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Abstract

The work complied in this thesis includes the investigation of nonlinear partial dif-

ferential equations (PDEs) of integer and fractional order representing some physical

phenomena for exact solutions, symmetries, and conservation laws. Linear dispersion

analysis of fractional order PDEs is carried out to identify the normal/anomalous dis-

persion of waves. The techniques to retrieve solutions have thoroughly described and

successfully implemented. The thesis consists of five chapters compiled for the investi-

gation of seven nonlinear PDEs which are (2+1)-dimensional new coupled Zakharov-

Kuznetsov (ZK) system, generalised 7th order Korteweg and de Vries (KdV) equation,

new coupled ZK system as well as Wu-Zhang system in (2+1)-dimensions having time

derivatives of fractional order, time fractional 5th order equation from Burgers hier-

archy, space-time fractional potential Yu-Toda-Sasa-Fukuyama (YTSF) equation and

space-time fractional Maccari model in (2+1)-dimensions.

Thesis is organised into five chapters as follows.

Chapter 1

The chapter introduces some important nonlinear PDEs of integer and fractional or-

ders. The physical phenomena inherited by different types of PDEs are tabulated.

Brief literature reviews on Lie group of transformations, methods for finding exact

solutions, and conservation laws are presented. Introduction of linear dispersion anal-

ysis is briefed out. The frame work of the thesis is also presented systematically in

this chapter.
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Chapter 2

This chapter consists the preliminaries including some definitions, theorems related

to Lie group theory, conservation laws, exact solutions, and dispersion analysis. Lie

infinitesimal criterion to examine integer and time fractional PDEs is presented in

an algorithmic way. The various methodologies used for finding solutions in terms

of solitary waves, exact travelling waves, and doubly periodic waves have thoroughly

described. Also, method known as improved F-expansion is proposed for examining

the space-time fractional PDEs and subsequently, applied to space-time fractional

potential YTSF equation in chapter 5. The methods to derive conservation laws for

nonlinear PDEs have been discussed in details and algorithms are constructed for the

same. For fractional PDEs, the linear dispersion analysis is also suggested.

Chapter 3

This chapter is devoted to study the integer order nonlinear PDEs with variable coef-

ficients such as (2+1)-dimensional new coupled ZK system and generalised 7th order

KdV equation. The infinitesimal symmetries, symmetry groups, optimal system, in-

variants and reductions are systematically determined for new coupled ZK system.

The variety of solutions in terms of Jacobi, trigonometric and hyperbolic functions

are obtained, and analysed graphically to discuss the effect of arbitrary function on

the wave profile. The generalised 7th order KdV equation is also examined for Lie

symmetries. Vector fields of the optimal system give solutions in an explicit form ap-

peared as power series and involved Jacobi elliptic functions. The conservation laws

are constructed for these equations by applying direct method and new conservation

theorem with nonlinear self-adjointness.

Chapter 4

This chapter presents the comprehensive investigation of nonlinear PDEs having

time derivatives of fractional order. It includes new coupled ZK system in (2+1)-

dimensions, Wu-Zhang system in (2+1)-dimensions and 5th order equation from Burg-

ers hierarchy. The Lie classical technique is adopted to examine Lie symmetries with

the use of Riemann-Liouville fractional (RLF) order derivative and corresponding in-

variants for these equations. The dimensions of fractional PDEs are reduced from

(2+1) to (1+1) using invariants. The solutions show bright, dark and singular soli-



xi Abstract

tary wave like character for new coupled ZK system. The methodology of exponen-

tial rational function method has been utilized to seek solutions of Wu-Zhang system.

Solutions in form of power series have obtained for 5thorder equation from Burgers hi-

erarchy. The solutions of these equations are discussed graphically. The conservation

laws for the equations are obtained by new conservation theorem. These equations

are also studied for deriving dispersion relations, group and phase velocities.

Chapter 5

This chapter deals with important nonlinear PDEs from mathematical physics hav-

ing space-time variations of fractional form such as potential YTSF equation and

(2+1)-dimensional Maccari system. The improved F-expansion method suggested in

chapter 2 for space-time fractional PDEs is applied to potential YTSF equation in this

chapter and exact travelling waves are obtained as solutions. The Maccari system in

(2+1)-dimensions is investigated using an extended Jacobi elliptic function expansion

(EJEFE) method for deriving solutions having doubly periodic waves. The solutions

of these equations are discussed graphically to show the influence of fractional pa-

rameters onto wave profile. The dispersion relations for space-time fractional PDEs

are systematically derived and the anomalous/normal dispersion of waves is shown

graphically.

At last, the summary of the thesis and some concluding remarks are given of the

work conducted in different chapters.
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Chapter 1

Introduction

1.1 Nonlinear partial differential equations (PDEs)

Intensive research is going on to investigate physical systems modelled through nonlin-

ear PDEs in the numerous branches of applied sciences particularly in fluid dynamics,

condensed matter physics, physics of plasma, physical chemistry, mechanical engi-

neering, aerospace engineering, and biomedical and health sciences [67, 104]. PDEs

can be classified as linear or nonlinear and further, according to their order, these

are categorized as integer or fractional. The physical systems have been modelled

mathematically in terms of differential equations involving integer order derivatives

as defined by Leibniz and Newton. Associated to this concept, the numerous ex-

amples have been encountered in literature, some of which are given in Table 1.1.

However, the modern research on PDEs has pointed out that the concept of frac-

tional order derivatives in mathematical modelling map the complex physical and

engineering systems more relevantly [73, 116, 161, 193, 196, 216, 225, 254, 266, 289].

This fact boosts the study of fractional differential equations. For the basic introduc-

tion to fractional calculus number of books/publications are available in the literature

[156, 157, 216, 226] and study reveals that fractional calculus is an advanced version of

classical calculus. The concept of half derivative was first advised in Leibniźs letter to

ĺHospital. Various prominent mathematicians such as Liouville, Grünwald, Riemann,

Euler, Lagrange, Heaviside, Fourier, Abel, etc. have been influenced by fractional

calculus and contributed in its advancement. There are various definitions to un-

derstand the key idea of fractional orders. The most significant definition adopted

1
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Table 1.1: Physical phenomena modelled and solved through integer order PDEs

Physical phenomena References
Phase transitions [77, 294]
Hysteresis phenomena [199, 292, 295]
Homogenization phenomena [53, 293]
Fluid flow through Porous media [15, 208]
Boundary layer flow [15, 102, 223]
Large deflections, stress distribution in plastic and
non-coherent masses

[296]

Electrostatic plasma oscillations [15, 52]
Diffusion with second order reaction [15, 149]
Heat conduction in an isotropic medium [15]
Heat conduction with radioactive decay [15]
Heat flow and wave propagation phenomena [81, 171, 308]

Table 1.2: Physical phenomena modelled and solved through fractional PDEs

Physical phenomena References
Continuous-time random walk process [253]
Anomalous diffusion [325, 328]
Memory term effect [50, 70, 226, 324]
Modelling mechanical and electrical properties of real materials [66, 226]
Description of rheological properties of rocks [226]
Power laws [324]
Fractals [72, 329]

for fractional derivatives is presented by Riemann and Liouville, and other defini-

tions given by Grünwald–Letnikov [226], Caputo [49, 226], etc. are the variations of

Riemann-Liouville definition. Most of the problems expressed in terms of fractional

PDEs involve space/time or both derivatives of fractional order. In Table 1.2 and

the references therein tabulate some of the fields where fractional PDEs have been

successfully presented the various physical phenomena. It is necessary to draft the

various methods to find well-defined exact solutions of PDEs. It is an important task

and performs a crucial role in exploring nonlinear science. In recent years, researchers

have shown more interest to modify the existing methods for solving PDEs. How-

ever, the development of simple and effective methodologies for solving PDEs always

remains a challenge for researchers. Therefore, our main focus in the present study

is to solve various types of nonlinear PDEs.



3 Chapter 1. Introduction

Table 1.3: Geometrical interpretation of fractional derivative of polynomial functions

Fractional order derivatives Fractional derivative values at x = 2 Area of triangle (∆)
D0.1[f(x)] 17.34 7.38
D0.25[f(x)] 19.47 6.57
D0.5[f(x)] 23.34 5.48
D1.0[f(x)] 32 4

1.1.1 Geometric and physical interpretation of fractional deriva-

tives

As we know that, the classical derivatives have geometrical meanings but for fractional

derivatives the geometrical meaning is different because the fractional calculus deals

with memory and it gives the knowledge about present as well as the future. To

express the geometrical significance of fractional derivatives, a polynomial functions is

considered and the fractional derivative of polynomial functions is given as Dα[xβ] =
Γ(β+1)

Γ(β+1−α)
xβ−α, where α is the order of the derivative and 0 < α < 1. By using

this formula, the fractional derivatives of the function f(x) = x4, at point (2, 16)

are computed and given in table 1.3. The figure 1.1 shows the function f(x) = x4

has first order derivative D1.0[f(x)] is computed as 32 and it is the tangent line at

P (2, 16) which passes through X-axis at A. Draw the perpendicular line from (2, 16)

meets the X-axis at B(2, 0). The area of the triangle (∆PAB) is 4. Similarly, for

other fractional derivatives the tangent lines have drawn and the area enclosed by

corresponding triangles are given in table 1.3. From the table, it has been concluded

that as the order of fractional derivative increases, the area of the corresponding

triangle decreases and vice-versa. The fractional derivatives and area of triangle are

found to possess a inversely proportional relation to each other i.e.,

Dα[f(x)] ∝
1

∆
, (1.1)

or Dα[f(x)].∆=constant. As the change in area is physical property, so the fractional

derivatives can be used to measure the changes in temperature, pressure, gradient,

divergence and curl, etc.

1.2 Reported literature on exact solutions of PDEs

Success to find exact solutions measures the extent to which physical phenomena are

completely described using nonlinear PDEs. The task becomes more complex in the
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Figure 1.1: Geometrical interpretation of fractional derivatives of the function f(x) =
x4 and triangles formed with the fractional order derivatives.

case when various parameters of the system are considered as variables rather than

constants. Thus, finding solutions of such nonlinear PDEs is more challenging math-

ematically and from related application perspective.

The exploration of literature related to PDEs shows that Lie symmetry group method

is an efficient procedure for getting analytical solutions. The concept of symmetry

was introduced centuries ago by scientists in physics and chemistry by Greeks, Ke-

pler, Newton (laws of mechanics), Galileo (principle of relativity), Einstein (modified

the theory of relativity), crystal symmetries in solid state physics. Presently, sym-

metries are used to grasp the various concepts in mathematical physics, chemistry

of materials, engineering, electrodynamics, classical/quantum mechanics, condensed

matter and particle physics. Basically, symmetry is a transformation whose applica-

tion results into a transformed system in an invariant form and is one of the most

appealing practical application of the Lie group theory. This concept was explored by

Sophus Lie in the nineteenth century 1872-1899 [177, 179] as Lie groups. He further

formulates theory of symmetries for differential equations that provides solutions in

systematic manner. The work of G. Birkhoff [37] and Sedov [259] on dimensional

analysis, and the pioneering efforts of Ovsiannikov [222] have extended this concept

to an advanced state. New developments of the group theory were addressed by

Bluman and Cole [41], Bluman and Kumei [42], Stephani [281], Bluman and Anco

[40, 43], Olver [219], Ibragimov [120], Bhutani et al. [33–35], Clarkson and Mansfield
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[61], etc.

The group invariance is a fundamental concept behind symmetry analysis related to

PDEs. The system under the action of such transformations remains in an invariant

form. By applying this technique, it is possible to reduce independent variables or

system dimensionality. The reduced system of equations can be easily solved rather

than the original system.

There are number of methods found in literature which provide exact solutions of

system of PDEs. The symmetry methods include methods based upon Lie group the-

oretic ideas such as Lie’s classical [151, 165, 167, 267–269], nonclassical [41, 108, 214],

Steinberg’s symmetry reduction method [107, 279] and so on. Some of other methods

which are not based upon Lie group theory such as Direct method [54, 60, 352],

Bäcklund transformation [239], Painlevé analysis [7, 314, 315], Inverse scattering

transformation [6] and so on.

With the current progresses, the numerous applications have been found in the area

of Lie classical theory. Lie classical theory is the root of the various generalisa-

tions such as nonclassical method [41, 214], equivalence transformations [180], gener-

alised symmetries [219], nonlocal symmetries [42, 173, 219], approximate symmetries

[25, 128], general method of differential constraints [220, 232] and so on. Some re-

cent contributions are reported in the direction of Lie group theory by Gandarias et

al. [48, 88–91], Nucci [211–214], Y. K. Gupta et al. [110, 111], Wazwaz [303, 309–

311], Biswas et al. [4, 32, 38, 39], Sharma et al. [224, 262–264], Lakshmanan et al.

[170, 230, 231, 249, 290], Gupta et al. [106, 107, 109, 150–153, 163, 165, 166, 267, 269–

273], Kara [146–148], Ibragimov et al. [120, 125, 129], Olver [219, 220], Oliveri

[217, 218], Singh et al. [267, 268], Amaranath et al. [14, 260], Ramaswamy et al.

[237, 238].

There are number of integer order PDEs having variable coefficients which were in-

vestigated successfully by Lie symmetry method [107, 108, 151, 268, 273]. In the

last decades, this approach was further modified to solve time or space-time frac-

tional PDEs [94, 95, 113, 118, 139, 140, 151, 229, 234, 241, 244, 245, 247, 274–

276, 297, 299, 331], some of them are as follows

1. Time-fractional model of Cahn–Allen as well as Klein–Gordon equations [134].

2. Generalized time-fractional modified KdV equation [235].

3. Time fractional form of generalized equation coming from Burgers–Huxley [133],

so on.
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Besides of Lie symmetry method, there exist some other methodologies or ansätz

based methods in literature which can be used in solving nonlinear PDEs of integer

or fractional as follows

� Tanh-sech procedure [302] and the extended tanh method [303, 304, 351].

� Sine-cosine method [320].

� Hirota method [307].

� Homogeneous balance method [79].

� Jacobi elliptic function expansion technique [64].

� F-expansion [136–138] as well as improved F-expansion methods [10, 135–138,

150].

� Homotopy perturbation method [93].

� Variational iteration method [114].

� G′/G-expansion method [36, 200, 301].

� Fractional sub-equation method [348].

� Exponential function method [8, 36] and exponential rational function method

[11, 100, 204].

� Factorization methodology using travelling wave transformations [330].

� Travelling wave solutions focused on the development of local fractional deriva-

tives [327, 329].

� The first integral method [30, 287], and so on.

The various methodologies provide multiple types solutions for PDEs such as kink,

singular kink, solitary and periodic. The research carried out in last few years has

proved that nonlinear PDEs possess not only the soliton type exact solutions but

there is probability to derive lump solutions for linear and nonlinear PDEs. Lump

solutions are termed as a special type of exact solutions with hidden vital physical

information. Recently, Hirota bilinear method [57–59] is proposed to find the lump

solutions of nonlinear PDEs. There are reports [188, 189] devoted to the interaction

of lump solutions with kinks and solitons for nonlinear PDEs.
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Apart from the importance of exact solutions, the numerical solutions can also be ob-

tained for nonlinear PDEs. There are numerous numerical techniques, e.g. the finite

difference method [103, 206], finite element [98, 99], finite volume [103], spectral and

pseudo spectral methods, and differential quadrature method [31, 144, 202] which

results in the approximate solutions of PDEs. Exact solutions assist in designing and

testing validity of numerical algorithms.

In this thesis, our work is primarily focused on solving three different types of non-

linear PDEs of integer, time fractional and space-time fractional for exact solutions

as given by

1. Integer order (2+1)-dimensional new coupled ZK system.

2. Integer order generalised 7th order KdV equation.

3. New coupled ZK system in (2+1)-dimensions with time fractional derivatives.

4. Wu-Zhang system in (2+1)-dimensions with time fractional derivatives.

5. 5th order equation from Burgers hierarchy with time fractional derivatives.

6. Potential YTSF equation with space-time fractional derivatives.

7. Maccari system in (2+1)-dimensions with space-time fractional derivatives.

1.3 Conservation laws

Conservation law for a family of PDEs has been expressed as divergence equation that

approaches zero for all solutions and for physical systems it appears as conservation

of mass, charge, momentum, energy and other constants of motion. However, special

nonlinear PDEs may also have a plenitude of conservation laws without physical

meaning. The laws are helpful in revealing existence as well as uniqueness of its

various solutions [172], such equations can be linearised or explicitly solved and also

helps in establishing the numerical tools/programs, e.g. finite element method [62,

175]. An infinite number of conservation laws reveals integrability [16]. Many methods

developed in literature to find conservation laws such as

� Noether’s method: There is a strong association among the symmetries

and corresponding conservation laws of PDEs as evidenced by Emmy Noether

(1918) in her theorem [210]. The Noether’s theorem is applicable to variational
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PDEs (the PDEs possess classical Lagrangian). Noether suggested explicit for-

mula for generating conservation laws. Bessel-Hagen (1921) and Boyer (1967)

extended the Noether’s theorem and obtained results strongly rely on Lie group

of transformations [43].

� Partial Lagrangian technique: This approach is similar to Noether’s method

and applicable to even order PDEs. This technique uses a partial Lagrangian

[148] instead of standard Lagrangian. Partial Lagrangian is easier to handle

mathematically than the standard Lagrangian which is difficult or not possible

to found for some PDEs.

� Direct method of multipliers: To overcome the limitation of Noether’s

method, the direct method for conservation laws is developed by Anco and

Bluman [18–20] and presented by Olver [219]. This method is applicable to any

PDE without the existence of Lagrangian or action functional.

� New conservation theorem: As the Noether’s theorem is applicable to vari-

ational PDEs, and Lagrangian can exist for some special type of PDEs. Thus to

overcome this restriction, the new conservation theorem which is based on for-

mal Lagrangian and adjoint equations of PDEs given by Ibragimov [121]. Any

symmetry (Lie point, Lie Bäcklund or nonlocal) yields conservation laws by the

general theorem on conservation laws. Moreover, this method of self-adjointness

is extended to quasi/weak/nonlinear self-adjointness [88, 122, 123, 288].

� S. C. Anco shows that Ibragimov’s new conservation theorem gives trivial con-

servation laws [17]. Recently, an approach by utilizing both symmetries and

adjoint symmetries has been reported, and it is applicable to all PDEs inspite

of the existence of a Lagrangian [186, 187] and used to derive solutions of PDEs

[23, 124, 126].

Some reports describing a systematic way to find conservation laws are given in [24,

69, 89, 127, 146, 147, 280, 291]. The method used in deriving the conserved density

and fluxes for integer order PDEs has been extended to fractional order PDEs. The

generalisation of Noether’s theorem and its fractional generalisation using Noether’s

operator with new conservation theorem for time fractional PDEs are given in [22,

45, 83, 121, 151, 185, 197, 215] and for the space-time fractional PDEs are reported in

[26, 84, 131, 275]. Some of the examples of well-known PDEs which were investigated

in literature for conservation laws are described as follows
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1. Klein–Gordon–Fock equation [5].

2. Krichever–Novikov equation [87].

3. Burgers-Fisher equation in two dimensions [240].

4. Time fractional (2+1)-dimensional Davey-Stewartson equations [337].

5. Kudryashov-Sinelshchikov equation [48].

6. Nizhink-Novikov-Veselov equation [339].

7. Nonlinear Schrödinger’s equation for compressional dispersive Alvèn waves [130],

etc.

In present work, the following PDEs are to be investigated for conservation laws

1. Integer order new coupled ZK system with time dependent coefficients in (2+1)-

dimensions.

2. Integer order generalised 7th order KdV equation with variable coefficients.

3. New coupled ZK system in (2+1)-dimensions having time derivatives of frac-

tional order.

4. (2+1)-dimensional form of Wu-Zhang system with time derivatives of fractional

order.

5. 5th order equation from Burgers hierarchy involving fractional order time deriva-

tive.

1.4 Linear dispersion analysis

Linear dispersive wave analysis of the PDEs helps to derive the relation connecting

wave number (s) and angular frequency (ω), known as dispersion relation, and it

takes the form as follows

D(ω, s) = 0, (1.2)

where D represents a suitable real function involving ω and s. This relation is satisfied

for ω, s ∈ C. The expression for wave velocity is given by

ω

s
= ±c, (1.3)
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which is independent of ω and s, and c is arbitrary constant. More precisely, this is

termed as phase velocity. The speed of a sinusoidal wave sin(sx−ω t) represents how

fast a point with constant phase, sx− ω t, moves. So, the phase velocity is given by

sx− ω t = constant. (1.4)

d(sx− ω t)
dt

= 0. (1.5)

s
dx

dt
− ω = 0. (1.6)

dx

dt
=
ω

s
. (1.7)

However, the systems in which the phase velocity is not constant are called dispersive

systems. In particular, a new feature that arises is group velocity [205] defined as the

speed with which wave packet (basically, a bump in the wave) moves and is given by

vg =
dω

ds
. (1.8)

If group velocity differs from phase velocity, then in such dispersive systems, the waves

having non-identical frequencies move with different speeds. If the signs of phase and

group velocities are same then the linear waves are termed as the forward waves and

in case, when the signs of the phase and group velocities are opposite then the linear

waves are known as the backward waves. Similar type of discussion on the forward

and backward moving solitons is discussed in [194].

Dispersion leads to different behavior of phase velocity vp and group velocity vg with

the variation in wave number. The theory of linear dispersive waves is a very well es-

tablished and developed field of mathematical physics. Effects of fractional extensions

of such linear systems on the dispersion of waves can still represent an interesting, and

utterly non-trivial, research topic. Analysis of dispersion of waves performs a vital role

in hydrodynamics including water waves, nonlinear optics, and Bose-Einstein conden-

sates [278]. However, the various types of nonlinear PDEs used in modelling different

physical phenomena for real-life applications are successfully solved but there is al-

ways a need of drafting a simple algorithm and discussion of the solutions in terms of

various system parameters requires a serious attention. For dispersion analysis, some

of PDEs such as fractional KdV equation [63] and time-fractional Cattaneo-Maxwell

heat equation [101] are investigated in literature.

Under this work, the following PDEs are to be studied for linear dispersion analysis
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1. New coupled ZK system in (2+1)-dimensions (time fractional) .

2. Wu-Zhang system in (2+1)-dimensions (time fractional).

3. 5th order equation from Burgers hierarchy (time fractional).

4. Space-time fractional potential YTSF equation.

5. Maccari system in (2+1)-dimensions with space-time fractional derivatives.

1.5 Framework of the thesis

Keeping in view the above facts, work complied in this thesis helps to understand the

symmetry analysis, procedures to find conservation laws, exact travelling wave solu-

tions, and the linear dispersion analysis for some of the important nonlinear PDEs.

The work is thoroughly discussed with concrete examples. The solutions achieved

in different cases are analysed graphically for better understanding. The dispersion

relation obtained for various nonlinear fractional PDEs helps to formulate conditions

for normal or anomalous dispersion of waves.

Thesis contains five different chapters, details of which are as under:

In chapter 1, introduction of nonlinear PDEs is given and important nonlinear phe-

nomena described by PDEs are mentioned. The literature of PDEs for Lie group

analysis, conservation laws, and dispersion relation are addressed.

Chapter 2 presents some vital preliminaries related to Lie group of transforma-

tions, infinitesimals, invariant solutions, new conservation theorem, direct method

and dispersion analysis. The various methods used in exploring Lie symmetries, ex-

act solutions and conservation laws are described algorithmically. Linear analysis of

fractional PDEs is also proposed and discussed in an algorithmic way.

Chapter 3 investigates two integer order nonlinear PDEs. Firstly, (2+1)-dimensional

new coupled ZK system is considered in the following form

ut + T1(t)(uv)x + T2(t)(uxx + uyy)x + T3(t)(vw)x = 0,

vt + T4(t)(uw)x + T2(t)(vxx + vyy)x = 0,

wt + T4(t)(uv)x + T2(t)(wxx + wyy)x = 0,

(1.9)

where T1(t), T2(t), T3(t) and T4(t) represent functions of t in an arbitrary form.

Secondly, the following generalised 7th order KdV equation having coefficients as
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function of t is selected

ut + T5(t)uxu
3 + T6(t)u3

x + T7(t)uuxuxx + T8(t)u2uxxx + T9(t)uxxuxxx + T10(t)uxuxxxx

+ T11(t)uuxxxxx + T12(t)uxxxxxxx = 0,

(1.10)

where T5(t), T6(t), T7(t), T8(t), T9(t), T10(t), T11(t) and T12(t) are time dependent

coefficients. In this chapter, exact solutions are constructed via Lie symmetry trans-

formation technique. Conservation laws are derived by direct method of multipliers

and new conservation theorem with nonlinear self-adjointness.

Chapter 4 is devoted to the study three nonlinear time fractional PDEs. First is new

coupled ZK system in (2+1)-dimensions having time derivatives of fractional order is

defined by

∂αu

∂tα
− a (uvx + uxv)− g (vwx + vxw)− b (uxxx + uxyy) = 0,

∂αv

∂tα
− l (wux + wxu)− b (vxxx + vxyy) = 0,

∂αw

∂tα
− l (uvx + uxv)− b (wxxx + wxyy) = 0,

(1.11)

where
∂α

∂tα
denotes RLF derivative [226, 251] with respect to time and (0 < α < 1).

Second equation is (2+1)-dimensional Wu-Zhang system given by

∂αu

∂tα
+ uux + vuy + wx = 0,

∂αv

∂tα
+ uvx + vvy + wy = 0,

∂αw

∂tα
+ uxw + uwx + vyw + vwy +

1

3
(uxxx + uxyy + vxxy + vyyy) = 0, 0 < α < 1.

(1.12)

Third equation is time fractional 5th order equation from Burgers hierarchy described

by

∂αu

∂tα
+ µ

(
uxxxxx + 10uxx

2 + 15uxuxxx + 5uuxxxx + 15ux
3 + 50uuxuxx

+ 10u2uxxx + 30u2ux
2 + 10u3uxx + 5u4ux

)
= 0, 0 < α < 1.

(1.13)

The Lie symmetries corresponding conserved densities/fluxes (conservation laws) and

exact solutions for these equations are determined. Also, the dispersion relation,

phase velocity, and group velocities expressions are obtained. Physical representation

of exact solutions, dispersion, phase, and group velocities are shown by 2D and 3D
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plots.

Chapter 5 is devoted to investigate two space-time fractional PDEs. In this chapter,

an improved F-expansion method is applied to potential YTSF equation having space-

time derivatives of fractional order in the following form

− 4
∂β

∂xβ

(
∂αu

∂tα

)
+

∂3β

∂x3β

(
∂δu

∂zδ

)
+ 3

∂2γu

∂y2γ
+ 4

(
∂βu

∂xβ

)(
∂β

∂xβ

(
∂δu

∂zδ

))
+ 2

(
∂2βu

∂x2β

)(
∂δu

∂zδ

)
= 0,

(1.14)

where α, β, γ and δ (0 < α, β, γ, δ < 1) denote the fractional parameters repre-

senting the orders of derivatives with respect to independent variables t, x, y and z,

respectively. The YTSF equation has been explored for analysing dispersion of waves

and exact solutions. Also, Maccari system in (2+1)-dimensions having space-time

derivatives of fractional order has been considered as follows

i
∂αP

∂tα
+
∂2βP

∂x2β
+ PW = 0,

∂αW

∂tα
+
∂γW

∂yγ
+
∂β|P |2

∂xβ
= 0, 0 < α, β, γ < 1,

(1.15)

where i =
√
−1, P and W are the complex and real functions, respectively, of the

variables t, x and y. The Maccari system is investigated by utilizing EJEFE algo-

rithm for solutions and dispersion of waves.





Chapter 2

Preliminaries

In this chapter, the fundamentals of the Lie group of transformations are introduced

which describe group, infinitesimal transformations, invariant function, Lie algebra

and classification of subalgebras. It also includes the extension of one parameter Lie

groups, their prolongation formulas and description of invariant solutions of PDEs.

The algorithmic descriptions of various methods for the investigation of nonlinear

PDEs are described with relevant details. For more information on the symmetry

groups and the proof of various theorems, readers can refer to Bluman and Anco [40],

Bluman and Cole [41], Bluman and Kumei [42], and Olver [219]. The concepts related

to conservation laws can be found in [19, 20, 43, 121, 123, 210]. Also, more details

related to all of these concepts can be found in [27, 63, 87, 96, 101, 164, 168, 209] and

references therein.

2.1 Symmetry

A symmetry [40] is some kind of transformation under which an object state or its

neighborhood remains unchanged (invariant). More precisely, the symmetry of a

system supports the following properties

(i) it preserves the structure of the object and maps the object into itself.

(ii) the symmetry transformation and corresponding inverse transformation are con-

tinuous, hence, infinitely differentiable, e.g. rotational symmetry of an equilat-

eral triangle through an angle of 120◦ or rotation of sphere around any one of

its diameter.

15
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2.2 Group

A non-empty set G with a law of composition ϕ between elements is said to be a

group [40] if it satisfies following axioms

(i) Closure: If θ1, θ2 ∈ G then ϕ(θ1, θ2) ∈ G.

(ii) Associative: If θ1, θ2, θ3 ∈ G then ϕ(θ1, ϕ(θ2, θ3)) = ϕ(ϕ(θ1, θ2), θ3).

(iii) Existence of identity: For all θ1 ∈ G ∃ e ∈ G such that ϕ(θ1, e) = ϕ(e, θ1) = θ1,

where e is called identity element of G.

(iv) Existence of inverse: For all θ1 ∈ G ∃ θ−1
1 inG such that ϕ(θ1, θ

−1
1 ) = ϕ(θ−1

1 , θ1) =

e, where θ−1
1 is called inverse of θ1.

2.3 Commutative group

A groupG is called commutative group or an abelian group [40] if ϕ(θ1, θ2) = ϕ(θ2, θ1),

∀ θ1, θ2 ∈ G.

2.4 One-parameter Lie group of transformations

(1LGTs)

Consider a set φ̄ with the elements φ̄1, φ̄2, φ̄3, ...., φ̄n ∈D ⊂ Rn and the transformations

φ̄∗ = Ω(φ̄; ε) (2.1)

are defined ∀ φ̄ and these transformations constitute 1LGTs if for parameters ε,

σ ∈ S ⊂ R, with the law of composition ϕ(ε, σ) [40], the following conditions should

satisfy:

1. the transformations (2.1) are one to-one and onto ∀ ε in S .

2. S forms a group G under law of composition ϕ.

3. ∀ φ̄ ∈ D, φ̄∗ = φ̄ holds if parameter ε = ε0 represents identity, i.e., φ̄ = Ω(φ̄; ε0).

4. If φ̄∗ = Ω(φ̄; ε), φ̄∗∗ = Ω(φ̄∗;σ), then φ̄∗∗ = Ω(φ̄;ϕ(ε, σ)).

5. ε must be a continuous parameter and termed as identity for ε = 0.
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6. Ω is an analytic function of ε in set S and infinitely differentiable w.r.t. φ̄ in D.

7. ϕ(ε, σ) is an analytic function of ε and σ.

2.5 Infinitesimal transformations

The infinitesimal transformations [40] can be achieved by expanding 1LGTs (2.1)

around parameter ε = 0 as follows

φ̄∗ = φ̄+ ε

(
∂Ω(φ̄; ε)

∂ε

∣∣∣
ε=0

)
+
ε2

2

(
∂2Ω(φ̄; ε)

∂ε2

∣∣∣
ε=0

)
+ ...

= φ̄+ εX (φ̄) +O(ε2),

(2.2)

where

X (φ̄) =
∂Ω(φ̄; ε)

∂ε

∣∣∣
ε=0
. (2.3)

The φ̄+ εX (φ̄) is known as infinitesimal transformation of 1LGTs (2.1), where X (φ̄)

termed as the infinitesimals of (2.1).

2.6 Invariant function

A functionM(φ̄) is termed as an invariant function [27, 40, 164, 168] for 1LGTs (2.1)

if and only if

M(φ̄∗) =M(φ̄), (2.4)

or M(φ̄) justifies the following

n∑
i=1

Xi(φ̄)
∂M(φ̄)

∂φ̄i
= 0. (2.5)

The operator

X = X(φ̄) =
n∑
i=1

Xi(φ̄)
∂

∂φ̄i
(2.6)

is known as an infinitesimal generator (IG) [40] and XM is defined as Lie derivative

of M. Expand M(φ̄) as a Taylor series around ε = 0 then Eq. (2.4) results into
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following

M(φ̄∗) =M(φ̄) + εXM(φ̄) +
ε2

2
X2M(φ̄) + ...+

εn

n!
XnM(φ̄) +O(εn+1). (2.7)

If the series given in Eq. (2.7) converges then it called as Lie series and Eq. (2.7)

becomes

M(φ̄∗) =
∞∑
n=0

εn

n!
XnM(φ̄), (2.8)

which can also be described as follows

M(φ̄∗) = exp(εX)M(φ̄). (2.9)

2.7 Lie algebra

Lie algebra constitute a vector space (X) over the field of invariant functions. If Xl

and Xm are the IGs then the commutator or Lie bracket is established as follows

[Xl, Xm] = XlXm −XmXl, ∀ l,m. (2.10)

The commutator exhibits the following properties

1. Closure:

[Xl, Xm] ∈ X. (2.11)

It implies that if Xl and Xm are two IGs, then commutation [Xl, Xm] of both the

operators will also become a generator of a symmetry group [119, 281]. Thus,

the set of all IGs is closed under commutation relation.

2. Bilinearity:

[aXl + bXm, Xn] = a [Xl, Xn] + b [Xm, Xn],

[Xl, aXm + bXn] = a [Xl, Xm] + b [Xl, Xn],
(2.12)

where a, b ∈ R.

3. Skew-symmetry:

[Xl, Xm] = −[Xm, Xl]. (2.13)
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Table 2.1: Commutator table

X1 X2 · · · Xk

X1 0 X12 · · · X1k

X2 -X12 0 · · · X2k
...

...
...

...
...

Xk -X1k -X2k · · · 0

4. Jacobi identity:

[Xl, [Xm, Xn]] + [Xn, [Xl, Xm]] + [Xm, [Xn, Xl]] = 0. (2.14)

If X1, X2,..., Xk are the infinitesimal symmetries of a k-parameter Lie symmetry

group then new IGs can be found by using the commutators of the known IGs. The

formation of Lie algebra can be examined by listing all the IGs called as commutator

table [219]. The (l,m)-th element in commutator table can be displayed as Xlm =

[Xl, Xm] = XlXm − XmXl. The commutator of two IGs is antisymmetric in nature

(Xlm = [Xl, Xm]=-[Xm, Xl] = −Xml) and all diagonal entities are zero ([Xl, Xl] = 0),

so there is only need to determine the entities above the diagonal as given in Table

2.1.

2.8 Classification of subalgebras

Classification of subgroups for a given Lie symmetry group performs a crucial role in

the study of differential equations. Classification assists to measure group invariant

solutions without the chance of an appearance of equivalent solutions. For each

subgroup of a symmetry group, family of group invariant solutions will be obtained

and if there exist subgroups (infinite number) then it is not feasible to enlist all group

invariant solutions. In such situations, optimal system [40, 219, 222, 312] for a given

system is obtained. To construct an optimal system, the Lie series is used to find the

adjoint representation as follows

Ad(exp(εXi))Xj = Xj − ε [Xi, Xj] +
ε2

2
[Xi, [Xi, Xj]] + · · · . (2.15)

The procedure for classification of one-dimensional subalgebras is carried out by the

technique given in [219]. If X1, X2,. . . , Xk are the elements of the basis of Lie algebra,
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then the most general IG can be represented as follows

X = g1X1 + g2X2 + . . .+ gkXk. (2.16)

Simplification of the most general IG can be done by use of adjoint actions and coeffi-

cients gi, i = 1, . . . , k, appears in the list of inequivalent one-dimensional subalgebras.

On utilizing the inequivalent one-dimensional subalgebras, the group invariant reduc-

tions and corresponding invariant solutions can be determined.

2.9 Extension of 1LGTs and prolongation formu-

las

Consider a s̃th order PDE as given by

Ξ(φ̄, %̄, ∂%̄, ..., ∂ s̃%̄) = 0, (2.17)

where φ̄ corresponds to independent variables φ̄1, φ̄2, ..., φ̄n and %̄ corresponds to de-

pendent variable. The term ∂j %̄ denotes jth order partial derivative w.r.t. φ̄i. The

1LGTs (point) are represented by

φ̄∗i = Ωi(φ̄, %̄; ε) = φ̄i + εXi(φ̄, %̄) +O(ε2), i = 1, 2, ..., n

%̄∗ = Φ(φ̄, %̄; ε) = %̄+ εZ(φ̄, %̄) +O(ε2),
(2.18)

where Xi, Z are termed as infinitesimals corresponding to φi’s and %̄, respectively, in

(φ̄, %̄)-space. The IG for 1LGTs (2.18) is given by

X = Xi(φ̄, %̄)
∂

∂φ̄i
+ Z(φ̄, %̄)

∂

∂%̄
. (2.19)

The s̃th extension [40] of point transformations given in Eqs. (2.18) is represented as
follows

φ̄∗i = Ωi(φ̄, %̄; ε) = φ̄i + εXi(φ̄, %̄) +O(ε2),

%̄∗ = Φ(φ̄, %̄; ε) = %̄+ εZ(φ̄, %̄) +O(ε2),

%̄∗i = Φi(φ̄, %̄, ∂%̄; ε) = %̄i + εZ(1)
i (φ̄, %̄, ∂%̄) +O(ε2),

...

%̄∗i1i2...is̃ = Φi1i2...is̃(φ̄, %̄, ∂%̄, ..., ∂
s̃%̄; ε) = %̄i1i2...is̃ + εZ(s̃)

i1i2...is̃
(φ̄, %̄, ∂%̄, ..., ∂s̃%̄) +O(ε2),

(2.20)
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where i varies from 1 to n and il for one particular l varies from 1 to s̃ with s̃ ≥ 1.

The corresponding s̃th-extended IG is represented as follows

X(s̃) = Xi(φ̄, %̄)
∂

∂φ̄i
+ Z(φ̄, %̄)

∂

∂%̄
+ Z(1)

i (φ̄, %̄, ∂%̄)
∂

∂%̄i
+ · · ·

+ Z(s̃)
i1i2...is̃

(φ̄, %̄, ∂%̄, ..., ∂ s̃%̄)
∂

∂%̄i1i2...is̃
, s̃ ≥ 1

(2.21)

The extended infinitesimals Z(s̃) can be found by following recurrence relations

Z(1)
i = DiZ − (DiXj)%̄j, i = 1, 2, ..., n,

Z(s̃)
i1i2...is̃

= DisZ
(s̃−1)
i1i2...is̃−1

− (Dis̃Xj)%̄i1i2...is̃j,
(2.22)

il for one particular l varies from 1 to s̃ with s̃ ≥ 2.

Herein, Di corresponds to the total derivative operator and is defined as follows

Di =
∂

∂φ̄i
+ %̄i

∂

∂%̄
+ %̄ij

∂

∂%̄j
+ ...+ %̄ii1i2...in

∂

∂%̄ii1i2...in
+ ..., i = 1, 2, ..., n. (2.23)

In case of a system PDEs having φ̄ = (φ̄1, φ̄2, ..., φ̄n) and %̄ = (%̄1, %̄2, ..., %̄κ) as indepen-

dent and dependent variables, respectively, with κ ≥ 2 then extended transformation

from (φ̄, %̄) space to (φ̄, %̄, ∂%̄, ∂2%̄, ..., ∂ s̃%̄)-space are given by

φ̄∗i = Ωi(φ̄, %̄; ε) = φ̄i + εXi(φ̄, %̄) +O(ε2),

(%̄ς)∗ = Φς(φ̄, %̄; ε) = %̄ς + εZ ς(φ̄, %̄) +O(ε2),

(%̄ςi)
∗ = Φς

i(φ̄, %̄, ∂%̄; ε) = %̄ςi + εZ(1)ς
i (φ̄, %̄, ∂%̄) +O(ε2),

...

(%̄ςi1i2...is̃)
∗ = Φς

i1i2...is̃
(φ̄, %̄, ∂%̄, ..., ∂ s̃%̄; ε) = %̄i1i2...is̃ + εZ(s̃)ς

i1i2...is̃
(φ̄, %̄, ∂%̄, ..., ∂ s̃%̄) +O(ε2),

(2.24)

with the extended infinitesimals are given by

Z(1)ς
i = DiZ ς − (DiXj)%̄ςj,

Z(s̃)ς
i1i2...is̃

= Dis̃Z
(s̃−1)ς
i1i2...is̃−1

− (Dis̃Xj)%̄ςi1i2...is̃j,
(2.25)

where ς = 1, 2, ..., κ, il for one particular l varies from 1 to s̃ with s̃ ≥ 2. Here, the

s̃th-extended IG is represented as follows
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X(s̃) = Xi(φ̄, %̄)
∂

∂φ̄i
+ Z ς(φ̄, %̄)

∂

∂%̄ς
+ Z(1)ς

i (φ̄, %̄, ∂%̄)
∂

∂%̄ςi
+ · · ·

+ Z(s̃)ς
i1i2...is̃

(φ̄, %̄, ∂%̄, ..., ∂ s̃%̄)
∂

∂%̄ςi1i2...is̃
, s̃ ≥ 1

(2.26)

2.10 Invariant solutions

For invariant solutions, consider N number of PDEs having φ̄ = (φ̄1, φ̄2, ..., φ̄n) and

%̄ = (%̄1, %̄2, ..., %̄κ) as independent and dependent variables, respectively, represented

as follows

Ξς(φ̄, %̄, ∂%̄, ..., ∂ s̃%̄) = 0, ς = 1, 2, ..., N, (2.27)

where ς denotes one particular PDE out of N PDEs, the term ∂j %̄ = ∂j %̄
∂φ̄i1∂φ̄i2 ...∂φ̄ij

,

ij = 1, 2, ..., n for every j varies from 1 to s̃. In this case, let us write a 1LGTs in the

subsequent form

φ̄∗ = Ω(φ̄, %̄; ε),

%̄∗ = Φ(φ̄, %̄; ε).
(2.28)

Assume, the IG of 1LGTs (2.28) as follows

X = Xi(φ̄, %̄)
∂

∂φ̄i
+ Z ν̄(φ̄, %̄)

∂

∂%̄ν̄
(2.29)

and the s̃th-extended IG of Eq. (2.29) is represented by following form

X(s̃) = Xi(φ̄, %̄)
∂

∂φ̄i
+ Z ν̄(φ̄, %̄)

∂

∂%̄ν̄
+ Z(1)ν̄

i (φ̄, %̄, ∂%̄)
∂

∂%̄ν̄i
+ · · ·

+ Z(s̃)ν̄
i1i2....is̃

(φ̄, %̄, ∂%̄, ..., ∂ s̃%̄)
∂

∂%̄ν̄i1i2....is̃
,

(2.30)

where Z(1)ν̄
i and Z(s̃)ν̄

i1i2....is̃
are given by (2.25), ν̄ = 1, 2, ..., κ and ij = 1, 2, ..., n for

j = 1, 2, ..., s̃.

