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ABSTRACT 
 

Magnetic nanoparticle hyperthermia therapy (MNPH) is an emerging cancer treatment 

modality owing to its advantage of minimal invasive as well as can target irregular deep-rooted 

and poorly accessible tumors. Hyperthermia utilizes heat to sensitize pathological (cancerous) 

tissues for chemo/radiation therapy or to directly kill the cancerous cell through thermal 

ablation. However, achieving precise control of the spatial thermal dose within the tumor 

region is challenging due to various factors. These include tissue physiology, the size and shape 

of tumors, the distribution of magnetic nano-particle (MNP) in the tissue and magnetic field 

parameters. Since the tumors can have any irregular shape, thus devising the treatment protocol 

for MNPH for complexly shaped tumor remains a challenging task. Application of 

computational methodology can assist to clinician to devise a suitable treatment protocol for 

hyperthermia therapy. Computational simulation of the bioheat models in the complex tissue 

is challenging and computationally intensive due to the unavoidable complexity associated 

with the body-fitted grid generation. The objective of the present study is to develop the 

Cartesian grid based finite volume immersed boundary method (FV-IBM) for the bioheat 

transfer equation. The developed FV-IBM framework is used to simulate and analyze 

intratumoral MNPH therapy in complex and real tumor models. 

 Immersed boundary method (IBM) is employed to enforce the boundary effect on the 

non-body conformal Cartesian grid. The finite volume method (FVM) is used as a numerical 

technique to discretize the governing equations. The validation and verification of the FV-IB 

method have shown that the scheme is nearly second-order accurate. Furthermore, the 

numerical results in the spherical tumor model are in good agreement with previously reported 

results for steady and transient cases. Results for MNP-based hyperthermia investigation with 

two heat source (Gaussian and uniform) distribution patterns in the liver tumor are in good 

agreement with the numerical solution of COMSOL Multiphysics. Thus, a simple and robust 

FV-IBM based numerical scheme is proposed to solve the bioheat models in arbitrary tissue 

shapes. 

The developed FV-IBM framework is used to investigate the effects of tumor shape on 

magnetic nanoparticle hyperthermia (MNPH) using four categories (spherical, oblate, prolate, 

and egg-shape) of tumor models having different morphologies. These tumors have equal 

volume; however, due to the differences in their shapes, they have different surface area. The 

shape of tumors is quantified in terms of shape factor (ζ). Magnetic hyperthermia is applied 
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(frequency 150 kHz, and magnetic field amplitude 20.5 kA⁄m) to all tumor models, for 1 hour, 

after injection of magnetic nanoparticles (MNP) at the respective tumor centroids. The 

distribution of MNP after injection is considered as Gaussian. Results show that the therapeutic 

effects of MNPH depend significantly on the shape of a tumor. Tumors with higher shape 

factors receive less therapeutic effects in comparison to the tumors having lower shape factors. 

An empirical thermal damage model is also developed to assess the MNPH efficacy in real 

complex-shaped tumors. 

Intratumoral multi-injection strategy enhances the efficacy of magnetic nanoparticle 

hyperthermia therapy (MNPH). Further a criterion for the selection of injections and their 

location depending on the tumor shape/geometry is also developed. Developed strategy is 

based on the thermal dosimetry results obtained on different invasive 3D tumor models during 

MNPH simulation. Primary and secondary injections are used to inject MNP, based on the 

invasiveness of the tumor. Optimizing strategy is devised based on the zone of influence of 

primary and secondary injections. Results indicate that the zone of influence of secondary 

injection lies between the 0.7 and 0.8 times the radial distance between the center of tumor core 

and the branch node point. This zone of influence of secondary injection produces minimum 

heterogeneity of temperature in the tumor model. Additionally, the multi-injection strategy is 

more effective when the protrusion volume exceeds 10% of the total volume. The developed 

criterion for the selection of multi- injection strategy and the location of the injection point can 

help in devising treatment protocol for magnetic nanoparticle hyperthermia therapy. 

Moreover, a supplementary study is also conducted to analyze the cooling effect caused 

by blood vessels on a MNPH. The MNPH is simulated on the physical models constructed 

from DICOM images using the open-source 3D-Slicer software. The physical model comprises 

cancerous tissue, blood vessels, and surrounding liver tissue. Intratumoral injection of magnetic 

nanoparticles (MNP) is used to deliver MNP at the center of the tumor volume. In order to 

perform the parametric study, the tumor's position with respect to the blood vessel is changed. 

The therapeutic effect is evaluated based on the percentage of tumor volume exceeding the 

therapeutic threshold temperature of 43°C. The results indicate that there is a significant 

increase in the cooling effect when the tumor is in close proximity to the blood vessel. Close 

proximity of blood vessel with respect to tumor reduces the effectiveness of MNPH. However, 

this cooling effects diminish when tumor is away from the major blood vessels.   
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Chapter 1   

Introduction 
 

1.1 Background 

Cancer is a leading cause of human death as indicated by statistics [1–3]. According to 

a report from the Ministry of Health and Family Welfare in India, cancer is responsible for 

more than four lakhs deaths every year in the country [4]. The term "cancer" encompasses the 

uncontrolled growth and spread of abnormal cells in the body. Some common types of cancer 

leading to solid tumors include breast, lung, colorectal, and prostate cancer. These tumors can 

be either benign or malignant, benign ones grow slowly and do not spread, while malignant 

tumors proliferate uncontrollably, invading nearby tissues and spread to other body parts (as 

shown in Figure 1.1). Whereas others like Leukaemia, Lymphoma, Multiple Myeloma, and 

Myeloproliferative Neoplasms do not manifest as solid tumors. Among the prevalent forms of 

cancer causing significant mortality rates in humans are lung, breast, colorectal, stomach, and 

liver cancer [1].  

 

Figure 1.1.  Depiction of the benign and malignant tumors 

Clinicians and researchers have been striving to combat the menace of cancer, resulting 

in the availability of several treatment methodologies to reduce or eliminate tumors. 

Conventional approaches for the cancer treatment are surgery, chemotherapy, and 

radiotherapy. Conventional cancer therapies can have long and short-term side effects that 
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impact a patient's health. [5–7]. Thus, there exists a societal need for safe, and least-invasive 

therapy that can effectively cure cancer while minimizing the risk of adverse effects. 

Hyperthermia is one of the emerging anticancer modalities that uses heat to destroy cancer cells 

or make them more sensitive to other cancer treatments such as radio and chemotherapy [8–

11]. 

1.1.1 Hyperthermia 

Hyperthermia means to elevate local or global body temperature. The biological and 

physiological effects of tissue heating enhance the damaging probability of the tissue. 

Furthermore, the cancer cells are more vulnerable to heating than the normal tissue cells [8–

10]. Therefore, in this therapy, tumor temperature is elevated to the therapeutic range of 4 to 5 

℃ from normal body temperature and maintained about 0:5–2 hours. The extreme case of 

hyperthermia (thermo-ablation) involves raising the tissue temperature above 50℃ for a short 

duration to directly ablate the tumor tissue [12–15]. Various types of local hyperthermia 

inducers are laser, microwave antenna, ultrasound and magnetic nanoparticles (MNP) etc [16–

18]. Among them, magnetic nanoparticles hyperthermia (MNPH) have the advantage of being 

minimally invasive as well as can target irregular deep-rooted and poorly accessible tumors 

[14,19–22].  

1.1.2 Magnetic nanoparticle hyperthermia 

In the MNPH, the superparamagnetic nanoparticles are injected into the tumor region via 

intravascular or intratumoral injections [23]. In an intravascular method, MNP are injected into 

the artery, and the particles are transported to the targeted tumor by carrier fluid. The 

distribution of MNP within the tumor depends on the efficiency of the carrier vascular system 

and local blood perfusion in a tumor. Thus, there are higher probabilities of vascular leakage, 

which directly influence the delivery and distribution of MNP to the targeted tumor. In another 

approach (intratumoral injection), the nanoparticles are directly injected into the tumor [8]. 

This leads to minimum MNP leakage, and the control of particle distribution is much higher 

compared to intravascular injection. However, directly injecting the MNP particles to the 

targeted tissue has its own clinical challenges. Following that, the MNP are exposed to the 

alternating magnetic field (AMF) (as shown in Figure 1.2). Owing to the Brownian and Neel 

relaxation mechanism under the AMF, the MNP begin to produce heat [8,24]. This heating 

raises the temperature in the tumor and surrounding healthy region [14,25,26]. The heating 
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capacity of MNP, which is defined as specific loss power (SLP), depends upon various factors 

such as AMF strength, frequency, MNP properties and its spread in the tissue [19,27–32]. Two 

types of MNP that are generally used in various in-vivo investigations are magnetite (Fe3O4), 

and maghemite (Fe2O3) [9].  

 

Figure 1.2. Depiction of the magnetic hyperthermia therapy. 

Many preclinical and clinical investigations have successfully demonstrated the 

applicability of the MNPH therapy [9,19,30,33]. In 2005, Wang et al. [31] conducted both in 

vitro and in vivo studies of magnetic hyperthermia therapy. They found that various factor, 

such as MNP size, dispersion rate, surfactants, and magnetic field influence the heating value 

of MNP. In their in-vivo investigation, a total amount 50 mg of MNP were injected into a 2 cm 

size of liver carcinoma in rabbit. After exposing the tumor to a magnetic field of 20kA/m and 

frequency 55kHz, the core tumor temperature was elevated to 45℃ within 5 minutes. 

Johannsen et al. [34] in their in vivo experiments on rats, have reported the maximum 

temperature of 70℃ with 18 kA/m magnetic field and 100kHz frequency. In another 

experiment with 12.6kA/m field strength, the maximum temperature of 54.8℃ at the tumor 

center and 41.2 ℃ at the tumor periphery was observed. Furthermore, it was found that the 

MNPH inhibited tumor growth significantly by 44 − 51%. Based on these observations, 

Johannsen et al. [35] performed the first clinical trial to assess the feasibility of magnetic 

hyperthermia therapy in patients with prostate tumours. The maximum temperature reported in 

the prostate was 55℃ under a frequency 100kHz and 4.5kA/m magnetic field. The results 
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indicated that local tissue heating to thermoablative temperature with magnetic hyperthermia 

technology is achievable. Jordan et al. [36] conducted an in vitro investigation to examine the 

SAR of ferrite material under varying magnetic field strengths ranging from 0 to 1.6 kA/m. 

The study found that the SAR (Specific absorption rate) is comparable to RF heating with a 5 

mg per gram tumor concentration of MNP under clinically acceptable magnetic field and 

power. An in-vivo study conducted by Wang et al. [37] in 2014, investigated the feasibility of 

magnetic hyperthermia therapy in rats with Walker-265 breast carcinomas. The authors 

injected a total dose of 62.5mg/ml magnetic fluid intratumorally to the tumor volume and 

exposed it for 30 minutes under the frequency of 180 kHz and a magnetic field 55 GS. The 

study found that repeated MNPH therapy inhibited the tumor growth and enhanced the survival 

of the tumor-bearing rats. Thus, various pre-clinical as well as clinical studies have 

demonstrated the feasibility of MNPH for cancer treatment.  

Experimental investigations and clinical trials have demonstrated that magnetic 

hyperthermia therapy can selectively focus on tumor tissue and substantially increase its 

temperature. However, there are many practical limitations associated with MNPH, one of 

these is controlled elevation of the temperature within the tumor tissue. The spatial temperature 

elevation in tumor during MNPH is affected by various factors such as the amount of MNP 

dose, magnetic field properties, and nanoparticle distribution etc. The morphological aspect of 

tumors (as most of the tumors are irregular in shape with high aspect ratios) also complicates 

the distribution of MNP in tumor mass, [38,39]. Thus, the chances of spatial ill-distribution of 

MNP in tumor tissue and diffusion and dispersion of MNP in healthy tissue are quite high. This 

leads to less potent therapeutic effects and also inadvertent heating or damaging of the healthy 

tissue. Therefore, targeting the tumors having complex morphology using MNPH is still a 

challenging task. 

As discussed earlier, the distribution of MNP within tissue plays a pivotal role in 

achieving the required temperature profile during Magnetic Nanoparticle Hyperthermia 

(MNPH). This becomes especially crucial due to tumor tissue's intricate and irregular structure. 

In 2008, Salloum et al. [30] experimentally investigated the effect of infusion rate (varied from 

1.25μl/min to 40 μl/min) on different agarose gel concentrations. Results demonstrated that 

a sufficiently low infusion rate could create a uniform spherical like distribution profile with a 

higher concentration near the point of injection. However, higher injection rates do not produce 

symmetric MNP dispersion in the tissue. In a subsequent in-vivo investigation into rat limb, 

Salloum et al. [9] studied temperature elevation by injecting 0.1 cc and 0.2 cc of MNP and 
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found that nanoparticles concentration is higher in the vicinity of the injection site when the 

injection amount is bigger. A similar phenomenon has been observed by Attaluri et al. [19] in 

an in-vivo study on rats with prostatic tumor. The study observed that a slow infusion rate leads 

to less volumetric distribution of MNP (i.e., MNP are more confined in the vicinity of injection 

site), which increases the localised heating within the tumor during thermotherapy. Thus, MNP 

distribution in the targeted tissue is one of the key parameters in MNPH, which depends on 

injection rate and tissue physiology. As the tumors can have any arbitrary shape, thus confined 

distribution of MNP in the tumor tissue is challenging. Researchers have explored multiple 

methods to enhance the effectiveness of MNPH such as multi-injection strategy for MNP 

delivery, and power modulation technique [20,40–47]. 

1.1.2.1 Multi-injection strategy 

In the intratumoral multi-injection strategy, more than one MNP injection is inserted in 

the tumor region (as described in Figure 1.3). This strategy offers the advantage of increasing 

MNP distribution region within the tumor. Consequently, the therapeutic effect enhances 

[20,44–46]. However, evaluating the position of injection sites and the amount of MNP in each 

site is one major challenge. In the previous works, different optimization techniques such as 

Nelder-Mead (NM), a genetic algorithm (GAs), simulated annealing (SA), particle swarm 

optimization (PSO) etc are used to develop the multi-injection strategy. In 2009, Salloum et al. 

[20] used NM optimization algorithm to obtain the optimized heat source and its distribution 

around the injection sites. The objective of this algorithm is to elevate the temperature of, at 

least 90 per cent of a tumor volume near or above the therapeutic range, while not more than 

10 per cent of healthy tissue volume should thermally affected. The number of injection sites 

and its position is defined based on the several random spheres covering the total tumor 

volume. Mittal et al. [48] have optimized the spatial and temporal parameters which affect the 

heating within the tissue using a genetic algorithms (GAs). The application of the algorithm 

was used in a 3D spherical tumor. Tang et.al. [49] have shown that the NM method (prior used 

by Salloum et al. [20]) has stability issues due to the higher dependency on initial parameters. 

They have used another optimization method, i.e. simulated annealing (SA) for multi-injection 

MNPH. Later, Tang et.al. [42]  proposed a strategy to optimize the injection dose and its 

location for magnetic hyperthermia using metaheuristic algorithm. Boroon et al. [46] used the 

conjugate gradient approach to evaluate the best injection locations and the optimized heat 

source in a 2D square brain tumor model. The results showed that increasing the injection sites 

could lead to larger tumor damage; however, injecting MNP fluid to multiple locations with 
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precision is challenging task. Singh et al [44] with their computational investigation have 

shown that the temperature field with multi-injection is more homogenous and uniform in a 

tumor than a single injection. Recently, Jiang et al. [43] used the PSO algorithm to explore the 

homogenous temperature distribution in circular and elliptical tumor models with different 

injections. They showed that the four injection sites could be an appropriate strategy for the 

required temperature distribution in spherical and elliptical tumor.  

In most of these investigations, the locations or number of injections are pre-defined to 

devise the optimization algorithm and evaluate the power source and MNP distribution. 

However, the tumor-specific, number of MNP injections and its location is still undefined. 

 

Figure 1.3. Depiction of the single and multi- MNP injections strategy. 

1.1.2.2 Power modulation method 

In power modulation methodology, the input power in terms of magnetic field strength 

or frequency has been varied to ensure that the tissue heating remains within the tumor region. 

In 2015, Soetaert et al. [50] have studied the effect of modulated and unmodulated magnetic 

field strength on MNPH within malignant liver tissue. Further, Kandala et al [40] have studied 

the effectiveness of power modulation to reduce the heterogeneity of temperature in the tumor 

due to the non-uniform distribution of magnetic nanoparticles in hyperthermia therapy. 

However, the maximum temperature reached within the tumor using power modulation is 16 

per cent less as compared to constant power heating. Moreover, power modulation heating 

achieves the required thermal dose, up to 9 times quicker as compared to constant power 

heating. It should be noted that most of the optimization works for MNPH are done through 

the simulations. In these simulations, geometry of the tumors is simple, like spherical, 

cylindrical, ellipsoidal, or some random arbitrary shape. Limited works have been reported 
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where MNPH simulation are performed to optimise the governing parameters of MNPH on 

tumor models created from actual tumors.   

Furthermore, most of the MNPH simulation considers the tumor position far from any 

major blood vessel. However, the cooling effect of blood vessel also influence MNPH therapy.  

Astefanoaei et al.[47] has investigated the cooling effect due to blood vessels. They observed 

that as the blood vessel's size reduces or blood flow's velocity decreases, the cooling effect 

caused by blood vessels get diminishes. In 2014, Yue et al. [51] studied the effect of a 

bifurcation of the blood vessel on the thermal dose. The geometric model of a 3D irregular-

shaped tumor similar to a sphere enclosed within the healthy tissue, and the bifurcated vessel 

passes through the tumor region was simulated in the COMSOL software. They found that the 

large blood vessel and location of injection sites significantly affect the temperature 

distribution within the tumor. They observed that, the temperature of both large and small blood 

vessels did not increase significantly during MNPH. Tang et al. [52] performed a numerical 

study on a tumor model with a blood vessel intersecting through a spherical tumor. The results 

indicated that the presence of high blood flow inside the blood vessel significantly reduced the 

temperature in its surrounding area. Gheflati et al. [53] conducted a numerical investigation on 

the cooling effect of a large blood vessel in the tissue during laser-based hyperthermia therapy. 

The results revealed that as the blood velocity increases, the cooling effect of the vessel also 

increases, consequently reducing the potential thermal damage caused by the treatment. 

1.2 Research Gaps 

Numerous computational efforts have been reported to enhance the therapeutic effects of 

magnetic hyperthermia treatment, but still, there are many challenges for its successful clinical 

applications. In the simulation of MNPH therapy within tumor models, many researchers have 

predominantly employed basic tumor shapes like spheres or cubes, which may not accurately 

represent the complex and irregular morphology of actual solid tumors. [44,54–56]. However, 

it's worth noting that in the existing literature, solid tumors are categorized as segmental, 

discoidal, or irregular in shape [38,39]. Consequently, the effect of tumor morphology on the 

effectiveness of MNPH therapy has yet to be thoroughly investigated.  

Various researchers have described that the multi-injection strategy can significantly 

enhance the effectiveness of MNPH therapy, especially in complex and arbitrarily shaped 

tumors [20,44–46,48]. In the multi-injection strategy, the precise position of injection sites 
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within tumors and the amount of MNP at each injection site are the two important factor. 

Previous researchers have utilized various optimization algorithms to optimize the multi-

injection strategy [20,45,46,57]. However, it's important to note that in many of these studies, 

injection positions are predefined, focusing on optimizing the radial distribution of MNP and 

their associated heating value. Optimizing injection sites for 3D arbitrary tumor shapes can be 

computationally intensive, and as such, there is a need for a more straightforward and efficient 

method to assess the position of multi-injection sites. 

Further, It has also been reported that the blood vessels close to the tumor affect the 

therapeutic region in the tumor during  MNPH therapy [47,51]. However, quantitative analysis 

of the convective effect due to blood vessels is not much elaborated. 

Generally the researchers have used numerical schemes such as the finite volume 

method (FVM), finite element method (FEM), Lattice Boltzmann method (LBM), and finite 

difference method (FDM) using body conformal mesh to compute the bioheat physics within 

tumor models[40,44,55]. However, the body conformal mesh generation in complex shapes is 

a time-consuming and cumbersome task that also affects the accuracy of computational results. 

The emerging numerical technique of immersed boundary methods (IBM), which works on 

non-body conformal grid structures or Cartesian grids, can help to overcome this issue [58,59]. 

IBM has been successfully implemented in various physics, such as fluid flow, heat transfer in 

complex physical domains as well as in bio-medical applications [59–62]. 

1.3 Objectives of this study 

The following objective have been proposed in the present research work. 

 The development and validation of Finite volume-immerged boundary method (FV-

IBM) framework for a bio-heat model. 

 Application of FV-IBM solver for the numerical solution of the bio-heat model in three-

dimensional arbitrary complex-shaped tumor models for MNPH application.  

 Investigation the effect of tumor shapes of complex tumor models on the treatment 

parameters  

 Effects of injection strategies, MNP distributions, magnetic field parameters on 

therapeutic effect of magnetic hyperthermia in the three-dimensional arbitrary shaped 

tumor.  
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 Effects of convection on MNPH applications in the complexed three-dimensional 

tumor.  

