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Abstract

In this dissertation, I have optimized the semi-empirical Bethe-Wizsacker formula using

the least-square method. I have considered the optimization to be linear multiple regres-

sion problem, considering independent terms with some physical significance. The re-

cently available experimental mass evaluations of AME2020 [Huang et al. Chin. Phys. C

45, 030002 (2021)] and microscopic theoretical estimation of the Hartree-Fock-Bogoliubov

model (HFB-24) [Goriely et al. Phys. Rev. C 88, 024308 (2013)] are used for fitting the

standard semi-empirical mass formula. Further improvements are made by introducing

the isospin asymmetry (I) dependence of volume, surface, and curvature coefficients. The

shell corrections proposed by Myers and Swiatecki are used in this work. It is observed

that isospin asymmetry dependence of volume, surface, and curvature coefficients along

with the shell energy, play a predominant role in the estimation of nuclear binding energy

and related data. The best fit model is obtained by considering 13 parameters in the

semi-empirical mass formula with a root mean square value of 1.54 MeV and 2.46 MeV

while fitting with AME2020 and HFB-24 data, respectively. The neutron and proton drip

lines are also explosed using the fitted semi-empirical formulas. The correlation analysis

of the coefficients of various models indicates that the I2 dependence of the volume, sur-

face, and curvature coefficients does not correlate with the model parameters, making it

difficult to constrain.

vii



Chapter 1

Introduction and Literature Review

1.1 Introduction

Understanding an atomic nucleus and its constituents comprehensively is one of the most

complicated and unresolved problems in physics. Ever since its discovery by Rutherford,

Marsden, and Geiger in 1911 using the thin gold foil experiment, countless groundbreak-

ing efforts have been made in the last century to understand the structure of the nucleus

and the nucleons inside it. Unlike well-established electromagnetic force, the strong force

that binds the nucleons inside the nucleus is still not fully understood. As a result, the

nuclear potential, which plays the central role in understating the structure of the nu-

cleus and related phenomenon, becomes uncertain, and the use of various approximations

becomes inevitable [1]. In principle, one should use the in-situ calculations using appro-

priate postulates of quantum mechanics for individual nucleons inside a nucleus to study

its structure structural properties and related mechanism. However, the problem becomes

quite complicated due to its many-body nature. Furthermore, Quantum chromodynamics

which is the underline theory to explain the strong interaction, also diverges at a large

distance or at low energy regime [2]. Due to this, nuclear physicists often use nuclear

models based on the observations combined with experience from molecular theory to

understand the various properties related to the nucleus such as its structure [3], reaction

[4], decay [5], etc.

One of the principal properties associated with the nucleus is its mass and binding en-

ergy. The accurate measurement of the binding energy of a nucleus is important for

various phenomena related to a nucleus, such as studying the nuclear reaction mecha-

nism [6], nucleosynthesis [7] of elements , structure of astrophysical objects [8], simulating

supernova explosion [9], etc. Several state-of-the-art facilities using either the mass or

energy spectrometry [10] (Liontrap at Mainz, Pentatrap at Heidelberg and Fsu-Mit-Trap

at Florida, Mistral at Cern, Cyclotron time-of-flight mass spectrometry at Sara-Grenoble

1



1.2. Nuclear Binding Energy

and at Css2-Ganil, IUAC at Delhi 1) across the globe are used to measure the binding

energy with more and more accuracy. The principal aim of these facilities is to measure

the mass of the nuclei with high isospin asymmetry [2, 11, 12, 13]. The binding ener-

gies of nuclei are updated from time to time in the form of Atomic Mass Evaluations 2.

The recent measurement completed in the AME-2020[14] table has 777 additional new

experimental inputs compared to the previous data of AME-2016[15]. However, the ex-

perimental evaluations are still limited, particularly in context of the binding energy of

highly asymmetric nuclei which is an important tool for various astrophysical as well as

terrestrial application [16].

On theoretical front, there have been continuous efforts to construct a subtle nuclear

mass model which is not too complicated yet possesses the necessary physics to measure

the nuclear binding energy. The development of nuclear mass model started from the

pioneering work of Weizsäcker who proposed the Semi Empirical Mass formula (SEMF)

based on the liquid drop model by George Gamow [17]. The simplicity of this model still

makes it one of the most used models in light of sophisticated formalisms that include mi-

croscopic framework such as Relativistic mean-field theory [18], Hartree-Fock-Bogoliubov

(HFB)[19] framework or ab inito method such as Chiral Effective field theory[20], Green’s

Function Monte Carlo (GFMC)[21], etc. A simplistic nuclear mass-model that has high

efficiency , less computational requirement and address the adequate physics of a nucleus

is of great interest to physicists working in related subject domain.

1.2 Nuclear Binding Energy

The nuclear binding energy, which is the energy required to break the nucleus into its

constituents, stems from the nuclear force binding the nucleons inside a nucleus. Just like

molecular Van der Waals force, nuclear force also has an attractive tail. The attractive

binding force thus results in the lower energy/mass of the bound system as compared to

its constituents in accordance with the special theory of relativity. The difference between

the masses of the constituent particles and the actual mass of the nucleus is defined as

mass defect and energy as binding energy. This nuclear binding energy is million times

higher than the electronic binding energy. This fact is utilized to create the cleanest form

1https://en.wikipedia.org/wiki/List_of_accelerator_mass_spectrometry_facilities
2https://www-nds.iaea.org/amdc/
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1.3. Nuclear mass model

of energy using nuclear fission process. However, work is also under process to develop

fusion reactor as well 3.

