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ABSTRACT

After reviewing the literature, it may be concluded that

(i)
(i)

(iii)

(iv)

v)

(vi)
(vii)

Only the existing methods [9, 10, 110] are proposed for solving FIFULFtPs.

There does not exist any method except Mahmoodirad et al.’s method [117] for
solving FULFMICfPs.

Only the existing methods [102, 127, 163] are proposed for solving PyFuTpS
(transportation problems in which the transportation cost for supplying one unit
quantity of the product from a source to a destination is represented by a PyFuN.
While, all other parameters are represented by a non-negative real number).

There does not exist any method except Ebrahimnejad et al.”s method [57] for solving
IVTFUSpPs.

There does not exist any method except Enayattabar et al.”s method [63] for solving
IVPyFuSpPs.

Only the existing methods [162, 175] are proposed for solving TsFuSpPs.

Only the existing method [100] is proposed for solving SvNeLpPs by considering the

attitude of the decision maker towards the risk.

In this thesis, it is pointed out that

(i)

(i)

It is inappropriate to use the existing methods [9, 10, 110] for solving FIFULFtPs.
Also, an efficient method (named as Mehar method) is proposed for solving
FIFULFtPs.

It is inappropriate to use the existing method [117] for solving FULFMIiCfPs. Also,

an efficient method (named as Mehar method) is proposed for solving FULFMICfPs.



(iii)

(iv)

(v)

(vi)

It is inappropriate to use the existing methods [102, 127, 163] for solving PyFuTpsS.
Also, an efficient method (named as Mehar method) is proposed for solving
PyFuTpS.

Much computational efforts are required to apply Ebrahimnejad et al.’s method [57]
for solving IVTFuSpPs. Also, an efficient method (named as Mehar method) is
proposed for solving IVTFUSpPs.

It is inappropriate to use Enayattabar et al.’s method [63] for solving IVPyFuSpPs.
Also, it is pointed out that the reasons for the inappropriateness in Enayattabar et al.’s
method [63] are the inappropriateness of existing expression [63] to evaluate sum of
IvPyFuNs as well as the inappropriateness of existing method [63] for comparing two
IVPyFuNs. Then, an appropriate expression to evaluate sum of IvPyFuNs is proposed.
Thereafter, the existing method [78] for comparing two interval-valued intuitionistic
fuzzy numbers is extended for comparing two IvPyFuNs. Finally, using the proposed
expression as well as the extended method for comparing IvPyFuNs, an efficient
method (named as Mehar method) is proposed for solving IvPyFuSpPs.

Itis inappropriate to use the existing methods [162, 175] for solving TsFuSpPs. Also,
it is pointed out that the reasons for the inappropriateness in the existing methods
[162, 175] are the inappropriateness of existing expression [162, 175] to evaluate sum
of TsFuNs as well as the inappropriateness of existing methods [162, 175] for
comparing two TsFuNSs. Then, an appropriate expression to evaluate sum of TSFUNs
is proposed. Thereafter, by aggregating the existing methods [5, 115] for comparing

two TsFuNs, a new method is proposed for comparing two TsFuNs. Finally, using

Vi



the proposed expression as well as the proposed method for comparing TsFuNs, an
efficient method (named as Mehar method) is proposed for solving TsFuSpPs.
(vii) Itis inappropriate to use the existing method [100] for solving SvNeLpPs. Also, an

efficient method (named as Mehar method) is proposed for solving SvNeLpPs.
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Chapter 1

Introduction

1.1 Introduction

The aim of each company/industry is to provide final product to customers at minimum
possible cost. Since, various parties like suppliers, manufacturers, transporters, retailers,
warehouses etc. are involved directly or indirectly, known as supply chain, to supply the product
to customers. Therefore, to achieve the company’s/industry’s objective, a management (named as
supply chain management) is required to minimize the costs of all the involved parties.
Transportation cost play an important role to achieve company’s/industry’s objective as the cost
of a final product can be minimized by minimizing the total transportation cost. Furthermore, as
the total transportation cost depends upon the route followed for transporting the product between
two places. Therefore, the travelled distance between two places is an important factor to reduce
the total transportation cost.

Cost minimization transportation problem and distance minimization SpP are two important
topics of Operations Research [4, 18, 33, 39, 90, 161]. The aim of a cost minimization
transportation problem is to find the quantity of the product to be supplied from one place to
another place so that the total transportation cost is minimum. While, the aim of a distance
minimization SpP is to find the route having the shortest distance between two places.

In general, a cost minimization transportation problem is solved by considering the following

assumptions.



(1) The product will be directly supplied from a source to a destination i.e., there will be no
storage of the product at any place.

(if) Single mode of conveyance (train or truck or ship or cargo plane etc.) will be used to
transport the product from a source to a destination.

(iif) There is only one objective i.e., to minimize the total transportation cost.

(iv) All the parameters are known precisely.

While, these assumptions are not always valid in real-life problems due to the following
reasons.

(1) The product is stored at different places (generally called warehouses/distribution
centers).

(i)  More than one mode of conveyances (train, truck, ship and cargo plane etc.) are used
to transport the product from a source to a destination.

(iii) There may be more than one objective like to maximize profit, to minimize cost, to
minimize risk, to minimize delivery time etc.

(iv) The precise values of the parameters are not always known.

To handle (i), (ii) and (iii), different variants of transportation problems named as minimal cost
flow problem [4], solid transportation problem [75] and fractional transportation problem [18] or
multi-objective transportation problem [107] respectively are proposed in the literature. While, to
handle (iv), in the literature [9, 10, 102, 110, 117, 127, 163], fuzzy set and their various extensions
[28] are used to represent the imprecise values of the parameters of transportation problems and
its variants.

Similarly, a distance minimization SpP is solved by considering the assumption that all the

parameters are known precisely.



But, in reality this assumption does not hold true. Due to the same reason, in the literature [57,
63, 162, 175], fuzzy set and their various extensions [28] are used to represent the imprecise values
of the parameters of SpPs.
1.2 Literature review

In this section, some recently proposed methods for solving

()  Transportation problems and its variants under fuzzy environment and their various
extensions are discussed in a brief manner (see Kacher and Singh [86], Chhibber et al.
[36], Kaur et al. [93] and references therein for more details).

(i)  SpPs under fuzzy environment and their various extensions are discussed in a brief
manner (see Broumi et al. [27] and references therein for more details).

(iii)  Mathematical programming problems under neutrosophic environment [151] (see
Ghanbari et al. [68], Kaur and Kumar [94], Nasseri et al. [129] and references therein
for more details).

1.2.1 A brief review of some existing methods for solving transportation problems and its
variants under fuzzy environment and their various extensions

Liu [110] proposed a method to solve triangular FIFULFtPs. In Liu’s method [110] firstly, a

FuMpP having crisp decision variables is obtained corresponding to a FULFtP. Then, the obtained
FuMpP is transformed into two equivalent CrLpPs. Finally, the transformed CrLpPs are solved to
obtain an optimal solution and the fuzzy optimal value of the triangular FIFULFtP.

Anukokila et al. [9] proposed a method for comparing two TFuNs. Using the proposed
comparing method, Anukokila et al. [9] proposed a method to solve triangular FIFULFtPs. In
Anukokila et al.’s method [9] firstly, a FUMpP having fuzzy decision variables is obtained

corresponding to a triangular FIFULFtP. Then, the obtained FuMpP is transformed into its



equivalent CrMoLFpP. Thereafter, using the lexicographic approach [18], an efficient solution of
the transformed CrMoLFpP is obtained. Finally, using the obtained efficient solution, a fuzzy
optimal solution and the corresponding fuzzy optimal value of the triangular FIFULFtP is obtained.

Mahmoodirad et al. [117] proposed a method to solve triangular/trapezoidal FULFMICfPs. In
Mahmoodirad et al.’s method [117] firstly, a FUMpP having crisp decision variables is obtained
corresponding to a triangular/trapezoidal FULFMICfP. Then, the obtained FuUMpP is transformed
into two equivalent CrLpPs. Finally, the transformed CrLpPs are solved to obtain an optimal
solution and the fuzzy optimal value of the triangular/trapezoidal FULFMIC{P.

Anukokila and Radhakrishnan [10] proposed a method, based on the existing method [153], to
solve trapezoidal FIFULFtPs. In Anukokila and Radhakrishnan’s method [10] firstly, a FuMpP
having fuzzy decision variables is obtained corresponding to a trapezoidal FIFULFtP. Then, the
obtained FUMpP is transformed into its equivalent CrMpP. Finally, the optimal solution of the
transformed CrMpP is used to obtain a fuzzy optimal solution and the fuzzy optimal value of the
trapezoidal FIFULFtP.

Kumar et al. [102] proposed a method to solve PyFuTpS. In Kumar et al.’s method [102] firstly,
using the score function, a PyFuTp is transformed into its equivalent CrTp. Then, the transformed
CrTp is solved to obtain an optimal solution of the PyFuTp.

Umamageswari and Uthra [163] proposed a new score function for comparing two PyFuNs.
Also, Umamageswari and Uthra [163] used their proposed score function in Kumar et al.’s method
[102] for solving PyFuTpsS.

Nagar et al. [127] pointed out some drawbacks of the existing score functions [114, 134, 177]

for comparing two PyFuNs. Also, to resolve the drawbacks of the existing score functions, Nagar



et al. [127] proposed a new score function for comparing two PyFuNs. Furthermore, Nagar et al.

[127] used their proposed score function in Kumar et al.’s method [102] for solving PyFuTpS.

1.2.2 A brief review of some existing methods for solving SpPs under fuzzy environment
and their various extensions

Enayattabar et al. [63] claimed that till now no one has used an IvPyFuN to represent
imprecise parameters for SpPs. To fill this gap, Enayattabar et al. [63] proposed IvPyFuSpPs.
Enayattabar et al. [63] also extended the existing crisp Dijkstra’s algorithm [54] to interval-valued
Pythagorean fuzzy Dijkstra’s algorithm to find the shortest IvPyFuD from a source node to a
destination node.

Ebrahimnejad et al. [57] claimed that till now no one has used an IVTFuN to represent
imprecise parameters for SpPs. To fill this gap, Ebrahimnejad et al. [57] proposed IVTFuSpPs.
Ebrahimnejad et al. [57] also proposed a method to solve IVTFuSpPs. In Ebrahimnejad et al.’s
method [57] firstly, an IVTFuLpP is obtained corresponding to an IVTFuSpP. Then, the obtained
IVTFuULpP is transformed into its equivalent CrMoLpP. Finally, the transformed CrMoLpP is
solved using the lexicographic approach [18] to obtain the shortest path and the corresponding
shortest IVTFuD.

Zedam et al. [175] and Ullah et al. [162] extended the existing crisp Dijkstra’s algorithm
[54] to solve such SpPs in which distance between every two nodes is represented by a TsFuN.
1.2.3 A brief review of some existing methods for solving mathematical programming

problems under neutrosophic environment

Hussian et al. [79] proposed a method to solve SvTNeLpPs. In Hussian et al.’s method [79]

firstly, a SVTNeLpP is transformed into its equivalent CrMoLpP. Then, the obtained CrMoLpP is



transformed into its equivalent CrLpP. Finally, it is assumed that an optimal solution of the
transformed CrLpP also represents an optimal solution of SvTNeLpP.

Hussian et al. [80] proposed a method to solve SvTNeLFpPs. In Hussian et al.’s method
[80] firstly, a SVTNeLFpP is transformed into its equivalent CrMoLFpP. Then, the obtained
CrMoLFpP is transformed into its equivalent CrMoLpP. After that, the obtained CrMoLpP is
transformed into its equivalent CrLpP. Finally, it is assumed that an optimal solution of the
transformed CrLpP also represents an optimal solution of SvTNeLFpP.

Abdel-Basset et al. [1] proposed a method for comparing two SvTrNeNs. Then, using the
proposed comparing method, Abdel-Basset et al. [1] proposed a method to solve SvTrNeLpPs. In
Abdel-Basset et al.’s method [1] firstly, a SvTrNeLpP is transformed into its equivalent CrLpP.
Finally, it is assumed that an optimal solution of the transformed CrLpP also represents an optimal
solution of SVTrNeLpP.

Singh et al. [148] pointed out that some mathematical incorrect results are considered in
Abdel-Basset et al.’s method [1]. Hence, it is inappropriate to use Abdel-Basset et al.’s method [1]
in its present form. Singh et al. [148] also suggested some modifications to resolve the
inappropriateness of Abdel-Basset et al.’s method [1].

Abdel-Basset et al. [2] proposed a method to solve SVTNeLFpPs. In Abdel-Basset et al.’s
method [2] firstly, a SWTNeLFpP is transformed into its equivalent CrMoLFpP. Then, the obtained
CrMoLFpP is transformed into its equivalent CrMoLpP. After that, the obtained CrMoLpP is
transformed into its equivalent CrLpP. Finally, it is assumed that an optimal solution of the
transformed CrLpP also represents an optimal solution of SvTNeLFpP.

Nafei and Nasseri [125] proposed a method for comparing two SvTNeNs. Then, using the

proposed comparing method, Nafei and Nasseri [125] proposed a method to solve SvTNelpPs. In



Nafei and Nasseri’s method [125] firstly, a SvTNelpP is transformed into its equivalent CrlpP.
Finally, it is assumed that an optimal solution of the transformed CrlpP also represents an optimal
solution of SVvTNelpP.

Das and Dash [41] pointed out that it is inappropriate to use Hussian et al.’s method [79]
for solving SVTNeLpPs. Das and Dash [41] also suggested to use Nafei and Nasseri’s method
[125] for solving SVTNeLpPs.

Das and Edalatpanah [42] pointed out that a mathematical incorrect result is considered in
Nafei and Nasseri’s method [125]. Hence, it is inappropriate to use Nafei and Nasseri’s method
[125]. Das and Edalatpanah [42] also proposed a method to solve SvTNelpPs. In Das and
Edalatpanah’s method [42] firstly, a SVTNelpP is transformed into its equivalent CrlpP. Finally,
it is assumed that an optimal solution of the transformed CrlpP also represents an optimal solution
of SVTNelpP.

Khatter [100] pointed out that although several methods are proposed in the literature to
solve SvNeLpPs. However, all the methods for comparing SvNeNs, used in existing methods, are
independent from the attitude of the decision maker towards the risk. To fill this gap, Khatter [100]
proposed a method for comparing two SvNeNs by considering the attitude of the decision maker
towards the risk. Then, using the proposed comparing method, Khatter [100] proposed a method
to solve SvNeLpPs. In Khatter’s method [100], a SvNeLpP is transformed into its equivalent
CrLpP. Finally, it is assumed that an optimal solution of the transformed CrLpP also represents an
optimal solution of SvNeLpP

Badr et al. [16] proposed a method for comparing two SvTrNeNs. Then, using the proposed
comparing method, Badr et al. [16] generalized the crisp two-phase simplex algorithm for solving

SvTrNeLpPs.



Das et al. [43] proposed a method to solve SVTNeLFpPs. In Das et al.’s method [43] firstly,
a SVTNeLFpP is split into two equivalent SvNeLpPs. Then, the obtained SvNeLpPs are
transformed into their equivalent CrLpPs. Finally, it is assumed that both optimal solutions of the
transformed CrLpPs also represents an optimal solution of SvTNeLFpP.

Abdelfattah [3] proposed a method to solve SvTNeLpPs. In Abdelfattah’s method [3]
firstly, a SVTNeLpP is split into two CrLpPs. Then, the obtained CrLpPs are solved independently.
Finally, it is assumed that both optimal solutions of the transformed CrLpPs also represents an
optimal solution of SVTNeLpP.

Kar et al. [89] proposed a simplex algorithm for solving SvTNeLpPs, Badr et al. [15]
proposed a simplex algorithm for solving SvTrNeLpPs and Rabie et al. [137] proposed a two-
phase simplex algorithm for solving SvTrNeLpPs.

Das et al. [44] proposed a method to solve SVTrNeLpPs. In Das et al.’s method [44] firstly,
a SVTrNeLpP is transformed into its equivalent CrMoLpP. Then, using a lexicographic approach,
the transformed CrMoLpP is solved. Finally, it is assumed that an efficient solution of the
transformed CrMoLpP also represents an optimal solution of SvTrNeLpP.

ElHadidi et al. [58] proposed a method for comparing two SvTrNeNs. Then, using the
proposed comparing method, EIHadidi et al. [58] proposed a method to solve SvTrNeLpPs. In
ElHadidi et al.’s method [58] firstly, a SVTrNeLpP is transformed into its equivalent CrLpP.
Finally, it is assumed that an optimal solution of the transformed CrLpP also represents an optimal
solution of SvTrNeLpP.

ElHadidi et al. [59] proposed a method to solve SvTrNeLFpPs. In ElHadidi et al.’s method
[59] firstly, a SVTrNeLFpP is transformed into its equivalent CrMoLFpP. Then, the obtained

CrMoLFpP is transformed into its equivalent CrMoLpP. After that, the obtained CrMoLpP is



transformed into its equivalent CrLpP. Finally, it is assumed that an optimal solution of the

transformed CrLpP also represents an optimal solution of SvTrNeLFpP.

1.3 Gaps in the present study

After a deep study of the literature, it is observed that

(i)

(if)

(iii)

(iv)

v)

(vi)

(vii)

Some mathematical incorrect results are considered in all the existing methods [9, 10,
110] for solving triangular/trapezoidal FIFULFtPs. Therefore, it is inappropriate to use
existing methods for solving triangular/trapezoidal FIFULFtPs.

Some mathematical incorrect results are considered in the existing method [117] for
solving triangular/trapezoidal FULFMICfPs. Therefore, it is inappropriate to use
existing method for solving triangular/trapezoidal FULFMIiC{Ps.

Some mathematical incorrect results are considered in all the existing methods [102,
127, 163] for solving PyFuTpS. Therefore, it is inappropriate to use existing methods
for solving PyFuTpsS.

Much computational efforts are required to apply Ebrahimnejad et al.’s method [57]
for solving IVTFuSpPs.

Some mathematical incorrect results are considered in the existing method [63] for
solving IVPyFuSpPs. Therefore, it is inappropriate to use existing method for solving
IVPyFuSpPs.

Some mathematical incorrect results are considered in all the existing methods [162,
175] for solving TsFuSpPs. Therefore, it is inappropriate to use existing methods for
solving TsFuSpPs.

A mathematical incorrect result is considered in the existing method [100] for solving

SvNeLpPs by considering the attitude of the decision maker towards the risk.



1.4 Objectives
The objectives of the present study is to propose an efficient method for solving

(i)  FIFULFtPs.

(i) FUuLFMICfPs.

(iii) PyFuTpS.

(iv) IVTFuSpPs.

(v) IvPyFuSpPs.

(vi) TsFuSpPs.

(vii) SvNeLpPs
1.5 Brief review about the work

The chapter wise summary of thesis is as follows:
Chapter 2
Efficient Method for Solving Fully Fuzzy Linear Fractional Transportation Problems
After reviewing the literature, it may be concluded that only the existing methods [9, 10, 110]
are proposed for solving FIFULFtPs. In this chapter,
()  Itis pointed out that it is inappropriate to use the existing methods [9, 10, 110].
(i)  An efficient method is proposed for solving FIFULFtPs.

Chapter 3
Efficient Method for Solving Fuzzy Linear Fractional Minimal Cost Flow Problems

After reviewing the literature, it may be concluded that there does not exist any method except
Mahmoodirad et al.’s method [117] for solving FULFMIiCfPs. In this chapter,

()  Itis pointed out that it is inappropriate to use the existing method [117].

(i)  An efficient method is proposed for solving FULFMIiCfPs.
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Chapter 4
Efficient Method for Solving Pythagorean Fuzzy Transportation Problems
In this chapter, it is pointed out that some mathematical incorrect results are considered in all

the existing methods [102, 127, 163] for solving PyFuTpS (transportation problems in which the
transportation cost for supplying one unit quantity of the product from a source to a destination is
represented by a PyFuN. While, all other parameters are represented by a non-negative real
number). Therefore, it is inappropriate to use any of the existing methods [102, 127, 163] for
solving PyFuTpS. Also, a new method (named as Mehar method) is proposed for solving
PyFuTpS. Finally, the proposed Mehar method is illustrated with the help of a numerical example.
Chapter 5
Efficient Methods for Solving Shortest Path Problems Under Fuzzy Environment and Their
Extensions

In this chapter, limitations and/or shortcomings of some recently proposed methods for
solving SpPs under fuzzy environment and their extensions [57, 63, 162, 175] are discussed. Also,
to resolve the shortcomings and/or to overcome the limitations, efficient methods are proposed.
Chapter 6
Efficient Method for Solving Linear Programming Problems Under Neutrosophic
Environment

Khatter [100] pointed out that although several methods are proposed in the literature to
solve SvNeLpPs (LpPs in which all the parameters except decision variables are either represented
by SVTNeNs or SvTrNeNs). However, all the methods for comparing SvNeNs, used in existing
methods, are independent from the attitude of the decision maker towards the risk. To fill this gap,

Khatter [100], proposed a method for comparing two SvNeNs by considering the attitude of the
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decision maker towards the risk. Then, using the proposed comparing method, Khatter [100]
proposed a method for solving SvNeLpPs.
In this chapter,
() It is pointed out that a mathematical incorrect result is considered in Khatter’s
method [100].
(i) It is pointed out that some mathematical incorrect results are considered in other
existing methods for solving SvNeLpPs.
(1ii)  An efficient method (named as Mehar method) is proposed for solving SvNeLpPs.

Chapter 7
Future Scope

In this chapter, some open research problems are discussed.
Appendix A

Nishad and Abhishekh [130] proposed a method to solve NoTrFIItFUTpS/NoTFIItFuTpS
(transportation problems in which each parameter is represented by a NoTrltFUN/NoTItFuN).
Nishad and Abhishekh [130] claimed that their proposed method is superior than the existing
methods [8, 103, 149]. In this appendix, it is shown that Nishad and Abhishekh [130] have
considered a mathematical incorrect result in their proposed method. Therefore, it is inappropriate

to use Nishad and Abhishekh’s method [130] to solve NoTrFIItFUTpS/NoTFIItFuTpS.
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Chapter 2
Efficient Method for Solving Fully Fuzzy Linear

Fractional Transportation Problems?

After reviewing the literature, it may be concluded that only the existing methods [9, 10, 110]
are proposed for solving FIFULFtPs. In this chapter,

0] It is pointed out that it is inappropriate to use the existing methods [9, 10, 110].

(i) An efficient method is proposed for solving FIFULFtPs.
2.1 Preliminaries

In this section, some basic definitions are discussed.
Definition 2.1.1 [21] Let X be a universal set. Then, the set A = {(x, uz(x)): x € X}, defined over
the universal set X, is said to be a fuzzy set, where pz: X — [0,1] is said to be the membership
function and the value u7(x) is called the degree of membership for x belongs to the set 4.
Definition 2.1.2 [21] Let A be a fuzzy set defined over the universal set X and a € (0,1]. Then,
the crisp set A, = {x € X: uz(x) = a} is said to be the a-cut of the fuzzy set A.
Definition 2.1.3 [21] Let A be a fuzzy set defined over the universal set X. Then, the crisp set
S(A) = {x € X: uz(x) > 0} is said to be the support of the fuzzy set 4.
Definition 2.1.4 [21] Let A be a fuzzy set defined over the universal set X. Then, the crisp number

h(A) = supremum {uz(x)} is said to be the height of the fuzzy set A. If h(4) = 1, then the fuzzy
xX€X

set A is said to be a normal fuzzy set.

1 The contents of this chapter are published in “Soft Computing 26 (2022) 11525-11551".
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Definition 2.1.5 [21] A fuzzy set A defined over the set of real numbers is said to be fuzzy number
if it satisfies the following conditions

(i) Aisnormal,

(i) A, isaclosed interval for every a € (0,1],

(iii) The support of 4 is bounded.

Definition 2.1.6 [21] A fuzzy number A is said to be TFuN if its membership function is defined

as
0, x <aq,x > as,
X—aq
, a < x < a,,
pi(x) =4 a;-a; 1 2
az—x

a, <x<a
a3—a2' 2 3

It is represented as A = (a,, a,, as).

Definition 2.1.7 [21] A fuzzy number A is said to be TrFuN if its membership function is defined

as
(0, X < Qq,X > Ay,
xX—a
| X a; < x < ay,
up(x) =45 a’
A I1, a, <x<as,’
a X
(e a; <x <a,

as—a;’
It is represented as A = (ay, a,, as, a,).

Definition 2.1.8 [180] A TFuN 4 = (a4, a,, a3) is said to be a non-negative TFuN if a, > 0.
Definition 2.1.9 [180] ATrFuN A = (a4, a,, a3, a,) is said to be a non-negative TrFuN if a; > 0.
Definition 2.1.10 [180] ATFuN A = (a,, a,, a3) is said to be a positive TFuN if a; > 0.
Definition 2.1.11 [180] ATrFuN 4 = (a4, a,, as, a,) is said to be a positive TrFuN if a; > 0.

Definition 2.1.12 [180] ATFuN A = (ay, a,, a3) is said to be zero TFuN if a; = a, = a3 = 0.
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Definition 2.1.13 [180] A TrFuN 4 = (a4, a,, as, a,) issaidto be zero TrFuN if a; = a, = a3 =
a, = 0.

Definition 2.1.14 [21] Let A = (ay,a,,a3) be a TFuN, then its a-cut is defined as A, =
[a; + ala; — ay),a; —alaz — az)];a € (0,1].

Definition 2.1.15 [21] Let A = (ay, a,,a3,a,) be a TrFuN, then its a-cut is defined as A4, =
[a; + ala; —ay), a4 — alay — a3)];a € (0,1].

Definition 2.1.16 [180] Two TFuNs A; = (a1, ay3,a43) and A, = (ay,, ay,, a,3) are said to be
equal i.e., A; = A, ifay, = ayp; k = 1,2,3.

Definition 2.1.17 [180] Two TrFuNs A; = (a1, a3, ay3,a14) and A, = (ay4, ayzy, A3, Az,) are
said to be equal i.e., A, = 4, if aj, = ay; k = 1,2,3,4.

Definition 2.1.18 [21] Let A; = (ay4, a5, a;3) and A, = (a,q, a5, ay3) be two TFUNs, then A; +
Ay = (aq1 + a1, a12 + G2, 043 + Ap3).

Definition 2.1.19 [21] Let A; = (a4, @12, aq3, a14) and A, = (ayq, ayy, ay3, az,) be two TrFuUNS,
then A; + A4, = (ay; + az1, @15 + Ap3, G153 + Az3,A14 + Azy).

Definition 2.1.20 [21] Let A; = (ay4, a1, a;3) and A, = (ay4, a,5, a,3) be two TFuNs, then A; —
Ay = (a1 — g3, 412 — g3, Q13 — Ga1)-

Definition 2.1.21 [21] Let A; = (a;4, 12, ay3, a14) and A, = (ayq, ayp, ay3, azs) be two TrFUNSs,
then A; — A, = (@11 — z4, Q12 — Gz3, 013 — Azp, G14 — Az1).

Definition 2.1.22 [94] Let A; = (ay4, a1, a;3) and A, = (a,4, a,,, a,3) be two TFUNs, then
A4,

= (minimum{ay1a,1, 411023, 13031, A13A23}, A12az2, maximum{a, a1, G11az3, 13021, A13453)).
Definition 2.1.23 [94] Let A; = (a4, a5, ay3, a14) and A, = (a4, ayy, ay3, az,) be two TrFUNSs,

then
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A4, =

(minimum{all 1, A11024, A14021, Q14024 }, Minimum{a,; 0,5, 13053, A13027, A13 azs}')
maximum{a,,az;, a120z3, A13022, 13023}, maximum{a,1a;1, 411 a24, 14021, A14024}

Definition 2.1.24 [94] Let A; = (a4, a4, a;3) and A, = (a,4,a, ay3) be two non-negative
TFuNs, then A, 4, = (a;1a,1, a12055, A13053).

Definition 2.1.25 [94] Let A; = (a4, @13, a13, a14) and A, = (ayq, Ay, Ay3,a24) be two non-
negative TrFuNSs, then A, 4, = (a;1a51, 12057, Q13053, A14054).

Definition 2.1.26 [94] Let A = (ay, a,, as, a,) be non-negative TrFuN and k > 0, then kA =
(ka,, kay, kas, kay,).

Definition 2.1.27 [94] Let A, = (a4, a5, a;3) be a TFUN and A, = (a,4, a,,, a,3) be a positive

Ay a;; aq3 a a a;; a3 a
TFuN, then =% = (mmlmum{ e 13} -1z maxlmum{ R 13}).
Az az1’ Az3" a1 " az3) " ay, az1’ a3” Az ap3

Defln'tlon 2128 [94] Let Al = (au, alz, a13, a14) be a TI‘FUN and Az = (a21, a22, a23, a24) be

G11 Q1s 4 a;; a3 a
i minimum {a“ =, a“} minimum {a“ 22, a13}
a positive TrFuN, then = = a Gon o G 2 G2 G2z 02s) )
2 maxlmum{ 2 12 = 13} maxlmum{ 1L Zu ad 14}
Az’ az3’ a3 az3 Az1 Gzs G371 Q24

Definition 2.1.29 [94] Let A; = (a;4, a;5, a;3) be a non-negative TFUN and A, = (a,q, ayy, ay3)

be a positive TFUN, then 4% = (ﬂ 2z ﬁ)

4, az3’ az;’ Az
Definition 2.1.30 [94] Let A; = (a;1, a4 a43,a14) be a non-negative TrFuN and A, =
A

(a1, az,,ay3, ay4) be a positive TrFUN, then = = (

a1 Q12 A4g3 a14)
2

Az’ Gz3” Az " azy /)’
2.2 Existing methods for solving FIFULFtPs
In the literature, several extensions of transportation problems are proposed. The LFtP [18] is

one of these extensions. The aim of a LFtP is to determine a way for supplying the quantity of the
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product from various sources to various destinations so that the cost per unit profit is minimum or
the profit per unit cost is maximum.
A LFtP can be classified into the following two categories:
(i) Balanced LFtP: If the total availability of the product is equal to the total demand of
the product. Then, a LFtP is said to be a balanced LFtP.
(i) Unbalanced LFtP: If the total availability of the product is not equal to the total demand
of the product. Then, a LFtP is said to be an unbalanced LFtP.
Several methods are proposed in the literature to solve balanced and unbalanced LFtPs. One
of these methods is to solve
(i) The LFpP (P2.2.1) [18] corresponding to a balanced LFtP having m sources and n
destinations.

LFpP (P2.2.1)

Yimi Xiea Cijxij+9)

Minimize (
2?;1 Z:;'1=1 Dyjxij+pB

Subject to

j=1xy = Ay i=12,..,m,
Yty xij = B, i=12..n,
Xij 2 0Vvij.
where,

(@) The positive real number C;; represents the cost for transporting one unit quantity

of the product from the i*" source to the j* destination.

(b) The positive real number D;; represents the profit on transporting one unit quantity

of the product from the it" source to the jt* destination.
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(©)

(d)

(€)

(M)

The positive real number A; represents the availability of the product at the it"
source.

The positive real number B; represents the demand of the product at the j*
destination.

The non-negative real number x;; represents the quantity of the product to be

supplied from the it" source to the j¢* destination.

The non-negative real numbers 8 and S represents the fixed costs.

(i) The LFpP (P2.2.2) [18] corresponding to an unbalanced LFtP having m sources and n

destinations.

LFpP (P2.2.2)

Minimize (

Yit1 Xjoq Cijxij+9>
Yit1 Xieq Dijxij+B

Subject to

Yioixi < Ay i=12..,m,
Yt xij = B, j=1.2,..,n,
Xij 2 0Vvij.

It is pertinent to mention that the LFpPs (P2.2.1) and (P2.2.2) are obtained by considering

the assumption that the precise value of each parameter is known. However, it is not a realistic

assumption as in real-life situations, some or all the parameters may not be known precisely due

to unmanageable factors such as weather, social or economic conditions. Due to the same reasons,

various ways are proposed in the literature to deal with imprecise parameters. One of the ways,

used in the literature, is to represent an imprecise parameter by a fuzzy set [174].
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In the last few years, several researchers have used fuzzy set to represent the imprecise

parameters of LFtPs [9, 10, 82, 88, 110, 128, 138]. These LFtPs may be categorized as follows.

(i)

(i)

(iii)

FuLFtPs of type-I: LFtPs in which the cost and profit for supplying one unit quantity
of the product from a source to a destination are represented by positive fuzzy
numbers. While, the availability of the product at each source and the demand at each
destination are represented by positive real numbers.

FUuLFtPs of type-11: LFtPs in which the availability of the product at each source and
the demand at each destination are represented by positive fuzzy numbers. While, the
cost and profit for supplying one unit quantity of the product from a source to a
destination are represented by positive real numbers.

FIFULFtPs: LFtPs in which all the parameters i.e., the cost and profit for supplying
one unit quantity of the product from a source to a destination, the availability of the
product at each source and the demand at each destination are represented by positive

fuzzy numbers.

Since, FULFtPs of type-I and type-Il are special cases of FIFULFtPs. Therefore, if a method

can be used to solve a FIFULFtP. Then, the same method can also be used to solve a FULFtP of

type-1 and a FULFtP of type-Il. However, the converse is not true. Keeping the same in mind, in

this section, only a brief review of existing methods for solving FIFULFtPs is discussed.

Liu [110] claimed that to find an optimal solution of an unbalanced triangular FIFULFtP

(LFtP in which each known parameter is represented by a positive TFUN) is equivalent to find an

optimal solution of its equivalent FULFpP (P2.2.3). Hence, Liu [110] proposed a method to find

an optimal solution of the FULFpP (P2.2.3).
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FuLFpP (P2.2.3)

Z?zll E}l:l Cijxij+9)
Yy Xioa Dijxij+B

Minimize (
Subject to
Tixi <A i=12,..,m,
mix; = B, j=12,..,n,
xi; =20 Vi,j.
where,
(i) m represents the number of sources.
(ii) n represents the number of destinations.
(iii) The positive TFUN Cl-j represents the cost for transporting one unit quantity of the product
from the it" source to the j*" destination.

(iv) The positive TFuN D; ; represents the profit on transporting one unit quantity of the product
from the it" source to the j*" destination.

(v) The positive TFUN A; represents the availability of the product at the i*" source.

(vi) The positive TFuUN Ej represents the demand of the product at the jt" destination.

(vii) The non-negative real number x;; represents the quantity of the product to be supplied from
the it" source to the j¢* destination.

(viii) The non-negative real numbers 8 and S represents the fixed costs.
Anukokila et al. [9] claimed that to find an optimal solution of a balanced triangular

FIFULFtP is equivalent to find an optimal solution of its equivalent FIFULFpP (P2.2.4). Hence,

Anukokila et al. [9] proposed a method to find an optimal solution of the FIFULFpP (P2.2.4).
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FIFULFpP (P2.2.4)

Minimize (mlz?“f”f”w)
Xit Xjo1 DijXij+B
Subject to
?:1 Xij = 4;, i=12,..,m,
X fij = E’j, j=12,..,n,

X;j isa non-negative TFUN V i, j.
where,

The non-negative TFUN X;; represents the quantity of the product to be supplied from the ith

source to the jt" destination.

Anukokila and Radhakrishnan [10] claimed that to find an optimal solution of a balanced
trapezoidal FIFULFtP (LFtP in which each known parameter is represented by a positive TrFuN)
is equivalent to find an optimal solution of its equivalent FIFULFpP (P2.2.5). Hence, Anukokila
and Radhakrishnan [10] used the existing method [153] to find an optimal solution of the
FIFULFpP (P2.2.5).

FIFULFpP (P2.2.5)

Yty Xjen Cijfij+9>

Minimize ( ——
Yity Xjo1 DijXij+B

Subject to
Y% =4, i=12,..,m,
YL X% =B, j=12..,n,

X;j is a non-negative TrFUN V i, j.

where,
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(i)

(i)

(iii)

(iv)
v)

The positive TrFuN (fl-j represents the cost for transporting one unit quantity of the product

from the it" source to the j** destination.

The positive TrFuN ﬁij represents the profit on transporting one unit quantity of the

product from the it" source to the j* destination.

The positive TrFuN 4; represents the availability of the product at the it* source.

The positive TrFuN EJ- represents the demand of the product at the jt* destination.

The non-negative TrFUN X;; represents the quantity of the product to be supplied from the

it" source to the j* destination.

It is pertinent to mention that

(i) In the existing FULFpP (P2.2.3) [110], corresponding to a FIFULFtP, the decision
variables are considered as non-negative real numbers x;;. While, in the existing
FIFULFpPs (P2.2.4) [9] and (P2.2.5) [10], corresponding to a FIFULFtP, the
decision variables are considered as non-negative fuzzy numbers X;;.

(i) Neither any limitation nor any flaw of the existing FuLFpP (P2.2.3) [110] is
discussed in the published papers [9, 10].

(ii1) Neither any limitation nor any flaw of the existing method [110] is discussed in the
published papers [9, 10].

(iv) Neither any limitation nor any flaw of the existing method [9] is discussed in the
published paper [10].

Therefore, the following questions are natural.

(i) Itis correct to consider the decision variables as non-negative real numbers or it is
correct to consider the decision variables as non-negative fuzzy numbers.

(i)  Which of the existing methods [9, 10, 110] for solving FIFULFtPs is best?
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Keeping the same in mind, in this chapter, it is shown that
(i)  Itiscorrect to consider the decision variables as non-negative fuzzy numbers.
(i)  Some mathematical incorrect results are considered in all the existing methods [9,
10, 110] for solving FIFULFtPs. Hence, it isinappropriate to use any of these existing
methods for solving FIFULFtPs.
2.3 Correct FIFULFpP corresponding to a FIFULFtP
In Section 2.2, it is pointed out that the following question may arise in the mind of a
researcher working in this research area.
“Itis correct to consider the decision variables as non-negative real numbers or it is correct
to consider the decision variables as non-negative fuzzy numbers.”
The following example clearly indicates that it is correct to consider the decision variables
as non-negative fuzzy numbers.
Let us consider that Table 2.1 represents a balanced triangular FIFULFtP.

Table 2.1 Balanced triangular FIFULFtP

D, D, Availability
51 ¢y = (57,9) &2 = (7,911 (42,44,46)
di; = (59,13) di, = (6,8,10)
S3 1 = (4,6,8) &, = (6,8,10) (24,28,30)
dyy = (2,6,9) d,, = (5,8,11)
Demand (43,43,45) (23,29,31)

According to Liu’s method [110], to solve the balanced triangular FIFULFtP (represented

by Table 2.1) is equivalent to solve the FULFpP (P2.3.1).
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FuLFpP (P2.3.1)

(5,7,9)x11+(7,9,11)x12+(4,6,8)x21+(6,8,10)x22 )
(5,9,13)X11+(6,8,10)x12+(2,6,9)x21+(5,8,11)x22

Minimize (
Subject to

X11 + X1 = (42,44,46),
Xp1 + X5, = (24,28,30),
X171 + x5, = (43,43,45),
X192 + X9, = (23,29,31),

XUZOVL,]

If x11, x4, and x,, are considered as basic variables. Then, using the basis matrix B =

(1 1 O (42,44,46)

0 0 1] and the resource matrix b = |(24,28,30) |, we have

1 0 1 (43,43,45)

X11 0 —1 11(42,44,46) (43,43,45) — (24,28,30)

X12 =B‘1E=ll 1 —1] (24,28,30)| = | (42,44,46) + (24,28,30) — (43,43,45)| =
X21 0 1 0 1|(43,43,45) (24,28,30)

[(13,15,21)

(21,29,33)

(24,28,30)

ie.,

x11 = (13,15,21),
x1, = (21,29,33)
x5 = (24,28,30).
It is obvious that the obtained values of the decision variables x;4, x;, and x,, are TFuNs.
Therefore, the correct FULFpP corresponding to the balanced triangular FIFULFtP (represented by

Table 2.1) is the FIFULFpP (P2.3.2) instead of the FULFpP (P2.3.1).
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FIFULFpP (P2.3.2)

(5,7,9)%11+(7,9,11)%,,+(4,6,8) %, +(6,8,10)X5, )
(5,9,13)%11+(6,8,10)%1,+(2,6,9)%,1+(5,8,11) X5,

Minimize (
Subject to
X1 + %, = (42,44,46),
X1 + X, = (24,28,30),
X171 + X,1 = (43,43,45),
Fip + %y = (23,29,31),
X;j isa non-negative TFUN V i, j.
2.4 Inappropriateness of existing methods for solving FIFULFtPs

The aim of this section to point out that some mathematical incorrect results are considered in
the existing methods [9, 10, 110] for solving FIFULFtPs. Hence, it is inappropriate to use any of
these existing methods. Since, to achieve this aim, there is a need to discuss these existing methods.
Therefore, firstly, all these existing methods are discussed in a brief manner. Then, the
mathematical incorrect results, considered in these existing methods, are pointed out.
2.4.1 A brief review of existing methods

In this section, the existing methods [9, 10, 110] are discussed in a brief manner.
2.4.1.1 Liu’s method

Liu [110] proposed the following method to find an optimal solution of the FuLFpP

(P2.2.3).

Step 1: Transform the FULFpP (P2.2.3) intoits equivalent CrMpPs (P2.4.1.1.1) and (P2.4.1.1.2).
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CrMpP (P2.4.1.1.1)

Zk =  min [min(
(cyj) =cij=(Cij),,
L U
(Di)) ,=dij=(Dyj),,
(ADh=ai=(A)y

Yizq Xjeq Cijxij+0 )]
Yini Xin dijxij+p

(8)),<b;<(B)),,
Vi
Subject to
2i-1xij < a, i=12,..,m,
X Xij = bj, j=12,..,n,
Xij 2 0Vij
where,

(i) (Cij)z is the lower bound of the a —cut for the fuzzy number ¢;;.
(ii) (CU)Z is the upper bound of the a —cut for the fuzzy number ¢;.
(iii) (Dij)z is the lower bound of the a —cut for the fuzzy number d;;.

(iv) (Dif)Z is the upper bound of the a —cut for the fuzzy number d;;.

(v)  (4)L isthe lower bound of the a —cut for the fuzzy number 4;.

(vi) (4;)Y isthe upper bound of the a —cut for the fuzzy number a;.

(vii) (Bj)z is the lower bound of the a —cut for the fuzzy number b;.