1.4 Motivation for the Research 

MNPH therapy is one of the emerging hyperthermia cancer modalities owing to its minimum 

invasiveness and targeted approach for solid tumors. Over the years, numerous computational 

efforts have been dedicated to enhancing its effectiveness. However, upon reviewing the 

existing literature, it becomes evident that there are several important research gaps that need 

to be addressed. Addressing these gaps not only advances our understanding of MNPH but also 

contributes to enhance the application of MNPH therapy. One of the crucial factors influence 

the application of MNPH therapy is tumor morphology. Investigation the effect of tumor 

morphology on the MNPH therapy can enhance the prediction of therapeutic region. Over the 

last few decades, medical imaging has tremendously assisted clinicians in visualizing as well 

as accessing the pathological conditions of specific organs or localized body parts. These 

images are also utilized to generate 3D geometrical models of tissues or organs [63]. Therefore, 

the development of tumor specific multi-injection guiding criteria can provide some input to 

the clinician during the MNPH therapy. Additionally, the computational methodologies rely 

on numerical schemes to compute the bioheat physics within complex tumor shapes. The 

advantage of IBM in bioheat physics solvers offers to address the challenges posed by complex 

geometries more effectively. IBM allows us to tackle complex tumor shapes by the rectilinear 

grids without effecting the accuracy of the numerical solution. 

1.5 Thesis organizations 

The thesis chapters encompass detailed description of methodologies, results and discussion 

associated with each research objective or problem statement. The following is a brief overview 

of each chapter's content and objectives. 

i) Chapter 1 This chapter provides an overview of the topic, a literature review of 

computational and experimental-based MNP hyperthermia investigations, 

identification of research gaps, and the details of the objectives of the research work. 

 

ii) Chapter 2 In this chapter, the development and validation of the FV-IB method for 

simulating Penne's bioheat model for complex tumor shapes is described. The chapter 

discusses the details of the methodology and the validation. 
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iii) Chapter 3 This chapter explores the impact of tumor shapes on MNPH therapy using 

the developed FV-IB method. The chapter investigates how different tumor shapes 

influence the effectiveness of the therapy, and the findings are presented and discussed. 

 

iv)  Chapter 4 In this chapter, the development of a multi-injection MNP strategy aimed 

to enhance the therapeutic effect of MNPH using the FV-IB method is described. The 

chapter explains the devising criterion for MNP injections and their locations for 

MNPH therapy. 

 

v) Chapter 5 This chapter delves into the examination of the effect of blood vessels on 

MNPH therapy. The chapter discusses how the presence of blood vessels can influence 

the effectiveness of the MNPH therapy and presents the findings of the study. However, 

COMSOL Multiphysics software is used to simulate this bio-heat problem. 

 

vi) Chapter 6 provides the summary and conclusion of the present work. Additionally, 

this chapter outlines the scope for future work, identifying potential areas for further 

exploration and development in the field. 

 

1.6 Closing remark  

Magnetic nanoparticle hyperthermia therapy is an emerging therapy that utilizes heat to 

damage the cancerous cell solely or in conjunction with conventional therapies to augment 

their efficacy. Several computational researchers have delved into the study of heating profile 

to improve its overall efficiency. Yet, upon a comprehensive review of existing literature, 

notable research gaps become evident. Based on the research gaps, the primary objectives of 

our present study have been defined.   
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Chapter 2  

Development of coupled finite volume immersed boundary 

method for the simulation of bio-heat transfer in 3D complex 

tumor 

2.1 Introduction 

The computation plays a significant role in investigating hyperthermia therapy. The 

complex tumor morphology and physiology make the computational investigation challenging 

and expensive. In previous works, investigators have applied different numerical methods such 

as finite element, finite volume, and the Lattice Boltzmann method [44,64,65] to discretize the 

bioheat model for the analysis of the MNPH therapy. However, for the complex morphology 

of tumors, the body-fitted structured or unstructured grid generation process is cumbersome 

and time-consuming. The increased complexity in tumor morphology deteriorates the quality 

of the grid, which can negatively affect the accuracy and convergence of the solver [60,61]. 

The advantage of immersed boundary method (IBM) over the other numerical methods is in 

terms of the implementation of boundary conditions by avoiding the body-conformal grids. In 

this chapter, the development and description of the numerical framework based on the finite 

volume immersed boundary method (FV-IBM) for bioheat transfer is elaborated. The 

methodology includes the discretization of the governing equation through the Finite Volume 

Method (FVM); and the implementation of the boundary conditions on the complex, and 

irregular-shaped surface through immersed boundary method (IBM). This numerical 

methodology is used to simulate MNPH on the 3D tumor models. These 3D tumor models are 

also generated from computed tomography (CT)/ MRI (magnetic resonance imaging) images 

through image segmentation and volume reconstruction of the tumor. The open-source 3D 

slicer software [63] is used to read, segment, and reconstruct surface/volume from these 

images. It helps in generating a 3D CAD (Computer aided design) model of the tumor from 

DICOM images. The CAD model inherits the surface information of three-dimensional objects 

in the Stereo-Lithography (STL) format. The STL format has the details of triangle vertices 

along with the unit normal vector of the triangular surface mesh. This STL information is 

utilized in IBM implementation to simulate these physics in complex geometries using a simple 

cartesian grid. 
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In this work, FVM is used to discretize the governing differential equation (Penne’s 

bio-heat model) in Cartesian grids, and the boundary effect is reconstructed through the direct 

forcing function of IBM. Based on the FV-IBM methodology, in-house solver is developed to 

simulate bio-heat transfer in any complex tumor morphology. The procedure for 

implementation of various boundary conditions, like Dirichlet, Neumann, and conjugate heat 

transfer, is similar to that described by Das et. al. [61]. The validity and accuracy of the FV-

IBM scheme are demonstrated through the solutions of the diffusion equation in the curvilinear 

geometry. Furthermore, the applicability of FV-IBM in bioheat physics is validated with 

analytical and previously reported numerical results in the spherical tumor model for steady 

and transient cases.  

2.2 Numerical Methodology 

2.2.1 Governing equation  

A distinguishing factor of heat transfer in living systems is the influence of temperature on the 

blood flow within the local vascular structure. The blood flow through microcirculation within 

tissue, commonly known as perfusion [66,67]. The intricate vascularization and irregular tissue 

structure pose challenges in developing a mathematical model for this phenomenon. Many 

mathematical models have been proposed to account the heat transfer through the biological 

tissue [66,67]. 

A pioneer research carried out by the Penne’s provided the first comprehensive 

mathematical model for heat transfer through the tissue. The author conducted a series of 

experiments on human forearms, measuring temperatures and formulating a model (equation 

2.1) based on the conservation of thermal energy. This model is widely recognized as the 

classic, or Penne’s Bioheat transfer  (PBHT) model and differs from the standard heat transfer 

equation by incorporating the effects of metabolic heat generation and perfusion heat transfer 

[66]. PBHT is used to evaluate the tumor and healthy tissue temperature for hyperthermia 

physics as described in equation 2.1).  

(𝜌𝐶𝑝)𝑡𝑖𝑠
𝜕𝑇

𝜕𝑡
= k𝑡𝑖𝑠𝛻

2𝑇 + 𝜔𝑏(𝜌𝐶𝑝)𝑏
(𝑇𝑎 − 𝑇) + 𝑞𝑚 + 𝑞𝑒𝑠 

2.1 

where 𝜌 and 𝐶𝑝 are the density and specific heat, respectively. The subscript ‘tis’ and ‘b’ 

represent tissue and blood properties, respectively. 𝑞𝑚 and 𝑞𝑒𝑠 are heat sources due to 

metabolism heat generation and external source supplied, respectively. 𝑘 is the thermal 
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conductivity of tissue and 𝜔𝑏 is the time-dependent perfusion rate. 𝑇𝑎 is the artery blood 

temperature that is considered 37°𝐶.   

Owing to its simplicity and good accuracy, the PBHT model has been extensively 

utilized for predicting the temperature field in biological tissues [40,44,55,56]. However, the 

equation does possess certain limitations as it was not designed to account for various physical 

effects. The most notable drawback is its inability to consider the directionality of blood 

perfusion and, consequently, it does not describe any convective heat transfer mechanism [66]. 

In revisited Penne’s article by Wissler [68], the justification of Pennes' equation was presented, 

acknowledging the identified flaws. The study concluded that “those who base their theoretical 

calculations on the Pennes model can be somewhat more confident that their starting equations 

are valid”[68]. 

2.2.2 Discretization of governing equation through FVM 

As discussed in the previous section, the governing equation (equation 2.1) is discretized using 

the FVM.  In the FVM, the physical domain is divided into minute elements that are named 

finite control volume (as shown in Figure 2.1) [69]. For discretization, the PBHT equation (as 

in equation (2.1)) is implicitly integrated, volumetrically and temporally, over each control 

volume in the 3D Cartesian numerical domain (equation (2.2)).  

∫ (𝜌𝐶)𝑡𝑖𝑠
𝜕𝑇

𝜕𝑡

𝑡+𝑑𝑡

𝑡,𝑑𝑉

𝑑𝑉𝑑𝑡
⏟              

First term

= ∫ ( k𝑡𝑖𝑠𝛻
2𝑇⏟    

Second term

+ 𝜔𝑏(𝜌𝐶𝑝)𝑏
(𝑇𝑎 − 𝑇)⏟            

Third term

+ 𝑞𝑚 + 𝑞𝑒𝑠⏟      
Fourth term

)
𝑡+𝑑𝑡

𝑡,𝑑𝑉

 𝑑𝑉𝑑𝑡 

 

2.2 
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Figure 2.1. (a) Depiction of the 3D Cartesian grid (b) represents the unit cell or control 

volume of Cartesian grid and its terminology. 

First term in  equation (2.2) accounts for the rate of change in temperature in the tissue 

over time. After spatial and temporal integration, this term for arbitrary control volume ‘p’ 

yields the discretization form (equation (2.3)).   

∫ (𝜌𝐶)𝑡𝑖𝑠
𝜕𝑇

𝜕𝑡

𝑡+𝑑𝑡

𝑡,𝑑𝑉

𝑑𝑉𝑑𝑡 =  (𝜌C)𝑡𝑖𝑠𝑇|𝑡
𝑡+1∆𝑉 =   (𝜌C)𝑡𝑖𝑠 (𝑇𝑝

𝑡+1 − 𝑇𝑝
𝑡)∆𝑉 2.3 

where 𝑇𝑝
𝑡+𝑑𝑡 and  𝑇𝑝

𝑡 are the temperature at time 𝑡 + 𝑑𝑡  and 𝑡, respectively. ∆𝑉 is the volume 

of control volume and ∆𝑡 is the time step. 

Second term in the equation (2.2) allows to conduct the heat energy within the tissue, 

it is also known as the conduction or diffusion term. The three-dimensional discretization form 

of this term by integrating spatially and temporally is shown in equation (2.4) 

∫ 𝑘𝑡𝑖𝑠𝛻
2𝑇

𝑡+𝑑𝑡

𝑡,𝑑𝑉

 𝑑𝑉𝑑𝑡 = ∫ 𝑘𝑡𝑖𝑠 (
𝜕2𝑇

𝜕𝑥2
+ 
𝜕2𝑇

𝜕𝑦2
+
𝜕2𝑇

𝜕𝑧2
)

𝑡+𝑑𝑡

𝑡,𝑑𝑉

 𝑑𝑉𝑑𝑡

= (𝑘𝑡𝑖𝑠 (
𝑇𝑒
𝑡+1 − 𝑇𝑤

𝑡+1

𝛿𝑥𝑒−𝑝
−
𝑇𝑝
𝑡+1 − 𝑇𝑤

𝑡+1

𝛿𝑥𝑤−𝑝
)𝐴𝑥

+ 𝑘𝑡𝑖𝑠 (
𝑇𝑛
𝑡+1 − 𝑇𝑝

𝑡+1

𝛿𝑦𝑛−𝑝
−
𝑇𝑝
𝑡+1 − 𝑇𝑠

𝑡+1

𝛿𝑦𝑠−𝑝
)𝐴𝑦

+ 𝑘𝑡𝑖𝑠 (
𝑇𝑢
𝑡+1 − 𝑇𝑝

𝑡+1

𝛿𝑧𝑢−𝑝
−
𝑇𝑝
𝑡+1 − 𝑇𝑑

𝑡+1

𝛿𝑧𝑙−𝑝
)𝐴𝑧) ∆𝑡 

2.4 
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where 𝛿𝑥𝑒−𝑝, 𝛿𝑥𝑤−𝑝, 𝛿𝑦𝑛−𝑝, 𝛿𝑦𝑠−𝑝, 𝛿𝑧𝑢−𝑝, and 𝛿𝑧𝑑−𝑝 are the distance between the 

neighbouring nodes and control volume ‘𝑝’ node in the east-west, north, south, up, and down 

direction, respectively (as shown in  Figure 2.1). 𝐴𝑥, 𝐴𝑦, and 𝐴𝑧 are the surface area of control 

volume (‘𝑝’) perpendicular to the 𝑥, 𝑦, and 𝑧 directions. For the rectilinear grid structure, the 

surface area is such that 𝐴𝑥 = ∆𝑦∆𝑧, 𝐴𝑦 = ∆𝑥∆𝑧, and 𝐴𝑧 = ∆𝑥∆𝑦. Where, ∆𝑥,  ∆𝑦, and ∆𝑧 

is the size of control volume ‘p’ in 𝑥, 𝑦, and 𝑧 direction, respectively, as showm in Figure 2.1. 

The third term incorporates heat transfer due to blood perfusion. It acts as heat sink 

during heating the tissue. The last term represents the heat generation in tissue by the metabolic 

process and external heat sources. The spatial and temporal integration of these terms give the 

following discretization form.  

∫ (𝜔𝑏(𝜌𝐶)𝑏(𝑇𝑎 − 𝑇) + 𝑞𝑚 + 𝑞𝑒𝑠)
𝑡+𝑑𝑡

𝑡,𝑑𝑉

 𝑑𝑉𝑑𝑡

=  (𝜔𝑏(𝜌C)𝑏𝑇𝑎 + 𝑞𝑚 + 𝑞𝑒𝑠 − 𝜔𝑏(𝜌C)𝑏𝑇𝑝
𝑡+𝑑𝑡)∆𝑉∆𝑡 

2.5 

 Solving and simplifying equation (2.2) leads to the system of algebraic equations of 

the following generalized form.  

𝐴𝑝𝑇𝑝
𝑡+1 − ∑𝐴𝑛𝑏𝑇𝑛𝑏

𝑡+1 = 𝐵𝑝    
2.6 

where, subscripts ‘𝑝’ represents the position of the control volume where the solution is 

computed by using its neighbouring nodes ‘𝑛𝑏’ (as described in two-dimensional Figure 2.2). 

The adjacent nodes of control volume ‘𝑝’ in three-dimensional rectilinear grids are denoted as 

eastern (𝑒) - western (𝑤), northern (𝑛) - southern (𝑠), and upper (𝑢) - lower (𝑙), in 𝑥, 𝑦, and 

𝑧 direction, respectively. The coefficients of 𝐴𝑝 and 𝐴𝑛𝑏, and the source 𝐵𝑝 include the 

following terms. 

𝐴𝑒 = 𝑘𝑡𝐴𝑥 𝛿𝑥𝑒−𝑝  ,   𝐴𝑤 = 𝑘𝑡𝐴𝑥 𝛿𝑥𝑤−𝑝 ,⁄⁄  

𝐴𝑛 = 𝑘𝑡𝐴𝑦 𝛿𝑦𝑡𝑛−𝑝  ,   𝐴𝑠 = 𝑘𝑡𝐴𝑦 𝛿𝑦𝑠−𝑝 ,⁄⁄  

𝐴𝑢 = 𝑘𝑡𝐴𝑧 𝛿𝑧𝑢−𝑝  ,   𝐴𝑙 = 𝑘𝑡𝐴𝑧 𝛿𝑧𝑙−𝑝⁄⁄  , 

𝐴𝑝 = 𝐴𝑒 + 𝐴𝑤 + 𝐴𝑛 + 𝐴𝑠 + 𝐴𝑢 + 𝐴𝑙 + 𝜔𝑏(𝜌𝐶𝑝)𝑏 ∆𝑉 + (𝜌𝐶𝑝)𝑡∆𝑉 ∆𝑡
⁄  

2.7 



 

16 

 

𝐵𝑝 =  𝑞𝑚 + 𝑞𝑠 + 𝜔𝑏(𝜌𝐶𝑝)𝑏 𝑇𝑎 + (𝜌𝐶𝑝)𝑡 𝑇
𝑡∆𝑉 ∆𝑡⁄  

In the above-derived relations, 𝐴𝑥, 𝐴𝑦, and 𝐴𝑧 are the surface area of control volume 

(‘𝑝’) perpendicular to the 𝑥, 𝑦, and 𝑧 directions, respectively. 𝛿𝑥, 𝛿𝑦, and 𝛿𝑧 are the distance 

between the control volume node and its neighbouring nodes along the 𝑥, 𝑦, and 𝑧 directions, 

respectively. ∆𝑉 is the control volume, and ∆𝑡 is the time step size. The discretized equation 

(2.6) is derived for all the finite volumes in the computational domain, which gives the linear 

set of equations in the matrix form 𝐴. 𝑇 = 𝐵. where 𝐴 is the coefficient matrix and B is the 

column vector. The solution 𝑇 is evaluated using the Gauss-Seidel method.  

2.2.3 Immersed Boundary method and its implementation  

In Figure 2.2, an irregular 2D tumor enclosed by healthy tissue is depicted to elaborate on the 

implementation of the immersed boundary method. The computational domain is discretized 

using the rectilinear grid, and the node (where the field variable, like temperature, is assumed 

to be situated) is located at the center of each control volume (rectangular grid). The grids are 

not conformal to the interface of tumor and healthy tissue. Therefore, the interface boundary 

splits the control volumes into the tumor and healthy tissue cells (as shown in Figure 2.2). The 

healthy and tumor tissue nodes are flagged by the scalar value 𝑣 = 𝑙𝑖. 𝜂̂𝑗. where 𝑙𝑖 is the vector 

distance of nodes from the nearest boundary element 𝑆𝑗, and 𝜂̂𝑗 is the unit outward normal 

vector at that boundary surface element (Figure 2.2). The boundary elements (as shown in  

Figure 2.3(a)) are generated by discretization of the boundary into small elements (line 

elements for 2D boundary & triangular elements for 3D boundary surface). For triangular 

surface elements, the information from STL file is utilized to generate 3D surface. The size of 

these boundary elements is smaller than a cell's size. Each node is associated with the nearest 

boundary element, and this information is used to flag healthy and tumor tissue nodes [59,70]. 

If  𝑣 ≥ 0, the node lies in the healthy region; otherwise, the node lies in the tumor region (as 

described with the help of nodes ′𝑝2′ and ′𝑝3′ in Figure 2.3). Similar methodology have been 

described in literature to identify the inside and outside nodes with respect to the boundary of 

a domain [70,71]. 

Based on the flagging as described above, nodes in the tumor and healthy tissue are 

identified and represented as round and square nodes, respectively (Figure 2.2). The nodes have 

at least one neighbour node that lies in another region, is termed as immersed nodes, and the 

respective control volume is named the immersed boundary cells (IB cells). The unfilled nodes 
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(as shown in Figure 2.2 circle and square) in the tumor and healthy tissue domain represent the 

immersed nodes (𝑁1 to 𝑁15  in tumor side and 𝑁1 to 𝑁19 in healthy tissue domain). The tumor 

side immersed node is denoted as IB-tumor, and the healthy region IB node is named IB-

healthy. The intersection point between the boundary surface and the line joining the two 

adjacent IB- tumor, and IB- healthy is depicted as a ‘cross’ mark lies on one of the boundary 

elements, 𝑆𝑗. Like boundary element 𝑆2 lies on the line joining IB-tumor node, rank 1 and IB-

healthy node, rank 2, as shown in Figure 2.2. The discretized governing equation (2.6) is 

directly applied for each control volume except the IB cells in the tumor and healthy region. 

For IB cells, the coefficients of the neighbouring nodes that lie in another region are modified 

by implementing boundary conditions using the immersed boundary method, as discussed in 

the later sections. 

 

Figure 2.2. Implementation of IBM in the rectilinear grid. 
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                                     (a)                                                                 (b) 

Figure 2.3. Depiction of (a) the discritized boundary surface (b) the flagging of tumor and 

healthy tissue nodes 

2.2.3.1 Implementation of Dirichlet boundary condition  

Figure 2.4 describes the implementation of the Dirichlet boundary condition in one-dimension 

of the proposed IBM framework for the bio-heat application. The boundary surface (curve or 

line for 1D) intersects and divides the control volume into two parts. ‘𝑆’ is the intersection 

point (lies on the boundary element) at the interface. The normalized distance between the 

boundary and the immersed node is 𝑥𝑝𝑆̅̅ ̅̅ ̅ 𝛿𝑥⁄ . For the implementation of the Dirichlet boundary 

conditions, the IB-healthy (represented as a square node at '𝑒') temporarily works as a ‘virtual 

or ghost tumor node’ of the corresponding IB-tumor node to complete the relevant 

neighbouring node conditions. The boundary condition is enforced by calculating the field 

variable (such as temperature) using the forcing function that satisfies the boundary condition 

at the boundary surface ‘𝑆’ (as shown in Figure 2.4). The value of the field variable at IB-

virtual is extrapolated using the following expression (equation (2.8)). 

