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ABSTRACT

The intent of this dissertation entitled “Existence of Fixed Points for Some Mappings
in Various Generalized Metric Spaces” embodies a brief account of investigation carried
out by authors on existence of fixed points of self mappings in various metric spaces under the
supervision of Dr. Jatinderdeep Kaur, Assistant Professor, School of Mathematics, Thapar

University, Patiala.

The aim of this work is to study and obtain some result on existence and uniqueness of fixed
points. Fixed point theory is one of the most powerful tool in nonlinear analysis. Fixed point
theory has wide ranging application in many area of mathematics. For example, in finding the
solution of the system of linear equations, in proving the existence of solutions of ordinary and

partial differential equation, integral equations, analysis and many other disciplines.

The whole work is divided into four chapters. Chapter I is introduction which includes brief
account of definitions and results which will be required for the later chapters. In Chapter 11, we
have studied Fixed point theorem for o —1) contractive mapping which guarantees the existence
and uniqueness of fixed point in b-metric spaces. The aim of Chapter III is to study common
fixed point results for weakly isotone increasing mapping in partially ordered b-metric-like
space. Chapter IV is concerned with common fixed theorems using newly defined contractive
type mappings for partially ordered b-metric-like space. Moreover, corollary is obtained in this

chapter.

At the end, we have have presented some references of research papers and books cited in

the dissertation.
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Introduction

1.1 Introduction

A fixed point of a function is a point that is mapped to itself by the function. Let X be any
non-empty set. Given a function f : X — X, a fixed point of f is a point z € X such that
f(z) = z, that is, a point which remains invariant under the mapping f.

For example, if a function f is defined on the real numbers by f(x) = 22 — 3x + 4, then 2
is a fixed point of f. Not all functions have fixed points: for example, if f is a function defined

on the real numbers as f(x) = x + 1, then it has no fixed points.

20

Fig. 1.1:



1.2 Brief survey of the literature

The first fixed point result in metric fixed point theory was proved by Polish mathematician
Stefan Banach in 1922, popularly referred as Banach contraction principle. This principle
states that “A contraction mapping of a complete metric space into itself has a
unique fized point”. The simplicity and utility of this classical and celebrated theorem
makes it a popular tool for proving the existence and uniqueness theorems in different branches
of mathematical analysis.

The Banach Contraction Principle was the only main tool to establish the existence and
uniqueness of fixed points until 1968. This principle has been considered as the key of metric
fixed point theory, but it suffers from one drawback, i.e., it requires the mapping to be
continuous at all points of its domain.

In 1968, Kannan [19] introduced a contractive condition which possessed a unique fixed point
like that of Banach. However, unlike the Banach condition, Kannan [19] proved that there are
mappings that have a discontinuity in their domain but still have fixed point, although such
mappings are continuous at their fixed point.

In literature, I found that there exists many generalization of the concept of metric space. In
particular, Matthews [21] introduced the notion of partial metric space and proved that Banach
contraction mapping theorem can be generalized to partial metric context for applications in
program verification. After that, fixed point results in partial metric spaces have been studied
by many authors. The concept of b-metric space was introduced and studied by Czerwik [12].
since then serval papers have been dealt with fixed point theory for single-valued and multi-
valued operators in b-metric spaces. Amini-Harandi [8] introduced the notion of metric-like
space, which is an interesting generalization of partial metric space. Recently, Mohammed Ali
Algamdi [5] introduced a new generalization of metric-like space and partial metric space which
studied some fixed point theorems on generalized space called as b-metric-like space. These
results improved some well-known results in the literature.

In the present dissertation, some results on fixed point theory have been studied which gener-

alized the well known results of above mentioned authors.



1.3 Definitions

In this subsection, we recall some basic notations, definitions and well known results. However,
some of the definitions and notations will be repeated occasionally in various chapter for the

sake of convenience.

Definition 1.3.1. [16] A metric space on a non empty set X is a function d : X x X — [0, +00)

such that for x,y,z € X and the following conditions hold true:

(al) d(z,y) >0 and d(z,y) =0< z=1y;
(a2) d(z,y) = d(y, v);

(a3) d(x,2) < d(z,y) +d(y, 2);
The pair (X, d) is called a metric space.

Any function with these three properties is called a distance function or a metric.
Example The most important examples of metric spaces, from our standpoint, are the eu-
clidean space R,,. Especially R;(the real line) and Ry (the complex plane); the distance in R,
is defined by d(x,y) = |z — y| (z,y € R,). Then d is a metric on R and R, is known as usual

metric space.

Definition 1.3.2. [16] A metric space (X, d) is said to be complete if every cauchy sequence

m X 1s convergent in X.

Definition 1.3.3. [16] Let (X,d) be a metric space. A mapping T : X — X is called a

contraction on X if there exists a real number o with 0 < a < 1 such that
d(Tz, Ty) < ad(z,y) for all x,ye X, x#uy.

The well known result in fixed point theory is Banach Contraction Principle which is stated

as:

Theorem 1.3.1. [16] Let (X, d) be a complete metric space and let T : X — X be a contraction

on X. Then, T has a unique fixed point in X.



In 1993, Stefan Czerwik [12] modified the triangular inequality and introduced a new concept

of b-metric space is defined as follows:

Definition 1.3.4. [12] A b-metric on a non empty set X is a function d : X x X — [0, 4+00)

such that for all x,y,z € X and a constant K > 1 the following three conditions hold true:
(01) if d(z,y) =0 & z=y;
(62)  d(z,y) = d(y, v);
(b3)  d(@,2) < K(d(,y) +d(y, 2));

The pair (X, d) is called a b-metric space.

Remark 1.3.2. For K = 1; the b-metric space is itself a metric space. Clearly, b-metric space

s a generalization of metric space.

Further in 2009, Steve Matthews et.al[21] introduced a new concept of self distances in

metric space and defined a new space called partial metric space as follows:

Definition 1.3.5. [21] A partial metric on a non empty set X is a functionp : X x X — R,

such that for x,y,z € X and the following conditions hold true:

(1) z=y<& plz,z)=pl,y) =pyy):
(c2)  plz,z) <pz,y);

(e3)  plz,y) =ply, 2);

(c4)  plz,2) < plz,y) +p(y, 2) — p(y, v);

The pair (X, p) is called a partial metric space.

Recently, A Amini Harandi [8] generalized the concept of partial metric space and introduced

the concept of metric-like space which is defined as follows:

Definition 1.3.6. [8] A mapping 0 : X x X — Rt where X is a non empty set, is said to be



metric-like on X if for any x,y, z € X, the following three conditions hold true:

(d1)
(d2)
(d3)

o(x,y) =0=x=y;

o(r,y) = oly,v);

o(x,2) < o(x,y) + oy, 2);

The pair (X, o) is then called a metric-like space.

Remark 1.3.3. Clearly, Every metric space is metric-like but converse need not be true.

Further, In 2013, Satish Shukla [31] generalized metric space as follows:

Definition 1.3.7. [31] A partial b-metric on a non empty set X is a functionb: X x X — R,

such that for x,y,z € X and a constant K > 1 the following conditions hold true:

(el

e2

)
(e2)
(€3)
(e4)

r=y< b(zr,z)=>bx,y) =b(y,y);
b(x,x) < b(x,y);
b(z,y) = b(y, x);

b(z,2) < K(b(z,y) + by, 2)) — b(y,y);

The pair (X, b) is called a partial b-metric space.

Remark 1.3.4. One can easily note that every partial metric space is partial b-metric but the

converse may not be true.

Recently, Mohammed Ali Alghamdi et.al [5] introduced a new generalized metric space

named as b-metric-like space as follows:

Definition 1.3.8. [5] A b-metric-like on a non empty set X is a function ® : X x X — [0, +00)

such that for all p,q,r € X and a constant K > 1 the following three conditions hold true:

(f1)
(f2)
(f3)

if D(p,q) =0 = p=g;
D(p,q) =D(q,p);

D(p,q) < K®(p,r) +D(r,q));

The pair (X, D) is called a b-metric-like space.



