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Abstract  

 
In daily life problems, a process is followed by an individual or group of persons to 

finalize a decision. This process is called DM and the problems are called DMPrs. DMPrs 

can be mainly classified into the two following categories: 

(a) Single/multi-attribute DMPrs: This category contains those DMPrs in which a 

finite number of alternatives are known and the aim is to rank these alternatives e.g.,  

(i) To rank    students of a class on the basis of the marks, secured in 

Mathematics, is a single attribute DMPr. 

(ii) To rank    students of a class on the basis of marks, secured in Mathematics, 

Physics and Chemistry, is a MADMPr. 

(b) Single/multi-objective DMPrs: This category contains those DMPrs in which the 

aim is to find a way which will maximize/minimize one or more functions subject to 

various restrictions e.g.,  

(i) To find the quantity of the product that should be supplied from various 

sources to various destinations in such a manner that the total TrC is minimum 

is a single objective DMPr.   

(ii) To find the quantity of the product that should be supplied from various 

sources to various destinations in such a manner that the total TrC as well as 

the total transportation risk is minimum is a multi-objective DMPr. 

One of the important steps of DM is to collect the information/data regarding the problem. 

It is pertinent to mention that it is not always possible to represent the collected 

data/information as a RN e.g.,  

(i) The cost to hire a cab between two fixed places cannot be represented by a RN as it 

varies from time to time depending on the traffic/weather-conditions/route etc.  
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(ii) The rating of a movie review cannot be presented by a RN instead it can be 

expressed in linguistic terms such as poor, average, good, excellent etc. 

In the literature, different ways have been introduced to handle these types of data. One of 

the way, used by several researchers, to handle the same is to express the data as FS [189] 

and its extensions [9, 13, 52, 80, 127, 167, 168]. 

In the last few years, several researchers have proposed various methods for solving 

DMPrs under fuzzy environment and its extensions. These methods can be classified into 

different categories. Some of these categories are as follows: 

(i) Methods for solving DMPrs under IF environment:  

This category contains all those methods for solving DMPrs in which some or all the 

collected information/data is expressed as IFS [9]. 

(ii) Methods for solving DMPrs under IVIF environment:  

This category contains all those methods for solving DMPrs in which some or all the 

collected information/data is expressed as IVIFS [13].  

(iii) Methods for solving DMPrs under DHF soft environment:  

This category contains all those methods for solving DMPrs in which some or all the 

collected information/data is expressed as DHFSS [52]. 

(iv) Methods for solving DMPrs under IVIF soft environment: 

This category contains all those methods for solving DMPrs in which some or all the 

collected information/data is expressed as IVIFSS [80]. 

(v) Methods for solving DMPrs under neutrosophic environment: 

This category contains all those methods for solving DMPrs in which some or all the 

collected information/data is expressed as SVNS [168].  
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(vi) Methods for solving DMPrs under interval-valued neutrosophic environment: 

This category contains all those methods for solving DMPrs in which some or all those 

collected information/data is expressed as IVNS [167]. 

(vii) Methods for solving DMPrs under IVPF environment:  

This category contains all those methods for solving DMPrs in which some or all those 

collected information/data is expressed as IVPFS [127].  

In the last few years, various approaches have been proposed for solving MADMPrs 

under various extensions of fuzzy environment. After a deep study, some limitations 

and/or shortcomings have been observed in the existing methods [1, 8, 51, 56, 98, 99, 157] 

for solving DMPrs under various extensions of fuzzy environment. Keeping the same in 

mind, the aim of this thesis is 

(i) To point out as well as to overcome the limitations of the existing method [99]. 

(ii) To point out as well as to overcome the limitations of the existing method [98]. 

(iii) To point out as well as to resolve the shortcomings of the existing method [8]. 

(iv) To point out as well as to resolve the shortcomings of the existing method [51]. 

(v) To point out as well as to overcome the shortcomings of the existing method [1]. 

(vi) To point out as well as to overcome the shortcomings of the existing method [157]. 

(vii) To point out as well as to overcome the shortcomings of the existing method [56]. 
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Chapter 1 

Introduction 

 

1.1 Introduction 

In daily life problems, a process is followed by an individual or group of persons to 

finalize a decision. This process is called DM and the problems are called DMPrs. DMPrs can 

be mainly classified into the two following categories: 

(a) Single/multi-attribute DMPrs: This category contains those DMPrs in which a 

finite number of alternatives are known and the aim is to rank these alternatives e.g.,  

(i) To rank    students of a class on the basis of the marks, secured in 

Mathematics, is a single attribute DMPr. 

(ii) To rank    students of a class on the basis of marks, secured in Mathematics, 

Physics and Chemistry, is a MADMPr. 

(b) Single/multi-objective DMPrs: This category contains those DMPrs in which the 

aim is to find a way which will maximize/minimize one or more functions subject to 

various restrictions e.g.,  

(i) To find the quantity of the product that should be supplied from various 

sources to various destinations in such a manner that the total TrC is minimum 

is a single objective DMPr.   

(ii) To find the quantity of the product that should be supplied from various 

sources to various destinations in such a manner that the total TrC as well as 

the total transportation risk is minimum is a multi-objective DMPr. 
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One of the important steps of DM is to collect the information/data regarding the problem. 

It is pertinent to mention that it is not always possible to represent the collected 

data/information as a RN e.g.,  

(i) The cost to hire a cab between two fixed places cannot be represented by a RN as it 

varies from time to time depending on the traffic/weather-conditions/route etc.  

(ii) The rating of a movie review cannot be presented by a RN instead it can be 

expressed in linguistic terms such as poor, average, good, excellent etc. 

 In the literature, different ways have been introduced to handle these types of data. One 

of the way, used by several researchers, to handle the same is to express the data as FS [189] 

and its extensions [9, 13, 52, 80, 127, 167, 168]. 

In the last few years, several researchers have proposed various methods for solving 

DMPrs under fuzzy environment and its extensions. These methods can be classified into 

different categories. Some of these categories are as follows: 

(i) Methods for solving DMPrs under IF environment:  

This category contains all those methods for solving DMPrs in which some or all the 

collected information/data is expressed as IFS [9]. 

(ii) Methods for solving DMPrs under IVIF environment:  

This category contains all those methods for solving DMPrs in which some or all the 

collected information/data is expressed as IVIFS [13].  

(iii) Methods for solving DMPrs under DHF soft environment:  

This category contains all those methods for solving DMPrs in which some or all the 

collected information/data is expressed as DHFSS [52]. 

(iv) Methods for solving DMPrs under IVIF soft environment: 

This category contains all those methods for solving DMPrs in which some or all the 

collected information/data is expressed as IVIFSS [80]. 
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(v) Methods for solving DMPrs under neutrosophic environment: 

This category contains all those methods for solving DMPrs in which some or all the 

collected information/data is expressed as SVNS [168].  

(vi) Methods for solving DMPrs under interval-valued neutrosophic environment:  

This category contains all those methods for solving DMPrs in which some or all those 

collected information/data is expressed as IVNS [167]. 

(vii) Methods for solving DMPrs under IVPF environment:  

This category contains all those methods for solving DMPrs in which some or all those 

collected information/data is expressed as IVPFS [127].  

1.2 Objectives of the Thesis 

In the last few years, various approaches have been proposed for solving MADMPrs 

under various extensions of fuzzy environment. After a deep study, some limitations 

and/or shortcomings have been observed in the existing methods [1, 8, 51, 56, 98, 99, 157] 

for solving DMPrs under various extensions of fuzzy environment. Keeping the same in 

mind, the aim of this thesis is 

(i) To point out as well as to overcome the limitations of the existing method [99]. 

(ii) To point out as well as to overcome the limitations of the existing method [98]. 

(iii) To point out as well as to resolve the shortcomings of the existing method [8]. 

(iv) To point out as well as to resolve the shortcomings of the existing method [51]. 

(v) To point out as well as to overcome the shortcomings of the existing method [1]. 

(vi) To point out as well as to overcome the shortcomings of the existing method [157]. 

(vii) To point out as well as to overcome the shortcomings of the existing method [56]. 
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1.3 Chapter wise summary of the Thesis 

 The chapter wise summary of the thesis is as follows: 

Chapter 1 is an introductory in nature.  

Chapter 2 

Mehar RM for comparing CNs and its application in DM 

 Kumar and Garg [99] considered some IFMADMPrs to show that the existing 

IFMADMM [18] fails to rank the alternatives of the considered IFMADMPrs. Kumar and 

Garg also pointed out that this limitation of the existing IFMADMM can be resolved with the 

help of a CN [28]. Since, to do the same there was need to transform each IFN [9] of the 

IFDM into a CN. But, there was no method in the literature to transform an IFN into a CN. 

Therefore, Kumar and Garg firstly proposed a method to transform an IFN into a CN. Then, 

using this method, Kumar and Garg proposed a method to solve IFMADMPrs. In this chapter, 

it is shown that the RM, used in Step 5 of Kumar and Garg’s method for comparing CNs, 

fails to compare two distinct CNs. Hence, Kumar and Garg’s method fails to rank the 

alternatives of IFMADMPrs. Furthermore, to overcome the limitation of Kumar and Garg’s 

method, a new RM (named as Mehar RM) is proposed for comparing CNs.       

Chapter 3  

Mehar IVIFMADMM without using the concept of CN 

Kumar and Garg [98] pointed out that several researchers [18, 24, 43, 76, 133, 164, 170, 

172] have used the CN [28] for solving MADMPrs under crisp environment, fuzzy 

environment, IVF environment and IF environment. However, till now no one have used the 

same for solving MADMPrs under IVIF environment. Since to fill this gap, there was need to 

propose a method for transforming an IVIFS into a CN as well as a RM for comparing CNs. 

Therefore, Kumar and Garg, firstly, proposed the methods for the same. Then, using these 

methods, Kumar and Garg proposed an IVIFMADMM for solving IVIFMADMPrs. In this 
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chapter, an IVIFMADMPr is solved by Kumar and Garg’s IVIFMADMM and shown that 

Kumar and Garg’s method fails to rank the alternatives of the considered problem. To 

overcome this limitation of Kumar and Garg’s IVIFMADMM, a new method (named as 

Mehar IVIFMADMM) is proposed for solving IVIFMADMPrs without transforming the 

elements of IVIFDM into CNs. Also, the PO for the alternatives of the considered 

IVIFMADMPr is obtained by the proposed Mehar IVIFMADMM. Furthermore, the 

advantages of applying the proposed Mehar IVIFMADMM over Kumar and Garg’s 

IVIFMADMM are discussed. 

Chapter 4  

Modified expressions to evaluate the CoCf between two DHFSSs and their application 

in DM 

Arora and Garg [8] proposed two expressions for evaluating the weighted CoCfs between 

two DHFSSs [52]. Arora and Garg claimed that their proposed expressions can be used for 

finding the solution for several real-life MCDMPrs under DHFSS environment. To validate 

the claim, Arora and Garg solved three real-life problems (finding the best candidate, medical 

diagnosis problem and pattern recognition). In future, other researchers may use Arora and 

Garg’s expressions for solving same type of real-life problems or some other type of real-life 

problems. However, after a deep study, it is observed that the Arora and Garg have used some 

mathematical incorrect assumptions to obtain their proposed expressions i.e., Arora and 

Garg’s expressions are not valid in its present form. Therefore, if one will apply these 

expressions then the obtained results may or may not be exact. Keeping the same in mind, 

Arora and Garg’s expressions have been modified. Furthermore, using the modified 

expressions, the exact results of the real-life problems, considered by Arora and Garg, have 

been obtained. 
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Chapter 5 

Modified NLP methodology for MADMPrs with IVIFSSs information 

Garg and Arora [51] claimed that there is no method in the literature to solve 

IVIFSMADMPrs and hence, proposed a NLPM for solving IVIFSMADMPrs. Since, it is 

only method for solving IVIFSMADMPrs so the other researchers may be attracted to use 

this method for solving real-life IVIFSMADMPrs. However, after a deep study, it is observed 

that some mathematical incorrect assumptions have been considered in this method. 

Therefore, it is scientifically incorrect to use this method for solving real-life 

IVIFSMADMPrs. Keeping the same in mind, Garg and Arora’s method is modified.  

Chapter 6 

A novel method for solving fully NSLPPrs: Suggested modifications  

Abdel-Basset et al. [1] claimed that although several methods have been proposed in the 

literature to find the solution of different types of FLPPr/IFLPPrs (LPPrs in which some/all 

the parameters are represented as FNs/ IFNs) [5, 17, 19, 37, 38, 44, 70, 71, 100, 104, 105, 

112, 122, 134, 142, 149, 156, 159, 171, 197, 202]. However, there is no method in the 

literature for solving such NSLPPrs in which some/all the parameters are represented as 

TrNNs. To fill this gap, Abdel-Basset et al. proposed methods for solving different types of 

NSLPPrs. In Abdel-Basset et al.’s methods, firstly, a NSLPPr is transformed into a CLPPr by 

replacing each parameter of the NSLPPr, represented by a TrNN, with its equivalent 

defuzzified crisp value. Then, the optimal solution of the transformed CLPPr is used to find 

the optimal solution and optimal value of the considered NSLPPr. Abdel-Basset et al. also 

pointed out that as a TrFN is a special case of TrNN. Therefore, the FLPPrs, can be solved by 

the existing methods [38, 44, 100, 134], can also be solved by their proposed methods. Abdel-

Basset et al. also solved the same FLPPrs by their proposed methods as well as by the 

existing methods [38, 44, 100, 134] and shown that the results, obtained on applying by their 
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proposed methods, are better than the results obtained on applying the existing methods [38, 

44, 100, 134]. In this chapter, it is shown that for the ranking function, used by Abdel-Basset 

et al., to transform a TrNN into its equivalent crisp value, the linearity property is not 

satisfying. Whereas, Abdel-Basset et al. have used the linearity property in their proposed 

methods to transform a NSLPPr into its equivalent CLPPr. Therefore, Abdel-Basset et al.’s 

methods are not valid in its present form. Furthermore, the required modifications in Abdel-

Basset et al.’s methods are suggested. 

Chapter 7 

Modified approach for optimization of real-life TrPr in neutrosophic environment  

In daily life problems, there is a need to transport the product from various sources to 

different destinations. To find a way to transport the product in such a manner so that the total 

TrC is minimum is called the optimal way and the problem is called cost minimization TrPrs 

[72]. Different methods have been proposed in the literature to find the optimal way of such 

cost minimization TrPrs in which cost for transporting unit quantity of the product, 

availability of the product at the sources and demand of the product at the destinations are 

represented as a RNs. However, to assume these parameters as RNs is not always valid 

according to real-life situations e.g., the TrC depends upon the circumstances like price of 

petrol/diesel, weather, travel time, traffic jam etc. Similarly, the availability of crops varies 

according to the monsoon, fertilizers, chemicals etc., the demand of the various clothes 

depend on the season, fashion trends, discount offers etc. Furthermore, the opinions of the 

experts about these parameters cannot always be represented as a RNs, e.g., generally experts 

provide their opinion about these parameters in terms of linguistic variables like high, very 

high, low, very low etc.  

One of the way, widely adopted in the literature to deal with such situations, is to 

represent these parameters as FNs [189] and its extensions [20]. Thamaraiselvi and Santhi 
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[157] pointed out that neutrosophic set [168], one of the extensions of FS, is used in different 

research areas. However, till now no one have used the neutrosophic set in TrPrs. While, 

several researchers have used FNs for representing various parameters of TrPrs  [23, 45, 62, 

82, 89, 90, 124, 129, 143]. Therefore, Thamaraiselvi  and  Santhi proposed the approaches for 

solving NSTrPr of Type-I (TrPrs in which the cost for transporting unit quantity of the 

product is represented as TrNN, whereas the availability and the demand are represented as 

RNs) and NSTrPr of Type-II (TrPrs in which the cost for transporting unit quantity of the 

product, availability of the product and demand of the product are represented as TrNNs). 

Since, NSTrPrs is new area of research so others may be attracted to extend these approaches 

for solving other types of NSTrPrs like neutrosophic solid TrPrs, neutrosophic time 

minimization TrPrs, neutrosophic transshipment problems etc. However, after a deep study of 

these existing approaches, it is noticed that a mathematical incorrect assumption has been 

used in these existing approaches. Therefore, there is need to modify these existing 

approaches. Keeping the same in mind, in this chapter, these existing approaches are 

modified. Furthermore, the exact results of some existing TrPrs are obtained by the modified 

approaches. 

Chapter 8 

Modified NLPM for MCDMPrs under IVNS environment 

Garg and Nancy [56] claimed that there is no method in the literature to solve 

INSMCDMPrs and hence, proposed a NLPM for solving INSMCDMPrs. Since, it is only 

method for solving INSMCDMPrs so the other researchers may be attracted to use this 

method for solving real-life INSMCDMPrs. However, after a deep study, it is observed that 

some mathematical incorrect assumptions have been considered in this method. Therefore, it 

is scientifically incorrect to use this method for solving real-life INSMCDMPrs. Keeping the 

same in mind, the method, proposed by Garg and Nancy, is modified. 



9 
 

Chapter 9  

Future Scope  

In this chapter, some open research problems are discussed.  
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Chapter 2 

Mehar RM for comparing CNs and its 

application in DM
* 

 

 Kumar and Garg [99] considered some IFMADMPrs to show that the existing 

IFMADMM [18] fails to rank the alternatives of the considered IFMADMPrs. Kumar and 

Garg also pointed out that this limitation of the existing IFMADMM [18] can be resolved 

with the help of a CN [28]. Since, to do the same there was need to transform each IFN [9] of 

the IFDM into a CN. But, there was no method in the literature to transform an IFN into a 

CN. Therefore, Kumar and Garg firstly proposed a method to transform an IFN into a CN. 

Then, using this method, Kumar and Garg proposed a method to solve IFMADMPrs. In this 

chapter, it is shown that the RM, used in Step 5 of Kumar and Garg’s method for comparing 

CNs, fails to compare two distinct CNs. Hence, Kumar and Garg’s method fails to rank the 

alternatives of IFMADMPrs. Furthermore, to overcome the limitation of Kumar and Garg’s 

method, a new RM (named as Mehar RM) is proposed for comparing CNs.        

2.1 Preliminaries 

In this section, some basic definitions are presented. 

Definition 2.1 [189] A set  ̃  *〈    ̃( )〉           ̃( )   +, defined on the 

universal set  , is said to be a FS, where   ̃( ) represents the degree of membership of the 

element   in  ̃. 

Definition 2.2 [9] A set  ̃  *〈    ̃( )      ̃( )〉           ̃( )        ̃( )    

  ̃( )    ̃( )   +, defined on the universal set  , is said to be an IFS, where,   ̃( ) and 

                                                           
*
 The contents of this chapter are published in Journal of Intelligent & Fuzzy Systems, vol. 35, pp. 5523-

5528, 2018. (Impact factor: 1.851). 
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  ̃( ) represents the degree of membership and degree of non-membership respectively of the 

element   in  ̃. The pair 〈  ̃   ̃〉 is called an IFN or an IFV, where   ̃  ,   -   ̃  ,   - 

  ̃    ̃    . 

Definition 2.3 [28] If two sets   and  , having same number of characteristics (say  ), are 

put together to form a pair    with respect to the problem    then the pair   is called a set 

pair and the number  (   )  .
 

 
/  .

 

 
/ is called a CN of the set pair  , where   

represents the number of identity characteristics and   represents the number of contrary 

characteristics. Furthermore, .
 

 
/ and .

 

 
/ are called identical degree and the contrary degree 

of these two sets respectively. Assuming .
 

 
/    and .

 

 
/     the CN  (   )  .

 

 
/  

.
 

 
/   can also be written as  (   )      . 

2.2 Kumar and Garg’s IFMADMM  

Kumar and Garg [99] proposed the following IFMADMM for solving IFMADMPrs.  

Step 1: Check that all the attribute of the IFDM  ̃ are of same type or not. 

Case (i) If all the attributes are of same type then go to Step 2. 

Case (ii)   If some attributes are benefit attributes and others are cost attributes then 

normalize the IFDM  ̃ by transforming the cost attributes into benefit attributes, by the 

following way: 

If the     attribute is cost attribute then replace all the elements 〈        〉 of the     

column of the IFDM   ̃ with 〈        〉. 

Step 2: Find the PIS 〈  
    

 〉  〈         *   +           *   +〉,          as well as 

the NIS 〈  
    

 〉  〈         *   +           *   +〉,         . 

Step 3: Find the CN,         ,         ,         , where,            (   
      

 )  

(   
     

 )  
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 0.
   

  
  

  
 

   
/  .

      
 

   
 

  
     

  
 /1  0.

  
     

  
  

      
 

   
/  .

  
 

   
 

   

  
 /1  . 

Step 4: Find the CN,            ∑ (     )
 
    ∑ (     ) 

 
   ,         , where,    is 

the crisp weight of the     attribute. 

Step 5: Find   (  )  
  

     
 ,          and check that  (  )    (  ) or   (  )    (  )  

or   (  )    (  ). 

Case (i)  If  (  )    (  ), then the PO for the alternatives    and    is      . 

Case (ii)  If  (  )    (  ), then the PO for the alternatives    and    is      . 

Case (iii) If  (  )    (  ), then the PO for the alternatives    and    is      . 

2.3 Limitations of Kumar and Garg’s IFMADMM  

In this section, an IFMADMPr, having four alternatives and two benefit attributes, is 

solved by Kumar and Garg’s IFMADMM [99] to show that, 

 (i) Kumar and Garg’s IFMADMM [99] fails to rank two alternatives of the considered 

IFMADMPr. 

 (ii) The obtained PO of the remaining two alternatives is not correct. 

Let  

                                        

  ̃  〈 ̃   〉  (〈        〉)    
  

  

  

  

  

[

〈       〉 〈       〉
〈       〉 〈       〉
〈       〉 〈       〉
〈       〉 〈       〉

] 

represents the IFDM of an IFMADMPr, where 

(i)   ,   ,    and    are the alternatives. 

(ii)    and    are the benefit attributes. 

(iii)  ̃   〈        〉 is the RV of the     alternative over the     attribute.  

𝐺  𝐺  
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Since, the RV of all the alternatives over the second attribute    is same, therefore, the 

PO of the alternatives will depend only upon the RV of all the alternatives over the attribute 

  . Furthermore, as the RV of all the alternatives over the attribute    are different. 

Therefore, the PO of any of these alternatives cannot be same i.e.,       for    . 

While, in this section, it is shown that if Kumar and Garg’s IFMADMM [99] is applied 

to find the PO of the alternatives of the considered IFMADMPr. Then,  

 (i)  Kumar and Garg’s method [99] fails to find the ranking of the alternatives    

and   . 

 (ii)  The ranking of the alternatives    and   , obtained by Kumar and Garg’s method 

[99], is      , which is mathematically incorrect.  