𝑇𝑒 = 𝛼𝑒𝑇𝑝 +  𝛽𝑒𝑇𝑤 + 𝛾𝑒 2.8 

where 𝛼𝑒, 𝛽𝑒 and 𝛾𝑒 are the coefficients for the east-direction ghost node that are evaluated by 

applying the quadratic fit between the node 𝑒 − 𝑆 − 𝑤. In some IB nodes, when the boundary 

is very close to an immersed node such that 𝜂 → 0, the singularity arises by interpolating with 

the quadratic fit. Therefore, for that IB nodes, the linear fit is applied between the virtual node 

‘𝑒’ and ‘𝑤’. The linear fit affects the accuracy of the solution; however, the overall accuracy 
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remains the same because of the fewer such IB cells. Mark et. al. [72] have also reported nearly 

second order accurate scheme using linear fit for reconstruction the boundary for the simulation 

of complex fluid flow. The value of 𝛼, 𝛽 and 𝛾 is expressed in the following generalized form 

(equation (2.9)).  

 
Figure 2.4. Depiction of the implementation of the boundary condition 

𝛼 =  
−2𝜉 

1 − 𝜉
;  𝛽 =  

𝜉

2 − 𝜉
 ;   𝛾 =

𝑇𝑠
(1 − 𝜉)(2 − 𝜉)

  (0 ≤ 𝜉 ≤ 0.999) 

𝛼 =  0;  𝛽 = − 
𝜉

2 − 𝜉
 ;   𝛾 =

2 𝑇𝑠
(2 − 𝜉)

  (𝜉 → 1)  

2.9 

where 𝜉 = 1 − 𝑥𝑝𝑆̅̅ ̅̅ ̅ 𝛿𝑥⁄ , defines the normalized distance of the virtual node from the boundary 

(as shown in Figure 2.4). Accordingly, the coefficient of IB cells 𝐴𝑝, 𝐵𝑝 and 𝐴𝑛𝑏 (𝐴𝑒 and 

𝐴𝑤) are modified as follows (equation (2.10)): 

𝐴̅𝑝 = 𝐴𝑝 − 𝛼𝑒𝐴𝑒  

𝐴̅𝑤 = 𝐴𝑤 + 𝛽𝑒𝐴𝑒 

𝐴̅𝑒 = 0 

𝐵̅𝑝 = 𝐵𝑝 + 𝛾𝑒𝐴𝑒 

2.10 

where 𝐴̅𝑝, 𝐴̅𝑒, 𝐴̅𝑤 and 𝐵̅𝑝 are the modified coefficients for the IB nodes. Similarly, the Dirichlet 

boundary condition on immersed healthy nodes is implemented by converting the 

corresponding neighbouring node in the tumor cell into a virtual node. In the literature, Das et 

al. [61] have discussed a similar methodology for different boundary conditions.  

For implementing FV-IBM methodology, all nodes (both IB and regular nodes) and 

their corresponding neighboring nodes are stored in a data structure. IB and regular nodes are 

distinguished by tagging with distinct numbers. In tagging, the IB nodes in the tumor region 
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are labelled as ‘0’, while the regular nodes are tagged as ‘1’. Following that, the normalized 

distance ′𝜉′ for each IB node with respect to its neighbouring virtual (ghost) nodes is evaluated. 

For two or three-dimensional geometry, the virtual (ghost) node may be more than one for each 

IB node. For example, the two-dimensional domain, as shown in Figure 2.2, IB node (𝑝1) has 

two ghost nodes, one on the east side and another on the north side. The normalized distance, 

𝜉𝑒 and 𝜉𝑛 are calculated for 𝑝1 with respect to east and north ghost node, respectively. Using 

the 𝜉 values in each direction, the corresponding coefficients (𝛼, 𝛽, and 𝛾) of quadratic fit 

(equation (2.8)) are evaluated for each IB node. The 𝛼, 𝛽, and 𝛾 for each IB node are used to 

modify the coefficients of equation (2.6) using the description given in equation (2.10). The 

modified discrete equation of FV-IB for regular as well as IB nodes is illustrated in the equation 

(2.11). The stencil of this equation (2.11) is valid for any node (regular or IB) in two-

dimensional domain as shown in Figure 2.2. Similarly, a general discrete equation 

implementing the FV-IB methodology could also be developed for the three-dimensional 

domain. The value of 𝜒 in equation (2.11) helps to incorporate the boundary conditions by 

modifying the coefficients of IB nodes. The value of 𝜒 is 1 if a neighbouring node in any 

direction lies outside the boundary (for IB nodes). Otherwise, the value of 𝜒 is 0 to produce the 

discrete equation for any regular node. Thus for 𝜒 = 0, the stencil of the discrete equation is 

reduced to equation (2.6) (the discrete FV equation for any regular node in a cartesian domain). 

For the IB node like ′𝑝1′ as shown in Figure 2.2, its neighboring east and north direction nodes 

are outside the boundary, while the west and south direction nodes are inside. Therefore, the 

east and north 𝜒 values which are denoted by. 𝜒𝑒 and  𝜒𝑛, respectively is one, while the 𝜒 for 

west and south i.e. 𝜒𝑤 and 𝜒𝑠, is 0. The simplified form of the discretized equation for the ‘𝑝1’ 

IB node is shown in equation (2.12). Conversely,  the value of 𝜒 will be zero in all directions 

for the regular nodes like 𝑝 (Figure 2.2), and its reduced discrete form is shown in equation 

(2.13). It can be seen that stencil of equation (2.13) is same as the equation (2.6).  

(𝐴𝑝 − 𝜒𝑒𝛼𝑒 𝐴𝑒 − 𝜒𝑤𝛼𝑤 𝐴𝑤  − 𝜒𝑛𝛼𝑛 𝐴𝑛 − 𝜒𝑠𝛼𝑠 𝐴𝑠)𝑇𝑝
𝑡+1

=   ((1 − 𝜒𝑒)𝐴𝑒 + 𝜒𝑤𝛽𝑤 𝐴𝑤)𝑇𝑒
𝑡+1 + ((1 − 𝜒𝑤)𝐴𝑤+𝜒𝑒𝛽𝑒 𝐴𝑒) 𝑇𝑤

𝑡+1

+ ((1 − 𝜒𝑛)𝐴𝑒 + 𝜒𝑠𝛽𝑠 𝐴𝑠)𝑇𝑛
𝑡+1 + ((1 − 𝜒𝑠)𝐴𝑠+𝜒𝑛𝛽𝑛 𝐴𝑛) 𝑇𝑠

𝑡+1

+ 𝐵𝑝 + 𝜒𝑒𝛾𝑒𝐴𝑒 + 𝜒𝑤𝛾𝑤𝐴𝑤 + 𝜒𝑛𝛾𝑛𝐴𝑛 + 𝜒𝑠𝛾𝑠𝐴𝑠 

2.11 

For 𝑝1 IB node (as shown in Figure 2.2) 

For east and north nodes: 𝜒𝑒 = 1 and 𝜒𝑛 = 1 
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For west and south nodes: 𝜒𝑤 = 0 and 𝜒𝑠 = 0 

(𝐴𝑝 − 𝛼𝑒 𝐴𝑒 − 𝛼𝑛 𝐴𝑛)𝑇𝑝
𝑡+1

=  (𝐴𝑤+𝛽𝑒 𝐴𝑒) 𝑇𝑤
𝑡+1 + (𝐴𝑠+𝛽𝑛 𝐴𝑛) 𝑇𝑠

𝑡+1 + 𝐵𝑝 + 𝛾𝑒𝐴𝑒 + 𝛾𝑛𝐴𝑛 
2.12 

 For regular node, the 𝜒 value in all direction is zero (′𝑝′ node, shown in Figure 2.2) 

𝐴𝑝𝑇𝑝
𝑡+1 =  𝐴𝑒𝑇𝑒

𝑡+1 + 𝐴𝑤 𝑇𝑤
𝑡+1 + 𝐴𝑛𝑇𝑛

𝑡+1 + 𝐴𝑠 𝑇𝑠
𝑡+1 + 𝐵𝑝 2.13 

2.2.3.2 Implementation of Conjugate heat transfer & Neumann boundary condition in 

biological medium  

The conjugate heat transfer (CHT) is applied at the tumor and healthy tissue interface 

surface. The boundary condition is implemented at the surface point (‘𝑆𝑖’, as shown in Figure 

2.5). The following conjugate heat transfer equation is satisfied between tumor and healthy 

tissue using the IBM.  

𝑇𝑇|𝑆 = 𝑇𝐻|𝑆  and  − 𝑘𝑇
𝜕𝑇𝑇
𝜕𝜂
|
𝑆

 =   −𝑘𝐻
𝜕𝑇𝐻 
𝜕𝜂

|
𝑆

   2.14 

The interface temperature at the surface node is calculated with the help of four mirror 

nodes perpendicular to the surface element (two probes each in the tumor and healthy tissue 

region), as shown in Figure 2.5. These mirror nodes are positioned in the healthy and tumor 

tissue at a distance shown in equation (2.15). In equation (2.15), 𝑑1,  𝑑2,  𝑑3 and 𝑑4 are the 

positions of 𝑚1,  𝑚2,  𝑚3 and 𝑚4 mirror nodes (as shown in Figure 2.5), respectively with 

respect global coordinate reference point. These mirror nodes are a distance of ∆𝑛 and 2∆𝑛 on 

either side in the healthy and tumor zone. The position vector of mirror nodes is evaluated with 

the help of the position vector (𝑑𝑆𝑖) of the corresponding surface point ‘𝑆𝑖’(as shown in Figure 

2.5) and is determined with the following equation (2.15). 

𝑑1 = 𝑑𝑆𝑖 − ∆𝜂 ∙ 𝜂⃗𝑖       𝑑2 = 𝑑𝑆𝑖 −  2∆𝜂 ∙ 𝜂⃗𝑖   

𝑑1 = 𝑑𝑆𝑖 − ∆𝜂 ∙ 𝜂⃗𝑖    𝑑2 = 𝑑𝑆𝑖 −  2∆𝜂 ∙ 𝜂⃗𝑖 
2.15 

where 𝑛⃗⃗𝑖 is the normal vector of the respective surface element. The distance ∆𝑛 can choose 

equal to grid size ‘∆𝑥’. The variation of distance ∆𝑛 from ∆𝑥 to 2∆𝑥 is reported by Das et al. 

[61] and shows that there are negligible effects on the solution by this variation. The surface 
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temperature is computed by expanding equation (2.14) with the Taylor series, as shown by the 

following relation (equation (2.16)).  

𝑇𝑆 = 
𝑘𝐻(4𝑇1 − 𝑇2)  +  𝑘𝑇  (4𝑇3 − 𝑇4) 

3(𝑘𝐻 + 𝑘𝑇 )
        2.16 

where 𝑇1, 𝑇2, 𝑇3 and 𝑇4 are the interpolated temperature at the mirror nodes 𝑚1, 𝑚2, 𝑚3 and 

𝑚4, respectively. The field variable value at mirror nodes is evaluated with bilinear 

interpolation using the field variable value of each mirror node's surrounding four neighbouring 

nodes (enclosed by the dashed square boxes in Figure 2.5). For the 3D computational domain, 

trilinear interpolation is used to evaluate the value of field variables at the mirror node using 

the values of eight surrounding nodes. The details of the trilinear interpolation for a 3D domain 

have been described in the literature [73].   

 

Figure 2.5. Illustration of the implementation of CHT conditions at the interface boundary. 

 

 

Figure 2.6. Depiction of the position of the mirror node for the special case. 

For the sharp edges tumor-healthy tissue interface, the second mirror node for the tumor 

or healthy tissue side may lie in another region (as shown in Figure 2.6, 𝑚2 lie in a healthy 

region). Thus, for this special case, the surface temperature is evaluated using the single mirror 

node on each side by equation (2.17). In the previous work, Das et al. [61] have also described 
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linear interpolation for complex geometries. Similarly, boundary reconstruction has also been 

reported by Municchi et al.[74] for fluid-particle interactions. They have applied the quadratic, 

linear and zeroth order interpolation based on the positions of mirror nodes [74].  

𝑇𝑆 = 
𝑘𝐻𝑇1  +  𝑘𝑇 𝑇3 

(𝑘𝐻 + 𝑘𝑇 )
        2.17 

Once the value of surface elements is calculated, the implementation of the CHT 

boundary condition becomes similar to Dirichlet boundary conditions. Similarly, constant heat 

flux at the boundary and Neumann boundary condition is implemented with two mirror nodes 

normal to the boundary surface towards the computational domain. The discrete equation used 

to evaluate the surface temperature for constant heat flux at the boundary is given by equation 

(2.18).   

− 𝑘
𝜕𝑇 
𝜕𝜂
|
𝑆

= 𝑞𝑆̇ 

𝑇𝑠 = 
(4𝑇1 − 𝑇2 − 2(𝑞𝑆̇ 𝑘⁄ )∆𝑛) 

3
 

2.18 

Similarly, for the special case, when the second mirror node lies in other regions for 

sharp surfaces, then the boundary condition is implemented with the single mirror node; the 

expression is described in equation (2.19).  

𝑇𝑠 = (𝑇1 − (𝑞𝑒𝑠̇ 𝑘⁄ )∆𝑛)        2.19 

For the Neumann boundary condition, i.e., adiabatic boundary, the value of 𝑞𝑆̇ become 

zero in equation (2.19). Thus, implementation of all the relevant boundary conditions using the 

sharp interface immersed boundary method and FVM methodology discussed to generate 

discretization methodology (FV-IBM). This FV-IBM is used to simulate bio-heat transfer 

(hyperthermia physics) in the complex tumor shape. 

2.2.4 Implementation of external heat source (𝒒𝒆𝒔) 

The distribution of an external heat source within tissue is dependent on the concentration and 

spatial spread of MNP. Previous computational studies for MNPH have used both uniform and 

Gaussian distributions of MNP in the tissue [32,40,44,54,64]. However, achieving perfectly 

uniform or Gaussian distributions in practice is challenging. However,  many experimental 
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studies [9,19,30] have indicated that the distribution of MNP after injection tends to be 

heterogeneous. 

Nevertheless, certain in-vitro and in-vivo experiments have indicated that a reasonably 

low injection rate of MNP can result in a distribution within the soft tissue that approximates a 

Gaussian profile [9,30]. The in-vitro study by Salloum et al. [30] on gel mimicking the soft 

tissues like liver  has predicted that with low injection rate, a nearly uniform 3D Gaussian 

distribution of MNP can be achieved. Further, the in-vivo experimental studies by Salloum et 

al. [9] on animal tissue (nanoparticle injection in the muscle tissue of rat hind) have 

demonstrated that the curve fitted Gaussian distribution of SAR (Specific absorption rate) is in 

good agreement with experimental data during magnetic hyperthermia. Similarly, the in-vivo 

investigation by Attaluri et al. [19] on prostatic tumors in mice for magnetic nanoparticle 

hyperthermia obtained the bell-like temperature profile as a function of radial distance. The 

three-dimensional micro-CT image of tumor containing the nanoparticles by Attaluri et al. [19] 

shows that most of the MNP is confined near the injection site.   

The power deposited in the tissue by the MNP is obtained by the product of SLP with 

the MNP spatial mass concentration 𝑚(𝑥𝑖, 𝑦𝑗 , 𝑧𝑘) (equation 2.20). The SLP depends on both 

the frequency (f) and the amplitude of the magnetic field (H). In this study, the SLP for MNPH 

in the targeted tissue is considered based on an empirical model reported by Soetaert et al. [54] 

for bionized nanoferrite (BNF-starch nanoparticles). Soetaert et al. [54] (equation 2.21) derived 

the SLP(H) relationship by fitting a sixth-order polynomial approximation to the experimental 

data reported by Bordelon et al. [28], which involved a fixed frequency and variable magnetic 

field. Thus, the empirical model depends solely on the magnetic field strength. 

𝑞𝑒𝑠 = 𝑆𝐿𝑃 ×
𝑚(𝑥𝑖 , 𝑦𝑗 , 𝑧𝑘)

∆𝑉
 2.20 

where 𝑚(𝑥𝑖, 𝑦𝑗 , 𝑧𝑘) denotes the MNP mass concentration in each control volume in rectilinear 

discretised tissue domain. Here, 𝑥𝑖, 𝑦𝑗 , and 𝑧𝑘 correspond to the positions of the center points 

of these control volumes in the global coordinate system along the x, y, and z directions, 

respectively.  

𝑆𝐿𝑃(𝐻) = −1.5207𝑒−8𝐻6 + 5.1705𝑒−6𝐻5 − 6.2314𝑒−4𝐻4 + 0.0299𝐻3

− 0.3746𝐻2 + 2.2897𝐻 − 4.0033 
2.21 
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 In our present research, we evaluated the SLP for a fixed frequency (150𝑘𝐻𝑧) and 

varying magnetic field such that it ensures the safe application of MNPH. To maintain safety, 

the product of magnetic field strength and frequency should not exceed 5 × 109 𝐴𝑚−1𝑠−1  

[26]. Further, the numerical formulation of external heat source distributions, which relies on 

the distribution pattern of MNP, is outlined for both uniform and Gaussian MNP distribution 

profiles as follows in Figure 2.7. 

 

Figure 2.7. Depiction of the uniform and Gaussian MNP distribution profile in two-

dimensional domain. 

In the uniform MNP distribution, the mass of MNP in each control volume within the 

distributed region is same.  

𝑚(𝑥𝑖 , 𝑦𝑗 , 𝑧𝑘) = {
𝑀.
∆𝑉

𝑉𝑑
    𝑟 ≤  𝑑𝑅 

     0     𝑟 >   𝑑𝑅 

 2.22 

The total mass of MNP ‘𝑀’   is distributed in a tissue volume ‘𝑉𝑑’. The total MNP 

distributed in the radial direction ‘𝑟’ from the injection site is denoted by 𝑑𝑅. For the Gaussian 

MNP distribution profile, the following Gaussian function is used to model MNP mass, 

𝑚(𝑥, 𝑦, 𝑧) in tumor models.  

𝑚(𝑥𝑖, 𝑦𝑗 , 𝑧𝑘) = 𝑀.∭
1

√(2𝜋)3𝜎𝑥. 𝜎𝑦. 𝜎𝑧∆𝑉

𝑒𝑥𝑝 [
−1

2
{(
𝑥𝑖 − 𝑥

𝜎𝑥
)

2

+ (
𝑦𝑗 − 𝑦

𝜎𝑦
)

2

+ (
𝑧𝑘 − 𝑧

𝜎𝑧
)

2

}] 𝑑𝑉 

2.23 
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where, 𝑥, 𝑦, and 𝑧 denote the location of MNP injection. 𝜎𝑥, 𝜎𝑦, and 𝜎𝑧 are the standard 

deviation along x, y, and z directions, respectively. The integrand can be expressed in the 

simplified form as follows.  

𝑚(𝑥𝑖 , 𝑦𝑗 , 𝑧𝑘) = 𝑀.∭ 𝐺(𝑥, 𝑦, 𝑧)𝑑𝑉
∆𝑉

 
2.24 

The integration of equation (2.24) in each rectilinear control volume using the 4-point 

Gauss quadrature method yields the algebraic form as follows.  

𝑚 = 𝑀.
∆𝑉

8
 ∑∑∑𝑤𝑥(𝑖)𝑤𝑦(𝑗)𝑤𝑧(𝑘)𝐺(𝑥𝜆(𝑖), 𝑦𝜆(𝑗), 𝑧𝜆(𝑘))

4

𝑘=1

4

𝑗=1

4

𝑖=1

; 

𝑥𝜆 = 𝑥𝑖 −
Δ𝑥

2
+ (1 + 𝜆)

Δ𝑥

2
; 𝑦𝜆 = 𝑦𝑖 −

Δ𝑦

2
+ (1 + 𝜆)

Δ𝑦

2
;  

𝑧𝜆 = 𝑧𝑖 −
Δ𝑧

2
+ (1 + 𝜆)

Δ𝑧

2
 

2.25 

where ‘𝑤’ represents the weighing factors and ‘𝜆’ denotes the sample points. The subscript ‘𝑥’, 

‘𝑦’ and ‘𝑧’ denotes three-dimensional spatial direction.  

2.2.5 Temperature-dependent blood perfusion coefficient (𝝎𝒃) 

The blood perfusion term (𝜔𝑏) in the PBHT model varies with the temperature in tissue. The 

temperature-dependent blood perfusion is modelled using the first-order Arrhenius kinetic 

vascular stasis,  as shown in equation (2.26) [75].  

𝐷𝑆 = 1 − exp(−𝛺) 2.26 

where, 𝐷𝑆, the degree of vascular stasis that depends on the non-dimensional thermal damage 

parameter ‘𝛺’ that is calculated by using the Arrhenius equation [76] is given as.  

𝛺 = ∫ 𝐴𝑎. 𝑒𝑥𝑝 (
−𝐸𝑎
R𝑢𝑇(𝑡)

) 𝑑𝑡 = 𝑙𝑛
𝐶(0)

𝐶(𝜏)

𝜏

0

 2.27 

where, 𝐴𝑎 is the pre-exponential factor, which is the collision frequency of the molecules, and 

𝐸𝑎 is the activation energy barrier to activate and excite the molecules to initiate the reaction 

required for tissue damage. R𝑢 = 8.314 Jmol
−1K−1 is the universal gas constant. 𝐶(0) is the 

initial survival fraction, and 𝐶(𝜏), is the survival fraction after the heating time 𝜏. The two 
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points trapezoidal numerical method (equation 2.28) is  utilized to integrate the equation (2.27) 

and to evaluate the thermal damage and then a degree of vascular stasis by equation (2.26).  

