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Abstract 

 

In this work magnetic nanoparticle induced hyperthermia has been computationally 

analyzed using the finite volume method.  This work is focused on analysis of variation in 

treatment parameters (frequency and amplitude of alternating magnetic field, and dose of 

magnetic nanoparticles injected). The frequency and amplitude values considered for analysis are 

in accordance with the safe range mentioned in literature. The analysis has been carried out for 

uniform as well as nonuniform spatial distribution of intratumorally injected magnetic 

nanoparticles. Gaussian distribution has been used to model nonuniform distribution of magnetic 

nanoparticles. Nonuniform distribution of magnetic nanoparticles has been used for cases of 

single-point as well as multi-point injection. Magnetite nanoparticles have been considered for 

analysis. 

Computation has been carried out for one-dimensional, two-dimensional, and three-

dimensional geometric models. For the one-dimensional model that consists of only healthy 

tissues, numerical solutions have been obtained for time dependent as well as steady state cases. 

Results for both cases have been validated with the analytical solutions. The two-dimensional 

model, consisting of a tumor surrounded by healthy tissues, has also been analyzed for steady as 

well as time dependent cases. The results obtained using finite volume method agree well with 

those reported in literature, using lattice Boltzmann method, and finite element method. 

Variation in amplitude of the alternating magnetic field is initially analyzed on the three-

dimensional model, which also consists of a tumor surrounded by healthy tissues. 5 kA.m
-1

, 7.5 

kA.m
-1

, and 10 kA.m
-1

, are the values of amplitude that were considered in analysis. Results 

revealed that with increment in magnetic field amplitude, temperature within the tumor also 

increases. Similar results were obtained when frequency values of, 50 kHz, 75 kHz, and 100 

kHz, were used. Highest increments in temperature were observed for single point injection, and 

lowest with uniform distribution, with increase in both amplitude and frequency of the magnetic 

field. It was also observed that with multi-point injection a more uniform temperature 

distribution is obtained, in contrast to single-point injection and uniform distribution of 

nanoparticles. Variation in nanoparticle dose is analyzed using the values, 4 mg of magnetite / 

cm
3
 of tumor, 5 mg of magnetite / cm

3
 of tumor, and 6 mg of magnetite /cm

3
 of tumor. Results 

reveal that increments in nanoparticle dose also result in increase in temperature. 

Greater variation in temperature is observed with variation in treatment parameters if the 

injected nanoparticle mass at a specific location is also high. Temperature variation is more 

pronounced with variation in amplitude and frequency, than it is with nanoparticle dose.  
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Chapter 1 

 

Introduction 

 

Millions of people lose their lives to cancer every year. According to the World Health 

Organization, cancer is the second highest cause of death worldwide [1]. 

One might ask, what makes it so lethal? Cancer becomes lethal when tumors become so 

large that they hinder the functionality of healthy cells surrounding them. Not all tumors exhibit 

this behavior. Some of them are benign as well. The tumors that are benign, grow up to a certain 

extent, after which their growth ceases. This is due to restrictions in growth space. In case of 

malignant tumors, growth never ceases. As they grow in size, so does their need for nutrients and 

oxygenated blood. This results in growth of vasculature networks, that supply blood to the 

tumor. With blood flowing through the tumor, there are times when tumor cells escape into the 

blood stream and reach different parts of the body. These cells then grow into secondary tumors, 

exhibiting the same lethal behavior as the parent tumor. This uncontrolled growth of tumors, if 

not treated, proves fatal for the patient. 

Various cancer treatment techniques are available today. Some of them have been in use 

for a very long time (surgery, chemotherapy, and radiotherapy), and some have just emerged in 

the last few decades (immunotherapy, targeted therapy, and hormonal therapy). Most of the time, 

two or more of these treatments are used in conjunction. Surgery is usually preferred first, to 

remove as much mass of the tumor as possible. With surgery, complete removal of tumor is not 

always possible, therefore other techniques are used post-surgery, to shrink the tumor mass left 

behind, and eventually kill the cells that can cause tumor recurrence [2]. 

The process of treating cancer is not always so straightforward, as the treatment 

techniques mentioned above have certain harmful long-term aftereffects associated with them. 

Some of them are, lymphedema, infertility, congestive heart failure, coronary artery disease, 

arrythmia, hypertension, lung damage, hormonal imbalance, cognitive problems, and tumor 

recurrence [3]. In some cases, patients have to undergo treatments for years, in order to prevent 

tumor recurrence. Such people develop life threatening diseases with age, due to the treatment 

they underwent. Therefore, the lives of cancer patients as well as cancer survivors have become 

extremely difficult, due to the disease itself, and aftereffects of the techniques used to treat it. 

The world needs an alternative to the current cancer treatment techniques, and this alternative 

should neither be invasive, nor should it have any harmful long-term aftereffects. Today, heat is 

being used as that alternative. 

In ancient times, heat was used to treat various physical ailments [4]. Until the year 1883, 

a lot of people did not know about the effects of heat on tumors. In 1883, in a work presented by 

Fehleisen, the dependency between tumor growth rate and body temperature was first brought 

forth [5]. He induced erysipelas in patients suffering from cancer and discovered that due to the 
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fever caused by erysipelas, the tumors in some patients decreased to half of their original size, 

and in others they completely disappeared. W. B. Coley continued this by carrying out similar 

experiments on patients who were suffering with malignant diseases [6]. His observations were 

similar to those of Fehleisen. He even stated that the chances of survival of a patient depended on 

the degree of intensity of the fever induced in the patient, the more intense the fever, greater are 

the chances of patient survival. Initially it was believed that tumor regression was due to high 

body temperatures only, but later it was discovered that the immunological responses of a 

patient’s body cause this. The human body at first does not consider a tumor dangerous, but with 
the immune system agitated due to high body temperature, it is able to do so. The immunological 

responses of the body initiate cell apoptosis within the tumor. Hence, a reduction in tumor size, 

and an eventual disappearance is observed with high body temperature. 

During the 1900s, this practice of usage of high body temperatures to treat cancer began 

to be called as thermotherapy or hyperthermia treatment. During hyperthermia, the tumor is 

usually kept above 42-43
o
C (therapeutic limit), while the healthy tissues surrounding it, below 

this limit. Even after producing promising results, hyperthermia remained in negligence, and was 

overshadowed for more than 50 years by the conventional treatment techniques. However, today 

it is being looked upon as a replacement for all current cancer treatment techniques. This is due 

to its aftereffects, that are less intense and temporary, in contrast to those of the current treatment 

techniques. 

The mode of inducing hyperthermia depends on the diseased region. In case of cancer 

metastasis, whole body hyperthermia is used. Generally hot water baths are used for this. If only 

a limb or organ is affected by the disease, then regional hyperthermia is used, in which blood 

perfusing through the affected region is extracted, heated, and then reintroduced into the body 

through the affected region. If a tumor has to be directly targeted, then local hyperthermia is 

used. For this, metallic seeds and probes were used. They were surgically placed in close 

proximity of the tumor, or within it, and were then heated with external sources or an alternating 

magnetic field (AMF). It was later discovered that the heat distribution due to these probes and 

seeds was nonuniform, as heat concentration regions developed where they were placed. 

Therefore, only those cells were affected by the treatment that were in vicinity of the probes and 

seeds, the cells that were distant from them remained unaffected [7]. It is due to this reason that 

they were later replaced by magnetic nanoparticles (MNPs). 

MNPs offer several advantages over other methods of inducing localized hyperthermia. 

They do not require invasive procedures for introduction within the body, instead they can just 

be injected. Being small in size aids them to spread in a more uniform manner, thus providing 

better heat distribution than what was obtained with metallic seeds and probes. They offer 

selective heating, i.e. heating only the region where they are injected, unlike other methods that 

also heated the healthy tissues surrounding a tumor. Clinical trials of MNP induced hyperthermia 

on humans, have already begun [8]. 

