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Abstract

The density-dependent nuclear symmetry energy (NSE) characterizes the variation of the

binding energy with the change in the isospin asymmetry (ratio of the number of neutrons

to that of protons). The NSE and its related observables play a crucial role in under-

standing the various branches of nuclear physics and astrophysics, such as analyzing the

nuclear structure of exotic nuclei, dynamics of heavy-ion collision, supernova explosion,

and neutron stars study. In this theoretical work, we study the density-dependent isospin

properties of finite nuclei of odd − A isotopes of Scandium (Z = 21) and even − even

isotopes of Titanium (Z = 22) for non-linear NL3 and density-dependent DD-ME2 param-

eters within the relativistic mean-field formalism. Using the coherent density fluctuation

method, we calculate the weight function. Moreover, we investigate the symmetry energy

as a function of the neutron number along the isotopic chain of Scandium and Titanium

nuclei. This theoretical approach opens new avenues in understanding and predicting

newer magicity along the drip-line and the nuclear landscape as a whole.

viii



Chapter 1

Introduction and Literature Review

1.1 Introduction

The discovery of the nucleus marked the start of a new era in studying uclear physics.

Before that, many theoretical models of atoms were proposed, of which the most signifi-

cant one was the “Plum pudding model” by J.J. Thomson, which, although described the

charge neutrality of the atom, failed to mention anything about the nucleus. Later on, in

1911, the famous gold foil α-particle scattering experiment was performed by Rutherford,

which revealed the existence of a nucleus inside an atom. It proposed that the mass of an

atom is primarily concentrated in the central region called a nucleus, beyond which large

empty space is present. Later on, it was realized that for many nuclei, the atomic mass

number (A) is slightly greater than twice that of the proton number (Z). This led to a

newfound interest in understanding the nuclear structure. In 1932, Landau published a

paper that speculated on the existence of neutron stars. In the same year, J. Chadwick

used the data observed in the bombardment of α-particle on beryllium (9Be) to concur

the existence of neutral particles called as neutrons. During that time, owing to the na-

ture of charge independence of nuclear force, nucleon-nucleon interactions were not taken

into account.

In 1935, Yukawa, through his pioneering work on meson theory, suggested that massive

mesons or bosons act as a mediator for nucleonic interactions. He postulated that π-

meson, which has a mass of about 140 MeV, accounts for the residual force between the

nucleons and that the muons with a mass of 105.66 MeV do not take part in strong nuclear

interactions. The existence of muons was finally confirmed experimentally in 1937. Later

1



1.2. Nuclear landscape

in 1947, C.F.Powell and his team successfully discovered the existence of π-mesons in

the interaction of cosmic-ray particles. Soon after, a race began to find newer, heavier

particles in different laboratories, which resulted in the discovery of ρ, ω, and δ mesons.

Naturally, about 300 nuclei are found in existence, and about 300 nuclei are synthe-

sized by Radioactive Ion Beam (RIB) facilities, and various models predict more than

5000 more nuclei. Recently element Oganesson (Z = 118) was discovered and was placed

in the periodic table of elements. The properties of the nuclei that are naturally occurring

and long-lived are well studied. In contrast, artificial nuclei with abnormal characteristic

properties are located far away from β-stability valley. These nuclei are known as exotic

nuclei and will be further discussed in subsequent sections. In the present thesis, we

perform a detailed study on the surface properties of exotic nuclei. Before venturing any

further, we list some of the important general concepts related to nuclear structures.

1.2 Nuclear landscape

For more than a century, nuclear physicists have been trying to figure out the nature of

stability in nuclei across the nuclear landscape. The nucleus is an essential component of

an atom comprising the entire mass of the element. The nuclear force existing between

the nucleons present inside the nucleus constitutes a substantial chunk of study taking

place in nuclear and particle physics. Among the many problems, the nuclear physicist’s

central dilemma is finding the answer to how many protons and neutrons produce a stable

nucleus. Based on different observations, the stable elements that exist in nature have

a half-life in the same order as the earth. Approximately 300 naturally occurring nuclei

have been discovered to have a half-life equal to or greater than that of the earth. These

stable nuclei are also referred to as β-stable nuclei.

The nuclear landscape is represented in Fig. 1.1. The black boxes depict different

stable nuclear isotopes. From the figure, one can note that with the increase in mass

number, the number of neutrons in stable isotopes also increases. Newly discovered and

yet unknown isotopes of various elements are also represented in the figure. Many theo-

retical as well as experimental research, is being conducted to account for the existence

of these nuclei. The advent of the RIB (RIB) during the 1980s ushered in a new era in

exploring new isotopes away from the line of β-stability. Various experimental groups

2



1.2. Nuclear landscape

Figure 1.1: Nuclear landscape showing different stable nuclei and their decay modes [1].

from RIKEN (Japan) [3], ORNL and FRIB (US) [4, 5], Jyaväskylä (Finland) [6], FAIR

and GSI (Germany) [7, 8], CSR (China) [9], GANIL (France) [10] and FLNR (Russia)

[11] are running various studies related to exotic nuclei which under extreme settings

have large values of isospin asymmetry. In these facilities, around 2000 artificial isotopes

that are naturally unstable have been synthesized. Based on various theoretical models,

nearly 5000 more isotopes may be explored in the foreseeable future.

1.2.1 Proton-rich nuclei

In the nuclear landscape, only a small fraction of exotic nuclei exhibit the proton-rich

characteristic. In these nuclei, the repulsion occurring due to Coulombic interactions

between protons hinders the possibility of the existence of such nuclei. Beyond iron, the

majority of naturally occurring nuclides can be created in either of the two methods:

firstly using the slow neutron-capture process, also known as the s-process, and secondly

using the fast neutron-capture process, also known as the r-process. The (p,γ) or (γ,

n) processes are widely used to create proton-rich nuclei. The first process involves the

repeated proton addition, whereas the second process involves the photo-disintegration

of neutrons done sequentially, resulting in the formation of nuclei having the proton-rich

3



1.2. Nuclear landscape

characteristic.