The function %̄ = Θ(φ̄) is said to be invariant solution of PDEs (2.27) and it remains

invariant under 1LGTs (2.28), iff %̄ = Θ(φ̄) satisfies the following conditions

(i)

Xi(φ̄,Θ(φ̄))
∂Θ(φ̄)

∂φ̄i
= Z ν̄(φ̄,Θ(φ̄)), ν̄ = 1, 2, ..., κ. (2.31)

(ii)

Ξς(φ̄,Θ(φ̄), ∂Θ(φ), ..., ∂ s̃Θ(φ)) = 0, ς = 1, 2, ..., N. (2.32)
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Eqs. (2.31) represent invariant surface conditions for invariant solutions of PDEs

(2.32). These conditions result from the invariance under the point symmetry (2.29).

The invariant form method [40] can be used to find invariant solutions. The set proce-

dure [40] for applying invariant form method using following characteristic equations

dφ̄1

X1(φ̄, %̄)
=

dφ̄2

X2(φ̄, %̄)
= ... =

dφ̄n
Xn(φ̄, %̄)

=
d%̄1

Z1(φ̄, %̄)
=

d%̄2

Z2(φ̄, %̄)
= ... =

d%̄κ

Zκ(φ̄, %̄)
.

(2.33)

Theorem 2.10.1. A connected group of transformations G is a symmetry group of

a non-degenerate system of PDEs (2.27) if and only if for every IG X of G

X(s̄)(Ξς(φ̄, %̄, ∂%̄, ..., ∂ s̃%̄)) = 0, ς = 1, 2, ..., N, (2.34)

for all the solutions %̄ = f(φ̄) of the system (2.27).

The Eqs. (2.34) are the determining equations of the symmetry group to Ξς = 0. For

non-degenerate systems, this is equivalent to

X(s̄)(Ξς) = A · Ξς =
N∑
ν=1

AνΞν . (2.35)

Maximal rank: Let the system of PDEs (2.27) is said to be of maximal rank if

N × (l + κl(s̄)) Jacobin matrix

JΞ(φ̄, %̄, ∂%̄, ..., ∂ s̃%̄) = (
∂Ξς

∂φ̄i
,
∂Ξς

∂%̄ςj
) (2.36)

of Ξ with respect to all variables (φ̄, %̄, ∂%̄, ..., ∂ s̃%̄) is of rank N , whenever Ξ = 0.

Often one says somewhat loosely, that the infinitesimal invariance conditions (2.34)

should hold “whenever (φ̄, %̄(s̄)) satisfy (2.27).” It is not true in general that if φ̄0 is

point in φ̄ = Rn and %̄
(s̄)
0 is collection of derivatives of %̄ at φ̄0 that satisfy the algebraic

conditions imposed by the system (2.27), then there exists a smooth solution %̄ = f(φ̄)

to the system whose derivatives at the point φ̄0 agree with the values of %̄
(s̄)
0 . A point

(φ̄0, %̄
(s̄)
0 ), which does satisfy this condition, and so pertains to an actual solution

%̄ = f(φ̄) of the system, is said to be a point of local solvability of the system. Thus

the local solvability condition can be stated as follows.

Local Solvability: Any each point (φ̄0, %̄
(s̄)
0 ) such that

Ξ(φ̄0, %̄
(s̄)
0 ) = 0, (2.37)
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there exists a solution %̄ = f(φ̄) with

%̄
(s̄)
0 = X(s̄)f(φ̄0). (2.38)

Non-degenerate = maximal rank+locally solvable.

2.11 Lie infinitesimal criterion for system of inte-

ger order PDEs

This part of the chapter is briefed the various important steps of Lie infinitesimal

criterion for integer order PDEs [40, 219] as follows

1. Consider 1LGTs (2.28) for invariance of PDEs (2.27) of maximal rank.

2. Write down the corresponding IG (2.29) and its s̃th order extension (2.30)

3. Apply the extended operator X(s̃) (2.34) [219] for a symmetry group of the

system (2.27) along with the conditions (2.36) and (2.37).

4. Using the extended infinitesimals, obtain over-determining system of linear

PDEs in terms of X and Z.

5. And the solution of over-determining equations yields the expressions for X and

Z.

6. By the use of characteristic Eqs. (2.33), %̄ can be expressed as a function of new

independent variables.

7. Rewrite the given system (2.27) in terms of new coordinates to get the reduced

system of PDEs.

2.12 Lie infinitesimal criterion for system of time

fractional PDEs

This subsection describes the important steps to calculate infinitesimal symmetries

of time fractional PDEs [151, 174, 276, 300] having l independent variables φ̄ =

(φ̄1, φ̄2, ..., φ̄l) and κ dependent variables %̄ = (%̄1, %̄2, ..., %̄κ) as follows

Ξς(φ̄, %̄, Dα
φ̄1
%̄, %̄φ̄i , ...) = 0, ς = 1, 2, ..., κ, i = 2, 3, ..., l, (2.39)
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where α > 0 and Dα
φ̄1

denotes RLF derivative [226] with respect to φ̄1 of order α and

other subscripts denote the partial derivatives of integer orders, i.e., %̄φ̄i =
∂%̄

∂φ̄i
. Here,

φ̄1 is considered as the time variable and other, φ̄i (i = 2, 3, ...) are considered as the

space variables. The RLF derivative [226] of order α (> 0) is given by following

Dα
φ̄1
f(φ̄1) =

{
dn

dφ̄n1
f(φ̄1), α = n, where n ∈ N;

1
Γ(n−α)

dn

dφ̄n1

∫ φ̄1

0
f(θ)

(φ̄1−θ)α+1−ndθ, n− 1 < α < n, n ∈ N.
(2.40)

RLF derivative exhibits the following property [226]

Dαφ̄ζ̄1 =
Γ(ζ̄ + 1)φ̄ζ̄−α1

Γ(ζ̄ − α + 1)
, ζ̄ > α− 1, (2.41)

where the symbol Γ(·) represents gamma function.

Let us assume 1LGTs (point) [151, 244, 247, 276] which leaves the system (2.39) in

an invariant form and can be described as follows

˜̄φi → φ̄i + εXi(φ̄, %̄) +O(ε2), i = 1, 2, ..., l

˜̄%ς → %̄ς + εZ ς(φ̄, %̄) +O(ε2), ς = 1, 2, ..., κ,
(2.42)

where Xi, Z ς are infinitesimals corresponding to various φi’s and %̄i’s, respectively,

and group parameter ε << 1. The IG X for 1LGTs is defined by the following

expression

X = Xi(φ̄, %̄)
∂

∂φ̄i
+ Z ς(φ̄, %̄)

∂

∂%̄ς
, (2.43)

where Xi =
d ˜̄

iφ

dε
|ε=0 and Z ς =

d ˜̄%ς

dε
|ε=0.

Theorem 2.12.1. A connected group of transformations G is a symmetry group of

a non-degenerate system of time fractional PDEs (2.39) if and only if

Pr(n,α)X(Ξς(φ̄, %̄, Dα
φ̄1
%̄, %̄φ̄i , ...)) = 0, n = 1, 2, ..., (2.44)

whenever %̄ is a solution to the system (2.39) for every IG X of G. The Eqs. (2.44)

are the determining equations of the symmetry group to Ξς = 0. For non-degenerate

systems, this is equivalent to

Pr(n,α)X(Ξς) = A · Ξς =
N∑
ν=1

AνΞν . (2.45)
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Maximal rank: Let system (2.39) is said to be of maximal rank if N × (l + κl(s̄))

Jacobin matrix

JΞ(φ̄, %̄, Dα
φ̄1
%̄, %̄φ̄i , ...) = (

∂αΞς

∂φ̄α1
,
∂Ξς

∂φ̄2

,
∂Ξς

∂φ̄3

, ...,
∂Ξς

∂φ̄l
,
∂Ξς

∂%̄ςj
) (2.46)

of Ξ with respect to all variables (φ̄, %̄, Dα
φ̄1
%̄, %̄φ̄i , ...) is of rank N , whenever Ξ = 0.

Local Solvability: Any each point (φ̄0, %̄
(s̄)
0 ) such that

Ξ(φ̄0, %̄
(s̄)
0 ) = 0, (2.47)

there exists a solution %̄ = f(φ̄) with

%̄
(s̄)
0 = X(s̄)f(φ̄0). (2.48)

On the basis of group of transformations (2.42), the structure of RLF derivative is

framed. It should be noticed that, lower limit of integral in RLF derivative is fixed,

so it must be invariant under the application of 1LGTs given in Eq. (2.42).

Thus, invariance condition is appeared finally as follows

X1(φ̄, %̄)|φ̄1=0 = 0. (2.49)

The extended infinitesimals can be found by applying theorem 2.12.2 given below.

Theorem 2.12.2. [276] The αth extended infinitesimals (Z ς)α,φ̄1 = d
dε

(
Dα
φ̄1

˜̄%ς( ˜̄φ)
)
|ε=0,

for α > 0 (ς = 1, 2, ..., κ) with general IG (2.43) are defined as follows

(Z ς)α,φ̄1 =
∂αZ ς

∂φ̄α1
+
∞∑
n=1

[(
α

n

)
∂nZ ς%̄ς
∂φ̄n1

−

(
α

n+ 1

)
Dn+1
φ̄1

(X1)

]
∂α−n
φ̄1

(%̄ς)

+
m∑

s 6=ς,s=1

∞∑
n=1

(
α

n

)
∂nZ ς%̄s
∂φ̄n1

∂α−n
φ̄1

(%̄s)−
∑
j 6=1

∞∑
n=1

(
α

n

)
Dn
φ̄1
XjDα−n

φ̄1
%̄ς
φ̄j

+
(
Z ς%̄ς − αDφ̄1

(Xφ̄1
)
)
∂αφ̄1

%̄ς − %̄ς
∂αZ ς%̄ς
∂φ̄α1

+
κ∑

s 6=ς,s=1

(
Z ς%̄s

∂α%̄s

∂φ̄α1
− %̄s

∂αZ ς%̄s
∂φ̄α1

)

+
κ∑
j=1

µς,s,

(2.50)

where Z ς%̄s = ∂Zς
∂%̄s

, Dφ̄1
denotes total derivative operator and µς,s are defined as follows
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µς,s =
∞∑
n=2

n∑
m=2

m∑
k=2

k−1∑
r=0

(
α

n

)(
n

m

)(
k

r

)
1

k!

φ̄n−α1

Γ(n+ 1− α)
(−%̄s)r ∂

m

∂φ̄m1
((%̄s)k−r)

∂n−m+kZ ς

∂φ̄n−m1 (∂%̄s)k
.

(2.51)

Proof. The prolongations for IG (2.43) are used as follows

(Z ς)α,φ̄1 = Dα
φ̄1

(Z ς) +
l∑

j=1

(
XjDα

φ̄1

(
%̄ς
φ̄j

)
−Dα

φ̄1

(
Xj %̄ςφ̄j

))
, (2.52)

where ς = 1, 2, ...κ, and %̄ς
φ̄j

=
∂%̄ς

∂φ̄j
.

The generalised Leibnitz rule [201, 226] for α ∈ R can be written as follows

Dα
$(f($)g($)) =

∞∑
n=0

(
α

n

)
Dn
$f($)Dα−n

$ g($), (2.53)

where Dn
$f =

dnf

d$n
,

(
α

n

)
=

αΓ(α)

n(α− n)Γ(n)Γ(α− n)
, for all n ∈ N. Using (2.53), the

following result is obtained

X1D
α
φ̄1

(%̄ς
φ̄1

)−Dα
φ̄1

(X1%̄
ς
φ̄1

) = −αDφ̄1
X1∂

α
φ̄1
%̄ς −

∞∑
n=1

(
α

n+ 1

)
Dn+1
φ̄1
X1D

α−n
φ̄1

%̄ς ,

(2.54)

where Dφ̄1
denotes total differential operator with respect to φ̄ given by

Dφ̄1
= ∂φ̄1

+ %̄ς
φ̄1
∂%̄ς + %̄ς

φ̄1φ̄1
∂%̄ς

φ̄1
+
∑
j 6=1

%̄ς
φ̄j φ̄1

∂%̄ς
φ̄j

+ ..., (2.55)

Equivalently, for j 6= 1,

XjDα
φ̄1

(%̄ς
φ̄j

)−Dα
φ̄1

(Xj %̄ςφ̄j) = −
∞∑
n=1

(
α

n

)
(Dn

φ̄1
Xj)Dα−n

φ̄1
%̄ς
φ̄j
. (2.56)

The Eq. (2.52) can be expressed as follows
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(Z ς)α,φ̄1 = Dα
φ̄1

(Z ς)− α(Dφ̄1
X1)∂αφ̄1

%̄ς −
l∑

j 6=1,j=2

∞∑
n=1

(
α

n

)
(Dn

φ̄1
Xj)Dα−n

φ̄1
%̄ς
φ̄j

−
∞∑
n=1

(
α

n+ 1

)
(Dn+1

x1
X1)Dα−n

x1
%̄ς .

(2.57)

The extended form of the formula form time fractional derivative is given by Osler

[221] for α > 0 and is quoted as follows

Dα
φ̄1
f(φ̄1, g1(φ̄1), g2(φ̄1), ...,gl(φ̄1)) =

l∑
j=1

∞∑
n=0

n∑
m=0

m∑
k=0

k∑
r=0

(
α

n

)(
n

m

)(
k

r

)
φ̄n−α1

k!Γ(n+ 1− α)
(−gj)r

dm

dφ̄m1
(gk−rj )

∂n−m+kf(φ̄1, g1, ..., gl)

(∂φ̄1)n−m(∂gj)k
.

(2.58)

Since Z ς = Z ς(φ̄1, ..., φ̄l, %̄
1, ..., %̄κ), using (2.58) and the generalised multi-variable

chain rule [216, 300], the term Dα
φ̄1

(Z ς) in (2.57) can be obtained as follows

Dα
φ̄1

(Z ς) =
∂αZ ς

∂φ̄α1
+

κ∑
s=1

[(
Z ς%̄s

∂α%̄s

∂φ̄α1
− %̄s

∂αZ ς%̄s
∂φ̄α1

)
−
∞∑
n=1

(
α

n

)
∂nZ ς%̄s
∂φ̄n1

Dα−n
φ̄1

(%̄s) + µς,s

]
,

(2.59)

where Z ς%̄s = ∂Zς
∂%̄s

and the exact form of µς,s is given as follows

µς,s =
∞∑
n=2

n∑
m=2

m∑
k=2

k−1∑
r=0

(
α

n

)(
n

m

)(
k

r

)
1

k!

φ̄n−α1

Γ(n+ 1− α)
(−%̄s)r ∂

m

∂φ̄m1
((%̄s)k−r)

∂n−m+kZ ς

∂φ̄n−m1 (∂%̄s)k
.

(2.60)

Therefore, the expression for (Z ς)α,φ̄1 is expressed as follows

(Z ς)α,φ̄1 =
∂αZ ς

∂φ̄α1
+
∞∑
n=1

[(
α

n

)
∂nZ ς%̄ς
∂φ̄n1

−

(
α

n+ 1

)
Dn+1
φ̄1

(X1)

]
∂α−n
φ̄1

(%̄ς)

+
κ∑

s 6=ς,s=1

∞∑
n=1

(
α

n

)
∂nZ ς%̄s
∂φ̄n1

∂α−n
φ̄1

(%̄s)−
∑
j 6=1

∞∑
n=1

(
α

n

)
Dn
φ̄1
XjDα−n

φ̄1
%̄ς
φ̄j

+
(
Z ς%̄ς − αDφ̄1

(X1)
)
∂αφ̄1

%̄ς − %̄ς
∂αZ ς%̄ς
∂φ̄α1

+
κ∑

s 6=ς,s=1

(
Z ς%̄s

∂α%̄s

∂φ̄α1
− %̄s

∂αZ ς%̄s
∂φ̄α1

)

+
κ∑
s=1

µς,s.

(2.61)
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Hence, completes the proof.

Back substitution of the fractional extended infinitesimals and integer extended

infinitesimals into the invariance condition (2.44) gives the over-determining equations

whose solution with additional invariance condition gives the required infinitesimals.

The invariants retrieved from characteristic equations provide reduced system of frac-

tional PDEs.

In the next section of the chapter, algorithms for various methods to find solutions

of fractional PDEs are described in a systematic way. In the other chapters of the

thesis, these methods are successfully applied and discussed with suitable examples.

2.13 Solutions for fractional PDEs

This section involves the methods which are being used for exact solutions of frac-

tional PDEs. The bright, dark and singular solitary, and exact travelling waves by

exponential rational function method for time fractional PDEs are presented. Also,

an improved F-expansion method is proposed to analyse space-time fractional PDEs

for exact solutions. The EJEFE method gives doubly periodic wave type solutions

and described systematically for space-time fractional PDEs.

2.13.1 Solitary wave solutions of time fractional PDEs

This subsection describes the solitary wave solutions of time fractional PDEs of order

α having three independent (φ1, φ2, φ3) and three dependent variables (%1, %2, %3) as

follows
Ξ1(φ1, D

α
φ1
%1, φ2, %1φ2

, φ3, %2φ2
, %1, %3φ2

, %2, %3, ...) = 0,

Ξ2(φ1, D
α
φ1
%1, φ2, %1φ2

, φ3, %2φ2
, %1, %3φ2

, %2, %3, ...) = 0,

Ξ3(φ1, D
α
φ1
%1, φ2, %1φ2

, φ3, %2φ2
, %1, %3φ2

, %2, %3, ...) = 0.

(2.62)

The fractional complex transformation [115, 176, 243, 282, 326] connecting the vari-

ables is defined as folllows

%1 = f(ζ), %2 = g(ζ), %3 = h(ζ), ζ = k1φ2 + k2φ3 +
k3 φ1

α

Γ(1 + α)
, (2.63)
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where k1, k2 and k3 are taken as arbitrary constants and ζ is complex variable. By

using the chain rule

Dα
φ1
%1 = (σ1)φ1Dζf D

α
φ1
ζ = (σ1)φ1f

′k3,

Dα
φ1
%2 = (σ2)φ1Dζg D

α
φ1
ζ = (σ2)φ1g

′k3,

Dα
φ1
%3 = (σ3)φ1DζhD

α
φ1
ζ = (σ3)φ1h

′k3,

(2.64)

where (σ1)φ1 , (σ2)φ1 and (σ3)φ1 are the fractional indexes [115, 243] and without the

loss of generality, consider (σ1)φ1 = (σ2)φ1 = (σ3)φ1 = ρ, where ρ is the arbitrary

constant, and prime ′ denotes derivative of f(ζ), g(ζ), h(ζ) with respect to ζ. Thus,

the transformation (2.63) leads to the ODEs for the given system (2.62) in following

form
R1(f, g, h, (σ1)φ1f

′k3, (σ2)φ1g
′k3, (σ3)φ1h

′k3, ..) = 0,

R2(f, g, h, (σ1)φ1f
′k3, (σ2)φ1g

′k3, (σ3)φ1h
′k3, ..) = 0,

R3(f, g, h, (σ1)φ1f
′k3, (σ2)φ1g

′k3, (σ3)φ1h
′k3, ..) = 0.

(2.65)

The obtained system of ODEs (2.65) has been tested to possess bright, dark and

singular solitary wave solutions.

1. For bright solitary wave solution, let us consider

f(ζ) = A1 sechp1(ζ), g(ζ) = A2 sechp2(ζ), h(ζ) = A3 sechp3(ζ), (2.66)

where Ai and pi (i = 1, 2, 3) termed as wave amplitudes and arbitrary constants,

respectively. In Eq. (2.66), ζ is considered same as in Eq. (2.63). Back sub-

stitution of (2.66) into ODEs (2.65) gives some set of equations and then using

balancing principle, the values for p1, p2 and p3 are obtained. The substitution

of assumed solution (2.66) with the values of p1, p2 and p3, gives determining

equations for Ai, i = 1, 2, 3. Solution of these equations gives corresponding

values of A1, A2 and A3. Thus, solution of given system of time fractional

PDEs are obtained.

2. Similarly, for dark solitary wave solution, assume

f(ζ) = A1 tanhp1(ζ), g(ζ) = A2 tanhp2(ζ), h(ζ) = A3 tanhp3(ζ). (2.67)

All other steps are same as mentioned for bright solitary wave solution.
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3. For singular solitary wave solution, consider

f(ζ) = A1 cschp1(ζ), g(ζ) = A2 cschp2(ζ), h(ζ) = A3 cschp3(ζ). (2.68)

2.13.2 Exponential rational function method for exact solu-

tions of time fractional PDEs

This subsection deals with the procedure to obtain exact solutions for time fractional

PDEs (2.62) with three independent and three dependent variables using the expo-

nential rational function method [11, 28, 204, 286, 338]. To find the exact solutions,

consider, the fractional complex transformation (2.63) that converts given fractional

PDEs into ODEs (2.65).

The exact solution of ODEs (2.65) has been written as follows

f(ζ) =

N1∑
r=0

Ar
(1 + eζ)r

, g(ζ) =

N2∑
r=0

Br
(1 + eζ)r

, h(ζ) =

N3∑
r=0

Cr
(1 + eζ)r

, (2.69)

where Ar, Br and Cr (Ar,Br, Cr 6= 0) are the arbitrary constants.

� The upper limit in the summations N1, N2 and N3 can be computed by balanc-

ing principle from obtained system of ODEs (2.65). This gives the values for

N1, N2 and N3.

� Then, substitution of system (2.69) into ODEs (2.65) and set of polynomial

equations in ejζ is obtained. By equating the coefficients of ejζ to zero, algebraic

equations are obtained in terms of unknown constants An, Bn and Cn.

� Using symbolic computational software Maple, solutions of algebraic equations

can be found. The solutions of reduced ODEs (2.65) can be computed.

� Using the solutions of reduced ODEs into Eq. (2.63), one can get the solutions

of given time fractional PDEs (2.62).

2.13.3 Exact travelling wave solutions of space-time frac-

tional PDEs by an improved F-expansion method

In case of fractional PDEs having space as well as time derivatives of fractional order,

the solutions of such systems can be obtained using the improved F-expansion method
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[10, 137, 138, 150]. In this subsection, the improved F-expansion method for space-

time fractional PDEs is proposed and uses the Riccati equation as follows

dφ

dζ
= l + φ2(ζ), (2.70)

where l is the real parameter, φ(ζ) is real function of ζ, and the general solutions of

Riccati Eq. (2.70) are classified in the following cases.

Case 1 For l < 0, two solutions φ1 and φ2 in terms of hyperbolic functions are given

as follows
φ1 = −

√
−l tanh(

√
−l ζ),

φ2 = −
√
−l coth(

√
−l ζ).

(2.71)

Case 2 When l > 0, two solutions φ3 and φ4 can be represented in terms of the

trigonometric functions as follows

φ3 =
√
l tan(

√
l ζ),

φ4 = −
√
l cot(

√
l ζ).

(2.72)

Case 3 For l = 0, the solution of the Riccati Eq. (2.70) is represented in the following

rational form

φ5 = −1

ζ
. (2.73)

To find the exact solutions by an improved F-expansion method, the space-time

fractional PDE is considered in the following form

Ξ(u,
∂αu

∂tα
,
∂βu

∂xβ
,
∂γu

∂yγ
,
∂δu

∂zδ
,
∂β

∂xβ

(
∂αu

∂tα

)
,
∂β

∂xβ

(
∂δu

∂zδ

)
,
∂2βu

∂x2β
, ...) = 0,

0 < α, β, γ, δ < 1,

(2.74)

where u = u(t, x, y, z) and α, β, γ and δ are the fractional orders of the derivatives

with respect to t, x, y and z, respectively. Some of the solution of fractional PDE

(2.74) can be obtained by applying fractional complex transformation [115, 176, 243,

282, 326] given as follows

u(t, x, y, z) = U(ζ), (2.75)

where ζ is the complex variable given as follows

ζ =
K1x

β

Γ(β + 1)
+

K2y
γ

Γ(γ + 1)
+

K3z
δ

Γ(δ + 1)
+

K4t
α

Γ(α + 1)
, (2.76)
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where K1, K2, K3 and K4 are the arbitrary constants. Using the chain rule, the

fractional derivatives are obtained as follows

∂αu

∂tα
= σtDζUD

α
t ζ = σtK4(DζU) = σtK4U

′,

∂βu

∂xβ
= σxDζUD

β
xζ = σxK1(DζU) = σxK1U

′,

∂γu

∂yγ
= σyDζUD

γ
yζ = σyK2(DζU) = σyK2U

′,

∂δu

∂zδ
= σzDζUD

δ
zζ = σzK3(DζU) = σzK3U

′,

...

(2.77)

where σt, σx, σy and σz are the fractional indexes and without the loss of generality,

consider σt = σx = σy = σz = ρ, where ρ is the arbitrary constant [115, 145, 243].

Thus, the fractional transformation (2.75) converts the space-time fractional PDE

(2.74) into an ODE in the form as follows

Φ(U, ρK4U
′, ρK1U

′, ρK2U
′, ρK3U

′, ρ2K4K1U
′′, ρ2K1K3U

′′, ρ2K2
1U
′′, ...) = 0.

(2.78)

The obtained ODE (2.78) can also be integrated once or more number of times and

the constants of integration can be equated to zero for getting the solutions.

The solution in traveling wave form for obtained ODE (2.78) has been considered as

given by

U(ζ) =
P∑
i=0

µi(m+ φ(ζ))i +
P∑
i=1

νi(m+ φ(ζ))−i, (2.79)

where φ(ζ) satisfies the Riccati Eq. (2.70). The µi, νi and m are the arbitrary

constants and µi, νi 6= 0, simultaneously.

� The parameter P can be determined by using the balancing principle in which

the highest order derivative term is balanced with the highest order nonlinear

term from ODE (2.78).

� Using the value of P , the travelling wave solution (2.79) is substituted back into

ODE (2.78) and it gives the polynomial in terms of function φ(ζ).

� By equating the coefficients of similar powers of φ(ζ) to zero, it gives a system

of over determining equations whose solution provides µi, νi and m values.

� The solutions of ODE (2.78) can be drafted by inserting the values of µi, νi and
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m into the Eq. (2.79) with known solutions of the Riccati Eq. (2.70).

� The back substitution of solutions of ODE (2.78) into Eq. (2.75) and finally, it

gives exact travelling wave solutions of the space-time fractional PDE (2.74).

2.13.4 Doubly periodic waves for space-time fractional PDEs

by EJEFE method

This subsection describes EJEFE method [4, 39, 71, 277, 346] for getting the doubly

periodic wave solutions. For this, the space-time fractional PDE of the form (2.74)

is considered and using the fractional complex transformation (2.75), the reduced

ODE (2.78) is obtained. For the solutions of the reduced ODE, the function U(ζ) is

expressed as a series given by

U(ζ) =
n∑
i=0

Qi sn
i(ζ) +

n∑
j=1

Rj sn−j(ζ), (2.80)

where sn(ζ) denotes the Jacobi elliptic function, Qi and Rj are arbitrary constants.

The value of upper limit (n) in the summation can be found by balancing principle

from reduced ODE. Relations between the Jacobi functions are described as follows

cn2(ζ) = 1− sn2(ζ), dn2(ζ) = 1−m2 sn2(ζ),

d

dζ
sn(ζ) = cn(ζ) dn(ζ),

d

dζ
cn(ζ) = − sn(ζ) dn(ζ),

d

dζ
dn(ζ) = −m2 sn(ζ) cn(ζ),

(2.81)

where cn(ζ), dn(ζ) denote Jacobi elliptic functions of cosine and third kind, respec-

tively for the modulus m (0 < m < 1). If m value approaches to 1, then Jacobi func-

tions become hyperbolic functions [4, 39, 71, 277, 346] and if the m value approaches

to 0, then Jacobi functions result into triangular functions [4, 39, 71, 277, 346].

Back substitution of the solution (2.80) into the ODE (2.78), results into a polynomial

in terms of Jacobi function sn(ζ). By equating the coefficients of different powers of

sn(ζ), the determining equations are obtained and their solution gives the values of

various constants Ai and Bj. Back substitution of these variables into the complex

transformation, the general solution of space-time fractional PDE is obtained.

2.14 Conservation laws

This section deals with the algorithmic view to derive conservation laws for PDEs.
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2.14.1 Conservation laws of integer order PDEs

This subsection gives detail to find conservation laws of integer order PDEs by the

application of two methods, one is direct method given by Anco and Bluman [19, 43]

and second is Ibragimov’s method [121, 123].

For conservation laws, let us assume s̃th-order PDEs with φ̄ = (φ̄1, φ̄2, ..., φ̄n) and

%̄ = (%̄1, %̄2, ..., %̄κ) as independent and dependent variables, respectively, as follows

Ξς(φ̄, %̄, ∂%̄, ..., ∂
s̃%̄) = 0, ς = 1, 2, ..., κ. (2.82)

A vector C = (C1, C2, ...Cn) with components C1, C2,...Cn is said to be a conserved

vector if it justifies following continuity equation

DiC
i
∣∣
(2.82)

= 0, (2.83)

for all the solutions of system (2.82).

2.14.1.1 Direct method

In direct method, the local conservation laws can be obtained from the linear com-

binations of system of PDEs with the set of multipliers [43]. For conservation laws,

multiplier Λς(φ̄, %̄, ∂%̄, ...) depends upon φ̄, %̄ as well as derivatives of %̄ upto some

finite order and it has the following property

Λς(φ̄, %̄, ∂%̄, ...)Ξς(φ̄, %̄, ∂%̄, ..., ∂
s%̄) = DiC

i (2.84)

and holds identically for all the solutions of system of PDEs. The local conservation

law of PDEs (2.82) can be found from non-singular multipliers Λς(φ̄, %̄, ∂%̄, ...) [43] if

and only if
δ

δ%̄ς
(ΛςΞς) = 0, (2.85)

where
δ

δ%̄ς
represents Euler operator, also known as variational derivative defined by

δ

δ%̄ς
=

∂

∂%̄ς
+
∞∑
s=1

(−1)sDi1 ...Dis

∂

∂%̄ςi1...is
. (2.86)

The solution of determining equations given by Eq. (2.85) provides multipliers Λς .

Once the multipliers are found, the conserved vectors can be constructed by integrat-
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ing the divergence expression (2.84) [43]. In some cases, the inversion of divergence

expression is difficult or complicated then in these cases the inversion of divergence

equation is done by the use of homotopy operator [228] and multipliers can be found.

2.14.1.2 Ibragimov’s method for conservation laws

Ibragimov proposes the new conservation theorem [121] and theory of nonlinear self-

adjointness [123] for system (2.82) associated with the symmetries.

The adjoint equations to the Eqs. (2.82) are defined by

Ξ∗ς (φ̄, %̄, ∂%̄, ∂Υ, ..., ∂s%̄, ∂sΥ) = 0, ς = 1, 2, ..., κ, (2.87)

with the adjoint operator Ξ∗ς as given by

(Ξς)
∗(φ̄, %̄, ∂%̄, ∂Υ, ..., ∂s%̄, ∂sΥ) =

δL
δ%̄ς

, (2.88)

where the formal Lagrangian (L) for Eqs. (2.82) is expressed below

L =
m∑
$=1

Υ$Ξς(φ̄, %̄, ∂%̄, ..., ∂
s%̄) (2.89)

and
δ

δ%̄ς
is the variational derivative defined in (2.86).

A system (2.82) is called nonlinearly self-adjoint [123] if Eqs. (2.87) justifies ∀ solu-

tions of system (2.82) after some substitution of Υς given by

Υς = φς(φ̄, %̄), ς = 1, 2, ...κ, (2.90)

provided that not all φς ’s vanish simultaneously [123]. Or in other words, the system

(2.82) is defined as nonlinearly self-adjoint if it satisfies the following condition

Ξ∗ς (φ̄, %̄, ∂%̄, ∂φ(φ̄, %̄), ..., ∂s%̄, ∂sφ(φ̄, %̄)) = λ$ς (Ξς(φ̄, %̄, ∂%̄, ..., ∂
s%̄)), ς = 1, 2, ..., κ,

(2.91)

where λ%ς are the undetermined coefficients.

Theorem 2.14.1. (Ibragimov’s new conservation theorem) [121] Infinitesimal sym-

metry given by

X = Xi
∂

∂φ̄i
+ Z ς ∂

∂%̄ς
(2.92)

of nonlinear self-adjoint system (2.82) generates a conservation law DiC
i = 0 by
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using formula given below

Ci = XiL+W ς

((
∂L
∂%̄ςi

)
−Dj

(
∂L
∂%̄ςij

)
+DjDk

(
∂L
∂%̄ςijk

)
− · · ·

)

+Dj(W
ς)

((
∂L
∂%̄ςij

)
−Dk

(
∂L
∂%̄ςijk

)
+ · · ·

)
+DjDk(W

ς)

(
∂L
∂%̄ςijk

− · · ·

)
,

(2.93)

where W ς = Z ς − Xj %̄ςj. L must be taken in symmetric form with respect to mixed

derivative terms %̄ςij, %̄
ς
ijk,... .

2.14.2 Conservation laws for PDEs of time fractional deriva-

tives

To obtain conservation laws of time fractional PDEs (2.39), consider the formal La-

grangian as expressed by

L =
κ∑

$=1

Υ$ Ξς(φ̄, %̄ς , Dα
φ̄1
%̄ς , %̄ς

φ̄i
, ...) (2.94)

Then adjoint equations to the system (2.39) are given as follows

δL
δ%̄ς

= 0, (2.95)

where
δ

δ%̄ς
is the variational derivative defined by

δ

δ%̄ς
=

∂

∂%̄ς
− (Dα

φ̄1
)∗

∂

∂
(
Dα
φ̄1
%̄ς
) −Dφ̄i

∂

∂%̄ς
φ̄i

+Dφ̄iDφ̄j

∂

∂%̄ς
φ̄iφ̄j

+ · · · , i = 2, 3, ...,

(2.96)

and (Dα
φ̄1

)∗ is the adjoint operator of (Dα
φ̄1

). By using the RLF derivative [96, 185,

244, 247, 297], the φ̄1 component ‘C φ̄1 ’ of conserved vector is given by

C φ̄1 =
n−1∑
k=0

(−1)k0D
α−1−k
φ̄1

(W ς)Dk
φ̄1

∂L
∂0Dα

φ̄1
%̄ςi
− (−1)nJ

(
W ς , Dn

φ̄1

∂L
∂0Dα

φ̄1
%̄ςi

)
, (2.97)

where n = [α] + 1 and J is the integral defined by

J(F,G) =
1

Γ(n− α)

∫ t

0

∫ ϑ

t

F (φ̄2, φ̄3, ...φ̄l, φ)G(φ̄2, φ̄3, ...φ̄l, q)

(q − φ)α+1−n dqdφ. (2.98)
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The conserved vectors Ci corresponding to other independent variables for φ̄i i =

2, 3, ... can be found by similar formula given for integer order PDEs in Eq. (2.93).

2.15 Linear dispersion analysis

This section gives linear dispersion analysis for fractional PDEs using the definition

of RLF derivative (2.40) with lower terminal a at −∞ [226]. The RLF derivative

with lower terminal a at −∞ has the following property

−∞D
α
t e

λt = λαeλt, λ > 0. (2.99)

The analysis describes the dispersion of waves in the nonlinear dynamical systems.

It gives the dispersion relation which is used to find the phase velocity vp and the

group velocity vg. For linear analysis, consider dispersive waves in the form of the

wave function ψ(t, x, y, z) having sinusoidal form with the periodic spatial and time

dependence as follows [63, 101, 154, 195, 196, 316]

ψ(t, x, y, z) = Re{Aei(ωt−~S·~r)}, (2.100)

where A is the complex amplitude, ~S = sx î + sy ĵ + sz k̂ is the three dimensional

wave vector, and ~r = x î+y ĵ+ z k̂ is the three dimensional displacement vector. The

relation between ω and ~S is called dispersion relation defined by

D(ω, ~S) = 0, (2.101)

where D is the real function of ω and ~S. This relation is satisfied with certain ω, ~S

∈ C. The Eq. (2.101) can be solved for a real parameter ω by utilizing the following

condition

ω̄(~S) = ω̄(sx, sy, sz) ∈ C, sx, sy, sz ∈ R, (2.102)

Then, the normal mode solution of (3+1)-dimensional dynamical system can be writ-

ten as follows

ψ(t, x, y, z; ~S) = Re{A(~S)ei(ω̄t−
~S·~r)}. (2.103)

The phase and group velocity for (2.103) from dispersion can be defined as follows

vp(~S) =
~S Reω̄(~S)

|~S|2
, vg(~S) = ~∇~S Reω̄(~S), (2.104)
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where ~∇~S denotes the gradient and |~S| =
√
s2
x + s2

y + s2
z.

Eq. (2.103) shows that ψ(t, x, y, z; ~S) is oscillating sinusoidally in space with a wave-

length λ = 2π

|~S|
, but with time, the sinusoidal variation depends upon whether ω̄ is

real or imaginary. Thus,

ω̄(~S) = ωr(~S) + i ωi(~S), (2.105)

where ωr(~S) = Re ω̄ and ωi(~S) = Im ω̄. If ωi ≥ 0, γ(S) = ωi(S) is the time damping

factor.





Chapter 3

Integer Order PDEs1

This chapter examines two nonlinear integer order PDEs with variable coefficients

which are (2+1)-dimensional new coupled Zakharov-Kuznetsov (ZK) system and gen-

eralised 7th order Korteweg and de Vries (KdV) equation. These equations are studied

for Lie group analysis which includes the Lie infinitesimal symmetries, group invari-

ant forms, coefficient functions, and corresponding reductions. The exact explicit

solutions are obtained corresponding to reduced ODEs and are reframed for given

equations. The conserved density and fluxes are derived using general theorem on

conservation laws with nonlinear self-adjointness technique and direct method.

3.1 New coupled ZK system in (2+1)-dimensions

The nonlinear physical phenomena can be disseminated by solving nonlinear PDEs.

The evolution profile of solutions for such equations plays a key role in exploring

various models taken from mathematical, physical and engineering sciences. Thus,

it is required to develop an algorithm to find a variety of solutions. The present

work addresses to obtain the multiple type solutions by symmetry transformations

[107, 108, 219, 268]. Further, the Lie symmetries are used to construct conservation

laws [19, 121, 123, 148, 210, 312] associated with PDEs. The one such nonlinearly

evolved new coupled ZK system in (2+1)-dimensions with time dependent coefficients

1The contents of section (3.1) are published in Pramana −Journal of Physics, 93(4), 59 (2019).

41
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is considered as follows

Ξ1 ≡ ut + T1(t)(uv)x + T3(t)(vw)x + T2(t)(uxx + uyy)x = 0,

Ξ2 ≡ vt + T4(t)(uw)x + T2(t)(vxx + vyy)x = 0,

Ξ3 ≡ wt + T4(t)(uv)x + T2(t)(wxx + wyy)x = 0,

(3.1)

where T1(t), T2(t), T3(t) and T4(t) are the random functions of t.

The ZK system spanned dust acoustic solitary waves, nonlinear ion-acoustic waves

and hot isothermal electrons [236, 256, 257, 317, 340, 347]. The ZK system with

constant coefficients (3.1) is solved successfully by Elboree [75], Wei and Tang [313],

Khalique [155] and Fahmy [78] for different types of exact solutions. The system

(3.1) has not been investigated with time dependent coefficients by the symmetry

transformation method for exact solutions as well as for conservation laws.

3.1.1 Maximal rank and local solvability

The maximal rank of the system is computed by using the formula given in Eq. (2.36)

is as follows 
∂Ξ1

∂xi
∂Ξ1

∂uςj
∂Ξ2

∂xi
∂Ξ2

∂uςj
∂Ξ3

∂xi
∂Ξ3

∂uςj

 , (3.2)

where i, ς = 1, 2, 3 and x1 = t, x2 = x, x3 = y, u1 = u, u2 = v, u3 = w, and uj are

various derivatives with respect to independent variables. According to the maximal

rank condition, the resulting jacobian matrix rank becomes 3 which is maximum i.e.,

maximal rank condition is satisfied. Also, the given Eq. (3.1) is locally solvable.

