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Abstract

In this thesis, new methods are proposed to solve the linear programming prob-
lems with fuzzy parameters and the linear programming problems with intuitionistic
fuzzy parameters. Also, the advantages of the proposed methods, over the existing
methods, are presented.

The chapter wise summary of the thesis is as follows:

Chapter 1
In this chapter, a brief review of the work done in the area of linear program-
ming problems with fuzzy parameters as well as linear programming problems with

intuitionistic fuzzy parameters, is presented.

Chapter 2

Ganesan and Veeramani [52] proposed the product (®¢) of symmetric trape-
zoidal fuzzy numbers and proposed a method to find the fuzzy optimal solution of
fuzzy linear programming problem with symmetric trapezoidal fuzzy numbers (P;).

n
Maximize /Minimize [z DG ®c T
J=1

Subject to (P)

11



v

where ¢;,z; and b; are symmetric trapezoidal fuzzy numbers and a;; are real num-
bers.

Since, then the different methods [45,82,84] have been proposed for the same.
In this chapter, a new method (named as Mehar method) is proposed for the same.
It is shown that all the fuzzy linear programming problems which can be solved
by the existing methods [45,52,82,84] can also be solved by the proposed Mehar
method. However, it is much easy to apply the proposed Mehar method as com-

pared to the existing methods [45,52,82, 84].

Chapter 3

Ebrahimnejad et al. [42] pointed out that if the existing method [52] will be
used for solving bounded fuzzy linear programming problem with symmetric trape-
zoidal fuzzy numbers (P,), then the problem size and computational effort would
increase significantly. Therefore, Ebrahimnejad et al. [42] proposed an alternative
method to find the fuzzy optimal solution of problem (P,).

n
Maximize/Minimize [é RDYE R T

=1
Subject to (P,)
n ~

doa T 2R, - b, i=1,2,...m,

=1

ijjjjﬂ‘]? j:1727 7n7

where ¢;, 7, l~)z,l~] and @; are symmetric trapezoidal fuzzy numbers and a;; are real
numbers.

Hatami and Kazemipoor [60] pointed out that there is no method in litera-
ture for solving fully fuzzy linear programming problems with symmetric trapezoidal
fuzzy numbers (P3) and extended the existing method [84] for solving fully fuzzy

linear programming problems with symmetric trapezoidal fuzzy numbers (Ps).



n
Maximize/Minimize [z ~ 231 Cj Qg Tj
=

Subject to (Ps)

where &;, %;, d; and b; are symmetric trapezoidal fuzzy numbers.

However, the method, proposed by Ebrahimnejad et al. [42], can not be used
to find the fuzzy optimal solution of problem (P3) and the method, proposed by
Hatami and Kazemipoor [60], can not be used to find the fuzzy optimal solution
of problem (P,). Therefore, to overcome the limitations of both the existing meth-
ods [42,60], in this chapter, the Mehar method, proposed in Chapter 2, is extended
for solving such bounded fully fuzzy linear programming problems (P;) in which all
the parameters and variables are represented by symmetric trapezoidal fuzzy num-
bers.

n

Maximize /Minimize [z DGR T

j=1

Subject to (P1)
Z&U ®ij _<7N7t527 Z:1727 , T,

j=1

ijj‘%ﬁjaj? .]:1727 » 1,

where &;, %;, di;, bi, I; and 1; are symmetric trapezoidal fuzzy numbers.
Chapter 4

Ebrahimnejad [38] proposed a method for solving bounded fuzzy linear pro-
gramming problem (Ps) in which coefficients of variables in objective function as
well as in constraints are represented by real numbers while all other parameters

and variables are represented by trapezoidal fuzzy numbers.
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n
Maximize/Minimize [2 R~ cjfj]
=1

Subject to (Ps)

M=

QT j,%, t bi, 1= 1,2, e, m,
=1

s
Il

o~

L= =, i=1,2,...m,
where 7, Bl,ij and u; are trapezoidal fuzzy numbers and c¢;, a;; are real numbers.

However, the existing method [38] can be used only for solving bounded fuzzy
linear programming problem (Ps) if the initial fuzzy basic solution is optimal but
not feasible.

To overcome this limitation of the existing method [38], Ebrahimnejad and
Verdegay [46] proposed a method for solving the same problem (Ps). In this chap-
ter, a new method (named as Mehar method) is proposed to find the fuzzy optimal
solution of problem (P5) and it is shown that all the problems which can be solved
by the existing methods [38,46] can also be solved by the proposed Mehar method

and there are several advantages of applying proposed Mehar method over applying

other existing methods [38, 46].

Chapter 5

Parvathi and Malathi [129] proposed intuitionistic fuzzy simplex method to
solve such intuitionistic fuzzy linear programming problems (Fs) in which the co-
efficients of the variables, in the objective function and in all the constraints, are
represented by real numbers whereas the variables and other remaining parameters

are represented by symmetric trapezoidal intuitionistic fuzzy numbers.

Maximize /Minimize [21 Y q:ﬁé]
j=1
Subject to (Fs)
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where Z} and bl are symmetric trapezoidal intuitionistic fuzzy numbers and ¢;, a;;
are real numbers.

In this chapter, it is shown that, the existing method [129] can be used to
solve (Fs) only if all the coefficients ¢; and a;; in problem (Fs) are non-negative
real numbers. However, if any of the coefficients ¢; or a;; is negative real number.
Then, existing method [129] cannot be used for solving problem (Fg). So, to over-
come these limitations of the existing method [129], new methods (named as Mehar

methods), are proposed.

Chapter 6

The methods, proposed in Chapter 5, cannot be used to find the intuitionis-
tic fuzzy optimal solution of intuitionistic fully fuzzy linear programming problems
(intuitionistic fuzzy linear programming problems in which all the variables and pa-
rameters are represented by intuitionistic fuzzy numbers).

In this chapter, flaws in the existing method [111] for finding the intuitionistic
fuzzy optimal solution of intuitionistic fully fuzzy linear programming problems, are
pointed out. Also, the product of two unrestricted trapezoidal intuitionistic fuzzy
numbers is proposed as well as a new method (named as Mehar method) is proposed
to find the intuitionistic fuzzy optimal solution of such intuitionistic fully fuzzy lin-
ear programming problems in which all the variables and parameters are represented

by trapezoidal intuitionistic fuzzy numbers.

Chapter 7
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Suresh et al. [143] proposed the ranking function for comparing triangular in-
tuitionistic fuzzy numbers and applied this ranking function to solve different types
of intuitionistic fuzzy linear programming problems.

In this chapter, it is pointed out that the ranking function, proposed by Suresh
et al. [143], is not valid. Hence, the results of intuitionistic fuzzy linear programming
problems, obtained by using this ranking function, are also not valid. Further, the
exact ranking function is obtained by modifying existing ranking function and using
the exact ranking function, the exact results of intuitionistic fuzzy linear program-

ming problems, considered by Suresh et al. [143], are obtained.

Chapter 8

Finally, in this chapter, future work has been suggested.



List of Research Papers

1. S.K. Sidhu, A. Kumar, S.S. Appadoo, Mehar methods for fuzzy optimal
solution and sensitivity analysis of fuzzy linear programming with symmet-
ric trapezoidal fuzzy numbers, Mathematical Problems in Engineering, 2014

(2014) 1-8, (SCI) (Impact factor 0.762).

2. S.K. Sidhu, A. Kumar, A. Kaur, A note on “A fuzzy approach to transport
optimization problem”, Optimization and Engineering, DOI: 10.1007/s 11081-

015-9279-9, (SCI) (Impact factor 1.233).

3. S.K. Sidhu, A. Kumar, A note on “Solving intuitionistic fuzzy linear pro-
gramming problems by ranking function”, Journal of Intelligent and Fuzzy

Systems, 30 (2016) 2787-2790, (SCI) (Impact factor 1.812).

4. S.K. Sidhu, A new approach to solve intuitionistic fuzzy linear programming
problems with symmetric trapezoidal intuitionistic fuzzy numbers, Mathemat-

ical Theory and Modeling, 5 (2015), 66-74, (Non-SCI).

5. S.K. Sidhu, A. Kumar, Mehar method to find the fuzzy optimal solution of
bounded fully fuzzy linear programs with symmetric trapezoidal fuzzy num-
bers, Proceedings of National Academy of Sciences: Physical Sciences. (Com-
municated)

ix



6. S.K. Sidhu, A. Kumar, Mehar method for sensitivity analysis in fully fuzzy
linear programs, Journal of Applied Research and Technology. (Communi-

cated)

7. S.K. Sidhu, A. Kumar, Mehar method for solving bounded linear program-
ming problems with fuzzy variables, Neural Computing and Applications.

(Communicated)

8. S.K. Sidhu, A. Kumar, Mehar methods to solve intuitionistic fuzzy linear
programming problems, Journal of Intelligent and Fuzzy Systems. (Commu-

nicated)

9. S.K. Sidhu, A. Kumar, Mehar method to solve intuitionistic fully fuzzy linear

programming problems, Applied Mathematical Modelling. (Communicated)

Papers presented in International Conferences

1. S.K. Sidhu, A. Kumar, S.S. Appadoo, “Mehar methods for fuzzy optimal
solution and sensitivity analysis of fuzzy linear programming with symmetric
trapezoidal fuzzy numbers”, International Conference on Special Functions
and Their Applications, held on October 16-18, 2014, organized by School of

Mathematics and Computer Applications, Thapar University, Patiala.

2. S.K. Sidhu, “Modified approach for solving intuitionistic fuzzy linear pro-
gramming problem with triangular intuitionistic fuzzy numbers”, International

Conference on Emerging Areas of Mathematics for Science and Technology,



X1

held on January 30-February 1, 2015, organized by Department of Mathemat-

ics, Punjabi University, Patiala.

. S.K. Sidhu, “A new approach to solve intuitionistic fuzzy linear programming
problems with symmetric trapezoidal intuitionistic fuzzy numbers”, Interna-
tional Conference on Modeling, Simulation and Optimizing Techniques, held
on February 12-14, 2015, organized by Post-Graduate Department of Mathe-

matics, DAV College, Jalandhar.

. S.K. Sidhu, “A new method for solving intuitionistic fuzzy linear program-
ming problems by ranking function”, International Conference on Advances in
Mathematical Sciences, on March 19-21, 2015, organized by GSSDGS Khalsa
College, Patiala and International Multidisciplinary Research Foundation, In-

dia.






Table of Contents

Table of Contents xiii
1 INTRODUCTION 1
1.1 Literature Review . . . . . . . . . . .. . ... 3

2 MEHAR METHOD FOR FUZZY OPTIMAL SOLUTION OF FUZZY

LINEAR PROGRAMMING PROBLEMS WITH SYMMETRIC

TRAPEZOIDAL FUZZY NUMBERS 15
2.1 Preliminaries . . . . . . . . 16
2.1.1 Some basic definitions . . . . . . . . ..., 16

2.2

2.3

24

2.1.2  Arithmetic operations on symmetric trapezoidal fuzzy numbers 17
2.1.3 Comparison of symmetric trapezoidal fuzzy numbers . . . . . 17

Proposed Mehar method . . . . . . ... ... ... ... ....... 18

Fuzzy optimal solution of an existing problem by proposed Mehar

method . . . ... 19
Fuzzy optimal solution of existing problem by existing methods . . . 21
2.4.1 Fuzzy optimal solution by Ganesan and Veeramani method . . 22
2.4.2  Fuzzy optimal solution by Kumar and Kaur method . . . . . . 24
2.4.3 Fuzzy optimal solution by Kheirfam and Verdegay method . . 26

xiil



X1iv

2.4.4  Fuzzy optimal solution by Ebrahimnejad and Tavana method 28
2.5 Advantages of the proposed Mehar method over other existing methods 29
2.5.1 Advantages of the proposed Mehar method over Ganesan and
Veeramani method as well as Kheirfam and Verdegay method 30
2.5.2  Advantages of the proposed Mehar method over Kumar and
Kaur method . . . . . .. .. ... oo 31
2.5.3 Advantages of the proposed Mehar method over Ebrahimne-
jad and Tavana method . . . . . .. ... ... .. ... ... 33

2.6 Conclusions . . . . . . . 33

MEHAR METHOD FOR SOLVING BOUNDED FULLY FUZZY
LINEAR PROGRAMMING PROBLEMS WITH SYMMETRIC
TRAPEZOIDAL FUZZY NUMBERS 35
3.1 Proposed Mehar method . . . . .. ... ... . ... ... ...... 37
3.2 Fuzzy optimal solution of some existing problems by proposed Mehar
method . . . . ... 38
3.2.1  Fuzzy optimal solution of existing problem considered by Ebrahim-
nejad et al. . . .. ..o 38
3.2.2  Fuzzy optimal solution of existing problem considered by Hatami
and Kazemipoor . . . . . .. .. ... ... ... ... 40
3.2.3 Fuzzy optimal solution of chosen problem by proposed Mehar
method . . . . . ... 42
3.3 Fuzzy optimal solution of existing problems by existing methods . . . 44
3.3.1 Existing algorithm to solve bounded fuzzy linear programming

problems . . . . . ... 44



3.4

3.5

XV

3.3.2 Fuzzy optimal solution by Ebrahimnejad et al. method . . . . 47
3.3.3 Fuzzy optimal solution by Hatami and Kazemipoor method . 49
Advantages of the proposed Mehar method over existing methods . . 51

Conclusions . . . . . . . . s, 52

MEHAR METHOD FOR SOLVING BOUNDED FUZZY LINEAR

PROGRAMMING PROBLEMS WITH TRAPEZOIDAL FUZZY

NUMBERS 53
4.1 Preliminaries . . . . . . .. .. 54
4.1.1 Arithmetic operations on trapezoidal fuzzy numbers . . . . . . 54
4.1.2 Comparison of trapezoidal fuzzy numbers . . . . . . . . . . .. 25
4.2 Proposed Mehar method . . . . . .. ... ... ... ... ... ... 55
4.3 Fuzzy optimal solution of existing problems by proposed Mehar method 56

4.4

4.5

4.6

4.3.1 Fuzzy optimal solution of bounded fuzzy linear programming
problem considered by Ebrahimnejad . . . . . . ... ... .. Y
4.3.2  Fuzzy optimal solution of bounded fuzzy linear programming

problem considered by Ebrahimnejad and Verdegay . . . . . . 62
Fuzzy optimal solution of existing problem by existing method . . . . 65

4.4.1 Existing algorithm to solve bounded fuzzy linear programming

problems . . . . . ... 65

4.4.2 Fuzzy optimal solution of existing problem by Ebrahimnejad

and Verdegay method . . . . .. .. ... ... ... ... .. 68
Advantages of proposed Mehar method over the existing methods . . 73
Conclusions . . . . . . . . . . 75



XVv1

5 MEHAR METHODS TO SOLVE INTUITIONISTIC FUZZY LIN-

EAR PROGRAMMING PROBLEMS WITH TRAPEZOIDAL IN-

TUITIONISTIC FUZZY NUMBERS 77
5.1 Preliminaries . . . . . . . . 77
5.1.1 Some basic definitions . . . . . . . . .. ... 78

5.1.2  Arithmetic operations on trapezoidal intuitionistic fuzzy num-

5.1.3 Comparison of symmetric trapezoidal intuitionistic fuzzy num-

5.2 Existing method to find solution of intuitionistic fuzzy linear pro-

gramming problem . . . .. ..o 81

5.3 Intuitionistic fuzzy optimal solution of existing problem by existing

method . . . . .. 82
5.4 Linearity property of existing ranking function . . . . . . . . ... .. 85
5.5 Limitations of the existing method . . . . .. .. ... .. ... ... 86
5.6 Error in the existing results . . . . . ... ... 87

5.7 Proposed Mehar methods to find the solution of intuitionistic fuzzy
linear programming problems with trapezoidal intuitionistic fuzzy

numbers . ..., 88

5.7.1 Proposed Mehar method to find the solution of intuitionistic
fuzzy linear programming problems with trapezoidal intuition-

istic fuzzy numbers with non-negative coefficients. . . . . . . . 88



XVii

5.7.2  Proposed Mehar method to find the solution of intuitionistic

fuzzy linear programming problems with trapezoidal intuition-

istic fuzzy numbers with unrestricted coefficients . . . . . . . . 90
5.8 Exact solution of existing problem . . . . . . . ... ... 0L 92
5.9 Conclusions . . . . . . . . . 94

MEHAR METHOD TO SOLVE INTUITIONISTIC FULLY FUZZY
LINEAR PROGRAMMING PROBLEMS WITH TRAPEZOIDAL

INTUITIONISTIC FUZZY NUMBERS 97
6.1 Preliminaries . . . . . . . . .. 98

6.1.1 Arithmetic operations on trapezoidal intuitionistic fuzzy num-

6.1.2 Comparison of trapezoidal intuitionistic fuzzy numbers . . . . 98

6.2 Existing method to find solution of intuitionistic fully fuzzy linear

programming problems . . . . . ... L0000 99
6.3 Intuitionistic fuzzy optimal solution of existing problem . . . . . . . . 100
6.4 Flaws in the existing method . . . . . . . . . ... ... ... ... 103

6.5 Proposed product of unrestricted trapezoidal intuitionistic fuzzy num-

6.6 Proposed Mehar method to find the intuitionistic fuzzy optimal solu-
tion of intuitionistic fuzzy linear programming problems with trape-
zoidal intuitionistic fuzzy numbers . . . . . . .. ..o 106
6.7 Intuitionistic fuzzy optimal solution by proposed Mehar method . . . 108

6.8 Conclusions . . . . . . . . 114



xviil

7 A NOTE ON “SOLVING INTUITIONISTIC FUZZY LINEAR

PROGRAMMING PROBLEMS BY RANKING FUNCTION”

7.1 Applicability of existing method . . . . . . ... ... ... ... ...
7.2 Existing ranking function . . . . . ... ..o 0oL
7.3 Invalidity of the existing ranking function. . . . . . . . . . .. .. ..
7.4 Exact ranking function . . . . ... ..o
7.5 Exact solution of existing problems . . . . . . ... ... ... ...

7.6 Conclusion . . . . . . . .

8 FUTURE SCOPE

Bibliography

115

115

118

118

119

120

121

123

124



Chapter 1

INTRODUCTION

To find the solution of most of the real life problems, there is a need to de-
velop a mathematical model for it and then this mathematical model is solved to
obtain the solution of these real life problems. In mathematical model of several real
life problems, there is a need to optimize (maximize/minimize) one or more func-
tions subject to certain constraints. The techniques, used for obtaining the optimal
(maximum /minimum) value of such problems, are called optimization techniques
and such problems are called mathematical programming problems.

If there is only one function which have to be optimized then mathemati-
cal programming problem is known as single-objective mathematical programming
problem. Further, mathematical programming problems, in which the objective
function (function which have to be optimized) as well as the constraints appear as
linear functions, are called linear programming problems.

A single-objective linear programming problem can be generally stated as
“Given a set of m linear inequalities in n variables, finding non-negative values of
these variables which will satisfy all the linear inequalities and will optimize some

linear function of the variables”.

Optimize [ cjxj]
j=1



Subject to (Pr1)
Zawx] §7:72b27 Z:17277m’

j=1

zj > 0; J=12..,n

Linear programming problem (P ;) involves a lot of parameters (c;, a;; and
b;) whose values are assigned by experts. However, both experts and decision maker
frequently do not precisely know the values of those parameters. Rather than the
particular value, only the vague, imprecise and incomplete information about the
parameter is present, which is called the uncertain information.

In the literature, several researchers have used fuzzy numbers [163] to repre-
sent such parameters. Linear programming problems in which ¢; and/or z; and/or
a;; and/or b; are represented by fuzzy numbers are called linear programming prob-
lems with fuzzy parameters or fuzzy linear programming problems. Several methods
have been proposed in the literature for solving different types of fuzzy linear pro-
gramming problems.

However, if there exist some hesitation about the value of a parameter then
that parameter cannot be represented by fuzzy number and in such a case intuition-
istic fuzzy number [6], generalization of fuzzy number, may be used to represent that
parameter. Linear programming problems in which ¢; and/or z; and/or a;; and/or
b; are represented by intuitionistic fuzzy numbers are called linear programming
problems with intuitionistic fuzzy parameters or intuitionistic fuzzy linear program-
ming problems. Very few methods have been proposed in the literature for solving

different types of intuitionistic fuzzy linear programming problems.



1.1 Literature Review

The existing methods for solving fuzzy/intuitionistic fuzzy linear program-
ming problems can be broadly divided into two classes as follows:

1. Solving fuzzy /intuitionistic fuzzy linear programming problems without trans-
forming into equivalent crisp linear programming problems.

2. Solving fuzzy/intuitionistic fuzzy linear programming problems by transforming
into equivalent crisp linear programming problems.

In this section, a brief review of the work done by some of the researchers in
the last few years is presented.

(1) Solving fuzzy/intuitionistic fuzzy linear programming problems with-
out transforming into equivalent crisp linear programming problems

Maleki et al. [108] proposed a method to find the crisp optimal solution of
fuzzy linear programming problem (P, 5).

Maximize /Minimize [5 ~ i ijj]
j=1
Subject to (Pr2)
S Gy <R by i = 1,2, m,
j=1
r; >0, j=1,2,..,n,
where ¢;, a;; and b; are trapezoidal fuzzy numbers.

Maleki et al. [108] also proved that the fuzzy optimal solution of fuzzy linear
programming problem (P 3), can be obtained with the help of the crisp optimal
solution of fuzzy linear programming problem (P ).

Maximize/Minimize [2 R~ i cji’j]

J=1

Subject to (Pr3)



where ¢;, a;; are real numbers and z;, b; are trapezoidal fuzzy numbers.
Nasseri and Ardil [115] proposed simplex method to find the fuzzy optimal
solution of fuzzy linear programming problem (P 4).

n
Maximize/Minimize [2 ~ > cjjj]

Subject to (P14)

where ¢;, a;; are real numbers and Z;, b; are trapezoidal fuzzy numbers.
Ganesan and Veeramani [52] introduced a new type of fuzzy multiplication
(®¢) for symmetric trapezoidal fuzzy numbers and proposed a method to find fuzzy

optimal solution of fuzzy linear programming problem (P 5).

n
Maximize /Minimize [z R DGR T
Jj=1

Subject to (Prs)

where ¢;, z;, b; are symmetric trapezoidal fuzzy numbers and a;; is a real number.
Mahdavi-Amiri and Nasseri [105] proposed a dual simplex method to find
fuzzy optimal solution of fuzzy linear programming problem (P g).
Maximize/Minimize [2 R~ Zn:l cjfj]
j=

Subject to (Prg)

Z aijjj ,~,=b, 1=12..m,



where ¢;, a;; are real numbers and 7, b; are trapezoidal fuzzy numbers.
Mahdavi-Amiri et al. [106] proposed fuzzy primal simplex algorithm to find
crisp optimal solution of fuzzy linear programming problem (P; ;) as well as fuzzy
optimal solution of fuzzy linear programming problem (P g).
Maximize/Minimize [2 R~ il 6jxj]
iz
Subject to (Pr.7)

n
ajjry 2,7, = b, 1=1,2,...,m,
et

J
i -0, =12 ..,n,

where ¢; is a trapezoidal fuzzy number and z;, a;;, b; are real numbers.
n

Maximize/Minimize |Z ~ > ¢;Z;
J=1

Subject to (Prs)

CLijii'j j,%, i bi, 1= 1,2, ce, M,

M=

1

TR
Y

=0, 7=12,..,n,
where b, Z; are trapezoidal fuzzy numbers and a;;, ¢; are real numbers.

Nasseri and Mahdavi-Amiri [123] defined the dual of fuzzy linear program-
ming problem (P;5), as well as proposed some duality results for these problems.
Nasseri and Khabiri [121] proposed a revised fuzzy simplex algorithm to find fuzzy
optimal solution of fuzzy linear programming problem (P ).

Maximize /Minimize [2 ~ i cjij]
j=1

Subject to (Pro)

where b;, T; are trapezoidal fuzzy numbers and a;;, ¢; are real numbers.



Dubey and Mehra [34] proposed a more general definition of triangular intu-
itionistic fuzzy numbers. Dubey and Mehra [34] also defined a ranking function
based on value and ambiguity indexes and applied this ranking function to solve the
intuitionistic fuzzy linear programming problem (P 19).

Maximize/Minimize [21 R~ iléjlle
j=
Subject to (Pr.10)
Zn:l&i]j:cj <, = b i=1,2, .., m;
j=
x; > 0; 7=12 ..n,
where é;, &fj, BZI are triangular intuitionistic fuzzy numbers and x; is a real number.

Ebrahimnejad et al. [42] pointed out that the existing method [52] is not effi-
cient for the situations in which some or all variables are restricted to lie within fuzzy
lower bounds and fuzzy upper bounds. So, to overcome this limitation, Ebrahim-
nejad et al. [42] proposed a method to find the fuzzy optimal solution of bounded
fuzzy linear programming problem (P 17).

Maximize/Minimize [z ~ 21 Cj QG Tj
=

Subject to (Pr11)

where ¢;, ;, 5,,[} and @; are symmetric trapezoidal fuzzy numbers and a;; is a real
number.

Ebrahimnejad [36] pointed out that if there exist a feasible solution for the
existing fuzzy linear programming problem (P 5), then there will also exist a fuzzy
basic feasible solution for this problem. Also, if a fuzzy optimal solution exist for

fuzzy linear programming problem (P, 5) then there will also exist a fuzzy optimal



basic solution for this problem. Ebrahimnejad [36] also proposed the fuzzy revised
simplex method to find the fuzzy optimal solution of fuzzy linear programming prob-
lem (P, 5).

Ebrahimnejad [37] pointed out that the existing method [52] can be used only
if it is easily possible to find a basic feasible solution of primal problem. However,
if this condition is not satisfied then the existing method [52] cannot be used. To
overcome this limitation, Ebrahimnejad [37] proposed a primal dual simplex algo-
rithm for solving existing fuzzy linear programming problem (P 5).

Nagoorgani and Ponnalagu [111] defined the division operation for triangu-
lar intuitionistic fuzzy number using a— cut and also defined scoring and accuracy
function to rank triangular intuitionistic fuzzy number. Based on this approach,
Nagoorgani and Ponnalagu [111] proposed a method to find the solution of intu-

itionistic fuzzy linear programming problem (P 12).

Maximize/Minimize [21 ~ 2:1 ~]I§:JI]
]:
Subject to (P112)

where ¢ #1 al.

5> Ty, a;; and bl are triangular intuitionistic fuzzy numbers.

Parvathi and Malathi [129] proposed intuitionistic fuzzy simplex method to
solve intuitionistic fuzzy linear programming problem (P 13).
Maximize/Minimize [21 R~ ilcjf]I]
i=
Subject to (Pris3)

n ~
1 o I
E aijT; 2,7, 7= b, 1=1,2,...,m,



where ¢;, a;; are real numbers and Z], b/ are symmetric trapezoidal intuitionistic

fuzzy numbers.
Ebrahimnejad [38] proposed a method to find the fuzzy optimal solution of
bounded fuzzy linear programming problem (P 14).
Maximize/Minimize [Z ~ il cji"j]
=

Subject to (Pri14)

where 7;, Bz,ij and u; are trapezoidal fuzzy numbers and c;, a;; are real numbers.

Kheirfam and Verdegay [82] proposed an approach, based on dual simplex
method, to find the fuzzy optimal solution of existing fuzzy linear programming
problem (P;5) as well as proposed a method to deal with sensitivity analysis of
fuzzy linear programming problem (P, 5).

Suresh et al. [143] proposed the ranking of triangular intuitionistic fuzzy num-
bers by means of magnitude and using this ranking, Suresh et al. [143] solved the
following type of intuitionistic fuzzy linear programming problems (P;15), (Pi.16)
and (Py.17).

n
. . . . . ~I ~ ~I .
Maximize/Minimize [z ~ Zlcjx]]
]:

Subject to (Pr.15)
n

Yoayr; <,=,>0b; i=1,2,...,m,

j=1

r; >20; j7=12,..,n,

where 6][ is a triangular intuitionistic fuzzy number and z;, a;;, b; are real numbers.

n
Maximize/Minimize [z => cjxj]

7j=1
Subject to (Pr16)



where @, b! are triangular intuitionistic fuzzy numbers and ¢;, x; are real numbers.

i)
I N~ Al
Maximize/Minimize |z' =~ }_ ¢jz;
j=1

Subject to (P117)

. i
o 1=1,2,...,m,

n

~T ~
> Gy =R,
=1

; >0; j=12,..,n,

al:, bl are triangular intuitionistic fuzzy numbers and z; is real number.

=1
where ¢;, a;;,

R
Ezzati et al. [48] extended the existing fuzzy linear programming problem

(P15), into fuzzy lexicographic multi-objective linear programming problems and

proposed an algorithm to find preemptive fuzzy optimal solution of problem (P 1g).

n n n
lex Maximize/Minimize |3 ¢ ®a Tj, Y & @¢ Tj, ..., 3, & Qa T

Subject to (Pr.1s)
Zaijij %l;“ 1= 1,2,...,m,

j=1

i =0, j=1,2,..,n,

where 6;‘3(143 =1,2,...,p),&;, b; are symmetric trapezoidal fuzzy numbers and a;; is
real number.
Khan et al. [80] proposed a simplex method to find fuzzy optimal solution of
fuzzy linear programming problem (P j9).
Maximize /Minimize [2 ~ zn: @ﬁfj]
j=1
Subject to (Pr.19)

Q5T 5 jazv i bia 1= 172a ey T,

M=

1

Y

0, 7=1,2..,n,

IS

J

where ¢;,7;,b; and a;; are triangular fuzzy numbers.
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Bhardwaj and Kumar [13] pointed out the error in existing method [80].
(2) Solving fuzzy/intuitionistic fuzzy linear programming problems by
transforming into equivalent crisp linear programming problems

Hashemi et al. [59] proposed a method to find the fuzzy optimal solution of
fuzzy linear programming problem (Pj o).
Maximize /Minimize [2 ~ zn: Ej:ij]

j=1

Subject to (Pr20)

CLZ]I] j,%, i bi7 1= 1a27 ey M,

M=

1

Y

0, 7=12,...,n,

az <.

J
where ¢;, Z;, a;; and b; are symmetric LL fuzzy numbers.

Hashemi et al. [59] also generalized the concept of duality and proposed weak
duality theory for the fuzzy linear programming problem (P o).

Mahdavi-Amiri and Nasseri [104] proposed a method to find crisp optimal
solution of fuzzy linear programming problem (P 21).
Maximize/Minimize [2 R~ f:l éjxj]

j=

Subject to (Pro1)
fjlaijxj <, = by i =1,2,,m,
j=
z; >0, j=1,2,..,n,
where ¢;, a;; and b; are trapezoidal fuzzy numbers and x; is a real number.

