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Abstract

The work complied in this thesis includes the investigation of nonlinear partial dif-
ferential equations (PDEs) of integer and fractional order representing some physical
phenomena for exact solutions, symmetries, and conservation laws. Linear dispersion
analysis of fractional order PDEs is carried out to identify the normal/anomalous dis-
persion of waves. The techniques to retrieve solutions have thoroughly described and
successfully implemented. The thesis consists of five chapters compiled for the investi-
gation of seven nonlinear PDEs which are (2+1)-dimensional new coupled Zakharov-
Kuznetsov (ZK) system, generalised 7 order Korteweg and de Vries (KdV) equation,
new coupled ZK system as well as Wu-Zhang system in (2+1)-dimensions having time
derivatives of fractional order, time fractional 5 order equation from Burgers hier-
archy, space-time fractional potential Yu-Toda-Sasa-Fukuyama (YTSF) equation and

space-time fractional Maccari model in (2+1)-dimensions.

Thesis is organised into five chapters as follows.

Chapter 1

The chapter introduces some important nonlinear PDEs of integer and fractional or-
ders. The physical phenomena inherited by different types of PDEs are tabulated.
Brief literature reviews on Lie group of transformations, methods for finding exact
solutions, and conservation laws are presented. Introduction of linear dispersion anal-
ysis is briefed out. The frame work of the thesis is also presented systematically in

this chapter.

X
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Chapter 2

This chapter consists the preliminaries including some definitions, theorems related
to Lie group theory, conservation laws, exact solutions, and dispersion analysis. Lie
infinitesimal criterion to examine integer and time fractional PDEs is presented in
an algorithmic way. The various methodologies used for finding solutions in terms
of solitary waves, exact travelling waves, and doubly periodic waves have thoroughly
described. Also, method known as improved F-expansion is proposed for examining
the space-time fractional PDEs and subsequently, applied to space-time fractional
potential YTSF equation in chapter 5. The methods to derive conservation laws for
nonlinear PDEs have been discussed in details and algorithms are constructed for the

same. For fractional PDEs, the linear dispersion analysis is also suggested.

Chapter 3

This chapter is devoted to study the integer order nonlinear PDEs with variable coef-
ficients such as (2+1)-dimensional new coupled ZK system and generalised 7% order
KdV equation. The infinitesimal symmetries, symmetry groups, optimal system, in-
variants and reductions are systematically determined for new coupled ZK system.
The variety of solutions in terms of Jacobi, trigonometric and hyperbolic functions
are obtained, and analysed graphically to discuss the effect of arbitrary function on
the wave profile. The generalised 7" order KdV equation is also examined for Lie
symmetries. Vector fields of the optimal system give solutions in an explicit form ap-
peared as power series and involved Jacobi elliptic functions. The conservation laws
are constructed for these equations by applying direct method and new conservation

theorem with nonlinear self-adjointness.

Chapter 4

This chapter presents the comprehensive investigation of nonlinear PDEs having
time derivatives of fractional order. It includes new coupled ZK system in (241)-
dimensions, Wu-Zhang system in (2+1)-dimensions and 5" order equation from Burg-
ers hierarchy. The Lie classical technique is adopted to examine Lie symmetries with
the use of Riemann-Liouville fractional (RLF) order derivative and corresponding in-
variants for these equations. The dimensions of fractional PDEs are reduced from

(24+1) to (141) using invariants. The solutions show bright, dark and singular soli-




xi Abstract

tary wave like character for new coupled ZK system. The methodology of exponen-
tial rational function method has been utilized to seek solutions of Wu-Zhang system.
Solutions in form of power series have obtained for 5% order equation from Burgers hi-
erarchy. The solutions of these equations are discussed graphically. The conservation
laws for the equations are obtained by new conservation theorem. These equations

are also studied for deriving dispersion relations, group and phase velocities.

Chapter 5

This chapter deals with important nonlinear PDEs from mathematical physics hav-
ing space-time variations of fractional form such as potential YTSF equation and
(2+1)-dimensional Maccari system. The improved F-expansion method suggested in
chapter 2 for space-time fractional PDEs is applied to potential YTSF equation in this
chapter and exact travelling waves are obtained as solutions. The Maccari system in
(2+1)-dimensions is investigated using an extended Jacobi elliptic function expansion
(EJEFE) method for deriving solutions having doubly periodic waves. The solutions
of these equations are discussed graphically to show the influence of fractional pa-
rameters onto wave profile. The dispersion relations for space-time fractional PDEs
are systematically derived and the anomalous/normal dispersion of waves is shown

graphically.

At last, the summary of the thesis and some concluding remarks are given of the

work conducted in different chapters.
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Chapter 1

Introduction

1.1 Nonlinear partial differential equations (PDEs)

Intensive research is going on to investigate physical systems modelled through nonlin-
ear PDEs in the numerous branches of applied sciences particularly in fluid dynamics,
condensed matter physics, physics of plasma, physical chemistry, mechanical engi-
neering, aerospace engineering, and biomedical and health sciences [67, 104]. PDEs
can be classified as linear or nonlinear and further, according to their order, these
are categorized as integer or fractional. The physical systems have been modelled
mathematically in terms of differential equations involving integer order derivatives
as defined by Leibniz and Newton. Associated to this concept, the numerous ex-
amples have been encountered in literature, some of which are given in Table 1.1.
However, the modern research on PDEs has pointed out that the concept of frac-
tional order derivatives in mathematical modelling map the complex physical and
engineering systems more relevantly [73, 116, 161, 193, 196, 216, 225, 254, 266, 289].
This fact boosts the study of fractional differential equations. For the basic introduc-
tion to fractional calculus number of books/publications are available in the literature
[156, 157, 216, 226] and study reveals that fractional calculus is an advanced version of
classical calculus. The concept of half derivative was first advised in LeibniZs letter to
Z/Hospital. Various prominent mathematicians such as Liouville, Grunwald, Riemann,
Euler, Lagrange, Heaviside, Fourier, Abel, etc. have been influenced by fractional
calculus and contributed in its advancement. There are various definitions to un-

derstand the key idea of fractional orders. The most significant definition adopted

1
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Table 1.1: Physical phenomena modelled and solved through integer order PDEs

Physical phenomena References
Phase transitions (77, 294]
Hysteresis phenomena (199, 292, 295]
Homogenization phenomena (53, 293]
Fluid flow through Porous media (15, 208]
Boundary layer flow (15, 102, 223]
Large deflections, stress distribution in plastic and 1206]
non-coherent masses

Electrostatic plasma oscillations (15, 52]
Diffusion with second order reaction [15, 149]
Heat conduction in an isotropic medium [15]

Heat conduction with radioactive decay [15]

Heat flow and wave propagation phenomena 81, 171, 308]

Table 1.2: Physical phenomena modelled and solved through fractional PDEs

Physical phenomena References
Continuous-time random walk process 253]
Anomalous diffusion 325, 328]

[

[
Memory term effect [50, 70, 226, 324]
Modelling mechanical and electrical properties of real materials [66, 226]

[

[

[

Description of rheological properties of rocks 220]
Power laws 324]
Fractals 72, 329]

for fractional derivatives is presented by Riemann and Liouville, and other defini-
tions given by Griimwald—Letnikov [226], Caputo [49, 226], etc. are the variations of
Riemann-Liouville definition. Most of the problems expressed in terms of fractional
PDEs involve space/time or both derivatives of fractional order. In Table 1.2 and
the references therein tabulate some of the fields where fractional PDEs have been
successfully presented the various physical phenomena. It is necessary to draft the
various methods to find well-defined exact solutions of PDEs. It is an important task
and performs a crucial role in exploring nonlinear science. In recent years, researchers
have shown more interest to modify the existing methods for solving PDEs. How-
ever, the development of simple and effective methodologies for solving PDEs always
remains a challenge for researchers. Therefore, our main focus in the present study

is to solve various types of nonlinear PDEs.
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Table 1.3: Geometrical interpretation of fractional derivative of polynomial functions

Fractional order derivatives Fractional derivative values at x =2 Area of triangle (A)

DOI[f ()] 17.34 7.38
D[ f ()] 19.47 6.57
DOS[f ()] 23.34 5.48
DY[f(z)] 32 4

1.1.1 Geometric and physical interpretation of fractional deriva-

tives

As we know that, the classical derivatives have geometrical meanings but for fractional
derivatives the geometrical meaning is different because the fractional calculus deals
with memory and it gives the knowledge about present as well as the future. To
express the geometrical significance of fractional derivatives, a polynomial functions is

considered and the fractional derivative of polynomial functions is given as D*[z"] =

T(B+1-a)

this formula, the fractional derivatives of the function f(z) = z?, at point (2, 16)

, where « is the order of the derivative and 0 < o < 1. By using

are computed and given in table 1.3. The figure 1.1 shows the function f(z) = z*
has first order derivative D'?[f(z)] is computed as 32 and it is the tangent line at
P(2,16) which passes through X-axis at A. Draw the perpendicular line from (2, 16)
meets the X-axis at B(2,0). The area of the triangle (APAB) is 4. Similarly, for
other fractional derivatives the tangent lines have drawn and the area enclosed by
corresponding triangles are given in table 1.3. From the table, it has been concluded
that as the order of fractional derivative increases, the area of the corresponding
triangle decreases and vice-versa. The fractional derivatives and area of triangle are

found to possess a inversely proportional relation to each other i.e.,

D) o (1)

or D*[f(z)].A=constant. As the change in area is physical property, so the fractional
derivatives can be used to measure the changes in temperature, pressure, gradient,

divergence and curl, etc.

1.2 Reported literature on exact solutions of PDEs

Success to find exact solutions measures the extent to which physical phenomena are

completely described using nonlinear PDEs. The task becomes more complex in the
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Figure 1.1: Geometrical interpretation of fractional derivatives of the function f(z) =
x* and triangles formed with the fractional order derivatives.

case when various parameters of the system are considered as variables rather than
constants. Thus, finding solutions of such nonlinear PDEs is more challenging math-
ematically and from related application perspective.

The exploration of literature related to PDEs shows that Lie symmetry group method
is an efficient procedure for getting analytical solutions. The concept of symmetry
was introduced centuries ago by scientists in physics and chemistry by Greeks, Ke-
pler, Newton (laws of mechanics), Galileo (principle of relativity), Einstein (modified
the theory of relativity), crystal symmetries in solid state physics. Presently, sym-
metries are used to grasp the various concepts in mathematical physics, chemistry
of materials, engineering, electrodynamics, classical/quantum mechanics, condensed
matter and particle physics. Basically, symmetry is a transformation whose applica-
tion results into a transformed system in an invariant form and is one of the most
appealing practical application of the Lie group theory. This concept was explored by
Sophus Lie in the nineteenth century 1872-1899 [177, 179] as Lie groups. He further
formulates theory of symmetries for differential equations that provides solutions in
systematic manner. The work of G. Birkhoff [37] and Sedov [259] on dimensional
analysis, and the pioneering efforts of Ovsiannikov [222] have extended this concept
to an advanced state. New developments of the group theory were addressed by
Bluman and Cole [41], Bluman and Kumei [42], Stephani [281], Bluman and Anco
[40, 43], Olver [219], Ibragimov [120], Bhutani et al. [33-35], Clarkson and Mansfield
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[61], etc.

The group invariance is a fundamental concept behind symmetry analysis related to
PDEs. The system under the action of such transformations remains in an invariant
form. By applying this technique, it is possible to reduce independent variables or
system dimensionality. The reduced system of equations can be easily solved rather
than the original system.

There are number of methods found in literature which provide exact solutions of
system of PDEs. The symmetry methods include methods based upon Lie group the-
oretic ideas such as Lie’s classical [151, 165, 167, 267-269], nonclassical [41, 108, 214],
Steinberg’s symmetry reduction method [107, 279] and so on. Some of other methods
which are not based upon Lie group theory such as Direct method [54, 60, 352],
Backlund transformation [239], Painlevé analysis [7, 314, 315], Inverse scattering
transformation [6] and so on.

With the current progresses, the numerous applications have been found in the area
of Lie classical theory. Lie classical theory is the root of the various generalisa-
tions such as nonclassical method [41, 214], equivalence transformations [180], gener-
alised symmetries [219], nonlocal symmetries [42, 173, 219], approximate symmetries
25, 128], general method of differential constraints [220, 232] and so on. Some re-
cent contributions are reported in the direction of Lie group theory by Gandarias et
al. [48, 88-91], Nucci [211-214], Y. K. Gupta et al. [110, 111], Wazwaz [303, 309
311], Biswas et al. [4, 32, 38, 39], Sharma et al. [224, 262-264], Lakshmanan et al.
(170, 230, 231, 249, 290], Gupta et al. [106, 107, 109, 150153, 163, 165, 166, 267, 269
273], Kara [146-148], Ibragimov et al. [120, 125, 129], Olver [219, 220], Oliveri
217, 218], Singh et al. [267, 268], Amaranath et al. [14, 260], Ramaswamy et al.
(237, 238].

There are number of integer order PDEs having variable coefficients which were in-
vestigated successfully by Lie symmetry method [107, 108, 151, 268, 273]. In the
last decades, this approach was further modified to solve time or space-time frac-
tional PDEs [94, 95, 113, 118, 139, 140, 151, 229, 234, 241, 244, 245, 247, 274-
276, 297, 299, 331], some of them are as follows

1. Time-fractional model of Cahn-Allen as well as Klein-Gordon equations [134].
2. Generalized time-fractional modified KdV equation [235].

3. Time fractional form of generalized equation coming from Burgers-Huxley [133],

SO on.
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Besides of Lie symmetry method, there exist some other methodologies or ansditz
based methods in literature which can be used in solving nonlinear PDEs of integer

or fractional as follows
e Tanh-sech procedure [302] and the extended tanh method [303, 304, 351].
e Sine-cosine method [320].
e Hirota method [307].
e Homogeneous balance method [79].
e Jacobi elliptic function expansion technique [64].

e F-expansion [136-138] as well as improved F-expansion methods [10, 135-138,
150].

e Homotopy perturbation method [93].
e Variational iteration method [114].

e G’/G-expansion method [36, 200, 301].
e Fractional sub-equation method [348].

e Exponential function method [8, 36] and exponential rational function method

[11, 100, 204].
e Factorization methodology using travelling wave transformations [330].

e Travelling wave solutions focused on the development of local fractional deriva-
tives [327, 329].

e The first integral method [30, 287], and so on.

The various methodologies provide multiple types solutions for PDEs such as kink,
singular kink, solitary and periodic. The research carried out in last few years has
proved that nonlinear PDEs possess not only the soliton type exact solutions but
there is probability to derive lump solutions for linear and nonlinear PDEs. Lump
solutions are termed as a special type of exact solutions with hidden vital physical
information. Recently, Hirota bilinear method [57-59] is proposed to find the lump
solutions of nonlinear PDEs. There are reports [188, 189] devoted to the interaction

of lump solutions with kinks and solitons for nonlinear PDEs.
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Apart from the importance of exact solutions, the numerical solutions can also be ob-
tained for nonlinear PDEs. There are numerous numerical techniques, e.g. the finite
difference method [103, 206], finite element [98, 99], finite volume [103], spectral and
pseudo spectral methods, and differential quadrature method [31, 144, 202] which
results in the approximate solutions of PDEs. Exact solutions assist in designing and
testing validity of numerical algorithms.

In this thesis, our work is primarily focused on solving three different types of non-
linear PDEs of integer, time fractional and space-time fractional for exact solutions

as given by
1. Integer order (241)-dimensional new coupled ZK system.
2. Integer order generalised 7" order KdV equation.
3. New coupled ZK system in (2+41)-dimensions with time fractional derivatives.
4. Wu-Zhang system in (241)-dimensions with time fractional derivatives.
5. 5" order equation from Burgers hierarchy with time fractional derivatives.
6. Potential YTSF equation with space-time fractional derivatives.

7. Maccari system in (241)-dimensions with space-time fractional derivatives.

1.3 Conservation laws

Conservation law for a family of PDEs has been expressed as divergence equation that
approaches zero for all solutions and for physical systems it appears as conservation
of mass, charge, momentum, energy and other constants of motion. However, special
nonlinear PDEs may also have a plenitude of conservation laws without physical
meaning. The laws are helpful in revealing existence as well as uniqueness of its
various solutions [172], such equations can be linearised or explicitly solved and also
helps in establishing the numerical tools/programs, e.g. finite element method [62,
175]. An infinite number of conservation laws reveals integrability [16]. Many methods

developed in literature to find conservation laws such as

e Noether’s method: There is a strong association among the symmetries
and corresponding conservation laws of PDEs as evidenced by Emmy Noether

(1918) in her theorem [210]. The Noether’s theorem is applicable to variational
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PDEs (the PDEs possess classical Lagrangian). Noether suggested explicit for-
mula for generating conservation laws. Bessel-Hagen (1921) and Boyer (1967)
extended the Noether’s theorem and obtained results strongly rely on Lie group

of transformations [43].

e Partial Lagrangian technique: This approach is similar to Noether’s method
and applicable to even order PDEs. This technique uses a partial Lagrangian
[148] instead of standard Lagrangian. Partial Lagrangian is easier to handle
mathematically than the standard Lagrangian which is difficult or not possible
to found for some PDEs.

e Direct method of multipliers: To overcome the limitation of Noether’s
method, the direct method for conservation laws is developed by Anco and
Bluman [18-20] and presented by Olver [219]. This method is applicable to any

PDE without the existence of Lagrangian or action functional.

e New conservation theorem: As the Noether’s theorem is applicable to vari-
ational PDEs, and Lagrangian can exist for some special type of PDEs. Thus to
overcome this restriction, the new conservation theorem which is based on for-
mal Lagrangian and adjoint equations of PDEs given by Ibragimov [121]. Any
symmetry (Lie point, Lie Bdcklund or nonlocal) yields conservation laws by the
general theorem on conservation laws. Moreover, this method of self-adjointness

is extended to quasi/weak /nonlinear self-adjointness [88, 122, 123, 288].

e S. C. Anco shows that Ibragimov’s new conservation theorem gives trivial con-
servation laws [17]. Recently, an approach by utilizing both symmetries and
adjoint symmetries has been reported, and it is applicable to all PDEs inspite
of the existence of a Lagrangian [186, 187] and used to derive solutions of PDEs
23, 124, 126].

Some reports describing a systematic way to find conservation laws are given in [24,
69, 89, 127, 146, 147, 280, 291]. The method used in deriving the conserved density
and fluxes for integer order PDEs has been extended to fractional order PDEs. The
generalisation of Noether’s theorem and its fractional generalisation using Noether’s
operator with new conservation theorem for time fractional PDEs are given in [22,
45, 83, 121, 151, 185, 197, 215] and for the space-time fractional PDEs are reported in
26, 84, 131, 275]. Some of the examples of well-known PDEs which were investigated

in literature for conservation laws are described as follows
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1. Klein—Gordon-Fock equation [5].

2. Krichever-Novikov equation [87].

3. Burgers-Fisher equation in two dimensions [240].

4. Time fractional (2+1)-dimensional Davey-Stewartson equations [337].
5. Kudryashov-Sinelshchikov equation [48].

6. Nizhink-Novikov-Veselov equation [339].

7. Nonlinear Schrodinger’s equation for compressional dispersive Alven waves [130],

ete.
In present work, the following PDEs are to be investigated for conservation laws

1. Integer order new coupled ZK system with time dependent coefficients in (241)-

dimensions.
2. Integer order generalised 7" order KdV equation with variable coefficients.

3. New coupled ZK system in (2+1)-dimensions having time derivatives of frac-

tional order.

4. (241)-dimensional form of Wu-Zhang system with time derivatives of fractional

order.

5. 5" order equation from Burgers hierarchy involving fractional order time deriva-

tive.

1.4 Linear dispersion analysis

Linear dispersive wave analysis of the PDEs helps to derive the relation connecting
wave number (s) and angular frequency (w), known as dispersion relation, and it
takes the form as follows

D(w,s) =0, (1.2)

where D represents a suitable real function involving w and s. This relation is satisfied

for w, s € C. The expression for wave velocity is given by

= *c, (1.3)

w
S
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which is independent of w and s, and ¢ is arbitrary constant. More precisely, this is
termed as phase velocity. The speed of a sinusoidal wave sin(sx —wt) represents how

fast a point with constant phase, st — wt, moves. So, the phase velocity is given by

st —wt = constant. (1.4)

d(sz —wt)
— > =0. 1.5
o (1.5)

dx

— —w=0. 1.6
ST (1.6)

dr w
> _Z 1.7
dt s (1.7)

However, the systems in which the phase velocity is not constant are called dispersive
systems. In particular, a new feature that arises is group velocity [205] defined as the

speed with which wave packet (basically, a bump in the wave) moves and is given by

_dw

== (1.8)

Uy
If group velocity differs from phase velocity, then in such dispersive systems, the waves
having non-identical frequencies move with different speeds. If the signs of phase and
group velocities are same then the linear waves are termed as the forward waves and
in case, when the signs of the phase and group velocities are opposite then the linear
waves are known as the backward waves. Similar type of discussion on the forward
and backward moving solitons is discussed in [194].
Dispersion leads to different behavior of phase velocity v, and group velocity v, with
the variation in wave number. The theory of linear dispersive waves is a very well es-
tablished and developed field of mathematical physics. Effects of fractional extensions
of such linear systems on the dispersion of waves can still represent an interesting, and
utterly non-trivial, research topic. Analysis of dispersion of waves performs a vital role
in hydrodynamics including water waves, nonlinear optics, and Bose-Einstein conden-
sates [278]. However, the various types of nonlinear PDEs used in modelling different
physical phenomena for real-life applications are successfully solved but there is al-
ways a need of drafting a simple algorithm and discussion of the solutions in terms of
various system parameters requires a serious attention. For dispersion analysis, some
of PDEs such as fractional KdV equation [63] and time-fractional Cattaneo-Maxwell
heat equation [101] are investigated in literature.

Under this work, the following PDEs are to be studied for linear dispersion analysis
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1. New coupled ZK system in (241)-dimensions (time fractional) .
2. Wu-Zhang system in (2+41)-dimensions (time fractional).

3. 5 order equation from Burgers hierarchy (time fractional).

4. Space-time fractional potential YTSF equation.

5. Maccari system in (241)-dimensions with space-time fractional derivatives.

1.5 Framework of the thesis

Keeping in view the above facts, work complied in this thesis helps to understand the
symmetry analysis, procedures to find conservation laws, exact travelling wave solu-
tions, and the linear dispersion analysis for some of the important nonlinear PDEs.
The work is thoroughly discussed with concrete examples. The solutions achieved
in different cases are analysed graphically for better understanding. The dispersion
relation obtained for various nonlinear fractional PDEs helps to formulate conditions
for normal or anomalous dispersion of waves.

Thesis contains five different chapters, details of which are as under:

In chapter 1, introduction of nonlinear PDEs is given and important nonlinear phe-
nomena described by PDEs are mentioned. The literature of PDEs for Lie group
analysis, conservation laws, and dispersion relation are addressed.

Chapter 2 presents some vital preliminaries related to Lie group of transforma-
tions, infinitesimals, invariant solutions, new conservation theorem, direct method
and dispersion analysis. The various methods used in exploring Lie symmetries, ex-
act solutions and conservation laws are described algorithmically. Linear analysis of
fractional PDEs is also proposed and discussed in an algorithmic way.

Chapter 3 investigates two integer order nonlinear PDEs. Firstly, (2+1)-dimensional

new coupled ZK system is considered in the following form

g+ 11 () (uv)y + To(t) (Ugy + tyy ) + Ts(t) (vw), = 0,
v+ Ty(t) (uw)y + To(t) (Vew + Vyy)z = 0, (1.9)
W Tl (1) + Tolt) (s + )2 = 0,

)
)

where T)(t), To(t), T5(t) and Ty(t) represent functions of ¢ in an arbitrary form.

Secondly, the following generalised 7" order KdV equation having coefficients as
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function of t is selected

wp + Ts(Dugu® + To(t)ud 4 Tr () utgtine + To(t)u*tpes + To(t) Upptsre + Ti0(H) teUsres
+ T (E)Wareee + T12(t) Usszezae = 0,

(1.10)
where T5(t), Ts(t), T7(t), Ts(t), To(t), Tio(t), T11(t) and Tio(t) are time dependent
coefficients. In this chapter, exact solutions are constructed via Lie symmetry trans-
formation technique. Conservation laws are derived by direct method of multipliers
and new conservation theorem with nonlinear self-adjointness.

Chapter 4 is devoted to the study three nonlinear time fractional PDEs. First is new

coupled ZK system in (2+1)-dimensions having time derivatives of fractional order is
defined by

aOL

875: —a (uvy + upv) — g (Vwy + vpw) — b (Uggy + Usyy) = 0,

O 1.11
550 [ (wuy + wp) — b (Vygg + Vayy) =0, (1.11)
804

('%ZU — 1 (uvy + ugv) — b (Wapy + Wayy) = 0,

[0}

0
where BT denotes RLF derivative [226, 251] with respect to time and (0 < a < 1).
Second equation is (2+1)-dimensional Wu-Zhang system given by

0%u
%—i—uum—i—vuy%—wx:(),
%qLuvx—i—vvy—i—wy:O,
“ 1
5o + uyw + uw, + vyw + vw, + 3 (Ugzz + Ugyy + Vazy + Vyyy) =0, 0 < < 1.

(1.12)
Third equation is time fractional 5" order equation from Burgers hierarchy described
by

0%u
ote
ﬁ%ﬂﬁ%m+ﬂm%f+ﬂm%m+5ﬁ%>:Q0<a<L

(1.13)

The Lie symmetries corresponding conserved densities/fluxes (conservation laws) and
exact solutions for these equations are determined. Also, the dispersion relation,
phase velocity, and group velocities expressions are obtained. Physical representation

of exact solutions, dispersion, phase, and group velocities are shown by 2D and 3D
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plots.
Chapter 5 is devoted to investigate two space-time fractional PDEs. In this chapter,
an improved F-expansion method is applied to potential YTSF equation having space-

time derivatives of fractional order in the following form
. 9° (0% N 9% [ d°u L3 0y y oPu ok [ u
oxf \ ot~ 0x38 \ 029 oy oxf ) \ 0xf \ 029
0%u\ [ 0%u
2l =—%=)l==])=0
* (81‘26) (8z5) ’

where «, 5, v and § (0 < «,3,7,0 < 1) denote the fractional parameters repre-

(1.14)

senting the orders of derivatives with respect to independent variables ¢, x, y and z,
respectively. The YTSF equation has been explored for analysing dispersion of waves
and exact solutions. Also, Maccari system in (2+41)-dimensions having space-time
derivatives of fractional order has been considered as follows
a 23
2‘8675 + % + PW =0,
oW . W n 0°|P|?
ot oy" 0xP

(1.15)

:O) O<aaﬁ77<]—a

where ¢+ = v/—1, P and W are the complex and real functions, respectively, of the
variables ¢,  and y. The Maccari system is investigated by utilizing EJEFE algo-

rithm for solutions and dispersion of waves.







Chapter 2

Preliminaries

In this chapter, the fundamentals of the Lie group of transformations are introduced
which describe group, infinitesimal transformations, invariant function, Lie algebra
and classification of subalgebras. It also includes the extension of one parameter Lie
groups, their prolongation formulas and description of invariant solutions of PDEs.
The algorithmic descriptions of various methods for the investigation of nonlinear
PDEs are described with relevant details. For more information on the symmetry
groups and the proof of various theorems, readers can refer to Bluman and Anco [40],
Bluman and Cole [41], Bluman and Kumei [42], and Olver [219]. The concepts related
to conservation laws can be found in [19, 20, 43, 121, 123, 210]. Also, more details
related to all of these concepts can be found in [27, 63, 87, 96, 101, 164, 168, 209] and

references therein.

2.1 Symmetry

A symmetry [40] is some kind of transformation under which an object state or its
neighborhood remains unchanged (invariant). More precisely, the symmetry of a

system supports the following properties

(7) it preserves the structure of the object and maps the object into itself.

(#7) the symmetry transformation and corresponding inverse transformation are con-
tinuous, hence, infinitely differentiable, e.g. rotational symmetry of an equilat-

eral triangle through an angle of 120° or rotation of sphere around any one of

its diameter.

15
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2.2 Group

A non-empty set G with a law of composition ¢ between elements is said to be a

group [40] if it satisfies following axioms
(1) Closure: If 6y, 0 € G then ¢(0,,6,) € G.
(17) Associative: If 0y, 0y, 05 € G then ¢(01, p(0s,03)) = p(p(01,63),05).

(173) Existence of identity: For all §; € G 3 e € G such that ¢(61,¢e) = ¢(e,01) = 6,

where e is called identity element of G.

(iv) Existence of inverse: For all §; € G 36, in G such that ¢(0;,0;") = (0,7, 0,) =

e, where 0] ! is called inverse of 6.

2.3 Commutative group

A group G is called commutative group or an abelian group [40] if (61, 05) = (62, 61),
YV 6,, 0, € G.

2.4 One-parameter Lie group of transformations
(1LGTs)

Consider a set ¢ with the elements ¢, @2, @3, ...., ¢, € D C R™ and the transformations

¢ = Q(gse) (2.1)

are defined V ¢ and these transformations constitute 1LGTs if for parameters e,
o € S C R, with the law of composition (¢, o) [40], the following conditions should
satisfy:

1. the transformations (2.1) are one to-one and onto V € in S .

2. S forms a group G under law of composition ¢.

3. V¢ € D, ¢* = ¢ holds if parameter € = ¢, represents identity, i.e., ¢ = Q(¢; ).
4. If 6" = Q(¢s ), ¢ = Q"1 0), then ¢ = Q(; p(€, 0)).

5. € must be a continuous parameter and termed as identity for e = 0.
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6. € is an analytic function of € in set S and infinitely differentiable w.r.t. ¢ in D.

7. ¢(€,0) is an analytic function of € and o.

2.5 Infinitesimal transformations

The infinitesimal transformations [40] can be achieved by expanding 1LGTs (2.1)

e (9*Q(¢;¢)
60) + 5 ( 862

around parameter ¢ = 0 as follows

QZ;* :q3+e (8Q(¢;e)

D w

Oe
= ¢+ eX(0) +0(),
where 90/
x(g) = 2409 23)

The ¢ + eX () is known as infinitesimal transformation of 1LGTs (2.1), where X (¢)

termed as the infinitesimals of (2.1).

2.6 Invariant function

A function M(¢) is termed as an invariant function [27, 40, 164, 168] for 1ILGTs (2.1)
if and only if

M(6") = M(9), (2.4)
or M(¢) justifies the following
~ 1 OM(9)
IRABRS 25
The operator
_ n _ 9
X = X(@0) = Y X0 (2:6)

=1

is known as an infinitesimal generator (IG) [40] and X M is defined as Lie derivative

of M. Expand M(¢) as a Taylor series around ¢ = 0 then Eq. (2.4) results into
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following

M(9") = M(§) + eX M(9) + ;XQM(@ ot ;X"M(é) +O(eh. (2.7)

If the series given in Eq. (2.7) converges then it called as Lie series and Eq. (2.7)

becomes -
s en n _
M($") = — X" M(9), (28)
n=0
which can also be described as follows
M(F7) = exp(e X) M(5) (2.9

2.7 Lie algebra

Lie algebra constitute a vector space (X) over the field of invariant functions. If X

and X, are the IGs then the commutator or Lie bracket is established as follows
[Xl,Xm] :Xle—Xle, Vl,m (210)

The commutator exhibits the following properties

1. Closure:
(X, Xm] € X. (2.11)

It implies that if X; and X, are two IGs, then commutation [X;, X,,] of both the
operators will also become a generator of a symmetry group [119, 281]. Thus,

the set of all IGs is closed under commutation relation.

2. Bilinearity:
[a X; 40X, Xn] = a[X), Xp] + b [Xon, X0,

(2.12)
(X1, a X +bX,] = a[X), X + b[X), X,

where a, b € R.

3. Skew-symmetry:
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Table 2.1: Commutator table

X1 X Xk
X1 0 X2 Xk
Xo -X12 O Xok
X X -Xox 0
4. Jacobi identity:
[Xla [Xm7XnH + [Xna [XlaXm]] + [Xma [Xna XZH = 0. (214)
If Xy, Xs,..., X; are the infinitesimal symmetries of a k-parameter Lie symmetry

group then new IGs can be found by using the commutators of the known IGs. The
formation of Lie algebra can be examined by listing all the IGs called as commutator
table [219]. The (I, m)-th element in commutator table can be displayed as X, =
(X1, Xim] = X0 X0 — X5 Xi. The commutator of two IGs is antisymmetric in nature
(Xim = [ X1, Xon]=-[Xm, Xi] = —X,u) and all diagonal entities are zero ([X;, X;] = 0),
so there is only need to determine the entities above the diagonal as given in Table
2.1.

2.8 Classification of subalgebras

Classification of subgroups for a given Lie symmetry group performs a crucial role in
the study of differential equations. Classification assists to measure group invariant
solutions without the chance of an appearance of equivalent solutions. For each
subgroup of a symmetry group, family of group invariant solutions will be obtained
and if there exist subgroups (infinite number) then it is not feasible to enlist all group
invariant solutions. In such situations, optimal system [40, 219, 222, 312] for a given
system is obtained. To construct an optimal system, the Lie series is used to find the

adjoint representation as follows

2

Ad(exp(e X)) X; = X, — e[ X, X;] + % X0 (X0 X))+ (2.15)

The procedure for classification of one-dimensional subalgebras is carried out by the

technique given in [219]. If X7, X5,..., X} are the elements of the basis of Lie algebra,
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then the most general IG can be represented as follows

Simplification of the most general IG can be done by use of adjoint actions and coeffi-
cients g;, 1 = 1,..., k, appears in the list of inequivalent one-dimensional subalgebras.
On utilizing the inequivalent one-dimensional subalgebras, the group invariant reduc-

tions and corresponding invariant solutions can be determined.