(viii) (Bj)Z is the upper bound of the a —cut for the fuzzy number b;.
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CrMpP (P2.4.1.1.2)

(SIS i
ZU = max [mm( e )]
(ciy), scy=(cy)), Riz1 Zj= Ay th
a a
(0y)). =dyj=(Dyy))
(ADh=ai=(4D§
L U
(Bj) sbjs(Bj),
Vi,j

Subject to
Yrax; < a; i=12,..,m,
X Xij = bj, j=12,..,n,
Xij 2 0Vvij.
Step 2: Use the following steps to transform the CrMpP (P2.4.1.1.1) into its equivalent CrLpP.
Step 2a: Transform the CrMpP (P2.4.1.1.1) into its equivalent CrMpP (P2.4.1.1.3).

CrMpP (P2.4.1.1.3)

Zni 27-1_ cijxii+0

7L — -(l—l]—l]] )

@ = MO\SE, T, dywiy+h
Subject to

;’lzlxij < a; i=12,..,m,
Z?ilxij = b;, ji=12,..n,
(C..)L<c..<(C..)U i=12 mi=12 n

ij), = Ctij =\bij) =1ls4..m)=14..,n,
(0;)" <d;; < (Dy)" i=12..,mj=12.,n

i a = j = i (Z’ yhay weny ,] yhy eny 1L,
(ADh < a; < (4)Y, i=12,..,m,

L U .

(8): <b = (8)" j=12.m
xij >0V l,]

Step 2b: Transform the CrMpP (P2.4.1.1.3) into its equivalent CrMpP (P2.4.1.1.4).
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Step 2c:

CrMpP (P2.4.1.1.4)
Z = min (X%, X1y ¢;j yij + 6¢)
Subject to
—Xiyi +ait =20,
i=1Yij — bjt 20,
21 2i=1di; yij + Bt =1,
(Cij)z ST (Cij)z'
(Dij)z <d; < (Dij)Z;
(ADh < a; < (4D,
(8), < b < (),

t> O,yl-j >0, Vi,j.

Transform the CrMpP (P2.4.1.1.4) into its equivalent CrMpP (P2.4.1.1.5).

CrMpP (P2.4.1.1.5)

ZL = min (Z’{;l Z?=1(Cij)i Yij + et)

Subject to
-2 yij +ait 20,
Y, yij — bt =0,

L1 2= dijyij + Bt =1,
(Dij)z <dj < (Dij)Z;
(A6 < a; < (ADg,

L U
(B;)_ <b;<(B),
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i=12,
j=12,
i=12,..
i=1,2,
i=1,2,
i=1,2,
Jj=12

i=1,2,
j=12,
i=1,2,
i=1,2,
i=1,2,
j=12



t > O,yl-j = O, Vi,j.
Step 2d: Transform the CrMpP (P2.4.1.1.5) into its equivalent CrLpP (P2.4.1.1.6).

CrLpP (P2.4.1.1.6)

ZL = min (Z?;l Z?=1(Cij)i Yij T et)

Subject to
—Z}Llyi,— +r =0, i=12 ..,m,
=1Yij — S =0, j=1.2,..,n,
?;1Z;'l=1€ij+,8t= 1, i=12,...mj=12,..,n,
L U . .
(Dij)ayij <& < (Dij)ayl'j; i=12..mj=12..,n
(ADht <7 < (4Dl i=12,..,m,
L U .
(B) t<s < (B))_t, j=12..,n

t > O,yij = 0, Vi,j.
Step 3: Use the following steps to transform the CrMpP (P2.4.1.1.2) into its equivalent CrLpP.
Step 3a: Transform the CrMpP (P2.4.1.1.2) into its equivalent CrMpP (P2.4.1.1.7).

CrMpP (P2.4.1.1.7)

zY = ,max U[min (Zﬁlz}‘zlclj yij + 6t)]

(Cij) sciy=(Cij),,

(Dij)zSdijS(Dij)Z

(ADgsais(A)g
(), <bj=(8)).
Vij

Subject to
— Y71 yij tait 20, i=12,..,m,
Z:ri]_:yl]_b]tzoi j:1i2;---JnJ
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Step 3b:

Step 3c:

ﬁlz?zldijyij +ﬁt: 1, i = 1,2,...,m,j= 1,2,...,Tl,
t > O,yl-j =0, Vi,j.
Transform the CrMpP (P2.4.1.1.7) into its equivalent CrMpP (P2.4.1.1.8).

CrMpP (P2.4.1.1.8)

ZY = max 1
Subject to
—u; + v +djjA < ¢, i=12,...mj=12..,n
Z‘lnll alu'l - Z;’lzl ijj + ﬁ/’" S 6’ l = 1121 "'rmlj = 1)2I "-)nr
(€)" << (c;) i=12..,mj=12 .,n
ij) g = Cij =\b%ij) =L4,..m )= 1,.4..,1,
(D;)" <d;; < (Dy)" i=12  mi=12 . n
3] a — 1y = 5] (Z’ )y ey :_] yey ey 1L
(AD5 < a; < (4D, i=1,2,..,m,
L u .
(Bj)a <b; < (Bj)a j=12,..,n,

u;,v; = 0, Vij, Aunrestricted in sign.
Transform the CrMpP (P2.4.1.1.8) into its equivalent CrMpP (P2.4.1.1.9).

CrMpP (P2.4.1.1.9)

ZYV = max A

Subject to

—u+ v +dya < (Cy)., i=12..,mj=12.,n

Z‘lnil alul - Z?:l ij] + 3/1 S 9: l = 112; "'!mlj = 1)2I -

(D..)L<d..<(D--)U i=1,2 m,j=12,..,n
ij), =% = \Vij) =14 ..Mmj]=1,.4..,MN,
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(B). < b; < (B). j=12..m
u;,v; =0, Vij, A>0.

Step 3d: Transform the CrMpP (P2.4.1.1.9) into its equivalent CrLpP (P2.4.1.1.10).
CrLpP (P2.4.1.1.10)

ZY = max 1

Subject to

—u;+ v+ 65 < (Cy) i=12,.,mj=12.,n
Yiipi —Xiaqi +BA<, i=12,...,mj=12,..,n
(Dy).2 <8 < (Dy) A i=12,..,mj=12.,n
(ADEku; <p; < (4D Y, i=12,..,m,

(B).vj < q; < (B) v, =12 ..,

u;,v; =0, Vij, A>0.

Step 4: Find an optimal solution {(xij)a:O} and the corresponding optimal value (Z%_,) of the
CrLpP (P2.4.1.1.6).

Step 5: Find an optimal solution {(xij)azl} and the corresponding optimal value (Z5_,) of the
CrLpP (P2.4.1.1.6).

Step 6: Find an optimal solution {(xij)a:o} and the corresponding optimal value (ZJ_,) of the
CrLpP (P2.4.1.1.10).

Step 7: Find an optimal solution {(xif)a=1} and the corresponding optimal value (ZJ_,) of the

CrLpP (P2.4.1.1.10).
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Step 8: Using the optimal values, obtained in Step 4 to Step 7, the obtained fuzzy optimal value is
(Zg=0: Za=1:Za=1,Zg=0)-
2.4.1.2 Anukokila et al.’s method
Anukokila et al. [9] have used a method for comparing two TFuNSs. In this section, firstly,
the comparing method, used by Anukokila et al. [9], is discussed. Then, Anukokila et al.’s method

[9] is discussed.
2.4.1.2.1 Anukokila et al.’s comparing method
Anukokila et al. [9] proposed the following method for comparing two TFuNs A; =
(a11,a12, a33) and A, = (ayq, Ay, ay3).
Step 1: Check that R, (4;) > R,(4,) or R,(4,) < R,(4;) or R, (4;) = R,(4;), where
Ri(4) =ap;l=1,2 (2.4.1.2.1.1)
Case (i): If R, (4,) > R,(4;), then 4, > 4,.
Case (ii): If R, (4;) < R (4,), then 4, < 4,.
Case (iii): If R, (4;) = R,(4,), then go to Step 2.
Step 2: Check that R,(4;) > R,(4;) or R,(4;) < R,(4;) or R,(4;) = R,(4,), where
Ry,(4) = a3 —ay;;1=1,2 (2.4.1.2.1.2)
Case (i): If R,(4;) > R,(4,), then 4, < 4,.
Case (ii): If Ry(4;) < R,(4,), then 4; > A,.
Case (iii): If R,(4;) = R,(4,), then go to Step 3.
Step 3: Check that R;(4;) > R3(4,) or R;(4;) < R3(4;) or Ry(4;) = R3(4,), where
Ry(4) = a3 +ay;1=1,2 (2.4.1.2.1.3)

Case (i): If R;(4;) < R3(4,), then 4; < 4,.
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Case (ii): If R3(4;) > R5(4,), then 4, > 4,.
Case (iii): If R;(4;) = R3(4,), then 4, = 4,.
2.4.1.2.2 Anukokila et al.’s method
Anukokila et al. [9] proposed the following method to find an optimal solution of the
FIFULFpP (P2.2.4).
Step 1: Using Definition 2.1.18, transform the FIFULFpP (P2.2.4) into the FIFuLFpP
(P2.4.1.2.2.1).

FIFULFpP (P2.4.1.2.2.1)

Minimi (Zﬁlz?ﬂCij1xij1+9r2?;127j1=1Cijzxij2+9'2?=llz?=1Ci1'3xi1'3+9)
inimize e o movn o o moyn . .
Yiz1 Xj=1 DijaXij1 +B Xizq Ljeq DijaXijz+ B, Xizq Xj=q DijsXijz+h
Subject to
n n n = | =
(X g xij1, e Xij2, Xy Xijz) = (Ain, i, Ais), i=12..,m,
(31 X551, X0 X2 21 Xij3) = (Bj1, Bj2, Bj3) i=12, .1
j=1%Xij1 Lij=1Xij2s Lij=1%ij3 v Bj2: 23 )y J = Tl

(xij1, Xij2, Xij3) is @ non-negative TFUN V i, j.
Step 2: Using Definition 2.1.8 and Definition 2.1.16, transform the FIFULFpP (P2.4.1.2.2.1) into
the FIFULFpP (P2.4.1.2.2.2).

FIFULFpP (P2.4.1.2.2.2)

. (2?2112?:1Cijlxij1+9r2?;12}l:1Cij2xij2+9'2?;12}1=1Cif3xif3+9)
Minimize o o moNn m oyn . .
Zi:lZj=1Dl]1xl]1+:8rZi=12j=1Dl]2xl]2+ﬁ'2i=12j:1 Dl]3xl]3+ﬁ
Subject to
S X = A i=12..,mk=123
2%’;1 Xijk = Bjk: j=12,..,n,k=123,

xijZ - xijl >0V i,j,
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Xij3 — Xijz =2 0 Vi, ],
Xijp =20 Vi, j

Step 3: Using the comparing method, transform the FIFULFpP (P2.4.1.2.2.2) into the CrMoLFpP
(P2.4.1.2.2.3).

CrMoLFpP (P2.4.1.2.2.3)

L (Z?:llz;lzlCij1xij1+9'2?=l12?=1Cijzxij2+9'2?=l12?=1Cijsxijs‘l'g)
Minimize | Ry | 7= — —
( i=12j=1Dijlxij1+ﬁ.2i=12j=1Dijzxijz+ﬁ.2i=12j=1Dijzxij3+,3)

Maximize | R (Zﬁl Yieq Cijaxiji+0, X%y Xy CijaXija+6, Xing Xy CijsXijs +9)
2
(Z?zll Yo Dijixij1 +B, Eity Xjeq DijaXijo + B, Xi%y Xy DijaXijs +ﬁ)

o (Z?:l127=1Cijlxij1+9'2?;12}‘1=1Cijzxij2+9'2g12?=1Cij3xij3+9)
Minimize | R3 | 75— P —. p—
(Zi=12j=1Dijlxij1+ﬂ:Zi=12j=1Dij2xij2+.8'Zi=1Zj:lDij3xij3+ﬁ)

Subject to

Constraints of the FIFULFpP (P2.4.1.2.2.2).

Step 4: Using the relations R, (2—:) = gﬁg, R, (27:) = % and R (%) = gzgzg, transform the

CrMoLFpP (P2.4.1.2.2.3) into the CrMoLFpP (P2.4.1.2.2.4).

CrMoLFpP (P2.4.1.2.2.4)

m n m n m n
R1(Zi=12j=1 CijaXij1+0,Xi=q Xj=1 Cij2Xij2+6, Y21 Xjoq CijaXija +9)

Rl(Z?il Y7oy DijaXiji+B, Biq Xjeq DijaXij2 +B, Eiq Xy Dijaijs +[3)

Minimize (

Liz1Xj=1 Dij2Xij2+B

Yizq Xj=1 Cijzxij2+9)

m n m yn m n
R2(2i=12j=1Cij1xij1+912i=1zj=1Cijzxij2+912i:12j:1Cijzxij3+9)

Rz(Z?:HZ?:l DijiXija+PB, Xitq Xjmq Dij2Xij2 +B, Lizg Xjms Dijsxij3+ﬁ)

Maximize <

i, Z?:l(Cij3xij3—Cij1xij1)+9
Zﬁlz}':l(Diﬁxijs —Djj1xij1)+B
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m n m n m n
R3(2i=12j=1 CijaXij1+0, =1 Xj=1 CijaXij2+6, ;21 Xjoq CijaXija +9)

Rs(Z?ilZ}l:l Dijixij1+B, XiZy Xjzq Dij2 Xij2+B, Ximq 2=y DijaXijs +[3)

Minimize <

Yin Xier (Cijaxija+Cijaxijz)+6
Y2, 201 (Dijaxiji +Dijaxijs)+B

Subject to
Constraints of the FIFULFpP (P2.4.1.2.2.2).
Step 5: Find an optimal solution of the CrLFpP (P2.4.1.2.2.5).

CrLFpP (P2.4.1.2.2.5)

m n
Yi=1 Xj=1 Cij2Xij2 +9>
Y21 2ieq DijzXij2+B

Minimize (
Subject to
Constraints of the FIFULFpP (P2.4.1.2.2.2).

Step 6: Find an optimal solution of the CrLFpP (P2.4.1.2.2.6).

CrLFpP (P2.4.1.2.2.6)

Maximize (Z?:llz}lzl(cij3xij3 —Cij1xij1)+9)
Y2 X7y (Dijsxija—DijiXij1)+B
Subject to

m n
Yi=12j=1 CijaXijz+0
Xit1Xj=q1 Dij2Xij2+B

Constraints of the FIFULFpP (P2.4.1.2.2.2) with additional constraint

p, where, p is the optimal value of the CrLFpP (P2.4.1.2.2.5).
Step 7: Find an optimal solution of the CrLFpP (P2.4.1.2.2.7).

CrLFpP (P2.4.1.2.2.7)

P 27=1(Cij1xij1 +Cij3Xij3)+0 )

Minimize (
Y, 0 (Dijixija +Dijaxij3)+B

Subject to
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Constraints of the CrLFpP  (P2.4.1.2.2.6) with additional constraint

Yin1 27=1(Cijaxijz—Cij1Xij1)+6 . .
=g, Where, is the optimal value of the CrLFpP
T, 21 (Dijaxijs —DijiXij)+B 1 1 P P

(P2.4.1.2.2.6).

Step 8: Using the optimal solution {xijl,xijz,xij3}, obtained in Step 7, find a fuzzy optimal

solution {(x;j1,%;j2, x;j3)} and the value of the objective function of the FIFULFpP

Yiny Xj=1(Cij1.Cija,Cijs) (*ij1 Xijz Xijz) +6
Y, 201 (DijuDij2.Dijs ) (Xijaxijz Xijz ) +B”

(P2.2.4) i.e.,

2.4.1.3 Anukokila and Radhakrishnan’s method

Anukokila and Radhakrishnan [10] used the existing method [153] to find an optimal

solution of the FIFULFpP (P2.2.5). In this section, Anukokila and Radhakrishnan’s method [10]

is discussed in a brief manner.

Step 1: Using the following steps of Charnes and Cooper transformation method [34] under fuzzy

environment, transform the FIFULFpP (P2.2.5) into a FIFuLpP.

Step la: Assuming t = and %;; = 3% transform the FIFULFpP (P2.2.5)

Yit1Xio DijXij+B
into the FIFUMpP (P2.4.1.3.1).

FIFUMpP (P2.4.1.3.1)

moyn CiiVii -
Minimize ((M + 9) t)

Subject to
n, A=A, i=12,..,m,
SR E =B, j=12.m,
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Step 1b:

¥ij, t are non-negative TrFuN V i, j.
Transform the FIFUMpP (P2.4.1.3.1) into the FIFuMpP (P2.4.1.3.2).

FIFUMpP (P2.4.1.3.2)

Minimize ((Zﬁl Y, Cyjyiyj + 0F) %)

Subject to
Yij\ = iz
L (Y)E= A i=12,..,m,
Yij\ z 5 7
m ()= B, j=12,..1,

~ N
(T X0, Dy + ﬁt)g =1,

¥ij, t are non-negative TrFUN Vv i, j.

Step 1c: Transform the FIFUMpP (P2.4.1.3.2) into the FIFuLpP (P2.4.1.3.3).

Step 1d:

FIFuLpP (P2.4.1.3.3)

Minimize (Zﬁl Z;L=1 Cllyll + 95)

Subject to
2]=137i1 = Aif, 1= 1,2, ,m,
ZI,:].yl] = B}E, ] = 112; lnl

Ry Xia Dy + Bt =1,
¥ij, t are non-negative TrFuN V i, j.
Transform the FIFuLpP (P2.4.1.3.3) into the FIFuLpP (P2.4.1.3.4).
FIFuLpP (P2.4.1.3.4)
Minimize (X7t X7, C;;9:; + 0F)

Subject to
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Y2 Dy + Bt =1,
¥ij, t are non-negative TrFuN V i, j.

Step 1e: Transform the FIFuLpP (P2.4.1.3.4) into the FIFuLpP (P2.4.1.3.5).
FIFULpP (P2.4.1.3.5)

Minimize (X7, X7, C;;9:; + 0F)

Subject to
Yiavi; — At =0, i=1.2,..,m,
Zl=1yl] _Ejfzﬁ’ ] = 1121 1,

¥ij, t are non-negative TrFUN v i, j.
Step 2: Find a fuzzy optimal solution {;;, £} of the FIFuLpP (P2.4.1.3.5).
Step 3: Using the obtained fuzzy optimal solution {yij, E} and the relation %;; = 5’—:] find a fuzzy
optimal solution {%;;} of the FIFULFpP (P2.2.5).
2.4.2 Inappropriateness of existing methods

In this section, inappropriateness of the existing methods [9, 10, 110] is pointed out.
2.4.2.1 Inappropriateness of Liu’s method

It is inappropriate to use Liu’s method [110] as the following mathematical incorrect results
are considered in Liu’s method [110].

(i) Liu[110] assumed that to find an optimal solution of an unbalanced triangular FIFULFtP

is equivalent to find an optimal solution of the FuLFpP (P2.2.3). Hence, Liu [110]

38



(i)

proposed a method to solve the FULFpP (P2.2.3). While, it is obvious from Section 2.3
that, in actual case, to find an optimal solution of an unbalanced triangular FIFULFtP is
equivalent to find an optimal solution of the FIFULFpP (P2.4.2.1.1). Therefore, Liu’s
[110] assumption is not valid and hence, it is inappropriate to use Liu’s method [110] to
find an optimal solution of an unbalanced triangular FIFULFtP.

FIFULFtP (P2.4.2.1.1)

Vi1 Xj=1(Cij1,Cijz,Cija) (Xija Xija Xij3 ) +6 )

Minimize (
Y 27o1(Dij1Dijz2.Dijs ) (xijaXijz Xij3) +B

Subject to
21]/'1=1(xl'j1' xijZ'xij3) = (Ail'AiZ'AiB)' i=12..,m,
Zﬁl(xijl'xijbxij3) = (le'BjZ'BjS)' ] =12, ..,n,

(xij1, %ij2, Xij3) is @ non-negative TFuN V i, j.

It is obvious from Step 2¢ and Step 2d of Liu’s method [110], discussed in Section
. L

24.1.1, that Liu [110] assumed Cij = (Cij)a,ait = Ti,bjt =Sj and dl]ylj = El] to

transform the CrMpP (P2.4.1.1.4) into the CrLpP (P2.4.1.1.6) i.e., Liu [110] assumed

that the CrMpP (P2.4.1.1.4) is equivalent to the CrLpP (P2.4.1.1.6). However, the

CrLpP (P2.4.1.1.6) is not equivalent to the CrMpP (P2.4.1.1.4).
The following validates this claim.

In the numerical example, considered by Liu [110] to illustrate his proposed
method, Liu [110] used ¢;; = (Cij)i,ait =1, bt = s;and d;;y;; = &; to transform the
CrMpP (P2.4.2.1.2) into the CrLpP (P2.4.2.1.3) i.e., Liu [110] assumed that the CrLpP

(P2.4.2.1.3) is equivalent to the CrMpP (P2.4.2.1.2).
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CrMpP (P2.4.2.1.2)

ZE=min (c11Y11 + C12¥12 + C13V13 + C1aVia + C21Y21 + C22Ya2 + Ca3Y23 +
C24Y24 t C31¥31 + C32Y32 + 3333 + C34Y34 + 55t)
Subject to

—Y11 — Y12 — Y13 —Y1ia T 1t 20,

—Y21 = Y22 — Y23~ Y2a T a2t 20,

—Y31 — Y32 — Y33 — Y34 tazt 20,

Y11+ Y21+ Y31 — b1t 20,

Y12 + Y22 + Y32 — bt 20,

Y13 + Y23 +y33 — b3t 20,

Y1a t Y2a + Y34 — byt 20,

di1y11 + di2Y1z + dizViz + diaY1a + d21Y21 + d22Y22 + d23yaz + daayos +
d31Y31 + d3zY32 + d33y3z + dzayzq + 60t =1,
(4+a)<cy <(6-a)

€12 = 6,613 = 2,

Q+a)<cy <@ —-a),

C21 =3,

G4+a)<c,, <(7-a),

(7+a) < cy3 < (10 — 2a),

Coa = 2,031 =4, 3, = 1,

B+ a) <c33 <(10 —a),

9+ 2a) <c3, < (12 — ),

24+ a)<d;; <G -2a),
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di; =5,d13 =3,

B4+a)<d, <(G-a),

dy =4,

B+ a)<d,, <(6-2a),
(5+4+2a)<d,;<(8-a),

dyq =4,d3; = 3,d3; = 2,

24+ a)<ds;; <(7—-a),

B+ a)<ds <(10 —a),

(40 + 10a) < a; < (70 — 20a),
(50 + 10a) < a, < (70 — 10a),
(70 + 10a) < a3 < (90 — 10a),
(10 + 20a) < b; < (40 — 10a),
(10 + 10a) < b, < (30 — 10a),
(30 + 10a) < b; < (50 — 10a),
(20 + 10a) < by < (40 — 10),
t>0,y; 20i=123,j=1234.
CrLpP (P2.4.2.1.3)

ZE =min [(4+ a)y;; + 6y, + 213+ Q+ @)ys + 3y, + G+ @)y, + (7 +
a@)yz3 + 2Y24 +4y31 + y32 + (8 + @)ys3 + (9 + a)ys, + 55¢]
Subject to

—Y11 — Y12 — Y13 —Y1a + 11 20,
~Y21 = Y22 = Y23 — Y24 +12 20,

—Y¥31 — Y32 — Y33 — Y34 + 73 20,
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Y11+ Y21+ Y31 =51 20,

Yiz t Y22 + Y32 =52 2 0,

Y13 + Y23 +y33 —53 20,

Yia t Y24 + Y34 =54, 20,

$11 + 812+ 813+ 814+ 801 + 800+ 823+ 824 + 831 + 832 833+ 83, + 60t =1,
(2 +a)y1; <611 < (5 —2a)y11,
$12 = SY12,§13 = 3Y13,

B+ a)y1a <814 < (5 — Ayua,
$21 = 4¥21,

(B + @)y < 22 < (6 — 2a)y,,,
(5 + 2a)y23 < §23 < (8 — @)y,
$24 = 4Y24, $31 = 3¥31, $32 = 2¥32,
2+ @)yss < &33 < (7 — a)yss,

(8 + @)yss < §34 < (10 — @) y3y,
(40 + 10a)t <1 < (70 — 20a)t,
(50 + 10a)t <1, < (70 — 10a)t,
(70 + 10a)t < 73 < (90 — 10a)t,
(10 + 20a)t < s; < (40 — 10a)t,
(10 + 102)t < s, < (30 — 10a)t,
(30 + 10a)t < 55 < (50 — 10a)t,
(20 + 10a)t < s, < (40 — 10a)t,
£>0,y; = 0;i = 1,23,) = 1,234,

While, in actual case, these problems are not equivalent as on solving
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(@ The CrMpP (P2.4.2.1.2), the obtained optimal solution, for @« =0, is a, =
40,a, = 70,a; = 90,b; = 10,b, = 10, b5 = 30,b, = 20, c;; = 4.418270,
€1y = 6,013 = 2,014 = 2.418270, cy; = 3, ¢,y = 5.418270,c,5 = 7.418270,
Cpa = 2,031 = 4,035 = 1,033 = 8.418270, c3, = 9.418270,d,, = 2.157112,
di, = 5,dy3 = 3,dy, = 3.157112,d,, = 4,dy, = 3.157112,d,3 = 5.157112,
dys = 4,d3; = 3,d3y = 2,dg3 = 4.157112,d3, = 8.157112, y;1 = Yy, =
Yia = Y22 = Y23 = Y31 = Y33 = Y34 = 0,13 = 0.049180327, y,, =
0.01639344,y,, = 0.098360, y3, = 0.1475409,t = 0.001639344 and the
corresponding optimal value is 0.5819672.

(b) The CrLpP (P2.4.2.1.3), the obtained optimal solution, for a« =0, is 1, =
0.086419,r, = 0.086419,r73 = 0.111111,s; = 0.012346,s, = 0.012346,s3 =
0.037037,s, = 0.030909,811 = $12 = $22 = §23 =31 =833 =834 = 0,813 =
0.111111,&,, = 0.246913,&,, = 0.049383, &,, = 0.296296, &5, = 0.222222,
Vi1 = Y12 = Y22 = Y23 = Y31 = Y33 = Y34 = 0,¥13 = 0.037037,y,4 =
0.049383,y,, = 0.012346,y,, = 0.074074,y5, = 0.111111,¢ = 0.001234
and the corresponding optimal value is 0.5370370.

(iii) It is obvious from Step 3¢ and 3d of Liu’s method [110], discussed in Section 2.4.1.1,
that Liu [110] assumed c;; = (CU)Z' 8;j = dijA,p; = au; and q; = bjv; to transform
the CrMpP (P2.4.1.1.8) into the CrLpP (P2.4.1.1.10) i.e., Liu [110] assumed that the
CrMpP (P2.4.1.1.8) is equivalent to the CrLpP (P2.4.1.1.10). However, the CrLpP

(P2.4.1.1.10) is not equivalent to the CrMpP (P2.4.1.1.8).

The following validates this claim.
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In the numerical example, considered by Liu [110] to illustrate his proposed
method, Liu [110] used ¢;; = (Cij)z, 8ij = dijA, pi = aqu; and q; = b;v; to transform
the CrMpP (P2.4.2.1.4) into the CrLpP (P2.4.2.1.5) i.e., Liu [110] assumed that the
CrLpP (P2.4.2.1.5) is equivalent to the CrMpP (P2.4.2.1.4).

CrMpP (P2.4.2.1.4)
ZY = max A

Subject to

—uy + v, +diA <4,
—Uy + vy + dipAd < ¢qg,
—uy + vz + di3A < ¢q3,
—Uy + Uy + digd < Cpy,
—Uy, + v +dy A <y,
—Uy + Uy + dyrd < 5y,
—Uy + V3 + dy3zd < Cy3,
—Uy + Vg + dosd < Cyy,
—Us + vy + d3;Ad < ¢34,
—U3 + vy + d3h < ¢35,
—U3 + vz + d334 < ¢33,
—U3 + Vg + d3ad < C34,
a;uq + ayu, + azuz — byvy — byv, — b3vz — byv, + 604 < 55,
4+a)<c; <(6-a),
€12 = 6,013 = 2,
2+a)<cy <@ —a),
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C21 =3,

G4+a)<c, <(7-a),
(7+a) <cy3 < (10 - 2a),

Coqa = 2,031 = 4,03, =1,

B+ a) <c33 <(10 — ),
9+2a)<c3, < (12— ),
2+4+a)<d;; <G -2a),

di; = 5,d13 =3,

B4+a)<di, <(G-a),

dy1 =4,

B+ a) <d,, <(6—-20a),
(5+4+2a) <d,; <(B8-—a),

dyq = 4,d3; = 3,d3; = 2,

2+ a) <ds; < (7—a),

B8+ a) <ds <(10 —a),

(40 + 10a) < a; < (70 — 200),
(50 + 10a) < a, < (70 — 10a),
(70 + 10a) < a3 < (90 — 10a),
(10 + 20a) < b; < (40 — 10a),
(10 + 10a) < b, < (30 — 10a),
(30 + 10a) < b3 < (50 — 10a),

(20 + 10a) < by < (40 — 10a),
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CrLpP (P2.4.2.1.5)

ZJ = max A

Subject to

—uy +v;+6;; <(6—0a),
—u, +vy,+ 6, <6,

—uy +v3+ 813 < 2,

Uy + Vs + 610 < (4 — ),
—U, +v;+ 8, <3,

—Uy + v, + 8, < (7 — ),
—Uy + V3 + 853 < (10 — 2a),
—Uy, + v+ 6y, < 2,

—u3z +v; + 831 < 4,

—Uz + v, + 83, < 1,

—uz + v3 + 833 < (10 — a),
—uz + vy + 034 < (12 — ),
P1+DP2+P3— 41— 42— q3— g4+ 601 <55,
QR+a)A<6;; <(5-2a)A,
815 = 51, 813 = 34,

B+a)l <6, < (GB—a),
8y0 = 44,

B+ a)l <6,, <(6—2a)4,
(5+2a)1 < 6,5 <(8—a)A,

524 == 4}., 631 == 3)., 632 = ZA,

46



(4+2a)1 <635 < (7—a)A,

B+ a)d <634, < (10 — a)A,

(40 + 10a)u, < p; < (70 — 20a@)u,,

(50 + 10a)u, < p, < (70 — 10a)u,,

(70 + 10a)u; < p3 < (90 — 10@)us,

(10 + 20a)v; < q; < (40 — 10a)v;4,

(10 + 10a)v, < q, < (30 — 10a) v,,

(30 + 10a)v; < g3 < (50 — 10a) v,

(20 + 10a)v, < g4 < (40 — 10a) vy,

A>0,u,v; = 0;i=123,j=1234.

While, in actual case, these problems are not equivalent as on solving

(@) The CrMpP (P2.4.2.1.4), no feasible solution is obtained for a = 0.

(b) The CrLpP (P2.4.2.1.5), the obtained optimal solution, for a =0, is p; =
315.2167,p, = 147.719,p; = 74.5661,q; = 95.9091,q, = 8.60684,q; =
375.4279,q, = 55.9091,u; = 7.880418,u, = 2.95439,u; = 1.06523,v; =
2.39773,v, = 0.28689, v, = 7.508558, v, = 1.39773, §;; = 2.6694153,
8y, = 4.445840, 8,3 = 2.667504,8,, = 3.596439,8,, = 3.55667,8,, =
3.59644, 8,3 = 5.154876,8,, = 3.55667, 83, = 2.66750, 85, = 1.77834,
b33 = 3.55667, 85, = 8.816638,1 = 0.88916805 and the corresponding optimal
value is 0.8891680.

(iv) It is obvious from Liu’s method [110], discussed in Section 2.4.1.1, that Liu [110]
considered the FULFpP (P2.2.3) corresponding to the considered unbalanced triangular

FIFULFtP, in which each known parameter is represented by a TFuUN whereas the
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decision variables are represented by non-negative real numbers. However, the decision

variables obtained by Liu [110] are neither non-negative real numbers nor TFuNs.
The following validates this claim.

The optimal solution, obtained by Liu [110] to illustrate his proposed method, is

as follows

(@) Ata = 0,the lower bound Z5_, = 0.5370 occurring at x;53 = 30, x;4 = 40,x,; =
10,x24 = 60, x32 = 90, X11 = X35 = X33 = Xp3 = X371 = X33 = X34 = 0.

(b) At a =0, the upper bound ZJ_, = 0.8684 occurring at x;; = 40, x,; =
10,x54, = 40,x31 = 30, x3, =30, x33 =10, X117 = X413 = X1y = Xyp = X3 =
X34 = 0.

(c) At a = 1, the upper bound and the lower bound Z{_, = ZL_, = 0.6293 occurring
at  xq3 =40, x51 = 30, x54 = 30, x3, = 80, X114 = X132 = X14 = X33 = X3 =
X31 = X33 = X34 = 0.

The fuzzy optimal value obtained by Liu [110] is given by
(0.5370,0.6293,0.8684) corresponding to the decision variables x,, = (0,0,0), x;, =
(0,0,0), x,5 = (30,40,40), x,, = (40,0,0), x,; = (10,30,10), x5, = (0,0,0),x,5 =
(0,0,0), x,, = (60,30,40), x5, = (0,0,30), x5, = (90,80,30), x33 = (0,0,10), x5, =
(0,0,0).

Clearly, x14,Xx21, X24, X3 are not TFuNs. Thus, the decision variables obtained
by Liu [110] are neither non-negative real numbers nor TFuNs.

2.4.2.2 Inappropriateness of Anukokila et al.’s method

The following mathematical incorrect results are considered in Anukokila et al.’s method [9].
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Hence, it is inappropriate to use Anukokila et al.”’s method [9] for solving FIFULFtPs.

(i)

(i)

It is obvious from Step 4 of Anukokila et al.’s method [9], discussed in Section 2.4.1.2.2,

RZ(Al) RS(Al)
that the relations R, (Az) Ry and R3( 2) oty are used to transform the

CrMoLFpP (P2.4.1.2.2.3) into the CrMoLFpP (P2.4.1.2.2.4). While, the following

- A\ | Ro(A) Rs(4y)
example clearly indicates that R, (/Tz) == ) and Rj (AZ) F == Ry Therefore, the

CrMoLFpP (P2.4.1.2.2.3) cannot be transformed into the CrMoLFpP (P2.4.1.2.2.4).
Hence, it is inappropriate to use Anukokila et al.’s method [9] to find an optimal solution
of the FIFULFpP (P2.2.4).

Let A; = (6,8,10) and A, = (2,4,6) be two TFuNSs. Then, using Definition 2.1.29,

A, (6810) (6 8 10
== =

(2,4,6) E'Z'j) = (1,2,5).

Using the existing expressions (2.4.1.2.1.2) and (2.4.1.2.1.3) [9],

Ry ()= R,(1,25)=5-1=4 (2.4.2.2.1)
Az

Ry (5) = Ry(1,25)=5+1=6 (2.4.2.2.2)
Az

Ry(A]) _ Ry(6810)  10-6
Ry(d;)  Ry(246)  6-2

—toq (2.4.2.2.3)

R3(A;)) _ R;3(6810) 1046 _ 16
Rs(d,)  R3(246)  6+2 8

_ > (2.4.2.2.4)

It is obvious from (2.4.2.2.1) and (2.4.2.2.3) that R, (%) * %.
2 2 2

Also, it is obvious from (2.4.2.2.2) and (2.4.2.2.4) that R, (%) +* %.
2 312

It is obvious that in the numerator of the second objective function of the CrMoLFpP
(P2.4.1.2.2.4), it is assumed that R,(Z7%, X7, Cijyxijy + 0,27 Xy Cijaxijz +
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denominator of the second objective function of the CrMoLFpP (P2.4.1.2.2.4), it is
assumed that R, (X7 L1221 Dijixijn + B, Xi%q Xj=1Dijaxijz + B, Xi=1 Xj=1 Dijzxijz +
B) =xn PPN = 1(D113x113 - Dulxm) +B.
While, according to the comparing method, R,(X7 1 2j=1Cijixijn +
0, %=1 Xj=1 CijaXij2 + 0, X% Xj=1 Cij3Xijs +60) =X L1 2= 1(Cl]3xl]3 Cijlxijl)
and R, (X 1 2721 Dijixiji + B, Xity Xi=1 DijpXijz + B, Xit1 Xj=1 DijaXijs +pB) =
1y 271 (Dyjzxijs — Dijixij).

(iii) It is obvious that in the numerator of the third objective function of the CrMoLFpP
(P2.4.1.2.2.4), it is assumed that Ry(X[%, 37 Cijaxij + 0, 21%, X7y Cijoxijz +
0, XM ¥y Cijaxijs + 0) = Xy ¥ (Cijuxijy + Cijaxijz) +6. Also, in  the
denominator of the third objective function of the CrMoLFpP (P2.4.1.2.2.4), it is
assumed that Ry(X7Ly X0y Dijyxijy + B, Xty =1 Dijaxijz + B, X%y Xy Dijaxijs +
.3) Dit1 M= 1(D111x111 + Du3xu3) +B.

While, according to the comparing method, R;(X™ L1221 Cijnxijn +
0,21 Xy CijaXijy + 0,27, Xy Cijaxijz + 0) = X1ty X7y (Cijaxijn + Cijaxijs) +
26 and Ry(Z7, Dij1xij1 + B, Xie1 Xi=1 DijaXijo + B, X1ty X=1 Dijaxijz + B) =
=1 1(D111xu1 + D1]3x113) + 2B.
2.4.2.3 Inappropriateness of Anukokila and Radhakrishnan’s method
The following mathematical incorrect results are considered in the method, discussed in
Section 2.4.1.3, to transform the FIFULFpP (P2.2.5) into the FIFuLpP (P2.4.1.3.5).

(i) Itis obvious from Step 1c of Anukokila and Radhakrishnan’s method [10], discussed in

Section 2.4.1.3, that to transform the FIFuMpP (P2.4.1.3.2) into the FIFuLpP
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(P2.4.1.3.3), Anukokila and Radhakrishnan [10] have assumed that% = 1. However, this
result is not valid as it is obvious from Definition 2.1.30 that if £ = (ty,t,,t3,t,) is a

- t_ (tytytaty) _ (t1 ta t3 Ly
positive TrFuN. Then, - = Cototat = (t4,t3,t2,t1) # (1,1,1,1).

(if) Itis obvious from Step 1e of Anukokila and Radhakrishnan’s method [10], discussed in
Section 2.4.1.3, that to transform the FIFuLpP (P2.4.1.3.4) into the FIFuLpP
(P2.4.1.3.5), Anukokila and Radhakrishnan [10] have assumed that A;f — A;f = 0 and
Bt — B;t = 0. However, this result is not valid as it is obvious from Definition 2.1.21
that if £ = (t;,t, t3,ts) iS @ TrFUN. Then, & —t = (tq,ty, t3, ts) — (tq, ty, b3, ts) =
(t1 — ty, ty — t3, t3 — ty, ty — t1) # (0,0,0,0).

2.5 Inappropriateness of existing methods to solve FIFULFpPs
In the last few years, several methods [45-50, 95, 153, 154] are proposed in the literature
to solve FIFULFpPs. So, one may claim that any of these existing methods can be used to solve
(i) The FIFULFpP (P2.2.5) to find a fuzzy optimal solution of a balanced FIFULFtP.
(i) The FIFULFpP (P2.4.2.1.1) to find a fuzzy optimal solution of an unbalanced
FIFULFtP.
However, it is inappropriate to use these existing methods as it can be easily verified that
the following mathematical incorrect results are considered in these existing methods.
() In the existing methods [46, 48, 49, 95, 153, 154], Charnes and Cooper
transformation method under fuzzy environment is used to transform the FIFULFpP
(P2.2.5) into the FIFuLpP (P2.4.1.3.5). However, as discussed in Section 2.4.2.3,
that the FIFuLpP (P2.4.1.3.5), obtained by Charnes and Cooper transformation

method under fuzzy environment, will not be equivalent to the FIFULFpP (P2.2.5).
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(i)

(iii)

Hence, it is inappropriate to use the existing methods [46, 48, 49, 95, 153, 154] to

find a fuzzy optimal solution of the FIFULFpPs (P2.2.5) and (P2.4.2.1.1).

In the existing methods [45, 50], the relation R (@) = B s used. However, as
Az R(472)

A

Az

discussed in Section 2.4.2.2, R( ) #* R(2,) Hence, it is inappropriate to use the

R(Ay)
existing methods [45, 50] to find a fuzzy optimal solution of the FIFULFpPs (P2.2.5)
and (P2.4.2.1.1).

Although, in the existing method [47], neither Charnes and Cooper transformation

A R(A;) .
71) = R 1o sed. However,

method under fuzzy environment nor the relation R (A2 = G
in the existing method [47], it is assumed that a fuzzy inequality constraint
(ay,a;,a3,a,) < (by, by, bs, b,) can be transformed into four crisp constraints a; <
by; k = 1,2,3,4. However, this result is not valid due to the following reason.

If (a,ay, a3, a,) < (by, by, bs, by), then there should exist a non-negative
TrFuN (sq,5,,S3,54) such that (a;,a,,as,as) + (s1,S2,53,54) = (by, by, bs, by).
However, for the values of sy, s,, s3,s,, Obtained by a;, < by, ;k = 1,2,3,4 = a; +
Sk = by; k = 1,2,3,4, where s, > 0, the relation 0 < s; <5, < 53 <5, will not
necessarily be satisfied i.e., (sq,s,,s3,54) Will not necessarily be a non-negative
TrFuN. The following validates this claim.

Let (ay, ay, as, a,) = (7,10,12,14) and (by, by, b3, b,) = (10,11,14,15) be
two TrFuNs. Since, a, < b, Vk =1,2,3,4. So, (7,10,12,14) < (10,11,14,15).
However, for s;, =10-7=3,5,=11-10=1,53=14-12= 2,5, = 15—
14 =1, the relation 0 < s; < s, < s3 <s, Is not satisfying i.e., (sq,5,,53,84) =

(3,1,2,1) is not a TrFuN.
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Hence, it is inappropriate to use the existing method [47] to find a fuzzy
optimal solution of the FIFULFpP (P2.4.2.1.1). However, as for all the constraints of
the FIFULFpP (P2.2.5), the relation (a,, a,, as, a,) = (by, by, b3, b,) is satisfying
i.e., (51,5,,S3,54) Will always be a zero TrFuN. Therefore, the existing method [47]
can be used to find a fuzzy optimal solution of the FIFULFpP (P2.2.5) i.e., a fuzzy
optimal solution of balanced FIFULFtPs.

2.6 Proposed Mehar method for solving FIFULFtPs

It is obvious from point (d) of Section 2.5 that it is inappropriate to use the existing method
[47] to find a fuzzy optimal solution of unbalanced FIFuLFtPs. However, it is appropriate to use
the existing method [47] to find a fuzzy optimal solution of balanced FIFULFtPs. Keeping the same
in mind, in this section, by integrating the existing method [93] for transforming an unbalanced
fully fuzzy transportation problem into its equivalent balanced fully fuzzy transportation problem
and the existing method [47] for solving balanced FIFULFtPs, a new method (named as Mehar
method) is proposed to solve FIFULFtPs.

