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ABSTRACT

The scope of this work includes study of VERILOG language for computing arithmetic
and logical operations and functions suited for hardware implementation, and after that
before implementing on FPGA it has capability to test them, i.e. having capability of Built
in Self Test. The Double precision floating point square root unit is coded in VERILOG
and validated through extensive simulation. This is structured so that they provide the
required performance i.e. speed and gate count as well as latency. This VERILOG code is
then synthesized by XST (Xilinx synthesis Technology) tool to generate the gate level net
list that can be implemented on the FPGA Spartan 3E. The implementations of these
designs show that their performances are comparable to, and sometimes higher than, the
performances of non-iterative designs based on high radix numbers. The design achieves
the Throughput (MFLOPS) 60.16, Latency 9.671ns, and consumes the total X-Power
81(mw). The pipelining of these iterative designs target high throughput computations
encountered in some space application, which can be used in doing test calculations like
for square root, sine, cosine, etc. which can be utilized in scientific calculations and the
main application is the squarer root floating-point unit (FPU) contained in math
coprocessor. BIST is beneficial in many ways. BIST can provide at speed, in system
testing of the Circuit-Under Test (CUT). This is crucial to the quality component of
testing. In addition, BIST overcome pin limitations due to packaging make efficient use of

available extra chip area. All these benefits are plentiful motivations for BIST.
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CHAPTER 1
INTRODUCTION

1.1 Need of double precision floating point square root unit

Square root operation is hard to implement on FPGAs because of the complexity of
the algorithms. In space applications, many systems require advanced digital signal
processing (DSP) algorithms to address their mission needs. In particular, an entire class of
satellite subsystems, such as payload processing, data-handling, communications,
guidance, navigation, and control, rely on applications of DSP techniques. As these
systems evolve, the amount of data which needs to be processed increases significantly.
For instance, on-board processing of Synthesis Aperture Radar (SAR) is considered as one
of the most demanding applications of DSP techniques. In fact, SAR instruments can
produce raw radar data at high continuous rates which can surpass by many DSP
processors. Since previous generations of DSP processors were unable to process raw data
at these rates, data had to be down linked to an earth station instead of being processed in
orbit. Increasingly, newer space applications require on-board processing of data without
any recourse to computational support from ground stations. For some time, work has been
under way at various facilities of NASA and the Air Force Research Lab to enable space
vehicles formation flying through the development and deployment of space borne
differential Global Positioning System (GPS) at TFLOP rates [1].

It is expected that this technology will result in swarms of spacecrafts flying as a
virtual platform to gather significantly more and better scientific data in a totally
autonomous fashion. Such autonomy requires minimal or no support from ground stations.
To support these new applications, high performance, low power, computing devices
which can produce high throughput floating point computations are needed. To meet these
numerical requirements, many of these applications rely on the IEEE 754-1985 binary
floating point standard. In fact, many DSP computations are centred on calculations
involving floating point numbers. These numbers are used in double precision bit widths in
order to accommodate the range and precisions required by these DSP algorithms. While
most DSP applications can be implemented on DSP processors, there are computing
scenarios in which a multitude of DSP processors, initially thought to be necessary to
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provide the required throughput, fails to deliver such throughput. In fact, duplication of
processors does not necessarily lead to a speedup in computation as is known in the
parallel processing community. Only recently, FPGAs have begun to capture the attention
of the DSP community as an alternative implementation technology capable of delivering
significant speedups for compute-intensive DSP algorithms. Despite dire predictions at
each step in technology evolution, FPGA densities continue to double approximately every
18 months as predicted by Moore’s Law. With today’s deep submicron technology, it is
now possible to deliver multi-million gate FPGAS, which can implement complete systems
integrated entirely on a single device. Although FPGAs are still lagging behind many
ASICs in terms of raw performance, they have nevertheless crossed a gate density
threshold that is usually seen in DSP processors.

Starting with earlier FPGA chips, many designers have realized that it is beneficial
to implement double precision floating point computations on these chips due to their
mapping versatility and reconfigurability. Since then, various mapping efforts of floating
point computations on FPGAS have realized performances that are steadily surpassing the
performance of those computations on commodity CPUs. What is attractive about FPGAs
is their diverse catalo of embedded architectural features specifically optimized for
arithmetic operations. For example, Xilinx FPGAs embed carry-chains along their CLB
columns designed to speed up addition with narrow operands. These features can be
exploited to support efficient floating point operations. However, exploiting these features
require arithmetic algorithms, such as low-radix digit recurrence algorithms, that can be
easily mapped on these structures.

In fact, careful pipelining and mapping of these algorithms on specific FPGA
architectures can yield easily testable implementations which can produce throughputs that
are comparable to the throughputs seen in high-radix algorithms. Although their area
overhead is marginally higher than high radix implementations in many cases, low-radix
digit recurring algorithms can easily reach the 100 MFLOPS mark on some chips. In
double precision floating point units are all IEEE 754 compliant based on the sequential
designs presented in [1]. The pipelining of this unit is based on unrolling the iterations of
the digit recurrence computation and optimizing the operation within unrolled iteration.

These units are implemented to take advantage of the fine-grain resources, such as LUTS
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and carry chains, available in most FPGAs. Such common-denominator implementations
can be ported to any FPGA architecture since most possess these fine grain resources. To
this end, care has been taken not to use any advanced architectural features, such as Block
RAMs available in recent FPGA chips. Furthermore, no specially designed cores have

been integrated into our designs.

1.20bjectives

In general, the programming objectives of the floating-point applications fall into the
following categories.
» Accuracy: The application produces that results that are close to the correct result.
» Performance: The application produces the most efficient code possible.
> Reproducibility and portability: The application produces results that are consistent
across different runs, different set of build options, different compilers, different
platforms, and different architecture.
» Latency: The application produces a single output with in less time.
» Throughput: The application produces more number of tasks that can be completed
per unit time.

> Area: This application produces the less number of flip-flops and slices.

1.3 Organization of This Thesis

The rest of the thesis is organized as follows:

Chapter 2. Give the general background of the thesis, which includes the basic

architectures and functionality of the double precision floating point square root.

Chapter 3. Describes the different modules of the block diagram, which is divided in
order to show the basic functionality of the hardware. These modules are coded using
simulation software ISE (Integrated Software Environment) and ModelSim.

Chapter 4. Gives the basic description of the design methodology and design flow of
FPGA, how the design is implemented on FPGA (SPARTAN 3E).After the proper

simulation, the design is synthesized and translated to structural architecture and then
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perform post translate simulations in order to ensure proper functioning of the desire. The
design is then mapped to existing slices of FPGA and the post mapped module is
simulated. The post-map doesn’t include routing delays. After post mapped simulation the
design is routed and a post-route simulation model with appropriate routing delays is
generated to be simulated on the HDL simulator. Introduce the Basic Concepts of Logic
BIST, design flow of BIST. Describe Test Pattern Generation and Output Response
Analysis Techniques, Various BIST Timing Control Diagrams.

Chapter 5. Give the Results and Conclusion of the thesis work, in terms of various results
obtained during its implementation. It also shares the future prospective of Double
Precision Floating Point Square root.

1.4 Tools used

The tools used in the thesis are as follows:
Simulation Software:
» ISE 9.2i (Integrated system environment) has been used for synthesis and
implementation.
» ModelSim 6.1e has been used for modelling and simulation.
Hardware used:
Xilinx Spartan 3E (Family), XC3S5000 (Device), FG320 (Package) FPGA device.

5 Project Properties ===
Property Name Walue | -
Product Category Al [=]
Famity Spartan3E EI
Device XC3S500E |~
Package FG320 [~
Speed -5 EI
Top-Level Source Type HDL El
Syrithesis Tool HST (VHDLVerilog) =]
Simulator ISE Simulator (WHDLVerilog) | |
Preferred Language Verilog El
Enable Enhanced Design Summany [

Enable Message Filtering —
| oK | [ Cancel ] | Default | | Help |

Figure 1.1: Xilinx Common Configuring and Programming Setups.

Tool used HDL (Top Level source Type), XST-VHDL/VERILOG (Synthesis Tool), ISE
Simulator -VHDL/VERILOG (simulator), and VERILOG (Preferred Language).



CHAPTER 2
LITERATURE SURVEY

2.1 Square-rooting methods

The function 4/z is the most important elementary function. Since square rooting is

widely used in many applications, the IEEE floating point standard specifies square-

rooting as a basic arithmetic operation is shown below [3].

2.1.1 The pencil-and-paper algorithm

Unlike multiplication and division, for which the pencil-and-paper algorithms are
widely taught and used, square-rooting by hand, appears to have fallen prey to the five-
dollar calculator. Since shift/subtract methods for computingy/z, are derived directly from
the ancient manual algorithm, we begin by describing the pencil-and-paper algorithm for

square-rooting. Notation for our discussion of square root algorithms:

z Radicand Zok_129k_2- - - 23292120
q Square root Ok_19%_2 - - - 919
2
S Remainder, z —q SKSKk_15k—2 - - - S150
Check: 3(]82 + 377 = 94,864 + 377 = 95,241 Root digit Partial root
0
4 41 | 99 <4 A
\/ 915 20 4 1 < n-3 -3
9
————————————— “sixty plus ¢4
005 2 647 < ¢q <32 ¢q =0 ¢@ =30
0 0
5204 1 60gy >< qq < 5241 =% ¢ =308
4 8 6 4
003 7 7 «—5=3"y, g =(308). .,

Figure 2.1: Pencil-and-paper algorithm to extract the square root of a decimal integer.
Remainder range, 0 < s < 2q (k + 1 digits)
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2 2
Justification: s>2q+1wouldleadtoz=q +s>(q+1)

From the example in Fig.2.2, we can abstract the dot notation representation of
binary square-rooting. The radicand z and the root q are shown at the top. Each of the
following four rows of dots corresponds to the product of the product of the next root digit
Ok and a number obtained by appending Oqw.i.. to the right end of the partial root
q®.Thus, since the root digit z are in {0,1}, the problem of binary square-rooting reduces
to subtracting a set of numbers, each being 1 or a shifted version of (q®” 01)we, from the
radicand z.

2.1.2 Example of binary square-rooting

The figure 2.2 shows represent the binary square root using pencil-and-paper

algorithm.
Check: 102 +18 =118 = (0111 0110) 4y, Root digit  Partial root
a3 i a4 ¢ =0
VO 1L 110 1010 >017  Yes =1 ¢V =1
01
0011 > 1017 No p=0 ¢®=10
00 00
011 01 >10017  Yes g =1 ¢ =101
10
010010 >101017  No g =0 ¢P=1010
0

100 10 <« s=(18),,  =01010)4, =10,

Figure 2.2: Extracting the square root of a decimal integer using the pencil-and -
paper algorithm.



CHAPTER 2 LITERATURE SURVEY

2.1.3 Restoring shift/suBTRACT algorithm

Rootdigit Paritalroot

z (radicand = 118/64) 0 1.1 1 0 1 1 0(118/64)
§0=7-1 0 0 0.1 1 0 1 1 0 go=1 q=1.
250 0 0 1.1 0 1 1 0 0
2 =< (1.)+27h 1 0.1
s 1 1 1.0 0 1 1 0 0 g 1=0 q¥=1.0
sll= 250 Restore o 0 1.1 0 1 1 0 0
25(1) 0 1 1.0 1 1 0 0 0
2 =< (1.0)+27] 1 0.0 1
52 00 1.0 0 1 0 0 0 g2 =1 q¥=1.01
25(2) 01 0.0 1 0 0 0 0
2 >=< (1.01)+273] 1 0.1 0 1
53 11 1.1 0 1 0 0 0 g3="0 q®=1.01
s® =2i@ Restore 01 0.0 1 0 0 0 0
25(3) 10 0.1 0 0 0 00
_[2 >< (1.010)+27Y 1 0.1 0 0 1
s 000 1. 1 1 1 1 0 0 g4=1 q¥=1.0101
254 01 1. 1 1 1 0 0 0
[2 >< (1.0101)+277] 1 0.1 0 1 0 1
s(3) 0 0 1. 0 0 1 1 1 0 gs5=1 q®=1.01011
25(%) 0 1 0.0 1 1 1 00
_[2><(1.01011)+279 1 0.1 0 1 1 0 1
(6 1 1 1.1 0 1 1 1 1 g4=0 q©=1.010110
s0) =25 Restore 01 0. 0 1 1 1 00 (156/64)
s (remainder = 156/64) 0. 0 0 0 0 1 0 0 1 1 1 0 0(156/64Y
¢ (root=86/64) . 0 1 0 1 1 0 (86/64)

Figure2.3: Example of sequential binary square-rooting by means of the restoring
Algorithm.
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We formulate our shift/subtract algorithms for a radicand in the range 1 <z <4
corresponding to the significant of a follows:

z Radicand 220-2.42.9...2 1<z2<4

g Square-root 0 10 5 -0 1<g<?2

s Scaled remainder 0<S<4

$150-5_152 - 5]
An example of binary restoring square-rooting using the preceding recurrence is

shown in Figure 2.3, where we have provided three whole digits, plus the required six
fractional digits, for representing the partial remainders two whole digits are required given
that the partial remainders, as well as the radicand z, are in [ 0,4 ) .The third whole digit is
needed to accommodate the extra bit that results from shifting the partial remainders s

to the left to form 20"V This bit also acts as the sign bit for the trial difference.

2.1.4 Restoring square-rooting

In fractional square-rooting, the remainder is usually of no interest. To properly
round the square root, we can produce an extra digit (g..2=0) or to round up (g...1=1). The
midway case, (i.e., g-.1=1with only 0s to its right), is impossible (why?), so we don’t even
have to test the remainder for 0.

The preceding algorithm, which is similar to restoring division, is quite naturally
called restoring square-rooting. An example of binary restoring square-rooting using the
preceding recurrence is shown in Figure 2.3, where we have provided three whole digits,
plus the required six fractional digits, for representing the partial remainders. Two whole
digits are required given that the partial remainders, as well as the radicand z, are in
[0,4).the third whole digit is need to accommodate the extra bit that results from shifting
the partial remainder s"™ to the left to form 2s%%.This bit also acts as the sign bit for the
trial difference.

