ON MULTIPLICITY OF PARTS IN n-COLOUR
COMPOSITIONS

A DISSERTATION SUBMITTED IN ACCORDANCE WITH THE
REQUIREMENT FOR THE AWARD OF DEGREE OF

MASTER OF SCIENCE
IN
MATHEMATICS AND COMPUTING

BY
WATANJEET SINGH
301703033

UNDER THE SUPERVISION OF
DR. MEENAKSHI RANA

THAPAR INSTITUTE

OF ENGINEERING & TECHNOLOGY
(Deemed to be University)

JULY 2019
SCHOOL OF MATHEMATICS
THAPAR INSTITUTE OF ENGINEERING AND TECHNOLOGY
PATIALA-147004 (PUNJAB)
INDIA



CERTIFICATE

This is to certify that the work done in this dissertation entitled “On Multiplicity of Parts
In n-Colour Compositions” in accordance with the requirements for the award of the degree
of Master of Science in Mathematics and Computing from Thapar Institute of En-
gineering and Technology during the year 2018-2019 is a legitimate work carried out by
Watanjeet Singh under the guidance of Dr. Meenakshi Rana.

The matter embodied in this dissertation is candidate’s own work and has not been submit-
ted by this or any other university in partial or full form of award of such a degree.

Watanjeet Singh
Reg. no. 301703033

This is to certify that the above statement made by the candidate is correct to the best of
my knowledge.

[t
Dr. "Wieenakshi Ran

Associate Professor
School of Mathematics,
TIET, Patiala



Acknowledgement

First of all, T would like to express my gratitute to Dr. Meenakshi Rana, Associate
Professor, SOM, Thapar Institute of Engineering and Technology, Patiala for her immense
support and guidance throughout the research work. I am fortunate to work on my project
under her guidance.

I am thankful to Dr. Satish Kumar Sharma, Associate Professor and Head, SOM and
the entire faculty, staff members of School of Mathematics for their help and cooperation.

I am also thankful to my classmates and friends for their direct and indirect help in the
making of my thesis. My deepest appreciation goes to my parents and sister who always
influenced my life with their strengthening support.



Abstract

The first chapter introduces the concepts of partitions, compositions and n-colour composi-
tions. It also includes standard results on compositions and n-colour compositions. Thus,
this chapter provides the required toolkit to solve higher level problems.

The second chapter mainly focus on multiplicity of parts in random composition of an integer.
Here we construct two variable generating function for a particular part size in composition
and discuss mean and variance of the multiplicity of part size in composition.

In third chapter we extend the results of chapter 2 for n-colour compositions. Here we discuss
expected value of multiplicity of a part size in randomly choosen n-colour composition.
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Chapter 1

Introduction

A partition of an integer n is a representation of n as a sum of finite non-increasing sequence
of positive integers, that is there exists ag > ay; > as > ... > a, such that

T

E a; = n.

=0

The positive integers ag,aq,...,a, are called the part sizes of an integer n. For example, the
partitions of 5 are

14+14+141+41, 441, 342, 3+1+1, 24241, 2414141, 5.

The corresponding partition function which counts the total number of partitions of an
integer is denoted by p(n) and is called the unrestricted partition function. Hence the total
partitions of n = 5 are 7, that is

p(d) =T.
The generating function f(q) for the sequence ag,a;,a,a3,... is the power series

o0

flo) =) aq"

=0

Euler showed that this infinite series can be expressed as an infinite product. The coefficients
of the power series represents the partition of an integer n.

> pn)g" =[] . _1 —
n=0 m=1 q

ot



This result can be also represented in g-rising factorial, where g-rising factorial is defined as
(@, q)o=1,
and
(a,q)n = (1 —a)(1 —aq)...(1 —ag™™ 1), for a > 0.
Now put a = ¢ in the above equation, then we have
(.0 =1 -q)(1-¢*)..(1-q").

