing DiMs (9.9) — (9.11) [78, 153, 169] are
used to solve this problem then the obtained results are not appropriate.

To overcome this shortcoming of the existing DiMs (9.9) — (9.13) [39, 78, 153, 169],

rg and Kumar [54] proposed the DiM (9.14) [54, Section 3, Def. 6, Eq. 9], the DiM

15) [54, Section 3, Def. 6, Eq. 10], the DiM (9.16) [54, Section 3, Def. 6, Eq. 11], the

DiM (9.17) [54, Section 3, Def. 6, Eq. 12] and the DiM (9.18) [54, Section 3,
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Proposition 6, Eq. 13], the DiM (9.19) [54, Section 3, Proposition 6, Eq. 14], the DiM
(9.20) [54, Section 3, Proposition 6, Eq. 15], the DiM (9.21) [54, Section 3, Proposition
6, Eq. 16], the DiM (9.22) [54, Section 3, Proposition 7, Eq. 17], the DiM (9.23) [54,
Section 3, Proposition 7, Eq. 18], the DiM (9.24) [54, Section 3, Proposition 7, Eq. 19],
the DiM (9.25) [54, Section 3, Proposition 7, Eq. 20] for evaluating the distance and the

weighted distance respectively between two IFSs A = {(u,(x;),v4(x:))} and B =
{ug(xp),vg(x))} t =1,2,...,n.

All the DiMs (9.14) — (9.25) [54] are based upon CNs a4 (x;) + by(x:)i + ca(xt)j
and ag(x;) + bg(x.)i + cg(x;)j [28] which are obtained corresponding to the IFNs
(ua(xp),va(x:)) and (ug(x:),vg(x,)) respectively by considering the existing
expressions (9.26) — (9.31) [98],

di(A,B) = § t=1{laaCxp) —ag Q)| + 1baCxr) — bp(x)| + lea(xe) — ca(x) |}
(9.14)
d2(A,B) = i t=1{laa(xe) — ap(x)| + 1ba(xr) — bp (x| + lcalxr) — cp(xp) |}

(9.15)

1

d3(4,B) = |3 ZiallaaCe) — ag (02 + 1baCre) = b Geo) | + leaGee) — e () 2}
(9.16)

du(4,B) = [ Zii{lan(xe) — ag(e)I? + 1ba () — b)) |2 + leaCee) -

ca G2’ (9.17)

ds(A,B) = é t=1 weflag(xe) —ag(x)| + [ba(xe) — bp(x)| + lca(xe) — cp(xe)1}

(9.18)
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de(A,B) = E t=1 we{las(xe) — ag(x)|? + |ba(xp) — b (x)1? + lcalxe) —

cB(xt)Iz}]E (9.19)

d7 (A, B) = =¥y w{laa(xr) — ap ()] + [baCer) = bpCeed| + lea () — cp ()}

(9.20)

dg(A,B) = [i t=1 0¢{la,(xe) — ag(x)|? + [ba(xy) — bp(x)|* + lcalxy) —

cB(xt)IZ}]E (9.21)

dy(4,B) = ﬁ t=1max{la,(x,) — ap(xp)|, |ba(xe) — bp (x|, lca(xe) — cp(xe) [}
(9.22)

d3(A,B) = § t=1 wemax{|as(x;) — ap(xp)|, |ba(xe) — bp(x), |ca(xe) — cp(xe)1}
(9.23)

df (4, B) = [5- Tty max{las(x) — ap ()12, 1ba(xe) — ba ()12, leaCee) -

cB(xt)Iz}]E (9.24)

di{(A» B) = [%Z?:l wemax{|a,(x,) — ag(x)|?, 1ba(xe) — bp(xe)|?, lca(xy) —

cB(xalZ}F (9.25)
an(xe) = paCe)(1 = va(x) (9.26)
ba(xe) = 1= pa(e)(1 = va(x)) = va(x) (1 = pa(x)) (9.27)
caCxe) = vaCe) (1 = pa(xy)) (9.28)
ag(x) = pp(xe) (1 = vp(x,)) (9.29)
bp(xe) = 1= pp(x) (1 = vp(x)) = vp(x) (1 — up(x) (9.30)
cp () = vp(x) (1 — up(xy) (9.31)
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To prove the validity of these proposed DiMs, Garg and Kumar [54] considered the
same IFSs as well as real-life problem, considered to show the invalidity of the existing
DiMs [39, 78, 153, 169] and shown that on applying the DiMs, proposed by them, the
distance of the fixed IFS with the other considered distinct IFSs are distinct as well as the
results of the considered MADMPT are appropriate.