2.9 Extension of 1LGTs and prolongation formu-

las

Consider a 5% order PDE as given by
Z(¢, 0,00, ...,0°0) = 0, (2.17)

where ¢ corresponds to independent variables @1, o, ..., ¢, and ¢ corresponds to de-
pendent variable. The term &7g denotes j** order partial derivative w.r.t. ¢;. The

1LGTs (point) are represented by

(E;k = Ql(é? @7 6) = éz + E‘Xi((ﬁa @) + O<€2)’i = 1727 SR

- _ (2.18)
0" = 0(¢,0:€) = 0+ € Z(h,0) + O(é2),

where X;, Z are termed as infinitesimals corresponding to ¢;’s and p, respectively, in
(¢, 0)-space. The IG for ILGTs (2.18) is given by
D _

0

The 5 extension [40] of point transformations given in Eqs. (2.18) is represented as
follows

@F = Qi(¢,0;€) = ¢; + e Xi(9,0) + 0(62)7
0" = ®(d,5:€) = 0+ € Z(9, 0) + O(€?),
o; = ©i(6,0,00;¢) = 8; + € 2V (6,8,00) + O(2), (2.20)

Ol inin = Pirin i (00,00, ., 0°0;€) = Biyiy.is + € 21 (6,008, ...,8°8) + O(e?),




21 Chapter 2. Preliminaries

where ¢ varies from 1 to n and 7; for one particular [ varies from 1 to s with 5 > 1.

The corresponding 5-extended IG is represented as follows

4 N . 9
X = Xi(6,0) 5= + 2(6,0) 5~ + 2(6,8,00) 5~ +
] ] 9 (2.21)
+Zz(1sz)gz§(¢7 @7 8577885) 8@—7 § Z 1

The extended infinitesimals Z® can be found by following recurrence relations

zW = D,Z — (DiX)o;, i =1,2,.
z8¥ =D 25N (Dz-ng)@m...igj,

1112...15 1112...15

(2.22)

1; for one particular [ varies from 1 to § with § > 2.

Herein, D; corresponds to the total derivative operator and is defined as follows

0 0 0 0
D; = ’ i iy 4 i =1,2, 0. (2.23
0¢Z+Q8 +Qja + ..+ 04 i 5 + ) n ( )

11112...1',1

In case of a system PDEs having ¢ = (¢1, ¢s, ..., ¢,) and ¢ = (', 8%, ..., 0") as indepen-
dent and dependent variables, respectively, with x > 2 then extended transformation

from (¢, 0) space to (¢, 9, 99, %0, ..., 0°p)-space are given by

o7 = Qi(, 0;€) = ¢ + € Xi(0, 0) + O(€),
)" = (), 05€) = 0° + € 2°(, 0) + O(e?),
)* = éi(&a @a a@a 6) - @g + EZi(l)g(qga @a aé) + 0(62)7

(850y0.)" = B0 (D, 0,00, 0, 070 €) = Bigig.is + € 2L (6,0,00, ..., 0) + O(e?),
(2.24)

with the extended infinitesimals are given by

z = D,z° — (D:X) 85,
zZPe =D 28 (DX 6

1112...15 1112...135 QiliQ...igj’

(2.25)

where ¢ = 1,2, ..., k, i; for one particular [ varies from 1 to s with § > 2. Here, the

§th_extended IG is represented as follows
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0
+2°(0,0) 5

aﬁbz
—I—Z (8)s (qzﬁ 0,00, ...,0° 0) —

1112...15

(2.26)

2.10 Invariant solutions

For invariant solutions, consider N number of PDEs having ¢ = (¢1, ¢s, ..., ¢,) and
0= (0',0°% ...,0%) as independent and dependent variables, respectively, represented
as follows

=%(¢,0,00,...,0°0) =0, ¢ =1,2,...,N, (2.27)
Yo
Obiy 0¢iy.--00i;’
t; =1,2,...,n for every j varies from 1 to 5. In this case, let us write a 1LGTSs in the

where ¢ denotes one particular PDE out of N PDEs, the term 67p =

subsequent form

b =Q(9,85¢),
=580 (2.28)
0" = (0, 0:€).
Assume, the IG of 1LGTSs (2.28) as follows
- .0 0
X =4, Z"(¢, 0 2.29
(6.0 5 + 20005 (229)
and the §-extended IG of Eq. (2.29) is represented by following form
0 o (9 0
X(S = (¢7 ) = + ZV(¢7 @) ((ba 78Q) + o
P (2.30)
—I-Zl(lsl; (gb 0,00,..,0°0 )—a - ,

1112

where Zi1 7 and ZZ122 . are given by (2.25), ¥ = 1,2,...,x and i; = 1,2,...,n for
j=12,..5.

The function g = O(¢) is said to be invariant solution of PDEs (2.27) and it remains
invariant under 1LGTs (2.28), iff o = ©(¢) satisfies the following conditions

= 03, 09(0)

Xi(¢, @(¢))T¢3i = Z%(6,0(9)), v =1,2,...,K. (2.31)

=5(p, 0(4),00(p), ...,0°0(¢)) =0, ¢ =1,2, ..., N. (2.32)
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Eqgs. (2.31) represent invariant surface conditions for invariant solutions of PDEs
(2.32). These conditions result from the invariance under the point symmetry (2.29).
The invariant form method [40] can be used to find invariant solutions. The set proce-

dure [40] for applying invariant form method using following characteristic equations

do, _ do dén dg* de* _ _ _dg”
Xl(qz_s7 é) XQ(&? @)

T Xd0) 2V o) ZXde) T Z4b0)
(2.33)

Theorem 2.10.1. A connected group of transformations G is a symmetry group of
a non-degenerate system of PDEs (2.27) if and only if for every IG X of G

XO(25(4,0.00,...,0°0)) =0, ¢ = 1,2, ..., N, (2.34)

for all the solutions 0 = f(¢) of the system (2.27).
The Eqs. (2.34) are the determining equations of the symmetry group to =5 = 0. For

non-degenerate systems, this is equivalent to

N
XO@E)=A4-20=) A= (2.35)

v=1

Maximal rank: Let the system of PDEs (2.27) is said to be of maximal rank if
N x (I + k1) Jacobin matrix

- . o= 0=*°
']E((ba @7 a@?aasé) = ( TR —
06" 00,

) (2.36)
of Z with respect to all variables (¢, g, 09, ..., 0°0) is of rank N, whenever = =

Often one says somewhat loosely, that the infinitesimal invariance conditions (2.34)
should hold “whenever (¢, 8'¥) satisfy (2.27).” It is not true in general that if ¢y is
point in ¢ = R™ and @((f) is collection of derivatives of g at ¢, that satisfy the algebraic
conditions imposed by the system (2.27), then there exists a smooth solution g = f(¢)
to the system whose derivatives at the point ¢, agree with the values of @ég). A point
(o, é(()g)), which does satisfy this condition, and so pertains to an actual solution
0 = f(¢) of the system, is said to be a point of local solvability of the system. Thus
the local solvability condition can be stated as follows.

Local Solvability: Any each point (¢, @ég)) such that

=(do,25”) = 0, (2.37)
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there exists a solution g = f(¢) with
o) = XOf(¢ 2.38
9 f(¢o)- (2.38)

Non-degenerate = maximal rank+locally solvable.

2.11 Lie infinitesimal criterion for system of inte-
ger order PDEs

This part of the chapter is briefed the various important steps of Lie infinitesimal

criterion for integer order PDEs [40, 219] as follows
1. Consider 1LGTs (2.28) for invariance of PDEs (2.27) of maximal rank.
2. Write down the corresponding IG (2.29) and its 5 order extension (2.30)

3. Apply the extended operator X®) (2.34) [219] for a symmetry group of the
system (2.27) along with the conditions (2.36) and (2.37).

4. Using the extended infinitesimals, obtain over-determining system of linear
PDEs in terms of X and Z.

5. And the solution of over-determining equations yields the expressions for X and
Z.

6. By the use of characteristic Egs. (2.33), g can be expressed as a function of new

independent variables.

7. Rewrite the given system (2.27) in terms of new coordinates to get the reduced
system of PDEs.

2.12 Lie infinitesimal criterion for system of time
fractional PDEs

This subsection describes the important steps to calculate infinitesimal symmetries
of time fractional PDEs [151, 174, 276, 300] having [ independent variables ¢ =
(¢1, Pa, ..., &) and k dependent variables g = (', 02, ..., 0") as follows

=(0,0,D5,0,05,-) =0, s =1,2,..,K, i =2,3,..,1, (2.39)
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where o > 0 and D§ denotes RLF derivative [226] with respect to ¢1 of order a and

other subscripts denote the partial derivatives of integer orders, i.e., 05, = 8¢ . Here,

¢, is considered as the time variable and other, ¢; (i = 2,3,...) are considered as the

space variables. The RLF derivative [226] of order o (> 0) is given by following

T nf(¢1) a = n, where n € N;
D, f(én) = § 1 (2.40)
F(nad¢”f0 md@ n—1<a<n,nelN.
RLF derivative exhibits the following property [226]
= T+ DK™ .
pogi = DEHDA ey (2.41)

I'((—a+1)

where the symbol I'(+) represents gamma function.
Let us assume 1LGTs (point) [151, 244, 247, 276] which leaves the system (2.39) in

an invariant form and can be described as follows

G = G+ eXi(d,8) + O(2), i = 1,2, .1

o o , (2.42)
0 =0 +e2(¢,0 +0(%),c=1,2,....K

where X, Z¢ are infinitesimals corresponding to various ¢;’s and 9'’s, respectively,
and group parameter ¢ << 1. The IG X for 1LGTs is defined by the following

expression
— 0 0
X =X(9,0) 5+ Z(0:0) 5 (2.43)
B o
d ¢, d*
here X; = S = —|=0-
where 7 —|e=0 and Z e le=o

Theorem 2.12.1. A connected group of transformations G is a symmetry group of

a non-degenerate system of time fractional PDEs (2.39) if and only if

PT(n?a)X(EC(QZ_% é7 D%@ @(Ez’ )) = 07 n= ]"27 T (244)

whenever g is a solution to the system (2.39) for every IG X of G. The Egs. (2.44)
are the determining equations of the symmetry group to =¢ = 0. For non-degenerate

systems, this is equivalent to

N
PrivdX(2)=A-2 Z g=d (2.45)
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Maximal rank: Let system (2.39) is said to be of maximal rank if N x (I + xl®)

Jacobin matrix

_ QEs 9= 9= 9= O=s
J=(o,0,D% 0,0z ,...) = = = — ey =
=(¢, 0, D5, 0,0, ) (a¢ff’a¢2’a¢s’ " 0¢1” 005

) (2.46)

of = with respect to all variables (¢, o, Dgl 0,04,,---) is of rank N, whenever = =
Local Solvability: Any each point (¢, @(()g)) such that

(o, 25") =0, (2.47)
there exists a solution g = f(¢) with

o)) = X 2.48

9o f(¢o). (2.48)

On the basis of group of transformations (2.42), the structure of RLF derivative is
framed. It should be noticed that, lower limit of integral in RLF derivative is fixed,
so it must be invariant under the application of 1LGTs given in Eq. (2.42).

Thus, invariance condition is appeared finally as follows
X1(6,0)|3,—0 = 0. (2.49)

The extended infinitesimals can be found by applying theorem 2.12.2 given below.

Theorem 2.12.2. [276] The o' extended infinitesimals (Z°)*% = 4 <D§—;1 E%(Z)) le=0,
fora >0 (¢ =1,2,...,k) with general IG (2.43) are defined as follows

- azs = a\ 0" 2 «
(Zo)*r = aa; +Z [(n> agf - <n+1> D;jjl(xl)] 957" (2")
: zz(n) W W LR

s#¢,s=1 n=1 j#1 n=1

9o 25, " 05 O°Z5,
( 0 ] (] ) o1 aqzﬁf‘ S;é;s:l 0 &b? 8¢f‘
+ D Hes
j=1

(2.50)

where Z3: = %—g, Dg, denotes total derivative operator and pic s are defined as follows
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- - S a k 1 qg?_a =S\T am ~S\K—T an—m+kzg
-EEEE(0) () () fre e e

n=2 m=2 k=2 r=0

(2.51)
Proof. The prolongations for IG (2.43) are used as follows
. !
(25)"% = )+ (x40, (a5,) - D, (25,)) (2.52)
7=1
a_C
where ¢ = 1,2, ...k, and @;?j = agj.
The generalised Leibnitz rule [201, 226] for o € R can be written as follows
oo a .
D (f(@)g(@) = <n> Dg f(@)Dg " g(w), (2.53)
n=0
d'f (a) al'(a)

where D f = for all n € N. Using (2.53), the

do”’ \n] nla—n)(n)(a—n)
following result is obtained

d (6%
XD (a5,) — DS, (X185,) = —aDs, X105,8° — ( ) Dy X DS

n+1

(2.54)

where Dy denotes total differential operator with respect to ¢ given by
D¢>1 = 8&,1 + éélaég + gz_)ld_)lagjf_)l + Z @3)]518@3)] T (255)

A1
Equivalently, for j # 1,
X D5, (85) — Dg, (X;05) = -3 < > (Dj, ) D5 "5 . (2.56)
n=1

The Eq. (2.52) can be expressed as follows
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(Zc)a,(bl Da (Z€)—a(D¢1X1 4519 — Z Z() D R Da nQd)j

j#l,j=2n=1

n+1 a—n =

n=1

(2.57)

The extended form of the formula form time fractional derivative is given by Osler

[221] for a > 0 and is quoted as follows

D5 f(61,91(61), 92(61), --01(1)) =ZZ Y @ (;) (k)

j=1ln m=0 0 r=0 r
Q;?_a ( ) d" ( )8n m+k:f(¢1’ g1y -+ gl)
MO(n+1-a) dor T (00 (9g;)"
(2.58)

Since Z¢ = Z(¢y, ..., d1, 0", ..., 0%), using (2.58) and the generalised multi-variable
chain rule [216, 300], the term D (Z°) in (2.57) can be obtained as follows

0°0° 025 = [« o" 2,
=8 _ _ _ Dq—n =S + s
( 0° a¢a 0 a(b(lx ) ; <n> (9925’1‘ b1 (Q ) :U’Q

K

Y

a¢a .
(2.59)
where Z5, = %ZS and the exact form of p 5 is given as follows
=S () (LG o et
;m MZ:;TO <n> <m> (r) Him+1=a) 2 agr @) gy
(2.60)

Therefore, the expression for (2)%% is expressed as follows

; 1z & a\ "2 o
Zeth — Z 7 _Q _ DY) | 9 (5
+zz() S -3 (1) e,
1
E & oy OZs
+ (25 —aDy (X)) 050 — 0=+ > (z< e )
1

s#¢,s=1 n=1
< 9% ooy
2 e
s=1

(2.61)
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Hence, completes the proof. n

Back substitution of the fractional extended infinitesimals and integer extended
infinitesimals into the invariance condition (2.44) gives the over-determining equations
whose solution with additional invariance condition gives the required infinitesimals.
The invariants retrieved from characteristic equations provide reduced system of frac-
tional PDEs.

In the next section of the chapter, algorithms for various methods to find solutions
of fractional PDEs are described in a systematic way. In the other chapters of the

thesis, these methods are successfully applied and discussed with suitable examples.

2.13 Solutions for fractional PDEs

This section involves the methods which are being used for exact solutions of frac-
tional PDEs. The bright, dark and singular solitary, and exact travelling waves by
exponential rational function method for time fractional PDEs are presented. Also,
an improved F-expansion method is proposed to analyse space-time fractional PDEs
for exact solutions. The EJEFE method gives doubly periodic wave type solutions

and described systematically for space-time fractional PDEs.

2.13.1 Solitary wave solutions of time fractional PDEs

This subsection describes the solitary wave solutions of time fractional PDEs of order
a having three independent (¢1, @2, ¢3) and three dependent variables (g1, 02, 03) as

follows

(1]

1(¢17 Dgl 01, ¢2a Ql¢2a ¢37 Q2¢>27 01, Q3¢>27 02, 03, ) 07
2(¢17 Dgl 01, ¢27 O1¢,> ¢37 02445 015 034, 02, 03, ) = 07 (262)
3(¢17 Dgl 01, ¢27 Q1¢27 ¢37 Q2¢27 01, Q3<f>27 02, 03, ) 0

(1]

[1]

The fractional complex transformation [115, 176, 243, 282, 326] connecting the vari-

ables is defined as folllows

o = F(O), 0= 9(C), 03 = h(Q), ¢ = ko + oy + 2 (263

(1+a)
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where k1, ko and k3 are taken as arbitrary constants and ( is complex variable. By

using the chain rule

D3 01 = (01)¢, Dcf D, ¢ = (01)g, f'ks,
D21Q2 = (02)¢1DC9 Dglf = (U2>¢>1glk37 (264)
Dg 03 = (03)p, Dch DG, ¢ = (03)g, 'k,

where (01)g,, (02)g, and (o3),, are the fractional indexes [115, 243] and without the
loss of generality, consider (01)s, = (02)s, = (03)¢;, = p, where p is the arbitrary
constant, and prime ’ denotes derivative of f((), g(¢), h(¢) with respect to . Thus,
the transformation (2.63) leads to the ODEs for the given system (2.62) in following

form

Rl(fa 9,1, (01) g, f'k3, (02) 9,9k, (03) 9, W ks, ) = 0,
R2(f7 g. h, (01)¢1f/k37 (02)4,9'ks, (Us)mh/k:&, ) =0, (2.65)
Rg(fa 9, hy (1), f k3, (02) 9,9k, (03) g, P'k3, ..) = 0.

The obtained system of ODEs (2.65) has been tested to possess bright, dark and

singular solitary wave solutions.

1. For bright solitary wave solution, let us consider

f(€) = Aysech” ((), g(¢) = Agsech™((), h(¢) = Assech™((), (2.66)

where A; and p; (i = 1,2, 3) termed as wave amplitudes and arbitrary constants,
respectively. In Eq. (2.66), ¢ is considered same as in Eq. (2.63). Back sub-
stitution of (2.66) into ODEs (2.65) gives some set of equations and then using
balancing principle, the values for p;, po and ps are obtained. The substitution
of assumed solution (2.66) with the values of p;, ps and ps, gives determining
equations for A;, i = 1,2,3. Solution of these equations gives corresponding
values of A;, As and As. Thus, solution of given system of time fractional
PDEs are obtained.

2. Similarly, for dark solitary wave solution, assume

f(¢) = Ay tanh®' (€), g(¢) = Az tanh®*((), h(() = Astanh”((). (2.67)

All other steps are same as mentioned for bright solitary wave solution.
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3. For singular solitary wave solution, consider

J(Q) = Aresch” (¢), g(¢) = Az esch™(C), h(C) = Az csch™((). (2.68)

2.13.2 Exponential rational function method for exact solu-

tions of time fractional PDEs

This subsection deals with the procedure to obtain exact solutions for time fractional
PDEs (2.62) with three independent and three dependent variables using the expo-
nential rational function method [11, 28, 204, 286, 338]. To find the exact solutions,
consider, the fractional complex transformation (2.63) that converts given fractional
PDEs into ODEs (2.65).

The exact solution of ODEs (2.65) has been written as follows

N, Na N3

A, B, .
f(C):Zma Q(C):Zm’ h(C):Zm, (2.69)

r=0 r=0 r=0

where A,, B, and C, (A, B,,C. # 0) are the arbitrary constants.

e The upper limit in the summations N;, Ny and N3 can be computed by balanc-
ing principle from obtained system of ODEs (2.65). This gives the values for
Nl, NQ and N3.

e Then, substitution of system (2.69) into ODEs (2.65) and set of polynomial
equations in e/¢ is obtained. By equating the coefficients of /¢ to zero, algebraic

equations are obtained in terms of unknown constants A,,, B, and C,.

e Using symbolic computational software Maple, solutions of algebraic equations
can be found. The solutions of reduced ODEs (2.65) can be computed.

e Using the solutions of reduced ODEs into Eq. (2.63), one can get the solutions
of given time fractional PDEs (2.62).

2.13.3 Exact travelling wave solutions of space-time frac-

tional PDEs by an improved F-expansion method

In case of fractional PDEs having space as well as time derivatives of fractional order,

the solutions of such systems can be obtained using the improved F-expansion method
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[10, 137, 138, 150]. In this subsection, the improved F-expansion method for space-
time fractional PDEs is proposed and uses the Riccati equation as follows
do
— =1+ ¢ 2.70
=+, (2.70)
where [ is the real parameter, ¢(() is real function of ¢, and the general solutions of
Riccati Eq. (2.70) are classified in the following cases.
Case 1 For | < 0, two solutions ¢; and ¢, in terms of hyperbolic functions are given

as follows

¢1 = —V~Itanh(v/~1(),
¢y = —V/—l coth(v/ =1 ().

Case 2 When [ > 0, two solutions ¢3 and ¢, can be represented in terms of the

(2.71)

trigonometric functions as follows

3 = \/Ztan(\/ZC),

¢y = —V1cot(VIQ). (272)

Case 3 For [ = 0, the solution of the Riccati Eq. (2.70) is represented in the following

rational form .

To find the exact solutions by an improved F-expansion method, the space-time

fractional PDE is considered in the following form

—_—
—
—

0y OPu Ou Fu 98 (80‘u) P (8%) 0%y

Y Bt g Oy’ 029 0P \ Ot> ) " 0xP \ 929 ) =0,

T 0x?P (2.74)
0 < a7ﬁ7’y75 < ]'7

where u = u(t,z,y,2) and «, 3, v and & are the fractional orders of the derivatives
with respect to t, x, y and z, respectively. Some of the solution of fractional PDE
(2.74) can be obtained by applying fractional complex transformation [115, 176, 243,
282, 326] given as follows

u(t,z,y,z) = U(Q), (2.75)

where ( is the complex variable given as follows

Kyz? Koy K320 Kyt~

TG+ T Th+D TG+ Tatl)

(2.76)
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where K, K5, K3 and K, are the arbitrary constants. Using the chain rule, the

fractional derivatives are obtained as follows

0*u
% == O'tDCUDtQC = O'tK4<DCU) = O'tK4U/,
oPu 8 ,
w = OxDCUDzC = O'IKl(DCU) = O'xKlU,
Du ,
i 0, DUD)C¢ = 0,K>(DU) = 0, KU, (2.77)
Pu 5 ,
=0, D.UD( = 0,K3(D:U) = 0, K3U",

020

where o, 0, 0, and o, are the fractional indexes and without the loss of generality,
consider 0y = 0, = 0, = 0, = p, where p is the arbitrary constant [115, 145, 243].
Thus, the fractional transformation (2.75) converts the space-time fractional PDE
(2.74) into an ODE in the form as follows

O, pK U, pK U, pKU' pKsU' P Ky K U p* K KU p* K3U” ) = 0.
(2.78)
The obtained ODE (2.78) can also be integrated once or more number of times and
the constants of integration can be equated to zero for getting the solutions.

The solution in traveling wave form for obtained ODE (2.78) has been considered as

given by
U(¢) = Z pi(m + $(C))' + Z vi(m + $(¢)) ™, (2.79)

where ¢(() satisfies the Riccati Eq. (2.70). The u;, v; and m are the arbitrary

constants and pu;, v; # 0, simultaneously.

e The parameter P can be determined by using the balancing principle in which
the highest order derivative term is balanced with the highest order nonlinear
term from ODE (2.78).

e Using the value of P, the travelling wave solution (2.79) is substituted back into
ODE (2.78) and it gives the polynomial in terms of function ¢(().

e By equating the coefficients of similar powers of ¢(() to zero, it gives a system

of over determining equations whose solution provides pu;, v; and m values.

e The solutions of ODE (2.78) can be drafted by inserting the values of y;, v; and
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m into the Eq. (2.79) with known solutions of the Riccati Eq. (2.70).

e The back substitution of solutions of ODE (2.78) into Eq. (2.75) and finally, it

gives exact travelling wave solutions of the space-time fractional PDE (2.74).

2.13.4 Doubly periodic waves for space-time fractional PDEs
by EJEFE method

This subsection describes EJEFE method [4, 39, 71, 277, 346| for getting the doubly
periodic wave solutions. For this, the space-time fractional PDE of the form (2.74)
is considered and using the fractional complex transformation (2.75), the reduced
ODE (2.78) is obtained. For the solutions of the reduced ODE, the function U(() is

expressed as a series given by
UQ) = Qisn'(¢)+ Y _ Rysn/(Q), (2.80)
i=0 j=1

where sn(¢) denotes the Jacobi elliptic function, ); and R; are arbitrary constants.
The value of upper limit (n) in the summation can be found by balancing principle

from reduced ODE. Relations between the Jacobi functions are described as follows

cn?(¢) =1 —sn((), dn*(¢) =1 —m?sn’((),

L sn(0) = en(Q)dn(¢), - en(¢) = —sn(¢) dn(0),

d 2
dg - e dn(Q) = —m*sn()en(c),

dg

(2.81)
where cn(¢), dn(¢) denote Jacobi elliptic functions of cosine and third kind, respec-
tively for the modulus m (0 < m < 1). If m value approaches to 1, then Jacobi func-
tions become hyperbolic functions [4, 39, 71, 277, 346] and if the m value approaches
to 0, then Jacobi functions result into triangular functions [4, 39, 71, 277, 346].
Back substitution of the solution (2.80) into the ODE (2.78), results into a polynomial
in terms of Jacobi function sn(¢). By equating the coefficients of different powers of
sn(¢), the determining equations are obtained and their solution gives the values of
various constants A; and B;. Back substitution of these variables into the complex

transformation, the general solution of space-time fractional PDE is obtained.

2.14 Conservation laws

This section deals with the algorithmic view to derive conservation laws for PDEs.
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2.14.1 Conservation laws of integer order PDEs

This subsection gives detail to find conservation laws of integer order PDEs by the
application of two methods, one is direct method given by Anco and Bluman [19, 43]
and second is Ibragimov’s method [121, 123].

For conservation laws, let us assume §"-order PDEs with ¢ = (¢1, ¢a, ..., ¢,) and

o= (0", 0% ...,0%) as independent and dependent variables, respectively, as follows

=(¢,0,00,...,0°0) =0, ¢ =1,2, ..., k. (2.82)

A vector C = (C*,C?,...C"™) with components C', C?...C" is said to be a conserved
vector if it justifies following continuity equation
D;,C"

| (252 = 0: (2.83)

for all the solutions of system (2.82).

2.14.1.1 Direct method

In direct method, the local conservation laws can be obtained from the linear com-
binations of system of PDEs with the set of multipliers [43]. For conservation laws,
multiplier A (¢, 0,0, ...) depends upon ¢, ¢ as well as derivatives of ¢ upto some
finite order and it has the following property

A§(¢’ @’ a@? "')E§($7 @7 a@? R asé) = D’LCZ (2'84)

and holds identically for all the solutions of system of PDEs. The local conservation
law of PDEs (2.82) can be found from non-singular multipliers A (¢, 9,99, ...) [43] if

and only if

o v =
5 (Fe) =0, (2.85)

where 5o represents Euler operator, also known as variational derivative defined by
0
0 - 0
— = — (2.86)
5Q§ aQ 52:: a Zi...is

The solution of determining equations given by Eq. (2.85) provides multipliers A..

Once the multipliers are found, the conserved vectors can be constructed by integrat-
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ing the divergence expression (2.84) [43]. In some cases, the inversion of divergence
expression is difficult or complicated then in these cases the inversion of divergence

equation is done by the use of homotopy operator [228] and multipliers can be found.

2.14.1.2 TIbragimov’s method for conservation laws

Ibragimov proposes the new conservation theorem [121] and theory of nonlinear self-
adjointness [123] for system (2.82) associated with the symmetries.
The adjoint equations to the Eqs. (2.82) are defined by

=9, 0,00,07,...,0°0,0°T) =0, ¢ = 1,2, ..., K, (2.87)

with the adjoint operator Z? as given by

o RN 7
(:‘C) (¢7 0, aQ, aTa 78 78 T) = 5_§§7 (288)

where the formal Lagrangian (£) for Egs. (2.82) is expressed below

L= TYTE(,0 00, ..,0°) (2.89)

w=1

J
and 5o is the variational derivative defined in (2.86).
0
A system (2.82) is called nonlinearly self-adjoint [123] if Eqs. (2.87) justifies V solu-

tions of system (2.82) after some substitution of T¢ given by
T =¢(0,0), s =1,2,..5, (2.90)

provided that not all ¢¢’s vanish simultaneously [123]. Or in other words, the system

(2.82) is defined as nonlinearly self-adjoint if it satisfies the following condition

E:(é? @7 a@? a¢(q§7 @)7 M as@’ asqs(é? é)) = )\?(EC(¢§7 @7 a@’ M 88@))7 g - 17 27 ctt /{:7
(2.91)

where A¢ are the undetermined coefficients.

Theorem 2.14.1. (Ibragimov’s new conservation theorem) [121] Infinitesimal sym-

metry given by
0 0
X=X—+2"— 2.92
i " do° (2.92)

of nonlinear self-adjoint system (2.82) generates a conservation law D;C* = 0 by
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using formula given below

| oL oL oL
X LW (=) =D (== )+ DDy | — | —---
¢ ok <(8@§) J<8@§j>+ ’ ’“(8@%) )
2Ye or or
D; (WS ) .o | + D;D(W* — .
o )<<8@§j> ’“(8@;)+ >+ il >(8@§jk )

where W¢ = Z° — X;05. L must be taken in symmetric form with respect to mized

(2.93)

derivative terms 0;;, Op,--- -

2.14.2 Conservation laws for PDEs of time fractional deriva-

tives

To obtain conservation laws of time fractional PDEs (2.39), consider the formal La-

grangian as expressed by
L= ZTW =0, &%, D§, 0°, 05,5 ) (2.94)
w=1

Then adjoint equations to the system (2.39) are given as follows

oL
= 2.
55 =0 (2.95)

)
where = is the variational derivative defined by

0
0 0 0 0
2% pey—9 D, 4D;Dy 0 =23,
T (pger) 708 "oy,
(2.96)
and (Dgl)* is the adjoint operator of (Dgl). By using the RLF derivative [96, 185,

244, 247, 297, the ¢; component ‘C%" of conserved vector is given by

n—1
; oL oL
C* =) (=1)gDe " MW*)D% —(=1)"J | W<, D} 2.97
k:o( Jo D5 ( )¢16‘0Dglg§ (=1) Pogme ) (2.97)

where n = [a] + 1 and J is the integral defined by

_ 1 ! 19F(($27&37"'(Ela(b)G(&Qa(g&'“(Elvq)
J(F.G) = T —a) /0 /t (4 )i dqd. (2.98)
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The conserved vectors C* corresponding to other independent variables for ¢; i =

2,3, ... can be found by similar formula given for integer order PDEs in Eq. (2.93).

2.15 Linear dispersion analysis

This section gives linear dispersion analysis for fractional PDEs using the definition
of RLF derivative (2.40) with lower terminal a at —oo [226]. The RLF derivative

with lower terminal a at —oo has the following property
_oo DM = \%eM X > 0. (2.99)

The analysis describes the dispersion of waves in the nonlinear dynamical systems.
It gives the dispersion relation which is used to find the phase velocity v, and the
group velocity v,. For linear analysis, consider dispersive waves in the form of the
wave function (¢, z,y, z) having sinusoidal form with the periodic spatial and time
dependence as follows [63, 101, 154, 195, 196, 316]

b(t, x,y, z) = Re{Ae'“1=57}, (2.100)

where A is the complex amplitude, S = s,1+ Syj + s, k is the three dimensional
wave vector, and =z 14y j+ 2 k: is the three dimensional displacement vector. The

relation between w and S is called dispersion relation defined by
D(w,S) =0, (2.101)

where D is the real function of w and S. This relation is satisfied with certain w, S
€ C. The Eq. (2.101) can be solved for a real parameter w by utilizing the following
condition

w0(S) = &(sy, Sy S2) € C, sy, 8y, 5, €R, (2.102)

Then, the normal mode solution of (3+1)-dimensional dynamical system can be writ-
ten as follows
Wt 2.y, 2 §) = Re{A(S)e (*=57). (2.103)

The phase and group velocity for (2.103) from dispersion can be defined as follows

v,(S) = 4, v,(S) = VgRew(S), (2.104)
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where 65 denotes the gradient and |S| = /52 + 52+ 52,

Eq. (2.103) shows that v (t, z,y, z;S) is oscillating sinusoidally in space with a wave-
length A = %, but with time, the sinusoidal variation depends upon whether @ is
real or imaginary. Thus,

@(S) = we(S) +iw(9), (2.105)

where w,(S) = Rew and w;(S) = Inw. If w; > 0, (S) = w;(S) is the time damping

factor.







Chapter 3

Integer Order PDEs!

This chapter examines two nonlinear integer order PDEs with variable coefficients
which are (241)-dimensional new coupled Zakharov-Kuznetsov (ZK) system and gen-
eralised 7" order Korteweg and de Vries (KdV) equation. These equations are studied
for Lie group analysis which includes the Lie infinitesimal symmetries, group invari-
ant forms, coefficient functions, and corresponding reductions. The exact explicit
solutions are obtained corresponding to reduced ODEs and are reframed for given
equations. The conserved density and fluxes are derived using general theorem on

conservation laws with nonlinear self-adjointness technique and direct method.

3.1 New coupled ZK system in (241)-dimensions

The nonlinear physical phenomena can be disseminated by solving nonlinear PDEs.
The evolution profile of solutions for such equations plays a key role in exploring
various models taken from mathematical, physical and engineering sciences. Thus,
it is required to develop an algorithm to find a variety of solutions. The present
work addresses to obtain the multiple type solutions by symmetry transformations
[107, 108, 219, 268]. Further, the Lie symmetries are used to construct conservation
laws [19, 121, 123, 148, 210, 312] associated with PDEs. The one such nonlinearly

evolved new coupled ZK system in (2+1)-dimensions with time dependent coefficients

!The contents of section (3.1) are published in Pramana —Journal of Physics, 93(4), 59 (2019).

41
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is considered as follows

E1 = up + Ti(t) (w)r + T3(1) (vw) e + To(t) (ter + tyy)e = 0,
o = v+ Tu(t) (uw)y + To(t) (Ver + vyy)z = 0, (3.1)
Bz = wy + Tu(t)(uv)y + To(t) (Wee + wyy)x =0,

where T1(t), To(t), T5(t) and Ty(t) are the random functions of ¢.