For the Example of Figure 2.3, an extra iteration produces g-7 = 1. So the root must
be rounded up to g = (1.010111), = 87/64. To check that the rounded-up value is closer to
the actual root than the truncated version, we note that:

118/64 = (87/64)2 — 17/642

Thus, the rounded-up value yields a remainder with a smaller magnitude.
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The figure 2.4 shows the hardware implementation of restoring square-

Trial difference
Put z-1 here at the outset
MSB of N -
250D «—
|
' Partial remainder
Load
*_ | |
- L Select
quate 1o F root digit
(+2 4
L 3
Complement Sub
Cﬂl.l[
k-bit adder
Cin
f‘f . .r-}
rooter. (+2

Figure 2.4: Sequential shift/subtract restoring square-rooter.

2.1.5 Single precision floating point square root

Y. Li and W. Chu[4] presented a non-restoring square root algorithm and two very
simple single precision floating point square root implementations based on the algorithm
on FPGAs. One is low-cost iterative implementation that uses a traditional
adder/subtractor. The operation latency is 25 clock cycles and the issue rate is 24 clock
cycles. The other is high-throughput pipelined implementation that uses multiple
adder/subtractions. The operation latency is 15 clock cycles and the issue rate is one clock
cycle. It means that the pipelined implementation is capable of accepting a square root
instruction on every clock cycle. Square root is basic operations in computer graphics and

scientific calculation applications. The operations on integer numbers and floating point
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numbers have been implemented with standard VLSI circuits. Some of them have been
implemented on FPGAs based custom computing machines.

Shirazi et al [5] presented FPGA implementations of 18-bit floating point
adder/subtractor, multiplier, and divider. Louca et al [6] presented FPGA implementations
of single precision floating point adder/subtractor and multiplier. Because of the
complexity of the square root algorithms, the square root operation is hard to implement on
FPGAs for custom computing machines. Two single precision square root
implementations on FPGASs, based on a non-restoring algorithm, were presented. The
iterative implementation requires few areas, and the pipelined implementation achieves
high performance at a reasonable cost. Both the implementations are very simple, which
can be readily appreciated. The modern multi-issued processors require multiple dedicated,
fully-pipelined functional units to exploit instruction level parallelism; hence the simplicity
of the functional units becomes an important issue. The proposed implementations are
shown to be suitable for designing a fully pipelined dedicated floating point unit on
FPGAs.

2.2 IEEE-754-1985 standard for Binary Floating-Point Arithmetic

It is intended that an implementation of a floating-point system conforming to this
standard can be realized entirely in software, entirely in hardware, or in any combination of

software and hardware. [7].

2.2.1 Floating Point Numbers

It was quite common that machine from different vendors have different word length
and unique floating point formats. This caused many problems; especially in the porting of
programs between differences machines (design). So there was a need for standard. Finally
the IEEE has developed a standard for the representation of floating point numbers. The
main objective is to make numerical program predictable and completely portable in the

sense of producing identical results when run on different machines.

10
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The IEEE — 754 floating point standard formerly names ANSI/IEEE standard-754 was
introduced to solve these problems. Another main objective for this standard is that an
implementation of a floating-point system confirming to this standard can be realized in
software, entirely in hardware in or any combination of software in hardware. The standard
specifies two formats for floating point numbers basic (single precision), and extended
(double precision), it also specifies basic operations for both formats which are addition,
subtraction, multiplication, divisions, Logical operations, and comparison of operations.
There was also a need for different conversion, such as integer to floating point, basic to
extended and vice versa.

The format also describes the different floating-point exceptions and their handling,
including not number (NaN). The standard has adopted the hidden approach (implicit
approach) to save one bit in the representation this increases the precision and takes less
space. This can be done by always representing the floating-point number in normalized
form, starting with 1 in the MSB of the mantissa, so finally this one is omitted when we
store this number. Denormals or renormalized values are defined as numbers without a
hidden 1 and with the smallest possible exponent. These numbers were provided to
decrease the effect in assignment of underflow, lead to high speed and low cost.

In this these only double precision format of the standard is discussed. In this format
1 bit is assigned for sign bit, 11 bits are assigned exponent and 52 bits for significant with
1 implicit bit.
Floating point representation is based on exponential (or scientific) notation. In
exponential notation, a nonzero real number x is expressed in decimal as
x= +§ x 10F, Where 1 <S<1 (2.1)

and E is an integer. The numbers S and E are called the significant and the exponent,
respectively. For example, the exponential representation of 365.25 is 3.6525 x 102 and
the exponential representation of 0.00036525 is 3.6525 x 10™. It is always possible to
satisfy the requirement that 1 < S < 10, as S can be obtained from x by repeatedly
multiplying or dividing by 10, decrementing or incrementing the exponent E accordingly.
We can imagine that the decimal point floats to the position immediately after the first
nonzero digit in the decimal expansion of the number—hence the name floating point. For

representation on the computer, we prefer base 2 to base 10, so we write a nonzero number

11
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X in the form[9]

x= 4§ x 28 Where 1 <S <2, (2.2)
Consequently, the binary expansion of the significand is

S=(b, .by by by ...), Withby=1 (2.3)
For example, the number 11/2 is expressed as

== (L011)*" 22 (2.4)

Now it is the binary point that floats to the position after the first nonzero bit in the binary
expansion of X, changing the exponent E accordingly. Of course, this is not possible if the
number x is zero, but at present we are considering only the nonzero case. Since by is 1, we
may write

S=(b, .by by by ...), (2.5)

The bits following the binary point are called the fractional part of the significand.

2.2.2 Floating Point Representation

All of the numeric formats are fixed-point formats, in practice they only represent
integers, not fractions, however a general purpose computer must be able to work with
fractions with varying number of bits or it will not be very useful. So it is desirable to
allow a computer to use fractions for certain applications. This is the purpose of Floating-
Point Numbers, Floating point format is very similar to scientific notation, a number
expressed in scientific notation has a sign, a fraction Significant(also called Mantissa), and
an Exponent. For example the number -1234.5678 could be expressed as -1.2345678 x 10°,
where the sign is negative the Significant is 1.2345678, and the exponent is 3. This
example uses the base 10 but any base can be used to represent floating point numbers.
Computers generally use base two to represent floating point numbers.

One disadvantage of scientific notation is that most numbers can be expressed in
many different ways. For example -1234.5678 = -1.2345678 x 10° = -1234567.8 x 10, as
well as several other representations. Computers are more efficient and have much simple
hardware, if each number must be normalized i.e. each number’s significant is fraction
with no leading Zeros. For example, 1.0 x 10”° and 10.0 x 10 are not correctly. Another

value that requires a special representation is Not a Number or NaN. This value represents

12
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the result of illegal operation, such as oo + oo or taking the square root of a negative
number. Also
NaN can be assigned to uninitialized variables.

Fixed-Point numbers have a range that is limited by the significant digits used to
represent the number. In scientific applications it is often necessary to deal with numbers
that are very large or very small. Instead of using the fixed-point representation, which
would require many significant digits, it is better to use the floating-point representation in
which numbers are represented by a mantissa comprising the significant digits and an
exponent of the radix R. the format is Mantissa < R Exponent.

The numbers are often normalized, such that the radix point is placed to the right of
the first nonzero digit, as 6.31 x 10%. Binary floating point representation has been
standardized by the Institute of Electrical and Electronic Engineers (IEEE) [8].

Computers represent real values in a form similar to that of scientific notation.
Consider the value 1.23 x 10"4.The number has a sign (+ in this case). The significand
(1.23) is written with one non-zero digit to the left of the decimal point. The base (radix) is
10 and exponent (an integer value) is 4. It too must have a sign. There are standards which
define what the representation means, so that across computers there will be consistency.
Note that this is not the only way to represent floating point numbers, it is just the IEEE
standard way of doing it.

The representation has three fields:

» S is one bit representing the sign of the number
» E is an 8-bit biased integer representing the exponent
» Fisan unsigned integer
The decimal value represented is:
(-1)° x F¢ x 2 Where e = E —biasand f = (F/ (2™n)) + 1 (2.6)
» For single precision representation (the emphasis in this class) n = 23, bias = 127.

» For double precision representation (a 64-bit representation) n = 52 (there are 52

13
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bits for the mantissa field) bias = 1023 (there are 11 bits for the exponent field)

Now, what does all this mean?

» S, E, F all represents fields within a representation. Each is just a bunch of bits.

» Sisjust a sign bit. O for positive, 1 for negative. This is the sign of the number.

» E isan exponent field. The E field is a biased-127 integer representation.
So, the true exponent represented is (E - bias), the radix for the number is ALWAYS 2.
Note: Computers that did not use this representation,
Like those built before the standard, did not always use a radix of 2. For example, some
IBM machines had radix of 16. F is the mantissa (significand). It is in a somewhat
modified form. There are 23 bits available for the mantissa. It turns out that if floating
point numbers are always stored in their normalized form, then the leading bit (the one on
the left, or MSB) is always a 1. So, why store it at all? It gets put back into the number
(giving 24 bits of precision for the mantissa) for any calculation, but we only have to store
23 bits. This MSB is called the hidden bit.

Format Emin Emax I\lmin I\lmax
Single -126 127 2%~ 12 %1078 ~1%8 x 3.4 x10%
Double -1022 1023 271022 2y 1 9 x107308 6102424 1 9 x10%%8

Table 2.1: Range of IEEE Floating Point Format.

M. L. Overton [9] say that equations (2.2) and (2.3) is the normalized representation
of x, and the process of obtaining it is called normalization. To store normalized numbers,
we divide the computer word into three fields to represent the sign, the exponent E, and the
significand S, respectively. A 32-bit word could be divided into fields as follows: 1 bit for
the sign, 8 bits for the exponent, and 23 bits for the significand. The sign bit is 0 for
positive numbers and 1 for negative numbers. Since the exponent field is 8 bits, it can be
used to represent exponents E between -128 and 127 (for example, using 2's complement,

though this is not the way it is normally done). The 23 significand bits can be used to store

14
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the first 23 bits after the binary point in the binary expansion of S, namely, b;... bys. It is
not necessary to store by since we know it has the value 1. M. L. Overton [9] says that by is
a hidden bit. Of course, it might not be possible to store the number x with such a scheme,
either because E is outside the permissible range -128 to 127 or because the bits bys, bos in
the binary expansion of S are not all zero. A real number is called a floating point number
if it can be stored exactly on the computer using the given floating point representation
scheme.

Using this idea, the number 11/2 would be stored as

0 ebits(2) 01100000000000000000000

and the number
71 =(1.000111); x 2°
would be stored as

0 ebits(10) 00000000000000000000000

Now consider the much larger number

21=(1.000...), x 2"
This integer is much too large to store in a 32-bit word using the integer format. However,
there is no difficulty representing it in floating point, using the representation

0 ebits(71) 00000000000000000000000

» Single precision representation is 32 bits.

» Double precision representation is 64 bits.
2.3 Definitions [9]

1. Biased exponent

The sum of the exponent and a constant (bias) chosen to make the biased exponent’s

range nonnegative.
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2. Binary floating-point number

A bit-string characterized by three components: a sign, a signed exponent, and a
significand. Its numerical value, if any, is the signed product of its significand and two
raised to the power of its exponent. In this standard a bit-string is not always distinguished

from a number it may represent.

3. Exponent

The component of a binary floating-point number that normally signifies the integer
power to which two is raised in determining the value of the represented number.

Occasionally the exponent is called the signed or unbiased exponent.

4. Fraction

The field of the significand that lies to the right of its implied binary point.

5. Denormalized Number

A nonzero floating-point number whose exponent has a reserved value, usually the

format’s minimum, and whose explicit or implicit leading significand bit is zero.

6. Destination

The location for the result of a binary unary operation. A destination may be either
explicitly designated by the user or implicitly supplied by the system (that is, intermediate
results in sub expressions or arguments for procedures). Some languages place the results
of intermediate calculations in destinations beyond the user’s control. Nonetheless, this
standard defines the result of an operation in terms of that destination’s precision as well as

the operand’s values.
7. Mode

A variable that a user may set, sense, save, and restore to control the execution of
subsequent arithmetic operations. The default mode is the mode that a program can assume
to be in effect unless an explicitly contrary statement is included in either the program or
its specification. The following mode shall be implemented.

16
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1. Rounding to control the direction of rounding errors.

2. In certain implementations, rounding precision, to shorten the precision of results.

3. The implementer may, at his option, implement the following modes: traps disabled
or enabled, to handle exceptions.

8. Normal Number
A nonzero number that is finite and not subnormal.
9. Radix

The base for the representation of floating-point numbers. Radix produce more than
one bit, in radix 4 represents 2 bits, in radix 8 represents 3 bits etc.

10. Significand

The component of a floating-point number that consist of a leading digit to the left of
its implied radix point and a fraction field to the right.

11. Result
The digit string (usually representing a number) that is delivered to the destination.
12. Status flag

A variable that may be take two states, set and clear. A user may clear a flag, copy it,
or restore it to a previous state. When set, a status flag may contain additional system-
dependent information, possibly inaccessible to some users. The operations of this standard
may as a side effect set some of the following flags:

Inexact result, underflow, overflow, and divide by zero, and invalid operation.
13. Subnormal number

A nonzero floating-point number whose exponent is the precision’s minimum and
who’s leading significant digit is zero.

14. User

Any person, hardware, or program not itself specified by this standard, having access

17
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to and controlling those operations of the programming environment specified in this

standard.