To induce localized hyperthermia MNPs are either injected intravenously, or 

intratumorally. In intravenous injection, MNPs are injected into the veins that carry blood to the 
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tumor, whereas in intratumoral injection, they are injected directly into the tumor. Under the 

influence of an AMF, they dissipate heat. MNPs are usually injected intratumorally when tumors 

are not deep seated. In order to produce best outcomes, the optimum dose of MNPs to be 

injected, as well as the locations that they should be injected at must be known before treatment 

initiation. Along with these, the values of parameters that affect the AMF behavior (i.e. 

frequency, and amplitude of the field), must also be known beforehand. This can be done only by 

simulating the treatment, before it is actually performed. Simulation of the treatment requires 

computational analysis of the mathematical equations governing the physical phenomena that 

occurs during the treatment. 

In this work, computational analysis of hyperthermia treatment is performed, using the 

finite volume method. This work is focused on, analysis of variations in treatment parameters 

(frequency and amplitude of AMF, and the MNP dose injected) when intratumorally injected 

MNPs are uniformly, and nonuniformly spatially distributed. Nonuniform spatial distribution is 

considered for cases of single as well as multiple intratumoral injections. 

 

1.1 Background 

All mammals and birds have an adaptive immune system, which protects them against all 

foreign bodies. Anything that the human body considers foreign is removed from it. The 

reticuloendothelial system aids in doing so. Right after the MNPs are injected, either 

intravenously, or intratumorally, they are adsorbed by the plasma proteins, called opsonins. On 

reaching the liver, kidneys, and spleen, along with the bloodstream, they are caught by the 

phagocytic cells of the reticuloendothelial system and are then removed from the body in the 

form of excrement [9]. The only way to ensure that the MNPs are not adsorbed by the opsonins, 

is to coat them with a biocompatible material. The biocompatible coating aids in camouflaging 

the MNPs from the immune system. The coating is so designed that it allows the MNPs to 

remain undetected for the desired therapeutic time. After treatment completion, the immune 

system removes them from the body. Dextran, and PEG are generally used to make such 

coatings [9]. In various in-vivo studies it was observed that MNPs which have a larger 

hydrodynamic diameter, tend to get caught sooner by the opsonins [9]. Therefore, the 

hydrodynamic diameter of a MNP should be such that the particle can remain undetected at the 

desired location within the body for given therapeutic time. 

Generally, single domain MNPs, whose hydrodynamic diameters are less than 100 nm, 

are used in hyperthermia. Heat generation in particles of such small size occurs only due to 

relaxation mechanisms, viz. Néelian, and Brownian relaxation mechanisms [10]. Brownian 

relaxation occurs when a MNP, under the influence of an AMF, experiences magnetic dipole 

reversal with respect to its surrounding fluid. This leads to heat generation due to shearing 

between the MNP and its surrounding fluid. Néelian relaxation is observed when magnetic 

dipole reversal of the MNP occurs with respect to its crystal structure. Out of the two, whichever 

relaxation mechanism takes minimum time, is the more dominating one for heat generation. 
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The parameters that have been observed to affect the temperature distribution during 

hyperthermia treatment are, the hydrodynamic diameter of the particle, the MNP dose to be 

injected, amplitude and frequency of the applied field, and spatial distribution patterns of MNPs. 

 

1.2 Literature Survey 

Various studies associated with experimental as well as computational analysis of MNP 

induced hyperthermia have been reported in literature. All such studies are described below, in 

respective sections: 

1.2.1 Experimental studies 

1. Hilger et al. [11], in 2001, presented an analysis of the effects of MNP dose on temperature 

elevation within breast tissues. They also analyzed the effects of treatment parameters on 

immunodeficient rats bearing adenocarcinomas. Their observations in breast tissue revealed 

that temperature elevation is a linear function of injected MNP mass. With increase in 

injected MNP mass, the temperature within the tissue increases. This behavior is observed 

only up to a specific value of MNP mass, above which there is no effect on tissue 

temperature. Shrinkage of tumors in mice after heating was also observed. 

2. Johannsen et al. [12], conducted experiments on tumor bearing Copenhagen rats, to 

compare the effects on tumor growth, when radiotherapy alone is used, versus when MNP 

induced hyperthermia is used in conjunction with radiotherapy. Their observations revealed 

that tumor regression is possible with considerably less doses of radiation when hyperthermia 

is used with radiotherapy. They stated that a radiation dose of 20 Gy with hyperthermia, has 

the same effect on tumor growth, as 60 Gy of radiation alone. 

3. Salloum et al. [13], discussed the effects of infusion rates on MNP spread in MNP induced 

hyperthermia. They conducted experiments on agarose gel. Their observations revealed that 

MNPs after intratumoral injection are not uniformly distributed in space, rather they follow 

Gaussian distribution. This was revealed when the specific absorption rate (SAR) pattern was 

analyzed. High temperature was observed at the injection site and in its proximity. They also 

stated that infusion rates of MNPs have a significant effect on the extent of their spread. They 

stated that slow MNP infusion rates are required in order to obtain a spatial distribution 

pattern that approximates Gaussian distribution. 

1.2.2 Computational studies 

1. S. Maenosono and S. Saita [14], in their study conducted an in-vitro comparitive study of, 

magnetite, maghemite, FeCo, fcc FePt, and L10 FePt MNPs. They have used aqueous 

dispersions of particles to compare their heating rates, at different frequencies and amplitudes 

of the AMF. They discovered that fcc FePt MNPs have a superior heating capability in 
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comparison to the other MNPs used in the study. They have also analyzed the same 

computationally and found good agreement between the experimental and computational 

observations. 

2. H. Zhang [15], conducted a computational study of hyperthermia using the Lattice 

Boltzmann method (LBM). The sole purpose behind this study was to check the applicability 

of LBM in studies associated with hyperthermia. He conducted the analysis on one-

dimensional and two-dimensional geometric models, for time dependent as well as steady 

state cases. His work affirmed the applicability of LBM in analysis of hyperthermia. 

3. In another study presented by Salloum et al. [16], an optimization algorithm was developed 

to evaluate the optimum heat distribution pattern due to multiple intratumoral MNP injection 

sites. The optimization was based on keeping the temperature within 90% of the tumor and 

only 10% of the healthy tissues surrounding it, close to the therapeutic limit (43
o
C). They 

have used injection site locations, thermo-physical properties of the tumor and healthy 

tissues, and their respective blood perfusion rates as the algorithm inputs. Their analysis was 

conducted on Comsol Multiphysics. 

4. A. A. Golneshan and M. Lahonian [17], presented a study in which they have 

computationally analyzed MNP induced hyperthermia in a three-dimensional geometry, 

using LBM. The geometry that they had considered consists of two concentric spheres, the 

inner sphere depicting a tumor, while the outer depicting the nearby healthy tissues. They 

have compared the effects of SAR distribution (homogenous and Gaussian distribution) on 

temperature distribution within the study domain. 

5. M. Lahonian and A. A. Golneshan [18], through another study presented the effects of 

several treatment parameters on temperature distribution within a tumor and the healthy 

tissues in its vicinity. They have conducted the analysis on the same geometric model that 

they had considered in their last study. The parameters which were analyzed are, magnetic 

induction, frequency and amplitude of AMF, volume fraction of MNPs, and blood perfusion 

rates. They have also presented effects of MNP spatial distribution patterns (homogenous, 

parabolic, and linear distribution) on temperature distribution within the study domain. 

6. In another study, A. A. Golneshan and M. Lahonian [19], have analyzed the effects of 

multiple MNP injection sites on temperature distribution in MNP induced hyperthermia 

using LBM. Their analysis was conducted on one-dimensional and two-dimensional models. 

