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ABSTRACT 

After reviewing the literature, it may be concluded that  

(i) Only the existing methods [9, 10, 110] are proposed for solving FlFuLFtPs.  

(ii) There does not exist any method except Mahmoodirad et al.’s method [117] for 

solving FuLFMiCfPs. 

(iii) Only the existing methods [102, 127, 163] are proposed for solving PyFuTpS 

(transportation problems in which the transportation cost for supplying one unit 

quantity of the product from a source to a destination is represented by a  PyFuN. 

While, all other parameters are represented by a non-negative real number). 

(iv) There does not exist any method except Ebrahimnejad et al.’s method [57] for solving 

IvTFuSpPs. 

(v) There does not exist any method except Enayattabar et al.’s method [63] for solving 

IvPyFuSpPs. 

(vi) Only the existing methods [162, 175] are proposed for solving TsFuSpPs. 

(vii) Only the existing method [100] is proposed for solving SvNeLpPs by considering the 

attitude of the decision maker towards the risk. 

In this thesis, it is pointed out that  

(i) It is inappropriate to use the existing methods [9, 10, 110] for solving FlFuLFtPs. 

Also, an efficient method (named as Mehar method) is proposed for solving 

FlFuLFtPs. 

(ii) It is inappropriate to use the existing method [117] for solving FuLFMiCfPs. Also, 

an efficient method (named as Mehar method) is proposed for solving FuLFMiCfPs. 
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(iii) It is inappropriate to use the existing methods [102, 127, 163] for solving PyFuTpS. 

Also, an efficient method (named as Mehar method) is proposed for solving 

PyFuTpS. 

(iv) Much computational efforts are required to apply Ebrahimnejad et al.’s method [57] 

for solving IvTFuSpPs. Also, an efficient method (named as Mehar method) is 

proposed for solving IvTFuSpPs. 

(v) It is inappropriate to use Enayattabar et al.’s method [63] for solving IvPyFuSpPs. 

Also, it is pointed out that the reasons for the inappropriateness in Enayattabar et al.’s 

method [63] are the inappropriateness of existing expression [63] to evaluate sum of 

IvPyFuNs as well as the inappropriateness of existing method [63] for comparing two 

IvPyFuNs. Then, an appropriate expression to evaluate sum of IvPyFuNs is proposed. 

Thereafter, the existing method [78] for comparing two interval-valued intuitionistic 

fuzzy numbers is extended for comparing two IvPyFuNs. Finally, using the proposed 

expression as well as the extended method for comparing IvPyFuNs, an efficient 

method (named as Mehar method) is proposed for solving IvPyFuSpPs. 

(vi) It is inappropriate to use the existing methods [162, 175] for solving TsFuSpPs. Also, 

it is pointed out that the reasons for the inappropriateness in the existing methods 

[162, 175] are the inappropriateness of existing expression [162, 175] to evaluate sum 

of TsFuNs as well as the inappropriateness of existing methods [162, 175] for 

comparing two TsFuNs. Then, an appropriate expression to evaluate sum of TsFuNs 

is proposed. Thereafter, by aggregating the existing methods [5, 115] for comparing 

two TsFuNs, a new method is proposed for comparing two TsFuNs. Finally, using 
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the proposed expression as well as the proposed method for comparing TsFuNs, an 

efficient method (named as Mehar method) is proposed for solving TsFuSpPs. 

(vii) It is inappropriate to use the existing method [100] for solving SvNeLpPs. Also, an 

efficient method (named as Mehar method) is proposed for solving SvNeLpPs. 
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Chapter 1 

Introduction 

 

1.1 Introduction 

The aim of each company/industry is to provide final product to customers at minimum 

possible cost. Since, various parties like suppliers, manufacturers, transporters, retailers, 

warehouses etc. are involved directly or indirectly, known as supply chain, to supply the product 

to customers. Therefore, to achieve the company’s/industry’s objective, a management (named as 

supply chain management) is required to minimize the costs of all the involved parties. 

Transportation cost play an important role to achieve company’s/industry’s objective as the cost 

of a final product can be minimized by minimizing the total transportation cost. Furthermore, as 

the total transportation cost depends upon the route followed for transporting the product between 

two places. Therefore, the travelled distance between two places is an important factor to reduce 

the total transportation cost.  

Cost minimization transportation problem and distance minimization SpP are two important 

topics of Operations Research [4, 18, 33, 39, 90, 161]. The aim of a cost minimization 

transportation problem is to find the quantity of the product to be supplied from one place to 

another place so that the total transportation cost is minimum. While, the aim of a distance 

minimization SpP is to find the route having the shortest distance between two places.  

In general, a cost minimization transportation problem is solved by considering the following 

assumptions. 
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(i) The product will be directly supplied from a source to a destination i.e., there will be no 

storage of the product at any place. 

(ii) Single mode of conveyance (train or truck or ship or cargo plane etc.) will be used to 

transport the product from a source to a destination. 

(iii) There is only one objective i.e., to minimize the total transportation cost. 

(iv) All the parameters are known precisely. 

While, these assumptions are not always valid in real-life problems due to the following 

reasons. 

(i) The product is stored at different places (generally called warehouses/distribution 

centers). 

(ii) More than one mode of conveyances (train, truck, ship and cargo plane etc.) are used 

to transport the product from a source to a destination. 

(iii) There may be more than one objective like to maximize profit, to minimize cost, to 

minimize risk, to minimize delivery time etc. 

(iv) The precise values of the parameters are not always known. 

To handle (i), (ii) and (iii), different variants of transportation problems named as minimal cost 

flow problem [4], solid transportation problem [75] and fractional transportation problem [18] or 

multi-objective transportation problem [107] respectively are proposed in the literature. While, to 

handle (iv), in the literature [9, 10, 102, 110, 117, 127, 163], fuzzy set and their various extensions 

[28] are used to represent the imprecise values of the parameters of transportation problems and 

its variants.    

Similarly, a distance minimization SpP is solved by considering the assumption that all the 

parameters are known precisely. 
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But, in reality this assumption does not hold true. Due to the same reason, in the literature [57, 

63, 162, 175], fuzzy set and their various extensions [28] are used to represent the imprecise values 

of the parameters of SpPs.   

1.2 Literature review 

In this section, some recently proposed methods for solving  

(i) Transportation problems and its variants under fuzzy environment and their various 

extensions are discussed in a brief manner (see Kacher and Singh [86], Chhibber et al. 

[36], Kaur et al. [93] and references therein for more details).  

(ii) SpPs under fuzzy environment and their various extensions are discussed in a brief 

manner (see Broumi et al. [27] and references therein for more details).  

(iii) Mathematical programming problems under neutrosophic environment [151] (see 

Ghanbari et al. [68], Kaur and Kumar [94], Nasseri et al. [129] and references therein 

for more details).  

1.2.1 A brief review of some existing methods for solving transportation problems and its 

variants under fuzzy environment and their various extensions 

Liu [110] proposed a method to solve triangular FlFuLFtPs. In Liu’s method [110] firstly, a 

FuMpP having crisp decision variables is obtained corresponding to a FuLFtP. Then, the obtained 

FuMpP is transformed into two equivalent CrLpPs. Finally, the transformed CrLpPs are solved to 

obtain an optimal solution and the fuzzy optimal value of the triangular FlFuLFtP.  

Anukokila et al. [9] proposed a method for comparing two TFuNs. Using the proposed 

comparing method, Anukokila et al. [9] proposed a method to solve triangular FlFuLFtPs. In 

Anukokila et al.’s method [9] firstly, a FuMpP having fuzzy decision variables is obtained 

corresponding to a triangular FlFuLFtP. Then, the obtained FuMpP is transformed into its 
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equivalent CrMoLFpP. Thereafter, using the lexicographic approach [18], an efficient solution of 

the transformed CrMoLFpP is obtained. Finally, using the obtained efficient solution, a fuzzy 

optimal solution and the corresponding fuzzy optimal value of the triangular FlFuLFtP is obtained.    

Mahmoodirad et al. [117] proposed a method to solve triangular/trapezoidal FuLFMiCfPs. In 

Mahmoodirad et al.’s method [117] firstly, a FuMpP having crisp decision variables is obtained 

corresponding to a triangular/trapezoidal FuLFMiCfP. Then, the obtained FuMpP is transformed 

into two equivalent CrLpPs. Finally, the transformed CrLpPs are solved to obtain an optimal 

solution and the fuzzy optimal value of the triangular/trapezoidal FuLFMiCfP.  

Anukokila and Radhakrishnan [10] proposed a method, based on the existing method [153], to 

solve trapezoidal FlFuLFtPs. In Anukokila and Radhakrishnan’s method [10] firstly, a FuMpP 

having fuzzy decision variables is obtained corresponding to a trapezoidal FlFuLFtP. Then, the 

obtained FuMpP is transformed into its equivalent CrMpP. Finally, the optimal solution of the 

transformed CrMpP is used to obtain a fuzzy optimal solution and the fuzzy optimal value of the 

trapezoidal FlFuLFtP.    

Kumar et al. [102] proposed a method to solve PyFuTpS. In Kumar et al.’s method [102] firstly, 

using the score function, a PyFuTp is transformed into its equivalent CrTp. Then, the transformed 

CrTp is solved to obtain an optimal solution of the PyFuTp.  

Umamageswari and Uthra [163] proposed a new score function for comparing two PyFuNs. 

Also, Umamageswari and Uthra [163] used their proposed score function in Kumar et al.’s method  

[102] for solving PyFuTpS. 

Nagar et al. [127] pointed out some drawbacks of the existing score functions [114, 134, 177] 

for comparing two PyFuNs. Also, to resolve the drawbacks of the existing score functions, Nagar 
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et al. [127] proposed a new score function for comparing two PyFuNs. Furthermore, Nagar et al. 

[127] used their proposed score function in Kumar et al.’s method [102] for solving PyFuTpS.     

1.2.2 A brief review of some existing methods for solving SpPs under fuzzy environment 

and their various extensions 

Enayattabar et al. [63] claimed that till now no one has used an IvPyFuN to represent 

imprecise parameters for SpPs. To fill this gap, Enayattabar et al. [63] proposed IvPyFuSpPs. 

Enayattabar et al. [63] also extended the existing crisp Dijkstra’s algorithm [54] to interval-valued 

Pythagorean fuzzy Dijkstra’s algorithm to find the shortest IvPyFuD from a source node to a 

destination node.  

Ebrahimnejad et al. [57] claimed that till now no one has used an IvTFuN to represent 

imprecise parameters for SpPs. To fill this gap, Ebrahimnejad et al. [57] proposed IvTFuSpPs. 

Ebrahimnejad et al. [57] also proposed a method to solve IvTFuSpPs. In Ebrahimnejad et al.’s 

method [57] firstly, an IvTFuLpP is obtained corresponding to an IvTFuSpP. Then, the obtained 

IvTFuLpP is transformed into its equivalent CrMoLpP. Finally, the transformed CrMoLpP is 

solved using the lexicographic approach [18] to obtain the shortest path and the corresponding 

shortest IvTFuD.   

Zedam et al. [175] and Ullah et al. [162] extended the existing crisp Dijkstra’s algorithm 

[54] to solve such SpPs in which distance between every two nodes is represented by a TsFuN.   

1.2.3 A brief review of some existing methods for solving mathematical programming 

problems under neutrosophic environment  

Hussian et al. [79] proposed a method to solve SvTNeLpPs. In Hussian et al.’s method [79] 

firstly, a SvTNeLpP is transformed into its equivalent CrMoLpP. Then, the obtained CrMoLpP is 
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transformed into its equivalent CrLpP. Finally, it is assumed that an optimal solution of the 

transformed CrLpP also represents an optimal solution of SvTNeLpP. 

Hussian et al. [80] proposed a method to solve SvTNeLFpPs. In Hussian et al.’s method 

[80] firstly, a SvTNeLFpP is transformed into its equivalent CrMoLFpP. Then, the obtained 

CrMoLFpP is transformed into its equivalent CrMoLpP. After that, the obtained CrMoLpP is 

transformed into its equivalent CrLpP. Finally, it is assumed that an optimal solution of the 

transformed CrLpP also represents an optimal solution of SvTNeLFpP. 

Abdel-Basset et al. [1] proposed a method for comparing two SvTrNeNs. Then, using the 

proposed comparing method, Abdel-Basset et al. [1] proposed a method to solve SvTrNeLpPs. In 

Abdel-Basset et al.’s method [1] firstly, a SvTrNeLpP is transformed into its equivalent CrLpP. 

Finally, it is assumed that an optimal solution of the transformed CrLpP also represents an optimal 

solution of SvTrNeLpP.       

Singh et al. [148] pointed out that some mathematical incorrect results are considered in 

Abdel-Basset et al.’s method [1]. Hence, it is inappropriate to use Abdel-Basset et al.’s method [1] 

in its present form. Singh et al. [148] also suggested some modifications to resolve the 

inappropriateness of Abdel-Basset et al.’s method [1].  

Abdel-Basset et al. [2] proposed a method to solve SvTNeLFpPs. In Abdel-Basset et al.’s 

method [2] firstly, a SvTNeLFpP is transformed into its equivalent CrMoLFpP. Then, the obtained 

CrMoLFpP is transformed into its equivalent CrMoLpP. After that, the obtained CrMoLpP is 

transformed into its equivalent CrLpP. Finally, it is assumed that an optimal solution of the 

transformed CrLpP also represents an optimal solution of SvTNeLFpP. 

Nafei and Nasseri [125] proposed a method for comparing two SvTNeNs. Then, using the 

proposed comparing method, Nafei and Nasseri [125] proposed a method to solve SvTNeIpPs. In 
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Nafei and Nasseri’s method [125] firstly, a SvTNeIpP is transformed into its equivalent CrIpP. 

Finally, it is assumed that an optimal solution of the transformed CrIpP also represents an optimal 

solution of SvTNeIpP.    

Das and Dash [41] pointed out that it is inappropriate to use Hussian et al.’s method [79] 

for solving SvTNeLpPs. Das and Dash [41] also suggested to use Nafei and Nasseri’s method 

[125] for solving SvTNeLpPs.    

Das and Edalatpanah [42] pointed out that a mathematical incorrect result is considered in 

Nafei and Nasseri’s method [125]. Hence, it is inappropriate to use Nafei and Nasseri’s method 

[125]. Das and Edalatpanah [42] also proposed a method to solve SvTNeIpPs. In Das and 

Edalatpanah’s method [42] firstly, a SvTNeIpP is transformed into its equivalent CrIpP. Finally, 

it is assumed that an optimal solution of the transformed CrIpP also represents an optimal solution 

of SvTNeIpP. 

Khatter [100] pointed out that although several methods are proposed in the literature to 

solve SvNeLpPs. However, all the methods for comparing SvNeNs, used in existing methods, are 

independent from the attitude of the decision maker towards the risk. To fill this gap, Khatter [100] 

proposed a method for comparing two SvNeNs by considering the attitude of the decision maker 

towards the risk. Then, using the proposed comparing method, Khatter [100] proposed a method 

to solve SvNeLpPs. In Khatter’s method [100], a SvNeLpP is transformed into its equivalent 

CrLpP. Finally, it is assumed that an optimal solution of the transformed CrLpP also represents an 

optimal solution of SvNeLpP.  

Badr et al. [16] proposed a method for comparing two SvTrNeNs. Then, using the proposed 

comparing method, Badr et al. [16] generalized the crisp two-phase simplex algorithm for solving 

SvTrNeLpPs. 
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Das et al. [43] proposed a method to solve SvTNeLFpPs. In Das et al.’s method [43] firstly, 

a SvTNeLFpP is split into two equivalent SvNeLpPs. Then, the obtained SvNeLpPs are 

transformed into their equivalent CrLpPs. Finally, it is assumed that both optimal solutions of the 

transformed CrLpPs also represents an optimal solution of SvTNeLFpP. 

Abdelfattah [3] proposed a method to solve SvTNeLpPs. In Abdelfattah’s method [3] 

firstly, a SvTNeLpP is split into two CrLpPs. Then, the obtained CrLpPs are solved independently. 

Finally, it is assumed that both optimal solutions of the transformed CrLpPs also represents an 

optimal solution of SvTNeLpP.   

Kar et al. [89] proposed a simplex algorithm for solving SvTNeLpPs, Badr et al. [15] 

proposed a simplex algorithm for solving SvTrNeLpPs and Rabie et al. [137] proposed a two-

phase simplex algorithm for solving SvTrNeLpPs.  

Das et al. [44] proposed a method to solve SvTrNeLpPs. In Das et al.’s method [44] firstly, 

a SvTrNeLpP is transformed into its equivalent CrMoLpP. Then, using a lexicographic approach, 

the transformed CrMoLpP is solved. Finally, it is assumed that an efficient solution of the 

transformed CrMoLpP also represents an optimal solution of SvTrNeLpP. 

ElHadidi et al. [58] proposed a method for comparing two SvTrNeNs. Then, using the 

proposed comparing method, ElHadidi et al. [58] proposed a method to solve SvTrNeLpPs. In 

ElHadidi et al.’s method [58] firstly, a SvTrNeLpP is transformed into its equivalent CrLpP. 

Finally, it is assumed that an optimal solution of the transformed CrLpP also represents an optimal 

solution of SvTrNeLpP. 

ElHadidi et al. [59] proposed a method to solve SvTrNeLFpPs. In ElHadidi et al.’s method 

[59] firstly, a SvTrNeLFpP is transformed into its equivalent CrMoLFpP. Then, the obtained 

CrMoLFpP is transformed into its equivalent CrMoLpP. After that, the obtained CrMoLpP is 
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transformed into its equivalent CrLpP. Finally, it is assumed that an optimal solution of the 

transformed CrLpP also represents an optimal solution of SvTrNeLFpP. 

1.3 Gaps in the present study 

After a deep study of the literature, it is observed that  

(i) Some mathematical incorrect results are considered in all the existing methods [9, 10, 

110] for solving triangular/trapezoidal FlFuLFtPs. Therefore, it is inappropriate to use 

existing methods for solving triangular/trapezoidal FlFuLFtPs.  

(ii) Some mathematical incorrect results are considered in the existing method [117] for 

solving triangular/trapezoidal FuLFMiCfPs. Therefore, it is inappropriate to use 

existing method for solving triangular/trapezoidal FuLFMiCfPs. 

(iii) Some mathematical incorrect results are considered in all the existing methods [102, 

127, 163] for solving PyFuTpS. Therefore, it is inappropriate to use existing methods 

for solving PyFuTpS.  

(iv) Much computational efforts are required to apply Ebrahimnejad et al.’s method [57] 

for solving IvTFuSpPs. 

(v) Some mathematical incorrect results are considered in the existing method [63] for 

solving IvPyFuSpPs. Therefore, it is inappropriate to use existing method for solving 

IvPyFuSpPs. 

(vi) Some mathematical incorrect results are considered in all the existing methods [162, 

175] for solving TsFuSpPs. Therefore, it is inappropriate to use existing methods for 

solving TsFuSpPs. 

(vii) A mathematical incorrect result is considered in the existing method [100] for solving 

SvNeLpPs by considering the attitude of the decision maker towards the risk. 
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1.4 Objectives  

The objectives of the present study is to propose an efficient method for solving 

(i) FlFuLFtPs. 

(ii) FuLFMiCfPs. 

(iii) PyFuTpS.  

(iv) IvTFuSpPs. 

(v) IvPyFuSpPs. 

(vi) TsFuSpPs. 

(vii) SvNeLpPs 

1.5 Brief review about the work 

The chapter wise summary of thesis is as follows: 

Chapter 2 

Efficient Method for Solving Fully Fuzzy Linear Fractional Transportation Problems 

After reviewing the literature, it may be concluded that only the existing methods [9, 10, 110] 

are proposed for solving FlFuLFtPs. In this chapter,  

(i) It is pointed out that it is inappropriate to use the existing methods [9, 10, 110].  

(ii) An efficient method is proposed for solving FlFuLFtPs. 

Chapter 3 

Efficient Method for Solving Fuzzy Linear Fractional Minimal Cost Flow Problems 

After reviewing the literature, it may be concluded that there does not exist any method except 

Mahmoodirad et al.’s method [117] for solving FuLFMiCfPs. In this chapter,  

(i) It is pointed out that it is inappropriate to use the existing method [117].  

(ii) An efficient method is proposed for solving FuLFMiCfPs. 
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Chapter 4 

Efficient Method for Solving Pythagorean Fuzzy Transportation Problems  

In this chapter, it is pointed out that some mathematical incorrect results are considered in all 

the existing methods [102, 127, 163] for solving PyFuTpS (transportation problems in which the 

transportation cost for supplying one unit quantity of the product from a source to a destination is 

represented by a PyFuN. While, all other parameters are represented by a non-negative real 

number). Therefore, it is inappropriate to use any of the existing methods [102, 127, 163] for 

solving PyFuTpS. Also, a new method (named as Mehar method) is proposed for solving 

PyFuTpS. Finally, the proposed Mehar method is illustrated with the help of a numerical example. 

Chapter 5 

Efficient Methods for Solving Shortest Path Problems Under Fuzzy Environment and Their 

Extensions 

In this chapter, limitations and/or shortcomings of some recently proposed methods for 

solving SpPs under fuzzy environment and their extensions [57, 63, 162, 175] are discussed. Also, 

to resolve the shortcomings and/or to overcome the limitations, efficient methods are proposed. 

Chapter 6 

Efficient Method for Solving Linear Programming Problems Under Neutrosophic 

Environment  

Khatter [100] pointed out that although several methods are proposed in the literature to 

solve SvNeLpPs (LpPs in which all the parameters except decision variables are either represented 

by SvTNeNs or SvTrNeNs). However, all the methods for comparing SvNeNs, used in existing 

methods, are independent from the attitude of the decision maker towards the risk. To fill this gap, 

Khatter [100], proposed a method for comparing two SvNeNs by considering the attitude of the 
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decision maker towards the risk. Then, using the proposed comparing method, Khatter [100] 

proposed a method for solving SvNeLpPs.  

In this chapter,  

(i) It is pointed out that a mathematical incorrect result is considered in Khatter’s 

method [100].  

(ii) It is pointed out that some mathematical incorrect results are considered in other 

existing methods for solving SvNeLpPs.  

(iii) An efficient method (named as Mehar method) is proposed for solving SvNeLpPs.  

Chapter 7 

Future Scope 

In this chapter, some open research problems are discussed. 

Appendix A 

Nishad and Abhishekh [130] proposed a method to solve NoTrFlItFuTpS/NoTFlItFuTpS 

(transportation problems in which each parameter is represented by a NoTrItFuN/NoTItFuN). 

Nishad and Abhishekh [130] claimed that their proposed method is superior than the existing 

methods [8, 103, 149]. In this appendix, it is shown that Nishad and Abhishekh [130] have 

considered a mathematical incorrect result in their proposed method. Therefore, it is inappropriate 

to use Nishad and Abhishekh’s method [130] to solve NoTrFlItFuTpS/NoTFlItFuTpS. 
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Chapter 2 

Efficient Method for Solving Fully Fuzzy Linear 

Fractional Transportation Problems1 

 

After reviewing the literature, it may be concluded that only the existing methods [9, 10, 110] 

are proposed for solving FlFuLFtPs. In this chapter,  

(i) It is pointed out that it is inappropriate to use the existing methods [9, 10, 110].  

(ii) An efficient method is proposed for solving FlFuLFtPs. 

2.1 Preliminaries 

 In this section, some basic definitions are discussed. 

Definition 2.1.1 [21] Let 𝑋 be a universal set. Then, the set 𝐴̃ = {⟨𝑥, 𝜇𝐴(𝑥)⟩: 𝑥 ∈ 𝑋}, defined over 

the universal set 𝑋, is said to be a fuzzy set, where 𝜇𝐴: 𝑋 → [0,1] is said to be the membership 

function and the value 𝜇𝐴(𝑥) is called the degree of membership for 𝑥 belongs to the set 𝐴̃. 

Definition 2.1.2 [21] Let 𝐴̃ be a fuzzy set defined over the universal set 𝑋 and 𝛼 ∈ (0,1]. Then, 

the crisp set 𝐴𝛼 = {𝑥 ∈ 𝑋: 𝜇𝐴(𝑥) ≥ 𝛼} is said to be the 𝛼-cut of the fuzzy set 𝐴̃.  

Definition 2.1.3 [21] Let 𝐴̃ be a fuzzy set defined over the universal set 𝑋. Then, the crisp set 

𝑆(𝐴̃) = {𝑥 ∈ 𝑋: 𝜇𝐴(𝑥) > 0} is said to be the support of the fuzzy set 𝐴̃. 

Definition 2.1.4 [21] Let 𝐴̃ be a fuzzy set defined over the universal set 𝑋. Then, the crisp number 

ℎ(𝐴̃) = supremum 
𝑥∈𝑋

{𝜇𝐴(𝑥)} is said to be the height of the fuzzy set 𝐴̃. If ℎ(𝐴̃) = 1, then the fuzzy 

set 𝐴̃ is said to be a normal fuzzy set. 

                                                           
1 The contents of this chapter are published in “Soft Computing 26 (2022) 11525-11551”.  
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Definition 2.1.5 [21] A fuzzy set 𝐴̃ defined over the set of real numbers is said to be fuzzy number 

if it satisfies the following conditions 

(i) 𝐴̃ is normal, 

(ii) 𝐴𝛼 is a closed interval for every 𝛼 ∈ (0,1], 

(iii) The support of 𝐴̃ is bounded. 

Definition 2.1.6 [21] A fuzzy number 𝐴̃ is said to be TFuN if its membership function is defined 

as 

𝜇𝐴(𝑥) = {

    0,           𝑥 ≤ 𝑎1 , 𝑥 > 𝑎3 ,
𝑥−𝑎1

𝑎2−𝑎1
,        𝑎1 < 𝑥 ≤ 𝑎2 ,

𝑎3−𝑥

𝑎3−𝑎2
,         𝑎2 < 𝑥 ≤ 𝑎3

. 

It is represented as 𝐴̃ = (𝑎1 , 𝑎2 , 𝑎3).  

Definition 2.1.7 [21] A fuzzy number 𝐴̃ is said to be TrFuN if its membership function is defined 

as 

𝜇𝐴(𝑥) =

{
 
 

 
 
0,                 𝑥 < 𝑎1, 𝑥 > 𝑎4 ,
𝑥−𝑎1

𝑎2−𝑎1
,             𝑎1 ≤ 𝑥 < 𝑎2 ,

1,                     𝑎2 ≤ 𝑥 ≤ 𝑎3 ,
𝑎4−𝑥

𝑎4−𝑎3
,            𝑎3 < 𝑥 ≤ 𝑎4

 . 

It is represented as 𝐴̃ = (𝑎1 , 𝑎2 , 𝑎3 , 𝑎4). 

Definition 2.1.8 [180] A TFuN 𝐴̃ = (𝑎1, 𝑎2, 𝑎3) is said to be a non-negative TFuN if 𝑎1 ≥ 0. 

Definition 2.1.9 [180] A TrFuN 𝐴̃ = (𝑎1, 𝑎2 , 𝑎3 , 𝑎4) is said to be a non-negative TrFuN if 𝑎1 ≥ 0. 

Definition 2.1.10 [180] A TFuN 𝐴̃ = (𝑎1 , 𝑎2 , 𝑎3) is said to be a positive TFuN if 𝑎1 > 0. 

Definition 2.1.11 [180] A TrFuN 𝐴̃ = (𝑎1 , 𝑎2, 𝑎3, 𝑎4) is said to be a positive TrFuN if 𝑎1 > 0. 

Definition 2.1.12 [180] A TFuN 𝐴̃ = (𝑎1 , 𝑎2 , 𝑎3) is said to be zero TFuN if 𝑎1 = 𝑎2 = 𝑎3 = 0. 
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Definition 2.1.13 [180] A TrFuN 𝐴̃ = (𝑎1 , 𝑎2, 𝑎3, 𝑎4) is said to be zero TrFuN if 𝑎1 = 𝑎2 = 𝑎3 =

𝑎4 = 0. 

Definition 2.1.14 [21] Let 𝐴̃ = (𝑎1 , 𝑎2 , 𝑎3) be a TFuN, then its 𝛼-cut is defined as 𝐴𝛼 =

[𝑎1 + 𝛼(𝑎2 − 𝑎1), 𝑎3 − 𝛼(𝑎3 − 𝑎2)];𝛼 ∈ (0,1]. 

Definition 2.1.15 [21] Let 𝐴̃ = (𝑎1 , 𝑎2 , 𝑎3 , 𝑎4) be a TrFuN, then its 𝛼-cut is defined as 𝐴𝛼 =

[𝑎1 + 𝛼(𝑎2 − 𝑎1), 𝑎4 − 𝛼(𝑎4 − 𝑎3)];𝛼 ∈ (0,1]. 

Definition 2.1.16 [180] Two TFuNs 𝐴̃1 = (𝑎11 , 𝑎12 , 𝑎13) and 𝐴̃2 = (𝑎21, 𝑎22 , 𝑎23)  are said to be 

equal i.e., 𝐴̃1 = 𝐴̃2 if 𝑎1𝑘 = 𝑎2𝑘; 𝑘 = 1,2,3. 

Definition 2.1.17 [180] Two TrFuNs 𝐴̃1 = (𝑎11 , 𝑎12 , 𝑎13 , 𝑎14) and 𝐴̃2 = (𝑎21, 𝑎22 , 𝑎23, 𝑎24) are 

said to be equal i.e., 𝐴̃1 = 𝐴̃2 if 𝑎1𝑘 = 𝑎2𝑘; 𝑘 = 1,2,3,4. 

Definition 2.1.18 [21] Let 𝐴̃1 = (𝑎11, 𝑎12, 𝑎13) and 𝐴̃2 = (𝑎21 , 𝑎22, 𝑎23) be two TFuNs, then 𝐴̃1 +

𝐴̃2 = (𝑎11 + 𝑎21, 𝑎12 + 𝑎22, 𝑎13 + 𝑎23).  

Definition 2.1.19 [21] Let 𝐴̃1 = (𝑎11, 𝑎12, 𝑎13, 𝑎14) and 𝐴̃2 = (𝑎21, 𝑎22, 𝑎23, 𝑎24) be two TrFuNs, 

then 𝐴̃1 + 𝐴̃2 = (𝑎11 + 𝑎21, 𝑎12 + 𝑎22 , 𝑎13 + 𝑎23 , 𝑎14 + 𝑎24). 

Definition 2.1.20 [21] Let 𝐴̃1 = (𝑎11, 𝑎12, 𝑎13) and 𝐴̃2 = (𝑎21 , 𝑎22, 𝑎23) be two TFuNs, then 𝐴̃1 −

𝐴̃2 = (𝑎11 − 𝑎23, 𝑎12 − 𝑎22, 𝑎13 − 𝑎21).  

Definition 2.1.21 [21] Let 𝐴̃1 = (𝑎11, 𝑎12, 𝑎13, 𝑎14) and 𝐴̃2 = (𝑎21, 𝑎22, 𝑎23, 𝑎24) be two TrFuNs, 

then 𝐴̃1 − 𝐴̃2 = (𝑎11 − 𝑎24, 𝑎12 − 𝑎23 , 𝑎13 − 𝑎22 , 𝑎14 − 𝑎21).  

Definition 2.1.22 [94] Let 𝐴̃1 = (𝑎11, 𝑎12, 𝑎13) and 𝐴̃2 = (𝑎21 , 𝑎22, 𝑎23) be two TFuNs, then 

𝐴̃1𝐴̃2

= (𝑚𝑖𝑛𝑖𝑚𝑢𝑚{𝑎11𝑎21, 𝑎11𝑎23 , 𝑎13𝑎21, 𝑎13𝑎23}, 𝑎12𝑎22, 𝑚𝑎𝑥𝑖𝑚𝑢𝑚{𝑎11𝑎21 , 𝑎11𝑎23, 𝑎13𝑎21, 𝑎13𝑎23}). 

Definition 2.1.23 [94] Let 𝐴̃1 = (𝑎11, 𝑎12, 𝑎13, 𝑎14) and 𝐴̃2 = (𝑎21, 𝑎22, 𝑎23, 𝑎24) be two TrFuNs, 

then  
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𝐴̃1𝐴̃2 =

(
𝑚𝑖𝑛𝑖𝑚𝑢𝑚{𝑎11𝑎21, 𝑎11𝑎24, 𝑎14𝑎21 , 𝑎14𝑎24},𝑚𝑖𝑛𝑖𝑚𝑢𝑚{𝑎12𝑎22 , 𝑎12𝑎23 , 𝑎13𝑎22, 𝑎13𝑎23},

𝑚𝑎𝑥𝑖𝑚𝑢𝑚{𝑎12𝑎22 , 𝑎12𝑎23, 𝑎13𝑎22, 𝑎13𝑎23},𝑚𝑎𝑥𝑖𝑚𝑢𝑚{𝑎11𝑎21 , 𝑎11𝑎24, 𝑎14𝑎21, 𝑎14𝑎24}
). 

Definition 2.1.24 [94] Let 𝐴̃1 = (𝑎11, 𝑎12, 𝑎13) and 𝐴̃2 = (𝑎21 , 𝑎22, 𝑎23) be two non-negative 

TFuNs, then 𝐴̃1𝐴̃2 = (𝑎11𝑎21 , 𝑎12𝑎22, 𝑎13𝑎23). 

Definition 2.1.25 [94] Let 𝐴̃1 = (𝑎11, 𝑎12, 𝑎13, 𝑎14) and 𝐴̃2 = (𝑎21, 𝑎22, 𝑎23, 𝑎24) be two non-

negative TrFuNs, then 𝐴̃1𝐴̃2 = (𝑎11𝑎21, 𝑎12𝑎22, 𝑎13𝑎23, 𝑎14𝑎24). 

Definition 2.1.26 [94] Let 𝐴̃ = (𝑎1 , 𝑎2 , 𝑎3 , 𝑎4) be non-negative TrFuN and 𝑘 ≥ 0, then 𝑘𝐴̃ =

(𝑘𝑎1 , 𝑘𝑎2, 𝑘𝑎3 , 𝑘𝑎4). 

Definition 2.1.27 [94] Let 𝐴̃1 = (𝑎11, 𝑎12, 𝑎13) be a TFuN and 𝐴̃2 = (𝑎21, 𝑎22, 𝑎23) be a positive 

TFuN, then  
𝐴1

𝐴2
= (𝑚𝑖𝑛𝑖𝑚𝑢𝑚 {

𝑎11

𝑎21
,
𝑎11

𝑎23
,
𝑎13

𝑎21
,
𝑎13

𝑎23
} ,
𝑎12

𝑎22
, 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {

𝑎11

𝑎21
,
𝑎11

𝑎23
,
𝑎13

𝑎21
,
𝑎13

𝑎23
}). 

Definition 2.1.28 [94] Let 𝐴̃1 = (𝑎11, 𝑎12, 𝑎13, 𝑎14) be a TrFuN and 𝐴̃2 = (𝑎21, 𝑎22, 𝑎23, 𝑎24) be 

a positive TrFuN, then 
𝐴1

𝐴2
= (

𝑚𝑖𝑛𝑖𝑚𝑢𝑚 {
𝑎11

𝑎21
,
𝑎11

𝑎24
,
𝑎14

𝑎21
,
𝑎14

𝑎24
} , 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 {

𝑎12

𝑎22
,
𝑎12

𝑎23
,
𝑎13

𝑎22
,
𝑎13

𝑎23
} ,

𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {
𝑎12

𝑎22
,
𝑎12

𝑎23
,
𝑎13

𝑎22
,
𝑎13

𝑎23
} , 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {

𝑎11

𝑎21
,
𝑎11

𝑎24
,
𝑎14

𝑎21
,
𝑎14

𝑎24
}
).   

Definition 2.1.29 [94] Let 𝐴̃1 = (𝑎11, 𝑎12, 𝑎13) be a non-negative TFuN and 𝐴̃2 = (𝑎21, 𝑎22, 𝑎23) 

be a positive TFuN, then  
𝐴1

𝐴2
= (

𝑎11

𝑎23
,
𝑎12

𝑎22
,
𝑎13

𝑎21
). 

Definition 2.1.30 [94] Let 𝐴̃1 = (𝑎11, 𝑎12, 𝑎13, 𝑎14) be a non-negative TrFuN and 𝐴̃2 =

(𝑎21, 𝑎22, 𝑎23, 𝑎24) be a positive TrFuN, then  
𝐴1

𝐴2
= (

𝑎11

𝑎24
,
𝑎12

𝑎23
,
𝑎13

𝑎22
,
𝑎14

𝑎21
). 

2.2 Existing methods for solving FlFuLFtPs 

In the literature, several extensions of transportation problems are proposed. The LFtP [18] is 

one of these extensions. The aim of a LFtP is to determine a way for supplying the quantity of the 
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product from various sources to various destinations so that the cost per unit profit is minimum or 

the profit per unit cost is maximum.  

 A LFtP can be classified into the following two categories: 

(i) Balanced LFtP: If the total availability of the product is equal to the total demand of 

the product. Then, a LFtP is said to be a balanced LFtP. 

(ii) Unbalanced LFtP: If the total availability of the product is not equal to the total demand 

of the product. Then, a LFtP is said to be an unbalanced LFtP.  

 Several methods are proposed in the literature to solve balanced and unbalanced LFtPs. One 

of these methods is to solve  

(i) The LFpP (𝑃2.2.1) [18] corresponding to a balanced LFtP having 𝑚 sources and 𝑛 

destinations.   

 LFpP (𝑷𝟐. 𝟐. 𝟏) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
∑ ∑ 𝐶𝑖𝑗𝑥𝑖𝑗+𝜃

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝐷𝑖𝑗𝑥𝑖𝑗+𝛽
𝑛
𝑗=1

𝑚
𝑖=1

)  

Subject to 

∑ 𝑥𝑖𝑗 = 𝐴𝑖 ,
𝑛
𝑗=1                                                           𝑖 = 1,2,… ,𝑚,  

∑ 𝑥𝑖𝑗 = 𝐵𝑗,
𝑚
𝑖=1                                                           𝑗 = 1,2, … , 𝑛,  

𝑥𝑖𝑗 ≥ 0  ∀ 𝑖, 𝑗.                                                                                

where, 

(a) The positive real number 𝐶𝑖𝑗 represents the cost for transporting one unit quantity 

of the product from the 𝑖𝑡ℎ source to the 𝑗𝑡ℎ destination. 

(b) The positive real number 𝐷𝑖𝑗  represents the profit on transporting one unit quantity 

of the product from the 𝑖𝑡ℎ source to the 𝑗𝑡ℎ destination. 
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(c) The positive real number 𝐴𝑖  represents the availability of the product at the 𝑖𝑡ℎ 

source. 

(d) The positive real number 𝐵𝑗 represents the demand of the product at the 𝑗𝑡ℎ 

destination.  

(e) The non-negative real number 𝑥𝑖𝑗 represents the quantity of the product to be 

supplied from the 𝑖𝑡ℎ source to the 𝑗𝑡ℎ destination. 

(f) The non-negative real numbers 𝜃 and 𝛽 represents the fixed costs. 

(ii) The LFpP (𝑃2.2.2) [18] corresponding to an unbalanced LFtP having 𝑚 sources and 𝑛 

destinations.   

LFpP (𝑷𝟐. 𝟐. 𝟐) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
∑ ∑ 𝐶𝑖𝑗𝑥𝑖𝑗+𝜃

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝐷𝑖𝑗𝑥𝑖𝑗+𝛽
𝑛
𝑗=1

𝑚
𝑖=1

)  

Subject to 

∑ 𝑥𝑖𝑗 ≤ 𝐴𝑖 ,
𝑛
𝑗=1                                                           𝑖 = 1,2,… ,𝑚,  

∑ 𝑥𝑖𝑗 ≥ 𝐵𝑗,
𝑚
𝑖=1                                                           𝑗 = 1,2, … , 𝑛,  

𝑥𝑖𝑗 ≥ 0  ∀ 𝑖, 𝑗.            

It is pertinent to mention that the LFpPs (𝑃2.2.1) and (𝑃2.2.2) are obtained by considering 

the assumption that the precise value of each parameter is known. However, it is not a realistic 

assumption as in real-life situations, some or all the parameters may not be known precisely due 

to unmanageable factors such as weather, social or economic conditions. Due to the same reasons, 

various ways are proposed in the literature to deal with imprecise parameters. One of the ways, 

used in the literature, is to represent an imprecise parameter by a fuzzy set [174].  
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In the last few years, several researchers have used fuzzy set to represent the imprecise 

parameters of LFtPs [9, 10, 82, 88, 110, 128, 138]. These LFtPs may be categorized as follows.  

(i) FuLFtPs of type-I: LFtPs in which the cost and profit for supplying one unit quantity 

of the product from a source to a destination are represented by positive fuzzy 

numbers. While, the availability of the product at each source and the demand at each 

destination are represented by positive real numbers.  

(ii) FuLFtPs of type-II: LFtPs in which the availability of the product at each source and 

the demand at each destination are represented by positive fuzzy numbers. While, the 

cost and profit for supplying one unit quantity of the product from a source to a 

destination are represented by positive real numbers.  

(iii) FlFuLFtPs: LFtPs in which all the parameters i.e., the cost and profit for supplying 

one unit quantity of the product from a source to a destination, the availability of the 

product at each source and the demand at each destination are represented by positive 

fuzzy numbers.  

Since, FuLFtPs of type-I and type-II are special cases of FlFuLFtPs. Therefore, if a method 

can be used to solve a FlFuLFtP. Then, the same method can also be used to solve a FuLFtP of 

type-I and a FuLFtP of type-II. However, the converse is not true. Keeping the same in mind, in 

this section, only a brief review of existing methods for solving FlFuLFtPs is discussed.   

Liu [110] claimed that to find an optimal solution of an unbalanced triangular FlFuLFtP 

(LFtP in which each known parameter is represented by a positive TFuN) is equivalent to find an 

optimal solution of its equivalent FuLFpP (𝑃2.2.3). Hence, Liu [110] proposed a method to find 

an optimal solution of the FuLFpP (𝑃2.2.3).  
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FuLFpP (𝑷𝟐. 𝟐. 𝟑) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
∑ ∑ 𝐶̃𝑖𝑗𝑥𝑖𝑗+𝜃

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝐷̃𝑖𝑗𝑥𝑖𝑗+𝛽
𝑛
𝑗=1

𝑚
𝑖=1

)  

Subject to 

∑ 𝑥𝑖𝑗 ≤ 𝐴̃𝑖,
𝑛
𝑗=1                                                           𝑖 = 1,2,… ,𝑚,  

∑ 𝑥𝑖𝑗 ≥ 𝐵̃𝑗,
𝑚
𝑖=1                                                           𝑗 = 1,2, … , 𝑛,  

𝑥𝑖𝑗 ≥ 0  ∀ 𝑖, 𝑗.  

where, 

(i) 𝑚 represents the number of sources. 

(ii) 𝑛 represents the number of destinations. 

(iii) The positive TFuN 𝐶̃𝑖𝑗 represents the cost for transporting one unit quantity of the product 

from the 𝑖𝑡ℎ source to the 𝑗𝑡ℎ destination. 

(iv) The positive TFuN 𝐷̃𝑖𝑗  represents the profit on transporting one unit quantity of the product 

from the 𝑖𝑡ℎ source to the 𝑗𝑡ℎ destination. 

(v) The positive TFuN 𝐴̃𝑖  represents the availability of the product at the 𝑖𝑡ℎ source. 

(vi) The positive TFuN 𝐵̃𝑗 represents the demand of the product at the 𝑗𝑡ℎ destination. 

(vii) The non-negative real number 𝑥𝑖𝑗 represents the quantity of the product to be supplied from 

the 𝑖𝑡ℎ source to the 𝑗𝑡ℎ destination. 

(viii) The non-negative real numbers 𝜃 and 𝛽 represents the fixed costs. 

Anukokila et al. [9] claimed that to find an optimal solution of a balanced triangular 

FlFuLFtP is equivalent to find an optimal solution of its equivalent FlFuLFpP (𝑃2.2.4). Hence, 

Anukokila et al. [9] proposed a method to find an optimal solution of the FlFuLFpP (𝑃2.2.4). 
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FlFuLFpP (𝑷𝟐. 𝟐. 𝟒) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
∑ ∑ 𝐶̃𝑖𝑗𝑥𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1 +𝜃

∑ ∑ 𝐷̃𝑖𝑗𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 +𝛽

)  

Subject to 

∑ 𝑥𝑖𝑗 = 𝐴̃𝑖,
𝑛
𝑗=1                                                           𝑖 = 1,2,… ,𝑚,  

∑ 𝑥𝑖𝑗 = 𝐵̃𝑗,
𝑚
𝑖=1                                                           𝑗 = 1,2, … , 𝑛,  

𝑥𝑖𝑗 is a non-negative TFuN ∀ 𝑖, 𝑗.  

where,  

The non-negative TFuN 𝑥𝑖𝑗 represents the quantity of the product to be supplied from the 𝑖𝑡ℎ 

source to the 𝑗𝑡ℎ destination. 

Anukokila and Radhakrishnan [10] claimed that to find an optimal solution of a balanced 

trapezoidal FlFuLFtP (LFtP in which each known parameter is represented by a positive TrFuN) 

is equivalent to find an optimal solution of its equivalent FlFuLFpP (𝑃2.2.5). Hence, Anukokila 

and Radhakrishnan [10] used the existing method [153] to find an optimal solution of the 

FlFuLFpP (𝑃2.2.5). 

FlFuLFpP (𝑷𝟐. 𝟐. 𝟓) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
∑ ∑ 𝐶̃𝑖𝑗𝑥𝑖𝑗+𝜃

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝐷̃𝑖𝑗𝑥𝑖𝑗+𝛽
𝑛
𝑗=1

𝑚
𝑖=1

)  

Subject to 

∑ 𝑥𝑖𝑗 = 𝐴̃𝑖,
𝑛
𝑗=1                                                           𝑖 = 1,2,… ,𝑚,  

∑ 𝑥𝑖𝑗 = 𝐵̃𝑗,
𝑚
𝑖=1                                                           𝑗 = 1,2, … , 𝑛,  

𝑥𝑖𝑗 is a non-negative TrFuN ∀ 𝑖, 𝑗.  

where, 
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(i) The positive TrFuN 𝐶̃𝑖𝑗 represents the cost for transporting one unit quantity of the product 

from the 𝑖𝑡ℎ source to the 𝑗𝑡ℎ destination. 

(ii) The positive TrFuN 𝐷̃𝑖𝑗  represents the profit on transporting one unit quantity of the 

product from the 𝑖𝑡ℎ source to the 𝑗𝑡ℎ destination. 

(iii) The positive TrFuN 𝐴̃𝑖 represents the availability of the product at the 𝑖𝑡ℎ source. 

(iv) The positive TrFuN 𝐵̃𝑗 represents the demand of the product at the 𝑗𝑡ℎ destination. 

(v) The non-negative TrFuN 𝑥𝑖𝑗 represents the quantity of the product to be supplied from the 

𝑖𝑡ℎ source to the 𝑗𝑡ℎ destination. 

It is pertinent to mention that  

(i) In the existing FuLFpP (𝑃2.2.3) [110], corresponding to a FlFuLFtP, the decision 

variables are considered as non-negative real numbers 𝑥𝑖𝑗. While, in the existing 

FlFuLFpPs (𝑃2.2.4) [9] and (𝑃2.2.5) [10], corresponding to a FlFuLFtP, the 

decision variables are considered as non-negative fuzzy numbers 𝑥𝑖𝑗.  

(ii) Neither any limitation nor any flaw of the existing FuLFpP (𝑃2.2.3) [110] is 

discussed in the published papers [9, 10].  

(iii) Neither any limitation nor any flaw of the existing method [110] is discussed in the 

published papers [9, 10]. 

(iv) Neither any limitation nor any flaw of the existing method [9] is discussed in the 

published paper [10].   

Therefore, the following questions are natural. 

(i) It is correct to consider the decision variables as non-negative real numbers or it is 

correct to consider the decision variables as non-negative fuzzy numbers.  

(ii) Which of the existing methods [9, 10, 110] for solving FlFuLFtPs is best? 
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Keeping the same in mind, in this chapter, it is shown that  

(i) It is correct to consider the decision variables as non-negative fuzzy numbers.  

(ii) Some mathematical incorrect results are considered in all the existing methods [9, 

10, 110] for solving FlFuLFtPs. Hence, it is inappropriate to use any of these existing 

methods for solving FlFuLFtPs.  

2.3 Correct FlFuLFpP corresponding to a FlFuLFtP 

In Section 2.2, it is pointed out that the following question may arise in the mind of a 

researcher working in this research area.  

“It is correct to consider the decision variables as non-negative real numbers or it is correct 

to consider the decision variables as non-negative fuzzy numbers.”  

The following example clearly indicates that it is correct to consider the decision variables 

as non-negative fuzzy numbers. 

Let us consider that Table 2.1 represents a balanced triangular FlFuLFtP.  

Table 2.1 Balanced triangular FlFuLFtP 

 𝐷1 𝐷2 Availability 

𝑆1 𝑐̃11 = (5,7,9) 

𝑑̃11 = (5,9,13) 

𝑐1̃2 = (7,9,11) 

𝑑̃12 = (6,8,10) 

(42,44,46) 

𝑆2 𝑐2̃1 = (4,6,8) 

𝑑̃21 = (2,6,9) 

𝑐2̃2 = (6,8,10) 

𝑑̃22 = (5,8,11) 

(24,28,30) 

Demand (43,43,45) (23,29,31)  

 

According to Liu’s method [110], to solve the balanced triangular FlFuLFtP (represented 

by Table 2.1) is equivalent to solve the FuLFpP (𝑃2.3.1). 
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FuLFpP (𝑷𝟐. 𝟑. 𝟏) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
(5,7,9)𝑥11+(7,9,11)𝑥12+(4,6,8)𝑥21+(6,8,10)𝑥22

(5,9,13)𝑥11+(6,8,10)𝑥12+(2,6,9)𝑥21+(5,8,11)𝑥22
)  

Subject to 

𝑥11 + 𝑥12 = (42,44,46), 

𝑥21 + 𝑥22 = (24,28,30), 

𝑥11 + 𝑥21 = (43,43,45), 

𝑥12 + 𝑥22 = (23,29,31), 

𝑥𝑖𝑗 ≥ 0 ∀ 𝑖, 𝑗.  

If 𝑥11, 𝑥12 and 𝑥21 are considered as basic variables. Then, using the basis matrix 𝐵 =

[
1 1 0
0 0 1
1 0 1

] and the resource matrix 𝑏̃ = [

(42,44,46)

(24,28,30)

(43,43,45)
], we have  

[

𝑥11
𝑥12
𝑥21

] = 𝐵−1𝑏̃ = [
0 −1 1
1 1 −1
0 1 0

] [

(42,44,46)

(24,28,30)

(43,43,45)
] = [

(43,43,45) − (24,28,30)

(42,44,46) + (24,28,30) − (43,43,45)

(24,28,30)
] =

[

(13,15,21)

(21,29,33)

(24,28,30)
]  

i.e.,  

𝑥11 = (13,15,21),  

𝑥12 = (21,29,33)  

𝑥21 = (24,28,30). 

It is obvious that the obtained values of the decision variables 𝑥11, 𝑥12 and 𝑥21 are TFuNs.  

Therefore, the correct FuLFpP corresponding to the balanced triangular FlFuLFtP (represented by 

Table 2.1) is the FlFuLFpP (𝑃2.3.2) instead of the FuLFpP (𝑃2.3.1). 
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FlFuLFpP (𝑷𝟐. 𝟑. 𝟐) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
(5,7,9)𝑥̃11+(7,9,11)𝑥12+(4,6,8)𝑥̃21+(6,8,10)𝑥̃22

(5,9,13)𝑥̃11+(6,8,10)𝑥̃12+(2,6,9)𝑥̃21+(5,8,11)𝑥̃22
)  

Subject to 

𝑥11 + 𝑥12 = (42,44,46), 

𝑥21 + 𝑥22 = (24,28,30), 

𝑥11 + 𝑥21 = (43,43,45), 

𝑥12 + 𝑥22 = (23,29,31), 

𝑥𝑖𝑗 is a non-negative TFuN ∀ 𝑖, 𝑗.  

2.4 Inappropriateness of existing methods for solving FlFuLFtPs 

 The aim of this section to point out that some mathematical incorrect results are considered in 

the existing methods [9, 10, 110] for solving FlFuLFtPs. Hence, it is inappropriate to use any of 

these existing methods. Since, to achieve this aim, there is a need to discuss these existing methods. 

Therefore, firstly, all these existing methods are discussed in a brief manner. Then, the 

mathematical incorrect results, considered in these existing methods, are pointed out.   

2.4.1 A brief review of existing methods 

 In this section, the existing methods [9, 10, 110] are discussed in a brief manner. 

2.4.1.1 Liu’s method  

          Liu [110] proposed the following method to find an optimal solution of the FuLFpP 

(𝑃2.2.3).    

Step 1: Transform the FuLFpP (𝑃2.2.3) into its equivalent CrMpPs (𝑃2.4.1.1.1) and (𝑃2.4.1.1.2). 
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CrMpP (𝑷𝟐. 𝟒. 𝟏. 𝟏. 𝟏) 

𝑍𝛼
𝐿 = min

(𝐶𝑖𝑗)𝛼
𝐿
≤𝑐𝑖𝑗≤(𝐶𝑖𝑗)𝛼

𝑈

(𝐷𝑖𝑗)𝛼
𝐿
≤𝑑𝑖𝑗≤(𝐷𝑖𝑗)𝛼

𝑈

(𝐴𝑖)𝛼
𝐿≤𝑎𝑖≤(𝐴𝑖)𝛼

𝑈

(𝐵𝑗)𝛼
𝐿
≤𝑏𝑗≤(𝐵𝑗)𝛼

𝑈

∀ 𝑖,𝑗

[min (
∑ ∑ 𝑐𝑖𝑗𝑥𝑖𝑗+𝜃

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑑𝑖𝑗𝑥𝑖𝑗+𝛽
𝑛
𝑗=1

𝑚
𝑖=1

)]  

Subject to 

∑ 𝑥𝑖𝑗 ≤ 𝑎𝑖 ,
𝑛
𝑗=1                                                         𝑖 = 1,2,… ,𝑚,  

∑ 𝑥𝑖𝑗 ≥ 𝑏𝑗,
𝑚
𝑖=1                                                          𝑗 = 1,2, … , 𝑛,  

𝑥𝑖𝑗 ≥ 0  ∀ 𝑖, 𝑗  

where, 

(i) (𝐶𝑖𝑗)𝛼
𝐿

 is the lower bound of the 𝛼 −cut for the fuzzy number 𝑐𝑖̃𝑗. 

(ii) (𝐶𝑖𝑗)𝛼
𝑈

 is the upper bound of the 𝛼 −cut for the fuzzy number 𝑐𝑖̃𝑗 . 

(iii) (𝐷𝑖𝑗)𝛼
𝐿

 is the lower bound of the 𝛼 −cut for the fuzzy number 𝑑̃𝑖𝑗. 

(iv) (𝐷𝑖𝑗)𝛼
𝑈

 is the upper bound of the 𝛼 −cut for the fuzzy number 𝑑̃𝑖𝑗 . 

(v) (𝐴𝑖)𝛼
𝐿  is the lower bound of the 𝛼 −cut for the fuzzy number 𝑎̃𝑖. 

(vi) (𝐴𝑖)𝛼
𝑈 is the upper bound of the 𝛼 −cut for the fuzzy number 𝑎̃𝑖. 

(vii) (𝐵𝑗)𝛼
𝐿

 is the lower bound of the 𝛼 −cut for the fuzzy number 𝑏̃𝑗. 

(viii) (𝐵𝑗)𝛼
𝑈

 is the upper bound of the 𝛼 −cut for the fuzzy number 𝑏̃𝑗. 
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CrMpP (𝑷𝟐. 𝟒. 𝟏. 𝟏. 𝟐) 

𝑍𝛼
𝑈 = max

(𝐶𝑖𝑗)𝛼
𝐿
≤𝑐𝑖𝑗≤(𝐶𝑖𝑗)𝛼

𝑈

(𝐷𝑖𝑗)𝛼
𝐿
≤𝑑𝑖𝑗≤(𝐷𝑖𝑗)𝛼

𝑈

(𝐴𝑖)𝛼
𝐿≤𝑎𝑖≤(𝐴𝑖)𝛼

𝑈

(𝐵𝑗)𝛼
𝐿
≤𝑏𝑗≤(𝐵𝑗)𝛼

𝑈

∀ 𝑖,𝑗

[min (
∑ ∑ 𝑐𝑖𝑗𝑥𝑖𝑗+𝜃

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑑𝑖𝑗𝑥𝑖𝑗+𝛽
𝑛
𝑗=1

𝑚
𝑖=1

)]  

Subject to  

∑ 𝑥𝑖𝑗 ≤ 𝑎𝑖 ,
𝑛
𝑗=1                                                           𝑖 = 1,2, … , 𝑚,  

∑ 𝑥𝑖𝑗 ≥ 𝑏𝑗,
𝑚
𝑖=1                                                           𝑗 = 1,2,… , 𝑛,  

𝑥𝑖𝑗 ≥ 0  ∀ 𝑖, 𝑗.  

Step 2: Use the following steps to transform the CrMpP (𝑃2.4.1.1.1) into its equivalent CrLpP. 

Step 2a: Transform the CrMpP (𝑃2.4.1.1.1) into its equivalent CrMpP (𝑃2.4.1.1.3).  

CrMpP (𝑷𝟐. 𝟒. 𝟏. 𝟏. 𝟑) 

𝑍𝛼
𝐿 = min (

∑ ∑ 𝑐𝑖𝑗𝑥𝑖𝑗+𝜃
𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑑𝑖𝑗𝑥𝑖𝑗+𝛽
𝑛
𝑗=1

𝑚
𝑖=1

)  

Subject to  

∑ 𝑥𝑖𝑗 ≤ 𝑎𝑖 ,
𝑛
𝑗=1                                                         𝑖 = 1,2,… ,𝑚,  

∑ 𝑥𝑖𝑗 ≥ 𝑏𝑗,
𝑚
𝑖=1                                                          𝑗 = 1,2, … , 𝑛,  

(𝐶𝑖𝑗)𝛼
𝐿
≤ 𝑐𝑖𝑗 ≤ (𝐶𝑖𝑗)𝛼

𝑈
,                                         𝑖 = 1,2, … , 𝑚, 𝑗 = 1,2, … , 𝑛,  

(𝐷𝑖𝑗)𝛼
𝐿
≤ 𝑑𝑖𝑗 ≤ (𝐷𝑖𝑗)𝛼

𝑈
,                                       𝑖 = 1,2,… ,𝑚, 𝑗 = 1,2,… , 𝑛,  

(𝐴𝑖)𝛼
𝐿 ≤ 𝑎𝑖 ≤ (𝐴𝑖)𝛼

𝑈,                                            𝑖 = 1,2,… ,𝑚,  

(𝐵𝑗)𝛼
𝐿
≤ 𝑏𝑗 ≤ (𝐵𝑗)𝛼

𝑈
                                             𝑗 = 1,2,… , 𝑛,  

𝑥𝑖𝑗 ≥ 0  ∀ 𝑖, 𝑗.  

Step 2b: Transform the CrMpP (𝑃2.4.1.1.3) into its equivalent CrMpP (𝑃2.4.1.1.4).  



28 
 

CrMpP (𝑷𝟐. 𝟒. 𝟏. 𝟏. 𝟒) 

𝑍𝛼
𝐿 = min  (∑ ∑ 𝑐𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1 𝑦𝑖𝑗 + 𝜃𝑡)  

Subject to 

−∑ 𝑦𝑖𝑗 + 𝑎𝑖𝑡 ≥ 0,𝑛
𝑗=1                                                      𝑖 = 1,2, … , 𝑚,  

∑ 𝑦𝑖𝑗 − 𝑏𝑗𝑡 ≥ 0,𝑚
𝑖=1                                                           𝑗 = 1,2,… , 𝑛,  

∑ ∑ 𝑑𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 𝑦𝑖𝑗 + 𝛽𝑡 = 1,                                           𝑖 = 1,2,… ,𝑚, 𝑗 = 1,2,… , 𝑛,   

(𝐶𝑖𝑗)𝛼
𝐿
≤ 𝑐𝑖𝑗 ≤ (𝐶𝑖𝑗)𝛼

𝑈
,                                                    𝑖 = 1,2,… , 𝑚, 𝑗 = 1,2, … , 𝑛,  

(𝐷𝑖𝑗)𝛼
𝐿
≤ 𝑑𝑖𝑗 ≤ (𝐷𝑖𝑗)𝛼

𝑈
,                                                  𝑖 = 1,2,… ,𝑚, 𝑗 = 1,2,… , 𝑛,  

(𝐴𝑖)𝛼
𝐿 ≤ 𝑎𝑖 ≤ (𝐴𝑖)𝛼

𝑈,                                                       𝑖 = 1,2,… ,𝑚,  

(𝐵𝑗)𝛼
𝐿
≤ 𝑏𝑗 ≤ (𝐵𝑗)𝛼

𝑈
                                                        𝑗 = 1,2, … , 𝑛,  

𝑡 > 0, 𝑦𝑖𝑗 ≥ 0, ∀ 𝑖, 𝑗.  

Step 2c: Transform the CrMpP (𝑃2.4.1.1.4) into its equivalent CrMpP (𝑃2.4.1.1.5).  

CrMpP (𝑷𝟐. 𝟒. 𝟏. 𝟏. 𝟓) 

𝑍𝛼
𝐿 = min (∑ ∑ (𝐶𝑖𝑗)𝛼

𝐿𝑛
𝑗=1

𝑚
𝑖=1 𝑦𝑖𝑗 + 𝜃𝑡)  

Subject to 

−∑ 𝑦𝑖𝑗 + 𝑎𝑖𝑡 ≥ 0,𝑛
𝑗=1                                                       𝑖 = 1,2,… ,𝑚,  

∑ 𝑦𝑖𝑗 − 𝑏𝑗𝑡 ≥ 0,𝑚
𝑖=1                                                            𝑗 = 1,2, … , 𝑛,  

∑ ∑ 𝑑𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 𝑦𝑖𝑗 + 𝛽𝑡 = 1,                                            𝑖 = 1,2,… ,𝑚, 𝑗 = 1,2,… , 𝑛,   

(𝐷𝑖𝑗)𝛼
𝐿
≤ 𝑑𝑖𝑗 ≤ (𝐷𝑖𝑗)𝛼

𝑈
,                                                   𝑖 = 1,2,… ,𝑚, 𝑗 = 1,2,… , 𝑛,  

(𝐴𝑖)𝛼
𝐿 ≤ 𝑎𝑖 ≤ (𝐴𝑖)𝛼

𝑈,                                                        𝑖 = 1,2,… ,𝑚,  

(𝐵𝑗)𝛼
𝐿
≤ 𝑏𝑗 ≤ (𝐵𝑗)𝛼

𝑈
                                                         𝑗 = 1,2,… , 𝑛,  
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𝑡 > 0, 𝑦𝑖𝑗 ≥ 0, ∀ 𝑖, 𝑗.  

Step 2d: Transform the CrMpP (𝑃2.4.1.1.5) into its equivalent CrLpP (𝑃2.4.1.1.6).  

CrLpP (𝑷𝟐. 𝟒. 𝟏. 𝟏. 𝟔) 

𝑍𝛼
𝐿 = min (∑ ∑ (𝐶𝑖𝑗)𝛼

𝐿𝑛
𝑗=1

𝑚
𝑖=1 𝑦𝑖𝑗 + 𝜃𝑡)  

Subject to 

−∑ 𝑦𝑖𝑗 + 𝑟𝑖 ≥ 0,𝑛
𝑗=1                                                         𝑖 = 1,2, … , 𝑚,  

∑ 𝑦𝑖𝑗 − 𝑠𝑗 ≥ 0,𝑚
𝑖=1                                                             𝑗 = 1,2, … , 𝑛,  

∑ ∑ 𝜉𝑖𝑗 + 𝛽𝑡 = 1𝑛
𝑗=1

𝑚
𝑖=1 ,                                                 𝑖 = 1,2, … , 𝑚, 𝑗 = 1,2, … , 𝑛,  

(𝐷𝑖𝑗)𝛼
𝐿
𝑦𝑖𝑗 ≤ 𝜉𝑖𝑗 ≤ (𝐷𝑖𝑗)𝛼

𝑈
𝑦𝑖𝑗 ,                                        𝑖 = 1,2, … , 𝑚, 𝑗 = 1,2, … , 𝑛,   

(𝐴𝑖)𝛼
𝐿 𝑡 ≤ 𝑟𝑖 ≤ (𝐴𝑖)𝛼

𝑈𝑡,                                                    𝑖 = 1,2, … , 𝑚,  

(𝐵𝑗)𝛼
𝐿
𝑡 ≤ 𝑠𝑗 ≤ (𝐵𝑗)𝛼

𝑈
𝑡,                                                   𝑗 = 1,2, … , 𝑛,  

𝑡 > 0, 𝑦𝑖𝑗 ≥ 0, ∀ 𝑖, 𝑗.  

Step 3: Use the following steps to transform the CrMpP (𝑃2.4.1.1.2) into its equivalent CrLpP. 

Step 3a: Transform the CrMpP (𝑃2.4.1.1.2) into its equivalent CrMpP (𝑃2.4.1.1.7).  

CrMpP (𝑷𝟐. 𝟒. 𝟏. 𝟏. 𝟕) 

𝑍𝛼
𝑈 = max

(𝐶𝑖𝑗)𝛼
𝐿
≤𝑐𝑖𝑗≤(𝐶𝑖𝑗)𝛼

𝑈

(𝐷𝑖𝑗)𝛼
𝐿
≤𝑑𝑖𝑗≤(𝐷𝑖𝑗)𝛼

𝑈

(𝐴𝑖)𝛼
𝐿≤𝑎𝑖≤(𝐴𝑖)𝛼

𝑈

(𝐵𝑗)𝛼
𝐿
≤𝑏𝑗≤(𝐵𝑗)𝛼

𝑈

∀ 𝑖,𝑗

[min  (∑ ∑ 𝑐𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 𝑦𝑖𝑗 + 𝜃𝑡)]  

Subject to 

−∑ 𝑦𝑖𝑗 + 𝑎𝑖𝑡 ≥ 0,𝑛
𝑗=1                                             𝑖 = 1,2, … , 𝑚,  

∑ 𝑦𝑖𝑗 − 𝑏𝑗𝑡 ≥ 0,𝑚
𝑖=1                                                  𝑗 = 1,2,… , 𝑛,  
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∑ ∑ 𝑑𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 𝑦𝑖𝑗 + 𝛽𝑡 = 1,                                  𝑖 = 1,2,… ,𝑚, 𝑗 = 1,2,… , 𝑛,   

𝑡 > 0, 𝑦𝑖𝑗 ≥ 0, ∀ 𝑖, 𝑗.  

Step 3b: Transform the CrMpP (𝑃2.4.1.1.7) into its equivalent CrMpP (𝑃2.4.1.1.8).  

CrMpP (𝑷𝟐. 𝟒. 𝟏. 𝟏. 𝟖) 

𝑍𝛼
𝑈 = max 𝜆   

Subject to 

−𝑢𝑖 + 𝑣𝑗 + 𝑑𝑖𝑗𝜆 ≤ 𝑐𝑖𝑗 ,                                          𝑖 = 1,2, … , 𝑚, 𝑗 = 1,2, … , 𝑛,  

∑ 𝑎𝑖𝑢𝑖
𝑚
𝑖=1 − ∑ 𝑏𝑗𝑣𝑗

𝑛
𝑗=1 + 𝛽𝜆 ≤ 𝜃,                       𝑖 = 1,2, … , 𝑚, 𝑗 = 1,2, … , 𝑛,   

(𝐶𝑖𝑗)𝛼
𝐿
≤ 𝑐𝑖𝑗 ≤ (𝐶𝑖𝑗)𝛼

𝑈
,                                         𝑖 = 1,2, … , 𝑚, 𝑗 = 1,2, … , 𝑛,  

(𝐷𝑖𝑗)𝛼
𝐿
≤ 𝑑𝑖𝑗 ≤ (𝐷𝑖𝑗)𝛼

𝑈
,                                       𝑖 = 1,2,… ,𝑚, 𝑗 = 1,2,… , 𝑛,  

(𝐴𝑖)𝛼
𝐿 ≤ 𝑎𝑖 ≤ (𝐴𝑖)𝛼

𝑈,                                            𝑖 = 1,2,… ,𝑚,  

(𝐵𝑗)𝛼
𝐿
≤ 𝑏𝑗 ≤ (𝐵𝑗)𝛼

𝑈
                                             𝑗 = 1,2,… , 𝑛,  

𝑢𝑖 , 𝑣𝑗 ≥ 0,   ∀ 𝑖, 𝑗, 𝜆 unrestricted in sign. 

Step 3c: Transform the CrMpP (𝑃2.4.1.1.8) into its equivalent CrMpP (𝑃2.4.1.1.9).  

CrMpP (𝑷𝟐. 𝟒. 𝟏. 𝟏. 𝟗) 

𝑍𝛼
𝑈 = max 𝜆  

Subject to 

−𝑢𝑖 + 𝑣𝑗 + 𝑑𝑖𝑗𝜆 ≤ (𝐶𝑖𝑗)𝛼
𝑈
,                                  𝑖 = 1,2,… ,𝑚, 𝑗 = 1,2,… , 𝑛,  

∑ 𝑎𝑖𝑢𝑖
𝑚
𝑖=1 − ∑ 𝑏𝑗𝑣𝑗

𝑛
𝑗=1 + 𝛽𝜆 ≤ 𝜃,                       𝑖 = 1,2, … , 𝑚, 𝑗 = 1,2, … , 𝑛,   

(𝐷𝑖𝑗)𝛼
𝐿
≤ 𝑑𝑖𝑗 ≤ (𝐷𝑖𝑗)𝛼

𝑈
,                                        𝑖 = 1,2, … , 𝑚, 𝑗 = 1,2, … , 𝑛,  

(𝐴𝑖)𝛼
𝐿 ≤ 𝑎𝑖 ≤ (𝐴𝑖)𝛼

𝑈,                                             𝑖 = 1,2, … , 𝑚,  
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(𝐵𝑗)𝛼
𝐿
≤ 𝑏𝑗 ≤ (𝐵𝑗)𝛼

𝑈
                                              𝑗 = 1,2,… , 𝑛,  

𝑢𝑖 , 𝑣𝑗 ≥ 0,   ∀ 𝑖, 𝑗, 𝜆 > 0. 

Step 3d: Transform the CrMpP (𝑃2.4.1.1.9) into its equivalent CrLpP (𝑃2.4.1.1.10).  