Using Kumar and Garg’s IFMADMM [99], discussed in Section 2.2, the ranking of the 

alternatives for the considered IFMADMPr can be obtained as follows: 

Step 1: Since both the attributes are benefit attributes. Therefore, according to Case (i) of 

Step 1 of Kumar and Garg’s IFMADMM [99], there is no need to normalize the given IFDM 

 ̃. 

Step 2: Using Step 2 of Kumar and Garg’s IFMADMM [99], 

 (i)     〈  
    

 〉  〈   *               +     *               +〉  〈       〉. 

 (ii) 〈  
    

 〉  〈   *               +     *               +〉  〈       〉. 

 (iii) 〈  
    

 〉  〈   *               +     *               +〉  〈       〉. 

 (iv) 〈  
    

 〉  〈   *               +     *               +〉  〈       〉. 

Step 3: Using Step 3 of Kumar and Garg’s IFMADMM [99],   

 (i) The CN corresponding to the IFN 〈       〉 is       

 (ii) The CN corresponding to the IFN 〈       〉 is 
 

  
 

 

  
    

 (iii) The CN corresponding to the IFN 〈       〉 is 
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 (iv) The CN corresponding to the IFN 〈       〉 is       

 (v) The CN corresponding to the IFN 〈       〉 is       

Step 4:  If the weights of the attributes    and    are         and       , respectively 

then using Step 4 of Kumar and Garg’s IFMADMM [99],  

(i)              (   )     (   )      . 

(ii)              .
 

  
  /     .

 

  
  /   

   

  
 

   

  
 . 

(iii)              .
 

  
  /     .

 

  
  /   

   

  
 

   

  
 . 

(iv)              (   )     (   )      . 

Step 5: Using Step 5 of Kumar and Garg’s IFMADMM [99], 

 (i)  (  )  
  

     
 

 

   
 

 

 
. 

 (ii)   (  )  
  

     
 

   

  
   

  
 

   

  

 
   

  
   

  
(   )

 
 

 
. 

 (iii)  (  )  
  

     
 

   

  
   

  
 

   

  

 
   

  
   

  
(   )

 
 

 
. 

 (iv)  (  )  
  

     
 

 

   
 

 

 
. 

Since  (  )   (  ), so according to Step 5 of Kumar and Garg’s IFMADMM [99],  

     , which is mathematically incorrect as RV of    over the attribute    is not equal to 

RV of alternative    over the attribute   . Furthermore, the values of   (  ) and  (  ) are 

indeterminate values. Therefore, it is not possible to conclude any result about the ordering of 

   and    . 

2.4 Reasons for the occurrence of the limitations  

Kumar and Garg’s IFMADMM [99] fails to find the PO of the alternatives for the 

IFMADMPr, considered in Section 2.3, due to the following reasons. 
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It is obvious from Step 5 of Kumar and Garg’s IFMADMM [99] that Kumar and Garg 

[99] have used the following method for comparing two CNs,            and       

   .  

Find  (  )  
  

     
 and   (  )  

  

     
 and check that   (  )    (  ) or   (  )    (  )  

or   (  )    (  ). 

Case (i) If   (  )    (  )  then       . 

Case (ii) If   (  )    (  )  then       . 

Case (iii) If   (  )    (  )  then       . 

However, the following clearly indicates that it is not appropriate to use this method. 

(i) If         and/or         then  (  )  
 

 
 and/or  (  )  

 

 
 i.e.,  (  ) and/or 

 (  ) will be indeterminate values. So, none of the conditions  (  )   (  ), 

 (  )   (  )  and  (  )   (  ) will be satisfied.  

(ii) If       and       then always the relation,  (  )   (  )  
 

 
 will be obtained.  

2.5 Proposed Mehar RM for comparing CNs and its validity 

It is obvious from Section 2.4 that to overcome the limitations of Kumar and Garg’s 

IFMADMM [99], there is need to propose a RM for comparing CNs. Keeping the same in 

mind in this section, a new RM (named as Mehar RM) is proposed for comparing CNs, 

          and          . 

The steps of the proposed Mehar RM are as follows: 

Step 1: Check that               or               or              

Case (i)    If              then       . 

Case (ii)    If              then       . 

Case (iii) If              then go to Step 2. 

Step 2: Check that             or              or              
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Case (i) If              then      . 

Case (ii) If              then      . 

Case (iii) If              then      . 

To prove that the proposed Mehar RM is valid, it is sufficient to show that on comparing 

two CNs,           and          , with the help of proposed Mehar RM, the 

relation        will hold only if        and       .  

According to the proposed Mehar RM,                      as well as 

             . It is obvious that both equations will be satisfied only if         and 

      i.e.                and      .  

2.6 Exact PO of the alternatives for the considered IFMADMPr  

It is obvious from the results, discussed in Section 2.4 that the Kumar and Garg’s 

IFMADMM [99] fails to rank the alternatives due to using the inappropriate RM for 

comparing CNs. If in Step 5 of Kumar and Garg’s IFMADMM [99], the proposed Mehar RM 

will be used instead of the existing RM. Then, neither Kumar and Garg’s IFMADMM [99] 

will fail to rank the alternatives nor incorrect ranking of the alternatives will be obtained on 

using Kumar and Garg’s IFMADMM [99]. 

To validate this claim the IFMADMPr, considered in Section 2.3, is solved by Kumar 

and Garg’s IFMADMM [99] with the suggested modification. 

Using Kumar and Garg’s IFMADMM [99] with the suggested modification, the exact PO 

of the alternatives for the considered IFMADMPr can be obtained as follows: 

Step 1: Use Step 1 to Step 4 of Kumar and Garg’s IFMADMM [99], discussed in Section 2.2, 

(i)              ( )    ( )      . 

(ii)              .
 

  
/    .

 

  
/  . 

(iii)              .
 

  
/    .

 

  
/  . 
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(iv)               ( )    ( )      .  

Now according to Step 1 of the proposed Mehar RM,        ,       

    (     )
 

  
,       (     )

 

  
  and         . 

Case (i) If       , then                          . Therefore, 

according to Case (ii) of Step 1 of the proposed Mehar RM there is need to go to Step 

2. 

Case (ii)  If       then               but            . Therefore, 

according to Case (ii) of Step 2 of the proposed Mehar RM      . But, to find the 

relation between    and    there is a need to go to Step 2. 

Case (iii) If       then               but            . Therefore, 

according to Case (ii) of Step 2 of the proposed Mehar RM      . But, to find the 

relation between    and    there is a need to go to Step 2. 

Step 2:        ,       
 

  
,        

 

  
 and        . Since             

and             for all values of    and   . Therefore, if        then (     )  

     . 

2.7 Conclusions 

The limitations of Kumar and Garg’s IFMADMM [99] are pointed out. Also, it is shown 

that these limitations are occurring due to using an inappropriate RM for comparing CNs. 

Furthermore, to overcome the limitations of Kumar and Garg’s IFMADMM [99], a new RM 

(named as Mehar RM) is proposed for comparing CNs. 
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Chapter 3 

Mehar IVIFMADMM without using the 

concept of CN
*
 

 

Kumar and Garg [98] pointed out that several researchers [18, 24, 43, 76, 133, 164, 170, 

172] have used the CN [28] for solving MADMPrs under crisp environment, fuzzy 

environment, IVF environment and IF environment. However, till now no one have used the 

same for solving MADMPrs under IVIF environment. Since to fill this gap, there was need to 

propose a method for transforming an IVIFS into a CN as well as a RM for comparing CNs. 

Therefore, Kumar and Garg, firstly, proposed the methods for the same. Then, using these 

methods, Kumar and Garg proposed an IVIFMADMM for solving IVIFMADMPrs. In this 

chapter, an IVIFMADMPr is solved by Kumar and Garg’s IVIFMADMM and shown that 

Kumar and Garg’s method fails to rank the alternatives of the considered problem. To 

overcome this limitation of Kumar and Garg’s IVIFMADMM, a new method (named as 

Mehar IVIFMADMM) is proposed for solving IVIFMADMPrs without transforming the 

elements of IVIFDM into CNs. Also, the PO for the alternatives of the considered 

IVIFMADMPr is obtained by the proposed Mehar IVIFMADMM. Furthermore, the 

advantages of applying the proposed Mehar IVIFMADMM over Kumar and Garg’s 

IVIFMADMM are discussed. 

3.1 IVIFS [13] 

 A set   ̃  {〈  [  ̃
 ( )   ̃

 ( )] [  ̃
 ( )   ̃

 ( )]〉           ̃
 ( )    ̃

 ( )      

  ̃
 ( )    ̃

 ( )      ̃
 ( )    ̃

 ( )   }, defined on the universal set  , is said to be an 

                                                           
*
 The contents of this chapter have been communicated for the possible publication in Journal of 

Intelligent & Fuzzy Systems. 
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IVIFS, where, [  ̃
 ( )   ̃

 ( )] and [  ̃
 ( )   ̃

 ( )] represents the intervals of degree of 

membership and degree of non-membership respectively of the element   in  ̃.  

3.2 Kumar and Garg’s IVIFMADMM  

To point out the limitation of Kumar and Garg’s IVIFMADMM [98], there is need to 

discuss Kumar and Garg’s IVIFMADMM [98]. Therefore, the same method is discussed in 

this section. Kumar and Garg [98] proposed the following IVIFMADMM for solving 

IVIFMADMPrs.  

Step 1: Normalize the IVIFDM,  ̃  〈 ̃   〉  (⟨[   
     

 ] [   
     

 ]⟩)
    

, where, the IVIFS 

 ̃   ⟨[   
     

 ] [   
     

 ]⟩ represents the RV of the     alternative over the     attribute.  

Step 2: Find the PIS 

⟨,  
     

  - ,  
     

  -⟩  

〈,         *   
 +           *   

 +- ,         *   
 +           *   

 +-〉           as well as 

the NIS 

〈,  
     

  - ,  
     

  -〉  

〈,         *   
 +           *   

 +-  ,         *   
 +           *   

 +-〉            

Step 3: Find the CN,         ,         ,         , where,            (   
      

 )  

(   
     

 )   

 

[(
(   

     
 )

(  
     

  )
 

(  
     

  )

(   
     

 )
*  (

(   
     

 ) (  
     

  )

(   
     

 )
 

(  
     

  ) (   
     

 )

(  
     

  )
*]  

[(
(  

     
  ) (   

     
 )

(  
     

  )
 

(   
     

 ) (  
     

  )

(   
     

 )
*  (

(  
     

  )

(   
     

 )
 

(   
     

 )

(  
     

  )
*]  . 

Step 4: Find the CN,            ∑   (        )
 
   ,         . 

Step 5: Find  (  )  
  

     
,          and check that  (  )    (  ) or   (  )    (  )  

or   (  )    (  ). 
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Case (i) If  (  )    (  ), then the PO for the alternatives    and    is      . 

Case (ii) If  (  )    (  ), then the PO for the alternatives    and    is      . 

Case (iii) If  (  )    (  ), then the PO for the alternatives    and    is      . 

3.3 Limitation of Kumar and Garg’s IVIFMADMM  

In this section, to point out the limitation of Kumar and Garg’s IVIFMADMM [98], an 

IVIFMADMPr is considered and shown that Kumar and Garg’s IVIFMADMM [98] fails to 

rank the alternatives of the considered IVIFMADMPr. 

Step 1: Let  ̃  〈 ̃   〉  (⟨[   
     

 ] [   
     

 ]⟩)
    

  

   

      
  

  
[
⟨0

 

 
 
 

 
1  0

 

  
 

 

  
1⟩ ⟨0

 

  
 

 

  
1  0

 

  
 

 

  
1⟩

⟨0
 

 
 
 

 
1  0

 

  
 

 

  
1⟩ ⟨0

 

  
 

 

  
1  0

 

  
 

 

  
1⟩

]   

represent the normalized IVIFDM of the considered IVIFMADMPr, where 

(i)    and    are alternatives. 

(ii)    and    are benefit attributes. 

(iii)  ̃   ⟨[   
     

 ] [   
     

 ]⟩ is the RV of the     alternative over the     attribute.  

Step 2: Using Step 2 of Kumar and Garg’s IVIFMADMM [98],  

 (i) 〈,  
     

  - ,  
     

  -〉 

         ⟨0    2
 

 
 
 

 
3      2

 

 
 
 

 
31  0    2

 

  
 

 

  
3      2

 

  
 

 

  
31⟩   ⟨0

 

 
 
 

 
1  0

 

  
 

 

  
1⟩.  

 (ii)  〈,  
     

  - ,  
     

  -〉  

⟨0    2
 

  
 

 

  
3      2

 

  
 

 

  
31  0    2

 

  
 

 

  
3      2

 

  
 

 

  
31⟩   ⟨0

 

  
 

 

  
1  0

 

  
 

 

  
1⟩.      

 (iii) 〈,  
     

  - ,  
     

  -〉 

         ⟨0    2
 

 
 
 

 
3      2

 

 
 
 

 
31  0    2

 

  
 

 

  
3      2

 

  
 

 

  
31⟩  ⟨0

 

 
 
 

 
1  0

 

  
 

 

  
1⟩. 

 

𝐺  𝐺  
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 (iv) 〈,  
     

  - ,  
     

  -〉 

         ⟨0    2
 

  
 

 

  
3      2

 

  
 

 

  
31  0    2

 

  
 

 

  
3      2

 

  
 

 

  
31⟩  ⟨0

 

  
 

 

  
1  0

 

  
 

 

  
1⟩. 

Step 3: Using Step 3 of Kumar and Garg’s IVIFMADMM [98],  

 (i) The CN corresponding to the IVIFS  ⟨0
 

 
 
 

 
1  0

 

  
 

 

  
1⟩ is       

 (ii) The CN corresponding to the IVIFS ⟨0
 

 
 
 

 
1  0

 

  
 

 

  
1⟩ is       

 (iii) The CN corresponding to the IVIFS ⟨0
 

  
 

 

  
1  0

 

  
 

 

  
1⟩ is       

 (iv) The CN corresponding to the IVIFS ⟨0
 

  
 

 

  
1  0

 

  
 

 

  
1⟩ is       

Step 4:  If it is assumed that the weights of the attributes    and    are        and 

       respectively. Then using Step 4 of Kumar and Garg’s IVIFMADMM [98], 

(i)              (    )     (    )      . 

(ii)              (    )     (    )      . 

Step 5: Using Step 5 of Kumar and Garg’s IVIFMADMM [98], 

 (i)  (  )  
  

     
 

 

   
 

 

 
. 

 (ii)  (  )  
  

     
 

 

   
 

 

 
. 

Since the values of  (  )  and  (  ) cannot be compared as these are indeterminate 

values. Therefore, it is not possible to conclude any result about the ordering of    and   . 

3.4 Methodology used by Kumar and Garg’s for transforming an IVIFS into a CN 

Although, in Kumar and Garg’s IVIFMADMM [98], discussed in Section 3.2, firstly an 

IVIFS has been transformed into an IFS. Then, using the existing method [99], the obtained 

IFS has been transformed into a CN. But, the same cannot be observed after going through 

the steps of Kumar and Garg’s IVIFMADMM [98], discussed in Section 3.2. Therefore, in  
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this section, the methodology, used by Kumar and Garg [98] in their proposed IVIFMADMM 

for transforming an IVIFS into a CN, is discussed. 

Kumar and Garg [98] have used the following methodology in Step 3 of their proposed 

IVIFMADMM [98], discussed in Section 3.2, to transform an IVIFS into a CN. 

Step 1: Transform each element ⟨[   
     

 ] [   
     

 ]⟩ of the normalized IVIFDM  ̃  

(⟨[   
     

 ] [   
     

 ]⟩)
    

into the IFS ⟨
.   

     
 /

 
 
.   

     
 /

 
⟩.  

Step 2: Transform IVIF PIS 

〈,  
     

  - ,  
     

  -〉  ⟨0   
     

*   
 +    

     
*   

 +1  0    
     

*   
 +    

     
*   

 +1⟩,         , 

into the IF PIS, 〈  
    

 〉  ⟨
   

     
{   

 }     
     

{   
 }

 
 

   
     

{   
 }     

     
{   

 }

 
⟩,         , as well as 

transform  IVIF NIS 

〈,  
     

  - ,  
     

  -〉  ⟨0    
     

*   
 +    

     
*   

 +1  0   
     

*   
 +    

     
*   

 +1⟩,         , 

into the IF NIS 〈  
    

 〉  ⟨
   

     
{   

 }     
     

{   
 }

 
 

   
     

{   
 }     

     
{   

 }

 
⟩,         . 

Step 3: Using the existing method [99], transform each IFS ⟨
.   

     
 /

 
 
.   

     
 /

 
⟩ into the CN, 

        ,         ,         , where,            (   
      

 )+ (   
     

 )   

 0.
   

  
 
 

  
 

   
/  .

      
 

   
 

  
     

  
 

/1  0.
  

     

  
 

 
      

 

   
/  .

  
 

   
 

   

  
 
/1  . 

3.5 Proposed Mehar method for solving IVIFMADMPr without using the concept of CN 

It is obvious from Section 3.4 that Kumar and Garg [98] have firstly transformed an 

IVIFS into an IFS and then the obtained IFS has been transformed into a CN.  

In this section, with the help of Kumar and Garg’s IVIFMADMM [98], a new method 

(named as Mehar IVIFMADMM) is proposed without using the concept of CN.  

The steps of the proposed Mehar IVIFMADMM are as follows: 
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Step 1: Use Step 1 of Kumar and Garg’s IVIFMADMM [98], discussed in Section 3.4, to 

transform the IVIFDM,  ̃  (⟨[   
     

 ] [   
     

 ]⟩)
    

 into the IFDM 

 ̃  ⟨
.   

     
 /

 
 
.   

     
 /

 
⟩. 

Step 2: Find the IFS, 〈     〉  ∑    〈       〉  〈  ∏ (     )
   ∏ (   )

   
   

 
   〉 

     

        . 

Step 3: Using the following steps of the existing method [175], check that 〈     〉  〈     〉 

or 〈     〉  〈     〉  or  〈     〉  〈     〉.  

Step 3(a): Check that             or              or               

Case (i) If             then 〈     〉  〈     〉. 

Case (ii) If             then 〈     〉  〈     〉. 

Case (iii) If             then go to Step 3(b). 

   Step 3(b): Check that             or             or             

Case (i) If             then 〈     〉  〈     〉. 

Case (ii) If             then 〈     〉  〈     〉. 

Case (iii) If             then 〈     〉  〈     〉. 

Step 4: Check that which relation out of the relations 〈     〉  〈     〉 or 〈     〉  

〈     〉  or  〈     〉  〈     〉 is obtained. 

Case (i) If 〈     〉  〈     〉  then       . 

Case (ii) If 〈     〉  〈     〉  then       . 

Case (iii) If 〈     〉  〈     〉  then       . 

Remark: In Kumar and Garg’s IVIFMADMM [98], it is assumed that on considering the 

expression   (  )  
  

     
 , the connection number           can be transformed into its 

equivalent real number. While, this assumption is not correct as if        . Then,   (  ) 

will be an indeterminate value instead of a real number. Since, the proposed Mehar method is 

independent from any such relation on considering which an indeterminate value is obtained. 

Therefore,   in general, the proposed Mehar IVIFMADMM can solve problems that cannot be 

solved using Kumar and Garg's IVIFMADMM. 

3.6 Exact PO for the alternatives of the considered IVIFMADMPr  

In Section 3.3, an IVIFMADMPr is solved by Kumar and Garg’s IVIFMADMM [98] 

and shown that this method fails to rank the alternatives    and   . 
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In this section, the same IVIFMADMPr is solved by the proposed Mehar IVIFMADMM. 

Using the proposed Mehar IVIFMADMM, the PO for the alternatives of the considered 

IVIFMADMPr can be obtained as follows: 

Step 1: Using Step 1 of the proposed Mehar IVIFMADMM, the IVIFDM  

                                     

  ̃  (⟨[   
     

 ] [   
     

 ]⟩)
    

  
  

  
[
⟨0

 

 
 
 

 
1  0

 

  
 

 

  
1⟩ ⟨0

 

  
 

 

  
1  0

 

  
 

 

  
1⟩

⟨0
 

 
 
 

 
1  0

 

  
 

 

  
1⟩ ⟨0

 

  
 

 

  
1  0

 

  
 

 

  
1⟩

]  

can be transformed into the IFDM  

                                     

 ̃  4⟨
.   

     
 /

 
 
.   

     
 /

 
⟩5

    

  
  

  

[
 
 
 
 
 ⟨

.
 

 
 

 

 
/

 
 
.

 

  
 

 

  
/

 
⟩ ⟨

.
 

  
 

 

  
/

 
 
.

 

  
 

 

  
/

 
⟩

⟨
.
 

 
 

 

 
/

 
 
.

 

  
 

 

  
/

 
⟩ ⟨

.
 

  
 

 

  
/

 
 
.

 

  
 

 

  
/

 
⟩
]
 
 
 
 
 

         

                             

   
  

  
[
⟨
 

 
 
 

 
⟩ ⟨

 

 
 
 

 
⟩

⟨
 

 
 
 

 
⟩ ⟨

 

  
 

 

  
⟩
]      

Step 2: Using Step 2 of the proposed Mehar IVIFMADMM, 〈       〉    ⟨
 

 
 
 

 
⟩  

  ⟨
 

 
 
 

 
⟩     ⟨

 

 
 
 

 
⟩     ⟨

 

 
 
 

 
⟩  〈             〉 and 〈       〉    ⟨

 

 
 
 

 
⟩  

  ⟨
 

  
 

 

  
⟩     ⟨

 

 
 
 

 
⟩     ⟨

 

  
 

 

  
⟩  〈             〉  

Step 3: Using Step 3(a) of the proposed Mehar IVIFMADMM,              and 

             . Since               therefore, according to Case (i) of Step 3(a)  

of the proposed Mehar IVIFMADMM 〈     〉  〈     〉. 

Step 4: Since 〈     〉  〈     〉 so according to Case (i) of Step 4 of the proposed Mehar 

IVIFMADMM,      . 

𝐺  𝐺  

𝐺  𝐺  

𝐺     𝐺  
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3.7 Advantages of the proposed Mehar IVIFMADMM over Kumar and Garg’s 

IVIFMADMM  

It is better to apply the proposed Mehar IVIFMADMM as compared to Kumar and Garg’s 

IVIFMADMM [98] due to the following reasons: 

 (i) It is obvious from Section 3.3 and Section 3.6 that there can exist IVIFMADMPrs 

which cannot be solved by Kumar and Garg’s IVIFMADMM [98] but can be solved 

by the proposed Mehar IVIFMADMM. 

 (ii) It is obvious from Section 3.4 that in Kumar and Garg’s IVIFMADMM [98], firstly, 

each element of the IVIFDM, represented by an IVIFS, is transformed into an IFS. 

