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ABSTARCT

There exist several methods in the literature to solve fuzzy transportation problems under
its various extensions. But, as all these methods have been proposed by considering the
assumption that the aggregated value of all the parameters are known. Therefore, if instead of the
aggregated values of the parameters, the values of the various parameters, collected from experts,
are provided. Then, the existing methods cannot be used to solve fuzzy transportation problems
and its various extensions.
To overcome this limitation, firstly, there is need to aggregate the provided values. But,
as there exist several weighted averaging operators and weighted geometric operators for each
extension of fuzzy set. Therefore, firstly, there is need to choose the appropriate weighted
averaging operator and weighted geometric operator for each extension of fuzzy set.
After aggregating the provided values by the selected aggregation operator, researchers
may use the recently proposed methods [48-51,136] for solving fuzzy transportation problems and
its various extensions. However, after a deep study, some shortcomings have been observed in
these methods. Therefore, it is scientifically incorrect to use these methods in their present form.
Keeping all above in mind, the aim of this thesis is
(i) To choose/propose an appropriate weighted averaging operator for various extensions of
fuzzy set. Also, to show that the weighted geometric operator cannot be defined for fuzzy set
and its extensions.

(if) To point out the limitations as well as the flaws of the existing method [49]. Also, to propose
a modified method overcome the limitations as well as to resolve the flaws of the existing
method [49].

(iii) To propose a simplified approach for solving BFIFTPs as compared to the existing approach

Vv



[51]. Also, to generalize the proposed approach, with the help of the TrIFWAO, for solving
such BFIFTPs in which the aggregated values of the parameters are not known.

(iv) To point out the flaws of the existing method [136] for transforming an unbalanced FIFTP
into a BFIFTP as well as to propose a valid method for transforming an unbalanced FIFTP
into a BFIFTP.

(v) To point out the flaws of the existing method [48] for transforming an unbalanced
GIVTrENTP into a balanced GIVTrFNTP as well as to propose a valid method for

transforming an unbalanced GIVTrENTP into a balanced GIVTrENTP.
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Chapter 1

Introduction

1.1 Introduction

In several real-life problems, the crisp weighted averaging operator (crisp
weighted arithmetic mean) or crisp weighted geometric operator (crisp weighted geometric
mean) is used to transform the data/ information, collected from various experts/decision
makers, into a single value. Cost minimization transportation problem is one of such real-
life problems. To solve a real-life cost minimization transportation problem, firstly, the
information about its various parameters (the cost for transporting one unit quantity of the
product from each source to each destination, the availability of the product at each source
and the demand of the product at each destination) is collected from several experts. Then,
the crisp weighted averaging operator or crisp weighted geometric operator is used to
transform the collected data/ information, obtained from various experts/decision makers,
into a single value.

It is pertinent to mention that the crisp weighted averaging operator and the crisp
weighted geometric operator can be used only to aggregate the data of such transportation
problems in which the collected data/ information can be represented as real numbers.
However, in most of the real-life cost minimization transportation problems, the collected
data/ information cannot be represented as real numbers due to various reasons e.g., the
cost for transporting the unit quantity of the product from a source to a destination depends

upon the various factors like route diversion due to unavoidable circumstances, variation



in fuel price, weather condition, demand of vehicles etc. Hence, it is not always possible to
represent the cost for transporting the unit quantity of the product from a source to a
destination with a real number. Similarly, the availability of the product at a source and the
demand of the product at a destination depends upon various factors. Hence, it is not
always possible to represent the availability of the product at a source and the demand of
the product at a destination with real numbers.

Due to the same reason, in the literature [4, 12, 14, 21-26, 37, 38, 44-51, 54, 55,
71, 81, 94, 98, 112-117, 131, 136, 149-151, 158, 159, 168, 174-176, 180, 183, 184, 219],
fuzzy set [225] and its various extensions [20] have been used to represent the parameters
of cost minimization transportation problems. Although, there exist several methods in the
literature to solve fuzzy transportation problems and its various extensions. But, as all
these methods have been proposed by considering the assumption that the aggregated
value of all the parameters are known. Therefore, if instead of the aggregated values of the
parameters, the values of the various parameters, collected from experts, are provided.
Then, the existing methods cannot be used to solve fuzzy transportation problems and its
various extensions.

To overcome this limitation, firstly, there is need to aggregate the provided values.
But, as there exist several weighted averaging operators and weighted geometric operators
[2, 6, 7, 27-31, 34-36, 39, 52, 53, 56-69, 87-93, 95, 96, 118-130, 132-135, 147, 152, 154,
155, 157, 165, 167, 178, 188-199, 201-209, 221-224, 226-233, 236] for each extension of
fuzzy set. Therefore, firstly, there is need to choose the appropriate weighted averaging
operator and/or weighted geometric operator for each extension of fuzzy set.

After aggregating the provided values by the selected aggregation operator,
researchers may use the recently proposed methods [48-51,136] for solving fuzzy

transportation problems and its various extensions. However, after a deep study, some
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shortcomings have been observed in these methods. Therefore, it is scientifically incorrect

to use these methods in their present form.

Keeping all above in mind, the aim of this thesis is

(i) To choose/propose an appropriate weighted averaging operator for various extensions
of fuzzy set. Also, to show that the weighted geometric operator cannot be defined for
fuzzy set and its extensions.

(if) To point out the limitations as well as the flaws of the existing method [49]. Also, to
propose a modified method overcome the limitations as well as to resolve the flaws of
the existing method [49].

(iii) To propose a simplified approach for solving BFIFTPs as compared to the existing
approach [51]. Also, to generalize the proposed approach, with the help of the
TrIFWAO, for solving such BFIFTPs in which the aggregated values of the parameters
are not known.

(iv) To point out the flaws of the existing method [136] for transforming an unbalanced
FIFTPs into a BFIFTPs as well as to propose a valid method for transforming an
unbalanced FIFTP into a BFIFTP.

(v) To point out the flaws of the existing method [48] for transforming an unbalanced
GIVTrENTP into a balanced GIVTrFNTP as well as to propose a valid method for
transforming an unbalanced GIVTrENTP into a balanced GIVTrENTP.

This chapter IS organized as follows. Some existing
fuzzy/IF/PF/1VIF/neutrosophic weighted averaging/geometric operators, proposed in the
last few years, have been discussed in Section 1.2 to Section 1.5 of this chapter. The
methods for comparing IFNs, PFNs, IVIFNs, SVNNs etc., used to prove some important

properties of the fuzzy/IF/PF/IVIF/neutrosophic weighted aggregation operators, are



discussed in Section 1.6. The chapter wise summary of the thesis is discussed in Section

1.7.

1.2 Some existing expressions to evaluate the sum and multiplication of IFNs as well
as the corresponding IFW aggregation operators

It is pertinent to mention that the expressions to evaluate sum and multiplication

of the real numbers are uniquely defined. However, there exist several expressions to
evaluate sum and multiplication of IFNs. Since, an IFWAO operator fully depends upon
the sum of IFNs and an IFWGO fully depends upon the multiplication of IFNs.
Therefore, in the literature, there exist several IFWAO, based upon different types of sum
of IFNs, as well as there exist several IFWGO, based upon different types multiplication
of IFNs.

In this section, the existing expressions [28, 60, 65, 88, 204, 208, 223] to evaluate
the sum and multiplication of IFNs as well as the corresponding IFW aggregation
operators are discussed.

“An intuitionistic fuzzy set, over the universal set X, is defined as a =
{00 e ), v ) 1 x€X, 0<pu,(x) <1, 0<v,(x) <1, pag(x) +v,(x) <13} The
values u,(x), vo(x) and 1 — pu,(x) —v,(x) respectively are called the degree of
membership, the degree of non-membership and the degree of hesitation for the element x.
Also, the pair (u,,v,) is called an IFN. An IFN {u,,v,) may also be represented as
(e 1 = vel.

1.2.1 Xu and Yager’s expression to evaluate the multiplication of IFNs as well as
the corresponding IFWGO

Xu and Yager [208, Section 3.1, pp. 420] proposed the expression (1.2.1.1) to



evaluate the multiplication of two IFNs a; = (uy,v1) = [p1, 1 —v4] and a, = (U, vo) =
[u2, 1 — v, ]. Hence, the expression (1.2.1.2) to evaluate the positive power A of an IFN
a={(wv)=[pl-v]
a; @ ay = (a2, 1 = (1 = v)(1 = vy)) = [paptz, (1 —v1) (1 —v)] (1.2.1.1)
at=@h1-Q0-vt)=[p! 1 -t (1.2.1.2)

Also, using the expression (1.2.1.1) and the expression (1.2.1.2), Xu and Yager
[208, Section 3.2, Theorem 3, pp. 422] proposed the IFWGO (1.2.1.3) and its extensions
[208, Section 3.3, pp. 426; Section 3.4, pp. 428].

g (@)= (T iy 1 =TTy (U = v)™e) = [T g T, (1 = v)¥i]
(1.2.1.3)
where,
() a; =(u;,v;) =[up,1—v;],i=1,2,..,nare n IFNs.
(i) w; is the weight assigned to the i** IFN a; = {(u;,v;) = [1;, 1 — v;] such that w; > 0
and Y7L, w; = 1.

1.2.2 Xu’s expression to evaluate the sum of IFNs as well as the corresponding

IFWAO

Xu [204, Definition 3.2, pp. 1182] proposed the expression (1.2.2.1) to evaluate
the sum of two IFNs a; = (uqy,vy) = [, 1 —vq] and a, = (uy,vy) = [y, 1 — vy,
Hence, the expression (1.2.2.2) to evaluate the multiplication of a positive real number A
withan IFN @ = (u,v) = [, 1 — v].
a@a=(1- 10— p)A—p)viva) =[1- (1 — )1 — p2), 1 —vyv5]

(1.2.2.1)

la={1-1A-wivh=[1-1-p’1-v% (1.2.2.2)

Also, using the expression (1.2.2.1) and the expression (1.2.2.2), Xu [204,



Theorem 3.4, pp. 1183] proposed the IFWAOQO (1.2.2.3) and its extensions [204, Definition
3.4, pp. 1184; Definition 3.5, pp. 1185].
i= i) = (1= ITm, (1 — )™ Ty vy = [1 = T (1 — )™, 1 =
v (1.2.2.3)
where,
) a; =u,vy)=u,1—v;],i=1,2,..,nare n IFNs.
(i) w; is the weight assigned to the i®® IFN a; = (u;,v;) = [u;, 1 — v;] such that w; > 0
and Y w; = 1.
1.2.3 He et al.’s expression to evaluate the multiplication of IFNs as well as the
corresponding IFWGO
He et al. [88, Section 3, Definition 5, pp. 144] proposed the expression (1.2.3.1) to
evaluate the multiplication of two IFNs a; = (u;,v,) and a, = (u,,v,). Hence, the

expression (1.2.3.2) to evaluate the positive power A of an IFN a = (u, v).
a; Q a, = ((1 —v)A —vy) - (1 - (y + V1))(1 = (up + Vz)), 1-1-v)A-

v2)) (1.2.3.1)

at=(1- = (1- @+ ) 1-A-n?) (1.2.32)
Also, using the expression (1.2.3.1) and the expression (1.2.3.2), He et al. [88,
Section 4.1, Theorem 5, pp. 148] proposed the IFWGO (1.2.3.3) and its extensions [88,
Section 4.3, Theorem 8, pp. 150; Section 4.4, Theorem 11, pp. 152].
(@)™t = (Mg (1= v)™ =TTy (L = (g + v 1 = [Ty (1 = v)™)
(1.2.3.3)
where

() a; =(u;,vy),i=1,2,..,naren IFNs.



(ii) w; is the weight assigned to the i®" IFN a; = (u;,v;) such that w; > 0 and X1, w; =
1.
1.2.4 Yu’s expression to evaluate the sum of IFNs as well as the corresponding
IFWAO
Yu [223, Section 3, Example 1, pp. 1019] pointed out the shortcomings of the
existing IFWAO [Xu]. To resolve the shortcomings, Yu [223, Section 3, Definition 4, pp.
1020] proposed the expression (1.2.4.1) to evaluate the sum of two IFNs a; = (uq, V)
and a, = (u,, v,). Hence, the expression (1.2.4.2) to evaluate the multiplication of a

positive real number 2 with an IFN a = (u, v).

a, D a; = (1 —(1—u)A =), (T =)A= ) — (1 = (g +vq) )(1 -

(up + Vz)) >
(1.2.4.1)
da=(1—1—whA-w*—(1- @+ ) (1.2.4.2)

Also, using the expression (1.2.4.1) and the expression (1.2.4.2), Yu [223, Section
3.1, Theorem 2, pp. 1021] proposed the IFWAO (1.2.4.3) and its extensions [223,
Section 3.2, Theorem 3, pp. 1023; Section 3.3, Theorem 4, pp. 1025].

Oy wiay = (1 =TTy (1 = )" Ty (1 = )™ =TTy (1 = G +v))™)
(1.2.4.3)
where,
() a; =(u;,v;), i =1,2,..,naren IFNs.
(ii) w; is the weight assigned to the i** IFN a; = (u;,v;) such that w; > 0 and Y, w; =

1.



1.2.5 Chen and Chang’s expression to evaluate the multiplication of IFNs as well as
the corresponding IFWGO
Chen and Chang [28, Example 3.1, pp. 138] pointed out the shortcomings of the
existing IFWGO [88]. To resolve the shortcomings, Chen and Chang [28, Section 4, pp.
139] proposed the expression (1.2.5.1) to evaluate the multiplication of two IFNs
a, = (U, vq) and a, = (u,, v,). Hence, the expression (1.2.5.2) to evaluate the positive

power A of an IFN a = (u, v).

a Qa, = (1 — (1 =pu)@A =), (1 — ) — pp) — (1 — (U + Vl))(l —

(up + Vz)) )
(1.2.5.1)
ar=(1-1-wh1-wr—(1-@+ ). (1.2.5.2)

Also, using the expression (1.2.5.1) and the expression (1.2.5.2), Chen and Chang
[28, Section 4, Definition 4.1, pp. 142] proposed the IFWGO (1.2.5.3) and its extensions

[28, Section 4; Definition 4.2, pp. 142; Definition 4.3, pp. 143].

(@) = (1= T = )" Tl = )" =TT = iy, = 7)™
(1.2.5.3)
where,
() a; =(u,v;),i=1,2,..,nare n IFNs.
(ii) w; is the weight assigned to the i" IFN a; = (u;,v;) such that w; > 0 and X1, w; =
1.
1.2.6 Garg’s expression to evaluate the sum of IFNs as well as the corresponding
IFWAO
Garg [65, Section 2.2, pp. 166] pointed out the shortcomings of the existing

IFWAOs [88, 191, 204, 208, 231]. To resolve the shortcomings, Garg [65. Section 3,
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Definition 3.1, pp. 166] proposed the expression (1.2.6.1) to evaluate the sum of two IFNs
a, = (U, vy) and a, = (u,,v,). Hence, the expression (1.2.6.2) to evaluate the

multiplication of a positive real number 4 with an IFN a = (u, v).

17, +p)—TTfo, (A— ) 2{“‘2=1(1_ﬂi)_1_[g=1(1_ﬂi_Vi)}>
= (L ‘ , L l 1.2.6.1
©“ ®a <ng=1(1+ﬂi)+l_[i2=1(1—lii) T2, (1+u)+IT2 (- 1) ( )
_ [a+rmt-a-w? 2{(1—u)’1—(1—u—V)’1}>
B <(1+#)’1+(1—u)’1 ©aswira-wt [ (126.2)

Also, using the expression (1.2.6.1) and the expression (1.2.6.2), Garg [65, Section 3.1,
Theorem 3.2, pp. 167] proposed the IFWAO (1.2.6.3) and its extensions [65, Section 3.2,

Theorem 3.4, pp. 170; Section 3.3, Theorem 3.5, pp. 171].

[Ty ()™M, ()™ 2{[1 (1 —p) i T (1—ui—vi)wi}>
n_ qr.) — i=1 i=1 , i=1 i=1 1.2.6.3
Dizs W) <H?=1(1+m)Wi+H?=1<1—m)Wi Ty ()™ T (L) ( )

where,
() a; =(u,v;),i=1,2,..,nare n IFNs.
(ii) w; is the weight assigned to the i*" IFN a; = (u;, v;) such that w; > 0 and ¥, w; =
1.
1.2.7 Garg’s expression to evaluate the multiplication of IFNs as well as the
corresponding IFWGO
Garg [60, Section 2.3, pp. 55] pointed out the shortcomings of the existing
IFWGO [191, 204]. To resolve the shortcomings, Garg [60, Section 3.1, Definition 3.1,
pp. 55] proposed the expression (1.2.7.1) to evaluate the multiplication of two IFNs
a; = (uq,vy) and a, = (uy,v,). Hence, the expression (1.2.7.2) to evaluate the positive
power A of an IFN = (i, v) .

2

_ [, a-v)-TTE (A -pi-vi)} n%=1<1+vi)—n?=1<1—vi)>
© @z _< M, v+ (1) T, (v +HIT, (1) (271




1 _ [Ha-wt-a-p-v?t} (1+v)’1—(1—v)l>
“ _< A+A+a-vt 7 a+A+a-vA’ (1.2.7.2)

Also, using the expression (1.2.7.1) and the expression (1.2.7.2), Garg [60,
Section 3.1, Theorem 3.1, pp. 56] proposed the IFWGO (1.2.7.3) and its extensions [60,

Definition 3.1, pp. 56; Definition 3.2, pp. 57; Definition 3.3, pp. 58].

nowy _ (A A-v)Yi-TIL A -p-v) Wi} H?=1(1+Vi)wi—H?=1(1—Vi)wi>
=1 l_< I, v VT, =™ T, (L) Wi+ (1-vp) i (12.7.3)

where,
(i) a; =(u,vy),i=1,2,..,nare n IFNs.
(ii) w; is the weight assigned to the i" IFN a; = (u;,v;) such that w; > 0 and X1, w; =
1.
1.2.8 Some existing expressions to evaluate the sum and multiplication of IFMNs as
well as the corresponding IFMW aggregation operators
There exists several expressions to evaluate sum and multiplication of IFMNs.
Since, an IFMWAO operator fully depends upon the sum of IFMNs and an IFMWGO
fully depends upon the multiplication of IFMNs. Therefore, in the literature, there exist
several IFMWAO, based upon different types of sum of IFMNSs, as well as there exist
several IFMWGO, based upon different types multiplication of IFMNs.
In this section, the existing expressions [56, 66, 156] to evaluate the sum and
multiplication of IFMNs as well as the corresponding IFMW aggregation operators are
discussed.

“An IF multiplicative set, over the wuniversal set X, is defined as
1 1
a={<xnu'a(x);va(x)>|xexf Esl’la(x) Sqi Esva(x) Sq,ﬂa(x)va(x) S 1lq >

1}. The values p,(x), v (x) and 1 — p, (x) — v, (x) respectively are called the degree of
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membership, the degree of non-membership and the degree of hesitation for the element
x. Also, the pair (u,, v, ) is called an IFMN”.
1.2.8.1 Garg’s expression to evaluate the multiplication of IFMNs as well as the
corresponding IFMWGO
Garg [56, Section 2.2, pp. 1078] pointed out the shortcomings of the existing
IFMWGO [202]. To resolve the shortcomings, Garg [56, Section 3, pp. 1078] proposed
the expression (1.2.8.1.1) to evaluate the multiplication of two IFMNs a; = (u4,v,) and

a, = (u,,v,). Hence, the expression (1.2.8.1.2) to evaluate the positive power A of an

IFMN a = (u, v).
_ (21 -pv) (A -pavy)} (14+2v4)(1+2v3)-1
@ ® a _< o), ! > (1.2.8.1.1)
1 _ [2{1-a-p?} (1+2v)’1—1>
« _< Uy () (1.2.8.1.2)

Also, using the expression (1.2.8.1.1) and the expression (1.2.8.1.2), Garg [56,
Section 3.2, Theorem 1, pp. 1079] proposed the IFMGO (1.2.8.1.3) and its extensions

[56, Definition 5, pp. 1082; Definition 6, pp. 1083; Definition 7, pp. 1084].

n Wi — 2{1_H1i1=1(1—ﬂivi)wi} l_[?=1(1+2vi)wi—1>
= (@) _< ML, (2v)¥i-1 2 (1.2.8.1.3)

where,
() a; =(u;,v), i =1,2,...,naren IFMNs.
(i) w; is the weight assigned to the it* IFMN a; = (u;,v;) such that w; >0 and
tow =1
1.2.8.2 Garg’s expression to evaluate the sum of IFMNs as well as the corresponding
IFMWAO

Garg [66, Section 2, pp. 2122] pointed out the shortcomings of the existing
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IFMWAO [200]. To resolve the shortcomings, Garg [66, Section 3, Definition 7, pp.
2123] proposed the expression (1.2.8.2.1) to evaluate the sum of two IFMNs «a; =
(11, v1) and a, = (u,, v,). Hence, the expression (1.2.8.2.2) to evaluate the multiplication

of a positive real number A with an IFMN a = (u, v).

_j@+2u)(1+2p)-1 2{1-(1-p1v)(1-pyvy)}
a @ a; = < 2 © (14210 (1+2p2)—1 > (1.28.2.1)
_[a+zpr-1 2{1—(1—uv)'1}>
Aa _< et ) (1.2.8.2.2)

Also, using the expression (1.2.8.2.1) and the expression (1.2.8.2.2), Garg [66,
Section 3.1, Theorem 2, pp. 2123 ] proposed the IFMWAO (1.2.8.2.3) and its extensions

[66, Section 3.2, pp. 2126].

2 T, (1 2p)Vi-1 (1.2.8.2.3)

o Wi = <
where,
() a; =(u,vy),i=1,2,..,nare n IFMNs.
(ii)) w; is the weight assigned to the it* IFMN a; = {(u;,v;) such that w; >0 and
Low; =1
1.2.8.3 Qian and Niu’s expression to evaluate the sum and multiplication of IFMNs
as well as the corresponding IFMWAO and IFMWGO
Qian and Niu [156] pointed out the shortcomings of the existing IFMWAOQO [200].
To resolve the shortcomings, Qian and Niu [156, Section 3, Definition 3.1, pp. 2861]
proposed
Q) The expression (1.2.8.3.1) to evaluate the sum of two IFMNs a; = (i, v4)

and a, = (u,,vy). Hence, the expression (1.2.8.3.2) to evaluate the

multiplication of a positive real number A with an IFMN a = (u, v).

12



logg(u1uz)—(logg(u1))(logq(uz))+1  logg(viva)+(logg(v1))(logqg(va))-1

al@a2=<q 2 q 2

(1.2.8.3.1)

1—logq(,u)))1 2(1+logq (v)))“_1
»q

Aa = <q1‘2( 2 2 (1.2.8.3.2)

(i)  The expression (1.2.8.3.3) to evaluate the multiplication of two IFMNs
a, = (uqg,v1) and a, = (u,, vo). Hence, the expression (1.2.8.3.4) to evaluate

the positive power A of an IFMN a = (u, v).

logg(n1p2)+(logg(n1))(logq(uz))-1  logg(viva)+(logg(v1))(logq(v2))-1
a; @ a; =\q 2 »q 2
(1.2.8.3.3)
1+logg (1) A_ _ 1-logg(v) 4
ot = <q2( :) 'S (=5 > (1.2.8.3.4)

Also, using the expression (1.2.8.3.1) and the expression (1.2.8.3.2), Qian and

Niu [156, Section 4, Theorem 4.1, pp. 2863] proposed the IFMWAO (1.2.8.3.5).

1-1 wi 1+1 4
R ey S LS
D=1 wia; = (q q

)

(1.2.8.3.5)
Furthermore, using the expression (1.2.8.3.3) and the expression (1.2.8.3.4),

Qian and Niu [156, Theorem 4.2, pp. 2863] proposed the IFMWGO (1.2.8.3.6).

2 T, (LH12800) 1—zn?=1(1‘1°§"(V))Wi> (1.2.8.3.6)

n w;
i=1 % l_<q 2 »q

where,
() a; =(u;,vy), i =1,2,...,naren IFMNSs.

w; is the weight assigned to the i*"* IFMN a; = (u;, v;) such that w; > 0 and X1, w; = 1.
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1.3 Some existing expressions to evaluate the sum and multiplication of PFNs as
well as the corresponding PFW aggregation operators

The expressions to evaluate sum and multiplication of the real numbers are
uniquely defined. However, there exists several expression to evaluate sum and
multiplication of PFNs. Since, a PFWAO fully depends upon the sum of PFNs and a
PFWGO fully depends upon the multiplication of PFNs. Therefore, there exist different
PFWAQOs, based upon different types of sum of PFNs, as well as there exist different
PFWGOs, based upon different types of multiplication of PFNSs, in the literature.

In this section, the existing expressions [58, 62, 63, 67, 135] to evaluate the sum
and multiplication of PFNs as well as the corresponding PFWAQOs and PFWGOs are
discussed.

“A PF set, over the universal set X, is defined as a = {{x, u,(x),v,(x)) | x € X,

0< () €1, 0<v(x) <1, (@)’ + (ve(@)* < 13. The values g (x), ve(x)

and Jl — (ua(x))2 — (va(x))2 respectively are called the degree of membership, the
degree of non-membership and the degree of hesitation for the element x. Also, the pair
(Ua» Vg ) is called a PFN.”
1.3.1 Garg’s expression to evaluate the sum of PFNs as well as the corresponding
PFWAO
Garg [58, Section 3, Definition 3.1, pp. 891] proposed the expression (1.3.1.1) to
evaluate the sum of two PFNs a; = (u,v;) and a, = (u,, v,) as well as the expression
(1.3.1.2) to evaluate the multiplication of a positive power A with a PFN a = (u, v).

2+ 2 ,
a,®a, = | [ kTl , (1.3.1.1)
PR [14(1-08). 1-v3)
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_ | @t -a-u)? Vv >

Aa"<JG+MV+M—MV”J6?EEHEEﬁ (1.3.1.2)
Also, using the expression (1.3.1.1) and the expression (1.3.1.2), Garg [58,

Section 4.1, Theorem 4.1, pp. 898] proposed the PFWAO (1.3.1.3) and its extensions [58,

Section 4.2, pp. 906; Section 4.3, pp. 909; Section 4.4, pp. 912].

(1.3.1.3)

n 2yWi [T (1-p2)Wi VZ TR, v
?:1 (Wiai) = <\/Hz=1(1+”z) iz, (-p) iz, v;

n 2\W; n _ 2 R
i ™I A=1D™ i vy i T, )

where,
() a; =(u;,vy),i=1,2,...,nare n PFNs.
(ii) w; is the weight assigned to the i®" PFN a; = (u;, v;) such that w; > 0 and X1, w; =
1.
1.3.2 Garg’s expression to evaluate the multplication of PFNs as well as the
corresponding PFWGO
Garg [63, Section 2, Definition 2.1, pp. 601] proposed the expression (1.3.2.1) to
evaluate the multiplication of two PFNs a; = (uq,v;) and a, = (u,, v,) as well as the

expression (1.3.2.2) to evaluate the positive power A of a PFN a = (u, v).

2 2
@@a, = | —H—, |B5R, (13.2.1)
) az) Vs
A _ Vaut (1+v2)A-(1-v2)2
* _< (2-pu2)A+(u2)A’ \ (1+v2)A+(1-v2)4 (1.3.2.2)

Also, using the expression (1.3.2.1) and the expression (1.3.2.2), Garg [63,
Section 3.1, Theorem 3.1, pp. 606] proposed the PFWGO (1.3.2.3) and its extensions [63,

Section 3.2, pp. 616; Section 3.3, pp. 619; Section 3.4, pp. 622].
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\
wi ; -
nooaVi= V2 I I, (v Yi-TIE (A-v)™i
o \/H?-l(Z—u?)an?-l(u?)Wi' [T, V)i, A-vH)™E

(1.3.2.3)

where,
() a; = (uvy), i =1,2,...,naren PFNs.
(ii) w; is the weight assigned to the i®" PFN a; = (u;, v;) such that w; > 0 and X1, w; =
1.
1.3.3 Garg’s expression to evaluate the multiplication of PFNs as well as the
corresponding PFWGO
Garg [67, Section 2.3] pointed out the shortcomings of the PFWGO [58, 63]
proposed by himself. To resolve the shortcomings, Garg [67, Section 3.1, Definition 3.1]
proposed the expression (1.3.3.1) to evaluate the multiplication of two PFNs a; = (i, v1)

and a, = (u,,v,). Hence, the expression (1.3.3.2) to evaluate the positive power A of a

PFN = (u,v) .
_ | LG D) Jn%=1<1+v%>—n%=1<1—v%>‘
R <J s DI D) T DI (1330
1 _ | [2{a-v»HA-a-pz-v2)4} (14+v2)A-(1-v2)2
a = <\/ A+v2)A+(1-v2)2 7 Al (1+v2) A4+ (1-v2)A (1332)

Also, using the expressions (1.3.3.1) and the expression (1.3.3.2), Garg [67,
Section 3.1, Theorem 3.2] proposed the PFWGO (1.3.3.3) and its extensions [67, Section

3.3, pp. 9; Section 3.4].

My VWL, (1-vP)WE 7 \[TT, (L)) Vi, (1-v]) Vi

where,

() a; =(uvy), i =1,2,...,naren PFNs.
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(ii) w; is the weight assigned to the i®" PFN a; = (u;, v;) such that w; > 0 and X1, w; =
1.

1.3.4 Garg’s PFWAO and PFWGO

Garg [62, Section 3, pp. 550] pointed out that all the aggregation operators have
been proposed by considering the assumption that decision makers are surely familiar
with the evaluated objects. But, it is not a realistic assumption. Therefore, to handle this
situation, Garg [62, Section 3.1, Theorem 4, pp. 551; Section 3.3, Theorem 6, pp. 556]
proposed the confidence level based PFWAO (1.3.4.1) and the confidence level based
PFWGO (1.3.4.2) as well as the extensions of these operators [62, Section 3.2, Theorem

5, pp. 556; Section 3.4, Theorem 7, pp. 560].

By wi(nj) = <J 1= TT7 (1 = )™ T (v) ™™ )

(1.3.4.1)

P @) = Tl 1= T =y )
(1.3.4.2)
where,
(i) 0 <n; < 1isconfidence level of ;.
(i) w; is the weight vector associated with ; such that w; = [0,1] and ¥7_, w; = 1.
(iii) n; is the confidence level of a; such that n; = [0,1] and ¥7_;7n; = 1.
1.3.5 Ma and Xu’s expression to evaluate the multiplication of PFNs as well as the
corresponding PFWAO
Ma and Xu [135, Section 4.1, pp. 1206] proposed the expression (1.3.5.1) to
evaluate the sum of two PFNs a; = (uq,v;) and a, = (u,,v,). Hence, the expression

(1.3.5.2) to evaluate the multiplication of a positive real-number A with a PFN

17



a = {u,v).

a, ®a, = ( L I L 1) (1.3.5.1)
2

[(1=p,2) (1=p1y2) 40y 2022 [A=v1D) (A=v22)+v12v,?]

la = W 7 (1.35.2)
[(1_H2)A+#21]%’ [(1—v2)1+ VZA]% o

Also, using the expression (1.3.5.1) and the expression (1.3.5.2), Ma and Xu [135,
Section 4.1, Definition 11, pp. 1209] proposed the PFWAO (1.3.5.3) and its extensions

[135, Section 4.2, pp. 1211].

O = Ml m
[MsCm) I ™ [ () T o

(1.35.3)

where,

) a; = (u;,v),i=1,2,..,nare n PFNs.
(ii) w; is the weight assigned to the i** PFN a; = (u;,v;) such that w; > 0 and X1, w; =
1.
1.4 Some existing expressions to evaluate the sum and multiplication of IVIFNs as
well as the corresponding IVIFW aggregation operators
The expressions to evaluate sum and multiplication of the real numbers are uniquely
defined. However, there exist several expressions to evaluate sum and multiplication of
the IVIFNs. Since, an IVIFWAO operator fully depends upon the sum of IVIFNs and an
IVIFWGO fully depends upon the multiplication of IVIFNs. Therefore, there exist
different IVIFWAOQOs, based upon different types of sum of IVIFNSs, as well as there exist
different IVIFWGOs, based upon different types of multiplication of IVIFNSs, in the

literature.
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In this section, the existing expressions [61, 68] to evaluate the sum and
multiplication of IVIFNs as well as the corresponding IVIFW aggregation operators are
discussed.

An IVIF set, over the universal set X, is defined as
a = {(x, [ue (), ug )], [ve (), vi ()] | x € X, 0 < pg(x) < pg(x) <1,
0<vi) <Vix) <1,ulx)+vi(x) <1}  The intervals  [ul(x),ul ()],
[VE(x),vI(x)] and [1 — ud(x) —vY(x),1 — uk(x) — vE(x)] respectively are called the
interval of degree of membership, the interval of degree of non-membership and the
interval of degree of hesitation for the element x. Also, the pair ([uk, u¥], [vk,vy]) is
called an IVIFN.”

141 Garg et al.’s expression to evaluate the sum of IVIFNs as well as the
corresponding IVIFWAO

Garg et al. [68, Section 2.3, pp. 2584] pointed out the shortcomings of the existing

IVIFWA operator [128]. To resolve the shortcomings, Garg et al. [68, Section 3, pp.

2584] proposed the expression (1.4.1.1) to evaluate the sum of two IVIFNs a; =

([ay, bq], [c1,d4]) and a, = ([a,, b,], [c,, d,]). Hence, the expression (1.4.1.2) to evaluate

the multiplication of a positive real number A with an IVIFN a = ([a, b], [c, d]).

0 @ a :<[ ME, [+ =Da] -TTE, (1-a) L[+ =D -TIE, (1-b) ]
! 2 o, [1+(r-Dag+-D 17, (1-ap " T [1+(y Db+ =D 1, (1-by)

[ Vnl‘2=1(1_ai)_yl_[i2=1[1_ai_ci] VHizzl(l_bi)_yHi2=1[1_bi_di] ]> (1411)
7 [1+(-Dal+@-D I, A-a) " [T [1+-Dbi]+ -1 [1;=,(1-by) o

g = <[ [1+(y-1al*-[1-a]* [1+(y-1)b]A-[1-b]* ]
T \l[1+-Dat+-1)[1-a]*’ [1+G-1b]A+(y-1)[1-b]2

y[1-a*~y[1-a—c]* y[1-b]*~y[1-b-d]* >
I:[l"‘(]/—1)(1])“+(]/—1)[1—(1])L ’ [1+(Y—1)b]1+(y—1)[1—b]1] (1412)
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Also, using the expression (1.4.1.1) and the expression (1.4.1.2), Garg et al. [68,
Section 3.1, Theorem 3.1, pp. 2585] proposed the IVIFWAO (1.4.1.3) and its extensions

[68, Section 3.2, pp. 2594; Section 3.3, pp. 2595]

n (w; ):([ [T, [1+(y=1Da]Vi-[TL  (1-ay)"i [+ =DbyWi-TI1L, (1-by)"i
LA L+ -DaVi+(y-D L, A-a)"i’ [T, [1+-DbVi+(y-D [T}, (1-bp)"i]’

yHl 1(1—a)"i—y [T [1-a;—c] Vi VHI‘ 1A=y I, [1-bi—di] Vi ]> (1.4.1.3)
L[+ =Dy Vit (r=1) [T, (1—a)™i” [T, [1+(¢—-Db; Wi+ (y—1) [T, (1—-bp)Vi S

where,
() a; = (i, tiz], [Vie, viz]) i = 1,2, ...,n are n IVIFNS.
(i) w; is the weight assigned to the it"* IVIFN a; = ([1;1, 4], [Vi1, Viz]) such that w; > 0
and Y, w; = 1.
1.4.2 Garg’s expression to evaluate the multiplication of IVIFNs as well as the
corresponding IVIFWGO
Garg [61, Section 2.3, pp. 287] pointed out the shortcomings of the existing
IVIFWGO [128]. To resolve the shortcomings, Garg 61, Section 3, Definition 3.1, pp.
287] proposed the expression (1.4.2.1) to evaluate the multiplication of two IVIFNs
a, = ([ay, bq],[cy,d.]) and a, = ([a,, b,], [c,,d,]). Hence, the expression (1.4.2.2) to

evaluate the positive power A of an IVIFN a = ([a, b], [c, d]).

o a :<[ Yo G-y e l1-ai—ci]  yITZ,(—d)—y [T&,[1-b;-dy] ]
1 2 M2, [1+ -+ -1 T2, (1—cp) T2, [1+ -1+ -1 [T, (1-dy)

[ 2 [1+G-1c-TA,(1=c)] 2 [1+G-1d;-T%,(1-dy)] ]>
[T [1+(—De ]+ - T, (1—c;) " T [1+(y Db;]+@-D 14, (1-d;)

(1.4.2.1)

a'1=<[ vi-d’—yliza=cl’ y[1-d]*-y[1-b-d]* ]
[+ G—Del+-D—c]?’ 1+G-DdP+—D1-d]"
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[1+G-Dc]*-[1-c]* [1+(y-1)d]*-[1-d]* >
|:[1+(V—1)C]A+(]/—1)[1—c]l’ [1+(Y—1)d]l+(y—1)[1—d]l] : (1422)

Also, using the expression (1.4.2.1) and the expression (1.4.2.2), Garg et al. [61,
Section 3.1, Theorem 3.1, pp. 288] proposed the IVIFWGO (1.4.2.3) and its extensions

[61, Section 3.2, pp. 299].

n a_wi=<[ I [ iy [T, (A -ai—cp)™ I [1-d iy [T, (A-b;—d)™i ]
=1 e [T+ G =Dt (r=D [T, (1-c)™i T, [1+ (- Dd] i+ (v - D [T, (1-d)™i ]’

[ ML, A+ -1)c)Wi-TTL [1—-c]Wi M, A+ (y—-1)d)Wi-Tllw [1-d]Wi ]> (1423)
T [1+ (=D Vit (=D T, A—c)™i” Ty [1+ (Gr—1d i+ (=1 T, (1-d) i o

where,
() a; = (i1, izl [Vie, viz )i = 1,2, ...,n are n IVIFNSs.
(ii) w; is the weight assigned to the i** IVIFN a; = ([u;1, 4iz], [Vi1, Viz]) such that w; > 0
and i, w; = 1.
1.5 Some existing expressions to evaluate the sum and multiplication of SVNNs as
well as the corresponding SVNW aggregation operators
The expressions to evaluate sum and multiplication of the real numbers are uniquely
defined. However, there exist several expressions to evaluate sum and multiplication of
the SVNNSs. Since, a SVNWAO operator fully depends upon the sum of SVNNs and a
SVNWGO fully depends upon the multiplication of SVNNs. Therefore, there exist
different SVNWAOs, based upon different types of sum of SVNNs as well as there exist
different types of SVNWGOs, based upon different types of multiplication of SVNNSs, in
the literature.
In this section, the existing expression [134, 147] to evaluate the sum and
multiplication of SVNNs as well as the corresponding SVNW aggregation operators are

discussed.
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“A single valued neutrosophic set, over the universal set X, is defined as a =

{6, g (), v (), (X)) |x€X, 0SS ue(x) <1, 0<v,(x)<1,0<h,(x) <1,

Ue () +vo(x) + hy(x) <33 The values pq,(x), vo(x) and h,(x) respectively are

called the degree of membership, the degree of non-membership and the degree of

indeterminacy for the element x. Also, the pair (i, v,, h,) is called a SVNN.”

