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Abstract

The area of uncertainty quantification (UQ) has acquired a lot of importance in the past

few years. The eagerness to achieve precision has driven today’s world to quantify the

uncertainties present in various physical and engineering problems. In order to have a

better understanding of the stochastic approaches, a current state-of-the-art review of the

numerical methods for stochastic computations is presented. In this thesis, a brief account

of the related work of various authors to numerically solve stochastic partial differential

equations (PDEs) by using several approaches is reviewed. The framework of the methods

is discussed along with their algorithms, literature, comparison analysis, strengths, and

weaknesses. An illustrative example of a simple ordinary differential equations (ODEs)

with uncertain parameter is discussed and is compared with three main methods-Monte

Carlo, polynomial chaos and stochastic collocation method. We initially started with the

traditional polynomial chaos method which involves Hermite polynomials and united it

with the summation by parts-simultaneous approximation terms (SBP-SAT) operators

in order to acquire the stability conditions for the Dirichlet boundary conditions (BCs).

Spatial derivatives are approximated by SBP operators and SATs are used to enforce BCs

by ensuring stable solutions.

As our aim was to develop variants of polynomial chaos methods in engineering problems,

so, a new class of wavelets known as B-spline wavelets is introduced into the area of UQ. On

the basis of order of B-spline wavelets, linear and cubic Wiener semi-orthogonal B-spline

generalized polynomial chaos (gPC) is developed. The advantages of B-spline wavelet

based gPC are

• Usually, gPC may have slow convergence or fails to converge in problems which

consists of discontinuities or sharp dependence on the random space even in short-

time integration. However, wavelets being local waves are known for expressing

discontinuities or steep gradients more accurately than the global basis.

• Wavelet methods are generally known for their self adaptive nature which makes it

a good choice for the numerical solution of a stochastic PDEs. The self adaptivity

property comes from the good localization properties of wavelets which are seen

both in space and frequency. This makes B-spline wavelets an interesting tool for

adaptivity to explore it in stochastic PDEs.

• Although there is wide research available for wavelets, yet the theory of wavelets for

numerically solving stochastic PDEs in UQ is in its emerging phase. The beauty of
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semi-orthogonal compactly supported B-spline wavelets is that they have finite sup-

port, both even and odd symmetry and simple analytical expressions, ideal attributes

of a basis function.

Adaptive schemes perform refinements where most needed in order to reduce the computa-

tional effort. Such local refinements plays a vital role when the system dynamics indicate

steep dependences on the random parameters. One such method known as wavelet opti-

mized finite difference method is employed in collaboration with B-spline wavelet based

gPC to find the adaptive solutions of stochastic PDEs with periodic BCs. Moreover, we

introduce another method known as adaptive wavelet collocation gPC which involves the

concept of autocorrelation functions of compactly supported Daubechies scaling functions.

In particular, this collocation method seems well suited to the treatment of Dirichlet’s

BCs.

We have implemented the above developed methods on number of differential equations

from engineering problems. In this thesis, we have illustrated simple second order ODEs

with discontinuous solution, coupled ODEs such as stochastic linear oscillator problem,

stochastic Kraichan-Orszag problem, linear as well as non-linear PDEs. Moreover, we

have practiced our method on real life epidemic situation consisting of influenza in boys

boarding school in England, 1978 and Ebola in Liberia, 2014. Real data is considered

from British Medical Journal and World Health Organization. Moreover, in this, we have

compared the linear and cubic B-spline wavelets and it has been observed that linear

B-spline wavelets show faster results as compared to cubic B-spline wavelets.

The wavelet optimized finite difference B-spline wavelet gPC is tested on stochastic heat

equation and stochastic Burger’s equation. Further, the adaptive wavelet collocation based

gPC is tested on elliptic problem, advection equation and non-linear Burger’s equation.

The CPU time analysis of the methods reveals that the methods are quite efficient. The

postprocessing step which includes first order moment (mean) and second order moment

(variance) is performed for each test problem.
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Chapter 1

Introduction

Uncertainties can be seen almost everywhere ranging from a layman using weighing ma-

chine to a scientist precisely measuring weight of nano-particles. Therefore, mathematical

models which are used to represent these real-life engineering systems are subject to a large

range of uncertainties, thus, leading to the increased interest of researchers and scientists

in the field of Uncertainty Quantification (UQ). Over the past few decades, due to the

growth of statistical mechanics, computational power, simulations and testing, there has

been a progressive trend in science towards making robust and powerful models even in

the presence of uncertainty or randomness in problems. Every design such as an airplane

or a new building shows a model-based estimation that the airplane will fly safely or the

building will stand. Hence, besides solely validating a model, prediction in engineering

design presumes that resources of imagination, money, and time can be confidently spent

in order to produce something strong, reliable and economical. Mathematical models to-

gether with computer models are typically made to take decisions, calculate risks and

frame decisions accordingly. One challenging thing what researchers face is that higher

the complexity of the system becomes, harder it takes the computer model to present it

accurately. Therefore, we focus on UQ of complex systems which consists of tough math-

ematical framework such as systems of differential equations (DEs) where computation of

even a single deterministic inversion of a model is expensive.

UQ is the science of identification, quantitative characterization and minimization of un-

certainties in both real world and computational applications. It tries to find out how

likely certain outcomes are if some details of the system are not completely known. UQ

basically is the amalgamation of three fields - mathematics, statistics, and engineering. On

a whole, it solicits to handle the problems consisting of real world variability and proba-

bilistic behavior into system analysis and engineering. The quantification of uncertainties

is the ever-growing demand of the scientific field, for eg. prediction of uncertainty in pro-

duction of oil from oil reservoirs, reliable prediction in weather forecasting, the influence

of random heat conductivity and capacity on the solution of transient heat conduction

and so on. UQ basically involves three steps in quantifying uncertainty in engineering

problems [1, 2].
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These are as follows:

1. Characterization of uncertainties - The first step aims at using the power of

mathematical statistics for characterizing the uncertain features linked to the given

system as one random variable (RV), more than one RV, random matrices, random

fields, or random operators.

2. Propagation of uncertainties - The second step focuses on propagating charac-

terization of inputs into characterization of outputs. There are number of ways to

carry out this, for instance, by employing Monte Carlo (MC) sampling, stochastic

polynomial chaos expansion (PCE), stochastic collocation method (SCM) and so on.

3. Quantification of uncertainties - Lastly, in this step, the aim is to make the model

beneficial in the design and analysis part of engineering system under study. It can

be achieved by performing sensitivity analysis (SA) [3] for the reduction of uncertain-

ties, by utilizing decision-theoretic methods for validation, or by using optimization

methods for improving the design such as variance-based SA, differentiation-based

SA, Sobol, ANOVA etc.
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1.1 Basic Concepts with Definitions

1.1.1 Uncertainty and Errors

While dealing with the field of UQ, one must be familiar with the difference between errors

and uncertainties that can occur in a model [4] as they are distinct concepts which are often

confused with one another. Uncertainty is considered as a potential deficiency in any stage

of the modeling process which is basically in virtue of lack of information. It is generally

represented by some type of probability distribution of the occurrence. As we know, the

main cause of uncertainty is incomplete information, so it can be minimized by strengthen-

ing the knowledge base. On the other hand, errors are said to be recognizable deficiencies

in any stage of a modeling process which are not a consequence of lack of knowledge.

Moreover, they are divided into acknowledged and unacknowledged errors. Acknowledged

errors arise from physical approximations made for the simplification of the modeling of

a physical process; a defined level of iterative convergence of a numerical method; finite

precision arithmetic in a system; transformation of the governing partial differential equa-

tions (PDEs) into discrete equations whereas unacknowledged errors arise from mistakes,

or blunders. In numerical analysis, numerical methods are designed to solve a problem

using numerical approximations as it becomes time consuming to solve it analytically and

hence round off errors, truncation errors are introduced in the computational part. So,

on a whole, uncertainties are inherently physical whereas errors are purely mathematical

in its essence. Although uncertainties influence the output of a computational model, but

they should not be mistaken as errors. Moreover, errors can be handled and minimized to

a negligible level if the analyst is familiar with the numerical methods and algorithms to

be used.

1.1.2 Types of Uncertainties

Uncertainty is further classified either as aleatory, epistemic, or a combination of both [5].

Aleatory (Latin word alea meaning dice) uncertainty also referred as non-reducible uncer-

tainty which emerges due to intrinsic variation or physical randomness or due to spatial or

temporal variations which cannot be reduced. For eg., different trucks manufactured from

a single production line are not exactly the same, a fair dice in which the outcome of a

dice throw varies naturally between one to six and is unpredictable, weather or the height

of individuals in a population which cannot be minimized by collecting more information.

In simple words, we can say an uncertainty which is impossible to reduce is characterized
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as aleatory. Hence, it is defined either by a cumulative distribution function (CDF) or a

probability density function (PDF). On the other side, epistemic uncertainty arises due to

incomplete knowledge of the expert, or team of analysts, implementing the simulation and

modeling process. These uncertainties are introduced through poor data, deficient mea-

surements, or missing data. However, it can be eliminated by adding sufficient knowledge

(which charges resources and time). Moreover, it is traditionally described either as a PDF

which provides degree of belief of the analyst or an interval with no associated PDF. Also,

these quantities have a fixed value in an analysis, but that fixed value is not known to us.

For instance, the elastic modulus for the material in a particular component is probably

fixed but poorly known or unknown.
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Figure 1.2: UQ Hierachy

1.1.3 Mathematical Models

A mathematical model is an abstract model that employs mathematical concepts to de-

scribe the behavior of a real system. Most physical processes are represented using math-

ematical models with the help of DEs and on the basis of uncertainties and errors, these

mathematical models are differentiated into deterministic and stochastic models. In de-

terministic models, the solution comes out to be unique due to the known parameters
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governing the equations. This drawback usually raises a practical problem as nature is

inherently heterogeneous and the system is often evaluated at small discrete number of

locations. Thus, it becomes difficult to rely on solutions of deterministic models even if

the physical processes are simple and understandable by deterministic equations. This is

basically due to the input parameters, initial and boundary conditions, model geometry

etc being not well known or are never known clearly. However, stochastic methods can be

considered as a tool which collaborates statistics, physics, and uncertainty within a logical

theoretical framework. Statistical distributions are used to describe the unknown param-

eters. On the other hand, the distinct variables depicting the problem are linked to the

random model parameters and to each other through (deterministic) physical laws. There-

fore, the resulting models take the shape of stochastic ordinary DEs (ODEs) or PDEs [6].

Thus, a stochastic model produces numerous equally likely solutions, which enables the

modeler to assess the inherent uncertainty of the modeled physical system. However,

stochastic models are computationally complex to execute than the deterministic mod-

els as they require great computational and statistical expertise. Stochastic modeling is

heavily used in various disciplines such as insurance industry, linguistics, stock investing,

biology, statistics, and quantum physics.

1.1.4 Probabilistic and Non-Probabilistic Approaches

The literature consists of many frameworks for handling the uncertainties present in a sys-

tem based on probabilistic and non-probabilistic approaches. Probabilistic approach deals

with the probability theory by modeling the uncertainties present in a physical system as

random mathematical objects whereas non-probabilistic approaches are still under devel-

opment and generally result in interval computations that are expensive when applied to

large problems with many variables. This approach generally consists of interval analysis,

imprecise probabilities, evidence theory [7], possibility theory [8], and fuzzy set theory [9].

Obviously, from the late 19th century until the late 20th century, the principal theory in

quantifying uncertainty in mathematical models had been the probability theory. Prob-

ability has a long history going back to the time of Cardano in the 16th century, when

gamblers acknowledged the rules of probability in games of chance.

Moreover, probabilistic approaches are further categorized into parametric and non-param-

etric approaches [10]. Parametric approaches consists of uncertainties in some or all of its

parameters by characterizing them as RVs. On the other hand, non-parametric approaches

are those where uncertain features of the model cannot be related with uncertainties in

some or all of the parameters. For eg., when uncertainties originate from modeling sim-
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plifications and assumptions or simply contains modeling errors. It was initially given by

Soize [11] for UQ where the model uncertainties induced by the modeling errors were taken

into consideration that could not be treated by parametric approaches. In computations,

uncertainty can arise due to constitutive laws, modeling assumptions, domain geometry,

inputs, model structure, model parameters, initial/boundary conditions.

1.1.5 Quantities of interest

The end results after propagating the uncertainties present in a system are the quantities of

interest or the statistical descriptors which will express the influence of input uncertainties

on the output. The analysts are mainly interested in getting information about the statis-

tical data of the considered quantity, for instance its mean and variance, which partially

gives knowledge about the uncertainty characteristics. Moments are a very useful way of

describing a RV, since we can characterize the behavior of a RVs using few concepts.

The most commonly used moment is probably the first moment, which is also called the

expectation or the mean value. This typically aims at describing the most likely value to

be taken by the variable, hence we call it expectation. Let us suppose, we want to measure

the speed of wind outside. As we know, due to natural variations or because of measuring

instrument, we won’t be able to get a steady value. Thus, we get different results after

repeated measurements which is quite natural. In such cases, it is best to take more and

more readings and calculate its average/mean in order to get the best estimate of the true

value. Higher the number of readings you take, closer you get to the true value.

If we get different results after repeated measurements, the next thing which we look up

at is the spread of the values. The width of the spread will tell us the uncertainty of

the measuring instrument. For instance, a large spread generally means a single reading

is quite different from the other readings. Standard deviation (S.D.) comes into form for

quantifying this spread or simply we can say it describes how far the variation is around

the mean. It basically gives knowledge about how different the individual readings are

from the average of the set.

1.1.6 Books and Softwares

There are a number of books available for UQ [10,12–18] which are helpful in understanding

the implementation of UQ approaches to various applications. Moreover, there are already

many mature UQ software packages developed by the experts in this field. Few of them

are Design Analysis Kit for OpTimizAtion (DAKOTA), MIT Uncertainty Quantification
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Library (MUQ), an Open source for the treatment of Uncertainties (OpenTURNS), UQ

Laboratory (UQLab), UQpy, UQ Toolkit (UQTk), SmartUQ, Uncertainpy, Chaospy which

are helpful in the propagation of uncertainties present in a system.

1.2 Numerical Problem- A simple ODE

Rather than getting into the detailed discussion of the stochastic UQ approaches available

for the propagation of uncertainties, we first try to understand how uncertainty is intro-

duced into a simple mathematical model. As we know, a simple deterministic ODE has

the following form

du(t)

dt
= −αu(t)

u(0) = β. (1.2.1)

Here, randomness can be introduced into the parameters coefficients or into the initial

conditions (ICs). Now, we move from deterministic ODE to stochastic ODE by considering

α to be the random parameter. The introduction of randomness into deterministic ODE

turns it into a stochastic ODE and hence, we have

du(t, ξ)

dt
= −α(ξ)u(t, ξ) (1.2.2)

u(0, ξ) = β. (1.2.3)

where ξ be a RV with some associated PDF or CDF. After getting familiar with the

stochastic ODE, we further aim at obtaining the analytical solution of the stochastic ODE

as follows:

du(t, ξ)

dt
= −α(ξ)u(t, ξ)

du(t, ξ)

u(t, ξ)
= −α(ξ)dt∫ u(t,ξ)

u(0,ξ)

du(t, ξ)

u(t, ξ)
= −

∫ t

0

α(ξ)dt

ln(u(t, ξ))
∣∣∣u(t,ξ)
u(0,ξ)

= −α(ξ)t
∣∣∣t
0

ln(u(t, ξ))− ln(u(0, ξ)) = −α(ξ)t

ln

(
u(t, ξ)

u(0, ξ)

)
= −α(ξ)t
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u(t, ξ)

u(0, ξ)
= e−α(ξ)t

u(t, ξ) = u(0, ξ)e−α(ξ)t

Since, this is a simple ODE, so it was easy to find out the analytical solution. However,

it becomes difficult to find out the analytical solution of the complex DEs. As we already

know the ICs u(0, ξ) = β, therefore the analytical solution comes out to be

u(t, ξ) = βe−α(ξ)t (1.2.4)

1.3 Propagation of uncertainties

In this section, we review the approaches available in literature which handle the stochastic

models by propagating the uncertainties. We will summarize the methodologies of the

numerical schemes [19] such as MC, PCE and SCM which are useful in approximating the

stochastic models.

1.3.1 Monte Carlo Method

MC method is inherently the most common and simple technique used in literature to

propagate the uncertainties present in a system. It was in 1873, when MC method was

used to experimentally determine the value of π by throwing matchsticks. Later on, this

method was further developed and has been applied in nuclear physics and operation

research to compute probabilistic problems. The name and systematic developments of

MC method dates from about 1944. The term MC has been coined by Stanislav Ulam and

Nicholas Metropolis during the Manhattan Project in the forties and was first published

in 1949 [20]. The detailed historical and theoretical aspects of MC methods have been

explicitly explained by Hammersley and Handscomb [21].

The algorithm of MC method is as follows:

Algorithm 1.1 MC Method

1: Generate N realizations of the random parameter on the basis of PDF.
2: Corresponding to each realization, get a deterministic solution.
3: Obtain N deterministic solutions corresponding to N deterministic system of equations

by using any available deterministic solver.
4: Compute the quantities of interest.
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The advantages of using MC method are:

1. This method has an easy implementation and can be employed to any kind of problem

covering nonlinear systems as well.

2. An estimate of the error is achievable as part of the solution process.

3. It is considered to be the last resort for high dimensional problems as it is away from

the curse of dimensionality.

4. It also shares the advantageous property of not requiring modification of the codes

of the original system and thus leads to be a non-intrusive approach.

However, it also has few limitations such as

1. It needs thousands or sometimes millions of samples in order to reach to the required

accuracies.

2. It has notoriously slow convergence rate of O(N−1/2).

3. It is computationally expensive.

4. Also, MC method is a very time-consuming method due to high processing time of a

single realization or due to requirement of large number of realizations to get to an

exact result, which makes it difficult to apply it in complex simulations.

MC methods have been used in various applications in the context of quantifying uncer-

tainties present in a system. Americo Cunha Jr. et al. quantified uncertainty using MC

method in cloud computing setting [22]. MC methods [20,23] have been applied for many

years to conduct simulations when randomness was considered. In 2011, Siva et al. [24]

studied the influence of uncertainties to power and thrust coefficients of a helicopter with

the help of MC method. In 2014, Dörr et al. [25] demonstrated the use of different MC

sample generators in the context of numerical UQ. Moreover, they gave a brief introduction

on the statistical fundamentals of the MC uncertainty framework.

1.3.1.1 Variants of MC method

Due to the limitations of MC method, researchers have worked on developing its various

extensions. Therefore, there are a number of variants of MC methods and only a few

are discussed here. In 1979, stratified and Latin Hypercube sampling (LHS) [26] were

examined as an alternative to simple random sampling in MC simulations. The main

feature of LHS [27] is that, in contrast to simple random sampling, it simultaneously

stratifies on all input dimensions. Further, MC method has been extended to Quasi- MC
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(QMC) [28], Multilevel MC (MLMC) [29] and Multilevel QMC (MLQMC) [30]. Multilevel

methods [31] have turned out to considerably minimize the asymptotic computational

effort of the traditional MC during UQ problems. It raises only proportionally to the

price of solving the deterministic problem in specific situations. These methods depend on

smart combination of large number of computationally inexpensive low resolution samples

and a comparatively small number of computationally more expensive higher resolution

samples.

On the other hand, quasi random sequences are considered as the deterministic substitutes

to pseudo-random sequences which are employed for QMC method. Pseudo-random se-

quences are known for imitating the features of random sequences whereas quasi-random

sequences are good at producing better uniformity and therefore, grab faster convergence

for quadrature formulae [32]. Hence, QMC makes use of inputs which are uniformly spaced

from already sampled quasi-random sequences to evaluate the statistical descriptors. Thus,

it provides an improved rate of convergence than MC along with considerable minimization

of the computational cost. Further, MLMC and MLQMC needs a hierarchy of meshes de-

fined a prior for its effective functioning. In MLMC method, coarsest grids covers up most

of the uncertainty, and hence, the cost associated along with the amount of realizations

required on the finest grids is dramatically decreased [33].

In 2010, Cliffe et al. [31] demonstrated the effectiveness of MLMC method over the tradi-

tional MC method by applying it on elliptic PDEs in groundwater flow. In 2011, Barth et

al. [34] proposed MLMC finite element method which helps in the reduction of computa-

tional cost. One of its application is in stochastic elliptic equation with random coefficients

by assuming smoother coefficient fields. In 2012, Mishra et al. [35] extended the MLMC

algorithm to approximate the stochastic shallow water equations with random field source

terms by taking into account one and two dimensions. In 2013, Müller et al. [36] studied the

performance of MLMC in combination with a streamline-based solver to examine uncertain

Buckley-Leverett transport and two phase flow in random porous media. In 2016, Mishra

et al. proposed MLMC finite volume method for the uncertain acoustic wave propagation.

In 2017, Scheichl et al. [37] provided complexity analysis as well as full convergence of the

ratio estimator where MC, QMC or MLMC methods are used as estimators. Recently,

Croci et al. [38] compared the performance of MC, QMC and MLMC in uncertain coeffi-

cients obtained from MRI-studies of the glymphatic system in human beings. In most of

the research papers associated with UQ, it has been observed that MC method [39] has

been compared with other UQ methods such as PCE, SCM etc., and these are discussed

in the later section.
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1.3.1.2 Quantities of interest

The expectation of the solution by MC method is simply computed as

E[u] =
1

N

N∑
i=1

ui. (1.3.1)

On the other hand, variance is computed as

σ2(u) = E[u2]− (E[u])2 =
1

N

N∑
i=1

u2i −
(

1

N

N∑
i=1

ui

)2

. (1.3.2)

1.3.2 Spectral expansions

Spectral methods are known for describing problems of increasing complexity by taking up

different series expansions with improved analytical capacity. Let us now discuss in detail

Karhunen-Loéve expansion, PCEs and its variants.

1.3.2.1 Karhunen-Loéve (K-L) expansion

As we know, MC method involves quite large number of points for sampling so as to achieve

a good approximation. So, we have another theoretically more appealing approach which

begins by expanding the functions in a Fourier-type series as follows:

u(x, θ) =
∞∑
i=0

√
λiξi(θ)fi(x) (1.3.3)

where λi is some constant, {fi(x)} is an orthonormal set of deterministic functions, θ be

the space of random events Ω and {ξ(θ)} is a uncorrelated set of RVs to be determined.

This expansion is known as K-L expansion and it was derived independently by many

investigators [40–42].

Let us denote random process by u(x, θ) where x is the position vector defined over the

space D. Suppose ũ(x) be the expected value of u(x, θ) and C(x1, x2) be the covari-

ance function which satisfies few properties such as boundedness, symmetric and positive

definiteness. Therefore, we have the spectral representation of covariance kernel as fol-

lows [43]

C(x1, x2) =
∞∑
i=0

λifi(x1)fi(x2) (1.3.4)

11



where λi denotes the eigenvalue of the covariance kernel and fi(x) is its eigenvector. Specif-

ically, they satisfy the integral equation∫
D

C(x1, x2)fi(x)dx1 = λifi(x2) (1.3.5)

Moreover, the eigenfunctions form a complete set and are orthogonal due to the positive

definiteness and the symmetry of the covariance kernel. So, we can normalize it in the

following way ∫
D

fi(x)fj(x)dx = δij (1.3.6)

where δij is the Kronecker delta. Therefore, we have

u(x, θ) = ũ(x) + γ(x, θ) (1.3.7)

where γ(x, θ) is a process with zero mean and C(x1, x2). Now, we can expand γ(x, θ) using

eigenfunctions fi(x) as

γ(x, θ) =
∞∑
i=0

ξi(θ)
√
λifi(x). (1.3.8)

such that

⟨ξi(θ)⟩ = 0, ⟨ξi(θ)ξj(θ)⟩ = δij

After inserting Eq. (1.3.8) in Eq. (1.3.7), we have random process as follows:

u(x, θ) = ũ(x) +
∞∑
i=0

ξi(θ)
√
λifi(x). (1.3.9)

Truncating the series in Eq. (1.3.9) to N , we get

u(x, θ) = ũ(x) +
N∑
i=0

ξi(θ)
√
λifi(x). (1.3.10)

which is the required solution. For Gaussian random field, ξ(θ) are taken to be independent

standard normal RVs. Otherwise, the joint distribution is almost impossible to obtain.

Thus, the K-L expansion [44] is primarily suitable for the discretization of Gaussian fields.

However, Phoon et al. [45] employed K-L expansion for the direct modeling of non-Gaussian

random fields. Later on, Matthies and Keese [46] performed K-L expansion on the non-
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Gaussian field and projected the RVs engaged in the expansion to an independent Gaussian

RV space.

The advantages of K-L expansion are

1. It converts stochastic equations into deterministic equations.

2. It is optimal in accordance with the minimization of mean square error.

The disadvantages of K-L expansion are

1. Non-availability of analytical solutions of most covariance functions.

2. Evaluation of covariance eigen-pairs is computationally expensive.

3. For the calculation of the K-L basis, a large eigenvalue problem needs to be solved,

even if the spatial discretization is only moderately fine.

We will next discuss the formulation of the generalization of K-L expansion known as PCE

when the covariance function is not known in advance.

1.3.2.2 Polynomial Chaos expansion method

As discussed earlier, we know, the covariance function is required for the implementation

of the K-L expansion. Hence, it cannot be applied for the solution process in the absence of

covariance function and their corresponding eigenfunctions. In such situations, we need an

alternative expansion such that basis consists of random functions which are known prior

and the deterministic coefficients can be evaluated by minimizing some error norm arising

from finite representation. PCEs are Fourier like series expansions that describe random-

ness in stochastic dynamical systems and hence fall in the category of spectral methods.

PCE was first developed by Norbert Wiener [47] in 1938 which begins by expanding ran-

dom processes of second order on the basis of orthogonal polynomials. Basically, processes

with finite variance are known as second-order random processes and are applicable to

most of the physical processes. Hermite polynomials were the first polynomials employed

to handle stochastic models with Gaussian RVs.

Consider a probability space (Ω,Σ,P), such that the sample space is denoted by Ω, Σ

indicates the σ-algebra on Ω, and P be the probability measure (Ω,Σ). Suppose we have

set of standard Gaussian RV on Ω, i.e., {ξi(θ)}∞i=1. So, in accordance with the Cameron-

Martin theorem [48], Hermite chaos expansion converges to any stochastic process in L2

sense i.e., it can be practiced for the representation of any stochastic process with finite
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variance. Therefore, u(x, θ) can be described as follows:

u(x, θ) = a0H0 +
∞∑

i1=1

ai1H1(ξi1) +
∞∑

i1=1

i1∑
i2=1

ai1i2H2(ξi1 , ξi2)

+
∞∑

i1=1

i1∑
i2=1

i2∑
i3=1

ai1i2i3H3(ξi1 , ξi2 , ξi3) + . . . (1.3.11)

The above expression replaces the continuous integrals by summation and is basically

the discrete version of the actual Wiener PCE. In Eq. (1.3.11), Hn signifies Hermite

polynomials and ξ signifies the standard Gaussian RV with unit variance and zero mean.

The vector (ξi1 , ξi2 , . . . , ξin) represents n independent RVs. Together Hn(ξi1 , ξi2 , . . . , ξin)

denotes the Hermite-chaos of order n. We can also write Eq. (1.3.11) for notational

convenience as

u(x, θ) =
∞∑
k=0

âkΨk(ξ). (1.3.12)

where there is one to one correspondence between Ψk(ξ) and Hn(ξi1 , ξi2 , . . . , ξin). Also,

the Hermite chaos expansion is effectively used for stochastic DEs with both Gaussian and

certain types of non-Gaussian inputs [49–52]. But the optimal exponential convergence

rate will not be realized for general non-Gaussian random inputs [53]. In fact, we come

across cases where the convergence rate is extremely deteriorated.
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Figure 1.3: Connection between Wiener-Askey PCE and their continuous RVs.

Later on, the Wiener-Askey PCE known as generalized PCE (gPC) [54] was introduced as

a generalization of the initial Wiener PCE. In gPC, the choice of polynomials is not only
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limited to Hermite polynomials instead one can choose the orthogonal polynomials from

the Askey-scheme such as beta, Gamma, uniform, binomial, poisson, hypergeometric and

so on. Now, we can express random process u(x, θ) using gPC as follows:

u(x, θ) = d0Γ0 +
∞∑

i1=1

di1Γ1(ςi1(θ)) +
∞∑

i1=1

i1∑
i2=1

di1i2Γ2(ςi1(θ), ςi2(θ))

+
∞∑

i1=1

i1∑
i2=1

i2∑
i3=1

di1i2i3Γ3(ςi1(θ), ςi2(θ), ςi3(θ)) + . . . (1.3.13)

where Γi denotes any of the polynomials from Wiener Askey scheme and Γn(ςi1 , ςi2 , . . . , ςin)

describes Wiener polynomial chaos of order n. Again, we can rewrite Eq. (1.3.13) as

u(x, θ) =
∞∑
k=0

d̂kΨk(ς). (1.3.14)

where there is a one-to-one correspondence between the Ψk(ς) and Γn(ςi1 , ςi2 , . . . , ςin).

These orthogonal polynomials Ψk(ς) have the following properties:

⟨Ψ0(ς)⟩ = 1,

⟨Ψi(ς)⟩ = 0, i > 0,

⟨Ψi(ς),Ψj(ς)⟩ = δij, for j, k > 0.

where ⟨·, ·⟩ denotes the inner product of the variables. Fig.1.3 gives the connection between

the continuous RVs and the Wiener-Askey polynomials. It can be noticed from this figure

that the weighting functions of some polynomials from the Wiener-Askey scheme is similar

to probability function of random distributions. Accordingly, we can pick out the kind of

variables ς in the polynomials with respect to the given random distribution. Usually, we

assume random inputs to be fully correlated or independent as PCE require statistically

independent RVs. In practice, the PCE is truncated in order p as well as in dimension n

and thus, we get the resulting finite PCE as follows:

u(x, θ) =
P∑

k=0

d̂kΨk(ς1, ς2, . . . , ςn), (1.3.15)

which contains number of terms as follows:

P + 1 =
(n+ p)!

n!p!
.
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The advantages of PCE are

1. It achieves fast convergence due to spectral expansion.

2. It is a efficient method due to its orthogonality property.

The disadvantages of PCE are

1. It suffers from ‘curse of dimensionality’ which translates into the resolution of very

large systems of equations or equivalently countless calls to the deterministic solver.

2. It becomes inappropriate and computationally expensive when the dimension of RVs

is large.

3. It may diverge for long-time integration.

4. It may become inefficient for problems with singularity or low regularity in the para-

metric space.

Throughout this thesis, the dimension of ς is taken to be one.

1.3.2.3 Wavelet based gPC

Usually, gPC may have slow convergence or fails to converge in problems which consists of

discontinuities or sharp dependence on the random space even in short-time integration.

Therefore, to enhance the performance of gPC, a more robust and efficient scheme based

on wavelets is introduced into the field of UQ. Wavelets being local waves are known

for expressing discontinuities or steep gradients more accurately than the global basis.

The first wavelet based gPC was developed in 2004 and named as Wiener Haar gPC [55]

which addressed problems related to discontinuities in stochastic space. Haar wavelets are

popular for their high aptitude in the modeling of nonlinear functions with fast variations

and reducing the Gibbs phenomenon in the presence of discontinuities. Moreover, they

are defined in a hierarchy on various resolution levels, exemplifying progressively finer

features of the solution with increasing resolution. They are said to be localized due to

non-overlapping support within each resolution level. In wavelet based gPC, we replace

the gPC basis with the wavelet basis by employing scaling and wavelet functions of the

wavelets. In both Wiener-Legendre and Wiener-Hermite expansions, it has been analyzed

that the coefficients of the higher order terms progressively gain and lose dominance over

the lower-order coefficients which makes global basis to fail.

In 2006, Petit et al. [56] examined simulation of stochastic aero-elastic limit cycles and ana-

lyzed that Wiener-Haar expansion entirely eliminates the waste of energy at large times for
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the sinusoidal process as well as for the response of a nonlinear system. In 2007, Le Mâıtre

et al. [57] introduced another efficient wavelet based PCE by employing multi-wavelets

which greatly improved the robustness of the Galerkin process in the presence of discon-

tinuities. They proposed adaptive methods for multi-resolution analysis, which relies on

a multi-wavelet basis of compact piecewise-smooth polynomial functions. In 2009, Najm

et al. [58] utilized intrusive multi-wavelet PCE UQ method for the first time within the

framework of non-isothermal ignition of a hydrocarbon chemical system. In 2012, Nechak

et al. [59] exploited Wiener-Haar model to approximate the vibratory level of the consid-

ered brake system by taking into account the random friction coefficient. Haar wavelets

minimize the Gibbs phenomenon in the nearness of discontinuities in the random dimen-

sion. In 2013, Sahai and Pasini [60] used Haar-wavelet expansion to grab the discontinuities

in the probability distributions of the output variables in hybrid dynamical systems. In

2014, Wang and Sarris [61] proposed a new intrusive polynomial chaos finite-difference

time-domain method for UQ in electromagnetic time-domain modeling by employing Haar

wavelet basis. In 2018, Shi et al. [62] developed a data-driven temporal-dependency Haar

expansions UQ approach by decomposing temporal dependency of load uncertainties over

differing time-scales. They used integration of two-dimensional Haar expansions with MC

estimators.

1.3.2.4 Multi element based gPC

Another method for handling discontinuities is the multi element gPC (ME-gPC) proposed

by Wan and Karniadakis [63–65] which breaks down the space of random inputs into small

baby elements. Next, it creates a new RV in each element and after that gPC is applied

again. Also, it can preserve a relative low polynomial order for gPC in each element as the

degree of perturbation in each element is minimized proportionally to the size of random

elements. This ME-gPC can reach to hp-convergence (as in spectral elements for spatial

discretization), where p is the PCE order and h is decided by the size of random elements.