CrLpP (𝑷𝟐. 𝟒. 𝟏. 𝟏. 𝟏𝟎) 

𝑍𝛼
𝑈 = max 𝜆  

Subject to 

−𝑢𝑖 + 𝑣𝑗 + 𝛿𝑖𝑗 ≤ (𝐶𝑖𝑗)𝛼
𝑈
,                                          𝑖 = 1,2,… ,𝑚, 𝑗 = 1,2,… , 𝑛,  

∑ 𝑝𝑖
𝑚
𝑖=1 − ∑ 𝑞𝑗

𝑛
𝑗=1 + 𝛽𝜆 ≤ 𝜃,                                   𝑖 = 1,2,… ,𝑚, 𝑗 = 1,2,… , 𝑛,   

(𝐷𝑖𝑗)𝛼
𝐿
𝜆 ≤ 𝛿𝑖𝑗 ≤ (𝐷𝑖𝑗)𝛼

𝑈
𝜆                                         𝑖 = 1,2,… ,𝑚, 𝑗 = 1,2,… , 𝑛,   

(𝐴𝑖)𝛼
𝐿𝑢𝑖 ≤ 𝑝𝑖 ≤ (𝐴𝑖)𝛼

𝑈𝑢𝑖 ,                                          𝑖 = 1,2, … , 𝑚,  

(𝐵𝑗)𝛼
𝐿
𝑣𝑗 ≤ 𝑞𝑗 ≤ (𝐵𝑗)𝛼

𝑈
𝑣𝑗,                                          𝑗 = 1,2, … , 𝑛,  

𝑢𝑖 , 𝑣𝑗 ≥ 0,   ∀ 𝑖, 𝑗, 𝜆 > 0. 

Step 4: Find an optimal solution {(𝑥𝑖𝑗)𝛼=0
} and the corresponding optimal value (𝑍𝛼=0

𝐿 ) of the 

CrLpP (𝑃2.4.1.1.6).  

Step 5: Find an optimal solution {(𝑥𝑖𝑗)𝛼=1
} and the corresponding optimal value (𝑍𝛼=1

𝐿 ) of the 

CrLpP (𝑃2.4.1.1.6). 

Step 6: Find an optimal solution {(𝑥𝑖𝑗)𝛼=0
} and the corresponding optimal value (𝑍𝛼=0

𝑈 ) of the 

CrLpP (𝑃2.4.1.1.10). 

Step 7: Find an optimal solution {(𝑥𝑖𝑗)𝛼=1
} and the corresponding optimal value (𝑍𝛼=1

𝑈 ) of the 

CrLpP (𝑃2.4.1.1.10). 
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Step 8: Using the optimal values, obtained in Step 4 to Step 7, the obtained fuzzy optimal value is 

(𝑍𝛼=0
𝐿 , 𝑍𝛼=1

𝐿 , 𝑍𝛼=1
𝑈 , 𝑍𝛼=0

𝑈 ). 

2.4.1.2 Anukokila et al.’s method  

Anukokila et al. [9] have used a method for comparing two TFuNs. In this section, firstly, 

the comparing method, used by Anukokila et al. [9], is discussed. Then, Anukokila et al.’s method 

[9] is discussed. 

2.4.1.2.1 Anukokila et al.’s comparing method 

Anukokila et al. [9] proposed the following method for comparing two TFuNs 𝐴̃1 =

(𝑎11, 𝑎12, 𝑎13) and 𝐴̃2 = (𝑎21 , 𝑎22, 𝑎23).  

Step 1: Check that 𝑅1(𝐴̃1) > 𝑅1(𝐴̃2) or 𝑅1(𝐴̃1) < 𝑅1(𝐴̃2) or 𝑅1(𝐴̃1) = 𝑅1(𝐴̃2), where  

𝑅1(𝐴̃𝑙) = 𝑎𝑙2; 𝑙 = 1,2                                                                                                               (2.4.1.2.1.1) 

Case (i): If 𝑅1(𝐴̃1) > 𝑅1(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (ii): If 𝑅1(𝐴̃1) < 𝑅1(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 

Case (iii): If 𝑅1(𝐴̃1) = 𝑅1(𝐴̃2), then go to Step 2.  

Step 2: Check that 𝑅2(𝐴̃1) > 𝑅2(𝐴̃2) or 𝑅2(𝐴̃1) < 𝑅2(𝐴̃2) or 𝑅2(𝐴̃1) = 𝑅2(𝐴̃2), where 

𝑅2(𝐴̃𝑙) = 𝑎𝑙3 − 𝑎𝑙1; 𝑙 = 1,2                                                                                (2.4.1.2.1.2) 

Case (i): If 𝑅2(𝐴̃1) > 𝑅2(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 

Case (ii): If 𝑅2(𝐴̃1) < 𝑅2(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (iii): If 𝑅2(𝐴̃1) = 𝑅2(𝐴̃2), then go to Step 3.  

Step 3: Check that 𝑅3(𝐴̃1) > 𝑅3(𝐴̃2) or 𝑅3(𝐴̃1) < 𝑅3(𝐴̃2) or 𝑅3(𝐴̃1) = 𝑅3(𝐴̃2), where 

𝑅3(𝐴̃𝑙) = 𝑎𝑙3 + 𝑎𝑙1; 𝑙 = 1,2                                                                                (2.4.1.2.1.3) 

Case (i): If 𝑅3(𝐴̃1) < 𝑅3(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 
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Case (ii): If 𝑅3(𝐴̃1) > 𝑅3(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (iii): If 𝑅3(𝐴̃1) = 𝑅3(𝐴̃2), then 𝐴̃1 = 𝐴̃2.  

2.4.1.2.2 Anukokila et al.’s method 

Anukokila et al. [9] proposed the following method to find an optimal solution of the 

FlFuLFpP (𝑃2.2.4).  

Step 1: Using Definition 2.1.18, transform the FlFuLFpP (𝑃2.2.4) into the FlFuLFpP 

(𝑃2.4.1.2.2.1). 

FlFuLFpP (𝑷𝟐. 𝟒. 𝟏. 𝟐. 𝟐. 𝟏) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
(∑ ∑ 𝐶𝑖𝑗1𝑥𝑖𝑗1+𝜃,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐶𝑖𝑗2𝑥𝑖𝑗2+𝜃,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐶𝑖𝑗3𝑥𝑖𝑗3+𝜃

𝑛
𝑗=1

𝑚
𝑖=1 )

(∑ ∑ 𝐷𝑖𝑗1𝑥𝑖𝑗1+𝛽,
𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗2𝑥𝑖𝑗2+𝛽,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗3𝑥𝑖𝑗3+𝛽

𝑛
𝑗=1

𝑚
𝑖=1 )

)  

Subject to 

(∑ 𝑥𝑖𝑗1,
𝑛
𝑗=1 ∑ 𝑥𝑖𝑗2,

𝑛
𝑗=1 ∑ 𝑥𝑖𝑗3

𝑛
𝑗=1 ) = (𝐴𝑖1 , 𝐴𝑖2, 𝐴𝑖3),                                  𝑖 = 1,2, … , 𝑚,  

(∑ 𝑥𝑖𝑗1,
𝑛
𝑗=1 ∑ 𝑥𝑖𝑗2,

𝑛
𝑗=1 ∑ 𝑥𝑖𝑗3

𝑛
𝑗=1 ) = (𝐵𝑗1, 𝐵𝑗2, 𝐵𝑗3),                                   𝑗 = 1,2, … , 𝑛,  

(𝑥𝑖𝑗1, 𝑥𝑖𝑗2, 𝑥𝑖𝑗3) is a non-negative TFuN ∀ 𝑖, 𝑗.  

Step 2: Using Definition 2.1.8 and Definition 2.1.16, transform the FlFuLFpP (𝑃2.4.1.2.2.1) into 

the FlFuLFpP (𝑃2.4.1.2.2.2). 

FlFuLFpP (𝑷𝟐. 𝟒. 𝟏. 𝟐. 𝟐. 𝟐) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
(∑ ∑ 𝐶𝑖𝑗1𝑥𝑖𝑗1+𝜃,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐶𝑖𝑗2𝑥𝑖𝑗2+𝜃,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐶𝑖𝑗3𝑥𝑖𝑗3+𝜃

𝑛
𝑗=1

𝑚
𝑖=1 )

(∑ ∑ 𝐷𝑖𝑗1𝑥𝑖𝑗1+𝛽,
𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗2𝑥𝑖𝑗2+𝛽,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗3𝑥𝑖𝑗3+𝛽

𝑛
𝑗=1

𝑚
𝑖=1 )

)  

Subject to 

∑ 𝑥𝑖𝑗𝑘
𝑛
𝑗=1 = 𝐴𝑖𝑘 ,                                                                                      𝑖 = 1,2,… , 𝑚, 𝑘 = 1,2,3, 

∑ 𝑥𝑖𝑗𝑘
𝑚
𝑖=1 = 𝐵𝑗𝑘,                                                                                     𝑗 = 1,2, … , 𝑛, 𝑘 = 1,2,3, 

𝑥𝑖𝑗2 − 𝑥𝑖𝑗1 ≥ 0  ∀ 𝑖, 𝑗,  
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𝑥𝑖𝑗3 − 𝑥𝑖𝑗2 ≥ 0  ∀ 𝑖, 𝑗, 

𝑥𝑖𝑗1 ≥ 0  ∀ 𝑖, 𝑗. 

Step 3: Using the comparing method, transform the FlFuLFpP (𝑃2.4.1.2.2.2) into the CrMoLFpP 

(𝑃2.4.1.2.2.3). 

CrMoLFpP (𝑷𝟐. 𝟒. 𝟏. 𝟐. 𝟐. 𝟑) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (𝑅1 (
(∑ ∑ 𝐶𝑖𝑗1𝑥𝑖𝑗1+𝜃,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐶𝑖𝑗2𝑥𝑖𝑗2+𝜃,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐶𝑖𝑗3𝑥𝑖𝑗3+𝜃

𝑛
𝑗=1

𝑚
𝑖=1 )

(∑ ∑ 𝐷𝑖𝑗1𝑥𝑖𝑗1+𝛽,
𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗2𝑥𝑖𝑗2+𝛽,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗3𝑥𝑖𝑗3+𝛽

𝑛
𝑗=1

𝑚
𝑖=1 )

))  

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (𝑅2 (
(∑ ∑ 𝐶𝑖𝑗1𝑥𝑖𝑗1+𝜃,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐶𝑖𝑗2𝑥𝑖𝑗2+𝜃,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐶𝑖𝑗3𝑥𝑖𝑗3+𝜃

𝑛
𝑗=1

𝑚
𝑖=1 )

(∑ ∑ 𝐷𝑖𝑗1𝑥𝑖𝑗1+𝛽,
𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗2𝑥𝑖𝑗2+𝛽,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗3𝑥𝑖𝑗3+𝛽

𝑛
𝑗=1

𝑚
𝑖=1 )

))  

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (𝑅3 (
(∑ ∑ 𝐶𝑖𝑗1𝑥𝑖𝑗1+𝜃,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐶𝑖𝑗2𝑥𝑖𝑗2+𝜃,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐶𝑖𝑗3𝑥𝑖𝑗3+𝜃

𝑛
𝑗=1

𝑚
𝑖=1 )

(∑ ∑ 𝐷𝑖𝑗1𝑥𝑖𝑗1+𝛽,
𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗2𝑥𝑖𝑗2+𝛽,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗3𝑥𝑖𝑗3+𝛽

𝑛
𝑗=1

𝑚
𝑖=1 )

))  

Subject to 

Constraints of the FlFuLFpP (𝑃2.4.1.2.2.2). 

Step 4: Using the relations 𝑅1 (
𝐴1

𝐴2
) =

𝑅1(𝐴1)

𝑅1(𝐴2)
, 𝑅2 (

𝐴1

𝐴2
) =

𝑅2(𝐴1)

𝑅2(𝐴2)
 and 𝑅3 (

𝐴1

𝐴2
) =

𝑅3(𝐴1)

𝑅3(𝐴2)
, transform the 

CrMoLFpP (𝑃2.4.1.2.2.3) into the CrMoLFpP (𝑃2.4.1.2.2.4). 

CrMoLFpP (𝑷𝟐. 𝟒. 𝟏. 𝟐. 𝟐. 𝟒) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
𝑅1(∑ ∑ 𝐶𝑖𝑗1𝑥𝑖𝑗1+𝜃,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐶𝑖𝑗2𝑥𝑖𝑗2+𝜃,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐶𝑖𝑗3𝑥𝑖𝑗3+𝜃

𝑛
𝑗=1

𝑚
𝑖=1 )

𝑅1(∑ ∑ 𝐷𝑖𝑗1𝑥𝑖𝑗1+𝛽,
𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗2𝑥𝑖𝑗2+𝛽,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗3𝑥𝑖𝑗3+𝛽

𝑛
𝑗=1

𝑚
𝑖=1 )

=

∑ ∑ 𝐶𝑖𝑗2𝑥𝑖𝑗2+𝜃
𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝐷𝑖𝑗2𝑥𝑖𝑗2
𝑛
𝑗=1

𝑚
𝑖=1 +𝛽

)  

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (
𝑅2(∑ ∑ 𝐶𝑖𝑗1𝑥𝑖𝑗1+𝜃,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐶𝑖𝑗2𝑥𝑖𝑗2+𝜃,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐶𝑖𝑗3𝑥𝑖𝑗3+𝜃

𝑛
𝑗=1

𝑚
𝑖=1 )

𝑅2(∑ ∑ 𝐷𝑖𝑗1𝑥𝑖𝑗1+𝛽,
𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗2𝑥𝑖𝑗2+𝛽,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗3𝑥𝑖𝑗3+𝛽

𝑛
𝑗=1

𝑚
𝑖=1 )

=

∑ ∑ (𝐶𝑖𝑗3𝑥𝑖𝑗3−𝐶𝑖𝑗1𝑥𝑖𝑗1)+𝜃
𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ (𝐷𝑖𝑗3𝑥𝑖𝑗3−𝐷𝑖𝑗1𝑥𝑖𝑗1)
𝑛
𝑗=1

𝑚
𝑖=1 +𝛽

)  
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𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
𝑅3(∑ ∑ 𝐶𝑖𝑗1𝑥𝑖𝑗1+𝜃,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐶𝑖𝑗2𝑥𝑖𝑗2+𝜃,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐶𝑖𝑗3𝑥𝑖𝑗3+𝜃

𝑛
𝑗=1

𝑚
𝑖=1 )

𝑅3(∑ ∑ 𝐷𝑖𝑗1𝑥𝑖𝑗1+𝛽,
𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗2𝑥𝑖𝑗2+𝛽,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗3𝑥𝑖𝑗3+𝛽

𝑛
𝑗=1

𝑚
𝑖=1 )

=

∑ ∑ (𝐶𝑖𝑗1𝑥𝑖𝑗1+𝐶𝑖𝑗3𝑥𝑖𝑗3)
𝑛
𝑗=1

𝑚
𝑖=1 +𝜃

∑ ∑ (𝐷𝑖𝑗1𝑥𝑖𝑗1+𝐷𝑖𝑗3𝑥𝑖𝑗3)+𝛽
𝑛
𝑗=1

𝑚
𝑖=1

)  

Subject to 

Constraints of the FlFuLFpP (𝑃2.4.1.2.2.2). 

Step 5: Find an optimal solution of the CrLFpP (𝑃2.4.1.2.2.5).  

CrLFpP (𝑷𝟐. 𝟒. 𝟏. 𝟐. 𝟐. 𝟓) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
∑ ∑ 𝐶𝑖𝑗2𝑥𝑖𝑗2+𝜃

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝐷𝑖𝑗2𝑥𝑖𝑗2
𝑛
𝑗=1

𝑚
𝑖=1 +𝛽

)  

Subject to 

Constraints of the FlFuLFpP (𝑃2.4.1.2.2.2). 

Step 6: Find an optimal solution of the CrLFpP (𝑃2.4.1.2.2.6).   

CrLFpP (𝑷𝟐. 𝟒. 𝟏. 𝟐. 𝟐. 𝟔) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (
∑ ∑ (𝐶𝑖𝑗3𝑥𝑖𝑗3−𝐶𝑖𝑗1𝑥𝑖𝑗1)+𝜃

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ (𝐷𝑖𝑗3𝑥𝑖𝑗3−𝐷𝑖𝑗1𝑥𝑖𝑗1)
𝑛
𝑗=1

𝑚
𝑖=1 +𝛽

)  

Subject to 

Constraints of the FlFuLFpP (𝑃2.4.1.2.2.2) with additional constraint 
∑ ∑ 𝐶𝑖𝑗2𝑥𝑖𝑗2+𝜃

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝐷𝑖𝑗2𝑥𝑖𝑗2
𝑛
𝑗=1

𝑚
𝑖=1 +𝛽

=

𝑝, where, 𝑝 is the optimal value of the CrLFpP (𝑃2.4.1.2.2.5). 

Step 7: Find an optimal solution of the CrLFpP (𝑃2.4.1.2.2.7). 

CrLFpP (𝑷𝟐. 𝟒. 𝟏. 𝟐. 𝟐. 𝟕) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
∑ ∑ (𝐶𝑖𝑗1𝑥𝑖𝑗1+𝐶𝑖𝑗3𝑥𝑖𝑗3)+𝜃

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ (𝐷𝑖𝑗1𝑥𝑖𝑗1+𝐷𝑖𝑗3𝑥𝑖𝑗3)+𝛽
𝑛
𝑗=1

𝑚
𝑖=1

)  

Subject to  
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Constraints of the CrLFpP (𝑃2.4.1.2.2.6) with additional constraint 

∑ ∑ (𝐶𝑖𝑗3𝑥𝑖𝑗3−𝐶𝑖𝑗1𝑥𝑖𝑗1)+𝜃
𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ (𝐷𝑖𝑗3𝑥𝑖𝑗3−𝐷𝑖𝑗1𝑥𝑖𝑗1)
𝑛
𝑗=1

𝑚
𝑖=1 +𝛽

= 𝑞, where, 𝑞 is the optimal value of the CrLFpP 

(𝑃2.4.1.2.2.6). 

Step 8: Using the optimal solution {𝑥𝑖𝑗1, 𝑥𝑖𝑗2, 𝑥𝑖𝑗3}, obtained in Step 7, find a fuzzy optimal 

solution {(𝑥𝑖𝑗1, 𝑥𝑖𝑗2, 𝑥𝑖𝑗3)} and the value of the objective function of the FlFuLFpP 

(𝑃2.2.4) i.e., 
∑ ∑ (𝐶𝑖𝑗1,𝐶𝑖𝑗2 ,𝐶𝑖𝑗3)(𝑥𝑖𝑗1 ,𝑥𝑖𝑗2 ,𝑥𝑖𝑗3)

𝑛
𝑗=1

𝑚
𝑖=1 +𝜃

∑ ∑ (𝐷𝑖𝑗1,𝐷𝑖𝑗2 ,𝐷𝑖𝑗3)(𝑥𝑖𝑗1,𝑥𝑖𝑗2 ,𝑥𝑖𝑗3)+𝛽
𝑛
𝑗=1

𝑚
𝑖=1

. 

2.4.1.3 Anukokila and Radhakrishnan’s method 

Anukokila and Radhakrishnan [10] used the existing method [153] to find an optimal 

solution of the FlFuLFpP (𝑃2.2.5). In this section, Anukokila and Radhakrishnan’s method [10] 

is discussed in a brief manner.  

Step 1: Using the following steps of Charnes and Cooper transformation method [34] under fuzzy 

environment, transform the FlFuLFpP (𝑃2.2.5) into a FlFuLpP.   

Step 1a: Assuming 𝑡̃ =
1

∑ ∑ 𝐷̃𝑖𝑗𝑥𝑖𝑗+𝛽
𝑛
𝑗=1

𝑚
𝑖=1

 and 𝑥𝑖𝑗 =
𝑦̃𝑖𝑗

𝑡̃
, transform the FlFuLFpP (𝑃2.2.5) 

into the FlFuMpP (𝑃2.4.1.3.1). 

FlFuMpP (𝑷𝟐. 𝟒. 𝟏. 𝟑. 𝟏) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 ((
∑ ∑ 𝐶̃𝑖𝑗𝑦̃𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1

𝑡̃
+ 𝜃) 𝑡̃)  

Subject to 

∑
𝑦̃𝑖𝑗

𝑡̃
= 𝐴̃𝑖,

𝑛
𝑗=1                                                           𝑖 = 1,2,… ,𝑚,  

∑
𝑦̃𝑖𝑗

𝑡̃
= 𝐵̃𝑗,

𝑚
𝑖=1                                                           𝑗 = 1,2,… , 𝑛,  

(
∑ ∑ 𝐷̃𝑖𝑗𝑦̃𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1

𝑡̃
+ 𝛽) 𝑡̃ = 1̃,  
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𝑦̃𝑖𝑗 , 𝑡̃ are non-negative TrFuN ∀ 𝑖, 𝑗.  

Step 1b: Transform the FlFuMpP (𝑃2.4.1.3.1) into the FlFuMpP (𝑃2.4.1.3.2). 

FlFuMpP (𝑷𝟐. 𝟒. 𝟏. 𝟑. 𝟐) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 ((∑ ∑ 𝐶̃𝑖𝑗𝑦̃𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 + 𝜃𝑡̃)

𝑡̃

𝑡̃
)  

Subject to 

∑ (
𝑦̃𝑖𝑗

𝑡̃
) 𝑡̃ = 𝐴̃𝑖𝑡̃,

𝑛
𝑗=1                                                           𝑖 = 1,2,… ,𝑚,  

∑ (
𝑦̃𝑖𝑗

𝑡̃
) 𝑡̃ = 𝐵̃𝑗𝑡̃,

𝑚
𝑖=1                                                           𝑗 = 1,2,… , 𝑛,  

(∑ ∑ 𝐷̃𝑖𝑗 𝑦̃𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 + 𝛽𝑡̃)

𝑡̃

𝑡̃
= 1̃,  

𝑦̃𝑖𝑗 , 𝑡̃ are non-negative TrFuN ∀ 𝑖, 𝑗.  

Step 1c: Transform the FlFuMpP (𝑃2.4.1.3.2) into the FlFuLpP (𝑃2.4.1.3.3). 

FlFuLpP (𝑷𝟐. 𝟒. 𝟏. 𝟑. 𝟑) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (∑ ∑ 𝐶̃𝑖𝑗𝑦̃𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 + 𝜃𝑡̃)  

Subject to 

∑ 𝑦̃𝑖𝑗 = 𝐴̃𝑖𝑡̃,
𝑛
𝑗=1                                                           𝑖 = 1,2,… ,𝑚,  

∑ 𝑦̃𝑖𝑗 = 𝐵̃𝑗𝑡̃,
𝑚
𝑖=1                                                           𝑗 = 1,2, … , 𝑛,  

∑ ∑ 𝐷̃𝑖𝑗 𝑦̃𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 + 𝛽𝑡̃ = 1̃,  

𝑦̃𝑖𝑗 , 𝑡̃ are non-negative TrFuN ∀ 𝑖, 𝑗. 

Step 1d: Transform the FlFuLpP (𝑃2.4.1.3.3) into the FlFuLpP (𝑃2.4.1.3.4).  

FlFuLpP (𝑷𝟐. 𝟒. 𝟏. 𝟑. 𝟒) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (∑ ∑ 𝐶̃𝑖𝑗𝑦̃𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 + 𝜃𝑡̃)  

Subject to 
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∑ 𝑦̃𝑖𝑗 − 𝐴̃𝑖𝑡̃ = 𝐴̃𝑖𝑡̃ − 𝐴̃𝑖 𝑡̃,
𝑛
𝑗=1                                                           𝑖 = 1,2,… ,𝑚,  

∑ 𝑦̃𝑖𝑗 − 𝐵̃𝑗𝑡̃ = 𝐵̃𝑗𝑡̃ − 𝐵̃𝑗𝑡̃,
𝑚
𝑖=1                                                           𝑗 = 1,2, … , 𝑛,  

∑ ∑ 𝐷̃𝑖𝑗 𝑦̃𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 + 𝛽𝑡̃ = 1̃,  

𝑦̃𝑖𝑗 , 𝑡̃ are non-negative TrFuN ∀ 𝑖, 𝑗. 

Step 1e: Transform the FlFuLpP (𝑃2.4.1.3.4) into the FlFuLpP (𝑃2.4.1.3.5). 

FlFuLpP (𝑷𝟐. 𝟒. 𝟏. 𝟑. 𝟓) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (∑ ∑ 𝐶̃𝑖𝑗𝑦̃𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 + 𝜃𝑡̃)  

Subject to 

∑ 𝑦̃𝑖𝑗 − 𝐴̃𝑖𝑡̃ = 0̃,𝑛
𝑗=1                                                           𝑖 = 1,2, … , 𝑚,   

∑ 𝑦̃𝑖𝑗 − 𝐵̃𝑗𝑡̃ = 0̃,𝑚
𝑖=1                                                           𝑗 = 1,2,… , 𝑛,  

∑ ∑ 𝐷̃𝑖𝑗 𝑦̃𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 + 𝛽𝑡̃ = 1̃,  

𝑦̃𝑖𝑗 , 𝑡̃ are non-negative TrFuN ∀ 𝑖, 𝑗. 

Step 2: Find a fuzzy optimal solution {𝑦̃𝑖𝑗 , 𝑡̃} of the FlFuLpP (𝑃2.4.1.3.5).  

Step 3: Using the obtained fuzzy optimal solution  {𝑦̃𝑖𝑗 , 𝑡̃} and the relation 𝑥𝑖𝑗 =
𝑦̃𝑖𝑗

𝑡̃
, find a fuzzy 

optimal solution {𝑥𝑖𝑗} of the FlFuLFpP (𝑃2.2.5).  

2.4.2 Inappropriateness of existing methods 

In this section, inappropriateness of the existing methods [9, 10, 110] is pointed out. 

2.4.2.1 Inappropriateness of Liu’s method 

It is inappropriate to use Liu’s method [110] as the following mathematical incorrect results 

are considered in Liu’s method [110].     

(i) Liu [110] assumed that to find an optimal solution of an unbalanced triangular FlFuLFtP 

is equivalent to find an optimal solution of the FuLFpP (𝑃2.2.3). Hence, Liu [110] 
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proposed a method to solve the FuLFpP (𝑃2.2.3). While, it is obvious from Section 2.3 

that, in actual case, to find an optimal solution of an unbalanced triangular FlFuLFtP is 

equivalent to find an optimal solution of the FlFuLFpP (𝑃2.4.2.1.1). Therefore, Liu’s 

[110] assumption is not valid and hence, it is inappropriate to use Liu’s method [110] to 

find an optimal solution of an unbalanced triangular FlFuLFtP. 

FlFuLFtP (𝑷𝟐. 𝟒. 𝟐. 𝟏. 𝟏) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
∑ ∑ (𝐶𝑖𝑗1,𝐶𝑖𝑗2 ,𝐶𝑖𝑗3)(𝑥𝑖𝑗1 ,𝑥𝑖𝑗2 ,𝑥𝑖𝑗3)+𝜃

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ (𝐷𝑖𝑗1 ,𝐷𝑖𝑗2 ,𝐷𝑖𝑗3)(𝑥𝑖𝑗1 ,𝑥𝑖𝑗2 ,𝑥𝑖𝑗3)+𝛽
𝑛
𝑗=1

𝑚
𝑖=1

)  

Subject to 

∑ (𝑥𝑖𝑗1, 𝑥𝑖𝑗2, 𝑥𝑖𝑗3) ≤ (𝐴𝑖1, 𝐴𝑖2, 𝐴𝑖3),
𝑛
𝑗=1                                 𝑖 = 1,2,… ,𝑚, 

∑ (𝑥𝑖𝑗1, 𝑥𝑖𝑗2, 𝑥𝑖𝑗3) ≥ (𝐵𝑗1, 𝐵𝑗2, 𝐵𝑗3),
𝑚
𝑖=1                                  𝑗 = 1,2, … , 𝑛,  

(𝑥𝑖𝑗1, 𝑥𝑖𝑗2, 𝑥𝑖𝑗3) is a non-negative TFuN ∀ 𝑖, 𝑗.  

(ii) It is obvious from Step 2c and Step 2d of Liu’s method [110], discussed in Section 

2.4.1.1, that Liu [110] assumed 𝑐𝑖𝑗 = (𝐶𝑖𝑗)𝛼
𝐿
, 𝑎𝑖𝑡 = 𝑟𝑖 , 𝑏𝑗𝑡 = 𝑠𝑗  and 𝑑𝑖𝑗𝑦𝑖𝑗 = 𝜉𝑖𝑗  to 

transform the CrMpP (𝑃2.4.1.1.4) into the CrLpP (𝑃2.4.1.1.6) i.e., Liu [110] assumed 

that the CrMpP (𝑃2.4.1.1.4) is equivalent to the CrLpP (𝑃2.4.1.1.6). However, the 

CrLpP (𝑃2.4.1.1.6) is not equivalent to the CrMpP (𝑃2.4.1.1.4).  

The following validates this claim. 

In the numerical example, considered by Liu [110] to illustrate his proposed 

method, Liu [110] used 𝑐𝑖𝑗 = (𝐶𝑖𝑗)𝛼
𝐿
, 𝑎𝑖𝑡 = 𝑟𝑖, 𝑏𝑗𝑡 = 𝑠𝑗 and 𝑑𝑖𝑗𝑦𝑖𝑗 = 𝜉𝑖𝑗 to transform the 

CrMpP (𝑃2.4.2.1.2) into the CrLpP (𝑃2.4.2.1.3) i.e., Liu [110] assumed that the CrLpP 

(𝑃2.4.2.1.3) is equivalent to the CrMpP (𝑃2.4.2.1.2). 
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CrMpP (𝑷𝟐. 𝟒. 𝟐. 𝟏. 𝟐) 

𝑍𝛼
𝐿 = min  (𝑐11𝑦11 + 𝑐12𝑦12 + 𝑐13𝑦13 + 𝑐14𝑦14 + 𝑐21𝑦21 + 𝑐22𝑦22 + 𝑐23𝑦23 +

𝑐24𝑦24 + 𝑐31𝑦31 + 𝑐32𝑦32 + 𝑐33𝑦33 + 𝑐34𝑦34 + 55𝑡)  

Subject to 

−𝑦11 − 𝑦12 − 𝑦13 − 𝑦14 + 𝑎1𝑡 ≥ 0,  

−𝑦21 − 𝑦22 − 𝑦23 − 𝑦24 + 𝑎2𝑡 ≥ 0,  

−𝑦31 − 𝑦32 − 𝑦33 − 𝑦34 + 𝑎3𝑡 ≥ 0,  

𝑦11 + 𝑦21 + 𝑦31 − 𝑏1𝑡 ≥ 0,  

𝑦12 + 𝑦22 + 𝑦32 − 𝑏2𝑡 ≥ 0,  

𝑦13 + 𝑦23 + 𝑦33 − 𝑏3𝑡 ≥ 0,  

𝑦14 + 𝑦24 + 𝑦34 − 𝑏4𝑡 ≥ 0,  

𝑑11𝑦11 + 𝑑12𝑦12 + 𝑑13𝑦13 + 𝑑14𝑦14 + 𝑑21𝑦21 + 𝑑22𝑦22 + 𝑑23𝑦23 + 𝑑24𝑦24 +

𝑑31𝑦31 + 𝑑32𝑦32 + 𝑑33𝑦33 + 𝑑34𝑦34 + 60𝑡 = 1,  

(4 + 𝛼) ≤ 𝑐11 ≤ (6 − 𝛼),  

𝑐12 = 6, 𝑐13 = 2, 

(2 + 𝛼) ≤ 𝑐14 ≤ (4 − 𝛼),  

𝑐21 = 3,  

(5 + 𝛼) ≤ 𝑐22 ≤ (7 − 𝛼),  

(7 + 𝛼) ≤ 𝑐23 ≤ (10 − 2𝛼),  

𝑐24 = 2, 𝑐31 = 4, 𝑐32 = 1,  

(8 + 𝛼) ≤ 𝑐33 ≤ (10 − 𝛼),  

(9 + 2𝛼) ≤ 𝑐34 ≤ (12 − 𝛼),  

(2 + 𝛼) ≤ 𝑑11 ≤ (5 − 2𝛼),  
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𝑑12 = 5, 𝑑13 = 3, 

(3 + 𝛼) ≤ 𝑑14 ≤ (5 − 𝛼),  

𝑑21 = 4,  

(3 + 𝛼) ≤ 𝑑22 ≤ (6 − 2𝛼),  

(5 + 2𝛼) ≤ 𝑑23 ≤ (8 − 𝛼),  

𝑑24 = 4, 𝑑31 = 3, 𝑑32 = 2,  

(2 + 𝛼) ≤ 𝑑33 ≤ (7 − 𝛼),  

(8 + 𝛼) ≤ 𝑑34 ≤ (10 − 𝛼),  

(40 + 10𝛼) ≤ 𝑎1 ≤ (70 − 20𝛼),  

(50 + 10𝛼) ≤ 𝑎2 ≤ (70 − 10𝛼),  

(70 + 10𝛼) ≤ 𝑎3 ≤ (90 − 10𝛼),  

(10 + 20𝛼) ≤ 𝑏1 ≤ (40 − 10𝛼),  

(10 + 10𝛼) ≤ 𝑏2 ≤ (30 − 10𝛼),  

(30 + 10𝛼) ≤ 𝑏3 ≤ (50 − 10𝛼),  

(20 + 10𝛼) ≤ 𝑏4 ≤ (40 − 10𝛼),  

𝑡 > 0, 𝑦𝑖𝑗 ≥ 0; 𝑖 = 1,2,3, 𝑗 = 1,2,3,4.  

CrLpP (𝑷𝟐. 𝟒. 𝟐. 𝟏. 𝟑) 

𝑍𝛼
𝐿 = min  [(4 + 𝛼)𝑦11 + 6𝑦12 + 2𝑦13 + (2 + 𝛼)𝑦14 + 3𝑦21 + (5 + 𝛼)𝑦22 + (7 +

𝛼)𝑦23 + 2𝑦24 + 4𝑦31 + 𝑦32 + (8 + 𝛼)𝑦33 + (9 + 𝛼)𝑦34 + 55𝑡]  

Subject to 

−𝑦11 − 𝑦12 − 𝑦13 − 𝑦14 + 𝑟1 ≥ 0,  

−𝑦21 − 𝑦22 − 𝑦23 − 𝑦24 + 𝑟2 ≥ 0,  

−𝑦31 − 𝑦32 − 𝑦33 − 𝑦34 + 𝑟3 ≥ 0,  
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𝑦11 + 𝑦21 + 𝑦31 − 𝑠1 ≥ 0,  

𝑦12 + 𝑦22 + 𝑦32 − 𝑠2 ≥ 0,  

𝑦13 + 𝑦23 + 𝑦33 − 𝑠3 ≥ 0,  

𝑦14 + 𝑦24 + 𝑦34 − 𝑠4 ≥ 0,  

𝜉11 + 𝜉12 + 𝜉13 + 𝜉14 + 𝜉21 + 𝜉22 + 𝜉23 + 𝜉24 + 𝜉31 + 𝜉32 + 𝜉33 + 𝜉34 + 60𝑡 = 1,  

(2 + 𝛼)𝑦11 ≤ 𝜉11 ≤ (5 − 2𝛼)𝑦11,  

𝜉12 = 5𝑦12, 𝜉13 = 3𝑦13 , 

(3 + 𝛼)𝑦14 ≤ 𝜉14 ≤ (5 − 𝛼)𝑦14 ,  

𝜉21 = 4𝑦21,  

(3 + 𝛼)𝑦22 ≤ 𝜉22 ≤ (6 − 2𝛼)𝑦22,  

(5 + 2𝛼)𝑦23 ≤ 𝜉23 ≤ (8 − 𝛼)𝑦23,  

𝜉24 = 4𝑦24, 𝜉31 = 3𝑦31, 𝜉32 = 2𝑦32,  

(2 + 𝛼)𝑦33 ≤ 𝜉33 ≤ (7 − 𝛼)𝑦33,  

(8 + 𝛼)𝑦34 ≤ 𝜉34 ≤ (10 − 𝛼)𝑦34,  

(40 + 10𝛼)𝑡 ≤ 𝑟1 ≤ (70 − 20𝛼)𝑡,  

(50 + 10𝛼)𝑡 ≤ 𝑟2 ≤ (70 − 10𝛼)𝑡,  

(70 + 10𝛼)𝑡 ≤ 𝑟3 ≤ (90 − 10𝛼)𝑡,  

(10 + 20𝛼)𝑡 ≤ 𝑠1 ≤ (40 − 10𝛼)𝑡,  

(10 + 10𝛼)𝑡 ≤ 𝑠2 ≤ (30 − 10𝛼)𝑡,  

(30 + 10𝛼)𝑡 ≤ 𝑠3 ≤ (50 − 10𝛼)𝑡,  

(20 + 10𝛼)𝑡 ≤ 𝑠4 ≤ (40 − 10𝛼)𝑡,  

𝑡 > 0, 𝑦𝑖𝑗 ≥ 0; 𝑖 = 1,2,3, 𝑗 = 1,2,3,4.  

While, in actual case, these problems are not equivalent as on solving  
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(a) The CrMpP (𝑃2.4.2.1.2), the obtained optimal solution, for 𝛼 = 0, is 𝑎1 =

40, 𝑎2 = 70, 𝑎3 = 90, 𝑏1 = 10, 𝑏2 = 10, 𝑏3 = 30, 𝑏4 = 20, 𝑐11 = 4.418270, 

𝑐12 = 6, 𝑐13 = 2, 𝑐14 = 2.418270, 𝑐21 = 3, 𝑐22 = 5.418270, 𝑐23 = 7.418270,  

𝑐24 = 2, 𝑐31 = 4, 𝑐32 = 1, 𝑐33 = 8.418270, 𝑐34 = 9.418270, 𝑑11 = 2.157112,  

𝑑12 = 5, 𝑑13 = 3, 𝑑14 = 3.157112, 𝑑21 = 4, 𝑑22 = 3.157112, 𝑑23 = 5.157112,  

𝑑24 = 4, 𝑑31 = 3, 𝑑32 = 2, 𝑑33 = 4.157112, 𝑑34 = 8.157112, 𝑦11 = 𝑦12 =

𝑦14 = 𝑦22 = 𝑦23 = 𝑦31 = 𝑦33 = 𝑦34 = 0, 𝑦13 = 0.049180327, 𝑦21 =

0.01639344, 𝑦24 = 0.098360, 𝑦32 = 0.1475409, 𝑡 = 0.001639344 and the 

corresponding optimal value is 0.5819672.     

(b) The CrLpP (𝑃2.4.2.1.3), the obtained optimal solution, for 𝛼 = 0, is 𝑟1 =

0.086419, 𝑟2 = 0.086419, 𝑟3 = 0.111111, 𝑠1 = 0.012346, 𝑠2 = 0.012346, 𝑠3 = 

0.037037, 𝑠4 = 0.030909, 𝜉11 = 𝜉12 = 𝜉22 = 𝜉23 = 𝜉31 = 𝜉33 = 𝜉34 = 0, 𝜉13 =

0.111111, 𝜉14 = 0.246913, 𝜉21 = 0.049383, 𝜉24 = 0.296296, 𝜉32 = 0.222222, 

𝑦11 = 𝑦12 = 𝑦22 = 𝑦23 = 𝑦31 = 𝑦33 = 𝑦34 = 0, 𝑦13 = 0.037037, 𝑦14 =

0.049383, 𝑦21 = 0.012346, 𝑦24 = 0.074074, 𝑦32 = 0.111111, 𝑡 = 0.001234 

and the corresponding optimal value is 0.5370370. 

(iii) It is obvious from Step 3c and 3d of Liu’s method [110], discussed in Section 2.4.1.1, 

that Liu [110] assumed 𝑐𝑖𝑗 = (𝐶𝑖𝑗)𝛼
𝑈
, 𝛿𝑖𝑗 = 𝑑𝑖𝑗𝜆, 𝑝𝑖 = 𝑎𝑖𝑢𝑖  and 𝑞𝑗 = 𝑏𝑗𝑣𝑗 to transform 

the CrMpP (𝑃2.4.1.1.8) into the CrLpP (𝑃2.4.1.1.10) i.e., Liu [110] assumed that the 

CrMpP (𝑃2.4.1.1.8) is equivalent to the CrLpP (𝑃2.4.1.1.10). However, the CrLpP 

(𝑃2.4.1.1.10) is not equivalent to the CrMpP (𝑃2.4.1.1.8).  

The following validates this claim. 
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In the numerical example, considered by Liu [110] to illustrate his proposed 

method, Liu [110] used 𝑐𝑖𝑗 = (𝐶𝑖𝑗)𝛼
𝑈
, 𝛿𝑖𝑗 = 𝑑𝑖𝑗𝜆, 𝑝𝑖 = 𝑎𝑖𝑢𝑖  and 𝑞𝑗 = 𝑏𝑗𝑣𝑗 to transform 

the CrMpP (𝑃2.4.2.1.4) into the CrLpP (𝑃2.4.2.1.5) i.e., Liu [110] assumed that the 

CrLpP (𝑃2.4.2.1.5) is equivalent to the CrMpP (𝑃2.4.2.1.4). 

CrMpP (𝑷𝟐. 𝟒. 𝟐. 𝟏. 𝟒)  

𝑍𝛼
𝑈 = max 𝜆  

Subject to 

−𝑢1 + 𝑣1 + 𝑑11𝜆 ≤ 𝑐11 ,  

−𝑢1 + 𝑣2 + 𝑑12𝜆 ≤ 𝑐12 ,  

−𝑢1 + 𝑣3 + 𝑑13𝜆 ≤ 𝑐13 ,  

−𝑢1 + 𝑣4 + 𝑑14𝜆 ≤ 𝑐14,  

−𝑢2 + 𝑣1 + 𝑑21𝜆 ≤ 𝑐21,  

−𝑢2 + 𝑣2 + 𝑑22𝜆 ≤ 𝑐22,  

−𝑢2 + 𝑣3 + 𝑑23𝜆 ≤ 𝑐23,  

−𝑢2 + 𝑣4 + 𝑑24𝜆 ≤ 𝑐24 ,  

−𝑢3 + 𝑣1 + 𝑑31𝜆 ≤ 𝑐31,  

−𝑢3 + 𝑣2 + 𝑑32𝜆 ≤ 𝑐32,  

−𝑢3 + 𝑣3 + 𝑑33𝜆 ≤ 𝑐33,  

−𝑢3 + 𝑣4 + 𝑑34𝜆 ≤ 𝑐34 ,  

𝑎1𝑢1 + 𝑎2𝑢2 + 𝑎3𝑢3 − 𝑏1𝑣1 − 𝑏2𝑣2 − 𝑏3𝑣3 − 𝑏4𝑣4 + 60𝜆 ≤ 55,  

(4 + 𝛼) ≤ 𝑐11 ≤ (6 − 𝛼),  

𝑐12 = 6, 𝑐13 = 2, 

(2 + 𝛼) ≤ 𝑐14 ≤ (4 − 𝛼),  
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𝑐21 = 3,  

(5 + 𝛼) ≤ 𝑐22 ≤ (7 − 𝛼),  

(7 + 𝛼) ≤ 𝑐23 ≤ (10 − 2𝛼),  

𝑐24 = 2, 𝑐31 = 4, 𝑐32 = 1,  

(8 + 𝛼) ≤ 𝑐33 ≤ (10 − 𝛼),  

(9 + 2𝛼) ≤ 𝑐34 ≤ (12 − 𝛼),  

(2 + 𝛼) ≤ 𝑑11 ≤ (5 − 2𝛼),  

𝑑12 = 5, 𝑑13 = 3, 

(3 + 𝛼) ≤ 𝑑14 ≤ (5 − 𝛼),  

𝑑21 = 4,  

(3 + 𝛼) ≤ 𝑑22 ≤ (6 − 2𝛼),  

(5 + 2𝛼) ≤ 𝑑23 ≤ (8 − 𝛼),  

𝑑24 = 4, 𝑑31 = 3, 𝑑32 = 2,  

(2 + 𝛼) ≤ 𝑑33 ≤ (7 − 𝛼),  

(8 + 𝛼) ≤ 𝑑34 ≤ (10 − 𝛼),  

(40 + 10𝛼) ≤ 𝑎1 ≤ (70 − 20𝛼),  

(50 + 10𝛼) ≤ 𝑎2 ≤ (70 − 10𝛼),  

(70 + 10𝛼) ≤ 𝑎3 ≤ (90 − 10𝛼),  

(10 + 20𝛼) ≤ 𝑏1 ≤ (40 − 10𝛼),  

(10 + 10𝛼) ≤ 𝑏2 ≤ (30 − 10𝛼),  

(30 + 10𝛼) ≤ 𝑏3 ≤ (50 − 10𝛼),  

(20 + 10𝛼) ≤ 𝑏4 ≤ (40 − 10𝛼),  
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CrLpP (𝑷𝟐. 𝟒. 𝟐. 𝟏. 𝟓) 

𝑍𝛼
𝑈 = max 𝜆  

Subject to 

−𝑢1 + 𝑣1 + 𝛿11 ≤ (6 − 𝛼),  

−𝑢1 + 𝑣2 + 𝛿12 ≤ 6,  

−𝑢1 + 𝑣3 + 𝛿13 ≤ 2,  

−𝑢1 + 𝑣4 + 𝛿14 ≤ (4 − 𝛼),  

−𝑢2 + 𝑣1 + 𝛿21 ≤ 3,  

−𝑢2 + 𝑣2 + 𝛿22 ≤ (7 − 𝛼),  

−𝑢2 + 𝑣3 + 𝛿23 ≤ (10 − 2𝛼),  

−𝑢2 + 𝑣4 + 𝛿24 ≤ 2,  

−𝑢3 + 𝑣1 + 𝛿31 ≤ 4,  

−𝑢3 + 𝑣2 + 𝛿32 ≤ 1,  

−𝑢3 + 𝑣3 + 𝛿33 ≤ (10 − 𝛼),  

−𝑢3 + 𝑣4 + 𝛿34 ≤ (12 − 𝛼),  

𝑝1 + 𝑝2 + 𝑝3 − 𝑞1 − 𝑞2 − 𝑞3 − 𝑞4 + 60𝜆 ≤ 55,  

(2 + 𝛼)𝜆 ≤ 𝛿11 ≤ (5 − 2𝛼)𝜆,  

𝛿12 = 5𝜆, 𝛿13 = 3𝜆,  

(3 + 𝛼)𝜆 ≤ 𝛿14 ≤ (5 − 𝛼)𝜆,  

𝛿21 = 4𝜆,  

(3 + 𝛼)𝜆 ≤ 𝛿22 ≤ (6 − 2𝛼)𝜆,  

(5 + 2𝛼)𝜆 ≤ 𝛿23 ≤ (8 − 𝛼)𝜆,  

𝛿24 = 4𝜆, 𝛿31 = 3𝜆, 𝛿32 = 2𝜆, 
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(4 + 2𝛼)𝜆 ≤ 𝛿33 ≤ (7 − 𝛼)𝜆,  

(8 + 𝛼)𝜆 ≤ 𝛿34 ≤ (10 − 𝛼)𝜆,  

(40 + 10𝛼)𝑢1 ≤ 𝑝1 ≤ (70 − 20𝛼)𝑢1,  

(50 + 10𝛼)𝑢2 ≤ 𝑝2 ≤ (70 − 10𝛼)𝑢2,  

(70 + 10𝛼)𝑢3 ≤ 𝑝3 ≤ (90 − 10𝛼)𝑢3,  

(10 + 20𝛼)𝑣1 ≤ 𝑞1 ≤ (40 − 10𝛼)𝑣1,  

(10 + 10𝛼)𝑣2 ≤ 𝑞2 ≤ (30 − 10𝛼)𝑣2,  

(30 + 10𝛼)𝑣3 ≤ 𝑞3 ≤ (50 − 10𝛼)𝑣3,  

(20 + 10𝛼)𝑣4 ≤ 𝑞4 ≤ (40 − 10𝛼)𝑣4,  

𝜆 > 0, 𝑢𝑖 , 𝑣𝑗 ≥ 0; 𝑖 = 1,2,3, 𝑗 = 1,2,3,4.  

While, in actual case, these problems are not equivalent as on solving  

(a) The CrMpP (𝑃2.4.2.1.4), no feasible solution is obtained for 𝛼 = 0. 

(b) The CrLpP (𝑃2.4.2.1.5), the obtained optimal solution, for 𝛼 = 0, is 𝑝1 =

315.2167, 𝑝2 = 147.719, 𝑝3 = 74.5661, 𝑞1 = 95.9091, 𝑞2 = 8.60684, 𝑞3 =

375.4279, 𝑞4 = 55.9091, 𝑢1 = 7.880418, 𝑢2 = 2.95439, 𝑢3 = 1.06523, 𝑣1 =

2.39773, 𝑣2 = 0.28689, 𝑣3 = 7.508558, 𝑣4 = 1.39773, 𝛿11 = 2.6694153, 

𝛿12 = 4.445840, 𝛿13 = 2.667504, 𝛿14 = 3.596439, 𝛿21 = 3.55667, 𝛿22 =

3.59644, 𝛿23 = 5.154876, 𝛿24 = 3.55667, 𝛿31 = 2.66750, 𝛿32 = 1.77834,  

𝛿33 = 3.55667, 𝛿34 = 8.816638, 𝜆 = 0.88916805 and the corresponding optimal 

value is 0.8891680. 

(iv) It is obvious from Liu’s method [110], discussed in Section 2.4.1.1, that Liu [110] 

considered the FuLFpP (𝑃2.2.3) corresponding to the considered unbalanced triangular 

FlFuLFtP, in which each known parameter is represented by a TFuN whereas the 
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decision variables are represented by non-negative real numbers. However, the decision 

variables obtained by Liu [110] are neither non-negative real numbers nor TFuNs. 

The following validates this claim. 

The optimal solution, obtained by Liu [110] to illustrate his proposed method, is 

as follows 

(a) At 𝛼 = 0, the lower bound 𝑍𝛼=0
𝐿 = 0.5370 occurring at 𝑥13 = 30, 𝑥14 = 40, 𝑥21 =

10, 𝑥24 = 60, 𝑥32 = 90, 𝑥11 = 𝑥12 = 𝑥22 = 𝑥23 = 𝑥31 = 𝑥33 = 𝑥34 = 0. 

(b) At  𝛼 = 0, the upper bound 𝑍𝛼=0
𝑈 = 0.8684 occurring at 𝑥13 = 40, 𝑥21 =

10, 𝑥24 = 40, 𝑥31 = 30, 𝑥32 = 30, 𝑥33 = 10, 𝑥11 = 𝑥12 = 𝑥14 = 𝑥22 = 𝑥23 =

𝑥34 = 0. 

(c) At  𝛼 = 1, the upper bound and the lower bound 𝑍𝛼=0
𝑈 = 𝑍𝛼=0

𝐿 = 0.6293 occurring 

at 𝑥13 = 40, 𝑥21 = 30, 𝑥24 = 30,  𝑥32 = 80,  𝑥11 = 𝑥12 = 𝑥14 = 𝑥22 = 𝑥23 =

𝑥31 = 𝑥33 = 𝑥34 = 0. 

The fuzzy optimal value obtained by Liu [110] is given by 

(0.5370,0.6293,0.8684) corresponding to the decision variables 𝑥11 = (0,0,0), 𝑥12 =

(0,0,0), 𝑥13 = (30,40,40), 𝑥14 = (40,0,0), 𝑥21 = (10,30,10), 𝑥22 = (0,0,0), 𝑥23 =

(0,0,0), 𝑥24 = (60,30,40), 𝑥31 = (0,0,30), 𝑥32 = (90,80,30), 𝑥33 = (0,0,10), 𝑥34 =

(0,0,0).  

Clearly, 𝑥14, 𝑥21, 𝑥24, 𝑥32 are not TFuNs. Thus, the decision variables obtained 

by Liu [110] are neither non-negative real numbers nor TFuNs.  

2.4.2.2 Inappropriateness of Anukokila et al.’s method 

The following mathematical incorrect results are considered in Anukokila et al.’s method [9].  
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Hence, it is inappropriate to use Anukokila et al.’s method [9] for solving FlFuLFtPs. 

(i) It is obvious from Step 4 of Anukokila et al.’s method [9], discussed in Section 2.4.1.2.2, 

that the relations 𝑅2 (
𝐴1

𝐴2
) =

𝑅2(𝐴1)

𝑅2(𝐴2)
 and 𝑅3 (

𝐴1

𝐴2
) =

𝑅3(𝐴̃1)

𝑅3(𝐴̃2)
 are used to transform the 

CrMoLFpP (𝑃2.4.1.2.2.3) into the CrMoLFpP (𝑃2.4.1.2.2.4). While, the following 

example clearly indicates that 𝑅2 (
𝐴1

𝐴2
) ≠

𝑅2(𝐴̃1)

𝑅2(𝐴̃2)
 and 𝑅3 (

𝐴1

𝐴2
) ≠

𝑅3(𝐴̃1)

𝑅3(𝐴̃2)
. Therefore, the 

CrMoLFpP (𝑃2.4.1.2.2.3) cannot be transformed into the CrMoLFpP (𝑃2.4.1.2.2.4). 

Hence, it is inappropriate to use Anukokila et al.’s method [9] to find an optimal solution 

of the FlFuLFpP (𝑃2.2.4). 

Let 𝐴̃1 = (6,8,10) and 𝐴̃2 = (2,4,6) be two TFuNs. Then, using Definition 2.1.29,  

𝐴1

𝐴2
=

(6,8,10)

(2,4,6)
= (

6

6
,
8

4
,
10

2
) = (1,2,5). 

Using the existing expressions (2.4.1.2.1.2) and (2.4.1.2.1.3) [9],  

𝑅2 (
𝐴1

𝐴2
) = 𝑅2(1,2,5) = 5 − 1 = 4                                                                                        (2.4.2.2.1) 

𝑅3 (
𝐴1

𝐴2
) = 𝑅3(1,2,5) = 5 + 1 = 6                                                                                       (2.4.2.2.2) 

𝑅2(𝐴1)

𝑅2(𝐴2)
=

𝑅2(6,8,10)

𝑅2(2,4,6)
=

10−6

6−2
=

4

4
= 1                                                                                        (2.4.2.2.3) 

𝑅3(𝐴1)

𝑅3(𝐴2)
=

𝑅3(6,8,10)

𝑅3(2,4,6)
=

10+6

6+2
=

16

8
= 2                                                                                      (2.4.2.2.4) 

It is obvious from (2.4.2.2.1) and (2.4.2.2.3) that 𝑅2 (
𝐴1

𝐴2
) ≠

𝑅2(𝐴1)

𝑅2(𝐴2)
.  

Also, it is obvious from (2.4.2.2.2) and (2.4.2.2.4) that 𝑅3 (
𝐴1

𝐴2
) ≠

𝑅3(𝐴̃1)

𝑅3(𝐴̃2)
. 

(ii) It is obvious that in the numerator of the second objective function of the CrMoLFpP 

(𝑃2.4.1.2.2.4), it is assumed that 𝑅2(∑ ∑ 𝐶𝑖𝑗1𝑥𝑖𝑗1 + 𝜃,
𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐶𝑖𝑗2𝑥𝑖𝑗2 +

𝑛
𝑗=1

𝑚
𝑖=1

𝜃,∑ ∑ 𝐶𝑖𝑗3𝑥𝑖𝑗3 + 𝜃
𝑛
𝑗=1

𝑚
𝑖=1 ) = ∑ ∑ (𝐶𝑖𝑗3𝑥𝑖𝑗3 − 𝐶𝑖𝑗1𝑥𝑖𝑗1) + 𝜃

𝑛
𝑗=1

𝑚
𝑖=1 . Also, in the 
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denominator of the second objective function of the CrMoLFpP (𝑃2.4.1.2.2.4), it is 

assumed that 𝑅2(∑ ∑ 𝐷𝑖𝑗1𝑥𝑖𝑗1 + 𝛽,
𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗2𝑥𝑖𝑗2 + 𝛽,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗3𝑥𝑖𝑗3 +

𝑛
𝑗=1

𝑚
𝑖=1

𝛽) = ∑ ∑ (𝐷𝑖𝑗3𝑥𝑖𝑗3 − 𝐷𝑖𝑗1𝑥𝑖𝑗1)
𝑛
𝑗=1

𝑚
𝑖=1 + 𝛽.  

While, according to the comparing method, 𝑅2(∑ ∑ 𝐶𝑖𝑗1𝑥𝑖𝑗1 +
𝑛
𝑗=1

𝑚
𝑖=1

𝜃,∑ ∑ 𝐶𝑖𝑗2𝑥𝑖𝑗2 + 𝜃,
𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐶𝑖𝑗3𝑥𝑖𝑗3 + 𝜃

𝑛
𝑗=1

𝑚
𝑖=1 ) = ∑ ∑ (𝐶𝑖𝑗3𝑥𝑖𝑗3 − 𝐶𝑖𝑗1𝑥𝑖𝑗1)

𝑛
𝑗=1

𝑚
𝑖=1  

and 𝑅2(∑ ∑ 𝐷𝑖𝑗1𝑥𝑖𝑗1 + 𝛽,
𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗2𝑥𝑖𝑗2 + 𝛽,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗3𝑥𝑖𝑗3 + 𝛽

𝑛
𝑗=1

𝑚
𝑖=1 ) =

∑ ∑ (𝐷𝑖𝑗3𝑥𝑖𝑗3 − 𝐷𝑖𝑗1𝑥𝑖𝑗1)
𝑛
𝑗=1

𝑚
𝑖=1 . 

(iii) It is obvious that in the numerator of the third objective function of the CrMoLFpP 

(𝑃2.4.1.2.2.4), it is assumed that 𝑅3(∑ ∑ 𝐶𝑖𝑗1𝑥𝑖𝑗1 + 𝜃,
𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐶𝑖𝑗2𝑥𝑖𝑗2 +

𝑛
𝑗=1

𝑚
𝑖=1

𝜃,∑ ∑ 𝐶𝑖𝑗3𝑥𝑖𝑗3 + 𝜃
𝑛
𝑗=1

𝑚
𝑖=1 ) = ∑ ∑ (𝐶𝑖𝑗1𝑥𝑖𝑗1 + 𝐶𝑖𝑗3𝑥𝑖𝑗3) + 𝜃

𝑛
𝑗=1

𝑚
𝑖=1 . Also, in the 

denominator of the third objective function of the CrMoLFpP (𝑃2.4.1.2.2.4), it is 

assumed that 𝑅3(∑ ∑ 𝐷𝑖𝑗1𝑥𝑖𝑗1 + 𝛽,
𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗2𝑥𝑖𝑗2 + 𝛽,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗3𝑥𝑖𝑗3 +

𝑛
𝑗=1

𝑚
𝑖=1

𝛽) = ∑ ∑ (𝐷𝑖𝑗1𝑥𝑖𝑗1 + 𝐷𝑖𝑗3𝑥𝑖𝑗3)
𝑛
𝑗=1

𝑚
𝑖=1 + 𝛽.  

While, according to the comparing method, 𝑅3(∑ ∑ 𝐶𝑖𝑗1𝑥𝑖𝑗1 +
𝑛
𝑗=1

𝑚
𝑖=1

𝜃,∑ ∑ 𝐶𝑖𝑗2𝑥𝑖𝑗2 + 𝜃,
𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐶𝑖𝑗3𝑥𝑖𝑗3 + 𝜃

𝑛
𝑗=1

𝑚
𝑖=1 ) = ∑ ∑ (𝐶𝑖𝑗1𝑥𝑖𝑗1 + 𝐶𝑖𝑗3𝑥𝑖𝑗3)

𝑛
𝑗=1

𝑚
𝑖=1 +

2𝜃 and 𝑅3(∑ ∑ 𝐷𝑖𝑗1𝑥𝑖𝑗1 + 𝛽,
𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗2𝑥𝑖𝑗2 + 𝛽,

𝑛
𝑗=1

𝑚
𝑖=1 ∑ ∑ 𝐷𝑖𝑗3𝑥𝑖𝑗3 + 𝛽

𝑛
𝑗=1

𝑚
𝑖=1 ) =

∑ ∑ (𝐷𝑖𝑗1𝑥𝑖𝑗1 + 𝐷𝑖𝑗3𝑥𝑖𝑗3) + 2𝛽
𝑛
𝑗=1

𝑚
𝑖=1 . 

2.4.2.3 Inappropriateness of Anukokila and Radhakrishnan’s method 

The following mathematical incorrect results are considered in the method, discussed in 

Section 2.4.1.3, to transform the FlFuLFpP (𝑃2.2.5) into the FlFuLpP (𝑃2.4.1.3.5).  

(i) It is obvious from Step 1c of Anukokila and Radhakrishnan’s method [10], discussed in 

Section 2.4.1.3, that to transform the FlFuMpP (𝑃2.4.1.3.2) into the FlFuLpP 
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(𝑃2.4.1.3.3), Anukokila and Radhakrishnan [10] have assumed that 
𝑡̃

𝑡̃
= 1̃. However, this 

result is not valid as it is obvious from Definition 2.1.30 that if 𝑡̃ = (𝑡1, 𝑡2, 𝑡3, 𝑡4) is a 

positive TrFuN. Then, 
𝑡̃

𝑡̃
=

(𝑡1,𝑡2,𝑡3,𝑡4)

(𝑡1,𝑡2,𝑡3,𝑡4)
= (

𝑡1

𝑡4
,
𝑡2

𝑡3
,
𝑡3

𝑡2
,
𝑡4

𝑡1
) ≠ (1,1,1,1). 

(ii) It is obvious from Step 1e of Anukokila and Radhakrishnan’s method [10], discussed in 

Section 2.4.1.3, that to transform the FlFuLpP (𝑃2.4.1.3.4) into the FlFuLpP 

(𝑃2.4.1.3.5), Anukokila and Radhakrishnan [10] have assumed that 𝐴̃𝑖 𝑡̃ − 𝐴̃𝑖𝑡̃ = 0̃ and 

𝐵̃𝑗𝑡̃ − 𝐵̃𝑗𝑡̃ = 0̃. However, this result is not valid as it is obvious from Definition 2.1.21 

that if 𝑡̃ = (𝑡1, 𝑡2, 𝑡3, 𝑡4) is a TrFuN. Then, 𝑡̃ − 𝑡̃ = (𝑡1, 𝑡2, 𝑡3, 𝑡4) − (𝑡1, 𝑡2, 𝑡3, 𝑡4) =

(𝑡1 − 𝑡4, 𝑡2 − 𝑡3, 𝑡3 − 𝑡2, 𝑡4 − 𝑡1) ≠ (0,0,0,0). 

2.5 Inappropriateness of existing methods to solve FlFuLFpPs 

In the last few years, several methods [45-50, 95, 153, 154] are proposed in the literature 

to solve FlFuLFpPs. So, one may claim that any of these existing methods can be used to solve  

(i) The FlFuLFpP (𝑃2.2.5) to find a fuzzy optimal solution of a balanced FlFuLFtP. 

(ii) The FlFuLFpP (𝑃2.4.2.1.1) to find a fuzzy optimal solution of an unbalanced 

FlFuLFtP. 

However, it is inappropriate to use these existing methods as it can be easily verified that 

the following mathematical incorrect results are considered in these existing methods. 

(i) In the existing methods [46, 48, 49, 95, 153, 154], Charnes and Cooper 

transformation method under fuzzy environment is used to transform the FlFuLFpP 

(𝑃2.2.5) into the FlFuLpP (𝑃2.4.1.3.5). However, as discussed in Section 2.4.2.3, 

that the FlFuLpP (𝑃2.4.1.3.5), obtained by Charnes and Cooper transformation 

method under fuzzy environment, will not be equivalent to the FlFuLFpP (𝑃2.2.5). 
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Hence, it is inappropriate to use the existing methods [46, 48, 49, 95, 153, 154] to 

find a fuzzy optimal solution of the FlFuLFpPs (𝑃2.2.5) and (𝑃2.4.2.1.1). 

(ii) In the existing methods [45, 50], the relation 𝑅 (
𝐴1

𝐴2
) =

𝑅(𝐴1)

𝑅(𝐴2)
 is used. However, as 

discussed in Section 2.4.2.2, 𝑅 (
𝐴1

𝐴2
) ≠

𝑅(𝐴1)

𝑅(𝐴2)
. Hence, it is inappropriate to use the 

existing methods [45, 50] to find a fuzzy optimal solution of the FlFuLFpPs (𝑃2.2.5) 

and (𝑃2.4.2.1.1).  

(iii) Although, in the existing method [47], neither Charnes and Cooper transformation 

method under fuzzy environment nor the relation 𝑅 (
𝐴1

𝐴2
) =

𝑅(𝐴1)

𝑅(𝐴2)
 is used. However, 

in the existing method [47], it is assumed that a fuzzy inequality constraint 

(𝑎1 , 𝑎2 , 𝑎3 , 𝑎4) ≤ (𝑏1, 𝑏2, 𝑏3, 𝑏4) can be transformed into four crisp constraints 𝑎𝑘 ≤

𝑏𝑘; 𝑘 = 1,2,3,4. However, this result is not valid due to the following reason.  

If (𝑎1, 𝑎2, 𝑎3, 𝑎4) ≤ (𝑏1, 𝑏2, 𝑏3, 𝑏4), then there should exist a non-negative 

TrFuN (𝑠1 , 𝑠2 , 𝑠3 , 𝑠4) such that (𝑎1 , 𝑎2 , 𝑎3 , 𝑎4) + (𝑠1 , 𝑠2 , 𝑠3, 𝑠4) = (𝑏1, 𝑏2, 𝑏3, 𝑏4). 

However, for the values of 𝑠1 , 𝑠2 , 𝑠3 , 𝑠4, obtained by 𝑎𝑘 ≤ 𝑏𝑘  ; 𝑘 = 1,2,3,4 ⇒ 𝑎𝑘 +

𝑠𝑘 = 𝑏𝑘;  𝑘 = 1,2,3,4, where 𝑠𝑘 ≥ 0, the relation 0 ≤ 𝑠1 ≤ 𝑠2 ≤ 𝑠3 ≤ 𝑠4 will not 

necessarily be satisfied i.e., (𝑠1 , 𝑠2 , 𝑠3 , 𝑠4) will not necessarily be a non-negative 

TrFuN. The following validates this claim. 

Let (𝑎1, 𝑎2, 𝑎3, 𝑎4) = (7,10,12,14) and (𝑏1, 𝑏2, 𝑏3, 𝑏4) = (10,11,14,15) be 

two TrFuNs. Since, 𝑎𝑘 < 𝑏𝑘  ∀ 𝑘 = 1,2,3,4. So, (7,10,12,14) < (10,11,14,15). 

However, for 𝑠1 = 10 − 7 = 3, 𝑠2 = 11 − 10 = 1, 𝑠3 = 14 − 12 = 2, 𝑠4 = 15 −

14 = 1, the relation 0 ≤ 𝑠1 ≤ 𝑠2 ≤ 𝑠3 ≤ 𝑠4 is not satisfying i.e., (𝑠1 , 𝑠2 , 𝑠3 , 𝑠4) =

(3,1,2,1) is not a TrFuN.  
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Hence, it is inappropriate to use the existing method [47] to find a fuzzy 

optimal solution of the FlFuLFpP (𝑃2.4.2.1.1). However, as for all the constraints of 

the FlFuLFpP (𝑃2.2.5), the relation (𝑎1, 𝑎2, 𝑎3, 𝑎4) = (𝑏1, 𝑏2, 𝑏3, 𝑏4) is satisfying 

i.e., (𝑠1 , 𝑠2 , 𝑠3, 𝑠4) will always be a zero TrFuN. Therefore, the existing method [47] 

can be used to find a fuzzy optimal solution of the FlFuLFpP (𝑃2.2.5) i.e., a fuzzy 

optimal solution of balanced FlFuLFtPs.         

2.6 Proposed Mehar method for solving FlFuLFtPs 

It is obvious from point (d) of Section 2.5 that it is inappropriate to use the existing method 

[47] to find a fuzzy optimal solution of unbalanced FlFuLFtPs. However, it is appropriate to use 

the existing method [47] to find a fuzzy optimal solution of balanced FlFuLFtPs. Keeping the same 

in mind, in this section, by integrating the existing method [93] for transforming an unbalanced 

fully fuzzy transportation problem into its equivalent balanced fully fuzzy transportation problem 

and the existing method [47] for solving balanced FlFuLFtPs, a new method (named as Mehar 

method) is proposed to solve FlFuLFtPs. 

The steps of the proposed Mehar method are as follows. 

Step 1: Use the following step of the existing method [93] to transform an unbalanced FlFuLFtP 

into its equivalent balanced FlFuLFtP. 

Find the total fuzzy availability ∑ 𝐴̃𝑖
𝑚
𝑖=1 = (𝐴𝑖1, 𝐴𝑖2 , 𝐴𝑖3 , 𝐴𝑖4)  and the total fuzzy 

demand ∑ 𝐵̃𝑗 = (𝐵𝑗1, 𝐵𝑗2, 𝐵𝑗3, 𝐵𝑗4).
𝑛
𝑗=1   

Check that ∑ 𝐴̃𝑖
𝑚
𝑖=1 = ∑ 𝐵̃𝑗

𝑛
𝑗=1  or ∑ 𝐴̃𝑖

𝑚
𝑖=1 ≠ ∑ 𝐵̃𝑗

𝑛
𝑗=1 . 

Case (1) If  ∑ 𝐴̃𝑖
𝑚
𝑖=1 = ∑ 𝐵̃𝑗

𝑛
𝑗=1 , then the FlFuLFtP is balanced. Go to Step 2. 
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Case (2) If  ∑ 𝐴̃𝑖
𝑚
𝑖=1 ≠ ∑ 𝐵̃𝑗

𝑛
𝑗=1 , then check that 𝐴𝑖1 ≤ 𝐵𝑗1, 𝐴𝑖2 − 𝐴𝑖1 ≤ 𝐵𝑗2 − 𝐵𝑗1, 𝐴𝑖3 −

𝐴𝑖2 ≤ 𝐵𝑗3 − 𝐵𝑗2, 𝐴𝑖4 − 𝐴𝑖3 ≤ 𝐵𝑗4 − 𝐵𝑗3 or 𝐴𝑖1 ≥ 𝐵𝑗1, 𝐴𝑖2 − 𝐴𝑖1 ≥ 𝐵𝑗2 −

𝐵𝑗1, 𝐴𝑖3 − 𝐴𝑖2 ≥ 𝐵𝑗3 − 𝐵𝑗2, 𝐴𝑖4 − 𝐴𝑖3 ≥ 𝐵𝑗4 − 𝐵𝑗3.  

Case (2a) If 𝐴𝑖1 ≤ 𝐵𝑗1, 𝐴𝑖2 − 𝐴𝑖1 ≤ 𝐵𝑗2 − 𝐵𝑗1, 𝐴𝑖3 − 𝐴𝑖2 ≤ 𝐵𝑗3 − 𝐵𝑗2, 𝐴𝑖4 − 𝐴𝑖3 ≤ 𝐵𝑗4 −

𝐵𝑗3, then introduce a dummy source with fuzzy availability (𝐵𝑗1 − 𝐴𝑖1 , 𝐵𝑗2 −

𝐴𝑖2, 𝐵𝑗3 − 𝐴𝑖3 , 𝐵𝑗4 − 𝐴𝑖4). Assume the cost for transporting one unit quantity of 

the product from the introduced dummy source to all destinations as zero TrFuN 

and then go to Step 2. 