In future, other researchers may adopt the same methodology to point out the
shortcomings of other DiMs as well as to prove the validity of the proposed DiMs.
However, the following clearly indicates that Garg and Kumar’s method is also not valid.

Garg and Kumar [54] have shown that the existing DiMs (9.9) — (9.13) [39, 78, 153,
169] fails to identify a suitable classifier for the unknown pattern
P = {(x;,0.7,0.1),(x,, 0.6,0.3), (x3,0.7,0.1), (x4, 0.5,0.4), (x5, 0.4,0.5)} from two known
patterns A = {(x, 0.5,0.3), (x5, 0.5,0.2), (x5, 0.9,0.0), (x4, 0.5,0.4), (x5,0.7,0.1)}, and
B = {(x;,0.7,0.2), (x,, 0.5,0.4), (x3,0.9,0.1), (x,, 0.6,0.3), (xs, 0.8,0.0)}. Therefore, it is
inappropriate to use the existing DiMs (9.9) — (9.13) [39, 78, 153, 169].

On the same direction, two known patterns

A = {{x1,0.11,0.53), (x,, 0.3,0.65), (x3,0.21,0.47)},
B = {(x1,0.53,0.11), (x5, 0.65,0.3), (x3,0.47,0.21)} and an unknown pattern P =
{(x1,0.14,0.14),(x,,0.27,0.27), (x3,0.45,0.45)}, represented by IFSs, are considered,
and shown that the DiMs (9.14) — (9.25), proposed by Garg and Kumar [54], also fails
to identify that either A or B is a suitable classifier for the unknown pattern P i.e., it is
also inappropriate to use Garg and Kumar’s DiMs (9.14) — (9.25) [54].

To apply the DiMs (9.14) — (9.25), proposed by Garg and Kumar [54], firstly, there
is need to transform each element of 4, B and P into a CN.

Using the expressions (9.26) —(9.28) or (9.29) —(9.31) the IFNs

(0.11,0.53),(0.3,0.65),(0.21,0.47), (0.53,0.11),(0.65,0.3),(0.47,0.21),
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(0.14,0.14),(0.27,0.27) and (0.45,0.45) can be transformed into its equivalent CNs
(x1,0.0517 + 0.4766i + 0.4717j),(x,,0.105 + 0.44i + 0.455j), (x3,0.1113 +
0.5174i + 0.3713j), (x1,0.4717 + 0.4766i + 0.0517j), (x5, 0.455 + 0.44i +
0.105j), (x3,0.3713 + 0.5174i + 0.1113}),
(x1,0.1204 + 0.7592i + 0.1204j), (x,,0.1971 + 0.6058i + 0.1971j), (x3,0.2475 +
0.505i + 0.2475j) respectively. Therefore, A, B and P in terms of CNs can be rewritten
as
A = {(x;,0.0517 4 0.4766i + 0.4717}), (x,, 0.105 + 0.44i + 0.455j), (x3,0.1113 +
0.5174i + 0.3713j)},
B = {(x,,0.4717 + 0.4766i + 0.0517j),(x,, 0.455 + 0.44i + 0.105j), (x3,0.3713 +
0.5174i + 0.1113j)} and P = {(x;,0.1204 + 0.7592i + 0.1204;), (x,,0.1971 +
0.6058i + 0.1971)), (x3,0.2475 + 0.505i + 0.2475;)}.

The distances of A and B from P, obtained on using the expressions (9.14) — (9.25)
[54], are shown in Table 9.1.

Table 9.1 Distances of 4 and B from P

(P, A) (P,B)
d, 0.496933333 0.496933333
d, 0.165644444 0.165644444
ds 0.338875213 0.338875213
dy 0.195649695 0.195649695
ds 0.159103333 0.159103333
de 0.186996469 0.186996469
d, 0.053034444 0.053034444
dg 0.107962462 0.107962462
d}, 0.082822222 0.082822222
dz 0.079551666 0.079551666
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dj;

0.152196707

0.152196707

0.146002899

0.146002899

It is obvious from the results, shown in Table 9.1, that

(i)
(if)
(iii)
(iv)
(V)
(vi)
(vii)
(viii)
(ix)
(x)
(xi)
(xii)

Hence, if the existing DiMs (9.9) — (9.13) [39, 78, 153, 169], are inappropriate then
the DiMs (9.14) — (9.25), proposed by Garg and Kumar [54], are also inappropriate. To
modify Garg and Kumar’s method [54] may be considered as an open research problem.