They have also analyzed the effects of injection volume, and infusion flow rates. Results 

revealed that temperature distribution within the study domain is more uniform with multi 

point injection in comparison to single point injection. Their results also revealed that high 

MNP infusion rates cause MNPs to accumulate near the injection site, therefore complete 

tumor does not receive adequate heat. 
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7. M. Mital and H. V. Tafreshi [20], in their study have conducted computational analysis of 

MNP induced hyperthermia to optimize the treatment parameters, using a genetic algorithm. 

The geometric model that they have used is similar to what Lahonian and Golneshan [18] 

had used, two concentric spheres, the inner depicting a tumor, and the outer, nearby healthy 

tissues. They have considered Gaussian distribution of SAR, that decays exponentially in 

time. Thermal damage within the tumor was also evaluated. The analysis was carried out on 

Comsol. 

8. Soni et al. [21], in their study have analyzed the effects of spatial distribution patterns of gold 

nanorods (GNRs) on temperature distribution. Their study was focused on attainment of 

thermo-ablative temperatures within the tumor (50-60
o
C). They have conducted the analysis 

on a two-dimensional model, consisting of two concentric cylinders, the inner depicting a 

tumor, and the outer, healthy tissues. They have carried out the analysis for, uniformly 

distributed GNRs within the tumor, GNRs accumulated at tumor center (a case of 

intratumoral GNR injection), and GNRs distributed in tumor periphery (a case of intravenous 

GNR injection). Favorable results were obtained with GNRs distributed in tumor periphery. 

9. Astefanoaei et al. [22] in their study have conducted computational analysis of hyperthermia 

in a three-dimensional geometric model. Their model depicts a spherical tumor embedded in 

cubical domain of healthy tissues, with blood vessels passing through the tumor. They have 

compared three MNPs in their study, viz. FeCrBNb, maghemite, and magnetite MNPs. Their 

study illustrates the effects that number of blood vessels, concentration of MNPs at injection 

sites, blood vessel diameter, and the blood velocity have on temperature distribution within 

the study domain. Their analysis was carried out on Comsol Multiphysics. 

10. Yue et al. [23] have analyzed the effects of blood flowing through bifurcated blood vessels 

(BVs) on temperature distribution, during MNP induced hyperthermia. The geometric model 

on which their analysis was carried out consisted of an irregular shaped tumor that 

approximated a sphere, located within a cubical domain of healthy tissues. Bifurcated BVs 

were assumed to be passing through the tumor. MNPs were assumed to be diffusing from the 

injection sites. Their study sheds light upon the effects that size and position of bifurcated 

BVs, have on heat and mass transfer of MNPs. They have stated that a large number of 

injection sites with high MNP concentration are required to minimize the heat sink effect of 

blood vessels. 

11. Soetaert et al. [24], through their study have illustrated the effects of amplitude modulations 

of AMF on temperature distribution in MNP induced hyperthermia. They have carried out 

the analysis on a three-dimensional geometry that depicts a tumor surrounded by healthy 

tissues. MNP mass distribution within the tumor is considered to be Gaussian. Thermal 

damage of tissues based on temperature has also been evaluated. They have assumed thermal 

damage dependent blood perfusion in their analysis. They have also shown the effects of 

spread of MNPs within the tumor. 
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12. Another work presented by Soetaert et al. [25], illustrates the effects of polydisperse spatial 

distribution of maghemite and magnetite MNPs on temperature distribution. They have also 

illustrated the effects of, extent of MNP spatial distribution, on temperature distribution. 

13. Tang et al. have demonstrated the advantages of low Curie temperature (LCT) MNPs over 

MNPs with high Curie temperatures (HCT) used in MNP induced hyperthermia. They have 

computationally analyzed the treatment in a model of liver. Presence of blood vessels, and 

nanoparticle clustering after injection have also been considered in their analysis. Their 

results revealed that MNPs with LCT have a better therapeutic effect than the standard 

magnetite MNPs. 

 

1.3 Gaps Identified 

1. Most of the computational studies conducted have considered distribution of the SAR, rather 

than the distribution of MNP mass. In reality it is the injected MNPs that are distributed, 

which most of the studies done so far fail to address. 

2. Almost all of the studies have been carried out for deep seated tumors, and therefore fail to 

consider the effects of heat loss to the surroundings during treatment 

3. Most studies have been for MNPs injected at a single site within the tumor. It has been 

observed in experimental studies that single site injection of MNPs fails to maintain the 

complete tumor above the therapeutic limit. 

4. Most studies have also failed to address the effects of the extent of MNP spread on 

temperature distribution. It has been reported in experimental studies that the spread of 

MNPs after injection in a tissue, depends on the viscosity of the MNP carrying medium, 

injection rate, and density of the tissue. All these can greatly affect the temperature 

distribution within the tumor and its surrounding tissues during treatment. 

5. The computational studies associated with multi-site MNP injections, have been for one-

dimensional and two-dimensional models. Such studies therefore fail to present the realistic 

effects of treatment parameters and conditions. 

6. Most studies have not addressed the differences between the temperature distribution 

observed during single-site and multi-site MNP injection. 

 

1.4 Objectives of the present work 

1. To study the effects of treatment parameters (amplitude and frequency of the AMF, and dose 

of MNPs injected) on temperature distribution. 
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2. To compare the uniform (ideal case) and nonuniform (single-point and multi-point injection 

of MNPs) spatial distribution patterns of MNPs. 

3. Based on outcomes of the analysis, prediction of the spatial distribution pattern that is 

effective as well as efficient. 

 

1.5 Thesis outline 

Chapter 2 introduces the reader to the governing equations that are used in analysis. One 

of those equations, called the Pennes’ bioheat transfer equation (PBHTE) governs the transfer of 

heat through biological tissues. The rest of the relations govern the process of heat dissipation of 

MNPs. This chapter also introduces the reader to FVM, its discretization process, and how the 

Dirichlet, Neumann, and Robin boundary conditions are applied. Additionally, a relation that 

was used to model nonuniform spatial distribution of MNPs is also presented at the end of this 

chapter. 

Chapter 3 introduces the reader to a comparative study performed by the author, that 

validates the applicability of FVM. This chapter begins with introduction to a one-dimensional 

model of healthy tissues, in which temperature distribution is evaluated when, the model is not 

time dependent, and when it is. In subsequent sections, a similar analysis is carried out on a two-

dimensional model that depicts a tumor surrounded by healthy tissues. 

In chapter 4, objectives stated in the prior section are addressed. Three different spatial 

distribution patterns of MNPs are considered for analysis, viz., uniform distribution, and 

nonuniform distribution when MNPs are injected at single and multiple sites. First section of this 

chapter introduces the reader to a grid independent test, which was performed to check the 

accuracy of the numerical solution. In the sections subsequent to it, temperature distributions due 

to varying treatment parameters (frequency and amplitude of AMF, and MNP dose), for all cases 

of MNP spatial distribution patterns are presented. Based on the results, the efficacy and 

efficiency of these spatial distribution patterns is discussed. 

Chapter 5 includes conclusions based on the results obtained in chapter 4. This chapter 

also addresses the improvements that can be made in this study, in order to enhance its validity.  
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Chapter 2 

 

Mathematical Modeling 

2.1 Pennes’ bioheat transfer equation 

Today, there are various mathematical relations available, that can be used to model the 

transfer of heat in biological tissues. Out of all such relations, PBHTE [27], has been used the 

most in studies associated with bioheat transfer. This is due to its simple mathematical nature, 

and the high accuracy with which it is able to predict the temperature [28]. It is generally used 

for tissues that are devoid of major blood vessels, and only contain beds of minute capillaries. 

The time dependent form of PBHTE is given below, 

      

  

  
                           (1) 

Here, ρt, cpt, and kt represent the density (kg.m
-3

), specific heat (J.kg
-1

.K
-1

), and thermal 

conductivity of the tissue (W.m
-1

.K
-1

), respectively, T represents the temperature (K), t the time 

(s), Qm the metabolic heat generation rate (W.m
-3

), and Qs the heat dissipation rate due to an 

external source  (W.m
-3

), Ta the arterial blood temperature (K), and ρb, cpb, ηb the density (kg.m
-

3
), specific heat (J.kg

-1
.K

-1
), and perfusion rate of the blood (s

-1
). 