Case (2b) If 𝐴𝑖1 ≥ 𝐵𝑗1, 𝐴𝑖2 − 𝐴𝑖1 ≥ 𝐵𝑗2 − 𝐵𝑗1, 𝐴𝑖3 − 𝐴𝑖2 ≥ 𝐵𝑗3 − 𝐵𝑗2, 𝐴𝑖4 − 𝐴𝑖3 ≥ 𝐵𝑗4 −

𝐵𝑗3, then introduce a dummy destination with fuzzy demand (𝐴𝑖1 − 𝐵𝑗1, 𝐴𝑖2 −

𝐵𝑗2, 𝐴𝑖3 − 𝐵𝑗3, 𝐴𝑖4 − 𝐵𝑗4). Assume the cost for transporting one unit quantity of 

the product from all the sources to the introduced dummy destination as zero 

TrFuN and then go to Step 2. 

Case (2c) If neither Case (2a) nor Case (2b) is satisfied, then introduce a dummy source 

with fuzzy availability (𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {0, (𝐵𝑗1 − 𝐴𝑖1)}, 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {0, (𝐵𝑗1 −

𝐴𝑖1)} + 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {0, (𝐵𝑗2 − 𝐵𝑗1) − (𝐴𝑖2 − 𝐴𝑖1)},𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {0, (𝐵𝑗1 −

𝐴𝑖1)} + 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {0, (𝐵𝑗2 − 𝐵𝑗1) − (𝐴𝑖2 − 𝐴𝑖1)} +  𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {0, (𝐵𝑗3 −

𝐵𝑗2) − (𝐴𝑖3 − 𝐴𝑖2)},𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {0, (𝐵𝑗1 − 𝐴𝑖1)} + 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {0, (𝐵𝑗2 −

𝐵𝑗1) − (𝐴𝑖2 − 𝐴𝑖1)} + 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {0, (𝐵𝑗3 − 𝐵𝑗2) − (𝐴𝑖3 − 𝐴𝑖2)} +

𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {0, (𝐵𝑗4 − 𝐵𝑗3) − (𝐴𝑖4 − 𝐴𝑖3)}) and a dummy destination with fuzzy 

demand (𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {0, (𝐴𝑖1 − 𝐵𝑗1)},𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {0, (𝐴𝑖1 − 𝐵𝑗1)} +

𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {0, (𝐴𝑖2 − 𝐴𝑖1) − (𝐵𝑗2 − 𝐵𝑗1)},𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {0, (𝐴𝑖1 − 𝐵𝑗1)} +
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𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {0, (𝐴𝑖2 − 𝐴𝑖1) − (𝐵𝑗2 − 𝐵𝑗1)} +  𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {0, (𝐴𝑖3 − 𝐴𝑖2) −

(𝐵𝑗3 − 𝐵𝑗2)},𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {0, (𝐴𝑖1 − 𝐵𝑗1)} + 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {0, (𝐴𝑖2 − 𝐴𝑖1) −

(𝐵𝑗2 − 𝐵𝑗1)} + 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {0, (𝐴𝑖3 − 𝐴𝑖2) − (𝐵𝑗3 − 𝐵𝑗2)} +

𝑚𝑎𝑥𝑖𝑚𝑢𝑚 {0, (𝐴𝑖4 − 𝐴𝑖3) − (𝐵𝑗4 − 𝐵𝑗3)}) . Assume the cost for transporting 

one unit quantity of the product from the introduced dummy source to all 

destinations and from all the sources to the introduced dummy destination as zero 

TrFuN and then go to Step 2. 

Step 2: Write the FlFuLFpP (𝑃2.6.1) corresponding to the transformed balanced FlFuLFtP.  

FlFuLFpP (𝑷𝟐. 𝟔. 𝟏) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
∑ ∑ (𝐶𝑖𝑗1,𝐶𝑖𝑗2 ,𝐶𝑖𝑗3,𝐶𝑖𝑗4)(𝑥𝑖𝑗1,𝑥𝑖𝑗2 ,𝑥𝑖𝑗3 ,𝑥𝑖𝑗4)+𝜃

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ (𝐷𝑖𝑗1 ,𝐷𝑖𝑗2 ,𝐷𝑖𝑗3 ,𝐷𝑖𝑗4)(𝑥𝑖𝑗1 ,𝑥𝑖𝑗2 ,𝑥𝑖𝑗3 ,𝑥𝑖𝑗4)+𝛽
𝑛
𝑗=1

𝑚
𝑖=1

)  

Subject to 

∑ (𝑥𝑖𝑗1, 𝑥𝑖𝑗2, 𝑥𝑖𝑗3, 𝑥𝑖𝑗4) = (𝐴𝑖1, 𝐴𝑖2, 𝐴𝑖3, 𝐴𝑖4),
𝑛
𝑗=1                    𝑖 = 1,2, … , 𝑚;  𝑚 = 𝑝 or 𝑝 + 1, 

∑ (𝑥𝑖𝑗1, 𝑥𝑖𝑗2, 𝑥𝑖𝑗3, 𝑥𝑖𝑗4) = (𝐵𝑗1, 𝐵𝑗2, 𝐵𝑗3, 𝐵𝑗4),
𝑚
𝑖=1                       𝑗 = 1,2,… , 𝑛; 𝑛 = 𝑞 or 𝑞 + 1,  

(𝑥𝑖𝑗1, 𝑥𝑖𝑗2, 𝑥𝑖𝑗3, 𝑥𝑖𝑗4) is a non-negative TrFuN ∀ 𝑖, 𝑗.  

Step 3: Use the following steps of the existing method [47], to transform the FlFuLFpP (𝑃2.6.1) 

into its equivalent CrMoLFpP.  

Step 3(a): Using Definition 2.1.25, transform the FlFuLFpP (𝑃2.6.1) into its equivalent 

FlFuLFpP (𝑃2.6.2). 

FlFuLFpP (𝑷𝟐. 𝟔. 𝟐) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
∑ ∑ (𝐶𝑖𝑗1𝑥𝑖𝑗1 ,𝐶𝑖𝑗2𝑥𝑖𝑗2 ,𝐶𝑖𝑗3𝑥𝑖𝑗3 ,𝐶𝑖𝑗4𝑥𝑖𝑗4)+𝜃

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ (𝐷𝑖𝑗1𝑥𝑖𝑗1 ,𝐷𝑖𝑗2𝑥𝑖𝑗2 ,𝐷𝑖𝑗3𝑥𝑖𝑗3 ,𝐷𝑖𝑗4𝑥𝑖𝑗4)+𝛽
𝑛
𝑗=1

𝑚
𝑖=1

)  

Subject to 

Constraints of the FlFuLFpP (𝑃2.6.1). 
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Step 3(b): Using Definition 2.1.19, transform the FlFuLFpP (𝑃2.6.2) into its equivalent 

FlFuLFpP (𝑃2.6.3). 

FlFuLFpP (𝑷𝟐. 𝟔. 𝟑) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
(∑ ∑ 𝐶𝑖𝑗1𝑥𝑖𝑗1+𝜃

𝑛
𝑗=1

𝑚
𝑖=1 ,∑ ∑ 𝐶𝑖𝑗2𝑥𝑖𝑗2

𝑛
𝑗=1

𝑚
𝑖=1 +𝜃,∑ ∑ 𝐶𝑖𝑗3𝑥𝑖𝑗3

𝑛
𝑗=1

𝑚
𝑖=1 +𝜃,∑ ∑ 𝐶𝑖𝑗4𝑥𝑖𝑗4

𝑛
𝑗=1

𝑚
𝑖=1 +𝜃)

(∑ ∑ 𝐷𝑖𝑗1𝑥𝑖𝑗1
𝑛
𝑗=1

𝑚
𝑖=1 +𝛽,∑ ∑ 𝐷𝑖𝑗2𝑥𝑖𝑗2

𝑛
𝑗=1

𝑚
𝑖=1 +𝛽,∑ ∑ 𝐷𝑖𝑗3𝑥𝑖𝑗3

𝑛
𝑗=1

𝑚
𝑖=1 +𝛽,∑ ∑ 𝐷𝑖𝑗4𝑥𝑖𝑗4

𝑛
𝑗=1

𝑚
𝑖=1 +𝛽)

)  

Subject to 

(∑ 𝑥𝑖𝑗1
𝑛
𝑗=1 , ∑ 𝑥𝑖𝑗2

𝑛
𝑗=1 , ∑ 𝑥𝑖𝑗3

𝑛
𝑗=1 , ∑ 𝑥𝑖𝑗4

𝑛
𝑗=1 ) = (𝐴𝑖1, 𝐴𝑖2, 𝐴𝑖3, 𝐴𝑖4), 𝑖 =

1,2,… ,𝑚;𝑚 = 𝑝 or 𝑝 + 1, 

(∑ 𝑥𝑖𝑗1
𝑚
𝑖=1 , ∑ 𝑥𝑖𝑗2

𝑚
𝑖=1 , ∑ 𝑥𝑖𝑗3

𝑚
𝑖=1 , ∑ 𝑥𝑖𝑗4

𝑚
𝑖=1 ) = (𝐵𝑗1, 𝐵𝑗2, 𝐵𝑗3, 𝐵𝑗4), 𝑗 =

1,2,… , 𝑛; 𝑛 = 𝑞 or 𝑞 + 1, 

(𝑥𝑖𝑗1, 𝑥𝑖𝑗2, 𝑥𝑖𝑗3, 𝑥𝑖𝑗4) is a non-negative TrFuN ∀ 𝑖, 𝑗.  

Step 3(c): Using Definition 2.1.30, transform the FlFuLFpP (𝑃2.6.3) into its equivalent 

FlFuLFpP (𝑃2.6.4). 

FlFuLFpP (𝑷𝟐. 𝟔. 𝟒) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
∑ ∑ 𝐶𝑖𝑗1𝑥𝑖𝑗1+𝜃

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝐷𝑖𝑗4𝑥𝑖𝑗4
𝑛
𝑗=1

𝑚
𝑖=1 +𝛽

,
∑ ∑ 𝐶𝑖𝑗2𝑥𝑖𝑗2

𝑛
𝑗=1

𝑚
𝑖=1 +𝜃

∑ ∑ 𝐷𝑖𝑗3𝑥𝑖𝑗3
𝑛
𝑗=1

𝑚
𝑖=1 +𝛽

,
∑ ∑ 𝐶𝑖𝑗3𝑥𝑖𝑗3+𝜃

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝐷𝑖𝑗2𝑥𝑖𝑗2
𝑛
𝑗=1

𝑚
𝑖=1 +𝛽

,
∑ ∑ 𝐶𝑖𝑗4𝑥𝑖𝑗4

𝑛
𝑗=1

𝑚
𝑖=1 +𝜃

∑ ∑ 𝐷𝑖𝑗1𝑥𝑖𝑗1
𝑛
𝑗=1

𝑚
𝑖=1 +𝛽

)  

Subject to 

Constraints of the FlFuLFpP (𝑃2.6.3). 

Step 3(d): Using Definition 2.1.9 and Definition 2.1.17, transform the FlFuLFpP (𝑃2.6.4) 

into its equivalent CrMoLFpP (𝑃2.6.5). 

CrMoLFpP (𝑷𝟐. 𝟔. 𝟓) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
∑ ∑ 𝐶𝑖𝑗1𝑥𝑖𝑗1+𝜃

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝐷𝑖𝑗4𝑥𝑖𝑗4
𝑛
𝑗=1

𝑚
𝑖=1 +𝛽

)  

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
∑ ∑ 𝐶𝑖𝑗2𝑥𝑖𝑗2

𝑛
𝑗=1

𝑚
𝑖=1 +𝜃

∑ ∑ 𝐷𝑖𝑗3𝑥𝑖𝑗3
𝑛
𝑗=1

𝑚
𝑖=1 +𝛽

)  
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𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
∑ ∑ 𝐶𝑖𝑗3𝑥𝑖𝑗3+𝜃

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝐷𝑖𝑗2𝑥𝑖𝑗2
𝑛
𝑗=1

𝑚
𝑖=1 +𝛽

)  

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
∑ ∑ 𝐶𝑖𝑗4𝑥𝑖𝑗4+𝜃

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝐷𝑖𝑗1𝑥𝑖𝑗1
𝑛
𝑗=1

𝑚
𝑖=1 +𝛽

)  

Subject to 

∑ 𝑥𝑖𝑗𝑘
𝑛
𝑗=1 = 𝐴𝑖𝑘 , 𝑖 = 1,2, … , 𝑚;𝑚 = 𝑝 or 𝑝 + 1; 𝑘 = 1,2,3,4. 

∑ 𝑥𝑖𝑗𝑘
𝑚
𝑖=1 = 𝐵𝑗𝑘, 𝑗 = 1,2,… , 𝑛; 𝑛 = 𝑞 or 𝑞 + 1; 𝑘 = 1,2,3,4. 

0 ≤ 𝑥𝑖𝑗1 ≤ 𝑥𝑖𝑗2 ≤ 𝑥𝑖𝑗3 ≤ 𝑥𝑖𝑗4 ∀ 𝑖, 𝑗. 

Step 4: Using Das et al.’s method [47] or any other appropriate method [18], find an efficient 

solution {𝑥𝑖𝑗1, 𝑥𝑖𝑗2, 𝑥𝑖𝑗3, 𝑥𝑖𝑗4} of the CrMoLFpP (𝑃2.6.5). 

Step 5: Using the obtained efficient solution {𝑥𝑖𝑗1, 𝑥𝑖𝑗2, 𝑥𝑖𝑗3, 𝑥𝑖𝑗4}, find an efficient fuzzy solution 

{(𝑥𝑖𝑗1, 𝑥𝑖𝑗2, 𝑥𝑖𝑗3, 𝑥𝑖𝑗4)} of the FlFuLFpP (𝑃2.6.1).  

Step 6: Using the obtained efficient fuzzy solution {(𝑥𝑖𝑗1, 𝑥𝑖𝑗2, 𝑥𝑖𝑗3, 𝑥𝑖𝑗4)}, find the fuzzy optimal 

value of the FlFuLFpP (𝑃2.6.1) i.e., 
∑ ∑ (𝐶𝑖𝑗1 ,𝐶𝑖𝑗2,𝐶𝑖𝑗3 ,𝐶𝑖𝑗4)(𝑥𝑖𝑗1 ,𝑥𝑖𝑗2 ,𝑥𝑖𝑗3 ,𝑥𝑖𝑗4)+𝜃

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ (𝐷𝑖𝑗1,𝐷𝑖𝑗2 ,𝐷𝑖𝑗3 ,𝐷𝑖𝑗4)(𝑥𝑖𝑗1,𝑥𝑖𝑗2 ,𝑥𝑖𝑗3 ,𝑥𝑖𝑗4)+𝛽
𝑛
𝑗=1

𝑚
𝑖=1

.  

Remark 2.1: It is pertinent to mention that in the existing method [164], the fuzzy mathematical 

programming method [30] is used to transform the CrMoLFpP (𝑃2.6.5) into a CrMoLpP. While, 

in the literature [155], it is pointed out that it is inappropriate to use the existing method [30] to 

transform the CrMoLFpP (𝑃2.6.5) into a CrMoLpP. Therefore, it is inappropriate to use the 

existing method [164] in its present form. The proposed Mehar method is a generalization of 

Veeramani’s method [164]. Step 2 to Step 3 of the proposed Mehar method are same as 

Veeramani’s method [164]. While, in Step 4, the lexicographic approach [18] is used to solve the 

CrMoLFpP instead of the existing method [30].     
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2.7 Correct fuzzy optimal solutions of an existing FlFuLFtP  

Liu [110] applied his proposed method to solve the FlFuLFtP having 3 sources and 4 

destinations by considering 

(i) 𝐴̃1 = (40,50,70), 𝐴̃2 = (50,60,70), 𝐴̃3 = (70,80,90). 

(ii) 𝐵̃1 = (10,30,40), 𝐵̃2 = (10,20,30), 𝐵̃3 = (30,40,50), 𝐵̃4 = (20,30,40). 

(iii) 𝐶̃11 = (4,5,6), 𝐶̃12 = (6,6,6), 𝐶̃13 = (2,2,2), 𝐶̃14 = (2,3,4), 𝐶̃21 = (3,3,3), 𝐶̃22 =

(5,6,7), 𝐶̃23 = (7,8,10), 𝐶̃24 = (2,2,2), 𝐶̃31 = (4,4,4), 𝐶̃32 = (1,1,1), 𝐶̃33 =

(8,9,10), 𝐶̃34 = (9,11,12). 

(iv) 𝐷̃11 = (2,3,5), 𝐷̃12 = (5,5,5), 𝐷̃13 = (3,3,3), 𝐷̃14 = (3,4,5), 𝐷̃21 = (4,4,4), 𝐷̃22 =

(3,4,6), 𝐷̃23 = (5,7,8), 𝐷̃24 = (4,4,4), 𝐷̃31 = (3,3,3), 𝐷̃32 = (2,2,2), 𝐷̃33 =

(4,6,7), 𝐷̃34 = (8,9,10). 

(v) 𝜃 = 55, 𝛽 = 60. 

However, as discussed in Section 2.4.2.1, that Liu’s method [110] is not valid. Therefore, the 

optimal solution of the FlFuLFtP, obtained by Liu [110], is also not valid. In this section, correct 

fuzzy optimal solutions of the same problem are obtained by the proposed Mehar method. 

Step 1: It is obvious that the total fuzzy availability ∑ 𝐴̃𝑖
3
𝑖=1 = (160,190,230) is not equal to the 

total fuzzy demand ∑ 𝐵̃𝑗
4
𝑗=1 = (70,120,160). Also, it is obvious that the condition, 

mentioned in Case (2c) of Step 1 of the proposed Mehar method, is satisfying. So, 

according to Step 1 of the proposed Mehar method, there is a need to introduce 

(i) A dummy source having fuzzy supply (0,20,20) with the assumption that the cost for 

transporting one unit quantity of the product from the introduced dummy source to all 

destinations as zero TFuN. 

(ii) A dummy destination with fuzzy demand (90,90,90) with the assumption that the cost 
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for transporting one unit quantity of the product from all the sources to the introduced 

dummy destination as zero TFuN. 

Step 2: Using Step 2 of the proposed Mehar method, the fuzzy optimal solution of the transformed 

balanced FlFuLFtP can be obtained by solving its equivalent FlFuLFpP (𝑃2.7.1). 

FlFuLFpP (𝑷𝟐. 𝟕. 𝟏) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
𝑃̃

𝑄̃
)  

Subject to 

(𝑥111, 𝑥112, 𝑥113) + (𝑥121, 𝑥122, 𝑥123) + (𝑥131, 𝑥132, 𝑥133) + (𝑥141, 𝑥142, 𝑥143) +

(𝑥151, 𝑥152, 𝑥153) = (40,50,70),  

(𝑥211, 𝑥212, 𝑥213) + (𝑥221, 𝑥222, 𝑥223) + (𝑥231, 𝑥232, 𝑥233) + (𝑥241, 𝑥242, 𝑥243) +

(𝑥251, 𝑥252, 𝑥253) = (50,60,70),  

(𝑥311, 𝑥312, 𝑥313) + (𝑥321, 𝑥322, 𝑥323) + (𝑥331, 𝑥332, 𝑥333) + (𝑥341, 𝑥342, 𝑥343) +

(𝑥351, 𝑥352, 𝑥353) = (70,80,90),  

(𝑥411, 𝑥412, 𝑥413) + (𝑥421, 𝑥422, 𝑥423) + (𝑥431, 𝑥432, 𝑥433) + (𝑥441, 𝑥442, 𝑥443) +

(𝑥451, 𝑥452, 𝑥453) = (0,20,20),  

(𝑥111, 𝑥112, 𝑥113) + (𝑥211, 𝑥212, 𝑥213) + (𝑥311, 𝑥312, 𝑥313) + (𝑥411, 𝑥412, 𝑥413) =

(10,30,40),  

(𝑥121, 𝑥122, 𝑥123) + (𝑥221, 𝑥222, 𝑥223) + (𝑥321, 𝑥322, 𝑥323) + (𝑥421, 𝑥422, 𝑥423) =

(10,20,30),  

(𝑥131, 𝑥132, 𝑥133) + (𝑥231, 𝑥232, 𝑥233) + (𝑥331, 𝑥332, 𝑥333) + (𝑥431, 𝑥432, 𝑥433) =

(30,40,50),  

(𝑥141, 𝑥142, 𝑥143) + (𝑥241, 𝑥242, 𝑥243) + (𝑥341, 𝑥342, 𝑥343) + (𝑥441, 𝑥442, 𝑥443) =

(20,30,40),  
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(𝑥151, 𝑥152, 𝑥153) + (𝑥251, 𝑥252, 𝑥253) + (𝑥351, 𝑥352, 𝑥353) + (𝑥451, 𝑥452, 𝑥453) =

(90,90,90),  

(𝑥𝑖𝑗1, 𝑥𝑖𝑗2, 𝑥𝑖𝑗3) is a non-negative TFuN ∀ 𝑖 = 1,2,3,4, 𝑗 = 1,2,3,4,5 

where, 

𝑃̃ = (4,5,6)𝑥11+ (6,6,6)𝑥12 + (2,2,2)𝑥13 + (2,3,4)𝑥14 + (3,3,3)𝑥21+ (5,6,7)𝑥22 +

(7,8,10)𝑥23 + (2,2,2)𝑥24+ (4,4,4)𝑥31 + (1,1,1)𝑥32+ (8,9,10)𝑥33+ (9,11,12)𝑥34 +

55, 

𝑄̃ = (2,3,5)𝑥11+ (5,5,5)𝑥12 + (3,3,3)𝑥13 + (3,4,5)𝑥14 + (4,4,4)𝑥21+ (3,4,6)𝑥22 +

(5,7,8)𝑥23+ (4,4,4)𝑥24 + (3,3,3)𝑥31+ (2,2,2)𝑥32 + (4,6,7)𝑥33+ (8,9,10)𝑥34+ 60. 

Step 3: According to Step 3 of the proposed Mehar method, there is a need to use Das et al.’s 

method [47] to transform the FlFuLFpP (𝑃2.7.1) into its equivalent CrMoLFpP.  

Step 3(a): The FlFuLFpP (𝑃2.7.1) can be transformed into its equivalent FlFuLFpP 

(𝑃2.7.2). 

FlFuLFpP (𝑷𝟐. 𝟕. 𝟐) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
𝑋̃1

𝑋̃2
)   

Subject to 

Constraints of the FlFuLFpP (𝑃2.7.1) 

where,  

𝑋̃1 = (4𝑥111, 5𝑥112, 6𝑥113) + (6𝑥121, 6𝑥122, 6𝑥123) + (2𝑥131, 2𝑥132, 2𝑥133) +

(2𝑥141, 3𝑥142, 4𝑥143) + (3𝑥211, 3𝑥212, 3𝑥213) + (5𝑥221, 6𝑥222, 7𝑥223) +

(7𝑥231, 8𝑥232, 10𝑥233) + (2𝑥241, 2𝑥242, 2𝑥243) + (4𝑥311, 4𝑥312, 4𝑥313) +

(𝑥321, 𝑥322, 𝑥323) + (8𝑥331, 9𝑥332, 10𝑥333) + (9𝑥341, 11𝑥342, 12𝑥343) + 55  
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𝑋̃2 = (2𝑥111, 3𝑥112, 5𝑥113) + (5𝑥121, 5𝑥122, 5𝑥123) + (3𝑥131, 3𝑥132, 3𝑥133) +

(3𝑥141, 4𝑥142, 5𝑥143) + (4𝑥211, 4𝑥212, 4𝑥213) + (3𝑥221, 4𝑥222, 6𝑥223) +

(5𝑥231, 7𝑥232, 8𝑥233) + (4𝑥241, 4𝑥242, 4𝑥243) + (3𝑥311, 3𝑥312, 3𝑥313) +

(2𝑥321, 2𝑥322, 2𝑥323) + (4𝑥331, 6𝑥332, 7𝑥333) + (8𝑥341, 9𝑥342, 10𝑥343)𝑥34 +

60. 

Step 3(b): The FlFuLFpP (𝑃2.7.2) can be transformed into its equivalent FlFuLFpP 

(𝑃2.7.3). 

FlFuLFpP (𝑷𝟐. 𝟕. 𝟑) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
(𝑋11,𝑋12,𝑋13)

(𝑋21,𝑋22,𝑋23)
)   

Subject to 

(𝑥111+ 𝑥121+ 𝑥131 + 𝑥141 + 𝑥151, 𝑥112 + 𝑥122+ 𝑥132+ 𝑥142+ 𝑥152, 𝑥113+

𝑥123+ 𝑥133+ 𝑥143 + 𝑥153) = (40,50,70),   

(𝑥211+ 𝑥221 + 𝑥231+ 𝑥241 + 𝑥251, 𝑥212+ 𝑥222 + 𝑥232+ 𝑥242 + 𝑥252, 𝑥213+

𝑥223+ 𝑥233 + 𝑥243+ 𝑥253) = (50,60,70),  

(𝑥311+ 𝑥321 + 𝑥331+ 𝑥341 + 𝑥351, 𝑥312+ 𝑥322 + 𝑥332+ 𝑥342 + 𝑥352, 𝑥313+

𝑥323+ 𝑥333 + 𝑥343+ 𝑥353) = (70,80,90),  

(𝑥411+ 𝑥421 + 𝑥431+ 𝑥441 + 𝑥451, 𝑥412+ 𝑥422 + 𝑥432+ 𝑥442 + 𝑥452, 𝑥413+

𝑥423+ 𝑥433 + 𝑥443+ 𝑥453) = (0,20,20),  

(𝑥111+ 𝑥211 + 𝑥311+ 𝑥411, 𝑥112+ 𝑥212 + 𝑥312+ 𝑥412, 𝑥113+ 𝑥213 + 𝑥313+

𝑥413) = (10,30,40),  

(𝑥121+ 𝑥221 + 𝑥321+ 𝑥421, 𝑥122+ 𝑥222 + 𝑥322+ 𝑥422, 𝑥123+ 𝑥223 + 𝑥323+

𝑥423) = (10,20,30),  
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(𝑥131+ 𝑥231 + 𝑥331+ 𝑥431, 𝑥132+ 𝑥232 + 𝑥332+ 𝑥432, 𝑥133+ 𝑥233 + 𝑥333+

𝑥433) = (30,40,50),  

(𝑥141+ 𝑥241 + 𝑥341+ 𝑥441, 𝑥142+ 𝑥242 + 𝑥342+ 𝑥442, 𝑥143+ 𝑥243 + 𝑥343+

𝑥443) = (20,30,40),  

(𝑥151+ 𝑥251 + 𝑥351+ 𝑥451, 𝑥152+ 𝑥252 + 𝑥352+ 𝑥452, 𝑥153+ 𝑥253 + 𝑥353+

𝑥453) = (90,90,90),  

(𝑥𝑖𝑗1, 𝑥𝑖𝑗2, 𝑥𝑖𝑗3) is a non-negative TFuN ∀ 𝑖 = 1,2,3,4, 𝑗 = 1,2,3,4,5.  

where, 

𝑋11 = 4𝑥111+ 6𝑥121 + 2𝑥131 + 2𝑥141 + 3𝑥211 + 5𝑥221 + 7𝑥231 + 2𝑥241 +

4𝑥311 + 𝑥321+ 8𝑥331+ 9𝑥341+ 55  

𝑋12 = 5𝑥112+ 6𝑥122 + 2𝑥132 + 3𝑥142 + 3𝑥212 + 6𝑥222 + 8𝑥232 + 2𝑥242 +

4𝑥312 + 𝑥322+ 9𝑥332+ 11𝑥342 + 55  

𝑋13 = 6𝑥113+ 6𝑥123 + 2𝑥133 + 4𝑥143 + 3𝑥213 + 7𝑥223 + 10𝑥233+ 2𝑥243+

4𝑥313 + 𝑥323+ 10𝑥333 + 12𝑥343+ 55  

𝑋21 = 2𝑥111+ 5𝑥121+ 3𝑥131+ 3𝑥141 + 4𝑥211 + 3𝑥221 + 5𝑥231 + 4𝑥241 +

3𝑥311 + 2𝑥321 + 4𝑥331 + 8𝑥341 + 60  

𝑋22 = 3𝑥112+ 5𝑥122+ 3𝑥132+ 4𝑥142 + 4𝑥212 + 4𝑥222 + 7𝑥232 + 4𝑥242 +

3𝑥312 + 2𝑥322 + 6𝑥332 + 9𝑥342 + 60  

𝑋23 = 5𝑥113+ 5𝑥123+ 3𝑥133+ 5𝑥143 + 4𝑥213 + 6𝑥223 + 8𝑥233 + 4𝑥243 +

3𝑥313 + 2𝑥323 + 7𝑥333 + 10𝑥343+ 60.  

Step 3(c): The FlFuLFpP (𝑃2.7.3) can be transformed into its equivalent FlFuLFpP 

(𝑃2.7.4). 
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FlFuLFpP (𝑷𝟐. 𝟕. 𝟒) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
𝑋11

𝑋23
,
𝑋12

𝑋22
,
𝑋13

𝑋21
)  

Subject to 

Constraints of the FlFuLFpP (𝑃2.7.3). 

Step 3(d): The FlFuLFpP (𝑃2.7.4) can be transformed into its equivalent CrMoLFpP 

(𝑃2.7.5). 

CrMoLFpP (𝑷𝟐. 𝟕. 𝟓) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
4𝑥111+6𝑥121+2𝑥131+2𝑥141+3𝑥211+5𝑥221+7𝑥231+2𝑥241+4𝑥311+𝑥321+8𝑥331+9𝑥341+55

5𝑥113+5𝑥123+3𝑥133+5𝑥143+4𝑥213+6𝑥223+8𝑥233+4𝑥243+3𝑥313+2𝑥323+7𝑥333+10𝑥343+60
),  

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
5𝑥112+6𝑥122+2𝑥132+3𝑥142+3𝑥212+6𝑥222+8𝑥232+2𝑥242+4𝑥312+𝑥322+9𝑥332+11𝑥342+55

3𝑥112+5𝑥122+3𝑥132+4𝑥142+4𝑥212+4𝑥222+7𝑥232+4𝑥242+3𝑥312+2𝑥322+6𝑥332+9𝑥342+60
),  

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
6𝑥113+6𝑥123+2𝑥133+4𝑥143+3𝑥213+7𝑥223+10𝑥233+2𝑥243+4𝑥313+𝑥323+10𝑥333+12𝑥343+55

2𝑥111+5𝑥121+3𝑥131+3𝑥141+4𝑥211+3𝑥221+5𝑥231+4𝑥241+3𝑥311+2𝑥321+4𝑥331+8𝑥341+60
)  

Subject to  

𝑥111+ 𝑥121+ 𝑥131 + 𝑥141 + 𝑥151 = 40,  

𝑥112+ 𝑥122+ 𝑥132 + 𝑥142 + 𝑥152 = 50,  

𝑥113+ 𝑥123+ 𝑥133 + 𝑥143 + 𝑥153 = 70,  

𝑥211+ 𝑥221 + 𝑥231+ 𝑥241 + 𝑥251 = 50,  

𝑥212+ 𝑥222 + 𝑥232+ 𝑥242 + 𝑥252 = 60,  

𝑥213+ 𝑥223 + 𝑥233+ 𝑥243 + 𝑥253 = 70,  

𝑥311+ 𝑥321 + 𝑥331+ 𝑥341 + 𝑥351 = 70,  

𝑥312+ 𝑥322 + 𝑥332+ 𝑥342 + 𝑥352 = 80,  

𝑥313+ 𝑥323 + 𝑥333+ 𝑥343 + 𝑥353 = 90,  

𝑥411+ 𝑥421 + 𝑥431+ 𝑥441 + 𝑥451 = 0,  

𝑥412+ 𝑥422 + 𝑥432+ 𝑥442 + 𝑥452 = 20,  
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𝑥413+ 𝑥423 + 𝑥433+ 𝑥443 + 𝑥453 = 20,  

𝑥111+ 𝑥211 + 𝑥311+ 𝑥411 = 10,  

 𝑥112 + 𝑥212+ 𝑥312 + 𝑥412 = 30, 

𝑥113+ 𝑥213 + 𝑥313+ 𝑥413 = 40,  

𝑥121+ 𝑥221 + 𝑥321+ 𝑥421 = 10,  

𝑥122+ 𝑥222 + 𝑥322+ 𝑥422 = 20,  

𝑥123+ 𝑥223 + 𝑥323+ 𝑥423 = 30,  

𝑥131+ 𝑥231 + 𝑥331+ 𝑥431 = 30,  

𝑥132+ 𝑥232 + 𝑥332+ 𝑥432 = 40,  

𝑥133+ 𝑥233 + 𝑥333+ 𝑥433 = 50,  

𝑥141+ 𝑥241 + 𝑥341+ 𝑥441 = 20,  

𝑥142+ 𝑥242 + 𝑥342+ 𝑥442 = 30,  

𝑥143+ 𝑥243 + 𝑥343+ 𝑥443 = 40,  

𝑥151+ 𝑥251 + 𝑥351+ 𝑥451 = 90,  

𝑥152+ 𝑥252 + 𝑥352+ 𝑥452 = 90,  

𝑥153+ 𝑥253 + 𝑥353+ 𝑥453 = 90,  

0 ≤ 𝑥𝑖𝑗1 ≤ 𝑥𝑖𝑗2 ≤ 𝑥𝑖𝑗3; 𝑖 = 1,2,3,4, 𝑗 = 1,2,3,4,5.   

Step 4: Using Step 4 of the proposed Mehar method, there is a need to apply an appropriate method 

to solve the CrMoLFpP (𝑃2.7.5). 

Using the lexicographic approach [18], the obtained crisp efficient solutions are  

(i) 𝑥131 = 𝑥132 = 𝑥133 = 40, 𝑥152 = 𝑥153 = 𝑥211 = 𝑥212 = 𝑥213 = 10, 𝑥241 = 𝑥242 =

𝑥243 = 30, 𝑥252 = 𝑥253 = 𝑥321 = 𝑥322 = 𝑥323 = 𝑥412 = 𝑥413 = 20, 𝑥352 = 𝑥353 =

6, 𝑥111 = 𝑥112 = 𝑥113 = 𝑥121 = 𝑥122 = 𝑥123 = 𝑥141 = 𝑥142 = 𝑥143 = 𝑥151 = 𝑥221 =
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𝑥222 = 𝑥223 = 𝑥231 = 𝑥232 = 𝑥233 = 𝑥251 = 𝑥311 = 𝑥312 = 𝑥313 = 𝑥331 = 𝑥332 =

𝑥333 = 𝑥341 = 𝑥342 = 𝑥343 = 𝑥351 = 𝑥411 = 𝑥421 = 𝑥422 = 𝑥423 = 𝑥431 = 𝑥432 =

𝑥433 = 𝑥441 = 𝑥442 = 𝑥443 = 𝑥451 = 𝑥452 = 𝑥453 = 0.  

(ii) 𝑥132 = 𝑥133 = 40, 𝑥152 = 𝑥153 = 𝑥212 = 𝑥213 = 10, 𝑥211 = 5.54, 𝑥242 = 𝑥243 =

30, 𝑥252 = 𝑥253 = 𝑥322 = 𝑥323 = 𝑥412 = 𝑥413 = 20, 𝑥352 = 𝑥353 = 60, 𝑥111 = 𝑥112 =

𝑥113 = 𝑥121 = 𝑥122 = 𝑥123 = 𝑥131 = 𝑥141 = 𝑥142 = 𝑥143 = 𝑥151 = 𝑥221 = 𝑥222 =

𝑥223 = 𝑥231 = 𝑥232 = 𝑥233 = 𝑥241 = 𝑥251 = 𝑥311 = 𝑥312 = 𝑥313 = 𝑥321 = 𝑥331 =

𝑥332 = 𝑥333 = 𝑥341 = 𝑥342 = 𝑥343 = 𝑥351 = 𝑥411 = 𝑥421 = 𝑥422 = 𝑥423 = 𝑥431 =

𝑥432 = 𝑥433 = 𝑥441 = 𝑥442 = 𝑥443 = 𝑥451 = 𝑥452 = 𝑥453 = 0.  

(iii) 𝑥113 = 13.82, 𝑥131 = 𝑥132 = 30, 𝑥133 = 46.18, 𝑥151 = 𝑥152 = 𝑥153 = 𝑥211 = 𝑥212 =

𝑥321 = 𝑥322 = 𝑥323 = 10, 𝑥213 = 26.18, 𝑥233 = 3.82, 𝑥241 = 𝑥242 = 𝑥243 = 𝑥251 =

𝑥252 = 𝑥253 = 𝑥343 = 𝑥423 = 20, 𝑥351 = 𝑥352 = 𝑥353 = 60, 𝑥111 = 𝑥112 = 𝑥121 =

𝑥122 = 𝑥123 = 𝑥141 = 𝑥142 = 𝑥143 = 𝑥221 = 𝑥222 = 𝑥223 = 𝑥231 = 𝑥232 = 𝑥311 =

𝑥312 = 𝑥313 = 𝑥331 = 𝑥332 = 𝑥333 = 𝑥341 = 𝑥342 = 𝑥411 = 𝑥412 = 𝑥413 = 𝑥421 =

𝑥422 = 𝑥431 = 𝑥432 = 𝑥433 = 𝑥441 = 𝑥442 = 𝑥443 = 𝑥451 = 𝑥452 = 𝑥453 = 0.  

(iv) 𝑥131 = 𝑥132 = 30, 𝑥133 = 50.001, 𝑥143 = 𝑥151 = 𝑥152 = 𝑥153 = 𝑥211 = 𝑥321 =

𝑥322 = 10, 𝑥212 = 𝑥213 = 20.13, 𝑥241 = 𝑥242 = 𝑥251 = 𝑥252 = 𝑥253 = 20, 𝑥243 =

𝑥323 = 29.86, 𝑥342 = 𝑥343 = 0.136, 𝑥351 = 𝑥352 = 𝑥353 = 60, 𝑥413 = 19.86, 𝑥423 =

0.135, 𝑥111 = 𝑥112 = 𝑥113 = 𝑥121 = 𝑥122 = 𝑥123 = 𝑥141 = 𝑥142 = 𝑥221 = 𝑥222 =

𝑥223 = 𝑥231 = 𝑥232 = 𝑥233 = 𝑥311 = 𝑥312 = 𝑥313 = 𝑥331 = 𝑥332 = 𝑥333 = 𝑥341 =

𝑥411 = 𝑥412 = 𝑥421 = 𝑥422 = 𝑥431 = 𝑥432 = 𝑥433 = 𝑥441 = 𝑥442 = 𝑥443 = 𝑥451 =

𝑥452 = 𝑥453 = 0.  
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(v) 𝑥113 = 𝑥131 = 𝑥132 = 𝑥133 = 30.01, 𝑥151 = 𝑥152 = 𝑥153 = 𝑥211 = 𝑥212 = 𝑥213 =

𝑥321 = 𝑥322 = 𝑥323 = 10, 𝑥233 = 𝑥343 = 6.14, 𝑥241 = 𝑥251 = 𝑥252 = 𝑥253 = 𝑥423 =

20, 𝑥242 = 𝑥243 = 33.88, 𝑥333 = 13.87, 𝑥351 = 𝑥352 = 𝑥353 = 60, 𝑥111 = 𝑥112 =

𝑥121 = 𝑥122 = 𝑥123 = 𝑥141 = 𝑥142 = 𝑥143 = 𝑥221 = 𝑥222 = 𝑥223 = 𝑥231 = 𝑥232 =

𝑥311 = 𝑥312 = 𝑥313 = 𝑥331 = 𝑥332 = 𝑥341 = 𝑥342 = 𝑥411 = 𝑥412 = 𝑥413 = 𝑥421 =

𝑥422 = 𝑥431 = 𝑥432 = 𝑥433 = 𝑥441 = 𝑥442 = 𝑥443 = 𝑥451 = 𝑥452 = 𝑥453 = 0.  

Step 5: Using the crisp efficient solutions, the fuzzy efficient solutions of the FlFuLFpP (𝑃2.7.1) 

are 

(i) (𝑥111, 𝑥112, 𝑥113) = (0,0,0), (𝑥121, 𝑥122, 𝑥123) = (0,0,0), (𝑥131, 𝑥132, 𝑥133) =

(40,40,40), (𝑥141, 𝑥142, 𝑥143) = (0,0,0), (𝑥151, 𝑥152, 𝑥153) = (0,10,10), 

(𝑥211, 𝑥212, 𝑥213) = (10,10,10), (𝑥221, 𝑥222, 𝑥223) = (0,0,0), (𝑥231, 𝑥232, 𝑥233) =

(0,0,0), (𝑥241, 𝑥242, 𝑥243) = (30,30,30), (𝑥251, 𝑥252, 𝑥253) = (0,20,20),  

(𝑥311, 𝑥312, 𝑥313) = (0,0,0), (𝑥321, 𝑥322, 𝑥323) = (20,20,20), (𝑥331, 𝑥332, 𝑥333) =

(0,0,0), (𝑥341, 𝑥342, 𝑥343) = (0,0,0), (𝑥351, 𝑥352, 𝑥353) = (0,6,6), (𝑥411, 𝑥412, 𝑥413) =

(0,20,20), (𝑥421, 𝑥422, 𝑥423) = (0,0,0), (𝑥431, 𝑥432, 𝑥433) = (0,0,0), 

(𝑥441, 𝑥442, 𝑥443) = (0,0,0), (𝑥451, 𝑥452, 𝑥453) = (0,0,0). 

(ii) (𝑥111, 𝑥112, 𝑥113) = (0,0,0), (𝑥121, 𝑥122, 𝑥123) = (0,0,0), (𝑥131, 𝑥132, 𝑥133) =

(0,40,40), (𝑥141, 𝑥142, 𝑥143) = (0,0,0), (𝑥151, 𝑥152, 𝑥153) = (0,10,10), 

(𝑥211, 𝑥212, 𝑥213) = (5.54,10,10), (𝑥221, 𝑥222, 𝑥223) = (0,0,0), (𝑥231, 𝑥232, 𝑥233) =

(0,0,0), (𝑥241, 𝑥242, 𝑥243) = (0,30,30), (𝑥251, 𝑥252, 𝑥253) = (0,20,20),  

(𝑥311, 𝑥312, 𝑥313) = (0,0,0), (𝑥321, 𝑥322, 𝑥323) = (0,20,20), (𝑥331, 𝑥332, 𝑥333) =

(0,0,0), (𝑥341, 𝑥342, 𝑥343) = (0,0,0), (𝑥351, 𝑥352, 𝑥353) = (0,60,60), 
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(𝑥411, 𝑥412, 𝑥413) = (0,20,20), (𝑥421, 𝑥422, 𝑥423) = (0,0,0), (𝑥431, 𝑥432, 𝑥433) = 

(0,0,0), (𝑥441, 𝑥442, 𝑥443) = (0,0,0), (𝑥451, 𝑥452, 𝑥453) = (0,0,0).  

(iii) (𝑥111, 𝑥112, 𝑥113) = (0,0,13.82), (𝑥121, 𝑥122, 𝑥123) = (0,0,0), (𝑥131, 𝑥132, 𝑥133) = 

(30,30,46.18), (𝑥141, 𝑥142, 𝑥143) = (0,0,0), (𝑥151, 𝑥152, 𝑥153) = (10,10,10), 

(𝑥211, 𝑥212, 𝑥213) = (10,10,26.18), (𝑥221, 𝑥222, 𝑥223) = (0,0,0), (𝑥231, 𝑥232, 𝑥233) =

(0,0,3.82), (𝑥241, 𝑥242, 𝑥243) = (20,20,20), (𝑥251, 𝑥252, 𝑥253) = (20,20,20), 

(𝑥311, 𝑥312, 𝑥313) = (0,0,0), (𝑥321, 𝑥322, 𝑥323) = (10,10,10), (𝑥331, 𝑥332, 𝑥333) =

(0,0,0), (𝑥341, 𝑥342, 𝑥343) = (0,0,20), (𝑥351, 𝑥352, 𝑥353) = (60,60,60),  

(𝑥411, 𝑥412, 𝑥413) = (0,0,0), (𝑥421, 𝑥422, 𝑥423) = (0,0,20), (𝑥431, 𝑥432, 𝑥433) =

(0,0,0), (𝑥441, 𝑥442, 𝑥443) = (0,0,0), (𝑥451, 𝑥452, 𝑥453) = (0,0,0). 

(iv) (𝑥111, 𝑥112, 𝑥113) = (0,0,0), (𝑥121, 𝑥122, 𝑥123) = (0,0,0), (𝑥131, 𝑥132, 𝑥133) =

(30,30,50.001), (𝑥141, 𝑥142, 𝑥143) = (0,0,10), (𝑥151, 𝑥152, 𝑥153) = (10,10,10), 

(𝑥211, 𝑥212, 𝑥213) = (10,20.13,20.13), (𝑥221, 𝑥222, 𝑥223) = (0,0,0), 

(𝑥231, 𝑥232, 𝑥233) = (0,0,0), (𝑥241, 𝑥242, 𝑥243) = (20,20,29.86), (𝑥251, 𝑥252, 𝑥253) =

(20,20,20), (𝑥311, 𝑥312, 𝑥313) = (0,0,0), (𝑥321, 𝑥322, 𝑥323) = (10,10,29.86), 

(𝑥331, 𝑥332, 𝑥333) = (0,0,0), (𝑥341, 𝑥342, 𝑥343) = (0,0.136,0.136), (𝑥351, 𝑥352, 𝑥353) =

(60,60,60), (𝑥411, 𝑥412, 𝑥413) = (0,0,19.86), (𝑥421, 𝑥422, 𝑥423) = (0,0,0.135), 

(𝑥431, 𝑥432, 𝑥433) = (0,0,0), (𝑥441, 𝑥442, 𝑥443) = (0,0,0), (𝑥451, 𝑥452, 𝑥453) = (0,0,0).  

(v) (𝑥111, 𝑥112, 𝑥113) = (0,0,30.01), (𝑥121, 𝑥122, 𝑥123) = (0,0,0), (𝑥131, 𝑥132, 𝑥133) =

(30.01,30.01,30.01), (𝑥141, 𝑥142, 𝑥143) = (0,0,0), (𝑥151, 𝑥152, 𝑥153) =

(10,10,10), (𝑥211, 𝑥212, 𝑥213) = (10,10,10), (𝑥221, 𝑥222, 𝑥223) = (0,0,0), 

(𝑥231, 𝑥232, 𝑥233) = (0,0,6.14), (𝑥241, 𝑥242, 𝑥243) = (20,33.88,33.88),  
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(𝑥251, 𝑥252, 𝑥253) = (20,20,20), (𝑥311, 𝑥312, 𝑥313) = (0,0,0), (𝑥321, 𝑥322, 𝑥323) =

(10,10,10), (𝑥331, 𝑥332, 𝑥333) = (0,0,13.87), (𝑥341, 𝑥342, 𝑥343) = (0,0,6.14),  

(𝑥351, 𝑥352, 𝑥353) = (60,60,60), (𝑥411, 𝑥412, 𝑥413) = (0,0,0), (𝑥421, 𝑥422, 𝑥423) =

(0,0,20), (𝑥431, 𝑥432, 𝑥433) = (0,0,0), (𝑥441, 𝑥442, 𝑥443) = (0,0,0), (𝑥451, 𝑥452, 𝑥453) =

(0,0,0).  

Step 6: Using the fuzzy efficient solutions, the fuzzy optimal values of the FlFuLFpP (𝑃2.7.1) are   

(i) (0.6447,0.6447,0.6447)  

(ii) (0.1885,0.6447,2.982)  

(iii) (0.2774,0.6724,2.1966)  

(iv) (0.4139,0.6839,1.0572)  

(v) (0.2773,0.6447,2.3334)  

2.8 Conclusions 

In this chapter, 

(i) It is shown that it is inappropriate to use the existing methods [9, 10, 45-50, 95, 110, 

153, 154, 164] for solving unbalanced FlFuLFtPs. 

(ii) An efficient method (named as Mehar method) is proposed for solving FlFuLFtPs.  
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Chapter 3 

Efficient Method for Solving Fuzzy Linear 

Fractional Minimal Cost Flow Problems1 

 

After reviewing the literature, it may be concluded that there does not exist any method except 

Mahmoodirad et al.’s method [117] for solving FuLFMiCfPs. In this chapter,  

(i) It is pointed out that it is inappropriate to use the existing method [117].  

(ii) An efficient method is proposed for solving FuLFMiCfPs.  

3.1 LFpP corresponding to a LFMiCfP 

 An optimal solution of a linear minimal cost flow problem consisting of a non-empty set 𝑉 of 

vertices and a set 𝐸 disjoint from 𝑉 as the set of arcs, can be obtained by solving its equivalent 

LpP (𝑃3.1.1) [4].   

LpP (𝑷𝟑. 𝟏. 𝟏) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (∑ 𝑐𝑖𝑗𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 )  

Subject to 

∑ 𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 − ∑ 𝑥𝑗𝑖(𝑗,𝑖)∈𝐸 = 𝑏𝑖      ∀ 𝑖 ∈ {1,2, … , 𝑚}  

𝑙𝑖𝑗 ≤ 𝑥𝑖𝑗 ≤ 𝑢𝑖𝑗                                 ∀ (𝑖, 𝑗) ∈ 𝐸  

where, 

(i) The non-negative real number 𝑥𝑖𝑗 represents the amount of flow on the arc (𝑖, 𝑗). 

                                                             
1 The contents of this chapter are published in “Journal of Intelligent & Fuzzy Systems 43 (2022) 1035-1051”.  
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(ii) The non-negative real number 𝑏𝑖  represents the difference between the amount sent 

from vertex 𝑖 and the amount received by this vertex. 

(iii) The positive real number 𝑐𝑖𝑗 represents the cost for transporting one unit quantity of 

the commodity across the arc (𝑖, 𝑗). 

(iv) The non-negative real number 𝑙𝑖𝑗 represents the lower bound capacity of the arc 

(𝑖, 𝑗) ∈ 𝐸. 

(v) The non-negative real number 𝑢𝑖𝑗 represents the upper bound capacity of the arc 

(𝑖, 𝑗) ∈ 𝐸. 

If it is assumed that the aim of a minimal cost flow problem is to minimize the efficiency of 

some activity, e.g., cost of production per unit of produced goods, instead of determining the least 

cost shipment of a commodity. Then, such a minimal cost flow problem is known as LFMiCfP. 

 An optimal solution of a LFMiCfP consisting of a non-empty set 𝑉 of vertices and a set 𝐸 

disjoint from 𝑉 as the set of arcs, can be obtained by solving its equivalent LFpP (𝑃3.1.2) [170].   

LFpP (𝑷𝟑. 𝟏. 𝟐) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
∑ 𝑐𝑖𝑗𝑥𝑖𝑗+𝛾(𝑖,𝑗)∈𝐸

∑ 𝑑𝑖𝑗𝑥𝑖𝑗+𝛽(𝑖,𝑗)∈𝐸
)  

Subject to 

∑ 𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 − ∑ 𝑥𝑗𝑖(𝑗,𝑖)∈𝐸 = 𝑏𝑖      ∀ 𝑖 ∈ {1,2, … , 𝑚}  

𝑙𝑖𝑗 ≤ 𝑥𝑖𝑗 ≤ 𝑢𝑖𝑗                                 ∀ (𝑖, 𝑗) ∈ 𝐸  

where, 

(i) The positive real number 𝑑𝑖𝑗 represents the profit for transporting one unit quantity of the 

commodity across the arc (𝑖, 𝑗). 

(ii) The non-negative real numbers 𝛾 and 𝛽 are given constants. 



71 
 

3.2 Mahmoodirad et al.’s method for solving FuLFMiCfPs  

Mahmoodirad et al. [117] claimed that to find an optimal solution of FuLFMiCfPs (LFMiCfP 

in which each known arc cost is either represented by a TFuN or a TrFuN) is equivalent to find an 

optimal solution of its equivalent FuLFpP (𝑃3.2.1). Hence, Mahmoodirad et al. [117] proposed 

the following method to find an optimal solution of the FuLFpP (𝑃3.2.1).   

FuLFpP (𝑷𝟑. 𝟐. 𝟏) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
∑ 𝑐̃𝑖𝑗𝑥𝑖𝑗+𝛾(𝑖,𝑗)∈𝐸

∑ 𝑑̃𝑖𝑗𝑥𝑖𝑗+𝛽(𝑖,𝑗)∈𝐸
)  

Subject to 

∑ 𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 − ∑ 𝑥𝑗𝑖(𝑗,𝑖)∈𝐸 = 𝑏𝑖      ∀ 𝑖 ∈ {1,2, … , 𝑚}  

𝑙𝑖𝑗 ≤ 𝑥𝑖𝑗 ≤ 𝑢𝑖𝑗                                 ∀ (𝑖, 𝑗) ∈ 𝐸  

where, 

(i) The positive TFuN 𝑐𝑖̃𝑗 = (𝑐𝑖𝑗1 , 𝑐𝑖𝑗2 , 𝑐𝑖𝑗3) or the positive TrFuN 𝑐𝑖̃𝑗 = (𝑐𝑖𝑗1 , 𝑐𝑖𝑗2 , 𝑐𝑖𝑗3 , 𝑐𝑖𝑗4) 

represents the cost for transporting one unit quantity of the commodity across the arc (𝑖, 𝑗). 

(ii) The positive TFuN 𝑑̃𝑖𝑗 = (𝑑𝑖𝑗1, 𝑑𝑖𝑗2 , 𝑑𝑖𝑗3) or the positive TrFuN 𝑑̃𝑖𝑗 =

(𝑑𝑖𝑗1 , 𝑑𝑖𝑗2, 𝑑𝑖𝑗3, 𝑑𝑖𝑗4) represents the profit for transporting one unit quantity of the 

commodity across the arc (𝑖, 𝑗). 

Step 1: Transform the FuLFpP (𝑃3.2.1) into its equivalent CrMpPs (𝑃3.2.2) and (𝑃3.2.3). 

CrMpP (𝑷𝟑. 𝟐. 𝟐) 

𝑍𝛼
𝐿 = min

(𝐶𝑖𝑗)
𝛼

𝐿
≤𝑐𝑖𝑗≤(𝐶𝑖𝑗)

𝛼

𝑈

(𝐷𝑖𝑗)
𝛼

𝐿
≤𝑑𝑖𝑗≤(𝐷𝑖𝑗)

𝛼

𝑈

∀ (𝑖,𝑗)∈𝐸

[min (
∑ 𝑐𝑖𝑗𝑥𝑖𝑗+𝛾(𝑖,𝑗)∈𝐸

∑ 𝑑𝑖𝑗𝑥𝑖𝑗+𝛽(𝑖,𝑗)∈𝐸
)]  

Subject to 

Constraints of the FuLFpP (𝑃3.2.1). 
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where, 

(i) (𝐶𝑖𝑗)
𝛼

𝐿
 is the lower bound of the 𝛼 −cut for the fuzzy number 𝑐𝑖̃𝑗. 

(ii) (𝐶𝑖𝑗)
𝛼

𝑈
 is the upper bound of the 𝛼 −cut for the fuzzy number 𝑐𝑖̃𝑗. 

(iii) (𝐷𝑖𝑗)
𝛼

𝐿
 is the lower bound of the 𝛼 −cut for the fuzzy number 𝑑̃𝑖𝑗. 

(iv) (𝐷𝑖𝑗)
𝛼

𝑈
 is the upper bound of the 𝛼 −cut for the fuzzy number 𝑑̃𝑖𝑗. 

CrMpP (𝑷𝟑. 𝟐. 𝟑) 

𝑍𝛼
𝑈 = max

(𝐶𝑖𝑗)
𝛼

𝐿
≤𝑐𝑖𝑗≤(𝐶𝑖𝑗)

𝛼

𝑈

(𝐷𝑖𝑗)
𝛼

𝐿
≤𝑑𝑖𝑗≤(𝐷𝑖𝑗)

𝛼

𝑈

∀ (𝑖,𝑗)∈𝐸

[min (
∑ 𝑐𝑖𝑗𝑥𝑖𝑗+𝛾(𝑖,𝑗)∈𝐸

∑ 𝑑𝑖𝑗𝑥𝑖𝑗+𝛽(𝑖,𝑗)∈𝐸
)]  

Subject to 

Constraints of the FuLFpP (𝑃3.2.1). 

Step 2: Use the following steps to transform the CrMpP (𝑃3.2.2) into its equivalent CrLpP. 

Step 2a: Transform the CrMpP (𝑃3.2.2) into its equivalent CrMpP (𝑃3.2.4).  

CrMpP (𝑷𝟑. 𝟐. 𝟒) 

𝑍𝛼
𝐿 = min (

∑ 𝑐𝑖𝑗𝑥𝑖𝑗+𝛾(𝑖,𝑗)∈𝐸

∑ 𝑑𝑖𝑗𝑥𝑖𝑗+𝛽(𝑖,𝑗)∈𝐸
)   

Subject to 

∑ 𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 − ∑ 𝑥𝑗𝑖(𝑗,𝑖)∈𝐸 = 𝑏𝑖      ∀ 𝑖 ∈ {1,2, … , 𝑚}  

𝑙𝑖𝑗 ≤ 𝑥𝑖𝑗 ≤ 𝑢𝑖𝑗                                 ∀ (𝑖, 𝑗) ∈ 𝐸  

(𝐶𝑖𝑗)
𝛼

𝐿
≤ 𝑐𝑖𝑗 ≤ (𝐶𝑖𝑗)

𝛼

𝑈
                  ∀ (𝑖, 𝑗) ∈ 𝐸  

(𝐷𝑖𝑗)
𝛼

𝐿
≤ 𝑑𝑖𝑗 ≤ (𝐷𝑖𝑗)

𝛼

𝑈
                 ∀ (𝑖, 𝑗) ∈ 𝐸  

Step 2b: Transform the CrMpP (𝑃3.2.4) into its equivalent CrMpP (𝑃3.2.5).  
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CrMpP (𝑷𝟑. 𝟐. 𝟓) 

𝑍𝛼
𝐿 = min (∑ 𝑐𝑖𝑗𝑦𝑖𝑗 + 𝛾𝑡(𝑖,𝑗)∈𝐸 )  

Subject to 

∑ 𝑦𝑖𝑗(𝑖,𝑗)∈𝐸 − ∑ 𝑦𝑗𝑖(𝑗,𝑖)∈𝐸 = 𝑏𝑖𝑡     ∀ 𝑖 ∈ {1,2, … , 𝑚}  

∑ 𝑑𝑖𝑗𝑦𝑖𝑗 + 𝛽𝑡 = 1(𝑖,𝑗)∈𝐸   

𝑙𝑖𝑗𝑡 ≤ 𝑦𝑖𝑗 ≤ 𝑢𝑖𝑗𝑡                              ∀ (𝑖, 𝑗) ∈ 𝐸  

(𝐶𝑖𝑗)
𝛼

𝐿
≤ 𝑐𝑖𝑗 ≤ (𝐶𝑖𝑗)

𝛼

𝑈
                    ∀ (𝑖, 𝑗) ∈ 𝐸  

(𝐷𝑖𝑗)
𝛼

𝐿
≤ 𝑑𝑖𝑗 ≤ (𝐷𝑖𝑗)

𝛼

𝑈
                  ∀ (𝑖, 𝑗) ∈ 𝐸  

𝑡 > 0.  

Step 2c: Transform the CrMpP (𝑃3.2.5) into its equivalent CrMpP (𝑃3.2.6).  

CrMpP (𝑷𝟑. 𝟐. 𝟔) 

𝑍𝛼
𝐿 = min (∑ (𝐶𝑖𝑗)

𝛼

𝐿
𝑦𝑖𝑗 + 𝛾𝑡(𝑖,𝑗)∈𝐸 )  

Subject to 

∑ 𝑦𝑖𝑗(𝑖,𝑗)∈𝐸 − ∑ 𝑦𝑗𝑖(𝑗,𝑖)∈𝐸 = 𝑏𝑖𝑡     ∀ 𝑖 ∈ {1,2, … , 𝑚}  

∑ 𝑑𝑖𝑗𝑦𝑖𝑗 + 𝛽𝑡 = 1(𝑖,𝑗)∈𝐸   

𝑙𝑖𝑗𝑡 ≤ 𝑦𝑖𝑗 ≤ 𝑢𝑖𝑗𝑡                              ∀ (𝑖, 𝑗) ∈ 𝐸  

(𝐷𝑖𝑗)
𝛼

𝐿
≤ 𝑑𝑖𝑗 ≤ (𝐷𝑖𝑗)

𝛼

𝑈
                  ∀ (𝑖, 𝑗) ∈ 𝐸  

𝑡 > 0.  

Step 2d: Transform the CrMpP (𝑃3.2.6) into its equivalent CrLpP (𝑃3.2.7).  

CrLpP (𝑷𝟑. 𝟐. 𝟕) 

𝑍𝛼
𝐿 = min (∑ (𝐶𝑖𝑗)

𝛼

𝐿
𝑦𝑖𝑗 + 𝛾𝑡(𝑖,𝑗)∈𝐸 )  
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Subject to 

∑ 𝑦𝑖𝑗(𝑖,𝑗)∈𝐸 − ∑ 𝑦𝑗𝑖(𝑗,𝑖)∈𝐸 = 𝑏𝑖𝑡     ∀ 𝑖 ∈ {1,2, … , 𝑚}  

∑ 𝜌𝑖𝑗 + 𝛽𝑡 = 1(𝑖,𝑗)∈𝐸   

𝑙𝑖𝑗𝑡 ≤ 𝑦𝑖𝑗 ≤ 𝑢𝑖𝑗𝑡                              ∀ (𝑖, 𝑗) ∈ 𝐸  

(𝐷𝑖𝑗)
𝛼

𝐿
𝑦𝑖𝑗 ≤ 𝜌𝑖𝑗 ≤ (𝐷𝑖𝑗)

𝛼

𝑈
𝑦𝑖𝑗         ∀ (𝑖, 𝑗) ∈ 𝐸  

𝑡 > 0.  

Step 3: Use the following steps to transform the CrMpP (𝑃3.2.3) into its equivalent CrLpP. 

Step 3a: Transform the CrMpP (𝑃3.2.3) into its equivalent CrMpP (𝑃3.2.8).  

CrMpP (𝑷𝟑. 𝟐. 𝟖) 

𝑍𝛼
𝑈 = max

(𝐶𝑖𝑗)
𝛼

𝐿
≤𝑐𝑖𝑗≤(𝐶𝑖𝑗)

𝛼

𝑈

(𝐷𝑖𝑗)
𝛼

𝐿
≤𝑑𝑖𝑗≤(𝐷𝑖𝑗)

𝛼

𝑈

∀ (𝑖,𝑗)∈𝐸

[min  (∑ 𝑐𝑖𝑗𝑦𝑖𝑗 + 𝛾(𝑖,𝑗)∈𝐸 𝑡)]  

Subject to 

∑ 𝑦𝑖𝑗(𝑖,𝑗)∈𝐸 − ∑ 𝑦𝑗𝑖(𝑗,𝑖)∈𝐸 = 𝑏𝑖𝑡     ∀ 𝑖 ∈ {1,2, … , 𝑚}  

∑ 𝑑𝑖𝑗𝑦𝑖𝑗 + 𝛽𝑡 = 1(𝑖,𝑗)∈𝐸   

𝑙𝑖𝑗𝑡 ≤ 𝑦𝑖𝑗 ≤ 𝑢𝑖𝑗𝑡                              ∀ (𝑖, 𝑗) ∈ 𝐸  

𝑡 > 0.  

Step 3b: Transform the CrMpP (𝑃3.2.8) into its equivalent CrMpP (𝑃3.2.9).  

CrMpP (𝑷𝟑. 𝟐. 𝟗) 

𝑍𝛼
𝑈 = max 𝑝   

Subject to 

𝜋𝑖 − 𝜋𝑗 + 𝑑𝑖𝑗𝑝 + 𝑠𝑖𝑗 − 𝑛𝑖𝑗 ≤ 𝑐𝑖𝑗      ∀ (𝑖, 𝑗) ∈ 𝐸  

∑ (−𝑏𝑖𝜋𝑖)
𝑚
𝑖=1 + 𝛽𝑝 − ∑ 𝑙𝑖𝑗𝑠𝑖𝑗(𝑖,𝑗)∈𝐸 + ∑ 𝑢𝑖𝑗𝑛𝑖𝑗(𝑖,𝑗)∈𝐸 ≤ 𝛾  
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(𝐶𝑖𝑗)
𝛼

𝐿
≤ 𝑐𝑖𝑗 ≤ (𝐶𝑖𝑗)

𝛼

𝑈
                    ∀ (𝑖, 𝑗) ∈ 𝐸  

(𝐷𝑖𝑗)
𝛼

𝐿
≤ 𝑑𝑖𝑗 ≤ (𝐷𝑖𝑗)

𝛼

𝑈
                  ∀ (𝑖, 𝑗) ∈ 𝐸  

𝑠𝑖𝑗 , 𝑛𝑖𝑗 ≥ 0   ∀ (𝑖, 𝑗) ∈ 𝐸  

𝜋𝑖, 𝑝 is unrestricted ∀ 𝑖 ∈ {1,2, … , 𝑚} 

Step 3c: Transform the CrMpP (𝑃3.2.9) into its equivalent CrMpP (𝑃3.2.10).  

CrMpP (𝑷𝟑. 𝟐. 𝟏𝟎) 

𝑍𝛼
𝑈 = max 𝑝  

Subject to 

𝜋𝑖 − 𝜋𝑗 + 𝑑𝑖𝑗𝑝 + 𝑠𝑖𝑗 − 𝑛𝑖𝑗 ≤ (𝐶𝑖𝑗)
𝛼

𝑈
      ∀ (𝑖, 𝑗) ∈ 𝐸  

∑ (−𝑏𝑖𝜋𝑖)
𝑚
𝑖=1 + 𝛽𝑝 − ∑ 𝑙𝑖𝑗𝑠𝑖𝑗(𝑖,𝑗)∈𝐸 + ∑ 𝑢𝑖𝑗𝑛𝑖𝑗(𝑖,𝑗)∈𝐸 ≤ 𝛾  

(𝐷𝑖𝑗)
𝛼

𝐿
≤ 𝑑𝑖𝑗 ≤ (𝐷𝑖𝑗)

𝛼

𝑈
                              ∀ (𝑖, 𝑗) ∈ 𝐸  

𝑠𝑖𝑗 , 𝑛𝑖𝑗 ≥ 0   ∀ (𝑖, 𝑗) ∈ 𝐸  

𝑝 > 0, 𝜋𝑖  is unrestricted ∀ 𝑖 ∈ {1,2, … , 𝑚} 

Step 3d: Transform the CrMpP (𝑃3.2.10) into its equivalent CrLpP (𝑃3.2.11).  

CrLpP (𝑷𝟑. 𝟐. 𝟏𝟏) 

𝑍𝛼
𝑈 = max 𝑝  

Subject to 

𝜋𝑖 − 𝜋𝑗 + 𝑤𝑖𝑗 + 𝑠𝑖𝑗 − 𝑛𝑖𝑗 ≤ (𝐶𝑖𝑗)
𝛼

𝑈
      ∀ (𝑖, 𝑗) ∈ 𝐸  

∑ (−𝑏𝑖𝜋𝑖)
𝑚
𝑖=1 + 𝛽𝑝 − ∑ 𝑙𝑖𝑗𝑠𝑖𝑗(𝑖,𝑗)∈𝐸 + ∑ 𝑢𝑖𝑗𝑛𝑖𝑗(𝑖,𝑗)∈𝐸 ≤ 𝛾  

(𝐷𝑖𝑗)
𝛼

𝐿
𝑝 ≤ 𝑤𝑖𝑗 ≤ (𝐷𝑖𝑗)

𝛼

𝑈
𝑝                       ∀ (𝑖, 𝑗) ∈ 𝐸  

𝑠𝑖𝑗 , 𝑛𝑖𝑗 ≥ 0   ∀ (𝑖, 𝑗) ∈ 𝐸  
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𝑝 > 0, 𝜋𝑖  is unrestricted ∀ 𝑖 ∈ {1,2, … , 𝑚} 

Step 4: Find an optimal solution {(𝑥𝑖𝑗)
𝛼=0

} and the corresponding optimal value (𝑍𝛼=0
𝐿 ) of the 

CrLpP (𝑃3.2.7).  

Step 5: Find an optimal solution {(𝑥𝑖𝑗)
𝛼=1

} and the corresponding optimal value (𝑍𝛼=1
𝐿 ) of the 

CrLpP (𝑃3.2.7). 

Step 6: Find an optimal solution {(𝑥𝑖𝑗)
𝛼=0

} and the corresponding optimal value (𝑍𝛼=0
𝑈 ) of the 

CrLpP (𝑃3.2.11). 

Step 7: Find an optimal solution {(𝑥𝑖𝑗)
𝛼=1

} and the corresponding optimal value (𝑍𝛼=1
𝑈 ) of the 

CrLpP (𝑃3.2.11). 

Step 8: Using the optimal values, obtained in Step 4 to Step 7, the obtained fuzzy optimal value is 

(𝑍𝛼=0
𝐿 , 𝑍𝛼=1

𝐿 , 𝑍𝛼=1
𝑈 , 𝑍𝛼=0

𝑈 ). 

3.3 Inappropriateness of Mahmoodirad et al.’s method 

It is pertinent to mention that as Liu’s method [110], discussed in Section 2.4.1.1, and 

Mahmoodirad et al.’s method [117] are exactly same. Therefore, it can be easily concluded that 

the mathematical incorrect results considered in Liu’s method [110], pointed out in Section 2.4.2.1, 

are also considered by Mahmoodirad et al. [117]. Hence, it is inappropriate to use Mahmoodirad 

et al.’s method [117].   

3.4 Proposed Mehar method for solving FuLFMiCfPs 

 In this section, with the help of the proposed Mehar method for solving FlFuLFtPs, a new 

method (named as Mehar method) is proposed for solving FuLFMiCfPs.  

 The steps of the proposed Mehar method are as follows. 
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Step 1: Write the FuLFpP (𝑃3.4.1) corresponding to the FuLFMiCfP (𝑃3.2.1), in which each 

known arc cost is represented by a TrFuN. 

FuLFpP (𝑷𝟑. 𝟒. 𝟏) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
∑ (𝑐𝑖𝑗1,𝑐𝑖𝑗2,𝑐𝑖𝑗3,𝑐𝑖𝑗4)𝑥𝑖𝑗+𝛾(𝑖,𝑗)∈𝐸

∑ (𝑑𝑖𝑗1 ,𝑑𝑖𝑗2 ,𝑑𝑖𝑗3,𝑑𝑖𝑗4)𝑥𝑖𝑗+𝛽(𝑖,𝑗)∈𝐸
)   

Subject to 

∑ 𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 − ∑ 𝑥𝑗𝑖(𝑗,𝑖)∈𝐸 = 𝑏𝑖      ∀ 𝑖 ∈ {1,2, … , 𝑚}  

𝑙𝑖𝑗 ≤ 𝑥𝑖𝑗 ≤ 𝑢𝑖𝑗                                 ∀ (𝑖, 𝑗) ∈ 𝐸  

Step 2: Using Definition 2.1.26 and Definition 2.1.19, transform the FuLFpP (𝑃3.4.1) into its 

equivalent FuLFpP (𝑃3.4.2). 