Because, any assignation of initial values

(t0, x0, y0;u0, v0, w0;u0
t , u

0
x, u

0
y, v

0
t , v

0
x, v

0
y;u

0
tx, .....;u

0
xxx, u

0
xyy, v

0
xxx, v

0
xyy, w

0
xxx, w

0
xyy), which

satisfies given system and will give smooth solution. Any solution of the system is

smooth if it satisfies to every prolongation of the system.

3.1.2 Lie symmetry transformations

Lie infinitesimal symmetries have been extracted using an IG considered in the fol-

lowing form [219]

X = X1
∂

∂t
+ X2

∂

∂x
+ X3

∂

∂y
+ Z1

∂

∂u
+ Z2

∂

∂v
+ Z3

∂

∂w
, (3.3)
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where X1, X2, X3, Z1, Z2 and Z3 are infinitesimals with respect to t, x, y, u, v and w,

respectively. The third order prolongation Pr3X of X for the system (3.1) is given

as follows

Pr3X = X + Z1
t ∂

∂ut
+ Z1

x ∂

∂ux
+ Z1

xxx ∂

∂uxxx
+ Z1

xyy ∂

∂uxyy
+ Z2

t ∂

∂ut
+ Z2

x ∂

∂vx

+ Z2
xxx ∂

∂vxxx
+ Z2

xyy ∂

∂vxyy
+ Z3

t ∂

∂ut
+ Z3

x ∂

∂wx
+ Z3

xxx ∂

∂wxxx
+ Z3

xyy ∂

∂wxyy
,

(3.4)

where Z1
t, Z2

t, Z3
t, Z1

x, Z2
x, Z3

x, Z1
xxx, Z2

xxx, Z3
xxx, Z1

xyy, Z2
xyy and Z3

xyy are

the extended infinitesimals [219] (detail is given in Appendix A.1). The system (3.3)

represents Lie point symmetry of ZK system if the following conditions hold

Pr3X(Ξ1)|Ξ1=0,Ξ2=0,Ξ3=0 = 0, P r3X(Ξ2)|Ξ1=0,Ξ2=0,Ξ3=0 = 0,

P r3X(Ξ3)|Ξ1=0,Ξ2=0,Ξ3=0 = 0.
(3.5)

The analysis suggests the following symmetry equations

Z1
t + T1

′(t)X1(uv)x + T1(t)(uZ2
x + Z1vx + Z1

xv + uxZ2) + T3
′(t)X1(vw)x

+ T3(t)(vZ3
x + Z2wx + Z2

xw + vxZ3) + T2
′(t)X1uxxx + T2(t)Z1

xxx + T2
′(t)X1uxyy

+ T2(t)Z1
xyy = 0,

Z2
t + T4

′(t)X1(uw)x + T4(t)(uZ3
x + Z1wx + Z1

xw + uxZ3) + T2
′(t)X1vxxx + T2(t)Z2

xxx

+ T2
′(t)X1vxyy + T2(t)Z2

xyy = 0,

Z3
t + T4

′(t)X1(uv)x + T4(t)(uZ2
x + Z1vx + Z1

xv + uxZ2) + T2
′(t)X1wxxx + T2(t)Z3

xxx

+ T2
′(t)X1wxyy + T2(t)Z3

xyy = 0.

(3.6)

Using the extended infinitesimals in Eqs. (3.6) and by matching similar terms, an

over-determined set of linear PDEs are retrieved and whose solution can be expressed

as follows

X1 =
1

T2(t)
(3 f1

∫
T2(t) dt+ f4), X2 = f1x+ f3, X3 = f1y + f2, Z1 = f5u,

Z2 = f5v, Z3 = f5w,

(3.7)



Chapter 3. Integer Order PDEs 44

where f1, f2, f3, f4, f5 are arbitrary constants and the various coefficients T1(t), T2(t),

T3(t), T4(t) justify following conditions

T2(t)(T3(t) (2 f1 + f5) + T3
′(t))X1 − T2tT3(t) = 0,

T2(t)(T1(t) (2 f1 + f5) + T1
′(t))X1 − T2tT1(t) = 0,

T2(t)(T4(t) (2 f1 + f5) + T4
′(t))X1 − T2tT4(t) = 0.

(3.8)

From Eq. (3.7), the one-dimensional Lie algebra [219, 312] is generated by following

vector fields

X1 =
1

T2(t)
∂t,

X2 = ∂x,

X3 = ∂y,

X4 = u∂u+ v∂v + w∂w,

X5 = x∂x+
3
∫
T2(t) dt

T2(t)
∂t+ y∂y.

(3.9)

The above IGs satisfied the condition given in Eq. (2.34), which shows that Pr3Xi(Ξi) =

0, i = 1, 2, 3, whenever Ξi = 0. Thus above above IGs become symmetry groups and

infinitesimal criterion of invariance (2.34) is verified.

Further, vector fields Xi generate a set of one-parameter groups Gi given in following

table.

The transformed point is given by the entries exp(εXi)(t, x, y, u, v, w) =(t̂, x̂, ŷ, û, v̂, ŵ):

G1 :

(
t+

ε

T2(t)
, x, y, u, v, w

)
,

G2 : (t, x+ ε, y, u, v, w) ,

G3 : (t, x, y + ε, u, v, w) ,

G4 : (t, x, y, u eε, v eε, w eε) ,

G5 :

(
t+ ε

3
∫
T2(t) dt

T2(t)
, x eε, y eε, u, v, w

)
,

(3.10)

where various Gi; (i = 1, 2, ..., 5) represent the symmetry groups and the following

theorem can be stated which ultimately leads to the optimal system [219, 312].
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Theorem 3.1.1. If
(
u = D̄(t, x, y), v = Ē(t, x, y), w = F̄(t, x, y)

)
represents solution

of the system (3.1), so are the functions

(u(1), v(1), w(1)) =

(
D̄
(
t− ε

T2(t)
, x, y

)
, Ē
(
t− ε

T2(t)
, x, y

)
, F̄
(
t− ε

T2(t)
, x, y

))
,

(u(2), v(2), w(2)) =
(
D̄(t, x− ε, y), Ē(t, x− ε, y), F̄(t, x− ε, y)

)
,

(u(3), v(3), w(3)) =
(
D̄ (t, x, y − ε) , Ē (t, x, y − ε) , F̄ (t, x, y − ε)

)
,

(u(4), v(4), w(4)) =
(
eε D̄(t, x, y), eε Ē(t, x, y), eε F̄(t, x, y)

)
,

(u(5), v(5), w(5)) =

(
D̄
(
t− ε

3
∫
T2(t) dt

T2(t)
, x e−ε, y e−ε

)
, Ē
(
t− ε

3
∫
T2(t) dt

T2(t)
, x e−ε, y e−ε

)
,

F̄
(
t− ε

3
∫
T2(t) dt

T2(t)
, x e−ε, y e−ε

))
.

(3.11)

A family of group invariant solutions will be obtained for each subgroup of sym-

metry groups Gi (i = 1, 2, ..., 5), in present case, an infinitely many such subgroups

exists, and difficult to enlist acceptable group invariant solutions for ZK system. The

group invariant solution introduces concept of optimal system [219] using the adjoint

representation and Lie brackets. The non zero Lie brackets can be obtained from the

Lie algebra (3.9) as follows

[X1, X5] = −[X5, X1] = 3X1, [X2, X5] = −[X5, X2] = X2,

[X3, X5] = −[X5, X3] = X3.
(3.12)

The Lie series (2.15) and Lie commutation relation (3.12) further help to write down

the adjoint representation of ZK system

Ad(exp(εXi))Xi = Xi, i = 1, 2, 3, 4, 5, (3.13)

and
Ad(exp(εX1))X2 = X2, , Ad(exp(εX1))X3 = X3,

Ad(exp(εX1))X4 = X4, Ad(exp(εX1)X5 = X5 − 3 εX1,

Ad(exp(εX2))X1 = X1, Ad(exp(εX2))X3 = X3,

Ad(exp(εX2))X4 = X4, Ad(exp(εX2))X5 = X5 − εX2,

Ad(exp(εX3))X1 = X1, Ad(exp(εX3))X2 = X2,

Ad(exp(εX3))X4 = X4, Ad(exp(εX3))X5 = X2 − εX3,

(3.14)
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Ad(exp(εX4))X1 = X1, Ad(exp(εX4))X2 = X2,

Ad(exp(εX4))X3 = X3, Ad(exp(εX4))X5 = X5,

Ad(exp(εX5))X1 = X1 e
3 ε, Ad(exp(εX5))X2 = X2 e

ε,

Ad(exp(εX5))X3 = X3 e
ε, Ad(exp(εX5))X4 = X4.

(3.15)

Then, adjoint representation is used to construct optimal system [219] generated by

following vector fields

(i) X5 + ρX4,

(ii) X4 + µX3 + θ X2 + ν X1,

(iii) X3 + r X2 + sX1,

(iv) X2 + pX1,

(v) X1,

where ρ, µ, θ, ν, r, s and p are arbitrary constants. These vectors fields are used in

next section for similarity reductions.

3.1.3 Similarity reductions and exact solutions

For similarity reductions with respect to the vector fields described in the optimal

system, the following characteristic equations are used

dt

X1

=
dx

X2

=
dy

X3

=
du

Z1

=
dv

Z2

=
dw

Z3

. (3.16)

3.1.3.1 Vector field X5 + ρX4

The characteristic equations (3.16) for this vector field give the following invariants

ζ1 =
x

(
∫
T2(t) dt)1/3

, ζ2 =
y

(
∫
T2(t) dt)1/3

, u(t, x, y) = F1(ζ1, ζ2)

(∫
T2 (t) dt

)ρ/3
,

v(t, x, y) = G1(ζ1, ζ2)

(∫
T2 (t) dt

)ρ/3
, w(t, x, y) = H1(ζ1, ζ2)

(∫
T2 (t) dt

)ρ/3
.

(3.17)
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Using Eq. (3.8), the time dependent coefficients can be written as follows

T1(t) = p4 T2(t)

(∫
T2(t) dt

)−(2+ρ)/3

, T3(t) = p5 T2(t)

(∫
T2(t) dt

)−(2+ρ)/3

,

T4(t) = p6 T2(t)

(∫
T2(t) dt

)−(2+ρ)/3

,

(3.18)

where p4, p5 and p6 are arbitrary constants.

Using the invariants and coefficient functions given in Eqs (3.17) and (3.18), the ZK

system is transformed into following reduced PDEs

F1ζ1ζ1 + F1ζ2ζ2 − F1ρ− 3p4 F1G1ζ1 − 3p4 F1ζ1G1 − 3p5G1H1ζ1 − 3p5G1ζ1H1

− 3F1ζ1ζ1ζ1 − 3F1ζ1ζ2ζ2 = 0,

G1ζ1ζ1 +G1ζ2ζ2 −G1ρ− 3p6H1F1ζ1 − 3p6H1ζ1F1 − 3G1ζ1ζ1ζ1 − 3G1ζ1ζ2ζ2 = 0,

H1ζ1ζ1 +H1ζ2ζ2 −H1ρ− 3p6 F1G1ζ1 − 3p6 F1ζ1G1 − 3H1ζ1ζ1ζ1 − 3H1ζ1ζ2ζ2 = 0.

(3.19)

These Eqs. (3.19) possessed only trivial solutions, hence are not physically important.

3.1.3.2 Vector field X4 + µX3 + θ X2 + ν X1

In this case, the invariants and the corresponding variable coefficients are obtained

as follows

ζ1 = −θ
ν

∫
T2(t) dt+ x, ζ2 = −µ

ν

∫
T2(t) dt+ y, u(t, x, y) = F1(ζ1, ζ2) e

1
ν

∫
T2(t) dt,

v(t, x, y) = G1(ζ1, ζ2) e
1
ν

∫
T2(t) dt, w(t, x, y) = H1(ζ1, ζ2) e

1
ν

∫
T2(t) dt,

T1(t) = q1 T2(t) e−
1
ν

∫
T2(t) dt, T3(t) = q2 T2(t) e−

1
ν

∫
T2(t) dt, T4(t) = q3 T2(t) e−

1
ν

∫
T2(t) dt,

(3.20)

where q1, q2 and q3 are arbitrary constants. The reduced PDEs for ZK system reads

as follows

F1ζ1θ − F1ζ2µ+ F1 + q1 ν F1G1ζ1 + q1 ν F1ζ1G1 + q2 ν G1H1ζ1 + q2 ν G1ζ1H1 + ν F1ζ1ζ1ζ1

+ ν F1ζ1ζ2ζ2 = 0,

G1ζ1θ +G1ζ2µ−G1 − q3 ν H1F1ζ1 − q3 ν H1ζ1F1 − ν G1ζ1ζ1ζ1 − ν G1ζ1ζ2ζ2 = 0,

−H1ζ1θ −H1ζ2µ+H1 + q3 ν F1G1ζ1 + q3 ν F1ζ1G1 + ν H1ζ1ζ1ζ1 + ν H1ζ1ζ2ζ2 = 0.

(3.21)
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By applying the Lie symmetry transformation algorithm on the reduced PDEs, the

following infinitesimals are obtained

ξ1 = q5, ξ
2 = q4, η

1 = η2 = η3 = 0, (3.22)

where q4 and q5 are arbitrary constants. The new invariants are obtained using the

characteristic equations
dζ1

ξ1
=
dζ2

ξ2
=
dF1

η1
=
dG1

η2
=
dH1

η3
as follows

ζ = q4ζ1 − q5ζ2, F1(ζ1, ζ2) = f(ζ), G1(ζ1, ζ2) = g(ζ), H1(ζ1, ζ2) = h(ζ). (3.23)

Finally, the reduced ODEs for the ZK system are given as follows

fζq4 θ + fζq5 µ+ f + q1 ν fgζq4 + q1 ν fζq4 g + q2 ν ghζq4 + q2 ν gζq4 h+ ν fζζζq4
3

+ ν fζζζq5
2q4 = 0,

gζq4 θ − gζq5 µ− g − q3 ν hfζq4 − q3 ν hζc4 f − ν gζζζq4
3 − ν gζζζq5

2q4 = 0,

− hζq4 θ + hζq5 µ+ h+ q3 ν fgζq4 + q3 ν fζc4 g + ν hζζζq4
3 + ν hζζζq5

2q4 = 0.

(3.24)

The power series solution of system (3.24) is considered as follows

f(ζ) =
∞∑

σ1=0

Dσ1ζ
σ1 , g(ζ) =

∞∑
σ1=0

Eσ1ζ
σ1 , h(ζ) =

∞∑
σ1=0

Kσ1ζ
σ1 , (3.25)

where Dσ1 , Eσ1 and Kσ1 are unknown coefficients and are to be determined later.

Substitution of (3.25) into reduced ODEs (3.24), gives the following recurrence rela-

tions
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Dσ1+3 =
−1

(ν q3
4 + σ1u q2

5q4)(σ1 + 1)(σ1 + 2)(σ1 + 3)
[{(q4θ + q5µ) (σ1 + 1)Dσ1+1 +Dσ1

+ν q1q4{

(
σ1∑
σ2=0

(σ1 − σ2 + 1)(Dσ2Eσ1−σ2+1 + Eσ2Dσ1−σ2+1)

)

+ν q2q4

(
σ1∑
σ2=0

(σ1 − σ2 + 1)(Eσ2Kσ1−σ2+1 +Kσ2Eσ1−σ2+1)

)]
,

Eσ1+3 =
1

(ν q3
4 + σ1u q2

5q4)(σ1 + 1)(σ1 + 2)(σ1 + 3)
[(q4θ − q5µ)(σ1 + 1)Eσ1+1 − Eσ1

−ν q3q4

(
σ1∑
σ2=0

(σ1 − σ2 + 1)(Kσ2Dσ1−σ2+1 +Dσ2Kσ1−σ2+1)

)]
,

Kσ1+3 =
1

(ν q3
4 + σ1u q2

5q4)(σ1 + 1)(σ1 + 2)(σ1 + 3)
[(q4θ − q5µ)(σ1 + 1)Kσ1+1 −Kσ1

−ν q3q4

(
σ1∑
σ2=0

(σ1 − σ2 + 1)(Dσ2Eσ1−σ2+1 + Eσ2Dσ1−σ2+1)

)]
,

(3.26)

here D0, D1, D2, E0, E1, E2, K0, K1, K2 are arbitrary constants, and

D3 = −1
6 (ν q3

4+ν q2
5q4)

[(q4θ + q5µ)D1 +D0 + ν q1q4 (D0E1 + E0D1)) + ν q2q4 ((E0K1 +K0E1))],

E3 = 1
6 (ν q3

4+ν q2
5q4)

[(q4θ − q5µ)E1 − E0 + ν q3q4 ((K0D1 +D0K1))],

K3 = 1
6 (ν q3

4+ν q2
5q4)

[(q4θ − q5µ)K1 −K0 + ν q3q4 ((D0E1 + E0D1))].

Then, the explicit solutions for the given system appeared in form as given below

u(t, x, y) = e
1
ν

∫
T2(t) dt

(
D0 +D1ζ +D2ζ

2 − 1

6 (ν q3
4 + ν q2

5q4)
[(q4θ + q5µ)D1 +D0

+ν q1q4 (D0E1 + E0D1)) + ν q2q4 ((E0K1 +K0E1)] ζ3

−
∞∑

σ1=1

1

(ν q3
4 + ν q2

5q4)(σ1 + 1)(σ1 + 2)(σ1 + 3)
[(q4θ + q5µ)(σ1 + 1)Dσ1+1 +Dσ1

+ν q1q4

(
σ1∑
σ2=0

(σ1 − σ2 + 1)(Dσ2Eσ1−σ2+1 + Eσ2Dσ1−σ2+1)

)

+ν q2q4

(
σ1∑
σ2=0

(σ1 − σ2 + 1)(Eσ2Kσ1−σ2+1 +Kσ2Eσ1−σ2+1)

)]
ζσ1+3

)
(3.27)
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v(t, x, y) = e
1
ν

∫
T2(t) dt

(
E0 + E1ζ + E2ζ

2 +
1

6 (ν q3
4 + ν q2

5q4)
[(q4θ − q5µ)E1 − E0

+ν q3q4 ((K0D1 +D0K1))] ζ3

+
∞∑

σ1=1

1

(ν q3
4 + ν q2

5q4)(σ1 + 1)(σ1 + 2)(σ1 + 3)
[(q4θ − q5µ)(σ1 + 1)Eσ1+1 − Eσ1

+ν q3q4

(
σ1∑
σ2=0

(σ1 − σ2 + 1)(Kσ2Dσ1−σ2+1 +Dσ2Kσ1−σ2+1)

)]
ζσ1+3

)
,

w(t, x, y) = e
1
ν

∫
T2(t) dt

(
K0 +K1ζ +K2ζ

2 +
1

6 (ν q3
4 + ν q2

5q4)
[(q4θ − q5µ)K1 −K0

+ν q3q4 ((D0E1 + E0D1))] ζ3

+
∞∑

σ1=1

1

(ν q3
4 + ν q2

5q4)(σ1 + 1)(σ1 + 2)(σ1 + 3)
[(q4θ − q5µ)(σ1 + 1)Kσ1+1 −Kσ1

+ν q3q4

(
σ1∑
σ2=0

(σ1 − σ2 + 1)(Dσ2Eσ1−σ2+1 + Eσ2Dσ1−σ2+1)

)]
ζσ1+3

)
,

(3.28)

where ζ = q4

(
− θ
ν

∫
T2(t) dt+ x

)
− q5

(
−µ
ν

∫
T2(t) dt+ y

)
.

3.1.3.3 Vector field X3 + r X2 + sX1

The invariants, coefficient functions and reduced PDEs for the present vector field

are obtained as follows

ζ1 = −r
s

∫
T2(t) dt+ x, ζ2 = −1

s

∫
T2(t) dt+ y,

u = F1(ζ1, ζ2), v = G1(ζ1, ζ2), w = H1(ζ1, ζ2),

T1(t) = c1 T2(t), T3(t) = c2 T2(t), T4(t) = c3 T2(t),

(3.29)

and

− F1ζ1r − F1ζ2 + c1 sF1G1ζ1 + c1 sF1ζ1G1 + c2 sG1H1ζ1 + c2 sG1ζ1H1 + sF1ζ1ζ1ζ1

+ sF1ζ1ζ2ζ2 = 0,

G1ζ1r +G1ζ2 − c3 sH1F1ζ1 − c3 sH1ζ1F1 − sG1ζ1ζ1ζ1 − sG1ζ1ζ2ζ2 = 0,

−H1ζ1r −H1ζ2 + c3 sF1G1ζ1 + c3 sF1ζ1G1 + sH1ζ1ζ1ζ1 + sH1ζ1ζ2ζ2 = 0,

(3.30)
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where cj, j = 1, 2, 3 are considered as random constants. The again applying similar-

ity transformations, the following infinitesimals are obtained

ξ1 = c5, ξ
2 = c4, η

1 = η2 = η3 = 0, (3.31)

where c4 and c5 are arbitrary constants. The corresponding invariants and ODEs are

obtained as follows

ζ = c4 ζ1 − c5 ζ2, F1(ζ1, ζ2) = f(ζ), G1(ζ1, ζ2) = g(ζ), H1(ζ1, ζ2) = h(ζ), (3.32)

and

− fζc4 r + fζc5 + c1 sfgζc4 + c1 sfζc4 g + c2 sghζc4 + c2 sgζc4 h+ sfζζζc4
3

+ sfζζζc5
2c4 = 0,

gζc4 r − gζc5 − c3 shfζc4 − c3 shζc4 f − sgζζζc4
3 − sgζζζc5

2c4 = 0,

− hζc4 r + hζc5 + c3 sfgζc4 + c3 sfζc4 g + shζζζc4
3 + shζζζc5

2c4 = 0.

(3.33)

These ODEs are solved by using computational software Maple and the exact solutions

for ZK system are obtained as follows

(i)

c2 =
6 c7

2 (12 c7
2c5

2c4
2 + c4

2c1 c8 + 6 c7
2c4

4 + 6 c7
2c5

4 + c5
2c1 c8)

c8
2c3

,

u (t, x, y) =
8A− c5 + rc4

2 c3 c4 s
− 6B

c3

tanh2 (c6 + c7 ζ) ,

v (t, x, y) = −c8 (8A− c5 + rc4)

12 c4 sB
+ c8 tanh2 (c6 + c7 ζ) ,

w (t, x, y) = −c8 (8A− c5 + rc4)

12 c4 sB
+ c8 tanh2 (c6 + c7 ζ) .

(3.34)

(ii)

c2 = −3 c1
2

16 c3

,

u (t, x, y) =
−4A− c5 + rc4

2 c3 c4 s
+

6B

c3

sech2 (c6 + c7 ζ) ,

v (t, x, y) =
2 (−4A− c5 + rc4)

3 c1 sc4

+
8B

c1

sech2 (c6 + c7 ζ) ,

w (t, x, y) =
2 (−4A− c5 + rc4)

3 c1 sc4

+
8B

c1

sech2 (c6 + c7 ζ) .

(3.35)
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(iii)

c2 =
6 c7

2 (12 c7
2c5

2c4
2 + c4

2c1 c8 + 6 c7
2c4

4 + 6 c7
2c5

4 + c5
2c1 c8)

c8
2c3

,

u (t, x, y) = −−4A− c5 + rc4

2 c3 c4 s
+

6B

c3

csch2 (c6 + c7 ζ) ,

v (t, x, y) = −c8 (−4A− c5 + rc4)

12 c4 sB
+ c8 csch2 (c6 + c7 ζ) ,

w (t, x, y) =
c8 (−4A− c5 + rc4)

12 c4 s
− c8 csch2 (c6 + c7 ζ) .

(3.36)

(iv)

c2 =
6 c7

2 (12 c7
2c5

2c4
2 + c4

2c1 c8 + 6 c7
2c4

4 + 6 c7
2c5

4 + c5
2c1 c8)

c8
2c3

,

u (t, x, y) = −−8A− c5 + rc4

2 c4 sc3

+
6B

c3

cot2 (c6 + c7 ζ) ,

v (t, x, y) = −c8 (−8A− c5 + rc4)

12 c4 sB
+ c8 cot2 (c6 + c7 ζ) ,

w (t, x, y) =
c8 (−8A− c5 + rc4)

12 c4 sB
− c8 cot2 (c6 + c7 ζ) .

(3.37)

(v)

c2 = −3 c1
2

16 c3

,

u (t, x, y) = − C

2 c3

+
6B c8

2

c3c2
7

ns2 (c7 + c8 ζ, c6) ,

v (t, x, y) =
2C

3 c1

− 8B c8
2

c1 c2
7

ns2 (c7 + c8 ζ, c6) ,

w (t, x, y) = −2C

3 c1

+
8B c8

2

c1 c2
7

ns2 (c7 + c8 ζ, c6) .

(3.38)

(vi)

c2 = −3 c1
2

16 c3

,

u (t, x, y) = − C

2 c3

+
6 c8

2c6
2B

c3 c2
7

sn2 (c7 + c8 ζ, c6) ,

v (t, x, y) =
2C

3 c1

− 8 c8
2c6

2B

c1 c2
7

sn2 (c7 + c8 ζ, c6) ,

w (t, x, y) = −2C

3 c1

+
8 c8

2c6
2B

c1 c2
7

sn2 (c7 + c8 ζ, c6) .

(3.39)
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Herein,

ζ =

(
−

(rc4 − c5)
∫
T2 (t) dt+ s (−c4x+ c5y)

s

)
,

A = c7
2c4

3s+ c7
2c4 sc5

2

B = c7
2
(
c5

2 + c4
2
)

C =
4 c8

2c4
3sc6

2 + 4 c8
2c4

3s+ 4 c8
2c4 sc5

2c6
2 + 4 c8

2c4 sc5
2 − c5 + rc4

c4 s
,

(3.40)

where ci are arbitrary constants.

Figures 3.1-3.6 show graphical representation of dark, bright and periodic waves for

solutions (3.34), (3.35) and (3.39), respectively by considering suitable parametric

values. The Figure 3.1 shows dark solitary wave solution (3.34) for u, v and w when

T2(t) = sin(t). Figure 3.2 describes the effect of coefficient function T2(t) on the wave

profile of the solution when it is considered as linear, exponential and trigonometric

function of t. Figure 3.3 depicts bright solitary wave solution (3.35) at particular

T2(t) = et and Figure 3.4 reveals the influence of various T2(t) on solution profile.

Figure 3.5 and Figure 3.6 show periodic wave profile of the solution (3.39) in 3D plots

for T2(t) = t and 2D plots for different T2(t), respectively.

3.1.3.4 Vector field X2 + pX1

By following similar procedure as described in previous section, the reduced ODEs

are obtained for vector field X2 + pX1 as follows

− pfζζζr4
2 + fζ − r1 pfgζ − r1 pfζg − r2 pghζ − r2 pgζh− pfζζζr5

2 = 0,

pgζζζr4
2 − gζ + r3 phfζ + r3 phζf + pgζζζr5

2 = 0,

− phζζζr4
2 + hζ − r3 pfgζ − r3 pfζg − phζζζr5

2 = 0,

(3.41)

where ζ = r5ζ1 − r4ζ2, ζ1 = y, ζ2 = −1
p

∫
T2(t) dt + x, f(ζ) = u, g(ζ) = v, h(ζ) = w,

and T1(t) = r1T2(t), T3(t) = r2T2(t) and T4(t) = r3T2(t). Herein, ri, i = 1, 2, ..., 5 are

arbitrary constants. Using Maple software, the exact solutions for given system are

obtained as follows
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(i)

r2 =
2 r1 r10 p+ 1

4 r3 p2r10
2
,

u (t, x, y) = − 1

2 p r3

+
6 r9

2D

r3

WeierstrassP (r8 + r9 ζ, r7, r6) ,

v (t, x, y) = −r10 + EWeierstrassP (r8 + r9 ζ, r7, r6) ,

w (t, x, y) = r10 − EWeierstrassP (r8 + r9 ζ, r7, r6) .

(3.42)

(ii)

r2 =
6 r7

2 (r8 r5
2r1 + r8 r4

2r1 + 6 r7
2r4

4 + 12 r7
2r4

2r5
2 + 6 r7

2r5
4)

r8
2r3

,

u (t, x, y) =
8 J + 1

2 p r3

− 6 r7
2D

r3

coth2 (r6 + r7 ζ) ,

v (t, x, y) = −r8 (8 J + 1)

12 r7
2pD

+ c8 coth2 (r6 + r7 ζ) ,

w (t, x, y) = −r8 (8 J + 1)

12 r7
2pD

+ c8 coth2 (r6 + r7 ζ) .

(3.43)

(iii)

r2 =
6 r7

2 (r8 r5
2r1 + r8 r4

2r1 + 6 r7
2r4

4 + 12 r7
2r4

2r5
2 + 6 r7

2r5
4)

r8
2r3

,

u (t, x, y) = −4 J + 1

2 p r3

+
6 r7

2D

r3

sec2 (r6 + r7 ζ) ,

v (t, x, y) = −r8 (4 J + 1)

12 r7
2pD

+ r8 sec2 (r6 + r7 ζ) ,

w (t, x, y) =
r8 (4 J + 1)

12 r7
2pD

− r8 sec2 (r6 + r7 ζ) .

(3.44)

(iv)

r2 =
6 r7

2 (r8 r5
2r1 + r8 r4

2r1 + 6 r7
2r4

4 + 12 r7
2r4

2r5
2 + 6 r7

2r5
4)

r8
2r3

,

u (t, x, y) =
8 J − 1

2 pr3

+
6 r7

2D

r3

tan2 (r6 + r7 ζ) ,

v (t, x, y) =
r8 (8 J − 1)

12 r7
2pD

+ r8 tan2 (r6 + r7 ζ) ,

w (t, x, y) = −r8 (8 J − 1)

12 r7
2pD

− r8 tan2 (r6 + r7 ζ) .

(3.45)
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Herein,

ζ =

(
r5yp+ r4

∫
T2 (t) dt− r4xp

p

)
,

D =
(
r4

2 + r5
2
)

E =
(
12 r10 pr9

2r5
2 + 12 r10 pr9

2r4
2
)

J = r7
2r4

2p+ r7
2r5

2p,

(3.46)

where ri are arbitrary constants.

The solutions (3.42) and (3.45) are presented graphically for various parametric val-

ues. Figure 3.7 and Figure 3.9 show 3D plots representation when T2(t) = t and

T2(t) = et, respectively and reveal singular solitary wave profile of solutions. The

effect of function T2(t) is shown in Figure 3.8 and Figure 3.10.

The graphical representation of other solutions given in Eqs. (3.43)-(3.44) reflects sin-

gular nature which is similar to as discussed for solutions (3.42) and (3.45). Similarly,

the other solutions in Eqs. (3.36)-(3.38) also follow singular solitary wave structure.

3.1.3.5 Vector field X1

In this case, the solutions are obtained by using Maple software and are given as

follows

s2 =
6 s7

2s1 s9 + 6 s7
4 + 12 s7

2s8
2 + s8

2c1 s9 + 6 s8
4

s9
2s3

,

u (t, x, y) =
6 (s8

2 + s7
2) WeierstrassP (s6 + s7 x+ s8 y, s5, s4)

s3

,

v (t, x, y) = s9 WeierstrassP (c6 + s7 x+ s8 y, s5, s4) ,

w (t, x, y) = −s9 WeierstrassP (c6 + s7 x+ s8 y, s5, s4) .

(3.47)

Remark: In case, when T1, T2, T3 and T4 are considered as constant functions with

respect to variable t then, the solutions (3.34)-(3.39) and (3.42)-(3.45) transform to

solutions obtained for constant coefficients ZK system [75, 155, 313].

3.1.4 Nonlinear self-adjointness and conservation laws

This subsection describes the stepwise procedure to prove nonlinear self-adjointness

for the system (3.1). The formal Lagrangian [121] for underlying equations in terms
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(a) (b)

(c)

Figure 3.1: Dark solitary wave solution (3.34) profile with c1, c3, c4, c5, c6, c7 and c8

are taken as 0.25, −1, 1, 2, 0.5, 0.75 and 1.5, respectively for r = 0.5, s = 1, y = 1,
T2(t) = sin(t).
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(a) (b)

(c)

Figure 3.2: Influence of T2(t) on the profile of the solution (3.34) with c1, c3, c4, c5,
c6, c7 and c8 are taken as 0.25, −1, 1, 2, 0.5, 0.75 and 1.5, respectively for r = 0.5,
s = 1, y = 1, t = 1.
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(a) (b)

(c)

Figure 3.3: Bright solitary wave profile of solution (3.35) with c1, c3, c4, c5, c6, c7 and
c8 are taken as 0.25, 1, 1, 2, 0.5, 0.75 and 1.5, respectively for r = 0.5, s = 1, y = 1,
T2(t) = et.
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(a) (b)

(c)

Figure 3.4: Influence of time dependent coefficient T2(t) on solution (3.35) with c1,
c3, c4, c5, c6, c7 and c8 are taken as 0.25, 1, 1, 2, 0.5, 0.75 and 1.5, respectively for
r = 0.5, s = 1, y = 1, t = 1.
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(a) (b)

(c)

Figure 3.5: Periodic wave profile of the solution (3.39) with c1, c3, c4, c5, c6, c7 and
c8 are taken as 0.25, −1, 1, 2, 0.5, 0.75 and 1.5, respectively for r = 0.5, s = 1, y = 1,
T2(t) = t.
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(a) (b)

(c)

Figure 3.6: 2D representations of solution (3.39) with c1, c3, c4, c5, c6, c7 and c8 are
taken as 0.25, −1, 1, 2, 0.5, 0.75 and 1.5, respectively for r = 0.5, s = 1, y = 1, t = 1.
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(a) (b)

(c)

Figure 3.7: Singular solitary wave solution (3.42) with r1 = 0.25, r3 = 1, r4 = 2,
r5 = 1, r6 = 0.5, r7 = 0.25, r8 = 0.5, r9 = 0.75, r10 = 1.5, p = 2, y = 1, T2(t) = t.
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(a) (b)

(c)

Figure 3.8: Influence of parameter T2(t) on the profile of solution (3.42) with r1 = 0.25,
r3 = 1, r4 = 2, r5 = 1, r6 = 0.5, r7 = 0.25, r8 = 0.5, r9 = 0.75, r10 = 1.5, p = 2,
y = 1, t = 1.
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(a) (b)

(c)

Figure 3.9: Singular solitary wave solution (3.45) with r1 = 0.25, r3 = 1, r4 = 2,
r5 = 1, r6 = 0.5, r7 = 0.25, r8 = 0.5, r9 = 0.75, r10 = 1.5, p = 2, y = 1, T2(t) = et.
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(a) (b)

(c)

Figure 3.10: 2D profile of solitary wave solution (3.45) with r1 = 0.25, r3 = 1, r4 = 2,
r5 = 1, r6 = 0.5, r7 = 0.25, r8 = 0.5, r9 = 0.75, r10 = 1.5, p = 2, y = 1, t = 1.
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of new dependent variables (a(t, x, y), b(t, x, y), c(t, x, y)) is expressed as follows

L = a(t, x, y) (ut + T1 (t) (uvx + uxv) + T3 (t) (vwx + vxw) + T2 (t) (uxxx + uxyy))

+ b(t, x, y) (vt + T4 (t) (wux + wxu) + T2 (t) (vxxx + vxyy))

+ c(t, x, y) (wt + T4 (t) (uvx + uxv) + T2 (t) (wxxx + wxyy)) .

(3.48)

Adjoint equations for system of Eqs. (3.1) can be determined as follows

Ξ∗1 ≡ −axT1(t) v − bxT4(t)w − cxT4(t) v − at − axxxT2(t)− axyyT2(t) = 0,

Ξ∗2 ≡ −axT1(t)u− axT3(t)w − cxT4(t)u− bt − bxxxT2(t)− bxyyT2(t) = 0,

Ξ∗3 ≡ −axT3(t)v − bxT4(t)u− ct − cxxxT2(t)− cxyyT2(t) = 0.

(3.49)

The ZK system (3.1) is termed as nonlinear self-adjoint, if following substitution in

adjoint equations (3.49)

a(t, x, y) = Φ1, b(t, x, y) = Φ2, c(t, x, y) = Φ3, (3.50)

where Φi i = 1, 2, 3 are functions of (t, x, y, u, v, w), satisfies equations

Ξ∗1
∣∣
(3.50)

= λ1Ξ1 + λ2Ξ2 + λ3Ξ3,

Ξ∗2
∣∣
(3.50)

= λ4Ξ1 + λ5Ξ2 + λ6Ξ3,

Ξ∗3
∣∣
(3.50)

= λ7Ξ1 + λ8Ξ2 + λ9Ξ3,

(3.51)

for all the solutions of u, v and w. Here λi, i = 1, 2, ..., 9 are the undetermined

coefficients and the functions Φi(t, x, y, u, v, w) 6= 0, simultaneously, i = 1, 2, ..., 3.

By matching the coefficients of all possible derivatives of u, v as well as w in Eq.

(3.51), the determining equations are obtained and solved with the aid of Maple

software. The various Φ′is are given as follows

Φ1 = F1(y), Φ2 = F2(y), Φ3 = F3(y), (3.52)

where Fi(y), i = 1, 2, 3 represent arbitrary functions of y. The nonlinear self-

adjointness substitutions (3.52) and theorem 2.14.1 provide conservation laws.

Symmetry X1 = ∂
∂x

with Lie characteristic functions W1 = −ux, W2 = −vx and
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W3 = −wx gives following conserved vector components

C1 = −uxF1 − vxF2 − wxF3,

C2 =
1

3
utF1 +

1

3
wtF3 +

1

3
vtF2 −

1

3
uxF1yyT2(t) +

1

3
uxyF1yT2(t)− 2

3
F1T1(t)uvx

− 2

3
F1T1(t)uxv −

2

3
F1T3(t)vwx −

2

3
F1T3(t)vxw −

2

3
F1T2(t)uxxx −

1

3
vxF2yyT2(t)

+
1

3
vxyF2yT2(t)− 2

3
F2T4(t)wux −

2

3
F2T4(t)wxu−

2

3
F2T2(t) vxxx −

1

3
wxF3yyT2(t)

+
1

3
wxyF3yT2(t)− 2

3
F3T4(t)uvx −

2

3
F3T4(t)uxv −

2

3
F3T2(t)wxxx,

C3 = −1

3
T2(t) (−uxxF1y + 2uxxyF1 − vxxF2y + 2 vxxyF2 − wxxF3y + 2wxxyF3) .

(3.53)

Here, the divergence condition DtC
1 + DxC

2 + DyC
3 = 0 is satisfied using Maple

softwares for all the solutions of said system (3.1).

Symmetry X2 = 1
T2(t)

∂
∂t

with the Lie characteristic functions W1 = − 1
T2(t)

ut, W2 =

− 1
T2(t)

vt and W3 = − 1
T2(t)

wt gives the following nontrivial conservation laws

C1 = −utF1 + vtF2 + wtF3

T2(t)
,

C2 =

(
−1

3
wtyy − wtxx

)
F3 +

(
−vtxx −

1

3
vtyy

)
F2 +

(
−utxx −

1

3
utyy

)
F1

+
1

3
utyF1y +

1

3
wtyF3y −

1

3
vtF2yy −

1

3
utF1yy −

1

3
wtF3yy +

1

3
vtyF2y

+
1

T2(t)
((−utT4(t) v − vtT4(t)u)F3 + (−utT4(t)w − wtT4(t)u)F2)

+
1

T2(t)
(−utT1(t) v − vtT3(t)w − wtT3(t)v − vtT1(t)u)F1,

C3 =
1

3
utxF1y −

2

3
utxyF1 +

1

3
vtxF2y −

2

3
vtxyF2 +

1

3
wtxF3y

1

T2(t)
− 2

3
wtxyF3.

(3.54)

In this case, divergence condition becomes

DtC
1 +DxC

2 +DyC
3 = Dx

(
(−F3T4(t)uv −F2T4(t)wu+ (−T1(t)uv − T3(t)vw)F1)T2

′(t)

T2(t)2

+
T4
′(t)uvF3 + T4

′(t)wuF2 + (T1
′(t)uv + T3

′(t)vw)F1

T2(t)

)
.

(3.55)
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A simple rearrangement of terms gives the following relation

DtC
1 +Dx

(
C2 − (−F3T4(t)uv −F2T4(t)wu+ (−T1(t)uv − T3(t)vw)F1)T2

′(t)

T2(t)2

−T4
′(t)uvF3 + T4

′(t)wuF2 + (T1
′(t)uv + T3

′(t)vw)F1

T2(t)

)
+DyC

3 = 0.

(3.56)

Therefore, components of conserved vectors are modified as follows

C̃1 = C1,

C̃2 =
1

3
utyF1y −

1

3
wtyyF3 −

1

3
wtF3yy −

1

3
vtyyF2 −

1

3
utyyF1

+
1

3
wtyF3y − utxxF1 − vtxxF2 − wtxxF3 +

1

3
vtyF2y −

1

3
vtF2yy

+
1

T2(t)
((−F1T3

′(t)v −F2T4
′(t)u− vtF1T3(t)− utF2T4(t))w

+

(
−1

3
(3F3T4

′(t) + 3F1T1
′(t))u− utF1T1(t)− utF3T4(t)− wtF1T3(t)

)
v

−1

3
(3 vtF1T1(t) + 3 vtF3T4(t) + 3wtF2T4(t))u

)
− 1

3
utF1yy

+
1

T2(t)2 ((F1T2
′(t)T3(t)v + F2T2

′(t)T4(t)u)w

−1

3
(−3F3T2

′(t)T4(t)− 3F1T2
′(t)T1(t))uv

)
,

C̃3 = C3.