15. Precisions

This standard defined four floating - point precisions in two groups, basic and
extended, each having two widths, single and double. The standard levels of

implementation are distinguished by the combinations of precisions supported [10, 7].
16. Biased exponent

The sum of the exponent and a constant (bias) chosen to make the biased exponent’s

range.
17. Combinations of Formats

All implementations conforming to this standard shall support the single format
Implementations should support the extended format corresponding to the widest basic

format supported, and need not support any other extended format.
18. Extended formats

The standard also strongly recommends support for an extended format, with at least
15 bits available for the exponent and at least 63 bits for the fractional part of the
significand. The Intel microprocessors implement arithmetic with the extended format in
hardware, using 80-bit registers, with 1 bit for the sign, 15 bits for the exponent, and 64
bits for the significand. The leading bit of a normalized or subnormal number is not hidden
as it is in the single and double formats, but is explicitly stored. Otherwise, the format is
much the same as single and double. Other machines, such as the Spare microprocessor
used in Sun workstations, implement extended precision arithmetic in software using 128
bits.

2.4 Single —precision Floating-Point Format

A 32-bit single format number X is divided as shown in Figure 2.5. The value V of

X is inferred from its constituent fields thus

18
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» If E=255 and F is nonzero, then V=NaN ("Not a number")

» If E=255 and F is zero and S is 1, then V=-Infinity

> If E=255 and F is zero and S is 0, then V=Infinity

> If 0<E<255 then V=(-1)° x 2 120 x (1.F) where "1.F" is intended to represent the
binary number created by prefixing F with an implicit leading 1 and a binary
point.

» If E=0 and F is nonzero, then V= (-1)S x 2 (120) (0.F) These are "unnormalized"
values.

» If E=0 and F is zero and S is 1, then V=-0

» If E=0 and F is zero and S is 0, then V=0

MSB LSB MSB LSB

Figure 2.5: Single - Precision Floating - Point form.

Value = N = (-1)° x 2 5" x (1.M)
Msb: Most significant bit.
Lsb: Least significant bit.
Actual exponent is: 0 <E<255and e = E — 127
Exponent: Excess 127 binary integers added.

+ a,ayaz...agls b1 by bz, bos

If exponent bitstring a;. . agis | Then numerical value represented is
(00000000)2 = (0)10 +(0.by by bs. . . bpg)y x 277°°
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(00000001)2 = (1)10 + (1. by by bs. . . byg)p x 27%°

(00000010)2 = (2)10 + (1. by by ba. . . byg), x 272

(0000001i)2 =(3)0 + (1. by by Eg. .. bgg), x 2712
(01111111)2 = (127)10 + (1. by by bs. . . bgg)2 x 2°
(1000000012 = (128)10 + (1. by by bs. . . byg)p x 2

v

(11111100)2 = (252)10 + (1. by by ba. . . byg), x 212
(11111101)2 = (253)10 + (1. by by b, . . byg), x 2128
(11111110)2 = (254)10 + (1. by by ba. . . byg), x 21
(11111111)2 = (255)10 +oifbl=...=Dby =0,NAN Otherwise

Table 2.2: IEEE Single Precision Floating Point Format.

Mantissa: Sign + Magnitude, normalized binary significand with a hidden integer bit
(1.M).

The above Figure 2.5 depicts the single precision format. The leftmost bit is the
sign bit 0 for positive e and 1 for negative numbers. There is an 8-bit exponent field (E),
and a 23-bit Mantissa field (M), the Exponent is write the radix 2.Because it is necessary to
be able to represent both very large and very small numbers, the exponent can be either
positive or negative. Instead of simply an 8-bit signed number as the Exponent, which
would allow exponent values in the range -128 to -127, the IEEE standard specifies the
exponent in excess -127 format. In this format the value 127 is added to the value of the
actual Exponent so that

Exponent = E — 127

In this way E becomes a positive integer. This format is convenient for adding and
subtracting floating point numbers because the first step in these operations involve
comparing the exponent to determine whether the Mantissa must be appropriately shifted
to add / subtract the significant bits. The range of E is 0 to 255. The extreme values of E =0
& E = 255 are taken to denote the exact Zero and infinity, respectively. Therefore the
normal range of the Exponent is -126 to 127, which is represented by the values of E from
1 to 254.

The Mantissa is represented by using 23 bits. The IEEE standard calls for a

normalized Mantissa, which means the most significant bit is always equal to 1. Thus it is
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not necessary to include this bit explicitly in the Mantissa field. Therefore, if M is the bit

vector in the Mantissa field, the actual value of the Mantissa is 1. M which gives a 24 bit

Mantissa. Consequently the Floating-point format in above figure represents the number.
Value =+ 1.M x 2 1%

The size of the mantissa field allows the representation of the numbers that have
precision of about seven decimal digits. The Exponent field range of 2% to 2127
corresponds to about 10+ 38 [11].

An example: Put the decimal number 64.2 into the IEEE standard single precision floating

point representation.

First step:

Get a binary representation for 64.2 to do this, get unsigned binary representations
for the stuff to the left and right of the decimal point separately.
64 is 1000000

.2 can be gotten using the algorithm:

2x2=04 0
4x2=0.8 0
8x2=1.6 1
6x2=12 1
2x2=04  0now this whole pattern (0011) repeats.
4x2=0.8 0
8x2=1.6 1
6x2=12 1

So a binary representation for .2 is .001100110011. . . or .0011 (The bar over the top shows
which bits repeat).
Putting the halves back together again: 64.2 are 1000000.001100110011...
Second step:
Normalize the binary representation.(make it look like scientific notation).
1.000000 00110011. .. X 2°
Third step:
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6 is the true exponent. For the standard form, it needs to be in 8-bit, biased-127

representation.

133 in 8-bit, unsigned representation is 1000 0101.This is the bit pattern used for E in the
standard form.
Fourth step:
The mantissa stored (F) is the stuff to the right of the radix point in the normalized
form. We need 23 bits of it.
000000 00110011001100110
Put it all together (and include the correct sign bit):
S E F
0 10000101 00000000110011001100110

The values are often given in hex, so here it is

0100 0010 1000 0000 0110 0110 01100110

Ox 4 2 8 O 6 6 6 6
2.5 Double —precision Floating-Point Format

A 64-bit double format number X us divided as shown in Figure 2.6. The value v of
X is inferred from its constituent fields thus

» If E=2047 and F is nonzero, then V=NaN ("Not a number")

» If E=2047 and F is zero and S is 1, then V=-Infinity

» If E=2047 and F is zero and S is 0, then V=Infinity

> If 0 < E < 2047 then V=(-1) 3 x 2 1923 x (1 F) where "1.F" is intended to
represent the binary number created by prefixing F with an implicit leading 1 and
a binary point.

> If E=0 and F is nonzero, then V=(-1) ° x 2 (1% x (0.F) These are
"unnormalized" values.

» IfE=0and Fiszeroand Sis 1, then V=-0

» IfE=0and Fiszeroand Sis 0, then V=0
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» S s the sign bit (same as for single precision)

» Eisan 11-bit, biased-1023 integer for the exponent

» F is a 52-bit mantissa, using same method as single precision (hidden bit is not
explicit in the representation)

1 11 52
S e M

MSB LSB MSB LSB

Figure 2.6: Double-Precision Floating-Point format.

Value = N = (-1)° x 2 F193 x (1.Mm)
MSB: Most significant bit.
LSB: Least significant bit.
Actual exponent is: 0 < E <2047 and e = E — 1023.
Exponent: Excess 1023 binary integers added.
Mantissa: Sign + Magnitude, normalized binary significand with a hidden integer bit
(1.M).

I+

a1a,4a3...4a511S b1 by bs . bs,

If exponent bitstring a;. . a1; iS | Then numerical value represented is

(00000000000)2 = (0)10 + (0.by by bs. . . bsp)y x 2719
(00000000001)2 = (1)10 + (1. by by bs. . . bsp), x 271%%°
(00000000010)2 = (2)10 + (1. by by bs. . . bsp), x 27192
(ooooooooo;u)z = (3)10 + (1. by b, 33. .. bgy), x 2712

(01111111111)2 = (1023)10
(10000000003)2 = (1024)10

(1. by by bs. . . bsy)2 x 2°
(1. by by bs. . . bsy), x 2*

H+

(11111111100)2 = (2044)10 + (1. by by bs. . . bsp), x 219
(11111111101)2 = (2045)10 + (1. by by bs. . . bsp), x 21022
(11111111110)2 = (2046)10 + (1. by by bs. . . bsp), x 219

(11111111111)2 = (2047)10 + = if

oy

1= = bs, = 0,NAN Otherwise

Table 2.3: IEEE Double Precision Floating Point Format.
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The single format is not adequate for many applications, either because higher
precision is desired or (less often) because a greater exponent range is needed. The IEEE
standard specifies a second basic format, double, which uses a 64-bit double word. Details
are shown in Table 2.3. The ideas are the same as before, only the field widths and
exponent bias are different. Now the exponents range from E,j, = -1022 to E;pax = 1023,
and the number of bits in the fraction field is 52. Numbers with no finite binary expansion,

such as 1/10 or m, are represented more accurately with the double format than they are

with the single format. The smallest positive normalized double format number is

1023

Nin = 22%% 2.2 x 10°% and Npay = (2- 279 x 212 ~ 1.8 x 10°.

2.6 Single versus Double —precision Floating-Point Format

The following Table 2.4 shows the layout for single (32-bit) and doubles (64-bit)
precision floating-point values. The number of bits for each field are shown (bit ranges are

in square brackets).

Format Sign Exponent Fraction Bias
Single Precision 1[31] 8[30-23] 23[22-00] 127
Double Precision 1[63] 11[62-52] 52[51-00] 1023

Table 2.4: Comparison of Single and double precision Format.

2.6.1 Sign Bit

The sign bit is as simple as it gets. 0 denotes a positive and negative exponent. To do
this, a bias is added to the actual exponent in order to get the stored exponent. For IEEE
single-precision floats, this value is 127. Thus, an exponent of zero means that 127 are
stored in the exponent field. A stored value of 200 indicates an exponent (200-127), or 73.
For reasons discussed later, exponent of -127(all 0’s) and +128(all 1’s) are reserved for
special numbers. For double precision, the exponent fields are 11 bits, and have a bias of
1023.

2.6.2 Mantissa

The Mantissa, also known as the significant, represents the precision bits of the

number. It is composed of an implicit leading bit and the fraction bits [12]. To find out the
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value of the implicit leading bit, consider that any number can be expressed in scientific
notation in many different ways. For example, the number five can be represented as any
of these:

8.00 x 10°

0.08 x 10°

8000 x 10°°

In order to maximize the quantity of represent able numbers, floating-point numbers
are typically stored in normalized form. This basically puts the radix point after the first
non-zero digit. In normalized form, five is represented as 5.0 x 10°. A nice little
optimization is available to us in base two, since the only possible non-zero digit is 1.
Thus, we can just assume a leading digit of 1, and don’t need to represent it explicitly. As a
result, the mantissa has effectively 24 bits of resolution, by way of 23 fraction bits.

1. The sign bit is O for positive, 1 for negative.

2. The exponent’s base is two.

3. The exponent field contains 127 plus the true exponent for single-precision, or
1023 plus the true exponent for double precision.

4. The first bit of the mantissa is typically assumed to be 1.f, where f is the field of
fraction bits.

The IEEE standard requires that machines provide the single format. The double
format is optional, but is provided by almost all computers that implement the standard,
and we shall therefore assume that the double format is always provided. Support for the
requirements may be provided by hardware or software, but almost all machines have
hardware support for both the single and double formats. Because of its greater precision,
the double format is preferred for most applications in scientific computing, though the

single format provides an efficient way to store huge quantities of data.

Format Precision Machine Epsilon

Single P=24 €=2%~12x10"7

Double P =53 c=252x90x 1018
Extended(Intel) P =64 £=28x11x10"

Table 2.5: Precision of IEEE Floating Point Formats.
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2.7 The Extended Format

The standard also strongly recommends support for an extended format, with at least
15 bits available for the exponent and at least 63 bits for the fractional part of the
significand. The Intel microprocessors implement arithmetic with the extended format in
hardware, using 80-bit registers, with 1 bit for the sign, 15 bits for the exponent, and 64
bits for the significand. The leading bit of a normalized or subnormal number is not hidden
as it is in the single and double formats, but is explicitly stored. Otherwise, the format is
much the same as single and double. Other machines, such as the Sparc microprocessor
used in Sun workstations, implement extended precision arithmetic in software using 128
bits.
2.8 Special Values
IEEE reserves exponent field values of all 0’s and all 1’s to denote special values

in the floating-point scheme [2].

2.8.1 Zero

As mentioned above, zero is not directly represent able in the straight format, due to
the assumption of a leading 1(we’d need to specify a true zero mantissa to yield a value of
zero). Zero is a special value denoted with an exponent field of zero and a fraction field of

zero. Note that -0 and +0 are distinct values, though they both compare as equal.
2.8.2 Denormalized

If the exponent is all 0’s, but the fraction is non-zero (else it would be interpreted as

zero), then the value is a denormalized number, which does not have an assumed leading 1

2126 \where s is the

before the binary point. Thus, this represents a number (-1)° x 0.f x
sign bit and f is the fraction. For double precision, denormalized numbers are of the form
(1)° x 0.f x 292 From this we can interpret zero as a special type of denormalized

number.
2.8.3 Infinity

The values +infinity and —infinity are denoted with an exponent of all 1’s and

a fraction of all 0’s. The sign bit distinguishes between negative infinity and positive
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infinity. Being able to denote infinity as a specific value is useful because it allows
operations to continue past overflow situations. Operations with infinite values are well

defined in IEEE floating point.

2.8.4 Not a Number

The value NaN (Not a Number) is used to represent a value that does not represent a
real number. NaN’s are represented by a bit pattern with an exponent of all 1’s and a non-
zero fraction. There are two categories of NaN: QNaN (Quiet NaN) and SNaN (Signaling
NaN). A QNaN is a NaN with the most significant fraction bit set. QNaN’s propagate
freely through most arithmetic operations. These values pop out of an operation when the
result is not mathematically defined. A SNaN is a NaN with the most significant fraction
bit clear. It is used to signal an exception when used in operations. SNaN’s can be handy to
assign to uninitialized variables to trap premature usage. Semantically, QNaN’s denote

indeterminate operations, while SNaN’s denote invalid operations.