Thus we can write

> p(n)g" = L
n=0

(4, 0o

where |q| < 1 ensures the convergence and p(0) = 1.

g-binomial theorem

Let a be any complex number, then

(1—2)*= Z <a>na:"

n!
n=0

where («),, is known as rising factorial defined as, («)o = 1 and

(@) =ala+1)(a+2)...(a+n—1).

1.1 Compositions

The partitions in which the order of part size matters are known as compositions. These are
also known as ordered partitions.
For example, the total ordered partitions or compositions of an integer 4 are

4, 3+1, 143, 242, 2+1+1, 14241, 14142, 1+14+141.
Thus total compositions of 4 are 8, that is C'(4) = 8.

Theorem 1.1.1. The number of compositions of an integer n with exactly | parts is equal
to (523) or (121)-



Proof. The total number of compositions of an integer n into [ parts is obtained from the
coefficients ¢" in the expansion of

(g+ @+ + .. )

Here we write the function as the product of [ factors and collect the terms ¢, ¢%, ..., ¢,
where

ay+asg + ... +a; =n.

We get a particular term ¢* %2 +% of the product, where (ay, as, ..., a;) is one of the com-
positions of n into [ parts. Thus, the generating function of composition of an integer n into
[ parts is given by

Y Cin)g" =g+ ¢+ ¢ +..)"
n=0

Then the result follows as

d G ="+ + ¢+t + )

n>l

= [e0+q+a+.)]
= (1+q++.)
Ay
_q(l—q)
=d(1-q

- (Z)T r
:quOW

using ¢g-binomial theorem

now substitute r + [ = n; which implies r = n — [. Thus, we get



> Cin)g" = i (Z: }) q"

n>l n=l

now we equate the coefficient of ¢" on both sides , and we have

aw=(1)-(7))

O
Theorem 1.1.2. The total compositions of n are 2"~ 1.
Proof. Let C(n) be the total number of compositions of n. Thus, we can write
C(n)=>_72,( Number of compositions of n into [ parts)
Cln) =) Ci(n)
=1
-2(50)
B -1
=1
-2(50)
B -1
=1
n
Because, (l) =0VI>n
n—1 n—1 n—1
c= ("o (") e (000
Thus,
C(n) =21
O

Theorem 1.1.3. The number of compositions of integer n where each part size is less than
or equal to s is determined by the coefficients of the generating function

s+1
N q—4q
Clg;s) = [REp Y.



Proof. The number of compositions of n into [ parts where each part is less than or equal to
s is given by Cj,,(s) and its generating function is

Clgs) =@+ + @+ ..+ ¢
=¢(1+¢' +¢+ .+

N
:qz 1—g¢q
l—gq

_ 5+1 l
Ci(g;s) = (%) ~

Now if we remove the condition of [ parts and allow all possible parts, we get

9=3 e S (L) ()

=1 =0

thus,

now using the result

gk
&3

we get
1
Clg;8)=—— —1

_s+1
e

LN 4—4q
C(q)8>_ 1_2q+q5+1

or

]

From above result we can find a relation between compositions and Fibonacci numbers.
Let us recall the Fibonacci numbers.

The Fibonacci numbers forms a sequence in which each number is a sum of two preceeding
numbers, and the sequence starts from 0 and 1. These are denoted by F,.

We define Fy =0, F; =1 and

Fn:Fn72+Fn71~



Generating function of Fibonaccci sequence
The ordinary generating function of the Fibonacci sequence is
g =
E: 1—q—q

The proof follows as, let
=2 B

—F0+F1Q+Z 1+ Fa9)q"

n=2

—q+9Y Fuaq" ¢ Fuag"

=q+qA(q) + ¢ Alq)

or

- q

Theorem 1.1.4. Let C,,(2) be the number of compositions of n into parts in which each part
18 < 2 and F,, be the Fibonacci number. Then

Cn(Z) - Fn+1 .

Proof. The proof of the result follows immediately from the generating functions. By
Theorem 1.1.3

Clgs) = —1

1— 2q+ qs—i-l
0 241
q9—q
C,(2)¢" =
Z; (2)q e r——
__q1-¢)
l—qg—q+¢

_ q(1—q)(1+q)
(1—-q) —q(1—¢?)