The steps of the proposed Mehar method are as follows.
Step 1: Use the following step of the existing method [93] to transform an unbalanced FIFULFtP

into its equivalent balanced FIFULFtP.

Find the total fuzzy availability >, A; = (A;1, Ai2, A3, Ais) and the total fuzzy
demand Y.7_; B; = (Bj, Bjz, Bj3, Bja)-
Check that X2, A; = X7, Bjor X2, A; # X1, B;.

Case (1) If X7, A; = X7_, B}, then the FIFULFtP is balanced. Go to Step 2.
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Case (2) If X2, A; # X7, B}, then check that A < Bjy,A;; — Ay < Bj — Bj1, Az —
Ajp < Bj3 = Bjp,Aijy —Aiz < Bjy,—Bjz o Ay =2 Bjj,Ap — Ay 2 Bjp —
Bj1,Aiz — Az = Bjz — Bjp, Ajy — Ajz 2 Bjy — Bjs.

Case (2a) If Aj; < Bjy,Aiz — Ay < Bj, — Bjy,Aiz — Aip < Bjz — Bjp, Ajy — Az < Bjy —
Bjs, then introduce a dummy source with fuzzy availability (Bj; — Ay, Bjz —
Az, Bjz — Az, Bjs — Ayy). Assume the cost for transporting one unit quantity of
the product from the introduced dummy source to all destinations as zero TrFuN
and then go to Step 2.

Case (2b) If Aj; = Bjy,Aiz — Ain = Bj — Bjy, Aj3 — Ajp = Bjz — Bjp, Ajy — Aiz = Bjy —
Bjs, then introduce a dummy destination with fuzzy demand (4;; — Bj;, A;z —
Bj, Aiz — Bj3, Ajs — Bjy). Assume the cost for transporting one unit quantity of
the product from all the sources to the introduced dummy destination as zero

TrFuN and then go to Step 2.

Case (2c) If neither Case (2a) nor Case (2b) is satisfied, then introduce a dummy source
with fuzzy availability (maximum {0, (le - Ail)}, maximum {O, (le -
An)} + maximum {0, (Bj, — Bj;) — (Aiz — Aip)}, maximum {0, (Bj; —
Ay )} + maximum {0, (Bj; — Bj) — (Aiz — Ay} + maximum {0, (Bj; —
sz) — (Ai3 — Aix)}, maximum {0, (le - Ail)} + maximum {0, (sz -
Bjy) — (A — Aip)} + maximum {0, (Bjz — Bj;) — (Ais — Ap)} +
maximum {0, (Bj, — Bj3) — (A — A3)}) and a dummy destination with fuzzy
demand (maximum {0, (A;; — Bj;)}, maximum {0, (4;; — Bj)} +

maximum {0, (A;; — Ajy) — (Bj2 — le)}, maximum {0, (A4 — le)} +
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maximum {0, (A, — Ayy) — (sz - le)} + maximum {0, (A;3 — A) —
(Bj3 — sz)}, maximum {0, (AL-1 — le)} + maximum {0, (Ajy — A1) —
(sz - le)} + maximum {O, (Ajz — App) — (ng — sz)} +
maximum {0, (Ay, — Aiz) — (Bjs — Bj3)}) . Assume the cost for transporting
one unit quantity of the product from the introduced dummy source to all
destinations and from all the sources to the introduced dummy destination as zero
TrFuN and then go to Step 2.

Step 2: Write the FIFULFpP (P2.6.1) corresponding to the transformed balanced FIFULFtP.

FIFULFpP (P2.6.1)

Minimize (Z?;lZ?:l(Cijlrcijz:cijSvCijz})(xijl'xijz‘xijs'xijzt)+9>

Y, 271 (Dij1Dij2,DijaDija) (Xija Xij2 Xija Xija) +B
Subject to
Y1 (X1, Xij2 Xij3 Xija) = (Air, Ay Az, Aig) i=12..mm=porp+1
j=1\Xij1» Xij2, Xij3, Xija i1 Ai2, A3, Aig ), by ey M, porp )
=1\ Aij2, *Aij3, ija j1, Pj2,Pj3,Dj4 )y J) yby ey I, q q )

(xij1, Xij2, Xij3 Xij4) IS @ noN-negative TrFuN V i, ;.
Step 3: Use the following steps of the existing method [47], to transform the FIFULFpP (P2.6.1)
into its equivalent CrMoLFpP.
Step 3(a): Using Definition 2.1.25, transform the FIFULFpP (P2.6.1) into its equivalent
FIFULFpP (P2.6.2).

FIFULFpP (P2.6.2)

Minimi Yiz1 Xj=1(CijaXija CijaXije CijaXija CijaXija ) +0
L e —

Y121 2oy (PijaXiji.Dij2Xij2,DijsXijz.DijaXija) +B
Subject to

Constraints of the FIFULFpP (P2.6.1).
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Step 3(b): Using Definition 2.1.19, transform the FIFULFpP (P2.6.2) into its equivalent
FIFULFpP (P2.6.3).

FIFULFpP (P2.6.3)

o (Z?:l1z‘;'1=1 Cij1Xij1+0,8i%q Xj=1 CijaXijo +0,5i%1 Xj=1 CijaXijz +6,0imq Xj=1 Cij4xij4+9)
Minimize

(2, 2T, Dijaxijn +B.E1, By DijaXija+B.Eqmy By DijaXija+B,50% Bey DijaXija+B)
Subject to
(Choy X1, Xy Xijo s Xy Xij3, Xy Xija) = (Apn, Aig, Ags, Agg), i =
1,2,...m;m=porp+1,
(X x40, DTy xij2, 2% Xij3, 2y Xija) = (Bj1, Bj2, Bj3, Bja),j =
1,2,..,m;n=qorq+1,
(xij1 %ij2, Xij3) Xij4) 1S @ non-negative TrFuN V i, j.

Step 3(c): Using Definition 2.1.30, transform the FIFULFpP (P2.6.3) into its equivalent
FIFULFpP (P2.6.4).

FIFULFpP (P2.6.4)

m n m n m n m n
Yiz1 Xjeq CijaXij1 40 XiliXjoq CijaXijz 40 Xil1Xjoq CijaXijz+0 Xt Xjoq Cij4xij4+9)
) ) )

Yizq Xjeq DijaXijat B’ Xilq Xieq DijaXijz+B " Xitq Lj=q Dij2Xij2+B " XiZq Xj=q Dija Xij1 +B

Minimize (
Subject to
Constraints of the FIFULFpP (P2.6.3).

Step 3(d): Using Definition 2.1.9 and Definition 2.1.17, transform the FIFULFpP (P2.6.4)
into its equivalent CrMoLFpP (P2.6.5).

CrMoLFpP (P2.6.5)

Yizq Xj=1 Cija%¥ij1 +9>

Minimize <
Yiz1 Xjeq DijaXijatB

Yiz1 Xj=q Cij2Xij2 +9)

Minimize (
121 Lj=q DijaXijz+h
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Yiz1 Xj=1 Cija¥ijz +9>

Minimize <
Yiz1 2oy Dijoxij2+B

Yiz1 Xj=1 CijaXija +9>

Minimize <
Liz1 Xieq DinXij1 +B

Subject to
YisiXijk =Ap,i=12,.,mym=porp+ 1,k =1234.
Y™ Xk =B j=12,..,m;n=qorq+1k=1234.
0 <x;j1 <Xijp S Xij3 S Xjja VI, J.
Step 4: Using Das et al.’s method [47] or any other appropriate method [18], find an efficient
solution {x;j, x;}2, X;3, X;j4} Of the CrMOLFpP (P2.6.5).
Step 5: Using the obtained efficient solution {xijl,xijz,xiﬁ,xiﬂ}, find an efficient fuzzy solution
{(xij1, xij2, xij3, Xij4) } OF the FIFULFPP (P2.6.1).
Step 6: Using the obtained efficient fuzzy solution {(x;;1, x;j2, Xij3, Xij4) }, find the fuzzy optimal

m n
Yiz1 Z,-=1(Cij1.Cijz.Cij3,Cij4)(xij1,xijz,xij3»xij4)+9
P Z?:l(DijpDijz;Dijs,Dij4)(xij1.xijz.xij3 Xija)+B

value of the FIFULFpP (P2.6.1) i.e.,

Remark 2.1: It is pertinent to mention that in the existing method [164], the fuzzy mathematical
programming method [30] is used to transform the CrMoLFpP (P2.6.5) into a CrMoLpP. While,
in the literature [155], it is pointed out that it is inappropriate to use the existing method [30] to
transform the CrMoLFpP (P2.6.5) into a CrMoLpP. Therefore, it is inappropriate to use the
existing method [164] in its present form. The proposed Mehar method is a generalization of
Veeramani’s method [164]. Step 2 to Step 3 of the proposed Mehar method are same as
Veeramani’s method [164]. While, in Step 4, the lexicographic approach [18] is used to solve the

CrMoLFpP instead of the existing method [30].
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2.7  Correct fuzzy optimal solutions of an existing FIFULFtP
Liu [110] applied his proposed method to solve the FIFULFtP having 3 sources and 4
destinations by considering
(i) A, =(40,50,70),4, = (50,60,70), A5 = (70,80,90).
(i) B, =(10,30,40), B, = (10,20,30), B; = (30,40,50), B, = (20,30,40).
(iii)y €y = (4,56),C1, = (6,6,6),C15 =(2,2,2),C14 = (2,3,4),C,, = (3,3,3),Cy; =
(5,6,7), C,3 = (7,8,10), C,4 = (2,2,2),C31 = (4,4,4),C5, = (1,1,1),C55 =
(8,9,10), C5, = (9,11,12).

(iv)  Dy; = (23,5), D1, = (5,5,5), D13 = (3,3,3), D14 = (3,4,5), Dy = (4,4,4),D,;, =
(3,4,6),D,5 = (5,7,8),D,4 = (4,4,4), D3, = (3,3,3),D3, = (2,2,2), D35 =
(4,6,7), D3, = (8,9,10).

(v) 6 = 55,8 = 60.

However, as discussed in Section 2.4.2.1, that Liu’s method [110] is not valid. Therefore, the
optimal solution of the FIFULFtP, obtained by Liu [110], is also not valid. In this section, correct
fuzzy optimal solutions of the same problem are obtained by the proposed Mehar method.

Step 1: It is obvious that the total fuzzy availability Y.3>_, A; = (160,190,230) is not equal to the
total fuzzy demand Z;*zléj = (70,120,160). Also, it is obvious that the condition,
mentioned in Case (2c) of Step 1 of the proposed Mehar method, is satisfying. So,
according to Step 1 of the proposed Mehar method, there is a need to introduce
(i) A dummy source having fuzzy supply (0,20,20) with the assumption that the cost for

transporting one unit quantity of the product from the introduced dummy source to all
destinations as zero TFuN.

(i) A dummy destination with fuzzy demand (90,90,90) with the assumption that the cost
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for transporting one unit quantity of the product from all the sources to the introduced
dummy destination as zero TFuN.
Step 2: Using Step 2 of the proposed Mehar method, the fuzzy optimal solution of the transformed
balanced FIFULFtP can be obtained by solving its equivalent FIFULFpP (P2.7.1).

FIFULFpP (P2.7.1)
Minimize (i)

Q
Subject to
(X111 X112, X113) + (X121, X122, X123) + (X131, X132, X133) + (X141, X142, X143) +
(151, X152, X153) = (40,50,70),
(X211, X212, X213) + (X221, X222, X223) + (X231, X232, X233) + (X241, X242, X243) +
(x251, X252, X253) = (50,60,70),
(X311, %312 %313) + (X321, X322, X323) + (X331, X332, X333) + (X341, X342, X343) +
(x351, X352, X353) = (70,80,90),
(X411 X412, Xa13) + (X421, X422, X423) + (X431, X432, Xa33) + (X441, X442, X443) +
(X451, X452, X453) = (0,20,20),
(X110 X112, X113) + (X211, X212, X213) + (X311, X312, X313) + (X411, X412, X413) =
(10,30,40),
(X121 X122, X123) + (X221, X222, X223) + (X321, X322, X323) + (X421, X422, X423) =
(10,20,30),
(%131, X132, X133) + (X231, X232, X233) + (X331, X332, X333) + (X431, X432, X433) =
(30,40,50),
(X141, X142, X143) + (X241, X242, X243) + (X341, X342, X343) + (X441, X442, X443) =
(20,30,40),
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(151, X152, X¥153) + (X251, X252, X253) + (X351, X352, X353) + (X451, X452, Xa53) =

(90,90,90),

(xij1,xij2, Xij3) isanon-negative TFUN V i = 1,2,3,4, j = 1,2,3,4,5

where,

P =(456)%, + (6,6,6)%, + (2,2,2)%15 + (2,3,4)%14 + (3,3,3)%,1 + (5,6,7) %5, +

(7,8,10)%,3 + (2,2,2) %54 + (4,4,4)%3, + (1,1,1) %3, + (8,9,10) X35 + (9,11,12) X5, +

55,

Q = (2,3,5)%;; + (55,5)%;, + (3,3,3)%;3 + (3,4,5)%,, + (4,4,4)%,; + (3,4,6)%,, +

(5,7,8)%,3 + (4,4,4)%,4 + (3,3,3)%3, + (2,2,2) %5, + (4,6,7) X35 + (8,9,10) %34 + 60.
Step 3: According to Step 3 of the proposed Mehar method, there is a need to use Das et al.’s

method [47] to transform the FIFULFpP (P2.7.1) into its equivalent CrMoLFpP.

Step 3(a): The FIFULFpP (P2.7.1) can be transformed into its equivalent FIFULFpP

(P2.7.2).

FIFULFpP (P2.7.2)

Minimize (;—:)
Subject to

Constraints of the FIFULFpP (P2.7.1)

where,

X1 = (42111, 5%112,6X113) + (6X121, 6X120, 6X123) + (2X131, 2X135, 2%133) +
(22141, 3%142,4%143) + (X211, 3X212, 3%213) + (5X221, 6X222, 7X223) +

(7x231,8%232,10x233) + (2X341, 2X242, 2X243) + (4X311, 4X312,4X313) +

(X321, X322, X323) + (8x331, 9%x332, 10x333) + (9341, 11x345, 12X343) + 55
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X; = (2111, 3%112,5%113) + (5%121, 5%122, 5%123) + (%131, 3¥132,3%133) +
(3x141, 4%142, 5%143) + (4%211, 4%212, 4%213) + (3x221, 4X222, 6X323) +
(5x3231, 7X232,8X233) + (42241, 4% 242, 4X243) + (3%311, 3x312, 3%313) +
(2x321, 2X322, 2X323) + (4X331, 6X332, 7X333) + (8X341, 9X342, 10X343)¥34 +
60.

Step 3(b): The FIFULFpP (P2.7.2) can be transformed into its equivalent FIFULFpP
(P2.7.3).

FIFULFpP (P2.7.3)

(X11'X12'X13))
(X21,X22.X23)

Minimize (
Subject to
(X111 + X121 + X131 + X141 + X150, X112 + X122 + X132 + X142 + X152, X113 +
X123 + X133 + X143 + X153) = (40,50,70),

(X211 + X221 + X231 + Xpa1 + X251, X212 + X222 + X232 + X242 + X252, X213 +
X223 X233 + X243 + X253) = (50,60,70),

(%311 + X321 + X331 + X341 + X351, X312 + X322 + X332 + X342 + X352, X313 +
X323 + X333 + X343 + X353) = (70,80,90),

(X411 F X421 + X431+ Xaa1 + X451, X412 + Xaop + X432 + Xaap + Xas2, X413 +
X423 F X433 + Xaa3 + X453) = (0,20,20),

(X111 + X211 + X311 + X410, X112 + X212 + X312 + X412, X113 + X213 + X313 +
X413) = (10,30,40),

(X121 F X221 + X321 + X421, X122 + X222 + X322 + X422, X123 + X223 + X323 +

X423) = (10,20,30),
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(131 + X231 + X331 + X431, X132 + X232 + X332 + X432, X133 + X233 + X333 +
X433) = (30,40,50),
(X141 + X241 + X341 + X441, X142 + X242 + X342 + X442, X143 + Xo43 + X343 +
X443) = (20,30,40),
(%151 + X251 + X351 + X451, X152 + X252 + X352 + X452, X153 + X253 + X353 +
X453) = (90,90,90),
(xij1,%ij2, Xij3) isanon-negative TFUN V i = 1,2,3,4, j = 1,2,3,4,5.
where,
X11 = 4X111 + 6x121 + 2X131 + 2X141 + 3X311 + 5Xo01 + V31 + 2X241 +
4x311 + X321 + 8x331 + 9x341 + 55
X12 = 5X112 + 6X127 + 2X132 + 3X145 + 3X315 + 6X325 + 83z + 2x24 +
4x315 + X329 + 9x335 + 11x34, + 55
X3 = 6Xx113 + 6X133 + 2X133 + 4X143 + 3X313 + 7X333 + 10Xx933 + 2X943 +
4x313 + X373 + 10x333 + 12x343 + 55
X321 = 2X111 + 5Xq21 + 3X131 + X141 + 4X311 + 3%521 + 5xp31 + 4x241 +
3x311 + 2X37q + 4x331 + 8x341 + 60
Xp2 = 3X112 + 5X122 + 3X130 + 4X142 + 4X315 + 4X000 + T30 + 4X24p +
3X317 + 2X359 + 6X335 + 9x34, + 60
X33 = 5X113 + 5X123 + 3X133 + DX143 + 4X313 + 6X323 + 8xp33 + 4xp43 +
3x313 + 2x353 + 7x333 + 10x343 + 60.

Step 3(c): The FIFULFpP (P2.7.3) can be transformed into its equivalent FIFuLFpP

(P2.7.4).
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FIFULFpP (P2.7.4)

. (X1, Xig X
Minimize (i, 1z —13)
X3 X2 X241

Subject to
Constraints of the FIFULFpP (P2.7.3).

Step 3(d): The FIFULFpP (P2.7.4) can be transformed into its equivalent CrMoLFpP
(P2.7.5).

CrMoLFpP (P2.7.5)

.. . 4'.X111+6.X121+2x131+2x141+3x211+5x221+7xZ31+2xZ4,1+4X311+x321+8x331+9x341+55
Minimize ( ,

5x113 +5x123 +3X133 +5x143 +4x213 +6x223 +8x233 +4—x243 +3X313+ZX323 +7x333 +10x343 +60

. . . 5x112 +6X122+2.X132 +3x142 +3x212 +6x222+8x232+2x242+4x312+x322 +9x332 +11x342+55
Minimize ( )

3x112 +5x122 +3x132 +4x142 +4x212 +4x222 +7x232 +4x242 +3x312+2x322 +6x332 +9x342 +60

Minimize (6x113 +6x123 +2x133 +4x143 +3x213 +7x223 +1Ox233 +2x243 +4‘.X'313 +X323 +10x333 +12x343 +55)

2x111+5x121 +3x131 +3x14,1 +4x311 +3XZ21 +5x231+4x241 +3X311 +2.X321 +4x331 +8X'34,1 +60

Subject to

X111 + X121 + X131 + X141 + X151 = 40,
X112 + X122 + X132 + X142 + X152 = 50,
X113 + X123 + X133 + X143 + X153 = 70,
X211+ X221 + X231 + X241 + X251 = 50,
X212 + X222 + X232 + Xp40 + X35, = 60,
X213 T X223 + X233 + X243 + X253 = 70,
X311+ X321 + X331 + X341 + X351 = 70,
X312 T X322 + X332 + X342 + X35, = 80,
X313 + X323 + X333 + X343 + X353 = 90,
Xa11 F Xap1 + X431+ X441 + X451 =0,

Xa12 F X422 + X320 + Xgap + X452 = 20,
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X413 + X423 + X433 + X443 + X453 = 20,

X111+ X211 + X311 + X411 = 10,

X112 + X212 + X312 + X412 = 30,

X113 + X213 + X313 + X413 = 40,

X121+ X221 + X321 + X421 = 10,

X122 + X222 + X322 + X422 = 20,

X123 + X223 + X323 + X423 = 30,

X131 + X231 + X331 + X431 = 30,

X132 + X232 + X332 + X432 = 40,

X133 + X233 + X333 + X433 = 50,

X141 F X241 + X341 + X441 = 20,

X142 + X242 + X342 + X442 = 30,

X143 + X243 + X343 + X443 = 40,

X151 + X251 + X351 + X451 = 90,

X152 + X252 + X352 + X452 = 90,

X153 + X253 + X353 + X453 = 90,

0 < x;j1 < xij < xy53;0 = 1,2,3,4,j =1,2,3,4,5.

Step 4: Using Step 4 of the proposed Mehar method, there is a need to apply an appropriate method
to solve the CrMoLFpP (P2.7.5).
Using the lexicographic approach [18], the obtained crisp efficient solutions are
(1) X131 = X132 = X133 = 40, X152 = X153 = X211 = X212 = X213 = 10, X249 = X42 =
X243 = 30, X252 = X253 = X321 = X322 = X323 = X412 = X413 = 20, X352 = X353 =

6,X111 = X112 = X113 = X121 = X122 = X123 = X141 = X142 = X143 = X151 = X221 =
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X222 = X223 = X231 = X232 = X233 = X251 = X311 = X312 = X313 = X331 = X332 =
X333 = X341 = X342 = X343 = X351 = X411 T X421 = X422 T X423 T X431 T X432 =
X433 = X441 = X442 = X443 = X451 = Xg52 = X453 = 0.

(i) x132 = X133 = 40, X152 = X153 = X212 = X213 = 10, X311 = 5.54, X345 = X343 =
30, X252 = X253 = X322 = X323 = X412 = X413 = 20, X352 = X353 = 60, X111 = X112 =
X113 = X121 = X122 = X123 T X131 = X141 T X142 = X143 = X151 = X221 = X222 <
X223 = X231 = X232 = X233 = X241 = X251 = X311 = X312 = X313 = X321 = X331 =
X332 = X333 = X341 = X342 T X343 T X351 T X411 T X421 T X422 T X423 T X431 =
X432 = X433 = X441 = Xaap = X443 = X451 = Xg52 = X453 = 0.

(i) x113 = 13.82, %131 = X132 = 30, X133 = 46.18,x151 = X152 = X153 = X211 = X212 =
X321 = X322 = X323 = 10,X313 = 26.18, X333 = 3.82, X341 = X242 = X243 = X351 =
X252 = X253 = X343 = X423 = 20,X351 = X352 = X353 = 60,X111 = X112 = X121 =
X122 = X123 = X141 = X142 = X143 = X221 = X222 = X223 = X231 = X232 = X311 =
X312 = X313 = X331 = X332 = X333 = X341 = X342 T X411 = Xg12 T X413 = X421 =
X422 = X431 = X432 = X433 = X441 = X442 = X443 = X451 = Xg52 = X453 = 0.

(V) x131 = X132 = 30,%133 = 50.001, X143 = X151 = X152 = X153 = X211 = X321 =
X322 = 10, X212 = X313 = 20.13, X341 = X342 = X351 = X352 = X353 = 20, X343 =
X323 = 29.86,X347 = X343 = 0.136, X351 = X352 = X353 = 60, %413 = 19.86,x4,3 =
0.135,X111 = X112 = X113 = X121 = X122 = X123 = X141 = X142 = X1 = Xppp =
X223 = X231 = X232 = X233 = X311 = X312 = X313 = X331 = X332 = X333 = X341 =
X411 = X412 = X421 = X422 = X431 = X432 = X433 = X441 = X342 = X443 = X451 =

X452 = X453 = 0.
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(V) X113 = X131 = X132 = X133 = 30.01, X151 = X352 = X153 = X211 = X212 = X213 =
X321 = X322 = X323 = 10, X333 = X343 = 6.14, X241 = X351 = X252 = X253 = X423 =
20, X247 = X243 = 33.88,x333 = 13.87, X351 = X352 = X353 = 60,X111 = X112 =
X121 = X122 = X123 = X141 = X142 = X143 = X221 = X222 = X223 = X231 = X232 =
X311 = X312 = X313 = X331 = X332 = X341 T X342 T X411 T X412 = X413 = X421 =
X422 = X431 = X432 = X433 = X441 = X442 = X443 = X451 = X452 = X453 = 0.

Step 5: Using the crisp efficient solutions, the fuzzy efficient solutions of the FIFULFpP (P2.7.1)
are

() (r111 %112, %113) = (0,0,0), (X121, %122, X123) = (0,0,0), (131, X132, X133) =
(40,40,40), (x141, X142, X143) = (0,0,0), (x151, X152, %153) = (0,10,10),
(x211, X212 X213) = (10,10,10), (X221, X222, X223) = (0,0,0), (x231, X232, X233) =
(0,0,0), (X241, X242, X243) = (30,30,30), (x251, X252, X253) = (0,20,20),
(X311, X312, X313) = (0,0,0), (x321, X322, X323) = (20,20,20), (331, X332, X333) =
(0,0,0), (x341, X342, %343) = (0,0,0), (x351, X352, X353) = (0,6,6), (X411, X412 X413) =
(0,20,20), (x421, X422, X423) = (0,0,0), (X431, X432, X433) = (0,0,0),
(X441, X442, X443) = (0,0,0), (x451, X452, X453) = (0,0,0).

(i) (111, %112, %113) = (0,0,0), (X121, %122, X123) = (0,0,0), (x131, X132, X133) =
(0,40,40), (x141, X142, X143) = (0,0,0), (x151, %152, X153) = (0,10,10),
(%211, X212, X213) = (5.54,10,10), (321, X222, X223) = (0,0,0), (x231, X232, X233) =
(0,0,0), (X241, X242, X243) = (0,30,30), (X251, X252, ¥253) = (0,20,20),
(x311, X312, X313) = (0,0,0), (X321, X322, ¥323) = (0,20,20), (x331, X332, X333) =

(0,0,0), (x341, X342, X343) = (0,0,0), (x351, X352, X353) = (0,60,60),
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(X411, X412, X413) = (0,20,20), (X421, X422, X423) = (0,0,0), (X431, X432, X433) =
(0,0,0), (x441, X442, X443) = (0,0,0), (X451, X452, X453) = (0,0,0).

(i) (x111, %112, %113) = (0,0,13.82), (121, X122, X123) = (0,0,0), (X131, X132, X133) =
(30,30,46.18), (x141, X142, X143) = (0,0,0), (x151, X152 ¥153) = (10,10,10),

(X211, X212, X213) = (10,10,26.18), (x321, X222, X223) = (0,0,0), (x331, X232, X233) =
(0,0,3.82), (X241, X242, X243) = (20,20,20), (X251, X252, X253) = (20,20,20),

(x311, %312, %313) = (0,0,0), (X321, X322, X323) = (10,10,10), (x331, X332, ¥333) =
(0,0,0), (x341, X342, X343) = (0,0,20), (x351, X352, X353) = (60,60,60),

(x411, X412, %413) = (0,0,0), (X421, X422, X423) = (0,0,20), (x431, X432, X433) =
(0,0,0), (x441, X442, %443) = (0,0,0), (451, X452, X453) = (0,0,0).

(iv) (3111 X112, %113) = (0,0,0), (X121, %122, X123) = (0,0,0), (x131, %132, X133) =
(30,30,50.001), (X141, X142, X143) = (0,0,10), (x151, X152, X153) = (10,10,10),
(X211, X212, X213) = (10,20.13,20.13), (X321, X222, X223) = (0,0,0),

(X231, X232, X233) = (0,0,0), (X241, X242, X243) = (20,20,29.86), (x351, X252, X253) =
(20,20,20), (x311, X312, X313) = (0,0,0), (X321, X322, X323) = (10,10,29.86),

(x331, X332, X333) = (0,0,0), (X341, X342, X343) = (0,0.136,0.136), (x351, X352, X353) =
(60,60,60), (x411, X412, X413) = (0,0,19.86), (X421, X422, X423) = (0,0,0.135),

(X431, X432, X433) = (0,0,0), (X441, X442, X443) = (0,0,0), (x451, X452, X453) = (0,0,0).

(V) (111 %112, %113) = (0,0,30.01), (x121, X122, X123) = (0,0,0), (X131, X132, X133) =
(30.01,30.01,30.01), (x141, X142, X143) = (0,0,0), (%151, X152, X153) =
(10,10,10), (x211, X212, X213) = (10,10,10), (X221, X222, X223) = (0,0,0),

(x2311 X232, x233) = (0;0;614‘), (x24-1' X242, x243) = (20,3388,3388),
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(X251, X252, X253) = (20,20,20), (X311, X312, X313) = (0,0,0), (X321, X322, X323) =
(10,10,10), (x331, %332, X333) = (0,0,13.87), (X341, X342, X343) = (0,0,6.14),
(X351, X352 X353) = (60,60,60), (X411, X412, X413) = (0,0,0), (X421, X422, X423) =
(0,0,20), (x431, X432, X433) = (0,0,0), (X441, X442, X443) = (0,0,0), (X451, X452, Xa53) =
(0,0,0).
Step 6: Using the fuzzy efficient solutions, the fuzzy optimal values of the FIFULFpP (P2.7.1) are
(i) (0.6447,0.6447,0.6447)
(i)  (0.1885,0.6447,2.982)
(iii) (0.2774,0.6724,2.1966)
(iv) (0.4139,0.6839,1.0572)
(v) (0.2773,0.6447,2.3334)
2.8  Conclusions
In this chapter,
(i) Itis shown that it is inappropriate to use the existing methods [9, 10, 45-50, 95, 110,
153, 154, 164] for solving unbalanced FIFULFtPs.

(i)  An efficient method (named as Mehar method) is proposed for solving FIFULFtPs.
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Chapter 3

Efficient Method for Solving Fuzzy Linear

Fractional Minimal Cost Flow Problemst

After reviewing the literature, it may be concluded that there does not exist any method except
Mahmoodirad et al.’s method [117] for solving FULFMICTPs. In this chapter,
() Itis pointed out that it is inappropriate to use the existing method [117].
(if) An efficient method is proposed for solving FULFMIiCfPs.
3.1 LFpP corresponding to a LFMIiCfP
An optimal solution of a linear minimal cost flow problem consisting of a non-empty set V of
vertices and a set E disjoint from V as the set of arcs, can be obtained by solving its equivalent
LpP (P3.1.1) [4].
LpP (P3.1.1)
Minimize (Z(i,j)EE cl-jxl-j)
Subject to
D jeEXij — RpeeXjii = b VI€E{12,..,m}
lij < xij < wy; Vv (i,j) €EE
where,

(i) The non-negative real number x;; represents the amount of flow on the arc (i, j).

! The contents of this chapter are published in “Journal of Intelligent & Fuzzy Systems 43 (2022) 1035-1051".
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(i)  The non-negative real number b; represents the difference between the amount sent

from vertex i and the amount received by this vertex.
(iii)  The positive real number c;; represents the cost for transporting one unit quantity of
the commaodity across the arc (i, j).

(iv)  The non-negative real number [;; represents the lower bound capacity of the arc
(i,j) EE.

(v)  The non-negative real number w;; represents the upper bound capacity of the arc
(i,j) €EE.

If it is assumed that the aim of a minimal cost flow problem is to minimize the efficiency of
some activity, e.g., cost of production per unit of produced goods, instead of determining the least
cost shipment of a commodity. Then, such a minimal cost flow problem is known as LFMIiCfP.

An optimal solution of a LFMICfP consisting of a non-empty set VV of vertices and a set E
disjoint from V as the set of arcs, can be obtained by solving its equivalent LFpP (P3.1.2) [170].
LFpP (P3.1.2)

Z(i,j)eECijxij+V>
X, jeE dijxij+B

Minimize (
Subject to
D jeEXij — RpeeXjii = b VIE€{12,..,m}
lij < xij < wy; V(i,j)EE
where,

(i) The positive real number d;; represents the profit for transporting one unit quantity of the

commodity across the arc (i, ).

(i) The non-negative real numbers y and £ are given constants.
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3.2 Mahmoodirad et al.’s method for solving FuLFMiCfPs

Mahmoodirad et al. [117] claimed that to find an optimal solution of FULFMICfPs (LFMIiCfP
in which each known arc cost is either represented by a TFuN or a TrFuN) is equivalent to find an
optimal solution of its equivalent FULFpP (P3.2.1). Hence, Mahmoodirad et al. [117] proposed
the following method to find an optimal solution of the FULFpP (P3.2.1).
FuLFpP (P3.2.1)

Z(i,j)eEfijxij+V>
Y(ijek dijxij+B

Minimize (
Subject to
YijeEXij — X(pneeXji = b VIi€{12,..,m}
Lj < xij < wy V(ijeEE
where,
()  The positive TFuN ¢&; = (cij1, ¢ija, €ij3) OF the positive TrFuN ¢&; = (cij1, €ijar Cijs) Cija)
represents the cost for transporting one unit quantity of the commodity across the arc (i, j).
(i) The positive TFuN d;; = (dijs,dijz,dij3) or the positive TrFuN d;; =
(dijl,dijz,dij3,dij4) represents the profit for transporting one unit quantity of the
commodity across the arc (i, j).

Step 1: Transform the FULFpP (P3.2.1) into its equivalent CrMpPs (P3.2.2) and (P3.2.3).

CrMpP (P3.2.2)

ZL = min [min Z(ifeE Uity
a L U YipeE dijxii+B
(cij) seip=(Cif), GDEE Tij i
L U
(Dij) sdij=(Dij) ,
v (i,j)€E
Subject to

Constraints of the FULFpP (P3.2.1).
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where,

(i) (Cij)z is the lower bound of the a —cut for the fuzzy number ¢;;.
(ii) (Cij)Z is the upper bound of the a —cut for the fuzzy number ¢;;.
(iii) (Dij)i is the lower bound of the a —cut for the fuzzy number d;;.

(iv) (Dij)z is the upper bound of the a —cut for the fuzzy number d;.

CrMpP (P3.2.3)

. L j)eE CijXij+
2= max | [min(ZUE0lUY)
(Cij)aSCijS(Cij)a Z(lr])eE le]+ﬁ
L U
(Dij) =dij=(Dij),
v (i.j)EE
Subject to

Constraints of the FULFpP (P3.2.1).
Step 2: Use the following steps to transform the CrMpP (P3.2.2) into its equivalent CrLpP.
Step 2a: Transform the CrMpP (P3.2.2) into its equivalent CrMpP (P3.2.4).

CrMpP (P3.2.4)

. X pekcijxijty
Zé:rmn(JﬂE_ﬂiL_
X, jeE dijxij+B

Subject to

Z(i,j)EE xl-j — Z(j,i)EE in = bi Vi€ {1,2, ,m}

lij le-jSuij V(l,j)EE
(D). <dy < (Dy), v (i,j) €E

Step 2b: Transform the CrMpP (P3.2.4) into its equivalent CrMpP (P3.2.5).

72



CrMpP (P3.2.5)

Zg = min (Z(i,j)eE ¢ijyij +vt)

Subject to

YipeeYij — 2peeYji = bit Vi€{1.2,..,m}

Yiperdijyi; Bt =1

Lt < yi; < wt v (i,j) €E
(Cy)l < ey = (Cy), V(i) €E
(Dy), < dy < (Dyy)., Vv (i,j) €E
t>0.

Step 2c: Transform the CrMpP (P3.2.5) into its equivalent CrMpP (P3.2.6).
CrMpP (P3.2.6)
Zg = min (Z(i,j)EE(Cij)ZYij + )/t)
Subject to
YajeeYij — 2peeYji = bit Vi€{1.2,..,m}

Y jee dijyij + pt =1

lijtSyl-j Suijt V(l,]) eEFE

L U ..
(D), < dyj < (D), V(iLj)€EE
t>0.

Step 2d: Transform the CrMpP (P3.2.6) into its equivalent CrLpP (P3.2.7).

CrLpP (P3.2.7)

ZL = min (Z(i,j)EE(Cij)z_,yij + yt)
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Subject to

YijeeYij — 2(peeYji = bit Vi€{1.2,..,m}
YjeePij Pt =1

lijt <y <yt vV (i,j) EE
(Dij)iyij < pij = (Dij)ZYij V(i,j)€EE

t>0.

Step 3: Use the following steps to transform the CrMpP (P3.2.3) into its equivalent CrLpP.

Step 3a:

Step 3b:

Transform the CrMpP (P3.2.3) into its equivalent CrMpP (P3.2.8).

CrMpP (P3.2.8)

zZU =  max [min (Z(i,j)eE CijYij TV t)]
(cij) =cij=(Cij),
(Dij)ZSdijs(Dij)Z
v (i,j)€E
Subject to

Y peeYij — XoeeYji = bit Vi€ {12,..,m}

Y jee dijyij + pt =1

lijtSyl-j Suijt V(l,]) eEFE
t> 0.
Transform the CrMpP (P3.2.8) into its equivalent CrMpP (P3.2.9).

CrMpP (P3.2.9)
ZY = maxp
Subject to
=T +dyp+s;;—nj<c; V(ij)€EE
21 (=bim) + Bp — X jyer LijSij + i jrer Wijnij <V
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(Cij)];, =cij < (Cij)z V(i,j)EE
(Dij)i <d; = (Dij)z V(ij)€E
Sij,nij >0V (l,]) EE

m;, p is unrestricted Vi € {1,2, ..., m}

Step 3c: Transform the CrMpP (P3.2.9) into its equivalent CrMpP (P3.2.10).

Step 3d:

CrMpP (P3.2.10)
ZJ = maxp
Subject to
u ..
7Ti—7Tj+dijp+Sij—nl’j < (Cij)a V(l,_]) eEFE
2% (b)) + B — X jye LijSij + X jer Uinij <V
L U ..
(D), < dij < (Dyy), V(ij)EE
Sij,nij =0V (l,]) EFE
p > 0,m; isunrestricted Vi € {1,2, ..., m}
Transform the CrMpP (P3.2.10) into its equivalent CrLpP (P3.2.11).
CrLpP (P3.2.11)
ZY = maxp
Subject to
U .
7Ti—7Tj+Wij+Sij—nij < (Cij)a V(l,]) eEFE
Li(=bimy) + Bp — Xijyer lijSij + Xijjer ijnij <V
L U ..
(D) p < wy < (Dyy) P V(ij)€E

Sij,nl'j >0V (l,]) EE
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p > 0,m; isunrestricted Vi € {1,2, ..., m}
Step 4: Find an optimal solution {(xif)a=o} and the corresponding optimal value (Z4_,) of the
CrLpP (P3.2.7).
Step 5: Find an optimal solution {(xif)a=1} and the corresponding optimal value (Z5-,) of the
CrLpP (P3.2.7).
Step 6: Find an optimal solution {(xif)a=o} and the corresponding optimal value (ZY_,) of the
CrLpP (P3.2.11).
Step 7: Find an optimal solution {(xif)a=1} and the corresponding optimal value (ZZ-,) of the
CrLpP (P3.2.11).
Step 8: Using the optimal values, obtained in Step 4 to Step 7, the obtained fuzzy optimal value is
(Za=0:Zg=1,Zg=1,Zg=0)-
3.3 Inappropriateness of Mahmoodirad et al.’s method
It is pertinent to mention that as Liu’s method [110], discussed in Section 2.4.1.1, and
Mahmoodirad et al.’s method [117] are exactly same. Therefore, it can be easily concluded that
the mathematical incorrect results considered in Liu’s method [110], pointed out in Section 2.4.2.1,
are also considered by Mahmoodirad et al. [117]. Hence, it is inappropriate to use Mahmoodirad
et al.’s method [117].
3.4 Proposed Mehar method for solving FULFMICfPs
In this section, with the help of the proposed Mehar method for solving FIFULFtPs, a new

method (named as Mehar method) is proposed for solving FULFMIiCfPs.

The steps of the proposed Mehar method are as follows.
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Step 1: Write the FULFpP (P3.4.1) corresponding to the FULFMICfP (P3.2.1), in which each
known arc cost is represented by a TrFuN.

FULFpP (P3.4.1)

Y jee(CijiCijzCijaicija)Xij+y )
Y ee(dijidijz.dijz.dija)Xij+B

Minimize(
Subject to
2(ijeEXy — LGpeeXi = b Vi€{12,..,m}
lij < xij < wyj vV (i,j) EE

Step 2: Using Definition 2.1.26 and Definition 2.1.19, transform the FULFpP (P3.4.1) into its
equivalent FULFpP (P3.4.2).

FULFpP (P3.4.2)

(Z(ijyeE CijaXij+V,X (i )eE Cij2Xij+ V.2 (i j)eE CijaXij+V X (i, j)eE CijaXij+V) )
(i jee dijaXij+BX (i jyeE Dij2Xij+B.X (i j)eE dijz Xij+B.X (i jyeE dijaXij+B)

Minimize (
Subject to
Constraints of the FULFpP (P3.4.1).

Step 3: Using Definition 2.1.30, transform the FULFpP (P3.4.2) into its equivalent CrMoLFpP
(P3.4.3).
CrMoLFpP (P3.4.3)

s (i j)eE Cij1XijtY
Mlnlmlze( CRef Ll

(i j)eE ijaXij+h

s (i, j)eE Cij2XijtY
Minimize | 2&LSE"U27Y

(i j)eE AijzXij+h

X(i,j)eE CijaXijtV

(i j)eE ij2Xij+B

2i(i,j)€E CijaXijtVY

Minimize
(i jeE dij1Xij+B

(Semam
Minimize (
Cersines
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Subject to

Constraints of the FULFpP (P3.4.1).

Step 4: Using the lexicographic approach [18], find all the efficient solutions {xij} of the
CrMoLFpP (P3.4.3).

Step 5: Using the obtained efficient solutions {x;;}, find the fuzzy optimal value of the FuLFpP

m n
Yi=1 2j=1(Cijl‘Cijzﬂcij3ﬂcij4)xij+]/
m n "
Yitq 2j=1(dij1'dij2'dij3'dij4)xij+ﬁ

(P3.4.1) ie.,

3.5 Correct fuzzy optimal solutions of an existing FULFMICTP

Mahmoodirad et al. [117] solved the FULFMICTP (represented by Fig. 3.1, Table 3.1 and
Table 3.2) to illustrate their proposed method. However, as discussed in Section 3.3, that
Mahmoodirad et al.’s method [117] is not valid. Therefore, the optimal solutions of this network
flow problem, obtained by Mahmoodirad et al. [117], are also not valid. In this section, correct

fuzzy optimal solutions of the same problem are obtained by the proposed Mehar method.