2.8.5 Special Operations

Operations on special numbers are well-defined by IEEE. In the simplest case, any

operation with a NaN yields a NaN result. Others operations are follows:

Operation Result
N + xInfinity 0
tInfinity x xInfinity xInfinity
tnonzero + 0 xInfinity
Infinity + Infinity Infinity
+0 + +0 NaN
Inifinity - Inifinity NaN
tInfinity + £Infinity NaN
£Infinity x 0 NaN

Table 2.6: Special Operations.
2.9 Rounding

Arithmetic operations on floating-pint values compute results that cannot be
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represented in the given amount of precision. There are many ways of rounding. Each
rounding has correct uses and exists for different reasons. The goal in a computation is to
have the computer round such that the end result is as correct as possible. Rounding takes a
number regarded as infinitely precise and, if necessary, modifies it to fit in the
destination’s format while signaling the inexact exception (2.10). Except for binary <--->
decimal conversion (whose weaker conditions are specified in 2.11), every operation shall
be performed as if it first produced an intermediate result correct to infinite precision and
with unbounded range, and then rounded that result according to one of the modes in this
section. The rounding modes affect all arithmetic operations except comparison and
remainder. The rounding modes may affect the signs of zero sums (2.12), and do affect the
thresholds beyond which overflow (2.13) and underflow (2.14) may be signaled [2].

2.10 Inexact

If the rounded results of an operation is not exact or if it overflows without an overflow
trap, then the inexact exception shall be signaled. The rounded or overflowed result shall

be delivered to the destination or, if an inexact trap occurs, to the trap handler [2].
2.11 Sign Bit

This standard does not interpret the sign of a NaN. Otherwise, the sign of a product
or quotient is the exclusive or of the operands’ signs, the sign of a sum, or of a difference x
-y regarded as a sum x + (-y), differs from at most one of the addends signs, and the sign
of the result of the round floating-point number to integral value operation is the sign of
the operand. These rules shall apply even when operands or results are zero or infinite.

When the sum of two operands with opposite signs (or the difference of two
operands with like signs) is exactly zero, the sign of that sum (or difference) shall be +in
all rounding modes except round toward -co, in which mode that sign shall be ‘.

However, X + X = X - (-X) retains the same sign as x even when x is zero. Except that v—0

shall be -0, every valid square root shall have a positive sign.

2.12 Binary <---> Decimal Conversion

Conversion between decimal strings in at least one format and binary floating-point

numbers in all supported basic formats shall be provided for numbers throughout the
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Format Decimal to Binary Binary to Decimal
Max M Max N Max M Max N

Single 10°-1 99 10°-1 53

Double 107-1 999 10*-1 340

Table 2.7: Decimal Conversion Ranges.

ranges specified in Table 2.7. The integers M and N in Tables 2.7 and these are such that
the decimal strings have values +M, 10+N. On input, trailing zeros shall be appended to or
stripped from M (up to the limits specified in: Table 2.7) so as to minimize N. When the
destination is a decimal string, its least significant digit should be located by format
specifications for purposes of rounding.

2.13 Overflow

The overflow exception shall be signaled whenever the destination format’s largest
finite number is exceeded in magnitude by what would have been the rounded floating-
point result (Section 4) were the exponent range unbounded. The result, when no trap
occurs, shall be determined by the rounding mode and the sign of the intermediate result as
follows:

1) Round to nearest carries all overflows to co with the sign of the intermediate result

2) Round toward O carries all overflows to the format's largest finite number with the sign
of the intermediate result

3) Round toward -oo carries positive overflows to the formats largest finite number, and
carries negative overflows to -oo

4) Round toward +oo carries negative overflows to the format’s most negative finite
number, and carries positive overflows to +oo Trapped overflows on all operations except

conversions shall deliver to the trap handler the result obtained by dividing the infinitely
precise result by 2 and then rounding. The bias adjust a is 192 in the single, 1536 in the
double, and 3 x 2% in the extended format, when n is the number of bits in the exponent

field. Trapped overflow on conversion from a binary floating-point format shall deliver to

the trap handler a result in that or a wider format, possibly with the exponent bias adjusted,
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but rounded to the destination's precision. Trapped overflow on decimal to binary
conversion shall deliver to the trap handler a result in the widest supported format, possibly
with the exponent bias adjusted, but rounded to the destination's precision, when the result
lies too far outside the range for the bias to be adjusted, a quiet NaN shall be delivered

instead.
2.14 Underflow

Two correlated events contribute to underflow. One is the creation of a tiny nonzero
result between +2E min which, because it is so tiny, may cause some other exception later
such as overflow upon division. The other is extraordinary lorn of accuracy during the
approximation of such tiny numbers by denormalized numbers. The implementer may
choose how these events are detected, but shall detect these events in the same way for all

operations.

2.14.1 After rounding

When a nonzero result computed as though the exponent range were unbounded

would lie strictly between £2E min

2.14.2 Before rounding

When a nonzero result computed as though both the exponent range and the
precision were unbounded would lie strictly between +2E ,in. Loss of accuracy may be

detected as either

2.14.3 A denormalization loss

When the delivered result differs from what would have been computed were

exponent range unbounded.

2.14.4 An inexact result

When the delivered result differs from what would have been computed were both
exponent range and precision unbounded (This is the condition called inexact in 2.10).

When an underflow trap is not implemented, or is not enabled (the default case),
underflow shall be signaled (by way of the underflow flag) only when both tininess and

loss of accuracy have been detected. The method for detecting tininess and loss of
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accuracy does not affect the delivered result which might be zero, denormalized, or
+2Emin. When an underflow trap has been implemented and is enabled, underflow shall be
signaled when tininess is detected regardless of loss of accuracy. Trapped underflows on
all operations except conversion shall deliver to the trap handler the result obtained by
multiplying the infinitely precise result by 2a and then rounding. The bias adjust a is 192 in
the single, 1536 in the double, and 3 x 2n-2 in the extended format, where n is the number
of bits in the exponent field 6. Trapped underflows on conversion shall be handled

analogously to the handling of overflows on conversion.

2.15 Round to Nearest

An implementation of this standard shall provide round to nearest as the default
rounding mode. In this mode they representable value nearest to the infinitely precise result
shall be delivered, if the two nearest representable values are equally near, the one with its

least significant bit zero shall be delivered. However, an infinitely precise result with
magnitude at least 2Emax(2-2") shall round to oo with no change in sign, here Epax and p

are determined by the destination format unless overridden by a rounding precision mode
(2.17) [2].

2.16 Directed Rounding’s

An implementation shall also provide three user-selectable directed rounding modes:
round toward +oo, round toward -oo, and round toward 0. When rounding toward +oo the
result shall be the format's value (possibly +) closest to and no less than the infinitely
precise result. When rounding toward +oo the result shall be the format's value (possibly -
) closest to and no greater than the infinitely precise result. When rounding toward 0 the
result shall be the format's value closest to and no greater in magnitude than the infinitely

precise result.

2.17 Rounding Precision

Normally, a result is rounded to the precision of its destination. However, some

systems deliver results only to double or extended destinations. On such a system the user,
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which may be a high-level language compiler, shall be able to specify that a result be
rounded ins to single precision, though it may be stored in the double or extended format
with its wider exponent range. Similarly, a system that delivers results only to double
extended destinations shall permit the user to specify rounding to single or double
precision. Note that to meet the specifications in 2.15, the result cannot suffer more than

one rounding error [2].

2.18 Division by Zero

If the divisor is zero and the dividend is a finite nonzero number, then the division by zero
exception shall be signaled. The result, when no trap occurs, shall be a correctly signed oo
(2.112).

2.19 Invalid Operation

The invalid operation exception is signaled if an operand is invalid for the operation
on to be performed. The result, when the exception occurs without a trap, shall be a quiet
NaN (2.8.5) provided the destination has a floating-point format. The invalid operations
are
1) Any operation on a signaling NaN (2.8.5)

2) Addition or subtraction—magnitude subtraction of infinites such as, (+x) + (-o)

3) Multiplication -0 x

4) Division -0/0 or oo/oo

5) Remainder -x REM y, where y is zero or x is infinite

6) Square root if the operand is less than zero

7) Conversion of a binary floating-point number to an integer or decimal format when
overflow, infinity, or NaN precludes a faithful representation in that format and this
cannot otherwise be signaled

8) Comparison by way of predicates involving < or >, without? When the operands are

unordered.
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SQUARE ROOT OPERATION

3.1 Introduction

Computation with floating point arithmetic is a necessary talk in many applications.
Until the end of the 1980’s floating point operations were mainly implemented as software
emulation while hardware implementation was an option for mainstream general purpose
microprocessors, due to the high cost of the hardware. At the present, all major
microprocessors include hardware specific for handling floating point operations, but the
advancements in reconfigurable logic in the mid-1990’s, particularly in size and speed,
allows for the implementation of multiple, high performance floating point units in Field
Programmable Gate Arrays(FPGA).

3.2 Unpacking

The unpacking block separates the 64 bits of each number, A and B, into the sign
bit S which is the most significant bit, the exponent E which is the next significant 11 bits,
and the mantissa M which is the least significant 52 bits. The mantissa is converted to an
explicit fraction by concatenating the hidden 1 bit. The biased exponent and the input
number are used to determine whether the input number is NaN (not a number), infinity,
zero, or neither of these [2]. If any of the three first conditions is true, the flag F is set and
computation can stop. Otherwise, Sa, Ea and M, are fed to the next appropriate blocks.

3.3 Double Precision Square Root

As Figure 3.1 shows, the square root unit takes as input a 64-bit number A and

outputs its square root R as a 64-bit number.

3.3.1 Exponent Calculation

This block computes the resulting exponent of the square root based on the biased

exponent:
Input: Ep 11-bit exponent

Output: E 11-bit exponent
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F shift flag
1. F=0;

N

- if (Ea is even)

3: Ec = (Ea +1022) / 2;
4: Fs=1;

5: else if (Ea is odd)

6: Ec = (Ea +1023) / 2;

7: else

8: $display (“Invalid Number™);

hizaal

Unpacking
1 1
. L A 5. E. 11 52 M
F
Exponent ] Mantissa
Calculation J ; Square Root
A
11
" 52 ] M
v v v
Packing

R{Eﬂf

Figure 3.1: Double Precision Floating Point Square Root Unit.

If the biased exponent is even, the biased exponent is added to 1022 and divided by two. In
addition, shift flag is set to indicate that the mantissa should be shifted to the left by 1 bit
before computing its square root. Note that before shifting, the mantissa bits are stored in
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the 53-bit register Ma as 1.xxxx... After left shifting, Ma contents become 1x.xxx... If the
biased exponent is odd, the biased exponent is added to 1023 and divided by two [1].

3.3.2 Mantissa Square Root

The block, which computes the square root of the mantissa, uses the following
iterative approach based on two 57-bit registers, X and T, and a 55-bit register M.
Input: M, 53-bit mantissa

Fs 1-bit shift flag
Output: M, 55-bit mantissa

1: M, =000...0;

2: T=01000...0;

3: Initial

4:  Dbegin

5: for (i=0;i<55;i=i+1)

6: if (i==0)

7 if (Fs==1)

8: X=Mal?2,

9: else

10: X = Ma;

11: else

12: if( X>=T)

13: X=2*(X-T);

14: T=T][(56-1)..0] << 1;
15: T [56-i] =1,

16: else

17: X=2*X;

18: T=T[(56-)...0] >> 1;
19: T [56-i] =0;

21: end

22: M, =T [56...2];
In the first iteration, the contents of Ma are shifted to the right and stored in X if the

shift flag is on as shown in lines 6, 7, and 8. Otherwise, they are stored in X as shown in
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line 10. In other iterations, X is compared to T as shown in line 12. If it is greater or equal
to T, the contents of X are subtracted from those of T, shifted to the left, and stored in X as
shown in line 13. The contents of T are shifted to the left by one bit starting from the
current pointer position as shown in line 14. Then, a 1 is inserted in the current bit position
bit in T as shown in line 15. Note that in each iteration, a pointer points to the current bit
that will be replaced in T. If X is less than T, its contents are shifted to the left and stored in
X as shown in line 17. The contents of T are shifted to the right by one bit starting from the
current pointer position as shown in line 18. Then, a 0 is inserted in the current bit position
bit in T as shown in line 19. After the last iteration, the contents of T, with the exception of
the two least significant bits, are copied to M, as shown in line 22. The computation of the

mantissa’s square root takes 55 clock cycles to complete [1].

3.3.3 Packing

The packing block concatenates from left to right the sign (S), the 11-bit exponent
(Ec), and the 53-bit mantissa (My).

3.4 Implementation of Double Precision Square Root using Verilog code

This block represents the implementation of Double Precision Floating Point Square
root. There are seven ports namely, data input (D_IN), clock (CLK), ready to accept output
(RDY_OUT), valid input value (VAL_IN), data output (D_OUT), ready to accept input
(RDY_IN), valid output value (VAL_OUT), all signals are active high.

The algorithm used is iterative and will take 110 clock cycles for double precision.
The sign bit is simply passed through from input to output, so if given negative input, this
code will produce a negative output corresponding to -1 x sqrt (|input]).

The representation has seven ports:
1) D_IN (63:0): It is the input of double precision floating point square root.
2) CLK > Itis the input clock.
3) RDY_OUT: It is the output wire, this input will give high when asserted, and
downstream logic is ready to accept output of module.

4) VAL_IN: Itis the input value, the module will only accept input when RDY _IN
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C——> D_IN (63:0) D OUT (63:0) —>
—» CLK
— | RDY_OUT

— 3 VALIN VAL OUT |——»

Figure 3.2: Pin Diagram of Square root.

is low, then VAL _IN should remain asserted until RDY _IN goes high. VAL_IN
and RDY_IN go high. VAL_IN and RDY_IN must both be asserted for on clock
cycle for computation to begin.

5) D_OUT (63:0): It is the output register of double precision floating point square
root.

6) RDY_IN: It is the output wire, this output high when module is ready to accept
input.

7) VAL_OUT: It is the output register, VAL_OUT is asserted when the output is
valid. VAL_OUT will remain asserted and D_OUT will persist until VAL_OUT
and RDY_OUT have both been asserted for one clock cycle.