5. In the last few years, several methods have been proposed in the literature to find the
ranking of the alternatives for such MADMPrs in which RV of each alternative over each

criterion is represented as IFS. Garg and Kumar [55] pointed out that the following

d,(P,A) =d,(P,B) = 0.496933333.

d,(P,A) =d,(P,B) = 0.165644444.

ds(P, A) = d4(P, B) = 0.338875213.

d,(P,A) = d,(P,B) = 0.195649695.

d<(P,A) = ds(P,B) = 0.159103333.

de(P,A) = dg(P,B) = 0.186996469.

d,(P,A) = d,(P,B) = 0.053034444.

dg(P, A) = dg(P,B) = 0.107962462.

df(P,A) = d"(P,B) = 0.082822222.
df (P, A) = d¥(P,B) = 0.079551666.
di(P,A) = d¥(P,B) = 0.152196707.

dt(P,A) = d(P,B) = 0.146002899.

concept can be used to find the ranking of the alternative such that,
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“Construct the IFS P; whose elements are the elements of the i** row of the IFDM.
Then, find the relative strength of each P; from the fixed IFS (goal) and use this relative
strength to rank the alternatives.”

But, on applying the existing SMs (9.32) — (9.35) [78, 174] to measure the relative
strength of a fixed IFS with other distinct IFSs, the obtained relative strength are equal.
Therefore, it is inappropriate to use the existing SMs (9.32) — (9.35) [78, 174] for the
same purpose. To validate this claim,

(i) Garg and Kumar [55, Section 4, Eqg. 8] used the SM (9.32) [174] to evaluate the
relative strength of two unknown patterns
A = {(x;,0.5,0.3), (x5, 0.5,0.2), (x3,0.9,0.0, (x,,0.5,0.4), (x5,0.7,0.1)} and B=
{(x1,0.7,0.2), (x,0.5,0.4), (x3,0.9,0.1), (x,, 0.6,0.3), (x5, 0.8,0.0)} with the known
pattern P = {{x4,0.7,0.1), (x5, 0.6,0.3),(x3,0.7,0.1), (x4, 0.5,0.4), (x5, 0.4,0.5)} and
shown that the obtained relative strength between A and P as well as the obtained
relative strength between B and P are equal. Therefore, the SM (9.32) [174] cannot
be used to identify a suitable patterns for the unknown pattern A and B from the
known pattern P.

si(A,B) =

1= [ B {laGe) — s Gedl + WaCee) = v Gedl + Ima () — ma ()1
(9.32)
(i) Garg and Kumar [55, Section 4, Eq. 9, Eq. 10] used the SM (9.33) and (9.34) [174]
to evaluate the relative strength of three  unknown  patterns
A = {(x1,0.4,0.5), (x,,0.7,0.1), (xs,0.3,0.3)},
B = {(x;,0.5,0.4), (x,0.7,0.2), (x3, 0.4,0.3)} and

C = {(xq,0.4,0.5),(x,,0.7,0.1),(x3,0.4,0.3)} with the known pattern P =

{(x1,0.1,0.1), (x,, 1.0,0.0), (x5, 0.0,1.0)} and shown that the obtained relative strength
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(iii)

(iv)

between A and P, the obtained relative strength between B and P and the obtained
relative strength between C and P are equal. Therefore, the SM (9.33) and (9.34)
[174] cannot be used to identify a suitable pattern for the unknown patterns A4, B and

C from the known pattern P.

TP 1 (min(paCee) up (e)+min(vaGeo),vp (e)+min(maGe) mp(xp))

SL(AB) = (9.33)

?:1(max(liA (xe)up (xt))‘l'max(VA (x¢),vB (xt))+max(7TA (x¢),mp (xt))).

TP 1 ((naGe) )+ (VAo v () +(male) mp (x1)))

max{SP (13 ) +v3 e +m5 () ) BTy (kB (e +vE e+ () )|

SL(AB) = (9.34)

Garg and Kumar [55, Section 4, Eq. 11] used the SM (9.35) [78] to evaluate the
relative strength of two unknown patterns,
A = {(x;,0.4,0.5), (x,, 0.4,0.4), (x3,0.7,0.0), (x,, 0.4,0.6), (xs,0.6,0.3)} and B =
{(x1,0.6,0.4), (x5, 0.4,0.6), (x3,0.9,0.1), (x4, 0.5,0.5), (x5, 0.7,0.2)} with the known
pattern P = {(x;,0.7,0.1), (x,, 0.6,0.3), (x3, 0.7,0.1), (x,, 0.5,0.4), (xs, 0.4,0.5)} and
shown that the obtained relative strength between A and P as well as the obtained
relative strength between B and P are equal. Therefore, SM (9.35) [78] cannot be
used to identify a suitable pattern for the unknown patterns A and B from the known

pattern P.