(3.57)

Symmetry X3 = x ∂
∂x

+ y ∂
∂y

+
3
∫
T2(t)dt

T2(t)
∂
∂t

with W1 = −xux − yuy − 3
∫
T2(t)dt

T2(t)
ut,

W2 = −xvx−yvy− 3
∫
T2(t)dt

T2(t)
vt and W3 = −xwx−ywy− 3

∫
T2(t)dt

T2(t)
wt yields the following

conservation laws

C1 = −
3
∫
T2(t)dt (utF1 + vtF2 + wtF3)

T2(t)
− y (F2vy + F3wy + F1uy)

− x (wxF3 + vxF2 + uxF1) ,
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C2 =

(
−1

3
(9wtxx + 3wtyy)F3 −

1

3
(9 vtxx + 3 vtyy)F2 + vtyF2y

−utF1yy − vtF2yy − wtF3yy + utyF1y + wtyF3y −
1

3
(9utxx + 3utyy)F1

+
1

T2(t)

(
−1

3
(9utT4(t) v + 9 vtT4(t)u)F3

−1

3
(9 vtT1(t)u+ 9utT1(t) v + 9wtT3(t)v + 9 vtT3(t)w)F1

−1

3
(9wtT4(t)u+ 9utT4(t)w)F2

))(∫
T2(t)dt

)
+

(
−1

3
(2xwxxx + 2wyy + 3 ywxxy + 6wxx + ywyyy)F3

−1

3
(yuyyy + 2xuxxx + 3 yuxxy + 2uyy + 6uxx)F1

−1

3
(3 yvxxy + yvyyy + 6 vxx + 2 vyy + 2xvxxx)F2 +

1

3
F1yyuyy

+
1

3
F2yxvxy +

1

3
F2yyvyy −

1

3
xvxF2yy −

1

3
yuyF1yy −

1

3
xwxF3yy

+
1

3
F1yxux,y +

1

3
F3yywyy +

1

3
F2yvy −

1

3
xuxF1yy +

1

3
F3yxwxy

+
1

3
F1yuy −

1

3
yvyF2yy +

1

3
F3ywy −

1

3
ywyF3yy

)
T2(t)

− 1

3
(2xT4(t)uvx + 3 yuyT4(t) v + 2xT4(t)uxv + 3 yvyT4(t)u− xwt)F3

− 1

3
(3 yuyT4(t)w + 3 ywyT4(t)u+ 2xT4(t)wxu− xvt + 2xT4(t)wux)F2

− 1

3
(3 yvyT1(t)u+ 2xT1(t)uxv + 3 yvyT3(t)w + 2xT1(t)uvx + 3 yuyT1(t) v + 3 ywyT3(t)v

+2xT3(t)vxw + 2xT3(t)vwx − xut)F1,

C3 =

(
2

3
yF1vwx +

2

3
yF1vxw

)
T3(t) +

(
2

3
yF1uvx +

2

3
yF1uxv

)
T1(t)

+

(
2

3
yF2wxu+

2

3
yF3uxv +

2

3
yF2wux +

2

3
yF3uvx

)
T4(t)

+

(
1

3
F3ywx +

1

3
F1yyuxy +

1

3
F3yywxy −

2

3
F1xuxxy +

1

3
F3yxwxx

−2

3
F3xwxxy −

4

3
F3wxy +

1

3
F1yxuxx +

2

3
yF1uxxx +

1

3
F1yux

+
2

3
yF2vxxx −

4

3
F1uxy +

2

3
yF3wxxx −

4

3
F2vxy +

1

3
F2yxvxx

−2

3
F2xvxxy +

1

3
F2yyvxy +

1

3
F2yvx

)
T2(t) +

2

3
yF2vt +

2

3
yF3wt

+

(∫
T2(t)dt

)
(vtxF2y − 2wtxyF3 + utxF1y − 2utxyF1 − 2 vtxyF2 + wtxF3y)

+
2

3
yF1ut.

(3.58)
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Total divergence condition gives the following result

DtC
1 +DxC

2 +DyC
3 =

Dx

(
((−3T1(t)uv − 3T3(t)vw)F1 − 3F2T4(t)wu)

(∫
T2(t)dt

)
T2
′(t)

T2(t)2

+
(3T4

′(t)uvF3 + 3T4
′(t)wuF2 + (3T1

′(t)uv + 3T3
′(t)vw)F1)

(∫
T2(t)dt

)
T2(t)

+2F2T4(t)wu+ 2F3T4(t)uv + (2T3(t)vw + 2T1(t)uv)F1

−3F3T4(t)uv

T2(t)2

)
.

(3.59)
Then, modified components of conserved vectors have been represented as follows

C̃1 = C1,

C̃2 = xF3wt + xF1ut + xF2vt + (−wtyyF3 − 3wtxxF3 − wtF3yy − utF1yy

+wtyF3y + vtyF2y + utyF1y − utyyF1 − 3utxxF1 − vtF2yy − 3 vtxxF2

−vtyyF2)

(∫
T2(t)dt

)
− yvyF1T1(t)u− yvyF1T3(t)w − yvyF3T4(t)u− ywyF1T3(t)v

− ywyF2T4(t)u− yuyF1T1(t) v − yuyF3T4(t) v − yuyF2T4(t)w

− 2F2T4(t)wu− 2F3T4(t)uv − 2F1T3(t)vw − 2F1T1(t)uv +

(
1

3
F1yuy −

2

3
F2vyy

−2

3
F3wyy − 2F1uxx − 2F3wxx +

1

3
F2yvy −

2

3
F1uyy − 2F2vxx +

1

3
F3ywy

+
1

3
F2yyvyy +

2

3
F3xwxyy +

1

3
F1yyuyy −

1

3
xwxF3yy −

1

3
yF1uyyy

+
1

3
F2yxvxy −

1

3
ywyF3yy +

2

3
F1xuxyy +

1

3
F3yywyy − yF2vxxy −

1

3
xvxF2yy

−1

3
xuxF1yy +

1

3
F1yxuxy +

2

3
F2xvxyy − yF3wxxy −

1

3
yuyF1yy

−1

3
yF2vyyy −

1

3
yvyF2yy −

1

3
yF3wyyy − yF1uxxy +

1

3
F3yxwxy

)
T2(t)

+

(∫
T2(t)dt

T2(t)

)(
−3F1T1

′(t)uv − 3F3T4
′(t)uv − 3F2T4

′(t)wu− 3F1T3
′(t)vw

−3 vtF1T1(t)u− 3utF3T4(t) v − 3 vtF1T3(t)w − 3utF2T4(t)w − 3wtF1T3(t)v

−3wtF2T4(t)u− 3utF1T1(t) v − 3 vtF3T4(t)u) +

(∫
T2(t)dt

) (
T2
′(t)
)

T2(t)
2 (3F3T4(t)uv

+3F1T3(t)vw + 3F1T1(t)uv + 3F2T4(t)wu) ,

C̃3 = C3.

(3.60)
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The symmetry X4 = ∂
∂y

yields following conserved vectors

C1 = −uyF1 − vyF2 − wyF3,

C2 =

((
−wxxy −

1

3
wyyy

)
F3 +

(
−vxxy −

1

3
vyyy

)
F2

+

(
−uxxy −

1

3
uyyy

)
F1 +

1

3
wyyF3y −

1

3
vyF2yy −

1

3
uyF1yy

+
1

3
uyyF1y +

1

3
vyyF2y −

1

3
wyF3yy

)
T2(t) + (−uyT4(t) v − vyT4(t)u)F3

+ (−uyT4(t)w − wyT4(t)u)F2 + (−wyT3(t)v − vyT1(t)u− vyT3(t)w − uyT1(t) v)F1,

C3 =

(
2

3
F1uxv +

2

3
F1uvx

)
T1(t) +

(
2

3
F1vwx +

2

3
F1vxw

)
T3(t)

+

(
2

3
F2wux +

2

3
F2wxu+

2

3
F3uxv +

2

3
F3uvx

)
T4(t)

+

(
1

3
uxyF1y +

1

3
vxyF2y +

2

3
F3wxxx +

2

3
F2vxxx +

2

3
F1uxxx

+
1

3
wxyF3y

)
T2(t) +

2

3
F1ut +

2

3
F2vt +

2

3
F3wt.

(3.61)

Divergence condition yields the following expression

DtC
1 +DxC

2 +DyC
3 = Dt (F1yu+ F2yv + F3yw)

+Dx ((F1yT3(t)v + F2yT4(t)u)w + (F3yT4(t) + F1yT1(t))uv

+ ((wxx + wyy)F3y + (vxx + vyy)F2y

+ (uyy + uxx)F1y)T2(t)) .

(3.62)

Then, components of conserved vectors are changed as follows

C̃1 = −F1uy −F2vy −F3wy −F1yu−F2yv −F3yw,

C̃2 = (−vyF3u−F2ywu−F3yuv − uyF3v − uyF2w − wyF2u)T4(t)

+ (−vyF1u− uyF1v −F1yuv)T1(t) + (−F1yvw − wyF1v − vyF1w)T3(t)

+

(
−2

3
vyyF2y −

1

3
vyF2yy −F2yvxx −

2

3
wyyF3y −

2

3
uyyF1y

−1

3
wyF3yy − uxxyF1 −

1

3
uyyyF1 −

1

3
wyyyF3 −F3ywxx − vxxyF2

−1

3
uyF1yy − wxxyF3 −F1yuxx −

1

3
vyyyF2

)
T2(t),

C̃3 = C3.

(3.63)
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For symmetry X5 = u ∂
∂u

+v ∂
∂v

+w ∂
∂w

, conservation laws are determined as follows

C1 = F1u+ vF2 + wF3,

C2 = (2F3uv + 2F2wu)T4(t) +

((
wxx +

1

3
wyy

)
F3 +

(
vxx +

1

3
vyy

)
F2

+

(
uxx +

1

3
uyy

)
F1 −

1

3
F3ywy −

1

3
F2yvy +

1

3
uF1yy −

1

3
F1yuy

+
1

3
wF3yy +

1

3
vF2yy

)
T2(t) + (2T3(t)vw + 2T1(t)uv)F1,

C3 = −1

3
T2(t) (uxF1y − 2uxyF1 + vxF2y − 2 vxyF2 + wxF3y − 2wxyF3) .

(3.64)

Total divergence condition has the following form

DtC
1 +DxC

2 +DyC
3 = Dx (((T3(t)w + T1(t)u)F1 + uF3T4(t)) v + F2T4(t)wu) .

(3.65)

Then, conserved vectors are modified as follows

C̃1 = C1,

C̃2 = (uF2w + uF3v)T4(t) +

(
−1

3
uyF1y + uxxF1 +

1

3
uyyF1 +

1

3
uF1yy

+
1

3
vF2yy −

1

3
vyF2y + vxxF2 +

1

3
vyyF2 +

1

3
wF3yy −

1

3
wyF3y

+wxxF3 +
1

3
wyyF3

)
T2(t) + uF1T1(t) v + vF1T3(t)w,

C̃3 = C3.

(3.66)

3.1.5 Direct method and conservation laws

This section presents conservation laws by direct method. In direct method [19],

the multipliers of the form Λi(t, x, y, u, v, w), i = 1, 2, 3 are to be determined. The

multipliers should satisfy the following divergence expression

Λ1Ξ1 + Λ2Ξ2 + Λ3Ξ3 = DtC
1 +DxC

2 +DyC
3, (3.67)

for arbitrary functions u, v and w. Multipliers yield determining equations using

variational derivatives of the following expressions
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δ

δu
(Λ1Ξ1 + Λ2Ξ2 + Λ3Ξ3) = 0,

δ

δv
(Λ1Ξ1 + Λ2Ξ2 + Λ3Ξ3) = 0,

δ

δw
(Λ1Ξ1 + Λ2Ξ2 + Λ3Ξ3) = 0,

(3.68)

where
δ

δu
,
δ

δv
and

δ

δw
are variational derivatives defined in (2.86). Expanding the

above system by variational derivatives and then coefficients of derivatives of depen-

dent variables u, v and w give some determining equations. After solving determining

equations, we get following multipliers

Λ1 = G1(y), Λ2 = G2(y), Λ3 = G3(y), (3.69)

where G1(y), G2(y) and G3(y) are arbitrary functions of y.

Conservation laws corresponding to multipliers Λ1, Λ2 and Λ3 are given as follows

C1 = uG1(y),

C2 = uG1(y)T1v + wG1(y)T3v +
1

3
uG1yyT2 −

1

3
G1yT2uy +

1

3
uyyG1(y)T2

+ uxxG1(y)T2,

C3 = −1

3
T2(G1yux − 2G1(y)uxy).

(3.70)

C1 = vG2(y),

C2 = uG2(y)T4w +
1

3
vG2yyT2 −

1

3
G2yT2vy +

1

3
vyyG2(y)T2

+ vxxG2(y)T2,

C3 = −1

3
T2(G2yvx − 2G2(y)vxy)

(3.71)

C1 = wG3(y),

C2 = uG3(y)T4v +
1

3
wG3yyT2 −

1

3
G3yT2wy +

1

3
wyyG3(y)T2

+ wxxG3(y)T2,

C3 = −1

3
T2(G3ywx − 2G3(y)wxy).

(3.72)

The infinitely many conservation laws are obtained by direct method (3.70)-(3.72)

because of arbitrary functions G1(y), G2(y) and G3(y).



Chapter 3. Integer Order PDEs 74

3.1.6 Conclusion

The Lie symmetries, similarity solutions and conservation laws are successfully derived

for (2+1)-dimensional ZK system with time dependent coefficients. The solutions ap-

peared in terms of power series, trigonometric, hyperbolic, Jacobi and Weierstrass

functions. The graphical analysis of the solutions reveals bright, dark, singular soli-

tary wave and periodic wave profiles. The effect of arbitrary coefficient function T2(t)

on solutions wave profiles is successfully represented in 2D/3D plots. The system

is found to possess nontrivial infinitely many conservation laws because of arbitrary

functions F1(y), F2(y), F3(y), G1(y), G2(y) and G3(y). The authenticity of solutions

and conservation laws is verified by Maple software.

3.2 Generalised 7th order KdV equation

The generalised 7th order KdV equation has been explored in literature for repre-

senting waves in shallow water, ion-acoustics and stratified internal waves and so on

[46, 141, 158, 203, 319]. To discuss the impact of higher-order dispersion terms onto

the wave profile, a model in the form of KdV equation has been successfully analysed

in literature [51, 92, 169, 227, 242, 250, 252, 265, 284, 322, 336]. The prominent forms

of KdV equation, the nature of various constants and the different techniques used

to solve as well as the type of solutions obtained, all are tabulated in Table 3.1.
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Table 3.1: Various forms of KdV equation

Form of the equation Coefficient
values

Technique used for ob-
taining exact solutions

Type of exact solu-
tions

References

Generalized 7th

order KdV equa-
tion ut + T5uxu

3 +
T6u

3
x + T7uuxuxx +

T8u
2uxxx+T9uxxuxxx+

T10uxuxxxx +
T11uuxxxxx +
uxxxxxxx = 0

T5, T6,...,T11

are arbitrary
constants

Cole Hopf transforma-
tion, Nonlinear trans-
formations and sym-
bolic computation in
Maple for conserva-
tion laws, Painlevé
analysis, Lax pairs
and conservation laws.

Travelling wave, soli-
tary wave and soliton
solutions

[242, 250,
322]

7th order Sawada-
Kotera-Ito equation

T5 = 252, T6 =
63, T7 = 378,
T8 = 126, T9 =
63, T10 = 48 and
T11 = 21

Bell polynomial ap-
proach

Lax pair and infinitely
many conservation
laws

[265]

7th order Lax’s equa-
tion

T5 = 140, T6 =
70, T7 = 280,
T8 = 70, T9 =
70, T10 = 42 and
T11 = 14

Sech and rational exp
function method

Travelling wave solu-
tions

[92]

7th order Kaup Kuper-
shmidt equation

T5 = 2016, T6 =
630, T7 = 2268,
T8 = 504, T9 =
252, T10 = 147
and T11 = 42

Cole Hopf transforma-
tion

Travelling wave solu-
tions

[250]
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In present analysis, the generalised 7th order KdV equation in form as given below

ut + T5(t)uxu
3 + T6(t)u3

x + T7(t)uuxuxx + T8(t)u2uxxx + T9(t)uxxuxxx + T10(t)uxuxxxx

+ T11(t)uuxxxxx + T12(t)uxxxxxxx = 0.

(3.73)

The equation involves u (real function) in terms of independent variables x, t and

Ti(t), i = 5, 6, ..., 12, are assumed to be dependent on time t. Symmetry transfor-

mations are employed to get symmetries and further transformed the PDEs into a

system of ODEs. The generated ODEs can be solved by applying number of efficient

techniques from the literature. Also, the conservation laws of the 7th order KdV

equation have been derived with the help of nonlinear self-adjointness technique and

the direct method.

3.2.1 Symmetry reductions and exact solutions

To find the symmetries associated with the Eq. (3.73), consider the IG as a function

of independent and dependent variables in following form

X = X4
∂

∂t
+ X5

∂

∂x
+ Z4

∂

∂u
. (3.74)

This gives symmetry determining equation in terms of infinitesimals X4, X5 and Z4

for Eq. (3.73) as follows

Z4
t + T ′5(t)X4uxu

3 + T5(t)Z4
xu3 + 3T5(t)uxu

2Z4 + T ′6(t)X4u
3
x + 3T6(t)u2

xZ4
x

+ T ′7(t)X4uuxuxx + T7(t)Z4uxuxx + T7(t)uZ4
xuxx + T7(t)uuxZ4

xx + T ′8(t)X4u
2uxxx

+ 2T8(t)uZ4uxxx + T8(t)u2Z4
xxx + T ′9(t)X4uxxuxxx + T9(t)Z4

xxuxxx + T9(t)uxxZ4
xxx

+ T ′10(t)X4uxuxxxx + T10(t)Z4
xuxxxx + T10(t)uxZ4

xxxx + T ′11(t)X4uuxxxxx + T11(t)Z4uxxxxx

+ T11(t)uZ4
xxxxx + T ′12(t)X4uxxxxxxx + T12(t)Z4

xxxxxxx = 0,

(3.75)

where Z4
x, Z4

xx,...,Z4
xxxxxxx are the extended infinitesimals. The solution of sym-

metry determining equations has been expressed in the form as follows

X4 =

∫
7l1T12(t)dt+ l3

T12(t)
, X5 = l1x+ l2, Z4 = l4u, (3.76)

where l1, l2, l3, l4 are taken as arbitrary constants and T12(t) is considered as a nonzero

arbitrary function of variable t.
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The other coefficients T5(t), T6(t),...,T11(t) can be extracted from following equations

T ′5(t)X4 + T5(t)X4t + (3l4 − l1)T5(t) = 0, T ′6(t)X4 + T6(t)X4t + (2l4 − 3l1)T6(t) = 0,

T ′7(t)X4 + T7(t)X4t + (2l4 − 3l1)T7(t) = 0, T ′8(t)X4 + T8(t)X4t + (2l4 − 3l1)T8(t) = 0,

T ′9(t)X4 + T9(t)X4t + (l4 − 5l1)T9(t) = 0, T ′10(t)X4 + T10(t)X4t + (l4 − 5l1)T10(t) = 0,

T ′11(t)X4 + T11(t)X4t + (l4 − 5l1)T11(t) = 0.

(3.77)

The IG X as given by equation (3.74) admits following group of symmetries

X6 =
∂

∂x
, X7 =

1

T12(t)

∂

∂t
, X8 = u

∂

∂u
, X9 =

7
∫
T12(t)dt

T12(t)

∂

∂t
+ x

∂

∂x
. (3.78)

These group of symmetries generates an optimal system [107, 219] spanned by fol-

lowing vector fields

(i)X9 + pX8, (ii)X8 + qX7 +X6,

(iii)X8 + qX7, (iv)X7 +X6,

(v)X7, (vi)X6

(3.79)

where p and q are randomly selected as constants. The invariant solutions and re-

duced ODEs corresponding to these vector fields are given in the following sections.

Vector field (i) X9 + pX8

For current vector field, the u(x, t) of following form is obtained

u(t, x) = H(ζ)

(∫
T12(t)dt

) 1
7
p

, (3.80)

where ζ = x
7
√∫

T12(t)dt
and the time dependent coefficients Ti(t), i = 5, 6, ..., 11 are

assembled in the following form

T5(t) = l5

(∫
T12(t)dt

)− 6
7−

3
7p

T12(t), T6(t) = l6

(∫
T12(t)dt

)− 4
7−

2
7p

T12(t),

T7(t) = l7

(∫
T12(t)dt

)− 4
7−

2
7p

T12(t), T8(t) = l8

(∫
T12(t)dt

)− 4
7−

2
7p

T12(t),

T9(t) = l9

(∫
T12(t)dt

)− 2
7−

1
7p

T12(t), T10(t) = l10

(∫
T12(t)dt

)− 2
7−

1
7p

T12(t),

T11(t) = l11

(∫
T12(t)dt

)− 2
7−

1
7p

T12(t),

(3.81)
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where li, i = 5, 6, ..., 11 are arbitrary constants.

Using these, the reduced ODE of the following form has been obtained

−Hζζ + pH + 7 l5H
3Hζ + 7 l6Hζ

3 + 7 l7HHζHζζ + 7 l8H
2Hζζζ + 7 l9HζζHζζζ

+ 7 l10HζHζζζζ + 7 l11HHζζζζζ + 7Hζζζζζζζ = 0.

(3.82)

To solve the above reduced ODE, the solution in terms of power series with variable

ζ is suggested as follows

H(ζ) =
∞∑

σ3=0

aσ3ζ
σ3 , (3.83)

where {aσ3}∞σ3=0 are expansion coefficients. Using above power series, the solution

has been obtained as follows

u(t, x) =

(∫
T12(t)dt

) 1
7
p [
a0 + a1ζ + a2ζ

2 + a3ζ
3 + a4ζ

4 + a5ζ
5 + a6ζ

6 + a7ζ
7

+
∞∑

σ3=1

aσ3+7ζ
σ3+7

]
,

(3.84)
where aσ3 , σ3 = 0, 1, ..., 6 are arbitrary constants. The coefficients {aσ3}∞σ3=7 can be
evaluated from the following recurrence relation in terms of arbitrary constants

aσ3+7 =
1

7(σ3 + 7)(σ3 + 6)(σ3 + 5)(σ3 + 4)(σ3 + 3)(σ3 + 2)(σ3 + 1)

(
σ3aσ3

− p aσ3

− 7k10

σ3∑
σ6=0

σ6∑
σ5=0

σ5∑
σ4=0

aσ4aσ5−σ4aσ3−σ5(σ3 − σ6 + 1)aσ3−σ6+1

− 7l6

σ3∑
σ5=0

(
σ5∑
σ4=0

(σ4 + 1) aσ4+1 (σ5 − σ4 + 1) aσ5−σ4+1 (σ3 − σ5 + 1) aσ3−σ5+1

)

− 7l7

σ3∑
σ5=0

(
σ5∑
σ4=0

aσ4 (σ5 − σ4 + 1) aσ5−σ4+1 (σ3 − σ5 + 1) (σ3 − σ5 + 2) aσ3−σ5+2

)

− 7k7

σ3∑
σ5=0

(
σ5∑
σ4=0

aσ4
aσ5−σ4

(σ3 − σ5 + 3) (σ3 − σ5 + 2) (σ3 − σ5 + 1) aσ3−σ5+3

)

− 7l9

σ3∑
σ4=0

(σ4 + 1) (σ4 + 2) aσ4+2 (σ3 − σ4 + 3) (σ3 − σ4 + 2) (σ3 − σ4 + 1) aσ3−σ4+3

− 7l10

σ3∑
σ4=0

(σ4 + 1) aσ4+1 (σ3 − σ4 + 4) (σ3 − σ4 + 3) (σ3 − σ4 + 2) (σ3 − σ4 + 1) aσ3−σ4+4

− 7l11

σ3∑
σ4=0

aσ4
(σ3 − σ4 + 5) (σ3 − σ4 + 4) (σ3 − σ4 + 3) (σ3 − σ4 + 2) (σ3 − σ4 + 1) aσ3−σ4+5

)
.

(3.85)
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Vector field (ii) X8 + qX7 +X6

The expression for u(t, x) is obtained as follows

u(t, x) = e
∫ T12(t)

q
dtH

(
−
∫
T12(t)

q
dt+ x

)
, (3.86)

where ζ = −
∫ T12(t)

q
dt+ x and coefficients T5(t), T6(t),..., T11(t) are given in following

form

T5(t) = l5T12(t)e−3
∫
h(t)dt

q , T6(t) = l6T12(t)e−2
∫
h(t)dt

q , T7(t) = l7T12(t)e−2
∫
h(t)dt

q ,

T8(t) = l8T12(t)e−2
∫
h(t)dt

q , T9(t) = l9T12(t)e−
∫
h(t)dt

q , T10(t) = l10T12(t)e−
∫
h(t)dt

q ,

T11(t) = l11T12(t)e−
∫
h(t)dt

q ,

(3.87)

where li, i = 5, 6, ..., 11 are arbitrary constants. The reduced ODE of the following

form has been obtained

−Hζ +H + ql5H
3Hζ + ql6Hζ

3 + ql7HHζHζζ + ql8H
2Hζζζ + ql9HζζHζζζ

+ ql10HζHζζζζ + ql11HHζζζζζ + qHζζζζζζζ = 0.
(3.88)

The power series solution of ODE (3.88) is taken in the following form

H(ζ) =
∞∑

σ3=0

aσ3ζ
σ3 , (3.89)

where aσ3 ’s are expansion coefficients. The power series solution (3.89) of Eq. (3.73)

is expressed as follows

u(t, x) = e
∫ T12(t)

q
dt
[
a0 + a1ζ + a2ζ

2 + a3ζ
3 + a4ζ

4 + a5ζ
5 + a6ζ

6 + a7ζ
7

+
∞∑

σ3=1

aσ3+7ζ
σ3+7

]
,

(3.90)
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where aσ3 , σ3 = 0, 1, ..., 6 are arbitrary constants. The coefficients {aσ3}∞σ3=7 can be
obtained from following recurrence relation as function of arbitrary constants.

aσ3+7 =
1

7(σ3 + 7)(σ3 + 6)(σ3 + 5)(σ3 + 4)(σ3 + 3)(σ3 + 2)(σ3 + 1)

(
(σ3 + 1)aσ3+1 − aσ3

− qk10
σ3∑
σ6=0

σ6∑
σ5=0

σ5∑
σ4=0

aσ4
aσ5−σ4

aσ3−σ5
(σ3 − σ6 + 1)aσ3−σ6+1

− ql6
σ3∑
σ5=0

(
σ5∑
σ4=0

(σ4 + 1) aσ4+1 (σ5 − σ4 + 1) aσ5−σ4+1 (σ3 − σ5 + 1) aσ3−σ5+1

)

− ql7
σ3∑
σ5=0

(
σ5∑
σ4=0

aσ4
(σ5 − σ4 + 1) aσ5−σ4+1 (σ3 − σ5 + 1) (σ3 − σ5 + 2) aσ3−σ5+2

)

− qk7
σ3∑
σ5=0

(
σ5∑
σ4=0

aσ4aσ5−σ4 (σ3 − σ5 + 3) (σ3 − σ5 + 2) (σ3 − σ5 + 1) aσ3−σ5+3

)

− ql9
σ3∑
σ4=0

(σ4 + 1) (σ4 + 2) aσ4+2 (σ3 − σ4 + 3) (σ3 − σ4 + 2) (σ3 − σ4 + 1) aσ3−σ4+3

− ql10
σ3∑
σ4=0

(σ4 + 1) aσ4+1 (σ3 − σ4 + 4) (σ3 − σ4 + 3) (σ3 − σ4 + 2) (σ3 − σ4 + 1) aσ3−σ4+4

− ql11
σ3∑
σ4=0

aσ4
(σ3 − σ4 + 5) (σ3 − σ4 + 4) (σ3 − σ4 + 3) (σ3 − σ4 + 2) (σ3 − σ4 + 1) aσ3−σ4+5

)
.

(3.91)

Vector field (iii) X8 + qX7

For this vector filed, u(t, x) is presented as follows

u(t, x) = e
∫ T12(t)

q
dtH (x) , (3.92)

where ζ = x and coefficients Ti(t), i = 5, 6, ..., 11 can be obtained form following

T5(t) = l5T12(t)e−3
∫
T12(t)dt

q , T6(t) = l6T12(t)e−2
∫
T12(t)dt

q , T7(t) = l7T12(t)e−2
∫
T12(t)dt

q ,

T8(t) = l8T12(t)e−2
∫
T12(t)dt

q , T9(t) = l9T12(t)e−
∫
T12(t)dt

q , T10(t) = l10T12(t)e−
∫
T12(t)dt

q ,

T11(t) = l11T12(t)e−
∫
T12(t)dt

q ,

(3.93)

where li, i = 5, 6, ..., 11 are arbitrary constants.

Using these, the reduced ODE in the following form has been obtained

H + ql5H
3Hζ + ql6Hζ

3 + ql7HHζHζζ + ql8H
2Hζζζ + ql9HζζHζζζ

+ ql10HζHζζζζ + ql11HHζζζζζ + qHζζζζζζζ = 0.
(3.94)
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The solution of reduced ODE in terms of power series is described as follows

H(ζ) =
∞∑

σ3=0

aσ3ζ
σ3 , (3.95)

The following expression presents solution of given equation

u(t, x) = e
∫ T12(t)

q
dt
[
a0 + a1ζ + a2ζ

2 + a3ζ
3 + a4ζ

4 + a5ζ
5 + a6ζ

6 + a7ζ
7

+
∞∑

σ3=1

aσ3+7ζ
σ3+7

]
,

(3.96)

where aσ3 , σ3 = 0, 1, ..., 6 are arbitrary constants. The other coefficients a7, a8,...
in terms of arbitrary constants, can be determined from the following recurrence
relation

aσ3+7 =
1

7(σ3 + 7)(σ3 + 6)(σ3 + 5)(σ3 + 4)(σ3 + 3)(σ3 + 2)(σ3 + 1)

(
− aσ3

− qk10
σ3∑
σ6=0

σ6∑
σ5=0

σ5∑
σ4=0

aσ4aσ5−σ4aσ3−σ5(σ3 − σ6 + 1)aσ3−σ6+1

− ql6
σ3∑
σ5=0

(
σ5∑
σ4=0

(σ4 + 1) aσ4+1 (σ5 − σ4 + 1) aσ5−σ4+1 (σ3 − σ5 + 1) aσ3−σ5+1

)

− ql7
σ3∑
σ5=0

(
σ5∑
σ4=0

aσ4 (σ5 − σ4 + 1) aσ5−σ4+1 (σ3 − σ5 + 1) (σ3 − σ5 + 2) aσ3−σ5+2

)

− qk7
σ3∑
σ5=0

(
σ5∑
σ4=0

aσ4
aσ5−σ4

(σ3 − σ5 + 3) (σ3 − σ5 + 2) (σ3 − σ5 + 1) aσ3−σ5+3

)

− ql9
σ3∑
σ4=0

(σ4 + 1) (σ4 + 2) aσ4+2 (σ3 − σ4 + 3) (σ3 − σ4 + 2) (σ3 − σ4 + 1) aσ3−σ4+3

− ql10
σ3∑
σ4=0

(σ4 + 1) aσ4+1 (σ3 − σ4 + 4) (σ3 − σ4 + 3) (σ3 − σ4 + 2) (σ3 − σ4 + 1) aσ3−σ4+4

− ql11
σ3∑
σ4=0

aσ4
(σ3 − σ4 + 5) (σ3 − σ4 + 4) (σ3 − σ4 + 3) (σ3 − σ4 + 2) (σ3 − σ4 + 1) aσ3−σ4+5

)
.

(3.97)

Vector field (iv) X7 +X6

Corresponding to this vector filed, the u(t, x) is appeared in following form

u(t, x) = H(ζ), (3.98)
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where ζ = −
∫
T12(t)dt + x and coefficients T5(t), T6(t),..., T11(t) of 7th order KdV

equation are given as follows

T5(t) = l5T12(t), T6(t) = l6T12(t), T7(t) = l7T12(t), T8(t) = l8T12(t), T9(t) = l9T12(t),

T10(t) = l10T12(t), T11(t) = l11T12(t),

(3.99)

where li, i = 5, 6, ..., 11 are arbitrary constants.

As a result of simple calculations, the reduced ODE has been obtained as follows

−Hζ + l5H
3Hζ + l6Hζ

3 + l7HHζH2ζ + l8H
2Hζζζ + l9HζζHζζζ + l10HζHζζζζ

+ l11HHζζζζζ +Hζζζζζζζ = 0.
(3.100)

The ODE solutions is assumed in form as below

H(ζ) = A10 + A11sn (ζ,m) + A12sn2 (ζ,m) , (3.101)

where sn(ζ,m) represents Jacobi elliptic sine function having modulus parameter m
(0 < m < 1) and A10, A11, A12 are arbitrary constants. The various possible cases
for the solution have been elaborated as follows.
The values of A10, A11 and other arbitrary constants have been found as follows

A10 = −
A12

(
1 +m2

)
3m2

, A11 = 0,

l5 = − 6

(2m4 − 5m2 + 2) (1 +m2)A12
3

(
m2
(
576m10 − 864m8 − 6 l8A12

2m2

−72 l11A12m
4 + 48 l11A12m

2 + 585m4 − 864m6 + 4m6A12
2l8 + 48m8l11A12

−6 l8A12
2m4 − 72 l11A12m

6 + 4 l8A12
2
))
,

l6 = − 3

4A12
2 (2m4 − 5m2 + 2) (1 +m2)

((
1920m8 + 32 l10A12m

6 − 2880m6

−2880m4 − 48 l10A12m
4 − 48 l10A12m

2 + 1929m2 + 32 l10A12

)
m2
)
,

l7 = − 3

2A12
2 (2m4 − 5m2 + 2) (1 +m2)

((
3456m8 − 5184m6 + 48 l11A12m

6

+16 l9A12m
6 + 16 l10A12m

6 − 72 l11A12m
4 − 24 l9A12m

4 − 24 l10A12m
4 − 5184m4

+3447m2 − 72 l11A12m
2 − 24 l9A12m

2 − 24 l10A12m
2 + 16 l9A12 + 16 l10A12 + 48 l11A12

)
m2
)
,

(3.102)

where l8, l9, l10, l11, A12 and m are arbitrary constants.

Using these values, solution of KdV equation has been appeared as follows

u(t, x) = − A12 (1 +m2)

3m2
+ A12

(
sn

(
−
∫
T12(t)dt+ x,m

))2

. (3.103)
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In limiting case, when m → 1, the following dark-singular solitary wave solution is

obtained

− 2A12

3
+ A12

(
tanh

(
−
∫
T12(t)dt+ x

))2

. (3.104)

Vector field (v) X7

This IG imparts the solution u(x, t) of KdV equation only as function of x variable.

Hence, it is not physically important solution.

Vector field (vi) X6

For this IG, the solution u(x, t) is only function of t. Hence, it is not physically

important.

3.2.2 Conservation laws by Ibragimov’s method

Conservation laws for the Eq. (3.73) has been obtained by following the procedure

as given in chapter 2. The Lagrangian has been written by following expression

L = Υ(t, x)
(
ut + T5(t)uxu

3 + T6(t)u3
x + T7(t)uuxuxx + T8(t)u2uxxx + T9(t)uxxuxxx

+T10(t)uxuxxxx + T11(t)uuxxxxx + T12(t)uxxxxxxx) ,

(3.105)
where Υ(t, x) is new dependent variable.

Based upon Lagrangian, the adjoint equation can be written as
δL

δu
= 0 and is given

by

−Υt + (−Υxxxuxx −Υxuxxxx − 2 Υxxuxxx)T9(t)

+
(
Υxuuxx + Υxxuux + 2 Υxux

2 + 3 Υuxuxx
)
T7 (t)

+
(
−6 Υxux

2 −Υxxxu
2 − 6 Υxuuxx − 6 Υxxuux − 6 Υuxuxx

)
T8(t)−ΥxT5(t)u3

+ (−5 Υxxxxux −Υxxxxxu− 5 Υxuxxxx − 10 Υxxxuxx − 10 Υxxuxxx)T11(t)

+ (3 Υxuxxxx + Υxxxxux + 4 Υxxxuxx + 6 Υxxuxxx)T10(t)

+
(
−6 Υuxuxx − 3 Υxux

2
)
T6 (t)−ΥxxxxxxxT12(t) = 0.

(3.106)

The given Eq. (3.73) termed as nonlinear self-adjoint, if substituting Υ = Φ4, where

Φ4 is taken as a function of t, x and u, satisfies the following equation

δL
δu
|Υ(t,x)=Φ4(t,x,u) = λ

(
ut + T5(t)uxu

3 + T6(t)u3
x + T7(t)uuxuxx + T8(t)u2uxxx

+T9(t)uxxuxxx + T10(t)uxuxxxx + T11(t)uuxxxxx + T12(t)uxxxxxxx) ,

(3.107)
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where λ is undetermined constant. Simplification of Eq. (3.107) results in determining

equations for Φ4 and random functions T5(t), T6(t),..., T12(t) as functions of t are

obtained. The solution of equations can be written in following cases.

Case I

λ = 0, T5(t) = 0, T7(t) = 6T8(t), T6(t) = 2T8(t), T9(t) = −5T11(t) + 3T10(t),

Φ4 = b0 + b1x+ b2x
2,

(3.108)

where b0, b1, b2 are randomly taken constants, and T8(t), T10(t), T11(t), T12(t) are

considered as random functions of t.

Case II

λ = −ã0, T5(t) = 0, T6(t) = 0 T7(t) = 3T8(t), T9(t) = −10T11(t) + 5T10(t),

Φ4 = ã0u+ M̄0(t) + M̄1(t)x+ M̄2(t)x2,
(3.109)

where ã0 is arbitrary constant, and M̄0(t), M̄1(t), M̄2(t) are arbitrary functions of t

and satisfy following equation

−M̄ ′
0(t) + M̄ ′

1(t)x− M̄ ′
2(t)x2 = 0. (3.110)

Case III

λ = 0, T7(t) = 2T6(t) + 2T8(t), Φ4(t, x, u) = L1, (3.111)

where L1 is arbitrary constant, and T5(t), T6(t), T8(t), T9(t), T10(t), T11(t) and T12(t)

are functions of t.

Case IV

λ = −Ã1, T6(t) = T8(t), T7(t) = 4T8(t), T9(t) = 5T10(t)− 10T11(t),

Φ4(t, x, u) = Ã0 + Ã1u,
(3.112)

where Ã0, Ã1 are taken as constants, and T5(t), T10(t), T11(t), T12(t) are taken as

arbitrary functions of t.

Conserved vector components associated with IGs using above nonlinear self-adjoint

substitutions of Case I are given as follows.

The symmetry X6 = ∂
∂x

with Lie characteristic function W = −ux gives the following

conserved vector components corresponding to arbitrary constants b0, b1 and b2

Ct
0 = −ux, Cx

0 = ut. (3.113)
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Ct1 = −xux,

Cx1 =
(
2T8(t)uux

2 − uxuxxxT11(t) + uxxxT10(t)ux + uxxT8(t)u2 + uxx
2T10(t)

+uxxxxT11(t)u− 2uxx
2T11(t) + xut + uxxxxxxT12(t)

)
.

(3.114)

Ct2 = −x2ux,

Cx2 =
(
x2ut +

(
−2uxuxxxT11(t) + 2uxxxxT11(t)u− 4uxx

2T11(t) + 2uxxxxxxT12(t)

+2uxx
2T10 (t) + 2uxxT8(t)u2 + 2uxxxf (t)ux + 4T8(t)uux

2
)
x− 2uxxxxxT12(t)

−2uxT8 (t)u2 + 4uxT11(t)uxx − 2uxxf (t)ux − 2uxxxT11(t)u
)
.

(3.115)

For symmetry X7 = 1
T12(t)

∂
∂t

, the conserved vector components corresponding to
arbitrary constants b0, b1 and b2 are found as follows

Ct0 = − ut
T12(t)

,

Cx0 = − 1

T12
2 (t)

(
−2T11tT12(t)uxx

2 + T10tT12 (t)uxx
2 + 2T12tT11(t)uxx

2

−T12tT10(t)uxx
2 − 2T12tT8 (t)uux

2 + 2T8tuT12(t)ux
2 + 2T12(t)utT8(t)ux

2

+T12 (t)utT11(t)uxxxx + T12(t)utxuxxxT10(t) + T12(t)utxxT8 (t)u2

+2T12(t)utxxuxxT10 (t) + T12tT11(t)uxuxxx + T11tT12(t)uuxxxx − T11tT12(t)uxuxxx

+T12(t)utxxxT10(t)ux − T12tT8(t)u2uxx + T12(t)utxxxxT11(t)u− T12(t)utxxxT11 (t)ux

−T12(t)utxuxxxT11 (t)− 4T12(t)utxxuxxT11 (t) + T8tu
2T12(t)uxx + T10tT12 (t)uxuxxx

−T12tT10(t)uxuxxx − T12tT11(t)uuxxxx + utxxxxxxT12
2 (t) + 2T12(t)utT8(t)uuxx

+4T12(t)utxT8 (t)uux) .