This code was designed using synchronous resets, for use in FPGA’s. Both
numerical accuracy and performance of the double precision versions of this code have
been verified in a Xilinx Spartan 3E XC3s500 at 50 MHZ.
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FPGA AND BIST IMPLEMENTATION

4.1 Introduction to FPGA

A field-programmable gate array (FPGA) is a semiconductor device that can be
configured by the customer or designer after manufacturing hence the name "field-
programmable”. Field-programmable gate arrays (FPGAS) are truly revolutionary devices
that blend the benefits of both hardware and software. FPGAs are programmed using a
logic circuit diagram or a source code in a hardware description language (HDL) to specify
how the chip will work. They can be used to implement any logical function that an
application-specific integrated circuit (ASIC) could perform, but the ability to update the
functionality after shipping offers advantages for many applications. FPGAs contain
programmable logic components called "logic blocks", and a hierarchy of reconfigurable
interconnects that allow the blocks to be "wired together” somewhat like a one-chip
programmable breadboard. Logic blocks can be configured to perform complex
combinational functions, or merely simple logic gates like AND and XOR. In most
FPGAS, the logic blocks also include memory elements, which may be simple flip-flops or
more complete blocks of memory.

Field-programmable gate arrays (FPGAS) are truly revolutionary devices that blend
the benefits of both hardware and software. They implement circuits just like hardware,
providing huge power, area, and performance benefits over software, yet can be
reprogrammed cheaply and easily to implement a wide range of tasks. Just like computer
hardware, FPGAs implement computations spatially, simultaneously computing millions
of operations in resources distributed across a silicon chip. Such systems can be hundreds
of times faster than microprocessor-based designs. However, unlike in ASICs, these
computations are programmed into the chip, not permanently frozen by the manufacturing
process. This means that an FPGA-based system can be programmed and reprogrammed
many times [13].

FPGAs are being incorporated as central processing elements in many applications
such as consumer electronics, automotive, image/video processing, military/aerospace,

base-stations, networking/ communications, supercomputing and wireless applications.
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4.1.1 FPGA Technology Trends

» General trend is bigger and faster.

» This is being achieved by increases in device density through ever smaller
fabrication process technology.

> New generations of FPGAs are geared towards implementing entire systems on a
single device.

> Features such as RAM, dedicated arithmetic hardware, clock management and
transceivers are available in addition to the main programmable logic.

» FPGAs are also available with embedded processors (embedded in silicon or as

cores within the programmable logic fabric).
4.2 FPGA Implementation

The FPGA that is used for the implementation of the circuit is the Xilinx Spartan
3E (Family), XC3S5000 (Device), FG320 (Package) FPGA device. The working
environment/tool for the design is the Xilinx ISE 9.2i is used for FPGA Design flow of

verilog code as shown in figure 4.1.

4.2.1 Overview of FPGA Design Flow

As the FPGA architecture evolves and its complexity increases, CAD software has
become more mature as well. Today, most FPGA vendors provide a fairly complete set of
design tools that allows automatic synthesis and compilation from design specifications in
hardware specification languages, such as Verilog or VHDL, all the way down to a bit
stream to program FPGA chips. A typical FPGA design flow includes the steps and
components shown in Fig. 4.1. Inputs to the design flow typically include the HDL
specification of the design, design constraints, and specification of target FPGA devices
[13]. We further elaborate on these components of the design input in the following:

Design constraints typically include the expected operating frequencies of different
clocks, the delay bounds of the signal path delays from input pads to output pads (1/0
delay), from the input pads to registers (setup time), and from registers to output pads
(clock-to-output delay). In some cases, delays between some specific pairs of registers may

be constrained.
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The second design input component is the choice of FPGA device. Each FPGA

vendor typically provides a wide range of FPGA devices, with different performance, cost,

FRONTEND b l

Verify Behavior functionality

|

A Logic Synthesis

I

Translate

|

Technology Mapping

BACKEND l

Place and Route

'

Bitstream Generation

Figure 4.1: FPGA Design Flow.

and power tradeoffs. The selection of target device may be an iterative process. The
designer may start with a small (low capacity) device with a nominal speed-grade. But, if
synthesis effort fails to map the design into the target device, the designer has to upgrade to
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a high-capacity device. Similarly, if the synthesis result fails to meet the operating
frequency, he has to upgrade to a device with higher speed-grade. In both the cases, the
cost of the FPGA device will increase in some cases by 50% or even by 100%. This clearly
underscores the need to have better synthesis tools, since their quality directly impacts the
performance and cost of FPGA designs [14].

4.2.2 Design Entity

The basic architecture of the system is designed in this step which is coded in a
Hardware description Language like VERILOG or VHDL. A design is described in
VERILOG using the concept of a design module. A design module is split into two parts,
each of which is called a design unit in VERILOG. The module declaration represents the
external interface to the design module. The module internals represents the internal
description of the design module-its behavior, its structure, or a mixture of both. Take
square root double precision floating point unit in VERILOG. Consider the square root
double precision floating point unit as a single chip package, it will have 64 input pins and
64 output pins; keeping no concern with power and ground pins in modeling square root
double precision floating point unit design.

4.2.3 Behavioral Simulation

After the design phase, create a test bench waveform containing input stimulus to
verify the functionality of the verilog code module using a simulation software i.e. Xilinx
ISE 9.2i for different inputs to generate outputs and if it verifies then proceed further,
otherwise modifications and necessary corrections will be done in the HDL code. This is

called as the behavioral simulation.
4.2.4 Design Synthesis

After the correct simulations results, the design is then synthesized. During
synthesis, the Xilinx ISE tool does the following operations:
a) HDL Compilation: The tool compiles all the sub-modules in the main module if any
and then checks the syntax of the code written for the design.
b) Design Hierarchy Analysis: Analysis the hierarchy of the design.
c) HDL Synthesis: The process which translates VHDL or Verilog code into a device
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netlist formate, i.e. a complete circuit with logical elements such as Multiplexer,
Adder/subtractors, counters, registers, flip flops Latches, Comparators, XORs, tristate
buffers, decoders, etc. for the design. If the design contains more than one sub designs, ex.
to implement a processor, we need a CPU as one design element and RAM as another and
so on, and then the synthesis process generates netlist for each design element. Synthesis
process will check code syntax and analyze the hierarchy of the design which ensures that
the design is optimized for the design architecture, the designer has selected. The resulting
netlist is saved to an NGC (Native Generic Circuit) file (for Xilinx® Synthesis Technology
(XST)).

d) Advanced HDL Synthesis: Low Level synthesis: The blocks synthesized in the HDL
synthesis and the Advanced HDL synthesis are further defined in terms of the low level
blocks such as buffers, lookup tables. It also optimizes the logic entities in the design by
eliminating the redundant logic, if any. The tool then generates a ‘netlist’ file (NGC file)
and then optimizes it. The final netlist output file has an extension of .ngc. This NGC file
contains both the design data and the constraints. The optimization goal can be pre-
specified to be the faster speed of operation or the minimum area of implementation before
running this process. The level optimization effort can also be specified. The higher the
effort, the more optimized is the design but higher effort can also be specified. The higher
the effort, the more optimized is the design but higher effort requires larger CPU time (i.e.
the design time) because multiple optimization algorithms are tried to get the best result for

the target architecture.
4.2.5 Design Implementation

The design implementation process consists of the following sub processes:

1. Translation: The Translate process combines all the input netlists and constraints to a
logic design file. This information is saved as a NGD (Native Generic Database) file. This
can be done using NGD Build program and .ngd file describes the logical design reduced
to the Xilinx device primitive cells. Here, defining constraints is nothing but, assigning the
ports in the design to the physical elements (ex. pins, switches, buttons etc) of the targeted
device and specifying time requirements of the design. This information is stored in a file
named UCF (User Constraints File). Tools used to create or modify the UCF are PACE,
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Constraint Editor Etc.

2. Mapping: The Map process is run after the Translate process is complete. Map process
divides the whole circuit with logical elements into sub blocks such that they can be fit into
the FPGA logic blocks. That means map process fits the logic defined by the NGD file into
the targeted FPGA elements (Combinational Logic Blocks (CLB), Input Output Blocks
(10B)) and generates an NCD (Native Circuit Description) file which physically represents
the design mapped to the components of FPGA. MAP program is used for this purpose.

3. Place and Route: Place and Route (PAR) program is used for this process. The place
and route process places the sub blocks from the map process into logic blocks according
to the constraints and connects the logic blocks. Example if a sub block is placed in a logic
block which is very near to 10 pin, then it may save the time but it may affect some other
constraint. So tradeoff between all the constraints is taken account by the place and route
process .The PAR tool takes the mapped NCD file as input and produces a completely
routed NCD file as output. Output NCD file consist the routing information.

4. Bitstream Generation: The collection of binary data used to program the
reconfigurable logic device is most commonly referred to as a “bitstream,” although this is
somewhat misleading because the data are no more bit oriented than that of an instruction
set processor and there is generally no “streaming.” While in an instruction set processor
the configuration data are in fact continuously streamed into the internal units, they are
typically loaded into the reconfigurable logic device only once during an initial setup

phase.

5. Functional Simulation: Post-Translate (functional) simulation can be performed prior
to mapping of the design. This simulation process allows the user to verify that the design
has been synthesized correctly and any differences due to the lower level of abstraction can
be identified.

6. Static timing analysis: Three types of static timing analysis can be performed that are:
(i) Post-fit Static timing analysis: The timing results of the Post-fit process can be
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analyzed. The Analyze Post-Fit Static timing process opens the timing Analyzer window,

which interactively select timing paths in design for tracing.

(if) Post-Map Static Timing Analysis: Analyze the timing results of the Map process.
Post-Map timing reports can be very useful in evaluating timing performance. Although
route delays are not accounted for the logic delays can provide valuable information about
the design. If logic delays account for a significant portion (>50%) of the total allowable
delay of a path, the path may not be able to meet your timing requirements when routing
delays are added. Routing delays typically account for 45% to 65% of the total path delays.
By identifying problem paths, redesign the logic paths to use fewer levels of logic, tag the
paths for specialized routing resources, move to a faster device, or allocate more time for
the path. If logic-only-delays account for much less (35%) than the total allowable delay
for a path or timing constraint, then the place-and-route software can use very low
placement effort levels. In these cases, reducing effort levels allow to decrease runtimes

while still meeting performance requirements.

(iii) Post Place and Route Static Timing Analysis: Aanalyze the timing results of the
Post-Place and Route process. Post-PAR timing reports incorporate all delays to provide a
comprehensive timing summary. If a placed and routed design has met all of timing
constraints, then proceed by creating configuration data and downloading a device. On the
other hand, identify problems and the timing reports, try fixing the problems by increasing
the placer effort level, using re-entrant routing, or using multi-pass place and route.
Redesign the logic paths to use fewer levels of logic, tag the paths for specialized routing

resources, move to a faster device, or allocate more time for the paths.

(iv) Timing Simulation: Perform Post-Place and Route simulation after the design has
been and routed. After the design has been through all of the Xilinx implementation tools,
a timing simulation netlist can be created. This simulation process allows to see how the
design will behave in the circuit. Before performing this simulation it will benefit to create
a test bench or test fixture to apply stimulus to the design. After this a .ncd file will be

created that is used for the generation of power results of the design.
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4.3 Procedure for Implementing the Design in FPGA

The Spartan-3E Starter Kit board highlights the unique features of the Spartan-3E
FPGA family and provides a convenient development board for embedded processing
applications. The board highlights these features:

Spartan-3E FPGA specific features
» Parallel NOR Flash configuration
» MultiBoot FPGA configuration from Parallel NOR Flash PROM
» SPI serial Flash configuration
Embedded development
» MicroBlaze 32-bit embedded RISC processor
» PicoBlaze 8-bit embedded controller
» DDR memory interfaces

Implement the design and verify that it meets the timing constraints after check syntax and

synthesis.

4.3.1 Implementing the Design

1. Select the lcd_fp_sqrt source file in the Sources window.

2. Open the Design Summary by double-clicking the View Design Summary process in the
Processes tab.

3. Double-click the Implement Design process to view the Translate and Map Place &
Route in the Processes tab.

4. Notice that after Implementation is complete, the Implementation processes have a
Green check mark next to them indicating that they completed successfully without Errors
or Warnings.

5. Locate the Performance Summary table near the bottom of the Design Summary.

6. Click the All Constraints Met link in the Timing Constraints field to view the Timing
Constraints report. Verify that the design meets the specified timing requirements.

7. Close the Design Summary.

4.3.2 Assigning Pin Location Constraints

1. Verify that lcd_fp_sqrt is selected in the Sources window.
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2. Double-click the Floorplan Area/lO/Logic - Post Synthesis process found in the User
Constraints process group. The Xilinx Pinout and Area Constraints Editor (PACE) opens.
3. Select the Package View tab.
4. In the Design Object List window, enter a pin location for each pin in the Location
column using the following information:
» CLK input port connect to FPGA pin C9
RDY_OUT input port connect to FPGA pin L13
VAL_IN input port connect to FPGA pin L14
SF_CEO input port connect to FPGA pin D16
LCD_RS input port connect to FPGA pin L18
LCD_RW input port connect to FPGA pin L17
LCD_E input port connect to FPGA pin M18
LCD_4 input port connect to FPGA pin R15
LCD_5 input port connect to FPGA pin R16
LCD_6 input port connect to FPGA pin P17
LCD_7 input port connect to FPGA pin M15

YV V.V V V V V V VYV VY

5. Select File to Save. You are prompted to select the bus delimiter type based on the
Synthesis tool you are using. Select XST Default and click OK.

6. Close PACE.

Notice that the Implement Design processes have an orange question mark next to them,
indicating they are out-of-date with one or more of the design files. This is because the
UCEF File has been modified.