 

2.2 Heat dissipation due to MNPs 

As stated in section 1.1, heat generation in MNPs occurs through combination, or 

individualistic domination of the relaxation mechanisms, viz. Néelian and Brownian relaxation 

mechanisms. This dominance is dependent on the time for which each relaxation mechanism 

occurs. Out of the two, whichever mechanism takes lesser time, becomes dominant [29]. This 

behavior has also been observed to be MNP diameter dependent [10]. 

Heat dissipation of MNPs during hyperthermia also depends on, amplitude and frequency 

of the AMF, MNP dose, MNP diameter and thickness of the biocompatible coating used, and 

viscosity of the MNP carrier fluid. 

The relations for heat dissipation of spherical monodispersed MNPs are given as [29], 

 
  =        

  
    

         
 (2) 

 
   =   

 

 
       

 

 
  (3) 
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Here, P is the heat dissipation rate of MNPs (W.m
-3

), μ0 is the permeability of free space 

4π×10
-7

 (T.m.A
-1

) [30], χ0 is the chord susceptibility, H0 is the amplitude of AMF (A.m
-1

),  f is the 

frequency of AMF (Hz), τ is the effective relaxation time (s), χi is the initial susceptibility, τB is the 

Brownian relaxation time (s), τN is the Néelian relaxation time (s), η is the viscosity of carrier fluid 

(N.s.m
-2

), VH is the hydrodynamic volume of the MNP (m
3
), kb is the Boltzmann constant 1.38×10

-23
 

(J.K
-1

) [30], τ0 is the attempt time 10
-9 (s) [30], ϕ is the volume fraction of MNPs, Md is the domain 

magnetization (A.m
-1

), VM is the volume of MNP (m
3
), R is the radius of MNP (m), δ is the 

thickness of biocompatible coating over the MNP core (m), and K is the magneto-crystalline 

anisotropy constant (J.m
-3

). 

 

2.3 The finite volume method 

Solving equations such as (1) over a domain with given boundary and initial conditions is a 

difficult task. Usually, such partial differential equations are solved with the help of numerical 

methods. Numerical methods require dividing the main study domain into multiple minute sub-

domains, as the physical behavior of the equation can be approximated only in very small 

regions. If tried for the whole domain at once, this procedure will lead to an erroneous solution. 

These sub-domains can be quadrilaterals or triangles, if the main domain is two-dimensional, or 

tetrahedrons, pyramids, and hexahedrons, in case it is three-dimensional. The equation is then 

solved over these sub-domains to evaluate the dependent variable in the equation. The evaluated 

values are location specific. These locations can be either, the sub-domain vertices, or their 

centers. 
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FVM is used in this study because it has some advantages over other numerical methods. 

The basic philosophy on which it is based is conserving the nature of the equation, over the sub-

domains, as well as the main domain. This means that it ensures that the conservational law on 

which an equation is based, is obeyed within the sub domains as well as the main domain [31]. 

Other numerical methods do not follow this philosophy, e.g. the finite difference method (FDM), 

in which only the mathematical formulations of the equations are considered important, not the 

conservational law which an equation governs. Being computationally less expensive than other 

numerical methods is also one of the reasons why it is more preferred. FVM is preferred for 

problems that require analysis of fluid flow, which may include mass, momentum, and energy 

transfer. This serves as another reason for the choice of FVM in this study. 

 

2.3.1 Derivation of equations for the discretized sub-domains 

The process of dividing the main study domain into minute sub-domains is called 

discretization. These sub-domains are called finite volumes or control volumes. The value of the 

dependent variable of an equation is stored at the center of a control volume. A control volume 

has faces that bound it and are shared by its neighbors. The neighbors of a control volume on its 

eastern, western, northern, and southern sides, are generally denoted by E, W, N, and S. 

Similarly, the faces it shares with them, are denoted by, e, w, n, and s. The distance between 

centers of two control volumes along the x-axis and y-axis, is denoted by ∆x, and ∆y, 

 

Fig. 2.1. A general control volume, along with its neighbors. 
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respectively. A two-dimensional quadrilateral (rectangular) control volume, P, along with its 

neighbors, is shown in Fig. 2.1. 

In FVM, the discretized form of a governing equation for a specific control volume is 

obtained by integrating it over its volume. If the equation is time dependent, it must also be 

integrated over time. The lower limit for integration over time is taken as t, and the upper limit as 

t+1. Therefore, the discretized form of equation (1), for two cartesian spatial dimensions, is 

derived as, 
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The terms on right side of equation (9), after integration become, 
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The term on left side of equation (10), can be written as, 
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After integrating the above relation with respect to time, it becomes, 

          
      

       
 

 

 

 

 

Which, after spatial integration becomes, 
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The terms on right side of equation (10) containing thermal conductivities, can be written as, 
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Thermal conductivities at control volume faces are evaluated as the inverse distance-weighted 

harmonic mean of the thermal conductivities of control volumes that share those faces. 

Considering Fig. 2.2, the inverse distance-weighted harmonic mean of thermal 

conductivities of control volumes 1, and 2, is calculated from the relation [31], 

     

    

         

     

      

Here, kf is the thermal conductivity of the face f, k1 and k2 are the thermal conductivities of 

control volumes 1 and 2, the centers of which are located at distances δ1, and δ2 from face f, 

respectively. 

If kP, kE, kW, kN, and kS, are thermal conductivities of control volumes P, E, W, N, and S, and 

are all equal to k, then with the help of equation     , the thermal conductivities of respective 

control volume faces can be obtained as, 

     =      =      =      =        

The temperature gradients at control volume faces in equations (12), (13), (14), and (15) can 

be approximated with Taylor series expansions. For face e, the relation would become, 

 

Fig. 2.2. Control volumes 1 and 2, at distances δ1 and δ2, from interface f. 
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From equations (18), and (19), the following relation for temperature gradient at face e is 

obtained, 
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   (20) 

Only the first term on right hand side of equation (20) is used to replace the temperature 

gradient at face e. Relations for temperature gradients at other faces can be similarly evaluated. 

On substituting the relations of equations     ,     , and (20), in equation (10), and using the 

backward Euler method for temporal integration, the following equation is obtained, 
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Equation      after further simplification, can be written as, 
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Where, 
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   =    

   =    

   =       

Equation      is the discretized form of equation (1). In a similar way it can be extended to 

consider an extra spatial dimension. Equation      can be solved using the Gauss Seidel iterative 

method. 

   

2.3.2 Application of boundary conditions 

Generally, three kinds of boundary conditions are encountered in numerical studies. The 

first one is when the dependent variable of an equation is specified as a constant at the domain 

boundary. This is called the Dirichlet boundary condition. The second one when the dependent 

variable is specified in the form of spatial gradient at the domain boundary. This is called the 

Neumann boundary condition. The third one is when the dependent variable is specified as a 

combination of Dirichlet, and Neumann boundary conditions, at the domain boundary. This is 

called the Robin boundary condition. The procedures that should be followed to apply these 

boundary conditions, are explained in the following sections. 

 

2.3.2.1 The Dirichlet boundary condition 

The Dirichlet boundary condition is illustrated in Fig. 2.3. Usually the boundary 

conditions in FVM that have an order of accuracy greater than one are preferred and are applied 

to the flux (spatial gradient of the dependent variable) terms. In order to apply the Dirichlet 

boundary condition on western face of the control volume P, shown in Fig. 2.3, Taylor series 

expansions of P, and E, about the western face w are required. These expansions are evaluated 

below, 

 

Fig. 2.3. Illustration of the Dirichlet boundary condition. 
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After multiplying equation      by 9, and subtracting equation      from the resultant 

equation, the following expression is obtained, 
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Which upon rearrangement gives, 
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In equation      O(∆x)2 represents the order of accuracy, which is 2. Tw in equation      

can now be replaced by the specified value of temperature at the domain boundary, i.e. TL. The 

resultant relation is substituted in equation (13), to replace the temperature gradient at face w. 