(3.116)

Ct1 = − xut
T12(t)

,

Cx1 = − 1

T12
2 (t)

((
−2T11tT12(t)uxx

2 + T10tT12(t)uxx
2 + 2T12tT11(t)uxx

2 − T12tT10(t)uxx
2

−2T12tT8 (t)uux
2 + 2T8tuT12(t)ux

2 + 2T12(t)utT8(t)ux
2 + T12 (t)utT11(t)uxxxx

+T12 (t)utxuxxxT10(t) + T12(t)utxxT8(t)u2 + 2T12(t)utxxuxxT10(t) + T12tT11(t)uxuxxx

+T11tT12(t)uuxxxx − T11tT12(t)uxuxxx + T12(t)utxxxT10(t)ux − T12tT8(t)u2uxx

+T12(t)utxxxxT11(t)u− T12(t)utxxxT11 (t)ux − T12(t)utxuxxxT11 (t)

−4T12(t)utxxuxxT11 (t) + T8tu
2T12(t)uxx + T10tT12 (t)uxuxxx − T12tT10(t)uxuxxx

−T12tT11(t)uuxxxx + utxxxxxxT12
2 (t) + 2T12(t)utT8(t)uuxx + 4T12(t)utxT8 (t)uux

)
x

−T12(t)utuxxxT11 (t) + T12tT8(t)u2ux + T12tT11 (t)uuxxx + T12tT10(t)uxuxx

−T12(t)utxxxT11(t)u− T12 (t)utxT8(t)u2 + 2T12(t)utxuxxT11(t)− T12(t)utxxT10 (t)ux

−2T12tT11(t)uxuxx − T12(t)utxuxxT10(t) + 2T12 (t)utxxT11(t)ux − T10tT12 (t)uxuxx

−T11tT12(t)uuxxx − utxxxxxT122 (t)− T8tu2T12(t)ux − 2T12(t)utT8 (t)uux

+2T11tT12(t)uxuxx) .

(3.117)
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Ct2 = − x2ut
T12(t)

,

Cx2 = − 1

3T12
2 (t)

((
−6T11tT12(t)uxx

2 + 3T10tT12(t)uxx
2 + 6T12tT11 (t)uxx

2 − 3T12tT10(t)uxx
2

−6T12tT8(t)uux
2 + 6T8tuT12 (t)ux

2 + 6T12(t)utT8 (t)ux
2 + 3T12(t)utT11 (t)uxxxx

+3T12(t)utxuxxxT10 (t) + 3T12(t)utxxT8 (t)u2 + 6T12(t)utxxuxxT10 (t) + 3T12tT11(t)uxuxxx

+3T11tT12 (t)uuxxxx − 3T11tT12(t)uxuxxx + 3T12(t)utxxxT10(t)ux − 3T12tT8(t)u2uxx

+3T12 (t)utxxxxT11(t)u− 3T12(t)utxxxT11(t)ux − 3T12(t)utxuxxxT11(t)

−12T12(t)utxxuxxT11(t) + 3T8tu
2T12(t)uxx + 3T10tT12(t)uxuxxx − 3T12tT10 (t)uxuxxx

−3T12tT11(t)uuxxxx + 3utxxxxxxT12
2 (t) + 6T12 (t)utT8(t)uuxx + 12T12 (t)utxT8(t)uux

)
x2

+
(
−6T12(t)utuxxxT11(t)− 12T12tT11(t)uxuxx + 6T12tT8(t)u2ux − 6T10tT12(t)uxuxx

−6utxxxxxT12
2 (t)− 6T12 (t)utxT8(t)u2 + 12T11tT12 (t)uxuxx − 6T12(t)utxuxxT10 (t)

+6T12tT10(t)uxuxx + 12T10 (t)utxxT11(t)ux − 6T11tT12 (t)uuxxx − 6T12(t)utxxT10 (t)ux

−6T8tu
2T12(t)ux − 12T12(t)utT8(t)uux + 6T12tT11 (t)uuxxx + 12T12(t)utxuxxT11(t)

−6T12(t)utxxxT11 (t)u)x+ 2T8tu
3T12(t) + 6T12 (t)utT8(t)u2 + 3T10tT12 (t)ux

2

+6T12(t)utT11 (t)uxx − 6T12tT11(t)uuxx − 2T12tT8 (t)u3 + 9T12tT11(t)ux
2 + 6T11tT12(t)uuxx

−3T12tT10(t)ux
2 − 18T12(t)utxT11(t)ux − 9T11tT12(t)ux

2 + 6utxxxx (T12(t))
2

+6T12(t)utxT10 (t)ux + 6T12(t)utxxT11 (t)u) .

(3.118)

For symmetry X8 = u ∂
∂u

, the components of conserved vectors corresponding to

arbitrary constants b0, b1 and b2 are given as follows

Ct
0 = u,

Cx
0 =

(
uxxxxu− uxuxxx − 2uxx

2
)
T11 (t) +

(
uxuxxx + uxx

2
)
T10(t) + uxxxxxxT12(t)

+
(
ux,xu

2 + 2uux
2
)
T8(t).

(3.119)

Ct
1 = xu,

Cx
1 =

(
−xuxuxxx + xuuxxxx − uuxxx + 2uxux,x − 2xuxx

2
)
T11(t)

+
(
−uxuxx + xuxuxxx + xuxx

2
)
T10 (t) + (−uxxxxx + uxxxxxxx)T12 (t)

+
(
−u2ux + 2xuux

2 + xu2uxx
)
T8(t).

(3.120)

Ct2 = x2u,

Cx2 =
(
uxx

2uxxx + ux
2 − 2uxxuxx + x2uxx

2
)
T10(t)

+
(
4uxxux,x + 2uuxx − 2uxuxxx − 2x2uxx

2 − 3ux
2 + uuxxxxx

2 − uxx2uxxx
)
T11 (t)

+

(
2ux2ux

2 − 2xu2ux + x2u2uxx +
2

3
u3
)
T8(t)

+
(
uxxxxxxx

2 + 2uxxxx − 2uxxxxxx
)
T12(t).

(3.121)
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For symmetry X9 =
7
∫
T12(t)dt

T12(t)
∂
∂t

+ x ∂
∂x

, the conserved vectors are accomplished as

follows

Ct
0 = −7

H̃ut
T12(t)

− xux,

Cx
0 =

(−7u2uxx − 14uux
2) H̃T8t

T12(t)
+

(−7uxx
2 − 7uxuxxx) H̃T10t

T12(t)
− 7utxxxxxxH̃

+
(7uxx

2 + 7uxuxxx)T10(t)T12tH̃

(T12(t))2 +
(7u2uxx + 14uux

2)T8(t)T12tH̃

(T12(t))2

+
(−14uxx

2 + 7uuxxxx − 7uxuxxx)T11(t)T12tH̃

(T12 (t))2

+
(−7uuxxxx + 14uxx

2 + 7uxuxxx)T11tH̃

T12 (t)

+
(−14utuuxx − 28utxuux − 7utxxu

2 − 14utux
2) H̃T8 (t)

T12(t)

+
(−7utxuxxx − 7utxxxux − 14utxxuxx) H̃T10 (t)

T12(t)

+
(−7utxxxxu+ 7utxuxxx + 28utxxuxx − 7utuxxxx + 7utxxxux) H̃T11(t)

T12 (t)

+ xut +
(
12uxx

2 + 6uxuxxx − 6uuxxxx
)
T11(t)− 6uxxxxxxT12(t)

+
(
−12uux

2 − 6u2uxx
)
T8(t) +

(
−6uxuxxx − 6uxx

2
)
T10(t).

(3.122)
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Ct
1 =

(
−7

H̃ut
T12 (t)

− xux

)
x,

Cx
1 =

(7u2ux − 7xu2uxx − 14xuux
2) H̃T8t

T12(t)
+

(−7xuxuxxx − 7xuxx
2 + 7uxuxx) H̃T10t

T12(t)

+ (7utxxxxx − 7utxxxxxxx) H̃ +
(
−5xuxuxxx + 5uxuxx − 5xuxx

2
)
T10(t)

+
(−28utxxuux − 14utxuuxx + 14utuux − 14utxux

2 − 7utxxxu
2 + 7utxu

2) H̃T8(t)

T12 (t)

+
(7utxxux + 7utxuxx − 7utxxxuxx− 14utxxxuxx − 7utxxuxxx) H̃T10(t)

T12(t)

+
(7utxxxuxx+ 7utxxuxxx + 28utxxxuxx + 7utxxxu− 7utuxxxxx) H̃T11(t)

T12(t)

(−7utxxxxux− 14utxxux + 7utuxxx − 14utxuxx) H̃T11(t)

T12(t)

+
(7xuxuxxx − 7xuuxxxx + 14xuxx

2 + 7uuxxx − 14uxuxx)T11tH̃

T12 (t)

+
(−14xuxx

2 + 7xuuxxxx − 7xuxuxxx + 14uxuxx − 7uuxxx)T11 (t)T12tH̃

T12
2 (t)

+
(−7uxuxx + 7xuxx

2 + 7xuxuxxx)T10(t)T12tH̃

(T12 (t))2

+
(14xuux

2 − 7u2ux + 7xu2uxx)T8(t)T12tH̃

T12
2 (t)

+ x2ut + (5uxxxxx − 5xuxxxxxx)T12(t) +
(
5u2ux − 5xu2uxx − 10xuux

2
)
T8(t)

+
(
5xuxuxxx + 5uuxxx + 10xuxx

2 − 5xuuxxxx − 10uxuxx
)
T11(t).

(3.123)
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Ct
2 =

(
−7

H̃ut
h (t)

− xux

)
x2,

Cx
2 =

(14u2uxx− 14x2uux
2 − 7x2u2uxx − 14/3u3) H̃T8t

T12(t)

+
(14uxuxxx− 7x2uxx

2 − 7ux
2 − 7x2uxuxxx) H̃T10t

T12 (t)

+
(
14utxxxxxx− 7utxxxxxxx

2 − 14utxxxx
)
H̃

+
(21ux

2 + 14xuuxxx − 14uuxx − 28uxuxxx+ 14x2uxx
2 + 7x2uxuxxx)T11tH̃

T12(t)

− 7x2uuxxxxT11tH̃

T12(t)
+

(28uxuxxx+ 7x2uuxxxx)T11(t)T12tH̃

(T12(t))2

+
(−14xuuxxx − 7x2uxuxxx + 14uuxx − 14x2uxx

2 − 21ux
2)T11(t)T12tH̃

(T12(t))2

+
(7x2uxuxxx + 7x2uxx

2 − 14uxuxxx+ 7ux
2)T10 (t)T12tH̃

T12
2 (t)

+
(14x2uux

2 − 14u2uxx+ 7x2u2uxx + 14/3u3)T8(t)T12tH̃

T12
2 (t)

+
(28utxuux + 14utxxu

2 − 7utxxx
2u2 − 14utx

2ux
2 − 14utx

2uuxx) H̃T8(t)

T12 (t)

+
(−28utxx

2uux − 14utu
2)H̃T8(t)

T12 (t)
+

(14utxxuxx + 14utxxuxx)H̃T10 (t)

T12(t)

+
(−7utxxxuxx

2 − 14utxux − 7utxx
2uxxx − 14utxxx

2uxx) H̃T10 (t)

T12(t)

+
(7utxx

2uxxx + 28utxxx
2uxx − 14utuxx − 28utxxuxx) H̃T11(t)

T12(t)

+
(−28utxxuxx + 14utxxxux− 7utuxxxxx

2 + 7utxxxuxx
2)H̃T11(t)

T12(t)

+
(42utxux + 14utxuxxx − 7utxxxxux

2 − 14utxxu)H̃T11(t)

T12(t)

+ x3ut +
(
−8uxxxx + 8xuxxxxx − 4x2uxxxxxx

)
T12(t)

+
(
4x2uxuxxx − 8uuxx + 12ux

2 − 16uxuxxx− 4x2uuxxxx
)
T11 (t)

+ (8x2uxx
2 + 8xuuxxx)T11 (t)

+
(
−8/3u3 − 4x2u2uxx + 8u2uxx− 8x2uux

2
)
T8(t)

+
(
−4x2uxuxxx − 4x2uxx

2 − 4ux
2 + 8uxuxxx

)
T10(t).

(3.124)
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Herein, H̃ =
∫
T12(t)dt. Similarly, we can obtain conservation laws for other cases.

To avoid repetition, we have omitted these conservation laws.

3.2.3 Direct method of conservation laws

The conservation laws are derived by using direct method of multipliers, the multiplier

for the Eq. (3.73) is considered in the form Λ(t, x, u) and satisfies the following

equation

δ

δu

(
Λ
(
ut + T5(t)uxu

3 + T6(t)u3
x + T7(t)uuxuxx + T8(t)u2uxxx + T9(t)uxxuxxx

+T10(t)uxuxxxx + T11(t)uuxxxxx + T12(t)uxxxxxxx)) = 0,

(3.125)

where
δ

δu
is Euler Lagrangian operator defined in Eq. (2.86). Then

Λ
(
ut + T5(t)uxu

3 + T6(t)u3
x + T7(t)uuxuxx + T8(t)u2uxxx + T9(t)uxxuxxx

+T10(t)uxuxxxx + T11(t)uuxxxxx + T12(t)uxxxxxxx) = DtC
t +DxC

x,
(3.126)

where Ct and Cx are the conserved vector components. After solving Eq. (3.125),

multiplier Λ and arbitrary functions have been obtained in following cases.

Case V

Λ = p̃0 + p̃1x+ p̃2x
2,

T5(t) = 0, T6(t) = 6T8(t), c = 6T8(t), T9(t) = 3T10(t)− 5T11(t),
(3.127)

where p̃0, p̃1, p̃2 are taken as random constants, and T8(t), T10(t), T11(t), T12(t) are

arbitrary functions of t.

Case VI
Λ = K̃,

T7(t) = 2T6(t) + 6T8(t), T9(t) = 3T10(t)− 5T11(t),
(3.128)

where K̃ is taken as random constants, and T5(t), T6(t), T8(t), T10(t), T11(t), T12(t)

are functions of t. Then, using these two case, the conserved vector components are

obtained as follows

For case V, the following conservation laws are constructed

Ct
0 = u,

Cx
0 = ut + T8(t)

(
6uxuuxx + 2ux

3 + u2uxxx
)

+ T10(t) (3uxxuxxx + uxuxxxx)

+ T11(t) (−5uxxuxxx + uuxxxxx) + T12(t)uxxxxxxx.

(3.129)
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Ct
1 = xu,

Cx
1 =

(
ut + T8(t)

(
6uxuuxx + 2ux

3 + u2uxxx
)

+ T10(t) (3ux,xuxxx + uxuxxxx)

+T11(t) (−5uxxuxxx + uuxxxxx) + T12 (t)uxxxxxxx)x.

(3.130)

Ct
2 = x2u,

Cx
2 =

(
ut + T8(t)

(
6uxuuxx + 2ux

3 + u2uxxx
)

+ T10(t) (3ux,xuxxx + uxuxxxx)

+T11(t) (−5uxxuxxx + uuxxxxx) + T12 (t)uxxxxxxx)x
2.

(3.131)

For case VI, the following conserved vector components are obtained corresponding

to randomly selected constant K̃ as follows

Ct = u,

Cx = 1/4T5(t)u4 + T6(t)ux
2u+ T8 (t)u2uxx + T10(t)

(
uxuxxx + uxx

2
)

+ T11(t)
(
−2uxx

2 + uuxxxx − uxuxxx
)

+ T12(t)uxxxxxx.

(3.132)

3.2.4 Conclusion

The generalised 7th order KdV equation in present analysis found to possess different

type of solutions. The symmetry group analysis gives the solutions in the term of

power series and Jacobi elliptic functions. The optimal system has been generated

for inequivalent group invariant solutions. Similarity reductions associated with every

symmetries are carried out. The nonlinear self-adjointness technique with new con-

servation theorem and the direct method have been applied to construct conserved

vectors.





Chapter 4

Time Fractional PDEs2

In this chapter, three different types of time fractional PDEs have been investigated

for the Lie symmetries, conserved densities/fluxes (conservation laws), and solutions.

The symmetry analysis of the equations yields invariants which further help to re-

duce the dimensionality of the fractional PDEs. Conservation laws associated with

the symmetries have been retrieved by applying new conservation theorem. Also,

factional complex transformation converts the given fractional PDEs into the ODEs

and further these ODEs are analysed for getting the exact solutions. A physical

interpretation of the solutions is expressed by their graphical representations. The

linear dispersion relations for the equations have been derived and the condition for

the normal or anomalous dispersion of waves is also tested. In this chapter, section

4.1 presents the examination of new coupled ZK system in (2+1)-dimensions hav-

ing time derivatives of fractional order for Lie symmetries and associated conserved

densities/fluxes. The bright, dark and singular solitary wave solutions are obtained.

In section 4.2, the details of steps used in studying the Wu-Zhang system in (2+1)-

dimensions having time derivatives of fractional order are given. In section 4.3, 5th

order equation from Burgers hierarchy having time derivative of fractional order is

2The contents of this chapter have been published and communicated in following journals:

(i) The contents of section (4.1) are published in Computational and Applied Mathematics, 37(5),
5981-6004 (2018).

(ii) The contents of section (4.2) are published in Computers & Mathematics with Applications,
79(4), 1031-1048 (2019).

(iii) The contents of section (4.3) are communicated in Journal of Applied Analysis and Computa-
tion.
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being investigated for dispersion relation, Lie symmetries, solutions, and conserved

densities/fluxes.

4.1 New coupled ZK system in (2+1)-dimensions

having time derivatives of fractional order

The new coupled ZK system in (2+1)-dimensions in terms of equations Ξ1, Ξ2 and

Ξ3 is given in the following form

Ξ1 ≡
∂αu

∂tα
− a (uvx + uxv)− g (vwx + vxw)− b (uxxx + uxyy) = 0,

Ξ2 ≡
∂αv

∂tα
− l (wux + wxu)− b (vxxx + vxyy) = 0,

Ξ3 ≡
∂αw

∂tα
− l (uvx + uxv)− b (wxxx + wxyy) = 0,

(4.1)

α denotes order of time derivative and (0 < α < 1). In system (4.1), a, b, g and

l are the arbitrary constants. The ZK system successfully describes nonlinear ion-

acoustic waves in a dusty plasma composed of hot isothermal electrons and cold ions

[207, 236, 256, 257, 309, 317, 340, 347].

When α = 1, the ZK system (4.1) has been investigated by many authors, and re-

sults were reported for exact solutions and conservation laws. The explicit solutions

in terms of travelling waves of the ZK system have been reported by Wei and Tang

[313] whereas Khalique [155] has discussed the way to find both the exact explicit so-

lutions and conservation laws. The approximate analytic solutions of the ZK system

have been obtained using homotopy perturbation method by Fahmy [78]. Elboree [75]

has used a variational approach to find soliton and singular solitary wave solutions

for the similar system. The stability analysis of new exact travelling-wave solutions

has been examined by Seadawy et al. [258].

The system (4.1) considered under investigation has not been reported for the frac-

tional Lie symmetries, conservation laws and solitary wave solutions. Therefore, the

main thrust behind this investigation is to find the similarity solutions using the

fractional Lie symmetry analysis and to derive the non-local conservation laws. The

application of fractional type complex transformations results into ODEs, and fur-

ther these ODEs are solved for the solitary wave solutions and analysed graphically

in various conditions.
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4.1.1 Lie symmetries and reductions

This subsection presents the Lie symmetries and corresponding similarity reductions

of system (4.1). To obtain the Lie symmetries [244, 247, 276], 1LGTs (point) of the

ZK system are considered as follows

t̃→ t+ εX6(t, x, y, u, v, w) +O(ε2), x̃→ x+ εX7(t, x, y, u, v, w) +O(ε2),

ỹ → y + εX8(t, x, y, u, v, w) +O(ε2), ũ→ u+ εZ5(t, x, y, u, v, w) +O(ε2),

ṽ → v + εZ6(t, x, y, u, v, w) +O(ε2), w̃ → w + εZ7(t, x, y, u, v, w) +O(ε2),

(4.2)

where ε << 1 is a group parameter. The IG for a 1LGTs (4.2) is represented by

following expression

X = X6∂t + X7∂x + X8∂y + Z5∂u + Z6∂v + Z7∂w. (4.3)

The 3rd order prolonged generator for IG (4.3) is given by

Prα,3X = X + Z5
x∂ux + Z6

x∂vx + Z7
x∂wx + Z5

xxx∂uxxx + Z6
xxx∂vxxx + Z7

xxx∂wxxx

+ Z5
xyy∂uxyy + Z6

xyy∂vxyy + Z7
xyy∂wxyy + Z5

α,t∂∂αt u + Z6
α,t∂∂αt v + Z7

α,t∂∂αt w,

(4.4)

where Z5
x, Z6

x, Z7
x, Z5

xxx,... are taken as integer order extended infinitesimals and

Z5
α,t, Z6

α,t, Z7
α,t are corresponding extended infinitesimals having fractional order

related to RLF derivative (detail has been given in the Appendix A.1).

The IG (4.3) will become a Lie point symmetry of the given system (4.1) if it satisfies

the following conditions

Prα,3X(Ξ1)|Ξ1=0,Ξ2=0,Ξ3=0 = 0, P rα,3X(Ξ2)|Ξ1=0,Ξ2=0,Ξ3=0 = 0,

P rα,3X(Ξ3)|Ξ1=0,Ξ2=0,Ξ3=0 = 0.
(4.5)

The Eqs. (4.5) lead to the following symmetry determining equations

Z5
α,t − a (uZ6

x + vxZ5 + Z5
xv + uxZ6)− g (vZ7

x + Z6wx + Z6
xw + vxZ7)

− b (Z5
xxx + Z5

xyy) = 0,

Z6
α,t − l (uZ7

x + Z5wx + Z5
xw + uxZ7)− b (Z6

xxx + Z6
xyy) = 0,

Z7
α,t − l (uZ6

x + Z5vx + Z5
xv + uxZ6)− b (Z7

xxx + Z7
xyy) = 0.

(4.6)

Back substituting the integer and α-order extended infinitesimals into the Eq. (4.6),

and equating coefficients of derivatives of the dependent variables to zero, we get
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over-determining system of equations in terms of infinitesimals. The solution of over-

determining equations is given as follows

X6 = 3e3t+ e4, X7 = e1 + e3αx, X8 = e3αy + e2, Z5 = −2e3αu, Z6 = −2e3αv,

Z7 = −2e3αw,

(4.7)

where ei, i = 1, 2, 3, 4 are arbitrary constants.

The lower limit in RLF derivative (2.40) is fixed, it remains invariant under the

transformations given in Eq. (4.2) and it must holds the following condition

X6(t, x, y, u, v, w)|t=0 = 0. (4.8)

This equality gives value of constant e4 = 0 and the infinitesimals given in Eq. (4.7)

reduce into following expressions

X6 = 3e3t, X7 = e1 + e3αx, X8 = e3αy + e2, Z5 = −2e3αu, Z6 = −2e3αv,

Z7 = −2e3αw.
(4.9)

Thus, the symmetry group for the system (4.1) is spanned by the following set of IGs

X10 =
∂

∂x
, X11 =

∂

∂y
,X12 = αx

∂

∂x
− 2αu

∂

∂u
+ 3t

∂

∂t
− 2α v

∂

∂v
+ α y

∂

∂y
− 2αw

∂

∂w
.

(4.10)

Similarity variables and related similarity solutions with corresponding IGs can be

accessed with their associated characteristic equations. The solution of the charac-

teristic equations will suggest the form of invariants for the system (4.1).

For the similarity solutions, consider the IG X12 = αx ∂
∂x
− 2αu ∂

∂u
+ 3t ∂

∂t
− 2α v ∂

∂v
+

α y ∂
∂y
− 2αw ∂

∂w
.

The characteristic equations associated with the IG X12 are defined as follows

dx

αx
=
dt

3t
=
dy

αy
=

du

−2αu
=

dv

−2αv
=

dw

−2αw
. (4.11)

Solution of characteristic equations gives similarity variables and the similarity solu-

tion in the following form

ζ3 =
x

tα/3
, ζ4 =

y

tα/3
, u = F2(ζ3, ζ4)t−2α/3, v = G2(ζ3, ζ4)t−2α/3, w = H2(ζ3, ζ4)t−2α/3.

(4.12)
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The back substitution of similarity transformation (4.12) into the system (4.1) results

in the reduced fractional order (1+1)-dimensional PDEs and the detailed procedure

can be summarized theorem 4.1.1.

Theorem 4.1.1. The similarity transformation (4.12) reduces the given (2+1)-dimen-

sional system of fractional PDEs (4.1) into the following (1+1)-dimensional fractional

PDEs

(P
1− 5α

3
,α

3
α
, 3
α

F2)(ζ3, ζ4)− aF2G2ζ3 − aF2ζ3G2 − gG2H2ζ3 − gG2ζ3H2 − bF2ζ3ζ3ζ3

− bF2ζ3ζ4ζ4 = 0,

(P
1− 5α

3
,α

3
α
, 3
α

G2)(ζ3, ζ4)− lH2F2ζ3 − lH2ζ3F2 − bG2ζ3ζ3ζ3 − bG2ζ3ζ4ζ4 = 0,

(P
1− 5α

3
,α

3
α
, 3
α

H2)(ζ3, ζ4)− lF2G2ζ3 − lF2ζ3G2 − bH2ζ3ζ3ζ3 − bH2ζ3ζ4ζ4 = 0,

(4.13)

where (P
1− 5α

3
,α

3
α
, 3
α

) represents the extended left-hand sided Erdélyi-Kober fractional dif-

ferential operator [157, 276] defined by

(
P τ,α
β1,β2

F2

)
(ζ3, ζ4) =

n−1∏
j=0

(
τ + j − 1

β1

ζ3
∂

∂ζ3

− 1

β2

ζ4
∂

∂ζ4

)(
Kτ+α,n−α
β1,β2

F2

)
(ζ3, ζ4), (4.14)

(
P τ,α
β1,β2

G2

)
(ζ3, ζ4) =

n−1∏
j=0

(
τ + j − 1

β1

ζ3
∂

∂ζ3

− 1

β2

ζ4
∂

∂ζ4

)(
Kτ+α,n−α
β1,β2

G2

)
(ζ3, ζ4), (4.15)

and

(
P τ,α
β1,β2

H2

)
(ζ3, ζ4) =

n−1∏
j=0

(
τ + j − 1

β1

ζ3
∂

∂ζ3

− 1

β2

ζ4
∂

∂ζ4

)(
Kτ+α,n−α
β1,β2

H2

)
(ζ3, ζ4), (4.16)

where

n =

{
[α] + 1, α /∈ N ;

α α ∈ N
, (4.17)

and (Kτ+α,n−α
β1,β2

) is the extended left-hand sided Erdélyi-Kober fractional integral oper-

ator [157, 276] given by(
Kτ,α
β1,β2

F2

)
(ζ3, ζ4)

=

{
1

Γ(α)

∫∞
1

(θ − 1)α−1θ−(τ+α)F (ζ3θ
1/β1 , ζ4θ

1/β2)dθ, α > 0;

F2(ζ3, ζ4) α = 0
,

(4.18)



Chapter 4. Time Fractional PDEs 98

(
Kτ,α
β1,β2

G2

)
(ζ3, ζ4)

=

{
1

Γ(α)

∫∞
1

(θ − 1)α−1θ−(τ+α)G(ζ3θ
1/β1 , ζ4θ

1/β2)dθ, α > 0;

G2(ζ3, ζ4) α = 0
,

(4.19)

and (
Kτ,α
β1,β2

H2

)
(ζ3, ζ4)

=

{
1

Γ(α)

∫∞
1

(θ − 1)α−1θ−(τ+α)H(ζ3θ
1/β1 , ζ4θ

1/β2)dθ, α > 0;

H2(ζ3, ζ4) α = 0.

(4.20)

Proof. The fractional derivative of u(t, x, y) = t−2α/3F2(ζ3, ζ4) with respect to t of

order α using (2.40) for n− 1 < α < n, n = 1, 2, 3, ... is given by

∂αu

∂tα
=

∂n

∂tn

[ 1

Γ(n− α)

∫ t

0
(t− θ)n−α−1θ

−2α
3 F2(θ

−α
3 x, θ

−α
3 y)dθ

]
. (4.21)

Let us consider ϑ = t/θ and using it, the above equation can be drafted as follows

∂αu

∂tα
=

∂n

∂tn

[ 1

Γ(n− α)
tn−

5α
3

∫ ∞
1

(ϑ− 1)n−α−1ϑ−(n+1− 5α
3

)F2(ζ3ϑ
α
3 , ζ4ϑ

α
3 )
]
dϑ

=
∂n

∂tn

[
tn−

5α
3

(
K

1− 2α
3
,n−α

3
α
, 3
α

F2

)
(ζ3, ζ4)

]
.

(4.22)

Using the relation ζ3(x, t) = x t−
α
3 , ζ4(y, t) = y t−

α
3 , the chain rule of differentiation

on the function ϕ(ζ3, ζ4) yields

t
∂

∂t
ϕ(ζ3, ζ4) = t(ϕζ3ζ3t + ϕζ4ζ4t) = −α

3
ζ3ϕζ3 −

α

3
ζ4ϕζ4 . (4.23)

The above relation simplifies the left-hand side of the Eq. (4.22) as follows

∂n

∂tn

[
tn−

5α
3

(
K

1− 2α
3
,n−α

3
α
, 3
α

F2

)
(ζ3, ζ4)

]
=

∂n−1

∂tn−1

[ ∂
∂t

(
tn−

5α
3

(
K

1− 2α
3
,n−α

3
α
, 3
α

F2

)
(ζ3, ζ4)

)]
=

∂n−1

∂tn−1

[
tn−

5α
3
−1
(
n− 5α

3
− α

3
ζ3ϕζ3 −

α

3
ζ4ϕζ4

)
(
K

1− 2α
3
,n−α

3
α
, 3
α

F2

)
(ζ3, ζ4)

]
.

(4.24)

By reapplying the stated procedure n− 1 times, the following result is obtained

∂n

∂tn

[
tn−

5α
3

(
K

1− 2α
3 ,n−α

3
α ,

3
α

F2

)
(ζ3, ζ4)

]
= t−

5α
3

n−1∏
j=0

(
1− 5α

3
+ j − α

3
ζ3ϕζ3 −

α

3
ζ4ϕζ4

)
(
K

1− 2α
3 ,n−α

3
α ,

3
α

F2

)
(ζ3, ζ4)

= t−
5α
3

(
P

1− 5α
3 ,α

3
α ,

3
α

F2

)
(ζ3, ζ4).

(4.25)



99 Chapter 4. Time Fractional PDEs

Thus, the Eq. (4.22) reduces to

∂αu

∂tα
= t−

5α
3

(
P

1− 5α
3
,α

3
α
, 3
α

F2

)
(ζ3, ζ4). (4.26)

Similarly, the expressions of fractional derivative of other dependent variables v and

w with respect to t are given as follows

∂αv

∂tα
= t−

5α
3

(
P

1− 5α
3
,α

3
α
, 3
α

G2

)
(ζ3, ζ4). (4.27)

∂αw

∂tα
= t−

5α
3

(
P

1− 5α
3
,α

3
α
, 3
α

H2

)
(ζ3, ζ4). (4.28)

Hence, the given (2+1)-dimensional new coupled ZK system has been reduced to the

(1+1)-dimensional system in the following form

(P
1− 5α

3
,α

3
α
, 3
α

F2)(ζ3, ζ4)− aF2G2ζ3 − aF2ζ3G2 − gG2H2ζ3 − gG2ζ3H2 − bF2ζ3ζ3ζ3

− bF2ζ3ζ4ζ4 = 0,

(P
1− 5α

3
,α

3
α
, 3
α

G2)(ζ3, ζ4)− lH2F2ζ3 − lH2ζ3F2 − bG2ζ3ζ3ζ3 − bG2ζ3ζ4ζ4 = 0,

(P
1− 5α

3
,α

3
α
, 3
α

H2)(ζ3, ζ4)− lF2G2ζ3 − lF2ζ3G2 − bH2ζ3ζ3ζ3 − bH2ζ3ζ4ζ4 = 0.

(4.29)

It completes the proof of theorem.

The IGs X10 = ∂
∂x

and X11 = ∂
∂y

provide the trivial solutions, hence are not

physically important.

4.1.2 Conservation laws of time fractional new coupled ZK

system in (2+1)-dimensions

In this subsection, derivation of conservation laws for the system (4.1) by applying

new conservation theorem [121] is elaborated.

Formulation of Lagrangian for Eqs. (4.1) is framed as follows

L = A(t, x, y)
(
ut
α − a (uvx + uxv)− g (vwx + vxw)− b (uxxx + uxyy)

)
+ B(t, x, y)

(
vt
α − l (wux + wxu)− b (vx,x,x + vxyy)

)
+ C(t, x, y)

(
wt

α − l (uvx + uxv)− b (wx,x,x + wxyy)
)
,

(4.30)
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where A, B and C are taken as new dependent variables.

The Euler-Lagrange operators
δ

δu
,
δ

δv
and

δ

δw
[96, 185] from the Eq. (2.96) are

defined in terms of the following expressions

δ

δu
= ∂u + (Dα

t )∗∂∂αt u −Dx∂ux −D3
x∂uxxx −DxD

2
y∂uxyy ,

δ

δv
= ∂v + (Dα

t )∗∂∂αt v −Dx∂vx −D3
x∂vxxx −DxD

2
y∂vxyy ,

δ

δw
= ∂w + (Dα

t )∗∂∂αt w −Dx∂wx −D3
x∂wxxx −DxD

2
y∂wxyy ,

(4.31)

where (Dα
t )∗ describes adjoint operator of (Dα

t ).

Thus, the adjoint equations for the system (4.1) can be formulated as follows

δL
δu

= 0,
δL
δv

= 0,
δL
δw

= 0. (4.32)

The relation [121, 244, 247] in case of three independent variables and three dependent

variables can be presented as follows

X̄+DtX6 e+DxX7 e+DyX8 e = W4
δ

δu
+W5

δ

δv
+W6

δ

δw
+DtC

t+DxC
x+DyC

y, (4.33)

where e is the identity operator, and Ct, Cx, Cy are conserved vector components,

and W4, W5 and W6 are the Lie characteristic functions defined as follows

W4 = Z5 −X6ut −X7ux −X8uy,

W5 = Z6 −X6vt −X7vx −X8vy,

W6 = Z7 −X6wt −X7wx −X8wy.

(4.34)

X̄ is given by

X̄ = X6∂t + X7∂x + X8∂y + Z5∂u + Z6∂v + Z7∂w + Z5
α,t∂∂αt u + Z6

α,t∂∂αt v + Z7
α,t∂∂αt w

+ Z5
x∂ux + Z6

x∂vx + Z7
x∂wx + Z5

xxx∂uxxx + Z6
xxx∂vxxx + Z7

xxx∂wxxx

+ Z5
xyy∂uxyy + Z6

xyy∂vxyy + Z7
xyy∂wxyy .

(4.35)

By using the RLF derivative [96, 185, 244, 247, 297], and Eqs. (2.97) and (2.93), the t,

x and y components Ct, Cx and Cy of the conserved vector are obtained corresponding

to the IGs X10, X11 and X12 as follows.

For IG X10 = ∂
∂x

, Lie characteristic functions are expressed as W4 = −ux, W5 = −vx,
W6 = −wx, and corresponding conserved vector components can be determined as



101 Chapter 4. Time Fractional PDEs

follows

Ct = 0D
α−1
t (−ux)A+ J(−ux,At) + 0D

α−1
t (−vx)B + J(−vx,Bt) + 0D

α−1
t (−wx)C

+ J(−wx, Ct).
(4.36)

Cx = −ux
(
−Aav − Blw − Clv − 1

3
Ayyb−Axxb

)
− uxxAxb−

1

3
uxyAyb

+ uxxxAb+
1

3
uxyyAb− vx

(
A (−au+ gw)− Clu− 1

3
Byyb− Bxxb

)
− vxxBxb−

1

3
vxyByb+ vxxxBb+

1

3
vxyyBb

− wx
(
Agv − Blu− 1

3
Cyyb− Cxxb

)
− wxxCxb−

1

3
wxyCyb+ wxxxCb

+
1

3
wxyyCb.

(4.37)

Cy =
2

3
uxAxyb−

1

3
uxyAxb−

1

3
uxxAyb+

2

3
uxxyAb+

2

3
vxBxyb

− 1

3
vxyBxb−

1

3
vxxByb+

2

3
vxxyBb+

2

3
wxCxyb−

1

3
wxyCxb

− 1

3
wxxCyb+

2

3
wxxyCb.

(4.38)

The IG X11 = ∂
∂y

with W4 = −uy, W5 = −vy and W6 = −wy gives the following

conserved density and fluxes

Ct = 0D
α−1
t (−uy)A+ J(−uy,At) + 0D

α−1
t (−vy)B + J(−vy,Bt) + 0D

α−1
t (−wy)C

+ J(−wy, Ct).
(4.39)

Cx = −uy
(
−Aav − Blw − Clv − 1

3
Ayyb−Axxb

)
− ux,yAxb−

1

3
uyyAyb

+ uxxyAb+
1

3
uyyyAb− vy

(
A (−au+ gw)− Clu− 1

3
Byyb− Bxxb

)
− vxyBxb−

1

3
vyyByb+ vxxyBb+

1

3
vyyyBb

− wy
(
Agv − Blu− 1

3
Cyyb− Cxxb

)
− wxyCxb−

1

3
wyyCyb+ wxxyCb

+
1

3
wyyyCb.

(4.40)
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Cy =
2

3
uyAxyb−

1

3
uyyAxb−

1

3
uxyAyb+ 2/3uxyyAb+

2

3
vyBxyb

− 1

3
vyyBxb−

1

3
vxyByb+

2

3
vxyyBb+

2

3
wyCxyb−

1

3
wy,yCxb

− 1

3
wxyCyb+

2

3
wxyyCb.

(4.41)

For X12 = αx ∂
∂x
−2αu ∂

∂u
+3t ∂

∂t
−2α v ∂

∂v
+α y ∂

∂y
−2αw ∂

∂w
with W4 = −2αu−3tut−

αxux−α yuy, W5 = −2α v− 3tvt−αxvx−α yvy and W6 = −2αw− 3twt−αxwx−
α ywy, the following conservation laws are constructed

Ct = 0D
α−1
t (−2αu− 3tut − αxux − α yuy)A+ J(−2αu− 3tut − αxux − α yuy,At)

+ 0D
α−1
t (−2α v − 3tvt − αxvx − α yvy)B + J(−2α v − 3tvt − αxvx − α yvy,Bt)

+ 0D
α−1
t (−2αw − 3twt − αxwx − α ywy)C + J(−2αw − 3twt − αxwx − α ywy, Ct).

(4.42)

Cx = (−2αu− 3 tut − αxux − α yuy)

(
−Aav − Blw − Clv − 1

3
Ayyb−Axxb

)
+ (−3αux − αxuxx − 3 tutx − α yuxy)Axb

+
1

3
(−3αuy − αxuxy − 3 tuty − α yuyy)Ayb

− (−4αuxx − αxuxxx − 3 tutxx − α yuxxy)Ab

− 1

3
(−4αuyy − αxuxyy − 3 tutyy − α yuyyy)Ab

+ (−2α v − 3 tvt − αxvx − α yvy)

(
A (−au+ gw)− Clu− 1

3
Byyb− Bxxb

)
+ (−3α vx − αxvxx − 3 tvtx − α yvxy)Bxb

+
1

3
(−3α vy − αxvxy − 3 tvt,y − α yvyy)Byb

− (−4α vxx − αxvxxx − 3 tvtxx − α yvxxy)Bb

− 1

3
(−4α vyy − αxvxyy − 3 tvtyy − α yvyyy)Bb

+ (−2αw − 3 twt − αxwx − α ywy)

(
Agv − Blu− 1

3
Cyyb− Cxxb

)
+ (−3αwx − αxwxx − 3 twtx − α ywxy) Cxb

+
1

3
(−3αwy − αxwxy − 3 twty − α ywyy) Cyb

− (−4αwxx − αxwxxx − 3 twtxx − α ywxxy) Cb

− 1

3
(−4αwyy − αxwxyy − 3 twtyy − α ywyyy) Cb.

(4.43)
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Cy = −2

3
(−2αu− 3 tut − αxux − α yuy)Axyb

+
1

3
(−3αuy − αxuxy − 3 tuty − α yuyy)Axb

+
1

3
(−3αux − αxuxx − 3 tutx − α yuxy)Ayb

− 2

3
(−4αuxy − αxuxxy − 3 tutxy − α yuxyy)Ab

− 2

3
(−2α v − 3 tvt − αxvx − α yvy)Bxyb

+
1

3
(−3α vy − αxvxy − 3 tvty − α yvyy)Bxb

+
1

3
(−3α vx − αxvxx − 3 tvtx − α yvxy)Byb

− 2

3
(−4α vxy − αxvxxy − 3 tvtxy − α yvxyy)Bb

− 2

3
(−2αw − 3 twt − αxwx − α ywy) Cxyb

+
1

3
(−3αwy − αxwxy − 3 twty − α ywyy) Cxb

+
1

3
(−3αwx − αxwxx − 3 twtx − α ywxy) Cyb

− 2

3
(−4αwxy − αxwxxy − 3 twtxy − α ywxyy) Cb.

(4.44)

4.1.3 Solutions in-terms of solitary waves

In this subsection, the solitary wave solutions for time fractional new coupled ZK

system (4.1) are to be determined. The fractional complex transformation (2.63) and

the chain rule (2.64) lead to the ODEs for given system (4.1) in the following form

k3ρ fζ − afgζk1 − afζk1g − gghζk1 − ggζk1h− bfζζζk1
3 − bfζζζk1k2

2 = 0,

k3ρ gζ − lhfζk1 − lhζk1f − bgζζζk1
3 − bgζζζk1k2

2 = 0,

k3ρ hζ − lfgζk1 − lfζk1g − bhζζζk1
3 − bhζζζk1k2

2 = 0.