Fig. 3.1 [117] Graph of FULFMIiCfP
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Table 3.1 [117] Fuzzy costs, fuzzy profit and crisp capacities of network arcs

Arcindex Tailnode Head node Arc fuzzy cost (c;;) Arc fuzzy profit (d;;) Lower bound  Upper bound
1 1 2 (80,10,150,182)  (30,40,50,80) 155 450
2 1 3 (242,250,300,320) (20,25,35,40) 160 600
3 1 4 (21,25,75,91) (10,20,30,40) 20 55
4 2 3 (137,150,200,225) (18,22,34,46) 45 470
5 2 5 (90,100,400,434)  (12,13,14,17) 105 125
6 2 6 (155,180,220,265) (30,40,50,80) 70 800
7 3 4 (105,125,225,261) (20,25,35,40) 0 450
8 3 5 (95,100,200,225)  (30,40,50,80) 0 250
9 3 6 (98,110,240,260)  (30,45,55,80) 0 125
10 3 7 (270,300,400,470) (28,42,74,96) 0 725
11 4 6 (78,120,280,310) (10,20,30,40) 105 625
12 4 7 (140,150,200,222) (10,20,30,40) 20 100
13 5 6 (0,0,0,0) (10,12,13,14) 0 100
14 5 8 (166,200,400,410) (50,55,65,70) 0 135
15 5 9 (105,125,225,265) (10,20,30,40) 0 625
16 6 7 (195,215,235,267) (20,25,35,40) 15 175
17 6 8 (140,150,250,272) (72,74,80,85) 70 160
18 6 9 (82,100,300,330)  (20,24,32,38) 80 190
19 6 10 (65,75,125,147)  (15,20,25,31) 30 750
20 7 9 (19,25,75,93) (20,23,29,34) 0 230
21 7 10  (30,50,150,182)  (40,46,49,56) 0 220
22 8 9 (115,125,175,197) (55,62,63,68) 30 110
23 8 11 (93,115,185,195) (20,29,35,39) 25 120
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24 8 12 (7,25,75,85) (14,18,26,29) 0 215
25 9 10  (78,110,190,206) (22,24,30,32) 5 200
26 9 11 (155,185,215,237) (55,64,70,72) 40 140
27 9 12 (305,325,475,515) (50,58,63,68) 80 190
28 9 13 (65,75,125,147)  (55,62,69,78) 5 340
29 10 12 (130,150,250,290) (51,62,63,88) 0 165
30 10 13 (90,100,200,222) (70,80,85,89) 0 220
31 11 12 (43,55,125,145)  (80,90,100,120) 15 340
32 11 14  (255,275,325,335) (50,60,70,80) 0 110
33 12 13 (78,100,150,160) (62,82,102,122) 25 215
34 12 14  (88,100,150,160)  (100,120,140,150) 20 135
35 13 14 (190,200,300,350) (25,45,65,90) 0 265
Table 3.2 [117] Given capacities for the vertices of the graph
by b, b3 by bs bg b; bg by  byg by b1z b1z by
350 100 -50 50 —-50 100 —200 50 200 100 50 0 —100 —-400

Step 1: According to Step 1 of the proposed Mehar method, the fuzzy optimal solution of the

FULFMIC{P can be obtained by solving its equivalent FuLFpP (P3.5.1).

FuLFpP (P3.5.1)

Minimize (%)
Subject to

X13 + X13 + X914 = 350,

X3 + Xo5 + Xo6 — X1, = 100,
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—X13 — X3 + X34 + X35 + X36 + x37 = =50,
X46 T X47 — X14 — X34 = 50,

—Xg5 — X35 + X56 + X58 + X590 = —50,

Xe7 + X6 T X69 + X610 — X26 — X36 — X46 — X56 = 100,
—X37 — X47 — X7 T X79 + X710 = —200,

Xgo + Xg11 T Xg12 — Xs58 — Xeg = 50,

X910 t X911 + X912 + X913 — X59 — X69 — X79 — Xgg = 200,
—Xe610 — X710 — X910 + X1012 + X1013 = —100,

X1112 + X1114 — Xg11 — X911 = 50,

X1213 + X1214 — Xg12 — X912 — X1012 — X¥1112 = 0,

—X913 — X1013 — X1213 T X1314 = —100,

—X1114 — X1214 — X1314 = —400,

155 < x;, <450, 160 < x;53 < 600,
20 < x4 <550, 45 < x,3 <470,

105 < Xo5 < 125, 70 < X6 < 800,

0 < x34 < 450,

0 < x34 < 125,
105 < x4 < 625,
0 < x5 < 100,

0 < x50 < 625,
70 < x5 < 160,
30 < x410 < 750,

0 < x740 < 220,

0 < x35 < 250,
0 < x5, < 725,
20 < x,, < 100,
0 < x5 < 135,
15 < x4, < 175,
80 < x40 < 190,
0 < x,9 < 230,

30 < xgo < 110,
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25 < Xg11 < 120, 0< Xg12 < 215,

5 < x919 < 200, 40 < xq911 < 140,
80 < x91, < 190, 5 < x93 < 340,
0 < xq0912 < 165, 0 < xq1913 < 220,
15 < x4112 < 340, 0 < xq114 < 110,

25 < Xyp93 <215, 20 < xq594 < 135,

0 < xq314 < 265.

where,

it = (80,100,150,182)x;, + (242,250,300,320)x,5 + (21,25,75,91)x,, +
(137,150,200,225)x,5 + (90,100,400,434)x,5 + (155,180,220,265)x,, +
(105,125,225,261)x3, + (95,100,200,225)x35 + (98,110,240,260)x5, +
(270,300,400,470)x3, + (78,120,280,310)x,¢ + (140,150,200,222)x,, +
(0,0,0,0)x5¢ + (166,200,400,410)x55 + (105,125,225,265) x50 +
(195,215,235,267) x4, + (140,150,250,272) x5 + (82,100,300,330)x,q +
(65,75,125,147) x40 + (19,25,75,93)x,9 + (30,50,150,182)x,,, +
(115,125,175,197)xgy + (93,115,185,195)x5,1 + (7,25,75,85)xg1, +
(78,110,190,206) x4, + (155,185,215,237)x91; + (305,325,475,515)x9;, +
(65,75,125,147)x9;5 + (130,150,250,290)x;01, + (90,100,200,222)x;013 +
(43,55,125,145)x411, + (255,275,325,335)x1114 + (78,100,150,160)x;,15 +
(88,100,200,224)x;,14 + (190,200,300,350)x;314

¥ = (30,40,50,80)x;, + (20,25,35,40)x;5 + (10,20,30,40)x,,4 + (18,22,34,46)x,3 +
(12,13,14,17)x,5 + (30,40,50,80)x,¢ + (20,25,35,40)x3,4 + (30,40,50,80)x35 +

(30,45,55,80) x5 + (28,42,74,96)x3, + (10,20,30,40)x, + (10,20,30,40)x,, +
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(10,12,13,14) x5 + (50,55,65,70)xs5 + (10,20,30,40)x59 + (20,25,35,40)x4, +
(72,74,80,85)x¢g + (20,24,32,38) x40 + (15,20,25,31)x610 + (20,23,29,34) x5 +
(40,46,49,56)x710 + (55,62,63,68)xge + (20,29,35,39)xg,, + (14,18,26,29)xg1, +
(22,24,30,32)x910 + (55,64,70,72)x911 + (50,58,63,68)x91, + (55,62,69,78)xq;3 +
(51,62,63,88)x1012 + (70,80,85,89)x;013 + (80,90,100,120)x,4,, +
(50,60,70,80)x;114 + (62,82,102,122)x;513 + (100,120,140,150) %1514 +
(25,45,65,90)x;314

Step 2: According to Step 2 of the proposed Mehar method, the FuLFpP (P3.5.1) can be
transformed into its equivalent FULFpP (P3.5.2).

FULFpP (P3.5.2)

(u1,uz,u3,u4))
(v1,v2,v3,04)

Minimize (
Subject to
Constraints of the FULFpP (P3.5.1)

where,

u, = 80xy, + 242x13 + 21x14 + 137x,3 + 90x,5 + 155x,6 + 105x34 + 95x35 +
98x3¢ + 270x37; + 78x46 + 140x47; + 166x55 + 105x59 + 195x¢4, + 140x5 +

82xg9 + 65x619 + 19x79 + 30x719 + 115xg9 + 93xg11 + 7xg12 + 78%x919 + 155x9;1 +
305x91; + 65x913 + 130x1912 + 90x4913 + 43x1112 + 255%x1114 + 78x1513 +

88x1214 + 190x1314,

u, = 100x;, + 250x,3 + 25x74 + 150x,3 + 100x,5 + 180x,6 + 125x3, + 100x35 +

110x34 + 300x3; + 120x46 + 150x4; + 200x5g + 125x59 + 215x4; + 150x4g +
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185x911 + 325x915 + 75x913 + 150x1912 + 100x1913 + 55%1112 + 275x1114 +
100x1213 + 100x1214 + 20024314,

uz = 150x;, + 300x;3 + 75x14 + 200x,5 + 400x,5 + 220x,6 + 225x3, + 200x35 +
240x36 + 400x3, + 280x,6 + 200x,,; + 400x55 + 225x59 + 235x47 + 250x4g +
300xg9 + 125x419 + 75Xx79 + 150x519 + 175xg9 + 185xg,1 + 75xg15 + 190x9;o +
215x911 + 475%915 + 125x913 + 250x1912 + 200x1913 + 125%17112 + 325%1114 +
150x;1513 + 2001514 + 300x;314,

u, = 182x1, + 320x3 + 91xy4 + 225x,5 + 434x,5 + 265x, + 261x3, + 225x535 +
260x36 + 470x3, + 310x, + 222x,47 + 410x55 + 265x59 + 267x67 + 272x6g +
330x49 + 147xg10 + 93x79 + 182x519 + 197xg9 + 195xg,1 + 85x51, + 206x97o +
237x911 + 515x915 + 147x913 + 290x1012 + 222x41913 + 145x1112 + 335x1114 +
160x1513 + 224x1514 + 3504314,

vy = 30xq, + 20x43 + 10x14 + 18x535 + 12x,5 + 30x,6 + 20x34 + 30x35 + 30x34 +
28x37 + 10x46 + 10x47 + 10x56 + 50x55 + 10x59 + 20x¢47 + 72x4g + 20x49 +
15x610 + 20x79 + 40x519 + 55xg9 + 20xg11 + 14xg1, + 22X919 + 55X911 + 50x91, +
55x913 + 51x1912 + 70x1913 + 80x1112 + 50x1114 + 62x1513 + 100x1514 + 25%1314,
v, = 40x4, + 25x13 + 20x14 + 22x53 + 13x55 + 40x,4 + 25x34 + 40x35 + 45x34 +
42x35 + 20x4¢ + 20x47 + 12x56 + 55x5g + 20x59 + 25x67 + 74x6g + 24X +
20xg109 + 23x79 + 46Xx719 + 62xg9 + 29xg11 + 18xg1, + 24Xx919 + 64x911 + 58x91, +
62x913 + 62x1912 + 80x1913 + 90x1112 + 60x1114 + 82x1313 + 120x1514 + 45%1314,
v3 = 50x4, + 35x13 + 30x14 + 34x,3 + 14x,5 + 50x,4 + 35x34 + 50x35 + 55x34 +
74x37 + 30x46 + 30x47 + 13x54 + 65x55 + 30x59 + 35x47 + 80xgg + 32x49 +
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69x913 + 63x1012 + 85x1913 + 100x1115 + 70x1114 + 102x4513 + 140x4544 +
65X1314,
v, = 80x,, +40x,3 +40x14 + 46x,35 + 17x,5 + 80x,¢ + 40x34 + 80x35 + 80x34 +
96x37 + 40x4¢ + 40x47; + 14x56 + 70x55 + 40x59 + 40x67 + 85x65 + 38x49 +
31xg10 + 34x79 + 56x719 + 68xg9 + 39xg11 + 29xg12 + 32X919 + 72Xx911 + 68x915 +
78x913 + 88x1912 + 89x1913 + 120x1115 + 80x1114 + 122x4513 + 150x4544 +
90x1314-

Step 3: According to Step 3 of the proposed Mehar method, the FuLFpP (P3.5.2) can be
transformed into its equivalent CrMoLFpP (P3.5.3).

CrMoLFpP (P3.5.3)

.. . u
Minimize (—1)

Vs

Minimize

()
Minimize (E)
Minimize( )
Subject to
Constraints of the FULFpP (P3.5.1).
Step 4: According to Step 4 of the proposed Mehar method, there is a need to apply lexicographic
approach [18] to solve the CrMoLFpP (P3.5.3).
Using the lexicographic approach [18], the obtained crisp efficient solutions are
() x4, =155,x,53 = 160,x,4 = 35,x,3 = 45,x,5 = 105,x,¢ = 105, x5, = 45,x35 =
45,x36 = 65,x37 = 0,x46 = 105,x,7; = 25,x5 = 100,x55 = 0,x59 = 0, Xx¢7 =

175,x68 = 140,x69 = 80,x610 = 80,x79 = 0,x710 = 0,x89 = 110,x811 =
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80,xg12 = 0,%919 = 20,x917 = 140,X91, = 80,X913 = 150, %1012 = 0,X1013 =
0,x1112 = 270, %1114 = 0,X1213 = 215,X1314 = 135,%1314 = 265.

(i) x4, =155,x153 = 160,x14 = 35,%x53 = 71,x55 = 105,x5¢ = 79,x3, = 45,x35 =
45,x36 = 91,x37 = 0,x46 = 105,x,47 = 25,x5 = 100,x55 = 0, Xx59 = 0,%x47 =
175,x65 = 140,x69 = 80,x610 = 80,Xx79 = 0,X719 = 0,x59 = 110,xg,; =
80,xg12 = 0,%9190 = 20,x917 = 140,x91, = 80, X913 = 150, %1912 = 0,X1013 =
0,x1112 = 270,%1114 = 0,X1213 = 215,%1214 = 135,x3314 = 265.

(iii)  xq5 = 155,x,53 = 160,x,4 = 35,x,3 = 45,x,5 = 105,x,¢ = 105, x5, = 40,x35 =
45,x36 = 65,x37 = 5,x46 = 105,x,47 = 20,x5 = 100,x55 = 0, Xx59 = 0, %47 =
175,x65 = 159,x69 = 80,x619 = 61,X79 = 0,X719 = 0,x59 = 110,x5,; =
99,x812 = 0,Xx910 = 39, X911 = 140,Xx91; = 80, X913 = 131, x1012 = 0,X1013 =
0,%1112 = 270,X%1112 = 19,x1213 = 215,x1514 = 135, %1314 = 246.

(iv) x4, =155,x,53 = 160,x,4 = 35,x,3 = 45,x,5 = 105,x,¢ = 105, x5, = 40,x35 =
45,x3¢6 = 65,x37 = 5,x46 = 105,x,7; = 20,x55 = 100,x55 = 0,x59 = 0, X7 =
175, x5 = 134, x40 = 80,x4190 = 86,x79 = 0,Xx719 = 0,x59 = 104, x5,1 =
80,xg12 = 0,%910 = 14, X911 = 140,%91, = 80,X913 = 150,%1012 = 0, %1013 =
0,%1112 = 270,%1114 = 0,X1213 = 215,X1314 = 135,x1314 = 265.

(v) x4, =155,x,53 =160,x,4 = 35,x,3 = 80,x,c = 105,x,¢ = 70, x5, = 45,x35 =
45,x36 = 100,x37, = 0,x46 = 105,x47 = 25,x55 = 100,x55 = 0,X59 = 0,x47 =
175,x¢5 = 160,x459 = 80,x419 = 60,x79 = 0,Xx719 = 0,x59 = 80,xg511 =
120, xg1, = 10,%9190 = 40,X917 = 90,X912 = 80,X913 = 150,%1012 = 0, X1013 =

O, x1112 = 260, x1114 = 0, x1213 = 215,x1214 = 135,x1314 = 265.
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(vi) x;5, =155,x153 =160,x,, = 35,x53 = 67,x,5 = 105,x,, = 83, x5, = 45,x35 =
45,x36 = 87,x37 = 0,x46 = 105,x47 = 25,x5 = 100,x55 = 0, x59 = 0,x4, =
175,x65 = 160,x49 = 80,x419 = 60,Xx79 = 0,X719 = 0,xg9 = 90, %511 =
120,xg12 = 0,x9109 = 40,X91; = 100, X91, = 80,X913 = 150,x1912 = 0,Xx1013 =
0,x1112 = 270,x1114 = 0,X1213 = 215,%114 = 135,%x1314 = 265.

(vil) x5, = 155,x153 = 160,x14 = 35,%53 = 73,x55 = 105,x,¢ = 77,x3, = 45,%35 =
45,x36 = 93,x37 = 0,x46 = 105,x,47 = 25,x5 = 100,x55 = 0, Xx59 = 0, %47 =
175,x¢5 = 160, %69 = 80,%x519 = 60,%X79 = 0,X719 = 0,Xg9 = 90,xg1; =
120, xg12 = 0,x910 = 40, X917 = 100,X91, = 80, X913 = 150, %1012 = 0, %1013 =
0,x1112 = 270,%1114 = 0,X1213 = 215,%1214 = 135,x314 = 265.

(viil) x5, = 155,x,53 = 160,x,4 = 35,x,3 = 45,x,5 = 105,x,¢ = 105, x5, = 40,x35 =
45,x3¢6 = 65,x37 = 5,x46 = 105,x,7; = 20, x5 = 100,x55 = 0,x59 = 0, Xx¢7 =
175, x5 = 160,x459 = 80,x419 = 60,x79 = 0,X719 = 0,x59 = 110,x5;1 =
100, xg12 = 0,x919 = 40,%911 = 128,x91, = 80,X913 = 142,X1012 = 0, %1013 =
0,%1112 = 270,X1114 = 8,X1213 = 215,X1314 = 135,x1314 = 257,

(iX)  xy5, = 155,x,53 = 160,x,4 = 35,x,3 = 45,x,5 = 105,x,¢ = 105, x5, = 40,x35 =
45,x3¢6 = 65,x37 = 5,x46 = 105,x,47; = 20, x5 = 100,x55 = 0,x59 = 0, x4, =
175,x¢5 = 125,x49 = 80, X410 = 95,X79 = 0,X719 = 0,xg59 = 83,xg511 =
92,xg12 = 0,X910 = 5,%911 = 128, X915 = 80,%913 = 150,x1012 = 0,X1013 =
0,%1112 = 270,x1114 = 0,X1213 = 215,X1314 = 135,x1314 = 265.

(X) x4, =155,x,53 = 160,x,4 = 35,x,3 = 45,x,5 = 105,x,¢ = 105, x5, = 40,x35 =
45,x36 = 65,x37 = 5,x46 = 105,x,7; = 20, x5 = 100,x55 = 0,x59 = 0, Xx¢7 =

175,x68 = 150,x69 = 80,x610 = 70,x79 = 0,x710 = 0,x89 = 110,x811 =
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90, xg12 = 0,%910 = 30,X91; = 140,%91, = 80,%913 = 140, %1012 = 0, %1013 =
0,%1112 = 270,x1114 = 10,x1513 = 215,x7574 = 135,x,314 = 255.

(Xi)  xq5, = 155,x153 = 160,x14 = 35,%53 = 73,x55 = 105,x,¢ = 76,x3, = 45,x35 =
45,x36 = 93,x37 = 0,x46 = 105,x,47 = 25,x5 = 100,x55 = 0, Xx59 = 0, %47 =
175,x65 = 160, x49 = 80,x419 = 60,Xx79 = 0,X719 = 0,xg9 = 90, %511 =
120, xg12 = 0,x910 = 40, X917 = 100,X91, = 80, X953 = 150,%1012 = 0, X1013 =
0,x1112 = 270,%1114 = 0,X1213 = 215,%1214 = 135,x3314 = 265.

(xil) x4, = 155,x753 = 160,x74 = 35,x,3 = 80,x,5 = 105,x,4 = 70,x3, = 45,x35 =
45,x36 = 100,x37 = 0,x46 = 105,x47 = 25,x55 = 100,x55 = 0,Xx59 = 0, %47 =
175,x65 = 160, x69 = 80,x419 = 60,Xx79 = 0,X719 = 0,xg9 = 35,xg11 =
120,xg12 = 55,%919 = 40,X91; = 45,x912 = 80,X913 = 150,x1912 = 0,X1013 =
0,%1112 = 215,%1114 = 0,X1213 = 215,X1214 = 135,x1314 = 265.

(xiii) x5, = 155,x,53 = 160,x,4 = 35,x,3 = 45,x,5 = 105,x,¢ = 105, x5, = 40,x35 =
45,x3¢6 = 65,x37 = 5,x46 = 105,x,7; = 20,x55 = 100,x55 = 0,x59 = 0, X7 =
175, x5 = 160,x459 = 80,x419 = 60,x79 = 0,Xx719 = 0,x59 = 106,x5;; =
104, xg12 = 0, X910 = 40,%91; = 116,x915 = 80,%913 = 150,x1912 = 0,X1013 =
0,%1112 = 270,%1114 = 0,X1213 = 215,X1314 = 135,x1314 = 265.

(xiv) x5, = 155,x,53 = 160,x,4 = 35,x,3 = 45,x,5 = 105,x,¢ = 105, x5, = 40,x35 =
45,x36 = 65,x37 = 5,x46 = 105,x,7; = 20, x5 = 100,x55 = 0,x59 = 0, Xx¢47 =
175,x65 = 125,x49 = 80, X410 = 95,X79 = 0,X71¢9 = 0,xg9 = 94, X511 =
81,xg12 = 0,%910 = 5, X911 = 139,X912 = 80,%913 = 150, %1912 = 0, %1013 =

O, x1112 = 270, x1114 = 0, x1213 = 215,x1214 = 135,x1314 = 265.
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(xv)

(xvi)

(xvii)

X1, = 155,x;3 = 160,x,4 = 35,x553 = 45,x,c = 105,x,5 = 105,x3, = 40,x35 =
45,x36 = 65,x37 = 5,x46 = 105,x,47 = 20,x5 = 100,x55 = 0, x59 = 0, x4, =
175,x65 = 130,x69 = 80,Xx610 = 90,Xx79 = 0,X719 = 0,x59 = 100,xg,; =
80,xg12 = 0,%919 = 10,x917 = 140,x91, = 80, X913 = 150, %1012 = 0,X1013 =
0,x1112 = 270,%1114 = 0,Xx1213 = 215,%1214 = 135,x3314 = 265.

X1 = 155,x13 = 160,x14 = 35,x53 = 45,x,5 = 105,x,5 = 105,x3, = 45,x35 =
45,x36 = 65,x37 = 0,x46 = 105,x,47 = 25,x5 = 100,x55 = 0, x59 = 0, %47 =
175,x¢5 = 149,x69 = 80,%X5190 = 71,%X79 = 0,X719 = 0,Xg9 = 79,xg11 =
120,xg12 = 0, X910 = 29,X911 = 100, x93, = 80,X913 = 150,x1912 = 0,X1013 =
0,x1112 = 270,%1114 = 0,X1213 = 215,%1214 = 135,x314 = 265.

X1 = 155,x13 = 160,x14 = 35,x53 = 45,x,5 = 105,x,¢ = 105,x3, = 45,x35 =
45,x36 = 65,x37 = 0,x46 = 105,x,7; = 25,x55 = 100,x55 = 0,X59 = 0, X7 =
175,x¢5 = 127,x59 = 80, X610 = 93,X79 = 0,%X719 = 0,xg9 = 57,xg11 =
120,xg12 = 0,x910 = 7,%911 = 100,X91, = 80,x913 = 150, %1912 = 0,X1013 =

0,%1112 = 270,x1114 = 0,X1313 = 215,x1214 = 135,X3314 = 265.

Step 5: Using the crisp efficient solutions, the fuzzy optimal values of the FuLFpP (P3.5.1) are

(i)
(i)
(iii)
(iv)
(V)
(vi)

(1.59989,2.19416,4.22094,5.86549)
(1.60066,2.19335,4.23949,5.89031)
(1.62685,2.21313,3.78379,5.85903)
(1.59927,2.12159,4.22464,5.87849)
(1.60305,2.20242,4.31577,6)

(1.63354,2.19633,4.06151,6.05462)

(vii)  (1.59987,2.19613,4.28278,5.94617)
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(viii) (1.60713,2.20259,4.23675,5.85609)
(ix)  (1.59747,2.19696,4.24794,5.90112)
(x) (1.60853,2.14845,4.23041,5.86204)
(xi)  (1.59974,2.19574,4.04527,5.40142)
(xii)  (1.60155,2.23370,4.45201,6.23112)
(xiii) (1.60016,2.19535,4.38487,5.20228)
(xiv) (1.59828,2.19569,4.37985,5.20228)
(xv) (1.59886,2.19515,4.22741,5.25513)
(xvi) (1.59918,2.12588,4.26662,5.21362)
(xvii) (1.59690,2.12647,4.28766,5.24240)
3.6 Conclusions
In this chapter,
() It is shown that it is inappropriate to use the existing method [117] for solving
FULFMICftPs.

(i)  An efficient method (named as Mehar method) is proposed for solving FULFMIiCfPs.
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Chapter 4

Efficient Method for Solving Pythagorean Fuzzy

Transportation Problems!

In this chapter, it is pointed out that some mathematical incorrect results are considered in all
the existing methods [102, 127, 163] for solving PyFuTpS (transportation problems in which the
transportation cost for supplying one unit quantity of the product from a source to a destination is
represented by a PyFuN. While, all other parameters are represented by a non-negative real
number). Therefore, it is inappropriate to use any of the existing methods [102, 127, 163] for
solving PyFuTpS. Also, a new method (named as Mehar method) is proposed for solving
PyFuTpS. Finally, the proposed Mehar method is illustrated with the help of a numerical example.

4.1 Preliminaries

In this section, some basic definitions are discussed.
Definition 4.1.1 [13] Let X be a universal set. Then, the set A = {{x, uz(x), vz(x)); x € X} is said
to be an intuitionistic fuzzy number defined over the universal set X, where
() wuz:X-101] and vz: X — [0,1] are said to be the membership function and non-
membership function respectively.
(i) The values uz(x) and v;(x) are called the degree of membership and degree of non-

membership for x € A respectively.

! The contents of this chapter are communicated in “International Journal of System Assurance Engineering and
Management” for publication.

91



(iii) The values uz(x) and v;(x) satisfy the condition 0 < pz(x) + vz(x) < 1.
An intuitionistic fuzzy number A = {(x, uz(x), vz(x)); x € X}isalso represented as 4 = (uz, vz).
Definition 4.1.2 [172] Let X be a universal set. Then, the set A = {(x, uz(x),vz(x)); x € X} is
said to be a PyFuN defined over the universal set X, where
(i) wuz:X-101] and v;z: X = [0,1] are said to be the membership function and non-
membership function respectively.
(ii) The values uz(x) and vz(x) are called the degree of membership and degree of non-

membership for x € A respectively.
(iii) The values puz(x) and vz (x) satisfy the condition 0 < (ug(x))z + (VA“(x))Z <1.
APyFUN A = {(x, uz(x),v5(x)); x € X} is also represented as A = (uz, vz).

4.2 Existing arithmetic operations of PyFuNs

In the existing methods [102, 127, 163], the following arithmetic operations of PyFuNs are

used.

Let Ay = (x4 ua, va, )i k = 1,2, ..., m, be PyFuNs where, 0 < pz, (x),vz,(x) <1V k,0 <

(,ugk(x))2 + (vgk(x))z <1Vkandp > 0. Then,

() A+ Ay + -+ A, = <z;n=1xk;\/1 ~I0 (1 - (1a)’). ;{nzl(vgk)> (4.2.1)

(ii) pAy = (\/1 ~(1- (ygk)z)p,(%)p> (4.2.2)

4.3 Existing methods for comparing PyFuNs

In this section, the methods for comparing PyFuNs, used in the existing methods [102, 127,

163], are discussed.
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4.3.1 First existing comparing method

Kumar et al. [102] have used the following method for comparing two PyFuNs A4; =
(1a, va,)and A, = (14, va,).
Step 1: Check that S(4;) > S(4;) or S(4;) < S(4;) or S(4,) = S(4;), where
S(A) =35 (1= (1a)” = (va)") sk = 1,2 (4.3.1.1)
Case (a) If S(4;) > S(4,), then 4, > 4,.
Case (b) If S(4,) < S(4,), then 4, < 4.
Case (c) If S(4;) = S(4;). Then, go to Step 2.
Step 2: Check that H(4,) > H(A;) or H(4;) < H(A,) or H(4,) = H(4,), where
H(A) = (ua)" + (v3) "k = 1,2 (4.3.1.2)
Case (a) If H(4;) > H(4,), then 4; > 4,.
Case (b) If H(4,) < H(4,), then 4, < 4,.
Case (c) If H(4,) = H(4;), then 4, = 4,.

4.3.2 Second existing comparing method

Umamageswari and Uthra [163] have used the following method for comparing two
PYFuNs A; = (uz,,vz,) and 4, = (uz,, vz,)-
Check that S(4,) > S(4,) or S(4,) < S(4,) or S(4;) = S(4,), where
S(Ax) =3 ((uz)" + (vg,)*) sk =12 (4.3.2.1)
Case (a) If S(4;) > S(4,), then 4; > 4,.
Case (b) If S(4,) < S(4,), then 4, < 4.

Case (c) If S(4,) = S(4,), then 4, = 4,.
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4.3.3 Third existing comparing method

Nagar et al. [127] have used the following method for comparing two PyFuNs A4; =

(‘ngl, UA1) and AZ = (,UAZ, UAZ).

Step 1: Check that S(4;) > S(4;) or S(4;) < S(4;) or S(4,) = S(4;), where

Wiy e

Case (a) If S(4;) > S(4,), then 4, > 4,.

Case (b) If S(4,) < S(4,), then 4, < 4.
Case (c) If S(4;) = S(A4,). Then, go to Step 2.

Step 2: Check that (4, ) > n(4,) or n(4,) < n(4,) or n(4,) = n(4;), where

w(A) = J1- (13,)° — (03,5 = 12

Case (a) If =(4;) > n(4,), then 4, > 4,.
Case (b) If n(4;) < n(4;), then 4; < 4.
Case (c) If 7(4,) = n(4,), then 4; = 4,.

4.4 Existing methods for solving PyFuTpS

(4.3.3.1)

(4.33.2)

In this section, the existing methods [102, 127, 163] for solving the PyFuTp (represented by

Table 4.1) are discussed.
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Table 4.1 PyFuTp

D, D, D, Availability
Sy (¢; M11,v11) (¢ 12, V12) | oo | (€5 Py V1n) a,
S (c; 21, V21) (C; 22, V22) | oo | (€ U, Van) a,
Sm (C; Hm1, vml) (C; Hm2, Umz) (C; Umn, vmn) am
Demand b, b, b,

where,
(i)
(ii)
(iii)
(iv)

(V)
(vi)
(vii)
(viii)
(ix)

m represents the number of sources.

n represents the number of destinations.

(¢; mij,vij) is a PyFuN.

c represents the cost for transporting one unit quantity of the product from the it"
source to the j* destination.

wij represents the degree of membership associated with c.

v;; represents the degree of non-membership associated with c.

a; represents the availability of the product at the i*" source S;.

b; represents the demand of the product at the jt" destination D;.

Dis1 4 = Xj=1 by = A (say).

The steps of the existing methods [102, 127, 163] are as follows.

Step 1: Transform the PyFuTp (represented by Table 4.1) into the CrTp (represented by Table

4.2).
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Table 4.2 CrTp

D, D, D, Availability
Sy S(p11,v11) S(t12,v12) S(H1n V1n) a,
S S(H21,V21) S(t22,V22) S(Han, Van) a,
Sm S(Mm1, V1) S(lm2, Vim2) S(Umn» Vimn) am
Demand b, b, b,

where,
(i)  According to Kumar et al.’s method [102],
Suv) =51 =%
(i)  According to Umamageswari and Uthra’s method [163],

p2+v?
2

S(wv) =

(iii) According to Nagar et al.’s method [127],

2 2“2_”2 1
S =22 )

2_#2_1;2

Step 2: Using any appropriate method, find an optimal solution {xij} of the transformed CrTp

(represented by Table 4.2). The obtained optimal solution also represents an optimal

solution of PyFuTp (represented by Table 4.1).

iz1 Xj=1 (S(“ij' Vij)) Xij-

4.5 Existing transformation method
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Step 3: Using the optimal solution {xij}, obtained in Step 2, find the optimal transportation cost

In this section, the method, used in all the existing methods [102, 127, 163] to transform the

PyFuTp (represented by Table 4.1) into the CrTp (represented by Table 4.2), is discussed.




The following method is used to transform the PyFuTp (represented by Table 4.1) into the

CrTp (represented by Table 4.2).

Step 1: Write the FuLpP (P4.5.1) corresponding to the PyFuTp (represented by Table 4.1).

FuLpP (P4.5.1)

Minimize (Z ~ ( i1 2j=1CXij; Xi=1 Xj=1 ((Mij,vij)xij)»

Subject to

Z;’lzlxij = a, i=1.2,..,m,
Z1xij = bj j=12,..,n,

Xij 2 o0vi,j.

Step 2: Since, ¢ is constant. So, to find an optimal solution of the FuLpP (P4.5.1) is equivalent to

Step

find an optimal solution of the FuLpP (P4.5.2).

FuLpP (P4.5.2)

Minimize <Z ~ (c X X N Xy ((yij,vij)xij)»

Subject to

Constraints of the FuLpP (P4.5.1).

3:  Since, mya; =Yiab=A Yiixj=a;i=12,..,m ¥ x; =b;;j=
1,2,..,n= Y%, ¥i.; x;; = A. So, to find an optimal solution of the FULpP (P4.5.2) is
equivalent to find an optimal solution of the FuLpP (P4.5.3).

FuLpP (P4.5.3)
Minimize (Z ~ (CA; Yiz1 2j=1 (('“U'vif)xij)))

Subject to

Constraints of the FuLpP (P4.5.1).
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Step 4: Since cA is independent from x;;. So, to find an optimal solution, there is a need to compare
only 3%, X7y ((liij, vij)xij) corresponding to all the feasible solutions. Hence, using the

relation 4; > A, if S(4;) = S(4;), the FuLpP (P4.5.3) can be transformed into its
equivalent CrLpP (P4.5.4).

CrLpP (P4.5.4)

Minimize (S(Z) = S( miXty ((,uij,vij)xl-j)))

Subject to

Constraints of the FuLpP (P4.5.1)

where,

(i)  According to Kumar et al.’s method [102],
1
Swv) =510 —p?—v?)

(i)  According to Umamageswari and Uthra’s method [163],

U2 +v2
2

S(wv) =
(iii) According to Nagar et al.’s method [127],

2 2“2_”2 1
S =22 )

2—u?-v2 2
Step 5: Using the relation S(4, + 4,) = S(4,) + S(4;), the CrLpP (P4.5.4) can be transformed
into its equivalent CrLpP (P4.5.5).
CrLpP (P4.5.5)
Minimize (S(Z) =yn, }’zlS((/xU-, vij)xij))
Subject to

Constraints of the FuLpP (P4.5.1).
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Step 6:

Using the relation S(4p) = (S(A)) p, Where p =0, the CrLpP (P4.5.5) can be

transformed into its equivalent CrLpP (P4.5.6).
CrLpP (P4.5.6)

Minimize (S(Z) =3, Y (S(uij, vij)) xl-j)
Subject to

Constraints of the FuLpP (P4.5.1).

Step 7: The CrLpP (P4.5.6) can be represented in a tabular form as shown by Table 4.2.

4.6 Limitations of existing methods

In this section, limitations of the existing methods [102, 127, 163] are discussed.

(i)

(i)

It is a well-known fact that in every optimal solution {xij}, obtained in Step 2, at least

(m—1)(n—1) decision variables will be zero. Therefore, to find the optimal
Pythagorean fuzzy transportation cost i.e., (cA; Yin1 =1 ((uij,vij)xij)), there is a

need to evaluate the value of O(Mij. Uij)- However, as the existing expression (4.2.2)

[102, 127, 163] ie., pA = (1 — (1 — (ua)DP, (v7)P) is defined only for p > 0.
Therefore, it is not possible to find the optimal transportation cost in terms of PyFuNs.
The existing methods [102, 127, 163] cannot be used to solve such PyFuTpS for which
the condition ¢;; = ¢ V i,j will not be satisfied. Therefore, the existing methods [102,

127, 163] cannot be used to solve PyFuTp (represented by Table 4.3).
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Table 4.3 PyFuTp

D, D, D, Availability
Sy (c115 M11,V11) (C12; 12, V12) (C1ns H1ns V1n) a,
S (€215 M21,V21) (€225 U22,V22) (C2ns5 Hans V2n) a,
Sm (le; Hm1, vml) (sz; HUm2, Umz) (Cmn; Umn, vmn) am
Demand b, b, b,
where,

(i) (cijs wij vij) is aPyFuN.

(i) ¢ represents the cost for transporting one unit quantity of the product from the
i*" source to the j¢"* destination.

(iii)  p;; represents the degree of membership associated with c;;.

(iv)  v;; represents the degree of non-membership associated with c;;.

V) i=1a; = Xj=1 bj = A (say).

4.7 Inappropriateness of existing methods

In this section, it is pointed out that some mathematical incorrect results are considered in the
existing methods [102, 127, 163]. Hence, it is inappropriate to use any of the existing methods
[102, 127, 163].

(i) It is obvious from Step 5 of the transformation method, discussed in Section 4.5, that to

transform the CrLpP (P4.5.4) into the CrLpP (P4.5.5), it is assumed that the relation
S(4; + 4;) = S(4;) + S(A,) will be satisfied for two arbitrary PyFuNs 4; and 4,.
While, the following example clearly indicates that S(4; + 4,) # S(4;) + S(4,).

Therefore, the CrLpP (P4.5.4) cannot be transformed into the CrLpP (P4.5.5). Hence, the
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PyFuTp (represented by Table 4.1) is not equivalent to the CrTp (represented by Table
4.2).
Let A; = (0.4,0.8) and A, = (0.6,0.7) be two PyFuNs. Then, using the existing

expression (4.2.1) [102, 127, 163],

A+ A, = <J1 —(1-1(0.4)2)(1 - (0.6)2), (0.8)(0.7)) = (0.68,0.56).

Using

(@) The existing expression (4.3.1.1) [102],
S(4; + 4;) = 5(0.68,0.56) = %(1 —0.682 — 0.56%) = 0.112 (4.7.1)
S(A,) = 5(0.4,0.8) = %(1 —0.42 -0.8%) = 0.1
S(4;) = 5(0.6,0.7) = %(1 —0.62 —0.72) = 0.075
S(4,) + S(4;) = 0.1+ 0.075 = 0.175 (4.7.2)
It is obvious from (4.7.1) and (4.7.2) that S(4, + 4,) # S(4,) + S(4,).

(b) The existing expression (4.3.2.1) [163],

0.682+0.562

S(4; + 4;) = 5(0.68,0.56) = ———— = 0.388 (4.7.3)
= 0.42+0.82

S(4;) = 5(0.4,08) = ———= 0.4

S(4,) = 5(0.6,0.7) = 2527 — 0.425

S(4,) + S(4;) = 0.4 + 0.425 = 0.825 (4.7.4)

It is obvious from (4.7.3) and (4.7.4) that S(4; + 4,) # S(4,) + S(4,).

(c) The existing expression (4.3.3.1) [127],

2 2
20.68 —-0.56 1

S(Al + AZ) = 5(0.68,0.56) = %(— — _> =0.2705 (4.7.5)

2-0.68%2-0.562 2
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. 5 [ 204%-082 1

S(4;) = 5(0.4,08) = g(m = E) = 0.0650
- 2 [ 20.6%2-072 1

S(Az) = 5(0.6,0.7) = ;(m - E) = 0.1964

S(4;) + S(4;) = 0.0650 + 0.1964 = 0.2614

It is obvious from (4.7.5) and (4.7.6) that S(4; + 4;) # S(4,) + S(4,).

(4.7.6)

(ii) It is obvious from Step 6 of the transformation method, discussed in Section 4.5, that to

transform the CrLpP (P4.5.5) into the CrLpP (P4.5.6), it is assumed that the relation

S(Ap) = (S(A)) p will be satisfied for any arbitrary PyFuN 4 and p > 0.

While, the following example clearly indicates that S(Ap) # (S(/T)) p. Therefore,

the CrLpP (P4.5.5) cannot be transformed into the CrLpP (P4.5.6). Hence, the PyFuTp

(represented by Table 4.1) is not equivalent to the CrTp (represented by Table 4.2).

Let A = (0.6,0.5) be a PyFuN and p = 4 be a positive real number. Then, using

the existing expression (4.2.2) [102, 127, 163],

Ap = (0.605)4 = (/T= (1 - 0.6970.5*) = (0.9123,0.0625).

Using

(@) The existing expression (4.3.1.1) [102],

S(Ap) = $(0.9123,0.0625) = %(1 —0.91232 — 0.06252) = 0.4142

S(A) = 5(0.6,0.5) =5 (1 — 0.62 — 0.52) = 0.195

(S(A))p = (5(0.6,0.5))4 = (0.195)4 = 0.78

It is obvious from (4.7.7) and (4.7.8) that S(Ap) # (S(/I)) p.

(b) The existing expression (4.3.2.1) [163],
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(©)

0.9123%40.06252

S(4p) = $(0.9123,0.0625) = ————— = 0.6115

0.6240.52

= 0.305

S(A) = 5(0.6,0.5) =
(S(4))p = (50.6,0.5))4 = (0.305)4 = 1.22

It is obvious from (4.7.9) and (4.7.10) that S(Ap) # (S(/I)) p.

The existing expression (4.3.3.1) [127],

- 2 20.9123%2-0.06252 1

S(Ap) = 5(0.9123,0.0625) = (2_0'91232_0.06252 - E) — 0.6838
~ 2 [ 20.6%2-052 1

S(4) = 5(0.6,0.5) =3 (m - 5) = 0.1843

S(A)p = 5(0.6,0.5)4 = (0.1843)4 = 0.7372

It is obvious from (4.7.11) and (4.7.12) that S(4p) # (S(/T)) p.

4.8 Inappropriateness of existing expression to evaluate sum of PyFuNs

(4.7.9)

(4.7.10)

(4.7.11)

(4.7.12)

In the existing methods [102, 127, 163], the existing expression (4.2.1) is used to evaluate sum

of PyFuNs. However, in the literature [121], it is pointed out that it is inappropriate to use this

expression due to the following reasons.