The ZK system spanned dust acoustic solitary waves, nonlinear ion-acoustic waves
and hot isothermal electrons [236, 256, 257, 317, 340, 347]. The ZK system with
constant coefficients (3.1) is solved successfully by Elboree [75], Wei and Tang [313],
Khalique [155] and Fahmy [78] for different types of exact solutions. The system
(3.1) has not been investigated with time dependent coefficients by the symmetry

transformation method for exact solutions as well as for conservation laws.

3.1.1 Maximal rank and local solvability

The maximal rank of the system is computed by using the formula given in Eq. (2.36)

is as follows

021 0%,
ox? ous
[=D) o=
ozt Ou ’ (32)
0=3 =3
oxt  Ous
J
here i,¢ = 1,2,3 and ol = £, 22 = x, 2% = y, u' = u, v = v, v} = w, and u,
where i,¢ = 1,2,3 and ' =1¢, 2° =z, 2° =y, u' = u, v’ = v, v’ = w, and u; are

various derivatives with respect to independent variables. According to the maximal
rank condition, the resulting jacobian matrix rank becomes 3 which is maximum i.e.,
maximal rank condition is satisfied. Also, the given Eq. (3.1) is locally solvable.
Because, any assignation of initial values

(10,00, 50 0, 0500 0,00l 00 00 0 08, which

satisfies given system and will give smooth solution. Any solution of the system is

smooth if it satisfies to every prolongation of the system.

3.1.2 Lie symmetry transformations

Lie infinitesimal symmetries have been extracted using an IG considered in the fol-

lowing form [219]

0 ) 0 0 0 0
F Xyt Nyt By — + 2y + Zs

X = Xl& Ox oy ou ov ow’

(3.3)
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where X1, Xy, X3, 21, Z5 and Z3 are infinitesimals with respect to ¢, x, y, u, v and w,
respectively. The third order prolongation Pr®X of X for the system (3.1) is given

as follows

0 0 0 0 0 0
PSX:X Zt_ Za: Zaca:ac Z$yy Zt Z:C
" T Ouy T ou T Oy T Oy T Ouy T Ovy,

0 0 0 0 0 0
Z T Z. Ty zZ t Y 2T 25T Z.,TYY
T2 OV T 22 Dy t s ouy T Ow, t s OWyrr T2 Oy

(3.4)
where 21", 25", 23", 217, 2,7, 257, Z,"7, 2,77, 237, Z,"W, 2, and Z3™ are
the extended infinitesimals [219] (detail is given in Appendix A.1). The system (3.3)

represents Lie point symmetry of ZK system if the following conditions hold

PriX(Z1)|z,=02=025—0 = 0, Pr’*X(Zs)|z,=02,—025=0 = 0,

3y (= (3.5)
Pr°X(Z3)|z,—0,2,—0,25—0 = 0.

The analysis suggests the following symmetry equations

Zi' 4+ TV ()X (uv), + T1 (1) (uZs” + 210, + 20770 + up Zo) + Ty () X (vw)

+ T5(t) (V25" + Zow, + Z5"w + v, 23) + T’ () Xitare + To(t) 2177 + To' (1) Xty
FT(OZ™ = 0,

Zot+ T/ ()X (uw), + Ty(t) (uZs® + Z1w, + 21w + up Z3) + T () X1 Vgn + To(t) 2557
+ 1o () Xy Uy + T () 227 = 0,

Z3'+ T ()X (uv)y + Tu(t) (uZs” 4+ Z1v, + 2070 4+ upZs) + 1o () Xy Wegs + To(t) 25

+ Ty () Xy wayy + To(t) 25 = 0.

(3.6)
Using the extended infinitesimals in Eqs. (3.6) and by matching similar terms, an
over-determined set of linear PDEs are retrieved and whose solution can be expressed

as follows

- %(t)(?ﬂcl /T2(t) dt + fu), Xo = frix + f3, Xz = fry + f2, Z1 = f5u,

Zy = f5v, Z3 = fsw,

Xy
(3.7)
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where f1, fa, f3, f1, f5 are arbitrary constants and the various coefficients T3 (t), Tx(t),

T5(t), Ty(t) justify following conditions

To(t)(Ts(t) (2 f1 + f5) + T5'(t)) X1 — T, T3(t) = 0,
To(t)(Ti(t) (2 f1 + f5) + Th'(t) X — 1o Th(t) = 0, (3.8)
To(t)(Ty(t) (2 fr + f5) + T4 (1)) Xy — To Tu(t) = 0.

From Eq. (3.7), the one-dimensional Lie algebra [219, 312] is generated by following

vector fields )

Xl - mat,
X2 = 81’,
X4 = udu + v0v + wow,
3 [Tu(t)dt
X5 = _ .
5 = x0xr + 0 ot + y0oy

The above IGs satisfied the condition given in Eq. (2.34), which shows that Pr3X;(Z;) =
0,7=1,2,3, whenever =; = 0. Thus above above IGs become symmetry groups and
infinitesimal criterion of invariance (2.34) is verified.

Further, vector fields X; generate a set of one-parameter groups G; given in following
table.

AAAAA

€
Gi:|t+=—=
1 ( +T2(t)axayau7vaw)a

G2 : (tinﬂLE’y,U”an),
Gs: (t,z,y+ €, u,v,w), (3.10)

Gy (t,z,y,ue vef we),

,ref,yes,u,v,w |,
T3(1) ! >

where various G;; (i = 1,2,...,5) represent the symmetry groups and the following

theorem can be stated which ultimately leads to the optimal system [219, 312].
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Theorem 3.1.1. If (u=D(t,z,y),v = E(t,x,y),w = F(t,x,y)) represents solution

of the system (3.1), so are the functions

0= (0(-550) oy oa) 7 555))
(
(
(

7g(t>$_67y)7ﬁ(tax_€7y))a
,g(t,x,y—e),]:"(t,x,y—e)),
“D(t, ,y), e Et, 2, y), e F(t,2,y))

3 [Tu(t)dt ) _( 3 [Th(t)ydt )
(5) ,(B) ,,(5)) — —e € € €

u v w) = t—e ,re ye E |t —e ,re ye ,
( ) ( ( 32@) Y T»(t) /

D
_ 3 [ Ty(t) _ _>)
F t—e—,a:e “Sye ) |.
( T>(t) /

€
(t,.ﬁlﬁ',y—ﬁ

(3.11)

A family of group invariant solutions will be obtained for each subgroup of sym-
metry groups G; (i = 1,2,...,5), in present case, an infinitely many such subgroups
exists, and difficult to enlist acceptable group invariant solutions for ZK system. The
group invariant solution introduces concept of optimal system [219] using the adjoint
representation and Lie brackets. The non zero Lie brackets can be obtained from the

Lie algebra (3.9) as follows

(X1, X5] = —[ X5, X1] =3 X4, [Xo, X5] = —[ X5, Xo| = Xo,

[X3, X5] = —[X5, Xs] = Xa. (3.12)

The Lie series (2.15) and Lie commutation relation (3.12) further help to write down

the adjoint representation of ZK system

Ad(exp(eX;))X; = X;,i=1,2,3,4,5, (3.13)
and

Ad(exp(eX1))Xe = Xo, , Ad(exp(eX7)) X3 = X3,
Ad(exp(eX1)) Xy = Xy, Ad(exp(eX1) X5 = X5 — 3eXy,
Ad(exp(eX3)) X1 = X1, Ad(exp(eXs)) X3 = X3, (3.14)
Ad(exp(eXy)) Xy = Xy, Ad(exp(eXs)) X5 = X5 — €Xo,
Ad(exp(eX3))X; = Xl, Ad(exp(eX3))Xe = Xo,
Ad(exp(eX3)) Xy = Ad(exp(eX3)) X5 = Xo — €Xj,
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Ad(exp(eXy4)) X1 = X1, Ad(exp(eXy))Xe = Xo,
Ad(exp(eXy4)) X3 = X3, Ad(exp(eXy)) X5 = X,
Ad(exp(eX5)) X1 = X1 €*¢, Ad(exp(eX5)) Xy = Xy e,
Ad(exp(eX5)) X3 = Xse, Ad(exp(eX5)) Xy = Xy.

(3.15)

Then, adjoint representation is used to construct optimal system [219] generated by

following vector fields

(i) X5+ p Xy,

(41) Xy+pXz+0Xo+vXy,
(1i1) X3 +1r X+ sXy,

(iv) Xo+pXiy,

(v) X,

where p, i, 6, v, r, s and p are arbitrary constants. These vectors fields are used in

next section for similarity reductions.

3.1.3 Similarity reductions and exact solutions

For similarity reductions with respect to the vector fields described in the optimal

system, the following characteristic equations are used

dt  dx dy du dv  dw

at _ax _ 4 _dw 3.16
X, X Xy 2 2y Zs (3.16)

3.1.3.1 Vector field X5 + p X4

The characteristic equations (3.16) for this vector field give the following invariants

p/3
G = fT dt 1/3 (2 = ([ Tu( f)dt 173 u(t,z,y) = F1(C1,C2) (/TQ(t)dt) ,

v =) ( T2 dt)p/g w(t,z,y) = Hi(G, G) (/ (t )dt>p/3
(3.17)
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Using Eq. (3.8), the time dependent coefficients can be written as follows

T1(t) = pa Tn(t) (/ Ts(t) dt)(%p)/a, T5(t) = ps Ta(t) (/ Ts(t) dt) 7(2@)/3,

Ty(t) = ps T(t) (/ T5(t) dt)(%p)/g,

where py, ps and pg are arbitrary constants.

(3.18)

Using the invariants and coefficient functions given in Eqs (3.17) and (3.18), the ZK

system is transformed into following reduced PDEs

F1§1C1 + F1g2<2 — Fip — 3psy FlGlg1 — 3Py Fl(IGl — 3ps Glngl — 3ps Gl(IHl
o 3F1C1C1C1 - 3F1€1C2C2 = 07
G1C1C1 + G1C2<2 - Glp — 3p6 H1F1C1 — 36 HlCl Fy - 3G1C1€1C1 - 3G1C1€2C2 =0,

H141C1 + Hl@C? - Hlp — 3ps F1G1C1 — 3p6 FlClGl - 3H1C1C1C1 - 3H1€1C2C2 =0.
(3.19)

These Eqs. (3.19) possessed only trivial solutions, hence are not physically important.

3.1.3.2 Vector field Xy, +pu X3 +60 Xo +v X,

In this case, the invariants and the corresponding variable coefficients are obtained

as follows

0 1
Cl = _; /TQ(t) dt —f—l’, CQ = _g /TQ(t) dt—f-% U(t,lL‘7y) = Fl(Cva?) engQ(t)dta

U(t7 Z, y) - Gl((h CQ) 65 fT2(t)dt’ UJ(t, X, y) - HI(CD CQ) G%ITZ(t) dta

Ty(t) = qu To(t) e v IO Tty = g, Ty(t) e v I 2O Ty(t) = g3 To(t) e~ v /2O
(3.20)
where ¢p, qo and q3 are arbitrary constants. The reduced PDEs for ZK system reads

as follows

Fio,0 — Fiop+ i+ v G, + v G+ @Gy +@uGigHy+v i
+ VF141C2C2 =0,
GICIQ + G1C2ru —G1—qs VHlFlCl -4 VHlC1F1 - VGlClClCl - VG141C2C2 =0,

— H1C10 — Hl@“ + H1 + qs VF1G1C1 + qs VFlglGl + VHlClClCl + VH1<1C2<2 =0.
(3.21)
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By applying the Lie symmetry transformation algorithm on the reduced PDEs, the

following infinitesimals are obtained

=g, C=q,n =n"=1n"=0, (3.22)

where ¢, and g5 are arbitrary constants. The new invariants are obtained using the

. . d¢, d¢ dFy dGy dH;
characteristic equations — = —- = = = as follows
g¢e 9ty

¢ =@ — ¢, F1(C1,G) = f(Q), Gi(C1,C2) = g(¢), Hi(C1, C2) = h(C). (3.23)

Finally, the reduced ODEs for the ZK system are given as follows

fequO+ feasp+f+avfgequ+aqvfequg+qgvgheqs+qvgqh+v fc¢<q43
+V feeeqs qs = 0,
9010 — geqs it — g — 3V hifeqs — @3V heea f— v geccqa® — v geceqs*qa = 0,

—hequO+hegsp+h+ a3V fgeqa + @3 v feea g + v heceqs® + v heeegsqa = 0.
(3.24)

The power series solution of system (3.24) is considered as follows

FQ) = DaiC7 9(Q) = D En(, h(Q) =) Ko™, (3.25)
o1=0 o1=0 o1=0
where D,,, E,, and K,, are unknown coefficients and are to be determined later.
Substitution of (3.25) into reduced ODEs (3.24), gives the following recurrence rela-

tions
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—1
(v @@+ ouqdqs) (o + 1) (o + 2) (01 + 3)

o1
+v QIQ4{ (Z(Ol — 029 + 1)(D0'2Ea'1 —oo+1 + EO'Q‘DO'l 0'2+1 >

og2=0

[{(@a0 + g5p1) (01 + 1) Doy 41 + Do,

D01+3 =

o2=0

1
(vqi + orugiqs) (o +1)(o1 +2) (01 + 3

o1
_VQ3Q4 (Z(O—l — 02 + 1)(K0'2D0'1—0'2+1 + DO’QKO'1—O'2+1) 9

o9=0

o1
+V @244 (Z (01 — 02+ 1)(E02Koraz+1 + KozEalfongl )]
)N

Ecr1+3 = ) [(%9 —qsp)(o1 + 1) o1+1 — Ecrl

1
(v @+ ouqdqs) (o + 1) (o +2) (0 + 3

o1
—UV {3qy (Z(gl — 02 + 1>(D0'2E0'1—0'2+1 + EO'2DO'1—0'2+1)>] )

ago=0

K171+3 =

) [(Q49 - Q5/J’)(0-1 + 1) o1+1 — KUl

(3.26)
here Dqy, Dy, Do, Ey, E1, Ey, Ky, Ky, K5 are arbitrary constants, and
D3 = m [(@a0 + gsp) D1 + Do + v q1qa (Do Ey + EoD1)) + v qeqs ((Eo K1 + KoEY))J,
E3 = m (a0 — gsp) By — Eo + v q3q4 (Ko D1 + Do Ky))],
K3 = m [(q48 — gsp1) K1 — Ko + v g3q4 (Do E1 + EoD1))].
Then, the explicit solutions for the given system appeared in form as given below
1
6 (Va3 +vaiq)
+v q1qs (DoEy + EoDy)) + v qoqs (Eo K1 + KoEy)) ¢
1

[(¢40 + g540) D1 + Dy

ult,z,y) = eb I 0 (DO+DI<+DQ<

_ E 0+ +1)Dy 41 + Dy,
1= 1 (va; +vaEq) (o + 1) (o1 +2) (01 + 3) [(qa gsi) (o1 ) Dy, 11
v q1qs ( E (o1 =02+ 1)(Dgy By —5y41 + EU2DUI_U2+1)>
o2=0

g1
+V q2qy (Z(O’l — 09 + 1)(E02K01_02+1 + KU2E01—02+1)>] CO'1+3>
ag2=0

(3.27)
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v(t,z,y) = ev I 20t (Eo + B+ By + [(qa0 — gs1) Ex — Ey

6 (vai+vaa)
+v @3qs (KoDy + DoK,))] ¢
1

_l’_
lezl (vai +vaq)(or+ 1) (o + 2)(0y + 3)

o0

(@0 — gspt) (o1 + 1) Egy 11 — Eo,

v 4394 (Z(Ul — oy + 1><K02D01702+1 + D02K¢7102+1)>] <01+3) )

o2=0

w(t,r,y) = ev IO (Ko + K¢+ Ko(® + [(q40 — gsp0) K1 — Ko

6 (vqi +va3q)
+v q3qs (Do By + EoDy))] ¢*

o0

1
" 0 — + DK, 01— K,
2 (vai +vaq) (o +1)(oy +2) (o + 3) [(q40 — gsp1) (01 + 1) Koy 11 .

o1=1

o1
T 34 (Z (Ul — o2+ 1>(D0'2E0'1*0'2+1 + E02D0102+1)>] §01+3> )

o2=0

(3.28)
where ( = qu (=% [Ta(t)dt + x) — g5 (=& [ To(t) dt +y).

3.1.3.3 Vector field X5 +1r X5+ sX;

The invariants, coefficient functions and reduced PDEs for the present vector field

are obtained as follows

G = —E/Tz(t) dt + 1z, G = —é/Tg(t) dt + y,
u=F(G,&), v==Gi(¢¢), w=Hi(¢, ), (3.29)

T1 (t) = C Tg(t), Tg(t) = C9 Tg(t), T4(t) = C3 Tg(t),
and

— FlClr — F1C2 + 1 5F1G1§1 + 1 SF1<1G1 + Co 801[‘[1(1 + Co SGlclHl + SFlClClCl
+ 5F1C142C2 =0,
GlC1T + G1C2 -G SHlFlCl -G SHlClFl - SGlClClCl - SG1C1C2C2 =0,

— Hiqr — Hig, + c3sFiGigy + c3 sFi, G+ sHig ¢, + $Hig g =0,
(3.30)
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where ¢;, j = 1,2, 3 are considered as random constants. The again applying similar-

ity transformations, the following infinitesimals are obtained
=cs5,8=cy,n' =n*=n*=0, (3.31)

where ¢4 and c¢5 are arbitrary constants. The corresponding invariants and ODEs are

obtained as follows
C =4 Cl —Cs <27 F1<C17C2) = f(C)’ G1(<17C2) = g(C)? H1<C17C2) = h(()? (332>

and

— fecar + fees + e sfgeca + i sfeca g+ ca sgheca 4 ca sgeca b+ Sf<<<C43
+ 5 feeccsiey = 0,

e ; ) (3.33)
gecar — gecs — cz shfecy — g sheey [ — sgececa” — Sgeeccs™ca = 0,

— th4 T+ th5 + c3 ng§C4 + c3 8ch4 g + ShCCCC43 + ShCCCC5204 = 0.

These ODEs are solved by using computational software Maple and the exact solutions

for ZK system are obtained as follows

(7)

_ 6c2 (12¢7%c5°es” + ea’er cs + 6 cr°cq” + 6 e + e5”cq cs)

02_ 02 9
8°C3
8A— 6B
u(t,x,y)zﬂ——tanhz(%v%ﬂ),
2c3¢4 8 C3 (3.34)
cg (8A —cs5+1e '
v(t,z,y) = — 5 12(:4358 4>+Cg tanh2(06+C7C),
cs (8A —cs+re
w(t,z,y) = — s ( 120455B 4)+Cg tanh? (cg + c7 () .

3612
16637
—4A— 6 B
G + —sech? (¢ + ¢7 (),
2c3¢48 C3 (3.35)

2(—4A— 8B ’

( ¢ Fres) 4+ —sech?® (cg + ¢7 (),
3¢y 8¢y c1

2(—4A— 8B
( s+ res) + —sech? (¢ + ¢7 ().
3¢ 8¢y c1

Cy =

u(t,z,y) =

v(t,z,y) =

w(t,z,y) =
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(“Z> 2 2,.2.,2 2 2.4 2. 4 2
607 (1267 Cs°Cs” + ¢y 61€8+6C7 Cy +6C7 Ccs  + Cs Clcg)
C2 =

08203 ’

—4A— 6B
Co T + — csch? (cg 4 ¢7 (),
2c3¢48 C3 (3.36)

s (—4A—c5+rc
v(t,z,y) =— s ( 120432 4)+Cgcsch2(cﬁ+c7C),

cs (—4A—cs+rc
w(t,z,y) = s ( 120485 4)—CSCSCh2(CG+c7C).

u(t,m,y) = -

6 cr? (12 cr?cs?cy® + cq’cr cg + 6 cr’eq + 6 cr’es® + cscq cg)
Cy =

)
082C3

—8A—c5+re 6B
> 4—|——cot2(06+c7g),
2cy SC3 C3 (3.37)

cs (=8 A —cs +rc
o (tay) = - 1264353 D 4 g cot? (e + 7€),

cg (—8A —c5+rc
w(t,z,y) = 6 { 1204353 4)—0800t2(cﬁ+C7C).

U(t,l’,y) = =

C 6B082
2c3 32

2C 8B682
U(t,l‘,y) = 3_C1 - 0103 ns2 (C7+CSC706)7

2C 8BCS2
w(t,z,y) = —3—61"‘ o & ns” (¢7 + ¢s ¢, ¢g) -

1’182 (C7 + cg C: CG) )

(3.38)

C  6c3’cs®> B
: 62 sn® (c7 + ¢ ¢, ¢6)
2c3 C3C7 (3.39)
2C 86826623 2 ’
'U(t,fﬂ,y) = 301 - Clcg sn (C7+CSC7CG)a
2C  8cg’cs’B
_,_L

2
3¢y ccs

u(t,z,y) =—

w(t,z,y) = — sn2(07+CSC,C6).




53 Chapter 3. Integer Order PDEs

Herein,

‘= (_ (req —c5) [To () dt + s (—cax + c5y)) 7

S

A = ci2e®s + cr’eq ses”
2(,.2 2
B= C7 (05 +cy )
Adeg?ey®scg? + 4 cg®eq®s + A cg?ey scs’cg® + 4 cg®cy scs? — 5 + ey

C - )

Cyq S

(3.40)

where ¢; are arbitrary constants.

Figures 3.1-3.6 show graphical representation of dark, bright and periodic waves for
solutions (3.34), (3.35) and (3.39), respectively by considering suitable parametric
values. The Figure 3.1 shows dark solitary wave solution (3.34) for u, v and w when
Ty (t) = sin(t). Figure 3.2 describes the effect of coefficient function T5(¢) on the wave
profile of the solution when it is considered as linear, exponential and trigonometric
function of ¢. Figure 3.3 depicts bright solitary wave solution (3.35) at particular
Ty(t) = €' and Figure 3.4 reveals the influence of various T5(t) on solution profile.
Figure 3.5 and Figure 3.6 show periodic wave profile of the solution (3.39) in 3D plots
for Ty(t) =t and 2D plots for different T5(t), respectively.

3.1.3.4 Vector field X5 + p X;

By following similar procedure as described in previous section, the reduced ODEs

are obtained for vector field X5 + p X; as follows

— pfecera® + fe —ripfge — ripfeg — rapghe — rapgeh — pfecers® =0,
p9<<c7"42 — g¢ +r3phfe+ryphef + p9<<<7"52 =0, (3.41)
— pheeera® + he — r3pfgc — r3pfeg — pheeers® =0,

where < = T5§1 - T4C27 Cl =Y, C2 - _% fTQ(t) dt + z, f(C) = U, g(C) =, h’(() = w,
and T1(t) = mTa(t), T5(t) = roTo(t) and Ty(t) = r3Ts(t). Herein, r;, i = 1,2,...,5 are
arbitrary constants. Using Maple software, the exact solutions for given system are

obtained as follows




Chapter 3. Integer Order PDEs 54

(4)

- 21"1 T10p+1
? 4dryp?rip?
1 6’["92D
t = — WeierstrassP
U( ,I‘,y) 2p7“3 + 3 1eTStr (T8+T9 C7T77T6)7 (342)

v(t,x,y) = —rio + E WeierstrassP (rg + r9 (,r7,76) ,
w (t,x,y) = rip — E WeierstrassP (rg + r9 ¢, 17,76) -

6 7”72 (T’g 7’527”1 + rs T427”1 + 6 7“727”44 + 12 T72T’427’52 + 6 7“727”54)
T =

7"827“3 ’
8J+1 672D
wltia,y) = o = 2T oth? (1 4+ 71 ).
2prs r3 (3.43)
v(t,x )——M—i—c coth? (re + 77 () |
y L, Y) = 127’72pD 8 6 7 3
w(t,x,y) = —W +Cg coth (TG +T7<) .
(i)
- 6’/“72 (7“8 7“52’/“1 + rs 7“427'1 + 67“72T44 + 12 7“72T427"52 + 67“72T54)
2 — T82’f‘3 bl
4J+1 672D
u(t,z,y) = — + sec? (rg + 17 (),
2prs "3 (3.44)
v (t,x y):—w—kr sec? (rg + 17 C)
y Ly 12T72pD 8 6 7 9
rg (4J+1
U)(t,l‘, ) 812<7,72pD) —Ts SeCZ (rﬁ +T‘7<> .
(1)
- 67’72 (TS T52T’1 + rs T427’1 + 67”727’44 + 12 T727’42T52 + 67”727’54)
8J—1 672D
u(t,,y) = + —— tan® (r + 77 (),
2prs T3 (3.45)
v(t,x )—M—i—r tan® (16 + 17 C) |
y Ly Y) = 127’72pD 8 6 7 )
8J—1
w (t,x,y) = _M — T8 tan2 (TG + T7<)'

12r:2p D
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Herein,
= (7’5?Jp+7“4 [T (1) t—T4IP)
D = (rs* +15°) (3.46)
E = (12719 pro?rs® + 12719 pro?rs?)
J = r2rp + ri2rsPp,

where r; are arbitrary constants.

The solutions (3.42) and (3.45) are presented graphically for various parametric val-
ues. Figure 3.7 and Figure 3.9 show 3D plots representation when T5(t) = ¢ and
Ty(t) = €', respectively and reveal singular solitary wave profile of solutions. The
effect of function T5(t) is shown in Figure 3.8 and Figure 3.10.

The graphical representation of other solutions given in Eqgs. (3.43)-(3.44) reflects sin-
gular nature which is similar to as discussed for solutions (3.42) and (3.45). Similarly,

the other solutions in Egs. (3.36)-(3.38) also follow singular solitary wave structure.

3.1.3.5 Vector field X;

In this case, the solutions are obtained by using Maple software and are given as

follows
6 57251 Sg + 6 57% + 12 572552 + sg%cy Sg + 6 sg?
S =
2 89283 )
6 (sg% + s72) WeierstrassP (s + 572 + S3 Y, S5, S4)
u(t,z,y) = 5 ; (3.47)

v (t,x,y) = sg WeierstrassP (cg + s7 2 + sg v, S5, S4) ,
w (t,z,y) = —sg WeierstrassP (cg + s7x + sy, S5, S4) -

Remark: In case, when T}, T, T3 and T} are considered as constant functions with
respect to variable ¢ then, the solutions (3.34)-(3.39) and (3.42)-(3.45) transform to
solutions obtained for constant coefficients ZK system [75, 155, 313].

3.1.4 Nonlinear self-adjointness and conservation laws

This subsection describes the stepwise procedure to prove nonlinear self-adjointness

for the system (3.1). The formal Lagrangian [121] for underlying equations in terms
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-0.87

Figure 3.1: Dark solitary wave solution (3.34) profile with ¢, ¢3, ¢4, ¢5, cg, ¢z and cg
are taken as 0.25, —1, 1, 2, 0.5, 0.75 and 1.5, respectively for r = 0.5, s =1, y =1,

T5(t) = sin(t).
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Figure 3.2: Influence of T5(t) on the profile of the solution (3.34) with ¢, ¢, ¢4, cs,
cg, cr and cg are taken as 0.25, —1, 1, 2, 0.5, 0.75 and 1.5, respectively for r = 0.5,
s=1ly=1,t=1.
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by

":‘NC’N#-O‘\WE

Figure 3.3: Bright solitary wave profile of solution (3.35) with ¢, c3, ¢4, ¢s5, ¢g, ¢z and
cg are taken as 0.25, 1, 1, 2, 0.5, 0.75 and 1.5, respectively for r = 0.5, s =1, y = 1,

T2<t> = et.
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Figure 3.4: Influence of time dependent coefficient T5(¢) on solution (3.35) with ¢,
c3, C4, C5, Cg, c7 and cg are taken as 0.25, 1, 1, 2, 0.5, 0.75 and 1.5, respectively for
r=05,s=1Ly=11t=1.
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Figure 3.5: Periodic wave profile of the solution (3.39) with ¢, ¢3, ¢4, ¢s5, 6, ¢7 and
cg are taken as 0.25, —1, 1, 2, 0.5, 0.75 and 1.5, respectively for r = 0.5, s =1, y = 1,
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Figure 3.6: 2D representations of solution (3.39) with ¢, ¢3, ¢4, ¢5, ¢g, ¢7 and cg are
taken as 0.25, —1, 1, 2, 0.5, 0.75 and 1.5, respectively for r =0.5, s =1, y=1,t = 1.
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160000,
140000+
120000
100000
% 80000
60000
40000
20000

Figure 3.7: Singular solitary wave solution (3.42) with = 0.25, r3 = 1, 14y = 2,
rs =1,1r6 =051 =025 15 =051rg=0.75,1r90=15p=2,y=1 To(t) =t
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; 600000 -
: 500000 3. % 10°
: 440000
: 2.k 10°
© u 300000 - v
: 20000 - ; 6 :
: " 1. 1077
: 100000 - '
I:.':~ T Y i |u,|.:. L I—E.': TN P ul,I::.. .
-40  -20 0 20 40 -40  -20 0 20 40
X X
—Tz(t):t---'Tz(t):et T,(t) =sin(1) —Tz(f):f""Tz(t):et T,(t) =sin(t)
(a) (b)
—:l,_ U Bal T rl. '] T =
|1_40: _2'0 0 " 20- 40
B . X
-1. 10?'
w
2.k 10°
3. % 10°
— ()=t T (1) =¢ T,(t) =sin(t)
(c)

Figure 3.8: Influence of parameter T5(t) on the profile of solution (3.42) with r; = 0.25,
rs = 1, Ty = 2, s = 1, Te = 05, ry = 0257 rs = 05, g = 075, 10 = 15, P = 2,

y=11t=1.
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160000__ 400004
140000-] 1
120000 30000-
100000~ .

i 80000 2000
600007 10000~
40000
20000 R

_ -10
-10
e
(a) (b)

4
& Ty

Figure 3.9: Singular solitary wave solution (3.45) with r; = 0.25, r3 = 1, 4 = 2,
rs=1,176 =0.5, 77 =025, 14 =0.5, 79 =0.75, 10 = 1.5, p=2, y = 1, Tr(t) = €".
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120000
100000 -
100000
300000 - 80000 -
“ V| 60000
, "20000Q :
: : | 40004
' 1100000 - :
: : ; | 20000
N =:'! — |L : 1 [ =:J : e
0 10 20 -20 0
X
—Ty(1) =t T (1) =¢ T,(¢) =sin(1) | |=——=T,(1) =t T (1) =¢
(a) (b)
20 f -1l bl 10 120
‘200001 0¥
140004 - 5
60000 :
w = ¢
80000 -
-[100000 -
- 120000
—Ty(1) =t T,(1) =¢ T,(t) =sin(t)
(c)

Figure 3.10: 2D profile of solitary wave solution (3.45) with , = 0.25, r3 =1, ry = 2,
rs=1,1r¢ =0.5,r7 =025, r§ =0.5, 79 =0.75, 1o =15,p=2,y=1,t = 1.
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of new dependent variables (a(t,x,y),b(t, z,y), c(t,x,y)) is expressed as follows

L=a(t,z,y) (u+ T (t) (wvy + uyv) + T3 (1) (vwy + vpw) + T () (Upze + Usyy))
+0(t, x,y) (v + Ty (t) (wuy + wew) + 1o () (Vagy + Vayy))

+c(t,z,y) (we + Ty (1) (uvgy + ug) + T (1) (Waar + Wayy)) -
(3.48)

Adjoint equations for system of Eqgs. (3.1) can be determined as follows

E1 = —a,Ti(t) v —b,Ty(t) w — e, Tu(t) v — ar — AppaTo(t) — gy, To(t) =0,
== —a,Ti(t)u— a,T3(t)w — c;Ty(t) u — by — bupa To(t) — buyy To(t) = 0,  (3.49)
25 = —a,T5(t)v — b, Tu(t) u — ¢ — CuaaTo(t) — cuyyTo(t) = 0.

The ZK system (3.1) is termed as nonlinear self-adjoint, if following substitution in

adjoint equations (3.49)
a(tha y) - (1)17 b(t7337y) = (1)27 C<t7 z, y) = q)37 (350)
where ®; i = 1,2, 3 are functions of (¢,z,y,u,v,w), satisfies equations

=k — = = =
~1|(3.50) = MZ1 + AoZo + A3Es,

= ) - )\451 + )\532 ‘l— /\6537 (351)

—

—2

(3.50

= ME1 + AsZ2 + Ag=Es,

ok
—3

(3.50)

for all the solutions of u, v and w. Here \;, © = 1,2,...,9 are the undetermined
coefficients and the functions ®,(¢, z,y, u, v, w) # 0, simultaneously, i = 1,2, ..., 3.

By matching the coefficients of all possible derivatives of u, v as well as w in Eq.
(3.51), the determining equations are obtained and solved with the aid of Maple

software. The various ®}s are given as follows

Py = Fi(y), P2 =Fa(y), P35 =F3(y), (3.52)
where F;(y), i« = 1,2,3 represent arbitrary functions of y. The nonlinear self-
adjointness substitutions (3.52) and theorem 2.14.1 provide conservation laws.
Symmetry X; = a% with Lie characteristic functions W; = —u,, Wy = —uv, and
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W3 = —w, gives following conserved vector components

Cl = _uxfl _UI‘FQ _wwf?n

C? = %ut]—"l + % wy F3 + % v Fa — %ux}"lnyz(t) + %uxyflyTQ(t) - §f1T1 (t) wvs
- %FlTl(t) UV — g}"ng(t)vwx — ;fng(t)vxw - %Fng(t) Upgy — %vx}"gnyg(t)
+ %vafgyTQ(t) _ §]—"2T4(t) wiy — §f2T4(t) W — %ngQ(t) S %wwfgyyzrg(t)
4 %wzyfgyn(t) _ §J:3T4(t) vy — §J:3T4(t) v — §f3Tg(t) Wan,

C? = —é To(t) (—taeFiy + 2 UrayF1 — VaaFay + 2 VsayF2 — WaaFay + 2 Weay F3) -

(3.53)
Here, the divergence condition D,C* + D,C?* + D,C?® = 0 is satisfied using Maple

softwares for all the solutions of said system (3.1).