Mahdavi-Amiri and Nasseri [104] also introduced the dual of fuzzy linear pro-
gramming problem (P 9;) and deduced some duality results.
Allahviranloo et al. [2] proposed a method to find the fuzzy optimal solution

of fuzzy linear programming problem (P o).

n
Maximize/Minimize [z =Y cjxj]
=1
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where ¢;, Z;, a;; and b; are represented by either non-negative or non-positive LR
fuzzy numbers.

Lotfi et al. [97] pointed out that there is no method in literature for solv-
ing such fuzzy linear programming problems with equality constraints in which all
parameters as well as variables are represented by fuzzy numbers and proposed a

method to find the fuzzy optimal solution of fuzzy linear programming problem

L5
1

Subject to (Pr.23)

(Pr.23)-

M-

Maximize/Minimize [2 R~
j

Q5 = bi, 1 = 1,2, e,y

NE

1

FETRLS
Y

i =0, 7=12,..,n,
where ¢;, ¥, a;; and b; are non-negative triangular fuzzy numbers.

Kumar et al. [89] pointed out that the results, obtained by using the existing
method [97], are approximate and proposed a method to find exact non-negative
fuzzy optimal solution of fuzzy linear programming problem (P 24).

Maximize /Minimize [2 ~ i Ejij]
j=1
Subject to (Pro4)

Q5 = bz‘, 1= 1,2, My

M=

1

FETRLS
1Y

i =0, 7=12,...,n,

where ¢;, a;; and b; are unrestricted triangular fuzzy numbers and z; is non-negative

triangular fuzzy number.
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Kumar and Kaur [84] proposed an alternative method for solving existing
symmetric fuzzy linear programming problems (P;5) and shown that it is much
easy to apply their proposed method as compared to the existing method [52].

Kaur and Kumar [77] proposed a method to find the exact fuzzy optimal
solution of fuzzy linear programming problem (P o5).

Maximize /Minimize [2 ~ zn: Ej:ij]
j=1
Subject to (Pras)

ijlj = bi7 1= 1,2, e, My,

M=
o

Il
A

FETRAS
1Y

i=0, 7=12,...,n,
where ¢;, Z; a;; and b; are unrestricted triangular /trapezoidal fuzzy numbers.

Kaur and Kumar [76] pointed out that the fuzzy optimal value, obtained by
using the existing method [89], is not necessarily a unique fuzzy number and pro-
posed a method to obtain the non-negative unique fuzzy optimal value of such fuzzy
linear programming problems with equality constraints in which all the parameters
are represented by trapezoidal fuzzy numbers.

Kaur and Kumar [79] proposed a method for solving fuzzy linear program-
ming problem (P o).
Maximize/Minimize [2 R~ il @@]

j=

Subject to (Pr.26)

ijLj j,%,t bi, 1= 1,2,...,m,

NE
Qr

Il
—

CCTIAN
Y

yi 0, j=1,2,...,n,
where ¢;, Z;, a;; and b; are LR flat fuzzy numbers.

Kumar and Kaur [86] proposed a method to find the non-negative fuzzy opti-

mal solution of fuzzy linear programming problem (P o7).
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Maximize/Minimize [2 ~ > Eji’j]
j=1
Subject to (Pro7)

Elijii'j j,%, >~ bi, 1= 1,2, ., m,

NE

1

TR
Y

i =0,7=12..n,

where ¢;, a;j, b; are unrestricted triangular fuzzy numbers and Z; is a non-negative
triangular fuzzy number.

Ebrahimnejad and Tavana [45] pointed out the drawbacks of the existing
method [84] and proposed a simplified method for solving fuzzy linear program-
ming problem (P 5).

After reviewing the literature, it is found that there are some limitations and
shortcomings in the existing methods for solving fuzzy /intuitionistic fuzzy linear pro-
gramming problems. In this thesis, these limitations and shortcomings are pointed
out and to overcome the limitations as well as to resolve the shortcomings of the

existing methods, new methods are proposed.






Chapter 2

MEHAR METHOD FOR Fuzzy
OprtiMAL SorutioN OfF Fuzzy
LINEAR PROGRAMMING PROBLEMS
WITH SYMMETRIC TRAPEZOIDAL
Fuzzy NUMBERS

Ganesan and Veeramani [52] proposed the product (®¢) of symmetric trape-
zoidal fuzzy numbers and proposed a method to find the fuzzy optimal solution of
fuzzy linear programming problem with symmetric trapezoidal fuzzy numbers (Ps 7).

n
Maximize/Minimize [z A 231 Cj Rc T;
=

Subject to (P21)

where ¢;, z; and b; are symmetric trapezoidal fuzzy numbers and a;; are real num-
bers.

Since, then the different methods [45,82,84] have been proposed for the same.
In this chapter, a new method (named as Mehar method) is proposed for the

same and the advantages of proposed Mehar method over the existing methods

The contents of this chapter are published in Mathematical Problems in Engineering 2014
(2014) 8 pages.

15



16

[45,52,82,84], are discussed.
2.1 Preliminaries

In this section, some basic definitions, arithmetic operations and comparison

of symmetric trapezoidal fuzzy numbers are presented [38].
2.1.1 Some basic definitions

In this section, some basic definitions are presented.
Definition 2.1 Let X be the universal set. A is called a fuzzy set in X if A is a set
of ordered pairs A = {(z, uz(z))|z € X}, where p4(.) is a membership function of
A and assigns to each element z € X a real number p;(z) in the interval [0,1].
Definition 2.2 Given a fuzzy set A defined on X and any number a € 0, 1], the
a— cut is the crisp set [A]l, = {z € X|p;(z) > a}.
Definition 2.3 The support of a fuzzy set A within a universal set X is a crisp set
that contains all the elements of X that have a non-zero membership grade in A,
i.e. Supp(A) = {z € X|u;(x) > 0}.
Definition 2.4 The height h(A) of a fuzzy set A is the largest membership grade
obtained by any element in that set, i.e., h(A) = sup{u;(x)|z € X}. Also, a fuzzy
set A is called normal when h(A) = 1.
Definition 2.5 A fuzzy set A is called convex if and only if for each z,y € R (set
of real numbers) and each A € [0, 1], uz(Az + (1 — N)y) > min{uz(z), pi(y)}.
Definition 2.6 A fuzzy set A on R is said to be a fuzzy number, if
(i) A is normal.

(ii) [A]4 is a closed interval for every o € (0, 1].

(iif) The support of A is bounded.
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Definition 2.7 A fuzzy number on R is said to be a symmetric trapezoidal fuzzy

number, if there exist real numbers a; and as, a1 < ay and « > 0, such that

L4 gea —a,a);
p 1, T € [ay,as;
A(x) = -
=L ete s goe (ag,az + af;
0, otherwise.

\

A symmetric trapezoidal fuzzy number A is denoted by A= (a1, as, a, a).

2.1.2 Arithmetic operations on symmetric trapezoidal fuzzy
numbers

In this section, arithmetic operations on symmetric trapezoidal fuzzy numbers,
are presented.

Let A = (a1, a2, a,a) and B = (b1, be, 5, 5) be two symmetric trapezoidal fuzzy
numbers. Then the arithmetic operations on A and B are as follows:
(i) 2 > 0,2 € R;zA = (zay, vay, za, xa).
(i) z < 0,z € R;xA = (zay, xa;, —xo, —xa).
(iii) A+ B = (a1 + by, ag + by, o + B, 0 + B).
(iv) A—-B= (ay — bg,as — by, a0 + B, + ).

(v) A®g B = ((@faz)(butbe) — ) (akaz)(bith) 4 ) |y + byar|, |aafB + bocr|)

where, w = %, k = min(a1by, aiby, ashy, asbs) and h = max(aiby, a1be, ashy, ashs).
2.1.3 Comparison of symmetric trapezoidal fuzzy numbers

To find the fuzzy optimal solution of a fuzzy linear programming problem,
there is need to compare fuzzy numbers. Several methods have been proposed in
the literature for comparing fuzzy numbers. In this section, the method, used in the

existing methods [45,52,82,84], for comparing fuzzy numbers, is presented.
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If A= (ay,as a,«a)and B = (b1, by, 3, B) are two symmetric trapezoidal fuzzy
numbers, then
(i) A > B if and only if R(A) > R(B).
(ii) A = B if and only if R(A) > R(B).
(iii) A ~ B if and only if R(A) = R(B).

where R(A) = 1 ]a1 + as] and R(B) = 2 [b1 + bo).

2.2 Proposed Mehar method

In this section, a new method (named as Mehar method) is proposed to find
the fuzzy optimal solution of problem (P ).
The steps of the proposed Mehar method are as follows:

Step 1 Using Section 2.1.3, the problem (P, ;) can be transformed into problem

R(Z) = R (i & ®c x])]

Subject to (P2)

§R (Z aiji"j> S,:, 2 %(51), 1= 1,2, S, m,
j=1

R(7;) > R0), j=1,2,...,n.

(PQ_Q).

Maximize /Minimize

Step 2 Using the properties R [ Y ¢ ®¢ @-) =Y R(¢ ®c xj) = > R(E)R(z,)
j=1 =1 j=1

and R (Z aijij) = > R(a;z;) = Y a;;N(Z;), the problem (P,5) can be trans-
j j=1 j=1

Jj=1

formed into problem (Ps3).

Maximize/Minimize [$(Z) = Zn: R(¢;)R(z5)
=1

J
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Step 3 Since R(A) is a real number, so assuming R(&) = ¢;, R(b;) = b, R(Z) = 2
and R(F;) = z; and putting R(0) = 0, the problem (P,3) can be transformed into
problem (P,4).
Maximize /Minimize [z = Zn: cjxj]

j=1
Subject to (Ps.4)
ilaijsvj <,=>b,1=12,..,m,
j=
r; >0, 7=1,2,...,n.
Step 4 Using an appropriate existing method [144], find the optimal solution of the
problem (Py.4).
Step 5 Since, there exist infinite symmetric trapezoidal fuzzy numbers having the
same rank. So, if 1 = ay, x5 = as,...,r, = a, is an optimal solution of the prob-
lem (P 4), then all the symmetric trapezoidal fuzzy numbers %1, Zo, ..., &, such that

R(z1) = a1, R(Z2) = ag,...,R(Z,) = a, will also be the fuzzy optimal solution of the

problem (Py1).

2.3 Fuzzy optimal solution of an existing problem
by proposed Mehar method

In this section, the existing problem [82, Example 1, pp. 178] is solved by
proposed Mehar method.
Example 2.1 [82, Example 1, pp. 178]
Maximize [ ~ —(13,15,2,2) ®¢ &1 — (12,14, 3,3) ®¢ s — (15,17, 2,2) @¢ 73]
Subject to (Pas)
271 + 3% + 273 = (45,55,6,6),

A7, + 3d3 = (60,80,8,8),
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2%, + 5%9 = (65,95,5,5),
iy, T, 23 = 0.

Using the Mehar method, proposed in Section 2.2, the fuzzy optimal solution
of the problem (P, 5) can be obtained as follows:
Step 1 Using Step 1 of the proposed Mehar method, the problem (P;5) can be
transformed into its equivalent problem (Psg).
Maximize [R(2) = R(—(13,15,2,2) ®¢ 71 — (12,14, 3,3) ®¢ T2 — (15,17, 2,2) Q¢ T3)]
Subject to (Pas)
R(2%; + 3T2 + 233) > R(45,55,6,6),
R(4z, + 373) > RN(60,80,8,8),
R(2%; + 5Z2) > R(65,95,5,5),
R(1), R(Zo), R(Z3) > R(0).
Step 2 Using Step 2 of the proposed Mehar method, the problem (P,¢) can be
transformed into its equivalent problem (P 7).
Maximize [R(2) = —R(13, 15,2, 2)R(71) — R(12, 14, 3, 3)R(z2) — R(15,17,2,2)R(Z3)]
Subject to (Pao7)
2R(Z1) + 3R(Z2) + 2R(Z3) > R(45,55,6,6),
AR(71) + 3R(T3) > N(60,80,8,8),
2R(Z1) 4+ 5R(z4) > R(65,95,5,5),
R(z1), R(Zo), R(Z3) > R(0).
Step 3 Using Step 3 of the proposed Mehar method, the problem (Ps7) can be
transformed into its equivalent problem (Psg).
Maximize [z = —14x; — 1325 — 1623]

Subject to (Pas)
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221 + 3x9 + 223 > 50,

4z 4 323 > 70,

221 + 5z > 80,

T1,To,x3 > 0.

Step 4 On solving the problem (P, ), the obtained optimal solution is z; = %, Ty =
9 x5 =0.

Step 5 Using Step 5 of the proposed Mehar method, all the symmetric trapezoidal
fuzzy numbers 7, T and @3 such that R(Z;) = £, R(Z2) = 9 and R(Z3) = 0 will be
the fuzzy optimal solutions of the problem (P;;); for example, the following three
are fuzzy optimal solutions of the problem (Py5).

(i) 71 = (10,25,3,3), T2 = (8,10,2,2), 73 = (—1,1,3,3).

(i) &1 = (17,18,4,4), 72 = (9,9, 3,3), T3 = (-3, 3,4,4).

(iil) 7 = (12,23,3,3), 2o = (6,12,4,4), 23 = (—2,2, 3, 3).

2.4 Fuzzy optimal solution of existing problem by
existing methods

To show the advantages of proposed Mehar method over other existing meth-
ods [45,52,82,84], there is need to solve the same existing problem [82, Example 1,
pp. 178] by the existing methods [45,52,82,84]. Therefore, in this section, the fuzzy
optimal solution of the existing problem [82, Example 1, pp. 178] is obtained by the

existing methods [45,52, 82, 84].
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2.4.1 Fuzzy optimal solution by Ganesan and Veeramani
method

Using the method, proposed by Ganesan and Veeramani [52], the fuzzy op-
timal solution of existing problem [82, Example 1, pp. 178], can be obtained as
follows:

The problem (P, 5) can be written as:
Maximize |z ~ —(13,15,2,2) ®¢ &1 — (12,14,3,3) Q¢ @ — (15,17,2,2) @ &5 — MA, — M Ay — M As
Subject to (Pao)
2%, + 3@y + 273 — 5, + A, ~ (45,55,6,6),
A%y 4 3i5 — 52 + Ay ~ (60, 80,8, 8),
2%, + 5y — 33 4+ Ag ~ (65,95,5,5),
1, &g, T3, 81, 82, 83, A1, Ay, A3 = 0.
Initial iteration The initial table for the problem (FPsy) is given as follows:
Table 2.1

The initial table for problem (P;)

Basis i Eo Z3 51| 52| 53 | A1 | A2 | As Solution
Ay 2 3 2 —-1{ojo|1|l0/|0 (45,55,6,6)
Ay 4 0 3 0|-1/0]|0|1]o0 (60,80,8,8)
Az 2 5 0 0o|lof|-1/0|o0]1 (65,95,5,5)
Z; — & | —8M + (13,15,2,2) | —8M + (12,14,3,3) | =5M + (15,17,2,2) | M | M | M | 0 | 0 | 0 |(—230M, —170M,19M, 19M)

Since, minimum {—8M+(13,15,2,2), —8M+(12,14, 3, 3), =5M+(15,17,2,2)} =
minimum {R(—8M + (13, 15,2, 2)), R(—8M + (12, 14,3, 3)), R(—5M + (15, 17,2,2))}

is corresponding to —8M +(12, 14, 3, 3) i.e., Zo, S0 T3 will be the entering variable and

45,55,6,6) R(65,95,5,5
3 ’ 5

{(45,55,6,6) (65,95,5,5
3

minimum | 1V = minimum {& )1 is corresponding

(65,95,5,5)

to 5

ie., A, so A; will be the leaving variable. The next updated table is

given as follows:
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The first iteration table
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Basis i g T3 5132 33 Aq| Ay Solution
Ay H 0 2 -1/ 0 3 110 (-12,16,9,9)
Ay 4 0 3 0|-1 0 0|1 (60,80,8,8)
Zo 2 1 0 0|0 -1 0lo (13,19,1,1)
Zj—&| -2 M+ (3,5, 36 18y 0 |—5M + (15,17,2,2)| M | M |-3M + (12, 22,2 3)] 0| 0 [(—96M — 263, —48M — 153, 17M + 71,17TM + 71)
Since, minimum {—&M+(2, 5 5 19) —504(15,17,2,2), -2 M+(2, %, 2,2)} =

minimum {R(—=

), R(—5M+(15,17,2,2)), R(—

3 12 14
sM+(7%,

3
5

5)

5

is corresponding to —5M + (15,17,2,2) i.e., &3, so T3 will be the entering variable

Y

(60,80,8,8) }
3

. ~12,16,9,9

and minimum { Tl )
: (~12,16,9,9)

sponding to 5

table is given as follows:

R(—12,16,9,9)

2(60,80,8,3)

= minimum {

Table 2.3

The second iteration table

2

Y

3

} is corre-

i.e., A; so A; will be the leaving variable. The next updated

}

Basis T To|T3 S1 52 33 Az Solution
0|1 —3 0 4 0 (-6,8,9.3
Ay % olo % 1 7% 1 (36, 98, 4237 423)
Zo 2 1]0 0 0 -1 0 (13,19,1,1)
5 | - UM, 4400 -3M+ (2,0 11| M| 2M4 (=2 116 6)| 0 | (—98M, —36M, 43 M, 43 M) + (—398, =50, 32T 327)
Since, minimum {— 14M+(§ 2 44), 3M—|—(125, 127,1 1)} = minimum {%(—%M—i—

(3. %.4,4)), R(-

so z1 will be the entering variable and minimum {

SM +(

15 17
S5, L1

R(—6,8,2,2) R(36,98

43 43
’2 02

) R(13,19,1,1)
2

))} is corresponding to —EM 4 (2, %, 4,4) i.e., Ty,

9 9 43 43
(76787575) (367987777

)

(13,19,1,1)
2

minimum {

\8,
2
5

I

14 )
5

5

2
5

)

} is corresponding to

14
5

(=6,

)

8,
2
5

}:

, 1.e., I3,

5

99
2°2

so x3 will be the leaving variable. The next updated table is given as follows:
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Table 2.4
The third iteration table
Basis |#1|%2 Z3 31 32 33 A Solution
@ |1]o0 2 -2 0 3 0 (—15,20, %5 48
Ay 0|0 -7 5 -1 -3 1 (—20,140, 33 53
2 |01 -1 1 0 -1 0 (5,25, 1% 1)
2 =& |0]0|7TM+ (-5, -31.8,8) | —5M+ (37,51 4,4) | M |3M + (-2 —1133)| 0 [(—140M,20M, 52 33) 4 (— 1275 355 1751 1751

Since, —b5M + (%, %, 4,4) is the only negative value of Z; — ¢; which is corre-

sponding to 51, so §; will be the entering variable and minimum {

—20,140

7.5 RG25.4,

120 2

.. R(
minimum { =

) 1
2

11
2 )} is corresponding to

(_207140752737%) (57257%7%) _
5 ) =
2
(—20,140,33 53y | =
=22 ie., Ay, so

A, will be the leaving variable. The next updated table is given as follows:

Table 2.5

The optimal table

Basis T1 Zo T3 51 5o 33 Solution
= 3 1 49 49
i 1 0 3 0 —1 0 (—20,55, 49, 4
= 7 1 3 53 53
5 0 0 -1 1 -1 _8 (—4,28,53 53
~ 3 1 1 163 163
&2 0 1 —1ia 0 o —5 (9,27, 56 50)
3 = 113 153 4 4 37 51 4 4 2353 905 3363 3363
% =8 0 0 | (55> 25055) | 0| (ogoogosn5) | O (=252 0 25 2)
Since %(—%, %, %, %) > 0 and ?R(g—g, %, %, %) > 0. So, the obtained solution
is fuzzy optimal solution.
- Ca 49 49\ = _ 53 53
Hence, the fuzzy optimal solution is #; = (—20,55, 3, 5), 51 = (=4, 28,35, 57)

163

and 7, = (—9,27, 5, %) and fuzzy optimal value is Z = (

2.4.2

2

_ 2353 905 3363 3363)
y 205 55 /¢

Fuzzy optimal solution by Kumar and Kaur method

Using the method, proposed by Kumar and Kaur [84], the fuzzy optimal solu-

tion of existing problem [82, Example 1, pp. 178], can be obtained as follows:

Step 1 Assuming 71 = (x1,y1, a1, 1), T2 = (T2, Yo, o, an) and T3 = (z3, Y3, a3, O3),

the problem (P 5) can be transformed into problem (Pz19).
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Maximize [Z &~ —(13,15,2,2) ®¢ (21, y1, a1, 1) — (12,14, 3,3) Q¢ (z2, Yo, o, ag) — (15,17,2,2)R¢
(23, Y3, 3, 3))]

Subject to (Pa.10)

2(21, Y1, a1, an) + 3(22, Y2, a2, a2) + 2(x3, Y3, a3, a3) = (45,55, 6,6),

A(x1,y1, a1, 1) + 3(x3, Y3, a3, az) = (60,80, 8,8),

2(x1, Y1, 1, 1) + 5(x2, Yo, g, az) = (65,95,5,5),

(21,91, a1, 1), (2, Yo, @2, @), (23, Y3, 3, a3) = 0.

Step 2 The problem (P, 0) can be transformed into problem (Ps ;).

Maximize [2 ~ —(13,15,2,2) Q¢ (21,1, a1, a1) — (12,14, 3, 3) ¢ (x2, Y2, a2, a2) — (15,17,2,2)R¢
(3, Y3, 3, 3))]

Subject to (Poa1)

(221, 2y1, 201, 20 ) + (3e, By2, 3an, 3an) + (213, 2ys, 203, 2a3) = (45,55, 6,6),

(4xy, 4yq, 4o, doq) + (323, 3ys, 3as, 3ag) = (60,80, 8, 8),

(221, 2y1, 2001, 2001) + (Bx2, BYa, B, Havg) = (65,95, 5,5),

(21,91, a1, 1), (2, Yo, @2, @), (3, Y3, 3, a3) = 0.

Step 3 Using the property of ranking function $((13,15,2,2) ®q (1,91, a1,0q)) =
R(13,15,2,2)R(x1, y1, 1, 1), R((12, 14, 3, 3)®R¢ (w2, Y2, a2, a2)) = R(12, 14, 3, 3)R(x2, ya, g, (a),
R((15,17,2,2)®¢(x3, y3, a3, a3)) = R(15,17, 2, 2)R(x3, y3, a3, ag), the problem (Py 17)

can be transformed into problem (P 12).

Maximize [—=7(z1 +y1) — 2 (22 + y2) — 8(23 + y3)]

Subject to (Py12)

T+ Y1+ Swo + Sys + 23 +ys > 50,

2@y + 2y1 + x5+ Sy3 > 70,

T1+ Y1+ Sz + 2ys > 80,
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r1+y1 20,

Ty + Y2 > 0,

r3+ys >0,

T1 S Y1, T2 < Yo, T3 < s,

o, g, ag > 0.

Step 4 Solving the crisp linear programming problem (P, 12), the obtained solution
isa =2y =L 2, =9,9=9,23=0,y3 =0,y =0, = 0,5 = 0.

Putting these values in &1 = (x1,y1, a1, 1), T2 = (T2, Yo, o, ), Ty = (T3, Y3, a3, O03),
the obtained fuzzy optimal solution is &; = (375,375,0,0), o = (9,9,0,0),23 =
(0,0,0,0).

Step 5 Putting the values of 71, %9 and Z3 in Z ~ —(13,15,2,2) ®¢ (21, y1, 01, 1) —

(12,14,3,3) ®¢ (z9, Y2, ag, a2) — (15,17,2,2) ®@¢ (23,ys, a3, 3), the fuzzy optimal

value is Z ~ (—TZF, — %2 0,0).

2.4.3 Fuzzy optimal solution by Kheirfam and Verdegay
method

Using the method, proposed by Kheirfam and Verdegay [82], the fuzzy optimal
solution of existing problem [82, Example 1, pp. 178], can be obtained as follows:
Step 1 Assuming Z4, 5, T¢ as fuzzy surplus variables, problem (P 5) can be trans-
formed into problem (Pz13).
Maximize [5 ~ —(13,15,2,2) ®¢ 1 — (12,14, 3,3) Q¢ &2 — (15,17,2,2) Q¢ #3]
Subject to (P2.13)
211 + 3%9 + 273 — 4 =~ (45,55,6,6),
471 + 373 — &5 =~ (60, 80, 8, ),

271 + By — @ ~ (65,95, 5,5),
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1, &, T3, T4, 5,36 = 0.

Step 2 The problem (P 13) can be transformed into problem (Ps14).

Maximize [ ~ —(13,15,2,2) ®¢ &1 — (12,14, 3,3) ®¢ 2 — (15,17, 2, 2) ®¢ 73]
Subject to (P2.14)
—2%1 — 3&9 — 273 + T4 ~ (—55, —45,6,6),

—4%, — 3&3 + 75 ~ (—80,—60, 8, 8),

—2%1 — by + Tg = (—95,—65,5,5),

1, ¥, T3, T4, T5, 36 = 0.

Step 3 The initial table for problem (Ps14) is given as follows:

Table 2.6
The initial table for problem (P; 1)
Basis 1 T T3 Ty | Ts | Zg Solution
Ty -2 -3 —2 110 |0 |(—=55—456,6)
s —4 0 -3 0| 1] 0 |(-80-60,8,8)
T —2 -5 0 00| 1]|(-95-655,5)
Z— ¢ | (13,15,2,2) | (12,14,3,3) | (15,17,2,2) | 0 | 0 | O 0

Since, minimum {(-—55, —45,6,6), (—80,—60,8,8), (=95, —65,5,5)} = mini-
mum {§(—55, —45,6,6), R(—80,—60, 8,8), R(—95, —65,5,5)} is corresponding to
(=95, —65,5,5) i.e., Tg, S0 T is a leaving variable and maximum {(—%, —%, 1,1),
(—%4 —12 %g)} = maximum {?R(—%? 131, ),3?(—15—4,—%,3, %)} is correspond-

-5

ing to (—4, 12,3 2) ie., %, so I, is an entering variable. Now, after applying

required row-operations, the next updated table is given as follows:

Table 2.7
The first iteration table
Basis 1 To T3 T4 | Ts Tg Solution
Ty —1 0 —2 110 —3 (—16,12,9,9)
T —4 0 -3 0] 1 0 (—80, —60, 8, 8)
T 2 1 0 010 —3 (13,19,1,1)
Zi—¢ | (2801810 | (15172,2) | 0 | 0 | (22,22 2) | (—263,—153,71,71)
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Since, minimum {(—16, 12,9, 9), (—80, —60, 8, 8)} = minimum {#(—16,12,9,9),

R(—80, —60, 8, 8)} is corresponding to (—80, —60, 8, 8) i.e., T, so T3 is a leaving vari-

51 37 16 16

30 ~200 200 20)» (=%~ 5> §) y = maximum {R(=55, —55, 55, 30):

able and maximum { ~505 " 320°320° 20

737
R(—4, 2,2, 2)} is corresponding to (=31, =35 18 18) e ), so &; is an entering

variable. The next updated table is given as follows:

Table 2.8

The optimal table

Basis | 21 | 29 T3 T4 T T Solution
T |00 3 Ll = 3 (—4,28, 48, %)
T 110 3 0 —3 0 (15,20,2,2)
T2 |01 ~io 0 1o -1 (5,13,2,2)
s-slo]o[geen|o[@gatd[EEi[ce-2Ey

Since, R(—4,28, %, 8) > 0,R(15,20,2,2) > 0,R(5,13,2,2) > 0. There-
fore, the obtained solution is fuzzy optimal solution. Hence, the fuzzy optimal
solution is #; = (15,20,2,2), % = (5,13, 2 2 5) = 0 and fuzzy optimal value is

z = ( 951 _ 499 157 157>.

2T 2075075

2.4.4 Fuzzy optimal solution by Ebrahimnejad and Tavana
method

Using the method, proposed by Ebrahimnejad and Tavana [45], the fuzzy op-
timal solution of existing problem [82, Example 1, pp. 178|, can be obtained as
follows:

Following Step 1 to Step 3 of the Mehar method, proposed in Section 2.3, the
fuzzy linear programming problem (P,5) can be transformed into the crisp linear
programming problem (Ps 15):

Maximize [z = —1421 — 1329 — 1623]
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Subject to (P2.15)
2x1 + 329 + 223 > 50,

4z + 323 > 70,

221 + dx9 > 80,

T1,29,x3 > 0.

After solving the problem (Ps15) by using the Big-M method or two phase method,

the obtained optimal table is given as follows:

Table 2.9

The optimal table of problem (P 15)

Basis T To T3 S1 S9 S3 Solution
3 1 0 3 0 -3 0 2
1 0 0 ~1 1 - -3 12
2 0 1 - 0 & - 9
Zj— ¢ 0 0 a 0 4 0 —362
Then, the fuzzy optimal solution is obtained as follows:
) 0 0 (45,55,6,6) (15,20,2,2)
fg=| & |~B=| -1 L 2 (60,80,8,8) |~ | (—4,28,%2, %)
T 0 —1—10 % (65,95,5,5) (5,13,%,%)

Putting the values of Z1, 75 and Z3 in [2 & —(13,15,2,2)®c 71— (12,14, 3,3) ®g T2 —
(15,17, 2,2)®c &3] = —(13,15,2,2)®¢(15,20,2,2)— (12,14, 3,3) @ (—4,28, 32, 22) -

(15,17,2,2) ®¢ (5,13, 2, 2), the fuzzy optimal value is Z ~ (%, — 47 61 61

2.5 Advantages of the proposed Mehar method
over other existing methods

In this section, the advantages of the proposed Mehar method over the other

existing methods [45,52,82,84], are discussed.
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2.5.1 Advantages of the proposed Mehar method over Gane-
san and Veeramani method as well as Kheirfam and
Verdegay method

In this section, the advantages of the proposed Mehar method over Ganesan

and Veeramani method [52] as well as Kheirfam and Verdegay method [82], are

discussed.

1. In the crisp environment, an alternative optimal solution of a crisp linear
programming problem will not exist if the relative profit corresponding to
none of the basic variable is zero. On the same direction, in the existing
methods [52,82], it is assumed that if R(relative fuzzy profit) corresponding
to none of the fuzzy basic variable is zero in the optimal table then alternative
fuzzy optimal solution will not exist.

For example, Table 2.8 is the optimal table of problem (P,5). Since, in
Table 2.8, the R(fuzzy relative profit) corresponding to none of the fuzzy basic
variables is zero, so, according to the existing methods [52,82], there will not
exist any alternative fuzzy optimal solution for this fuzzy linear programming
problem.

However, it can be easily verified that all the symmetric trapezoidal fuzzy
numbers Iy, Z; and @3 such that R(Z,) = 2, R(Z,) = 9 and R(Z3) = 0 will be
the fuzzy optimal solutions of the problem (Ps ).