(i) It is obvious from expression (4.2.1) that if uz =1 for any k, then the degree of

membership i.e., Jl o | i (1 - (,Ltgk)2> of A, + 4, + -+ A, will be 1. This indicates

.. 2 ~ ~ -~ .
that the degree of membership i.e., \/1 o I (1 - (pa,) ) of A4, + A, + -+ A4, is

independent from the degree of membership of remaining PyFuNs.

(ii) It is obvious from expression (4.2.1) that if vz, = 0 for any k, then the degree of non-

membership i.e., [Tit,(vz, ) of A; + 4, + -+ + A,, will be 0. This indicates that the degree
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of non-membership i.e., [Ty, (va, ) of 4; + A, + -+ + A, is independent from the degree
of non-membership of remaining PyFuNs.

4.9 Limitation of existing expression to evaluate scalar multiplication

It is obvious from the existing expression (4.2.2) [102, 127, 163] that it can be used only to
evaluate the multiplication of any arbitrary PyFuN with a positive real number. However, the
existing expression (4.2.2) [102, 127, 163] cannot be used to evaluate the multiplication of any
arbitrary PyFuN with a non-negative real number.

4.10 Inappropriateness of existing methods for comparing two PyFuNs

In this section, it is shown that the methods for comparing two PyFuNs, used in the existing

methods [102, 163], are not appropriate.

(i) The following clearly indicates that Kumar et al.’s comparing method [102], discussed in
Section 4.3.1, fails to distinguish two distinct PyFuNs. Hence, it is inappropriate to use
Kumar et al.’s comparing method [102].

Let A, = (0.8,0.4) and 4, = (0.4,0.8) be two PyFuNs. It is obvious that A; # 4,.

While, according to Kumar et al.’s comparing method [102], discussed in Section 4.3.1,

A =4, as S(Ay) = S(4;) =2 (1—(08)> - (0.4)) =0.1 and H(4,) = H(4,) =
(0.8)% + (0.4)2 = 0.8.

(i) The following clearly indicates that Umamageswari and Uthra’s comparing method [163],
discussed in Section 4.3.2, fails to distinguish two distinct PyFuNs. Hence, it is
inappropriate to use Umamageswari and Uthra’s comparing method [163].

Let A; = (0.8,0.4) and A, = (0.4,0.8) be two PyFuNs. It is obvious that A, # 4,.

While, according to Umamageswari and Uthra’s comparing method [163], discussed in

Section 4.3.2, 4, = 4, as S(A;) = S(4,) = 3 ((0.8)? + (0.4)%) = 0.4.
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411 Appropriate method for comparing two PyFuNs

The following clearly indicates that Nagar et al.’s comparing method [127], discussed in
Section 4.3.3, will never fail to distinguish two distinct PyFuNs i.e., S(4;) = S(4;) and n(4,) =

n(4;) = A, = 4, ie., uz, = ps, and vz, = vz,. Hence, it is appropriate to use Nagar et al.’s

)
w(Ay) = n() = [1- ()" - (vs)" = J1- (us)” - (o2,)° (4.11.2)

On simplifying the expression (4.11.1), we have

comparing method [127].

S(3) = 5(4) = %(f”’“) - 1)

- (4.11.3)

On simplifying the expression (4.11.2), we have

(k)" = (ua,)” + (va,)" = (va,)* (4.11.4)
Putting (4.11.4) in (4.11.3), we have

2 2 2 2 2

o1a,) +(va,) ~(va,) -(va)
2—(;1;12)2—(v22)2+(v21)2—(v21)2 2_(“712)2_(”712)2

2 2 2 2 2
= (1a,) + (va,) —2(va,)” = (us,)” — (va,)
2 2
= (va,) = (va,)
= iv~1 = ivgz.
Since, 0 < vz ,vz, < 1. So,

Vi = Vj (4.11.5)
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Putting (4.11.5) in (4.11.4), we have

(1a)" = (uz)" + (va)" — (va,)

Since, 0 < ugz,, 1z, < 1. S0,

i, = Ui, (4.11.6)
Remark 4.1: It is pertinent to mention that the existing method [134] will also never fail to
distinguish two distinct PyFuNs. However, Nagar et al. [127] have pointed out that their method
is better than the existing method [134] as the degree of hesitation is not considered in the existing
method [134]. While, the degree of hesitation is considered in their method [127].

4.12 Proposed expression to evaluate sum of PyFuNs

In this section, an expression is proposed to evaluate sum of PyFuNs.
Let A = (Xk;,ugk,vgk); k=12,..,m, be PyFuNs where, 0<puz (x), vz (x)<
2 2 )
1VEk0< (,ugk (x)) + (vgk(x)) < 1V k. Also, let p; be a non-negative real number. Then,

P1A1 + sziz + -+ pmAm =

1 1
Zﬁilpk(ugkY)Z (Eﬁilpk(vzk)z i

m . . : m
Zkzl PrXk ,( o ST pr ) H szkzl Pr F 0 (4121)

The following clearly indicates that p; A, + p,A, + **+ + pm Ay, is a PyFuN.
() 0<pz <1 p=0

:>0§(ugk)2S1, pr =0

=0 < pe(pa,)’ <
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(i)

(iii)

(iv)

2
= 0 < X7 pe(pa,)” < Xheape

)X Pk(#zk)z

=0< m <1
Zk:lpk
1
m 2\2
50< <Z"=1ff(”7*") ) <1
k=1DPk

=0< pk(vgk)z < Py
=0< Yk, Pk(vﬁk)z < Yk=1Pxk

p) Pk(vzk)z

Z;(n=1 Pk

<1

=0<

1

1
=>0< <_2?=1p"(”?4k) )2 <1.

;{n=1 Pk

Pk =0, pz, =0, vz, =0, Xl pe #0
1. 2 1, 2
m 2\2 m %\ 2
N Zk:lpk(#ﬁk) n z:k=1pk(v;1k) >0
2;?:1pk 2?=1pk - '
2 2

Py Pk(vzk)z _

1 1
Ytq Pk(#zk)z 2 4 Yhz1 pk(vzk)z ? _ Zkea pk(#zk)z 4
Sl 1Pk Sl 1Pk R

P pk((#zk)2+("71k)2)
Yhe, Pk .

since, (uz,)” + (vs,)" < 1. So,
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1, 2 1, 2

(zz;lpk(u,qkf)? N (zz;lpk(v,qk)z)f S

Z;{nzl Pk 2?:1 Pk

m
Since, Zk=tPk — 1. g,
k=1Pk

1, 2 1, 2
2\ 5 2\ 5
i pi(ea,) ) N maee(va) \* _
Z;(n=1pk ;cnzlpk -

4.13 Proposed Mehar method for solving PyFuTpS

- Z?:l Pk

In this section, a new method (named as Mehar method) is proposed for solving PyFuTp

(represented by Table 4.3).

The steps of the proposed Mehar method are as follows.

Step 1: Write the FuLpP (P4.13.1) corresponding to the PyFuTp (represented by Table 4.3).

FuLpP (P4.13.1)

Minimize <Z ~ ( 121 Xj=1 CijXij 5 Dim1 Xj=1 ((.uij' Vij)xij)))

Subject to

Constraints of the FuLpP (P4.5.1).

Step 2: Using the proposed expression (4.12.1), the FuLpP (P4.13.1) can be transformed into its

equivalent FUMpP (P4.13.2).

FuMpP (P4.13.2)

N
N CHETA.

m yn
Yizy Zjeq ¥ij

1
Z?;1Z?=1(“ij)2xij>2 (

Minimize| Z = | Xty Xy cijxy; ;<

Subject to

Constraints of the FuLpP (P4.5.1).
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Step 3: Find the optimal value of the CrMpP (P4.13.3).
CrMpP (P4.13.3)
Minimize (X1, =1 CijXij)
Subject to
Constraints of the FuLpP (P4.5.1).
Step 4: Find the optimal value of the CrMpP (P4.13.4).

CrMpP (P4.13.4)

1 1
Zznlzj 1(“11) xu>2 <Zg12?=1(vij)2xij)z

m m n
21_121_19(1] Zi:lzjzlxij

Minimize Zl 121 1 CijX lJ'<

Subject to

Constraints of the FuLpP (P4.5.1) with the additional constraint i, ¥, ¢;jx;; = a,

where,

(i) a isthe optimal value of the CrMpP (P4.13.3).

1 1
T Xz 121 1(#1}) Xij 2 Z?=l12}1=1(vij)2xij 2
(ll) S 121 1 CijXij '< 2111112]_136” ’ 2?;12}1:135”

2?11751 1(“11) Xij z{”lnzl, 1("11) *ij
, , Tz 121 1%ij Y- 121 1%ij 1
— 2 - T .
; 2— D EIAN 2{212}7;1(%]') AN
T T %ij Tty et %ij

Step 5: Find an optimal solution {x;;} of the CrMpP (P4.13.5).

CrMpP (P4.13.5)

1 1

1 . L

ST S () xiy \P (SR S (i) i\
Minimize | m| X% 12:] 1Cljxu;< im1 2= (i) u) ’< T (vig) xi

m m n
21_121_1"11 2i=12j=1xij
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Step 6: Using the optimal solution {xij}, obtained in Step 5, find the optimal Pythagorean fuzzy

414

Subject to

Constraints

of the

CrMpP

g
m
2] 2 b=

n
Yjo1Xij

2 2
1(kij) xij>_<2g12?=1(vij) xij

m n
Xio1Xjo Xij

(P4.13.4)

)

with

the

additional

constraint

m n
Ti=1Xj=1%ij

’ 2—<Zg12?=1(”ij)2xij

2
(PR Tfa(vi) Xy
Z?=l12;l=1xij

(i) B is the optimal value of the CrMpP (P4.13.4).

iy | S 3 (

- 5\‘ = [3, where,
J

[

transportation cost [ X%, ¥, c;;x U,(

I Xfea (ki)

inj _ it 2] 1("11) Xij
PSP BESY YY)

Ilustrative example

In this section, the existing PyFuTp [102, 127, 163] (represented by Table 4.4) is solved to

illustrate the proposed Mehar method.

21”12] 1xu(/"u)

1

1 1
21 121 1(”1]) Xij z Zg12?=1(vij)2xij 2 —
Eﬁlz]—lxu ’ Zﬁ12?=1xif

1

m
21_12 =1%ij

Table 4.4 [102, 127, 163] Existing PyFuTp

Z:n127 1xl](”ij)
’ Z{nlzj 1%Xij

|

D, D, Dy D, Availability
S, (2;0.4,0.7) | (2;0.5,0.4) | (2;0.8,0.3) | (2;0.6,0.3) 26
S, (2;0.4,0.2) | (2;0.7,0.3) | (2;0.4,0.8) | (2;0.7,0.3) 24
Ss (2;0.7,0.1) | (2;0.8,0.1) | (2;0.6,0.4) | (2;0.9,0.1) 30
Demand 17 23 28 12
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Step 1: According to Step 1 of the proposed Mehar method, the FuLpP (P4.14.1) is obtained
corresponding to the PyFuTp (represented by Table 4.4).

FuLpP (P4.14.1)

(2;0.4,0.2)x51 + (2;0.7,0.3)x5, + (2;0.4,0.8)x,3 + (2;0.7,0.3)x2, + (2;0.7,0.1) x5, +
(2;0.8,0.1)x3, + (2;0.6,0.4)x35 + (2;0.9,0.1)x34)
Subject to
X117 + X132 + X413 + X14 = 26,
Xoq + Xop + Xo3 + Xoy = 24,
X31 + X35 + X33 + x34 = 30,
X117 + Xp1 + X317 = 17,
X1p + Xop + X3, = 23,
X13 + Xp3 + X33 = 28,
X1a + X4 + X34 = 12,
x;20;i=123,j=123,4
Step 2: According to Step 2 of the proposed Mehar method, the FuLpP (P4.14.1) can be
transformed into its equivalent FUMpP (P4.14.2).

FUMpP (P4.14.2)

Minimize (Z ~ (2x11 + 2x15 + 2x13 + 2x14 + 2X51 + 2Xp5 + 2Xp3 + 2Xp4 + 2X31 +

1 1
ZX32 + ZX33 + ZX34; (T‘)E, (S)E)>
Subject to

Constraints of the FuLpP (P4.14.1),
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where,

i) r=5 —— ((0.4)2x1; + (0.5)%x, + (0.8)%x;5 + (0.6)2x14 + (0.4)%x5; +

i=1 X =1 Xij
(0.7)%x55 + (0.4)2%x55 + (0.7)%x54 + (0.7)%x31 + (0.8)%x3, + (0.6)%x35 +
(0.9)%x34).

(i) s =5 S ((0.7)2x1; + (0.4)%x15 + (0.3)%x;5 + (0.3)2x14 + (0.2)%x; +

i=1 =1 %ij
(0.3)%x,, + (0.8)%x55 + (0.3)%x24 + (0.1)%x3; + (0.1)%x5, + (0.4)%x33 +
(0.1)%x34).
Step 3: According to Step 3 of the proposed Mehar method, there is a need to find the optimal
value of the CrMpP (P4.14.3).
CrMpP (P4.14.3)
Minimize (2x11 + 2X15 + 2xq3 + 2x14 + 2X91 + 2Xx55 + 2X53 + 2x54 + 2X31 +
2X35 + 2X33 + 2X34)
Subject to
Constraints of the FuLpP (P4.14.1).
It can be easily verified that the optimal value of the CrMpP (P4.14.3) is 160.
Step 4: According to Step 4 of the proposed Mehar method, there is a need to find the optimal
value of the CrMpP (P4.14.4).

CrMpP (P4.14.4)

.. 2 27S 1
Minimize <— ( — —))
3 \2—-r—-s 2

Subject to

Constraints of the CrMpP (P4.14.3) with the additional constraint 2x;, + 2x,, + 2x45 +

2X14 + 2x31 + 2x5y + 2Xp3 + 2X54 + 2X31 + 2X35 + 2X33 + 2x34 = 160.
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It can be easily verified that the optimal value of the CrMpP (P4.14.4) is —— peperyel

Step 5: According to Step 5 of the proposed Mehar method, there is a need to find an optimal
solution of the CrMpP (P4.14.5).
CrMpP (P4.14.5)
Minimize (N1 —1 —s)

Subject to

Constraints of the CrMpP (P4.14.4) with the additional constraint %( 2 1) = 228

2-r-s 2) 75527

It can be easily verified that an optimal solution of the CrMpP (P4.14.5) is x;; =
0,x12 =0,x13 =26,x14 =0,x31 = 0,x95, =23, %53 =1,x34 =0,x31 =17,x3, =
0,x33 =1,x3, = 12.

Step 6: According to Step 6 of the proposed Mehar method, substituting x;; = 0, x;, = 14, x5 =

0,x14 = 12,x21 == 17,x22 - O,x23 == 7,x24 - O,X31 = O,X32 = 9,X33 = 21,X34 = 0

in 2X11 + 2xq5 + 2xq93 + 2x94 + 2X91 + 2X55 + 2Xp3 + 2Xp4 + 2X31 + 2X35 +

2x33 + 2X34; <W] ((0.4)%x1; + (0.5)%x15 + (0.8)%x15 + (0.6)%x14 +
i=14j=1 X

(0.4)%x5, + (0.7)%x,, + (0.4)%x,5 + (0.7)%x54 + (0.7)%x3; + (0.8)%x3, +

1

(0.6)%x33 + (0.9)2x34)) ( ((O 7)2x11 + (0.4)%x1; + (0.3)%x53 +

T,
(0.3)%x14 + (0.2)%x5; + (0.3)%x,, + (0.8)%x55 + (0.3)%xp4 + (0.1)%x5, +

2

(0.1)%x3, + (0.4)%x35 + (0.1)2x34)) , the optimal Pythagorean fuzzy transportation

cost is (160; 0.5588,0.3313).
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4.15 Conclusions

In this chapter,

(1)  Some mathematical incorrect results, considered in the existing methods [102, 127, 163]
for solving PyFuTpS, are pointed out.

(i) It is pointed out that existing expression [102, 127, 163] to evaluate sum of PyFuNs is
not appropriate.

(iii) An appropriate expression to evaluate sum of PyFuNs is proposed.

(iv) A new method (hamed as Mehar method) is proposed for solving PyFuTpS.
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Chapter 5

Efficient Methods for Solving Shortest Path
Problems Under Fuzzy Environment and Their

Extensionst

In this chapter, limitations and/or shortcomings of some recently proposed methods for
solving SpPs under fuzzy environment and their extensions [57, 63, 162, 175] are discussed. Also,
to resolve the shortcomings and/or to overcome the limitations, efficient methods are proposed.

5.1 Efficient method for solving interval-valued fuzzy SpPs

After reviewing the literature, it may be concluded that there does not exist any method
Ebrahimnejad et al.’s method [57] for solving IVTFuSpPs. In this section,
() Itis pointed out that much computational efforts are required to apply Ebrahimnejad et
al.’s method [57].
(i)  An efficient method is proposed for solving interval-valued fuzzy SpPs.
5.1.1 Preliminaries
In this section, some basic definitions are discussed.
Definition 5.1.1.1 [57] A fuzzy number 4 is said to be an IVTFuN if its lower and upper

membership functions are defined as

1 Some of the contents of this chapter are published in “Sustainability 13 (2021) 4016”. Some of the contents of this
chapter are accepted for publication in “International Journal of Fuzzy System Applications”. Some of the contents of
this chapter are communicated in “International Journal of Fuzzy Systems” for publication.
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I{O' . x <ab,x>aj,
pa(x) = 4 hi (;2_—215)' a; <x < a,
(). asx<d
I{O' . x <af,x=af,
v (x) = 4 hi (;2_-(2;1)' af <x <a,
4(E2),  ase<d

where af < af <a, <aj<af,0<h;<hy<l.
It is represented as 4 = ((a, a,, a%; h), (¥, ay, a¥; hY)).
Definition 5.1.1.2 [64] A fuzzy number 4 is said to be an IVTrFuN if its lower and upper

membership functions are defined as

L L
(0, x < ay,x = ay,
L
L x-af L L
h (a%_a%), a; <x < ay,
pa(x) =<
A hs, al <x <aj,
L
L[ az—X L L
Wi (—a‘%_a%), az; < x <ay
U U
( 0, x<aj,x = a,,
U
U x—ag U U
hg(u U), a; <x<a,,
pw) =4 , 0
A - U U U
hAT; az S X S a3,
U
U/ a4—Xx U U
khg (—ai’—ay)’ a; <x < ay

where a/ < b <al <al<al<al <ai<al,0<h;<h]<1.

It is represented as A = ((a%, a}, a4, ak; h%), (a¥,a¥,ay,a¥; nY)).

Definition 5.1.1.3 [57] Let A, ={(ak,, a;,, aks;ht), (@Y, ay,al%;0Y)) and A4, =
((aky, byy, aks; A1), (@Y, ayy,a¥%; hY)) be two IVTFUNs, then A; + A, = ((ak; + a5y, a4, +

L L .pL U U U U.pU
baa, ats + azz; h"), (ag; + azy, agp + azp, ay3 + azs; hY)).
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Definition 5.1.1.4 [64] Let A, = ((ak,, ak,, aks,ak,; hY), (@Y, Y, als, a¥,; hY)) and 4, =
((aky, ab,, aks, aby; hY), (@Y, aly, a5, a¥,; RY)) be two IVTTFuUNSs, then, A; + 4, = ((at, +
a3, af, + a3y, a%3 + a%sw aiy + agy; hY),(af) + afy, af, + ad;, a¥3 + a%,aﬂ + afy; hY)).
Definition 5.1.1.5 [57] Let A = ((at, ay, ak; h}), (a¥, ay, a¥; hY)) be an IVTFuUN and k > 0, then
= ((kak, kay, kak; h%), (ka¥, kay, kal; hY)).

5.1.2 Ebrahimnejad et al.’s method

Ebrahimnejad et al. [57] claimed that for solving an IVTFuSpP is equivalent to solve the
IVTFuLpP (P5.1.2.1). Hence, Ebrahimnejad et al. [57] proposed the following method for solving
the IVTFuLpP (P5.1.2.1).

IVTFuLpP (P5.1.2.1)

Minimize (X jyes({(df, dija, dbis; hY), (A, dijz, s V) )xi5))

Subject to
1, i =s,
Yj(ipeE Xij — Zj:ieeXji =1 0, L #s,7,
-1, i=r,

x;j =0V (i,j) EE.
where,
() E={(,j):i,j €V,i=+j}represents the set of arcs which directly connects the i** node to
the j** node.
(i) V represents the set of nodes.
(iii) ((dfyy, dija, dljs; BY), (dY4, dijz, dFs; hY)) represents the IVTFUD from the i** node to the
j** node.

(iv) s and r represents the source node and the destination node respectively.
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Step 1: Using Definition 5.1.1.5, transform the IVTFuLpP (P5.1.2.1) into its equivalent IVTFuLpP
(P5.1.2.2).
IVTFuLpP (P5.1.2.2)
Minimize (L per({(dh1xi, dijoxij, dlyaxiss ), (s xij, dijaxij, dfjsxigs hV))))
Subject to
Constraints of the IVTFuLpP (P5.1.2.1).

Step 2: Using Definition 5.1.1.3, transform the IVTFuLpP (P5.1.2.2) into its equivalent IVT FuLpP
(P5.1.2.3).

IVTFuLpP (P5.1.2.3)

(Cijyer dfiXij, X ek AijaXij» 2o jee AiaXij 5 hL),>

Minimize <
(Z(i,j)EE dinlxij »Z(i,j)ezs dija i :Z(i,j)eE dluj3xij ; hu))

Subject to
Constraints of the IVTFuLpP (P5.1.2.1).
Step 3: Transform IVTFuLpP (P5.1.2.3) into its equivalent CrMoLpP (P5.1.2.4).

CrMoLpP (P5.1.2.4)
Minimize (T jyer dl-”jlxi,-)
Minimize (T jyer dilexij)
Minimize (¥ jyer dij2%i;)
Minimize (¥ jer dingxij)
Minimize (X jer dl-”,-gxij)
Subject to

Constraints of the IVTFuLpP (P5.1.2.1).
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Step 4: Solve the CrLpP (P5.1.2.5). If a unique optimal solution exists, then go to Step 9,
otherwise go to Step 5.
CrLpP (P5.1.2.5)
Minimize (X jyer i1 ;)
Subject to
Constraints of the IVTFuLpP (P5.1.2.1).
Step 5: Solve the CrLpP (P5.1.2.6). If a unique optimal solution exists, then go to Step 9,
otherwise go to Step 6.
CrLpP (P5.1.2.6)
Minimize (¥ jyer din xi;)
Subject to
Constraints of the IVTFuLpP (P5.1.2.1) with additional constraint X; yeg df},x;; = af,
where, aV is the optimal value of the CrLpP (P5.1.2.5).
Step 6: Solve the CrLpP (P5.1.2.7). If a unique optimal solution exists, then go to Step 9,
otherwise go to Step 7.
CrLpP (P5.1.2.7)
Minimize (Z(i,j)EE dijle-j)
Subject to
Constraints of the CrLpP (P5.1.2.6) with additional constraint Y.; jer dfj1Xi; = af,
where, al is the optimal value of the CrLpP (P5.1.2.6).
Step 7: Solve the CrLpP (P5.1.2.8). If a unique optimal solution exists, then go to Step 9,

otherwise go to Step 8.
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CrLpP (P5.1.2.8)
Minimize (¥ jyer dij3xi;)
Subject to
Constraints of the CrLpP (P5.1.2.7) with additional constraint Y; yeg dijzxij = @y,
where, a, is the optimal value of the CrLpP (P5.1.2.7).
Step 8: Find an optimal solution of the CrLpP (P5.1.2.9).
CrLpP (P5.1.2.9)
Minimize(T jer dfis xij)
Subject to
Constraints of the CrLpP (P5.1.2.8) with additional constraint ¥; yer dfjsx;j = a3,
where, a? is the optimal value of the CrLpP (P5.1.2.8).
Step 9: Using the values of xs;, = x;,¢, = Xt,¢, = - = X = 1, Obtained in the optimal solution,
find the shortest paths —t; — t, ... —

Step 10: Using the optimal solution {x;}, find the shortest IVTFuD

(Z(lj)eE(« ij1 112' 113'hL) (dull ij2s l]3’h' ))xu))
5.1.3 Computational complexity of Ebrahimnejad et al.’s method

In this section, it is shown that to find the shortest path from the source node 1 to the
destination node 6 in the existing IVTFuSpP (represented by Fig. 5.1 and Table 5.1) by
Ebrahimnejad et al.’s method [57], there is a need to solve five LpPs. Hence, much computational

efforts are required to apply Ebrahimnejad et al.’s method [57].
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3 5

Fig. 5.1 [57] Existing IVTFuSpP

Table 5.1 [57] Existing IVTFuD between two nodes

Node i to node j IVTFuD

Node 1 to node 2 ((10,12,13;0.5),(9,12,15; 1))
Node 1 to node 3 ((8,10,11;0.5),(7,10,14; 1))
Node 2 to node 3 ((10,12,13;0.5),(9,12,16;1))
Node 2 to node 4 ((2,3,7;0.5),(1,3,8; 1))

Node 2 to node 5 ((3,5,6;0.5),(2,5,7; 1))

Node 3 to node 4 ((4,8,10;0.5),(3,8,12; 1))
Node 3 to node 5 ((5,7,8;0.5),(4,7,9; 1))

Node 4 to node 5 ((4,6,8;0.5),(1,6,10; 1))
Node 4 to node 6 ((4,7,11;0.5),(3,7,12; 1))
Node 5 to node 6 ((3,5,7;0.5),(2,5,8; 1))

According to Ebrahimnejad et al.’s method [57], to solve the considered IVTFuSpP is

equivalent to solve the IVTFuLpP (P5.1.3.1).
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IVTFuLpP (P5.1.3.1)
Minimize ((((10,12,13;0.5), (9,12,15; 1))xy,) + ({(8,10,11; 0.5), (7,10,14; 1))x;5) +
(((10,12,13;0.5),(9,12,16; 1))x,3) + ({((2,3,7;0.5), (1,3,8; 1) )x54) +
({((3,5,6;0.5),(2,5,7; 1))x,5) + ({(4,8,10;0.5),(3,8,12; 1) )x34) +
(((5,7,8;0.5), (4,7,9; 1)x35) + (((4,6,8;0.5),(1,6,10; 1))x45) +
(((4,7,11;0.5), (3,7,12; 1)x46) + ({(3,5,7;0.5), (2,5,8; 1))xs6) )
Subject to
X1 +x13 =1,
Xp3 + Xo4 + X5 — X1, = 0,
X34 + X35 — X13 — X3 = 0,
X45 + Xg6 — Xpq — X34 = 0,
X56 — X25 — X35 — X35 = 0,
—X46 — X56 = —1,
X12 = 0,%13 2 0,x953 2 0,x94 = 0,x55 = 0,x34 = 0,x35 = 0,x45 = 0,x46 = 0,x5 = 0.
Using Ebrahimnejad et al.’s method [57], the IVTFuLpP (P5.1.3.1) can be solved as
follows.
Step 1: Using Step 1 of Ebrahimnejad et al.’s method [57], the IVTFuLpP (P5.1.3.1) can be
transformed into its equivalent IVTFuLpP (P5.1.3.2).
IVTFuLpP (P5.1.3.2)
Minimize ({(10x;5, 12x15, 13x15; 0.5), (9x15, 12x15, 15x15; 1)) +
((8x13,10x13, 11x3; 0.5), (7x13, 10x13, 14x,5; 1)) +
((10x,3, 12x53, 13x53; 0.5), (9x53, 12x,3, 16x,5; 1)) +

((2x54,3%4, 7x54; 0.5), (X24,3%24, 8x54; 1)) +
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((3x25, 5x35, 6X25; 0.5), (2x25, 5x75, 7X25; 1)) +
((4x34,8x34,10x34; 0.5), (3x34, 8x34, 122345 1)) +
((5x35, 7x35,8x35; 0.5), (4x35, 7x35,9x35; 1)) +
((4x4s5, 6x45,8x45; 0.5), (X435, 6x45, 10x45; 1)) +
((4x46, 7x46, 11x46; 0.5), (3x46, 7X46, 12x46; 1)) +
((3x56, 5x56, 7Xs56; 0.5), (2Xs56, 5x56, 8X56; 1))
Subject to
Constraints of the IVTFuLpP (P5.1.3.1).

Step 2: Using Step 2 of Ebrahimnejad et al.’s method [57], the IVTFuLpP (P5.1.3.2) can be
transformed into its equivalent IVTFuLpP (P5.1.3.3).
IVTFuLpP (P5.1.3.3)
Minimize ({(10x,5 + 8x13 + 10x,5 + 2x54 + 3X35 + 4x34 + 5x35 + 4Xy5 + 4xye +
3xs56,12x15 + 10x13 + 12x53 + 3x54 + 5x55 + 8x34 + 7X35 + 6x45 + Txye +
S5x56,13x15 + 11x13 + 13x53 + 7xp4 + 6Xx55 + 10x34 + 8x35 + 8xy5 + 11x,6 +
7X56; 0.5), (9x15 + 7x13 + 9xa3 + Xp4 + 2X55 + 3X34 + X35 + X45 + 3x46 +
2X56,12x15 + 10x13 + 12x,3 + 3x54 + Sxp5 + 8x34 + 7X35 + 6X45 + X4 +
S5x56,15x15 + 14x,3 + 16x,3 + 8xp4 + 7xp5 + 12x34 + 9x35 + 10x45 + 12x46 +
8x56; 1))
Subject to
Constraints of the IVTFuLpP (P5.1.3.1).

Step 3: Using Step 3 of Ebrahimnejad et al.’s method [57], the IVTFuLpP (P5.1.3.3) can be

transformed into its equivalent CrMoLpP (P5.1.3.4).
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CrMoLpP (P5.1.3.4)
Minimize (9x1, + 7x13 + 9X33 + Xp4 + 2Xx55 + 3X34 + 4X35 + X45 + 3X46 + 2X56)
Minimize (10x,, + 8x13 + 10x,3 + 2x5, + 3x,5 + 4x34 + Sx35 + 4xys + 42Xy +

3Xs6)

Minimize (12x,5 + 10x13 + 12x53 + 3%, + 5x55 + 8x34 + 7x35 + 6Xy5 + 7X46 +

5Xs6)

Minimize (13x,, + 11x15 + 13x53 + 7x5,4 + 6X55 + 10x34 + 8x35 + 8xy5 + 11x,6 +
7Xs6)
Minimize (15x,, + 14x15 + 16x535 + 8x54 + 7x55 + 12x34 + 9x35 + 10x,5 +
12x46 + 8x56)
Subject to
Constraints of the IVTFuLpP (P5.1.3.1).
Step 4: According to Step 4 of Ebrahimnejad et al.’s method [57], there is a need to solve the
CrLpP (P5.1.3.5).
CrLpP (P5.1.3.5)
Minimize (9x1, + 7x13 + 9X,3 + Xp4 + 2Xx55 + 3X34 + 4X35 + X45 + 3X46 + 2X56)
Subject to
Constraints of the IvTFuLpP (P5.1.3.1).
Since, on solving the CrLpP (P5.1.3.5), there does not exist a unique optimal
solution. So, according to Step 4 of Ebrahimnejad et al.’s method [57], there is a need to
go to Step 5.
Step 5: According to Step 5 of Ebrahimnejad et al.’s method [57], there is a need to solve the

CrLpP (P5.1.3.6).
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CrLpP (P5.1.3.6)

Minimize (10x,, + 8x13 + 10x,3 + 2x5, + 3x,5 + 4x34 + Sx35 + 4x45 + 42Xy +
3X56)

Subject to

Constraints of the IVTFuLpP (P5.1.3.1) and an additional constraint 9x,, + 7x;3 +
Oxy3 + Xp4 + 2X95 + 3X34 + 4xX35 + X5 + 3x46 + 2x56 = 13, where 13 is the optimal
value of the CrLpP (P5.1.3.5).

Since, on solving the CrLpP (P5.1.3.6), there does not exist a unique optimal
solution. So, according to Step 5 of Ebrahimnejad et al.’s method [57], there is a need to
go to Step 6.

Step 6: According to Step 6 of Ebrahimnejad et al.’s method [57], there is a need to solve the
CrLpP (P5.1.3.7).
CrLpP (P5.1.3.7)
Minimize (12x1, + 10x33 + 12x53 + 3x54 + 5X,5 + 8x34 + 7x35 + 6X45 + x4y +
5X56)
Subject to
Constraints of the CrLpP (P5.1.3.6) and an additional constraint 10x;, + 8x;5 + 10x,5 +
2X54 + 3X35 + 4xg4 + 5x35 + 4x,5 + 4X46 + 3x56 = 16, Where 16 is the optimal value
of the CrLpP (P5.1.3.6).

Since, on solving the CrLpP (P5.1.3.7), there does not exist a unique optimal
solution. So, according to Step 6 of Ebrahimnejad et al.’s method [57], there is a need to

go to Step 7.
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Step 7:

Step 8:

According to Step 7 of Ebrahimnejad et al.’s method [57], there is a need to solve the
CrLpP (P5.1.3.8).

CrLpP (P5.1.3.8)

Minimize (13x,, + 11xy3 + 13x53 + 7x54 + 6X55 + 10x3, + 8x35 + 8xy5 + 11x,6 +
7Xs56)

Subject to

Constraints of the CrLpP (P5.1.3.7) and an additional constraint 12x,, + 10x;5 +
12x535 + 3x54 + 5x35 + 8x34 + 7X35 + 6X45 + 7X4e + 5x56 = 22, Where 22 is the
optimal value of the CrLpP (P5.1.3.7).

Since, on solving the CrLpP (P5.1.3.8), there does not exist a unique optimal
solution. So, according to Step 7 of Ebrahimnejad et al.’s method [57], there is a need to
go to Step 8.

According to Step 8 of Ebrahimnejad et al.’s method [57], there is a need to find an optimal
solution of the CrLpP (P5.1.3.9).

CrLpP (P5.1.3.9)

Minimize (15x,, + 14x13 + 16x,3 + 8x54 + 7x,5 + 12x34 + 9x35 + 10x,45 +

12x,4 + 8x54)

Subject to

Constraints of the CrLpP (P5.1.3.8) and an additional constraint 13x;, + 11x;5 +
13x53 + 7x54 + 6X35 + 10x35,4 + 8x35 + 8xy45 + 11x46 + 7x56 = 26, Where 26 is the
optimal value of the CrLpP (P5.1.3.8).

On solving the CrLpP (P5.1.3.9), the optimal solution x;, = 1,x,5 = 1, x5 =

1, x13 = x23 = x24_ = x34_ = x35 = x45 = x46 = 0 |S ObtamEd.
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Step 9: Using the optimal solution, the shortest path from the source node 1 to the destination node

6is1—2—-5—-6.

Step 10: Using the obtained optimal solution x;, = 1,x55 = 1,X5¢ = 1,X13 = Xp3 = Xp4 =
X34 = X35 = Xu5 = X4 = 0, the shortest IVTFuD from the source node 1 to the destination
node 6 is ((16,22,26;0.5),(13,22,30; 1)).

5.1.4 Existing method for comparing IvTFuNs

Ebrahimnejad et al. [57] have used the following method for comparing IVTFuNs 4; =
((afy, a1z, af3; hY), (af), aqz, afs; hY)) and A, = ((a}y, az, aj3; hY), (a3), azs, ajs; hY)).
Step 1: Check whether a¥; < a¥, ora¥, > a¥; ora¥, = d¥,.
Case (a) If a¥; < a¥,, then 4, < 4,.
Case (b) If a¥; > d¥,, then 4, > A,.
Case (c) If a¥; = a¥,, then go to Step 2.
Step 2: Check whether al; < a%; orak; > ak, orat, = al;.
Case (a) If ak, < ab;, then 4, < 4,.
Case (b) If ak; > ak,, then 4, > A,.
Case (c) If at; = ak,, then go to Step 3.
Step 3: Check whether a,, < a,, or a;, > a,, Or a;, = a,,.
Case (a) If a;, < a,,, then 4; < 4,.
Case (b) If a;, > a,,, then A; > A,.
Case (¢) If a;, = a,,, then go to Step 4.
Step 4: Check whether al; < ab; or ak; > ab; oraly = aks.
Case (a) If ak; < abs, then 4, < 4,.
Case (b) If ak; > ak;, then 4; > A,.
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Case (c) If ak; = al;, then go to Step 5.
Step 5: Check whether a¥; < a¥; or a¥; > a¥; ora¥; = al;.

Case (a) If a¥; < a¥, then 4, < A4,.

Case (b) If a¥; > a¥;, then 4; > 4,.

Case (c) If a¥; = al;, then 4; = 4,.
5.1.5 Extended method for comparing IVTrFuNs

In this section, Ebrahimnejad et al.’s method [57] for comparing IVTFuNs is extended for
comparing IVTrFuNs.

Let Ay = ((afy, a1y, afs, afy; hY), (afs, aty, afs, afy; hY)) and A, =
((ak,, ab,, aks, aky; RY), (@Y, adsy, als, a¥y; RY))  be two IVTrFuNs. Then, A; and A, can be
compared as follows.
Step 1: Check whether a¥; < a¥; ora¥; > d¥, orad¥, = a¥;.

Case (a) If a¥;, < a¥;, then 4, < 4,.

Case (b) If a¥; > a¥,, then 4, > A,.

Case (c) If a¥; = a¥,, then go to Step 2.
Step 2: Check whether at; < ak; orak; > ak, oral, = ak;.

Case (a) If ak, < ab;, then 4, < 4,.

Case (b) If ak; > ak,, then 4, > A,.

Case (c) If ak; = ak,, then go to Step 3.
Step 3: Check whether a¥, < a¥, ora¥, > d¥, orad¥, = a¥,.

Case (a) If a¥, < a¥,, then 4, < 4,.

Case (b) If a¥, > a¥,, then 4, > A,.

Case (c) If a¥, = a¥,, then go to Step 4.
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Step 4: Check whether ak, < a%, orat, > al, orak, = ak,.
Case (a) If ak, < a5,, then 4; < 4,.
Case (b) If ak, > ak,, then 4, > A,.
Case (c) If ak, = a},, then go to Step 5.

Step 5: Check whether al; < ab; or ak; > ak; oraly = als.
Case (a) If at; < als, then 4, < 4,.
Case (b) If ak; > ak;, then 4; > A,.
Case (c) If ak; = ak;, then go to Step 6.

Step 6: Check whether a¥; < a¥; or a¥; > a%; ora¥; = al;.
Case (a) If a¥; < a¥;, then 4, < 4,.
Case (b) If a¥; > a¥;, then 4, > A,.
Case (c) If a¥; = a¥;, then go to Step 7.

Step 7: Check whether at, < a%, or at, > a, orat, = at,.
Case (a) If at, < al,, then 4, < 4,.
Case (b) If ak, > ak,, then 4, > A,.
Case (c) If at, = ak,, then go to Step 8.

Step 8: Check whether a¥, < a¥, ora¥, > d¥, orad¥, = aJ,.
Case (a) If a¥, < a¥,, then 4, < 4,.
Case (b) If a¥, > a¥,, then 4, > A,.
Case (¢) If a¥, = aY,, then 4, = A,.

5.1.6 Proposed Mehar method for solving interval-valued fuzzy SpPs
In this section, an efficient method (named as Mehar method) is proposed to solve an

IVTrFuSpPs. The same method can also be used to solve IVTFuSpPs.
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Using the proposed Mehar method, the shortest path and the corresponding shortest
IVTrFuD from a node (called as source node) to any other node (called as destination node) can be
obtained as follows.

Step 1: Transform the IvTrFuSpP into its equivalent CrSpP by replacing the IvTrFuD

((dhy, dlip, dbs, dligs RY), (a8, AP, dYs, dFy; hY)) with the crisp distance df; ¥ (i, )) €

E.

Step 2: Solve the transformed CrSpP by Dijkstra’s algorithm [54].
Case (i): If a unique optimal path exists. Then, the total IvTrFuD corresponding to the
obtained unique optimal path represents the shortest IvTrFuD from the node i to
the node j.

Case (ii): If alternative optimal paths exist. Then, find all the IvTrFuNs, representing the
total IvVTrFuD from the node i to the node j, corresponding to all the obtained
alternative optimal paths. Finally, use the extended comparing method,
discussed in Section 5.1.5, to find the smallest IvTrFuN out of all the obtained
IVTrFuNs. The obtained smallest IvTrFuUN represents the shortest IVTrFuD
from the node i to the node j as well as the corresponding path(s) represents the
shortest path(s) from the node i to the node j.

5.1.7 Hlustrative example

In this section, exact result of the existing IVTFuSpP (represented by Fig. 5.1 and Table
5.1) is obtained by the proposed Mehar method.

Using the proposed Mehar method, the shortest path and the corresponding shortest
IVTFuD from the source node 1 to the destination node 6 for the network (represented by Fig. 5.1

and Table 5.1) can be obtained as follows.
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Step 1: Using Step 1 of the proposed Mehar method, the IVTFuSpP (represented by Fig. 5.1 and

Table 5.1) can be transformed into its equivalent CrSpP (represented by Fig. 5.2).

N
\ 4
N

4
Fig. 5.2 Transformed CrSpP
Step 2: According to Step 2 of the proposed Mehar method, there is a need to apply Dijkstra

algorithm [54] to find the shortest path from the source node 1 to the destination node 6 of
the transformed CrSpP (represented by Fig. 5.2).

It can be easily verified that on applying Dijkstra algorithm [54] for the transformed
CrSpP (represented by Fig. 5.2), the following four alternative optimal paths are obtained.
(i) 1-2-4-6
(i) 1-2-5-6
(i) 1-3—-4-6
(v) 1-3-5-6

Since, there are four alternative optimal paths. So, according to Case (ii) of Step 2
of the proposed Mehar method, there is a need to find the total IvVTFuD corresponding to
all the four alternative optimal paths.

It is obvious that
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() The total IVTFuD corresponding to the path 1-2-4-6 is
((10,12,13;0.5),(9,12,15;1)) +((2,3,7;0.5),(1,3,8; 1)) +
((4,7,11;0.5),(3,7,12; 1)) = ((16,22,31;0.5),(13,22,35; 1)).

(i)  The total IVTFUD corresponding to the path 1-2-5-6 s
((10,12,13;0.5),(9,12,15;1)) + ((3,5,6;0.5),(2,5,7; 1)) +
((3,5,7;0.5),(2,5,8;1)) = ((16,22,26;0.5), (13,22,30; 1)).

(i) The total IVTFUuD corresponding to the path 1-3—-4-6 s
((8,10,11;0.5),(7,10,14; 1)) + ((4,8,10;0.5),(3,8,12; 1)) +
((4,7,11;0.5),(3,7,12; 1)) = ((16,25,32; 0.5), (13,25,38; 1)).