1.2.2 Neutron-rich nuclei

The r-process and s-process are also primary mechanisms for creating neutron-rich nuclei.

About half of the proton-rich elements that are heavier than iron can be created using

the r-process. The s-process leads in situations with a low density of neutrons and

intermediate temperature, paving the way for the formation of heavier nuclei using the

neutron capture method, which is done by incrementing a single unit of atomic weight

for each nucleus. This process involves converting neutron to proton to form a daughter

nucleus with a higher atomic number, which entails a slower neutron capture rate in

contrast to the rate of β-decay. Alternatively, β-decay and s-process can happen directly

before each consecutive neutron capture process. Therefore, in the nuclear landscape,

while moving across the valley of β-stable isobars, although the r-process is known to have

a faster rate of neutron capture than the β-decay, the s-process yields stable isotopes.

In the case of the r-process, more than one neutron is captured before the occurrence of

β-decay process. Moreover, this process is employed in thermonuclear weapon explosions

and is responsible for discovering many elements, namely Einsteinium(Z = 99), Fermium

(Z = 100), etc.

1.2.3 Nuclear drip-line

Theoretically, the current estimate of bound nuclei through strong nuclear force is nearly

6000. However, approximately 2000 of these nuclei are observed at present. It is found

that beyond a certain number of nucleons, the separation energy of neutron Sn and

proton Sp becomes zero, which concurs that the nucleus is unbound. This point where

Sn=0 is known as the neutron drip-line, and the point where Sp=0 is known as the proton

drip-line. Therefore, on the nuclear landscape, the drip-line can be defined as the final

boundary away from the β-stability line beyond which no extra neutrons or protons can

be added. The neutron and proton drip-lines are represented in Fig. 1.1.

It is worth noting that the drip-line is well-defined till oxygen. However, the 23O and
24O nuclei are found to be unbound in their ground state. Moreover, the unbound states

of 26O and 28O are found to have a double closed shell with even − even stability. The

possibility of 34Ne and 37Na nuclei, which were predicted to be unstable, were discovered
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in various experiments at GANIL [12] as well as at RIKEN [13]. The recent discovery of
42Al and 40Mg [14], both of which are far beyond the drip-line according to numerous mass

formulas, directly contradicts the results of various theoretical models for a well-defined

neutron drip-line.

The effective nucleonic interaction dependence on isospin is not fully understood. As

the ratio of N/Z increases significantly, the uncertainty in finding single-particle states

structure, collective modes and global nuclear properties increases. In recent years, vari-

ous experimental and theoretical studies are conducted to study the nuclei closer to the

drip-line. These theoretical and experimental studies have revealed the existence of dif-

ferent magic numbers than what is observed in the valley of β-stable nuclei [15–17]. More

research is needed to understand the appearance and disappearance of magic numbers in

nuclei near the proton or neutron drip-line.

1.2.4 Exotic and halo nuclei

When compared to surrounding isotopes, several nuclear systems exhibit anomalous be-

havior. One of the extraordinary property of exotic nuclei is its extreme neutron to proton

ratio (can be very high or very low) which leads to high instability and are very quick to

decay into stable nuclei. That is why these nuclei are located far away from the line of

β-stability. After decay, the nucleus becomes highly excited and can emit one or more

particles of protons, neutrons, or an α-particle in β-delayed emission.

Such nuclei, while exhibiting strange properties, test the limits of conventional models.

The study of nuclear matter (NM) at such extreme conditions that the nucleus acts

much differently than in stable nuclear systems is crucial in understanding explosive

astrophysical phenomena, namely, supernovae and stellar core collapse. The phenomena

of halo in the exotic nucleus was discovered in 1985 [18, 19]. Generally, in halo nucleus, the

individual nucleons lie far away from the core of the nucleus. Some of the most studied

neutron-halo nuclei includes 6He, 11Li and 11Be. The variation in the nuclear charge

distribution of neutron-halo nucleus provides insight into the interactions of various sub-

systems of the strong clustered nucleus. These changes can be accounted for from the

nuclear correlative motion to that of the center of mass and induced core polarization

due to the interaction between the core and the neutron-halo. These nuclei, apart from

having extremely high or low N/Z values, show high density and temperature. It is worth
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1.3. Theoretical nuclear models

noting that the nuclear shapes and effects of deformations are crucial in understanding

the nature of an exotic nuclear system.

1.2.5 Nuclear deformations

In the case of a deformed nucleus, large electrical quadrupole moments can be obtained

through the contribution of many protons. The nuclear deformation can be observed due

to the polarizing effect of either one or more loosely bounded nucleons on the rest of the

nucleus. The concept of magic number was first explained using the spherical shell model,

which considers the Pauli exclusion principle. The nuclei with magic shell configuration in

their proton numbers and or neutron numbers have spherical shell configuration and, thus,

higher stability than those with non-magic shells. Recent experimental results related to

mass and Coulomb excitation measurements obtained from RIB for neutron-rich isotopes

of Na (Z=11) and Mg (Z=12) imply splitting of the nuclear shell near N = 20. Moreover,

studying the neutron separation energy (Sn) near the drip-line and various cross-section

measurements for the shells of p-sp and sd reveals the existence of N = 16 as a new magic

number [20, 21]. Recent RIB experiments at RIKEN [16] on exotic nuclei predicts some

newer magic numbers, namely N = 6, 16, 34, etc., which violates the traditional order of

nuclear magicity. The disappearance of recognized shell gaps and the emergence of novel

stability zones results in a combination of both normal and intruder configurations, which

has a profound effect on the various properties of these nuclei [15, 22]. Advancements

in the shell model have provided the concept of deformed magic numbers, which are

so named as they are found to stabilize nucleus having deformed shaped configuration

[20, 21, 23].