In 2005, Wan and Karniadakis [65] formulated an adaptive ME-gPC method to handle the

discontinuities and long-term integration in stochastic DEs with hp-discretization of the

random space. Moreover, in 2006, they both [66] employed ME-gPC method to address

stochastic inputs with arbitrary probability measures. In 2006, Wan and Karniadakis [67]

presented an adaptive ME-gPC method, which can attain hp-convergence in random space

along with its applications. In 2009, Bruno et al. [68] proposed a ME-gPC method in

viscous fluid flow together with an efficient deterministic computational approach in order

to achieve accurate approximations of the output RVs at a reasonable cost. In 2010,

Prempraneerach [69] achieved effective resolution of stochastic discontinuous solutions by
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the ME decomposition of random space. Moreover, the ME-gPC is shown to be very

efficient to predict the friction-induced vibrations in a nonlinear uncertain dry friction

system [70, 71]. Trinh et al. [72] have used ME-gPC to perform stability analysis of a

clutch system with a significant reduction of the computational cost in comparison with

the standard gPC. Recently, Snoun et al. [73] applied ME-gPC based method to locate

the discontinuity as well as to predict the propensity of the system to undergo an harmless

steady-state regime.

1.3.2.5 Computation of coefficients

The unknown deterministic coefficients of the PCE representation can be calculated in two

ways-intrusive or non-intrusive. These schemes are explained below.

1. Intrusive Galerkin projection

For the propagation of uncertainty in computational simulations, PCE method starts

by substituting the PCE of uncertain parameters and variables in the governing equa-

tions. Then, the unknown deterministic coefficients are calculated by projecting the

resulting equations onto the basis functions for various modes. This approach is

known as the intrusive approach which needs modification of deterministic codes. As

the modification of the existing codes can be challenging to implement, expensive

and time consuming, therefore, in complex computational problems, this approach

may be inconvenient or difficult to apply. Since for executing the quadratic term

and cubic term, we use multiplicative tensor and triple tensor product respectively

whereas in complex situations, we need higher order tensor product which are diffi-

cult to calculate.

This thesis focuses on variants of PCE methods with projection through Galerkin

method, so, we must know how the implementation of PCE works out with intrusive

Galerkin method. The algorithm of PCE is as follows:

Algorithm 1.2 PCE method-Intrusive approach

1: Select the polynomial in accordance with the PDF of the RV.

2: Insert the PCEs of uncertain parameters and solution u.

3: Truncate the polynomial order.

4: Apply the Galerkin projection in order to get the deterministic system of equa-

tions.

5: Compute the statistical descriptors.

We consider the same stochastic ODE i.e., Eq. (1.2.2) with uncertain parameter α.
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The PCE of solution u and α is written as follows:

u(t, ξ) =
P∑
i=0

ui(t)ψi(ξ), α(ξ) =
P∑
i=0

αiψi(ξ). (1.3.16)

After that, we insert the PCE of u and α in Eq. (1.2.2)

d

dt

( P∑
i=0

ui(t)ψi(ξ)

)
= −

P∑
i=0

αiψi(ξ)
P∑

j=0

uj(t)ψj(ξ),

d

dt

( P∑
i=0

ui(t)ψi(ξ)

)
= −

P∑
i=0

P∑
j=0

αiuj(t)ψi(ξ)ψj(ξ)

Next, we take inner product with respect to ψk, i.e., applying stochastic Galerkin

projection as follows:

d

dt

( P∑
i=0

ui(t)⟨ψi(ξ)ψk(ξ)⟩
)

= −
P∑
i=0

P∑
j=0

αiuj(t)⟨ψi(ξ)ψj(ξ)ψk(ξ)⟩

duk(t)

dt
= −

P∑
i=0

P∑
j=0

αiuj(t)
⟨ψi(ξ)ψj(ξ)ψk(ξ)⟩
⟨ψi(ξ)ψk(ξ)⟩

duk(t)

dt
= − 1

k!

P∑
i=0

P∑
j=0

αiuj(t)Cijk, k = 0, 1, . . . , P (1.3.17)

where Cijk is the multiplicative tensor which is given by

Cijk = ⟨ψi(ξ)ψj(ξ)ψk(ξ)⟩ (1.3.18)

Now, we look at the IC and follow the same procedure as earlier.

P∑
i=0

ui(0)ψi(ξ) = β = 1. (1.3.19)

P∑
i=0

ui(0)⟨ψi(ξ)ψk(ξ)⟩ = 1.

This implies that u0 = 1, u1 = 0, . . . , uP = 0.
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1.3.2.6 Quantities of interest

PCEs, on the other hand, shares the advantage of requiring no extra computational

effort for calculating the output statistical descriptors. The mean of the PCE can be

estimated as follows:

E(u)(t) =
⟨ P∑

i=0

ui(t)ψi, 1

⟩
,

=
P∑
i=0

ui(t)⟨ψi, 1⟩,

= u0(t)⟨ψ0, 1⟩+ u1(t)⟨ψ1, 1⟩+ u2(t)⟨ψ2, 1⟩+ .......+ uP (t)⟨ψP , 1⟩,

= u0(t). (1.3.20)

Since, we have a result in accordance with the orthogonality of the polynomials to ψ0,

i.e., ⟨ψi, 1⟩ = 0 for i > 1. So, without loss of generality, we assume ψ0 ≡ 1. With the

expectation defined, we move forward to defining the centered moments. Variance is

something which tells us the deviation of output from the mean. Therefore, we have

σ2(u) = E(u2)(t)− (E(u)(t))2,

=

⟨ P∑
i=0

P∑
j=0

ui(t)uj(t)ψi, ψj

⟩
− u20(t),

=
P∑
i=0

P∑
j=0

ui(t)uj(t)⟨ψi, ψj⟩ − u20(t),

=
P∑
i=0

u2i (t)⟨ψi, ψi⟩ − u20(t),

=
P∑
i=1

u2i (t)⟨ψi, ψi⟩.

=
P∑
i=1

u2i (t). (1.3.21)

1.3.2.7 Literature - Stochastic Galerkin Method

The initial work of Wiener on homogenous chaos was carried forward in the decade

of 1960s in turbulence [74–76]. However, it doesn’t gained much popularity for a long

period of time due to its slow convergence for turbulent field [77–79]. Further, Le
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Mâıtre et al. [80, 81] applied it to the thermo-fluid applications by considering low

Mach number flow. Later on, the theory of PCE was extended to gPC [52, 54, 82]

by Xiu et al. for examining different classes of orthogonal polynomials in the Askey

scheme together with their associated stochastic processes. In 2003, Xiu and Karni-

adakis [83] applied gPC for the solution of two dimensional unsteady heat transfer

problem with random input parameters and the results were validated through MC

method. Then in the same year, Debusschere et al. [84] applied PCE to the electro-

chemical flow in micro-fluidic system. Further, Reagan et al. [85] employed PCE in a

Hydrogen-Oxygen reaction system in supercritical water conditions. Moreover, they

implemented an intrusive UQ technique [86] along with a comprehensive formulation

in reacting flow by taking in a fully spectral chemical source term. Also, Reagan et

al. [87] gave a new PC based framework for the assessment of high-order stochastic

sensitivities as well as predicted model output uncertainties. They also applied both

non-intrusive spectral projection construction and traditional SA for homogeneous

ignition. Later on, in 2004, PCE was combined with wavelets [55,88] by taking uni-

form random inputs in order to handle the discontinuities for which standard gPC

ceases to converge.

Lucor et al. [89] represented the random input process using K-L expansion and solved

the model using gPC and compared it with the MC simulations. There are many

research papers available in literature where K-L spectral decomposition has been

incorporated into the PCE [89–92]. In 2005, Chen et al. [93] studied the stochastic

isentropic flow in dual-throat nozzle with equal throat areas using PCE and compared

it with MC simulations. In 2006, Hou et al. [94] engaged Wiener chaos for solving the

stochastic Burger equation together with Navier Stokes equation modeling the roll-

up of thin vorticity layers through the Kelvin-Helmholtz instability. Further, Hover

and Triantafyllou [95] exercised PCE to the control problems for evaluating transient

response and long term stability. Over the past few decades, gPC scheme has been

effectively practiced in various engineering problems such as random vibrations [96],

soil mechanics [97], elasticity problems [98, 99], reference evapotranspiration [100],

radio indoor channels [101], fluid dynamics [102], air quality models [103], prediction

of vehicle dynamics [104–106], multiphysics microfluidics [84], chemical reactions

[107, 108] and many more. “A. Sandu et al. [104] exploited gPC theoretically and

gave the computational aspects for modeling complex nonlinear multi-body dynamic

systems in the presence of parametric and external uncertainty. Meanwhile, the

same research group [105] studied the numerical investigations of a quarter car model.

Later on, Cheng and Sandu [103] applied PCE for UQ by incorporating uncertainties

in air quality models namely emissions and wind fields.” Later on, in 2008, Witteveen
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and Bijl [109] applied gPC to the stochastic advection diffusion problems including

both 1D and 2D pipe flows. Further, Gottlieb and Xiu [110] studied the properties

of PCE in hyperbolic problems by taking into account a simple scalar wave equation

model with uncertain wave speed. Furthermore, on the basis of PCE, Lovett et

al. [111] derived the formal modeling theory so as to develop a computer-aided design

simulator for stochastic linear networks.

In 2010, Soize and Desceliers [112] presented a new technique for the high dimensional

case in order to compute the high number of independent realizations of a PCEs

in view of an arbitrary measure along with the preservation of the orthogonality

properties. Later on, Gerritsma et al. [113] considered time-dependent gPC which

highlights the way the PDF of the solution emerges as a function of time. Further,

Shen et al. [114] presented PCE so as to quantify the growth of randomness in the

Lorenz system. In the meantime, Prabhakar et al. [115] analyzed the stochastic Mars

entry, descent, and landing problem by employing both gPC and MC methods. Then,

Jiang and Li [116] developed a more computationally efficient hybrid framework via

gPC and spectral decomposition for quantifying the propagation of the uncertainty in

state trajectories of a low-lift Mars entry vehicle by considering uncertain dynamical

parameters and ICs.

In 2011, Panayirci and Schuëller [117] discussed the latest developments focussing

on the application of the PCE method particularly within the computational solid

mechanics. Later on, in 2012, Santonja and Chen-Charpentier [118] set forth the use

of PCE in the field of epidemics by considering stochastic epidemiological mathemat-

ical models based on ODEs. Further, Sepahvand [119] investigated the application

of gPC in free vibration of orthotropic plates with random moduli. Furthermore,

for the high dimensional case, Perrin et al. [120] developed a new methodology for

the identification of PCE along with performing relevant convergence analysis with

respect to an arbitrary measure. Then, Shi and Zhang [121] gave the error analysis of

gPC for non-linear random ODEs, which highlights that the error basically depends

on the numerical and projection error. In 2012, Pulch [122] combined advantages

from both the intrusive and the non-intrusive approach to boundary value problems

of systems of stochastic ODEs. In 2012, Pascual and Adhikar [123] propagated both

parametric and non-parametric uncertainties in elliptic PDEs in such a way that

parametric uncertainty is modelled using random field and K-L expansion is used to

discretise it.

The theory and methods of PCE are not well understood by most statisticians, so,

in 2013, O’Hagan [124] and Kim et al. [125] presented a theoretical and historical
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overview on PC methods respectively. Also, Desai et al. [126] performed a Gauss-

Hermite quadrature based PCE for parametric uncertainties taken by considering

modeling and measurement inaccuracies. In the meantime, Kim et al. [127] combined

gPC with convex relaxation methods by incorporating both model uncertainty and

exogenous disturbances to deal with a stochastic system model. Further, Austin

and Sarris [128] expanded time domain electric and magnetic fields using gPC in

stochastic microwave circuits and showed that the results coincide strongly with the

MC simulations.

Motivated by hierarchical UQ, in 2014, Zhang et al. [129] proposed a formulation

to ascertain gPC basis functions and Gauss quadrature rules from surrogate mod-

els. Later on, Navarro et al. [130] constructed a basis of the probability space of

orthogonal polynomials for general multivariate distributions with correlations be-

tween the uncertain input. Further, an efficient long-time uncertainty propagation

method has been presented by Luchtenburg et al. [131] in dynamical systems by

taking into account random parameters and ICs. The intermediate short-time flow

maps are approximated by spectral polynomial bases, as in the gPC method, and

long-time flow map is constructed by using flow map composition. In 2015, Delgado

and Kumar [132] formulated a Galerkin UQ method for the traditional Biot model

of poroelasticity. In 2016, Vittaldev et al. [133] united PCE with Gaussian mixture

models to handle the random spacecraft model with initial Gaussian errors. Later

on, Daròczy et al. [134] applied PCE to transient, turbulent flow simulations of a

variable-speed H-Darrieus turbine, by considering randomness in angular velocity

and in preset pitch angle. Further, Jia et al. [135] integrated PCE method with MC

simulations in the SACROC unit to quantify uncertainty of CO2 storage in various

phases. Furthermore, Du and Roblin [136] combined PCE and spherical modes ex-

pansion method to establish a compact and accurate statistical model by minimizing

the experimental design cost.

In 2017, Savin and Faverjon [137] provided the analytical formulas for the third-

order moments of Jacobi, generalized Laguerre and Hermite polynomials along with

their easy MATLAB implementation. These formulas are highly useful in the post

processing step of the PCE. Later on, Slim et al. [138] proposed a skilled surrogate

modeling scheme on the basis of PCE to determine the field quality by taking into

account tolerances and misalignments along with SA. Further, Mühlpfordt et al.

[139] provides a way to choose the PCE order in such a way that the truncation

error fades away. In the recent years, Xu et al. [140] utilized gPC as well as ME-

gPC methods for the quantification of randomness in the statistical power system
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dynamic analysis. Moreover, these two PC-based methods significantly minimize the

computational effort in comparison to the traditional MC method. Recently, Hu et

al. [141] analytically handled parametric uncertainty in ion channel models of mouse

ventricular cell by combining gPC with Galerkin projection and further propagated

the randomness across various organizational levels of tissue and cell.

2. Non-Intrusive Polynomial chaos (NIPC)

There are number of non-intrusive PC approaches available in the literature which

are based on sampling [85, 142, 143] or quadrature methods [142, 144] to determine

the projected polynomial coefficients. However, there is another computationally

less expensive approach, known as NIPC approach, which is neither dependent on

sampling nor on the quadrature methods for determining the PCE coefficients. It

was first introduced by Walters [145] and has a straightforward implementation in

any stochastic problem. The method is known for its non-intrusive nature, i.e., no

modification to the deterministic code is required in any form. Walters employed

NIPC to a stochastic heat transfer problem with geometric uncertainty. Later on,

Hosder et al. [146] presented this computationally inexpensive NIPC method for the

propagation of uncertainty in fluid dynamics. The algorithm of the NIPC is as below:

Algorithm 1.3 Non-intrusive PC

1: For any stochastic variable u

u(x, ξ) =
P∑
i=0

ui(x)ψi(ξ)

where ξ = (ξ1, ξ2, . . . , ξn) be n−dimensional RV.

2: We choose P + 1 vectors ξi = {ξ1, ξ2, . . . , ξn}i, i = 0, 1, . . . , P in random space.

3: Now, evaluate the deterministic code at these points.

4: The known solutions at left hand side at chosen random points leads to a linear

system of equations as follows:
ψ0(ξ0) ψ1(ξ0) · · · ψP (ξ0)

ψ0(ξ1) ψ1(ξ1) · · · ψP (ξ1)
...

...
. . .

...

ψ0(ξP ) ψ1(ξP ) · · · ψP (ξP )




u0(x)

u1(x)
...

uP (x)

 =


u(x, ξ0)

u(x, ξ1)
...

u(x, ξP )



In this method, the deterministic code is used like a black box and needs a single LU

decomposition on a relatively small matrix, thus, requiring minimally P + 1 deter-
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ministic evaluations to approximate quantities of interest. However, it can be found

to converge to the projected PCE coefficients under certain conditions. More gener-

ally, the solution acquired by this approach is not unique, since one can arbitrarily

choose the random vectors for estimating the required deterministic solutions. Due

to this fact, the present method should be interpreted as a model for evaluating the

projected coefficients. It should be noted that the above expression does not require

that the number of arbitrarily selected random vectors be equal to P ; if this is not

true, valid solutions can still be obtained by solving the system in the least squares

sense.

In 2007, Loeven et al. [147] compared probabilistic collocation method with the

Galerkin PCE method, the NIPC method and the SCM. Further, Li et al. [148] con-

verted stochastic ODEs of a robust trajectory optimization problem into an equiva-

lent deterministic ODEs by employing NIPC. Later on, Weise et al. [149] proposed

NIPC for transcranial magnetic stimulation for analyzing the impact of randomness

in the electrical conductivity of biological tissues on the induced electric field. Cooper

et al. [150] applied NIPC and concluded that it is an effective tool for reducing simu-

lation time costs when studying parametric roll, and potentially other ship dynamics

phenomena. Moreover, Liang et al. [151] implemented NIPC together with nonlin-

earity reduction technique into the robust design method proposed by the EU project

DESICOS, to determine the knock-down factor for an unstiffened CFRP cylindrical

shell. Recently, Liu and Sun [152] combined NIPC with two scale fatigue damage

model to predict the probabilistic fatigue life for high cycle.

3. Non-Intrusive Spectral Projection (NISP)

In this approach, we perform multiple simulations on the collocation points and then

estimate the coefficients of the PCE by applying special techniques. In order to obtain

the coefficients, spectral projection is carried out, where the responses are projected

onto the basis functions using orthogonal polynomials and the inner products.

The advantage of this method is that we can use the legacy codes with varying param-

eters in order to obtain the statistics and spectral coefficients. It needs to be noticed

that NISP not only provides sensitivity information but it also propagates the whole

probabilistic representation of the model inputs to the model outputs. Further, ac-

cording to the chosen order of the PCE, NISP also gives us information about the

higher-order sensitivity. Moreover, higher-order effects are not put together into a

single coefficient, but are studied individually and in terms of parameter-parameter

interactions. The result is a complete PC representation of a complex system re-

sponse behavior that can be used to generate PDFs of model output. It can be
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easily applied to almost any deterministic codes. However, it needs implementation

of sophisticated sampling methods in situations when the number of uncertain in-

puts increases such that it becomes computationally competitive with the intrusive

spectral projection approach. The algorithm of NISP is as follows:

Algorithm 1.4 Non-intrusive Spectral Projection

1: Define the PDF of the random model parameters

2: Write down the corresponding PCE of each of the parameters.

α =
P∑

k=0

αkψk, u(x) =
P∑

k=0

uk(x)ψk

3: Bring out the samples of ξ, {ξj}Nj=1 in accordance with the sampling scheme of

interest.

4: Then evaluate αj =
∑P

k=0 αkψk(ξ
j) for each sample ξj such that uj = M(αj)

5: Next, numerically compute the expectations for the Galerkin projection

αk =
⟨αψk⟩
⟨ψ2

k⟩

uk =
⟨uψk⟩
⟨ψ2

k⟩
∀ k ∈ 0, 1, . . . , P

6: Evaluate the above expectations over a large number of samples N and find

polynomial coefficients uk of the solution

uk =

∑N
m=1(u)m(ψk)m∑N

m=1(ψ
2
k)m

∀ k ∈ 0, 1, . . . , P

7: Assemble the PCE after computing uk values,

u =
P∑

k=0

ukψk(ξ)

Reagana et al. implemented NISP scheme to propagate parametric uncertainty in

reacting-flow simulations by using LHS to estimate the coefficients [85]. Later on,

Alexanderian et al. [153] applied NISP scheme, on the basis of a Smolyak sparse

quadrature grid, for deriving the PC representation of the stochastic response of

selected quantities of interest. Mendes et al. [154] addressed the stochastic heat

transfer problems using NISP approach.
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1.3.3 Stochastic collocation Method

The idea behind SCM is that it requires only a collocation grid definition on which La-

grange interpolation functions are formed for known coefficients. It employs Gauss nodes

and weights from the same optimal orthogonal polynomials as in gPC for carrying out col-

location. This method was first given by Mathelin and Hussaini [155] in 2003. They [144]

have shown a substantial decrease in computational time in comparison to the Galerkin

PCE method for a quasi-1D nozzle flow.

The construction of this method is with reference to the polynomial interpolation in the

multi dimensional space. The SCM results in a set of decoupled deterministic equations,

making the method non-intrusive. For each Legendre collocation point, the problem is

solved deterministically. The distribution function of the solution is reconstructed using

polynomial interpolation. The mean and variance are obtained using Gauss-Legendre

quadrature.

The first step is the projection of distribution function of the RV from [0, 1] on the domain

to [−1, 1], which is called the ξ domain, by the linear transformation

Fξ(ξ) = 2Fξ(ξ)− 1 (1.3.22)

where Fξ(ξ) is the projection distribution function on the ξ domain [−1, 1] and Fξ(ξ) is the

distribution function on [0, 1]. The ξ domain is considered as the stochastic domain which

is defined according to the standard domain of orthogonal polynomials [−1, 1]. From that

very ξ domain, Np collocation points ξi are taken. For function approximation, Mathelin

and Hussaini uses Gauss-Legendre quadrature points and Lagrange interpolating polyno-

mials of order Np − 1. So, the solution is represented as

u(x, t, ξ) =

Np∑
i=1

ui(x, t)Li(ξ) (1.3.23)

where Li(ξ) are the interpolating polynomials such that

Li(ξj) = δij, 1 ≤ i, j ≤ Np (1.3.24)

Simply, Eq. (1.3.22) is applied to the model problem and then Eq. (1.3.23) is inserted.

After that, Galerkin projection is applied with respect to Lk(ξ) and it is approximated

using Gauss quadrature which involves quadrature weights corresponding to collocation

points.
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The algorithm of the SCM is as follows:

Algorithm 1.5 Stochastic Collocation Method

1: Select the polynomial in accordance with the PDF of the RV.
2: Evaluate the nodes and weights according to the Gauss-quadrature.
3: Treat nodes as the value of the RV.
4: Solve the deterministic system using a deterministic solver.
5: Compute the statistical descriptors using the weights of the quadrature.

This approach is quite promising when dealing with low dimensions in the input random

fields and also the solution process is highly parallelizable. While choosing the collocation

points, we have a number of collocation methods available in literature which include tensor

product [156], Smolyak method [157], Stroud 2 or 3 cubature method [158], adaptive Stroud

method [159].

1.3.3.1 Quantities of interest

The expectation of the solution by SCM is evaluated in the following way

E[u] =
Np∑
i=1

uiwi (1.3.25)

where wi are the weights of the quadrature. On the other hand, variance of the SCM is

calculated by using the weights of the quadrature as follows:

σ2(u)(t) = E[u2]− (E[u])2 =
Np∑
i=1

(u2i − E[u])2wi (1.3.26)

1.3.3.2 Literature

In 2005, Xiu and Hesthaven [160] proposed high-order SCM approach with several feasible

constructions. Moreover, numerical examples were executed in order to check the efficiency

and accuracy of the method. In 2007, Baroth et al. [161] developed an efficient stochastic

finite element method on the basis of Lagrange interpolating polynomials. Also, a compar-

ison analysis is performed with other methods for the resolution of two nonlinear stochastic

mechanical problems. In 2009, Bonnet et al. [162] applied SCM to numerically compute the

electromagnetic field from a low number of empty cavity simulations. In 2010, Tang and

Zhou [163] illustrated that the rate of convergence is dependent on the monotonicity of the

solution which is governed by the random wave speed and the boundary and initial data.
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In the same year, Riahi et al. [164] proposed SCM by incorporating uncertain parameters

in order to solve mixed mode fatigue crack growth problems. Moreover, Bressolette et

al. [165] proposed SCM for large classes of mechanical problems, such as dynamic, static,

and spectral problems.

In 2011, Fichtl and Prinja [166] applied SCM method to numerically evaluate the linear

transport equation by considering the atomic density of the medium to be a continuous

random function of position with log-normal probability distribution. Later on, in 2013,

Motamed et al. [167] solved random second order wave equation with uncertain wave

speed in a heterogeneous random medium by employing SCM. In 2015, DeGennaro et

al. [168] applied PCEs based on SCM along with an application to airfoil icing. The

standard probabilistic collocation method suffers from the curse of dimensionality. When

there are more than one random parameters, it is difficult to compute even low order

approximations within reasonable time. A problem can be solved by the concept of sparse

grid method developed by Smolyak [169]. In situations when the number of RVs is slightly

large, the best choice is to consider sparse grid tensor product spaces which can be further

investigated in [160,170–172]. For incorporating uncertainties in hemodynamic simulations,

a sparse grid SCM technique [173] has been employed for choosing collocation points and

interpolates in the stochastic space and perform a carefully chosen set of cardiovascular

simulations. In 2007, Ganapathysubramanian and Zabaras [174] employed sparse grid

collocation method to effectively solve natural convection problems which consists of large

stochastic dimensions. In 2014, He et al. [175] developed a sparse grid SCM for the

reliability analysis of structures with random parameters and loads.

1.3.4 Comparison Analysis

In this section, we have compared MC, PCE and SCM. First of all, we will apply MC

method to the test problem discussed earlier in section 1.2 by taking into account normally

distributed α, i.e., α v N(µ, σ2) v N(0, 1) . We have performed MC simulations by taking

two different values of N as 100 and 1000 which can be seen in Fig 1.4a. It has been noticed

from Fig 1.4a that the mean plots of N = 1000 matches with the exact solution whereas

for N = 100, the solution is far from the exact solution. In Fig 1.4b, error of the mean

curves has been displayed along with the curve
√
N . We analyze that as we increase the

value of N , the error of the mean curve starts decreasing which is numerically expected.

Now, we perform PCE simulations on the same problem by taking normally distributed α.

Fig 1.5a shows the mean of the solution for polynomial order P = 3 and it has been noticed
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Figure 1.4: Results of test problem using MC method with dt = 0.01.

that PCE performs much better than the MC method. The mean by the PCE matches

exactly with the exact mean at a very lower PCE order. We have also plotted the error of

the mean and variance curves in Fig 1.5b and it has been analyzed that the error is reduced

at a fast rate. It has been demonstrated that PCE exhibits considerable computational

advantages over the traditional MC analysis and can be treated as a powerful tool in the

field of UQ.
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Figure 1.5: Results of test problem using PCE method with dt = 0.01.

Now, we apply SCM to the test problem with α to be uniformly distributed, i.e., α v
U(a, b) v U(−1, 1). Fig 1.6a displays the mean by SCM by considering 15 points and it

has been noticed that the mean by SCM agrees strongly by the exact mean. Also, in Fig

1.6b, the error of the mean and variance curves is highlighted and it has been analyzed

that after 6 points, the error is coming out to be same for both mean and variance. It has

been analyzed that MC method requires large number of samples to reach to the exact

solution whereas PCE and SCM respectively requires much lower polynomial chaos order

and nodes. It has been concluded that the error of mean and variance is most reduced by
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Figure 1.6: Results of test problem using SCM with dt = 0.01.

the SCM.

1.4 Organisation of the thesis

The research work in this thesis aims at developing new techniques for solving stochastic

PDEs numerically. The proposed work summarizes these approaches which are structured

into six chapters. These are as follows:

Chapter 1 is the current chapter where we have given present state-of-the-art of the meth-

ods developed in propagating the uncertainties present in a system. The aim is to give

the reader an exhaustive description of the stochastic approaches available for solving

stochastic models in the field of UQ.

In Chapter 2, Hermite polynomial chaos is united with summation-by-parts (SBP)- simul-

taneous approximation terms (SATs) technique to solve the advection-diffusion equations

with random Dirichlet boundary conditions (BCs). PCE with Hermite basis is employed

to separate the randomness, then SBP operators are used to approximate the differential

operators and SATs are used to enforce BCs by ensuring the stability. For each chaos coef-

ficient, time integration is done using fourth order Runge-Kutta method (RK4). Statistical

moments namely mean and variance are computed using PCE coefficients without any ex-

tra computational effort. The method is applied on three test problems for validation.

The study of advection diffusion equation has relatively became an active research area in

the field of UQ due to its numerous real life applications. The first two test problems are

stochastic advection equations on R without any boundary and third problem is stochastic

advection-diffusion equation on [0,2] with Dirichlet BCs. For the third problem, we have

obtained a range of permissable parameters for a stable numerical solution.
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In Chapter 3, we have developed a scheme combining gPC representation and B-spline

wavelets. We have constructed a semi-orthogonal compactly supported B-spline wavelets

for the bounded interval [0, 1] which have been used for PCE of possible stochastic pro-

cesses. To compute the deterministic coefficients of expansion, we have applied Galerkin

projection on uncertain data and the solution variables. Then, to ascertain the behaviour of

the random process, the system of equations obtained from projection has been integrated

using RK4 method. To handle the nonlinearity, we have compared Galerkin projection

with pseudo-spectral projection. From the three engineering problems, we conclude that

Galerkin approximation performs better in comparison to pseudo-spectral approach which

is numerically expected. Also, it has been observed that the wavelet function based ex-

pansion shows superior results as compared to scaling function based expansion.

In Chapter 4, we have studied the real life epidemic situations. As we know, they are

modeled using system of DEs by considering deterministic parameters. However, in reality,

the transmission parameters involved in such models experience a lot of variations and

it is not possible to compute them exactly. In this chapter, we apply B-spline wavelet

based gPC to analyze possible stochastic epidemic processes. Furthermore, SA has been

performed to investigate the behavior of randomness in a simple epidemic model. It has

been analyzed that linear B-spline wavelet basis shows accurate results by involving fewer

PCE in comparison to cubic B-spline wavelets. The developed method has been employed

on two real disease outbreaks, firstly, Influenza that affected British boarding school for

boys in North England in 1978, and secondly, for the Ebola virus in Liberia in 2014. Real

data from the British Medical Journal (Influenza) and World Health Organization (Ebola)

has been incorporated into the Susceptible Infected Recovered (SIR) epidemic model. It

has been observed that the numerical results obtained by the proposed method are quite

satisfactory.

In Chapter 5, wavelet optimized finite difference B-spline polynomial chaos method is pro-

posed for solving stochastic PDEs. The gPC is applied by considering linear B-spline

wavelet basis. Then, stochastic Galerkin projection is executed for evaluating the deter-

ministic coefficients of the gPC. In the next step, the system of equations is discretized by

using Crank-Nicolson (CN) scheme for time integration and for approximating the differen-

tial operators, central finite difference (FD) matrices on irregular grids are considered. An

adaptive grid is generated using the linear B-spline gPC for optimizing the numerical so-

lution. The method is then tested on three problems namely heat equation with uncertain

ICs, Burger’s equation with uncertain ICs and Burger’s equation with random viscosity

as well as uncertain ICs. For the three test problems, grid modifications are displayed by

taking periodic BCs into consideration. Mean and S.D. are plotted for each test prob-
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lem. Moreover, for the third test problem, computational time comparison is performed

by computing CPU time taken by the proposed method and the CPU time taken by the

FD method on a uniform grid.

In Chapter 6, wavelet collocation approach has been proposed in collaboration with the

gPC for numerically solving the stochastic PDEs. This approach is based on the concept

of autocorrelation functions of compactly supported Daubechies scaling functions. First

of all, we make use of linear B-spline basis in gPC. Then, in order to separate the ran-

domness, Galerkin projection is executed on uncertain data and solution variables. After

that, connection coefficients are calculated using Daubechies wavelets for approximating

the differential operators. Moreover, fast algorithms are known to speed up the numeri-

cal scheme, so, we have executed a class of fast algorithms, on the basis of fast wavelet

transform. Also, in order to handle the condition number, we have used a good diagonal

preconditioning technique which makes the condition number of the matrices bounded. As

we know, the grid on which the solution is computed is not stationary but is generated

throughout the time integration process depending on the features of the numerical solu-

tion at the current time. Thus, we execute adaptive scheme which will focus on capturing

the essential features of the solution by reducing the CPU time. Further, the method has

been tested along with adaptivity on three stochastic PDEs with uncertain initial data and

the results obtained from the proposed method are quite promising.
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Chapter 2

Hybrid Hermite polynomial chaos SBP-SAT

technique1

Advection is the transport of a substance or quantity by bulk motion of a fluid. The

properties of that substance are carried with it. On the other hand, diffusion is the move-

ment of a substance from an area of high concentration to a area of low concentration.

Diffusion is a latin word “diffundere” which means to ‘spread out’. For example, transport

of ink dumped into a river. As the river flows, ink will move downstream in a pulse via

advection, as the water’s movement itself transports the ink. If added to a lake without

significant bulk water flow, the ink would simply disperse outwards from its source in a

diffusive manner, which is not advection. Note that as it moves downstream, the “pulse”

of ink will also spread via diffusion. The sum of these processes is called convection.

The advection diffusion equation [176] is amongst the most widely used equation in applied

sciences and engineering. It has been employed to describe the transport of pollutants in

water and air, contaminant dispersion in shallow water [177], radon transport in soil, heat

transfer in draining film [109], solute transport in a randomly heterogeneous aquifer [178],

chemical (solute) transport in groundwater [179], flow in realistic discrete fracture network

model [180], sediment transport [181], a jet diffusion flame in a combustor [182], tracer

dispersion in porous media [183, 184], spatial rainfall intensity and speed of individual

rain cells [185], fluid flow [186], pattern formation [187] and so on. In such flows, field

parameters are often influenced by uncertainty due to lack of understanding of natural

open channel properties including ICs and BCs, roughness coefficient and geometry.

SBP-SATs [188–194] is a numerical method which ensures accuracy, simplicity and stabil-

ity. SBP operators simply estimate the derivatives involved in the initial boundary value

problems (IBVP). They do not essentially impose BCs [190]. Therefore, most of SBP-based

discretizations depend on SATs for imposing the BCs. SATs are the penalty terms that

enforce boundary data weakly so as to achieve stability. The procedure begins with the

continuous PDEs and the energy method is employed to ascertain data (forcing function,

1The content of this chapter is published as “Hybrid Hermite polynomial chaos SBP-SAT technique
for stochastic advection-diffusion equations”, International Journal of Modern Physics C, 31(9), 2020,
2050128 (33 pages), (SCI: Impact Factor: 1.17)
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initial and BCs) so that the problem becomes well-posed. Further, this favors the SATs to

be designed for the semi-discrete equations. To achieve stability [195] of the semi discrete

form, additional conditions on the SATs are specified using energy method. SBP operators

are generally one-dimensional [188–191] and can be employed to multidimensional prob-

lems using a Kronecker product formulation [192–194]. They are apt for smooth problems

such as advection-diffusion equations.