10



q(1+q)

l—qg—¢q°
1
L
l—gq—¢

= Z Fn+1qn —1
n=0

= Z Fond"+ Fig’ —1

n=1

= Fuag"+1-1

n=1

Z Ch(2)¢" = Z Foq".
n=1 n=1

Now comparing coefficients of ¢ on both sides, we have
Cn(2) - Fn+1.

This result can be explained with the help of an example, take n = 4 then the total compo-
sitions of 4 where each part is less than or equal to 2 are

242, 14241, 2+1+1, 1+142, 14+1+1+1
and hence Cy(2) =5 = F5. O

1.2 Graphical representations

Ordinary Partitions

Ordinary partitions can be represented graphically using Ferrers graph. It represent parti-
tions as dots in the plane in such a way that i*” row has same number of dots as the i*" part
in the partition. This can be illustrated with an example.

Let n = 25 and partition of n be 7T4+5+4+4+3+2, then its ferrers graph representation

1S
e o o

11



Compositions

Compositions can be represented by zig-zag graphs. The first row has dots equal to the
first part size of the composition and the next row have the dots starting right from the
last column of the first row. This can be illustrated with an example. Let n = 7 and its
composition be (1321), then its zig-zag represention is

1.3 n-colour compositions

We first define an n-colour partition of a positive integer. An n-colour partition of an integer
v is the partition in which a part size of n can come in n different colours. These colours are
denoted by the subscripts such as ny, no, ns, ..., n, and these parts satisfy an order

11<21<22<31<32<33<41<42<43<44<...,.
For example, the n-colour partitions of 3 are
317 327 337 21117 22117 111111~

Thus there are 6 n-colour partition of the integer 3. Let P(v) be the total number of n-colour
partitions of an integer v. Then we have a generating function for n-colour partitions as

> opw)g =TJa—q¢)

An ordered n-colour partition is known as n-colour composition of an integer. That is
the order of summands is taken into consideration.
For example, the n-colour compositions of 3 are

317 327 337 21117 22117 11217 11227 111111

The total number of n-colour compositions of integer v is denoted by C(r) and the total
n-colour compositions of v into [ parts is denoted by C(l,v). We now state some of the
important generating functions discussed in [2] on n-colour compositions that will be further
used to introduce new results.

12



Theorem 1.3.1. Let C(l;q) and C(q) be the generating functions for C(l,v) and C(v)
respectively, then

CN q
T
q
CW=1537¢
C(v) = Iy,

where Fy, is the (2v)™" Fibonacci number.

Proof. We know that an n-colour composition of an integer v is a composition where each
part size n can appear in n different colours. This means that n-colour composition is the
weighted composition with weights 1,2.3...

Thus, we get the generating function

Clliq) = C(l,v)g"

=(q+ 2q2 + 3q3 + )l

ql

(1—q)

Now the total n-colour compositions of an integer will be obtained if we remove the condition
of number of part sizes, that is

oo

> Clq)

C(lyq) =

C(q)

~

=1

2P

=1
-7
1-3¢+q¢*
This RHS in above expression is also the generating function for Fy,, that is the (2v)™"
Fibonacci number. So,

C(v) = Fy,.

13



1.4 Multiplicity of parts

Consider a random composition of a positive integer n, say a = (a1, asg, ..., q;) into [ parts

such that z
Z a; =MNn.
i=1

Here a; parts are in no particular order. For example, the compositions of 3 are
3, 241, 1+2, 1+1+1.

Now if we read compositions of 3 as 1.3 then it means that part 3 repeat once or part 3
has multiplicity 1. Similarly for other compositions 1.2+1.1 means that parts 2 and 1 have
multiplicity 1. If we write choose composition 3.1, it means that part 1 has multiplicity 3.