15.1 Nancy and Garg’s expression to evaluate sum and multiplication of SVNNs as

well as the corresponding SVNWAO and SVNWGO

Nancy and Garg [147, Section 3, Definition 3.1, pp. 363] proposed

(i)

(i)

The expression (1.5.1.1) to evaluate the sum of two SVNNs a; = (a4, by, ¢;)
and a, = (a,, by,c,). Hence, the expression (1.5.1.2) to evaluate the

multiplication of a positive real number n with a SVNN a = (a, b, c).

a, D a; =
At-a1_1)(Al-a2-1 Ab1-1)(Ab2-1
<1—log,1 (1+( /1)_(1 )),logl (1+(;%),log,1 (1+
(Af1-1)(A°2-1)
@00 )> A>1, (1.5.1.1)

—(1— (are-1)" (ab-1)" e >
na = <1 lOg)t (1 + (A-1)n1 ):logl (1 + (A-1)n-1 rlOgA (1 + (A—l)n_l) !

1> 0, (1.5.1.2)

The expression (1.5.1.3) to evaluate the multiplication of two SVNNs a =
(a, b, C), a, = <a1, bl’ Cl) and a, = (az, bz, C2>. Hence, the eXpreSSIOI’] (1514)

to evaluate the positive power n of a SVNN a = (a, b, c).

(1%1-1)(1%2-1) A1=b1_1)(a1-b2_1
a1®a2=<10g,‘1(1+T),1—]0g1(1+( /1)_(1 ))’1_

logs (1+ (”_”‘;)_(f_”‘l))>, 1> 1, (15.1.3)
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0 @ae-ry (Al-b—l)") B ( (/11'“—1)n>>
¢ _<log’1(1+(/1—1)n‘—1)'1 lOg’1<1+ aorr ) 1 losa\ 1+ 7))

(1.5.1.4)

Also, using the expression (1.5.1.1) and the expression (1.5.1.2), Nancy and Garg

[147, Section 3.1, Theorem 3.7, pp. 367] proposed the SVNWAO (1.5.1.5).
DLy wiay) = <1 —logy (1 + [T, (A% — 1)¥1),log (1 + 17, (27 —
1)"%),log, (1 + [T, (A% — 1)Wi)> (15.1.5)

Futhermore, using the expression (1.5.1.4) and the expression (1.5.1.5), Nancy

and Garg [147, Section 3.2, Theorem 3.8, pp. 370] proposed the SVNWGO (1.5.1.6).

Qi "t =
(log, (1 + T, (2% — 1)*),1 —log, (1 + [T, (2" - 1)"),1 - log,(1 +
(e -1)")) (15.1.6)
where,

(i) a; =(a; b;,c;),i=1,2,..,nare n SVNNs.
(ii) w; is the weight assigned to the i*® SVNNN «; = (a;, b;, ¢;) such that w; > 0 and
towp =1
1.5.2 Liu and Luo’s SVNHFOWAO
There exist several expressions to evaluate sum and multiplication of the SVNHFNs.
Since, a SVNHFWAOQO operator fully depends upon the sum of SVNHFNs and a
SVNHFWGO fully depends upon the multiplication of SVNHFNs. Therefore, there exist
different SVNHFWAOQs, based upon different types of sum of SVNHFNs as well as there
exist different types of SVNHFWGOs, based upon different types of multiplication of

SVNHFNSs, in the literature.
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“A single valued neutrosophic hesitant fuzzy set, over the universal set X, is defined
as a = {(x, 4, (x), v, (x),he(x)) | x €X, uy(x) = {yj,j =12,.,L0<y; < 1},
Ve(x) ={6,,j =1,2,..,p:0 < §; <1}, ho(x) = {{;,j = 1,2,.., m:0 < {; <
1}, maxlsjsl{yj} + maxlsjsp{ch} + maxlsjsm{(j} < 3}. The values u,(x), vo(x) and
h,(x) respectively are called the set of degree of membership, the set of degree of non-
membership and the set of degree of indeterminacy for the element x. Also, the set
{Ue) Vo, Ry} is called a SVNHFN.”

Liu and Luo [134, Section 2.3, Definition 4] proposed the SVNHFOWAO

(1.5.2.1).

@521 (W) =

k —
Uyleul,...,yke,uk,élEvl,...,(SkEvk,r]lEhl,...,nkehk {{1 Hi=1 (1

Vo(i))/li} ) {Hi":l (ya(i))li} : {Hé{=1 (Ua(i))li}} (1.5.2.1)

where,
(i) a;={u,vih}(=12,..,k) is a collection of single valued neutrosophic hesitant
fuzzy elements, where y;, v; and h; are three sets of some values in [0,1].
(ii) w; is the weight associated with a; (i = 1,2, ..., k) satisfying w; > 0, ¥¥_, w; = 1.
(iii) 0:{1,2, ..., k} — {1, 2, ..., k} is a permutation such that a,; is the largest number in
(ay, ay, .., ay).
1.6 Some existing methods for comparing different extensions of fuzzy set
If a and b are two real numbers then it can be easily verified that a > b or a < b or
a = b. However, if a and g represent any of the extensions of fuzzy set then there is no
unique way to check that « > f or a < 8 or a = 3. Therefore, various methods, for

comparing different extensions of fuzzy set, have been proposed in the literature.
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In this section, the existing methods for comparing different extensions of fuzzy set
have been discussed.
1.6.1 Existing method for comparing IFNs
Xu and Yager [208, Definition 1, pp. 422], Xu [204, Definition 3.1, pp. 1181], He
et al. [88, Definition 4, pp. 143], Yu [223, Definition 3, pp. 1019], Chen and Chang [28,
Definition 2.4, pp. 136], Garg [60, Section 2.1, pp. 54] have used the following method
for comparing IFNs to prove that their proposed IFWGO/IFWAO satisfies the
boundedness and the monotonicity property.
If a; =(uy,vi)=[u,1—v4] and a, = (uy,vy) = [y, 1 —v,] are two IFNSs.
Then, use the following steps to check that @, > a, or a; < a, or a; = «,.
Step 1: Find S(a;) =y — vy, S(ay) = u, —v, and check that S(a;) > S(a,) or
S(ay) < S(ay) or S(ay) = S(ay).
Case (i): If S(a;) > S(ay) then a; > a,.
Case (ii): If S(a;) < S(ay) then a; < a,.
Case (iii): If S(a;) = S(a,) then go to Step 2.
Step 2: Find H(ay) = uy +v4, H(ay) = uy, + v, and check that H(a;) > H(ay) or
H(ay) < H(ay) or H(ay) = H(a,).
Case (i): If H(a;) > H(a,) then a; > a,.
Case (ii): If H(ay) < H(a,) then a; < a,.
Case (iii): If H(ay) = H(a,) then a; = a,.
1.6.2 Existing method for comparing IFMNs
Garg [56, Section 2.1, Definition 1, pp. 1077], Garg [66, Section 2, Definition 2,

pp. 2122] and Qian and Niu [156, Section 2, Definition 2.3, pp. 2860] have used the
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following method for comparing IFMNs to prove that their proposed IFMWGO /
IFMWADO satisfies the boundedness and the monotonicity property.
If ay = (uy,v1) and a, = (u,, v,) are two IFMNSs. Then use the following steps to

check that a; > a, or a; < @, or a; = a,.

Step 1: Find S(ay) = % S(a,) = % and check that S(a;) > S(a,) or S(a;) < S(a,)
1 2

or S(a;) = S(ay).
Case (i): If S(a;) > S(ay) then a; > a,.
Case (ii): If S(ay) < S(ay) then a; < a,.
Case (iii): If S(a;) = S(a,) then go to Step 2.
Step 2: Find H(a,) = uyvy, H(ay) = u,v, and check that H(a;) > H(a,) or H(ay) <
H(a,) or H(ay) = H(ay).
Case (i): If H(a;) > H(a) then a; > a5.
Case (ii): If H(a;) < H(ay) then a; < a,.
Case (iii): If H(a;) = H(a;) then a; = a,.
1.6.3 Existing method for comparing PFNs
Garg [58, Section 2, Definition 2.3, pp. 889], Garg [62, Section 2, Definition 2,
pp. 548], Ma and Xu [135, Section 2.2, Definition 4, pp. 1201] have used the following
method for comparing the PFNs to prove that their proposed PFWAO/PFWGO satisfies
the boundedness and the monotonicity property.
If @y = (uq,vq) and a, = (u,, v,) are two PFNs. Then, use the following steps to
check that a; > a, or a; < a, Or a; = a,.
Step 1: Find S(a;) = uy% — v42, S(ay) = pp? — v,2 and check that S(a;) > S(a,) or

S(a1) < S(ay) or S(ay) = S(ay).
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Case (i): If S(ay) > S(ay) then a; > a,.
Case (ii): If S(a;) < S(ay) then a; < a,.
Case (iii): If S(a;) = S(a;) then go to Step 2.
Step 2: Find H(a;) = u;® + v42, H(ay) = uy? + v42 and check that H(a,) > H(a,) or
H(a;) < H(ay) or H(a;) = H(ay).
Case (i): If H(ay) > H(a,) then a; > a,.
Case (ii): If H(a;) < H(a,) then a; < a5.
Case (iii): If H(a;) = H(a,) then a; = a,.
1.6.4 Garg et al.’s method for comparing IVIFNs
Garg et al. [68, Section 2.1, pp. 2583] have used the following method for
comparing IVIFNs to prove that their proposed IVIFWAO satisfies the boundedness and
the monotonicity property.
If @y = ([aq, b1],[c1,d1]) and a, = ([a,, b,], [c2, d5]) are two IVIFNs. Then use

the following steps to check that @, > a, or a; < a, or a; = a,.

Step 1: Find S(a,) = w, S(a,) = M and check that S(a;) > S(a,)

or S(ay) < S(ay) or S(ay) = S(ay).

Case (i): If S(ay) > S(ay) then a; > a,.
Case (ii): If S(a;) < S(ay) then a; < a,.
Case (iii): If S(a;) = S(a,) then go to Step 2.

a+ b1+C1+d1

_ a,+ b1+Cl+d1
: ) = atbiratd

Step 2: Find H(ay) = , H(a and check that H(a,) >

H(a,) or H(a;) < H(a,) or H(ay) = H(a,).
Case (i): If H(a;) > H(a,) then a; > a,.

Case (ii): If H(ay) < H(a,) then a; < a,.
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Case (iii): If H(a;) = H(a3) then go to Step 3.
Step 3: Find G(a;) = by +dy—ay —¢;, G(ay) = b, +d,—a, —c, and check that
G(ay) > G(ay) orG(ay) < G(ay) or G(ay) = G(ay).
Case (i): If G(ay) > G(ay) then a; > a,.
Case (ii): If G(a;) < G(a,) then a; < a,.
Case (iii): If G(a;) = G(a;) then go to Step 4.
Step 4: Find T(ay) = by + c;—a; —dq, T(ay) = by, +c,—a, —d, and check that
T(a;) >T(ay)orT(a;) <T(ay)orT(ay) =T(ay).
Case (i): If T(ay) > T(a,) then a; > a,.
Case (ii): If T(ay) < T(ay) then a; < a;.
Case (iii): If T(a;) = T(a,) then a; = a,.
1.6.5 Garg’s method for comparing IVIFNs
Garg [61, Section 2.1, pp. 2582] have used the following method for comparing
IVIFNs to prove that his proposed IVIFWGO satisfies the boundedness and the
monotonicity property.
If @, = ([aq, b1], [c1,d1]) and a, = ([a,, b,], [c2, d5]) are two IVIFNs. Then use

the following steps to check that a; > a, or a; < a, or a; = a,.

Step 1: Find S(a;) = w, S(a,) = W and check that S(a;) > S(a,)

or S(a;) < S(ay) or S(ay) = S(ay).
Case (i): If S(ay) > S(ay) then a; > a,.
Case (ii): If S(a;) < S(ay) then a; < a,.

Case (iii): If S(a;) = S(a,) then go to Step 2.
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a+ b1+C1+d1

_ a1+ b1+C1+d1
: ) = atbitatd

Step 2: Find H(ay) = , H(a and check that H(a,) >

H(a,)or H(a;) < H(a,) or H(a;) = H(a,).
Case (): If H(a;) > H(a,) then a; > a,.
Case (ii): If H(a;) < H(a,) then a; < a5.
Case (iii): If H(a;) = H(a,) then a; = a,.
1.6.6 Nancy and Garg’s method for comparing SVNNs

Nancy and Garg [147, Section 2, Definition 2.3, pp. 362] have used the following
method for comparing SVNNs to prove that their proposed IFWGO satisfies the
boundedness and the monotonicity property.

If a; =(ay, by, cq) and a, = (a,, b,,c,) are two SVNNs. Then, find s(a;) =
a; — by —c¢;, s(ay) = a, — b, —c, and check that s(a;) > s(a;) or s(a;) < s(a,) or
s(ai) = s(ay).
Case (i): If s(ay) > s(ay) then a; > a,.
Case (ii): If s(a;) < s(ay) then a; < a,.
Case (iii): If s(a;) = s(ay) then a; = a,.
1.6.7 Liuand Luo’s method for comparing SVNHFNs

Liu and Luo [134, Section 3.1, Definition 6] have used the following method, for
comparing SVNHFNs to prove that their proposed SVNHFWAO satisfies the
boundedness and the monotonicity property.

If a; ={u,, vy, hy} and a, = {u,,v,, h,} are two SVNHFNs. Then use the

following steps to check that a; > a, or a; < a, or @; = a,.
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Step 1: Find s(a;) = g(% fava, + %Zfﬂ(l —8;,) + %Z?ﬂ(l - nli)), s(ay) =

é(% i=1V2, + %Zle(l —8,,) + 52;21(1 - ”zi)) and check that s(a;) > s(a,) or
s(ay) < s(ay) or s(ay) = s(ay).
Case (i): If s(a;) > s(a,) then a; > a,.

Case (ii): If s(a;) < s(ay) thenn, < a5.

Case (iii): If s(a;) = s(a,) then go to Step 2.

Step 2: Find a(ay) = Zicy vy, — 2 B (1~ my), a(@r) = { Sty vz, — 2L, (1 - 13,)
and check that a(a,) > a(a,) or a(a,) < a(a,) or a(a;) = a(a,).

Case (i): If a(a;) > a(a,) thenn, > a,.

Case (ii): If a(ay) < a(ay) then n; < a,.

Case (iii): If a(a;) = a(a,) then go to Step 3.

Step 3: Find c(a;) = %Zﬁzlyli, c(az) =% i=172, and check that c(a;) > c(a) or
c(ny) < c(ny) or c(ny) = c(ny).

Case (i): If c(ay) > c(ay) then a; > a,.

Case (ii): If c(ay) < c(ay) then a; < a,.

Case (iii): If c(ay) = c(a,) then a; = a,.

1.7 Brief review about the work

The chapter wise summary of thesis is as follows:

Chapter 2

Appropriate Weighted Averaging Operator Under Intuitionistic Fuzzy

Environment and Its VVarious Extensions

In this chapter,
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(i) It is shown that the existing expressions to evaluate the sum and multiplication of
IFNs as well as the corresponding IFWGOs and IFWAOs [28, 56, 60, 65, 66, 88,
156, 204, 208, 223], discussed in Section 1.2 of Chapter 1, are not valid.

(if) It is shown that the existing expressions to evaluate the sum and multiplication of
PFNs as well as the corresponding PFWGOs and PFWAOs [58, 62, 63, 67, 135],
discussed in Section 1.3 of Chapter 1, are not valid.

(iii) It is shown that the existing expressions to evaluate the sum and multiplication of
IVIFNs as well as the corresponding IVIFWGOs and IVIFFWAOs [61, 68],
discussed in Section 1.4 of Chapter 1, are not valid.

(iv) It is shown that the existing expressions to evaluate the sum and multiplication of
SVNNSs as well as the corresponding SVNWGOs, SVNWAOs and SVNHFOWAOs
[134, 147], discussed in Section 1.5 of Chapter 1, are not valid.

(v) With the help of the existing IVIFWAO [30], an IFWAO, a PFWAO, an IVIFWAO
and a SVNWAO are proposed. Also, it is shown that the proposed IFWAO, PFWAO
and SVNWAO are valid. Furthermore, it is shown that the weighted geometric

operator cannot be defined for fuzzy set and its extensions.
Chapter 3

Mehar Method to Find the Unique Optimal Fuzzy Transportation Cost
of Balanced Fully Fuzzy Transportation Problems with LR Flat Fuzzy

Numbers

Ebrahimnejad [49, Section 4, pp. 113] claimed that on solving a BFFTP with LR
FFNs (balanced transportation problems in which all the parameters are represented as LR

FFNSs) by Kumar and Kaur’s method [115] more than one LR FFNs, representing the

31



optimal fuzzy transportation cost, may be obtained, which is illogical. To resolve this
flaw, Ebrahimnejad [49, Section 5, pp. 114] proposed a method for solving BFFTPs with
LR FFNs.

In this chapter, it is shown that Ebrahimnejad’s method can be used only if the
aggregated value of the fuzzy transportation cost, fuzzy availability and fuzzy demand,
provided by all the decision-makers, is available. However, if instead of the aggregated
data, the data of each decision-maker is provided separately then Ebrahimnejad’s method
cannot be used to find the solution of a BFFTP. Also, it is shown that the flaw, pointed
out by Ebrahimnejad in Kumar and Kaur’s method is also occurring in Ebrahimnejad’s
method. Futhermore, to overcome the limitations of Ebrahimnejad’s method, the method
for aggregating the LR FFNs is discussed. Finally, to resolve the flaws of Ebrahimnejad’s
method [49], a new method (named as Mehar method) is proposed to solve the BFFTP

with LR FFNs.
Chapter 4

Mehar Approach for Solving Balanced Fully Intuitionistic Fuzzy

Transportation Problems

Ebrahimnejad and Verdegay [51, Section 5] proposed an approach for solving
such BFIFTPs in which each parameter is represented as a TrIFN. In this chapter, it is
shown that Ebrahimnejad and Verdegay’s approach can be used only if the aggregated
value of IF transportation cost, IF availability and IF demand, provided by all the
decision-makers, is available. However, if instead of the aggregated data, the data of each
decision-maker is provided separately then Ebrahimnejad and Verdegay’s approach

cannot be used to find the solution of a BFIFTP. Therefore, firstly, to overcome the
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limitation of Ebrahimnejad and Verdegay’s approach, a method for aggregating the
TrIFNs is discussed. Then, a new approach (named as Mehar approach) is proposed for
solving BFIFTPs. It is shown that it is much easy to apply the proposed Mehar approach
as compared to Ebrahimnejad and Verdegay’s approach. Also, to illustrate the proposed

Mehar approach, the existing BFIFTP [51] is solved.
Chapter 5

JMD Method for Transforming an Unbalanced Fully Intuitionistic
Fuzzy Transportation Problem into a Balanced Fully Intuitionistic

Fuzzy Transportation Problem

Ebrahimnejad and Verdegay’s approach [51, Section 5] as well as Mehar
approach (proposed in Chapter 4) cannot be used to solve an unbalanced FIFTP.
Therefore, one may use the following methodology to solve an unbalanced FIFTP.

(1) Use the existing approach [136, Section 3] to transform an unbalanced FIFTP into a
balanced FIFTP.
(2) Apply the Mehar approach, proposed in Chapter 4, to find the IF optimal solution of
the BFIFTP.
However, after a deep study it is observed that the existing approach [136, Section
3] to transform an unbalanced FIFTP into a BFIFTP is not valid.
To validate this claim, the existing approach [136, Section 3] is applied on an
unbalanced FIFTP and shown that the transformed FIFTP is not a BFIFTP.
Furthermore, a new method (named as JMD method) is proposed to transform an

unbalanced FIFTP into a BFIFTP.
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Chapter 6

Mehar Method for Solving Unbalanced Generalized Interval-Valued

Trapezoidal Fuzzy Number Transportation Problems

Ebrahimnejad [48, Section 5, pp. 304] proposed a method for transforming an
unbalanced GIVTrFNTP into a balanced GIVTrFNTP as well as a method for solving a
balanced GIVTrENTP. In this chapter, it is shown that on applying Ebrahimnejad’s
method for transforming an unbalanced GIVTrFENTP into a balanced GIVTrFENTP, the
obtained dummy supply and/or dummy demand is not a GIVTrFN and hence, this method
is not valid. Also, a new method (named as Mehar method) is proposed to transform an
unbalanced GIVTrFNTP into a balanced GIVTrFNTP. Furthermore, the validity of the

proposed Mehar method is discussed.

Chapter 7

Future Scope

In this chapter, some open research problems are discussed.

Appendix A
Dhanasekar et al. [37] proposed a fuzzy Hungarian MODI algorithm to solve fully

fuzzy transportation problems. Dhanasekar et al. have used the standard multiplication of
TrENs in their proposed method. In this appendix, it is pointed out that the method,
proposed by Dhanasekar et al., is not valid for standard multiplication of TrFNs and is

valid only if a special type of multiplication of TrFNSs is used.
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Chapter 2
Appropriate Weighted Averaging Operator

Under Intuitionistic Fuzzy Environment and

Its Various Extensions”

In this chapter,

(i) It is shown that the existing expressions to evaluate the sum and multiplication of
IFNs as well as the corresponding IFWGOs and IFWAOs [28, 56, 60, 65, 66, 88,
156, 204, 208, 223], discussed in Section 1.2 of Chapter 1, are not valid.

(if) It is shown that the existing expressions to evaluate the sum and multiplication of
PFNs as well as the corresponding PFWGOs and PFWAOs [58, 62, 63, 67, 135],
discussed in Section 1.3 of Chapter 1, are not valid.

(iii) 1t is shown that the existing expressions to evaluate the sum and multiplication of
IVIFNs as well as the corresponding IVIFWGOs and IVIFFWAOs [61, 68],
discussed in Section 1.4 of Chapter 1, are not valid.

(iv) It is shown that the existing expressions to evaluate the sum and multiplication of

" Some of the contents of this chapter have been published in “International Journal of Uncertainty
Quantification 8 (2018) 119-121” and “Pattern  Analysis and  Applications (2018)
https://doi.org/10.1007/s10044-018-0718-z”. Some contents have been communicated in “Engineering
Applications of Artificial Intelligence” and the remaining contents have been communicated in “IEEE

Transactions on Fuzzy Systems” for the possible publication.
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SVNNSs as well as the corresponding SVNWGOs, SVNWAOs and SVNHFOWAOs

[134, 147], discussed in Section 1.5 of Chapter 1, are not valid.

(v) With the help of the existing IVIFWAO [30], an IFWAO, a PFWAO, an IVIFWAO

and a SVNWAO are proposed. Also, it is shown that the proposed IFWAO, PFWAO

and SVNWAO are valid. Furthermore, it is shown that the weighted geometric

operator cannot be defined for fuzzy set and its extensions.

This chapter is organized as follows:

(@) In Section 2.1, it is shown that the existing expressions to evaluate the sum of two

(b)

(©)

IFNs, multiplication of two IFNs, multiplication of a positive real number with an
IFN and positive power of an IFN [28, 56, 60, 65, 66, 88, 156, 204, 208, 223],
discussed Section 1.2, are not valid.

In Section 2.2, it is shown that the existing expressions to evaluate the sum of two
PFNs, multiplication of two PFNs, multiplication of a positive real number with a
PFN and positive power of a PFN [58, 62, 63, 67, 135], discussed Section 1.3, are
not valid.

In Section 2.3, it is shown that the existing expressions to evaluate the sum of two
IVIFNs, multiplication of two IVIFNs, multiplication of a positive real number
with an IVIFN and positive power of an IVIFN [61, 68], discussed in Section 1.4,

are not valid.

(d) In Section 2.4, it is shown that the existing expressions to evaluate the sum of

two SVNNs, multiplication of two SVNNSs, multiplication of a positive real

number with a SVNN and positive power of a SVNN [134, 147] are not valid.

(e) In Section 2.5, it is shown that the existing IFWAOs, IFWGOs, PFWAOs,

PFWGOs, IVIFWAOs, IVIFWGOs IVIFWAO, SVNWAOs, SVNWGOs and
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SVNHFOWAGO:s [28, 56, 58, 60-62, 63, 65-68, 88, 134, 147, 156, 204, 208, 223]
are not valid.

(f) In Section 2.6, with the help of the existing IVIFWAO [30], an IFWAO, a
PFWAO and a SVNWAO are proposed. Also,it is shown that the proposed
IFWAO, PFWAO and SVNWAO are valid. Furthermore, it is shown that the
weighted geometric operator cannot be defined for fuzzy set and its extensions.

2.1 Flaws of some existing expressions to evaluate the sum and multiplication of
IFNs
In this section, the flaws of the existing expressions to evaluate the sum and
multiplication of IFNs [28, 56, 60, 65, 66, 88, 156, 204, 208, 223], discussed in Section
1.2, are pointed out.
2.1.1 Flaws of Xu and Yager’s expressions to evaluate the multiplication of IFNs
In this section, the flaws of Xu and Yager’s expressions to evaluate the
multiplication of IFNs [208], discussed in Section 1.2.1, are pointed out.
The expression (2.1.1.1) represents the generalized form of the existing expression

(1.2.1.1).
=1 @ =iz (e vi) = (e, 1= [T (1 —vy) (2.1.1.1)

The expression (2.1.1.1) and hence, the expression (1.2.1.1) as well as the
expression (1.2.1.2) are not valid due to the following reasons:
(i) To obtain the expression (2.1.1.1), Xu and Yager [208] have assumed that (u;, v;) is

equivalent to interval [u;, 1 — v;].

Hence, ®iz; @; =®i=1 (i vi) =®i=q [y 1 —vi] = [[iz i, [Ti2: (L —v)] =

(Iler i, 1 =TI (= vy)).
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However, it is mathematically incorrect to assume that the ordered pair (u;, v;)

is equivalent to interval [y;, 1 — v;].

(if) The expression (2.1.1.1) can also be represented as the expression (2.1.1.2).

7iﬁL=1 a; =®7iﬁL=1 (.ui'vi) = ( X Hl 1.“1' - ?:1(1 - Vi)) (2112)

i%p

If there exist an IFN a,, = (u,, v,,) such that u, = 0 then,

o a =@, (i, vi) = (0 % [Ti=q i, (1 =)

i#p
= (0, [Ti=:(1 —w)).

This clearly indicates that the membership value of the multiplication of IFNs is

only depending upon the membership value of the p™ IFN ay = Uy, vp) = (0,vy)

and is independent from the membership values of the remaining (n — 1) IFNSs,

which is mathematically incorrect.

(iii) The expression (2.1.1.1) can also be represented as the expression (2.1.1.3).

(iv)

Ly @ =@y (ki vi) = (p [Mima i, 1 = (1= vp) [T=a (1 = v))  (2.1.1.3)

i#p i#p

If there exist an IFN a, = (u,, ;) such that 4, = 0 and v,, = 1 then,

?zl ai_ l 1 <y'l'vl>_<OXHl 1.“1: (1_1)XH 1(1 l))

i#p i#p

=(0,1).
This clearly indicates that the multiplication of IFNs is only depending upon the p™
IFN a;, = (up,vp) = (0,1) and is independent from the remaining (n — 1) IFNs,
which is mathematically incorrect.
The expression (1.2.1.2) i.e., a* = (u*, 1 — (1 —v)*) = [p}, (1 —v)?] has been

obtained by putting n = A and a; = « in the expression (2.1.1.1). However,
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as the expression (2.1.1.1) is not valid. Therefore, the expression (1.2.1.2) is also
not valid.

(v) If a=(uv)=1(0,1) then using the expression (1.2.1.2) ie., a*=(ut1-
(1-nh=[pha-»1
a* =(0,1) = [0,0].
This clearly indicates that positive power A of an IFN a = (u,v) = (0,1) is only
depending upon the IFN a = (u, v) = (0,1) and is independent from the positive real
number A, which is mathematically incorrect.

2.1.2 Flaws of Xu’s expressions to evaluate the sum of IFNs
In this section, the flaws of Xu’s expressions to evaluate sum of IFNs [204],
discussed in Section 1.2.2, are pointed out.
The expression (2.1.2.1) represents the generalized form of the existing expression
(1.2.2.1).
Di=q a; = j=q (i vi) = (1 =TIz (1 — p) T2 vi) (2.1.2.1)
The expression (2.1.2.1) and hence, the expression (1.2.2.1) as well as the
expression (1.2.2.2) are not valid due to the following reasons:
(1) To obtain the expression (2.1.2.1), Xu [204] has assumed that (u;, v;) is equivalent
to the interval [v;, 1 — y;].
Hence, ®iL, a; =@z (1 vi) =iy [vi, 1 — ] = [Tz, vi, T2, (1 —
u)] = (1 = Ile (1 — wy) , Iz vo)-
However, it is mathematically incorrect to assume that the ordered pair (u;, v;)
is equivalent to interval [v;, 1 — y;].

(i)  The expression (2.1.2.1) can also be represented as the expression (2.1.2.2).
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O ;= O (wpvi) = (1 =TT (1 — ), vy X [Ti=1 vi) (2.1.2.2)

i#p
If there exist an IFN a,, = (u,, ;) such that v, = 0 then,

OL, a; =01, (uvi) = (1 =TT (1 — ), 0 x [Ti=q vy)

i#p
= (1 -l (1 — ), 0).

This clearly indicates that the non-membership value of the sum of IFNs is only
depending upon the non-membership value of the p™ IFN ay = (Up, Vp) = (lip, 0)
and is independent from the non-membership values of the remaining (n — 1) IFNs,
which is mathematically incorrect.

(iii) The expression (2.1.2.1) can also be represented as the expression (2.1.2.3).

O, a; = By (upvi) =(1— (1 - llp) X [Ti=1 (1 — uy) » Vp X | R

i#p i#p
(2.1.2.3)

If there exist an IFN a,, = (u,, ;) such that u,, = 1 and v,, = 0 then,

O, a; = Oy (i, v) =(1—- (1 -1 x[[iz,(1 - 1), Vp X [T vi)

%D i#p
= (1,0).
This clearly indicates that the sum of IFNs is only depending upon the p™ IFN
a, = {(Up, vp) = (1,0) and is independent from the remaining (n — 1) IFNs, which
is mathematically incorrect. Therefore, the expression (2.1.2.1) is not valid.
(iv) Theexpression (1.2.2.2)ie, A ® a =(1— (1 —pw*vY) =[1- (1 - w*1-v]
has been obtained by putting n = A2 and a; = a in the expression (2.1.2.1).
However, as the expression (2.1.2.1) is not valid. Therefore, the expression

(1.2.2.2) is also not valid.
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(v) If a ={uv)=(1,0)then using the expression (1.2.2.2) i.e, A Q a = (1 —
A-wivh=[1-1-whHh1-v4,
A® a=(1,0) = [1,1].
This clearly indicates that the multiplication of a positive real number A with an IFN
a = (u,v) =(1,0) is only depending upon the IFN a = (u,v) =(1,0) and is
independent from the positive real number A, which is mathematically incorrect.
2.1.3 Flaws of He et al.’s expressions to evaluate the multiplication of IFNs
In this section, the flaws of He et al.’s expressions to evaluate the multiplication
of IFNs [88], discussed in Section 1.2.3, are pointed out.
The expression (2.1.3.1) represents the generalized form of the existing expression
(1.2.3.1).
o= ([T (= v) =TT (1 = (e +v), 1 =TT, (1 = v))  (2.13.0)
The expression (2.1.3.1) and hence, the expression (1.2.3.1) as well as the
expression (1.2.3.2) are not valid due to the following reasons:

(i) The expression (2.1.3.1) can also be represented as the expression (2.1.3.2).

Qi a; =

< = v) = (1= () ) X TTea (1 = (i + ), 1 - =1
i#p

vi)> (2.1.3.2)

If there exist an IFN a,, = (u,, v;,) such that p,, + v, = 1 then,

iy a; = <H?=1(1 —v) — (=D x[T (1= +v)), 1 -1, (1—v)

i#p
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=([[L:(X —vy) , 1 -T2 —v)).
This clearly indicates that multiplication of IFNs is independent from the
membership values of IFNs, which is mathematically incorrect.

(if) The expression (2.1.3.1) can also be represented as the expression (2.1.3.3).

rLa = <(1 —vp) X T (1= v)) = (1= (1 +v)) X ITa (1 -

L#p L#p

(i +v)),1-(1—-vy) x H?ﬂ(l — vi)> (2.1.3.3)

i#p

If there exist an IFN a,, = (u,, v;,) such that u,, = 0 and v,, = 1 then,

i#p i#p

QL a; = <(1 — DXl =v) — (1= 0+ 1) x [T (1 — (u +

v)), 1= (1= 1) x [T, (1 - Vi)>

i#p
=(0,1).

This clearly indicates that multiplication of IFNs is only depending upon the p™ IFN
ap = {Up,vp) = (0,1) and is independent from the remaining (n — 1) IFNs, which is
mathematically incorrect.

(iii) If @ = (u,v) = (0,1) then using expression (1.2.3.2) i.e.,
at = (@ -N'-Q -+ 1-10-v'),
at =(0,1).
This clearly indicates that the positive power A of an IFN a = (u,v) = (0,1) is
only depending upon the IFN @ = (u, v) = (0,1) and is independent from the positive real

number A, which is mathematically incorrect.
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2.1.4 Flaws of Yu’s expressions to evaluate the sum of IFNs

In this section, the flaws of Yu’s expressions to evaluate the sum of IFNs [223],
discussed in Section 1.2.4, are pointed out.
The expression (2.1.4.1) represents the generalized form of the existing expression
(1.2.4.1).
D, = (1 — (1 = ) ITe (L — ) — ?:1(1 — (i + Vi))> (2.14.1)

The expression (2.1.4.1) and hence, the expression (1.2.4.1) as well as the
expression (1.2.4.2) are not valid due to the following reasons:

(i) Thee expression (2.1.4.1) can also be represented as the expression (2.1.4.2).

69?:1051‘ = <1 - ?:1(1 - lii):l_[?=1(1 — 1) — (1 - (:“p + Vp)) X H?=1(1 -

i#p

(u; + Vi))> (2.1.4.2)

If there exist an IFN a,, = (u,, ;) such that u,, +v,, = 1 then,

®i=ia; = <1 Q=) I (=) —(1-1) X ?:1(1 — (i +v)
i£p
= <1 - H?:l(l - nul) )] H?:l(l - :u'l))

This clearly indicates that the sum of IFNs is is independent from the non-membership

values of IFNs, which is mathematically incorrect.

(if) The expression (2.1.4.1) can also be represented as the expression (2.1.4.3).
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O a; = <1 — (1= pp) X ITi=a (@ = 1), (1 = pp) X = (1 = 1) —

i#p i#p

(1 — (up + vp)) X ITee(1— (i + vi))> (2.1.4.3)

i#p
If there exist an IFN a,, = {(u,, v;) such that u,, = 1 and v, = 0 then,

Di_qa; = <1 — Q- [z =), (A —=1) x[Tie (1 — ) — (1 -1+ 0)) X

iI#p iL#p

(1= (i +v))=(1,0).

i#p

This clearly indicates that the sum of IFNs is only depending upon the p™ IFN
a, = (up,vp) = (0,1) and is independent from the remaining (n — 1) IFNs, which is
mathematically incorrect.

(iii) If @ = (u,v) = (1,0) then using the existing expression (1.2.4.2) i.e.,
pa=(1-1-p,A-wr-(1-@+n))=1-1-D,A-D* -
(1-@+0)" = (1,0).

This clearly indicates that the multiplication of a positive real number A with an
IFN @ = (u, v) = (1,0) is only depending upon the IFN a = (u,v) = (1,0) and is
independent from the positive real number A, which is mathematically incorrect.
2.1.5 Flaws of Chen and Chang’s expressions to evaluate the multiplication of IFNs
In this section, the flaws of Chen and Chang’s expressions to evaluate the
multplication of IFNs [28], discussed in Section 1.2.5, are pointed out.
The expression (2.1.5.1) represents the generalized form of the existing expression

(1.2.5.1).
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mra=(1—TT (= p) T (= ) —TT0 (1 = (i + D))
(2.1.5.1)
The expression (2.1.5.1) and hence, the expression (1.2.5.1) as well as the
expression (1.2.5.2) are not valid due to the following reasons:

(1)  The expression (2.1.5.1) can also be represented as the expression (2.1.5.2).

71'1=1 a; = <1 - ?:1(1 - Mi),l'[?=1(1 — W) — (1 - (Hp + Vp)) H?=1(1 -

i#p

(u; + Vi))) (2.15.2)

If there exist an IFN a,, = (u,, ;) such that u,, + v, = 1 then,
=1 = <1 —TIs (@ = ) T (1 — ) = (1= DT (1 = (g +v)
i£p
= (1 -2, = p)  TT2, (1 — )
This clearly indicates that the multplication of IFNs is independent from the non-
membership values of IFNs, which is mathematically incorrect.

(i)  The expression (2.1.5.1) can also be represented as the expression (2.1.5.3).

@ = <1 — (1= 1) a1 = ), (1 = ) TTiea (1 — 1) — (1 -

i#p i#p

(i + Vp)) H?=1(1 — (i + Vi))> (2.1.5.3)

L#p

If there exist an IFN a,, = (u,, v,) such that y,, = 1 and v,, = 0 then

= @ = <1 —(A-DIEeQ=p), A =D =) = (1 - (1+

i#p i#p

0)) M1 (1 — (i + Vi))>

i#p
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= (1,0).

This clearly indicates that the multplication of IFNs is only depending upon the p™ IFN
a, = Uy, vp) = (0,1) and is independent from the remaining (n — 1) IFNs, which is
mathematically incorrect.

@iii)  If @ = (u,v) = (1,0) then using the existing expression (1.2.5.2),
=(1-1-ph - = (1= @+))=1-1-DLA-D* -
(11 +0)" = (1,0).
This clearly indicates that the positive power A of an IFN a = (u,v) = (1,0) is only
depending upon the IFN a = (u,v) = (1,0) and is independent from the positive real
number A, which is mathematically incorrect.
2.1.6 Flaws of Garg’s expressions to evaluate the sum of IFNs

In this section, the flaws of Garg’s expressions to evaluate the sum of IFNs [65],

discussed in Section 1.2.6, are pointed out.

The expression (2.1.6.1) represents the generalized form of the existing expression

(1.2.6.1).

n o Mz A+e) T, (- p) z{n?=1(1—ui)—H?=1(1—m—vi)}> 2161
@l=1 al N <H?=1(1+”i)+l_[?=1(1_#i) ’ H?=1(1+“i)+n?=1(1_ﬂi) ( ' 6 )

The expression (2.1.6.1) and hence, the expression (1.2.6.1) as well as the
expression (1.2.6.2) are not valid due to the following reasons:

(i) The expression (2.1.6.1) can also be represented as the expression (2.1.6.2).