M. Jardak et al. [196] proposed a new algorithm by combining Wiener-Hermite functionals

and the Fourier collocation to solve the stochastic advection equation with uncertain trans-

port velocity. N. Li et al. [197] used gPC representation for stochastic advection-diffusion

with random diffusivity. M. El-Amrani et al. [198] solved the stochastic advection-diffusion

equation using PCE together with the method of characteristics. M. Zahri and K. Al

Madinah [199] solved two dimensional advection-diffusion equation with additive random

excitations by using the method of lines. Many engineering problems of solid and fluid

mechanics have employed widely used PC representation for quantifying the uncertainties,

for example, flow in porous media [200], in mass spring and heat transfer problems [201]

etc. Pettersson et al. [202] applied PCE approach on the Burger’s equation with random

boundary and ICs by employing SBP, artificial dissipation and SAT operators. Later on,

Pettersson et al. [17] examined the usefulness of PCE and SBP-SAT operators to acquire

energy estimates and stability for hyperbolic PDEs. Moreover, they applied PCE together

with SBP-SAT technique on linearized symmetrized Navier-Stokes equations [203] in one

dimension. Wahlsten and Nordström [204] constructed stable FD scheme of high-order on

SBP-SAT form for stochastic non-linear viscous Burger’s equation.

Till now, stability conditions have been acquired only for mixed BCs in literature and no

one gave the stability conditions for Dirichlet BCs. We focus on acquiring these conditions

for Dirichlet BCs in the third test problem. Thus, we are basically extending the existing

method with novelty in the stability conditions for the Dirichlet BCs. In this chapter, we

focus on presenting a stable numerical technique for random advection diffusion equation

with Dirichlet BCs.

2.1 Hybrid Hermite polynomial chaos SBP-SAT tech-

nique (HPSBPSAT)

In this section, we will explain HPSBPSAT to solve the PDEs with randomness. The

algorithm is as below:

36



Algorithm 2.1 HPSBPSAT

1: Hermite polynomials are used to approximate the unknown u in terms of unknown de-
terministic coefficients and stochastic basis functions, i.e., Hermite chaos polynomials.

2: The unknown deterministic coefficients are computed through Galerkin projection.
3: Further, SBP operators are used to approximate differential operators in space.
4: To impose BCs, the SBP operators are associated with SATs and the stability is

imposed using energy estimate.
5: Then the time integration is performed using RK4 method.
6: Finally, in the end, we post-process the problem by estimating the mean and variance.

2.1.1 Hermite chaos

In this chapter, we have considered the Gaussian distributed inputs. According to Askey

scheme which provides the relationship between various polynomial basis and probability

distributions, Hermite polynomial basis are optimal basis with respect to the convergence

for a Gaussian distributed input. The similarity between the weight function and the

actual density for a Gaussian variable suggests that Hermite polynomials are easy to use

when modeling Gaussian RVs. Therefore, we discuss the Hermite chaos briefly ahead.

Considering the dimension of RV as n = 1 and therefore writing the PCE as

u(x, ξ) =
P∑

k=0

ukΨk(ξ). (2.1.1)

where uk are the coefficients, Ψk(ξ) are the Hermite basis functions and ξ is the second

order Gaussian RV. Now let us define inner product ⟨·, ·⟩ and the norm ∥ · ∥ by ⟨u, v⟩ =∫
Ω
uvf(ξ)dξ and ∥u∥2 =

∫
Ω
u2f(ξ)dξ < ∞, where f(ξ) is the PDF. One dimensional

Hermite polynomials of order m are given as follows:

Ψm(ξ) = Hm(ξ) =

[m
2
]∑

k=0

(−1)km!

2kk!(m− 2k)!
ξm−2k, m = 0, 1, . . . ,

where [
m

2

]
=

{
m
2
, m is even

m−1
2
, m is odd

Using the above relation, one can easily calculate H0(ξ) = 1, H1(ξ) = ξ,H2(ξ) = ξ2 −
1, H3(ξ) = ξ3−3ξ,H4(ξ) = ξ4−6ξ2+3, and so on. Also, we can define Hermite polynomials

as orthogonal polynomials in the following way

Hm(ξ) = (−1)meξ2/2 d
m

dξm
e−ξ2/2, (2.1.2)
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with weight function

w(ξ) =
1√
2π
e−ξ2/2. (2.1.3)

The inner product for the Hermite polynomial basis Hm(ξ) of a Gaussian distributed RV

ξ is defined as follows:

⟨Hi(ξ)Hj(ξ)⟩ =
∞∫

−∞

Hi(ξ)Hj(ξ)w(ξ)dξ =
1√
2π

∞∫
−∞

e−ξ2/2Hi(ξ)Hj(ξ)dξ = δiji!. (2.1.4)

where δij represents Kronecker delta. The above result can be verified by

⟨H1(ξ)H2(ξ)⟩ =
∞∫

−∞

H1(ξ)H2(ξ)w(ξ)dξ,

=

∞∫
−∞

(−1)1eξ2/2 d
dξ

(e−ξ2/2)(−1)2eξ2/2 d
2

dξ2
(e−ξ2/2)

e−ξ2/2

√
2π

dξ,

= −
∞∫

−∞

eξ
2/2e−ξ2/2 ξ√

2π
(−ξ2e−ξ2/2 + e−ξ2/2)dξ,

= −
∞∫

−∞

ξ√
2π

(−ξ2e−ξ2/2 + e−ξ2/2)dξ,

= −
∞∫

−∞

ξe−ξ2/2

√
2π

(−ξ2 + 1)dξ = 0.

⟨H2(ξ)H2(ξ)⟩ =
∞∫

−∞

H2(ξ)H2(ξ)w(ξ)dξ,

=

∞∫
−∞

(
(−1)2eξ2/2 d

2

dξ2
(e−ξ2/2)

)2
e−ξ2/2

√
2π

dξ,

=

∞∫
−∞

eξ
2

(e−ξ2/2 − ξ2e−ξ2/2)2
e−ξ2/2

√
2π

dξ,

=

∞∫
−∞

(1− ξ2)2e−ξ2/2

√
2π

dξ = 2.
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The triple product [205] of Hermite polynomials is defined as follows:

⟨Hp(ξ)Hq(ξ)Hr(ξ)⟩ =

{
0, if p+ q + r is odd or max(p, q, r) > s

√
p!q!r!

(s−p)!(s−q)!(s−r)!
, otherwise.

(2.1.5)

where s = p+q+r
2

. Varying the values of p, q, r over 0, 1, 2, we obtain the following val-

ues.

⟨H0(ξ)H0(ξ)H0(ξ)⟩ = 1, ⟨H0(ξ)H1(ξ)H0(ξ)⟩ = 0, ⟨H0(ξ)H2(ξ)H0(ξ)⟩ = 0,

⟨H1(ξ)H0(ξ)H0(ξ)⟩ = 0, ⟨H1(ξ)H1(ξ)H0(ξ)⟩ = 1, ⟨H1(ξ)H2(ξ)H0(ξ)⟩ = 0,

⟨H2(ξ)H0(ξ)H0(ξ)⟩ = 0, ⟨H1(ξ)H2(ξ)H0(ξ)⟩ = 0, ⟨H2(ξ)H2(ξ)H0(ξ)⟩ = 1.

2.1.2 SBP-SAT operators

SBP operator is a discrete analogous of the continuous integration by parts (IBP) operator.

In this section, we will explain IBP and SBP operators simultaneously. We move from

continuous case to semi-discrete case using SBP operator and then we find the energy

estimates for stability analysis in both the cases. First of all, we need to give expressions

for the inner product and norm for continuous as well as discrete case.

Let u, v ∈ L2[a, b] be continuous real valued functions. The inner product and correspond-

ing norm for the continuous case is given as

⟨u, v⟩ =
b∫

a

uv dx,

∥u∥2 = ⟨u, u⟩.

(2.1.6)

Now, we will discretize the domain a ≤ x ≤ b using M+ 1 equidistant grid points,

xi = a+ (i− 1)h, i = 1, 2, ....M, h =
b− a
M− 1

.

The function u is numerically approximated at grid point xi and is denoted by ui and

uT = [u0,u1,u2, ....uM] denotes discrete solution vector. Now, the inner product and norm

for discrete real valued vector functions u, v ∈ Rn by

⟨u, v⟩P = uTPv,

∥u∥2P = uTPu.
(2.1.7)
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where P = PT > 0 is a symmetric, positive definite (M + 1) × (M + 1) matrix [190].

After that, let us introduce some matrices and vectors which will be used later. For

instance,

e0 =


1

0
...

0

 , eM =


0
...

0

1

 , E0 =


1 0 · · · 0

0
. . . 0

...
. . .

...

0 · · · · · · 0

 , EM =


0 0 · · · 0

0
. . . 0

...
. . .

...

0 · · · · · · 1

 . (2.1.8)

Now, we will give detailed explanation of how to use the SBP-SAT technique. Let us take

a simple hyperbolic scalar equation

ut + ux = 0 (without considering BCs) (2.1.9)

As we know

d

dt
∥u∥2 =

d

dt
⟨u, u⟩,

d

dt
∥u∥2 =

d

dt

b∫
a

u(t)u(t) dt,

d

dt
∥u∥2 =

b∫
a

uut dt+

b∫
a

utu dt,

d

dt
∥u∥2 = ⟨u, ut⟩+ ⟨ut, u⟩. (2.1.10)

From Eq. (2.1.9) we get

ut = −ux. (2.1.11)

Put Eq. (2.1.11) into Eq. (2.1.10)

d

dt
∥u∥2 =⟨u,−ux⟩+ ⟨−ux, u⟩,

=−
b∫

a

uuxdx−
b∫

a

uxudx,
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=u2
∣∣∣∣b
a

+

b∫
a

uxudx−
b∫

a

uxudx, (∵ IBP)

=u2(x = b)− u2(x = a).

The next step is to move from continuous to semidiscrete approximation of the same

problem by using SBP operator D(1) = P−1Q for the first derivative. D(1) is a SBP

operator with Q + QT = B, where B = diag(−1, ...., 0, 1). Using D(1), we have semi-

discretized approximation of our problem as

ut +D(1)u = 0. (2.1.12)

Using Eq. (2.1.12), we can find out the discrete analogous as follows

d

dt
∥u∥2P = ⟨u,ut⟩P + ⟨ut,u⟩P,

= ⟨u,−P−1Qu⟩P + ⟨−P−1Qu,u⟩P,

= −⟨u,P−1Qu⟩P − ⟨P−1Qu,u⟩P,

= −uTPP−1Qu− (P−1Qu)TPu,

= −uTQu− uTQT (P−1)TPu,

= −uTQu− uTQT (P−1P)Tu, (∵ P is a symmetric matrix)

= −uTQu− uTQTu,

= −uT (Q+QT )u,

= −
[
u0 u1 · · · uM

]


−1 0 · · · · · · 0

0 0 0
...

. . .
...

... 0
...

0 · · · · · · 0 1





u0

u1

...

...

uM


,

= u2
0 − u2

M. (2.1.13)

In case a PDE contains a second order derivative (D(2)), it is approximated in two ways.

1) One way is the utilization of first derivative approximation D(1) twice, and

2) Second way is to use D(2) = P−1(−M + BD) where M + MT ≥ 0, D includes
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estimation of first derivative operator at the boundary in the following way

D =



d1 d2 d3 · · ·
1

. . .

1

· · · −d3 −d2 −d1


, (2.1.14)

Now, let us move forward to SAT for imposing BCs so that energy estimate is obtained and

SBP property is preserved. We have different SAT approximations of a PDE for different

BCs. Mattson et al. [190] explains the SBP-SAT of an advection-diffusion equation with

Robin BCs. Below, we discuss the SAT procedure of a simple hyperbolic scalar equation

with Dirichlet BC,

∂u

∂t
+
∂u

∂x
= 0, 0 ≤ x ≤ 1, t ≥ 0,

u(0, t) = g0(t).
(2.1.15)

Applying IBP on Eq. (2.1.15), we get

d

dt
∥u∥2 = −u2(x = b) + u2(x = a),

= −u2(x = 1) + g20. (2.1.16)

The discrete approximation of Eq. (2.1.15) using SBP-SAT technique for BCs is given

by

∂u

∂t
+D(1)u = −P−1τ{E0u− e0g0(t)},

∂u

∂t
+ P−1Qu = −P−1τ{E0u− e0g0(t)},

∂u

∂t
= −P−1Qu− P−1τ{E0u− e0g0(t)}. (2.1.17)

where E0 and e0 are given in Eq. (2.1.8). Further,

∂

∂t
∥u∥2P = ⟨u,ut⟩P + ⟨ut,u⟩P,

=
⟨
u,−P−1Qu− P−1τ{E0u− e0g0(t)}

⟩
P
+
⟨
− P−1Qu− P−1τ{E0u− e0g0(t)},u

⟩
P
,

= −
⟨
u,P−1Qu+ P−1τ{E0u− e0g0(t)}

⟩
P

−
⟨
P−1Qu+ P−1τ{E0u− e0g0(t)},u

⟩
P
,
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= −uTPP−1(Qu+ τE0u− τe0g0(t))− (P−1Qu+ P−1τ{E0u− e0g0(t)})TPu,

= −uT (Qu+ τE0u− τe0g0(t))− (P−1Qu)TPu− (P−1τE0u)
TPu

+ (P−1τe0g0(t))
T
Pu,

= −uTQu− uT τE0u+ uT τe0g0(t)− uTQT (P−1)TPu− uT (E0)
T τT (P−1)TPu

+ (g0(t))
T (e0)

T τT (P−1)
T
Pu,

= −uTQu− uT τE0u+ uT τe0g0(t)− uTQTu− uT (E0)
T τTu+ (g0(t))

T (e0)
T τTu,

= −uT (Q+QT )u− uT τE0u+ uT τe0g0(t)− uTE0τu

+ (g0(t))
T (e0)

T τu, (∵ (E0)
T = E0 and τ is scalar)

= −uT (Q+QT )u︸ ︷︷ ︸
(I)

− (uT τE0u+ uTE0τu)︸ ︷︷ ︸
(II)

+uT τe0g0(t) + (g0(t))
T (e0)

T τu︸ ︷︷ ︸
(III)

. (2.1.18)

Now, we will solve part (I), (II), (III) of Eq. (2.1.18) as follows:

Part I = −uT (Q+QT )u = −
[
u0 u1 . . . uM

]


−1
0

. . .

0

1




u0

u1

...

uM

 ,

= −
[
u0 u1 . . . uM

]


−u0

0
...

0

uM


,

= −(−u0
2 + uM

2),

= u0
2 − uM

2. (2.1.19)

Part II = uT τE0u+ uTE0τu, (Since τ is a scalar, ∴ τE0 = E0τ)

= 2uT τE0u,

= 2
[
u0 u1 . . . uM

]

τ 0 · · · 0

0 0
...

...
. . .

...

0 · · · · · · 0



u0

u1

...

uM

 ,
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= 2
[
u0 u1 . . . . . . uM

]

τu0

0
...

0

 ,
= 2τu0

2. (2.1.20)

Part III = uT τe0g0(t) + (g0(t))
T (e0)

T τu,

= uT τe0g0(t) + g0(t)(e0)
T τu,

=
[
u0 u1 . . . uM

]
τ


1

0
...

0

 g0(t) + g0(t)
[
1 0 . . . 0

]
τ


u0

u1

...

uM

 ,

=
[
u0 u1 . . . uM

]

τg0(t)

0
...

0

+
[
τg0(t) 0 . . . 0

]

u0

u1

...

uM

 ,
= u0τg0(t) + τu0g0(t),

= 2u0τg0(t). (2.1.21)

Therefore, Eq. (2.1.19), (2.1.20), (2.1.21) are substituted in Eq. (2.1.18) to get

∂

∂t
∥u∥2P = (u0

2 − uM
2)− 2τu0

2 + 2u0τg0(t),

=
τ 2

2τ − 1
g0(t)

2 − u2
M − (2τ − 1)

(
u0 −

τ

2τ − 1
g0(t)

)2

. (2.1.22)

After solving we have acquired the energy method in Eq. (2.1.22) of our hyperbolic prob-

lem. For the stability, we need τ > 1
2
in expression (2.1.22) as per the following theo-

rem.

Theorem : Consider the IBVP [17]

ut + Q(x, t, ∂x)u = F (x, t), 0 ≤ x ≤ 1, t ≥ 0,

u(x, 0) = f(x),

L0(t, ∂x)u(0, t) = g0(t),

L1(t, ∂x)u(1, t) = g1(t),

(2.1.23)
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where u = (u0, ...., uM)
T is the solution vector and Q is a differential operator. Further, BCs

are defined by differential operators L0 and L1. Moreover, g0(t), g1(t) gives the boundary

data of the problem, f(x) gives the initial data, and F (x, t) denotes forcing function.

We now formulate the semi-discrete approximation of Eq. (2.1.23) by

ut + Q̃(x, t)u = F+ S,

u(0) = f ,

where Q̃ represents the discrete approximation of Q. S = S(g0, g1) is the SAT which

enforce BCs weakly. Now, assume BCs to be homogenous, i.e., g0 = g1 = 0. Let f be the

projection of C∞ function that vanishes at boundaries. The semi-discretization is called

stable if for all h ≤ h0,

∥u∥h ≤ Keαdt∥f∥h. (2.1.24)

holds and K, αd, h0 are constants that do not depend on f . Till now, SBP-SAT operators

were dealing with a single equation. When a problem involves system of equations, SBP-

SAT technique is applied as multiblock using Kronecker product. Let K be a m×n matrix

and L be a p× q matrix, then we define the Kronecker product K⊗ L as

K⊗ L =


[K]1,1L · · · [K]1,nL

...
. . .

...

[K]m,1L · · · [K]m,nL

 . (2.1.25)

Kronecker product consists of very interesting properties such as

1) (K⊗L)(M⊗N) = (KM⊗LN), where K and M have same dimension and so does

L and N,

2) (K⊗ L)T = (KT ⊗ LT ),

3) (K⊗ L)−1 = (K−1 ⊗ L−1) only if K and L are invertible.

Having obtained the parameters, we have performed time integration using the RK4

method. After time integration, we obtain our solution in the form

u(x, t, ξ) =
P∑

k=0

uk(x, t)Ψk(ξ). (2.1.26)
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2.1.3 Post Processing

Without depending on the selection of basis {Ψ}∞i=0, mean and variance of u(x, t, ξ) can

be described by using the coefficients of the PCE as

E(u(x, t, ξ)) = u0(x, t),

σ2(u(x, t, ξ)) =
∞∑
i=1

u2i (x, t).
(2.1.27)

The detailed explanation of the above formulas has been given in subsubsection (1.3.2.6).

One can straightforwardly calculate the statistics of the uncertain output with polynomial

series that are orthogonal with respect to their PDF. From Eq. (2.1.27), we can note that

the coefficients of PCE are only required for calculating the statistical descriptors of the

uncertain output, which does not require additional computational cost. One can also

estimate the higher order moments straightforwardly with the coefficients of the expansion

by deriving from its analytical formula.

After evaluating the inner product exactly, the mean of the output is not affected by the

truncation; it does however involve aliasing errors when the inner products are approxi-

mated by quadrature rules. The series which is truncated underrates the variance whereas

in case of small magnitude of the higher order terms, the error stays little. Hence, variance

is good at indicating whether the series includes sufficient terms or not.

2.2 Numerical Results

In this section, we have applied HPSBPSAT on the advection-diffusion and simple advec-

tion equations.

2.2.1 Stochastic Advection equation-I

Let us consider the motion of a scalar u advected by an uncertain velocity field along with

an IC which is as follows [206]:

∂u

∂t
+ v(x, t, ξ)

∂u

∂x
= 0, t ≥ 0, x ∈ R

u(x, 0) = sin(x).
(2.2.1)
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Here, we will take the randomness in the advection velocity v(ξ) by considering it as

lognormal RV with ξ v N(2, 0.5). Therefore,

v(ξ) = c1 + c2e
ξ.

The analytical solution of the above advection problem is

u(x, t, ξ) = −sin(v(ξ)t− x).

Now, we apply HPSBPSAT on our problem. First of all, we write the PCEs of u(x, t, ξ)

and v(x, t, ξ) as

u(x, t, ξ) =
P∑
i=0

ui(x, t)Ψi(ξ), v(x, t, ξ) =
P∑
i=0

viΨi(ξ), (2.2.2)

Then we insert these PCEs in Eq. (2.2.1) as

∂

∂t

(
P∑
i=0

ui(x, t)Ψi(ξ)

)
+

P∑
j=0

vjΨj(ξ)
∂

∂x

(
P∑
i=0

ui(x, t)Ψi(ξ)

)
= 0.

Further, Galerkin projection is applied by taking inner product with respect to Ψk(ξ).

Therefore, we get

P∑
i=0

∂ui(x, t)

∂t
⟨Ψi(ξ)Ψk(ξ)⟩+

P∑
i=0

P∑
j=0

vj
∂ui(x, t)

∂x
⟨Ψj(ξ)Ψi(ξ)Ψk(ξ)⟩ = 0,

∂uk(x, t)

∂t
+

P∑
i=0

P∑
j=0

vj
∂ui(x, t)

∂x

⟨Ψj(ξ)Ψi(ξ)Ψk(ξ)⟩
⟨Ψ2

k(ξ)⟩
= 0, where k = 0, 1, . . . , P.

∂uk(x, t)

∂t
+

P∑
i=0

P∑
j=0

vj
∂ui(x, t)

∂x

⟨Ψj(ξ)Ψi(ξ)Ψk(ξ)⟩
k!

= 0, where k = 0, 1, . . . , P.

Taking u = [u0, u1, . . . , uP ] as the vector of gPC coefficients. We have,

∂uP (x, t)

∂t
+ V

∂uP (x, t)

∂x
= 0, (2.2.3)
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Time step size(dt) RK4 CPU time (sec) Crank Nicolson CPU time(sec)
0.01 0.0162 3.208206 4.5638e-05 4.908624
0.005 0.0080 4.261247 4.1350e-05 7.548784
0.001 0.0016 12.491318 4.1072e-05 28.868491
0.0005 7.8002e-04 22.630850 4.1072e-05 55.600763
0.0001 1.3788e-04 104.937106 4.1073e-05 289.117093

Table 2.1: l2 norm of the error of the mean curves of Test problem 1 with c1 = 1 and
c2 = 0.01 along with CPU time for RK4 and CN scheme at different time step sizes and

fixed m = 250.

where

V =
P∑

k=0

vj
⟨Ψj(ξ)Ψi(ξ)Ψk(ξ)⟩

k!
= 0, where i, j = 0, 1, . . . , P.

Since, we are considering the problem without BCs, therefore, we will only use the SBP

technique as follows:

∂u

∂t
+ (P−1Q⊗ V )u = 0. (2.2.4)

We have applied SBP operators of order 6 in our simulations. After applying RK4 method

for the time integration, the last step of HPSBPSAT algorithm is post-processing the solu-

tion. The graphs of mean and variance are plotted to know the uncertainty characteristics.

In this problem, we have taken distinct values of c1 and c2. Fig. 2.1 and Fig. 2.2 shows the

expectation and variance for different values of c1 and c2 at time t = 0.2 and dt = 0.0001.

The space is discretized into m = 250 grid points and the order of the PCE is taken as

P = 4 in our simulations. In all the plots, we notice that our numerical results of the mean

agree perfectly well with the mean of the reference solution whereas the variance decreases

as we decrease the values of the parameter c2 from 0.2 to 0.01. In Fig. 2.2, we observe

that when c2 is small (c2 = 0.01), variance is of the range 10−5 whereas when c2 = 0.5, the

variance of the range 10−2, i.e., variance is increasing as we increase the value of c2. This

is theoratically expected, as with increase in randomness the variance is supposed to be

increased. Also, in Fig. 2.2 we can see that if we take c2 = 0, i.e., there is no randomness,

thus, the variance is zero which is theoretically expected.

The main advantages of RK4 method used for time integration is that it is easy to im-

plement and is a stable explicit scheme. All of this was recognized a long time ago by

researchers, and the classical Runge-Kutta method was suggested in 1895. RK4 is 4th

order convergent, with an error O(h4), and can be used for accurate computations. In

table 2.1, we have performed comparison between explicit RK4 method and the implicit
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Figure 2.1: Mean (Left) and Variance (Right) of the solution of Test problem 1 at t = 0.2
for different values of c1 and c2.

CN scheme by computing the l2 norm of the error of the mean curves of test problem 1

at different time step sizes dt = 0.01, 0.005, 0.001, 0.0005, 0.0001 and it has been analyzed

that computational cost of CN scheme is high when compared with the RK4. As we de-

crease the time step size, it has been noticed that RK4 takes less CPU time in comparison

to CN scheme. Implicit methods are recognized as better tools for time integration in

order to have high accuracy and convergence but they lag behind when considering the
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Figure 2.2: Mean (Left) and Variance(Right) of Test Problem 1 at t = 0.2.

computational effort. Keeping computational cost in mind, RK4 has been applied for time

integration as it gives promising results at a much lower computational cost.

2.2.2 Stochastic Advection equation-II

Again, we are considering the same stochastic advection equation [206]

∂u

∂t
+ v(x, t, ξ)

∂u

∂x
= 0, t ≥ 0, x ∈ R (2.2.5)

but with different IC

u(x, 0) = exp(−200(x− 0.25)2).

Here, advection velocity v(ξ) is taken to be uncertain by considering it as Gaussian RV
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with lognormal distribution N(2, 0.5). Therefore,

v(ξ) = c1 + c2e
ξ.

The analytical solution of the above problem comes out to be

u(x, t, ξ) = exp(−200(v(ξ)t− x+ 0.25)2).

According to HPSBPSAT, the PCE of Eq.(2.2.5) is same as

∂uk(x, t)

∂t
+

P∑
i=0

P∑
j=0

vj
∂ui(x, t)

∂x

⟨Ψj(ξ)Ψi(ξ)Ψk(ξ)⟩
k!

= 0, where k = 0, 1, . . . , P.

Taking u = [u0, u1, . . . , uP ] as the vector of gPC coefficients. We have,

∂uP (x, t)

∂t
+ V

∂P (x, t)

∂x
= 0, (2.2.6)

where

V =
P∑

k=0

vj(x, t)
⟨Ψj(ξ)Ψi(ξ)Ψk(ξ)⟩

k!
= 0, where i, j = 0, 1, . . . , P.

Again, we will apply only SBP operators as Eq. (2.2.5) consists of no boundary, i.e.,

∂u

∂t
+ (P−1Q⊗ V )u = 0. (2.2.7)

Mean and variance plots of the problem are shown in Fig. 2.3. Here, we have fixed the

value of c1 = 1 and have chosen different values of the parameter c2 as 0.002, 0.01, 0.05

and 0.5. As we increase the value of the parameter c2, the mean of our problem resembles

exactly with the mean of the reference solution. On the other hand, the variance increases

as we increase the value of the parameter c2 whereas we notice that the number of peaks

in variance plots in Fig. 2.3 are increasing slightly with the increase in the value of c2.

Also, variance of the reference solution is showing sharp peaks whereas we have smooth

curves of variance of the numerical solution. In Fig. 2.3, we observe that when c2 is small

(c2 = 0.002), variance is of the range 10−4 whereas when c2 = 0.5, the variance of the range

0.1, i.e., variance is increasing as we increase the value of c2. This is theoretically expected,

as with increase in randomness the variance is supposed to increase. Also, in Fig. 2.3 we

can see that variance is zero as there is no randomness when we take c2 = 0.
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Figure 2.3: Mean (Left) and Variance(Right) of Test problem 2 at t = 0.2 with different
values of parameter c2 and c1 = 1.
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2.2.3 Advection-Diffusion equation

We now consider one dimensional advection-diffusion equation [198] in space domain D =

[0, 2] and time domain T=(0,t]

∂u

∂t
+ v(x, t, ξ)

∂u

∂x
− µ(ξ)∂

2u

∂x2
= 0 in D× T× Ω. (2.2.8)

where µ(ξ) is the diffusion coefficient, v(x, t, ξ) denotes velocity field and u(x, t, ξ) is the

required solution. The deterministic IC of the problem is

u(x, 0, ξ) = u0(x, ξ) =

{
1, x ∈ [a, b]

0 otherwise

and Dirichlet BCs are taken to be homogeneous, i.e.,

u(x = 0, t, ξ) = 0, u(x = 2, t, ξ) = 0.

The velocity field and the viscosity coefficient are taken to be stochastic with lognormal

distribution as follows:

v(x, t, ξ) = c1 + c2e
ξ,

µ(ξ) = c3 + c4e
ξ.

The analytical solution of the above stochastic advection-diffusion equation is given by

ū(x, t, ξ) =
1

2

(
erf

(
x− v(ξ)t− a√

4µ(ξ)t

)
− erf

(
x− v(ξ)t− b√

4µ(ξ)t

))
,

where erf(x) is the error function given by

erf(x) =
1√
π

∫ x

0

e−s2ds. (2.2.9)

According to HPSBPSAT, we insert the following PCEs of u(x, t, ξ), v(ξ), µ(ξ) in Eq.

(6.2.8) as we did earlier

u(x, t, ξ) =
P∑
i=0

ui(x, t)Ψi(ξ),

v(x, t, ξ) =
P∑
i=0

viΨi(ξ),
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µ(ξ) =
P∑
i=0

µiΨi(ξ). (2.2.10)

After inserting PCEs in the problem, we get

∂

∂t

(
P∑
i=0

ui(x, t)Ψi(ξ)

)
+

P∑
j=0

vjΨj(ξ)
∂

∂x

(
P∑
i=0

ui(x, t)Ψi(ξ)

)

−
P∑

j=0

µjΨj(ξ)
∂2

∂x2

(
P∑
i=0

ui(x, t)Ψi(ξ)

)
= 0. (2.2.11)

Further, Galerkin projection is applied by taking inner product with respect to Ψk(ξ) as

follows:

P∑
i=0

∂ui(x, t)

∂t
⟨Ψi(ξ)Ψk(ξ)⟩+

P∑
i=0

P∑
j=0

vj(x, t)
∂ui(x, t)

∂x
⟨Ψj(ξ)Ψi(ξ)Ψk(ξ)⟩

−
P∑
i=0

P∑
j=0

µj
∂2ui(x, t)

∂x2
⟨Ψj(ξ)Ψi(ξ)Ψk(ξ)⟩ = 0,

∂uk(x, t)

∂t
+

P∑
i=0

P∑
j=0

vj
∂ui(x, t)

∂x

⟨Ψj(ξ)Ψi(ξ)Ψk(ξ)⟩
⟨Ψ2

k(ξ)⟩

−
P∑
i=0

P∑
j=0

µj
∂2ui(x, t)

∂x2
⟨Ψj(ξ)Ψi(ξ)Ψk(ξ)⟩

⟨Ψ2
k(ξ)⟩

= 0,

∂uk(x, t)

∂t
+

P∑
i=0

P∑
j=0

vj
∂ui(x, t)

∂x

⟨Ψj(ξ)Ψi(ξ)Ψk(ξ)⟩
k!

−
P∑
i=0

P∑
j=0

µj
∂2ui(x, t)

∂x2
⟨Ψj(ξ)Ψi(ξ)Ψk(ξ)⟩

k!
= 0,

where k = 0, 1, . . . , P . Now, insert the PCEs in the same way into the IC

P∑
i=0

ui(x, 0)Ψi(ξ) =
P∑
i=0

u0i (x)Ψi(ξ).

Taking inner product with respect to Ψk(ξ)

P∑
i=0

ui(x, 0)⟨Ψi(ξ)Ψk(ξ)⟩ =
P∑
i=0

u0i (x)⟨Ψi(ξ)Ψk(ξ)⟩,

P∑
k=0

uk(x, 0)⟨Ψ2
k(ξ)⟩ =

P∑
k=0

u0k(x)⟨Ψ2
k(ξ)⟩,
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uk(x, 0) = u0k(x), where k = 0, 1, . . . , P. (2.2.12)

In a similar fashion, we can insert PCEs into the BCs

P∑
i=0

ui(0, t)Ψi(ξ) =
P∑
i=0

ui(2, t)Ψi(ξ) = 0. (2.2.13)

Further, take Galerkin projection by taking inner product with respect to Ψk(ξ)

P∑
i=0

ui(0, t)⟨Ψi(ξ)Ψk(ξ)⟩ =
P∑
i=0

ui(2, t)⟨Ψi(ξ)Ψk(ξ)⟩ = 0,

P∑
k=0

uk(0, t)⟨Ψ2
k(ξ)⟩ =

P∑
k=0

uk(2, t)⟨Ψ2
k(ξ)⟩ = 0,

uk(0, t) = uk(2, t) = 0, where k = 0, 1, . . . , P.

Summing up by taking u = [u0, u1, . . . , uP ] as the vector of gPC coefficients. We have,

∂uP (x, t)

∂t
+ V

∂uP (x, t)

∂x
= B

∂2uP (x, t)

∂2x
,

uP (x, 0) = (u0(x))P ,

uP (0, t) = 0, uP (2, t) = 0.

(2.2.14)

where V =
P∑

k=0

vj(x, t)
⟨Ψj(ξ)Ψi(ξ)Ψk(ξ)⟩

k!
= 0, where i, j = 0, 1, . . . , P.

B =
P∑

k=0

µj(x, t)
⟨Ψj(ξ)Ψi(ξ)Ψk(ξ)⟩

k!
= 0, where i, j = 0, 1, . . . , P.

Now we will apply SBP-SAT technique on our problem and will find out the conditions

for achieving stability. K. Kormann and M. Kronbichler [207] explains how to implement

Dirichlet BCs in advection diffusion equation. The SBP-SAT technique of Eq.(2.2.14) is

given by

∂u

∂t
+ (P−1Q⊗ V )u− (P−1(−M + B̃D)⊗B)u

= (P−1 ⊗ I)(E0 ⊗ ΣI
0)(u− g0)

+ (P−1 ⊗ I)(DT ⊗ I)(E0 ⊗ ΣV
0 )(u− g0)

+ (P−1 ⊗ I)(EN ⊗ ΣI
N)(u− g1)

+ (P−1 ⊗ I)(DT ⊗ I)(EN ⊗ ΣV
N)(u− g1).

(2.2.15)
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We can see that the right hand side is simply discretizing the PDE whereas the left hand

side is enforcing Dirichlet BCs.