Hitczenko posed a question in [8] : What is the probability of a randomly choosen part
size in a random composition of an integer n has multiplicity m as n — oo (asymptotically)?

In Chapter 2 and 3, we study some results related to multiplicity of a part size and its
related generating functions. In particular we have studied the mean and variance on the
multiplicity of a part size in randomly choosen composition of an integer, and then extended
the work to n-colour compositions.

14



Chapter 2

On expected value and variance of
multiplicity of part size in
composition

We start with an overview of the multiplicity of parts in compositions. Let a = (ay, as, ..., a;)
be a composition of an integer n. We already know that values of a;’s are called part sizes.
Now the multiplicity of a part size a; is defined as the number of times it is repeating in a
particular composition of an integer n, that is if in composition a of n, the part size a; is
repeated m times then we say that a; has multiplicity m.

This chapter discussed in [3] aims to obtain a formula to calculate the expected value
and variance of the multiplicity of a given part size in a random composition of an integer.
The random compositions are widely used as the theoretical models for some applications.

Let us denote the set of all compositions of an integer n by €2,. We know that random
composition of an integer is the composition being choosen from €2, according to uniform
probability measure. We denote the multiplicity of j part size in a randomly choosen com-
position a of an integer n by X, ;.

2.1 Generatingfunctionology notation

We first introduce generatingfunctionology notation discussed in [5] which will be useful in
proving the results.

Consider f(z) be a series with powers in z. Then the notation [2"]f(x) denotes the coefficient
of 2™ in the series f(z).

For an example,



some properties of this notation are,

[z f(x) = [2"°]f(2)

and,

For example,

and also,
5o
n!

2.2 Construction of a two variable generating function

Let G,(¢q,u) denote the two variable generating function where [¢"u™]G,(¢,u) denote the
number of compositions of n where part size j has multiplicity m discussed in [10]. Now, we
construct the generating function.

We know that generating function for composition with [ parts (need not to be distinct) is

(q+ @+ ... +ug + ¢+ )L

Here variable u is attached to ¢/ so that multiplicities of part size j can be counted. Now
as

ug = (u+1-1¢ = (u—1)¢ +¢.
Thus we have the generating function,
@+ @+ +¢@ +u—1)¢ +¢™+ .,

this further implies,

16



Now removing the restriction of [ parts we get,

g =3 (L + (u— 1>qj)l

q+ (u—1)¢(1 - q)
(1-q)—(g+(u—-1)¢(1~q))

Thus we have,

_ l—gq
Gl = T i —weti—g "

2.3 Statement and proof of the main result

There are two results based on the multiplicity of part size j of random composition of an
integer n. They are

Theorem 2.3.1. Assumen > 2, and 1 < j < n—1, then the expected value and the variance
of X, ; satisfies the equalities.

n+3—y
EX, ;] = 5
and

352 — 2nj + 5n — 145 + 11
4j+1 :

Var[X, ;] =

Proof. Let gj(n,m) be the total count that part size j of an integer n has multiplicity m.
As Gj(q, u) is the two variable generating function. Therefore,

Gilq.u) =YY gij(n,m)g"u™ (2.1)

n>1 m>0

17



We have proved that,

_ l—gq .
Gl = T i —weti—g "

and also from the generatingfunctionology notation. If A(z) =) a,z", then a,, = [z"]A(z).
Thus following this notation we denote

G j(u) = [q"G;(q, u).

Expected value proof

From [5], we know that

G, (1)
EX, | =="1—. 29
[ ,]] GnJ(l) ( )
For any integer n > 2 and j < n — 1, we can write
Gug(w) = {1 - DA 00} 2.3
Now let
[4"1H;(q, u) = F (u),
then

Frj(u) = Fooyj(u) = [¢"1H; (g, u) — [¢" ' Hj(q, u),

this implies

Fugla) = Feaylo) = (1= @ a0}
Thus from (2.3) we have
Gnj(u) = F,;(u) — F_q(u),

and
1

1= (20— (1 -we'(1-q))
Using geometric series expansion, we have

Hj(q,u)