For example, the following are also fuzzy optimal solutions of the problem
(Pas).
(i) 73 = (10,25,3,3), T2 = (8,10,2,2), 73 = (—1,1,3,3).

(i) &1 = (17,18,4,4), &5 = (9,9,3,3), &3 = (—3,3,4,4).
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(iil) 71 = (12,23,3,3), T2 = (6,12,4,4), T3 = (—2,2, 3, 3).
While, all these fuzzy optimal solutions can be obtained by using Step 5 of
the proposed Mehar method.

2. Since, for applying the proposed Mehar method, there is need to solve crisp
linear programming problems. So, the existing and easily available software
such as TORA, LINDO etc. can be used for the same. However, for applying
the existing methods [52,82] there is need to solve fuzzy linear programming
problems. So, the existing and easily available software’s such as TORA,
LINDO etc. cannot be used and need to develop new softwares.

3. To find the fuzzy optimal solution by using the existing methods [52,82], there
is need to use arithmetic operations of fuzzy numbers. While, if the proposed
Mehar method is used for the same then there is need to use arithmetic oper-
ations on real numbers. Since, it is much complicated to apply the arithmetic
operations on fuzzy numbers as compared to the arithmetic operations of real
numbers. So, it is much easy to apply the proposed Mehar method as com-

pared to the existing methods [52,82].

2.5.2 Advantages of the proposed Mehar method over Ku-
mar and Kaur method

In this section, the advantages of the proposed Mehar method over the method,

proposed by Kumar and Kaur [84], are discussed.

1. To find the fuzzy optimal solution of problem (P, ;) by using the method, pro-
posed by Kumar and Kaur [84], firstly it is transformed into (Ps.14) then using
the optimal solution of (P 1¢), the fuzzy optimal solution of problem (P, ) is

obtained.



, 2 2
J=1

Maximize/Minimize [Z ( Gj1teje )( Tjita;e )]

Subject to (Ps.16)

n

Tj1taso — > bautbip ; _
D ay(H) <= > gt = 1,2, m
Jj=1

SRR >0, j=1,2,..,n

?

i1 < Xjo.

While, using the proposed Mehar method, problem (P, ;) is firstly transformed
into problem (Ps7) then using the optimal solution of problem (Ps;7), the
fuzzy optimal solution of problem (P, ;) is obtained.

n
Maximize/Minimize [2(%)%
i=

Subject to (Poa7)
i agr; <,=, >tz g =12 . m,

j=1

x; > 0.

It is obvious that number of variables and number of constraints in prob-
lem (P16), obtained on transforming problem (P,;) by Kumar and Kaur
method [84], are more than number of variables and number of constraints in
problem (Ps7), obtained on transforming problem (Ps;) by proposed Mehar
method. Therefore, it is better to use proposed Mehar method as compared
to Kumar and Kaur method [84].

. It is obvious from Step 5 of the proposed Mehar method, there exist infinite
symmetric trapezoidal fuzzy numbers having the same rank. So, if the solution
of the problem (P, ;) will exist then infinite alternative fuzzy optimal solution

of problem (P, ;) will also exist. Kumar and Kaur [84] have not discussed any

condition about the existence of alternative fuzzy optimal solutions of problem

(P2.1).
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2.5.3 Advantages of the proposed Mehar method over Ebrahim-
nejad and Tavana method

In this section, the advantages of the proposed Mehar method over the method,

proposed by Ebrahimnejad and Tavana [45], are discussed.

1. To find the fuzzy optimal solution of problem (P, ;) with the help of optimal
solution of the problem (P, 4) by using the method, proposed by Ebrahimnejad
and Tavana [45], there is need to use arithmetic operations on fuzzy numbers.
While, in the proposed Mehar method with the help of optimal solution of the
problem (P,4), the fuzzy optimal solution of problem (P57) can be directly
obtained without arithmetic operations of fuzzy numbers.

2. It is obvious from Step 5 of the proposed Mehar method, there exist infinite
symmetric trapezoidal fuzzy numbers having the same rank. So, if the so-
lution of the problem (P, ;) will exist then infinite alternative fuzzy optimal
solution of problem (P ;) will also exist. Ebrahimnejad and Tavana [45] have
not discussed any condition about the existence of alternative fuzzy optimal

solutions of problem (P, ).

2.6 Conclusions

On the basis of the present study, it can be concluded that all the fuzzy linear
programming problems which can be solved by the existing methods [45,52, 82, 84]
can also be solved by the proposed Mehar method. However, it is much easy to apply
the proposed Mehar method as compared to the existing methods [45, 52, 82, 84].
Also, it is shown that if the solution of the problem (P ;) will exist then infinite

alternative fuzzy optimal solutions of problem (P, 1) will also exist. These alternative
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fuzzy optimal solutions cannot be obtained by any of existing methods [45,52,82,84]
but can be obtained by proposed Mehar method. Hence, it is better to use the

proposed Mehar method as compared to the existing methods [45, 52,82, 84].



Chapter 3

MEHAR METHOD FOR SOLVING
BounbpeED Furry Fuzzy LINER
ProcraMMING PROBLEMS WITH
SYMMETRIC TRAPEZOIDAL Fuzzy
NUMBERS

Ebrahimnejad et al. [42] pointed out that if the existing method [52] will be
used for solving bounded fuzzy linear programming problem (Ps;) with symmetric
trapezoidal fuzzy numbers, then the problem size and computational effort would
increase significantly. Therefore, Ebrahimnejad et al. [42] proposed an alternative
method to find the fuzzy optimal solution of problem (Pj ;).

n
Maximize/Minimize [z Y E Qg T
=1

Subject to (P5.1)

a”Lj‘/'Ej j,%,i iy 1= 1727 ey TN,

M=

1

;=

L.
Il

o~

ISX

j = Uj, ] = 1,2, ., n,
where ¢;, Z;,b;,l; and @; are symmetric trapezoidal fuzzy numbers and a,; are real

numbers.

Hatami and Kazemipoor [60] pointed out that there is no method in literature

The contents of this chapter are communicated for publication in Proceedings of National
Academy of Sciences: Physical Sciences.
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for solving fully fuzzy linear programming problems (Ps;2) with symmetric trape-
zoidal fuzzy numbers and extended the existing method [84] for solving fully fuzzy
linear programming problems (Ps5) with symmetric trapezoidal fuzzy numbers.

n
Maximize /Minimize [z ~ DG ®c T
J=1

Subject to (Ps2)

where ¢;, 7, a;; and b; are symmetric trapezoidal fuzzy numbers.

However, the method, proposed by Ebrahimnejad et al. [42], can not be used
to find the fuzzy optimal solution of problem (Ps5) and the method, proposed by
Hatami and Kazemipoor [60], can not be used to find the fuzzy optimal solution of
problem (Ps7). Therefore, to overcome the limitations of both the existing meth-
ods [42,60], in this chapter, the Mehar method, proposed in Chapter 2, is extended
for solving such bounded fully fuzzy linear programming problems (Ps3) in which
all the parameters and variables are represented by symmetric trapezoidal fuzzy
numbers.

n
Maximize/Minimize |2~ ) ¢ Q¢ I;

Subject to (Ps3)
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where ¢;, 2, a5, b;, [; and u; are symmetric trapezoidal fuzzy numbers.
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3.1 Proposed Mehar method

In this section, to overcome the limitations of the existing methods [42,60],
a new method (named as Mehar method) is proposed to find the fuzzy optimal
solution of problem (Pj3).

The steps of the proposed Mehar method are as follows:

Step 1 Using Section 2.1.3, the problem (Ps3) can be transformed into problem

(Ps.4).
Maximize/Minimize [ER(%) =R (znjl ¢ Qq x]>]
=
Subject to (P3.4)
%(fjlaij Rc :ij) <, =,>R(b), i=1,2,....m,
=
R(,) < R(F;) < R(wy), j=1,2..,n.

Step 2 Using the properties R (i ¢ Qa :ij) = i R ®¢ 7;) = i R(é;)R(z,)
j=1

=1

and R ( a;j @ JE]-) = > R(a;;)R(z;), the problem (Ps4) can be transformed
=1 =1

J

into problem (Ps3).

Maximize/Minimize |R(Z) = il R()R(E,)
Z
Subject to (Ps5)
> Rl JR() <.= > R, =12 .m,
P
R(,) < R(F;) < R(wy), i=1,2....n

Step 3 Since, R(A) is a real number. So, assuming R(Z) = 2z, R(¢;) = ¢;, R(Z;) =
x5, R(ai;) = ai;, R(b;) = by, R([;) = 1;, and R(4;) = uy, the problem (Ps5) can be
transformed into problem (Psg).

n
Maximize/Minimize [z =5 cjzrj]

J=1

Subject to (Ps6)



n

Z i T <, =,2> b, 1=1,2,....m,
7j=1

lj <z <wy, j=12,..,n.

Step 4 Find the optimal solution {z;;j = 1,2,...,n} of problem (Ps4) by using an
appropriate existing method [144].

Step 5 Since, there exist infinite trapezoidal fuzzy numbers having same rank. So,
if x1 = ay, x5 = ao, ..., T, = a, is the optimal solution of problem (Psg) then all the
symmetric trapezoidal fuzzy numbers 7y, T, ..., Z, such that R(Z1) = a1, R(Z2) =

az, ..., R(Z,) = a, will also be the fuzzy optimal solution of the problem (P 3).

3.2 Fuzzy optimal solution of some existing prob-
lems by proposed Mehar method

In this section, the existing problems [42, Section 4, pp. 281] and [60, Section
4, pp. 468] are solved by proposed Mehar method.
3.2.1 Fuzzy optimal solution of existing problem considered

by Ebrahimnejad et al.

In this section, the existing problem [42, Section 4, pp. 281] is solved by
proposed Mehar method.
Example 3.1 [42, Section 4, pp. 281]
Minimize [ &~ (=4, —2,1,1) ®¢ &1 + (=6, —4,1,1) ®¢ &2 + (=3, —1,1,1) @¢ 73]
Subject to (Ps.7)
1+ 200 + 275 < (12,16, 4, 4),
211 + 479 + 373 = (20,26, 6,6),
0= =<(3,5,2,2), (1,3,1,1) 75 < (4,6,1,1), 0 = 73 < (2,4,1,1).

Using the proposed Mehar method, presented in Section 3.1, the fuzzy optimal
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solution of the problem (Pj7) can be obtained as follows:

Step 1 Using Step 1 of proposed Mehar method, presented in Section 3.1, the prob-
lem (Ps37) can be transformed into problem (Psg).

Minimize [R(2) = R (=4, —2,1,1) ®¢ i1 + (=6, —4,1,1) @ &2 + (=3, —1,1,1) ®¢ #3))]
Subject to (Pss)
R (21 + 279 + 273) < R(12,16,4,4),

R (221 + 472 + 373) < R(20,26,6,6),

RO0) < N(F1) < N(3,5,2,2), R(1,3,1,1) < R(T) < N(4,6,1,1), R(0) < N(&3) <
R(2,4,1,1).

Step 2 Using Step 2 of proposed Mehar method, presented in Section 3.1, the prob-
lem (Psg) can be transformed into problem (Psg).

Minimize [R(2) = R(—4, -2, 1, 1)R(Z;) + R(—6, -4, 1, 1)R(Z2) + R(—3, -1, 1, 1)R(z3)]
Subject to (Ps9)
R(Z1) + 2R(T2) + 2R(73) < R(12,16,4,4),

2R(z1) + 4R(Z2) + 3R(Z3) < R(20,26,6,6),

RO0) < N(F1) < R(3,5,2,2), R(1,3,1,1) < R(T) < N(4,6,1,1), R0) < N(&3) <
R(2,4,1,1).

Step 3 Using Step 3 of proposed Mehar method, presented in Section 3.1, the prob-
lem (P39) can be transformed into problem (Ps1p).

Minimize [z = —3x; — bzy — 23]

Subject to (Ps.10)
T1 + 229 + 223 < 14,

2x1 + 4o + 33 < 23,

0<2;<4,2<2,<5,0<23<3.
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Step 4 On solving the problem (Ps34), the obtained optimal solution and optimal

L gs=0and — 123

T respectively.

value are 1 = 4,19 =
Step 5 Using Step 5 of proposed Mehar method, presented in Section 3.1, all
the symmetric trapezoidal fuzzy numbers #y, Z9, T3 such that R(z;) = 4, R(Z,) =
8 R(z3) = 0 will be the fuzzy optimal solutions of the problem (Py7); for example,
the following are the fuzzy optimal solutions of the problem (Ps7).
(i) #1 = (3,5,2,2), %2 = (52,9,5,5), %3 = (0,0,0,0).
(ii) #1 = (2,6,3,3), 8 = (2,6,1,1), 75 = (=2,2,1,1).
3.2.2 Fuzzy optimal solution of existing problem considered
by Hatami and Kazemipoor

In this section, the fuzzy optimal solution of existing problem [60, Section 4,
pp. 468] is obtained by proposed Mehar method.
Example 3.2 [60, Section 4, pp. 468]
Maximize [Z ~ (—2,2,2,2) Q¢ 71 + (—2,0,1,1) Q¢ Z2]
Subject to (P3.11)
(2,4,1,1) ®¢ 1 + (1,3,2,2) ®c &2 = (—4,4,2,2),
(—=2,0,1,1) ®c 71 + (—2,4,2,2) ®¢ T2 < (—1,5,3,3),
1, & = 0.
Solution Using the proposed Mehar method, presented in Section 3.1, the fuzzy
optimal solution of the problem (Ps1;) can be obtained as follows:
Step 1 Using Step 1 of proposed Mehar method, the problem (Ps ;) can be trans-
formed into problem (Ps15).
Maximize [R(2) = R((—2,2,2,2) ®¢ T1 + (—2,0,1,1) ®¢ T2)]

Subject to (Ps.12)
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R((2,4,1,1) ®c T1 + (1,3,2,2) ®¢ T2) < R(—4,4,2,2),

R((=2,0,1,1) ®c T1 + (—2,4,2,2) ®¢ T2) < R(-1,5,3,3),

R(E1), R(Z2) > N(0).

Step 2 Using Step 2 of proposed Mehar method, the problem (Ps12) can be trans-
formed into problem (Pj3).

Maximize [R(2) = R(-2,2,2,2)R(z1) + R(—2,0, 1, 1)R(Z2)]

Subject to (Ps.13)
R(2,4,1, HR(71) + R(1,3,2,2)R(72) < R(—4,4,2,2),

R(—2,0,1, HR(Z1) + R(—2,4,2,2)R(Z2) < R(—1,5,3,3),

R(z1), R(72) > N(0).

Step 3 Using Step 3 of the proposed Mehar method, the problem (Ps;3) can be
transformed into problem (P 14).

Maximize [0z — 129]

Subject to (Ps.14)
311 + 229 <0,

—lzy + 1og < 2,

r1, T > 0.

Step 4 On solving problem (Ps14), the obtained optimal solution is x; = 0, x5 = 0.
Step 5 Using Step 5 of the proposed Mehar method, all the symmetric trapezoidal
fuzzy numbers ; and T, such that ®(Z;) = 0 and R(Z2) = 0 will be the fuzzy op-
timal solutions of the problem (Ps11); for example, the following are fuzzy optimal
solutions of the problem (Ps11).

(i) 21 = (—1,1,3,3), T2 = (—2,2,2,2).

(i) & = (0,0,4,4), & = (—3,3,3,3).
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(iii) &1 = (—2,2,1,1), & = (—4,4,3,3).

3.2.3 Fuzzy optimal solution of chosen problem by proposed
Mehar method

The bounded fully fuzzy linear programming problem, chosen in Example 3.3,
in which all the parameters and variables are represented by symmetric trapezoidal
fuzzy numbers can neither be solved by the existing method [42] nor by the existing
method [60]. The fuzzy optimal solution of this problem is obtained by proposed
Mehar method.
Example 3.3
Maximize [Z ~ (3,5,4,4) ®¢ &1 + (1,3,2,2) ®¢ &2 + (4,8,1,1) ®¢ i)
Subject to (Ps.15)
(2,6,3,3) ®c 71 — (1,1,4,4) ®¢ T2 — (2,4,2,2) @ 3 < (7,11,4,4),
(—4,2,2,2) ®¢ 71+ (—1,3,1,1) ®¢ T2 + (2,2,2,2) ®¢ T3 = (7,9,6,6),
(—4,-2,2,2) ®¢ 71+ (1,1,4,4) ®¢ T2 + (3,5, 3,3) ®¢q T3 = (10,12,2,2),
0,2,1,1) = 71 <(2,4,2,2), (—-1,1,2,2) <X 75 < (5,5,2,2), (—2,2,3,3) <X T3 =<
(—6,10,5,5).
Solution Using the Mehar method, proposed in Section 3.1, the fuzzy optimal so-
lution of the problem (Ps15) can be obtained as follows:
Step 1 Using Step 1 of proposed Mehar method, the problem (Ps15) can be trans-
formed into problem (Ps ).
Maximize [R(Z) = R((3,5,4,4) ®¢ 71 + (1,3,2,2) ®¢ T2 + (4,8,1,1) Q¢ T3)]
Subject to (Ps.16)
R((2,6,3,3) ®c 71 — (1,1,4,4) ®q T2 — (2,4,2,2) ®¢ T3) < R(7,11,4,4),

R <<_47 27 27 2) ®G {Z‘l + (_17 37 17 1) ®G iZ + (27 27 27 2) ®G i3) Z §R(77 97 67 6)7
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R ((—4,—2,2,2) @ &1 + (1,1,4,4) ®¢ T2 + (3,5,3,3) @ 73) < R(10,12,2,2),
R(0,2,1,1) < R(x1) < R(2,4,2,2), R(—1,1,2,2) < RN(z2) < R(5,5,2,2), R(—2,2,3,3) <
R(z3) < R(—6,10,5,5).

Step 2 Using Step 2 of proposed Mehar method, the problem (P 14) can be trans-
formed into problem (Ps 7).

Maximize [R(2) = R(3,5,4,4)R(z1) + R(1,3,2,2)R(Z2) + R(4, 8,1, 1)R(Z3)]
Subject to (Ps.ar7)
R(2,6,3,3)R(71) — R(1,1,4,4)R(Z2) — R(2,4,2,2)R(z3) < R(7,11,4,4),
R(—4,2,2,2)R(Z1) + R(—1,3,1, 1)R(Z2) + R(2,2,2,2)R(Z3) > R(7,9,6,6),
R(—4,-2,2,2)R(z1) + R(1, 1,4, 4)R(Z2) + R(3,5,3,3)R(Z3) < R(10,12,2,2),
R(0,2,1,1) < R(F,) < R(2,4,2,2), R(—1,1,2,2) < R(iF») < R(5,5,2,2), R(—2,2,3,3) <
R(z3) < R(-6,10,5,5).

Step 3 Using Step 3 of proposed Mehar method, the problem (Ps;7) can be trans-
formed into problem (Pj13).

Maximize [4z1 4 2x4 + 623]

Subject to (Ps.1s)
4xy — 19 — 323 < 9,

—x1 + 29 + 223 > 8,

=31 + 2o + 43 < 11,

1< <3,0<2,<5,0<x3<2.

Step 4 On solving the problem (Ps15), the obtained optimal solution and optimal
value are x1 = 1,29 = 5, x3 = 2 and 26 respectively.

Step 5 Using Step 5 of proposed Mehar method, all the symmetric trapezoidal

fuzzy numbers 71, Zo, T3 such that R(z,) = 1, R(Z2) = 5, R(Z3) = 2 will be the fuzzy
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optimal solutions of the problem (Ps;5); for example, the following are the fuzzy
optimal solutions of the problem (Ps15).

(i) &1 = (1,1,2,2), 7 = (4,6,3,3), 35 = (1,3,2,2).

(i) &1 = (0,2,3,3), 42 = (3,7,2,2), 43 = (2,2, 1,1).

(iii) #; = (1,1,4,4), % = (5,5,2,2), %3 = (0,4,1,1).

3.3 Fuzzy optimal solution of existing problems
by existing methods

To show the advantages of proposed Mehar method over existing methods
[42,60], there is need to solve the same existing problems Example 3.1 [42, Section
4, pp. 281] and Example 3.2 [60, Section 4, pp. 468] by the existing methods [42,60].
Therefore, in this section, the fuzzy optimal solution of the existing problem Example
3.1 [42, Section 4, pp. 281] and Example 3.2 [60, Section 4, pp. 468] is obtained by
the existing methods [42,60].

Further, to understand the numerical example, solved by Ebrahimnejad et
al. [42], there is need to explain the algorithm proposed by Ebrahimnejad et al. [42].
Therefore, the algorithm, proposed by Ebrahimnejad et al. [42], is also presented in

a brief manner.

3.3.1 Existing algorithm to solve bounded fuzzy linear pro-
gramming problems
In this section, the existing algorithm, proposed by Ebrahimnejad et al. [42],
to solve bounded fuzzy linear programming problem (Ps;), is presented.
The steps of the existing algorithm [42] are as follows:

Step 1 Convert all inequalities into equalities by using fuzzy slack or fuzzy surplus
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variables.

Step 2 Obtain an initial fuzzy basic feasible solution. Let B = [aq, ag, ..., a,] be
initial basis vector. Further, non-basic vectors can be decomposed into Ny and Ns.
So, & can be partitioned as (Zg, Tn,, Ty, ), Where T are fuzzy basic variables and Ty,
and Ty, are fuzzy non-basic variables at their lower and upper bounds respectively.

Then the current fuzzy basic solution of problem (Ps) is given as:

T b%Bilb—BilNllNl —BilNQfLNQ
TN, ~ lNl
'%NQ ,ZLN2

The fuzzy value of the objective function for this solution is
ik~ égB b+ (6n, — égB'Ny)in, + (én, — Eg BNy )i,

In the initial basic feasible solution, it is assumed that all the non-basic
variables will be at their lower bound.
Step 3 Calculate  ~ égB~ 10— 3 (3 — &)+ X2 (3, —&)i; where Ry and R, are

jER1 JER>

the set of indices of non-basic variables at their lower and upper bounds respectively.
If for all j € Ry, 2;—¢; < 0 and for all j € Ry, Z; —¢&; = 0, then optimality conditions
are obtained. Stop the algorithm, the current fuzzy basic feasible solution is optimal.
Otherwise, go to the next step.
Step 4 Choose the pivot column by applying the following test:
maximum(maximum{Z; — ¢;;j € Ry },maximum{¢; — %;,j € Ry})
Without loss of generality, let Z; be pivot column. Then x;, will be tentative entering
variable.
Step 5 Check whether k € Ry or k € R».

Case 1If k € R,.

Calculate Ay to decide leaving variable, A, ~ minimum{él,ég,ég}, where 0, ~
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- Zk, but if there is no upper bound restriction on Zj, then 6, ~ .
65 = minimum {b—Bz|ylk >0,1<:< m} , but if y;z < 0 then 0y ~ .

1<i<m )
0y = mllnllmyhlm {—b’|yzlc <0,1<i< m} )
Again if y;, > 0 then 53 ~ X0.

So, Ak can be taken as minimum of 51,52,53. If Ak ~ 51 then 7, is still
non-basic variable but at its upper bound and there is no change in basis matrix B.

The variable corresponding to which Ay, is minimum, will be the leaving variable.

New fuzzy solution is glven by:

Zp, ~ b, —ymAk, =1,2,.

T %lk—i—Ak,

i~ J#k.j€ Ry
T; = Uy, J € Ry.

\
and new fuzzy objective value is z & 2 — (2 — &) Ay.

Case 2 If k € R,.

Calculate Ay, to decide leaving variable, A, = minimum {51,52,53}, where 0, =
— l~k, but if there is no upper bound restriction on Zj, then 0 ~ 0.

b5 = minimum {g_m < 0} , but if y;, > 0 then by ~ 0.

1<i<m

3 = minimum {—]yzk > O}

1<i<m
Again if ;. < 0 then b3 & .

So, Ak can be taken as minimum of 51,52,53. If Ak = 51 then z;, is still
non-basic variable but at its lower bound and there is no change in basis matrix B.
The variable corresponding to which Ay, is minimum, will be the leaving variable.
New fuzzy solution is given by:

Pp, ~ byl i=1,2,..m;

i‘jwlj, ]ERl

l

.f‘k%fbk—Ak,
i~ U, J#k.j€ R,

ISh
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Z4 (B — &) Ag

and new fuzzy objective value is z ~
Step 6 Again check the optimality conditions, if these are satisfied then stop the
algorithm. The current solution is optimal solution otherwise repeat the Step 4 and

Step 5.

3.3.2 Fuzzy optimal solution by Ebrahimnejad et al. method

In this section, the fuzzy optimal solution of existing problem [42, Section
4, pp. 281], presented in Example 3.1, is obtained by the method proposed by
Ebrahimnejad et al. [42].

The solution of the problem (Ps7), by using the existing method [42], can be
obtained as follows:
Step 1 Assuming 4, Z5 as slack variables, problem (Ps7) can be transformed into
problem (Ps19).
Minimize [Z =~ (=4, —-2,1,1) ®¢ &1 + (=6, —4,1,1) ®g T2 + (—3,—1,1,1) ®¢ T3]
Subject to (Ps.19)
Ty + 2Ty + 233 + T4 ~ (12,16,4, 4),
271 + 439 + 373 + 75 ~ (20, 26, 6, 6),
0=<7 <(3,52,2), (1,3,1,1) <25 =< (4,6,1,1), 0 < &5 < (2,4,1,1), 24,75 > 0.

Step 2 Let initially 4, and Z5 be the fuzzy basic variables and all fuzzy non-basic

variables are at their lower bound i.e. #; ~ 0,73 ~ (1,3,1,1) and Z5 ~ 0. Thus
1 (0,0,0,0)

B = lay, a5] = < (1) (f ) Ny =ay,a0,a3), 28, = | T | = | (1,3,1,1)
T3 (0,0,0,0)

The initial fuzzy basic solution and its fuzzy objective value is given as:
) 4 (12,16,4,4) — 2(1,3,1,1) = (6, 14,6,6)
e ( 75 > ~ ( (20,26, 6,6) — 4(1,3,1,1) = (8,22, 10, 10) ) ’
Step 3 Calculating z; — ¢;,j = 1,2,3, we have z; — & ~ (2,4,1,1),% — & ~
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(4,6,1,1),23—¢3 ~ (1,3,1,1). So, 2 ~ (0,0,0,0)—[(4,6,1,1)(1,3,1,1)] = (—17,-3,7,7).
Step 4 Iteration 1 Now, maximum value of Z; — ¢;,j = 1,2,3 is (4,6,1,1) corre-
sponding to Z. Therefore, Z;, = #». Then y, = B tay = ( i > and A, is given by
minimum {6;, 65, 05}, where 6; = @ty — Iy = (4,6,1,1) — (1,3,1,1) ~ (1,5,2,2),

146§)(8 22 10 10 822 10 10
2

o _ .. 6 . ~ -
0 = minimum {(3, 3, 3, 1) (3,5 1> 1), corresponding to Zp, =

:i5.Also,9~3%o~oasy2:< ) ( >

Therefore, Ay = minimum {(1,5 % %,%,%),ob} ~ (1,5,2,2) which

means that 7, is still non-basic variable but at its upper bound. Thus

T 0,0,0,0 . . T
B = [a4>a5]7N1 = [&1,@3],i’]v1 = %‘1 ~ ( ) y TNy = T2 = (4767 17 1)a :f4 ~
xs3 (070707()) Ts
(6,14,6,6) ~ (6,14,6,6) 2 —4,12,10, 10)
P TACE — (1,5,2,2) ~
(8,22,10,10) (8,22,10,10) 4 —12,18, 18, 18)
and Z ~ (—17,=3,7,7) — (% — &)Ay = (—17,-3,7,7) — (4,6,1, 1 5,2,2)
(—45,—5,24,24).
Also, 2| — ¢ ~ (2,4,1,1) = 0,2, — & ~ (4,6,1,1) = 0,2 — &3 ~ (1,3,1,1) = 0.
Iteration 2 The maximum value of Z; — ¢; for j € Ry = {j = 1,3} is (2,4,1,1)
1 -
corresponding to #;. Therefore &, = Z;. Then y; = B~ 'a; = ( ) and A is given
2
by minimum {9~1, 0y, 93}, where 0, ~ @, — [; ~ (3,5,2,2).
12 10 1_10) (=12 18 %’%)} ~ (22 12 18 18 2

10 18 =2 2 2), corresponding to

n . —4
02_m1n1mum{(T7T717 s\79 v 9 ) 991 999

Ts.

N ~ 1 0
Also, 03 =~ co as y; = > )
2 0

Therefore A; = minimum {(3,5,2,2), (72,78 ?8,1—28),60} ~ (%{%7787

H
N

)7

which means that ; enters the basis and Zp, = %5 drops to its lower bound and

leaves the basis. Thus

X 0,0,0,0 B
B = la4, a1], N1 = [as, a3], Ty, = ifs ~ ( ) TN, = B9~ (4,6,1,1),
(0,0,0,0)

xs
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—4,12,10,10) — (—6,9,9,9) ~ (—13,18,19,19) \ _
5~ (—45,—5,24,24)—
(0,0,0,0) + (—6,9,9,9) ~ (—6,9,9,9)

5 — )AL ~ 159,421,69 69).
Again, Zp — 6y ~ (—4,2,3,3), 23 — &3 =~ (—=5,-2,2,2), % — & ~ (=2, -1, 3, 3).
Iteration 3 Now, the fuzzy non-basic variable 5 is at its upper bound such that
%y — Gy~ (—4,2,3,3) < 0. So, Z, = &3. Then yp = B lay = ( j ) and A, is given
by minimum {51,52,53}, where 6 &~ iy — lb ~ (1,5,2,2).

| 2 0 . -
Slnce, Yo = < ) Z < 0 )7 S07 52 ~ 00753 = ((3757272) 2( 6’979’9)) =~ (_37 %7 %7 %)7

4

corresponding to Tp, = 7.
Therefore Ay = minimum {(1,5,2,2), %, (-3, 555 = (3,5, 5. 5),

which means that z, enters the basis and p, = Z; reaches to its upper bound and

. . ~ 575 (Oa 07 07 0) ~
leaves the basis. Finally, B = |ay, as], Ny = [as, a3], Tn, = ~ TN, =

T3 (0,0,0,0)

) %4 (~13,18,19,19) \ _

$1%(3,5,2,2),<~ >~< 5 13 ,Z A (—99,35, 7,70,
T2 ( 97 2 2)

A]'SOJ 21 - é1 ~ (2757%7%) = 0,23 - C3 ~ <_37_%7%7%) = 6 and 25 - 65 ~

(—1,—3, %L) < 0, which means that for all fuzzy non-basic variables at lower

l\DI»—A
»kl»—t

bound z; —¢; = 0 and for all fuzzy non-basic variables at upper bound Zj—Cj = 0.