4.3.3 Download Design to the Spartan-3E Demo Board

This is the last step in the design verification process. This section provides simple
Instructions for downloading the counter design to the Spartan-3 Starter Kit demo board.
1. Connect the 5V DC power cable to the power input on the demo board (J4).
2. Connect the download cable between the PC and demo board (J7).
3. Select Implementation from the drop-down list in the Sources window.
4. Select Icd_fp_sqrt in the Sources window.

5. In the Process window, double-click the Configure Target Device process.

46



CHAPTER 4 FPGA AND BIST IMPLEMENTATION

6. The Xilinx webtalk Dialog box may open during this process. Click Decline.
7. In the Welcome dialog box, select Configure devices using Boundary-Scan (JTAG).

8. Verify that automatically connect to a cable and identify Boundary-Scan chain is
selected.

9. Click Finish.

10. If you get a message saying that there are two devices found, click OK to continue. The
devices connected to the JTAG chain on the board will be detected and displayed in the
impact window.

11. The Assign New Configuration File dialog box appears. To assign a configuration file
to the XC3S500E device in the JTAG chain, select the counter.bit file and click Open.

12. If you get a Warning message, click OK.

13. Select Bypass to skip any remaining devices.

14. Right-click on the XC3S500E device image, and select Program. The Programming
Properties dialog box opens.

15. Click OK to program the device.

When programming is complete, the Program Succeeded message is displayed. On the
board, LCD Display the output of lcd_fp_sqrt.

4.4 LCD and KEYBOARD Interfacing

A programming file is generated by running the Generate Programming File process.
This process can be run after the FPGA design has been completely routed. The Generate
Programming File process runs BitGen, the Xilinx bitstream generation program, to
produce a bitstream (.BIT) or (.ISC) file for Xilinx device configuration. The FPGA device
is then configured with the .bit file using the JTAG boundary scan method. After the
Spartan device is configured for the intended design, then its working is verified by

applying different inputs.

4.4.1 LCD Interfacing in FPGA
The figure 4.2 shows represent the implementation of LCD Interfacing of Double
Precision Floating Point Square root.

The representation has eleven ports:
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CLK: It is the input clock.

RDY_OUT: It is the input wire of double precision floating point square root, it is
ready to accept output.

VAL_IN: It is the input wire of double precision floating point square root, it is
valid input value.

LCD_E: Itis the output register, Read/Write Enable Pulse ‘0’ for Disabled. ‘1’for
Read/Write operation enabled. FPGA pin number is M18.

— CLK LCDE (——»
LCD RS —
LCDRW |—

LCD4 —»

—» RDY OUT LCD _FP_SQRT
Lcbs5 [——*

LCD 6 ——

LCD_7

v

—» VALIN SF CE0 |—»

Figure 4.2: Pin Diagram of LCD Interfacing of Double Precision Floating Point SQRT.

5)

6)

7)
8)
9)

LCD_RS: It is the output register, Register Select ‘0’ for Instruction register during
write operations, Busy Flash during read operations. ‘1’ for Data for read or writes
operations, FPGA pin number is L18.

LCD_RW: It is the output register, Read/Write Control ‘0’ for WRITE, LCD
accepts data. '1” for READ, LCD Presents data. FPGA pin number is L17.

LCD_4: It is the output register. Data bit is DB4 and FPGA pin number is R15.
LCD_5: It is the output register. Data bit is DB5 and FPGA pin number is R16.
LCD_6: It is the output register. Data bit is DB6 and FPGA pin number is P17.

10) LCD_7: It is the output register. Data bit is DB7 and FPGA pin number is M15.
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11) SF_CEQO: It is the output register, when the Strata Flash memory is disabled
(SF_CEO = High), then the FPGA application has full read/write access to the
LCD.

4.4.2 Keyboard Interfacing in FPGA

The figure 4.3 shows represent the implementation of Keyboard Interfacing of

—— CLK LCDE ——»

LCD RS —
_ | PS2_CLK_IN

LCD RW |— »
— | PS2_ DATA_IN —>
KEYBOARD_FP_SQRT |cp5 |——>

——» RDY_OUT
LCD 6 (——

LCD 7 »>
RST_IN —
READY OUT [ *

Figure 4.3: Pin Diagram of Keyboard Interfacing of Double Precision FP SQRT.

Double Precision Floating Point Square root. There are fifteen ports, some of the ports
used in keyboard interfacing these are all LCD interfacing ports rest of the ports are
discussed as follows.
The representation has rest of the four ports:
1) PS2_CLK_IN: It is the input wire of PS/2 Clock line. FPGA pin number is G14.
2) PSE_DATA _IN: It is the input wire of PS/2 Data line, FPGA pin number is G13.
3) RST_IN: It is the input wire of Asynchronous reset.
4) READY_OUT: It is the output register, this output high when module is output
ready.
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4.5 Built-In Self-Test

The basic idea of BIST, in its most simple form, is to design a circuit so that the
circuit can test itself and determine whether it is “good” or “bad” (fault-free or faulty,
respectively). This typically requires that additional circuitry and functionality be
incorporated into the design of the circuit to facilitate the self-testing feature. This
additional functionality must be capable of generating test patterns as well as providing a
mechanism to determine if the output responses of the circuit under test (CUT) to the test
patterns correspond to that of a fault-free circuit. One of the first definitions of BIST
(referred to as self-verification at the time).

Current trends in semiconductor technologies, as well as in design methodologies,
readily indicate that the ever-increasing degree of integration of devices on a single
substrate continuously demands more efforts in achieving zero-defect designs. Clearly, this
ultimate quality goal cannot be met without including testability as a design objective.
Although the process of integration, strongly supported by CAD tools, has already led to
an improved quality of integrated circuits, adding testability to a number of criteria
considered during design, such as performance, area, power, manufacturability, etc., may
significantly enhance the reliability of products and their overall quality.

Testability, although difficult to define and quantify because of the many different
factors affecting costs and quality of testing, reflects ability of the circuit's tests to detect,
and possibly locate, failures causing malfunctioning of the circuit. As the number and kind
of faults that may occur depends on the type of device and a technology used to fabricate
it, evaluation of test quality can be a difficult and often computationally intensive process.

An attractive alternative to the classical testing scenario, where test patterns are
applied from an external tester, is built-in self-test (BIST). In BIST, an additional "on-
chip™ circuitry is included to generate test vectors, evaluate test responses, and control the
test. Random, or in fact pseudo-random, patterns can be generated by simple circuits, and
test responses can be compacted into a short statistic by calculating a signature. This
signature, lobtained from the CUT, can be subsequently compared with a fault-free
signature. BIST has revolutionized the way the integrated circuits can be tested. It reduces
the cost of manufacturing testing by shortening the test application time, minimizing the

amount of test data stored, and lowering the cost of testing equipment. Its implementation

50



CHAPTER 4 FPGA AND BIST IMPLEMENTATION

can result in a reduction of the product development cycle and cost, as well as a reduction
of the cost of system maintenance. The latter benefits may have a dramatic impact on the
economics of testing. It follows from the fact that built-in test circuitry can test chips,
boards, and the entire system virtually without very expensive external automatic test
equipment. The ability to run tests at different levels of the system's hierarchy significantly
simplifies diagnostic testing, which in turn improves troubleshooting procedures and sanity
checks during assembly, integration, and field service. Since the BIST hardware is an
integral part of the chip, BIST, in principle, could allow for at-speed testing, thus covering
faults affecting circuit timing characteristics.

The basic BIST objectives are often expressed with respect to test-pattern generation
and test-response compaction. It is expected that appending BIST circuitry to the circuit
under test will result in high fault coverage, short test application time, small volume of
test data, and compatibility with the assumed DFT methodology. High fault coverage in
BIST can be achieved only if all faults of interest are detected and their effects are retained
in the final signature after compaction. Numerous test generation and test-response
compaction techniques have been proposed in the open literature and are used in industrial
practice as implementation platforms to cope with these objectives for various types of
failures, errors, and a variety of test scenarios. In the following subsections we will outline
several schemes used in different BIST environments. They have gained a wide acceptance
by BIST practitioners, and their superiority over non- BIST approaches ensures a
successful applicability of BIST in current and future technologies.

Clearly, the use of BIST is also associated with certain costs. Additional
silicon area is required for the test hardware to perform test-pattern generation and test-
response compaction. Some performance degradation may be introduced due to the
presence of multiplexers needed to apply the test patterns in the test mode. Some testing
equipment may still be needed to test the BIST hardware and to carry out the parametric
testing. BIST also requires more rigid design. In particular, unknown states are not allowed

since they can produce unknown signatures [15].

45.1 The Economic case for BIST

These are some chip-level, testability problems include:
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1) A very high and still increasing logic-to-pin ratio, which points out a highly
unbalanced relationship between a limited number of input/output ports and
unprecedently complex semiconductor devices which are accessible only through
these terminals,

2) A circuit complexity which continues to grow as new submicron technologies
offer higher densities and speeds,

3) An increasingly long test-pattern generation and test application time; it has been
repeatedly reported that functional and random tests for general class of circuits
containing memory elements have very low fault coverage; in the case of
deterministic patterns, an extraordinary amount of processing time might be
required to generate a test vector, and then it may take a large number of clock
cycles to excite a fault and propagate it to primary outputs,

4) A prohibitively large volume of test data that must be kept by testing equipment,

5) An inability to perform at-speed testing through external testing equipment,

6) Incomplete knowledge of the gate level structure as designers are separated from
the level of implementation by automated synthesis tools,

7) Lack of methods and metrics to measure the completeness of employed testing
schemes,

8) Difficulties in finding skilled resources.

4.5.2 Complexity

One unfortunate property of large VLSI circuits is that testing cannot be easily
partitioned. Consider two cascaded devices. There is frequently no simple way to obtain
tests for the complete system from tests for the complete system from tests for the
individual parts. In fact, even though each part is fully testable and has a test set that gives
100% struck-fault coverage, the cascaded connection of the two parts will often have
untestable and redundant hardware and much lower struck-fault coverage. In order words,
testing is global problem. It is well known that there is no simple way to create tests for an
entire circuit board (PCB) from tests for the chips on the board. For design the test
development effort, BIST provides a way to hierarchically decompose the electronic
system-under-test, so this allows sub-assemblies to be first run through a BIST cycle.

Finally, if there are no board faults, then the entire system can be run through a BIST
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cycle. As an example, consider a system containing boards, which in turn contain chips.
For a chip test, the system sends a control signal to the PCB, which then activates self-test
on the desired chip, and sends the test result back to the system. BIST efficiently tests
embedded components and interconnect, thus reducing the burden on system-level test,
which now only needs to verify the synergy among the functional components. When
faults occur, the BIST hardware should be designed to indicate via an error signal or bus

which sub-assembly is faulty. This greatly reduces repair costs.

4.6 Test Generation Problems

It is difficult to carry a test stimulus involving hundreds of chip input through many
layers of circuitry to the chip-under-test, and the convey the test result back through the
many circuit layers to an observable point. BIST localizes testing, which eliminates these

problems.

4.7 Test Application Problems

In the past, in-circuit testing [17] used a bed of nails fixture customized for the
PCB under test. The Bed-of-nails tester applied stimuli to the solder balls on the back of
the PCB where the component leads were soldered to the PCB. Power was applied only to
the component under test-all others in the PCB were left unpowered. It was effective for
chip diagnosis and board wiring so it is not helpful in system-level diagnosis. Also, surface
mount technology components are often mounted densely on both sides of the board, and
the PCB wire pitch is also too small for accurate probing of the back of the board by the
bed-of-nails tester. Therefore, ICT is no longer a solution. BIST, however, solves theses
problems by eliminating expensive ATE, and BIST also lets us use the same tests virtually
unlimited circuits access via test points designed into the circuits through scan chains,
resulting in an electronic bed-of-nails. Another advantage of BIST is that the testing
capability grows with the VLSI technology, whereas with external testing, the capability
always lags behind the VLSI technology capability. Logic agates transistors are relatively
cheap compared to the labor needed to develop test programs, the cost of automatic test

equipment, and the cost of real time for the test to be run on production chips with ATE.
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An additional benefit of BIST is lower test development cost, because BIST can be
automatically added to a circuit with a CAD tool. Also, BIST generally provides 90 to 95%
fault coverage and even 99% in exceptional cases. The test engineer used no longer worry
and about back driving problem in-circuit test(where electrical stimuli provided to the
middle of the circuitry damage outputs of logic gates), or how much memory is available
in ATE.

Level Design | Fabrication | Prod. | Maintenance | Diagnosis Service
& Test Test Test & Repair | interruption
CHIPS +/- + -
BOARDS +/- + - -
SYSTEMS +/- + - - - -

Table 4.1: Built-in-Self-testing costs.

‘+’: Cost increases; ‘-‘: Cost reduction; ‘+/-*: Cost increase

Table 4.1 [15, 18] shows the relative BIST cost at the chip, board, and system levels of
packing. BIST always requires added circuit hardware for a test controller to operate the
testing process, design for testability hardware in the circuit to improve fault coverage
during BIST, a hardware pattern generator to generate test-patterns algorithmically during
testing, and some form of hardware response compacter to compact the circuit response
during testing. We see an increase in fabrication costs at all three levels of circuit packing.
The BIST cost is frequently measured in terms of the added logic gates are declining,
because hardware continues to become cheaper, but the relative costs of added long wires
for test mode control are not really decreasing. This cost can also include added circuit
delay, due to the extra device loads and delays from the test hardware. This may require a
slight increase in the clock rate, and additional electrical adjustment to the design. Also the
test hardware can consume extra power, which is an additional cost. Since the BIST
circuitry used chip area. BIST feasibility for a system must be evaluated using benefit-cost
analysis, in the context of assessing total life cycle costs.
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4.8 Random Logic BIST
4.8.1 Definitions

1. BILBO

Built-In-logic Block (BILBO) is a bank of circuit flop-flops with added testing
hardware, which can be configured to make the flip-flop behave like a scan chain, a linear
feedback shift register (LFSR) pattern generator, an LFSR — based response compacter, or
merely as D flip-flops.

2. Concurrent Testing

A testing process that detects faults during normal system operation.
3. Exhaustive Testing

A BIST approach in which all 2" possible patterns are applied to n circuit inputs.