Unlike its molecular counterpart, the nuclear force has complex nature and therefore,

the accurate theoretical estimation of nuclear binding energy remains an uphill task. On

the experimental front, in recent years, the measurement of Binding energy has been

steadily improved by developing experimental equipments in CERN [22] and HIRFLCSR

[23]. With the large-scale use of accelerator facilities, it is possible to reach near a few

hundred GeV/Nucleon of center mass energies, which enables one with either a fixed-

target accelerator or a collider beam to explore unknown areas of nuclear phenomena.

Near the drip line, it is still tricky to find (directly or indirectly) masses of the unstable

nuclei. For example, the masses of those nuclei are still experimentally unknown, which

are involved in the process of capturing fast protons (rps) [24] and fast neutrons (r) [25].

Due to these factors, the theoretical mass models are urgently needed to provide highly

reliable and accurate predictions for these unknown regions and the variations involved.

1.3 Nuclear mass model

In the absence of any fundamental theory to explain exact nature of nuclear force, one

may use various forms of models based on certain approximations, to estimate the mass

and energy of nucleus. These models usually known as the nuclear mass model are

generally a function of number of nucleons and attempt to describes the theory behind

the functioning and structure of the nucleus [26]. Each model is based on the resemblance

analogy that makes the correlations between a large amount of the information and further

helps to study of properties of the nucleus. Although continuous efforts have been made

in the last century to fine tune the nuclear models, the accuracy in the calculations of

the ground-state masses, deformation in the nucleus, etc., is still a massive challenge for

nuclear physicist. In literature, there are various forms of mass models that have been

developed in the last century. These mass models are broadly classified into two main

categories i.e. macroscopic mass models and microscopic mass models. The macroscopic

mass models take into account the global properties such as volume, surface, Coulomb

effect of a nucleus into account. These types of models employ the molecular analogy to

3https://www.iter.org/mach/Tokamak

3
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1.3. Nuclear mass model

a nucleus and are able to define various global properties of the nuclei like binding energy,

nucleon distribution, size, shape, etc. The microscopic models on the other hand consider

individual nucleon in the nucleus and solve the respective Schrodinger or Dirac equations.

The models can be of in-situ type like Green’s Function Monte Carlo (GFMC) [21] or

based on mean field approximation like self consisten Hartree-Fock-Bogoliubov [27, 28]

and Relativistic mean field models [3]. Various combination of these methods produce

various mass models such as Finite Range droplet models (FRDM) [29], Duflo and Zuker

(DZ) [30], Koura et al. (KTUY) [31], HN [32], INM [33], WS4+ [34], Thomas-Fermi

model (TF) [35], etc. Majority of these models explain the nuclear mass in a semi-

empirical manner. In this work I attempt to optimize the parameters of the empirical

formula, due to its simplicity and reliability to address basic nuclear properties.

1.3.1 Semi-empirical mass formula

To explain the properties like structure, internal motion and related complexities of nu-

clear system, American physicist Russian-born George Gamow formulated the liquid drop

Model (LDM) in 1929, suggesting that the nucleus resembles a molecule of a droplet. This

analogy is based on several identical properties of nucleus and droplet; a droplet and nu-

cleus are mostly spherical, with Symmetrical surface tension acting toward the center.

The Van Der Waals and nuclear force, which are governing force in the case of the droplet

and nucleus, respectively have the same qualitative nature. The droplet releases the heat

as the nuclei emit the radiation. Nuclear fission, in the case of nuclei resembles the break-

ing of the droplet. Some essential assumption R ≈ A1/3 is taken because the nucleus is

considered as incompressible matter. This was further modified as a Semi-Empirical Mass

model by C.F Von Weizsacker. The formula is based partly on theory and partly on em-

pirical estimation. Bethe-Weizsacker mass formula was mainly designed to find the gross

features of the binding energy of nucleus of higher and medium mass nuclei but fails for

the lighter nuclei and the nuclei which are away from the stability line. It is relevant to

note that shape and structure of the light nuclei are quit complex (loosely bound nuclei,

halo nuclei, etc.) and hence estimation of nuclear behaviour becomes quite complex.

With the most simplistic terms, the semi-empirical formlula of Bethe and von Weiz-

sacker [17, 36] is although a powerful formula yet needs modification to make it more

precise. There have been several modification of this formula over the years which use

4



1.3. Nuclear mass model

various combinations of microscopic-macroscopic properties of a nucleus [21, 37, 38, 39,

40, 41, 42, 43, 44, 45, 46]. The principle aim of these modifications are multi-fold such

as (i) reducing the error compared to the experimental estimation of binding energy. (ii)

making the adjustable parameters as constrained as possible etc.

In this work I have made few modifications in the parameter of semi-empirical mass

formula. As suggested by [45, 46, 47, 48, 49, 50, 51], the macroscopic energy such as

volume and surface should change with the isospin content of a nucleus based on various

experimental and theoretical observations. Therefore, I have made the volume and surface

coefficient isospin dependent up to the second order. Furthermore, for better estimation

of surface energy which plays an important role on various nuclear problems such as

neutron star crust physics [16], I have used the curvature energy term which is isospin

dependent. The formulation is discussed in next chapter.

5



Chapter 2

Formulation and Methodology

2.1 The semi-empirical mass formula (SEMF)

The semi-empirical mass formula pioneered by C.F Von Weizsacker in 1935 is one of the

most lucid formulas in nuclear physics. Although elementary, classical, empirical, and

simple, the semi-empirical formula contains the essential physics of an atomic nucleus.