@?21 a; =
23T (1=p) —(A=pp—vp) [Tieg (1—1i=vy)
— < 1= (Hp) =Tz (-4 ' PP i
H?=1(1+#i)+n?=1(1_ui) ’ H?=1(1+#i)+n?=1(1_”i)
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(2.1.6.2)

If there exist an IFN a,, = (u,, v,) such that p,, + v, = 1 then,

. N z{n{;l(l—m)—(l—l)m;l(l—ui—vi)
@‘n a: = <Hi=1(1+/"i)_l_[i=1(1_ﬂi) i£p
=LA () +HIT (1) T (1) +TT (1)

_ <H?=1(1+m)—n?=1(1—m) 2{IT=, (1-p)} >
H?=1(1+I‘i)+n?=1(1_ﬂi) ’ H?=1(1+lii)+l—[?=1(1—ﬂi) .

This clearly indicates that the sum of the IFNs is independent from the non-
membership values of IFNs, which is mathematically incorrect.
(i)  The expression (2.1.6.1) can also be represented as the expression (2.1.6.3).

n —_
@i=1 a; =

(H?=1(1+#i)_(1_#p) H?=1(1_lii) 2 (1_Hp) H?=1(1_#i)_(1_ﬂp_vp) H?=1(1_Hi_vi)

— i#p i%p i#p
(T, A+p)+Q=-pp) e, A-p) e, (A +p)+IT=, (1-4)
i#p

(2.1.6.3)

If there exist an IFN a, = (u,, v, ) such that 4, = 1 and v,, = 0 then,

Tz, A+p)-A-DITE -p)  2§A-D T (A-p)-(1-1-0) [T A—pi—vy)

@7.1 a: = i#p i*p i#p

=1V, (L +p)+A-D TR, (-py) T, (1 p)+TT (1)
i#p

= (1,0).

This clearly indicates that the sum of the IFNs is only depending upon the p™ IFN
a, = {Up, vp) = (1,0) and is independent from the remaining (n — 1) IFNs, which is
mathematically incorrect.

(iii) If a=(1,0) then using the existing expression (1.2.6.2),

1 _<(1+u)’1—(1—u)’1 2{(1—u)’1—(1—u—V)’1}>_<(1+1)’1‘1—(1—1)’1 2{(1—1)1—(1—1—0)1})
YT\ arrra-wt 0 T @t aemr |\ @ nAra-nt T QrDA+a-nr

47



(iv)

This clearly indicates that the multiplication of an IFN with a positive real number
A is only depending upon the IFN a = (1,0) and is independent from the value of
A, which is mathematically incorrect.

Garg [65, Section 3.1, Theorem 3.1, pp. 166] has used the following method to

2T (1 —p) T (A —p—v))}

obtain the non-membership value v, gq, = T, D+ Ty (Lpe) of the
existing expression (2.1.6.1)
0< ITmpimvi <1
1-py
> o<k, (552) <1
1-pi—v;
0<1- ?=1(1_—m)51 (2.1)
Also, 0 < —#i<q
1+u;
n 1-p;
= 0= Hi:l (1+ui) =1
n (1thi
= 1<[I[%, (1_#) <
n 1+u;
= 2<1+ Hi:l (1—lli> < oo
1 1
=5 0<—77 <=
LI (T) 2
2
20<——FF75 <1 2.2
T () @2)
Multiplying (2.1) and (2.2),
2 1_1'[?: 1K~V
0 S { 15 1-p )} S 1
(20
2T - = M=, (1= v}
M-, (1-4)
=0= M- (—u)+ T (1+pp) =1 (2.3)
M-, (1—py)
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Cancelling the terms [T/, (1 — y;) in the expression (2.3), it will be
transformed into the expression (2.4).

2T, (1—p)— T, (—pimv)} 1 (2.4)

0< <
n?=1(1_/"-i)+ H?:l(l'l'ﬂi)

i, 0 < Vg, @a, < 1.
However, this method is not valid due to the following reasons:

(a) To obtain the non-membership value v, g, Of the existing expression (2.1.6.1),
it is assumed that the terms [[i=,(1 —u;), present in the numerator and
denominator of the expression (2.3), can be cancelled from each other i.e., to
obtain the non-membership value v,, g4, Of the existing expression (2.1.6.1), it is

assumed that Lizs(i=#d) _

1. While, it is mathematically incorrect to assume the
H?:l(l_#i)

H?=1(1—Hi)

same as at u; =1, the value of the expression M, Gr)

. 0
will be 5 (an

indeterminate value).
Therefore, the non-membership value v, g4, Of the existing expression
(2.1.6.1) is not valid and hence, the expression (2.1.6.1) is not valid.

(b) It is obvious that to obtain the non-membership value v, g, Of the existing

expression (2.1.6.1), it is assumed that the relation 0 < M < 1 is true for all

the values of y; and v; where, 0 < p; <land 0 <v; <1.

However, if u; = 1, v; = 0 then the value of %Will be % (an indeterminate

Ui

value) which does not lie between 0 and 1. Therefore, the non-membership
value v, gq, Of the existing expression (2.1.6.1) is not valid. Hence, the existing

expression (2.1.6.1) is also not valid.
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(c) It is obvious that the existing expression (1.2.6.2) is obtained by considering

u; = u,v; =vforall i and n = A in the existing expression (2.1.6.1). However, as

discussed in this section that the existing expression (2.1.6.1) is not valid.

Therefore, the existing expression (1.2.6.2) is also not valid.

2.1.7 Flaws of Garg’s expressions to evaluate the multiplication of IFNs

In this section, the flaws of Garg’s expressions to evaluate the multiplication of
IFNs [60], discussed in Section 1.2.7, are pointed out.

(i) Itis pertinent to mention that the membership value of the expression (1.2.7.1) is
obtained by replacing u; with v; and vice-versa in the non-membership value of the
expression (1.2.6.1). Also, the non-membership value of the expression (1.2.7.1) is
obtained by replacing u; with v; and vice-versa in the membership value of the
expression (1.2.6.1).

However, it is already pointed out that the membership value and the non-
membership value of the expression (1.2.6.1) are not valid as to obtain these values
some mathematical incorrect assumptions have been considered.

Therefore, the membership value and the non-membership value of the expression
(1.2.7.1) are also not valid. Hence, the expression (1.2.7.1) is not valid.

(i)  The expression (1.2.7.2) is obtained by putting y; = u and v; = v in the existing
expression (1.2.7.1). While, the expression (1.2.7.1) is not valid. Therefore, the
expression (1.2.7.2) is also not valid.

2.1.8 Flaws of expressions to evaluate the sum and multiplication of IFMNs

In this section, with the help of numerical examples, the flaws of the expressions

to evaluate sum and multiplication of IFMNs [56, 66], discussed in Section 1.2.8, are

pointed out.
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2.1.8.1 Flaws of Garg’s expressions to evaluate the multiplication of IFMNs

In this section, with the help of numerical examples, the flaws of Garg’s
expressions to evaluate the multiplication of IFMNs [56], discussed in Section 1.2.8.1, are
pointed out.

(@) Let 0€1=(M1,V1)=<%,3> and a, =(u2,v2)=<%,4> be two IFMNs. Then, on

applying the existing expression (1.1.8.1.1),

_ [2l1-(A-puv)@A-pzvy)} (1+2v)(1+2vy)—-1\ 11
a @ a; = < (1+2v)(1+2vy)-1 ' 2 > - <372’ 31>'

It is well known fact that if a = (u,v) is an IFMN then for u and v, the

conditions % <u,v<9 and uv <1 should necessarily be satisfied. However, it is

11

obvious that in a; @ a, = <5

31> , the value of u is % which is less than § .

Also, the value of v is 31, which is greater than 9. Therefore, a; ® a, = <31712 31> is

not an IFMN. Hence, Garg’s expression (1.2.8.1.1) to evaluate the multiplication of
two IFMNSs is not valid.

—(1— A A_
2{(1”(211/)’3)1 },(sz) 1> is obtained by

(b) The existing expression (1.2.8.1.2) i.e., a* = <

considering a; = a, in the existing expression (1.2.8.1.1) i.e, a1 Q@ a, =

<2{1—(1—u1v1)(1—u2v2)} (1+2vl)(1+2vZ)—1>
(1+2v)A+2vy)-1 ' 2 '

However, as discussed in (a) that the existing expression (1.2.8.1.1) is not valid.
Therefore, the existing expression (1.2.8.1.2) is also not valid.
2.1.8.2 Flaws of Garg’s expressions to evaluate the sum of IFMNs
In this section, with the help of numerical examples, the flaws of Garg’s

expressions to evaluate sum of IFMNs [66], discussed in Section 1.2.8.2, are pointed out.
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@) Leta; = (uy,vq) = <3,i> and a, = (u,,v,) = <4, §> be two IFMNSs. Then on applying

the existing expression (1.2.8.2.1),

_Ja+2p)(A+2u2)-1 2{1-(1—pgv))(A-pv)} a1
a @ a; = < 2 T (+2u)(1+2p)-1 > B <31’372>'

It is well known fact that if a = (u,v) is an IFMN then for 4 and v, the

conditions % <u,v<9 and uv <1 should necessarily be satisfied. However, it is
obvious that in, a; @ a, = (u,v) = <31,%> , the value of u is 31 which is greater
than 9. Also, the value of v is 31712 which is less than % Therefore, a; @ a, =

<31,31712> is not an IFMN. Hence, Garg’s expression (1.2.8.2.1) i.e., a; D a, =

<(1+2u1)(1+2u2)—1 ’ 2{1—(1—H1V1)(1‘”2V2)}> is not valid.
2 (1+2p)(1+2p2)-1
(+2pr-1 2{1-1-up)%
2 To(1+2pt-1

(b) The existing expression (1.2.8.2.2) i.e., da = < ) is obtained by

considering a; = a, in the existing expression (1.2.8.2.1) ie., a; D a, =

<(1+2u1)(1+2uz)—1 2{1—(1—u1vl)(1—u2v2)}>
2 T (+2p)(42p2)-1

However, as discussed that the existing expression (1.2.8.2.1) is not valid.

a+2w*-1 2{1-(1-p)}}
2 T (1+2p)t-1

Therefore, the existing expression (1.2.8.2.2) i.e., la = < > is also

not valid.
2.2 Flaws of existing expressions to evaluate the sum and multiplication of PFNs
In this section, the flaws of the expressions to evaluate the sum and multiplication
of PFNs [58, 62, 63, 67, 135], discussed in Section 1.3, are pointed out.
2.2.1 Flaws of Garg’s expressions to evaluate the sum of PFNs

In this section, the flaws of Garg’s expressions to evaluate the sum of PFNs [58],
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discussed in Section 1.3.1, are pointed out.
The expression (2.2.1.1) represents the generalized form of the existing expression

(1.3.1.1).

n 2 n .
Do Mg [Ti=1 Vi (2211)

ea?:l a; = n 2
DI e, (1v2)

The expression (2.2.1.1) and hence, the expression (1.3.1.1) as well as the
expression (1.3.1.2) are not valid due to the following reasons:

(i) The expression (2.2.1.1) can also be represented as the expression (2.2.1.2).

ST Vpl_[?=1vi

n — i=1Mi I£p

O =\ | e (2.2.1.2)
=R TR, (1-v])

If there exist a PFN a,, = (u,, v,) such that v, = 0 then,

0) HTil=1 Vi
Dy i#p

1+, w2’ 2
it [, o)

B < 1+, 1}’ 0>

This clearly indicates that the non-membership value of the sum of PFNs is only

n —
@i=1 a; =

depending upon the non-membership value of the PFN a,, = (u,, 0) and is independent

from the non-membership values of the remaining(n — 1) PFNs.

(i) If a=(u0) then wusing the existing expression (1.3.1.2) i.e.,

A = \/(1+u2)’1—(1—u2)’1 Vavh >
W@+ v (D)

_ | [@+pD)A-(1-p2)A
M, 0) = <\/ (+uD 2 +(1-pD)A O>'
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This clearly indicates that the multiplication of a PFN with a positive real number
A is only depending upon the IFN a = (u,0) and is independent from the value of A,
which is mathematically incorrect.
2.2.2 Flaws of Garg’s expressions to evaluate the multiplication of PFNs
In this section, the flaws of the expressions to evaluate the multiplication of PFNs,
discussed in Section 1.3.2, are pointed out.
The expression (2.2.2.1) represents the generalized form of the existing expression
(1.3.2.1),

T, wi i, vi
g = SV R O S8 2221
e 1+, (1-42) HIE v ( )

The expression (2.2.2.1) and hence, the expression (1.3.2.1) as well as the
expression (1.3.2.2) are not valid due to the following reasons:

Q) The expression (2.2.2.1) can also be represented as the expression (2.2.2.2).

p [Ti=q ti

n i#p Tt vi (2.2.2.2)
i=1 &i = ’ L.l
T e e NI

If there exist a PFN a,, = (u,, v;,) such that p,, = 0 then,

1+, v?

n 2
®?=1 al = <OJ Zi:l A >-
This clearly indicates that the membership value of multiplication of PFNs is only
depending upon the membership value of the PFN «,, = (0,v,) and is independent

from the membership values of tge remaining (n — 1) PFNSs.

(i) If @ = (0, v) then using the existing expression (1.3.2.2) i.e.,
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1 Vzpt (1+v2)ﬂ—(1—v2)1‘ 1 (1+2v)*-1
a = <W (1+v2)/1+(1—v2)/1>’ - <0f>
This clearly indicates that the positive power A of the PFN a = (0,v) is only
depending upon the PFN @ = (0, v) and is independent from the value of A, which
Is mathematically incorrect.
2.2.3 Flaws of Garg’s expressions to evaluate the multiplication of PFNs
In this section, the flaws of Garg’s expressions to evaluate the multiplication of
PFNs [67], discussed in Section 1.3.3, are pointed out.

The expression (2.2.3.1) represents the generalized form of the existing expression

(1.3.3.1),

a0 @ ay = < \/Z{H&l(l—v?)—n?:l(l—u%—v?)}’ J n?=1<1+v?)—n?=1(1—v%)> (2.23.1)

[, (A+vH)+TE, (1-vD) [, (A+vH)+T, (1-v?)

The expression (2.2.3.1) and hence, the expression (1.3.3.1) as well as the
expression (1.3.3.2) are not valid due to the following reasons:

(i) The expression (2.2.3.1) can also be represented as the expression (2.2.3.2).

20, (1—vH)-(1—ud—vH T 1_.2_.2} .
n o, = (s Gty g JH?=1(1+v?)—n?=1(1—v?)

LA =
=1 M, A+vA)+T, (1-v3) M, (1+vH+T, (1-v?)

(2.2.3.2)

If there exist an PFN a, = (1, v,)) such that pJ + v = 1 then,

20T, (1-vH)-a-D L (1_“1'2“’1'2)} \
n _ { L i::; \/ n LA+, (1-v?)

o =
=1 M, v+, (1-vD) MM, v +ITE, (1-vD)

\

:< \/ [T, (1)) \/?=1<1+v%>—n?=1(1—v?)>

[T, (v 4T, (-vE) A T, A +vD+HITE , (1-v7)
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This clearly indicates that the multiplication of PFNs is independent from the
membership values of PFNs, which is mathematically incorrect.
(ii) The expression (2.2.3.1) can also be represented as the expression (2.2.3.3).

n —
i=1 & =

2V, (1-vE)-(-m3—v) T, (1-pf-vD [T, (v -(1—vD) T, (1-vH)
i#p i#p i#p

M=, v+, (1-v)) T v+ -vp) T, (1-v)
i£p

(2.2.3.2)

If there exist a PFN a,, = (u,, v,) such that u,, = 0 and v, = 1 then,

2/ A-D T, (1-v2)-(1-0-DIIL, (1-pf =v3){ [T, (1+v3)-(-D T, (1-v7)
noog= i#p i#p i#p
e M (V) +ITL, (1-v7) M v+ Q=D I, (1-v7)
i£p

=(0,1).
This clearly indicates that the multiplication of PFNs is only depending upon the

PEN a, = (up,vp) = (0,1) and is independent from the remaining (n — 1) PFNs,

which is mathematically incorrect.

(iii) If a =(0,1) then using the existing expression (1.3.3.2),

\

—v2)A_(1—p2—y2)4 A_(1-p2)A
ot = <Jz{(1 v -(1-p2-v2)A  [a+vA)A-(1-v?) > —(0,1).

A+v2)A+(1-v2)A 7 A @+v2)A+(1-v2)2

This clearly indicates that the positive power A of the PFN a = (0,1) is only
depending upon the PFN a@ = (0,1) and is independent from the value of A, which

is mathematically incorrect.
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2.2.4 Flaws of Garg’s expressions to evaluate the multiplication of PFNs
In this section, the flaws of Garg’s expressions to evaluate the multiplication of
PFNs [62], discussed in Section 1.3.4, are pointed out.

(i) If @ = (1,0) then using the existing expression (1.3.4.3),

na = <\/1 — (1= u®)™, vl”>,

= <J1 — (1 —12)M, 07“7>

= (1,0).

This clearly indicates that the multiplication of the PFN a = (1,0) with a
positive real number A is only depending upon the PFN a = (1,0) and is
independent from the value of 4, which is mathematically incorrect.

(ii) If @ = (0,1) then using the existing expression (1.3.3.4).

a/ln — <‘uln’\/1 _ (1 _ VZ)/ln)’

= (01’7,\/1 -(1- 12)117‘)

=(0,1).

This clearly indicates that the positive power A of the PFN a = (0,1) is only
depending upon the PFN a = (0,1) and is independent from the value of A, which
is mathematically incorrect.

2.2.5 Flaws of Ma and Xu’s expressions to evaluate the multiplication of PFNs
In this section, with the help of numerical examples, the flaws of Ma and Xu’s
expressions to evaluate the multiplication of PFNs [135], discussed in Section 1.3.5,

are pointed out.
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The expression (2.2.5.1) represents the generalized form of existing expression

(1.3.5.1).

L= ( ML L ) (2.2.5.1)
[

1
Hln=1(1_‘ui2)+l_[ln=l ”iz]i [H?=1(1_Vi2)+n?=1 Viz]

N =

The expression (2.2.5.1) and hence, the expression (1.3.5.1) as well as the
expression (1.3.5.2) are not valid due to the following reasons:
(i) The expression (2.2.5.1) can also be represented as (2.2.5.2).

Hp H?:l M Vp H?:l Vi
Qiz1 a; = - T, - (2.2.5.2)
2

[Ty (1= 2)+IT 122 [T v+ v

ST

If there exist a PFN a,, = {u,, v,) such that u,, = 0 and v,, = 0 then,
then @, a; = (0,0).

This clearly indicates that the the multiplication of PFNs is only depending
upon the p™ PFN a, = (0,0) and is independent from the remaining (n — 1)
PFNs.

(i) If a=(0,0) then using the existing  expression  (1.3.5.2)

A A
al = . 1 - 1
[(1_”2)14_”21]7 [(1_V2)A+ Vzl]i

= (0, 0).

This clearly indicates that the positive power A of the PFN a = (0,0) is only
depending upon the PFN a = (0,0) and is independent from the value of A, which
is mathematically incorrect.

2.3 Flaws of existing expressions to evaluate the sum and multiplication of IVIFNs
In this section, the flaws of the expressions to evaluate the sum and multiplication of

IVIFNs [61, 68], discussed in Section 1.4, are pointed out.
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2.3.1 Flaws of Garg et al.’s expressions to evaluate the sum of IVIFNs
In this section, the flaws of Garg et al.’s expressions to evaluate sum of IVIFNs [68],
discussed in Section 1.4.1, are pointed out.
(i) The expression (2.3.1.1) represents the generalized form of the existing expression

(1.4.1.1).

O a; = <[ im 1+ - Dail -7, (1-a) M 1+ =Dl -TTE, (1-b) ]
1™ M, 1+ -Da;]+-D TR, (1-ap) T, [1+ G- Db+ (-1 [T, (1-b;)

I O-a-y M Aoaa]l i, (bo—y [T [1-bid) ]> (2.3.1.1)
o+ -Da]+@-D T, (1-a) ’ T, [1+-Dbi]+ - TR, (1-by) o

The following clearly indicates that the expression (2.3.1.1) and hence, the
expression (1.4.1.1) is not valid.

The expression (2.3.1.1) can also be represented as the expression (2.3.1.2).

Oiz,a; =
?:1[1+(V_1)ai]_(1_ap)H?=1(1_ai) ?:1[1+(V_1)bi]_(1_bp)H?=1(1_bi)
i#p i%p
1+-Dal+y-DA-ap) [T, A-a) ' [T, [1+-Dbi]+(y—1)A-bp) [T, (1-b) |
i#p i#p

lip lip
M, [1+G@-Da]+@-D TR, (1-ap)
ly(l bp) MTiza (1=bi)=y{1=bp—dp] Til=1[1_bi_di]J

[y(l ap) = (1-a)-y[1-ap—cp| [Ti=,[1-a;— -]l

(2.3.1.2)
i£p i#p

ML, [1+(r=Db]+(r-D T2, (1-by)

If there exist an IVIFN a, = ([a,, b,], [c),d,]) such that a, = b, =1 and ¢, =
d, =0 then ®,a; = ([1,1],[0,0]).
This clearly indicates that the sum of IVIFNs is only depending upon the IVIFN
= ([1,1],[0,0]) and is independent from the remaining (n — 1) IVIFNs.

(i) If @ = ([1,1],]0,0]) then using the existing expression (1.3.1.2),

M_([ [1+(y-Dal*-[1-a]* [1+(y-1)b]A-[1-b]* ]
T \1+-Dat+-D[1-alt’ [1+F-1Db]A+(y-1)[1-b]4
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[ y[1-al*-y[1-a—c}* y[1-b]*—y[1-b-d]* ]>
[1+@-Dal*+y-D[1-a]*’ [1+F-1Db]*+(y-1D)[1-b]*

= ([1,1],[0,0]).

This clearly indicates that the multiplication of the IVIFN a = ([1,1],[0,0])
with a positive real number A is only depending upon IFN a = ([1,1],[0,0]) and
is independent from the value of A, which is mathematically incorrect.

@iii) If y=1, A=2 and n =2 then the existing expression (1.4.1.1) will be
transformed into the expression (2.3.1.3).
a; @ az = ([1 - [T (1 — a), 1 =TT, (1 = b)),
(M- (1 = @) =TT — @ — o] TTE=y (1 = by) = TTE [1 — by = di]])
(2.3.1.3)
Now, let a; = ([0.65,0.73],[0.17,0.21]) and a, = ([0.50, 0.60], [0.35, 0.40])
be two IVIFNSs. Then, using the expression (2.3.1.3),
a; @ a, = ([0.8250,0.8920], [0.1480,0.1080])
It is well-known fact that for an IVIFN, a = ([a, b], [c, d]), the conditions a <
b,c < dand b + d < 1 should always be satisfied. However, it can be easily verified
that for a; @ a, = ([0.8250,0.8920], [0.1480,0.1080]) the condition ¢ < d is not
satisfying. Therefore, a; @ a, , obtained by the expression (2.3.1.3), is not an IVIFN.
Hence, the expression (2.3.1.1) is not valid.
2.3.2 Flaws of Garg et al.’s expressions to evaluate the multiplication of IVIFNs
In this section, the flaws of Garg et al.’s expressions to evaluate the multiplication of
IVIFNSs [61], discussed in Section 1.4.2, are pointed out.
(i) The expression (2.3.2.1) represents the generalized form of existing expression

(1.4.2.1).
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n :< v iz, (1-a) -y [T, [1-a—ci ¥ iz, A=b)—y MMz, [1-bi—di] ]
=L e[+ =Dag+-DIIL, (1-a) " [T, [1+G - Db+ - D ITL,(1-by)

[ M1+ -Dai-TTL,(1-a))] 7, [1+ @ -Dbi-TI%, (1-by)] ]) 2.3.2.1)
[+ -Da]+-D e, (1-ap) " [, [1+@-Dbil+ =D 17, (1-by) T
The following clearly indicates that the expression (2.3.2.1) and hence, the

expression (1.4.2.1) is not valid.

The expression (2.3..2.1) can also be represented as the expression (2.3..2.2).

n —_
i=1 & =

i£p i#p i=p n:p

L1+ -Da ]+ (- DT, (1-ay) ' a1+ r=Dbi ]+ (r—D 1=, (1-by)

[y(l—ap)H?=1(1—ai)—y[1—ap—cp]H?=1[1—ai cil v(1=bp) iz, (1=bp)~y[1-bp—dp] [T}, [1-b; dl]]

[n L [1+ - Da- T, (1-a)] Eal1+ (= Dbi~TIE, (1-b)] ]) (2.3.2.2)

1+(y Da;]+y- 1)1'[{‘ 1a-ap’ H?1[1+(V Db+— 1)1]{l 1(1-byp

If there exist an IVIFN a,, = ([a,, b,], [cp, dp]) such that a, = b, =0 and ¢,
d, = 1then, ®;.; a; = ([0,0],[1,1]).
This clearly indicates that the multiplication of IVIFNs is only depending upon
the IVIFN a,, = ([0,0], [1,1]) and is independent from the remaining (n — 1)
IVIFNs, which is mathematically incorrect.
(i) If « = ([0,0],[1,1]) then using the existing expression (1.4.2.2),

al=<[ ri-al'yli-a—cf y[1-b*-y[1-b-d}* ]
[+ (- Dal+ (- D[-a*’ [1+G-Db+ (- D[1-b]2

[ [1+(y-Dal*-[1-a]* [1+(-1b]*-[1-p]* ]>
[1+(y-Dal*+y-D[1-alt’ [1+(y-Db]A+(y-1)[1-b]4

= ([0,0], [1,1]).
This clearly indicates that the positive power A of the IVIFN «a =
([0,0],[1,1]) is only depending upon the IVIFN « = (][0,0],[1,1]) and is

independent from the value of A, which is mathematically incorrect.
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(iii) Ify =1, 1 = 2 and n = 2 then the existing expression (2.3.2.1) and (2.3.2.2)

will be transformed into the expression (2.3.2.3) and the expression (2.3.2.4)

respectively.

a @ ay = ([[T7=1(1 — a;) — [Ti=4[1 — a; — ;] [122,(1 — b)) — [T7=4[1 — b; —
di]l.[1 -T2, (1 —ap), 1 = [T=,(1 — b)) (2.3.2.3)
a?=([1—al*-[1—-a—-c]®2[1-b*-[1-b—-d]*],[1-[1—-a]?1-
[1—b]?])

(2.3.2.4)

Now, let a; = ([0.65,0.73],[0.17,0.21]) and a, = ([0.50, 0.60], [0.35, 0.40]) be
two IVIFNSs. Then,

a; ® a, = ([0.1480,0.1080], [0.8250, 0.8920]).

a;2 = ([ 0.0901,0.0693], [0.8775,0.9271])

It is well-known fact that for an IVIF number, a = ([a, b], [c, d]), the conditions
a<b,c<dandb+d<1should always be satisfied. However, it is obvious that
for a, ® a, = ([0.1480,0.1080], [0.8250, 0.8920]) and
a2 =([0.0901,0.0693],[0.8775,0.9271]), the condition a < b is not satisfying.
Therefore, a; ® a,, obtained by the expression (2.3.2.3), and
a;2 = ([ 0.0901,0.0693],[0.8775,0.9271]), obtained by the expression (2.3.2.4),
are not IVIFNs. Hence, the expression (2.3.2.1) and the expression (2.3.2.2) are not
valid.

2.4 Flaws of Nancy and Garg’s expressions to evaluate the sum of SVNNs
In this section, the flaws of Nancy and Garg’s expressions to evaluate the sum of
SVNNSs [147], discussed in Section 1.5.1, are pointed out.

The expression (2.4.1) represents the generalized form of the expression (1.5.1.1).
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n 1-a;_ n bj_
GO, a; = <1 — log; (1 + W),logl (1 + %),logl (1 +

l_[?=1(lci—1)
L )> A>1 2.4.1)

The expression (2.4.1) and hence, the expression (1.5.1.1) as well as the
expression (1.5.1.2) are not valid due to the following reasons:

(i) The expression (2.4.1) can also be represented as the expression (2.4.2).

n —_
@i=1a; =

1-—

Al—ap_l l—[‘inz—l ll—ai_l
log; (1 + ( )1_11( )),logl <1 +

(AP -1) M (2%1-1) (A%P-1) I @A¢i-1)
- log, (1+ R ) 2> 1 (242)

If there exist a SVNN a,, = ([ay, by, ¢p) such thata, =1, b, =0andc, =0
then, &, a; = (1,0,0).

This clearly indicates that the sum of SVNNSs is only depending upon the SVNN

a, = (1,0,0) and is independent from the remaining (n — 1) SVNNs, which is

mathematically incorrect.

(i)  If @ = (1,0,0) then using the existing expression (1.5.1.2),

n

_ (21-a-)" (2°-1) @e- >
na = <1 log,l (1 + a—pn-1 ); 108/‘1 (1 + (/1_1)11—1) 'log/l (1 + ()l—l)n_l) A >

0,
= (1,0,0).
This clearly indicates that the multiplication of the SVNN a = (1,0,0) with a
positive real number A is only depending upon the SVNN a = (1,0,0) and is independent

from the value of A, which is mathematically incorrect.
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(i)

Futhermore, the expression (2.4.3) represents the generalized form of the expression
(1.5.1.3).
M7, (A%-1) (a1 7Pi-1)

?=1Cll':<10g/‘1(1+T),1—10g1<1+_T),1—10g1(1+

i, (A1 ¢i-1) >
) a> 1 (2.4.3)

The expression (2.4.3) and hence, the expression (1.5.1.3) as well as the expression
(1.5.1.4) are not valid due to the following reasons:

The expression (2.4.3) can also be represented as the expression (2.4.4).

-1 [T (A%~ AVPp 1) [t (At Pi-1

@)

log, (1 + L > 1. (2.4.4)

If there exist a SVNNa,, = ([ay, by, c,) such that a, =0, b, =1 and ¢, =1 then,

(-1 [ (A% -1) (A-D (At bi-1)
ria = <log,1 (1 + ;_11 ), 1 —log; (1 + /11_1 ),1 —

D)
log; (1 + e ))=(011)

This clearly indicates that the sum of SVNNs is only depending upon the SVNN
ap, =(0,1,1) and is independent from the remaining (n—1) SVNNs, which is
mathematically incorrect.

(iii)  If @ = (0,1,1) then using the existing expression (2.4.4),

n_ @a%-nmy L wb-0)" o s >
a” = <10g)L (1 + (/1—1)”_1) 1 log/l (1 + (A-1n-1 )’ 1 logl 1+ @A-pn-1 JJ°

a-pr a-n"

= <log,1 (1+ —(A_l)n_l) 1 —logy (1+ m),l —logs (1 + %»

=(0,1,1).
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This clearly indicates that the positive power A of a SVNN is only depending upon
the SVNN a =(0,1,1) and is independent from the value of A, which is
mathematically incorrect.

2.5 Invalidity of IFW, IFMW PFW, IVIFW, SVNW and SVNHFOW aggregation

operators

In this section, it is shown that the IFW, IFMW, PFW, IVIFW, SVNW and
SVNHFOW aggregation operators [28, 56, 60-62, 63, 65-68, 88, 134, 135, 147, 156, 204,
208, 223], discussed in Section 1.2 to Section 1.5, are not valid.

The following steps are used to define the IFWAO (IFWGO), IFMWAO
(IFMWGO), PFWAO (PFWGO), IVIFWAO (IVIFWGO), SVNWAO and
SVNHOFWAO discussed in Section 1.2.

Step 1: Define an expression to evaluate sum (multiplication) of n IFNs, IFMNs, PFNs,
IVIFNs, SVNNs, SVNHFNs i.e., to evaluate @~ a; (Qi=; ;).

Step 2: Replacing a; by @ and n by A in the expression @;-, a; (1L, a;), the expression
to evaluate Aa (%) is obtained.

Step 3: Replacing A by w; and & by «; in the expression to evaluate Aa (a?), the
expression to evaluate w;a; (a; i) is obtained.

Step 4: Replacing a; by w;a; (a; %) in the expression to evaluate @], a;(Qi-; @;), the
IFWAO (IFWGO), IFMWAO (IFMWGO), PFWAO (PFWGO), IVIFWAO
(IVIFWGO), SVNWAO and SVNHFOWAO, discussed in Section 1.2, are
obtained.

It is obvious from Step 2 that the expression to evaluate Aa(a?) is obtained by

replacing the natural number n with A. Therefore, the expression to evaluate Aa (a?)
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cannot be used only if A is not a natural number.

While, in Step 3 the expression to evaluate Aa () has been used to evaluate
w;ia; (a;"1), where, w; is not a natural number. Therefore, the expression to evaluate
w;a; (a;"?), obtained in Step 3, is not valid.

Hence, the IFWAO (IFWGO), IFMWAO (IFMWGO), PFWAO (PFWGO),
IVIFWAO (IVIFWGO), SVNWAO and SVNHFOWAO i.e., ™, a;w; (@™, a;"),
obtained in Step 4, are not valid.

Furthermore, it is pertinent to mention that any generalized expression of the crisp
weighted averaging operator and the crisp weighted geometric operator will not be
valid if the generalized expression does not satisfy the monotonicity property.

In this section, with the help of examples, it is shown that the aggregation
operators of various extensions of FS, discussed in Section 1.2, are not satisfying the
monotonicity property. Therefore, these aggregation operators are not valid.

(1) If a; and b; (i = 1,2, ...,n) are real numbers such that a; < b; forall i = 1,2, ...,n,
then the weighted arithmetic mean of a;, i = 1,2, ..., n will always be less than or
equal to the weighted arithmetic mean of b;, i =12,..,n ie, Xt wa; <
Yi=1 Wib;.
where, w; represents the weight corresponding to i® real numbers a;, b; and

satisfies
the conditions w; > 0, YL, w; = 1.
This property is called the monotonicity property of crisp weighted averaging
operator.
(2) If a; and b; (i =1,2,...,n) are positive real numbers such that a; < b; for all

i =1,2,...,n, then the crisp weighted geometric mean of a;, i = 1,2, ...,n will
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always be less than or equal to the crisp weighted geometric mean of b;, i =
1,2,..,ni.e.,
1 < [T b™
where, w; represents the weight corresponding to the it* real numbers a;, b; and
satisfies the conditions w; = 0, Y7, w; = 1.

This property is called the monotonicity property of the crisp aggregation
operators (crisp weighted averaging operator and crisp weighted geometric
operator).

If in the crisp weighted averaging operator and crisp weighted geometric operator,

the real numbers a; and b; are replaced with

(i) The IFNs a; = (u;,v;) and f; = (u;,v;) then a; < B; = @, wia; < O, wif; is
called the monotonicity property for the IFWAO and a; < f; = ®?=1a;”i <
7, B;" is called the monotonicity property for the IFWGO.

(i) The IFMNs a; = (u;, v;) and B; = (u;,v;) then a; < B; = ®L wia; < Yim, wif; is
called the monotonicity property for the IFMWAO and a; < f; = ®?=1a;”i <
®?=1ﬁl.wi is called the monotonicity property for the IFMWGO.

(iii) The IVIFNs a; = ([wi1, tiz), [Vin, viz]) and B; = ([win, iz], [vin vio]) then a; < B;
= @, w;a; < XL, w;B; is called the monotonicity property for the IVIFWAO and
a<B = ®Lia < ®L,B" is called the monotonicity property for the
IVIFWGO.

(iv) The PENs a; = (u;,v;) and B; = (u;,v;) then a; < f; = @i wia; < iy wif; is
called the monotonicity property for the PFWAO and a; < B; = ®?=1a;”i <

®?=1ﬁ2""' is called the monotonicity property for the PFWGO.
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(v) The SVNNs a; =(T;, I;,F;) and B; =(T/,I;,F/) then a; <pB; = @, wia; <
Y=, w;B; is called the monotonicity property for the SVNWAO and a; < 8; =
QL. a;"t < @B, is called the monotonicity property for the SVNWGO.

2.5.1 Invalidity of IFW aggregation operators

In this section, it is shown that the IFW aggregation operators, discussed in

Section 1.2.1, are not satisfying the monotonicity property. Hence, the IFW aggregation

operators, discussed in Section 1.2.1, are not valid.

2.5.1.1 Invalidity of Xu and Yager’s IFWGO

Xu and Yager [208, Section 3.2, Theorem 6, pp. 425] stated the monotonicity

property as follows:
“Let a; = [pg,, 1 —vg,]and B =[up,,1—vp], i=12,..,n be the collections of
IFNS. If pg, < pp, and vy, = vg, forall i = 1,2,...,n. Then, L ;"' < QLB

This statement may be rewritten as:
“Let a; = [pa,, 1 —vg,]and B; = [ug,,1—vp], i =12,..,n be the collections of
IFNs.

Q) If pe, < up, and vy, >vp for i €S, e, <pg, and v, =vp for i €T,
Ha; < pp, and vy, >vg for i€V , where, SUTUV ={12..,n} and
SNTNV =0.Then, @, < QL,B;""".

(i)  Ifpg, = pp and vy, =vg forall i = 1,2,...,n. Then, @ ;" = @, 5,

In actual case, the monotonicity property is stated as follows:
(i) If a; < g foralli = 1,2,...,n. Then, ®L a;" < QL8

(i) IMfa;=pforalli=12,..,n Then, ®L a;" = QLB
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It is obvious from the above two statements that Xu and Yager [208] have
assumed that the relation a; < f; hold if u, < pug, and v, >vg or u, < g and
Va; = Vp,OF [hg, < g, and Vg, > vg. ie., the IFN a; = [ig, , 1 — 4, ] Will be less than or
equal to the IFN B; = [ug,, 1 —vg | if pg, < ppg and vy, > vg, OF pg, < pg, and vy, >
Vg,0f U, < Ug, and vy, > vg,.

While, as discussed in Section 1.6.1, Xu and Yager [208] have stated that the
relation, a; < B; hold if wug, —ve, < up, — Vg,Or Ug, + Vo, < tp, + Vg, if Uy, — vy, =
np, — vp, as there exist several IFNs which cannot be compared by considering the
relation a; < B; if pg, < ppg, and vy, > v, OF g, < pp, and vy, = vp.0r pg, < up, and
Va, > Vp,e.0., if ay =g, 1—v,,]=1[01,0.7] and By = [up, ,1—vp,] =[0.2,0.6]
I.e., g, = 0.1, up, = 0.2,v,, = 0.3 and vz, = 0.4. Then, according to the relation, a; <
Bi if o, < pp, and vy, > vp, Or g, < ppg and vy, = v Or Uy, < ug, and vy, > vg, neither
a, < [ nora; > f;.

The above clearly indicates Xu and Yager [208] have used the following method
to state the monotonicity property.

a; < Bi = Ua; — Vo, < U, — Vg, = Hay < Up, aNd Vg, > Vg OF pg < g and
Vg, = Vg0 lg, < pp and vg, > vp..

However, the following example clearly indicates that

Ba; = Va; < g, — Vg, P Hay < Up, aNd vg, > v OF pg < pg. and vy, = vgor

Ko, < Up, and vy, > vp..
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If oy = [pg,, 1 —ve,| =10.1,09],a; = [1g, , 1 —vy,| =[0.3,0.8] then, p,, — vy, =
0.1-0.1=0 is less than p,, —v,, = 0.3 — 0.2 = 0.1. While, u,, = 0.1 is less than
He, = 0.3 aswell as v, = 0.1 is less than v,, = 0.2.

The following example also validates that the monotonicity property is not
satisfying for Xu and Yager’s IFWGO [208]. Hence, Xu and Yager’s IFWGO [208] is not
valid.