1.3 Theoretical nuclear models

The atomic nucleus can be defined as a strongly interacting, quantum mechanical sys-

tem with many-body having a wide variety of spherical and super-deformed shapes and

excitation modes. Another intriguing aspect of the nucleus is the excitation of a sin-

gle proton or neutron to collective rotations and vibrations of nucleons. The primary

objective of nuclear physicists is to investigate these complicated patterns of nuclear be-

havior using a single technique. The different aspects related to the nuclear structure are

6



1.3. Theoretical nuclear models

investigated using nuclear bulk parameters, namely binding energy, rms radius, charge

radius, deformation parameter, etc. Various phenomenological as well as microscopic

theoretical models, namely the Finite Range Droplet Model [24], Skyrme Hartree-Fock

[25, 26], Relativistic Mean Field [27, 28], and Hartree Fock Bogulibov model [29, 30] have

been developed through research of these features. Moreover, the ab-initio method was

introduced in order to provide an explanation related to data on nuclear scattering using

the nucleon-nucleon potential. This method considers the NM as a correlated quantum

liquid owing to the extreme repulsive potential of the nucleus core. Such a complex sys-

tem requires many-body theories that are very sensitive [31, 32] and thus may provide a

direct link between the two-nucleon problem and the properties of nuclear matter.

1.3.1 Effective field theory

The self-consistent Effective Field Theory (EMF) models successfully explained many

phenomena in nuclear-astrophysics, which includes the properties related to finite nuclei

as well as extreme supra-normal densities [33, 34]. Different laboratories across the world

are experimenting to define the limit of the neutron-proton (N − P ) drip-line. Recently,

various nuclear phenomena within the purview of relativistic and non-relativistic formal-

ism have been theoretically predicted near the neutron drip-line. The RMF theory has

turned out to be the most successful self-consistent effective formalism for describing

various nuclear phenomena.

It may be noted that, even though the energy density functional for both the RMF

as well as non-relativistic models are different, the results obtained for finite nuclei,

for the most part, are nearly the same. RMF has also accounted successfully for all

the valid properties of nuclear matter at extremely high densities, such as the neutron

stars. In RMF, mesons exchange is used to describe the interactions among the nucleons,

where mesons are collectively taken as effective fields represented by classical numbers.

Succinctly, RMF model is the relativistic Hartre-Fock approximation to that of one-boson

exchange theory, which involves the interaction of nucleons with one other through the

exchange of isovector δ-, ρ- and π- mesons as well as isoscalars ω- and η- mesons. The

η- and ω- mesons come under the class of pseudo-scalar, which neither contribute to

the properties of ground-state of even nuclei nor do they follow the parity symmetry of

ground-state.

7



1.3. Theoretical nuclear models

A simple relativistic Lagrangian accounts for the contributions of the ρ-, σ- and ω-

mesons without including any of the non-linear term. However, this model, when imple-

mented for the infinite nuclear matter, has a large error in the value of compressibility K

at saturation. In order to lower this error to be an acceptable level, Boguta and Bodmer

[35] instated the self-coupling terms in the case of σ mesons. Following this, large sets of

parameters, namely NL1 [36], NL2[36], NL3[37] as well as NL3*[38] were updated. The

prediction quality of the properties of finite nuclei and incompressibility was successfully

improved to a large extent with the addition of self-coupling terms of σ mesons. At

the same time, the EOS at supra-normal densities is observed to be rather stiff. There-

fore, different parameter sets were constructed to account for the self-coupling vector

mesons in the Lagrangian density, which largely explained the nuclear matter and finite

nuclei [18, 23]. It was observed that the non-relativistic model’s EOS fails to reach to

the Coester-band or empirical saturation point of symmetric NM (at ρ0 ' 0.16 fm−3 the

E/A ' −16.0 MeV). Moreover, it was later found that at extreme density, like in the case

of a neutron star, the results of all the models showed large dissimilarity in nature. Even-

tually, it was later theorized to have different strategies to mitigate this issue by designing

coupling constants that are density-dependent and the theory of effective mean-field for-

malism (E-RMF). Many free parameters are accounted in the energy-density functional,

and their values are fitted to empirical and experimental data.

These values are calculated using constraints derived from:

• Experimental finite nuclei observations that are based on static properties such as

binding energy and charge radius.

• Nuclear matter’s characteristic properties include binding energy, saturation den-

sity, charge radius and symmetry energy.

• Dipole resonances and giant monopole excitations.

•Mass and radius observations on a dense astrophysical matter such as neutron stars

and supernovae.

8



1.4. Plan of the thesis

1.4 Plan of the thesis

We have summarized the contents of the following chapters in this section. The entire

effort is devoted to developing an understanding of novel theories that can explain the

structural properties of drip-line nuclei within the RMF model. The thesis is organized

as follows:

After the introduction, in chapter 2, we outline the basic concepts related to RMF.

We derive the expression for E-RMF Lagrangian which includes cross-coupling as well as

δ meson along with the equation of motion (EOM) for various fields such as φ, σ, ω, ρ, δ

and EM field. We then study the coherent density fluctuation method (CDFM), a natural

extension of the Fermi-gas model. This method is based on the limit of δ-function of the

generator coordinate. Moreover, we present the procedure of drafting a Fortran program

that is capable of calculating weight function |F(x)|2 as well as nuclear symmetry energy

(NSE) from an input file containing the values of total density corresponding to the

nuclear distance.

In chapter 3, we present the theoretical result of our calculations of |F(x)|2 cor-

responding to the nuclear distance (r). We then calculate the symmetry energy as a

function of N with NL3 and DD-ME2 parameter sets for odd − A Scandium (Z = 21)

isotopes and even − even Titanium (Z = 22) isotopes within the RMF formalism. We

have predicted some shell and or sub-shell closure for low-mass isotopic chains of nuclei.

Finally, in chapter 4, a brief summary and future prospects are discussed.