1
1—(2¢—(1—-u)g/(1-q))

-1

=(1- (20— (1 -g)(1-u)

=Y Qa-d(1-q(1l-u).

r>0

18



Now using the binomial theorem, we get:

> 2¢—¢(1-q)(1—u) E:E:() 7(1—q)(1—u) " (29)°

r>0 r>0 s=0

e D L P X3

r>0 s=0

Now again applying binomial theorem, we get:

Z zr: Z (r—s)—pos (S) (7’ - 5) (1- u)r—sqj(r—s)-i—r—p‘

r>0 s=0 p=0 p

We implement a substitution ie: put j(r — s) +r — p = n. Thus we have r =
So,

0<s<r = 0<s< "HUstp)
g+

and

0<p<r—s < OSpSW—S.

To obtain the desired results we need to modify these two inequalities. Since

n+ (js+p)
R
n+js+p—js—s
Jj+1
n+p—=s
J+1
—0<pi+1l)<n+p-s

0<p<

—0<p<

—0<p<

—0<p<T?
)

Now similarly for the first inequality we have

n+ (js+p)

0<s< ;
j+1

—0<s< -
741
n—s
J
—0<s<n.

<— 0<s<

+ s

19

n+ (js+p)
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Hence, we can rewrite the expression for H;(q,u) as follows:

r—s)—nas [ I'n Tn — S8 Tn—S8 N
Hj(q,u) =) LG40 oy (— 12079772 ( )( p >(1—U) q",

S

where ,
_n+p+7s

=T (2.4)

Since F, j(u) = [¢"|H,;(q,u),
this yields

Foj(u) = an [g} L1y ntpgon (—1)20 77728 <r:> (T" N S) (1—u)™=2. (2.5)

s=0 p=0 p

Now we need to calculate F), (1) so that the value of Gy, ;(1) is obtained. Put u = 1 in the
equation (2.5), then the term that do not vanish are only those for which r, — s = 0. Now,
since r, — s = 0, then p must be zero as p < r,, — s. Therefore, we have r,, = s and p = 0.
Substituting these values in (2.4), we get s = n. Thus from (2.5) we get,

FTL,](U) — 271’
and
From (2-3) we have,
Goy(1) =20 — 2771 = 971, (2.6)

This is true, since G, j(1) is the total number of composition of n where part size j can have
any multiplicity. We now want to find G}, ;(1), so we need to differentiate Gy, j(u). And from

(2.3) we can have G}, ;(u) = F}, ;(u) — F},_; ;(u). Thus
v 7] T\ (Tn — S

F i) =" Ty napen (12077 (ry — 5)2° < 8“) ( "p )(1 — )l (2.7)
s=0 p=0

Now, put u = 1 in above equation, so that F,’Lj(l) can be obtained. Following the same
steps, the terms that do not vanish in F}, ;(1) are the terms for which

rm—s—1=0. (2.8)

20



From equation (2.7), (T 7)) = ( ), and # 0 if and only if p =0 or p = 1. These
p

p p
both values will be considered. If p = 0, then from (2.4) we have

rm=8+1= n_+‘7$.
J+1
This implies
s=n—j—1,

thus,

() =(7) '
= =s+1=n-—7.
5 s

This results in term —2"77(n — j).

Now we consider the case when p = 1, then from (2.4) we have
14
rn:n%—. +Js S
J+1

n 1 ,
which implies s =n — J and(r >:(S+ ):S+1:n—j+1.
s s

The term associated with it is 2"77(n — j + 1). This implies

_ n—j—1 : n—j . _ on—j5—1 :
Fy (1) = =297 0 = ) + 2 (n — j+ 1) =29 (n — j +2).

Thus
Gry(1) = Foj (1) = Fry (1) = 2797 (n = j + 3).
Now combining it with eqn. (2.2) and (2.6), we have
n—j+3
E[X, ;] = i
Variance proof

Now we discuss the variance of the X, ;, we recall from [5] that

G” . G . G’ 2
Varknsl = n’j@;(l)n’](l) ) < w<1>> .