Let a; =[u;,1—v4]=1008], a,=[uy1—v,]=1[0109] and p;=
[u, 1 —vi] =[0,0.9] and B, = [u3, 1 — v5] = [0.3,0.8] be collection of IFNSs.

Then, using the comparing method, discussed in Section 1.6.1,

(i) a; =[u1, 1 —v1] =[0,0.8] is less than B, = [u3,1 —v;] =[0,09] as u; — v, =

0—-0.2=-0.2islessthany; —v; =0—-0.1 = —0.1.

(i) @y = [pp, 1 —v,] =[0.1,09] is less than B, =[u3 1—vy] =1[0.3,0.8] as

U, —v, =0.1—-0.9 =—-0.8is less than u; —v; = 0.3 — 0.8 = —0.5.

Since, a; < B; and a, < B,. So, according to the monotonicity property, the relation
a) ' ®ay? < '@, should hold.

While, if w; = w, = 0.5, then using the expression (1.1.1.3) i.e., Qj=; (a)"i =
(MM g 1 =TT (U = v)™e]) = [Ty g T (1 = v ¥i],

@ ®ay? = B @B, =[0,(1-0.2)>3(1 - 0.1)*°] = [0,0.84853].

This clearly indicates that for the IFWGO (1.1.1.3), proposed by Xu and Yager
[208], the monotonicity property is not satisfying. Hence, the IFWGO (1.1.1.3), proposed
by Xu and Yager [208], is not valid.
2.5.1.2 Invalidity of Xu’s IFWAO

Xu [204, Theorem 3.5, pp. 1184] stated the monotonicity property as follows:
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“Let a; = [pta; 1 — Vg, and B; = [up,, 1 —vp], i =12,..,n be the collections of
IFNs. If u, <pp and vy =vg for all i=12,..,n. Then, B, W) <
=1 (W)

This statement may be rewritten as:

“Let a; = [fa, 1 —vg,]and B; = [ug,,1—vp], i =12, ..,n be the collections of
IFNSs.

(i) If pe, <ppg, and vy, >vp for i €S, ug, <ppg, and vy, =vp for i €T,
Ha; < pp, and vy, >vp for i€V , where, SUTUV ={1.2,..,n} and
SNTNV =@.Then, ®L; w;a;) <P, (W)

(i) If pe, =wup, and vy, =vp for all i=1.2,..,n Then, B, (way) =

i=1 (WiBy).

In actual case, the monotonicity property is stated as follows:

(i) Ifa; < B;foralli =1,2,..,n. Then, @Y, (w;a;) <Bi=; (w;5)”.

(i) Ifa; = B; foralli = 1,2,..,n Then, @, (w;a;) =B, (W;5:)”.

It is obvious from the above two statements that Xu [204] has assumed that the
relation a; < B; hold if u,, < pg, and vy, > vg, O pg, < ppg, and vy, = vg.0r g, < ug,
and v, > vp, i€, the IFN a; = |4, , 1 —vg,] Will be less than or equal to the IFN
Bi = ['“ﬁi ,1— Vﬂi] if pe, < ppg, and vy, >vg, Or ug, < pg, and vy, = v or g, < ug,
and vy, > vg,.

While, as discussed in Section 1.6.1, Xu [204] has stated that the relation, a; < S;
= up, — v, as there

hold if pg, — Ve, < g, —VgOr Ug, + Vo, < ppg, + Vg, If Ug, — Vg,

1

exist several IFNs which cannot be compared by considering the relation «; < g; if
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Ha, < tp, and vy, > vp, OF pg. < g, and vy, = vg.OF g, < ppg and vq, > vp, €.,
if & =[pg,,1—vg,]=1001,07] and a; = [tg, 1 —v,e,]| =1[0.2,0.6] i, pg, =
0.1, 44, = 0.2,v,, = 0.3 and v,, = 0.4. Then, according to the relation, a; < g; if
Ha; < Up, and v, >vp OF ug < pp and vy, =vgor u, < pg and v, > vg neither
a; < B nor a; > B;

The above clearly indicates Xu [204] has used the following method to state the
monotonicity property.

a; < i > Ugy — Vo, < Up, — Vg, = Ha; < Mp, aNd v, > vp OF g < g and
Vg, = Vg,Of tg, < ug, and vy, > vp,.

However, the following example clearly indicates that

Ha; — Vo, < g, — Vg, P ey, < Up, AN Vg, > vp OF pg, < ppg and vy, = vgor
He; < tp, and vg, > vg..

If ;= |pa, 1= Ve, | =1[0.1,09],a; = [ta,, 1—v,,] =1[0.3,0.8] then,
Ko, — Ve, = 0.1 —0.1 =0 is less than u,, — v, = 0.3 — 0.2 = 0.1. While, p, =0.1
is less than u,, = 0.3 as well as v,, = 0.1 is less than v,, = 0.2.

The following example also validates that the monotonicity property is not satisfying for
Xu’s IFWAOQ [204]. Hence, Xu’s IFWAOQ [204] is not valid.

Let a; =[p,1—v1]=1[021], a,=[u;1—-v,]=[040.6] and B, =
[u3, 1 —v;] =[0.4,09] and B, =[uj 1—vy] =[0.2,1] be collection of IFNs.
Furthermore, let w; = w, = 0.5.

Then, using the comparing method, discussed in Section 1.6.2,

(i) a; =[u, 1 —v4] =[0.2,1] is less than By = [u3,1 —v;] =[0.4,09] as p; —

v; =02-0=0.2is lessthan y; —v; = 0.4 — 0.1 = 0.3.
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(i) @y = [uy, 1 —v,] =[0.4,0.6] is less than B, = [u3, 1 —vy] =[0.2,1] as u, —
v, =04 —0.4 =0islessthan u; — v, = 0.2 — 0.0 = 0.2.

Since, a; < B; and a, < 5. So, according to the monotonicity property, the relation
wia®w,a, < wy 0w, S, should hold.

While, using the expression (1.2.2.3) ie, @, wWa) =1 -IL,1 -
)™ T v = [1 =TT (1 — )™, 1 =TT v,
w1 Owra, = w1 @Ow, B, = [1 - (1-0.2)*°(1-04)°%,1] =
[1—(0.8)%°(0.6)°°,1] = [0.30718, 1].

This clearly indicates that for the IFWAO (1.1.2.3), proposed by Xu [204], the
monotonicity property is not satisfying. Hence, the IFWAO (1.1.1.3), proposed by Xu
[204], is not valid.
2.5.1.3 Invalidity of He et al.’s IFWGO

He et al. [88, Section 4.2, Theorem 7, pp. 149] has stated the monotonicity
property as follows:
“Let a; = (Uq, Vo) and B; =(up,,1—vg), i=12,..,n be collections of IFNs. If
Ha; + Vo, < pig, +vp, and vy, = vg forall i = 1,2,...,n. Then, L, a;" < @, 5.
This statement may be rewritten as:
“Let a; = (Hq,; , Vg,) and B; = (ug,, 1 —vg,) , i = 1,2,...,n be collections of IFNs.
(i) If po, +va, <pp, +vp and vy, >vp for i €S, ug, + vy, < ug, +vp, and
Vo, > vgfor i €T, pg +vo, <ppg, +vgand v, =vp for i€V , where,
SUTUV ={12,..,n}andSNT NV =@.Then, ®,a;" < QL5
(ii) If o, + Vo, = 1p, +vp, and vq, = v forall i = 1,2,...,n. Then, QL at =

n Wiss
®i=1ﬁi .
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In actual case, the monotonicity property is stated as follows:
(i) If a; < ; foralli = 1,2,...,n. Then, L, a;"" < %, B;"".
(i) Mfa;=p;foralli=12,..,n Then, ®L a;" = QLB

It is obvious from the above two statements that He et al. [88] have assumed that
the relation a; < B; hold if g, + ve, < pp +vg and vy, > vp OF g, + Ve, < ug, + vp,
and vq, > vp, OF Ug, + Vg, < Hp, +vgand vq, = v ie., the IFN a; = (ug, , vg,) Will be
less than the IFN B; = (up, ,vp, ) if pq, + Ve, < g, + Vg, and vy, > vp, OF pg, + vy, <
g, + Vg, and vy, > Vg, OF Ug, + Vg, < Up, +vgand vy, = vp,.

While, as discussed in Section 1.6.3, He et al. [88] have stated that the relation,
a; < By hold if pg, —ve, <ppg —VvpOr Ug + Ve, < g +vp, If pe — Ve, = g, — vp,
as there exist several IFNs which cannot be compared by considering the relation a; < ;
if ug, + Ve, <up, +vg, and vg, > vp OF g, + vy, < pg, +vp, and vy, > vg, OF g, +
Vo, < Hp, tvgand vy, =vp. €0, if ay = (g, ,ve,) =(0.1,0.3) and a; = (Uq, ,Va,) =
(0.2,0.4) i.e., py, =0.1,u,, =0.2,v,, = 0.3 and v,, = 0.4. Then, according to the
relation, a; < B; if pg, +ve, < g, +vp, and vy, >vg OF pg, + Vg, < ug, + v, and
Va, > Vg, OF g, + Vg, < g, + vgand vy, = vg. neither ay < B, nor a; > B;.

The above clearly indicates He et al. [88] have used the following method to state
the monotonicity property.

a; < Bi = o, = Va; < U, — Vg, = Ha; + Vo, < Up, +Vp, and vy, >
Vg, OF g, + Vg, < U, + Vg and vy, > vg OF g, + Vo, < U, + Vg and v, = vg.

However, the following example clearly indicates that
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Pa; — Va, < U, — Vg, P Ha; + Vo, < Up, + Vg, and vy, > Vg, OT lg, + vy, <
Up, +vg, and vy, > vg Or Uy, + Ve, < g +vgand vy = vg.

If @y = (uq,vq) =40.1,0.1), @, = (uy,v,) =(0.3,0.2) then, yy —v; =01-01=0is
less than p, —v, =0.3—-0.2=0.1. While, p;+v; =01+4+0.1=0.2 is less than
Uy, +v, = 0.3+ 0.2 =0.5aswell asv; = 0.1 is less than v, = 0.2.

The following example also validates that the monotonicity property is not
satisfying for He et al.’s IFWGO [88]. Hence, He et al.’s IFWGO [88] is not valid.

Let a; = (uy,v1) =(0.7,03), ay =(uz,v,) =(0.4,02) and By = (uy,vi) =
(0.8,0.2) and B, = (u3,vy) = (0.6,0.3) be collection of IFNs. Furthermore, let w, =
w, = 0.5.

Then, using the comparing method, discussed in Section 1.6.3,

(i) a; = {uqy,vy) =(0.7,0.3) is less than B, = (uj,vy) =(0.8,0.2) as u; —v; =

0.7 —0.3 = 0.4 is less than u; —v; = 0.8 — 0.2 = 0.6.

(i) ay = ay = (uy,v,) =(0.4,0.2) is less than B, = (uj,vy) = (0.6,0.3) as u, —

v, = 0.4 —0.2 =0.2is less than u;, —v; = 0.6 — 0.3 = 0.3.

Since, a; < B; and a, < 5. So, according to the monotonicity property, the relation
a'Qay? < B*®B5* should hold.
While, using the expression (1.2.3.3) i.e., (@)= ([T, (1 —v)Wi -
ma(1 = D))" 1 = T, (1 — v) ™)
a; ' @ay? = B ®B, =((1-0.3)"°(1-0.2)°5,1 - (1-0.3)"5(1-0.2)°%) =

(0.74833,0.25166).
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This clearly indicates that for the IFWGO (1.2.3.3), proposed by He et al. [88], the
monotonicity property is not satisfying. Hence, the IFWGO (1.2.3.3), proposed by He et
al. [88], is not valid.
2.5.1.4 Invalidity of Yu’s IFWAO

Yu [223] has not stated the monotonicity property. However, the following
example also validates that the monotonicity property is not satisfying for Yu’s IFWAO
[223]. Hence, Yu’s IFWAO [223] is not valid.

Let a; = (uqy,vq1) =(0.2,0.8), a, = (uy,vy) =(0.3,0.6) and By = (u3,vy) =
(0.3,0.7) and B, = (u3,v4) = (0.2,0.4) be collection of IFNs.

Then, using the comparing method, discussed in Section 1.6.3,

(i) a; = (uqg,vq) =(0.2,0.8) is less than B; = (ui,vi) =(0.3,0.7) as u; — vy =

0.2 — 0.8 =—-0.61islessthan u; —v; = 0.3 — 0.7 = 0.4.

(i) ay, = ay = (uy,vy) =(0.3,0.6) is less than B, = (u3,vy) = (0.2,0.4) as u, —

v, =03 —-0.6 =—0.3islessthan u; — v, = 0.2 — 0.4 = —0.2.

Since, a; < B; and a, < B,. So, according to the monotonicity property, the relation
wia,®w,a, < w,;®&w, B, should hold.

While, if w; = w, = 0.5 then using the expression (1.2.4.3) i.e., ®-,w;a; =
(1= Ty (1 = ) Tl (1 = )™ = T (1 = Gaetw)) ™),

wia, ®w,a, = w1 ®w,B, = (1 — (1 —0.2)%°(1-0.3)%%,(1 - 0.2)%5(1 -
0.3)%5) = (0.25167,0.74833)
This clearly indicates that for the IFWAO (1.2.4.3), proposed by Yu [223], the
monotonicity property is not satisfying. Hence, the IFWGO (1.2.4.3), proposed by Yu

[223], is not valid.
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2.5.1.5 Invalidity of Chen and Cheng’s IFWGO
Chen and Chang [28] has not stated the monotonicity property. However, the
following example validates that the monotonicity property is not satisfying for Chen and
Chang’s IFWGO [28]. Hence, Chen and Chang’s IFWGO [28] is not valid.
Let a; = (uy,v1) =(0.2,0.8), a, ={(uy,vy)=(0.3,0.6) and By = (u3,vy) =
(0.3,0.7) and B, = {(u3, v5) = (0.2, 0.4) be collection of IFNSs.
Then, using the comparing method, discussed in Section 1.6.5,
() a; = (uqy,vq) =(0.2,0.8) is less than B; = (ui,vi) =(0.3,0.7) as u; — v, =
0.2 —0.8=—0.6islessthan u; —v; = 0.3 — 0.7 = 0.4.
(1) @y = (uz,v,) = (0.3,0.6) is less than B, = (uj,v3) =(0.2,0.4) as p, —v, =
0.3 —0.6 = —0.3is lessthan u; —v; = 0.2 — 0.4 = —0.2.

Since, a; < B; and a, < 5. So, according to the monotonicity property, the relation

a;'®a,? < B"*®pB, * should hold.
While, if w; = w, = 0.5 then using the expression (1.1.5.3) i.e., Qi=; (a))"i =
(1 =TTy (1 = )6 T (1 = i)™ =TT (1 = Qi) ™),
a;'@a,? = B @B, = (1—(1-0.2)"°(1-0.3)",(1-0.2)"°(1 -
0.3)%%) = (0.25166, 0.74833).

This clearly indicates that for the IFWGO (1.2.5.3), proposed by Chen and Chang
[28], the monotonicity property is not satisfying. Hence, the IFWGO (1.2.5.3), proposed
by Chen and Chang [28], is not valid.
2.5.1.6 Invalidity of Garg’s IFWAO

Garg [65, Section 3, Property 3.3, pp. 169] has stated the monotonicity property

but not proved it. However, the following example validates that the monotonicity
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property is not satisfying for Garg’s IFWAO [65]. Hence, Garg’s IFWAO [65] is not
valid.

Let a; = (us,v1) =(0.5,0.5), a, = (uy,vy) =(0.6,0.3), B; = (uy,v1)=(0.6,0.4)
and B, = (u3,v3) =(0.5,0.1) be four IFNs. Then, using the comparing method,
discussed in Section 1.5.1,

(i) a; = (uqy,vq1) =(0.5,0.5) is less than B; = (ui,vi) =(0.6,0.4) as u; — v, =

0.5—-0.5=0.0islessthan u; —v; = 0.6 — 0.4 = 0.2.
(i) ay = (uy, vo) = (0.6,0.3) is less than B, = (u3,vy) =(0.5,0.1) as pu; —v; =
0.6 — 0.3 =0.3islessthanto u; —v; = 0.5—-0.1 = 0.4.

Since, a; < B; and a, < B,. So, according to the monotonicity property, the relation

wia,®w,a, < w, B ®&w, B, should hold.

While, if w; = w, = 0.5 then using the expression (1.2.6.3) i.e., ®i=; (w;a;) =

<H?=1(1+m)wi—m;l(l—m)wi Z{H?=1(1—m)wi—H?=1(1—ui—vi)‘”i}>
)i ()i )V -pWe [

wyaBwya, = wy 10w, f, =

<(1+0.5)°'5(1+0.6)°'5—(1—0.5)0'5(1—0.6)0'5 2{(1-0.5)°5(1-0.6)%-5} > _
(140.5)95(1+0.6)95+(1-0.5)0-5(1-0.6)05 ’ (140.5)0-5(1+0.6)95+(1-0.5)05(1-0.6)05

(0.55198,0.44802).
This clearly indicates that for IFWAO, proposed by Garg [65], the monotonicity
property is not satisfying. Hence, the IFWAO, proposed by Garg [65], is not valid.
2.5.1.7 Invalidity of Garg’s IFWGO
Garg [60] has not stated the monotonicity property. However, the following
example validates that the monotonicity property is not satisfying for Garg’s IFWGO

[60]. Hence, Garg’s IFWGO [60] is not valid.
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Let a; = (ug,vi) =(0.50.5), ay =(uy,Vvy) =(0.1,04), By ={(u,vy) =
(0.6,0.4) and B, = (u3,v5) = (0.3,0.5) be four IFNs. Then, using the comparing method,
discussed in Section 1.6.1,

() a; ={(uqy,vq1) =(0.5,0.5) is less than B; = (ui,vi) =(0.6,0.4) as u; — v, =

0.5—0.5=0.01is less than u; —v; = 0.6 — 0.4 = 0.2.

(i) @y = (uy, vo) = (0.1,0.4) is less than B, = (u3,v5) =(0.3,0.5) as u, —v, =

0.1 — 0.4 = —0.3isless than u; —v; = 0.3 - 0.5 = —0.2.

Since, a; < B; and a, < fB,. So, according to the monotonicity property, the relation
a;'®a,? < B"*®pB,’* should hold.

While, if w; =w, =0.5 then using the expression (1.2.7.3) i.e., ®&; a;"i =

<2{H?=1(1_Vi)wi_H?zl(l_ﬂi_vi)wi} H?=1(1+Vi)wi_H?=1(1_Vi)wi>
T LV Vit TE (A—v)%i T, (v Wi T, (v Wi

a‘1/V1 ®C¥;VZ — B;ﬁ ®ﬁ;"2 —

< 2{(1-0.4)%5(1-0.5)°5} (1+0.4)°-5(1+o.5)°-5—(1—0.4)0-5(1—0.5)0-5> _
(140.4)0-5(140.5)0-5+(1-0.4)95(1—0.5)05’ (1+0.4)95(1+0.5)05+(1-0.4)0-5(1-0.5)0-5[ —

(0.54858,0.45142).

This clearly indicates that for IFWGO, proposed by Garg [60], the monotonicity
property is not satisfying. Hence, the IFWGO, proposed by Garg [60], is not valid.
2.5.1.8 Invalidity of IFMW aggregation operators

In this section, it is shown that the IFMW aggregation operators [56, 66, 156],
discussed in Section 1.2.7, are not valid.
2.5.1.8.1 Invalidity of Garg’s IFMWGO

In Section 2.1.8.1, it is shown that the multiplication of two IFMNs is not

necessarily an IFMN i.e., Garg’s expression (1.2.8.1.1) to evaluate the multiplication of
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two IFMNSs is not valid. Since, the IFMWGO (1.2.8.1.3) is fully based upon the
expression (1.2.8.1.1). Therefore, the the IFMWGO (1.2.8.1.3) is also not valid.
2.5.1.8.2 Invalidity of Garg’s IFMWAO
In Section 2.1.8.2, it is shown that the sum of two IFMNSs is not necessarily an
IFMN i.e., Garg’s expression (1.2.8.2.1) to evaluate the multiplication of two IFMNs is
not valid. Since, the IFMWGO (1.2.8.2.3) is fully based upon the expression (1.2.8.2.1).
Therefore, the IFMWGO (1.2.8.2.3) is also not valid.
2.5.1.8.3 Invalidity of the IMWAO and the IMWGO proposed by Qian and Niu
Qian and Niu [156, Property 4.2, pp. 2864] has stated the monotonicity property
as follows:
“Let a; = (Ug, Ve ) and B; =(up,vp,), i =12,..,n be collections of IFMNs. If
Mo, < pg and vy, > vp foralli = 1,2,..,n. Then, @ ;" < @B,
This statement may be rewritten as:
“Let a; = (U, Vo) and B; = (ug, vp,) i = 1,2,...,n be collections of IFMNs
Q) If o, <wp, and vy, >vg, for i €S, pug, <pg, and vy, =vp, for i €T,
Ha; < lp, and vq, >vp  for i€V , where, SUTUV ={12,..,n} and
SNTNV =0.Then, ;" < Q5"
(i)  Ifpg, = pp and vy, =vg foralli = 1,2,...,n. Then, L a;" = @, 5,
In actual case, the monotonicity property is stated as follows:
(i) If a; < g foralli = 1,2,...,n. Then, ®L a;" < QL8
(i) IMfa;=pforalli=12,..,n Then, @, a;" = QLB
It is obvious from the above two statements that Qian and Niu[156] have assumed

that the relation ; < B; hold if gy, < pg and vy, > vp, or g, < pp and v, = vp or
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Ha;, < tp, and v, > vg i€, the IFMN a; = (uq, ,ve,) Will be less than or equal to the
IFMN B; = (ug, , vg,) if o, < ppg, and vy, > vg OF pg, < pg, and vy, = vp, OF ug. < g,
and vg, > vg..

While, as discussed in Section 1.6.11, Qian and Niu [156] have stated that the

relation, a; < B; hold if ?<% as there exist several IFMNs which cannot be

a  VB;
compared by considering the relation a; < f; if ug, < up and vy, > vg, or g, < up, and
Vg, = Vg, OF Ug, < ppg, and vy, >vp eg., if a; = (Ug, ,Ve,) =€0.1,0.3) and p; =
(ug, ,vg,) =(0.2,0.4) e, pe =0.1,uz =02,v, =03 and vg =0.4. Then,
according to the relation, a; < B; if g, < pp, and vy, > vg, O g, < pp, and vy, = vp, or
Ha; < pg; and vq, > vp , neither a; < By nor a; > ;.
The above clearly indicates Qian and Niu [156] have used the following method to

state the monotonicity property.

Ha; Up;
a, < B; = v—‘ < V—B‘ = Ug, < P, aNd vy, > Vg OF g, < ppg and vy, = vg, OF g, < Ug,
i

@
and vy, > vg,.

However, the following example clearly indicates that

Va

Ha; ug;
—f < v_,; # U, < pp, and v, >vp OF pg < ppg and v, =vg O g < pg and

i i
Va,i > vﬁi .

1 11 12 1.
If a; = (g, ,Va,) = <Z'1>’31 = (ug, ,vg,) = <E'E> then, v;"l = 7 is less than

ay

By _ 1
VB1

While, uq, = i is greater than ug, = %as well as v, = 1is greater than vg, = %

Therefore, the statement and hence the proof of the monotonicity property,

proposed by Qian and Niu [156, Sec. 4, Property 4.2, pp. 2864], is not valid.
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2.5.2 Invalidity of PFW aggregation operators

In this section, with the help of examples, it is shown that the PFW aggregation
operators [58, 62, 63, 67, 135], discussed in Section 1.3, are not satisfying the
monotonicity property. Hence, these aggregation operators are not valid.
2.5.2.1 Invalidity of Garg’s PFWAO

Garg [58, Property 4.1, pp. 904] has stated the monotonicity property but not
proved it. However, the following example clearly indicates that the monotonicity
property is not satisfying for Garg’s PFWAO (1.3.1.3). Hence, Garg’s PFWAO (1.3.1.3)
is not valid.

Let a; =(ug,vi) =(0.1,0.0), a, = (uy,vy) =(0.3,04), By =(uy,vy) =
(0.3,0.0) and B, = (u3,v5) =(0.1,0.2) be four PFNs. Then, using the comparing
method, discussed in Section 1.6.9,

(i) a; = (uy,vy) =(0.1,0.0) is less than S; = (uj,vi) = (0.3,0.0) as u? —v? =

0.01 — 0.0 = 0.01 is less than (u})? — (v{)? = 0.09 — 0.0 = 0.09.

(i) ay = (uy, v,) = (0.3,0.4) is less than B, = (uj,v,) =(0.1,0.2) as us —v? =

0.09 — 0.16 = —0.07 is less than (u})% — (v{)? = 0.01 — 0.04 = —0.03.

Since, a; < B; and a, < B,. So, according to the monotonicity property, the relation

expression (1.3.1.3) ie.,
M, ()" T (i)™ VI, v
@le Wil = i=1 lW‘ =1 lW.’ i
s \/H?-l(lw?) IO I, ) e, )
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((140.1)2(140.3)2)0-5—((1-0.1)2(1-0.3)2)05
W13 Ow, @z = w11 @waf, = (\/((1+0.1)2(1+0.3)2)0-5+((1—0.1)2(1—0.3)2)0-5’ )=

(+/0.050080, 0).

This clearly indicates that for PFWAO, proposed by Garg [58], the monotonicity
property is not satisfying. Hence, the PFWAOQO, proposed by Garg [58], is not valid.
2.5.2.2 Invalidity of Garg’s PFWGO

Garg [63, Property 3.1, (iii), pp. 614] has stated the monotonicity property but not
proved it. However, the following example clearly indicates that the monotonicity
property is not satisfying for Garg’s PFWGO (1.3.1.3). Hence, Garg’s PFWGO (1.3.1.3)
is not valid.

Let  a; =(uy,v1) =(0.00.2), a; =(up,v;) =(0.4,0.1), By =(uy,v1) =
(0.0,0.1) and B, = (u3,v5) =(0.5,0.2) be four PFNs. Then, using the comparing

method, discussed in Section 1.6.9,

(i) a; = {uy,vy) =(0.0,0.2) is less than B; = (uj,vi) =(0.0,0.1) as u? —v?
0.0 — 0.04 = —0.04 is less than (u})? — (v;)? = 0.0 — 0.01 = —0.01.

(i) ay = (uy,v,) = (0.4,0.1) is less than B, = (uy,vy) = (0.5,0.2) as u3 —vi =
0.16 — 0.01 = 0.15 is less than (u})? — (v})? = 0.25 — 0.04 = 0.21.

Since, a; < B; and a, < 5. So, according to the monotonicity property, the relation

a;'®a,? < B"*®B,? should hold. While, if w; = w, = 0.5 then using the expression

(1.3.23)ie, @, a¥i =
\/Hyzl(z_”iz)wi-i'n?:ﬂﬂiz

\
VI by Jn?=1(1+v%)Wt—n{;l(l—v?)%
)
i

[, (V) Yi+TTL, A-v))™i

((140.1)%2(140.2)2)0-5—((1-0.1)2(1-0.2)2)0-5,
((140.1)2(140.2)2)05+((1-0.1)2(1-0.2)2)05"

a®a) = B RBY = (0, J

(0,40.025006).
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This clearly indicates that for PFWGO, proposed by Garg [63], the monotonicity
property is not satisfying. Hence, the PFWGO, proposed by Garg [63], is not valid.
2.5.2.3 Invalidity of Garg’s PFWGO

Garg [58, Property 4.1, (iii), pp. 904] has stated the monotonicity property but not
proved it. However, the following example clearly indicates that the monotonicity
property is not satisfying for Garg’s PFWGO (1.3.1.3). Hence, Garg’s PFWGO (1.3.1.3)
is not valid.

Let  a; = (uy,v1) = (V0.2570.75), @, =(0.0,v0.65), By = (uy,v;) =
(+/0.35,4/0.65) and B, = (ub,v3) = (+/0.25,4/0.75) be four PFNs. Then, using the
comparing method, discussed in Section 1.6.9,

(i) a; = (uy,v1) = (~0.25,4/0.75) is less than B; = (u},vi) = (/0.35,4/0.65) as

2 —vZ=0.25-0.75=-0.50 is less than (u})?— (v;{)? = 0.35—0.65 =

—0.30.

(i) a; = (uy, v,) = (0.0,4/0.65) is less than B, = (uy,vy) = (+/0.25,40.75) as

pz —v? =0-0.65=—0.65is less than (u;)? — (v;)? = 0.25 — 0.75 = —0.50.

Since, a; < B; and a, < B,. So, according to the monotonicity property, the relation

a'®a,? < B*®B5 should hold. While, if w; = w, = 0.5 then using the expression

(1333)ie ®L, a;"i = <

2{[TL ,(1—vH)Vi-[IL ,1-p?—vHYi} TR, (1+vH)Vi- ?=1(1—v%)wl'>
]

[T, QAW+, (1-vHYE 7 T (AW (1—vE) Wi

a:h ®a;V2 — ’8:'/1 ®'B;V2 —

< 2{(1-0.75)%5(1-0.65)*5}-0 (1+0.75)°'5(1+0.65)0'5—(1—0.75)0'5(1—0.65)0'5> .
(140.75)9-5(1+0.65)9-5+(1—0.75)-5(1-0.65)%5’ (1+0.75)%-5(1+0.65)%-5+(1-0.75)5(1-0.65)05]

(v0.29564,1/0.70346)
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This clearly indicates that for PFWAOQO (1.3.3.3), proposed by Garg [58], the
monotonicity property is not satisfying. Hence, the PFWAO (1.3.3.3), proposed by Garg,
[58], is not valid.
2.5.2.4 Invalidity of Garg’s PFWAO and PFWGO

Garg [62, Section 3.1, Property 3, pp. 555] has stated the monotonicity property
but not proved it. However, the following example clearly indicates that the monotonicity
property is neither satisfying for Garg’s PFWAO (1.3.4.1) nor for Garg’s PFWGO
(1.3.4.2). Hence, Garg’s PFWAO (1.2.4.1) and PFWGO (1.3.4.2) are not valid.

1. Let a; = (ug,vq) =(0.1,0.0), a, = (uy,v,) =(0.2,0.6), By = (ui,vy) = (0.2,0.0)
and B, = (u3,v;) =(0.1,0.4) be four PFNs. Then, using the comparing method,
discussed in Section 1.6.9,

(i) a; = (uy,vy) =(0.1,0.0) is less than B; = (uj,vi) =(0.2,0.0) as u? —v? =

0.01 — 0.0 = 0.01 is less than (u})? — (v1)? = 0.04 — 0.0 = 0.04.

(i) ay = (uy,v,) = (0.2,0.6) is less than B, = (uj,vsy) = (0.1,0.4) as u3 —vZ =

0.04 — 0.36 = —0.32 is less than (u})% — (v})? = 0.01 — 0.16 = —0.15.

Since, a; < B; and a, < B,. So, according to the monotonicity property, the

relation w;a;®w,a, < w;B,@®w,B, should hold. While, if ny =n, =w; =

w, = 0.5 then using the expression (1.2.4.1) .e.,

D, wi(nja;) = <J1 — Ty (1 = uH)"MY5 [ ()WY ) . wia @waa, =

w1 10w, B, = (/1 — (1 — (0.2)2)025(1 — (0.1)2)9-25,0) = (0.11242, 0).
This clearly indicates that for PFWAO (1.3.4.1), proposed by Garg, the
monotonicity property is not satisfying. Hence, the PFWAO (1.3.4.1), proposed by

Garg [62], is not valid.
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Let  a; ={(uy,v1) =(0.0,0.2), ay =(uzvz) =(0.4,01), By ={(u,v1) =
(0.0,0.1) and B, = (u3, v5) = (0.6,0.2) be four PFNs. Then, using the comparing
method, discussed in Section 1.6.9,

(i) a; = {(uy,vy) =(0.0,0.2) is less than B, = (uy,vi) =(0.0,0.1) as u? —v? =
0.0 — 0.04 = —0.04 is less than (u;)? — (v{)? = 0.0 — 0.01 = —0.01.

(i) ay = (uy, v,) = (0.4,0.1) is less than B, = (uj,v,) = (0.6,0.2) as us — vz =
0.16 — 0.01 = 0.15 is less than (u})2 — (v})? = 0.36 — 0.04 = 0.32.
Since, a; < B; and a, < B,. So, according to the monotonicity property, the
relation a;" ' ®a;? < B,"*®pB,* should hold.

While, if n; =n, =w; =w, = 0.5 then using the expression (1.2.4.2) i.e.,

n (@ = < nL ) J1 T, (1 — v2)T™i ) L @ ®a =

B ®BY? =(0,/1— (1—(0.2)2)025(1 — (0.1)2)°25) = (0, 0.11242).

This clearly indicates that for PFWGO (1.3.4.2), proposed by Garg [62], the

monotonicity property is not satisfying. Hence, the PFWGO (1.3.4.2), proposed by

Garg [62], is not valid.
2.5.2.5 Invalidity of Ma and Xu’s PFWAO

Ma and Xu [135, Proposition 1, (ii), pp. 1204] has stated the monotonicity
property but not proved it. However, the following example clearly indicates that the
monotonicity property is not satisfying for Ma and Xu’s PFWAO (1.3.5.3). Hence, Ma
and Xu’s PFWAO (1.3.5.3) is not valid.

Let a; = (uq,v4) = (0.2,0.0), a, = (uy,v,) =(0,0.4), By = (uy,vy) = (0.4,0.0) and

B2 = (u3,v3) = (0.0,0.2) be four PFNs. Then, using the comparing method, discussed in

Section 1.5.9,
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(i) a; = {(ug,vy) =(0.2,0.0) is less than B; = (uj,vi) =(0.4,0.0) as u? —v? =

0.04 — 0.0 = 0.04 is less than (u})? — (v1)? = 0.16 — 0.0 = 0.16.

(i) ap = (uy,v,) = (0.0,0.4) is less than B, = (uy,v4) =(0.0,0.2) as us5 — v
0.0 — 0.16 = —0.16 is less than (u3)? — (v4)? = 0 — 0.04 = —0.04.
Since, a; < B; and a, < B,. So, according to the monotonicity property, the
relation w, a; ®w, a, < w; 8, ®w,f3, should hold.

While, if w; =w, =0.5then using the expression (1.3.5.3) i.e.,

n wi n Wi
Ili=, My Hi:lvi

Y 1 '
w; 2w;
[I—[ln=1(1_l'ti2) l"’“?:ﬂ‘in]

n —
Qi wia; = T
2

[T, (1) eI v
wya1®w,a; = wif1@Ow,f; = (0,0)
This clearly indicates that for PFWAO (1.3.5.3), proposed by Ma and Xu [135],
the monotonicity property is not satisfying. Hence, the PFWAO (1.3.5.3),
proposed by Ma and Xu [135], is not valid.
2.5.3 Invalidity of IVIFW aggregation operators
In Section 2.3, it is shown that the sum and multiplication of two IVIFNs is not
necessarily an IVIFN i.e., Garg’s expressions (1.4.1.1) and (1.4.2.1) to evaluate the sum
and multiplication of two IVFNs are not valid. Since, the IVFWAO (1.4.1.3) and the
IVIFWGO (1.4.2.3) are fully based upon the expression (1.4.1.1) and (1.4.2.1)
respectively. Therefore, the IVFWAO (1.4.1.3) and the IVIFWGO (1.4.2.3) are also not
valid.
2.5.4 Invalidity of SVNW aggregation operators
In this section, with the help of examples, it is shown that the SVN weighted

aggregation operators [134, 147], discussed in Section 1.5, are not satisfying the
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monotonicity property. Hence, these aggregation operators are not valid.
2.5.4.1 Invalidity of SVNWAO and SVNWGO

Nancy and Garg [147, Property 3.2, pp. 369] has stated the monotonicity property
as follows:

Let a; = (a;, b;, ¢;)and a; = (a;, b/, c{), i =1,2,..,n be collections of SVNNs.
If a; <a;,b;=b;and ¢c; = ¢; forall i =1,2,...,n. Then, ®L; (w;a;) <Bi=; (w;;)
aswell as @i, ()" <®L, ()i

This statement may be rewritten as:
Let a; = (a;, b;, ¢;)and a; = (a;, b;,c;) ,i =1,2,..,n be collections of SVNNs.

(i) If a; <a;,b;=b;and ¢; > ¢; fori €Sy, a; < a; , b; > b; and ¢; > ¢; for
i€Sa,<a;,b;=bjandc; >c/fori €S;,a; <a;,b;>b;and ¢; = c|
for i€ S,, a;<aj;, b;=b{ and ¢; > ¢/ for i €Ss, a; <a; , b; > b; and
c; >c; fori€Sg, a;<aj,b;>b;and ¢; > c; fori € S,, where, S; US, U
S3US,US:USUS, ={1,2,..,n} and NS, NSNS, NSs NSNS, =
@. Then, B, (w;a;) <P, (w;a;) aswell as Q- (@)W <Qi=, (aj)Mi.

(i) Ifa=a;,b;=>b; and ¢; =c¢; for all i =1,2,...,n. Then, ®; (w;a;) <
B, (wiay) aswell as Q= (@)W =Qi=; ()i
In actual case, the monotonicity property is stated as follows:

0) If @; < af forall i =1,2,...,n. Then, ®~, (w;a;) <D, (w;a;) as well as

=1 (@)™ <®j=q (@)™

(i) Wa; = aforali=1,2,..,n Then, &=, (w;a;) =B, (w;a;) as well as

i=1 (@)"t = (™.
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It is obvious from the above two statements that Nancy and Garg [147] have assumed
that the relation a; < «a; hold if a; < a; , b; = b; and ¢; = ¢; or a; < a; , b; > b; and
ci=ciora;<a;,b;=b;and ¢c;>c; or a;<a;,b;>b; and ¢; >c; or aq; <a; ,
b; = b;and ¢; > ¢ or a; < a;, b; = b; and ¢; > ¢; i.e., the SVNN «; = (a;, b;, ¢;) will
be less than the SVNN «; = (a;, b;,c;) if a; <a; , b;=b; and ¢; =¢; or a; < a; ,
b;>bjand ¢c; = cjora; <a;,b;=b;and ¢; >c;or a; <a;,b; >b;and ¢; =c; or
a;<a;,b;=bjandc; >c;ora; <a;,b; =b;andc; > c|.

While, as discussed in Section 1.6.1.4, Nancy and Garg [147] have stated that the
relation, a; < a; hold if a; —b; —c; <aj —b; —cy as there exist several SVNNs
which cannot be compared by considering the relation «; < «; if a; < a; , b; = b; and

!

ci;=ciora;<a;,b;>bjand ¢c;=c¢; ora;<aj, b;=b{ and ¢; > ¢ or a; <aj,
b;>bjandc; =cjora; <a;,b; =bjand¢; >c¢; ora; <a;,b; =b;andc; > c| e.g.,
if «a ={(a,b,c)=1(0.1,0.3,0.5) and a' ={(a’,b’,c') =(0.2,0.1,0.6) i.e., a=0.1,b =
0.3,c =0.5,a’" =0.2,b' = 0.1 and ¢’ = 0.6. Then, according to the relation, a; < «; if
a;<a;,b;=bjand ¢c; >c; ora; <a;,b;>b;and ¢; >¢; or a; < a; , b; = b; and
c;>cior a;<a;,b;>bjand ¢c; =c;ora;<a;,b;=b;and ¢; >¢; ora; <a;,
b; = b; and ¢; > ¢; , neither a; < a; nor a; > «a;.