Example [5] Let X = [0, +00). Define the function ® : X% — [0, +00) by D(p, q) = (p+¢)*.
Then (X, ®) is a b-metric-like space with constant K = 2. Clearly (X,®) is not a b-metric or

metric-like space. Indeed, for all p,q,r € X

Dpq) = +a)’<p+r+r+9° =@+’ +T+9’+20p+r)(r+q)
< 2lp+7)?+ (r+9)°

= 2(D(p,r) +D(r,q))

and so (f3) holds. Clearly, (f1) and (f2) hold.

Remark 1.3.5. It can be easily noted that b-metric-like space is till now most generalized metric

space. The tree diagram representing the relations between various metric spaces is given below:-

Metric Like Space h-Metric Like pace*
Partial Metric Space Partial b-Metric Space ‘
Metric Space b-Metric-Space

Fig. 1.2:

Now, a brief chapter wise summary of the results contains in this dissertation.
In chapter II, we have studied existence and uniqueness of fixed points in b-metric-like spaces
using a-1 Contractive Type mapping and have obtained well known results and corollaries.
Further, in chapter III, some results and their consequences have been obtained using weakly
isotone increasing mapping in partially ordered b-metric-like space.
The objective of chapter IV, is to study the fixed point theorems using newly defined Contractive
type mappings for partially ordered b-metric-like space. Moreover, corollary is obtained in this

chapter.



Fixed Point Theorem for a-1y Contractive type mapping

2.1 Introduction

In 2011, Samet et.al [30] proved the fixed point theorem for a-1) contractive type mapping in
complete metric space. In this chapter, we have defined a-1) contractive mapping in b-metric-
like space and proved the fixed point theorem for a-1) contractive type mapping in b-metric-like

space.

Definition 2.1.1. Let (Y, D) be a b-metric-like space and T : Y — 'Y be a given mapping. We
say that T is an o — 1) contractive mapping if there exists two function oY XY — [0, +00)
and ¢ € ¥ such that

a(2,y)D(Tx, Ty) < 6(D(z,1)). (2.1.1)

forallz,y €Y.

Definition 2.1.2. LetT:Y - Y anda: Y XY — [0,400). We say that T is a— admissible
ifr,yeY, alr,y) >1 = a(Tz,Ty) > 1.

O The content of this chapter has been presented in International Conference on Special Functions

and their Applications, Thapar University, Patiala, 2014



Let Y be the set of all non-negative real numbers. Let us define the mapping o : Y x Y —
[0,00) by
L if x>y
D(z,y) =
0 of xz<y

and define the mapping T : Y — Y by Tx = 22 for all x € Y. Then T is a—admissible.

2.2 Lemma

Let W the family of nondecreasing functions 1 : [0, +00) — [0, +00) such that > "% ym(t) <

+o00 for each t > 0, where ¥ is the n!” iterate of 1.

Lemma 2.2.1. [30] For every function ¢ : [0, +00) — [0,400) the following holds:

if 1 is nondecreasing, then for each t >0, lim ¥™(t) = 0 implies Y(t) < t
n—oo

2.3 Main Results

The first main result of this chapter reads as follows:

Theorem 2.3.1. Let (Y, D) be a complete b-metric-like space and T : Y — Y be an a —
contractive mapping satisfying the following conditions:

(1) T is a—admissible;

(2) there exists xg € Y such that o(xo, Txo) > 1;

(3) T is continuous.

Then, T has a fixed point , that is there exists * € Y such that Tx* = x*.

Proof. Let xg € Y such that a(xg, Txg) > 1. Define a sequence {z,} in Y by
Tne1 = Tx, for all n € N.
If x,, = x, 41 for some n € N, then * = x,, is a fixed point of T.

Assume that x,, # x, 1 for all n € N. Since T is a— admissible, we have

a(xg, 1) = a(xg, Trg) > 1= a(Txy, Tr1) = a(r1,22) > 1



Proceeding in the same way, we get

a(Tp,Tpr1) > 1 forallneN

Take r = x,,_1 and y = z,,,

@(l’n, xn—i—l) = @(Tﬁlfn_l, Txn) S OZ(an_l, an)g(Tﬂfn_l, Tajn) S ¢(©(ﬂfn—1, xn))
Inductively repeating the steps in above inequality, we obtain

©<xnaxn+1> < ¢n<®(x07x1))7 foralln € N

Fix € > 0 and let n(e) € N such that 3 -, ) ¢¥"(D(z, 21)) <

with m > n > n(e), we get

D (T, Tm)

IN

<

<

(2.3.1)

= > where K > 1. Let n,m € N

The above inequality implies the existence of cauchy sequence in b-metric-like space (Y, ). By

completeness of Y, there exists z* in Y such that x,, — x* as n — 4o0.

The continuity of T implies that z,,1 = Tz, — Tx* as n — oo. Also, by the uniqueness of

the limit we get Txz* = x* ji.e 2 is a fixed point of T.

The second main result of this chapter read as:

]

Theorem 2.3.2. Let (Y,D) be a complete b-metric-like space and a constant K > 1 and

T:Y — Y bean a— 1 contractive mapping satisfying the following conditions:

(1) T is a—admissible.

(2) there exists vg € Y such that oo, Txo) > 1.

(3) if {xzn} is a sequence in Y such that a(xy,, xn41) > 1 for all n and x,, - x €Y as n — +oo,

then a(x,,x) > 1 for alln

Then, T has a fixed point.



Proof. Following the proof of Theorem (2.3.1), we know that {z,} is a cauchy sequence in the
complete b-metric-like space (Y,®). Then, there exists z* € Y such that z, — z* as n — +o0.

On the other hand, from (2.3.1) and hypothesis (3), we have, a(z,,2*) > 1, for all n € N

DTz z*) < KO(Tz",Tx,)+ KD (rpi1,2")

IA

Ka(x,, 2 )D(Tx,, Tx*) + K D(vp41,27)

IN

KW@(%,Q?*)) + K ®($n+17x*)

By the continuity of ¢, The conclusion of the results holds. m

2.4 Consequences

Corollary 2.4.1. Let (Y,9) be a complete b-metric-like space and T : 'Y — Y be an o —
contractive mapping satisfying the following conditions:

(1) T is a—admissible;

(2) there exists xo € Y such that o(xo, Txo) > 1;

(3) T is continuous.

Then, T has a fized point , that is there exists x* € Y such that Tx* = z*.

Corollary 2.4.2. Let (Y,D) be a complete b-metric-like space and a constant K > 1 and
T:Y — Y be an a — 9 contractive mapping satisfying the following conditions:

(1) T is a—admissible.

(2) there exists vg € Y such that oo, Txo) > 1.

(3) if {xzp} is a sequence in Y such that a(xy,, xny1) > 1 for all n and x,, - x €Y as n — +o0,
then a(x,,x) > 1 for alln

Then, T has a fixed point.

Example Let Y = R, and b-metric-like space ® : Y x Y — R, be defined by

D(x,y) = (x +y)*



Clearly, (Y,9,2) is a complete b-metric-like space. Let T': Y — Y be defined by

£ if xel01)
Tr =

0 of otherwise

Now, we define the mapping o : Y x Y — [0, 4+00) by

1 if either z€l0,1) or yel0,1)
az,y) =
0 if otherwise

Clearly, T is an « — 1)-contractive mapping with ¢ (t) = % for all ¢ > 0. In fact, for all z,y € Y,

we have

Case(1): either z € [0,1) or y € [0,1)

a(z,y)D(Tz,Ty) < P(D(z,y))
9 (5.1) < wl@+y?)
(x+y)2 . @ty
5) - 2

Obviously, T is continuous and so it remains to show that T is a—admissible. In doing so, let
x,y € Y such that a(z,y) > 1. This implies that either x € [0,1) or y € [0,1) and by the
definitions of T and «, we have Tz = £ € [0,1), Ty = £ € [0,1).

a(Tz, Ty) > 1 for each case.

Then, T is a—admissible.

Now, all the conditions are satisfied. Consequently, T has a fixed point.