9



Chapter 2

Methodology

During the 1960s, Schiff [39], Johnson and Teller [40] along with Durr [41] put forward the

concept of a relativistic nuclear system. Later through the work of J.D. Walecka [42], a

simple form of nucleonic interaction was proposed. This model involves renormalizability

which creates issues owing to significant effects obtained from loop integrals that accounts

for the dynamics related to quantum vacuum. The relativistic mean-field (RMF) model

is known to provide far better predictions for exotic nuclei that lie far away from the

valley of β-stability. Some general concepts related to the RMF model are discussed in

the following section.

2.1 Basic concepts of relativistic mean-field theory

In recent years, RMF theory has been used to provide a microscopic account of the

ground state as well as excitation properties related to finite nuclei. This model involves

many-body, which in the initial phase considers Effective Lagrangian with different nu-

cleonic and mesonic degrees of freedom. Table 2.1 categorizes various meson with their

corresponding quantum numbers.

The basic assumptions of RMF theory are as follows:

• Nucleons are regarded as point particles that are included in the form of Dirac

spinors ψi. This is because at low energies, they can be expressed as efficient degrees

of freedom. Moreover, by taking into account interaction involving non-renormalizable

terms, their compositeness is well-preserved at the tree level.

• These particles do abide by the laws of causality and relativity. Moreover, this

10



2.1. Basic concepts of relativistic mean-field theory

Table 2.1: Classification of different meson based on their associated quantum number

Type Spin Orbital angular moment Parity Total angular moment
S L P J

Pseudoscalar 0 0 − 0
Pseudovector 0 1 + 1

Vector 1 0 − 1
Scalar 1 1 + 0
Tensor 1 1 + 2

formalism is Lorentz invariant.

• In RMF, the particles travel freely in mean fields that are created by the interac-

tions of nucleon-nucleon.

• The Non-Goldsten mesons/bosons namely, ρ, δ, ω, and σ are incharge of interac-

tions at intermediate range as they express the nuclear bi-linear successfully in terms of

non-zero expectation values.

• The constraints of Quantum Hydrodynamics are put forward via symmetry, which

requires the inclusion of all permissible terms.

The effective mesons transfer that couple to nucleon’s local vertices follows Lorentz

invariance and the causality criteria. These assumptions lead to nucleons being charac-

terized as the Dirac particles with Dirac spinor φi. Mesons φj are point-like particles,

where j represents the ρ-, σ-, δ-, ω- as well as photon fields. The quantum numbers

of these mesons are given in terms of spin, total angular momentum and parity. The

dynamics of mesons can be derived from Lagrangian density as:

δ
∫
dtL = δ

∫
d4xL(φ, ∂µ, φ, t) = 0. (2.1)

In terms of classical Euler-Lagrange EOM we have,

∂µ

(
∂L

∂(∂µφj)

)
− ∂L
∂φj

= 0 (2.2)

11



2.1. Basic concepts of relativistic mean-field theory

Following Ref. [32, 35] the energy-momentum tensor can be described as

T µυ = −gµυL+
(

∂L
∂(∂µφj)

)
∂υφj. (2.3)

From the continuity equation we have

∂µT
µυ = 0. (2.4)

If there exist no space dependence explicitly of L, then the four-momentum vector

can be stated as P ν =
∫
d3rT 0ν . Here the 0th component of our four-momentum vector

can be given as P 0 = E =
∫
d3rH(r).

The expression of Hamiltonian density, as well as binding energy, can be given as

H(r) = T 00 = ∂L
∂qj

φj − L. (2.5)

E =
∫
d3rH(r) =

∫
T 00d3r. (2.6)

In mean-field formalism, accurate values of parity are obtained. Hence, while it de-

scribes bulk nuclear properties, the average π− mesons interactions effects turn out to

be zero [32, 35]. It may be noted that an even number of pions contributes positive

parity and thus is required to incorporate the phenomenological resonance states of two

π-mesons called σ-mesons that are beyond mean-field.

2.1.1 Relativistic mean-field Lagrangian density

Using all the mesonic and nucleonic contributions, the effective Lagrangian non-linear

density can be used to explore the ground state properties of the nuclei. It can thus be

described as:

L = LN + LM . (2.7)

12



2.1. Basic concepts of relativistic mean-field theory

Here LN and LM are respectively the nucleonic part and the mesonic part of the

Effective Lagrangian.

υ = d+ n

2 + b. (2.8)

Each term is approximated up to ν = 4, which helps in evaluating finite as well as

infinite nuclear matter [43, 44]. Here ‘n’, ‘b’ and ‘d’ are the number of nucleon fields,

non-Goldstone boson field, and a number of derivatives, respectively, in the interactions.

The first term of the Effective Lagrangian for nucleon having ν = 4 is stated below.

L = ψi[iγµDµ + gAγ
µγ5aµ −M + gsφ]ψi

−fpgp4M ψiρµυσ
µυψi −

fωgω
4M ψiVµυσ

µυψi

−kπ
M
ψiωµυσ

µυψi −
e

2MFµυψiλσ
µυψi

− e

2Mψγµ(βs + βυτ3)ψi∂υFµυ. (2.9)

Here ψi is known as Dirac spinors and Dµ is known as covariant derivative which is

defined as

Dµ = ∂µ + iωµ + igρρµ + igωVµ + ieAµ(1 + τ3)
2 (2.10)

In the Lagrangian given in Eq. 2.7 the meson part may be rewritten using various

13



2.1. Basic concepts of relativistic mean-field theory

fields along with their derivatives in the form:

LM =1
2

[
1 + α1

gsφ

M

]
∂µφ∂

µφ+ f 2
π

4 tr
(
∂µU∂µU †

)
− 1

2 tr (ρµνρµν)−
1
4

[
1 + α2

gsφ

M

]
VµνV

µν − gρππ
2f 2

π

m2
ρ

tr (ρµνρµν)

+ 1
2

[
1 + η1

gsφ

M
+ η2

2
g2
sφ

2

M2

]
m2
ωVµV

µ + 1
4!ζ0g

2
ω (VµV µ)2

+
[
1 + ηρ

gsφ

M

]
m2
ρ (ρµρµ)−m2

sφ
2
[
1 + κ3

3!
gsφ

M
+ κ4

4!
g2
sφ

2

M2

]

− 2ef 2
πA

µ tr (ωµτ3)− e

2gγ
Fµν

[
tr (τ3ρ

µν) + 1
3V

µν
]
.