The above clearly indicates that Nancy and Garg [147] have used the following
method to state the monotonicity property.

ai< a >a,—b;—c;<aj—-bi—ci>a;<aj , by=b; and ¢; =c/ or
a;<a;,b;>bjand ¢; =c;ora;<a;,b;=b;and ¢; >¢; or a; <a;, b;>b; and

,

c;=ciora; <aj,b;=bjandc; >c;ora; <a;,b; =b;andc; > c.

However, the following example clearly indicates that
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a,—by—c;<aj—bi—c;#a;<a;, b =b;and ¢; =c¢] or a; <a;, b; >b; and
c;=ciora;<a;,b;=b;and ¢c;>c;or a;<a;,b;>b; and ¢; >c; or a; < a; ,
b;=b;andc; > c;ora; <a;,b; =b;and ¢; > c.

Let « = (a,b,c) =(0.1,0.3,0.5) and a' = (a’,b’,c’) =(0.2,0.1,0.6). Then, it can be
easily verified that the relation a — b —c < a’' — b’ — ¢’ is satisfying but the relation
a;<a;,b;=bjand ¢c; >c; ora; <a;,b;>b; and ¢; = ¢; or a; < a;, b; = b; and
c;>cior a;<a;,b;>bjand c;=c; ora;<a;,b;=b;and ¢; >c; or a; < a; ,
b; = b; and ¢; > ¢ is not satisfying.

The following example also validates that the monotonicity property is not
satisfying for Nancy and Garg’s SVNWAO [147]. Hence, Nancy and Garg’s SVNWAO
[147] is not valid.

Let a; =(aq, by, cq) =(0.2,0.0,0.0), a,={a,, b, c,)=1(0.3,0.4,0.5) and
a; = (aj, by, c;) =(0.3,0.0,0.0) and «a; = (a3, b;,cy) =(0.2,0.3,0.1) be collection of
SVNN:Ss.

Then, using the comparing method, discussed in Section 1.6.14,

(i) a; =(aq, by, c1) =(0.2,0,0) is less than aj = (aj, by, c;) =(0.3,0.0,0.0) as

a,—b; —c;=02-0.0-0.0=0.2is less than a, — b, —c, = 0.3 — 0.0 —

0.0 =0.3.

(i) a, = (ay, by, c;) = (0.3,0.4,0.5) is less than a; = (aj, by, c;) = (0.2,0.3,0.1) as

a, —b,—c;, =03—-04—-0.5=-0.6 is less than a;, — b, —c; =0.2—-0.3 —

0.1 =-0.2.

Since, a; < a; and a, < a;. So, according to the monotonicity property, the relation

wia®w,a, < wya;®w,a; should hold.
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While, if w; = w, = 0.5 then using the expression (1.6.1.5) i.e., @, W) =
(1~ loga(1 + Ty (412 = 1)), Toga (1 + Ty (A% = 1)), loga (1 + [Ty (A% = 1)*9)
wia, ®Ow,a, = wia,®w,al, = <1 —log, (1 e G 1)0'5(,11‘0-3 ~ 1)0'5) ,0.0, 0.0>.

This clearly indicates that for the SVNWAO (1.6.1.5), proposed by Nancy and
Garg [147], the monotonicity property is not satisfying. Hence, the SVNWAO (1.6.1.5),
proposed by Nancy and Garg [147], is not valid.

The following example also validates that the monotonicity property is not satisfying
for Nancy and Garg’s SVNWGO [147]. Hence, Nancy and Garg’s SVNWGO [147] is not
valid.

Let a; =(aq,by,c1) =(0.1,1,1), a, =(az by, c;) =(0.2,0.5,0.6) and a; =
(ay, by, c1) =(0.2,1,1) and a; = (a3, b;, c3) = (0.1,0.3,0.4) be collection of SVNNs.
Then, using the comparing method, discussed in Section 1.6.14,

() a; =(aq, by, cq) =(0.1,1,1) is less than aj =(aj, by, c;) =(0.2,1,1) as a; —

by —¢c;=01-1—-1=-19is lessthana; —b; —¢c; =02—-1-1=-1.8.

(i) @, = (a,, by, c;) = (0.2,0.5,0.6) is less than a; = (a3, by, c;) = (0.1,0.3,0.4) as

a,—b,—c;,=02—-05—-0.6=-19 is less than a;, — b, —c; =0.1—-0.3 —
0.4 = —0.6.

Since, a; < a; and a, < a3. So, according to the monotonicity property, the relation

()" @ (a)"2 < (a))"* ® (a})™2 should hold.

While, if w; = w, = 0.5 then using the expression (1.4.1.6) i.e., ®j; a;"i =
(log, (1 + [T (A% — 1)), 1 —log, (1 + T, (2170 = 1)), 1 — log, (1 + [T, (A1~ -

™)
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(@)™ ® (a)"2 = (@)™ ® (a,)™: = <log/1 (1+ (01 - 1) (202 - 1)0.5)’1’1)
This clearly indicates that for the SVNWGO (1.6.1.6), proposed by Nancy and
Garg [147], the monotonicity property is not satisfying. Hence, the SVNWGO (1.6.1.6),
proposed by Nancy and Garg [147], is not valid.
2.5.4.2 Invalidity of SVNHFOWAO
Liu and Luo [134, Section 3.2, Theorem 3] has stated the monotonicity property
but not proved it. However, the following example clearly indicates that the monotonicity
property is neither satisfying for Liu and Luo’s SVNHFOWAO (1.6.2.1). Hence, Liu and
Luo’s SVNHFOWAO (1.6.2.1) is not valid.

Let ny, = {{1},{0},{1}}, n, ={{0.1},{0.2},{0}} and m, = {{1},{0},{0}}, m, =
{{0.3}, {0.2},{0}} be four SVNHFNSs. Then, using the comparing method, discussed in
Section 1.6.15,

() ny ={{1},{0}, {13} is less than m; = {{1},{0},{0}} as s(ny) = 0.6667 is less

than s(m,) = 1.
(i) n, = {{0.13,{0.2}, {0}} is less than m, = {{0.3},{0.2}, {0}} as s(n,) = 0.6333 is
less than s(m,) = 0.7.
Since, n; < my; and n, < m,. So, according to the monotonicity property, the relation
win, ®w,n, < wym;®w,m, should hold. While, using the expression (1.6.2.1) i.e.,

@?zl wia;) =

Uyl €UV EUYrO1EVY, - O EVY 1 ERY, .1 ERY {{1 —

H{'Czl (1 - Vg(i))ﬂi}: {H§=1 (Va(i))li} ) {H{'c=1 (Ug(i))/li}},

win, @w,n, = wym,@w,m, = {{1}» {0}, {0}}
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This clearly indicates that for the SVNHFOWAO (1.6.2.1), proposed by Liu and
Luo [134], the monotonicity property is not satisfying. Hence, the SVNHFOWAO
(1.6.2.1), proposed by Liu and Luo [134], is not valid.
2.6 Appropriate IFWAO
Chen et al. [30] proposed the IVIFWAO (2.6.1).
If a; = (uin izl [Vin, viz]), i = 1,2, ...,n, are n IVIFNs and w;,i = 1,2, ...,n are
non-negative real numbers such that w; > 0 for at least one i. Then,
Dy wiay) =@y (Willi;y, 1] [Vin, vizl))
= ([Zi1 Wi iz, Ziq wi i), [X5= Wi vin, Zisq Wi vig])
(2.6.1)
Using the same concept, the IFWAO (2.6.2) (weighted arithmetic mean of IFNs
a; = (u;,v;) where, 0 < u;,v; <1, u; + v; < 1) is defined.
iz wiay) = Xin (wilpy, vi))
= (i Wikki, Xi=q WiVi)- (2.6.2)
To prove that the proposed expression (2.6.2) is valid, it is shown that if the existing
method for comparing IFNs, discussed in Section 1.6.1, is used. Then, the monotonicity
property, the boundedness property, the idempotency property and the commutativity

property will be satisfied for the proposed IFWAO.

2.6.1 Monotonicity property

In this section, it is proved that if @; = (u;, v;) and B; = (ui,v{), i = 1,2,...,n are
collections of IFNs such that
(1) a; = ﬁi Vi= 1,2, W, n then, @?zl (Wial') 269?:1 (Wlﬁl)

(11) a; < IBi Vi=1,2, ey n then, @?zl (Wial') <®?=1 (Wlﬁl)
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Case 1: Let a; = 3; Vi = 1,2, ...,n then, according to comparing method, discussed in
Section 1.6.1, S(a;) = S(B;) and H(a;) = H(B,).

S(a;) = S(B) = SUui, vi)) = SUup, vi))

=W =V = BV (2.6.3)

H(a;) = H(By) = H({uy,vi)) = H{ui, vi)

=S +v=p v (2.6.4)

Adding Equation (2.6.3) and Equation (2.6.4), ; = p;.

Subtracting Equation (2.6.3) from Equation (2.6.4), v; = v;.

Therefore, DL, wia; =B, (wWi{u;, vi))

=@®i=; Wiluy, vi)
=i, Wif).
Case 2: Let a; < fB; V i =1,2,..,n and there is need to prove that @, (w;a;) <
=1 (WiBy).

The result will be proved with the help of principle of mathematical induction i.e., the
result will be proved for n = 2 and it will be assumed that the result is true for n = k
then, it will be proved that the result is also true forn = k + 1.

For n = 2, the result may be stated as,

ay < 1, ay < Br @ wiay D waa, < wyfy D wyfs.
There may be following cases:
Case2.1: Let a; < B4, a; < B2 = S(a;) < S(B,) and S(ay) < S(B).
Case2.2: Leta; < 1, a, < B, = S(ay) = S(B1), H(ay) < H(B,) and S(a,) < S(B2).

Case23: Leta; < B, ay < B2 = S(a1) <S(B1), S(ay) =S(B,) and H(ay) < H(B,).
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Case 2.4: Let ay < B, a3 < B = S(a1) = S(B1), H(ay) < H(By) and S(ay) = S(B,),
H(az) < H(B2).
The result will be proved for all the four cases.
Case 2.1: a; < 1, ay < f3,.
= S(a;) <S(B1) and S(az) < S(2).
=y — vy <pg—vyand gy — vy < pp — v
= wy (41 —v1) <wi(ug —vq) (2.6.5)
= wy(pz — v2) < wa(pg —v3) (2.6.6)
Adding Equation (2.6.5) and Equation (2.6.6),
= w1y —v1) + wa(ug — v2) <wy(uy —vq) + wapy — va).
= (Wit + wauz) — (Wyvy + wavy) < (wWipy + waps) — (wivy + wavs).
= S(wilpg, vi) © wallz, v2)) < S(wipy, vi) © woluz, v3)).
= wyHy, V1) ©Owopg, v2) < wilug, vi) Bwo{ps, vy).
= wia; @ woay <wify B wyps,.
Case2.2: 0y < fB1, 0, <[,

= S(a1) = S(B1), H(ay) < H(B1) and S(a) < S(B2).

= Wy —Vy =y — Ve, i+ v <pgtvpand gy — vy <pp — v,
Case 2.2a: If w; # 0 and w, # O then,
=y — vy =py —viand gy — vy < pp — v

= wy (4 —v1) = wi(ug —vq) (2.6.7)
= wy (2 — v2) < wy(uy —v3) (2.6.8)

= wi(uy —vy) + Wy —v2) <wi(ug —vy) +wo(uy —vy).

= (Wily + Walty) — (Wyvy + wovy) < (Wepg + wopsy) — (Wyvy + wpvs).
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= Sy, v1) Owo s, v2)) < S(wyilug, vi) ©waluz, v2)).

= wy Uy, Vi) Bwallz, v2) < wilpy, vi) @wyluz, va).

= wia; @ woa; < wify @ wyf;.

Case 2.2b: If w; = 1 and w, = 0 then,

wias Bwya, = wiag; = ay. (2.6.9)
w1f1 @ wofy = wify = By (2.6.10)
a, < f1 @ wia; <wif;.

= wia; @ wya; < wify @ wypf;.

Case 2.2¢: I[f w; = 0 and w, = 1 then,

wia; B wra, = wya, = a,. (2.6.11)
w1f1 @ waf; = wyfi; = Bs. (2.6.12)
a, < f2 @ wra, < wyf,.

= wiay @ waay < wify B wyf;.

Case23:a; <[, a0, < B,

= S(a1) < S5(B1), S(az) = S(B2) and H(az) < H(B).

S py — vy < — Vi, Hp — Vo < pp —vyand up + v, < pp 4 v

Case 2.3a: If w; # 0 and w, # O then,

= py — vy <pg—viand g, — vy =y — V3.

= wy (1 —v1) <wi(ug —vy) (2.6.13)
= wy (g — Vo) — wa(uy —Vv3) (2.6.14)
= wy (g — V1) + wa (U — v2) <wy(pg —vi) +wa(py —v3).

= Wiy + wapy) — (Wyvy + wavy) < (Wipy + waps) — (wyvy + wavy).

= S(wyi{ug, v1) @wyuz, v2)) < S(wilug, vi) @walus, vo)).
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= wyly, V1) Owo (s, v2) < wilug, vi) @woluz, va).
= wia; D waay <wif; D wops.
Case 2.3b: I[f w; = 1 and w, = 0 then,
wia, D wra, = wiaq = ay.

w1By @ waBy = w1y = By

a, < f1 @ wiay < wyfs.

= wya; @ wya; <wif; @ wypf;.
Case 2.3c: If w; = 0 and w, = 1 then,
wia; B wra, = wya, = a,.

w1B1 @ wafy = wafs = PBa.

a, < By = wha, < w,f3,.

= wya; @ wyay <wif; @ wypf;.
Case2.4: a; < f1,a; < B,

= S(a1) = S(B1), H(ay) < H(By) and S(a3) < S(B).

(2.6.15)

(2.6.16)

(2.6.17)

(2.6.18)

= U =V =y Ve v <Py v pp — v <pp —vpand pp + vy < pp v

= wy (i — V1) = wy(ug — vq).
= Wy (U — V2) = wa(Up — vy).
= wy(uy +v1) < wy(ug +vy).

= wa (U +Vv3) < wy(uy +v3).

= wy (g — Vi) + wa(p —vz) <wy(uy —vy) +wa(uy —vy).
= (Wil — Wally) + (Wyvy — wovy) = (Wepg — Wolp) + (Wyvy — wpvs).
= Wity + Waltp) + (Wivy + wovy) < (Wipg + woy) + (Wyvy + wovy).

= (Wiply + Waltp) — (Wivy + wovy) = (Wypg + woip) — (Wyvy + wyvy).
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= (Wi + wany) + (Wivy + wavy) < (Wipg + wopp) + (Wivy + wypvy).
= S(wia; @ waay) = S(wify @ wyf,).
= H(wyay @ wyay) < H(w, By @ wyfr).
= wya; @ woa, < wify @ wyfs.
Let us consider that the result is true for n =k ie., @, (w;a;) <®X; WiB),
i=12, ..,k
> wia; Dwya, D ... DB wrar < wiff; B wyfy D ... D wif .
Now there is need to prove that the result is true for n = k + 1 i.e., there is need to

prove that a; < Bl‘, i=12..,k+1= wia; < Wiﬁi, i=12,..,k+ 1.

wWia1Bwra,D...Ewray)
(wia; @ waa, D ... D wray) © Wi 1Qpq = (Z?=1 Wi) Q@ ——F~ )

Zl 1 Wi

Wi+10k+1

= Cow) (FL O 0. O HL) O W = (T w) Wi ®

Wya, @ ... Wyay)
D Wis1Ap 41

where, W, =

Zl 1Wz
Since, W; + W, + -« + W}, = 1. Therefore, Wya; @ W,ra, @ ... D W, ay represents the
aggregated value of a4, a5,..., ak.
Assuming W a; @ Wyoa, @ ... D Wiay, =6,
(wia; @ waa, @ ... @ wiay) @ Wiy iy = (Z{'c=1 Wi)5 D Wiy1 Q1
Since, Z{-‘zl w; +wi41 = 1. So, (Z{-‘zlwi)é' @D wyy1ar4q represents the aggregated
value of two IFNs 6 and ay.q. Also, 6§ = Wia, @ Woa, @ ... D Wya, < W16, D

WyB, @ ... D Wy Br, ki1 < LBr+1 and the result is valid for two IFNs. Therefore,
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(Z{'c=1 Wi)(W1a1 D Woa, D ... 6 Wiay) @ wigp1apeq < (Z{'{=1 Wi)(W1,31 b W,5, &
o D WiBr) © Wis1Brs1
= wia; @ waa, @ ...+ Wiy @ Wi 1Qpi1 < W1 W2 D .. B Wi ©
Wie+1Br+1-
2.6.2 Boundedness property

In this section, it is proved that min <<, &; S Wiy ® wya, @ ... B wya, <
maXi<isn &;-
Proof: S(w;a; @ wya, @ ... O w,ay,)
=Swia; Bwya, @ ... 0 w,a,)
= S(wy {11, v1) @ wolpz, v2) @ ... © wylpn, vn))
= (Wily + Wolly + -+ Wpltn) — (W1vy + Wovy + -+ wyvy)
= wy (g — v1) + wa(pz —v2) + -+ wp(pn — vp)
=w;iS(aq) + wyS(ay) + -+ w,S(ay).

Since, min <;<,S(a;) < w S(aqy) + wyS(ay) + -+ w,S(a,) < maxi<i<n S(a;). So,
miny<i<nS(@;) < S(wyay @ woay @ ... B wypay) < max <<y S(@y).

If ming<;<nS(a;) = S(ap) and max;<;<,S(a;) = S(ag) then,
S(ap) < S(wya; @ wra, @ ... D wyay) < S(ag).
= a, S Wiy D wea, @ ... D whay < aq.

Similarly, H(w,a; @ wya, @ ... & wya,,)

=Hw,a; ® wy,a, @ ... O w,a,)
= H(wy(p1,v1) @ walpz, v2) @ ... @ wylttn, vn))

= (Willy + Wally + -+ Wylty) + (Wivy + Wovy + -+ wyvy)
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=wy (g +vy) +wapz +v2) + -+ wy(un +vp)
=w H(ay) + woH(ay) + -+ wyH(ay,).
Since, min <<, H( ;) < wiH(a1) + woH(ay) + -+ wpH(a,) < maxi<i<p H(;).
So, miny<ij< H( ;) < Hwia; @ waa, @ ... B wyay,) < maxq<i<n, H(Qp).
If ming<;<nH(a;) = H(ap) and max,<;<nH(a;) = H(a,) then,
H(ay) < Hwia; @ wea, @ ... D whay,) < H(ay).

= a, S wia; @ wra, D ... B wha, < ay.

2.6.3 Idempotency property
In this section, it is proved thatif a; = a = (u,v) Vi = 1,2, ...,n.
Proof: @Y, W;a;) =wia; ®wya, @ ... D wya,
=wia Bwa P ... Bw,a
= (W +wy, + -+ wya
=a
2.6.4 Commutativity property

It is obvious that if in the proposed IFWAO i.e., wya; @ wya, @ ... 6 wya,

_ Willq @ Wil @ EB Wplp @ @ Wqllq @ @ Wnlin
W @ DWntn =\ By B D WyVy @ o ® Wovg @ ... ® Wy’

the term wya,, is replaced by w,a, then there will be no change in the aggregated value.

This indicates that the commutative property is satistying for the proposed IFWAO.
2.7 Appropriate PFWAO

If a; = (u;,v;), i = 1,2,...,n are n PFNs then
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D, W) =D, (Wi(lii,VD)
= (S Wik By wiv).
It can be easily verified that
(i) If a, =(1,0) then XiL, wia; # (1,0).
(i) If the following method is used for comparing the PFNs then the monotonicity
property will be satisfied.
If ¢ = (uy,v,) and a, = (u,,v,) are two PFNs. Then use the following steps to
check that a; > a, or @y < a, or a; = a,.
Step 1: Find S(ay) = 1% — v42, S(ay) = up? — v,2 and check that S(a;) > S(a;) or
S(ay) < S(ay) or S(ay) = S(ay).
Case (i): If S(ay) > S(ay) then a; > a,.
Case (ii): If S(ay) < S(ay) then a; < a,.
Case (iii): If S(a;) = S(a;) then go to Step 2.
Step 2: Find H(a;) = u;? + v42, H(ay) = uy? + v,2 and check that H(a;) > H(a,) or
H(a,) < H(ay) or H(a;) = H(ay).
Case (i): If H(ay) > H(ay) then a; > a,.
Case (ii): If H(a;) < H(ay) then a; < a,.
Case (iii): If H(a;) = H(a,) then a; = a,.
2.8 Appropriate SVNNWAO
Ifa; =(T;,I;,F;), i = 1,2, ...,n are n SVNNSs then
i1 wia) =Bi=; W(T, 1, Fy))
= (Ui Wi Ty, Ximqa wi I, Ximy Wi Fy).

It can be easily verified that
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(i) If a, =(1,0,0) then X1, w;a; # (1,0,0).
(i) If the following method is used for comparing the SVNNs then the monotonicity
property will be satisfied.
If ay =(Ty,1,F,) and a, = (T,, I, F,) are two SVNNSs. Then use the following
steps to check that a; > a, or a; < a, or a; = a,.
ptl-L+1-F

Step 1: Find S(ay) = AR S(ap) =

. and check that S(a;) > S(a,)

or S(a;) < S(ay) or S(ay) = S(ay).

Case (i): If S(ay) > S(ay) then a; > a,.

Case (ii): If S(ay) < S(ay) then a; < a,.

Case (iii): If S(a;) = S(a,) then go to Step 2.
Step 2: Find A(a;) =T, — F;, A(ay,) =T, —F, and check that A(a;) > A(a,) or
A(ay) < A(ay) or A(ay) = A(ay).

Case (i): If A(ay) > A(ay) then a; > a,.

Case (ii): If A(a;) < A(ay) then a; < a,.

Case (iii): If A(a;) = A(a,) then got to Step 3.
Step 3: Find C(a;) =Ty, C(a,) =T, and check that C(a;) > C(a;) or C(a;) < C(ay)
or C(ay) = C(ay).

Case (i): If C(ay) > C(ay) then a; > a,.

Case (ii): If C(ay) < C(ay) then a; < a,.

Case (iii): If C(a;) = C(ay) then a; = a,.
2.9 Non-existence of IFWGO, PFWGO, IVIFWGO

Motivated by the expressions (2.6.1) Ie.,

n —mn _ [[Eiziwiky Tmawikp] [Shiwiva Seiwivie
@i:l (Wiai) —@i=1 (Wi(['uil"uiz]’ [vil'viZ])) = <[ ST wi ’ o w; ]; w; ) > w ]> )
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w;

one may assume that the expression @, (@) =1"i =@ (([1;1, iy ], [Vir, Via]))5=1"i =

n ; 1 : n . I ;
<[ ?:1<Hfl‘=1wl>, ?zl(uizz’:lw‘)],[ ?zl(vfl‘“w‘), ?:1(1/1.22‘:”‘)]) represents  the

IVIFWGO.

However, this assumption is not valid due to the following reason.

nWi nWi nWi
In the above expression, the terms [T, <uizli=1wi>; i <uizzi=1w">; i (szli=1wl-> and

. <vi22?=1wi> represents the geometric mean of
Ui i =12, ., Ui, i = 1,2,...,m; vy, i = 1,2,...,nand v;,, i = 1,2, ..., n respectively.
Also, it is well known fact that the geometric mean of n real numbers a4, a,, ..., a,, exists
only if a; >0Vi=1,2,..,n. However, for the values of u;;,u;,v;; and v, the
condition p;; > 0,u;, > 0,v;; >0 and v;, >0 will not necessarily be satisfied.

Therefore, the geometric mean of y;;, the geometric mean of y;,, the geometric mean of

v;; and the geometric mean of v;, may or may not exist.
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Chapter 3
Mehar Method to Find the Unique Optimal

Fuzzy Transportation Cost of Balanced Fully
Fuzzy Transportation Problems with LR Flat

Fuzzy Numbers'

Ebrahimnejad [49, Section 4, pp. 113] claimed that on solving a BFFTP with LR
FFNs (balanced transportation problems in which all the parameters are represented as LR
FFNs) by Kumar and Kaur’s method [115] more than one LR FFNSs, representing the
optimal fuzzy transportation cost, may be obtained, which is illogical. To resolve this
flaw, Ebrahimnejad [49, Section 5, pp. 114] proposed a method for solving BFFTPs with
LR FFNs.

In this chapter, it is shown that Ebrahimnejad’s method can be used only if the
aggregated value of the fuzzy transportation cost, fuzzy availability and fuzzy demand,
provided by all the decision-makers, is available. However, if instead of the aggregated
data, the data of each decision-maker is provided separately then Ebrahimnejad’s method
cannot be used to find the solution of a BFFTP. Also, it is shown that the flaw, pointed
out by Ebrahimnejad in Kumar and Kaur’s method is also occurring in Ebrahimnejad’s

method. Futhermore, to overcome the limitations of Ebrahimnejad’s method, the method

" The contents of this chapter have been communicated in “Information Sciences” for the possible

publication.
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for aggregating the LR FFNs is discussed. Finally, to resolve the flaws of Ebrahimnejad’s
method [49], a new method (named as Mehar method) is proposed to solve the BFFTP
with LR FFNs.
3.1 Preliminaries

In this section, some basic definitions, used in the further sections, are presented
[49, Section 2, pp. 110].
Definition 3.1. A convex normalized fuzzy set having piecewise continuous membership
function is called a fuzzy number.
Definition 3.2. A function L:[0,0) — [0,1] (or R:[0,) — [0,1]) is said to be the
reference function of FNs if and only if (i) L(0) =1 (R(0) = 1) (ii) L (or R) is non-
increasing on [0, ).
Definition 3.3. A FN A = (a,b,c,d),5 is said to be an LR FFN if its membership

function pz(x) is defined as

L(b;x), a<x<b,

b—a
1, b<x<c,
pa(x) = e
R (E) , <x< d,
k 0, elsewhere.

Definition 3.4. If L(x) = R(x) = max{0,1 — x} then the LR FFN 4 = (a, b,c,d)r is
said to be a TrFN and it is denoted as A = (a, b, c,d). The membership function of a

TrEN 4 = (a, b, ¢, d) is defined as

=
Q

—, a<x<h),
b—a
17 (x) 1, b<x<c,
A = d—
—x, c<x<d,
d—c
k 0, elsewhere.
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Definition 3.5. Two LR FFNs 4; = (aq, by, ¢1,d1)r and A, = (ay, by, 5, d,) g are said
to be equal i.e. A, = A, ifand only if a; = a,, by = by, ¢; = 5, d; = ds.
Definition 3.6. An LR FFN A = (a, b, c,d), is said to be non-negative LR FFN if and
onlyifa = 0.
Definition 3.7. If 4; = (ay, by, c1,dy)r and A, = (ay, by, ¢y, d,) g are two LR FFNs
then,
A+ A, =(a, +az by + by ¢y +cydy +dy) k.
Definition 3.8. If A; = (ay, by, ¢q1,d1) g and A, = (ay,, by, ¢, dy) g are two non-negative
LR FFNs then, 4; @ A, = (aja,, b1b,,c1¢,,d1dy) k.
3.2 Ranking of LR FFNs

If A; and A, are two distinct real numbers i.e., A; # A,, then it can be easily
concluded that A, < A, or A; > A,. However, if 4; = (ay,by,cq,dy) g and 4, =
(ay, by, ¢y, dy) g are two distinct LR FFNs then it cannot easily concluded that 4, < 4,
or 4; > A,. Different ranking methods have been proposed in the literature to find the
ranking of two distinct LR FFNSs.

In this section, the ranking methods, used by Kumar and Kaur [115, Section 6, pp.
88] and used by Ebrahimnejad [49], are discussed.
3.2.1 Ranking method used by Kumar and Kaur

Kumar and Kaur [115, Section 6, pp. 88] have used the following ranking method
for comparing LR FFNSs.

Let A; = (aq, by, c1,d1) g and A, = (a,, by, c,,dy) g De two distinct LR FFNs.
Then,
(i) A, < A4, if Rank(4,) < Rank(4,).

(i) A, > A4, if Rank(4;) > Rank(4,).
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1

Rank(A;) = 3{(f, b = (b; — a)L™* (Wd2) + ([, ¢; + (d; = c)R™* ()da)}.
If 4; = (a;, b;, ¢;, d;) isa TrEN i.e., L(x) = R(x) = maximum{0, 1 — x} then,
L' (x) =R™(x) =1 —x and hence, Rank(4;) = 2{( [} b; — (b — a)) (1 - D)d2) +

(f3 e+ (di =) (1= D)da)} = 222
3.2.2 Ranking method used by Ebrahimnejad
Ebrahimnejad [49] has used the following ranking method for comparing LR
FFNs.
Let A; = (ay, by, cq,dy) g and A, = (ay, by, ¢, dy) g be two distinct LR FFNS.
Then,
(i) A;<Ayifa, <ay by <by,c;<cyd; <d,ora; <a,, by <by, ¢y <cy,
di<d,ora; <a,, by <b,,c;<cy,dy <d,ora; <a,, by <b,, c; <cy,
d, < d,.
(i) A;>=A4A,ifa; >ay by =by, ¢ =cy,dy =dy00 a; = ay, by > by, ¢ =y,
dy =d,ora; =2a,, by =by,,¢c; >c;,dy =2d,0ra; =a,, by = by, c; = cy,
d, > d,.
3.3 Fully fuzzy LPP of a BFFTP with LR FFNs
The fully fuzzy LPP (P3.3.1) represents the fully fuzzy LPP of a BFFTP with LR
FFNs [49, Section 3, pp. 112].
Fully fuzzy LPP (P3.3.1)
Minimize [Zﬁl 2?:1(%',1, Cij2 Cij3s Cij'4)LR ® (xij.1, Xij,2 Xij 30 xijA)LR]
Subject to

n —_ R .
> '=1(xij,1;xij,z'xij,3'xij,4) = (ai’l, ai’z,ailg,am) , 1=1,2,...,m;
J LR LR
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Zﬁl(xij,pxij,z;xij,3»xij,4)LR = (bj,l'bj,z»bj,S'bj,zL)LR , J=12,.,m
(xij'l'xij'z’xij'3’xij’4)LR isa non-negative LR FFN.
where,

(i) The LR FFN (Cij,pci j.20 Ci j'3'cij’4)LR represents the fuzzy transportation cost for
supplying the unit quantity of the product from the i*" source (S;) to the jt*
destination (D;).

(i)  The LR FFN (al-,l,ailz, a;s, am)LR represents the fuzzy availability of the product
at i" source (S;).

(iii)  The LR FFN (bj,l'bj,Zibj,3'bj,4)LR represents the fuzzy demand of the product at
jt" destination (D;).
(iv)  m represents the number of sources and n represents the number of destinations.

(v) The LR FFN (xl-j,l,xij,z,xij,3,xij_4)LR represents the quantity of the product to be
supplied from the i*" source (S;) to the j*" destination (D;).

3.4. Existing methods for solving FFTPs with LR FFNs

The aim of this chapter is to point out the flaws of Ebrahimnejad’s method [49,
Section 5, pp. 114] and Kumar and Kaur’s method [115, Section 6, pp. 88] as well as to
resolve the flaws of these methods. Since, to point out the flaws of these methods, there is
need to discuss these methods. Therefore, a brief review of these methods is presented in

this section.
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3.4.1 Kumar and Kaur’s method

Kumar and Kaur [115, Section 6, pp. 88] have proposed the following method for
solving the fully fuzzy LPP (P1) of a BFFTP with LR FFNs.
Step 1: Using the multiplication,
(a1, by, ¢1,d1) R ® (az, by, ¢3,d3) g = (a1, biby, ¢1¢5,d1dy) g 5 the fully fuzzy LPP
(P3.3.1) can be transformed into its equivalent fully fuzzy LPP (P3.4.1.1).
Fully fuzzy LPP (P3.4.1.1)
Minimize [Z?i1 2;'1=1(Cij,1xij,1fCij,zxij,ziCij,3xij,3'Cij,4xij,4)LR]
Subject to
Constraints of the fully fuzzy LPP (P3.3.1)
Step 2: Using the relation, X;2;(a;, by, ¢;, di)r = (Bi21 @i, XiZq by XiZ1 €, XiZ1 did g,
the fully fuzzy LPP (P3.4.1.1) can be transformed into its equivalent fully fuzzy LPP
(P3.4.1.2).
Fully fuzzy LPP (P3.4.1.2)
Minimize [Z{’;l Z’}:l(cij_lxij_l, Cij2Xij2, Cij3Xij 30 Cij'4xij'4)LR]
Subject to
(XTea Xija Xy X2 X1 Xij 3, Xjs xij,4)LR = (ai,l'ai,z'ai,3'ai,4)LR ;1=

1,2,..,m,

(Zﬁ1 Xij1r Dim1 Xij2r Duim1 Xij,3» Diie1 xij,4)LR = (bj,l, b; 2, bj 3, bj’4’)LR ;o j=12,..,n,
(%ij,1%ij,2 %ij 3, Xija) . 1S @ NON-negative LR FFN.
Step 3: Using the relation, (aq, by, ¢y, d1) g = (a3, by, cp,dy) g = a1 = Ay, by = by, ¢ =

c,,dy = d, and the relation (a, b, c,d)g is a non-negative LR FFN =2 a >0, b—a >
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0,c—b=0,d—c=0, the fully fuzzy LPP (P3.4.1.2) can be transformed into its
equivalent fuzzy LPP (P3.4.1.3).
Fuzzy LPP (P3.4.1.3)
Minimize [Z?l1 Yoy (CijaXijan CijaXij 20 Cij3%ig 3 Cij,4xij,4)LR]
Subject to
?:1 Xija1 = ai,112?=1 Xij2 = ai,z,Z;-Ll Xij3 = ai,3,2?=1 Xija = Qs L=12,..,m,
i=1%ij1 = i1, Xit1 Xij2 = bj 2, Xit1 Xijz = bj3, XiZ1 Xija = bjas j = 12,...,m,
Xija = 0,%52 — Xij1 2 0,%53 — Xij2 = 0,%;54 — X353 = 0.
Step 4: The optimal solution of the fuzzy LPP (P3.4.1.3) will be that feasible solution
{xij,l,xij,z,xij,3,xij_4} corresponding to which the value of the objective function
=1 Z?=1(Cij,1xij,1, Cij.2Xij 2 Cij3%Xij3 cij,4xij_4)LR will be minimum.
Kumar and Kaur [115, Section 6, pp. 88] used the following method for finding

the mlnlmum Of two LR FFNS Al = (al, bl’ Cl’ dl)LR and Az = (az, bz, Cz, dZ)LR .

Find minimum{Rank(4,), Rank(4,)} where, Rank(4,) = %{(fol b, —

(by — a))L? ()l)dl) +(fy e+ (dy — )R (A)d/l)} and Rank(A;) = 2{(f b, -

(b, — a)L™" (N)d2) + ([ ¢ + (d, — c)R™ (A)da)}.
Case (i): If minimum{Rank(4,), Rank(4;)} = Rank(4,) then minimum{4,, 4,} =
A;.
Case (ii): If minimum{Rank(4,), Rank(4,)} = Rank(4,) then minimum{4,,4,} =
A,.

Using this method, Kumar and Kaur [115, Section 6, pp. 88] transformed the

fuzzy LPP (P3.4.1.3) into its equivalent crisp LPP (P3.4.1.4).
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Crisp LPP (P3.4.1.4)

Minimize [Rank (Z?% Yhoy (CijaXija CijaXijz CijaXijz Cij,4xij,4)LR)]

Subject to

Constraints of the fuzzy LPP (P3.4.1.3).

Step 5: Using the relation, k(312 (a;, by, ¢i, di) 1) = Yiei(Rank(a;, by, ¢, di)1g) , the
crisp LPP (P3.4.1.4) can be transformed into its equivalent crisp LPP (P3.4.1.5).

Crisp LPP (P3.4.1.5)

Minimize [Z{’;l i (Rank (cij1%ij 1, Cij.2Xij 20 Cij3%ij 30 CiijijA)LR) ]

Subject to

Constraints of the fuzzy LPP (P3.4.1.3).

Step 6:Using the relation, Rank((a,b,c,d).g) = %{( [ib—(b-a)L" (A)dﬂ) +
(fol c+(d-c)R? ()l)dl)}, the crisp LPP (P3.4.1.5) can be transformed into its
equivalent crisp LPP (P3.4.1.6).

Crisp LPP (P3.4.1.6)

" _
C . m n 1 (fo Cij2Xij2 — (Cij,zxij:z - Cij,lxij,l)L ' (A)d/l) +
Minimize | ¥/~ ijlg 1 -1
(fo Cij3Xij3 T (CiijijA - CU'3xU'3)R (A)dl)

Subject to

Constraints of the fuzzy LPP (P3.4.1.3)
Step 7: Find the optimal solution {x;; 1, x;; 2, Xij 3, X;; 4} Of the crisp LPP (P3.4.1.6).

Step 8: Using the optimal solution {x;;,;; 2, X;; 3, X4}, Obtained in Step 7, find the
fuzzy optimal solution {(xij,l,xij,z,xij,g,xiM)LR} and the optimal fuzzy transportation

m n
cost X.iZ, ijl(cij,lxij,l' Cij2Xij,2, Cij3Xij 3 Cij,4xij,4)LR .
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3.4.2 Ebrahimnejad’s method

Ebrahimnejad [49, Section 5, pp. 114] proposed the following method for solving
the fully fuzzy LPP (P3.4.1.1) of a BFFTP with LR FFNs.

Step 1: Use Step 1 to Step 3 of Kumar and Kaur’s method [115, Section 6, pp. 88] to

transform the fully fuzzy LPP (P3.4.1.1) into its equivalent fuzzy LPP (P3.4.1.3).

Step 2: As discussed in Step 4 of Kumar and Kaur’s method [115, Section 6, pp. 88], the

optimal solution of the fuzzy LPP (P3.4.1.3) will be that feasible solution

{xij,l,xij,z,xij,3,xij_4} corresponding to which the value of the objective function
Py 21 (CijaXian CijaXij 2 CijaXija cij,4xij,4)LR will be minimum.

Ebrahimnejad [49, Section 4, pp. 113] pointed out that Kumar and Kaur [115,
Section 6, pp. 88] have assumed that if A; and A, are two distinct LR FFNs then
minimum{Rank (4, ), Rank(A;)} will be either Rank(4,) or Rank(A4,). However,
there may exist two distinct LR FFNs A4, and A, such that Rank(4;) = Rank(4,) ie.,
minimum{Rank (4, ), Rank(4,)} will be Rank(4;) as well as Rank(4;), which
contradicts the well-known fact that the minimum of two fuzzy numbers should be a
unique fuzzy number.