Then, the obtained IFS is transformed into a CN. While, it is obvious from Section 3.5 

that in the proposed Mehar IVIFMADMM, the obtained IFS are not transformed into 

a CN. Therefore, less computational efforts are required to solve an IVIFMADMPr by 

the proposed Mehar IVIFMADMM as compared to Kumar and Garg’s IVIFMADMM 

[98].  

3.8 Conclusions  

It is shown that Kumar and Garg’s IVIFMADMM [98] fails to rank the alternatives of 

IVIFMADMPrs. Also, a new IVIFMADMM (named as Mehar IVIFMADMM) is proposed 

without using the concept of CN. Furthermore, it is shown that less computational efforts are 

required to apply the proposed Mehar IVIFMADMM as compared to Kumar and Garg’s 

IVIFMADMM [98]. 
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Chapter 4 

Modified expressions to evaluate the CoCf 

between two DHFSSs and their application in 

DM
* 

 

Arora and Garg [8] proposed two expressions for evaluating the weighted CoCfs between 

two DHFSSs [52]. Arora and Garg claimed that their proposed expressions can be used for 

finding the solution for several real-life MCDMPrs under DHFSS environment. To validate 

the claim, Arora and Garg solved three real-life problems (finding the best candidate, medical 

diagnosis problem and pattern recognition). In future, other researchers may use Arora and 

Garg’s expressions for solving same type of real-life problems or some other type of real-life 

problems. However, after a deep study, it is observed that the Arora and Garg have used some 

mathematical incorrect assumptions to obtain their proposed expressions i.e., Arora and 

Garg’s expressions are not valid in its present form. Therefore, if one will apply these 

expressions then the obtained results may or may not be exact. Keeping the same in mind, 

Arora and Garg’s expressions have been modified. Furthermore, using the modified 

expressions, the exact results of the real-life problems, considered by Arora and Garg, have 

been obtained. 

4.1 Preliminaries 

In this section, some basic definitions are presented. 

Definition 4.1 [40] Let   be an initial universe of objects. A set  ̃ on   defined as  ̃  

{〈    ̃( ( ))〉    } is called a HFS, where   ̃( ( )) is a mapping defined by  

                                                           
*
 The contents of this chapter have been communicated for the possible publication in Engineering 

Applications of Artificial Intelligence. 
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  ̃( ( ))   ,   - 

where,   ̃( ( )) is a set of some different values in [0,1] and   represents the number of 

possible membership degrees of the element     to  ̃. 

Definition 4.2 [52] A set  ̃ on   defined as  ̃  {〈    ̃ ( 
( ))   ̃( ( ))〉    } is called a 

DHFS, where,   ̃ ( 
( ))   ̃( ( )) is a mapping defined by  

  ̃ ( 
( ))   ̃( ( ))   ,   -, 

where   ̃ ( 
( ))   ̃( ( )) is a set of some different values in [0,1],   represent the number of 

possible membership degrees and   represent the number of possible non membership degrees 

of the element     to  ̃. 

Definition 4.3 [80] Let   be an initial universe of objects and   the set of parameters in 

relation to objects in   and    . Parameters are often attributes, characteristics, or 

properties of objects. Let  ( ) denote the power set of  . Then, the pair ( ̃  ) is called a SS 

over  , where  ̃ is a mapping defined by  

 ̃    ( ). 

Definition 4.4 [80] Let  ( ) be the set of all fuzzy subsets in  . Then, the pair ( ̃  ) is 

called an FSS over  , where  ̃ is a mapping defined by 

 ̃    ( ) .  

Definition 4.5[80] Let  ( ) be the set of all HFSs in  . Then, the pair ( ̃  ) is called a 

HFSS over  , where  ̃ is a mapping defined by 

 ̃    ( ).  

Definition 4.6 [52] Let   ( ) be the set of all DHFSs in  . Then, the pair ( ̃  ) is called a 

DHFSS set over  , where  ̃ is a mapping defined by 

 ̃     ( ).  
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4.2 A brief review about Arora and Garg’s expressions 

Arora and Garg [8] pointed out that although there exist expressions to evaluate  

(i) The CoCf between two FSs [77]. 

(ii) The CoCf between two IFSs [58, 154]. 

(iii) The CoCf between two IVIFSs [21]. 

(iv) The CoCf between two PFSs [47]. 

(v) The CoCf between two intuitionistic multiplicative sets [50]. 

(vi) The CoCf between two HFSs [26, 178]. 

(vii) The CoCf between two DHFSs [183].  

But, there does not exist any expression to evaluate the CoCf between two DHFSSs 

[183]. To fill this gap, Arora and Garg [8] proposed the expression (   ) as well as 

expression (   ) to evaluate the weighted CoCf between two DHFSSs ( ̃  )  

2〈  ̃(  )
.  

( )/   ̃(  )
.  

( )/〉 3 and  ( ̃  )  2〈  ̃(  )
.  

( )/   ̃(  )
.  

( )/〉3, where   

       ,          , and  ,   represents the number of values in   ̃(  )
 and   ̃(  )

 

respectively. 

  .( ̃  ) ( ̃  )/  
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∑ ( 
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/  
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              (   )         



30 
 

  .( ̃  ) ( ̃  )/  

 
∑   ∑   4

 

  
∑ ( 

 ̃.  /
.  

( )
/  

 ̃.  /
.  

( )
/+

  
    

 

  
∑ ( 

 ̃.  /
.  

( )
/  

 ̃.  /
.  

( )
/+

  
   5 

   
 
   

   

{
  
 

  
 
∑   ∑   :

 

  
∑ : 

 ̃.  /

 .  
( )

/;
  
    

 

  
∑ : 

 ̃.  /

 .  
( )

/;
  
   ;  

   
 
    

 ∑   ∑   :
 

  
∑ : 

 ̃.  /

 . 
 
( )

/;
  
    

 

  
∑ : 

 ̃.  /

 . 
 
( )

/;
  
   ; 

   
 
   

}
  
 

  
 

           (   )  

where, 

(i)    represents the normalized weight (         ∑      
   ) of the     expert. 

(ii)    represents the normalized weight (         ∑      
   ) of the     criteria. 

(iii)    represents the number of experts. 

(iv)   represents the number of criteria. 

(v)   ̃(  )
.  

( )/ and   ̃(  )
.  

( )/ are two sets of some values in ,   -. Out of these two, 

  ̃(  )
.  

( )/ represents the set of all the possible membership degree and   ̃(  )
.  

( )/ 

represents the set of all the possible non-membership degree. 

(vi)    represents the number of values in   ̃(  )
.  

( )/. 

(vii)    represents the number of values in   ̃(  )
.  

( )/.  

Arora and Garg [8] claimed that if    
 

 
 for all   and    

 

 
 for all  . Then, the 

expressions (   ) and (   ) will be transformed into the expressions (   ) and (   ) 

respectively. 
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            (   )  

To demonstrate the need of the proposed expressions, Arora and Garg [8] solved the 

following three real-life problems by the proposed expressions (   ) and (   ). 

4.2.1 First real-life problem 

There is need to recruit an Assistant Professor out of the three candidates        and    

in the department of Mathematics in a Central Government University. For the same purpose 

a penal of three experts         and    have been constituted. These experts have to select one 

candidate on the basis of the four criteria, ( )   : qualification (  )   : teaching experience 

(   )   : number of publication (  )   : teaching ability.  

Arora and Garg [8] claimed that if it is assumed that  

(i) The weights assigned to the first, second and third expert are         and     

respectively. 

(ii) The weights assigned to the first, second, third and fourth criteria are        , 0.4 

and     respectively. 

(iii) The (   )   element of Table 4.1, Table 4.2 and Table 4.3 represented by a DHFSS, 

represents the rating value of the     candidate    (           ) over the     

criteria    (             ).  

(iv) The (   )   element of Table 4.4, represented by a DHFSS, represents the rating 

value of the reference set  .  

Then, one may conclude that on applying the expression (   ) and (   ) the obtained 

best candidate for the post of Assistant Professor is    .  
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Table 4.1. Rating values of the alternative    

         

[
 
 
 
 

                                                  

{*           + *           +} {*           + *           +}

{*           + *           +} {*           + *           +}

{*           + *       +}        {*           + *           +}

     

        

    

{*           + *           +} {*           + *       +}

{*           + *           +} {*           + *   +}

{*           + *           +} {*           + *           +}]
 
 
 
 

. 

Table 4.2 Rating values of the alternative    

         

[
 
 
 
 

                                                  

{*           + *           +} {*           + *           +}

{*           + *       +} {*           + *       +}

{*           + *   +}        {*           + *       +}

       

        

    

{*           + *           +} {*           + *           +}

{*           + *       +} {*           + *           +}

{*           + *       +} {*           + *       +} ]
 
 
 
 

. 

Table 4.3 Rating values of the alternative    

[
 
 
 
 

                                                  

{*           + *       +} {*       + *       +}

{*           + *       +} {*           + *       +}

{*           + *   +} {*           + *   +}

                                      

   

    

{*           + *   +} {*           + *   +}

{*           + *       +} {*           + *           +}

{*           + *       +} {*           + *       +} ]
 
 
 
 

. 

 

 

 

 

 

𝑥  

𝑥  

𝑥  

𝑥  

𝑥  

𝑥  

𝑥  

𝑥  

𝑥  
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Table 4.4 Rating values of the reference set   

         

[
 
 
 
 

                                                  

{*           + *       +} {*   + *       +}

{*           + *       +} {*       + *       +}

{*           + *   +} {*           + *   +}

                                            

    

{*           + *   +} {*   + *       +}

{*       + *       +} {*       + *   +}

{*       + *       +} {*   + *   +} ]
 
 
 
 

. 

4.2.2 Second real-life problem 

A patient have the five symptoms, namely temperature (  ), headache (  ), stomach 

pain (  ), cough (  ) and chest pain (  ), of the following three diseases ( ) viral fever (  ) 

(  ) malaria (  ) (   ) typhoid (  ). A panel of four doctors   ,       and    have been 

constituted to verify the actual disease of the patient.  

Arora and Garg [8] claimed that if it is assumed that  

(i) The weights assigned to the first, second, third and fourth doctor are             and 

    respectively. 

(ii) The weights assigned to the first, second, third, fourth and fifth symptom are 

                and     respectively. 

(iii) The (   )   element of Table 4.5, Table 4.6 and Table 4.7 represented by a DHFSS, 

represents the rating values of each diagnosis, over different symptoms by the 

doctors.  

(iv) The (   )   element of Table 4.8, represented by a DHFSS, represents the rating 

value of the reference set  .  

Then, on applying the expression (   ) one may conclude that the patient is suffering 

from the disease   . While, on applying the expression (   ) one may conclude the patient is 

suffering from the disease   . 

𝑥  

𝑥  

𝑥  
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Table 4.5 Rating values of the alternative    

         

[
 
 
 
 
 

                                                                                           

{*           + *       +} {*           + *   +} {*       + *   +}

{*           + *   +} {*           + *       +} {*           + *   +}

{*           + *       +} {*           + *           +} {*           + *       +}

{*       + *       +}     {*       + *           +}       {*       + *       +}

 

                                          

                                            

{*           + *       +} {*       + *       +}

{*           + *       +}     {*           + *       +}

{*           + *       +} {*       + *   +}

{*       + *       +} {*       + *       +} ]
 
 
 
 
 

. 

Table 4.6 Rating values of the alternative    

         

[
 
 
 
 
 

                                                                                           

{*       + *       +} {*           + *       +} {*       + *       +}

{*       + *       +} {*       + *       +} {*       + *       +}

{*       + *       +} {*       + *   +} {*       + *   +}

{*       + *       +}          {*       + *       +}    {*       + *   +}

  

                                                   

                                            

{*       + *       +} {*           + *   +}

{*           + *       +} {*       + *       +}

{*       + *       +}       {*       + *       +}

{*       + *       +} {*       + *   +} ]
 
 
 
 
 

. 

Table 4.7 Rating values of the alternative    

         

[
 
 
 
 
 

                                                                                           

{*       + *       +} {*       + *       +} {*           + *       +}

{*       + *   +} {*           + *       +} {*           + *           +}

{*       + *   +} {*       + *       +} {*           + *           +}

{*       + *       +}       {*       + *   +}            {*           + *   +}

 

                                                     

                                            

{*       + *       +} {*           + *       +}

{*           + *   +} {*           + *       +}

{*           + *       +} {*       + *       +}

{*       + *       +} {*       + *       +}]
 
 
 
 
 

. 

 

𝑥  

𝑥  

𝑥  

𝑥  

𝑥  

𝑥  

𝑥  

𝑥  

𝑥  

𝑥  

𝑥  

𝑥  
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Table 4.8 Rating value of the reference set   

         

[
 
 
 
 
 

                                                                                           

{*   + *   +} {*       + *           +} {*           + *   +}

{*       + *       +} {*   + *   +} {*       + *       +}

{*   + *       +} {*       + *       +} {*       + *       +}

{*   + *   +}             {*       + *   +}        {*       + *   +}

  

                             

                                            

{*       + *   +} {*       + *       +}

{*           + *       +} {*       + *       +}

{*       + *   +} {*   + *       +}

{*       + *       +} {*       + *   +} ]
 
 
 
 
 

. 

4.2.3 Third real-life problem 

There is need to identify the best unknown pattern among        and   , corresponding 

to a known pattern    by considering the three different criteria        and   . Three experts 

are assigned for the same purpose.  

Arora and Garg [8] claimed that if it is assumed that 

(i) The weights assigned to the first, second and third expert are         and     

respectively. 

(ii) The weights assigned to the first, second and third criteria are         and     

respectively. 

(iii) The (   )   element of Table 4.9, Table 4.10 and Table 4.11 represented a the 

DHFSS, represents the rating values provided by the decision makers over the 

criteria for the patterns        and   .  

(iv) The (   )   element of Table 4.12, represented by a DHFSS, represents the rating 

values of the known pattern   .  

Then, one may conclude that on applying both the expressions (   ) and (   ) the 

obtained most desirable pattern is    . 

 

 

𝑥  

𝑥  

𝑥  

𝑥  
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Table 4.9 Rating values of the pattern    

                                                                       

 

  

  

  

[

{*       + *   +} {*       + *   +} {*   + *       +}   

{*   + *   +} {*   + *       +} {*   + *       +}  

{*       + *       +} {*   + *       +} {*       + *   +}

 ]. 

Table 4.10 Rating values of the pattern    

                                                                       

 

  

  

  

[

{*       + *       +} {*   + *       +} {*       + *   +}   

{*       + *   +} {*   + *       +} {*       + *       +}  

{*   + *       +} {*       + *   +} {*   + *   +}

 ]. 

Table 4.11 Rating values of the pattern    

                                                                            

 

  

  

  

[

{*       + *   +} {*       + *       +} {*   + *   +}   

{*       + *       +} {*   + *   +} {*   + *       +}  

{*   + *       +} {*   + *   +} {*       + *   +}

 ]. 

      Table 4.12 Rating values of the known pattern    

                                                              

  

  

  

[

{*       + *   +} {*   + *       +} {*       + *   +}   

{*   + *       +} {*       + *   +} {*   + *   +}  

{*       + *   +} {*   + *       +} {*       + *   +}

 ]. 

4.3 Origin of Arora and Garg’s expressions 

In this chapter, it is claimed that the expressions (   ) and (   ) are not valid in its 

present form. To prove that this claim is valid, there is need to discuss the origin of the 

expressions (   ) and (   ). Therefore, the same is discussed in this section. 

4.3.1 Origin of the first expression  

It can be easily verified that the Arora and Garg [8] have obtained the expression 

(   ) in the following manner: 
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4.3.2 Origin of the second expression  

It can be easily verified that the Arora and Garg [8] have obtained the expression 

(   ) in the following manner: 
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4.4 Mathematical incorrect assumptions 

It can be easily verified from Section 4.3.1 and Section 4.3.2 that to obtain the expressions 

(   ) and (   ), Arora and Garg [8] have assumed the relations ( ) to (  ) will be satisfied. 

While, it is obvious from Example 4.1 that the relations ( ) to (  ) are not satisfying. Hence, 

the expressions (   ) and (   ), proposed by Arora and Garg [8], are not valid.   
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Example 4.1: Let    

                                                              

( ̃  )  
  

  
6

{*           + *   +} {*           + *           +}

{*           + *           +} {*           + *       +}
 7 and 

 



41 
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 7 be two 

DHFSSs. 

Furthermore, let    
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4.5 Modified expressions and their origin  

The expression (   )  and (   ) represents the modified form of the expression (   ) and 

(   ) respectively. In this section, the origin of the modified expressions is discussed. 
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4.5.1 Origin of the first modified expression 

The modified expression (   ) has been obtained as follows:  
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4.5.2 Origin of the second modified expression 

The modified expression (   ) has been obtained as follows:  
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4.6 Exact results of the existing real-life problems 

Arora and Garg [8] used the expressions (   ) and (   ) to find the solutions of three 

real-life problems, discussed in Section 4.2. However, as discussed in Section 4.4 that the 

expressions (   ) and (   ) are not valid. Therefore, the results of the real-life problems, 

obtained by Arora and Garg [8], are also not exact. The results of all the three real-life 

problems, obtained by the existing expressions (   ) and (   ) as well as obtained by the 

modified expressions (   ) and (   ), are shown in Table 4.13. 

Table 4.13 Results of real-life problems 

Existing real-life 

problem [8] 

 

Existing expressions (   ) and 

(   ) [8] 

Modified expressions (   ) and 

(   ) 

First real-life 

problem  

(Best candidate) 

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         
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Medical diagnosis   ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

Pattern recognition    ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

  ((    ) (   ))         

 

It is obvious from the results, shown in Table 4.13, that 

According to the existing expression (   ), the obtained PO of the alternatives is    

     . Hence, the most preferred candidate is   . While, according to the modified 

expression (   ), the obtained PO of the alternatives is         . Hence, the most 

preferred candidate is   . Furthermore, according to the existing expression (   ), the 

obtained PO of the alternatives is         . Hence, the most preferred candidate is   . 

While, according to the modified expression (   ), the obtained PO of the alternatives is 

        . Hence, the most preferred candidate is   . 

According to the existing expression (   ), the obtained RV of the disease is       

  . Hence, the patient is suffering from the disease   . While, according to the modified 

expression (   ), the obtained RV of the disease is         . Hence, the patient is 

suffering from the disease   . Furthermore, according to the existing expression (   ), the 

obtained RV of the disease is         . Hence, the patient is suffering from the disease 

  . While, according to the modified expression (   ), the obtained RV of the disease is 

        . Hence, the patient is suffering from the disease   .  
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According to the existing expression (   ), the obtained PO of the alternatives is    

     . Hence, the most preferred pattern is   . While, according to the modified 

expression (   ), the obtained PO of the alternatives is         . Hence, the most 

preferred pattern is   . Furthermore, according to the existing expression (   ), the obtained 

PO of the alternatives is         . Hence, the most preferred pattern is   . While, 

according to the modified expression (   ), the obtained PO of the alternatives is       

  . Hence, the most preferred pattern is   . 

4.7 Conclusions 

 It is pointed out that the existing expressions [8] to evaluate the CoCf between two 

DHFSSs are not valid. Also, valid expressions are proposed for the same. 
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Chapter 5 

Modified NLP methodology for MADMPrs 

with IVIFSSs information
*
 

 

Garg and Arora [51] claimed that there is no method in the literature to solve 

IVIFSMADMPrs and hence, proposed a NLPM for solving IVIFSMADMPrs. Since, it is 

only method for solving IVIFSMADMPrs so the other researchers may be attracted to use 

this method for solving real-life IVIFSMADMPrs. However, after a deep study, it is observed 

that some mathematical incorrect assumptions have been considered in this method. 

Therefore, it is scientifically incorrect to use this method for solving real-life 

IVIFSMADMPrs. Keeping the same in mind, Garg and Arora’s method is modified. 

5.1 Preliminaries 

In this section, some basic definitions are presented. 

Definition 5.1 [80] Let   be an initial universe of objects,   the set of parameters in relation 

to objects in   and    . Parameters are often attributes, characteristics, or properties of 

objects. Let   ( ) be the set of all IFSs in  . Then, the pair ( ̃  ) is called an IFSS over  , 

where,  ̃ is a mapping defined by 

 ̃     ( ).  

Definition 5.2 [80] Let    ( ) be the set of all IVFSs in  . Then, the pair ( ̃  ) is called 

an IVFSS over  , where,  ̃ is a mapping defined by 

 ̃      ( ).  

                                                           
*
 The contents of this chapter have been communicated for the possible publication in Journal of 

Intelligent & Fuzzy Systems. 



50 
 

Definition 5.3 [80]  Let      ( ) be the set of IVIFSs in  . Then, the pair ( ̃  ) is called 

an IVIFSS over  , where,  ̃ is a mapping defined by 

 ̃        ( ).  

5.2 A brief review of Garg and Arora’s method 

The aim of this chapter is to point out the mathematical incorrect assumptions considered 

in the existing method [51] as well as to propose a modified method. Since, to do the same 

there is need to discuss the existing method [51]. Therefore, in this section, the existing 

method [51] is presented in a brief manner.  

The steps of the existing method [51] are as follows: 

Step 1: Write the CLFPPr (    ) and the CLFPPr (    ) with the help of the IVIFSDM 

 ̃  (⟨[.   
( )

/
 

 .   
( )

/
 

]  [.   
( )

/
 

 .   
( )

/
 

]⟩*
   

corresponding to the     alternative of 

the considered IVIFSMADMPr. 

( ( ))
 

    {
∑   (∑   .   

( )
/
 

 
   * 

    ∑   (∑   (  .   
( )

/
 
* 

   * 
   

∑ ∑ (         )
 
   

 
   

}  

                     (    ) 

{
 
 

 
 

  
       

                                   

  
       

                                     

  
       

                                     

  
       

                                     

               

( ( ))
 

    {
∑   (∑   .   

( )
/
 

 
   * 

    ∑   (∑   (  .   
( )

/
 
* 

   * 
   

∑ ∑ (         )
 
   

 
   

}                

                                                             (    ) 

Constraints of the CLFPPr (    ) 

where,  



51 
 

(i) The IVIFSS ⟨[.   
( )

/
 

 .   
( )

/
 

]  [.   
( )

/
 

 .   
( )

/
 

]⟩ represents the RV for the     

alternative provided by the     expert over the     attribute. 

(ii) The IVIFS 〈,  
    

 - ,  
    

 -〉 represents the weight of the     expert such that 

    
    

        
    

    and   
    

   .  

(iii) The IVIFS 〈[  
    

 ] [  
    

 ]〉 represents the weight of the     attribute such that 

    
    

        
    

    and   
    

   . 

(iv)    represents the membership degree of the weight of the     expert which is given as 

an interval i.e.,    ,  
    

 -.  

(v)    represents the non-membership degree of the weight of the     expert which is 

given as an  interval i.e.,    ,  
    

 -. 