(2.11)

In the above equation, photons, ω-, ρ-, and σ- mesons have the coupling constants
e

4π = 1
137 , gω, gρ and gσ respectively. For the nucleon spinors, it is possible to define

Pauli isospin matrix as ~τ3, where ~τ3 is defined as the third component of τ . One may

note that for neutron and proton, τ3 can have value either +1 or −1. For the case of

non-linear terms of meson fields, the coupling constant η1, η2, ηρ and ζ0 are also induced.

The field tensors ρµν , V µν and Fµν corresponds to the ρ and ω mesons along with EM

field respectively. Moreover, the terms α1 and α2 are the derivative for meson field where

ν = 5.

A generalized relativistic L (Lagrangian density) with certain changes implemented to

the original Walecka L accounts for various limitations for the many-body meson-nucleon

systems that take the form as:

L = ψ{iγµ∂µ −M}ψ + 1
2∂

µσ∂µσ

−1
2m

2
σσ

2 − 1
3g2σ

3 − 1
4g3σ

4 − gsψψσ

−1
4ΩµνΩµν + 1

2m
2
wω

µωµ − gwψγµψωµ

−1
4
~Bµν . ~Bµν + 1

2m
2
ρ~ρ
µ.~ρµ − gρψγµ~τψ · ~ρµ

−1
4F

µνFµν − eψγµ
(1− τ3)

2 ψAµ. (2.12)

The vector field tensors defined in the above Lagrangian density can be stated as

F µν = ∂µAν − ∂νAµ

Ωµν = ∂µων − ∂νωµ
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2.2. Relativistic mean-field equations

~Bµν = ∂µ~ρν − ∂ν~ρµ. (2.13)

Here the fields for the various ω, σ and isovector ρ meson is denoted by ωµ, σ and ~ρµ

respectively. Moreover, the EM field is represented in terms of Aµ. The F µν , Ωµν , and
~Bµν corresponds to field tensors for the photon fields, ωµ, and ~ρµ respectively.

The RMF theory allows density dependence of coupling of nucleon-meson. The mesons

coupling to the nucleon fields is stated as:

gi(ρ) = gi(ρsat)fi|i=σ,ω, (2.14)

where

fi(x) = ai
1 + bi(x+ di)2

1 + ci(x+ di)
(2.15)

and

gρ = gρ(ρsat)eaρ(x−1). (2.16)

Here, we find eight real parameters along with x = ρ/ρsat that are related to one another.

Moreover, decrement in the different number of independent parameters due to the five

constraints namely, fi(1) = 1, f ′′
ω (1)=f ′′

σ (1) and f ′′
i (0) = 0, leads decrement in effective

parameters to three as given in Refs.[35, 45–48]. By extending the upper as well as

lower components of the boson fields and Dirac spinors in a harmonic oscillator that has

an axially deformed configuration basis with the initial deformation β0, we can find the

field equations for respective nucleons and mesons using the aforementioned Lagrangian

density.

2.2 Relativistic mean-field equations

The equation of motion (EOM) for nucleons and mesons is created using the variational

principle. Rather than quantizing the fields, mean-field approximations are taken into

account, where the meson field operators are substituted by their classical field values,

which effectively eliminates quantum fluctuations. Moreover, there exists a “no sea” ap-

proximation, having various densities and currents for the sources of meson fields that are
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2.2. Relativistic mean-field equations

Figure 2.1: The qualitative structure of the Lorentz scalar field S and the vector field V in
finite nuclei. Here MN and M∗N are the nucleon masses and effective nucleon masses, re-
spectively. The S+V represents Dirac positive energy and -S+V represents Dirac negative
energy [2].

calculated by adding different occupied states in the baryon Slater determinant, which

completely overlooks contributions of anti-particle. This implies that the negative en-

ergy Dirac equation solutions or the effects of vacuum polarization are not considered.

However, vacuum polarization cannot be entirely ignored, and it is required to have a

phenomenological modification of the parameters that take care of it on a universal level.

In 1936, Bethe and Weizsãcker [49] successfully created the semi-empirical mass for-

mula that has its roots in LDM, which represents different bulk properties associated

with finite nuclei fairly well. Moreover, the binding energy/particle of a nucleus may be

calculated using the LDM as follows:

E(Z,N)
A

= M − av + asA
−1/3 + ac

Z2

A2/3 + aasym
(N − Z)2

A2 + . . . . (2.17)

Here M signifies the nucleonic mass, whereas A = Z + N denotes the mass number

or total nucleonic number. The asymmetry, surface, volume and Coulomb terms are

represented by aasym , as, av and ac respectively. If one takes Coulomb term as ac = 0,

and discard contribution due to surface, the LDM can be expanded to incorporate infinite
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2.3. Coherent density fluctuation method

nuclear matter (INM) i.e., N,Z, as well as V achieves infinite value. As a result, the

system’s binding energy/nucleon can be written as

E(Z,N)
A

−M = −av + aasym
(N − Z)2

A2

e(ρ, α) = E
ρB
−M ≡ −av + aasym α2

(2.18)

The neutron excess of INM is called the neutron-proton asymmetry in terms of baryon

density which is calculated using α = (N − Z)/A = ρn−ρp
ρn+ρp . Even-though, the INM is

incompressible, it can be possible to expand binding energy/particle around α = 0 for

the case of compressible NM as:

E(ρ, δ) = E(ρ, 0) + S(ρ)δ2 +O(δ4)....., (2.19)

where δ signify isospin asymmetry. The term δ4 signify the linear term in α becomes 0

owing to the NSE. The symmetry energy S(ρ) of the system can be defined as:

SNM(ρ) = 1
2
∂2(E/ρ)
∂α2

∣∣∣∣∣
α=0

, (2.20)

where E is the energy density. In the RMF approach, we solve the field equations self-

consistently by taking into account alternative inputs of the initial deformation β0 [28,

38, 45, 47, 50, 51]. For finding converging ground state solutions in the respective region

of masses, the number of main shells that will be required for fermions and bosons is

given by NF = NB = 12. The mesh points obtained in Gauss-Hermite integrations is 20,

while for Gauss-Laguerre integration is 24.