A suitable calibration of its coefficient estimates binding energies of nuclei suitable for

practical purposes such as studying the nuclear reaction dynamics, its structure, and a

few astrophysical problems. The basic version of the formula as a function of number of

protons (Z) and Mass (A = Z +N) is written as [17]

BE(Z,A) = avA− asA
2/3 − ac

Z(Z − 1)

A1/3
− aa(N − Z)2

A
+ δ(Z,N). (2.1)

Here, av, as, ac, aa, ap are the coefficients of volume, surface, coulomb, symmetry and pair-

ing energy respectively. The semi-empirical formula can be viewed as a series expansion of

the A−1/3 or R−1 and square of the asymmetry (N −Z) terms. Such expansion is known

as leptodermous expansion which takes into account the contribution of only those terms

which have transparent physical meaning. The first four components of Eq. 2.1 i.e. vol-

ume, surface, Coulomb and asymmetry bear resemblance to a classical liquid-drop while

the fifth pairing term corresponds to purely a quantum mechanical phenomenon.

Since the foundation of the semi-empirical mass formula resides in the assumption

that nucleus is a incompressible and spherical liquid drop, it is not applicable for the

nuclei in a wider mass range. With advancement in nuclear instrumentation, we know

that nuclei deviate from the spherical shapes and are not completely rigid. Hence, one

needs to modify the terms of the semi-empirical mass formula to make it more realistic

and closer to experimental measured values.

6



2.2. Modified semi-empirical mass formula (M-SEMF)

2.2 Modified semi-empirical mass formula (M-SEMF)

To improve the performance of Eq. 2.1, we write the binding energy of a nucleus with

given mass number A and proton number Z using the Strutinsky Energy Theorem [52]

as

BE(Z,N) = BE(Z,N)smooth +BE(Z,N)shell, (2.2)

where the smooth part of the binding energy [48] can be written as various combinations

of following expression [47],

BE(Z,N) = av(1− κv1I − κv2I
2)A+ as(1− κs1I − κs2I

2)A2/3

+ acurv(1− κcurv1I − κcurv2I
2)A1/3 − ac

Z(Z − 1)

A
1
3

− c4
Z2

A

− δ(Z,A)− Eshell. (2.3)

Here isospin asymmetry | I | is given as

I =
N − Z

A
. (2.4)

In Eq. 2.3, the first three terms define the volume, surface and curvature energy. The

isospin dependence of these terms upto the second order is introduced to account for the

asymmetric nuclear matter. These corrections help to estimate the isospin asymmetry

dependent properties such as skin thickness, fission barrier etc. and give better estimation

of the binding energy. These terms are also referred to malacodermous term [47]. The

Coulomb energy has its standard form with a surface diffuseness correction. Pairing

energy in this work have been assumed to be same for all the models and is written as

[47]

Epair =
δ(A,Z)

A1/3
=


+δ0 Z,N even ,

0 A odd,

−δ0 Z,N odd.

(2.5)

Finally, the shell energy which fluctuate with the mass number is taken from the

7



2.3. Linear regression and least-square fitting

“empirical” formula of Myers and Swiatecki as [40]

BE(Z,N)shell = C

[
F (N) + F (Z)

(A
2
)
2
3

− cA
1
3

]
(2.6)

where F (X) is written as

F (x) =
3

5

M
5
3
i −M

5
3
i−1

M−
i Mi−1

 (X −Mi−1)−
3

5
(X

5
3 −M

5
3
i−1) (2.7)

with X = N or Z, Mi−1 < X < Mi and Mi 2, 8, 14 ,20, 28, 50, 82, 126 and 184 are

the magic numbers for both proton and neutron. In this equation C is taken as the shell

constant, and the value of c is taken as 0.26.

2.3 Linear regression and least-square fitting

Regression is the set of techniques used to establish the possible relationship between

the dependent and independent variables. It is one of the most widely used statistical

formulations to forecast within reasonable error intervals. Regression analysis is computa-

tionally very economical owing to its simplicity. With a careful and educated selection of

dependent variables, one can bring its accuracy and predictability power at par with the

available sophisticated techniques such as machine learning, neural network, etc. With a

few minor extensions, it can be used to perform complex analysis among several variables.

For a given vector of inputs XT defined as [47]

XT =


X0,0 X0,1 −− X0,n−1

X1,0 X1,1 −− X1,n−1

−− −− −− X2,n−1

Xn−1,0 Xn−1,1 −− Xn−1,n−1,

 (2.8)

where T denotes the transpose, and random variable Ŷ , a regression model aims to find

a likelihood function Ŷ = f(X) which is the conditional distribution for Ŷ with X. The

output of the regression model then can be written as [53]

Ŷ = α̂0 +
n∑

i=1

Xiα̂i. (2.9)

8



2.3. Linear regression and least-square fitting

Here, the term α̂0 is the intercept or the bias and α̂i are the coefficients. For the conve-

nience, the intercept is often absorbed in the coefficient and the resulting equation takes

the simple form as [54].

Ŷ = XT α̂. (2.10)

Here XT is commonly known as design matrix. Often times, the functional form of

Ŷ = f(X) is not known and a linear relationship between dependent and independent

variables is assumed. Such assumption is known as the linear regression model with

α̂ = [α0, α1,−,−, αn−1] as the regression coefficients.

2.3.1 Optimization of regression parameters

Optimization is a process to make equation, model, etc. better by using the most effective

resources. To fit the Equation of the form 2.10, I have used the method of least squares.