(vi)    represents the membership degree of the weight of the     attribute which is given 

as an interval i.e.,    [  
    

 ].  

(vii)    represents the non-membership degree of the weight of the     attribute which is 

given as an  interval i.e.,    [  
    

 ]. 

(viii)   represents the number of alternatives. 

(ix)   represents the number of experts. 

(x)   represents the number of parameters. 

Step 2: Using CCTtr [59], the CLFPPr (    ) and the CLFPPr (    ) can be transformed into 

its equivalent the CLPPr (    ) [51, Section 3.5, Eq. 12, p. 2036] and the CLPPr (    ) [51, 

Section 3.5, Eq. 13, p. 2037] respectively. 

( ( ))
 

    {∑ ∑     .   
( )

/
 

    (  .   
( )

/
 

* 
   

 
   }    

                     (    ) 
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{
 
 

 
    

   
         

   
                                         

    
   

         
   

                                          

∑ ∑ (       )
 
   

 
                                                                                        

                                                                                                                          

                   

( ( ))
 

    {∑ ∑     .   
( )

/
 

    (  .   
( )

/
 

* 
   

 
   }                      

                                                 (    ) 

Constraints of the CLPPr (    ). 

Step 3: Using the optimal values ( ( ))
 
 and ( ( ))

 
 of the CLPPr (    ) and the CLPPr 

(    ), obtain ( ( ))  0( ( ))
 
 ( ( ))

 
 1 (         ). 

Step 4: Using the values of ( ( ))  0( ( ))
 
 ( ( ))

 
 1 (         ), obtained in Step 3, 

construct a     matrix    [ (  )]
   

 (           ), where,  

 (  )  

{
 
 

 
    8     4

( ( ))
 
 ( ( ))

 

( ( ))
 

  ( ( ))
 
 ( ( ))

 
 ( ( ))

   5   9              

 

 
                                                                                                             

 }
 
 

 
 

.      

Step 5: Find the value of  ( )  
∑  (  ) 

 

 
   

   

 (   )
, (           ) and check that   ( )   ( )  

or   ( )   ( ) or   ( )   ( ). 

Case (i) If  ( )   ( )  then  ( )   ( ). 

Case (ii) If  ( )   ( )  then  ( )   ( ). 

Case (iii) If  ( )   ( )  then   ( )   ( ). 

5.3 Mathematical incorrect assumption considered in Garg and Arora’s method 

The objective of the CLFPPr (    ) and the CLFPPr (    ) is to find such values of 

            (                   ) where                 corresponding to 

which the value of the expression 
∑   (∑   .   

( )
/
 

 
   * 

    ∑   (∑   (  .   
( )

/
 
* 

   * 
   

∑ ∑ (         )
 
   

 
   

 will be 
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minimum and the value of the expression 
∑   (∑   .   

( )
/
 

 
   * 

    ∑   (∑   (  .   
( )

/
 
* 

   * 
   

∑ ∑ (         )
 
   

 
   

  will 

be maximum.  

To achieve this objective, Garg and Arora [51, Section 3.5, p. 2035] have solved the 

CLFPPr (    ) and the CLFPPr (    ) independently by transforming the CLFPPr (    ) and 

the CLFPPr  (    ) into the CLPPr (    ) and the CLPPr (    ) respectively. However, it is 

mathematically incorrect to solve the CLPPr (    ) and the CLPPr (    ) independently due 

to the following reasons: 

On solving the CLPPr (    ) and the CLPPr (    ) independently the obtained values of 

         (                  ) will not necessarily be equal. While, as         (  

                ) are RNs so the values of         (                  ), 

obtained on solving the CLPPr (    ) and the CLPPr (    ), should be equal. 

For example, to find the solution of the existing problem [51, Section 5, p. 2040], the 

CLFPPr (    ) and the CLFPPr (    ) are solved independently by transforming the CLFPPr 

(    ) and the CLFPPr (    ) into the CLPPr (    ) [51, Section 5, Eq. 30, p. 2041] and the 

CLPPr (    ) [51, Section 5, Eq. 31, p. 2042] with the help of CCTr [59].  

( ( ))
 

    

{
 
 

 
 

                                                

                                                
                                                
                                               

                                                            

                                                           

}
 
 

 
 

   

                     (    ) 
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{

                                                             
                                                              

                                                                
                                                                                                         

             

( ( ))
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}
 
 

 
 

    

                                                                        (    ) 

Constraints of the CLFPPr (    ). 
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                                                              (    ) 

Constraints of the CLPPr (    ). 

The optimal values of 
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 and    , obtained on solving the CLPPr (    ) [51, Section 5, Eq. 30, p. 2041] and the CLPPr  

(    ) [51, Section 5, Eq. 31, p. 2042], are shown in Table 5.1. 

Table 5.1 Optimal values of the variables  

Min ( ( ))
 
 Max ( ( ))
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Value of the objective function= 

    

     
 

Value of the objective function= 

    

     
 

 

It is obvious from the results, shown in Table 5.1, that the values of the variables 

                                                                                            

and    , obtained on solving the existing CLPPr (    ) [51, Section 5, Eq. 30, p. 2041] and 

the existing CLPPr (    ) [51, Section 5, Eq. 31, p. 2042], are not equal, which is 

mathematically incorrect.  
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5.4 Suggested modifications  

In the existing method [51, Section 3.5, p. 2035], two different CLPPr (    ) [51, Section 

3.5, Eq. 12, p. 2036] and the CLPPr (    ) [51, Section 3.5, Eq. 13, p. 2037] are solved. Due 

to the same reason, for each variable two distinct optimal values are obtained. If to achieve 

the objective i.e., to maximize 
∑   (∑   .   

( )
/
 

 
   * 

    ∑   (∑   (  .   
( )

/
 
* 

   * 
   

∑ ∑ (         )
 
   

 
   

 and to minimize 

∑   (∑   .   
( )

/
 

 
   * 

    ∑   (∑   (  .   
( )

/
 
* 

   * 
   

∑ ∑ (         )
 
   

 
   

, the CLFPPr (    ) is solved instead of the 

CLFPPr (    ) and the CLFPPr (    ) independently.  Then, a unique optimal value will be 

obtained for each variable i.e., the flaws of the existing method [51, Section 3.5, p. 2035], 

pointed in Section 5.3, will be resolved.   
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The CLFPPr (    ) can be solved as follows: 

Step 1: Using CCTr [59], the CLFPPr (    ) can be transformed into its equivalent the CLPPr 

(     ). 

   ( ( ))  ∑ ∑ 8    (.   
( )
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 .   
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*     4(  .   
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( )

/
 

*9 
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                     (     )                         
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∑ ∑ (       )
 
   

 
                                                                                        

                                                                                                                          

                          

Step 2: Find the optimal solution {                              } of the CLPPr 

(     ).  

Step 3: Using the optimal solution, obtained in Step  , find 

 ( ( ))
 

 {∑ ∑     .   
( )

/
 

    (  .   
( )

/
 

* 
   

 
   }  and  

 ( ( ))
 

 ∑ ∑     .   
( )

/
 

    (  .   
( )

/
 

* 
   

 
   .  

Step 4: Construct a     matrix    [ (  )]
   

 (           ), where,  

 (  )  

{
 
 

 
    8     4

( ( ))
 
 ( ( ))

 

( ( ))
 

  ( ( ))
 
 ( ( ))

 
 ( ( ))

   5   9              

 

 
                                                                                                             

 }
 
 

 
 

.     

Step 5: Find the value of  ( )  
∑  (  ) 

 

 
   

   

 (   )
, (           ) and check that   ( )   ( )  

or   ( )   ( ) or  ( )   ( ). 

Case (i) If  ( )   ( )  then  ( )   ( ). 

Case (ii) If  ( )   ( )  then  ( )   ( ). 

Case (iii) If  ( )   ( )  then   ( )   ( ). 

5.5 Exact solution of the existing real-life problem  

Garg and Arora [51, Section 5, p. 2040] solved a real-life problem to illustrate their 

proposed method. However, as discussed in Section 5.2 that Garg and Arora [51, Section 5, p. 

2035] have used some mathematical incorrect assumptions in their proposed method, 
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therefore the results of the real-life problem, obtained by Garg and Arora [51, Section 5, p. 

2040], are not exact. In this section, the exact result of the same real-life problem is obtained 

by the modified method. 

Using the modified method, the exact results of the existing real-life problem [51, 

Section 5, p. 2040] can be obtained as follows: 

Step 1: Using Step 1 of the modified method, the CLFPPr  (     ), the CLFPPr (     ) and 

the CLFPPr (     ) can be obtained. 
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Constraints of the CLFPPr (    ).               
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                                         (     ) 

Constraints of the CLFPPr (    )    
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}
 
 

 
 

  

                                             (     ) 

Constraints of the CLFPPr (    ).                   

Step 2: Using Step 2 of the modified method, the CLFPPr (     ),(     ) and (     ) can be 

transformed into the CLPPr (     ), (     ) and (     ) respectively. 
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Constraints of the CLPPr (     ).                             

Step 3: The optimal solutions {                             } of the CLPPr (     ), 

(     ) and (     )  are, 
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3  respectively. 

Step 4: Using the optimal solutions {                             }, obtained in 

Step   , ( ( ))
 

 
    

    
, ( ( ))
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, 
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. 

Step 5: Using Step 5 of the modified method,  

  [
                 

                 
                 

].  

Step 6: Using Step 6 of the modified method  ( )                ( )         and 

 ( )             respectively. Furthermore, since, the ranking order obtained is  ( )  

 ( )   ( ) so the PO of the alternatives is  ( )   ( )   ( ). 
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5.6 Conclusions 

It is shown that the existing method [51] is not valid in its present form. Also, the 

modified version of the existing method [51] is proposed. Furthermore, to illustrate the 

proposed method the existing IVIFSMADMPr [51] is solved by the modified method. 
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Chapter 6 

A novel method for solving fully NSLPPrs: 

Suggested modifications
*
 

 

Abdel-Basset et al. [1] claimed that although several methods have been proposed in the 

literature to find the solution of different types of FLPPr/IFLPPrs (LPPrs in which some/all 

the parameters are represented as FNs/ IFNs) [5, 17, 19, 37, 38, 44, 70, 71, 100, 104, 105, 

112, 122, 134, 142, 149, 156, 159, 171, 197, 202]. However, there is no method in the 

literature for solving such NSLPPrs in which some/all the parameters are represented as 

TrNNs. To fill this gap, Abdel-Basset et al. proposed methods for solving different types of 

NSLPPrs. In Abdel-Basset et al.’s methods, firstly, a NSLPPr is transformed into a CLPPr by 

replacing each parameter of the NSLPPr, represented by a TrNN, with its equivalent 

defuzzified crisp value. Then, the optimal solution of the transformed CLPPr is used to find 

the optimal solution and optimal value of the considered NSLPPr. Abdel-Basset et al. also 

pointed out that as a TrFN is a special case of TrNN. Therefore, the FLPPrs, can be solved by 

the existing methods [38, 44, 100, 134], can also be solved by their proposed methods. Abdel-

Basset et al. also solved the same FLPPrs by their proposed methods as well as by the 

existing methods [38, 44, 100, 134] and shown that the results, obtained on applying by their 

proposed methods, are better than the results obtained on applying the existing methods [38, 

44, 100, 134]. In this chapter, it is shown that for the ranking function, used by Abdel-Basset 

et al., to transform a TrNN into its equivalent crisp value, the linearity property is not 

satisfying. Whereas, Abdel-Basset et al. have used the linearity property in their proposed 

                                                           
*
 The contents of this chapter are published in Journal of Intelligent & Fuzzy Systems, vol. 37, pp. 885-895 

(2019). (Impact factor: 1.851) 
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methods to transform a NSLPPr into its equivalent CLPPr. Therefore, Abdel-Basset et al.’s 

methods are not valid in its present form. Furthermore, the required modifications in Abdel-

Basset et al.’s methods are suggested. 

6.1 Preliminaries 

In this section, some basic definitions are presented. 

Definition 6.1 [168] A set   ̃   *〈    ̃ ( )   ̃ ( )   ̃ ( )〉         ̃ ( )      

  ̃ ( )        ̃      ̃ ( )     ̃ ( )    ̃ ( )   +, defined on the universal set  , 

is said to be a SVNS, where,   ̃ ( )   ̃ ( ) and   ̃ ( ) represents the degree of truth-

membership, the degree of indeterminacy-membership and degree of falsity-membership 

respectively of the element   in  ̃ .  

Definition 6.2 [185] A SVNS  ̃  through   is said to be a SVTrNN, if    ̃ ( )   ̃ ( ) and 

  ̃ ( ) are defined as, 

  ̃ ( )  

{
 
 

 
   ̃ (

    

     
*                

    ̃                                   

  ̃ (
    

     
*                

                                    

 

  ̃ ( )  

{
  
 

  
 
       ̃ (    )

     
               

  ̃                                                  

       ̃ (    )

     
               

                                             

 

  ̃ ( )  

{
 
 

 
 

      
 ̃ (    )

     
                     

      ̃                                        

      
 ̃ (    )

     
                      

                                             

. 
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 A SVTrNN is represented as,  ̃  〈(           )   ̃    ̃    ̃ 〉 where   ̃    ̃  

and   ̃  denote the maximum truth-membership degree, minimum-indeterminacy 

membership degree, and minimum falsity-membership degree, respectively.  

Definition 6.3 [185] Let  ̃  〈(           )   ̃ 
   ̃ 

   ̃ 
〉 and 

 ̃  〈(           )   ̃ 
   ̃ 

   ̃ 
〉 be two SVTrNNs. Then, 

 (i)  ̃   ̃  

⟨(                       )    (  ̃ 
   ̃ 

)     (  ̃ 
   ̃ 

)    (  ̃ 
   ̃ 

)⟩ 

 (ii)  ̃   ̃  

⟨(                       )    (  ̃ 
   ̃ 

)     (  ̃ 
   ̃ 

)    (  ̃ 
   ̃ 

)⟩ 

 (iii)  ̃   ̃  

{

⟨(                   )    (  ̃ 
   ̃ 

)     (  ̃ 
   ̃ 

)    (  ̃ 
   ̃ 

)                 ⟩

⟨(                   )    (  ̃ 
   ̃ 

)     (  ̃ 
   ̃ 

)    (  ̃ 
   ̃ 

)                 ⟩

⟨(                   )    (  ̃ 
   ̃ 

)     (  ̃ 
   ̃ 

)    (  ̃ 
   ̃ 

)                 ⟩

 

 (iv) 
 ̃ 

 ̃ 
 

{
 
 

 
 ⟨.

  

  
 
  

  
 
  

  
 
  

  
/     (  ̃ 

   ̃ 
)     (  ̃ 

   ̃ 
)    (  ̃ 

   ̃ 
)                  ⟩

⟨.
  

  
 
  

  
 
  

  
 
  

  
/     (  ̃ 

   ̃ 
)     (  ̃ 

   ̃ 
)    (  ̃ 

   ̃ 
)                 ⟩

⟨.
  

  
 
  

  
 
  

  
 
  

  
/     (  ̃ 

   ̃ 
)     (  ̃ 

   ̃ 
)    (  ̃ 

   ̃ 
)                 ⟩

  

 (v)   ̃   8
〈(                )   ̃ 

   ̃ 
   ̃ 

〉       

〈(                )   ̃ 
   ̃ 

   ̃ 
〉          

  

 (vi)  ̃ 
   ⟨.

 

  
 

 

  
 

 

  
 

 

  
/    ̃ 

   ̃ 
   ̃ 

⟩,   ̃   . 

6.2 Existing method for comparing two TrNNs  

Abdel-Basset et al. [1] have used the following method for comparing two TrNNs 

 ̃  〈  
    

     
     

    ̃ 
   ̃ 

   ̃ 
〉  and   ̃  〈  

    
     

     
    ̃ 

   ̃ 
   ̃ 

〉, 

Check that the considered NSLPPr is a maximization problem or a minimization problem.  

Case (i) If the considered  NSLPPr is a maximization problem, then 

(i)  ̃   ̃  if   ( ̃ )   ( ̃ ) 
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(ii)  ̃   ̃  if   ( ̃ )   ( ̃ ) 

(iii)  ̃   ̃  if   ( ̃ )   ( ̃ ) 

  where, 

 ( ̃ )  (
  

    
   (  

     
  )

 
*  (  ̃ 

   ̃ 
   ̃ 

) and 

 ( ̃ )  (
  

    
   (  

     
  )

 
*  (  ̃ 

   ̃ 
   ̃ 

).  

Case (ii)  If the considered NSLPPr is a minimization problem then 

(i)  ̃   ̃  if   ( ̃ )   ( ̃ ) 

(ii)  ̃   ̃  if   ( ̃ )   ( ̃ ) 

(iii)  ̃   ̃  if   ( ̃ )  ( ̃ ) 

where, 

 ( ̃ )  (
  

    
   (  

     
  )

 
*  (  ̃ 

   ̃ 
   ̃ 

) and  

  ( ̃ )  (
  

    
   (  

     
  )

 
*  (  ̃ 

   ̃ 
   ̃ 

). 

6.3 Abdel-Basset et al.’s method 

In this section, the Abdel-Basset et al.’s method [1] for solving different type of NSLPPrs 

is discussed. 

6.3.1 NSLPPr of first type 

Abdel-Basset et al. [1] proposed the following method for solving NSLPPr (    ).  

                 [∑  ̃   
 
   ]  

Subject to          (    ) 

∑            
                ;                                          

                 

where,   ̃  〈  
    

     
     

    ̃ 
   ̃    ̃ 

〉 is a TrNN. 
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Step 1: Transform the NSLPPr (    ) into its equivalent CLPPr (    ). 

                 [∑  ( ̃ )  
 
   ]  

Subject to                   (    )                           

Constraints of the NSLPPr (    ). 

Step 2: Find the optimal solution {  } of the CLPPr (    ). 

Step 3: Using the optimal solution {  }, obtained in Step 2, and using the relation         

∑ 〈  
    

     
     

    ̃ 
   ̃    ̃ 

〉     ⟨(∑   
  

   )     (∑   
   

   )     (∑   
   

   )   
   

   (∑   
  

   )             2  ̃ 
3          2  ̃ 3          2  ̃ 

3⟩, find the optimal value 

∑ 〈  
    

     
     

    ̃ 
   ̃    ̃ 

〉    
 
    of the NSLPPr (    ). 

6.3.2 NSLPPr of second type 

Abdel-Basset et al. [1] proposed the following method for solving the NSLPPr (    ). 

                 [∑     
 
   ]  

Subject to  

∑  ̃          
    ̃            ;                              (    )              

              ,  

where,  ̃   〈   
     

      
      

    ̃  
   ̃  

   ̃  
〉 and  ̃  〈  

    
     

     
    ̃ 

   ̃ 
   ̃ 

〉 are 

TrNNs.  

Step 1: Transform the NSLPPr (    ) into its equivalent CLPPr (    ).  

                 [∑     
 
   ]  

Subject to               (    )   

∑  ( ̃  )        
    ( ̃  )                                                

              .  

Step 2: Find the optimal solution  {  } of the CLPPr (    ). 
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Step 3:  Using the optimal solution {  }, obtained in Step 2, the optimal value of the 

considered NSLPPr (    ) is ∑     
 
   . 

6.3.3 NSLPPr of third type 

Abdel-Basset et al. [1] proposed the following method for solving NSLPPr (    ). 

                  [∑  ̃   
 
   ]  

Subject to               (    ) 

∑  ̃          
    ̃            ;                                                

              ,  

where, 

 ̃  〈  
    

     
     

    ̃ 
   ̃    ̃ 

〉,  ̃   〈   
     

      
      

    ̃  
   ̃  

   ̃  
〉 and  ̃  

〈  
    

     
     

    ̃ 
   ̃ 

   ̃ 
〉 are TrNNs.  

Step 1: Transform the NSLPPr (    ) into its equivalent CLPPr (    ). 

                 [∑  ( ̃ )  
 
   ]  

Subject to                                                                                  (    )                                

∑  ( ̃  )        
    ( ̃  )                                                

              .  

Step 2: Find the optimal solution  {  } of the CLPPr (    ). 

Step 3:  Using the optimal solution {  }, obtained in Step 2, the optimal value of the 

considered NSLPPr (    ) is ∑  ̃   
 
   . 

6.4 Origin of Abdel-Basset et al.’s method  

In this section, the origin of Abdel-Basset et al.’s method [1] is discussed.  

6.4.1 NSLPPr of first type 

Abdel-Basset et al. [1] have used the following methodology to transform the NSLPPr 

(    ) into a CLPPr (    ). 
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Step 1: Using the method for comparing TrNNs, discussed in Section 6.2, the NSLPPr (    ) 

can be transformed into its equivalent CLPPr (    ). 

                 [ (∑  ̃   
 
   )]  

Subject to               (    ) 

∑      
 
                                                                      

                 

Step 2: Using the property  (∑  ̃   
 
   )  ∑ [ ( ̃ )]

 
     , the CLPPr (    ) can be 

transformed into its equivalent CLPPr (    ). 

6.4.2 NSLPPr of second type 

Abdel-Basset et al. [1] have used the following methodology to transform the NSLPPr 

(    ) into the CLPPr (    ). 

Step 1: Using the method for comparing TrNNs, discussed in Section 6.2, the NSLPPr (    ) 

can be transformed into the CLPPr (    ). 

                 [∑     
 
   ]  

Subject to                 (    ) 

 (∑  ̃    
 
   )       ( ̃  )                                                     

                 

Step 2: Using the linearity property,  (∑  ̃    
 
   )  ∑  ( ̃  )

 
     , the CLPPr (    ) can 

be transformed into the CLPPr (    ). 

6.4.3 NSLPPr of third type 

Abdel-Basset et al. [1] have used the following methodology to transform the NSLPPr 

(    ) into the CLPPr (    ). 

Step 1: Using the method for comparing TrNNs, discussed in Section 6.2, the NSLPPr (    ) 

can be transformed into the CLPPr (    ). 
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                 [ (∑  ̃   
 
   )]  

Subject to                 (    )              

 (∑  ̃    
 
   )       ( ̃  )                 

              .  

Step 2: Using the linearity property,  (∑  ̃    
 
   )  ∑  ( ̃  )

 
     , as well as using the 

relation  ( )   , the CLPPr (    ) can be transformed into the CLPPr (    ). 

6.5 Mathematical incorrect assumptions 

The following mathematical incorrect assumptions have been considered by Abdel-

Basset et al. [1].  

It is obvious from Section 6.4 that  

(i) Abdel-Basset et al. [1] have used the property [ (∑  ̃   
 
   )]  [(∑  ( ̃ )  

 
   )] to  

transform the objective function [ (∑  ̃   
 
   )] of the CLPPr (    ) into the objective 

function [(∑  ( ̃ )  
 
   )] of the CLPPr (    ).  