We differentiate eqn. (2.7) to obtain F}) (u)

21
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ot [%5°] N
Frlz/,j(u> = Z I(j+1)|(n+p+js)(_1)2(7"_8)_1)4_1(Tn—S)(T’n—S—l)QS( n> ( n ) (1—U)T"_S_2_

S
s=0 p=0 p

Repeating the same procedure we put u = 1 and collect all non-zero terms in above equation.
2

We see that only the non-zero terms must have r, —s—2 = 0. This means ( ) = 0 for any
p

value of p > 2. Thus we consider p = 0,1 and 2.
When p = 0, we get the term 2"%72(n — 25 — 1)(n — 2j);
When p = 1, we get the term —2""%(n — 25)(n — 2j + 1);
When p = 2, we get the term 277 (n — 25 + 1)(n — 2j + 2).
Combining all we get,
F() =222 =2 = 1)(n—2j) —=2" Y (n = 2j)(n —2j + 1) + 2" ¥ (n — 2j + 1)(n — 2j + 2)
_ on—2j-2 , ,
FT’@'J(l) =2"""((n—2j)(n— 25 +7) +8).
Hence,
G2, (1) = FLL(D) = FL (1) =297 (0= 23 4 9(n = 2) +14);

Now simplifying (2.9) we get,

=23 ((n —2j)?+9(n —2j) + 14) +2"777%(n = j +3)

23=2(n — j +3)]°
VCW’[Xn’j] = on—1 N |i on—1
SO
352 —2nj +b5n — 145 + 11
Varl X, | = YIS, :
This completes the proof. O

22



Chapter 3

On expected value of multiplicity of
part size in n-colour composition

3.1 Introduction

In this chapter our main focus is on the extension of works of compositions to n-colour com-
positions. We firstly define w, be the set of all n-colour compositions of an integer v. Let s
be a randomly choosen n-colour composition from w, and M,,(s) be the set of part sizes of
s that have multiplicity m.

Then we have a result which is an extension of Lemma discussed in [10] and Section (2.2) of
Chapter 2.

Lemma 3.1.1. For a randomly choosen n-colour compositions of v, the

1 v, m (1 B q)2
Fy, 1=3¢+¢+ (1 -u)j¢(1—-q)
where P(j € Mm(s)) 1s the probability that part size j has multiplicity m.

P(j € Myu(s))

Proof. Let G;(q,u) be the two variable generating function where [¢"u™]G,(¢, u) is the num-
ber of n-colour composition of v in which part size j has multiplicity m. We firstly construct
this generating function.
We know that generating function for n-colour compositions with [ parts (need not to be
distinct) is

(q+2¢* +3¢° + ... +ujg + ..
Here variable u is attached to ¢’ so that multiplicities of part size j can be counted.
This further implies,

23



l
. q .
(¢ +2¢> +3¢° + ... +ujg/ +..)' = <<1 —rt (u— 1)]QJ) ,

thus

o) q ‘ l
Gy(q,u)—lz;((l_q)2+(u 1)](1)
g+ (u—1)j¢ (1 —q)?
1-3q+¢*— (u—1)j¢(1 - q)?
_ (1-9q)° .
1-3¢+¢@+ (1 —ujg(l-q?

Since there are total Fy, n-colour compositions of v, thus we have

. S R (1—q)?
P(j € Mpu(s)) = F2V[q U ]1_3q+q2+(1—u)jqj(1—Q)2'

3.2 Main Results

We now develop some new expressions which can be used to calculate the expected value of
multiplicity of parts in n-colour compositions. We extend the work done in [3] and (Sec 2.3)
that is discussed in Chapter 2 to n-colour compositions.