Hence, the current fuzzy basic feasible solution is a fuzzy optimal solution.

3.3.3 Fuzzy optimal solution by Hatami and Kazemipoor
method
In this section, the fuzzy optimal solution of existing problem [60, Section
4, pp. 468], presented in Example 3.2, is obtained by Hatami and Kazemipoor
method [60].
The solution of the problem (Ps1;), by using the existing method [60], can be

obtained as follows:
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Step 1 Assuming ; = (21, y1, a1, 1) and To = (29, Y2, a2, a2), the problem (Ps11)
is transformed into problem (Pj ).

Maximize 2z ~ (—2,2,2,2) ®q (r1,y1,a1,01) + (—=2,0,1,1) ®¢ (x2, Yo, 2, )
Subject to (Ps.20)
(2,4,1,1) ®¢ (1,91, 1, 1) + (1, 3,2,2) Q¢ (22, Ys, a2, 2) = (—4,4,2,2),
(=2,0,1,1) ®c (z1,y1, a1, 1) + (=2,4,2,2) @g (%2, Y2, a2, a2) =X (—1,5,3,3),
(21,91, 1, 1), (T2, Y, 2, @) > 0.

Step 2 Using the property of ranking function R((pj, ¢;, 55, 5;) ®c (xj, yj, aj, ;) =
R(pj, a5, 55, B;)R(z;, y;, aj, ), the problem (Pj90) is transformed into problem (Ps 97 ).
Maximize R(2) = R(—2,2,2,2)R(x1, y1, 01, 01) + R(—2,0, 1, 1)R(x2, Yo, va, o)
Subject to (P3.21)
R(2,4, 1, D)R(x1, y1, 00, 01) + R(1, 3,2, 2)R(x2, Yo, e, o) < R(—4,4,2,2),
R(—2,0,1, H)R(x1, y1, 00, 1) + R(—2,4, 2, 2)R(x2, Yo, o, 2) < R(—1,5,3,3),

R(z1, 1, a1, 1), R, Y2, 2, a3) > R(0).

Step 3 Using Section 2.1.3, the problem (Ps2;) is transformed into problem (Ps95).
Maximize z = 0 x B3 4 (—1) x 2252

Subject to (Ps3.22)
3 x B 49 x 22E2 L),

(—1) x &3 4] x 2k <9

T1+y1 >0, z2+1y2 >0,

1 <Y1, T2 < Yo,

a1 > 0,a9 > 0.

Step 4 On solving the problem (P 22), the obtained solutionis x; = 0,y; = 0,04 =0

and ro = 2,y = 2, a0 = 0. Hence #; = (0,0,0,0) and 5 = (2,2,0,0).
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Step 5 The obtained fuzzy optimal value is Z = (—4,0, 2, 2).

3.4 Advantages of the proposed Mehar method
over existing methods

In this section, advantages of the proposed Mehar method over existing meth-

ods [42,60], are discussed.

1. Since, Ebrahimnejad et al. [42] proposed a method for solving bounded sym-
metric fuzzy linear programming (P 1) without transforming into crisp linear
programming problems. So, the method proposed by Ebrahimnejad et al. [42]
is similar to the methods, proposed by Ganesan and Veermani [52] as well as
Kheirfam and Verdegay [82]. Therefore, the advantages of proposed Mehar
method over Ebrahimnejad et al. [42] are same as advantages of proposed
Mehar method over Ganesan and Veermani [52] method as well as Kheirfam
and Verdegay [82] method discussed in Section 2.5.1 of Chapter 2. Further,
the proposed Mehar method can be used to find the fuzzy optimal solution of
problem (Ps ;) and problem (Ps5) but the method proposed by Ebrahimnejad
et al. [42] can not be used to find the fuzzy optimal solution of problem (Ps5).

2. Since, Hatami and Kazemipoor [60] method is an extension of the method,
proposed by Kumar and Kaur [84]. Therefore, the advantages of proposed
Mehar method over the method, proposed by Hatami and Kazemipoor [60],
is same as the advantages of the proposed Mehar method over Kumar and
Kaur [84] discussed in Section 2.5.2 of Chapter 2. Further, the proposed Mehar
method can be used to find the fuzzy optimal solution of problem (Ps3) and

problem (Ps3) but the method proposed by Hatami and Kazemipoor [60] can
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not be used to find the fuzzy optimal solution of problem (P 3).

3. None of the existing methods [42,60] as well as the Mehar method, proposed
in Chapter 2, can be used to find the fuzzy optimal solution of problem (Ps3).
While, all the problems which can be solved by any of the existing methods
[42,60] as well as Mehar method, proposed in Chapter 2, can be solved by

proposed Mehar method.

3.5 Conclusions

On the basis of present study, it can be concluded that all the problems which
can be solved by the existing methods [42,60] can also be solved by the proposed
Mehar method and there are several advantages of applying proposed Mehar method
over applying other existing methods [42,60]. Hence, it is better to use proposed

Mehar method as compared to existing methods [42,60].



Chapter 4

MEHAR METHOD FOR SOLVING
BounpeED Fuzzy LINER
ProGrRAMMING PROBLEMS WITH
TRAPEZOIDAL Fuzzy NUMBERS

Ebrahimnejad [38] proposed a method for solving bounded fuzzy linear pro-
gramming problem (Pj ;) in which coefficients of variables in objective function as
well as in constraints are represented by real numbers while all other parameters
and variables are represented by trapezoidal fuzzy numbers.

Maximize/Minimize [2 R~ i cjfj]
j=1

Subject to (Pr1)

a'ijj —57%7 t bia 1= 1727 ey TN,

-

1

;=

LS
Il

o~

ISX

iy, j=1,2,...,n,

where 7, Ez,l; and u; are trapezoidal fuzzy numbers and ¢;, a;; are real numbers.
However, the existing method [38] can be used only for solving bounded fuzzy

linear programming problem (P, ;) if the initial fuzzy basic solution is optimal but

not feasible.

To overcome this limitation of the existing method [38], Ebrahimnejad and

The contents of this chapter are communicated for publication in Neural Computing and Ap-
plications.
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Verdegay [46] proposed a method for solving the same problem (P 1). In this chap-
ter, a new method (named as Mehar method) is proposed to find the fuzzy optimal
solution of problem (P ;) and the advantages of proposed Mehar method over ex-

isting methods [38,46], are discussed.

4.1 Preliminaries

In this section, arithmetic operations and comparison of trapezoidal fuzzy

numbers are presented [38].
4.1.1 Arithmetic operations on trapezoidal fuzzy numbers

In this section, arithmetic operations on trapezoidal fuzzy numbers are pre-
sented.
A fuzzy number A= (ay, as, a1, as) is said to be trapezoidal fuzzy number if

its membership function is given by

z—(a1—aq)
(o731 ?

1, x € |ay, asl;

T € la —ay,a1);

x € (ag, ag + agl;

\ 0, otherwise.

Let A = (a1, a9, a1, az) and B = (b1, b9, 51, B2) be two trapezoidal fuzzy
numbers. Then the arithmetic operations on A and B are as follows.
(i) z >0,z € R; A = (ray, xag, roy, Tow).
(i) z < 0,z € R;xA = (zay, a1, —xas, —xay).
(iii) A+ B = (a1 4 b1, a9 + be, 01 + 1, a0 + Pa).

(iv) A-B= (a1 — bg,ag — by, 1 + Pa, 00 + ).
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4.1.2 Comparison of trapezoidal fuzzy numbers

In this section, the method for comparing fuzzy numbers, used in the existing
methods [38,46], is presented.

If A= (a1, as, a1, ay) and B = (b1, bs, 1, B2) are two trapezoidal fuzzy num-
bers, then
(i) A > B if and only if R(A) > R(B).
(ii) A > B if and only if R(A) > R(B).
(iti) A ~ B if and only if R(A) = R(B).

where R(A) = 1 [a; + ay + 225%] and R(B) = L [by + by + 252,
4.2 Proposed Mehar method

In this section, a new method (named as Mehar method) is proposed to find
the fuzzy optimal solution of problem (Py).
The steps of the proposed Mehar method are as follows:

Step 1 Using Section 4.1.2, the problem (Py;) can be transformed into problem

(Py2).
Maximize/Minimize [?R(Z) =R (il cjf])]
i=

Subject to (Pr2)
R <i1 azjfj) <,=,>R(b), i=1,2,...,m,

=
R(l;) < R(&;) < R(wy), j=1,2,.,n
Step 2 Using the properties (il q@) = Zn:lcj%(ij) and R (anl aiji:j> =

= = =

> a;;R(z;), the problem (P, ) can be transformed into problem (P 3).
j=1

Maximize/Minimize [?R(E) i cjéﬁ(ij)]
j=1

Subject to (Py3)



> ayR(E;) <, =,> R(by), i=1,2,....,m,
=1

ﬁg

;) < R(F))

IN
=
w:Z

17=12 ..n.

Step 3 Since, R(A) is a real number. So, assuming R(2) = z, R(Z;) = z;, R(b;) =
b, R(I;) = l;, and R(i;) = uy;, the problem (Py3) can be transformed into problem
(Py.a)-

n
Maximize/Minimize [z =5 cja:j]
i=1

Subject to (Poy)
> ayry <, =, 2 b, i=1,2,..,m,

j=1

ZJSZBJSUW j=1,2,...,n.

Step 4 Find the optimal solution {x;;j = 1,2,...,n} of problem (P,4) by using an
appropriate existing method [144].

Step 5 Since, there exist infinite trapezoidal fuzzy numbers having same rank.
So, if x1 = ay,29 = ag,....,x, = a, is the optimal solution of problem (P;4)
then all the trapezoidal fuzzy numbers &1, Zs, ..., &, such that (%) = a;, R(Z2) =

as, ..., ®(x,) = a, will also be the fuzzy optimal solution of the problem (P ).

4.3 Fuzzy optimal solution of existing problems
by proposed Mehar method

In this section, the fuzzy optimal solution of existing problem [38, Example 2,
pp. 2058] and the fuzzy optimal solution of existing problem [46, Example 1, pp.

2273] is obtained by proposed Mehar method.
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4.3.1 Fuzzy optimal solution of bounded fuzzy linear pro-
gramming problem considered by Ebrahimnejad

Ebrahimnejad [38] formulated the existing problem [38, Example 2, pp. 2058],
presented in Example 4.1, into bounded fuzzy linear programming problem (Pj ;)
[38, equation 22, pp. 2058] and claimed that on solving this problem, the ob-
tained fuzzy optimal solution and fuzzy optimal value is Z1; = (96,102, 1,5), Z12 =
(96,102, 1,5), i1 = (192,204, 2, 10), &1 = (192,204, 2, 10), Fp = (384, 408, 4, 20), Fo
— (288,306,3,15), &1 = (192,204,2,10), 32 = (192,204, 2, 10), 33 = (288, 306, 3, 15)
and (8736, 9282,91, 350) respectively. However, it can be easily verified that it is not
possible to find any initial fuzzy basic solution for problem (Py5) [38, equation 22,
pp. 2058] which is optimal but not feasible. Therefore, the existing method [38]
cannot be used to find the fuzzy optimal solution of the bounded fuzzy linear
programming problem (Py5) [38, equation 22, pp. 2058] and hence the claim of
Ebrahimnejad [38] that on solving the bounded fuzzy linear programming problem
(Py5) [38, equation 22, pp. 2058] by existing method [38], the obtained fuzzy optimal
solution and fuzzy optimal value is Z1; = (96,102,1,5), 212 = (96,102,1,5), 13 =
(192,204, 2,10), 721 = (192, 204, 2, 10), oy = (384, 408, 4, 20), Fo5 = (288, 306, 3, 15),
T3 = (192,204, 2,10), T3 = (192,204, 2, 10), 33 = (288, 306, 3, 15) and (8736, 9282,
91, 350) respectively, is not valid.

In this section, the exact fuzzy optimal solution of bounded fuzzy linear pro-
gramming problem (Py5) [38, equation 22, pp. 2058], presented in Example 4.1, is

obtained by the proposed Mehar method.
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Example 4.1 [38, Example 2, pp. 2058] A furniture manufacturer has three
plants that need approximately 500, 700 and 800 of lumber weekly. The manufac-
turer may purchase the lumber from three companies. Because of other commit-
ments, these companies can ship about 400, 900 and 700 tonnes weekly. The second
lumber manufacturer uses rail for transportation and the minimum and maximum
tonnage that can be shipped to any of the furniture companies is about 200 and 500
tonnes, respectively. On the other hand, the first and third lumber companies use
trucks and the minimum and maximum tonnage that can be shipped to any of the
furniture companies is approximately 100 and 300 tonnes respectively. The trans-
portation cost from the lumber companies to the furniture manufacturer is given in

the Table 4.1.

Table 4.1

The data for Example 4.1

Lumber company

Furniture facility 1

Furniture facility 2

Furniture facility 3

1 2 4 3
2 9 ) 7
3 3 4 2

Since, the quantities of supplies or demands are approximate values, the ton-
nage that can be shipped to any of the furniture companies from plants will be
uncertain.

The quantities of supplies which are approximately 400, 900 and 700 tonnes
can be modeled as (384, 408, 4, 20), (864, 918, 9, 45) and (672, 714, 7, 35) respec-
tively. Also, the quantities of demands which are approximately 500, 700 and 800
tonnes can be modeled as (480, 510, 5, 25), (672, 714, 7, 35) and (768, 816, 8, 40)

respectively. In the similar way, other parameters are also modelled as trapezoidal
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fuzzy numbers. So, the given data is modelled into following bounded fuzzy linear
programming problem (Py5) [38, equation 22, pp. 2058].

Minimize [Z & 6211 + 4%12 + 3T13 + 5T21 + 3Tos + 4%93 + 3T31 + 2730 + HT33]
Subject to (Pys)
T11 + T12 + 713 ~ (384,408, 4, 20),

To1 + Too + To3 ~ (864,918, 9,45),

Tg1 + Tgo + T33 ~ (672,714,7,35),

T11 + To1 + T31 ~ (480,510, 5, 25),

T1g + Tog + T30 =~ (672,714,7,35),

T13 + To3 + T33 ~ (768, 816, 8, 40),

(96,102,1,5) < Z1; = (288,306,3,15), j =1,2,3,

(192,204, 2,10) = Z9; = (480,510, 5,25), j =1,2,3,

(96,102,1,5) < 73; < (288,306, 3,15), j =1,2,3.

Solution Using the proposed Mehar method, the exact fuzzy optimal solution of
the bounded fuzzy linear programming problem (P,5) can be obtained as follows:
Step 1 Using Step 1 of the proposed Mehar method, the problem (Pys5) can be
transformed into problem (Pyg).

Minimize [R(Z) = R(62Z11 + 412 + 3T13 + 5To1 + 3Tao + 4T93 + 3T31 + 2Tso + HT33)]
Subject to (Pis)
R(Z11 + T12 + T13) = R(384, 408, 4, 20),

R(ZTa1 + Tog + Toz) = R(864,918,9,45),

R(Zs1 + Tgo + T33) = N(672,714,7,35),

R(Z11 + To1 + T31) = R(480, 510, 5, 25),

éR(ZINflz + fgg + i’gg) - %(672, 714, 7, 35),
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R(ZT13 + T3 + T33) = RN(768, 816, 8, 40),

$(96,102,1,5) < R(z1;) < R(288,306,3,15), j=1,2,3,

(192,204, 2,10) < R(Z2;) < R(480,510,5,25), j =1,2,3,

$(96,102,1,5) < R(x3;) < R(288,306,3,15), j =1,2,3.

Step 2 Using Step 2 of the proposed Mehar method, the problem (Pyg) can be
transformed into problem (Py7).

Minimize [R(2) = 6R(Z11) + 4R(Z12) + 3R(T13) + SR(Ta1) + 3R(Ta2) + 4R(T23) +
3R(Ta1) + 2R(T32) + 5R(T33)]

Subject to (Par)
R(T11) + R(Z12) + R(Z13) = (384,408, 4, 20),

R(Z21) + R(T22) + R(T23) = R(864,918,9,45),

R(Z31) + R(T32) + R(233) = R(672,714,7, 35),

R(Z11) + R(ZT21) + R(Z31) = R(480,510, 5, 25),

R(T12) + R(Ta2) + N(T32) = RN(672,714,7, 35),

R(Z13) + R(Toz) + R(T33) = RN(768, 816, 8, 40),

$(96,102,1,5) < R(z1,) < RN(288,306,3,15), 7 =1,2,3,

(192,204, 2,10) < R(z9;) < R(480,510,5,25), j=1,2,3,

(96,102, 1,5) < R(z3;) < R(288,306,3,15), 7 =1,2,3.

Step 3 Using Step 3 of the proposed Mehar method, the problem (P,7) can be
transformed into problem (Pyg).

Minimize [z = 6211 + 4212 + 3213 + 5291 + 3x99 + 4293 + 3231 + 2230 + Hras)
Subject to (Pas)

11 + T12 + 213 = 400,

To1 + T2 + w23 = 900,
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x31 + T32 + @33 = 700,

T11 + Ta1 + @31 = 500,

T12 + T2 + x32 = 700,

T13 + T3 + x33 = 800,

100 <z, < 300,57 = 1,2, 3,

200 < x9; < 500,75 =1,2,3,

100 < @3; < 300,75 = 1,2, 3.

Step 4 On solving the problem (P,g), the obtained optimal solution and optimal

value are x1; = 100,215 = 100,213 = 200, 297 = 200, 295 = 300, x93 = 400,23, =

200, 32 = 300, z33 = 200 and 7300 respectively.

Step 5 Using Step 5 of the proposed Mehar method, all the trapezoidal fuzzy
numbers 11, 12, T13, To1, T2, T23, T31, 32, £33 such that R(Z1;) = 100, R(Z12) =

100, R(Z13) = 200, R(Z21) = 200, R(Z22) = 300, R(Z23) = 400, R(Z31) = 200, R(Z32) =

300, R(Z33) = 200 will be the fuzzy optimal solutions of the problem (FPy5) e.g., fol-
lowing are the three different fuzzy optimal solutions of the problem (P 5):

(i) 11 = (96,102, 1,5), T12 = (96,102, 1,5), T13 = (192,204, 2, 10), To; = (192,204, 2, 10),
Tog = (288,306, 3, 15), To3 = (384,408, 4,20), 31 = (192,204, 2, 10), T35 = (288, 306, 3, 15),
Z33 = (192,204, 2, 10).

(i))Z11 = (97,99,4,12), 715 = (97,99, 4, 12), 713 = (190, 202, 10, 26), To; = (190, 202, 10, 26),
Tog = (276, 314,12,32), To3 = (390,404, 6, 18), 31 = (190, 202, 10, 26), T3 = (276, 314, 12, 32),
Z33 = (190,202, 10, 26).

(iii) 11 = (93,101, 3,15), 715 = (93,101, 3,15), Z13 = (196, 200, 4, 12), 5, = (196,200, 4, 12),
Tog = (290, 304,5,17), Zo3 = (378,412, 8,28), 31 = (196,200, 4, 12), T35 = (290, 304, 5, 17),

i3 = (196,200, 4, 12).
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4.3.2 Fuzzy optimal solution of bounded fuzzy linear pro-

gramming problem considered by Ebrahimnejad and
Verdegay

In this section, fuzzy optimal solution of bounded fuzzy linear programming
problem, considered by Ebrahimnejad and Verdegay [46, Example 1, pp. 2273, is
obtained by proposed Mehar method.

Example 4.2 [46, Example 1, pp. 2273] A company has discontinued the pro-
duction of a certain unprofitable product line. This act created considerable excess
production capacity. Management is considering devoting this excess capacity to
one or more of three products; call them products 1,2,3. The available approximate

capacity on the machines that might limit output is summarized in Table 4.2.

Table 4.2
The data of Example 4.2

Product 1|Product 2|Product 3| Available Time (Machine hours per week)
Milling machine 9 3 5 360
Lathe 2 4 3 250
Grinder 5 0 2 150

The number of machine hours required for each unit of the respective prod-
ucts are given in Table 4.2. The sales department indicates that the sales potential
for products 1, 2 and 3 are close to 25, 30 and 35 units per week respectively. The
unit profit would be 50, 20 and 25 dollars on products 1,2 and 3 respectively. The
objective is to determine how much of each product the company should produce
to maximize profit.

This problem is evidently an uncertain optimization problem due to variations
in available capacity of machines and in sales potential for products. So, the amount
of each unit of product will be uncertain. Hence, the problem can be formulated as

a bounded fuzzy variable linear programming problem. The available capacity on



63

the milling machine, lathe and grinder which are approximately 360, 250 and 150
units is modeled as (340,370,5,25), (245,265,25,5) and (140,160,5,5) respectively. In
a similar way, the other parameters also modeled as trapezoidal fuzzy numbers tak-
ing into account the nature of the problem and other requirements. So, the problem
is formulated as problem (Pyg) [46, equation 31, pp. 2273].

Maximize [Z ~ 50%1 + 20Z5 + 257 3]

Subject to (Pyo)
971 + 3% + 573 = (340, 370, 5, 25),

271 + 475 + 373 = (245, 265,25, 5),

5xq + 273 < (140,160, 5, 5),

0= = (24,26,2,2),

0 < iy < (26,32,2,10),

0 < i3 < (34,38,5,1).

Solution Using the proposed Mehar method, the fuzzy optimal solution of the
bounded fuzzy linear programming problem (P,9) can be obtained as follows:
Step 1 Using Step 1 of the proposed Mehar method, the problem (Pjg) can be
transformed into problem (P 19).

Maximize [R(2) = R(50Z; + 202 + 2573)]

Subject to (Pa.10)
R(9Z1 + 372 + bz) < R(340,370,5,25),

R(271 + 475 + 323) < R(245,265,25,5),

R(52; + 273) < R(140, 160, 5, 5),

R0) < RN(F,) < N(24,26,2,2),

R(0) < R(F:) < R(26,32,2,10),
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R(0) < R(23) < N(34,38,5,1).

Step 2 Using Step 2 of the proposed Mehar method, the problem (Py1) can be
transformed into problem (Pj11).

Maximize [R(Z) = 50R(Z;) + 20R(Z2) + 25R(Z3)]

Subject to (Py11)
OR(Z1) + 3R(T2) + 5R(T3) < R(340, 370, 5,25),

2R(Z1) + 4R(Z2) + 3R(T3) < R(245,265,25,5),

5R(Z1) + 2R(z3) < R(140,160,5,5),

R(0) < RN(F1) < RN(24,26,2,2),

R(0) < RN(T2) < RN(26,32,2,10),

R0) < RN(F3) < N(34,38,5,1).

Step 3 Using Step 3 of the proposed Mehar method, the problem (Py1;) can be
transformed into problem (P 12).

Maximize [z = 50z1 + 2025 + 25x3)

Subject to (Py12)
921 + 329 + dx3 < 360,

221 + 4xo + 33 < 250,

5x1 + 223 < 150,

0<2; <25,0< 25, <31, 0< 25 <35.

Step 4 On solving the problem (P ;5), the obtained optimal solution and optimal
value are 1 = 25,19 = 31,23 = % and 2080 respectively.

Step 5 Using Step 5 of the proposed Mehar method, all the trapezoidal fuzzy num-
bers &, %2, and Z3 such that R(Z;) = 25, R(Z,) = 31 and R(z3) = 2 will be the

fuzzy optimal solutions of the problem (P,g); for example, the following are fuzzy
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optimal solutions of the problem (Pyy).
(i) &1 = (24,26,2,2), & = (26,34,1,5), 5 = (2,4 2 6).

(i) &1 = (24,25,2,4), T2 = (24,36,2,6), 73 = (21,8,3,7).

(iii) 71 = (23,26,3,5), & = (28,32,3,7), &5 = (7,2, 1,5).

4.4 Fuzzy optimal solution of existing problem by
existing method

To show the advantages of proposed Mehar method over existing method [46],
there is need to solve the same existing problem [46, Example 1, pp. 2273] by the
existing method [46]. Therefore, in this section, the fuzzy optimal solution of the
existing problem [46, Example 1, pp. 2273] is obtained by the existing method [46].

Further, to understand the numerical example, solved by Ebrahimnejad and
Verdegay [46], there is need to explain the algorithm proposed by Ebrahimnejad and
Verdegay [46]. Therefore, the algorithm, proposed by Ebrahimnejad and Verdegay

[46], is also presented in a brief manner.

4.4.1 Existing algorithm to solve bounded fuzzy linear pro-
gramming problems

In this section, the algorithm, proposed by Ebrahimnejad and Verdegay [46]
to solve a bounded fuzzy variable linear programming problem (P ;), is presented.
Step 1 (i) Check whether the problem (P,;) is of maximization or minimization
type. If problem is of minimization type then convert the problem (Py;) into max-
imization problem using the following relationship:
Minimize Z=— Maximize (—2).

(ii) Check whether all Z;z(z = 1,2,...,m) are positive. If any one of b; is negative,
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then multiply the corresponding constraint by —1 to make it positive.

(iii) Convert all inequalities into equalities by using fuzzy slack or fuzzy surplus
variables.

Step 2 Obtain an initial fuzzy basic feasible solution. Let B = [ay, ag, ..., a,,] be
initial basis vector. Further, non-basic vectors can be decomposed into N7 and Ns.
So, Z can be partitioned as (Zp,Zn,,Tn,), Where Tp are fuzzy basic variables and
Zn, and Ty, are fuzzy non-basic variables at their lower and upper bounds respec-

tively. Then the current fuzzy basic solution of problem (P ;) is given by:

TR b%’B*lb—BlellNl _B71N2ﬂN2
;%Nl ~ lN1
i’Ng /ZLNQ

The fuzzy value of the objective function for this solution is

3 i cBil;i + > Cj[j + > ¢y

i=1 jER1 jER2
where R; and Ry are the set of indices of non-basic variables at their lower and
upper bounds respectively. In the initial basic feasible solution, it is assumed that
all the non-basic variables will be at their lower bound.
Step 3 Calculate ¢; = ¢; —cpB'a; Vj € {R1 U Ry}, If ¢; < 0 V non-basic variables
Z; at their lower bounds and ¢; > 0 V non-basic variables Z; at their upper bounds,
then optimality conditions are obtained. Stop the algorithm, the current fuzzy basic
feasible solution is optimal. Otherwise, go to the next step.
Step 4 Choose the pivot column by applying the following test:
maximum(maximum{¢;; j € R; },maximum{—¢;,j € Ra})
Without lose of generality, let z; be pivot column. Then x; will be tentative enter-

ing variable.

Step 5 Check whether kK € Ry or k € R,.
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Case 1 If k € R;.
Calculate Aj, to decide leaving variable, A, :minimum{él,ég,ég}, where 0, =

Uy — l~k, but if there is no upper bound restriction on Zj, then 0, ~ .

N .. I;l—ZN . . . ~ ~
0y = minimum y.sz yir > 0,1 <11 < m} , but if 7;, < 0 then 0y =~ co.
<i<m g
~ .. 7 .751' .
0 = m111i1r<n7111m ufyk v < 0,1 < < m} .
1S o

Again if y;, > 0 then 9~3 A 0.

So, A} can be taken as minimum of 51,52,53. If Ay ~ él then z; is still
non-basic variable but at its upper bound and there is no change in basis matrix B.
The variable corresponding to which Ay, is minimum, will be the leaving variable.

New solution is given by:
( X

ip, ~ b —yiAy, 1=1,2,...,m;
T ~ ik + Ak,

i~ 1, j# k. j€ Ry
T; ~ uy, J € Ry.

dase 21tk e R,.
Calculate A, to decide leaving variable, A, = minimum {51,52,53}, where 0, =

Uy — l~k, but if there is no upper bound restriction on Zj, then 51 A 0.

= .. glfi . . = ~
0y = mﬁ%trg;zlm{ ,yj’ Y < 0} , but if y; > 0 then §y ~ co.

= . .. ’llBi—l:)i )
03 = mllrilzgl}nlm{ i |Yir > O} .
Again if y;, < 0 then 03 ~ .

So, Ak can be taken as minimum of 51,52,53. If Ak ~ &; then Ty, is still
non-basic variable but at its lower bound and there is no change in basis matrix B.

The variable corresponding to which A, is minimum, will be the leaving variable.

New fuzzy solution is given by:
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( Ip, zlsz—i-yikAk, i=1,2,...,m;
ij%}, jER
kaﬁk—ﬁk,

| % = uy, j#k,j€ Rs.

and new fuzzy objective value is Z ~ Z 4 (Zk — ) Ay
Step 6 Update the table entries by making pivot element unity and other entries
of pivot column zero.

Step 7 Again check the optimality conditions, if these are satisfied then stop the
algorithm. The current solution is optimal solution otherwise repeat the Step 4 and
Step 5.

Remark 4.1 If A, = &, then the problem (Py1) has unbounded solution.

4.4.2 Fuzzy optimal solution of existing problem by Ebrahim-
nejad and Verdegay method
In this section, the fuzzy optimal solution of existing problem [46, Example 1,
pp. 2273] is obtained by the method, proposed by Ebrahimnejad and Verdegay [46].
Converting the problem (Pyg) into standard form by adding fuzzy slack vari-
ables Z4,Z5 and Zg, the problem (Pyg) is transformed into problem (Pj13).
Maximize [Z ~ 50Z; + 20Z9 + 253
Subject to (Pyi3)
9% + 3%2 + 53 + T4 ~ (340, 370, 5, 25),
271 + 49 + 373 + T5 ~ (245, 265, 25, 5),
5& + 2Z3 + T ~ (140, 160, 5, 5),

0

IA

i =< (24,26,2,2),

=}
PN

iy = (26,32,2,10),

0 < i3 < (34,38,5,1),
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-%47 jf)v i‘ﬁ i 0.

1 00
Initialization Step Consider B = [a4,a5,a6) = | 0 1 0 | . as initial working
0 01
i 0
basis and Ny = [ay,a,a3], Tn, = | &9 | = | 0
T3 0
The initial fuzzy basic solution and fuzzy objective value is given by:
74 (340, 370, 5, 25)
Tp=| 75 | = | (245,265,25,5) |,Z=(0,0,0,0).
Tg (140,160, 5,5)

The fuzzy values of ¢; = ¢; — cgB 'a; = ¢; —cpy; for all j € N = {1,2,3} is

obtained as ¢; = 50, ¢5 = 20, ¢3 = 25. The initial table is given as Table 4.3.