This method is straightforward and can process large amount of data very quickly, which

is our main requirement. In this approach, we minimize the residual sum of squares (RSS)

which gives a measure of spread between true and parameterized value of Ŷ . The RSS(α)

is a quadratic function which definitely has a minimum and is written as [55]

RSS(α) = 1
N

∑n−1
i=0 (Yi − Ȳi)

2 (2.11)

= 1
N
(Y − Ȳ )T (Y − Ȳ )

= 1
N
(Y −Xα)T (Y −Xα).

To find the coefficients we then minimize

MIN
α∈R

1

N
(Y −Xα)T (Y −Xα), (2.12)

to get the unique solution as [55]

α̂ = (XTX)−1XTy. (2.13)

It is necessary that the product XTX is non-singular. For an optimized set of coefficients,

the goodness of the optimization can be determined using following tools.

9



2.3. Linear regression and least-square fitting

2.3.2 Mean absolute error

The mean absolute error is defined as the average of the absolute error among the observed

and the calculated data. This can be written as

MAE =
1

n

n∑
i=1

|Xi − X̂i| (2.14)

where, X̂i is the observed value with respect to the experimental value Xi and n is the

sample size.

2.3.3 Root mean square error (RMSE)

Root mean square error is the error which is commonly used in the calculation of the

differences between predicted and observed values (sample or population values) by an

estimator or model. Mathematically it is defined as the square root of the mean square

error. It is written as

RMSE =

√√√√ 1

n

n−1∑
i=1

(Xi − X̂i)2, (2.15)

where, X̂i is the observed value with respect to the experimental value Xi and n is the

sample size. RMSE is usually preferred over the MAE because RMSE measures the same

unit as the output variable, although MAE measures the squared unit of the output

variable. The least value of the RMSE is considered to be the best, because one can get

to know the deviation in predicted value to the actual value.

2.3.4 R2 score

R2 score is the amount of dissimilarity in the output value that is predicted from the

input values. It is also known as the coefficient of determination. It plays the vital role

in describing the model’s goodness of fit, and describe the accuracy of predicted data.

R2 score is given as

R2 = 1−
∑n

i=i(Xi − X̂i)
2∑n

i=i(Xi − ¯̂
Xi)2

, (2.16)

where X̂i is the observed value with respect to the experimental value Xi. The best

possible R2 score is 1.0, and it can be negative because of the arbitrarily worse model.

10
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R2 score is 0.0 for the constant model as the input features are neglected.

2.4 Correlation

For the relationship between two-dimensional random variables, x and y, the covariance

of the sample can be given as

w̄xy =
1

n− 1

n∑
i=1

(xi − x̄)(yi − x̄) (2.17)

The correlation coefficient is then written as

C =
wxy

wxwy

(2.18)

where wxy and C are defined as the measurement of the interrelation between x and

y. If the value of the correlation is positive, it means that the value of both variables is in

the same direction. If the value of the correlation is negative, it means the value of one

of the variables is increasing and another variable value is decreasing. If the variables are

nonrelated to each other, the correlation value can be neutral or zero.

2.5 Separation Energy

Separation energy is defined as the energy that is required to remove nucleon (proton

or neuron) from the atomic nucleus. The usual accepted method to find the separation

energy for the one neutron separation energy can be written as [56]

SEn = −Qn = BE(N,Z)−BE(N − 1, Z) (2.19)

BE(N-1,Z) is final (removal of one neutron) binding energy of nucleus. One proton sepa-

ration energy can be given as

SEp = −Qp = BE(N,Z)−BE(N,Z − 1) (2.20)

BE(N,Z-1) is final (removal of one proton) binding energy of nucleus.Two neutron sepa-

ration energy can be given as

11



2.5. Separation Energy

SE2n = −Q2n = BE(N,Z)−BE(N − 2, Z) (2.21)

BE(N-2,Z) is final (removal of two neutron) binding energy of nucleus respectively. Two

proton separation energy can be given as

SE2p = −Q2p = BE(N,Z)−BE(N,Z − 2) (2.22)

BE(N,Z-1) is final (removal of two proton) binding energy of nucleus.

The results obtained is discussed in the next chapter.

12



Chapter 3

Results and discussion

In this work, I attempt to optimize various nuclear mass models of semi-empirical macro-

microscopic nature to estimate the binding energy of a nucleus with a given mass number

(A) and proton number (Z). The aim here is to propose a semi-empirical formula that is

simplistic, efficient and take minimal computational resources. I start with the basic semi-

empirical formula with five standard terms, i.e., volume, surface, Coulomb, asymmetry,

and pairing. I optimize the relevant coefficients of this formula to reproduce the bind-

ing energy of two separate mass evaluations, which are 1) experimental mass evaluation

of AME2020 [14] and 2) theoretical microscopic evaluation of Hartree-Fock-Bogoliubov

(HFB-24)[57], which is estimated using the well calibrated BSK Skyrme functional [58].

The HFB approach is believed to be precise and is used in various studies of neutron-

rich nuclei [57, 59]. The semi-empirical formula is then modified by including various

physical effects such as the effect of isospin asymmetry on bulk properties and the inclu-

sion of curvature effects. Several forms of the modified semi-empirical are fitted on the

experimental data of AME2020 [14] and microscopic theoretical calculation of Hartree-

Fock-Bogoliubov (HFB 24) [19]. Publicly available scikit-learn1 python library along with

the SciPy 2 optimization algorithm is used in this work. These tools are one of the most

efficient and commonly used libraries in predictive analysis. In the following sections, I

will discuss the optimization of the mass models in detail.