Common Fixed Point Results for Weakly Isotone Increasing Mappings

3.1 Introduction

In this subsection, we recall some preliminaries, definitions and well known results.

Let (x,<) be a partially ordered set and let f, g be two self-maps on X. We will use the
following terminology:

a) elements p,q € X are called comparable if p < ¢ or ¢ < p holds;

b) a subset S of X is said to be well ordered if every two elements of S are comparable;

(

(

(c) f is called nondecreasing w.r.t. < if p < ¢ implies fp < fq;

(d)([7]) the pair (f,g) is said to be weakly increasing if fp < gfp and gp < fgp for all p € X
(

(
e)([25]) f is said to be g-weakly isotone increasing if for all p € X we have fp < gfp < f9fp;

If f,g : X — X are weakly increasing, then f is g-weakly isotone increasing. Also, in (e),

if f = g, we say that f is weakly isotone increasing, In this case, for each p € X, we have

O The content of this chapter has been published in International Journal of Functional Analysis,

Operator Theory and Applications, 7(1), 2015, 19-56.



o< ffp.

Recently, M.LL Roshan et. al proved the common fixed point theorem for weakly isotone in-
creasing mapping in ordered b-metric space. The aim of this chapter to prove the common
fixed point theorem for weakly isotone increasing mapping in partially ordered b-metric-like

space.

3.2 Lemmas

The following lemmas are required in the proof of our main results.

Lemma 3.2.1. [5] Let (X, 9, K) be a b-metric-like space and {p,} be a sequence in X such

that lim ®©(p,,p) = 0. Moreover z € X, we have
n—oo

1
E@(p, z) < liminf D(p,, 2) < limsup D (pn, 2) < KD(p, 2).

n—00 n—00

Lemma 3.2.2. Let (X,D) be a b-metric-like space and let {p,} be a sequence in X such that

lim ®©(pn, pri1) = 0. (3.2.1)

n—oo
If {pn} is not a b-cauchy sequence, there exists € > 0 and two sequences {m(k)} and {n(k)} of
positive integers such that for the following four sequences

Q(pm(kypn(k)); g(pm(k)apm(k)-&-l)’ @(pm(k)Jrl;pn(k)) and @<pm(k)+1vpn(k)+l)
it holds:

e < liminf D (i), Pug)) < Hmsup D (P, D)) < Ke
J—00 j—o00
€ . . .
7 < lminf D (Pu()s Pa(y+1) < Hmsup D (P, Poiy+1) < Ke
J—0o0 Jj—00
€ . . .
17d < lHminf D (P15 Pa@)) < Hmsup D (Dmg)41: Puy)) < Ke
J—0o0 j—o0
€ . . .
e < 11jfgglf@<19m(j)+17pn(j)+1) < h?lj;lp D (Pm()+1: Pai+1) < K€

Proof. 1f {p,} is not a Cauchy sequence, then there exists ¢ > 0 and sequences {m(j)} and

{n(j)} of positive integers such that

n(7) > m(3) > j, DDm)s Pni)-1) < € D(Pm(j)> Pu(j)) = € (3.2.2)



for all positive integers j. Now, from (3.2.2) and using the triangle inequality we have

€ < D(Pm()s Pr(i)) < K[DDm()s Paii)—1) + D (Pu()—1, Pn(i))] < Ke+ KD (pn(j)—1,pn(7))- (3.2.3)

Taking the upper and lower limits as j — oo in (3.2.3), and using (4.2.1) we obtain that

e < hm mf@(pm(j D)) < Hmsup D (i), Pui)) < Ke (3.2.4)

j—)OO

By again using the triangle inequality we have

D(Pmj), Pui)) < K[D(Dmi), Prg)+1) + D (Pn()+1> Pnii))]

< K@ Pm)s Puti) + D nty+1: Puti))] + KD (ngiy41,2(5))

Taking the upper and lower limits as j — oo, then we get

e < K limsup® (pp(y), Pu(y+1) < Ke

j—00

or,
— < lim Sup@(pm pn(j)+1) < Kze
K Jj—o0
The remaining two conditions of the lemma can be proved in a similar way. O

3.3 Main Results

Let (X, =, D) be an ordered b-metric-like space with K > 1 and f, g : X — X be two mappings.
For all p,q € X, let

M.(p,q) = maz {w@(p, D). 6® (b, fp)), (D (g 99)). v (W 99) + D(a./ p)) } (33.1)

6K

and

Ns(p, q) = min{y(D*(p, fp)), v(D*(q, 99)), v (D*(p, 99)), v(D*(q, [p)) } (3.3.2)

where 1 : [0,00) — [0, 00) is a continuous function with v (t) < ¢ for each ¢t > 0 and ¥ (0) =



Theorem 3.3.1. Let (X, =<,9) be a complete partially ordered b-metric-like space. Let f,g :
X — X be two mappings such that f is g-weakly isotone increasing. Suppose that for every two

comparable elements p,q € X , we have

M;(p,q) + Ns(p, q)
2

K*D(fp, g9) < (3.3.3)

Then, the pair (f, g) has a common fized point z in X if one of f or g is continuous. Moreover,
the set of common fixed points of f and g is well ordered if and only if f and g have one and

only one common fized point.

Proof. Let py be an arbitrary point of X. Choose p; € X such that fpy = p; and py € X such

that gp; = pe. Continuing in this way, construct a sequence {p,} defined by:

Pon+1 = f Don, and Pon+2 = gP2n+1

for all n > 0. As f is g-weakly isotone increasing, we have

= fpo < gfpo=9r1 =22 < fgfpo = fp2 =

Repeating this process, we obtain p, < p,+1 V n > 1.

We have proved the theorem in three steps.

Stepl : First prove that nh_)nolo D (P, Pns1) = 0.

Suppose D (pj,; Pjo+1) = 0 for some jo. Then pj, = pj,+1. In this case jo = 2n, pa, = pant1. we

need to show that po, 11 = ponio

Ms (P2m p2n+1) + Ns (p2n7 p2n+1)
2

KD (pans1, panta) = KD(fPon, gpansa) < (3.3.4)

where

(

Ms(p2n7p2n+1) = max |

¢(© (pzm P2n+1))7 w(@ (p2m fp2n)) 1?(9 (p2n+1, 9P2n+1 )
(G

)
D (pon, gp2n+1) + D (P2n+1, fD2n)
6K

\
p

(© <p2n7 p2n+1)) 1/}(@ (p2n+17 Pon+2)),

)
D (Pans Pan+2) + D (D2nt1; Pant1)
6K

w(g (p2n7 p2n+1))7

= max

(8
(8




V(D (P2nt1, P2n+1))s V(D (D2nt 15 P2nt 1)), V(D (D2nt1: Pant2)),

- 77Z} ©(p2”+17p2n+2)+©(p2n+17p2n+1)
6K
D(poni1, Pante) + D (Pans1, Pon
= max{w<©<p2n+1,pznﬂ>>,w<©<p2n+1,p2n+2>>,w( (Prns1, P2 +2>6K (Pant1, P2 >)}

By D3, we have

IN

£y (p2n+17 p2n+1) 2KD (p2n+17 p2n+2)

D (pant1, Pont2) < KD (Pon+t1,Doant2)

D (Pan+1, P2nt1) + D (P2nt1: Pont2) < 3KD(Pan+1, Dant2)

:D(p2n+lap2n+1> + Q(p2n+17p2n+2) < :D(p2n+lap2n+2)
6K - 2

Mg(pan, P2n+1) < maz {¢(2K@(pgn+1,p2n+2))a V(D (p2n+1, P2nt2)), ¥ (Q(p2"+;’p2"+2)) }

Now,

Ny(pon, Pon+1) = min{¢(98(p2n, fp2n))a ¢(95(P2n+1, 9p2n+1)), ¢(©S(p2m 9P2n+1))> V(D% (P2nt1s fp?n))}

= min{Y(D*(Pan; Pant1)) V(D (P2nt1, Pant2)), V(D (P2n, Pany2)), V(D (P2nt1; Pant1)) }
If Ns(pans Pont1) = V(D°(Pant1, P2nt1))