(iv) The total IVvTFuD corresponding to the path 1-3-5-6 s
((8,10,11;0.5),(7,10,14; 1)) + ((5,7,8; 0.5),(4,7,9; 1)) +
((3,5,7;0.5),(2,5,8; 1)) = ((16,22,26;0.5), (13,22,31; 1)).

Now, according to Case (ii) of Step 2 of the proposed Mehar method, there is a
need to apply the existing comparing method, discussed in Section 5.1.4, to find minimum
of the IVTFuNs A; =((16,22,31;0.5),(13,22,35; 1)), A, =
((16,22,26;0.5),(13,22,30; 1)), A; =((16,25,32;0.5),(13,25,38;1)) and A, =
((16,22,26;0.5),(13,22,31; 1)).

Using the existing comparing method, discussed in Section 5.1.4, minimum of
A; =((16,22,31;0.5),(13,22,35; 1)), A, =((16,22,26;0.5),(13,22,30;1)), A, =
((16,25,32;0.5),(13,25,38; 1)) and A, = ((16,22,26;0.5),(13,22,31;1)) can be
obtained as follows.

Step 2a: Since a¥; = a¥; = a¥; = af, = 13. So, according to Step 1 of the existing

comparing method, discussed in Section 5.1.4, there is a need to go to Step 2.
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Step 2b: Since al; = a}; = ak; = ak; = 16. So, according to Step 2 of the existing
comparing method, discussed in Section 5.1.4, there is a need to go to Step 3.

Step 2c: Since a;, = a,, = ay, = 22 and as, = 25. So, according to Step 3 of the
existing comparing method, discussed in Section 5.1.4, A;=
((16,25,32;0.5), (13,25,38; 1)) does not represent the minimum fuzzy number
out of the fuzzy numbers A,, 4,, A; and 4,. To find the minimum of the rest of
the fuzzy numbers A,, A, and 4, , there is a need to go to Step 4.

Step 2d: Since al; = 31 is greater than a5; = ak; = 26. So, according to Step 4 of the
existing comparing method, discussed in  Section 5.1.4, A, =
((16,22,31;0.5), (13,22,35; 1)) does not represent the minimum fuzzy number
out of the fuzzy numbers A4,, 4, and A4,. To find the minimum of the rest of the
fuzzy numbers 4, and A, , there is a need to go to Step 5.

Step 2e: Since ad; = 30 is lesser than ak; = 31. So, according to Step 5 of the existing
comparing method, discussed in Section 514, A, =
((16,22,26;0.5), (13,22,30; 1)) represents the minimum of 4, and 4,.

Hence, the total IVTFuD i.e., ((16,22,26;0.5),(13,22,30;1)) represents the
shortest IVTFuD from the source node 1 to the destination node 6 as well as the
corresponding path 1 — 2 — 5 — 6 represents the shortest path from the source node 1 to
the destination node 6.

5.1.8 Computational efficiency of the proposed Mehar method
As discussed in Section 5.1.2, that to apply Ebrahimnejad et al.’s method [57], at least one or
at most five LpPs need to be solved to find the shortest IVTFuD from the source node to the

destination node. While, to apply the proposed Mehar method, at most one LpP need to be solved
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(if one solve the transformed CrSpP by linear programming approach). Hence, less computational
efforts are required to apply the proposed Mehar method as compared to Ebrahimnejad et al.’s
method [57].

The following validates this claim.

It is obvious from Section 5.1.3 that for applying Ebrahimnejad et al.’s method [57], five LpPs
need to be solved to find the shortest IVTFuD from the source node 1 to the destination node 6.
While, it is obvious from Section 5.1.7 that for applying the proposed Mehar method, there is a
need to solve only the LpP (P5.1.8.1) (if one solve the transformed CrSpP using the linear
programming approach) to find the shortest IvTFuD from the source node 1 to the destination node
6.

LpP (P5.1.8.1)
Minimize (9x,5 + 7X13 + 9Xg3 + X4 + 2X55 + X34 + 4x35 + X455 + 3X46 + 2X56)
Subject to
Constraints of the problem IVTFuLpP (P5.1.3.1).
5.2 Efficient method for solving IvPyFuSpPs
After reviewing the literature, it may be concluded that there does not exist any method except
Enayattabar et al.’s method [63] for solving IVPyFuSpPs. In this section,
() Itisshown that it is inappropriate to use Enayattabar et al.’s method [63].
(i) It is pointed out that the reasons for the inappropriateness in Enayattabar et al.’s
method [63] are the inappropriateness of existing expression [63] to evaluate sum of
IvPyFuNs as well as the inappropriateness of the existing method [63] for comparing
two IVPyFuNs.

(iii) Appropriate expression to evaluate sum of IvPyFuNs is proposed.
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(iv) The existing method [78] for comparing two interval-valued intuitionistic fuzzy
numbers is extended for comparing two IvPyFuNs.
(v) Using the proposed expression as well as the extended method, an efficient method
is proposed for solving IvPyFuSpPs.
5.2.1 IvPyFuN
Let X be a universal set. Then, the set A = {(x, [ (), pav (0], [V (), v,4u (X)]); x € X} is
said to be an IvPyFuN [63] defined over the universal set X, where
(i) The values [u4z(x), v (x)] €[0,1] and [v,e(x), vu(x)] € [0,1] are called the
interval of degree of membership and the interval of degree of non-membership for x €
A respectively.
(if) The values p,u(x) and v,u(x) satisfy the condition 0 < (uAu (x))2 + (UAU (x))2 <
1.
An IWPyFUN A = {(x, [pue (), o ()], [V, (x), v,0 (X)]);x € X} is also represented as A4 =

<[AU'AL) MAU]) [UAL) UAU])'
5.2.2 Existing expression to evaluate sum of IvPyFuNs

In the existing method [63], the following expression is used to evaluate sum of IvPyFuNs.

2
Let 4, = <x; [P‘Ak'“Ag]'[UAi'”A}C’]>;k =1,2,...,m, be IVPyFuNs where 0 < (uAg) +

(vAg)Z < 1V k. Then,

o 1= 10 (1= () ) = 0 (2 ) )] [0 (). T (o))
(5.2.2.1)
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Remark 5.1: In the published papers [65, 74, 84, 98, 108, 109, 142, 173, 178], the expression
(5.2.2.1) is used to evaluate sum of IvPyFuNs.
5.2.3 Existing method for comparing two IvPyFuNs

Enayattabar et al. [63] used the following method for comparing IVPyFuNs A; =
<x‘ [“A%'“Al”] ’ [UA%' vA‘{]> and 4, = <x; [“A%'“Az”] ’ [”Aé’ ”AE’D'

() 1¥M(A;) < M(4,), then A, < A,.

(i) 1fM(4;) > M(4,), then 4, > 4,.

(iiiy 1fM(A,) = M(A,), then 4, = 4,.

where,

) =5 () = () ) (10 1= () = (o) ) () -

(2)") (1 {1 () = (s)’) )5 = 12 5231)

5.2.4 Enayattabar et al.’s method
Enayattabar et al. [63] extended the existing crisp Dijkstra algorithm [54] to interval-valued
Pythagorean fuzzy Dijkstra algorithm by considering the following assumptions:
() [@,i] = [8 + [, i] represent the label for the node j which is directly connected to the
node i.
(i) [@,,—] =1[(0;[0,0],[1,1]),—] represent the label for the source node (say, node 1),

where — indicates that the node 1 has no predecessor.
(iii) The IVPyFuN ii; = <u; [Mu,L,Muu] , [vu;,vuuD represent the shortest IvPyFuD from the

source node (say, node 1) to the node i.
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(iv) The IvPyFuN Zl-j = <l; [/,ng,‘,/,lly‘] , [vl;,, vlg]> represent the distance from the node i to the
ij ij ij

ij
node j.

Step 1: Assign the permanent label [ii,, —] = [0;([0,0], [1,1]), —] for the source node (say, node
1). Seti = 1 and go to Step 2.

Step 2: Using the expression (5.2.2.1), compute the temporary label [&;, i] = [&; + I;, i] for each
node j which is directly connected to the node i, provided the node j is not permanently
labelled.

If the node j is already labelled with [&;, k] through another node k and if
M(@; + I;;) < M(%;), then replace the label [4;, k] with the label [g&; + I;;, i].

Step 3: If there is only one node (say, node r) having temporary label. Then, change the computed
temporary label [ii,,i] of the node r to the permanent label [#,,i]. Otherwise, find
minimum (4;) i.e., minimum (4; + [;;), where j represents all those temporary nodes
which are directly connected to the nodes having permanent labels.

Case (i): If minimum (ﬁj) is corresponding to a unique value of j (say, r) then change
the computed temporary label [, i] of the node r to the permanent label [ii,., i]
and go to Step 4.

Case (ii): If minimum (ﬁj) is corresponding to more than one values of j then proceed
further by considering any one from the obtained values of j (say, ). Also, change
the computed temporary label [, i] of the node r to the permanent label [ii,., i]

and go to Step 4.

Step 4: Check that all the nodes have permanent labels or not.
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Case (i): If yes then, the IvPyFuN i, represent the shortest IvPyFuD from the source node
1 to the destination node r. Use the existing backtracking process [54] to find
the corresponding shortest path.
Case (ii): If no then, set i = r and go to Step 2.
5.2.5 Inappropriateness of Enayattabar et al.’s method
The following clearly indicates that it is inappropriate to use Enayattabar et al.’s method
[63] in its present form.
(1) In Step 2 of Enayattabar et al.’s method [63], the expression (5.2.2.1) is used to
evaluate sum of IvPyFuNs i; and Tl-j i.e., to evaluate i; + Tij.
However, it is inappropriate to use the expression (5.2.2.1) due to the
following reasons.

@ If Vgl = 0 for any k, then the lower value of the interval of degree of non-
membership i.e., [T, (vAi) of A, + A, + --- + A,, will be 0. This indicates
that the lower value of the interval of degree of non-membership i.e.,
e, (UAk) of A; + A, + -+ A,, is independent from the lower values of
the interval of degree of non-membership of remaining IvPyFuNs.

(b) If Uy = 0 for any k, then the upper value of the interval of degree of non-
membership i.e., [T, (UA;g) of A, + A, + --- + A,,, will be 0. This indicates
that the upper value of the interval of degree of non-membership i.e.,
e, (UA;g) of 4, + 4, + -+ + A,, is independent from the upper values of

the interval of degree of non-membership of remaining IvPyFuNs.
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(ii)

In Step 2 of Enayattabar et al.’s method [63], the expression (5.2.3.1) is used to check
that %; + I;; is less than ; i.e., to check that the condition M (@; + I;;) < M(%;) is
satisfying or not.

However, the expression (5.2.3.1) is not valid as it fails to distinguish two
distinct IvPyFuNs. Hence, on solving an IvPyFuSpP by Enayattabar et al.’s method
[63], more than one IvPyFuNs, representing the shortest distance from the source
node to the destination node, may be obtained, which is mathematically incorrect.

To validate this claim, it is shown that on solving the IvPyFuSpP (represented
by Fig. 5.3 and Table 5.2) by Enayattabar et al.’s method [63], two different
IVPyFuNs, representing the shortest distance from the source node 1 to the destination

node 4, are obtained, which is mathematically incorrect.

Fig. 5.3 Considered network
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Table 5.2 IvPyFuD between two nodes

Node i to node j IvPyFuD

Node 1 to node 2

b2

Node 1 to node 3

ol

Node 2 to node 4

s

Node 3 to node 4

ol

Using Enayattabar et al.’s method [63], the shortest IvPyFuD and the corresponding
shortest path from the source node 1 to the destination node 4 for the network (represented by Fig.
5.3 and Table 5.2) can be obtained as follows.

Iteration 1

Step 1: According to Step 1 of Enayattabar et al.’s method [63], there is a need to assign the

permanent label [#i;, —] = [{[0,0],[1,1]), —] for the source node 1.

Step 2: It is obvious from Fig. 5.3 that node 2 and node 3 are directly connected to the node 1. So,
according to Step 2 of Enayattabar et al.’s method [63], there is a need to compute the
temporary labels [ii,, 1] = [#i; + I;,, 1] and [ii5, 1] = [fi; + I;3, 1] for the node 2 and the
node 3 respectively. All the labelled nodes (temporary and permanent) are shown in Table

5.3.
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Table 5.3: All labelled nodes

Node Label Status
1 (@, =] = [[0,0],[1,1]), -] Permanent
2 [y, 1] = [8iy + 15, 1] = l([ojo], [1,1]) + Temporary
<E’ﬂ l(17)4 (7)4l> l [ 1 1 [(17)4 (72)il>lll
’ i3, 1] = [&; + 113, 1] = l([0,0], [1,1]) + Temporary
<[l 1] I(31)4 (17)4l> l [ 1 1 [(31)4 (17)il> 1]
4’3 3 )

Step 3: It is obvious from Table 5.3 that there exist two nodes having temporary label i.e., node 2
and node 3 which are directly connected to the node 1. Also, as

minimum {M (ii,), M (ii3)} =

1 1
minimum{ ] I(17)4 @ > E,ﬂ, [(31)4,(1;)4”} =

minimum {—0.55,—0.54} = —0.55 = M(ii,). Therefore, according to Step 3 of

Enayattabar et al.’s method [63], r = 2. Hence, the temporary label [i,, 1] of the node 2

will be changed to the permanent label [i,, 1], as shown in Table 5.4.

141



Table 5.4: Updated labelled nodes

Node Label Status
1 [ﬁll _] = [([0'0]' [151])' _] Permanent
2 [ PR, Permanent
~ 11 17)4 (7)4
[ule] = <|:§;Ei|; %‘%>,1l
3 - 1 1 _(31)% (17)% Temporary
711 = (([3.3], TT] Jl

Step 4: Since, all the nodes of Table 5.4 does not have permanent labels. So, according to Case
(i) of Step 4 of Enayattabar et al.’s method [63], there is a need to go to Step 2 of
Enayattabar et al.’s method [63] by considering i = 2.

Iteration 2

Step 2: It is obvious from Fig. 5.3 that only node 4 is directly connected to the node 2. Therefore,
according to Step 2 of Enayattabar et al.’s method [63], there is a need to compute the
temporary label [ii,, 2] = [ﬁz + Lya, 2] for the node 4. All the labelled nodes are shown in

Table 5.5.

142



Table 5.5: All labelled nodes

Node Label Status
! (7, =1 = [£[0,0, [1,1]), -] Permanent
2 i, 1] = <E%] @é > 1] Permanent
3 (1] = <E§] (%ﬁgw 1] Temporary
4 [Ty, 2] = [ﬁz + 1, 2] _ <Eﬂl(13j(72_ﬁl> N Temporary
2] -2 a 2.2

Step 3: It is obvious from Table 5.5 that there exist two nodes having temporary label i.e., node 3

and node 4. Also, as minimum {M (ii3), M (ii,)} =

(9] [

S 5 4]>} = minimum {—0.54,0} =

1 1
minimum {M <E’§] ’ I(3i)4 , (1;)4]

—0.54 = M(ii3). Therefore, according to Step 3 of Enayattabar et al.’s method [63], r =
3. Hence, the temporary label [ii3, 1] of the node 3 will be changed to the permanent label

[ti3, 1] as shown in Table 5.6.
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Table 5.6:

Updated labelled nodes

Node Label Status
1 [ﬁll _] = [([0'0]' [151])' _] Permanent
2 [ (173 (Vi Permanent

~ 11 17)4 (7)4
)= [ 2.2
3 ~ /11 1 _(31)% (17)% Permanent
[ii3, 1] = <[z;§], T,Tl ,1l
2] = <[@ ﬂ] [@ ﬂ]> 2] Temporary
4. - | 9 ) 4 ) 9 1] 4 )

Step 4: Since, all the nodes of Table 5.6 does not have permanent labels. So, according to Case

(ii) of Step 4 of Enayattabar et al.’s method [63], there is a need to go to Step 2 of

Enayattabar et al.’s method [63] by considering i = 3.

Iteration 3

Step 2: It is obvious from Fig. 5.3 that only node 4 is directly connected to the node 3. Since, node

4 is already labelled with [

M(iis + 13,) = M(31,) as M <<[l 1

4’3

<[\/i_1\/ﬁ \/i_l\/ﬁ> _M<\E\E7] V31 V17

16’ 91716’ 9 N 16’ 9 1'L16

i.e.M<[‘/i_1,\E [\EED :M<E'ﬂ]’ V7 V7
16’ 9 16’ 9 9 ' 2

Enayattabar et al.’s method [63], the label of the node 4 is [<

)

9
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1

(Bn+ (17)+

)

3

=0 a0 [

(4]

2.9 (2.2

]>2] through another node 2 and

r 1 1
@13 (17)Zl> _

)

4 3

290

" ]) Therefore, according to Step 2 of

,2] as well



16’ 9 16’ 9

as [([E V7 [E EDB] All the labelled nodes (temporary and permanent) are

shown in Table 5.7.

Table 5.7: All labelled nodes

Node Label Status

1 [ﬁll _] = [([0'0]' [151])' _] Permanent

2 I (173 (i Permanent
~ 11 17 7
@ =[5, uuH

3 ~ /11 1 _(31)% (17)% Permanent
[ii3, 1] = <‘;g], T,Tl ,1l

4 i _ [{[¥7 V7] [V17 v7 Temporary
[u4l2]_ _<_9 14]1[9 ,4]>,2]aﬂd

(2,31 = (|

Step 3: It is obvious from Table 5.7 that there exists only one node having temporary label i.e.,
node 4. Therefore, according to Step 3 of Enayattabar et al.’s method [63], r = 4. Hence,
the temporary label [i,4, 3] of the node 4 will be changed to the permanent label [i4, 3] as

shown in Table 5.8.
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Table 5.8: Updated labelled nodes

Node Label Status
! (%, =1 = [K[0,0], [1,1]), -] Permanent
2 [ii,,1] = <E%] UTﬂié > 1] Permanent
3 [i5,1] = <i§] %&gwll Permanent
Y2l = <%77] ?ﬂbz] and Permanent
=[5 22).

Step 4: Since, all the nodes of Table 5.8 have permanent labels. So, according to Case (i) of Step

4 of Enayattabar et al.’s method [63], both the IVPyFuNs <g§][€g> and

([ [ 22

s O e > represents the shortest IvPyFuD from the source node 1 to the

destination node 4. Also, using the existing backtracking process [54], the shortest paths
from the source node 1 to the destinationnode 4are 1 — 2 — 4 and 1 — 3 — 4 respectievly.
5.2.6 Proposed expression to evaluate sum of IvPyFuNs

In this section, a valid expression (5.2.6.1) is proposed to evaluate sum of IvPyFuNs.

Let Ak=<xk; [P‘Ak'“Ag]'[”Aﬁ'”Ag]>;k:1'2' ..,m, be |IVPyFuNs where 0<

2 2
(#Ag (x)) + (UA}g (x)) <1Vkandp, =0V k. Then,
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P1A1 + Pzgz + et Pml‘Im =

_— j() j() | j() j() s

"rcn=1 Pk Z;(n=1 Pk Zin=1 Pk Zzn=1 Pk

0 (5.2.6.1)
The following clearly indicates that p; A; + p,A, + -+ + P Ay, is an IVPyFuN.

() 0<puup<1p20
2
=0< (1) <L 20
2
=>0Spk(u,¢) < Pk
2
ﬁoszzi:lpk (l’LAlIé) SZ;’{nzlpk

2
YheD (u L)
k=1Pk\H 4L

27]’?:1 Pk

<1

=0<

2
Zgllpk<ﬂAk>

>0 -
k=1Pk

< <1

(i) 0<spu<1 p=0
2
:OS(uAg) <1 p.=0
2
=>0Spk(uAg) < Dk

2
=0 < i (1ay) < Ziai

k

2
Y Pk(# U)
k=1 Ak

<1
Z}T:l Pk

=0< <

2
ZZLlpk(ﬂAg)

=>0< —
k=1Pk

< <1
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(i) 0<vy <1, p 20
2
=>OS(vAi) <1, p=20
2
=0 < py (”Ai) < P
2
= 0 < Y¥L1 Dk (vAi) < Xkt1Px

2
2;(’1:1 pk<v,qk>

- O <
Yhe. Pk

< <1

2
2?:1 pk<vAk>

>0
Yhe . Pk

<1.

(V) 0<vw<1p20
2
=0<(vy) <1 pez0
2
= 0<p(va) <pe
2
=0 < 27Dk (vAg) < Xk=1Pk

2
T Pk(v U)
kl—Ak

YheiPk

<1

=0

2
Y ()

=>0< ™
k=1Pk

< <1

V) Pe=0, pyy =20 vy, iy pic # 0

2 2
m 2 m :
Zhe=1Pk(Fyu Li=1Pk\V U

=
ZZL:l Pk Z;Cn=1pk
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2 2
Zm 2 m 2 m 2 m
k=1Pk\H U Yk=1Pk(V, U Yk=1Pk(H, U Yk=1Pk(V U
k + k — k k

1 Pk Yhe. Pk Yhe1Pk She. Pk

2

(Vi)

22"=1vk<(#A,lg)2+(”A;‘{ )2>

Z‘]rcn=1 Pk

Since, (uAg)z + (vAlz{)z < 1. So,

2 2
2 2
Z’;Zl-lpk(# U) ka—1pk<v U) m
T VA = Ak < Zk=1Pk

Z;(n=1 Pk Z;(n=1 Pk - Z;{Tl=1pk'

m
Since, Z=1Pk = 1. S,

k=1 Pk
2 2
2 2
Z;(nﬂpk(llAIl(J) Zf‘:lpk<vA,l(,) .
Z};n=1 Pk Zz’lzlpk -

5.2.7 Extended method for comparing IvPyFuNs

In this section, the existing method [78] for comparing interval-valued intuitionistic fuzzy

numbers is extended for comparing IvPyFuNs.

Let A, = <x1; [,uA%,,uAgz], [UA%,UA¥]> and A, = <x2; [,uA%,,uAg] ) [VAQ'VAQ’D be two
IvPyFuNs. Then, the IvPyFuNs A, and 4, can be compared as follows.
Step 1: Check whether x; < x,,x; > x, Or x; = x,.

Case (a) If x; < x,, then 4; < A,.

Case (b) If x; > x,, then 4; > A,.

Case (¢) If x; = x,, then go to Step 2.

Step 2: Check whether S(4;) < S(4,) or S(4,) > S(4,) or S(4,) = S(4;), where
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S(4) = g((%)z + (Mg)z = (%)2 - (vAg)Z) k=12 (5.2.7.1)
Case (a) If S(4;) < S(4,), then 4; < 4,.

Case (b) If S(4,) > S(4,), then 4, > 4,.

Case (c) If S(4,) = S(4,), then go to Step 3.

1

B = () + () + (o) + () )= 12 5272)
Case (a) If E; (4;) < E,(4,), then 4, > 4,.
Case (b) If E,(4,) > E,(4,), then 4, < 4,.
Case (c) If E;(4,) = E,(4,), then go to Step 4.

Step 4: Check whether E,(4,) < E,(4,) or E,(A,) > E,(4,) or E,(4,) = E,(4,), where

Ea() =3 () = () + () = (o) )ik =12 (5273
Case (a) If E,(4,) < E,(4,), then 4, < 4,.
Case (b) If E,(4;) > E,(4,), then 4; > A,.
Case (c) If E,(4;) = E,(4,), then go to Step 5.

Step 5: Check whether E5(4,) < E5(4,) or E5(4,) > E5(4,) or E;(4;) = E;(4,), where
Es(A) = (uAg)z - (/%)2 k=12 (5.2.7.4)
Case (a) If E5(4,) < E5(4,), then 4, < 4,.
Case (b) If E5(4;) > E5(4,), then 4; > 4,.

Case (C) If E3 (Al) = E3 (Az), then Al = Az.
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5.2.8 Proposed Mehar method for solving IvPyFuSpPs

In this section, using the proposed expression (5.2.6.1) to evaluate sum of IvPyFuNs and
the extended method for comparing IvPyFuNs, discussed in Section 5.2.7, a new method (named
as Mehar method) is proposed to find a shortest path from a node (called as source node) to any
other node (called as destination node) as well as the corresponding shortest IvPyFuD of an
IVvPyFuSpP.

The steps of the proposed Mehar method are as follows.

Step 1: Transform the IvPyFuSpP into its equivalent CrSpP by replacing the IvPyFuD

<lij; [,Lllll,]_,,ulg], [vliL]_, ”l}}]) with the crisp distance [;; V (i,j) € E.
Step 2: Solve the transformed CrSpP by Dijkstra’s algorithm [54].

Case (i): If a unique optimal path exists. Then, the total IvPyFuD corresponding to the
obtained unique optimal path represents the shortest IvPyFuD from the node i to
the node ;.

Case (ii): If alternative optimal paths exist. Then, find all the IvPyFuNs, representing the
total IvPyFuD from the node i to the node j, corresponding to all the obtained
alternative optimal paths. Finally, use the extended comparing method,
discussed in Section 5.2.7, to find the smallest IvPyFuN out of all the obtained
IvPyFuNs. The obtained smallest IvPyFuN represents the shortest IvPyFuD
from the node i to the node j as well as the corresponding path(s) represents the
shortest path(s) from the node i to the node j.

5.2.9 Exact result of an existing IvPyFuSpP

Enayattabar et al. [63] applied their proposed method for the network (represented by Fig.

5.1 and Table 5.9) to find the shortest path and the corresponding shortest IvPyFuD from the source
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node 1 to the destination node 6. However, as discussed in Section 5.2.5, Enayattabar et al. [63]
have considered some mathematical incorrect results in their proposed method. So, the obtained
shortest path and the corresponding shortest IvPyFuD are not correct.

In this section, a correct shortest path from the source node 1 to the destination node 6 and
the corresponding shortest IvPyFuD are obtained by the proposed Mehar method.

Table 5.9 [63] Existing IvPyFuD between two nodes

Node i to node j IvPyFuD

Node 1 to node 2 (5;[0.4,0.5],[0.3,0.4])
Node 1 to node 3 (5;[0.6,0.7],10.2,0.3])
Node 2 to node 3 (5;[0.3,0.6],[0.3,0.4])
Node 2 to node 4 (5;[0.7,0.8],10.1,0.2])
Node 2 to node 5 (5;[0.6,0.7],10.2,0.3])
Node 3 to node 4 (5;[0.4,0.6],[0.2,0.4])
Node 3 to node 5 (5;[0.7,0.8],[0.3,0.5])
Node 4 to node 5 (5;[0.5,0.6],10.1,0.3])
Node 4 to node 6 (5;[0.4,0.7],10.1,0.2])
Node 5 to node 6 (5;[0.3,0.4],10.1,0.2])

Using the proposed Mehar method, the shortest path and the corresponding shortest IvPyFuD
from the source node 1 to the destination node 6 for the network (represented by Fig. 5.1 and Table
5.9) can be obtained as follows.

Step 1: Using Step 1 of the proposed Mehar method, the IvPyFuSpP (represented by Fig. 5.1 and

Table 5.9) can be transformed into its equivalent CrSpP (represented by Fig. 5.4).
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5
Fig. 5.4 Transformed CrSpP
Step 2: According to Step 2 of the proposed Mehar method, there is a need to apply Dijkstra
algorithm [54] to find the shortest path from the source node 1 to the destination node 6
of the transformed CrSpP (represented by Fig. 5.4).

It can be easily verified that on applying Dijkstra algorithm [54] for the
transformed CrSpP (represented by Fig. 5.4), the following four alternative optimal paths
are obtained.

i) 1-2-4-6
() 1-2-5-6
@iy 1-3—-4-6
(v) 1-3-5-6

Since, there are four alternative optimal paths. So, according to Case (ii) of Step 2
of the proposed Mehar method, there is a need to find the total IvPyFuD corresponding to
all the four alternative optimal paths.

It is obvious that
(N The total IvPyFuD corresponding to the path 1—-2—-4—-6 is

(5;[0.4,0.5],[0.3,0.4]) + (5; [0.7,0.8],[0.1,0.2]) + (5; [0.4,0.7],[0.1,0.2]) =
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(if)

(iii)

(iv)

15__ (0.4)2+(0.7)%+(0.4)2 (0.5)2+(0.8)%2+(0.7)2 (0.3)2+(0.1)%+(0.1)2 (0.4)2+(0.2)%2+(0.2)2
’ 3 ’ 3 ! 3 ! 3
<15. \[&, ﬁ“\[ﬂ %l)
3 3 3 3

The total IvPyFuD corresponding to the path 1—-2-5-6 s

-

(5;[0.4,0.5],[0.3,0.4]) + (5; [0.6,0.7],[0.2,0.3]) + (5; [0.3,0.4],[0.1,0.2]) =

<15_ _\[(0.4)2+(0.6)2+(0.3)2 \[(0.5)2+(0.7)2+(0.4)Zl l\[(o.3)2+(o.z)2+(o.1)2 \[(0.4)2+(0.3)2+(0.2)Zl> _
’ 3 ’ 3 ’ 3 ’ 3 -

sl o [ )

The total IvPyFuD corresponding to the path 1—-3—-4-—-6 is

-

(5;0.6,0.7],[0.2,0.3]) + (5; [0.4,0.6],[0.2,0.4]) + (5; [0.4,0.7],[0.1,0.2]) =

<15_ -\/(0.6)2+(0.4)2+(0.4)2 \/(0.7)2+(0.6)2+(0.7)Zl [\/(0.2)2+(0.2)2+(0.1)2 J(o.3)2+(o.4)2+(o.z)Zl> _

3 3 3 3
<15-

= 1)

The total IvPyFuD corresponding to the path 1—-3—-5-—6 is

-

(5;[0.6,0.7],10.2,0.3]) + (5; [0.7,0.8],[0.3,0.5]) + (5; [0.3,0.4],[0.1,0.2]) =

<15_ -\/(0.6)2+(0.7)2+(0.3)2 J(o.7)2+(o.s)2+(o.4)Zl [J(0.2)2+(0.3)2+(0.1)2 J(o.3)2+(o.5)2+(o.z)Zl> _

3 3 3 3
<15-

[ foss [129] [ [oaz [oze
3’4 3 [’ 3’4 3 |/
is a need to apply the extended comparing method, discussed in Section 5.2.7, to

-

Now, according to Case (ii) of Step 2 of the proposed Mehar method, there
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find minimum of the IVPyFuNs 4; =

0.61 0.9 0.14 0.29 y O

<15,I ’T,\/;l,[ /T’ ’TD, Az =
i — . fﬂ fﬁ fﬂ f@

_<15’l 3’ 3]’[ 3’ 3])

Using the extended comparing method, discussed in Section 5.2.7,

minimum of A, =(15; [\[081 138] [\[011 024l> A, =

<15;l ’E,\/@H ,ﬂ, ,ED' 15: [\[068 134] [\[009 029]> and
3 3 3 3

A, = <15;l /% /%l[ /% /%D can be obtained as follows.

Step 2a: Since x; = x, = x3 = x, = 15. So, according to Step 1 of the extended

o 5 [ 2 ) -
o 5. |2 )

comparing method, discussed in Section 5.2.7, there is a need to go to

Step 2.

2 2 2 2 ~
Step 2b: Since S(4;) = —<(,UAL) + (HAg) — (vAi) — (VAg) ) ie., S(4,) =
0.307,5(4,) = 0.18,5(4;) = 0.273,5(4,) = 0.458. So, according to

Step 2 of the extended comparing method, discussed in Section 5.2.7,

A, = <15;[ /%\/?II /% /%D represents the minimum of 4,

A,, A;and 4,.
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Hence, the total IvPyFuD, I.e., <15[/%\/§][f% f%]) or

(15;[0.45,0.55],[0.22,0.31]) represents the shortest IvPyFuD from the source node 1 to
the destination node 6 as well as the corresponding path 1 —2 — 5 — 6 represents the
shortest path from the source node 1 to the destination node 6.
5.3 Efficient method for solving TsFuSpPs
After reviewing the literature, it may be concluded that only the existing methods [162,
175] are proposed for solving TsFuSpPs. In this section,
(1) Itis shown that it is inappropriate to use the existing methods [162, 175].
(i) It is pointed out that the reasons for the inappropriateness in the existing methods
[162, 175] are the inappropriateness of existing expression [162, 175] to evaluate sum
of TsFuNs as well as the inappropriateness of the existing method [162, 175] for
comparing two TSFUNS.
(iii) Appropriate expression to evaluate sum of TsFuNs is proposed.
(iv) By aggregating the existing methods [5, 115] for comparing two TsFuNs, a new
method is proposed for comparing two TsFuNs.
(v) Using the proposed expression as well as the proposed method for comparing
TsFuNs, an efficient method is proposed for solving TsFuSpPs.
5.3.1 Preliminaries
In this section, some basic definitions are discussed.
Definition 5.3.1.1 [171] Let X be a universal set. Then, the set A = {(x, uz(x),v7(x)); x € X} is
said to be a g-rung ortho pair fuzzy number defined over the universal set X, where
() wuz:X-101] and vz: X — [0,1] are said to be the membership function and non-

membership function respectively.
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(i) The values pz(x) and vz(x) are called the degree of membership and degree of non-

membership for x € A respectively.

(iii) The values u4(x) and v;(x) satisfy the condition 0 < (uz(x))? + (v1(x))? < 1 for some

natural number q.
A g-rung ortho pair fuzzy number A = {{x, uz(x),vz(x)); x € X} is also represented as A =
(1, va)-
Definition 5.3.1.2 [37] Let X be a universal set. Then, the set A = {(x, sz(x),iz(x),d;(x)); x € X}
is said to be a picture fuzzy number defined over the universal set X, where

(i) s;:X-1[01],i5:X - [0,1] and dz: X — [0,1] are said to be the membership function,

hesitation function and non-membership function respectively.

(i) The values sz(x), iz(x) and dz(x) are called the degree of membership, degree of

hesitation and degree of non-membership for x € A respectively.

(iii) The values sz (x), iz(x) and dz(x) satisfy the condition 0 < sz(x) + iz(x) + dz(x) < 1.
A picture fuzzy number A = {{x,s7(x),iz(x),dz(x));x € X} is also represented as A =
(saia da).

Definition 5.3.1.3 [115] Let X be a universal set. Then, the set A = {{x, sz(x),iz(x),d;(x));x €
X} is said to be a spherical fuzzy number defined over the universal set X, where

() s;uX-1[01],i5:X - [0,1] and dz: X — [0,1] are said to be the membership function,

hesitation function and non-membership function respectively.

(i) The values sz(x), iz(x) and dz(x) are called the degree of membership, degree of

hesitation and degree of non-membership for x € A respectively.
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(ili) The values s;(x), iz(x) and d;(x) satisfy the condition 0 < (sf;(x))2 + (ig(x))2 +

(dz(0)) < 1.
A spherical fuzzy number A = {(x,sz(x),iz(x),d;(x));x € X} is also represented as A =
(sa iz da).
Definition 5.3.1.4 [115] Let X be a universal set. Then, the set A = {(x, sz(x),iz(x),dz;(x));x €
X} is said to be a TsFuN defined over the universal set X, where
(i) s;:X-1[01],i5:X - [0,1] and dz: X — [0,1] are said to be the membership function,
hesitation function and non-membership function respectively.
(i) The values sz(x), iz(x) and dz(x) are called the degree of membership, degree of

hesitation and degree of non-membership for x € A respectively.
(iii) The values sz(x), iz(x) and dz(x) satisfy the condition 0 < (s3(x))" + (i4(x))" +
(dg(x))n < 1 for some natural number n.

A TsFUN A = {{x,s1(x),i7(x),dz(x));x € X} is also represented as A = (sz, iz, dz).

5.3.2 Existing expression to evaluate sum of TsFuNs

In the existing methods [162, 175], the following expression (5.3.2.1) is used to evaluate

sum of TsFuNs.

Let Ay = (x;54,, 14, da, )ik =1,2,..,m, be TsFuNs and n be the smallest natural

number where 0 < (sz,)" + (iz,)" + (dz,)" <1V k. Then,

A+ Ay 4t A, = <x; ’1/1 — 11, (1- sgk),’:/1 — I, (1- igk),n;?zldgk> (5.3.2.1)

5.3.3 Existing method for comparing two TsFuNs
In the existing methods [162, 175], the following method is used for comparing two
TsFuNs.
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Let A, = (x;54,, 14, da,) and A, = (x;5z,, iz,, dz,) be two TsFuNs and n be the smallest
natural number where 0 < (sz,)" + (iz,)" + (dz,)" < 1V k. Then,
(i) 1fSC(4;) < Sc(4,)then, 4, < 4,.
(i) 1fSC(4;) > SC(4,) then, 4, > 4,.
(iiiy 1fSC(A,) = SC(4,) then, 4, = 4,.
where,
SC(Ay) = é((sﬁk)n(l — (ia)" - (dﬁk)n)) k=12 (5.3.3.1)
5.3.4 Zedam et al.’s method for solving TsFuSpPs
Zedam et al. [175] proposed a method to find the shortest TsFuD and the corresponding
shortest path from a node (called as source node) to any other node (called as destination node) of

the considered network by considering the following assumptions:
() [@,i] = [ + I, i] represent the label for the node j which is directly connected to
the node i.
(i) [y, =] =[(0;0,0,1),—] represent the label for the source node (say, node 1), where
— indicates that the node 1 has no predecessor.
(iii) The TsFuN ii; = (ul- s Sap Ly dﬁi) represent the shortest TsFuD from the source node

(say, node 1) to the node i.
(iv) The TsFuN [; i = (ll- ji Sty Uiy dl}-j) represent the distance from the node i to the node
j.
Step 1: Assign the permanent label [ii,, —] = [(0; 0,0,1), —] for the source node (say, node 1). Set
i = 1 and go to Step 2.

Step 2: Using the expression (5.3.2.1), compute the temporary label [g;, i| = [#; + I;;, i] for each
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node j that is directly connected to the node i, provided the node j is not permanently
labelled.
If the node j is already labelled with [&;, k] through another node k and if
Sc(@; + I;;) < SC(i;), then replace the label [4;, k] with the label [; + 1;;, i].
Step 3: If there is only one node (say, node r) for which temporary label is computed in Step 2.
Then, change the computed temporary label [ii,.,i] of the node r to the permanent label
[i,,i]. Otherwise, find minimum (I;;) i.e., minimum {SC(I;;)}, where j represents all
those temporary nodes which are directly connected to the node i.
Case (i): If minimum (L-j) is corresponding to a unique value of j (say, r) then change
the computed temporary label [, i] of the node r to the permanent label [ii,., i]
and go to Step 4.
Case (ii): If minimum (Tl-j) is corresponding to more than one values of j then proceed
further by considering any one from the obtained values of j (say, r). Also, change
the computed temporary label [, i] of the node r to the permanent label [ii,., i]
and go to Step 4.
Step 4: Check that r is the destination node or not.

Case (i): If yes then the TsFuN i, represent the shortest TsFuD from the source node 1
to the destination node r. Use the existing backtracking process [54] to find the
corresponding shortest path.

Case (ii): If no then set i = r and go to Step 2.

Remark 5.2: It is pertinent to mention that Ullah et al.’s method [162] is obtained by considering
the following modification in Step 4 of Zedam et al.’s method [175].
Check that all the nodes have permanent labels or not.
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Case (i): If yes then the TsFuN {i, represent the shortest TsFuD from the source node 1 to the

destination node r. Use the existing backtracking process [54] to find the corresponding

shortest path.

Case (ii): If no then set i = r and go to Step 2.

5.3.5 Inappropriateness of existing methods to solve TsFuSpPs

The following clearly indicates that it is inappropriate to use the existing methods [162,

175] in its present form.

(i)

(i)

In Step 2 of the existing methods [162, 175], the expression (5.3.2.1) is used to
evaluate sum of TsFuNs #; and L-j i.e., to evaluate i; + Tij. However, the expression
(5.3.2.1) is not valid as the sum of TsFuNs, obtained by the expression (5.3.2.1), will
not necessarily be a TsFuN. The following validates this claim.

Let A, = (x; Si,» i,ql,d,zfl) =(x;10,0) and A, = (x; SAZ’iA“Z'dA"Z) =
(x;0,1,0) be two TsFuNs.

Then, using the expression (5.3.2.1), A+ 4, =

(x; ”\/1 ~ [l (1 B S:le)’ n\/l — Ik (1 - i}{k), k=1 d£k> =(;1->01-

1)(1-0),1—-(1-0)(1-1),0) = (x;1,1,0). It is obvious that (x; 1,1,0) is not a

TsFuN as for every natural number n, (1)™ + (1)™ + (0)™ = 2 which is greater than
1.

In Step 2 of the existing methods [162, 175], the expression (5.3.3.1) is used to check
that @; + I;; is less than 4; i.e., to check that the condition SC (@; + I;;) < SC(4;) is

satisfying or not.
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However, the expression (5.3.3.1) is not valid as it fails to distinguish two
distinct TsFuNs. The following validates this claim.

Let 4; = (x;0.1,0.2,0.3) and 4, = (x;0.1,0.3,0.2) be two TsFuNs. It is
obvious that 4; # 4,.

While, according to the expression (5.3.3.1), 4, = 4, asSC(4,) = SC(4,) =
~((0.1)(1-0.3-02)) = 0.0167.

5.3.6 Invalidity of existing expressions to evaluate sum of TsFuNs
It is obvious from Section 5.3.5 that to resolve the first inappropriateness of the existing
methods [162, 175], there is a need to use a valid expression to evaluate sum of TsFuNs. Although,
in the literature [66, 112, 124], different expressions are proposed to evaluate sum of TsFuNs. But
the following clearly indicates that none of the existing expressions [66, 112, 124] are valid. Hence,
none of the existing expressions [66, 112, 124] can be used to resolve the first inappropriateness
of the existing methods [162, 175].
()  Inthe published papers [5, 35, 111, 112, 116, 118, 167, 176], the expression (5.3.6.1) is

used to evaluate sum of TsFuNs 4, = (x;sz,,iz,,da, )i k = 1,2, ..., m.

A 4 A, 4+t A, = <x; ”\/1 — I, (1 - sgk),n’,g;l iz, T, dgk> (5.3.6.1)

However, the following clearly indicates that the expression (5.3.6.1) is not valid.

(a) If sz, = 1 for any k, then the degree of membership i.e., 71/1 — Ik, (1 - sgk)

of A, + A, + -+ + A,,, will be 1. This indicates that the degree of membership i.e.,

2/1 = | (1 - s}{k) of A; + 4, + -+ + A,, is independent from the degree of
membership of remaining TsFuNs.

162



(b) If iz, = 0 for any k, then the degree of hesitation i.e., [Ijt,iz, of A, + 4, +
-+ A, will be 0. This indicates that the degree of hesitation i.e., [T™, iz, of
A+ A, + -+ A, is independent from the degree of hesitation of remaining
TsFuNs.