𝛺 =  
∆𝑡 

2
𝐴𝑎 [𝑒𝑥𝑝 (

−𝐸𝑎
R𝑢𝑇𝑝

𝑡) +  𝑒𝑥𝑝 (
−𝐸𝑎

R𝑢𝑇𝑝
𝑡+∆𝑡

)] 2.28 

The temperature effect on perfusion coefficient relies on the value of the degree of 

vascular stasis (𝐷𝑆). The mathematical model proposed by Schutt et al. [77] for variation in 

perfusion rate (𝜔𝑏) with degree of vascular stasis (𝐷𝑆), is given as follows: 

𝜔𝑏 =

{
 

 
𝜔𝑏𝑖(30𝐷𝑆 + 1), (𝐷𝑆 ≤ 0.02)

𝜔𝑏𝑖(−13𝐷𝑆 + 1.86), (0.02 < 𝐷𝑆 ≤ 0.08)

𝜔𝑏𝑖(−0.79𝐷𝑆 + 0.884), (0.08 < 𝐷𝑆 ≤ 0.97)

𝜔𝑏𝑖(−3.87𝐷𝑆 + 3.87), (0.97 < 𝐷𝑆 ≤ 1)

 

2.29 

where, 𝜔𝑏𝑖 is the initial perfusion rate (at core body temperature) before the application of 

MNPH. This relationship is utilized to estimate the effect of temperature on the blood perfusion 

rate of tissues during MNPH. Table 2.1 contains the value of 𝜔𝑏𝑖 for tumors as well as healthy 

tissue. The blood perfusion in the tumor as well as healthy tissue is considered as homogeneous. 

Many investigations have described the non-uniform vascularisations in the tumor. Studies 

describe that dead (necrotic) cell regions develop at the tumor core with tumor proliferation 

[78,79]. Soni et al. [79] investigated the influence of non-uniform blood perfusion on heat 

transfer. It shows the negligible heat transfer difference for moderate heterogenous and 

homogenous blood perfusion rates (0.0017 s−1). The blood perfusion considered in this study 

is 0.0025 s−1 (liver tumor) [78], which is close to the moderate perfusion rate. Thus, 

considering homogeneous blood perfusion is a reasonable assumption for considered blood 

perfusion rate in the tumor tissue.  

2.2.6 Thermophysical properties of tissue 

The simulation of Penne’s bioheat model predicts the spatial and temporal temperature 

distribution in the tissue. The accuracy of the bio-heat simulation results depends on various 

input parameters of equation 2.1, which includes the thermophysical properties of tissues. 

Human soft tissue contains approximately 70-86% water content [80]. Owing to the high 

concentration of water, some of the thermophysical properties of tissue such as thermal 

capacity and thermal conductivity is similar to the water [21]. However, many studies have 

explored a linear relation between thermal properties of tissue and temperature. Review article 
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by Bianchi et al. [81], have reported that thermophysical properties of soft tissues remain 

relatively constant up to around 90 ℃. Thus, in the present study,  thermophysical properties 

of healthy and cancerous liver tissue have been considered temperature independent as 

provided in Table 2.1. 

Table 2.1. Thermophysical properties of tissue (tumor as well as healthy tissue), MNP and 

treatment parameters are considered in this study [28,54,78,82,83]. 

Parameter Value Parameter Value 

𝜌∗ 1060 kgm−3  𝜔𝑏𝑖−ℎ𝑒𝑎𝑙𝑡ℎ𝑦𝑡𝑖𝑠𝑠𝑢𝑒 0.0064 s−1 

𝐶𝑝
∗ 3500 Jkg−1K−1  𝜔𝑏𝑖−𝑡𝑢𝑚𝑜𝑟 0.0025 s−1 

𝑘∗ 0.53 Wm−1K−1  𝐴𝑎 2.984 × 1080 s−1 

𝜌𝑏 1000 kgm−3  𝐸𝑎 5.064 × 105 Jmol−1 

𝐶𝑏 4180 Jkg−1K−1  𝑓 150 kHz 

𝑞𝑚−𝐻𝑒𝑎𝑙𝑡ℎ𝑦𝑡𝑖𝑠𝑠𝑢𝑒 4200 Wm−3  H 12 kAm−1 

𝑞𝑚−𝑡𝑢𝑚𝑜𝑟 42000 Wm−3  MNP size ( 𝑑𝑀𝑁𝑃) 15 − 20 nm 

𝑇𝑎 310 K    

*value of these properties are the same for both tumor as well as healthy tissue. 

2.3 Results 

The proposed FV-IBM framework for the bioheat problem is first applied to solve the 

diffusion equation in the curvilinear domain. Then this methodology is applied to solve the 

steady and transient Penne’s bioheat model in the spherical tumor. The numerical results 

generated FV-IBM methodology for the considered test cases are compared with the analytical 

and previously reported numerical solutions. The FV-IBM scheme is then utilized to compute 

the temporal-spatial temperature profile induced due to magnetic nanoparticle hyperthermia 

therapy in a complex tumor model. The tumor model is created from the DICOM images (from 

the repository of the cancer imaging archive (TCIA) [84]) for the liver tumor . The temperature 

distribution is commutated in the complex-shaped real liver tumor by applying the uniform and 

Gaussian heat distribution source.  

2.3.1 Validations 

2.3.1.1 Test case 1 

The first test case chosen for the verification of the proposed FV-IBM framework is the 

diffusion equation (∇2𝑇(𝑟, 𝜃) = 0) in a 2D curvilinear domain, as shown in Figure 2.8a. The 
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boundary conditions on the surface 𝐴𝐵, 𝐶𝐷 and 𝐵𝐷 are 𝑇(𝑟, 0) =  𝑇(𝑟, 𝜋 2⁄ ) = 1, and  

𝑇(𝑟2, 𝜃)=0, respectively. The Neumann boundary condition on surface 𝐴𝐶 is 𝑑𝑇 𝑑𝑟⁄ (𝑟2, 𝜃) =

0. The numerical results are compared with the analytical solution [85,86]. The difference 

between the analytical solution & numerical results (numerical error) by FV-IBM is calculated 

in terms of RMS (root mean square error) error, ‘𝜀’ as given by equation (2.30).  

𝜀 =  √
∑ (𝑇𝑖,𝑛𝑢𝑚 − 𝑇𝑖,𝑒𝑥𝑎𝑐𝑡)

2𝑁
𝑖=1

𝑁
 2.30 

where ‘𝑁’ is the total number of immersed and regular nodes in the computational domain. 

Subscript ′𝑛𝑢𝑚′ and ′𝑒𝑥𝑎𝑐𝑡′ represent the numerical and analytical solution. The RMS error 

generated at different grid sizes ranging from 10 × 10 to 80 × 80 is tabulated in Table 2.2. 

From this Table, a plot between error versus grid size is generated (Figure 2.8(b)). The slope 

of the grid size versus the RMS error ( 𝜀 ) line (Figure 2.8b), is approximately 1.53. Thus, we 

can say, that the order of accuracy of the FV-IBM method for the diffusion equation in the 

curvilinear domain is close to 2.  

Table 2.2. RMS error by comparing the analytical and numerical solution for test case 1. 

Number of grids  Grid size (mm) RMS error 

10 × 10 0.1 0.1187 × 10−1 

20 × 20 0.05 0.4141 × 10−2 

40 × 40 0.025 0.135 × 10−2 

80 × 80 0.0125 0.476 × 10−3 
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(a)                                                                          (b) 

Figure 2.8. (a) Depiction of the curvilinear domain and (b) order of accuracy of FV-IBM 

methodology in curvilinear geometry. 

2.3.1.2 Test case 2 

In test case 2, the FV-IBM framework is applied to solve the bioheat model in the 

spherical-shaped tumor enclosed by healthy tissue as shown in Figure 2.9. For the validation 

of developed methodology, results are computed with analytical and previously reported 

numerical results for steady as well as unsteady cases. 

           

(a)                                                              (b) 

Figure 2.9. Depiction of a tumor model in (a)- Section view; (b) perspective view 

Steady test case 

In this case, a Gaussian heat source (in terms of specific absorption rate (SAR)) as a 

hyperthermia applicator is applied to the tumor. The complete model (as shown in Figure 2.9) 

is composed of only tumor tissue. The size of the tumor tissue i.e., 𝑟0 = 𝑟1 is 30 mm. The 
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boundary surface temperature is given 37 ℃. The details of its analytical solution are provided 

by Salloum et al. [20]. The SAR equation in the spherical tumor tissue is given as: 

𝑆𝐴𝑅 = 𝐵. 𝑒−𝑟
2 𝑅2⁄  2.31 

where 𝐵 = 800 kW m3⁄  and ′𝑅′ = 5 mm is the maximum radial distance up to which the heat 

source is distributed. 

The steady-state temperature profile developed in the tumor model due to heat source 

varies in the radial direction. It depends upon the value of SAR and its distribution in the tumor 

tissue (equation (2.31). The steady-state temperature profile along the radial direction from the 

tumor centre is shown in Figure 2.10a for the mesh of 64 × 64 × 64. The comparison reflects 

that the numerical results are in good agreement with the analytical solution. The variation of 

the numerical solution from the analytical is again computed in terms of RMS error for different 

grid sizes. The slope of the RMS error line indicates that the FV-IB scheme is nearly the 

second-order accurate scheme for solving the bioheat model (as shown in Figure 2.10b).  

 
(a)                                                            (b) 

Figure 2.10. (a) Comparison of temperature with analytical solution [20] for steady-state 

case (b)  Depiction of the variation of RMS error with grid size for bioheat model using FV-

IBM scheme 

Unsteady test case 

In this problem, uniformly distributed magnetic nanoparticles (MNP) under the action 

of an alternate magnetic field in the tumor tissue work as hyperthermia applicators. The surface 

of surrounding healthy tissue is maintained at core body temperature, i.e., 37℃. The tumor and 

healthy tissue radius (i.e., 𝑟0 and 𝑟1) is 5 mm and 15 mm, respectively (as shown in Figure 
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2.9). Two types of MNP (9nm FCC FePt and 19nm magnetite) are used as magnetic heating 

sources. The thermophysical properties of the tumor, as well as healthy tissue and perfusion 

rate, are given in Lin & Liu [87]. The volume fraction Ø ( ratio of MNP volume to the MNP 

distributed tumor volume) for both MNP is 2 ×  10−5 [87]. The magnetic field parameters 

with 50 mT field strength and 300 kHz frequency are applied for MNPH. The resulting heat 

generation by each type of MNP is calculated using the Rosensweig model [88]. Under the 

action of external magnetic field MNP work as a heat source, and the temperature in the tumor 

model increases with time. Results are produced with a grid size of 64 × 64 × 64and compared 

with the previous work [87] for two-time positions 50 and 100𝑠. Again, the results are plotted 

along the radial direction of the tumor model (Figure 2.11) for both the MNP as a heat source. 

For both the times 50 and 100𝑠, the temperature plots are in good agreements with the results 

of Lin and Liu [87]. Thus, developed methodology is also successfully applied for tumor 

models having time-dependent temperature increments. 

 

Figure 2.11. Comparison of temperature in the radial direction with Lin and Liu [87] for test 

case 2 (transient problem) 

2.3.2 Implementation of the present numerical scheme in the 3D liver tumor model 

The FV-IBM framework is now used to simulate magnetic nanoparticle hyperthermia in a real 

3D liver tumor. The open-source 3D slicer software is used to extract the tumor (pale yellow 

color) as well as the surrounding healthy portion of the liver (blue color) from the CT images 

of the abdomen [84], as shown in Figure 2.12. This software (3D slicer) is used for the 

segmentation and then manual smoothing of the surfaces of the liver and tumor. The tumor and 

surrounding liver model surface mesh are stored in stereolithography (STL) format. An in-
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house MATLAB function is used to read the STL file to apply the FV-IBM framework. The 

intestine fluid is considered around the liver vicinity (Figure 2.13). The properties of the 

intestine fluid are considered the same as blood. Figure 2.13 shows that the tumor is developed 

on the surface of the healthy liver. The geometric parameters of the tumor are described in 

Table 2.3. The 𝐿𝑚𝑎𝑥−𝑥, 𝐿𝑚𝑎𝑥−𝑦, and 𝐿𝑚𝑎𝑥−𝑥 is the maximum tumor length along the 𝑥, 𝑦 and 

𝑧-axis, respectively. The total volume of the tumor is nearly 2.52 cm3. For magnetic 

hyperthermia application, a total amount of 25.2 mg of bionized nano ferrite (BNF-starch) 

MNP material is injected into the centroid of the tumor mass. This MNP mass is with reference 

to in-vivo work by Attaluri et al. [19] for MNPH on prostate tumor in mice.  

 

Figure 2.12. Computed tomography images of liver and tumor in the (a) axial, (b) coronal, 

and (c) sagittal plane 

 

(a) 

(b) (c) 
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(a)                                                              (b) 

Figure 2.13. The 3D image of (a) tumor and surrounding liver (b) tumor, extracted with 3D 

slicer software 

Two MNP spread (uniform and Gaussian) are considered for this liver tumor model 

during magnetic hyperthermia. For uniform MNP distribution, the MNP volume fraction Ø is 

constant, and its value is 0.0346 within the 140 mm3 volume. In the second scenario, we have 

considered the isotropic Gaussian distribution pattern with MNP spread parameterized with 

3𝜎 = 3.2 mm, which makes more than 98% of MNP within the 140 mm3 of tumor volume.  

The heat produced by the MNP hyperthermia propagates to the liver and intestine fluid. The 

conjugate heat transfer as a boundary condition is applied at the interface of tumor-liver tissue 

and tumor-intestine fluid. The outer surface of the surrounding intestine fluid is at core body 

temperature i.e., 37 ℃. 

Table 2.3. Geometric properties of tumor 

Volume Surface area 𝐿𝑚𝑎𝑥−𝑥 𝐿𝑚𝑎𝑥−𝑦 𝐿𝑚𝑎𝑥−𝑧 

2.52 cm3 9.93 cm2 2.1 cm 1.74 cm 1.64 cm 

2.3.3 Comparison of results with COMSOL Multiphysics 

The therapeutic time is 20 minutes for both the uniform as well as the Gaussian source 

distribution cases [19]. The application of MNPH therapy produces heat in the tumor tissue. 

The numerical solution of the FV-IBM solver is compared with fine grid computational results 

produced by COMSOL Multiphysics 5.6 for the simulation of MNP hyperthermia on the same 

tumor model & hyperthermia parameters. The computational grid structure for the FV-IBM 

solver is uniform and non-conformal to the physical domain (tumor, tissue, and intestine 

Liver 

Tumor 
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fluid).as shown in Figure 2.14a. The grid size of each cubical element is 0.6 mm. The boundary 

condition (conjugate heat transfer) between the interface of the tumor and healthy tissues as 

well as between intestinal fluid and liver tissue, is implemented through IBM framework. 

However, in COMSOL an unstructured tetrahedral body-fitted mesh is used to discretize the 

complex physical domain (as shown in Figure 2.14b). The non-uniform, unstructured grid size 

varies from minimum to maximum in the tumor region is 0.029 to 5.04mm.  

    

         (a)                                                                     (b) 

Figure 2.14. Depiction the meshing in tumor (a) non-conformal in FV-IBM and (b) 

conformal in COMSOL. 
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(a)                                                                      (b) 

  

 (c)                                                                    (d) 

Figure 2.15. Comparison of temperature elevation produced by FV-IBM and COMSOL (a, 

c) uniform (b, d) Gaussian source at the injection site and along the x-axis line, respectively. 

Figure 2.15 compares temporal and spatial temperature elevation for uniform and 

Gaussian MNP distribution by FV-IBM methodology and COMSOL solution. The comparison 

shows that the FV-IBM solver's temperature profile agrees well with the temperature profile 

produced by fine grid COMSOL Multiphysics software for both uniform and Gaussian sources. 

2.3.4 Spatial Temperature profile in the tumor by FV-IBM methodology  

The steady-state temperature isotherms produced by FV-IBM after the 1200s for both cases 

are shown in Figure 2.16. The temperature contours are presented on the axial, coronal, and 

sagittal planes that pass through the centroid of the tumor (injection site). The tumor and 

healthy surface are distinct, with red and green colors, respectively, as shown in Figure 2.16.  
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                      Uniform heat source                                       Gaussian heat source 

 
(a)                                                                     (d) 

 
(b)                                                                     (e) 

 
(c)                                                                      (f) 

Figure 2.16. Depiction of the isotherms in the mutual perpendicular plane passes to the 

injection site of the tumor in (a, b, c) uniform and (d, e, f) Gaussian distribution source. 

The maximum temperature in uniform and Gaussian distribution sources at the 

injection site is approximately 52.08℃ and 61.64℃, respectively. The temperature 

asymptotically reduces from the injection site to the core body temperature. The higher 

temperature in the Gaussian source than in the uniform is because of the dense MNP 
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concentration near the injection site. However, the MNP concentration reduces sharply from 

the injection site in the Gaussian source. 

A detailed quantitative description of the heat penetration extent in the tissue is shown 

in Figure 2.17. Plots in Figure 2.17 describe the steady-state spatial temperature variation along 

𝑥, 𝑦, and 𝑧-axis, respectively, from the injection site. The tumor boundaries (TB) in the plots 

are shown by the vertical dotted lines and represented as TB𝑥, TB𝑦, and TB𝑧 along 𝑥, 𝑦, and 

𝑧-direction, respectively. The horizontal dotted line in these Figure 2.17(a-c) describes the 

tumor volume above the minimum therapeutic temperature (MTT), which is 43℃. The MTT 

is the threshold temperature limit to initiate the thermal damage to the tissue. 

It can be observed that the temperature near the injection site in the tumor in both cases 

is above the therapeutic range. After the 1200s, nearly 20% of total tumor volume in uniform 

source and 16.2% in Gaussian distribution source is above the MTT line. The Gaussian and 

uniform heat source distribution patterns are isotropic and ideal. However, in real tissue, MNP 

distribution is affected by various factor and have anisotropic and heterogenous pattern [30]. It 

is also shown in Figure 2.18 by comparing the temperature profiles of the present study and 

the experimental work of Attaluri et al. [19]. The authors have conducted in-vivo investigation 

of MNPH on the prostatic tumor in mice. The tumor volume in mice is 2.57 cm3 with a 

standard deviation of ±1.26 cm3. A total amount of 25.2 mg of MNP has been injected at 

different infusion rates. Heat is produced for 20 min in a tumor by 3 kA/m magnetic fields and 

190 kHz frequency. However, the pattern of MNP distribution with its quantity and estimation 

of SAR generation in the tumor is not elaborated. The temperature profile reported by Attaluri 

et al. [30] at an injection rate of 20 μL/min in mice during therapy is reproduced in Figure 

2.18. Similar MNP volume distribution at an injection rate of 20 μL/min is considered in the 

present work. It can be observed from Figure 2.18 that the maximum temperature of Attaluri 

work lies between the Gaussian and uniform heat source distribution, and the maximum 

temperature variation is close to the Gaussian source. However, the error associated with the 

idealized SAR and MNP distribution considered in this study causes a difference between the 

numerical and experimental temperature profiles. Nevertheless, the temperature distribution 

obtained from FV-IBM is able to capture the nature of the temperature profile during MNPH. 

Concluding, the comparisons show that the FV-IBM framework for the bioheat model can be 

efficiently applied to any complex-shaped tissue.  
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Figure 2.17. Comparison of temperature variation along the x, y, and z axis from the 

injection site for Gaussian and uniform heat source 

 

Figure 2.18. Comparison of the temperature profile of the Gaussian and uniform distribution 

heat source and Attaluri et al. [19] experimental work 

2.4 Discussion and Conclusion 

The coupled FV-IB method has been developed to discretize Penne’s bioheat model for 

investigating MNPH therapy in complex 3D tumors. The developed scheme is nearly second-
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order accurate. The developed framework for solving the bioheat model produces quite 

accurate results for cases with different heating sources that produce steady and transient 

temperature distribution in the spherical tumor model.  

The investigation of MNPH therapy using the FV-IBM framework in a real liver tumor 

model is done with both uniform and Gaussian distribution MNP sources. The comparison of 

temperature profile produced by FV-IBM methodology with results produced by fine grid 

COMSOL Multiphysics demonstrates the efficacy of FV-IBM methodology for bio-heat 

applications. The comparison of the results with experimental work shows that results produced 

by FV-IBM can capture the physics of bio-heat transfer in complex-shaped tumors. Thus, a 

numerical scheme based on the FV-IBM methodology is derived and successfully applied for 

bio-heat application in complex tumor tissue morphology. 

2.5 Closing Remarks 

In the present work, we have developed the FV-IB framework for computing the bioheat 

equation in a 3D complex tumor model with non-body conformal Cartesian grids. Extensive 

validation studies are performed by comparing the FV-IB solution with analytical and other 

solutions. It shows the scheme is nearly second-order accurate and is successfully applied for 

steady and transient cases. The scheme is also applied successfully to simulate MNPH in the 

3D real complex tumor model imported from the CT scan image.   
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Chapter 3  

Parameterizing the effects of tumor shape in magnetic 

nanoparticle thermotherapy through a computational approach 
 

3.1 Introduction 

In this chapter, the effects of tumor morphology on MNPH, has been extensively analysed. To 

investigate the effect of tumor shape, an array of tumors having different tumor morphology 

are generated using 2D symmetric and asymmetric profiles. The morphology of the considered 

tumors are changed by altering their aspect ratio. Therefore, for a fixed tumor volume, various 

tumor shapes having different surface areas are generated. These tumors are kept under similar 

MNPH applicator conditions (MNP dose and AMF intensity). The heat transfer in tumor 

phantoms during MNPH is estimated using PBHT equation (equation 2.1). The PBHT equation 

is numerically solved using the developed FV-IB framework in the tumor models to evaluate 

the spatial and transient rise in the temperature field due to MNPH. The distribution of MNP 

mass in tumor tissue after its injection is considered to be as Gaussian at the centroid of tumor. 