FuLFpP (𝑷𝟑. 𝟒. 𝟐) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
(∑ 𝑐𝑖𝑗1𝑥𝑖𝑗+𝛾(𝑖,𝑗)∈𝐸 ,∑ 𝑐𝑖𝑗2𝑥𝑖𝑗+𝛾(𝑖,𝑗)∈𝐸 ,∑ 𝑐𝑖𝑗3𝑥𝑖𝑗+𝛾(𝑖,𝑗)∈𝐸 ,∑ 𝑐𝑖𝑗4𝑥𝑖𝑗+𝛾(𝑖,𝑗)∈𝐸 )

(∑ 𝑑𝑖𝑗1𝑥𝑖𝑗+𝛽(𝑖,𝑗)∈𝐸 ,∑ 𝑑𝑖𝑗2𝑥𝑖𝑗+𝛽(𝑖,𝑗)∈𝐸 ,∑ 𝑑𝑖𝑗3𝑥𝑖𝑗+𝛽(𝑖,𝑗)∈𝐸 ,∑ 𝑑𝑖𝑗4𝑥𝑖𝑗+𝛽(𝑖,𝑗)∈𝐸 )
)   

Subject to 

Constraints of the FuLFpP (𝑃3.4.1). 

Step 3: Using Definition 2.1.30, transform the FuLFpP (𝑃3.4.2) into its equivalent CrMoLFpP 

(𝑃3.4.3). 

CrMoLFpP (𝑷𝟑. 𝟒. 𝟑) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
∑ 𝑐𝑖𝑗1𝑥𝑖𝑗+𝛾(𝑖,𝑗)∈𝐸

∑ 𝑑𝑖𝑗4𝑥𝑖𝑗+𝛽(𝑖,𝑗)∈𝐸
)  

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
∑ 𝑐𝑖𝑗2𝑥𝑖𝑗+𝛾(𝑖,𝑗)∈𝐸

∑ 𝑑𝑖𝑗3𝑥𝑖𝑗+𝛽(𝑖,𝑗)∈𝐸
)  

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
∑ 𝑐𝑖𝑗3𝑥𝑖𝑗+𝛾(𝑖,𝑗)∈𝐸

∑ 𝑑𝑖𝑗2𝑥𝑖𝑗+𝛽(𝑖,𝑗)∈𝐸
)  

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
∑ 𝑐𝑖𝑗4𝑥𝑖𝑗+𝛾(𝑖,𝑗)∈𝐸

∑ 𝑑𝑖𝑗1𝑥𝑖𝑗+𝛽(𝑖,𝑗)∈𝐸
)  
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Subject to 

Constraints of the FuLFpP (𝑃3.4.1). 

Step 4: Using the lexicographic approach [18], find all the efficient solutions {𝑥𝑖𝑗} of the 

CrMoLFpP (𝑃3.4.3). 

Step 5: Using the obtained efficient solutions {𝑥𝑖𝑗}, find the fuzzy optimal value of the FuLFpP 

(𝑃3.4.1) i.e., 
∑ ∑ (𝑐𝑖𝑗1,𝑐𝑖𝑗2,𝑐𝑖𝑗3,𝑐𝑖𝑗4)𝑥𝑖𝑗+𝛾𝑛

𝑗=1
𝑚
𝑖=1

∑ ∑ (𝑑𝑖𝑗1 ,𝑑𝑖𝑗2 ,𝑑𝑖𝑗3 ,𝑑𝑖𝑗4)𝑥𝑖𝑗+𝛽𝑛
𝑗=1

𝑚
𝑖=1

.  

3.5 Correct fuzzy optimal solutions of an existing FuLFMiCfP  

Mahmoodirad et al. [117] solved the FuLFMiCfP (represented by Fig. 3.1, Table 3.1 and 

Table 3.2) to illustrate their proposed method. However, as discussed in Section 3.3, that 

Mahmoodirad et al.’s method [117] is not valid. Therefore, the optimal solutions of this network 

flow problem, obtained by Mahmoodirad et al. [117], are also not valid. In this section, correct 

fuzzy optimal solutions of the same problem are obtained by the proposed Mehar method. 

 

 

 

 

 

 

Fig. 3.1 [117] Graph of FuLFMiCfP 
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Table 3.1 [117] Fuzzy costs, fuzzy profit and crisp capacities of network arcs 

Arc index     Tail node      Head node   Arc fuzzy cost (𝑐𝑖𝑗)     Arc fuzzy profit (𝑑𝑖𝑗)    Lower bound      Upper bound 

  1               1                  2          (80,10,150,182)       (30,40,50,80)                 155                  450 

  2               1                  3          (242,250,300,320)   (20,25,35,40)                 160                  600 

  3               1                  4          (21,25,75,91)            (10,20,30,40)                 20                    55 

  4               2                  3          (137,150,200,225)    (18,22,34,46)                45                    470 

  5               2                  5          (90,100,400,434)      (12,13,14,17)                105                   125 

  6               2                  6          (155,180,220,265)    (30,40,50,80)                70                     800 

  7               3                  4          (105,125,225,261)    (20,25,35,40)                 0                      450            

  8               3                  5          (95,100,200,225)      (30,40,50,80)                 0                      250 

  9               3                  6          (98,110,240,260)      (30,45,55,80)                  0                     125 

  10             3                  7          (270,300,400,470)    (28,42,74,96)                  0                     725 

  11             4                  6           (78,120,280,310)     (10,20,30,40)                 105                  625 

   12            4                  7           (140,150,200,222)   (10,20,30,40)                 20                    100 

   13            5                  6           (0,0,0,0)                     (10,12,13,14)                  0                     100 

         14            5                  8           (166,200,400,410)   (50,55,65,70)                  0                     135 

   15            5                   9          (105,125,225,265)   (10,20,30,40)                  0                     625 

   16            6                   7          (195,215,235,267)   (20,25,35,40)                 15                    175 

   17            6                   8          (140,150,250,272)   (72,74,80,85)                 70                    160 

   18            6                   9          (82,100,300,330)     (20,24,32,38)                  80                   190 

   19            6                   10        (65,75,125,147)       (15,20,25,31)                  30                   750 

   20            7                   9          (19,25,75,93)           (20,23,29,34)                    0                    230 

   21            7                   10        (30,50,150,182)       (40,46,49,56)                    0                   220 

   22            8                   9          (115,125,175,197)   (55,62,63,68)                  30                   110 

   23            8                   11        (93,115,185,195)     (20,29,35,39)                   25                  120 
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   24            8                   12        (7,25,75,85)              (14,18,26,29)                    0                   215 

   25            9                   10        (78,110,190,206)     (22,24,30,32)                    5                   200 

   26            9                   11        (155,185,215,237)    (55,64,70,72)                   40                 140 

   27            9                   12        (305,325,475,515)    (50,58,63,68)                   80                 190 

   28            9                   13        (65,75,125,147)        (55,62,69,78)                    5                   340                          

   29            10                 12        (130,150,250,290)    (51,62,63,88)                    0                   165 

   30            10                 13        (90,100,200,222)      (70,80,85,89)                    0                   220 

   31            11                 12        (43,55,125,145)        (80,90,100,120)                15                 340 

   32            11                 14        (255,275,325,335)    (50,60,70,80)                     0                  110 

   33            12                 13        (78,100,150,160)      (62,82,102,122)                 25                215 

   34            12                 14        (88,100,150,160)      (100,120,140,150)             20                135 

         35            13                 14        (190,200,300,350)    (25,45,65,90)                      0                  265 

 

Table 3.2 [117] Given capacities for the vertices of the graph 

𝑏1       𝑏2       𝑏3       𝑏4       𝑏5        𝑏6        𝑏7       𝑏8      𝑏9       𝑏10      𝑏11       𝑏12        𝑏13        𝑏14 

350    100    − 50    50   − 50     100   − 200    50     200     100       50         0       − 100   − 400 

 

Step 1: According to Step 1 of the proposed Mehar method, the fuzzy optimal solution of the 

FuLFMiCfP can be obtained by solving its equivalent FuLFpP (𝑃3.5.1). 

FuLFpP (𝑷𝟑. 𝟓. 𝟏) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
𝑢

𝑣̃
)  

Subject to 

𝑥12 + 𝑥13 + 𝑥14 = 350,  

𝑥23 + 𝑥25 + 𝑥26 − 𝑥12 = 100,  
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−𝑥13 − 𝑥23 + 𝑥34 + 𝑥35 + 𝑥36 + 𝑥37 = −50,  

𝑥46 + 𝑥47 − 𝑥14 − 𝑥34 = 50,  

−𝑥25 − 𝑥35 + 𝑥56 + 𝑥58 + 𝑥59 = −50,  

𝑥67 + 𝑥68 + 𝑥69 + 𝑥610 − 𝑥26 − 𝑥36 − 𝑥46 − 𝑥56 = 100,  

−𝑥37 − 𝑥47 − 𝑥67 + 𝑥79 + 𝑥710 = −200,  

𝑥89 + 𝑥811 + 𝑥812 − 𝑥58 − 𝑥68 = 50,  

𝑥910 + 𝑥911 + 𝑥912 + 𝑥913 − 𝑥59 − 𝑥69 − 𝑥79 − 𝑥89 = 200,  

−𝑥610 − 𝑥710 − 𝑥910 + 𝑥1012 + 𝑥1013 = −100,  

𝑥1112 + 𝑥1114 − 𝑥811 − 𝑥911 = 50,  

𝑥1213 + 𝑥1214 − 𝑥812 − 𝑥912 − 𝑥1012 − 𝑥1112 = 0,  

−𝑥913 − 𝑥1013 − 𝑥1213 + 𝑥1314 = −100,  

−𝑥1114 − 𝑥1214 − 𝑥1314 = −400,  

155 ≤ 𝑥12 ≤ 450,     160 ≤ 𝑥13 ≤ 600,  

20 ≤ 𝑥14 ≤ 550,          45 ≤ 𝑥23 ≤ 470,  

105 ≤ 𝑥25 ≤ 125,        70 ≤ 𝑥26 ≤ 800,  

0 ≤ 𝑥34 ≤ 450,               0 ≤ 𝑥35 ≤ 250,  

0 ≤ 𝑥36 ≤ 125,               0 ≤ 𝑥37 ≤ 725,  

105 ≤ 𝑥46 ≤ 625,        20 ≤ 𝑥47 ≤ 100,  

0 ≤ 𝑥56 ≤ 100,                0 ≤ 𝑥58 ≤ 135,  

0 ≤ 𝑥59 ≤ 625,              15 ≤ 𝑥67 ≤ 175,  

70 ≤ 𝑥68 ≤ 160,            80 ≤ 𝑥69 ≤ 190,  

30 ≤ 𝑥610 ≤ 750,             0 ≤ 𝑥79 ≤ 230,  

0 ≤ 𝑥710 ≤ 220,             30 ≤ 𝑥89 ≤ 110,  
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25 ≤ 𝑥811 ≤ 120,            0 ≤ 𝑥812 ≤ 215,  

5 ≤ 𝑥910 ≤ 200,            40 ≤ 𝑥911 ≤ 140,  

80 ≤ 𝑥912 ≤ 190,            5 ≤ 𝑥913 ≤ 340,  

0 ≤ 𝑥1012 ≤ 165,            0 ≤ 𝑥1013 ≤ 220,  

15 ≤ 𝑥1112 ≤ 340,          0 ≤ 𝑥1114 ≤ 110,  

25 ≤ 𝑥1213 ≤ 215,        20 ≤ 𝑥1214 ≤ 135,  

0 ≤ 𝑥1314 ≤ 265.  

where, 

𝑢̃ = (80,100,150,182)𝑥12 + (242,250,300,320)𝑥13 + (21,25,75,91)𝑥14 +

(137,150,200,225)𝑥23 + (90,100,400,434)𝑥25 + (155,180,220,265)𝑥26 +

 (105,125,225,261)𝑥34 + (95,100,200,225)𝑥35 + (98,110,240,260)𝑥36 +

(270,300,400,470)𝑥37 + (78,120,280,310)𝑥46 + (140,150,200,222)𝑥47 +

(0,0,0,0)𝑥56 + (166,200,400,410)𝑥58 + (105,125,225,265)𝑥59 +

(195,215,235,267)𝑥67 + (140,150,250,272)𝑥68 + (82,100,300,330)𝑥69 +

(65,75,125,147)𝑥610 + (19,25,75,93)𝑥79 + (30,50,150,182)𝑥710 +

(115,125,175,197)𝑥89 + (93,115,185,195)𝑥811 + (7,25,75,85)𝑥812 +

(78,110,190,206)𝑥910 + (155,185,215,237)𝑥911 + (305,325,475,515)𝑥912 +

(65,75,125,147)𝑥913 + (130,150,250,290)𝑥1012 + (90,100,200,222)𝑥1013 +

(43,55,125,145)𝑥1112 + (255,275,325,335)𝑥1114 + (78,100,150,160)𝑥1213 +

(88,100,200,224)𝑥1214 + (190,200,300,350)𝑥1314  

𝑣̃ = (30,40,50,80)𝑥12 + (20,25,35,40)𝑥13 + (10,20,30,40)𝑥14 + (18,22,34,46)𝑥23 + 

(12,13,14,17)𝑥25 + (30,40,50,80)𝑥26 + (20,25,35,40)𝑥34 + (30,40,50,80)𝑥35 +

(30,45,55,80)𝑥36 + (28,42,74,96)𝑥37 + (10,20,30,40)𝑥46 + (10,20,30,40)𝑥47 +
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(10,12,13,14)𝑥56 + (50,55,65,70)𝑥58 + (10,20,30,40)𝑥59 + (20,25,35,40)𝑥67 +

(72,74,80,85)𝑥68 + (20,24,32,38)𝑥69 + (15,20,25,31)𝑥610 + (20,23,29,34)𝑥79 +

(40,46,49,56)𝑥710 + (55,62,63,68)𝑥89 + (20,29,35,39)𝑥811 + (14,18,26,29)𝑥812 +

(22,24,30,32)𝑥910 + (55,64,70,72)𝑥911 + (50,58,63,68)𝑥912 + (55,62,69,78)𝑥913 +

(51,62,63,88)𝑥1012 + (70,80,85,89)𝑥1013 + (80,90,100,120)𝑥1112 +

(50,60,70,80)𝑥1114 + (62,82,102,122)𝑥1213 + (100,120,140,150)𝑥1214 +

(25,45,65,90)𝑥1314   

Step 2: According to Step 2 of the proposed Mehar method, the FuLFpP (𝑃3.5.1) can be 

transformed into its equivalent FuLFpP (𝑃3.5.2). 

FuLFpP (𝑷𝟑. 𝟓. 𝟐) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
(𝑢1,𝑢2,𝑢3,𝑢4)

(𝑣1,𝑣2,𝑣3,𝑣4)
)  

Subject to 

Constraints of the FuLFpP (𝑃3.5.1) 

where, 

𝑢1 = 80𝑥12 + 242𝑥13 + 21𝑥14 + 137𝑥23 + 90𝑥25 + 155𝑥26 + 105𝑥34 + 95𝑥35 +

98𝑥36 + 270𝑥37 + 78𝑥46 + 140𝑥47 + 166𝑥58 + 105𝑥59 + 195𝑥67 + 140𝑥68 +

82𝑥69 + 65𝑥610 + 19𝑥79 + 30𝑥710 + 115𝑥89 + 93𝑥811 + 7𝑥812 + 78𝑥910 + 155𝑥911 +

305𝑥912 + 65𝑥913 + 130𝑥1012 + 90𝑥1013 + 43𝑥1112 + 255𝑥1114 + 78𝑥1213 +

88𝑥1214 + 190𝑥1314,  

𝑢2 = 100𝑥12 + 250𝑥13 + 25𝑥14 + 150𝑥23 + 100𝑥25 + 180𝑥26 + 125𝑥34 + 100𝑥35 +

110𝑥36 + 300𝑥37 + 120𝑥46 + 150𝑥47 + 200𝑥58 + 125𝑥59 + 215𝑥67 + 150𝑥68 +

100𝑥69 + 75𝑥610 + 25𝑥79 + 50𝑥710 + 125𝑥89 + 115𝑥811 + 25𝑥812 + 110𝑥910 +
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185𝑥911 + 325𝑥912 + 75𝑥913 + 150𝑥1012 + 100𝑥1013 + 55𝑥1112 + 275𝑥1114 +

100𝑥1213 + 100𝑥1214 + 200𝑥1314,  

𝑢3 = 150𝑥12 + 300𝑥13 + 75𝑥14 + 200𝑥23 + 400𝑥25 + 220𝑥26 + 225𝑥34 + 200𝑥35 +

240𝑥36 + 400𝑥37 + 280𝑥46 + 200𝑥47 + 400𝑥58 + 225𝑥59 + 235𝑥67 + 250𝑥68 +

300𝑥69 + 125𝑥610 + 75𝑥79 + 150𝑥710 + 175𝑥89 + 185𝑥811 + 75𝑥812 + 190𝑥910 +

215𝑥911 + 475𝑥912 + 125𝑥913 + 250𝑥1012 + 200𝑥1013 + 125𝑥1112 + 325𝑥1114 +

150𝑥1213 + 200𝑥1214 + 300𝑥1314,  

𝑢4 = 182𝑥12 + 320𝑥13 + 91𝑥14 + 225𝑥23 + 434𝑥25 + 265𝑥26 + 261𝑥34 + 225𝑥35 +

260𝑥36 + 470𝑥37 + 310𝑥46 + 222𝑥47 + 410𝑥58 + 265𝑥59 + 267𝑥67 + 272𝑥68 +

330𝑥69 + 147𝑥610 + 93𝑥79 + 182𝑥710 + 197𝑥89 + 195𝑥811 + 85𝑥812 + 206𝑥910 +

237𝑥911 + 515𝑥912 + 147𝑥913 + 290𝑥1012 + 222𝑥1013 + 145𝑥1112 + 335𝑥1114 +

160𝑥1213 + 224𝑥1214 + 350𝑥1314,  

𝑣1 = 30𝑥12 + 20𝑥13 + 10𝑥14 + 18𝑥23 + 12𝑥25 + 30𝑥26 + 20𝑥34 + 30𝑥35 + 30𝑥36 +

28𝑥37 + 10𝑥46 + 10𝑥47 + 10𝑥56 + 50𝑥58 + 10𝑥59 + 20𝑥67 + 72𝑥68 + 20𝑥69 +

15𝑥610 + 20𝑥79 + 40𝑥710 + 55𝑥89 + 20𝑥811 + 14𝑥812 + 22𝑥910 + 55𝑥911 + 50𝑥912 +

55𝑥913 + 51𝑥1012 + 70𝑥1013 + 80𝑥1112 + 50𝑥1114 + 62𝑥1213 + 100𝑥1214 + 25𝑥1314,  

𝑣2 = 40𝑥12 + 25𝑥13 + 20𝑥14 + 22𝑥23 + 13𝑥25 + 40𝑥26 + 25𝑥34 + 40𝑥35 + 45𝑥36 +

42𝑥37 + 20𝑥46 + 20𝑥47 + 12𝑥56 + 55𝑥58 + 20𝑥59 + 25𝑥67 + 74𝑥68 + 24𝑥69 +

20𝑥610 + 23𝑥79 + 46𝑥710 + 62𝑥89 + 29𝑥811 + 18𝑥812 + 24𝑥910 + 64𝑥911 + 58𝑥912 +

62𝑥913 + 62𝑥1012 + 80𝑥1013 + 90𝑥1112 + 60𝑥1114 + 82𝑥1213 + 120𝑥1214 + 45𝑥1314,  

𝑣3 = 50𝑥12 + 35𝑥13 + 30𝑥14 + 34𝑥23 + 14𝑥25 + 50𝑥26 + 35𝑥34 + 50𝑥35 + 55𝑥36 +

74𝑥37 + 30𝑥46 + 30𝑥47 + 13𝑥56 + 65𝑥58 + 30𝑥59 + 35𝑥67 + 80𝑥68 + 32𝑥69 +

25𝑥610 + 29𝑥79 + 49𝑥710 + 63𝑥89 + 35𝑥811 + 26𝑥812 + 30𝑥910 + 70𝑥911 + 63𝑥912 +
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69𝑥913 + 63𝑥1012 + 85𝑥1013 + 100𝑥1112 + 70𝑥1114 + 102𝑥1213 + 140𝑥1214 +

65𝑥1314,  

𝑣4 = 80𝑥12 + 40𝑥13 + 40𝑥14 + 46𝑥23 + 17𝑥25 + 80𝑥26 + 40𝑥34 + 80𝑥35 + 80𝑥36 +

96𝑥37 + 40𝑥46 + 40𝑥47 + 14𝑥56 + 70𝑥58 + 40𝑥59 + 40𝑥67 + 85𝑥68 + 38𝑥69 +

31𝑥610 + 34𝑥79 + 56𝑥710 + 68𝑥89 + 39𝑥811 + 29𝑥812 + 32𝑥910 + 72𝑥911 + 68𝑥912 +

78𝑥913 + 88𝑥1012 + 89𝑥1013 + 120𝑥1112 + 80𝑥1114 + 122𝑥1213 + 150𝑥1214 +

90𝑥1314.  

Step 3: According to Step 3 of the proposed Mehar method, the FuLFpP (𝑃3.5.2) can be 

transformed into its equivalent CrMoLFpP (𝑃3.5.3). 

CrMoLFpP (𝑷𝟑. 𝟓. 𝟑) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
𝑢1

𝑣4
)  

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
𝑢2

𝑣3
)  

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
𝑢3

𝑣2
)  

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
𝑢4

𝑣1
)  

Subject to 

Constraints of the FuLFpP (𝑃3.5.1). 

Step 4: According to Step 4 of the proposed Mehar method, there is a need to apply lexicographic 

approach [18] to solve the CrMoLFpP (𝑃3.5.3). 

Using the lexicographic approach [18], the obtained crisp efficient solutions are  

(i) 𝑥12 = 155, 𝑥13 = 160, 𝑥14 = 35, 𝑥23 = 45, 𝑥25 = 105, 𝑥26 = 105, 𝑥34 = 45, 𝑥35 =

45, 𝑥36 = 65, 𝑥37 = 0, 𝑥46 = 105, 𝑥47 = 25, 𝑥56 = 100, 𝑥58 = 0, 𝑥59 = 0, 𝑥67 =

175, 𝑥68 = 140, 𝑥69 = 80, 𝑥610 = 80, 𝑥79 = 0, 𝑥710 = 0, 𝑥89 = 110, 𝑥811 =
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80, 𝑥812 = 0, 𝑥910 = 20, 𝑥911 = 140, 𝑥912 = 80, 𝑥913 = 150, 𝑥1012 = 0, 𝑥1013 =

0, 𝑥1112 = 270, 𝑥1114 = 0, 𝑥1213 = 215, 𝑥1214 = 135, 𝑥1314 = 265.  

(ii) 𝑥12 = 155, 𝑥13 = 160, 𝑥14 = 35, 𝑥23 = 71, 𝑥25 = 105, 𝑥26 = 79, 𝑥34 = 45, 𝑥35 =

45, 𝑥36 = 91, 𝑥37 = 0, 𝑥46 = 105, 𝑥47 = 25, 𝑥56 = 100, 𝑥58 = 0, 𝑥59 = 0, 𝑥67 =

175, 𝑥68 = 140, 𝑥69 = 80, 𝑥610 = 80, 𝑥79 = 0, 𝑥710 = 0, 𝑥89 = 110, 𝑥811 =

80, 𝑥812 = 0, 𝑥910 = 20, 𝑥911 = 140, 𝑥912 = 80, 𝑥913 = 150, 𝑥1012 = 0, 𝑥1013 =

0, 𝑥1112 = 270, 𝑥1114 = 0, 𝑥1213 = 215, 𝑥1214 = 135, 𝑥1314 = 265. 

(iii) 𝑥12 = 155, 𝑥13 = 160, 𝑥14 = 35, 𝑥23 = 45, 𝑥25 = 105, 𝑥26 = 105, 𝑥34 = 40, 𝑥35 =

45, 𝑥36 = 65, 𝑥37 = 5, 𝑥46 = 105, 𝑥47 = 20, 𝑥56 = 100, 𝑥58 = 0, 𝑥59 = 0, 𝑥67 =

175, 𝑥68 = 159, 𝑥69 = 80, 𝑥610 = 61, 𝑥79 = 0, 𝑥710 = 0, 𝑥89 = 110, 𝑥811 =

99, 𝑥812 = 0, 𝑥910 = 39, 𝑥911 = 140, 𝑥912 = 80, 𝑥913 = 131, 𝑥1012 = 0, 𝑥1013 =

0, 𝑥1112 = 270, 𝑥1114 = 19, 𝑥1213 = 215, 𝑥1214 = 135, 𝑥1314 = 246. 

(iv) 𝑥12 = 155, 𝑥13 = 160, 𝑥14 = 35, 𝑥23 = 45, 𝑥25 = 105, 𝑥26 = 105, 𝑥34 = 40, 𝑥35 =

45, 𝑥36 = 65, 𝑥37 = 5, 𝑥46 = 105, 𝑥47 = 20, 𝑥56 = 100, 𝑥58 = 0, 𝑥59 = 0, 𝑥67 =

175, 𝑥68 = 134, 𝑥69 = 80, 𝑥610 = 86, 𝑥79 = 0, 𝑥710 = 0, 𝑥89 = 104, 𝑥811 =

80, 𝑥812 = 0, 𝑥910 = 14, 𝑥911 = 140, 𝑥912 = 80, 𝑥913 = 150, 𝑥1012 = 0, 𝑥1013 =

0, 𝑥1112 = 270, 𝑥1114 = 0, 𝑥1213 = 215, 𝑥1214 = 135, 𝑥1314 = 265. 

(v) 𝑥12 = 155, 𝑥13 = 160, 𝑥14 = 35, 𝑥23 = 80, 𝑥25 = 105, 𝑥26 = 70, 𝑥34 = 45, 𝑥35 =

45, 𝑥36 = 100, 𝑥37 = 0, 𝑥46 = 105, 𝑥47 = 25, 𝑥56 = 100, 𝑥58 = 0, 𝑥59 = 0, 𝑥67 =

175, 𝑥68 = 160, 𝑥69 = 80, 𝑥610 = 60, 𝑥79 = 0, 𝑥710 = 0, 𝑥89 = 80, 𝑥811 =

120, 𝑥812 = 10, 𝑥910 = 40, 𝑥911 = 90, 𝑥912 = 80, 𝑥913 = 150, 𝑥1012 = 0, 𝑥1013 =

0, 𝑥1112 = 260, 𝑥1114 = 0, 𝑥1213 = 215, 𝑥1214 = 135, 𝑥1314 = 265. 
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(vi) 𝑥12 = 155, 𝑥13 = 160, 𝑥14 = 35, 𝑥23 = 67, 𝑥25 = 105, 𝑥26 = 83, 𝑥34 = 45, 𝑥35 =

45, 𝑥36 = 87, 𝑥37 = 0, 𝑥46 = 105, 𝑥47 = 25, 𝑥56 = 100, 𝑥58 = 0, 𝑥59 = 0, 𝑥67 =

175, 𝑥68 = 160, 𝑥69 = 80, 𝑥610 = 60, 𝑥79 = 0, 𝑥710 = 0, 𝑥89 = 90, 𝑥811 =

120, 𝑥812 = 0, 𝑥910 = 40, 𝑥911 = 100, 𝑥912 = 80, 𝑥913 = 150, 𝑥1012 = 0, 𝑥1013 =

0, 𝑥1112 = 270, 𝑥1114 = 0, 𝑥1213 = 215, 𝑥1214 = 135, 𝑥1314 = 265. 

(vii) 𝑥12 = 155, 𝑥13 = 160, 𝑥14 = 35, 𝑥23 = 73, 𝑥25 = 105, 𝑥26 = 77, 𝑥34 = 45, 𝑥35 =

45, 𝑥36 = 93, 𝑥37 = 0, 𝑥46 = 105, 𝑥47 = 25, 𝑥56 = 100, 𝑥58 = 0, 𝑥59 = 0, 𝑥67 =

175, 𝑥68 = 160, 𝑥69 = 80, 𝑥610 = 60, 𝑥79 = 0, 𝑥710 = 0, 𝑥89 = 90, 𝑥811 =

120, 𝑥812 = 0, 𝑥910 = 40, 𝑥911 = 100, 𝑥912 = 80, 𝑥913 = 150, 𝑥1012 = 0, 𝑥1013 =

0, 𝑥1112 = 270, 𝑥1114 = 0, 𝑥1213 = 215, 𝑥1214 = 135, 𝑥1314 = 265. 

(viii) 𝑥12 = 155, 𝑥13 = 160, 𝑥14 = 35, 𝑥23 = 45, 𝑥25 = 105, 𝑥26 = 105, 𝑥34 = 40, 𝑥35 =

45, 𝑥36 = 65, 𝑥37 = 5, 𝑥46 = 105, 𝑥47 = 20, 𝑥56 = 100, 𝑥58 = 0, 𝑥59 = 0, 𝑥67 =

175, 𝑥68 = 160, 𝑥69 = 80, 𝑥610 = 60, 𝑥79 = 0, 𝑥710 = 0, 𝑥89 = 110, 𝑥811 =

100, 𝑥812 = 0, 𝑥910 = 40, 𝑥911 = 128, 𝑥912 = 80, 𝑥913 = 142, 𝑥1012 = 0, 𝑥1013 =

0, 𝑥1112 = 270, 𝑥1114 = 8, 𝑥1213 = 215, 𝑥1214 = 135, 𝑥1314 = 257. 

(ix) 𝑥12 = 155, 𝑥13 = 160, 𝑥14 = 35, 𝑥23 = 45, 𝑥25 = 105, 𝑥26 = 105, 𝑥34 = 40, 𝑥35 =

45, 𝑥36 = 65, 𝑥37 = 5, 𝑥46 = 105, 𝑥47 = 20, 𝑥56 = 100, 𝑥58 = 0, 𝑥59 = 0, 𝑥67 =

175, 𝑥68 = 125, 𝑥69 = 80, 𝑥610 = 95, 𝑥79 = 0, 𝑥710 = 0, 𝑥89 = 83, 𝑥811 =

92, 𝑥812 = 0, 𝑥910 = 5, 𝑥911 = 128, 𝑥912 = 80, 𝑥913 = 150, 𝑥1012 = 0, 𝑥1013 =

0, 𝑥1112 = 270, 𝑥1114 = 0, 𝑥1213 = 215, 𝑥1214 = 135, 𝑥1314 = 265.  

(x) 𝑥12 = 155, 𝑥13 = 160, 𝑥14 = 35, 𝑥23 = 45, 𝑥25 = 105, 𝑥26 = 105, 𝑥34 = 40, 𝑥35 =

45, 𝑥36 = 65, 𝑥37 = 5, 𝑥46 = 105, 𝑥47 = 20, 𝑥56 = 100, 𝑥58 = 0, 𝑥59 = 0, 𝑥67 =

175, 𝑥68 = 150, 𝑥69 = 80, 𝑥610 = 70, 𝑥79 = 0, 𝑥710 = 0, 𝑥89 = 110, 𝑥811 =
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90, 𝑥812 = 0, 𝑥910 = 30, 𝑥911 = 140, 𝑥912 = 80, 𝑥913 = 140, 𝑥1012 = 0, 𝑥1013 =

0, 𝑥1112 = 270, 𝑥1114 = 10, 𝑥1213 = 215, 𝑥1214 = 135, 𝑥1314 = 255. 

(xi) 𝑥12 = 155, 𝑥13 = 160, 𝑥14 = 35, 𝑥23 = 73, 𝑥25 = 105, 𝑥26 = 76, 𝑥34 = 45, 𝑥35 =

45, 𝑥36 = 93, 𝑥37 = 0, 𝑥46 = 105, 𝑥47 = 25, 𝑥56 = 100, 𝑥58 = 0, 𝑥59 = 0, 𝑥67 =

175, 𝑥68 = 160, 𝑥69 = 80, 𝑥610 = 60, 𝑥79 = 0, 𝑥710 = 0, 𝑥89 = 90, 𝑥811 =

120, 𝑥812 = 0, 𝑥910 = 40, 𝑥911 = 100, 𝑥912 = 80, 𝑥913 = 150, 𝑥1012 = 0, 𝑥1013 =

0, 𝑥1112 = 270, 𝑥1114 = 0, 𝑥1213 = 215, 𝑥1214 = 135, 𝑥1314 = 265. 

(xii) 𝑥12 = 155, 𝑥13 = 160, 𝑥14 = 35, 𝑥23 = 80, 𝑥25 = 105, 𝑥26 = 70, 𝑥34 = 45, 𝑥35 =

45, 𝑥36 = 100, 𝑥37 = 0, 𝑥46 = 105, 𝑥47 = 25, 𝑥56 = 100, 𝑥58 = 0, 𝑥59 = 0, 𝑥67 =

175, 𝑥68 = 160, 𝑥69 = 80, 𝑥610 = 60, 𝑥79 = 0, 𝑥710 = 0, 𝑥89 = 35, 𝑥811 =

120, 𝑥812 = 55, 𝑥910 = 40, 𝑥911 = 45, 𝑥912 = 80, 𝑥913 = 150, 𝑥1012 = 0, 𝑥1013 =

0, 𝑥1112 = 215, 𝑥1114 = 0, 𝑥1213 = 215, 𝑥1214 = 135, 𝑥1314 = 265. 

(xiii) 𝑥12 = 155, 𝑥13 = 160, 𝑥14 = 35, 𝑥23 = 45, 𝑥25 = 105, 𝑥26 = 105, 𝑥34 = 40, 𝑥35 =

45, 𝑥36 = 65, 𝑥37 = 5, 𝑥46 = 105, 𝑥47 = 20, 𝑥56 = 100, 𝑥58 = 0, 𝑥59 = 0, 𝑥67 =

175, 𝑥68 = 160, 𝑥69 = 80, 𝑥610 = 60, 𝑥79 = 0, 𝑥710 = 0, 𝑥89 = 106, 𝑥811 =

104, 𝑥812 = 0, 𝑥910 = 40, 𝑥911 = 116, 𝑥912 = 80, 𝑥913 = 150, 𝑥1012 = 0, 𝑥1013 =

0, 𝑥1112 = 270, 𝑥1114 = 0, 𝑥1213 = 215, 𝑥1214 = 135, 𝑥1314 = 265.  

(xiv) 𝑥12 = 155, 𝑥13 = 160, 𝑥14 = 35, 𝑥23 = 45, 𝑥25 = 105, 𝑥26 = 105, 𝑥34 = 40, 𝑥35 =

45, 𝑥36 = 65, 𝑥37 = 5, 𝑥46 = 105, 𝑥47 = 20, 𝑥56 = 100, 𝑥58 = 0, 𝑥59 = 0, 𝑥67 =

175, 𝑥68 = 125, 𝑥69 = 80, 𝑥610 = 95, 𝑥79 = 0, 𝑥710 = 0, 𝑥89 = 94, 𝑥811 =

81, 𝑥812 = 0, 𝑥910 = 5, 𝑥911 = 139, 𝑥912 = 80, 𝑥913 = 150, 𝑥1012 = 0, 𝑥1013 =

0, 𝑥1112 = 270, 𝑥1114 = 0, 𝑥1213 = 215, 𝑥1214 = 135, 𝑥1314 = 265. 
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(xv) 𝑥12 = 155, 𝑥13 = 160, 𝑥14 = 35, 𝑥23 = 45, 𝑥25 = 105, 𝑥26 = 105, 𝑥34 = 40, 𝑥35 =

45, 𝑥36 = 65, 𝑥37 = 5, 𝑥46 = 105, 𝑥47 = 20, 𝑥56 = 100, 𝑥58 = 0, 𝑥59 = 0, 𝑥67 =

175, 𝑥68 = 130, 𝑥69 = 80, 𝑥610 = 90, 𝑥79 = 0, 𝑥710 = 0, 𝑥89 = 100, 𝑥811 =

80, 𝑥812 = 0, 𝑥910 = 10, 𝑥911 = 140, 𝑥912 = 80, 𝑥913 = 150, 𝑥1012 = 0, 𝑥1013 =

0, 𝑥1112 = 270, 𝑥1114 = 0, 𝑥1213 = 215, 𝑥1214 = 135, 𝑥1314 = 265. 

(xvi) 𝑥12 = 155, 𝑥13 = 160, 𝑥14 = 35, 𝑥23 = 45, 𝑥25 = 105, 𝑥26 = 105, 𝑥34 = 45, 𝑥35 =

45, 𝑥36 = 65, 𝑥37 = 0, 𝑥46 = 105, 𝑥47 = 25, 𝑥56 = 100, 𝑥58 = 0, 𝑥59 = 0, 𝑥67 =

175, 𝑥68 = 149, 𝑥69 = 80, 𝑥610 = 71, 𝑥79 = 0, 𝑥710 = 0, 𝑥89 = 79, 𝑥811 =

120, 𝑥812 = 0, 𝑥910 = 29, 𝑥911 = 100, 𝑥912 = 80, 𝑥913 = 150, 𝑥1012 = 0, 𝑥1013 =

0, 𝑥1112 = 270, 𝑥1114 = 0, 𝑥1213 = 215, 𝑥1214 = 135, 𝑥1314 = 265. 

(xvii) 𝑥12 = 155, 𝑥13 = 160, 𝑥14 = 35, 𝑥23 = 45, 𝑥25 = 105, 𝑥26 = 105, 𝑥34 = 45, 𝑥35 =

45, 𝑥36 = 65, 𝑥37 = 0, 𝑥46 = 105, 𝑥47 = 25, 𝑥56 = 100, 𝑥58 = 0, 𝑥59 = 0, 𝑥67 =

175, 𝑥68 = 127, 𝑥69 = 80, 𝑥610 = 93, 𝑥79 = 0, 𝑥710 = 0, 𝑥89 = 57, 𝑥811 =

120, 𝑥812 = 0, 𝑥910 = 7, 𝑥911 = 100, 𝑥912 = 80, 𝑥913 = 150, 𝑥1012 = 0, 𝑥1013 =

0, 𝑥1112 = 270, 𝑥1114 = 0, 𝑥1213 = 215, 𝑥1214 = 135, 𝑥1314 = 265. 

Step 5: Using the crisp efficient solutions, the fuzzy optimal values of the FuLFpP (𝑃3.5.1) are 

(i) (1.59989,2.19416,4.22094,5.86549) 

(ii) (1.60066,2.19335,4.23949,5.89031) 

(iii) (1.62685,2.21313,3.78379,5.85903) 

(iv) (1.59927,2.12159,4.22464,5.87849) 

(v) (1.60305,2.20242,4.31577,6) 

(vi) (1.63354,2.19633,4.06151,6.05462) 

(vii) (1.59987,2.19613,4.28278,5.94617) 
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(viii) (1.60713,2.20259,4.23675,5.85609) 

(ix) (1.59747,2.19696,4.24794,5.90112) 

(x) (1.60853,2.14845,4.23041,5.86204) 

(xi) (1.59974,2.19574,4.04527,5.40142) 

(xii) (1.60155,2.23370,4.45201,6.23112) 

(xiii) (1.60016,2.19535,4.38487,5.20228) 

(xiv) (1.59828,2.19569,4.37985,5.20228) 

(xv) (1.59886,2.19515,4.22741,5.25513) 

(xvi) (1.59918,2.12588,4.26662,5.21362) 

(xvii) (1.59690,2.12647,4.28766,5.24240) 

3.6 Conclusions 

In this chapter, 

(i) It is shown that it is inappropriate to use the existing method [117] for solving 

FuLFMiCfPs. 

(ii) An efficient method (named as Mehar method) is proposed for solving FuLFMiCfPs. 
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Chapter 4 

Efficient Method for Solving Pythagorean Fuzzy 

Transportation Problems1 

 

In this chapter, it is pointed out that some mathematical incorrect results are considered in all 

the existing methods [102, 127, 163] for solving PyFuTpS (transportation problems in which the 

transportation cost for supplying one unit quantity of the product from a source to a destination is 

represented by a PyFuN. While, all other parameters are represented by a non-negative real 

number). Therefore, it is inappropriate to use any of the existing methods [102, 127, 163] for 

solving PyFuTpS. Also, a new method (named as Mehar method) is proposed for solving 

PyFuTpS. Finally, the proposed Mehar method is illustrated with the help of a numerical example. 

4.1 Preliminaries 

In this section, some basic definitions are discussed. 

Definition 4.1.1 [13] Let 𝑋 be a universal set. Then, the set 𝐴̃ = {〈𝑥, 𝜇𝐴̃(𝑥), 𝑣𝐴̃(𝑥)〉; 𝑥 ∈ 𝑋} is said 

to be an intuitionistic fuzzy number defined over the universal set 𝑋, where  

(i) 𝜇𝐴̃: 𝑋 → [0,1] and 𝑣𝐴̃: 𝑋 → [0,1] are said to be the membership function and non-

membership function respectively.  

(ii) The values 𝜇𝐴̃(𝑥) and 𝑣𝐴̃(𝑥) are called the degree of membership and degree of non-

membership for 𝑥 ∈ 𝐴̃ respectively.  

                                                           
1 The contents of this chapter are communicated in “International Journal of System Assurance Engineering and 

Management” for publication. 



92 
 

(iii) The values 𝜇𝐴̃(𝑥) and 𝑣𝐴̃(𝑥) satisfy the condition 0 ≤ 𝜇𝐴̃(𝑥) + 𝑣𝐴̃(𝑥) ≤ 1. 

An intuitionistic fuzzy number 𝐴̃ = {〈𝑥, 𝜇𝐴̃(𝑥), 𝑣𝐴̃(𝑥)〉; 𝑥 ∈ 𝑋} is also represented as 𝐴̃ = (𝜇𝐴̃, 𝑣𝐴̃). 

Definition 4.1.2 [172] Let 𝑋 be a universal set. Then, the set 𝐴̃ = {〈𝑥, 𝜇𝐴̃(𝑥), 𝑣𝐴̃(𝑥)〉; 𝑥 ∈ 𝑋} is 

said to be a PyFuN defined over the universal set 𝑋, where  

(i) 𝜇𝐴̃: 𝑋 → [0,1] and 𝑣𝐴̃: 𝑋 → [0,1] are said to be the membership function and non-

membership function respectively.  

(ii) The values 𝜇𝐴̃(𝑥) and 𝑣𝐴̃(𝑥) are called the degree of membership and degree of non-

membership for 𝑥 ∈ 𝐴̃ respectively.  

(iii) The values 𝜇𝐴̃(𝑥) and 𝑣𝐴̃(𝑥) satisfy the condition 0 ≤ (𝜇𝐴̃(𝑥))
2
+ (𝑣𝐴̃(𝑥))

2
≤ 1.   

A PyFuN 𝐴̃ = {〈𝑥, 𝜇𝐴̃(𝑥), 𝑣𝐴̃(𝑥)〉; 𝑥 ∈ 𝑋} is also represented as 𝐴̃ = (𝜇𝐴̃, 𝑣𝐴̃). 

4.2 Existing arithmetic operations of PyFuNs 

 In the existing methods [102, 127, 163], the following arithmetic operations of PyFuNs are 

used.  

Let 𝐴̃𝑘 = (𝑥𝑘; 𝜇𝐴̃𝑘 , 𝑣𝐴̃𝑘); 𝑘 = 1,2, … ,𝑚, be PyFuNs where, 0 ≤ 𝜇𝐴̃𝑘(𝑥), 𝑣𝐴̃𝑘(𝑥) ≤ 1 ∀ 𝑘, 0 ≤

(𝜇𝐴̃𝑘(𝑥))
2

+ (𝑣𝐴̃𝑘(𝑥))
2

≤ 1 ∀ 𝑘 and 𝑝 > 0. Then, 

(i) 𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 = (∑ 𝑥𝑘
𝑚
𝑘=1 ; √1 − ∏ (1 − (𝜇𝐴̃𝑘)

2
)𝑚

𝑘=1 , ∏ (𝑣𝐴̃𝑘)
𝑚
𝑘=1 )              (4.2.1)  

(ii) 𝑝𝐴̃𝑘 = (√1 − (1 − (𝜇𝐴̃𝑘)
2
)
𝑝

, (𝑣𝐴̃𝑘)
𝑝
)                                                                     (4.2.2) 

4.3 Existing methods for comparing PyFuNs 

In this section, the methods for comparing PyFuNs, used in the existing methods [102, 127, 

163], are discussed. 
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4.3.1 First existing comparing method 

Kumar et al. [102] have used the following method for comparing two PyFuNs 𝐴̃1 =

(𝜇𝐴̃1 , 𝑣𝐴̃1) and 𝐴̃2 = (𝜇𝐴̃2 , 𝑣𝐴̃2).  

Step 1: Check that 𝑆(𝐴̃1) > 𝑆(𝐴̃2) or 𝑆(𝐴̃1) < 𝑆(𝐴̃2) or 𝑆(𝐴̃1) = 𝑆(𝐴̃2), where  

𝑆(𝐴̃𝑘) =
1

2
(1 − (𝜇𝐴̃𝑘)

2
− (𝑣𝐴̃𝑘)

2
) ; 𝑘 = 1,2                                                                               (4.3.1.1) 

Case (a) If 𝑆(𝐴̃1) > 𝑆(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (b) If 𝑆(𝐴̃1) < 𝑆(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 

Case (c) If 𝑆(𝐴̃1) = 𝑆(𝐴̃2). Then, go to Step 2. 

Step 2: Check that 𝐻(𝐴̃1) > 𝐻(𝐴̃2) or 𝐻(𝐴̃1) < 𝐻(𝐴̃2) or 𝐻(𝐴̃1) = 𝐻(𝐴̃2), where 

𝐻(𝐴̃𝑘) = (𝜇𝐴̃𝑘)
2
+ (𝑣𝐴̃𝑘)

2
; 𝑘 = 1,2                                                                                            (4.3.1.2) 

Case (a) If 𝐻(𝐴̃1) > 𝐻(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (b) If 𝐻(𝐴̃1) < 𝐻(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 

Case (c) If 𝐻(𝐴̃1) = 𝐻(𝐴̃2), then 𝐴̃1 = 𝐴̃2. 

4.3.2 Second existing comparing method 

Umamageswari and Uthra [163] have used the following method for comparing two 

PyFuNs 𝐴̃1 = (𝜇𝐴̃1 , 𝑣𝐴̃1) and 𝐴̃2 = (𝜇𝐴̃2 , 𝑣𝐴̃2). 

Check that 𝑆(𝐴̃1) > 𝑆(𝐴̃2) or 𝑆(𝐴̃1) < 𝑆(𝐴̃2) or 𝑆(𝐴̃1) = 𝑆(𝐴̃2), where  

𝑆(𝐴̃𝑘) =
1

2
((𝜇𝐴̃𝑘)

2
+ (𝑣𝐴̃𝑘)

2
) ; 𝑘 = 1,2                                                                                     (4.3.2.1) 

Case (a) If 𝑆(𝐴̃1) > 𝑆(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (b) If 𝑆(𝐴̃1) < 𝑆(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 

Case (c) If 𝑆(𝐴̃1) = 𝑆(𝐴̃2), then 𝐴̃1 = 𝐴̃2.  
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4.3.3 Third existing comparing method 

Nagar et al. [127] have used the following method for comparing two PyFuNs 𝐴̃1 =

(𝜇𝐴̃1 , 𝑣𝐴̃1) and 𝐴̃2 = (𝜇𝐴̃2 , 𝑣𝐴̃2).  

Step 1: Check that 𝑆(𝐴̃1) > 𝑆(𝐴̃2) or 𝑆(𝐴̃1) < 𝑆(𝐴̃2) or 𝑆(𝐴̃1) = 𝑆(𝐴̃2), where  

𝑆(𝐴̃𝑘) =
2

3
(

2
(𝜇𝐴̃𝑘

)
2
−(𝑣𝐴̃𝑘

)
2

2−(𝜇𝐴̃𝑘
)
2
−(𝑣𝐴̃𝑘

)
2 −

1

2
) ; 𝑘 = 1,2                                                                                 (4.3.3.1) 

Case (a) If 𝑆(𝐴̃1) > 𝑆(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (b) If 𝑆(𝐴̃1) < 𝑆(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 

Case (c) If 𝑆(𝐴̃1) = 𝑆(𝐴̃2). Then, go to Step 2. 

Step 2: Check that 𝜋(𝐴̃1) > 𝜋(𝐴̃2) or 𝜋(𝐴̃1) < 𝜋(𝐴̃2) or 𝜋(𝐴̃1) = 𝜋(𝐴̃2), where 

𝜋(𝐴̃𝑘) = √1 − (𝜇𝐴̃𝑘)
2
− (𝑣𝐴̃𝑘)

2
; 𝑘 = 1,2                                                                                  (4.3.3.2) 

Case (a) If 𝜋(𝐴̃1) > 𝜋(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (b) If 𝜋(𝐴̃1) < 𝜋(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 

Case (c) If 𝜋(𝐴̃1) = 𝜋(𝐴̃2), then 𝐴̃1 = 𝐴̃2. 

4.4  Existing methods for solving PyFuTpS 

In this section, the existing methods [102, 127, 163] for solving the PyFuTp (represented by 

Table 4.1) are discussed. 
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Table 4.1 PyFuTp 

 𝐷1 𝐷2 … 𝐷𝑛 Availability 

𝑆1 (𝑐; 𝜇11, 𝑣11) (𝑐; 𝜇12, 𝑣12) … (𝑐; 𝜇1𝑛, 𝑣1𝑛) 𝑎1 

𝑆2 (𝑐; 𝜇21, 𝑣21) (𝑐; 𝜇22, 𝑣22) … (𝑐; 𝜇2𝑛, 𝑣2𝑛) 𝑎2 

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 

𝑆𝑚 (𝑐; 𝜇𝑚1, 𝑣𝑚1) (𝑐; 𝜇𝑚2, 𝑣𝑚2) … (𝑐; 𝜇𝑚𝑛, 𝑣𝑚𝑛) 𝑎𝑚 

Demand 𝑏1 𝑏2 … 𝑏𝑛  

 

where, 

(i) 𝑚 represents the number of sources. 

(ii) 𝑛 represents the number of destinations. 

(iii) (𝑐; 𝜇𝑖𝑗 , 𝑣𝑖𝑗) is a PyFuN.  

(iv) 𝑐 represents the cost for transporting one unit quantity of the product from the 𝑖𝑡ℎ 

source to the 𝑗𝑡ℎ destination.  

(v) 𝜇𝑖𝑗 represents the degree of membership associated with 𝑐. 

(vi) 𝑣𝑖𝑗 represents the degree of non-membership associated with 𝑐. 

(vii) 𝑎𝑖 represents the availability of the product at the 𝑖𝑡ℎ source 𝑆𝑖. 

(viii) 𝑏𝑗 represents the demand of the product at the 𝑗𝑡ℎ destination 𝐷𝑗 . 

(ix) ∑ 𝑎𝑖
𝑚
𝑖=1 = ∑ 𝑏𝑗

𝑛
𝑗=1 = 𝐴 (say). 

The steps of the existing methods [102, 127, 163] are as follows. 

Step 1: Transform the PyFuTp (represented by Table 4.1) into the CrTp (represented by Table 

4.2). 
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Table 4.2 CrTp 

 𝐷1 𝐷2 … 𝐷𝑛 Availability 

𝑆1 𝑆(𝜇11, 𝑣11) 𝑆(𝜇12, 𝑣12) … 𝑆(𝜇1𝑛, 𝑣1𝑛) 𝑎1 

𝑆2 𝑆(𝜇21, 𝑣21) 𝑆(𝜇22, 𝑣22) … 𝑆(𝜇2𝑛, 𝑣2𝑛) 𝑎2 

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 

𝑆𝑚 𝑆(𝜇𝑚1, 𝑣𝑚1) 𝑆(𝜇𝑚2, 𝑣𝑚2) … 𝑆(𝜇𝑚𝑛, 𝑣𝑚𝑛) 𝑎𝑚 

Demand 𝑏1 𝑏2 … 𝑏𝑛  

 

where, 

(i) According to Kumar et al.’s method [102],  

𝑆(𝜇, 𝑣) =
1

2
(1 − 𝜇2 − 𝑣2)                                                                                    

(ii) According to Umamageswari and Uthra’s method [163],  

𝑆(𝜇, 𝑣) =
𝜇2+𝑣2

2
                                                                                                     

(iii) According to Nagar et al.’s method [127],  

𝑆(𝜇, 𝑣) =
2

3
(
2𝜇
2−𝑣2

2−𝜇2−𝑣2
−
1

2
)                                                                                                

Step 2: Using any appropriate method, find an optimal solution {𝑥𝑖𝑗} of the transformed CrTp 

(represented by Table 4.2). The obtained optimal solution also represents an optimal 

solution of PyFuTp (represented by Table 4.1). 

Step 3: Using the optimal solution {𝑥𝑖𝑗}, obtained in Step 2, find the optimal transportation cost 

∑ ∑ (𝑆(𝜇𝑖𝑗 , 𝑣𝑖𝑗)) 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 .     

4.5 Existing transformation method 

In this section, the method, used in all the existing methods [102, 127, 163] to transform the 

PyFuTp (represented by Table 4.1) into the CrTp (represented by Table 4.2), is discussed.  
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The following method is used to transform the PyFuTp (represented by Table 4.1) into the 

CrTp (represented by Table 4.2). 

Step 1: Write the FuLpP (𝑃4.5.1) corresponding to the PyFuTp (represented by Table 4.1).  

FuLpP (𝑷𝟒. 𝟓. 𝟏) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (𝑍̃ ≈  (∑ ∑ 𝑐𝑛
𝑗=1 𝑥𝑖𝑗

𝑚
𝑖=1 ; ∑ ∑ ((𝜇𝑖𝑗 , 𝑣𝑖𝑗)𝑥𝑖𝑗)

𝑛
𝑗=1

𝑚
𝑖=1 ))  

Subject to 

∑ 𝑥𝑖𝑗
𝑛
𝑗=1 = 𝑎𝑖,                     𝑖 = 1,2, … ,𝑚,  

∑ 𝑥𝑖𝑗
𝑚
𝑖=1 = 𝑏𝑗 ,                      𝑗 = 1,2, … , 𝑛,  

𝑥𝑖𝑗 ≥ 0 ∀ 𝑖, 𝑗. 

Step 2: Since, 𝑐 is constant. So, to find an optimal solution of the FuLpP (𝑃4.5.1) is equivalent to 

find an optimal solution of the FuLpP (𝑃4.5.2). 

FuLpP (𝑷𝟒. 𝟓. 𝟐) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (𝑍̃ ≈  (𝑐 ∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 ; ∑ ∑ ((𝜇𝑖𝑗 , 𝑣𝑖𝑗)𝑥𝑖𝑗)

𝑛
𝑗=1

𝑚
𝑖=1 ))  

Subject to 

Constraints of the FuLpP (𝑃4.5.1). 

Step 3: Since, ∑ 𝑎𝑖
𝑚
𝑖=1 = ∑ 𝑏𝑗

𝑛
𝑗=1 = 𝐴, ∑ 𝑥𝑖𝑗

𝑛
𝑗=1 = 𝑎𝑖; 𝑖 = 1,2, … ,𝑚, ∑ 𝑥𝑖𝑗

𝑚
𝑖=1 = 𝑏𝑗; 𝑗 =

1,2, … , 𝑛 ⇒ ∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 = 𝐴. So, to find an optimal solution of the FuLpP (𝑃4.5.2) is 

equivalent to find an optimal solution of the FuLpP (𝑃4.5.3). 

FuLpP (𝑷𝟒. 𝟓. 𝟑) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (𝑍̃ ≈  (𝑐𝐴; ∑ ∑ ((𝜇𝑖𝑗 , 𝑣𝑖𝑗)𝑥𝑖𝑗)
𝑛
𝑗=1

𝑚
𝑖=1 ))  

Subject to 

Constraints of the FuLpP (𝑃4.5.1). 
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Step 4: Since 𝑐𝐴 is independent from 𝑥𝑖𝑗. So, to find an optimal solution, there is a need to compare 

only ∑ ∑ ((𝜇𝑖𝑗, 𝑣𝑖𝑗)𝑥𝑖𝑗)
𝑛
𝑗=1

𝑚
𝑖=1  corresponding to all the feasible solutions. Hence, using the 

relation 𝐴̃1 ≽ 𝐴̃2  if 𝑆(𝐴̃1) ≥ 𝑆(𝐴̃2), the FuLpP (𝑃4.5.3) can be transformed into its 

equivalent CrLpP (𝑃4.5.4). 

CrLpP (𝑷𝟒. 𝟓. 𝟒) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (𝑆(𝑍̃) = 𝑆 (∑ ∑ ((𝜇𝑖𝑗, 𝑣𝑖𝑗)𝑥𝑖𝑗)
𝑛
𝑗=1

𝑚
𝑖=1 ))  

Subject to 

Constraints of the FuLpP (𝑃4.5.1) 

where, 

(i) According to Kumar et al.’s method [102],  

𝑆(𝜇, 𝑣) =
1

2
(1 − 𝜇2 − 𝑣2)                                                                                        

(ii) According to Umamageswari and Uthra’s method [163],  

𝑆(𝜇, 𝑣) =
𝜇2+𝑣2

2
                                                                                                        

(iii) According to Nagar et al.’s method [127],  

𝑆(𝜇, 𝑣) =
2

3
(
2𝜇
2−𝑣2

2−𝜇2−𝑣2
−
1

2
)                                                                                                  

Step 5: Using the relation 𝑆(𝐴̃1 + 𝐴̃2) = 𝑆(𝐴̃1) + 𝑆(𝐴̃2), the CrLpP (𝑃4.5.4) can be transformed 

into its equivalent CrLpP (𝑃4.5.5). 

CrLpP (𝑷𝟒. 𝟓. 𝟓) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (𝑆(𝑍̃) = ∑ ∑ 𝑆 ((𝜇𝑖𝑗, 𝑣𝑖𝑗)𝑥𝑖𝑗)
𝑛
𝑗=1

𝑚
𝑖=1 )  

Subject to 

Constraints of the FuLpP (𝑃4.5.1). 
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Step 6: Using the relation 𝑆(𝐴̃𝑝) = (𝑆(𝐴̃)) 𝑝, where 𝑝 ≥ 0, the CrLpP (𝑃4.5.5) can be 

transformed into its equivalent CrLpP (𝑃4.5.6). 

CrLpP (𝑷𝟒. 𝟓. 𝟔) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (𝑆(𝑍) = ∑ ∑ (𝑆(𝜇𝑖𝑗, 𝑣𝑖𝑗)) 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 )  

Subject to 

Constraints of the FuLpP (𝑃4.5.1). 

Step 7: The CrLpP (𝑃4.5.6) can be represented in a tabular form as shown by Table 4.2. 

4.6 Limitations of existing methods 

In this section, limitations of the existing methods [102, 127, 163] are discussed. 

(i) It is a well-known fact that in every optimal solution {𝑥𝑖𝑗}, obtained in Step 2, at least 

(𝑚 − 1)(𝑛 − 1) decision variables will be zero. Therefore, to find the optimal 

Pythagorean fuzzy transportation cost i.e., (𝑐𝐴;∑ ∑ ((𝜇𝑖𝑗, 𝑣𝑖𝑗)𝑥𝑖𝑗)
𝑛
𝑗=1

𝑚
𝑖=1 ), there is a 

need to evaluate the value of 0(𝜇𝑖𝑗, 𝑣𝑖𝑗). However, as the existing expression (4.2.2) 

[102, 127, 163] i.e., 𝑝𝐴̃ = (√1 − (1 − (𝜇𝐴̃)
2)𝑝, (𝑣𝐴̃)

𝑝) is defined only for 𝑝 > 0. 

Therefore, it is not possible to find the optimal transportation cost in terms of PyFuNs. 

(ii) The existing methods [102, 127, 163] cannot be used to solve such PyFuTpS for which 

the condition 𝑐𝑖𝑗 = 𝑐 ∀ 𝑖, 𝑗 will not be satisfied. Therefore, the existing methods [102, 

127, 163] cannot be used to solve PyFuTp (represented by Table 4.3). 
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Table 4.3 PyFuTp 

 𝐷1 𝐷2 … 𝐷𝑛 Availability 

𝑆1 (𝑐11; 𝜇11, 𝑣11) (𝑐12; 𝜇12, 𝑣12) … (𝑐1𝑛; 𝜇1𝑛, 𝑣1𝑛) 𝑎1 

𝑆2 (𝑐21; 𝜇21, 𝑣21) (𝑐22; 𝜇22, 𝑣22) … (𝑐2𝑛; 𝜇2𝑛, 𝑣2𝑛) 𝑎2 

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ 

𝑆𝑚 (𝑐𝑚1; 𝜇𝑚1, 𝑣𝑚1) (𝑐𝑚2; 𝜇𝑚2, 𝑣𝑚2) … (𝑐𝑚𝑛; 𝜇𝑚𝑛, 𝑣𝑚𝑛) 𝑎𝑚 

Demand 𝑏1 𝑏2 … 𝑏𝑛  

 

where, 

(i) (𝑐𝑖𝑗; 𝜇𝑖𝑗 , 𝑣𝑖𝑗) is a PyFuN.  

(ii) 𝑐𝑖𝑗 represents the cost for transporting one unit quantity of the product from the 

𝑖𝑡ℎ source to the 𝑗𝑡ℎ destination.  

(iii) 𝜇𝑖𝑗 represents the degree of membership associated with 𝑐𝑖𝑗. 

(iv) 𝑣𝑖𝑗 represents the degree of non-membership associated with 𝑐𝑖𝑗. 

(v) ∑ 𝑎𝑖
𝑚
𝑖=1 = ∑ 𝑏𝑗

𝑛
𝑗=1 = 𝐴 (say). 

4.7 Inappropriateness of existing methods 

In this section, it is pointed out that some mathematical incorrect results are considered in the  

existing methods [102, 127, 163]. Hence, it is inappropriate to use any of the existing methods 

[102, 127, 163].  

(i) It is obvious from Step 5 of the transformation method, discussed in Section 4.5, that to 

transform the CrLpP (𝑃4.5.4) into the CrLpP (𝑃4.5.5), it is assumed that the relation 

𝑆(𝐴̃1 + 𝐴̃2) = 𝑆(𝐴̃1) + 𝑆(𝐴̃2) will be satisfied for two arbitrary PyFuNs 𝐴̃1 and 𝐴̃2.  

While, the following example clearly indicates that 𝑆(𝐴̃1 + 𝐴̃2) ≠ 𝑆(𝐴̃1) + 𝑆(𝐴̃2). 

Therefore, the CrLpP (𝑃4.5.4) cannot be transformed into the CrLpP (𝑃4.5.5). Hence, the 
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PyFuTp (represented by Table 4.1) is not equivalent to the CrTp (represented by Table 

4.2). 

Let 𝐴̃1 = (0.4,0.8) and 𝐴̃2 = (0.6,0.7) be two PyFuNs. Then, using the existing 

expression (4.2.1) [102, 127, 163],  

𝐴̃1 + 𝐴̃2 = (√1 − (1 − (0.4)2)(1 − (0.6)2), (0.8)(0.7)) = (0.68,0.56).  

Using  

(a) The existing expression (4.3.1.1) [102], 

𝑆(𝐴̃1 + 𝐴̃2) = 𝑆(0.68,0.56) =
1

2
(1 − 0.682 − 0.562) = 0.112                             (4.7.1) 

𝑆(𝐴̃1) = 𝑆(0.4,0.8) =
1

2
(1 − 0.42 − 0.82) = 0.1  

𝑆(𝐴̃2) = 𝑆(0.6,0.7) =
1

2
(1 − 0.62 − 0.72) = 0.075  

𝑆(𝐴̃1) + 𝑆(𝐴̃2) = 0.1 + 0.075 = 0.175                                                                  (4.7.2) 

It is obvious from (4.7.1) and (4.7.2) that 𝑆(𝐴̃1 + 𝐴̃2) ≠ 𝑆(𝐴̃1) + 𝑆(𝐴̃2). 

(b) The existing expression (4.3.2.1) [163], 

𝑆(𝐴̃1 + 𝐴̃2) = 𝑆(0.68,0.56) =
0.682+0.562

2
= 0.388                                              (4.7.3) 

𝑆(𝐴̃1) = 𝑆(0.4,0.8) =
0.42+0.82

2
= 0.4  

𝑆(𝐴̃2) = 𝑆(0.6,0.7) =
0.62+0.72

2
= 0.425  

𝑆(𝐴̃1) + 𝑆(𝐴̃2) = 0.4 + 0.425 = 0.825                                                              (4.7.4) 

It is obvious from (4.7.3) and (4.7.4) that 𝑆(𝐴̃1 + 𝐴̃2) ≠ 𝑆(𝐴̃1) + 𝑆(𝐴̃2). 

(c) The existing expression (4.3.3.1) [127],  

𝑆(𝐴̃1 + 𝐴̃2) = 𝑆(0.68,0.56) =
2

3
(
20.68

2−0.562

2−0.682−0.562
−
1

2
) = 0.2705                                (4.7.5) 



102 
 

𝑆(𝐴̃1) = 𝑆(0.4,0.8) =
2

3
(
20.4

2−0.82

2−0.42−0.82
−
1

2
) = 0.0650  

𝑆(𝐴̃2) = 𝑆(0.6,0.7) =
2

3
(
20.6

2−0.72

2−0.62−0.72
−
1

2
) = 0.1964  

𝑆(𝐴̃1) + 𝑆(𝐴̃2) = 0.0650 + 0.1964 = 0.2614                                                     (4.7.6)                                                                                                            

It is obvious from (4.7.5) and (4.7.6) that 𝑆(𝐴̃1 + 𝐴̃2) ≠ 𝑆(𝐴̃1) + 𝑆(𝐴̃2). 

(ii) It is obvious from Step 6 of the transformation method, discussed in Section 4.5, that to 

transform the CrLpP (𝑃4.5.5) into the CrLpP (𝑃4.5.6), it is assumed that the relation 

𝑆(𝐴̃𝑝) = (𝑆(𝐴̃)) 𝑝 will be satisfied for any arbitrary PyFuN 𝐴̃ and 𝑝 ≥ 0.  

While, the following example clearly indicates that 𝑆(𝐴̃𝑝) ≠ (𝑆(𝐴̃)) 𝑝. Therefore, 

the CrLpP (𝑃4.5.5) cannot be transformed into the CrLpP (𝑃4.5.6). Hence, the PyFuTp 

(represented by Table 4.1) is not equivalent to the CrTp (represented by Table 4.2). 

Let 𝐴̃ = (0.6,0.5) be a PyFuN and 𝑝 = 4 be a positive real number. Then, using 

the existing expression (4.2.2) [102, 127, 163],  

𝐴̃𝑝 = (0.6,0.5)4 = (√1 − (1 − 0.62)4, 0.54) = (0.9123,0.0625).   

Using  

(a) The existing expression (4.3.1.1) [102], 

𝑆(𝐴̃𝑝) = 𝑆(0.9123,0.0625) =
1

2
(1 − 0.91232 − 0.06252) = 0.4142              (4.7.7) 

𝑆(𝐴̃) = 𝑆(0.6,0.5) =
1

2
(1 − 0.62 − 0.52) = 0.195  

(𝑆(𝐴̃)) 𝑝 = (𝑆(0.6,0.5))4 = (0.195)4 = 0.78                                                    (4.7.8) 

It is obvious from (4.7.7) and (4.7.8) that 𝑆(𝐴̃𝑝) ≠ (𝑆(𝐴̃)) 𝑝. 

(b) The existing expression (4.3.2.1) [163], 
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𝑆(𝐴̃𝑝) = 𝑆(0.9123,0.0625) =
0.91232+0.06252

2
= 0.6115                                        (4.7.9) 

𝑆(𝐴̃) = 𝑆(0.6,0.5) =
0.62+0.52

2
= 0.305  

(𝑆(𝐴̃)) 𝑝 = (𝑆(0.6,0.5))4 = (0.305)4 = 1.22                                                    (4.7.10) 

It is obvious from (4.7.9) and (4.7.10) that 𝑆(𝐴̃𝑝) ≠ (𝑆(𝐴̃)) 𝑝. 

(c) The existing expression (4.3.3.1) [127],  

𝑆(𝐴̃𝑝) = 𝑆(0.9123,0.0625) =
2

3
(

20.9123
2−0.06252

2−0.91232−0.06252
−
1

2
) = 0.6838                     (4.7.11) 

𝑆(𝐴̃) = 𝑆(0.6,0.5) =
2

3
(
20.6

2−0.52

2−0.62−0.52
−
1

2
) = 0.1843  

𝑆(𝐴̃)𝑝 = 𝑆(0.6,0.5)4 = (0.1843)4 = 0.7372                                                     (4.7.12)                                                                                                            

It is obvious from (4.7.11) and (4.7.12) that 𝑆(𝐴̃𝑝) ≠ (𝑆(𝐴̃)) 𝑝. 

4.8 Inappropriateness of existing expression to evaluate sum of PyFuNs 

In the existing methods [102, 127, 163], the existing expression (4.2.1) is used to evaluate sum 

of PyFuNs. However, in the literature [121], it is pointed out that it is inappropriate to use this 

expression due to the following reasons.  

(i) It is obvious from expression (4.2.1) that if 𝜇𝐴̃𝑘 = 1 for any 𝑘, then the degree of 

membership i.e., √1 −∏ (1 − (𝜇𝐴̃𝑘)
2
)𝑚

𝑘=1  of 𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 will be 1. This indicates 

that the degree of membership i.e., √1 −∏ (1 − (𝜇𝐴̃𝑘)
2
)𝑚

𝑘=1  of 𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 is 

independent from the degree of membership of remaining PyFuNs.  

(ii) It is obvious from expression (4.2.1) that if 𝑣𝐴̃𝑘 = 0 for any 𝑘, then the degree of non-

membership i.e., ∏ (𝑣𝐴̃𝑘)
𝑚
𝑘=1  of 𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 will be 0. This indicates that the degree 
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of non-membership i.e., ∏ (𝑣𝐴̃𝑘)
𝑚
𝑘=1  of 𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 is independent from the degree 

of non-membership of remaining PyFuNs. 

4.9 Limitation of existing expression to evaluate scalar multiplication 

It is obvious from the existing expression (4.2.2) [102, 127, 163] that it can be used only to 

evaluate the multiplication of any arbitrary PyFuN with a positive real number. However, the 

existing expression (4.2.2) [102, 127, 163] cannot be used to evaluate the multiplication of any 

arbitrary PyFuN with a non-negative real number.   

4.10 Inappropriateness of existing methods for comparing two PyFuNs 

In this section, it is shown that the methods for comparing two PyFuNs, used in the existing 

methods [102, 163], are not appropriate.  

(i) The following clearly indicates that Kumar et al.’s comparing method [102], discussed in 

Section 4.3.1, fails to distinguish two distinct PyFuNs. Hence, it is inappropriate to use 

Kumar et al.’s comparing method [102]. 

Let 𝐴̃1 = (0.8,0.4) and 𝐴̃2 = (0.4,0.8) be two PyFuNs. It is obvious that 𝐴̃1 ≠ 𝐴̃2. 