(ii) Abdel-Basset et al. [1] have used the property [ (∑  ̃    
 
   )]  [(∑  ( ̃  )  

 
   )] to 

transform the constraint  (∑  ̃    
 
   )       ( ̃  )            of the CLPPr 

(    ) into the constraint ∑  ( ̃  )  
 
         ( ̃  )            of the CLPPr 

(    ).  

However, the following clearly indicates that if  ̃  〈  
    

     
     

    ̃ 
   ̃ 

   ̃ 
〉 

and  ̃  〈  
    

     
     

    ̃ 
   ̃ 

   ̃ 
〉 are two TrNNs then  ( ̃   ̃ )   ( ̃ )  

 ( ̃ ). 

 ( ̃   ̃ )   4
(  

    
 ) (  

     
  ) (  

     
  ) (  

    
 ) 

    {  ̃ 
   ̃ 

}    {  ̃ 
   ̃ 

}    {  ̃ 
   ̃ 

}
5      
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   (  

     
     

     
  )

 
 (   {  ̃ 

   ̃ 
}     {  ̃ 

   ̃ 
}  

   {  ̃ 
   ̃ 

})                      (   )                                  

while, 

 ( ̃ )   ( ̃ )  
  

   (  
     

  )   
 

 
 (  ̃ 

   ̃ 
   ̃ 

)  
  

   (  
     

  )   
 

 
 

(  ̃ 
   ̃ 

   ̃ 
)                      (   )   

 It is obvious from (   ) and (   ) that  ( ̃   ̃ )   ( ̃ )   ( ̃ ). 

(iii) Abdel-Basset et al. [1] have assumed that if     is a RN then  ( )    and have used this 

relation to transform the constraint  (∑      
 
   )       ( ̃  ) of the CLPPr (    ) into 

the constraint ∑  (   )  
 
         ( ̃  ) of the CLPPr (    ).  

 However, the following clearly indicates that  ( )   . 

Abdel-Basset et al. [1] have pointed out that if   ̃   ,   ̃    and   ̃    then the 

TrNN  ̃  〈                ̃   ̃   ̃〉 will be transformed into a TrFN  ̃  

〈                   〉 and hence, in this case,  

(i) The expression  ( ̃)  .
       (       )

 
/  (  ̃    ̃    ̃) is equivalent to the 

expression  ( ̃)  .
       (       )

 
/   . 

(ii) The expression  ( ̃)  .
       (       )

 
/  (  ̃    ̃    ̃) is equivalent to 

 ( ̃)  .
       (       )

 
/   . 

Furthermore, it is well known fact that if               then the TrFN 

 ̃  〈                   〉 will be transformed into a RN   (             ) and 

hence, in this case, 

(i) The expression  ( ̃)  .
       (       )

 
/  (  ̃    ̃    ̃) is equivalent to the 

expression  ( )        . 
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(ii) The expression  ( ̃)  .
       (       )

 
/  (  ̃    ̃    ̃) is equivalent to the 

expression  ( )         . 

(iv) The TrNN  ̃  〈                ̃   ̃   ̃〉 can also be represented as  ̃  

〈              ̃   ̃   ̃〉, where,          and         . 

 It is pertinent to mention that to find  〈              ̃   ̃   ̃〉, firstly, there is need 

to transform 〈              ̃   ̃   ̃〉 into the representation 

〈                      ̃   ̃   ̃ 〉. However, the following clearly indicates that 

the value of  〈              ̃   ̃   ̃〉, in the existing NSLPPr [1, Section 6.1, Ex 1], 

has been obtained by considering     as    ,     as    ,   as     and   as   , which 

is mathematically incorrect. 

In the existing NSLPPr [1, Section 6.1, Ex 1], the TrNN (         ) has been 

replaced by the crisp number   . This crisp number    has been obtained by considering 

     ,       ,      ,      in the expression  〈             〉   

.
       (       )

 
/   .  

While, in actual case, to find a crisp number corresponding to the TrNN (         ) 

is   , which is obtained as follows: 

Since, the TrNN (         ) is written in the representation 

〈                ̃   ̃   ̃〉. So, firstly, there is need to represent it into the 

representation 〈                      ̃   ̃   ̃ 〉. In this representation, the TrNN 

(         ) can be rewritten as (               )  (           ). Now, as 

     ,       ,        and       , therefore, using the expression 

 〈             〉   .
       (       )

 
/   ,   (         )   (           )  
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       (     )

 
      i.e., the actual crisp number corresponding to TrNN 

(         ) is    instead of   .  

6.6. Suggested modifications  

It is obvious from Section 6.5 that several mathematical incorrect assumptions have been 

considered in Abdel-Basset et al.’s method [1]. Therefore, it is scientifically incorrect to use 

Abdel-Basset et al.’s method [1] in its present form. 

In this section, the required modifications in Abdel-Basset et al.’s method [1] are 

suggested. 

Since,  (∑ 〈  
    

     
     

    ̃ 
   ̃ 

   ̃ 
〉 

   )  ∑  〈  
    

     
     

    ̃ 
   ̃ 

   ̃ 
〉 

    

∑   ̃ 

 
    ∑   ̃ 

 
    ∑   ̃ 

 
            2  ̃ 

3          2  ̃ 3          2  ̃ 
3 instead 

of   (∑ 〈  
    

     
     

    ̃ 
   ̃ 

   ̃ 
〉 

   )  ∑   
   〈  

    
     

     
    ̃ 

   ̃ 
   ̃ 

〉. Therefore,  

(i) The exact CLPPr corresponding to the NSLPPr (    ) is (     ) instead of the CLPPr 

(    ). Therefore, the optimal solution of the NSLPPr (    ) should be obtained by 

solving the CLPPr (     ) instead by solving the CLPPr (    ).    

                   

0∑  ( ̃   )  ∑   ̃   

 
    ∑   ̃   

 
    ∑   ̃   

 
   

 
            2  ̃   

3  

             2  ̃   
3          2  ̃   

31  

Subject to            (     ) 

∑      
 
                                                                 

                 

(ii) The exact CLPPr corresponding to the NSLPPr (    ) is (     ) instead of the CLPPr 

(    ). Therefore, the optimal solution of the NSLPPr (    ) should be obtained by 

solving the CLPPr (     ) instead by solving the CLPPr (    ).    
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                 [∑     
 
   ]  

         Subject to             (     )          

∑  ( ̃    )  ∑   ̃    
 ∑   ̃    

 
    ∑   ̃    

 
   

 
            2  ̃    

3   
   

    
     

2  ̃    
3          2  ̃    

3       ( ̃  )                       

                                            

Furthermore, it is obvious from Section 6.5 that  ( )       (in case of 

maximization problem) and  ( )        (in case of minimization problem). 

(i) Therefore, the exact CLPPr corresponding to the NSLPPr (    ) (in case of 

maximization problem) is (     ) instead of the CLPPr (    ). Hence, the optimal 

solution of the NSLPPr (    ) (in case of maximization problem) should be obtained by 

solving the CLPPr (     ) instead by solving the CLPPr (    ).    

          

0∑  ( ̃   )  ∑   ̃   
 ∑   ̃   

 
    ∑   ̃   

 
   

 
            2  ̃   

3   
   

        2  ̃   
3          2  ̃   

31  

Subject to                                                                                       (     ) 

 [∑  ( ̃  )  
 
   ]        ( ̃ )            

              .  

(ii) The exact CLPPr corresponding to the NSLPPr (    ) (in case of minimization 

problem) is (     ) instead of the CLPPr (    ). Hence, the optimal solution of the 

NSLPPr (    ) (in case of minimization problem) should be obtained by solving the 

CLPPr (     ) instead by solving the CLPPr (    ).    

        0∑  ( ̃   )  ∑   ̃   
 ∑   ̃   

 
    ∑   ̃   

 
   

 
            2  ̃   

3   
   

        2  ̃   
3          2  ̃   

31  
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Subject to                                                                                  (     ) 

  [∑  ( ̃  )  
 
   ]        ( ̃ )            

              .  

6.7 Correct solution of the existing NSLPPrs 

Abdel-Basset et al. [1] solved some NSLPPrs as well as a NSLPPr of a real-life problem 

to illustrate their proposed method. However, as discussed in earlier sections that several 

mathematical incorrect assumptions have been considered for the same. Therefore, the 

solutions, of the NSLPPrs, obtained by Abdel-Basset et al. [1], are not correct. The correct 

solutions of the NSLPPrs, considered by Abdel-Basset et al. [1], are obtained in this section. 

6.7.1 Correct solution of the first NSLPPr 

Abdel-Basset et al. [1] solved the NSLPPr (     ) to illustrate their proposed method. 

        ,(         )   (         )   (         )  -  

Subject to          (     ) 

               (           ), 

          (           ),                       

          (           )                           

          . 

The correct solution of the NSLPPr (     ) can be obtained as follows: 

Step 1: Since, in the NSLPPr (     ), the TrNNs have been represented in the form 

〈           〉, where,          and         . Therefore, firstly, there is need to 

replace each TrNN 〈           〉 with its another representation 

(                   ) i.e., 〈             〉. Following the same the NSLPPr 

(     ) can be transformed into NSLPPr (     ). 

        ,(           )   (          )   (           )  -  

Subject to          (     ) 
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               (               ), 

          (               ),                       

          (               ),                             

          . 

Step 2: To find the solution of the NSLPPr (     ) is equivalent to find the solution of the 

CLPPr (     )  

Maximize [ ((           )   (          )   (           )  )] 

Subject to          (     ) 

 (              )   (               )   

 (         )   (               )                                                    

 (         )   (               )                     

          . 

Step 3: Using the expression 

 (∑ (  
    

     
     

    ̃ 
   ̃ 

   ̃ 
) 

   )  ∑  (  
    

     
     

    ̃ 
   ̃ 

   ̃ 
) 

    ∑   ̃ 

 
    

∑   ̃ 

 
    ∑   ̃ 

 
            2  ̃ 

3          2  ̃ 3          2  ̃ 
3 and the expression 

 ( )      , the CLPPr (     ) can be transformed into its equivalent CLPPr (     )   

        [ ((           )  )   ((          )  )   ((           )  )      

       ]  

Subject to          (     ) 

 ,              -     (               )   

 ,         -     (               )                                                    

 ,         -     (               )                          

          . 
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Step 4: Using the expression,  (                ̃   ̃   ̃)  .
       (       )

 
/  

(  ̃    ̃    ̃) with   ̃   ,   ̃   ,   ̃   , the CLPPr (     ) can be transformed into the 

CLPPr (     ). 

        0.
       (     )

 
      /    .

      (     )

 
      /    

.
       (     )

 
      /               1  

Subject to          (     ) 

 ,              -    
         (       )

 
      ,  

 ,         -    
         (       )

 
      ,                                                        

 ,         -    
         (       )

 
      ,  

          . 

Step 5: On solving the CLPPr (     ), the obtained optimal solution is               

   

  
. 

Step 6: Using the optimal solution, obtained in Step 5, the optimal value of the NSLPPr 

(     ) is (           )   (          )   (           )    

   (           )( )  (          )( )  (           ) .
   

  
/ 

   .
   

  
/    .

   

  
/    .

   

  
/    .

   

  
/  

 
    

 
.  

6.7.2 Correct solution of the second NSLPPr 

Abdel-Basset et al. [1] solved the NSLPPr (     ) to illustrate their proposed method. 

        ,         -  

Subject to          (     ) 

(           )   (           )   (                       ), 
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(           )   (        )   (                       ),               

(           )   (           )   (                       )                 

       . 

The correct solution of the NSLPPr (     ) can be obtained as follows: 

Step 1: Since, in the NSLPPr the TrNNs have been represented in the form 

〈             〉.  Therefore, there is no need to change it. 

Step 2: To find the solution of the NSLPPr (     ) is equivalent to find the solution of the 

CLPPr (     ).  

        ,          -  

Subject to          (     ) 

 ,(           )   (           )  -   (                       ),  

 ,(           )   (        )  -   (                       ), 

 ,(           )   (           )  -   (                       ),  

       . 

Step 3: Using the expression  

 (∑ (  
    

     
     

    ̃ 
   ̃ 

   ̃ 
) 

   )  ∑  (  
    

     
     

    ̃ 
   ̃ 

   ̃ 
) 

    ∑   ̃ 

 
    

∑   ̃ 

 
    ∑   ̃ 

 
            2  ̃ 

3          2  ̃ 3          2  ̃ 
3 and the expression 

 ( )      , the CLPPr (     ) can be transformed into its equivalent CLPPr (     ). 

        ,          -  

Subject to                                                    (     ) 

 ,(           )  -   ,(           )  -              

 (                       )                                            

 ,(           )  -   ,(        )  -              

 (                       ),  
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 ,(           )  -   ,(           )  -              

 (                       ),  

       . 

Step 4: Using the expression,  (                ̃   ̃   ̃)  .
       (       )

 
/  

(  ̃    ̃    ̃) with   ̃   ,   ̃   ,   ̃   , the CLPPr (     ) can be transformed into the 

CLPPr (     ). 

        ,          -  

Subject to                               (     )                                                                                               

.
       (     )

 
      /    .

       (     )

 
      /              

  .
             (           )

 
      /  

.
       (     )

 
      /    .

      (   )

 
      /              

  .
             (           )

 
      /,                                                           

.
       (     )

 
      /    .

       (     )

 
      /              

  .
             (           )

 
      /,  

       . 

Step 5: On solving the CLPPr (     ), the obtained optimal solution is    
      

    
     

      

   
. 

Step 6: Using the optimal solution, obtained in Step 5, the optimal value of the NSLPPr 

(     ) is             .
      

    
/    .

      

   
/  

        

   
. 

6.7.3 Correct solution of the third NSLPPr 

Abdel-Basset et al. [1] solved the NSLPPr (     ) to illustrate their proposed method. 

         (        )  
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Subject to          (     ) 

        (        ), 

        (        ),                                                                                                       

       . 

The correct solution of the NSLPPr (     ) can be obtained as follows: 

Step 1: Since, in the NSLPPr the TrNNs have been represented in the form 

〈             〉.  Therefore, there is no need to change it. 

Step 2: To find the solution of the NSLPPr (     ) is equivalent to find the solution of the 

CLPPr (     ).  

        ,         -  

Subject to           (     ) 

 ,       -   (        ),  

 ,       -   (        ),                                                                                         

       . 

Step 3: Using the expression 

 (∑ (  
    

     
     

    ̃ 
   ̃ 

   ̃ 
) 

   )  ∑  (  
    

     
     

    ̃ 
   ̃ 

   ̃ 
) 

    ∑   ̃ 

 
    

∑   ̃ 

 
    ∑   ̃ 

 
            2  ̃ 

3          2  ̃ 3          2  ̃ 
3 and the expression 

 ( )       , the CLPPr (     ) can be transformed into its equivalent CLPPr (     ).  

        ,         -  

Subject to          (     ) 

  ,       -    
      (   )

 
                                     

  ,       -    
      (   )

 
  ,  

       . 

Step 4: On solving the CLPPr (     ), the obtained optimal solution is       and     
 

 
. 
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Step 5: Using the optimal solution, obtained in Step 4, the optimal value of the NSLPPr 

(     ) is           ( )    .
 

 
/  

  

 
. 

6.7.4 Correct solution of the real-life NSLPPr 

Abdel-Basset et al. [1] solved the NSLPPr (     ) to obtain the solution of a real-life 

problem. 

        ,(        )   (          )   (           )   (         )  -  

Subject to          (     ) 

                     (                   ), 

               (                   ),     

               (                   ),                           

                     (                   ), 

   (               ), 

   (             ), 

   (               ), 

   (               ),  

             . 

The correct solution of the NSLPPr (     ) can be obtained as follows: 

Step 1: Since, in the NSLPPr (     ), the TrNNs have been represented in the form 

〈             〉.  Therefore, there is no need to change it. 

Step 2: To find the solution of the NSLPPr (     ) is equivalent to find the solution of the 

CLPPr (     )  

        [ ((        )   (          )   (           )   (         )  )]  

Subject to          (     ) 

 (                    )   (                   )   

 (              )   (                   )                                         
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 (              )   (                   )                                   

 (                    )   (                   )  

    (               ), 

    (             ), 

    (               ), 

    (               ),  

             . 

Step 3: Using the expression 

 (∑ (  
    

     
     

    ̃ 
   ̃ 

   ̃ 
) 

   )  ∑  (  
    

     
     

    ̃ 
   ̃ 

   ̃ 
) 

    ∑   ̃ 

 
    

∑   ̃ 

 
    ∑   ̃ 

 
            2  ̃ 

3          2  ̃ 3          2  ̃ 
3 and the expression 

 ( )      , the CLPPr (     ) can be transformed into its equivalent CLPPr (     )   

        , (        )    (          )    (           )    (         )  -  

             

Subject to          (     ) 

 ,                    -     (                   )   

 ,              -     (                   )                                       

 ,              -     (                   )                        

 ,                    -     (                   )  

    (               ), 

    (             ), 

    (               ), 

    (               ),  

             . 
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Step 4: Using the expression,  (                ̃   ̃   ̃)  .
       (       )

 
/  

(  ̃    ̃    ̃) with   ̃   ,   ̃   ,   ̃   , the CLPPr (     ) can be transformed into the 

CLPPr (     ). 

        0.
      (   )

 
      /    .

      (     )

 
      /    

     .
       (     )

 
      /    .

      (    )

 
      /            

         1  

Subject to          (     ) 

 ,                    -    .
           (         )

 
      /,  

 ,              -    .
           (         )

 
      /,               

 ,              -    .
           (         )

 
      /,                      

 ,                    -    .
           (         )

 
      /,  

      , 

      , 

      , 

       ,  

             . 

Step 5: On solving the CLPPr (     ), the obtained optimal solution is    
    

  
    

      
    

 
,     . 

Step 6: Using the optimal solution, obtained in Step 5, the optimal value of the NSLPPr 

(     ) is  (        )   (          )   (           )   (         )    

 (        ) .
    

  
/  (          )( )   (           ) .

    

 
/  (         )( )  
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 0 .
    

  
/   .

    

  
/   .

    

  
/    .

    

  
/1  0  .

    

 
/    .

    

 
/         .

    

 
/  

  .
    

 
/1  

 
       

  
.  

6.8 Conclusions 

The mathematical incorrect assumptions, used in Abdel-Basset et al.’s method [1], are 

pointed out. Also, the required modifications in Abdel-Basset et al.’s method [1] are 

suggested. Furthermore, the correct results of the NSLPPrs, solved by Abdel-Basset et al. 

[1] to illustrate their proposed method, are obtained. 
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Chapter 7 

Modified approach for optimization of real-life 

TrPr in neutrosophic environment
*
 

 

In daily life problems, there is a need to transport the product from various sources to 

different destinations. To find a way to transport the product in such a manner so that the total 

TrC is minimum is called the optimal way and the problem is called cost minimization TrPrs 

[72]. Different methods have been proposed in the literature to find the optimal way of such 

cost minimization TrPrs in which cost for transporting unit quantity of the product, 

availability of the product at the sources and demand of the product at the destinations are 

represented as a RNs. However, to assume these parameters as RNs is not always valid 

according to real-life situations e.g., the TrC depends upon the circumstances like price of 

petrol/diesel, weather, travel time, traffic jam etc. Similarly, the availability of crops varies 

according to the monsoon, fertilizers, chemicals etc., the demand of the various clothes 

depend on the season, fashion trends, discount offers etc. Furthermore, the opinions of the 

experts about these parameters cannot always be represented as a RNs, e.g., generally experts 

provide their opinion about these parameters in terms of linguistic variables like high, very 

high, low, very low etc.  

One of the way, widely adopted in the literature to deal with such situations, is to 

represent these parameters as FNs [189] and its extensions [20]. Thamaraiselvi and Santhi 

[157] pointed out that NS [168], one of the extensions of FS [189], is used in different 

research areas. However, till now no one have used the NS in TrPrs. While, several 

                                                           
*
 The contents of this chapter are published in Mathematical Problems in Engineering, vol 2017, Article 

ID 2139791, 9 pages.  (Impact Factor : 1.009) 
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researchers have used FNs for representing various parameters of TrPrs  [23, 45, 62, 82, 89, 

90, 124, 129, 143]. Therefore, Thamaraiselvi  and  Santhi  proposed the approaches for 

solving NSTrPr of Type-I (TrPrs in which the cost for transporting unit quantity of the 

product is represented as TrNN, whereas the availability and the demand are represented as 

RNs) and NSTrPr of Type-II (TrPrs in which the cost for transporting unit quantity of the 

product, availability of the product and demand of the product are represented as TrNNs). 

Since, NSTrPrs is new area of research so others may be attracted to extend these approaches 

for solving other types of NSTrPrs like neutrosophic solid TrPrs, neutrosophic time 

minimization TrPrs, neutrosophic transshipment problems etc. However, after a deep study of 

these existing approaches, it is noticed that a mathematical incorrect assumption has been 

used in these existing approaches. Therefore, there is need to modify these existing 

approaches. Keeping the same in mind, in this chapter, these existing approaches are 

modified. Furthermore, the exact results of some existing TrPrs are obtained by the modified 

approaches. 

7.1 Existing method for comparing SVTrNNs 

Thamaraiselvi  and  Santhi [157] have used the following method for comparing two 

SVNNs. Let  ̃  〈(           )   ̃   ̃    ̃〉 and  ̃  〈(           )   ̃    ̃    ̃〉 be two 

SVNNs. 

Step 1: Find the score function, 

 ( ̃)  
 

  
(,           -  ,  ̃  (    ̃)  (    ̃)-) as well as  ( ̃)  

 

  
(,           -  ,  ̃  (    ̃)  (    ̃)-) and check that  ( ̃)   ( ̃) or 

 ( ̃)   ( ̃) or  ( ̃)   ( ̃). 

Case (i) If  ( ̃)   ( ̃) then  ̃   ̃. 

Case (ii) If  ( ̃)   ( ̃) then  ̃   ̃. 
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Case (iii) If  ( ̃)   ( ̃) then go to Step  . 

Step 2: Find the accuracy function, 

 ( ̃)  
 

  
(,           -  ,  ̃  (    ̃)  (    ̃)-) as well as  ( ̃)  

 

  
(,           -  ,  ̃  (    ̃)  (    ̃)-) and check that  ( ̃)   ( ̃) or 

 ( ̃)   ( ̃) or  ( ̃)   ( ̃). 

Case (i) If   ( ̃)    ( ̃)  then  ̃   ̃. 

Case (ii) If   ( ̃)    ( ̃)  then   ̃   ̃. 

Case (iii) If   ( ̃)    ( ̃)  then   ̃   ̃.   

7.2 A brief review of Thamaraiselvi and Santhi approaches 

To  point  out  the  mathematical  incorrect  assumptions  in  the  approaches,  proposed  

by Thamaraiselvi  and   Santhi [157],  there  is  a  need  to  describe  these  approaches.  