3.1 Semi-empirical mass formula (SEMF)

I begin my optimization with the semi-empirical mass formula given by Eq. 2.1. To

optimize the coefficients of the model to give the least value of RMSE, the standard

multiple linear regression algorithm involving least square method is used (described

in section 2.3). I have cross-checked the goodness of the fit with other optimization

1https://scikit-learn.org/stable/
2https://scipy.org/
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3.1. Semi-empirical mass formula (SEMF)

Table 3.1: Coefficient of the semi-empirical formula (2.1) using experimental data of
AME2020. The RMSE error is 3.61, MAE is 2.52 and R2 score is 0.99.

Coefficient Confidential Interval
(MeV) 95% 99%
av 15.229 15.167 15.291 15.150 15.308
as 15.968 16.160 15.776 16.213 15.723
ac 0.682 0.687 0.678 0.688 0.677
aa 22.250 22.405 22.095 22.448 22.052
ap 12.028 9.668 14.388 9.012 15.045

Table 3.2: Coefficient of the semi-empirical formula (2.1) using Microscopic theoretical
estimation of HFB-24. The RMSE error is 6.05, MAE is 4.64 and R2 score is 0.99

Coefficient Confidential Interval
(MeV) 95% 99%
av 14.866 14.837 14.8950 14.828 14.904
as 14.053 13.961 14.145 13.932 14.173
ac 0.678 0.676 0.680 0.675 0.681
aa 22.330 22.280 22.3795 22.264 22.395
ap 11.872 9.762 13.982 9.098 14.646

algorithms, which uses more complicated procedures such as ridge regression [60] and

found that the accuracy is not affected significantly. Therefore, the least square method

is used for all the optimizations in this dissertation. Furthermore, I use the pandas

data-frame 3 library due to its effectiveness in handling and processing large data.

The coefficients of the semi-empirical formula (Eq. 2.1) are given in Table 3.1 and

Table 3.2 fitted on the latest available experimental mass evaluations of AME2020 and

microscopic theoretical estimation of HFB-24 respectively. The HFB24 estimations of

nuclear mass are used, as they are important in the large isospin regime unlike ex-

perimental evaluation which have maximum isospin of ≈ 0.3. I have taken all 2461

experimentally measured masses of AME2020, omitting the ones that have been inter-

polated/extrapolated theoretically and 8441 evaluations of HFB-24. I also provided the

95% and 99% confidence intervals of the coefficients to assess the statistical significance

of these coefficients. It is desired that the range of the confidence interval is as narrow as

possible for a given parameter. One can see that among all the coefficients, the Coulomb

term is the most constrained while the pairing have the largest spread in both Table 3.1

and Table 3.2. However, all the coefficients are statistically significant as there is not a

large spread in their values for these confidence intervals. This further advocated that all

3https://pandas.pydata.org/
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3.1. Semi-empirical mass formula (SEMF)
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Figure 3.1: Comparison of estimations of binding energy by semi-empirical formula fitted
on a) experimental binding energy of AME2020 [14] and b) microscopic binding energy
of HFB24 [19] for the most stable nuclei.

the physical terms in the basic semi-empirical formula have significant relevance individ-

ually. The coefficient of volume slightly decreases when one fit the Eq. 2.1 with HFB-24

data. However the oscillations among the coefficients is not significant and therefore the

RMSE value of the fit is 6.035 against the 3.11 for the case of AME2020 data. This indi-

cates an urgent need to improve the semi-empirical formula to accommodate the various

structural effects such as isospin dependence of the individual component in the Eq. 2.1.

Fig. 3.1 compares the calculated binding energy of the most stable nucleus for a given

mass number A with the experimental and theoretical values in the left and right pan-

els, respectively. The fitted models, i.e., on experimental and theoretical data, seems to

predict the binding energy with reasonable accuracy. It almost overlaps the experimental

and theoretical values for higher mass while deviating slightly for the lighter mass region.

This result is an artifact of the semi-empirical formulas [41, 47, 57, 61, 62, 63, 64, 65, 66]

which indicates that the lighter mass nuclei are significantly impacted by the unrepre-

sented structural effects in the semi-empirical formula. The deviation for the lighter mass

nuclei is more significant for the HFB case as compared to the AME2020 because HFB

data contains the nuclear mass for the nuclei having large mass asymmetry. The simple
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3.1. Semi-empirical mass formula (SEMF)

semi-empirical formula such as Eq. 2.1 can not explain their binding energies.
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Figure 3.2: Residual of the calculated binding energy with that of experimental binding
energy as a function of neutron number N in upper panel and proton number Z in the
lower panel.

To analyze this further, we show the residual of the fitted semi-empirical formula in

Fig. 3.2 as a function of neutron N and proton number Z for the AME2020 case. The

error in the calculated binding energy is within 2%. The residual plot shows the specific

pattern of peaks where the peaks can be traced to the magic number for neutron (2,

8, 20, 28, 50, 82, 126) and proton (8, 20, 28, 50, 82, 114) respectively. In general, the

pattern in a residual plot suggests the need for modifications in the dependent parameters.

The formation of the peaks can be understood as the result of many competing structural

effects such as a) larger number of stable nuclei around the magic numbers, b) deviation of

nuclei from the spherical shape, and c) impact of shell corrections. The lighter nuclei seem

16



3.1. Semi-empirical mass formula (SEMF)
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Figure 3.3: Residual bar plot the semi empirical formula fitted on AME2020 data

to show scattered residuals showing the chaotic nature of the semi-empirical formula for

the lighter mass nuclei. It is evident that the formula behaves reasonably well at medium

and higher mass region. The HFB-24 case yields similar qualitative results.

We have formulated our problem to be a linear multiple regression optimization. To

check this basic assumption, we plot the distribution of the residual plot in Fig. 3.3.