While, according to Kumar et al.’s comparing method [102], discussed in Section 4.3.1, 

𝐴̃1 = 𝐴̃2 as 𝑆(𝐴̃1) = 𝑆(𝐴̃2) =
1

2
(1 − (0.8)2 − (0.4)2) = 0.1 and 𝐻(𝐴̃1) = 𝐻(𝐴̃2) =

(0.8)2 + (0.4)2 = 0.8. 

(ii) The following clearly indicates that Umamageswari and Uthra’s comparing method [163], 

discussed in Section 4.3.2, fails to distinguish two distinct PyFuNs. Hence, it is 

inappropriate to use Umamageswari and Uthra’s comparing method [163].  

Let 𝐴̃1 = (0.8,0.4) and 𝐴̃2 = (0.4,0.8) be two PyFuNs. It is obvious that 𝐴̃1 ≠ 𝐴̃2. 

While, according to Umamageswari and Uthra’s comparing method [163], discussed in 

Section 4.3.2, 𝐴̃1 = 𝐴̃2 as 𝑆(𝐴̃1) = 𝑆(𝐴̃2) =
1

2
((0.8)2 + (0.4)2) = 0.4.   
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4.11 Appropriate method for comparing two PyFuNs 

The following clearly indicates that Nagar et al.’s comparing method [127], discussed in 

Section 4.3.3, will never fail to distinguish two distinct PyFuNs i.e., 𝑆(𝐴̃1) = 𝑆(𝐴̃2) and 𝜋(𝐴̃1) =

𝜋(𝐴̃2) ⇒ 𝐴̃1 = 𝐴̃2 i.e., 𝜇𝐴̃1 = 𝜇𝐴̃2 and 𝑣𝐴̃1 = 𝑣𝐴̃2. Hence, it is appropriate to use Nagar et al.’s 

comparing method [127]. 

𝑆(𝐴̃1) = 𝑆(𝐴̃2) ⇒  
2

3
(

2
(𝜇𝐴̃1

)
2
−(𝑣𝐴̃1

)
2

2−(𝜇𝐴̃1
)
2
−(𝑣𝐴̃1

)
2 −

1

2
) =

2

3
(

2
(𝜇𝐴̃2

)
2
−(𝑣𝐴̃2

)
2

2−(𝜇𝐴̃2
)
2
−(𝑣𝐴̃2

)
2 −

1

2
)                                  (4.11.1)  

𝜋(𝐴̃1) = 𝜋(𝐴̃2) ⇒ √1 − (𝜇𝐴̃1)
2
− (𝑣𝐴̃1)

2
= √1 − (𝜇𝐴̃2)

2
− (𝑣𝐴̃2)

2
                                      (4.11.2)   

On simplifying the expression (4.11.1), we have  

2
(𝜇𝐴̃1

)
2
−(𝑣𝐴̃1

)
2

2−(𝜇𝐴̃1
)
2
−(𝑣𝐴̃1

)
2 =

2
(𝜇𝐴̃2

)
2
−(𝑣𝐴̃2

)
2

2−(𝜇𝐴̃2
)
2
−(𝑣𝐴̃2

)
2                                                                                             (4.11.3) 

On simplifying the expression (4.11.2), we have                                                 

(𝜇𝐴̃1)
2
= (𝜇𝐴̃2)

2
+ (𝑣𝐴̃2)

2
− (𝑣𝐴̃1)

2
                                                                                       (4.11.4) 

Putting (4.11.4) in (4.11.3), we have  

2
(𝜇𝐴̃2

)
2
+(𝑣𝐴̃2

)
2
−(𝑣𝐴̃1

)
2
−(𝑣𝐴̃1

)
2

2−(𝜇𝐴̃2
)
2
−(𝑣𝐴̃2

)
2
+(𝑣𝐴̃1

)
2
−(𝑣𝐴̃1

)
2 =

2
(𝜇𝐴̃2

)
2
−(𝑣𝐴̃2

)
2

2−(𝜇𝐴̃2
)
2
−(𝑣𝐴̃2

)
2  

⇒ 2(𝜇𝐴̃2)
2
+(𝑣𝐴̃2

)
2
−2(𝑣𝐴̃1

)
2

= 2(𝜇𝐴̃2)
2
−(𝑣𝐴̃2

)
2

  

⇒ (𝜇𝐴̃2)
2
+ (𝑣𝐴̃2)

2
− 2(𝑣𝐴̃1)

2
= (𝜇𝐴̃2)

2
− (𝑣𝐴̃2)

2
  

⇒ (𝑣𝐴̃1)
2
= (𝑣𝐴̃2)

2
  

⇒ ±𝑣𝐴̃1 = ±𝑣𝐴̃2.  

Since, 0 ≤ 𝑣𝐴̃1 , 𝑣𝐴̃2 ≤ 1. So,  

𝑣𝐴̃1 = 𝑣𝐴̃2                                                                                                                                  (4.11.5)  
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Putting (4.11.5) in (4.11.4), we have  

(𝜇𝐴̃1)
2
= (𝜇𝐴̃2)

2
+ (𝑣𝐴̃1)

2
− (𝑣𝐴̃1)

2
  

⇒ (𝜇𝐴̃1)
2
= (𝜇𝐴̃2)

2
  

⇒ ±𝜇𝐴̃1 = ±𝜇𝐴̃2.  

Since, 0 ≤ 𝜇𝐴̃1 , 𝜇𝐴̃2 ≤ 1. So, 

𝜇𝐴̃1 = 𝜇𝐴̃2                                                                                                                                  (4.11.6) 

Remark 4.1: It is pertinent to mention that the existing method [134] will also never fail to 

distinguish two distinct PyFuNs. However, Nagar et al. [127] have pointed out that their method 

is better than the existing method [134] as the degree of hesitation is not considered in the existing 

method [134]. While, the degree of hesitation is considered in their method [127].  

4.12 Proposed expression to evaluate sum of PyFuNs 

In this section, an expression is proposed to evaluate sum of PyFuNs. 

Let 𝐴̃𝑘 = (𝑥𝑘; 𝜇𝐴̃𝑘 , 𝑣𝐴̃𝑘); 𝑘 = 1,2, … ,𝑚, be PyFuNs where, 0 ≤ 𝜇𝐴̃𝑘(𝑥), 𝑣𝐴̃𝑘(𝑥) ≤

1 ∀ 𝑘, 0 ≤ (𝜇𝐴̃𝑘(𝑥))
2

+ (𝑣𝐴̃𝑘(𝑥))
2

≤ 1 ∀ 𝑘. Also, let 𝑝𝑘 be a non-negative real number. Then,  

𝑝1𝐴̃1 + 𝑝2𝐴̃2 +⋯+ 𝑝𝑚𝐴̃𝑚 =

(∑ 𝑝𝑘𝑥𝑘
𝑚
𝑘=1 ; (

∑ 𝑝𝑘(𝜇𝐴̃𝑘
)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

2

, (
∑ 𝑝𝑘(𝑣𝐴̃𝑘

)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

2

) ;          𝑖𝑓 ∑ 𝑝𝑘
𝑚
𝑘=1 ≠ 0                                     (4.12.1) 

The following clearly indicates that 𝑝1𝐴̃1 + 𝑝2𝐴̃2 +⋯+ 𝑝𝑚𝐴̃𝑚 is a PyFuN. 

(i) 0 ≤ 𝜇𝐴̃𝑘 ≤ 1, 𝑝𝑘 ≥ 0 

⟹ 0 ≤ (𝜇𝐴̃𝑘)
2
≤ 1, 𝑝𝑘 ≥ 0  

⟹ 0 ≤ 𝑝𝑘(𝜇𝐴̃𝑘)
2
≤ 𝑝𝑘  
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⟹ 0 ≤ ∑ 𝑝𝑘(𝜇𝐴̃𝑘)
2𝑚

𝑘=1 ≤ ∑ 𝑝𝑘
𝑚
𝑘=1   

⟹ 0 ≤
∑ 𝑝𝑘(𝜇𝐴̃𝑘

)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

≤ 1  

⇒ 0 ≤ (
∑ 𝑝𝑘(𝜇𝐴̃𝑘

)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

2

≤ 1. 

(ii) 0 ≤ 𝑣𝐴̃𝑘 ≤ 1, 𝑝𝑘 ≥ 0 

⟹ 0 ≤ (𝑣𝐴̃𝑘)
2
≤ 1, 𝑝𝑘 ≥ 0  

⟹ 0 ≤ 𝑝𝑘(𝑣𝐴̃𝑘)
2
≤ 𝑝𝑘  

⟹ 0 ≤ ∑ 𝑝𝑘(𝑣𝐴̃𝑘)
2𝑚

𝑘=1 ≤ ∑ 𝑝𝑘
𝑚
𝑘=1   

⟹ 0 ≤
∑ 𝑝𝑘(𝑣𝐴̃𝑘

)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

≤ 1  

⇒ 0 ≤ (
∑ 𝑝𝑘(𝑣𝐴̃𝑘

)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

2

≤ 1. 

(iii) 𝑝𝑘 ≥ 0, 𝜇𝐴̃𝑘 ≥ 0, 𝑣𝐴̃𝑘 ≥ 0, ∑ 𝑝𝑘
𝑚
𝑘=1 ≠ 0 

⇒ ((
∑ 𝑝𝑘(𝜇𝐴̃𝑘

)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

2

)

2

+ ((
∑ 𝑝𝑘(𝑣𝐴̃𝑘

)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

2

)

2

≥ 0. 

(iv) ((
∑ 𝑝𝑘(𝜇𝐴̃𝑘

)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

2

)

2

+ ((
∑ 𝑝𝑘(𝑣𝐴̃𝑘

)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

2

)

2

=
∑ 𝑝𝑘(𝜇𝐴̃𝑘

)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

+
∑ 𝑝𝑘(𝑣𝐴̃𝑘

)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

=

∑ 𝑝𝑘((𝜇𝐴̃𝑘
)
2
+(𝑣𝐴̃𝑘

)
2
)𝑚

𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

. 

Since, (𝜇𝐴̃𝑘)
2
+ (𝑣𝐴̃𝑘)

2
≤ 1. So,  
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((
∑ 𝑝𝑘(𝜇𝐴̃𝑘

)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

2

)

2

+ ((
∑ 𝑝𝑘(𝑣𝐴̃𝑘

)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

2

)

2

≤
∑ 𝑝𝑘
𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

.  

Since, 
∑ 𝑝𝑘
𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

= 1. So,   

((
∑ 𝑝𝑘(𝜇𝐴̃𝑘

)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

2

)

2

+ ((
∑ 𝑝𝑘(𝑣𝐴̃𝑘

)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

2

)

2

≤ 1. 

4.13 Proposed Mehar method for solving PyFuTpS 

In this section, a new method (named as Mehar method) is proposed for solving PyFuTp 

(represented by Table 4.3).  

The steps of the proposed Mehar method are as follows. 

Step 1: Write the FuLpP (𝑃4.13.1) corresponding to the PyFuTp (represented by Table 4.3).  

FuLpP (𝑷𝟒. 𝟏𝟑. 𝟏) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (𝑍̃ ≈ (∑ ∑ 𝑐𝑖𝑗𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 ;  ∑ ∑ ((𝜇𝑖𝑗 , 𝑣𝑖𝑗)𝑥𝑖𝑗)

𝑛
𝑗=1

𝑚
𝑖=1 ))  

Subject to 

Constraints of the FuLpP (𝑃4.5.1). 

Step 2: Using the proposed expression (4.12.1), the FuLpP (𝑃4.13.1) can be transformed into its 

equivalent FuMpP (𝑃4.13.2). 

FuMpP (𝑷𝟒. 𝟏𝟑. 𝟐) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (𝑍̃ ≈  (∑ ∑ 𝑐𝑖𝑗𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 ; (

∑ ∑ (𝜇𝑖𝑗)
2
𝑥𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1

)

1

2

, (
∑ ∑ (𝑣𝑖𝑗)

2
𝑥𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1

)

1

2

))  

Subject to 

Constraints of the FuLpP (𝑃4.5.1). 
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Step 3: Find the optimal value of the CrMpP (𝑃4.13.3).  

CrMpP (𝑷𝟒. 𝟏𝟑. 𝟑) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (∑ ∑ 𝑐𝑖𝑗𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 )  

Subject to 

Constraints of the FuLpP (𝑃4.5.1). 

Step 4: Find the optimal value of the CrMpP (𝑃4.13.4).  

CrMpP (𝑷𝟒. 𝟏𝟑. 𝟒) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (𝑆 (∑ ∑ 𝑐𝑖𝑗𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 ; (

∑ ∑ (𝜇𝑖𝑗)
2
𝑥𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1

)

1

2

, (
∑ ∑ (𝑣𝑖𝑗)

2
𝑥𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1

)

1

2

))  

Subject to 

Constraints of the FuLpP (𝑃4.5.1) with the additional constraint ∑ ∑ 𝑐𝑖𝑗𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 = 𝛼, 

where,  

(i) 𝛼 is the optimal value of the CrMpP (𝑃4.13.3).  

(ii) 𝑆 (∑ ∑ 𝑐𝑖𝑗𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 ; (

∑ ∑ (𝜇𝑖𝑗)
2
𝑥𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1

)

1

2

, (
∑ ∑ (𝑣𝑖𝑗)

2
𝑥𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1

)

1

2

) =

2

3

(

 
 2

(
∑ ∑ (𝜇𝑖𝑗)

2
𝑥𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1

)−(
∑ ∑ (𝑣𝑖𝑗)

2
𝑥𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1

)

2−(
∑ ∑ (𝜇𝑖𝑗)

2
𝑥𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1

)−(
∑ ∑ (𝑣𝑖𝑗)

2
𝑥𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1

)

−
1

2

)

 
 

. 

Step 5: Find an optimal solution {𝑥𝑖𝑗} of the CrMpP (𝑃4.13.5).  

CrMpP (𝑷𝟒. 𝟏𝟑. 𝟓) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (𝜋(∑ ∑ 𝑐𝑖𝑗𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 ; (

∑ ∑ (𝜇𝑖𝑗)
2
𝑥𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1

)

1

2

, (
∑ ∑ (𝑣𝑖𝑗)

2
𝑥𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1

)

1

2

))  
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Subject to 

Constraints of the CrMpP (𝑃4.13.4) with the additional constraint 

2

3

(

 
 2

(
∑ ∑ (𝜇𝑖𝑗)

2
𝑥𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1

)−(
∑ ∑ (𝑣𝑖𝑗)

2
𝑥𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1

)

2−(
∑ ∑ (𝜇𝑖𝑗)

2
𝑥𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1

)−(
∑ ∑ (𝑣𝑖𝑗)

2
𝑥𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1

)

−
1

2

)

 
 
= 𝛽, where,  

(i) 𝛽 is the optimal value of the CrMpP (𝑃4.13.4). 

(ii) 𝜋(∑ ∑ 𝑐𝑖𝑗𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 ; (

∑ ∑ (𝜇𝑖𝑗)
2
𝑥𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1

)

1

2

, (
∑ ∑ (𝑣𝑖𝑗)

2
𝑥𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1

)

1

2

) =

√1 − (
∑ ∑ (𝜇𝑖𝑗)

2
𝑥𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1

) − (
∑ ∑ (𝑣𝑖𝑗)

2
𝑥𝑖𝑗

𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1

). 

Step 6: Using the optimal solution {𝑥𝑖𝑗}, obtained in Step 5, find the optimal Pythagorean fuzzy 

transportation cost (∑ ∑ 𝑐𝑖𝑗𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 ; (

∑ ∑ 𝑥𝑖𝑗(𝜇𝑖𝑗)
2𝑛

𝑗=1
𝑚
𝑖=1

∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1

)

1

2

, (
∑ ∑ 𝑥𝑖𝑗(𝑣𝑖𝑗)

2𝑛
𝑗=1

𝑚
𝑖=1

∑ ∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1

)

1

2

).  

4.14 Illustrative example 

In this section, the existing PyFuTp [102, 127, 163] (represented by Table 4.4) is solved to 

illustrate the proposed Mehar method. 

Table 4.4 [102, 127, 163] Existing PyFuTp  

 𝐷1 𝐷2 𝐷3 𝐷4 Availability 

𝑆1 (2; 0.4,0.7) (2; 0.5,0.4) (2; 0.8,0.3) (2; 0.6,0.3) 26 

𝑆2 (2; 0.4,0.2) (2; 0.7,0.3) (2; 0.4,0.8) (2; 0.7,0.3) 24 

𝑆3 (2; 0.7,0.1) (2; 0.8,0.1) (2; 0.6,0.4) (2; 0.9,0.1) 30 

Demand 17 23 28 12  
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Step 1: According to Step 1 of the proposed Mehar method, the FuLpP (𝑃4.14.1) is obtained 

corresponding to the PyFuTp (represented by Table 4.4). 

FuLpP (𝑷𝟒. 𝟏𝟒. 𝟏) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (𝑍̃ ≈ (2; 0.4,0.7)𝑥11 + (2; 0.5,0.4)𝑥12 + (2; 0.8,0.3)𝑥13 + (2; 0.6,0.3)𝑥14 +

(2; 0.4,0.2)𝑥21 + (2; 0.7,0.3)𝑥22 + (2; 0.4,0.8)𝑥23 + (2; 0.7,0.3)𝑥24 + (2; 0.7,0.1)𝑥31 +

(2; 0.8,0.1)𝑥32 + (2; 0.6,0.4)𝑥33 + (2; 0.9,0.1)𝑥34)  

Subject to 

𝑥11 + 𝑥12 + 𝑥13 + 𝑥14 = 26,  

𝑥21 + 𝑥22 + 𝑥23 + 𝑥24 = 24,  

𝑥31 + 𝑥32 + 𝑥33 + 𝑥34 = 30,  

𝑥11 + 𝑥21 + 𝑥31 = 17,  

𝑥12 + 𝑥22 + 𝑥32 = 23,  

𝑥13 + 𝑥23 + 𝑥33 = 28,  

𝑥14 + 𝑥24 + 𝑥34 = 12,   

𝑥𝑖𝑗 ≥ 0; 𝑖 = 1,2,3, 𝑗 = 1,2,3,4.  

Step 2: According to Step 2 of the proposed Mehar method, the FuLpP (𝑃4.14.1) can be 

transformed into its equivalent FuMpP (𝑃4.14.2).   

FuMpP (𝑷𝟒. 𝟏𝟒. 𝟐) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (𝑍̃ ≈ (2𝑥11 + 2𝑥12 + 2𝑥13 + 2𝑥14 + 2𝑥21 + 2𝑥22 + 2𝑥23 + 2𝑥24 + 2𝑥31 +

2𝑥32 + 2𝑥33 + 2𝑥34; (𝑟)
1

2, (𝑠)
1

2))  

Subject to 

Constraints of the FuLpP (𝑃4.14.1),  
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where, 

(i) 𝑟 =
1

∑ ∑ 𝑥𝑖𝑗
4
𝑗=1

3
𝑖=1

((0.4)2𝑥11 + (0.5)
2𝑥12 + (0.8)

2𝑥13 + (0.6)
2𝑥14 + (0.4)

2𝑥21 +

(0.7)2𝑥22 + (0.4)
2𝑥23 + (0.7)

2𝑥24 + (0.7)
2𝑥31 + (0.8)

2𝑥32 + (0.6)
2𝑥33 +

(0.9)2𝑥34). 

(ii) 𝑠 =
1

∑ ∑ 𝑥𝑖𝑗
4
𝑗=1

3
𝑖=1

((0.7)2𝑥11 + (0.4)
2𝑥12 + (0.3)

2𝑥13 + (0.3)
2𝑥14 + (0.2)

2𝑥21 +

(0.3)2𝑥22 + (0.8)
2𝑥23 + (0.3)

2𝑥24 + (0.1)
2𝑥31 + (0.1)

2𝑥32 + (0.4)
2𝑥33 +

(0.1)2𝑥34). 

Step 3: According to Step 3 of the proposed Mehar method, there is a need to find the optimal 

value of the CrMpP (𝑃4.14.3).  

CrMpP (𝑷𝟒. 𝟏𝟒. 𝟑) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (2𝑥11 + 2𝑥12 + 2𝑥13 + 2𝑥14 + 2𝑥21 + 2𝑥22 + 2𝑥23 + 2𝑥24 + 2𝑥31 +

2𝑥32 + 2𝑥33 + 2𝑥34)  

Subject to 

Constraints of the FuLpP (𝑃4.14.1). 

It can be easily verified that the optimal value of the CrMpP (𝑃4.14.3) is 160.  

Step 4: According to Step 4 of the proposed Mehar method, there is a need to find the optimal 

value of the CrMpP (𝑃4.14.4).  

CrMpP (𝑷𝟒. 𝟏𝟒. 𝟒) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
2

3
(
2𝑟−𝑠

2−𝑟−𝑠
−
1

2
))  

Subject to 

Constraints of the CrMpP (𝑃4.14.3) with the additional constraint 2𝑥11 + 2𝑥12 + 2𝑥13 +

2𝑥14 + 2𝑥21 + 2𝑥22 + 2𝑥23 + 2𝑥24 + 2𝑥31 + 2𝑥32 + 2𝑥33 + 2𝑥34 = 160. 
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It can be easily verified that the optimal value of the CrMpP (𝑃4.14.4) is 
5285

75527
.  

Step 5: According to Step 5 of the proposed Mehar method, there is a need to find an optimal 

solution of the CrMpP (𝑃4.14.5).  

CrMpP (𝑷𝟒. 𝟏𝟒. 𝟓) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (√1 − 𝑟 − 𝑠)  

Subject to 

Constraints of the CrMpP (𝑃4.14.4) with the additional constraint 
2

3
(
2𝑟−𝑠

2−𝑟−𝑠
−
1

2
) =

5285

75527
. 

It can be easily verified that an optimal solution of the CrMpP (𝑃4.14.5) is 𝑥11 =

0, 𝑥12 = 0, 𝑥13 = 26, 𝑥14 = 0, 𝑥21 = 0, 𝑥22 = 23, 𝑥23 = 1, 𝑥24 = 0, 𝑥31 = 17, 𝑥32 =

0, 𝑥33 = 1, 𝑥34 = 12.  

Step 6: According to Step 6 of the proposed Mehar method, substituting 𝑥11 = 0, 𝑥12 = 14, 𝑥13 =

0, 𝑥14 = 12, 𝑥21 = 17, 𝑥22 = 0, 𝑥23 = 7, 𝑥24 = 0, 𝑥31 = 0, 𝑥32 = 9, 𝑥33 = 21, 𝑥34 = 0 

in (2𝑥11 + 2𝑥12 + 2𝑥13 + 2𝑥14 + 2𝑥21 + 2𝑥22 + 2𝑥23 + 2𝑥24 + 2𝑥31 + 2𝑥32 +

2𝑥33 + 2𝑥34; (
1

∑ ∑ 𝑥𝑖𝑗
4
𝑗=1

3
𝑖=1

((0.4)2𝑥11 + (0.5)
2𝑥12 + (0.8)

2𝑥13 + (0.6)
2𝑥14 +

(0.4)2𝑥21 + (0.7)
2𝑥22 + (0.4)

2𝑥23 + (0.7)
2𝑥24 + (0.7)

2𝑥31 + (0.8)
2𝑥32 +

(0.6)2𝑥33 + (0.9)
2𝑥34))

1

2

, (
1

∑ ∑ 𝑥𝑖𝑗
4
𝑗=1

3
𝑖=1

((0.7)2𝑥11 + (0.4)
2𝑥12 + (0.3)

2𝑥13 +

(0.3)2𝑥14 + (0.2)
2𝑥21 + (0.3)

2𝑥22 + (0.8)
2𝑥23 + (0.3)

2𝑥24 + (0.1)
2𝑥31 +

(0.1)2𝑥32 + (0.4)
2𝑥33 + (0.1)

2𝑥34))

1

2

), the optimal Pythagorean fuzzy transportation 

cost is (160; 0.5588,0.3313). 
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4.15 Conclusions 

In this chapter,  

(i) Some mathematical incorrect results, considered in the existing methods [102, 127, 163] 

for solving PyFuTpS, are pointed out.  

(ii) It is pointed out that existing expression [102, 127, 163] to evaluate sum of PyFuNs is 

not appropriate. 

(iii) An appropriate expression to evaluate sum of PyFuNs is proposed.  

(iv) A new method (named as Mehar method) is proposed for solving PyFuTpS.  
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Chapter 5 

Efficient Methods for Solving Shortest Path 

Problems Under Fuzzy Environment and Their 

Extensions1  

 

In this chapter, limitations and/or shortcomings of some recently proposed methods for 

solving SpPs under fuzzy environment and their extensions [57, 63, 162, 175] are discussed. Also, 

to resolve the shortcomings and/or to overcome the limitations, efficient methods are proposed.  

5.1 Efficient method for solving interval-valued fuzzy SpPs 

After reviewing the literature, it may be concluded that there does not exist any method 

Ebrahimnejad et al.’s method [57] for solving IvTFuSpPs. In this section,  

(i) It is pointed out that much computational efforts are required to apply Ebrahimnejad et 

al.’s method [57]. 

(ii) An efficient method is proposed for solving interval-valued fuzzy SpPs. 

5.1.1 Preliminaries 

 In this section, some basic definitions are discussed. 

Definition 5.1.1.1 [57] A fuzzy number 𝐴̃ is said to be an IvTFuN if its lower and upper 

membership functions are defined as 

                                                             
1 Some of the contents of this chapter are published in “Sustainability 13 (2021) 4016”. Some of the contents of this 

chapter are accepted for publication in “International Journal of Fuzzy System Applications”. Some of the contents of 

this chapter are communicated in “International Journal of Fuzzy Systems” for publication. 
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𝜇𝐴̃𝐿(𝑥) =

{
 
 

 
 
0,                          𝑥 ≤ 𝑎1

𝐿, 𝑥 ≥ 𝑎3
𝐿 ,

ℎ𝐴̃
𝐿 (

𝑥−𝑎1
𝐿

𝑎2−𝑎1
𝐿),             𝑎1

𝐿 < 𝑥 ≤ 𝑎2,

ℎ𝐴̃
𝐿 (

𝑎3
𝐿−𝑥

𝑎3
𝐿−𝑎2

),            𝑎2 ≤ 𝑥 < 𝑎3
𝐿

  

𝜇𝐴̃𝑈(𝑥) =

{
 
 

 
 
0,                          𝑥 ≤ 𝑎1

𝑈 , 𝑥 ≥ 𝑎3
𝑈 ,

ℎ𝐴̃
𝑈 (

𝑥−𝑎1
𝑈

𝑎2−𝑎1
𝑈),             𝑎1

𝑈 < 𝑥 ≤ 𝑎2,

ℎ𝐴̃
𝑈 (

𝑎3
𝑈−𝑥

𝑎3
𝑈−𝑎2

),            𝑎2 ≤ 𝑥 < 𝑎3
𝑈

  

where  𝑎1
𝑈 ≤ 𝑎1

𝐿 ≤ 𝑎2 ≤ 𝑎3
𝐿 ≤ 𝑎3

𝑈 , 0 < ℎ𝐴̃
𝐿 ≤ ℎ𝐴̃

𝑈 ≤ 1. 

It is represented as 𝐴̃ = ⟨(𝑎1
𝐿, 𝑎2, 𝑎3

𝐿; ℎ𝐴̃
𝐿), (𝑎1

𝑈 , 𝑎2, 𝑎3
𝑈; ℎ𝐴̃

𝑈)⟩.  

Definition 5.1.1.2 [64] A fuzzy number 𝐴̃ is said to be an IvTrFuN if its lower and upper 

membership functions are defined as 

𝜇𝐴̃𝐿(𝑥) =

{
 
 

 
 
0,                       𝑥 ≤ 𝑎1

𝐿, 𝑥 ≥ 𝑎4
𝐿 ,

ℎ𝐴̃
𝐿 (

𝑥−𝑎1
𝐿

𝑎2
𝐿−𝑎1

𝐿),             𝑎1
𝐿 < 𝑥 ≤ 𝑎2

𝐿 ,

ℎ𝐴̃
𝐿,                             𝑎2

𝐿 ≤ 𝑥 ≤ 𝑎3
𝐿,

ℎ𝐴̃
𝐿 (

𝑎4
𝐿−𝑥

𝑎4
𝐿−𝑎3

𝐿),            𝑎3
𝐿 < 𝑥 ≤ 𝑎4

𝐿

  

𝜇𝐴̃𝑈(𝑥) =

{
 
 

 
 
0,                       𝑥 ≤ 𝑎1

𝑈, 𝑥 ≥ 𝑎4
𝑈 ,

ℎ𝐴̃
𝑈 (

𝑥−𝑎1
𝑈

𝑎2
𝑈−𝑎1

𝑈),             𝑎1
𝑈 < 𝑥 ≤ 𝑎2

𝑈 ,

ℎ𝐴̃
𝑈,                             𝑎2

𝑈 ≤ 𝑥 ≤ 𝑎3
𝑈,

ℎ𝐴̃
𝑈 (

𝑎4
𝑈−𝑥

𝑎4
𝑈−𝑎3

𝑈),            𝑎3
𝑈 < 𝑥 ≤ 𝑎4

𝑈

  

where  𝑎1
𝑈 ≤ 𝑎1

𝐿 ≤ 𝑎2
𝑈 ≤ 𝑎2

𝐿 ≤ 𝑎3
𝐿 ≤ 𝑎3

𝑈 ≤ 𝑎4
𝐿 ≤ 𝑎4

𝑈, 0 < ℎ𝐴̃
𝐿 ≤ ℎ𝐴̃

𝑈 ≤ 1. 

It is represented as 𝐴̃ = ⟨(𝑎1
𝐿, 𝑎2

𝐿, 𝑎3
𝐿, 𝑎4

𝐿; ℎ𝐴̃
𝐿), (𝑎1

𝑈, 𝑎2
𝑈, 𝑎3

𝑈 , 𝑎4
𝑈; ℎ𝐴̃

𝑈)⟩. 

Definition 5.1.1.3 [57] Let 𝐴̃1 = ⟨(𝑎11
𝐿 , 𝑎12, 𝑎13

𝐿 ; ℎ𝐿), (𝑎11
𝑈 , 𝑎12, 𝑎13

𝑈 ; ℎ𝑈)⟩ and 𝐴̃2 =

⟨(𝑎21
𝐿 , 𝑏22 , 𝑎23

𝐿 ; ℎ𝐿), (𝑎21
𝑈 , 𝑎22, 𝑎23

𝑈 ; ℎ𝑈)⟩ be two IvTFuNs, then 𝐴̃1 + 𝐴̃2 = ⟨(𝑎11
𝐿 + 𝑎21

𝐿 , 𝑎12 +

𝑏22, 𝑎13
𝐿 + 𝑎23

𝐿 ; ℎ𝐿), (𝑎11
𝑈 + 𝑎21

𝑈 , 𝑎12 + 𝑎22, 𝑎13
𝑈 + 𝑎23

𝑈 ; ℎ𝑈)⟩.  
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Definition 5.1.1.4 [64] Let 𝐴̃1 = ⟨(𝑎11
𝐿 , 𝑎12

𝐿 , 𝑎13
𝐿 , 𝑎14

𝐿 ; ℎ𝐿), (𝑎11
𝑈 , 𝑎12

𝑈 , 𝑎13
𝑈 , 𝑎14

𝑈 ; ℎ𝑈)⟩ and 𝐴̃2 =

⟨(𝑎21
𝐿 , 𝑎22

𝐿 , 𝑎23
𝐿 , 𝑎24

𝐿 ; ℎ𝐿), (𝑎21
𝑈 , 𝑎22

𝑈 , 𝑎23
𝑈 , 𝑎24

𝑈 ; ℎ𝑈)⟩ be two IvTrFuNs, then, 𝐴̃1 + 𝐴̃2 = ⟨(𝑎11
𝐿 +

𝑎21
𝐿 , 𝑎12

𝐿 + 𝑎22
𝐿 , 𝑎13

𝐿 + 𝑎23
𝐿 , 𝑎14

𝐿 + 𝑎24
𝐿 ; ℎ𝐿),(𝑎11

𝑈 + 𝑎21
𝑈 , 𝑎12

𝑈 + 𝑎22
𝑈 , 𝑎13

𝑈 + 𝑎23
𝑈 , 𝑎14

𝑈 + 𝑎24
𝑈 ; ℎ𝑈)⟩.  

Definition 5.1.1.5 [57] Let 𝐴̃ = ⟨(𝑎1
𝐿 , 𝑎2, 𝑎3

𝐿; ℎ𝐴̃
𝐿), (𝑎1

𝑈, 𝑎2, 𝑎3
𝑈; ℎ𝐴̃

𝑈)⟩ be an IvTFuN and 𝑘 ≥ 0, then 

𝑘𝐴̃ = ⟨(𝑘𝑎1
𝐿, 𝑘𝑎2, 𝑘𝑎3

𝐿; ℎ𝐴̃
𝐿), (𝑘𝑎1

𝑈, 𝑘𝑎2, 𝑘𝑎3
𝑈; ℎ𝐴̃

𝑈)⟩. 

5.1.2 Ebrahimnejad et al.’s method  

Ebrahimnejad et al. [57] claimed that for solving an IvTFuSpP is equivalent to solve the 

IvTFuLpP (𝑃5.1.2.1). Hence, Ebrahimnejad et al. [57] proposed the following method for solving 

the IvTFuLpP (𝑃5.1.2.1). 

IvTFuLpP (𝑷𝟓. 𝟏. 𝟐. 𝟏) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (∑ (⟨(𝑑𝑖𝑗1
𝐿 , 𝑑𝑖𝑗2 , 𝑑𝑖𝑗3

𝐿 ; ℎ𝐿), (𝑑𝑖𝑗1
𝑈 , 𝑑𝑖𝑗2, 𝑑𝑖𝑗3

𝑈 ; ℎ𝑈)⟩𝑥𝑖𝑗)(𝑖,𝑗)∈𝐸 )  

Subject to 

∑ 𝑥𝑖𝑗𝑗:(𝑖,𝑗)∈𝐸 −∑ 𝑥𝑗𝑖𝑗:(𝑗,𝑖)∈𝐸 = { 
1,               𝑖 = 𝑠,
0,            𝑖 ≠ 𝑠, 𝑟,
−1,               𝑖 = 𝑟,

  

𝑥𝑖𝑗 ≥ 0 ∀ (𝑖, 𝑗) ∈ 𝐸.  

where, 

(i) 𝐸 = {(𝑖, 𝑗): 𝑖, 𝑗 ∈ 𝑉, 𝑖 ≠ 𝑗} represents the set of arcs which directly connects the 𝑖𝑡ℎ node to 

the 𝑗𝑡ℎ  node. 

(ii) 𝑉 represents the set of nodes. 

(iii) ⟨(𝑑𝑖𝑗1
𝐿 , 𝑑𝑖𝑗2, 𝑑𝑖𝑗3

𝐿 ; ℎ𝐿), (𝑑𝑖𝑗1
𝑈 , 𝑑𝑖𝑗2, 𝑑𝑖𝑗3

𝑈 ; ℎ𝑈)⟩ represents the IvTFuD from the 𝑖𝑡ℎ node to the 

𝑗𝑡ℎ  node. 

(iv) 𝑠 and 𝑟 represents the source node and the destination node respectively. 
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Step 1: Using Definition 5.1.1.5, transform the IvTFuLpP (𝑃5.1.2.1) into its equivalent IvTFuLpP 

(𝑃5.1.2.2). 

IvTFuLpP (𝑷𝟓. 𝟏. 𝟐. 𝟐) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (∑ (⟨(𝑑𝑖𝑗1
𝐿 𝑥𝑖𝑗 , 𝑑𝑖𝑗2𝑥𝑖𝑗, 𝑑𝑖𝑗3

𝐿 𝑥𝑖𝑗; ℎ
𝐿), (𝑑𝑖𝑗1

𝑈 𝑥𝑖𝑗, 𝑑𝑖𝑗2𝑥𝑖𝑗 , 𝑑𝑖𝑗3
𝑈 𝑥𝑖𝑗; ℎ

𝑈)⟩)(𝑖,𝑗)∈𝐸 )  

Subject to 

Constraints of the IvTFuLpP (𝑃5.1.2.1). 

Step 2: Using Definition 5.1.1.3, transform the IvTFuLpP (𝑃5.1.2.2) into its equivalent IvTFuLpP 

(𝑃5.1.2.3). 

IvTFuLpP (𝑷𝟓. 𝟏. 𝟐. 𝟑) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
⟨(∑ 𝑑𝑖𝑗1

𝐿 𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 , ∑ 𝑑𝑖𝑗2𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 , ∑ 𝑑𝑖𝑗3
𝐿 𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 ; ℎ𝐿),

(∑ 𝑑𝑖𝑗1
𝑈 𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 , ∑ 𝑑𝑖𝑗2𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 , ∑ 𝑑𝑖𝑗3

𝑈 𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 ; ℎ𝑈)⟩
)  

Subject to 

Constraints of the IvTFuLpP (𝑃5.1.2.1). 

Step 3: Transform IvTFuLpP (𝑃5.1.2.3) into its equivalent CrMoLpP (𝑃5.1.2.4). 

CrMoLpP (𝑷𝟓. 𝟏. 𝟐. 𝟒) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (∑ 𝑑𝑖𝑗1
𝑈 𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 )  

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (∑ 𝑑𝑖𝑗1
𝐿 𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 )  

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (∑ 𝑑𝑖𝑗2𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 )  

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (∑ 𝑑𝑖𝑗3
𝐿 𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 )  

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (∑ 𝑑𝑖𝑗3
𝑈 𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 )  

Subject to 

Constraints of the IvTFuLpP (𝑃5.1.2.1).  
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Step 4: Solve the CrLpP (𝑃5.1.2.5). If a unique optimal solution exists, then go to Step 9, 

otherwise go to Step 5. 

CrLpP (𝑷𝟓. 𝟏. 𝟐. 𝟓) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (∑ 𝑑𝑖𝑗1
𝑈 𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 )   

Subject to 

Constraints of the IvTFuLpP (𝑃5.1.2.1). 

Step 5: Solve the CrLpP (𝑃5.1.2.6). If a unique optimal solution exists, then go to Step 9, 

otherwise go to Step 6. 

CrLpP (𝑷𝟓. 𝟏. 𝟐. 𝟔) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (∑ 𝑑𝑖𝑗1
𝐿 𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 )  

Subject to 

Constraints of the IvTFuLpP (𝑃5.1.2.1) with additional constraint ∑ 𝑑𝑖𝑗1
𝑈 𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 = 𝛼1

𝑈, 

where, 𝛼1
𝑈 is the optimal value of the CrLpP (𝑃5.1.2.5). 

Step 6: Solve the CrLpP (𝑃5.1.2.7). If a unique optimal solution exists, then go to Step 9, 

otherwise go to Step 7. 

CrLpP (𝑷𝟓. 𝟏. 𝟐. 𝟕) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (∑ 𝑑𝑖𝑗2𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 )  

Subject to 

Constraints of the CrLpP (𝑃5.1.2.6) with additional constraint ∑ 𝑑𝑖𝑗1
𝐿 𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 = 𝛼1

𝐿, 

where, 𝛼1
𝐿 is the optimal value of the CrLpP (𝑃5.1.2.6). 

Step 7: Solve the CrLpP (𝑃5.1.2.8). If a unique optimal solution exists, then go to Step 9, 

otherwise go to Step 8. 
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CrLpP (𝑷𝟓. 𝟏. 𝟐. 𝟖) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (∑ 𝑑𝑖𝑗3
𝐿 𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 )  

Subject to 

Constraints of the CrLpP (𝑃5.1.2.7) with additional constraint ∑ 𝑑𝑖𝑗2𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 = 𝛼2, 

where, 𝛼2 is the optimal value of the CrLpP (𝑃5.1.2.7). 

Step 8: Find an optimal solution of the CrLpP (𝑃5.1.2.9).   

CrLpP (𝑷𝟓. 𝟏. 𝟐. 𝟗) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒(∑ 𝑑𝑖𝑗3
𝑈 𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 )  

Subject to 

Constraints of the CrLpP (𝑃5.1.2.8) with additional constraint ∑ 𝑑𝑖𝑗3
𝐿 𝑥𝑖𝑗(𝑖,𝑗)∈𝐸 = 𝛼3

𝐿, 

where, 𝛼3
𝐿 is the optimal value of the CrLpP (𝑃5.1.2.8). 

Step 9: Using the values of 𝑥𝑠𝑡1 = 𝑥𝑡1𝑡2 = 𝑥𝑡2𝑡3 = ⋯ = 𝑥𝑡𝑙𝑟 = 1, obtained in the optimal solution, 

find the shortest path 𝑠 − 𝑡1 − 𝑡2…− 𝑟. 

Step 10: Using the optimal solution {𝑥𝑖𝑗}, find the shortest IvTFuD 

(∑ (⟨(𝑑𝑖𝑗1
𝐿 , 𝑑𝑖𝑗2, 𝑑𝑖𝑗3

𝐿 ; ℎ𝐿), (𝑑𝑖𝑗1
𝑈 , 𝑑𝑖𝑗2, 𝑑𝑖𝑗3

𝑈 ; ℎ𝑈)⟩𝑥𝑖𝑗)(𝑖,𝑗)∈𝐸 ). 

5.1.3 Computational complexity of Ebrahimnejad et al.’s method  

In this section, it is shown that to find the shortest path from the source node 1 to the 

destination node 6 in the existing IvTFuSpP (represented by Fig. 5.1 and Table 5.1) by 

Ebrahimnejad et al.’s method [57], there is a need to solve five LpPs. Hence, much computational 

efforts are required to apply Ebrahimnejad et al.’s method [57].  
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Fig. 5.1 [57] Existing IvTFuSpP 

Table 5.1 [57] Existing IvTFuD between two nodes 

Node 𝑖 to node 𝑗 IvTFuD 

Node 1 to node 2 〈(10,12,13; 0.5), (9,12,15;1)〉 

Node 1 to node 3 〈(8,10,11;0.5), (7,10,14;1)〉 

Node 2 to node 3 〈(10,12,13; 0.5), (9,12,16;1)〉 

Node 2 to node 4 〈(2,3,7; 0.5), (1,3,8; 1)〉 

Node 2 to node 5 〈(3,5,6; 0.5), (2,5,7; 1)〉 

Node 3 to node 4 〈(4,8,10;0.5), (3,8,12; 1)〉 

Node 3 to node 5 〈(5,7,8; 0.5), (4,7,9; 1)〉 

Node 4 to node 5 〈(4,6,8; 0.5), (1,6,10;1)〉 

Node 4 to node 6 〈(4,7,11;0.5), (3,7,12; 1)〉 

Node 5 to node 6 〈(3,5,7; 0.5), (2,5,8; 1)〉 

 

According to Ebrahimnejad et al.’s method [57], to solve the considered IvTFuSpP is 

equivalent to solve the IvTFuLpP (𝑃5.1.3.1). 

 

 

2 4 

3 5 

1 6 
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IvTFuLpP (𝑷𝟓. 𝟏. 𝟑. 𝟏) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 ((〈(10,12,13; 0.5), (9,12,15;1)〉𝑥12) + (〈(8,10,11; 0.5), (7,10,14; 1)〉𝑥13) +

(〈(10,12,13; 0.5), (9,12,16; 1)〉𝑥23) + (〈(2,3,7; 0.5), (1,3,8; 1)〉𝑥24) +

(〈(3,5,6; 0.5), (2,5,7; 1)〉𝑥25) + (〈(4,8,10; 0.5), (3,8,12; 1)〉𝑥34) +

(〈(5,7,8; 0.5), (4,7,9; 1)〉𝑥35) + (〈(4,6,8; 0.5), (1,6,10;1)〉𝑥45) +

(〈(4,7,11;0.5), (3,7,12; 1)〉𝑥46) + (〈(3,5,7; 0.5), (2,5,8; 1)〉𝑥56))  

Subject to 

𝑥12 + 𝑥13 = 1,  

𝑥23 + 𝑥24 + 𝑥25 − 𝑥12 = 0,  

𝑥34 + 𝑥35 − 𝑥13 − 𝑥23 = 0,  

𝑥45 + 𝑥46 − 𝑥24 − 𝑥34 = 0,  

𝑥56 − 𝑥25 − 𝑥35 − 𝑥45 = 0,  

−𝑥46 − 𝑥56 = −1,  

𝑥12 ≥ 0, 𝑥13 ≥ 0, 𝑥23 ≥ 0, 𝑥24 ≥ 0, 𝑥25 ≥ 0, 𝑥34 ≥ 0, 𝑥35 ≥ 0, 𝑥45 ≥ 0, 𝑥46 ≥ 0, 𝑥56 ≥ 0.  

Using Ebrahimnejad et al.’s method [57], the IvTFuLpP (𝑃5.1.3.1) can be solved as 

follows. 

Step 1: Using Step 1 of Ebrahimnejad et al.’s method [57], the IvTFuLpP (𝑃5.1.3.1) can be 

transformed into its equivalent IvTFuLpP (𝑃5.1.3.2). 

IvTFuLpP (𝑷𝟓. 𝟏. 𝟑. 𝟐) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (〈(10𝑥12, 12𝑥12, 13𝑥12; 0.5), (9𝑥12, 12𝑥12, 15𝑥12; 1)〉 +

〈(8𝑥13, 10𝑥13, 11𝑥13; 0.5), (7𝑥13, 10𝑥13, 14𝑥13; 1)〉 +

〈(10𝑥23, 12𝑥23, 13𝑥23; 0.5), (9𝑥23, 12𝑥23, 16𝑥23; 1)〉 +

〈(2𝑥24, 3𝑥24, 7𝑥24; 0.5), (𝑥24, 3𝑥24, 8𝑥24; 1)〉 +
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〈(3𝑥25, 5𝑥25, 6𝑥25; 0.5), (2𝑥25, 5𝑥25, 7𝑥25; 1)〉 +

〈(4𝑥34, 8𝑥34, 10𝑥34; 0.5), (3𝑥34, 8𝑥34, 12𝑥34; 1)〉 +

〈(5𝑥35, 7𝑥35, 8𝑥35; 0.5), (4𝑥35, 7𝑥35, 9𝑥35; 1)〉 +

〈(4𝑥45, 6𝑥45, 8𝑥45; 0.5), (𝑥45, 6𝑥45, 10𝑥45; 1)〉 +

〈(4𝑥46, 7𝑥46, 11𝑥46; 0.5), (3𝑥46, 7𝑥46, 12𝑥46; 1)〉 +

〈(3𝑥56, 5𝑥56, 7𝑥56; 0.5), (2𝑥56, 5𝑥56, 8𝑥56; 1)〉)  

Subject to  

Constraints of the IvTFuLpP (𝑃5.1.3.1). 

Step 2: Using Step 2 of Ebrahimnejad et al.’s method [57], the IvTFuLpP (𝑃5.1.3.2) can be 

transformed into its equivalent IvTFuLpP (𝑃5.1.3.3). 

IvTFuLpP (𝑷𝟓. 𝟏. 𝟑. 𝟑) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (〈(10𝑥12 + 8𝑥13 + 10𝑥23 + 2𝑥24 + 3𝑥25 + 4𝑥34 + 5𝑥35 + 4𝑥45 + 4𝑥46 +

3𝑥56, 12𝑥12 + 10𝑥13 + 12𝑥23 + 3𝑥24 + 5𝑥25 + 8𝑥34 + 7𝑥35 + 6𝑥45 + 7𝑥46 +

5𝑥56, 13𝑥12 + 11𝑥13 + 13𝑥23 + 7𝑥24 + 6𝑥25 + 10𝑥34 + 8𝑥35 + 8𝑥45 + 11𝑥46 +

7𝑥56; 0.5), (9𝑥12 + 7𝑥13 + 9𝑥23 + 𝑥24 + 2𝑥25 + 3𝑥34 + 4𝑥35 + 𝑥45 + 3𝑥46 +

2𝑥56, 12𝑥12 + 10𝑥13 + 12𝑥23 + 3𝑥24 + 5𝑥25 + 8𝑥34 + 7𝑥35 + 6𝑥45 + 7𝑥46 +

5𝑥56, 15𝑥12 + 14𝑥13 + 16𝑥23 + 8𝑥24 + 7𝑥25 + 12𝑥34 + 9𝑥35 + 10𝑥45 + 12𝑥46 +

8𝑥56; 1)〉)  

Subject to  

Constraints of the IvTFuLpP (𝑃5.1.3.1). 

Step 3: Using Step 3 of Ebrahimnejad et al.’s method [57], the IvTFuLpP (𝑃5.1.3.3) can be 

transformed into its equivalent CrMoLpP (𝑃5.1.3.4). 
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CrMoLpP (𝑷𝟓. 𝟏. 𝟑. 𝟒) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (9𝑥12 + 7𝑥13 + 9𝑥23 + 𝑥24 + 2𝑥25 + 3𝑥34 + 4𝑥35 + 𝑥45 + 3𝑥46 + 2𝑥56)  

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (10𝑥12 + 8𝑥13 + 10𝑥23 + 2𝑥24 + 3𝑥25 + 4𝑥34 + 5𝑥35 + 4𝑥45 + 4𝑥46 +

3𝑥56)  

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (12𝑥12 + 10𝑥13 + 12𝑥23 + 3𝑥24 + 5𝑥25 + 8𝑥34 + 7𝑥35 + 6𝑥45 + 7𝑥46 +

5𝑥56)  

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (13𝑥12 + 11𝑥13 + 13𝑥23 + 7𝑥24 + 6𝑥25 + 10𝑥34 + 8𝑥35 + 8𝑥45 + 11𝑥46 +

7𝑥56)  

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (15𝑥12 + 14𝑥13 + 16𝑥23 + 8𝑥24 + 7𝑥25 + 12𝑥34 + 9𝑥35 + 10𝑥45 +

12𝑥46 + 8𝑥56)  

Subject to  

Constraints of the IvTFuLpP (𝑃5.1.3.1). 

Step 4: According to Step 4 of Ebrahimnejad et al.’s method [57], there is a need to solve the 

CrLpP (𝑃5.1.3.5).  

CrLpP (𝑷𝟓. 𝟏. 𝟑. 𝟓) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (9𝑥12 + 7𝑥13 + 9𝑥23 + 𝑥24 + 2𝑥25 + 3𝑥34 + 4𝑥35 + 𝑥45 + 3𝑥46 + 2𝑥56)  

Subject to  

Constraints of the IvTFuLpP (𝑃5.1.3.1). 

Since, on solving the CrLpP (𝑃5.1.3.5), there does not exist a unique optimal 

solution. So, according to Step 4 of Ebrahimnejad et al.’s method [57], there is a need to 

go to Step 5. 

Step 5: According to Step 5 of Ebrahimnejad et al.’s method [57], there is a need to solve the 

CrLpP (𝑃5.1.3.6).  
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CrLpP (𝑷𝟓. 𝟏. 𝟑. 𝟔) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (10𝑥12 + 8𝑥13 + 10𝑥23 + 2𝑥24 + 3𝑥25 + 4𝑥34 + 5𝑥35 + 4𝑥45 + 4𝑥46 +

3𝑥56)  

Subject to  

Constraints of the IvTFuLpP (𝑃5.1.3.1) and an additional constraint 9𝑥12 + 7𝑥13 +

9𝑥23 + 𝑥24 + 2𝑥25 + 3𝑥34 + 4𝑥35 + 𝑥45 + 3𝑥46 + 2𝑥56 = 13, where 13 is the optimal 

value of the CrLpP (𝑃5.1.3.5). 

Since, on solving the CrLpP (𝑃5.1.3.6), there does not exist a unique optimal 

solution. So, according to Step 5 of Ebrahimnejad et al.’s method [57], there is a need to 

go to Step 6. 

Step 6: According to Step 6 of Ebrahimnejad et al.’s method [57], there is a need to solve the 

CrLpP (𝑃5.1.3.7).  

CrLpP (𝑷𝟓. 𝟏. 𝟑. 𝟕) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (12𝑥12 + 10𝑥13 + 12𝑥23 + 3𝑥24 + 5𝑥25 + 8𝑥34 + 7𝑥35 + 6𝑥45 + 7𝑥46 +

5𝑥56)  

Subject to  

Constraints of the CrLpP (𝑃5.1.3.6) and an additional constraint 10𝑥12 + 8𝑥13 + 10𝑥23 +

2𝑥24 + 3𝑥25 + 4𝑥34 + 5𝑥35 + 4𝑥45 + 4𝑥46 + 3𝑥56 = 16, where 16 is the optimal value 

of the CrLpP (𝑃5.1.3.6). 

Since, on solving the CrLpP (𝑃5.1.3.7), there does not exist a unique optimal 

solution. So, according to Step 6 of Ebrahimnejad et al.’s method [57], there is a need to 

go to Step 7. 
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Step 7: According to Step 7 of Ebrahimnejad et al.’s method [57], there is a need to solve the 

CrLpP (𝑃5.1.3.8).  

CrLpP (𝑷𝟓. 𝟏. 𝟑. 𝟖) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (13𝑥12 + 11𝑥13 + 13𝑥23 + 7𝑥24 + 6𝑥25 + 10𝑥34 + 8𝑥35 + 8𝑥45 + 11𝑥46 +

7𝑥56)  

Subject to  

Constraints of the CrLpP (𝑃5.1.3.7) and an additional constraint 12𝑥12 + 10𝑥13 +

12𝑥23 + 3𝑥24 + 5𝑥25 + 8𝑥34 + 7𝑥35 + 6𝑥45 + 7𝑥46 + 5𝑥56 = 22, where 22 is the 

optimal value of the CrLpP (𝑃5.1.3.7). 

Since, on solving the CrLpP (𝑃5.1.3.8), there does not exist a unique optimal 

solution. So, according to Step 7 of Ebrahimnejad et al.’s method [57], there is a need to 

go to Step 8. 

Step 8: According to Step 8 of Ebrahimnejad et al.’s method [57], there is a need to find an optimal 

solution of the CrLpP (𝑃5.1.3.9).  

CrLpP (𝑷𝟓. 𝟏. 𝟑. 𝟗) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (15𝑥12 + 14𝑥13 + 16𝑥23 + 8𝑥24 + 7𝑥25 + 12𝑥34 + 9𝑥35 + 10𝑥45 +

12𝑥46 + 8𝑥56)  

Subject to  

Constraints of the CrLpP (𝑃5.1.3.8) and an additional constraint 13𝑥12 + 11𝑥13 +

13𝑥23 + 7𝑥24 + 6𝑥25 + 10𝑥34 + 8𝑥35 + 8𝑥45 + 11𝑥46 + 7𝑥56 = 26, where 26 is the 

optimal value of the CrLpP (𝑃5.1.3.8). 

On solving the CrLpP (𝑃5.1.3.9), the optimal solution 𝑥12 = 1, 𝑥25 = 1, 𝑥56 =

1, 𝑥13 = 𝑥23 = 𝑥24 = 𝑥34 = 𝑥35 = 𝑥45 = 𝑥46 = 0 is obtained.  
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Step 9: Using the optimal solution, the shortest path from the source node 1 to the destination node 

6 is 1 − 2 − 5 − 6.  

Step 10: Using the obtained optimal solution 𝑥12 = 1, 𝑥25 = 1, 𝑥56 = 1, 𝑥13 = 𝑥23 = 𝑥24 =

𝑥34 = 𝑥35 = 𝑥45 = 𝑥46 = 0, the shortest IvTFuD from the source node 1 to the destination 

node 6 is 〈(16,22,26; 0.5), (13,22,30; 1)〉.  

5.1.4 Existing method for comparing IvTFuNs 

Ebrahimnejad et al. [57] have used the following method for comparing IvTFuNs 𝐴̃1 =

⟨(𝑎11
𝐿 , 𝑎12, 𝑎13

𝐿 ; ℎ𝐿), (𝑎11
𝑈 , 𝑎12, 𝑎13

𝑈 ; ℎ𝑈)⟩ and 𝐴̃2 = ⟨(𝑎21
𝐿 , 𝑎22, 𝑎23

𝐿 ; ℎ𝐿), (𝑎21
𝑈 , 𝑎22, 𝑎23

𝑈 ; ℎ𝑈)⟩.  

Step 1: Check whether 𝑎11
𝑈 < 𝑎21

𝑈  or 𝑎11
𝑈 > 𝑎21

𝑈  or 𝑎11
𝑈 = 𝑎21

𝑈 . 

Case (a) If 𝑎11
𝑈 < 𝑎21

𝑈 , then 𝐴̃1 ≺ 𝐴̃2. 

Case (b) If 𝑎11
𝑈 > 𝑎21

𝑈 , then 𝐴̃1 ≻ 𝐴̃2. 

Case (c) If 𝑎11
𝑈 = 𝑎21

𝑈 , then go to Step 2. 

Step 2: Check whether 𝑎11
𝐿 < 𝑎21

𝐿  or 𝑎11
𝐿 > 𝑎21

𝐿  or 𝑎11
𝐿 = 𝑎21

𝐿 . 

Case (a) If 𝑎11
𝐿 < 𝑎21

𝐿 , then 𝐴̃1 ≺ 𝐴̃2. 

Case (b) If 𝑎11
𝐿 > 𝑎21

𝐿 , then 𝐴̃1 ≻ 𝐴̃2. 

Case (c) If 𝑎11
𝐿 = 𝑎21

𝐿 , then go to Step 3. 

Step 3: Check whether 𝑎12 < 𝑎22 or 𝑎12 > 𝑎22 or 𝑎12 = 𝑎22. 

Case (a) If 𝑎12 < 𝑎22, then 𝐴̃1 ≺ 𝐴̃2. 

Case (b) If 𝑎12 > 𝑎22, then 𝐴̃1 ≻ 𝐴̃2. 

Case (c) If 𝑎12 = 𝑎22, then go to Step 4. 

Step 4: Check whether 𝑎13
𝐿 < 𝑎23

𝐿  or 𝑎13
𝐿 > 𝑎23

𝐿  or 𝑎13
𝐿 = 𝑎23

𝐿 . 

Case (a) If 𝑎13
𝐿 < 𝑎23

𝐿 , then 𝐴̃1 ≺ 𝐴̃2. 

Case (b) If 𝑎13
𝐿 > 𝑎23

𝐿 , then 𝐴̃1 ≻ 𝐴̃2. 
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Case (c) If 𝑎13
𝐿 = 𝑎23

𝐿 , then go to Step 5. 

Step 5: Check whether 𝑎13
𝑈 < 𝑎23

𝑈  or 𝑎13
𝑈 > 𝑎23

𝑈  or 𝑎13
𝑈 = 𝑎23

𝑈 . 

Case (a) If 𝑎13
𝑈 < 𝑎23

𝑈 , then 𝐴̃1 ≺ 𝐴̃2. 

Case (b) If 𝑎13
𝑈 > 𝑎23

𝑈 , then 𝐴̃1 ≻ 𝐴̃2. 

Case (c) If 𝑎13
𝑈 = 𝑎23

𝑈 , then 𝐴̃1 = 𝐴̃2. 

5.1.5 Extended method for comparing IvTrFuNs  

In this section, Ebrahimnejad et al.’s method [57] for comparing IvTFuNs is extended for 

comparing IvTrFuNs. 

Let 𝐴̃1 = ⟨(𝑎11
𝐿 , 𝑎12

𝐿 , 𝑎13
𝐿 , 𝑎14

𝐿 ; ℎ𝐿), (𝑎11
𝑈 , 𝑎12

𝑈 , 𝑎13
𝑈 , 𝑎14

𝑈 ; ℎ𝑈)⟩ and 𝐴̃2 =

⟨(𝑎21
𝐿 , 𝑎22

𝐿 , 𝑎23
𝐿 , 𝑎24

𝐿 ; ℎ𝐿), (𝑎21
𝑈 , 𝑎22

𝑈 , 𝑎23
𝑈 , 𝑎24

𝑈 ; ℎ𝑈)⟩  be two IvTrFuNs. Then, 𝐴̃1 and 𝐴̃2 can be 

compared as follows. 

Step 1: Check whether 𝑎11
𝑈 < 𝑎21

𝑈  or 𝑎11
𝑈 > 𝑎21

𝑈  or 𝑎11
𝑈 = 𝑎21

𝑈 . 

Case (a) If 𝑎11
𝑈 < 𝑎21

𝑈 , then 𝐴̃1 ≺ 𝐴̃2. 

Case (b) If 𝑎11
𝑈 > 𝑎21

𝑈 , then 𝐴̃1 ≻ 𝐴̃2. 

Case (c) If 𝑎11
𝑈 = 𝑎21

𝑈 , then go to Step 2. 

Step 2: Check whether 𝑎11
𝐿 < 𝑎21

𝐿  or 𝑎11
𝐿 > 𝑎21

𝐿  or 𝑎11
𝐿 = 𝑎21

𝐿 . 

Case (a) If 𝑎11
𝐿 < 𝑎21

𝐿 , then 𝐴̃1 ≺ 𝐴̃2. 

Case (b) If 𝑎11
𝐿 > 𝑎21

𝐿 , then 𝐴̃1 ≻ 𝐴̃2. 

Case (c) If 𝑎11
𝐿 = 𝑎21

𝐿 , then go to Step 3. 

Step 3: Check whether 𝑎12
𝑈 < 𝑎22

𝑈  or 𝑎12
𝑈 > 𝑎22

𝑈  or 𝑎12
𝑈 = 𝑎22

𝑈 . 

Case (a) If 𝑎12
𝑈 < 𝑎22

𝑈 , then 𝐴̃1 ≺ 𝐴̃2. 

Case (b) If 𝑎12
𝑈 > 𝑎22

𝑈 , then 𝐴̃1 ≻ 𝐴̃2. 

Case (c) If 𝑎12
𝑈 = 𝑎22

𝑈 , then go to Step 4. 
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Step 4: Check whether 𝑎12
𝐿 < 𝑎22

𝐿  or 𝑎12
𝐿 > 𝑎22

𝐿  or 𝑎12
𝐿 = 𝑎22

𝐿 . 

Case (a) If 𝑎12
𝐿 < 𝑎22

𝐿 , then 𝐴̃1 ≺ 𝐴̃2. 

Case (b) If 𝑎12
𝐿 > 𝑎22

𝐿 , then 𝐴̃1 ≻ 𝐴̃2. 

Case (c) If 𝑎12
𝐿 = 𝑎22

𝐿 , then go to Step 5. 

Step 5: Check whether 𝑎13
𝐿 < 𝑎23

𝐿  or 𝑎13
𝐿 > 𝑎23

𝐿  or 𝑎13
𝐿 = 𝑎23

𝐿 . 

Case (a) If 𝑎13
𝐿 < 𝑎23

𝐿 , then 𝐴̃1 ≺ 𝐴̃2. 

Case (b) If 𝑎13
𝐿 > 𝑎23

𝐿 , then 𝐴̃1 ≻ 𝐴̃2. 

Case (c) If 𝑎13
𝐿 = 𝑎23

𝐿 , then go to Step 6. 

Step 6: Check whether 𝑎13
𝑈 < 𝑎23

𝑈  or 𝑎13
𝑈 > 𝑎23

𝑈  or 𝑎13
𝑈 = 𝑎23

𝑈 . 

Case (a) If 𝑎13
𝑈 < 𝑎23

𝑈 , then 𝐴̃1 ≺ 𝐴̃2. 

Case (b) If 𝑎13
𝑈 > 𝑎23

𝑈 , then 𝐴̃1 ≻ 𝐴̃2. 

Case (c) If 𝑎13
𝑈 = 𝑎23

𝑈 , then go to Step 7. 

Step 7: Check whether 𝑎14
𝐿 < 𝑎24

𝐿  or 𝑎14
𝐿 > 𝑎24

𝐿  or 𝑎14
𝐿 = 𝑎24

𝐿 . 

Case (a) If 𝑎14
𝐿 < 𝑎24

𝐿 , then 𝐴̃1 ≺ 𝐴̃2. 

Case (b) If 𝑎14
𝐿 > 𝑎24

𝐿 , then 𝐴̃1 ≻ 𝐴̃2. 

Case (c) If 𝑎14
𝐿 = 𝑎24

𝐿 , then go to Step 8. 

Step 8: Check whether 𝑎14
𝑈 < 𝑎24

𝑈  or 𝑎14
𝑈 > 𝑎24

𝑈  or 𝑎14
𝑈 = 𝑎24

𝑈 . 

Case (a) If 𝑎14
𝑈 < 𝑎24

𝑈 , then 𝐴̃1 ≺ 𝐴̃2. 

Case (b) If 𝑎14
𝑈 > 𝑎24

𝑈 , then 𝐴̃1 ≻ 𝐴̃2. 

Case (c) If 𝑎14
𝑈 = 𝑎24

𝑈 , then 𝐴̃1 = 𝐴̃2. 

5.1.6 Proposed Mehar method for solving interval-valued fuzzy SpPs  

In this section, an efficient method (named as Mehar method) is proposed to solve an 

IvTrFuSpPs. The same method can also be used to solve IvTFuSpPs.  
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Using the proposed Mehar method, the shortest path and the corresponding shortest 

IvTrFuD from a node (called as source node) to any other node (called as destination node) can be 

obtained as follows.  

Step 1: Transform the IvTrFuSpP into its equivalent CrSpP by replacing the IvTrFuD 

⟨(𝑑𝑖𝑗1
𝐿 , 𝑑𝑖𝑗2

𝐿 , 𝑑𝑖𝑗3
𝐿 , 𝑑𝑖𝑗4

𝐿 ; ℎ𝐿), (𝑑𝑖𝑗1
𝑈 , 𝑑𝑖𝑗2

𝑈 , 𝑑𝑖𝑗3
𝑈 , 𝑑𝑖𝑗4

𝑈 ; ℎ𝑈)⟩ with the crisp distance 𝑑𝑖𝑗1
𝑈  ∀ (𝑖, 𝑗) ∈

𝐸.  

Step 2: Solve the transformed CrSpP by Dijkstra’s algorithm [54].  

Case (i): If a unique optimal path exists. Then, the total IvTrFuD corresponding to the 

obtained unique optimal path represents the shortest IvTrFuD from the node 𝑖 to 

the node 𝑗. 

Case (ii): If alternative optimal paths exist. Then, find all the IvTrFuNs, representing the 

total IvTrFuD from the node 𝑖 to the node 𝑗, corresponding to all the obtained 

alternative optimal paths. Finally, use the extended comparing method, 

discussed in Section 5.1.5, to find the smallest IvTrFuN out of all the obtained 

IvTrFuNs. The obtained smallest IvTrFuN represents the shortest IvTrFuD 

from the node 𝑖 to the node 𝑗 as well as the corresponding path(s) represents the 

shortest path(s) from the node 𝑖 to the node 𝑗.   

5.1.7 Illustrative example 

In this section, exact result of the existing IvTFuSpP (represented by Fig. 5.1 and Table 

5.1) is obtained by the proposed Mehar method. 

Using the proposed Mehar method, the shortest path and the corresponding shortest 

IvTFuD from the source node 1 to the destination node 6 for the network (represented by Fig. 5.1 

and Table 5.1) can be obtained as follows.  
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Step 1: Using Step 1 of the proposed Mehar method, the IvTFuSpP (represented by Fig. 5.1 and 

Table 5.1) can be transformed into its equivalent CrSpP (represented by Fig. 5.2). 

 

 

 

 

 

 

Fig. 5.2 Transformed CrSpP 

Step 2: According to Step 2 of the proposed Mehar method, there is a need to apply Dijkstra 

algorithm [54] to find the shortest path from the source node 1 to the destination node 6 of 

the transformed CrSpP (represented by Fig. 5.2). 

It can be easily verified that on applying Dijkstra algorithm [54] for the transformed 

CrSpP (represented by Fig. 5.2), the following four alternative optimal paths are obtained. 

(i) 1 − 2 − 4 − 6  

(ii) 1 − 2 − 5 − 6  

(iii) 1 − 3 − 4 − 6  

(iv) 1 − 3 − 5 − 6  

Since, there are four alternative optimal paths. So, according to Case (ii) of Step 2 

of the proposed Mehar method, there is a need to find the total IvTFuD corresponding to 

all the four alternative optimal paths.  

It is obvious that    

2 4 

3 5 

1 6 

1 

1 9 

4 
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(i) The total IvTFuD corresponding to the path 1 − 2 − 4 − 6 is 

〈(10,12,13;0.5), (9,12,15;1)〉 + 〈(2,3,7; 0.5), (1,3,8; 1)〉 +

〈(4,7,11; 0.5), (3,7,12;1)〉 = 〈(16,22,31; 0.5), (13,22,35;1)〉. 

(ii) The total IvTFuD corresponding to the path 1 − 2 − 5 − 6 is 

〈(10,12,13;0.5), (9,12,15;1)〉 + 〈(3,5,6; 0.5), (2,5,7; 1)〉 +

〈(3,5,7; 0.5), (2,5,8; 1)〉 = 〈(16,22,26;0.5), (13,22,30;1)〉.  

(iii) The total IvTFuD corresponding to the path 1 − 3 − 4 − 6 is 

〈(8,10,11;0.5), (7,10,14; 1)〉 + 〈(4,8,10;0.5), (3,8,12; 1)〉 +

〈(4,7,11; 0.5), (3,7,12;1)〉 = 〈(16,25,32; 0.5), (13,25,38;1)〉.  

(iv) The total IvTFuD corresponding to the path 1 − 3 − 5 − 6 is 

〈(8,10,11;0.5), (7,10,14; 1)〉 + 〈(5,7,8;0.5), (4,7,9; 1)〉 +

〈(3,5,7; 0.5), (2,5,8; 1)〉 = 〈(16,22,26;0.5), (13,22,31;1)〉.  

Now, according to Case (ii) of Step 2 of the proposed Mehar method, there is a 

need to apply the existing comparing method, discussed in Section 5.1.4, to find minimum 

of the IvTFuNs 𝐴̃1 = 〈(16,22,31; 0.5), (13,22,35; 1)〉, 𝐴̃2 =

〈(16,22,26; 0.5), (13,22,30; 1)〉, 𝐴̃3 = 〈(16,25,32;0.5), (13,25,38;1)〉 and 𝐴̃4 =

〈(16,22,26; 0.5), (13,22,31; 1)〉.  

Using the existing comparing method, discussed in Section 5.1.4, minimum of  

𝐴̃1 = 〈(16,22,31;0.5), (13,22,35; 1)〉, 𝐴̃2 = 〈(16,22,26; 0.5), (13,22,30;1)〉, 𝐴̃3 =

〈(16,25,32; 0.5), (13,25,38; 1)〉 and 𝐴̃4 = 〈(16,22,26; 0.5), (13,22,31;1)〉 can be 

obtained as follows.  

Step 2a: Since 𝑎11
𝑈 = 𝑎21

𝑈 = 𝑎31
𝑈 = 𝑎41

𝑈 = 13. So, according to Step 1 of the existing 

comparing method, discussed in Section 5.1.4, there is a need to go to Step 2. 
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Step 2b: Since 𝑎11
𝐿 = 𝑎21

𝐿 = 𝑎31
𝐿 = 𝑎41

𝐿 = 16. So, according to Step 2 of the existing 

comparing method, discussed in Section 5.1.4, there is a need to go to Step 3.  