Therefore, in  this  section,  a  brief  review  of  the  approaches,  proposed  by  the  

Thamaraiselvi and  Santhi [157], for  solving  both  types  of   NSTrPrs  are  discussed  in  a  

brief  manner. 

7.2.1 Thamaraiselvi and Santhi approach for solving NSTrPr  of Type-I 

Using  the  approach, proposed  by  Thamaraiselvi  and  Santhi  [157],  the  optimal  

solution   of  a NSTrPr of  Type - I  can  be  obtained  as  follows:  

Step 1: Formulate the NSTrPr as a NSLPPr (    ). 

         (∑ ∑  ̃  
    

 
    

 
   )                       

Subject to     

∑        
 
                              

∑        
 
                                                                 (    ) 

                . 

where,  

(i)      is the number of units of the product transported from     
source to     

 destination. 
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(ii)  ̃  
  is the neutrosophic cost of one unit quantity transported from     

 source to      

destination. 

(iii)    is the total availability of the product at the source i. 

(iv)    is the total demand of the product at the destination  j. 

(v)   is the total number of sources.  

(vi)   is the total number of destinations. 

Step 2: Transform the NSLPPr (    ) into its equivalent CLPPr (    ). 

          (∑ ∑  ̃  
  

      
 
   )  

Subject   to               (    ) 

Constraints of the CLPPr  (    )  

where, 

 ( ̃  )    ( (           )   ̃    ̃   ̃  )  

             
 

  
,           -,  ̃  (    ̃)  (    ̃)- .                      (   ) 

Step 3:  Transform the CLPPr (    ) into its equivalent CLPPr (    ). 

         (∑   
   ∑   

     ( ̃  
 )   )                             

Subject to                                (    ) 

Constraints of the CLPPr (    ). 

Step 4: Represent the CLPPr (    ) into tabular form shown in Table 7.1. 
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Table 7.1 Tabular representation of the transformed crisp TrPr 

 

Step 5: Find the crisp optimal solutions {   } of crisp TrPr represented by Table 7.1.  

Step 6: Find the total minimum NSTrC by putting the optimal solution {   }, obtained from 

Step 5, in  ∑ ∑  ̃  
     

 
   

 
   . 

7.2.2 Thamaraiselvi and Santhi approach for solving NSTrPr of Type-II 

       Using  the  approach, proposed  by  Thamaraiselvi  and  Santhi [157], the optimal 

solution of a NSTrPr of Type - II can  be  obtained  as  follows: 

Step 1: Formulate the NSTrPr as a NSLPPr (    ). 

         (∑ ∑  ̃  
  ̃    

  
   

 
   )  

Subject to               (    ) 

 ∑  ̃  
   ̃ 

  
                                                               

 ∑  ̃  
   ̃ 

  
                       

  ̃  
                                  

Step 2: Transform the NSLPPr (    ) into its equivalent NSLPPr (    ). 

Destinations 

         …    Supply 

 

Sources 

    ( ̃   
  )  ( ̃   

  )  ( ̃  
  ) …  ( ̃   

  )    
 

    ( ̃   
  )  ( ̃   

  )  ( ̃  
  ) …  ( ̃   

  )    
 

    ( ̃   
  )  ( ̃   

  )  ( ̃   
  ) …  ( ̃   

  )    
 

⁞ ⁞ ⁞ ⁞ ⁞ ⁞ ⁞ 
 

    ( ̃   
  )  ( ̃   

  )  ( ̃   
  ) …  ( ̃   

  )    
 

 

Demand 

 
         …     
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Minimize   ( ∑ ∑  ̃  
   ̃  

  
    

 
   )        

Subject to           (    ) 

                               

Constraints of the CLPPr (    ). 

Step 3: Transform the NSLPPr (    ) into its equivalent NSLPPr (    ). 

         ∑   
   ∑  ( ̃  

 )  ̃  
   

      

Subject to            (    )  

Constraints of CLPPr (    ). 

Step 4: Represent the NSLPPr (    ) into tabular form as shown in Table 7.2. 

Table 7.2 Tabular representation of the NSLPPr of Type – II  

 

Step 5: Find the neutrosophic optimal solution { ̃   
 } of the TrPr represented by Table 7.2.    

Step 6: Find the total minimum NSTrC by putting the optimal solution { ̃  
 }, obtained in Step 

5, in  ∑ ∑  ̃  
  

   
 
    ̃  

 . 

 

 

Destinations 

                …    Supply 

 

 Sources 

    ( ̃  
  )  ( ̃   

  )  ( ̃  
  ) …  ( ̃   

  )  ̃ 
   

 

    ( ̃   
  )  ( ̃   

  )  ( ̃  
  ) …  ( ̃   

  )  ̃  
   

 

    ( ̃   
  )  ( ̃   

  )  ( ̃   
  ) …  ( ̃   

  )  ̃  
   

 

⁞ ⁞ ⁞ ⁞ ⁞ ⁞ ⁞ 
 

    ( ̃   
  )  ( ̃   

  )  ( ̃   
  ) …  ( ̃   

  )  ̃  
   

 

Demand 

 
 ̃ 

    ̃ 
    ̃ 

   …  ̃ 
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7.3. Mathematical incorrect assumption considered in Thamaraiselvi and Santhi 

approaches   

In this section, the mathematical incorrect assumption, considered in Thamaraiselvi and 

Santhi approaches [157], is pointed out. 

It  is  obvious  from  Step  2  and  Step 3 of  the first  approach, presented in Section  

7.2.1, that Thamaraiselvi and Santhi [157] have assumed that the NSLPPr (    ) can be 

transformed into the NSLPPr (    ). Similarly, it is obvious from Step 2 and Step 3 of the 

second approach, presented in Section 7.2.2, that Thamaraiselvi and Santhi [157] have 

assumed that the NSLPPr (    ) can be transformed into NSLPPr (    ).   

It is pertinent to mention that to transform the NSLPPr (    ) into the NSLPPr (    ) as 

well as the NSLPPr (    ) into the NSLPPr (    ), Thamaraiselvi and Santhi [157] have 

considered that,  (∑ ∑  ̃  
    

 
   

 
   )  ∑ ∑  ( ̃  

 )   
 
   

 
    i.e., Thamaraiselvi and Santhi 

[157] have considered the assumption that if  ̃     (           )   ̃    ̃   ̃   and 

 ̃     (           )   ̃    ̃   ̃   are two TrNNs,  then 

 ( ̃    ̃  )   ( ̃  )   ( ̃  ).               (   )       

However, the following example clearly indicates that  

 ( ̃    ̃  )   ( ̃  )   ( ̃  ).              (   )                 

Let  ̃    〈(       )             〉 and  ̃    〈(        )             〉 be two TrNNs 

then according to existing result [157, Def. 10, p. 4] 

 ̃      ̃    〈(       )             〉  〈(        )             〉   

                      〈(          )             〉                                    (   )              

Furthermore, using the existing result [157, Def. 11, p. 4] 

 ( ̃    ̃  )   
 

  
(          )(           )        .                       (   ) 

While,  
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 ( ̃  )   ( ̃  )  2
 

  
(       )(           )3  2

 

  
(        )(    

        )3            

                                      (   ) 

It is obvious that 

 ( ̃      ̃  )   ( ̃  )   ( ̃  ).                     (   ) 

Hence, the approaches for solving NSTrPr, proposed by Thamaraiselvi and Santhi [157], 

are not valid. 

7.4 An important result  

It is obvious from Section 7.3 that to modify the existing approaches [157], there is need 

to find the exact relation between  (∑   
 
   ) and ∑  (  

 
   ). Therefore, in this section, the 

exact relation between  (∑   
 
   ) and ∑  (  

 
   ) is obtained. 

    Let  ̃     (           )   ̃    ̃   ̃   and  ̃     (           )   ̃    ̃   ̃    be two 

TrNNs. Then, using the existing arithmetic operations [157, Def.10, p. 4]  

∑  ̃   
    ⟨(∑    

 
     ∑    

 
    ∑    

 
    ∑    

 
   )         (   

)          (   
) 

        (   
)⟩ and using the existing results [157, Def. 12, p. 4], 

  (∑  ̃   
   )      

 ⟨(∑    
 
     ∑    

 
    ∑    

 
    ∑    

 
   )         (    

)          (    
)         (   

)⟩  

 
 

  
(∑    

 
    ∑    

 
    ∑    

 
    ∑    

 
   )[        (    

) (          (   
))  

(          (   
))]             (   ) 

Furthermore, using the existing results [157, Def. 12, p. 4], 

 (  )  
 

  
(               )[   

 (      
)  (     

)]                             (   )  

From the eq. (   ) and the eq.  (   ) ,  
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  (∑  ̃   
   )  

(         (   
)         (      

)          (      
)  ) ∑ 4

 ( ̃ 
 )

   
 .      

/ .     
/
5 

         

                (    )                        

7.5. Modified approaches for solving NSTrPrs 

In this section, to resolve the flaws of the existing approaches, pointed out in Section 

7.3, the existing approaches [157] are modified.  

7.5.1 Modified approach for solving NSTrPrs of Type - I  

In this section, a modified approach has been proposed to solve the NSTrPrs of Type - 

I. The steps of the modified approach are as follows:                          

Step 1:  Use Step1 and Step 2 of the existing approach [157] to obtain the problem(    ).               

Step 2: Using the relation, obtained in Section 7.4, transform the problem (    ) into its 

equivalent NSLPPr (    ).                

         (∑ ∑   ( ̃  
  

   )   
 
   )  

Subject   to                    (    ) 

Constraints of the CLPPr  (    ) 

where, 

 (  ̃  
 )  

.         (  ̃  
 )         (    ̃  

  )          (    ̃  
  )/∑ ∑ (

 . ̃  
     /

 
 ̃  
  (   

 ̃  
 )  (   

 ̃  
 )

+ 
   

 
       

                        (    ) 

Step 3: Represent the NSLPPr (    ) into tabular form as shown in Table 7.3. 
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Table 7.3 Tabular representation of the transformed crisp TrPr  

 

Step 4: Find the crisp optimal solution {   } of the crisp TrPr presented by Table 7.3.  

Step 5: Find the total minimum NSTrC by putting the optimal solution {   }, obtained from 

Step 4, in  ∑ ∑  ̃  
     

 
   

 
    . 

7.5.2 Modified approach for solving NSTrPrs of Type-II  

In this section, a modified approach has been proposed to solve the NSTrPrs of Type - 

II.  

The steps of the modified approach are as follows:    

Step 1: Use Step 1 and Step 2 of the existing approach [157] to obtain the NSLPPr (    ) . 

Step 2: Using the relation, obtained in Section 7.4, transform the NSLPPr (    ) into NSLPPr 

(    )  

         (∑ ∑   ( ̃  
  

   
 
   )  ̃  

 )        

Subject to                                               (    )
  

Constraints of the CLPPr (    ).  

Step 3: Represent the NSLPPr (    ) into tabular form as shown in Table 7.4. 

Destinations 

                …    Supply 

 

 Sources 

    ( ̃   
  )  ( ̃   

  )  ( ̃  
  ) …  ( ̃   

  )     

    ( ̃   
  )  ( ̃   

  )  ( ̃  
  ) …  ( ̃   

  )     

    ( ̃   
  )  ( ̃   

  )  ( ̃   
  ) …  ( ̃   

  )    
 

⁞ ⁞ ⁞ ⁞ ⁞ ⁞ ⁞  

    ( ̃   
  )  ( ̃   

  )  ( ̃   
  ) …  ( ̃   

  )    
 

Demand 

 
         …    
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Table 7.4 Tabular representation of the NSTrPr of Type – II 

  

 

Step 4: Find the neutrosophic optimal solution {  ̃  
 } of NSTrPr presented by Table 7.4. 

Step 5: Find the total minimum NSTrC by putting the optimal solution {  ̃  
 }, obtained  in  

Step 4  in,  ∑ ∑    ̃  
  ̃  

  
   

 
    . 

7.6 Exact solution of the numerical problems 

Thamaraiselvi and Santhi  [157] solved a NSTrPr of Type – I and NSTrPr of Type – II to 

illustrate their proposed approaches. However as discussed in Section 7.3 that Thamaraiselvi 

and Santhi [157] have used some mathematical incorrect assumptions in their proposed 

approaches. Therefore, the optimal solution of these problems, obtained by Thamaraiselvi and 

Santhi [157], are not exact. In this section, the exact solution of these problems is obtained by 

modified approaches.   

7.6.1 Exact solution of the NSTrPr of Type – I 

Thamaraiselvi and Santhi [157] solved the NSTrPr of Type – I, represented by Table 7.5, 

by their proposed approach. 

 

Destinations 

         …    Supply 

 

Sources 

    ( ̃  
  )  ( ̃   

  )  ( ̃  
  ) …  ( ̃   

  )  ̃ 
    

    ( ̃   
  )  ( ̃   

  )  ( ̃  
  ) …  ( ̃   

  )  ̃  
    

    ( ̃   
  )  ( ̃   

  )  ( ̃   
  ) …  ( ̃   

  )  ̃  
   

 

⁞ ⁞ ⁞ ⁞ ⁞ ⁞ ⁞ 
 

    ( ̃   
  )  ( ̃   

  )  ( ̃   
  ) …  ( ̃   

  )  ̃  
   

 

 

Demand 

 
 ̃ 

    ̃ 
    ̃ 

   …  ̃ 
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Table 7.5 Input data for the NSTrPr 

 

In this section, the exact solution of this problem is obtained by the modified approach.  

Using the modified approach, the exact solution of NSTrPr of Type – I, represented by in 

Table 7.5, can be obtained as follows:  

Step 1: Using Step 1 to Step 3 of the modified approach, the NSTrPr, represented in Table 

7.5, can be transformed into the crisp TrPr (represented by Table 7.6). 

Table 7.6 Transformed crisp TrPr  

 

Step 2: On solving the crisp TrPr (Table 7.6), the obtained optimal solution is       ,  

     ,        ,       ,         ,        .                       (    ) 

Step 3: Using the obtained optimal solution, the minimum total NSTrC is,  

∑ ∑    
 
     ̃  

 ) 
      〈(         )            〉   〈(           )            〉  

  〈(       )            〉   〈(          )            〉    〈(        )            〉  

 〈(         )            〉  

 〈(               )            〉.             (    ) 

             Supply 

   ⟨(       )  
           ⟩ 

⟨(         )  
           ⟩ 

⟨(           )  
           ⟩ 

⟨(           )  
           ⟩ 

   

   ⟨(       )  
           ⟩ 

⟨(        )  
           ⟩ 

⟨(           )  
           ⟩  

⟨(          )  
           ⟩ 

   

   ⟨(         )  
           ⟩ 

⟨(       )  
           ⟩ 

⟨(        )  
           ⟩ 

⟨(         )  
           ⟩ 

   

Demand              

             Supply 

              

              

              

Demand              
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7.6.2 Exact solution of the NSTrPr of Type – II  

Thamaraiselvi and Santhi [157] solved the NSTrPr of Type – II, represented by Table 

7.7, by their proposed approach. 

Table 7.7 Input data for the NSTrPr 

 

In this section, the exact solution of this problem is obtained by the modified approach.  

Using the modified approach, the exact solution of the NSTrPr of Type – II, represented 

by Table 7.7, can be obtained as follows:  

Step 1: Using Step 1 to Step 3 of the modified approach, the NSTrPr, represented by Table 

7.7, can be transformed into NSTrPr (represented by Table 7.8). 

Table 7.8 NSTrPr with crisp cost 

Step 2: On solving the NSTrPr with crisp cost (Table 7.8), the obtained optimal solution is  

             Supply 

   ⟨(       )  

           ⟩ 

⟨(         )  

           ⟩ 

⟨(           )  

           ⟩ 

⟨(           )  

           ⟩ 

⟨(           )  

           ⟩ 

   ⟨(       )  

           ⟩ 

⟨(        )  

           ⟩ 

⟨(           )  

           ⟩  

⟨(          )  

           ⟩ 

⟨(           )  

           ⟩ 

   ⟨(         )  

           ⟩ 

⟨(       )  

           ⟩ 

⟨(        )  

           ⟩ 

⟨(         )  

           ⟩ 

⟨(           )  

           ⟩ 

Dem 

and 

⟨(           )  

           ⟩ 

⟨(           )  

           ⟩ 

⟨(           )  

           ⟩ 

⟨(          )  

           ⟩ 

 

             Supply 

           ⟨(           )  
           ⟩ 

           ⟨(           )  
           ⟩ 

           ⟨(           )  
           ⟩ 

De

m 

and 

⟨(           )  
           ⟩ 

⟨(           )  
           ⟩ 

⟨(           )  
           ⟩ 

⟨(          )  
           ⟩ 
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 ̃  
  〈(         )            〉 ,      ̃  

  〈(           )            〉 , 

 ̃  
  〈(         )            〉 ,       ̃  

  〈(           )            〉 , 

 ̃  
  〈(           )            〉,  ̃  

  〈(           )            〉                 (    ) 

Step 3: Using the obtained optimal solution, the minimum total NSTrC is 

∑ ∑  ̃  
  

     ̃  
  

    

〈(         )             〉  〈(       )            〉   〈(           )            〉    

〈(         )            〉   〈(         )            〉   〈(       )            〉  

〈(           )            〉    〈(          )            〉  〈(           )            〉    

 〈(        )            〉  〈(           )            〉    〈(         )            〉  

 〈(               )            〉.                       (    ) 

7.7 Conclusions 

It is pointed out that it is not genuine to use the existing approaches [157] as in these 

approaches mathematical incorrect assumption has been used. Therefore, the modified 

approaches are proposed. Furthermore, the exact solution of two existing NSTrPrs are 

obtained by the modified approaches.  
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Chapter 8 

Modified NLPM for MCDMPrs under IVNS 

environment
*
 

 

Garg and Nancy [56] claimed that there is no method in the literature to solve 

INSMCDMPrs and hence, proposed a NLPM for solving INSMCDMPrs. Since, it is only 

method for solving INSMCDMPrs so the other researchers may be attracted to use this 

method for solving real-life INSMCDMPrs. However, after a deep study, it is observed that 

some mathematical incorrect assumptions have been considered in this method. Therefore, it 

is scientifically incorrect to use this method for solving real-life INSMCDMPrs. Keeping the 

same in mind, the method, proposed by Garg and Nancy, is modified. 

8.1 IVNS [167] 

A set  ̃   {〈  [ 
 ̃ 
 ( )  

 ̃ 
 ( )] [ 

 ̃ 
 ( )  

 ̃ 
 ( )] [ 

 ̃ 
 ( )  

 ̃ 
 ( )]〉       

 
 ̃ 
 ( )   

 ̃ 
 ( )       

 ̃ 
 ( )   

 ̃ 
 ( )       

 ̃ 
 ( )   

 ̃ 
 ( )     

 ̃ 
 ( )  

 
 ̃ 
 ( )   

 ̃ 
 ( )    }, defined on the universal set  , is said to be an IVNS, where, 

[ 
 ̃ 
 ( )  

 ̃ 
 ( )] [ 

 ̃ 
 ( )  

 ̃ 
 ( )] and [ 

 ̃ 
 ( )  

 ̃ 
 ( )] represents the intervals of the degree 

of truth-membership, the degree of indeterminacy-membership and the degree of falsity-

membership respectively of the element   in  ̃ . 

8. 2 A brief review of Nancy and Garg’s method 

The aim of this chapter is to point out the mathematical incorrect assumptions considered 

in the existing method [56] as well as to propose a modified method. Since, to achieve this 

                                                           
*
 The contents of this chapter are published in Mathematical Sciences International Research Journal, 

vol. 7, pp. 41-52, 2018.   
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aim, there is need to discuss the existing method [56]. Therefore, in this section, the existing 

method [56] is presented in a brief manner.  

The steps of the existing method [56] are as follows: 

Step 1: Write the CLFPPrs (    ) [56, Section 3.5, Eq. 16] and (    ) [56, Section 3.5, Eq. 

18], with the help of the INSDM  ̃  (〈[   
     

 ] [   
     

 ] [   
     

 ]〉)
   

, corresponding to 

the     alternative of the considered INSMCDMPr. 

  
     8

∑ 2      
       .     

 /      .     
 /3 

   

∑ (            )
 
   

9  

Subject to          (    ) 

{

  
       

                     

  
       

                        

  
       

                         

                                      

  
     8

∑ 2         
       .     

 /       .     
 /3 

   

∑ (            )
 
   

9                         

Subject to           (    )               

Constraints of the CLFPPr (    ). 

Here 

(i) The IVNS, 〈[   
     

 ] [   
     

 ] [   
     

 ]〉 represents the RV of the     alternative over 

the     criteria. 

(ii) The IVNS  〈[  
    

 ] [  
    

 ] [  
    

 ]〉 represents the normalized weight (   

      ∑      
   ) of the     criteria.  

(iii)    represents the membership degree of the weight of the     criteria which is given as 

an interval i.e.,    [  
    

 ].  
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(iv)    represents the indeterminacy degree of the weight of the     criteria which is given 

as an interval i.e.,    [  
    

 ].  

(v)    represents the falsity degree of the weight of the     criteria which is given as an 

interval i.e.,    [  
    

 ]. 

(vi)   represents the number of alternatives. 

(vii)   represents the number of criteria. 

Step 2: Using CCTr [61], the CLFPPr (    ) and the CLFPPr (    ) can be transformed into 

its equivalent CLFPPr (    ) [56, Section 3.5, Eq. 19] and the CLFPPr (    ) [56, Section 3.5, 

Eq. 20] respectively. 

  
     {∑ {      

       (     
 )       (     

 )} 
   }  

Subject to                 (    ) 

{
 
 

 
 
   

        
                         

   
        

                           

   
        

                         

∑ (            )
 
                           

                                                            

                                    

  
     {∑ {      

       (     
 )       (     

 )} 
   }                   

Subject to                  (    )                            

Constraints of the CLPPr (    ). 

Step 3: Using the optimal values   
  and   

  of the CLPPr (    ) and the CLPPr (    ), we 

obtain    ,  
    

 - (         ). 

Step 4: Using the values of    ,  
    

 - (         ), obtained in Step 3, we construct a 

    matrix    ,   -   , where,  

    {

   {     (
  

    
 

  
    

    
    

   *   }          

 

 
                                                                           

 

}           
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Step 5: Find the value of     
∑     

 

 
   

   

 (   )
, (                    ) and we check 

that         or        or       .  

Case (iv) If        then      . 

Case (v) If        then      . 

Case (vi) If        then       . 

8.3 Mathematical incorrect assumptions considered in the existing method 

 The objective of the CLFPPr (    ) and the CLFPPr (    ) is to find such values of 

         (         ) where              corresponding to which the value of the 

expression  
∑ 2      

       .     
 /      .     

 /3 
   

∑ (            )
 
   

 will be minimum and the value of the expression  

∑ 2         
       .     

 /       .     
 /3 

   

∑ (            )
 
   

  will be maximum. 