Symmetry X, = #(t)% with the Lie characteristic functions W, = —#@)Ut, W, =
—#@Ut and W5 = —#(t)wt gives the following nontrivial conservation laws
Cl _ _Utfl + Utfg + wtfg
T5(t) ’
, 1 1 1
C* = _g Wtyy — Wiz ]:3 + —Vtga — g Vtyy ]:2 + —Utgax — g Uty Fl
1 1 1 1 1 1
+ g uty}"ly + 5 wtyfgy — g Uthyy — 5 ut]—"lyy — g ’wtfgyy + g Utyfgy
1
+ A0 ((—uTy(t) v — v Ty(t) w) Fz + (—u Ty (t) w — w Ty (t) u) Fa)
1
+ 0 (—u T (t) v — v T5(t)w — wT3(t)v — v, 11 (t) u) F,
2
1 2 1 2 1 1 2
C3 = — U Fly — = UgyF1 + = VppFoy — = UpgyFo + = Wiz Fay——— — = Wygy F3.
3ut ly 3uty 1+3Ut 2y 3Uty 2+3wt 3yT2(t> Bwty 3

(3.54)

In this case, divergence condition becomes

(—F3Ty(t) uv — FoTy(t) wu + (=11 (t) uwv — T3(t)vw) Fy) Ty ()
Ty(t)?

+T4’(t)uv]:3 + Ty () wuFy + (T (t)uv + T3 (t)vw) Fy

T»(t)

D,C*+ D,C*+ D,C® = D, (

(3.55)
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A simple rearrangement of terms gives the following relation

D,C'+ D, <02 B (—=F3Ty(t) uv — FoTy(t) wu + (=T (t) uv — Tz(t)vw) Fy) To' (t)

Ty(t)*
T (wFs + T (HwuFs + (T) (Huv + T3 (Hvw) fl) +D,C =0,
Ts(t)
(3.56)
Therefore, components of conserved vectors are modified as follows
C«l _ Cl
~ 1 1 1 1 1
02 = g Uty]:ly — g wtyyfg — g wtfgyy — g Utyyfg — g utyy]-"l
1 1 1
+ g wty-FSy - utx:rfl - Utxmf2 - wtmxf?; + § 'Uty-F2y - g Ut-FZyy
1
+ (=AT (v — Fo T ()u — v A T3(t) — wpFoTu(t)) w

Ty(t)

+ (% (BFTY (1) + 3F T () u — wFi Ty (t) — wFsTy(t) — wtflTs(t)) v

1 1
—g (3 UtflTl (t) + 3Utf3T4(t) + Swtf2T4(t)) u) — g utflyy

i (AT OT + BT 00w
= (SBETOT) - 3R ()T (1) uv) ,
C? =8,
(3.57)
Symmetry X3 = 22 + yaay + 3fT2(S dt% with W = —xux — yu, — 3 fTTQ(S)dtut,
Wy = —2v, —yv, — 3 IT?( By Ut and W3 = —zw, —yw, — ITT2( W yields the following

conservation laws

3 ng t)dt (ugF1 + v Fa + wF3)
Ty(t)
— 2 (WpFs + V. F2 + Uy F1),

C’l = -y (.ngy + fgwy + fluy)
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C? = (; (9 Wiae + 3wiyy) F3 — % (9 Ve + 3vyy) Fo + vy Fay
—upFryy — veFayy — wiFsyy + uryFry + wiyFzy — é (9 Utze + 3 utyy) F1
+%(t) (—; (9w T(t) v+ 90, Ta(t) u) Fy

fé OuTi(t)u+9uTi(t) v+ 9w T3(t)v + 90 T3 (t)w) Fi

_é (9w Ty (1) u+ 9 uy Ty (1) w) B)) ( / Tg(t)dt>

+ (—:13 (22Wape + 2 Wyy + B3YWaay + 6 Wag + YWyyy) F3

—% (YUyyy + 2 TUzgy + 3 YUgay + 2 Uyy + 6 Uugy) F1

—% (BYVpay + YVyyy + 6 Vpy + 20y + 2 2V55,) Fo + %flyyuyy

1

1 1 1
3 FoyYVyy — = TV Foyy — = YUy Flyy — 5 TWeFayy

1
+5 FoyTugy + 3 3 3

3
1 1 1 1 1
+5 FryTugy + 3 F3yywyy + 3 FoyUy — = TupFiyy + 3 F3yTWgy

3 3
1 1 1 1
+§ Fiyty — 3 yuyFayy + 3 Faywy — 3 ywyFayy | To(t)
1
~3 (22T (t) wvgy + 3yuy Ty (t) v + 22Ty (t) upv + 3yv, Tu(t) u — zw,) Fa
1
— = ByuyTu(t) w + 3yw, Tu(t) u + 22Ty () weu — zvy + 22Ty (t) wuy) Fo

3
1
~3 ByvyTh () u + 22T (t) upv + 3yv, T3(t)w + 2 2T (t) uvg + 3yuy,Th(t) v + 3yw, T3(t)v

+22T5(t)v,w + 2 2T5(t)vw, — xug) Fi,

2 2 2 2
O3 — (3 yF1ow, + 3 y]—'lvww> T5(t) + (3 yFiuv, + 3 y]:lumv> Ty (t)

2 2 2 2
+ <3 yFowzu + 3 yFau,v + 3 yFowu, + 3 y}'guvm) T,(t)

1 1 1 2 1
+ <3 ]:3ywz + g J:lyyumy + g }—Syywxy - g -leuzmy + g }—Syxwm:c

2 4 1 2 1
S f3$wzxy Y f3wzy + g -Flymuzz + = yfluzzz + § -Flyuz

3 3 3 (3.58)
2 4 2 4 1
+§ yJ:Z”:L’xz - g ]:luxy + § y]:Swa:x:L’ - g ]:2ny + g ]:2yxvx:r:

2 1 1 2 2
75 -Fvazzy + g ]'_ny%y + g f2yvz) TZ(t) + g nyUt + g y]:3wt

+ </T2 (t)dt) (Um‘/—"gy — 2wt$y}'3 + um}]y — 2utxy]-"1 — ZUtxy]:g + ’wtx]:gy)

2
+ g y./T'.l’Z,Lt.
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Total divergence condition gives the following result

D,.C' + D,C* + D,C? =
5 (((—3 Ty () uv — 3Ty (t)vw) Fy — 3 FoTu(t) wu) ([To(t)dt) Ty (1)

Ty(t)?
(BT (t)uvFs + 3Ty ()wuFs + BTy (t)uv + 3 T3 (t)ow) Fi) ([To(t)dt)
- To(0)
+2 FoTy(t) wu + 2 F3Ty(t) uv + (2 T3(t)vw + 2T (t) wv) Fy
—3 F3T4(t) uv)
Ty(t)? '
(3.59)

Then, modified components of conserved vectors have been represented as follows
C‘«l — Cvl7
C? = 2 Fywy + v Fius + xFovs + (—WiyyF3 — 3 Wiza F3 — W F3yy — Ut Fiyy
F Wiy F3y + ViyFoy + Uty F1y — UtyyF1 — 3UtzaF1 — VeFoyy — 3 VigaF2
oy 72) ( [Ta00t) = o, B0 0 = g, AT = g, BT0) s, FiTa (00
— ywy FoTu(t) u — yuy FiT1(t) v — yuy F3Tu(t) v — yuy, FoTu(t) w
—2FTy(t) wu — 2 FsTy(t) uv — 2 F1 T3 (t)vw — 2 F1 11 () uv + (:1)) Frytly — ;fgvyy

2 1 2 1
—= FaWyy — 2 FiUgy — 2 F3Wee + 3 Foyvy — 3 Fruyy — 2 Fovge + 3 Faywy

3
1 2 1 !
+§ Foyyvyy + 3 F3xWeyy + 3 FiyYtyy — 3 Twa Fayy — 3 YyF1uyyy
3 ’ 5 1 1 3.60
3 P2ty = 3 YWy Fayy & 3 Pttty + 3 Fayyyy = YFoVeay = 320 Foyy e
1 1
-3 Uy F1yy + 3 FlyTUazy + 3 Foteyy — yF3Wery — 3 YuyFiyy
1 1 1 1
—3 YFoUyyy — 3 Yoy Foyy — 3 yFswyyy — yF1Uzay + 3 fgyxwmy> T2(t)

fT2(t)dt _ P — (e — P — ' (ow
+< Ty (1) >( BATY (tyuv — 3 FsTy' (tyuv — 3 FoTy/ (tywu — 3 FyT5'(¢)

-3 Ut]:lTl (t) u — 3ut]-'3T4(t) v — 3’Ut./—"1T3(t)’LU — 3ut.7-"2T4( )IU — 3wt]-"1T3(t)v

—3w, FoTa(t) u — 3w 1Ty () v — 3v, FsTa(t) u) + (>0t T ())(TQ (1)) (3 F3Tu(t) uv
2

+3 F1 T3 (t)vw + 3 F1 11 () uv + 3 FoTu(t) wu),
c* =2,
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The symmetry X, = a% yields following conserved vectors

Cl = —Uy F1 — vy Fo — wyFs,

1 1
02 = <<_wzmy — g wyyy> ]:3 + (_Umwy — g Uyyy) ]:2

1 1 1 1
+ <_umy ~3 uyyy) Fi+ 3 WyyF3y — 3 Uy Foyy — 3 Uy F1yy
1 1 1
+§ UyyF1y + 3 VyyFoy — 3 Wy Fsyy | To(t) + (—uyTu(t) v — v, Ty(t) u) F3

+ (—uy Ty(t) w — w,Ty(t) u) Fo + (—w,Ts5(t)v — v, T1(t) u — v, T5(t)w — w11 (t) v) F,

2 2 2 2
03 = (g flumv + gfluvm) T1<t) + (§ flvwz + g flvrw) T3(t>

2 2 2 2
+ (5 fgwuz -+ g fgwmu -+ g fguaﬂ) -+ § fguvx> T4(t)

1 1 2 2 2
+ (g umyfly + g ny-FQy + g F3wmac;r + g ‘FQUx:m: + g -Flu$arac

1 2 2 2
+§ wxyfgy) Tg(t) + gflut + gfgvt + §F3wt.

(3.61)
Divergence condition yields the following expression

D,C' + D,C? + D,C® = Dy (Fiyu + Foyv + Fyw)
+ D, ((FryTs(t)v + Fo Tu(t) w) w + (Fz, Ty (t) + F1, 11 (1)) uv
+ (Waw + wyy) Fay + (Vao + vyy) Fay
+ (tyy + Ugs) Fry) To(t)) .

(3.62)
Then, components of conserved vectors are changed as follows
él :—fluy—fgvy—Fgwy—Flyu—fgyv—ngw,
C? = (—v,Fau — Foywu — Fayuv — ty Fav — uyFow — wyFou) Ty(t)
+ (—vyFru — uy Frv — Fryuv) Th(t) + (—Fryow — wy,Frv — v, Fiw) Ts(t)
2 1 2 2
+ <_§ VyyFay — 3 VyFayy — FoyUee — 3 WyyF3y — 3 Uy F 1y (3.63)
1 1 1
T3 Wy F3yy — UgayS1 — 3 UyyyJ1 — 3 WyyyF3 = FayWex — VaySa
1

3
3 = 5.

1
—= uyflyy — w$zy]:3 — flyum — g Uyyy]:g) Tg(t),
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For symmetry X5 = u% —H}% + w%, conservation laws are determined as follows
Cl = ]—"1u + U]:2 + U)J:g,

3

1 1 1 1 1
+ (um + 3 uyy) J1— 3 Faywy — 3 Fayvy + 3 uF 1y — 3 Frytty (3.64)

1 1
C? = (2 Fuv + 2 Fowu) Ty(t) + ((wm + = wyy) Fs+ <vm + 3 vyy) F

1 1

+§ wfgyy + g U.Fny) Tg(t) + (2 T3<t>1)w + 2T1(t> U,’U) fh
1

03 = —g Tg(t) (uxfly — Quwy}—l + szgy — 2nyf2 + U}xfgy — 2’1ny.F3> .

Total divergence condition has the following form

DtCl + DxCQ + DyCS = Dx (((Tg(t)w + T1 (t) u) .Fl + UF3T4('[Z)) v+ F2T4(t) UJU) .

(3.65)
Then, conserved vectors are modified as follows
ct =t
~ 1 1 1
C* = (Ufzw + U.Fg’U) T4(t) + —g nyly + UxxJT"l + guyyfl + gu./—"lyy
1 1 1 1 1
+§ U.Fny - 3 nygy + ’Uxx.FQ + g Uyyfg + g wfgyy - 5 wy]:3y (366>
1
+wm]-"3 + g wyy]-"3> Tg(t) + U.FlTl (t) v+ U.Fng(t)w,
=08,

3.1.5 Direct method and conservation laws

This section presents conservation laws by direct method. In direct method [19],
the multipliers of the form A;(t,x,y,u,v,w), i = 1,2,3 are to be determined. The

multipliers should satisfy the following divergence expression
MZ1 + AEy 4+ A3Z5 = D,C + D,C? + D,C?, (3.67)

for arbitrary functions u, v and w. Multipliers yield determining equations using

variational derivatives of the following expressions
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0
— (M2 + Ao + A3E3) =0
(5u( 151 + AoEp + A3E3) =0,
0\ - -
5o (MEr + AoZp + AsE3) =0, (3.68)
d
— (ME1 + AoZs + A3=3) =0
(5w( 151+ A2Ep + A3E3) =0,
o J .
where —, — and — are variational derivatives defined in (2.86). Expanding the

Su’ v Sw

above system by variational derivatives and then coefficients of derivatives of depen-
dent variables u, v and w give some determining equations. After solving determining

equations, we get following multipliers

= Gi1(y), A2 = Ga(y), A3 = G3(y), (3.69)

where Gy (y), G2(y) and Gs(y) are arbitrary functions of y.

Conservation laws corresponding to multipliers A;, A and A3 are given as follows

= uG1(y),
1 1 1
= uG1(y)Thv +wGi(y)Tsv + gug1ny2 - gglyTQUy + guyygl<y>T2
(3.70)
+ U'a:a;gl <y>T27

= ——TQ(glyum - 2g1 (y)umy)

Ol = Ug?(y)>
1 1 1
o2 — uGs(y)Tyw + §UQQWT2 — gggyTgvy + gvnyZ(y)TQ (3.71)
+ UzzQZ (y)TQa |
1
C3 = _gTQ(QQyU:c — 2G2(Y)Vay)
Cl == U}gS(y),
1 1 1
C? = uGs(y)Tyv + gwg3ny2 - §g3yT2w?J + gwyygi%(y)T? (3.72)
+ wa;a;g?) (y)T27 |
1
03 = —gTQ(g&ywx - 2g3<y)w$y)

The infinitely many conservation laws are obtained by direct method (3.70)-(3.72)
because of arbitrary functions G (y), G2(y) and Gs3(y).
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3.1.6 Conclusion

The Lie symmetries, similarity solutions and conservation laws are successfully derived
for (241)-dimensional ZK system with time dependent coefficients. The solutions ap-
peared in terms of power series, trigonometric, hyperbolic, Jacobi and Weierstrass
functions. The graphical analysis of the solutions reveals bright, dark, singular soli-
tary wave and periodic wave profiles. The effect of arbitrary coefficient function Ts()
on solutions wave profiles is successfully represented in 2D/3D plots. The system
is found to possess nontrivial infinitely many conservation laws because of arbitrary
functions F1(y), F2(y), F3(y), G1(y), Go(y) and Gs(y). The authenticity of solutions

and conservation laws is verified by Maple software.

3.2 Generalised 7" order KdV equation

The generalised 7% order KdV equation has been explored in literature for repre-
senting waves in shallow water, ion-acoustics and stratified internal waves and so on
[46, 141, 158, 203, 319]. To discuss the impact of higher-order dispersion terms onto
the wave profile, a model in the form of KdV equation has been successfully analysed
in literature [51, 92, 169, 227, 242, 250, 252, 265, 284, 322, 336]. The prominent forms
of KdV equation, the nature of various constants and the different techniques used

to solve as well as the type of solutions obtained, all are tabulated in Table 3.1.




Table 3.1: Various forms of KdV equation

Form of the equation  Coefficient Technique used for ob- Type of exact solu- References
values taining exact solutions tions
Generalized T Ty, Ts,...,T11  Cole Hopf transforma- Travelling wave, soli- [242, 250,
order KdV equa- are arbitrary tion, Nonlinear trans- tary wave and soliton 322]
tion w; + Tsuzu® + constants formations and sym- solutions
Teud + Truugty, + bolic computation in
Tt tgyy+ToUpp Uy ps+ Maple for conserva-
TioUpUgpra + tion laws, Painlevé
AT TI— + analysis, Lax pairs
Ugpprwzzs = 0 and conservation laws.
7 order Sawada- Ty = 252, Ty = Bell polynomial ap- Lax pair and infinitely [265]
Kotera-Ito equation 63, 77 = 378, proach many conservation
Tg = 126, Tg = laws
63, T10 = 48 and
T =21
7" order Lax’s equa- Ty = 140, Tz = Sech and rational exp Travelling wave solu- [92]
tion 70, T, = 280, function method tions
Tg — 70, Tg —
707 T10 =42 and
T =14
7t order Kaup Kuper- Ts = 2016, Ts = Cole Hopf transforma- Travelling wave solu-  [250]
shmidt equation 630, 177 = 2268, tion tions
Ty = 504, Ty =
252, Ty = 147
and T11 =42

GL

‘¢ 1oydey))

SHAd IopI0) Iegojuf
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In present analysis, the generalised 7" order KAV equation in form as given below

uy + Ts()upu® + To(t)ud 4+ Tr(t)utptine + To(t)u tper + To(t) Upplsre + Tio(H) tUpUspes
+ 111 (D) Wawwze + T12(t) Uszorzae = 0.

(3.73)
The equation involves u (real function) in terms of independent variables x, ¢ and
T;(t), i = 5,6,...,12, are assumed to be dependent on time ¢. Symmetry transfor-
mations are employed to get symmetries and further transformed the PDEs into a
system of ODEs. The generated ODEs can be solved by applying number of efficient
techniques from the literature. Also, the conservation laws of the 7" order KdV
equation have been derived with the help of nonlinear self-adjointness technique and
the direct method.

3.2.1 Symmetry reductions and exact solutions

To find the symmetries associated with the Eq. (3.73), consider the IG as a function

of independent and dependent variables in following form

9] 0 0
X = X4§+X58_x+248_u' (3.74)

This gives symmetry determining equation in terms of infinitesimals X, X5 and 24
for Eq. (3.73) as follows

Zyt + TLH) Xyugu® + Ts(t) 2450 + 3Ts(t)ugu® Z4 + Th(t) Xgus + 3Ts(t)u 24"

+ Th(t) Xyt gtz + T (t) Zqtiztize + Tr (D) uZ4%Upe + Tr(t)ute Z24%° + T4() Xyt gy

+ 2T (1) uZ gty + T (t)u? 24 + T4 (1) Xittgatzas + To(t) 24" Uy + To(t) Uy 24"

) XgtigUazar + T10(t) 24 Uzzwe + Tio(t) e 2455 + T1) () Xytitigeae + T11(t) Z4tUszaee
EuZy " 4 Ty () XaUgzzres + Ti2(t) 2475555 = 0,

+ T7o(
+ 111 (

(3.75)
where Z4%, Z,%,... 2,5 are the extended infinitesimals. The solution of sym-

metry determining equations has been expressed in the form as follows

[ TUT(t)dt + 1
Ty (t)

X4 N X5 = lll‘ -+ lg, Z4 = l4u, (376)

where [y, lo, I3, 4 are taken as arbitrary constants and T}5(t) is considered as a nonzero

arbitrary function of variable ¢.
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The other coefficients T5(t), Tg(t),...,T11(t) can be extracted from following equations

Te(t) Xy + Ts(t) Xy + (3l — 11)Ts(t) = 0, T'(t))q + Ts(t) Xy + (214 — 311)T5(t) = 0,
()X + T (6) Xy + (20 — 31)TH(t) = 0, Ta(t) Xy + Te(t) Xay + (204 — 311)Tx(t) =
() Xy + To(t) Xy + (Iy — 5ly)To(t) = Tl’ (1) Xy + Tho(t) Xae + (ls — 5l1)Tho(t) =

Ti, ()X + Ty (8) Xy + (14 — 51 T11(t) = 0.

(3.77)

The IG X as given by equation (3.74) admits following group of symmetries

These group of symmetries generates an optimal system [107, 219] spanned by fol-

lowing vector fields
()Xo + pXs, (11)Xs + ¢ X7 + X,

(v) X7, (vi)Xe

where p and ¢ are randomly selected as constants. The invariant solutions and re-

duced ODEs corresponding to these vector fields are given in the following sections.

Vector field (i) Xo + pXy

For current vector field, the u(x,t) of following form is obtained

u(t,z) = H(C) ( / Tlg(t)dt) ;p, (3.80)

where ( = and the time dependent coefficients T;(t), i = 5,6,...,11 are

U [Ti2(t)dt
assembled in the following form

(/
To(t) = Iy (/ Tlg(t)dt) R Ta(t), To(t) = Is (/ Tlg(t)dt>_$_$pT12(t),
To(t) = Iy < / T12(t)dt) )

Tua(t) = by (/Tlg(t)dt) o To(t),

(3.81)

2_ 1
7-7P
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where [;, 1 = 5,6, ..., 11 are arbitrary constants.
Using these, the reduced ODE of the following form has been obtained

— H(+pH+TIsH* He + TIgH® + Tl HH Hee + TlsH* Heee + TloHee Heee
+ ThoHcHeeee + ThaH Hegeee + THececeee = 0.
(3.82)
To solve the above reduced ODE, the solution in terms of power series with variable
( is suggested as follows
H(Q) =) a5,C™, (3.83)
o3=0
where {a,,}5_, are expansion coefficients. Using above power series, the solution

has been obtained as follows
24
u(t,z) = (/Tlg(t)dt> [ao + a1C 4 asC? + a3 4 asC* + a5 + agC® + az(”

+ Z a03+7<-03+7i| )

o3=1
(3.84)
where a,,, 03 = 0,1,...,6 are arbitrary constants. The coefficients {a,,}5_; can be
evaluated from the following recurrence relation in terms of arbitrary constants

1
YT Tos + )03+ 6)(03 +5)(03 + 4)(0a +3) (0 +2)(os + 1)

o3 g6 J5
- 7k10 § § E U5, 005—0405—075 (03 — 06 + 1)@0—370—64,1

06=005=004=0

o3 o5
~ Tl Y (Z (04 +1)ag,41(05 =04+ 1) a5y 0,41 (03 — 05 + 1) a0305+1>

0'4:0

(0'3(10-3 - pao'g

0‘5:0

o3 o5
— 7l Z (Z G5, (05 — 04+ 1) a5y —0,41 (05 — 05 + 1) (05 — 05 + 2) ag305+2>

o5=0 \o4=0

g3 g5
— 7k, Z (Z U, Ops—0, (03 — 05+ 3) (05 —05+2) (05 — 05+ 1) a0305+3>

o5=0 \o4=0

o3
— 719 Z (04 + 1) (04 + 2) CL(74+2 (0'3 — 04 + 3) (0'3 — 04 + 2) (0'3 — 04 + 1) a03_04+3

0'4:0
o3
— Tl Z (0’4 =+ 1) Uoy41 (0’3 — 04+ 4) (0'3 — 04 + 3) (0’3 — 04 + 2) (0’3 — 04 + 1) Uos—c,+4

0'4:()

o3
— 7111 Z (Lg4 (03 — 04 + 5) (03 — 04 + 4) (0'3 — 04 + 3) (0'3 — 04 + 2) (0'3 — 04 + 1) a0‘370'4+5)0
o04=0

(3.85)




79 Chapter 3. Integer Order PDEs

Vector field (ii) Xg+ qX7+ X;

The expression for u(t, x) is obtained as follows
¢ Tho(t
u(t, ) = o/ 3 (—/ 2(0) gy o x> , (3.86)
q

where ( = — leQT(t)dt + x and coefficients T5(t), T4(t),..., T11(t) are given in following

form

o Jh(t)dt o Jh(t)dt o Jh(t)dt
T5(t) = l5T12(t)e 3 a Tﬁ(t) = l6T12(t)e 2 a T7(t) = l7T12<t)€ 2 a
o Jh(t)dt _ Jh()dt _ [h(t)dt
Tg(t) = lngg(t)e 2 q s Tg(t) = lngg(t)e a s Tlg(t) = ll[)TlQ(t)e q s (387)
_ [h(t)dt

Ty (t) = lnThe(t)e o,

where [;, i = 5,6, ..., 11 are arbitrary constants. The reduced ODE of the following

form has been obtained

— He+ H + qls HPHe + qle He® + qle HHe Hee + qls H? Heee + qloHec Heee

(3.88)
+ qhoHcHeeee + qhn H Heeee + qHececeee = 0.
The power series solution of ODE (3.88) is taken in the following form
H(Q) =) a5,C™, (3.89)

o3=0

where a,,’s are expansion coefficients. The power series solution (3.89) of Eq. (3.73)

is expressed as follows

Ty2(t)
U(t, I) = ef 1?1 dt |:CL() + a1C + CL2C2 + CL3C3 + CL4C4 + a5C5 + CL6§6 + (Z7C7

-+ Z a03+7C03+7:| )

o3=1

(3.90)




Chapter 3. Integer Order PDEs 80

where a,,, 03 = 0,1,...,6 are arbitrary constants. The coeflicients {a,}5_; can be
obtained from following recurrence relation as function of arbitrary constants.

1
Gos+7 = 7(o3+ 7)(03 +6)(03 +5)(03 +4)(03 + 3)(03 + 2)(03 + 1

o3 o0 05
— qkio g g E Uo,Q55—0,003—05 (03 — 06+ l)aﬂa—as-‘rl

0'6:0 0'5:() 0'4:0

) ((US + 1)a03+1 — Qg

g3 g5
— qlg Z (Z (04 + 1) Aoy +1 (0'5 — 04 + 1) OQog—og+1 (0'3 — 05 + 1) 0,03_05_;,_1)

0'5:0 0'4:0

g3 o5
—ql Y (Z Aoy (05 — 04+ 1) Ggy—gy41 (03 — 05+ 1) (03 — 05 + 2) %3—05+2>

0'5:0 0'4:O

g3 05
—qkr Y (Z Ug4005—0, (03 — 05 +3) (03 — 05 +2) (03 — 05+ 1) a03—05+3>

0'5:O 0’4:0

g3

— qlg Z (0'4 =+ 1) (0'4 =+ 2) Aoy 42 (0’3 — 04+ 3) (0'3 — 04+ 2) (0’3 — 04+ 1) Uos—0,+3

0’4:()

o3
— qllo Z (04 + 1) CL04+1 (0'3 — 04 + 4) (0'3 — 04 + 3) (03 — 04 + 2) (03 — 04 + 1) a03_04+4

0'4:0

o3
— qlll Z g, (0’3 — 04 + 5) (0'3 — 04 + 4) (0'3 — 04+ 3) (0'3 — 04+ 2) (0’3 — 04+ 1) ag3_g4+5>.

0'4:0
(3.91)
Vector field (iii) Xg+ ¢X5
For this vector filed, u(t, z) is presented as follows
ult,z) = e/ “TH (), (3.92)

where ¢ = x and coefficients T;(t), i = 5,6, ..., 11 can be obtained form following

_g [T12(®)dt _o [Tio(t)dt _o JT1a(t)dt
q q q

T5(t) = l5T12(t)e s Tﬁ(t) = l6T12<t)e s T7(t) = l7T12(t)e s
_o [T1a()dt _ [Tio(t)dt _ [Ti2(t)dt
Tg(t) = lngg(t)e a s Tg(t) = Z9T12(t)e a s Tlo(t) = l10T12(t)e 1 N
_ JTya(t)dt
T (t) = liiTha(t)e .
(3.93)

where [;, 1 = 5,6, ...,11 are arbitrary constants.

Using these, the reduced ODE in the following form has been obtained

H =+ ql5H3HC + quHC?’ + ql7HHCH<< + QZSHQHCCC + ql9HC<HCC<

(3.94)
+ qlioHcHeeee + gl HHeeeeo + qHeccccee = 0.
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The solution of reduced ODE in terms of power series is described as follows

o0

H(C) =) aq,¢™, (3.95)

o3=0
The following expression presents solution of given equation

Tyo(t)
u(t,) = o T ag + anC + aaC? o+ a3C + aaC’ + asC + 4l + ar”

+ Z a03+7<‘03+7:| )

o3=1

(3.96)

where a,,, 03 = 0,1,...,6 are arbitrary constants. The other coefficients a7, as,...
in terms of arbitrary constants, can be determined from the following recurrence
relation

1
Qo5 +7 = 7(o3 4+ 7)(03 +6)(03 4+ 5)(03 +4) (03 + 3) (03 + 2)(03 + 1) ( e

o3 o6 05
- qklO § E § Ao, 05—, Aoz —05 (03 — 0g + 1)a0'3706+1

0’6:0 0’5:0 0'4:0

g3 05
—qls Z (Z (04 +1)ag,41 (05 — 04+ 1) Ggy—y41 (03 — 05 + 1) a/o'30'5+1>

0’5:0

0‘4:0

g3 05
—qlz Y (Z A, (05 — 04+ 1) Ggy—g,41 (03 — 05+ 1) (03 — 05 + 2) a0305+2>

o5=0 \o4=0

o3 05
—qkr Y (Z U4 Qoy—o, (03 — 05+ 3) (03 — 05 +2) (03 — 05 + 1) a0305+3>

o5=0 \o4=0

o3
—qlo > (0a+1)(04+2)ag,42 (03 — 04+ 3) (03 — 04+ 2) (03 — 04+ 1) gy, 43
04=0

o3

— ql10 Z (0'4 + 1) Aoy 41 (0'3 — 04 + 4) (0’3 — 04 + 3) (0'3 — 04 + 2) (0’3 — 04 + 1) Aoy—g4+4

0’4:0

— qu Z g, (0’3 — 04 + 5) (0'3 — 04 + 4) (03 — 04+ 3) (03 — 04+ 2) (03 — 04+ ].) ag3704+5).
o4=0
(3.97)
Vector field (iv) X7 + X

Corresponding to this vector filed, the u(t, z) is appeared in following form

u(t,z) = H(Q), (3.98)
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where ¢ = — [Ti2(t)dt + x and coefficients Ts(t), T5(t),..., Ti1(t) of 7" order KAV

equation are given as follows

T5(t) = I5Tho(t), Ts(t) = lgTia(t), T7(t) = l;T1a(t), Ts(t) = IsTia(t), To(t) = loTia(t),

Tho(t) = lioTha(t), Thi(t) = liuTha(t),
(3.99)

where [;, 1 = 5,60, ..., 11 are arbitrary constants.

As a result of simple calculations, the reduced ODE has been obtained as follows

— He+ IsHPHe + l6H® + l:HHe Hoe + IsH? Heee + loHee Heee + lioHe Heeeo

(3.100)
+ lnHHeeeee + Heeeecee = 0.
The ODE solutions is assumed in form as below
H(C) = Ajo + Aprsn (¢, m) + Aqasn? (¢,m), (3.101)

where sn (¢, m) represents Jacobi elliptic sine function having modulus parameter m
(0 <m < 1) and Ay, Ay1, Ajp are arbitrary constants. The various possible cases
for the solution have been elaborated as follows.

The values of Aqy, A1 and other arbitrary constants have been found as follows

5 =— 2 (576 m'® — 864 m® — 613A12°m?>
5 (2m4—5m2+2)(1+m2)A123 (m ( m m 812" M

—72111 Ajam® + 48111 A1om? + 585 m* — 864 m® + 4mCA15%1s +48mBl1 Ay
—6lg A1 m* — 72111 A1om® + 4154157))
3
44 (2mA —5m2 +2) (1 4+ m?2)
—2880m* — 48119 A1am® — 48119 A12om® +1929m? + 32119A12) m?)
= 2455° (2mt - 5?# +2) (1 + m?2) (3456m” = 5184m" + 48111 Asgm®
+1619A19m8 +16110A19m® — 72111 Arom® — 2419 Aom® — 241,0A19m* — 5184 m?
+3447m?* — 72111 A1om® — 2419 Ajom® — 24110 A19m* + 1619 Ao + 16 L9 A1o + 48111 A12) m?)
(3.102)

le = ((1920m® + 32110A412m° — 2880 m®

where [g, lg, l19, 11, A12 and m are arbitrary constants.

Using these values, solution of KdV equation has been appeared as follows

w(t,z) = — Aedtm) <sn (_ / To(t)dt + 1. m))2 | (3.103)

3m?
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In limiting case, when m — 1, the following dark-singular solitary wave solution is

_ 2 A (tanh (— / Tyo(t)dt + x))2 (3.104)

obtained

3

Vector field (v) X;
This IG imparts the solution u(z,t) of KdV equation only as function of = variable.

Hence, it is not physically important solution.

Vector field (vi) Xg
For this IG, the solution u(z,t) is only function of t. Hence, it is not physically

important.

3.2.2 Conservation laws by Ibragimov’s method

Conservation laws for the Eq. (3.73) has been obtained by following the procedure

as given in chapter 2. The Lagrangian has been written by following expression

L=7"(tx) (ut + Ts()upu® 4+ To(t)u 4+ Tr () utiptipe + To() U Uppe + To(t) UpeUare

+T10(t)uxuxa:xx + Tll(t)uuzxxa::c + T12(t)uxa::cazxzx) )
(3.105)

where Y (¢, x) is new dependent variable.

oL
Based upon Lagrangian, the adjoint equation can be written as S0 0 and is given
u
by

STy (“Tanetins — Tataar — 2 Tantians) To(t)

+ (Tmuum + Yoputy + 2 Tous? + 3 Tuwum) T7 (t)

+ (—6 Yotin? — Topatt? — 6 Toptitipy — 6 Y pptitiy — 6 Tumum) Ts(t) — TmT5(t)u3
+ (=5 Yawwots — Yozzwat — 5 Lollpzee — 10 Yogoptar — 10 Togtizey) T11(¢)

+ (3 Yotizzrs + Tazratis + 4 Tozptize + 6 Toztipes) Tro(t)

+ (=6 Yuptizw — 3Tous?) To (t) — YovwazeaTi2(t) = 0.