 

2.3.2.2 The Neumann boundary condition 

 

Fig. 2.4. Illustration of the Neumann boundary condition. 
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The Neumann boundary condition is illustrated in Fig. 2.4, where A is an arbitrary 

constant. It can be applied directly, by substituting the value of the gradient in equation (13). 

 

2.3.2.3 The Robin boundary condition 

Application of the Robin boundary condition, as illustrated in Fig. 2.5 where A, B, and C 

are arbitrary constants, first requires its rearrangement, as, 
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Tw in equations     , and     , is now replaced by the relation on right side of equation 
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After multiplying equation      by 9, and subtracting equation      from the resultant 

equation, the following relation is obtained, 
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   (29) 

Equation (29) upon rearrangement gives, 

 

             Fig. 2.5. Illustration of the Robin boundary condition. 
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        (30) 

The relation on right side of (30) can now be substituted in equation (13), to replace the 

temperature gradient at face w. 

 

2.4 Nonuniform distribution of MNPs 

As stated in literature [13], the MNPs after intratumoral injection do not follow a 

uniform spatial distribution pattern, instead they follow a spatial distribution pattern that is 

similar to Gaussian distribution. This means that MNPs get distributed in the form of a sphere, 

with most of them settling at the injection site, and in its vicinity. In order to mimic this behavior 

of MNP spatial distribution, the relation given below is used [24], 
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Where, g represents the distribution function, σx, σy, and σz represent the standard 

deviations, and  ,  ,   the mean values, along the x, y, and z directions. 

In this study, equation      is utilized to distribute the MNP mass. It is numerically 

integrated over each control volume using the 4-point Gaussian quadrature numerical integration 

method. This aids in evaluation of the MNP mass being distributed in each control volume.  
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Chapter 3 

 

Comparative Study 

In order to affirm the applicability of FVM for analysis of hyperthermia, a comparative 

study is performed in this chapter. The work presented by H. Zhang [15] is analyzed using 

FVM, and results are presented in the following sections. 

 

3.1 One dimensional model 

Zhang [15] has used LBM in his work to analyze hyperthermia in one-dimensional and 

two-dimensional models. Fig. 3.1, shows the one-dimensional model of a tissue. Its left boundary 

is considered as adiabatic, whereas its right boundary is considered to be at a constant 

temperature of TL. L is taken as 0.04 (m). The values of parameters considered to analyze this 

model are given in TABLE I. 

 

TABLE I.    Values of parameters considered in analysis of the one-dimensional model. 

Parameter Value Parameter Value 

kt 0.5 (W.m
-1

.K
-1

) ρ 1052 (kg.m
-3

) 

ρb 1052 (kg.m
-3

) cp 3800 (J.kg
-1

.K
-1

) 

cpb 3800 (J.kg
-1

.K
-1

) ηb 1×10
-4

 (s
-1

) 

 

Fig. 3.1. One dimensional model, as presented by H. Zhang [15]. 
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Qm 400 (W.m
-3

) Ta 37 (
o
C) 

   

3.1.1 Boundary Conditions 

At x=0, temperature is specified with the aid of Neumann boundary condition, as, 

   

  
 
   

     

 At x=L, temperature is specified with the aid of Dirichlet boundary condition, as, 

                 

 

3.1.2 Steady state analysis 

A gird independence test is initially performed for the steady state case of the one-

dimensional model. The numerical results of temperature distribution along the length of the 

model are plotted along with the analytical result in Fig.3.2.  

The relations for analytical solution are given below, 

 

Fig.3.2. Grid independence test for one-dimensional model. 



28 
 

                 
                

                
 

 

 

Where, 

 
             

   
         

     

       
 

 

 

The numerical results are plotted for 30, 60, and 120 finite volumes. It is seen that with 30 

finite volumes, the numerical result does not completely agree with the analytical result. As the 

finite volumes are increased from 30 to 60, it is seen that the numerical result approaches the 

analytical result. As the finite volumes are increased to 120, it is seen that the difference between 

the numerical, and analytical results becomes negligible. 

Finite volumes along with their respective root mean square error (RMSE) values for the 

steady state case of the one-dimensional model, are plotted in Fig. 3.3.  

The slope of this plot indicates that the order of accuracy of the applied finite volume 

scheme is 2. This means that as the number of finite volumes is doubled, the respective RMSE 

becomes one-fourth. TABLE II shows the respective values used for this plot. 

 

       TABLE II.  RMSE variation corresponding to the number of finite volumes. 

Number of finite volumes RMSE 

 

Fig. 3.3. A plot of RMSE v/s number of finite volumes, illustrating the order of accuracy of the scheme. 
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30 0.1592 

60 0.0398 

120 0.0100 

 

3.1.3 Time dependent analysis 

For the time dependent case of the one-dimensional model, an initial condition is utilized. 

According to this condition, the model is initially at a temperature Te. The relations for analytical 

solution for time dependent analysis are given as, 

            
  

 
                         

 

   

           
       

   
    

 
 

Where, 

  
 

   
            

 

 
       

       

   
 

 The numerical results, along with the analytical results of temperature distribution along 

 

Fig.3.4. Plots of temperature distribution along the length of the model, comparing the numerical and 

analytical results, after 200s, 1000s, and 5000s. 
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the length of the model are plotted in Fig.3.4. 

The plots illustrate temperature distribution along the length of the model after 200s, 

1000s, and 5000s. The numerical results are in good agreement with analytical results. These 

plots reveal the heat sink effect of the blood. With increase in time from 200s to 1000s, and then 

to 5000s, a decrease of about 3
o
C in temperature at the left boundary is seen, as the heat is 

carried away by the blood. 

 

3.2 Two-dimensional model 

The two-dimensional model considered by H. Zhang [15], is shown in Fig. 3.5. The 

model consists of a square tumor at center, surrounded by a rectangular domain of healthy 

tissues. The tumor has sides of span L/4. Length and width of the outer domain are 2L and L, 

respectively. L is taken as 0.05 m. 

 

Just like the one-dimensional model, steady state, as well as time dependent analyses are 

performed for it. In this model, effects of blood perfusion rate, and metabolic heat generation 

rate of tumor are illustrated. Therefore, except for the blood perfusion rate and the metabolic 

heat generation rate of the tumor, all other parameters considered to analyze the model are same 

as those of the one-dimensional model. Two cases of blood perfusion rate and metabolic heat 

generation rate, are analyzed for this model. They are described below, 

 

(a) Case I 

 

Fig. 3.5. Two-dimensional model, as presented by H. Zhang [15]. 
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In case I, the blood perfusion rate is taken as 1×10
-3

 (s
-1

), and the metabolic heat 

generation rate is taken as 4000 (W.m
-3

). 

(b) Case II 

In case II, the blood perfusion rate is taken as 1×10
-2

 (s
-1

), and the metabolic heat 

generation rate is taken as 40,000 (W.m
-3

). 

 

3.2.1 Boundary Conditions 

At x=0, the model is symmetric about y-axis, therefore the temperature at all points along 

the y-axis, at x=0, is specified with the aid of Neumann boundary condition, as, 

   

  
 
   

 = 0 

 The boundary at x=L is considered to be adiabatic, therefore the temperature here is 

specified with the aid of Neumann boundary condition, as, 

   

  
 
   

 =   

Lower surface of the model, at y=0, is assumed to be at a constant temperature of 37
o
C, 

and is therefore specified with the aid of Dirichlet boundary condition, as, 

       =      

Top surface of the model, at y=L is assumed to be losing heat to the surroundings, 

therefore the temperature here is specified with the aid of Robin boundary condition, 

     

  
 
   

 =         

Where, h is the convective heat transfer coefficient and is taken as 20 (W.m
-2

.K
-1

), and Tf 

is taken as 20
o
C. 