The specific power loss (SLP) of the MNP in the targeted tissue during MNPH is based on the 

model reported by Soetaert et al. [54] for bionized nano ferrite (BNF-starch nanoparticles). 

3.2 Material and Methods 

3.2.1 Physical model 

Tumors can have any irregular shape, however, tumor masses are broadly categorized into 

round, oval, and irregular shapes [39,89]. A Recently reported study by Byrd et al. [39] 

characterising the shape of breast cancer based on supine MRI data, shows that most of the 

tumors are not spherical. Using geometrical equations for 3D reconstruction, they found that 

34% of tumors were discoidal (oblate), 29% segmental (prolate), 19% spherical and 18% 

irregular, based on the supine MRI of 83 breast cancer patients [39]. The classification of tumor 

morphology is defined by fitting each tumor shape into the smallest possible ellipsoidal [39] 

(as shown in Figure 3.1). Geometrical parameters used to categorised the tumor shapes are 

sphericity (𝜓 = 𝜋1/3(6𝑉𝑡𝑢𝑚𝑜𝑟)
2/3/𝐴𝑡𝑢𝑚𝑜𝑟) and isocentricity (Isocentricity = (𝑑𝑚𝑎𝑥 − 𝑑𝑚𝑖𝑛)/

𝑑𝑚𝑎𝑥 [39]. Where, V is the computed tumor volume, A is the corresponding surface area, and 

𝑑𝑚𝑎𝑥 and 𝑑𝑚𝑖𝑛 are the maximum and minimum tumor extents from the center of the tumor, 

respectively. Therefore, in line with the broad category of tumor shapes, both symmetrical 

(spherical and ellipsoidal), as well as asymmetrical (egg) shapes, as shown in Figure 3.2, are 
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considered for the investigation of effects of tumor morphology on MNPH. The ellipsoidal 

category of tumor is further sub-categorized into oblate (disc type) and prolate (rod type) 

shaped tumors (Figure 3.2). The volume of all these tumors is equal to the reference spherical 

tumor model, represented as ‘𝑆’ in Figure 3.2. The radius (𝑅𝑠) of the referenced spherical tumor 

model is 1 cm i.e., its size is 2 cm. This size is in reference to the first stage of malignant liver 

tumors [90]. However, the maximum length of other tumors is greater than 2 cm. Tumors can 

be invasive in any direction due to several reasons [91]. As per Gibbs Thomson's relation, the 

nutrient concentration gap across the tumor-tissue interface is proportional to the curvature of 

the tumor. Nutrients act as a source of energy and this energy is required by the cell on the 

interface to preserve the cell-to-cell adhesion to maintain the compactness of the tumor. 

Reduction in the cell-to-cell adhesion forces makes tumor invasive and produces the rough 

surface at the tumor boundary [92,93]. Thus, the tumor with high local curvature such as egg, 

prolate, and oblate would most likely be more aggressive and invasive. In the considered tumor 

models (as shown in Figure 3.2), spheroid tumor proliferates in different directions, 

symmetrically (prolate and oblate) as well as asymmetrically (egg-shaped). However, different 

degree of invasion changes the morphology of tumors. 

 

Figure 3.1. (a) dmax and dmin is the maximum and minimum  tumor extent from central point, 

respectively (b) Ellipsoidal fit to an arbitrary tumor shape with measured CA and CB 

diameter along two primary axes. 

Changing the morphology (aspect ratio) of the tumor increases its surface area. This 

morphological aspect of the tumors is quantified in terms of the shape factor (𝜁). The definition 

of shape factor is based on the criteria established by the World Health Organization (WHO) 

to measure a tumor’s size, which states that “ Measurement of the size of a tumor or lesion that 

is used to evaluate the result of a therapy is based on the maximum diameter(s) and second 

transverse diameter(s), at a right angle to the first and in the same plane” [94]. Therefore, in 
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our study, it is defined as the ratio of the maximum to the minimum spread of tumor tissue 

(𝑖. 𝑒. 𝜁 = 𝐴𝐶 𝐵𝐶⁄ ) along the longitudinal and transverse axis, from the centroid, as shown in 

Figure 3.2. The definition of shape factor is similar to the geometrical parameter ‘isocentricity’ 

that was used to define the shape of tumor in the previous study [39]. An array of tumor shapes 

(see Figure 3.2) is produced to investigate the effects of shape on MNPH. In each category of 

tumors, the surface area of the tumor is successively increased by changing the shape factor 

(𝜁). However, the limiting tumor model in all the categories has a maximum increase of 20% 

surface area with respect to the spherical reference model. 

 

Figure 3.2. Depiction of symmetric and asymmetrical tumor models in 2D and 3D 

representations 

The selected tumors have 5%, 10%, and 20% increase in surface area in comparison 

to the reference tumor model. Therefore, a total of 10 tumor models (one spherical, three oblate, 

three prolate, and three asymmetric) are generated for this investigation (see Figure 3.2). The 

volume, surface area and shape factor for each category of stated shapes, i.e., oblate, prolate, 

and egg (asymmetric) shape, are enlisted in Table 3.1. It should be noted from the table that 
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the surface area of each tumor is with respect to the surface area (𝐴𝑠) of the referenced spherical 

tumor. The notations ‘𝑂, ’ ‘𝑃, ’ and ‘𝐸’ in Figure 3.2 represent the oblate, prolate, and egg 

(asymmetric) shaped tumor models, respectively. The subscripts 1, 2, and 3 in these notations 

describe the increase in surface area by 5%, 10%, and 20%, respectively, with respect to the 

spherical tumor. The symmetric tumor models (oblate and prolate) are generated by changing 

the major and minor axis of their base ellipse (2D symmetric in Figure 3.2). These axes are 

correlated with each other in terms of eccentricity(𝑒), which varies from 0 to 1. As the 

eccentricity increases from zero, the circle changes into an ellipse [95]. The rotation of the 

ellipse (Figure 3.2) about one of its principal axes generates the prolate and oblate models. The 

eccentricity is suitably selected to generate tumors having an incremental increase of surface 

area (5%, 10%, 20%) for the fixed volume (mass) of the tumor. Similarly, the asymmetric 

tumor model (egg-shaped) is generated by the rotation of the 2D oval base profile (represented 

as 2D asymmetric in Figure 3.2) about its longitudinal axis [96]. Again, three different 2D 

asymmetric oval profiles are generated by a suitable selection of functions generating the oval. 

Details of the generation of the asymmetric shape are not given for the sake of brevity and can 

be referred from [96]. It should be noted from Table 3.1 that with an increment in the surface 

area of each category of tumor, the shape factor of the tumor also increases. However, the 

increment of the shape factor for different categories of tumors is different. Furthermore, the 

maximum value of the shape factor (𝜁 = 3.17) is for 𝑃3 type tumor, while it is minimum 

(𝜁 = 1.0) for the spherical tumor (𝑆). Thus, the maximum diameter (size) range of chosen 

spherical, prolate, oblate, and egg shape tumor model is 2, 2.9 − 4.3, 2.4 − 2.8 and 2.22 −

2.56 cm, respectively. This tumor diameter range is comparable to pathological data of 

maximal tumor diameter from MRI scans, which are 2.04, 2.65, 2.49, and 2.55 cm for 

spherical, segmental, discoidal, and irregular tumors, respectively [39]. However, the generated 

extreme case of prolate diameter in the current work is higher than that of the maximum 

diameter of segmental tumors reported by Byrd et al. [39]; this is because in order to evaluate 

the effect of surface area in the present study, the tumor surfaces are equally increased in each 

case. 
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Table 3.1. Details of volume, surface area, and shape factor of the symmetric and asymmetric 

tumors. 

Paramete

r 

Tumor type 

Symmetric tumor Asymmetric tumor 

Spher

e 
Oblate Prolate Egg-shape 

𝑆 𝑂1 𝑂2 𝑂3 𝑃1 𝑃2 𝑃3 𝐸1 𝐸2 𝐸3 

Volume 𝑉𝑠 

Surface 

Area 

 

𝐴𝑠 1.05𝐴𝑠 1.1𝐴𝑠 1.2𝐴𝑠 1.05𝐴𝑠 1.1𝐴𝑠 1.2𝐴𝑠 1.05𝐴𝑠 1.1𝐴𝑠 1.2𝐴𝑠 

𝜁 1 1.67 2.03 2.67 1.75 2.22 3.17 1.44 1.7 1.87 

Figure 3.3 illustrates the physical tumor model used to simulate MNPH with different 

tumors (Figure 3.2) considered in this study. In the model, the tumor is centrally located, 

surrounded by healthy cubical tissue. The size of the cubic physical model (including the tumor 

as well as the healthy tissue) is four times the size of the spherical tumor. Size of the healthy 

tissue domain is selected in such a way that its boundaries are not thermally affected due to the 

thermotherapy.  

 

Figure 3.3. The 3D physical model consisting of tumor tisuue with injected MNP, 

surrounded by a cubic shaped healthy tissue. 
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3.3 Mathematical model 

The Penne's bioheat model (equation 2.1, described in previous “Chapter 2”) has been utilized 

to evaluate the spatial and temporal temperature variations within various tumor shapes, as 

depicted in Figure 3.2, as well as within the surrounding healthy tissue. To compute Penne's 

bioheat model for different tumor models, we have employed an in-house algorithm based on 

the finite volume-immersed boundary (FV-IB) numerical scheme, which we have extensively 

detailed in Chapter 2. Furthermore, information regarding the external heat source and the 

distribution of magnetic nanoparticles (MNP) is provided in the subsequent sections. 

3.3.1 Heat generation due to MNP in tissues 

Various experimental, as well as theoretical studies [25,28], have documented SLP for MNP. 

In the current study, we have considered the BNF-starch nanoparticles as the MNPH inducers 

[28]. The SLP of BNF-starch MNP is calculated using a sixth-order polynomial relation 

reported by Soetaert et al. [54] based on experimental data of Bordelon et al. [28]. In this work, 

magnetic field strength and frequency are chosen as 20.5 kAm−1and 150 kHz, respectively. 

The simulated results predict that more than 95% of the referenced spherical tumor is thermally 

damaged at these magnetic field parameters. It should be noted that for the safe application of 

MNPH, the product of magnetic field strength and frequency should not be more than 5 ×

109 Am−1s−1 [26]. Thus, the selected electromagnetic field parameters for this study are within 

the safe limit. The value of SLP for selected field strength and frequency is 

50.64  W (gm of MNP)⁄ .  

3.3.2 MNP dose and particle distribution in the tumor model 

Previous works [9,97] have suggested that the amount of iron above 4 mg per gram of wet liver 

weight causes hepatotoxicity. Therefore, a total of 16.755 mg of MNP mass, which is 

equivalent to 3.77 mg per gram of wet liver tumor, is used as the MNP dose in all the tumor 

phantoms. MNP are injected at the centroid of each tumor model (see Figure 3.3). The Gaussian 

distribution of MNP in tumor tissues (Figure 3.3), which is a reasonable assumption for MNP 

distribution in the tissue, is used in this study  (details of Gaussian distribution (equation 2.13) 

is described in “Chapter 2”).  

The total mass of injected MNP is 16.755 mg. For isotropic Gaussian distribution of 

MNP in tissue, the standard deviations 𝜎𝑥, 𝜎𝑦, and 𝜎𝑧 is chosen as 3𝜎 = 5.62 mm. The 

selection of this 𝜎-value is based on the in-vitro experimentations reported by Salloum et al. 
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[30] in agarose gel having a concentration of 0.2% with the infusion (injection) rate of 

4 μl/min. Based on the spatial distribution of MNP mass 𝑚(𝑥, 𝑦, 𝑧) and using heating value 

50.64 W/ (gm of MNP) , the spatial heat generation (𝑞𝑒𝑠) in the tumor models is calculated. 

The calculated spatial heat generation (𝑞𝑒𝑠) is used in PBHT (equation (2.1)).  

3.3.3 Thermal dosimetry 

The thermal damage in tumor or healthy tissue is estimated based on the parameter 𝛺 as 

described by equation (2.27). The value of 𝛺 equal to 1 is chosen as the criterion for thermal 

damage to the tissue and it corresponds to 63% of tissue damage [36]. The revival probability 

of cells is negligible at this value [76]. Though in literature few limitations of the Arrhenius 

thermal damage model is also illustrated [99]. However, each mathematical model inherits 

certain error associated with its assumptions and simplifications. Another thermal dosimetry 

parameter is the thermal iso-effect dose (𝐶𝐸𝑀43) in terms of the cumulative equivalent 

minutes at 43oC, which is defined as (equation 3.1), 

𝐶𝐸𝑀43 = ∑𝑅𝐶𝐸𝑀
43−𝑇𝑛𝑡𝑛

𝑁

𝑛=1

 3.1 

where, 𝑇𝑛 is the temperature at the 𝑛-th time interval (𝑡𝑛), 𝑁 is the total time step for which the 

tissue is exposed to heating during the therapy. The value of 𝑅𝐶𝐸𝑀 depends upon the reference 

temperature, 43oC [40,100]. The value of 𝐶𝐸𝑀43 equal to or above 60 minutes is considerd 

as effective for the thermotherapy and is represented by (𝐶𝐸𝑀43)60 [101]. The quantification 

of thermal dosimetry, i.e., the percentage of tissue volume thermally damaged, is done using 

parameters 𝐶𝐷 and (𝐶𝐸𝑀43)60 [40,44] given as (equation 3.2 and 3.3): 

𝐶𝐷(%) = (
𝑇𝑢𝑚𝑜𝑟 𝑜𝑟  ℎ𝑒𝑎𝑙𝑡ℎ𝑦 𝑡𝑖𝑠𝑠𝑢𝑒 𝑣𝑜𝑙𝑢𝑚𝑒(𝛺 ≥ 1)

𝑇𝑢𝑚𝑜𝑟 𝑣𝑜𝑙𝑢𝑚𝑒
) × 100 3.2 

𝐶𝐸𝑀4360(%) = (
𝑇𝑢𝑚𝑜𝑟 𝑜𝑟 ℎ𝑒𝑎𝑙𝑡ℎ𝑦 𝑡𝑖𝑠𝑠𝑢𝑒 𝑣𝑜𝑙𝑢𝑚𝑒(𝐶𝐸𝑀43 ≥ 60)

𝑇𝑢𝑚𝑜𝑟 𝑣𝑜𝑙𝑢𝑚𝑒
) × 100 3.3 

MNPH is considered effective if the values of thermal dosimetry parameters 𝐶𝐷 and 

(𝐶𝐸𝑀43)60 exceed 90% of the tumor volume [40,102]. Additionally, thermal damage to the 

healthy tissue should be minimum and not more than 10% of the equivalent tumor volume 

[20]. The heterogeneity index (𝐻𝐼), which describes the temperature inhomogeneity [103] in 

the tumor, is evaluated using the relation 𝐻𝐼 = (𝑇10 − 𝑇90) (𝑇90 − 𝑇𝑐);⁄  where 𝑇90 and 𝑇10 are 
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the maximum temperatures within 90% and 10% of the tumor volume, respectively, and 𝑇𝑐 is 

core body temperature i.e. 37°C. 

3.4 Results 

The computational results are susceptible to change in grids or mesh used to simulate the 

physics. Thus, a grid independence test is conducted to make the temperature profile 

independent of the grid structure. The mesh size ranging from 41 × 41 × 41 to 241 × 241 ×

241 are chosen to discretize the physical tumor model (see Figure 3.3). The changes in 

temperature at specific locations from the centroid of tumors with different grid sizes are 

measured in the spherical model (as shown in Table 3.2). The relative change in temperature 

at these locations becomes less than 0.05% when the grid size is increased to 241 × 241 ×

241 from 161 × 161 × 161. Thus, all the simulations for MNPH on different tumor models 

are done with a grid size of 241 × 241 × 241.  

Table 3.2. Relative change in temperature with grid sizes 

Grid size L2 norm error (%) 

41 × 41 × 41 - 

81 × 81 × 81 0.786 

161 × 161 × 161 0.1596 

241 × 241 × 241 0.0398 

3.4.1 Spatial temperature profile in tumor models 

The therapeutic period considered for all the simulations is of 1 hour [102]. The heat source 

(𝑞𝑠) from the MNP is switched off after 1 hour and thereafter, tumor model is allowed to cool 

naturally for 15 more minutes. Application of MNPH induces heat in the tumor model, which 

leads to a sharp rise in the temperature, especially closer to the MNP injected tissue volume.  
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Figure 3.4. Comparison of transient temperature and heat flux profile in tumor shapes 𝑆, 𝑂3, 
𝑃3 and 𝐸3; (a) at the injection site of the tumor; (b, c) at tumor –tissue interface point ‘A’; (d, 

e) at tumor-tissue interface point ‘B’. 

 Figure 3.4 shows the transient temperature and heat flux plots for three different spatial 

locations (at the point of injection, at a tumor-tissue interface at point ‘A and B along the 

longitudinal and transverse axis (as shown in Figure 3.2) within the four tumor models 

(𝑆, 𝑂3, 𝑃3, 𝐸3). It should be noted that maximum temperature is at the point of injection for all 

tumor models, and the temperature successively reduces with an increase of distance from it. 

Furthermore, the transient temperature profile in these plots becomes asymptotic nearly after 

600 seconds from the beginning of the therapy. When the heat source is turned off after 3600 

seconds, the temperature decreases sharply and returns to nearly core body temperature after 

4000 seconds. The corresponding plots of heat flux profile at interfacial points ‘A' and ‘B’ 
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(Figure 3.4c and Figure 3.4e) have similar behaviour as the temperature profile at these points. 

The point closer to the injection site (like point B of 𝑂3 ) have higher heat flux as well as 

temperature in comparison to a faraway point like point A of 𝑃3 . At the interface of spherical 

tumor, the steady-state heat flux is about 700 W m2⁄  and temperature is about 41°C. The heat 

flux rises rapidly as the interface gets closer to the injection point; in the 𝑂3 tumor interface (at 

point B), the maximal heat flux is approximately 2500 W m2⁄  as well as temperature increases 

to 54°𝐶. As the tumor border moves away from the injection site, the heat flux decreases, and 

the minimum heat flux of about 100 W m2⁄  is encountered at point A of the 𝑃3 tumor. 

The rate of temperature increment is maximum at and around the site of MNP injection. 

This is due to the presence of a higher MNP concentration at and near the site of injection. 

However, the concentration of heat generating MNP reduces with distance from the injection 

site. Thus, the temperature also reduces with distance from the injection site, which is visible 

in Figure 3.4. The in-vivo animal experiment performed Attaluri et al. [19] on implanted 

prostatic tumors in mice, has also demonstrated that maximum temperature is observed at close 

to the injection site and temperature successively reduces in a radial direction. The other 

experiments [9,30] also shown a similar temperature profile during the MNPH application. The 

steady-state temperature contours in all considered tumor models are shown in Figure 3.5. The 

presented temperature distribution is along the plane passing through the centroid of tumors 

and parallel to the plane MNPQ (see Figure 3.3). It should be noted that the nature of the 

temperature contour is similar in all the tumor shapes (Figure 3.5). This is due to the fact that 

similar spatial distribution (Gaussian) of MNP which is responsible for heat generation used in 

all analysed tumor models. The tumor tissue boundary is marked with red color. The variation 

in tumor shape affects the extent of heat penetration in tumor mass as well as healthy tissue. 

Maximum temperature (approximately 85℃) is reached at the injection site. The temperature 

asymptotically reduces to the core body temperature of 37oC nearly at a distance of 1.5𝑅𝑠 from 

the site of injection, which is also evident in Figure 3.4(d). However, due to the difference in 

tumor shapes, the distribution of tumor mass with respect to the isotherm contours changes. 

Thus, Figure 3.5 qualitatively describes the heat penetration in the tumor as well as the healthy 

tissue volume in different tumor models. 



 

51 

 

 

Figure 3.5. Spatial temperature distribution in different tumor models due to MNPH with 

MNP injection at the centroid of the tumors. 

3.4.2 Thermal dosimetry to the tumor as well as healthy tissue  

The spatial temperature plots presented in the previous section demonstrate the effect of shape 

on the heat-affected zone in the tumor as well as healthy tissue during MNPH. However, 

therapeutic effects in terms of thermal dosimetry need to be quantified due to the rise in 

temperature during MNPH. The thermal dosimetry of treated tissues is calculated using the 
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Arrhenius thermal damage parameter (𝐶𝐷) and 𝐶𝐸𝑀43 as described before in the subsection 

Thermal dosimetry. Figure 3.6 describes the extent of thermal damage in terms of 𝐶𝐷 for all 

analyzed tumors again along the plane that passes through the centroid of tumor and parallel to 

MNPQ (see Figure 3.3).  