Step 2c: Since 𝑎12 = 𝑎22 = 𝑎42 = 22 and 𝑎32 = 25. So, according to Step 3 of the 

existing comparing method, discussed in Section 5.1.4, 𝐴̃3 =

〈(16,25,32;0.5), (13,25,38; 1)〉 does not represent the minimum fuzzy number 

out of the fuzzy numbers 𝐴̃1, 𝐴̃2, 𝐴̃3 and 𝐴̃4. To find the minimum of the rest of 

the fuzzy numbers 𝐴̃1, 𝐴̃2 and 𝐴̃4 , there is a need to go to Step 4. 

Step 2d: Since 𝑎13
𝐿 = 31 is greater than 𝑎23

𝐿 = 𝑎43
𝐿 = 26. So, according to Step 4 of the 

existing comparing method, discussed in Section 5.1.4, 𝐴̃1 =

〈(16,22,31;0.5), (13,22,35; 1)〉 does not represent the minimum fuzzy number 

out of the fuzzy numbers 𝐴̃1, 𝐴̃2 and 𝐴̃4. To find the minimum of the rest of the 

fuzzy numbers 𝐴̃2 and 𝐴̃4 , there is a need to go to Step 5. 

Step 2e: Since 𝑎23
𝑈 = 30 is lesser than 𝑎43

𝐿 = 31. So, according to Step 5 of the existing 

comparing method, discussed in Section 5.1.4, 𝐴̃2 =

〈(16,22,26;0.5), (13,22,30; 1)〉 represents the minimum of 𝐴̃2 and 𝐴̃4.  

Hence, the total IvTFuD i.e., 〈(16,22,26;0.5), (13,22,30;1)〉 represents the 

shortest IvTFuD from the source node 1 to the destination node 6 as well as the 

corresponding path 1 − 2 − 5 − 6 represents the shortest path from the source node 1 to 

the destination node 6.  

5.1.8 Computational efficiency of the proposed Mehar method 

As discussed in Section 5.1.2, that to apply Ebrahimnejad et al.’s method [57], at least one or 

at most five LpPs need to be solved to find the shortest IvTFuD from the source node to the 

destination node. While, to apply the proposed Mehar method, at most one LpP need to be solved 
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(if one solve the transformed CrSpP by linear programming approach). Hence, less computational 

efforts are required to apply the proposed Mehar method as compared to Ebrahimnejad et al.’s 

method [57].  

The following validates this claim. 

It is obvious from Section 5.1.3 that for applying Ebrahimnejad et al.’s method [57], five LpPs 

need to be solved to find the shortest IvTFuD from the source node 1 to the destination node 6. 

While, it is obvious from Section 5.1.7 that for applying the proposed Mehar method, there is a 

need to solve only the LpP (𝑃5.1.8.1) (if one solve the transformed CrSpP using the linear 

programming approach) to find the shortest IvTFuD from the source node 1 to the destination node 

6.  

LpP (𝑷𝟓. 𝟏. 𝟖. 𝟏) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (9𝑥12 + 7𝑥13 + 9𝑥23 + 𝑥24 + 2𝑥25 + 3𝑥34 + 4𝑥35 + 𝑥45 + 3𝑥46 + 2𝑥56)  

Subject to  

Constraints of the problem IvTFuLpP (𝑃5.1.3.1). 

5.2 Efficient method for solving IvPyFuSpPs 

After reviewing the literature, it may be concluded that there does not exist any method except 

Enayattabar et al.’s method [63] for solving IvPyFuSpPs. In this section,  

(i) It is shown that it is inappropriate to use Enayattabar et al.’s method [63].  

(ii) It is pointed out that the reasons for the inappropriateness in Enayattabar et al.’s 

method [63] are the inappropriateness of existing expression [63] to evaluate sum of 

IvPyFuNs as well as the inappropriateness of the existing method [63] for comparing 

two IvPyFuNs.  

(iii) Appropriate expression to evaluate sum of IvPyFuNs is proposed. 



135 
 

(iv) The existing method [78] for comparing two interval-valued intuitionistic fuzzy 

numbers is extended for comparing two IvPyFuNs. 

(v) Using the proposed expression as well as the extended method, an efficient method 

is proposed for solving IvPyFuSpPs.  

5.2.1 IvPyFuN 

 Let 𝑋 be a universal set. Then, the set 𝐴̃ = {⟨𝑥, [𝜇𝐴𝐿(𝑥), 𝜇𝐴𝑈(𝑥)], [𝑣𝐴𝐿(𝑥), 𝑣𝐴𝑈(𝑥)]⟩; 𝑥 ∈ 𝑋} is 

said to be an IvPyFuN [63] defined over the universal set 𝑋, where   

(i) The values [𝜇𝐴𝐿(𝑥), 𝜇𝐴𝑈(𝑥)] ⊆ [0,1] and [𝑣𝐴𝐿(𝑥), 𝑣𝐴𝑈(𝑥)] ⊆ [0,1] are called the 

interval of degree of membership and the interval of degree of non-membership for 𝑥 ∈

𝐴̃ respectively.  

(ii) The values 𝜇𝐴𝑈(𝑥) and 𝑣𝐴𝑈(𝑥) satisfy the condition 0 ≤ (𝜇𝐴𝑈(𝑥))
2

+ (𝑣𝐴𝑈(𝑥))
2

≤

1.   

An IvPyFuN 𝐴̃ = {⟨𝑥, [𝜇𝐴𝐿(𝑥), 𝜇𝐴𝑈(𝑥)], [𝑣𝐴𝐿(𝑥), 𝑣𝐴𝑈(𝑥)]⟩; 𝑥 ∈ 𝑋} is also represented as 𝐴̃ =

〈[𝜇𝐴𝐿 , 𝜇𝐴𝑈 ], [𝑣𝐴𝐿 , 𝑣𝐴𝑈]〉. 

5.2.2 Existing expression to evaluate sum of IvPyFuNs 

 In the existing method [63], the following expression is used to evaluate sum of IvPyFuNs. 

Let 𝐴̃𝑘 = ⟨𝑥; [𝜇𝐴𝑘
𝐿 , 𝜇𝐴𝑘

𝑈] , [𝑣𝐴𝑘
𝐿 , 𝑣𝐴𝑘

𝑈]⟩ ; 𝑘 = 1,2,… ,𝑚, be IvPyFuNs where 0 ≤ (𝜇𝐴𝑘
𝑈)

2

+

(𝑣𝐴𝑘
𝑈)

2

≤ 1 ∀ 𝑘. Then,  

𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 =

⟨𝑥; [√1 − ∏ (1 − (𝜇𝐴𝑘
𝐿)

2

)𝑚
𝑘=1 , √1 − ∏ (1 − (𝜇𝐴𝑘

𝑈)
2

)𝑚
𝑘=1 ] , [∏ (𝑣𝐴𝑘

𝐿)𝑚
𝑘=1 , ∏ (𝑣𝐴𝑘

𝑈)𝑚
𝑘=1 ]⟩  

                                                                                                                                              (5.2.2.1)  
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Remark 5.1: In the published papers [65, 74, 84, 98, 108, 109, 142, 173, 178], the expression 

(5.2.2.1) is used to evaluate sum of IvPyFuNs. 

5.2.3 Existing method for comparing two IvPyFuNs 

Enayattabar et al. [63] used the following method for comparing IvPyFuNs 𝐴̃1 =

⟨𝑥; [𝜇𝐴1𝐿 , 𝜇𝐴1𝑈] , [𝑣𝐴1𝐿 , 𝑣𝐴1𝑈]⟩ and 𝐴̃2 = ⟨𝑥; [𝜇𝐴2𝐿 , 𝜇𝐴2𝑈] , [𝑣𝐴2𝐿 , 𝑣𝐴2𝑈]⟩.   

(i) If 𝑀(𝐴̃1) < 𝑀(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2.  

(ii) If 𝑀(𝐴̃1) > 𝑀(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2.  

(iii) If 𝑀(𝐴̃1) = 𝑀(𝐴̃2), then 𝐴̃1 = 𝐴̃2. 

where,  

𝑀(𝐴̃𝑘) =
1

2
(((𝜇𝐴𝑘

𝐿)
2

− (𝑣𝐴𝑘
𝐿)

2

) (1 + √1 − (𝜇𝐴𝑘
𝐿)

2

− (𝑣𝐴𝑘
𝐿)

2

) + ((𝜇𝐴𝑘
𝑈)

2

−

(𝑣𝐴𝑘
𝑈)

2

) (1 + √1 − (𝜇𝐴𝑘
𝑈)

2

− (𝑣𝐴𝑘
𝑈)

2

)) ; 𝑘 = 1,2.                                                     (5.2.3.1) 

5.2.4 Enayattabar et al.’s method 

Enayattabar et al. [63] extended the existing crisp Dijkstra algorithm [54] to interval-valued 

Pythagorean fuzzy Dijkstra algorithm by considering the following assumptions:  

(i) [𝑢̃𝑗, 𝑖] = [𝑢̃𝑖 + 𝑙𝑖𝑗 , 𝑖] represent the label for the node 𝑗 which is directly connected to the 

node 𝑖. 

(ii) [𝑢̃1, −] = [⟨0; [0,0], [1,1]⟩,−] represent the label for the source node (say, node 1), 

where − indicates that the node 1 has no predecessor. 

(iii) The IvPyFuN 𝑢̃𝑖 = ⟨𝑢; [𝜇𝑢𝑖
𝐿 , 𝜇𝑢𝑖

𝑈] , [𝑣𝑢𝑖
𝐿 , 𝑣𝑢𝑖

𝑈]⟩  represent the shortest IvPyFuD from the 

source node (say, node 1) to the node 𝑖. 
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(iv) The IvPyFuN 𝑙𝑖𝑗 = ⟨𝑙; [𝜇𝑙𝑖𝑗
𝐿 , 𝜇𝑙𝑖𝑗

𝑈] , [𝑣𝑙𝑖𝑗
𝐿 , 𝑣𝑙𝑖𝑗

𝑈]⟩ represent the distance from the node 𝑖 to the 

node 𝑗.  

Step 1: Assign the permanent label [𝑢̃1, −] = [0; ⟨[0,0], [1,1]⟩,−] for the source node (say, node 

1). Set 𝑖 = 1 and go to Step 2.   

Step 2: Using the expression (5.2.2.1), compute the temporary label [𝑢̃𝑗, 𝑖] = [𝑢̃𝑖 + 𝑙𝑖𝑗 , 𝑖] for each 

node 𝑗 which is directly connected to the node 𝑖, provided the node 𝑗 is not permanently 

labelled.  

If the node 𝑗 is already labelled with [𝑢̃𝑗, 𝑘] through another node 𝑘 and if 

𝑀(𝑢̃𝑖 + 𝑙𝑖𝑗) < 𝑀(𝑢̃𝑗), then replace the label [𝑢̃𝑗, 𝑘] with the label [𝑢̃𝑖 + 𝑙𝑖𝑗 , 𝑖].  

Step 3: If there is only one node (say, node 𝑟) having temporary label. Then, change the computed 

temporary label [𝑢̃𝑟 , 𝑖] of the node 𝑟 to the permanent label [𝑢̃𝑟 , 𝑖]. Otherwise, find 

𝑚𝑖𝑛𝑖𝑚𝑢𝑚 (𝑢̃𝑗) i.e., 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 (𝑢̃𝑖 + 𝑙𝑖𝑗), where 𝑗 represents all those temporary nodes 

which are directly connected to the nodes having permanent labels. 

Case (i): If 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 (𝑢̃𝑗) is corresponding to a unique value of 𝑗 (say, 𝑟) then change 

the computed temporary label [𝑢̃𝑟 , 𝑖] of the node 𝑟 to the permanent label [𝑢̃𝑟, 𝑖] 

and go to Step 4.  

Case (ii): If 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 (𝑢̃𝑗) is corresponding to more than one values of 𝑗 then proceed 

further by considering any one from the obtained values of 𝑗 (say, 𝑟). Also, change 

the computed temporary label [𝑢̃𝑟 , 𝑖] of the node 𝑟 to the permanent label [𝑢̃𝑟, 𝑖] 

and go to Step 4.  

Step 4: Check that all the nodes have permanent labels or not.  
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Case (i): If yes then, the IvPyFuN 𝑢̃𝑟 represent the shortest IvPyFuD from the source node 

1 to the destination node 𝑟. Use the existing backtracking process [54] to find 

the corresponding shortest path.  

Case (ii): If no then, set 𝑖 = 𝑟 and go to Step 2.  

5.2.5 Inappropriateness of Enayattabar et al.’s method  

The following clearly indicates that it is inappropriate to use Enayattabar et al.’s method 

[63] in its present form. 

(i) In Step 2 of Enayattabar et al.’s method [63], the expression (5.2.2.1) is used to 

evaluate sum of IvPyFuNs 𝑢̃𝑖 and 𝑙𝑖𝑗 i.e., to evaluate 𝑢̃𝑖 + 𝑙𝑖𝑗.  

However, it is inappropriate to use the expression (5.2.2.1) due to the 

following reasons.  

(a) If 𝑣𝐴𝑘
𝐿 = 0 for any 𝑘, then the lower value of the interval of degree of non-

membership i.e., ∏ (𝑣𝐴𝑘
𝐿)𝑚

𝑘=1  of 𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 will be 0. This indicates 

that the lower value of the interval of degree of non-membership i.e., 

∏ (𝑣𝐴𝑘
𝐿)𝑚

𝑘=1  of 𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 is independent from the lower values of 

the interval of degree of non-membership of remaining IvPyFuNs.  

(b) If 𝑣𝐴𝑘
𝑈 = 0 for any 𝑘, then the upper value of the interval of degree of non-

membership i.e., ∏ (𝑣𝐴𝑘
𝑈)𝑚

𝑘=1  of 𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 will be 0. This indicates 

that the upper value of the interval of degree of non-membership i.e., 

∏ (𝑣𝐴𝑘
𝑈)𝑚

𝑘=1  of 𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 is independent from the upper values of 

the interval of degree of non-membership of remaining IvPyFuNs.  
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(ii) In Step 2 of Enayattabar et al.’s method [63], the expression (5.2.3.1) is used to check 

that 𝑢̃𝑖 + 𝑙𝑖𝑗 is less than 𝑢̃𝑗 i.e., to check that the condition 𝑀(𝑢̃𝑖 + 𝑙𝑖𝑗) < 𝑀(𝑢̃𝑗) is 

satisfying or not.  

However, the expression (5.2.3.1) is not valid as it fails to distinguish two 

distinct IvPyFuNs. Hence, on solving an IvPyFuSpP by Enayattabar et al.’s method 

[63], more than one IvPyFuNs, representing the shortest distance from the source 

node to the destination node, may be obtained, which is mathematically incorrect.  

To validate this claim, it is shown that on solving the IvPyFuSpP (represented 

by Fig. 5.3 and Table 5.2) by Enayattabar et al.’s method [63], two different 

IvPyFuNs, representing the shortest distance from the source node 1 to the destination 

node 4, are obtained, which is mathematically incorrect. 

 

                                                                                                    

 

 

 

 

Fig. 5.3 Considered network 
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Table 5.2 IvPyFuD between two nodes 

Node 𝑖 to node 𝑗 IvPyFuD 

Node 1 to node 2 

⟨𝑙; [
1

3
,
1

2
] , [
(17)

1
4

3
,
(7)

1
4

2
]⟩ 

Node 1 to node 3 

⟨𝑙; [
1

4
,
1

3
] , [
(31)

1
4

4
,
(17)

1
4

3
]⟩ 

Node 2 to node 4 

⟨𝑙; [
1

3
,
1

2
] , [
(17)

1
4

3
,
(7)

1
4

2
]⟩ 

Node 3 to node 4 

⟨𝑙; [
1

4
,
1

3
] , [
(31)

1
4

4
,
(17)

1
4

3
]⟩ 

 

Using Enayattabar et al.’s method [63], the shortest IvPyFuD and the corresponding 

shortest path from the source node 1 to the destination node 4 for the network (represented by Fig. 

5.3 and Table 5.2) can be obtained as follows.  

Iteration 1 

Step 1: According to Step 1 of Enayattabar et al.’s method [63], there is a need to assign the 

permanent label [𝑢̃1, −] = [⟨[0,0], [1,1]⟩,−] for the source node 1. 

Step 2: It is obvious from Fig. 5.3 that node 2 and node 3 are directly connected to the node 1. So, 

according to Step 2 of Enayattabar et al.’s method [63], there is a need to compute the 

temporary labels [𝑢̃2, 1] = [𝑢̃1 + 𝑙12, 1] and [𝑢̃3, 1] = [𝑢̃1 + 𝑙13, 1] for the node 2 and the 

node 3 respectively. All the labelled nodes (temporary and permanent) are shown in Table 

5.3. 
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Table 5.3: All labelled nodes 

Node  Label Status 

1 [𝑢̃1, −] = [⟨[0,0], [1,1]⟩,−]  Permanent 

2 
[𝑢̃2, 1] = [𝑢̃1 + 𝑙12, 1] = [⟨[0,0], [1,1]⟩ +

⟨[
1

3
,
1

2
] , [

(17)
1
4

3
,
(7)

1
4

2
]⟩ , 1] = [⟨[

1

3
,
1

2
] , [

(17)
1
4

3
,
(7)

1
4

2
]⟩ , 1]  

Temporary 

3 
[𝑢̃3, 1] = [𝑢̃1 + 𝑙13, 1] = [⟨[0,0], [1,1]⟩ +

⟨[
1

4
,
1

3
] , [

(31)
1
4

4
,
(17)

1
4

3
]⟩ , 1] = [⟨[

1

4
,
1

3
] , [

(31)
1
4

4
,
(17)

1
4

3
]⟩ , 1]  

Temporary 

 

Step 3: It is obvious from Table 5.3 that there exist two nodes having temporary label i.e., node 2 

and node 3 which are directly connected to the node 1. Also, as 

𝑚𝑖𝑛𝑖𝑚𝑢𝑚 {𝑀(𝑢̃2),𝑀(𝑢̃3)} =

𝑚𝑖𝑛𝑖𝑚𝑢𝑚{𝑀 ⟨[
1

3
,
1

2
] , [

(17)
1
4

3
,
(7)

1
4

2
]⟩ ,𝑀 ⟨[

1

4
,
1

3
] , [

(31)
1
4

4
,
(17)

1
4

3
]⟩} =

𝑚𝑖𝑛𝑖𝑚𝑢𝑚 {−0.55,−0.54} = −0.55 = 𝑀(𝑢̃2). Therefore, according to Step 3 of 

Enayattabar et al.’s method [63], 𝑟 = 2. Hence, the temporary label [𝑢̃2, 1] of the node 2 

will be changed to the permanent label [𝑢̃2, 1], as shown in Table 5.4.  

 

 

 

 



142 
 

Table 5.4: Updated labelled nodes 

Node  Label Status 

1 [𝑢̃1, −] = [⟨[0,0], [1,1]⟩,−]  Permanent 

2 
[𝑢̃2, 1] = [⟨[

1

3
,
1

2
] , [

(17)
1
4

3
,
(7)

1
4

2
]⟩ , 1]  

Permanent 

3 
[𝑢̃3, 1] = [⟨[

1

4
,
1

3
] , [

(31)
1
4

4
,
(17)

1
4

3
]⟩ , 1]  

Temporary 

 

Step 4: Since, all the nodes of Table 5.4 does not have permanent labels. So, according to Case 

(ii) of Step 4 of Enayattabar et al.’s method [63], there is a need to go to Step 2 of 

Enayattabar et al.’s method [63] by considering 𝑖 = 2.  

Iteration 2 

Step 2: It is obvious from Fig. 5.3 that only node 4 is directly connected to the node 2. Therefore, 

according to Step 2 of Enayattabar et al.’s method [63], there is a need to compute the 

temporary label [𝑢̃4, 2] = [𝑢̃2 + 𝑙24, 2] for the node 4. All the labelled nodes are shown in 

Table 5.5. 
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Table 5.5: All labelled nodes 

Node  Label Status 

1 [𝑢̃1, −] = [⟨[0,0], [1,1]⟩,−]  Permanent 

2 
[𝑢̃2, 1] = [⟨[

1

3
,
1

2
] , [

(17)
1
4

3
,
(7)

1
4

2
]⟩ , 1]  

Permanent 

3 
[𝑢̃3, 1] = [⟨[

1

4
,
1

3
] , [

(31)
1
4

4
,
(17)

1
4

3
]⟩ , 1]  

Temporary 

4 
[𝑢̃4, 2] = [𝑢̃2 + 𝑙24, 2] = [⟨[

1

3
,
1

2
] , [

(17)
1
4

3
,
(7)

1
4

2
]⟩ +

⟨[
1

3
,
1

2
] , [

(17)
1
4

3
,
(7)

1
4

2
]⟩ , 2] = [⟨[

√17

9
,
√7

4
] , [

√17

9
,
√7

4
]⟩ , 2]  

Temporary 

 

Step 3: It is obvious from Table 5.5 that there exist two nodes having temporary label i.e., node 3 

and node 4. Also, as 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 {𝑀(𝑢̃3),𝑀(𝑢̃4)} =

𝑚𝑖𝑛𝑖𝑚𝑢𝑚{𝑀 ⟨[
1

4
,
1

3
] , [

(31)
1
4

4
,
(17)

1
4

3
]⟩ , 𝑀 ⟨[

√17

9
,
√7

4
] , [

√17

9
,
√7

4
]⟩} = 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 {−0.54,0} =

−0.54 = 𝑀(𝑢̃3). Therefore, according to Step 3 of Enayattabar et al.’s method [63], 𝑟 =

3. Hence, the temporary label [𝑢̃3, 1] of the node 3 will be changed to the permanent label 

[𝑢̃3, 1] as shown in Table 5.6.  
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Table 5.6: Updated labelled nodes 

Node  Label Status 

1 [𝑢̃1, −] = [⟨[0,0], [1,1]⟩,−]  Permanent 

2 
[𝑢̃2, 1] = [⟨[

1

3
,
1

2
] , [

(17)
1
4

3
,
(7)

1
4

2
]⟩ , 1]  

Permanent 

3 
[𝑢̃3, 1] = [⟨[

1

4
,
1

3
] , [

(31)
1
4

4
,
(17)

1
4

3
]⟩ , 1]  

Permanent 

4 [𝑢̃4, 2] = [⟨[
√17

9
,
√7

4
] , [

√17

9
,
√7

4
]⟩ , 2]  Temporary 

  

Step 4: Since, all the nodes of Table 5.6 does not have permanent labels. So, according to Case 

(ii) of Step 4 of Enayattabar et al.’s method [63], there is a need to go to Step 2 of 

Enayattabar et al.’s method [63] by considering 𝑖 = 3.  

Iteration 3 

Step 2: It is obvious from Fig. 5.3 that only node 4 is directly connected to the node 3. Since, node 

4 is already labelled with [⟨[
√17

9
,
√7

4
] , [

√17

9
,
√7

4
]⟩ , 2] through another node 2 and 

𝑀(𝑢̃3 + 𝑙34) = 𝑀(𝑢̃4) as 𝑀(⟨[
1

4
,
1

3
] , [

(31)
1
4

4
,
(17)

1
4

3
]⟩ + ⟨[

1

4
,
1

3
] , [

(31)
1
4

4
,
(17)

1
4

3
]⟩ =

⟨[
√31

16
,
√17

9
] , [

√31

16
,
√17

9
]⟩) = 𝑀 ⟨[

√31

16
,
√17

9
] , [

√31

16
,
√17

9
]⟩ = 0 and 𝑀 ⟨[

√17

9
,
√7

4
] , [

√17

9
,
√7

4
]⟩ = 0 

i.e. 𝑀 ⟨[
√31

16
,
√17

9
] , [

√31

16
,
√17

9
]⟩ = 𝑀 ⟨[

√17

9
,
√7

4
] , [

√17

9
,
√7

4
]⟩. Therefore, according to Step 2 of 

Enayattabar et al.’s method [63], the label of the node 4 is [⟨[
√17

9
,
√7

4
] , [

√17

9
,
√7

4
]⟩ , 2] as well 
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as [⟨[
√31

16
,
√17

9
] , [

√31

16
,
√17

9
]⟩ , 3]. All the labelled nodes (temporary and permanent) are 

shown in Table 5.7.  

Table 5.7: All labelled nodes 

Node  Label Status 

1 [𝑢̃1, −] = [⟨[0,0], [1,1]⟩,−]  Permanent 

2 
[𝑢̃2, 1] = [⟨[

1

3
,
1

2
] , [

(17)
1
4

3
,
(7)

1
4

2
]⟩ , 1]  

Permanent 

3 
[𝑢̃3, 1] = [⟨[

1

4
,
1

3
] , [

(31)
1
4

4
,
(17)

1
4

3
]⟩ , 1]  

Permanent 

4 [𝑢̃4, 2] = [⟨[
√17

9
,
√7

4
] , [

√17

9
,
√7

4
]⟩ , 2] and 

[𝑢̃4, 3] = [⟨[
√31

16
,
√17

9
] , [

√31

16
,
√17

9
]⟩ , 3]  

Temporary 

  

Step 3: It is obvious from Table 5.7 that there exists only one node having temporary label i.e., 

node 4. Therefore, according to Step 3 of Enayattabar et al.’s method [63], 𝑟 = 4. Hence, 

the temporary label [𝑢̃4, 3] of the node 4 will be changed to the permanent label [𝑢̃4, 3] as 

shown in Table 5.8.  
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Table 5.8: Updated labelled nodes 

Node  Label Status 

1 [𝑢̃1, −] = [⟨[0,0], [1,1]⟩,−]  Permanent 

2 
[𝑢̃2, 1] = [⟨[

1

3
,
1

2
] , [

(17)
1
4

3
,
(7)

1
4

2
]⟩ , 1]  

Permanent 

3 
[𝑢̃3, 1] = [⟨[

1

4
,
1

3
] , [

(31)
1
4

4
,
(17)

1
4

3
]⟩ , 1]  

Permanent 

4 [𝑢̃4, 2] = [⟨[
√17

9
,
√7

4
] , [

√17

9
,
√7

4
]⟩ , 2] and 

[𝑢̃4, 3] = [⟨[
√31

16
,
√17

9
] , [

√31

16
,
√17

9
]⟩ , 3]  

Permanent 

 

Step 4: Since, all the nodes of Table 5.8 have permanent labels. So, according to Case (i) of Step 

4 of Enayattabar et al.’s method [63], both the IvPyFuNs ⟨[
√17

9
,
√7

4
] , [

√17

9
,
√7

4
]⟩ and 

⟨[
√31

16
,
√17

9
] , [

√31

16
,
√17

9
]⟩ represents the shortest IvPyFuD from the source node 1 to the 

destination node 4. Also, using the existing backtracking process [54], the shortest paths 

from the source node 1 to the destination node 4 are 1 − 2 − 4 and 1 − 3 − 4 respectievly. 

5.2.6 Proposed expression to evaluate sum of IvPyFuNs 

In this section, a valid expression (5.2.6.1) is proposed to evaluate sum of IvPyFuNs. 

Let 𝐴̃𝑘 = ⟨𝑥𝑘; [𝜇𝐴𝑘
𝐿 , 𝜇𝐴𝑘

𝑈] , [𝑣𝐴𝑘
𝐿 , 𝑣𝐴𝑘

𝑈]⟩ ; 𝑘 = 1,2, … ,𝑚, be IvPyFuNs where 0 ≤

(𝜇𝐴𝑘
𝑈(𝑥))

2

+ (𝑣𝐴𝑘
𝑈(𝑥))

2

≤ 1 ∀ 𝑘 and 𝑝𝑘 ≥ 0 ∀ 𝑘. Then, 
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𝑝1𝐴̃1 + 𝑝2𝐴̃2 +⋯+ 𝑝𝑚𝐴̃𝑚 =

⟨∑ 𝑝𝑘𝑥𝑘
𝑚
𝑘=1 ; [√

∑ 𝑝𝑘(𝜇𝐴𝑘
𝐿)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

, √
∑ 𝑝𝑘(𝜇𝐴𝑘

𝑈)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

] , [√
∑ 𝑝𝑘(𝑣𝐴𝑘

𝐿)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

, √
∑ 𝑝𝑘(𝑣𝐴𝑘

𝑈)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

]⟩ ;  𝑖𝑓 ∑ 𝑝𝑘
𝑚
𝑘=1 ≠

0                                                                                                                                                   (5.2.6.1) 

The following clearly indicates that 𝑝1𝐴̃1 + 𝑝2𝐴̃2 +⋯+ 𝑝𝑚𝐴̃𝑚 is an IvPyFuN. 

(i) 0 ≤ 𝜇𝐴𝑘
𝐿 ≤ 1, 𝑝𝑘 ≥ 0 

⟹ 0 ≤ (𝜇𝐴𝑘
𝐿)

2

≤ 1, 𝑝𝑘 ≥ 0  

⟹ 0 ≤ 𝑝𝑘 (𝜇𝐴𝑘
𝐿)

2

≤ 𝑝𝑘   

⟹ 0 ≤ ∑ 𝑝𝑘 (𝜇𝐴𝑘
𝐿)

2
𝑚
𝑘=1 ≤ ∑ 𝑝𝑘

𝑚
𝑘=1   

⟹ 0 ≤
∑ 𝑝𝑘(𝜇𝐴𝑘

𝐿)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

≤ 1  

⇒ 0 ≤ √
∑ 𝑝𝑘(𝜇𝐴𝑘

𝐿)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

≤ 1. 

(ii) 0 ≤ 𝜇𝐴𝑘
𝑈 ≤ 1, 𝑝𝑘 ≥ 0 

⟹ 0 ≤ (𝜇𝐴𝑘
𝑈)

2

≤ 1, 𝑝𝑘 ≥ 0  

⟹ 0 ≤ 𝑝𝑘 (𝜇𝐴𝑘
𝑈)

2

≤ 𝑝𝑘   

⟹ 0 ≤ ∑ 𝑝𝑘 (𝜇𝐴𝑘
𝑈)

2
𝑚
𝑘=1 ≤ ∑ 𝑝𝑘

𝑚
𝑘=1   

⟹ 0 ≤
∑ 𝑝𝑘(𝜇𝐴𝑘

𝑈)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

≤ 1  

⇒ 0 ≤ √
∑ 𝑝𝑘(𝜇𝐴𝑘

𝑈)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

≤ 1. 
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(iii) 0 ≤ 𝑣𝐴𝑘
𝐿 ≤ 1, 𝑝𝑘 ≥ 0 

⟹ 0 ≤ (𝑣𝐴𝑘
𝐿)

2

≤ 1, 𝑝𝑘 ≥ 0  

⟹ 0 ≤ 𝑝𝑘 (𝑣𝐴𝑘
𝐿)

2

≤ 𝑝𝑘   

⟹ 0 ≤ ∑ 𝑝𝑘 (𝑣𝐴𝑘
𝐿)

2
𝑚
𝑘=1 ≤ ∑ 𝑝𝑘

𝑚
𝑘=1   

⟹ 0 ≤
∑ 𝑝𝑘(𝑣𝐴𝑘

𝐿)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

≤ 1  

⇒ 0 ≤ √
∑ 𝑝𝑘(𝑣𝐴𝑘

𝐿)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

≤ 1. 

(iv) 0 ≤ 𝑣𝐴𝑘
𝑈 ≤ 1, 𝑝𝑘 ≥ 0 

⟹ 0 ≤ (𝑣𝐴𝑘
𝑈)

2

≤ 1, 𝑝𝑘 ≥ 0  

⟹ 0 ≤ 𝑝𝑘 (𝑣𝐴𝑘
𝑈)

2

≤ 𝑝𝑘   

⟹ 0 ≤ ∑ 𝑝𝑘 (𝑣𝐴𝑘
𝑈)

2
𝑚
𝑘=1 ≤ ∑ 𝑝𝑘

𝑚
𝑘=1   

⟹ 0 ≤
∑ 𝑝𝑘(𝑣𝐴𝑘

𝑈)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

≤ 1  

⇒ 0 ≤ √
∑ 𝑝𝑘(𝑣𝐴𝑘

𝑈)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

≤ 1. 

(v) 𝑝𝑘 ≥ 0, 𝜇𝐴𝑘
𝑈 ≥ 0, 𝑣𝐴𝑘

𝑈 , ∑ 𝑝𝑘
𝑚
𝑘=1 ≠ 0 

⇒ (√
∑ 𝑝𝑘(𝜇𝐴𝑘

𝑈)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

2

+ (√
∑ 𝑝𝑘(𝑣𝐴𝑘

𝑈)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

2

≥ 0. 
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(vi) (√
∑ 𝑝𝑘(𝜇𝐴𝑘

𝑈)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

2

+(√
∑ 𝑝𝑘(𝑣𝐴𝑘

𝑈)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

2

=
∑ 𝑝𝑘(𝜇𝐴𝑘

𝑈)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

+
∑ 𝑝𝑘(𝑣𝐴𝑘

𝑈)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

=

∑ 𝑝𝑘((𝜇𝐴𝑘
𝑈)

2

+(𝑣
𝐴𝑘
𝑈)

2

)𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

. 

Since, (𝜇𝐴𝑘
𝑈)

2

+ (𝑣𝐴𝑘
𝑈)

2

≤ 1. So,  

(√
∑ 𝑝𝑘(𝜇𝐴𝑘

𝑈)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

2

+ (√
∑ 𝑝𝑘(𝑣𝐴𝑘

𝑈)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

2

≤
∑ 𝑝𝑘
𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

. 

Since, 
∑ 𝑝𝑘
𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

= 1. So,   

(√
∑ 𝑝𝑘(𝜇𝐴𝑘

𝑈)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

2

+ (√
∑ 𝑝𝑘(𝑣𝐴𝑘

𝑈)
2

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

2

≤ 1. 

5.2.7 Extended method for comparing IvPyFuNs 

In this section, the existing method [78] for comparing interval-valued intuitionistic fuzzy 

numbers is extended for comparing IvPyFuNs. 

Let 𝐴̃1 = ⟨𝑥1; [𝜇𝐴1𝐿 , 𝜇𝐴1𝑈] , [𝑣𝐴1𝐿 , 𝑣𝐴1𝑈]⟩ and 𝐴̃2 = ⟨𝑥2; [𝜇𝐴2𝐿 , 𝜇𝐴2𝑈 ] , [𝑣𝐴2𝐿 , 𝑣𝐴2𝑈]⟩ be two 

IvPyFuNs. Then, the IvPyFuNs 𝐴̃1 and 𝐴̃2 can be compared as follows. 

Step 1: Check whether 𝑥1 < 𝑥2, 𝑥1 > 𝑥2 or 𝑥1 = 𝑥2. 

Case (a) If 𝑥1 < 𝑥2, then 𝐴̃1 ≺ 𝐴̃2. 

Case (b) If 𝑥1 > 𝑥2, then 𝐴̃1 ≻ 𝐴̃2. 

Case (c) If 𝑥1 = 𝑥2, then go to Step 2. 

Step 2: Check whether 𝑆(𝐴̃1) < 𝑆(𝐴̃2) or 𝑆(𝐴̃1) > 𝑆(𝐴̃2) or 𝑆(𝐴̃1) = 𝑆(𝐴̃2), where  
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𝑆(𝐴̃𝑘) =
1

2
((𝜇𝐴𝑘

𝐿)
2

+ (𝜇𝐴𝑘
𝑈)

2

− (𝑣𝐴𝑘
𝐿)

2

− (𝑣𝐴𝑘
𝑈)

2

) ; 𝑘 = 1,2                                          (5.2.7.1)   

Case (a) If 𝑆(𝐴̃1) < 𝑆(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 

Case (b) If 𝑆(𝐴̃1) > 𝑆(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (c) If 𝑆(𝐴̃1) = 𝑆(𝐴̃2), then go to Step 3. 

Step 3: Check whether 𝐸1(𝐴̃1) < 𝐸1(𝐴̃2) or 𝐸1(𝐴̃1) > 𝐸1(𝐴̃2) or 𝐸1(𝐴̃1) = 𝐸1(𝐴̃2), where 

𝐸1(𝐴̃𝑘) =
1

2
((𝜇𝐴𝑘

𝐿)
2

+ (𝜇𝐴𝑘
𝑈)

2

+ (𝑣𝐴𝑘
𝐿)

2

+ (𝑣𝐴𝑘
𝑈)

2

) ; 𝑘 = 1,2                                      (5.2.7.2)  

Case (a) If 𝐸1(𝐴̃1) < 𝐸1(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2.  

Case (b) If 𝐸1(𝐴̃1) > 𝐸1(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 

Case (c) If 𝐸1(𝐴̃1) = 𝐸1(𝐴̃2), then go to Step 4. 

Step 4: Check whether 𝐸2(𝐴̃1) < 𝐸2(𝐴̃2) or 𝐸2(𝐴̃1) > 𝐸2(𝐴̃2) or 𝐸2(𝐴̃1) = 𝐸2(𝐴̃2), where 

   𝐸2(𝐴̃𝑘) =
1

2
((𝜇𝐴𝑘

𝑈)
2

− (𝜇𝐴𝑘
𝐿)

2

+ (𝑣𝐴𝑘
𝑈)

2

− (𝑣𝐴𝑘
𝐿)

2

) ; 𝑘 = 1,2                                   (5.2.7.3) 

Case (a) If 𝐸2(𝐴̃1) < 𝐸2(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 

Case (b) If 𝐸2(𝐴̃1) > 𝐸2(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (c) If 𝐸2(𝐴̃1) = 𝐸2(𝐴̃2), then go to Step 5. 

Step 5: Check whether 𝐸3(𝐴̃1) < 𝐸3(𝐴̃2) or 𝐸3(𝐴̃1) > 𝐸3(𝐴̃2) or 𝐸3(𝐴̃1) = 𝐸3(𝐴̃2), where 

𝐸3(𝐴̃𝑘) = (𝜇𝐴𝑘
𝑈)

2

− (𝜇𝐴𝑘
𝐿)

2

; 𝑘 = 1,2                                                                                          (5.2.7.4) 

Case (a) If 𝐸3(𝐴̃1) < 𝐸3(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 

Case (b) If 𝐸3(𝐴̃1) > 𝐸3(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (c) If 𝐸3(𝐴̃1) = 𝐸3(𝐴̃2), then 𝐴̃1 = 𝐴̃2.  
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5.2.8 Proposed Mehar method for solving IvPyFuSpPs  

In this section, using the proposed expression (5.2.6.1) to evaluate sum of IvPyFuNs and 

the extended method for comparing IvPyFuNs, discussed in Section 5.2.7, a new method (named 

as Mehar method) is proposed to find a shortest path from a node (called as source node) to any 

other node (called as destination node) as well as the corresponding shortest IvPyFuD of an 

IvPyFuSpP.  

The steps of the proposed Mehar method are as follows. 

Step 1: Transform the IvPyFuSpP into its equivalent CrSpP by replacing the IvPyFuD 

⟨𝑙𝑖𝑗; [𝜇𝑙𝑖𝑗
𝐿 , 𝜇𝑙𝑖𝑗

𝑈] , [𝑣𝑙𝑖𝑗
𝐿 , 𝑣𝑙𝑖𝑗

𝑈]⟩ with the crisp distance 𝑙𝑖𝑗 ∀ (𝑖, 𝑗) ∈ 𝐸.  

Step 2: Solve the transformed CrSpP by Dijkstra’s algorithm [54].  

Case (i): If a unique optimal path exists. Then, the total IvPyFuD corresponding to the 

obtained unique optimal path represents the shortest IvPyFuD from the node 𝑖 to 

the node 𝑗. 

Case (ii): If alternative optimal paths exist. Then, find all the IvPyFuNs, representing the 

total IvPyFuD from the node 𝑖 to the node 𝑗, corresponding to all the obtained 

alternative optimal paths. Finally, use the extended comparing method, 

discussed in Section 5.2.7, to find the smallest IvPyFuN out of all the obtained 

IvPyFuNs. The obtained smallest IvPyFuN represents the shortest IvPyFuD 

from the node 𝑖 to the node 𝑗 as well as the corresponding path(s) represents the 

shortest path(s) from the node 𝑖 to the node 𝑗. 

5.2.9 Exact result of an existing IvPyFuSpP 

Enayattabar et al. [63] applied their proposed method for the network (represented by Fig. 

5.1 and Table 5.9) to find the shortest path and the corresponding shortest IvPyFuD from the source 
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node 1 to the destination node 6. However, as discussed in Section 5.2.5, Enayattabar et al. [63] 

have considered some mathematical incorrect results in their proposed method. So, the obtained 

shortest path and the corresponding shortest IvPyFuD are not correct.  

In this section, a correct shortest path from the source node 1 to the destination node 6 and 

the corresponding shortest IvPyFuD are obtained by the proposed Mehar method. 

Table 5.9 [63] Existing IvPyFuD between two nodes 

Node 𝑖 to node 𝑗 IvPyFuD 

Node 1 to node 2 〈5; [0.4,0.5], [0.3,0.4]〉 

Node 1 to node 3 〈5; [0.6,0.7], [0.2,0.3]〉 

Node 2 to node 3 〈5; [0.3,0.6], [0.3,0.4]〉 

Node 2 to node 4 〈5; [0.7,0.8], [0.1,0.2]〉 

Node 2 to node 5 〈5; [0.6,0.7], [0.2,0.3]〉 

Node 3 to node 4 〈5; [0.4,0.6], [0.2,0.4]〉 

Node 3 to node 5 〈5; [0.7,0.8], [0.3,0.5]〉 

Node 4 to node 5 〈5; [0.5,0.6], [0.1,0.3]〉 

Node 4 to node 6 〈5; [0.4,0.7], [0.1,0.2]〉 

Node 5 to node 6 〈5; [0.3,0.4], [0.1,0.2]〉 

 

Using the proposed Mehar method, the shortest path and the corresponding shortest IvPyFuD 

from the source node 1 to the destination node 6 for the network (represented by Fig. 5.1 and Table 

5.9) can be obtained as follows.  

Step 1: Using Step 1 of the proposed Mehar method, the IvPyFuSpP (represented by Fig. 5.1 and 

Table 5.9) can be transformed into its equivalent CrSpP (represented by Fig. 5.4). 
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Fig. 5.4 Transformed CrSpP 

Step 2: According to Step 2 of the proposed Mehar method, there is a need to apply Dijkstra 

algorithm [54] to find the shortest path from the source node 1 to the destination node 6 

of the transformed CrSpP (represented by Fig. 5.4). 

It can be easily verified that on applying Dijkstra algorithm [54] for the 

transformed CrSpP (represented by Fig. 5.4), the following four alternative optimal paths 

are obtained. 

(i) 1 − 2 − 4 − 6  

(ii) 1 − 2 − 5 − 6  

(iii) 1 − 3 − 4 − 6  

(iv) 1 − 3 − 5 − 6  

Since, there are four alternative optimal paths. So, according to Case (ii) of Step 2 

of the proposed Mehar method, there is a need to find the total IvPyFuD corresponding to 

all the four alternative optimal paths.  

It is obvious that    

(i) The total IvPyFuD corresponding to the path 1 − 2 − 4 − 6 is 

〈5; [0.4,0.5], [0.3,0.4]〉 + 〈5; [0.7,0.8], [0.1,0.2]〉 + 〈5; [0.4,0.7], [0.1,0.2]〉 =

2 4 

3 5 

1 6 

5 

5 5 

5 
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⟨15; [√
(0.4)2+(0.7)2+(0.4)2

3
, √

(0.5)2+(0.8)2+(0.7)2

3
] , [√

(0.3)2+(0.1)2+(0.1)2

3
, √

(0.4)2+(0.2)2+(0.2)2

3
]⟩ =

⟨15; [√
0.81

3
, √

1.38

3
] , [√

0.11

3
, √

0.24

3
]⟩. 

(ii) The total IvPyFuD corresponding to the path 1 − 2 − 5 − 6 is 

〈5; [0.4,0.5], [0.3,0.4]〉 + 〈5; [0.6,0.7], [0.2,0.3]〉 + 〈5; [0.3,0.4], [0.1,0.2]〉 =

⟨15; [√
(0.4)2+(0.6)2+(0.3)2

3
, √

(0.5)2+(0.7)2+(0.4)2

3
] , [√

(0.3)2+(0.2)2+(0.1)2

3
, √

(0.4)2+(0.3)2+(0.2)2

3
]⟩ =

⟨15; [√
0.61

3
, √

0.9

3
] , [√

0.14

3
, √

0.29

3
]⟩. 

(iii) The total IvPyFuD corresponding to the path 1 − 3 − 4 − 6 is 

〈5; [0.6,0.7], [0.2,0.3]〉 + 〈5; [0.4,0.6], [0.2,0.4]〉 + 〈5; [0.4,0.7], [0.1,0.2]〉 =

⟨15; [√
(0.6)2+(0.4)2+(0.4)2

3
, √

(0.7)2+(0.6)2+(0.7)2

3
] , [√

(0.2)2+(0.2)2+(0.1)2

3
, √

(0.3)2+(0.4)2+(0.2)2

3
]⟩ =

⟨15; [√
0.68

3
, √

1.34

3
] , [√

0.09

3
, √

0.29

3
]⟩. 

(iv) The total IvPyFuD corresponding to the path 1 − 3 − 5 − 6 is 

〈5; [0.6,0.7], [0.2,0.3]〉 + 〈5; [0.7,0.8], [0.3,0.5]〉 + 〈5; [0.3,0.4], [0.1,0.2]〉 =

⟨15; [√
(0.6)2+(0.7)2+(0.3)2

3
, √

(0.7)2+(0.8)2+(0.4)2

3
] , [√

(0.2)2+(0.3)2+(0.1)2

3
, √

(0.3)2+(0.5)2+(0.2)2

3
]⟩ =

⟨15; [√
0.94

3
, √

1.29

3
] , [√

0.14

3
, √

0.38

3
]⟩.  

Now, according to Case (ii) of Step 2 of the proposed Mehar method, there 

is a need to apply the extended comparing method, discussed in Section 5.2.7, to 
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find minimum of the IvPyFuNs 𝐴̃1 = ⟨15; [√
0.81

3
, √

1.38

3
] , [√

0.11

3
, √

0.24

3
]⟩, 𝐴̃2 =

⟨15; [√
0.61

3
, √

0.9

3
] , [√

0.14

3
, √

0.29

3
]⟩, 𝐴̃3 = ⟨15; [√

0.68

3
, √

1.34

3
] , [√

0.09

3
, √

0.29

3
]⟩ and 

𝐴̃4 = ⟨15; [√
0.94

3
, √

1.29

3
] , [√

0.14

3
, √

0.38

3
]⟩.  

Using the extended comparing method, discussed in Section 5.2.7, 

minimum of  𝐴̃1 = ⟨15; [√
0.81

3
, √

1.38

3
] , [√

0.11

3
, √

0.24

3
]⟩, 𝐴̃2 =

⟨15; [√
0.61

3
, √

0.9

3
] , [√

0.14

3
, √

0.29

3
]⟩, 𝐴̃3 = ⟨15; [√

0.68

3
, √

1.34

3
] , [√

0.09

3
, √

0.29

3
]⟩ and 

𝐴̃4 = ⟨15; [√
0.94

3
, √

1.29

3
] , [√

0.14

3
, √

0.38

3
]⟩ can be obtained as follows.  

Step 2a: Since 𝑥1 = 𝑥2 = 𝑥3 = 𝑥4 = 15. So, according to Step 1 of the extended 

comparing method, discussed in Section 5.2.7, there is a need to go to 

Step 2. 

Step 2b: Since 𝑆(𝐴̃𝑘) =
1

2
((𝜇𝐴𝑘

𝐿)
2

+ (𝜇𝐴𝑘
𝑈)

2

− (𝑣𝐴𝑘
𝐿)

2

− (𝑣𝐴𝑘
𝑈)

2

) i.e., 𝑆(𝐴̃1) =

0.307, 𝑆(𝐴̃2) = 0.18, 𝑆(𝐴̃3) = 0.273, 𝑆(𝐴̃4) = 0.458. So, according to 

Step 2 of the extended comparing method, discussed in Section 5.2.7, 

𝐴̃2 = ⟨15; [√
0.61

3
, √

0.9

3
] , [√

0.14

3
, √

0.29

3
]⟩ represents the minimum of 𝐴̃1,

𝐴̃2, 𝐴̃3 and 𝐴̃4.  
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Hence, the total IvPyFuD, i.e., ⟨15; [√
0.61

3
, √

0.9

3
] , [√

0.14

3
, √

0.29

3
]⟩ or  

⟨15; [0.45,0.55], [0.22,0.31]⟩ represents the shortest IvPyFuD from the source node 1 to 

the destination node 6 as well as the corresponding path 1 − 2 − 5 − 6 represents the 

shortest path from the source node 1 to the destination node 6.   

5.3 Efficient method for solving TsFuSpPs 

After reviewing the literature, it may be concluded that only the existing methods [162, 

175] are proposed for solving TsFuSpPs. In this section,  

(i) It is shown that it is inappropriate to use the existing methods [162, 175]. 

(ii) It is pointed out that the reasons for the inappropriateness in the existing methods 

[162, 175] are the inappropriateness of existing expression [162, 175] to evaluate sum 

of TsFuNs as well as the inappropriateness of the existing method [162, 175] for 

comparing two TsFuNs.  

(iii) Appropriate expression to evaluate sum of TsFuNs is proposed. 

(iv) By aggregating the existing methods [5, 115] for comparing two TsFuNs, a new 

method is proposed for comparing two TsFuNs. 

(v) Using the proposed expression as well as the proposed method for comparing 

TsFuNs, an efficient method is proposed for solving TsFuSpPs. 

5.3.1 Preliminaries 

 In this section, some basic definitions are discussed. 

Definition 5.3.1.1 [171] Let 𝑋 be a universal set. Then, the set 𝐴̃ = {〈𝑥, 𝜇𝐴̃(𝑥), 𝑣𝐴̃(𝑥)〉; 𝑥 ∈ 𝑋} is 

said to be a q-rung ortho pair fuzzy number defined over the universal set 𝑋, where  

(i) 𝜇𝐴̃: 𝑋 → [0,1] and 𝑣𝐴̃: 𝑋 → [0,1] are said to be the membership function and non-

membership function respectively.  
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(ii) The values 𝜇𝐴̃(𝑥) and 𝑣𝐴̃(𝑥) are called the degree of membership and degree of non-

membership for 𝑥 ∈ 𝐴̃ respectively.  

(iii) The values 𝜇𝐴̃(𝑥) and 𝑣𝐴̃(𝑥) satisfy the condition 0 ≤ (𝜇𝐴̃(𝑥))
𝑞
+ (𝑣𝐴̃(𝑥))

𝑞
≤ 1 for some 

natural number 𝑞.   

A q-rung ortho pair fuzzy number 𝐴̃ = {〈𝑥, 𝜇𝐴̃(𝑥), 𝑣𝐴̃(𝑥)〉; 𝑥 ∈ 𝑋} is also represented as 𝐴̃ =

(𝜇𝐴̃, 𝑣𝐴̃). 

Definition 5.3.1.2 [37] Let 𝑋 be a universal set. Then, the set 𝐴̃ = {〈𝑥, 𝑠𝐴̃(𝑥), 𝑖𝐴̃(𝑥), 𝑑𝐴̃(𝑥)〉; 𝑥 ∈ 𝑋} 

is said to be a picture fuzzy number defined over the universal set 𝑋, where  

(i) 𝑠𝐴̃: 𝑋 → [0,1], 𝑖𝐴̃: 𝑋 → [0,1] and 𝑑𝐴̃: 𝑋 → [0,1] are said to be the membership function, 

hesitation function and non-membership function respectively.  

(ii) The values 𝑠𝐴̃(𝑥), 𝑖𝐴̃(𝑥) and 𝑑𝐴̃(𝑥) are called the degree of membership, degree of 

hesitation and degree of non-membership for 𝑥 ∈ 𝐴̃ respectively.  

(iii) The values 𝑠𝐴̃(𝑥), 𝑖𝐴̃(𝑥) and 𝑑𝐴̃(𝑥) satisfy the condition 0 ≤ 𝑠𝐴̃(𝑥) + 𝑖𝐴̃(𝑥) + 𝑑𝐴̃(𝑥) ≤ 1.   

A picture fuzzy number 𝐴̃ = {〈𝑥, 𝑠𝐴̃(𝑥), 𝑖𝐴̃(𝑥),𝑑𝐴̃(𝑥)〉; 𝑥 ∈ 𝑋} is also represented as 𝐴̃ =

(𝑠𝐴̃, 𝑖𝐴̃, 𝑑𝐴̃). 

Definition 5.3.1.3 [115] Let 𝑋 be a universal set. Then, the set 𝐴̃ = {〈𝑥, 𝑠𝐴̃(𝑥), 𝑖𝐴̃(𝑥), 𝑑𝐴̃(𝑥)〉; 𝑥 ∈

𝑋} is said to be a spherical fuzzy number defined over the universal set 𝑋, where  

(i) 𝑠𝐴̃: 𝑋 → [0,1], 𝑖𝐴̃: 𝑋 → [0,1] and 𝑑𝐴̃: 𝑋 → [0,1] are said to be the membership function, 

hesitation function and non-membership function respectively.  

(ii) The values 𝑠𝐴̃(𝑥), 𝑖𝐴̃(𝑥) and 𝑑𝐴̃(𝑥) are called the degree of membership, degree of 

hesitation and degree of non-membership for 𝑥 ∈ 𝐴̃ respectively.  
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(iii) The values 𝑠𝐴̃(𝑥), 𝑖𝐴̃(𝑥) and 𝑑𝐴̃(𝑥) satisfy the condition 0 ≤ (𝑠𝐴̃(𝑥))
2
+ (𝑖𝐴̃(𝑥))

2
+

(𝑑𝐴̃(𝑥))
2
≤ 1.   

A spherical fuzzy number 𝐴̃ = {〈𝑥, 𝑠𝐴̃(𝑥), 𝑖𝐴̃(𝑥), 𝑑𝐴̃(𝑥)〉; 𝑥 ∈ 𝑋} is also represented as 𝐴̃ =

(𝑠𝐴̃, 𝑖𝐴̃, 𝑑𝐴̃). 

Definition 5.3.1.4 [115] Let 𝑋 be a universal set. Then, the set 𝐴̃ = {〈𝑥, 𝑠𝐴̃(𝑥), 𝑖𝐴̃(𝑥), 𝑑𝐴̃(𝑥)〉; 𝑥 ∈

𝑋} is said to be a TsFuN defined over the universal set 𝑋, where  

(i) 𝑠𝐴̃: 𝑋 → [0,1], 𝑖𝐴̃: 𝑋 → [0,1] and 𝑑𝐴̃: 𝑋 → [0,1] are said to be the membership function, 

hesitation function and non-membership function respectively.  

(ii) The values 𝑠𝐴̃(𝑥), 𝑖𝐴̃(𝑥) and 𝑑𝐴̃(𝑥) are called the degree of membership, degree of 

hesitation and degree of non-membership for 𝑥 ∈ 𝐴̃ respectively.  

(iii) The values 𝑠𝐴̃(𝑥), 𝑖𝐴̃(𝑥) and 𝑑𝐴̃(𝑥) satisfy the condition 0 ≤ (𝑠𝐴̃(𝑥))
𝑛
+ (𝑖𝐴̃(𝑥))

𝑛
+

(𝑑𝐴̃(𝑥))
𝑛
≤ 1 for some natural number 𝑛.   

A TsFuN 𝐴̃ = {〈𝑥, 𝑠𝐴̃(𝑥), 𝑖𝐴̃(𝑥), 𝑑𝐴̃(𝑥)〉; 𝑥 ∈ 𝑋} is also represented as 𝐴̃ = (𝑠𝐴̃, 𝑖𝐴̃, 𝑑𝐴̃). 

5.3.2 Existing expression to evaluate sum of TsFuNs   

In the existing methods [162, 175], the following expression (5.3.2.1) is used to evaluate 

sum of TsFuNs. 

Let 𝐴̃𝑘 = (𝑥; 𝑠𝐴̃𝑘 , 𝑖𝐴̃𝑘 , 𝑑𝐴̃𝑘); 𝑘 = 1,2,… ,𝑚, be TsFuNs and 𝑛 be the smallest natural 

number where 0 ≤ (𝑠𝐴̃𝑘)
𝑛
+ (𝑖𝐴̃𝑘)

𝑛
+ (𝑑𝐴̃𝑘)

𝑛
≤ 1 ∀ 𝑘. Then,  

𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 = (𝑥; √1 −∏ (1 − 𝑠𝐴̃𝑘
𝑛 )𝑚

𝑘=1

𝑛
, √1 −∏ (1 − 𝑖𝐴̃𝑘

𝑛 )𝑚
𝑘=1

𝑛
, ∏ 𝑑𝐴̃𝑘

𝑚
𝑘=1 )       (5.3.2.1)                                 

5.3.3 Existing method for comparing two TsFuNs 

In the existing methods [162, 175], the following method is used for comparing two 

TsFuNs.  
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Let 𝐴̃1 = (𝑥; 𝑠𝐴̃1, 𝑖𝐴̃1 , 𝑑𝐴̃1) and 𝐴̃2 = (𝑥; 𝑠𝐴̃2, 𝑖𝐴̃2 , 𝑑𝐴̃2) be two TsFuNs and 𝑛 be the smallest  

natural number where 0 ≤ (𝑠𝐴̃𝑘)
𝑛
+ (𝑖𝐴̃𝑘)

𝑛
+ (𝑑𝐴̃𝑘)

𝑛
≤ 1 ∀ 𝑘. Then,  

(i) If 𝑆𝐶(𝐴̃1) < 𝑆𝐶(𝐴̃2) then, 𝐴̃1 ≺ 𝐴̃2. 

(ii) If 𝑆𝐶(𝐴̃1) > 𝑆𝐶(𝐴̃2) then, 𝐴̃1 ≻ 𝐴̃2.  

(iii) If 𝑆𝐶(𝐴̃1) = 𝑆𝐶(𝐴̃2) then, 𝐴̃1 = 𝐴̃2. 

where,  

𝑆𝐶(𝐴̃𝑘) =
1

3
((𝑠𝐴̃𝑘)

𝑛
(1 − (𝑖𝐴̃𝑘)

𝑛
− (𝑑𝐴̃𝑘)

𝑛
)) ; 𝑘 = 1,2                                           (5.3.3.1) 

5.3.4 Zedam et al.’s method for solving TsFuSpPs  

Zedam et al. [175] proposed a method to find the shortest TsFuD and the corresponding 

shortest path from a node (called as source node) to any other node (called as destination node) of 

the considered network by considering the following assumptions: 

(i) [𝑢̃𝑗, 𝑖] = [𝑢̃𝑖 + 𝑙𝑖𝑗 , 𝑖] represent the label for the node 𝑗 which is directly connected to 

the node 𝑖. 

(ii) [𝑢̃1, −] = [(0;0,0,1),−] represent the label for the source node (say, node 1), where 

− indicates that the node 1 has no predecessor. 

(iii) The TsFuN 𝑢̃𝑖 = (𝑢𝑖; 𝑠𝑢𝑖 , 𝑖𝑢𝑖 , 𝑑𝑢𝑖) represent the shortest TsFuD from the source node 

(say, node 1) to the node 𝑖. 

(iv) The TsFuN 𝑙𝑖𝑗 = (𝑙𝑖𝑗; 𝑠𝑙𝑖𝑗 , 𝑖𝑙𝑖𝑗 , 𝑑𝑙𝑖𝑗) represent the distance from the node 𝑖 to the node 

𝑗.  

Step 1: Assign the permanent label [𝑢̃1, −] = [(0; 0,0,1),−] for the source node (say, node 1). Set 

𝑖 = 1 and go to Step 2.   

Step 2: Using the expression (5.3.2.1), compute the temporary label [𝑢̃𝑗, 𝑖] = [𝑢̃𝑖 + 𝑙𝑖𝑗 , 𝑖] for each  
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node 𝑗 that is directly connected to the node 𝑖, provided the node 𝑗 is not permanently 

labelled.  

If the node 𝑗 is already labelled with [𝑢̃𝑗, 𝑘] through another node 𝑘 and if 

𝑆𝐶(𝑢̃𝑖 + 𝑙𝑖𝑗) < 𝑆𝐶(𝑢̃𝑗), then replace the label [𝑢̃𝑗, 𝑘] with the label [𝑢̃𝑖 + 𝑙𝑖𝑗 , 𝑖].  

Step 3: If there is only one node (say, node 𝑟) for which temporary label is computed in Step 2. 

Then, change the computed temporary label [𝑢̃𝑟 , 𝑖] of the node 𝑟 to the permanent label 

[𝑢̃𝑟 , 𝑖]. Otherwise, find 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 (𝑙𝑖𝑗) i.e., 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 {𝑆𝐶(𝑙𝑖𝑗)}, where 𝑗 represents all 

those temporary nodes which are directly connected to the node 𝑖.  

Case (i): If 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 (𝑙𝑖𝑗) is corresponding to a unique value of 𝑗 (say, 𝑟) then change 

the computed temporary label [𝑢̃𝑟 , 𝑖] of the node 𝑟 to the permanent label [𝑢̃𝑟, 𝑖] 

and go to Step 4.  

Case (ii): If 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 (𝑙𝑖𝑗) is corresponding to more than one values of 𝑗 then proceed 

further by considering any one from the obtained values of 𝑗 (say, 𝑟). Also, change 

the computed temporary label [𝑢̃𝑟 , 𝑖] of the node 𝑟 to the permanent label [𝑢̃𝑟, 𝑖] 

and go to Step 4.  

Step 4: Check that 𝑟 is the destination node or not.  

Case (i): If yes then the TsFuN 𝑢̃𝑟 represent the shortest TsFuD from the source node 1 

to the destination node 𝑟. Use the existing backtracking process [54] to find the 

corresponding shortest path.  

Case (ii): If no then set 𝑖 = 𝑟 and go to Step 2.  

Remark 5.2: It is pertinent to mention that Ullah et al.’s method [162] is obtained by considering 

the following modification in Step 4 of Zedam et al.’s method [175].   

Check that all the nodes have permanent labels or not.  
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Case (i): If yes then the TsFuN 𝑢̃𝑟 represent the shortest TsFuD from the source node 1 to the 

destination node 𝑟. Use the existing backtracking process [54] to find the corresponding 

shortest path.  

Case (ii): If no then set 𝑖 = 𝑟 and go to Step 2. 

5.3.5 Inappropriateness of existing methods to solve TsFuSpPs 

The following clearly indicates that it is inappropriate to use the existing methods [162, 

175] in its present form. 

(i) In Step 2 of the existing methods [162, 175], the expression (5.3.2.1) is used to 

evaluate sum of TsFuNs 𝑢̃𝑖 and 𝑙𝑖𝑗 i.e., to evaluate 𝑢̃𝑖 + 𝑙𝑖𝑗. However, the expression 

(5.3.2.1) is not valid as the sum of TsFuNs, obtained by the expression (5.3.2.1), will 

not necessarily be a TsFuN. The following validates this claim.  

Let 𝐴̃1 = (𝑥; 𝑠𝐴̃1 , 𝑖𝐴̃1, 𝑑𝐴̃1) = (𝑥; 1,0,0) and 𝐴̃2 = (𝑥; 𝑠𝐴̃2 , 𝑖𝐴̃2, 𝑑𝐴̃2) =

(𝑥; 0,1,0) be two TsFuNs.  

Then, using the expression (5.3.2.1), 𝐴̃1 + 𝐴̃2 =

(𝑥; √1 − ∏ (1 − 𝑠𝐴̃𝑘
𝑛 )2

𝑘=1

𝑛
, √1 − ∏ (1 − 𝑖𝐴̃𝑘

𝑛 )2
𝑘=1

𝑛
, ∏ 𝑑𝐴̃𝑘

𝑛2
𝑘=1 ) = (𝑥; 1 − (1 −

1)(1− 0), 1 − (1 − 0)(1 − 1), 0) = (𝑥; 1,1,0). It is obvious that (𝑥; 1,1,0) is not a 

TsFuN as for every natural number 𝑛, (1)𝑛 + (1)𝑛 + (0)𝑛 = 2 which is greater than 

1.  

(ii) In Step 2 of the existing methods [162, 175], the expression (5.3.3.1) is used to check 

that 𝑢̃𝑖 + 𝑙𝑖𝑗 is less than 𝑢̃𝑗 i.e., to check that the condition 𝑆𝐶(𝑢̃𝑖 + 𝑙𝑖𝑗) < 𝑆𝐶(𝑢̃𝑗) is 

satisfying or not.  
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However, the expression (5.3.3.1) is not valid as it fails to distinguish two 

distinct TsFuNs. The following validates this claim. 

Let 𝐴̃1 = (𝑥; 0.1,0.2,0.3) and 𝐴̃2 = (𝑥; 0.1,0.3,0.2) be two TsFuNs. It is 

obvious that 𝐴̃1 ≠ 𝐴̃2. 

While, according to the expression (5.3.3.1), 𝐴̃1 = 𝐴̃2 as 𝑆𝐶(𝐴̃1) = 𝑆𝐶(𝐴̃2) =

1

3
((0.1)(1 − 0.3 − 0.2)) = 0.0167.      

5.3.6 Invalidity of existing expressions to evaluate sum of TsFuNs 

It is obvious from Section 5.3.5 that to resolve the first inappropriateness of the existing 

methods [162, 175], there is a need to use a valid expression to evaluate sum of TsFuNs. Although, 

in the literature [66, 112, 124], different expressions are proposed to evaluate sum of TsFuNs. But 

the following clearly indicates that none of the existing expressions [66, 112, 124] are valid. Hence, 

none of the existing expressions [66, 112, 124] can be used to resolve the first inappropriateness 

of the existing methods [162, 175]. 

(i) In the published papers [5, 35, 111, 112, 116, 118, 167, 176], the expression (5.3.6.1) is 

used to evaluate sum of TsFuNs 𝐴̃𝑘 = (𝑥; 𝑠𝐴̃𝑘 , 𝑖𝐴̃𝑘 , 𝑑𝐴̃𝑘); 𝑘 = 1,2,… ,𝑚. 

𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 = (𝑥; √1 − ∏ (1 − 𝑠𝐴̃𝑘
𝑛 )𝑚

𝑘=1

𝑛
, ∏ 𝑖𝐴̃𝑘

𝑚
𝑘=1 , ∏ 𝑑𝐴̃𝑘

𝑚
𝑘=1 )            (5.3.6.1) 

However, the following clearly indicates that the expression (5.3.6.1) is not valid.  

(a) If 𝑠𝐴̃𝑘 = 1 for any 𝑘, then the degree of membership i.e.,  √1 −∏ (1 − 𝑠𝐴̃𝑘
𝑛 )𝑚

𝑘=1

𝑛
 

of 𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 will be 1. This indicates that the degree of membership i.e., 

√1− ∏ (1 − 𝑠𝐴̃𝑘
𝑛 )𝑚

𝑘=1

𝑛
 of 𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 is independent from the degree of 

membership of remaining TsFuNs.   
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(b) If 𝑖𝐴̃𝑘 = 0 for any 𝑘, then the degree of hesitation i.e.,   ∏ 𝑖𝐴̃𝑘
𝑚
𝑘=1  of 𝐴̃1 + 𝐴̃2 +

⋯+ 𝐴̃𝑚 will be 0. This indicates that the degree of hesitation i.e., ∏ 𝑖𝐴̃𝑘
𝑚
𝑘=1  of 

𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 is independent from the degree of hesitation of remaining 

TsFuNs.  

(c) If 𝑑𝐴̃𝑘 = 0 for any 𝑘, then the degree of non-membership i.e.,   ∏ 𝑑𝐴̃𝑘
𝑚
𝑘=1  of 𝐴̃1 +

𝐴̃2 +⋯+ 𝐴̃𝑚 will be 0. This indicates that the degree of non-membership i.e., 

∏ 𝑑𝐴̃𝑘
𝑚
𝑘=1  of 𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 is independent from the degree of non-

membership of remaining TsFuNs.  

(ii) In the published paper [124], the expression (5.3.6.2) is used to evaluate sum of TsFuNs 

𝐴̃𝑘 = (𝑥; 𝑠𝐴̃𝑘 , 𝑖𝐴̃𝑘 , 𝑑𝐴̃𝑘); 𝑘 = 1,2,… ,𝑚. 

𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 = (𝑥;∏ 𝑠𝐴̃𝑘
𝑚
𝑘=1 , ∏ 𝑖𝐴̃𝑘

𝑚
𝑘=1 , √1 −∏ (1 − 𝑑𝐴̃𝑘

𝑛 )𝑚
𝑘=1

𝑛
)              (5.3.6.2) 

However, the following clearly indicates that the expression (5.3.6.2) is not valid.  

(a) If 𝑠𝐴̃𝑘 = 0 for any 𝑘, then the degree of membership i.e.,   ∏ 𝑠𝐴̃𝑘
𝑚
𝑘=1  of 𝐴̃1 + 𝐴̃2 +

⋯+ 𝐴̃𝑚 will be 0. This indicates that the degree of membership i.e., ∏ 𝑠𝐴̃𝑘
𝑚
𝑘=1  of 

𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 is independent from the degree of membership of remaining 

TsFuNs.  

(b) If 𝑖𝐴̃𝑘 = 0 for any 𝑘, then the degree of hesitation i.e.,   ∏ 𝑖𝐴̃𝑘
𝑚
𝑘=1  of 𝐴̃1 + 𝐴̃2 +

⋯+ 𝐴̃𝑚 will be 0. This indicates that the degree of hesitation i.e., ∏ 𝑖𝐴̃𝑘
𝑚
𝑘=1  of 

𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 is independent from the degree of hesitation of remaining 

TsFuNs.  
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(c) If 𝑑𝐴̃𝑘 = 1 for any 𝑘, then the degree of non-membership i.e.,  

√1− ∏ (1 − 𝑑𝐴̃𝑘
𝑛 )𝑚

𝑘=1

𝑛
 of 𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 will be 1. This indicates that the 

degree of non-membership i.e., √1 −∏ (1 − 𝑑𝐴̃𝑘
𝑛 )𝑚

𝑘=1

𝑛
 of 𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 is 

independent from the degree of non-membership of remaining TsFuNs.    

(iii) In the published paper [66], the expression (5.3.6.3) is used to evaluate sum of TsFuNs 

𝐴̃𝑘 = (𝑥; 𝑠𝐴̃𝑘 , 𝑖𝐴̃𝑘 , 𝑑𝐴̃𝑘); 𝑘 = 1,2,… ,𝑚. 

𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 =

(

 
𝑥; √∏ (1 − 𝑑𝐴̃𝑘

𝑛 )𝑚
𝑘=1 −∏ (1 − 𝑠𝐴̃𝑘

𝑛 − 𝑖𝐴̃𝑘
𝑛 − 𝑑𝐴̃𝑘

𝑛 )𝑚
𝑘=1 −∏ 𝑖𝐴̃𝑘

𝑛𝑚
𝑘=1

𝑛
,

√1 − ∏ (1 − 𝑖𝐴̃𝑘
𝑛 )𝑚

𝑘=1

𝑛
, √1 − ∏ (1 − 𝑑𝐴̃𝑘

𝑛 )𝑚
𝑘=1

𝑛

)

                           (5.3.6.3) 

However, the following clearly indicates that the expression (5.3.6.3) is not valid.  