S (1-2raG) - GOl +vaGe) -va(xOl)

n

si(A,B) =

(9.35)

Furthermore, Garg and Kumar [55] considered a real-life MADMPr under IF
environment and shown that if the existing SM (9.32) — (9.35) [78, 174] are used to

solve this problem then the obtained results are not appropriate.

To overcome this shortcoming of the existing SMs (9.32) — (9.35) [78, 174], Garg and

Kumar [55] proposed the SM (9.36) [55, Section 3.1, Eq. 4], SM (9.37) [55, Section

3.2, Eq. 5], SM (9.38) [55, Section 3.2, Eq. 6], SM (9.39) [55, Section 3.2, Eq. 7], for
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evaluating the relative strength and the weighted relative strength respectively between
two IFSs A = {{us(x),v4(x)) } and B = {{ug(xy), vg(x))} t =1,2,...,n.

All the SMs (9.36) — (9.39) [55] are based upon CNs a4 (x;) + by (x;)i + c4(x;)j and
ag(x;) + bg(x.)i + cg(x;)j [28] which are obtained corresponding to the IFNs
(ua(xp),va(x:)) and (ug(x),vg(xy)) respectively by considering the existing

expressions (9.40) — (9.45) [98],

5104, B) = 22 (1= 3{lasCe) — ap(edl + 1ba(x) — b ()| + leaCr) — caGx)l})
(9.36)

7= (min(aa(ee).ap () +min(ba(xe) b (xp)+min(calxe).cp(x0) )

?:l(max(aA (x¢),ap(xe))+max(ba(x),bp(xp))+max(ca(xe).cp (xt)))

s,(A,B) = (9.37)
s(A,B) =
i we (1= laa () — ag(el + baCee) = b ()l + IeaCer) — ca(x)1})  (9:38)

7=y we(min(aa(xe).ap (o) +min(ba(xo),bp(x)+min(caGxo.cpp))

s3(4.B) = i, we(max(aa(xo).ap () +max(ba(xe).bp () +max(caCee).cp(xo)) (9:39)
an(xe) = paC)(1 = va(x)) (9.40)
baCer) = 1= paCe) (1 = va(xe)) = va(x) (1 = pa(xp) (9.41)
caCxe) = va(x) (1 = pa(xy)) (9.42)
ag(x) = pp(x) (1 = vp(xy)) (9.43)
bp(xe) = 1= pg(xe) (1 = vp(x)) = v (xe) (1 — s (xe)) (9.44)
cp(xe) = vp(x) (1 — up(xe)) (9.45)

To prove the validity of these proposed SMs, Garg and Kumar [55] considered the
same IFSs as well as real-life problem, considered to show the invalidity of the existing
SMs [78,174] and shown that on applying the SMs, proposed by them, the relative strength
of the fixed IFS with the other considered distinct IFSs are distinct as well as the results of

the considered MADMPr are appropriate.
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In future, other researchers may adopt the same methodology to point out the
shortcomings of other SMs as well as to prove the validity of the proposed SMs. However,
the following clearly indicates that Garg and Kumar’s method is also not valid.

Garg and Kumar [55] have shown that the existing SMs (9.32) — (9.35) [78,174]
fails to identify a suitable classifier for the,