Residual plot analysis is often used to check the difference between the fitted and experi-

mental values. This method works on the important assumption of the linear model that

errors are normally distributed and are independent. The distribution in Fig. 3.3 shows

that the random dispersion of the points of the residuals is around the horizontal axis,

which shows that the linear regression model is suitable for the optimization of nuclear

mass models.

To see the practical applicability of the model, we show in Fig. 3.4a and 3.4b the

comparison of the two neutrons and proton separation energy calculated using the fitted

formula 2.1 and combined with the experimental binding energy data. The separation

energies estimated from the fitted formula seem to be quite accurate, almot at par with

the experimental data.

We further fit the Eq. 2.1 on other available atomic mass evaluations from experiments

, i.e., AME2020 [14], AME2016 [15], AME2012 [67], AME2003 [66], and microscopic

theoretical calculations, i.e., HFB-24 [59] and HFB-26 [59]. The evaluated coefficients are

17



3.1. Semi-empirical mass formula (SEMF)

Table 3.3: Coefficients calculated in this work by using different experimental and micro-
scopic data

data av as ac aa ap
(MeV) (MeV) (MeV) (MeV) (MeV)

AME2020 15.22 15.96 0.68 22.25 12.02
AME2016 15.31 16.25 0.68 22.47 11.76
AME2012 15.25 16.06 0.68 22.32 11.14
AME2003 15.23 15.97 0.68 22.25 12.01
HBF24 14.86 14.05 0.67 22.33 11.87
HFB26 15.17 15.47 0.69 22.84 11.37
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Figure 3.4: Comparison of experimental (AME2020) two neutron and two proton sepa-
ration energy per nucleon with respect to the fitted separation energy using eq. 2.22 and
2.21.

given in Table 3.3. It is seen that the Coefficient for the Coulomb term is constrained

tightly, giving similar values for all the fittings. The volume term remain ≈ 15 MeV and

pairing term ≈ 22 MeV. The HFB-24 and HFB-26 cases have a larger RMSE compared

to the AME results. This is due to the fact that HFB data contain nuclei with higher

asymmetry; hence, a simple semi-empirical formula might not apply in that regime. All

the five coefficients in the semi-empirical formula do not oscillate much when fitted with

different mass evaluations. Therefore, there is a need to introduce new parameters in the

model.

The above analysis shows that the semi-empirical formula with five standard terms

is quite accurate and can quantify the binding energy consistent with the corresponding

experimental values. The approximated simple linear regression method seems to be

18



3.2. Modified semi-empirical formula (M-SEMF)

a good approximation. However, refining the semi-empirical formula and reducing the

RMSE and discrepancies at the lower mass regime is still necessary. For this, we consider

a modified form of the semi-empirical formula in the following section.

3.2 Modified semi-empirical formula (M-SEMF)

The standard semi-empirical formula in the section above considers the static value of the

coefficient, i.e., independent of the mass number A and proton number Z. However, it is

intuitive that the coefficient, such as volume and surface, should change with the nucleus.

For example, the volume energy of symmetric infinite nuclear matter is different from that

of asymmetric nuclear matter (the volume energy in the semi-empirical formula is that of

infinite nuclear matter) [2, 68]. Therefore, we consider a few modifications in the semi-

empirical formula keeping in mind that the simplicity and efficiency of the model are not

compromised. Furthermore, only leptodermous terms are considered because each term in

the model should have a physical relevance and consequently can be constrained based on

theoretical and experimental observations. In principle, one can have an infinitely large

number of terms in the mass model to accommodate all the structural effects. However,

one might find the terms statistically uncertain (or impossible to constrain). One such

example is the famous Duflo-Zuker mass formula with 13 and 31 parameters [30] including

microscopic corrections. This formula is quite efficient but suffers from the fact that all

the parameters of the model are not possible to constraint. The mostly used finite range

liquid drop model (FRDM) [44] is also a powerful formalism in terms of its predictive

power but is quite complicated and require a lot of computational power when applied for

practical purposes (say reaction dynamics). Therefore, we consider a formula as given in

Eq. 2.3 which is simple and optimize it on the available binding energy data. The main

ingredient of the Eq. 2.3 is that it take into account the isospin dependence of volume,

surface and curvature terms upto second order. The curvature term is introduced taking

motivation from [69] to account for the local curvature of the nucleus. It is known to give

a better description of surface energy of nuclei [16].
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3.2. Modified semi-empirical formula (M-SEMF)
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3.2. Modified semi-empirical formula (M-SEMF)
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3.2. Modified semi-empirical formula (M-SEMF)

In order to identify a model with best fit and study its implications, I take various

combination of the coefficent in Eq. 2.3 and fit them based on a) microscopic binding

energy from AME2020 and b) microscopically estimated binding energy using HFB-24.

Both the mass tables differs in terms of number and nature of the nuclei. The HFB-

24 data comprises nuclei with extreme isospin while the AME2020 data has maximum

isospin of ≈ 0.3. The values of the coefficients are given in Table 3.4 for the models which

are fitted with the AME2020 data and Table 3.5 for the models which are fitted with

the HFB-24 data. We have used the shell correction term from the Myers and Swiatecki

model [52]. It is relevant to mention here that the coefficient C of the Myers and Swiatecki

Eq. 2.6 is also fitted along with the rest of the terms to get the least value of RMSE. The

common observations by inspecting the Table 3.4 and Table 3.5 are as follows.

• The coefficient of surface diffuseness energy (C4) does not have a significant role

in estimating the binding energy. This fact is visible by comparing the RMSE of

models No. 11 and 12 in Table 3.4 and Table 3.5. The RMSE does not change

when fitting the model with or without the C4. This result is consistent with the

[47].