Table 4.3

The initial table for problem (Pj13)

Il
Basis | @1 | o | T3 | T4 | T5 | Tg Solution $(Solution)
Ty 9 10| 0 |(340,370,5,25) 360
Zs 2431010/ (245265,255) 250
Tg 51012100 1] (140,160,5,5) 150
g 5020250000 (0000 0

Iteration 1 The maximum value of ¢; for j € Ry = {1,2,3} is 50, correspond-
9

ing to #.Therfore #, = #;. Then 1 = B 'ay = | 2 | and Ay is given by
5

minimum{él, 9~2, 53}, where 9~1, ég and 9~3 are obtained as:

Oy ~ @iy, — |, ~ (24,26,2,2),

By —minimum {(42, 70,3 20) (25,28 2 2 (10 105 5 & (M0 10 3 ) cor.
9 0

responding to Zp, = Z¢. Since, y1 = | 2 | > | 0 ) . So, 03 ~ .
5 0

Hence, Ay = minimum {(24, 26,2, 2), (%, %, g, %), 0}~ (24,26,2,2). So I is still



70

non-basic variable at its upper bound. Therefore

. T 0,0,0,0 . .
B = [a4;a57a6]7N1 = [Clz,ag],le = ( 2> ~ <( )> , TN, = T1 =

7 (0,0,0,0)
iy (340, 370, 5, 25) (340, 370, 5, 25)
(24,26,2,2), | @5 | ~ | (245,265,25,5) | — vid1 ~ | (245,265,25,5) | —
T (140, 160, 5, 5) (140, 160, 5, 5)
9 (106, 154, 23, 43)
2 |(24,26,2,2) ~ | (193,217,29,9) | andZz ~ (0,0,0,0)+&A, ~ (0,0,0,0)+
5 (10, 40, 15, 15)

50(24, 26, 2,2) = (1200, 1300, 100, 100).
The next updated table is given as follows:
Table 4.4

The first iteration

u | [
Basis | @1 | Ta | T3 | T4 | T5 | T6 Solution R(Solution)
% 1] o]o0] (106154,2343) 135
s 2143010 (193,217,29,9) 200
i | 51021001 (10,40,15,15) 25
Cj 50120 (25| 0| 0 | 0 | (1200,1300,100,100) 1250

Iteration 2 The maximum value of ¢; for j € Ry = {2, 3} is 25 corresponding to 3.
)

So, &, = #3. Also, y3 = B~lag = | 3 | and A; is given by minimum {él,éz,ég},
2

where 51, 9~2 and 9~3 are calculated as follows:

0, ~ i3 — I3 ~ (34,38,5,1),

106 154 23 43) (193 217 29 9) (10 40 15 15)} 5 (10 40 15 15) oo
) )

0> = minimum {(=%>, %%, £, % 3 55 5:30 (550999

responding to Zp, = T.

) 0
Since,y3=1| 3 | > | 0 |. So, 05 ~ 0.
2 0
Therefore, A3 =minimum {(34,38,5,1), (1—20, 430, %, %), o} &~ (%, 470, %, %) So,
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T3 enters the basis and Zg leaves the basis and drops to its lower bound. There-

fore B = a4, a5, a3], N

N (106, 154,23, 43)
(24,26,2,2), | &5 | ~ | (193,217,29,9)
s (10,40, 15,15)
o (6,129, 121, 161
3| (2,4, 1)~ | (133,202,102 63)
2 (0,0,0,0)
3y = (1200, 1300, 100, 100) + 25(12, 40 15 15

The updated table is given as Table 4.5.

Table 4.5

T2

== [0’270‘6]7le - ( _

Te

)

(0,0,0,0)

(0,0,0,0) ) ’
(106, 154, 23, 43)

~
~

TN, = X1 =~

(

— sy~ | (193,217,29,9) | —
(10, 40, 15, 15)
JEy A (040 15 15) and £ ~ (1200, 1300, 100, 100)

5) =

(1325, 1800, 313, 575,

The second iteration

U [ [
Basis | &1 | To | T3 | T4 | T5 | Tg Solution J(Solution)
Is | 5 0| 1]0]| 32| (612012 18 14
T |24 ]0[0] 1] 2| (13320245 %) 3%
iy | 2 lo|1]0 0| % (5, 20,%, 1) %
¢ [ =2120] 0|0 0|=2](13251800,%5, 519) 3125

Iteration 3 The next maximum value of ¢;,j € R; is 20 corresponds to Zs.

T = T9 and yy =

1 .
B a9 =

3
4
0

él, 9~2 and 53 are obtained as follows:

O ~ 1y — Iy ~ (26, 32,2,10),

So

and A, is given by minimum {51, 0y, 53}, where

f5 =minimum {(6 129, 1(231,1—21),(%, %, 12—3,1%3) ~ (g,%g, %, 1%1) corresponding
to i’4.
3 0
Since, o= 4 | > | 0 |. So, f; ~ 0.
0 0
Therefore Ay = minimum {(26, 32,2,10),(%,%,%,%),&)} ~ (g,%,%,%).

So, T9 enters the basis and 7, drops to its lower bound and leaves the basis. Thus
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we have
- x 0,0,0,0 _ ~
B = [Cl4,CL5,CL3],N1 = [a’27a6]7xN1 = ~2 ~ ( ) y TNy, = T1 =~
Zg (0,0,0,0)
T4 (6,129, %,%) ) (6,129, 121 161
.%3 (5 20, 125, %) (5 20’ 125’ %)
3 (0,0,0,0)

4 [ (81212 10 & | (39,104,953 6T3) | and @y A I+ A, & (122,120 101)

15 15
0 (5 20, 277)
A 6 129 121 161

(2,43, 22 181) 7 = (1325,1800, 22, 55)+ 5, A, = (1325,1800, 222, 555)420(8, 122 121 101) ~

(1365, 2660, 42, 802),

The updated table is given as Table 4.6.

Table 4.6
The third iteration
u [ [
Basis | Ty | o | T3 | T4 | T5 | Ts Solution $(Solution)
Iy | Z|1]0] 5 |02 (2,432 181 1
s |2 00| 3|15 (-39194% %) &
I3 | 20110 0|3 (5,20,12—5, 18) L
G [0 0| =2] 0] 2 | (13652660, 492) 120
Iteration 4 The next maximum value of ¢;,j € Ry is % corresponding to Zg. So,
_3
6

ZTr = Tg. Then yg = . Since, Zg has no upper bound, so, 6; ~ cc.

1
6
1
2
4

f, —minimum {(‘?’%’91513’%’(??0 15, 15)} (3,3,15,15),

G
b, — (26,32,2,10)—(2,43,121 161) (_m 36. 173 ﬂ)
3 —(Z) - 5 290% T5 T

Thus Ag =minimum {él, 05, (53} =minimum { oo, (%, ?, 15,15), (—%, 36, %, %)} =
(— 102 , 36, 173 %) corresponding to T, = Z2. So, Tg enters the basis and T drops
to its upper bound and leaves the basis. Therefore B = [ag, a5, as],Tn, = T4 =
T (2,43, 121, 1%1)
T 24,26,2,2
0,000, iv=( " )~ (" BRI REE 038 673)
T (26,32,2,10) R
T3 (5,20, 125, %)
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(2,43, 121 @ —% —15,73,49,57)
y6Aﬁ ~ | (—39,194, 953 673 %1 102 36, 173 181 105, 115773?28’%

(5 20’ 1257 % % 3 151’ 1?8’ %)
and 3 ~ (1365 2660 4145 4945 + S 1365 2660 4145 4945 ES 102 36 1'737 1?1) —

(1280, 2810, 835, 975).

The optimal table is given as Table 4.7.

Table 4.7
The optimal table
U U )

Basis | @1 | Zo | Z3 | T4 | Z5 | X6 Solution R(Solution)
To | £ | 2|0 201 (—15,73,49,57) 31
Fo | [0 | (1| 0 | (105 Em e
| g [a ] foo] copzy | ¢
Cj 5 510 =501 0] (1280,2810,835,975) 2080
Now ¢; = 5,60 = 5 and ¢4 = —b5H, which means that for all fuzzy non-

basic variables at lower bound ¢; < 0 and for all fuzzy non-basic variables at

upper bound ¢; > 0. So, the current fuzzy basic feasible solution is a fuzzy op-

timal solution. Therefore, the values of fuzzy optimal solution and fuzzy opti-

mal value are #; = (24,26,2,2),%, = (26,32,1,5),35 = (—13,12 12 121) and

Z = (1280, 2810, 830, 950) respectively.

4.5 Advantages of proposed Mehar method over
the existing methods

In this section, the advantages of the proposed Mehar method over existing
methods [38,46] are discussed.
1. The existing method [38] can be used only for solving bounded fuzzy linear

programming problem (P,;) if for the initial fuzzy basic solution, the op-

timality criterion [38, Theorem 1, pp. 2051] is satisfied but the feasibility

)
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criterion [38, Theorem 2, pp. 2052] is not satisfied. However, for applying the
proposed Mehar method for solving bounded fuzzy linear programming prob-
lem (Py1), there is no need to check any such criterion for initial fuzzy basic
solution. Hence, all the bounded fuzzy linear programming problems which
can be solved by the existing method [38] can also be solved by both the ex-
isting method [46] and the proposed Mehar method. But, such bounded fuzzy
linear programming problems in which for initial fuzzy basic solution, the fea-
sibility criterion is satisfied but optimality criterion is not satisfied, cannot be
solved by the existing method [38] e.g., it can be easily verified that for the
initial fuzzy basic solution of the existing bounded fuzzy linear programming
problem [38, Example 1, pp. 2054], the optimality criterion is satisfying but
feasibility criterion is not satisfying. So, this problem can be solved by the
existing methods [38,46] as well as proposed Mehar method. However, for the
initial fuzzy basic solution of the existing bounded fuzzy linear programming
problems [46, Example 1, pp. 2273], the feasibility criterion is satisfying but
optimality criterion is not satisfying. So, this problem cannot be solved by the
existing method [38] but can be solved by the existing method [46] and the

proposed Mehar method.

. For solving a bounded fuzzy linear programming problem by the existing meth-

ods [38,46], there is need to use arithmetic operations of fuzzy numbers. So,
the existing and easily available softwares like TORA, LINDO for solving crisp
linear programming problems cannot be used and there is need to develop
new softwares to solve large scale problems with the help of the existing meth-

ods [38,46]. While, for solving a bounded fuzzy linear programming problem
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by the proposed Mehar method, firstly it is transformed into an equivalent
crisp linear programming problem and then the crisp optimal solution of the
transformed crisp linear programming is used to obtain the fuzzy optimal so-
lution of bounded fuzzy linear programming problem. So, there is no need
to develop any new softwares and the easily available softwares like TORA,
LINDO etc. can be used for solving large scale problems.

3. It is obvious from Step 5 of the proposed Mehar method that if there will
exist a fuzzy optimal solution of bounded fuzzy linear programming prob-
lem (Py1) then there will exist infinite alternative fuzzy optimal solutions of
bounded fuzzy linear programming problem (P,;). However, according to
existing methods [38,46], the alternative fuzzy optimal solutions of bounded
fuzzy linear programming problem (P, ;) may exist only if there will exist a
non-basic variable in the optimal table corresponding to which value of z; — ¢;

J

1s 0.

4.6 Conclusions

On the basis of present study, it can be concluded that all the problems which
can be solved by the existing methods [38,46] can also be solved by the proposed
Mehar method and there are several advantages of applying proposed Mehar method
over applying other existing methods [38,46]. Hence, it is better to use proposed

Mehar method as compared to existing methods [38,46].






Chapter 5

MEeHAR METHODS TO SOLVE
INTUITIONISTIC FUZZY LINEAR
ProcraAMMING PROBLEMS WITH
TRAPEZOIDAL INTUITIONISTIC FUZZY
NUMBERS

Parvathi and Malathi [129] proposed intuitionistic fuzzy simplex method to
solve such intuitionistic fuzzy linear programming problems in which the coeffi-
cients of the variables, in the objective function and in all the constraints, are
represented by real numbers. While, the variables and other remaining parame-
ters are represented by symmetric trapezoidal intuitionistic fuzzy numbers. In this
chapter, limitations of the existing method [129] are pointed out. Also, new meth-
ods (named as Mehar methods) are proposed to overcome these limitations of the

existing method [129].

5.1 Preliminaries

In this section, some basic definitions, arithmetic operations and comparison

of trapezoidal intuitionistic fuzzy numbers are presented.

The contents of this chapter are communicated for publication in Journal of Intelligent and
Fuzzy Systems.

77



78

5.1.1 Some basic definitions

In this section, some basic definitions related to intuitionistic fuzzy numbers
are presented.
Definition 5.1 [6] An intuitionistic fuzzy set A in X is defined as an object of the
form A = {< x, psz(x),vz(x) >: © € X} where the functions p; : X — [0,1] and
vi: X — [0, 1] define the degree of membership and the degree of non-membership
of the element = € X respectively and for every 2z € X in A, 0 < p;(z) +v;(z) <1
holds.
Definition 5.2 [6] The intuitionistic fuzzy index of z in A is defined as 7 ;(z) =
1 — pji(x) —vi(z). It is also known as degree of hesitancy or degree of uncertainty
of the element z in A. Obviously, for every z € X, 0 < 7;(z) < 1.
Definition 5.3 [6] An intuitionistic fuzzy set A = {< x, p;(z),v;(z) >z € X} is
said to be intuitionistic fuzzy normal if there exist at least two points xg, 7 € X
such that pj(xo)=1, vz(z1)=1.
Definition 5.4 [102] An intuitionistic fuzzy set A is said to be intuitionistic fuzzy

number A7 if it is

(a) Intuitionistic fuzzy normal.

(b) Convex for the membership function p () ie., pi(Axy + (1 — Nag) >
man(p (1), pir(xe)) for every a1, 20 € R, A € [0, 1].

(c) Concave for the non-membership function vz (x) ie., vi( Az + (1 — A)z2)

< max(vi(z1),v5(22)) for every xy, 9 € R, A € [0, 1].
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Definition 5.5 [101] An intuitionistic fuzzy number is said to be a trapezoidal in-
tuitionistic fuzzy number if it has the following membership function u 4 (z) and

non-membership function v 4 (x):

W, T € |ag — a,a);
131 () 1, T € [ar,as);
ar(x) = _
Wt x € (ag, 0 + f);
\ 0, otherwise.
and
( a1 —x / .
S, € lay — o ap);
0, x € |ay, as;
val(z) =93 . ,
5, T € (az,as+ B
\ 1, otherwise.

where a, 8,0, 8 > 0.
The trapezoidal intuitionistic fuzzy number is denoted by A! = [a1, a2, a0, B; a1, a, 0, 3]
Definition 5.6 [128] A trapezoidal intuitionistic fuzzy number is said to be sym-
metric trapezoidal intuitionistic fuzzy number if @ = § (say h) and o' = ' (say h'),
i.e., if there exist real numbers ay, as, h, h” where a; < as,h < h' and h,h" > 0 such

that the membership and non-membership functions are as follows:

( w, x € lag — h,ay);
)L x € |ay, asl;
nan (@) = %, x € (ag, as + hj;
0, otherwise.

and
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UIL x € lag — h/,al);
0, x € |ay, as;

xi/a27 M ((1,2,&2 +hl}7

1, otherwise.
\

The symmetric trapezoidal intuitionistic fuzzy number is denoted by A’ = [ay, as, h, h; a1, a2, h', K],

5.1.2 Arithmetic operations on trapezoidal intuitionistic fuzzy
numbers

In this section, the arithmetic operations on trapezoidal intuitionistic fuzzy
numbers are presented [128].

If A" = [ay, ag, h1, hy; a1, ag, by, hy) and BT = [by, by, ki, ka3 by, by, k', k] are two
trapezoidal intuitionistic fuzzy numbers. Then
(i) AT+ BT = [ay + by, ag + b, hy 4 ki, ho + ko aq + by, ag + by, By + ki, hy + ky).

(11) A[ — BI = {(11 - bg,ag - bl, hl + k‘g, hg + ]{31; a; — bQ,CLQ — bl, hll + /{3,2, h; + ]Cll]
AT — ([Aa1, Aag, Ay, Mhg; Aay, Aag, Nh, Ahy)), if A > 0;
([Aag, Aay, —Ahy, —Ahi; Aag, Aay, —Ahy, —Ah]), if A < 0.

5.1.3 Comparison of symmetric trapezoidal intuitionistic fuzzy
numbers

To find the intuitionistic fuzzy optimal solution of the intuitionistic fuzzy
linear programming problem, there is need to compare intuitionistic fuzzy numbers.
In this section, the method, used by the Parvathi and Malathi [129], for comparing
intuitionistic fuzzy numbers, is presented.

If A" = [a1,a0,h, h;ay,aq, B, 1] and BY = [by, by, k, k;by, by, K/, K] are two
symmetric trapezoidal intuitionistic fuzzy numbers, then
A" = B’ if and only if R(A") > R(BY),

Al = B! if and only if R(A?) > R(B'),
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A =~ B! if and only if R(A") = R(BY),

where R(A?) = a; + as + 3(h' — h) and R(BY) = by + by + 2 (k' — k).

Remark 5.1 If A = [ay, ag, hy, ha: a1, az, B, hy) and B = [by, by, ky, ka: by, bo, k), k)
are non-symmetric trapezoidal intuitionistic fuzzy numbers then R(A!) = a; + ay +

LWy + hly — by — ho) and R(BY) = by + by + (k] + kb — ki — ko).

5.2 Existing method to find solution of intuition-
istic fuzzy linear programming problem

Parvathi and Malathi [129] proposed intuitionistic fuzzy simplex method to
solve the intuitionistic fuzzy linear programming problems with symmetric trape-
zoidal intuitionistic fuzzy numbers (P; ).

n
Maximize/Minimize |2’ ~ Y7 ¢}
j=1
Subject to (F5.1)

n ~
~T ~ T .
Zaijxj =,&,=b, i=1,2,....,m,

The steps of the existing method [129] are as follows:

Step 1 Using Section 5.1.3, the problem (Ps;) can be transformed into problem

(Ps2).
Maximize/Minimize [3?(51) =R (Zn: Cji}]')]
j=1
Subject to (F52)

R(zH) >0, j=1,2,..,n.

Step 2 Using the linearity property R ( )\ifli[ ) =5 )\lﬂ?(flf ), where \ is a real
=1 i=1

)

number, the problem (Ps3) can be transformed into problem (Ps3).



82

Maximize/Minimize [%(21) = i CJ%@D]

Subject to (F5:)
[Z aiR(E])
j=1

R(zH) >0, j=1,2,.,n

Step 3 Use any appropriate existing method to find the fuzzy optimal solution

{R(z])} of the problem (P 3).

5.3 Intuitionistic fuzzy optimal solution of exist-
ing problem by existing method

In this section, the intuitionistic fuzzy linear programming problem (Ps4), con-
sidered by Parvathi and Malathi [129, Section 5.5, pp. 45|, is solved by the existing
method [129].

Example 5.1 [129, Section 5.5, pp. 45]
Maximize [/ ~ 5%] + 431
Subject to
621 + 4L <[23,25,1,1;23,25,3, 3],
14231 < [5,7,2,2;5,7,4,4], (Ps.4)
-3l + 71 <[3,5,4,4;3,5,6,6],
71 <[1,3,2,2;1,3,4,4],
B, &5 = 0,
where, 7! and 74 are symmetric trapezoidal intuitionistic fuzzy numbers.
Using the existing method [129], the intuitionistic fuzzy optimal solution of
problem (Ps4) can be obtained as follows:

Step 1 Using Step 1 of the existing method [129], presented in Section 5.2, the
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problem (Ps4) can be transformed into problem (Ps ).

Maximize [R(z") = R(5&] + 4z1)]

Subject to

R(63 + 471) < R[23,25,1,1;23,25,3, 3],

R(z14230) < R[5,7,2,2;5,7,4,4], (Pss5)
R(—a! + #1) < R[3,5,4,4;3,5,6,6],

R(EL) < R[1,3,2,2;1,3,4, 4],

R(z1), R(@2) > 0.

Step 2 Using Step 2 of the existing method [129], presented in Section 5.2, the
problem (Ps5) can be transformed into problem (Psg).

Maximize [R(Z') = 5R(21) + 4R(z1)]

Subject to

6R(Z]) + AR () < R[23,25,1,1;23,25,3, 3],

R(#1)+2R(z5) < R[5,7,2,2;5,7,4,4], (Ps.)
—R(z]) + R(}) < R[3,5,4,4;3,5,6,6],

R(z1) <RN[1,3,2,2;1,3,4,4],

R(@H, R(2) > 0.

Step 3 Adding slack variables R(z1), R(Z1), ®(zl) and R(z!) into first, second,
third and fourth constraints of problem (Psg) respectively, the problem (Psg) can
be transformed into problem (P;7).

Maximize [R(Z") = 5R(&]) + 4R(z1)]

Subject to

6R(z1) + 4R(z1) + R(2L) = R[23,25, 1, 1; 23,25, 3, 3],
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—R(21) + R@D + R(FL) = R[3,5,4,4;3,5,6,6],

R(Z5) + R(2h) = R[1,3,2,2;1,3,4,4],

R(21), R(75), R(3), R(71), (L), R(F§) > 0.

Table 5.1 is the initial simplex table of the problem (P;7).

Table 5.1

The initial simplex table

Basis (75) | ®R(z]) | R(@) | R(EL) | Rz | R(EL) | R(Th) Solution
R(#1) 4 1 0 0 0 | R[23,25,1,1;23,25,3,3] = 49
R(#1) 1 2 0 1 0 0 R[5,7,2,2:5,7,4,4] = 13
R(zL) —1 1 0 0 1 0 R[3,5,4,4;3,5,6,6] =9
R(il) 0 1 0 0 0 1 R[1,3,2,2;1,3,4,4] = 5
zj — ¢ -5 | —4 0 0 0 0 RO =0
Since, minimum {—5, —4} = —5, So R(#!) is entering variable. Also, minimum

{2, 18} = 22 corresponding to R(Z). So, R(Z%) is a leaving variable. Now, after

applying the required row-operations, Table 5.2 is obtained.

Table 5.2

The first iteration table

Basis (75) [R(21) | R(7) [R(z1) | R(2D) | R(EL) | R(2) Solution
ma) [ 1 [ 3[4 [oo o] mpEiiReiy-
R@p [ o | 4 [—b[ 1ol o | wpEemieTy-o
R@p) [ o [ s[4 o1 [ o [ripenaney_ 1w
R(z) 0 1 0 0 0 1 R[1,3,2,2;1,3,4,4] =5
soe | o [ a oo [ o [mpmagpery-p

Now, —2 is only negative entry in z; — ¢;. So, R(Z1) is an entering variable

w\wl@‘@

31103 31 : - I
, 5, &, } = 4+ = 3 corresponding to R(Zf). So, R(#f) is a
3 3

=t

and minimum { £
3

leaving variable. The next updated table is Table 5.3.
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Table 5.3

The final iteration table

Basis (74) |®R(2]) |R(ZL) | R(ZL) | Rz [ R | R(EL) Solution
mah | 1o | % [ -3 |0 |0 | wEipLELu-F
wah) | 0 | 1| i % |0 |0 | wpmmspmEaog
weh |0 [0 | & [ 5|1 |0 wpEEnuevy_w
weh) |0 o[ 4| t]o |1 [mussmysmuw_g
5= 0 0| ¢ [ 3 oo Ry

Since, all the values of z;—c; > 0. So, obtained fuzzy solution is a fuzzy optimal

solution. The obtained fuzzy optimal solution is #! ~ [, 12,2 2,9 15 "1L 1] with

i~ A 9 15 5 5.9 15 11 117 _ 27 __ a5 019 13 13.5 19 27 27 :
3%(xl) - §R[Za?71>1717?7?7?] - 4 — 6757 Ty ~ [ ________ ] with

R(z) = R[22, 12,3:2, 2,20 2] = 3 — 3.875 and the obtained fuzzy optimal

=T (55 113 51 51,55 113 109 1091 i1 ga(sly _ ga[55 113 51 51,55 113 109 109] _
value is 2 T T e o With R =R, 2 0 T S T ) =

197 — 49,95,

5.4 Linearity property of existing ranking func-
tion

In this section, it is shown that for ranking function R, used by Parvathi and

7

Malathi [129], the property §R( )\Z/le[) = S MR(AD will be satisfied only if
=1

i=1
A; > 0. But, if \; < 0, then this property is not satisfied.

Let AT = [z, yi, h, hexi,ys, W B, @ = 1,2,...,m be a symmetric trapezoidal
intuitionistic fuzzy number.
Case 1If )\, > 0.
Then
s (.ml )\iA{) =R <§:1)\1[$17 Yir by hy g yi b h/])

=1
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=R [Z i, Z )\iyia Z Ail, Z il Z i, Z )\iyia Z >\th7 Z il
=1 i=1 i=1 =1 i=1 i=1 i=1 i=1

Hence, R ( AJl{)
=1

= 3 ik 30 A 5 30N = h) = 30 A+ i+ S0 — ) = 0 AR(AD.
L =1 =1 =1 i

=1

(3 (3

5> AR(AD.

7 =1

Case 2 If \; < Osay \; = —k;, k; > 0.

Then % (i Mf) 5 (z<—ki>[mi, o b oy h’])
=1 =1

3

m

=R (Z[(_ki)yi7 <_ki)xi7 kil kih; (_ki>yi; (—ki)l‘z‘, k’ih,’ kih/])

~

ygE

1

37

m m m

R { (—ks)ys, S (—ks)a, ékh ékih; (i), (i) S kilt!, SO kil

Il
R

i i=1 i=1 =1 =1

(—ki)yi+§(—ki)xi+% iki(h’—h) _ i(—ki)(m%—%w—h ) im(;xg).

Hence, R (i /\z/l{> # i NR(AD.
i=1 i=1

5.5 Limitations of the existing method

1.

In this section, the limitations of the existing method [129], are presented.

Parvathi and Malathi [129] have used the linearity property ® ( NA! ) =
=1

1

‘7”21 NR(AT) in Step 2 of their proposed method. However, as proved in Section
5.4, this property is valid only if all the coefficients ¢; and a;; in problem (P ;)
are non-negative real numbers. Hence, if any of the coefficients ¢; or a;; is
negative real number. Then, existing method [129] cannot be used for solving
problem (Ps ).

The method, proposed by Parvathi and Malathi [129], is applicable only if
variables and right hand side vector are represented by symmetric trapezoidal
intuitionistic fuzzy numbers. But, this method [129] is not applicable to solve
intuitionistic fuzzy linear programming problems (Psg) in which variables and

right hand side vector are represented by non-symmetric trapezoidal intuition-

istic fuzzy numbers.
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n
. . . . . ~I ~ ~I
Maximize/Minimize [z ~ > c]mj]

Subject to (Ps.s)

5.6 Error in the existing results

In Section 5.4, it is proved that if )\; is a negative real number then (Z )\,/H) =+

=1

3

MNR(AD). Tt is obvious that the coefficients of ! in 3¢ constraint of the problem
1

-
Il

(Ps.4) is the negative real number. So, R(—z1 + #1) # —R(z]) + R(z1).

However, it is obvious from Step 2 of Section 5.3 that Parvathi and Malathi
[129] have used the property R(—Z] + 1) = —R(21) + R(Z1) to transform the prob-
lem (Ps5) into problem (Psg). Due to the same reason, the optimal solution of the
problem (Ps4), obtained by Parvathi and Malathi [129], is not satisfying the first
and second constraints of problem (Ps4). This is shown as given below:

(i) Putting the values of #1 and #1 in left hand side of first constraint, we have

6[9 15 5 5.9 15 11 11]+4[5 19 13 13.5 19 27 27] — {27 45 15 15,27 45 33 33]+

47 47474740 407 40 4 8787878787 87”87 8

(5,8, 8 8.5 10 20 201 — [16,32, 14, 14; 16, 32, 30, 30]
and R[16,32, 14, 14; 16, 32, 30, 30] = 56.

Right hand side of first constraint is [23, 25, 1, 1; 23, 25, 3, 3] and $[23, 25, 1, 1; 23,25, 3, 3] =
49. It is obvious that [16,32, 14, 14; 16, 32, 30, 30] £ [23,25, 1, 1; 23,25, 3, 3]

(ii) Putting the values of #{ and #1 in left hand side of second constraint, we have

9155 5.9 15 1 11495 19 13 13,5 19 27 27) _ (9 15 5 5.9 13 11 11) (5 19 13 13,
47 49474740 40 40 4 87 87 87 8787 87 87 81 7 L4y 4747474 40 4 4 47 49 4 49
5 19 27 2771 _ 7 17 9 9.7 17 19 19 7 17 9 9.7 17 19 197 _ 29
ool a o el ad R[G5 555,55 3 =5

Right hand side of second constraint is [5,7,2,2;5,7,4,4] and R[5,7,2,2;5,7,4,4] =
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13. It is obvious that [Z,17, 2 2,1 1T 19 191 X157 2 2.5 7 4,4].

Hence, the fuzzy optimal solution, obtained by Parvathi and Malathi [129], is

not valid.

5.7 Proposed Mehar methods to find the solution
of intuitionistic fuzzy linear programming prob-
lems with trapezoidal intuitionistic fuzzy num-
bers

To overcome the limitations of the existing method [129], discussed in Section
5.5, new methods (named as Mehar methods) are proposed to find the intuitionistic

fuzzy optimal solution of (Psg).

5.7.1 Proposed Mehar method to find the solution of in-
tuitionistic fuzzy linear programming problems with
trapezoidal intuitionistic fuzzy numbers with non-negative
coeflicients.

In this section, a new method is proposed to solve intuitionistic fuzzy linear
programming problem (Psg) with trapezoidal intuitionistic fuzzy numbers in which
all the coefficients of the variables are non-negative real numbers. The same method
can be applied to solve intuitionistic fuzzy linear programming problems with sym-
metric trapezoidal intuitionistic fuzzy numbers in which all the coefficients of the
variables are non-negative real numbers.

The steps of the proposed method are as follows:

Step 1 Using Section 5.1.3, the problem (Psg) can be transformed into problem
(P5.9)-

n
Maximize/Minimize [?R(%I) =R (Z cji§>]

j=1

Subject to (Ps9)
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Step 2 Using the linearity property R (Z NA! ) = 3" AR(AD), where X is a non-
i=1 i=1

negative real number, the problem (Psg) can be transformed into problem (P 0).

J

J=1

Maximize/Minimize [?R(%I) = i cﬂﬁ(i[-)]

Subject to (Ps.10)

R(zH) >0, j=1,2,..,n.
Step 3 Since, the rank of an intuitionistic fuzzy number is a real number. So,
assuming R(z') = z, R(Z]) = z; and R(b!I) = b;, the problem (Ps14) can be trans-
formed into (Ps11).
Maximize/Minimize [z = i(cjxj)]
i=
Subject to (Ps.11)
[zn:l a,-jxj] <,=,>2b,1=12 .. m;
=
r; >0, 5=12,..,n.
Step 4 Using an appropriate existing method, find the optimal solution of the prob-
lem (Ps11).
Step 5 Since, there exist infinite intuitionistic fuzzy numbers having the same rank.
So, if #1 = a1, x93 = aq, ..., x, = a, is an optimal solution of the problem (Ps1;), then
I

all the trapezoidal intuitionistic fuzzy numbers Z{, 1 ..., Z! such that R(7!) = a4,

R(7L) = ay ,....R(ZL) = a,, will be the fuzzy optimal solution of the problem (Psg).

n
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5.7.2 Proposed Mehar method to find the solution of in-
tuitionistic fuzzy linear programming problems with
trapezoidal intuitionistic fuzzy numbers with unre-
stricted coefficients

In this section, a new method (named as Mehar method) is proposed to solve
intuitionistic fuzzy linear programming problems (Psg). The same method can be
applied to solve intuitionistic fuzzy linear programming problems (Ps 1), by replac-
ing hij = hg; = hj and h; = hy; = h'.