Proposition 2.2.1 The scheme is stable if ΣV
N = −B, ΣV

0 = B, ΣI
0 ≤ −V

2
and ΣI

N ≤ V
2
.

Proof : Multiplying Eq. (2.2.15) by uT (P⊗ I) and setting B̃ = EN − E0 and BCs to be

homogeneous in Eq. (2.2.15), we get

uT (P⊗ I)∂u
∂t

+ uT (P⊗ I)(P−1Q⊗ V )u = uT (P⊗ I)(P−1(−M + (EN − E0)D)⊗B)u

+ uT (P⊗ I)(P−1 ⊗ I)(E0 ⊗ ΣI
0)(u− 0)

+ uT (P⊗ I)(P−1 ⊗ I)(DT ⊗ I)(E0 ⊗ ΣV
0 )(u− 0)

+ uT (P⊗ I)(P−1 ⊗ I)(EN ⊗ ΣI
N)(u− 0)

+ uT (P⊗ I)(P−1 ⊗ I)(DT ⊗ I)(EN ⊗ ΣV
N)(u− 0).

Using the property (K⊗ L)(M⊗N) = (KM⊗ LN), we get

uT (P⊗ I)∂u
∂t

+ uT (PP−1Q⊗ V )u = uT (PP−1(−M + (EN − E0)D)⊗B)u

+ uT (PP−1 ⊗ I)(E0 ⊗ ΣI
0)u

+ uT (PP−1 ⊗ I)(DT ⊗ I)(E0 ⊗ ΣV
0 )u

+ uT (PP−1 ⊗ I)(EN ⊗ ΣI
N)u

+ uT (PP−1 ⊗ I)(DT ⊗ I)(EN ⊗ ΣV
N)u,

uT (P⊗ I)∂u
∂t

+ uT (Q⊗ V )u = uT ((−M + (EN − E0)D)⊗B)u+ uT (I ⊗ I)(E0 ⊗ ΣI
0)u

+uT (I ⊗ I)(DT ⊗ I)(E0 ⊗ ΣV
0 )u+ uT (I ⊗ I)(EN ⊗ ΣI

N)u

+uT (I ⊗ I)(DT ⊗ I)(EN ⊗ ΣV
N)u,

uT (P⊗ I)∂u
∂t

+ uT (Q⊗ V )u = −uT (M ⊗B)u+ uT (END ⊗B)u− uT (E0D ⊗B)u

+ uT (E0 ⊗ ΣI
0)u+ uT (DTE0 ⊗ ΣV

0 )u+ uT (EN ⊗ ΣI
N)u

+ uT (DTEN ⊗ ΣV
N)u. (2.2.16)

By setting ΣV
0 = B and ΣV

N = −B, four terms on right side of Eq. (2.2.16) cancel down.
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Also, set uT (Q⊗ V )u = 1
2
uT ((EN − E0)⊗ V )u, we get

uT (P⊗ I)∂u
∂t

+
1

2
uT ((EN − E0)⊗ V )u = −uT (M ⊗B)u+ uT (E0 ⊗ ΣI

0)u

+ uT (EN ⊗ ΣI
N)u,

uT (P⊗ I)∂u
∂t

+ uT
(
EN ⊗

V

2

)
u− uT

(
E0 ⊗

V

2

)
u = −uT (M ⊗B)u

+ uT (E0 ⊗ ΣI
0)u+ uT (EN ⊗ ΣI

N)u,

Therefore, we get

uT (P⊗ I)∂u
∂t

= −uT (M ⊗B)u+ uT
(
E0 ⊗

(
ΣI

0 +
V

2

))
u

+ uT
(
EN ⊗

(
ΣI

N −
V

2

))
u. (2.2.17)

Now, to obtain the conditions for stability of the problem, we set ΣI
0 = −δ1V and ΣI

N =

−δ2V . Next, we derive the energy estimate by taking the transpose of Eq. (2.2.17)(
∂u

∂t

)T

(P⊗ I)Tu = −uT (M ⊗B)Tu+ uT
(
E0 ⊗

(
− δ1V +

V

2

))T

u

+ uT
(
EN ⊗

(
− δ2V −

V

2

))T

u,

= −uT (M ⊗B)Tu− uT
(
E0 ⊗

(
δ1V −

V

2

))T

u

− uT
(
EN ⊗

(
δ2V +

V

2

))T

u, (2.2.18)

and then adding Eq. (2.2.17) to Eq. (2.2.18) as follows

uT (P⊗ I)∂u
∂t

+

(
∂u

∂t

)T

(P⊗ I)Tu = −uT (M ⊗B)u− uT (M ⊗B)Tu

− uT
(
E0 ⊗

(
δ1V −

V

2

))
u− uT

(
E0 ⊗

(
δ1V −

V

2

))T

u

− uT
(
EN ⊗

(
δ2V +

V

2

))
u− uT

(
EN ⊗

(
δ2V +

V

2

))T

u,

As we know ⟨
u,
∂u

∂t

⟩
P⊗I

+

⟨
∂u

∂t
, u

⟩
P⊗I

=
∂

∂t
∥u∥2P⊗I . (2.2.19)
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Since B and V are both symmetric matrices, therefore, B = BT and V = V T and hence,

we get

∂

∂t
∥u∥2P⊗I = −u

T ((M +MT )⊗B)u− uT
(
E0 ⊗

(
δ1V −

V

2

))
u− uT

(
E0 ⊗

(
δ1V −

V

2

))T

u

−uT
(
EN ⊗

(
δ2V +

V

2

))
u− uT

(
EN ⊗

(
δ2V +

V

2

))T

u,

∂

∂t
∥u∥2P⊗I = −uT ((M +MT )⊗B)u− uT (E0 ⊗ (2δ1V − V ))u− uT (EN ⊗ (2δ2V + V ))u,

= −uT ((M +MT )⊗B)u− uT (E0 ⊗ (2δ1 − 1)V )u− uT (EN ⊗ (2δ2 + 1)V )u,

= −uT ((M +MT )⊗B)u+ uT0 (1− 2δ1)v)u0 + uTN(−1− 2δ2)v)u.

Therefore, we have

− 2δ1 + 1 ≤ 0 and − 1− 2δ2 ≤ 0,

δ1 ≥
1

2
and δ2 ≥ −

1

2
. (2.2.20)

Since M +MT and B are positive definite, the Eq. (2.2.20) with δ1 ≥ 1
2
and δ2 ≥ −1

2
,

i.e., ΣI
0 ≤ −V

2
and ΣI

N ≤ V
2
, proves the scheme (2.2.15) is stable.

Using the above obtained parameters for stability and setting c4 = 0, a = 0.2, b = 0.7, we

have performed the simulations. Also, we set the mean velocity field with c1 = 1. Basically,

the parameters c2 and c4 are of utmost importance as they will be utilized to manage the

amplitude of the stochastic perturbations. We have used two different values of mean

diffusion coefficients c3 = 10−3 and c3 = 10−2 in our simulations. We have discretized the

spatial grid into 250 grid points and have displayed the numerical results at time t = 0.8

with dt = 0.00001. Fig. 2.4 and Fig. 2.5 shows results of mean and variance for the

parameters c3 = 10−2 and c3 = 10−3 respectively. In Fig. 2.4, we notice that for the

small values of the parameter c2, mean plots are perfectly resembling with the mean of

the reference solution but as we are increasing the value of c2 such as setting the value of

c2 = 0.2, the mean is showing a little deviation. Also, variance is increasing from a range of

10−3 to 0.15 as we are increasing the value of parameter c2 which is theoretically expected.

Therefore, we conclude that variance is directly proportional to the randomness. Higher

the randomness, more will be the variance.

In Fig. 2.5 with c2 = 10−3, the mean plots match exactly with the analytical solution

for small values of c2 = 0.01 and c2 = 0.05, but as we are increasing the value of c2 from
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0.1 to 0.2, the mean is showing changes. Also, the variance in fig. 2.5 is increasing with

the increase in values of parameter c2, but at higher values of the parameter c2 = 0.2, the

variance is showing oscillations at the right side.
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Figure 2.4: Mean (Left) and Variance (Right) of Test problem 3 at t = 0.8 with different
values of parameter c2 and c3 = 10−2.
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Figure 2.5: Mean (Left) and Variance (Right) of Test problem 3 at t = 0.8 with different
values of parameter c2 and c3 = 10−3.
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In Fig. 2.6, we have displayed the mean and variance of the unstable case of the above

problem at t = 0.02 with parameters c2 = 0.2 and c3 = 10−3. For the unstable case, we

have taken 250 spatial grid points and took the values ΣI
0 = V and ΣI

N = V which makes

the procedure unstable. In the unstable case, the mean and the variance are increasing

very rapidly with increase in time. Moreover, if we take another case with c2 = 0 and

c4 = 0, i.e., introducing no randomness, then the variance is zero which is theoretically

expected as shown in the last case of fig. 2.5. We have compared the results of third test

problem with the existing literature by following paper titled “A new stochastic approach

for advection-diffusion problems with uncertain parameters [198]”. It has been noticed that

the proposed method shows better results than the method implemented in [198] which

employs PCE with the method of characteristics for solution of advection diffusion equa-

tion. After applying the proposed method on the three test problems, we will now discuss
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Figure 2.6: Mean (Left) and Variance (Right) of the unstable case of Test problem 3 at
t = 0.02 with parameters c2 = 0.2 and c3 = 10−3 by taking ΣI

0 = V and ΣI
N = V .

the advantages as well as the disadvantages of the proposed method. The advantages are

as below:

1) HPSBPSAT combines the strengths of both PCE and SBP-SAT operators. Spa-

tial derivatives are approximated by SBP operators by ensuring stable solutions.

Their practicality lies in the scope of expressing energy decay with respect to known

boundary values, in the same manner as in the continuous case and in order to have

a complete statistical knowledge of the solution, PCE requires a single simulation

which is indeed time saving.

2) HPSBPSAT provides easy access to the statistics of the random inputs including

moments and the PDF, providing an expansion where the zero-index term contains

the solution mean.

Further, the proposed method has few limitations such as
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1) It suffers from the curse of dimensionality which means the count of random pa-

rameters has an effect on both the computational cost and model complexity of any

PC-based methods, and, when sufficiently high n is considered, the efficiency of such

approaches can be greatly reduced.

2) As the proposed method is intrusive in nature, thus, it demands modification in the

codes which may turn out to be troublesome, time consuming and expensive for

various problems.

2.3 Conclusion

In this chapter, Hybrid Hermite polynomial chaos SBP-SAT technique has been applied

to advection and advection-diffusion problems with uncertain input data. With the help

of Hermite polynomial chaos, the randomness is separated, and with the help of SBP

operators, differential operators are approximated. After that, SAT are used to impose

the BCs ensuring stability, and finally RK4 is used for time integration. The first two test

problems are simple advection equations on R without any boundary and therefore, require

only SBP operators whereas the third test problem is a stochastic advection-diffusion

equation with uncertain Dirichlet BCs. It needs SAT treatment along with SBP operator

for enforcing the BCs. A range of permissable parameters for a stable numerical solution

are obtained for the third problem. The statistical data of the solution, i.e., mean and

variance are determined from the coefficients of the PCE without requiring any additional

cost.
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Chapter 3

Uncertainty propagation using Wiener-Linear

B-spline wavelet expansion1

Wavelet is a wave-like oscillation with an amplitude that begins at zero, increases and then

decreases back to zero. It is typically visualized as a brief oscillation like one recorded by a

seismograph or heart monitor. Wavelets being local waves are known for expressing discon-

tinuities or steep gradients more accurately than the global basis. On the other hand, gPC

has a slow convergence or sometimes fails to converge even in short-time integration.

The theory of wavelets has become comparatively upcoming and a new area in the field of

UQ. The development of new wavelet based gPC has become a topic of recent research. To

the best of our knowledge, Haar wavelets [55] and multiwavelets [88] are the only wavelets

which have been explored in this field. According to literature, semi-orthogonal B-spline

wavelets [208,209] have never been used as the gPC in the area of UQ till now. Chui and

Quak [210] constructed the first spline multi-resolution analysis for the interval [0,1]. Later

on, Quak and Weyrich [211] presented the reconstruction and decomposition algorithms

for spline wavelets on a bounded interval. Apart from that, they also gave the construction

of dual B-splines and dual B-wavelets.

B-spline wavelets are further divided according to the order nB such as linear B-spline

wavelets (nB = 2), quadratic B-spline wavelets (nB = 3), cubic B-spline wavelets (nB = 4),

quartic B-spline wavelets (nB = 5) and so on. Further, we can categorize the wavelets

into orthogonal and semi-orthogonal on the basis of property orthogonality. However,

orthogonal wavelets are either non-symmetric in some situations or have infinite support.

That is the reason why they become poor choice for characterization of a function. On the

other hand, semi-orthogonal wavelets have both even and odd symmetry, finite support,

and simple analytical expressions for a basis function. Therefore, we aim to develop the

semi-orthogonal B-spline wavelet based gPC in this chapter.

The main contribution of this chapter is the development of B-spline wavelet based gPC

for handling stochastic DEs. Till now, linear B-spline wavelets have never been studied

1The content of this chapter is published as “Uncertainty propagation using Wiener-Linear B-spline
wavelet expansion”, Computers & Mathematics with Applications, 79(9), 2598-2623, 2020, (SCI: Impact
Factor: 3.476).
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as gPC in the field of UQ. We have applied Galerkin and pseudo-spectral approach to

handle nonlinearity. From literature, we have analyzed that Galerkin projection shows

superior results in comparison to pseudo-spectral approach [212]. Also, wavelet function

approximation displays better results than scaling function approximation. Moreover,

Wiener B-spline (WBe) gPC show better approximations when compared with Wiener

Legendre (WLe) gPC in research paper entitled “Uncertainty propagation using Wiener-

Haar expansions [55]”.

3.1 B-spline Expansion

In this section, the construction of WBe representation of a random process is explained.

Let us first discuss the decomposition of probability space with a single dimension by

employing the B-spline wavelets.

3.1.1 Probability space

Let us take θ as the RV and ℘(x) be the probability for θ < x. Moreover, suppose that

℘(x) is a continuous strictly increasing function of x defined on a real interval (a, b) such

that −∞ ≤ a < b ≤ ∞, i.e.,

℘ : [a, b]→ [0, 1] with ℘(a) = 0, ℘(b) = 1.

Note that, it can be extended to the infinite case, but in this thesis, we will only consider

cases where a and b are finite. After defining the probability ℘(x), we move forward to the

PDF of x on (a, b) which is defined as follows:

pdf(x) =

{
d℘(x)
dx

> 0, ∀ x ∈ (a, b),

0, ∀ x /∈ (a, b).

According to the assumed properties of ℘(x) and by the inverse function theorem of con-

tinuous strictly monotonic functions (which gives a sufficient condition for a function to

be invertible in a neighborhood of a point in its domain: namely, that its derivative is con-

tinuous and non-zero at the point), it follows that ∀ y ∈ [0, 1], there is a unique x ∈ [a, b]

such that

℘(x) = y.
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Hence, we specify a one-to-one mapping

℘−1 : [0, 1]→ [a, b],

such that

℘−1(y) = x ∈ [a, b].

3.1.2 Multi-resolution analysis

The backbone of wavelet theory is MRA that express a function f(x) ∈ L2(R) at various
levels of details. A multi resolution approximation of L2(R) is specified by a set of nested

subspaces Vj in L
2(R)

Vj ⊂ Vj+1, ∀j ∈ Z (3.1.1)

which satisfies the below mentioned properties:∪
j∈Z

Vj is dense in L2(R),∩
j∈Z

Vj = ∅,

f(x) ∈ Vj ⇐⇒ f(2x) ∈ Vj+1,∀j ∈ Z

(3.1.2)

For each j, ∃ a scaling function ϕ(x) such that

{ϕj,k(x)}k∈Z = {ϕ(2jx− k)}k∈Z (3.1.3)

is a basis for Vj. Moreover, ∃ an orthogonal complementary subspaceWj of Vj in Vj+1

Vj+1 = Vj

⊕
Wj (3.1.4)

as well as a wavelet function ψ(x), such that

{ψj,k(x)}k∈Z = {ψ(2jx− k)}k∈Z (3.1.5)

is a basis for Wj, thus, {ψj,k(x)}j,k∈Z is a basis for L2(R).
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Moreover, we have the following results

Vj1

∩
Vj2 = Vj2 , j1 > j2,

Wj1

∩
Wj2 = 0, j1 ̸= j2,

Vj1

∩
Wj2 = 0, j1 = j2,

(3.1.6)

Further, semi-orthogonal B-spline wavelets are known to generate the above MRA with

some important properties such as

1. Vanishing moments: Vanishing moment of a wavelet of order r is given as∫ ∞

−∞
xpψ(x)dx = 0, p = 0, . . . , r − 1 (3.1.7)

All wavelets must satisfy the above condition for p = 0.

2. Semi-orthogonality: The wavelets ψj,k form a semi-orthogonal basis if

⟨ψj,k, ψs,i⟩ = 0; j ̸= s; ∀ j, k, s, i ∈ Z (3.1.8)

3.1.3 B-spline scaling and wavelet functions

In this section, we derive the scaling and wavelet functions of compactly supported semi-

orthogonal B-spline wavelets of order nB. Throughout this chapter, we focus on second

order B-spline wavelets and acquire the expressions for their scaling and wavelet functions.

Generally, we have nB−1 boundary scaling functions at zero and one and 2ȷ−nB+1 inner

scaling functions. Also, we have nB−1 boundary wavelets at zero and one and 2ȷ−2nB+2

inner wavelets [213] .

3.1.3.1 Algorithm

We follow the below mentioned algorithm for acquiring the expressions of scaling and

wavelet functions of B-spline wavelets of any order.

1) We initially decide scale ȷ of B-spline wavelets. For this, we need to satisfy the

following condition

2ȷ ≥ 2nB − 1, (3.1.9)
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so as to have atleast one inner wavelet. After that, at any scale ȷ, we have the

discretization step as 1/2ȷ with ȷ > 0 which follows that there will be s = 2ȷ number

of segments in [0, 1].

2) Let ȷ ∈ Z, let {tȷk}
2ȷ+nB−1
k=−nB+1 be a knot sequence with nB-tuple knots at 0 and 1, and

simple knots inside the unit interval as given below
tȷ−nB+1 = tȷ−nB+2 = . . . = tȷ0 = 0,

tȷk =
k
2ȷ
, (k = 1, . . . , 2ȷ − 1)

tȷ2ȷ = tȷ2ȷ+1 = . . . = tȷ2ȷ+nB−1 = 1.

(3.1.10)

3) We now define the B-spline (nB ≥ 2) for the above knot sequence (3.1.10) in the

following way

BnB ,ȷ,k(x) = (tȷk+nB
− tȷk)× [tȷk, t

ȷ
k+1, . . . , t

ȷ
k+nB

]t(t− x)nB−1
+ ,

where [·, . . . , ·]t is the nth
B order divided difference of (t− x)nB−1

+ with respect to t and

(x)+=max(0, x). Also, truncated power function is given by

(t− x)nB
+ =

{
(t− x)nB , if t > x,

0, otherwise.

4) Suppose ȷ0 be the scale for which the condition (3.1.9) is satisfied. Then, for each

ȷ ≥ ȷ0, the scaling functions ϕnB ,ȷ,k of order nB are defined as

ϕnB ,ȷ,k(x) =


BnB ,ȷ0,k(2

ȷ−ȷ0x), k = −nB + 1, . . . ,−1,
BnB ,ȷ0,2ȷ−nB−k(1− 2ȷ−ȷ0x), k = 2ȷ − nB + 1, . . . , 2ȷ − 1,

BnB ,ȷ0,0(2
ȷ−ȷ0x− 2−ȷ0k), k = 0, . . . , 2ȷ − nB.

(3.1.11)

5) Now, we derive the B-spline wavelet functions [214] using the two scale relation given

by

ψnB ,ȷ,i−nB
=

2i+2nB−2∑
k=i

ri,kBnB ,ȷ,k−nB
, i = 1, . . . , nB − 1,

ψnB ,ȷ,i−nB
=

2i+2nB−2∑
k=2i−nB

ri,kBnB ,ȷ,k−nB
, i = nB, . . . , s− nB + 1,

ψnB ,ȷ,i−nB
=

s+i+nB−1∑
k=2i−nB

ri,kBnB ,ȷ,k−nB
, i = s− nB + 2, . . . , s,
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where ri,k = rk−2i.

6) We can express compactly supported B-wavelet functions in [0,1] as follows:

ψnB ,ȷ,i(x) =


ψnB ,ȷ0,i(2

ȷ−ȷ0x), i = −nB + 1, . . . ,−1,
ψnB ,2ȷ−2nB+1−i,i(1− 2ȷ−ȷ0x), i = 2ȷ − 2nB + 2, . . . , 2ȷ − nB,

ψnB ,ȷ0,0(2
ȷ−ȷ0x− 2−ȷ0i), i = 0, . . . , 2ȷ − 2nB + 1.

(3.1.12)

Therefore, we have (2ȷ − 2nB + 2) inner wavelets and nB − 1 boundary wavelets at each

boundary in the bounded interval [a, b].

3.1.3.2 Compactly supported semi-orthogonal linear B-spline scaling and wavelet

functions

By applying the above algorithm, we acquire the linear B-spline wavelets by putting order

of B-spline as nB = 2. So, we initially start with the smallest octave level ȷ = ȷ0 = 2 which

satisfies Eq. (3.1.9) as 4 ≥ 3. Therefore, for ȷ0 = 2, there will be one boundary scaling

function at each boundary and three inner scaling functions.

Therefore, inner scaling B-spline functions [215] with xȷ = 2ȷx for k = 0, . . . , 2ȷ − 2 are

given by

ϕȷ,k(x) =


xȷ − k, k ≤ xȷ ≤ k + 1,

2− (xȷ − k), k + 1 ≤ xȷ ≤ k + 2,

0, otherwise.

Left boundary scaling function for k = −1 is given by

ϕȷ,k(x) =

{
2− (xȷ − k), 0 ≤ xȷ ≤ 1,

0, otherwise.

Right boundary scaling function for k = 2ȷ − 1 is given by

ϕȷ,k(x) =

{
xȷ − k, k ≤ xȷ ≤ k + 1,

0, otherwise.

For ȷ0 = 2, we have two inner wavelet functions and one boundary wavelet function at

each boundary that means we have total of four wavelet functions. The second order inner
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Figure 3.1: a) Linear B-spline scaling functions b) Linear B-spline wavelet functions

B-spline wavelets for k = 0, . . . , 2ȷ − 3 are given as follows:

ψȷ,k(x) =
1

6



xȷ − k, k ≤ xȷ ≤ k + 0.5,

4− 7(xȷ − k), k + 0.5 ≤ xȷ ≤ k + 1,

−19 + 16(xȷ − k), k + 1 ≤ xȷ ≤ k + 1.5,

29− 16(xȷ − k), k + 1.5 ≤ xȷ ≤ k + 2,

−17 + 7(xȷ − k), k + 2 ≤ xȷ ≤ k + 2.5,

3− (xȷ − k), k + 2.5 ≤ xȷ ≤ k + 3,

0, otherwise.

Left boundary wavelet function for k = −1 is given by

ψȷ,k(x) =
1

6



−6 + 23xȷ, 0 ≤ xȷ ≤ 0.5,

14− 17xȷ, 0.5 ≤ xȷ ≤ 1,

−10 + 7xȷ, 1 ≤ xȷ ≤ 1.5,

2− xȷ, 1.5 ≤ xȷ ≤ 2,

0, otherwise.

Right boundary wavelet function for k = 2ȷ − 2 is given by

ψȷ,k(x) =
1

6



2− (k + 2− xȷ), k ≤ xȷ ≤ k + 0.5,

−10 + 7(k + 2− xȷ), k + 0.5 ≤ xȷ ≤ k + 1,

14− 17(k + 2− xȷ), k + 1 ≤ xȷ ≤ k + 1.5,

−6 + 23(k + 2− xȷ), k + 1.5 ≤ xȷ ≤ k + 2,

0, otherwise.

We have plotted the scaling functions of linear B-spline wavelets in Fig. 3.1a where the

solid line represents the inner scaling functions and dotted line represents the boundary

scaling functions. Similarly, in Fig. 3.1b, we have plotted the wavelet functions of linear
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B-spline wavelets where the solid line represents the inner wavelet functions and dotted

line represents the boundary wavelet functions.

3.1.3.3 B-spline dual scaling functions and dual wavelets

The concept of dual scaling and dual wavelet functions for B-splines was given by Chui and

Wang [216]. Later on, Quak and Weyrich [211] addressed the construction of dual scaling

ϕ̃ȷ,k and dual wavelet functions ψ̃ȷ,k for B-spline wavelets. The functions ϕ̃ȷ,k ∈ V
ȷ
[0,1] with

k = −nB + 1, . . . , 2ȷ − 1 are called dual scaling functions to ϕȷ,k̃ ∈ V
ȷ
[0,1] if

⟨ϕ̃ȷ,k, ϕȷ,k̃⟩ =
∫ 1

0

ϕ̃ȷ,k(x)ϕȷ,k̃(x)dx = δkk̃ where k, k̃ = −nB + 1, . . . , 2ȷ − 1.(3.1.13)

The functions ψ̃ȷ,k ∈W
ȷ
[0,1] with k = −nB +1, . . . , 2ȷ−nB are called dual wavelet functions

to ψȷ,k̃ ∈W
ȷ
[0,1] if

⟨ψ̃ȷ,k, ψȷ,k̃⟩ =
∫ 1

0

ψ̃ȷ,k(x)ψȷ,k̃(x)dx = δkk̃ where k, k̃ = −nB + 1, . . . , 2ȷ − nB.

It has been observed that on each level, the dual scaling and dual wavelet functions span

the same space as scaling and wavelet functions respectively. Since ϕ̃ȷ,k ∈ V
ȷ
[0,1], it holds

that

ϕ̃ȷ,k(x) =
2ȷ−1∑

l=−nB+1

gȷk,lϕȷ,l(x) (k = −nB + 1, . . . , 2ȷ − 1), (3.1.14)

with

gȷ
k = (gȷk,−nB+1, . . . , g

ȷ
k,2ȷ−1)

T . (3.1.15)

Now, to compute the coefficients gȷk,l, we take inner product of Eq. (3.1.14) with respect

to ϕȷ,k̃ with k̃ = −nB + 1, . . . , 2ȷ − 1 as follows:

⟨ϕ̃ȷ,k(x), ϕȷ,k̃(x)⟩ =
2ȷ−1∑

l=−nB+1

gȷk,l⟨ϕȷ,l(x)ϕȷ,k̃(x)⟩ (k = −nB + 1, . . . , 2ȷ − 1),

and using the orthonormality condition for dual scaling functions from Eq. (3.1.13), we

get

gȷ
k = (Cȷ)−1ek (k = −nB + 1, . . . , 2ȷ − 1).
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where ek is the kth unit vector and

Cȷ = (cȷk,l)
2ȷ−1
k,l=−nB+1, cȷk,l = ⟨ϕȷ,k, ϕȷ,l⟩.

Observe that local support of scaling functions means that

cȷk,l = 0 if |k − l| > nB − 1.

So, from here, we are able to compute the dual scaling functions. Similarly, we can compute

the dual wavelet functions

ψ̃ȷ,k(x) =

2ȷ−nB∑
l=−nB+1

hȷk,lψȷ,l(x) (k = −nB + 1, . . . , 2ȷ − nB) (3.1.16)

with

hȷ
k = (hȷk,−nB+1, . . . , h

ȷ
k,2ȷ−nB

)T .

Now, to compute the coefficients hȷk,l, we take inner product of Eq. (3.1.16) with respect
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Figure 3.2: a) Linear dual B-spline scaling functions b) Linear dual B-spline wavelet
functions

to ψȷ,k̃ with k̃ = −nB + 1, . . . , 2j − nB

⟨ψ̃ȷ,k(x), ψȷ,k̃⟩ =
2ȷ−nB∑

l=−nB+1

hȷk,l⟨ψȷ,l(x)ψȷ,k̃⟩ (k = −nB + 1, . . . , 2ȷ − nB).

and using the orthonormality condition for dual scaling functions from Eq. (3.1.14), we

get

hȷ
k = (Dȷ)−1ek (k = −nB + 1, . . . , 2ȷ − nB).
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where ek is the kth unit vector and

Dj = (dȷ
k,l)

2ȷ−nB
k,l=−nB+1, dȷ

k,l = ⟨ψȷ,k, ψȷ,l⟩.

Observe that local support of wavelets means that

dȷ
k,l = 0 if |k − l| > 2nB − 2.

Following this procedure, we analyze that we have dual scaling and dual wavelet functions

corresponding to each scaling and wavelet functions. These are plotted in Fig. 3.2 (a),

the solid lines represent the inner dual scaling functions and dotted lines represent the

boundary dual scaling functions. Similarly, Fig. 3.2 (b), the solid lines describe the inner

dual wavelet functions and dotted line describes the boundary dual wavelet functions. So,

we have equal number of scaling and dual scaling functions and equal number of wavelet

and dual wavelet functions. Therefore, we conclude that with respect to every scaling and

wavelet function, we have dual scaling and wavelet function.

3.2 Wavelet approximation of a 1D stochastic pro-

cess

We now look for a wavelet representation of X(ξ(θ)), a second-order random process with

ξ being the RV. Also, ξ(θ) represents the stochastic nature of ξ. Now, let us consider the

expansion of the form

X(ξ(θ)) =
2J0−1∑

k=−nB+1

cJ0,kϕ
s
J0,k

+
∞∑

j=J0

2j−2∑
k=−1

dj,kψ
w
j,k. (3.2.1)

By truncating the expression in Eq. (3.2.1) to J and also by taking the value of J0 = 2

from Eq. (3.1.9), we get the expression as

X(ξ(θ)) =
2J0−1∑

k=−nB+1

cJ0,kϕ
s
J0,k

+
J∑

j=J0

2j−2∑
k=−1

dj,kψ
w
j,k. (3.2.2)

Moreover,

X(ξ(θ)) =
2J0−1∑

k=−nB+1

Xs
J0,k

SJ0,k(ξ(θ)) +
J∑

j=J0

2j−2∑
k=−1

Xw
j,kWj,k(ξ(θ)), (3.2.3)
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where Xs
J0,k

are the coefficients of scaling approximation of X(ξ) and Xw
j,k are the coeffi-

cients of wavelet approximation of X(ξ) such that

SJ0,k(ξ(θ) ∈ [a, b]) = ϕs
J0,k

(℘(ξ)),

Wj,k(ξ(θ) ∈ [a, b]) = ψw
j,k(℘(ξ)).

(3.2.4)

We can rewrite Eq. (3.2.3) as

X(ξ(θ) ∈ [a, b]) =
2J0−1∑

k=−nB+1

Xs
J0,k

ϕs
J0,k

(℘(ξ)) +
J∑

j=J0

2j−2∑
k=−1

Xw
j,kψ

w
j,k(℘(ξ)). (3.2.5)

Let us now denote by ▽ the set of index integers λ concatenating the scale index j and

space index k such that ▽ ≡ {λ : (λs = k + 2, J0 = 2, k = −1, 0, 1, 2, . . . , 2J0 − 1) ∪ (λw =

2j+(k+3), j = J0, J0+1 . . . ,∞, k = −1, . . . , 2j−2)}. The resolution level will be denoted

by |λ|. Therefore, the 1D wavelet expansion of X(ξ(θ)) can be expressed as

X(ξ(θ) ∈ [a, b]) =
∑
λ∈▽

XλWλ(ξ(θ)), (3.2.6)

where

Xλ =

∫ 1

0

X(℘−1(y))ϕs
λ(y)dy when λ = 1, 2, . . . , 2J0 + 1,

Xλ =

∫ 1

0

X(℘−1(y))ψw
λ (y)dy when λ > 2J0 .

Also, we define the inner products of {Wλ(ξ(θ)} with respect to another set of dual scaling

and wavelet functions {W̃λ(ξ(θ))} such that when λ1, λ2 = 1, 2, . . . , 2J0 + 1, we have∫ b

a

Wλ1(ξ)W̃λ2(ξ)pdf(ξ)dξ =

∫ b

a

ϕj,k(℘(ξ))ϕ̃j,l(℘(ξ))pdf(ξ)dξ,

=

∫ b

a

ϕj,k(y)ϕ̃j,l(y)dy (∵ pdf(ξ)dξ = d℘(ξ) = dy, as ℘(ξ) = y),

= δkl. (3.2.7)

Similarly, when λ1, λ2 > 2J0 , we have∫ b

a

Wλ1(ξ)W̃λ2(ξ)pdf(ξ)dξ =

∫ b

a

ψj,k(℘(ξ))ψ̃l,m(℘(ξ))pdf(ξ)dξ,

=

∫ b

a

ψj,k(y)ψ̃l,m(y)dy,

= δjlδkm. (3.2.8)
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So, we have the semi-orthogonal WBe approximation of the stochastic process as

X(ξ) ≈
P∑

k=1

XkWk(ξ(θ)). (3.2.9)

After that, we move forward to the post processing step, i.e., we aim at extracting the

statistical descriptors namely mean and variance using the WBe expansion (3.2.9). The

mean is given by

⟨X⟩ =

⟨ P∑
i=1

XiWi(ξ), 1

⟩
,

=
P∑
i=1

Xi⟨Wi(ξ), 1⟩.

After defining the expectation, we can define another widely-used concept derived from

moments, which are the centered moments. Variance is a measure of how much we should

expect the output X to deviate from mean and it is given by

σ2(X) = ⟨X2⟩ − (⟨X⟩)2,

=

⟨ P∑
i=1

P∑
j=1

XiXjWi(ξ)Wj(ξ), 1

⟩
−
( P∑

i=1

Xi⟨Wi(ξ), 1⟩
)2

,

=
P∑
i=1

P∑
j=1

XiXj⟨Wi(ξ)Wj(ξ), 1⟩ −
(
⟨X⟩

)2
.

Therefore, S.D. is given by

S.D. = σ(X) =

√√√√ P∑
i=1

P∑
j=1

XiXj⟨Wi(ξ)Wj(ξ), 1⟩ −
(
⟨X⟩

)2
.

We now apply the procedure defined in section 3.1 and section 3.2 on three test problems

in order to check the efficiency of our method.