(a) If 𝑖𝐴̃𝑘 = 1 for any 𝑘, then the degree of hesitation i.e.,  √1 −∏ (1 − 𝑖𝐴̃𝑘
𝑛 )𝑚

𝑘=1

𝑛
 of 

𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 will be 1. This indicates that the degree of hesitation i.e., 

√1− ∏ (1 − 𝑖𝐴̃𝑘
𝑛 )𝑚

𝑘=1

𝑛
 of 𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚is independent from the degree of 

hesitation of remaining TsFuNs.   

(b) If 𝑑𝐴̃𝑘 = 1 for any 𝑘, then the degree of non-membership i.e.,  

√1− ∏ (1 − 𝑑𝐴̃𝑘
𝑛 )𝑚

𝑘=1

𝑛
 of 𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 will be 1. This indicates that the 

degree of non-membership i.e., √1 −∏ (1 − 𝑑𝐴̃𝑘
𝑛 )𝑚

𝑘=1

𝑛
 of 𝐴̃1 + 𝐴̃2 +⋯+ 𝐴̃𝑚 is 

independent from the degree of non-membership of remaining TsFuNs.  
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5.3.7 Proposed expression to evaluate sum of TsFuNs 

In this section, to resolve the first inappropriateness of the existing methods [162, 175], 

discussed in Section 5.3.5, a valid expression is proposed to evaluate sum of TsFuNs. 

Let 𝐴̃𝑘 = (𝑥𝑘; 𝑠𝐴̃𝑘 , 𝑖𝐴̃𝑘 , 𝑑𝐴̃𝑘); 𝑘 = 1,2, … ,𝑚, be TsFuNs and 𝑛 be the smallest natural 

number where 0 ≤ (𝑠𝐴̃𝑘)
𝑛
+ (𝑖𝐴̃𝑘)

𝑛
+ (𝑑𝐴̃𝑘)

𝑛
≤ 1 ∀ 𝑘 and 𝑝𝑘 ≥ 0 ∀ 𝑘. Then, 

𝑝1𝐴̃1 + 𝑝2𝐴̃2 +⋯+ 𝑝𝑚𝐴̃𝑚 =

(∑ 𝑝𝑘𝑥𝑘
𝑚
𝑘=1 ; (

∑ 𝑝𝑘(𝑠𝐴̃𝑘
)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

𝑛

, (
∑ 𝑝𝑘(𝑖𝐴̃𝑘

)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

𝑛

, (
∑ 𝑝𝑘(𝑑𝐴̃𝑘

)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

𝑛

);  𝑖𝑓 ∑ 𝑝𝑘
𝑚
𝑘=1 ≠ 0       (5.3.7.1) 

The following clearly indicates that 𝑝1𝐴̃1 + 𝑝2𝐴̃2 +⋯+ 𝑝𝑚𝐴̃𝑚 is a TsFuN. 

(i) 0 ≤ 𝑠𝐴̃𝑘 ≤ 1, 𝑝𝑘 ≥ 0 

⟹ 0 ≤ (𝑠𝐴̃𝑘)
𝑛
≤ 1, 𝑝𝑘 ≥ 0  

⟹ 0 ≤ 𝑝𝑘(𝑠𝐴̃𝑘)
𝑛
≤ 𝑝𝑘   

⟹ 0 ≤ ∑ 𝑝𝑘(𝑠𝐴̃𝑘)
𝑛𝑚

𝑘=1 ≤ ∑ 𝑝𝑘
𝑚
𝑘=1   

⟹ 0 ≤
∑ 𝑝𝑘(𝑠𝐴̃𝑘

)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

≤ 1  

⇒ 0 ≤ (
∑ 𝑝𝑘(𝑠𝐴̃𝑘

)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

𝑛

≤ 1. 

(ii) 0 ≤ 𝑖𝐴̃𝑘 ≤ 1, 𝑝𝑘 ≥ 0 

⟹ 0 ≤ (𝑖𝐴̃𝑘)
𝑛
≤ 1, 𝑝𝑘 ≥ 0  

⟹ 0 ≤ 𝑝𝑘(𝑖𝐴̃𝑘)
𝑛
≤ 𝑝𝑘   

⟹ 0 ≤ ∑ 𝑝𝑘(𝑖𝐴̃𝑘)
𝑛𝑚

𝑘=1 ≤ ∑ 𝑝𝑘
𝑚
𝑘=1   
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⟹ 0 ≤
∑ 𝑝𝑘(𝑖𝐴̃𝑘

)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

≤ 1  

⇒ 0 ≤ (
∑ 𝑝𝑘(𝑖𝐴̃𝑘

)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

𝑛

≤ 1. 

(iii) 0 ≤ 𝑑𝐴̃𝑘 ≤ 1, 𝑝𝑘 ≥ 0 

⟹ 0 ≤ (𝑑𝐴̃𝑘)
𝑛
≤ 1, 𝑝𝑘 ≥ 0  

⟹ 0 ≤ 𝑝𝑘(𝑑𝐴̃𝑘)
𝑛
≤ 𝑝𝑘   

⟹ 0 ≤ ∑ 𝑝𝑘(𝑑𝐴̃𝑘)
𝑛𝑚

𝑘=1 ≤ ∑ 𝑝𝑘
𝑚
𝑘=1   

⟹ 0 ≤
∑ 𝑝𝑘(𝑑𝐴̃𝑘

)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

≤ 1  

⇒ 0 ≤ (
∑ 𝑝𝑘(𝑑𝐴̃𝑘

)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

𝑛

≤ 1. 

(iv) 𝑝𝑘 ≥ 0, 𝑠𝐴̃𝑘 ≥ 0, 𝑖𝐴̃𝑘 ≥ 0, 𝑑𝐴̃𝑘 ≥ 0, ∑ 𝑝𝑘
𝑚
𝑘=1 ≠ 0 

⇒ ((
∑ 𝑝𝑘(𝑠𝐴̃𝑘

)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

𝑛

)

𝑛

+ ((
∑ 𝑝𝑘(𝑖𝐴̃𝑘

)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

𝑛

)

𝑛

+ ((
∑ 𝑝𝑘(𝑑𝐴̃𝑘

)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

𝑛

)

𝑛

≥ 0. 

(v) ((
∑ 𝑝𝑘(𝑠𝐴̃𝑘

)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

𝑛

)

𝑛

+ ((
∑ 𝑝𝑘(𝑖𝐴̃𝑘

)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

𝑛

)

𝑛

+((
∑ 𝑝𝑘(𝑑𝐴̃𝑘

)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

𝑛

)

𝑛

=
∑ 𝑝𝑘(𝑠𝐴̃𝑘

)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

+

∑ 𝑝𝑘(𝑖𝐴̃𝑘
)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

+
∑ 𝑝𝑘(𝑑𝐴̃𝑘

)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

=
∑ 𝑝𝑘((𝑠𝐴̃𝑘

)
𝑛
+(𝑖𝐴̃𝑘

)
𝑛
+(𝑑𝐴̃𝑘

)
𝑛
)𝑚

𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

. 

Since, (𝑠𝐴̃𝑘)
𝑛
+ (𝑖𝐴̃𝑘)

𝑛
+ (𝑑𝐴̃𝑘)

𝑛
≤ 1. So,  

((
∑ 𝑝𝑘(𝑠𝐴̃𝑘

)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

𝑛

)

𝑛

+ ((
∑ 𝑝𝑘(𝑖𝐴̃𝑘

)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

𝑛

)

𝑛

+((
∑ 𝑝𝑘(𝑑𝐴̃𝑘

)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

𝑛

)

𝑛

≤
∑ 𝑝𝑘
𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

. 
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Since, 
∑ 𝑝𝑘
𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

= 1 So,   

((
∑ 𝑝𝑘(𝑠𝐴̃𝑘

)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

𝑛

)

𝑛

+ ((
∑ 𝑝𝑘(𝑖𝐴̃𝑘

)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

𝑛

)

𝑛

+((
∑ 𝑝𝑘(𝑑𝐴̃𝑘

)
𝑛

𝑚
𝑘=1

∑ 𝑝𝑘
𝑚
𝑘=1

)

1

𝑛

)

𝑛

≤ 1. 

5.3.8 Invalidity of existing methods for comparing two TsFuNs 

It is obvious from Section 5.3.5 that to resolve the second inappropriateness of the existing 

methods [162, 175], there is a need to use a valid method for comparing two TsFuNs. Although, 

in the literature [5, 35, 85, 115, 118, 176], different methods are proposed to compare two TsFuNs. 

But the following clearly indicates that none of the existing methods [5, 35, 85, 115, 118, 176] are 

valid. Hence, none of the existing methods [5, 35, 85, 115, 118, 176] can be used to resolve the 

second inappropriateness of the existing methods [162, 175]. 

(i) In the published papers [66, 111, 112, 115], the following method is used to compare two 

TsFuNs 𝐴̃1 = (𝑥; 𝑠𝐴̃1 , 𝑖𝐴̃1, 𝑑𝐴̃1) and 𝐴̃2 = (𝑥; 𝑠𝐴̃2 , 𝑖𝐴̃2, 𝑑𝐴̃2).  

Step 1: Check that 𝑆(𝐴̃1) > 𝑆(𝐴̃2) or 𝑆(𝐴̃1) < 𝑆(𝐴̃2) or 𝑆(𝐴̃1) = 𝑆(𝐴̃2), where  

𝑆(𝐴̃𝑘) = (𝑠𝐴̃𝑘)
𝑛
− (𝑑𝐴̃𝑘)

𝑛
; 𝑘 = 1,2                                                                           (5.3.8.1) 

Case (a) If 𝑆(𝐴̃1) > 𝑆(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (b) If 𝑆(𝐴̃1) < 𝑆(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 

Case (c) If 𝑆(𝐴̃1) = 𝑆(𝐴̃2). Then, go to Step 2. 

Step 2: Check that 𝐴(𝐴̃1) > 𝐴(𝐴̃2) or 𝐴(𝐴̃1) < 𝐴(𝐴̃2) or 𝐴(𝐴̃1) = 𝐴(𝐴̃2), where  

𝐴(𝐴̃𝑘) = (𝑠𝐴̃𝑘)
𝑛
+ (𝑖𝐴̃𝑘)

𝑛
+ (𝑑𝐴̃𝑘)

𝑛
; 𝑘 = 1,2                                                   (5.3.8.2)   

Case (a) If 𝐴(𝐴̃1) > 𝐴(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (b) If 𝐴(𝐴̃1) < 𝐴(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 
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Case (c) If 𝐴(𝐴̃1) = 𝐴(𝐴̃2), then 𝐴̃1 = 𝐴̃2. 

However, this method is not valid as it fails to distinguish two distinct TsFuNs. The 

following validates this claim. 

Let 𝐴̃1 = (𝑥; 0.1,0.3,0.1) and 𝐴̃2 = (𝑥; 0,0.5,0) be two TsFuNs. It is obvious that 

𝐴̃1 ≠ 𝐴̃2. While, according to this method, 𝐴̃1 = 𝐴̃2 as 𝑆(𝐴̃1) = 𝑆(𝐴̃2) = 0 and 

𝐴(𝐴̃1) = 𝐴(𝐴̃2) = 0.5.  

(ii) In the published paper [176], the following method is used to compare two TsFuNs 𝐴̃1 =

(𝑥; 𝑠𝐴̃1, 𝑖𝐴̃1, 𝑑𝐴̃1) and 𝐴̃2 = (𝑥; 𝑠𝐴̃2, 𝑖𝐴̃2, 𝑑𝐴̃2).  

Step 1: Check that 𝑆𝐶(𝐴̃1) > 𝑆𝐶(𝐴̃2) or 𝑆𝐶(𝐴̃1) < 𝑆𝐶(𝐴̃2) or 𝑆𝐶(𝐴̃1) = 𝑆𝐶(𝐴̃2), 

where  

𝑆𝐶(𝐴̃𝑘) = (𝑠𝐴̃𝑘)
𝑛
− (𝑖𝐴̃𝑘)

𝑛
− (𝑑𝐴̃𝑘)

𝑛
+(

𝑒
(𝑠𝐴̃𝑘

)
𝑛
−(𝑖𝐴̃𝑘

)
𝑛
−(𝑑𝐴̃𝑘

)
𝑛

𝑒
(𝑠
𝐴̃𝑘

)
𝑛
−(𝑖

𝐴̃𝑘
)
𝑛
−(𝑑

𝐴̃𝑘
)
𝑛

+1

−
1

2
)(1 −

((𝑠𝐴̃𝑘)
𝑛
+ (𝑖𝐴̃𝑘)

𝑛
+ (𝑑𝐴̃𝑘)

𝑛
)) ; 𝑘 = 1,2                                                           (5.3.8.3) 

Case (a) If 𝑆𝐶(𝐴̃1) > 𝑆𝐶(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (b) If 𝑆𝐶(𝐴̃1) < 𝑆𝐶(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 

Case (c) If 𝑆𝐶(𝐴̃1) = 𝑆𝐶(𝐴̃2). Then, go to Step 2. 

Step 2: Check that 𝑟(𝐴̃1) > 𝑟(𝐴̃2) or 𝑟(𝐴̃1) < 𝑟(𝐴̃2) or 𝑟(𝐴̃1) = 𝑟(𝐴̃2), where 

𝑟(𝐴̃𝑘) = √1 − ((𝑠𝐴̃𝑘)
𝑛
+ (𝑖𝐴̃𝑘)

𝑛
+ (𝑑𝐴̃𝑘)

𝑛
)

𝑛
; 𝑘 = 1,2                                    (5.3.8.4) 

Case (a) If 𝑟(𝐴̃1) > 𝑟(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 

Case (b) If 𝑟(𝐴̃1) < 𝑟(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (c) If 𝑟(𝐴̃1) = 𝑟(𝐴̃2), then 𝐴̃1 = 𝐴̃2. 
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However, this method is not valid as it fails to distinguish two distinct TsFuNs. The 

following validates this claim. 

Let 𝐴̃1 = (𝑥; 0.6,0.1,0.2) and 𝐴̃2 = (𝑥; 0.6,0.2,0.1) be two TsFuNs. It is obvious 

that 𝐴̃1 ≠ 𝐴̃2. While, according to this method, 𝐴̃1 = 𝐴̃2 as 𝑆𝐶(𝐴̃1) = 𝑆𝐶(𝐴̃2) = 0.6 −

0.1 − 0.2 + (
𝑒0.6−0.1−0.2

𝑒0.6−0.1−0.2+1
−

1

2
) (1 − (0.6 + 0.1 + 0.2)) = 0.3235 and 𝑟(𝐴̃1) =

𝑟(𝐴̃2) = √1 − (0.6 + 0.1 + 0.2) = 0.3162.  

(iii) In the published papers [5, 35, 124], the following method is used to compare two 

TsFuNs 𝐴̃1 = (𝑥; 𝑠𝐴̃1, 𝑖𝐴̃1 , 𝑑𝐴̃1) and 𝐴̃2 = (𝑥; 𝑠𝐴̃2, 𝑖𝐴̃2 , 𝑑𝐴̃2).  

Step 1: Check that 𝑆𝑐(𝐴̃1) > 𝑆𝑐(𝐴̃2) or 𝑆𝑐(𝐴̃1) < 𝑆𝑐(𝐴̃2) or 𝑆𝑐(𝐴̃1) = 𝑆𝑐(𝐴̃2), 

where  

𝑆𝑐(𝐴̃𝑘) = (𝑠𝐴̃𝑘)
𝑛
− (𝑖𝐴̃𝑘)

𝑛
− (𝑑𝐴̃𝑘)

𝑛
; 𝑘 = 1,2                                           (5.3.8.5)  

Case (a) If 𝑆𝑐(𝐴̃1) > 𝑆𝑐(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (b) If 𝑆𝑐(𝐴̃1) < 𝑆𝑐(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 

Case (c) If 𝑆𝑐(𝐴̃1) = 𝑆𝑐(𝐴̃2). Then, go to Step 2. 

Step 2: Check that 𝐴𝑐(𝐴̃1) > 𝐴𝑐(𝐴̃2) or 𝐴𝑐(𝐴̃1) < 𝐴𝑐(𝐴̃2) or 𝐴𝑐(𝐴̃1) = 𝐴𝑐(𝐴̃2), 

where  

𝐴𝑐(𝐴̃𝑘) = (𝑠𝐴̃𝑘)
𝑛
+ (𝑖𝐴̃𝑘)

𝑛
+ (𝑑𝐴̃𝑘)

𝑛
; 𝑘 = 1,2                                           (5.3.8.6)  

Case (a) If 𝐴𝑐(𝐴̃1) > 𝐴𝑐(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (b) If 𝐴𝑐(𝐴̃1) < 𝐴𝑐(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 

Case (c) If 𝐴𝑐(𝐴̃1) = 𝐴𝑐(𝐴̃2), then 𝐴̃1 = 𝐴̃2. 

However, this method is not valid as it fails to distinguish two distinct TsFuNs. 

The following validates this claim. 
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Let 𝐴̃1 = (𝑥; 0.8,0.2,0.1) and 𝐴̃2 = (𝑥; 0.8,0.1,0.2) be two TsFuNs. It is obvious 

that 𝐴̃1 ≠ 𝐴̃2. While, according to this method, 𝐴̃1 = 𝐴̃2 as 𝑆𝑐(𝐴̃1) = 𝑆𝑐(𝐴̃2) =

(0.8)2 − (0.2)2 − (0.1)2 = 0.59 and 𝐴𝑐(𝐴̃1) = 𝐴𝑐(𝐴̃2) = (0.8)
2 + (0.2)2 +

(0.1)2 = 0.69.   

(iv) In the published papers [85, 116, 167], the following method is used to compare two 

TsFuNs 𝐴̃1 = (𝑥; 𝑠𝐴̃1, 𝑖𝐴̃1 , 𝑑𝐴̃1) and 𝐴̃2 = (𝑥; 𝑠𝐴̃2, 𝑖𝐴̃2 , 𝑑𝐴̃2).  

Step 1: Check that 𝑆(𝐴̃1) > 𝑆(𝐴̃2) or 𝑆(𝐴̃1) < 𝑆(𝐴̃2) or 𝑆(𝐴̃1) = 𝑆(𝐴̃2), where  

𝑆(𝐴̃𝑘) =
1

2
(1 + (𝑠𝐴̃𝑘)

𝑛
− (𝑖𝐴̃𝑘)

𝑛
− (𝑑𝐴̃𝑘)

𝑛
); 𝑘 = 1,2                                  (5.3.8.7) 

Case (a) If 𝑆(𝐴̃1) > 𝑆(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (b) If 𝑆(𝐴̃1) < 𝑆(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 

Case (c) If 𝑆(𝐴̃1) = 𝑆(𝐴̃2). Then, go to Step 2. 

Step 2: Check that 𝐻(𝐴̃1) > 𝐻(𝐴̃2) or 𝐻(𝐴̃1) < 𝐻(𝐴̃2) or 𝐻(𝐴̃1) = 𝐻(𝐴̃2), where  

𝐻(𝐴̃𝑘) = (𝑠𝐴̃𝑘)
𝑛
+ (𝑖𝐴̃𝑘)

𝑛
+ (𝑑𝐴̃𝑘)

𝑛
; 𝑘 = 1,2                                                      (5.3.8.8)    

Case (a) If 𝐻(𝐴̃1) > 𝐻(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (b) If 𝐻(𝐴̃1) < 𝐻(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 

Case (c) If 𝐻(𝐴̃1) = 𝐻(𝐴̃2), then 𝐴̃1 = 𝐴̃2. 

However, this method is not valid as it fails to distinguish two distinct TsFuNs. 

The following validates this claim. 

Let 𝐴̃1 = (𝑥; 0.8,0.4,0.5) and 𝐴̃2 = (𝑥; 0.8,0.5,0.4) be two TsFuNs. It is obvious 

that 𝐴̃1 ≠ 𝐴̃2. While, according to this method, 𝐴̃1 = 𝐴̃2 as 𝑆(𝐴̃1) = 𝑆(𝐴̃2) =
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1

2
(1 + (0.8)3 − (0.4)3 − (0.5)3) = 0.6615 and 𝐻(𝐴̃1) = 𝐻(𝐴̃2) = (0.8)3 + (0.4)3 +

(0.5)3 = 0.701.  

(v) In the published paper [118], the following method is used to compare two TsFuNs 𝐴̃1 =

(𝑥; 𝑠𝐴̃1, 𝑖𝐴̃1, 𝑑𝐴̃1) and 𝐴̃2 = (𝑥; 𝑠𝐴̃2, 𝑖𝐴̃2, 𝑑𝐴̃2).  

Step 1: Check that 𝑆(𝐴̃1) > 𝑆(𝐴̃2) or 𝑆(𝐴̃1) < 𝑆(𝐴̃2) or 𝑆(𝐴̃1) = 𝑆(𝐴̃2), where  

𝑆(𝐴̃𝑘) = (𝑠𝐴̃𝑘)
𝑛
− (𝑖𝐴̃𝑘)

𝑛
− (𝑑𝐴̃𝑘)

𝑛
+(

𝑒
(𝑠𝐴̃𝑘

)
𝑛
−(𝑖𝐴̃𝑘

)
𝑛
−(𝑑𝐴̃𝑘

)
𝑛

𝑒
(𝑠
𝐴̃𝑘

)
𝑛
−(𝑖

𝐴̃𝑘
)
𝑛
−(𝑑

𝐴̃𝑘
)
𝑛

+1

−
1

2
)(1 −

((𝑠𝐴̃𝑘)
𝑛
+ (𝑖𝐴̃𝑘)

𝑛
+ (𝑑𝐴̃𝑘)

𝑛
)) ; 𝑘 = 1,2                                                                 (5.3.8.9) 

Case (a) If 𝑆(𝐴̃1) > 𝑆(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (b) If 𝑆(𝐴̃1) < 𝑆(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 

Case (c) If 𝑆(𝐴̃1) = 𝑆(𝐴̃2). Then, go to Step 2. 

Step 2: Check that 𝐴(𝐴̃1) > 𝐴(𝐴̃2) or 𝐴(𝐴̃1) < 𝐴(𝐴̃2) or 𝐴(𝐴̃1) = 𝐴(𝐴̃2), where 

𝐴(𝐴̃𝑘) = (𝑠𝐴̃𝑘)
𝑛
+ (𝑖𝐴̃𝑘)

𝑛
+ (𝑑𝐴̃𝑘)

𝑛
; 𝑘 = 1,2                                                    (5.3.8.10) 

Case (a) If 𝐴(𝐴̃1) > 𝐴(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (b) If 𝐴(𝐴̃1) < 𝐴(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 

Case (c) If 𝐴(𝐴̃1) = 𝐴(𝐴̃2), then 𝐴̃1 = 𝐴̃2. 

However, this method is not valid as it fails to distinguish two distinct TsFuNs. The 

following validates this claim. 

Let 𝐴̃1 = (𝑥; 0.6,0.1,0.2) and 𝐴̃2 = (𝑥; 0.6,0.2,0.1) be two TsFuNs. It is obvious 

that 𝐴̃1 ≠ 𝐴̃2. While, according to this method, 𝐴̃1 = 𝐴̃2 as 𝑆(𝐴̃1) = 𝑆(𝐴̃2) = 0.6 −
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0.1 − 0.2 + (
𝑒0.6−0.1−0.2

𝑒0.6−0.1−0.2+1
−

1

2
) (1 − (0.6 + 0.1 + 0.2)) = 0.3235 and 𝐴(𝐴̃1) =

𝐴(𝐴̃2) = 0.6 + 0.1 + 0.2 = 0.9. 

5.3.9 Proposed method for comparing two TsFuNs 

In this section, to resolve the second inappropriateness of the existing methods [162, 175], 

discussed in Section 5.3.5, by aggregating the existing comparing methods [5, 115], a new method 

is proposed for comparing two TsFuNs. 

Let 𝐴̃1 = (𝑥1; 𝑠𝐴̃1 , 𝑖𝐴̃1, 𝑑𝐴̃1) and 𝐴̃2 = (𝑥2; 𝑠𝐴̃2, 𝑖𝐴̃2 , 𝑑𝐴̃2) be two TsFuNs and 𝑛 be the 

smallest natural number where 0 ≤ (𝑠𝐴̃𝑘)
𝑛
+ (𝑖𝐴̃𝑘)

𝑛
+ (𝑑𝐴̃𝑘)

𝑛
≤ 1 ∀ 𝑘. Then,  

Step 1: Check that 𝑥1 > 𝑥2 or 𝑥1 < 𝑥2 or 𝑥1 = 𝑥2. 

Case (a) If 𝑥1 > 𝑥2, then 𝐴̃1 ≻ 𝐴̃2. 

Case (b) If 𝑥1 < 𝑥2, then 𝐴̃1 ≺ 𝐴̃2. 

Case (c) If 𝑥1 = 𝑥2. Then, go to Step 2. 

Step 2: Check that 𝑆𝑐(𝐴̃1) > 𝑆𝑐(𝐴̃2) or 𝑆𝑐(𝐴̃1) < 𝑆𝑐(𝐴̃2) or 𝑆𝑐(𝐴̃1) = 𝑆𝑐(𝐴̃2), where 

𝑆𝑐(𝐴̃𝑘) = (𝑠𝐴̃𝑘)
𝑛
− (𝑖𝐴̃𝑘)

𝑛
− (𝑑𝐴̃𝑘)

𝑛
; 𝑘 = 1,2.                             

Case (a) If 𝑆𝑐(𝐴̃1) > 𝑆𝑐(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (b) If 𝑆𝑐(𝐴̃1) < 𝑆𝑐(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 

Case (c) If 𝑆𝑐(𝐴̃1) = 𝑆𝑐(𝐴̃2). Then, go to Step 3. 

Step 3: Check that 𝑆(𝐴̃1) > 𝑆(𝐴̃2) or 𝑆(𝐴̃1) < 𝑆(𝐴̃2) or 𝑆(𝐴̃1) = 𝑆(𝐴̃2), where  

𝑆(𝐴̃𝑘) = (𝑠𝐴̃𝑘)
𝑛
− (𝑑𝐴̃𝑘)

𝑛
; 𝑘 = 1,2. 

Case (a) If 𝑆(𝐴̃1) > 𝑆(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (b) If 𝑆(𝐴̃1) < 𝑆(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 

Case (c) If 𝑆(𝐴̃1) = 𝑆(𝐴̃2). Then, go to Step 4. 
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Step 4: Check that 𝐴𝑐(𝐴̃1) > 𝐴𝑐(𝐴̃2) or 𝐴𝑐(𝐴̃1) < 𝐴𝑐(𝐴̃2) or 𝐴𝑐(𝐴̃1) = 𝐴𝑐(𝐴̃2), where  

𝐴𝑐(𝐴̃𝑘) = (𝑠𝐴̃𝑘)
𝑛
+ (𝑖𝐴̃𝑘)

𝑛
+ (𝑑𝐴̃𝑘)

𝑛
; 𝑘 = 1,2. 

Case (a) If 𝐴𝑐(𝐴̃1) > 𝐴𝑐(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2. 

Case (b) If 𝐴𝑐(𝐴̃1) < 𝐴𝑐(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2. 

Case (c) If 𝐴𝑐(𝐴̃1) = 𝐴𝑐(𝐴̃2), then 𝐴̃1 = 𝐴̃2.  

It is obvious that 𝐴̃1 = 𝐴̃2 only if 𝑥1 = 𝑥2, 𝑠𝐴̃1
𝑛 = 𝑠𝐴̃2

𝑛 , 𝑖𝐴̃1
𝑛 = 𝑖𝐴̃2

𝑛  and 𝑑𝐴̃1
𝑛 = 𝑑𝐴̃2

𝑛  i.e., the 

proposed method will never fail to distinguish two distinct TsFuNs. Hence, the proposed method 

is valid. 

5.3.10  Proposed Mehar method for solving TsFuSpPs  

In this section, using the proposed expression (5.3.7.1) to evaluate sum of TsFuNs and the  

proposed method for comparing TsFuNs, discussed in Section 5.3.9, a new method (named as 

Mehar method) is proposed to find a shortest path from a node (called as source node) to any other 

node (called as destination node) as well as the corresponding shortest TsFuD of a TsFuSpP. 

The steps of the proposed Mehar method are as follows. 

Step 1: Find the smallest natural number 𝑛 such that (𝑠𝑙𝑖𝑗)
𝑛

+ (𝑖𝑙𝑖𝑗)
𝑛

+ (𝑑𝑙𝑖𝑗)
𝑛

≤ 1 ∀ 𝑙𝑖𝑗 =

(𝑙𝑖𝑗; 𝑠𝑙𝑖𝑗, 𝑖𝑙𝑖𝑗, 𝑑𝑙𝑖𝑗).  

Step 2: Transform the TsFuSpP into its equivalent CrSpP by replacing the TsFuD 

(𝑙𝑖𝑗; 𝑠𝑙𝑖𝑗, 𝑖𝑙𝑖𝑗, 𝑑𝑙𝑖𝑗) with the crisp distance 𝑙𝑖𝑗 ∀ (𝑖, 𝑗) ∈ 𝐸.  

Step 3: Solve the transformed CrSpP by Dijkstra’s algorithm [54].  

Case (i): If a unique optimal path exists. Then, the total TsFuD corresponding to the 

obtained unique optimal path represents the shortest TsFuD from the node 𝑖 to 

the node 𝑗. 
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Case (ii): If alternative optimal paths exist. Then, find all the TsFuNs, representing the 

total TsFuD from the node 𝑖 to the node 𝑗, corresponding to all the obtained 

alternative optimal paths. Finally, use the proposed comparing method, 

discussed in Section 5.3.9, to find the smallest TsFuN out of all the obtained 

TsFuNs. The obtained smallest TsFuN represents the shortest TsFuD from the 

node 𝑖 to the node 𝑗 as well as the corresponding path(s) represents the shortest 

path(s) from the node 𝑖 to the node 𝑗. 

5.3.11 Exact result of an existing TsFuSpP 

Zedam et al. [175] and Ullah et al. [162] applied their proposed method for the network 

(represented by Fig. 5.5 and Table 5.10) to find the shortest path and the corresponding shortest 

TsFuD from the source node 1 to the destination node 6. However, as discussed in Section 5.3.5 

that in the existing methods [162, 175] some mathematical incorrect results are considered in their 

proposed methods. So, the obtained shortest path and the corresponding shortest TsFuD are not 

correct.  

In this section, a correct shortest path from the source node 1 to the destination node 6 and 

the corresponding shortest TsFuD for the network (represented by Fig. 5.5 and Table 5.10) are 

obtained by the proposed Mehar method. 
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Fig. 5.5 [162, 175] TsFuSpP   

Table 5.10 [162, 175] Existing TsFuD between two directed nodes 

Node 𝑖 to node 𝑗 TsFuD 

Node 1 to node 2 (8; 0.5,0.5,0.7) 

Node 1 to node 2 (8; 0.3,0.6,0.8) 

Node 2 to node 3 (8; 0.8,0.4,0.8) 

Node 2 to node 5 (8; 0.9,0.6,0.8) 

Node 3 to node 4 (8; 0.7,0.4,0.3) 

Node 3 to node 5 (8; 0.7,0.8,0.9) 

Node 4 to node 6 (8; 0.5,0.4,0.8) 

Node 5 to node 6 (8; 0.6,0.5,0.3) 

 

Using the proposed Mehar method, the shortest path and the corresponding shortest TsFuD 

from the source node 1 to the destination node 6 for the network (represented by Fig. 5.5 and Table 

5.10) can be obtained as follows.  

1 

3 

2 

6 

5 

4 
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Step 1: It can be easily verified that 6 is the smallest natural number such that (𝑠𝑙𝑖𝑗)
6

+ (𝑖𝑙𝑖𝑗)
6

+

(𝑑𝑙𝑖𝑗)
6

≤ 1 ∀ (𝑖, 𝑗) ∈ 𝐸, where 𝐸 = {(1,2), (1,3), (2,3), (2,5), (3,4), (3,5), (4,6), (5,6)}. 

Hence, according to Step 1 of the proposed Mehar method, 𝑛 = 6.  

Step 2: Using Step 2 of the proposed Mehar method, the TsFuSpP (represented by Fig. 5.5 and 

Table 5.10) can be transformed into its equivalent CrSpP (represented by Fig. 5.6). 

 

 

 

 

                                                                                                    

 

 

 

Fig. 5.6 Transformed CrSpP 

Step 3: According to Step 3 of the proposed Mehar method, there is a need to apply Dijkstra 

algorithm [54] to find the shortest path from the source node 1 to the destination node 6 of 

the transformed CrSpP (represented by Fig. 5.6). 

It can be easily verified that on applying Dijkstra algorithm [54] for the transformed 

CrSpP (represented by Fig. 5.6), the following three alternative optimal paths are obtained. 

(i) 1 − 2 − 5 − 6  

(ii) 1 − 3 − 4 − 6  

(iii) 1 − 3 − 5 − 6  

1 

3 

2 

6 

8 

5 

4 

8
 

8 
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Since, there are three alternative optimal paths. So, according to Case (ii) of Step 3 

of the proposed Mehar method, there is a need to find the total TsFuD corresponding to all 

the three alternative optimal paths.  

It is obvious that    

(i) The total TsFuD corresponding to the path 1 − 2 − 5 − 6 is  

(8; 0.5,0.5,0.7) + (8; 0.9,0.6,0.8) + (8; 0.6,0.5,0.3) =

(24; (
(0.5)6+(0.9)6+(0.6)6

3
)

1

6
, (
(0.5)6+(0.6)6+(0.5)6

3
)

1

6
, (
(0.7)6+(0.8)6+(0.3)6

3
)

1

6
) =

(24; (
0.594

3
)

1

6
, (
0.078

3
)

1

6
, (
0.38

3
)

1

6
). 

(ii) The total TsFuD corresponding to the path 1 − 3 − 4 − 6 is  

(8; 0.3,0.6,0.8) + (8; 0.7,0.4,0.3) + (8; 0.5,0.4,0.8) =

(24; (
(0.3)6+(0.7)6+(0.5)6

3
)

1

6
, (
(0.6)6+(0.4)6+(0.4)6

3
)

1

6
, (
(0.8)6+(0.3)6+(0.8)6

3
)

1

6
) =

(24; (
0.134

3
)

1

6
, (
0.055

3
)

1

6
, (
0.53

3
)

1

6
). 

(iii) The total TsFuD corresponding to the path 1 − 3 − 5 − 6 is  

(8; 0.3,0.6,0.8) + (8; 0.7,0.8,0.9) + (8; 0.6,0.5,0.3) =

(24; (
(0.3)6+(0.7)6+(0.6)6

3
)

1

6
, (
(0.6)6+(0.8)6+(0.5)6

3
)

1

6
, (
(0.8)6+(0.9)6+(0.3)6

3
)

1

6
) =

(24; (
0.165

3
)

1

6
, (
0.324

3
)

1

6
, (
0.79

3
)

1

6
).  

Now, according to Case (ii) of Step 3 of the proposed Mehar method, there is a 

need to apply the proposed comparing method, discussed in Section 5.3.9, to find minimum 
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of the TsFuNs 𝐴̃1 = (24;(
0.594

3
)

1

6
, (
0.078

3
)

1

6
, (
0.38

3
)

1

6
), 𝐴̃2 =

(24; (
0.134

3
)

1

6
, (
0.055

3
)

1

6
, (
0.53

3
)

1

6
)  and 𝐴̃3 = (24;(

0.165

3
)

1

6
, (
0.324

3
)

1

6
, (
0.79

3
)

1

6
).  

Using the proposed comparing method, discussed in Section 5.3.9, minimum of  

𝐴̃1 = (24; (
0.594

3
)

1

6
, (
0.078

3
)

1

6
, (
0.38

3
)

1

6
), 𝐴̃2 = (24; (

0.134

3
)

1

6
, (
0.055

3
)

1

6
, (
0.53

3
)

1

6
)  and 𝐴̃3 =

(24; (
0.165

3
)

1

6
, (
0.324

3
)

1

6
, (
0.79

3
)

1

6
) can be obtained as follows.  

Step 2a: Since 𝑥1 = 𝑥2 = 𝑥3 = 24. So, according to Step 1 of the proposed comparing 

method, discussed in Section 5.3.9, there is a need to go to Step 2. 

Step 2b: Since 𝑆𝑐(𝐴̃𝑘) = (𝑠𝐴̃𝑘)
𝑛
− (𝑖𝐴̃𝑘)

𝑛
− (𝑑𝐴̃𝑘)

𝑛
 i.e., 𝑆𝑐(𝐴̃1) = 0.045, 𝑆𝑐(𝐴̃2) =

−0.15, 𝑆𝑐(𝐴̃3) = −0.32. So, according to Step 2 of the proposed comparing 

method, discussed in Section 5.3.9, 𝐴̃3 = (24;(
0.165

3
)

1

6
, (
0.324

3
)

1

6
, (
0.79

3
)

1

6
) 

represents the minimum of 𝐴̃1, 𝐴̃2 and 𝐴̃3.  

Hence, the total TsFuD, i.e., (24; (
0.165

3
)

1

6
, (
0.324

3
)

1

6
, (
0.79

3
)

1

6
) or 

(24; 0.62,0.69,0.8) represents the shortest TsFuD from the source node 1 to the destination 

node 6 as well as the corresponding path 1 − 3 − 5 − 6 represents the shortest path from 

the source node 1 to the destination node 6. 

5.4 Conclusions 

In this chapter,  

(i) It is shown that much computational efforts are required to apply the existing method [57]. 
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(ii) It is shown that it is inappropriate to use the existing methods for solving SpPs under fuzzy 

environment and their extensions [63, 162, 175].  

(iii) An efficient method (named as Mehar method) is proposed for solving SpPs under fuzzy 

environment and their extensions.  
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Chapter 6 

Efficient Method for Solving Linear Programming 

Problems Under Neutrosophic Environment1 

 

Khatter [100] pointed out that although several methods are proposed in the literature to solve 

SvNeLpPs (LpPs in which all the parameters except decision variables are represented by 

SvNeNs). However, all the methods for comparing SvNeNs, used in existing methods, are 

independent from the attitude of the decision maker towards the risk. To fill this gap, Khatter [100] 

proposed a method for comparing two SvNeNs by considering the attitude of the decision maker 

towards the risk. Then, using the proposed comparing method, Khatter [100] proposed a method 

for solving SvNeLpPs.  

In this chapter,  

(i) It is pointed out that a mathematical incorrect result is considered in Khatter’s method 

[100]. 

(ii) It is pointed out that some mathematical incorrect results are considered in other 

existing methods for solving SvNeLpPs.  

(iii) An efficient method (named as Mehar method) is proposed for solving SvNeLpPs. 

(iv) Limitation of the proposed Mehar method is discussed. 

6.1 Preliminaries  

In this section, the basic definitions are discussed.  

                                                             
1 The contents of this chapter are published in “Soft Computing 26 (2022) 8479-8495”.  
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Definition 6.1.1 [51] Let 𝑋 be a universal set. Then, the set 𝐴̃ = {⟨𝑥, 𝑇𝐴̃(𝑥), 𝐼𝐴̃(𝑥),𝐹𝐴̃(𝑥)⟩: 𝑥 ∈ 𝑋} 

is said to be a SvNeN defined over the universal set 𝑋, where  

(i) 𝑇𝐴̃: 𝑋 → [0,1], 𝐼𝐴̃: 𝑋 → [0,1] and 𝐹𝐴̃: 𝑋 → [0,1] are said to be the truth membership 

function, indeterminacy membership function and falsity membership function 

respectively. 

(ii) The values 𝑇𝐴̃(𝑥), 𝐼𝐴̃(𝑥) and 𝐹𝐴̃(𝑥) are called the degree of truth membership, degree 

of indeterminacy membership and degree of falsity membership for 𝑥 ∈ 𝐴̃ respectively.  

(iii) The values 𝑇𝐴̃(𝑥), 𝐼𝐴̃(𝑥) and 𝐹𝐴̃(𝑥) satisfy the condition 0 ≤ 𝑇𝐴̃(𝑥) + 𝐼𝐴̃(𝑥) +

𝐹𝐴̃(𝑥) ≤ 3.   

A SvNeN 𝐴̃ = {⟨𝑥, 𝑇𝐴̃(𝑥), 𝐼𝐴̃(𝑥), 𝐹𝐴̃(𝑥)⟩: 𝑥 ∈ 𝑋} is also represented as 𝐴̃ = (𝑇𝐴̃(𝑥), 𝐼𝐴̃(𝑥), 𝐹𝐴̃(𝑥)). 

Definition 6.1.2 [51] A single-valued neutrosophic set 𝐴̃ = (𝑎1, 𝑎2, 𝑎3; 𝑤𝐴̃, 𝑢𝐴̃, 𝑦𝐴̃), where 0 ≤

𝑤𝐴̃ ≤ 1,0 ≤ 𝑢𝐴̃ ≤ 1, ,0 ≤ 𝑦𝐴̃ ≤ 1,0 ≤ 𝑤𝐴̃ + 𝑢𝐴̃ + 𝑦𝐴̃ ≤ 3, is said to be SvTNeN if its membership 

functions are defined as 

𝑇𝐴̃(𝑥) =

{
 
 

 
 𝑤𝐴̃ (

𝑥−𝑎1

𝑎2−𝑎1
) ,         𝑎1 ≤ 𝑥 < 𝑎2,

𝑤𝐴̃,                                    𝑥 = 𝑎2,

𝑤𝐴̃ (
𝑎3−𝑥

𝑎3−𝑎2
) ,       𝑎2 < 𝑥 ≤ 𝑎3,

0,                                otherwise

  

𝐼𝐴̃(𝑥) =

{
 
 

 
 
𝑎2−𝑥+𝑢𝐴̃(𝑥−𝑎1)

𝑎2−𝑎1
,          𝑎1 ≤ 𝑥 < 𝑎2,

𝑢𝐴̃,                                           𝑥 = 𝑎2,
𝑥−𝑎2+𝑢𝐴̃(𝑎3−𝑥)

𝑎3−𝑎2
,       𝑎2 < 𝑥 ≤ 𝑎3,

0,                                        otherwise

  

𝐹𝐴̃(𝑥) =

{
 
 

 
 
𝑎2−𝑥+𝑦𝐴̃(𝑥−𝑎1)

𝑎2−𝑎1
,              𝑎1 ≤ 𝑥 < 𝑎2,

𝑦𝐴̃,                                               𝑥 = 𝑎2,
𝑥−𝑎2+𝑦𝐴̃(𝑎3−𝑥)

𝑎3−𝑎2
,          𝑎2 < 𝑥 ≤ 𝑎3,

0,                                           otherwise

 . 
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Definition 6.1.3 [51] A single-valued neutrosophic set 𝐴̃ = (𝑎1, 𝑎2, 𝑎3, 𝑎4; 𝑤𝐴̃, 𝑢𝐴̃, 𝑦𝐴̃), where 0 ≤

𝑤𝐴̃ ≤ 1,0 ≤ 𝑢𝐴̃ ≤ 1, ,0 ≤ 𝑦𝐴̃ ≤ 1,0 ≤ 𝑤𝐴̃ + 𝑢𝐴̃ + 𝑦𝐴̃ ≤ 3, is said to be SvTrNeN if its 

membership functions are defined as 

𝑇𝐴̃(𝑥) =

{
 
 

 
 𝑤𝐴̃ (

𝑥−𝑎1

𝑎2−𝑎1
) ,         𝑎1 ≤ 𝑥 < 𝑎2,

𝑤𝐴̃,                         𝑎2 ≤ 𝑥 ≤ 𝑎3,

𝑤𝐴̃ (
𝑎4−𝑥

𝑎4−𝑎3
) ,       𝑎3 < 𝑥 ≤ 𝑎4,

0,                                otherwise

  

𝐼𝐴̃(𝑥) =

{
 
 

 
 
𝑎2−𝑥+𝑢𝐴̃(𝑥−𝑎1)

𝑎2−𝑎1
,          𝑎1 ≤ 𝑥 < 𝑎2,

𝑢𝐴̃,                                𝑎2 ≤ 𝑥 ≤ 𝑎3,
𝑥−𝑎3+𝑢𝐴̃(𝑎4−𝑥)

𝑎4−𝑎3
,       𝑎3 < 𝑥 ≤ 𝑎4,

1,                                        otherwise

  

𝐹𝐴̃(𝑥) =

{
 
 

 
 
𝑎2−𝑥+𝑦𝐴̃(𝑥−𝑎1)

𝑎2−𝑎1
,              𝑎1 ≤ 𝑥 < 𝑎2,

𝑦𝐴̃,                                   𝑎2 ≤  𝑥 ≤ 𝑎3,
𝑥−𝑎3+𝑦𝐴̃(𝑎4−𝑥)

𝑎4−𝑎3
,          𝑎3 < 𝑥 ≤ 𝑎4,

1,                                           otherwise

  

Definition 6.1.4 [51] Let 𝐴̃1 = (𝑎11, 𝑎12, 𝑎13; 𝑤𝐴̃1, 𝑢𝐴̃1 , 𝑦𝐴̃1) and 𝐴̃2 =

(𝑎21, 𝑎22, 𝑎23; 𝑤𝐴̃2 , 𝑢𝐴̃2 , 𝑦𝐴̃2) be two SvTNeNs, then 𝐴̃1 + 𝐴̃2 = (𝑎11 + 𝑎21, 𝑎12 + 𝑎22, 𝑎13 +

𝑎23;𝑚𝑖𝑛𝑖𝑚𝑢𝑚{𝑤𝐴̃1, 𝑤𝐴̃2} , 𝑚𝑎𝑥𝑖𝑚𝑢𝑚{𝑢𝐴̃1 , 𝑢𝐴̃2} ,𝑚𝑎𝑥𝑖𝑚𝑢𝑚{𝑦𝐴̃1 , 𝑦𝐴̃2}) . 

Definition 6.1.5 [51] Let 𝐴̃1 = (𝑎11, 𝑎12, 𝑎13, 𝑎14; 𝑤𝐴̃1 , 𝑢𝐴̃1 , 𝑦𝐴̃1) and 𝐴̃2 =

(𝑎21, 𝑎22, 𝑎23, 𝑎24; 𝑤𝐴̃2, 𝑢𝐴̃2, 𝑦𝐴̃2) be two SvTrNeNs, then 𝐴̃1 + 𝐴̃2 = (𝑎11 + 𝑎21, 𝑎12 +

𝑎22, 𝑎13 + 𝑎23, 𝑎14 + 𝑎24;𝑚𝑖𝑛𝑖𝑚𝑢𝑚{𝑤𝐴̃1, 𝑤𝐴̃2} , 𝑚𝑎𝑥𝑖𝑚𝑢𝑚{𝑢𝐴̃1, 𝑢𝐴̃2} , 𝑚𝑎𝑥𝑖𝑚𝑢𝑚{𝑦𝐴̃1 , 𝑦𝐴̃2}). 

Definition 6.1.6 [19] Let 𝐴̃ = (𝑎1, 𝑎2, 𝑎3; 𝑤𝐴̃, 𝑢𝐴̃, 𝑦𝐴̃) be a SvTNeN and 𝑘 be a real number, then  

𝑘𝐴̃ = {
(𝑘𝑎1, 𝑘𝑎2, 𝑘𝑎3; 𝑤𝐴̃, 𝑢𝐴̃, 𝑦𝐴̃), if   𝑘 ≥ 0,
(𝑘𝑎3, 𝑘𝑎2, 𝑘𝑎1; 𝑤𝐴̃, 𝑢𝐴̃, 𝑦𝐴̃), if    𝑘 < 0.
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Definition 6.1.7 [19] Let 𝐴̃ = (𝑎1, 𝑎2, 𝑎3, 𝑎4; 𝑤𝐴̃, 𝑢𝐴̃, 𝑦𝐴̃) be a SvTrNeN and 𝑘 be a real number, 

then 𝑘𝐴̃ = {
(𝑘𝑎1, 𝑘𝑎2, 𝑘𝑎3, 𝑘𝑎4; 𝑤𝐴̃, 𝑢𝐴̃, 𝑦𝐴̃), if   𝑘 ≥ 0,
(𝑘𝑎4, 𝑘𝑎3, 𝑘𝑎2, 𝑘𝑎1; 𝑤𝐴̃, 𝑢𝐴̃, 𝑦𝐴̃), if    𝑘 < 0.

  

Definition 6.1.8 [100] Let 𝐴̃1 = (𝑎11, 𝑎12, 𝑎13; 𝑤𝐴̃1, 𝑢𝐴̃1 , 𝑦𝐴̃1) and 𝐴̃2 =

(𝑎21, 𝑎22, 𝑎23; 𝑤𝐴̃2 , 𝑢𝐴̃2 , 𝑦𝐴̃2) be two SvTNeNs. Then, 𝐴̃1 and 𝐴̃2 can be compared as follows. 

(i) If 𝑉(𝐴̃1) < 𝑉(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2.  

(ii) If 𝑉(𝐴̃1) > 𝑉(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2.  

(iii) If 𝑉(𝐴̃1) = 𝑉(𝐴̃2), then 𝐴̃1 = 𝐴̃2.  

where,  

(a) 𝑉(𝐴̃𝑖) = 𝜆 (
𝑎𝑖1+4𝑎𝑖2+𝑎𝑖3

6
)𝑤𝐴̃𝑖

2 + (1 −

𝜆)(
[2(𝑎𝑖1+𝑎𝑖2+𝑎𝑖3)−(𝑎𝑖1−2𝑎𝑖2+𝑎𝑖3)𝑢𝐴̃𝑖

−(𝑎𝑖1+4𝑎𝑖2+𝑎𝑖3)𝑢𝐴̃𝑖
2 ]

6
+

[2(𝑎𝑖1+𝑎𝑖2+𝑎𝑖3)−(𝑎𝑖1−2𝑎𝑖2+𝑎𝑖3)𝑦𝐴̃𝑖
−(𝑎𝑖1+4𝑎𝑖2+𝑎𝑖3)𝑦𝐴̃𝑖

2 ]

6
) , 𝜆 ∈ [0,1]; 𝑖 = 1,2                         (6.1.1)    

(b) 𝜆 reflects the attitude of the decision maker towards the risk. 

(c) 𝜆 ∈ [0, 0.5) indicates that the expert is risk taker and gives preference to uncertainty. 

(d) 𝜆 = 0.5 indicates that the expert is neutral about deciding the parameters of SvTNeLpP.  

(e) 𝜆 ∈ (0.5, 1] indicates that the expert is risk aversive about deciding the parameters of 

SvTNeLpP and gives preference to certainty. 

Definition 6.1.9 [100] Let 𝐴̃1 = (𝑎11, 𝑎12, 𝑎13, 𝑎14; 𝑤𝐴̃1 , 𝑢𝐴̃1 , 𝑦𝐴̃1) and 𝐴̃2 =

(𝑎21, 𝑎22, 𝑎23, 𝑎24; 𝑤𝐴̃2, 𝑢𝐴̃2, 𝑦𝐴̃2) be two SvTrNeNs. Then, 𝐴̃1 and 𝐴̃2 can be compared as follows. 

(i) If 𝑉(𝐴̃1) < 𝑉(𝐴̃2), then 𝐴̃1 ≺ 𝐴̃2.  

(ii) If 𝑉(𝐴̃1) > 𝑉(𝐴̃2), then 𝐴̃1 ≻ 𝐴̃2.  
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(iii) If 𝑉(𝐴̃1) = 𝑉(𝐴̃2), then 𝐴̃1 = 𝐴̃2.  

where,  

𝑉(𝐴̃𝑖) = 𝜆 (
𝑎𝑖1+2𝑎𝑖2+2𝑎𝑖3+𝑎𝑖4

6
)𝑤𝐴̃𝑖

2 + (1 −

𝜆) (
[(2𝑎𝑖1+𝑎𝑖2+𝑎𝑖3+2𝑎𝑖4)−(𝑎𝑖1−𝑎𝑖2−𝑎𝑖3+𝑎𝑖4)𝑢𝐴̃𝑖

−(𝑎𝑖1+2𝑎𝑖2+2𝑎𝑖3+𝑎𝑖4)𝑢𝐴̃𝑖
2 ]

6
+

[(2𝑎𝑖1+𝑎𝑖2+𝑎𝑖3+2𝑎𝑖4)−(𝑎𝑖1−𝑎𝑖2−𝑎𝑖3+𝑎𝑖4)𝑦𝐴̃𝑖
−(𝑎𝑖1+2𝑎𝑖2+2𝑎𝑖3+𝑎𝑖4)𝑦𝐴̃𝑖

2 ]

6
) , 𝜆 ∈ [0,1]; 𝑖 = 1,2            (6.1.2)               

6.2 Inappropriateness of existing methods 

In this section,   

(i) A mathematical incorrect result, considered in Singh et al.’s method [148] and Khatter’s 

method [100], is pointed out. It can be easily verified that the same mathematical incorrect 

result is also considered in the existing methods [15, 16, 19, 22, 41, 42, 58, 60, 126, 137, 

152, 156, 168].  

(ii) A mathematical incorrect result, considered in Abdelfattah’s method [3], is pointed out. It 

can be easily verified that the same mathematical incorrect result is also considered in the 

existing method [43].  

(iii) A mathematical incorrect result, considered in Das et al.’s method [44], is pointed out. It 

can be easily verified that the same mathematical incorrect result is also considered in the 

existing methods [2, 59, 80]. 

(iv) A mathematical incorrect result, considered in Kar et al.’s method [89], is pointed out. 

6.2.1 Inappropriateness of Singh et al.’s method  

In Singh et al.’s method [148] firstly, the SvTrNeLpP (𝑃6.2.1.1) is transformed into the 

CrLpP (𝑃6.2.1.2). Then, the CrLpP (𝑃6.2.1.2) is transformed into the CrLpP (𝑃6.2.1.3). After 

that, the CrLpP (𝑃6.2.1.3) is transformed into the CrLpP (𝑃6.1.1.4). Finally, it is assumed that an 
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optimal solution of the CrLpP (𝑃6.2.1.4) also represents an optimal solution of the SvTrNeLpP 

(𝑃6.2.1.1).  

SvTrNeLpP (𝑷𝟔. 𝟐. 𝟏. 𝟏) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒/𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (∑ (𝑐𝑗1, 𝑐𝑗2, 𝑐𝑗3, 𝑐𝑗4; 𝑤𝑐̃𝑗 , 𝑢𝑐̃𝑗, 𝑦𝑐̃𝑗) 𝑥𝑗
𝑛
𝑗=1 )  

Subject to 

∑ (𝑎𝑖𝑗1, 𝑎𝑖𝑗2 , 𝑎𝑖𝑗3 , 𝑎𝑖𝑗4; 𝑤𝑎̃𝑖𝑗 , 𝑢𝑎̃𝑖𝑗 , 𝑦𝑎̃𝑖𝑗) 𝑥𝑗
𝑛
𝑗=1 (≼,≈,≽)(𝑏𝑖1, 𝑏𝑖2, 𝑏𝑖3, 𝑏𝑖4; 𝑤𝑏̃𝑖 , 𝑢𝑏̃𝑖 , 𝑦𝑏̃𝑖), 𝑖 =

1,2,… ,𝑚,  

𝑥𝑗 ≥ 0, 𝑗 = 1,2,… , 𝑛.  

where,  

(i) 𝑚 represents the number of constraints. 

(ii) 𝑛 represents the number of variables. 

(iii) (𝑐𝑗1, 𝑐𝑗2, 𝑐𝑗3, 𝑐𝑗4; 𝑤𝑐̃𝑗 , 𝑢𝑐̃𝑗 , 𝑦𝑐̃𝑗) is a SvTrNeN for each 𝑗 = 1,2,… , 𝑛. 

(iv) (𝑏𝑖1, 𝑏𝑖2, 𝑏𝑖3, 𝑏𝑖4; 𝑤𝑏̃𝑖 , 𝑢𝑏̃𝑖 , 𝑦𝑏̃𝑖) is a SvTrNeN for each 𝑖 = 1,2,… ,𝑚. 

(v) (𝑎𝑖𝑗1, 𝑎𝑖𝑗2, 𝑎𝑖𝑗3, 𝑎𝑖𝑗4; 𝑤𝑎̃𝑖𝑗 , 𝑢𝑎̃𝑖𝑗, 𝑦𝑎̃𝑖𝑗) is a SvTrNeN for each  𝑖 = 1,2,… ,𝑚; 𝑗 =

1,2,… , 𝑛. 

CrLpP (𝑷𝟔. 𝟐. 𝟏. 𝟐)  

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒/𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (𝑅 (∑ (𝑐𝑗1, 𝑐𝑗2, 𝑐𝑗3, 𝑐𝑗4; 𝑤𝑐̃𝑗, 𝑢𝑐̃𝑗, 𝑦𝑐̃𝑗) 𝑥𝑗
𝑛
𝑗=1 ))  

Subject to 

𝑅 (∑ (𝑎𝑖𝑗1, 𝑎𝑖𝑗2, 𝑎𝑖𝑗3, 𝑎𝑖𝑗4; 𝑤𝑎̃𝑖𝑗 , 𝑢𝑎̃𝑖𝑗 , 𝑦𝑎̃𝑖𝑗) 𝑥𝑗
𝑛
𝑗=1 ) (≤,=, ≥) 𝑅(𝑏𝑖1, 𝑏𝑖2, 𝑏𝑖3, 𝑏𝑖4; 𝑤𝑏̃𝑖 , 𝑢𝑏̃𝑖 , 𝑦𝑏̃𝑖), 𝑖 =

1,2,… ,𝑚,  

𝑥𝑗 ≥ 0, 𝑗 = 1,2,… , 𝑛, 

where,  
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(a) If the problem is of maximization [1], 

𝑅(𝐴̃𝑖) = (
𝑎𝑖1+2(𝑎𝑖2+𝑎𝑖3)+𝑎𝑖4

2
) + (𝑤𝐴̃𝑖 − 𝑢𝐴̃𝑖 − 𝑦𝐴̃𝑖)                                               (6.2.1.1) 

(b) If the problem is of minimization [1], 

𝑅(𝐴̃𝑖) = (
𝑎𝑖1−3(𝑎𝑖2+𝑎𝑖3)+𝑎𝑖4

2
) + (𝑤𝐴̃𝑖 − 𝑢𝐴̃𝑖 − 𝑦𝐴̃𝑖)                                               (6.2.1.2) 

CrLpP (𝑷𝟔. 𝟐. 𝟏. 𝟑)  

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒/𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (∑ 𝑅𝑛
𝑗=1 (𝑐𝑗1, 𝑐𝑗2, 𝑐𝑗3, 𝑐𝑗4; 𝑤𝑐̃𝑗 , 𝑢𝑐̃𝑗 , 𝑦𝑐̃𝑗)𝑥𝑗 − ∑ 𝑤𝑐̃𝑗𝑥𝑗

𝑛
𝑗=1 + ∑ 𝑢𝑐̃𝑗𝑥𝑗

𝑛
𝑗=1 +

∑ 𝑦𝑐̃𝑗𝑥𝑗
𝑛
𝑗=1 +𝑚𝑖𝑛𝑖𝑚𝑢𝑚

1≤𝑗≤𝑛
{𝑤𝑐̃𝑗𝑥𝑗} − 𝑚𝑎𝑥𝑖𝑚𝑢𝑚1≤𝑗≤𝑛

{𝑢𝑐̃𝑗𝑥𝑗} − 𝑚𝑎𝑥𝑖𝑚𝑢𝑚1≤𝑗≤𝑛
{𝑦𝑐̃𝑗𝑥𝑗})  

Subject to 

Constraints of the CrLpP (𝑃6.2.1.2). 

CrLpP (𝑷𝟔. 𝟐. 𝟏. 𝟒) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒/𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (∑ 𝑅𝑛
𝑗=1 (𝑐𝑗1, 𝑐𝑗2, 𝑐𝑗3, 𝑐𝑗4; 𝑤𝑐̃𝑗 , 𝑢𝑐̃𝑗 , 𝑦𝑐̃𝑗)𝑥𝑗 − ∑ 𝑤𝑐̃𝑗𝑥𝑗

𝑛
𝑗=1 + ∑ 𝑢𝑐̃𝑗𝑥𝑗

𝑛
𝑗=1 +

∑ 𝑦𝑐̃𝑗𝑥𝑗
𝑛
𝑗=1 +𝑚𝑖𝑛𝑖𝑚𝑢𝑚

1≤𝑗≤𝑛
{𝑤𝑐̃𝑗𝑥𝑗} − 𝑚𝑎𝑥𝑖𝑚𝑢𝑚1≤𝑗≤𝑛

{𝑢𝑐̃𝑗𝑥𝑗} − 𝑚𝑎𝑥𝑖𝑚𝑢𝑚1≤𝑗≤𝑛
{𝑦𝑐̃𝑗𝑥𝑗})  

Subject to 

∑ (𝑅 (𝑎𝑖𝑗1, 𝑎𝑖𝑗2, 𝑎𝑖𝑗3, 𝑎𝑖𝑗4; 𝑤𝑎̃𝑖𝑗 , 𝑢𝑎̃𝑖𝑗 , 𝑦𝑎̃𝑖𝑗) 𝑥𝑗)
𝑛
𝑗=1 (≤,=, ≥) 𝑅(𝑏𝑖1, 𝑏𝑖2, 𝑏𝑖3, 𝑏𝑖4; 𝑤𝑏̃𝑖 , 𝑢𝑏̃𝑖 , 𝑦𝑏̃𝑖), 𝑖 =

1,2,… ,𝑚,  

𝑥𝑗 ≥ 0, 𝑗 = 1,2,… , 𝑛. 

It is pertinent to mention that Singh et al. [148] have used the relation 𝑅(𝐴̃1 + 𝐴̃2) = 𝑅(𝐴̃1) +

𝑅(𝐴̃2) to transform the CrLpP (𝑃6.2.1.3) into the CrLpP (𝑃6.2.1.4). While, the following 

example clearly indicates that 𝑅(𝐴̃1 + 𝐴̃2) ≠ 𝑅(𝐴̃1) + 𝑅(𝐴̃2) i.e., the CrLpP (𝑃6.2.1.3) is not 

equivalent to the CrLpP (𝑃6.2.1.4). Hence, it is inappropriate to use Singh et al.’s method [148]. 
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Let 𝐴̃1 = (10,20,30,40;0.8,0.5,0.3) and 𝐴̃2 = (30,50,70,90;0.7,0.3,0.2) be two SvTrNeNs. 

Then, using Definition 6.1.5,  

𝐴̃1 + 𝐴̃2 = (10 + 30,20 + 50,30 + 70,40 +

90;𝑚𝑖𝑛𝑖𝑚𝑢𝑚{0.8,0.7} , 𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.5,0.3},𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.3,0.2}) =

(40,70,100,130; 0.7,0.5,0.3)  

Using the expression (6.2.1.1) [1], 

𝑅(𝐴̃1 + 𝐴̃2) = 𝑅(40,70,100,130; 0.7,0.5,0.3) = 254.9.                                                      (6.2.1.3) 

𝑅(𝐴̃1) = 𝑅(10,20,30,40;0.8,0.5,0.3) = 75.  

𝑅(𝐴̃2) = 𝑅(30,50,70,90;0.7,0.3,0.2) = 180.2.  

𝑅(𝐴̃1) + 𝑅(𝐴̃2) = 255.2.                                                                                                        (6.2.1.4) 

It is obvious from (6.2.1.3) and (6.2.1.4) that 𝑅(𝐴̃1 + 𝐴̃2) ≠ 𝑅(𝐴̃1) + 𝑅(𝐴̃2). 

6.2.2 Inappropriateness of Khatter’s method  

In Khatter’s method [100] firstly, the SvTrNeLpP (𝑃6.2.1.1) is transformed into the CrLpP 

(𝑃6.2.2.1). Then, the CrLpP (𝑃6.2.2.1) is transformed into the CrLpP (𝑃6.2.2.2). Finally, it is 

assumed that an optimal solution of the CrLpP (𝑃6.2.2.2) also represent an optimal solution of the 

SvTrNeLpP (𝑃6.2.1.1).  

CrLpP (𝑷𝟔. 𝟐. 𝟐. 𝟏)  

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒/𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (𝑉 (∑ (𝑐𝑗1, 𝑐𝑗2, 𝑐𝑗3, 𝑐𝑗4; 𝑤𝑐̃𝑗 , 𝑢𝑐̃𝑗, 𝑦𝑐̃𝑗)𝑥𝑗
𝑛
𝑗=1 ))  

Subject to 

𝑉 (∑ (𝑎𝑖𝑗1, 𝑎𝑖𝑗2 , 𝑎𝑖𝑗3 , 𝑎𝑖𝑗4; 𝑤𝑎̃𝑖𝑗 , 𝑢𝑎̃𝑖𝑗 , 𝑦𝑎̃𝑖𝑗) 𝑥𝑗
𝑛
𝑗=1 ) (≤, =, ≥) 𝑉(𝑏𝑖1, 𝑏𝑖2, 𝑏𝑖3, 𝑏𝑖4; 𝑤𝑏̃𝑖 , 𝑢𝑏̃𝑖 , 𝑦𝑏̃𝑖), 𝑖 =

1,2,… ,𝑚,  

𝑥𝑗 ≥ 0, 𝑗 = 1,2,… , 𝑛. 
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where, 

𝑉(𝐴̃𝑖) = 𝜆 (
𝑎𝑖1+2𝑎𝑖2+2𝑎𝑖3+𝑎𝑖4

6
)𝑤𝐴̃𝑖

2 + (1 −

𝜆) (
[(2𝑎𝑖1+𝑎𝑖2+𝑎𝑖3+2𝑎𝑖4)−(𝑎𝑖1−𝑎𝑖2−𝑎𝑖3+𝑎𝑖4)𝑢𝐴̃𝑖

−(𝑎𝑖1+2𝑎𝑖2+2𝑎𝑖3+𝑎𝑖4)𝑢𝐴̃𝑖
2 ]

6
+

[(2𝑎𝑖1+𝑎𝑖2+𝑎𝑖3+2𝑎𝑖4)−(𝑎𝑖1−𝑎𝑖2−𝑎𝑖3+𝑎𝑖4)𝑦𝐴̃𝑖
−(𝑎𝑖1+2𝑎𝑖2+2𝑎𝑖3+𝑎𝑖4)𝑦𝐴̃𝑖

2 ]

6
) , 𝜆 ∈ [0,1]; 𝑖 = 1,2. 

CrLpP (𝑷𝟔. 𝟐. 𝟐. 𝟐)  

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒/𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (∑ 𝑉𝑛
𝑗=1 (𝑐𝑗1, 𝑐𝑗2, 𝑐𝑗3, 𝑐𝑗4; 𝑤𝑐̃𝑗, 𝑢𝑐̃𝑗, 𝑦𝑐̃𝑗) 𝑥𝑗)  

Subject to 

∑ (𝑉 (𝑎𝑖𝑗1, 𝑎𝑖𝑗2 , 𝑎𝑖𝑗3 , 𝑎𝑖𝑗4; 𝑤𝑎̃𝑖𝑗 , 𝑢𝑎̃𝑖𝑗 , 𝑦𝑎̃𝑖𝑗) 𝑥𝑗)
𝑛
𝑗=1 (≤, =, ≥) 𝑉(𝑏𝑖1, 𝑏𝑖2, 𝑏𝑖3, 𝑏𝑖4; 𝑤𝑏̃𝑖 , 𝑢𝑏̃𝑖 , 𝑦𝑏̃𝑖), 𝑖 =

1,2,… ,𝑚,  

𝑥𝑗 ≥ 0, 𝑗 = 1,2,… , 𝑛.  

It is pertinent to mention that Khatter [100] has used the relation 𝑉(𝐴̃1 + 𝐴̃2) = 𝑉(𝐴̃1) +

𝑉(𝐴̃2) to transform the CrLpP (𝑃6.2.2.1) into the CrLpP (𝑃6.2.2.2). While, the following 

example clearly indicates that 𝑉(𝐴̃1 + 𝐴̃2) ≠ 𝑉(𝐴̃1) + 𝑉(𝐴̃2) i.e., the CrLpP (𝑃6.2.2.1) is not 

equivalent to the CrLpP (𝑃6.2.2.2). Hence, it is inappropriate to use Khatter’s method [100]. 

Let 𝐴̃1 = (30,40,50,70;0.7,0.4,0.3) and 𝐴̃2 = (40,50,60,70;0.6,0.5,0.2) be two SvTrNeNs. 

Then, using Definition 6.1.5,  

𝐴̃ + 𝐵̃ = (30 + 40,40 + 50,50 + 60,70 +

70;𝑚𝑖𝑛𝑖𝑚𝑢𝑚{0.7,0.6} , 𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.4,0.5},𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.3,0.2}) =

(70,90,110,140; 0.6,0.5,0.3).  

Using the expression (6.1.2) [100],  

𝑉(𝐴̃1 + 𝐴̃2) = 𝑉(70,90,110,140; 0.6,0.5,0.3) = 36.6𝜆 + (1 − 𝜆)(77.08 + 93.68)  

= 170.76 − 134.16𝜆.                                                                                                            (6.2.2.1) 
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𝑉(𝐴̃1) = 𝑉(30,40,50,70;0.7,0.4,0.3) = 22.87𝜆 + (1 − 𝜆)(40.2 + 43.63) = 83.83 − 60.96𝜆  

𝑉(𝐴̃2) = 𝑉(40,50,60,70; 0.6,0.5,0.2) = 19.8𝜆 + (1 − 𝜆)(41.25 + 52.8) = 94.05 − 74.25𝜆  

𝑉(𝐴̃1) + 𝑉(𝐴̃2) = 177.88− 135.21𝜆.                                                                                   (6.2.2.2) 

It is obvious from (6.2.2.1) and (6.2.2.2) that 𝑉(𝐴̃1 + 𝐴̃2) ≠ 𝑉(𝐴̃1) + 𝑉(𝐴̃2). 

6.2.3 Inappropriateness of Abdelfattah’s method 

Abdelfattah [3] claimed that on solving the SvTNeLpP (𝑃6.2.3.1), the results presented in 

Table 6.1, are obtained.  

SvTNeLpP (𝑷𝟔. 𝟐. 𝟑. 𝟏) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒  ((30,40,50;0.7,0.4,0.3)𝑥1 + (40,50,60; 0.6,0.5,0.2)𝑥2)  

Subject to  

(0.5,1,3; 0.6,0.4,0.1)𝑥1 + (0,2,6; 0.6,0.4,0.1)𝑥2 ≼ (20,40,60;0.4,0.3,0.5),  

(1,4,12; 0.4,0.3,0.2)𝑥1 + (1,3,10;0.7,0.4,0.3)𝑥2 ≼ (100,120,140; 0.7,0.4,0.3),  

𝑥1, 𝑥2 ≥ 0.  