(3.106)

The given Eq. (3.73) termed as nonlinear self-adjoint, if substituting T = &4, where
®, is taken as a function of ¢, x and wu, satisfies the following equation
0L 3 3 2
5_U|T(t,x):<1>4(t,x,u) =A (Ut + T5(t)u$u + T6 (t)um + T?(t)uuzvux;r + T8<t)u Uz

+T9 (t)ua:acuxwx + TlO (t)u;rux:m:ac + Tll(t)uuacmc:c$ + T12(t)uac:cx:vacaca:) )
(3.107)
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where A is undetermined constant. Simplification of Eq. (3.107) results in determining
equations for ®, and random functions T5(t), T4(%),..., T12(t) as functions of ¢ are
obtained. The solution of equations can be written in following cases.

Case 1

A=0, T5(t) = 0, T7(t) = 615(t), To(t) = 2Ts(t), To(t) = —5T1(t) + 3T1o(t),
O, = by + by + byz?,

(3.108)
where by, by, by are randomly taken constants, and Tg(t), Tio(t), T11(t), Ti2(t) are
considered as random functions of ¢.

Case 11

A= —ag, T5(t) =0, Te(t) =0 Tr(t) = 3Tx(t), To(t) = —10T11(t) + 5T10(t),

. _ (3.109)
(I)4 = C~L0’U, + Mo(t) + M1 (t)SC + M2<t)$2,

where G is arbitrary constant, and My(t), M,(t), My(t) are arbitrary functions of ¢

and satisfy following equation
—M}(t) + M (t)x — Mj(t)z* = 0. (3.110)
Case 111

A =0, Tr(t) = 2T5(t) + 2Tx(t), Balt,z,u) = L, (3.111)

where L is arbitrary constant, and T5(t), Ts(t), Ts(t), To(t), Tio(t), T11(t) and T12(t)
are functions of ¢.

Case IV

A= —Ay, Ty(t) = Ts(t), Th(t) = 4Ts(t), To(t) = 5T1o(t) — 10T (t),

o (3.112)
Oy(t,x,u) = Ag + Aju,

where Ay, A; are taken as constants, and T5(t), Tio(t), Thi(t), Tio(t) are taken as
arbitrary functions of ¢.

Conserved vector components associated with IGs using above nonlinear self-adjoint
substitutions of Case I are given as follows.

The symmetry Xg = % with Lie characteristic function W = —u, gives the following

conserved vector components corresponding to arbitrary constants by, by and by

Co = —uy, CF = . (3.113)
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Cl = —zuy,,
CF = (2Ts(t)utty? — uptiyeTi1 () + UsaaTio ()t + gy Ts(E)u® + gy *Tro(t) (3.114)
+uzxmxT11(t)u -2 uza:lel(t) + TUg + uxzza::rxTIQ (t)) .

Ct = —2?u,,
OQI == (ZEQUt + (*2 uzuzzmTll(t) + 2 umrzmTll(t)u - 4uxa:2Tll(t) + 2 ummxat:cmT12(t) (3 115)
200 2 Th0 (1) + 2 T ()1 + 2t f (1) i + A Ts(t)utsy?) @ — 2Upgan Tia(t)
—2u, Ty () u? + 4uy Ty (D) tge — 2Uss f (£) Uup — 2 uwMTll(t)u) .
For symmetry X; = Tml( 5 %, the conserved vector components corresponding to

arbitrary constants by, by and by are found as follows

Ut
Co = T
Cs = —% (=211 T2 ()t + Tho: T2 (8) upe” + 2 T12:Th1 (E) gy
Ti2” (1)
~T19,T10(E) s — 2T12, T (t) uug”® + 2 TsguT2(t)us® + 2 Tho (t)us Ts () us>
+T12 (8) weT11 () Ugzae + Ti2(t) e UoesTio(t) + Tio () tiesTs (£) u?
F2 T2 (D) ttwetieeTro (1) + TioyT11 () UsUsre + Th1T12(D)UWlsrer — T114T12(E)UsUzre
+T12 () utaza Tr0(t) e — Tr2y Ty () tige + Tiz () UtazeaTi1 (E)u — Tho () igaaT11 (1) s
—Ti2(t)utatizzaTi1 (t) — 4 Ti2(O)UaatizaTi1 () + Tst?Tia(t)tas + Tro:T12 (£) UsUaws
—T12:T10(E) s tiaze — Ti2¢Th1 () Waozs + WinzezaeTi2” () + 2 Tia(t)u Ts (t) uttny
+4 T (t)u Ty (t) uuy) .
(3.116)
Uy
Ci=- Toll)’
Cf = _1—’121(15) (=271 T12(t)uae” + TroeT12()uee” + 2 Ti2¢Ti1 () tas” — Trz¢Tio(t) s’

—2T19, Ty (t) wuy® + 2 TyyuTha () ue? + 2 Tho () ui T (t)us® + Tha (8) wiTi1 () Upprs

+T12 (t) UrgUawaT10(t) + T2 (D) tree Ts ()0 + 2 T2 () timeUas T1o(t) + T2 T11 (8) g Usgs
+T11:Th2 () uttazre — Ti1¢T12(E)uotiaas + Tho(E)ttare Tio () tie — Ti2:Ts (1)t  tgy
+T2(t)UtzreaT11()u — Tr2 (D) UtzaaT11 () ue — T12(H)UtpUzeaT11 (T)

AT (D aatizaTr1 (t) + Tst® Ti2 (D) tae + Tr0:T12 (8) UsUses — Ti2¢T10(t) g tipan
~T12¢Th1 (D) Utges + Utsazaas Tiz” () + 2 Tao () ueTs (H) e + 4 Tio (D) Ty (t) uty)
T2 () uptianeT11 (t) + Tio Ta ()t ug + Ti2,T11 (8) Wtgga + Ti2¢T10(t) tgtizs

T2 () twwaTia () u — Tiz () uea Ts () u? 4 2 Tio () wso o Ti1 (8) — Tho () e Tho (£) Uy
—2T12,T11 () ugtize — Th2(t)tigtiaaTi0(t) 4+ 2 T12 (1) Upee T11 (H) e — Tr0¢T12 (t) UpUse
—T11: T2 () Ulge — UtzzaaaTi2” (£) — Tae® Tio(t)ug — 2 Tho(t)us Ty () uuy

+2 TlltT12(t)umuza:) .
(3.117)
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2

Ut
o
2T Tho(t)
1
Cy = *m (=6 T11:T12(t)uze® + 3 Th0, Tr2(t)tzs® + 6 Ti2:T11 () tgs® — 3 Th2¢Tho(t)Uss”
12

—6 Tho, T (t)ung? + 6 TeyuTha (1) ug? + 6 Ty (t)us Ty (1) ug? + 3 Tha(t)usTh1 (1) Uswws

+3 Th2 () Utz tizzz Tho () + 3 Tio () tran T (1) u? + 6 Tha(t)urzatize Tho () + 3 Th2y T11 (8) U Uaas
+3T11¢ T2 (t) Wiawzs — 3 Th1¢Th2(E)Uslsne + 3 Ti2(t)ttawe Tio(t) s — 3 Tho, Ts (H)u g,

+3 T2 (t) UtzwaaT11 (D) — 3 Ti2(t) Utwws Ti1 (H)te — 3T12() Ut UzeaT11 (1)

—12 T2 (t) UtagtizaT11 (t) + 3 TsyuPTi2(t)tige + 3 T10,T12(t) UaUaws — 3 T12:T10 (t) UsUaws

=3 T12,T11 () Wszz + 3 UtzzwzanTi2” (t) + 6 T () s Ts (H)utyy + 12 Tho (£) wge Ty () uuy ) 22
+ (—6 T () Ugtpee Ti1(t) — 12 Tyoy Th1 (D) uptize + 6 Tho Ts () u e — 6 TropTho (H)UpUse

—6 UtzzazaT12” (£) — 6 Thz () e Ts ()u? 4+ 12 T3, Tha (£) Ustiaw — 6 Tio () utatizsTho (£)

+6 T12,T10(t)uztize + 12 T10 () UtaaT11(t)ue — 6 T11¢T12 (t) Uttzre — 6 Tra(t)useaTio (1) Ua
—6TgyuTio(t)uy — 12 Tho(8)u T3 () uuy + 6 TioyTh1 (1) Utipes + 12 Tio () teptine Th1 ()

=6 T12(t)ttzaaTi1 () w) @ + 2 TsuTha(t) + 6 Tha () uTs(t)u® + 3 Ti0,Tha (t) ug”

+6 Tio(t)usTi1 (t) gy — 6 ThogTh1 () uttyy — 212, Ts () u® + 9 ThoyTha () ug® + 6 T11Tio (t) utiyy
3T, Tio(t)us® — 18 Tia(t)ureTia ()t — 9T T2 (t)us? + 6 tpppes (Tr2(t))?

+6 T12(t)utrT10 (t) Uy + 6T12 (t)utmTH (t) u) .
(3.118)

For symmetry Xg = u%, the components of conserved vectors corresponding to

arbitrary constants by, b; and by are given as follows

Ct = u,
O(g)C = (umczxu — UgUgge — 2 UIIQ) Tll (t) + (uxuxf’:x + uxIZ) Tm(t) + uxmqu}xT12(t)
+ (u:mu2 + 2 uuf) Ts(t).
(3.119)
Ct = xu,

T 2
1 = (_:Cuzux:m: + TUUggze — Ulgyy + 2 uxua:,m -2 TUgy ) Tll(t)

i (3.120)

+ (—u2um + 2 zuu,? + quum) Ts(t).
Ch = z?u,

CF = (UpZ®Unge + Us” — 2UpBUgy + T2y, ”) Tho(t)

+ (4 UgTUg z + 2 WUy — 2UTUgpy — 2 2% Up0? — 3Up? + Ulgppa® — uszUMI) T11 (t)
2
+ <2 uzuy? — 2xuluy + r2utug, + 3 u3) Ts(t)

+ (uwwwwx;rxz + 2 Ugpzzr — 2 uxwwmzx) T12(t)
(3.121)
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7fT12(t)dt o

For symmetry Xy = T i T x%, the conserved vectors are accomplished as

follows
Huy

")

(=7 uugy — 14 uu,?) HTy, N (=7 Upe? — TUgligey) HT1o, T T
T1o(t) Tio(t)
(7 Upa® + Tgtigy) Tio()Thae H (T 0PUge + 14 uuy,?) Ty () Tios H
2 + 2
(Tha(t)) (Tha(t))
n (=14 upe® + T Wppe — T UgUuey) Tia () Tho
(Th2 (1))
(=7 Wlgpzr + 14 Upe® + T Uplpey) T H
Tio (1)
(—14 uptitigy — 28 gttty — 7 Uggeu® — 14 uyug?) HTx (1)
Toa(0)
(=7 Utslszs — T Utoatls — 14 Upgotig) HTg (¢)
Tio(t)
(=7 Utzwath + T Utplgzs + 28 Usgalpy — T Uelygae + T Ugggatly) HT11(t)
Tio (1)

+ 2ty + (12 Uge” + 6 Upllpre — 6 Wlypey) T11(E) — 6 Upngaea T12(t)

+ (—12u,” = 61 tgy) T(t) + (=6 tytiaae — 64s”) Tio(t)-

ct -

— LUy,

Cs =

_|_

(3.122)
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E[Ut
Cl=|-7T—~—1u, |z,
= (g )
(Tuuy — 7 xuPtyy — 14 vuug?) HTsy (=7 TUplpgs — 7 TUze? + T Ugtiyg) HT o

Tio(t) Ti5(t)

Cf =

(—28 ugprun, — 14 urunty, + 14 uuu, — 14 uau,? — 7ugeru® + 7 ugu?®) HTg(t)

Tis (t)
(T Utatly + T UggUe — T Uprp Uy — 14 Uy DUy — T U TUe) HTh0 ()
Tio(t)
(7 Utz Uz + T Ut TUzzz + 28 Uppp Ty + T Upgatl — T UpUgg ) ﬁTH(t)
Tio(t)
(=7 Utoraat® — 14 Uty + T hilze — 14 Ugtie) HT11(t)
Tio(t)
(7 ZUpUpgy — T TUUgzey + 14 Tligy® + T Ullpgy — 14 Ugtiyy) Ti1 H
Ti2 (t)
(=14 2Upe® + 7 VUM gzzp — T TUgUgzy + 14 Uplpe — T Ulpee) T (t) Tyo H
T2 (1)
N (=T Uptipy + T U2 + T XU ) Tlo(t)Tlgt]::[
(T12 (1))
N (14 zuug? — 7Tuu, + 7 xuy,) Tg(t)Tlgt]:I
T2 (1)

+ 2 + (5 Uspzws — D Tlggzaze) Ti2(t) + (5 U uy — 5 auuy, — 10 zuu,”) Tx(t)

+ (5 TUpUgpy + 5 Uy + 10 TUpy’ — 5 TUUpppe — 10 uzum) T11(t).
(3.123)
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Hu
t t 2
C; = <_7h(t) —a:uz> x,

(14 vupr — 14 2%uu,? — 7 0*uu,, — 14/3 ) HTy,
Tio(t)
(14 Ugtige® — T 22Upe? — Ty — T 22Uglige) HTo;
Ts (t)

+ (14 Utgzzacal — 7utz:m;a:xxx2 — 14 utmzxac) j:{

Cs =

N (21 up? + 142Ut gre — 14 Uty — 28 Uglpe® + 14 22U + 7 22 UpUpes) T H
Tio(t)
T 22 Ugppe Tir H (28 Uglpe® + 7 82 Uggg ) Th1 (t) Tho  H
To(t) (Tha(t))”
N (—14 TUtgpy — T T2 Uglggy + 14 Utlyy — 14 2%Upe? — 21 ug?) Ty (8)Tior H
(Th(1))*
N (7 22U Uggp + 7 T2 Ugy?® — 14 Ugtige® + Tug?) Tho (t) Tio H
122 (1)
N (14 22uny? — 14 uPuer + 7 120Uy, + 14/3u%) Ty(t)Tyor H
T2 (1)
(28 wpzuitty + 14 ugpau? — 7T tgmer?u® — 14 wauy,? — 14 uauug, ) HTy(t)
Ts (t)
(—28 ugpx’uu, — 14 utuZ)]:]Tg(t) (14 wpprtiy, + 14 utmumx)]:!Tlo (1)
T (1) * 0
(=7 Utzgatia®? — 14 Uity — T U@ Ungy — 14 Uggat>Ugy) HThg (1)
Ty (t)
N (T Utp WUy + 28 Utpe T Uy — 14 Uptlyy — 28 Ugyr Uy ) I{ITH(t)
Ty (t)
(—28 Ugp TUgg + 14 Upgpa i — T Upllgpaat® + T Uizeatizz®) HT11 (1)
Ty (t)
N (42 ugptty + 14 UsTUpry — T Uspppeur® — 14 utmu)]jITn(t)
Tio(t)

+ 2%up + (=8 Uswow + 8 Tazoze — 4 T Uspszws) Ti2(t)

+ (4 T U Uy — S Ulpy + 12Up> — 16 Upllyy® — 4x2uumm) T (1)

+

+ (8 2 Uye” + 8 TUUpey )T (1)
8/3u® — 4 2*uUyy + SuPuyw — 8 x2uux2) Ts(t)

+ (-
+ (—4 $2U$U$gxp - 4x2uxz2 - 4u$2 + 8 u:cul‘il"r) Tlo(t)
(3.124)
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Herein, H = [Ti5(t)dt. Similarly, we can obtain conservation laws for other cases.

To avoid repetition, we have omitted these conservation laws.

3.2.3 Direct method of conservation laws

The conservation laws are derived by using direct method of multipliers, the multiplier
for the Eq. (3.73) is considered in the form A(t,z,u) and satisfies the following

equation

)
50 (A (ut + Ty () ugu® + To(t)u? + Tr (D) utigtipe + Ts(8) U Uppe + To(t) Upztees
u

+T10(t)uxuxxxm + Tll(t)uua:a:xxx + T12(t)uac1’xxa:a:a;)) = 07
(3.125)

o
where S0 is Euler Lagrangian operator defined in Eq. (2.86). Then
u

A (ut + Ts (H)upu® 4 To(t)u? 4 Tr () utiptiee + To(t) U Uppe + To() UpeUers

(3.126)
+T10 (t)uxuxmcm + T11<t)uumz;t:m: + T12(t)u;t:m:xxzz) = DtCt + D:ECx>

where C* and C are the conserved vector components. After solving Eq. (3.125),
multiplier A and arbitrary functions have been obtained in following cases.

Case V

A = Py + prx + Por?,

(3.127)
T5(t) = 0, To(t) = 6135(1), ¢ =6Ts(t), To(t) = 3T10(t) — 5T11 (1),

where pg, p1, P2 are taken as random constants, and Tg(t), Tio(t), T11(t), Ti2(t) are
arbitrary functions of ¢.

Case VI

A=K,

(3.128)
Th(t) = 2To(t) + 6Tx(t), To(t) = 3Tho(t) — 5T1 (),

where K is taken as random constants, and T5(t), Ts(t), Ts(t), Tio(t), Ti1(t), Tia(t)
are functions of . Then, using these two case, the conserved vector components are
obtained as follows

For case V, the following conservation laws are constructed

Ct =,
C§ =y + Tx(t) (6 Up Uy + 2 Uy + uqum) + T10(t) (B Uppllpes + Uplipres) (3.129)
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C! = zu,

(3.130)
Ch = 2%u,

Cér = (ut + T8<t) (6 UpUUgy + 2 u:v3 + u2ux:m:) + TlO(t) (3 Uz, zUzza + ua:umz:m)

+T11(t> <_5 UzzUzzy + uumzmx:p) + T12 (t) u:m:aczmx:p) I2.

(3.131)
For case VI, the following conserved vector components are obtained corresponding

to randomly selected constant K as follows

C' = u,
C* = 1/AT5(t)u* + Ty(t)ue v + Ty () Uty + T10(t) (Upliage + tae”)  (3.132)
+ Tll(t) <_2 uzx2 + UWlggrr — ua:uzmc) + T12(t)uxx:c:m:x

3.2.4 Conclusion

The generalised 7** order KdV equation in present analysis found to possess different
type of solutions. The symmetry group analysis gives the solutions in the term of
power series and Jacobi elliptic functions. The optimal system has been generated
for inequivalent group invariant solutions. Similarity reductions associated with every
symmetries are carried out. The nonlinear self-adjointness technique with new con-
servation theorem and the direct method have been applied to construct conserved

vectors.







Chapter 4

Time Fractional PDEs?

In this chapter, three different types of time fractional PDEs have been investigated
for the Lie symmetries, conserved densities/fluxes (conservation laws), and solutions.
The symmetry analysis of the equations yields invariants which further help to re-
duce the dimensionality of the fractional PDEs. Conservation laws associated with
the symmetries have been retrieved by applying new conservation theorem. Also,
factional complex transformation converts the given fractional PDEs into the ODEs
and further these ODEs are analysed for getting the exact solutions. A physical
interpretation of the solutions is expressed by their graphical representations. The
linear dispersion relations for the equations have been derived and the condition for
the normal or anomalous dispersion of waves is also tested. In this chapter, section
4.1 presents the examination of new coupled ZK system in (2+1)-dimensions hav-
ing time derivatives of fractional order for Lie symmetries and associated conserved
densities/fluxes. The bright, dark and singular solitary wave solutions are obtained.
In section 4.2, the details of steps used in studying the Wu-Zhang system in (2+41)-
dimensions having time derivatives of fractional order are given. In section 4.3, 5

order equation from Burgers hierarchy having time derivative of fractional order is

2The contents of this chapter have been published and communicated in following journals:

(i) The contents of section (4.1) are published in Computational and Applied Mathematics, 37(5),
5981-6004 (2018).

(7i) The contents of section (4.2) are published in Computers & Mathematics with Applications,
79(4), 1031-1048 (2019).

(7i7) The contents of section (4.3) are communicated in Journal of Applied Analysis and Computa-
tion.
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being investigated for dispersion relation, Lie symmetries, solutions, and conserved

densities/fluxes.

4.1 New coupled ZK system in (2+1)-dimensions

having time derivatives of fractional order

The new coupled ZK system in (2+1)-dimensions in terms of equations =Z;, =5 and

=3 is given in the following form

aa
2= W: — a (uwvy + uyv) — g (Vwy + VW) — b (Uggy + Ugyy) = 0,
- _ 0% 4.1
:2:%—l(wuw%—wwu)—b(vwm—l—vzyy):0, (4.1)
o0*w
By = e [ (uvy + 1uy0) — b (Wypy + Wayy) =0,

a denotes order of time derivative and (0 < a < 1). In system (4.1), a, b, g and
[ are the arbitrary constants. The ZK system successfully describes nonlinear ion-
acoustic waves in a dusty plasma composed of hot isothermal electrons and cold ions
207, 236, 256, 257, 309, 317, 340, 347].

When o = 1, the ZK system (4.1) has been investigated by many authors, and re-
sults were reported for exact solutions and conservation laws. The explicit solutions
in terms of travelling waves of the ZK system have been reported by Wei and Tang
[313] whereas Khalique [155] has discussed the way to find both the exact explicit so-
lutions and conservation laws. The approximate analytic solutions of the ZK system
have been obtained using homotopy perturbation method by Fahmy [78]. Elboree [75]
has used a variational approach to find soliton and singular solitary wave solutions
for the similar system. The stability analysis of new exact travelling-wave solutions
has been examined by Seadawy et al. [258].

The system (4.1) considered under investigation has not been reported for the frac-
tional Lie symmetries, conservation laws and solitary wave solutions. Therefore, the
main thrust behind this investigation is to find the similarity solutions using the
fractional Lie symmetry analysis and to derive the non-local conservation laws. The
application of fractional type complex transformations results into ODEs, and fur-
ther these ODEs are solved for the solitary wave solutions and analysed graphically

in various conditions.
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4.1.1 Lie symmetries and reductions

This subsection presents the Lie symmetries and corresponding similarity reductions
of system (4.1). To obtain the Lie symmetries [244, 247, 276], 1ILGTs (point) of the

ZK system are considered as follows

t—t+eXs(t,z,y,u,v,w) + O(e?), T — x+ e Xe(t,z,y,u,v,w) + O(?),
§—y+eXs(t,z,y,u,v,w) + O(?), & — uteZs(t,z,y,u,v,w) +0(?), (4.2)
U — v +e Z(t,x,y,u,v,w) + O(?), & — w+e Zr(t,z,y,u,v,w) + O(?),

where ¢ << 1 is a group parameter. The IG for a 1LGTs (4.2) is represented by

following expression
X = X0 + X0, + X0y + 250, + 260, + Z70,. (4.3)

The 3¢ order prolonged generator for IG (4.3) is given by

ProdX = X + 250y, + 260y, + 2700, + 25" 0y,,, + 26" 0y,., + Z7" 0,
+ 25"y, + 26" Dy + 27 Oy, + 25 O + Z6™ Do + 277 Dop,
(4.4)

where Z5° Z¢*, Z,%, Z5%*" ... are taken as integer order extended infinitesimals and
Z:0t Zewt Z2%t are corresponding extended infinitesimals having fractional order
related to RLF derivative (detail has been given in the Appendix A.1).

The IG (4.3) will become a Lie point symmetry of the given system (4.1) if it satisfies

the following conditions

Prod X (2))|z,202,=025=0 = 0, Pr**X(Z3)|z,20.2,=0.25=0 = 0,

(4.5)
Pro? X (2s)|z,-0.25-023-0 = 0.
The Eqgs. (4.5) lead to the following symmetry determining equations
Zs® — a (uZ6" 4+ 0,25 + Z5°0 + up Zg) — g (V2" + Zew, + Z6Tw + v, 2Z7)
—b(Z5"" 4 Z5") =0, (4.6)

Ze — 1 (uZr" + Z5w, + 25w + ug Zr) — b (26" + Z6™W) = 0,
Z7a’t —1 (’LLZﬁx + Z5’Um + Z5$’U + Ufo,) —b (Z7zxx + Z7:cyy) = 0.

Back substituting the integer and a-order extended infinitesimals into the Eq. (4.6),

and equating coefficients of derivatives of the dependent variables to zero, we get
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over-determining system of equations in terms of infinitesimals. The solution of over-

determining equations is given as follows

Xg = 3egt + eq, X7 = e + egax, Xy = ezay + €9, Z5 = —2ezau, Zg = —2e3a0,

Z; = —2ezaw,
(4.7)
where e;, 1 = 1,2, 3,4 are arbitrary constants.
The lower limit in RLF derivative (2.40) is fixed, it remains invariant under the

transformations given in Eq. (4.2) and it must holds the following condition
X6<t7x7y7uavaw)|t:0 = 0. (48)

This equality gives value of constant e4 = 0 and the infinitesimals given in Eq. (4.7)

reduce into following expressions

Xg = 3egt, Xy = e1 + esax, Xy = esay + ey, Z5 = —2ezau, Zg = —2ezau,

(4.9)

Z7 = —263@?1].

Thus, the symmetry group for the system (4.1) is spanned by the following set of IGs

0 0 0 0 0 0 0 0
Xl(]— a—x, XH = a—y,Xlg —ozxa—x—2au%+3ta—2av%+aya—y—2awa—w
(4.10)

Similarity variables and related similarity solutions with corresponding IGs can be
accessed with their associated characteristic equations. The solution of the charac-
teristic equations will suggest the form of invariants for the system (4.1).

For the similarity solutions, consider the IG X5 = « xa% — 2« ua% + St% — 2« Ua% +
o) o)

Yz, — 20w

The characteristic equations associated with the IG X, are defined as follows

d dt d d d d
fr_@4_4_ v (4.11)
ar 3t oy —2ou 200 —20w

Solution of characteristic equations gives similarity variables and the similarity solu-

tion in the following form

x — 20 — 2z — sz
(3= YRR G4 = ta%’ u= Fy((3, )t 2 v = Ga(Gs, Q)2 Bw= Hy(Cs, )t 23,

(4.12)
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The back substitution of similarity transformation (4.12) into the system (4.1) results
in the reduced fractional order (1+41)-dimensional PDEs and the detailed procedure

can be summarized theorem 4.1.1.

Theorem 4.1.1. The similarity transformation (4.12) reduces the given (2+1)-dimen-
sional system of fractional PDEs (4.1) into the following (1+1)-dimensional fractional
PDEs

_5a
(Py s> “F3) (G, Ga) — aFyGiag, — aFag, Gy — gGaHac, — gGag, Hy — bFagyey,
- bF2C3§4C4 =0,
|_5a (4.13)
(Ps 3" "Ga)(G, Go) — UHaFag, — UHoe, Fy — bGagyeyc, — bGagyeic, = 0,
5a
(P 5" " Hy) (G, Ga) — oG, — 1Fag, G — bHagy,c, — bHagycic, = 0,
where (P;;Ta’a) represents the extended left-hand sided Erdélyi-Kober fractional dif-

ferential opaemtor [157, 276] defined by

1

(Pglaﬁz )(<3=C4) (T+j /B_C33C3 52C4 C>< KHen aF2>(C3,C4), (4.14)

3
|

<.
I
o

|
—

n

(P5.G2) G ) =TT (744 - Bcs% ﬁ2<4 <)( K566 ) (G, o), (415)

7=0
and
n—1
T.a a T—Hx,n—oz
<P51 5 )(63,64) 1 (T—F]—ECSaC?) ﬁ2<48§4>( b HQ)(Q,,@), (4.16)
where

, 4.17
« a€e N ( )

n:{ [l +1, aé¢ N;

and (Kg;“gzn_a) is the extended left-hand sided Erdélyi-Kober fractional integral oper-
ator [157, 276] given by

(Kéfgz )(C?n Ca)
iy Ji (0 = 1) 10" THO (GO, (40Y%2)dh, > 0; (4.18)
F5(C3, ) a=0 "
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(K5G2) (G 1)

fl — 1) lg-THI GGV, ,0V/52)dO, a > 0; (4.19)
{ Ga(C3, Ca) a=0 '
and
(K;f@ 1) (G, C4)
(4.20)

iy Ji (@ —=1)2710" (T+0) /(¢G50 51, (401/52)dh, o > 0;
H2(C37 <4) a=0.

Proof. The fractional derivative of u(t,z,y) = t~2*/3F,((s,(s) with respect to t of
order o using (2.40) forn — 1 < a <n,n =1,2,3,... is given by

o " 1 ¢
g = o TG J, € 00 R0 T 0T o] (4.21)

Let us consider ¥ = ¢/6 and using it, the above equation can be drafted as follows

1

e %t: " 2 (4.22)
= e (KT R) 6 )

Using the relation (3(z,t) = 275, (4(y,t) = yt~5, the chain rule of differentiation
on the function ¢((3,(4) yields

taﬂp(@n Ca) = t(es Gt + o, Cat) = —%C?,(ch — %CM@- (4.23)

The above relation simplifies the left-hand side of the Eq. (4.22) as follows

OB (K TR ] = D[ (e (KR )]

atn %’% a’a
ot 50 5a « «
Ol M Gl b LR S0

2a

(K& R) (66,

3
«

(4.24)
By reapplying the stated procedure n — 1 times, the following result is obtained

e e = T (- - Son - S

(K;%%’nialﬁ) (C3,Ca) (4.25)
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Thus, the Eq. (4.22) reduces to

0%u 5a (

8ta =t 3 %Y’QFQ) ({37 C4) (426)

Similarly, the expressions of fractional derivative of other dependent variables v and

w with respect to ¢ are given as follows

aa’U b 1—5?0‘,04

o =T (P76 (GG (4.27)
T (Plf%’aﬂ )(C Ca) (4.28)
ata - %7% 2 3:64)- .

Hence, the given (2+41)-dimensional new coupled ZK system has been reduced to the

(141)-dimensional system in the following form

_5a .,
(P;§3 7 FZ)(C& C4) - aFQGQCg - aF2C3G2 - gG?H?Cs - gG2C3H2 - bF2C3C3C3
- bFQCsC4C4 =0,
175—0‘@ (429)
(Ps 5* " Ga)(Gsy Ca) = LH2 Py — LHog, Iy — bGlagyeaqy — 0Glagyeicy = 0,
175—0‘,0(
(P§7§3 HQ)(<3a C4) - ZFQGQCB - ZF2C3G2 - bH?C?)CsCS - bH2C3C4C4 =0.
It completes the proof of theorem. O
The 1IGs X9 = a% and X1 = a% provide the trivial solutions, hence are not

physically important.

4.1.2 Conservation laws of time fractional new coupled ZK

system in (241)-dimensions

In this subsection, derivation of conservation laws for the system (4.1) by applying
new conservation theorem [121] is elaborated.
Formulation of Lagrangian for Eqs. (4.1) is framed as follows
L= A(ta x, y) (uta —a (uvx + uxv) —4g (wa + Uzw> —b (u:m$ + u:cyy) >
+ B(t,z,y) (vt" — L (wuy + weu) — b (Vg p 0 + Vayy) ) (4.30)

+C(t,x,y) <wta — 1 (uvy + upv) — b (Wy 4y + Wayy) ),
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where A, B and C are taken as new dependent variables.

b 9 J
The Euler-Lagrange operators —, — and — [96, 185] from the Eq. (2.96) are
ou’ dv ow

defined in terms of the following expressions

o a\* 3 2
J
— = 0y + (D) 0900 — D0y, — D30y, — Do D20, (4.31)
v
0 ) * 3 2
5o Ow + (Df') 0p0w — DOy, — DyO0w,,, — D2D,00u,,,,
where (Dg)* describes adjoint operator of (D).
Thus, the adjoint equations for the system (4.1) can be formulated as follows
oL oL oL
0L _ o 0L g %k _ g 4.32
ou " ov " ow (432)

The relation [121, 244, 247] in case of three independent variables and three dependent

variables can be presented as follows

- ) ) o
X+DXse+ D, Xre+DyXg e = W4@+W5%+W6E+Dtct+Dfo+DyCy, (4.33)

where e is the identity operator, and C!, C* CY are conserved vector components,

and Wy, Wy and Wy are the Lie characteristic functions defined as follows

Wy = Z5 — Xeup — Xruy — Xguy,
W5 = Zﬁ - XGUt - X7U$ — Xs?}y7 (434)
W6 = Z7 - XGU}t - X7wx - ngy.