4. Irreducible Polynomial

A Boolean polynomial that cannot be factored.

5. LFRS

Linear Feedback shift Register (LFRS) is hardware that generates an exhaustive or
pseudo-random pattern sequence of test pattern, and can also be used as a response
compacter.

6. Non -Concurrent testing

A testing process that require suspension of normal system operation to test for

faults.

7. Primitive Polynomial

A primitive Boolean polynomial p(x) has the property that we can compute

increasing powers of x modulo p(x), and obtain all possible non zero polynomials of
degree less than p(x). We compute the remainders of x/p(x), x2/p(x), and so on. A

Primitive polynomial defines a mathematical number system that has the properties of a
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mathematical field.

8. Pseudo exhaustive testing

A BIST approach in which a circuit having n primary inputs (PIs) is broken into
smaller, overlapping blocks, each with < n inputs. Each of the smaller blocks is tested

exhaustively.

9. Pseudo random testing

A BIST pattern generator that produces, via an algorithm, a subset of all possible
tests that has most of the properties of randomly-generated tests. The random patterns must

have statistically high enough fault coverage to ensure a good test.

4.9 BIST Process

Figure 4.4 shows the BIST system hierarchy and all three levels of packing

Pattern
Generator
System Board Chip l
Test Test Test CcuT
Controller Controller Controller

'

Response

Analyzer

Figure 4.4: BIST Hierarchy.

mentioned earlier. The System has several PCB’s, each of which, in turn, has multiple
chips, the system test controller can activate self test simultaneously on all PCB’s. Each
test controller on each PCB can activate self-test on all chips on the PCB’s. The Test
controller on chip executes self test for that chip, and then transmits the results to the PCB
Test Controller, which accumulates test results from all chips on the board and sends the

results to the system test controller. The system Test controller uses all of these results to

56



CHAPTER 4 FPGA AND BIST IMPLEMENTATION

isolate faulty chips and boards [15, 18].

System diagnosis is effective only if the self-test procedures are through. For BIST,
fault coverage is a major issue. Other issues are chip area overhead, its impact on chip
yield, the cost of the additional chip pins required for test, the performance penalty in
terms of added circuit delay, and extra power requirement. For BIST, the test engineer
frequently, but not always, modifies the chip logic to make all latches and flip-flops

controllable, perhaps by using the scan technique [15, 18].
4.10 Types of Test Patterns

There are several classes of test patterns. As a result, TPGs are sometimes classified
according to the class of test patterns they produce [11]. These classes of test patterns are
described below along with examples of the types of circuits that can be used in a BIST
environment to generate these test patterns [19].

> Deterministic test patterns are developed to detect specific faults and/or structural
defects for a given CUT. An example of hardware for applying deterministic
vectors would include a ROM with a counter for addressing the ROM, as was used
in the simple BIST design.

» Algorithmic test patterns are similar to deterministic patterns in that they are
specific to a given CUT and are developed to detect specific fault models in the
CUT. However, because of the repetition and/or sequence typically associated with
algorithmic test patterns, the hardware for generating algorithmic vectors is usually
a finite state machine (FSM). There is considerable applicability of this test pattern
generation approach to BIST for regular structures such as RAMs.

» Exhaustive test patterns produce every possible combination of input test
patterns. This is easy to see in the case of an N-input combinational logic circuit
where an N-bit counter produces all possible 2" test patterns and will detect all
detectable gate-level stuck-at faults as well as all detectable wired-AND/OR and
dominant bridging faults in the combinational logic circuit without the need for
fault simulation. This counter-based approach will not detect all possible transistor-
level faults or delay faults since those faults require specific ordering of vectors as

well as the ability to repeat certain test vectors within the vector set. As a result,
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fault simulation will be required to determine the fault coverage for transistor and

delay faults. Exhaustive test patterns are not practical for large N.

» Pseudo-exhaustive test patterns are an alternative to exhaustive test patterns. In
this case, each partitioned combinational logic subcircuit will be exhaustively
tested; each K-input subcircuit receives all 2%possible patterns, where K < N, while
the outputs of the subcircuit are observed during the testing sequence [20]. As a
result, this approach is more practical for large N as long as K is not large. Like
exhaustive test patterns all detectable gate-level stuck-at faults and bridging faults
within the combinational logic sub circuits are guaranteed to be detected without
the need for fault simulation. Bridging faults between the sub circuits are not
guaranteed detection, along with transistor and delay faults, requiring fault
simulation to determine fault coverage. Candidate hardware for this type of test
pattern generation for BIST includes counters, Linear Feedback Shift Registers
(LFSRs), and Cellular Automata (CA).

» Pseudo-random test patterns are the most commonly produced patterns by TPG
hardware found in BIST applications. The primary hardware for producing these
test patterns are LFSRs and CA. Pseudo-random test patterns have properties
similar to those of random pattern sequences but the sequences are repeatable.

» Weighted pseudo-random test patterns are good for circuits that contain random
pattern resistant faults. This type of test pattern generation uses an LFSR or CA to
generate pseudo-random test patterns and then filters the patterns with
combinations of AND/NAND gates or OR/NOR gates to produce more logic 0s or
logic 1s in the test patterns applied to the CUT.

» Random test patterns have frequently been used for external functional testing of
microprocessors [21] as well as in ATPG software [22]. But the generation of truly
random patterns for a BIST application is of little value since these test patterns
cannot be repeated and since the fault coverage obtained would be different from
one execution of the BIST sequence to the next.

The types of test patterns described above are not mutually exclusive. For example,
pseudo-random test patterns may also be pseudo-exhaustive. In some BIST applications,

multiple types of test patterns are used; pseudo-random test patterns may be used in
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conjunction with deterministic test patterns. The subsequent sections address test pattern
generation from the hardware standpoint, in the context of BIST, with emphasis on
minimizing area overhead and maximizing performance. In just about all TPG
implementations, a very important capability is initialization of the TPG to some known
starting place in the test pattern sequence; unless otherwise specified, we will assume that a
reset or preset capability is incorporated into all of the TPGs discussed in the subsequent

sections.

4.11 Testing and Fault Simulation

The mechanics of testing, as illustrated in Figure 4.5, are similar at all levels of
testing, including design verification [19, 23]. A set of input stimuli is applied to a circuit

ircui Match
Circuit Output Good
Under Response Circuit

Test
Compare

Expected Faulty
Response Circuit

Mismatch

Figure 4.5: BIST Architecture [19].

and the output response of that circuit is compared to the known good output response, or
expected response, to determine if the circuit is "good" or "faulty”. During the design
verification process, the input stimuli are the design verification vectors intended to
determine whether the design functions properly, according to requirements and
specifications.

The design verification vectors (often produced by test benches) are applied to the
hardware description language (HDL) abstraction of the circuit in the simulation
environment to produce the output responses of the design to the input stimuli. The
comparison of the output response to the expected response is usually done by the designer
(perhaps via the test bench) with the expected response being a mental collection of the
designer’s interpretation of the requirements and specifications. Alternative approaches
include computer-aided design (CAD) based techniques such as formal verification or
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automatic test pattern generation (ATPG) based methods [24]. A “faulty” circuit in this
case would indicate that there is either a design error or a problem with the design
verification vectors that prevented manipulation of the circuit in the way the designer had
originally intended. A “good” circuit, on the other hand, does not mean that the design is
free of errors. This requires sufficient design verification be performed to obtain a high
level of confidence that the design is error free (or at least that there is a relatively low
probability of any remaining design error). Obtaining the “warm, fuzzy feeling” that
sufficient design verification has been obtained is a difficult step for the designer. While
the ultimate determination is whether or not the design works in the system, fault
simulation can provide a rough quantitative measure of the level of design verification
much earlier in the design process. Fault simulation also provides valuable information on
portions of the design that need further design verification (as we shall discuss shortly).

The design verification vectors are often used as functional vectors during
manufacturing testing. The test machine, also referred to as the automatic test equipment
(ATE), applies the test vectors to the fabricated circuit and compares the output responses
to the expected responses obtained from the design verification simulation environment for
the fault-free (and hopefully, design error-free) circuit. A “faulty” circuit is now considered
to be a circuit with manufacturing defects. In the case of a VLSI device, the chip may be
discarded or it may be investigated by failure mode analysis (FMA) for yield enhancement
[25]. In the case of a PCB, FMA may be performed for yield enhancement or the PCB may
undergo further testing for fault location and repair. A “good” circuit is assumed to be
defect-free, but this assumption is only as good as the quality of the tests being applied to
the manufactured design. Once again, fault simulation provides a quantitative measure of
the quality of the set of tests.

Fault simulation also follows the basic testing flow illustrated in Figure 4.4 with one
exception. In addition to the input test vectors, a list of faults that are to be emulated in the
CUT is also applied to the fault simulation environment [22], The fault simulator emulates
each fault (or set of faults) in the list and applies the test vectors. Each output response is
then compared to the associated expected response obtained from a fault-free circuit
simulation. If a mismatch is obtained for any test vector, the faulty circuit has produced an

erroneous response compared to the fault-free circuit and the fault (or set of faults) is
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considered to be detected. As soon as a fault is detected, most fault simulators will stop
simulating that fault (this is often referred to as fault dropping) and restart simulation at the
beginning of the set of test vectors with the next fault in the list being emulated. If there are
no mismatches in the output response for the complete set of test vectors, then the fault is
undetected. At this point, the next fault (or set of faults) is emulated in the CUT and the
simulation restarts at the beginning of the set of test vectors. Once the fault simulation is
complete (all faults have been emulated), the fault coverage can be determined for the set
of test vectors. The fault coverage, FC, is a quantitative measure of the effectiveness of the

set of test vectors in detecting faults, and in its most basic form is given by:

FC== (4.1)

Where D is the number of detected faults and T is the total number of faults in the fault list.
Obviously 100% fault coverage is desired but in practice, fault coverage in excess of 95%
is considered by some companies to be acceptable for manufacturing testing. For design
verification, the fault coverage can not only give the designer a rough quantitative measure
of how well the design has been exercised, but the undetected fault list can provide
valuable information on those subcircuits that have not been exercised as thoroughly as
other subcircuits. For example, the fault naming convention in most fault simulators
maintains the hierarchical naming convention of the design. Therefore, the designer can
quickly scan the undetected fault list to determine the subcircuit(s) with the most
undetected faults and target those subcircuit(s) for additional design verification. While
this is a valuable tool for the designer in obtaining feedback on the quality of design
verification, it should be remembered that fault coverage only gives the designer a measure
of how well the circuit has been exercised and not a guarantee the circuit is free of design
errors.

Logic and timing simulation during the design verification process can take
considerable time for large circuits. Fault simulation time will take even longer since each
fault or set of faults must be simulated. Fault simulation is not complete until all faults in
the fault list have been emulated and simulated with the set of test vectors. Therefore, fault

simulation time is not only a function of the size of the circuit and the number of test
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vectors to be simulated, but also a function of the number of faults to be simulated and the
type of fault simulator used. As a result, fault simulation time can be a major concern
during the design and test development processes. There are a number of techniques used
to improve fault simulation time. For example, like most test machines that stop as soon as
a faulty device is detected (often referred to as tripon- first-failure) and move on to the
next chip to be tested, most fault simulators employ fault dropping to stop simulating a
fault once it is detected and continue to simulate only the undetected faults. The type of
fault simulator used also makes a big difference in the fault simulation time [22]. For
example, serial fault simulators are slow because they emulate only one fault in the circuit
at a time. Parallel fault simulators significantly reduce the fault simulation time by taking
advantage of the multiple bit computer words and the fact that simulation of a digital
circuit is binary (0 and 1 logic values). As a result, each bit in a computer word used for
the fault simulation can represent a different faulty circuit. In a 32-bit machine, a parallel
fault simulator can emulate either 31 or 32 faults in parallel; 31 faults in simulators that
emulate the fault-free circuit in one of the bit positions and 32 faults in simulators that
compare the faulty circuit response with the stored results of a previous fault-free circuit
simulation [26]. There are other types of fault simulators, including deductive and
concurrent fault simulators, as well as hardware accelerators that also provide significant
improvements in fault simulation time. The number of faults to be simulated is a major
component in fault simulation time and is a function of the size of the CUT as well as the

fault models.

4.12 BIST Response Compaction

During BIST, it is necessary to reduce the enormous number of circuit responses to a
manageable size that can be stored on the chip. For example, consider a circuit testing with
hardware pattern generator that computes 5 million test patterns during testing, and where
there are 200 Pos. The total number of response will be 5, 000, 00 x 200 = 1, 000, 000, 00
bits. This amount of information cannot be economically stored on the CUT, so the circuit
response must be compacted. Compaction is performed by merging all logic (across
module boundaries) within a logic equivalence class and processing the resulting functions

with classical logic synthesis and optimization tools.
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4.12.1 Definitions
1. Aliasing

During circuit response compaction, because of the information loss, it is possible
that a signature of a bad machine may the good machine signature, which is called aliasing.

In such cases, a failing circuit will pass the testing process.

2. Compaction

A method of drastically reducing the number of bits in the original circuit response

during testing in which some information is lost.

3. Compression

A method of reducing the number of bits in the original circuits response during
testing in which no information is lost, so the original output sequence can be fully
regenerated from the compressed sequence.

4. Signature

A statistical property of a circuit, usually a number computed for a circuit from its
response during testing, with the property that faults in the circuit usually cause the
signature to deviate from that of the good machine. To discourage their unauthorized
copying, FPGA configurations can be watermarked with a special signature based on the

circuit designer and the purchasing customer.
5. Transition Count Response Compaction

A method response compaction in which the number of transitions from 0 to 1 and

1 to 0 at circuit Pos are counted to create a testing signature.