 

 

Figure 3.6. Spatial spread of thermal damage in the tissue due to MNPH with MNP injection 

at the centroid of the tumors. 
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 The black-colored region in all tumor shapes depicted in Figure 3.6 represents the 

thermally damaged tissues (including tumor and healthy regions). The interface of tumors and 

healthy tissues are marked with green color in Figure 3.6. It should be noted from this figure 

that the spherical tumor undergoes maximum thermal damage, while the healthy tissue 

surrounding it suffers negligible damage. However, as the tumor shape is distorted by 

increasing the shape factor, thermal damage to the tumor tissue reduces at the cost of an 

increase in thermal damage to the healthy tissue. Therefore, tumors having the maximum shape 

factor in each category (oblate, prolate, or egg-shaped) undergo minimum thermal damage, 

whereas at the same time, the healthy tissue surrounding them suffers maximum thermal 

damage.  

The quantitative details of the therapeutic effects of MNPH in different categories of 

tumor shapes are enumerated in Table 3.3. This table lists the percentage of tumor and healthy 

tissue volumes undergoing thermal damage in terms of 𝐶𝐷 and (𝐶𝐸𝑀43)60 parameters. It also 

enlists the heterogeneity in the tumor temperature profiles in terms of 𝑇90, 𝑇10, and 𝐻𝐼 

(heterogeneity index) parameters. 

Table 3.3. Heterogeneity, thermal dosimetry parameters attained in the considered shapes of 

tumors due to MNPH. 

 

Parameter 

Tumor shapes 

Sphere Oblate Prolate Egg –shape 

𝑆 

(1) 
O1 

(1.67) 

O2 

(2.03) 

O3 

(2.67) 

P1 

(1.75) 

P2 

(2.2) 
P3 

(3.17) 

E1 

(1.44) 

E2 

(1.7) 
E3 

(1.87) 

T
u

m
o

r 
ti

ss
u

e 

𝑇90℃ 42.77 41.69 41.07 40.26 41.12 40.01 38.75 42.01 41.50 40.76 

𝑇10(℃) 57.57 57.46 57.38 57.25 57.38 57.13 56.76 57.37 57.27 57.20 

𝐻𝐼 2.57 3.36 4.00 5.21 3.95 5.69 10.29 3.07 3.51 4.38 

%𝐶𝐷 96.96 81.69 74.75 65.37 80.13 71.36 58.94 86.00 81.65 76.06 

%(𝐶𝐸𝑀43)60 71.98 65.90 60.52 52.74 66.83 60.32 50.28 68.36 65.40 61.71 

H
ea

lt
h

y
 t

is
su

e 

𝑇𝑚𝑎𝑥(℃) 42.30 46.92 49.70 53.51 44.68 45.83 47.73 46.90 49.09 51.04 

𝐶𝐷(%) 0.00 13.96 19.71 27.43 13.64 18.98 26.73 9.32 12.86 16.50 

%(𝐶𝐸𝑀43)60 0.00 5.02 9.42 15.11 2.59 6.38 12.44 2.40 4.59 7.09 
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In the context of the thermal dosimetry parameters 𝐶𝐷 and (𝐶𝐸𝑀43)60, the maximum 

tumor volume damage is achieved in the referenced spherical tumor model (𝑆), which is nearly 

97%. and 72% respectively. As the shape factor for each category of tumor increases, the 

percentage of tumor tissue volume damage in terms of 𝐶𝐷 and (𝐶𝐸𝑀43)60 decreases. 

However, the amount of healthy tissue damage increases with the increase in shape factor of 

the tumors. It should be noted from Table 3.3 that the percentage of tumor volume damage 

(58.94% for 𝐶𝐷 and 50.28% for (𝐶𝐸𝑀43)60) is minimum for 𝑃3 tumor. On the other hand, 

the percentage of healthy tissue volume damage for 𝑃3 tumor is relatively high (26.73% for 

𝐶𝐷 and 12.44% for (𝐶𝐸𝑀43)60). Similarly, tumors having higher shape factor in other shape 

categories have similar thermal effects. Furthermore, the egg-shaped tumor 𝐸1 with shape 

factor (𝜁) equal to 1.44, has maximum tumor volume damage, i.e., 86.00% for 𝐶𝐷 and 68.36% 

for (𝐶𝐸𝑀43)60, amongst all the three tumor types considered in this study. The shape factor 

for this tumor is closest to the reference tumor (𝜁 = 1); thus, the thermal damage induced in 

𝐸1-tumor model is also closer to the spherical tumor. This behaviour of lower damage to tumor 

tissue along higher collateral damage (damage to the surrounding healthy tissue) with the 

increase in aspect ratio is also demonstrated by Tehrani et al. [99], for microwave ablation. 

 

Figure 3.7. Plot between thermal dosimetry (TD) (a) in terms of thermal damage 𝐶𝐷and 

shape factor (𝜁) (b) in terms of thermal dose (𝐶𝐸𝑀43)60 and shape factor (𝜁), in healthy and 

tumor tissue due to MNPH. 

Concludingly, it can be inferred from this table that tumors having similar volume as 

well as surface area have thermal damage based on their shape factor. Thus, the shape of a 

tumor is one of the crucial parameters that affect the therapeutic efficacy of MNPH. Again, the 

highest heterogeneity 𝐻𝐼 = 10.29 is observed in 𝑃3 type prolate tumor. However, for the same 
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tumor surface area as well as tumor volume, the heterogeneity of temperature in 𝑂3 type oblate 

tumor is approximately half of that of prolate tumor (𝑃3). Therefore, a detailed computational 

investigation of MNPH in various tumor shape models gives us an insight into how the shape 

and direction-specific spread of tumor mass can significantly influence the therapeutic effects 

of MNPH.  

The effects of tumor shape in terms of thermal dosimetry (𝐶𝐷 and (𝐶𝐸𝑀43)60) in the 

tumor, as well as healthy tissue for all the considered tumor models, are summarised in Figure 

3.7. Figure 3.7(a) illustrates the plot of the percentage of tissue (tumor and healthy) damage in 

terms of 𝐶𝐷 with respect to the shape factor (𝜁). Similarly, Figure 3.7(b) describes the 

percentage of thermal dose in terms of (𝐶𝐸𝑀43)60 with respect to the shape factor (𝜁). It is 

evident from Figure 3.7(a) and Figure 3.7(b) that the thermal dosimetry (𝐶𝐷 and (𝐶𝐸𝑀43)60) 

to the tumor volume decreases, and healthy tissue volume increases, with an increase in the 

shape factor. 

Based on these plots, empirical relations are developed to model thermal damage 

(%𝐶𝐷) and thermal dose (𝐶𝐸𝑀43)60 for both tumor and healthy tissue as a function of the 

shape factor (𝜁) during MNPH, which is given as (equation 3.4 and 3.5): The value of 

coefficients of these models (equation  3.4 and 3.5) are given in Table 3.4.  

%𝑇𝐷𝐶𝐷(𝜁) = 𝛼. ln(𝜁) + 𝛽 3.4 

%𝑇𝐷(𝐶𝐸𝑀43)60 = 𝛼𝜁 + 𝛽 3.5 

 

Table 3.4. Value of curve fitting coefficients based on equation 3.4 and 3.5. 

Parameters Tissue 𝛼 𝛽 Coefficients of determination 

𝑇𝐷𝐶𝐷 
Tumor −33.36 98.38 99.6% 

Healthy −25 0.2048 96.16% 

𝑇𝐷(𝐶𝐸𝑀43)60 
Tumor −10.86 83.54 96.18% 

Healthy 6.94 −6.94 80% 

These thermal dosimetry models (𝑇𝐷𝐶𝐷 and 𝑇𝐷𝐶𝐸𝑀4360) inherit the useful information 

for the therapeutic effects of MNPH thermotherapy for a wide range of tumor shapes and can 

be used to predict the therapeutic effect due to MNPH for irregularly shaped tumors based on 

its shape factor. 
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3.5 Discussion 

Magnetic hyperthermia is one of the promising hyperthermia applicators that reach clinical 

trials [35]. Many experimental and computational studies addressing wide aspects of this 

therapy have been published [9,19,20,30,40,44,54,55,104,105]. Despite this, limited studies 

have been done on the effects of tumor shape on the treatment [20,44,54,55]. Thus, attempts 

have been made in this study to quantify the relation between therapeutic effects and tumor 

morphologies. The selected shapes (spherical, ellipsoidal, and egg shape) are within the broad 

category of tumor shapes as classified in literature [39]. The effect of above mentioned shape 

are also investigated for drug delivery and microwave thermotherapy [95,99,106]. The 

previous works by Sefidgar et al [106] shows that for systematic administration, spheroid shape 

(prolate and oblate), the drug delivery is higher than the spherical shapes [93,95,99]. The 

thermotherapy with microwave ablation shows that the tumor shapes significantly affects the 

treatment [99]. Therefore, in the present work, the therapeutic effects induced due to a single 

MNP injection on the tumors with varying morphologies and surface areas having constant 

tumor volume are investigated. Tumor shape/morphology is altered by changing the governing 

parameters associated with the geometry of the tumor. For simplicity, both tumor and healthy 

tissues are considered homogeneous, isotropic, and not close to any major blood vessel. The 

properties of the liver tissues (tumor & healthy) are used in the tumor model. In all tumor 

models, an MNP dose of 3.77 mg per gram of wet liver tumor tissue is injected. Post injection, 

the distribution of MNP in the tissue is considered as Gaussian and remains invariant to the 

shape of the tumor. Though the distribution of MNP is hypothetical in nature, however, few 

experiments have supported the claim that in soft tissues like the liver with a lower injection 

rate, a nearly uniform 3D Gaussian distribution of MNP can be achieved [9,20,30]. In general, 

the tissues are heterogeneous in nature and MNP distribution post-injection depends upon 

tumor physiology and injection rate [9,40]. However, simplifications considered in the tumor 

model make it more tractable and computationally less expensive. With this framework, the 

temperature profile and therapeutic effects of MNPH (with a therapeutic time of 1 hour) are 

computed for considered tumor models in terms of parameters 𝐶𝐷 and 𝐶𝐸𝑀43. Computational 

results show that temperature in the tissue is maximum at the point of injection, and it reduces 

in a radial outward direction. Similar temperature profiles are also observed in the previously 

reported computational works on MNPH with Gaussian MNP distributions [20,40,44,54,55]. 

Even, the bell-shaped temperature profile, where the temperature reduces radially from the 
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point of injection is also reported in the in-vivo on mice by Attaluri et al [19]. Though, the 

shape of the bell depends upon the ferrofluid infusion rate in the tissue [19]. 

Therapeutic effects primarily depend on the elevation of temperature above the 

therapeutic temperature (43℃) inside the tumor tissue. However, the heated tissue volume 

depends on the MNP distribution and the AMF parameters. Furthermore, depending upon the 

tumor size, shape, and MNP injection site, the extent of heat penetration within the tumor and 

its surrounding healthy tissue is quite unpredictable. As can be seen from the results, tumors 

having a high degree of geometrical distortion (high shape factor) like 𝑃3 and 𝑂3 tumors have 

very less thermal damage inflicted on their volume. The high value of heterogeneity of 

temperature in these 𝑃3 and 𝑂3 tumor models (reflected in the HI parameter) is the cause of 

inadequate thermal damage to the tumor volume. For a tumor volume having greater 

asymmetry in terms of the spread of tumor in different directions, a higher amount of heat 

penetrates the healthier tissue from the location where the tumor periphery is closer to the MNP 

injection site. Such heat penetration into the healthy tissue causes substantial thermal damage 

to healthy tissue, which is observed for extreme cases of tumor models 𝑃3, 𝑂3 and 𝐸3. The 

results of thermal dosimetry reflect that the maximum tumor volume that is thermally damaged 

is the referenced spherical tumor because of its dimensional symmetricity. The obtained results 

also show that an equivalent increment of surface area in the different tumor shapes (prolates, 

oblates, and egg-shaped type tumors) will not result in similar thermal dosage or damage to the 

tumor tissue. This is primarily due to the difference in the extent of heat penetration in the 

tumors with different shape factors. Therefore, the spatial tumor tissue distribution is one of 

the critical parameters of MNPH. As real tumors can have any geometrical shape, thus it can 

be quantified in terms of the shape factor (𝜁). The shape factor provides a simple and effective 

way to describe the spatial spread of a tumor. The concluding results, as presented in Figure 

3.7, indicate that as the shape factor of the tumor increases, the efficacy of MNPH decreases. 

The generic correlations developed between the thermal dosimetry to the tumor and shape 

factor can be used as a tool to estimate the therapeutic effects based on the geometrical features 

of the tumor with respect to an ideal spherical tumor mass. Even though, these correlations 

inherit the inaccuracies associated with the simplifications and assumptions used in the 

computational models. However, future studies can consider more realistic parameters based 

on the tumor physiology, MNP distributions, and shape to generate correction factors for these 

correlations.     
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3.6 Closing Remarks 

Due to the geometrical complexity associated with real tumors, the effectiveness of MNPH is 

relatively difficult to assess. The effectiveness of MNPH treatment using intratumoral MNP 

injections is numerically investigated in this work for different tumor shapes (spherical, oblate, 

prolate, and egg-shaped). The simulated results show that the shape of the tumor has a 

significant effect on the efficacy of MNPH. Correlations developed in this work will aid to 

assess the therapeutic effects of MNPH on real complex-shaped tumors.  
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Chapter 4  

Estimation of the injection criteria for optimizing the magnetic 

hyperthermia therapy based on tumor morphology 
 

4.1 Introduction  

In the previous chapter, we have examined the tumor morphological effects on the efficacy of 

MNPH therapy. The results predict that increasing the aspect ratio of tumor shape, reduces the 

therapeutic effects of MNPH therapy during a single MNP injection. However, a single 

injection leads to uneven thermal damage inflicted on the tumor volume, especially at the 

portions where dissemination of heat-generating MNP is less [30]. Thus, the spread of heat 

generating MNP in the tumor tissue plays an important role besides other factors like tumor 

physiology and magnetic field parameters. Experimental studies (clinical and animal 

experiments) have shown that the dispersion patterns of MNP in the tissue after their injection 

are non-uniform [9,19,34]. As tumors can have any irregular shape, tumor morphology 

proliferates irregularly and migrates with persistent protrusion [107,108]. Thus, the distribution 

of MNP by single intra-tumoral injection may not be good enough to produce an optimum 

therapeutic effect throughout the complex-shaped tumor volume [9,35,109]. The chances of 

inadvertently heating surrounding healthy tissue are high for tumours with a high aspect ratio 

(as seen in Chapter 3). Also, the geometrical irregularities associated with the tumor, increase 

the complexity of devising a suitable intratumoral injection protocol for MNPH. To enhance 

the MNP distribution throughout the tumor volume many multi-site injection strategies have 

been proposed [20,44–46,49]. Intratumoral multi-injection strategy enhances the efficacy of 

magnetic nanoparticle hyperthermia therapy (MNPH) [20,44,46,110]. In this study, criteria for 

the selection of injections and their location depending on the tumor shape/geometry are 

developed. Developed strategy is based on the thermal dosimetry results obtained on different 

invasive 3D tumor models during MNPH simulation. MNPH simulations are conducted on 

physical models of tumor tissue encased within the healthy tissue. Primary & secondary 

injections are used to inject MNP fluid based on the invasiveness of the tumor. Optimizing 

strategy is devised based on the zone of influence of primary & secondary injection. The 

algorithm for this strategy is based on the numerical experiments simulating MNPH, conducted 

on the tumor models with varying aspect ratios and protrusion in a specific direction. In the 

tumor models, MNPH is computed using Pennes’ bioheat model with temperature-dependent 

perfusion rate (as discuss in the previous chapter) to determine temperature distribution for 
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single and multi-injection strategies. Finite volume- immersed boundary (FV-IB) numerical 

methodology [111] is used to solve the governing mathematical model of MNPH.  

4.2 Methodology  

4.2.1 Injection strategy 

Tumor morphology depends on the spatial growth of malignant cells. Most of the tumor 

morphology is irregular and migrates with continuous protrusions [107]. Tumors are broadly 

categorized into spherical, oblate, prolate, ellipsoidal, and irregular [39] in shape. Mostly 

spheroid tumors develop thin branches of invasive cells that protrude from the main tumor 

mass. To quantify the protrusion, Hou et al. [107] have defined a “core radius” that encloses 

the main tumor mass, and an “invasive radius” that encases the extent of a protrusion (as shown 

in Figure 4.1(a)). Figure 4.1(a) represents the morphological properties of spheroid tumors 

[107] (Figure reproduced under a Creative Commons Attribution 4.0 International License). 

We have used similar terminology and concepts in the present work to develop the multi-

injection strategy, as illustrated in Figure 4.1(b-c). Figure 4.1(b) represents a star-shaped tumor 

that protruded in three directions. The core radius, a circle having a maximum size (green 

dashed curve), is inscribed within the tumor model. The portion of the tumor enclosed by the 

core radius ‘𝑟𝑜’ (center 𝑂 ), is the tumor core. The protruding branches are estimated by the 

distance between tumor core center (𝑂) and extreme point on the protruded surfaces. Like the 

distance 𝑟1 (between branch point ‘𝑐1’ and ′𝑂′) quantifies the extent of tumor protrusion in 

specific direction. Considering branch point ‘𝑐1’ as center, an arc is drawn that intersects tumor 

boundaries at 𝑎1𝑏1. The region covered by this arc with branch point ‘𝑐1’is the zone of 

protruding branch. Similarly, from other branch points 𝑐2, and 𝑐3  zone of influence of other 

protruding branches is quantified with radius , 𝑟2, and 𝑟3, respectively. In this example only 

three protruding branches are considered, however, an arbitrary shaped tumor can have more 

protruding branches.  

As discussed in the introduction, multi-injection induces a more uniform temperature 

profile. Thus, in addition to having an injection in the core tumor, additional MNP injection to 

each protruding branch may induce higher therapeutic effects. In this manuscript, injections 

injected into the protruding branches are named secondary injections, and injection to the 

tumour's core is called primary injection. However, the position of the secondary injection 

point needs to be located to induce higher therapeutic effects. This location of the secondary 
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injection is considered within a distance 𝑘𝑟𝑖 from the branch point along the tumor center. 

Where 𝑟𝑖, is the radial distance for 𝑖𝑡ℎ protruding mass and 𝑘 is a factor that ranges from 0 to 

1. If 𝑘 is 0, the protruding volume merges with the main tumor, and the 𝑘 equal to 1 represents 

the total protruding tissue volume under secondary injection. The region inscribed by 𝑘𝑟𝑖 as 

shown in Figure 4.1(c), represent the zone of influence by secondary injections. The suitable 

selection of the factor ′𝑘′ is key to positioning the location of secondary injection in each 

protruding branch.  

 

Figure 4.1. (a) Shows the morphology features, invasive and core radius of spheroid tumor 

[107]; (b) Depicts the multi-injection strategy in 2D star-shaped tumor model; (c) illustrates 

the injection locations and zones of influence of secondary injection. 

Figure 4.1(c) also depicts the secondary injection locations 𝐼1,  𝐼2 and 𝐼3, which is the 

centroid of the zone of influence (within the distance 𝑘𝑟1, 𝑘𝑟2 and 𝑘𝑟3 , respectively). The 

primary injection ′𝐼𝑜′ is applied at the centroid of the remaining tumor (total tumor volume 

minus the volume under 𝑘𝑟1, 𝑘𝑟2 and 𝑘𝑟3). However, the distance factor ‘𝑘’ is still unknown. 
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Computational experiments are conducted on tumors with varying degrees of invasion or 

protrusion size to evaluate the optimized distance factor 'k'. 

4.2.2 Tumor models 

The aim of optimizing the multi-injection MNPH treatment is to increase the therapeutic effect 

in the tumor volume while causing minimal or negligible damage to healthy tissue. The location 

of primary and secondary injections in the tumor, as well as its dependency on factor ‘𝑘’, is 

discussed in the previous section. In order to evaluate the optimum value of 𝑘, the 

computational experiments are conducted on the 3D tumor model, as shown in Figure 4.2. 

These tumor models are created by superimpositions of spherical and ellipsoidal volumes. The 

categorization of tumors based on their geometrical properties is described in detail by Byrd 

et.al.[39]. The classifications depend on the maximum and minimum tumor extent from the 

center point of tumor, which is 𝑟, and 𝑟0 respectively as depicted in Figure 4.2(a). The selected 

tumors fall under the category of spherical (M1, M2, and M3) and segmental i.e., rod like (M4, 

M5, and M6) tumors. Three-dimensional view of these tumors are shown in Figure 4.2. The 

tumor volume of all the tumor models is same, and it is equal to the volume of spherical shape 

tumor having a radius 1 cm. This spherical tumor size is with reference to first stage liver 

cancerous tissue size [90]. However, the maximum size of the selected tumor models ranges 

from nearly 2.5  to 3 cm. This range of liver tumor models has been considered in the second-

stage tumor category [90]. 