Table 6.1 [3] Optimal solutions and optimal values  

(𝛼, 𝛽, 𝛾) 𝑥1(𝛼,𝛽,𝛾)
𝐵∗  𝑥2(𝛼,𝛽,𝛾)

𝐵∗  𝑥1(𝛼,𝛽,𝛾)
𝑊∗

 𝑥2(𝛼,𝛽,𝛾)
𝑊∗

 𝑍(𝛼,𝛽,𝛾)
𝐵∗  𝑍(𝛼,𝛽,𝛾)

𝑊∗
 

(0,0.5,0.5) 33.64 19.48 12.53 2.24 2523 554.62 

(0,1,1) 0 140 6.67 0 8400 200 

(0.4,0.5,0.5) 28.43 12.79 16.46 3.68 1874 793.07 

(0.4,1,1) 0 106.31 9.36 0 6201 294.29 

(0.2,0.8,0.7) 0 77.07 11.42 0.37 4334 398.46 

  

It is pertinent to mention that as in the SvTNeLpP (𝑃6.2.3.1), 𝑥1 and 𝑥2 are considered as 

non-negative real numbers. So, the obtained optimal values of 𝑥1 and 𝑥2 should be same for all 

values of 𝛼, 𝛽, 𝛾. While, it is obvious from Table 6.1 that the values of 𝑥1 and 𝑥2 are different for 
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different values of 𝛼, 𝛽, 𝛾. This clearly indicates that 𝑥1 and 𝑥2, obtained by Abdelfattah’s method 

[3], are not non-negative real numbers. Hence, it is inappropriate to use Abdelfattah’s method [3]. 

6.2.4 Inappropriateness of Das et al.’s method   

It is pertinent to mention that in one of the steps of Das et al.’s method [44], the scalar 

multiplication 𝜆𝐴̃ = (𝜆𝑎1, 𝜆𝑎2, 𝜆𝑎3, 𝜆𝑎4; 𝜆𝑤𝐴̃, 𝜆𝑢𝐴̃, 𝜆𝑦𝐴̃), 𝜆 > 0, is used to transform the 

SvTrNeLpP (𝑃6.2.1.1) into the SvTrNeLpP (𝑃6.2.4.1).  

SvTrNeLpP (𝑷𝟔. 𝟐. 𝟒. 𝟏)  

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒/𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (∑ (𝑐𝑗1𝑥𝑗, 𝑐𝑗2𝑥𝑗, 𝑐𝑗3𝑥𝑗, 𝑐𝑗4𝑥𝑗; 𝑤𝑐̃𝑗 , 𝑢𝑐̃𝑗 , 𝑦𝑐̃𝑗𝑥𝑗)
𝑛
𝑗=1 )  

Subject to 

∑ (𝑎𝑖𝑗1𝑥𝑗, 𝑎𝑖𝑗2𝑥𝑗, 𝑎𝑖𝑗3𝑥𝑗, 𝑎𝑖𝑗4𝑥𝑗; 𝑤𝑎̃𝑖𝑗𝑥𝑗, 𝑢𝑎̃𝑖𝑗𝑥𝑗, 𝑦𝑎̃𝑖𝑗𝑥𝑗)
𝑛
𝑗=1 (≼,≈

, ≽)(𝑏𝑖1, 𝑏𝑖2 , 𝑏𝑖3 , 𝑏𝑖4; 𝑤𝑏̃𝑖 , 𝑢𝑏̃𝑖 , 𝑦𝑏̃𝑖), 𝑖 = 1,2,… ,𝑚,  

𝑥𝑗 ≥ 0, 𝑗 = 1,2,… , 𝑛.   

However, this scalar multiplication is not valid as the following clearly indicates that the 

number (𝜆𝑎1, 𝜆𝑎2, 𝜆𝑎3, 𝜆𝑎4; 𝜆𝑤𝐴̃, 𝜆𝑢𝐴̃, 𝜆𝑦𝐴̃) is not a SvTrNeN. Hence, it is inappropriate to use 

Das et al.’s method [44]. 

According to Definition 6.1.3, discussed in Section 6.1, the number 

(𝜆𝑎1, 𝜆𝑎2, 𝜆𝑎3, 𝜆𝑎4; 𝜆𝑤𝐴̃, 𝜆𝑢𝐴̃, 𝜆𝑦𝐴̃) will be a SvTrNeN if  

(i) 𝜆𝑎1 ≤ 𝜆𝑎2 ≤ 𝜆𝑎3 ≤ 𝜆𝑎4  

(ii) 0 ≤ 𝜆𝑤𝐴̃ ≤ 1,0 ≤ 𝜆𝑢𝐴̃ ≤ 1,0 ≤ 𝜆𝑦𝐴̃ ≤ 1 

(iii) 0 ≤ 𝜆𝑤𝐴̃ + 𝜆𝑢𝐴̃ + 𝜆𝑦𝐴̃ ≤ 3 

While, 
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(i) 0 ≤ 𝑤𝐴̃ ≤ 1,0 ≤ 𝑢𝐴̃ ≤ 1,0 ≤ 𝑦𝐴̃ ≤ 1 ⇒ 0 ≤ 𝜆𝑤𝐴̃ ≤ 𝜆, 0 ≤ 𝜆𝑢𝐴̃ ≤ 𝜆, 0 ≤ 𝜆𝑦𝐴̃ ≤ 𝜆 

i.e., the necessary condition 0 ≤ 𝜆𝑤𝐴̃ ≤ 1,0 ≤ 𝜆𝑢𝐴̃ ≤ 1,0 ≤ 𝜆𝑦𝐴̃ ≤ 1 is not 

satisfying. 

(ii) 0 ≤ 𝑤𝐴̃ + 𝑢𝐴̃ + 𝑦𝐴̃ ≤ 3 ⇒ 0 ≤ 𝜆𝑤𝐴̃ + 𝜆𝑢𝐴̃ + 𝜆𝑦𝐴̃ ≤ 3𝜆 i.e., the necessary condition 

0 ≤ 𝜆𝑤𝐴̃ + 𝜆𝑢𝐴̃ + 𝜆𝑦𝐴̃ ≤ 3 is not satisfying.    

6.2.5 Inappropriateness of Kar et al.’s method  

It pertinent to mention that in one of the steps of Kar et al.’s method [89], it is assumed that 

if 𝐴̃1 = (𝑎11, 𝑎12, 𝑎13; 𝑎14, 𝑎15, 𝑎16; 𝑎17, 𝑎18, 𝑎19) and 𝐴̃2 =

(𝑎21, 𝑎22, 𝑎23; 𝑎24, 𝑎25, 𝑎26; 𝑎27, 𝑎28, 𝑎29) are two SvTNeNs. Then, 
𝐴̃1

𝐴̃2
=

(
𝑎11

𝑎21
,
𝑎12

𝑎22
,
𝑎13

𝑎23
;
𝑎14

𝑎24
,
𝑎15

𝑎25
,
𝑎16

𝑎26
;
𝑎17

𝑎27
,
𝑎18

𝑎28
,
𝑎19

𝑎29
) will also be a SvTNeN. While, the following clearly 

indicates that (
𝑎11

𝑎21
,
𝑎12

𝑎22
,
𝑎13

𝑎23
;
𝑎14

𝑎24
,
𝑎15

𝑎25
,
𝑎16

𝑎26
;
𝑎17

𝑎27
,
𝑎18

𝑎28
,
𝑎19

𝑎29
) will not necessarily be a SvTNeN. Hence, it 

is inappropriate to use Kar et al.’s method [89].  

Let 𝐴̃1 = (1,2,5; 6,7,8; 9,10,11) and 𝐴̃2 = (2,3,4; 8,9,10; 11,12,13) be two SvTNeNs. 

Then, 
𝐴̃1

𝐴̃2
= (

1

2
,
2

3
,
5

4
;
6

8
,
7

9
,
8

10
;
9

11
,
10

12
,
11

13
) = (0.5,0.67,1.25; 0.75,0.78,0.8; 0.81,0.83,0.85) is not a 

SvTNeN as the necessary condition 
𝑎11

𝑎21
≤

𝑎12

𝑎22
≤

𝑎13

𝑎23
≤

𝑎14

𝑎24
≤

𝑎15

𝑎25
≤

𝑎16

𝑎26
≤

𝑎17

𝑎27
≤

𝑎18

𝑎28
≤

𝑎19

𝑎29
 is not 

satisfying.   

Remark 6.1: It can be easily verified that the shortcoming, pointed out by Singh et al. [148] in 

Abdel-Basset et al.’s method [1], also occurs in the existing methods [61, 106]. Hence, it is 

inappropriate to use the existing methods [61, 106]. 

6.3 Proposed Mehar method for solving SvTrNeLpPs 

In this section, a new method (named as Mehar method) is proposed for solving the 

SvTrNeLpP (𝑃6.2.1.1). The proposed Mehar method can also be used to solve SvTNeLpPs.  
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Step 1: Using Definition 6.1.7, transform the SvTrNeLpP (𝑃6.2.1.1) into its equivalent 

SvTrNeLpP (𝑃6.3.1). 

SvTrNeLpP (𝑷𝟔. 𝟑. 𝟏) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒/𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (∑ (𝑐𝑗1𝑥𝑗, 𝑐𝑗2𝑥𝑗, 𝑐𝑗3𝑥𝑗, 𝑐𝑗4𝑥𝑗; 𝑤𝑐̃𝑗 , 𝑢𝑐̃𝑗 , 𝑦𝑐̃𝑗)
𝑛
𝑗=1 )  

Subject to 

∑ (𝑎𝑖𝑗1𝑥𝑗, 𝑎𝑖𝑗2𝑥𝑗, 𝑎𝑖𝑗3𝑥𝑗, 𝑎𝑖𝑗4𝑥𝑗; 𝑤𝑎̃𝑖𝑗, 𝑢𝑎̃𝑖𝑗 , 𝑦𝑎̃𝑖𝑗)
𝑛
𝑗=1 (≼,≈

, ≽)(𝑏𝑖1, 𝑏𝑖2 , 𝑏𝑖3 , 𝑏𝑖4; 𝑤𝑏̃𝑖 , 𝑢𝑏̃𝑖 , 𝑦𝑏̃𝑖), 𝑖 = 1,2,… ,𝑚,  

𝑥𝑗 ≥ 0, 𝑗 = 1,2,… , 𝑛.  

Step 2: Using Definition 6.1.5, transform the SvTrNeLpP (𝑃6.3.1) into its equivalent SvTrNeLpP 

(𝑃6.3.2). 

SvTrNeLpP (𝑷𝟔. 𝟑. 𝟐) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒/𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (
∑ 𝑐𝑗1𝑥𝑗
𝑛
𝑗=1 ,∑ 𝑐𝑗2𝑥𝑗

𝑛
𝑗=1 ,∑ 𝑐𝑗3𝑥𝑗

𝑛
𝑗=1 ,∑ 𝑐𝑗4𝑥𝑗

𝑛
𝑗=1 ;

𝑚𝑖𝑛𝑖𝑚𝑢𝑚
1≤𝑗≤𝑛

{𝑤𝑐̃𝑗} , 𝑚𝑎𝑥𝑖𝑚𝑢𝑚1≤𝑗≤𝑛
{𝑢𝑐̃𝑗} , 𝑚𝑎𝑥𝑖𝑚𝑢𝑚1≤𝑗≤𝑛

{𝑦
𝑐̃𝑗
}
)  

Subject to 

(
∑ 𝑎𝑖𝑗1𝑥𝑗
𝑛
𝑗=1 , ∑ 𝑎𝑖𝑗2𝑥𝑗

𝑛
𝑗=1 , ∑ 𝑎𝑖𝑗3𝑥𝑗

𝑛
𝑗=1 , ∑ 𝑎𝑖𝑗4𝑥𝑗

𝑛
𝑗=1 ;

𝑚𝑖𝑛𝑖𝑚𝑢𝑚
1≤𝑗≤𝑛

{𝑤𝑎̃𝑖𝑗} ,𝑚𝑎𝑥𝑖𝑚𝑢𝑚1≤𝑗≤𝑛
{𝑢𝑎̃𝑖𝑗} ,𝑚𝑎𝑥𝑖𝑚𝑢𝑚1≤𝑗≤𝑛

{𝑦𝑎̃𝑖𝑗}
) (≼,≈

,≽) (𝑏𝑏̃𝑖
1 , 𝑏𝑏̃𝑖

2 , 𝑏𝑏̃𝑖
3 , 𝑏𝑏̃𝑖

4 ;𝑤𝑏̃𝑖 , 𝑢𝑏̃𝑖, 𝑦𝑏̃𝑖
) , 𝑖 = 1,2,… ,𝑚,  

𝑥𝑗 ≥ 0, 𝑗 = 1,2,… , 𝑛.  

Step 3: Using Definition 6.1.9, transform the SvTrNeLpP (𝑃6.3.2) into its equivalent CrLpP 

(𝑃6.3.3). 
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CrLpP (𝑷𝟔. 𝟑. 𝟑) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒/𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒(𝑉 (
∑ 𝑐𝑗1𝑥𝑗
𝑛
𝑗=1 , ∑ 𝑐𝑗2𝑥𝑗

𝑛
𝑗=1 , ∑ 𝑐𝑗3𝑥𝑗

𝑛
𝑗=1 , ∑ 𝑐𝑗4𝑥𝑗

𝑛
𝑗=1 ;

𝑚𝑖𝑛𝑖𝑚𝑢𝑚
1≤𝑗≤𝑛

{𝑤𝑐̃𝑗} ,𝑚𝑎𝑥𝑖𝑚𝑢𝑚1≤𝑗≤𝑛
{𝑢𝑐̃𝑗} , 𝑚𝑎𝑥𝑖𝑚𝑢𝑚1≤𝑗≤𝑛

{𝑦𝑐̃𝑗}
))  

Subject to 

𝑉 (
∑ 𝑎𝑖𝑗1𝑥𝑗
𝑛
𝑗=1 , ∑ 𝑎𝑖𝑗2𝑥𝑗

𝑛
𝑗=1 , ∑ 𝑎𝑖𝑗3𝑥𝑗

𝑛
𝑗=1 , ∑ 𝑎𝑖𝑗4𝑥𝑗

𝑛
𝑗=1 ;

𝑚𝑖𝑛𝑖𝑚𝑢𝑚
1≤𝑗≤𝑛

{𝑤𝑎̃𝑖𝑗} ,𝑚𝑎𝑥𝑖𝑚𝑢𝑚1≤𝑗≤𝑛
{𝑢𝑎̃𝑖𝑗} ,𝑚𝑎𝑥𝑖𝑚𝑢𝑚1≤𝑗≤𝑛

{𝑦𝑎̃𝑖𝑗}
) (≼,≈

,≽) 𝑉 (𝑏𝑏̃𝑖
1 , 𝑏𝑏̃𝑖

2 , 𝑏𝑏̃𝑖
3 , 𝑏𝑏̃𝑖

4 ;𝑤𝑏̃𝑖 , 𝑢𝑏̃𝑖 , 𝑦𝑏̃𝑖) , 𝑖 = 1,2, … ,𝑚,  

𝑥𝑗 ≥ 0, 𝑗 = 1,2,… , 𝑛  

where, 

𝑉(𝐴̃) = 𝜆 (
𝑎1+2𝑎2+2𝑎3+𝑎4

6
)𝑤𝐴̃

2 + (1 −

𝜆) (
[(2𝑎1+𝑎2+𝑎3+2𝑎4)−(𝑎1−𝑎2−𝑎3+𝑎4)𝑢𝐴̃−(𝑎1+2𝑎2+2𝑎3+𝑎4)𝑢𝐴̃

2 ]

6
+

[(2𝑎1+𝑎2+𝑎3+2𝑎4)−(𝑎1−𝑎2−𝑎3+𝑎4)𝑦𝐴̃−(𝑎1+2𝑎2+2𝑎3+𝑎4)𝑦𝐴̃
2]

6
) , 𝜆 ∈ [0,1]. 

Step 4: Find an optimal solution of the CrLpP (𝑃6.3.3) for some values of 𝜆 ∈ [0,1]. The obtained 

optimal solution also represents an optimal solution of the SvTrNeLpP (𝑃6.2.1.1). 

6.4 Correct optimal solution of some existing SvTNeLpPs  

In this section, the correct optimal solution of some existing SvTNeLpPs is obtained by the 

proposed Mehar method.  

Hussian et al. [79] as well as Khatter [100] have considered the following real-life problem to 

illustrate their proposed method.  

A Pottery Company, run by a Native American tribal council, desires to find the number of 

bowls and mugs to be produced each day in order to maximize the profit by considering 

(i) The data presented in Table 6.2. 
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(ii) The data presented in Table 6.3. 

(iii) The data presented in Table 6.4. 

However, as some mathematical incorrect results are considered in Hussian et al.’s method 

[79] as well as in Khatter’s method [100]. So, the existing optimal solution [79, 100] is not correct. 

In this section, a correct optimal solution of this real-life problem is obtained by the proposed 

Mehar method.   

Table 6.2 [79, 100] Resource requirements of two products 

Product Resource requirements 

Labour (Hr./unit) Clay (Lb./unit) Profit($/unit) 

Bowl (0.5,1,3; 0.6,0.4,0.1) (1,4,12;0.4,0.3,0.2) (30,40,50; 0.7,0.4,0.3) 

Mug (0,2,6; 0.6,0.4,0.1) (1,3,10;0.7,0.4,0.3) (40,50,60; 0.6,0.5,0.2) 

 Total available hr of 

labour =

(20,40,60; 0.4,0.3,0.5) 

Total available pounds of 

clay =

(100,120,140; 0.7,0.4,0.3) 

 

 

Table 6.3 [79, 100] Resource requirements of two products 

Product Resource requirements 

Labour (Hr./unit) Clay (Lb./unit) Profit($/unit) 

Bowl (3.5,4,4.1; 0.75,0.5,0.25) (0,1,2; 0.15,0.5,0) (4,5,6; 0.5,0.8,0.3) 

Mug (2.5,3,3.2; 0.2,0.8,0.4) (2.8,3,3.2; 0.75,0.5,0.25) (2.5,3,3.2; 0.6,0.4,0) 

 Total available hr of labour 

= (11,12,13;0.2,0.6,0.5) 

Total available pounds of 

clay =

(5.5,6,7.5; 0.8,0.6,0.4) 

 

 

 

 

 

 



196 
 

Table 6.4 [79, 100] Resource requirements of two products 

Product Resource requirements 

Skilled Labour 

(Hr./unit) 

Unskilled Labour 

(Hr./unit) 

Clay (Lb./unit) Profit($/unit) 

Bowl 15 24 21 (19,25,33; 0.8,0.1,0.4) 

Mug 30 6 14 (44,48,54; 0.75,0.25,0) 

 Total available hr 

of skilled labour 

= 45000 

Total available hr 

of unskilled labour 

= 24000 

Total available 

pounds of clay 

= 28000 

 

 

6.4.1 First illustrative example 

If the data, presented in Table 6.2, is considered. Then, to find an optimal solution of the 

real-life problem is equivalent to find an optimal solution of the SvTNeLpP (𝑃6.4.1.1).  

SvTNeLpP (𝑷𝟔. 𝟒. 𝟏. 𝟏) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 ((30,40,50;0.7,0.4,0.3)𝑥1 + (40,50,60;0.6,0.5,0.2)𝑥2)  

Subject to  

(0.5,1,3; 0.6,0.4,0.1)𝑥1 + (0,2,6; 0.6,0.4,0.1)𝑥2 ≼ (20,40,60;0.4,0.3,0.5),  

(1,4,12; 0.4,0.3,0.2)𝑥1 + (1,3,10;0.7,0.4,0.3)𝑥2 ≼ (100,120,140; 0.7,0.4,0.3),  

𝑥1, 𝑥2 ≥ 0.  

Using the proposed Mehar method, an optimal solution of the SvTNeLpP (𝑃6.4.1.1) can be 

obtained as follows: 

Step 1: Using Step 1 of the proposed Mehar method, the SvTNeLpP (𝑃6.4.1.1) can be transformed 

into its equivalent SvTNeLpP (𝑃6.4.1.2). 

SvTNeLpP (𝑷𝟔. 𝟒. 𝟏. 𝟐) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 ((30𝑥1, 40𝑥1, 50𝑥1; 0.7,0.4,0.3) + (40𝑥2, 50𝑥2, 60𝑥2; 0.6,0.5,0.2))  

Subject to  
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(0.5𝑥1, 1𝑥1, 3𝑥1; 0.6,0.4,0.1) + (0𝑥2, 2𝑥2, 6𝑥2; 0.6,0.4,0.1) ≼ (20,40,60; 0.4,0.3,0.5),  

(1𝑥1, 4𝑥1, 12𝑥1; 0.4,0.3,0.2) + (1𝑥2, 3𝑥2, 10𝑥2; 0.7,0.4,0.3) ≼

(100,120,140; 0.7,0.4,0.3),  

𝑥1, 𝑥2 ≥ 0.  

Step 2: Using Step 2 of the proposed Mehar method, the SvTNeLpP (𝑃6.4.1.2) can be transformed 

into its equivalent SvTNeLpP (𝑃6.4.1.3). 

SvTNeLpP (𝑷𝟔. 𝟒. 𝟏. 𝟑) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (30𝑥1 + 40𝑥2, 40𝑥1 + 50𝑥2, 50𝑥1 +

60𝑥2; 𝑚𝑖𝑛𝑖𝑚𝑢𝑚{0.7,0.6},𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.4,0.5} , 𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.3,0.2})  

Subject to  

(0.5𝑥1 + 0𝑥2, 1𝑥1 + 2𝑥2, 3𝑥1 +

6𝑥2;𝑚𝑖𝑛𝑖𝑚𝑢𝑚{0.6,0.6},𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.4,0.4} ,𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.1,0.1}) ≼

(20,40,60; 0.4,0.3,0.5),  

(1𝑥1 + 1𝑥2, 4𝑥1 + 3𝑥2, 12𝑥1 +

10𝑥2; 𝑚𝑖𝑛𝑖𝑚𝑢𝑚{0.4,0.7},𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.3,0.4} , 𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.2,0.3}) ≼

(100,120,140; 0.7,0.4,0.3),  

𝑥1, 𝑥2 ≥ 0.  

Step 3: Using Step 3 of the proposed Mehar method, the SvTNeLpP (𝑃6.4.1.3) can be transformed 

into its equivalent CrLpP (𝑃6.4.1.4). 

CrLpP (𝑷𝟔. 𝟒. 𝟏. 𝟒) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (𝑉(30𝑥1 + 40𝑥2, 40𝑥1 + 50𝑥2, 50𝑥1 + 60𝑥2; 0.6,0.5,0.3))  

Subject to  

𝑉(0.5𝑥1 + 0𝑥2, 1𝑥1 + 2𝑥2, 3𝑥1 + 6𝑥2; 0.6,0.4,0.1) ≤ 𝑉(20,40,60; 0.4,0.3,0.5),  
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𝑉(1𝑥1 + 1𝑥2, 4𝑥1 + 3𝑥2, 12𝑥1 + 10𝑥2; 0.4,0.4,0.3) ≤ 𝑉(100,120,140;0.7,0.4,0.3),  

𝑥1, 𝑥2 ≥ 0, 

where, 

𝑉(𝐴̃) = 𝜆 (
𝑎1+4𝑎2+𝑎3

6
)𝑤𝐴̃

2 + (1 − 𝜆) (
[2(𝑎1+𝑎2+𝑎3)−(𝑎1−2𝑎2+𝑎3)𝑢𝐴̃−(𝑎1+4𝑎2+𝑎3)𝑢𝐴̃

2 ]

6
+

[2(𝑎1+𝑎2+𝑎3)−(𝑎1−2𝑎2+𝑎3)𝑦𝐴̃−(𝑎1+4𝑎2+𝑎3)𝑦𝐴̃
2]

6
) , 𝜆 ∈ [0,1]. 

Step 4: The obtained optimal solution of the CrLpP (𝑃6.4.1.4) for some values of 𝜆 ∈ [0,1] are 

shown in Table 6.5. It is pertinent to mention that according to Step 4 of the proposed 

Mehar method, the obtained optimal solution also represents an optimal solution of the 

SvTNeLpP (𝑃6.4.1.1). 

Table 6.5 Correct optimal solution for different values of 𝝀  

𝜆 Optimal solution 

𝑥1 𝑥2 

0 19.55 3.02 

0.1 20.60 2.32 

0.2 21.89 1.47 

0.3 23.49 0.41 

0.4 23.87 0 

0.5 23.41 0 

0.6 22.79 0 

0.7 21.92 0 

0.8 20.63 0 

0.9 18.48 0 

1 14.22 0 

 

6.4.2 Second illustrative example 

If the data, presented in Table 6.3, is considered. Then, to find an optimal solution of the 

real-life problem is equivalent to find an optimal solution of the SvTNeLpP (𝑃6.4.2.1).  

 



199 
 

SvTNeLpP (𝑷𝟔. 𝟒. 𝟐. 𝟏) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 ((4,5,6; 0.5,0.8,0.3)𝑥1 + (2.5,3,3.2; 0.6,0.4,0)𝑥2)  

Subject to  

(3.5,4,4.1; 0.75,0.5,0.25)𝑥1 + (2.5,3,3.2; 0.2,0.8,0.4)𝑥2 ≼ (11,12,13;0.2,0.6,0.5),  

(0,1,2; 0.15,0.5,0)𝑥1 + (2.8,3,3.2; 0.75,0.5,0.25)𝑥2 ≼ (5.5,6,7.5; 0.8,0.6,0.4),  

𝑥1, 𝑥2 ≥ 0.  

Using the proposed Mehar method, an optimal solution of the SvTNeLpP (𝑃6.4.2.1) can 

be obtained as follows: 

Step 1: Using Step 1 of the proposed Mehar method, the SvTNeLpP (𝑃6.4.2.1) can be transformed 

into its equivalent SvTNeLpP (𝑃6.4.2.2). 

SvTNeLpP (𝑷𝟔. 𝟒. 𝟐. 𝟐) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 ((4𝑥1, 5𝑥1, 6𝑥1; 0.5,0.8,0.3) + (2.5𝑥2, 3𝑥2, 3.2𝑥2; 0.6,0.4,0))  

Subject to  

(3.5𝑥1, 4𝑥1, 4.1𝑥1; 0.75,0.5,0.25) + (2.5𝑥2, 3𝑥2, 3.2𝑥2; 0.2,0.8,0.4) ≼

(11,12,13; 0.2,0.6,0.5),  

(0𝑥1, 1𝑥1, 2𝑥1; 0.15,0.5,0) + (2.8𝑥2, 3𝑥2, 3.2𝑥2; 0.75,0.5,0.25) ≼

(5.5,6,7.5; 0.8,0.6,0.4),  

𝑥1, 𝑥2 ≥ 0.   

Step 2: Using Step 2 of the proposed Mehar method, the SvTNeLpP (𝑃6.4.2.2) can be transformed 

into its equivalent SvTNeLpP (𝑃6.4.2.3). 

SvTNeLpP (𝑷𝟔. 𝟒. 𝟐. 𝟑) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (4𝑥1 + 2.5𝑥2, 5𝑥1 + 3𝑥2, 6𝑥1 +

3.2𝑥2;𝑚𝑖𝑛𝑖𝑚𝑢𝑚{0.5,0.6},𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.8,0.4}, 𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.3,0})  
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Subject to  

(3.5𝑥1 + 2.5𝑥2, 4𝑥1 + 3𝑥2, 4.1𝑥1 +

3.2𝑥2;𝑚𝑖𝑛𝑖𝑚𝑢𝑚{0.75,0.2}, 𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.5,0.8},𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.25,0.4}) ≼

(11,12,13; 0.2,0.6,0.5),  

(2.8𝑥2, 𝑥1 + 3𝑥2, 2𝑥1 +

3.2𝑥2;𝑚𝑖𝑛𝑖𝑚𝑢𝑚{0.15,0.75}, 𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.5,0.5},𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0,0.25}) ≼

(5.5,6,7.5; 0.8,0.6,0.4),  

𝑥1, 𝑥2 ≥ 0.  

Step 3: Using Step 3 of the proposed Mehar method, the SvTNeLpP (𝑃6.4.2.3) can be transformed 

into its equivalent CrLpP (𝑃6.4.2.4). 

CrLpP (𝑷𝟔. 𝟒. 𝟐. 𝟒) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (𝑉(4𝑥1 + 2.5𝑥2, 5𝑥1 + 3𝑥2, 6𝑥1 + 3.2𝑥2; 0.5,0.8,0.3))  

Subject to  

𝑉(3.5𝑥1 + 2.5𝑥2, 4𝑥1 + 3𝑥2, 4.1𝑥1 + 3.2𝑥2; 0.2,0.8,0.4) ≤ 𝑉(11,12,13; 0.2,0.6,0.5),  

𝑉(2.8𝑥2, 𝑥1 + 3𝑥2, 2𝑥1 + 3.2𝑥2; 0.15,0.5,0.25) ≤ 𝑉(5.5,6,7.5; 0.8,0.6,0.4),  

𝑥1, 𝑥2 ≥ 0, 

where, 

𝑉(𝐴̃) = 𝜆 (
𝑎1+4𝑎2+𝑎3

6
)𝑤𝐴̃

2 + (1 − 𝜆) (
[2(𝑎1+𝑎2+𝑎3)−(𝑎1−2𝑎2+𝑎3)𝑢𝐴̃−(𝑎1+4𝑎2+𝑎3)𝑢𝐴̃

2 ]

6
+

[2(𝑎1+𝑎2+𝑎3)−(𝑎1−2𝑎2+𝑎3)𝑦𝐴̃−(𝑎1+4𝑎2+𝑎3)𝑦𝐴̃
2]

6
) , 𝜆 ∈ [0,1]. 

Step 4: The obtained optimal solution of the CrLpP (𝑃6.4.2.4) for some values of 𝜆 ∈ [0,1] are 

shown in Table 6.6. It is pertinent to mention that according to Step 4 of the proposed 
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Mehar method, the obtained optimal solution also represents an optimal solution of the 

SvTNeLpP (𝑃6.4.2.1). 

Table 6.6 Correct optimal solution for different values of 𝝀   

𝜆 Optimal solution 

𝑥1 𝑥2 

0 3.574 0 

0.1 3.572 0 

0.2 3.570 0 

0.3 3.567 0 

0.4 3.563 0 

0.5 3.557 0 

0.6 3.549 0 

0.7 3.536 0 

0.8 3.512 0 

0.9 3.452 0 

1 3.051 0 

 

6.4.3 Third illustrative example 

If the data, presented in Table 6.4, is considered. Then, to find an optimal solution of the 

real-life problem is equivalent to find an optimal solution of the SvTNeLpP (𝑃6.4.3.1).  

SvTNeLpP (𝑷𝟔. 𝟒. 𝟑. 𝟏) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 ((19,25,33;0.8,0.1,0.4)𝑥1 + (44,48,54;0.75,0.25,0)𝑥2)  

Subject to 

15𝑥1 + 30𝑥2 ≤ 45000,  

24𝑥1 + 6𝑥2 ≤ 24000,  

21𝑥1 + 14𝑥2 ≤ 28000,  

𝑥1, 𝑥2 ≥ 0. 

Using the proposed Mehar method, an optimal solution of the SvTNeLpP (𝑃6.4.3.1) can  
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be obtained as follows: 

Step 1: Using Step 1 of the proposed Mehar method, the SvTNeLpP (𝑃6.4.3.1) can be transformed 

into its equivalent SvTNeLpP (𝑃6.4.3.2). 

SvTNeLpP (𝑷𝟔. 𝟒. 𝟑. 𝟐) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 ((19𝑥1, 25𝑥1, 33𝑥1; 0.8,0.1,0.4) + (44𝑥2, 48𝑥2, 54𝑥2; 0.75,0.25,0))  

Subject to  

Constraints of the SvTNeLpP (𝑃6.4.3.1). 

Step 2: Using Step 2 of the proposed Mehar method, the SvTNeLpP (𝑃6.4.3.2) can be transformed 

into its equivalent SvTNeLpP (𝑃6.4.3.3). 

SvTNeLpP (𝑷𝟔. 𝟒. 𝟑. 𝟑) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (19𝑥1 + 44𝑥2, 25𝑥1 + 48𝑥2, 33𝑥1 +

54𝑥2; 𝑚𝑖𝑛𝑖𝑚𝑢𝑚{0.8,0.75}, 𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.1,0.25},𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.4,0})  

Subject to  

Constraints of the SvTNeLpP (𝑃6.4.3.1). 

Step 3: Using Step 3 of the proposed Mehar method, the SvTNeLpP (𝑃6.4.3.3) can be transformed 

into its equivalent CrLpP (𝑃6.4.3.4). 

CrLpP (𝑷𝟔. 𝟒. 𝟑. 𝟒) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (𝑉(19𝑥1 + 44𝑥2, 25𝑥1 + 48𝑥2, 33𝑥1 + 54𝑥2; 0.75,0.25,0.4))  

Subject to   

Constraints of the SvTNeLpP (𝑃6.4.3.1). 

where, 
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𝑉(𝐴̃) = 𝜆 (
𝑎1+4𝑎2+𝑎3

6
)𝑤𝐴̃

2 + (1 − 𝜆) (
[2(𝑎1+𝑎2+𝑎3)−(𝑎1−2𝑎2+𝑎3)𝑢𝐴̃−(𝑎1+4𝑎2+𝑎3)𝑢𝐴̃

2 ]

6
+

[2(𝑎1+𝑎2+𝑎3)−(𝑎1−2𝑎2+𝑎3)𝑦𝐴̃−(𝑎1+4𝑎2+𝑎3)𝑦𝐴̃
2]

6
) , 𝜆 ∈ [0,1]. 

Step 4: The obtained optimal solution of the CrLpP (𝑃6.4.3.4) for some values of 𝜆 ∈ [0,1] are 

shown in Table 6.7. It is pertinent to mention that according to Step 4 of the proposed 

Mehar method, the obtained optimal solution also represents an optimal solution of the 

SvTNeLpP (𝑃6.4.3.1). 

Table 6.7 Correct optimal solution for different values of 𝝀  

𝜆 Optimal solution 

𝑥1 𝑥2 

0 500 1250 

0.1 500 1250 

0.2 500 1250 

0.3 500 1250 

0.4 500 1250 

0.5 500 1250 

0.6 500 1250 

0.7 500 1250 

0.8 500 1250 

0.9 500 1250 

1 500 1250 

 

6.5 Correct optimal solution of an existing SvTrNeLpP  

In this section, the correct optimal solution of an existing SvTrNeLpP is obtained by the 

proposed Mehar method.  

Das et al. [44] have considered the following real-life problem to illustrate their proposed 

method.  

An electric cable maker desires to find the number of cable 1 and cable 2 to be produced each 

day in order to maximize the profit by considering the data presented in Table 6.8. 
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Table 6.8 [44] Resource requirements of two cables 

 Resource requirements 

Metal (meter) Plastic (meter) Profit 

Cable 1 (2,4,6,8; 0.6,0.1,0.3) (4,7,10,13; 0.7,0.4,0.2) (1,3,4,7; 0.8,0.2,0.4) 

Cable 2 (3,5,9,12; 0.7,0.2,0.1) (3,6,9,14;0.8,0.5,0.3) (4,6,8,10; 0.9,0.3,0.5) 

 Total available meters of 

metal =

(10,15,20,25; 0.6,0,0.5) 

Total available meters of 

plastic =

(10,20,25,30; 0.9,0.45,0.3) 

 

 

However, as some mathematical incorrect results are considered in Das et al.’s method 

[44]. So, the existing optimal solution [44] is not correct. In this section, a correct optimal solution 

of this real-life problem is obtained by the proposed Mehar method.  

If the data, presented in Table 6.8, is considered. Then, to find an optimal solution of the 

real-life problem is equivalent to find an optimal solution of the SvTrNeLpP (𝑃6.5.1).  

SvTrNeLpP (𝑷𝟔. 𝟓. 𝟏) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 ((1,3,4,7; 0.8,0.2,0.4)𝑥1 + (4,6,8,10; 0.9,0.3,0.5)𝑥2)  

Subject to  

(2,4,6,8; 0.6,0.1,0.3)𝑥1 + (3,5,9,12; 0.7,0.2,0.1)𝑥2 ≼ (10,15,20,25;0.6,0,0.5),  

(4,7,10,13;0.7,0.4,0.2)𝑥1 + (3,6,9,14; 0.8,0.5,0.3)𝑥2 ≼ (10,20,25,30; 0.9,0.45,0.3),  

𝑥1, 𝑥2 ≥ 0.  

Using the proposed Mehar method, an optimal solution of the SvTrNeLpP (𝑃6.5.1) can be 

obtained as follows: 

Step 1: Using Step 1 of the proposed Mehar method, the SvTrNeLpP (𝑃6.5.1) can be transformed 

into its equivalent SvTrNeLpP (𝑃6.5.2). 
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SvTrNeLpP (𝑷𝟔. 𝟓. 𝟐) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 ((𝑥1, 3𝑥1, 4𝑥1, 7𝑥1; 0.8,0.2,0.4) + (4𝑥2, 6𝑥2, 8𝑥2, 10𝑥2; 0.9,0.3,0.5))  

Subject to  

(2𝑥1, 4𝑥1, 6𝑥1, 8𝑥1; 0.6,0.1,0.3) + (3𝑥2, 5𝑥2, 9𝑥2, 12𝑥2; 0.7,0.2,0.1) ≼

(10,15,20,25; 0.6,0,0.5),  

(4𝑥1, 7𝑥1, 10𝑥1, 13𝑥1; 0.7,0.4,0.2) + (3𝑥2, 6𝑥2, 9𝑥2, 14𝑥2; 0.8,0.5,0.3) ≼

(10,20,25,30; 0.9,0.45,0.3),  

𝑥1, 𝑥2 ≥ 0.  

Step 2: Using Step 2 of the proposed Mehar method, the SvTrNeLpP (𝑃6.5.2) can be transformed 

into its equivalent SvTrNeLpP (𝑃6.5.3). 

SvTrNeLpP (𝑷𝟔. 𝟓. 𝟑) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 ((𝑥1 + 4𝑥2, 3𝑥1 + 6𝑥2, 4𝑥1 + 8𝑥2, 7𝑥1 +

10𝑥2; 𝑚𝑖𝑛𝑖𝑚𝑢𝑚{0.8,0.9}, 𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.2,0.3},𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.4,0.5}))  

Subject to  

(2𝑥1 + 3𝑥2, 4𝑥1 + 5𝑥2, 6𝑥1 + 9𝑥2, 8𝑥1 +

12𝑥2; 𝑚𝑖𝑛𝑖𝑚𝑢𝑚{0.6,0.7}, 𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.1,0.2},𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.3,0.1}) ≼

(10,15,20,25; 0.6,0,0.5),  

(4𝑥1 + 3𝑥2, 7𝑥1 + 6𝑥2, 10𝑥1 + 9𝑥2, 13𝑥1 +

14𝑥2; 𝑚𝑖𝑛𝑖𝑚𝑢𝑚{0.7,0.8}, 𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.4,0.5},𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.2,0.3}) ≼

(10,20,25,30; 0.9,0.45,0.3),  

𝑥1, 𝑥2 ≥ 0.  

Step 3: Using Step 3 of the proposed Mehar method, the SvTrNeLpP (𝑃6.5.3) can be transformed 

into its equivalent CrLpP (𝑃6.5.4). 
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CrLpP (𝑷𝟔. 𝟓. 𝟒) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (𝑉(𝑥1 + 4𝑥2, 3𝑥1 + 6𝑥2, 4𝑥1 + 8𝑥2, 7𝑥1 + 10𝑥2; 0.8,0.3,0.5))  

Subject to  

𝑉(2𝑥1 + 3𝑥2, 4𝑥1 + 5𝑥2, 6𝑥1 + 9𝑥2, 8𝑥1 + 12𝑥2; 0.6,0.2,0.3) ≤

𝑉(10,15,20,25;0.6,0,0.5),  

𝑉(4𝑥1 + 3𝑥2, 7𝑥1 + 6𝑥2, 10𝑥1 + 9𝑥2, 13𝑥1 + 14𝑥2; 0.7,0.5,0.3) ≤

𝑉(10,20,25,30;0.9,0.45,0.3),  

𝑥1, 𝑥2 ≥ 0, 

where,  

𝑉(𝐴̃) = 𝜆 (
𝑎1+2𝑎2+2𝑎3+𝑎4

6
)𝑤𝐴̃

2 + (1 −

𝜆) (
[(2𝑎1+𝑎2+𝑎3+2𝑎4)−(𝑎1−𝑎2−𝑎3+𝑎4)𝑢𝐴̃−(𝑎1+2𝑎2+2𝑎3+𝑎4)𝑢𝐴̃

2 ]

6
+

[(2𝑎1+𝑎2+𝑎3+2𝑎4)−(𝑎1−𝑎2−𝑎3+𝑎4)𝑦𝐴̃−(𝑎1+2𝑎2+2𝑎3+𝑎4)𝑦𝐴̃
2]

6
) , 𝜆 ∈ [0,1]. 

Step 4: The obtained optimal solution of the CrLpP (𝑃6.5.4) for some values of 𝜆 ∈ [0,1] are 

shown in Table 6.9. It is pertinent to mention that according to Step 4 of the proposed 

Mehar method, the obtained optimal solution also represents an optimal solution of the 

SvTrNeLpP (𝑃6.5.1). 
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Table 6.9 Correct optimal solution for different values of 𝝀  

𝜆 Optimal solution 

𝑥1 𝑥2 

0 0 2.243 

0.1 0 2.248 

0.2 0 2.252 

0.3 0 2.258 

0.4 0 2.266 

0.5 0 2.275 

0.6 0 2.287 

0.7 0 2.304 

0.8 0 2.329 

0.9 0 2.368 

1 0 2.442 

 

6.6 Limitation of the proposed Mehar method 

The proposed Mehar method is based upon the existing method [100], discussed in Definition 

6.1.9, for comparing two SvTrNeNs. However, it can be easily verified that the existing comparing 

method [100] fails to distinguish two distinct SvTrNeNs. Hence, the proposed Mehar method can 

be used only if a unique optimal solution exists for the CrLpP (𝑃6.3.3).     

6.7 Conclusions 

It is shown that some mathematical incorrect results are considered in all existing methods 

for solving mathematical programming problems under neutrosophic environment. Hence, it is 

inappropriate to use any existing method to solve mathematical programming problems under 

neutrosophic environment. Also, a new method (named as Mehar method) is proposed to solve 

SvNeLpPs. Furthermore, correct optimal solutions of some existing real-life problems under 

neutrosophic environment [44, 79, 100] are obtained by the proposed Mehar method.  
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Chapter 7 

Future Scope 

  

The following open research problems may be considered as future research directions.  

(i) To analyse the efficiency of the proposed methods for really large problems. 

(ii) In the existing method [11], a multi-objective interval-valued FuLFpP with crisp 

decision variables is solved to find a non-dominated fuzzy optimal solution of a balanced 

multi-objective interval-valued FlFuLFtP. However, as discussed in Section 2.3 of 

Chapter 2, the decision variables should be considered as interval-valued fuzzy 

numbers. Therefore, it is inappropriate to use the existing method [11] to solve multi-

objective interval-valued FlFuLFtPs. To propose an appropriate method to solve multi-

objective interval-valued FlFuLFtPs is an open research problem. 

(iii) In the existing method [62] for solving intuitionistic fully fuzzy multi-objective LFtPs 

as well as in the existing method [12] for solving fully fuzzy multi-objective LFpPs, the 

existing method [30] is used. However, in the literature [155], it is pointed out that it is 

inappropriate to use the existing method [30]. Hence, it is inappropriate to use the 

existing method [62] for solving intuitionistic fully fuzzy multi-objective LFtPs as well 

as it is inappropriate to use the existing method [12] for solving fully fuzzy multi-

objective LFpPs. To propose an appropriate method to solve intuitionistic fully fuzzy 

multi-objective LFtPs as well as to propose an appropriate method to solve fully fuzzy 

multi-objective LFpPs are open research problems. 



210 
 

(iv) In the existing method [25], an intuitionistic FuLFpP with crisp decision variables is 

solved to find a fuzzy optimal solution of balanced intuitionistic FlFuLFtPs. However, 

as discussed in Section 2.3 of Chapter 2, the decision variables should be considered as 

intuitionistic fuzzy numbers. Therefore, it is inappropriate to use the existing method 

[25] to solve intuitionistic FlFuLFtPs. To propose an appropriate method to solve 

intuitionistic FlFuLFtPs is an open research problem. 

(v) In the existing methods [7, 113], Charnes and Cooper transformation method under 

fuzzy environment is used to transform a fully fuzzy multi-objective LFpP into a fully 

fuzzy multi-objective LpP. However, as discussed in Section 2.4.2.3 of Chapter 2, the 

fully fuzzy multi-objective LpP, obtained by Charnes and Cooper transformation 

method under fuzzy environment, will not be equivalent to the fully fuzzy multi-

objective LFpP. Hence, it is inappropriate to use the existing methods [7, 113] to solve 

fully fuzzy multi-objective LFpPs. To propose an appropriate method to solve fully 

fuzzy multi-objective LFpPs is an open research problem. 

(vi) In Chapter 6, it is pointed out that it is inappropriate to use the existing methods for 

solving SvTNeLFpPs [2, 43, 80] and SvTrNeLFpPs [59]. To propose an appropriate 

method to solve SvTNeLFpPs as well as to propose an appropriate method to solve 

SvTrNeLFpPs are open research problems. 

(vii) It can be easily verified that the relation 𝑆(𝐴̃1𝐴̃2) = (𝑆(𝐴̃1)) (𝑆(𝐴̃2)) is considered in 

Khalifa and Kumar’s method [97] for solving single-valued trapezoidal fully 

neutrosophic LpPs (LpPs in which all the parameters including decision variables are 

represented by SvTrNeNs),  

where, 
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(a) 𝐴̃𝑖 = (𝑎𝑖1, 𝑎𝑖2, 𝑎𝑖3; 𝑤𝐴̃𝑖
, 𝑢𝐴̃𝑖 , 𝑦𝐴̃𝑖); 𝑖 = 1,2 be non-negative SvTrNeNs i.e., 𝑎𝑖1 ≥ 0. 

(b) 𝐴̃1𝐴̃2 = (
𝑎11𝑎21, 𝑎12𝑎22, 𝑎13𝑎23, 𝑎14𝑎24;

𝑚𝑖𝑛𝑖𝑚𝑢𝑚{𝑤𝐴1
, 𝑤𝐴2

} ,𝑚𝑎𝑥𝑖𝑚𝑢𝑚{𝑢𝐴1 , 𝑢𝐴2} ,𝑚𝑎𝑥𝑖𝑚𝑢𝑚{𝑦𝐴̃1 , 𝑦𝐴2}
). 

(c) 𝑆(𝐴̃𝑖) =
1

16
(𝑎𝑖1 + 𝑎𝑖2 + 𝑎𝑖3 + 𝑎𝑖4) (𝑤𝐴̃𝑖

+ (1 − 𝑢𝐴̃𝑖) + (1 − 𝑦𝐴̃𝑖
)) ; 𝑖 = 1,2. 

While, the following example clearly indicates that 𝑆(𝐴̃1𝐴̃2) ≠ (𝑆(𝐴̃1)) (𝑆(𝐴̃2)).  

Let 𝐴̃1 = (1,3,4,5; 0.1,0.8,0.1) and 𝐴̃2 = (3,4,6,7; 0.1,0.8,0.9) be two SvTrNeNs. 

Then,  

𝐴̃1𝐴̃2 = (
3,12,24,35;

𝑚𝑖𝑛𝑖𝑚𝑢𝑚{0.1,0.1} , 𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.8,0.8} , 𝑚𝑎𝑥𝑖𝑚𝑢𝑚{0.1,0.9}
) =

(3,12,24,35; 0.1,0.8,0.9).  

Using the existing expression (c) [97],  

𝑆(𝐴̃1𝐴̃2) = 𝑆(3,12,24,35;0.1,0.8,0.9)  

=
1

16
(3 + 12 + 24 + 35)(0.1 + (1 − 0.8) + (1 − 0.9)) = 1.85                            (7.1)                                                                                         

𝑆(𝐴̃1) = 𝑆(1,3,4,5; 0.1,0.8,0.1)  

=
1

16
(1 + 3 + 4 + 5)(0.1 + (1 − 0.8) + (1 − 0.1)) = 0.975  

𝑆(𝐴̃2) = 𝑆(3,4,6,7; 0.1,0.8,0.9)  

=
1

16
(3 + 4 + 6 + 7)(0.1 + (1 − 0.8) + (1 − 0.9)) = 0.5  

(𝑆(𝐴̃1)) (𝑆(𝐴̃2)) = (0.975)(0.5) = 0.4875                                                              (7.2) 

It is obvious from (7.1) and (7.2) that 𝑆(𝐴̃1𝐴̃2) ≠ (𝑆(𝐴̃1)) (𝑆(𝐴̃2)). 

Hence, it is inappropriate to use Khalifa and Kumar’s method [97]. To propose 

an appropriate method to solve single-valued trapezoidal fully neutrosophic LpPs is an 

open research problem.  
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(viii) It is pertinent to mention that the shortcoming pointed out in Khalifa and Kumar’s 

method [97] also occurs in the existing methods [23, 24] for solving SvTrNeLpPs with 

single-valued trapezoidal neutrosophic decision variables. Hence, it is inappropriate to 

use the existing methods [23, 24]. To propose an appropriate method to solve 

SvTrNeLpPs with single-valued trapezoidal neutrosophic decision variables is an open 

research problem.   

(ix) Nishad and Abhishekh [130] proposed a method to solve 

NoTrFlItFuTpS/NoTFlItFuTpS (transportation problems in which each parameter is 

represented by a NoTrItFuN/NoTItFuN). Nishad and Abhishekh [130] claimed that their 

proposed method is superior than the existing methods [8, 103, 149]. In Appendix A, it 

is shown that Nishad and Abhishekh [130] have considered a mathematical incorrect 

result in their proposed method. Therefore, it is inappropriate to use Nishad and 

Abhishekh’s method [130] to solve NoTrFlItFuTpS/NoTFlItFuTpS. To propose an 

appropriate method to resolve the inappropriateness of Nishad and Abhishekh’s method 

[130] is an open research problem.  
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Appendix A 
 

A note on “A new ranking approach for solving 

fully fuzzy transportation problem in intuitionistic 

fuzzy environment”1 

 

Nishad and Abhishekh [130] proposed a method to solve NoTrFlItFuTpS/NoTFlItFuTpS 

(transportation problems in which each parameter is represented by a NoTrItFuN/NoTItFuN). 

Nishad and Abhishekh [130] claimed that their proposed method is superior than the existing 

methods [8, 103, 149]. In this appendix, it is shown that Nishad and Abhishekh [130] have 

considered a mathematical incorrect result in their proposed method. Therefore, it is inappropriate 

to use Nishad and Abhishekh’s method [130] to solve NoTrFlItFuTpS/NoTFlItFuTpS. 

A.1. Introduction 

Nishad and Abhishekh [130] claimed that to find an optimal solution of a 

NoTrFlItFuTp/NoTFlItFuTp is equivalent to find an optimal solution of the FlItFuLpP (𝑃1). 

Hence, Nishad and Abhishekh [130] proposed a method to find an optimal solution of the 

FlItFuLpP (𝑃1). 

Problem (𝑷𝟏) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (𝑍̃ ≈ ∑ ∑ 𝑐𝑖̃𝑗𝑥̃𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1  )  

Subject to 

                                                             
1 The contents of this appendix are accepted for publication in Journal of Control, Automation and Electrical Systems. 



214 
 

∑ 𝑥̃𝑖𝑗
𝑛
𝑗=1 ≈ 𝑎̃𝑖,                               𝑖 = 1,2, … , 𝑚,  

∑ 𝑥̃𝑖𝑗
𝑚
𝑖=1 ≈ 𝑏̃𝑗 ,                               𝑗 = 1,2, … , 𝑛,  

𝑥̃𝑖𝑗 ≽ 0̃ ∀ 𝑖, 𝑗. 

where, 

(i) 𝑚 represents the number of sources. 

(ii) 𝑛 represents the number of destinations. 

(iii) 𝑐𝑖̃𝑗 = (𝑐𝑖𝑗
1 , 𝑐𝑖𝑗

2 , 𝑐𝑖𝑗
3 , 𝑐𝑖𝑗

4 ), (𝐶𝑖𝑗
1 , 𝐶𝑖𝑗

2 , 𝐶𝑖𝑗
3 , 𝐶𝑖𝑗

4 ) or 𝑐𝑖̃𝑗 = (𝑐𝑖𝑗
1 , 𝑐𝑖𝑗

2 , 𝑐𝑖𝑗
4 ), (𝐶𝑖𝑗

1 , 𝐶𝑖𝑗
2 , 𝐶𝑖𝑗

4 ) represents the 

NoTrItFuN/NoTItFuN.  

(iv) 𝑥̃𝑖𝑗 = (𝑥𝑖𝑗
1 , 𝑥𝑖𝑗

2 , 𝑥𝑖𝑗
3 , 𝑥𝑖𝑗

4 ), (𝑋𝑖𝑗
1 , 𝑋𝑖𝑗

2 , 𝑋𝑖𝑗
3 , 𝑋𝑖𝑗

4 ) or 𝑥̃𝑖𝑗 = (𝑥𝑖𝑗
1 , 𝑥𝑖𝑗

2 , 𝑥𝑖𝑗
4 ), (𝑋𝑖𝑗

1 , 𝑋𝑖𝑗
2 , 𝑋𝑖𝑗

4 ) represents 

the NoTrItFuN/NoTItFuN.  

(v) 𝑎̃𝑖 = (𝑎𝑖
1, 𝑎𝑖

2, 𝑎𝑖
3, 𝑎𝑖

4), (𝐴𝑖
1, 𝐴𝑖

2, 𝐴𝑖
3, 𝐴𝑖

4) or 𝑎̃𝑖 = (𝑎𝑖
1, 𝑎𝑖

2, 𝑎𝑖
4), (𝐴𝑖

1, 𝐴𝑖
2𝐴𝑖

4)  represents the 

NoTrItFuN/NoTItFuN.  

(vi) 𝑏̃𝑗 = (𝑏𝑗
1, 𝑏𝑗

2, 𝑏𝑗
3, 𝑏𝑗

4), (𝐵𝑗
1, 𝐵𝑗

2, 𝐵𝑗
3, 𝐵𝑗

4) or 𝑏̃𝑗 = (𝑏𝑗
1 , 𝑏𝑗

2, 𝑏𝑗
4), (𝐵𝑗

1, 𝐵𝑗
2, 𝐵𝑗

4)  represents the 

NoTrItFuN/NoTItFuN.  

(vii) Let 𝐴̃1 = (𝑎11, 𝑎12, 𝑎13, 𝑎14), (𝐴11, 𝐴12, 𝐴13, 𝐴14) and 𝐴̃2 =

(𝑎21, 𝑎22, 𝑎23, 𝑎24), (𝐴21, 𝐴22, 𝐴23, 𝐴24) be two NoTrItFuNs. Then, 𝐴̃1 and 𝐴̃2 can be 

compared as follows. 

Check whether ℜ(𝐴̃1, 𝛿) > ℜ(𝐴̃2, 𝛿) or ℜ(𝐴̃1, 𝛿) < ℜ(𝐴̃2, 𝛿) or ℜ(𝐴̃1, 𝛿) = ℜ(𝐴̃2, 𝛿). 

(a) If ℜ(𝐴̃1, 𝛿) > ℜ(𝐴̃2, 𝛿) then, 𝐴̃1 ≻ 𝐴̃2.  

(b) If ℜ(𝐴̃1, 𝛿) ≥ ℜ(𝐴̃2, 𝛿) then, 𝐴̃1 ≽ 𝐴̃2.  

(c) If ℜ(𝐴̃1, 𝛿) = ℜ(𝐴̃2, 𝛿) then, 𝐴̃1 = 𝐴̃2.  

where, 

ℜ(𝐴̃𝑘, 𝛿) = 𝐼𝛼(𝐴̃𝑘) + 𝛿𝐼𝛼
′ (𝐴̃𝑘); 𝑘 = 1,2, 



215 
 

𝛿 = {
0     if 𝐼𝛼(𝐴̃1) ≠ 𝐼𝛼(𝐴̃2)

1     if 𝐼𝛼(𝐴̃1) = 𝐼𝛼(𝐴̃2)
; 𝑘 = 1,2.  

𝐼𝛼(𝐴̃𝑘) =
1

12
(𝑎𝑘1 + 𝑎𝑘4 + 2(𝑎𝑘2 + 𝑎𝑘3) + 𝐴𝑘1 + 𝐴𝑘4 + 2(𝐴𝑘2 + 𝐴𝑘3)); 𝑘 = 1,2,  

𝐼𝛼
′ (𝐴̃𝑘) =

1

12
(𝑎𝑘4 − 𝑎𝑘1 + 2(𝑎𝑘3 − 𝑎𝑘2) + 𝐴𝑘4 − 𝐴𝑘1 + 2(𝐴𝑘3 − 𝐴𝑘2)); 𝑘 = 1,2. 

In Nishad and Abhishekh’s method [130] firstly, an initial basic feasible solution is obtained 

by using any appropriate method. Then, the constraints of the dual problem (𝑃2) are used to check 

that the obtained initial basic feasible solution is optimal or not. 

Problem (𝑷𝟐) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (𝑍̃ ≈ (∑ 𝑢̃𝑖
𝑚
𝑖=1 𝑎̃𝑖 + ∑ 𝑣̃𝑗

𝑛
𝑗=1 𝑏̃𝑗))  

Subject to 

𝑢̃𝑖 + 𝑣̃𝑗 ≼ 𝑐𝑖̃𝑗 ,                         𝑖 = 1,2, … , 𝑚, 𝑗 = 1,2, … , 𝑛,  

𝑢̃𝑖, 𝑣̃𝑗 are unrestricted in sign. 

where, 𝑢̃𝑖 , 𝑣̃𝑗 represents the fuzzy dual variables. 

In Section A.3., it is shown that the FlItFuLpP (𝑃2) does not represents the dual of the 

FlItFuLpP (𝑃1). Hence, it is inappropriate to use Nishad and Abhishekh’s method [130] to solve 

the FlItFuLpP (𝑃1).   

A.2. Origin of the dual problem  

Nishad and Abhishekh [130] have used the following method to obtain the dual problem (𝑃2) 

corresponding to the FlItFuLpP (𝑃1).   

Step 1: Using the relation 𝐴̃1 ≽ 𝐴̃2 if ℜ(𝐴̃1, 𝛿) ≥ ℜ(𝐴̃2, 𝛿), the FlItFuLpP (𝑃1) can be transformed 

into its equivalent CrLpP (𝑃3). 

Problem (𝑷𝟑)  

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (ℜ(𝑍̃, 𝛿) = ℜ(∑ ∑ 𝑐𝑖̃𝑗𝑥̃𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 , 𝛿))  

Subject to 
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ℜ(∑ 𝑥̃𝑖𝑗
𝑛
𝑗=1 , 𝛿) = ℜ(𝑎̃𝑖, 𝛿),         𝑖 = 1,2, … , 𝑚,  

ℜ(∑ 𝑥̃𝑖𝑗
𝑚
𝑖=1 , 𝛿) = ℜ(𝑏̃𝑗 , 𝛿),         𝑗 = 1,2, … , 𝑛,  

ℜ(𝑥̃𝑖𝑗 , 𝛿) ≥ 0 ∀ 𝑖, 𝑗. 

Step 2: Using the relation ℜ(𝐴̃1 + 𝐴̃2, 𝛿) = ℜ(𝐴̃1, 𝛿) + ℜ(𝐴̃2, 𝛿), the CrLpP (𝑃3) can be 

transformed into its equivalent CrLpP (𝑃4). 

Problem (𝑷𝟒)  

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (ℜ(𝑍̃, 𝛿) = ∑ ∑ ℜ(𝑐𝑖̃𝑗𝑥̃𝑖𝑗)𝑛
𝑗=1

𝑚
𝑖=1 , 𝛿)  

Subject to 

∑ ℜ(𝑥̃𝑖𝑗, 𝛿)𝑛
𝑗=1 = ℜ(𝑎̃𝑖 , 𝛿),          𝑖 = 1,2, … , 𝑚,  

∑ ℜ(𝑥̃𝑖𝑗, 𝛿)𝑚
𝑖=1 = ℜ(𝑏̃𝑗 , 𝛿),          𝑗 = 1,2, … , 𝑛,  

𝑥𝑖𝑗 ≥ 0 ∀𝑖, 𝑗. 

Step 3: Using the relation ℜ(𝐴̃1𝐴̃2, 𝛿) = ℜ(𝐴̃1, 𝛿)ℜ(𝐴̃2, 𝛿), the CrLpP (𝑃4) can be transformed 

into its equivalent CrLpP (𝑃5). 

Problem (𝑷𝟓) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (ℜ(𝑍̃, 𝛿) = ∑ ∑ ℜ(𝑐𝑖̃𝑗 , 𝛿)ℜ(𝑥̃𝑖𝑗, 𝛿)𝑛
𝑗=1

𝑚
𝑖=1 )  

Subject to 

Constraints of the problem (𝑃4). 

Step 4: Assuming ℜ(𝑐𝑖̃𝑗 , 𝛿) = 𝑐𝑖𝑗 , ℜ(𝑥̃𝑖𝑗 , 𝛿) = 𝑥𝑖𝑗, ℜ(𝑎̃𝑖, 𝛿) = 𝑎𝑖 , ℜ(𝑏̃𝑗 , 𝛿) = 𝑏𝑗 and ℜ(𝑍̃, 𝛿) =

𝑍, the CrLpP (𝑃5) can be transformed into its equivalent CrLpP (𝑃6). 

Problem (𝑷𝟔) 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 (𝑍 = ∑ ∑ 𝑐𝑖𝑗𝑥𝑖𝑗
𝑛
𝑗=1

𝑚
𝑖=1 )  

Subject to 

∑ 𝑥𝑖𝑗
𝑛
𝑗=1 = 𝑎𝑖 ,             𝑖 = 1,2, … , 𝑚,  

∑ 𝑥𝑖𝑗
𝑚
𝑖=1 = 𝑏𝑗 ,             𝑗 = 1,2, … , 𝑛,  

𝑥𝑖𝑗 ≥ 0 ∀ 𝑖, 𝑗. 

Step 5: Using duality theory, the problem (𝑃7) represents the dual of the CrLpP (𝑃6). 
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Problem (𝑷𝟕) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (𝑍 = ∑ 𝑢𝑖𝑎𝑖
𝑚
𝑖=1 + ∑ 𝑣𝑗𝑏𝑗

𝑛
𝑗=1 )  

Subject to 

𝑢𝑖 + 𝑣𝑗 ≤ 𝑐𝑖𝑗 ,            𝑖 = 1,2, … , 𝑚, 𝑗 = 1,2, … , 𝑛,  

𝑢𝑖, 𝑣𝑗 are unrestricted in sign. 

where, 𝑢𝑖, 𝑣𝑗 represents the dual variables. 

Step 6: Assuming 𝑐𝑖𝑗 = ℜ(𝑐𝑖̃𝑗 , 𝛿), 𝑥𝑖𝑗 = ℜ(𝑥̃𝑖𝑗, 𝛿), 𝑎𝑖 = ℜ(𝑎̃𝑖 , 𝛿), 𝑏𝑗 = ℜ(𝑏̃𝑗 , 𝛿), 𝑢𝑖 = ℜ(𝑢̃𝑖, 𝛿), 

𝑣𝑗 = ℜ(𝑣̃𝑗, 𝛿) and 𝑍 = ℜ(𝑍̃, 𝛿) , the CrLpP (𝑃7) can be transformed into its equivalent 

CrLpP (𝑃8). 

Problem (𝑷𝟖) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (ℜ(𝑍,̃ 𝛿) = ∑ ℜ(𝑢̃𝑖, 𝛿)ℜ(𝑎̃𝑖, 𝛿)𝑚
𝑖=1 + ∑ ℜ(𝑣̃𝑗, 𝛿)ℜ(𝑏̃𝑗 , 𝛿)𝑛

𝑗=1 )  

Subject to 

ℜ(𝑢̃𝑖, 𝛿) + ℜ(𝑣̃𝑗, 𝛿) ≤ ℜ(𝑐𝑖̃𝑗 , 𝛿),         𝑖 = 1,2, … , 𝑚, 𝑗 = 1,2, … , 𝑛,  

𝑢𝑖, 𝑣𝑗 are unrestricted in sign. 

Step 7: Using the relation ℜ(𝐴̃1, 𝛿)ℜ(𝐴̃2, 𝛿) = ℜ(𝐴̃1𝐴̃2, 𝛿), the CrLpP (𝑃8) can be transformed 

into its equivalent CrLpP (𝑃9). 

Problem (𝑷𝟗) 

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (ℜ(𝑍,̃ 𝛿) = ∑ ℜ(𝑢̃𝑖𝑎̃𝑖 , 𝛿)𝑚
𝑖=1 + ∑ ℜ(𝑣̃𝑗𝑏̃𝑗 , 𝛿)𝑛

𝑗=1 )  

Subject to 

Constraints of the problem (𝑃8). 

Step 8: Using the relation ℜ(𝐴̃1, 𝛿) + ℜ(𝐴̃2, 𝛿) = ℜ(𝐴̃1 + 𝐴̃2, 𝛿), the CrLpP (𝑃9) can be 

transformed into its equivalent CrLpP (𝑃10). 

Problem (𝑷𝟏𝟎)  

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 (ℜ(𝑍̃, 𝛿) = ℜ(∑ 𝑢̃𝑖
𝑚
𝑖=1 𝑎̃𝑖 + ∑ 𝑣̃𝑗

𝑛
𝑗=1 𝑏̃𝑗 , 𝛿))  

Subject to 

Constraints of the problem (𝑃8). 
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Step 9: The CrLpP (𝑃10) can be transformed into its equivalent FlItFuLpP (𝑃2). 

A.3. Inappropriateness of Nishad and Abhishekh’s method  

Nishad and Abhishekh’s method [130] to solve NoTrFlItFuTpS/NoTFlItFuTpS is not 

appropriate as this method is based upon the dual problem (𝑃2). While, the dual problem (𝑃2) is 

not valid as the following mathematical incorrect result is considered to obtain it from the 

FlItFuLpP (𝑃1).  

It is obvious from Step 3 and Step 7 of Nishad and Abhishekh’s method [130], discussed in 

Section A.2., that to transform the CrLpP (𝑃4) into its equivalent CrLpP (𝑃5) and to transform the 

CrLpP (𝑃8) into its equivalent CrLpP (𝑃9) respectively, Nishad and Abhishekh [130] have assumed 

that the relation ℜ(𝐴̃1𝐴̃2, , 𝛿) = ℜ(𝐴̃1, 𝛿)ℜ(𝐴̃2, 𝛿) will be satisfied for two 

NoTrItFuNs/NoTItFuNs 𝐴̃1 and 𝐴̃2. While, the following clearly indicates that ℜ(𝐴̃1𝐴̃2, 𝛿) ≠

ℜ(𝐴̃1, 𝛿)ℜ(𝐴̃2, 𝛿). Therefore, the problem (𝑃2) does not represent the dual problem of the 

FlItFuLpP (𝑃1). Hence, it is inappropriate to use Nishad and Abhishekh’s method [130] to solve 

NoTrFlItFuTpS/NoTFlItFuTpS. 

Let 𝐴̃1 = (𝑎11, 𝑎12, 𝑎13, 𝑎14), (𝐴11, 𝐴12, 𝐴13, 𝐴14) and 𝐴̃2 =

(𝑎21, 𝑎22, 𝑎23, 𝑎24), (𝐴21, 𝐴22, 𝐴23, 𝐴24) be two non-negative NoTrItFuNs. Then, using the 

existing multiplication of two non-negative NoTrItFuNs [130],  

𝐴̃1𝐴̃2 = (𝑎11𝑎21, 𝑎12𝑎22, 𝑎13𝑎23, 𝑎14𝑎24), (𝐴11𝐴21, 𝐴12𝐴22, 𝐴13𝐴23, 𝐴14𝐴24).  

Therefore, using the relation ℜ(𝐴̃, 𝛿) = ℜ (((𝑎1, 𝑎2, 𝑎3, 𝑎4), (𝐴1, 𝐴2, 𝐴3, 𝐴4)), 𝛿) = 𝐼𝛼(𝐴̃) +

𝛿𝐼𝛼
′ (𝐴̃) = 𝐼𝛼(𝐴̃) =

1

12
(𝑎1 + 𝑎4 + 2(𝑎2 + 𝑎3) + 𝐴1 + 𝐴4 + 2(𝐴2 + 𝐴3))  

ℜ(𝐴̃1𝐴̃2, 𝛿) = ℜ (((𝑎11𝑎21, 𝑎12𝑎22, 𝑎13𝑎23, 𝑎14𝑎24), (𝐴11𝐴21, 𝐴12𝐴22, 𝐴13𝐴23, 𝐴14𝐴24)), 𝛿) =

1

12
(𝑎11𝑎21 + 𝑎14𝑎24 + 2(𝑎12𝑎22 + 𝑎13𝑎23) + 𝐴11𝐴21 + 𝐴14𝐴24 + 2(𝐴12𝐴22 + 𝐴13𝐴23))     (A1)                          
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ℜ(𝐴̃1, 𝛿) = ℜ (((𝑎11, 𝑎12, 𝑎13, 𝑎14), (𝐴11, 𝐴12, 𝐴13, 𝐴14)), 𝛿) =
1

12
(𝑎11 + 𝑎14 + 2(𝑎12 + 𝑎13) +

𝐴11 + 𝐴14 + 2(𝐴12 + 𝐴13))  

ℜ(𝐴̃2, 𝛿) = ℜ (((𝑎21, 𝑎22, 𝑎23, 𝑎24), (𝐴21, 𝐴22, 𝐴23, 𝐴24)), 𝛿) =
1

12
(𝑎21 + 𝑎24 + 2(𝑎22 + 𝑎23) +

𝐴21 + 𝐴24 + 2(𝐴22 + 𝐴23))  

ℜ(𝐴̃1, 𝛿)ℜ(𝐴̃2, 𝛿) = (
1

12
(𝑎11 + 𝑎14 + 2(𝑎12 + 𝑎13) + 𝐴11 + 𝐴14 + 2(𝐴12 + 𝐴13))) (

1

12
(𝑎21 +

𝑎24 + 2(𝑎22 + 𝑎23) + 𝐴21 + 𝐴24 + 2(𝐴22 + 𝐴23))) =
1

144
(𝑎11 + 𝑎14 + 2(𝑎12 + 𝑎13) + 𝐴11 +

𝐴14 + 2(𝐴12 + 𝐴13))(𝑎21 + 𝑎24 + 2(𝑎22 + 𝑎23) + 𝐴21 + 𝐴24 + 2(𝐴22 + 𝐴23))                         (A2) 

It is obvious from (A1) and (A2) that ℜ(𝐴̃1𝐴̃2, 𝛿) ≠ ℜ(𝐴̃1, 𝛿)ℜ(𝐴̃2, 𝛿). 

A.4. Conclusions 

It is shown that the FlItFuLpP (𝑃2) does not represent the dual problem of the FlItFuLpP 

(𝑃1). Hence, it is inappropriate to use Nishad and Abhishekh’s method [130] to solve 

NoTrFlItFuTpS/NoTFlItFuTpS. 
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