• The inclusion of curvature energy lowers the RMSE to ≈ 0.04 MeV (see model 9 and

12 in Table 3.4 , 10 and 12 in Table 3.5). It influences the fitting results for the case

of HFB-24 more significantly. This may be due to the fact that curvature effects

become important for the nuclei having larger asymmetry due to their deviation

from the spherical shape. Therefore, the curvature energy is an important factor in

ascertaining the binding energies in the unconventional regime of the nuclear chart.

• The |I| and I2 dependence of volume, surface, and curvature energy (so-called

malacodermous terms ) play a crucial role in the estimation of the binding energy

of a nucleus and should be included in any mass model similar to this work. When

comparing the model 1 and 12, 13 and 24 in Table 3.4 and 3.5, it is clear that |I|
and I2 dependence of volume, surface, and curvature coefficients are necessary to

estimate the binding energy as well as the individual energies represented by these

coefficients.

• The most important aspect of Table 3.4 and 3.5 is that the pairing energy and

Coulomb energy coefficient are tightly constrained i.e. they do not oscillate when
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3.2. Modified semi-empirical formula (M-SEMF)

fitting various models such as in Table 3.4 and 3.5. On the other hand, coefficients

of curvature energy and its |I| and I2 dependence have a large variation. The

surface energy coefficient also very among the models considered in Table 3.4 and

3.5. Therefore, there is need to have a more stringent values of surface coefficient

as it influence the determination of saddle-point of the potential barrier and fission

properties. [2]

• The shell energy plays a predominant role in the reduction of the RMSE. It reduces

the error up to 1 MeV. The simple semi-empirical formula (Eq. 2.1) with shell

correction itself reduces the RMSE considerably. This reduction originates from the

fact that shell energy is the oscillating part of the Eq. 2.3 and can not be explained

by any other classical terms. The best-fitting result is obtained by considering all

the terms of Eq. 2.3 along with the shell correction.
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Figure 3.5: Comparison of binding energy for most stable nuclei calculated by the Eq.
2.3 using the coefficients with best results and fitted with the a) experimental AME2020
and b) microscopic HFB-24 data.

Fig. 3.5 shows the comparison of the binding energy of the most stable nucleus for a

given mass number. The left panel shows the results for model 24 in Table 3.4 while the

right graph shows the estimations of model 24 in Table 3.5. These two models estimate
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3.2. Modified semi-empirical formula (M-SEMF)
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Figure 3.6: Comparison of difference between the experimental data AME2020 and fitted
binding energy per nucleon with respect to N neutron and Z proton .(a)graph represents
difference in binding energy without shell correction.(b)graph represents difference in
binding energy with shell correction.

the least value of the RMSEs. It is clear from the figure that the models are accurate

for all the mass range. These models have remarkable accuracy for the higher mass

region. This is clearly an improvement as compared to the Fig. 3.1 for the standard

semi-empirical formula, which was not accurate for the lower mass region.

Fig. 3.6 shows the impact of including shell correction in the mass formula. The peaks

around magic numbers observed in the semi-empirical formula still persist for the modified

semi-empirical formula. However, the shell correction inclusion significantly reduces the

height of the peaks. There is still a chaotic behavior for the nuclei in the lighter mass

range. This further tells us that some effects still absent in the modified semi-empirical

formula. The impact of considering only the spherical shape is also visible in the form of

peaks.

The residual bar plot to show the normal distribution of the errors is shown in fig.

3.7. The residuals are normally distributed with no outliners. The inclusion of shell cor-

rection reduces the positive tail (left panel) in case of the model without shell correction.

However, there are still few patterns which indicate that the model can be further refined.
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3.2. Modified semi-empirical formula (M-SEMF)
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Figure 3.7: Residual plot of fitted binding energy by using eq. 2.3 of data plotted wih
respect to AME2020. (a) Residual plot of fitted binding energy without shell energy. (b)
Residual plot of fitted binding energy with shell energy.

Apart from it, the modified semi-empirical formula with the shell effect inclusion seems

to work with adequate efficiency.

Finally, to address the applicability of the models, I have calculated the two neutron

and proton separation energy which is shown in Fig. 3.8. The upper panel shows the fitted

model without the shell correction while the lower panel show the separation energies with

shell correction. Both the models estimate the two neutron and proton separation energy

consistent with the experimental estimation. The inclusion of shell corrections reduces

the difference of the theoretical and experimental estimations, but is not much significant.

This is due to the fact that the fitting procedure try to distribute the binding energy to

the available coefficents such as volume, surface, curvature, asymmetry, shell, pairing,

etc.

From the above discussions, I propose two new sets of coefficents of the mass formula

i.e. Eq. 2.3 which can be applied based on the range of application. For the conventional

regime i.e. with I < 0.3 which reproduces the experimental AME2020 data, the formula

is given as
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Figure 3.8: Comparison of experimental (AME2020) two neutron and two proton separa-
tion energy per nucleon for mass number Z=8, 20, 50, 80 with respect to the theoretical
separation energy using eq.3.4a and 3.4b. (a) Two proton separation energy with respect
to mass number without adding shell energy. (b) Two neutron separation energy with
respect to mass number without adding shell energy. (c) Two proton separation energy
with respect to mass number with adding shell energy. (d) Two neutron separation energy
with respect to mass number with adding shell energy.