(4.45)

The ODEs (4.45) have been further examined to possess bright, dark and singular

solitary wave solutions.

� For getting the bright solitary wave solution, the following form of solution is

considered

f(ζ) = A1 sechp1(ζ), g(ζ) = A2 sechp2(ζ), h(ζ) = A3 sechp3(ζ), (4.46)
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where Ai and pi (i = 1, 2, 3) are the wave amplitudes and the arbitrary con-

stants, respectively. The back substitution of Eq. (4.46) into the ODEs results

in the following set of equations(
−k3ρA2p2 + bk1

3A2p2
3 + bk1k2

2A2p2
3
)

sechp2 (ζ) +
(
−3 bk1

3A2p2
2

−2 bk1
3A2p2 − bk1

3A2p2
3 − 3 bk1k2

2A2p2
2 − 2 bk1k2

2A2p2

−bk1k2
2A2p2

3
)

sechp2+2 (ζ) + (lA3A1p1k1 + lA3p3k1A1) sechp3+p1 (ζ) = 0,(
−k3ρA3p3 + bk1

3A3p3
3 + bk1k2

2A3p3
3
)

sechp3 (ζ)

+
(
−3 bk1

3A3p3
2 − 2 bk1

3A3p3 − bk1
3A3p3

3 − 3 bk1k2
2A3p3

2 − 2 bk1k2
2A3p3

−bk1k2
2A3p3

3
)

sechp3+2 (ζ) + (lA1A2p2k1 + lA1p1k1A2) sechp1+p2 (ζ) = 0,

(gA2A3p3k1 + gA2p2k1A3) sechp2+p3 (ζ)

+
(
−k3ρA1p1 + bk1

3A1p1
3 + bk1k2

2A1p1
3
)

sechp1 (ζ)

+
(
−bk1

3A1p1
3 − bk1k2

2A1p1
3 − 3 bk1

3A1p1
2 − 2 bk1

3A1p1 − 3 bk1k2
2A1p1

2

−2 bk1k2
2A1p1

)
sechp1+2 (ζ) + (aA1A2p2k1 + aA1p1k1A2) sechp1+p2 (ζ) = 0.

(4.47)

By applying the balancing principle on the system (4.47), one can find the values

of p1 = p2 = p3 = 2. Thus coefficients of linearly independent functions have

been equated to zero, the solution of determining equations for the variables

A1, A2, A3 and ρ, generates the following constraints.

Case 1

A1 =
6 b
(
k1

2 + k2
2
)

l
, A2 =

3
(
−a+

√
a2 + 4 lg

) (
k1

2 + k2
2
)
b

lg
,

A3 =
3
(
−a+

√
a2 + 4 lg

) (
k1

2 + k2
2
)
b

lg
, ρ =

4bk1

(
k1

2 + k2
2
)

k3

.

(4.48)

Case 2

A1 = −
6 b
(
k1

2 + k2
2
)

l
, A2 =

3
(
−a+

√
a2 + 4 lg

) (
k1

2 + k2
2
)
b

lg
,

A3 = −
3
(
−a+

√
a2 + 4 lg

) (
k1

2 + k2
2
)
b

lg
, ρ =

4bk1

(
k1

2 + k2
2
)

k3

.

(4.49)

Thus, the bright solitary wave solutions for the system (4.1) using above con-
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straints are retrieved as follows

u (t, x, y) =

(
6 b
(
k1

2 + k2
2
)

l

)
sech2

(
k1x+ k2y +

k3t
α

Γ (1 + α)

)
,

v (t, x, y) =

3
(
−a+

√
a2 + 4 lg

) (
k1

2 + k2
2
)
b

lg


sech2

(
k1x+ k2y +

k3t
α

Γ (1 + α)

)
,

w (t, x, y) =

3
(
−a+

√
a2 + 4 lg

) (
k1

2 + k2
2
)
b

lg


sech2

(
k1x+ k2y +

k3t
α

Γ (1 + α)

)
,

a2 + 4 lg ≥ 0.

(4.50)

u (t, x, y) = −

(
6 b
(
k1

2 + k2
2
)

l

)
sech2

(
k1x+ k2y +

k3t
α

Γ (1 + α)

)
,

v (t, x, y) =

3
(
−a+

√
a2 + 4 lg

) (
k1

2 + k2
2
)
b

lg


sech2

(
k1x+ k2y +

k3t
α

Γ (1 + α)

)
,

w (t, x, y) = −

3
(
−a+

√
a2 + 4 lg

) (
k1

2 + k2
2
)
b

lg


sech2

(
k1x+ k2y +

k3t
α

Γ (1 + α)

)
,

a2 + 4 lg ≥ 0.

(4.51)

� For getting the dark solitary wave solution, let us consider

f(ζ) = A1 tanhp1(ζ), g(ζ) = A2 tanhp2(ζ), h(ζ) = A3 tanhp3(ζ). (4.52)

By adopting exactly same procedure as discussed in previous subsection for

the bright solitary wave solution gives the parameters values p1, p2 and p3 as

p1 = p2 = p3 = 2. The determining equations are obtained when coefficients of

linearly independent terms are equated to zero and their solution is discussed

in the following cases.
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Case 3

A1 =
6b
(
k1

2 + k2
2
)

l
, A2 =

3
(
a+

√
a2 + 4 lg

) (
k1

2 + k2
2
)
b

lg
,

A3 =
−3
(
a+

√
a2 + 4 lg

) (
k1

2 + k2
2
)
b

lg
, ρ = −

8bk1

(
k1

2 + k2
2
)

k3

.

(4.53)

Case 4

A1 = −
6b
(
k1

2 + k2
2
)

l
, A2 =

3
(
a+

√
a2 + 4 lg

) (
k1

2 + k2
2
)
b

lg
,

A3 =
3
(
a+

√
a2 + 4 lg

) (
k1

2 + k2
2
)
b

lg
, ρ = −

8bk1

(
k1

2 + k2
2
)

k3

.

(4.54)

Thus, dark solitary wave solutions for the system (4.1) are given by

u (t, x, y) =

(
6 b
(
k2

2 + k1
2
)

l

)
tanh2

(
k1x+ k2y +

k3t
α

Γ (1 + α)

)
,

v (t, x, y) =


(

3 a+ 3
√
a2 + 4 lg

) (
k2

2 + k1
2
)
b

lg


tanh2

(
k1x+ k2y +

k3t
α

Γ (1 + α)

)
,

w (t, x, y) = −

3
(
a+

√
a2 + 4 lg

) (
k2

2 + k1
2
)
b

lg


tanh2

(
k1x+ k2y +

k3t
α

Γ (1 + α)

)
,

a2 + 4 lg ≥ 0.

(4.55)
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u (t, x, y) = −

(
6 b
(
k2

2 + k1
2
)

l

)
tanh2

(
k1x+ k2y +

k3t
α

Γ (1 + α)

)
,

v (t, x, y) =


(

3 a+ 3
√
a2 + 4 lg

) (
k2

2 + k1
2
)
b

lg


tanh2

(
k1x+ k2y +

k3t
α

Γ (1 + α)

)
,

w (t, x, y) =

3
(
a+

√
a2 + 4 lg

) (
k2

2 + k1
2
)
b

lg


tanh2

(
k1x+ k2y +

k3t
α

Γ (1 + α)

)
,

a2 + 4 lg ≥ 0.

(4.56)

� To obtain the singular solitary wave solution, let us consider

f(ζ) = A1 cschp1(ζ), g(ζ) = A2 cschp2(ζ), h(ζ) = A3 cschp3(ζ). (4.57)

By using the balancing principle one can find the values p1 = p2 = p3 = 2. A

little simplification results in the expressions for the wave amplitudes and ρ are

discussed in the following cases.

Case 5

A1 = −
6b
(
k1

2 + k2
2
)

l
, A2 =

3
(
a+

√
a2 + 4 lg

) (
k1

2 + k2
2
)
b

lg
,

A3 =
3
(
a+

√
a2 + 4 lg

) (
k1

2 + k2
2
)
b

lg
, ρ =

4bk1

(
k1

2 + k2
2
)

k3

.

(4.58)

Case 6

A1 =
6b
(
k1

2 + k2
2
)

l
, A2 =

3
(
a+

√
a2 + 4 lg

) (
k1

2 + k2
2
)
b

lg
,

A3 = −
3
(
a+

√
a2 + 4 lg

) (
k1

2 + k2
2
)
b

lg
, ρ =

4bk1

(
k1

2 + k2
2
)

k3

.

(4.59)

Thus, the singular solitary wave solutions for the system (4.1) can be formulated
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as follows

u (t, x, y) = −

(
6 b
(
k2

2 + k1
2
)

l

)
csch2

(
k1x+ k2y +

k3t
α

Γ (1 + α)

)
,

v (t, x, y) =

3
(
a+

√
a2 + 4 lg

) (
k2

2 + k1
2
)
b

lg

 csch2

(
k1x+ k2y +

k3t
α

Γ (1 + α)

)
,

w (t, x, y) =

3
(
a+

√
a2 + 4 lg

) (
k2

2 + k1
2
)
b

lg

 csch2

(
k1x+ k2y +

k3t
α

Γ (1 + α)

)
,

a2 + 4 lg ≥ 0.

(4.60)

u (t, x, y) =
6 b
(
k2

2 + k1
2
)

l
csch2

(
k1x+ k2y +

k3t
α

Γ (1 + α)

)
,

v (t, x, y) =
3
(
a+

√
a2 + 4 lg

) (
k2

2 + k1
2
)
b

lg
csch2

(
k1x+ k2y +

k3t
α

Γ (1 + α)

)
,

w (t, x, y) = −
3
(
a+

√
a2 + 4 lg

) (
k2

2 + k1
2
)
b

lg
csch2

(
k1x+ k2y +

k3t
α

Γ (1 + α)

)
,

a2 + 4 lg ≥ 0.

(4.61)

4.1.3.1 Analysis of solutions

The bright (4.50), dark (4.55) and singular solitary wave solutions (4.60) are graphi-

cally presented in Figures 4.1-4.8 by choosing suitable values of the various parame-

ters. Figure 4.1 reveals the 3D and 2D wave profiles for bright solitary wave solution

(4.50) in terms of variable u for y = 1 and for x = 1, y = 1, respectively. The 3D wave

profile as shown in Figure 4.1(a) represents the solitary wave obtained for different

fractional order parameter α values. The Figure 4.1(b) describes the corresponding

wave profile on the 2D graph. It has been noticed from the variation in wave profile

as shown in the Figure 4.1(b) that the value of α has marked a strong influence on the

curvature of the solitary wave. The shape of the wave is found to be almost symmetric

for value of α = 1 and but as the value of α decreases the corresponding width of the

wave found to increase. Figure 4.2 describes 3D and 2D wave profiles of the bright

solitary wave solution corresponding to the variable v. The solitary waves associated

with variable v shows the similar behavior for variation in α values as noticed for the

variable u. The solitary waves for the variable w resemble the wave shape as observed
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(a) (b)

Figure 4.1: Bright solitary wave solution (4.50) presented for variable u(t, x, y) (a)
by 3D plot for y = 1 and (b) by 2D plot for x = 1, y = 1 having l = 0.5, b = 1,
k1 = 0.25, k2 = −2, k3 = 1.

for the variable v. Figure 4.3(a-c) represents the solitary waves obtained at different

time steps for the various values of fractional order α corresponding to the variables

u, v and w, respectively. It has been found that for larger values of α, the waves

are displaced widely, thus it suggests that α here controls the velocity of the solitary

waves. A large value of α causes the solitary waves to move with higher velocity as

depicted by Figure 4.3(a). As the value of α decreases, the waves are supposed to

move with slightly different velocity (Figure 4.3(c)) and can be regarded as quasi-

stationary waves as they are negligibly displaced. Figure 4.4 shows the solitary waves

for the variables u, v and w for particular y = 1 and y = 2 for different α values.

Figures 4.5-4.6 show the wave profiles of dark solitary wave solution (4.55) in terms

of 3D and 2D plots for the variables u, v and w, respectively. The dark solitary wave

solution can also be explored for the wave shape analysis of associated solitary waves

for different α values. Figures 4.7-4.8 show the wave profiles of singular solitary wave

solution (4.55) for the variables u and v, respectively. The variable w has a profile

similar with v. Therefore, we have shown only profiles for u and v.

As a real world application, the new coupled ZK system having fractional order time

derivative can be used to study the interaction of solitary waves between two layer flu-

ids. The exact solutions obtained in the present analysis representing solitary waves
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(a) (b)

Figure 4.2: Bright solitary wave solution (4.50) presented for variable v(t, x, y) (a) by
3D plot for y = 1 and (b) by 2D plot for x = 1, y = 1 having g = 1, l = 0.5, a = 1,
b = 1, k1 = 0.25, k2 = −2, k3 = 1.

possessing a fluctuating relationship two waves having wave number k1 and k2. The

solution shows that the resulting solitary wave is a function of wave number of each

wave as well as amplitude and it signifies the typical characteristic of nonlinear wave

interaction. Such solitary waves has a significant impact on the propagation stability

of waves. The unstable waves after interaction are possessing unstability while the

interaction of a unstable and a stable waves may lead to stability or unstability. It

strongly depends upon the coupling terms in the system.



111 Chapter 4. Time Fractional PDEs

(a) α = 0.5 (b) α = 0.25

(c) α = 0.125

Figure 4.3: Bright solitary wave profile of the Eq. (4.50) for α values (a) 0.5 (b) 0.25
and (c) 0.125.
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(a) α = 0.9 (b) α = 0.75

(c) α = 0.5

Figure 4.4: Solitary wave profile corresponding to bright solitary wave solution (4.50)
for y = 1 and y = 2 having α values (a) 0.9 (b) 0.75 and (c) 0.5.
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(a) (b)

(c)

Figure 4.5: 3D profile of dark solitary wave solution (4.55) for y = 1 with l = −0.5,
b = −1, k1 = 0.25, k2 = −2, k3 = 1 having α = 1, 0.5, 0.25, 0.125 for (a) u (b) v and
(c) w.
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(a) (b)

(c)

Figure 4.6: 2D profile of dark solitary wave solution (4.55) for x = 1, y = 1, with
g = 1, l = −0.5, a = 3, b = −1, k1 = 0.25, k2 = −2, k3 = 1 for (a) u (b) v and (c) w.
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(a) (b)

Figure 4.7: 3D profile of singular solitary wave solution (4.60) for y = 1 with l = 0.5,
b = −1, k1 = 0.25, k2 = −2, k3 = 1 on values of α = 1, 0.5, 0.25, 0.125 for (a) u and
(b) v.

(a) (b)

Figure 4.8: 2D profile of singular solitary wave solution (4.60) for x = 1, y = 1, with
g = 1, l = 0.5, a = 3, b = −1, k1 = 0.25, k2 = −2, k3 = 1 for (a) u and (b) v.
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4.1.4 Dispersion relation

This subsection gives the linear dispersion analysis of the system using the definition

of RLF derivative with lower terminal at −∞. The detailed procedure for deriving

the dispersion relation has been outlined in chapter 2.

To study the dispersion relation for the system (4.1), the linearised form of system

reads
∂αu

∂tα
− b (uxxx + uxyy) = 0,

∂αv

∂tα
− b (vxxx + vxyy) = 0,

∂αw

∂tα
− b (vxxx + vxyy) = 0.

(4.62)

Let us consider, the sinusoidal solution of the linear system (4.62) for the dependent

variables u, v and w as follows

u = A4e
i(ω̄t−~S·~r),

v = A5e
i(ω̄t−~S·~r),

w = A6e
i(ω̄t−~S·~r).

(4.63)

Here, ω̄ = ωr+ i ωi, and A4, A5 and A6 are the amplitudes of u, v and w, respectively.

Now, applying the Fourier transform for term −∞D
α
t f(t) [226], gives the dispersion

relation for the linearised system (4.62) by solving following set of equations

(
(iω̄)αA4 − bA4(−isx)3 − bA4(−isx)(−isy)2

)
ei(ω̄t−

~S·~r) = 0,(
(iω̄)αA5 − bA5(−isx)3 − bA5(−isx)(−isy)2

)
ei(ω̄t−

~S·~r) = 0,(
(iω̄)αA6 − bA6(−isx)3 − bA6(−isx)(−isy)2

)
ei(ω̄t−

~S·~r) = 0.

(4.64)

The solution of above system gives the expression for ω̄ as follows

ω̄ = i1/α−1
(
bsx
(
sx

2 + sy
2
))1/α

. (4.65)
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Figure 4.9: Comparison between phase and group velocities at α = 0.8, sy = 1,
b = 0.25.

The mathematical form of phase and group velocities by using dispersion relation

according to Eq. (2.104) is determined as follows

vp(~S) =
(sxi+ syj) i

1/α−1 (bsx (sx
2 + sy

2))
1/α

sx2 + sy2
,

vg(~S) =
∂

∂sx
ωi(~S )̂i+

∂

∂sy
ωi(~S)ĵ

=
i1/α−1 (bsx (sx

2 + sy
2))

1/α

α (sx2 + sy2)

(
3 sx

2 + sy
2

sx
î+ 2 sy ĵ

)
.

(4.66)

The magnitude of the phase velocity and the group velocity (4.66) components can

be obtained as follows

|vp| =
i1/α−1 (bsx (sx

2 + sy
2))

1/α√
sx2 + sy2

,

|vg| = sx
1/α

√
9 sx4 + 10 sy2sx2 + sy4

sx2
i1/α−1b1/α

(
sx

2 + sy
2
)1/α−1

α−1.

(4.67)

A graph is plotted to investigate the variation of |vg| and |vp| with sx and the obtained

variation is shown in Figure 4.9. It shows that the real and imaginary parts of group

velocity is greater than the real and imaginary parts of phase velocity. It indicates

the anomalous dispersion of waves occurs for the ZK system.
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4.1.5 Conclusion

The (2+1)-dimensional time fractional new coupled ZK system is successfully solved

for Lie point symmetries, conservation laws and solitary wave solutions. Lie similar-

ity reductions lead to reduced (1+1)-dimensional system of fractional PDEs from

given (2+1)-dimensional system of fractional PDEs. The non-local conservation

laws associated with Lie point symmetries using conservation theorem based on

formal Lagrangian are determined. Bright, dark and singular solitary wave so-

lutions are obtained using factional complex transformation. Effect of parameter

α = 1, 0.5, 0.25, 0.125 is shown graphically on the wave profile of solitary wave solu-

tions. Also, solitary waves are shown graphically at t = 1, 2, 3 and different α’s. The

waves found to preserve their shape with the passage of time, so fundamental solitons

exist [75, 76]. The solitary waves for y = 1, y = 2 are also presented which show the

effect of α on the wave profile of the solutions. Also, the dispersion analysis gives

relation between phase and group velocities which suggests anomalous dispersion of

waves.

4.2 Time fractional Wu-Zhang system in (2+1)-

dimensions

Herein, time fractional (2+1)-dimensional system suggested by Wu and Zhang [318]

describing dispersive long waves in the shallow water moving along two horizontal

directions is investigated. The system is given in terms of the following set of time

fractional PDEs

∂αu

∂tα
+ uux + vuy + wx = 0,

∂αv

∂tα
+ uvx + vvy + wy = 0,

∂αw

∂tα
+ uxw + uwx + vyw + vwy +

1

3
(uxxx + uxyy + vxxy + vyyy) = 0, 0 < α < 1,

(4.68)

where
∂α

∂tα
denotes the RLF derivative with respect to time [226, 251]. Here (u, v)

represents the horizontal projection of surface velocity of a water particle and w de-

notes the water elevation. Individually, u and v corresponds to velocity of water

particle along two perpendicular directions i.e. x and y, respectively. Dissipation

terms uxxx, uxyy, vxxy, vyyy provide the damping and the other nonlinear terms in

the system (4.68) acting as stabilizing agent in the transmission of dispersive long
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waves in area having shallow water. The coastal/civil engineers have employed the

solutions of system (4.68) in applying nonlinear water wave model in harbors and

coastal designing.

For α = 1, the system (4.68) becomes classical or integer order Wu-Zhang system and

the analysis of such system has been reported earlier by many authors such as Asgari

et al. [21] have used extended tanh and exp-function techniques for getting exact

solutions, Ji et al. [142] have found some new exact solutions by utilizing Lie sym-

metry analysis, Ma [191] has introduced Homotopy perturbation method for finding

soliton solutions arising in fluid dynamics, the Adomian decomposition method for

getting approximate solutions is carried out by Qasim and Ali [233], Taghizadeh et

al. [285] have employed reduced differential transform and found solutions in terms

of convergent power series, the one-dimensional optimal system and similarity reduc-

tions are performed by Xiong et al. [321], the approximate solutions are calculated by

Zayed and Rahman [344] employing modified variational iteration method and Zheng

et al. [351] have adopted generalised extended tanh method for exact travelling wave

solutions.

The system (4.68) considered under investigation has not been explored yet in litera-

ture, so the main thrust in this section of the chapter is to study the fractional system

(4.68) for dispersion analysis, Lie symmetries, derivation of conserved densities/fluxes

and solutions.

The linear analysis of time fractional Wu-Zhang system is carried out to obtain the

dispersion relation, the phase and group velocity of waves. The Lie symmetries and

similarity reductions are obtained which further helps to derive the conservation laws

by applying new conservation theorem with nonlinear self-adjointness. The exponen-

tial rational function method is applied to find the velocity profile of water particle as

an exact solution of Wu-Zhang system (4.68). Thereafter, the water particle velocity

is analysed graphically under different conditions.
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4.2.1 Dispersion analysis of Wu-Zhang system

For deriving the dispersion relation of the time fractional Wu-Zhang system, let us

consider the system (4.68) into its linearised form as follows

∂αu

∂tα
+ wx = 0,

∂αv

∂tα
+ wy = 0,

∂αw

∂tα
+

1

3
(uxxx + uxyy + vxxy + vyyy) = 0.

(4.69)

Consider the sinusoidal wave form for the variables u, v and w of Wu-Zhang system

(4.69) in following form

u = A7e
i(ω̄t−~S·~r), v = A8e

i(ω̄t−~S·~r), w = A9e
i(ω̄t−~S·~r). (4.70)

Here, A7, A8 and A9 are the amplitudes of waves associated with the variables u, v

and w, respectively. Here ω̄ and ~S represent the frequency and the wave vector, re-

spectively. The application of the Fourier transform for the function f(t) as −∞D
α
t f(t)

[226] helps to find the dispersion relation for the linearised system (4.69) as follows

((iω̄)αA7 − isxA9) ei(ω̄t−
~S·~r) = 0,

((iω̄)αA8 − isyA9) ei(ω̄t−
~S·~r) = 0,(

(iω̄)αA9 +
1

3
iA7

(
s3
x + sxs

2
y

)
+

1

3
iA8

(
s2
xsy + s3

y

))
ei(ω̄t−

~S·~r) = 0.

(4.71)

The matrix form of the system (4.71) can be written as follows (iω̄)α 0 −isx
0 (iω̄)α −isy

1
3
i
(
s3
x + sxs

2
y

)
1
3
i
(
s2
xsy + s3

y

)
(iω̄)α


 A7

A8

A9

 = 0. (4.72)

The system (4.71) will generate non trivial solution if determinant of coefficients

matrix from A7, A8 and A9 vanishes identically; that is, if

(iω̄)α
(

(iω̄)2α − 2

3
s2
xs

2
y −

1

3
s4
x −

1

3
s4
y

)
= 0. (4.73)
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It gives (iω̄)2α − 2
3
s2
xs

2
y − 1

3
s4
x − 1

3
s4
y = 0; as (iω̄)α 6= 0. A little simplification for ω̄

gives

ω̄ = ±i
(
s2
x + s2

y

)1/α

31/2α
. (4.74)

The above equation can also be written as

ω̄ = ±i(S)2/α

31/2α
, (4.75)

where S = |~S| =
√
s2
x + s2

y. The negative value of the frequency ω̄ is discarded as it

gives a diverging wavefront for t approaches infinity. For the positive value of ω̄, the

dispersion relation becomes

ω̄ = i
(S)2/α

31/2α
. (4.76)

It gives the following values for the amplitudes A8 and A9

A8 =
syA7

sx
,

A9 = i

(
2
3
s2
xs

2
y + 1

3
s4
x + 1

3
s4
y

)1/2
A7

sx
.

(4.77)

Thus, the dispersion relation is found to be purely imaginary on comparison with the

following equation

ω̄ = ωr(~S) + i ωi(~S). (4.78)

It gives ωr(~S) = 0 and ωi(~S) = (S)2/α

31/2α . The damping factor γ(~S) = ωi(~S) is found

to be ~S dependent. It reveals that as the waves travel in the horizontal plane, they

exponentially damped with time. The expressions for the phase and group velocities

using the dispersion relation are obtained as follows

vp(~S) =
(sxî+ sy ĵ)

s2
x + s2

y

(
s2
x + s2

y

)1/α

31/2α
,

vg(~S) =
∂

∂sx
ωi(~S )̂i+

∂

∂sy
ωi(~S)ĵ =

2 sx(s
2
x + s2

y)
1/α−1

α 31/2α
î+

2 sy(s
2
x + s2

y)
1/α−1

α 31/2α
ĵ.

(4.79)
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Figure 4.10: Comparison between phase and group velocities at α = 0.25.

Then, magnitude of the phase velocity and the group velocity (4.79) components are

obtained as follows

|vp| =
S

2
α
−1

31/2α
,

|vg| = 2
S

2
α
−1

31/2αα
.

(4.80)

The system shows an anomalous dispersion of waves since |vg| > |vp| and it is proved

as follows

|vg| − |vp| = 2 i
S

2
α
−1

31/2αα
− iS

2
α
−1

31/2α
,

= i
S

2
α
−1

31/2α
(

2

α
− 1),

= i
S

2
α
−1

31/2α
(
2− α
α

).

(4.81)

For the positive values of S and 0 < α < 1, the |vg| − |vp| > 0, or |vg| > |vp|. Thus,

the system shows an anomalous dispersion of waves. A graph is plotted to investigate

the variation of |vg| and |vp| with S and is shown in Figure 4.10.

4.2.2 Lie symmetry analysis

In this subsection, the Lie symmetries of Wu-Zhang system in (2+1)-dimensions with

time fractional derivatives (4.68) are obtained using RLF derivative (2.40) when the

lower terminal is lying at 0.

The analysis is similar to as discussed in previous section 4.1. For the system (4.68),
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the following infinitesimals X9, X10, X11, Z8, Z9 and Z10 corresponding to independent

and dependent variables, respectively, are obtained

X9 = 2d3t, X10 = d1 + d3αx, X11 = d3αy + d2, Z8 = −d3αu, Z9 = −d3αv,

Z10 = −2d3αw,
(4.82)

where d1, d2 and d3 are arbitrary constants.

From the Eq. (4.82), Lie algebra for the given system (4.68) is obtained as follows

X13 = αx
∂

∂x
− αu ∂

∂u
+ 2t

∂

∂t
− α v ∂

∂v
+ α y

∂

∂y
− 2αw

∂

∂w
, X14 =

∂

∂x
, X15 =

∂

∂y
.

(4.83)

4.2.2.1 Similarity reductions

The similarity reductions for the system (4.68) corresponding to the infinitesimal

symmetry X13 = 2t ∂
∂t
− αu ∂

∂u
− α v ∂

∂v
− 2αw ∂

∂w
+ αx ∂

∂x
+ α y ∂

∂y
can be carried out

by solving the characteristic equations as follows

dx

αx
=
dt

2t
=
dy

αy
=

du

−αu
=

dv

−αv
=

dw

−2αw
. (4.84)

The corresponding invariants mathematically expressed in the form as follows

ζ5 =
x

tα/2
, ζ6 =

y

tα/2
, u = F3(ζ5, ζ6)t−α/2, v = G3(ζ5, ζ6)t−α/2,

w = H3(ζ5, ζ6)t−α.
(4.85)

Using the invariants (4.85) into the system (4.68), the time-fractional Wu-Zhang sys-

tem is transformed into system of reduced (1+1)-dimensional fractional PDEs as

proved in theorem stated below.

Theorem 4.2.1. Using the invariants (4.85), the system (4.68) is reduced from

(2+1)-dimensional time fractional PDEs to (1+1)-dimensional PDEs in fractional
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form as follows

(P
1− 3α

2
,α

2
α
, 2
α

F3)(ζ5, ζ6) + F3F3ζ5 +G3F3ζ6 + F3ζ5 = 0,

(P
1− 3α

2
,α

2
α
, 2
α

G3)(ζ5, ζ6) + F3G3ζ5 +G3G3ζ6 + F3ζ6 = 0,

(P 1−2α,α
2
α
, 2
α

H3)(ζ5, ζ6) + 2F3F3ζ5 +G3F3ζ6 + F3G3ζ6

+
1

3

(
F3ζ5ζ5ζ5 + F3ζ5ζ6ζ6 +G3ζ5ζ5ζ6 +G3ζ6ζ6ζ6

)
= 0,

(4.86)

where P
1− 3α

2
,α

2
α
, 2
α

and P 1−2α,α
2
α
, 2
α

represent the extended left-hand sided Erdélyi-Kober frac-

tional differential operators defined in the Eqs. (4.14)-(4.16).

Proof. Theorem can be proved by following steps given in Theorem 4.1.1.

The IGs X14 = ∂
∂x

and X15 = ∂
∂y

give only the trivial solutions. Hence, they are

not physically important.

4.2.3 Conservation laws

Lagrangian and adjoint equations for deriving conservation laws of Wu-Zhang system

(4.68) by using a new conservation theorem [121] and the nonlinear self-adjointness

technique [123] is given as follows.

Let L denotes formal Lagrangian for given system (4.68) by following expression

L = P (t, x, y)

(
∂αu

∂tα
+ uux + vuy + wx

)
+Q(t, x, y)

(
∂αv

∂tα
+ uvx + vvy + wy

)
+R(t, x, y)

(
∂αw

∂tα
+ uxw + uwx + vyw + vwy +

1

3
(uxxx + uxyy + vxxy + vyyy)

)
,

(4.87)

where new dependent variables (P,Q,R) are functions t, x, y. Thus the adjoint equa-

tions for the system (4.68) are defined as follows

δL
δu

= 0,
δL
δv

= 0,
δL
δw

= 0, (4.88)
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where
δ

δu
,
δ

δv
and

δ

δw
represent the Euler-Lagrange operators and defined according

to the Eq. (2.96) as follows

δ

δu
= ∂u + (Dα

t )∗∂∂αt u −Dx∂ux −D3
x∂uxxx −DxD

2
y∂uxyy ,

δ

δv
= ∂v + (Dα

t )∗∂∂αt v −Dx∂vx −D2
xDy∂vxxy −D3

y∂vyyy ,

δ

δw
= ∂w + (Dα

t )∗∂∂αt w −Dx∂wx ,

(4.89)

where (Dα
t )∗ represent the adjoint operator of (Dα

t ).

The adjoint equations are obtained from the Eq. (4.88) as follows

Qvx − Pxu−Rxw − (Dα
t )∗P − Pyv − Pvy −

1

3
Rxxx −

1

3
Rxyy = 0,

Puy −Qxu−Qux − (Dα
t )∗Q−Qyv −Ryw −

1

3
Rxxy −

1

3
Ryyy = 0,

− Px −Rxu− (Dα
t )∗R−Qy −Ryv = 0.

(4.90)

The nonlinear self-adjointness principle [96, 123] is proved for all solution (u, v, w)

upon substitution P = Φ5(t, x, y, u, v, w), Q = Φ6(t, x, y, u, v, w) andR = Φ7(t, x, y, u, v, w),

the following conditions should be satisfied

δL
δu

∣∣
{P=Φ5,Q=Φ6,R=Φ7}

= λ10(
∂αu

∂tα
+ uux + vuy + wx) + λ11(

∂αv

∂tα
+ uvx + vvy + wy)

+ λ12(
∂αw

∂tα
+ uxw + uwx + vyw + vwy +

1

3
(uxxx + uxyy + vxxy + vyyy)),

δL
δv

∣∣
{P=Φ5,Q=Φ6,R=Φ7}

= λ13(
∂αu

∂tα
+ uux + vuy + wx) + λ14(

∂αv

∂tα
+ uvx + vvy + wy)

+ λ15(
∂αw

∂tα
+ uxw + uwx + vyw + vwy +

1

3
(uxxx + uxyy + vxxy + vyyy)),

δL
δw

∣∣
{P=Φ5,Q=Φ6,R=Φ7}

= λ16(
∂αu

∂tα
+ uux + vuy + wx) + λ17(

∂αv

∂tα
+ uvx + vvy + wy)

+ λ18(
∂αw

∂tα
+ uxw + uwx + vyw + vwy +

1

3
(uxxx + uxyy + vxxy + vyyy)),

(4.91)

with Φi(t, x, y, u, v, w), (i = 5, 6, 7), not are all zero, simultaneously and λi (i =

10, 11, ..., 18) are the regular undetermined coefficients. On comparing the coefficients

of u, v, w and their partial derivatives, the over-determining system of equations for

Φ5, Φ6 and Φ7 is obtained. After solving the determining equations, the following
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results are obtained

λi = 0 (i = 10, 11, ..., 18), Φ5 = 0, Φ6 = 0,

Φ7 = B,
(4.92)

where B is the arbitrary constant, for simplicity, let us consider B = 1.

Thus every Lie point symmetry possesed by Wu-Zhang system (4.68), shows the

existence of a conservation law Di(C
i) = 0, whose components Ci are constructed by

using formula as given in Chapter 2.

For the construction of conservation laws, formal form of Lagrangian L expressed in

a symmetric form as follows

L = P
(∂αu
∂tα

+ uux + vuy + wx

)
+Q

(∂αv
∂tα

+ uvx + vvy + wy

)
+R

(
∂αw

∂tα
+ uxw + uwx + vyw + vwy +

1

3
uxxx +

1

9
(uxyy + uyxy + uyyx)

+
1

9
(vxxy + vxyx + vyxx) +

1

3
vyyy

)
.

(4.93)

For the Lie infinitesimal symmetry generator X13 = αx ∂
∂x
− αu ∂

∂u
+ 2t ∂

∂t
− α v ∂

∂v
+

α y ∂
∂y
− 2αw ∂

∂w
, the Lie characteristic functions attain the following forms

W7 = −αu− 2tut − αxux − α yuy,

W8 = −α v − 2tvt − αxvx − α yvy,

W9 = −2αw − 2twt − αxwx − α ywy.

(4.94)

In this case, the conservation laws, using Eqs. (4.92), (2.93) and (2.97), are obtained

as follows

Ct = −2αI1−α
t (w)− 2I1−α

t (twt)− αxI1−α
t (wx)− α yI1−α

t (wy). (4.95)

Cx = (−uα− 2 tut − αxux − yα uy)w − αuxx −
1

3
αxuxxx −

2

3
tutxx

− 1

3
yα uxxy −

1

3
αuyy −

1

9
αxuxyy −

2

9
tutyy −

1

9
yα uyyy −

2

3
α vxy

− 2

9
αxvxxy −

4

9
tvtxy −

2

9
yα vxyy + (−2wα− 2 twt − αxwx − yαwy)u.

(4.96)
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Cy = −2

3
αuxy −

2

9
αxuxxy −

4

9
tutxy −

2

9
yα uxyy

+ (−vα− 2 tvt − αxvx − yα vy)w −
1

3
α vxx −

1

9
αxvxxx −

2

9
tvtxx

− 1

9
yα vxxy − α vyy −

1

3
αxvxyy −

2

3
tvtyy −

1

3
yα vyyy

+ (−2wα− 2 twt − αxwx − yαwy) v.

(4.97)

For Lie infinitesimal symmetry generator X14 = ∂
∂x

, the Lie characteristic functions

are W7 = −ux, W8 = −vx, W9 = −wx and the corresponding conservation laws are

given by following

Ct = −I1−α
t (wx). (4.98)

Cx = −uxw −
1

3
uxxx −

1

9
uxyy −

2

9
vxxy − wxu. (4.99)

Cy = −2

9
uxxy − vxw −

1

9
vx,x,x −

1

3
vxyy − wxv. (4.100)

Similarly, the infinitesimal symmetry generator X15 = ∂
∂y

with W7 = −uy, W8 = −vy
and W9 = −wy, the following conservation laws are obtained

Ct = −I1−α
t (wy). (4.101)

Cx = −uyw −
1

3
uxxy −

1

9
uyyy −

2

9
vxyy − wyu. (4.102)

Cy = −2

9
uxyy − vyw −

1

9
vxxy −

1

3
vyyy − wyv. (4.103)

4.2.4 Exact solutions via exponential rational function method

This subsection describes the way to find water particle velocity (u, v) and eleva-

tion w as solutions of time fractional form of Wu-Zhang system (4.68) by applying

exponential rational function technique [11, 28, 204, 286, 338]. This method gives

the analytical solutions for various types of fractional PDEs as reported in [11, 204].

For solutions, the fractional complex transformation (2.63) converts the given system

(4.68) into a following system of ODEs

k3ρ fζ + k1 ffζ + k2 gfζ + k1 hζ = 0,

k3ρ gζ + k1 fgζ + k2 ggζ + k2 hζ = 0,

k3ρ hζ + k1 fhζ + k1 hfζ + k2 ghζ + k2hgζ +
1

3

((
k3

1 + k1k
2
2

)
fζζζ +

(
k2

1k2 + k3
2

)
gζζζ
)

= 0.

(4.104)
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The solution of ODEs (4.104) according to Eq. (2.69) can be written as follows

f(ζ) = A0 +
A1

(1 + eζ)
, g(ζ) = B0 +

B1

(1 + eζ)
, h(ζ) = C0 +

C1

(1 + eζ)
+

C2

(1 + eζ)2
.

(4.105)

The back substitution of the solutions (4.105) into ODEs (4.104) and produces a set

of polynomial equations in ejζ . The coefficients of different powers of eζ have been

equated to zero for getting algebraic equations in terms of unknown parameters A0,

A1, B0, B1, C0, C1, C2. By using symbolic computational software Maple, the different

solutions of algebraic equations are obtained and discussed in following cases.

Case VII

A0 = −
(
k2

1 + k2
2√

3k1

+
k3ρ+ k2B0

k1

)
, A1 =

2k1√
3
, B1 =

2k2√
3
, C0 = 0,

C1 =
2

3

(
k1

2 + k2
2
)
, C2 = −2

3

(
k1

2 + k2
2
)
.

(4.106)

Case VIII

A0 = −k3ρ+ k2B0

k1

, A1 = −k2B1

k1

, C1 = 0, C2 = 0. (4.107)

Using the above results for relations given in Eq. (4.105), solutions of ODEs are

apreared as follows

f(ζ) = −
(
k2

1 + k2
2√

3k1

+
k3ρ+ k2B0

k1

)
+

2√
3

k1

1 + eζ
, g(ζ) = B0 +

2√
3

k2

1 + eζ
,

h(ζ) =
2(k1

2 + k2
2)

3 (1 + eζ)
− 2(k1

2 + k2
2)

3 (1 + eζ)2 ,

(4.108)

and

f(ζ) = −k3ρ+ k2B0

k1

− k2B1

k1 (1 + eζ)
, g(ζ) = B0 +

B1

1 + eζ
, h(ζ) = C0. (4.109)

The back substitution of solutions of ODEs into the Eq. (2.63), the following hori-

zontal projection of water particle velocity u, v and the elevation w as exact solutions
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of fractional Wu-Zhang system (4.68) are obtained

u(t, x, y) = −
(
k2

1 + k2
2√

3k1

+
k3ρ+ k2B0

k1

)
+

2k1
√

3
(

1 + ek1x+k2y+
k3t

α

Γ(α+1)

) ,
v(t, x, y) = B0 +

2k2
√

3
(

1 + ek1x+k2y+
k3t

α

Γ(α+1)

) ,
w(t, x, y) =

2(k2
1 + k2

2)

3
(

1 + ek1x+k2y+
k3t

α

Γ(α+1)

) − 2(k2
1 + k2

2)

3
(

1 + ek1x+k2y+
k3t

α

Γ(α+1)

)2 ,

(4.110)

and

u(t, x, y) = −k3ρ+ k2B0

k1

− k2B1

k1

(
1 + ek1x+k2y+

k3t
α

Γ(α+1)

) ,
v(t, x, y) = B0 +

B1(
1 + ek1x+k2y+

k3t
α

Γ(α+1)

) ,
w(t, x, y) = C0.

(4.111)

4.2.4.1 Physical interpretation of the solutions of Wu-Zhang system

The graphical representation of the solutions (4.110) is discussed in this subsection.