 

3.2.2 Steady state analysis 

The plots of temperatures at (x=0, y), and (x, y=L), are shown in Fig. 3.6 and Fig. 3.7. 

Temperature distribution for the two cases of blood perfusion rate, and metabolic heat generation 
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rate of tumor is plotted in these figures. Temperature distribution for a third case in which the 

study domain is devoid of tumor is also plotted in these figures for comparison. From these plots 

it is observable that the metabolic heat generation rate of a tumor has a significant effect on 

temperature distribution within it, and its surrounding healthy tissues. Even though blood 

perfusion rate is increased in case II, but it cannot compensate for the increase in the metabolic 

heat generation rate of the tumor. 

It is observable from the plots that the results obtained using FVM, agree well with those 

reported in literature using LBM, and the finite element method (FEM). 
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Fig. 3.6. Temperature plots at x=0, y, for steady state analysis. 

 

Fig. 3.7. Temperature plots at x, y=L, for steady state analysis. 
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3.2.3 Time dependent analysis 

For the time dependent analysis, the blood perfusion rate, and metabolic heat generation 

rate, of the tumor are taken as 1×10
-3

 (s
-1

), and 4000 (W.m
-3

), respectively. Temperature 

distribution for case I is taken as the initial condition for time dependent analysis. 

A time dependent heat source within the tumor, 100×t (W.m
-3

), is also assumed in this 

analysis. Plots of temperature at x=0, y, at time 0s, 900s, and 1800s, are shown in Fig. 3.8. It is 

seen that, with increase time, heat generation within the tumor also increases, which causes the 

tumor temperature to also increase. 

It is observable from the temperature plots that the results obtained using FVM, agree well 

with those obtained using LBM and FEM. 

 

 

 

 

 

 

 

  

 

Fig. 3.8. Temperature plots at x=0, y, for time dependent analysis. 
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Chapter 4 

 

Results and discussion 

A three-dimensional version of the two-dimensional model analyzed chapter 3, is used to 

evaluate the differences in temperature distribution, when MNPs are distributed uniformly and 

nonuniformly, and treatment parameters are also varied. The geometric model on which the 

analysis is carried out is shown in Fig. 4.1. Due to symmetry, only right half of it is considered 

for analysis. 

 

Fig. 4.1. Three-dimensional model considered for analysis. 
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Temperature distribution is evaluated along lines AB, and AD, as they pass through the 

most critical locations of the tumor. For uniform MNP distribution, MNPs are assumed to be 

homogenously distributed within the tumor. For nonuniform MNP distribution, two cases are 

analyzed, viz., single point MNP injection (injection at tumor center), and multi point MNP 

injection (injection at sites additional to tumor center). These cases of MNP spatial distribution 

are illustrated in Fig. 4.2. An elaborated view of the tumor along with injection locations of 

MNPs for the case of multi-point injection, is shown in Fig. 4.3. 

A grid independent test presented in the following section affirms the accuracy of the 

numerical solution. In subsequent sections, the effects of treatment parameters, viz. amplitude 

and frequency of the AMF, and MNP dosage are illustrated. The properties of magnetite MNPs 

used for analysis are given in TABLE III, [18]. 

 

 

Fig. 4.2. MNP spatial distribution patterns considered for analysis: (a) Uniform MNP distribution; (b) 

Nonuniform MNP distribution: MNP injection at single site, i.e. tumor center; (c) Nonuniform MNP 

distribution: MNP injection at multiple sites, i.e. at sites additional to the tumor center. 

 

Fig. 4.3. Locations of injection sites for the case of multi-point injection: (a) The tumor when viewed 

along x-axis; (b) The tumor when viewed along z-axis. 
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In this section, the effects of variation in amplitude of the AMF on temperature 

distribution are presented. The MNP dosage and frequency of the AMF are taken as, 5 mg of 

magnetite / cm
3
 of the tumor, and 100 kHz, respectively. Atkinson et al. 0, presented a plot of 

tolerability threshold of frequency and amplitude of the AMF, for the upper torso, Fig. 4.4. Based 

on this plot, three different values of AMF amplitude were considered for analysis, viz., A1 (5 

kA.m
-1

), A2 (7.5 kA.m
-1

), and A3 (10 kA.m
-1

). A1 lies right on the threshold limit, whereas A2 and 

A3 lie in the discomfort zone. 

 

Fig. 4.4. Plot of frequency and amplitude tolerability threshold, presented by Atkinson et al. 0.The 

amplitude values considered for analysis, A1 (5 kA.m
-1

), A2 (7.5 kA.m
-1

), and A3 (10 kA.m
-1

), are also 

illustrated. 
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(a) Case I: When amplitude is A1 

 

Fig. 4.5. Temperature distribution along AB, for all MNP spatial distribution patterns, for AMF 

amplitude A1 (5 kA.m
-1

), at 600s. TL and TB indicate, therapeutic limit, and tumor boundary. 

 

Fig. 4.6. Temperature distribution along AD, for all MNP spatial distribution patterns, for AMF 

amplitude A1 (5 kA.m
-1

), at 600s. 
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Plots of temperature distribution along AB, comparing uniform and nonuniform (single-point, 

and multi-point) MNP spatial distribution patterns, when amplitude is taken as A1 (5 kA.m
-1

), are 

shown in Fig. 4.5. From the plot it is observable that only with nonuniform MNP spatial 

distribution, temperatures above the therapeutic limit are attainable. The tumor center 

temperature with single point and multi point injections reaches 46
o
C, and 43

o
C, respectively. 

For uniform MNP spatial distribution, the temperature at tumor center barely reaches 40
o
C. It is 

also observable that along AB, single point injection is able to keep a greater extent of the tumor 

above the therapeutic limit. 

Plots of temperature distribution, along AD, are shown in Fig. 4.6. The temperature 

distributions along AD of uniform MNP spatial distribution, and single point injection are similar 

to what were observed along AB in Fig. 4.5. For multi-point injection, a secondary peak after the 

initial dip in temperature along AD is observed. This rise in temperature is due to the presence of 

MNPs at sites additional to the tumor center. Even though the secondary peak of rise in 

temperature of multi point injection is below the therapeutic limit, but it offers a more uniform 

temperature distribution, in comparison to single point injection. 

(b) Case II: When amplitude is A2 

For the second case the amplitude is increased from A1 (5 kA/m) to A2 (7.5 kA/m). The 

frequency of applied AMF, and MNP dosage are kept same as they were in Case I, 100 kHz, and 

5 mg of magnetite/ cm
3
 of the tumor, respectively. 

 

Fig. 4.7. Temperature distribution along AB, for all MNP spatial distribution patterns, for AMF 

amplitude A2 (7.5 kA.m
-1

), at 600s. 
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The plots in Fig. 4.7 illustrate temperature distribution along AB when amplitude is A2 (7.5 

kA.m
-1

). The increase in peak temperatures for all MNP spatial distribution cases, an effect of 

increase in the AMF amplitude, is observable in the plots. The peak temperatures for single-point 

and multi-point injection have incremented by 6
o
C, and 4

o
C, whereas for uniform distribution of 

MNPs, this increment is of about 2
o
C. From this it is evident that the greater the MNP mass 

injected at a specific location, greater is the variation in temperature at that location, when 

treatment parameters are varied. The peak temperature of single-point injection, 52
o
C exceeds 

the range of temperatures used in hyperthermia (42
o
C-47

o
C). Such high temperatures lead to 

thermal ablation, which is avoided or kept minimum during hyperthermia treatment. Single-point 

injection is still able to keep a greater extent of the tumor above the therapeutic limit, in 

comparison to multi-point injection, along AB. With uniform MNP distribution only the 

temperature at tumor center reaches the therapeutic limit, whereas rest of the tumor remains 

below it. Therefore, with current treatment parameters hyperthermia is be ineffective with 

uniform MNP distribution. 