 To achieve this objective, Garg and Nancy [56] have solved the CLFPPr (    ) and the 

CLFPPr (    ) independently by transforming the CLFPPr (    ) and the CLFPPr (    ) into 

the CLPPr (    ) and the CLPPr (    ) respectively. However, it is mathematically incorrect 

to solve the CLPPr (    ) and the CLPPr (    ) independently due to the following reasons: 

On solving the CLPPr (    ) and the CLPPr (    ) independently, the obtained values of 

         (         ) will not necessarily be equal. While, as          (         ) are 

RNs so the values of           (         ), obtained on solving the CLPPr (    ) and the 

CLPPr (    ), should be equal. 

For example, to find the solution of the existing problem [56], the CLFPPr (    ) and the 

CLFPPr (    ) are solved independently by transforming the CLFPPr (    ) and the CLFPPr  
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(    ) into the CLPPr (    ) [56, Section 5.1, Eq. 37] and the CLPPr (    ) [56, Section 5.1, 

Eq. 38] with the help of CCTr [59]. 

  
     

{
 

 
                                   

                                   
                                   

                                   

}
 

 
          

Subject to          (    ) 

    

{
 
 
 

 
 
 
                        

             
                        

             
                       

            
                       

           

                                                                                                                                          

  
     

{
 

 
                                   

                                   
                                  

                                   

}
 

 
    

Subject to                                                   (    ) 

Constraints of the CLFPPr (    ). 

  
     (                                                                 

                      )    

Subject to           (    ) 

{
 
 
 
 
 

 
 
 
 
 

                              
              

                                
                

                           
               

                           
                

∑ (            )
 
          

                                                             

                                                                                             



104 
 

  
     (                                                                 

                      )                                                               

Subject to                    (    ) 

Constraints of the CLPPr (    ). 

 The optimal values of                                  and    , obtained on solving the 

CLPPr (    ) and the CLPPr (    ), are shown in Table 8.1. 

Table 8.1 Optimal values of the variables 

 

It is obvious from  the result, shown in Table 8.1, that the values of the variables 

                                 and   , obtained on solving the existing CLPPr (    ) [56, 

Section 5.1, Eq 37] and the existing CLPPr (    ) [56, Section 5.1, Eq. 38], are not equal, 

which is mathematically incorrect. 

8.4 Impact of the mathematical incorrect assumptions  

It is obvious from Section 8.2 that on applying the existing method [56] the obtained 

optimal value will be an interval but the values of the variables will not be RNs. This is like a 

situation that one is saying that the profit is rupees    (assumed) but it is not possible to find 

a strategy corresponding to which this profit will be achieved. In actual case, on applying the 

existing method [56], there doesn’t exist any such optimal solution corresponding to which 

Variables 

   

                                      Value of 

the 

objective 

function 

Min   
   

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

  

  
 

Max   
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the profit is rupees   . Hence, it is not appropriate to apply the existing method [56] for 

solving real-life problems. 

8.5 Suggested modifications 

The shortcomings of the existing method [56], pointed out in Section 8.2, can be resolved 

if to achieve the objective i.e., to maximize 
∑ 2         

       .     
 /       .     

 /3 
   

∑ (            )
 
   

 and to minimize 

∑ 2      
       .     

 /      .     
 /3 

   

∑ (            )
 
   

, the CLFPPr (    ) is solved instead of the CLFPPr (    ) 

and the CLFPPr (    ) independently.   

      

{
 
 

 
 ∑ {

         
       .     

 /   

    .     
 /

}   ∑ {
      

       .     
 /  

    .     
 /

} 
   

 
   

∑ (            )
 
   

}
 
 

 
 

   

        

{
 
 

 
 ∑ {

   .     
     

 /      (.     
 / .     

 /*    

   (.     
 / .     

 /*
} 

   

∑ (            )
 
   

}
 
 

 
 

  

Subject to             (    )                                         

{

  
       

                     

  
       

                        

  
       

                         

.                                

The CLFPPr (    ) can be solved as follows:   

Step 1: Using CCTr [59], the CLFPPr (    ) can be transformed into its equivalent CLPPr 

(     ). 

      2∑ 2   (     
     

 )      .(     
 )  (     

 )/    .(     
 )   

   

 (     
 )/33    

Subject to          (     ) 
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{
 
 

 
 
   

        
                         

   
        

                           

   
        

                         

∑ (            )
 
                           

                                                            

.                                               

Step 2: Find the optimal solution  {                    }  of the CLPPr (     ).  

Step 3: Using the optimal solution, obtained in Step   , find 

  
  ∑ {      

       (     
 )       (     

 )} 
     and  

  
  ∑ {      

       (     
 )       (     

 )} 
   .  

Step 4: Construct a     matrix    ,   -   , where,  

    {

   {     (
  

    
 

  
    

    
    

   *   }          

 

 
                                                                           

 

}.             

Step 5: Find the value of    
∑     

 

 
   

   

 (   )
, (                    ) and check that  

       or        or       .  

Case (i) If        then      . 

Case (ii) If        then      . 

Case (iii) If        then       . 

8.6 Exact solution of the existing problem  

Garg and Nancy [56] solved a real-life problem to illustrate their proposed method. 

However as discussed in Section 8.2 that Garg and Nancy [56] have used some mathematical 

incorrect assumptions in their proposed method, therefore the results of the real-life problem, 

obtained by Garg and Nancy [56], are not exact. In this section, the exact result of the same 

problem is obtained by the modified method. 

 Using the modified method, the exact results of the real-life problem [56] can be obtained 

as follows: 
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Step 1: Using Step 1 of the modified method, the CLFPPr  (     ), the CLFPPr (     ), the 

CLFPPr (     ), the CLFPPr (     ) and the CLFPPr (     ) can be obtained. 

      

{
 

 
                                     

                                     
                                 

                                   

}
 

 
     

                                                (     ) 

Constraints of the CLFPPr (    ).                 

      

{
 

 
                                     

                                   
                                    

                                   

}
 

 
     

                                         (     ) 

Constraints of the CLFPPr (    ).                     

      

{
 

 
                                       

                                   
                                    

                                   

}
 

 
     

                                               (     ) 

Constraints of the CLFPPr (    ).                   

      

{
 

 
                                       

                                     
                                    

                                   

}
 

 
        

                                                   (     )        

Constraints of the CLFPPr (    ).  

      

{
 

 
                                      

                                   
                                    

                                   

}
 

 
    

                                           (     ) 

Constraints of the CLFPPr (    ).                     
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Step 2: Using Step 2 of the modified method the CLFPPr (     ),(     ), (     ), (     ) and 

(     ) can be transformed into the CLPPr  (     ), (     ), (     ), (     ) and (     ) 

respectively. 

       *                                                           

         +   

Subject to           (     ) 

   

{
 
 
 
 
 

 
 
 
 
 

                             
                

                                
                

                              
                

                              
                  

∑ (            )
 
                               

                                                                     

                                      

       *                                                      

                   +               

Subject to                                   (     ) 

Constraints of the CLPPr  (     ).                            

       *                                                         

                  +                                

Subject to                                    (     )      

Constraints of the CLPPr (     )  

       *                                                         

                 +        

Subject to                                                   (     ) 

Constraints of the CLPPr (     ).   



109 
 

       *                                                       

                   +       

Subject to                                              (     ) 

Constraints of the CLPPr (     ).  

Step 3: The optimal solutions {                    } of the CLPPr  (     ), (     ), (     ), 

(     ) and (     )   are, 

2   
 

  
    

  

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
3, 

2   
 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
3,  
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3   

2   
 

  
    

  

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
3 and 

2   
 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
    

 

  
3  respectively. 

Step 4: Using the optimal solution  {                    }, obtained in Step  ,   
  

   

   
, 

  
  

   

   
;   

  
   

   
,   

  
   

   
;   

  
   

   
,   

  
  

   
;   

  
   

   
,   

  
   

   
;   

  
   

   
, 

  
  

   

   
. 
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Step 5: Using Step 5 of the modified method, 

  

[
 
 
 
 

                 
                  
                  

   
              
              
              

                                             
                                  ]

 
 
 
 

.  

Step 6: Using Step 6 of the modified method,                               

                        and              respectively. Furthermore, since, the 

ranking order is               , so the PO of the alternatives is          

     . 

8.7 Conclusions 

The mathematical incorrect assumptions considered in the existing method [56] are 

pointed out. Also, the impact of these mathematical incorrect assumptions on the solutions of 

real-life problems is discussed. Furthermore, the required modifications in the existing 

method [56], to resolve its flaws, are suggested. 
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Chapter 9 

Future Scope 

 

The following problems may be considered as challenging open research problems.  

1. Zhang [194] proposed the following method for comparing IVPFNs, 

   〈,     - ,     -〉  and     〈,     - ,     -〉, where          ,      

    ,          ,          ,   
    

    and   
    

   . 

“A set   ̃  {〈  [  ̃
 ( )   ̃

 ( )] [  ̃
 ( )   ̃

 ( )]〉           ̃
 ( )    ̃

 ( )    

    ̃
 ( )    ̃

 ( )    .  ̃
 ( )/

 

 .  ̃
 ( )/

 

  }, defined on the universal set  , is 

said to be an IVPFS [127], where, [  ̃
 ( )   ̃

 ( )] and [  ̃
 ( )   ̃

 ( )] represents the 

intervals of degree of membership and degree of non-membership respectively of the 

element   in  ̃.” 

Step 1: Find  (  )  
  

    
    

    
 

 
 and  (  )  

  
    

    
    

 

 
 and check that  (  )  

 (  ) or  (  )   (  ) or  (  )   (  ).  

Case (i) If    (  )   (  )  then      . 

Case (ii) If    (  )   (  )  then      . 

Case (iii) If   (  )   (  ) then go to Step 2. 

Step 2: Find  (  )  
  

    
    

    
 

 
 and  (  )  

  
    

    
    

 

 
 and check that  (  )  

 (  ) or  (  )   (  ) or  (  )   (  ). 

Case (i) If  (  )   (  ) then      . 

Case (ii) If  (  )   (  ) then      . 

Case (iii) If   (  )   (  ) then       . 
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Garg [48] pointed out that there can exist two different IVPFNs, 

   〈,     - ,     -〉 and     〈,     - ,     -〉, where          ,      

    ,          ,          ,   
    

    and   
    

    such that 

 (  )   (  ) as well as  (  )   (  ).  

For example, if    〈,       - ,   -〉  and     〈[  √    ] ,   -〉  are two 

IVPFNs, then  (  )   (  )       and  (  )   (  )      . While,         

Therefore, it is inappropriate to use Zhang’s method [194] for comparing IVPFNs.  

To handle this situation, Garg [48, Section 3, p. 536] proposed the following method 

for comparing IVPFNs. 

Step 1: Find  (  )  
  

    
    

    
 

 
 and  (  )  

  
    

    
    

 

 
 and check that  (  )  

 (  ) or  (  )   (  ) or  (  )   (  ). 

Case (i) If    (  )   (  )  then      . 

Case (ii)  If    (  )   (  )  then      . 

Case (iii)  If   (  )   (  ) then go to Step   2. 

     Step 2: Find  (  )  
  

    
    

    
 

 
 and  (  )  

  
    

    
    

 

 
  and check that  (  )  

 (  ) or  (  )   (  ) or   (  )   (  ). 

Case (i) If  (  )   (  ) then      . 

Case (ii) If  (  )   (  ) then      . 

Case (iii)  If  (  )   (  ) then go to Step 3. 

     Step 3: Find   (  )  
  

  √    
    

    
  √    

    
 

 
 and  (  )  

  
  √    

    
    

  √    
    

 

 
     

     and check that  (  )   (  ) or  (  )   (  ) or  (  )   (  ).  

Case (i) If  (  )   (  ) then      . 

Case (ii) If  (  )   (  ) then      . 

Case (iii) If  (  )   (  ) then       . 
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Garg [49] also proposed the following method for ranking two IVPFNs,    

〈,     - ,     -〉 and    〈,     - ,     -〉.  

Find,  (  )  
  

    
 √    

    
    

    
 √    

    
 

 
 as well as 

 (  )  
  

    
 √    

    
    

    
 √    

    
 

 
 and check that  (  )    (  )  or  (  )  

  (  )   or  (  )    (  ).                  

Case (i) If   (  )    (  )  then      . 

Case (ii)  If   (  )    (  )  then      . 

Case (iii) If   (  )    (  )  then      .                                                              

However, the following example clearly indicates that the methods for comparing two 

IVPFNs, proposed by Garg [48, Section 3, p. 536], are also not valid. 

(i) Let    〈[√     √    ] [    √    ]〉 and    〈[    √    ] [√     √    ]〉 be 

two IVPFNs. It is obvious that        But, as   (  )   (  )   ,  (  )  

 (  )       and  (  )   (  )                Therefore, according to the 

first RM, proposed by Garg [50],      , which is mathematical incorrect. This 

clearly indicates that the flaw, pointed out by Garg [48] in the existing method [194], 

is also occurring in Garg’s method [48]. Therefore, the first RM for comparing 

IVPFNs, proposed by Garg [48] is also not valid.     

(ii) It is obvious that infinite number of IVPFNs can be obtained by changing the values 

of   and   in   〈,   - ,   -〉, where,       and      . Also, for all these 

infinite numbers of IVPFNs, the value of  ( )  
     √             √       

 
 will 

be zero. This clearly indicates according to the second RM, proposed by Garg [49], 

all these infinite IVPFNs are equal. While, it is obvious that these infinite IVPFNs 

are not equal. For example, choosing      ,       and      ,      , two 
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IVPFNs    〈,   - ,       -〉 and    〈,   - ,       -〉 are obtained, it is obvious 

that      . While,  (  )    (  )   . Therefore, the second RM, proposed by 

Garg [49], is not valid. 

Hence, to propose a valid accuracy function for comparing IVPFNs may be considered 

as a challenging open research problem.     

2. Sahin [137] proposed the following method for comparing two SVNSs,    〈        〉 

and     〈        〉.  

Find  (  )  
           

 
 and  (  )  

           

 
 and check that  (  )   (  ) or 

 (  )   (  ) or  (  )   (  ). 

Case (i) If  (  )   (  ) then      . 

Case (ii) If  (  )   (  ) then      . 

Case (iii) If  (  )   (  ) then      . 

Nancy and Garg [123, Section 2, Def. 2.6, Ex. 2.1, p. 379] considered two different 

SVNSs,    〈           〉 and     〈           〉 to show that on considering the 

existing method [137], the relation        is obtained. While, it is obvious that      . 

On the basis of this numerical example, Nancy and Garg [123, Section 2, Def. 2.6, Ex. 2.1, 

p. 379] claimed that the existing method [137] for comparing SVNSs is not valid. 

Sahin [137] also proposed the following method for comparing of two IVNSs,    

〈,  
    

 - ,  
    

 - ,  
    

 -〉  and     〈,  
    

 - ,  
    

 - ,  
    

 -〉. 

Find  (  )  
    

    
     

     
    

    
 

 
 and  (  )  

    
    

     
     

    
    

 

 
, and check 

that   (  )   (  ) or  (  )   (  ) or  (  )   (  ). 

Case (i) If  (  )   (  ) then      . 

Case (ii) If  (  )   (  ) then      . 

Case (iii) If  (  )   (  ) then       . 



115 
 

It is pertinent to mention that the SVNS,    〈           〉 and     〈           〉 can 

also be represented as IVNS,    〈,       - ,       - ,       -〉 

and     〈,       - ,       - ,       -〉. It can be verified that on considering the existing 

method [137], the relation        is obtained. While, it is obvious that      . Hence, 

the existing method [137] for comparing IVNSs is also not valid. 

To resolve these shortcomings of the existing methods [137], Nancy and Garg [123, 

Section 3, Def. 3.1, p. 379] proposed the following method for comparing two SVNSs,  

   〈        〉 and     〈        〉.  

Find   (  )  
  (         )(       )

 
 and   (  )  

  (         )(       )

 
 and check 

that   (  )   (  ) or  (  )   (  ) or   (  )   (  ). 

Case (i) If  (  )   (  ) then      . 

Case (ii) If  (  )   (  ) then      . 

Case (iii) If  (  )   (  ) then      . 

Furthermore, Nancy and Garg [123, Section 3, Def. 3.2, p. 381] proposed the following 

method for comparing two IVNSs,    〈,  
    

 - ,  
    

 - ,  
   

 -〉  and     

〈,  
    

 - ,  
    

 - ,  
   

 -〉. Find   (  )  
  (  

    
    

    
     

     
 )(    

    
    

    
 )

 
  and       

 (  )  
  (  

    
    

    
     

     
 )(    

    
    

    
 )

 
, and check that   (  )   (  ) or  

 (  )   (  ) or  (  )   (  ). 

Case (i) If  (  )   (  ) then      . 

Case (ii) If  (  )   (  ) then      . 

Case (iii) If  (  )   (  ) then       . 

However, the following example clearly indicates that the existing methods for 

comparing SVNSs and IVNSs are not valid. 
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(i) Let      〈           〉  and      〈           〉 be two SVNSs. Then, according to 

the existing method [123, Section 3, Def. 3.1, p. 379],  (  )   (  )     . 

Therefore, according to the existing method [123, Section 3, Def. 3.1, p. 379], 

      . While, it is obvious that       . So, the existing method [123, Section 3, 

Def. 3.1, p. 379] for comparing two SVNSs is not valid. 

(ii) Let    〈,       - ,         - ,       -〉 and 

    〈,       - ,         - ,       -〉 be any two IVNSs. Then, according to the 

existing method [123, Section 3, Def. 3.2, p. 381],  (  )   (  )     . Therefore, 

according to the existing method [123, Section 3, Def. 3.2, p. 381],       . While, it 

is obvious that       . So, the existing method [123, Section 3, Def. 3.2, p. 381] for 

comparing two IVNSs is not valid. 

Hence, to propose the valid methods for comparing two SVNSs and IVNSs may be 

considered as challenging future research problems.   

3. Garg and Kumar [53] discussed a brief review of the existing CoCf [21, 27, 47, 58, 74, 75, 

101, 165, 173, 177]. Furthermore, Garg and Kumar [53, Section 4, Eq. 13, p. 8]   used the 

existing expression (   ) [192] to evaluate the CoCf of three known patterns,    

*〈          〉 〈          〉 〈          〉+,    *〈          〉 〈          〉 〈          〉+ 

and    *〈          〉 〈          〉 〈          〉+ with the unknown pattern,   

*〈          〉 〈          〉 〈          〉+ and shown that the obtained CoCf between    

and  , the obtained CoCf between    and   as well as the obtained CoCf between    and 

  are equal. Therefore, the expression (   ) [192] cannot be used to identify a suitable 

pattern, for the unknown pattern  , from the known patterns        and   . 

  (   )  
∑ (  (  )  (  )   (  )  (  )   (  )  (  ))

 
   

√∑ .  
 (  )   

 (  )   
 (  )/ 

 
   ∑ .  

 (  )   
 (  )   

 (  )/
 
   

              (   ) 
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Garg and Kumar [53, Section 4, Eq. 14, p. 9] used the existing expression (   ) [154] 

to evaluate the CoCf between the IFSs,   *〈          〉 〈          〉 〈           〉+ and 

  *〈          〉 〈          〉 〈           〉+ and shown that the obtained CoCf between 

  and   is  , which is mathematically incorrect as it indicates that the IFSs   and   are 

equal. Whereas, it is obvious that both the IFSs are not equal. Therefore, the existing 

expression (   ) [154] cannot be used to obtain CoCf between   and  . 

 (   )  
  (   )   (   )   (   )

 
                      (   ) 

where, 

  (   )  
∑ (  (  )   )(  (  )   ) 

   

√∑ (  (  )   )  ∑ (  (  )   )  
   

 
   

,  

  (   )  
∑ (  (  )   )(  (  )   ) 

   

√∑ (  (  )   )  ∑ (  (  )   )  
   

 
   

,  

  (   )  
∑ (  (  )   )(  (  )   ) 

   

√∑ (  (  )   )  ∑ (  (  )   )  
   

 
   

,  

   
 

 
∑   (  )

 
   ,    

 

 
∑   (  )

 
   , 

   
 

 
∑   (  )

 
   ,    

 

 
∑   (  )

 
   , 

   
 

 
∑   (  )

 
   ,    

 

 
∑   (  )

 
   . 

Garg and Kumar [53, Section 4, Eq. 15, p. 10] used the existing expression (   ) 

[177] to evaluate the CoCf between the three known patterns, 

   *〈          〉 〈          〉 〈          〉+, 

   *〈          〉 〈          〉 〈          〉+ and 

   *〈          〉 〈          〉 〈          〉+ with the unknown pattern,   

*〈          〉 〈          〉 〈          〉+ and shown that the obtained CoCf between    

and  , the obtained CoCf between    and   as well as the obtained CoCf between     and  
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  are equal. Therefore, the expression (   ) [177] cannot be used to identify a suitable 

pattern, for the unknown pattern  , from the known patterns        and   . 

   (   )  
∑ (  (  )  (  )   (  )  (  )   (  )  (  ))

 
   

   2∑ .  
 (  )   

 (  )   
 (  )/   

 
   ∑ .  

 (  )   
 (  )   

 (  )/
 
   3

            (   ) 

To overcome this limitation of the existing expressions (   )  (   ), Garg and 

Kumar [53], firstly, proposed the expression (   ) [53, Section 3, Eq. 6, p. 4] to transform 

an an IFN  〈  (  )   (  )〉  into a CN    (  )    (  )    (  )   [28]. Then, using the 

proposed the expression (   ), Garg and Kumar [53] proposed the expression (   ) [53, 

Section 3, Eq. 9, p. 5], the expression (   ) [53, Section 3, Eq. 10, p. 7] for evaluating the 

CoCf and the expression (   ) [53, Section 3, Eq. 11, p. 7], the expression (   ) [53, 

Section 3, Eq. 12, p. 7], for evaluating the weighted CoCf between two IFSs   

*〈  (  )   (  )〉 + and   *〈  (  )   (  )〉 +           .  

      (  )    (  ) .    (  )/,   (  )      (  ) .    (  )/    (  ) .  

  (  )/ and   (  )    (  ) .    (  )/                                    (   ) 

  (   )  
∑ (  (  )  (  )   (  )  (  )   (  )  (  ))

 
   

√∑ .  
 (  )   

 (  )   
 (  )/ 

 
    ∑ .  

 (  )   
 (  )   

 (  )/
 
   

         (   )  

  (   )  
∑ (  (  )  (  )   (  )  (  )   (  )  (  ))

 
   

   2∑ .  
 (  )   

 (  )   
 (  )/ 

 
    ∑ .  

 (  )   
 (  )   

 (  )/
 
   3

         (   )  

       (   )  
∑   (  (  )  (  )   (  )  (  )   (  )  (  ))

 
   

√∑   .  
 (  )   

 (  )   
 (  )/   

 
   ∑   .  