(c) If dg, = 0 for any k, then the degree of non-membership i.e., [I;%, ds, of A+
A, + -+ A, will be 0. This indicates that the degree of non-membership i.e.,
[Tie,ds, of Ay+A,+--+A,, is independent from the degree of non-

membership of remaining TsSFuNs.
(i)  In the published paper [124], the expression (5.3.6.2) is used to evaluate sum of TSFUNs

/Ik = (x; Sy l'A'k, dgk); k=12,..,m.

A +A, ++A, = (x; [ sz, iy ia,, "\[1 L (1 — dgk)> (5.3.6.2)

However, the following clearly indicates that the expression (5.3.6.2) is not valid.
(a) If sz, = 0 for any k, then the degree of membership i.e., [Ij%,sz, of A, + 4, +
-+ A, will be 0. This indicates that the degree of membership i.e., [T, sg, of

A, + A, + -+ A, is independent from the degree of membership of remaining
TsFuUNs.

(b) If iz, = 0 for any k, then the degree of hesitation i.e., [Ijt;iz, of A, + 4, +
-+ A, will be 0. This indicates that the degree of hesitation i.e., [T™, iz, of

A+ A, + -+ A, is independent from the degree of hesitation of remaining

TsFuNs.
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() If dg =1 for any k, then the degree of non-membership i.e.,

n\[l ol § 4 (1 - dgk) of A, + A, + -+ + A, will be 1. This indicates that the

degree of non-membership i.e., n\[l o § (1 - dj{k) of A, + A, + -+ A4, is

independent from the degree of non-membership of remaining TsFuUNs.
(iii) In the published paper [66], the expression (5.3.6.3) is used to evaluate sum of TSFUNs
Ak = (X; Sy l'gk, dgk); k=12,..,m.

/x; ”\[HZL (1 _ dgk) ~, (1 — s =it — d}k) —IIR%, i, \
o Gog) e Goa) )

However, the following clearly indicates that the expression (5.3.6.3) is not valid.

(5.3.6.3)

(a) If iz, = 1 for any k, then the degree of hesitation i.e., 71/1 — Ik, (1 - i}{k) of

A+ A, + -+ A, will be 1. This indicates that the degree of hesitation i.e.,

n\/l = | (1 - i;{k) of A, + A, + -+ A4,,is independent from the degree of

hesitation of remaining TsFuNs.

(b) If dgz =1 for any k, then the degree of non-membership i.e.,

’1/1 — I, (1 — d2) of Ay + 4 + -+ Ay, will be 1. This indicates that the

degree of non-membership i.e., 71/1 = | i (1 - d}k) of A, + A, + -+ A, is

independent from the degree of non-membership of remaining TsFuNs.
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5.3.7 Proposed expression to evaluate sum of TsFuNs
In this section, to resolve the first inappropriateness of the existing methods [162, 175],

discussed in Section 5.3.5, a valid expression is proposed to evaluate sum of TsFuNs.
Let A, = (xx; 54,14, dz,);k =1,2,..,m, be TsFuNs and n be the smallest natural
number where 0 < (sz,)" + (iz,)" + (dz,)" <1Vkandp, =0V k. Then,

P1A1 + P2A2 + ot pmAm =

1 o+ n
Zﬂnzlpkxk;<2k=1pk(szk) ) ’<Zk=1pk(lﬁk) > ,<Zk=1pk(d71k) > CIFYTpe #£0 (5.3.7.0)

m m m
k=1Pk Zk=1 Pk k=1Pk

30w

The following clearly indicates that p, A; + p,A4, + -+ + p,, 4, is a TSFUN.

Q) 0<55, <1, p =20
=>0S(Sgk)nS1, pr=0
n
=0 pk(s;;k) < Dk
n
= 0< Y pi(sa,) <Tlipk

Yk=1 pk(sﬁk)n

=0< - <1
Zk:lpk
no =
S0 < (W) <1
Zk:lpk

(i) 0<iz <1, p=0

= 0 < peiz)" < vi

RN}
= 0< X pe(iz,) <Xiiipe
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kazl pk(iﬁk)n
Yieq1Pk

<1

=0

3|k

cos (Bl o

- Z‘]rcn=1 Pk

(i) 0< dg <1, p 20

n
=0< Y pe(da,) <Tripk

Ykeq pk(dﬁk)n

=0< <1
- 2}?:1pk -
1
n L
m d~ n
>0< (—2"‘1::‘( i ) <1.
k=1DPk

(V) pr 20, sz, =0, iz, =0, dg, =0, YreiP =0

l n l n i n
N <<Z7I?_1:;k(521k) >n> n ((Z?_lzk(iﬁk) >n> n ((Z;cn_1:1k(dﬁk) >n> > 0.
Lk=1Pk Li=1Pk Yk=1Pk
n

n l " n i " n i n
(V) <<Z;cn_1:lk(521k) >n> n ((Z?Anﬁk(iﬁ,{) >n> n ((Z;cn_171:1k(d2k) >n> _ chn=1:lk(571k) +
k=1Pk Zk:lpk Zk:lpk k=1Pk

Z?:lpk(igk)n ZZ”:lpk(d;lk)n _ Z;cn=1Pk((szk)n"'(iﬁk)n"'(dzk)n)

Z;(nzl Pk Z}T:l Pk Z;(n=1pk

Since, (sz,)" + (iz,)" + (dz,)" < 1. So,

n

N N 1
2?:11716(5]{,{) " Z;cn=1pk(i21k) " Z?=1pk(d,71k) " Zzl:lpk
HE A ) | 4 (A ) ) 4| (AL ) | <SP

Yreq Pk 1Dk YheqPk Yhe1 Pk
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m
Since, Zk=1Pk — 1 g,
k=1Pk

a2\ " ny
<Z?=1Zk(szk) )" N <2k’"=15k(izk) >"
Yk=1Pk Yk=1Pk
5.3.8 Invalidity of existing methods for comparing two TsFuNs
It is obvious from Section 5.3.5 that to resolve the second inappropriateness of the existing
methods [162, 175], there is a need to use a valid method for comparing two TsFuNs. Although,
in the literature [5, 35, 85, 115, 118, 176], different methods are proposed to compare two TsFuNs.
But the following clearly indicates that none of the existing methods [5, 35, 85, 115, 118, 176] are
valid. Hence, none of the existing methods [5, 35, 85, 115, 118, 176] can be used to resolve the
second inappropriateness of the existing methods [162, 175].
()  Inthe published papers [66, 111, 112, 115], the following method is used to compare two
TsFuNs 4, = (x;54,,i4,,da,) and A, = (x; sz, i, dz,)-
Step 1: Check that S(4;) > S(4,) or S(4,) < S(4,) or S(4,) = S(4,), where
S(A) = (s5,)" = (da)"s ke = 1,2 (5.3.8.1)
Case (a) If S(4,) > S(4,), then 4; > 4,.
Case (b) If S(4,) < S(4,), then 4, < 4,.
Case (c) If S(4,) = S(4,). Then, go to Step 2.
Step 2: Check that A(4,) > A(A;) or A(4;) < A(4,) or A(4,) = A(4;), where
A(A) = (s5,)" + (ig)" + (da) 5k =12 (5.3.8.2)
Case (a) If A(4;) > A(4,), then 4, > A,.

Case (b) If A(4;) < A(4,), then 4, < 4,.
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Case (c) If A(4,) = A(4,), then 4, = 4,.
However, this method is not valid as it fails to distinguish two distinct TsFuNs. The
following validates this claim.
Let A; = (x;0.1,0.3,0.1) and 4, = (x; 0,0.5,0) be two TsFuNs. It is obvious that
A, # A,. While, according to this method, 4, =4, as S(4,) =5(4,) =0 and
A(4,) = A(4;) = 0.5.
(i)  Inthe published paper [176], the following method is used to compare two TsFuNs A, =
(x;s4,,ix,,da,) and A, = (x;54,, iz, dz,)-
Step 1: Check that SC(4,) > SC(4,) or SC(4;) < SC(4,) or SC(4;) = SC(4,),

where

Sc(Ak) _ (Sgk)n _ (iﬁk)n _ (dﬁk)n + ( es(silk>__i(i71k) _d(dixk) _ l) (1 _

((s5)" + (ia)" + (da)")) sk = 1,2 (53.83)
Case (a) If SC(4,) > SC(4,), then 4; > 4,.

Case (b) If SC(4,) < SC(4,), then 4, < 4,.

Case (c) If SC(4;) = SC(A4,). Then, go to Step 2.

Step 2: Check that r(4,) > r(4,) orr(4;) < r(4,) orr(4;) = r(4,), where

r(A) = "1 (52" + (ia)" + (ds)" )ik =12 5.38.4)
Case (a) If r(4;) > r(4,), then 4; < 4,.
Case (b) If r(4;) < r(4,), then 4; > 4,.

Case (c) If r(4,) = r(4,), then 4; = 4,.
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(iii)

However, this method is not valid as it fails to distinguish two distinct TsFuNs. The

following validates this claim.
Let A; = (x;0.6,0.1,0.2) and 4, = (x;0.6,0.2,0.1) be two TsFuNs. It is obvious

that 4, # A,. While, according to this method, 4, = 4, as SC(4,) = SC(4;) = 0.6 —

0.6—0.1-0.2

0.1-0.2+ (ee

0.6-0.1-0.2 49

~)(1-(06+01+02)=03235 and r(4)=

r(4,) =1 - (0.6 + 0.1+ 0.2) = 0.3162.
In the published papers [5, 35, 124], the following method is used to compare two
TsFuNs A; = (x;sz,,i4,,da,) and A, = (x;sz,, iz, d4,)-
Step 1: Check that Sc(4,) > Sc(4,) or Sc(4,) < Sc(4,) or Sc(4,) = Sc(4,),
where
Sc(Ai) = (sa)" = (i)" — (da)" sk = 1,2 (5.3.8.5)
Case (a) If Sc(4,) > Sc(4,), then 4, > 4,.
Case (b) If Sc(4;) < Sc(4,), then 4; < 4,.
Case (c) If Sc(4;) = Sc(A,). Then, go to Step 2.
Step 2: Check that Ac(4;) > Ac(4,) or Ac(4;) < Ac(4,) or Ac(4;) = Ac(4,),
where
Ac(Ar) = (sa,)" + (ia)" + (dz) "5k = 1,2 (5.3.8.6)
Case (a) If Ac(4,) > Ac(4,), then 4, > 4,.
Case (b) If Ac(4;) < Ac(4,), then 4, < 4,.
Case (c) If Ac(4;) = Ac(4;), then 4, = 4,.
However, this method is not valid as it fails to distinguish two distinct TSFuNs.

The following validates this claim.
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Let A; = (x;0.8,0.2,0.1) and 4, = (x;0.8,0.1,0.2) be two TsFuNs. It is obvious
that A, # A,. While, according to this method, 4; = 4, as Sc(4,) = Sc(4,) =
(0.8)2—(0.2)2—(0.1)2=0.59 and  Ac(4;) = Ac(4;) = (0.8)? + (0.2)% +
(0.1)2 = 0.69.

(iv) In the published papers [85, 116, 167], the following method is used to compare two
TsFuNs A; = (x;sz,,i4,,da,) and A, = (x; sz, iz, d4,)-
Step 1: Check that S(4;) > S(4,) or S(4,) < S(4;) or S(4,) = S(4,), where
S(A) =5 (14 (sa)" = (ia)" = (dz,)" )ik = 1,2 (5.3.8.7)
Case (a) If S(4,) > S(4,), then 4; > 4,.
Case (b) If S(4,) < S(4,), then 4, < 4,.
Case (c) If S(4,) = S(4,). Then, go to Step 2.
Step 2: Check that H(4;) > H(A,) or H(4,) < H(4,) or H(4,) = H(4,), where
H(A) = (s5,)" + (ia)" + (da)" s k = 1,2 (5.3.8.8)
Case (a) If H(4;) > H(4,), then 4, > 4,.
Case (b) If H(A,) < H(4,), then 4, < 4,.
Case (c) If H(A,) = H(4,), then 4, = 4,.
However, this method is not valid as it fails to distinguish two distinct TsSFuNs.
The following validates this claim.
Let A; = (x;0.8,0.4,0.5) and 4, = (x; 0.8,0.5,0.4) be two TsFuNs. It is obvious

that A, # A,. While, according to this method, A; =4, as S(4;)=S(4,) =
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v)

§(1 +(0.8)% — (0.4)® — (0.5)%) = 0.6615 and H(4,) = H(4,) = (0.8)% + (0.4)° +
(0.5)3 = 0.701.

In the published paper [118], the following method is used to compare two TsFUNs 4, =
(x;s4, iz, da,) and A, = (x;54,, iz, dz,).

Step 1: Check that S(4;) > S(4,) or S(4,) < S(4,) or S(4,) = S(4,), where

S(/Ik) _ (Sgk)n _ (iA’k)n _ (d,q,)n n ( e(52k> _(i2k> _(dﬁk> B %> (1 _

e(S:xJn‘(izk)n‘(dzk)nH

((s5)" + (ia)" + (da)")) sk = 1,2 (5.3.8.9)
Case (a) If S(4,) > S(4,), then 4; > 4,.
Case (b) If S(4,) < S(4,), then 4, < 4,.
Case (c) If S(4,) = S(4,). Then, go to Step 2.
Step 2: Check that A(4;) > A(4,) or A(4,) < A(4,) or A(4,) = A(4,), where
A(A) = (sz,)" + (iz)" + (dz,)" k= 1,2 (5.3.8.10)
Case (a) If A(4,) > A(4,), then 4, > 4,.
Case (b) If A(4,) < A(4,), then 4, < 4,.
Case (c) If A(4,) = A(4,), then 4, = 4,.
However, this method is not valid as it fails to distinguish two distinct TsFuNs. The
following validates this claim.
Let A, = (x;0.6,0.1,0.2) and 4, = (x; 0.6,0.2,0.1) be two TsFuNs. It is obvious

that A; # A,. While, according to this method, 4, = 4, as S(4,) = S(4,) = 0.6 —
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0.6—0.1-0.2

0.1-02+ (

0.6-0.1-0.2 4 1

~3)(1-(06+01+02)=03235 and A(4;) =

A(4;) =0.6+0.1+0.2 =09,

5.3.9 Proposed method for comparing two TsFuNs
In this section, to resolve the second inappropriateness of the existing methods [162, 175],
discussed in Section 5.3.5, by aggregating the existing comparing methods [5, 115], a new method

is proposed for comparing two TsFUNS.
Let A, = (xq;84,, 14, da,) and A, = (x;54,,1,,dz,) be two TsFuNs and n be the
smallest natural number where 0 < (sz,)" + (iz,)" + (dz,)" < 1V k. Then,
Step 1: Check that x; > x, or x; < x, Or x; = x5.
Case (a) If x; > x,, then 4, > A4,.
Case (b) If x; < x,, then 4; < 4,.
Case (¢) If x; = x,. Then, go to Step 2.
Step 2: Check that Sc(4;) > Sc(4,) or Sc(4,) < Sc(4,) or Sc(4,) = Sc(4,), where
Sc(Ar) = (sa)" = (ia,)" = (dz,) s k = 1,2.
Case (a) If Sc(4,) > Sc(4,), then 4, > 4,.
Case (b) If Sc(4,) < Sc(4,), then 4; < 4,.
Case (c) If Sc(4;) = Sc(A,). Then, go to Step 3.
Step 3: Check that S(4;) > S(4,) or S(4;) < S(4,) or S(4,) = S(4;), where
S(4) = (sz,)" — (dz,)" k = 1,2.
Case (a) If S(4;) > S(4,), then 4; > 4,.
Case (b) If S(4,) < S(4,), then 4, < 4,.

Case (c) If S(4;) = S(4;). Then, go to Step 4.
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Step 4: Check that Ac(4;) > Ac(4,) or Ac(4;) < Ac(4,) or Ac(4;) = Ac(4,), where

Ac(Ay) = (sz,.)" + (ia)" + (dz) 5k = 1,2.

Case (a) If Ac(4,) > Ac(4,), then A, > 4,.

Case (b) If Ac(4;) < Ac(4,), then 4; < 4,.

Case (c) If Ac(4,) = Ac(4;), then 4, = 4,.

It is obvious that A; = A, only if x; = x,,57 = s7,i5 =iz and dj =dj ie., the
proposed method will never fail to distinguish two distinct TsFuNs. Hence, the proposed method
is valid.

5.3.10 Proposed Mehar method for solving TsFuSpPs

In this section, using the proposed expression (5.3.7.1) to evaluate sum of TsFuNs and the
proposed method for comparing TsFuNs, discussed in Section 5.3.9, a new method (named as
Mehar method) is proposed to find a shortest path from a node (called as source node) to any other

node (called as destination node) as well as the corresponding shortest TsFuD of a TSFuSpP.

The steps of the proposed Mehar method are as follows.
. n o\ n B
Step 1: Find the smallest natural number n such that (Siij) + (l[l.j) + (dl}j) <1V =
(lif; Sty Uy dzij)-
Step 2: Transform the TsFuSpP into its equivalent CrSpP by replacing the TsFuD
(lij; ST ity 0 d[l.]_) with the crisp distance [;; V (i,j) € E.
Step 3: Solve the transformed CrSpP by Dijkstra’s algorithm [54].
Case (i): If a unique optimal path exists. Then, the total TsFuD corresponding to the

obtained unique optimal path represents the shortest TsFuD from the node i to

the node ;.
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Case (ii): If alternative optimal paths exist. Then, find all the TsFuNs, representing the
total TsFuD from the node i to the node j, corresponding to all the obtained
alternative optimal paths. Finally, use the proposed comparing method,
discussed in Section 5.3.9, to find the smallest TsFuN out of all the obtained
TsFuNs. The obtained smallest TsFuN represents the shortest TsFuD from the
node i to the node j as well as the corresponding path(s) represents the shortest
path(s) from the node i to the node j.

5.3.11 Exact result of an existing TsFuSpP

Zedam et al. [175] and Ullah et al. [162] applied their proposed method for the network
(represented by Fig. 5.5 and Table 5.10) to find the shortest path and the corresponding shortest
TsFuD from the source node 1 to the destination node 6. However, as discussed in Section 5.3.5
that in the existing methods [162, 175] some mathematical incorrect results are considered in their
proposed methods. So, the obtained shortest path and the corresponding shortest TsFuD are not
correct.

In this section, a correct shortest path from the source node 1 to the destination node 6 and

the corresponding shortest TsFuD for the network (represented by Fig. 5.5 and Table 5.10) are

obtained by the proposed Mehar method.
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Fig. 5.5 [162, 175] TSFuSpP

Table 5.10 [162, 175] Existing TsFuD between two directed nodes

Node i to node j TsFuD

Node 1 to node 2 (8;0.5,0.5,0.7)
Node 1 to node 2 (8;0.3,0.6,0.8)
Node 2 to node 3 (8;0.8,0.4,0.8)
Node 2 to node 5 (8;0.9,0.6,0.8)
Node 3 to node 4 (8;0.7,0.4,0.3)
Node 3 to node 5 (8;0.7,0.8,0.9)
Node 4 to node 6 (8;0.5,0.4,0.8)
Node 5 to node 6 (8;0.6,0.5,0.3)

Using the proposed Mehar method, the shortest path and the corresponding shortest TsFuD
from the source node 1 to the destination node 6 for the network (represented by Fig. 5.5 and Table

5.10) can be obtained as follows.
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6 6
Step 1: It can be easily verified that 6 is the smallest natural number such that (Siij) + (izl.j) +

6
(di;) <1¥(G))€E, where E ={(1,2),(13),(23),(2,5), (34),(3,5), (46),(56)}.
Hence, according to Step 1 of the proposed Mehar method, n = 6.

Step 2: Using Step 2 of the proposed Mehar method, the TsFuSpP (represented by Fig. 5.5 and

Table 5.10) can be transformed into its equivalent CrSpP (represented by Fig. 5.6).

Fig. 5.6 Transformed CrSpP
Step 3: According to Step 3 of the proposed Mehar method, there is a need to apply Dijkstra
algorithm [54] to find the shortest path from the source node 1 to the destination node 6 of
the transformed CrSpP (represented by Fig. 5.6).
It can be easily verified that on applying Dijkstra algorithm [54] for the transformed
CrSpP (represented by Fig. 5.6), the following three alternative optimal paths are obtained.
i) 1-2-5-6
(i) 1-3-4-6

(i) 1-3-5-6
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Since, there are three alternative optimal paths. So, according to Case (ii) of Step 3
of the proposed Mehar method, there is a need to find the total TsFuD corresponding to all
the three alternative optimal paths.

It is obvious that
() The total TsFuD corresponding to the path 1-2-5-6 s

(8;0.5,0.5,0.7) + (8;0.9,0.6,0.8) + (8;0.6,0.5,0.3) =

1 1 1
(0.5)6+(0.9)5+(0.6)°\6 ((0.5)5+(0.6)6+(0.5)°\6 ((0.7)6+(0.8)°+(0.3)%\6 \ __
(4 ((otoptaany (aratoaratontys (atonrary)

1 1 1
. (0.594\6 (0.078\6 (0.38)6
(24 (52" ()" (2)),
(i) The total TsFuD corresponding to the path 1-3-4-6 s

(8;0.3,0.6,0.8) + (8;0.7,0.4,0.3) + (8;0.5,0.4,0.8) =

1 1 1
(0.3)64(0.7)6+(0.5)%\6 ((0.6)6+(0.4)6+(0.4)6\6 ((0.8)6+(0.3)°+(0.8)%\6 \ __
(s (o2 septaestys (worseatsivarye (oaroatutnry)

1 1 1
(01346 (0.055)6 (0536
(20 (42" (529" (422)),
(iii) The total TsFuD corresponding to the path 1-3-5-6 s

(8;0.3,0.6,0.8) + (8;0.7,0.8,0.9) + (8;0.6,0.5,0.3) =

1 1 1
((0.3)°4(0.7)%+(0.6)%\6 ((0.6)6+(0.8)6+(0.5)%\6 ((0.8)6+(0.9)°+(0.3)%\6 \ _
(s (o2 seprtmotys (otsearsioatye (woroaretary)

1 1 1
(01656 (0.324)6 (0.79Y6
(2 (552 (29 (2)),
Now, according to Case (ii) of Step 3 of the proposed Mehar method, there is a

need to apply the proposed comparing method, discussed in Section 5.3.9, to find minimum

177



of e TENs A= (26 ()L (2)) 4

3 3 3

(24 (220, (222 (22 ) wna 1, = (2 (222, (22, (2 )
Using the proposed comparing method, discussed in Section 5.3.9, minimum of

1 1 1 1 1 1

o= (2 () (T (3 ) A= (252 (5 (5)) o o=

(24; (w)é (w)é (%)3 can be obtained as follows.

3 3
Step 2a: Since x; = x, = x3 = 24. So, according to Step 1 of the proposed comparing
method, discussed in Section 5.3.9, there is a need to go to Step 2.
Step 2b: Since Sc(4) = (sz,)" — (ix,)" — (dz,)" ie., Sc(4,) = 0.045,5c(4,) =

—0.15,Sc(/13) = —0.32. So, according to Step 2 of the proposed comparing

method, discussed in Section 5.3.9, 143=<24; (%)%(%)%(03_79)%)

represents the minimum of 4, A, and 4.

Hence, the total TsFuD, i.e., <24(%)%(%)%(03—79)%> or

(24;0.62,0.69,0.8) represents the shortest TsFuD from the source node 1 to the destination
node 6 as well as the corresponding path 1 — 3 — 5 — 6 represents the shortest path from
the source node 1 to the destination node 6.
5.4 Conclusions
In this chapter,

() Itis shown that much computational efforts are required to apply the existing method [57].
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(if) Itisshown that it is inappropriate to use the existing methods for solving SpPs under fuzzy
environment and their extensions [63, 162, 175].
(iii) An efficient method (named as Mehar method) is proposed for solving SpPs under fuzzy

environment and their extensions.
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Chapter 6

Efficient Method for Solving Linear Programming

Problems Under Neutrosophic Environment?

Khatter [100] pointed out that although several methods are proposed in the literature to solve
SvNeLpPs (LpPs in which all the parameters except decision variables are represented by
SvNeNs). However, all the methods for comparing SvNeNs, used in existing methods, are
independent from the attitude of the decision maker towards the risk. To fill this gap, Khatter [100]
proposed a method for comparing two SvNeNs by considering the attitude of the decision maker
towards the risk. Then, using the proposed comparing method, Khatter [100] proposed a method
for solving SvNeLpPs.

In this chapter,

() Itis pointed out that a mathematical incorrect result is considered in Khatter’s method

[100].

(i) It is pointed out that some mathematical incorrect results are considered in other

existing methods for solving SvNeLpPs.

(iii) An efficient method (named as Mehar method) is proposed for solving SvNeLpPs.

(iv) Limitation of the proposed Mehar method is discussed.

6.1 Preliminaries

In this section, the basic definitions are discussed.

! The contents of this chapter are published in “Soft Computing 26 (2022) 8479-8495".
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Definition 6.1.1 [51] Let X be a universal set. Then, the set 4 = {{x, Tz(x), I;(x), Fz(x)):x € X}
is said to be a SvNeN defined over the universal set X, where
() TzX-1[01], 15X = [0,1] and Fz: X — [0,1] are said to be the truth membership
function, indeterminacy membership function and falsity membership function
respectively.
(i) The values T5(x), Iz(x) and Fz(x) are called the degree of truth membership, degree
of indeterminacy membership and degree of falsity membership for x € A respectively.
(ili) The values Tz(x),I;(x) and Fz(x) satisfy the condition 0 < T;(x) + I;(x) +
Fz(x) < 3.
A SVNeN 4 = {(x, Tz(x), 15(x), F5(x)): x € X} is also represented as A = (Tz(x), [5(x), F5(x)).
Definition 6.1.2 [51] A single-valued neutrosophic set A = (a4, a,, as; wi, Uz, yz), Where 0 <
wi<10<u;<1,,0<y;<10<wz+uz+y; < 3,issaid to be SYTNeN if its membership

functions are defined as

x—aq )
(w; a,<x<a
I A (az—al ! 1 2
Wi, X = a,,
TA(x) = 4 az—x
| w~(—), a, < x < az,
az—az
kO, otherwise
a,—x+uz(x—aq)
(i St a, < x < a,,
| az—ay
Uuz, X =a
IA(x :4 ;4 az+uz(az—x) Y
| — A4~ a,<x<a,
az—as
kO, otherwise

a,—x+y4(x—aq)
¢' al S x < az'
az—a,

X = a2,

x—az+yz(az—x) a, <x < as
) — )

Fax) = ém'
|

az—az
kO, otherwise
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Definition 6.1.3 [51] A single-valued neutrosophic set A = (a4, a,, as, a,; wz, uz, yz), where 0 <
wi<1l0<u;<1,0<y;<10<wz+uz+yz<3, is said to be SvTrNeN if its

membership functions are defined as

X—a
|( (az all) a, < x < a,,
(%) =4Wg, a, < x < as,
! Wi (a“_x) a; <x<a
I ag—as ’ 3 - 4
kO, otherwise
ar,—x+uz(x—a
I(Z aA: 1), a; < x < a,,
2 1
I(x—{w’ a, < x < as,
2(x) =
x—aztuz(a X
| 3a A:‘L ), as; < x < ay,
4— U3
kl, otherwise
as —-xX+ xX—a
|( azy“‘:l 1), a; <x < a,,
Fr(x) = {y a, < x < as,
A
X—az+ asz—Xx
| —3ay“‘; 4 ), as; < x < ay,
4 3
k otherwise

Definition ~ 6.1.4  [51]  Let A =(ayy, @12, ay3wa, ua,va,) and A, =
(az1, zz, az3; Wgz,ugz,ygz) be two SVTNeNs, then A; + 4, = (a;; + azq1, a1, + azp, a3 +
ays; minimum{w[ql, Wgz} , maximum{ugl, ugz} , maximum{ygl, ygz}) .

Definition ~ 6.1.5 [51] Let A = (ayy, @12 Ay3, @143 wa, ua, va,) and A, =
(@21, Gg2,G93, Q245 Wa, Uz, ¥a,) e two SvTrNeNs, then A, +4, = (ay; +azy, a5 +
Qpp, Q13 + Ap3, Q14 + Agy; minimum{wAl, WAZ},maximum{ugl,ugz},maximum{ygl,ygz}).
Definition 6.1.6 [19] Let A = (a,, a,, as; wz, uz, y7) be a SYTNeN and k be a real number, then

(kay, ka,, kas; wa,uz, vz), if k=0,

kA = {(ka3,ka2,ka1;Wg, uz,yi), if k <O.
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Definition 6.1.7 [19] Let A = (a4, a,, as, a,; wa, uz, yz) be a SVTrNeN and k be a real number,

(kallkaZJkaglka‘l-; Wj, UA;YA); lf k 2 0;
(ka4;ka3' kaZ' ka1}W/Lu/LYA); lf k < 0

then kA = {
Definition ~ 6.1.8  [100] Let A, = (ayy, a1z @13 Wi, ua,vz,) and A, =
(@21, @z, az3; Wa,, uz,, v,) be two SVTNeNs. Then, A; and A, can be compared as follows.

() V(A4 <V(4y), then 4, < 4,.

(i) V(A4 > V(4y), then 4, > 4,.

(iii) 1£V(4,) =V(4,), then 4, = A,.

where,

(a) V(/L) ) (ai1+4(2i2+ai3) Wi’ + (1 —

I,

2
[Z(am tapptaiz)—(an-2a;taiz)uz,—(ain t4aiz +ais)uy
6

[Z(ail taiztaiz)—(ai1—2ai;+ai3)yz,~(ai t4a;; +a13)yf,i]

6

>,,1 e[01];i =12 (6.1.1)

(b) A reflects the attitude of the decision maker towards the risk.
(c) 2 €[0,0.5) indicates that the expert is risk taker and gives preference to uncertainty.
(d) 4 = 0.5 indicates that the expert is neutral about deciding the parameters of SVTNeLpP.
(e) 2 € (0.5,1] indicates that the expert is risk aversive about deciding the parameters of
SVTNeLpP and gives preference to certainty.
Definition  6.1.9  [100] Let A4; = (ayy, a1z aus @14 wa, uz,va,) and A, =
(a21, Az, (23, Az4; WA, UA,, ygz) be two SvTrNeNs. Then, A; and A, can be compared as follows.
(i) 1fV(4y) <V(4,), then 4; < 4,.

(i) 1FV(4,) > V(4,), then 4, > 4,.
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where,

V(/Ii) -1 (ai1+2aizzzai3+ai4) Wx‘%i +(1-

2
([(zam taiptai3+2ai4)~ (A1~ Qi ~ Az +aig)ug, — (@i +20a12+2043 +ai4)u;4i]

6

2
[(zam taip+aiz+2ai) = (a1~ Aiz=Ai3+aia)yz,~ (@1 +2012+2043 +ai4)3’;1i]

6

>,/1 e[0,1];i = 1,2 (6.1.2)

6.2 Inappropriateness of existing methods

In this section,

() A mathematical incorrect result, considered in Singh et al.’s method [148] and Khatter’s
method [100], is pointed out. It can be easily verified that the same mathematical incorrect
result is also considered in the existing methods [15, 16, 19, 22, 41, 42, 58, 60, 126, 137,
152, 156, 168].

(i) A mathematical incorrect result, considered in Abdelfattah’s method [3], is pointed out. It
can be easily verified that the same mathematical incorrect result is also considered in the
existing method [43].

(iii) A mathematical incorrect result, considered in Das et al.’s method [44], is pointed out. It
can be easily verified that the same mathematical incorrect result is also considered in the
existing methods [2, 59, 80].

(iv) A mathematical incorrect result, considered in Kar et al.’s method [89], is pointed out.

6.2.1 Inappropriateness of Singh et al.’s method
In Singh et al.’s method [148] firstly, the SvTrNeLpP (P6.2.1.1) is transformed into the
CrLpP (P6.2.1.2). Then, the CrLpP (P6.2.1.2) is transformed into the CrLpP (P6.2.1.3). After

that, the CrLpP (P6.2.1.3) is transformed into the CrLpP (P6.1.1.4). Finally, it is assumed that an
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optimal solution of the CrLpP (P6.2.1.4) also represents an optimal solution of the SvTrNeLpP
(P6.2.1.1).

SvTrNeLpP (P6.2.1.1)

Maximize /Minimize (Z’}:l (cjl, Cj2, Cj3) Cjas Wej» Ug)s yaj) x]-)

Subject to

n . ~ . ~ ~ ~ ] —
Zj:l (aijl, Qij2,Aij3, Ajja,; Wdij' ual.j, ydij) Xj (<, ~, ?)(bﬂ; biZ' bi3’ bi4, Wbi’ ubi’ ybi): 1=

(i)  m represents the number of constraints.

(i) n represents the number of variables.
(iii) (cjl, Cj2) Cj3» Cjas wfj,ufj,yfj) isa SvTrNeN for eachj = 1,2, ...,n.
(iv) (bi1, biz, bi, bias Wi, U, v5,) is a SVTrNeN for each i = 1,2, ..., m.
(v) (aijl,aijz,aijg,aij4; waij,uaij,yaij) is a SVIrNeN for each i=1.2,...m; j=
1,2,..,n.
CrLpP (P6.2.1.2)
Maximize /Minimize (R (2}1:1 (cjl, Cj2s Cj3» Cjas Wejp U yfj) xj)>
Subject to

n . — . ~ ~ ~ ] —
R (Zj=1 (aij]_; aijZ' aij3: aij4-; Wdij' udijl Yaij) x]) (S, — 2) R(bill biZ’ bi3’ bi4’ Wbi’ u'bi’ ybi)’ L=
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(@) Ifthe problem is of maximization [1],

R(A ) (a11+2(alz+als)+al4) + (W/Ti — Uz — ygi) (6.2.1.1)

(b) If the problem is of minimization [1],

R(A ) (a11—3(a12+a13)+a14) + (W/Ti — Uz, — ygi) (6_2_1_2)
CrLpP (P6.2.1.3)
Maximize/Minimize (Z?q R (le; Cjz2» Cj3» Cjas Wepy Ue)s _')/5].) Xj = Xje1 Wep; + Xjmg Uejx; +

n
i +mmlmum w maximum {u } maxnnum{ 2 }
Z_]—lyC] <]<Tl { cx} 1<]<1’l Cix; 1<]<1’l yC]XJ

Subject to
Constraints of the CrLpP (P6.2.1.2).

CrLpP (P6.2.1.4)
Maximize/Minimize (2}1:1 R (cjl, Cjzs Cj3» Cjas Wej U yfj) Xj— Xioq Wejx; + )y Uejx; +

minimum We maximum Ug maximum oy
-] 1yC X + 1<jsn { cjx ]} 1<jsn { ¢jx 1} 1<jsn {chxJ})

Subject to

n . — . - - - ;] —
=1 (R (aij1» Aij2) Qijz, Aijas Waj Ug, s Yaij) xj) (<,=,2) R(bi1, biz, biz, bia Wi, ubi'ybi)'l =

It is pertinent to mention that Singh et al. [148] have used the relation R(4; + 4,) = R(4,) +
R(4,) to transform the CrLpP (P6.2.1.3) into the CrLpP (P6.2.1.4). While, the following
example clearly indicates that R(4; + 4;) # R(4;) + R(4,) i.e., the CrLpP (P6.2.1.3) is not

equivalent to the CrLpP (P6.2.1.4). Hence, it is inappropriate to use Singh et al.’s method [148].
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Let A, = (10,20,30,40; 0.8,0.5,0.3) and 4, = (30,50,70,90; 0.7,0.3,0.2) be two SvTrNeNs.
Then, using Definition 6.1.5,
Ay + A, = (10 + 30,20 + 50,30 + 70,40 +
90; minimumf{0.8,0.7}, maximum{0.5,0.3}, maximum{0.3,0.2}) =
(40,70,100,130; 0.7,0.5,0.3)
Using the expression (6.2.1.1) [1],
R(4, + 4,) = R(40,70,100,130; 0.7,0.5,0.3) = 254.9. (6.2.1.3)
R(4,) = R(10,20,30,40;0.8,0.5,0.3) = 75.
R(4,) = R(30,50,70,90;0.7,0.3,0.2) = 180.2.
R(A;) + R(4;) = 255.2. (6.2.1.4)
It is obvious from (6.2.1.3) and (6.2.1.4) that R(4; + 4,) # R(4,) + R(4,).

6.2.2 Inappropriateness of Khatter’s method
In Khatter’s method [100] firstly, the SvTrNeLpP (P6.2.1.1) is transformed into the CrLpP

(P6.2.2.1). Then, the CrLpP (P6.2.2.1) is transformed into the CrLpP (P6.2.2.2). Finally, it is
assumed that an optimal solution of the CrLpP (P6.2.2.2) also represent an optimal solution of the
SvTrNeLpP (P6.2.1.1).

CrLpP (P6.2.2.1)

Maximize /Minimize (V (Z}Ll (cjl, Cj2) Cj3» Cjas Wej» Ue)s yfj) xj)>

Subject to

n . — T~ ~ ~ —
14 (ijl (aijl: Aijz, Aij3) Aija; Wa uaij'Yaij) xj) (==2) V(bu, biz, b3, big; W, ubi'ybi)' L=
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where,

V(A'l) =1 (ai1+2ai222ai3+ai4) W/%i +(1-

2
([(zam +aiztaiz+2ai4) = (ai1~Aiz~Aiz taig)uzg, ~ (@i +20a12+2043 +ai4)u;4i]
6

2
[(Zau taip+ai3+2ai4) = (A1~ Qi ~Ai3+aia)Y 7, ~ (@1 +2ai2+2043 +ai4)3’;{i]

- >,/1€[0,1];i=1,2.

CrLpP (P6.2.2.2)
Maximize /Minimize (Z’}:l % (cjl, Cj2) Cj3s Cjas We j» Ug)s ygj) x]-)
Subject to

n . J— . - - - ] —
=1 (V (aijlf Aij2, Aij3) Aijas Way s uaij»Yaij) xj) (<,=,2) V(biy, biz, biz, bias Wp,» ubi'ybi)' i =

It is pertinent to mention that Khatter [100] has used the relation V (4, + 4,) = V(4;) +
V(4,) to transform the CrLpP (P6.2.2.1) into the CrLpP (P6.2.2.2). While, the following
example clearly indicates that V (4, + 4,) # V(4,) + V(4,) i.e., the CrLpP (P6.2.2.1) is not
equivalent to the CrLpP (P6.2.2.2). Hence, it is inappropriate to use Khatter’s method [100].

Let A, = (30,40,50,70;0.7,0.4,0.3) and 4, = (40,50,60,70; 0.6,0.5,0.2) be two SvTrNeNs.
Then, using Definition 6.1.5,

A+ B =(30+40,40 + 50,50 + 60,70 +

70; minimum{0.7,0.6}, maximum{0.4,0.5}, maximum{0.3,0.2}) =

(70,90,110,140; 0.6,0.5,0.3).

Using the expression (6.1.2) [100],

V(4, + 4,) = V(70,90,110,140; 0.6,0.5,0.3) = 36.61 + (1 — 2)(77.08 + 93.68)

=170.76 — 134.16. (6.2.2.1)
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V(4,) =V (30,40,50,70;0.7,0.4,0.3) = 22.871 + (1 — 1)(40.2 + 43.63) = 83.83 — 60.961
V(4,) = V(40,50,60,70;0.6,0.5,0.2) = 19.84 + (1 — 1)(41.25 + 52.8) = 94.05 — 74.251
V(4,) +V(4,)=177.88 — 135.21A (6.2.2.2)
It is obvious from (6.2.2.1) and (6.2.2.2) that V (4, + 4,) # V(4,) + V(4,).
6.2.3 Inappropriateness of Abdelfattah’s method

Abdelfattah [3] claimed that on solving the SVTNeLpP (P6.2.3.1), the results presented in

Table 6.1, are obtained.

SvTNeLpP (P6.2.3.1)
Maximize ((30,40,50; 0.7,0.4,0.3)x; + (40,50,60; 0.6,0.5,0.2)x2)

Subject to

(0.5,1,3;0.6,0.4,0.1)x,; + (0,2,6;0.6,0.4,0.1)x, < (20,40,60;0.4,0.3,0.5),
(1,4,12;0.4,0.3,0.2)x, + (1,3,10;0.7,0.4,0.3)x, < (100,120,140; 0.7,0.4,0.3),
X1, Xy = 0.

Table 6.1 [3] Optimal solutions and optimal values

(@B.7) X5 i) X3(apy) X1l ) X3apy) Ziupy) Zleopy)
(0,0.5,0.5) 33.64 19.48 12.53 2.24 2523 554.62
0,1,1) 0 140 6.67 0 8400 200
(04,0505) | 2843 12.79 16.46 3.68 1874 793.07

(0.4,1,1) 0 106.31 9.36 0 6201 294.29
(0.2,0.8,0.7) 0 77.07 11.42 0.37 4334 398.46

It is pertinent to mention that as in the SVTNeLpP (P6.2.3.1), x; and x, are considered as
non-negative real numbers. So, the obtained optimal values of x; and x, should be same for all
values of a, 8,y. While, it is obvious from Table 6.1 that the values of x; and x, are different for
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different values of «, B, y. This clearly indicates that x; and x,, obtained by Abdelfattah’s method
[3], are not non-negative real numbers. Hence, it is inappropriate to use Abdelfattah’s method [3].

6.2.4 Inappropriateness of Das et al.’s method

It is pertinent to mention that in one of the steps of Das et al.’s method [44], the scalar
multiplication A4 = (1ay, Aa,, Aas, Aay; Aws, Augz, Ayz),A >0, is used to transform the
SvTrNeLpP (P6.2.1.1) into the SvTrNeLpP (P6.2.4.1).