The plots in Fig. 4.8 illustrate the temperature distribution along AD for AMF amplitude 

A2 (7.5 kA.m
-1

). It is seen that with single-point injection the temperature for complete tumor 

cannot be kept above the therapeutic limit. Also, the distance up to which therapeutic limit is 

observable along AD, is shorter for single point injection, in contrast to multi-point injection. 

This is due to the additional injection sites near tumor periphery, and the increased amplitude. 

 

Fig. 4.8. Temperature distribution along AD, for all MNP spatial distribution patterns, for AMF 

amplitude A2 (7.5 kA.m
-1

), at 600s. 
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Multi-point injection proves to be very efficient and effective with the current treatment 

parameters. 

(c) Case III: When amplitude is A3 

In this case the AMF amplitude is further increased to A3, while keeping the frequency 

and MNP dosage constant. 

Fig. 4.9 shows the plots of temperature distribution along AB, when the AMF amplitude is 

A3 (10 kA.m
-1

). With increase in AMF amplitude the values of temperature at tumor center 

increase further. For single-point and multi-point injection tumor center temperatures reach 

57.5
o
C, and 51

o
C, after incrementing by 5.5

o
C, and 4

o
C, respectively. For uniform MNP 

distribution tumor center temperature increments by 2
o
C and reaches 44

o
C. With high AMF 

amplitude (A3), the temperatures at tumor center for both, single-point and multi-point injection 

cases exceed the range of treatment temperatures. It is observable that with the current choice of 

amplitude, all three MNP spatial distribution cases are able to keep the complete tumor along AB 

above the therapeutic limit. 

Fig. 4.10 compares the temperature distributions along AD, when AMF amplitude A3 is 

used. It is observable from the figure that the region in which the temperature exceeds treatment 

temperature range, is smaller for multi-point injection. This is because the spread of MNPs at 

each injection site in multi-point injection is smaller in comparison to the spread in single point 

injection. Therefore, an increment in treatment parameters above the safe range, is  more 

 

Fig. 4.9. Temperature distribution along AB, for all MNP spatial distribution patterns, for AMF 

amplitude A3 (10 kA.m
-1

), at 600s. 
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dangerous for the patient when MNPs are injected at a single point within the tumor. Also, with 

multi-point injection a greater distance along AD is kept above the therapeutic limit. 

 

 

Fig. 4.10. Temperature distribution along AD, for all MNP spatial distribution patterns, for AMF 

amplitude A3 (10 kA.m
-1

), at 600s. 
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4.3 Effects of AMF frequency on temperature distribution 

Effects of variation in AMF frequency are presented in this section. The AMF frequency 

is varied, while keeping the MNP dose, and AMF amplitude constant. The values of AMF 

frequency were selected from the threshold plot given by Atkinson et al. 0. 5 mg of 

Magnetite/cm
3
 of the tumor, and 10 kA.m

-1
, are used as the respective MNP dose, and AMF 

amplitude for the analysis. Three different values of AMF frequency, f1 (50 kHz), f2 (75 kHz), 

and f3 (100 kHz), as shown in Fig. 4.11, are used, and the results are presented in the following 

subsections. 

 

Fig. 4.11. AMF frequency values, f1 (50 kHz), f2 (75 kHz), and f3 (100 kHz), considered for analysis 

are illustrated in the threshold plot presented by Atkinson et al. 0. 
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(a) Case I: When frequency is f1 

Fig. 4.12 illustrates the temperature distribution along AB for all three MNP spatial 

distribution cases, when AMF frequency f1 (50 kHz) is used. 

With frequency f1, only single-point injection is able to raise the temperature of tumor 

center above the therapeutic limit, 43.6
o
C. With multi-point injection and uniform MNP 

distribution, tumor center attains temperatures of only 41.3
o
C, and 39

o
C. The temperature at 

tumor boundary for all three cases is same, 38.2
o
C. 

Temperature distribution along AD for Case I, for all MNP spatial distribution patterns is 

illustrated in Fig. 4.13. The trends that curves of temperature distribution follow along AD are 

similar to those observed in previous analysis. Both multi-point injection, and uniform MNP 

distribution, turn out to be ineffective with the current choice of treatment parameters. Single-

point injection too turns out to be inefficient as it raises the temperature of only the tumor center 

and a small region in its vicinity above the therapeutic limit, thus leaving the rest of the tumor 

below it. 

 

 

Fig. 4.12. Temperature distribution along AB, for all MNP spatial distribution patterns, for AMF 

frequency f1 (50 kHz), at 600s. 
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Fig. 4.13. Temperature distribution along AD, for all MNP spatial distribution patterns, for AMF 

frequency f1 (50 kHz), at 600s. 
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(b) Case II: When frequency is f2 

Fig. 4.14 illustrates the temperature distribution along AB, when AMF frequency f2 (75 

kHz) is considered. The increment in frequency from f1 (50 kHz) to f2 (75 kHz) results in 

increment of tumor center temperatures of all three cases of MNP spatial distribution patterns 

under analysis. The tumor center temperature increments by 6.1
o
C with single-point injection, 

4.6
o
C with multi-point injection, and 1.4

o
C with uniform distribution. This behavior of 

temperature increments is similar to what was observed in cases of AMF amplitude increments.. 

The tumor center reaches 50.1
o
C with single-point injection, 46

o
C with multi-point injection, and 

41.3
o
C with uniform MNP distribution. It is observable from the plots that only single-point 

injection and multi-point injection exceed the therapeutic limit. With single point injection, a 

greater distance along AB is kept above the therapeutic limit, as compared to multi-point 

injection, but the temperatures at tumor center and in its vicinity exceed the range of treatment 

temperatures. Exceeding the range of treatment temperatures will lead to thermal ablation. 

Therefore, single point injection proves to be inefficient with the current choice of treatment 

parameters. With uniform MNP distribution, the tumor remains completely below the therapeutic 

limit, therefore it turns out ineffective with the current choice of treatment parameters. 

Plots of temperature distribution along AD are illustrated in Fig. 4.15. The trends of 

temperature distribution, of single point injection and uniform MNP distribution in Fig. 4.15, are 

 

Fig. 4.14. Temperature distribution along AB, for all MNP spatial distribution patterns, for AMF 

frequency f2 (75 kHz), at 600s. 

 

Fig. 4.15. Temperature distribution along AD, for all MNP spatial distribution patterns, for AMF 

frequency f2 (75 kHz), at 600s. 
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similar to what were observed in Fig. 4.14. The increment in temperature at the center of 

secondary injection site of multi-point injection along AD is of 3.5
o
C, the value of which with f1 

was 40
o
C, and in the present case it is 43.5

o
C. This increment is less than what is observed at 

tumor center with multi-point injection. This is because the secondary injection site is located 

very close to the healthy tissues which are at a temperature that is lower than that of the tumor. 

Multi-point injection keeps the temperature at tumor center within the range of treatment 

temperatures and compared to single point injection it also keeps a greater extent of the tumor 

above the therapeutic limit. Therefore, multi-point injection with the current choice of treatment 

parameters proves to be effective as well as efficient. 

 

(c) Case III: When frequency is f3 

Fig. 4.16 illustrates the plots of temperature distribution along AB of all cases of MNP 

spatial distribution patterns, when the AMF frequency is f3 (100 kHz). Tumor center temperature 

with single-point injection increments by 7.4
o
C after the increase in AMF frequency from f2 to 

f3. These increments for multi-point injection, and uniform MNP distribution are of 5
o
C, and 

2.7
o
C. The temperature increments at tumor center for the present case, are greater than what 

were observed when the AMF frequency was increased from f1 to f2. Also, the magnitude of 

increments of tumor center temperature did not increase for all cases of MNP spatial distribution 

patterns when AMF amplitude was increased from A2 to A3, compared to when it was increased 

from A1 to A2. The increment for single-point injection had decreased, while that of multi-point 

 

Fig. 4.16. Temperature distribution along AB, for all MNP spatial distribution patterns, for AMF 

frequency f3 (100 kHz), at 600s. 
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injection and uniform MNP distribution remained same. The observations of increase in AMF 

frequency from f2 to f3 also reveal an increase in increment magnitude compared to what was 

observed when frequency was increased from f1 to f2. 