(i) Known pattern P = {(x4,0.7,0.1), (x5, 0.6,0.3), (x3,0.7,0.1), (x4, 0.5,0.4), (x5, 0.4,0.5)}
from two unknown patterns
A = {(x,,0.5,0.3), (x,, 0.5,0.2), (x3,0.9,0.0), (x,,0.5,0.4), (x5,0.7,0.1)}, and B =
{(x1,0.7,0.2), (x,0.5,0.4), (x3,0.9,0.1), (x,, 0.6,0.3), (x5, 0.8,0.0)}.
(i) Known pattern P = {{(x;,0.1,0.1),(x,, 1.0,0.0), (x3,0.0,1.0)} from three unknown
patterns A = {(x1,0.4,0.5), (x5, 0.7,0.1), (x5, 0.3,0.3)},
B = {(xy,0.5,0.4), (x,, 0.7,0.2), (x3, 0.4,0.3)} and
C = {{xy,0.4,0.5), (x,,0.7,0.1), (x5, 0.4,0.3)}.
(iii) Known pattern P = {(x4,0.7,0.1), (x5, 0.6,0.3), (x3,0.7,0.1), (x4, 0.5,0.4), (x5, 0.4,0.5)}
from two unknown patterns
A = {(x;,0.4,0.5), (x5, 0.4,0.4), (x3,0.7,0.0), (x,, 0.4,0.6), (x5,0.6,0.3)} and B =
{(x1,0.6,0.4), (x, 0.4,0.6), (x3,0.9,0.1), (x,, 0.5,0.5), (x5, 0.7,0.2)} with the known
pattern. Therefore, it is inappropriate to use the existing SMs (9.32) — (9.35) [78,174].
On the same direction, two unknown patterns
A = {(x;,0.11,0.53), (x, 0.3,0.65), (x3, 0.21,0.47)},
B = {(x4,0.53,0.11), (x,, 0.65,0.3),(x3,0.47,0.21)} and an known pattern P =
{(x,,0.14,0.14),(x,,0.27,0.27), (x3,0.45,0.45)}, represented by IFSs, are considered,
and shown that the SMs (9.36) — (9.39), proposed by Garg and Kumar [55], also fails to
identify that either A or B is a suitable classifier for the known pattern P i.e., it is also

inappropriate to use Garg and Kumar’s SMs (9.36) — (9.39) [55].
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To apply the SMs (9.36) — (9.39), proposed by Garg and Kumar [55], firstly, there is
need to transform each element of A, B and P into a CN.

Using the expressions (9.40) —(9.42) or (9.43)—(9.45) the IFNs
(x1,0.11,0.53), (x5, 0.3,0.65), (x3, 0.21,0.47);
(x1,0.53,0.11), (x5, 0.65,0.3), (x3,0.47,0.21);  (x;,0.14,0.14),(x,,0.27,0.27)  and
(x3,0.45,0.45) can be transformed into its equivalent CNs (x;,0.0517 + 0.4766i +
0.4717j), (x,,0.105 + 0.44i + 0.455j), (x5,0.1113 4+ 0.5174i + 0.3713j);
(x1,0.4717 + 0.4766i + 0.0517j), (x,, 0.455 + 0.44i + 0.105j), (x3,0.3713 +
0.5174i + 0.1113j); (xq,0.1204 + 0.7592i + 0.1204), (x5, 0.1971 + 0.6058i +
0.1971j),(x3,0.2475 + 0.505i + 0.2475j) respectively. Therefore, A, B and P in terms
of CNs can be rewritten as
A = {(x;,0.0517 4 0.4766i + 0.4717}), (x,, 0.105 + 0.44i + 0.455j), (x3,0.1113 +
0.5174i + 0.3713j)},
B = {(x,,0.4717 + 0.4766i + 0.0517j),(x,, 0.455 + 0.44i + 0.105j), (x3,0.3713 +
0.5174i + 0.1113j)} and
P =
{(x1,0.1204 + 0.7592i + 0.1204j), (x,,0.1971 + 0.6058i + 0.1971j), (x5, 0.2475 +
0.505i + 0.2475j)}.
The relative strength of A and B from P, obtained on using the expressions (9.36) —

(9.39) [55], are shown in Table 9.3.
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Table 9.3 Relative strength of A and B from P

(P, A) (P,B)
S1 0.834355555 0.834355555
S 0.601965077 0.601965077
sy 0.834355555 0.834355555
sy 0.601965077 0.601965077

It is obvious from the results, shown in Table 9.3, that
(i) s1(P,A) =s:(P,B) = 0.834355555
(i) s,(P,A) = s,(P,B) = 0.601965077
(iii) sy'(P,A) = sy (P,B) = 0.834355555
(iv)sy (P, A) = s¥(P,B) = 0.601965077 .

Hence, if the existing SMs(9.32) — (9.35) [78, 174] are inappropriate then the SMs
(9.36) — (9.39), proposed by Garg and Kumar [55], are also inappropriate. To modify
Garg and Kumar’s method [55] may be considered as an open research problem.