26



3.2. Modified semi-empirical formula (M-SEMF)

BE(Z,N) = 16.89(1− 0.11I − 1.45I2)A+ 21.80(1− 0.054I − 0.87I2)A2/3

− 4.35(1− 0.35I − 3.08I2)A1/3 − 0.74
Z(Z − 1)

A
1
3

− 10.84Epair − 0.58Eshell, (3.1)

and for the case I > 0.3 which practically reproduces the HFB-24 data is given by

BE(Z,N) = 16.27(1− 0.20I − 1.43I2)A+ 20.46(1− 0.80I − 0.59I2)A2/3

− 3.036(1− 7.78I − 4.53I2)A1/3 − 0.71
Z(Z − 1)

A
1
3

− 11.38Epair − 0.34Eshell. (3.2)

One of the most important need for an effective theoretical mass model is to determine

the proton and neutron drip lines as current experimental techniques are not sufficient to

explore them. I have estimate these drip lines using the optimised semi-empirical mass

models. The proton and neutron drip nucleus are determined by calculating the one

proton (Sp) and neutron (Sn) separation energy respectively. The configuration where Sp

become positive for the first time gives the proton drip while where (Sn) become positive

gives us neutron drip nucleus. In Fig. 3.9 I have shown the neutron and proton drip lines

along with the most stable nuclei. The left panel shows the result using the standard and

modified SEMF fitted on AME2020 data while the right panel show the result with using

the MSEMF fitted on AME2020 and HFB-24 data. There is considerable difference in

the SEMF and M-SEMF formula in terms of their drip lines. The M-SEMF estimate the

proton and neutron drip lines at lower Z value. The M-SEMF models fitted on AME2020

and HFB-24 data however does not show much deviation while predicting the drip lines.

I have used the models with least RMSE in their respective categories.

3.2.1 Correlation

In Fig. 3.10, I have shown the correlation heatmap among the parameters of the M-SEMF

given by Eq. 2.3 based on the various fitted models given in Table 3.4 and 3.5. The cor-

relation analysis of the parameters of a model is necessary to study the inter-dependency

which might influence the efficiency of the fitted model. The available correlations are
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Figure 3.9: The proton and neutron drip lines calculates using the a) SEMF and M-SEMF
models fitted on AME2020 data and b) M-SEMF models fitted on AME2020 and HFB-24
data. We use the models with the least RMSE (see Table 3.4 and 3.5).
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Figure 3.10: The the neutron number N has been plotted against atomic number Z for
the stable nuclei the driplines calculated using the modified BW mass formula.
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3.2. Modified semi-empirical formula (M-SEMF)

used to constraint the parameters to make a model as accurate as possible. The coef-

ficient of volume energy (αv) correlate strongly with the kv1 while the coefficient of the

surface energy (αs) correlate strongly with the ks1. This imply that the volume and

surface energy of a nucleus is influenced by the isospin content of the nucleus. Both αv

and αs do not correlate with the kv2 and ks2 respectively indicating their free nature.

kv2 and ks2 represent the I2 variation of αv and αs respectively. These correction in the

semi-empirical formula significantly enhances the efficiency of the models. However, they

are not easy to constraint experimentally as well. The coefficient of the curvature αc

strongly correlate negatively with the αv and αs. Therefore, a stricter assessment of vol-

ume and surface coefficients based on experimental findings will be helpful to determine

the curvature coefficient and consequently the curvature energy. The curvature energy

is important for the accurate estimation of the total surface energy and is often used in

the astrophysical calculations. It may be mentioned here that the binding energy is the

sum total of all the competing parameters of a mass model in which some parameters can

be more significant than other. However, the individual parameters contain important

physics and influence the structural effect which are useful in various practical purposes.

Therefore, one should carefully select the parameters of the mass model, based on statis-

tical significance as well as the physical implications. The |I| and I2 dependence of αc do

not correlate with the other model parameters.
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Chapter 4

Summary and Future Scope

A simplistic and efficient mass model that addresses the adequate physics of the nucleus

and takes the minimalistic computation resources is required in many branches of nuclear

physics, such as studying fusion dynamics, decay properties of a nucleus, astrophysical

phenomena, etc. In this dissertation, I attempt to optimize the nuclear mass models of

the semi-empirical form to estimate the binding energy of nuclei consistent with their

experimental/theoretical counterparts. I have fitted the semi-empirical mass formula,by

including the various modifications in the latest available experimental mass evaluations

and theoretical microscopic evaluation of the Hartree-Fock-Bogoliubov model.It is seen

that few modifications in the semi-empirical mass formula yield an efficient mass formula.

Among all the modifications, the isospin asymmetry dependence of volume, surface, and

curvature coefficients along with the shell energy, plays a predominant role in better

estimation of nuclear strength. The isospin asymmetry (I) also plays a significant role

in making the model efficient in the lower mass range. The proposed models in this

dissertation work excellently well in the medium and higher mass range. Further, the

proposed models perform with variable accuracy for different regions of the nuclear mass

chart. However, the average performance is at par with the available sophisticated nuclear

mass models such as FRDM. A closer inspection of the correlation analysis suggests that

the I2 dependence of the volume, surface, and curvature coefficients does not correlate

with the model parameters, making it difficult to constrain the outcome of the concluded

result.

The advantage of the form of the semi-empirical formula used in this work is that it

has a well-defined temperature dependence of the coefficients in the literature. This will

help in extrapolating the fitted formula to the case of finite temperature and thus can

be used in various nuclear physics problems such as studying the excited state nuclear

dynamics, its multifragmentation, supernova explosion, etc. I have used the formula of

Myers and Swiatecki for the shell correction in this work, which can be improved by using
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the method of Strutinsky’s shell correction or other available methods.
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