The steps of proposed Mehar method are as follows:

Step 1 Substituting # = [z, y;, huj, hoj; x5, 5, b5, hy;] and bF = [bi, Gis kv o b, G, Ky, K]

into the problem (Psg), the problem (Psg) can be transformed into problem (Ps 12).

Maximize/Minimize |2' ~ 37 ¢;x;, 5, haj, haj; 25,95, I,
j=1

Subject to (Ps.12)

hi;]

Z zg [-Tj? y]7 hl]a h2]7 x]a y]> hll]? /2]] j; %7 t [bu 9is klia in; bi7 9, iia kl?z]?
j=

[%,y;,h1j7h23,%,y],hllj,h'2j] = 0.

Step 2 Assuming c;[z;, y;, haj, haj; 25, yj, i, By ] = [pjs @5, 7145 245 Dy G5 7145 T, and
az]{xﬁ Y h1j7 h2j7 T, Y5, hllju h‘/2]] = [dju €4, f1j7 f2j7 d]7 €j, f{]? fé]L the problem (P5.12)
can be transformed into problem (P 3).

Maximize/Minimize |z! ~ Zl[pj7qj,rlj,TQj;pj,(Jj,r/lj,r/Qj]

Subject to (P5_13>

n

jZ [dj, €5, fij, fojs djs €5, f1j, fo5] 2522 = [bis Gis ke, kais b, G, kg Kyl

[, 50 hag, hajs 35,95, Iy, ] = 0.

Step 3 The problem (Ps13) can be transformed into problem (Ps14).

Maximize/Minimize |z ~ [ilpj, il q;, ilﬁj, il 25} i i i il ;)
=1 =1 j= = =1~ =1 j=1 =

Subject to (Ps.14)
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[Z dj, 2 ejy 20 fugs 2 fags Do dyy Yo eg D0 figs 20 fog | 2m = [bis Gis K, Kais b, G, Ky Kyl
s R R T T s R s R T |

[, 95, Pgy hags @, 5, By, Rl = 0.

Step 4 The problem (Ps14) can be transformed into problem (Ps15).

Maximize/Minimize [z = [Z D, Z 4, Z 14, Z 255 Z D, z 4, Z s Z 7“2]”

Jj=

Subject to (Ps.15)
R [Z dj, >0 €5 20 fijs 20 S D0 djn D€y 20 f1yn 20 foy | S =02
j=1 " j=1 " j=1 =1 =1 =1 =1 7 =l
%[bhgi:kliak%;bbghk/li?kéi]a
R[wj, Y5, P, hog; x5, y5, Py, Bay;] > 0.

Step 5 Using Section 5.1.3, the problem (Ps15) can be transformed into problem

(Ps.16)-
Maximize/Minimize 2" =Y p;+ > q;+ 5 | vl + 2 rh, — Do ry — > 7o

j=1 j=1 j=1 j=1 j=1 J=1
Subject to (Ps.16)

(Zdj+zej+% (Zﬁj‘l’Zféj_Zflj— Zfz;)) <=2
j=1 Jj=1 J=1 Jj=1 J=1 Jj=1
X + Y; + %(h/lg + hIQJ — hlj — hgj) > 0,

i < yj, by <Ry, hay < by,

1359

1 !/
xj,y; are unrestricted and hy;, hoj, Y ;

Step 6 Solve the problem (Ps 14) by using an appropriate existing method to find the

values of 2, y;, hij, haj, Iy, hy; and put these values in f:JI = [2, Y, P, hog; 25, Y5, P45 By

to find the intuitionistic fuzzy optimal solution.

Step 7 Find the intuitionistic fuzzy optimal value Z/ by putting the values of 92*]1 in

n

> (7)),

]:
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5.8 Exact solution of existing problem

In this section, the exact solution of the problem (Ps4) is obtained by using
proposed Mehar method.
Step 1 Substituting the values of 1 = [x1, y1, by, hy; 21, y1, b, By and & = [29, y2, ho, ho; @2, Y2, b, I
in the problem (Ps,), it can be transformed into problem (Ps17).
Maximize [5] ~ 5 (w1, yr, b, has i, yn, Y, R+ 4 2, 92, ho, hos @2, Yo, R, hlz”
Subject to
6 [x1, Y1, b1, hasxy, ya, B, R 44 (22, Yo, he, ho; e, ya, By, RG] < [23,25, 1,15 23,25, 3, 3],
(1, y1, ha, by 21,91, By, B 42 [, Y2, ho, ho;y 2o, Y2, Ry, B = [5,7,2,2;5,7,4,4], (Psa7)
= [@1, 91, hay sy, yn, By, R+ (2, Yo, hay hos T2, Yo, by, By] <0(3,5, 4,453, 5,6, 6],
(22, Y2, ha, hoy T2, Y2, by, Bo] <[1,3,2,2:1, 3,4, 4],
(21,91, ha, has o1, 90, By, By = 0,
[T, Y2, ha, ho; T2, Y2, Iy, hy] = 0.
Step 2 Using Step 2 of proposed Mehar method, the problem (Ps17) can be trans-
formed into problem (Ps 3).
Maximize [Z! = [5a1, 5y1, 5ha, 5hy; 51, 5yr, 5y, 5h] + [4xa, 4y, 4ho, 4ha; 4xa, 4yo, 4hly, 4R
Subject to
[6x1, 6y1,6hq, 6h; 621, 6y, 6hY, 6R]|+[4xo, 4ya, 4hs, 4hs; 4o, dyo, 4RY, 4h5] < [23,25,1,1; 23,25, 3, 3],
(1, y1, ha, b 21, 91, B, Ry 4229, 2ya, 2ha, 2R 229, 20, 2R, 2R5] < [5,7,2,2;5,7,4, 4],
[=y1, =1, b, has —yn, =20, By, B+ [2, Y2, ha, ho; @2, 42, By, By] =[3,5,4,4;3,5,6,6],
(9, Y2, ha, ha; Ta, Yo, by, RG] < [1,3,2,2;1, 3,4, 4], (Ps1s)
(21,91, ha, hay oy, 90, By, By = 0,

[962792,h2,h2;$2,y27h12,h/2] = 0.
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Step 3 Using Step 3 of proposed Mehar method, the problem (Ps1g) can be trans-

formed into problem (Ps19).

Maximize

(21 =[5y + 4@y, 5yy + 4ya, Shy + 4ho, 5hy + 4ho; 51y + 4xa, 5yy + 4yo, 5hY + 4k, 5h) + 4hh)]]
Subject to

(621 + 429, 6y + 4y, 6hy + 4ha, 6hy + 4ho; 621 + 429, 6y1 + 4ya, 6h] + 4h%, 6h) + 4kl <
[23,25,1,1;23,25,3, 3],

(21 4 229, y1 + 2ya, Py + 2ho, by + 2ho; 21 + 232, Y1 + 240, Ay + 20, by + 2hy] =
[5,7,2,2:5,7,4, 4],

[—y1 + T, =1 + Yo, h1 + ho, hy + ho; —y1 + o, —x1 + Yo, ) + hb, b + hb) < [3,5,4,4;3,5,6,6],
[T2, Yo, ha, ho; T, Yo, by, RG] < [1,3,2,2;1,3,4,4], (Ps.19)
(1,91, ha, ha o1, 91, by, By = 0,

(T2, Y2, ha, ha; 02, y2, hy, K] = 0.

Step 4 Using Step 4 of proposed Mehar method, the problem (Ps19) can be trans-

formed into problem (Ps).

Maximize

(21 = R [Bay + 4m, 5yr + 4yo, 5hy + 4ho, 5hy + 4ho; 5y + 4@, 5yy + 4ya, 5hY + 4k, 5h) + 4h)]]
Subject to

R [621 + 4xo, 6y; + 4ya, 6hy + 4ho, 6hy + 4ho; 621 + a9, 6y1 + 4y, 6R) + 4hh, 6] + 4h}] <
R[23,25,1,1;23,25,3,3],

R [v1 + 22, y1 + 292, ha + 2ho, by + 2hg; 21 + 232, Y1 + 2y, B + 2y, B + 2h5] <
R[5,7,2,2;5,7,4,4],

R [—y1 + 22, =21 + Y2, ha + ho, hy + ho; —y1 + @2, =21 + Y2, by + Ay, B + hy] <

R[3,5,4,4;3,5,6,6],
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R[22, y2, ha, ho; T2, Yo, by, RG] < R[1,3,2,2;1,3,4,4], (Ps20)
R [21,y1, ha, hasza, 91, by, By >0,

R[22, Y2, ha, ho; T2, Y2, Ry, hy] > 0.

Step 5 Using Step 5 of proposed Mehar method, the problem (Ps2) can be trans-
formed into problem (Ps1).

Maximize [Z' = [5a2y + 42s + 5y1 + 4yz + 5[5h) + 4hh — 5hy — 4hy]] |

Subject to

6x1 + 4xo + 6y; + dys + 5 [6h’ + 4hly — 6hy — 4hs] < 49,

T1 + 220 + Y1 + 2ys + 5[A] + 2k — hy — 2hy] < 13,

—y1 +To — x1 4+ Yo + 5[hf + By — hy — ho] <9,

Ty + Yo + 2[hh — ho] <5, (Ps21)
21+ y+ 5[0 — ] >0,

w2+ y2 + 5[l — ho] >0,

r1 <Y1, 2o < Yo, hy <R, by <R,

where 1, x9,y1, Yo are unrestricted and hy, b}, ho, By > 0.

3 3 89
32’32’0

Step 6 Solving the problem (P 51), the obtained values of 1, yy, hy, b} are
and x, Y2, ho, b are 0,0,0, % respectively. Hence, the intuitionistic fuzzy optimal

. . ~I _ i i .
solution is ] = [32, 3550, 0;

C.Olw

o, 2 8] and 24 = [0,0,0,0;0,0,2, 2],
Step 7 Putting the values of Z! and #1 in 52! + 4%, the intuitionistic fuzzy optimal

15 15 0 O 15 15 677 677

value is [327327 1321320 8 7 8 }

5.9 Conclusions

In this chapter, limitations of the existing method [129] are pointed out and to

overcome these limitations, new methods (named as Mehar methods) are proposed to
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solve intuitionistic fuzzy linear programming problems with trapezoidal intuitionistic

fuzzy numbers.






Chapter 6

MEHAR METHOD TO SOLVE
INnTUITIONISTIC FULLY FUZZY LINEAR
ProGrRAMMING PROBLEMS WITH
TRAPEZOIDAL INTUITIONISTIC FUZZY
NUMBERS

The methods, proposed in Chapter 5, cannot be used to find the intuitionistic
fuzzy optimal solution of intuitionistic fully fuzzy linear programming problems
(intuitionistic fuzzy linear programming problems in which all the variables and
parameters are represented by intuitionistic fuzzy numbers).

In this chapter, flaws in the existing method [111] for finding the intuitionistic
fuzzy optimal solution of intuitionistic fully fuzzy linear programming problems, is
pointed out. Also, the product of two unrestricted trapezoidal intuitionistic fuzzy
numbers is proposed as well as a new method (named as Mehar method) is proposed
to find the intuitionistic fuzzy optimal solution of such intuitionistic fully fuzzy linear
programming problems in which all the variables and parameters are represented by

trapezoidal intuitionistic fuzzy numbers.

The contents of this chapter are communicated for publication in Applied Mathematical Mod-
elling.

97



98

6.1 Preliminaries

In this section, arithmetic operations and comparison of trapezoidal intuition-

istic fuzzy numbers are presented [111].

6.1.1 Arithmetic operations on trapezoidal intuitionistic fuzzy

numbers

IfA[ = {(alvaél?aéwva’fi); (a,ha%?aé\/[?ag)} and BI = {<b17 bgvb¥7b3); (bll?bgv bé\/la bg)}

are two trapezoidal intuitionistic fuzzy numbers. Then

(1) AT+B! = {(a1 + by, ak + b5, adl + b az + by); (a) + b, al + bk, ad! + b3, af + by) }.

(i) AT—B! = {(ar — b, ak — b3 ad" — b a3 — by); (a) — by, ak — 37, ad" — bL, ay — b))}

(iii) AT x B! = {(ab1, akbk, ad b azbs); (a4, akbl, ad b ajby)}
. ~ alaaaaaa?);aaaaaaaalz;
(iv) kAT kay, kak, kad! k ka), kak, kad!, kal it k>0
iv =

as, kay , kay, kay); (kas, kay', kay, kay)}, it k <O0.

Remark 6.1 The trapezoidal intuitionistic fuzzy number [ay, as, b1, he; a1, as, hll, h;]
can also be represented in the form {(a; — hy, ay, ag, as+hs); (a1 — b}, a1, ag, as+hj)}
where a1 — b} <ay —hy <a; <ay <ag+ hy < as+ hi.

M

In the present chapter {(ay, ak, a3, as); (a}, ak, ad?, a})} representation of trape-

zoidal intuitionistic fuzzy number is used everywhere.

6.1.2 Comparison of trapezoidal intuitionistic fuzzy num-
bers

To find the intuitionistic fuzzy optimal solution of the intuitionistic fuzzy lin-
ear programming problem, there is need to compare intuitionistic fuzzy numbers. In
this section, the method, used by Nagoorgani and Ponnalagu [111], for comparing

intuitionistic fuzzy numbers, is presented.

Let Al = {(a’lva%? aé\/lu CL3>; (a/ha’gvaé\/[aag)} and B! = {(b17b§7bg/[7b3); (bllv bélvbéwvbg)}
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be two trapezoidal intuitionistic fuzzy numbers. Then
Al = B! if and only if R(A") > R(B'),
A = BT if and only if R(A?) > R(B'),

Al ~ B! if and only if R(A!) = R(B'),

where §R(/~1[) _ (a1rtaf+ad+as)+(aj+af +ad’ +ajy) and §R(BI) _ (b1+b 463 +b3)+(by +b5 +b3 +b5)
8 8 :

6.2 Existing method to find solution of intuition-
istic fully fuzzy linear programming problems

Nagoorgani and Ponnalagu [111] proposed a method to find the intuitionistic
fuzzy optimal solution of intuitionistic fully fuzzy linear programming problem with
triangular intuitionistic fuzzy numbers (Fs1).

Maximize/Minimize [21 R~ zn: NJI:iJI]

i=1

Subject to (P6.1)

The steps of the existing method [111] are as follows:

Step 1 Using Section 6.1.2, the problem (Fs;) can be transformed into problem

(Pﬁ'g).
Maximize/Minimize [3?(51) =R (Zn: jﬁ)]
j=1
Subject to (Fo.2)

J=1

Step 2 Using 3‘%( (déiﬁ)) = > (al;)R(z]), the problem (Fs3) can be trans-

formed into problem (Fg3).
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Maximize/Minimize [?R(Z[) = i(&;)%(:&j)]

j=1
Subject to (Ps.3)
[Z(éfj)%(fﬁ) <= > R(O)),i=1,2,..,m;

j=1

Step 3 Use an appropriate existing method to find the fuzzy optimal solution of

problem (F3).

6.3 Intuitionistic fuzzy optimal solution of exist-
ing problem

In this section, the intuitionistic fully fuzzy linear programming problem
(Ps.4), considered by Nagoorgani and Ponnalagu [111], is solved by existing method
[111].

Example 6.1 [111, Section 6, pp. 3472]
Maximize [Z7 & {(4,5,6); (4,5,6.1)}21 + {(2.5,3,3.2);(2,3,3.5) }ZZ]
Subject to (Ps.4)
((3.5,4,4.1); (3,4,5)}3] + {(2.5,3,3.5); (2.4,3,3.6) L < {(11,12, 13); (11,12, 14)},
{(0.8,1,2); (0.5,1,2.1)}#] + {(2.8,3,3.2); (2.5,3,3.2)} L < {(5.5,6,7.5); (5,6,8.1)},
7 il - 0.

Using the existing method [111], the intuitionistic fully fuzzy linear program-
ming problem (Fg4) can be solved as follows:
Step 1 Using Step 1 of the existing method [111], presented in Section 6.2, the
problem (Fs,4) can be transformed into problem (Pgs5).
Maximize [R() = R({(4,5,6); (4,5,6.1)} ] + {(2.5,3,3.2); (2,3,3.5)}i1)]

Subject to (Ps5)
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R({(3.5,4,4.1); (3,4,5) 2 +{(2.5,3,3.5): (2.4,3,3.6)} L) < R({(11,12,13); (11,12, 14)}),
R({(0.8,1,2); (0.5,1,2.1) }a1+{(2.8, 3,3.2); (2.5, 3,3.2) }&1) < R({(5.5,6,7.5); (5,6,8.1)}),

R(21), R(¥5) = 0.

Step 2 Using Step 2 of the existing method [111], presented in Section 6.2, the

problem (Ps5) can be transformed into problem (Psg).

Maximize [R(Z!) = {(4,5,6); (4,5,6.1)}R(z!) + {(2.5,3,3.2); (2,3,3.5) }R(71)]

Subject to (Ps.6)

{(3.5,4,4.1); (3,4,5)}R(Z)+{(2.5,3,3.5); (2.4, 3,3.6)}R(&) < R({(11,12,13); (11,12, 14)}),
{(0.8,1,2); (0.5, 1,2.1) }R(21)+{(2.8,3,3.2); (2.5, 3,3.2) }R(2L) < R({(5.5,6,7.5); (5,6,8.1)}),
R(21), R(¥3) = 0.

Step 3 Adding slack variables R(5!) and R(51) into first and second constraint of

problem (Fg¢) respectively, the problem (Fgsg) can be transformed into problem

(Fo.7)-

Maximize [R(Z!) = {(4,5,6); (4,5,6.1)}R(z!) + {(2.5,3,3.2); (2,3,3.5) }R(31)]

Subject to (Po.7)

{(3.5,4,4.1); (3,4,5)IR(zDH)+{(2.5,3,3.5); (2.4,3,3.6) }R(ZD)+R(5]) = R({(11,12,13); (11,12, 14)})
{(0.8,1,2); (0.5, 1,2.1) }R(21)+{(2.8,3,3.2); (2.5, 3, 3.2) }R(21)+R(5L) = R({(5.5,6,7.5); (5,6,8.1)})
R(1), R(Z3), R(51), R(5]) = 0.

Table 6.1 is the initial simplex table of problem (Fs7).
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Since, minimum (R(—{(4,5,6);(4,5,6.1)}),R(—{(2.5,3,3.2);(2,3,3.5)})) =

R(—{(4,5,6); (4,5,6.1)}) corresponding to R(Z]). So, R(#1) is the entering variable.

R({(11,12,13);(11,12,14)}) §R({(5.5,6,7.5);(5,6,8.1)})> R({(11,12,13);(11,12,14)})

R({(354,4.1):(3.4,5)}) * R({(0.8,1,2);(05L,20)}) ) — cor-

Also, minimum ( R({(3-5,4,4.1);(3,4,5)})

responding to R(3!). So, RN(5!) is the leaving variable. Now, after applying the
required row-operations, Table 6.2 is obtained.

Since, R(2 —¢f) > 0. So, the obtained intuitionistic fuzzy solution is intuition-
istic fuzzy optimal solution. The obtained intuitionistic fuzzy optimal solution is
7= {(2.68,3,3.71); (2.2, 3,4.67)} with R(#]) = R({(2.68,3,3.71); (2.2,3,4.67)}) =
3.1575, 71 = {(0,0,0); (0,0,0)} with R({(0,0,0); (0,0,0)}) = 0, 5 = {(0,0,0); (0,0,0)}
with R({(0,0,0);(0,0,0)}) = 0,38L = {(1.79,3,4.82);(0.33,3,5.9)} with R(3l) =
R({(1.79,3,4.82);(0.33,3,5.9)}) = 3.105 and the obtained intuitionistic fuzzy opti-
mal value is 2/ = {(10.72,15,22.26); (8.8,15,28.48)} with R({(10.72, 15,22.26);

(8.8,15,28.48)}) = 16.2825.

6.4 Flaws in the existing method

It is obvious from Step 2 of the existing method [111], described in Section 6.2,
that Nagoorgani and Ponnalagu [111] has assumed R(A! x B') = A x R(B’) to
transform the constraints and objective function of problem (FPs2) into constraints
and objective function of problem (Pss). Since, R(A! x B') is a real number and
AT x R(B') is an intuitionistic fuzzy number. So, R(A’ x B') will not be equal
to A x R(B’) and hence, the problem (Pg3) cannot be transformed into problem
(Ps.3). Therefore, the existing method [111], in which the intuitionistic fuzzy optimal
solution of problem (Ps5) is obtained with the help of intuitionistic fuzzy optimal

solution of problem (Ps3), is not valid.
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6.5 Proposed product of unrestricted trapezoidal
intuitionistic fuzzy numbers

It is obvious from problem (P ;) that to find the fuzzy optimal solution of prob-
lem (Fg.1), there is need to multiply Z} with ¢} in the objective function and with
dfj in constraints. In problem (Fs;), it is assumed that :if is an intuitionistic fuzzy
number whose rank is non-negative. However, 3?(505 ) > 0 does not imply that 97;31 is a
non-negative intuitionistic fuzzy number. If ER(@I ) > 0, there exist several negative
and unrestricted (neither negative nor positive) intuitionistic fuzzy numbers, whose
rank will be non-negative. For example, #} = {(—4,6,8,37);(—-10,6,8,56)} is an

unrestricted intuitionistic fuzzy number but %(Zi‘]I ) is non-negative.

Therefore, to find fuzzy optimal solution of problem (Fs;), there is need to

I

;) with other unrestricted

use product of unrestricted intuitionistic fuzzy number (&
intuitionistic fuzzy number 6]1- and &in. However, product of unrestricted intuition-
istic fuzzy number is not defined by anyone in literature. Therefore, in this section,
with the help of existing product of unrestricted trapezoidal fuzzy number [79], the
product of unrestricted trapezoidal intuitionistic fuzzy number is proposed.

IfA[ = {(alﬂagvaéwvaﬁ); (allacL%?aé\/[?ag)} and BI = {<blﬂ b§7b§47b3); (bll?bgv bé\/lv bg)}

are two unrestricted trapezoidal intuitionistic fuzzy numbers. Then
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Al x Bl =

{(min(aiby, azby), min(ak bk, ad vk, maz(akbdl, ad b)), mazx(aibs, azbz));
(min(a} b, ayby), min(akbl, adfbl), maz(akbd! ad b)), max(a)bly, a4by))}, if a) > 0;

{(min(aibs, azbs), min(ak bl ad’bd), maz(albl, ad?bl), max(aiby, azbr));

(min(a by, azby), min(azby’, a3'by’), maw(az by, a3'by), max(aiby, asby))},  if ay < 0;

{(min(aibs, azbs), min(akbd!, ad’ b)), max(ak by, adbl), maz(aibi, asby));

(min(a} by, asby), min(akbl, adfbl), maz(akbdl, adT o)), max(aiby, asbs))}, if a) < a1 <ak <ad <az <0< af;

{(min(aibs, azby), min(akbd!, ad? b)), max(ak by, ad?bl), maz(aiby, asbs));
(min(a by, asby), min(ak b}l ad b)), max(aZbd! | ad L), maz(aib], asb}y))}, if a) < a1 <af <adl <0< az <adf;

{(min(a1bs, azby), min(akbl, ad b)), maz(akbd!, ad?bl), max(aiby, asbs));
(min(a} by, ayby), min(ak bk, adbd"), maz(ak b3t adTbl), max(a}b, a4by))}, ifa) <a; <ak <0< adl <az<al;

{(min(aibz, azby), min(ak bl ad vk, maz(akbdl, ad’bd), max(aiby, azbz));
(min(a} by, asby), min(akbl, adfbl), maz(akbdl, ad b)), max(aib, a4bs))}, ifa) <a; <0< ak <ad <az<aj;
{(min(aiby, azby), min(ak bl ad vk, maz(akbdl, ad bd!), max(aibs, azbs));
(min(a by, asby), min(akbl, adfbl), maz(akbd!, adl b)), max(aib, asbs))}, ifa) <0< a; <ak <adl <az<adj.

\
__ a+b

Remark 6.2 min(a,b) represents minimum (a, b) = % — |22t| and maz(a, b) rep-

resents maximum (a, b) = 222 +|%2|.

Remark 6.3 A trapezoidal intuitionistic fuzzy number A? = {(ay, a¥, a}!, a3); (a}, ak, ad?, a})}
is said to be unrestricted trapezoidal intuitionistic fuzzy number if a} is a real num-

ber.

Remark 6.4 A trapezoidal intuitionistic fuzzy number A? = {(ay, a¥, a}!, a3); (a}, ak, ad?, a})}
is said to be non-negative trapezoidal intuitionistic fuzzy number if a} > 0.

Remark 6.5 A trapezoidal intuitionistic fuzzy number A? = {(ay, a¥, a}!, a3); (a}, ak, ad?, a})}

is said to be non-positive trapezoidal intuitionistic fuzzy number if a} < 0.
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6.6 Proposed Mehar method to find the intuition-
istic fuzzy optimal solution of intuitionistic
fuzzy linear programming problems with trape-
zoidal intuitionistic fuzzy numbers

In this section, to resolve the flaws of the existing method [111], a new method
(named as Mehar method) is proposed to find the intuitionistic fuzzy optimal solu-
tion of problem (FPgs1).

The steps of the proposed Mehar method are as follows:

Step 1 Substituting EJI = {(¢;, dJL, dé»\/[, e;); (¢}, d]L, dé”, i)}, fjl = {(z;, ij,ij[, zj); (@, ij,ij, Z;)},

&ij = {(fijvgiLjvgi‘]\]{[’hij);( z‘/j>giLj’gz¥>h;j)} and l;zl = {(kwlszle 0:); (k;>lzL’lz]\4’02)} in
problem (Fs1), it can be transformed into problem (Psg).
Maximize/Minimize ];{(Cj,df,de e;); (¢, df it ) H (s, uf y)T s 2); (2, 7wl 2)}
Subject to (Pss)
j;{<fij79iLj7ngy{[7 hij); ( z‘/jagiLﬁgzz\fﬂ h;j)}{(‘r]7 y‘f/?yéw? Zj); (‘rga y]l'/7y3]‘\47 Z;)} =R =
{(ki, U7, 1 00); (K7, 1F, 1M o)) ),

L , M 1

{(‘rﬁy]l'lvyjj'wvzj); (xg'uyj Y 7zj>} = 0.

Step 2 Assuming {(c;, d}, d}', e;); (¢, df, d}F, €)M (xj, yf vty 2); (0, y5 y)t 25) ) =

{(jraf, @) W af s 3" i) Ys Afigs 95, 98 hag)s (3o 95 9l Wi H (975 03" 2905 (2, w90t 25) ) =
{(s5, 17,837 uy); (55, 17, 1}, uf) }, the problem (Fsg) can be transformed into problem

(Ps.9)-

Maximize/Minimize é{(pj, qu, qu, 75); (P;'a qua q]M, 7”;)}

Subject to (Po.0)

Z{(sj,tf,té”,uj);(s‘ th M )y == { (K, T I 0p); (KL LR T 0
j=1

gabgaly Wy IR R AR A It')

{(ij]'L’ij’Zj)S (%;ZJJL’Z/]MaZ;)} = 0.
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Step 3 Using Section 6.1.1, the problem (FPs9) can be transformed into problem

(Ps.10)-
Maximize/Minimize {(Z Y jL > qJM, RO /DY qu, > qJM, o7}
o R B | j=1 =1 " j=1 7 =1 j=1
Subject to (Ps.10)
{(Z Sjs Z thv z téw7 Z u])7 (Z 82‘7 Z t]L7 Z tj\/l Z u;)} j? ~, = {(klalzL7lz]\/[’ ) (k;, lzL7l£w7 ;)}

=1 j=1 7 =17 = =

{(xjay_]?y] 7Z]) (x]?y]7yj ) /)}EO

Step 4 Using Section 6.1.2, the problem (FPs19) can be transformed into problem

(Psan).

Maximize/Minimize%[{(i zij ﬁ: i )(ﬁj zij ﬁ: i )}]
Subject to o _ _ o _ _ (Ps.11)
Rl Sy St S S £ S| <

R{( é,z;,zy 0:); (k;lf,l?;,_ D} N

R{(xj, 97, u,"5 2); (2, uf 9}, 25} > 0.

Step 5 Using Section 6.1.2, the problem (Fg1;) can be transformed into problem

(Ps.12)-
ij+2 Z q) +Z r]+2p]+2 Z q§”+2 r
. o =
Maximize/Minimize 5
Subject to (Ps.12)
PORUETD DTS SRTIES SRS SR ot
S4 - Ui s’ > u’.
j=1 J =17 =1 ’ =7 = = < = > (ki+2l{‘+oi)+(k§+2l?/l+0;)
— T

8 ) — 8 )

(zj+2yF +2z;)+(@+2y ) +2])
8

>0,

xj—ai >0,y —yl >0,y —a; >0,z —y) >0,2, — 2 >0,

xj, 25,y y;', 2, 2} are unrestricted variables.