X is given by

X = X@@t + X78x + Xgay + Z5au + 3681) + 27811) + Z5a’taagu + Z(;a’taa?v + Z7a’taa?w
+ Z5acauz + ZG:vavz + Z7zawz + ZSxacmau + 26”5"’61, + Z7acmzaw
+ Z5"%0,.  + 20, + Z:7Y0,

Uzyy Vzyy Wayy *

TTT TTT TTT

(4.35)
By using the RLF derivative [96, 185, 244, 247, 297|, and Eqgs. (2.97) and (2.93), the ¢,
x and y components O, C* and CY of the conserved vector are obtained corresponding
to the IGs Xig, X711 and X5 as follows.
For IG Xy = aa_z’ Lie characteristic functions are expressed as Wy = —u,, W5 = —v,,

Ws = —w,, and corresponding conserved vector components can be determined as
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follows

C' = oD N (—uy) A + J(—uy, A) + oD H—v,) B+ J(—vg, B) + oD (—w,)C

+ J(—wx, Ct) .
(4.36)
1 1
C* = —uy, (—Aav — Blw — Clv — 3 Ay b — Amb) — Uz Azb — 3 Ugy Ay
1 1
+ Upyr Ab + 3 Ugyyy Ab — v (A (—au + gw) — Clu — 3 By,b — me)
1 1
— Vo Bub = 5 Uy Byb + VB + 5 vy B (4.37)
1 1
—w, (Agv — Blu — 3 Cyyb — Cmb> — Wy Cpb — 3 WeyCyb + WyerCh
1
+ g U)xybe.
2 1 1 2 2
cY = 5 uzAxyb — g Ua;yAxb — g umAyb + g szyAb + § U$Bzyb
1 1 2 2 1
— g ’nyme - g U:E:BByb + 5 U:m:be + 5 mexyb - g wrycxb (438)
1

2

The IG X1y = & with Wy = —u,, W5 = —v, and Wy = —w, gives the following

conserved density and fluxes

C' = oD (—uy) A+ J(—uy, A) + o Df ' (—vy) B+ J(—vy, By) + o Df ™ (—w,)C

+ J(—U)y, Ct)
(4.39)
1 1
C* = —u, (—A(w — Blw — Clv — 3 Ayyb — Amb> — Uy y Ayh — 3 Uyy Ayb
1 1
+ Uggy Ab + 3 Uyyy Ab — vy (.A (—au+ gw) — Clu — 3 By,b — me)
1 1 (4.40)
— Vg Byb — 3 VyyByb + U0y Bb +- 3 Vyyy BO :

1 1
— wy (Agv — Blu — 3 Cyyb — Cmb> — WyyCyb — 3 WyyCyb + Wy CO

1
+ g wyybe.
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2 1 1 2
1 1 2 2 1
— § UyyBxb — § ’nyByb + § ’nybe + g wnyyb — § wwcxb (441)
1 2
- g wmyCyb + g wa:ybe-
For X, = aw%—Qau%jLBt% —2av%+ay6%—2aw% with Wy = —2au — 3tu; —
aTUy — YUy, W5 = —200v — 3tvy — aaxv, — ayv, and We = —2aw — 3tw, — a xw, —

a yw,, the following conservation laws are constructed

C' = DY H(—2au — 3tu; — azu, — ayu,)A+ J(—2au — 3tuy — avu, — ayu,, Ar)
+ thO‘_l(—Qozv — 3tvy, — axv, — ayvy) B+ J(—2av — 3tv, — azv, — ayvy, Br)

4 ODf‘_l(—Qaw — 3twy — azw, — ayw,)C + J(—2aw — 3tw, — azw, — ayw,,Cy).

(4.42)
C* = (—2au— 3ty — azu, — ayuy) (—Aav — Blw - Clv — %Ayyb - Amb)

+ (=3 Uy — QUL — 3lUty — A YUyy) Agb

+ % (=3 auy — azugy — 3tuy — ayuy,) Aydb

— (4 Uy — O BULgy — 3tUgy — A YUggy) AD

— é (—d auyy — QTUgyy — 3tUyy — @ Ylyy,) Ab

+ (—2av — 3ty — azv, — ayvy) (A (—au+ gw) — Clu — é Byyb — me>

+ (-3 vy — axVLy — 3ty — QYULy) Byb

+ % (=3 vy, — axvgy — 3tv, — ayvy,) Byb (4.43)

— (4 QVgy — QA TVggy — 3tVigy — A YUgyy) B

— é (—d vy — @ TVLyy — 3tV — A YVyyy) Bb

+ (2w — 3twy — axw, — A ywy) <Agv — Blu — %nyb — Cmb>
+ (-3 aw; — @ 2Wey — 3tWiy — A YWey) Cib
+ L (=3 awy — azwyy — 3twy — aywy,) Cyb

Wl

—~

—daWyy — O TWagy — 3tWigy — O YWagy) Ch

- = (—40éwyy — QTWayy — 3tWiyy — aywyyy) Cb.

W =
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2
Y = -3 (—2au—3tut — QXU —ayuy)Aryb

1
+ 3 (=3 auy — axUgy — Btuy — ayuy,) Agb

+ 3 (=3 Uy — A TUzy — BtUy — QA YUgy) Ay

~3 (—d gy — O TUGzy — 3TULgy — O YUgyy) Ab

2

~3 (—2av —3tv, — azvy, —ayvy) Byyb
1

+ 3 (=3 avy — arvgy — 3tvy — ayvy,) Byb
1

(4.44)

+ 3 (-3avy — axVzy — 3tvy — Ol?ﬂ’a:y) Byb

2
— = (4 vy — @TVzey — 3tVimy — QA YVyyy) Bb

3

2
~3 (—2aw — 3tw, — azw, — aywy) Cyryb

+ 3 (—3awy — azwgy — 3twyy — aywy,) Cyb

+ 3 (—3awy; — axWey — 3twiy — A Ywyy) Cyb

—3 (4 Wy — QTWezy — 3tWiry — A YWay,y) Ch.

4.1.3 Solutions in-terms of solitary waves

In this subsection, the solitary wave solutions for time fractional new coupled ZK
system (4.1) are to be determined. The fractional complex transformation (2.63) and
the chain rule (2.64) lead to the ODEs for given system (4.1) in the following form

ksp fe — afgcky — afekig — gghcki — ggckih — bfeecks® — bfecckiks® = 0,
kap gc — Uhfeky — Thekn f — bgeecks® — bgeeckika® = 0, (4.45)
kaphe — Ufgeky — Lfekig — bheecks® — bheeckiks”® = 0.

The ODEs (4.45) have been further examined to possess bright, dark and singular

solitary wave solutions.

e For getting the bright solitary wave solution, the following form of solution is

considered

f(¢) = Arsech” ((), g(¢) = Azsech™((), h(C) = Assech™((), (4.46)
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where A; and p* (i = 1,2,3) are the wave amplitudes and the arbitrary con-
stants, respectively. The back substitution of Eq. (4.46) into the ODEs results

in the following set of equations

(—ksp Aaps + b1 Aops® + b1 ks Aspo®) sech?? () + (—3 bki® Aapy?
—20bk1” Agps — k1 Agps® — 3bki ks Agps® — 2 bk ky® Agpo

—bk1k22A2P23) sech?? (¢) + (IAsA1pi Ky 4 [ Aspsky Ay) sech? ™t (¢) = 0,
(—kgp Asps + bk Asps® + bk1k22A3p33) sech? (¢)

+ (—30ky® Asps® — 2ky® Agps — bky® Asps® — 3bki ks Asps® — 2 bk ks Asps
—bk1k22A3p33) sech”*? (¢) + (1A, Agpaky + LA;1p1 Ky Ag) sech” 72 (() = 0,
(9A2Aspsky + gAspaky As) sech? P2 (()

+ (—k3p Aipr + bki*Aip® + bk1k22A1p13) sech” (¢)

+ (—bki® Aipi® — bkiks® Aipr® — 3bki® Aipr® — 2bk1* Aipr — 3bkiks” Aipr®

-2 bkleQAlpl) sech” 2 (¢) + (a Ay Agpoky + a A pik Ay) sech” 72 (¢) = 0.
(4.47)
By applying the balancing principle on the system (4.47), one can find the values
of py = ps = p3 = 2. Thus coefficients of linearly independent functions have
been equated to zero, the solution of determining equations for the variables

A1, As, As and p, generates the following constraints.

Case 1
Al _ Gb(klzl_’_ k22)7 A2 _ 3 (—CL+ CL2 +l4lg> (kf12+k322)b’
9 (4.48)
3 (~a+ VAT Ag) (M4 RN D by (k2= ky?)
AS = y P = .
lg kg
Case 2
Al _ _6b(k12l+ k22)7 A2 _ 3 <—CL+ CL2 +l4lg) (k12+k22)b7
g (4.49)
3 (—a+ Va2 Halg) (B2 + k)0 by (k2 4 ky?)
A3 = - lg y P = kg :

Thus, the bright solitary wave solutions for the system (4.1) using above con-
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straints are retrieved as follows

60 (ki* + ko’ Jest®
U(t,l’,y) = <¥) SeCh2 (klﬂ?‘i‘kgy—f— ﬁ) s

3 (—a+ VaZ+4lg) (b + k%) b

v(t,x,y) = s
kst®
2 3
sech (klx TRy EA a)) ’ (4.50)
3 (—a+ Va2 +1lg) (kn? + ka?) b
w (t,r,y) = s
kat®
sech? (klx + koy + ﬁ) ,
a’ + 41g > 0.
60 (ki + ky” kst®
() <t7x,y) = — (%) SeCh2 (k1$ + kzy + ﬁ) )
3 (—a+ Ve 4g) (* + k?) b
v(t,z,y) = s
kst®
2 3
sech <k1x + koy + Tt i+ a)) ) (4.51)
3 (—a + /a2 + 4lg> (k12 + k22) b
W(t7I,y) - - lg
kst®
sech? <k:11: + koy + ﬁ) )
a’®+41g > 0.

e For getting the dark solitary wave solution, let us consider

f(¢) = Ay tanh™ (¢), g(¢) = Aztanh™((), h(¢) = Astanh™(¢).  (4.52)

By adopting exactly same procedure as discussed in previous subsection for
the bright solitary wave solution gives the parameters values p;, ps and ps as
p1 = p2 = p3 = 2. The determining equations are obtained when coefficients of
linearly independent terms are equated to zero and their solution is discussed

in the following cases.
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Case 3

PR TCELS I G G IR sl
9

=3 (a+ /@ 40g) (ki + k) b 8bky (k1 + )
AS = I y P == L :
g 3

(4.53)

Case 4

2 2
PR NS R (o VE@+1T) (1 + 1o )b,

l lg (4.54)
3 (CL + CL2 + 4lg> (/{?12 + k322) b Sbk’l (k‘12 + k’22)
y P = .
lg ks

Az =

Thus, dark solitary wave solutions for the system (4.1) are given by

60 (ko? + k1?) ) kt®
— _— h _—
u(t,z,y) ( l tan (k1x+k2y—|— F(1+a)> ,

(3a+3\/W) (k2® + k1%) b

lg

v(t,x,y) =
kat®
h? _
tan (k1$+k2y+ (1 +a)> )
3 (a+ Va?+4lg) (ke + ki) b
lg

(4.55)

w(t,z,y) = —

kst
tanh? [ k k =
b (b b )

a2+4lg20.
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60 (ko® + ki’ est®
u(t,x,y) = — (%) tanh? <l{711’+k2y+ m) )

(3a+3va+4lg) (k?+ k2 b

lg

kgt®
tanh? ( k k A A
an <1x+ 2y+F(1—|—oz))’

3 (a+ Va?+4lg) (k* + k%) b
lg

kst®
tanh? ( k k —
an <1x+ 2y+r(1+a)),

(4.56)

w(t,z,y) =

a2+4l920.

e 'To obtain the singular solitary wave solution, let us consider

f(€) = Ay esch” ((), g(¢) = Ag esch”((), h(C) = Az csch™ (). (4.57)

By using the balancing principle one can find the values p; = po = p3 = 2. A
little simplification results in the expressions for the wave amplitudes and p are

discussed in the following cases.

Case 5
A - — 6b (k‘12l—|— k22)’ Ay = ’ (a Vet 4llg> "+ ) b,
g (4.58)
3 (a +\/a? + 419) (ki k") b by (b + Ry?)
A3 - I P = :
g ks
Case 6
A 6b (ki + ko?) A ’ <a Vet 459) (k" + 2") b
1=, A2 = v
! o lg (4.59)
0 _3 <a+ a? +4lg) (k:l ~+ ko ) b7 b 4bk; (k‘12 + k’22).

lg ks

Thus, the singular solitary wave solutions for the system (4.1) can be formulated
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)

as follows
60 (ko + ki kst
u (t, I,y) = — (%) CSCh2 (kyf + /{:Qy + ﬁ) )
3 (at Ve +alg) (2 + k)b e
v (t, x, y) = g csch (lﬁx + koy + m) )
3 <a+ a2—|—4lg> (k22+k12)b Leat®
w(t,x,y) = s csch? (klx + koy + ﬁ
a’+41g > 0.
(4.60)
60 (ko + ki fest®
u(t,z,y) = ¥030h2 (k?ﬂ + koy + F(lg——i—oz)) )
3 (a+ V@ +1lg) (b + k%0 e
v(t,z,y) = s csch (k‘lx + koy + F(l——l—oz)) ,
3 (a+ Va2 +1lg) (b + k%6 et
w(t,r,y) =— s csch (k‘lx + koy + m) ,
a’ + 41g > 0.

(4.61)

4.1.3.1 Analysis of solutions

The bright (4.50), dark (4.55) and singular solitary wave solutions (4.60) are graphi-
cally presented in Figures 4.1-4.8 by choosing suitable values of the various parame-
ters. Figure 4.1 reveals the 3D and 2D wave profiles for bright solitary wave solution
(4.50) in terms of variable u for y = 1 and for x = 1,y = 1, respectively. The 3D wave
profile as shown in Figure 4.1(a) represents the solitary wave obtained for different
fractional order parameter a values. The Figure 4.1(b) describes the corresponding
wave profile on the 2D graph. It has been noticed from the variation in wave profile
as shown in the Figure 4.1(b) that the value of @ has marked a strong influence on the
curvature of the solitary wave. The shape of the wave is found to be almost symmetric
for value of & = 1 and but as the value of a decreases the corresponding width of the
wave found to increase. Figure 4.2 describes 3D and 2D wave profiles of the bright
solitary wave solution corresponding to the variable v. The solitary waves associated
with variable v shows the similar behavior for variation in a values as noticed for the

variable u. The solitary waves for the variable w resemble the wave shape as observed
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—o=1 —~a=0.125 a=0.25

(a) (b)

Figure 4.1: Bright solitary wave solution (4.50) presented for variable wu(t,z,y) (a)
by 3D plot for y = 1 and (b) by 2D plot for x = 1, y = 1 having [ = 0.5, b = 1,
Jy = 0.25, ky = —2, ks = 1.

for the variable v. Figure 4.3(a-c) represents the solitary waves obtained at different
time steps for the various values of fractional order a corresponding to the variables
u, v and w, respectively. It has been found that for larger values of «, the waves
are displaced widely, thus it suggests that a here controls the velocity of the solitary
waves. A large value of « causes the solitary waves to move with higher velocity as
depicted by Figure 4.3(a). As the value of a decreases, the waves are supposed to
move with slightly different velocity (Figure 4.3(c)) and can be regarded as quasi-
stationary waves as they are negligibly displaced. Figure 4.4 shows the solitary waves
for the variables u, v and w for particular y = 1 and y = 2 for different « values.
Figures 4.5-4.6 show the wave profiles of dark solitary wave solution (4.55) in terms
of 3D and 2D plots for the variables u, v and w, respectively. The dark solitary wave
solution can also be explored for the wave shape analysis of associated solitary waves
for different o values. Figures 4.7-4.8 show the wave profiles of singular solitary wave
solution (4.55) for the variables u and v, respectively. The variable w has a profile
similar with v. Therefore, we have shown only profiles for u and v.

As a real world application, the new coupled ZK system having fractional order time
derivative can be used to study the interaction of solitary waves between two layer flu-

ids. The exact solutions obtained in the present analysis representing solitary waves
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———
.-
A

8 10

0=0.25

(b)

Figure 4.2: Bright solitary wave solution (4.50) presented for variable v(¢, z,y) (a) b
3D plot for y = 1 and (b) by 2D plot for z = 1, y = 1 having g = 1, [ = 0.5, a = 1,
b=1,k =025 ky = —2, ks = 1.

possessing a fluctuating relationship two waves having wave number k; and ks. The
solution shows that the resulting solitary wave is a function of wave number of each
wave as well as amplitude and it signifies the typical characteristic of nonlinear wave
interaction. Such solitary waves has a significant impact on the propagation stability
of waves. The unstable waves after interaction are possessing unstability while the
interaction of a unstable and a stable waves may lead to stability or unstability. It

strongly depends upon the coupling terms in the system.
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X
—t1 =2 — 3]

(¢c) a=0.125

Figure 4.3: Bright solitary wave profile of the Eq. (4.50) for « values (a) 0.5 (b) 0.25
and (c) 0.125.
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Figure 4.4: Solitary wave profile corresponding to bright solitary wave solution (4.50)
for y = 1 and y = 2 having « values (a) 0.9 (b) 0.75 and (c) 0.5.
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Figure 4.5: 3D profile of dark solitary wave solution (4.55) for y = 1 with [ = —0.5,
b=—1, k =0.25 ko = =2, k3 = 1 having o = 1,0.5,0.25,0.125 for (a) u (b) v and
(c) w.
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—o=1 ——o0=0.125 0=0.25 —o=1 ——0=0.125 0=0.25

(a)

201
~40-
—80-':-':

-1004;:

— o=l —~0=0.125 0=0.25

()

Figure 4.6: 2D profile of dark solitary wave solution (4.55) for z = 1, y = 1, with
g=1,1=-05,a=3,b=—1,k =025, ks = -2, k3 =1 for (a) u (b) v and (c) w.
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30004

Figure 4.7: 3D profile of singular solitary wave solution (4.60) for y = 1 with [ = 0.5,
b=—1, ky =0.25, ks = =2, k3 = 1 on values of « = 1,0.5,0.25,0.125 for (a) u and
(b) v.
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(a) (b)

Figure 4.8: 2D profile of singular solitary wave solution (4.60) for x = 1, y = 1, with
g=1,1=05,a=3,b=—1,k =025, ko = =2, k3 =1 for (a) u and (b) v.
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4.1.4 Dispersion relation

This subsection gives the linear dispersion analysis of the system using the definition
of RLF derivative with lower terminal at —oco. The detailed procedure for deriving
the dispersion relation has been outlined in chapter 2.

To study the dispersion relation for the system (4.1), the linearised form of system

reads

0%u

% —b (uxxz + uzyy) = 07

aa

W: —b (Ux:m: + U;ryy) - 07 (462)
0*w

Gia b (Vyga + Vgyy) = 0.

Let us consider, the sinusoidal solution of the linear system (4.62) for the dependent

variables u, v and w as follows

u = A4ez(wt—§~f">7
v = A5ei(wt7§ F), (4.63)
w = A(j@i(d)tfg-?)

Here, w = w, +iw;, and A4, A5 and Ag are the amplitudes of u, v and w, respectively.
Now, applying the Fourier transform for term _.,D{ f(t) [226], gives the dispersion

relation for the linearised system (4.62) by solving following set of equations

((10)* Ay — b Ag(—is,)® — b Ay(—is,)(—is,)?) e (*57) = 0
(1) As — b As(—is,)® — b As(—is,)(—is,)?) e/#=57) = 0, (4.64)
((i@)* Ag — b Ag(—isa)® — b Ag(—isa)(—isy)?) e/*57) =0

The solution of above system gives the expression for w as follows

1/a

w =i/t (bsz (52° + 5,7)) (4.65)
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Figure 4.9: Comparison between phase and group velocities at o« = 0.8, s, = 1,
b= 0.25.

The mathematical form of phase and group velocities by using dispersion relation

according to Eq. (2.104) is determined as follows

o (Sai 5y7) 1YL (bsg (502 + 5,2))
UP(‘S) = S:r2 + 8y2 ’
—. a = A N\
0y(8) = 5 —wi(S)i + 5 —wi(5)] (4.66)
x Yy

B jl/a—1 (bs, (SmQ + Sy2))1/a 35,2+ sy2 . R
= 1+25,7 ).
a (8.2 + s,2) Sy

The magnitude of the phase velocity and the group velocity (4.66) components can

be obtained as follows

1 /a— 1/
o1 (bs, (5,2 + 5,2))"

95,44+ 105,25,2 + s, a1l
]vg\ :le/a\/ Sy2 y_jl/a—1pl/a (812+Sy2)1/ la 1

|Up| =

(4.67)

A graph is plotted to investigate the variation of |v,| and |v,| with s, and the obtained
variation is shown in Figure 4.9. It shows that the real and imaginary parts of group
velocity is greater than the real and imaginary parts of phase velocity. It indicates

the anomalous dispersion of waves occurs for the ZK system.
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4.1.5 Conclusion

The (2+1)-dimensional time fractional new coupled ZK system is successfully solved
for Lie point symmetries, conservation laws and solitary wave solutions. Lie similar-
ity reductions lead to reduced (141)-dimensional system of fractional PDEs from
given (241)-dimensional system of fractional PDEs. The non-local conservation
laws associated with Lie point symmetries using conservation theorem based on
formal Lagrangian are determined. Bright, dark and singular solitary wave so-
lutions are obtained using factional complex transformation. Effect of parameter
a = 1,0.5,0.25,0.125 is shown graphically on the wave profile of solitary wave solu-
tions. Also, solitary waves are shown graphically at t = 1,2, 3 and different o’s. The
waves found to preserve their shape with the passage of time, so fundamental solitons
exist [75, 76]. The solitary waves for y = 1, y = 2 are also presented which show the
effect of a on the wave profile of the solutions. Also, the dispersion analysis gives
relation between phase and group velocities which suggests anomalous dispersion of

waves.

4.2 Time fractional Wu-Zhang system in (241)-

dimensions

Herein, time fractional (2+1)-dimensional system suggested by Wu and Zhang [318]
describing dispersive long waves in the shallow water moving along two horizontal
directions is investigated. The system is given in terms of the following set of time
fractional PDEs

[67

+ uuy + vuy + w, =0,

ot
%%—uvm—kvvy—l—wy =0,
0“w 1
5io + Uy W + vw, + vyw + vw, + 3 (Upgz + Ugyy + Vazy + Vyyy) =0, 0 < a0 < 1,
(4.68)
aOé
where gy denotes the RLF derivative with respect to time [226, 251]. Here (u,v)

represents the horizontal projection of surface velocity of a water particle and w de-
notes the water elevation. Individually, v and v corresponds to velocity of water
particle along two perpendicular directions i.e. x and y, respectively. Dissipation
terms Ugzy, Upyy, Vzzy, Uyyy Provide the damping and the other nonlinear terms in

the system (4.68) acting as stabilizing agent in the transmission of dispersive long
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waves in area having shallow water. The coastal/civil engineers have employed the
solutions of system (4.68) in applying nonlinear water wave model in harbors and
coastal designing.

For oo = 1, the system (4.68) becomes classical or integer order Wu-Zhang system and
the analysis of such system has been reported earlier by many authors such as Asgari
et al. [21] have used extended tanh and exp-function techniques for getting exact
solutions, Ji et al. [142] have found some new exact solutions by utilizing Lie sym-
metry analysis, Ma [191] has introduced Homotopy perturbation method for finding
soliton solutions arising in fluid dynamics, the Adomian decomposition method for
getting approximate solutions is carried out by Qasim and Ali [233], Taghizadeh et
al. [285] have employed reduced differential transform and found solutions in terms
of convergent power series, the one-dimensional optimal system and similarity reduc-
tions are performed by Xiong et al. [321], the approximate solutions are calculated by
Zayed and Rahman [344] employing modified variational iteration method and Zheng
et al. [351] have adopted generalised extended tanh method for exact travelling wave
solutions.

The system (4.68) considered under investigation has not been explored yet in litera-
ture, so the main thrust in this section of the chapter is to study the fractional system
(4.68) for dispersion analysis, Lie symmetries, derivation of conserved densities/fluxes
and solutions.

The linear analysis of time fractional Wu-Zhang system is carried out to obtain the
dispersion relation, the phase and group velocity of waves. The Lie symmetries and
similarity reductions are obtained which further helps to derive the conservation laws
by applying new conservation theorem with nonlinear self-adjointness. The exponen-
tial rational function method is applied to find the velocity profile of water particle as
an exact solution of Wu-Zhang system (4.68). Thereafter, the water particle velocity

is analysed graphically under different conditions.




Chapter 4. Time Fractional PDEs 120

4.2.1 Dispersion analysis of Wu-Zhang system

For deriving the dispersion relation of the time fractional Wu-Zhang system, let us

consider the system (4.68) into its linearised form as follows

0%u

=y T — 07

oio +w

0%v

el w, =0, (4.69)
0w 1

5 + 3 (Usgz + Uayy + Vaay + Vyyy) = 0.

Consider the sinusoidal wave form for the variables u, v and w of Wu-Zhang system

(4.69) in following form

-

u:A7€i(wt—§~F)7 v :Agei(ajt—gi’), w:Agei(o’Jt—Sf)' (4.70)

Here, A7, Ag and Ag are the amplitudes of waves associated with the variables u, v
and w, respectively. Here w and S represent the frequency and the wave vector, re-
spectively. The application of the Fourier transform for the function f(t) as _.. Dy f(¢)
[226] helps to find the dispersion relation for the linearised system (4.69) as follows

0
((i@)" As — is,Ag) €'("=57) = g, (4.71)

W1 1 L
((z@) Ag + §2A7 (s2+ szsz) + §2A8 (s3sy + 52)) ci(@t=57) _ ¢

The matrix form of the system (4.71) can be written as follows

(/MD)O& 0 _isx A7
0 (@) —is, A | =0. (4.72)
50 (83 + spsy) g (s2sy +3) (iw)® Ag

The system (4.71) will generate non trivial solution if determinant of coefficients

matrix from A7, Ag and Ag vanishes identically; that is, if

2 1 1
(iw)® ((ia})m - gsisf/ R —34) =0. (4.73)
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It gives (iw)** — 2s2s2 — 1s3 — s, = 0; as (i0)* # 0. A little simplification for @

3 3%z~ 3%y
gives
2+ 52)°
W= ii(mgTi) (4.74)
The above equation can also be written as
S 2/0(
0= +i (31)/2a : (4.75)

where S = |S| = /52 + s2. The negative value of the frequency w is discarded as it
gives a diverging wavefront for ¢ approaches infinity. For the positive value of w, the

dispersion relation becomes

B - (S>2/a
w = Zw. (476)
It gives the following values for the amplitudes Ag and Ag
AS = SZJA7’
Sz
4.77
g Besh st 4y )

Sz

Thus, the dispersion relation is found to be purely imaginary on comparison with the
following equation
W =wr(S) +iw;(S). (4.78)

— - S 2/a =,

It gives w,(S) = 0 and w;(S) = (;),BW The damping factor v(S) = w;(S) is found
to be S dependent. It reveals that as the waves travel in the horizontal plane, they
exponentially damped with time. The expressions for the phase and group velocities

using the dispersion relation are obtained as follows

(50 + 5,7) (52 +52)"/°

up(5) = 2 1 52 520
x T %y
. 0 -, 0 S 28,(82 + 5221)1/%1 . 2s,(s2+ 83)1/(171 .
v,(S) = a—%wi(S)z + a—sywi(S)J — T =

(4.79)
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Figure 4.10: Comparison between phase and group velocities at o = 0.25.

Then, magnitude of the phase velocity and the group velocity (4.79) components are

obtained as follows

2
|vp| = 2190
/2
3 o (4.80)
[vg] = 2 5750

The system shows an anomalous dispersion of waves since |vy| > |v,| and it is proved

as follows
SSal ga-!
’Ug| - ’Up| = 2231/20‘04 o 231/2a’
Sa-1 9
— ZW(E —1), (4.81)
Sa~t 2
=2 (29,
31/2c Qa

For the positive values of S and 0 < o < 1, the |vy| — |v,| > 0, or |vy| > |v,|. Thus,
the system shows an anomalous dispersion of waves. A graph is plotted to investigate

the variation of |v,| and |v,| with S and is shown in Figure 4.10.

4.2.2 Lie symmetry analysis

In this subsection, the Lie symmetries of Wu-Zhang system in (241)-dimensions with
time fractional derivatives (4.68) are obtained using RLF derivative (2.40) when the
lower terminal is lying at 0.

The analysis is similar to as discussed in previous section 4.1. For the system (4.68),
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the following infinitesimals Xy, X1g, X711, Zs, Z9 and 27, corresponding to independent

and dependent variables, respectively, are obtained

Xg = 2d3t, Xl(] = dl + ngé.I', Xll = dgozy + dQ, Zg = —dgCYU, Zg = —ngé’U, (4 82)
ZlO = —2d3aw, '

where d;, do and d3 are arbitrary constants.

From the Eq. (4.82), Lie algebra for the given system (4.68) is obtained as follows

0 0 0 0 0 0 0
X13—Oél‘%—(XU%—FQta—OZU%—FOz(ya—y—QOzwa—w, X14—%, X15—a—y.
(4.83)

4.2.2.1 Similarity reductions

The similarity reductions for the system (4.68) corresponding to the infinitesimal
symmetry X3 = Qt% — au% — av% — 2« w% + a:z:% + ozya% can be carried out

by solving the characteristic equations as follows
dt  dy  du dv dw

d
ar_at _ — — : (4.84)
ar 2t oy —au —ov  —2ow

The corresponding invariants mathematically expressed in the form as follows

T Y —« -«
G5 = ta/2’ C6 = a2 U= F3(Cs, Go)t ™, v = Gs(Gs, Go)t ™7,

w = H3((s, Gt

(4.85)

Using the invariants (4.85) into the system (4.68), the time-fractional Wu-Zhang sys-
tem is transformed into system of reduced (141)-dimensional fractional PDEs as

proved in theorem stated below.

Theorem 4.2.1. Using the invariants (4.85), the system (4.68) is reduced from
(2+1)-dimensional time fractional PDEs to (1+1)-dimensional PDEs in fractional
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form as follows

(P%T%%’QF;;)(Q,, Go) + F5Fs, + GsFyey + Fse, = 0,

(Pg%%a’aG?))(Qs, o) + F3G3¢, + G3Gagy + Fye = 0, )
(Péjga@HS)(CEn C6) + 2 F3F3¢, + GaFze, + F3Gg, (4:50)
+ % (Fscscscs + Facococs T Gacacacs + Gacotecs) =0

3a o

where P; 5> and P;; “Y represent the extended left-hand sided Erdélyi-Kober frac-
tional differential operators defined in the Eqs. (4.14)-(4.16).

N

Proof. Theorem can be proved by following steps given in Theorem 4.1.1. O

The IGs X4 = % and X5 = a% give only the trivial solutions. Hence, they are

not physically important.

4.2.3 Conservation laws

Lagrangian and adjoint equations for deriving conservation laws of Wu-Zhang system
(4.68) by using a new conservation theorem [121] and the nonlinear self-adjointness
technique [123] is given as follows.

Let £ denotes formal Lagrangian for given system (4.68) by following expression

(67 (0]

0
L=P(t,z,y) (875 + w4 v, + wx> +Q(t,x,y) (87‘1] + uv, + Vv, + wy>

(67

0w 1
+ R(t,x,y) <% + Uy W + uw, + vyw + vw, + 3 (Uzz + Uayy + Vagy + Uyyy)) ,
(4.87)
where new dependent variables (P, @), R) are functions ¢, x,y. Thus the adjoint equa-
tions for the system (4.68) are defined as follows

) ) )
L 0y 0k 89
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4]
where 50’ 30 and S0 represent the Euler-Lagrange operators and defined according
u ov w
to the Eq. (2.96) as follows

6 Q) *
= Ou + (D7) Ogay — DOy, — D3O0,,, — DoD}0,,,,
5 Q) *
== Oy + (Df)*Oppry — DyBy, — DiDy0,,,, — D30y, (4.89)
d
<~ — Vuw Di)* S T DIE We 3
S0 Ow + (Dy")" O Ow,
where (D{)* represent the adjoint operator of (D).
The adjoint equations are obtained from the Eq. (4.88) as follows
Qu, — Pyu — Ryw — (Df)*P — Pyv — Pu, — ngx—ngy =0,
. 1 1
Py = Qo = Qus = (Df)'Q = Qv = Ryw = 5 Rumy = 5 Ry =0, (4.90)

— P, — Ryu— (DY) R — Q, — Ryv = 0.

The nonlinear self-adjointness principle [96, 123] is proved for all solution (u,v,w)
upon substitution P = ®5(t, z, y, u, v,w), Q = Ps(t, z,y, u,v,w) and R = ®7(t, x,y, u, v, w),
the following conditions should be satisfied

oL \ 0“u o0“v
@}{P:%,Q:%,R:%} - 10(% + uuy + vy, + wy) + Aqa ( oo + uv, + vu, + wy)
“w 1
+ )\12(% + uyw + uw, + vyw + vw, + 3 (Ugzz + Ugyy + Vazy + Vyyy)),
oL ) 0“u 3 0“v
| (s e rany = MG+t + vuy + we) + Aa( S+ uvs + 0w, + w,)
“w 1
+ )\15(% + Upw + uw, + vyw + Vw, + 3 (U + Ugyy + Vazy + Vyyy)),
oL ) 0%u \ 0%v
%‘{Pﬂbg),(a}:fbaﬁ:dﬁ} = 16(% + uu, + vuy + wx) + 17(% + uv, + vuy + wy)
“w 1
+ Alg(W + upw + uw, + vyw + vwy, + 3 (Upzz + Uayy + Vazy + Vyyy)),
(4.91)
with ®;(t, z,y,u,v,w), (1 = 5,6,7), not are all zero, simultaneously and \; (i =

10,11, ..., 18) are the regular undetermined coefficients. On comparing the coefficients
of u, v, w and their partial derivatives, the over-determining system of equations for

&5, Oy and P; is obtained. After solving the determining equations, the following
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results are obtained

N =0(i=10,11,...,18), &5 =0, ®g = 0,
( ), @5 6 (4.92)

where B is the arbitrary constant, for simplicity, let us consider B = 1.

Thus every Lie point symmetry possesed by Wu-Zhang system (4.68), shows the
existence of a conservation law D;(C") = 0, whose components C* are constructed by
using formula as given in Chapter 2.

For the construction of conservation laws, formal form of Lagrangian £ expressed in

a symmetric form as follows

(67

0“u
L= P(@T+“uw+vuy+wx>+Q<3ta +vvy—|—wy)
0w 1 1
+R 57 + UpW + UW, + VyW + VW + 3 Uaae + 9 (Uyy + Uyay + Uyya)  (4.93)
1 1
+§ (Vaay + Vaya + Vyaw) + 3 vy | -
For the Lie 1nﬁn1tes1ma1 symmetry generator X3 = axaﬁ — au -+ 2t5; ‘9 — v% +
« y— — 2« w , the Lie characteristic functions attain the followmg forms
Wi = —au — 2tu, — aczu, — ayuy,
Wy = —av —2tv, — azv, — ayv,, (4.94)
Wy = —2aw — 2tw; — a 2w, — ayw,.

In this case, the conservation laws, using Eqs. (4.92), (2.93) and (2.97), are obtained

as follows
C' = —2al! *(w) — 21}~ *(tw;) — az I} *(w,) — ayl}~*(w,). (4.95)
= (—ua — 2tu; — A TUy — YO Uy) W — Uy, — ; O Ty — %tutm
zl)) YO Uy — zl)) Q Uy — ; QO LUy — ;tutyy % YO Uy g A Vgy (4.96)
; O TV — 3 Tty — 9 — YA Uy + (—2wa — 2tw; — axw, — ya wy) U.
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y 2 2 4 2
C :—gaumy—§oza:umy—§tumy—§yaumyy
+( » ) 1 1 275
—vo— 210 — TV, — YA U)W — = A Vpy — = X XVgpy — = LUz
' yaty) Ty 9 9" (4.97)
1 1 2 1
—§yo¢vmy—avyy—gaxvmyy—gtvtyy—gyavyyy

+ (—2wa — 2tw; — W, — yawy) v.