2.3 Coherent density fluctuation method

The CDFM is an extended version of the Fermi gas model which is established by account-

ing the generator coordinate. It comprises of collective type long-range correlations. Fol-

lowing this, various model calculations for density distribution, root-mean-square (rms)

radius of the ground as well as excited state have been performed for different nuclei,
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2.3. Coherent density fluctuation method

namely 4He, 16O, 40Ca, etc. The method has been used for evaluating the scaling function

by using Fermi gas in relativistic mode [52], and comparing with the results implemented

on lepton-scattering processes [52–54]. This scaling function can be used for predicting

possible cross-sections for various processes, namely neutrino or antineutrino scattering,

for varying charges and neutral-current [53, 54], electron scattering in the δ- as well as

quasi-elastic regions [53]. Furthermore, in recent years, this model was used for studying

the scaling function using its connection to the spectral function and momentum distri-

bution. Thus, this method is used to formulate different characteristics of nuclear matter,

namely symmetry energy, neutron pressure, etc. There are many advantages of using the

CDFM approach: firstly, it fends for the fluctuations observed in the density distribution

via. weight function |F(x)|2. Secondly, it can also take care of changes observed in the

density and momentum distributions in finite nuclei near the surface. Recently Bhuyan

et al. have successfully studied various surface properties like symmetry energy, neutron

pressure, skin thickness etc., of some exotic finite nuclei using the CDFM within RMF

formalism [45].

In CFDM one can define the one-body density matrix (OBDM) ρ(r, r’) which can take

the form of another OBDM having coherent superposition ρx(r, r’) for spherical pieces of

NM called as fluctons.

ρx(r) = ρ0(x)Θ(x− |r|), (2.21)

Here ρ0(x) = 3A
4πx3 . Moreover, x is defined as the spherical generator radius coordinate

for mass number A which lies inside the uniform spherical distribution of Fermi gas. In

the case of finite system, OBDM becomes

ρ(r, r’) =
∫ ∞

0
dx|F(x)|2ρx(r, r’). (2.22)

Here F(x)|2 is defined as the weight function while ρx(r, r′) represents the superposition

of the OBDM coherently and is stated as:

ρx(r, r′) =3ρ0(x)J1(kF (x)|r− r′|)
(kF (x)|r− r′|) ×Θ

(
x− |r + r′|

2

)
.
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2.4. Developing the Fortran program

The term J1 is a Bessel function having order as one and kF (x) represents nucleons

Fermi momentum having x radius for the flucton stated as

kF (x) =
(

3π2

2 ρ0(x)
)1/3

≡ β

x
(2.23)

with

β =
(

9πA
8

)1/3

' 1.52A1/3. (2.24)

We can write the Wigner distribution function for the OBDM as

W (r,k) =
∫ ∞

0
dx|F(x)|2Wx(r,k). (2.25)

whereWx(r,k) = 4
8π3 Θ(x−|r|)Θ(kF (x)−|k|) Similarly using CDFM approach the density

ρ(r) term can be written as,

ρ(r) =
∫
dkW (r,k)

=
∫ ∞

0
dx|F(x)|2 3A

4πx3 Θ(x− |r|) (2.26)

and weight function |F(x)|2 as

|F(x)|2 = −
(

1
ρ0(x)

dρ(r)
dr

)
r=x

, (2.27)

having normalization
∫∞

0 dx|F(x)|2 = 1.

Following the CDFM approach and using the Refs. [45, 55, 55–57], the expression for

effective symmetry energy S can be written as:

S =
∫ ∞

0
dx|F(x)|2SNM(x). (2.28)

2.4 Developing the Fortran program

The most challenging part of this project work involved writing a program from scratch.

We chose Fortran as the programming language for this task because of its superiority in

19



2.4. Developing the Fortran program

environments dealing with extreme computations. Fortran as a programming language

was invented by J. W. Backus in the 1950s for simplifying scientific and engineering

problems. It has stood the test of time for nearly the past six decades by dominating

in the different domains, namely computational physics, numerically performed weather

prediction, computational-fluid dynamics, etc.

The procedure and hindrance faced while writing the program can be summarized as

follows:

• In the initial phase, we have the density file obtained from solving RMF equations

with NL3 and DD-ME2 parameters.

• We need this density file to serve as an input to the Fortran program. This density

file contains density (ρ) as a function of nuclear distance (r) arranged in different columns.

We input these values of nuclear distances and densities to save them in different arrays.

• Using these density values, we calculate the spherical fluctons densities and also

save them in the form of arrays.

• Moreover, we perform the numerical derivative operation on densities using the

central difference formula using these same densities. Here we create a subroutine for

differentiation operation to facilitate handling such a large chunk of data.

• After getting our hands on fluctons densities as well as derivative of densities, we

proceed with the calculation of |F(x)|2 using the CDFM approach.

The equation of |F(x)|2 may seem to be of simple nature, but on careful observation,

it was found that it correlates the infinite nuclear matter quantities in momentum space

to that of the finite nuclear system in coordinate space.

The Fortran program for calculation of weight function |F(x)|2 is provided here. All

the variable names have their usual meaning, as discussed in Sec. 2.3.