3.3 Numerical Results

Firstly, we apply the WBe decomposition to a simple model problem with non-linear term

that involves discontinuous dependence of the process on the random data. Then, we apply

the same decomposition on stochastic linear oscillator and stochastic Kraichan-Orszag (K-
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O) problem which consists of system of stochastic ODEs.

3.3.1 Second order stochastic differential equation

We consider a deterministic second order ODE:

d2x

dt2
+ f

dx

dt
= −dH

dx
, (3.3.1)

with parameters dH
dx

and f > 0. As it is a second order ODE, therefore we need two ICs

as follows:

x(0) = x0,

v(t = 0) ≡ dx

dt
(t = 0) = v0.

(3.3.2)

The system can be interpreted as the governing equation for a particle moving under the

influence of a friction force and of a potential field. We have,

H(x) =
35

8
x4 − 15

4
x2, (3.3.3)

such that the differential equation has two stable fixed points

x =

√
15

35
, x = −

√
15

35
, (3.3.4)

and an unstable fixed point at x = 0.

We construct the stochastic variant of the aforementioned ODE by considering an uncertain

initial position x0. While performing the computations, the initial position is supposed to

be uniformly distributed over the interval [x1, x2], i.e.,

pdf(x0 ∈ [x1, x2]) =
1

|x2 − x1|
,

and

∫ x2

x1

pdf(x)dx = 1.
(3.3.5)

Therefore, the stochastic ICs are as follows:

X(t = 0, ξ) = X0 +∆Xξ, (3.3.6)

dX

dt

∣∣∣∣
t=0

= 0. (3.3.7)
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where

X0 =
x1 + x2

2
,∆X =

| x1 − x2|
2

,

and X(t, ξ) describes the stochastic response of the system. Also, ξ is uniformly distributed

over [−1, 1] along with pdf(ξ) = 1/2. Moreover, we can formulate the stochastic system

as

d2X

dt2
+ f

dX

dt
= −dH

dx
,

d2X

dt2
+ f

dX

dt
= −35

2
X3 +

15

2
X. (3.3.8)

3.3.1.1 Solution Method

Here, we apply the simulation method, i.e., wavelet based spline PCE for integrating the

stochastic formulation. The truncated WBe expansion of the solution process is given

as

X(t, ξ(θ)) ≈ X̃(t, ξ) =
P∑

k=1

Xk(t)Wk(ξ). (3.3.9)

We now derive the governing equations for the wavelet coefficients Xk by inserting the

truncated wavelet expansion into Eq. (3.3.8). Also, we keep the cubic term untouched

and will explain it separately so as to get the clarity about the implementation of the

method.

d2

dt2

( P∑
i=1

Xi(t)Wi(ξ)

)
+ f

d

dt

( P∑
i=1

Xi(t)Wi(ξ)

)
= −35

2
X3 +

15

2

P∑
i=1

Xi(t)Wi(ξ)(3.3.10)

Further, we use stochastic Galerkin method to perform projections onto the wavelet basis

w.r.t dual W̃l(ξ) as follows:

d2

dt2

P∑
i=1

Xi(t)⟨Wi(ξ)W̃l(ξ)⟩+ f
d

dt

P∑
i=1

Xi(t)⟨Wi(ξ)W̃l(ξ)⟩ = −
35

2
X3 +

15

2

P∑
i=1

Xi(t)⟨Wi(ξ)W̃l(ξ)⟩

P∑
i=1

d2

dt2
Xi(t)⟨Wi(ξ)W̃l(ξ)⟩+

P∑
i=1

f
d

dt
Xi(t)⟨Wi(ξ)W̃l(ξ)⟩ = −

35

2
X3 +

15

2

P∑
i=1

Xi(t)⟨Wi(ξ)W̃l(ξ)⟩,

(3.3.11)
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Similarly, we derive the ICs by applying Galerkin approach for the individual modes:

Xl(t = 0) = ⟨(X0 +∆Xξ) W̃l(ξ)⟩ for l = 1, . . . , P. (3.3.12)

We derive the second ICs in the same way

d

dt

P∑
i=1

(
Xi(t = 0)⟨Wi(ξ)W̃l(ξ)⟩

)
= 0,

dXl

dt

∣∣∣∣
t=0

= 0 for l = 1, 2, . . . , P. (3.3.13)

We can easily integrate Eq. (3.3.11) once the cubic term is determined. To do the same,

there are two approaches available in literature. These are

1) Galerkin projection,

2) Pseudo-spectral approximation.

For explaining the two approaches, we need to understand “multiplicative tensor (Cijk)”

and the “triple product tensor (Tijkl)”

Cijk = ⟨Wi(ξ)Wj(ξ)W̃k(ξ)⟩, (3.3.14)

Tijkl = ⟨Wi(ξ)Wj(ξ)Wk(ξ)W̃l(ξ)⟩. (3.3.15)

The first approach i.e., Galerkin approach involves the triple product tensor for computing

the cubic term X3 through convolution.

X3 =
P∑
i=1

P∑
j=1

P∑
k=1

Xi(t)Xj(t)Xk(t)Tijkl, (3.3.16)

where l = 1, 2, . . . , P .

The second approach i.e., pseudo-spectral approach involves the multiplicative tensor for

computing the cubic term X3 by repeated application of binary multiplication operator as

follows:

X2 =
P∑
i=1

P∑
j=1

Xi(t)Xj(t)Cijk, (3.3.17)

X3 = (X)(X2) =
P∑
i=1

P∑
j=1

Xi(t)X
2
j (t)Cijk. (3.3.18)
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We evaluate the tensor Cijk and Tijkl in the preprocessing step so that we can later use

them in the simulations. The time integration of Eq. (3.3.11) is done using RK4 method.

To select the parameters such as time step dt and the number of grid points dx used to

discretize the domain, we have performed the SA of the method with respect to changes

in dt and dx. Fig. 3.3a shows the effect of dx on the error in means of the numerical and

analytical predictions with change in value of P . It can be observed that as the value of

dx changes from 1000 to 1500, there is an insignificant change in the mean curve whereas

before dx = 1000, there are substantial changes with change in the value of dx. Therefore,

we have chosen dx = 1000 for all the further calculations. Fig. 3.3b displays the effect of

dt on the mean of the solution with respect to P . From this figure, it can be seen that a

further decrement in dt from 0.001 has negligible effect on the mean curves. Therefore, we

have chosen dt = .001.
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Figure 3.3: l2 norm of error in mean curves of first model problem (Galerkin Approach).
a) The time step is fixed dt = 0.001 and number of grid points (dx) are changed b) dx is

fixed as dx = 1000 and the time step is changed.

3.3.1.2 Results and Discussion

The WBe scheme is now applied on the above mentioned problem with initial stochastic

conditions defined by X0 = 0.05 and ∆X = 0.2. To achieve the steady solution in a very

short time period, we assign a comparatively bigger value to friction coefficient i.e., f = 2.

For the present conditions, the analytical prediction of the steady-state is given byX(t→∞, ξ) = −
√

15
35
, ξ < −0.25,

X(t→∞, ξ) =
√

15
35
, ξ > 0.25.

(3.3.19)

Also, we have the analytical predictions [55] of mean and S.D. which comes out to be

⟨X⟩ = 0.16366 and σ(X) = 0.63418. We obtain the results for increasing number P of
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Figure 3.4: Galerkin linear WBe solutions for the test problem 1 at t = 10 with 1000
spatial grid points and dt = 0.001. The results are acquired for P = 1, 2, 3, 4, 5 arranged
from top to bottom. The first column shows the 3D plots of solution X(t, ξ) and the

second column plots the solution X(t = 10).
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resolution levels. Fig. 3.4 shows the 3D plots of evolution of X(t, ξ) and 2D plots of

X(t) with 0 ≤ t ≤ 10 by using the first five linear scaling B-spline basis functions at

level ȷ = 2 for P = 1, 2, 3, 4, 5. Fig. 3.5 displays the 3D plots and 2D plots of solution

X(t, ξ) at t = 10 for P = 6, 7, 8, 9, i.e., using the first linear B-spline wavelet functions

at ȷ = 2. Fig. 3.6 presents the next linear B-spline wavelet functions with increasing

resolution level, i.e., P = 32, 40, 45, 50, 55. For P < 4, the WBe scheme doesn’t correctly
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Figure 3.5: Galerkin linear WBe solutions for the test problem 1 at t = 10 with 1000
spatial grid points and dt = 0.001. The results are obtained for P = 6, 7, 8, 9 arranged
from top to bottom. The first column shows the 3D plots of solution X(t, ξ) and the

second column plots the solution X(t = 10).
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Figure 3.6: Galerkin linear WBe solutions for the model problem at t = 10 with 1000
spatial grid points and dt = 0.001. The results are shown for PCE orders

P = 32, 40, 45, 50, 55 arranged from top to bottom. The first column shows the 3D plots
of solution X(t, ξ) and the second column plots the solution X(t = 10).
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(d) S.D. at P = 30

Figure 3.7: Mean and S.D. for the first test problem at t = 10 with 1000 spatial grid
points and dt = 0.001 by using Galerkin approximation. The expansion orders are taken

as P = 5 and P = 30.

captures the bifurcation separating the trajectories but for P > 4 WBe scheme captures it

correctly. Also, we see the transition for the first time at P = 5. Figs. 3.4, 3.5, 3.6 shows

the Galerkin WBe approximate solution of our problem at t = 10 whereas the Figs. 3.8,

3.9, 3.10 illustrates WBe approximate solution of our problem using the pseudo-spectral

approximation at t = 10. In these figures, the analytical solution is shown by solid line

whereas the linear B-spline numerical solution is shown by dotted line. We can mark from

Fig. 3.4 that as P increases the approximate solution is moving close to the analytical

predicted solution. Furthermore, as we include the wavelet functions, the approximation

is quite satisfactory as clear from Figs. 3.5 and 3.6.

Figs. 3.8, 3.9, 3.10 are then compared with Figs. 3.4, 3.5, 3.6 and we notice sharp peaks

near the discontinuities in case of pseudo-spectral approach, i.e., it highlights Gibbs phe-

nomenon. In Fig. 3.11, we can see that pseudo-spectral approach shows variations near

the discontinuities for P = 120 whereas Galerkin approach approximates the analytical so-

lution exactly which is numerically expected. So, we conclude that the Galerkin approach

is more efficient as compared to pseudo-spectral approach. Also, from these figures, we an-

alyze that the wavelet based expansions show more accurate results as compared to scaling

functions. The results become more and more accurate as we increase the order of PCE.

The same test problem has been solved using Wiener-Legendre scheme in paper entitled
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“Uncertainty propagation using Wiener-Haar expansions [55]” and we have compared our

results. It is found that WBe performs better than Wiener-Legendre scheme. In Fig. 3.7

and Fig. 3.12, we have plotted mean and S.D. for P = 5 and P = 30 by using Galerkin

approximation and pseudo-spectral approximation respectively. We have also shown the

convergence of mean and S.D. with respect to the order of PCE for Galerkin (first row)

and pseudo-spectral approach (second row) in Fig. 3.13. Hence, from here also, we observe

that it is convenient to use Galerkin approximation than pseudo-spectral approach.

Fig. 3.14b shows variation of the error in means of the numerical and analytical predic-

tions with respect to P . It can be observed from the graph that after P = 25, there is

negligible change in error. We have also calculated the computational complexity and time

by evaluating the CPU time for increasing values of P . As P is increasing, the CPU time

is getting directly proportional to the square of P as shown in Figure 3.14b. Thus, the

computational complexity is O(P 2).

3.3.2 Linear oscillator Problem-System of differential equations

Consider the equations of motion of linear oscillator defined in two dimensions with random

frequency [2]. Basically, we have the following equations

du(t, ξ)

dt
= v(t, ξ),

dv(t, ξ)

dt
= −qu(t, ξ).

(3.3.20)

such that u is the position, v̇ = u is the impulse and q > 0. Also, the deterministic ICs

are given by

u(t = 0, ξ) = 1, v(t = 0, ξ) = 0, (3.3.21)

and random frequency

q(ξ) = q0 + q1ξ, (3.3.22)

where

q0 = (2π)2, q1 = 0.2(2π)2 (3.3.23)

and ξ is uniformly distributed within the real interval (−1, 1), i.e., ξ ∼ U(−1, 1).
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Figure 3.8: Pseudo-spectral linear WBe solutions for the model problem at t = 10 with
1000 spatial grid points and dt = 0.001. Results are captured for P = 1, 2, 3, 4, 5 arranged

from top to bottom. The first column shows the 3D plots of solution X(t, ξ) and the
second column plots the solution X(t = 10).
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Figure 3.9: Pseudo-spectral linear WBe solutions for the model problem at t = 10 with
1000 spatial grid points and dt = 0.001. Results are captured for PCE orders

P = 6, 7, 8, 9 arranged from top to bottom. The first column shows the 3D plots of
X(t, ξ) and the second column plots the solution X(t = 10).

3.3.2.1 Solution Method

We write down the truncated WBe expansions of u, v, q as follows

u(t, ξ) =
P∑
i=1

ui(t)Wi(ξ), v(t, ξ) =
P∑
i=1

vi(t)Wi(ξ), q(ξ) =
P∑
i=1

qi(t)Wi(ξ). (3.3.24)
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Figure 3.10: Pseudo-Spectral linear WBe solutions for the model problem at t = 10 with
1000 spatial grid points and dt = 0.001. Results are obtained for P = 32, 40, 45, 50, 55
arranged from top to bottom. The first column highlights the evolution of X(t, ξ) and

the second column plots the solution X(t = 10).
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(a) P = 120
(Pseudo Spectral)
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Figure 3.11: Pseudo-Spectral and Galerkin linear WBe solutions for the model problem
at t = 10 with 1000 spatial grid points and dt = 0.001 for expansion order P = 120.
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Figure 3.12: Mean and S.D. for the first test problem at t = 10 with 1000 spatial grid
points and dt = 0.001 by using pseudo-spectral approximation. The expansion orders are

taken as P = 5 and P = 30.
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(c) P vs Mean (Pseudo-Spectral)
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Figure 3.13: Convergence of mean and S.D. with respect to order of PCE for the first test
problem using linear WBe expansion. Here we have plotted results for Galerkin

approximation in part a) and b) whereas the pseudo-spectral approximation results are
shown in parts c) and d). The analytical predictions of mean and S.D. comes out to be

⟨X⟩ = 0.16366 and σ(X) = 0.63418.
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Figure 3.14: a) l2 norm of mean of first model problem (Galerkin Approach) b)P vs CPU
time for the first test problem (Galerkin).

We now derive the governing equations by inserting the truncated wavelet expansions

(3.3.24) into Eq. (3.3.20) and then performing projections w.r.t W̃k(ξ) as follows

d

dt

( P∑
i=1

ui(t)Wi(ξ)

)
=

P∑
i=1

vi(t)Wi(ξ),

(3.3.25)
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P∑
i=1

dui(t)

dt
⟨Wi(ξ)W̃k(ξ)⟩ =

P∑
i=1

vi(t)⟨Wi(ξ)W̃k(ξ)⟩,

duk(t)

dt
= vk(t), where k = 1, 2, . . . , P. (3.3.26)

The second equation is solved in the same way as follows:

d

dt

( P∑
i=1

vi(t)Wi(ξ)

)
= −

P∑
i=1

qi(t)Wi(ξ)
P∑

j=1

uj(t)Wj(ξ),

P∑
i=1

d

dt

(
vi(t)Wi(ξ)

)
= −

P∑
i=1

P∑
j=1

qi(t)uj(t)Wi(ξ)Wj(ξ).

Taking inner product w.r.t W̃k(ξ), we get

P∑
i=1

d

dt
vi(t)⟨Wi(ξ)W̃k(ξ)⟩ = −

P∑
i=1

P∑
j=1

qi(t)uj(t)⟨Wi(ξ)Wj(ξ)W̃k(ξ)⟩,

d

dt
vk(t) = −

P∑
i=1

P∑
j=1

qi(t)uj(t)Cijk where k = 1, 2, . . . , P.

Similarly, we have ICs as

P∑
i=1

ui(t = 0)Wi(ξ) = 1,

P∑
i=1

vi(t = 0)Wi(ξ) = 0.

Taking inner product w.r.t W̃k(ξ), we get

P∑
i=1

ui(t = 0)⟨Wi(ξ)W̃k(ξ)⟩ = ⟨1, W̃k(ξ)⟩,

uk(t = 0) = ⟨1, W̃k(ξ)⟩ where k = 1, 2, . . . , P. (3.3.27)
P∑
i=1

vi(t = 0)⟨Wi(ξ)W̃k(ξ)⟩ = ⟨0, W̃k(ξ)⟩,

vk(t = 0) = ⟨0, W̃k(ξ)⟩ where k = 1, 2, . . . , P. (3.3.28)
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3.3.2.2 Results and Discussion

In simulations, RK4 method is used for time integration by taking small dt = 0.001. In

Fig. 3.15, we have plotted mean of state variables u and v with respect to time t ∈ [0, 50]

for different expansion orders P = 5, 10, 15, 20, 25. As we increase the order of PCE, the

oscillations of state variables u and v move faster towards zero, i.e., they tend to diminish

faster. In Fig. 3.16, we have plotted the trajectories by taking mean of u and v in x-axis

and y-axis respectively on the left side and plotted the variance of u and v by taking it

on x-axis and y-axis respectively on the right side. We observe that as we increase P , the

trajectories are more seen at position zero whereas for lower order of PCE such as P = 5,

we can see that the mean of u and v is scattered almost everywhere. We also notice that

the variance is scattered almost everywhere for lower order P = 5 whereas it is scattered

in a proper shape as we increase the value of P .

3.3.3 Stochastic Kraichan-Orszag Problem

We now study the well-known K-O three mode problem and investigate the long time

numerical behavior of UQ schemes. It was first introduced by R. H. Kraichnan [217] and

later used by S. A. Orszag [77] for studying uncertainties of Gaussian nature in turbulence.

It is basically derived from simplified inviscid Navier-Stokes equations and consist of three

nonlinear coupled ODEs, given as

du(t, ξ)

dt
= v(t, ξ)w(t, ξ),

dv(t, ξ)

dt
= u(t, ξ)w(t, ξ),

dw(t, ξ)

dt
= −2u(t, ξ)v(t, ξ).

(3.3.29)

Uncertainty in the system is introduced through ICs. Each of the three state variables

u(t, ξ), v(t, ξ) and w(t, ξ), may have an uncertain IC. The number of state variables having

initial uncertainty determines the stochastic dimension of the system. The critical range

of α is known [113] to be (0.9, 1) as it is highly dependent on the ICs. We only consider

the case with initial uncertainty in just one state variable represented as

u(0) = α+ 0.01ξ, v(0) = 1, w(0) = 1. (3.3.30)

where ξ is uniformly distributed RV ξ ∼ U(−1, 1).
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Figure 3.15: Mean of u and v with respect to time are plotted for the linear oscillator
problem at t = [0, 50] with 1000 spatial grid points and dt = 0.001. Results are obtained

for expansion orders P = 5, 10, 15, 20, 25 arranged from top to bottom.

91



-1.5 -1 -0.5 0 0.5 1 1.5
u(t)

-10

-5

0

5

10

v(
t)

(a) P = 5

0 0.5 1 1.5 2
u(t)

0

10

20

30

40

50

60

70

v(
t)

(b) P = 5

-1.5 -1 -0.5 0 0.5 1 1.5
u(t)

-10

-5

0

5

10

v(
t)

(c) P = 10

0 0.5 1 1.5
u(t)

0

10

20

30

40

50

60

v(
t)

(d) P = 10

-1.5 -1 -0.5 0 0.5 1 1.5
u(t)

-10

-5

0

5

10

v(
t)

(e) P = 15

0 0.5 1 1.5 2
u(t)

0

20

40

60

80

v(
t)

(f) P = 15

-1.5 -1 -0.5 0 0.5 1 1.5
u(t)

-10

-5

0

5

10

v(
t)

(g) P = 20

0 0.5 1 1.5 2
u(t)

0

20

40

60

80

v(
t)

(h) P = 20

-1.5 -1 -0.5 0 0.5 1 1.5
u(t)

-10

-5

0

5

10

v(
t)

(i) P = 25

0 0.5 1 1.5 2
u(t)

0

20

40

60

80

v(
t)

(j) P = 25

Figure 3.16: (First Column) Evolution of trajectories corresponding to mean (Left) and
variance (Right) in the state space of the Galerkin approximation of solution u(t) for

different expansion orders P = 5, 10, 15, 20, 25 arranged from top to bottom for the linear
oscillator problem at t = [0, 50] with 1000 spatial grid points and dt = 0.001.
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3.3.3.1 Solution method

Firstly, we write down the truncated linear WBe expansion of u, v, w as follows

u(t, ξ) =
P∑
i=1

ui(t)Wi(ξ), v(t, ξ) =
P∑
i=1

vi(t)Wi(ξ), w(t, ξ) =
P∑
i=1

wi(t)Wi(ξ). (3.3.31)

and then apply them in Eq. (3.3.29)

d

dt

P∑
i=1

ui(t)Wi(ξ) =
P∑
i=1

vi(t)Wi(ξ)
P∑

j=1

wj(t)Wj(ξ),

P∑
i=1

d

dt
ui(t)Wi(ξ) =

P∑
i=1

P∑
j=1

vi(t)wj(t)Wi(ξ)Wj(ξ).

Now, we use the stochastic Galerkin method to perform projections w.r.t W̃k(ξ) in the

following way

P∑
i=1

d

dt
ui(t)⟨Wi(ξ)W̃k(ξ)⟩ =

P∑
i=1

P∑
j=1

vi(t)wj(t)⟨Wi(ξ)Wj(ξ)W̃k(ξ)⟩,

P∑
i=1

d

dt
ui(t)⟨Wi(ξ)W̃k(ξ)⟩ =

P∑
i=1

P∑
j=1

vi(t)wj(t)Cijk,

d

dt
uk(t) =

P∑
i=1

P∑
j=1

vi(t)wj(t)Cijk, where k = 1, 2, . . . , P. (3.3.32)

Similarly, we have second and the third equation

d

dt
vk(t) =

P∑
i=1

P∑
j=1

ui(t)wj(t)Ciȷk, where k = 1, 2, . . . , P. (3.3.33)

d

dt
wk(t) = −2

P∑
i=1

P∑
j=1

ui(t)vj(t)Cijk, where k = 1, 2, . . . , P. (3.3.34)

and the ICs after stochastic Galerkin projection turns out to be

uk(t = 0) = ⟨(α+ 0.01ξ), W̃k(ξ)⟩,

vk(t = 0) = ⟨1, W̃k(ξ)⟩,

wk(t = 0) = ⟨1, W̃k(ξ)⟩,

(3.3.35)
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for k = 1, 2, . . . , P.
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Figure 3.17: First row shows the mean plots of state variables u, v, w using linear WBe
expansions for the K-O problem at t = [0, 40] with 1000 spatial grid points and dt = 0.01.
Second row shows the 3D plots of solution u, v, w in (d), (e), (f) respectively. Results are

obtained for expansion orders P = 5.
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Figure 3.18: First row shows the mean plots of state variables u, v, w using linear WBe
expansions for the K-O problem at t = [0, 40] with 1000 spatial grid points and dt = 0.01.
Second row represents the 3-D plots of the solution of state variables u, v, w. Results are

obtained for expansion orders P = 30.
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Figure 3.19: First row shows the mean plots of state variables u, v, w using linear WBe
expansions for the K-O problem at t = [0, 40] with 1000 spatial grid points and dt = 0.01.
Second row represents the 3-D plots of the solution of state variables u, v, w. Results are

obtained for expansion orders P = 5.
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Figure 3.20: First row shows the mean plots of state variables u, v, w using linear WBe
expansions for the K-O problem at t = [0, 40] with 1000 spatial grid points and dt = 0.01.
Second row represents the 3-D plots of the solution of state variables u, v, w. Results are

obtained for expansion orders P = 30.
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3.3.3.2 Results and Discussion

We have used the RK4 solver for the time integration of the deterministic part by taking

dt = 0.01. In the figures, the value of α is considered as 0.94 and 0.99. By taking P = 5,

the results for K-O problem are shown in Fig. 3.17 for α = 0.94 and for α = 0.99, the

results are depicted in Fig. 3.19 at t ∈ [0, 40]. Similarly, by taking P = 30, the results of

this problem are shown in Fig. 3.18 for α = 0.94 and for α = 0.99, the results are depicted

in Fig. 3.20 at t ∈ [0, 40]. The first row plots the mean of the three state variables u, v, w

in part a, b, c whereas parts d, e, f represents the 3D solution plots of the state variables

u, v, w in all the above mentioned figures. One can note in Figs. 3.17 and 3.18 for α = 0.94

that mean plots of u, v, w at P = 5 are almost resembling with the mean plots of u, v, w

at P = 30 whereas in Figs. 3.19 and 3.20, for α = 0.99, there is a strong variation in

the mean plots of u, v, w and these variations are also effected by the PCE order. This

shows that α = 0.94 doesn’t affect the solution much whereas α = 0.99 is the influencing

factor.

The variance plots for α = 0.94 and α = 0.99 are shown in Fig 3.21 and Fig 3.22 respectively

for different PCE orders (P = 5 (First row) and P = 30 (Second Row)). It has been

observed that in Fig. 3.21 for α = 0.94 that the variance plots of the three state variables

for P = 5 are not affected much even if we plot the same plots for higher PCE order

P = 30. When α = 0.99, the variance plots displays that the variance of u, v, w decreases

as we increase the P .
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Figure 3.21: Variance for the K-O problem at t = 40 with 1000 spatial grid points and
dt = 0.01, α = 0.94. Results are obtained for expansion orders P = 5 (First Row) and

P = 30 (Second Row).
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Figure 3.22: Variance for the K-O problem at t = 40 with 1000 spatial grid points and
dt = 0.01, α = 0.99. Results are obtained for expansion orders P = 5 (First Row) and

P = 30 (Second Row).

3.3.4 Conclusion

In this chapter, we have constructed a scheme by using B-spline wavelets which is regarded

as basis in the gPC representation. The expressions of scaling and wavelet functions of

semi-orthogonal compactly supported linear B-spline wavelets for the bounded interval

[0, 1] act as the basis in the PCE for possible stochastic processes. Further, we have

applied both semi-orthogonal Galerkin projection and pseudo-spectral projection on the

solution variables and the stochastic data in the first test problem for the non-linear cubic

term so as to assess the deterministic coefficients of PCE. Then, the behaviour of the

stochastic process is directed by integrating the system of equations obtained from both

the projection using RK4 method. We came to the conclusion that Galerkin projection is

better in comparison to pseudo-spectral approximation which is numerically expected. We

have demonstrated the scheme through engineering problems of real life importance- ODE

with non-linear term, stochastic linear oscillator and stochastic K-O problem. In all the

three test problems, it has been concluded that the wavelet function based expansion shows

superior results as compared to scaling function based expansion. In the third problem,

the effect of parameter α on the state variables has been analyzed.
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Chapter 4

Uncertainty Quantification of Stochastic Epi-

demic SIR models1

Mathematical models are indispensable tools to understand and make predictions regard-

ing the processes involved in epidemiology. These models help in analyzing the behavior of

the spread and control of infectious diseases. SIR models are amongst the most significant

epidemic models in disease control. Earlier, only specific infectious diseases like small-

pox, malaria, rubella, measles, etc., were modeled using simple ODEs. However, emerging

new diseases have motivated scientists and researchers to study infectious diseases. Nowa-

days, mathematical models of many new diseases are coming into existence such as Ebola,

influenza, AIDS, hantavirus, and many more. In 1927, Kermack and McKendrick [218]

gave the first detailed study for deterministic epidemic models. Later on, Bartlett made

important contributions in 1949 [219] and Kendall in 1956 [220], by considering both de-

terministic and stochastic models. Stochasticity is included in these models to make them

more realistic.

In literature, there are many epidemic models such as MSEIRS, MSEIR, SEIRS, SEIR, SIR,

SIRS, SEI, SEIS, SI, and SIS which are made according to the flow patterns [221] avail-

able among different compartments (M-Mother, E-exposed, S-Susceptibles, I-Infectives,

R-Recovered/Removed). Throughout this chapter, we focus only on the SIR model in dif-

ferent diseases and scenarios. SIR model simply divides the population into three classes

- Susceptibles, Infected and Removed, or Recovered. As the rate of transmission and re-

covery parameters are not exactly known or one may say they are uncertain in nature,

so we will consider them as RVs with some PDF. Moreover, we will examine how small

changes in these parameters are going to effect the quantities of interest of the model.

However, better knowledge of the transmission features of infectious diseases will lead to

the approaches which will diminish the transmission of these diseases. In a simple SIR

epidemic, the transitions happen from susceptible to infected and from infected to recov-

ered. Mathematical models are employed for designing, planning, performing, assessing,

1The content of this chapter is published as “Uncertainty Quantification of Stochastic Epidemic SIR
Models Using B-spline Polynomial Chaos”, Regular and Chaotic Dynamics, 26(1), 22-38, 2021, (SCI:
Impact Factor: 1.421).
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and optimizing various identification, preventive, and control measures.

Since wavelet-based PCEs have never been utilized in quantifying the uncertainties in

an epidemic model, therefore, in this chapter, we intend to enhance the capabilities of

PCEs by introducing wavelet-based PCEs [55, 88, 222] into the field of epidemiology. As

wavelet theory is itself a very vast field, so we aim to employ B-spline wavelet-based gPC

in the medical area by solving the simple SIR model. Therefore, the main contribution

of this chapter is to implement the linear and cubic Wiener B-spline chaos method for

understanding the behavior of infectious diseases.

Also, in literature, there is substantial work on gPC but only a few papers have been applied

to epidemic models. B. Kegan and R. W. West [223] examined the deterministic epidemic

model under the influence of uncertain ICs. Chen-Charpentier and Stanescu [224] applied

gPC to SIR as well as SIRS models by engaging random coefficients. Santonja and Chen-

Charpentier [118] explained how PCEs can turn out to be a wonderful tool for random

obesity epidemics along with SA. Roberts [225] employed gPC by introducing randomness

in the reproduction number. Omar and Hasan [226] investigated the dynamic behavior

of the epidemic under the influence of random beta distributed initial state. Harman and

Johnston [227] compared the stochastic Galerkin and MC method by applying it on a

simple SIR epidemic model with some level of randomness.

4.1 Mathematical Model- Stochastic SIR model

Mathematical models have been significantly used in analyzing how infectious diseases

spread and how they can be controlled. SIR model is among the most simple and easi-

est models for expressing the epidemics. For communicable diseases like chickenpox, in-

fluenza, H1N1, smallpox, etc., we have three different classes of individuals. These are as

follows:

a) Susceptibles S(t) are the healthy people who have not contracted the disease and

are prone to get infected,

b) Infectives I(t) who contracted the disease and are going to transmit it to healthy

people, and

c) Removed or Recovered R(t) are those who are immune from the disease, so they

can no longer be infected with the disease.

Together these three classes make the SIR model. In such models, individuals can only

follow two moves, i.e., move from susceptibles S(t) to infectives I(t) and from infectives
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I(t) to Recovered R(t). Specifically, without considering the demographic factors (births

and natural deaths), one can model these three categories into a system of coupled ODEs

in the following way:

dS

dt
= −βSI, S(t = 0) ≥ 0,

dI

dt
= βSI − γI, I(t = 0) > 0,

dR

dt
= γI, R(t = 0) ≥ 0.

(4.1.1)

The first equation states that to get infected, the susceptibles must get in contact with

the infectives, i.e., infections occur at the rate proportional to S(t)I(t) with β being the

contact/transmission rate i.e., adequate number of contacts with infectives. Also, the

parameter 1/γ is the average infection rate and R0 = β/γ denotes the reproduction number

which tells us the average number of secondary infections that take place when a single

infective enters a completely susceptible host population.

The total population is denoted by T(t) such that T(t)=S(t)+I(t)+R(t). The infectives

must have “close contact” with other individuals randomly which means a contact must

be capable of resulting in an infection if the individual on the other side is susceptible

otherwise the contact will not affect. As soon as the susceptible comes in close contact

with the infectives, it immediately becomes infected and then following the same rules,

it starts spreading the disease. There is a random time (infectious period) when infected

individuals remain infectious and after that, they end up being infectious, heal up or

recover, and become immune to the disease.

Since in reality, the contact rate and recovery rate parameters, β and γ, are neither fixed

nor exactly known, we will consider them as RVs with some PDFs. Also, if we are not

having the exact information regarding the ICs such as the number of susceptibles at the

starting, then we can also introduce uncertainty into the ICs and accordingly analyze the

behavior of the model.

4.2 Expressions for B-spline Wavelets

Here, we will discuss only linear (nB = 2) and cubic (nB = 2) B-spline wavelets. These

wavelets consist of inner and boundary scaling and wavelet functions. For the standard

case, we have nB − 1 boundary scaling functions at each boundary and 2j − nB + 1 inner

scaling functions. Further, we have nB − 1 boundary wavelets at each boundary and
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2j − 2nB + 2 inner wavelets [213]. The scale ȷ of linear B-spline wavelets starts with

ȷ = ȷ0 = 2 whereas for cubic B-spline wavelets it starts with ȷ = ȷ0 = 3.

The expressions for scaling and wavelet functions for linear B-spline wavelets which have

been clearly described in chapter 3. On the other hand, we will focus only on the scaling

functions of cubic B-spline wavelets in this chapter. The inner scaling functions of cubic

B-spline wavelets [228,229] with xȷ = 2ȷx for k = 0, 1, . . . , 2ȷ − 4 are as follows:

ϕȷ,k(x) =



1
6
(xȷ − k)3, k ≤ xȷ < k + 1,

1
6
(−3(xȷ − k)3 + 12(xȷ − k)2 − 12(xȷ − k) + 4), k + 1 ≤ xȷ < k + 2,

1
6
(3(xȷ − k)3 − 24(xȷ − k)2 + 60(xȷ − k)− 44), k + 2 ≤ xȷ ≤ k + 3,

1
6
(4− (xȷ − k)3), k + 3 ≤ xȷ ≤ k + 4,

0, otherwise.