For Lie infinitesimal symmetry generator X4 = 8%, the Lie characteristic functions
are Wy = —u,, Wy = —v,, Wy = —w, and the corresponding conservation laws are

given by following

C'= —I"*(w,). (4.98)
. 1 1 2
% = — U, W — g Upgr — § Ugyy — § Vpgy — Wel. (499)
2 1 1
CY = —§ Ugzy — VpW — § Vgwx — g Vgyy — WeV. (4100)
Similarly, the infinitesimal symmetry generator X5 = a% with W7 = —u,, Ws = —v,
and Wy = —w,, the following conservation laws are obtained
Ct = —I"*(w,). (4.101)
1 1 2
C* = —uyw — g Weay ™ g Uyyy T g Vayy — Wyll- (4.102)
2 1 1
¥ = T g Yeyy T VW T g Vaey T g Uyyy — Wy U (4.103)

4.2.4 Exact solutions via exponential rational function method

This subsection describes the way to find water particle velocity (u,v) and eleva-
tion w as solutions of time fractional form of Wu-Zhang system (4.68) by applying
exponential rational function technique [11, 28, 204, 286, 338]. This method gives
the analytical solutions for various types of fractional PDEs as reported in [11, 204].
For solutions, the fractional complex transformation (2.63) converts the given system
(4.68) into a following system of ODEs

ksp fe + ki ffe+kegfe +kihe =0,
kspgc + k1 fgc + kagge + ko he = 0,

1
k‘gp h< + k’l fhg + ]{?1 hfg + /{2 ghg + k’ghgg + g ((k’? + k‘lk‘g) f(cg + (k’%k’g + k’g) ggcc) =0.
(4.104)
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The solution of ODEs (4.104) according to Eq. (2.69) can be written as follows

A B

£(Q =Ao+(1+—1eg), 9(¢) =Bo+m

C Co

(Ate)  [A+e)
(4.105)

The back substitution of the solutions (4.105) into ODEs (4.104) and produces a set

of polynomial equations in e’¢. The coefficients of different powers of e¢ have been

’ h(C) :C0+

equated to zero for getting algebraic equations in terms of unknown parameters Ay,
Ay, By, B1, Cy, Cq, Co. By using symbolic computational software Maple, the different
solutions of algebraic equations are obtained and discussed in following cases.

Case VII

k’2 + ]{72 l{igp—i— k’gBO 2]<71 2]{72
A:_<1 5 >,A:_,B:_,C:0,
" V3k, ki Y VE (4.106)
2 2
Cl — g (k,12 —f- ]{?22) y Cz — —g <k12 —f- ]{?22) .
Case VIII " LB B
A = _%, A== 0i=0, G =0, (4.107)
1 1

Using the above results for relations given in Eq. (4.105), solutions of ODEs are

apreared as follows

k‘% + k% i k’gp + k‘zlgo) 2 kl 2 k‘g

1O = (Mg R}y Lt 00 = Bt

o) 2t k) 2kt 4 k) (4105
- 3(1+4¢€9) 3(14e0)*’
and
k koBB ko BB B
F(O) = — 3P ‘fl;l 2o - (12+1e<)’ 9(¢) = By + rleﬁ’ h(¢) = Cy. (4.109)

The back substitution of solutions of ODEs into the Eq. (2.63), the following hori-

zontal projection of water particle velocity u, v and the elevation w as exact solutions
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of fractional Wu-Zhang system (4.68) are obtained

k% + k’% ]{Z3,0 + k’QB() 2k’1
u(t,x,y):—( NG + ’ + Fro eyt LB
1 ! V3 (1 ety r<a+1>)
ks
v t,&?, = By + t ’
(t,z,y) = By 7 (1 et ) (4.110)
2(k7 + k3) B 2(k7 + k3)

w(t, xz, y) - k
3t kate \ 27
3 (1 + ek1x+k2y+r(a+1)> 3 (1 + ek1x+k2y+ﬁ.%1)>

and

_l{igp + k?QBO k261

kg t™
kl kl <1 + ek1x+k2y+7r(a+l>>

B, (4.111)
<1 + ek1z+k2y+1~?§7ﬁ)> ’

u(t,z,y) =

?

U(t>$ay) = BO +

w(t, z,y) = Co.

4.2.4.1 Physical interpretation of the solutions of Wu-Zhang system

The graphical representation of the solutions (4.110) is discussed in this subsection.
The values of various parameters selected for plotting the graphs of the solutions
are respectively given in the corresponding figure captions. Figure 4.11 shows 3D
and 2D plots for the solution given in Eq.(4.110) for dependent variables u, v and
w. Figure 4.11(a,b,c) shows 3D plots for the water particle velocity u, v and the
elevation w, respectively at o = 0.125. Figure 4.11(a,b) depicts the kink wave profile
for the velocity represented through u and v variables. Figure 4.11(c) shows the bell
type profile for the solution obtained for the variable w. Figure 4.11(d,e,f) shows the
variation of water particle velocity (u, v) and elevation (w) of Wu-Zhang system for
different values of fractional order « as 0.125, 0.5 and 0.9 by 2D plots. The Figure
4.11(d,e,f) shows that water particle velocity and elevation decrease with an increase
in the variation of fractional order « values. Figure 4.12 represents the variation in
wave profile of the solution (4.110) for u, v and w variables as a function of « having
other parameters (t,z,y) fixed as (1,1,1) and (3,1,1).
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Figure 4.11: Shows 3D representations of solution (4.110) (a) kink wave profile for u
at y =1, a = 0.125 (b) kink wave profile for v at y = 1, & = 0.125 and (c) bell shape
profile for w at y = 1, a = 0.125. 2D representations describe effect of fractional
order « in (d), (e) and (f) for ky = 1, ko = 3, ks = 2, p = 0.75, By = 0.5, x = 1,
y=1.
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Figure 4.12: Effect of o on the solution (4.110) with k1 = 1, ks = 3, k3 = 2, p = 0.75,
By = 0.5.
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4.2.5 Conclusion

The (2+1)-dimensional time fractional Wu-Zhang system derived for dispersive long
waves in shallow water model has been investigated for its dispersion analysis, Lie
point symmetries and conservation laws. The dispersion relation signifies the anoma-
lous dispersion of waves for the system. Similarity reductions reduce the system
to (14+1)-dimensional fractional PDEs. The new conserved density and fluxes for
Wu-Zhang system are obtained using nonlinear self-adjointness and new conservation
theorem. Exact solutions are obtained by using exponential rational function method
and analysed graphically to investigate the effect of fractional order . The wave
profile for the velocity of water particle and elevation in Wu-Zhang system is of kink
and bell type, respectively. The 2D and 3D plots of solutions show that water particle

velocity decreases with an increase in fractional order «.

4.3 5" order equation from Burgers hierarchy hav-
ing fractional order derivative with respect to
time

In this section, the time fractional form of 5'* order equation from Burgers hierarchy
2, 38, 97, 310, 333] is studied for explicit solutions, symmetries, linear analysis and
conservation laws. Burgers hierarchy with time derivative of fractional order can be

determined from the following equation
Dfu+ uDy(Dy +u)’u =0, v=0,1,2, .., (4.112)

where 1 is the arbitrary constant, D® denotes o' order RLF derivative, and « lies
between 0 and 1. Fractional Burgers hierarchy (4.112) of order « is the generalisation

of Burgers hierarchy of integer order [82, 159, 160, 310] given by
Dyu+ puDy(Dy +u)’u =0, v=0,1,2,...,. (4.113)

The Burgers equation balances the dissipation and the nonlinear convection processes
[308]. Tt efficiently describes the models of fluid mechanics, traffic flow, nonlinear
acoustic transmission and gas dynamics [308]. The 2"* and 3"¢ order time fractional
equations obtained from the Burgers hierarchy have investigated for the invariant

solutions by Lie group method [245, 299]. The multiwave solutions were obtained in




133 Chapter 4. Time Fractional PDEs

the investigation of 4" and 5" order space-time PDEs from the Burgers hierarchy
2].

The time fractional 5" order equation from Burgers hierarchy found by substituting
s =4 in the Eq. (4.112) is given by

Diu+p <umxm + 10Uy + 15 Upligpy + D Ullpgpee + 15 Uz> + 50 Uty Uy
(4.114)
+ 10 v Uppy + 30 w?uy,? + 10 vy, + 5u4ux> =0,0<a<l.

The Eq. (4.114) derived using Burger’s hierarchy is not investigated yet for the lin-
ear dispersion properties, symmetries, explicit solutions, and conservation laws. So,
the main thrust in this section is to study the Eq. (4.114) for all above mentioned

properties.

4.3.1 Linear dispersion analysis

The dispersion relation has been obtained in the following form using the detailed

procedure described in section 2.15
w(s) = pesai e a1, (4.115)

It is to be noticed that the dispersion relation is complex in nature and its real as

well as the imaginary parts for s > 0 are obtained as follows

Re((s)) = cos((+ — 1)7 it
oz (4.116)
Im(w(s)) = sin((a - I)E)MESE.

The complex forms of the phase and the group velocities for Eq. (4.114) have been

obtained as follows

UplS) = y
o) == (4.117)
1 5 1.1 4
IIU/D‘SO‘ 1o s

and

§ (4.118)
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The real as well as imaginary parts of phase and group velocities are obtained as

follows 1
0y(s) = Re(T(s)) = cos((—~ — 1)) s 7,
1 Zo. (4.119)
= In(5,(s)) = sin((— — )5)uzss ",
and . ) i ,
0y(5) = Re(ty(s)) = = cos((~ — 1) )uest ",
5 1 T 1 5 (4'120)
= Im(0y(s)) = —sin((~ — 1)§)M585_1~

The variation of phase and group velocities with respect to wave vector s for given
equation is shown in Figure 4.13 and Figure 4.14 for a« = 0.75 and o = 0.5, re-
spectively. The phase and group velocities are related to each other by relation
Vg = Up + 5 %’. It has been found that the group velocity magnitude is higher than
magnitude of phase velocity for all s values. Thus, the waves follow an anomalous
dispersion and the long wavelengths propagate comparatively slower than short wave-
lengths. The variation of v, and v, with o for s = 1, u = 1 is shown in Figure 4.15 and
it reveals that there are number of « values lie between 0 and 1 for which real parts

of v, and v, approache zero and it forces the waves to travel in opposite directions.

The real parts of the phase and group velocity vanishe at o = m, where m is
an integer having values 0, 1, 2,... and the corresponding « values are %, i, %,

Similarly, the o values for which the imaginary parts of the v, and v, become zero
are given by ﬁ, where n is an integer. It is to be noted that imaginary part of the
w(s) corresponds to the damping of the waves as they propagates in space with time.
The damping in the propagation of waves will take place except at the points where
n=1273, ...

1
T 24l

4.3.2 Lie point symmetries

This subsection provides the Lie point symmetries and reductions [94, 95, 118, 245,
299] for the Eq. (4.114) with the help of RLF derivative [157, 226] of order «.
The admitted Lie algebra for the Eq. (4.114) under 1LGTs is generated by following
IG

X = X190, + X130, + Z110,, (4.121)

where X5, X3 and Zy; are infinitesimals corresponding to ¢, x and u, respectively.
If the IG (4.121) is assigned as the Lie point symmetry of the Eq. (4.114) then it must

satisfies the invariance condition. A little simplification of the invariance condition,
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Figure 4.13: Variation of Figure 4.14: Variation of
phase and group velocities phase and group velocities
with s at a = 0.75. with s at a = 0.5.
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Figure 4.15: Variation of phase and group velocities with o having =1, s = 1.
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further by equating the coefficients of dependent variable and their derivatives, results
into the determining equations for X5, Xi3 and Z;;. The solution of determining

equations will provide the following infinitesimals

5t
Xig = —eq, Xi3 = e1x + ez, Z11 = —uey, (4.122)
a

where e; and ey are randomly selected as constants. The associated Lie algebra
obtained from above infinitesimals for Eq. (4.114) constitutes following two vector
fields

X6 = 0y, Xi7 = —u0, + %8,5 + 20,. (4.123)

Thus the invariant solutions and the similarity reductions are compiled in the follow-
ing cases.
Case IX: Vector field X146 = 0, gives the invariant solution for the Eq. (4.114) as
given by

u(x,t) = F(t). (4.124)

The reduced fractional ODE obtained from the invariant solution is retrieved as fol-
lows o F (1)

=0. 4.125

ot ( )

The solution for reduced fractional ODE is obtained in the form as given by

u(z,t) = g1t (4.126)
where ¢, is an arbitrary constant.
Case X: For case X7 = —ud, + %@ + x0,, associated characteristic equations are
given as follows
dr dt du
-~ 4.127
x % —u ( )

Using solution of above characteristic equations, the following forms of invariants are

determined

¢ = t@ w=F()t 5. (4.128)

The substitution of above invariants into Eq. (4.114) provides nonlinear ODE having
fractional order by adopting procedure as given in previous section 4.1. Hence, the
Eq. (4.114) is reduces to nonlinear fractional ODE in following form

(P1—6%,a
5

o

+ 15 FeFeee +5 FFeeee +15 FCS -+ 50 FFCF<<>M =0,

F)(O) + (10 F3F¢c + 5F*Fe + 10 F?Feee + 30 F2E? + Feeece + 10 Fel?
(4.129)
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6a

where (Pl_?’aF > is the Erdélyi-Kober fractional differential operator [157].

5
«

4.3.3 Explicit power series solution of the reduced nonlinear
fractional ODE (4.129)

This subsection describes the procedure to find the explicit power series solutions
to the Eq. (4.129), as this method is an excellent way to obtain the solution for
fractional ODEs [86, 131-133, 234]. The Eq. (4.129) is considered to solve by power
series as follows

F(¢) =) as¢7. (4.130)

0’7:()

On substitution of Eq. (4.130) into the Eq. (4.129) and for o7 = 0, it gives

1 F(lf%a)ao 1 3 4 9
—— —————"— — — (20ap”az +5ap a1 + 60 ap“a:
120 Mf(l—ga) 120 ( 0% oo 08 (4.131)

+30a0°a1? + 40 ag® + 90 aras + 120 agas + 15a1* + 100 agaraz) ,

as =

where ag, a1, as, az and a4 are arbitrary constants. For n > 1, following recurrence
relation is obtained

T o 45) (o7 £ 9) (o7 +3) (o7 +2) (07 + 1) \ uT(1-Fa - Lora)

o
o7 g9 o8

+10 Z Z Z Ao1ogQog—019009—0s (07 — 09 + 2) (07 — 09 + 1) Qo7 —o9+2

0'9:0 O’g:() 0’10:O

1 (F(léaéma)aﬁ

J10

o7 o9 og
+5 E E E E Amboio—mAog—c10dog—0os (07 — 09+ 1) Ao7—09+1

0'9:0 D’g:() 010:0 m=0

o7 g9

+10 Z Z UggUog—og (0—7 — 09+ 3) (07 — 09+ 2) (07 — 09+ 1) Uo7 —09+3

O'9=O O’g=0

o7 09 os
+30 E E E Ao10Qos—010 (09 — o8+ 1) Aog—0g+1 (07 — 09+ 1) Uo7 —09+1
0'9:0 O’g:() 0’10:()

o (4.132)
+10 Y (09 +2) (09 + 1) g2 (07 — 09 +2) (07 — 09 + 1) oy g9 42

og9=0

o7
+15 Z (0'9 + 1) Aoy +1 (0'7 — 09 + 3) (0'7 — 09 + 2) (0'7 — 09 + 1) Uor—gg+3

0'9:0

o7
+5 Z Gpy (07 — 09 +4) (07 — 09+ 3) (07 — 09 +2) (67 — 09+ 1) Gpr—g+4
0'920

o7 g9

+15 > Y (08 +1) oyt (09 — 05 + 1) Aoy gy 1 (07 — 09 + 1) oy gy 41

O'9=O O’g=0

o7 g9
+50 Z Z OogOog—cg+1 (09 — 08 + 1) (07 — 09 + 2) (07 — 09 + 1) ac,7_09+2> ,

O'9=O O’g=0
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o7 = 0,1,2,.... Thus, other terms in sequence {a,,}3_s can be determined suc-
cessively using Eqs. (4.131)-(4.132) in terms of arbitrary constants. Thus, solution
for the Eq. (4.129) with the coefficients as given in Eqs (4.131) and (4.132) can be

expressed as follows

F(¢) = ap + a1{ + aaC® + a3¢® + asC* + as¢® + Z A 5C7TTP

or=1

1 F(l—loz)ao
=ap+ar¢+ax® + a3’ +au(t — — | ——F—~
120 \ puI'(1-2a)

+20 ap®as + 5 agtar + 60 ag’as + 30 ag?ar?® + 40 as® + 90 aqas
+120 agas + 15a,” 4 100 agayaz) ¢°

B > 1 F(l—%a—%ma)aa?
(Z (07 +5) (07 +4) (07 +3) (07 +2) (07 + 1) ( pl (1—-2a—1o70)

or=1 5

o7 0O9 s
+10 Z Z Z Ug10Qog—01900og—0s (07 — 09 + 2) <J7 — 09 + 1) Uo7 —09+2

09=008=0010=0
o8 010

o7 o9
530D D D tmttog-mlng—igng—ay (07 = 00 + 1) oy gy

09=008=0010=0 m=0

o7 09
+10 Z Z Uogog—og (07 — 09 + 3) (07 — 09 + 2) (07 — 09 + 1) Gy —0g+3

09=008=0

o7 09 s
+30 Z Z Z QAg10Qos—010 (09 —0g + 1) Qog—og+1 (07 — 09 + 1) Qo7 —og+1

09=008=0010=0

o7
+10 Z (09 + 2) (09 + 1) Agg+2 (07 — 09 + 2) (0’7 — 09 + 1) Agr—gg+2

o9=0

a7
+15 ) " (09 + 1) gys1 (07 — 09 + 3) (07 — 09 + 2) (07 — T9 + 1) Gy —gy43

o9=0

+5 Z Ugg (0'7 — 09 + 4) (0'7 — 09 + 3) (0’7 — 09 + 2) (O’7 — 09 + 1) Agr—og+4

o9=0
o7 o9
15 Z Z (08 T 1) Qog+1 <09 —0s+ 1) Qog—og+1 (07 — 09 + 1) Qg7 —og+1
o9=008=0
o7 o9
+50 Z Z Aoy Aog—og+1 (UQ —0g + 1) (0'7 — 09 + 2) (0-7 — 09 + 1) aa709+2ca7+5)> )
09=008=0

(4.133)
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Hence, the explicit power series solution for given Eq. (4.114) can be expressed as

follows
5 107 fty P
§ : - Z —(o7t+d)e
u = (1,071’07t (o7+1)a/5 + ag7+5$07+5t 3
o7=0 or=1

—a —2a 27304 374a 4,—a
=apts +axt™5 +axt s +azxrt s 4+ agxt

1 (F(l—%a)ao

120 ,uF(l—ga)

+90 ayas + 120 agay + 15a;® 4 100 agayas) % 5"

+ 20 ap®as + 5 agta; + 60 agas + 30 ap?ay® + 40 as?

o7=1 5

B wiffy 1 F(l—%a—%ma)aﬁ
(07 +5) (07 +4) (07 +3) (07 +2) (07 +1) \ puT(1-¢a—iora)

o7 09 s
+10 Z Z Z Qg19Qog—0100og—0s (07 — 09 + 2) (07 — 09 + 1) Ag7—09+2

09=008=0010=0
010

o7 o9 os
+5 E E E , E AmQg1g—mAog—o10Gog—0s (07 — 0y + 1) Uo7—0g+1

09=008=0 010=0 m=0

o7 0O9
+10 Z Z Uy Ooy—og (07 — 09+ 3) (07 — 09 + 2) (07 — 09 + 1) Agr g 13

09=00g=0

o7 o9 os
+30 Z Z Z Qg9 Qog—0o1g (09 — 08+ 1) Aog—og+1 (07 — 09 + 1) Qo7 —09+1

09=008=0010=0
(g

+10 Z (O’g + 2) (O’g + 1) Agg+2 (0’7 — 09 + 2) (07 — 09 + 1) Agr—gg+2

o9=0
a7

+15 ) (09 + 1) tggs1 (07 — 09 + 3) (07 — 09 + 2) (07 — T9 + 1) Gy —gy43

o9=0

a7

+5 Z agg (0'7 — O9g + 4) (0'7 — 09 + 3) (0'7 — O9 -+ 2) (0'7 — 09 —+ 1) CLU7_09+4

agg=0
o7 09
+15 ) ) " (05 + 1) tggs1 (09 — 05 + 1) Gogogr1 (07 — 09 + 1) gyt
09=0 o5=0
o7 o9
+50 Z Z AogQog—og+1 (0'9 — 08 + 1) ((77 — 09 + 2) (0'7 — 09 + 1) CL0-70-9+2)
o9=00g=0

wa7+5t7<a75+5>a) .
(4.134)
The obtained power series solution given in Eq. (4.134) has been analysed graphically

in terms of 2D and 3D wave profiles. The figure caption provides the details of various
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Figure 4.16: 3D plot of the so- ‘
lution (4.134) with a; = 1, i = Figure 4.17: 2D plot of the
1727374a as = _47 g = 017a solution (4134) with a; =
a7 =076, u=2,a =05, n=0 1,7 = 1,2,3,4, a5 = —4,
to 7. ag = 0.17, a; = 0.76, p = 2,

a=05t=1,n=0to 7.

parameters selected for plotting the curves. Figure 4.16 and 4.17 correspond to the
3D and 2D plots, respectively for the solution when o = 0.5. The Figures 4.18-4.19
and Figures 4.20-4.21 represent wave pattern for a = 0.75 and a = 0.9, respectively
in 3D and 2D plots.

4.3.4 Conservation laws

For conservation laws, formation of Lagrangian for Eq. (4.114) is expressed as follows

L="(z,t) (Dtau +p (umxm + 10 Ugy? + 15 Uztisy + 5 UWllgpee + 15Uy + 50 Uty Uy,

+ 10 vty + 30 v?u,? + 10 wdug, + 5 u4ux>>,
(4.135)

where Y (x,t) is taken as new dependent variable.
The %£ = 0 gives adjoint equation [121] to Eq. (4.114), where % represents Euler-
Lagrange operator [96, 185] and given in Eq. (2.96). Using Eq. (4.135), the adjoint

equation for Eq. (4.114) can be written as follows

—5T,ut — 10 Typpu® — 5 Tou,?) p— (DY) Y = 0.
(4.136)
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Figure 4.18: 3D plot of the
solution  (4.134)  with  a;,
t = 1,2,...,6 are taken as
1,0.5,0.25,0.125,2, —2.37,0.49,
and p =2, « =0.75, n =0 to 6.
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Figure 4.20:
solution  (4.134)  with  a;,
1 = 1,2,...,6 are taken as
1,0.5,0.25,0.125, 2, —2.37,0.49,
and p =2, a=0.9,n=0tob5.
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Figure 4.19: 2D plot of
the solution (4.134) with
a;,1=1,2,...,6 are taken as
1,0.5,0.25,0.125, 2, —2.37,0.49,
and p =2, a =0.75,t = 1,
n =0 to 6.
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Figure 4.21: 2D plot of

the solution (4.134) with
a;,1=1,2,...,6 are taken as
1,0.5,0.25,0.125,2, —2.37,0.49,
and p =2, =09, t =1,

n =0 to 5.
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Thus t and = components of conserved vectors corresponding to X4 and X7 for given
Eq. (4.114) are calculated as follows

a- oL oL
C’? =TL+ (_1)00Dt 1(W10)ng _ <_1)1J<W10,Dtlm>
t t
= oDy (Wio) T + J (Wi, To), (4.137)

= ODtail(—ux)T + J(—Ux, Tt),

C7 = (—ugmc’f:,xC — 50 u  Upthpy — 15 Uptiyee ¥ — 30 w2 Yy — 5u*Yu,
+10 Uuptiye Yo + 100y, + 10w Yyt — 10Uy Yort® + 5wty Y puy
103 Y ugy + 10 Y ptiyy — 5 Utipe Luw — 10 W2 Y tippy + 5 Utlpyy Lo (4.138)
—5 Ullggra T — Usgzae T — Us Loaow — 10 e T — 151> T + Uy Lo

oL oL
Ct=TL+ (=1 DY (W) D?——— — (=)' J(Wy,, D} ——
8 + (=1)" oDy (W) taOD?u (—1) ( 11, t(%D,?‘u)
= oDF T W)Y + J(Why, Ty), (4.139)

5t 5t
= oD N (—u — 2u, — Eut)T + J(—u — zu, — —uy, Vo).
a

Cf = —t (5 Ttopwe = 4sza Lo + 30 Tow — 20 Ty — 10w,
4 uY ppwe — DU Y g + 1003y — 100 Y, + 50T + 15 20, Vtiges
+30 zu, 2 Yu? + 5 xu, Yut — 10 2, Yotizr — 10 20,2 Y pu — 10 zu, Y pu®
+10 2y Lurti® — 52U Y prwtt + 10 20z Yu? — 10 2y Yot 4+ 5 2ty Lprts
410 gz YU — 5 TUpyy Yol + 5 Tggpe YU + 50 Uy Ytutlyy — 20w 4y
+25 U Upry + UL Y pwwe + 50 U Ltlpy + 10wy Y ppts + 50 Y,
+50 U Yy — TUppee Lo + 15 20,2 + 75 uYu,% — 30 uY pu,
U Yz + Tz L + 10 002 T + YU

_E (25 tusee Yu + 25 tug Yigey + 75 tu Yug? + 25 tuy Yut — 25 tuy L ptipy
o

—50tus Lo + 50 tus L yptt? — 25 tus Y ppwts + 50 tise Tty + 50 tug, Yud
— 95t Y ptty — 50 tury Tot? + 25 ttsn Lantt + 50 ttipy Ttig + 50 tugy: Yu?
—25 tuzxthu +5 TtU4It -5 tu&thz +5 t’U/thTzz

(4.140)

5t L pmwe + 5t Loz + 100 s Tuttpe + 150 tup Yulu, — 50 tuy T ptitsy
+150 tug, Yuuy,) .
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4.3.5 Conclusion

We present an algorithm to analyse systematically the 5 order fractional equation
from Burgers hierarchy. The linear analysis of the equation gives the dispersion re-
lation whose real part reveals dispersion and imaginary part corresponds to wave
damping. Relation between phase and group velocity signifies anomalous dispersion
of waves and velocities are found to be a function of time fractional derivative or-
der. The power series solution is obtained for the reduced fractional ODE by Lie
symmetry analysis. The graphical analysis of the solution for different o values are
presented. The new conservation theorem has been applied to derive conservation

laws corresponding to infinitesimal symmetries.







Chapter 5

Space-Time Fractional PDEs?

In this chapter, the two physically important PDEs having space-time derivatives
of fractional order are examined for solutions and dispersion relation. The potential
Yu-Toda-Sasa-Fukuyama (YTSF) equation and (2+1)-dimensional Maccari system in
fractional forms are chosen for investigation. For solutions, an improved F-expansion
method is proposed for YTSF equation and EJEFE principle for (2+1)-dimensional
Maccari system. A discussion on linear forms of the equations is carried out for

dispersion relation, phase and group velocities.

5.1 Space-time fractional Potential YTSF equa-
tion
In this section, an improved F-expansion method is applied to space-time fractional

potential YTSF equation [335] for deriving solutions. The integer order YTSF equa-

tion is given as follows
(4w, + ®(w)w,), + 3wy, =0, ®(w) = &2 + 4w + 2w,0, ", (5.1)

where w : R, x R, x R, x R, — R and different subscripts used in equations de-
note partial derivatives with respect to variables taken as z, y, z or ¢ and 9, '(-) =

[ (-)dz. The Eq. (5.1) represents (3+1)-dimensional generalisation of the Calogero-

3The contents of section (5.1) are published Nonlinear Dynamics, 96(2), 837-852 (2019)
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Bogoyavlenskii-Schiff equation [255] which is given by
w; + ®(w)w, =0, ®(w) = 02 + 4w + 2w,0; . (5.2)

For w = u,, the Eq. (5.1) transforms into (3+1)-dimensional potential YTSF equa-
tion [335] and is given by

— AUy + Uggar + 3 Uyy + L UgUyy + 2Ugu, = 0. (5.3)

In the Eq. (5.3), the function u(t,z,y, z) represents the amplitude of wave and is
used to describe mobility of solitons. It also represents nonlinear waves in the fields
of plasma physics, fluid dynamics, weakly dispersive media, etc. [181]. The Eq. (5.3)
was solved for soliton, non-travelling wave, exact travelling wave, rogue wave, soliton
solutions in Gramian, rational, lump and solitary waves type solutions [13, 44, 47,
56, 65, 117, 136, 183, 184, 190, 246, 283, 305, 306, 323, 332, 341-343, 345, 349]. In
literature, no reports on space-time fractional potential YTSF Eq. (5.3) has been
found for exact solutions and dispersion analysis. The real life applications of the
equation have found in oceanography, waves in the two layer liquid medium and
elastic medium [1, 56, 183, 283, 311, 332]. The fractional order version of YTSF Eq.
(5.3) can be obtained by using the variational principle in fractional calculus [9, 198]
and this principle is successfully implemented for deriving fractional order differential
equations for other systems reported in [9, 84, 105, 198, 247]. In the present analysis,
space-time fractional potential YTSF equation in normalised form is considered as

follows
.y 0% [0%u N 0P [ 0%u +3827u y 9%u 9% [
oxP \ ote 0x38 \ 020 Oy OxP 0xP \ 020
0%Pu\ [ 0°u
2 (m) <W) =0,

where a, 8, v and 0 (0 < «, 5,7,d < 1) denote the fractional orders of the derivatives

(5.4)

with respect to independent variables ¢, x, y and z, respectively.
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5.1.1 Improved F-expansion method to solve potential YTSF
Eq. (5.4)

The fractional complex transformation (2.75) converts the given Eq. (5.4) after inte-

gration into the following ODE
(4 KKy + 3 K% U' + K*K3p*U" + 3 p K2 KU = 0, (5.5)

where, the constant of integration is considered as zero and ' denotes derivative of
U(¢) with respect to (. The homogeneous balancing between highest order derivative
term U” and highest order nonlinear term U'* in the Eq. (5.5) gives the solution of

Eq. (5.5) in the following form

U(G) = po + pa(m + 6(¢)) + va(m + ¢(¢)) (5.6)

The use of Eq. (5.6) into Eq. (5.5) gives a polynomial in ¢(() as follows

(3p Ki*Kspn® + 6 K1°Ksp®pun) ¢° (¢) + (12 p Ki* Kgpn>m + 24 Ky Ksp?pum) ¢7 ()
+ (36 K1’ K3p®pum® + 8 K1’ K3p®pul 4 18 p K1 * Ky *m?® + 3 Ko py — A K1 Ky iy
—6 p K1*Kspivr + 6 p Ki°Kapil) ¢° (C) + (24 p Ki* Kspa®ml + 12 Ko*pym

—16 K1 Ky pym + 12pK12K3u12m3 + 24 K13K3p2u1m3 + 32 K13K3p2u1ml
—12pK12K3u1my1) ¢° (¢) + (4 KKy — 12 p K Kspinl — 6 p K12 Kspam®in
24 K 1Ky jum? + 3 p K2 Ky 2 + 3 p K 2 Kap *m* 4 3 p K2 K 212 4 2 K3 K p iy 12
—|—36pK12K3u12m2l + 18 K22M1m2 -2 K13K3,02V1l — 4K Kyl —6 K13K3,02V1m2
—3 K% 4+ 6 K3 Ksp? ym* + 48 K Ksp*ym?l + 3 K22u1l) o* ()

+ (12,0K12K3u12ml2 - 24pK12K3,u1my1l — 16 K1 Ky ulm?’ + 8K13K3,02,u1m12
+12 Ko pyml + 32 K2 Ksp? pum?l + 8 K Ky vim + 24 p K 2 K *m®l — 6 K2 vm
+12 Ky’ pym® — 16 K1 Ky puml + 8 Ki* K3p*viml) ¢* (¢)

+ (=8 K1 *ksp®vnl® + 6 p Ki* K3 *L + 3 Ko jum* + 18 p K1 * K iy *m?1?

+12 K12 K3 p? pumP1? + 18 Ko pum?l — 12 p K2 Kgpum?Pul + 6 p K12 Kspa2m®l

+8 K13K3,02,u1m4l — 6pK12K3,u11/1l2 +4 K Kyvim? —3K2vm? —4 K K, ,u1m4
—24 K1 Ky pum?®l — 8 Ki* K3 p®vim?®l — 3 Ko nl + A K1 Ky nl) ¢° (€)

+ (8 K13K3p2u1m3l2 - 12pK12K3,u1my1l2 + 8K Kyvyml — 16 K1 Ky ,u1m3l

+8 K1  Kyp*riml® + 12 Ky pym®l + 12 p K K *m*1* — 6 Ky viml) ¢ (€)
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-3 K221/1m2l -2 K13K3,021/1m212 — 4K1K4 [le4l — 6pK12K3,u1m2V1l2
-+ 3pK12K3,u12m4l2 —6 K13K3p21/1l3 —+ 2 K13K3p2u1m4l2 + 3K22,u1m4l (57)
+ A4 K Kyvm?l+ 3 p KK 212 = 0.

Now, by equating the coefficients of various powers of ¢'(¢), i = 1,2, ... to zero,
the over-determining system of equations is obtained. The system of equations is
solved by using symbolic computational software Maple and solutions are given by

the following expressions

4 K3 K3p% 1 — 3 K2

K, =
4 4K,

=0, vy =2Kpl+2K,pm? (5.8)

and 3 2 2
4 K1\"Ksp®l — 3 K.
K4 = — L 3P 2 , M1 = —2K1,0, vV = 0. (59)
4 K,

Using the above set of values for pu;, v;, and K, into Egs. (5.6) and (2.75), the exact

solutions for the Eq. (5.4) are obtained in terms of hyperbolic, trigonometric and
rational functions and discussed graphically in the following cases.
Case 1: For [ < 0, the solutions involve hyperbolic functions as follows

Family 1
(2p Kyl + 2 K1 pm?)

ul(t,x,y,2) = uo + .