6. Signature Analysis

A method of circuit response compaction during testing, whereby the entire good
circuit response is compacted into a good machine signature. The actual circuit signature is
generated during the testing process on the CUT, and then compared with the good

machine signature to determine whether the CUT is faulty.
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4.13 Linear Feedback Shift Registers

The LFSR is one of the most frequently used TPG implementations in BIST
applications [27]. One reason for this is that an LFSR is more area efficient than a counter,
requiring less combinational logic per flip-flop. There are two basic types of LFSR
implementations, the internal feedback and external feedback LFSRs illustrated in Figure
4.6, internal feedback LFSRs are sometimes referred to as Type 1 LFSRs while external
feedback LFSRs are referred to as type 2 LFSRs [27]. One problem with this terminology
iIs remembering which is which, but a more serious problem is that the designations are
often reversed in some papers where the external feedback LFSR is referred to as Type 1
and the internal feedback LFSR is referred to as Type 2 [28]. The internal and external

feedback designations are unambiguous, avoid confusion and, more importantly, avoid
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(b)  External feedback LFSR.

Figure 4.6: LFSR Implementations [19].

design errors. The external feedback LFSR in Figure 4.6(b) best illustrates the origin of the
name of the circuit: a shift register with feedback paths that are linearly combined via the
exclusive-OR gates. Internal and external feedback LFSRs are duals of each other [27].
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Both implementations require the same amount of logic in terms of exclusive- OR gates
and flip-flops. In the external feedback LFSR in Figure 4.6(b), there are two exclusive-OR
gates in the worst case path from the output of the last flip-flop in the shift register to the
input of the first flip-flop in the shift register. On the other hand, the internal feedback
LFSR has, at most, one exclusive-OR gate in any path between flip-flops. Therefore, the
internal feedback LFSR provides the implementation with the highest maximum operating
frequency for use in high performance applications. The main advantage of external
feedback LFSRs is the uniformity of the shift register; hence, there are some applications
where external feedback is preferred. The sequence of test patterns produced at the outputs
of the flip-flops in an LFSR is a function of the placement of the exclusive-OR gates in the

feedback network.

4.14 Implementation of Double Precision Square Root using BIST

This block represents the implementation of Double Precision Floating Point Square

root using BIST.

———» CLK b(0:11) P—/—>

RDY_OUT SQRT_BIST D _OUT (63:0) ——>

— VAL_IN Flag ———»

Figure 4.7: Pin Diagram of of Square Root using BIST.

There are six ports namely, data clock (CLK), ready to accept output (RDY_OUT),
valid input value (VAL_IN), exponent output (b),data output (D_OUT), flag output(Flag),
all signals are active high.

The representation has six ports:
1) CLK: It is the input clock.
2) RDY_OUT: It is the output wire, this input will give high when asserted, and

downstream logic is ready to accept output of module.
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VAL_IN: It is the input value, the module will only accept input when RDY _IN is
low, then VAL _IN should remain asserted until RDY _IN goes high. VAL_IN and
RDY _IN go high. VAL_IN and RDY_IN must both be asserted for on clock cycle
for computation to begin.

b (0:11): It is the output of the double precision floating point square root exponent.
D_OUT (63:0): It is the output register of double precision floating point square
root.

Flag: It is the output register, this output will give high when output response equal

to expected response otherwise flag will zero.
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5.1 Results

5.1.1 Simulation Result for Double Precision floating point Square root
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Figure 5.1: Output waveform of Double Precision floating point Square root.

Description:

Input: D_IN (63:0) = 128.12

0 | 10000000110 | 0000000001000000000000000000000000000000000000000000

Output: D_OUT (63:0) = 11.319........

0 | 10000000010 | 0110101000111000001001001101000100000111011000000000
There are seven ports namely, data input (D_IN), clock (CLK), ready to accept
output (RDY_OUT), valid input value (VAL _IN), data output (D_OUT), ready to accept
input (RDY_IN), valid output value (VAL_OUT), all signals are active high.
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These inputs and outputs are in IEEE format having 1-bit for sign, 11-bits for
exponent and 52-bits for mantissa. The simulated results shown above are as explained

Figure 5.1 and each port are as explained in Chapter 2.

5.1.2 Simulation Result for LCD Interfacing of Double Precision Floating Point

Square Root
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Figure 5.2: Assign New Configuration File on Spartan 3E Kit.

As shown in figure 5.2, when programming is complete, the “Program Succeeded”
message is displayed. The simulated results shown above are as explained Figure 5.2 and
procedure of Interfacing on FPGA are as explained in Chapter 4.

As shown in figure 5.3, it shows that the output of the Double Precision Floating
Point Square Root. Input is fixed in the programming of Double precision Floating Point
Square Root unit then it generated output this output displayed on LCD, this programming
required separated LCD interfacing programming to display an output on LCD. The
Spartan® - 3E FPGA Starter Kit board prominently features a 2 — line by 16-
characterliquid crystal display (LCD). Last 3 hexadimal enough to see the result of
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Figure 5.3: Display the output on LCD on Spartan 3E Kit.

Double Precision Floating Point Square root, so output displayed the last 11 Hexadecimal
(D_OUT (63:20)) on LCD.

Output: D_OUT (63:20) = 11.319

=/ 4026A3724D1
5.1.3 Simulation Result for

KEYBOARD Interfacing
Floating Point Square Root

of Double Precision

As shown in figure 5.4, when Keyboard Interfacing programming is completed,

,JMHMMMMHMM

Figure 5.4: Keyboard Interfacing of Double Precision floating point Square Root
Output displayed on LCD.

displayed the last 11 Hexadecimal (D_OUT (63:20)) on LCD.
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5.1.4 Simulation Result for Double Precision floating point Square Root using BIST
There are six ports namely, data clock (CLK), ready to accept output (RDY_OUT),
valid input value (VAL_IN), exponent output (b),data output (D_OUT), flag output(Flag),

all signals are active high.
Output: Flag= ‘1"
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Figure 5.5: Output waveform of Double Precision floating point Square Root using BIST.

The output result of Double Precision floating point Square Root is fixed in BIST
using verilog code[16], this output is compared with the output response, if output
response equals expected response, flag will be high otherwise flag will be zero.

The simulated results shown above are as explained Figure 5.5 and each port are as

explained in Chapter 4.

5.2 Experimental Results

The square root units were modeled in VERILOG[16], simulated in ModelSim 6.1,
Synthesized using Xilinx ISE 9.1.Table 5.5 shows the implementation results of the units
on the Spartan 3E XC3S500E chip.
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5.2.1 Synthesis Report

The table 5.1 shows the Synthesis Results of Square Root and table 5.2 shows the
Synthesis Results LCD Interfacing. The Square root Characteristics may be acceptable in
some applications like typical desktop applications. However, high performance is crucial
for many applications such as scientific computation, CAD tools

Square LCD
Root Interfacing
Clock Period(ns) 9.671 Clock Period(ns) 10.014
Clock Frequency(MHz) 103.405 Clock Frequency(MHz) 99.860
Latency(ns) 9.671 Latency(ns) 10.014
Throughput(MFLOPS) 60.16 Throughput(MFLOPS) 58.10
No. of Slices 325 No. of Slices 263
Throughput/Area(KFLOPS/Slice) | 185.10 Throughput/Area(KFLOPS/Slice) 220.91
No. of 4 I/P LUT’s 475(5%) No. of 4 I/P LUT’s 477(5%)
Flip Flops 411 Flip Flops 301
X-Power(mw) 81 X-Power(mw) 83
133 out 11 out of
Number of bonded 10Bs of 232 Number of bonded 10Bs 232 (4%)
(57%) Total Equivalent Gate Count 6,351
Total Equivalent Gate Count 6,960 Peak Memory usage(MB) 152
Peak Memory usage(MB) 185

Table 5.1: Synthesis Results of Square Root ~ Table 5.2: Synthesis Results of LCD interfacing.

and 3D graphics rendering which have a higher frequency of floating-point square root operations.
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KEYBOARD BIST
Interfacing
Clock Period(ns) 9.671 Clock Period(ns) 9.671
Clock Frequency(MHz) 103.405 Clock Frequency(MHz) 103.405
Latency(ns) 9.671 Latency(ns) 9.671
Throughput(MFLOPS) 60.16 Throughput(MFLOPS) 60.16
No. of Slices 299 No. of Slices 222
Throughput/Area(KFLOPS/SIi 201.20 Throughput/Area(KFLOPS/Slice) | 270.99
ce) No. of 4 I/P LUT’s 342(5%)
No. of 4 /P LUT’s 540(5%) Flip Flops 291
Flip Flops 335 X-Power(mw) 81
X-Power(mw) 83 79 out
15 out of Number of bonded 10Bs of 232
Number of bonded 10Bs 232 (6%) (34%)
Total Equivalent Gate Count 6,998 Total Equivalent Gate Count 5,012
Peak Memory usage(MB) 142 Peak Memory usage(MB) 183

Table 5.3: Synthesis Results

Interfacing.

5.2.2 Synthesis Results

of Keyboard

Table 5.4: Synthesis Results of BIST.

This implementation is significantly low in area overhead measured in terms of

LUT s shown in Table 5.5 although their throughput around the single MFLOP mark. In
contrast, the double precision floating point square root unit implementations display
Latency is significantly low and throughput is high. This shows that the square root
implementation is highly efficient since their gain in performance is offset by a relatively

low cost in area overhead.
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Unit Family | Clock Clock Latency | Throughput | Slices | LUTs | Flip-
and Period | Frequency (ns) (MFLOPS) Flops
Device (ns) (MH2)

Sparta
Square root | n 3E
Obtained | and 9.671 103.405 9.671 60.16 325 477(5 411
results XC3S5 %)
00E

Vertex
Square root | and
Simulated | XCV10 | 15.18 65.876 15.18 38.32 321 | 569(2 | 422
results 00 %)

Table 5.5: Synthesis Results of the Square Root unit.

Square Vertex
root[1] and 17.06 | 58.60 17.06 0.94 386 772(3%) 437
XCV1000

Table 5.6: Synthesis Results of the Square Root unit[1].

Calculation of throughput:

The Square Root implementation is presented two important criteria in Table
5.5,these are (Latency and Throughput) used to examine the performance of a system.
Latency is the time required to complete one task, and throughput is the number of tasks
that can be completed per unit time. The two are related but are not identical. Double
precision floating point square root unit, sets the bit length Parameter to 64.The algorithm
used is iterative and will take 110 clock cycles and produce a 64-bit output, clock
frequency is 103.405 MHz (1/103.405 MHz) x 110 clocks Cycle = 1.06s (1.06 micro-
seconds = time to process one block) 1s / 1.06 pus = how many blocks could be processed
in 1 second = 940,045.4545 and each block is 64 bits.

64 bits x 940,045.4545s = 60,162,909.09 total bits.
Therefore throughput = 60.16 Mbits per second.
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Calculation of Throughput per slice:

Hardware resources within CLB slices may not be fully utilized by the place-and-
route software so as to relieve the routing congestion. This results in an increase in the
number of CLB slices without a corresponding increase in logic gates. To achieve a more
accurate measure of chip utilization, CLB slice count was chosen as the most reliable area
measurement. Therefore, to measure the hardware resource cost associated with an
implementation’s resultant throughput, the Throughput per Slice (TPS) metric is used.

TPS = (Encryption Rate) / (# CLB Slices Used)
Here the encryption rate is 60.16Mb/ sec. The number of slices used is 325.
Therefore the Throughput per Slice (TPS) is calculated as
Throughput per Slice (TPS) = (60.16M b/sec) / 325
= 185.10 Kb/sec/slice

5.3 Conclusion

This thesis presents the iterative designs of double precision floating point square root
unit. The whole design was captured entirely in VERILOG language using a bottom-up
design and verification methodology. The implementation of this unit was achieved
without taking advantages of any advanced architectural features available in high end
FPGA chips or using any pre-designed architecture-specific arithmetic cores. The proposed
VLSI implementation of the Square root reduces the covered latency (9.671ns), area and
achieves a data throughput up to 60.16Mb/ sec.This experiments reveal that this design can
produce performances that are comparable to, and in some case higher than, non-iterative
designs based on number representations of higher radices. The iterative implementation
requires less area, and the sequential implementation achieves high performance at a

reasonable cost.
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FUTURE ASPECTS

This project can put to various applications, which are described below:

The parts of Double precision floating point Square Root unit can be used to make
dedicated hardware. Square Root unit have a complete arithmetic unit for any
microprocessor for high speed and low power operation. When the program is executed on
system, it will surely give the result but consume more power and time than a dedicated
hardware. In case of dedicated hardware, instructions are directly implemented on
hardware and they consume less power and are faster than microprocessor.

The model can also be implemented in depth to construct trigonometric like sine,
cosine, etc. and logarithmic functions which can be utilized in scientific calculations and
the main application is the Square Root floating-point unit (FPU) contained in the
processor, which was formerly a separate external math coprocessor. When Intel
introduced the 486DX, it included a built-in math coprocessor, and every processor built
by Intel (and AMD and Cyrix, for that matter) since then includes a math coprocessor.
Clear Speed, a small fables design firm, has developed the 64-bit CSX600, an extremely
parallel math processor designed to be used in conjunction with high-end x86 CPUs to
improve the performance of scientific applications. The processor contains 96 processing
units running on a 250MHz clock, which allows it to dissipate only 5 watts under normal
conditions and sustain a 25GFLOPS (50GFLOPS peak) performance level.

If designer wants to achieve higher performance then double precision floating
point square root unit is shifted to “extended format” (128 bits).The Intel microprocessors
implement arithmetic with the extended format in hardware, using 80-bit registers, with 1-
bit for the sign, 15-bits for the exponent, and 64-bits for the significand. The leading bit of
a normalized or subnormal number is not hidden as it is in the single and double formats,
but is explicitly stored. Otherwise, the format is much the same as single and double
precision. Other machines, such as the Sparc microprocessor used in Sun workstations,
implement extended precision arithmetic in software using 128-bits. Consequently,
computations with the extended format are fast on an Intel microprocessor but relatively
slow on a Sparc. These can be possible to implement on FPGA device, such as the Xilinx,
Spartan3E or Vertex.
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Schematic View of LCD Interfacing of Double Precision Floating Point SQRT
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Schematic View of KEYBOARD Interfacing of Double Precision Floating
Point SQRT
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