 (  )   
 (  )   

 (  )/
 
   

         (   )   

  (   )  
∑   (  (  )  (  )   (  )  (  )   (  )  (  ))

 
   

   2∑   .  
 (  )   

 (  )   
 (  )/    

 
   ∑   .  

 (  )   
 (  )   

 (  )/
 
   3

                  (   )   

However, the following clearly indicates that the shortcoming, pointed out by Garg 

and Kumar [53] in existing methods [154, 177, 192], is also occurring in Garg and 

Kumar’s method [53]. 
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Let us consider two known patterns    *〈          〉 〈          〉 〈            〉+, 

   *〈          〉 〈          〉 〈            〉+ and an unknown pattern   

*〈          〉 〈          〉 〈          〉+, represented by IFSs. Also, let the weights of a 

relative importance be (              ). 

To apply the CoCfs (   )  (   ) [53], proposed by Garg and Kumar [53], firstly, 

there is need to transform each element of       and   into a CN.     

Using the expression (   ), proposed by Garg and Kumar [53] for transforming an 

IFN into a CN, the elements 〈       〉  〈       〉, 〈         〉, 〈       〉  〈       〉  

〈         〉  〈       〉, 〈       〉 and 〈       〉 can be transformed into its equivalent CNs 

〈              〉, 〈              〉, 〈                   〉, 〈              〉, 

〈              〉, 〈                   〉, 〈              〉, 〈              〉 and 

〈              〉 respectively. Therefore,   ,    and   in terms of CNs can be rewritten 

as  

   *〈                 〉 〈                 〉 〈                      〉+,  

   *〈                 〉 〈                 〉 〈                      〉+,  

and, 

  *〈                 〉 〈                 〉 〈                 〉+. 

Now, 

(i) Using the existing expression (   ), proposed by Garg and Kumar [53] for evaluating 

the CoCf between IFSs,    (    )              and   (    )             . 

Since   (    )    (    ) so it is not possible to identify the suitable classifier for 

the unknown pattern   from the known patterns     and     . 

Hence, the flaw, pointed out by Garg and Kumar [53] in the existing CoCfs 

(   )  (   ), is also occurring in Garg and Kumar’s expression  (   ) [53]. 
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(ii)  Using the existing expression (   ), proposed by Garg and Kumar [53] for evaluating 

the CoCf between the IFS, 

   (    )              and    (    )              

Since   (    )    (    ) so it is not possible to identify the suitable classifier 

for the unknown pattern   from the known patterns    and    . 

Hence, the flaw, pointed out by Garg and Kumar [53] in the existing CoCf (   )  

(   ),  is also occurring in Garg and Kumar’s expression  (   ) [53]. 

(iii) Using the existing expression (   ), proposed by Garg and Kumar [53] for evaluating 

the CoCf  between the IFSs, 

  (    )              and    (    )             . 

Since   (    )    (    ) so it is not possible to identify the suitable classifier 

for the unknown pattern   from the known patterns     and    . 

Hence, the flaw, pointed out by Garg and Kumar [53] in the existing CoCfs 

(   )  (   ), is also occurring in Garg and Kumar’s expression  (   ) [53]. 

(iv) Using the existing expression (   ), proposed by Garg and Kumar [53] for evaluating 

the CoCf between the IFSs, 

  (    )              and    (    )             . 

Since   (    )    (    ) so it is not possible to identify the suitable classifier 

for the unknown pattern   from the known patterns     and    . 

Hence, the flaw, pointed out by Garg and Kumar [53] in the existing CoCfs 

(   )  (   ), is also occurring in Garg and Kumar’s expression  (   ) [53]. 

4.  In the last few years, several methods have been proposed in the literature to find the 

ranking of the alternatives for such MADMPrs in which RV of each alternative over each 

criterion is represented as an IFS. Garg and Kumar [54] pointed out that the following 

concept can be used to find the ranking of alternatives such that,   
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“Construct the IFS    whose elements are the elements of the     row of the IFDM. 

Then, find the distance of each      from the fixed IFS (goal) and use these distances to 

rank the alternatives.” 

But, on applying the existing DiMs (   )  (    ) [39, 78, 153, 169] to measure the 

distance of a fixed IFS with other distinct IFSs, the obtained distances are equal. 

Therefore, it is inappropriate to use the existing DiMs  (   )  (    )  [39, 78, 153, 169] 

for the same purpose.  

(i) To validate this claim, Garg and Kumar [54, Section 2, Def. 2, Eq. 1, Eq. 4 and Eq. 

5] used the DiM (   ) [169], the DiM (    ) [153] and the DiM (    ) [78] to 

evaluate the distance of two known patterns  

  *〈          〉 〈          〉 〈          〉 〈          〉 〈          〉+ and   

*〈          〉 〈          〉 〈          〉 〈          〉 〈          〉+ with the 

unknown pattern 

  *〈          〉 〈          〉 〈          〉 〈          〉 〈          〉+ and shown 

that the obtained distance  between   and   as well as the obtained distance between 

  and   are equal. Therefore, none of the DiM  (   )  (    ) [78, 153, 169] can be 

used to identify a suitable pattern for the unknown pattern   from the known patterns  

  and  . 

        
 (   )  

 

  
∑ *   (  )    (  )     (  )    (  )     (  )    (  ) +

 
      

              (   ) 

        
 (   )  

 

 
∑    *   (  )    (  )     (  )    (  )     (  )    (  ) +

 
    

                (    ) 

        
     (   )                         (    ) 
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    where, 

     (   )  
∑ .  

 

 
*   (  )   (  )     (  )   (  ) +/

 
   

 
,   (  )      (  )    (  ), 

  (  )      (  )    (  ). 

(ii) Garg and Kumar [54, Section 2, Def. 2, Eq. 2 and Eq. 3] also used the DiM (    ) 

[169] and the DiM (    ) [39] to evaluate the distance of two unknown patterns,  

  *〈          〉 〈          〉 〈          〉 〈          〉 〈          〉+ and   

*〈          〉 〈          〉 〈          〉 〈          〉 〈          〉+ with the known 

pattern   *〈          〉 〈          〉 〈          〉 〈          〉 〈          〉+ and 

shown that the obtained distance  between   and   as well as the obtained distance 

between   and   are equal. Therefore, none of the DiMs (    )  (    ) [39, 169] 

can be used to identify a suitable pattern for the unknown pattern    from the known 

patterns    and  .  

      
 (   )  .

 

  
∑ *   (  )    (  ) 

     (  )    (  ) 
     (  )   

   

  (  ) 
 +/

 

 
                    (    ) 

      
 (   )  

 

  
∑ [   (  )    (  )  |   (  )    (  )     (  )   

   

  (  ) |    |   (  )    (  )     (  )    (  ) |]                (    ) 

(iii) Furthermore, Garg and Kumar [54] considered a real-life MADMPr under IF 

environment and shown that if the existing DiMs (   )  (    ) [78, 153, 169] are 

used to solve this problem then the obtained results are not appropriate. 

To overcome this shortcoming of the existing DiMs (   )  (    ) [39, 78, 153, 169], 

Garg and Kumar [54] proposed the DiM (    ) [54, Section 3, Def. 6, Eq. 9], the DiM 

(    ) [54, Section 3, Def. 6, Eq. 10], the DiM (    ) [54, Section 3, Def. 6, Eq. 11], the 

DiM (    ) [54, Section 3, Def. 6, Eq. 12] and the DiM (    ) [54, Section 3, 
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Proposition 6, Eq. 13], the DiM (    ) [54, Section 3, Proposition 6, Eq. 14],  the DiM 

(    ) [54, Section 3, Proposition 6, Eq. 15], the DiM (    ) [54, Section 3, Proposition 

6, Eq. 16], the DiM (    ) [54, Section 3, Proposition 7, Eq. 17], the DiM (    ) [54, 

Section 3, Proposition 7, Eq. 18], the DiM (    ) [54, Section 3, Proposition 7, Eq. 19], 

the DiM (    ) [54, Section 3, Proposition 7, Eq. 20] for evaluating the distance and the 

weighted distance respectively between two IFSs   *〈  (  )   (  )〉 +  and    

*〈  (  )   (  )〉+           .  

All the DiMs  (    )  (    ) [54] are based upon CNs   (  )    (  )    (  )  

and   (  )    (  )    (  )  [28] which are obtained corresponding to the IFNs  

〈  (  )   (  )〉 and   〈  (  )   (  )〉  respectively by considering the existing 

expressions (    )  (    ) [98], 

  (   )  
 

 
∑ *   (  )    (  )     (  )    (  )     (  )    (  ) +

 
      

                     (    )   

  (   )  
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  (   )  0
 

 
∑   *   (  )    (  ) 

     (  )    (  ) 
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To prove the validity of these proposed DiMs, Garg and Kumar [54] considered the 

same IFSs as well as real-life problem, considered to show the invalidity of the existing 

DiMs [39, 78, 153, 169] and shown that on applying the DiMs, proposed by them, the 

distance of the fixed IFS with the other considered distinct IFSs are distinct as well as the 

results of the considered MADMPr are appropriate. 

In future, other researchers may adopt the same methodology to point out the 

shortcomings of other DiMs as well as to prove the validity of the proposed DiMs. 

However, the following clearly indicates that Garg and Kumar’s method is also not valid. 

Garg and Kumar [54] have shown that the existing DiMs (   )  (    ) [39, 78, 153, 

169] fails to identify a suitable classifier for the unknown pattern  

  *〈          〉 〈          〉 〈          〉 〈          〉 〈          〉+ from two known 

patterns   *〈          〉 〈          〉 〈          〉 〈          〉 〈          〉+, and  

  *〈          〉 〈          〉 〈          〉 〈          〉 〈          〉+. Therefore, it is 

inappropriate to use the existing DiMs (   )  (    ) [39, 78, 153, 169].  

On the same direction, two known patterns 

  *〈            〉 〈           〉 〈            〉+,  

  *〈            〉 〈           〉 〈            〉+ and an unknown pattern   

*〈            〉 〈            〉 〈            〉+, represented by IFSs, are considered, 

and shown that the DiMs (    )  (    ), proposed by Garg and Kumar [54], also fails 

to identify that either   or   is a suitable classifier for the unknown pattern   i.e., it is 

also inappropriate to use Garg and Kumar’s DiMs (    )  (    ) [54]. 

To apply the DiMs (    )  (    ), proposed by Garg and Kumar [54], firstly, there 

is need to transform each element of  ,   and   into a CN.     

Using the expressions (    )  (    ) or (    )  (    ) the IFNs 

〈         〉 〈        〉 〈         〉, 〈         〉 〈        〉 〈         〉  
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〈         〉 〈         〉 and 〈         〉 can be transformed into its equivalent CNs 

〈                         〉 〈                     〉 〈          

               〉, 〈                         〉 〈               

      〉 〈                         〉, 

〈                         〉 〈                         〉 〈          

              〉 respectively. Therefore,  ,   and   in terms of CNs can be rewritten 

as  

  *〈                         〉 〈                     〉 〈          

               〉+,  

  *〈                         〉 〈                     〉 〈          

               〉+ and   *〈                         〉 〈          

               〉 〈                        〉+. 

The distances of   and   from  , obtained on using the expressions (    )  (    ) 

[54], are shown in Table 9.1. 

      Table 9.1 Distances of   and   from   

 (   ) (   ) 
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It is obvious from the results, shown in Table 9.1, that 

(i)   (   )     (   )              . 

(ii)   (   )     (   )             . 

(iii)   (   )     (   )             . 

(iv)   (   )     (   )             .  

(v)   (   )     (   )             . 

(vi)   (   )     (   )             . 

(vii)   (   )     (   )             . 

(viii)   (   )     (   )             . 

(ix)   
 (   )    

 (   )             . 

(x)   
 (   )    

 (   )             . 

(xi)   
 (   )    

 (   )             . 

(xii)   
 (   )    

 (   )             . 

Hence, if the existing DiMs (   )  (    ) [39, 78, 153, 169], are inappropriate then 

the DiMs (    )  (    ), proposed by Garg and Kumar [54], are also inappropriate. To 

modify Garg and Kumar’s method [54] may be considered as an open research problem. 

5. In the last few years, several methods have been proposed in the literature to find the 

ranking of the alternatives for such MADMPrs in which RV of each alternative over each 

criterion is represented as IFS. Garg and Kumar [55] pointed out that the following 

concept can be used to find the ranking of the alternative such that,  
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“Construct the IFS    whose elements are the elements of the     row of the IFDM. 

Then, find the relative strength of each    from the fixed IFS (goal) and use this relative 

strength to rank the alternatives.” 

But, on applying the existing SMs (    )  (    ) [78, 174]  to measure the relative 

strength of a fixed IFS with other distinct IFSs, the obtained relative strength are equal. 

Therefore, it is inappropriate to use the existing SMs (    )  (    ) [78, 174]  for the 

same purpose. To validate this claim,  

(i) Garg and Kumar [55, Section 4, Eq. 8] used the SM (    ) [174] to evaluate the 

relative strength of two unknown patterns  

  *〈          〉 〈          〉 〈          〉 〈          〉 〈          〉+ and   

*〈          〉 〈          〉 〈          〉 〈          〉 〈          〉+ with the known 

pattern   *〈          〉 〈          〉 〈          〉 〈          〉 〈          〉+ and 

shown that the obtained relative strength  between   and   as well as the obtained 

relative strength between   and   are equal. Therefore, the SM (    ) [174] cannot 

be used to identify a suitable patterns for the unknown pattern   and   from the 

known pattern  .   

  
 (   )    

  0
 

  
∑ *   (  )    (  )     (  )    (  )     (  )    (  ) +

 
   1   

 (    ) 

(ii) Garg and Kumar [55, Section 4, Eq. 9, Eq. 10] used the SM (    ) and (    ) [174] 

to evaluate the relative strength of three unknown patterns  

  *〈          〉 〈          〉 〈          〉+, 

  *〈          〉 〈          〉 〈          〉+ and  

  *〈          〉 〈          〉 〈          〉+ with the known pattern   

*〈          〉 〈          〉 〈          〉+ and shown that the obtained relative strength  
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between   and  , the obtained relative strength between   and   and the obtained 

relative strength between   and   are equal. Therefore, the SM (    ) and (    ) 

[174]  cannot be used to identify a suitable pattern for the unknown patterns  ,   and 

  from the known pattern    

   
 (   )  
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 (  )   
 (  )   

 (  )/
 
   3

.       (    ) 

(iii) Garg and Kumar [55, Section 4, Eq. 11] used the SM (    ) [78] to evaluate the 

relative strength of two unknown patterns,  

  *〈          〉 〈          〉 〈          〉 〈          〉 〈          〉+ and   

*〈          〉 〈          〉 〈          〉 〈          〉 〈          〉+ with the known 

pattern   *〈          〉 〈          〉 〈          〉 〈          〉 〈          〉+ and 

shown that the obtained relative strength  between   and   as well as the obtained 

relative strength between   and   are equal. Therefore, SM (    ) [78] cannot be 

used to identify a suitable pattern for the unknown patterns   and    from the known 

pattern  . 

   
 (   )  

∑ .  
 

 
*   (  )   (  )     (  )   (  ) +/

 
   

 
.           (    ) 

(iv) Furthermore, Garg and Kumar [55] considered a real-life MADMPr under IF 

environment and shown that if the existing SM (    )  (    ) [78, 174] are used to 

solve this problem then the obtained results are not appropriate. 

To overcome this shortcoming of the existing SMs (    )  (    ) [78, 174], Garg and 

Kumar [55] proposed the SM (    ) [55, Section 3.1, Eq. 4], SM (    ) [55, Section 

3.2, Eq. 5], SM (    ) [55, Section 3.2, Eq. 6], SM (    ) [55, Section 3.2, Eq. 7], for 
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evaluating the relative strength and the weighted relative strength respectively between 

two IFSs    *〈  (  )   (  )〉 +  and    *〈  (  )   (  )〉+           .  

All the SMs (    )  (    ) [55] are based upon CNs   (  )    (  )    (  )  and 

  (  )    (  )    (  )  [28] which are obtained corresponding to the IFNs 

〈  (  )   (  )〉 and   〈  (  )   (  )〉  respectively by considering the existing 

expressions (    )  (    ) [98], 
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∑ .  

 

 
*   (  )    (  )     (  )    (  )     (  )    (  ) +/
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  (  )    (  )(    (  ))             (    ) 
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  (  )    (  )(    (  ))                (    ) 

To prove the validity of these proposed SMs, Garg and Kumar [55] considered the 

same IFSs as well as real-life problem, considered to show the invalidity of the existing 

SMs [78,174] and shown that on applying the SMs, proposed by them, the relative strength 

of the fixed IFS with the other considered distinct IFSs are distinct as well as the results of 

the considered MADMPr are appropriate. 
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In future, other researchers may adopt the same methodology to point out the 

shortcomings of other SMs as well as to prove the validity of the proposed SMs. However, 

the following clearly indicates that Garg and Kumar’s method is also not valid.  

Garg and Kumar [55] have shown that the existing SMs (    )  (    ) [78,174] 

fails to identify a suitable classifier for the, 

(i) Known pattern    *〈          〉 〈          〉 〈          〉 〈          〉 〈          〉+ 

from two unknown patterns 

  *〈          〉 〈          〉 〈          〉 〈          〉 〈          〉+, and    

*〈          〉 〈          〉 〈          〉 〈          〉 〈          〉+.  

(ii) Known pattern   *〈          〉 〈          〉 〈          〉+ from three unknown 

patterns   *〈          〉 〈          〉 〈          〉+, 

  *〈          〉 〈          〉 〈          〉+ and  

  *〈          〉 〈          〉 〈          〉+.  

(iii) Known pattern   *〈          〉 〈          〉 〈          〉 〈          〉 〈          〉+ 

from two unknown patterns 

  *〈          〉 〈          〉 〈          〉 〈          〉 〈          〉+ and   

*〈          〉 〈          〉 〈          〉 〈          〉 〈          〉+ with the known 

pattern. Therefore, it is inappropriate to use the existing SMs (    )  (    ) [78,174]. 

On the same direction, two unknown patterns 

  *〈            〉 〈           〉 〈            〉+,  

  *〈            〉 〈           〉 〈            〉+ and an known pattern   

*〈            〉 〈            〉 〈            〉+, represented by IFSs, are considered, 

and shown that the SMs (    )  (    ), proposed by Garg and Kumar [55], also fails to 

identify that either   or   is a suitable classifier for the known pattern   i.e., it is also 

inappropriate to use Garg and Kumar’s SMs (    )  (    ) [55]. 
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To apply the SMs (    )  (    ), proposed by Garg and Kumar [55], firstly, there is 

need to transform each element of  ,   and   into a CN.     

Using the expressions (    )  (    ) or (    )  (    ) the IFNs  

〈            〉 〈           〉 〈            〉; 

〈            〉 〈           〉 〈            〉; 〈            〉 〈            〉 and 

〈            〉 can be transformed into its equivalent CNs 〈                  

       〉 〈                     〉 〈                         〉; 

〈                         〉 〈                     〉 〈          

               〉; 〈                         〉 〈                  

       〉 〈                        〉 respectively. Therefore,  ,   and   in terms 

of CNs can be rewritten as  

  *〈                         〉 〈                     〉 〈          

               〉+,  

  *〈                         〉 〈                     〉 〈          

               〉+ and  

  

*〈                         〉 〈                         〉 〈          

               〉+. 

The relative strength of   and   from  , obtained on using the expressions (    )  

(    ) [55], are shown in Table 9.3. 

 

 

 

 

 



133 
 

Table 9.3 Relative strength of   and   from   

     

It is obvious from the results, shown in Table 9.3, that 

(i)   (   )     (   )                

(ii)   (   )     (   )               

(iii)   
 (   )     

 (   )               

(iv)   
 (   )     

 (   )              .  

Hence, if the existing SMs(    )  (    ) [78, 174] are inappropriate then the SMs 

(    )  (    ), proposed by Garg and Kumar [55], are also inappropriate. To modify 

Garg and Kumar’s method [55] may be considered as an open research problem. 

6. Ye [187] proposed the following operational laws of the NNs.  

Let            and           be two NNs, where             are RNs and 

  ,     - is a closed interval. Then, 

(i)             (     )  ,         
     

            
  

   
 - 

(ii)             (     )  ,         
     

           
  

   
 - 

 

 

 (   ) (   ) 
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(iii)            (         )       
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(iv) 
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/1.  

The aim of this note is to point out the limitations of the existing basic operational 

laws of NNs. For this purpose, there is a need to discuss the origin of these operational 

laws. Therefore, the same is discussed in this section. These operational laws have been 

obtained in the following manner: 

Step 1: Using the arithmetic operations,   , 
    -  ,   

     
 - and   , 

    -  

,   
     

 -, the NNs,                , 
    - and              

  , 
    - can be rewritten as        ,   

     
 - and        ,   

     
 - 

respectively. 

Step 2: Using the arithmetic operation,   ,   -  ,       -, the NNs,       

,   
      

 - and       ,   
      

 - can be rewritten as    ,      
      

   
 - and       ,      

         
 - respectively. 

Step 2(a): Using the arithmetic operation, ,     -  ,     -  ,           -, the 

first basic operational law,       ,         
     

           
     

 - 

is obtained. 

Step 2(b): Using the arithmetic operation, ,     -  ,     -  ,           -, the 

second basic operational law,       ,         
     

        

   
      

 - is obtained. 
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Step 2(c): Using the arithmetic operation, 

,     -  ,     -  6
   ((    ) (    ) (    ) (    ))

   ((    ) (    ) (    ) (    ))
7, the third basic operational 

law,   

       

[
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(      
 )(      

 ) (      
 )(      

 )

(      
 )(      

 ) (      
 )(      

 )
*  

   (
(      

 )(      
 ) (      
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 ) (      
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 )
*
]
 
 
 
 

 is obtained. 

Step 2(d): Using the arithmetic operation,  

,     -

,     -
 0   .

  

  
 
  

  
 
  

  
 
  

  
/     .

  

  
 
  

  
 
  

  
 
  

  
/1, the fourth basic operational law,   

  

  
 0   .

       

       
 

       

       
 

       

       
 

       

       
/     .

       

       
 

       

       
 

       

       
 

       

       
/1 is obtained. 

It is obvious from Step 1 of the method, discussed above, that to obtain all the basic 

operational laws, the assumptions   , 
    -  ,   

     
 - and   , 

    -  ,   
     

 - 

are considered. However, these assumptions are valid only if    and    are non-negative 

RNs. While, it is well known fact that in a NN          is a real number i.e.,   may 

be non-negative or   may be negative. Therefore, the existing basic operational laws of 

NNs, discussed above, are valid only for such NNs            and           in 

which    and    will be non-negative RNs. 

To propose the generalized operational laws of NNs may be considered as a 

challenging open research problem. 
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