95(p2n+1ap2n+l) = |2©(p2n+17p2n+1) - g(p2n+lap2n+1) - ©<p2n+17p2n+1)‘

clearly, Ng(pon,pon+1) = 0. then from (3.3.3), we have

Ms <p2n’ p2n+1) + Ns (me p2n+1>

K4®(p2n+1>p2n+2> <

2
M (p2n, pon+1) +0
K*D (pont1, Pang2) < (p2 p; 41)
M(pan, Pon
K4©<p2n+17p2n+2) S <p2 2p2 +1) (335>

where,

Melpans Panga) = o {WQK@ (P2n+1, P2nt2)), V(D (P2ns1, Pant)), ¥ (Q(p2”+;’p2n+2)) }



If Ms(p2n7p2n+l) = ¢(2K©(p2n+l7p2n+2))a then from (335>7 we have

K'D (p2n+17 p2n+2) < ID(QK@ (p2n+1; p2n+2))

2KD (p2n+1 ) p2n+2>
< 2

K*D(pans1, Pantz) — KD (Dans1, Pansa) <0

K(E* — 1)D(pans1, Pony2) <0

a contradiction. If My(pan, pant1) = V(D (P2nt1, Pant2)), then from (3.3.5), we have

K4© (p2n+17 p2n+2) S ¢(@ (p2n+17 p2n+2))

£y (P2n+1 ) p2n+2)
2

<

1

(k4 - §)©(p2n+17p2n+2) <0

a contradiction. If My(pan, pant1) = w(w), then from (3.3.5), we have

@ n ) n
K4©(p2n+lap2n+2) < ( (P2nt1, 2 +2))

2
Ky
< (P2nt1; Pant2)
4
1
(k* - Z)g(p2n+17p2n+2) < 0.

that is, paji1 = panya-

Similarly, if jo = 2n + 1, then po,11 = ponie gives poio = ponss. Consequently, the sequence

{pr} becomes constant for j > jo and {pjo} is a coincidence point of f and g. For this, let

Jo = 2n. Then, we know that ps, = poni1 = ponso. hence

Don = Don+1 = [Don = Pont2 = 9P2n+1

This means that fp2n = gP2n+1, Now since Pon = Pon41, WE have fp?n = gD2n

In the other case, when ky = 2n+ 1, Similarly, it can be easily shown that ps,, is a coincidence

point of the pair (f, g).

Suppose now that D (pj,, pjo+1) > 0 for each jo. We claim the inequality

Q(pjo-&-lapjo-&-?) < Q(pjo ’ pj0+1)



holds for each jo=1,2,....

Let jo = 2n and for n > 0,

D (pant1, P2n+2) > D(P2n, Pant1) > 0 (3.3.7)
Then, as pa, < ponyi1, using (3.3.3) we obtain that

MS ) mn ‘I‘ Ns s n
K*®(pant1, Pons2) = K*D(fpan, gpant1) < (P2n, Pan+1) (P2ns P2nt1)

2
where
4
@/)(@(p2mp2n+1 ) (g(anvaQn)) ¢(©(P2n+179p2n+1)),
Mi(pan, prni1) = maz D (pans gP2n+1) + D (P2n+1, fP2n)
L 6K

w(g(pzm p2n+1)); ¢(©(p2n+1, p2n+2))

My(pn; pons1) = maz W D (pon, P2nt2) + D (P2nt1, P2nt1)
\ 6L

and

NS(p2n>p2n+1) =0
If My(pan, pons1) = Y(D(Pans1, Poni2)), then from (3.3.5), we have

K*®(pans1, Ponsz) < V(D (Pant1; Pani2))
< ©(p2n+1>P2n+2)

2
D(Pant1, Pon
K4©(p2n+1ap2n+2) — (p2 +; P2 +2) <0
1
(k4 o §>©(p2n+1,p2n+2) <0

a contradiction. If My(pan, pant1) = V(D (p2n, P2nt1)), then from (3.3.5), we have

K*®(pans1, Panyz) < V(D (Pans Poni1))
£y (p2n+1 ) P2n+2)
2
1

(k4 - §>©(p2n+17p2n+2) <0

<




D(p2n,p2n+2)+D(P2n+1,P2n+1)

a contradiction. If My(pan, pant1) = ¥( o ), then from (3.3.5), we have

D (p2n; P2n + D (p2ni1, Pon
K4©(p2n+17p2n+2) < ( (P2n; Pan+2) (P2n+1, P2 +1))

6K
< D (p2n; Pant2) + D (P2n+1, P2nt1)
12K
< D (P2n, P2nt1) + D(Pans1, Pons2) + 2D (P2nt1, Pant2) - D(pant1, Pans2)
B 12 3
(k* — %)©<p2n+l,p2n+2) <0.

That is, pany1 = pons2. Hence, (3.3.7) is false, that is, D (pant1, Pons2) < D(P2n, P2nt1) holds
for all n.

Therefore (3.3.6) is proved for jy, = 2n. Similarly, it can be shown that

D (pant2, P2nts) < D(Pant1, Pant2)

Hence, {D(pj,, Pjo+1)} is a nondecreasing sequence of nonnegative real numbers.

We claim that lim D(pj,, pjo+1)=0

Jo—00

Assume that lim ©(pj,, pjo+1) = 7, where r > 0 we have
Jo—0Q

D (p2n+17 p2n+2) ) }
2

Ms(p2n>p2n+l) S max {¢(2K®(p2n+17p2n+2))7 ¢(®(p2n+lap2n+2))7 'l/] (
(3.3.8)

and Ny(pan, pans1) = 0.

Now taking the upper limit as n — oo in (3.3.8), we obtain

lim sup M (pan, Pant1) < T

n—oo

Taking the upper limit, we have

Ms(p2n7p2n+1) + Ns <p2n7p2n+1)

K4©<p2n7p2n+l) < 5
K4 < r
2
4 1
(K'=Z)r <0



a contradiction. Hence,

r= lim CD(pjoapjoJrl) 0

Jo—00

Step 2 : Next we show that {p,} is a b-cauchy sequence in X. That is, for every ¢ > 0, there
exists J € N such that for all m,n > J, D(pn, pn) < €.

Assume to contrary, that {p,} is not a b-cauchy sequence . Then from Lemmad4.2.2, there exists
€ > 0 for which we can find a subsequences {p,,(;)} and {p,(;)} such that n(j) > m(j) > j and:
(a) m(j) = 2t and n(j) = 2t' + 1, where ¢ and ¢’ are non-negative integers,

(b) D(Pm(j)> Pn(i)) = € and

(c) n(j) is the smallest number such that the condition (b) holds; i.e D (pm(j); Pn()—1) < €

Then we have

€ < lmsupD(pm), Png)) < Ke
]—)OO

< < lim sup@(pm s Pn(i)+1) < K%

K j—o0

£ < Hmsup D (Pm(j)+1, Pu(j)) < K%
K j—oo

€ .
— < HmsupD(Pmg)+1, Pa)+1) < K¢
K J—00

Since n(j) > m(j), we have pn;) < Pngj)

K4®<pm(j)+lapn(j)+l) = Kg(fpm(J gpn(j))
M(Pm(s), Pu(i)) + Ns(Pmi)s Pris))

<
= 2
where
V(@ (Pim)s Pa)))s LD Dmiiys Pmi)))s U@ (Puiiys 9Pni)))
M;(pmj)s Poj)) = maz D(Pm(i)» 9Pn(i)) + D (Puts)s [Pm(s))
\ X 6L

;

VD Pme), Pai))s Y (D (Pmi)s Pr()+1))s (D (Pa(i)s Pagi)+1))

= max ¢ @(pm( ) Pr(s) 1) +©(pn(j)>pm(j)+l)
’ 6K




D(Pm(j)> Pnii))s D (Pm(j)s Pm(i)+1)s D (Pn(i)> Prii)+1)