The values of various parameters selected for plotting the graphs of the solutions

are respectively given in the corresponding figure captions. Figure 4.11 shows 3D

and 2D plots for the solution given in Eq.(4.110) for dependent variables u, v and

w. Figure 4.11(a,b,c) shows 3D plots for the water particle velocity u, v and the

elevation w, respectively at α = 0.125. Figure 4.11(a,b) depicts the kink wave profile

for the velocity represented through u and v variables. Figure 4.11(c) shows the bell

type profile for the solution obtained for the variable w. Figure 4.11(d,e,f) shows the

variation of water particle velocity (u, v) and elevation (w) of Wu-Zhang system for

different values of fractional order α as 0.125, 0.5 and 0.9 by 2D plots. The Figure

4.11(d,e,f) shows that water particle velocity and elevation decrease with an increase

in the variation of fractional order α values. Figure 4.12 represents the variation in

wave profile of the solution (4.110) for u, v and w variables as a function of α having

other parameters (t, x, y) fixed as (1, 1, 1) and (3,1,1).
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(a) (b)

(c) (d)

(e) (f)

Figure 4.11: Shows 3D representations of solution (4.110) (a) kink wave profile for u
at y = 1, α = 0.125 (b) kink wave profile for v at y = 1, α = 0.125 and (c) bell shape
profile for w at y = 1, α = 0.125. 2D representations describe effect of fractional
order α in (d), (e) and (f) for k1 = 1, k2 = 3, k3 = 2, ρ = 0.75, B0 = 0.5, x = 1,
y = 1.
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(a) (b)

(c)

Figure 4.12: Effect of α on the solution (4.110) with k1 = 1, k2 = 3, k3 = 2, ρ = 0.75,
B0 = 0.5.
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4.2.5 Conclusion

The (2+1)-dimensional time fractional Wu-Zhang system derived for dispersive long

waves in shallow water model has been investigated for its dispersion analysis, Lie

point symmetries and conservation laws. The dispersion relation signifies the anoma-

lous dispersion of waves for the system. Similarity reductions reduce the system

to (1+1)-dimensional fractional PDEs. The new conserved density and fluxes for

Wu-Zhang system are obtained using nonlinear self-adjointness and new conservation

theorem. Exact solutions are obtained by using exponential rational function method

and analysed graphically to investigate the effect of fractional order α. The wave

profile for the velocity of water particle and elevation in Wu-Zhang system is of kink

and bell type, respectively. The 2D and 3D plots of solutions show that water particle

velocity decreases with an increase in fractional order α.

4.3 5th order equation from Burgers hierarchy hav-

ing fractional order derivative with respect to

time

In this section, the time fractional form of 5th order equation from Burgers hierarchy

[2, 38, 97, 310, 333] is studied for explicit solutions, symmetries, linear analysis and

conservation laws. Burgers hierarchy with time derivative of fractional order can be

determined from the following equation

Dα
t u+ µDx(Dx + u)υu = 0, υ = 0, 1, 2, ..., (4.112)

where µ is the arbitrary constant, Dα
t denotes αth order RLF derivative, and α lies

between 0 and 1. Fractional Burgers hierarchy (4.112) of order α is the generalisation

of Burgers hierarchy of integer order [82, 159, 160, 310] given by

Dtu+ µDx(Dx + u)υu = 0, υ = 0, 1, 2, ..., . (4.113)

The Burgers equation balances the dissipation and the nonlinear convection processes

[308]. It efficiently describes the models of fluid mechanics, traffic flow, nonlinear

acoustic transmission and gas dynamics [308]. The 2nd and 3rd order time fractional

equations obtained from the Burgers hierarchy have investigated for the invariant

solutions by Lie group method [245, 299]. The multiwave solutions were obtained in
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the investigation of 4th and 5th order space-time PDEs from the Burgers hierarchy

[2].

The time fractional 5th order equation from Burgers hierarchy found by substituting

s = 4 in the Eq. (4.112) is given by

Dα
t u+ µ

(
uxxxxx + 10uxx

2 + 15uxuxxx + 5uuxxxx + 15ux
3 + 50uuxuxx

+ 10u2uxxx + 30u2ux
2 + 10u3uxx + 5u4ux

)
= 0, 0 < α < 1.

(4.114)

The Eq. (4.114) derived using Burger’s hierarchy is not investigated yet for the lin-

ear dispersion properties, symmetries, explicit solutions, and conservation laws. So,

the main thrust in this section is to study the Eq. (4.114) for all above mentioned

properties.

4.3.1 Linear dispersion analysis

The dispersion relation has been obtained in the following form using the detailed

procedure described in section 2.15

ω̄(s) = µ
1
α s

5
α i−1+ 1

α , α 6= 1. (4.115)

It is to be noticed that the dispersion relation is complex in nature and its real as

well as the imaginary parts for s > 0 are obtained as follows

Re(ω̄(s)) = cos((
1

α
− 1)

π

2
)µ

1
α s

5
α ,

Im(ω̄(s)) = sin((
1

α
− 1)

π

2
)µ

1
α s

5
α .

(4.116)

The complex forms of the phase and the group velocities for Eq. (4.114) have been

obtained as follows

v̄p(s) =
ω̄(s)

s
,

= µ
1
α s

5
α
−1i

1
α
−1,

(4.117)

and

v̄g(s) =
∂

∂s
ω̄(s),

=
5

α
µ

1
α s

5
α
−1i

1
α
−1.

(4.118)
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The real as well as imaginary parts of phase and group velocities are obtained as

follows

vp(s) = Re(v̄p(s)) = cos((
1

α
− 1)

π

2
)µ

1
α s

5
α
−1,

= Im(v̄p(s)) = sin((
1

α
− 1)

π

2
)µ

1
α s

5
α
−1,

(4.119)

and

vg(s) = Re(v̄g(s)) =
5

α
cos((

1

α
− 1)

π

2
)µ

1
α s

5
α
−1,

= Im(v̄g(s)) =
5

α
sin((

1

α
− 1)

π

2
)µ

1
α s

5
α
−1.

(4.120)

The variation of phase and group velocities with respect to wave vector s for given

equation is shown in Figure 4.13 and Figure 4.14 for α = 0.75 and α = 0.5, re-

spectively. The phase and group velocities are related to each other by relation

vg = vp + s dvp
ds

. It has been found that the group velocity magnitude is higher than

magnitude of phase velocity for all s values. Thus, the waves follow an anomalous

dispersion and the long wavelengths propagate comparatively slower than short wave-

lengths. The variation of vp and vg with α for s = 1, µ = 1 is shown in Figure 4.15 and

it reveals that there are number of α values lie between 0 and 1 for which real parts

of vp and vg approache zero and it forces the waves to travel in opposite directions.

The real parts of the phase and group velocity vanishe at α = 1
2(m+1)

, where m is

an integer having values 0, 1, 2,... and the corresponding α values are 1
2
, 1

4
, 1

6
, · · · .

Similarly, the α values for which the imaginary parts of the vp and vg become zero

are given by 1
2n+1

, where n is an integer. It is to be noted that imaginary part of the

ω̄(s) corresponds to the damping of the waves as they propagates in space with time.

The damping in the propagation of waves will take place except at the points where

α = 1
2n+1

, n = 1, 2, 3, ....

4.3.2 Lie point symmetries

This subsection provides the Lie point symmetries and reductions [94, 95, 118, 245,

299] for the Eq. (4.114) with the help of RLF derivative [157, 226] of order α.

The admitted Lie algebra for the Eq. (4.114) under 1LGTs is generated by following

IG

X = X12∂t + X13∂x + Z11∂u, (4.121)

where X12, X13 and Z11 are infinitesimals corresponding to t, x and u, respectively.

If the IG (4.121) is assigned as the Lie point symmetry of the Eq. (4.114) then it must

satisfies the invariance condition. A little simplification of the invariance condition,
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Figure 4.13: Variation of
phase and group velocities
with s at α = 0.75.

Figure 4.14: Variation of
phase and group velocities
with s at α = 0.5.

Figure 4.15: Variation of phase and group velocities with α having µ = 1, s = 1.
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further by equating the coefficients of dependent variable and their derivatives, results

into the determining equations for X12, X13 and Z11. The solution of determining

equations will provide the following infinitesimals

X12 =
5t

α
e1, X13 = e1x+ e2, Z11 = −ue1, (4.122)

where e1 and e2 are randomly selected as constants. The associated Lie algebra

obtained from above infinitesimals for Eq. (4.114) constitutes following two vector

fields

X16 = ∂x, X17 = −u∂u +
5t

α
∂t + x∂x. (4.123)

Thus the invariant solutions and the similarity reductions are compiled in the follow-

ing cases.

Case IX: Vector field X16 = ∂x gives the invariant solution for the Eq. (4.114) as

given by

u(x, t) = F (t). (4.124)

The reduced fractional ODE obtained from the invariant solution is retrieved as fol-

lows
∂αF (t)

∂tα
= 0. (4.125)

The solution for reduced fractional ODE is obtained in the form as given by

u(x, t) = g1 t
α−1, (4.126)

where g1 is an arbitrary constant.

Case X: For case X17 = −u∂u + 5t
α
∂t + x∂x, associated characteristic equations are

given as follows
dx

x
=
dt
5t
α

=
du

−u
. (4.127)

Using solution of above characteristic equations, the following forms of invariants are

determined

ζ =
x

t
α
5

, u = F (ζ)t−
α
5 . (4.128)

The substitution of above invariants into Eq. (4.114) provides nonlinear ODE having
fractional order by adopting procedure as given in previous section 4.1. Hence, the
Eq. (4.114) is reduces to nonlinear fractional ODE in following form

(P
1−6α5 ,α
5
α

F )(ζ) +
(

10F 3Fζζ + 5F 4Fζ + 10F 2Fζζζ + 30F 2Fζ
2 + Fζζζζζ + 10Fζζ

2

+ 15FζFζζζ + 5FFζζζζ + 15Fζ
3 + 50FFζFζζ

)
µ = 0,

(4.129)
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where
(
P

1− 6α
5
,α

5
α

F
)

is the Erdélyi-Kober fractional differential operator [157].

4.3.3 Explicit power series solution of the reduced nonlinear

fractional ODE (4.129)

This subsection describes the procedure to find the explicit power series solutions
to the Eq. (4.129), as this method is an excellent way to obtain the solution for
fractional ODEs [86, 131–133, 234]. The Eq. (4.129) is considered to solve by power
series as follows

F (ζ) =

∞∑
σ7=0

aσ7ζ
σ7 . (4.130)

On substitution of Eq. (4.130) into the Eq. (4.129) and for σ7 = 0, it gives

a5 = − 1

120

Γ
(
1− 1

5 α
)
a0

µΓ
(
1− 6

5 α
) − 1

120

(
20 a0

3a2 + 5 a0
4a1 + 60 a0

2a3

+30 a0
2a1

2 + 40 a2
2 + 90 a1a3 + 120 a0a4 + 15 a1

3 + 100 a0a1a2
)
,

(4.131)

where a0, a1, a2, a3 and a4 are arbitrary constants. For n ≥ 1, following recurrence
relation is obtained

aσ7+5 = − 1

(σ7 + 5) (σ7 + 4) (σ7 + 3) (σ7 + 2) (σ7 + 1)

(
Γ
(
1− 1

5 α−
1
5 σ7α

)
aσ7

µΓ
(
1− 6

5 α−
1
5 σ7α

)
+10

σ7∑
σ9=0

σ9∑
σ8=0

σ8∑
σ10=0

aσ10aσ8−σ10aσ9−σ8 (σ7 − σ9 + 2) (σ7 − σ9 + 1) aσ7−σ9+2

+5

σ7∑
σ9=0

σ9∑
σ8=0

σ8∑
σ10=0

σ10∑
m=0

amaσ10−maσ8−σ10aσ9−σ8 (σ7 − σ9 + 1) aσ7−σ9+1

+10

σ7∑
σ9=0

σ9∑
σ8=0

aσ8
aσ9−σ8

(σ7 − σ9 + 3) (σ7 − σ9 + 2) (σ7 − σ9 + 1) aσ7−σ9+3

+30

σ7∑
σ9=0

σ9∑
σ8=0

σ8∑
σ10=0

aσ10
aσ8−σ10

(σ9 − σ8 + 1) aσ9−σ8+1 (σ7 − σ9 + 1) aσ7−σ9+1

+10

σ7∑
σ9=0

(σ9 + 2) (σ9 + 1) aσ9+2 (σ7 − σ9 + 2) (σ7 − σ9 + 1) aσ7−σ9+2

+15

σ7∑
σ9=0

(σ9 + 1) aσ9+1 (σ7 − σ9 + 3) (σ7 − σ9 + 2) (σ7 − σ9 + 1) aσ7−σ9+3

+5

σ7∑
σ9=0

aσ9
(σ7 − σ9 + 4) (σ7 − σ9 + 3) (σ7 − σ9 + 2) (σ7 − σ9 + 1) aσ7−σ9+4

+15

σ7∑
σ9=0

σ9∑
σ8=0

(σ8 + 1) aσ8+1 (σ9 − σ8 + 1) aσ9−σ8+1 (σ7 − σ9 + 1) aσ7−σ9+1

+50

σ7∑
σ9=0

σ9∑
σ8=0

aσ8aσ9−σ8+1 (σ9 − σ8 + 1) (σ7 − σ9 + 2) (σ7 − σ9 + 1) aσ7−σ9+2

)
,

(4.132)
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σ7 = 0, 1, 2, .... Thus, other terms in sequence {aσ7}∞σ7=6 can be determined suc-

cessively using Eqs. (4.131)-(4.132) in terms of arbitrary constants. Thus, solution

for the Eq. (4.129) with the coefficients as given in Eqs (4.131) and (4.132) can be

expressed as follows

F (ζ) = a0 + a1ζ + a2ζ
2 + a3ζ

3 + a4ζ
4 + a5ζ

5 +
∞∑

σ7=1

aσ7+5ζ
σ7+5

= a0 + a1ζ + a2ζ
2 + a3ζ

3 + a4ζ
4 − 1

120

(
Γ
(
1− 1

5
α
)
a0

µΓ
(
1− 6

5
α
)

+20 a0
3a2 + 5 a0

4a1 + 60 a0
2a3 + 30 a0

2a1
2 + 40 a2

2 + 90 a1a3

+120 a0a4 + 15 a1
3 + 100 a0a1a2

)
ζ5

−

(
∞∑

σ7=1

1

(σ7 + 5) (σ7 + 4) (σ7 + 3) (σ7 + 2) (σ7 + 1)

(
Γ
(
1− 1

5
α− 1

5
σ7α
)
aσ7

µΓ
(
1− 6

5
α− 1

5
σ7α
)

+10

σ7∑
σ9=0

σ9∑
σ8=0

σ8∑
σ10=0

aσ10aσ8−σ10aσ9−σ8 (σ7 − σ9 + 2) (σ7 − σ9 + 1) aσ7−σ9+2

+5

σ7∑
σ9=0

σ9∑
σ8=0

σ8∑
σ10=0

σ10∑
m=0

amaσ10−maσ8−σ10aσ9−σ8 (σ7 − σ9 + 1) aσ7−σ9+1

+10

σ7∑
σ9=0

σ9∑
σ8=0

aσ8aσ9−σ8 (σ7 − σ9 + 3) (σ7 − σ9 + 2) (σ7 − σ9 + 1) aσ7−σ9+3

+30

σ7∑
σ9=0

σ9∑
σ8=0

σ8∑
σ10=0

aσ10aσ8−σ10 (σ9 − σ8 + 1) aσ9−σ8+1 (σ7 − σ9 + 1) aσ7−σ9+1

+10

σ7∑
σ9=0

(σ9 + 2) (σ9 + 1) aσ9+2 (σ7 − σ9 + 2) (σ7 − σ9 + 1) aσ7−σ9+2

+15

σ7∑
σ9=0

(σ9 + 1) aσ9+1 (σ7 − σ9 + 3) (σ7 − σ9 + 2) (σ7 − σ9 + 1) aσ7−σ9+3

+5

σ7∑
σ9=0

aσ9 (σ7 − σ9 + 4) (σ7 − σ9 + 3) (σ7 − σ9 + 2) (σ7 − σ9 + 1) aσ7−σ9+4

+15

σ7∑
σ9=0

σ9∑
σ8=0

(σ8 + 1) aσ8+1 (σ9 − σ8 + 1) aσ9−σ8+1 (σ7 − σ9 + 1) aσ7−σ9+1

+50

σ7∑
σ9=0

σ9∑
σ8=0

aσ8aσ9−σ8+1 (σ9 − σ8 + 1) (σ7 − σ9 + 2) (σ7 − σ9 + 1) aσ7−σ9+2ζ
σ7+5

))
.

(4.133)



139 Chapter 4. Time Fractional PDEs

Hence, the explicit power series solution for given Eq. (4.114) can be expressed as

follows

u =
5∑

σ7=0

aσ7x
σ7t−(σ7+1)α/5 +

ıσ7fty∑
σ7=1

aσ7+5x
σ7+5t

−(σ7+5)α
5

= a0t
−α
5 + a1xt

−2α
5 + a2x

2t
−3α

5 + a3x
3t

−4α
5 + a4x

4t−α

− 1

120

(
Γ
(
1− 1

5
α
)
a0

µΓ
(
1− 6

5
α
) + 20 a0

3a2 + 5 a0
4a1 + 60 a0

2a3 + 30 a0
2a1

2 + 40 a2
2

+90 a1a3 + 120 a0a4 + 15 a1
3 + 100 a0a1a2

)
x5t

−6α
5

−

(
ıσ7fty∑
σ7=1

1

(σ7 + 5) (σ7 + 4) (σ7 + 3) (σ7 + 2) (σ7 + 1)

(
Γ
(
1− 1

5
α− 1

5
σ7α
)
aσ7

µΓ
(
1− 6

5
α− 1

5
σ7α
)

+10

σ7∑
σ9=0

σ9∑
σ8=0

σ8∑
σ10=0

aσ10aσ8−σ10aσ9−σ8 (σ7 − σ9 + 2) (σ7 − σ9 + 1) aσ7−σ9+2

+5

σ7∑
σ9=0

σ9∑
σ8=0

σ8∑
σ10=0

σ10∑
m=0

amaσ10−maσ8−σ10aσ9−σ8 (σ7 − σ9 + 1) aσ7−σ9+1

+10

σ7∑
σ9=0

σ9∑
σ8=0

aσ8aσ9−σ8 (σ7 − σ9 + 3) (σ7 − σ9 + 2) (σ7 − σ9 + 1) aσ7−σ9+3

+30

σ7∑
σ9=0

σ9∑
σ8=0

σ8∑
σ10=0

aσ10aσ8−σ10 (σ9 − σ8 + 1) aσ9−σ8+1 (σ7 − σ9 + 1) aσ7−σ9+1

+10

σ7∑
σ9=0

(σ9 + 2) (σ9 + 1) aσ9+2 (σ7 − σ9 + 2) (σ7 − σ9 + 1) aσ7−σ9+2

+15

σ7∑
σ9=0

(σ9 + 1) aσ9+1 (σ7 − σ9 + 3) (σ7 − σ9 + 2) (σ7 − σ9 + 1) aσ7−σ9+3

+5

σ7∑
σ9=0

aσ9 (σ7 − σ9 + 4) (σ7 − σ9 + 3) (σ7 − σ9 + 2) (σ7 − σ9 + 1) aσ7−σ9+4

+15

σ7∑
σ9=0

σ9∑
σ8=0

(σ8 + 1) aσ8+1 (σ9 − σ8 + 1) aσ9−σ8+1 (σ7 − σ9 + 1) aσ7−σ9+1

+50

σ7∑
σ9=0

σ9∑
σ8=0

aσ8aσ9−σ8+1 (σ9 − σ8 + 1) (σ7 − σ9 + 2) (σ7 − σ9 + 1) aσ7−σ9+2

)
xσ7+5t

−(σ7+5)α
5

)
.

(4.134)

The obtained power series solution given in Eq. (4.134) has been analysed graphically

in terms of 2D and 3D wave profiles. The figure caption provides the details of various
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Figure 4.16: 3D plot of the so-
lution (4.134) with ai = 1, i =
1, 2, 3, 4, a5 = −4, a6 = 0.17,
a7 = 0.76, µ = 2, α = 0.5, n = 0
to 7.

Figure 4.17: 2D plot of the
solution (4.134) with ai =
1, i = 1, 2, 3, 4, a5 = −4,
a6 = 0.17, a7 = 0.76, µ = 2,
α = 0.5, t = 1, n = 0 to 7.

parameters selected for plotting the curves. Figure 4.16 and 4.17 correspond to the

3D and 2D plots, respectively for the solution when α = 0.5. The Figures 4.18-4.19

and Figures 4.20-4.21 represent wave pattern for α = 0.75 and α = 0.9, respectively

in 3D and 2D plots.

4.3.4 Conservation laws

For conservation laws, formation of Lagrangian for Eq. (4.114) is expressed as follows

L = Υ(x, t)
(
Dα
t u+ µ

(
uxxxxx + 10uxx

2 + 15uxu3x + 5uuxxxx + 15ux
3 + 50uuxuxx

+ 10u2uxxx + 30u2ux
2 + 10u3uxx + 5u4ux

))
,

(4.135)

where Υ(x, t) is taken as new dependent variable.

The δL
δu

= 0 gives adjoint equation [121] to Eq. (4.114), where
δ

δu
represents Euler-

Lagrange operator [96, 185] and given in Eq. (2.96). Using Eq. (4.135), the adjoint

equation for Eq. (4.114) can be written as follows(
−10 Υxxuux − 10 Υxuuxx + 5 Υxxxux + 5 Υxxxxu+ 5 Υxxuxx −Υxxxxx + 10 Υxxu

3

−5 Υxu
4 − 10 Υxxxu

2 − 5 Υxux
2
)
µ− (Dα

t )∗Υ = 0.

(4.136)
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Figure 4.18: 3D plot of the
solution (4.134) with ai,
i = 1, 2, ..., 6 are taken as
1, 0.5, 0.25, 0.125, 2,−2.37, 0.49,
and µ = 2, α = 0.75, n = 0 to 6.

Figure 4.19: 2D plot of
the solution (4.134) with
ai, i = 1, 2, ..., 6 are taken as
1, 0.5, 0.25, 0.125, 2,−2.37, 0.49,
and µ = 2, α = 0.75, t = 1,
n = 0 to 6.

Figure 4.20: 3D plot of the
solution (4.134) with ai,
i = 1, 2, ..., 6 are taken as
1, 0.5, 0.25, 0.125, 2,−2.37, 0.49,
and µ = 2, α = 0.9, n = 0 to 5.

Figure 4.21: 2D plot of
the solution (4.134) with
ai, i = 1, 2, ..., 6 are taken as
1, 0.5, 0.25, 0.125, 2,−2.37, 0.49,
and µ = 2, α = 0.9, t = 1,
n = 0 to 5.
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Thus t and x components of conserved vectors corresponding to X16 and X17 for given

Eq. (4.114) are calculated as follows

Ct
7 = TL+ (−1)0

0D
α−1
t (W10)D0

t

∂L

∂0Dα
t u
− (−1)1J

(
W10, D

1
t

∂L

∂0Dα
t u

)
= 0D

α−1
t (W10)Υ + J(W10,Υt),

= 0D
α−1
t (−ux)Υ + J(−ux,Υt),

(4.137)

Cx
7 =

(
−uxxxΥxx − 50uΥuxuxx − 15uxuxxxΥ− 30u2Υux

2 − 5u4Υux

+10uxuxxΥx + 10uΥxux
2 + 10u3Υxux − 10uxΥxxu

2 + 5uuxΥxxx

−10u3Υuxx + 10u2Υxuxx − 5uuxxΥxx − 10u2Υuxxx + 5uuxxxΥx

−5uuxxxxΥ− uxxxxxΥ− uxΥxxxx − 10uxx
2Υ− 15ux

3Υ + uxxΥxxx

+uxxxxΥx)µ.

(4.138)

Ct
8 = TL+ (−1)0

0D
α−1
t (W11)D0

t

∂L

∂0Dα
t u
− (−1)1J

(
W11, D

1
t

∂L

∂0Dα
t u

)
= 0D

α−1
t (W11)Υ + J(W11,Υt),

= 0D
α−1
t (−u− xux −

5t

α
ut)Υ + J(−u− xux −

5t

α
ut,Υt).

(4.139)

Cx
8 = −µ

(
5 Υuxxxx − 4uxxxΥx + 3uxxΥxx − 2uxΥxxx − 10ux

2Υx

+uΥxxxx − 5u2Υxxx + 10u3Υxx − 10u4Υx + 5u5Υ + 15 xuxΥuxxx

+30xux
2Υu2 + 5xuxΥu

4 − 10xuxΥxuxx − 10xux
2Υxu− 10xuxΥxu

3

+10xuxΥxxu
2 − 5xuxΥxxxu+ 10xuxxΥu

3 − 10xuxxΥxu
2 + 5xuxxΥxxu

+10xuxxxΥu
2 − 5xuxxxΥxu+ 5xuxxxxΥu+ 50xuxΥuuxx − 20uΥxuxx

+25uΥuxxx + xuxΥxxxx + 50uxΥuxx + 10uxΥxxu+ 50u3Υux

+50u2Υuxx − xuxxxxΥx + 15xux
3Υ + 75uΥux

2 − 30u2Υxux

−xuxxΥxxx + xuxxxΥxx + 10xuxx
2Υ + Υxuxxxxx

)
− µ

α

(
25 tu3xtΥu+ 25 tutΥuxxx + 75 tutΥux

2 + 25 tutΥu
4 − 25 tutΥxuxx

−50 tutΥxu
3 + 50 tutΥxxu

2 − 25 tutΥxxxu+ 50 tutxΥuxx + 50 tutxΥu3

−25 tutxΥxux − 50 tutxΥxu
2 + 25 tutxΥxxu+ 50 tuxxΥux + 50 tu2xtΥu

2

−25 tu2xtΥxu+ 5 Υtu4xt − 5 tu3xtΥx + 5 tu2xtΥxx

−5 tutxΥxxx + 5 tutΥ4x + 100 tutΥuuxx + 150 tutΥu
2ux − 50 tutΥxuux

+150 tutxΥuux) .

(4.140)
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4.3.5 Conclusion

We present an algorithm to analyse systematically the 5th order fractional equation

from Burgers hierarchy. The linear analysis of the equation gives the dispersion re-

lation whose real part reveals dispersion and imaginary part corresponds to wave

damping. Relation between phase and group velocity signifies anomalous dispersion

of waves and velocities are found to be a function of time fractional derivative or-

der. The power series solution is obtained for the reduced fractional ODE by Lie

symmetry analysis. The graphical analysis of the solution for different α values are

presented. The new conservation theorem has been applied to derive conservation

laws corresponding to infinitesimal symmetries.





Chapter 5

Space-Time Fractional PDEs3

In this chapter, the two physically important PDEs having space-time derivatives

of fractional order are examined for solutions and dispersion relation. The potential

Yu-Toda-Sasa-Fukuyama (YTSF) equation and (2+1)-dimensional Maccari system in

fractional forms are chosen for investigation. For solutions, an improved F-expansion

method is proposed for YTSF equation and EJEFE principle for (2+1)-dimensional

Maccari system. A discussion on linear forms of the equations is carried out for

dispersion relation, phase and group velocities.

5.1 Space-time fractional Potential YTSF equa-

tion

In this section, an improved F-expansion method is applied to space-time fractional

potential YTSF equation [335] for deriving solutions. The integer order YTSF equa-

tion is given as follows

(−4wt + Φ(w)wz)x + 3wyy = 0, Φ(w) = ∂2
x + 4w + 2wx∂

−1
x , (5.1)

where w : Rx × Ry × Rz × Rt → R and different subscripts used in equations de-

note partial derivatives with respect to variables taken as x, y, z or t and ∂−1
x (·) =∫∞

−∞(·)dx. The Eq. (5.1) represents (3+1)-dimensional generalisation of the Calogero-

3The contents of section (5.1) are published Nonlinear Dynamics, 96(2), 837-852 (2019)
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Bogoyavlenskii-Schiff equation [255] which is given by

wt + Φ(w)wz = 0, Φ(w) = ∂2
x + 4w + 2wx∂

−1
x . (5.2)

For w = ux, the Eq. (5.1) transforms into (3+1)-dimensional potential YTSF equa-

tion [335] and is given by

−4uxt + uxxxz + 3uyy + 4uxuxz + 2uxxuz = 0. (5.3)

In the Eq. (5.3), the function u(t, x, y, z) represents the amplitude of wave and is

used to describe mobility of solitons. It also represents nonlinear waves in the fields

of plasma physics, fluid dynamics, weakly dispersive media, etc. [181]. The Eq. (5.3)

was solved for soliton, non-travelling wave, exact travelling wave, rogue wave, soliton

solutions in Gramian, rational, lump and solitary waves type solutions [13, 44, 47,

56, 65, 117, 136, 183, 184, 190, 246, 283, 305, 306, 323, 332, 341–343, 345, 349]. In

literature, no reports on space-time fractional potential YTSF Eq. (5.3) has been

found for exact solutions and dispersion analysis. The real life applications of the

equation have found in oceanography, waves in the two layer liquid medium and

elastic medium [1, 56, 183, 283, 311, 332]. The fractional order version of YTSF Eq.

(5.3) can be obtained by using the variational principle in fractional calculus [9, 198]

and this principle is successfully implemented for deriving fractional order differential

equations for other systems reported in [9, 84, 105, 198, 247]. In the present analysis,

space-time fractional potential YTSF equation in normalised form is considered as

follows

− 4
∂β

∂xβ

(
∂αu

∂tα

)
+

∂3β

∂x3β

(
∂δu

∂zδ

)
+ 3

∂2γu

∂y2γ
+ 4

(
∂βu

∂xβ

)(
∂β

∂xβ

(
∂δu

∂zδ

))
+ 2

(
∂2βu

∂x2β

)(
∂δu

∂zδ

)
= 0,

(5.4)

where α, β, γ and δ (0 < α, β, γ, δ < 1) denote the fractional orders of the derivatives

with respect to independent variables t, x, y and z, respectively.
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5.1.1 Improved F-expansion method to solve potential YTSF

Eq. (5.4)

The fractional complex transformation (2.75) converts the given Eq. (5.4) after inte-

gration into the following ODE

(
−4K1K4 + 3K2

2
)
U ′ +K1

3K3ρ
2U ′′′ + 3 ρK1

2K3U
′2 = 0, (5.5)

where, the constant of integration is considered as zero and ′ denotes derivative of

U(ζ) with respect to ζ. The homogeneous balancing between highest order derivative

term U ′′′ and highest order nonlinear term U ′2 in the Eq. (5.5) gives the solution of

Eq. (5.5) in the following form

U(ζ) = µ0 + µ1(m+ φ(ζ)) + ν1(m+ φ(ζ))−1. (5.6)

The use of Eq. (5.6) into Eq. (5.5) gives a polynomial in φ(ζ) as follows(
3 ρK1

2K3µ1
2 + 6K1

3K3ρ
2µ1

)
φ8 (ζ) +

(
12 ρK1

2K3µ1
2m+ 24K1

3K3ρ
2µ1m

)
φ7 (ζ)

+
(
36K1

3K3ρ
2µ1m

2 + 8K1
3K3ρ

2µ1l + 18 ρK1
2K3µ1

2m2 + 3K2
2µ1 − 4K1K4 µ1

−6 ρK1
2K3µ1ν1 + 6 ρK1

2K3µ1
2l
)
φ6 (ζ) +

(
24 ρK1

2K3µ1
2ml + 12K2

2µ1m

−16K1K4 µ1m+ 12 ρK1
2K3µ1

2m3 + 24K1
3K3ρ

2µ1m
3 + 32K1

3K3ρ
2µ1ml

−12 ρK1
2K3µ1mν1

)
φ5 (ζ) +

(
4K1K4 ν1 − 12 ρK1

2K3µ1ν1l − 6 ρK1
2K3µ1m

2ν1

−24K1K4 µ1m
2 + 3 ρK1

2K3ν1
2 + 3 ρK1

2K3µ1
2m4 + 3 ρK1

2K3µ1
2l2 + 2K1

3K3ρ
2µ1l

2

+36 ρK1
2K3µ1

2m2l + 18K2
2µ1m

2 − 2K1
3K3ρ

2ν1l − 4K1K4 µ1l − 6K1
3K3ρ

2ν1m
2

−3K2
2ν1 + 6K1

3K3ρ
2µ1m

4 + 48K1
3K3ρ

2µ1m
2l + 3K2

2µ1l
)
φ4 (ζ)

+
(
12 ρK1

2K3µ1
2ml2 − 24 ρK1

2K3µ1mν1l − 16K1K4 µ1m
3 + 8K1

3K3ρ
2µ1ml

2

+12K2
2µ1ml + 32K1

3K3ρ
2µ1m

3l + 8K1K4 ν1m+ 24 ρK1
2K3µ1

2m3l − 6K2
2ν1m

+12K2
2µ1m

3 − 16K1K4 µ1ml + 8K1
3K3ρ

2ν1ml
)
φ3 (ζ)

+
(
−8K1

3k3ρ
2ν1l

2 + 6 ρK1
2K3ν1

2l + 3K2
2µ1m

4 + 18 ρK1
2K3µ1

2m2l2

+12K1
3K3ρ

2µ1m
2l2 + 18K2

2µ1m
2l − 12 ρK1

2K3µ1m
2ν1l + 6 ρK1

2K3µ1
2m4l

+8K1
3K3ρ

2µ1m
4l − 6 ρK1

2K3µ1ν1l
2 + 4K1K4 ν1m

2 − 3K2
2ν1m

2 − 4K1K4 µ1m
4

−24K1K4 µ1m
2l − 8K1

3K3ρ
2ν1m

2l − 3K2
2ν1l + 4K1K4 ν1l

)
φ2 (ζ)

+
(
8K1

3K3ρ
2µ1m

3l2 − 12 ρK1
2K3µ1mν1l

2 + 8K1K4 ν1ml − 16K1K4 µ1m
3l

+8K1
3K3ρ

2ν1ml
2 + 12K2

2µ1m
3l + 12 ρK1

2K3µ1
2m3l2 − 6K2

2ν1ml
)
φ (ζ)
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− 3K2
2ν1m

2l − 2K1
3K3ρ

2ν1m
2l2 − 4K1K4 µ1m

4l − 6 ρK1
2K3µ1m

2ν1l
2

+ 3 ρK1
2K3µ1

2m4l2 − 6K1
3K3ρ

2ν1l
3 + 2K1

3K3ρ
2µ1m

4l2 + 3K2
2µ1m

4l

+ 4K1K4 ν1m
2l + 3 ρK1

2K3ν1
2l2 = 0.

(5.7)

Now, by equating the coefficients of various powers of φi(ζ), i = 1, 2, ... to zero,

the over-determining system of equations is obtained. The system of equations is

solved by using symbolic computational software Maple and solutions are given by

the following expressions

K4 = −4K1
3K3ρ

2 l − 3K2
2

4K1

, µ1 = 0, ν1 = 2K1ρ l + 2K1ρm
2, (5.8)

and

K4 = −4K1
3K3ρ

2 l − 3K2
2

4K1

, µ1 = −2K1ρ, ν1 = 0. (5.9)

Using the above set of values for µi, νi, and K4 into Eqs. (5.6) and (2.75), the exact

solutions for the Eq. (5.4) are obtained in terms of hyperbolic, trigonometric and

rational functions and discussed graphically in the following cases.

Case 1: For l < 0, the solutions involve hyperbolic functions as follows

Family 1

u(t, x, y, z) = µ0 +
(2 ρK1l + 2K1ρm

2)(
m−

√
−l tanh

(√
−lζ

)) . (5.10)

u(t, x, y, z) = µ0 +
(2 ρK1l + 2K1ρm

2)(
m−

√
−l coth

(√
−lζ

)) . (5.11)

The solutions derived in family 1 are plotted in Figure 5.1. Figure 5.1(a-c) represents

the 3D and 2D kink wave profiles for the solution (5.10) whereas Figure 5.1(d-f) de-

scribes the 3D and 2D singular wave profiles of the solution (5.11). The 3D plots help

to compare the wave profiles for solutions in family 1 for fractional order versus an

integer order equation. The effect of variation in fractional parameters on the wave

profile of solutions is depicted by 2D plots. Note that, there is no well-defined pro-

cedure to select a set of fractional order parameters, hence the solutions of fractional

order systems can be simulated by selecting the various combinations of parameters.

Family 2

u(t, x, y, z) = µ0 + (2 ρK1)
(
m−

√
−l tanh

(√
−lζ

))
. (5.12)

u(t, x, y, z) = µ0 + (2 ρK1)
(
m−

√
−l coth

(√
−lζ

))
. (5.13)
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The solutions obtained in family 2 are presented graphically in Figure 5.2. It describes

the effect of variation in fractional order parameters on the kink wave profile of

solution (5.12) in Figure 5.2(a-c) and singular wave profiles for the solution (5.13) in

Figure 5.2(d-f).

Case 2: For l > 0, solutions are obtained in trigonometric functions as follows

Family 3

u(t, x, y, z) = µ0 +
(2 ρK1l + 2K1ρm

2)(
m+

√
l tan

(√
lζ
)) . (5.14)

u(t, x, y, z) = µ0 +
(2 ρK1l + 2K1ρm

2)(
m−

√
l cot

(√
lζ
)) . (5.15)

Figure 5.3 shows singular periodic wave profile for the solutions (5.14) and (5.15) ob-

tained in the family 3. The wave profile of solutions with fractional order parameters

is compared with the integer order in Figure 5.3(a,b,d,e). The result of variation in

fractional parameters on the wave profile of solutions is revealed by 2D plots in Figure

5.3(c,f).

Family 4

u(t, x, y, z) = µ0 + (2 ρK1)
(
m+

√
l tan

(√
lζ
))

. (5.16)

u(t, x, y, z) = µ0 + (2 ρK1)
(
m−

√
l cot

(√
lζ
))

. (5.17)

Figure 5.4 also shows singular periodic wave profiles for the solutions (5.16) and (5.17)

for the family 4 in terms of 3D and 2D representations.

Case 3: When l = 0, solutions are appeared in the form of following rational functions

Family 5

u(t, x, y, z) = µ0 +
(2 ρK1l + 2K1ρm

2) ζ

(mζ − 1)
. (5.18)

Family 6

u(t, x, y, z) = µ0 + (2 ρK1)

(
m− 1

ζ

)
. (5.19)

Herein ζ = K1xβ

Γ(β+1)
+ K2yγ

Γ(γ+1)
+ K3zδ

Γ(δ+1)
− (4K1

3K3ρ2l−3K2)tα
4K1Γ(α+1)

.

The graphical analysis of solutions obtained for Eq. (5.4) in families 5 and 6 is shown

in Figure 5.5. It shows singular kink wave profiles for the solutions (5.18) and (5.19).

Figure 5.5(a,d) represents 3D wave profiles at α = 0.5, β = 0.5, γ = 0.9 and δ = 0.15

and Figure 5.5(b,e) depicts the 3D wave profiles at α = β = γ = δ = 1. The

effect of fractional orders on the wave profile of the solutions is also shown by 2D

representations in Figure 5.5(c,f).
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The real life application of fractional order Eq. (5.4) helps to understand the rogue

waves which were observed in deep sea and this is a field of intensive research in

oceanography [56, 183].

The solutions (5.10)-(5.19) for the Eq. (5.4) are cross checked and verified by Maple

software. It has been found that for parameters α = β = γ = δ = 1 and ρ = K1 =

K2 = K3 = 1, the solutions were found to be similar as reported in [13, 47, 136, 341,

342] for integer order YTSF equation. Hence, solutions obtained in the present work

are generalised as the fractional order terms α, β, γ and δ can be set to any value

lying between 0 to 1.

5.1.2 Dispersion analysis of potential YTSF equation

In this section, the linear dispersion analysis of space-time fractional potential YTSF

Eq. (5.4) is discussed using the definition of RLF derivative [226] with lower integral

limit is at −∞ and is given by

−∞D
α
t f(t) =

1

Γ(n− α)

dn

dtn

∫ t

−∞
(t− θ)n−α−1f(θ) dθ, n− 1 < α < n, n ∈ N. (5.20)

Consider linearised from of Eq. (5.4) as follows

− 4
∂β

∂xβ

(
∂αu

∂tα

)
+

∂3β

∂x3β

(
∂δu

∂zδ

)
+ 3

∂2γu

∂y2γ
= 0. (5.21)

The sinusoidal solution for the linear system of Eq. (5.21) is given by

u(t, x, y, z) = Aei(ω̄t−
~S·~r), (5.22)

where A is the amplitude of u. Substituting Eq. (5.22) into Eq. (5.21) and using

Fourier transform for fractional order derivative terms [226] with RLF derivative

(5.20) gives

(
−4(iω̄)α(−isx)β + (−isx)3β(−isz)δ + 3(−isy)2γ

)
Aei(ω̄t−S·r) = 0. (5.23)

Solving the Eq. (5.23) for ω̄, we get,

ω̄ = (ω0)1/α , (5.24)
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(a) α = 0.5, β = 0.5, γ = 0.9, δ = 0.15 (b) α = 1, β = 1, γ = 1, δ = 1

(c) Effect of fractional orders α, β, γ and δ (d) α = 0.5, β = 0.5, γ = 0.9, δ = 0.15

(e) α = 1, β = 1, γ = 1, δ = 1 (f) Effect of fractional orders α, β, γ and δ

Figure 5.1: Wave profiles of family 1 representing (a), (b), (c) for the solution (5.10)
and (d), (e), (f) for the solution (5.11) with µ0 = 1, l = −2, K1 = 1, K2 = 1,
K3 = −2, ρ = 1, m = 2, y = 1, z = 1 for 3D plots and y = 1, z = 1, t = 1 for 2D
plots.
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(a) α = 0.5, β = 0.5, γ = 0.9, δ = 0.15 (b) α = 1, β = 1, γ = 1, δ = 1

(c) Effect of fractional orders α, β, γ and δ (d) α = 0.5, β = 0.5, γ = 0.9, δ = 0.15

(e) α = 1, β = 1, γ = 1, δ = 1 (f) Effect of fractional orders α, β, γ and δ

Figure 5.2: Wave profiles of family 2 representing (a), (b), (c) for the solution (5.12)
and (d), (e), (f) for the solution (5.13) with µ0 = 1, l = −2, K1 = 1, K2 = 1,
K3 = −2, ρ = 1, m = 2, y = 1, z = 1 for 3D plots and y = 1, z = 1, t = 1 for 2D
plots.
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(a) α = 0.5, β = 0.5, γ = 0.9, δ = 0.15 (b) α = 1, β = 1, γ = 1, δ = 1

(c) Effect of fractional orders α, β, γ and δ (d) α = 0.5, β = 0.5, γ = 0.9, δ = 0.15

(e) α = 1, β = 1, γ = 1, δ = 1 (f) Effect of fractional orders α, β, γ and δ

Figure 5.3: Wave profiles of family 3 representing (a), (b), (c) for the solution (5.14)
and (d), (e), (f) for the solution (5.15) with µ0 = 1, l = 2, K1 = 1, K2 = 1, K3 = −2,
ρ = 1, m = 2, y = 1, z = 1 for 3D plots and y = 1, z = 1, t = 1 for 2D plots.
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(a) α = 0.5, β = 0.5, γ = 0.9, δ = 0.15 (b) α = 1, β = 1, γ = 1, δ = 1

(c) Effect of fractional orders α, β, γ and δ (d) α = 0.5, β = 0.5, γ = 0.9, δ = 0.15

(e) α = 1, β = 1, γ = 1, δ = 1 (f) Effect of fractional orders α, β, γ and δ

Figure 5.4: Wave profiles of family 4 representing (a), (b), (c) for the solution (5.16)
and (d), (e), (f) for the solution (5.17) with µ0 = 1, l = 2, K1 = 1, K2 = 1, K3 = −2,
ρ = 1, m = 2, y = 1, z = 1 for 3D plots and y = 1, z = 1, t = 1 for 2D plots.
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(a) α = 0.5, β = 0.5, γ = 0.9, δ = 0.15 (b) α = 1, β = 1, γ = 1, δ = 1

(c) Effect of fractional orders α, β, γ and δ (d) α = 0.5, β = 0.5, γ = 0.9, δ = 0.15

(e) α = 1, β = 1, γ = 1, δ = 1 (f) Effect of fractional orders α, β, γ and δ

Figure 5.5: Wave profiles of family 5 and 6 representing (a), (b), (c) for the solution
(5.18) and (d), (e), (f) for the solution (5.19) with µ0 = 1, l = 0, K1 = 1, K2 = 1,
K3 = −2, ρ = 1, m = 2, y = 1, z = 1 for 3D plots and y = 1, z = 1, t = 1 for 2D
plots.
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where ω0 = 1
4

(
(−1)2β+δ sx

2βsz
δ (cos (θ1) + i sin (θ1))

+3 (−1)2 γ−β sy
2 γsx

−β (cos (θ2) + i sin (θ2))
)

,

θ1 = π
2

(2 β + δ − α), θ2 = π
2

(2 γ − β − α).