6. Ye [187] proposed the following operational laws of the NNs.
Let z; = a; + byl and z, = a, + b,I be two NNs, where a4, b, a,, b, are RNs and
I = [I%,1Y] is a closed interval. Then,
(i) z +zy=a,+ay+ (by+by)I =[a; +a, +byI*+byI*, a; +a, + b, 1Y +
b,1Y]
(i) z—z,=a;—a,+ (b —by)I =[a; —ay + b I* —b,I*, a; —a, + b 1Y —

b,1Y]
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(”l) Zq X Zy = 10, + (a1b2 + azbl)l + blbzlz

[ (a; + byI*)(ay + byIb), (a; + byI*)(ay + byIb), ]

— lmin (a, + byI¥)(a, + byIY), (a, + byI)(a, + byIY),

| (a, + byIY)(a, + byIY), |’ (a; + by1%)(ay + bI"), ||

l (ay + b11Y)(a, + by1Y) (ay + by1Y)(ay + by1Y) J
a,+bql [a1+b11L,a1+b11U]

(iv) 2= =
Zy a2+b21 [a2+b21L,a2+b21U]

_ . a1+b11L a1+b11L a1+b11U a1+b11U a1+b11L a1+b11L a1+b11U
= |mi U’ L’ U’ IR U’ L’ U’
a2+b21 a2+b21 a2+b21 a2+b21 a2+b21 a2+b21 a2+b21

U

The aim of this note is to point out the limitations of the existing basic operational
laws of NNs. For this purpose, there is a need to discuss the origin of these operational
laws. Therefore, the same is discussed in this section. These operational laws have been
obtained in the following manner:

Step 1: Using the arithmetic operations, b,[I*,1Y] = [by1%, b 1Y] and b,[I%,1V] =

[b,I*,b,IY], the NNs, z; =a;+ b =a;+by[I*1Y] and z, =a, + bl = a, +

b,[I*,1Y] can be rewritten as z; = a; + [byI*, byIY] and  z, = a, + [b,I%, b,IY]

respectively.

Step 2: Using the arithmetic operation, u + [v,w] = [u + v,u + w], the NNs, z; = a; +
[b,1%, byIY] and z, = a, + [b,I*, b,I1Y] can be rewritten as z; = [a; + byI%, ai +
b,1Tand z, = [a, + b,I*, a, + b,1Y] respectively.

Step 2(a): Using the arithmetic operation, [u;, u,] + [v, V2] = [uy + v4,uy + v5], the
first basic operational law, z; + z, = [a; + a, + by It + byIt, a; + ay + b1V +b,1Y]
IS obtained.

Step 2(b): Using the arithmetic operation, [u;, u,] — [vq, V2] = [uy — v4,u, — V5], the

second basic  operational law, z; —z, =[a; —ay, + b It — byI%, a; —a, +

b,1Y— b,1Y] is obtained.
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Step 2(c): Using the arithmetic operation,

min((ulvl), (uyvy), (uyvy), (uzvz))

, the third basic operational
max((ulvl), (uyv,), (uyvy), (uzvz))l

[ug, uz] X [vy,v,] = l

law,

. ((al + b 1Y) (a, + byIY), (a; + biIY)(a, + byIY)
(a, + byIY)(a, + byIY), (a; + bi1Y)(a, + byIY))’
lm ((a1 + by1")(ay + byI"), (ag + biI*)(ay + by1Y)
(a; + b1Y)(a, + byIY), (a; + byIY)(ay + byIY)

Zy X 2y, = is obtained.

Step 2(d): Using the arithmetic operation,

fu ] [min (ﬂ e ﬁ),max (ﬂ,ﬂ ﬁ,ﬁ)], the fourth basic operational law,
] VU2

[vi,v2 vy vy v vy vy vy vy
Z1 __ . a1+b11L a1+b11L a1+b11U a1+b11U a1+b11L a1+b11L a1+b11U
- [ by1U’ byIL’ by1V’ byIt /)’ b,1U’ byIL’ by1U’
Zy a+ 21 a+ 21 a+ 21 a+ 21 a,+ 21 a+ 21 a+ 21
a1+b11U

)] is obtained.

a;+byIL

It is obvious from Step 1 of the method, discussed above, that to obtain all the basic
operational laws, the assumptions b, [I%,IV] = [byI*, b, IV] and b, [I%,1V] = [b,I*, b,1Y]
are considered. However, these assumptions are valid only if b; and b, are non-negative
RNs. While, it is well known fact that ina NN z = a + bl, b is a real number i.e., b may
be non-negative or b may be negative. Therefore, the existing basic operational laws of
NNs, discussed above, are valid only for such NNs z; = a; + byl and z, = a, + b,I in
which b, and b, will be non-negative RNs.

To propose the generalized operational laws of NNs may be considered as a

challenging open research problem.
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