< max (Q(pm(j)7pn(j)+1) + @(pn(j),pm(j)+1))
’ 6K

Taking the upper limit as 7 — oo, then we have

J—00 J—00 J—00

lim sup D (pin(j), Pugj)), Bmsup D (P (), Pmj)+1), im sup D (), pn(j)Jrl}
lim sup M (ppm(jy, Pu)) < maz

oo | (lim sup D (pmj)s Pugi)+1) + @(pn(j),pm(j)ﬂ)) J
Jj—00 6K
K2+ K3
< K =K
max { €,0,0, e } €
Similarly
4
) Y@ Py fomi))s V(D (Pagi)s 9Pa(i))s V(D (Prns)s 9Pn(i)))
Ny(Pm(iy Pr()) = min q
\ V(D (Pn(s)s [Pm)))
4
) w(QS(Pm(jw pm(j)Jrl))v ¢(®8(pn(j)>]9n(j)+1))a w(gs(pm(jbpn(j)ﬂ))a
= mwn
\ V(D (Pn(y)s Pmii)+1))

Now,

D% (Pn()s Pri)+1) < 12D(Png)s Priy+1) — D(Pngi), Prl)) — D (Prl)+1> Pgi)+1)|
< 12D(Pag) Paiy+1) = (D(Pag)s Pagi)) + D (Pngi)+15 Prgiy+1))]
< [D(PnG)> Pri)) + D(Priy+1, Pri)+1) = 29 (Pug) Prgi)+1)|

By D3

D(Dn(j): Pu(j)) < 2KD(Pug)s Prg)+1)

D(Pn()+1, Pu)+1) < 2KD(Png)s Prg)+1)

D (Pn()s Pr()) + D Pn)+15 Pug)+1) < AKD (Dng)s Pugi)+1)

IN

D* (Du(s), Puij)+1) (4K = 2)(Pngs)» Pri)+1)]

Emsup D° (Pag), Pag+1) < 14K — 2) Hmsup (pag), Pagy+1)]

j—o0 Jj—oo



clearly, NS(pn(j)apm(j)) =0

Hence, by taking the upper limit as 7 — oo, we have

lim sup Mg (D (j)s Pr(s)) + Hmsup Ne(Dm()s Pni))

Jj—o0 Jj—o0

K*lim sup D (Pm()+1, Pu()+1) <

Jj—o0 2

K*1im sup D (P ()11, Pu(i)+1) < < Ke

j—00

Ke
2

Which implies that im sup® (pm(j)+1, Pri)+1) < 73 < 72

Jj—o0
a contradiction to (4) property proving above. Hence {p,} is a b-cauchy sequence.
Step 3 : In this step, We will show that f and g have a common fixed point.

Since {p,} is a b-cauchy sequence in the complete b-metric-like space X, there exists z € X

such that
Tim D (pan, 2) = m D(pony1, 2) = lim D(fpan, 2) = 0 (3.3.9)

By the triangle inequality, we have

@(fz, Z) S K[@(fza fp2n>+©<fp2m Z)] - K[@(fz, fp2n>+©(p2n+17 Z)]
(3.3.10)

Suppose that f is continuous. Letting n — oo in (3.3.10) and applying (3.3.9) we have

which implies that fz = z.
Let ©(z,9z) > 0. As z and gz are comparable by (3.3.3) we have

M(z,2) + Ng(z, 2)
2

K*®(z,92) = K*®(fz,g2) < (3.3.11)

where

MS(Z, Z) = max {2[)(@(2, Z)),Q/J(@(Z, fZ)),@D(Q(z,gz)),z/z(@(z’gz) + ©<27 fZ))}

6K

By the triangle inequality, we have

D(z,2) < 2KD(z,gz2)

D(z,92) < KD(z92)



D(z,2) +D(z,92) < 3KD(z,92)
0(:9) +D(eg?) _ (D(z.07)
6K - 2
M.(212) < mas { 2ED(,92)). KD (20, 0D (2. o D5 | < 2 g

Similarly,

Ni(z,2) = min{(D°(z, £2)), (D°(2, 92)), v(D°(2,92)), Y (D°(2, f2))}
D°(z,2) =129(2,2) = D(2,2) —D(z,2)| =0

Clearly, N4(z,2z) =0

Hence, (3.3.11) gives KD (z, gz) < KD(z, gz), which is contradiction. Thus, D(z, gz) = 0.

Similarly, if g is continuous, the desired result is obtained. O

Theorem 3.3.2. Let (X, =<,D) be a complete partially ordered b-metric-like space. Let f,q :
X — X be two mappings such that f is g-weakly isotone increasing. Suppose that for every two

comparable elements p,q € X , we have

M,(p,q) + Ns(p, q)
9

K'®(fp, gq) < (3.3.12)

Then, the pair (f,g) has a common fixed point z in X if X is reqular. Moreover, the set of
common fixed points of f and g is well ordered if and only if f and g have one and only one

common fized point.

Proof. Following the proof of theorem (3.3.1), there exists z € X such that

lim ©(p,,z) =0

n—oo
Now we prove that z is a common fixed point of f and g. Since py,+1 — 2z as n — oo from

regularity of X, pa,41 < 2. Therefore, from (3.3.3), we have

Ms(Z,pszrl) + NS(va2n+1)
2

K4©(fz,gp2n+1) < (3.3.13)



where

D(z, gpant1) + D(p2ant1, [2) )

My (2, pans1) = maz{(D (2, pant1)), P(D(2, £2)), V(D (pant1; gpant1)), ¥ oK

Taking the limit as n — oo in (3.3.13) and using lemma (4.2.1), we obtain that

lim sup Ms(za p2n+1) + lim sup Ns (Za p2n+1)
n— 00

1
K3D(fz,2) = K4?©(fz,z) < K*limsup D (fz, gpony1) < —== 5
n— oo
lim sup D (2, pan 1), lim sup D (2, £2), lim sup D (pon 1, gpan 1),
maz{ " noee nee + lim sup Ng(z, pan+1)
i D(z, gp2nt1) + D(P2n+1, f2) n—00
im sup
_ n—»00 6K
B 2
1 D(z, fz) +D(z,2)

IA

gmax{g(z, 2),9(z, f2),9(z, 2), } + lim sup Ny (z, pont1)

6K n—00

By the triangle inequality, we have

@]
o
&

A

2K®(z, fz)

D(z,f2) < KD(z f2)

D(z,2) +D(z, fz) < 3KD(z, f2)

0(:9) + D[ _ (D:12)
6K - 2
M.(212) < mar { KDLz, f2), 02RD G 1), 000 £20), (DT < oremie, 1

Similarly,

Ni(2,2) = min{y)(D°(z, [2)), p(D°(2, 92)), P (D°(2, g2)), Y (D°(2, £2))}
D(z,2) =129(2,2) —D(2,2) —D(z,2)| =0

Clearly, Ns(z,2z) =0
Hence by the (3.3.13), we have

K'D(z, f2) < 2K@(Z,2fz) +0

B 2K®(z, fz)+0
2
K(K? - 1)®(z, f2) <0

K*®(z, fz) <0

a contradiction. this implies that fz = z.

Similarly, it can be shown that z is a fixed point of g. O]



Corollary 3.3.3. Let (X, =, d) be a complete partially ordered b-metric space. Let f,g: X — X
be two mappings such that f is g-weakly isotone increasing.Suppose that for every two compa-

rable elements v,y € X and a constant s > 1 , we have

d(fx, gy) < My(z,y) (3.3.14)

Then, the pair (f,g) has a common fized point z in X if one of f or g is continuous. Moreover,
the set of common fixed points of f and g is well ordered if and only if f and g have one and

only one common fized point.

Example: Let X = [0, 00) be equipped with the b-metric-like D(p,q) = |p + ¢|*, p,g € X
where K = 2 according to example (1.3) and define a relation < on X by p < ¢ iff ¢ < p, where
< is the usual ordering on R, Define function f,g: X — X by

fng and gp:z—;

Define 1 : [0,00) — [0,00) by ¢(t) = §. Then we have the following:
(1) (X, <,9) is a complete partially ordered b-metric-like space.
(2) f is g-weakly isotone increasing with respect to <

(3) f and g are continuous.