(4.2.1)

The cubic left boundary B-spline scaling functions for k = −3,−2,−1 are given as follows:

For k = −3

ϕȷ,k(x) =

{
(1− 8x)3, 0 ≤ x < 1

8
,

0, otherwise.
(4.2.2)

For k = −2

ϕȷ,k(x) =


896x3 − 288x2 + 24x, 0 ≤ x < 1

8
,

2(1− 4x)3, 1
8
≤ x < 2

8
,

0, otherwise.

(4.2.3)

For k = −1

ϕȷ,k(x) =


−1408

3
x3 + 96x2, 0 ≤ x < 1

8
,

896
3
x3 − 576

3
x2 + 36x− 3

2
1
8
≤ x < 2

8
,

−1
6
(8x− 3)3 2

8
≤ x < 3

8
,

0, otherwise.

(4.2.4)

The cubic right boundary B-spline scaling functions for k = 2j−3, 2j−2, 2j−1 are given

by ϕ3,k(x) = ϕ3,4−k(1− x) such that for k = 2j − 3, we have,

ϕj,k(x) =


−1

6
(8(1− x)− 3)3 5

8
≤ x < 6

8
,

896
3
(1− x)3 − 576

3
(1− x)2 + 36(1− x)− 3

2
6
8
≤ x < 7

8
,

−1408
3
(1− x)3 + 96(1− x)2, 7

8
≤ x < 1,

0, otherwise.

(4.2.5)
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For k = 2ȷ − 2, we have,

ϕȷ,k(x) =


2(1− 4(1− x))3, 6

8
≤ x < 7

8
,

896(1− x)3 − 288(1− x)2 + 24(1− x), 7
8
≤ x < 1,

0, otherwise.

(4.2.6)

For k = 2ȷ − 1, we have,

ϕȷ,k(x) =

{
(1− 8(1− x))3, 7

8
≤ x < 1,

0, otherwise.
(4.2.7)

If we look into the formation of linear and cubic B-spline scaling functions, it is clearly

seen that more computational effort is required in case of cubic B-spline wavelets. We can

obtain dual scaling and wavelet functions for both linear and cubic B-spline wavelets as

discussed in Chapter 3.

4.3 Wavelet approximation of a 1D random process

Let ξ be a RV and X(ξ(θ)) be the second-order random process. Then, we have generalized

WBe chaos expansion of X(ξ(θ)) as

X(ξ(θ)) =
2J0−1∑

k=−nB+1

cJ0,kϕ
s
J0,k

+
∞∑

j=J0

2j−nB∑
k=−nB+1

dj,kψ
w
j,k. (4.3.1)

After that, we truncate the expression in Eq. (4.3.1) to J and also by taking the value of

J0 = 2 (linear case) and J0 = 3 (cubic case), we have

X(ξ(θ)) =
2J0−1∑

k=−nB+1

cJ0,kϕ
s
J0,k

+
J∑

j=J0

2j−nB∑
k=−nB+1

dj,kψ
w
j,k. (4.3.2)

Moreover,

X(ξ(θ)) =
2J0−1∑

k=−nB+1

Xs
J0,k

SJ0,k(ξ(θ)) +
J∑

j=J0

2j−nB∑
k=−nB+1

Xw
j,kWj,k(ξ(θ)), (4.3.3)

where Xs
J0,k

and Xw
j,k are respectively the coefficients of scaling and wavelet approximation

of X(ξ) such that

SJ0,k(ξ(θ) ∈ [a, b]) = ϕs
J0,k

(℘(ξ)),
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Wj,k(ξ(θ) ∈ [a, b]) = ψw
j,k(℘(ξ)). (4.3.4)

We can rewrite Eq. (4.3.3) as

X(ξ(θ) ∈ [a, b]) =
2J0−1∑

k=−nB+1

Xs
J0,k

ϕs
J0,k

(℘(ξ)) +
J∑

j=J0

2j−nB∑
k=−nB+1

Xw
j,kψ

w
j,k(℘(ξ)). (4.3.5)

Let us now concatenate the scale index j and space index k and define the generalized set

of index integers Υ by Z such that Z ≡ {Υ : (Υs = k + nB, J0 = 2 (linear) and J0 =

3 (cubic), k = −nB+1, . . . , 2J0−1)∪(Υw = 2j+(k+2nB−1), j = J0, J0+1, . . . , J, k =

−nB + 1, . . . , 2j − nB)}. The resolution level will be denoted by |Υ|. Therefore, the one-
dimensional wavelet expansion of X(ξ(θ)) can be expressed as

X(ξ(θ) ∈ [a, b]) =
∑
Υ∈Z

XΥWΥ(ξ(θ)), (4.3.6)

where

XΥ =

∫ 1

0

X(℘−1(y))ϕs
Υ(y)dy when Υ = 1, 2, . . . , 2J0 + nB − 1,

XΥ =

∫ 1

0

X(℘−1(y))ψw
Υ(y)dy when Υ > 2J0 + nB − 1.

Further, we execute the inner products of {WΥ(ξ(θ)} w.r.t dual scaling and wavelet func-

tions {W̃Υ(ξ(θ))} such that when Υ1,Υ2 = 1, 2, . . . , 2J0 + nB − 1, we have∫ b

a

WΥ1(ξ)W̃Υ2(ξ)pdf(ξ)dξ =

∫ b

a

ϕj,k(℘(ξ))ϕ̃j,l(℘(ξ))pdf(ξ)dξ = δkl. (4.3.7)

In the similar manner, when Υ1,Υ2 > 2J0 + nB − 1, we have∫ b

a

WΥ1(ξ)W̃Υ2(ξ)pdf(ξ)dξ =

∫ b

a

ψj,k(℘(ξ))ψ̃l,m(℘(ξ))pdf(ξ)dξ = δjlδkm. (4.3.8)

Therefore, the stochastic process is approximated by generalized WBe gPC as follows:

X(ξ) ≈
P∑

k=1

XkWk(ξ). (4.3.9)

Now, we will extract the expectation

⟨X⟩ =
P∑
i=1

Xi⟨Wi(ξ), 1⟩.
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and S.D. as follows:

S.D. = σ(X) =

√√√√ P∑
i=1

P∑
j=1

XiXj⟨Wi(ξ)Wj(ξ), 1⟩ −
(
⟨X⟩

)2
.

After introducing the basic mathematical epidemic model, we will demonstrate it using

real outbreaks in next section.

4.4 Numerical Results

4.4.1 Influenza Epidemic in British boys boarding school, 1978

The epidemic took place in north England in 1978 in a British boys boarding school. Mur-

ray [230] gave this epidemic on the basis of data organized by the British Communicable

Disease Surveillance Centre (British Medical Journal, p. 587, March 4 1978 [231]). It was

basically a flu epidemic that affected 763 resident boys. On 10 January, boys were return-

ing for the Easter term from all over Britain and some from the Far East and Europe.

At that time, one boy from Hong Kong had a temporary febrile infection from 15 to 18

January. Then, three boys were sent to the college medical center on 22 January, and later

on, the number of infected boys started increasing. The symptoms which were seen among

most of the infected boys were that they were feeling exhausted along with headache as

fever developed. Apart from that, they suffered from sore throat and tracheitis. The tem-

perature in the mornings stayed a little higher whereas it was usually 100 ° -102 ° F in the

daytime. Fig. 4.1 highlights the daily infectives who were restricted to bed in the boarding

school.
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Figure 4.1: The graph published by British Medical Journal which displays data of boys
who were confined to bed.

Also, the data for the influenza epidemic for two-week is constructed in Table 4.1 by

reading values from the graph reported in the British Medical Journal 1978. Since the
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values were read from the graph published, so the values given in Table 4.1 may consist

of some degree of randomness. This whole influenza is modeled using the coupled ODEs

involved in the SIR model as in Eq. (4.1.1). As per the data given, we have deterministic

ICs as susceptibles are 762 in number and initially there was only one infective from Hong

Kong, therefore, we have

S(t = 0) = 762, I(t = 0) = 1, R(t = 0) = 0. (4.4.1)

No. of days Date Infected Recovering Recovered
1 1978− 01− 22 3 0 1
2 1978− 01− 23 8 0 5
3 1978− 01− 24 26 0 17
4 1978− 01− 25 76 0 51
5 1978− 01− 26 225 9 152
6 1978− 01− 27 298 17 286
7 1978− 01− 28 258 105 402
8 1978− 01− 29 233 162 507
9 1978− 01− 30 189 176 592
10 1978− 01− 31 128 166 650
11 1978− 02− 01 68 150 681
12 1978− 02− 02 29 85 694
13 1978− 02− 03 14 47 700
14 1978− 02− 04 4 20 702

Table 4.1: School data

The transmission and recovery rate are uncertain in nature, therefore, we can write it

as

β =β0 + β1ξ,

γ =γ0 + γ1ξ
∗.

(4.4.2)

where ξ and ξ∗ are RVs with uniform distribution over the interval [-1,1].

4.4.1.1 Solution Method

Let ξ be a vector with two components where each component is uniformly distributed

over [−1, 1]. Then, the system in Eq. (4.1.1) is approximated by generalized WBe as
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Figure 4.2: a) Mean of Susceptibles, Infectives, Recovered using linear B-spline wavelet
gPC with P = 5. The first five coefficients of gPC for b) Susceptibles c) Infectives have

been presented using linear B-spline scaling functions.
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Figure 4.3: a) Mean of Susceptibles, Infectives, Recovered using linear B-spline wavelet
gPC with P = 9. Next four coefficients of gPC for b) Susceptibles c) Infectives have been

displayed using first four linear B-spline wavelets.
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Figure 4.4: S.D. using linear B-spline wavelet for a) P = 1 b) P = 5 c) P = 9.

follows:

S(t, ξ) =
P∑
i=1

Si(t)Wi(ξ), I(t, ξ) =
P∑
i=1

Ii(t)Wi(ξ), R(t, ξ) =
P∑
i=1

Ri(t)Wi(ξ),

β(ξ) =
P∑
i=1

βiWi(ξ), γ(ξ) =
P∑
i=1

γiWi(ξ).

(4.4.3)
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After inserting above WBe approximations in Eq.(4.1.1), we get
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Figure 4.5: First 11 gPC coefficients for a) Susceptibles b) Infectives using 11 cubic
B-spline scaling functions. The school data of Infectives is shown by diamond in part b.
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Figure 4.6: Mean of S, I, R are plotted for a) P = 5 b) P = 9 c) P = 11 using scaling
functions of cubic B-spline wavelets.

0 5 10 15 20

t

0

50

100

150

200

250

300

350

S
ta

nd
ar

d 
D

ev
ia

tio
n

Susceptibles
Infectives
Recovered

(a)

0 5 10 15 20
t

0

50

100

150

200

S
ta

nd
ar

d 
D

ev
ia

tio
n

Susceptibles
Infectives
Recovered

(b)

0 5 10 15 20
t

0

10

20

30

40

50

S
ta

nd
ar

d 
D

ev
ia

tio
n

Susceptibles
Infectives
Recovered

(c)

Figure 4.7: S.D. of state variables S, I, R for a) P = 5 b) P = 9 c) P = 11 are plotted
using scaling functions of cubic B-spline wavelets.
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d

dt

( P∑
i=1

Si(t)Wi

)
= −

P∑
i=1

P∑
j=1

P∑
k=1

βiSj(t)Ik(t)WiWjWk,

d

dt

( P∑
i=1

Ii(t)Wi

)
=

P∑
i=1

P∑
j=1

P∑
k=1

βiSj(t)Ik(t)WiWjWk −
P∑
i=1

P∑
j=1

γiIj(t)WiWj,

d

dt

( P∑
i=1

Ri(t)Wi

)
=

P∑
i=1

P∑
j=1

γiIj(t)WiWj

(4.4.4)

Taking inner product of Eq. (4.4.4) w.r.t W̃l, we get

d

dt

P∑
i=1

Si(t)⟨WiW̃l⟩ = −
P∑
i=1

P∑
j=1

P∑
k=1

βiSj(t)Ik(t)⟨WiWjWkW̃l⟩,

d

dt

P∑
i=1

Ii(t)⟨WiW̃l⟩ =
P∑
i=1

P∑
j=1

P∑
k=1

βiSj(t)Ik(t)⟨WiWjWkW̃l⟩

−
P∑
i=1

P∑
j=1

γiIj(t)⟨WiWjW̃l⟩, (4.4.5)

d

dt

P∑
i=1

Ri(t)⟨WiW̃l⟩ =
P∑
i=1

P∑
j=1

γiIj(t)⟨WiWjW̃l⟩

where l = 1, 2, . . . , P. From the above equations, we see that we need to compute triple

as well as fourth product so as to obtain the solutions of S(t), I(t) and R(t). Similarly, we

can apply the WBe on the ICs if they are given to be uncertain.

4.4.1.2 Sensitivity analysis

SA [232–234] is used to assess the influence of variations in parameters on the performance

or quantities of interest of the mathematical model. To put it simply, one parameter of the

model is changed by a certain amount by keeping all the other parameters fixed. After that,

simulations are done by running the model and we observe the changes in the output of

the system. To achieve more credible solutions, SA should be carried out in sequence with

uncertainty analysis, which consists of propagation and quantification of uncertainties. So,

it contributes an essential prerequisite in designing and the validation of models in the

presence of uncertainties. We will discuss four cases using linear WBe as follows:

I) Keep β = 0.00218 + 0.001ξ, γ0 = 0.441 fixed and take different values of γ1 such as

γ1=0.001, 0.05, 0.1, 0.01, 0.5.

II) Fix β = 0.00218 + 0.001ξ, γ1 = 0.001 and change γ0 by taking different values such
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Figure 4.8: Mean of a) Susceptibles b) Infectives according to case 4.4.1.2 with P = 5.

as γ0=0.5, 0.441, 0.46, 0.48.
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Figure 4.9: Mean of a) Susceptibles b) Infectives according to case 4.4.1.2 with P = 5.

III) Keep β0 = 0.00218, γ = 0.441 + 0.001ξ∗ fixed and change β1 by taking β1=0.001,

0.01, 0.1, 0.5, 0.05, 0.005.
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Figure 4.10: Mean of a) Susceptibles b) Infectives according to case 4.4.1.2 with P = 5.

IV) Keep β1 = 0.001, γ = 0.441 + 0.001ξ∗ fixed and change β0 as β0=0.00218, 0.00200,

0.00230, 0.003, 0.005, 0.009.
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Figure 4.11: Mean of a) Susceptibles b) Infectives according to case 4.4.1.2 with P = 5.

4.4.1.3 Results and Discussion

We have applied RK4 method for time integration. The most important conclusions we

get from B-spline gPC for the influenza outbreak are as follows:

1) From Fig. 4.2c, we can analyze that the coefficients of infectives are appropriately

approximating the school data given in the British Medical Journal.

2) From Figs. 4.2a and 4.3a, we conclude that wavelet functions have negligible effect on

the SIR model as scaling functions of linear B-spline wavelets are approximating the

SIR model exactly in the same way as wavelet functions of linear B-spline wavelets

do.

3) We analyze from Figs. 4.6 and 4.7 that we require atleast dim(Vj) = 2j + nB − 1

number of scaling functions to capture the local weighted average of the solution

accurately.

4) It has been concluded that linear B-spline wavelets are showing accurate results at

a lower PC order than the cubic B-spline wavelets. The reason being that linear

B-spline wavelets involve only 5 scaling functions whereas cubic B-spline wavelets

involve 11 scaling functions.

MC method B-spline gPC
N/P 100 5
CPU time (sec) 1.23 0.456

Table 4.2: Comparison of MC and linear B-spline gPC

5) From Figs. 4.8 and 4.9, we conclude that γ is an insensitive parameter which does not

need as much effort to estimate as a small variation in this parameter is not producing

large changes in quantity of interest. However, the solution is very sensitive towards
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Figure 4.12: a) Mean and b) S.D. of S, I, R using MC method with N = 100 samples

the changes made in the parameter β. So, β deserves the most numerical attention

and it should be carefully estimated.

6) Also, if we take higher values of β0, the solution is coming out to be unstable.

7) From Fig. 4.12 and Table 4.2, we can notice that MC method takes N = 100 samples

to approximate the SIR model. After comparing the S.D. plots and CPU time, we

conclude that linear B-spline gPC is better than MC method.

4.4.2 Ebola in Liberia 2014

Ebola virus was first located in the present Democratic Republic of Congo in 1976. Sub-

sequently, many outbreaks came into picture, but the 2014 outbreak was the greatest and

has spread through many countries, namely Sierra Leone, Guinea and Liberia. Africa suf-

fered from around 20 outbreaks of Ebola with fatality rates of 25% to 90%. The sources

of Ebola are human contacts with the secretions, blood, or other bodily fluids of infected

animals found dead or sick in the rainforest. It is commonly assumed that the fruit bats

of the Pteropodidae family are the natural Ebola virus hosts. According to the data

given by WHO for Ebola that happened in Liberia in 2014, the total population T(t) esti-

mated was 4294000 [235], and infected I(t = 0) = 846 [236] and the people who died were

481 [236]. R(t) consists of people who have received permanent immunity, which includes

people who have died as well as people who have recovered. Therefore, number of people

recovered

R = 481 + (0.3× 846) = 735.
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Hence [237],

T(t = 0) = 4294000, I(t = 0) = 846, R(t = 0) = 735, S(t = 0) = 4292419 (4.4.6)
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Figure 4.13: Mean of S, I, R of Ebola virus are shown for a) P = 5 and b) P = 9 using
linear B-spline gPC.
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Figure 4.14: S.D. of S, I, R of Ebola virus are shown for a) P = 5 and b) P = 9 using
linear B-spline gPC.

We assume the total population, susceptible, infective and removed to be deterministic.

But actually, for a large population like this, there may occur some kind of uncertainty

or this knowledge about the population may not be quite accurate. Also, as reported by

WHO, the mortality rate of Ebola was estimated to be 0.7 [?]. As the disease stays from

2 to 18 days, so if we take the midpoint approximate of the time period of the disease, i.e.

10 days, we get,

γ =
1

10
= 0.1 (4.4.7)

But we assume it to be a bit uncertain as the duration of disease can be any number from
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2 to 18 days. Similarly, we obtain β [238] as follows:

β =
0.7

4292419
= 1.63× 10−7 (4.4.8)

Even β can be uncertain with ξ being uniformly distributed RV over [-1,1], i.e., if the

mortality rate is 0.5, then β = 1.16× 10−7.
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Figure 4.15: Mean and S.D. of S, I, R state variables is displayed for P = 11 using cubic
B-spline gPC.

4.4.2.1 Sensitivity Analysis

Similarly, we will perform SA for the Ebola outbreak by taking four cases as earlier. As

we are dealing with a large population, so even small change in output will cover upto a

thousand of population. We will study the impact of the below mentioned four cases on

the Ebola outbreak.

I) Keep β = 1.63× 10−7 +0.1× 10−7ξ, γ0 = 0.1 fixed and change γ1 by taking γ1=0.1,

0.5, 0.01, 0.05, 1.
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Figure 4.16: Mean of a) Susceptibles S(t) and b)Infectives I(t) is shown for different
values of γ1 using linear B-spline gPC.
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II) Keep β = 1.63×10−7+0.1×10−7ξ, γ1 = 0.01 fixed and change γ0 by taking γ0=0.06,

0.07, 0.08, 0.09, 0.1.
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Figure 4.17: Mean of a) Susceptibles S(t) and b) Infectives I(t) is shown for different
values of γ0 using linear B-spline gPC.

III) Keep β0 = 1.63 × 10−7, γ = 0.1 + 0.01ξ∗ fixed and take different values of β1 as

β1 = 0.1× 10−7, 0.1× 10−6, 0.5× 10−6, 0.1× 10−5, 0.5× 10−4.
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Figure 4.18: Mean of a) Susceptibles S(t) and b)Infectives I(t) is shown for different
values of β1 using linear B-spline gPC.

IV) Keep β1 = 0.1×10−7, γ = 0.1+0.01ξ∗ fixed and change β0 as β0=0.163×10−7, 0.150×
10−7, 0.157× 10−7, 0.17× 10−7.

4.4.2.2 Results and Discussion

The main findings for the Ebola outbreak are as follows:

1) We conclude that linear B-spline wavelets (Fig. 4.13) require fewer PCE order (P )

than cubic B-spline wavelets (Fig. 4.15) to compute the solution.

2) As Ebola virus has effected a very large population, so, a minute variation in any of

the parameters will lead to surprising results.
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Figure 4.19: Mean of a) Susceptibles S(t) and b) Infectives I(t) is shown for different
values of β0 using linear B-spline gPC.

3) In Fig. 4.16, we analyze that the solution is sensitive to the values of γ1 = 0.5, 1. So,

these two values should not be considered.

4) As we increase the value of β1 (shown in Fig. 4.18), results seem to be less accurate

whereas β1 = 0.5 × 10−4 shows extremely unacceptable results. Therefore, we can

say that the solution is highly sensitive to the changes in β than the changes in γ.

4.5 Conclusion

In this chapter, we have studied real-life epidemic outbreaks by utilizing B-spline wavelet-

based gPC. It has been analyzed that wavelet functions of linear B-spline wavelets are

showing negligible variations, so we have employed only scaling functions of cubic B-

spline wavelets for comparison. Real data from British Medical Journal (Influenza) and

WHO (Ebola) has been incorporated into the model and it has been concluded that the

proposed method is approximating the school data given in the British Medical Journal

appropriately. The number of scaling functions of B-spline wavelets increases as we increase

the order of B-spline wavelets. Due to this fact, higher-order B-spline wavelets require more

number of PCE to compute the solution. Thus, a linear B-spline wavelet basis shows faster

accurate results as compared to cubic B-spline wavelets. With the help of SA, we found the

most accurate values of the random parameters which produced the expected results. The

solution is more sensitive to the changes made in the parameter β than the changes in γ. It

has been analyzed that parameters β = 0.00218+0.001ξ, γ = 0.441+0.001ξ∗ approximate

the influenza outbreak perfectly whereas for Ebola virus outbreak, the parameters β =

1.63× 10−7 + 0.1× 10−7ξ, γ = 0.1 + 0.01ξ∗ gives the best results.
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Chapter 5

An adaptive wavelet optimized finite differ-

ence B-spline polynomial chaos method for

Burger’s Equation

Wavelets, initiated by Grossman and Morlet in 1984, are known for their wonderful prop-

erties such as vanishing moments, wavelet decomposition, multiscale analysis, localization,

fast wavelet transform, and data compression. These attractive properties are useful in nu-

merically solving PDEs [239–244]. Further, there are two ways to solve a PDE numerically-

one way is static node arrangement [245] which is created at the beginning of the compu-

tation and the other way is adaptive node arrangement which keeps on modifying itself

in accordance with the numerical solution of PDE at various times [246–249]. The need

of adaptive method arises when we wish to reduce the CPU cost by adjusting the quality

of representation by catching those features which consists of the most important parts of

the solution.

Adaptive schemes perform refinements where most needed in order to reduce the computa-

tional effort. Such local refinements plays a vital role when the system dynamics indicate

steep dependencies on the random parameters. In fact, instead of using unnecessarily high

order global PC expansions, a series of local low order expansions at controlled resolution

levels are employed. There are also few other techniques available in literature for adap-

tivity [2] such as adaptive partitioning of random parameter space, generalized spectral

decomposition method, a posterior error estimation for the variational problem. Mâıtre

et al. [88] applied a multi-resolution analysis approach to Galerkin projection schemes for

treating discontinuous response surfaces by adaptively refining the multi-wavelet basis.

Witteveen and Iaccarino [250] solved unsteady stochastic problems by means of multi-

elements techniques and by employing the collocation simplex method. Adaptivity is

implemented in the stochastic space in accordance with the regularity of the solution for

all these approaches.

The motivation behind this method was to bring the best out of the wavelet methods in

the field of UQ. Wavelet methods are generally known for their self adaptive nature which

makes it a good choice for the numerical solution of a PDE. The self adaptivity property
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comes from the good localization properties of wavelets which are seen both in space and

frequency. Also, wavelet optimized finite difference method (WOFD) uses wavelets on

irregular grids which is then utilized for the finite difference method [251,252]. Therefore,

it comes under the family of fitted mesh methods. In this chapter, we will execute adaptive

wavelet optimized finite difference B-spline gPC to solve the PDEs with randomness.

5.1 Finite difference on an irregular grid

Let grid points be defined as

a = x1 < x2 < . . . < xM−1 < xM = b (5.1.1)

which are not necessarily at a equal distance with [a, b] being the domain. For approx-

imating derivatives of u, we construct a Lagrangian interpolating polynomial through p

points and differentiate it. Let us take odd p ≥ 3 for the simplicity of the algorithm. Take

w = p−1
2

and then define

uI(x) =
i+w∑

k=i−w

u(xk)
Pw,i,k(x)

Pw,i,k(xk)
, where Pw,i,k(x) =

i+w∑
l=i−w,
l ̸=k

(x− xl) (5.1.2)

Because of periodicity, we have uI(xi) = u(xi) for i = 1, . . . ,M, i.e., uI interpolates u at

the grid points. Differentiating it d times, we get

udI(x) =
i+w∑

k=i−w

u(xk)
P
(d)
w,i,k(x)

Pw,i,k(xk)
(5.1.3)

Replacing x by xi in Eq. (5.1.3) gives p point difference approximation for u(d)(x) centered

at xi. Let u = [u(x1), u(x2), . . . , u(xM)]. The derivatives u(d)(x) can be approximated as

follows:

u(d) = D(d)
p u, where [D(d)

p ]i,k =
P
(d)
w,i,k(x)

Pw,i,k(xk)
(5.1.4)

Now, for the first and second derivatives, we get

P
(1)
w,i,k(x) =

d

dx
Pw,i,k(x) =

i+w∑
l=i−w,
l ̸=k

i+w∏
m=i−w,
m̸=k,l

(x− xm) (5.1.5)
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and

P
(2)
w,i,k(x) =

d2

dx2
Pw,i,k(x) =

i+w∑
l=i−w,
l ̸=k

i+w∑
m=i−w,
m̸=k,l

i+w∏
n=i−w,
n̸=k,l,m

(x− xn) (5.1.6)

After simplifying the above equations, we have the first derivatives as follows:

du(xj)

dx
=
u(xj+1)− u(xj−1)

xj+1 − xj−1

, j = 1, 2, . . . ,M (5.1.7)

and second derivative as follows:

d2u(xj)

dx2
=

2u(xj−1)

(xj−1 − xj)(xj−1 − xj+1)
+

2u(xj)

(xj − xj−1)(xj − xj+1)

+
2u(xj+1)

(xj+1 − xj−1)(xj+1 − xj)
, j = 1, 2, . . . ,M

Also, one should take care that the points x0 and xM+1 are not included in the domain [253].

Throughout this paper, we will be dealing with periodic boundary conditions, so we will

assume all the indices to be computed modulo M − 1 (u(a) = u(b)), i.e., x0 will be

treated as xM−1 and xM+1 will be treated as x2. Also suppose x1 − x0 = x2 − x1 and

xM+1 − xM = xM − xM−1 and first and second order FD matrices as D(1) and D(2). In

simple words, 

u′(x1)

u′(x2)
...
...

u′(xM)


= D

(1)
M×M



u(x1)

u(x2)
...
...

u(xM)


(5.1.8)

where

D(1)(1, 2) = −D(1)(1,M− 1) =
1

2(x2 − x1)
,

D(1)(M, 2) = −D(1)(M,M− 1) =
1

2(xM − xM−1)
,

D(1)(ı, ı− 1) = D(1)(ı, ı+ 1) = − 1

(xı+1 − xı−1)
,

D(1)(ı, j) = 0, ∀ other ı and j

(5.1.9)
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On the other side, we have
u′′(x1)

u′′(x2)
...

u′′(xM)

 = D
(2)
M×M


u(x1)

u(x2)
...

u(xM)

 (5.1.10)

−1

2
D(2)(1, 1) = D(2)(1, 2) = D(2)(1,M− 1) =

1

(x2 − x1)2
,

D(2)(M, 2) = D(2)(M,M− 1) = −1

2
D(2)(M,M) =

1

(xM − xM−1)2
,

D(2)(ı, ı− 1) =
2

(xı−1 − xı)(xı−1 − xı+1)
, 2 ≤ ı ≤M− 1

D(2)(ı, ı) =
2

(xı − xı−1)(xı − xı+1)
, 2 ≤ ı ≤M− 1

D(2)(ı, ı+ 1) =
2

(xı+1 − xı−1)(xı+1 − xı)
, 2 ≤ ı ≤M− 1

D(2)(ı, j) = 0,∀ other ı and j

(5.1.11)

5.2 Grid Adaptation

While representing the solution using wavelet gPC, we generally have scaling and wavelet

coefficients represented by U s
J0,k

and Uw
ȷ,k respectively. The beauty of wavelets lies in the

value of wavelet coefficients as these coefficients decrease rapidly when the function is

smooth. Moreover, if the function experiences discontinuity in one of its derivatives, then

these coefficients tend to decrease gradually in the proximity of discontinuity and exhibit

rapid decay away from it. Therefore, they are known for identifying shocks in the numerical

solution of a PDE. This means that the magnitude of wavelet coefficient plays a significant

role in capturing the essential features of a solution. As we know, the wavelet representation

of a stochastic process is given as

U(ξ ∈ [a, b]) =
3∑

k=−1

U s
J0,k

ϕs
J0,k

(℘(ξ)) +
J∑

ȷ=J0

2ȷ−2∑
k=−1

Uw
ȷ,kψ

w
ȷ,k(℘(ξ)).

We can discard wavelets with small coefficients, thus, retaining a good approximation. The

wavelet coefficients Uw
ȷ,k will be small unless the U(ξ) has some fluctuation on the scale of

ȷ in the instant proximity of wavelets ψw
ȷ,k(℘(ξ)). Further, we divide the above equation
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according to the magnitude

U(ξ ∈ [a, b]) = U≥ϵ(ξ) + U<ϵ(ξ) (5.2.1)

where

U≥ϵ(ξ ∈ [a, b]) =
3∑

k=−1

U s
J0,k

ϕs
J0,k

(℘(ξ)) +
J∑

ȷ=J0

2ȷ−2∑
k=−1

|Uw
ȷ,k

|≥ϵ

Uw
ȷ,kψ

w
ȷ,k(℘(ξ)). (5.2.2)

U<ϵ(ξ ∈ [a, b]) =
2ȷ−2∑
k=−1

|Uw
ȷ,k

|<ϵ

Uw
ȷ,kψ

w
ȷ,k(℘(ξ)). (5.2.3)

There are basically two techniques available in literature for adaptivity. One of them is

standard adaptive technique which works as follows:

1. We need to initiate from finest level of resolution.

2. Then, on the basis of magnitude of the wavelet coefficients, we remove the grid points

which are less than ϵ.

and the other one is modified adaptation technique

1. We initiate from the coarsest level of resolution.

2. Then, on the basis of magnitude of the wavelet coefficients, we add the grid points.

The algorithm of the grid generation is given below:

Algorithm 5.1 Adaptive grid generation using wavelet optimized B-spline gPC

1: Suppose Xc
k are the current coarse node arrangements and {uk(xj)}j∈Xc is known where

uk are the coefficients with k = 1, 2, . . . , P .
2: Use interpolation to compute {uk(xj)}j∈XJ from {uk(xj)}j∈Xc where k = 0, 1, 2, . . . , P.
3: Obtain scaling and wavelet functions by applying wavelet transform on the expanded
uk(x).

4: Start with finest grid XJ
k where k = 0, 1, . . . , P .

5: Keep all the grid points corresponding to B-spline scaling functions intact.
6: Keep all the grid points |Uw

ȷ,k| > ϵ intact for every equation.
7: Delete all the other points.

Numerically, it is proven that adaptive node arrangements from both the methods are

identically same [254]. Wavelet optimized methods can be collaborated with FD, finite
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element and finite volume. Jameson [255, 256] introduced WOFD which uses wavelets to

obtain the adaptive grid [257,258]. Rather than expanding the solution through scaling or

wavelet expansion, the wavelet transform is employed to identify where the FD grid must

be coarsened or refined [259,260]. Wavelets offers excellent grid selection mechanism such

that sparse grids are arranged in smooth regions and fine grids are arranged in chaotic

areas of the domain.

5.3 Numerical Results

In this section, we will apply the proposed method on three numerical problems- linear

heat equation with uncertain ICs, non-linear Burger equation with uncertain ICs and non-

linear Burger’s equation with uncertain viscosity and different uncertain ICs. For the three

test problems, we have considered periodic boundary conditions.

5.3.1 Stochastic Heat Equation

Let us first consider a simple linear example i.e., heat equation on a unit interval

∂u

∂t
= ν

∂2u

∂x2
, 0 ≤ x ≤ 1, 0 ≤ t ≤ 0.5 (5.3.1)

u(0, t) = u(1, t) (5.3.2)

with random IC u(x, 0, ξ) = uinit(x, ξ) where

uinit(x, ξ) =

{
x+ 0.05ξ, 0 ≤ x ≤ 0.5

1− x, 0.5 ≤ x ≤ 1
(5.3.3)

which has a discontinuous derivative at x = 0.5 and ξ is uniformly distributed over the

interval [−1, 1].

5.3.1.1 Method

The PCE representation of a solution is given by

u(x, t, ξ) =
P∑
i=1

ui(x, t)Wi(ξ) (5.3.4)
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So, we will insert B-spline gPC i.e., Eq. (5.3.4) in Eq. (5.3.1),

∂

∂t

( P∑
i=1

ui(x, t)Wi(ξ)

)
= ν

∂2

∂x2

( P∑
i=1

ui(x, t)Wi(ξ)

)

Now, applying Galerkin projection w.r.t W̃k(ξ)

∂

∂t

( P∑
i=1

ui(x, t)⟨Wi(ξ)W̃k(ξ)⟩
)

= ν
∂2

∂x2

( P∑
i=1

ui(x, t)⟨Wi(ξ)W̃k(ξ)⟩
)

P∑
i=1

∂ui(x, t)

∂t
⟨Wi(ξ)W̃k(ξ)⟩ = ν

P∑
i=1

∂2ui(x, t)

∂x2
⟨Wi(ξ)W̃k(ξ)⟩

∂uk(x, t)

∂t
⟨Wi(ξ)W̃k(ξ)⟩ = ν

∂2uk(x, t)

∂x2
⟨Wi(ξ)W̃k(ξ)⟩ where k = 1, . . . , P

∂uk(x, t)

∂t
= ν

∂2uk(x, t)

∂x2︸ ︷︷ ︸
LinearPart L

(5.3.5)

For better understanding, let us take P = 3. So, discretizing Eq. (5.3.5) for k = 1, we

get

du1(t)

dt
= νL(u1(t))

du2(t)

dt
= νL(u2(t))

du3(t)

dt
= νL(u3(t))

(5.3.6)

where

L(u1(t)) = diag(D(2)u1(t)),

L(u2(t)) = diag(D(2)u2(t)),

L(u3(t)) = diag(D(2)u3(t)).