Step 6 Solve the problem (F; 12) by using an appropriate existing method to find the
values of z;, ¥, y] ,y] , 2j, 25 and put these values in 7; = {(x;, y] ,yJ ,2); (@, ij,yj‘/[, Zi)}

to find the intuitionistic fuzzy optimal solution.
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Step 7 Find the intuitionistic fuzzy optimal value by putting the values of 92*]1 in

n
(&lal).
j=1

6.7 Intuitionistic fuzzy optimal solution by pro-
posed Mehar method

In this section, to illustrate the proposed Mehar method, the following exam-
ples are solved by proposed Mehar method.
Example 6.1 [111, Section 6, pp. 3472]

Using the Mehar method, proposed in Section 6.6, the intuitionistic fuzzy

optimal solution of the problem (FPs4) can be obtained as follows:
Step 1 Substituting the values of 1 = {(z1, y1, 21); (2], y1, 21) } and ZL = {(2, yo, 22); (2, Y2, 25) }
in the problem (Fg4), it can be transformed into problem (Fg13).
Maximize
[{(4,5,6);(4,5,6.1) H{(z1, 51, 21); (2, 91, 21) }+{(25,3,3.2); (2, 3,3.5) H{ (w2, Y2, 22); (25, 42, 25) }]
Subject to (Ps.13)
{(3.5,4,4.1); (3,4,5) H{ (21, 41, 21); (2, 41, 21) }4{(2.5, 3,3.5); (2.4, 3, 3.6) H{ (w2, y2, 22); (¢, y2, 25) }
=< {(11,12,13);(11,12,14)},
{(0.8,1,2); (0.5, 1, 2.1) { (w1, y1, 21); (2, 91, 21) 1 +{(2.8,3,3.2); (2.5, 3, 3.2) H{(2, y2, 22); (€, 2, 25) }
=< {(5.5,6,7.5);(5,6,8.1)},
{(z1, 91, 21); (@1, y1, 20) 1 {(@2, v2, 22); (25, 2, 23) } = 0.
Step 2 Using Step 2 of the proposed Mehar method, the problem (Fg13) can be
transformed into problem (Ps14).
Maximize [{(min(4x1,6x1), 5yr, max(4z1,621)); (min(4z), 6.12), byy, max(42],6.121)) }+

{(min(2.5z9, 3.2x5), 3y2, max(2.529, 3.223)); (min(2x}, 3.5x%), 3ya, max (225, 3.525)) }]
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Subject to (Ps.14)
{(min(3.521,4.121), 4y1, max(3.521,4.121)); (min(3x, 52)), 4y1, max (321, 521)) }+{ (min(2.5z,
3.523), 3y2, max(2.529, 3.529)); (min(2.4x%, 3.625), 3y2, max(2.425,3.625)) } <

{(11,12,13); (11,12, 14)},

{(min(0.8z1, 2x1), y1, max(0.821,221)); (min(0.527, 2.12}), y1, max(0.521, 2.127)) }+{ (min(2.8z,,
3.225), 3y2, max(2.822, 3.229)); (min(2.5z%, 3.22%), 3y2, max(2.525,3.225)) } <

{(5.5,6,7.5); (5,6,8.1)},

{(z1, 91, 21); (@1, y1, 20) 1 {(@2, 92, 22)5 (25, 92, 25) } = 0.

Step 3 The problem (Fs14) can be transformed into problem (Fg 15).

Maximize

|:{(4w1;6z1 o |4x1;6:p1 |’ 5y1’ 42145621 + |421;621 |)’ (4a:'1+26.1$’1 _ |4z’1—26.1:v’1 |’ 5y17 4zi+26.1z’1 + |4z’1—26.1zi |)}

+{<2.5x2—53.2x2 B |2.5m2;3.2$2 |7 3ys, 2.522;3.2@ + ‘2.5@;3.2@ ‘)7 (2m’2+23.5x§ . ‘2x’2—23.5x’2 |’ 3ys, 2zg+23.5z§_'_

225 —3.521
|%|)}}

Subject to (Ps.15)

{(3.5z1—54.1x1 _|3.5x1;4.1x1 |7 42/17 3.521—54.12'1 +| 3.521;4_121 |)’ (396/145595'1 _‘ 33?’1;51’1 |’ 4y1, 321452 +

| 3,2’1;52’1 |)}+{(2.51242r3.5x2 o | 2.5:):253.5902 |7 3y27 2.522;3.522 +| 2.5@53.5,@ |)7 (2.49:'2-;—3.6m’2 _| 2.41’2g3.6m’2 |’

By, PO || 245865 )1 < £(1912,13); (11,12, 14)},

{(0.8$12+2I1 - | 0.89912—2561 |, Y1, 0.8212+221 +| 0.8212—2z1 |)’ (0.5$i;2.1x/1 o | 0.51/1;2.1:E/1 |7 Ui, 0.5Z1;2.121 +

|0.521;2.121 |)} + {(2.8x2;3,212 . |2.8x2;3.222 |’ 3y2, 2.822;3.2,22 + |2.822§3.222 |)’ (2.5x’2—£3.2$’2 .

| 207320 | 3y, 204825 | 205825 1)) < {(5.5,6,7.5); (5,6,8.1)},

{(x17y17 Zl)7 (Illvyh Zi)}a {(x% Y2, ZQ)a (x/27y2’ Zé)} = 0.

Step 4 The problem (Fs15) can be transformed into problem (Fg 16).

Maximize [{(5901 — %|x1|,5y1, 521 + %|Zl|), (%x’l — %|x’1|,5y1, %zi + %]2“)}4—

{5 w0 — & |wa], Byo, 520 + & |2a]); (5522 — P[], Bya, %525 + 57 [20))}]



110

Subject to (Ps.16)
{(3.821—0.3|21], 4y1, 3.821+0.3|21|); (4o — |21 |, 4y, 421421 ) }H{ (Bra— 3 |22 |, Bya, 320+
L12)); (3% — 0.6]25], 3yn, 325 + 0.6|25))} = {(11,12,13); (11,12, 14)},

{(1.4z1 — 0.6|x1|,y1, 1.421 + 0.6|21]); (1.32) — 0.8|2 |, y1,1.32] + 0.8]21])} + {(3z2 —
0.2|wal, 3ya, 320+0.220])); (XL ah—%E |2, Bya, 5524+ % 124])} < {(5.5,6,7.5); (5,6,8.1)},
{(z1, 51, 20); (2, 1, 20) 1 {02, 92, 22)5 (25,92, 25) } = 0.

Step 5 The problem (Fs16) can be transformed into problem (FPg17).

Maximize

[{(5z1 — §]o1| + Zlas — S |wa|, Byr + By2, 521 + 5|21 | + %20 + & 2l); (B — B2 |+
55, — 15 [uh), 5y + B, 24+ 5120 + 5+ 214

Subject to (Ps.17)

{(3.8z1 — 0.3]x1| + 35 — 3|@2|, 4y1 + 3y2, 3.821 4 0.3]21] + 322 + 3]20|); (42 — |2 ] +
3, — 0.6]a)], dy1 + 3o, 42 + || + 325 + 0.6]24))} < {(11,12,13); (11,12, 14)},
{(1.421—0.6|z1|+322—0.2|x2|, y1 +3y2, 1.421+0.6| 21 |[+322+0.2| 25| ); (1.32, — 0.8z |+
2Tal — ST|@h], y1 + Byo, 1.32] + 0.8|21| + 2Lz + LL124))} < {(5.5,6,7.5); (5,6,8.1)},
{(z1, 91, 21); (@1, y1, 20) 1 {(@2, y2, 22); (25, 92, 25) } = 0.

Step 6 The problem (Fs17) can be transformed into problem (Fg13).

Maximize

52y — Loy | 4+ Blag — Ll|wo| + 10y; + 6ya + 521 + Lz | + 22y + & |2o| + 1o —
ZH2h |+ Py — B2 lap| + 10y + 6yz + 1520 + B ] 4+ B2y + 52 [z]]

Subject to (Ps.18)
£[3.821 — 0.3|z1| + 332 — §|@2| + 8y1 + 6y2 + 3.821 + 0.3]21 | + 322 + 5|20 + 4| — ||+
3ah — 0.6|2h| + 8yr + 6y + 421 + |21| + 325 + 0.6[24]] < &,

(1421 — 0.6]@1| + 3o — 0.2|22| 4 2y1 + 6y2 + 1.421 +0.6|21| + 322 + 0.2| 2| + 1.32] —
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0.8]a4| + & ah — ST[ah] + 2y1 + 6y + 1.32] + 0.8|21] + 5125 + G7[25]] < 3,

(z14+2y1 +21);r(90’1+2y1 +21) >0,

2 L +2 4
(z2+ y2+z2)—é-(w2+ y2+25) >0,

xy—x) >0,y —x1 > 0,20 —y; > 0,21 —2 >0,

To— x5 > 0,y2 — 22 > 0,20 —yo > 0,25 — 20 > 0,

X1, T, Y1, 21, 24, e, Th, Yo, 20, 74 are unrestricted variables.

Step 7 Since, on solving the problem (P 1s), no feasible solution is obtained. So,

there does not exist any intuitionistic feasible solution and hence there does not

exist intuitionistic fuzzy optimal solution for problem (Fs.4).

Example 6.2

Maximize [{(2,3,4,5); (1,3,4,6)}z! + {(3,6,7,9);(2,6,7,10) }z]

Subject to (Ps.19)
{(1,2,3,4);(0,2,3,5)}21+{(0,2,3,5);(0,2,3,6) }z < {(—4,6,8,37); (—10,6,8,56)},
{(5,6,7,8);(3,6,7,10)}21+{(3,6,7,9); (1,6,7,10) }zL < {(1,18,42,69); (—18,18,42,100)},
.zl = 0.

Solution The intuitionistic fuzzy optimal solution of the problem (Fg19) can be
obtained as follows.

Step 1 Substituting the values of ! = { (@1, y’, v, 21); (z}, yF, vy, 24)} and 7L =

{(a, y& yd | 20); (b, yk yd, 24)} in the problem (Pg9), it can be transformed into
problem (Pg.20).

Maximize [{(2,3,4,5); (1,3,4,6)H(z1, 1, v1", 21); (1, o1, vt 20) }+{(3,6,7,9); (2,6,7,10) }
{(z2, 95, 15", 22); (@, 45, 15", 25) }]

Subject to (Ps.20)

{(1,2,3,4);(0,2,3,5) H(z1, y&, v, z0); (2, yi yi, 21) 14{(0, 2,3, 5); (0,2, 3, 6) H{ (22, v, yd”, 20);
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(25, y5, 12", 25)} = {(—4,6,8,37); (=10,6,8,56)},

{(5,6,7,8);(3,6,7,10) H{(z1, yr, yi", 21); (¢, w1 i, 21) }+{(3,6,7,9): (1,6, 7, 10) H{ (22, y3, 12" 22);
(o, yk ydT, 20)} < {(1,18,42,69); (—18,18,42,100)},

{(@r,yr, 0" 205 (@, ur 9l 201 (e, u5, 12" 22); (2, 9,927, 29) 3 = 0.

Step 2 Using Section 6.1.1 and Step 2 of the proposed method, the problem (Fs.20)

can be transformed into problem (FPs21).

Maximize [{(min(2z1, 5z1), min(3yt, 4yf), max(3yt!, 4y}'), max (221, 521)); (min(x}, 624), min(3yf, 4yt),
maz(3yM, 4yM), max(2;,62)))} + {(min(3xq, 9z2), min(6yL, TyL), maz 6y, Ty), max (322, 92,));
(min(2xh, 102,), min(6yL, TyL), maz (6yd!, Tydt), maxz (225, 10z§))}}

Subject to (Ps.21)

{(min(xy, 421), min(2yF, 3yk), maz(2yM, 3yM), max (21, 421)); (min(02), 5z}), min(2yF, 3yk),
maz(2yM, 3yM), max(0z],521)) }+{(min(0z, 5x2), min(2yL, 3yk), max(2yd?, 3y3"), maz (029, 522));
(min(0ahy, 625), min(2yL, 3y%), maz(2yd!, 3yd!), max(02},625))} < {(—4,6,8,37); (—10,6,8,56)},
{(min(5z1,8z1), min(6yE, TyF), max(6yM, TyM), max(521,82)); (min(3x}, 102}), min(6yL, Tyk),
maz(6yM, TyM), max(32],1021)) }4+-{ (min(3z2, 925), min(6yL, Tyk), max(6y3", Tys"), max (329, 922));
(min(ah, 102h), min(6yL, Ty%), maz(6yd!, Tyd!), max (25, 1025))} < {(1, 18,42, 69); (—18,18,42,100)},
{(@r,yr, 0", 205 (@, vt 9l 20) 1 {2, 95,127 22); (2, 9, 92", 29) 3 = 0.

Step 3 The problem (Fs51) can be transformed into problem (FPg.a2).

Maximize

{ G = 3laal, Syt — slurl 3" + 5lvi’| 3210+ 5lal)s (Gt — 31t Sut — slurl o’ + 5lud'] 520 + 3

121)} + {(622 — 3lzal, Suy — 5lu5 |, Bys” + 51ua’|, 622 + 3|za]); (62 — 425, Fuy — 5luzl, Svs’ + 5lws'l,
625 + 4|23()}]
Subject to (P6‘22>

{Gor = 3lal, Syr — lut |, 3o + 31|, S+ 3lzal)s (Bt — 31, Bt — slud
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sl 320 + 3120} + {2 — Blaal, 33 — 5lusl Jua” + sl S22 + 3lzal) (Ba —
3|$2|7 21/2 - ]y |7 23/2 2|y |, 325 + 3|25))} = {(—4,6,8,37); (-10,6,8,56)},
{(Boi=3laal, Syt —5lyrl, Fu' 31|, Fat3lal); (=), Fur—slyfl, Tui'+
3t 52+ 31D} + {620 = Blaal, Fyy — g lys |, Fua" + 5lua"[, 622+ 3|z2); (Gl —
slal, Sy —glygl, Sut +3lua'l 5as+ 5l = {(1,18,42,69); (~18,18,42,100)},
{(xut s 20 (@, ur i 20 b {2, v3, 03", 20); (25,95, 9375 25) 3 = 0.

Step 4 The problem (Fs22) can be transformed into problem (Fgo3).

Maximize [{(§21 — §|a1| + 622 — 3[aal, Syf — 3lyf |+ Fy5 — 3lys ], Jui” + 31wt + Fua" + 3lwa"],
521+ 3laal + 62 + 3lz2); (G2 — Blat| + 6 — dlasl, Syf — slyrl + Sy — sluzl 30" + sl 1+
123?/3/1 ’y2 | 5|Zl| + 625 + 4|Z2DH

Subject to (Ps.23)
{Gor—3laa|+ 32— lwal, Jyf — syt |+ 3u2 —5lws ], 3 + 31w |+ 32" + 31|, S0+
§|21|+§Z2+§|Z2|);( 1 |x1|—|—3x2 3Ja), 3 2% —-|y1 |+2?J2 —-|y2 N 2y1 +3 |y{\4|+

sy + 5lya’l, 321 + 3121] + 32 + 32))} X {(—4,6,8,37); (~10,6,8,56)},

{(Fa1 = Slaa| + 622 — 3laal, Fyr — 3lyrl + Fug — slyzl, Sul" + 5l + S +

st B+ Sl + 620 + 3 2)); (P — Glan] + Fah — Flas), Pyt — slut |+ Fvs —

sluzl S 5l 1+ 5w 5l S5+ 5 231z} = {(1,18,42,69); (~18,18,42,100)},
{(r oyt 01, 20); (o 0l 20 (@2, 002" 22); (2, w9, 2", 25) } = 0.

Step 5 The problem (FPs23) can be transformed into problem (Fga4).

Maximize

§ (Goy = S|wa| + 620 — 3laa| + Jub — Slub| + Fys — 3lyg | + 300" + lut| + S’ + Sl |+

oy 2ol + 622 + 32| + Sk — Bt + 625 — ol + Tk — Byl + ok — Sl + o
+alyt |+ S’ + 5l [+ 521 + 5 la] + 625 + 4]z

Subject to (Ps.24)
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s Qo= Sloa| + Jwa — Jlaal + Sub — 3lub |+ 3u5 — slys | + 30" + 3l | + Jwe" + gl | + S+

3|Zl,+ 22+5|Z2|+ Il_‘|$1|+3x2_3|x2|+gy1 __|y1’+2y2 - |y2’+2y1 |?Jl |+2y2
+3lya"| + 521 + 3120] + 32 + 3|z4]) < 4

s (5o = Sl | 4 620 = 3lwa| + Tyt — Slyl |+ Fys — slus | + Sui" + 5|+ Su" + 5lua'| + Bt
Slzil 620 4 3lzo| + Fat — Jlay| + Fap — Slan] + Fub — Jlyrl + Fus — lvgl + Sl + 3l + S+

sl I+ Fa+ el + 52+ 5la]) <34,

(1 +2yf + ")+ 2+ 2 + 21) >0,

o=

%(xg + 2(yE + Y + 20 + ah + 25) > 0,

w1 =27 2 0,yf — 21 >0,y —yf > 0,20 =y}’ 20,2 — 2 >0,

wy =y > 0,y5 — 22> 0,53 —yy 20,22 — 93" 20,2 — 2 >0,

oy, o, yE yM 2 2w, oy, yk ydE 2o, 2 are unrestricted variables.

Step 7 On solving the problem (Pg.24), the obtained values of zy, i, y&, y}, 21, 2| are

—1,-2,0,2,3,4 and xy, 2h, y¥, yM, 25, 2} are 3,2, 3,4, 5, 6 respectively. Hence, the ob-

tained intuitionistic fuzzy optimal solution of problem (Pg19) is 7! = {(—1,0,2, 3); (=2,0,2,4)}

and 7, = {(3,3,4,5); (2,3,4,6)}.

Step 8 Putting the values of Z{ and #1 in [{(2,3,4,5); (1, 3,4, 6)}7{+{(3,6,7,9); (2,6,7,10) }ZZ],

the obtained intuitionistic fuzzy optimal value of problem (P 19) is {(4, 18, 36, 60); (—8, 18, 36, 84)}.

6.8 Conclusions

In this chapter, flaws in existing method [111], are pointed out and a new
method is proposed to solve intuitionistic fully fuzzy linear programming problems

with trapezoidal intuitionistic fuzzy numbers.



Chapter 7

A NoTE ON “SorLvING INTUITIONISTIC
Fuzzy LINEAR PROGRAMMING
ProBrLEMS By RANKING FuNcTION”

Suresh et al. [143] proposed the ranking function for comparing triangular in-
tuitionistic fuzzy numbers and applied this ranking function to solve different types
of intuitionistic fuzzy linear programming problems.

In this chapter, it is pointed out that the ranking function, proposed by au-
thors, is not valid. Hence, the results of intuitionistic fuzzy linear programming
problems, obtained by using this ranking function, are also not valid. Further, the
exact ranking function is obtained by modifying existing ranking function and using
the exact ranking function, the exact results of intuitionistic fuzzy linear program-

ming problems, considered by Suresh et al. [143], are obtained.

7.1 Applicability of existing method

Suresh et al. [143, Definition 4.2, pp. 3084] proposed a ranking function (named

as Mag) for comparing triangular intuitionistic fuzzy numbers and used it to find

The contents of this chapter are published in Journal of Intelligent and Fuzzy Systems, 30
(2016) 2787-2790.
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the solution of the following types of intuitionistic fuzzy linear programming prob-
lems.

(i) Intuitionistic fuzzy linear programming problems (P;;) in which the coefficients
of the variables in objective function are represented by triangular intuitionistic
fuzzy numbers whereas all other variables and parameters are represented by real
numbers.

n

Maximize /Minimize [2 ~ E[xj]
Subject to (Pr1)

Z a;r; <,=,>b; 1=12,..m,

where 5]1- = {(Q? , cj,E? swe; ), (¢4, ¢, ug; )} is a triangular intuitionistic fuzzy num-
ber.

(ii) Intuitionistic fuzzy linear programming problems (Pr ) in which the variables
and coefficients of the variables in objective function are represented by real num-
bers whereas coefficients of the variables in constraints and right hand side vector

is represented by triangular intuitionistic fuzzy numbers.

n
Maximize/Minimize [z =5 cjxj]

7j=1
Subject to (Pr2)

where ELZI] = {(a’ua 5, az]) waw) (Q;/]a 5, az’/ja u&ij)}v bZI = {(bﬂ bza bf7 )7 (bzya bi7 537 U’I;Z)}
are triangular intuitionistic fuzzy numbers.
(iii) Intuitionistic fuzzy linear programming problems (P 3) in which only variables

are represented by real numbers whereas all other parameters are represented by
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triangular intuitionistic fuzzy numbers.
Maximize/Minimize [z R~ Z c x]]

]7

Subject to (Pr3)

where E]I‘ = {(957 Cj76?; wéj)v (93{7 Cj>E?; uéj)}’ aZIj - {(alj’ ijs a’lj’ wau) (aw’ Qij, azg’ uazg>}

and b;f = {0, b;, 0w wg, ), (b7, bi, b, ; uz, )} are triangular intuitionistic fuzzy numbers.
Remark 7.1 The membership function x4 (z) and non-membership function v 4; ()

for a triangular intuitionistic fuzzy number Al = {(a*, a,a";w3), (a*, a, @ ;uz)} is

defined as
(
(z—at)wg .
a—at a? MRS [Quaa)7
( ) Wa, T = aj;
Hi(\T) = (an
at —r)wg —ul.
at—a a’ T e <a7 a,u]’
0, otherwise.
\
and
(
a—z+ug(x—a’) v
ajg” ) YIS [Q aa)a
( ) Ug,, T =a;
vir(lx) =
Al z—a+tug (@’ —x) —v
et 2z e (a,av);
\ 1, otherwise.

The values w; and wug represent the maximum degree of membership and mini-
mum degree of non-membership respectively such that 0 < w; < 1,0 <wuz; <1 and

0 <wz+u; <1.

Remark 7.2 If A" = {(a", a,a"; w3), (a”, a,a"; uz)} and BY = {(b",b,b"; wy), (07, b,b: up) }

are two triangular intuitionistic fuzzy numbers. Then



118

(i) A'+B" = {(a"+0", atb, @ +0";min{wa, wy}), (@ +0", at+b, @ +b"; maz{ua, u;})}.
(it) AT=B" = {(a"=b", a—b, @ +b"; min{wa, w;}), (¢* =", a—b, @ —b"; max{ua, uz })}.
(iif) kAT = {(ka*, ka, ka"; w;), (ka”, ka, k@”;ug)} if k >0,

kA] = {(k@u, ka, ka"; ’U}a), (kayv ka, ka”; Ua)} if k <O0.

7.2 Existing ranking function

Suresh et al. [143] proposed a ranking function <M ag(Al) = & {4‘1_2(EH+9H2I3”& (a"+a")

+ 2(ata”+a")—3us (@’ +a")
1—ug

}) to obtain a real number corresponding to a triangular in-
tuitionistic fuzzy number Al = {(a*, a,@";ws), (a”,a,@;uz)}.

Suresh et al. [143] have used the following method to obtain the ranking func-

tion ( Mag( /le) _ % {4a—2(6“+g“1)ﬂ—|-3w,1(6“+g“) I 2(a+6”+@‘;)_—j)~ua(ﬁ”+g”) })
a(a—a)

Step 1 Find the a— cut [Q“ + =, a" — W] corresponding to membership

function of triangular intuitionistic fuzzy number A’ = {(a*, a,@";w;), (a, a,a"; uz)}.

Step 2 Find a— cut [afuag::qu&(afg”)’ aﬁ“‘ialyf:fta)] corresponding to non-membership

function of triangular intuitionistic fuzzy number Al = {(a*, a,a";wg), (a”,a,a";uz)}.
- 1 _ 1 v v
Step 3 Find Mag(A") = { J(@ 4 2 4 g — oli—al) f(a)da}—i—% { J(ataaatemal) 4

0 W 0 1-ug

a—ugza’+a(@’—a)

T ) f (a)da} where f(«) is non-negative and increasing weighting func-

tion on [0, 1] with f(0) =0, f(1) =1 and }f(a)doz =1
0

7.3 Invalidity of the existing ranking function

The ranking function (M ag(fll )= % {4a—2(6“+g“l)u-i;3wa(ﬁ“+g“) + 2(@-‘,—61’-{-@:)_—;’111&(6"{-@”) }>,
proposed by Suresh et al. [143], is not valid due to the following reasons.
1. It is obvious from Step 3 of Section 7.2 that Suresh et al. [143] have assumed that

the upper limit of integration as 1. While, as in Step 1, the membership function



119

is considered for finding the a— cut and the maximum membership value is wj;.
So, in Step 3 of the method, discussed in Section 7.2, the upper limit of integra-
tion % {f (Q“ + a(aw;fﬂ) +at — CV(%;‘”) f(a)da} should be w;. Similarly, in Step
2, non-membership is considered for finding a— cut and maximum value of non-

membership from X — axis is 1 — uz. So, in Step 3 of method, discussed in Section

2 l—ua l—ua

7.2, the upper limit of integration 1 {f <a—uagl’—o¢(a—gl’) + a—uaal’+a(ﬁl’—a)> f(a)doz}
should be 1 — u;.

2. The values of a— cut, mentioned in Step 2 of Section 7.2, is obtained by putting

a—z+ug(x—a”) r—a+ug (@’ —x)

" Q, = «, with the assumption that o will be distance

a’—a

from X — axis. While in case of non-membership function distance from X — axis

will be 1 — « instead of « i.e., the exact value of a— cuts, obtained by putting

a—a” ) a¥—a 1—ug

7.4 Exact ranking function

It is obvious from Section 7.3 that the exact ranking function <M ag(A! )) for

triangular intuitionistic fuzzy number A! will be

Wa

Mag(A) = i {f (Q“ + —O‘(aq;gu) +a* — —a(a:fa)> fa)da+
0 a a
1—ug

Ik <a +a(a a)+5”—a(1%;;)> f(a)da}.

0

Assuming f(«) = a, we have

Waq

~ _ 1—ug . _
Mag(it) = 4 { ' (ot + 220t — o) g [ (a4 2t —
0

0

After simplification, Mag(A’) = S{w(da+a +a") + (1 —ua)?(da+a" +a”)}.

a

>ada}.
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7.5 Exact solution of existing problems

Suresh et al. [143] used the ranking function Mag(A’) = (% {4a—2(6“+g“1)1}—;-3w&(6“+g“)

4 2(a+a¥+a")—3us(@” +a")

T }) for finding the optimal solution of intuitionistic fuzzy lin-

ear programming problems (P74) [143, Example 1, pp. 3085], (Pr5) [143, Example

2, pp. 3085], (Pr¢) [143, Example 3, pp. 3086] and (P;7) [143, Example 4, pp. 3086].

Maximize 2/ = {(19,25,33;0.9), (18,25, 34; 0) Yz + {(44, 48, 54; 0.9), (43, 48,56;0) }z5 )
Subject to

1521 + 3024 < 45000,

24x1 + 625 < 24000,

21z + 1429 < 28000,

x1, 9 2 0.

Maximize z = 25x; + 48z9

Subject to

{(14,15,17;0.9), (10,15, 18; 0) }z1 + {(25, 30, 34;0.9), (23, 30, 38;0) }z5 <
{(44980, 45000, 45030; 0.9), (44970, 45000, 45070; 0) },

{(21,24,26;0.9), (20,24, 33;0) }z1 + {(4,6,8;0.9),(2,6,11;0) }zy < (Prs)
{(23980, 24000, 24050; 0.9), (23940, 24000, 24060; 0) },

{(17,21,22;0.9), (16,21, 26;0) }z; + {(12,14,19;0.9), (8, 14,22;0) }xo <

{(27990, 28000, 28030; 0.9), (27950, 28000, 28040; 0) },

21,19 > 0.

Maximize % = {(19,25,33;0.9), (18,25, 34;0)}a; + {(44, 48, 54;0.9), (43,48, 56; 0) } x5
Subject to

{(14,15,17;0.9), (10, 15, 18; 0) }r; + {(25, 30, 34; 0.9), (23, 30, 38; 0) }ry <

{(44980, 45000, 45030; 0.9), (44970, 45000, 45070; 0)},

{(21,24,26;0.9), (20, 24, 33; 0) }; + {(4,6,8;0.9), (2,6,11;0) }zo < (Prs)
{(23980, 24000, 24050; 0.9), (23940, 24000, 24060; 0)},

{(17,21,22;0.9), (16,21, 26; 0) Yy 4 {(12,14,19;0.9), (8, 14, 22;0) }zp <

{(27990, 28000, 28030; 0.9), (27950, 28000, 28040; 0) },

L1, T2 Z 0.
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Maximize z = 3z; + 49

Subject to

{(0,1,3;0.9),(0,1,4;0) }z; + {(1,2,6;0.9), (0,2,8;0) }zo < {(18,20,32;0.9), (16,20, 34;0)},
{(2,3,8;0.9), (1,3,10;0)}x; + {(3,5,6;0.9), (1,5,9;0) }zo =< {(56,60,66;0.9), (55,60, 68;0)},

x1, 12 > 0.
However, as discussed in Section 7.3 that the ranking function, proposed

by Suresh et al. [143], is not valid. Hence, the optimal solutions of problems
(Pr4),(Pr5),(Prg) and (Pr7), obtained by Suresh et al. [143], are also not exact
optimal solutions of these problems.

The exact optimal solutions of these problems, obtained by using the exist-
ing algorithm [143, Section 4, pp. 3084], with exact ranking function Mag(A?) =

S{wi(da+a" +a") + (1 — uz)*(4a + @ + a”)} instead of using the invalid ranking

function Mag([lf) _ % {4a72(ﬁﬂ+gﬂ)4~r3w&(6l‘+gl‘) + 2(a+aV+gV)fi’iu&(a”+g“)}7 are shown
Wa 17ua
in Table 7.1.
Table 7.1
Exact optimal solutions of problems (P;4), (Pr5), (Prg) and (P;.7)
Problem Optimal solution Optimal value
(Pr4) z1 = 500, T2 = 1250 191935
_ 30408620 1459613760
(Prs) 11 = 0,29 = 5507 15647
_ 30408620 2665315543
(Prs) 11 = 0,29 = 557 31294
__ 58863960 _ 6344186 201968624
(Pr7) L1 = irsrar 0 X2 T qi7sman 4178747

7.6 Conclusion

It is shown that the ranking function, proposed by Suresh et al. [143], is not
valid and the exact ranking function is proposed. Also, the exact optimal solutions

of the problems, solved by Suresh et al. [143], are obtained.







Chapter 8

FUTURE SCOPE

The following work may be considered as future research work:

1. To the best of my knowledge, till now there is no method in the literature
to solve bounded intuitionistic fully fuzzy linear programming problems. In
future, it may be tried to propose a method for the same.

2. Tt is well known that the optimal value of a crisp linear programming prob-
lem, corresponding to all alternative optimal solutions, will be a unique real
number. However, the fuzzy optimal value of a fuzzy linear programming
problem corresponding to different alternative optimal solutions, obtained by
the existing methods as well as proposed Mehar methods, is not a unique
fuzzy /intuitionistic fuzzy number. This flaw is occurring due to flaw in the
method used in the existing methods/proposed Mehar methods for compar-
ing fuzzy numbers/intuitionistic fuzzy numbers. In future, a new method for
comparing fuzzy numbers/intuitionistic fuzzy numbers may be proposed and

used to resolve this flaw of existing methods/proposed Mehar methods.

123






Bibliography

1]

8]

I. Ahmad, D. Singh, B.A. Dar, Optimality conditions in multiobjective pro-
gramming problems with interval valued objective functions, Control and Cy-

bernetics, 44 (2015) 19-45.

T. Allahviranloo, F.H. Lotfi, M.K. Kiasary, N.A. Kiani, L. Alizadeh, Solv-
ing fully fuzzy linear programming problem by the ranking functhion, Applied
Matematical Sciences, 2 (2008) 19-32.