(4) for every two comparable elements p, ¢ € X the inequality (3.3.3) holds, where M(p, ¢) and

Ni(p, q) is given by (3.3.1), (3.3.2) respectively.

Proof. Step 1: The proof of (1) is clear.

Step 2: To prove (2), for each p € X, fp =% < pand gp = £ < p. Thus for each p € X we
have gfp =g(§) = & < fpand fgfp = f(§) = 55 < gfp. ie, fp<gfp =< fgfp. Thus fis
g-weakly isotone increasing with respect to <

Step 3: To prove (3), it is easy to see that f and g are continuous.

Step 4: To prove (4), Assume p,q € X with P < ¢, i.e., ¢ < p.

M;(p,q) + Ns(p, q)
2

K*D(fp,g9q) < (3.3.15)



where

M(p,q) = max {w(@(p, 7)), ¥ (D (p, fp)), v(D(q, 99)), ¥ (

D(p, 99) +D(g; fp))}

6K
Mlp.) = mar {0((p-+ 07) 60+ B wi(a-+ o (LR
We have the following cases:
Case 1: Tf £ < 2 then we have
Mpaa) < mar {o((p+ DR w0 (L)
Mpg) < mar{u((Cy) (), (2. 0 ()

Clearly, M,(p,q) = %(@)2

and

Ni(p,q) = min{y(D°(p, [p)), ¥(D°(¢, 99)), ¥(D°(p, 99)), ¥ (D°(q, f))}

Ni(p.g) = min{i(®°(p. §)),0(D*(g, 2)), ¥(D*(p. 2)). 4(D*(0. )}
2°(p, %) < D°(p.p) (. % < g <p)
= [29(p,p) = D(p,p) = D(p,p)|
=0

Clearly, Nys(p,q) = 0. Then by (3.3.15)

P q P Py 2p.y
16D(=, =) < 16(= +=)° < 16(—
9 < w6l +Er <)
16 x 16 x p?
81 x 4

Ms(p,q)+Ns (p,9)
Clearly, 16@(5, ) < M

q
7
Case 2: If g < % then we have

M(p,q) < maz {w((q + 9_7q)2)’w((1_2q)2)’¢((8_7q)2>7¢ ((7q +4)° + (g + %) > }

Mapa) < marfi((20), (), w32, w1



Clearly, M,(p,q) = 1(12)2

and

Ni(p,q) = min{y(D°(p, fp)), ¥(D°(¢, 99)), ¥ (D°(p, 99)), ¥ (D°(q, f))}

Na(p) = min{o(D*(p. ), 0(D*(q, ), 9D (0. 1)), ¥(D*(a, )}
2°(q, g) < D%(q,9) ('.'g < % <q)

= [29(q,q9) —D(q,9) — D(g,9)|

= 0

Clearly, N,(p,q) = 0. Then by (3.3.15)

P q q g\ 2p .4
16D(=, = 16(2 + )2 < 16(==2
16 x 16 x p?
N 49 x 4

Clearly, 16@(5, g) < Ms(pyq)-Qi-Ns(pﬂ)
By combining all cases together, we conclude that f,g and v satisfy all the hypothesis of
theorem(3.3.1) and hence f and g have a common fixed point. Indeed, 0 is the unique fixed

point of f and g. O



Common Fixed Point Result in Partially Ordered b-metric-like Space

4.1 Introduction

In this subsection, we recall some preliminaries, definitions and well known results.

Let (x,<) be a partially ordered set and let f, g be two self-maps on X. We will use the
following terminology:

a) elements p,q € X are called comparable if p < ¢ or ¢ < p holds;

b) a subset S of X is said to be well ordered if every two elements of S are comparable;

(

(

(c) f is called nondecreasing w.r.t. < if p < ¢ implies fp < fq;

(d)([7]) the pair (f,g) is said to be weakly increasing if fp < gfp and gp < fgp for all p € X
(

(
e)([25]) f is said to be g-weakly isotone increasing if for all p € X we have fp < gfp < f9fp;

If f,g : X — X are weakly increasing, then f is g-weakly isotone increasing. Also, in (e),

if f = g, we say that f is weakly isotone increasing, In this case, for each p € X, we have

O The part of this chapter has been published in International Journal of Functional Analysis, Op-
erator Theory and Applications, 7(1), 2015, 19-56.



o< ffp.

Definition 4.1.1. /28] Let (X, <) be a partially ordered set and d be a metric on X. We say
that (X, %, d) is regular if the following conditions hold:
(1) if a non-decreasing sequence x,, — x, n — oo, then x, < x for all n,

(2) if a non-increasing sequence y, — y, n — 00, then y, =y for all n.

4.2 Lemmas

The following lemmas are required in the proof of our main results.

Lemma 4.2.1. [5] Let (X,9,K) be a b-metric-like space and {p,} be a sequence in X such

that lim D (p,,p) = 0. Moreover z € X, we have
n—oo

1
E@(p, z) < liminf D(p,, 2) < limsup D (pn, 2) < KD(p, 2).

n—0o0 n—o00

Lemma 4.2.2. Let (X,D) be a b-metric-like space and let {p,} be a sequence in X such that
lim ®(pn, pni1) = 0. (4.2.1)
n—oo

If {pn} is not a b-cauchy sequence, there exists € > 0 and two sequences {m(k)} and {n(k)} of
positive integers such that for the following four sequences

D (DPmk)s Pni))s D (D), Pmik)+1)s D (Prm(k)+1> Prk)) 0nd D (Dik)+1, Prk)+1)
it holds:

e < hm 1nf@<pm(j)apn(])) < lim Sup@(pm(]’)apn(j)) < Ke

J—00 j—o0

€ L )

7 < Hminf D Py, Prg)+1) < Hmsup D (Pm), Puiy+1) < K2
J—oo j—o0

€ Lo )

e < Hminf D (Pme)1, Pa)) < HMsup D (D)1, Pgi)) < K€
J—© j—00

€

< Hminf D (Prg)s1s Pagy+1) < HMsup D (P41, Pa(y+1) < K€

Proof. The proof of this lemma is already proved in Chapter 3. m



4.3 Main Result

Theorem 4.3.1. Let (X, <,D) be a complete partially ordered b-metric-like space with K > 1.
Let f,g: X — X be two mappings such that f is g-weakly isotone increasing. Suppose that for

every two comparable elements p,q € X , we have

N(p,q) + Ns(p, q)

K*®(fp,9q) < 5

(4.3.1)

Where

N(p,q) = maz{y(D(p,q)), v (D(p, fp)), v(D(q, 99)), V(D (p, 99)), ¥ (D(q, fp))} (4.3.2)

and

Ns(p, @) = min{y(D*(p, fp)), v(D*(q, 99)), v (D*(p, 99)), V(D*(q, fp)) } (4.3.3)

and 1 : [0,00) = [0,00) is a continuous function with ¥(t) < 5= for each t > 0 and 1(0) = 0.
Then, the pair (f,g) has a common fized point z in X if one of f or g is continuous. Moreover,
the set of common fixed points of f and g is well ordered if and only if f and g have one and

only one common fized point.

Proof. Let py be an arbitrary point of X. Choose p; € X such that fpy = p; and py € X such

that gp; = pe. continuing in this way, construct a sequence {p, } defined by:

Pont1 = fp2n and Pon+2 = GPon+1

for all n > 0. As f is g-weakly isotone increasing, we have

p1=fpo < 9gfpo =921 =22 < fgfpo = fp2 = D3

Repeating this process, we obtain p, < p,y1 V n > 1.

We will prove the theorem in three steps.

Step 1: Firstly we prove that nli_)rg@@(pn,pnﬂ) =0.