( Y:2) = ho (m — +/—ltanh (\/—lg))

(2p K1l + 2 Ky pm?)

u(t,z,y,z) = o + .

(. 2) = o T ot (V=L0))
The solutions derived in family 1 are plotted in Figure 5.1. Figure 5.1(a-c) represents
the 3D and 2D kink wave profiles for the solution (5.10) whereas Figure 5.1(d-f) de-
scribes the 3D and 2D singular wave profiles of the solution (5.11). The 3D plots help

to compare the wave profiles for solutions in family 1 for fractional order versus an

(5.10)

(5.11)

integer order equation. The effect of variation in fractional parameters on the wave
profile of solutions is depicted by 2D plots. Note that, there is no well-defined pro-
cedure to select a set of fractional order parameters, hence the solutions of fractional
order systems can be simulated by selecting the various combinations of parameters.
Family 2

u(t,z,y,2) = po + (2p Ky) (m — v/—ltanh (\/—_K)) . (5.12)
u(t,x,y,2) = po + (2 p Ky) <m — v/—lcoth (\/—_l(>> . (5.13)
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The solutions obtained in family 2 are presented graphically in Figure 5.2. It describes
the effect of variation in fractional order parameters on the kink wave profile of
solution (5.12) in Figure 5.2(a-c) and singular wave profiles for the solution (5.13) in
Figure 5.2(d-f).

Case 2: For [ > 0, solutions are obtained in trigonometric functions as follows

Family 3
2p Kl +2Kpm?

L ).
<m+\/7tan <\/ZC)> (5.14)
o+ (2p K1l +2 K pm?)

u(t,x,y,2z) = p (m oot (\/K)) . (5.15)

Figure 5.3 shows singular periodic wave profile for the solutions (5.14) and (5.15) ob-

u(t,g:,y,z) =M

tained in the family 3. The wave profile of solutions with fractional order parameters
is compared with the integer order in Figure 5.3(a,b,d,e). The result of variation in
fractional parameters on the wave profile of solutions is revealed by 2D plots in Figure
5.3(c,f).

Family 4

u(t, @, y,z) = po + (2 p K1) <m+\/2tan (\/ZC)) : (5.16)
u(t,z,y,2) = po + (2p Ky) (m — Vlcot (\ﬁ()) . (5.17)

Figure 5.4 also shows singular periodic wave profiles for the solutions (5.16) and (5.17)
for the family 4 in terms of 3D and 2D representations.

Case 3: When [ = 0, solutions are appeared in the form of following rational functions

Family 5
2p K1l +2 Kipm?) ¢
t02) st =) | (5.18)
Family 6
1
u(t,z,y,z) = po + (2 p K1) (m_Z)' (5.19)
Herein ¢ = a2 4 Koyl | Ksz (4 K13 K3p?l-3 Kp )t°

T(B+1) " T(y+1) " T(6+1) 4K T (a+1)
The graphical analysis of solutions obtained for Eq. (5.4) in families 5 and 6 is shown

in Figure 5.5. It shows singular kink wave profiles for the solutions (5.18) and (5.19).
Figure 5.5(a,d) represents 3D wave profiles at « = 0.5, § = 0.5, v = 0.9 and § = 0.15
and Figure 5.5(b,e) depicts the 3D wave profiles at « = f = v = § = 1. The
effect of fractional orders on the wave profile of the solutions is also shown by 2D

representations in Figure 5.5(c.f).
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The real life application of fractional order Eq. (5.4) helps to understand the rogue
waves which were observed in deep sea and this is a field of intensive research in
oceanography [56, 183].

The solutions (5.10)-(5.19) for the Eq. (5.4) are cross checked and verified by Maple
software. It has been found that for parameters « = f =y =90 =1and p = K; =
K, = K3 =1, the solutions were found to be similar as reported in [13, 47, 136, 341,
342] for integer order YTSF equation. Hence, solutions obtained in the present work
are generalised as the fractional order terms «, 5, v and § can be set to any value

lying between 0 to 1.

5.1.2 Dispersion analysis of potential YTSF equation

In this section, the linear dispersion analysis of space-time fractional potential YTSF
Eq. (5.4) is discussed using the definition of RLF derivative [226] with lower integral

limit is at —oo and is given by

« . 1 dn ! n—a—1
CDEf(H) = m%/ (t— 0L f(0)db, n—1<a<nneN. (520

—00

Consider linearised from of Eq. (5.4) as follows

B [0 353 d 27y
49 <8u)+8 <8u)+38 Y. (5.21)

08 \ e Ox38 \ 920 Oy

The sinusoidal solution for the linear system of Eq. (5.21) is given by

u(t,z,y,z) = Aei(wt_g'r), (5.22)

where A is the amplitude of u. Substituting Eq. (5.22) into Eq. (5.21) and using
Fourier transform for fractional order derivative terms [226] with RLF derivative
(5.20) gives

(—4(i@)*(—is,)" + (—is,) ¥ (—is,)" + 3(—is,)?) Ae'@=57) = . (5.23)
Solving the Eq. (5.23) for w, we get,
)L (5.24)

(IJ:<WO s
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Figure 5.1: Wave profiles of family 1 representing (a), (b), (c) for the solution (5.10)
| =

and (d), (e), (f) for the solution (5.11) with py = 1,

_27 Kl = 1) KQ = 17

Kis=-2p=1,m=2y=1z=1for3D plotsand y =1, 2 =1, ¢t =1 for 2D

plots.
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Figure 5.2: Wave profiles of family 2 representing (a), (b), (c) for the solution (5.12)
and (d), (e), (f) for the solution (5.13) with py = 1,1 = =2, K; = 1, Ky = 1,
Ky=-2p=1m=2y=1z=1for3D plotsand y =1, 2z =1,¢t =1 for 2D
plots.
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Figure 5.3: Wave profiles of family 3 representing (a), (b), (c) for the solution (5.14)
and (d), (e), (f) for the solution (5.15) with ug =1,1=2, K1 =1, Ky =1, K3 = —2,
p=1m=2 y=1 z=1for 3D plotsand y =1, 2 =1, t = 1 for 2D plots.
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Figure 5.4: Wave profiles of family 4 representing (a), (b), (c) for the solution (5.16)
and (d), (e), (f) for the solution (5.17) with po =1,1 =2, K; =1, Ky =1, K3 = =2,
p=1m=2 y=1 z=1for 3D plotsand y =1, 2 =1, ¢t = 1 for 2D plots.
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Figure 5.5: Wave profiles of family 5 and 6 representing (a), (b), (c) for the solution
(5.18) and (d), (e), (f) for the solution (5.19) with ug = 1,1 =0, K; =1, Ky = 1,
Ky=-2p=1m=2y=1z=1for3Dplotsand y =1, 2 =1, ¢t =1 for 2D
plots.
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where wy = 1 ((—1)25+6 5:2P5.° (cos (01) + isin (6;))
+3 (=1)2778 5,275, (cos (62) + i sin (92))),
Glzg (26"‘(5—0[),(92:% (27—6—04)

The expressions for phase and group velocities using dispersion relation are given by

Spi+ 8,7+ sk
2 2 2
Sz T 8y + 53

vp(g') = (wo)l/a ;

(5.25)

5 0 .0 N .
0y(S) = ——wo* i + ——wo* j + —wo'/* k.

aSm aSy aSz

Thus, magnitudes for phase and group velocity components are given as follows
|vp ] (4) 7wl
vp| = ,
p \/sz 5,2+ 5.2
S <w12 4 g (ED1 5,117,700 (cos(26) + isin(261)

|,Ug‘ = 2

0% Sy

1/2
+(—1)4B+25 5,495,296% (cos (20;) + i sin (2 91))> /

s,2
(5.26)

where

wy = 1 <2 (—1)277 5,288 5.% (cos (6;) + isin (6;))
Sz (5.27)
—3(=1)>7P 5,275,778 (cos () + i sin (92))) .

The Eq. (5.26) shows that |v,| is not constant, thus medium is found to be dispersive
in nature. The magnitude of group velocity and phase velocity is plotted in Fig. 5.6
for different values of «, 3, v and §. It has been noticed that imaginary part of phase
velocity is greater than imaginary part of group velocity for a = 0.75, 5 = 0.4, v = 0.9
and 0 = 0.6 values. It implies that the sinusoidal waves with large wavelength travel
faster as compared to waves having smaller wavelength. Thus, it suggests the normal
dispersion of waves. Whereas, the real part of group velocity is greater than real
part of phase velocity for the same set of parameters thus, it indicates the anomalous
dispersion of waves. The relation given in Eq. (5.26) is not linear in s,, s, and s,

thus it suggests that wave packet gets distorted in shape.
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Figure 5.6: Comparison between phase and group velocities with o = 0.75, § = 0.4,
7=09,6=06,s,=1,5 =1

5.1.3 Conclusion

The improved F-expansion method successfully gives the solutions of potential YTSF
equation in terms of hyperbolic, trigonometric and rational functions. The effect
of variation in fractional parameters on the wave profile of solutions is described
in terms of 2D and 3D plots. The solutions possess kink, periodic and singular
wave profiles. The conditions for normal/anamlous dispersion of waves in terms of

fractional parameters are formulated.

5.2 Maccari system in (2+41)-dimensions with frac-

tional order space and time derivatives

The present section is focused on following Maccari system having space-time frac-
tional form in (2+1)-dimensions
oeP 9P
| — +——+PW =0
Lot * 0x?8 * ’
oW n W n %P>
ot oy oxB

(5.28)

0,

where 1 = /—1, P and W represent complex and real functions, respectively, of the
variables ¢, x and y. g%; denotes the RLF derivative [226, 251] corresponding time
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. 28 . . .
variable of order . gp—w, % represent the fractional order derivatives w.r.t. = and y

of order 2/ and 7, respectively and 0 < o, 5,7 < 1.

Clearly, the Maccari system (5.28) is complex in nature and expressed as P = U+iV,
where U and V' are real functions of ¢, x and y. Thus, the Maccari system (5.28) can
be rewritten as follows

ooU 0%V

Do + D72 + VW =0,

oV 9*U
_ — 5.29
0 - 528 +UW =0, (5.29)

oW N W N oP(U? +V?)
ot oy oxh

=0.

In literature, the derivation of Maccari system can be found in [192]. For a==vy=1,
the system (5.29) has been successfully solved by various methods reported in [55,
68, 112, 143, 162, 182, 261, 298, 334, 350]. The time fractional form Maccari system
has been already reported for solutions using rational exponential method [12].

It is desirable to solve the space-time fractional order Maccari system as the frac-
tional PDEs reveal the complex nonlinear phenomena judiciously in various scien-
tific fields [201, 216, 226, 251]. In literature, various methods have been reported
for getting analytical solutions of fractional PDEs such as Lie symmetry analysis
(118, 140, 151, 229, 234, 244, 245, 276, 297, 299], fractional sub-equation method
[348], (G’/G)-expansion method [36], exp function method [36], exponential ratio-
nal function method [11, 204], fractional complex transformation method [29], new
computational approach [330], travelling wave solutions method [327, 329], the first
integral method [30] and so on. The Jacobi elliptic function expansion method pro-
vides doubly periodic waves and this method is applied on various types of nonlinear
PDEs [3, 32, 74, 80, 85, 248]. In the present discussion, extended Jacobi elliptic
function expansion (JEFE) technique is used to analyse fractional Maccari system of
space-time form for exact solutions. Main thrust is to investigate the Maccari system

(5.28) for dispersion relation and exact solutions.
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5.2.1 Dispersion relation for Maccari system

For deriving dispersion relation of Maccari system (5.28), consider its linearised form

as follows
oU n 08V _0
ot ox28
oV 9%U
_ z 5.30
gie T oz = O (5.30)
ow oW

—0.
oo oy

The corresponding sinusoidal solutions of linear system (5.30) in terms of U, V' and

W are considered in the form as follows
V = Ayel(@=57) (5.31)

where A3, A14 and A;5 are the amplitudes of real functions u, v and w, respectively.
On applying Fourier transform to fractional derivative terms [226] using RLF deriva-
tive with lower terminal as a = —o0o, thus the dispersion relation for linearised system

(5.30) obtained by solving following set of equations

((1@)* Ays + (—ise)?P Ayy) € (1=57) = g,
- ((i@)aAM + (—i3x>261413) ¢(“=57) — 0, (5.32)
(@) As + (—i s,)" Arz) € (#57) = g,

The Egs. (5.32) expressed in matrix form as follows

(i) <_i3x)26 0 Az
(—is)?  —(iw)® 0 Ay | =0. (5.33)
0 0 (tw)* + (—isy)? Ags

The Egs. (5.32) will possess solution in an non trivial form if determinant constituted

out of coefficient matrix vanishes identically as follows
(i)™ + (=i s,)") (—(iw)** + (is,)*") = 0. (5.34)

On solving Eq. (5.34) for w, the three possible roots (wy, wi, we) of @ are obtained

as follows
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wo = (—1) = ialsyle,
28
w = ia R s (5.35)

Using the complex algebra, the following relations can be written in the form of a

complex number as follows
ia ' = cos <z (1 — 1)) + 7 sin <z (1 — 1)
2 \« 2 \«
1 2
Z%_H_% = COS (E (— -1+ —B)) + 4 sin (
2 \« o
)

(—1)“ = cos ((1 +7)7r) +isin ((1 N,
(1) = cos (g) +isin (g) .

Thus, from Egs. (5.35) and (5.36), the following set of relations are obtained by

equating real and imaginary parts of wg, w; and ws,

),

T T
Rewo—cos<a (1+7)+%(7 a)) sy,
. ™ ™ o
ImwOZSHl(a (1+7)+2—(7—a)> 1/,
2
Rewl:cos<z (——1+ B)) 26/e
2\« Qo
1 2 5.37
Imw; = sin (z <——1+—/6>) siﬂ/a, ( )
2\« «
1 2
Rewy = cos <E+E (——1+—5)) siﬁ/o‘,
a 2\« o

1 2
Imwy = sin (z + il (_ — 14+ _6)> Siﬁ/a.
a 2

For wy, the phase and group velocity in the component form of a two dimensional

vector can be written as follows

J (Sz%‘f’s 5)("}0
gy = {5zt 1 5u])%0
v () 524 52

Y

(5.38)

(,UQ’l.—i— —ng.

05, Js,

Ug(§> =
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Table 5.1: Phase and group velocity expressions
Velocity d
w1 )
g cos(§ (5-1+)) " cos(E+5(G—1+%)) ()"
* |UP(S)’ ( (1\/sg+286121)) 28/ ( (1\/S%+28§)) /
= sin( (5 -1+ ) )sz « sin( Z+5 (2 -1+ (s5)2B/
Im |UP(S)‘ ) \/s§+s§ ) \/SEJrs%
g 28 T (1 28\ 28/a=1 28 T om(1 28\ (28/a—1
Re [v,(5)] ECOS(E(E_1+E>)S§ 1 ECOS<E+§(2_1+3))S§ 1
Im [v,(S)|  Psin (5 (5 -1+ %)) """ LPsin(F+5(3-1+7)) "

14y .o

Substitution of wy = (—1)a ia~'sy/® into Eq. (5.38) gives

(501 + 5,7)((—1) = 2 Lsy/®)

UP<§> = 2 2 )
; Sz T 8y ; (5.39)
= 1ty .o an * 1ty v an
0(8) = 5o (DT E i G (D))

The magnitude of phase and group velocity vectors can be written as follows

[0p(9)| = :
" s+ 57 (5.40)
= Y 1ty .y o
0p(3)] = L(-1) ¥ it

The real and imaginary parts of the phase and group velocities can be separated out

from the Eq. (5.40) as given by

Re [u,(S)| = R :
/55 + 52
. 1 T —Q /Ol
Im|v (§)|_Sln(7r (TV)JFEWT))SZ ( 1 )
P o 2 2 ’ 5.41
53+ 55
- v T T 21
Revy(S)] = Loos (2 (149) + 3= (r—a)) si ",
5 Yo ™ 1
Im v,(S)] = Lsin (Z (149) + = (v = a)) s

On the similar way for w; and ws, the real and imaginary parts of phase and group
velocities are obtained and tabulated in Table 5.1. The variation of real and imag-
inary parts of phase and group velocities for wy, w; and ws is shown graphically in
Figures 5.7(a), 5.8(a) and 5.9(a), respectively. It has been noticed that Re|vy(S)]

and Tm/|uv,(S)| values are found to be greater than the corresponding Relv,(S)| and
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Figure 5.7: (a) Comparison between phase and group velocity for wy and (b) shows
dispersion relation wy.

-,

Im|uv,(S)|, respectively. It indicates the anomalous dispersion of waves obtained for
wg, w1 and wo. The variation of real and imaginary parts of wy, wy and wy with s,
and s, are shown in Figures 5.7(b), 5.8(b) and 5.9(b), respectively. In Figure 5.7(b),
real part of wy is greater than the imaginary part of wy, whereas in Figures 5.8(b)
and 5.9(b), imaginary part of w; and wy are found to be greater than real part of wy

and wy.

5.2.2 Exact solutions of Maccari system by applying EJEFE

algorithm

In order to find the exact solutions of the Maccari system (5.28), the Fractional com-
plex transformation for the complex function P and real function W are considered

in a form to find solutions of said system as given by

P =ck ,
p(o) (5.42)
W =w(¢),
where
_ana’ a2y’ apst”
rg+1) T'(v+1) T(a+1) (5.43)
byiz? bi2y” bist® '

CETBD T+ Tt
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where a1, a2, a1z, bi1, b1 and by3 are arbitrary constants.
The various fractional derivative terms of the Maccari system (5.28) using complex

transformation (5.43) read as follows

DYP = (o11)i(e™iarsp(o) + €™ p' (¢)b13),
DPP = (0).(e™ianp(p) + e™p'(¢)b1),
01) ( )513,

o (5.44)
DyW = (o)yw'(¢)bsz,

where (011)t, (012)t, 0, and o, are the fractional indexes corresponding to time and
space variables as indicated by their subscripts [115, 243]. The p'(¢) denotes derivative
of p(¢) with respect to ¢. The Eq. (5.44) converts the Maccari system (5.28) into
ODE in terms of p and w, as given by

i(011)s(iar3p + p'bis) + 02 (—a3,p + 2iaybyp’ + b3p") + pw =0, (5.45)

and
(Ulg)tw,blg + O'yw/blg + 20mb11pp/ =0. (546)

On integrating Eq. (5.46) with respect to ¢, results in

Uxban
= — ) 5.47
v (012)ib1s + oybio ( )

The use of Eq. (5.47) into Eq. (5.45) provides following equations after equating real

and imaginary parts

0.2b1 ((o12)eb1s + oybia) D" — ((Ull)ta13 + a1120x2) ((o12)eb13 + ben)p—%bnpg =0,

(5.48)
05°a11b1
b= -2~ —— 5.49
o (Ull)t ( )
The Eq. (5.48) possessed a solution in the form of Jacobi functions as follows
p(¢) = Ao + Arsn(¢) + Bysn™' (). (5.50)

Back substitution of the solution (5.50) into the Eq. (5.48), results into a polynomial
in terms of Jacobi function sn(¢). By equating the coefficients of powers of sn(¢) to

zero, the determining equations are obtained and their solution gives the values of
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various constants Ag, A1, B, a3 as follows

3p 2
Ap =0, Ay = [ 205bn0yb1z — 4 02°0n"(012)1a11 ,
(‘711)7:
U$3b112(012)ta11 (551)

Y

Bl = \/2 O'mbHO'yblg —4 (Ull)t

(CL112 +6 6112m + b112 + b112m2) 0x2

a13 = —

(Ull)t
and
3h 2
Ao =0, Ay = =1 [20,bnoybiy — 4 02011 (012)an1 |
(Ull)t
3p 2
Bl - — 20};()110@[)12 —4 I2"011 (0-12)15&11’ (552)
(Ull)t
(a112 +6b1°m + biy” + 6112m2) 0.

13 = —
' (011)t

Using these values of constants, solutions for Maccari system can be written as follows

_ ik . Ux3b112(012)t&11 1
P(t,z,y)=e \/2 ozb1ioyb1a — 4 o), (msn(¢) +sn " (¢)), (5.53)
W(t,x,y) = —2 bi120,> (m sn (¢) +sn (¢))2
and
_ ik Ux35112(012)ta11 1
P(t,z,y) = —e \/2 ozbi1oybigy — 4 o) (msn(¢)+sn~"(¢)), (5.54)

W(t,2,y) = ~2by0,% (msn (6) + s~ (9))°,

where IC — ap1z? + aizy? (a112+6b112m+b112+b112m2)0121a
T\ D(B+1) T T(y+1) (o11)eI(a+1) ’

_ _bpaf bioy? _ 20z2%a11b112® 4 oS (o12)ian
O = TG0 T Te+D — @indiasn Whenever 203bnoybiy — 4 =055 > 0.

In limiting case, when the modulus m — 1, the following dark-singular soliton solu-

tions are evolved

Ux35112(012)ta11

(011)t

W(t,z,y) = —2bii%0,” (tanh (¢) + coth (¢))*

(tanh (¢) + coth (¢)),

P(t, x, y) = eilC\/2 gmbnaybu —14 (5‘55)
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and

U:c35112(012)ta11
(Ull)t

W(ta Z, y) =-2 bllzo-a[;2 (tanh (Qb) + coth (¢))2 )

P(t,z,y) = —e* \/2 ozbiioybia — 4 (tanh (¢) + coth (¢)),

(5.56)

K= (a2 4 any’ (a1124+6b11° +b11 % +b11% )0 *a® b= byaf | boy? _ 20.%aybya”
r(g+1) = I'(v+1) (o11)eI'(a+1) ’ L+1) ° T'(v+1)  (o1)l(a+1)?

02%b112(012) 1011 > 0.
(o11)t

When the modulus m — 0, the following periodic-singular solutions are found

whenever 2 0,0110,b12 — 4

‘ 3hy,2
P = GIK\/Q Uxbnaybm —4 il <O-12)ta11 (CSC <¢)) s

(o11)¢ (5.57)
W=-2 51120932 (csc (¢))2
and
. 3b11%(012)sa
P — _¢ik 20,b b _4% 11 12)t@11 ’
€ \/ g 110y 12 (Ull)t (CSC (¢)) (558)

W = —2by,%0,” (csc (), )2

B 2l (a112+5112)0129€°‘ b8 bioy? 2 o
_ an aey” _ _buz 12y 20z%anibnx
K (r(zm) T I+D edern ) @ = TG T Thty — @indatn, Whenever

a:°b11%(012)1a11
2 Uxbllo'yblg —4 T > 0.

The wave profile of various solutions of Maccari system are further analysed graph-
ically in terms of 2D and 3D plots in Figures 5.10-5.14. It shows the effect of various
fractional parameters, arbitrary constants and modulus parameter on the wave profile.
Figure 5.10 shows wave profiles for the solution given in Eq. (5.53) and it represents
the complex function P and real function W of Maccari system in the form of a dou-
bly periodic waves for &« = f = v = 1 and m = 0.25. If the values of the fractional
parameters are different from 1 then it causes the wave evolved as a singular doubly
periodic as shown in Figure 5.11 for a = 0.5, = 0.25 and v = 0.7 with m = 0.25.
Figure 5.12 describes the effect of increase in the m value (m = 1) keeping the other
fractional parameters unaltered (o = 0.5, § = 0.25 and v = 0.7), solution of Maccari
system transforms to the singular wave. Singular periodic wave solutions are given in
Figure 5.13 when m = 0. Figure 5.14 shows the effect of fractional parameters «, 3
and v on wave profile of solution (5.53) for P and W. It represents singular periodic
wave solutions.

To construct other double periodic wave solutions having Jacobi functions (cn(¢) and
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Im(P) O]

Figure 5.10: 3D profiles of Eq. (5.53) withm =0.25,a=8=v=1, 0, =2, 0, = 2,
(Ull)t =2, (012)t =2,a11=1,a12=025011=0.5,b15=3,y=1.
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Figure 5.11: 3D profiles of Eq. (5.53) with m = 0.25, a = 0.5, § = 0.25, 7 = 0.7,
Oy — 2, O'y = 2, (0'11),5 = 2, (0'12),5 = 2, [ 1, 12 = 025, b11 = 05, b12 = 3, Yy = 1.
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Figure 5.12: 3D profiles of Eq. (5.55) withm =1, « = 0.5, = 0.25, v = 0.7, 0, = 2,
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Figure 5.13: 3D profiles of Eq. (5.57) withm =0, « = 0.5, = 0.25, v = 0.7, 0, = 2,
O'y = 2, (all)t = 2, (0'12),5 = 2, ayp = 1, 19 = 025, b11 = 05, 612 = 3, Yy = 1.
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Figure 5.14: Effect of fractional parameters on solution (5.53) with m = 0.25, « = 0.5,
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dn(¢)) for the given system, the following expansion can be used

p(d) = Z A;en'(¢) + Z Bjen(¢), (5.59)
and . .
p(9) = Y Aidn'(9) + > B; dn (@) (5.60)

By utilizing Egs. (5.59) and (5.60), one can find cnoidal waves and dnoidal waves
solutions. Additional soliton and triangular periodic wave solutions for the system
(5.28) can also be found for limiting case m — 0 and m — 1. We have omitted these

expansions to avoid repetition.

5.2.3 Conclusion

The travelling wave solutions have been obtained for space-time fractional form of
Maccari system in terms of doubly periodic waves using EJEFE method involving sn
functions. In limiting case, as modulus parameter m approaches to 1 or 0, the singular
or singular periodic wave solutions are obtained, respectively. The dispersion relation

of the system is formulated which indicates the anomalous dispersion of waves.




Summary

Lie symmetries, conservation laws and exact solutions perform a crucial role in un-
derstanding modelling and physical importance of the systems of nonlinear PDEs.
Linear dispersion analysis on the other hand helps to identify the normal /anomalous
dispersion of waves. In present work, the nonlinear PDEs of integer and fractional
order have been studied for symmetries, conservation laws, exact solutions and dis-
persion relation. Whole work is accordingly divided into five different chapters.

In chapter 1, the introduction of nonlinear PDEs has been given and some nonlinear
phenomena are mentioned. In chapter 2, the relevant literature on the theory of Lie
groups, various methodologies and linear analysis of PDEs is presented in an algo-
rithmic way. In chapter 3, the integer order nonlinear PDEs with variable coefficients
have been explored for solutions involving power series, trigonometric, hyperbolic,
Jacobi and Weierstrass functions using Lie symmetry analysis, and conserved densi-
ties/fluxes (conservation laws) are successfully constructed for the equations by new
conservation theorem and direct method. Chapter 4 has been concerned with (2+1)-
dimensional time fractional new coupled ZK system which is successfully solved for Lie
point symmetries, nonlocal conservation laws and solitary wave solutions including
bright, dark and singular. The results are discussed graphically under the variation of
system parameters. The anomalous dispersion of waves is noticed in the linear anal-
ysis. Also in this chapter, the other two examples of time fractional systems namely
time fractional form of Wu-Zhang system in (2+1)-dimensions and time fractional
5" order equation from Burgers hierarchy are successfully investigated for dispersion
analysis, Lie point symmetries and conservation laws. Dispersion relation signifies
the anomalous dispersion of waves for Wu-Zhang system whereas the wave profile of
solutions resembles kink and bell shaped. The 5 order Burgers equation found to
possess power series solutions. In chapter 5, the solutions of potential YTSF equation
with space and time fractional derivatives in (341)-dimensions have been obtained

using improved F-expansion method and found to follow kink, periodic and singular
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waves. The Maccari system in (2+1)-dimensions having space-time derivatives of
fractional order have been solved for deriving anomalous/normal dispersion of waves
and the equation possesses doubly periodic wave solutions. The software Maple is
used to check the authenticity of obtained solutions and conservation laws, and for
graphical representations of the solutions.

The exact solutions obtained in the present work may be used to interpret the var-
ious natural phenomenon arises in mathematical physics, chemistry and biological
sciences. Further these solutions are helpful in analysing the stability analysis and
can be compared with corresponding numerical solvers. The analysis of fission and fu-
sion phenomena for solitons, electromagnetic interactions, quantum relativistic atom
theory, phase isolation in several components bass system, and the relativistic energy-
momentum relation can be explored. Numerous practical applications such as, the
fluid-dynamics traffic model with fractional derivatives to eliminate the deficiency
arising from the assumption of continuum traffic flow, and the nonlinear oscillation of
earthquakes can be modeled by fractional derivatives. Fractional differentiation and
integration operators can also be used for extending the diffusion and wave equations.
Future scope

In this work, the Lie classical symmetries are examined for integer and fractional
order PDEs. The nonclassical symmetries, nonlocal symmetries and generalized sym-
metries can also be determined for these equations in future.

Also, for fractional PDEs, the conservation laws are calculated by new conservation
theorem. For nontrivial conservation laws, direct method of multipliers can also be
utilized for fractional PDEs, so we have a plan to construct conservation laws of

fractional PDEs by direct method in future.




Appendix A

A.1 Extended infinitesimals of nonlinear PDEs

Extended infinitesimals of (2+1)-dimensional PDEs with dependent variables u, v, w
as functions of ¢, z and y, and Xy, Xs, A3, Z5, Z4, Z; are infinitesimals corresponding

tot, z, y, u, v, w, respectively:

21" = Dy 21 — uyp(DyXy) — up (D Xy) — uy (D, Xs),

25" = Dy 2y — v(DyXs) — vi(DuXy) — v, (DoXs),

257 = D, 25 — wo(DoXy) — wy(DaXy) — w, (DaXs),

217 = Dy Z1™ = Ugae (Do Xa) — Ugat(DpXy) — Uagy (Do Xs),

29" = Dy 29" — Vg0 (DyXa) — Vgt (DpXy) — Vgy (D X3), (A.1.1)
Z5" = Dy 25" — Waaa(DaXa) — Wapt (Do X1) — Wagy(DyXs),

2\ = Do 20" — tayy (Do Xo) — gy (Day) — tyyy (Do),

25" = Dy 25" — Vpyy (Do Xa) — Vyyy (D X1) — vyyy (D X3),

23" = Dy Z3% — Wy (D Xa) — Wiy (Do X1) — wyyy (D X3),

where D,, D, and D, denote total differential operators with respect to z, ¢ and v,

respectively and these are defined as follows

ij = amj —+ Ujau -+ ’Ujav -+ wjﬁw -+ Uﬂaul -+ vjiﬁw -+ wjﬁwi + e s Z,j = 1, ceey 37
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where, 2! =z, 22 =t, 2° = y.
Extended infinitesimals for (1+1)-dimensional PDEs with one dependent variable

u(t,x), and Xy, X5 and Z4 are infinitesimals corresponding to ¢, x and u, respectively:

Z," = Dy Zy — Uy (DpXs) — uy (D Xy),

247 = Dy 20" = Uy (DoX5) — (Do),

Z47% = DyZs™ = Uyge(DpXs) = Ugar( Dy X),

Z = D25y (D) — tamer(Da ), (A.1.2)
27 = Dy 20 — Ugge (De Xs) — Uggaat (Do X),

Z47 = Dy 20" — Upgrwr (DaXs) — Uppaaat(DaX),

Z,1E = Dy 24— e (Dads) = appren (Da X)),

o™ extended infinitesimals for (241)-dimensional fractional

PDEs

The following o' extended infinitesimals (Z5™', Z¢**, Z;*") related to RLF deriva-
tive using Eq. (2.61) are obtained for dependent variables u, v and w, and X}, X,

X3, Z5, Z¢ and Z; are infinitesimals corresponding to ¢, x, y, u, v and w, respectively:

8a21 8°‘u ao‘Zlu . i

a,t: _ _
Zs 5 + (21, O[Dt(Xﬁ))ata u 5ia

( j ) DI (X e (u,)

n=1
00

«a
+ p11 + phio + p1z — Z ( n ) DIL(XS>D?_n(Uy)

n=1

! [< . ) o ( - ) D+ ()| D" (w)

a\ 02y, .. [ a\0"Z, 0y

n

+

NE

S
Il

hE

n=1

0*v 0% 2, 0w 0% 21,
(2 )+ (20 7).

a e dte
(A.1.3)
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a, 8a32 0% aaz2v - a n a—n
Zs t_ 5 + (sz — OéDt(XG)) Do —v B - ; ( n > D; (X7)Dt (%c)
> «
+ p21 + oz + H23 — Z ( " ) Dy (Xs) Dy ™" (vy)
n=1
> a \ 02, «Q 3
+ v Dn+1 X Da n
;[(n> ote (n—i—l) t (6>i|t (v)

= o 8"22u a—n > « 8”221” a—n

0“u aaZQu aa 8a22w
+ (ZQ” ot ¢ ) + (227““ ote " > ’

ot ot
(A.1.4)
0“Z5 0*w 0% Z3 [ « N
a,t __ w n a—n
Z7 - ot + (Z3w - aDt(Xﬁ)) ot —w ot o ; ( n ) Dt (X7>Dt (wx)
> (0]
+ pi31 + p32 + H3z — Z ( n > D (Xs) D" (wy)
n=1

NE

() e (L ) e

n=1
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(A.1.5)
where

o m— 2 =0 \ m r k! F(n +1—a) 1 gpm NI 3tn—m(‘)ujk’

(5.61)

where 7,7 = 1,2,3, and u; = u, us = v, uz = w.

a" extended infinitesimals for (1+41)-dimensional fractional

PDEs

On using the Eq. (2.61), the following o' extended infinitesimal has been obtained

for the dependent variable u(z,t) and X, X3, 211 are infinitesimals corresponding
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to t, x, u, respectively:

0“Z1, o~ 0° Z - -
leoc,t = (leu OéDt(XH)) Y — U 1 Z < ) X13 D (Um)

ot~ ot~
> « 8 ZH (8
u Dn+1 X n
—I—M—l-;[(n)—ata <n+1> ( 12)] (u),
(A.1.6)
where

oo n m  k—1
B o n k 1 e . o™ k—r (‘9”_’”*"3211
n=22.2 <n><m><r>k_F(n+1—a)<_u) R T
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