T. Allahviranloo, N. Mikaeilvand, F.H. Lotfi, M.K. Kiasari, Fully fuzzy lin-
ear programming problem with positive or negative core, Far East Journal of

Applied Mathematics, 33 (2008) 337-350.

T. Allahviranloo, K.H. Shamsolkotabi, N.A. Kiani, L. Alizadeh, Fuzzy integer
linear programming problems, International Journal of Contemporary Mathe-

matical Sciences, 2 (2007) 167-181.

S.S. Appadoo, C.R. Bector, S.K. Bhatt, Possibilistic characterization of (m,n)—
trapezoidal fuzzy numbers with applications, Journal of Interdisciplinary Math-

ematics, 14 (2011) 347-372.

K.T. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems, 20 (1986)
87-96.

K.T. Atanassov, Intuitionistic Fuzzy Sets: Theory and Applications, Physica-
Verlag, Heidelberg, New York, 1999.

A. Baykasoglu, T. Gocken, A direct solution approach to fuzzy mathematical
programs with fuzzy decision variables, Expert Systems with Applications, 39

(2012) 1972-1978.

125



126

[9]

[10]

[11]

[12]

[13]

[18]

[19]

[20]

M.S. Bazaraa, J.J Jarvis, H.D Sherali, Linear Programming and Network Flows,

Second Edition, Wiley, New York, 1990.

C.R. Bector, S. Chandra, On duality in linear programming under fuzzy envi-

ronment, Fuzzy Sets and Systems, 125 (2002) 317-325.

C.R. Bector, S. Chandra, Fuzzy Mathematical Programming and Fuzzy Matrix
Games, Springer-Verlag, 2005.

R.E. Bellman, L.A. Zadeh, Decision making in a fuzzy environment, Manage-

ment Science, 17 (1970) 141-164.

B. Bhardwaj, A. Kumar, A note on the paper “A simplified novel technique
for solving fully fuzzy linear programming problems”, Journal of Optimization

Theory and Applications, 163 (2014) 685-696.

J.J. Buckley, Possibilistic linear programming with triangular fuzzy numbers,

Fuzzy Sets and Systems, 26 (1988) 135-138.

J.J. Buckley, Solving possibilistic linear programming problems, Fuzzy Sets and

Systems, 31 (1989) 329-341.

J. Buckley, T. Feuring, Evolutionary algorithm solution to fuzzy problems:

fuzzy linear programming, Fuzzy Sets and Systems, 109 (2000) 35-53.

J.M. Cadenas, J.L. Verdegay, Using fuzzy numbers in linear programming,
IEEE Transactions on Systems, Man and Cybernetics-Part B: Cybernetics,
27 (1997) 1016-1022.

L. Campos, J.L. Verdegay, Linear programming problems and ranking of fuzzy

numbers, Fuzzy Sets and Systems, 32 (1989) 1-11.

C. Carlsson, P. Korhonen, A parametric approach to fuzzy linear programming,

Fuzzy Sets and Systems, 20 (1986) 17-30.

S. Chanas, The use of parametric programming in fuzzy linear programming,

Fuzzy Sets and Systems, 11 (1983) 229-241.



127

[21] S. Chanas, Fuzzy programming in multiobjective linear programming - A para-

metric approach, Fuzzy Sets and Systems, 29 (1989) 303-313.

[22] S. Chandra, A. Aggarwal, On solving fuzzy linear programming problems: A
revisit to Zimmermann’s approach, Journal of Intelligent and Fuzzy Systems,

27 (2014) 2603-2610.

[23] S. Chandran, G. Kandaswamy, A fuzzy approach to transport optimization
problem, Optimization Engineering, DOI: 10.1007/s11081-012-9202-6 (2012).

[24] R. Daneshrad, D. Jafari, FFLP problem with symmetric trapezoidal fuzzy num-
bers, Decision Science Letters, 4 (2015) 117-124.

[25] G.B. Dantzig, Linear Programming and Extensions, Princeton University Press,

New Jersey, 1963.

[26] D. Darvishi, A.Teimouri, S.H. Nasseri, Application of fuzzy optimization in
diet formulation, The Journal of Mathematics and Computer Science, 2 (2011)

459-468.

[27] M. Dehghan, B. Hashemi, M. Ghatee, Computational methods for solving fully
fuzzy linear systems, Applied Mathematics and Computation, 179 (2006) 328-
343.

[28] D. Delgado, J. Kacprzyk, J.L. Verdegy, M.A. Villa, Fuzzy Optimization: Recent
Advances, Physica Verlag, Germany, 1994.

[29] M. Delgado, J.L. Verdegay, M.A. Vila, A general model for fuzzy linear pro-
gramming, Fuzzy Sets and Systems, 29 (1989) 21-29.

[30] S. Dempe, A. Ruziyeva, On the calculation of a membership function for the
solution of a fuzzy linear optimization problem, Fuzzy Sets and Systems, 188

(2012) 58-67.

[31] U. Diwekar, Introduction to Applied Optimization, Second Edition, Springer-
Verlag, Cambridge, MA, 2008.



128

[32]

[34]

[35]

[36]

D. Dubey, S. Chandra, A. Mehra, Fuzzy linear programming under interval
uncertainty based on IFS representation, Fuzzy Sets and Systems, 188 (2012)
6887.

R. Dubey, S.K. Gupta, M.A. Khan, Optimality and duality results for a nondif-
ferentiable multiobjective fractional programming problem, Journal of Inequal-

ities and Applications, DOI: 10.1186/s13660-015-0876-0 (2015).

D. Dubey, A. Mehra, Linear programming with triangular intuitionistic fuzzy

number, Advances in Intelligent Systems Research, 1 (2011) 563-569.

D. Dubois, H. Prade, Fuzzy Sets and Systems, Theory and Applications, Aca-
demic Press, New York, 1980.

A. Ebrahimnejad, Some new results in linear programs with trapezoidal fuzzy
numbers: Finite convergence of the Ganesan and Veeramani’s method and
a fuzzy revised simplex method, Applied Mathematical Modelling, 35 (2011)
4526-4540.

A. Ebrahimnejad, A primal-dual simplex algorithm for solving linear program-
ming problems with symmetric trapezoidal fuzzy numbers, Applied Mathemat-

ics, 2 (2011) 676-684.

A. Ebrahimnejad, A duality approach for solving bounded linear programming
problems with fuzzy variables based on ranking functions and its application
in bounded transportation problems, International Journal of Systems Science,

46 (2015) 2048-2060.

A. Ebrahimnejad, S.H. Nasseri, Using complementary slackness property to
solve linear programming with fuzzy parameters, Fuzzy Information and Engi-

neering, 1 (2009) 233-245.

A. Ebrahimnejad, S.H. Nasseri, A dual simplex method for bounded linear
programmes with fuzzy numbers, International Journal of Mathematics in Op-

erational Research, 2 (2010) 762-779.



[41]

[42]

[43]

[44]

[45]

[46]

48]

129

A. Ebrahimnejad, S.H. Nasseri, Linear programs with trapezoidal fuzzy num-
bers: a duality approach, International Journal of Operational Research, 13

(2012) 67-89.

A. Ebrahimnejad, S.H. Nasseri, F.H. Lotfi, Bounded linear programs with
trapezoidal fuzzy numbers, International Journal of Uncertainty, Fuzziness and

Knowledge-Based Systems, 18 (2010) 269-286.

A. Ebrahimnejad, S.H. Nasseri, F.H. Lotfi, M. Soltanifar, A primal-dual method
for linear programming problems with fuzzy variables, European Journal of

Industrial Engineering, 4 (2010) 189-2009.

A. Ebrahimnejad, S.H. Nasseri, S.M. Mansourzadeh, Bounded primal simplex
algorithm for bounded linear programming with fuzzy cost coefficients, Inter-

national Journal of Operations Research and Information Systems, 2 (2011)

100-124.

A. Ebrahimnejad, M. Tavana, A novel method for solving linear programming
problems with symmetric trapezoidal fuzzy numbers, Applied Mathematical

Modelling, 38 (2014) 4388-4395.

A. Ebrahimnejad, J.L. Verdegay, On solving bounded fuzzy variable linear pro-
gram and its applications, Journal of Intelligent and Fuzzy Systems, 27 (2014)
2265-2280.

A. Ebrahimnejad, J.L. Verdegay, A novel approach for sensitivity analysis in lin-
ear programs with trapezoidal fuzzy numbers, Journal of Intelligent and Fuzzy

Systems, 27 (2014) 173-185.

R. Ezzati, E. Khorram, R. Enayati, A particular simplex algorithm to solve
fuzzy lexicographic multi-objective linear programming problems and their sen-
sitivity analysis in the priority of the fuzzy objective functions, Journal of In-

telligent and Fuzzy Systems, 26 (2014) 2333-2358.

S.C. Fang, C.F. Hu, H.F. Wang, S.Y. Wu, Linear programming with fuzzy
coefficents in constraints, Computers and Mathematics with Applications, 37

(1999) 63-76.



130

[50]

[55]

B. Farhadinia, Ranking fuzzy numbers based on lexicographical ordering, In-

ternational Journal of Mathematical and Computer Sciences, 5 (2009) 220-223.

R. Fuller, H.J. Zimmermann, Fuzzy reasoning for solving fuzzy mathematical

programming problems, Fuzzy Sets and Systems, 60 (1993) 121-133.

K. Ganesan, P. Veeramani, Fuzzy linear programs with trapezoidal fuzzy num-

bers, Annals of Operations Research, 143 (2006) 305-315.

A.N. Gani, S.N. Mohamed Assarudeen, A new operation on triangular fuzzy
number for solving fuzzy linear programming problem, Applied Mathematical

Sciences, 6 (2012) 525-532.

S.K. Gupta, D. Dangar, Duality in fuzzy quadratic programming with expo-
nential membership functions, Fuzzy Information and Engineering, 4 (2010)

327-336.

A. Gupta, A. Kumar, A. Kaur, Mehar’s method to find exact fuzzy optimal
solution of unbalanced fully fuzzy multi-objective transportation problems, Op-

timization Letters, 6 (2012) 1737-1751.

P. Gupta, M.K. Mehlawat, Bector-Chandra type duality in fuzzy linear pro-
gramming with exponential membership functions, Fuzzy Sets and Systems,

160 (2009) 3290-3308.

S.M. Guu, Y.K. Wu, Two phase approach for solving the linear programming
problems, Fuzzy Sets and Systems, 107 (1999) 191-195.

G. Hadley, Linear Programming, Berkeley: Addison-Wesley, 1962.

S.M. Hashemi, M. Modarres, E. Nasrabadi, M. M. Nasrabadi, Fully fuzzified
linear programming, solution and duality, Journal of Intelligent and Fuzzy Sys-

tems, 17 (2006) 253-261.

A. Hatami, H. Kazemipoor, Solving fully fuzzy linear programming with sym-
metric trapezoidal fuzzy numbers using Mehar’s method, Journal of Mathemat-

ical and Computational Science, 4 (2014) 463-470.



[61]

[66]

[67]

[68]

[69]

[70]

[71]

131

A. Hatami-Marbini, M. Tavana, An extension of the linear programming
method with fuzzy parameters, International Journal of Mathematics in Oper-

ational Research, 3 (2011) 44-55.

S. Heilpern, Representation and application of fuzzy numbers, Fuzzy Sets and

Systems, 91 (1997) 259-268.

F. Herrera, J.L.. Verdegay, Three models of fuzzy integer linear programming,

European Journal of Operational Research, 83 (1995) 581-593.

N.V. Hop, Solving linear programming problems under fuzziness and random-
ness environment using attainment values, Information Sciences, 177 (2007)

2971-2984.

M. Inuiguchi, H. Ichihashi, Y. Kume, A solution algorithm for fuzzy linear pro-
gramming with piecewise linear membership function, Fuzzy Sets and Systems,

34 (1990) 15-31.

M. Inuiguchi, J. Ramik, Possibilistic linear programming: a brief review of fuzzy
mathematical programming and a comparison with stochastic programming in

portfolio selection problem, Fuzzy Sets and Systems, 111 (2000) 3-28.

R. Jain, Decision making in the presence of fuzzy variables, IEEE Transactions

on Systems, Man and Cybernetics, 6 (1976) 698-703.

S. Jain, A. Mangal, P.R. Parihar, Solution of fuzzy linear fractional program-

ming problem, Opsearch, 48 (2011) 129-135.

M. Jimenez, M. Arenas, A. Bilbao, M. V. Rodrguez, Linear programming with
fuzzy parameters: An interactive method resolution, European Journal of Op-

erational Research, 177 (2007) 1599-1609.

M. Jimenez, J.M. Cadenas, J.L. Verdegay, G. Sanchez, Solving fuzzy optimiza-
tion problems by evolutionary algorithms, Information Sciences, 152 (2003)

303-311.

B. Julien, An extension to possibilistic linear programming, Fuzzy Sets and

Systems, 64 (1994) 195-206.



132

[72]

73]

[74]

[75]

[78]

[81]

H. S. Kasana, K. D. Kumar, Introductory Operations Research: Theory and
Applications, Springer-Verlag, Berlin Heidelberg, New York, 2004.

A. Kaufmann, M.M. Gupta, Introduction to Fuzzy Arithmetic Theory and
Applications, Van Nostrand Reinhold, New York, 1985.

A. Kaufmann, M.M. Gupta, Fuzzy Mathematical Models in Engineering and

Management Science, Amsterdam Netherland, Elsevier, 1988.

A. Kaur, A. Kumar, A new method for solving fuzzy transportation problems

using ranking function, Applied Mathematical Modelling, 35 (2011) 5652-5661.

J. Kaur, A. Kumar, Unique fuzzy optimal value of fully fuzzy linear program-

ming problems, Control and Cybernetics, 41 (2012) 171-82.

J. Kaur, A. Kumar, Exact fuzzy optimal solution of fully fuzzy linear program-
ming problems with unrestricted fuzzy variables, Applied Intelligence, 37 (2012)
145-154.

J. Kaur, A. Kumar, A new method to find the unique fuzzy optimal value
of fuzzy linear programming problems, Journal of Optimization Theory and

Applications, 156 (2013) 529-534.

J. Kaur, A. Kumar, Mehar’s method for solving fully fuzzy linear program-
ming problems with L-R fuzzy parameters, Applied Mathematical Modelling,
37 (2013) 7142-7153.

[.U. Khan, T. Ahmad, N. Maan, A simplified novel technique for solving fully
fuzzy linear programming problems, Journal of Optimization Theory and Ap-

plications, 159 (2013) 536-546.

B. Kheirfam, F. Hasani, Sensitivity analysis for fuzzy linear programming prob-
lems with fuzzy variables, Advanced Modeling and Optimization, 12 (2010)
257-272.

B. Kheirfam, J.L. Verdegay, The dual simplex method and sensitivity analysis
for fuzzy linear programming with symmetric trapezoidal fuzzy numbers, Fuzzy

Optimization and Decision Making, 12 (2013) 171-189.



[83]

[84]

[85]

[36]

[88]

[89]

[90]

[91]

[92]

133

G.J. Klir, B. Yuan, Fuzzy Sets and Fuzzy Logic: Theory and Applications,
Prentice-Hall, Inc., New Jersey, USA, 1996.

A. Kumar, J. Kaur, A new method for solving fuzzy linear programs with
trapezoidal fuzzy numbers, Journal of Fuzzy Set Valued Analysis, 2011 (2011)
1-12.

A. Kumar, J. Kaur, General form of linear programming problems with fuzzy

parameters, Journal of Applied Research and Technology, 10 (2012) 1-6.

A. Kumar, J. Kaur, Fuzzy optimal solution of fully fuzzy linear programming
problems using ranking function, Journal of Intelligent and Fuzzy Systems, 26

(2014) 337-344.

A. Kumar, J. Kaur, P. Singh, Fuzzy linear programming problems with fuzzy
parameters, Journal of Advanced Research in Scientific Computing, 2 (2010)

1-12.

A. Kumar, J. Kaur, P. Singh, Fuzzy optimal solution of fully fuzzy linear pro-
gramming problems with inequality constraints, International Journal of Ap-

plied Mathematics and Computer Sciences, 6 (2010) 37-41.

A. Kumar, J. Kaur, P. Singh, A new method for solving fully fuzzy linear
programming problems, Applied Mathematical Modelling, 35 (2011) 817-823.

Y.J. Lai, C.L. Hwang, Interactive fuzzy linear programming, Fuzzy Sets and

Systems, 45 (1992) 169-183.

Y.J. Lai, C.L. Hwang, Fuzzy Mathematical Programming: Methods and Ap-
plications, Springer-Verlag, Heidelberg, 1992.

D.F. Li, A ratio ranking method of triangular intuitionic fuzzy number and its
application to MADM problems, Computer Mathematics with Applications, 60
(2010) 1557-1570.

F.T. Lin, M.G. Lee, Fuzzy constraints linear programming: A genetic algo-
rithm approach, International Journal of Innovative Computing, Information

and Control, 3 (2007) 71-83.



134

[94] Y.C. Lin, Y.C. Lin, K.L. Su, W.C. Lin, T.H. Chen, Fuzzy programming for
mixed-integer optimization problems, Artificial Life and Robotics, 16 (2011)
174-177.

[95] T.S. Liou, M.J. Wang, Ranking fuzzy numbers with integral value, Fuzzy Sets
and Systems, 50 (1992) 247-255.

[96] X. Liu, Measuring the satisfaction of constraints in fuzzy linear programming,

Fuzzy Sets and Systems, 122 (2001) 263-275.

97] F.H. Lotfi, T. Allahviranloo, M. A. Jondabeha, L. Alizadeh, Solving a full
fuzzy linear programming using lexicography method and fuzzy approximate

solution, Applied Mathematical Modelling, 33 (2009) 3151-3156.

98] M.K. Luhandjula, Linear programming under randomness and fuzziness, Fuzzy

Sets and Systems, 10 (1983) 45-55.

[99] M.K. Luhandjula, Linear programming with a possibilistic objective function,

European Journal of Operational Research, 31 (1987) 110-117.

[100] M.K. Luhandjula, Fuzzy optimization: an appraisal, Fuzzy Sets and Systems,
30 (1989) 257-282.

[101] B.S. Mahapatra, G.S. Mahapatra, Intuitionistic fuzzy fault tree analysis us-
ing intuitionistic fuzzy numbers, International Mathematical Forum, 21 (2010)

1015-1024.

[102] G.S. Mahapatra, T.K. Roy, Reliablity evaluation using triangular intuitionistic
fuzzy number, International Journal of Mathematical and Statistical Sciences,

1 (2009) 31-38.

[103] N. Mahdavi-Amiri, S.H. Nasseri, Duality in fuzzy variable linear programming,
World Academy of Science, Engineering and Technology, 6 (2005) 115-117.

[104] N. Mahdavi-Amiri, S.H. Nasseri, Duality in fuzzy number linear programming
by the use of a certain linear ranking function, Applied Mathematics and Com-

putation, 180 (2006) 206-216.



135

[105] N. Mahdavi-Amiri, S.H. Nasseri, Duality results and a dual simplex method
for linear programming problems with trapezoidal fuzzy variables, Fuzzy Sets

and Systems, 158 (2007) 1961-1978.

[106] N. Mahdavi-Amiri, S.H. Nasseri, A. Yazdani, Fuzzy primal simplex algorithms
for solving fuzzy linear programming problems, Iranian Journal of Operations

Research, 1 (2009) 68-84.

[107] H.R. Maleki, Ranking functions and their applications to fuzzy linear pro-
gramming, Far East Journal of Mathematical Sciences, 4 (2002) 283-301.

[108] H.R. Maleki, M. Tata, M. Mashinchi, Linear programming with fuzzy vari-
ables, Fuzzy Sets and Systems, 109 (2000) 21-33.

[109] C. Mohan, S.K. Verma, Interactive algorithms using fuzzy concepts for solv-
ing mathematical models of real life optimization problems, In J.L. Verdegay
(Ed.), Fuzzy Sets Based Heuristics for Optimization, Springer-Verlag, Berlin,
Heidelberg, (2003) 123-137.

[110] B.K. Mohanty, A preference structure on efficient points in a multiple criteria
decision making problem-A fuzzy approach, The Journal of Fuzzy Mathematics,

18 (2010) 903-912.

[111] A. Nagoorgani, K. Ponnalagu, A new approach on solving intuitionistic fuzzy
linear programming problem, Applied Mathematical Sciences, 6 (2012) 3467-
3474.

[112] Y. Nakahara, M. Gen, A method for solving linear programming problems with
triangular fuzzy coefficients using new ranking index, Computers and Industrial

Engineering, 25 (1993) 1-4.

[113] K. Nakamura, Some extensions of fuzzy linear programming, Fuzzy Sets and

Systems, 14 (1984) 211-219.

[114] S.H. Nasseri, A new method for solving fuzzy linear programming by solving

linear programming, Applied Mathematical Sciences, 2 (2008) 2473-2480.



136

[115] S.H. Nasseri, E. Ardil, Simplex method for fuzzy variable linear programming
problems, Proceedings of World Academy of Science, Engineering and Technol-

ogy, 8 (2005) 198-202.

[116] S.H. Nasseri, E. Ardil, A. Yazdani, R. Zaefarian, Simplex method for solv-
ing linear programming problems with fuzzy numbers, Proceedings of World

Academy of Science, Engineering and Technology, 10 (2005) 284-288.

[117] S.H. Nasseri, H. Attari, A. Ebrahimnejad, Revised simplex method and its
application for solving fuzzy linear programming problems, European Journal

of Industrial Engineering, 6 (2012) 259-280.

[118] S.H. Nasseri, A. Ebrahimnejad, A fuzzy dual simplex method for a fuzzy
number linear programming problem, Advances in Fuzzy Sets and Systems, 5

(2010) 81-95.

[119] S.H. Nasseri, A. Ebrahimnejad, A fuzzy primal simplex algorithm and its
application for solving flexible linear programming problems, European Journal

of Industrial Engineering, 4 (2010) 372-389.

[120] S.H. Nasseri, A. Ebrahimnejad, S. Mizuno, Duality in fuzzy linear program-
ming with symmetric trapezoidal numbers, Applications and Applied Mathe-

matics, 5 (2010) 1469-1484.

[121] S.H. Nasseri, B. Khabiri, Revised fuzzy simplex algorithm for linear program-
ming problems with fuzzy variables using linear ranking functions, International

Journal of Mathematics and Computation, 6 (2010) 44-54.

[122] S.H. Nasseri, B. Khabiri, A revised simplex algorithm for fuzzy number linear
programming problems using linear ranking functions, International Journal of

Mathematics and Computation, 8 (2010) 114-126.

[123] S.H. Nasseri, N. Mahdavi-Amiri, Some duality results on linear programming
problems with symmetric fuzzy numbers, Fuzzy Information and Engineering,

1 (2009) 59-66.



137

[124] C.V. Negoita, M. Sularia, On fuzzy mathematical programming and tolerances
in planning, Economic Computation and Economic Cybernetics Studies and

Research, 3 (1976) 3-15.

[125] H. M. Nehi, A new ranking method for intuitionistic fuzzy numbers, Interna-

tional Journal of Fuzzy Systems, 12 (2010) 80-86.

[126] H.M. Nehi, H.R. Maleki, M. Mashinchi, Solving fuzzy number linear program-
ming problem by lexicographic ranking function, Italian Journal of Pure and

Applied Mathematics, 15 (2004) 9-20.

[127] P. Pandian, M. Jayalakshmi, A new method for solving integer linear program-
ming problems with fuzzy variables, Applied Mathematical Sciences, 4 (2010)
997-1004.

[128] R. Parvathi, C. Malathi, Arithmetic operations on symmetric trapezoidal in-
tuitionistic fuzzy numbers, International Journal of Soft Computing and Engi-

neering, 2 (2012) 268-273.

[129] R. Parvathi, C. Malathi, Intuitionistic fuzzy simplex method, International
Journal of Computer Applications, 48 (2012) 39-48.

[130] J. Ramik, Duality in fuzzy linear programming: some new concepts and re-

sults, Fuzzy Optimization and Decision Making, 4 (2005) 25-39.

[131] J. Ramik, J. Rimanek, Inequality relation between fuzzy numbers and its use

in fuzzy optimization, Fuzzy Sets and Systems, 16 (1985) 123-138.

[132] D. Rani, T.R. Gulati, A new approach to solve unbalanced transportation
problems in imprecise environment, Journal of Transportation Security, 7

(2014) 277-287.

[133] H. Rommelfanger, Interactive decision making in fuzzy linear optimization

problems, European Journal of Operational Research, 41 (1989) 210-217.

[134] H. Rommelfanger, Fuzzy linear programming and applications, European

Journal of Operational Research, 92 (1996) 512-527.



138

[135] H. Rommelfanger, A general concept for solving linear multicriteria program-
ming problems with crisp, fuzzy or stochastic values, Fuzzy Sets and Systems,

158 (2007) 1892-1904.

[136] H. Rommelfanger, R. Hanuscheck, J. Wolf, Linear programming with fuzzy
objectives, Fuzzy Sets and Systems, 29 (1989) 31-48.

[137] M.R. Safi, H.R. Maleki, E. Zaeimazad, A note on the Zimmermann method for
solving fuzzy linear programming problems, Iranian Journal of Fuzzy Systems,

4 (2007) 31-45.

[138] M. Sakawa, I. Nishizaki, Y. Uemura, Interactive fuzzy programming for two-
level linear fractional programming problems with fuzzy parameters, Fuzzy Sets

and Systems, 115 (2000) 93-103.

[139] T. Shaocheng, Interval number and fuzzy number linear programmings, Fuzzy

Sets and Systems, 66 (1994) 301-306.

[140] S.K. Singh, S.P. Yadav, Modeling and optimization of multi objective non-
linear programming problem in intuitionistic fuzzy environment, Applied Math-

ematical Modelling, 39 (2015) 46174629.

[141] I.M. Stancu-Minasian, B. Pop, On a fuzzy set approach to solving multiple
objective linear fractional programming problem, Fuzzy Sets and Systems, 134

(2003) 397-405.

[142] B. Stanojevic, M. Stanojevic, Penalty method for fuzzy linear programming
with trapezoidal numbers, Yugoslav Journal of Operations Research, 19 (2009)
149-156.

[143] M. Suresh, S. Vengataasalam, K. Arun Prakash, Solving intuitionistic fuzzy
linear programming problems by ranking function, Journal of Intelligent and

Fuzzy Systems, 27 (2014) 3081-3087.

[144] H.A. Taha, Operations Research: An Introduction, Prentice-Hall, New Jersey,
2003.



139

[145] H. Tanaka, K. Asai, Fuzzy linear programming problems with fuzzy numbers,

Fuzzy Sets and Systems, 13 (1984) 1-10.

[146] H. Tanaka, P. Guo, H.J. Zimmermann, Possibility distributions of fuzzy deci-
sion variables obtained from possibilistic linear programming problems, Fuzzy

Sets and Systems, 113 (2000) 323-332.

[147] H. Tanaka, H. Ichihashi, K. Asai, A formulation of fuzzy linear programming
problem based on comparison of fuzzy numbers, Control and Cybernetics, 13

(1984) 185-194.

[148] H. Tanaka, T. Okuda, K. Asai, On fuzzy mathematical programming, Journal
of Cybernetics, 3 (1973) 37-46.

[149] S. Tesfamariam, R. Sadiq, Risk-based environmental decision-making using
fuzzy analytic hierarchy process (F-AHP), Stochastic Environmental Research

and Risk Assessment, 21 (2006) 35-50.

[150] P.M. Vasant, Application of fuzzy linear programming in production planning,

Fuzzy Optimization and Decision Making, 2 (2003) 229-241.

[151] P. Vasant, N.N. Barsoum, Fuzzy optimization of units products in mix-product
selection problem using fuzzy linear programming, Soft Computing, 10 (2006)

144-151.

[152] J.L. Verdegay, A dual approach to solve the fuzzy linear programming prob-
lems, Fuzzy Sets and Systems, 14 (1984) 131-141.

[153] J.L. Verdegay, Application of fuzzy optimization in operational research, Con-
trol and Cybernetics, 13 (1984) 229-239.

[154] M. Verma, A. Kumar, Y. Singh, A. Abraham, Application of the weakest
t-norm T based vague lambda-tau methodology for reliability analysis of gas

turbine system, Journal of Intelligent and Fuzzy Systems, 25 (2013) 907-918.

[155] A.K. Verma, A. Srividya, B.C. Deka, Composite system reliability assessment
using fuzzy linear programming, Electric Power Systems Research, 73 (2005)

143-149.



140

[156] S-P. Wan, J-Y. Dong, Possibility linear programming with trapezoidal fuzzy
numbers, Applied Mathematical Modelling, 38 (2014) 1660-1672.

[157] D. Wang, An inexact approach for linear programming problems with fuzzy

objective and resources, Fuzzy Sets and Systems, 89 (1997) 61-68.

[158] B. Werners, An interactive fuzzy programming system, Fuzzy Sets and Sys-

tems, 23 (1987) 131-147.

[159] H.C. Wu, Duality theory in fuzzy linear programming problems with fuzzy
coefficients, Fuzzy Optimization and Decision Making, 2 (2003) 61-73.

[160] H.C. Wu, Optimality conditions for linear programming problems with fuzzy
coefficients, Computers and Mathematics with Applications, 55 (2008) 2807-
2822.

[161] R.R. Yager, Mathematical programmming with fuzzy constraints and prefer-

ence on the objective, Kybernetes, 8 (1979) 285-291.

[162] R.R. Yager, A procedure for ordering fuzzy subsets of the unit interval, Infor-
mation Sciences, 24 (1981) 143-161.

[163] L.A. Zadeh, Fuzzy sets, Information and Control, 8 (1965) 338-353.
[164] L.A. Zadeh, Fuzzy algorithms, Information and Control, 12 (1968) 94-102.

[165] Q. Zhang, S.X. Yang, G.S. Mittal, S. Yi, Prediction of performance indices
and optimal parameters of rough rice drying using neural networks, Biosystems

Engineering, 83 (2002) 281-290.

[166] G. Zhang, Y.H. Wu, M. Remias, J. Lu, Formulation of fuzzy linear program-
ming problems as four-objective constrained optimization problems, Applied

Mathematics and Computation, 139 (2003) 383-399.

[167] H.J. Zimmermann, Description and optimization of fuzzy systems, Interna-

tional Journal of General Systems, 2 (1976) 209-215.

[168] H.J. Zimmermann, Fuzzy programming and linear programming with several

objective functions, Fuzzy Sets and Systems, 1 (1978) 45-55.



141

[169] H.J. Zimmermann, Fuzzy Sets, Decision Making and Expert Systems, Kluwer
Academic Publishers, Boston, MA, 1987.

[170] H.J. Zimmermann, Fuzzy Set Theory and Its Applications, Fourth Edition,
Kluwer Academic Publisher, Dordrecht, 2001.