In the considered tumor models (M1 to M6), the base tumor (core) is spherical, and its 

surface protrudes in one direction. It should be noted that the degree of protrusion, as well as 

aspect ratio (defined as the ratio of maximum to the minimum spread of tumor tissue), are 

different for the selected tumor shapes. For the multi-injection strategy, two injections are 

chosen: primary injection (‘𝐼𝑝’) for the main tumor and another secondary injection (′𝐼𝑠′) for 

the protruded portion. The locations of both injections vary with change in the value of ‘𝑘’. It 

is illustrated in Figure 4.2(b), the two arcs 𝐴1 and 𝐴2 are drawn with two different values of 

‘𝑘’. The primary and secondary injection location change from 𝐼𝑝1 to 𝐼𝑝2 and 𝐼𝑠1 to 𝐼𝑠2, 

respectively as a zone of influence of secondary injection changes from 𝐴1 to 𝐴2 (as shown in 

Figure 4.2(b)). The MNP dose administered at the secondary and primary injections site is in 

proportion to the zone of influence of secondary injection and the remaining tumor volume, 

respectively. 
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Table 4.1. Geometric properties of tumor models 

Tumor model M1 M2 M3 M4 M5 M6 

Aspect ratio  1.5 1.5 1.5 2 2 2 

Total volume  𝑉 
𝑉𝑝 𝑉⁄  (%) 

3.34 4.94 6.21 8.54 13.13 16.45 

 

 

Figure 4.2. Depiction of tumor models having different degree of unidirectional protrusion in 

2D and 3D representations. 

The invasiveness of the tumor is calculated by the aspect ratio. The aspect ratio of the 

tumor is the ratio of the distance of branch node (point) from the tumor core center i.e., ′𝑟′ to 

the main/core tumor radius (𝑟0) as depicted in Figure 4.2(a). The two groups of tumors having 

an aspect ratio of 1.5 and 2 are considered to generate  tumor shapes with different 

morphology. Tumors having an aspect ratio greater than 2 will generate highly invasive thin 

tumor, in which clinical restriction may arise for intratumoral MNP injection. The percentage 

volume of protruding mass to the total volume 𝑉𝑝 𝑉⁄  is varied approximately from 3.34 to 6.2% 
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and 8.5 to 16.4% for the protruding tumors having aspect ratios 1.5 and 2, respectively, as 

depicted in Table 4.1. Each tumor model is enclosed within the healthy cubic tissue (as shown 

in Figure 4.3). The length of healthy cubic tissue is four times the equivalent spherical radius 

of a tumor. A similar type of tumor model, containing tumor mass surrounded by the healthy 

tissue, is also utilized in work reported by Singh et al. [44] as well as other researchers [40,54] 

working on MNPH. It should be noted that, in a realistic scenario, there may be multiple 

protrusions as discussed in Figure 4.1. However, results obtained using a single protrusion can 

be applied to complex tumor morphology having many branches. 

 

Figure 4.3. The 3D physical tumor model with MNP injection and surrounded by healthy 

tissue. 

4.2.3 Mathematical model 

FV-IBM based in house solver of Penne's bioheat model as illustrated in the previous “Chapter 

2” has been utilized to simulate the multi-injection MNPH therapy. The simulation of MNPH 

therapy provides the spatial and temporal temperature profile within the different protruding 

tumors. Again, the temperature profile depends on the amount of MNP and its distribution in 

both the single and multi-injection strategies. In the following section, the injection amount 

and its distribution by the primary and secondary injections sites are described. 

4.2.4 MNP dose and particle distribution in the tumor model 

The total MNP dose 16.775 mg mass of BNF, having a 15 − 20 nm particle size, is injected 

into each tumor model, which is equal to 3.77 mg per gram of wet liver tumor. This total mass 
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of MNP is injected into the tumor with single or multiple (primary and secondary) injections. 

The representative distribution of MNP by the two injections in the tumor volume is depicted 

in Figure 4.3. The location of the primary injection (𝐼𝑝) is at the centroid of tumor tissue volume 

obtained by deducting the zone of influence of secondary injection from total tumor volume 

i.e., area left of 𝐴1 or 𝐴2 curve in Figure 4.2(b). The secondary injection point (𝐼𝑠) is the 

centroid of zone of influence of secondary injection, along the 𝑂𝐶1 line. The amount of MNP 

dose in primary and secondary injections depends on the factor ‘𝑘’.  

The Gaussian distribution is assumed to be isotropic in all directions, thus the standard 

deviations 𝜎𝑥, 𝜎𝑦, and 𝜎𝑧 are equal. However, the values of standard deviation are considered 

based on the quantity of the injected MNP at primary and secondary injection. For the total 

MNP dose, the 3𝜎 is considered as 5.62 mm and it is assumed linearly decreasing as the MNP 

dose reduces. This 𝜎-value has been chosen based in line with the in-vitro experimentations 

reported by Salloum et al. [30] in agarose gel with a concentration of 0.2% and infusion rate of 

4 μl/min. The spatial heat generation (𝑞𝑠) in the tumour models has been calculated based on 

the spatial distribution of MNP mass 𝑚(𝑥, 𝑦, 𝑧) and using heating value 50.64  W (g of MNP)⁄ . 

The calculated spatial heat generation (𝑞𝑒𝑠) has been used in PBHE (equation (2.1)).  

4.2.5 Heat generation due to MNP in tissues 

In the current study, the BNF-starch nanoparticle is considered as the MNPH inducer. The SLP 

of BNF-starch MNP is calculated with a sixth-order polynomial relation proposed by Soetaert 

et al. [54], which is based on the experimental data of Bordelon et al. [28]. Magnetic field 

parameters, i.e., frequency and field strength of 150 kHz and 20.5 kAm−1 respectively are 

used for the simulation of MNPH in the considered tumor models. The value of SLP for 

selected field strength and frequency is 50.64  W (g of MNP)⁄ .  

4.3 Results 

4.3.1 Spatial temperature profile in tumor models 

The therapeutic period is chosen as 1 hr [102] for all the tumor models used in this study to 

simulate MNPH. Due to the application of MNPH, the temperature rises in the tumor tissue. 

The temperature distribution on one of the tumor models (M6) using single and multi-injection 

is shown in Figure 4.4. The isotherms line in Figure 4.4 is illustrated on the plane parallel to 

MNPQ (as shown in Figure 4.3) and intersects the centroid of tumor. It should be noted from 
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this figure that the temperature profile is more uniform with two injections (Figure 4.4(b) in 

comparison to a single injection (Figure 4.4(a)) applied during MNPH). The temperature 

profile is in line with the nature of the expected temperature profile using single and multi-

injection strategies [20,44–46,49]. The temperature increment and spread in the tumor tissue 

rely on the MNP dose and distribution. The temperature is higher near the injection location 

and lowers as one approaches the tumor boundary [19,30,40,44].. This is because of the high 

concentration of MNP surrounding the injection site. Thus, multi-injection strategy is found to 

be more effective to produce higher therapeutic effects during MNPH. However, further 

investigation is needed to optimize the location of secondary injection with respect to primary 

injection. This is done by the variation of 𝑘 and evaluating its effects on the temperature profile 

induced due to MNPH in all the tumor models in terms of heterogeneity Index (𝐻𝐼). Figure 

4.5 demonstrates the variation of 𝐻𝐼 with factor 𝑘 for two tumor groups having aspect ratio 

(𝑟/𝑟0) i.e., 1.5 and 2. It should be noted from this figure, the maximum heterogeneity in 

temperature is induced for single injection (𝑘 = 0) in all tumor models, during magnetic 

hyperthermia therapy. Furthermore, HI also increases with the increasing the protrusion 

volume with respect to total tumor volume i.e. (𝑉𝑝 𝑉⁄ ) for both aspect ratios. For all the tumors 

as the secondary injection is induced i.e., 𝑘 > 0, the HI in the tumor starts reducing. The 

minimum value in heterogeneity achieved between ‘𝑘’ 0.7 and 0.8 for all the considered tumor 

in this study. Thus, the results say that if the zone of infuance of secondary injection is in 

between 0.7𝑟𝑖 to 0.8𝑟𝑖, higher theraupetic effects will be produced due to MNPH.  Therefore, 

the factor (k) associated with the zone of secondary injection is chosen as 0.75 to have higher 

thermal effects during MNPH.  
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(a)                                                                  (b) 

Figure 4.4. Isotherms produced due to (a) single and (b) multi injection strategy during 

MNPH. 

        
(a)                                                                  (b) 

Figure 4.5. Plot between the factor ‘k’ and heterogeneity index (HI) (a) at aspect ratio 1.5 (b) 

at aspect ratio 2. 

Further numerical experiments are performed to establish criteria for the selection of a 

multi-injection strategy over a single injection. Figure 4.6 illustrates the temperature profile 

produced by single and two-injection approaches in the tumor models (M4 and M4) during 

MNPH. Temperature is plotted along the line that passes through the centroid and 𝑥-axis in the 

tumor model. The distance along the 𝑥-axis in Figure 4.6 is represented as 𝑅∗, which is 

normalized by the spherical tumor radius. As discussed above, to have higher therapeutic 

effects, the value of 𝑘 is chosen as 0.75 to get the location of the secondary injection with 

respect to the primary injection for the multi-injection strategy. The tumor boundaries in the x-

direction are represented by TB-min and TB-max in these plots along the x-axis. 
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(a)                                                                  (b) 

Figure 4.6. Comparison of single and multi-injection strategies in tumor models 

(𝒂) 𝑀1 (𝒃) 𝑀4 

The MTT line represents the minimum therapeutic temperature which is 43℃ . It is 

visible in Figure 4.6, two injections produce two distinct bell-shaped temperature curves, 

whereas a single injection produces only one temperature hump in the tumor during MNPH. 

Again, the maximum temperature for these humps is at the injection sites. This is owing to the 

presence of a higher amount of MNP concentration at and near the injection sites. Furthermore, 

the width of the bell-shaped temperature profile is bigger in the case of multi-injection for both 

tumor models. Because the spread of MNP in tumors tissue is higher with two injections in 

comparison to a single injection. Thus, more tumor volume is above the MTT line, in multi-

injection cases, compared to single injection. 

Figure 4.7 shows the steady-state temperature contours induced during MNPH in three 

tumor models (𝑀1, 𝑀4, and 𝑀6) with single and multi (two) injections. The presented 

isotherms are along the plane that passes through the centroid and parallel to MNPQ (in Figure 

4.3). The tumor-healthy tissue interface is marked with a red line. Results show that the multi-

injection temperature profile is more uniform than the single injection in all tumor models. The 

variation of tumor shape in terms of (𝑟/𝑟0) and (𝑉𝑝/𝑉), affects the extent of heat penetration 

in the tumor as well as healthy tissue. 

MTT 

TB-

min 

TB-

max 
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                        Single injection                                                       Multi-injection 

  (a)  

    (b)    

            (c)           

Figure 4.7. Comparison of spatial temperature in single and multi-injection approach in 

tumor model (a) 𝑀1 (b) 𝑀4 and (c) 𝑀6 

4.3.2 Thermal dosimetry to the tumor as well as healthy tissue  

The spatial temperature plots presented in the previous section demonstrate the comparison of 

two injection approaches on the tumour's heat-affected zone and healthy tissue during MNPH. 

However, therapeutic effects during MNPH, in terms of thermal dosimetry, is calculated using 

the Arrhenius thermal damage parameter (𝐶𝐷) and 𝐶𝐸𝑀43 as described in Chapter 3. Figure 

4.8 describes the extent of thermal damage in terms of 𝐶𝐷 for three tumor models having 
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secondary tumor volume varies from 3.34% to 16.54%. Again, the thermal damage is shown 

along the plane that passes through the centroid of the tumor and parallel to MNPQ (see Figure 

4.2). The black-colored region in all tumor shapes in Figure 4.8 represents the thermally 

damaged tissues (including tumor and healthy regions). Similar to Figure 4.7, the interface of 

tumors and healthy tissues is marked with red in Figure 4.8. It should be noted that from this 

figure for the tumors having smaller secondary tumor volume (𝑉𝑝/𝑉) like ‘𝑀1’ the tumor 

damage is comparably similar in single and multi-injection approaches. The thermal damage 

caused by single injection decreases as the secondary tumor size increases, whereas the damage 

caused by the multi-injection approach remains more or less constant. Additionally, when the 

protrusion volume ratio increases, the thermal damage to the surrounding healthy tissue also 

increases with a single injection. However, in the multi-injection approach, damage to the 

healthy tissue is not severe compared to a single injection, even for the tumors having a higher 

protruding volume ratio i.e., M4 and M6. Thus, multi injection strategy is more effective for 

arbitrarily shaped tumors having high protrusion volume.  
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                          Single injection                                                        Multi-injection 

   (a)   

 (b) 

       (c)        

Figure 4.8. Comparison of spatial spread of thermal damage in tumor model (a) M1 (b) M4 

(c) M6 

The quantitative details of the therapeutic effects of MNPH in different categories of 

tumor shapes with single and multi-injection approaches are enumerated in Table 4.2. The table 

summarises the percentage of tumor and healthy tissue volumes undergoing thermal damage 

in terms of 𝐶𝐷 and (𝐶𝐸𝑀43)60 parameters. Additionally, 𝐻𝐼 parameters, as well as the 

percentage tumor volume above the MTT is also enumerated in the Table 4.2. It can be noted 

from this table that the thermal damage induced due to single and multi-injection is 
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comparatively similar in the tumors having small protrusion branches such, M1 and M2. As 

the volume of the protrusion branch increases, the thermal damage to the tumor tissue with a 

single injection reduces in terms of. 𝐶𝐷 and (𝐶𝐸𝑀43)60. Similarly, other damaging parameters 

decrease with the increase in protrusion volume of the tumor with single injection during 

MNPH. However, with two injections, the decrement in thermal damage is smaller, even for 

tumors with a higher protrusion ratio. 

Table 4.2. Heterogeneity, thermal dosimetry parameters attained in the considered shapes of 

tumors due to MNPH. 
 

 
Tumor Tissue Healthy tissue 

Tumor 

models 
𝑉𝑝 𝑉⁄ % Injections 𝐻𝐼 

(𝑇𝑉

> 43)(%) 
%𝐶𝐷 %(𝐶𝐸𝑀43)60 𝐶𝐷% %(𝐶𝐸𝑀43)60 

𝑀1 3.34 
1 2.58 86.23 92.44 72.14 2.39 0 

2 2.34 84.85 91.3 71.48 3.2 0.15 

𝑀2 4.94 
1 2.63 85.98 91.75 72.31 3.61 0 

2 2.3 84.86 91.78 71.39 2.87 0.03 

𝑀3 6.21 
1 2.66 85.42 91.16 72.11 2.56 0 

2 2.27 84.71 92.12 71.13 4.35 0 

𝑀4 8.54 
1 2.89 82.57 86.61 71.57 7.57 0.02 

2 2.27 82.23 88.77 69.01 4.22 0.8 

𝑀5 13.13 
1 3.26 79.25 83.55 69.55 10.79 1.75 

2 2.2 81.37 88.6 68.6 3.78 0.29 

𝑀6 16.4 
1 3.44 77.17 81.77 67.95 12.19 2.84 

2 2.18 81.57 88.37 68.15 3.59 0.03 

The quantitative comparison of single injection and multi-injection is demonstrated in 

Figure 4.9. The comparison of single and multi-injection approaches is shown with the plot of 

percentage tumor volume above the MTT i.e., 43℃ versus protrusion ratio (𝑉𝑝 ⁄ 𝑉). For better 

comparison, an additional case of tumor model with 20 % of the protrusion volume with an 

aspect ratio of 2.2  is also included in the plot. As can be seen from this plot that upto tumor 

protrusion ratio of 10% both single, as well as multi-injection strategies, have near similar 

therapeutic effects. However, when the volume of protrusion exceeds 10%, the percentage 

volume above MTT reduces sharply in a single injection. On the other hand, the therapeutic 

effect with multi- injections does not reduce substantially and approximately remains constant 
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even for high protrusion volume ratio. Thus, this figure indicates that when the protrusion 

volume becomes higher than 10%, the secondary injection should be considered in addition to 

the primary injection to enhance the therapeutic effects during MNPH.  

 

Figure 4.9. Plot between the percentage of tumor volume temperature above 43℃ and 

𝑉𝑝 𝑉⁄ (%) in single and muti-injection approach 

Concluding, it can be inferred from the Table 4.2 and plot (Figure 4.9) that multi-injection 

strategy is more effective than a single injection during MNPH. However, the effectiveness of 

the multi-injection also depends upon the size of the protrusion branch. The tumors with the 

protrusion volume ratio (𝑉𝑝 ⁄ 𝑉) less than 10% show comparatively similar therapeutic effects 

with multi and single-injection approaches. However, when the protrusion branch volume ratio 

exceeds 10% of (𝑉𝑝 ⁄ 𝑉) the therapeutic effect with a single injection reduces significantly, 

while the multi-injection strategy retains its efficacy. 

4.4 Discussion  

The effectiveness of MNPH therapy is influenced by many factors, such as the 

shape/morphology of tumor volume, MNP distribution, physiology of tumor tissues, and 

magnetic field parameters. However, this chapter primarily focused on devising some criterion 

for injection strategy based on the shape or morphology of tumors. In general, the tumors are 

complex in shape and irregular in geometry. Thus, a portion of the tumor, especially the tumor 

periphery, remains below the therapeutic temperature [20,30] during MNPH therapy. 

Therefore, the therapeutic efficacy is greatly influenced by the shape of tumors. Several 
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investigations have shown that a single injection usually does not produce adequate thermal 

damage throughout the tumor volume [19,30,44] due to the limitation in uniform distribution 

of MNP. For large-sized and irregular tumors, a multi-site injection is more suitable in order to 

get a sufficient thermal effect throughout the entire tumor volume [9,20,30]. However, the 

multi-injection strategy introduces additional complications regarding injection site selection 

and clinical delivery of the required MNP dose at several injection points in the tumor [20]. 

Therefore, in this study, attempts have been made to predict the location of the injection point 

based on the tumor morphology and to develop a criterion for the selection of multi-injection 

over single injection strategy for MNPH. In the current work, injections are categorized into 

primary and secondary injections. The optimum tumor volume under secondary injection and 

its location is evaluated based on computational analysis on the 3D tumor models that have 

unidirectional spatial growth of tumor mass. However, the size and shape of the protrusion 

vary in each tumor model. The secondary injection dose is delivered at the centroid of a zone 

of influence. The zone of influence of secondary injection is within distance ′𝑘𝑟′ from the 

branch node. Results indicate that a value of  ‘𝑘’ between 0.7 and 0.8 gives the minimum 

heterogeneity of temperature in tumor tissue. However, this prediction is based on the MNPH 

simulations conducted on the tumors having unidirectional protruding branch. The other 

assumptions include the idealizations of the parameters such as Gaussian distribution of MNP 

after its injection in the tissue, isotropic tissue properties, homogeneous magnetic field 

intensity, and the location of the tumor away from any major blood vessels. The comparison 

of single and multi-injection strategies show that the multi-injection approach is effective in 

case of the protrusion volume is approximately more than 10% of total tumor volume. 

Furthermore, the current computational results also contain error associated with the 

mathematical approximations, however, results may work as a guiding tool for experimental 

works and clinical trials. 

4.5 Closing Remarks 

In this work, a guiding criterion has been established for an intratumoral multi-injection 

strategy for irregularly shaped tumors. The optimum locations of primary and secondary 

injection are evaluated with computational analysis using MNPH in 3D tumor models. The 

comparison of multi and single injection shows that secondary injection is effective in case the 

protrusion volume is greater than 10% of total tumor volume.  
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Chapter 5  

Effect of the position of tumor with respect to blood vessel on 

the magnetic hyperthermia therapy 
 

5.1 Introduction 

In previous chapters, attempts have been made to investigate the effects of tumor morphologies 

on MNPH and to devise an MNP injection criterion for arbitrary shaped tumor. In both studies, 

position of the tumor is considered far from any major BVs (blood vessels). Thus, the BVs are 

not included in the tumor model. However, if BV is present near the tumor, it will affect the 

thermo regulation of the tissue during hyperthermia therapy. The large BVs can significantly 

remove the induced thermal energy from the treatment region [112–114]. Few previous works 

have reported the effect of BVs on hyperthermia therapy [112–115].  It has been reported that 

high blood velocity or large BVs can significantly influence the therapeutic region 

[47,51,53,114]. Paul et al. [112] have investigated that increasing the BVs size from 0.6mm to 

3mm drops the tumor surface temperature nearly 1℃ with laser assisted thermotherapy. 