With current treatment parameters, all three cases of MNP spatial distribution patterns are 

able to keep the tumor completely above the therapeutic limit, but multi-point and single point 

injection exceed the range of treatment temperatures, which makes them inefficient for the 

current case of analysis. 

The plots of temperature distribution along AD, of all MNP spatial distribution cases, are 

illustrated in Fig. 4.17. It is observable from the plots that only with multi-point injection can a 

greater extent of the tumor be kept above the therapeutic limit, in comparison to single-point and 

multi-point injection. This plot also illustrates that the temperature of secondary peak of multi-

point injection has incremented by 4
o
C, reaching 47

o
C. 

As both single-point and multi-point injection cases exceed the range of treatment 

temperatures, and uniform MNP distribution is unable to keep the complete tumor above the 

therapeutic limit, none of the MNP spatial distribution cases prove to be effective or efficient. 

 

4.4 Effects of MNP dose on temperature distribution 

As observed in the previous sections, only multi-point injection proved to be the most 

efficient and effective MNP spatial distribution pattern. It was also observed that multi-point 

injection gave the best results when AMF frequency and amplitude were taken as f2 (75 kHz) and 

 

Fig. 4.17. Temperature distribution along AD, for all MNP spatial distribution patterns, for AMF 

frequency f3 (100 kHz), at 600s. 
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A2 (7.5 kA.m
-1

). The combination of A2 and f2 also lies very close to the safe limit in the 

threshold plot presented by Atkinson et al. 0, which makes them highly favorable treatment 
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parameters, Fig. 4.18. Therefore, the analysis of effects of MNP dose on temperature distribution 

is carried out only for multi-point injection, at AMF frequency and amplitude of f2 (75 kHz) and 

A2 (7.5 kA.m
-1

). The typical dose of magnetite MNPs that is used in experimental studies of 

hyperthermia is 5 mg of magnetite / cm
3
 of the tumor. In this section the effects of incrementing 

and decrementing the MNP dose on temperature distribution, are illustrated. Similar to the 

 

Fig. 4.18. AMF amplitude and frequency used to analyze the effects of MNP dose on temperature 

distribution is illustrated on the threshold plot given by Atkinson et al. 0. 

 

Fig. 4.19. Temperature distribution along AB, for all MNP doses considered, at AMF frequency f2 (75 

kHz), and amplitude A2 (7.5 kA.m
-1

). 
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results presented in prior sections, temperature distributions along AB, and AD with decreased, 

typical, and increased MNP dose, are plotted for the case of multi-point injection. The MNP 

doses considered for analysis are 4 mg of magnetite / cm
3
 of the tumor, 5 mg of magnetite / cm

3
 

of the tumor, and 6 mg of magnetite / cm
3
 of the tumor. 

Fig. 4.19 illustrates the temperature distribution along AB, for all MNP doses considered. 

It is observed that with 4 mg of magnetite the temperature at tumor center just crosses the 

therapeutic limit, whereas with 5 and 6 mgs of MNPs tumor center reaches 43.25
o
C, and 

44.375
o
C. It is observable that the effect of variation in MNP dose is not as pronounced as was 

observed in cases of frequency and amplitude. Also, the distance from tumor center along AB up 

to which the tumor is above the therapeutic limit, is very small. This is because all the secondary 

injection sites are distant from AB. A very subtle effect of the presence of secondary injection 

sites is observed near the tumor boundary. 

 Fig. 4.20 illustrates the temperature plots along AD, of all cases of MNP doses considered. 

The presence of secondary injection sites is observable in this figure. As the effects of MNP dose 

variation are not very pronounced, the differences between the temperature values at the 

secondary peaks are also minor. The secondary peaks with 4 mg, 5 mg, and 6mg, reach 40.75
o
C, 

41.5
o
C, and 42.25

o
C. Only with 6mg of magnetite the secondary peak exceeds the therapeutic 

limit. Therefore, it can be said that with AMF frequency and amplitude very close to the safe 

limit, a slightly higher dose of MNPs is required for the treatment to be effective and efficient, 

but it should be kept in mind that very high doses of MNPs may prove to be toxic for the patient. 

 

Fig. 4.20. Temperature distribution along AD, for all MNP doses considered, at AMF frequency f2 (75 

kHz), and amplitude A2 (7.5 kA.m
-1

). 
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Chapter 5 

 

Conclusions 

In this study the treatment parameters of MNP induced hyperthermia that strongly affect 

its outcomes, are numerically analyzed. The numerical analysis involved utilization of FVM. 

Special attention was paid to the spatial distribution patterns of MNPs that are injected 

intratumorally. Uniform (ideal case) and nonuniform (single-point and multi-point injection) 

distribution of MNPs are considered in the analysis for comparison. Nonuniform spatial 

distribution of MNPs is modelled using the Gaussian distribution. It is observed that multi-point 

injection offers a more uniform temperature distribution. Presence of MNPs at and in the vicinity 

of multiple injection sites aids in keeping most of the tumor above the therapeutic limit. Effects 

of variation in AMF frequency and amplitude are observed to be more pronounced, than those of 

variation in MNP dose. Efficiency and efficacy of multi-point MNP injection depends on the 

choice of treatment parameters (MNP dose, and AMF frequency and amplitude), and the spread 

of MNPs within the tumor after injection. Also, the injection sites that are located closer to the 

tumor periphery may require a higher dose of MNPs in order to compensate for the loss of heat 

to the nearby healthy tissues that are at lower temperatures than those observed within the tumor. 

It was observed that if a greater dose of MNPs is injected intratumorally, the variation in 

temperature with variation in AMF frequency and amplitude, will also be great. Utilization of 

AMF frequency and amplitude close to the safe limit in the tolerability threshold presented by 

Atkinson et al. 0 may not always give temperatures greater than the therapeutic limit, therefore 

higher MNP doses may be required. It should also be kept in mind that higher doses lead to 

higher toxicity. Increase of treatment parameters beyond certain limits may lead to induction 

heating within the healthy tissues, therefore the parameters for the treatment should be carefully 

chosen. 

 

5.1 Scope for future work 

1. Effects of number of injection sites on temperature distribution can be studied. Increasing 

the number of injection sites may result in uniform temperature distribution. 

2. The spread of MNPs in multi-point injection sites will vary depending on the mass of 

MNPs injected. Greater mass of MNPs can be injected closer to the tumor periphery, while 

keeping the mass of MNPs injected near the tumor center small, in order to obtain an 

approximation of uniform temperature distribution. 
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3. When AMF frequency and amplitude are increased beyond certain values, the tissues may 

heat up due to induction, this will lead to heating of unwanted areas. Relations associated 

with induction heating can also be utilized in order to make the analysis more realistic. 

4. Not all tumors are located away from the blood vessels. Therefore, other mathematical 

models that consider blood flow through the tissues can also be utilized to make the study 

more realistic. 

5. The current study assumes that all injected MNPs are of the same diameter. Variation of 

MNP diameter can also be considered in future studies. 

6. Blood perfusion through the tissues is also assumed to be constant in this study. Relations 

for temperature dependent blood perfusion can be adopted in future studies. 

7. Thermal damage and survival fraction, based on temperature within the tumor can be 

evaluated to better assess the treatment. 

8.  Tumors generally are of arbitrary shapes, therefore to analyze a realistic geometry finite 

volume method with unstructured grids along with other numerical methods can be used. 

9. The current study is just a theoretical assessment of MNP induced hyperthermia. 

Experimental studies are still required to affirm its validity.  
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