SvTrNeLpP (P6.2.4.1)
Maximize /Minimize (Z’}:l (cjlxj, Cj2Xj» Cj3Xj, CjaXj; We)» Ue yajxj))
Subject to
Z?=1 (aijlxj: Aij2Xj, AijzXj, AijaXj; Wa,; ; Xj, Ug; ; Xj) Ydijxj) X
, %) (bi1, biz, bis, bia; ng,ugi,ygi), i=12,..,m,
x20,j=12,..,n
However, this scalar multiplication is not valid as the following clearly indicates that the
number (Aa,, da,, Aas, Aay; Awz, Aug, Ayz) is not a SVTrNeN. Hence, it is inappropriate to use
Das et al.’s method [44].
According to  Definition 6.1.3, discussed in  Section 6.1, the number
(Aay, Aay, Aas, Aay; Awg, Aug, Ayz) will be a SVTrNeN if
() Aa; < 2Aa, < la; < Aay
(i) 0<Awz<10<Auz;<10<1y;<1
(i) 0<Awz+Auz+Ay; <3

While,
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() 0<w;<10<u;<1,0<y;<120<Awz<A0<Au;<1,0<Ay;<2A
i.e.,, the necessary condition 0<Aw;z;<10<Au;<10<Ay;<1 is not
satisfying.
(M 0<wz+uz+ys<3=0<Aw;z+ Auz + Ay;z < 31 i.e, the necessary condition
0 < Awyz + Auz + Ayz < 3 is not satisfying.
6.2.5 Inappropriateness of Kar et al.’s method

It pertinent to mention that in one of the steps of Kar et al.’s method [89], it is assumed that

if Ay = (aq1, 12, A13; A14, Ay5, A6 A17, A1, A1g) and A, =
A
(a21, ayoy, a23; Aoy, a25, a26; a27, a28, azg) are two SVTNENS Then, A,_l =
2

(S22 fa2, % %1z die a7 Sin %13) wil| glso be a SVTNeN. While, the following clearly

) ) ) ) ) ) )
Az1 Q2 Q23 Q24 Q25 Az QAz7 A28 A9

indicates that (aﬁ 2z M13,%14 215 T16, 217 T1s @) will not necessarily be a SVTNeN. Hence, it

az1’ 22" az3” 24" az5” az6” az7 " azg” aze
is inappropriate to use Kar et al.’s method [89].
Let 4, = (1,2,5;6,7,8;9,10,11) and 4, = (2,3,4;8,9,10;11,12,13) be two SvTNeNs.

Then, A—1 - (1,3,5;9 78,0 10 E) = (0.5,0.67,1.25; 0.75,0.78,0.8; 0.81,0.83,0.85) is not a

2’3’4’8’9”10’11712713

SVTNeN as the necessary condition =1 < 12 < 218 < 24 < 25 < 26 < 27 < 218 < 219 g ot
az1 azz azs Az4 azs Qaz6 azz azg az9

satisfying.
Remark 6.1: It can be easily verified that the shortcoming, pointed out by Singh et al. [148] in
Abdel-Basset et al.’s method [1], also occurs in the existing methods [61, 106]. Hence, it is
inappropriate to use the existing methods [61, 106].
6.3 Proposed Mehar method for solving SvTrNeLpPs

In this section, a new method (named as Mehar method) is proposed for solving the

SvTrNeLpP (P6.2.1.1). The proposed Mehar method can also be used to solve SvTNeLpPs.
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Step 1: Using Definition 6.1.7, transform the SvTrNeLpP (P6.2.1.1) into its equivalent
SvTrNeLpP (P6.3.1).

SvTrNeLpP (P6.3.1)
. . n )
Maximize /Minimize (Zj=1 (cjlxj, Cj2Xj» Cj3 X)) CjaXj; We)» Ue, ygj))
Subject to
Yol ainxi, aiinxi, @iisXxi, QiiaXi; Wa. ., Ug. > Va.. ) (S, =
j=1\®ijrtj Gijz A Cijz Ay, Cijary, Wap “agp Yag; ) W

) ?)(blll bi2l bi3l bIA-; Wl;i; uEi’ YEi); l = 1;2; -, m,

Step 2: Using Definition 6.1.5, transform the SvTrNeLpP (P6.3.1) into its equivalent SvTrNeLpP
(P6.3.2).

SvTrNeLpP (P6.3.2)

n n n n .
Lj=1 €1, Ljt Cj2%)» L= €j3%; » Lj=1 Cja% )

minimum {W;_} , maximum {u;} , maximum {y~
1<j<n J 1<j<n J 1<j<n ¢

Maximize /Minimize (
Subject to
Z?:l Aij1Xj, Z?:l QAij2Xj, Z?:l Qij3Xj, Z?:l QjjaXj;
minimum{w~ } maximum {u~ } maximum {y~ } (=~
1<jsn 4}’ " <j<n i)’ " <jzn ij
%) (by, b}, by, b wy, ug, v )i =12, ..,m,
Xj = 0, j=12,..,n
Step 3: Using Definition 6.1.9, transform the SvTrNeLpP (P6.3.2) into its equivalent CrLpP

(P6.3.3).
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CrLpP (P6.3.3)

n n n n .
Zj=1 Cj1Xj, Zj=1 Ci2Xj, Zj=1 CjzX; ;Zj=1 CjaXj ;
Maximize/Minimize| V

minimum {Wc~ } , maximum {uc~ } , maximum {y,; }
1<jsn J 1<jsn J 1<jsn J

Subject to

~
=

< D=1 Qij1%), Limq AijaXj, D= QijaXj, Nj=1 @ijaX; ; )
} (5,

minimum {Wd,-j} ,maximum {uai j} ,maximum {yﬁ i

1<jsn 1<jsn 1sjsn

1 2 3 4 _ _ s
) ?) Vv (bEi’ bEi' bEi' bEi' Wbi,ubi,ybi) , L= 1,2, e, m,
X] > O, ] = 1,2,...,Tl
where,

V(/I) _ A(a1+2a222a3+a4) W,c% + (1 _

+

2 ([(2a1+a2+a3+2a4)—(a1—az—a3+a4)u~A—(a1+2a2+2a3+a4)u%]
6

[(2a1+a2+a3+2a4)—(a1—a2—a3+a4)yz—(a1+2a2+2a3+a4)y%]
6

),/1 € [0,1].

Step 4: Find an optimal solution of the CrLpP (P6.3.3) for some values of A € [0,1]. The obtained
optimal solution also represents an optimal solution of the SvTrNeLpP (P6.2.1.1).
6.4 Correct optimal solution of some existing SvTNeLpPs
In this section, the correct optimal solution of some existing SvTNeLpPs is obtained by the
proposed Mehar method.
Hussian et al. [79] as well as Khatter [100] have considered the following real-life problem to
illustrate their proposed method.
A Pottery Company, run by a Native American tribal council, desires to find the number of
bowls and mugs to be produced each day in order to maximize the profit by considering

(1)  The data presented in Table 6.2.
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(i) The data presented in Table 6.3.

(iii) The data presented in Table 6.4.

However, as some mathematical incorrect results are considered in Hussian et al.’s method

[79] as well as in Khatter’s method [100]. So, the existing optimal solution [79, 100] is not correct.

In this section, a correct optimal solution of this real-life problem is obtained by the proposed

Mehar method.

Table 6.2 [79, 100] Resource requirements of two products

Product

Resource requirements

Labour (Hr./unit)

Clay (Lb./unit)

Profit($/unit)

Bowl

(0.5,1,3; 0.6,0.4,0.1)

(1,4,12;0.4,0.3,0.2)

(30,40,50;0.7,0.4,0.3)

Mug

(0,2,6;0.6,0.4,0.1)

(1,3,10;0.7,0.4,0.3)

(40,50,60;0.6,0.5,0.2)

Total available hr of
labour =

(20,40,60;0.4,0.3,0.5)

Total available pounds of
clay =
(100,120,140;0.7,0.4,0.3)

Table 6.3 [79, 100] Resource requirements of two products

Product Resource requirements

Labour (Hr./unit) Clay (Lb./unit) Profit($/unit)
Bowl (3.5,4,4.1;0.75,0.5,0.25) (0,1,2;0.15,0.5,0) (4,5,6;0.5,0.8,0.3)
Mug (2.5,3,3.2;0.2,0.8,0.4) (2.8,3,3.2;0.75,0.5,0.25) (2.5,3,3.2;0.6,0.4,0)

Total available hr of labour

=(11,12,13;0.2,0.6,0.5)

Total available pounds of
clay =
(5.5,6,7.5;0.8,0.6,0.4)
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Table 6.4 [79, 100] Resource requirements of two products

Product Resource requirements
Skilled Labour Unskilled Labour | Clay (Lb./unit) Profit($/unit)
(Hr./unit) (Hr./unit)
Bowl 15 24 21 (19,25,33;0.8,0.1,0.4)
Mug 30 6 14 (44,48,54; 0.75,0.25,0)

Total available hr | Total available hr | Total available
of skilled labour | of unskilled labour | pounds of clay
= 45000 = 24000 = 28000

6.4.1 First illustrative example
I the data, presented in Table 6.2, is considered. Then, to find an optimal solution of the

real-life problem is equivalent to find an optimal solution of the SVTNeLpP (P6.4.1.1).
SvTNeLpP (P6.4.1.1)
Maximize ((30,40,50;0.7,0.4,0.3)x; + (40,50,60;0.6,0.5,0.2)x; )
Subject to
(0.5,1,3;0.6,0.4,0.1)x, + (0,2,6; 0.6,0.4,0.1)x, < (20,40,60;0.4,0.3,0.5),
(1,4,12;0.4,0.3,0.2)x, + (1,3,10;0.7,0.4,0.3)x, < (100,120,140; 0.7,0.4,0.3),
xX1,Xy = 0.
Using the proposed Mehar method, an optimal solution of the SVTNeLpP (P6.4.1.1) can be

obtained as follows:
Step 1: Using Step 1 of the proposed Mehar method, the SvTNeLpP (P6.4.1.1) can be transformed

into its equivalent SYTNeLpP (P6.4.1.2).

SVTNeLpP (P6.4.1.2)

Maximize ((30x1,40x1, 50x4;0.7,0.4,0.3) + (40x,, 50x,, 60x,; 0.6,0.5,0.2))

Subject to
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Step 2:

Step 3:

(0.5x4, 1x4,3x4; 0.6,0.4,0.1) + (0x,, 2x,, 6x5; 0.6,0.4,0.1) < (20,40,60; 0.4,0.3,0.5),
(1x,4x,,12x4;0.4,0.3,0.2) + (1x,,3x,,10x,;0.7,0.4,0.3) <
(100,120,140;0.7,0.4,0.3),

X1, %X, = 0.

Using Step 2 of the proposed Mehar method, the SYTNeLpP (P6.4.1.2) can be transformed
into its equivalent SYTNeLpP (P6.4.1.3).

SvTNeLpP (P6.4.1.3)

Maximize (30x; + 40x,,40x; + 50x,,50x, +

60x,; minimum{0.7,0.6}, mnaximum{0.4,0.5}, maximumf{0.3,0.2})

Subject to

(0.5x; + 0x,,1x; + 2x5,3x, +

6x,; minimum{0.6,0.6}, maximum{0.4,0.4}, maximum{0.1,0.1}) <

(20,40,60; 0.4,0.3,0.5),

(1x; + 1x,, 4%, + 3x,,12x; +

10x,; minimum{0.4,0.7}, maximumf{0.3,0.4}, maximum{0.2,0.3}) <
(100,120,140;0.7,0.4,0.3),

xX1,Xxy = 0.

Using Step 3 of the proposed Mehar method, the SvTNeLpP (P6.4.1.3) can be transformed
into its equivalent CrLpP (P6.4.1.4).

CrLpP (P6.4.1.4)

Maximize (V (30x; + 40x,,40x; + 50x,, 50x; + 60x,; 0.6,0.5,0.3))

Subject to

V(0.5x, + 0%x,, 13, + 2x,, 3%, + 6x,; 0.6,0.4,0.1) < V(20,40,60; 0.4,0.3,0.5),

197



V(1x; + 1x,,4x; + 3x,,12x; + 10x,; 0.4,0.4,0.3) < V(100,120,140;0.7,0.4,0.3),
X1, Xy =0,

where,

N ait4az+as 2 _ [2(a1+a2+a3)—(a1—2a2+a3)u;1—(a1+4a2+a3)u;24]
V() = 2 (B2r) 2 4 (1 /1)( : +

[2(a1+a2+a3)—(a1—2a2+a3)y;1—(a1+4a2+a3)y§]
6

),A € [0,1].

Step 4: The obtained optimal solution of the CrLpP (P6.4.1.4) for some values of A € [0,1] are
shown in Table 6.5. It is pertinent to mention that according to Step 4 of the proposed
Mehar method, the obtained optimal solution also represents an optimal solution of the
SVTNeLpP (P6.4.1.1).

Table 6.5 Correct optimal solution for different values of 4

A Optimal solution

X1 X5
0 19.55 3.02
0.1 20.60 2.32
0.2 21.89 1.47
0.3 23.49 0.41
0.4 23.87 0
0.5 2341 0
0.6 22.79 0
0.7 21.92 0
0.8 20.63 0
0.9 18.48 0
1 14.22 0

6.4.2 Second illustrative example
If the data, presented in Table 6.3, is considered. Then, to find an optimal solution of the

real-life problem is equivalent to find an optimal solution of the SVTNeLpP (P6.4.2.1).
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SVTNeLpP (P6.4.2.1)
Maximize ((4,5,6;0.5,0.8,0.3)x; + (2.5,3,3.2;0.6,0.4,0)x, )

Subject to

(3.5,4,4.1;0.75,0.5,0.25)x, + (2.5,3,3.2;0.2,0.8,0.4)x, < (11,12,13;0.2,0.6,0.5),
(0,1,2;0.15,0.5,0)x, + (2.8,3,3.2;0.75,0.5,0.25)x, < (5.5,6,7.5;0.8,0.6,0.4),
X1, X = 0.
Using the proposed Mehar method, an optimal solution of the SVTNeLpP (P6.4.2.1) can
be obtained as follows:
Step 1: Using Step 1 of the proposed Mehar method, the SvTNeLpP (P6.4.2.1) can be transformed
into its equivalent SVTNeLpP (P6.4.2.2).
SvTNeLpP (P6.4.2.2)
Maximize ((4xy,5x,, 6x1;0.5,0.8,0.3) + (2.5x,, 3x,, 3.2x,; 0.6,0.4,0))
Subject to
(3.5x, 4x;,4.1x;0.75,0.5,0.25) + (2.5x,, 3x,, 3.2x,; 0.2,0.8,0.4) <
(11,12,13;0.2,0.6,0.5),
(0x4, 1x;, 2x4; 0.15,0.5,0) + (2.8, 3x5, 3.2x,; 0.75,0.5,0.25) <
(5.5,6,7.5;0.8,0.6,0.4),
X1, %Xy = 0.
Step 2: Using Step 2 of the proposed Mehar method, the SvTNeLpP (P6.4.2.2) can be transformed
into its equivalent SYTNeLpP (P6.4.2.3).
SVTNeLpP (P6.4.2.3)
Maximize (4x; + 2.5x5,5x; + 3x,,6x; +

3.2x,; minimum{0.5,0.6}, maximumf{0.8,0.4}, maximum{0.3,0})
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Subject to
(3.5x; + 2.5x,,4x; + 3x,,4.1x, +
3.2x,; minimum{0.75,0.2}, maximumf{0.5,0.8}, maximum{0.25,0.4}) <
(11,12,13;0.2,0.6,0.5),
(2.8x5,x1 + 3x5,2x; +
3.2x,; minimum{0.15,0.75}, maximum{0.5,0.5}, maximum{0,0.25}) <
(5.5,6,7.5;0.8,0.6,0.4),
X1, X%y = 0.
Step 3: Using Step 3 of the proposed Mehar method, the SvTNeLpP (P6.4.2.3) can be transformed
into its equivalent CrLpP (P6.4.2.4).
CrLpP (P6.4.2.4)
Maximize (V (4x; + 2.5x,, 5x; + 3x,,6x; + 3.2x,;0.5,0.8,0.3))
Subject to
V(3.5x; + 2.5x,, 4x;, + 3x,, 4.1, + 3.2x,; 0.2,0.8,0.4) < V(11,12,13;0.2,0.6,0.5),
V(2.8x,, x1 + 3%, 2%, + 3.2x,;0.15,0.5,0.25) < V(5.5,6,7.5; 0.8,0.6,0.4),
X1, Xy = 0,

where,

N a;+4a+as 2 _ [2(a1+a2+a3)—(a1—2a2+a3)u;1—(a1+4a2+a3)u%4]
V() =2 () w4 (1 A)( : +

[2(ay+az+a3)-(a1—2a;+a3)yz—(a; +4az+a3)y3]
6

),/1 € [0,1].

Step 4: The obtained optimal solution of the CrLpP (P6.4.2.4) for some values of A € [0,1] are

shown in Table 6.6. It is pertinent to mention that according to Step 4 of the proposed
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Mehar method, the obtained optimal solution also represents an optimal solution of the
SVTNeLpP (P6.4.2.1).

Table 6.6 Correct optimal solution for different values of 4

A Optimal solution

Xq X5
0 3.574 0
0.1 3.572 0
0.2 3.570 0
0.3 3.567 0
0.4 3.563 0
0.5 3.557 0
0.6 3.549 0
0.7 3.536 0
0.8 3.512 0
0.9 3.452 0
1 3.051 0

6.4.3 Third illustrative example
If the data, presented in Table 6.4, is considered. Then, to find an optimal solution of the
real-life problem is equivalent to find an optimal solution of the SVTNeLpP (P6.4.3.1).
SvTNeLpP (P6.4.3.1)
Maximize ((19,25,33;0.8,0.1,0.4)x; + (44,48,54;0.75,0.25,0)x;)
Subject to
15x; + 30x, < 45000,
24x, + 6x, < 24000,
21x, + 14x, < 28000,
X1, Xy = 0.

Using the proposed Mehar method, an optimal solution of the SvTNeLpP (P6.4.3.1) can
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be obtained as follows:

Step 1: Using Step 1 of the proposed Mehar method, the SvTNeLpP (P6.4.3.1) can be transformed
into its equivalent SVTNeLpP (P6.4.3.2).
SVTNeLpP (P6.4.3.2)
Maximize ((19xy,25x;,33xy; 0.8,0.1,0.4) + (44x,, 48x,, 54x,; 0.75,0.25,0))
Subject to
Constraints of the SYTNeLpP (P6.4.3.1).
Step 2: Using Step 2 of the proposed Mehar method, the SvTNeLpP (P6.4.3.2) can be transformed
into its equivalent SYTNeLpP (P6.4.3.3).
SvTNeLpP (P6.4.3.3)
Maximize (19x; + 44x,,25x; + 48x,,33x; +
54x,; minimum{0.8,0.75}, maximum{0.1,0.25}, maximum{0.4,0})
Subject to
Constraints of the SVTNeLpP (P6.4.3.1).
Step 3: Using Step 3 of the proposed Mehar method, the SvTNeLpP (P6.4.3.3) can be transformed
into its equivalent CrLpP (P6.4.3.4).
CrLpP (P6.4.3.4)
Maximize (V(19x; + 44x,, 25x; + 48x,,33x; + 54x,;0.75,0.25,0.4))
Subject to
Constraints of the SVTNeLpP (P6.4.3.1).

where,
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N a;+4a+as 2 . [2(a1+a2+a3)—(a1—2a2+a3)u;1—(a1+4a2+a3)u%
V() = 2 (B2 2 4 (1 /1)( . +

[2(a1+a2+a3)—(a1—2a2+a3)y;{—(a1+4a2+a3)y§]
6

),A € [0,1].

Step 4: The obtained optimal solution of the CrLpP (P6.4.3.4) for some values of A € [0,1] are
shown in Table 6.7. It is pertinent to mention that according to Step 4 of the proposed
Mehar method, the obtained optimal solution also represents an optimal solution of the
SVTNeLpP (P6.4.3.1).

Table 6.7 Correct optimal solution for different values of 4

A Optimal solution
Xq Xy

0 500 1250
0.1 500 1250
0.2 500 1250
0.3 500 1250
0.4 500 1250
0.5 500 1250
0.6 500 1250
0.7 500 1250
0.8 500 1250
0.9 500 1250
1 500 1250

6.5 Correct optimal solution of an existing SvTrNeLpP

In this section, the correct optimal solution of an existing SvTrNeLpP is obtained by the
proposed Mehar method.

Das et al. [44] have considered the following real-life problem to illustrate their proposed
method.

An electric cable maker desires to find the number of cable 1 and cable 2 to be produced each

day in order to maximize the profit by considering the data presented in Table 6.8.
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Table 6.8 [44] Resource requirements of two cables

Resource requirements

Metal (meter) Plastic (meter) Profit
Cable 1 (2,4,6,8;0.6,0.1,0.3) (4,7,10,13;0.7,0.4,0.2) (1,3,4,7;0.8,0.2,0.4)
Cable 2 (3,5,9,12;0.7,0.2,0.1) (3,6,9,14;0.8,0.5,0.3) (4,6,8,10;0.9,0.3,0.5)

Total available meters of | Total available meters of
metal = | plastic =
(10,15,20,25; 0.6,0,0.5) (10,20,25,30; 0.9,0.45,0.3)

However, as some mathematical incorrect results are considered in Das et al.’s method
[44]. So, the existing optimal solution [44] is not correct. In this section, a correct optimal solution
of this real-life problem is obtained by the proposed Mehar method.

If the data, presented in Table 6.8, is considered. Then, to find an optimal solution of the
real-life problem is equivalent to find an optimal solution of the SvTrNeLpP (P6.5.1).
SvTrNeLpP (P6.5.1)

Maximize ((1,3,4,7;0.8,0.2,0.4)x; + (4,6,8,10;0.9,0.3,0.5)x;)

Subject to

(2,4,6,8;0.6,0.1,0.3)x; + (3,5,9,12;0.7,0.2,0.1)x, < (10,15,20,25;0.6,0,0.5),
(4,7,10,13;0.7,0.4,0.2)x, + (3,6,9,14;0.8,0.5,0.3)x, < (10,20,25,30;0.9,0.45,0.3),
X1, %Xy = 0.

Using the proposed Mehar method, an optimal solution of the SvTrNeLpP (P6.5.1) can be
obtained as follows:
Step 1: Using Step 1 of the proposed Mehar method, the SvTrNeLpP (P6.5.1) can be transformed

into its equivalent SvTrNeLpP (P6.5.2).
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SvTrNeLpP (P6.5.2)
Maximize ((xy,3xy, 4%, 7xq; 0.8,0.2,0.4) + (4x,, 6x5,8x,, 10x,; 0.9,0.3,0.5))
Subject to
(2x4,4x,,6x4,8x4;0.6,0.1,0.3) + (3x,, 5x,,9x,,12x,;0.7,0.2,0.1) <
(10,15,20,25; 0.6,0,0.5),
(4x,, 7x, 10%,, 13%; 0.7,0.4,0.2) + (3x,, 615, 9x,, 14%,; 0.8,0.5,0.3) <
(10,20,25,30;0.9,0.45,0.3),
X1, Xy = 0.
Step 2: Using Step 2 of the proposed Mehar method, the SvTrNeLpP (P6.5.2) can be transformed
into its equivalent SvTrNeLpP (P6.5.3).
SvTrNeLpP (P6.5.3)
Maximize ((x; + 4x,,3x, + 6x5, 4%, + 8x,, 71 +
10x,; minimum{0.8,0.9}, maximum{0.2,0.3}, maximum{0.4,0.5}))
Subject to
(2x, + 3x,,4x, + 5x3,6x; + 9x,,8x; +
12x,; minimumf{0.6,0.7}, maximumf{0.1,0.2}, maximum{0.3,0.1}) <
(10,15,20,25; 0.6,0,0.5),
(4x, + 3x,, 7%, + 6x5,10x; + 9x,,13x; +
14x,; minimum{0.7,0.8}, maximum{0.4,0.5}, maximum{0.2,0.3}) <
(10,20,25,30; 0.9,0.45,0.3),
X1, %y = 0.
Step 3: Using Step 3 of the proposed Mehar method, the SvTrNeLpP (P6.5.3) can be transformed

into its equivalent CrLpP (P6.5.4).
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CrLpP (P6.5.4)

Maximize (V (x; + 4x,,3x; + 6x5, 4%, + 8x,, 7x; + 10x,; 0.8,0.3,0.5))
Subject to

V(2x, + 3x5, 4%, + 5x5,6x; + 9x,,8x; + 12x,;0.6,0.2,0.3) <
V(10,15,20,25;0.6,0,0.5),

V(4xy + 3x5,7x1 + 6x5,10x; + 9x,,13x; + 14x,;0.7,0.5,0.3) <
(10,20,25,30;0.9,0.45,0.3),

X1, %Xy =0,

where,

V(/I) _ A(a1+2a222a3+a4) W,c% + (1 _

2 ([(2a1+a2+a3+2a4)—(a1—az—a3+a4)u~A—(a1+2a2+2a3+a4)u%]
6

+

[(2a1+a2+a3+2a4)—(a1—a2—a3+a4)yz—(a1+2a2+2a3+a4)y%]
6

),/1 € [0,1].

Step 4: The obtained optimal solution of the CrLpP (P6.5.4) for some values of A € [0,1] are
shown in Table 6.9. It is pertinent to mention that according to Step 4 of the proposed
Mehar method, the obtained optimal solution also represents an optimal solution of the

SvTrNeLpP (P6.5.1).
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Table 6.9 Correct optimal solution for different values of 4

A Optimal solution
Xq Xo

0 0 2.243
0.1 0 2.248
0.2 0 2.252
0.3 0 2.258
0.4 0 2.266
0.5 0 2.275
0.6 0 2.287
0.7 0 2.304
0.8 0 2.329
0.9 0 2.368
1 0 2.442

6.6 Limitation of the proposed Mehar method

The proposed Mehar method is based upon the existing method [100], discussed in Definition
6.1.9, for comparing two SvTrNeNs. However, it can be easily verified that the existing comparing
method [100] fails to distinguish two distinct SvTrNeNs. Hence, the proposed Mehar method can
be used only if a unique optimal solution exists for the CrLpP (P6.3.3).

6.7 Conclusions

It is shown that some mathematical incorrect results are considered in all existing methods
for solving mathematical programming problems under neutrosophic environment. Hence, it is
inappropriate to use any existing method to solve mathematical programming problems under
neutrosophic environment. Also, a new method (named as Mehar method) is proposed to solve
SvNeLpPs. Furthermore, correct optimal solutions of some existing real-life problems under

neutrosophic environment [44, 79, 100] are obtained by the proposed Mehar method.
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Chapter 7

Future Scope

The following open research problems may be considered as future research directions.

(i)
(if)

(i)

To analyse the efficiency of the proposed methods for really large problems.

In the existing method [11], a multi-objective interval-valued FuLFpP with crisp
decision variables is solved to find a non-dominated fuzzy optimal solution of a balanced
multi-objective interval-valued FIFULFtP. However, as discussed in Section 2.3 of
Chapter 2, the decision variables should be considered as interval-valued fuzzy
numbers. Therefore, it is inappropriate to use the existing method [11] to solve multi-
objective interval-valued FIFULFtPs. To propose an appropriate method to solve multi-
objective interval-valued FIFULFtPs is an open research problem.

In the existing method [62] for solving intuitionistic fully fuzzy multi-objective LFtPs
as well as in the existing method [12] for solving fully fuzzy multi-objective LFpPs, the
existing method [30] is used. However, in the literature [155], it is pointed out that it is
inappropriate to use the existing method [30]. Hence, it is inappropriate to use the
existing method [62] for solving intuitionistic fully fuzzy multi-objective LFtPs as well
as it is inappropriate to use the existing method [12] for solving fully fuzzy multi-
objective LFpPs. To propose an appropriate method to solve intuitionistic fully fuzzy
multi-objective LFtPs as well as to propose an appropriate method to solve fully fuzzy

multi-objective LFpPs are open research problems.
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(iv)

v)

(vi)

(vii)

In the existing method [25], an intuitionistic FULFpP with crisp decision variables is
solved to find a fuzzy optimal solution of balanced intuitionistic FIFULFtPs. However,
as discussed in Section 2.3 of Chapter 2, the decision variables should be considered as
intuitionistic fuzzy numbers. Therefore, it is inappropriate to use the existing method
[25] to solve intuitionistic FIFULFtPs. To propose an appropriate method to solve
intuitionistic FIFULFtPs is an open research problem.

In the existing methods [7, 113], Charnes and Cooper transformation method under
fuzzy environment is used to transform a fully fuzzy multi-objective LFpP into a fully
fuzzy multi-objective LpP. However, as discussed in Section 2.4.2.3 of Chapter 2, the
fully fuzzy multi-objective LpP, obtained by Charnes and Cooper transformation
method under fuzzy environment, will not be equivalent to the fully fuzzy multi-
objective LFpP. Hence, it is inappropriate to use the existing methods [7, 113] to solve
fully fuzzy multi-objective LFpPs. To propose an appropriate method to solve fully
fuzzy multi-objective LFpPs is an open research problem.

In Chapter 6, it is pointed out that it is inappropriate to use the existing methods for
solving SVTNeLFpPs [2, 43, 80] and SvTrNeLFpPs [59]. To propose an appropriate
method to solve SVTNeLFpPs as well as to propose an appropriate method to solve

SvTrNeLFpPs are open research problems.
It can be easily verified that the relation S(4,4,) = (S(Al)) (S(AZ)) is considered in

Khalifa and Kumar’s method [97] for solving single-valued trapezoidal fully
neutrosophic LpPs (LpPs in which all the parameters including decision variables are
represented by SvTrNeNs),

where,
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@ A; = (ai, i aiz;wa, ua, ya,); i = 1,2 be non-negative SVTrNeNs i.e., a;; > 0.

(b) Avd, =

Q11021, A12022, A13A23, A14024;
minimum{wAl, WAZ} ) maximum{ugl, uAZ} ) maximum{ygl, ygz] '

(C) S(Al) = 116(611'1 +a;, +a;z+ al-4) (ng + (1 - ugi) + (1 - ygi)) ;i =1,2.

While, the following example clearly indicates that S(4,4,) # (S(Al)) (S(/Tz)).
Let A, = (1,3,4,5;0.1,0.8,0.1) and 4, = (3,4,6,7;0.1,0.8,0.9) be two SvTrNeNs.

Then,

A, = ( 3,12,24,35; ) _

minimum{0.1,0.1}, maximumf{0.8,0.8}, maximum{0.1,0.9}
(3,12,24,35;0.1,0.8,0.9).

Using the existing expression (c) [97],

S(A,4,) = 5(3,12,24,35;0.1,0.8,0.9)

= i (3+12+24+35)(0.1+(1—0.8)+(1-09)) =185 (7.1)
S(4,) = $(1,3,4,5;0.1,0.8,0.1)

= %(1 +3+4+5)(01+(1-08)+(1-0.1)) =0.975

S(4,) = 5(3,4,6,7;0.1,0.8,0.9)

=%(3+4+6+7)(0.1 +(1-08)+(1-09)) =05
(5(4.)) (5(42)) = (0.975)(0.5) = 0.4875 (7.2)
It is obvious from (7.1) and (7.2) that S(4,4,) # (S(Al)) (S(AZ)).

Hence, it is inappropriate to use Khalifa and Kumar’s method [97]. To propose
an appropriate method to solve single-valued trapezoidal fully neutrosophic LpPs is an

open research problem.
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(viii) It is pertinent to mention that the shortcoming pointed out in Khalifa and Kumar’s

(ix)

method [97] also occurs in the existing methods [23, 24] for solving SvTrNeLpPs with
single-valued trapezoidal neutrosophic decision variables. Hence, it is inappropriate to
use the existing methods [23, 24]. To propose an appropriate method to solve
SvTrNeLpPs with single-valued trapezoidal neutrosophic decision variables is an open
research problem.

Nishad and  Abhishekh [130] proposed a method to  solve
NoTrFIItFUTpS/NoTFIItFuTpS (transportation problems in which each parameter is
represented by a NoTrItFUN/NoTItFuN). Nishad and Abhishekh [130] claimed that their
proposed method is superior than the existing methods [8, 103, 149]. In Appendix A, it
is shown that Nishad and Abhishekh [130] have considered a mathematical incorrect
result in their proposed method. Therefore, it is inappropriate to use Nishad and
Abhishekh’s method [130] to solve NoTrFlItFuTpS/NoTFIItFUuTpS. To propose an
appropriate method to resolve the inappropriateness of Nishad and Abhishekh’s method

[130] is an open research problem.
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Appendix A
A note on “A new ranking approach for solving
fully fuzzy transportation problem in intuitionistic

fuzzy environment”?

Nishad and Abhishekh [130] proposed a method to solve NoTrFIItFuTpS/NoTFIItFuTpS
(transportation problems in which each parameter is represented by a NoTrltFUN/NoTItFuN).
Nishad and Abhishekh [130] claimed that their proposed method is superior than the existing
methods [8, 103, 149]. In this appendix, it is shown that Nishad and Abhishekh [130] have
considered a mathematical incorrect result in their proposed method. Therefore, it is inappropriate
to use Nishad and Abhishekh’s method [130] to solve NoTrFIItFUuTpS/NoTFIItFuTpS.

A.1. Introduction

Nishad and Abhishekh [130] claimed that to find an optimal solution of a
NoTrFIItFUuTp/NoTFIItFuTp is equivalent to find an optimal solution of the FlIitFuLpP (P,).
Hence, Nishad and Abhishekh [130] proposed a method to find an optimal solution of the
FIItFuLpP (P,).

Problem (P)
Minimize (Z ~ X%, Y &% )

Subject to

! The contents of this appendix are accepted for publication in Journal of Control, Automation and Electrical Systems.
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Z;leij =~ di, i = 1,2, ., m,

Z‘{iljz'l] ~ 'j ] = 1I2l - n,

Xijz0Vij.

where,

(i)

(if)

(iif)

(iv)

v)

(vi)

(vii)

m represents the number of sources.
n represents the number of destinations.

¢y = (clj, ey e ciy). (€. C

L CE C3, cl)or e = (ck,c2,cl), (Ch, c2,Ct) represents the

ijr “ijo ij ij =iy
NoTrItFUN/NoTItFuN.
%i; = (xb, xf,xk,xf), (X5, X2, X3, %) or % = (xl, x7, x8), (X}, X2, x%) represents
the NoTrItFUN/NoTItFuN.
a; = (al,a?, a3, a}), (A}, A%, A3, AY) or a; = (a},a?, a}), (A}, A2AT)  represents the
NoTrItFUN/NoTItFuN.
b; = (b}, b?, b}, b}), (B}, B?,Bf,B}') or b; = (b},b?, b}), (B}, B?,B}) represents the
NoTrItFUN/NoTItFuN.
Let Ay = (a1, @1, 013, 014), (A11, A1z, Az, Ara) and A, =
(az1, A2z, Az3,054), (A21, Azz, Azz, Ays) be two NoTrItFuNs. Then, A; and A, can be
compared as follows.
Check whether R(4,,8) > R(4,,8) or R(Ay, 8) < R(A,,6) or R(4,8) = R(4,,6).
(@) 1fR(4,,6) > R(4,,6) then, 4; > A,.
(b) 1 R(A,,8) = R(A,,6) then, 4; > A,.
(©) IfR(4,8) = R(A,, 8) then, 4, = 4,.

where,

R(Ay, 6) = 1,(Ax) + 81, (A ); k = 1,2,
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_ {0 if I,(A,) # I(4;) =12
1 ifL(4)) = 1,(4;)’ o

I,(4,) = %(akl + Qg + 2(apy + as) + Apy + Apg + 2(Agz + Aa) )i k = 1,2,
I5(4y) = %(%4 — Qg + 2(ags — ) + Apa — Aa + 2(Aks — Az) )i k = 1,2,

In Nishad and Abhishekh’s method [130] firstly, an initial basic feasible solution is obtained
by using any appropriate method. Then, the constraints of the dual problem (P,) are used to check
that the obtained initial basic feasible solution is optimal or not.

Problem (P,)

Maximize (Z ~ (S @ @ + X, 9 b))

Subject to

i + 7 < &, i=12,..mj=12,..,n,
il;, U; are unrestricted in sign.

where, ii;, ¥; represents the fuzzy dual variables.

In Section A.3., it is shown that the FlItFuLpP (P,) does not represents the dual of the
FlItFuLpP (P;). Hence, it is inappropriate to use Nishad and Abhishekh’s method [130] to solve
the FIItFuLpP (P,).

A.2. Origin of the dual problem
Nishad and Abhishekh [130] have used the following method to obtain the dual problem (P,)
corresponding to the FIItFuLpP (P,).
Step 1: Using the relation 4, > A, if R(4,,8) > R(4,, §), the FIItFuLpP (P;) can be transformed
into its equivalent CrLpP (P;).

Problem (P3)
Minimize (‘.R(Z, §) =R(En, 2 51'1"71'1"5))

Subject to
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Step 2:

Step 3:

Step 4:

RO, %,0) =R(@;,0), i=12,..,m,
R(I™, %;,6) = R(E,8), j=12,..,n,
R(%;;,6) =0V ij.
Using the relation R(A4, +4,,6) = R(4,,6) + R(4,,6), the CrLpP (P;) can be

transformed into its equivalent CrLpP (P,).

Problem (P,)

Minimize (R(Z,8) = Xy X7 R(&;%;) , 6)

Subject to

> R(%;,6) =R@,6), i=12,..m,

Y oR(%,,6) =R(b,8),  j=12,..n

xXi; = 0 Vi, j.

Using the relation R(4,4,,8) = R(4,, §)R(4,, ), the CrLpP (P,) can be transformed
into its equivalent CrLpP (Ps).

Problem (Ps)

Minimize (R(Z,5) = PHAPP N ER(CNU-, 6)9%(9?1-]-, 5))

Subject to

Constraints of the problem (P,).

Assuming ER(CNU,S) = Cij,m(fij,6) = xl-j,‘ﬁ(&i, 6) = ai,ﬁﬁ(gj,é‘) = b] and ER(Z, 6) =
Z, the CrLpP (Ps) can be transformed into its equivalent CrLpP (P).

Problem (Pg)

Minimize (Z = X712, ¥, ¢;jx;;)

Subject to

?:1 Xij = a, i=12,..,m,
Xt Xij = b; j=12,..,n,
Xij 2 0vi,j.

Step 5: Using duality theory, the problem (P,) represents the dual of the CrLpP (Py).
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Step 6:

Step 7:

Step 8:

Problem (P-)

Maximize (Z = Y% wa; + X0, v;b;)
Subject to

u; +v; < ¢, i=12,..,mj=12,..,n,
u;, v; are unrestricted in sign.

where, u;, v; represents the dual variables.

Assuming Cij = ER(EU, 6), xl'j = ER(XU, 6), a; = ER(CNLL', 6), b] = SR(EJ, 6), u; = ER(ﬁiﬁ),
v; = R(#,6) and Z = R(Z,5) , the CrLpP (P;) can be transformed into its equivalent
CrLpP (Pg).

Problem (Pg)

Maximize (R(Z,8) = X%, R(T;, O)R(@;, 6) + X1, R(;, 6)R(b;, 5))

Subject to

R(;, 8) + R(9,8) <R(6;,68), i=12,..,mj=12,..,n

u;, v; are unrestricted in sign.

Using the relation R(4,, 5)R(4,,8) = R(4,4,,5), the CrLpP (Pg) can be transformed
into its equivalent CrLpP (P).

Problem (Py)

Maximize (R(Z,8) = X7, R(W;d;, 6) + X7, R(¥;b;, 6))

Subject to

Constraints of the problem (Pg).
Using the relation R(A4,,8) + R(4,,6) = R(4, + 4,,6), the CrLpP (Ps) can be

transformed into its equivalent CrLpP (P,,).

Problem (P4o)
Maximize (‘.R(Z, §) = 9?(2?;1 U 4; + Xj-1 7 Bj' 5))
Subject to

Constraints of the problem (Pg).
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Step 9: The CrLpP (P,,) can be transformed into its equivalent FlItFuLpP (P,).
A.3. Inappropriateness of Nishad and Abhishekh’s method

Nishad and Abhishekh’s method [130] to solve NoTrFIItFUTpS/NoTFIItFuTpS is not
appropriate as this method is based upon the dual problem (P,). While, the dual problem (P,) is
not valid as the following mathematical incorrect result is considered to obtain it from the
FIItFuLpP (P,).

It is obvious from Step 3 and Step 7 of Nishad and Abhishekh’s method [130], discussed in
Section A.2., that to transform the CrLpP (P,) into its equivalent CrLpP (Ps) and to transform the
CrLpP (Pg) into its equivalent CrLpP (P,) respectively, Nishad and Abhishekh [130] have assumed
that the relation R(4,4,,,6)=R(4,,6)R(4,,6) will be satisfied for two

NoTrltFuNs/NoTItFuNs A, and A,. While, the following clearly indicates that R(4;4,,§) #

R(A,,6)R(4,,8). Therefore, the problem (P,) does not represent the dual problem of the
FIItFuLpP (P;). Hence, it is inappropriate to use Nishad and Abhishekh’s method [130] to solve
NoTrFIItFUTpS/NoTFIItFuTpS.

Let Ay = (ay1, 42,43, 044), (A11, A1, Arz, Ary) and A, =
(az1,05,, Ay3,A54), (Azq,Asp, Ays, Ays) be two non-negative NoTrltFuNs. Then, using the
existing multiplication of two non-negative NoTrlItFuNs [130],

A4y = (411021, A12052, A13053, A14054), (A11A21, A1 Azs, Ar3Ags, AraAys).

Therefore, using the relation R(4,5) = R (((al, a,,dsz, a,), (Al,Az,A3,A4)),6) = I(4) +
814(A) = 1a(A) = = (ay + ay + 2(az + a5) + Ay + Ay + 2(4; + 43))
ER(/LAZ, 5) =R (((a11a21, 12052, A13023, A14024), (A11A21'A12A22'A13A23'A14A24)), 5) =
%(anam + A14054 + 2(A1205; + A13053) + A114y1 + A1 Ay + 2(A1A5, + A13A23)) (Al)
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m(/{b 5) =R (((an; A12,013,014), (A11;A12;A13;A14)); 5) = %(011 + a4+ 2(a; +agz) +

Ay + A1, +2(A1; + A13))

g)r{(/iz, 6) =R (((azp A2z, 023, Az4), (A21;A22;A23;A24)); 5) = %(am + azq + 2(az; + ay3) +

A21 + A24 + 2(‘422 + AZS))

R(A1,8)R(4,,6) = (% (a1 + arq +2(as; + agz) + Ay + Ay + 2(A4 + A13))) (% (ay +

1

Taa (@11 + azq +2(as; + ag3) + Agg +

A + 2(ay; + az3) + Apy + Az + 2(A5; + A23)>> =

A +2(A1; + Ar3))(ag1 + ags + 2(az; + az3) + Ayy + Agy + 2(Agy + 453)) (A2)
It is obvious from (A1) and (A2) that R(4,4,, 5) # R(A,, 6)R(4,, 6).
A.4. Conclusions

It is shown that the FlItFuLpP (P,) does not represent the dual problem of the FlItFuLpP
(P,). Hence, it is inappropriate to use Nishad and Abhishekh’s method [130] to solve

NoTrFIItFUTpS/NoTFItFuTpS.
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