Suppose D (pj,, Pjo+1) = 0 for some jo. Then pj, = p;o+1.In this case py = 2n,ps,, = Popt1. We

need to show that pa,i1 = ponso. If D(pons1, Ponsz2) > 0, then from (4.3.1) we have

N(p?n»p?n—f—l) + Ns(p2n7p2n+l) (4 3 4)

K4©(p2n+17p2n+2) = K4@(fp2mgp2n+1) < 5



where

1/1 ‘p2n,P2n+1 ¢(®(p2mfp2n))7¢(@(p2n+1,9}72n+1)),¢(9(p2n»gp2n+1)),
N(pan,pon+1) =

V(D (p2n+1, [P2n))

¢ p2n, P2n+1 7/J(@ (P2n, p2n+1)), 1/)(@(p2n+1,]92n+2)), 1/1(9 (p2n7P2n+2)), }

{ 7/’(59(p2n+17p2n+1))

(D (P2n+1:DP2n+1)), 1/1(@(p2n+1,p2n+1))71/)(59(pzn+1,p2n+2))7¢(©(P2n+1,]92n+2)),}

w(g(pQH-Flaan—i-l))
= maz {Y(D(P2nt1,P2n+1)): V(D (Pan+1, Pant2))}

By D3, we have

D (Pan+1, P2nt1) < 2KD(pant1, Pant2)

N(Pon, pont1) < {VRKD(pant1,Dant2)), V(D (Pant1: Pont2)) }

= Y(2KD(pant1,Pani2))

Now,

Ns(pzm P2n+1) = mm{d’(gs(pm, fp2n))7 w(gs(pzmh 9p2n+1)), 1/1(@S(p2m 9p2n+1))7 ¢(©s(p2n+1, fpzn))}

= min{zﬂ(@s(p%, p2n+1))7 w(gs(p2n+1ap2n+2))a w(gs(pzn,p%ﬂ)), w(Qs(Pan,pan))}
If Ns<p2n7p2n+1) = ¢(®S<p2n+17p2n+1))7 then
CD8(102n+17]92n+1) = |2©<p2n+17p2n+1) - ©(P2n+1,p2n+1) - @(p2n+1,p2n+1)|

clearly, Ny(pon,pons1) = 0. then from (4.3.1), we have

(QK@ (p2n+lap2n+2))

K" (pant1, Pont2) < V(2KD(pans1, panta)) < e

Hence, [2K* — 1]D (pani1, Pania) < 0, which is a contradiction, so po, 11 = panio-

Similarly, if jo = 2n + 1, then po, 11 = popio gives Popio = Panrs. consequently, the sequence



{pr} becomes constant for j > j, and {pjo} is a coincidence point of f and g. For this, let

Jo = 2n. Then, we know that ps, = ponr1 = ponie. hence

Don = Pan+1 = [Don = Pan+2 = gDon+1

This means that fps, = gpany1, Now since pa, = pani1, we have fpa, = gpay
In the other case, when j, = 2n+ 1, Similarly, it can easily be shown that ps,11 is a coincidence
point of the pair (f, g).

Suppose now that D (pj,, pjo+1) > 0 for each jy. we claim the inequality

D (pjo+1, Pio+2) < D(Pjo: Pjo+1) (4.3.5)

holds for each jo =1, 2,....

Let 7 = 2n and for an n > 0,

D (pant1, P2nv2) > D (P2ns Pant1) > 0 (4.3.6)
Then, as pa, < pans1, using (4.3.1) we obtain that

N<p2n7p2n+1) + Ns (p2n;p2n+1)
2

K*D (pant1, Pant2) = K*D(fPon, gpans1) < (4.3.7)

where by the definition , clearly Ny(pon, p2ns1) = 0 and

¢(© (pZna p2n+1))7 w<©<p2n7 fp2n))> w<©(p2n+la gp2n+l))> w(g(ana gp2n+l))>

¢(© (p2n+1a fp2n))
= mar{P(D(p2n; P2nt1)), V(D (P2nt1, Pant2)), V(D (P2n, P2nt2)), V(D (Pans1; Pant1)) }

< max{zﬁ(@ (p2n7 p2n+1))> 1/1(33 (p2n+17 p2n+2>>7 1/1(@ (p2n7 P2n+2)), ¢(2K@ (me p2n+1)>}

N(p2mpzn+1) = max

If N(pon,p2ns1) = V(D (P2ni1, Pont2)), then from (4.3.7), we have

K4© (p2n+17 p2n+2) S ¢(@ (pZn—i—l ; p2n+2))

£y (P2n+1 ) p2n+2)

<
4K




a contradiction. If N(pon, poant1) = V(D (pan, Pant2)), then from (4.3.7), we have

K*®(poni1, Dansz) < V(D (pan, Pania))

@ (p?na p2n+2)
4K

1
< ﬁK[g(anaPQn—l—l) + @(P2n+1ap2n+2)] < @(p2n+17p2n+2)

a contradiction. If N(pon, poant1) = V(D (pan, Pant1)), then from (4.3.7), we have

K4©(p2n+17 Pont2) < V(D (Pon, Pant1))

£y (p2n7 P2n+1) D (p2n+1 ) p2n+2>
4K 4K

a contradiction. If N(pay, pani1) = V(2KD(pan, pant1)), then from (4.3.7), we have

K*® (pani1, Pansa) < W(2KD(pan, Pans1))

2K©(p2nup2n+1) < @(p2n+17p2n+2)
4K 2

a contradiction.
Hence, (4.3.6) is false, that is, D (poni1, Pans2) < D(Pan, Pans1) holds for all n.

Therefore (4.3.5) is proved for j, = 2n. Similarly, it can be shown that

D (Pant2, P2nt3) < D(Pant1, Pant2)

Hence, {D(pj,, pjo+1)} is a nondecreasing sequence of nonnegative real numbers.

We claim that lim D(pj,, pjo+1)=0

Jo—00

Assume that lim ©(pj,, pjo+1) = r, where r > 0 ,then we have
Jo—00

A

1
N(me p2n+1) S ﬁmam‘{ZK@ (p2n7 P2n+1)> £y (p2n+1 ) p2n+2>7 £y (pzm p2n+2)}

IN

2K

(4.3.8)

1
—max{QK’D (an, p2n+1)7 £y (p2n+1 ) p2n+2)7 KD (pzm p2n+1) + KD (p2n+1 ) p2n+2) }4-3-9)



and Ns<p2n7p2n+1) = 0
Now taking the upper limit as n — oo in (4.3.9), we obtain

1
lim sup N (pon, pont1) < ﬁmaw{r, 2Kry =r (4.3.10)

n—oo

Taking the upper limit as n — oo in (4.3.7) in (4.3.9) , we have K4r < r. Therefore (K*—1)r <

0, a contradiction with K > 1. Hence,

r= lim g(pjoapjo-i-l) =0 (4.3.11)

n—o0

Step 2: we shown that {p,} is a b-cauchy sequence in X. That is, for every € > 0, there exists
J € N such that for all m,n > j, ©(pm, pn) < €.

Assume to contrary, that {p,} is not a b-cauchy sequence . Then from Lemma(4.2.2), there
exists € > 0 for which we can find a subsequences {p.,(j)} and {pn(;)} such that n(j) > m(j) > j
and:

(a) m(j)=2t and n(j)=2t’+1, where t and t’ are non-negative integers,

(b) D(Pm(s), Pu(s)) 2 € and

(c) n(j) is the smallest number such that the condition (b) holds; i.e D (py(j); Pn()—1) < €

Then we have

(@)
IN

lim sup @(pm(j) ) pn(j)) < Ke

Jj—0o0

€ .
e < lmsup D (pm), Pugiy+1) < Ke
J]—00
€ .
= < lmsup D (pim(j)+1, Pu(g) < K%
j—oo
€ . 3
— < limsup D (Pm()+1, Pi)+1) < K¢
K j—00

Since n(j) > m(j), we have pn) < D))

KD (D41, Paye1) = KD(fPim(j)s 9Pn())

N (Dm()s Pri)) + No(Pm(i)» Pni))
= 2




where
)

N<pm(j)apn(])) = max

\

(
V(D Pme)s Pri)))s YD Pmiiys Pm(iy+1))s V(D (Puis)s Prgiy+1))
= max
K V(D (Pm(i)> Pri)+1)), V(D (P> Pm)+1))
1 D(Pm(i)> Prii))s D (Pm()s Pm)+1)s D (Pn(i)s Pri)+1)s V(D (Pm(s)s Pr)+1))s
< ﬁmax