Keeping the same in mind, Ebrahimnejad [49, Section 5, pp. 114] used the
following method to find the minimum of two LR FFNs A; = (ay,by,cy,dy) g and
A, = (a3, by, ¢3, d3) -

Check that a; < a,, by <b,, ¢c;<c,, d; <d, or a; <a,, by <b,, ¢; <cy,
di<d,ora; <a,,by<b,c;<c,,dy<d,ora, <a,, by <b,,ci;<c,,d, <d,or
a; >az, by =b,, ¢y =2c;,dy =d,0r a; =ay, by >b,, ¢y = ¢y, dy =d, 0ra; = ay,

by = by, ¢ >cy,dy =dy0ray =a,, by = by, c1 =cy,dy > d,.
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Case (i): Ifay < ay, by < by, c1 <cy,dy <dyora; <a,, by <by,cy<cy,dy <d,or
a; <a,, by<b,, ¢c;<c,, di<d, or a; <a,, by<b,, ¢c;<c,, d;<d, then
minimum{4,, 4.} = 4.
Case (ii): If ay > a,, by = by, ¢y =¢c,,dy =d, 0r a; =ay, by > by, ¢c1 =¢,,dy 2 d,
ora; =a,, by =2b,,c; >c,,dy =2d,0ra, =a,, by =b,, c, =c,,d; >d,then
minimum{4,,4,} = 4,.

Using this method, Ebrahimnejad [49, Section 5, pp. 114] transformed the fuzzy

LPP (P3.4.1.3) into its equivalent four crisp LPPs (P3.4.1.7), (P3.4.1.8), (P3.4.1.9) and

(P3.4.1.10).

Crisp LPP (P3.4.1.7) Crisp LPP (P3.4.1.8)

Minimize[ Y72, ¥7_; ¢;1%ij4] Minimize[ %72, X7y €ij2%ij 2]

Subject to Subject to

Yicixija =ai; =12,..,m, YiciXijz =iz i=12,..,m,

YiziXij1=bj; j=12,..,n, YitiXij2 =bja  j=12,..,m,

Xij1 = 0. Xij2 — Xij1 = 0, x;5, = 0, where, x;; ;
is the optimal value of x;; ; obtained on
solving the crisp LPP (P3.4.1.7).

Crisp LPP (P3.4.1.9) Crisp LPP (P3.4.1.10)

Minimize[}]{i1 2i=1Cij3 xij,3] Minimize[}]{i1 Xi=1 cl-j,4xl-j,4]

Subject to Subject to

Yi=1Xij3 =ai3; 1=12,..,m, Yi=1Xija = Qs 1=12,..,m,

Yitixijz=Dbjz  j=12,..,n, YimiXxija=Dbjy j=12,..,n
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Xij3 — Xij2 = 0, x;53 = 0, where, x;; , Xija— Xij3 =0, x;54 = 0, where, x;; 5
is the optimal value of x;; , obtained on is the optimal value of x;; ; obtained on
solving the crisp LPP (P3.4.1.8). solving the crisp LPP (P3.4.1.9).

Step 3: Find the optimal solutions {x;; 1}, {x;; .}, {xi; s} and {x;; .} as well as the optimal
values X%, X7 €ij1%ij,1 » Xin1 =1 Cij2Xij,2 » Die1 2j=1 Cij3%ij,3 and X%y Xy cjaxijq OF
the crisp LPPs (P3.4.1.7), (P3.4.1.8), (P3.4.1.9) and (P3.4.1.10) respectively.

Step 4: Using the optimal solutions and optimal values, obtained in Step 3, find the fuzzy

optimal solution {(xij_l,xij,z,xij,3,xij_4)LR} and the optimal fuzzy transportation cost

(B CijaXija s 2y Xy Cij2 X2 Doy 21 Ci3Xij,3 0 Torg 2oy Cij,4xij,4)LR-
3.5 Limitations of Ebrahimnejad’s method

To solve a real life transportation problem, the opinion of more than one expert
about the parameters is collected. Then, all the collected information is aggregated to
obtain a single value of each parameter. Since, Ebrahimnejad’s method [49, Section 5, pp.
114] is proposed by considering that the aggregated value of each parameter is available.
Therefore, Ebrahimnejad’s method [49, Section 5, pp. 114] cannot be used to solve
several real life FFTPs. For example, Ebrahimnejad’s method [49, Section 5, pp. 14],
cannot be used to solve the FFTP considered in Example 3.1.
Example 3.1 Let us consider, a product needs to be supplied from three sources to four
destinations. For the same purpose, the information about each parameter is collected
from two experts. If Table 3.1 represents the fuzzy transportation cost, the fuzzy
availability and the fuzzy demand provided by the first decision-maker and if Table 3.2

represents the fuzzy transportation cost, the fuzzy availability and the fuzzy demand
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provided by the second decision-maker. Then, this FFTP cannot be solved by

Ebrahimnejad’s method [49, Section 5, pp. 114].

Table 3.1 Fuzzy data provided by the first decision-maker

Destination

- D; D, Fuzzy availability
Source |

S (10,30,40,50) (25,50,50,80) (20,60,70,80)

S, (25,30,50,80) (20,40, 60,80) (25,45, 60,70)
Fuzzy demand (40,60,80,100) (40,45,60,70)

Table 3.2 Fuzzy data provided by the second decision-maker

Destination

- Dy D, Fuzzy availability
Source |

S (10, 20, 25, 30) (25,30,60,70) (30,50,70,90)

S, (20, 35,40, 45) (20,25,40,45) (20,40,80,100)
Fuzzy demand (20,55,60,100) (40,45,50,80)

3.6 Modified Ebrahimnejad’s method

The limitation of Ebrahimnejad’s method [49, Section 5, pp. 114] can be
overcome by including the following step (say Step 0) in Ebrahimnejad’s method [49,
Section 5, pp. 114].
Step 0: Use an appropriate aggregation operator to aggregate the data of all the decision-
maker, For example, if

(i) wy, represents the normalized weight of the k" decision-maker.

(i) The LR FFN ¢f = (ci"j,l,c{‘j,z,ci""js,c{‘jA)LR represents the fuzzy transportation
cost for supplying unit quantity of the product from it" source to j* destination,
provided by the k" decision-maker.

(iii) The LR FFN af = (afy, af, afs,affy),, represents the fuzzy availability of the

product at i" source according to k" decision-maker.
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(iv) The LR FFN bf = (bf, b]"z,b]"3,b}f4)LR represents the fuzzy demand of the

product at jt* destination according to k" decision-maker.

Then,
(i) Zk 1WkC (Zk 1 Wk CU1»Zk 1 Wk CUZ'Zk 1 Wk CUS'Zk 1 Wk Cl]4) will
represent the aggregated value of the fuzzy transportation cost for transporting

unit quantity of the product from i*" source to j* destination.

(ii) The LR FFN
k=1 Wie @ = (Zioy Wie @ily, Bimy Wi 012, Ziemy Wi Qi3 s Xigmy Wi @ila) , Wll

represent the aggregated value of the fuzzy availability of the product at it"
source.

(iii) The LR FFN

k= 1Wk = (Zh=1wk ]1'2k 1 Wk JZ'Zk 1 Wk ]3’Zk 1 Wk 54)“? will
represent aggregated value of the fuzzy demand of the product at j* destination.
For example, if in Example 3.1 the normalized weights of first and second

decision-makers are 0.4 and 0.6 repsectively. Then, Table 3.3 will represent the

aggregated fuzzy cost for supplying the unit quantity of the product, the fuzzy

availability and the fuzzy demand.
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Table 3.3 Aggregated fuzzy data of decision-makers

Destination
- Dy D, Fuzzy availability
Source |
S, (10, 23,29.5,36) (21.5,43,57,80) (27,53,70,87)
S, (21.5,33.5,43,55.5) (20,29.5,46,55.5) (21.5,41.5,74,91)
Fuzzy (26,56.5,66,100) (26,52,53,77)
demand

3.7. Flaws of Ebrahimnejad’s method
It is obvious from Step 2 of Ebrahimnejad’s method [49, Section 5, pp. 114] that
Ebrahimnejad [49, Section 5, pp. 114] has assumed that if A; = (ay, by, ¢y, d;) g and
A, = (ay, by, ¢y, d,) g are two distinct LR FFNs, then
Case (i): minimum{A,;, 4,} = 4, if a; < ay, by < by, ¢; < 3, dy < dy OF ay < ay,
b; <b,, ¢c;<cy, d;<d, OF a; <a,, byj<b,, ¢;<c,, d;<d, or a; <a,,
by < by, ¢; < ¢, dy < dy.
Case (ii): minimum{4;,4,} = A, ifa; > ay, by = by, ¢1 = ¢y, dy = d, OF
a, = a,, by >b,,¢c; =2c¢c,,dy =2d,ora; =a,, by =2b,,c; >c,,d; =d,0r
a, =>a,, b; =b,,c; =c,,d; >d,.
However, there may exist several LR FFNs for which neither the Case (i) nor the
Case (ii) will be satisfied e.g.,
If A =(ay,by,c,d)r = (1,2,4,8)1 and A, = (az,by,¢,dy) 15 =
(1,3,5,7)r , then it is obvious that neither Case (i) nor Case (ii) is satisfying i.e.,
minimum{4,, A,} is neither 4; nor A,. Hence, both the LR FFNs 4; and 4, can be

considered as minimum.
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Due to this flaw, on solving a FFTP by Ebrahimnejad’s method [49, Section 5, pp.
114] more than one fuzzy numbers, representing the optimal fuzzy transportation cost,
may be obtained, which is ill-logical. To validate this statement, a BFFTP with TrFNs
(LR FFNs with L(x) = R(x) = maximum {0,1 — x}) having two sources S;, S, and
two destinations D,, D,, represented by Table 3.4, is considered.

Table 3.4 BFFTP with TrFNs

Destination
- D, D, Fuzzy availability
Source |
S, (20, 40, 60, 80) (25,50, 50, 80) (40, 60, 80, 100)
S, (25,50,50,80) (20,40,60,80) (40,60,80,100)
Fuzzy (40,60,80,100) (40,60,80,100)
demand

Although, on solving the considered BFFTP, represented by Table 3.4, by
Ebrahimnejad’s method [49] the following fuzzy optimal solution and optimal fuzzy
transportation cost is obtained.

Fuzzy optimal solution: #%;; = (40,60,60,60) , %, = (0,0,20,40) , X, =
(0,0,20,40) , %,, = (40,60,60,60) .
Optimal fuzzy transportation cost: (1600,4800,9200, 16000).

However, it does not mean that the BFFTP, represented by Table 3.4, has a unique
fuzzy optimal solution. The following clearly indicates that according to ranking method,
used in in Step 2 of Ebrahimnejad’s method [49, Section 5, pp. 114], %;; =
(40,40, 40,40) , %1, = (0,20,40,60) , %,; = (0,20,40,60) , %,, = (40,40, 40,40) is
also a fuzzy optimal solution for the considered BFFTP.

It is well-known fact that every feasible solution (basic and non-basic) of a crisp

transportation problem will be an optimal solution if corresponding to it, the obtained
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total transportation cost is minimum. On the same direction, every fuzzy feasible solution
of a FFTP will be a fuzzy optimal solution if corresponding to it the obtained fuzzy
transportation cost is minimum.
It can be easily verified that %;; = (40,40,40,40) , %,, = (0,20,40,60) ,
X,, = (0,20,40,60), Xx,, = (40,40,40,40) is a fuzzy feasible solution of the FFTP,
represented by Table 3.4, as it is satisfying the following necessary constraints of the
considered FFTP.
(i) %1+ X, = (40,60,80,100),
(i) X, + %y, = (40,60,80,100),
(i) %, + X,; = (40,60,80,100),
(iv) Xy, + %y, = (40,60, 80,100),
(V) X1, X19, X541, X, are non-negative TrFNs.

Now, as discussed above this fuzzy feasible solution will be a fuzzy optimal solution
of the BFFTP, represented by Table 3.4, if corresponding to it, the obtained fuzzy
transportation cost i.e.,
(20,40, 60,80) ® %, + (25,50,50,80) ® %, + (25,50,50,80) ® %,; +
(20,40,60,80) & x,, will be minimum.

It can be easily verified that corresponding to the considered fuzzy feasible solution
%11 = (40,40, 40, 40), %, = (0, 20, 40, 60), %,1 = (0,20, 40, 60),
X,, = (40,40, 40, 40), the obtained fuzzy transportation cost is
(1600,5200,8800, 16000) .

Now, as discussed in Step 2 of Ebrahimnejad’s method [49, Section 5, pp. 114] that
if 4, = (ay,by,cy,dy) and A, = (a,, by, cy,d,) are two TrENs then A; < 4, i.e.,

minimum{4,,A,} = 4, if a; <ay, by < by, ¢1 < ¢y, dy <dy OF a3 < ay, by < by,
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c1<¢cy,di<d,oray; <a,, by <b,, ¢c;<cy,dy<d, 0ra; <a,, by <b,, ¢; <cy,
d, <d,.

However, for the TrFN (1600,4800,9200,16000), representing the fuzzy optimal
transportation cost of the considered fully fuzzy TP obtained by Ebrahimnejad’s method
[49, Section 5, pp. 114] and for the TrFN (1600,5200,8800,16000), representing the
fuzzy optimal transportation cost of the considered BFFTP corresponding to the
considered fuzzy feasible solution, none of the conditions a; < a,, by < by, ¢; < ¢y,
di<d,ora, <a,, by <by,ci<c,,dy<d,ora, <a,, by <b,ci <cy,dy <d,or
a; < a,, by < by, c; <y, dy <d, issatisfying.

Therefore, according to the ranking method, used in Step 2 of Ebrahimnejad’s
method [49, Section 5, pp. 114], it is not possible to conclude that the TrFN
(1600,4800,9200,16000) is less than the TrFN (1600,5200,8800,16000) or the
TrFN (1600,5200,8800,16000) is less than the TrFN (1600,4800,9200, 16000).

Hence, according to ranking method, used in Step 2 of Ebrahimnejad’s method [49,
Section 5, pp. 114], both the TrFNs (1600,4800,9200,16000) and
(1600,5200,8800,16000) represents the fuzzy optimal transportation cost of the
BFFTP, represented by Table 3.4. Since, the physical meaning of the TrFNs
(1600,4800,9200,16000) and (1600,5200,8800,16000) are different. So, it is
inappropriate to use Ebrahimnejad’s method [49, Section 5, pp. 114] for solving FFTPs.
3.8 Flaws of Kumar and Kaur’s method

Ebrahimnejad [49, Section 4, pp. 113] pointed out that on applying Kumar and
Kaur’s method [115, Section 6, pp. 88] more than one LR FFNSs, representing the optimal
fuzzy transportation cost may be obtained, which is illogical. But, Ebrahimnejad [49]

cannot find any FFTP to validate this claim.
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However, it can be easily verified that on solving the FFTP, represented by Table
3.4, by Kumar and Kaur’s method [115, Section 6, pp. 88], the following two distinct
TrEN, representing the optimal fuzzy transportation cost, are obtained.

First TrFN  representing the optimal fuzzy transportation  cost:
(1600, 4800,9200,16000).

Second TrEN representing the optimal fuzzy transportation
cost: (1600,5200,8800,16000).

The first TrFN, representing the optimal fuzzy transportation cost i.e.,
(1600,4800,9200,16000) is corresponding to the fuzzy optimal solution, ¥;; =
(40, 60, 60,60) , %, = (0,0,20,40) , %,; = (0,0,20,40) , %,, = (40,60, 60,60).

Whereas, the second TrFN, representing the optimal fuzzy transportation cost i.e.,
(1600,5200,8800,16000) is corresponding to the fuzzy optimal solution %;; =
(40,40, 40,40) , %1, = (0,20,40,60) , %,; = (0,20,40,60), X,, = (40,40,40,40).

It is pertinent to mention that as Rank(1600,4800,9200,16000)

Rank(1600,5200,8800,16000). Therefore, according to the ranking method, used in
Kumar and Kaur’s method [115, Section 6, pp. 88], (1600,4800,9200,16000) =
(1600,5200,8800,16000)
3.9 Reasons for the occurrence of flaws in Kumar and Kaur’s method as well as
Ebrahimnejad’s method

In this section, the reasons for the occurrence of flaws in Kumar and Kaur’s
method [115, Section 6, pp. 88] as well as Ebrahimnejd’s method [49, Section 5, pp. 114]
are discussed.
3.9.1 Reasons for the occurrence of flaws in Kumar and Kaur’s method

Kumar and Kaur [115, Section 6, pp. 88] used the ranking method, discussed in
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Section 3.2.1, for the ranking of LR FFNs. However, it is not appropriate to use this
method due to the following reason:

If A, = (ay,by,cq,dy) g and A, = (a,, by, ¢y, dy) g are two distinct LR FNNs
i.e., a; # ay, by # by, c; # cy,dy # d, then, either A; > A, or A; < A,. While, on
applying the ranking method, used by Kumar and Kaur [49] for two distinct LR FNNs
Ay = (ay, by, cq,dy) g and A, = (a,, by, c,, dy) 1, the relation A, = A, may be obtained,
which is mathematically incorrect e.g., if A, = (1,2,5,6) and 4, = (1,3,4,6) are two
TrFNs then according to the ranking method, used by Kumar and Kaur [115] and
discussed in Section 3.1,  Rank(4;)=3.5, Rank(4,) =3.5. Rank(4,)=
Rank(4,) = A, = 4,. But, it is obvious that A; # A,. This clearly indicates that the
ranking method, used by Kumar and Kaur [115, Section 6, pp. 88], is not valid.
3.9.2 Reasons for the occurrence of flaws in Ebrahimnejad’s method

Ebrahimnejad [49, Section 5, pp. 114] has used the ranking method, discussed in
Section 3.2, for the ranking of LR FFNs. However, it is not appropriate to use this method
due to the following reason:

If A, = (ay,by,cq,d1)g and A, = (a,, by, cy,dy) 5 are two distinct LR FFNs
then, either 4, > A4, or A; < A,. However, ranking method, used by Ebrahimnejad [49,
Section 5, pp. 114], for two distinct LR FNNs A; = (aq, by, c1,dy)r and A, =
(ay, by, ¢y, dy) g, fails to rank the A;and 4, e.g., if A, = (1,2,5,6) and 4, = (1,3,4,6)
are two TrFNs then for these LR FNNSs none of the conditions a, < a,, b; < b,, ¢; < ¢,,
di<d,ora, <a,, by <by,ci<c,,dy<d,ora, <a,, by <b,ci<c,,dy <d,or
a, <a,, by <b,, ¢c;<c,,d; <dy, a;>a,, bj=b,, ¢, =¢c,, d; =d, OF a, = a,,

by > by, ¢ =2 cy,dy =dy0ray = a,, by = by, c1 >cy,dy 2dy0ra; = ay, by = by,
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¢, = ¢y, di > d, is satisfying. Therefore, according to the ranking method used by
Ebrahimnejad [49] and discussed in Section 3.2, neither 4, < 4, nor 4, > 4, i.e., the
ranking method, used by Ebrahimnejad [49, Section 5, pp. 114] fails to find the ranking of
two distinct LR FNNs 4, and A4,. This clearly indicates that the ranking method, used by
Ebrahimnejad [49, Section 5, pp. 114], is not valid.
3.10 Advantages of RMDS ranking approach over the ranking approaches used by
Kumar and Kaur as well as Ebrahimnejad
It is obvious from Section 3.9 that the flaws in Kumar and Kaur’s method [115,
Section 6, pp. 88] and Ebrahimnejad’s method [49, Section 5, pp. 114] are occurring due
to the following flaws of the ranking methods, used by Kumar and Kaur [115, Section 6,
pp. 88] as well as Ebrahimnejad [49, Section 5, pp. 114], in their proposed methods.

(1) The ranking method, used by Kumar and Kaur [115, Section 6, pp. 88], indicates
that two distinct LR FFNs are equal e.g., the ranking used by Kumar and Kaur
[115, Section 6, pp. 88], indicates that the distinct TrFNs 4, = (1,2,5,6) and
A, = (1,3,4,6) are equal.

(2) The ranking method, used by Ebrahimnejad [49, Section 5, pp. 114], fails to find
the ranking of two distinct LR FFNs e.g., the ranking method, used by
Ebrahimnejad [49, Section 5, pp. 114], fails to find the ranking of two distinct LR
FFNs A, = (1,2,5,6);r and 4, = (1,3,4,6)z.

It is pertinent to mention that these flaws are not occurring in the RMDS
approach proposed by Kaur and Kumar [108] i.e., on applying the RMDS
approach for two distinct LR FFNs, A; = (a;, by, ¢, d)g and A, =

(ay, by, ¢y, dy) g, either the relation A; > A, or the relation 4; < A, will be
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obtained. The relation A; = A, will be obtained only if in actual case 4, = 4, i.e.,

a, =a,, by =b,,c; =cp,d; =d,.

Hence, the flaws of Kumar and Kaur’s method [115, Section 6, pp. 88] and
Ebrahimnejad’s method [49, Section 5, pp. 114] can be resolved by using RMDS ranking
approach [108] for finding the fuzzy optimal solution of fuzzy LPP (P3.3.1).

3.10.1 RMDS ranking approach
The steps of the RMDS ranking approach [108] are as follows:

Let Al = (al, bll C1) dl)LR and AZ = (az, bz, Co, dZ)LR are two dIStII’lCt LR FFNs.
Step  1: Find  Rank(4,) = %{( [} by — (by — a)L! (A)d/l) + ( IR

)R (Ddi )}

1

Rank(4,) = 5{( [} by — (b — a)L™? (A)d/l) + ( [} 2+ (dy — )R (A)da)} and
check that Rank(A4;) > Rank(4,) or Rank(4,) < Rank(4,) or Rank(4;)=
Rank(4,).

Case (i): If Rank(A;) > Rank(4,) then 4, > 4,.

Case (ii): If Rank(4,) < Rank(4,) then 4; < 4,.

Case (iii): If Rank(A;) = Rank(4;) then go to Step 2,
Step 2: Find (4,) = %fol(b1 + ¢1)dA , Mode(4,) = %fol(bz + c,)dA and check that
Mode(4;) > Mode(4,) or Mode(4,) < Mode(4,) or Mode(4,) = Mode(4,).

Case (i): If Mode(A,) > Mode(4,) then A; > A,.

Case (ii): If Mode(4,) < Mode(4,) then 4, < 4,.

Case (iii): If Mode(4;) = Mode(4,) then go to Step 3.

Step 3: Find
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Div(4y) = [ ¢ dA+ [, (dy — c)R™M(A) dA = [ by dA+ [ (by — a;)L™*(2) dA,
Div(4,) = [} c; dA+ [, (dy — c)R™X(A) dA— [, by dA+ [, (b, — a;)L™(2) dA and
check that Div(4;) > Div(4,) or Div(4,) < Div(4,) or Div(4;) = Div(4,).

Case (i): If Div(4;) > Div(4,) then 4, > 4,.

Case (ii): If Div(4;) < Div(4,) then 4, < 4,.

Case (iii): If Div(4;) = Div(4,) then go to Step 4.
Step 4: Find  Spread(4,) = [, (by — a))L™(2) dA, Spread(A,) = [, (b, —
a)L™1(1) dA and check that Spread(A4;) > Spread(4,) or Spread(4,) <
Spread(A;) or Spread(4,) = Spread(4,).

Case (i): If Spread(4;) > Spread(4,) then 4, > 4,.

Case (ii): If Spread(4;) < Spread(4,) then 4, < 4,.

Case (iii): If Spread(4,) = Spread(4,) then A; = 4,.
Remark  3.1: If A=(ab,c,d is a TrFN (LR FFN  with

L(x) = R(x) = maximum{0,1 — x}) then

Spread(4) = ?.

c+d—a—-b
2 )

a+b+c+d
4 )

Rank(A) =

Mode(4) = ?, Div(4A) =

3.10.2 Validity of RMDS ranking approach

In Case (iii) of Step 4 of RMDS ranking approach [108], it is claimed that if
Rank(A,) = Rank(4;), Mode(4,) = Mode(4;), Div(4,) = Div(4,) and
Spread(A,) = Spread(4;) then A; = A, ie., a; = ay, by = by, ¢ = €3, dy = d,.

The following clearly indicates that this claim is valid.
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Rank(4;) = Rank(4;) = H{(f3 by = (b — a) L™ @)da) + (f; 3 + (dy -

)R WdA)} =3{([ b, — (b2 — )L™ (DdA) + ([, ¢, + (dy — )R (D)da )}
(3.10.2.1)

Mode(A,) = Mode(A;) = - [, (b + ¢)dA =5 [[[(b, + c;)dA. (3.10.2.2)

Div(4,) = Div(A;) = [, ¢; dA+ [ (dy — c)R™'(A) dA— [} by dA+ [, (by —

a)LY(A) dA = [ c; dA+ [} (dy — ¢)R™Y(A) dA— [] by dA+ [ (b, —

ay)L"1(1) dA. (3.10.2.3)

Spread(4,) = Spread(4,) = [, (by — a;)L™ (2) dA = [, (b, — a)L™*(2) d2.
(3.10.2.4)

It can be easily verified that on solving equations (3.10.2.1),
(3.10.2.2), (3.10.2.3) and (3.10.2.4), the obtained solution is a; = a,, b; = by, ¢; =
cy,dy =d, e, A, = A,.

3.11 Proposed Mehar method

In this section, using RMDS ranking approach [108], a method (named as Mehar
method) is proposed for solving fully fuzzy LPP (P3.3.1) of a BFFTP with LR FFNs.

The steps of the proposed Mehar method are as follows:

Step 1: Use Step 1 to Step 5 of Kumar and Kaur’s method [115, Section 6, pp. 88] to

transform the fully fuzzy LPP (P3.4.1) into the crisp LPP (P3.4.1.6).
Step 2: Find all the possible optimal basic feasible solutions {xij,l' xij,z,xl-j,g,xim} of

the crisp LPP (P3.4.1.6).
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Step 3: Find the value of the objective function of the fuzzy LPP (P3.4.1.3) i.e.,

?i127=1(cij,1xij,1»Cij.zxij,z,Cij,3xij,3»Cij,4xij,4)LR corresponding to each possible
alternative optimal basic feasible solution obtained in Step 2.
Step 4: Find the Mode of each LR FFN, representing the value of the objective function
corresponding to an optimal basic feasible solution of the crisp LPP (P3.4.1.6), obtained
in Step 3.
Step 5: Find the minimum of all the real numbers (values of Mode), obtained in Step 4,
and check that the obtained minimum value is corresponding to a unique LR FFN
(representing the value of objective function of the fuzzy LPP (P3.4.1.3) corresponding
to an optimal basic feasible solution) or not.

Case (i): If the obtained minimum value is corresponding to a unique fuzzy LR

FFN then that LR FFN will represent the optimal fuzzy transportation cost and
{(xij,l»xij,Z»xijs'xijA)LR}’ obtained by the basic feasible solution corresponding

to which this LR FFN is obtained, represents the fuzzy optimal solution of the

BFFTP.

Case (ii): If Case (i) is not satisfied then go to Step 6.
Step 6: Find Divergence of those LR FFNs, representing the value of objective function
corresponding to an optimal basic feasible solution of the crisp LPP (P3.4.1.6),
corresponding to which the value of Mode is minimum.
Step 7: Find the minimum of all the real numbers (values of Divergence), obtained in
Step 6, and check that the obtained minimum value is corresponding to a unique LR FFN
or not.

Case (i): If the obtained minimum value is corresponding to a unique LR FFN
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then that LR FFN will represent the optimal fuzzy transportation cost and
{(xijll,xij,z,xim,xim)m}, obtained by the basic feasible solution corresponding

to which this LR FFN is obtained, represents the fuzzy optimal solution of the
BFFTP.
Case (ii): If Case (i) is not satisfied then go to Step 8.
Step 8: Find Spread of those LR FFNs, representing the value of objective function
corresponding to optimal basic feasible solution of the crisp LPP (P3.4.1.6),
corresponding to which the value of Divergence is minimum.
Step 9: Find minimum of all the real numbers (values of Spread), obtained in Step 8.

The minimum will occur corresponding to a unique LR FFN and hence, that LR FFN will
represent the optimal fuzzy transportation cost as well as {(xij,lrxij,z;xij,3;xij,4)LR}1

obtained by the basic feasible solution corresponding to which this LR FFN is obtained,
represents the fuzzy optimal solution of the BFFTP.
3.12 Unique optimal fuzzy transportation cost of the considered FFTP

In Section 3.7 and Section 3.8, a FFTP, represented by Table 3.4, is solved by
Ebrahimnejad’s method [49, Section 5, pp. 114] and Kumar and Kaur’s method [115,
Section 6, pp. 88] respectively and shown that more than one TrFNSs, representing the
optimal fuzzy transportation cost, are obtained, which is mathematically incorrect.

In this section, the same FFTP is solved by proposed Mehar method and shown
that a unique TrFN, representing the optimal fuzzy transportation cost, is obtained.

Using the proposed Mehar method, proposed in Section 3.11, a unique fuzzy
optimal value, representing the optimal fuzzy transportation cost of the considered FFTP,

of the fully fuzzy LPP (P3.12.1) can be obtained as follows.
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Fully fuzzy LPP (P3.12.1)

(25,50,50,80) ® (x12,1; X12,2)%12,3 x12,4)
+(25,50,50,80) ® (x21,1; X21,2,%21,3 x21,4) +/
(20,40,60,80) ® (x22,1’ X22,2:X223) x22,4)

(20,40,60,80) @ (x11,1» x11,2’x11,3,x11,4) + \‘

Minimize

Subject to
(x11,1»x11,2»x11,3:x11,4) + (X121, X12,2 X12,3, X12,4) = (40, 60, 80,100),
(x21,1» X21,2,X21,3, x21,4) + (X22,1, X222, X22,3) X22,4) = (40,60, 80,100),
(x11,1» X11,2, X11,3, x11,4) + (x21,1: X21,2,X21,3 x21,4) = (40, 60,80,100),
(X12,1, X12,2) X12,3, X12,4) + (X221, X22,2) X22,3, X22,4) = (40,60,80,100),
(x11,1»x11,2'x11,3;x11,4)' (x12,1:x12,2»x12,3:x12,4):(x21,1:x21,2'x21,3:x21,4) and
(%221, X22.2) X22,3, X22,4) @r€ non-negative TrFN.
Step 1: According to Step 1 of the proposed Mehar method, there is need to use Step 1 to
Step 5 of Kumar and Kaur’s method [115, Section 6, pp. 88] for transforming the fully
fuzzy LPP (P3.12.1) into a fuzzy LPP having fuzzy objective function and crisp
constraints.

Using Kumar and Kaur’s method [115, Section 6, pp. 88], discussed in Section
3.4.1, the fully fuzzy LPP (P3.12.1) can be transformed as follows:
Step 1(a): Using Step 1 of Kumar and Kaur’s method [115, Section 6, pp. 88], the fully
fuzzy LPP (P3.12.1) can be transformed into its equivalent fully fuzzy LPP (P3.12.2).
Fully fuzzy LPP (P3.12.2)

(207511,1: 40x11,2,60x11 3, 80x11,4) + (25%12,1,50%12,2, 50x12 3, 80x12 4) )

Minimize <
+(25x21’1, 50 X212, 50x74 3, 8Ox21’4) + (20x32,1,40x35 2, 60x; 3, 80x55 4)

Subject to
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Constraints of the fully fuzzy LPP (P3.12.1).

Step 1(b): Using Step 2 of Kumar and Kaur’s method [115, Section 6, pp. 88], the fully
fuzzy LPP (P3.12.2) can be transformed into its equivalent fully fuzzy LPP (P3.12.3).
Fully fuzzy LPP (P3.12.3)

e ( (20x11’1,40x11,2, 60x11,3, 8Ox11,4) + (25x132,1,50%12,2, 5015 3,80x75 4) )
Minimize

+(25x21,1, 50 X312, 50221 3,80%27 4) + (20x52,1, 40X25 5, 60X;5 3, 80%x52,4)
Subject to

(%111 + X121, X112 + X122, %113 + X123, X114 + X124) = (40, 60,80,100),

(x21,1 + X221, X212 T X22,2) X213 T X223, X214 + x22_4) = (40, 60,80,100),

(x11,1 + X211, X112 + X212, X113 + X213, X114 T x21,4) = (40, 60,80,100),

(X121 + X221, X122 + X222, X123 + X223, X124 + X22,4) = (40, 60,80,100),

(x11,1’ X11,2,X11,3 X11,4): (x12,1: X12,2)X12,3, x12_4), (X21,1' X21,2,X21,3 x21,4) and
(%221, X22,2) X22,3, X22,4) are non-negative TrFNs.

Step 1(c): Using Step 3 of Kumar and Kaur’s method [115, Section 6, pp. 88], the fully
fuzzy LPP (P3.12.3) can be transformed into its equivalent fuzzy LPP (P3.12.4).

Fuzzy LPP (P3.12.4)

e ( (209(11,1,40?511,2, 609511,3; 80x11,4) + (259512,1; 50x12,2, 50X12,3. 80x12’4) )
Minimize

+(25x211,50 X512, 5051 3,801 4) + (2021, 4052 2, 60X55 3, 80%25 4)
Subject to

X111+ X121 =40, X291 + X221 =40, X119+ X211 =40, X155 + X221 = 40,
X112 + X122 = 60, X212 + X222 = 60, X115 + X212 = 60, X125 + X922 = 60, x93 +
X123 = 80, X213 + X223 = 80, X113 + X213 = 80, X123 + X223 = 100, %974 + X124 =

100, X314 + X224 = 100, X114 + X214 = 100, X154 + X354 = 100, X971, —
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X111 2 0, X122 = X121 2 0, X212 = X211 2 0, X222 = X221 20, X113 — X112 2
0,%123 = X122 20, X213 = X212 20, X223 = X222 20, X114 = X113 20, X124 —

X123 2 0, X214 — X213 20, X224 — X223 2 0, X111, X121, X21,1, X221 2 0.

Step 1(d): Using Step 3 of Kumar and Kaur’s method [115, Section 6, pp. 88], the fuzzy
LPP (P3.12.4) can be transformed into its equivalent crisp LPP (P3.12.5).

Crisp LPP (P3.12.5)

L (20x11’1, 40x11,2,60x11 3, 80x11,4) + (25%12,1,50%12 2, 5015 3,80x17 4)
Minimize | Rank

+(25x21,1, 50 lelz, 50x2113, 80x21,4) + (20x22,l' 40x22'2, 60x22'3, 80x22'4_)

Subject to

Cosntraints of the fuzzy LPP (P3.12.4).

Step 1(e): Using Step 5 of Kumar and Kaur’s method [115, Section 6, pp. 88], the fuzzy
LPP (P3.12.5)can be transformed into its equivalent crisp LPP (P3.12.6).

Crisp LPP (P3.12.6)

20x11,1 + 4‘OX11'2 + 6OX11'3 + 80X11’4 + 25X12’1 + 50x12_2 + 50x12’3 + 8OX12'4 \
+25x21’1 + 50X21’2 + 50X21’3 + 8Ox21,4 + 20x22,1 + 4‘0X22'2 + 60x22’3 + 80x22’4

1n1mlzek 4 )

Subject to

Cosntraints of the fuzzy LPP (P3.12.4).
Step 2: On solving the crisp LPP (P3.12.6), the following two optimal basic feasible
solutions are obtained.
(1) X111 =40, x115 = 40, x93 3 =40, X114 = 40, X121 = 0, X155 = 20, X553 = 40,
X124 = 60, X311 = 0, X212 = 20, X313 = 40, X214 = 60, X221 = 40, %22, = 40,

x22'3 = 40, x22’4 == 4’0
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(i) x111 =40, x195 = 60, X113 = 60, X114 = 60, X151 =0, X155, =0, x153 = 20,
X124 =40, X311 = 0, X312 = 0, X213 = 20, X314 = 40, X351 = 40, x22, = 60,
X223 = 60, X554 = 60.
Step 3: Using these optimal basic feasible solutions, the following two fuzzy optimal
basic feasible solutions are obtained:
(i) %, = (40,40,40,40), %1, = (0,20, 40, 60), %,, = (0,20, 40, 60), Xpy =
(40,40,40, 40).
(i) %, = (40,60,60,60), %12 = (0,0,20,40), X¥,; = (0,0,20,40), Xyp =
(40,60, 60,60).
The fuzzy transportation cost
(20,40,60,80) ® (x11,1'x11,2'x11,3'x11,4) +(25,50,50,80) ® (X12,1, X12,2, X12,3) X12,4)
+(25,50,50,80) ® (x21.1, X212, X213, X21.4) + (20,40, 60,80) ®
(X221, X222, X223, X22,4), corresponding to first and second optimal basic feasible
solutions are (1600,5200,8800,16000) and (1600, 4800,9200, 16000) respectively.

Step 4: Using Step 4 of the proposed Mehar method,

Mode(1600,5200, 8800, 16000) = m = 7000,
Mode(1600,4800,9200,16000) = m = 7000.

Step 5: Using Step 5 of the proposed Mehar method,
minimum{Mode (1600, 5200, 8800, 16000), Mode (1600, 4800, 9200, 16000)} =
minimum{7000,7000} = 7000.

Since, the obtained minimum value is not corresponding to a unique number, so
according to Case (ii) of Step 5 of the proposed Mehar method, there is need to go to Step

6.
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Step 6: Using Step 6 of the proposed Mehar method,

Div(1600,5200,8800,16000) = ~2200+8800-1600-5200 _ ¢,

2

16000+9200—-1600—4800

Div(1600,4800,9200,16000) = . = 9400.

Step 7: Using Step 7 of the proposed Mehar method,
minimum{Div(1600,5200,8800,16000), Div(1600, 4800,9200,16000)}
= minimum{9000,9400} = 9000.
Step 8: Since, Div(1600,5200,8800,16000) < Div(1600,4800,9200,16000). So,
according to Step 8 of the proposed Mehar method, the TrFN (1600, 5200, 8800, 16000)
represents the unique optimal fuzzy transportation cost of the considered FFTP.
Furthermore, &, = (40,40,40,40), &, = (0,20,40,60), %,; = (0, 20, 40, 60),
X,, = (40,40, 40, 40) is the fuzzy optimal solution of the considered FFTP.
3.13 Conclusions

It is shown that on solving the fully fuzzy LPP (P3.3.1) of a BFFTP by Kumar
and Kaur’s method [115, Section 6, pp. 88] and Ebrahimnejad’s method [49, Section 5,
pp. 114] more than one LR FFNs, representing the optimal fuzzy transportation cost, may
be obtained, which is mathematically incorrect. Therefore, it is inappropriate to use
Kumar and Kaur’s method [115, Section 6, pp. 88] and Ebrahimnejad’s method [49,
Section 5, pp. 114] for solving BFFTPs. Also, a new method (named as Mehar method) is
proposed for solving BFFTPs. Furthermore, it is shown that on solving the fully fuzzy
LPP (P3.3.1) of a BFFTP by the proposed Mehar method, always a unique LR FFN,
representing the fuzzy optimal transportation cost, will be obtained. So, it is appropriate

to use the proposed Mehar method for solving the fully fuzzy LPP (P3.3.1) of a BFFTP.
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Chapter 4

Mehar Approach for Solving Balanced Fully
Intuitionistic Fuzzy Transportation

Problems*

Ebrahimnejad and Verdegay [51, Section 5] proposed an approach for solving
such BFIFTPs in which each parameter is represented as a TrIFN. In this chapter, it is
shown that Ebrahimnejad and Verdegay’s approach can be used only if the aggregated
value of IF transportation cost, IF availability and IF demand, provided by all the
decision-makers, is available. However, if instead of the aggregated data, the data of each
decision-maker is provided separately then Ebrahimnejad and Verdegay’s approach
cannot be used to find the solution of a BFIFTP. Therefore, firstly, to overcome the
limitation of Ebrahimnejad and Verdegay’s approach, a method for aggregating the
TrIFNs is discussed. Then, a new approach (named as Mehar approach) is proposed for
solving BFIFTPs. It is shown that it is much easy to apply the proposed Mehar approach
as compared to Ebrahimnejad and Verdegay’s approach. Also, to illustrate the proposed
Mehar approach, the existing BFIFTP [51] is solved.