Similarly, Astefanoaei et al. [116] have also reported the drop in peak temperature nearly 1℃ 

with varying the BVs diameter from 0.4 to 1mm during MNP based hyperthermia. Also, the 

author investigated that the peak temperature in the tissue is 2℃ higher in the absence of any 

blood vessel near the tumor during hyperthermia therapy, incomparison to the presence BV 

near the tumor. Therefore, poor vascular system and low blood velocity are favorable 

conditions for the treatment. However, most of these studies [47,51,113,114] modelled 

hypothetical cylindrical BVs embedded in randomly shaped tumors and simulated 

hyperthermia therapy by varying the BV size and flow rate. Also, there is limited research on 

the quantitative analysis of thermal dose and cooling effect by the BVs on MNPH. Thus, in 

this work, the effects of proximity of BVs on MNPH are investigated. For this investigation, 

tumor model is constructed from DICOM images of actual liver tissue [117]. For the high-

fidelity simulation of magnetic hyperthermia therapy, we have utilized the 3D-Slicer software 

[118] to extract the actual liver model, containing tumor and BVs. In this analysis the bio-heat 

transfer and fluid flow simulations are done in the actual liver model through COMSOL 

Multiphysics. The proximity of the BV with respect to the tumor is one of the key parameters 

that will affect the thermoregulation of the heat during MNPH. Thus, the effect this parameter 

on the MNPH therapy (temperature elevation and thermal dose) is investigated through MNPH 

simulation. 
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5.2 Material and methods 

5.2.1 Physical model 

Solid tumors can grow in various organs throughout the body [119]. In this study, we have 

utilized DICOM images of the liver, which are part of the sample data provided by the open-

source 3D Slicer software [63]. The DICOM image of the liver comprises a solid tumor, the 

primary BVs (portal and hepatic) and the surrounding healthy tissue. The images undergo 

processing with the 3D Slicer software, enabling the extraction of the tumor, major BVs, and 

the surrounding healthy section of the liver. The 3D Slicer software is used for segmenting and 

refining the liver, BVs, and tumor surfaces for accurate representation [118]. Figure 5.1 

illustrates the image of the liver model, encompassing both the tumor and the BVs in the axial, 

coronal and sagittal plane. The tumor is represented in pale yellow, the hepatic BV in blue, the 

portal BV in light red, and the remaining liver tissue in bronze. Figure 5.2 illustrate the 3D 

model of liver, including tumor and BVs. Individual 3D model of the tumor and BVs (portal 

and hepatic veins) are also shown in this figure. Each segment of the tumor model is colour-

coded for differentiation. Additionally, each segment undergoes individual manual smoothing, 

and the resulting surfaces are saved in the STL (stereolithography) format. The intricate and 

complex vascularization of the complete liver is extensive and unnecessary. Thus, only a 

significant portion of the wide hepatic and portal BVs, measuring approximately 11 cm and 10 

cm in length, respectively, in close proximity to the tumor, is extracted, and their surfaces 

smoothed (as depicted in Figure 5.2). The tumor model is irregular in shape  and is divided into 

two distinct portions labelled T1 and T2 (Figure 5.2(b)). The volume of T1 is 3.61 𝑐𝑚3, while 

the volume of T2 is 1.45 𝑐𝑚3. The geometrical properties of both tumors are described in Table 

5.1. The intestinal fluid surrounds the physical models, forming a cubic enclosure. 

Table 5.1. Geometrical properties of tumor 

Tumor Lx-max (cm) Ly-max (cm) Lz-max (cm) SA (cm2) V (cm3) 

T1 2.32 2.53 2.7 12.86 3.61 

T2 1.76 1.58 1.33 6.73 1.45 
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Figure 5.1. Depicts the tomography images of liver, tumor, portal and hepatic BV in the 

axial, coronal and sagittal plane. 

The distance between the tumor model and the portal BV is approximately 6mm, while 

the distance from the tumor to the hepatic BV is approximately 36mm (as shown in Figure 

5.3a). Both the hepatic and portal BV models have variable radii and are divided into two 

branches (lobes). The portal BV is situated in close proximity to the tumor. The proximity of 

this BV is parameterized with a d/R ratio. Here, 'd' represents the distance from the center of 

the portal BV to the tumor (as depicted in Figure 5.3), and 'R' denotes the portal BV radius 

corresponding to the tumor location. For the purpose of conducting a parametric analysis on 

MNPH four values of d/R ratio ranging from 1 to 2.6 are considered in this work. At ratio ‘1’, 

the tumor surface (Figure 5.3b) coincides with the portal BV surface. During the parametric 

investigation of cooling effect using laser assisted thermotherapy by Paul et al. [112] have 

found that beyond the distance of 3.5 mm of tumor surface from BV, the cooling effect becomes 

negligible. According to their geometric model as radius of BV 1.5 mm, the calculated d/R is 

2.33. Thus, we have considered four cases of different d/R ratio are shown in Figure 5.6 (from 

P1 to P4) and the value of d/R is given in Table 5.2.  
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(a)                                                                  (b) 

        
(c)                                                                  (d) 

Figure 5.2.  Three-dimensional model of (a) liver including tumor and BVs (portal and 

hepatic) (b) tumor (c) portal BV (d) Hepatic BV 

 

Table 5.2. Details of four different tumor position in terms of d/R ratio 

 

Models P1 P2 P3 P4 

d/R 2.6 2 1.4 1 
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(a)                                                                  (b) 

Figure 5.3. Depicts (a) the distance between BVs and tumor, (b) the ‘d’ and ‘R’ distance to 

shift the tumor position from existing to near portal BV. 

      

(a)                                                        (b) 

     

(c)                                                          (d) 

Figure 5.4. Depiction of the portal BV and different tumor position (a)  P1, (b) P2, (c) P3, 

(d) P4 



 

80 

 

5.2.2 Mathematical model 

Blood flow in the liver tissue through a portal and hepatic BVs is considered laminar [120]. 

The blood flows in both hepatic and portal BVs are modelled by Navier Stoke’s equation 

(equation (5.1)).   

Fluid transport equations  

𝑑𝜌𝑏
𝑑𝑡

+  𝜌𝑏∇.𝒖 = 0                                (a) 

𝜌𝑏
𝐷𝒖

𝐷𝑡
=  −∇p − ∇. τ                             (𝑏) 

𝜏 =  −𝜇 (∇𝒖 + ∇𝒖𝑻 − 
𝟐

𝟑
∇. 𝒖)           (𝑐) 

5.1 

where, 𝒖 is vector quantity represents the velocity of blood in x, y, and z directions. ‘p’ 

represents the pressure and ′𝜏′ represents the stress tensor.  𝜌𝑏 and 𝜇 are physical properties of 

blood, represents density and viscosity, respectively. Equation 5.1a is the continuity equation 

According the literature, the total amount of blood flow in the average male liver is 1.5L/min. 

This value may vary according to person between 1 to 2L/min. The hepatic BV supplies blood 

flow nearly 25 % of total liver blood flow and remaining 75% flow through the portal BV 

[121]. 

To evaluate the temperature distribution in the tissue (tumor and healthy) and intestine 

fluid, the PBHT model has been used (equation 2.1). The heat interaction in the hepatic and 

portal BV are modelled using the convection -diffusion equation (5.2 ).  

Heat transfer equation in fluids 

(𝜌𝐶𝑝)𝑏 (
𝜕𝑇

𝜕𝑡
+ 𝒖 ∇𝑇) = k𝑏𝛻

2𝑇 5.2 

where 𝜌 and 𝐶𝑝 denotes the density and specific heat capacity. ‘T’ is the temperature in  tissue 

and BV. The metabolic heat source (𝑞𝑚) and perfusion coefficient (𝜔𝑏) are considered zero 

for the intestine fluid. The steady-state velocity field 𝒖 is obtained from equation (5.1) is 

utilized in equation (5.2). The liver and tumor exhibit distinct thermo-physical properties, as 

depicted in “Chapter 2”-Table 2.1. The properties of the intestinal fluid are assumed to be 

equivalent to those of blood. The heat generated from the magnetic nanoparticles (MNP) 

hyperthermia is transferred to the liver and intestinal fluid. 
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5.2.3 Heat generation due to MNP in Tissues 

In this study, we have considered the uniform MNP distribution within the 25% of tumor 

volume with a volume fraction (ratio of MNP volume to the MNP distributed tumor volume) 

0.0064. According to in-vivo and in-vitro investigation, heat source spread within tumor lies 

between the 2.37 mm to 12 mm depending upon the different infusion rate and amount of 

injection [9,19,30]. The spatial spread radius of MNP in T1 and T2 tumor volume is 5.99 and 

4.4 mm, respectively. The BNF starch nanoparticles as hyperthermia inducers are utilized for 

MNPH therapy. SLP of MNP are evaluated by a sixth-order polynomial equation reported by 

Soetart et al. [50] To ensure the safe application of MNPH, it is important to consider the 

product of magnetic field strength and frequency, which should not exceed 5 × 109 Am [26]. 

Therefore, the magnetic field strength of 20.5 kA/m and a frequency of 150 kHz are used for 

MNPH. The specific loss power (SLP) value calculated using the co-relation predicted by 

Soetart et al. [50] for these parameters is 50.64 W/(g of MNP). 

5.2.4 Computational methodology and boundary conditions 

The aforementioned momentum, bioheat, and heat transfer equations have been simulated 

using COMSOL. Multiphysics 5.6 on a Dell Precision Tower 5820 workstation. This software 

employs the finite element method (FEM) to discretize the governing differential equations. 

The software is routinely utilized for the simulation of heat transfer and fluid flow physics 

[122]. First, the momentum equation is solved in hepatic and portal BVs to evaluate the flow 

variable ‘u’. The constant mass flow rate (𝑚̇) is given as the boundary condition at the inlet (as 

shown in Figure 5.2(c and d) and the non-slip condition is considered at the vessel’s wall. The 

amount of flow rate in both hepatic and portal BVs is considered at inlet 0.375L/min and 

1.125L/min, respectively. The velocity field ‘u’ is utilized in the heat transfer equation 

(equation (5.2)) for hepatic and portal BVs. The spatial temperature distribution (T) in the 

physical model is evaluated by solving the heat transfer equations (equations 5.1 and 5.2) in 

tissue (tumor and liver), hepatic and portal BVs, and intestine fluid simultaneously. The tumor 

is surrounded by the liver tissue and intestine fluid. The boundary of the intestine fluid is 

located at a significant distance from the tumor. Therefore, the core body temperature is 

assumed at the boundary of the intestine fluid. Similarly, the temperature of blood at the inlet 

of BVs is at the core body temperature. While at the interface between tissue and BVs, the 

continuity of temperature and heat flux conditions have been applied (equation (5.3)). 
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−𝑘𝑡𝑖𝑠
𝑑𝑇

𝑑𝜂
=  −𝑘𝑏

𝑑𝑇

𝑑𝜂
 5.3 

5.3 Results 

5.3.1 Velocity profile in hepatic and portal BV 

The steady-state contour of the velocity profile in the hepatic and portal BV is depicted in 

Figure 5.5. Since the cross-sectional radii of the vessels vary along the path of the blood flow, 

thus the velocity profile also varies at different cross-sections. At the two different planes (P1, 

P2, H1, and H2, as shown in Figure 5.2 c and d), the velocity profile is depicted in both vessels 

(hepatic and portal ). As both the vessels (hepatic and portal) are divided into two parts, thus 

size of the upper part is larger than the two lobes in both cases. The peak velocity in portal BV 

in the upper and its two lobes are nearly 20 cm/s and 40-50cm/s, respectively. The peak velocity 

in hepatic BV in the upper portion and its two lobes 4 cm/s and 10 cm/s, respectively.  

   

(a)                                                                  (b) 

Figure 5.5. The velocity contours in (a) portal BV at P1 and P2 plane (b) hepatic BV at H1 

and H2 plane. 

5.3.2 Spatial temperature distribution 

The MNPH. therapy is induced for 60 minutes in all tumor models. Figure 5.6 depicts the 2D 

spatial temperature profile just after 60 minutes in tumor and the portal BV, on the plane that 

passes through the injection sites and portal BV. It can be noted from this figure that 

temperature variation in the blood at the depicted cross-section of the portal BV is negligible. 

This observation has also been noted by previous researchers [51,114]. Because the amount of 
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thermal energy enters into the blood vessels is insufficient to significantly raise the temperature 

of high mass flow rate of blood.  

The cooling effect due to the blood flow increases in the tumor as the tumor inches 

toward the portal BV as described in Table 5.3. Table 5.3, thermal dosimetry parameters are in 

terms of 𝑇90, 𝑇10, 𝐻𝐼, and percentage tumor volume greater than therapeutic temperature. 

Because of the cooling effect of BV, the minimum temperature within 90% and 10 % tumor 

volume (𝑇90 and 𝑇10 (Table 5.3)) decrease nearly 2℃ from P1 to P4 models. The HI index, as 

discussed in Chapter 3, section 3.3.3, depends on the 𝑇90 and 𝑇10 temperatures. The value HI 

index increases from the P1 to P4 model as shown in Table 5.3.  

      

                                       (a)                                                    (b) 

      

                                          (c)                                                    (d) 

Figure 5.6. Depiction of the 2D temperature profile in tumor and portal BV at different 

tumor position at (a) P1, (b) P2, (c) P3, (d) P4 

This indicates that with the increase in the cooling effect by the proximity of the blood 

vessel, results in uneven temperature elevation within the tumor. Thus, the peak temperature 

in the P4 tumor position (as indicated in Figure 5.7) is lower than in the other cases. The 

maximum temperature achieved during MNPH is 69.24℃ for the P1 model. It is important to 

note that the therapeutic effect in the tumor is considered effective if most of the tumor volume 
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(TV) is above the 43℃ temperatures. The thermally affected TV reduces up to 17 percentage 

from the P1 to P4 model during MNPH. 

Table 5.3. Heterogeneity, thermal dosimetry parameters attained in the considered cases due 

to MNPH Tumor 

Models 𝑇90 𝑇10 𝐻𝐼 𝑇𝑚𝑎𝑥 𝑇𝑉 > 43℃ 

P1 41.15 58.75 4.24 69.24 76.72 

P2 40.75 58.3 4.68 68.92 71.9 

P3 39.8 58.0 6.5 68.5 66.1 

P4 39.32 56.6 7.4 67.32 59.15 

Figure 5.7 depicts the variation in peak temperature and the tumor volume above the 

therapeutic temperature within the tumor over the time during MNPH for all tumor models. 

The steady-state temperature is achievedd after 10 minutes in all cases (Figure 5.7a). Due to 

the high convection effect induced by the BV for d/R = 1, the elevation of maximum 

temperature for this case (P4) is minimum. From Figure 5.7 (b) plot, it can be noted that, within 

10 minutes, more than 40 percent of tumor volume gains temperature higher than the 

therapeutic range. As time progresses, the tissue volume above the therapeutic temperature 

increases, however, the rate of increment slows down after 10 minutes. It should be noted from 

this plot that the maximum thermal dose is induced to the tumor having the highest value of 

d/R ratio i.e., 2.6. Furthermore, minimum therapeutic effects are induced in the tumor model 

with a d/R ratio equal to 1 (for the case portal BV touches the tumor boundary). Thus, the 

effectiveness of therapy decreases as BV inches towards the tumor.  

       
(a)                                                                       (b) 

Figure 5.7. Variation of (a) maximum temperature in tissue with time, (b) percentage tumor 

volume above therapeutic range with time. 



 

85 

 

The cooling effect on the MNPH therapy caused by the larger BV near the tumor is 

summarised in Figure 5.8. Figure 5.8 illustrates the plot between the percentage tumor volume 

above the therapeutic temperature (43℃) and the d/R ratio. The plot shows that the therapeutic 

effects (thermal dose during MNPH) in tumor are highly affected by the proximity of BV.  As 

the d/R ratio decreases from 2.6 to 1, there is an approximate 20% reduction in therapeutic 

efficacy. In other words, as the distance between the tumor and the BV increases the impact of 

blood flow on the MNPH therapy diminishes. 

 

Figure 5.8. Variation the percentage tumor volume above therapeutic range with d/R ratio. 

5.4 Discussion 

The efficacy of MNPH therapy in treating tumors is significantly influenced by various factors, 

one of which is the cooling effect caused by major BVs when heating the malignant tissue. 

Various researchers have shown that the therapeutic effect in tumor significantly reduces near 

the BVs [47,51,114]. However, there has been limited exploration into quantifying the 

therapeutic region affected by the BVs. In the present study, we have simulated the MNPH 

therapy in the real tumor model including the BVs (portal and hepatic) and surrounding healthy 

tissue. We assume a uniform velocity at the inlet of the BVs for simplicity; notably, previous 

investigation by Horng et al. [123], have indicated that the pulsatile velocity profile has only 

minor differences in the thermal lesion region when compared to a uniform or parabolic 

velocity profile. Navier-Stokes equation is used to calculate the steady-state velocity profile 

within the BVs. 

The temperature distribution in both the tissue (tumor and healthy) and the BVs is computed 

using a coupled bioheat equation and convection-diffusion equation. This distance between the 
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BV and the tumor is parameterized and expressed as the d/R ratio. Results reveal that the 

therapeutic effects decrease from approximately 78% to 58% as the d/R ratio varies from 2.5 

to 1, respectively. It's important to note that in our computational investigation, we have made 

certain simplifying assumptions, such as assuming a uniform velocity profile at inlet and a 

homogenous distribution of MNP. Nevertheless, this study provides valuable insights into 

predicting the reduction in therapeutic effectiveness due to the presence of BVs. 

5.5 Closing Remarks 

Effects of blood carrying vessel on the MNPH therapy have been studied. Results indicate that 

the therapeutic effect significantly reduces if the tumor is close to the BV. The cooling effect 

of the BV is parameterized by the d/R ratio. With increasing the d/R ratio beyond 2.5, the 

cooling effect curve begins to flatten. 
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Chapter 6  

Conclusion and Future Scope 
 

6.1 Summary and Conclusion 

The present work describes the development of the FV-IBM method for the numerical 

simulation of the bioheat physics in arbitrary shaped tumor models. Using FV-IBM, the 

simulation is conducted in the Cartesian grid structure, instead of body-fitted grid structure 

used by other numerical technique. The boundary conditions are enforced at the immersed cells 

using quadratic and linear functions. The accuracy of the numerical method is validated by 

comparing the FV-IBM solution with analytical and previously reported numerical results for 

heat and bioheat transfer problems. The L2 norm error for this numerical methodology 

demonstrates that the scheme is second-order accurate. Subsequently, the FV-IBM scheme is 

employed to simulate the bioheat model in a realistic 3D liver tumor model. The 3D liver 

model, including the tumor, is extracted from DICOM images using the open-source 3D Slicer 

software. The numerical results of the spatial heating are compared to experimental data and 

COMSOL results considering both uniform and Gaussian distributions of magnetic 

nanoparticles (MNP).  

The developed FV-IB framework has been utilized to investigate the influence of tumor 

shapes on MNP-based hyperthermia therapy. Three different tumor shapes (oblate, prolate, and 

egg-shaped) with equal volumes are considered, and a single injection of the same amount of 

MNP is administered. The therapeutic effect in each tumor is evaluated using a shape factor, 

and it is found that an increase in the shape factor leads to a decrease in the therapeutic effect. 

Moreover, the study proposes an empirical relationship between the therapeutic effect and the 

shape factor derived from the obtained numerical results. 

In order to improve the therapeutic effect in tumors with arbitrary shapes or high shape 

factors, a guiding criterion has been developed for an intratumoral multi-injection strategy. The 

optimal positions for primary and secondary injections are determined through numerical 

simulations conducted on a 3D tumor model. The tumor volume is divided into two parts: the 

core volume and the protruding volumes. The primary injection is assumed to be in the tumor 

core, while secondary injections are administered in the protruding volumes. It should be 

emphasized that this strategy proves to be effective when the protruding volume constitutes 

more than 10% of the total tumor volume. 
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To investigate the cooling effect induced by major blood vessel on MNPH, another 

supplementary study is conducted on a real liver tumor that encompasses two major blood 

vessels, namely the portal and hepatic vessels. A parametric investigation is performed by 

varying the tumor's proximity to the blood vessels, and the results reveal a sharp increase in 

the cooling effect as the tumor gets closer to the blood vessels. Interestingly, the cooling effect 

diminishes when the distance ratio (d/R) exceeds ‘2.5’. 

The present study provides a comprehensive analysis, beginning with the development 

of a numerical FV-IBM scheme for the bioheat equation. This scheme is then implemented to 

simulate the MNPH therapy in arbitrary tumor shapes and investigate the effects of tumor 

shapes, multi-injection strategies, and the cooling effect of blood vessels. 

6.2 Scope for future study 

MNP based hyperthermia therapy is numerically investigated using the FV-IB method 

in the present work. Many challenges and issues in experimental and computational modelling 

should be addressed and can be worked on in a future extension of this work. 

In the present MNP hyperthermia have considered the Gaussian or uniform MNP 

distribution profile. In previous studies, some experimental studies have reported the Gaussian 

profile for the heat source. However, in order to accurate modelling of MNP distribution in 

tissue requires more experimental data. Some researchers have utilized a continuum approach 

to computationally model the MNP distribution in tissue by solving the Darcy and MNP 

transport equations. This approach overlooks the individual behavior of the particles within the 

tissue. On the other hand, the discrete element method (DEM) approach is an emerging high-

fidelity simulation method that allows for the analysis of the behavior of each individual 

particle within the tissue. 

The specific loss power (SLP) of MNP, which determines their ability to generate heat 

in the tissue, is another crucial factor. In this study, we employed a sixth-order polynomial 

relation based on experimental data for BNF starch MNP at a fixed frequency to evaluate the 

SLP. Although a theoretical Rosensweigh model is available in the literature for calculating 

the SLP, it is prone to considerable errors when measuring the heating value [88,124,125]. 

Therefore, future research can focus on developing accurate models that incorporate the 

properties of MNP and the magnetic field parameters such as frequency and magnetic field 

strength. 
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Despite the significant advantages and successful outcomes observed in MNPH 

therapy, its routine clinical establishment necessitates thoroughly exploring potential side 

effects and post-therapy outcomes. A clinical trial by [126] reported an absence of systematic 

toxicity even in a 17.5-month patient follow-up. However, certain patients experienced side 

effects during the therapy, such as skin burns, elevated blood pressure, and increased pulse 

rates. In parallel, in vitro investigations have indicated that elevated concentrations of MNPs 

can induce cell damage and toxicity [127]. However, further in vivo investigations are 

necessary to explore potential side effects and post-therapy outcomes associated with 

concentrations of MNPs , as well as to assess their toxicity. 
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