!!!! Program created by Praveen Kumar Yadav

!!! M.Sc. Physics

!!! Thapar Institute of Engineering and Technology ,
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2.4. Developing the Fortran program

!!! Patiala , India

program main

implicit none

integer *8 i, j, n

real*8, dimension (900) :: r, Pn, Pp, Pt

real*8, dimension (900) :: x, Px

real*8 diff_value , h

real*8 pi , massno

real*8, dimension (900) :: p0x , Pt_diff , Fx2

pi =3.141592653589793238

n=299

print *, ’Input␣Mass␣No␣for␣data␣file’

read (*,*) massno

open(unit=11,file=’file.dat’, status=’old’)

do i = 1, n

read (11,*) r(i), Pn(i), Pp(i), Pt(i)

end do

close (11)

h=r(2)-r(1)

do i=2,n-1

j=i-1

call diff_subr(Pt,i,h,diff_value)

Pt_diff(j)= diff_value

end do

do j=1,n-2

x(j)=r(j+1)
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Px(j)=Pt(j+1)

end do

do j=1,n-2

p0x(j)=(3.0* massno )/(4.0* pi*x(j)**3.0)

end do

do j=1,n-2

Fx2(j)=ABS (( -1.0/ p0x(j))* Pt_diff(j))

print *, Fx2

end do

end program

subroutine diff_subr(f,k,h,diffcalc)

integer *8 k

real*8, dimension (900) :: f

real*8 h, diffcalc

diffcalc =(f(k+1)-f(k -1))/(2.0*h)

end subroutine

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
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Chapter 3

Results and discussions

In the relativistic mean-field theory, the mesons are collectively represented as fields,

where they account for the interactions between the nucleons. Using the RMF theory, we

solve self-consistently various mean-field equations by taking different sets of deformations

in the form of input. Following the method of CDFM, which is discussed in section 2.3,

we calculate the value of F(x)2 by the use of different nuclear densities. One of the

CDFM’s primary benefits is its ability to form transparent relationships for the intrinsic

EOS values analytically by using a simple technique related to weight function. Moreover,

we calculate the values of nuclear symmetry energy for Scandium (Z=21) and Titanium

(Z=22) isotopic chains. The equation discussed in section 2.3 correlates the infinite

nuclear matter (INM) quantities lying in momentum space to its corresponding finite

matter system (FNS) quantity existing in coordinate space. Using this weight function,

we calculate the value of surface properties of finite nuclei. In our preliminary results,

we have calculated the weight function as well as symmetry energy for the finite isotopic

chain of Sc- and Ti- nuclei. These preliminary results based on our calculations are given

below.

3.1 Densities and weight function

In order to calculate symmetry energy, the first step is to take the total density as the

input to the program. The value of total density is given as the sum of both the neutron

density (ρn) and the proton density (ρp). After getting the value of total densities as a

function of nuclear distance, we use the coherent density fluctuation method (CDFM)
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Figure 3.1: Total density distribution for 57Sc(NL3) and 35Sc(DDME2) isotopes.

to evaluate the value of weight function F(x)2 from Eq. 2.27. The equation of weight

function F(x)2 may appear to be of simple nature but holds an entirely complex interpre-

tation in the realm of nuclear-astrophysics. The term F(x)2 correlates quantities related

to INM that exist in momentum space to that of coordinate space found in FNS.

After calculating F(x)2, we generate the value of symmetry energy using the Eq. 2.28.

It must be noted that the value of the F(x)2 is always less than one. In the Figs. 3.1 and

3.2, we have plotted the graph of total density (ρ)of some Sc and Ti isotopes with respect

to nuclear distance (x). A careful investigation of these Figs. 3.1 and 3.2 suggest that

with the increasing number of protons (Z), minor enhancement can be observed in the

surface region. Therefore, the total density distribution plays a vital role in understanding

various effective nuclear matter quantities.

We have plotted the graph of F(x)2 as a function of nuclear distance in Fig. 3.3 and

3.4. As can be seen from the graphs, the term F(x)2 is directly dependent on the density

function. Any decrement in the value of density leads to a corresponding decrease in the

value of F(x)2. The shape taken by F(x)2 corresponds to a bell-shaped structure with a

maximum-density value is obtained at the middle of the flucton radius.

Using the F(x)2 we take the limits of integration corresponding to the symmetry
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Figure 3.2: Total density distribution for 56Ti(NL3) and 40Ti(DDME2) isotopes

energy in such as way that to only account for the positive value of the product of

F(x)2 and SNM(x). This is done owing to the non-negative nature of NSE. On careful

observation, one can note that a considerable portion of the F(x)2 achieves its peak for

the range that corresponds to the density distribution of its surface region. Thus, it is

called effective surface properties of finite nuclear matter.

3.2 Nuclear symmetry energy

The main objective of this project involves calculating NSE for nuclei corresponding to two

chains of isotopes, namely Scandium and Titanium. NSE is a very important term that

has its roots in various branches of nuclear physics, for example, in studying the structure

of ground state nuclei, dynamics related to heavy-ion reactions, as well as the composition

of neutron stars. Because of the high importance of symmetry energy, its characterization

plays a vital role in interpreting neutron-rich nuclei and neutron star matter. The isospin

asymmetry in nuclear matter arises due to the differences in densities and masses of

protons and neutrons. It helps in the determination of the symmetry energy parameter.

Symmetry energy can be defined as the energy density derivative with respect to the
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Figure 3.3: The weight function distribution calculated for 57Sc(NL3) and 35Sc(DDME2)
isotopes.

isospin asymmetry. Even though it is impossible to measure symmetry energy directly,

we can infer its values by using other nuclear observables that share some mathematical

relationship with it.

Using the symmetry energy, we can calculate the surface symmetry energy as well as

volume symmetry energy. For lighter nuclei, it can be observed that the surface effects are

very significant, whereas in the case of heavier nuclei, they provide a negligible contribu-

tion. It is possible to consider the effects of deformation during the calculation process for

more accurate results. However, this addition of deformation raises the complexity and

requires a tremendous amount of computation. Therefore, in our present calculations,

we include only the spherical densities.