4.1 Preliminaries
In this section, some basic definitions and arithmetic operations are presented [51,

Section 2].

* The contents of this chapter have been communicated in “Fuzzy Optimization and Decision Making” for
the possible publication.
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4.1.1 Basic definitions

In this section, some basic definitions are presented.
Definition 4.1: An intuitionistic fuzzy, A" = {(x, uz (x), vz (x)):x € R}, defined over

the set of real numbers R, is called an IFN if the following holds:

() There exist m € R such that pz (m) =1 and vz (m) = 0, (m is called the mean

value of A7).

(i) pzr (x) and vz (x) are piecewise continuous mapping from R to the closed interval
[0,1] and the relation 0 < pz (x), vz (x) < 1,V x € R holds.

The membership and non-membership function of A’ is of the following form:

0 ;—o<x<m-—a
filx) ;x € (m—a,m]
pa(x)=<1 ;X =m
hi(x) ;x € [m,m+ pB)
k 0 im+ L <x< o

where f;(x) and hy(x) are strictly increasing and decreasing function in (m — a, m] and

[m, m + B) respectively.

(1 ;—oo<x<m-—a'
fox) ;xe(m—a’' m0<fi(x)+f,(x) <1
vi (x) = 0 ;X =m
h,(x) ;x€[mm+pB"); 0<h(x)+h,(x) <1
0 im+p <x <o

where f,(x) and h,(x) are strictly increasing and decreasing function in (m — a’, m] and
[m,m + B") respectively. Here a and B are called left and right spreads of membership
function s (x) respectively. a’and B’ are called left and right spreads of non-

membership function v (x) respectively. The IFN A’ is represented by A =

(m; o, B;a', B").
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Definition 4.2: An IFN A' = (a4, a,, as; a}, a,, a3) is said to be TIFN if its membership

function uz (x) and non-membership function vz (x) is defined as

X—aq

a;—aq
par () = § ==

I as—a;

L o

;a4 <x<ap
;0 <X < aj

; otherwise

and vz (x) =

(
l

aj—x

az—a,

X—az

!
as—a;

1

. !

< x<ap
. !
;0 < x < az

s otherwise

Definition 4.3: An IFN A" = (ay, a,, a3, a4; a3, a},a3,a} ) is said to be TrIFN if its

membership function p z (x) and non-membership function vz (x) is defined as

_ !
fﬂ ; al <x< az ( Az—X
az—a, ab—aj
1 ;0 S x < as 0
par (x) =< and vy (x) =<
as—Xx ! _
= ;a3 < x < ay B
as—as as—aj
\ 0 ;otherwise \ 1

;otherwise

4.1.2 Arithmetic operations of IFNs

In this section, arithmetic operations of TIFNs and TrIFNSs are presented.
4.1.2.1 Arithmetic operations of TIFNs
In this section, arithmetic operations of TIFNs are presented.

Let A' = (ay,a,, as;ay, ay, a3 ) and B! = (by, by, bs; by, by, b} ) be two TIFNSs. Then,

(i) A'@B'=(a, +by,a, + by as + bs;ay +bj,a, + by, al + bh)

(i) A" © B" = (ay — b3, a; — by, a3 — by; aj — by, a, — by, a3 — by)

(iii) A' ® B! = (my, my, mg; mj, my, ms),

where, m,; = min{a,b;, a;bs, azby, azbs}, m, = a,b,,

! . 4 4 ! ! 4 ! ! ! !/
m3 = max{a, by, a,bs, azby, azbs}, my = min{a; by, a1 b3, azby, azbs}, msz =

! ! ! ! ! ! 4 4
max{a; by, a; b3, azb;, azbs}.
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(Aay, Aay, Aas; Aay, Aay, Aag ); A =0,
(Aas, Aay, dag; Aas, Aay, Aay ); A < 0.

(iv) AA! ={
4.1.2.2 Arithmetic operations of TrIFNs
In this section, arithmetic operations of TrIFNs are presented.
Let A" = (ay, a,, a3, a4;a}, ay,as,ay) and B! = (by, by, bs, by; b, by, b, b)) be two
TrIENS. Then,
(i) A'@®B'=(a;+by,a, +by,as + by, a, + by;al + by, a, + by,az + bs,al +
b)
(i) A'©B'=(a; —by,a; — by, a3 — by, a4 — by;al — by, a, — by, a3 — by, al —
b1)
(iiiy A" Q® B" = (my, my, m3, my; mi, my, my,m),
where, m; = min{a,b;, a1 by, asby, asbs}, m, = min{a,b,, a,bs, azb,, azbs},
ms = max{a,b,, a,bs, asb,, asbs},m, = max{a,b,,a,b,, a,b;, asb,}, m =

. NG I’ ! ! ! ! I __ NG [N ! ! ! !
min{a; by, aiby, ayby, aybs}, my = max{aiby, aiby, ayby, ayb,}.

(Aaq, Aa,, Aas, Aay; Aay, da,, Aas, dag ); A =0,

H Al
(iv) 24" = {(,1% Aag, Aay, Aay; Aay, Aas, Aay, Aa) ); A < 0.

4.2 IFLPP of aBIFTP
Ebrahimnejad and Verdegay [51, Section 3.2] claimed that a BFIFTP can be

transformed into the IFFLPP (P4.1).
IFFLPP (P4.1)
Minimize[Y[2, ¥7_, &; ® %]
Subject to
laxp=al; i=12,..,m,
maxi=bl; j=1,2,..,n

%! is a non-negative IFN.
ij
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(i)

where,

(1) The TrIFN 6{]- represents the intuitionistic fuzzy transportation cost for supplying
the unit quantity of the product from the i** source (S;) to the j** destination (Dj),

(ii) The TrIFN fc{j represents the quantity of the product to be supplied from the it"
source (S;) to the j¢" destination (Dj),

(iii) The TrIFN a! represents the availability of the product at the i source (S;),

(iv)The TrIFN Ej’ represents the demand of the product at the j** destination (Dj),
(v) X%, a) = X7, b/ represents that the total availability of the product at all the
sources is equal to the total demand of the product at all the destinations.
4.3 Existing method for comparing TrIFNs
It is well-known fact that the optimal solution of a crisp LPP problem will be that
feasible solution corresponding to which the value of the objective function will be
minimum. On the same direction, the intuitionistic fuzzy optimal solution of the IFFLPP
(P4.1) will be that IF feasible solution corresponding to which the value of the objective
function will be minimum. Since, in case of IFFLPP (P4.1), the value of the objective
function, corresponding to an intuitionistic fuzzy feasible solution, will be a TrIFN.
Therefore, to find the intuitionistic fuzzy optimal solution of the IFLPP (P4.1), there is
need to find the minimum of TrIFNSs i.e., there is need to compare the TrIFNSs. In this
section, the method for comparing the TrIFNs, used in Ebrahimnejad and Verdegay’s
approach [51, Section 5], is discussed.
Let A" = (ay,a,,as,as; a},ay,as,a,) and B! = (by, by, bs, by; by, by, bs, by) be
two TrIFNs. Then,

A" > B'if H(A") > H(B"),
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(i)
(iii)

A < Bif H(A") < H(B"),
A = B'if H(A") = H(B"),
where, H(AI) _ (a1+ ax+ az+ ag)+(aj+as+ as+ aj) and

8

H(E’) _ (bytbot byt b4);-(b{+b§+ b3+ bi).

4.4 Ebrahimnejad and Verdegay’s approach for solving BFIFTPs
The aim of this chapter is to propose such an approach for solving BFIFTPs which
is much easy to apply as compared to Ebrahimnejad and Verdegay’s approach [51,
Section 5]. Since, to show that the proposed approach fulfills this criteria, there is need to
discuss Ebrahimnejad and Verdegay’s approach [51, Section 5]. Therefore, a brief review
of Ebrahimnejad and Verdegay’s approach [51, Section 5] is presented in this section.
Ebrahimnejad and Verdegay [51, Section 5] proposed the following approach for

solving BFIFTPs.

. H ~I ~1 ~] I H
Step 1: Replacing the parameters ¢&;;, X;;, @; and b; with the TrIFNs
oA ! ! ! oA ! l l
(cij Cijar Cijar Cijas Cij,1 Cij2r Cij,30 Cij.4)v (Xij,10 Xij.2 Xiji30 Xija Xij10 Xij,20 Xij,30 xij,4)’
o ! ! ! N l ! !
(ai,p iz, i3, Aj4; Ajq,Ai2, i3, ai,4-) and (bj,l, bj2,bj3,bj4; bj1,bjs, b3, bj,4)
respectively, the IFLPP (P4.1) can be transformed into its equivalent IFFLPP (P4.2).
IFFLPP (P4.2)
P . m n . li 14 ! !
Mlmmlze[Zi:l Zj:l(cij,lr Cij,2,Cij,3:Cijas Cij1,Cij2rCij3 Cij,4) b2y
oA ! ! !
(xij,lrxij,zlxij,3:xij,4' xij,lfxij,zrxij,erijA)]
Subject to

n . ! ! ! ! _
Zj:l(xij,lrxij,z'xij,3'xij,4r xij,lrxij,z'xij,3'xij,4) =

! 1A 1A ! .
(ai,lr A2, ;3,054 Aj 1, ai,Z'ai,S'aiA); (=12, ..,m,
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Z?il(xij,pxij,z»xij,s»xij,4i xfj,1»xfj,2»x{j,3rxi'j,4) =

(b] v bj2, b3, bias bj g, f,z,b;'3,b;’4); ji=12,..,n,
(xij,lixij,erij,srxijA; x{jjl,x{j,z,x{js,x{jA) is a non-negative TrIFN, i=1,2,..,m,
j=12,..,n.

Step 2: Using the existing relation [51, Section 2, Definition 9],
(ay,az,a3,a4; ay,a3,a5,a3) = (by,bybs,by; by, by, bs,b%) = ay=by,a;, =
b,,a; =bs,a, =bya; =bj,a, =bj,as=>b5,a,=b, and wusing the relation
(aq,a5a3,a,; aj,a’y,a’y,a,) is a non-negative TriIFN = a'; >0, a; —aj =0,
a—a; =20,a,—a,=20,a3—a,=>0,a5—-a;=20,a,—a3=>0,a’,—a, =0, the
IFFLPP (P4.2) can be transformed into its equivalent IFLPP (P4.3).

IFLPP (P4.3)
.. . m n . ! ! ! !/
Minimize[ Y12, X7 (cij10 Cij2 Cijar Cija 5 Cijr Cljar Cijar Clja) @
o ’ ’ /
(xij,ltxij,Zinj,erijA ; xij,pxij,z»xij,a»xij,4)]

Subject to

! n ! ! n ! ! n ! !

n — n _— n — n —

Zj:l Xij1 = Aj1, Zj:l Xij2 = ai,Zijzl Xij3 = Q3 ij:l Xija = ai,4;}
n ! — —_— — j— '
j=1%Xij1 = Qi1 Lj=1Xij2 = iz, Lj=1%ij3 = A3, j=1Xija = Q4

m I _ bl 1 m 1 _ m ’ b/

m —_ m — m — m —
i=1%ij1 _bjl'zi 1xij2 = bj2, XiZ1 Xij3 —bjS'Zi 1xij4—bj4»} i=12
l]l l]2 j,2 i=1xij,3 - 13' 114

111—0 Xija — 111—0 xl]Z Xija 20, Xijp — 1]2—0 Xij3 — Xij2 2 0, x1]3
xij‘320,xij,4 U3>0 XU4 xij,él-ZO’ i=1,2,...,m,j=1,2,...,n.

Step 3: Using the existing multiplication [51, Section 2, Definition 8],

! ! ! ! ! I ’
(a11a2’a3ra4;a11a21a3)a’4)®(b1)b21b3lb4; 1 4)_
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(a1bi,a3by,a3b5,a,b,; a'1b'y,a’,b',a'3bs,a',b"), the IFLPP (P4.3) can be
transformed into its equivalent IFLPP (P4.4).

IFLPP (P4.4)

Minimize[Y2, Z;‘l=1(cij'1xij,1; Cij2Xij 2 Cij3Xij,3 CijaXija s Cij1Xij1 Cij2Xij 2 Cij3Xij3 Ci’j,4xl{j,4)]
Subject to

Constraints of the IFLPP (P4.3).

Step 4: Using the comparing method, discussed in Section 4.3, the IFLPP (P4.4) can be
transformed into its equivalent crisp LPP (P4.5) and hence its equivalent crisp LPP

(P4.6).

Crisp LPP (P4.5)

! ! ! ! ! !

P . j,1 Aij,1 Cij2 Aij,2,Cij,3 Xij,3, Cijarija Cij1 Aij1Cij2 *ij2Cij3 Aij,3

Minimize [2 MYt H < U AU U >l
yCija Xija

Subject to
Constraints of the IFLPP (P4.3).

Crisp LPP (P4.6)
a . 1 m n ! !
Minimize [52i=12j=1(cij,1 Xija + Cijz Xij2 + CijzXij3 + CijaXija+ Cij1Xijq +

Cij2 Xij2 + CljzXijzs+ Cija xl{j,4)] \

Subject to

Constraints of the IFLPP (P4.3).

Step 5: Find the optimal solution {x/; 1, ] 5 X{; 3, X{; 4» Xij1, Xij,2: Xij 3, Xij,4 } OF the
crisp LPP (P4.6).

Step 6: Using the optimal solution, obtained in Step 5, find the IF optimal solution

Ll ’ ’ ’ .
{11 X1j,20 X130 Xij.a s X110 X 20 %13 %1 4) } @nd the IF optimal value
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=1 Z?:l(cij,lxij,l'Cij,zxij,z»cij,3xij,3'Cij,4xij,4; Ci,j,lxi,j,l' Ci’j,zxi’j,z'C{j,sx{j,s'C{j,z;x{jA)-

4.5 Limitations of Ebrahimnejad and Verdegay’s approach
To solve a real life transportation problem, the opinion of more than one expert

about the parameters is collected. Then, all the collected information is aggregated to
obtain a single value of each parameter. Since, Ebrahimnejad and Verdegay’s approach
[51, Section 5] is proposed by considering that the aggregated value of each parameter is
available. Therefore, Ebrahimnejad and Verdegay’s approach [51, Section 5] cannot be
used to solve several real life FIFTPs. For example, Ebrahimnejad and Verdegay’s
approach [51, Section 5], cannot be used to solve the FIFTP considered in Example 4.1.
Example 4.1 Let us consider, a product needs to be supplied from three sources to four
destinations. For the same purpose, the information about each parameter is collected
from two experts. If Table 4.1 represents the IF transportation cost, the IF availability and
the IF demand provided by the first decision-maker and if Table 4.2 represents the IF
transportation cost, the IF availability and the IF demand provided by the second
decision-maker. Then, this FIFTP cannot be solved by Ebrahimnejad and Verdegay’s
approach [51, Section 5].

Table 4.1 IF data provided by the first decision-maker

Destinati
on Dy D, IF availability
_)
Source |
S, (10, 30, 40, 50;) (25, 50, 60, 80;) (20, 60, 70, 80;)
5,15,45,55 10,30,70,90 15,50, 75,85
S, (15, 30,50, 80;) (20, 40, 60, 80;) (25, 45, 60, 70;)
10,20,70,90 15,35,70,85 20,40, 65,80
IF (40,60,70,90;) (10, 45,55, 70;)
demand 30,50, 80,95 5,30,60,80
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Table 4.2 IF data provided by the second decision-maker

Destinati
on Dy D, IF availability
-
Source |
S, (15,35,45,55;) (30,55,65,85;) (25,65, 75,85;)
10,20,50,60 15, 35,75,95 20,55,80,90
S, (20, 35,55, 85;) (25, 45, 65, 85;) (30, 50, 65, 75;)
15, 25,75,95 20,40,75,90 25,45,70,85
IF (45, 65, 75,95;) (15, 50, 60, 75;)
demand 35,55,85,100 10, 35,65,85

4.6 Modified Ebrahimnejad and Verdegay’s approach

The limitation of Ebrahimnejad’s approach [51, Section 5] can be overcome by
including the following step (say Step 0) in Ebrahimnejad and Verdegay’s approach [51,
Section 5].
Step 0: Use an appropriate aggregation operator to aggregate the data of all the decision-
maker, For example, if

(i) wy, represents the normalized weight of the k" decision-maker.

(i) The IFN &5 = (¢l cfa el cliaiclis clieclizclis)  represents  the IF

transportation cost for supplying unit quantity of the product from i** source to

jt" destination, provided by the k" decision-maker.

(i) The IFN af = (aly, af,, a¥s, aly; alfs, ale, a¥;, al’) represents the IF availability

of the product at i*" source according to k" decision-maker.
(iv) The IFN bf = (bfy, bf5,, bf55, b4 b5, b6, bf5,, bfs) represents the IF demand of

the product at jt* destination according to k" decision-maker.

Then,
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H 2p: W Ck’l Zp= Wk C'k'z 2p= Wp C-k-3 2p= Wy Ck-4' )
() Zi:lwkf?{j- =< kpl oy cke=1 1,2’ Sk=1 1,37 &k=1 ij4- will

k=1 Wi Clkj,S ) Zz:l Wi Clkj,ﬁ ) Zi:l Wi Clkjj ) Z£=1 Wi Clkj,s
represent the aggregated value of the IF transportation cost for transporting unit
quantity of the product from i** source to j* destination.

(ii) The IFN

k=1 14 k p k 14 k 14 k
k=1 Wk A5 D=1 Wk Qi » Lg=1 Wk Aiy7» D=1 Wk g

P k3P k3P k 3P k.

p ~k k=1 Wi Qi1 D=1 Wk Qi2 ) Dgemq Wi Ai3» D=1 Wk Qi) .
Wk ai - ”

represent the aggregated value of the IF availability of the product at i*" source.

(iiii) The IFN

P k P k p k 14 k .
. i [ Zae=1Wie bj1 s Xems Wi Bia s Xje—1 Wi B3, Xie=1 Wi bja s :
k=1Wk b = op will

k=1 Wk b}fs »Zg=1 Wk b}fe'ZLl Wk b}f%Z;Iz:l Wy b'g
represent aggregated value of the IF demand of the product at j* destination.
For example, if in Example 4.1 the normalized weights of first and second
decision-makers are 0.4 and 0.6 repsectively. Then, Table 4.3 will represent the
aggregated IF cost for supplying the unit quantity of the product, the IF availability

and the IF demand.

Table 4.3 Aggregated IF data of decision-makers

Destinati
D, D, IF availability
ﬁ
Source !
S, (13, 33,43, 53;) (28, 53,63, 83;) (23, 63,73, 83;)
8,18,48,58 13,33,73,93 18,53,78, 88
S, (18, 33,53, 83;) (23, 43,63, 83;) (28, 48,63, 73;)
13,23,73,93 18,38,73,88 23,43,68,83
43,63,73,93; 15,50, 65, 75;
demand (33,53,83,98) (8,33,58,83 )
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4.7 Proposed Mehar approach
In this section, a new approach (named as Mehar approach) is proposed to find the
IF optimal solution of such BFIFTPs in which each parameter is represented as a TrIFN.
The steps of the proposed Mehar approach are as follows:
Step 1: Using the known values of & = (ci1,Ci2 Cis Cias Cl1)ClonCiaClsa), A =
(@11, Gi2, i3, Qia s Af1,0i5,073,a;,) and bf = (bj1,b;2,bj3,bia; bj1,b]5,b]3,b]4),
find the crisp optimal solutions {x;;,}, {aij1}, {aj2}, {@ijs}, {@ija} {@is} {@ije)s
{ai;-};i=12,..,m;j=12,..,n;of the crisp LPPs (P4.7) to (P4.14) respectively.
Crisp LPP (P4.7)
Minimize [%Z?;l Z;‘zl(c”’l + Cijpt Cijst Cijat it i, et Ci,j,4)xi,j,1]
Subject to
Te1Xij1 = Qiq, L=12,..,m;
m1Xij1=Dbiy, j=12,..,m, x{;=0.
Crisp LPP (P4.8)
Minimize [%Z}Zl Z;'l=1(cij,1 + Cijpt Gzt Cijat Cijpt izt C{M)aij,l]
Subject to
Z;-‘zl @jj1 =01 — 0, i =12,..,m;
Yiz1@ij1 =bj1—bly, j=12,..,n, a;; = 0.
Crisp LPP (P4.9)
Minimize [%Zﬁl Z?=1(Cij,2 + Cijz+ Cijat Ci,j,z + C{j,3 + Ci,j,4)aij,1]

Subject to
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Yi=1®ij2 = Qi — g, i = 1,2,...,m;

Xt @ij2 =bj; —bj1,j=12,..,n a;, 2 0.
Crisp LPP (P4.10)

Minimize [%Zﬁlz‘?:l(cij,z + Cijazt Cijat cijzt ci’j‘4)aij,2]
Subject to

27}:1051'1',3 =Qjz — iy i =12,..,m;

Yty @ij3 = bj, — b]{JZ J=12,..,n, a;j; =0.
Crisp LPP (P4.11)

Minimize [%Zﬁ12?=1(cij,3 + Cijat cijzt C{H)aij,z]
Subject to

Yi=1@ija = Qi3 — Qi =1,2,...,m;

Sy @i = by —bp,j = 1,2, i, = 0.
Crisp LPP (P4.12)

Minimize E 1 Xoa(cija + cljs + Ci,j,4)aij,2]
Subject to

Z?zl @jjs =iz — A3, 1 =12,..,m;
Yis1@ijs =bj3—bj3,j=12,..,n,a;;5 = 0.
Crisp LPP (P4.13)

Minimize [%Zﬁlz’}:l(cim + C{M)aij,z]
Subject to

Z;‘zl @jje = Ajg — Aj3, i =12,..,m;

m _ ! .
Zi=1 aij’6 = bj'4 — bj,3 ] = 1,2, e, n, aij,6 > 0.
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Crisp LPP (P4.14)
Minimize |3 X%, 27 ( cfj.4) iz
Subject to
Z}Ll @jj7 = A4 — Qjg, L =12,..,m;
Yis1@ij7 =bjs—bjsj=12,..,n,a;, 0.
Step 2: Using the optimal solutions, obtained in Step 1, find

(i)  x1= x{j'l ‘a1, i=12,..,m; j=12,..,n

(i) xj2=xjj1t a1 +ag+ags i=12,.,m; j=12,..,n

(i) xj3 = xjj1 tagjq t otz +ags, i=12,..,m; j=12,..,n

(V) xija=xjj1+ gt @+ aijs+ st as + agje, i=12,..,m;

j=12,..,n

(V) x{j,Z = x{j'l +ajj1tagy i=12,..,m; j=12,..,n

(vi) x{j,3 = x{j,l + @+t aizt it ags, i=12,..,m; j=12,..,n
(Vi) x4 =%t tagstagstagatagstagetag, i=12,..,m;

j=12,..,n

Step 3: Using the optimal values of x;;, and x{j,k; i=12,...m; j=12,..,n;
k=1,2,34, obtained in Stp 2, find the [IF optimal solution
{(xij,l, Xij 2 Xij 3 Xijas x{j‘l, x{j,z, x{j,3, x{jA)} and the IF optimal value

i1 Z?=1(Cij,1xij,1: Cij2Xij,2,Cij3Xij 3, CijaXija; C{j,lx{j,lf C{j,zx{j,z' Ci,j,3xl{j,3’ Ci,j,4x1{j,4)'
4.8 Proposed methodology

The proposed Mehar approach is obtained by considering the following
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methodology.
4.8.1 Mehar representation of a TrIFN

The aim of this chapter is to propose such an approach for solving BFIFTPs which
is much easy to apply as compared to Ebrahimnejad and Verdegay’s approach [51,
Section 5]. After a deep study, it is observed that this objective cannot be achieved by
considering the existing representation of a TrIFN [51, Section 2, Definition 7]. Keeping
the same in mind, in this section, a new representation of a TrIFN (named as Mehar
representation of a TrIFN) is proposed.

Let A" = (aq, a,, a3, a4; ay, aj, ay,ay) be a TrIFN, where aj < a; <a, <a, <
as; < ay <a, <a, then the Mehar representation of this TrIFN will be A=
(a1, B1, B2, B3; BarBs, Be, B7)m  Where, By =a; —aj, P, =a;—a;, Pz3=a;—ay
Ba = asz — a,, Bs = a3 — az, P = a, — a3, B7; = a, — a,. €.9., the Mehar representation
of the TrIFN A’ = (20, 30, 40, 50; 15, 25, 45,55) will be A’ = (15, 20 — 15, 25 — 20,
30 — 25, 40 — 30, 45 — 40, 50 — 45, 55 —-50), = (15,5,5,5,10,5,5,5) .

4.8.2 Multiplication of a TrIFN in its existing representation with a TrIFN in its
Mehar representation

In the Section 4.8.3, the origin of the proposed Mehar approach is discussed.
Since, in Step 2 of Section 4.8.3, there is need to find the multiplication of a TrIFN in its
existing representation [51, Section 2, Definition 7] with a TrIFN in its Mehar
representation. Therefore, the same is discussed in this section.

Let (Cij1s Cijar €ijy30 Cijai Cijr Cij2r Cij3o Ci’j,4) and
(%110 Xij 20 Xij 3 Xij,a5 Xij 10 X120 X1 3, X1j,4) D€ two TrIFNs in its existing representation

[51, Section 2, Definition 7]. Then, using the existing result [51, Section 2, Definition 8],
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(Cij,lr Cij2Cij 3, Cijas C{j,p Ci,j,ZJ C{j,3' Ci,j,4) X
(xij,l'xij,ZJ Xij3 Xij4; xl{j,lf xfj,z;x{j,3;x{j,4) =
(Cija Xij1 Ciji2 Xij2o Cij3 Xij,3 CijaXija s Cija Xij0 Cijz Xij,2 Cija Xij, Cija Xija)- (41)
Furthermore, using Section 4.8.1, the TrIFN,
Ri; = (Xij,1, Xij,20 X130 Xij,a3 Xij 10 Xij 20 Xij 3 Xi;4) N its Mehar representation can be
written as (x[; 1, @i 1, @ij 20 Xij 30 Xijar Aij 50 A0 aij_7)M, where
() @1 =xj1—Xij1 = Xij1 = X{j1 + @
(i) ayjp =X, —Xij1 = Xijp=Xijq + Qjz = X{j1 + ajq1 + gz
(i) @z =Xjj2 = Xijo = Xijo2 = Xijo, + Qij3 = Xjj1 + Qj1 + @jo + a3
(V) @ija =Xij3— Xij2 = Xij3 = Xijp+ Qjja = x{j,l + ajjq + Qi T Q3+ Qg
(V) aijs =Xij3—Xijz = Xz =Xzt Qjs =X+ g+ Ao+ s+t
Aj s
(Vi) @i = Xija—Xij3 = Xija=Xijz+Qje = Xij1t @jg+ gzt Qs+t
Qs+ Aje.
(Vil) a7 =X{ja— Xija D Xija=Xjat Qi = Xtttz tagst
Qijs + Aije + @i 7.

Replacing the TrIFN (X1, Xij2, Xij,3, Xija 5 X110 Xij 20 Xij,3 Xij4), Present in left
hand side of multiplication (4.1), with its Mehar representation
(%1 10 @ij10 i Xij 30 Aij a0 A 50 A 6 “W)M and the values of
Xij1) Xij20 Xij30 Xijar Xij 10 Xij 20 Xij 3 X 40 Present in right hand side of multiplication
(4.1), with Xij1+ @ij,Xipq +Qj+ Qo+ @i xig gt ag +agst

! ! ! !
Aijar Xy + Qija + Aijo + Apjz + Qg + Aijs + i Xij g0 Xija + Xija + Aija, Xij
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!
Aija + Aijz + Aijz + Aija + Aijs, Xijg + Aijy + Aijo + Az + Apja + Aijs + Ayje +
a;j 7 respectively, the multiplication (4.1) is transformed into its equivalent multiplication
(4.2).
AT ! ! !
(Cij,lr Cij,2, Cij,3 Cija5 Cij,1s Cij,2, Cij,30 Cij,4)
!
® (Xij1 i1, Xij 20 Xij 30 Aijar X5 Qi 60 Xij7) M
_ 1 ! !
= (Cij,l(xij,l +agi) i (X +aga +agp +agis) s (xd, +oag +ag, +
! oAl ! !
tijs + @ija), Cija(Xijn + @ija + Qija + Qijs + @jat aigs + aie)s Xija cia (Xt
! ! ! !
@ija + @ij2), lia(Xla + @ijn + Qi+ @ijs + Qe+ ags) el g (Xl g +
aij,Z + aij,3 + aij,4- + aij‘5 + aij,6 + aij’7)). (42)

4.8.3 Origin of the proposed Mehar approach
In this section, the origin of the proposed Mehar approach is discussed.
Step 1: Replacing the parameters X[; = (i1, Xij 2, Xij3 Xija 5 Xij,10 X120 Xij.3 X1j.4):
~ __ . ! ! ! ! d
al = (ay1, G2, A3, Qa5 Qjy,0]5,0]3,0a;,) an
ol _ N I I I . . .
b/ = (bj1,bj2,b;3.bj4; bj1,b],,bj3,bj ,) with their Mehar representation,
~I _ Vi
Xij = (xij,llaij,lfaij,Z:aijs:aijA; Qijs, Xij e aij,7)M1
~] _
a; = (ag,pﬁi,pﬁi,z»ﬁi,&ﬁi,mﬁi.s,ﬁi,s '.Bi,7)M and
—_ _
| = (b]{,lryj,lr)/j,zfyj,3'Vj,4'Vj,5»yj,6fyj,7)M respectively, the IFFLPP (P4.1) can be
transformed into its equivalent IFFLPP (P4.15).

IFFLPP (P4.15)

m n . ! ! ! !
i=1 Zj:l(cij,l' Cij,2,Cij3,Cija s Cij1,Cij2,Cij3 Cij,4) b2

Minimize ,
(xij,p Aij1) Ajj2, Ajj3, Ajja, Aijs, Aije aij,7)M

Subject to
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Yoy (i 1 Qi1 @i @iz Qijoas Aijso i aij,7)M =
(ai1,Bir Biz Bi Bia Bis Bis »ﬁi,7)M, i=1.2,..,m,
ﬁ1(x{j,1»aij,1;“ij,z»aij,sfaij,ap Aijs Aije aij,7)M =
(bf,pl’j,p)/j,z;]/j,s;Vj,4» Yj,s»Vj,s,VjJ)M, j=12,..,n,
(%01 Xij1 Xij2 Xij 30 Aijoar A5 A6 al-j,)M is a non-negative TrIFN.
where,
(i) djj1 = Xij1 — xL{j,l'aij,Z = xfj,z — Xij,1, Xij3 = Xjj2 — x{j,z'“iA- = Xij3 —
Xij2, Aijs = x{j,s — Xij3, Aije = Xijja — xi’j,3 yAjj7 = xi,j,4 — Xija4-
(i) Bi1=ap1— a;,l'ﬁi,z = a’l{,z — a1, Pi3 =iz — a;,z' Bia = Qi3 — iz Pis =
a£,3 — a3, Pie = Qi — a§,3 Bi7 = a§,4 — Q4.
(i) ¥j1=Dbj1—b1,¥j2=Dbj, —bj1,¥j3=bj, —b%Vjs=Dbjz—bj2¥js =bjs—
bj3,Vje = bja—bj3,Vj7 = bjs— bja.
Step 2: Using the multiplication (4.2), proposed is Section 4.8.2, the IFLPP (P4.15) can
be transformed into its equivalent IFFLPP (P4.16).
IFFLPP (P4.16)
Minimize [Z{Zl =1 (Cij,l(x{j,l + 1), Cijz (x{jll + i+ A+ aijs), Cij,g(x{j'l +
Qij1 + Aijo + Aijz + Aija), Cij,4(x{j,1 tajjtagiz+agizt+agat+oagist+
Wije); Xij1r Clio(Xija + Qijr + @j2), clia(xija + @ijn + a2 + @y + Qe +
@ijs), Clja(Xija + Qija + Qgjp + Qs + e+ ags +agie+ aij,7)) ]
Subject to

Constraints of the IFFLPP (P4.15).
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Step 3: Using the comparing method, discussed in Section 4.3, the IFLPP (P4.16) can be
transformed into its equivalent IFLPP (P4.17).

IFLPP (P4.17)

Minimize E ) (cij,l(xlfj,l + aij,1) + Cij2 (xi,j,l + a1 tagzt aij,s) +
Cija(Xija + @ijn + o + ayjg + @) + cija(xly + @i+ o+ gz + g+
ajs + aij,f,) + X{j1+ Cijo (x{j,1 + a1+ al-j,z) + ¢ij3 (x{m +ajj1tag,+ast
@ija+ @ijs) + cpa(xin @+ @z + Qs+ e+ ags +age+ aij,7))]
Subject to

Constraints of the IFLPP (P4.15).

Step 4: Collecting the coefficients of x;; 1, a;j1, @ij2 @ij3, Qijar Qijs Aijer Aij7, the
IFLPP (P4.15) can be transformed into its equivalent IFLPP (P4.18).

IFLPP (P4.18)

Minimize [%Zﬁlz’}zl ((Cij,1 + cijpt Cijst Cijat it cii, et Ci’j,4) Xij1+
(cija + Cijo+ cija+ Cija+ Ciiotciiz+ o)+ (cjz+ cijs+ Cijat cijp +
Ciizt Cija)ija+ (Cijo + Cijs+ Cijat+cljz+ clja)ags+ (cys+ cjatciz+
clja)@ija + (Cija +cijs + clja)aijs + (cija + cija)aije + Ci’j,4aij,7)]

Subject to

Constraints of the IFLPP (P4.15).

Step 5: Using the relation (a’, @y, @y, as, as, as, ag, a7)y =

(b,,,81,,82,,83,,84,,85,,86,37)1\/1 =a = b,! o = ,811 oy = ,82’ a3 = .331 oy = 184-! as = .851
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g = Pe, a7 = B and the relation (a’, ay, ay, as, ay, as, ag, a;)y i a non-negative TrIFN
>a =20 a,=20, a,>20,a;=>0,a, =20,a5 =0,a, = 0,a; =0, the IFLPP (P4.18)
can be transformed into in its equivalent crisp LPP (P4.19).

Crisp LPP (P4.19)

Minimize EZ?;1 Z?=1(Cij,1 + Cijpt Cijst Cijat it i, et Ci,j,4)xi,j,1 +
(ciju + cijo+ Cija+ Cija+ ciio e+ cia)ags+ (cjo+ cijs+ Cijat cijo +

! ! ! ! !
Clia+ Clia)@ijz + (Cyz + Cijs+ Cyatclz+ ca)ays+( cys+ cjatclz+

! ! ! ! !
Cija)@ija + (Cija + iz + cija)ijs + (Cija + cija)ije + Cij,4“ij,7]
Subject to

Te1Xij = Qiq o, Ny=1®ija = PBix Xj=1®ij2 = Bz, Xi=1ij3 = Bis, }
i1 Qija = Biar Xj=1%ijs = Bis, Xi=1Qije = BierDj=1%ij7 = Bi7 )’

m — m —_ m — m —
Xty ®ij1 =Vj1 ) Disq Aij2 =Vj2 ) Dieq dij3 =YVj3 ) 21 Aija = Vja, j=
m — m _— m —
Diz1 dijs = Vj5 V Die1 Oije = Vj,612i=1 Aij7 = Vj7

xij1 =20, @jj1 =0, @;j, =0, @;j3=0, @;j4 =0, a;js =0, a;j6=0, a;;; =0,
i=12,.,mj=12,..,n

Step 6: To find the optimal solution {x;; ;, a;;1, @} 2, i3, @ij a0 ij s Xijer Aij 7} OF the
crisp LPP (P4.19) is equivalent to find the optimal solutions {x;;,}, {ai;1}, {aij2}.
{aijs}, {aija}, {aijs} {aije}, {aijs} of the crisp LPPs (P4.7) to (P4.14) (already
mentioned in Section 4.5) respectively.

Step 7: Using the optimal solutions, obtained in Step 6, find

(i) xj1= x{jll +aj,, i=12,..,m; j=12,..,n

(ll) xij,Z = x{j'l + aij,l + aij,Z + Qfl'j’3, [ = 1,2, e, M ] = 1,2, e, N

154



(i) xj3= X1t t o+ s+ s, i=12,..,m; j=12,..,n

(V) Xija=xijqt g+ +agst+agatas+aei=12.,m;j=
1,2,..,n.

(v) x{j‘z = x{j‘l +ajj1tagy i=12,.,m; j=12,..,n

(Vi) xjjz=xij1t gty tagztastags i=12,..,m; j=12,..,n

.. P
(VII) xij,4 = xij,l + aij,l + aij,Z + aij,g + aij,4- + aij,S + aij,6 + aij,7-
i=12,...m;j=12,..,n

Step 8: Using the optimal values of x;;, and x,; i =12,..,m; j=12,..,.mk =
1,2,3,4, obtained in Step 7, find the IF optimal solution
{(xij,10 X120 Xij 30 Xijai Xij1Xij 00 X2 %15 4)}  and  the  IF  optimal  value
=1 Z?=1(Cij,1xij,1,Cij,zxij,z,Cij,3xij,3,Cij,4xij,4; C{j,1x{j,1,C{j,zxfj,z'C{j,sx{j,3'cfj,4x{j,4)-

4.9 Advantages of the proposed Mehar approach

It is obvious from Step 4 of Ebrahimnejad and Verdegay approach [51, Section 5],
discussed in Section 4.4, that to find the IF optimal solution of an IFTP having m sources
and n destinations by Ebrahimnejad and Verdegay’s approach [51, Section 5], there is
need to solve a crisp LPP having
(i) The following 8m constraints:

n — n —_ n — n —_
Zj=1 Xij1 = Aj1, Zj:l Xij2 = ai,2’2j=1 Xij3 = ai,3'2j=1 Xija = Qja| .
i=12,..,m.

n /4 0 ! . ! I / n ! R /
j=1Xij1 = A1, j=1Xij2 = A2, Lj=1%ij3 = Aj3,Lj=1Xij4 = Aj4
(if) The following 8n constraints:

m — m — m —

=bj1, Xit1 Xij2 = ij'Zi 1Xij3 = bjB'Zi 1%ij = bja,) .

(”I) Z ! m ! — m / _ b/ _ b, - 1, 2, ...,Tl.
ul i1 0 Zui=1%ij2 = ]z' Xij3 = 114

(iv) The following 8mn constraints:

155



!

x{j,l >0, X551 — x{j‘l >0, Xjj, — Xij1 =0, x5, — x{jjz >0, x;53 = Xij2 =0, x{]-'3 -
Xij3 =0, X4 — x{j‘g >0, x{jA —Xja20,i=12,..,m,j=12,..,n

(v) The following 8mn variables:

Xij 1 Xij20 Xij30 Xijar Xij 1 Xij 2 Xijp Xija 1 = 1,2,,m, j =1,2,..,n.