Theorem 3.2.1. For v > 2, the expected value of X, ;, the multiplicity of part size j in a
random n-colour composition of an integer is given by
B F (1) +F) (1) —2F)

E[X ] — B , zlfl,j<1)
Y F (1) + Foy(1) — 2F, (1)

where,

-

Fy) =Y Z tZS;IMWW}<—1>3“-28-p-t<3>t(T;) (") ()i

s=0 p

Proof. Let g;j(v,m) be the total count that part size j of an integer v has multiplicity m.
Also G;(g,u) is a two variable generating function.

Therefore,
Gj(q,u) = Z Z g;(v,m)q"u™.

v>1 m>0

24



We have shown that

(1-¢)?
1 -3¢+ ¢*+ (1 —u)jg/(1 —q)?

Gi(q,u) = —1. (3.1)

In similar way, we denote

GVJ (U) = [qy]GJ (q7 U),
then E[X, ;] is the expected value, where X, ; is the multiplicity of part size j in a random
n-colour composition of an integer v, and from [9] we have

e
E[X,;] G:EB (3.2)
For v > 2, we can write
Gy (u) = [¢"]{(1 — q)*H;(q,u) }
= [¢"]H,(q,u) + ¢*[¢"1H;(q, v) — 2q[q"1H,(q, u)
= [¢"1H;(q,u) + [¢"*|H,(q,u) — 2[¢" '] H,(q, u).
We write,
FVJ(U’) = [qu]Hj(Q7 u)v (33)
Gy j(u) = F,j(u) + F,oa;(u) — 2F, 1 j(u), (3.4)
and
(g, u) = ! (3.5)

1-3¢+¢+ (1 —uwjgd(1-q)?*
Using the geometric series expansion and then thrice the binomial theorem, we obtain:

ZZZ Z( )< b ) @(—mMt(l—u)”fSq"”)“’“’”@)t-

r>0 s=0 p=0 t=0

We substitute v = j(r — s) + 2r — p — t and simplify the inequalities,

0< T,
O_pSQ(T—S),
0<t<s
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The more precise inequalities are

Therefore, we have

=

IS > s >~ tpeaterseemn (1727 () (207 () 1oy

v s=0 p=0 t=0

Using (3.3), we have

{2(1/.8)]
v

J
- r,—2s—p— Ty Q(TV - 3)
P =3 5 Y a1 () (
p=0 t=0

s=0 p

|:2(I/.s):|
v

- ry—2s—p— Ty 2<TV - 8)
Fiw) =" 3 > Tgiafwsjeiprn (D777 t(3)t(8) (
p=0 t=0

s=0

and

Differentiating (3.4), we have
Gm‘(“) = FLJ(“) + FL—Q,j(“) - 2F1//—1,j<u)‘

If we put u = 1, then from (3.2), we have

b, ) = Pl Floay(1) ~2F,,0)
Foj(D) + Fyg (1) = 2F, 4 5(1)

where F), j(u) and F) ;(u) are given by eqn. (3.7) and (3.8) respectively.

) (ot

This expression gives the expected value of the multiplicity of part size j in a random

composition of an integer v.
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3.3 Future scope of research

The Integer Partitions have been studied for a long time in context of combinatorial, ana-
lytical and statistical aspects, but its probabilistic aspect was studied by Erdos and Lehner
[9]. From the probabilistic prespective, they considered P(n), the set of all partitions of an
integer n, as the probability space with uniform probability measure. Erdos and Lehner,
studied the limiting distribution of the total number of parts in the partition.

Corteel, Pittel, Savage, and Wilf [11] provided an argument to the following question.
Consider a sampling procedure with two steps. Firstly, choose a partition a of n uniformly
at random. Then from that partition a, pick one part size out of all different part sizes in
a uniformly at random. Then what is the unconditional probability that randomly choosen
part size has a multiplicity m 7 This case can be discussed in context to n-colour composi-
tions. The multiplicity of parts in a random n-colour composition of a large integer can also
be discussed.

The generating functions discussed in Lemma 1 of this chapter can be discussed in more

detail with main focus on finding the singularties of the resulting function. The main results
in this chapter can be generalised more so that there is a better understanding to the concept.
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