Applying CN scheme

un1 − un−1
1

∆t
= νL

(
un1 + un−1

1

2

)
un2 − un−1

2

∆t
= νL

(
un2 + un−1

2

2

)
un3 − un−1

3

∆t
= νL

(
un3 + un−1

3

2

)
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Simplifying the equations, we get(
I − νL∆t

2

)
un1 =

(
I +

νL∆t

2

)
un−1
1(

I − νL∆t

2

)
un2 =

(
I +

νL∆t

2

)
un−1
2(

I − νL∆t

2

)
un3 =

(
I +

νL∆t

2

)
un−1
3

Aun1 = Bun−1
1

Aun2 = Bun−1
2

Aun3 = Bun−1
3

where

A = I − νL∆t

2

B = I +
νL∆t

2

u(x, 0) = u0(x), ν = 1 ϵ = 10−5

Time u1 u2 u3 u4 u5 u6
0 1024 1024 1024 1024 1024 1024
0.0625 136 136 136 136 136 136
0.1250 156 156 156 156 156 156
0.1875 126 126 126 126 126 126
0.25 101 101 101 101 101 101
0.3125 95 95 95 95 95 95
0.3750 92 92 92 92 92 92
0.4375 79 79 79 79 79 79
0.5 74 74 74 74 74 74

Table 5.1: Grid modifications of Test Problem 1 at different times

Therefore, we have

un1 = A−1Bun−1
1

un2 = A−1Bun−1
2

un3 = A−1Bun−1
3

Similarly, we can apply the same for higher order P of PCE.
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Figure 5.1: Solution of stochastic heat equation (coeff u1) at t = 0, 0.125, 0.25, 0.375, 0.5
with ν = 1 with P = 6, m = 210.
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Figure 5.2: Mean and S.D. of stochastic heat equation at t = 0.5 with ν = 1, P = 6.

Fig. 5.1 displays the solution of the first coefficient and the associated adaptive grid at

various time steps. We have magnified the solution as there were variations at the left
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side, center and right side of the solution. We can notice from here that more points are

being added near the variations. In Fig 5.2, we have demonstrated mean and S.D. plots

of the solution of stochastic Burger’s equation with uncertain ICs. Table 5.1 presents the

grid modifications at different times for all the coefficients u1, u2, u3, u4, u5, u6.

5.3.2 Stochastic Burger’s Equation

Consider non-linear Burger’s equation

∂u

∂t
= ν

∂2u

∂x2
− u∂u

∂x
(5.3.7)

with uncertain ICs

u(x, t = 0, ξ) = sin(4πx) + 0.05ξ (5.3.8)

and periodic BCs

u(x = 0, t) = u(x = 1, t)

5.3.2.1 Method

Applying PCE in Eq. (5.3.8), we get

P∑
i=1

ui(x, 0)Wi(ξ) = sin(4πx) + 0.05ξ

After that, we employ Galerkin projection w.r.t W̃k, we get

P∑
i=1

ui(x, 0)⟨Wi(ξ)W̃k(ξ)⟩ =
⟨(
sin(4πx) + 0.05ξ

)
W̃k(ξ)

⟩

Next, we insert Eq. (5.3.4) in Eq. (5.3.7), we get

∂

∂t

( P∑
i=1

ui(x, t)Wi(ξ)

)
= ν

∂2

∂x2

( P∑
i=1

ui(x, t)Wi(ξ)

)
−

P∑
i=1

ui(x, t)Wi(ξ)
∂

∂x

( P∑
j=1

uj(x, t)Wj(ξ)

)
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Taking inner product

∂

∂t

( P∑
i=1

ui(x, t)⟨Wi(ξ)W̃k(ξ)⟩
)

= ν
∂2

∂x2

( P∑
i=1

ui(x, t)⟨Wi(ξ)W̃k(ξ)⟩
)

−
P∑
i=1

P∑
j=1

ui(x, t)
∂uj(x, t)

∂x
⟨Wi(ξ)Wj(ξ)W̃k(ξ)⟩

P∑
i=1

∂ui(x, t)

∂t
⟨Wi(ξ)W̃k(ξ)⟩ = ν

P∑
i=1

∂2ui(x, t)

∂x2
⟨Wi(ξ)W̃k(ξ)⟩

−
P∑
i=1

P∑
j=1

ui(x, t)
∂uj(x, t)

∂x
⟨Wi(ξ)Wj(ξ)W̃k(ξ)⟩

∂uk(x, t)

∂t
= ν

∂2uk(x, t)

∂x2︸ ︷︷ ︸
Linear Part L

−
P∑
i=1

P∑
j=1

ui(x, t)
∂uj(x, t)

∂x︸ ︷︷ ︸
Non−linear Part N

Cijk, k = 1, . . . , P

Suppose P = 3 be the chaos order, then we have

∂u1(x, t)

∂t
= ν

∂2u1(x, t)

∂x2

−
(
u1 u2 u3

) ⟨W1(ξ)W1(ξ)W̃1(ξ)⟩ ⟨W1(ξ)W2(ξ)W̃1(ξ)⟩ ⟨W1(ξ)W3(ξ)W̃1(ξ)⟩
⟨W2(ξ)W1(ξ)W̃1(ξ)⟩ ⟨W2(ξ)W2(ξ)W̃1(ξ)⟩ ⟨W2(ξ)W3(ξ)W̃1(ξ)⟩
⟨W3(ξ)W1(ξ)W̃1(ξ)⟩ ⟨W3(ξ)W2(ξ)W̃1(ξ)⟩ ⟨W3(ξ)W3(ξ)W̃1(ξ)⟩




∂u1(x,t)
∂x

∂u2(x,t)
∂x

∂u3(x,t)
∂x


(5.3.9)

∂u2(x, t)

∂t
= ν

∂2u2(x, t)

∂x2

−
(
u1 u2 u3

) ⟨W1(ξ)W1(ξ)W̃2(ξ)⟩ ⟨W1(ξ)W2(ξ)W̃2(ξ)⟩ ⟨W1(ξ)W3(ξ)W̃2(ξ)⟩
⟨W2(ξ)W1(ξ)W̃2(ξ)⟩ ⟨W2(ξ)W2(ξ)W̃2(ξ)⟩ ⟨W2(ξ)W3(ξ)W̃2(ξ)⟩
⟨W3(ξ)W1(ξ)W̃2(ξ)⟩ ⟨W3(ξ)W2(ξ)W̃2(ξ)⟩ ⟨W3(ξ)W3(ξ)W̃2(ξ)⟩




∂u1(x,t)
∂x

∂u2(x,t)
∂x

∂u3(x,t)
∂x


(5.3.10)

∂u3(x, t)

∂t
= ν

∂2u3(x, t)

∂x2

−
(
u1 u2 u3

) ⟨W1(ξ)W1(ξ)W̃3(ξ)⟩ ⟨W1(ξ)W2(ξ)W̃3(ξ)⟩ ⟨W1(ξ)W3(ξ)W̃3(ξ)⟩
⟨W2(ξ)W1(ξ)W̃3(ξ)⟩ ⟨W2(ξ)W2(ξ)W̃3(ξ)⟩ ⟨W2(ξ)W3(ξ)W̃3(ξ)⟩
⟨W3(ξ)W1(ξ)W̃3(ξ)⟩ ⟨W3(ξ)W2(ξ)W̃3(ξ)⟩ ⟨W3(ξ)W3(ξ)W̃3(ξ)⟩




∂u1(x,t)
∂x

∂u2(x,t)
∂x

∂u3(x,t)
∂x


(5.3.11)
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Discretizing Eq. (5.3.9) to get

du1(t)

dt
= L(u1(t)) −

[
N(u1(t))u1(t)⟨W1W1W̃1⟩+N(u2(t))u1(t)⟨W1W2W̃1⟩

+ N(u3(t))u1(t)⟨W1W3W̃1⟩+N(u1(t))u2(t)⟨W2W1W̃1⟩

+ N(u2(t))u2(t)⟨W2W2W̃1⟩+N(u3(t))u2(t)⟨W2W3W̃1⟩

+ N(u1(t))u3(t)⟨W3W1W̃1⟩+N(u2(t))u3(t)⟨W3W2W̃1⟩

+ N(u3(t))u3(t)⟨W3W3W̃1⟩
]

where

L(u1(t)) = ν(D(2)u1(t))

N(u1(t)) = diag(D(1)u1(t))

N(u2(t)) = diag(D(1)u2(t))

N(u3(t)) = diag(D(1)u3(t))

du1(t)

dt
= Lu1(t)−

[
N(u1(t))⟨W1W1W̃1⟩+N(u2(t))⟨W1W2W̃1⟩+N(u3(t))⟨W1W3W̃1⟩

]
u1(t)

−
[
N(u1(t))⟨W2W1W̃1⟩+N(u2(t))⟨W2W2W̃1⟩+N(u3(t))⟨W2W3W̃1⟩

]
u2(t)

−
[
N(u1(t))⟨W3W1W̃1⟩+N(u2(t))⟨W3W2W̃1⟩+N(u3(t))⟨W3W3W̃1⟩

]
u3(t)

Applying CN scheme

un1 − un−1
1

∆t
= L

(
un1 + un−1

1

2

)
−
[
N

(
un1 + un−1

1

2

)
⟨W1W1W̃1⟩+N

(
un2 + un−1

2

2

)
⟨W1W2W̃1⟩

+N

(
un3 + un−1

3

2

)
⟨W1W3W̃1⟩

](
un1 + un−1

1

2

)
−
[
N

(
un1 + un−1

1

2

)
⟨W2W1W̃1⟩

+N

(
un2 + un−1

2

2

)
⟨W2W2W̃1⟩+N

(
un3 + un−1

3

2

)
⟨W2W3W̃1⟩

](
un2 + un−1

2

2

)
−
[
N

(
un1 + un−1

1

2

)
⟨W3W1W̃1⟩+N

(
un2 + un−1

2

2

)
⟨W3W2W̃1⟩

+N

(
un3 + un−1

3

2

)
⟨W3W3W̃1⟩

](
un3 + un−1

3

2

)
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Aun1 = Bun−1
1 −∆t

{[
N

(
un1 + un−1

1

2

)
⟨W1W1W̃1⟩+N

(
un2 + un−1

2

2

)
⟨W1W2W̃1⟩

+N

(
un3 + un−1

3

2

)
⟨W1W3W̃1⟩

](
un1 + un−1

1

2

)
+

[
N

(
un1 + un−1

1

2

)
⟨W2W1W̃1⟩

+N

(
un2 + un−1

2

2

)
⟨W2W2W̃1⟩+N

(
un3 + un−1

3

2

)
⟨W2W3W̃1⟩

](
un2 + un−1

2

2

)
+

[
N

(
un1 + un−1

1

2

)
⟨W3W1W̃1⟩+N

(
un2 + un−1

2

2

)
⟨W3W2W̃1⟩

+N

(
un3 + un−1

3

2

)
⟨W3W3W̃1⟩

](
un3 + un−1

3

2

)}
where

A = I − L∆t

2

B = I +
L∆t

2

(5.3.12)

un1 = A−1

[
Bun−1

1 −∆t

{[
N

(
un1 + un−1

1

2

)
⟨W1W1W̃1⟩+N

(
un2 + un−1

2

2

)
⟨W1W2W̃1⟩

+ N

(
un3 + un−1

3

2

)
⟨W1W3W̃1⟩

](
un1 + un−1

1

2

)
+

[
N

(
un1 + un−1

1

2

)
⟨W2W1W̃1⟩

+ N

(
un2 + un−1

2

2

)
⟨W2W2W̃1⟩+N

(
un3 + un−1

3

2

)
⟨W2W3W̃1⟩

](
un2 + un−1

2

2

)
+

[
N

(
un1 + un−1

1

2

)
⟨W3W1W̃1⟩+N

(
un2 + un−1

2

2

)
⟨W3W2W̃1⟩

+ N

(
un3 + un−1

3

2

)
⟨W3W3W̃1⟩

](
un3 + un−1

3

2

)}]
(5.3.13)

Similarly, we have

un2 = A−1

[
Bun−1

2 −∆t

{[
N

(
un1 + un−1

1

2

)
⟨W1W1W̃2⟩+N

(
un2 + un−1

2

2

)
⟨W1W2W̃2⟩

+ N

(
un3 + un−1

3

2

)
⟨W1W3W̃2⟩

](
un1 + un−1

1

2

)
+

[
N

(
un1 + un−1

1

2

)
⟨W2W1W̃2⟩

+ N

(
un2 + un−1

2

2

)
⟨W2W2W̃2⟩+N

(
un3 + un−1

3

2

)
⟨W2W3W̃2⟩

](
un2 + un−1

2

2

)
+

[
N

(
un1 + un−1

1

2

)
⟨W3W1W̃2⟩+N

(
un2 + un−1

2

2

)
⟨W3W2W̃2⟩

+ N

(
un3 + un−1

3

2

)
⟨W3W3W̃2⟩

](
un3 + un−1

3

2

)}]
(5.3.14)

129



un3 = A−1

[
Bun−1

3 −∆t

{[
N

(
un1 + un−1

1

2

)
⟨W1W1W̃3⟩+N

(
un2 + un−1

2

2

)
⟨W1W2W̃3⟩

+ N

(
un3 + un−1

3

2
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(5.3.15)

An iterative process is required to solve these Eqs. (5.3.13), (5.3.14), (5.3.15)

1) First of all, let u
n,(0)
1 = un−1

1 , u
n,(0)
2 = un−1

2 , u
n,(0)
3 = un−1

3 and

2) Iterate until convergence is achieved.

u(x, 0) = sin(4πx) + 0.05ξ, ν = 0.002 ϵ = 10−5

Time u1 u2 u3 u4 u5 u6
0 1024 1024 1024 1024 1024 1024
0.0625 282 278 280 278 280 370
0.1250 280 280 282 296 303 366
0.1875 230 228 230 248 238 220
0.25 202 196 210 242 216 228
0.3125 214 198 216 226 222 242
0.3750 224 200 218 230 236 250
0.4375 228 200 220 240 244 264

Table 5.2: Grid modifications of Test Problem 2 at different times
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where q = 0, 1, 2, . . .
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Figure 5.3: (Test problem 2) Solution of stochastic Burgers’ equation (coeff u1) at
t = 0, 0.0625, 0.25, 0.5 with uncertain ICs u(x, 0) = sin(4πx) + 0.05ξ with P = 6, m = 210.
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Figure 5.4: (Test problem 2) Solution of stochastic Burgers’ equation at t = 0.5 (coeff
u1, u2, u3,u4, u5, u6) with uncertain ICs u(x, 0) = sin(4πx) + 0.05ξ with P = 6, m = 210.

So, we perform LU decomposition on matrix A and subsequent backward and forward substitu-

tions in each step. Similarly, we can solve other two equations for coefficients u2 and u3 as
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Fig. 5.3 demonstrates the solution of the first coefficient along with their associated adaptive grid
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Figure 5.5: (Test problem 2) a)Mean and b) S.D. of stochastic Burgers’ equation at
t = 0.5 with uncertain ICs u(x, 0) = sin(4πx) + 0.05ξ with P = 6, m = 210 c) All

coefficients.

at various times. It has been noticed that more points are being added close to the variations.

In Fig. 5.4, we have the solution of all coefficients with their adaptive grids at t = 0.5. In

Fig 5.5a and b, we have respectively displayed mean and S.D. plots of the solution of stochastic

heat equation with uncertain ICs. It has been observed that S.D is high where there are sharp
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variations in the solution. Also, Table 5.2 illustrates the grid modifications at various times for

all the coefficients u1, u2, u3, u4, u5, u6. It is clearly seen from this table that different coefficients

require different number of grid points. The coefficient u6 requires more number of grid points

as this coefficient contains wavelet function which will capture the sharp variations.

5.3.3 Stochastic Burger’s Equation with uncertain viscosity and

initial conditions

Now, again considering the same Burger’s equation as in Eq. (5.3.7) but now we will consider ν

to be random which means

ν = ν0 + ν1ξ (5.3.16)

where ξ is uniformly distributed over the interval [−1, 1]. Moreover, we consider randomness in

ICs as well

u(x, t = 0, ξ) = sin(2πx) + 0.01ξ (5.3.17)

Since, ν is random, so the calculations will become a little hard in comparison to the previous

examples. By taking uncertain ν, the representation of Eq. (5.3.7) becomes
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Taking Galerkin projection w.r.t W̃k(ξ), we get
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Figure 5.6: Solution of stochastic Burgers’ equation with P = 6 (coeff u1) at
t = 0, 0.125, 0.25, 0.375, 0.5.

0 0.2 0.4 0.6 0.8 1

x

-1

-0.5

0

0.5

1

u
1

Solution
WOFD grid

(a) u1

0 0.2 0.4 0.6 0.8 1

x

-1

-0.5

0

0.5

1

u
2

Solution
WOFD grid

(b) u2

0 0.2 0.4 0.6 0.8 1

x

-1

-0.5

0

0.5

1

u
3

Solution
WOFD grid

(c) u3

0 0.2 0.4 0.6 0.8 1

x

-1

-0.5

0

0.5

1

u
4

Solution
WOFD grid

(d) u4

0 0.2 0.4 0.6 0.8 1

x

-1

-0.5

0

0.5

1

u
5

Solution
WOFD grid

(e) u5

0 0.2 0.4 0.6 0.8 1

x

-3

-2

-1

0

1

2

3

4

u
6

×10-3

Solution
WOFD grid

(f) u6

Figure 5.7: Solution of stochastic Burgers’ equation (all coeffs) at t = 0.5 with P = 6.
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Suppose P = 3 be the chaos order, then for k = 1, we have
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⟨W2(ξ)W1(ξ)W̃1(ξ)⟩ ⟨W2(ξ)W2(ξ)W̃1(ξ)⟩ ⟨W2(ξ)W3(ξ)W̃1(ξ)⟩
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⟨W2(ξ)W1(ξ)W̃1(ξ)⟩ ⟨W2(ξ)W2(ξ)W̃1(ξ)⟩ ⟨W2(ξ)W3(ξ)W̃1(ξ)⟩
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(5.3.18)

Similarly, we can obtain the equations for u2 and u3. Discretizing eq. (5.3.3) to get

du1(t)

dt
=

[
L(u1(t))ν1⟨W1W1W̃1⟩+ L(u2(t))ν1⟨W1W2W̃1⟩+ L(u3(t))ν1⟨W1W3W̃1⟩

+L(u1(t))ν2⟨W2W1W̃1⟩+ L(u2(t))ν2⟨W2W2W̃1⟩+ L(u3(t))ν2⟨W2W3W̃1⟩

+L(u1(t))ν3⟨W3W1W̃1⟩+ L(u2(t))ν3⟨W3W2W̃1⟩+ L(u3(t))ν3⟨W3W3W̃1⟩
]

−
[
N(u1(t))u1(t)⟨W1W1W̃1⟩+N(u2(t))u1(t)⟨W1W2W̃1⟩+N(u3(t))u1(t)⟨W1W3W̃1⟩

+N(u1(t))u2(t)⟨W2W1W̃1⟩+N(u2(t))u2(t)⟨W2W2W̃1⟩+N(u3(t))u2(t)⟨W2W3W̃1⟩

+N(u1(t))u3(t)⟨W3W1W̃1⟩+N(u2(t))u3(t)⟨W3W2W̃1⟩+N(u3(t))u3(t)⟨W3W3W̃1⟩
]

where

L(u1(t)) = diag(D(2)u1(t)) L(u2(t)) = diag(D(2)u2(t)) L(u3(t)) = diag(D(2)u3(t))

N(u1(t)) = diag(D(1)u1(t)) N(u2(t)) = diag(D(1)u2(t)) N(u3(t)) = diag(D(1)u3(t))

ν = 0.002 + 0.0005ζ ϵ = 10−5

Time u1 u2 u3 u4 u5 u6

0 1024 1024 1024 1024 1024 1024

0.0625 124 124 124 124 124 124

0.1250 160 160 161 161 161 195

0.1875 169 169 170 169 172 200

0.25 168 168 170 178 172 200

0.3125 142 146 148 153 153 163

0.3750 133 134 136 138 138 151

0.4375 128 131 133 135 133 150

Table 5.3: Grid modifications for Test Problem 3 at different times
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Applying CN scheme as earlier, we get
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where
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We can have equations for u2 and u3 in the similar manner such that Au2 ,Au3 ,Bu2 ,Bu3 will
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Figure 5.8: Mean and S.D. of stochastic Burgers’ equation at t = 0.5 with P = 6.

ϵ u1 u2 u3 u4 u5 u6
0 1024 1024 1024 1024 1024 1024
10−2 54 54 54 54 54 85
10−3 74 72 73 86 72 114
10−4 134 137 136 136 136 150
10−5 128 131 133 135 133 150

Table 5.4: (Test problem 3) Grid points with different values of ϵ

ϵ 10−2 10−3 10−4 10−5

CPU(ϵ) 4.937 6.015 8.234 10.125
Θ 56.32 46.23 33.77 27.464

Table 5.5: (Test Problem 3) Performance of the proposed method

look like
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Fig. 5.6 illustrates the solution of the first coefficient along with their associated adaptive grid

at various times. Also, we can notice in this figure that more points are being added near the

variations. In Fig. 5.7, we have the solution of all coefficients with their adaptive grids at t = 0.5.

In Fig 5.8a and b, we have respectively given mean and S.D. plots of the solution of stochastic

Burger equation. It has been observed that S.D is high near x = 0.5 i.e. near sharp variations in

the solution. Also, Table 5.3 presents the grid modifications at various times for all the coefficients
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u1, u2, u3, u4, u5, u6. It is clearly seen from this table that different coefficients require different

number of grid points. The coefficient u6 requires more number of grid points as this coefficient

contains wavelet function which will capture the sharp variations. In table 5.4, we have discussed

the number of grid points for different coefficients by taking different values of ϵ. As a means of

depicting the efficiency of developed method, we compared the CPU time taken for ϵ and ϵ = 0.

Moreover, we have considered efficiency coefficient Θ = CPU(ϵ=0)
CPU(ϵ) . The efficiency of the adaptive

algorithm has been identified by the value of Θ which increases on increasing the ϵ. Higher the

value of Θ, the more efficient is the adaptive algorithm.

5.4 Conclusion

In this chapter, adaptive B-spline optimized finite difference polynomial chaos is proposed to

solve PDEs with uncertainty. B-spline polynomial chaos method is used to handle the random-

ness present in the PDEs and to obtain the adaptive grid. Central FD matrices are utilized

to approximate the differential operators. For time integration, CN scheme is employed. The

proposed method is applied on three test problems- heat equation with uncertain ICs, Burger’s

equation with uncertain ICs and Burger’s equation with both uncertain ICs and uncertain vis-

cosity. We have highlighted the grid modifications for every coefficient in each problem. The

efficiency of the proposed method is checked for the third test problem by taking CPU time

comparisons and the results are quite satisfactory. We have also plotted mean and S.D. for each

test problem. It has been observed that S.D. is high near the discontinuities.
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Chapter 6

An adaptive wavelet collocation B-spline gen-

eralized for Stochastic Partial Differential Equa-

tions

Wavelets consists of wonderful properties like fast wavelet transform, wavelet decomposition,

localization, vanishing moments, and so on. These properties play a vital role while solving a

PDE numerically. Collocation method involves numerical operators which acts on the collocation

points in the physical space. However, in wavelet collocation method [261], we choose a wavelet

and some kind of computationally adapted grid structure. In 1995, Vasilyev et al. [262] used

collocation method on the basis of Daubechies autocorrelation scaling function [263] and the

Mexican hat wavelet for the application of BCs. Further, Garba [264] used collocation scheme

by involving Daubechies scaling functions.

In this chapter, we will make use of wavelet collocation method given by Bertoluzza and Naldi

[265]. This method exercises Deslauriers-Dubuc interpolating basis in hierarchical form by uti-

lizing autocorrelation function instead of Daubechies orthonormal scaling functions. A new mul-

tiresolution analysis is generated in which an interpolation operator is easily defined. In this

method, we seek for an approximate solution by using the collocation technique. This collocation

algorithm can be viewed as a very effective meshless technique. However, this technique is said

to eliminate difficulties like the treatment of BCs and non-linear terms. The Dirichlet BCs are

simply imposed by setting uj(0) = a and uj(1) = b. On the other side, regarding the nonlinear

operators, we remark that we are already in the physical space and so no extra computation is

required for the passage between wavelet coefficients and physical space.

Wavelet methods are generally known for their self adaptive nature which makes it a good choice

for the numerical solution of a PDE. The self adaptivity property comes from the good local-

ization properties of wavelets which are seen both in space and frequency. We recall that the

condition number controls the rate of convergence of a number of iterative algorithms for solving

linear systems. However, it has been shown in [266] that by projecting the linear systems into the

wavelet domain and rescaling it by a diagonal preconditioned matrix, we are guaranteed to obtain

a small condition number, hence the solution is obtained in just a few iterations. Therefore, we

use a diagonal preconditioning technique which makes the condition number of the precondi-

tioned matrix, uniformly bounded. Moreover, to speed up the numerical scheme, we make use of
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wavelet based fast algorithms for solving the stochastic PDEs. Such algorithms mainly consists

of fast wavelet transform, for instance, algorithms for fast matrix-vector and fast matrix-matrix

multiplication.

This chapter consists of four sections. In Section 6.1, wavelet collocation method has been dis-

cussed in detail. Moreover, it discusses the connection coefficients which are used to approximate

the differential operators, fast wavelet transforms and preconditioning of matrices. Section 6.2

describes the numerical results of stochastic elliptic equation, stochastic advection diffusion and

stochastic Burgers equation with uncertain initial data. Section 6.3 explains the standard adap-

tation technique for performing the adaptivity along with the results from the three stochastic

PDEs. Section 6.4 concludes the current work.

6.1 Wavelet Collocation Approach

For wavelet collocation approach, first of all, we need a new MRA on the line by introducing

autocorrelation function θ of the scaling function ϕ

θ(x) = ϕ(·) ∗ ϕ(−·)x =

∫ ∞

−∞
ϕ(y)ϕ(y − x)dy (6.1.1)

It consists of a wonderful “interpolation property” at integers which makes it a good choice for

the design of collocation method i.e.,

θ(0) = 1

θ(n) = 0, n ̸= 0
(6.1.2)

Next, we define the space Ṽj

Ṽj = span < θjk, k ∈ Z >

where θjk is defined as

θjk = 2j/2θ(2jx− k) (6.1.3)

Let us suppose, the spatial grid is defined as

xjk =
k

2j
, k = 0, 1, . . . , 2j

Each function θjk is defined corresponding to point xjk. Further, we define a uniform grid on

(0,1) by taking xjk, k = 0, 1, . . . , 2j . Corresponding to such points, we take functions θjk and
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look for a solution of the form

u =
N+1∑
k=0

ukθjk where N = 2j − 1 (6.1.4)

Inserting grid points into it, we get

u(xj0) =
N+1∑
k=0

ukθjk(xj0)

u(0) = u0θj0(xj0) + u1θj1(xj0) + u2θj2(xj0) + . . .+ uN+1θjN+1(xj0)

a = u02
j/2 + u12

j/2θ(2jxj0 − 1) + u22
j/2θ(2jxj0 − 2) + . . . (∵ Eq.(6.1.3))

= u02
j/2 + u12

j/2θ(−1) + u22
j/2θ(−2) + . . .

= u02
j/2 + 0 + 0 + 0

a = 2j/2u0 (6.1.5)

which implies that u0 = 2−j/2a and hence verifying the left BC. Similarly, we have

u(xjN+1) =

N+1∑
k=0

ukθjk(xjN+1)

u(1) =u0θj0(xjN+1) + u1θj1(xjN+1) + u2θj2(xjN+1) + . . .+ uN+1θjN+1(xjN+1)

b =u02
j/2θ(2jxjN+1 − 0) + u12

j/2θ(2jxjN+1 − 1) + . . .+ uN+12
j/2θ(2jxjN+1 −N − 1)

=u02
j/2θ(2j) + u12

j/2θ(2j − 1) + . . .+ uN+12
j/2θ(2j −N − 1)

=0 + 0 + 0 + . . .+ uN+12
j/2

b =2j/2uN+1 (6.1.6)

which implies that uN+1 = 2−j/2b and hence verifying the right BC. For verifying the inner grid

points, we have,

u(xj1) =
N+1∑
k=1

ukθjk(xj1)

u(1/2j) =u1θj1(xj1) + u2θj2(xj1) + . . .+ uN+1θjN+1(xj1)

αj1 =u12
j/2θ

(
2j × 1

2j
− 1

)
+ u22

j/2θ

(
2j × 1

2j
− 2

)
+ . . .

=u12
j/2θ(0) + u22

j/2θ(−1) + . . .

=u12
j/2 + 0 + 0 + 0 + . . .

αj1 =2j/2u1 (6.1.7)
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i.e., u1 = 2−j/2αj1. Therefore, in similar way, we have uk = 2−j/2αjk, k = 1, 2, . . . , N.

Now, we modify the functions θj0 and θjN+1 in order to have the constants interpolated exactly.

Let us introduce

θ̃j0 =
∑
k≤0

θjk

θ̃jN+1 =
∑

k≥N+1

θjk

Result 6.1.1 We now look forward to some interesting properties of these functions

θ̃j0(0) = 2j/2, θ̃j0(xjk) = 0, k > 0 (6.1.8)

θ̃jN+1(1) = 2j/2, θ̃jN+1(xjk) = 0, k < N + 1 (6.1.9)

Proof - Eq. (6.1.8) is proved as below

θ̃j0(xj0) = θj0(xj0) + θj−1(xj0) + θj−2(xj0) + . . .

= 2j/2θ(2jxj0 − 0) + 2j/2θ(2jxj0 + 1) + 2j/2θ(2jxj0 + 2) + . . .

= 2j/2θ(0) + 2j/2θ(1) + 2j/2θ(2) + . . .

= 2j/2θ(0) + 2j/2 × 0 + 2j/2 × 0 + . . .

= 2j/2

θ̃j0(xj1) = θj0(xj1) + θj−1(xj1) + θj−2(xj1) + . . .

= 2j/2θ(2j × 1

2j
− 0) + 2j/2θ(2j × 1

2j
+ 1) + 2j/2θ(2j × 1

2j
+ 2) + . . .

= 2j/2θ(1) + 2j/2θ(2) + 2j/2θ(3) + . . .

= 2j/2 × 0 + 2j/2 × 0 + 2j/2 × 0 + . . .

= 0

We can also prove Eq. (6.1.9) in the similar way.

According to wavelet collocation approach, we have

u =u0θ̃j0 +

N∑
k=1

ukθjk + uN+1θ̃jN+1 where N = 2j − 1

=2−j/2aθ̃j0 +
N∑
k=1

ukθjk + 2−j/2bθ̃jN+1

=2−j/2aθ̃j0 + 2−j/2
N∑
k=1

αjkθjk + 2−j/2bθ̃jN+1 (∵ Eq.(6.1.5), (6.1.6), (6.1.7))
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Therefore, we have uj with the form

uj = 2−j/2

(
aθ̃j0 +

N∑
k=1

αjkθjk + bθ̃jN+1

)
(6.1.10)

Since we have BCs u(0) = 0 and u(1) = 0. From Eq. (6.1.10), the left BC is:

uj(0) = 2−j/2

(
aθ̃j0(0) +

N∑
k=1

αjkθjk(0) + bθ̃jN+1(0)

)

= 2−j/2

(
a2j/2 +

N∑
k=1

αjk2
j/2θ(2j × 0− k) + b× 0

)
[∵ θ̃j0(0) = 2j/2 and θ̃jN+1(0) = 0]

= a+

N∑
k=1

αjkθ(−k) = a+

N∑
k=1

αjk × 0 + 0 (∵ θ(n) = 0 n ̸= 0) = a

Similarly, we have the right BC as follows:

uj(1) = 2−j/2

(
aθ̃j0(1) +

N∑
k=1

αjkθjk(1) + bθ̃jN+1(1)

)

= 2−j/2

(
0 +

N∑
k=1

αjk2
j/2θ(2j × 1− k) + b× 2j/2

)
[∵ θ̃jN+1(1) = 2j/2 and θ̃j0(1) = 0]

= 0 +

N∑
k=1

αjkθ(2
j − k) + b

=

N∑
k=1

αjk × 0 + b (∵ θ(n) = 0 n ̸= 0)

= b (6.1.11)

and solution at the inner grid points is given as

uj(xjk) = 2−j/2

(
aθ̃j0(xjk) +

N∑
k=1

αjkθjk(xjk) + bθ̃jN+1(xjk)

)
k = 1, 2, . . . , 2j − 1

= 2−j/2

(
0 +

N∑
k=1

αjk2
j/2θ(2jxjk − k) + b× 0

)
[∵ θ̃jN+1(1) = 2j/2 and θ̃j0(xjk) = 0, k > 0]

uj(xjk) =

N∑
k=1

αjkθ(2
jxjk − k) k = 1, 2, . . . , 2j − 1 (6.1.12)

6.1.1 Connection coefficients

While working with projection methods, one should understand the concept of two-term connec-

tion coefficients. Connection coefficients play a significant role in the numerical solution of PDEs.
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Let us define the connection coefficients [267–269] as

Γd1,d2
j,l,m =

∫ ∞

−∞
ϕ
(d1)
j,l (x)ϕ

(d2)
j,m (x)dx, j, l,m ∈ Z (6.1.13)

where d1 and d2 are orders of differentiation. Using change of variable x← (2jx− l), we get

Γd1,d2
j,l,m = 2jd

∫ ∞

−∞
ϕ(d1)(x)ϕ(d2)(x−m+ l)dx = 2jdΓd1,d2

0,0,m−l (6.1.14)

where d = d1 + d2. After repeated integration by parts, we get

Γd1,d2
0,0,n = (−1)d1Γ0,d

0,0,n (6.1.15)

Hence,

Γd1,d2
j,l,m = (−1)d12jdΓ0,d

0,0,m−l (6.1.16)

Hence, it is sufficient to take into consideration only one order of differentiation (d) and shift

parameter (m− l). Therefore, we define

Γd
l =

∫ ∞

−∞
ϕ(x)ϕ

(d)
l (x)dx l ∈ Z (6.1.17)

Consequently

Γd1,d2
j,l,m = (−1)d12jdΓd

m−l (6.1.18)

Also, we should note that

Γd
n = (−1)dΓd

−n, n ∈ [2−D,D − 2] (6.1.19)

which is obtained by using change of variable x← x− l followed by repeated integration by parts.