The expressions for phase and group velocities using dispersion relation are given by

vp(~S) =
sx î+ sy ĵ + sz k̂

s2
x + s2

y + s2
z

(ω0)1/α ,

vg(~S) =
∂

∂sx
ω0

1/α î+
∂

∂sy
ω0

1/α ĵ +
∂

∂sz
ω0

1/α k̂.

(5.25)

Thus, magnitudes for phase and group velocity components are given as follows

|vp| =
(4)−1/α ω0

1/α√
sx2 + sy2 + sz2

,

|vg| =
(4)−1/α ω0

(1/α)−1

α

(
ω1

2 + 36
(−1)4 γ−2β sy

4 γγ2sx
−2β (cos(2 θ2) + i sin(2 θ2))

sy2

+
(−1)4β+2 δ sx

4βsz
2 δδ2 (cos (2 θ1) + i sin (2 θ1))

sz2

)1/2

,

(5.26)

where

ω1 =
1

sx

(
2 (−1)2β+δ sx

2ββ sz
δ (cos (θ1) + i sin (θ1))

−3 (−1)2 γ−β sy
2 γsx

−ββ (cos (θ2) + i sin (θ2))
)
.

(5.27)

The Eq. (5.26) shows that |vp| is not constant, thus medium is found to be dispersive

in nature. The magnitude of group velocity and phase velocity is plotted in Fig. 5.6

for different values of α, β, γ and δ. It has been noticed that imaginary part of phase

velocity is greater than imaginary part of group velocity for α = 0.75, β = 0.4, γ = 0.9

and δ = 0.6 values. It implies that the sinusoidal waves with large wavelength travel

faster as compared to waves having smaller wavelength. Thus, it suggests the normal

dispersion of waves. Whereas, the real part of group velocity is greater than real

part of phase velocity for the same set of parameters thus, it indicates the anomalous

dispersion of waves. The relation given in Eq. (5.26) is not linear in sx, sy and sz,

thus it suggests that wave packet gets distorted in shape.
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Figure 5.6: Comparison between phase and group velocities with α = 0.75, β = 0.4,
γ = 0.9, δ = 0.6, sy = 1, sz = 1.

5.1.3 Conclusion

The improved F-expansion method successfully gives the solutions of potential YTSF

equation in terms of hyperbolic, trigonometric and rational functions. The effect

of variation in fractional parameters on the wave profile of solutions is described

in terms of 2D and 3D plots. The solutions possess kink, periodic and singular

wave profiles. The conditions for normal/anamlous dispersion of waves in terms of

fractional parameters are formulated.

5.2 Maccari system in (2+1)-dimensions with frac-

tional order space and time derivatives

The present section is focused on following Maccari system having space-time frac-

tional form in (2+1)-dimensions

i
∂αP

∂tα
+
∂2βP

∂x2β
+ PW = 0,

∂αW

∂tα
+
∂γW

∂yγ
+
∂β|P |2

∂xβ
= 0,

(5.28)

where i =
√
−1, P and W represent complex and real functions, respectively, of the

variables t, x and y. ∂α

∂tα
denotes the RLF derivative [226, 251] corresponding time
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variable of order α. ∂2β

∂x2β , ∂γ

∂yγ
represent the fractional order derivatives w.r.t. x and y

of order 2β and γ, respectively and 0 < α, β, γ < 1.

Clearly, the Maccari system (5.28) is complex in nature and expressed as P = U+i V ,

where U and V are real functions of t, x and y. Thus, the Maccari system (5.28) can

be rewritten as follows

∂αU

∂tα
+
∂2βV

∂x2β
+ VW = 0,

− ∂αV

∂tα
+
∂2βU

∂x2β
+ UW = 0,

∂αW

∂tα
+
∂γW

∂yγ
+
∂β(U2 + V 2)

∂xβ
= 0.

(5.29)

In literature, the derivation of Maccari system can be found in [192]. For α=β=γ=1,

the system (5.29) has been successfully solved by various methods reported in [55,

68, 112, 143, 162, 182, 261, 298, 334, 350]. The time fractional form Maccari system

has been already reported for solutions using rational exponential method [12].

It is desirable to solve the space-time fractional order Maccari system as the frac-

tional PDEs reveal the complex nonlinear phenomena judiciously in various scien-

tific fields [201, 216, 226, 251]. In literature, various methods have been reported

for getting analytical solutions of fractional PDEs such as Lie symmetry analysis

[118, 140, 151, 229, 234, 244, 245, 276, 297, 299], fractional sub-equation method

[348], (G′/G)-expansion method [36], exp function method [36], exponential ratio-

nal function method [11, 204], fractional complex transformation method [29], new

computational approach [330], travelling wave solutions method [327, 329], the first

integral method [30] and so on. The Jacobi elliptic function expansion method pro-

vides doubly periodic waves and this method is applied on various types of nonlinear

PDEs [3, 32, 74, 80, 85, 248]. In the present discussion, extended Jacobi elliptic

function expansion (JEFE) technique is used to analyse fractional Maccari system of

space-time form for exact solutions. Main thrust is to investigate the Maccari system

(5.28) for dispersion relation and exact solutions.
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5.2.1 Dispersion relation for Maccari system

For deriving dispersion relation of Maccari system (5.28), consider its linearised form

as follows
∂αU

∂tα
+
∂2βV

∂x2β
= 0,

− ∂αV

∂tα
+
∂2βU

∂x2β
= 0,

∂αW

∂tα
+
∂γW

∂yγ
= 0.

(5.30)

The corresponding sinusoidal solutions of linear system (5.30) in terms of U , V and

W are considered in the form as follows

U = A13e
i(ω̄t−~S·~r),

V = A14e
i(ω̄t−~S·~r),

W = A15e
i(ω̄t−~S·~r),

(5.31)

where A13, A14 and A15 are the amplitudes of real functions u, v and w, respectively.

On applying Fourier transform to fractional derivative terms [226] using RLF deriva-

tive with lower terminal as a = −∞, thus the dispersion relation for linearised system

(5.30) obtained by solving following set of equations

(
(iω̄)αA13 + (−isx)2βA14

)
ei(ω̄t−

~S·~r) = 0,

−
(
(iω̄)αA14 + (−isx)2βA13

)
ei(ω̄t−

~S·~r) = 0,

((iω̄)αA15 + (−i sy)γ A15) ei(ω̄t−
~S·~r) = 0.

(5.32)

The Eqs. (5.32) expressed in matrix form as follows (iω̄)α (−isx)2β 0

(−isx)2β −(iω̄)α 0

0 0 (iω̄)α + (−i sy)γ


 A13

A14

A15

 = 0. (5.33)

The Eqs. (5.32) will possess solution in an non trivial form if determinant constituted

out of coefficient matrix vanishes identically as follows

((iω̄)α + (−i sy)γ)
(
−(iω̄)2α + (isx)

4β
)

= 0. (5.34)

On solving Eq. (5.34) for ω̄, the three possible roots (ω0, ω1, ω2) of ω̄ are obtained

as follows
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ω0 = (−1)
1+γ
α i

γ
α
−1sγ/αy ,

ω1 = i
1
α
−1+ 2β

α s
2β
α
x ,

ω2 = (−1)
1
α i

1
α
−1+ 2β

α s
2β
α
x .

(5.35)

Using the complex algebra, the following relations can be written in the form of a

complex number as follows

i
γ
α
−1 = cos

(π
2

(γ
α
− 1
))

+ i sin
(π

2

(γ
α
− 1
))

,

i
1
α
−1+ 2β

α = cos

(
π

2

(
1

α
− 1 +

2β

α

))
+ i sin

(
π

2

(
1

α
− 1 +

2β

α

))
,

(−1)
(1+γ)
α = cos

(
(1 + γ)

α
π

)
+ i sin

(
(1 + γ)

α
π

)
,

(−1)1/α = cos
(π
α

)
+ i sin

(π
α

)
.

(5.36)

Thus, from Eqs. (5.35) and (5.36), the following set of relations are obtained by

equating real and imaginary parts of ω0, ω1 and ω2,

Re ω0 = cos
(π
α

(1 + γ) +
π

2α
(γ − α)

)
sγ/αy ,

Imω0 = sin
(π
α

(1 + γ) +
π

2α
(γ − α)

)
sγ/αy ,

Re ω1 = cos

(
π

2

(
1

α
− 1 +

2β

α

))
s2β/α
x ,

Imω1 = sin

(
π

2

(
1

α
− 1 +

2β

α

))
s2β/α
x ,

Re ω2 = cos

(
π

α
+
π

2

(
1

α
− 1 +

2β

α

))
s2β/α
x ,

Imω2 = sin

(
π

α
+
π

2

(
1

α
− 1 +

2β

α

))
s2β/α
x .

(5.37)

For ω0, the phase and group velocity in the component form of a two dimensional

vector can be written as follows

vp(~S) =
(sxî+ sy ĵ)ω0

s2
x + s2

y

,

vg(~S) =
∂

∂sx
ω0 î+

∂

∂sy
ω0 ĵ.

(5.38)
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Table 5.1: Phase and group velocity expressions

Velocity
ω̄

ω1 ω2

Re |vp(~S)| cos(π2 ( 1
α
−1+ 2β

α ))s2β/αx√
s2x+s2y

cos( πα+π
2 ( 1

α
−1+ 2β

α ))(sx)2β/α

√
s2x+s2y

Im |vp(~S)| sin(π2 ( 1
α
−1+ 2β

α ))s2β/αx√
s2x+s2y

sin( πα+π
2 ( 1

α
−1+ 2β

α ))(sx)2β/α

√
s2x+s2y

Re |vg(~S)| 2β
α

cos
(
π
2

(
1
α
− 1 + 2β

α

))
s

2β/α−1
x

2β
α

cos
(
π
α

+ π
2

(
1
α
− 1 + 2β

α

))
s

2β/α−1
x

Im |vg(~S)| 2β
α

sin
(
π
2

(
1
α
− 1 + 2β

α

))
s

2β/α−1
x

2β
α

sin
(
π
α

+ π
2

(
1
α
− 1 + 2β

α

))
s

2β/α−1
x

Substitution of ω0 = (−1)
1+γ
α i

γ
α
−1s

γ/α
y into Eq. (5.38) gives

vp(~S) =
(sxî+ sy ĵ)((−1)

1+γ
α i

γ
α
−1s

γ/α
y )

s2
x + s2

y

,

vg(~S) =
∂

∂sx
((−1)

1+γ
α i

γ
α
−1sγ/αy ) î+

∂

∂sy
((−1)

1+γ
α i

γ
α
−1sγ/αy ) ĵ.

(5.39)

The magnitude of phase and group velocity vectors can be written as follows

|vp(~S)| = ((−1)
1+γ
α i

γ
α
−1s

γ/α
y )√

s2
x + s2

y

,

|vg(~S)| = γ

α
(−1)

1+γ
α i

γ
α
−1sγ/α−1

y .

(5.40)

The real and imaginary parts of the phase and group velocities can be separated out

from the Eq. (5.40) as given by

Re |vp(~S)| =
cos
(
π
(

1+γ
α

)
+ π

2

(
γ−α
α

))
s
γ/α
y√

s2
x + s2

y

,

Im |vp(~S)| =
sin
(
π
(

1+γ
α

)
+ π

2

(
γ−α
α

))
s
γ/α
y√

s2
x + s2

y

,

Re |vg(~S)| = γ

α
cos
(π
α

(1 + γ) +
π

2α
(γ − α)

)
s
γ
α
−1

y ,

Im |vg(~S)| = γ

α
sin
(π
α

(1 + γ) +
π

2α
(γ − α)

)
s
γ
α
−1

y .

(5.41)

On the similar way for ω1 and ω2, the real and imaginary parts of phase and group

velocities are obtained and tabulated in Table 5.1. The variation of real and imag-

inary parts of phase and group velocities for ω0, ω1 and ω2 is shown graphically in

Figures 5.7(a), 5.8(a) and 5.9(a), respectively. It has been noticed that Re|vg(~S)|
and Im|vg(~S)| values are found to be greater than the corresponding Re|vp(~S)| and
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(a) α = 0.5, γ = 0.9, sx = 0.5 (b) α = 0.5, γ = 0.9, sx = 0.5

Figure 5.7: (a) Comparison between phase and group velocity for ω0 and (b) shows
dispersion relation ω0.

Im|vp(~S)|, respectively. It indicates the anomalous dispersion of waves obtained for

ω0, ω1 and ω2. The variation of real and imaginary parts of ω0, ω1 and ω2 with sx

and sy are shown in Figures 5.7(b), 5.8(b) and 5.9(b), respectively. In Figure 5.7(b),

real part of ω0 is greater than the imaginary part of ω0, whereas in Figures 5.8(b)

and 5.9(b), imaginary part of ω1 and ω2 are found to be greater than real part of ω1

and ω2.

5.2.2 Exact solutions of Maccari system by applying EJEFE

algorithm

In order to find the exact solutions of the Maccari system (5.28), the Fractional com-

plex transformation for the complex function P and real function W are considered

in a form to find solutions of said system as given by

P = eiKp(φ),

W = w(φ),
(5.42)

where

K =
a11x

β

Γ(β + 1)
+

a12y
γ

Γ(γ + 1)
+

a13t
α

Γ(α + 1)
,

φ =
b11x

β

Γ(β + 1)
+

b12y
γ

Γ(γ + 1)
+

b13t
α

Γ(α + 1)
,

(5.43)
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(a) α = 0.5, β = 0.9, sy = 0.5 (b) α = 0.5, γ = 0.9, sy = 0.5

Figure 5.8: (a) Comparison between phase and group velocity for ω1 and (b) shows
dispersion relation ω1.

(a) α = 0.45, γ = 0.6, sy = 0.5 (b) α = 0.5, γ = 0.9, sy = 0.5

Figure 5.9: (a) Comparison between phase and group velocity for ω2 and (b) shows
dispersion relation ω2.
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where a11, a12, a13, b11, b12 and b13 are arbitrary constants.

The various fractional derivative terms of the Maccari system (5.28) using complex

transformation (5.43) read as follows

Dα
t P = (σ11)t(e

iKia13p(φ) + eiKp′(φ)b13),

Dβ
xP = (σ)x(e

iKia11p(φ) + eiKp′(φ)b11),

Dα
tW = (σ12)tw

′(φ)b13,

Dγ
yW = (σ)yw

′(φ)b12,

(5.44)

where (σ11)t, (σ12)t, σx and σy are the fractional indexes corresponding to time and

space variables as indicated by their subscripts [115, 243]. The p′(φ) denotes derivative

of p(φ) with respect to φ. The Eq. (5.44) converts the Maccari system (5.28) into

ODE in terms of p and w, as given by

i(σ11)t(ia13p+ p′b13) + σ2
x(−a2

11p+ 2ia11b11p
′ + b2

11p
′′) + pw = 0, (5.45)

and

(σ12)tw
′b13 + σyw

′b12 + 2σxb11pp
′ = 0. (5.46)

On integrating Eq. (5.46) with respect to φ, results in

w = − σxb11p
2

(σ12)tb13 + σyb12

. (5.47)

The use of Eq. (5.47) into Eq. (5.45) provides following equations after equating real

and imaginary parts

σx
2b11

2 ((σ12)tb13 + σyb12) p′′−
(
(σ11)ta13 + a11

2σx
2
)

((σ12)tb13 + σyb12) p−σxb11p
3 = 0,

(5.48)

b13 = −2
σx

2a11b11

(σ11)t
. (5.49)

The Eq. (5.48) possessed a solution in the form of Jacobi functions as follows

p(φ) = A0 + A1 sn(φ) +B1 sn−1(φ). (5.50)

Back substitution of the solution (5.50) into the Eq. (5.48), results into a polynomial

in terms of Jacobi function sn(φ). By equating the coefficients of powers of sn(φ) to

zero, the determining equations are obtained and their solution gives the values of



165 Chapter 5. Space-Time Fractional PDEs

various constants A0, A1, B1, a13 as follows

A0 = 0, A1 =

√
2σxb11σyb12 − 4

σx3b11
2(σ12)ta11

(σ11)t
m,

B1 =

√
2σxb11σyb12 − 4

σx3b11
2(σ12)ta11

(σ11)t
,

a13 = −
(
a11

2 + 6 b11
2m+ b11

2 + b11
2m2

)
σx

2

(σ11)t

(5.51)

and

A0 = 0, A1 = −

√
2σxb11σyb12 − 4

σx3b11
2(σ12)ta11

(σ11)t
m,

B1 = −

√
2σxb11σyb12 − 4

σx3b11
2(σ12)ta11

(σ11)t
,

a13 = −
(
a11

2 + 6 b11
2m+ b11

2 + b11
2m2

)
σx

2

(σ11)t
.

(5.52)

Using these values of constants, solutions for Maccari system can be written as follows

P (t, x, y) = eiK

√
2σxb11σyb12 − 4

σx3b11
2(σ12)ta11

(σ11)t

(
m sn (φ) + sn−1 (φ)

)
,

W (t, x, y) = −2 b11
2σx

2
(
m sn (φ) + sn−1 (φ)

)2

(5.53)

and

P (t, x, y) = −eiK
√

2σxb11σyb12 − 4
σx3b11

2(σ12)ta11

(σ11)t

(
m sn (φ) + sn−1 (φ)

)
,

W (t, x, y) = −2 b11
2σx

2
(
m sn (φ) + sn−1 (φ)

)2
,

(5.54)

where K =

(
a11xβ

Γ(β+1)
+ a12yγ

Γ(γ+1)
− (a11

2+6 b11
2m+b11

2+b11
2m2)σx2xα

(σ11)tΓ(α+1)

)
,

φ = b11xβ

Γ(β+1)
+ b12yγ

Γ(γ+1)
− 2σx2a11b11xα

(σ11)tΓ(α+1)
, whenever 2 σxb11σyb12 − 4 σx3b11

2(σ12)ta11

(σ11)t
> 0.

In limiting case, when the modulus m → 1, the following dark-singular soliton solu-

tions are evolved

P (t, x, y) = eiK

√
2σxb11σyb12 − 4

σx3b11
2(σ12)ta11

(σ11)t
(tanh (φ) + coth (φ)) ,

W (t, x, y) = −2 b11
2σx

2 (tanh (φ) + coth (φ))2

(5.55)
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and

P (t, x, y) = −eiK
√

2σxb11σyb12 − 4
σx3b11

2(σ12)ta11

(σ11)t
(tanh (φ) + coth (φ)) ,

W (t, x, y) = −2 b11
2σx

2 (tanh (φ) + coth (φ))2 ,

(5.56)

K =

(
a11xβ

Γ(β+1)
+ a12yγ

Γ(γ+1)
− (a11

2+6 b11
2+b11

2+b11
2)σx2xα

(σ11)tΓ(α+1)

)
, φ = b11xβ

Γ(β+1)
+ b12yγ

Γ(γ+1)
− 2σx2a11b11xα

(σ11)tΓ(α+1)
,

whenever 2σxb11σyb12 − 4 σx3b11
2(σ12)ta11

(σ11)t
> 0.

When the modulus m→ 0, the following periodic-singular solutions are found

P = eiK

√
2σxb11σyb12 − 4

σx3b11
2(σ12)ta11

(σ11)t
(csc (φ)) ,

W = −2 b11
2σx

2 (csc (φ))2

(5.57)

and

P = −eiK
√

2σxb11σyb12 − 4
σx3b11

2(σ12)ta11

(σ11)t
(csc (φ)) ,

W = −2 b11
2σx

2 (csc (φ) , )2

(5.58)

K =

(
a11xβ

Γ(β+1)
+ a12yγ

Γ(γ+1)
− (a11

2+b11
2)σx2xα

(σ11)tΓ(α+1)

)
, φ = b11xβ

Γ(β+1)
+ b12yγ

Γ(γ+1)
− 2σx2a11b11xα

(σ11)tΓ(α+1)
, whenever

2σxb11σyb12 − 4 σx3b11
2(σ12)ta11

(σ11)t
> 0.

The wave profile of various solutions of Maccari system are further analysed graph-

ically in terms of 2D and 3D plots in Figures 5.10-5.14. It shows the effect of various

fractional parameters, arbitrary constants and modulus parameter on the wave profile.

Figure 5.10 shows wave profiles for the solution given in Eq. (5.53) and it represents

the complex function P and real function W of Maccari system in the form of a dou-

bly periodic waves for α = β = γ = 1 and m = 0.25. If the values of the fractional

parameters are different from 1 then it causes the wave evolved as a singular doubly

periodic as shown in Figure 5.11 for α = 0.5, β = 0.25 and γ = 0.7 with m = 0.25.

Figure 5.12 describes the effect of increase in the m value (m = 1) keeping the other

fractional parameters unaltered (α = 0.5, β = 0.25 and γ = 0.7), solution of Maccari

system transforms to the singular wave. Singular periodic wave solutions are given in

Figure 5.13 when m = 0. Figure 5.14 shows the effect of fractional parameters α, β

and γ on wave profile of solution (5.53) for P and W . It represents singular periodic

wave solutions.

To construct other double periodic wave solutions having Jacobi functions (cn(φ) and
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(a) (b)

(c) (d)

Figure 5.10: 3D profiles of Eq. (5.53) with m = 0.25, α = β = γ = 1, σx = 2, σy = 2,
(σ11)t = 2, (σ12)t = 2, a11 = 1, a12 = 0.25, b11 = 0.5, b12 = 3, y = 1.
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(a) (b)

(c) (d)

Figure 5.11: 3D profiles of Eq. (5.53) with m = 0.25, α = 0.5, β = 0.25, γ = 0.7,
σx = 2, σy = 2, (σ11)t = 2, (σ12)t = 2, a11 = 1, a12 = 0.25, b11 = 0.5, b12 = 3, y = 1.
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(a) (b)

(c) (d)

Figure 5.12: 3D profiles of Eq. (5.55) with m = 1, α = 0.5, β = 0.25, γ = 0.7, σx = 2,
σy = 2, (σ11)t = 2, (σ12)t = 2, a11 = 1, a12 = 0.25, b11 = 0.5, b12 = 3, y = 1.



Chapter 5. Space-Time Fractional PDEs 170

(a) (b)

(c) (d)

Figure 5.13: 3D profiles of Eq. (5.57) with m = 0, α = 0.5, β = 0.25, γ = 0.7, σx = 2,
σy = 2, (σ11)t = 2, (σ12)t = 2, a11 = 1, a12 = 0.25, b11 = 0.5, b12 = 3, y = 1.
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(a) (b)

(c) (d)

Figure 5.14: Effect of fractional parameters on solution (5.53) with m = 0.25, α = 0.5,
β = 0.25, γ = 0.7, σx = 2, σy = 2, (σ11)t = 2, (σ12)t = 2, a11 = 1, a12 = 0.25,
b11 = 0.5, b12 = 3, y = 1.
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dn(φ)) for the given system, the following expansion can be used

p(φ) =
n∑
i=0

Ai cni(φ) +
n∑
j=1

Bj cn−j(φ), (5.59)

and

p(φ) =
n∑
i=0

Ai dni(φ) +
n∑
j=1

Bj dn−j(φ). (5.60)

By utilizing Eqs. (5.59) and (5.60), one can find cnoidal waves and dnoidal waves

solutions. Additional soliton and triangular periodic wave solutions for the system

(5.28) can also be found for limiting case m→ 0 and m→ 1. We have omitted these

expansions to avoid repetition.

5.2.3 Conclusion

The travelling wave solutions have been obtained for space-time fractional form of

Maccari system in terms of doubly periodic waves using EJEFE method involving sn

functions. In limiting case, as modulus parameter m approaches to 1 or 0, the singular

or singular periodic wave solutions are obtained, respectively. The dispersion relation

of the system is formulated which indicates the anomalous dispersion of waves.



Summary

Lie symmetries, conservation laws and exact solutions perform a crucial role in un-

derstanding modelling and physical importance of the systems of nonlinear PDEs.

Linear dispersion analysis on the other hand helps to identify the normal/anomalous

dispersion of waves. In present work, the nonlinear PDEs of integer and fractional

order have been studied for symmetries, conservation laws, exact solutions and dis-

persion relation. Whole work is accordingly divided into five different chapters.

In chapter 1, the introduction of nonlinear PDEs has been given and some nonlinear

phenomena are mentioned. In chapter 2, the relevant literature on the theory of Lie

groups, various methodologies and linear analysis of PDEs is presented in an algo-

rithmic way. In chapter 3, the integer order nonlinear PDEs with variable coefficients

have been explored for solutions involving power series, trigonometric, hyperbolic,

Jacobi and Weierstrass functions using Lie symmetry analysis, and conserved densi-

ties/fluxes (conservation laws) are successfully constructed for the equations by new

conservation theorem and direct method. Chapter 4 has been concerned with (2+1)-

dimensional time fractional new coupled ZK system which is successfully solved for Lie

point symmetries, nonlocal conservation laws and solitary wave solutions including

bright, dark and singular. The results are discussed graphically under the variation of

system parameters. The anomalous dispersion of waves is noticed in the linear anal-

ysis. Also in this chapter, the other two examples of time fractional systems namely

time fractional form of Wu-Zhang system in (2+1)-dimensions and time fractional

5th order equation from Burgers hierarchy are successfully investigated for dispersion

analysis, Lie point symmetries and conservation laws. Dispersion relation signifies

the anomalous dispersion of waves for Wu-Zhang system whereas the wave profile of

solutions resembles kink and bell shaped. The 5th order Burgers equation found to

possess power series solutions. In chapter 5, the solutions of potential YTSF equation

with space and time fractional derivatives in (3+1)-dimensions have been obtained

using improved F-expansion method and found to follow kink, periodic and singular

173
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waves. The Maccari system in (2+1)-dimensions having space-time derivatives of

fractional order have been solved for deriving anomalous/normal dispersion of waves

and the equation possesses doubly periodic wave solutions. The software Maple is

used to check the authenticity of obtained solutions and conservation laws, and for

graphical representations of the solutions.

The exact solutions obtained in the present work may be used to interpret the var-

ious natural phenomenon arises in mathematical physics, chemistry and biological

sciences. Further these solutions are helpful in analysing the stability analysis and

can be compared with corresponding numerical solvers. The analysis of fission and fu-

sion phenomena for solitons, electromagnetic interactions, quantum relativistic atom

theory, phase isolation in several components bass system, and the relativistic energy-

momentum relation can be explored. Numerous practical applications such as, the

fluid-dynamics traffic model with fractional derivatives to eliminate the deficiency

arising from the assumption of continuum traffic flow, and the nonlinear oscillation of

earthquakes can be modeled by fractional derivatives. Fractional differentiation and

integration operators can also be used for extending the diffusion and wave equations.

Future scope

In this work, the Lie classical symmetries are examined for integer and fractional

order PDEs. The nonclassical symmetries, nonlocal symmetries and generalized sym-

metries can also be determined for these equations in future.

Also, for fractional PDEs, the conservation laws are calculated by new conservation

theorem. For nontrivial conservation laws, direct method of multipliers can also be

utilized for fractional PDEs, so we have a plan to construct conservation laws of

fractional PDEs by direct method in future.



Appendix A

A.1 Extended infinitesimals of nonlinear PDEs

Extended infinitesimals of (2+1)-dimensional PDEs with dependent variables u, v, w

as functions of t, x and y, and X1, X2, X3, Z5, Z6, Z7 are infinitesimals corresponding

to t, x, y, u, v, w, respectively:

Z1
x = DxZ1 − ux(DxX2)− ut(DxX1)− uy(DxX3),

Z2
x = DxZ2 − vx(DxX2)− vt(DxX1)− vy(DxX3),

Z3
x = DxZ3 − wx(DxX2)− wt(DxX1)− wy(DxX3),

Z1
xxx = DxZ1

xx − uxxx(DxX2)− uxxt(DxX1)− uxxy(DxX3),

Z2
xxx = DxZ2

xx − vxxx(DxX2)− vxxt(DxX1)− vxxy(DxX3),

Z3
xxx = DxZ3

xx − wxxx(DxX2)− wxxt(DxX1)− wxxy(DxX3),

Z1
xyy = DxZ1

yy − uxyy(DxX2)− utyy(DxX1)− uyyy(DxX3),

Z2
xyy = DxZ2

yy − vxyy(DxX2)− vtyy(DxX1)− vyyy(DxX3),

Z3
xyy = DxZ3

yy − wxyy(DxX2)− wtyy(DxX1)− wyyy(DxX3),

(A.1.1)

where Dx, Dt and Dy denote total differential operators with respect to x, t and y,

respectively and these are defined as follows

Dxj = ∂xj + uj∂u + vj∂v + wj∂w + uji∂ui + vji∂vi + wji∂wi + · · · , i, j = 1, ..., 3,
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where, x1 = x, x2 = t, x3 = y.

Extended infinitesimals for (1+1)-dimensional PDEs with one dependent variable

u(t, x), and X4, X5 and Z4 are infinitesimals corresponding to t, x and u, respectively:

Z4
x = DxZ4 − ux(DxX5)− ut(DxX4),

Z4
xx = DxZ4

x − uxx(DxX5)− uxt(DxX4),

Z4
xxx = DxZ4

xx − uxxx(DxX5)− uxxt(DxX4),

Z4
xxxx = DxZ4

xxx − uxxxx(DxX5)− uxxxt(DxX4),

Z4
xxxxx = DxZ4

xxxx − uxxxxx(DxX5)− uxxxxt(DxX4),

Z4
xxxxxx = DxZ4

xxxxx − uxxxxxx(DxX5)− uxxxxxt(DxX4),

Z4
xxxxxxx = DxZ4

xxxxxx − uxxxxxxx(DxX5)− uxxxxxxt(DxX4).

(A.1.2)

αth extended infinitesimals for (2+1)-dimensional fractional

PDEs

The following αth extended infinitesimals (Z5
α,t, Z6

α,t, Z7
α,t) related to RLF deriva-

tive using Eq. (2.61) are obtained for dependent variables u, v and w, and X1, X2,

X3, Z5, Z6 and Z7 are infinitesimals corresponding to t, x, y, u, v and w, respectively:

Z5
α,t =

∂αZ1

∂tα
+ (Z1u − αDt(X6))

∂αu

∂tα
− u∂

αZ1u

∂tα
−
∞∑
n=1

(
α

n

)
Dn
t (X7)Dα−n

t (ux)

+ µ11 + µ12 + µ13 −
∞∑
n=1

(
α

n

)
Dn
t (X8)Dα−n

t (uy)

+
∞∑
n=1

[( α

n

)
∂nZ1u

∂tn
−

(
α

n+ 1

)
Dn+1
t (X6)

]
Dα−n
t (u)

+
∞∑
n=1

(
α

n

)
∂nZ1v

∂tn
Dα−n
t (v) +

∞∑
n=1

(
α

n

)
∂nZ1w

∂tn
Dα−n
t (w)

+

(
Z1v

∂αv

∂tα
− v∂

αZ1v

∂tα

)
+

(
Z1w

∂αw

∂tα
− w∂

αZ1w

∂tα

)
,

(A.1.3)
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Z6
α,t =

∂αZ2

∂tα
+ (Z2v − αDt(X6))

∂αv

∂tα
− v∂

αZ2v

∂tα
−
∞∑
n=1

(
α

n

)
Dn
t (X7)Dα−n

t (vx)

+ µ21 + µ22 + µ23 −
∞∑
n=1

(
α

n

)
Dn
t (X8)Dα−n

t (vy)

+
∞∑
n=1

[( α

n

)
∂αZ2v

∂tα
−

(
α

n+ 1

)
Dn+1
t (X6)

]
Dα−n
t (v)

+
∞∑
n=1

(
α

n

)
∂nZ2u

∂tn
Dα−n
t (u) +

∞∑
n=1

(
α

n

)
∂nZ2w

∂tn
Dα−n
t (w)

+

(
Z2u

∂αu

∂tα
− u∂

αZ2u

∂tα

)
+

(
Z2w

∂αw

∂tα
− w∂

αZ2w

∂tα

)
,

(A.1.4)

Z7
α,t =

∂αZ3

∂tα
+ (Z3w − αDt(X6))

∂αw

∂tα
− w∂

αZ3w

∂tα
−
∞∑
n=1

(
α

n

)
Dn
t (X7)Dα−n

t (wx)

+ µ31 + µ32 + µ33 −
∞∑
n=1

(
α

n

)
Dn
t (X8)Dα−n

t (wy)

+
∞∑
n=1

[( α

n

)
∂αZ3w

∂tα
−

(
α

n+ 1

)
Dn+1
t (X6)

]
Dα−n
t (w)

+
∞∑
n=1

(
α

n

)
∂nZ3u

∂tn
Dα−n
t (u) +

∞∑
n=1

(
α

n

)
∂nZ3v

∂tn
Dα−n
t (v)

+

(
Z3u

∂αu

∂tα
− u∂

αZ3u

∂tα

)
+

(
Z3v

∂αv

∂tα
− v∂

αZ3v

∂tα

)
,

(A.1.5)

where

µij =
∞∑
n=2

n∑
m=2

m∑
k=2

k−1∑
r=0

(
α

n

)(
n

m

)(
k

r

)
1

k!

tn−α

Γ(n+ 1− α)
(−uj)r

∂m

∂tm
(uj

k−r)
∂n−m+kZj
∂tn−m∂ujk

,

(5.61)

where i, j = 1, 2, 3, and u1 = u, u2 = v, u3 = w.

αth extended infinitesimals for (1+1)-dimensional fractional

PDEs

On using the Eq. (2.61), the following αth extended infinitesimal has been obtained

for the dependent variable u(x, t) and X12, X13, Z11 are infinitesimals corresponding
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to t, x, u, respectively:

Z11
α,t =

∂αZ11

∂tα
+ (Z11u − αDt(X12))

∂αu

∂tα
− u∂

αZ11u

∂tα
−
∞∑
n=1

(
α

n

)
Dn
t (X13)Dα−n

t (ux)

+ µ+
∞∑
n=1

[( α

n

)
∂αZ11u

∂tα
−

(
α

n+ 1

)
Dn+1
t (X12)

]
Dα−n
t (u),

(A.1.6)

where

µ =
∞∑
n=2

n∑
m=2

m∑
k=2

k−1∑
r=0

(
α

n

)(
n

m

)(
k

r

)
1

k!

tn−α

Γ(n+ 1− α)
(−u)r

∂m

∂tm
(uk−r)

∂n−m+kZ11

∂tn−m∂uk
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[106] Gupta R. K. and Bansal A., Painlevé analysis, Lie symmetries and invariant

solutions of potential Kadomstev–Petviashvili equation with time dependent

coefficients. Applied Mathematics and Computation, 219(10):5290–5302, 2013.

[107] Gupta R. K. and Singh K., Symmetry analysis and some exact solutions of

cylindrically symmetric null fields in general relativity. Communications in

Nonlinear Science and Numerical Simulation, 16(11):4189–4196, 2011.

[108] Gupta R. K. and Singh M., Nonclassical symmetries and similarity solutions of

variable coefficient coupled KdV system using compatibility method. Nonlinear

Dynamics, 87(3):1543–1552, 2017.



189 Bibliography

[109] Gupta R. K., Kumar V., and Jiwari R., Exact and numerical solutions of

coupled short pulse equation with time-dependent coefficients. Nonlinear Dy-

namics, 79(1):455–464, 2015.

[110] Gupta Y. K. and Sharma J. R., On similarity solutions for type D spherical and

pseudo-spherical fluid distributions in 5-flat form in general relativity. Indian

Journal of Pure and Applied Mathematics, 27:723–729, 1996.

[111] Gupta Y. K. and Sharma J. R., Similarity solutions for the type D fluid plates

in 5-D flat space. Journal of Mathematical Physics, 37(4):1962–1971, 1996.

[112] Hafez M., Alam M. N., and Akbar M., Traveling wave solutions for some

important coupled nonlinear physical models via the coupled Higgs equation

and the Maccari system. Journal of King Saud University-Science, 27(2):105–

112, 2015.

[113] Hashemi M. S., Group analysis and exact solutions of the time fractional

Fokker–Planck equation. Physica A: Statistical Mechanics and its Applications,

417:141–149, 2015.

[114] He J. H., Some asymptotic methods for strongly nonlinear equations. Interna-

tional journal of Modern physics B, 20(10):1141–1199, 2006.

[115] He J. H., Elagan S. K., and Li Z. B., Geometrical explanation of the fractional

complex transform and derivative chain rule for fractional calculus. Physics

Letters A, 376(4):257–259, 2012.

[116] Hilfer R., Applications of Fractional Calculus in Physics, volume 35. World

Scientific, Singapore, 2000.

[117] Hu Y., Chen H., and Dai Z., New kink multi-soliton solutions for the (3+1)-

dimensional potential-Yu–Toda–Sasa–Fukuyama equation. Applied Mathemat-

ics and Computation, 234:548–556, 2014.

[118] Huang Q. and Zhdanov R., Symmetries and exact solutions of the time frac-

tional Harry-Dym equation with Riemann–Liouville derivative. Physica A: Sta-

tistical Mechanics and its Applications, 409:110–118, 2014.

[119] Hydon P. E., Symmetry Methods for Differential Equations: A Beginner’s

Guide, volume 22. Cambridge University Press, United Kingdom, 2000.



Bibliography 190

[120] Ibragimov N. H., Transformation Groups Applied to Mathematical Physics.

Reidel, Dordrecht, 1985.

[121] Ibragimov N. H., A new conservation theorem. Journal of Mathematical Anal-

ysis and Applications, 333(1):311–328, 2007.

[122] Ibragimov N. H., Quasi-self-adjoint differential equations. Archives of ALGA,

4:55–60, 2007.

[123] Ibragimov N. H., Nonlinear self-adjointness and conservation laws. Journal of

Physics A: Mathematical and Theoretical, 44(43):432002, 2011.

[124] Ibragimov N. H., Method of conservation laws for constructing solutions to

systems of PDEs. Discontinuity, Nonlinearity, and Complexity, 1(4):353–365,

2012.

[125] Ibragimov N. H., Construction of conservation laws using symmetries. In

Similarity and Symmetry Methods, pages 61–164. Springer, 2014.

[126] Ibragimov N. H. and Avdonina E. D., Nonlinear self-adjointness, conservation

laws, and the construction of solutions of partial differential equations using

conservation laws. Russian Mathematical Surveys, 68(5):889–921, 2013.

[127] Ibragimov N. H. and Kolsrud T., Lagrangian approach to evolution equations:

Symmetries and conservation laws. Nonlinear Dynamics, 36(1):29–40, 2004.

[128] Ibragimov N. H. and Kovalev V. F., Approximate and Renormgroup Symme-

tries. Springer, Berlin, 2009.

[129] Ibragimov N. H., Ames W. F., Anderson R. L., Dorodnitsyn V. A., Gazizov

R., and Svirshchevski S. R., CRC Handbook of Lie Group Analysis of Differen-

tial Equations, Volume 1: Symmetries, Exact solutions and Conservation laws,

volume 3. CRC Press, Boca Raton, Florida, 1994.

[130] Inc M., Aliyu A. I., Yusuf A., and Baleanu D., Optical solitary waves, conser-

vation laws and modulation instability analysis to the nonlinear Schrödinger’s

equation in compressional dispersive Alvèn waves. Optik-International Journal
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