The NSE is divided into volume and surface components that are generally estimated

in relation to the properties of nuclear matter at saturation. According to Brueckner’s

energy density functional method, few of the negative values of NSE, which are non-

physical, were observed. Thus, it is required to define proper limits of integration in the

Eq. 2.28 that is based on SNM(x), where it changes sign from a negative to a positive

value and vice-versa, respectively.

It must be noted that, in Eq. 2.28 we have defined xmax based on the right part of
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Figure 3.4: The weight function distribution calculated for 56Ti(NL3) and 40Ti(DDME2)
isotopes.

the weight function |F(x)|2. Thus, the integration of S terms from xmax to ∞ becomes

nearly equal to zero.

Exotic nuclei with significant neutron-proton asymmetry correspond to NSE. In ad-

dition to this, relevant symmetry energy information from finite nuclei gets included in

different nuclear phenomena, ranging from the nuclear structure study and heavy-ion

collision dynamics to large isospin asymmetric systems like neutron stars.

The results of our present calculations related to symmetry energy are displayed in

Fig. 3.5 and 3.6. These figures correspond to calculations based on non-linear NL3 and

density-dependent DDME2 parameters for Sc- and Ti- isotopes. From the Fig. 3.5 and

3.6 one can find sharp discontinuities, which marks the existence of shell/ sub-shell closure

taking place at neutron numbersN = 20 and 28. We know thatN = 20 and 28 correspond

to magic numbers that have a higher degree of nuclear stability. Therefore, these nuclei,

which have a magic shell configuration, would require a greater amount of energy in order

for a proton to be converted into a neutron or in the other way from neutron to proton.

The validity of our calculation is thus confirmed, as we provide theoretical confirmation of

the existence of shell and or sub-shell closure for these isotopic chains, which have magic

number configurations. Moreover, for both the Sc and Ti isotopic chains, we observe
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Figure 3.5: The symmetry energy for Scandium isotopes with respect to neutron number
for the NL3 and DD-ME2 interactions. More details are provided in the text.

that the DDME2 parameter has a larger value in comparison to the much older NL3

parameter set. This revels that the contribution of the surface is greater in the DDME2

parameter than in case of the NL3 parameter set.

The symmetry energy values obtained from Sc- isotopic nuclei for NL3 are in the range

of 26.43≤ S ≤ 27.65 while for DDME2 it lies in the range of 26.77≤ S ≤ 27.82. Moreover,

the calculated values from Ti chain and NL3 parameter are found to be between 26.54 ≤

S ≤ 27.87 while in case of DDME2 it lies between 26.86 ≤ S ≤ 28.02.
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Figure 3.6: The symmetry energy for Titanium isotopes as a function of number of
neutrons for the NL3 and DD-ME2 parameters. Detailed explanation is provided in the
text.
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Chapter 4

Summary and conclusions

4.1 Brief summary

This dissertation attempts to investigate two parameter sets, namely non-linear NL3 and

density-dependent DD-ME2, within the purview of relativistic mean-field formalism. We

have used the coherent density fluctuation method to find shell/sub-shell closure for the

isotopic chains of Scandium and Titanium nuclei. A short chapter-wise summary of this

dissertation is given below:

Chapter 1: The chapter briefly deals with the theory of nuclear matter. It includes the

topic related to understanding the drip-line nuclei, such as the valley of β-stability, the

concept of magic numbers, exotic and halo nuclei, and the role of nuclear deformations.

Furthermore, it includes the introduction of relativistic mean-field model and its need and

superiority over other types of non-relativistic mean-field models. It also briefly discusses

the idea of effective field theory and infinite nuclear matter.

Chapter 2: This chapter deal with the detailed formalism of RMF along with the

related equations. A brief description of different mesons, along with the approximations

related to the meson field, is detailed in this chapter. Moreover, it also discusses two of

the most critical parts of this dissertation: understanding the coherent density fluctuation

method and writing the complex Fortran code from scratch. It highlights all the methods

used throughout the code creation process along with all the hindrances faced. Moreover,

we have also provided the Fortran program capable of calculating weight function F(x)|2

for easier understanding.
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4.2. Future scope of the project

Chapter 3: The calculation for finite nuclear isotopic nuclei of Scandium as well as

Titanium is provided here. We have first calculated the densities of spherical fluctons

and using that we evaluate the value of weight functions. The plot of different densities

and their weight functions decide the integration limits of NSE. The symmetry energy

is defined as the derivative of energy density with respect to the asymmetry observed in

neutrons and protons. We have predicted some shell and or sub-shell closure for nuclei

having neutron numbers N = 20 and 28 in the case of exotic Scandium and Titanium

isotopic chain. These shell/subshell closure depicts magic shell configuration in nuclei

which yields to increased stability. Moreover, these stable nuclei would require a greater

amount of energy in order to get converted from proton to neutron or vice-versa than

their counterparts.

4.2 Future scope of the project

The ultimate objective of nuclear physicists is to define with extreme precision the magic-

ity of various drip-line nuclei. Many experimental researcher groups around the world

have made significant advancements in terms of studying the various properties of these

drip-line nuclei. Moreover, different theoretical models have also been defined to better

predict the experimentally observed results.

Our preliminary results used the relativistic mean-field model and studied light to

medium mass nuclei of Scandium and Titanium. We have calculated the weight function

and the symmetry energy for these nuclei. In the future, we would like to extend our

present calculations to other light, heavy and super-heavy nuclei and figure out the trend

in the shell or sub-shell closure near the drip-line.

Moreover, we wish to further our calculations by calculating our parameters such as

neutron pressure, curvature, volume symmetry energy, and surface symmetry energy. It is

possible to modify the present form of relativistic mean-field equations to account for the

deformations, which, even though it increases the complexity, leads to a lowering of error

and thus provides better results. We intend to include more parameter sets and compare

them with the experimentally available data along with different theoretical models such

as the finite range droplet model and Hartree-Fock plus Bardeen-Cooper-Schrieffer.
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