Let D be the wavelet genus. Therefore, we will have 2D − 3 non-zero connection coefficients as

the support of ϕ and ϕ
(d)
l overlap only for −(D − 2) ≤ l ≤ D − 2, i.e.,

Γd = {Γd
l }D−2

l=2−D (6.1.20)

Substituting the dilation equation, we get

Γd
l =

∫ ∞

−∞

[√
2

D−1∑
r=0

arϕr(2x)

][
2d
√
2

D−1∑
s=0

asϕ
(d)
2l+s(2x)

]
dx

= 2d+1
D−1∑
r=0

D−1∑
s=0

aras

∫ ∞

−∞
ϕr(2x)ϕ

(d)
2l+s(2x)dx x← 2x
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= 2d
D−1∑
r=0

D−1∑
s=0

aras

∫ ∞

−∞
ϕr(x)ϕ

(d)
2l+s(x)dx x← x− r

= 2d
D−1∑
r=0

D−1∑
s=0

aras

∫ ∞

−∞
ϕ(x)ϕ

(d)
2l+s−r(x)dx

or
D−1∑
r=0

D−1∑
s=0

arasΓ
d
2l+s−r =

1

2d
Γd
l l ∈ [2−D,D − 2]

It has been observed that it requires an additional inhomogeneous equation in order to find a

unique solution and this additional equation is derived from the moment conditions of the scaling

function and essentially imposes a normalization on Γ. If we consider wavelets with M vanishing

moments, then

xd =

∞∑
l=−∞

Md
l ϕ(x− l) (6.1.21)

Now, differentiating both sides d times, we get

d! =

∞∑
l=−∞

Md
l ϕ

d(x− l) (6.1.22)

Multiplying by ϕ(x) and integrating we then obtain

d!

∫ ∞

−∞
ϕ(x)dx =

D−2∑
l=2−D

M l
d

∫ ∞

−∞
ϕ(x)ϕ(d)(x− l)dx (6.1.23)

Hence, we get

D−2∑
l=2−D

M l
dΓ

d
l = d! (6.1.24)

Connection coefficients for first and second derivative with D = 6 are given by

Γ1 =



Γ1
−4

Γ1
−3

Γ1
−2

Γ1
−1

Γ1
0

Γ1
1

Γ1
2

Γ1
3

Γ1
4



=



0.0003

0.0146

−0.1452
0.7452

−0.0000
−0.7452
0.1452

−0.0146
−0.0003



Γ2 =



Γ2
−4

Γ2
−3

Γ2
−2

Γ2
−1

Γ2
0

Γ2
1

Γ2
2

Γ2
3

Γ2
4





0.0054

0.1143

−0.8762
3.3905

−5.2679
3.3905

−0.8762
0.1143

0.0054



(6.1.25)
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6.1.2 Fast wavelet transform

Beylkin et al. [266, 270, 271] has pioneered significant progress in the direction of matrix com-

pression and fast processing of certain densely populated matrices. The primary cause for the

restricted use of integral equations as a numerical tool in large-scale calculations is that they

usually head to heavy systems of linear algebraic equations, and the latter have to be solved,

either directly or iteratively. Therefore, in almost all areas of computational mathematics, dense

matrices are just avoided whenever possible. For instance, FD and finite element methods can be

observed as devices for minimizing a PDE to a sparse linear system. Therefore, the cost of spar-

sity in such cases is the naturally high condition number of the resulting matrices. Hence, Beylkin

et al. designed a class of fast numerical algorithms for instant application of dense matrices to

vectors.

Interpolating wavelet transform [263] is a non-orthogonal transform with similarity to orthogonal

wavelet transforms, such that it describes the object on the basis of translations and dilations

of a basic function but for which the coefficients are acquired from linear combinations of sam-

ples instead from integrals. This transform fundamentally relies on the interpolation scheme

of Deslauriers-Dubuc. Moreover, the interpolating transform is optimal from the viewpoint of

calculating individual coefficients in parallel.

On the other hand, Beylkin et al. developed two schemes- standard and non-standard form of

matrices. The standard form is a simple Nlog(N) order procedure with a direct realization of the

matrix of the operator in the wavelet basis. While this is a effective numerical tool in itself, its

scope of applicability is greatly extended by the N order non-standard scheme. In this chapter,

we will obtain the standard form of the differential operators by the rowwise and columnwise

application of the fast interpolating wavelet transform. For this, we can use the wavelet toolbox

“WAVELAB850”1. From this toolbox, we will make use of “FWT PO.m” to obtain the standard

form of operators.

Lu = f

FWT PO(L)u = FWT PO(f)

Also, from the same toolbox, we will use “IWT PO” for calculating the inverse wavelet trans-

form.

6.1.3 Preconditioning

Preconditioning [272] is a technique in mathematics which makes the condition number of the

problem more suitable for solving the PDE numerically. A condition number is the ratio between

1WAVELAB850 (http://statweb.stanford.edu/wavelab/Wavelab_850/download.html)
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the largest singular value to the smallest singular value of a matrix. Preconditioning basically aims

at reducing a condition number of the problem. In case of periodized derivative operators, the

bound on the condition number relies on the specific choice of the wavelet basis. In this chapter,

we will apply preconditioning to the standard form of derivative operators. After applying the

diagonal pre-conditioner, the condition number of the operator becomes uniformly bounded in

correspondence to the size of the matrix.

Let n = 2m and second derivative D(2) is of size n× n, then, the derivative operator is precondi-

tioned in the wavelet basis by the diagonal matrix P as follows:

D(2),p = PD(2),wP (6.1.26)

where Pil = δil2
j , 1 ≤ j ≤ n and j is chosen depending on i, l so that n− n

2j−1 +1 ≤ i, l ≤ n− n
2j

and Pnn = 2n. For example, for j = 3, we have

P =



2 0 0 0 0 0 0 0

0 2 0 0 0 0 0 0

0 0 2 0 0 0 0 0

0 0 0 2 0 0 0 0

0 0 0 0 4 0 0 0

0 0 0 0 0 4 0 0

0 0 0 0 0 0 8 0

0 0 0 0 0 0 0 8



6.1.4 Algorithm for linear B-spline wavelet collocation method

Algorithm 6.1 Wavelet collocation based linear B-spline gPC

1: Linear B-spline wavelets are employed to approximate the unknown u in terms of
unknown deterministic coefficients and stochastic wavelet basis.

2: Galerkin projection is applied to calculate the unknown deterministic coefficients.
3: After applying B-spline chaos and Galerkin projection, we get P number of determin-

istic equations.
4: Further, the connection coefficients are computed using Daubechies wavelets for ap-

proximating the differential operators in space dimension.
5: A class of fast algorithms like fast wavelet transform are used to speed up the numerical

scheme.
6: Then, diagonal preconditioning is performed so that the condition number of the ma-

trices becomes bounded.
7: After that, inverse fast wavelet transform is applied in order to get the solution.
8: Finally, we estimate the mean and variance.
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6.2 Numerical Results

In this section, we will apply the proposed method on three test problems. We have considered

stochastic elliptic equation with uncertain f , stochastic advection diffusion equation as well as

stochastic Burger’s equation with uncertain initial data.

6.2.1 Stochastic Elliptic equation

Let us consider stochastic elliptic equation with Dirichlet BCs and random f

− ϵ∂
2u

∂x2
+
∂u

∂x
= f in (0, 1)

u(0) = 0, u(1) = 0 (6.2.1)

with right hand side is f = 1+0.1ξ where ξ is uniformly distributed over [−1, 1]. Applying PCE

on Eq.(6.2.1), we get

− ϵ ∂
2

∂x2

( P∑
i=1

ui(t)Wi(ξ)

)
+

∂

∂x

( P∑
i=1

ui(t)Wi(ξ)

)
=

P∑
i=1

fiWi(ξ), (6.2.2)

Taking inner product w.r.t to dual W̃k(ξ), we get

− ϵ ∂
2

∂x2

( P∑
i=1

ui(t)⟨Wi(ξ)W̃k(ξ)⟩
)
+

∂

∂x

( P∑
i=1

ui(t)⟨Wi(ξ)W̃k(ξ)⟩
)

=
P∑
i=1

fi⟨Wi(ξ)W̃k(ξ)⟩,

−ϵ ∂
2

∂x2
uk(t) +

∂

∂x
uk(t) = fk, k = 1, 2, . . . , P

After obtaining P number of deterministic equations, we approximate differential operators using

connection coefficients as follows:

∂2

∂x2
= D(2) = Γ2

l

∂

∂x
= D(1) = Γ1

l (6.2.3)

Therefore, we have

Akuk = fk, k = 1, 2, . . . , P

uk = A−1
k fk (6.2.4)

where

Ak = −ϵu′′k + u′k (6.2.5)
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Therefore, we will apply the wavelet collocation method i.e., Eq. (6.1.10), we get

uj(0) = 0,

− ϵu′′j (xjk) + u′j(xjk) = −ϵ
N∑
k=1

αjkθ
′′
jk(xjk) +

N∑
k=1

αjkθ
′
jk(xjk) (6.2.6)

uj(1) = 0

Now to compute the matrix entries, we use connection coefficients

− θ′′jn(xjk) =
∫
R
ϕ′jkϕ

′
jn =

∫
R
ϕ(x)ϕ′′n−k(x)dx = Γ′′

n−k = Γ2
n−k

−θ′jn(xjk) ==

∫
R
ϕ(x)ϕ′n−k(x)dx = Γ′

n−k = Γ1
n−k (6.2.7)

Taking N = 2j , Eq.(6.2.6) results into following system

−22jϵ



θ′′j1(xj1) θ′′j2(xj1) θ′′j3(xj1) θ′′j4(xj1) θ′′j5(xj1) θ′′j6(xj1) θ′′j7(xj1) θ′′j8(xj1)

θ′′j1(xj2) θ′′j2(xj2) θ′′j3(xj2) θ′′j4(xj2) θ′′j5(xj2) θ′′j6(xj2) θ′′j7(xj2) θ′′j8(xj2)

θ′′j1(xj3) θ′′j2(xj3) θ′′j3(xj3) θ′′j4(xj3) θ′′j5(xj3) θ′′j6(xj3) θ′′j7(xj3) θ′′j8(xj3)

θ′′j1(xj4) θ′′j2(xj4) θ′′j3(xj4) θ′′j4(xj4) θ′′j5(xj4) θ′′j6(xj4) θ′′j7(xj4) θ′′j8(xj4)

θ′′j1(xj5) θ′′j2(xj5) θ′′j3(xj5) θ′′j4(xj5) θ′′j5(xj5) θ′′j6(xj5) θ′′j7(xj5) θ′′j8(xj5)

θ′′j1(xj6) θ′′j2(xj6) θ′′j3(xj6) θ′′j4(xj6) θ′′j5(xj6) θ′′j6(xj6) θ′′j7(xj6) θ′′j8(xj6)

θ′′j1(xj7) θ′′j2(xj7) θ′′j3(xj7) θ′′j4(xj7) θ′′j5(xj7) θ′′j6(xj7) θ′′j7(xj7) θ′′j8(xj7)

θ′′j1(xj8) θ′′j2(xj8) θ′′j3(xj8) θ′′j4(xj8) θ′′j5(xj8) θ′′j6(xj8) θ′′j7(xj8) θ′′j8(xj8)





αj1

αj2

αj3

αj4

αj5

αj6

αj7

αj8


+

2j



θ′j1(xj1) θ′j2(xj1) θ′j3(xj1) θ′j4(xj1) θ′j5(xj1) θ′j6(xj1) θ′j7(xj1) θ′j8(xj1)

θ′j1(xj2) θ′j2(xj2) θ′j3(xj2) θ′j4(xj2) θ′j5(xj2) θ′j6(xj2) θ′j7(xj2) θ′j8(xj2)

θ′j1(xj3) θ′j2(xj3) θ′j3(xj3) θ′j4(xj3) θ′j5(xj3) θ′j6(xj3) θ′j7(xj3) θ′j8(xj3)

θ′j1(xj4) θ′j2(xj4) θ′j3(xj4) θ′j4(xj4) θ′j5(xj4) θ′j6(xj4) θ′j7(xj4) θ′j8(xj4)

θ′j1(xj5) θ′j2(xj5) θ′j3(xj5) θ′j4(xj5) θ′j5(xj5) θ′j6(xj5) θ′j7(xj5) θ′j8(xj5)

θ′j1(xj6) θ′j2(xj6) θ′j3(xj6) θ′j4(xj6) θ′j5(xj6) θ′j6(xj6) θ′j7(xj6) θ′j8(xj6)

θ′j1(xj7) θ′j2(xj7) θ′j3(xj7) θ′j4(xj7) θ′j5(xj7) θ′j6(xj7) θ′j7(xj7) θ′j8(xj7)

θ′j1(xj8) θ′j2(xj8) θ′j3(xj8) θ′j4(xj8) θ′j5(xj8) θ′j6(xj8) θ′j7(xj8) θ′j8(xj8)





αj1

αj2

αj3

αj4

αj5

αj6

αj7

αj8


=



f(xj1)

f(xj2)

f(xj3)

f(xj4)

f(xj5)

f(xj6)

f(xj7)

f(xj8)


Therefore, we get

−22jϵ


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−1 Γ2

0





αj1

αj2

αj3

αj4

αj5

αj6

αj7

αj8


+ 2j


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

αj1

αj2

αj3

αj4

αj5

αj6

αj7

αj8


=



f(xj1)

f(xj2)

f(xj3)

f(xj4)

f(xj5)

f(xj6)

f(xj7)

f(xj8)


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−22jϵ


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
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αj8


+ 2j


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
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αj8


=



f(xj1)

f(xj2)
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f(xj8)



We have taken grid points m = 210 with Daubechies wavelet of genus 6, i.e., D = 6. Moreover,
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Figure 6.1: Test problem 1 with P = 5, ϵ = 0.01
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Figure 6.2: Test problem 1 with P = 5, ϵ = 0.1

P 1 2 3 4 5 6 7 8 9
Mean 0.0551 0.1715 0.2940 0.4226 0.4900 0.4900 0.4900 0.4900 0.4900
S.D. 0.1148 0.2002 0.2053 0.1231 0.0322 0.0322 0.0322 0.0322 0.0322

Table 6.1: (Test Problem 1) Mean and S.D. m = 210, D = 6, ϵ = 0.01

we have considered two values of ϵ = 0.1, 0.01. From table 6.1, it has been noticed that after

P = 5, the mean and S.D. are coming out to be same when ϵ = 0.01. Also, from Fig. 6.1 and

Fig. 6.2, it has been observed that as we decrease the value of ϵ, the problem is displaying a layer

near x = 1. We analyse that the proposed method performs well and captures the uncertainty

by requiring low polynomial chaos order P .
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6.2.2 Stochastic Advection-Diffusion equation

One dimensional advection-diffusion equation is considered in D = [0, 2] and T = (0, 0.3]

∂u

∂t
+ v

∂u

∂x
− µ∂

2u

∂x2
= 0 in D× T× Ω. (6.2.8)

where µ is the diffusion coefficient and v denotes velocity field. The IC is

u(x, 0, ξ) =

{
1 + 0.01ξ, x ∈ [0.2, 0.7]

0, otherwise

and homogeneous Dirichlet BCs are given by

u(x = 0, t, ξ) = 0, u(x = 2, t, ξ) = 0.

where ξ is uniformly distributed over [−1, 1]. Let us now apply the generalized WBe gPC on this

problem as follows:

∂

∂t

( P∑
i=1

ui(x, t)Wi(ξ)

)
+ v

∂

∂x

( P∑
i=1

ui(x, t)Wi(ξ)

)
− µ ∂2

∂x2

( P∑
i=1

ui(x, t)Wi(ξ)

)
= 0,

Applying Galerkin projection, we get

∂

∂t

( P∑
i=1

ui(x, t)⟨Wi(ξ)W̃k(ξ)⟩
)
+ v

∂

∂x

( P∑
i=1

ui(x, t)⟨Wi(ξ)W̃k(ξ)⟩
)

− µ ∂2

∂x2

( P∑
i=1

ui(x, t)⟨Wi(ξ)W̃k(ξ)⟩
)

= 0,

∂uk(x, t)

∂t
+ v

∂uk(x, t)

∂x
− µ∂

2uk(x, t)

∂x2
= 0, k = 1, 2, . . . , P

∂uk(x, t)

∂t
= −v∂uk(x, t)

∂x
+ µ

∂2uk
∂x2

, k = 1, 2, . . . , P

Applying CN scheme, we get

unk − u
n−1
k

∆t
= −vLx

(
unk + un−1

k

2

)
+ µLxx

(
unk + un−1

k

2

)
(
I +

v∆tLx

2
− µ∆tLxx

2

)
unk =

(
I − v∆tLx

2
+
µ∆tLxx

2

)
un−1
k

Aku
n
k = Bku

n−1
k

unk = A−1
k Bku

n−1
k , k = 1, 2, . . . , P
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where

Ak = I +
v∆tLx

2
− µ∆tLxx

2

Bk = I − v∆tLx

2
+
µ∆tLxx

2

Lx = D(1)(u(t))

Lxx = D(2)(u(t))

It has been analysed from table 6.2 that mean and S.D. are same for P = 5 and P > 5. In this

P 1 2 3 4 5 6 7 8 9 10
Mean 0.0615 0.1849 0.3085 0.4325 0.4946 0.4946 0.4946 0.4946 0.4946 0.4946
S.D. 0.1250 0.2156 0.2170 0.1308 0.0311 0.0335 0.0335 0.0335 0.0335 0.0335

Table 6.2: (Test Problem 2)
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Figure 6.3: Stochastic Advection diffusion equation with P=6

problem, we have considered v = 1, µ = 0.002 and t ∈ [0, 0.3]. Moreover, Fig 6.3 a) presents the

first 6 coefficients of the B-spline gPC. Fig 6.3 b and c) displays respectively mean and S.D. of

the advection diffusion equation.

6.2.3 Stochastic Burger’s equation

Consider non-linear Burger’s equation

∂u

∂t
= ν

∂2u

∂x2
− u∂u

∂x
(6.2.9)

with uncertain ICs

u(x, t = 0, ξ) = sin(2πx) + 0.01ξ (6.2.10)
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where ξ is uniformly distributed over [−1, 1] and Dirichlet BCs

u(x = 0, t) = 0, u(x = 1, t) = 0

Applying B-spline gPC on Eq. (6.2.9), we get

∂

∂t

( P∑
i=1

ui(x, t)Wi(ξ)

)
− ν ∂

∂x

( P∑
i=1

ui(x, t)Wi(ξ)

)

+

P∑
i=1

ui(x, t)Wi(ξ)
∂2

∂x2

( P∑
j=1

ujWj(ξ)

)
= 0,

∂

∂t

( P∑
i=1

ui⟨Wi(ξ)W̃k(ξ)⟩
)
− ν ∂

∂x

( P∑
i=1

ui⟨Wi(ξ)W̃k(ξ)⟩
)

+

P∑
i=1

P∑
j=1

ui
∂2uj
∂x2

(
⟨Wi(ξ)Wj(ξ)W̃k(ξ)⟩

)
= 0,

∂uk
∂t
− ν ∂uk

∂x
+

P∑
i=1

P∑
j=1

ui
∂2uj
∂x2

Cijk = 0, k = 1, 2, . . . , P

Applying CN scheme, we get

unk − u
n−1
k

∆t
= νLx

(
unk + un−1

k

2

)
+N

(
unk + un−1

k

2

)
(
I − ν∆tLx

2

)
unk =

(
I +

ν∆tLx

2

)
un−1
k +N

(
unk + un−1

k

2

)
Aku

n
k = Bku

n−1
k

unk = A−1
k Bku

n−1
k

In this test problem, we have taken ν = 0.002. We have considered P = 6 and t ∈ [0, 0.5]. We

have also taken Daubechies wavelets with D = 6. In fig 6.4 a), we have plotted the polynomial

chaos coefficients u1, u2, u3, u4, u5, u6. In fig 6.4 b) and c), mean and S.D. are plotted. It has been

noticed that more shocks are being located in the Burger’s solution due to uncertainty present

in initial data. Moreover, S.D. is large at x = 0.5. For non-linear Burger’s equation, we have

analysed from table 6.4 that after P = 10, the mean and S.D. are converging to −8.64 × 10−8

and 0.0340 respectively.

0.1 0.01 0.001
Mean -1.7908×10−7 -1.9173×10−8 -1.918×10−9

S.D. 0.0829 0.0358 0.0324

Table 6.3: Stochastic Burger’s equation with P = 6
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Figure 6.4: Test problem 3 with P=6, u(x, t = 0, ξ) = sin(2πx) + 0.01ξ

P Mean S.D.
6 -1.9173×10−8 0.0358
10 -3.7260×10−8 0.0350
15 -3.6574×10−8 0.0350
20 -8.6478×10−8 0.0340
25 -8.6569×10−8 0.0340

Table 6.4: Stochastic Burger’s equation u(x, t = 0, ξ) = sin(2πx) + 0.01ξ

6.3 Grid Adaptation

Wavelets are well suited for the development of highly efficient adaptive procedures, since scaling

functions capture the average information and wavelets are responsible for the representation

of the details. Adaptivity aims at capturing only the essential features of the solution of a

PDE. While representing the solution using wavelet gPC, we generally have scaling and wavelet

coefficients represented by usJ0,k and uwj,k respectively. Wavelet coefficients play a vital role in

a solution of a PDE as the value of wavelet coefficients decrease rapidly when the function is

smooth. Moreover, if the function experiences discontinuity in one of its derivatives, then these

coefficients tend to decrease gradually in the vicinity of discontinuity and exhibit rapid decay

away from it. Therefore, they are known for identifying shocks in the numerical solution of a

PDE. This means that the magnitude of wavelet coefficient plays a significant role in capturing

the essential features of a solution. As we can know the wavelet representation of a stochastic

process is given as

u(ξ ∈ [a, b]) =
2J0−1∑
k=−1

usJ0,kϕ
s
J0,k(℘(ξ)) +

J∑
j=J0

2j−2∑
k=−1

uwj,kψ
w
j,k(℘(ξ)).

We can discard wavelets with small coefficients from all the coefficients, thus, retaining a good

approximation. The wavelet coefficients uwj,k will be small unless the u(ξ) has some fluctuation

on the scale of j in the instant proximity of wavelets ψw
j,k(℘(ξ)). Further, we divide the above
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equation according to the magnitude

u(ξ ∈ [a, b]) = u≥ϵ(ξ) + u<ϵ(ξ)) (6.3.1)

where

u≥ϵ(ξ ∈ [a, b]) =
2J0−1∑
k=−1

usJ0,kϕ
s
J0,k(℘(ξ)) +

J∑
j=J0

2j−2∑
k=−1

|uw
j,k

|≥ϵ

uwj,kψ
w
j,k(℘(ξ)). (6.3.2)

u<ϵ(ξ ∈ [a, b]) =

2j−2∑
k=−1

|uw
j,k

|<ϵ

uwj,kψ
w
j,k(℘(ξ)). (6.3.3)

Standard and modified adaptation are the two techniques available in literature for adaptivity.

In this chapter, we will execute standard adaptation technique which says

• We need to initiate from finest level of resolution, i.e., ȷ

• Then, on the basis of magnitude of the wavelet coefficients, we remove the grid points

which are less than ϵ.

6.3.1 Numerical Results

This section displays the adaptive grid modifications for the stochastic elliptic equation, stochastic

advection equation and stochastic Burger’s equation with uncertain data.

6.3.1.1 Stochastic Elliptic problem

Let us consider same stochastic elliptic equation as in Eq. 6.2.1 with f = 1 + 0.1ξ where ξ is

uniformly distributed over [−1, 1]. In fig 6.5, we can notice that the grid points are dense near
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Figure 6.5: Stochastic elliptic problem with P = 6, ϵ = 10−4
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the sharp variations. Out of 256 points, only 66 points were used to capture the essential features

of the solution.

6.3.1.2 Stochastic Advection equation

Consider the stochastic advection equation

∂u

∂t
+ v

∂u

∂x
= 0, t ≥ 0, x ∈ R (6.3.4)

with IC

u(x, 0) = exp(−200(x− 0.25)2) + 0.001ξ.

and Dirichlet BCs

u(0, t) = 0,

u(1, t) = 0

We have considered v = 1 in this problem. In table 6.5, grid modifications at different time

Time u1 u2 u3 u4 u5 u6
0 1024 1024 1024 1024 1024 1024
0.0375 162 148 136 148 162 162
0.0750 174 166 145 166 174 174
0.1125 175 169 135 169 175 175
0.15 179 174 136 174 179 179
0.1875 185 172 136 171 185 185
0.2250 179 172 136 172 179 179
0.2625 183 172 136 172 183 183
0.3 182 171 135 171 182 182

Table 6.5: Grid modifications for stochastic advection equation at different times by
taking ϵ = 10−5

steps are presented and it is observed that at t = 0.3, u1, u5 and u6 need same number of grid

points. Fig. 6.6 shows how the solution and grid points are changing with the change in time. As

a means of depicting the efficiency of developed method, we compared the CPU time taken for

different values of ϵ and ϵ = 0. Moreover, we have considered efficiency coefficient Θ = CPU(ϵ=0)
CPU(ϵ) .

From table 6.6, the proposed method is efficient as Θ increases with the increase in the value of

ϵ.
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Figure 6.6: Solution of stochastic advection equation (u1) with P=6, m = 210.

ϵ 10−2 10−3 10−4 10−5

CPU(ϵ) 613.9 649.5 698.9 702.6
Θ 0.90 0.85 0.79 0.78

Table 6.6: Performance of the proposed method for stochastic advection equation

6.3.1.3 Stochastic Burger’s equation

We have considered the same stochastic Burger’s equation as in Eq. (6.2.9) with Dirichlet BCs.

In Fig. 6.7, we have plotted the solution of Burger’s equation at different times along with

the grid modifications. It has been observed that the grid becomes dense when the solution

shows sharp edges and it becomes sparse when the solution is smooth. Moreover, we can notice

that the sixth coefficient which involves the wavelet function displays only the main details of

the solution whereas all the other coefficients u1, u2, u3, u4, u5 captures the average information.

Table 6.7 displays the number of grid points of the solution at different time steps and it has been

analyzed that the coefficient u6 requires more number of grid points as it captures the details of

the solution. The performance of the proposed method can be seen in table 6.8 which highlights

that Θ increases on increasing the value of ϵ, thus, making it an efficient approach. Higher the

value of Θ, more efficient is the algorithm.

ϵ 10−2 10−3 10−4

CPU(ϵ) 2.34 × 103 2.66 × 103 3.75 × 103

Θ 0.9987 0.8721 0.265

Table 6.8: Performance of the proposed method for stochastic Burgers equation
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Figure 6.7: Solution of stochastic Burgers’ equation (all coeffs) at t = 0.5 with P = 6,
m = 210.

ν = 0.002 + 0.001ξ ϵ = 10−3

Time u1 u2 u3 u4 u5 u6
0 1024 1024 1024 1024 1024 1024
0.0625 40 40 40 40 40 40
0.1250 42 42 42 42 42 50
0.1875 81 81 81 81 81 106
0.25 98 98 98 98 98 128
0.3125 107 107 107 107 107 129
0.3750 81 80 81 81 81 93
0.4375 80 80 83 83 80 94

Table 6.7: Grid modifications for stochastic Burger’s equation at different times

6.4 Conclusion

We have proposed an adaptive wavelet collocation based gPC for numerically solving the stochas-

tic PDEs. This wavelet collocation method uses the autocorrelation function of Daubechies

compactly supported scaling function. Also, linear B-spline basis is implemented in gPC. The

differential operators have been approximated using the connection coefficients. The fast inter-

polating wavelet transform and inverse wavelet transform are used to speed up the numerical

scheme. Moreover, a good preconditioner is used for handling the condition number of matrices.

The important features of the solution are captured using the adaptive scheme along with their

grid modifications. The mean and S.D. are plotted for the three test problems. It has been

concluded that the proposed method behaves well for the three test problems with satisfactory
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results. Further, the proposed adaptive collocation scheme is an efficient algorithm as higher the

value of Θ, more efficient is the algorithm.
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Conclusion and Future Scope

Conclusion

In this thesis, B-spline wavelet based generalized polynomial chaos has been developed for nu-

merically solving the stochastic differential equations. The most popular approach in uncertainty

quantification is polynomial chaos which is a series like expansion that describes randomness in

stochastic dynamical systems. First of all, we discussed a thorough literature review which is

wrapped up in Table (6.9). Then, we have tried to extend the concept of polynomial chaos by

introducing wavelets as the basis functions. A wavelet is a wave-like oscillation with an amplitude

that begins at zero, increases, and then decreases back to zero. It can typically be visualized as

a “brief oscillation” like one recorded by a seismograph or heart monitor. With wavelet analysis,

we can use approximating functions that are contained neatly in finite domains.

First of all, we have united the traditional polynomial chaos method with the SBP-SAT operators

for solving the stochastic partial differential equations. In this, we tried to find the stability

conditions for partial differential equations with Dirichlet boundary conditions. Then, we have

made an attempt to exploit useful properties of B-spline wavelets for stochastic solutions of

PDEs, i.e., we shifted to developing wavelet based PCE in order to capture the sharp stochastic

discontinuities which is a challenging task. As we know, wavelets are well-suited for approximating

data with sharp discontinuities. So, we started with Linear B-spline wavelets and used their

scaling and wavelet functions as the basis functions of polynomial chaos method. Then, we

shifted to cubic B-spline wavelets by using their scaling functions only. A comparison analysis

has been performed for linear and cubic B-spline wavelets.

Since, wavelet methods are known for their self adaptive nature which makes it a good choice

for the numerical solution of a PDE. So, we worked on implementing adaptive schemes in the

field of UQ. Wavelet optimized finite difference B-spline gPC scheme is employed in order to

capture the essential features of the stochastic solution. Next, we investigated wavelet collo-

cation B-spline gPC based on the concept of autocorrelation function of compactly supported

Daubechies wavelets for the stochastic solutions of PDEs with Dirichlet boundary conditions. The

postprocessing step which includes mean and variance are computed for each test problem.
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UQ methods

S.No. Methods Recommended

type of ap-

plication

Suitability Type of

uncertainty

for which it

works best

Computational

time compari-

son

Dimensionality Convergence

rate

1. Monte

Carlo (MC)

method

Any real life

application

Any type

of problem,

linear, non-

linear, as well

as complex

Any distribu-

tion

Time con-

suming and

computationally

expensive

Last resort for

high dimen-

sional problems

slow conver-

gence rate,

independent

of dimension

of stochastic

space

2. KL expan-

sion

problems

where the ran-

dom variable is

correlated

problems

with known

covariance

function

Gaussian dis-

tribution

computation

of covariances

eigen-pairs can

be expensive

extensions of

KL expansion

handles multi-

dimensionality

KL has an

edge over

the spec-

tral method

for highly

correlated

processes

3. Polynomial

Chaos Ex-

pansion

(PCE)

any prob-

lem without

discontinuity

non-linear

problems

Gaussian dis-

tribution

Accurate results

at lower cost

than MC

curse of dimen-

sionality

Exponential

convergence

4. generalized

Polynomial

Chaos (gPC)

any problem

without dis-

continuity

as it fails in

discontinuities

and long term

integration

non-linear

problems

Gaussian,

Beta, Ex-

ponential,

Uniform,

Gamma

Accurate results

at lower cost

than MC

curse of dimen-

sionality

Exponential

convergence

5. Wavelet

based gPC

applications

with disconti-

nuities

handles dis-

continuities

Uniform dis-

tribution

computationally

effective than

gPC

curse of dimen-

sionality

Fast conver-

gence

6. Multi-

element

gPC

handles long

term integra-

tion

discontinuous

problems

arbitrary dis-

tributions

high accuracy

with negligible

cost

Effective to em-

ploy low polyno-

mial chaos order

more ef-

fective and

efficient as

compared to

PCE

7. Stochastic

Collocation

Method

handles com-

plex non-linear

problems

where so-

lution is

a smooth

function of

the random

input vari-

ables and the

dimension of

the stochas-

tic space is

moderate

Uniform dis-

tribution

low computa-

tional cost and

more efficient

than PCE

Curse of dimen-

sionality

faster conver-

gence than

MC

Table 6.9: Comparison of Uncertainty Quantification techniques

The proposed methods are tested on a number of numerical problems. Numerical results show

that the developed methods are efficient in capturing the uncertain features of the stochastic

differential equations. Moreover, the proposed method captures the adaptive solutions efficiently
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along with grid refinements. More importantly, the strategy utilized in the manuscript appears

to be a promising research path which differs significantly from existing approaches and shall

attract more attention from the uncertainty quantification community.

Future Directions

• We have used B-spline wavelet in generalized polynomial chaos method for capturing the

randomness of PDEs. However, the literature is extremely rich in various types of wavelets

such as Morlet, Shannon Wavelets, coiflets, symlets, meyer, second generation wavelets,

curvelets and so on. Morlet wavelet is closely related to human perception, both hearing

and vision. Hence, this would be a great idea to explore different types of wavelets in the

field of UQ.

• The computation of higher order moments like skewness and kurtosis is quite challenging

as higher the moment, the harder it is to estimate. Therefore, one can work on computing

the higher order moments with the help of wavelet based gPC.

• There are number of applications available in literature where we can explore our method

by incorporating the real data. These applications can be in fluid dynamics, climate, brain

tumour, cancer detection and so on.

• We can also look forward to higher dimensions of random variable using variants of poly-

nomial chaos.
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