Taking the upper limit as j — oo, then we have

(
i sup D (D), P(s))» B0 SUD D (Do) Prm(i)+1)
Jj—o0o J—00
1 . .
lim sup N(pm(J),pn(])) S ﬁmaaﬁ hIIl Sup@(pn(j)upn(j)+1)7 hm Sup©<pm(j)’p”(j)+1)7
j—00 j—00 j—00
lim sup D (pn(j); Pm(j)+1)
L J—0 y,
1 K
< ﬁmax{KG,O,O,KQE, K%} = 76
Similarly
)
| YD iy Fomi)s (D (Pui)s 9Pui))s (D (D) 9Pui)))s
Ny(Dm(j), Pui)) = min
\ V(D (ag) [Pmis)))
(
) Y@ Py P 1)) V(D (Pai) Pagiy+1))s V(D (P Prgi)+1))
= min
\ V(D°(Pn(j) Pm(i)+1))
Now,
D% (Pn)> Priy+1) < 12D(Pnis): Priy+1) — D (D) Pr() — D (Pui)+1: Pr()+1))]
< 12D (puiys Pty 1) = (DPng)s Puii) + D (Pngiys1, Puiy1))|
< |@(pn(j),pn(j)) + @(pn(j)+1,pn(j)+1) - 2©(pn(j)vpn(j)+1)|
By D3
D(Pn(): Pu(i) < 2KD(Pugs), Pugy+1)

D (pn(j)+17 Pn(j)+1) < 2K (pn(j) J pn(j)+1)

V(D (Pm@)> Pr(i)))s V(D 0m(i)s fPm3)))s V(D Pni)s 9Pn())) s (D (Pims)> 9Pn()))

V(D (Pni), [Pm())

V(D (pn(j) ) pm(j)+1))

\




D(Pa()s Put)) + D (Pn)+1: Pay+1) < AKD(Pa), Pugi)+1)

D (Pn(s)s Priy+1) < [(AK = 2)(Pn(i), Pr)+1)]

Hm sup D% (Pu(j); Pagyer) < (4K — 2) limsup (pug), Pagy1))|

Jj—o0 Jj—o0
clearly, Ny(pn(4), pm(4)) =0
Hence, By taking the upper limit as 7 — oo, we have

lim sup N(pm(j)7pn(j)) + lim sup Ns (pm(j)7 pn(j))

Jj—o0 Jj—o0

K*Hm sup D (pim(j)+1: Pu()+1) <

Jj—o0 2

K
5 < K

IN

K*limsup D (Pm(j)+1 Pn(y+1) <

Jj—o0
Which implies that lim sup ® (pm()+1, Pnii+1) < 75 < 72
Jj—o0
a contradiction to (4) property proving above. Hence {p,} is a b-cauchy sequence.

Step 3: In this step, We will show that f and ¢ have a common fixed point.

Since {p,} is a b-cauchy sequence in the complete b-metric-like space X, there exists z € X

such that
lim ©(pan, 2) = lim D(ponyi1,2) = lim D(fpaon, z) =0 (4.3.12)
n—oo n—o0 n—oo

By the triangle inequality, we have

D(fz2) < K[D(fz, [p2n) + D(fpan, 2)] = K[D(f2, fP2n) + D (2041, 2)] (4.3.13)

Suppose that f is continuous. Letting n — oo in (4.3.13) and applying (4.3.12) we have

which implies that fz = z.
Let ©(z,92z) > 0. As z and z are comparable by (4.3.1) we have

N(z,z) + Ns(z, 2)
2

K'®(z,92) = K'D(fz,92) < (4.3.14)

where

N(z, 2) = maz{i(D(z, 2)), Y(D(z, 2)), b(D(2,92)), ¥(D(2, 92)), (D (2, f2)) }



By the triangle inequality, we have
D(z,2) <2KD(z,g2)

N(z,2) < mazx{p(2KD(z, g2)), (2KD(z, g2)), ¥ (D (2, 92)), b((D(2,92))), ¥ (2KD(2,92))} < D(2,92)

Similarly,

Ni(2,2) = min{e)(D°(z, f2)), p(D°(2, 92)), ¥ (D°(2, 92)), Y(D°(2, £2))}
D%(z,2) = 20(2,2) — D(z,2) —D(z,2)| =0
Clearly, N4(z,2) =0

Hence, (4.3.14) gives K'D(z, gz) < @(ZT’Q'Z), which is contradiction. Thus, ®(z,gz) = 0.

Similarly, if g is continuous, the desired result is obtained. [

Theorem 4.3.2. Let (X, <,D) be a complete partially ordered b-metric-like space with K > 1.
Let f,g: X — X be two mappings such that f is g-weakly isotone increasing. suppose that for

every two comparable elements p,q € X , we have

N(p,q) + Ns(p, q)
2

K*®(fp, gq) < (4.3.15)

Where

N(p,q) = maz{y(D(p,q)), v (D(p, fp)), v(D(q,99)), V(D (p,99)), ¥ (D(q, fp))}  (4.3.16)

and

Ns(p, q) = min{(D*(p, fp)), ¥ (D*(q, 99)), v(D°(p, 99)), V(D*(q, [p)) } (4.3.17)

Then, the pair (f,g) has a common fixed point z in X if X is regular. Moreover, the set of
common fixed points of f and g is well ordered if and only if f and g have one and only one

common fized point.

Proof. Following the proof of theorem (4.3.1), there exists z € X such that

lim ©(p,,z) =0

n—o0



Now we prove that z is a common fixed point of f and g. Since py,+1 — 2z as n — oo from

regularity of X, pa,41 < 2. Therefore, from (3.3.3), we have

N(2,pans1) + No(2, pont1)
2

K*O(fz, gpons1) < (4.3.18)

where

N(z, pani1) = maz{(D(z, pani1)), Y (D(2, [2)), (D (P2nt1, 9P2n11)), Y (D (2, gP2nt1)), D(D(panta, [2))}

Taking the limit as n — oo in (4.3.18) and using lemma (4.2.1), we obtain that

lim sup N (2, pant1) + limsup Ny (2, p2ni1)

1
K*D(fz,2) = K4E©(fz,z) < K*limsupD(fz, gpans1) < -2 5 n—oo
n— o0
lim sup D (z, pan+1), limsup D(z, fz), limsup D (p2n+1, gP2n+1),
n— oo n— o0 n— o0 .
max + lim sup Ng(z, pant1)
lim sup D (2, gpan41), limsup D (pan 41, f2) e

o n— 00 n— 00

o 4K

1
< E(mam{@(z,z),@(z,fz),@(z,z),@(z,z),@(z, f2)} + limsup Ng(z, pani1))
n— o0

By the triangle inequality, we have

D(z,z) < 2KD(z, f2)

D(z,f2) < KD(z f2)

N(z,z) < maz{yp(2KD(z, f2)), P (KD(z, f2)), (KD (2, f2)), P((D(z, f2)))} < 2KD(z, f2)

Similarly,

Ni(z,2) = min{(D°(z, £2)), (D°(2, 92)), v(D°(2,92)), Y (D°(2, f2))}
D(z,2) =129(2,2) = D(2,2) —D(z,2)| =0

Clearly, Ns(z,2) =0
Hence by the (4.3.18), we have

2KD(z, f2)+0
4K
D(z,fz)+0
2

(K~ )z, f2) < 0

K*®(z, fz) <

K*D(z, fz) — <0



a contradiction. this implies that fz = z.

Similarly, it can be shown that z is a fixed point of g. m

Corollary 4.3.3. Let (X, %,d) be a complete partially ordered b-metric space. Let f: X — X
be a mapping such that f is weakly isotone increasing. Suppose that for every two comparable

elements xz,y € X and a constant s > 1 , we have

S4d(fl‘, gy) S Ms(w7 y)

Where

d(z, fy) + d(%ff))}

M. (o) = ma { ot ) ol fa)), wiato. ). (2L

Then f has a fized point z in X if either:

(a) f is continuous, or

(b) X is regular.

Moreover, the set of fized points of f is well ordered if and only if f has one and only one fized

point.
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