While, it is obvious from Step 1 of the Mehar approach, proposed in Section 4.7,
that for solving the same problem by the proposed Mehar approach, there is need to solve
8 crisp LPPs, each having (m + n + mn) constraints and mn variables.

Since, it is much easy to solve a crisp LPP having (m + n + mn) constraints and
mn variables as compared to solve a crisp LPP having 8(m + n + mn) constraints and
8mn variables. Therefore, it is much easy to apply the proposed Mehar approach as
compared to Ebrahimnejad and Verdegay’s approach [51, Section 5].

4.10 Hlustrative example

Ebrahimnejad and Verdegay [51, Section 6.1] solved a BFIFTP having two
sources 04, 0, and three destinations D,, D, and D5 by considering
¢l = (10,20, 30, 40; 5,15,35,45), &, = (50, 60,70,90; 45,55,75,95),
¢l; = (80,90,110,120; 75,85,115,125), ¢!, = (60,70,80,90; 55,65,85,95),
¢t, = (70,80,100,120; 65,75,115,125), éi; = (20,30,50,60; 15,25,35,65),
al = (60,80,100,120; 50,70,110,130), @’ = (40,60, 80,100; 30,50,90,110),

b! = (30,50, 70,90; 20,40,80,100), b} = (20,30, 40,50; 15,25,45,55),
b} = (50, 60,70, 80; 45,55, 75, 85).
Using the proposed Mehar approach, the IF optimal solution of this BFIFTP can

be obtained as follows:
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Step 1: Since, @} = (ay1, @12, 413, Q145 Q11,012 013,a14) =
(60,80,100,120; 50,70,110,130), @, = (az1,az2,a23,Az4; Ah 1, Ahp Aoz, ahy) =
(40,60,80,100; 30,50,90,110),
bl = (b11,b12,b13,b14; b1, b1 bis,bis) = (30,50,70,90; 20,40,80,100),
b} = (by1,b22,b23,bau; b1, by 4, b33, b5 4) = (20,30,40,50; 15,25,45,55),
bl = (b1, b33, b33 bsa; bhq,bsa, bh s bs4) = (50,60,70,80; 45,55,75,85).

So, according to Step 1 of the proposed Mehar approach, there is need to find the
crisp optimal solutions {x;;,}, {aij1} {aij2} {aijs} {@ija}, {@ijs} {@ije} {7}
i =1,2,3;j = 1,2; of the crisp LPPs (P4.20) to (P4.27) respectively.
Crisp LPP (P4.20)
Minimize [3(200 Xi11 + 540 x7,, + 800 x{3, + 600 x5, ; + 750 x5, ; + 300 x§3,1)]
Subject to
X111 + X121 + X131 = 50, X311 + X551 + X331 = 30,
X111 F X211 = 20, X151 + X351 = 15, X131 + X331 = 45,

! ! ! ! ! !
X111, X12,1) X13,1, X21,1, X22,1, X231 = 0.

Crisp LPP (P4.21)

Minimize %195 @111 +495 a5 + 725 ay31 + 545 a1 + 685 apy 4 + 285 a23,1]
Subject to

111+ @121 + @131 = 10, azy1 + @zp1 + 231 = 10,

111+ @210 =10, @y21 + @221 =5, @y31 + A231 =5,

11,1, X12,1, X131, A21,1, X221, X231 = 0.

Crisp LPP (P4.22)
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Minimize [%(185 117 + 445 a5, + 645 a3, +485 a1, + 615 ay,, +

265 a337) |
Subject to
(112 + 122 + @132 = 10, a1, + dzp5 + dz3, = 10,
A112 + A1 = 10, U122 + Azz2 =5, U132 + Az32 =5,
(11,2, X122, X132, X212, X222, X232 = 0.

Crisp LPP (P4.23)

240 a23,3)]
Subject to
@113 + 23 + ay33 = 10, d13 + A3 + 33 = 10,
@113 + az13 = 10, (123 + Ap3 =5, (133 + Q33 =5,

(11,3, A12,3) X133, A21,3, X223, Xz33 = 0.

Crisp LPP (P4.24)

Minimize [§(150 (114 + 330 @ipg + 470 154 + 350 @y 4 + 460 gy 4 +

210 tz3.4) |
Subject to
114 T X124 + 134 = 20, (21,4 + Aoz 4 + Az34 = 20,
11,4 + X214 = 20, A124 + Q24 = 10, Q134 + Q34 = 10,

11,40 X124 X13,4) A21,4) X224, X234 = 0.

158



(i)

Crisp LPP (P4.25)

Minimize [%(120 (115 + 260 a1y 5 + 360 i35 + 270 tryy 5 + 360 gy s +

160 c3.5) |
Subject to
@115 + A1z5 + 135 = 10, (215 + Az 5 + Az35 = 10,
115 + @z15 = 10, (125 + Azz5 = 5, (135 + Az35 = 5,

@115 Q12,5 X135, A21,5 X225, Az35 = 0.

Crisp LPP (P4.26)

1

Subject to
116 + X126 + X136 = 10, 216 + Az + Az36 = 10,
Aq16 + Az16 = 10, Q126 T Aoz = 5,A136 + Ap36 =5,

Q11,60 X12,6) X136, X21,6) X226 X236 = 0.

Crisp LPP (P4.27)

1
Minimize |:§(45 0(11,7 + 95 a12,7 + 125 0(13'7 + 95 a21,7 + 125 a22,7 + 65 a23'7):|

Subject to
Qq1,7 + A127 + @137 = 10, Q17 + A7 + az37 =10,
11,7 + @z17 = 10, (127 + Azz7 =5, Q137 + Q37 =5,

®11,7, X12,7, A13,7, X21,7, X22,7, X237 = 0
On solving the crisp LPPs (P4.20) to (P4.27), the following optimal solutions are
obtained:

Optimal solution of the crisp LPP (P4.20) is
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X111 = 20, X151 =15, %337 =15, x317 =0, X351 = 0, x33, = 30.
(i)  Optimal solution of the crisp LPP (P4.21) is
a111 =10, @151 = 0, 131 = 0, @211 = 0, @221 =5, @31 = 5.
(iii) ~ Optimal solution of the crisp LPP (P4.22) is
a112 =10, @122 = 0, @135, = 0, @z12 = 0, @z, = 5, A3, = 5.
(iv)  Optimal solution of the crisp LPP (P4.23) is
a113 =10, @123 = 0, @133 = 0, @z13 = 0, @z23 = 5, @33 = 5.
(v)  Optimal solution of the crisp LPP (P4.24) is
U114 =20, @124 =0, @134 =0, @214 = 0, @224 = 10, @334 = 10.
(vi)  Optimal solution of the crisp LPP (P4.25) is
ay1,5 = 10, @155 = 0, @135 = 0, @z15 = 0, @zp5 = 5, Ap35 = 5.
(vii)  Optimal solution of the crisp LPP (P4.26) is
116 = 10, @126 = 0, 136 = 0, @216 = 0, @z26 = 5, Az36 = 5.
(viii)  Optimal solution of the crisp LPP (P4.27) is
a11,7 =10, @157 =0, 137 =0, @217 = 0, 327 = 5, az37 = 5.
Step 2: Using Step 2, of the proposed Mehar approach,
(i)  x11,1 = 30, X112 = 50, X113 = 70,X11,4 = 90,x11'1 = 20,x11'2 = 40, x11,3
80,x114 = 100.
(ii) X122 = 15, X122 = 15, X123 = 15,X124 = 15,x{2,1 = 15#‘12,2 = 15, x{2,3
15,x1,4 = 15.
(i) x437 = 15, X132 = 15, X133 = 15,X134 = 15,x13'1 = 15,x{3'2 = 15, x13,3
15,x134 = 15.

H —_ _ _ _ ’ _ ’ _ ’ _ 1 _
(V) x211=0,%x212=0,%313 =0,%214 = 0,%311 = 0,%31, = 0,%313 = 0,x314 = 0.
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(v)

(vi)

X221 = 5, X222 = 15, X223 = 25,%224 = 35,%351 = 0,x35, = 10, x5, 3 =
30,x5,4 = 0.

X231 =0, X232 = 45, X233 = 55,X234 = 65, x53,1 = 30, xés,z = 40, xés,s =
60,x33, = 70.

Step 3: Using Step 3 of the proposed Mehar approach, the obtained IF optimal solution of
the considered BFIFTP is %1, = (30,50, 70,90; 20, 40, 80, 100),
%, = (15,15,15,15; 15,15,15,15), %13 = (15,15,15,15; 15,15,15,15), ¥}, =
(0,0,0,0; 0,0,0,0), %%, = (5,15,25,35; 0,10, 30, 40),
%55 = (35,45,55,65; 30,40,60,70) and the obtained IF optimal value is
(3300,5800,9100,13200; 2350,4450,11050, 15550).
4.11 Flaws of the existing and the proposed Mehar approach

Since, the proposed Mehar approach is an alternative simplified way,
corresponding to existing approach [51, Section 5] for solving BFIFTP. So, in the
proposed Mehar approach, the method, used in the existing approach for comparing
TrIFNSs, is used for comparing TrIFNs. However, this method for comparing TrlIFNSs is
not valid due to the following reasons.

(1) There may exist two distinct TrIFNs A’ and B’ such that H(A") = H(B"). In this

case, according to the existing approach for comparing TIFNs, the result A' = B’
is obtained which is mathematically incorrect. For example, if

Al = (20,30,40,50; 10, 25,45,55) and B’ = (20,28,42,50;15,23,47,55)

AAI)'_ 20+30+40+50+10+25+45+55

20+28+42+50+15+23+47+55
then, H( - N = .

8

and H(B

Since, H(A") = H(B"). So, according to the existing method for comparing TrIFNs

A" = B!, While, it is obvious that A’ # B’. Due to the same reason, A’ =
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(20,30,40,50; 10,25,45,55) and B! =(20,28,42,50;15,23,47,55) may be
considered as the optimal IF transportation cost of a BFIFTP which is mathematically
incorrect as the physical meaning of both TrIFNs is different.
4.12 Appropriate method for comparing TrIFNs

If instead of the method, discussed in Section 4.3, the following method is used
for comparing TrIFNs, Al = (a4,a,,a3,a4; ), aj, a, al) and
B! = (by, by, bs, by; b, by, b, b}) for comparing TrIFNs. Then, always a unique TrIFN,
representing the optimal IF transportation cost, will be obtained.

by+by+bs+by+bi+bj+bj+b}
8

Step 1: Find J (A7) = SEertattariz 27 87% and J (B') =

and check that J (4") > J(B") or J(A") <J(B") or J(A") = J(B").
Case (i): If J(A") > J(B") then A" > B,

Case (ii): If J(AD) < J(B") then A" < B!,

Case (iii): If J(A") = J(B") then go to Step 2.

by—by+bs+bs+bi+by+b5+by
8

ai—a,+az+az+ai+ay+aj+a,
8

Step 2: Find A(A") = and A(B") =
and check that A(A") > A(B") or A(A") < A(B") or A(A") = A(B").
Case (i): If A(A") > A(B') then A" > B'.

Case (ii): If A(A") < A(B") then A" < B!,

Case (iii): If A(A") = A(B') then go to Step 3.

by+by—b3+bs+b]+by+bs+by
8

ai+a—asz+az+ai+ay+aj+ay
8

Step 3: Find G(A") = and G(B" =
and check that G (A") > G(B") or G(A") < G(B") or G(A") = G(BY).
Case (i): If G(A") > G(B") then A" > B'.
Case (ii): If G(A") < G(B") then A" < B'.

Case (iii): If G(4") = G(B") then go to Step 4.
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by+by+bz—by+by+bs+bi+b}
8

ai+a,+az—as+ai+ay+ aj+ay

Step 4: Find D(A") = .

and D(B') =
and check that D(A") > D(B") or D(A") < D(B") or D(A") = D(B").
Case (i): If D(A") > D(B') then A" > B.

Case (ii): If D(A") < D(B") then A' < B!,

Case (iii): If D(A") = D(B') then go to Step 5.

by+by+bs+by—b]+bj+b+by
8

a,+ay+az+a,—ai+ ay+ aj+a,
8

Step 5: Find M(A") = and M(B") =
and check that M (A" > M(B") or M(A") < M(B") or M(A") = M(B").
Case (i): If M(A") > M(B") then A > B!,
Case (ii): If M(A") < M(B") then A" < B!,

Case (iii): If M(A") = M(B") then go to Step 6.

a,+az+az+as+al— ab+ as+a) ~ bi+by+b3+bs+bl—bs+bs+b)
): 1 2 3 481 2 3 4-’ B(BI): 1 2 3 481 2 3 4—and

Step 6: Find B(A!
check that B(A") > B(B") or B(A") < B(B") or B(A") = B(B").
Case (i): If B(A") > B(B") then A" > B'.

Case (ii): If B(A") < B(B") then A’ < B'.

Case (iii): If B(A") = B(B") then go to Step 7.

by+by+bs+by+b+bs—bi+b}
8

a+az+az+as+ay+ay— as+ay
8

and

Step 7: Find E(A") = , E(BH =
check that E(A") > E(B") or E(A") < E(B") or E(A") = E(B").
Case (i): If E(A") > E(B') then A" > B'.
Case (ii): If E(A") < E(B") then A" < B'.

Case (iii): If E(A") = E(B") then go to Step 8.
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by+by+bs+by+by+bs+bi—b,
8

ai+ay+az+astai+ab
8

Step 8: Find S(4") = tasmai g(Bly = and

check that S(A") > S(B") or S(A") < S(B') or S(A") = S(BY).
Case (i): If S(A") > S(B') then A' > B'.
Case (ii): If S(A") < S(B') then A" < B,
Case (iii): If S(A") = S(B") then A" = B!,
4.13 Modified Mehar approach

It is obvious from Section 4.11, that on applying the proposed Mehar approach,
more than one TrIFNSs, representing the optimal IF transportation cost, may be obtained.
While, the TrIFN, representing optimal IF transportation cost should be unique.
Therefore, there is need to incorporate the following modifications in the proposed Mehar
approach.

(1) Using the proposed Mehar approach, find all the possible TrIFNs, representing the
IFT cost.

(2) Apply the method, discussed in Section 4.12, to find the minimum of all these
TrIFNs.

(3) The obtained minimum TrIFN will represent the optimal IF transportation cost
and the solution corresponding to which this TrIFN exist, will represent the IF
optimal solution of the BFIFTP.

4.14 Conclusions
A new approach (named as Mehar approach) is proposed to find the IF optimal

solution of such BFIFTPs in which each parameter is represented as a TrIFN. Also, it

is shown that it is much easy to apply the proposed Mehar approach as compared to

Ebrahimnejad and Verdegay’s approach [51, Section 5]. Furthermore, to illustrate the
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proposed Mehar approach a BFIFTP, solved by Ebrahimnejad and Verdegay [51,

Section 5] to illustrate their proposed approach, is solved.
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Chapter 5
JMD Method for Transforming an

Unbalanced Fully Intuitionistic  Fuzzy
Transportation Problem into a Balanced
Fully Intuitionistic Fuzzy Transportation

Problem?®

Ebrahimnejad and Verdegay’s approach [51, Section 5] as well as Mehar
approach (proposed in Chapter 4) cannot be used to solve an unbalanced FIFTP.
Therefore, one may use the following methodology to solve an unbalanced FIFTP.

(1) Use the existing approach [136, Section 3] to transform an unbalanced FIFTP into a
balanced FIFTP.
(2) Apply the Mehar approach, proposed in Chapter 4, to find the IF optimal solution of
the BFIFTP.
However, after a deep study it is observed that the existing approach [136, Section
3] to transform an unbalanced FIFTP into a BFIFTP is not valid.
To validate this claim, the existing approach [136, Section 3] is applied on an
unbalanced FIFTP and shown that the transformed FIFTP is not a BFIFTP.
Furthermore, a new method (named as JMD method) is proposed to transform an

unbalanced FIFTP into a BFIFTP.

% The contents of this chapter have been communicated in “Soft Computing” for the possible publication.
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5.1 Subtraction of two TIFNs

Mahmoodirad et al. [136, Section 2, Definition 3] have stated that if A =
(ay,ay,a3;a}, ay,a3) and B = (by, by, bs; by, by, b3) are two TIFNs. Then according to
Singh and Yadav [176], A © B = (a; + b3, a, + by, as + by;a} + by, a, + by, ab + by).
However, this claim is not valid as Singh and Yadav [176] have stated that if A =
(ay,az,as; a3, az,a5) and B = (by, by, bs; by, by, by) are two TIFNs. Then, AQ B =
(a; — bs,a, — by, a3 — by; a; — b3, a, — by, a3 — by). Itis pertinent to mention that if the
arithmetic  operation A © B = (a, + bs,a, + by, az + by;a) + b, a, + by, al + b)),
defined by Mahmoodirad et al. [136, Section 2, Definition 3], will be used to find the
subtraction of two TIFNs then, the obtained number will not necessarily be a TIFN i.e.,
this operation is not valid.

Let A = (2,3,4;1,3,6) and B = (3,5,7;1,5,9) be two TIFNs. Then, according to this

arithmetic operation,
AO B = (4,,4,,4A5; A%, Ay, AS) = (9,8,7;10,8,7) which is not a TIFN as the necessary
condition A7 < A; < A, < A; < A5 is not satisfying.
5.2 IFFLPP of a BFIFTP

Mahmoodirad et al. [136, Section 3] have solved the IFFLPP (P5.1) to find the

optimal solution of a BFIFTP represented by Table 5.1.
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Table 5.1 Tabular representation of FIFTP

Destinations D, D, D; D,  Availability
ﬁ
Sources |
Sl 611 611 61j 6171 dl
Sl C~11 51'2 51] 6m al
Sm Eml Emz o 6mj h Emn dm
— - — - P
Demand by b, b; b, Xizi4;=
"z
j=1bj

IFFLPP (P5.1)

Minimize[ Y2, X7 6 ® %]

Subject to

X;j is a non-negative TIFN.

where,

(i)

(i)

(iii)

(iv)

The TIFN &; = (cij1,Cij20 Cij3; Ci,j,lrcij,Z'Ci’j,B) represents the IF transportation cost
for supplying the unit quantity of the product from the i* source (S;) to the j&*
destination (D;),

The TIFN  %;; = (x;j1,Xij2 Xij,3 X{j 1, Xij,2, Xi;3) Fepresents the quantity of the
product to be supplied from the i*" source (S;) to the j®" destination (D;),

The TIFN @ = (ai1, iz ai3;ai1, @iz af3) represents the IF availability of the
product at the i*" source (S;),

The TIFN b; = (b; 1, bj 2, bj3; bj 1, bj 2, b; 5) represents the IF demand of the product

at the j* destination (D;),
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(v)  The TIFN X;; represents the quantity of the product to be supplied from the it" source
(S;) to the j** destination (D;),
(vi) 210 = XY= Ej represents that the total availability of the product at all the sources
is equal to the total demand of the product at all the destinations.
5.3 Existing method for comparing TIFNs
It is well-known fact that the optimal solution of a crisp LPP will be that feasible
solution corresponding to which the value of the objective function will be minimum. On
the same direction, the IF optimal solution of the IFFLPP (P5.1) will be that IF feasible
solution corresponding to which the value of the objective function will be minimum.
Since, in case of IFFLPP (P5.1), the value of the objective function, corresponding to an
intuitionistic fuzzy feasible solution, will be a TIFN. Therefore, to find the IF optimal
solution of the IFFLPP (P5.1), there is need to find the minimum of TIFNs i.e., there is
need to compare the TIFNS.
In this section, the method for comparing TIFNs, used by Mahmoodirad et al.
[136, Section 2, Definition 5] in their proposed approach, is discussed.
Let A = (ay,a, as;a},a,,a3) and B = (by, by, bs; by, by, by) be two TIFNS.
Then,
(i) A > Bif Rank(A) > Rank(B),
(i) A< Bif Rank(4) < Rank(B),
(iii)y A= B"if Rank(A) = Rank(B),

by+b3+4b,+b]+ b
8

ai+az+4a,+ai+ aj

where, Rank(4) = and Rank(B) =
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5.4 Mahmoodirad et al.’s approach for solving FFIFTPs

Mahmoodirad et al. [136, Section 4.2] proposed the following approach for
solving FIFTPs.
Step 1: Check that the considered FIFTP is a balanced FIFTP or an unbalanced FIFTP
.e., check that (Z A1) iey Qi s Die1 Aiz s Ding Qi 1) Duimq Aiy2s D 1“13) =
(2=t b0 X bya i1 b33 X bja, 1 b2, B by 5)

or
(Zﬁ1 A1, Dieq Qi s Diey Aiz s Ding Qi 1) Duimq Aizs Dpeq a£,3) 2
(Xhea by X1 bja, Xea bj3 3 Xeq b1, X1 b2, X by ).
Case 1: If the considered FIFTP is a BFIFTP i.e.,
(Z;L Qi1 D1 Qi Dieq Qi35 Dimq a{,1,2ﬁ1 Az Nimq af,s) =
(ZFo1 i1, =1 bj 2, X1 bj33 Y=y bf 1, =1 bj 2, X j=1 b} 5 ) then go to Step 2.
Case 2: If the considered FIFTP is an wunbalanced FIFTP i.e,
(X @i, X @i, Xy @i X0y 4y, 212 i, D12 G 5) #
(X0 bj1, Xy by X1 bj33 Yoy bf 1, X1 bj 2, Y- bis)  then  check  that
(Zﬁ1 a1, Yt Qip, ity iz iy al{,l’ 121 Qi) Xy a{'3) >
(Z;’l=1 bj 1, Z;’l=1 bjz, 1]'1=1 bj3; 1 1 bJ, v ;'l=1 bj 2, 2;';1 bJ{,3)
or

(Zﬁ1 a1, Dt Qip, ity iz iy al{,1'2ﬁ1 Qi Ninq a{'3) <
(Z 1 b1, b]2' 1j1=1bj,3i j= 1b],1' ;'lzl bj 2, ;'l=1 bJ{,3)'
Case 2(a): If (Zl 101, D Qin s Dieg Qi3 Dieq ag,l' L1 ai0, ity a;, 3) >

(X071 bj, X by, Xy byas Xy bj 4, X1 by, X1 bj 3) then add a dummy
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destination with IF demand

(Zl 1051, e 1ai,2;2?i1 a;s; i a§,1» i=1 &2, 13) -

(X711 b1, bj2, X1 bj3; X1 b1, X1 b2, 2=y b} 5) to transform the unbalanced
FIFTP into a BFIFTP and go to Step 2.

Case 2(b): If (X772 a;1, D121 @iz, Xy @iz s D1t A1 1, Diey Qi Xitg Qi) <

(Z7o1bj1, X1 by 2 21 bj33 Xjey b 1, =1 bj 2, =1 b} 5) then add a dummy source
with IF availability (X7_; bj1, X7=1 bjz s 2wt bjz s Xi=1 bj 1, Xie1 Bjas 2=y bj3) —

(S ai, X i, Dy Gis s Dty Al g, Dk gy 2itq @) 5) to transform the unbalanced
FIFTP into a BFIFTP and go to Step 2.

Step 2: Replace the parameters &, %, @ and b/ with the TIFNs

! !
(cij1, Cijiar Cijars Cija Cijar Cija),
( . ! ! ) ( . ! ’ ) and
Xij1 Xij, 20 Xij,3 5 Xij 1 Xij,2o Xij3) Qi1 Qi2, Qi35 Aj1, A2, A3
(bj,l,bj,z,bjlg,, b1, bj,, ]3) respectively, to transform the IFFLPP (P5.1) into its
equivalent IFFLPP (P5.2).

IFFLPP (P5.2)
. . . m n . I !

Mlnlmlze[Zi:l Zj=1(cij,1r Cij2»Cij,3 5 Cij1,Cij,2, Cij,3) ®

( ;x| s)]

Xij10Xij20 Xij3 5 Xij1,Xij,2, Xij3

Subject to
n . ! ! — . ! li .
jzl(xl'jjl,xl'j'z,xij':),, xij,lfxl'j,Z'xij,3) = (al-,l,al-,z,al-,3, a;q, ai,z,am), i=12,..,m,
i=1\*ij, 1 Aij,2, Aij,3 0 Aij1 g2 Aij3 j, 1 Y2, Y3 ’ ]11 J,20 Yj,3 I] y &y ey 1L

(1,10 Xij 20 Xij3 5 Xij10 Xij,20 X 3) IS @ non-negative TIFN.
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Step 3: Use the existing relation [136, Section 2, Theorem 2], (a,a,,a3; a'y,a,,a’3) =
(by,b,, b3 ; by,b,, b)) =a,=by,a;3 =bs,a; =by,a’s =b’;aswell as the relation
(aq,a4a3; aj,a,, a’y)isanon-negative TIFN > a’; = 0,a; —a; =0,a, —a,; =0,
as; —a, = 0,a’; —az = 0, to transform the IFFLPP (P5.2) into its equivalent IFLPP
(P5.3).

IFLPP (P5.3)

Minimize [Z?il Z?=1(Cij,1fcij,ztcij,3 ; Ci,j,1'cij,2'ci,j,3) X (xij,l'xij,z'xijs ; x{j,l,xij,z’x{j,s)]
Subject to

2}1:1 Xija1 = Qi1 Z?=1 Xij2 = ai,Z:Z?:l Xij3 = Ai3, 27=1 x{j,1 =ajq, 11'1=1 xfj,s =
aiz,i=12,..,m,

Yiz1Xij1 = bj1, X Xij2 = b2, Xitq Xij3 = bjz, Xitq Xij1 = b1, Xiz1Xij3 = bj3,
j=1,2,..,n,

!

Xiji1 =2 0,X50 = Xij1 = 0,%52 — X510 = 0,%53 — X5, = 0,x;j3 —X;j3=20,0=

Step 4: Use the existing multiplication [136, Section 2, Definition 3],
(ay,aza3; a'y,a3,a3) Q (b, by, by; by, by, b)) =

(a1bq,a,by,a3bs; a'ib',a,b,,a'sb), to transform the IFLPP (P5.3) into its
equivalent IFLPP (P5.4).

IFLPP (P5.4)

Minimize[ZﬁlZ;‘zl(cij,lxl-j,l, Cij2Xij20 Cij3Xij3 5 Cij1%ij1Cij2Xij20 c{j,3x{j'3)]

Subject to

Constraints of the IFLPP (P5.3)
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Step 5: Use the comparing method, discussed in Section 5.4, to transform the IFLPP
(P5.4) into its equivalent crisp LPP (P5.5) and hence its equivalent crisp LPP (P5.6).
Crisp LPP (P5.6)
Minimize [Y72, =1 Rank(cij,l Xij1 Cij2 Xij20 Cij3 Xij,3 5 Cija Xij1 Cij2 Xij,20 Cij3 x{j,3)]
Subject to
Constraints of the IFLPP (P5.3).
Crisp LPP (P5.7)
Minimize E =1 Z?=1(Cij,1 Xij1t CijzXijz +4Cijo Xijo t Cijq Xij1t Cijs x{;3)]
Subject to
Constraints of the IFLPP (P5.3).
Step 6: Using the optimal solution, obtained in Step 5, find the IF optimal solution
{(ej s X120 X1y, 5 %010 Xij 20 %0 3) } and the IF optimal value
i=1 Z;'lzl(cij,lxij,lfCij,zxij,ztcij,3xij,3; C{j,1xfj,1»Cij,zxij,z'ci'j,sx{j,s)-
5.5 Ambiguity in Mahmoodirad et al.’s approach
There are the following ambiguities in Step 1 of Mahmoodirad et al.’s approach
[136, Section 4.2].
(1) It is obvious from Case (i) of Step 1 of Mahmoodirad et al.’s approach [136],
discussed in Section 5.4, that Mahmoodirad et al. (2018) have assumed that a

FIFTP will be a BFIFTP if ¥i, @; = Y71 b;.
Since, Mahmoodirad et al. [136, Section 3] have not specified the meaning of

equality. So, one may interpret it in the following manners.

174



() imi(aiap a;s; ay,ap,ap) =
Fe1(bju b bjss by, b, blj3) = Nty ain = Xy by B2 aip =
T bjz Xt as —Z] 1bj3, XiZiaiy = ?=1b1{1' 21 Qi3 = j= 1b]’3-
(ii) (@i, aia; ay,a,a3) = Z?=1(bj1'b1'2'bj3 ) b’jl'bJ'Z'b,B)
= Rank(XiZ1(ai1, a4, 0435 Ay, 042,a'3)) =
Rank(z?ﬂ(bjl'bjz'bﬁ' 11'b12' 3))
However, the following clearly indicates that Mahmoodirad et al. [136,
Section 3] have wused the relation Y“,(a;,aipai3; a’y,a4,a3) =
27:1(17 jubjabijz; b11' b j2, blj3) = Yis1ay = 21]'1=1 bj1, Yit1 Qi =
Yi=1bjz, ity aiz = Xjoq bjz, ZiZq ajy = Xj=1 bjy, Xitq aiz = Xj=1 bjz to check
that a FIFTP is balanced or not.

(i) In Step 3 of Mahmoodirad et al.’s approach [136, Section 4.2], the relation
(ay,ay,a3; a3, a;,a3 ) = (by, by, bs; by, by, by )=>ay = by, a, = by,
as = bs, a; = by, a; = bj is used to transform the FIFLPP (P5.1) into
IFFLPP (P5.2).

(ii)  Ifthe relation, X2, &; = ¥7_, bj= Rank (X%, d;) = Rank(X}-, b;) will
be used to check that the considered FIFTP is a balanced or an unbalanced
FIFTP . Then, in Step 3 of Mahmoodirad et al. approach [136, Section
4.2] the constraints of the IFFLPP (P5.1) ie.,
271'21(xij,1; Xij2Xij3; xfj,p Xij2 x{j,S) = (ai,l' a;2,a;3; a;,p a2, af,s)’
i=12,..,m and 7:1(xij,1:xij,2'xij,3 ;x{]-,l,xl-j,z,x{j,g,) =

(Bj1,bj2,b;33b/1,bj2,bj3),j = 1,2, ...,n, were replaced by
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Rank (Zﬁ1 (xij,l»xij,z)xij,B ixi’j,pxij,z'x{js)) =

Rank(a;1,a;2 ai3;ai1,ai2,ai3) and
Rank (27=1 (xij,p Xij2:Xij3 ;x{j,lfxij,z' x{j,s)) =

Rank(b;1,bj2,b; 3 ; b; 1, bj 2, b] 5) respectively.

(2) According to Case 2 of Step 1 of Mahmoodirad et al.’s approach [136, Section
4.2], discussed in Section 5.4, there is need to check that
Yiti(ap, aip, ai3; aiy, aip, agz) > Z;‘l=1(bj1' bjz, bjs; 1{1' bja, b1{3) or
Yiti(air, @iz, aiz; Ay, Az, Aj3) < Z?:l(bjl'bjz'bﬁ; Jfl‘bjz‘b1{3)'

Although, Mahmoodirad et al. [136, Section 3] have not clarified the meaning of
inequality. But, it is obvious from Section 5.3 that Mahmoodirad et al. [136,
Section 3] have used the relations Rank(Xi%, (a1, @i, Qiz; Qjq, Qiz, Aj3)) >
Rank(z?zl(bjl; bj3, bjs; bfp bj,, bfs)) = 2in1(ain, @iz, ai3; Ay, Az, ajz) >
Y7-1(bj1, bjz, bjz; bjy, bz, bjz)  and  Rank(X7L,(as, Gy, Gi3; Gfy, Az, Af3)) <
Rank(X7_1(bj1, by, bj; by, bjp, bj3)) = Yiti(air, @iz, aiz; Ay, Az, Aj3) <
Y7-1(bj1, bj2, bjs; by, bjz, bjs) in their proposed approach .
5.6 Limitations of Mahmoodirad et al.’s approach
All the FIFTPs, in which Rank (X%, @;) = Rank(X}-, b;) but ¥i2, a; # X7, b;,
cannot be transformed into a BFIFTP and hence, cannot be solved by Mahmoodirad et

al.’s approach [136, Section 4.2] e.g., let us consider Table 5.2 represents a FIFTP with

TFNSs having two sources Sy, S, and two destinations D,, D,.
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Table 5.2 FIFTP

Destinations —
D D Availabilit
Sources 1 1 2 Y
Sy (2,49;1,412) (4,13,14;3,13,15)| (2,3,6;0,3,12)
S, (1,3,8;0,3,11) (3,6,7;0,6,14) (2,3,10;1,3,15)
Demand (2,3,4;1,3,5) (3,4,11; 2,4,16)

It is obvious that ¥7_,d; = (4,6,16;1,6,27) and Y3, b; = (5,7,15;3,7,21).
Since, Y2, d; # ij-zll;j. So, according to Case 2 of Step 1 of Mahmoodirad et al.’s
approach [136, Section 4.2], discussed in Section 5.4, the considered FIFTP is an
unbalanced FIFTP. Furthermore, since Rank(4,6,16;1,6,27) = Rank(5,7,15;3,7,21)
i.e., neither Case 2(a) nor Case 2(b) of Case 2 of Step 1 of Mahmoodirad et al.’s approach
[136] is satisfying. So, the considered unbalanced FIFTP, represented by Table 5.2,
cannot be transformed into a BFIFTP. Hence, the FIFTP, represented by Table 5.2,
cannot be solved by Mahmoodirad et al.’s approach [136, Section 4.2].
5.7 Flaws of Mahmoodirad et al.’s approach

Mahmoodirad et al. [136, Section 3] have claimed that on applying Step 1 of their
proposed approach, an unbalanced FIFTP will be transformed into a BFIFTP. To show
that this claim is not valid, in this section, Step 1 of Mahmoodirad et al.’s approach [136,
Section 3] is applied on the unbalanced FIFTP, represented by Table 5.3, and shown that

the obtained FIFTP is not a BFIFTP.
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Table 5.3 Unbalanced FIFTP

Destinations —
Sources | D, D, Auvailability
Sy (2,4,9;1,4,12) | (4,13,14;3,13,15) | (2,4,6;0,4,12)
S, (1,3,8;0,3,11) (3,6,7;0,6,14) (2,4,10; 1,4,15
Demand (2,3,4;1,3,5) (3,4,11; 2,4,16)

It is obvious that
(2?;1 a1, ity ;> i a3, Yity ag,p ity a2, ity a§,3) = (4,8,16;1,8,27),

(2?:1 bj,1;2}1=1 bj,z ) ?:1 bj,3 ; ?:1 b]{,p 7:1 bj,2'2?=1 b]{,3) = (5,7,15; 3.7,21) .

Since, Rank(2£1 a1, ity a2, ity a3 in ag,p in1 Qi?2, Yitq ag,B) >
Rank(X7_y b1, X1 by 2, Xf—1 bjz; Xj=1 bj 1, X7=1 bj 2, X7=1 bj5). So, the considered
FIFTP is an unbalanced FIFTP problem. Now, according Case 2(a) of Step 2 of
Mahmoodirad et al.’s approach [136, Section 3], the unbalanced FIFTP, represented by
Table 5.3, can be transformed into a BFIFTP by adding a dummy destination (say Ds)
having IF  demand (Z{L Ai1) iy Qip s Dim i35 Djeq Af 1 Duieq Ai2r Dujmq a£,3) -
(X1 by, X bz, X by s Xjia bja, Xy bj2, X bjs) = (4= 15,8 = 7,16 —
51-218-7,27—-3)=(—11,1,11; -20,1,24) with the assumption that the IF
transportation cost for transporting one unit quantity of the product from the sources S;
and S, to the dummy destination (D3) are zero TIFNs (0,0,0;0,0,0) i.e., according to
Case 2(a) of Step 1 of Mahmoodirad et al.’s approach [136, Section 3], the transformed

FIFTP represented by Table 5.4, will be a BFIFTP.
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Table 5.4 Transformed FIFTP

Destinations —
Sources | D, D, Ds Auvailability
Sy (2,4,9;1,4,12) (4,13,14;3,13,15) (0,0,0; 0,0,0) (2,4,6;0,4,12)
S, (1,3,8;0,3,11) (3,6,7;0,6,14) (0,0,0;0,0,0) (2,4,10;1,4,15)
Demand (2,3,4;1,3,5) (3,4,11;2,4,16) | (-11,1,11; —20,1,24)
While, it is obvious that total availability

(52, a0, 52y, Y2 i3 Y2 Ay, 52 a0 Yoy als) = (4,8,16;,1,8,27) is  not
equal to total IF demand (X531 bj1, X521 bj2, Xi=1bj33 X5e1bj 1, Xie1 bj2y X 5o bj3) =
(—6,8,26; —17,8,45). Therefore, the transformed FIFTP is not a BFIFTP.
5.8 Reason for the occurrence of the limitations

The limitations of Mahmoodirad et al.’s approach [136, Section 4.2], discussed in
Section 5.6, are occurring due to the following reason.

It is obvious from Step 1 of Mahmoodirad et al.’s approach [136, Section 4.2] that
Mahmoodirad et al. [136, Section 3] have assumed that if 4, = (a,, a,, as; a}, a,, a3) and
A, = (by, by, bs; by, by, by) are two distinct TIFNs, then either the relation R(4,) >
R(4,) or the relation R(4;) < R(4;) will hold. However, in actual case, there may exist

distinct TIFNs A; and A, such that  R(4,;)=R(4,). eg. the TIFNs

A, = (4,6,16;1,6,27) and A, = (5,7,15;3,7,21) are two distinct TIFNs but it can be
easily verified that R(4;) = R(4;) = 9.
5.9 Reasons for the occurrence of the flaws

It is obvious from Case 2 of Step 1 of Mahmoodirad et al.’s approach [136, Section

4.2] that Mahmoodirad et al. [136, Section 3] have assumed that if 4, =
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(ay,a,,a3;ay, ay, ay) and A, = (by, by, bs; by, by, bs) are two TIFNs such that R(4;) #
R(4;). Then
(i) 1f R(4;) > R(4;) then on adding TIFN (4; — 4;) in A4, it will be equal to 4
ie. A, + (A, — 4,) = 4.
(i)  If R(4,) < R(4;) then on adding TIFN (4, — 4;) in 4y, it will be equal to 4,
e, A, + (A, — 4,) = 4.

However, the following example clearly indicates that in actual case this result will
not hold.

For the TIFNs 4, = (5,7,15;3,7,21) and A, = (4,8,16;1,8,27), the condition
R(4,) < R(4,) is satisfying. So, according to condition (ii), on adding (4, — 4;) =
(by — a3, b, — ay, by — ay; by — ay, b, — ay, by — a}) = (—11,1,11; —20,1,24) in A,
the TIFN A, should be obtained. While, 4, + (4, —4,)=(57,15;3,7,21) +
(—11,1,11; —20,1,24) = (—6,8,26; —17,8,45) # 4,.

5.10 Proposed JMD method for transforming an unbalanced FIFTP into a BFIFTP
In this section, a new method (named as JIMD method) is proposed to transform an

unbalanced FIFTP into a BFIFTP.

The steps of the proposed JMD method are as follows:
Case 1: If ¥l aj; <¥T_1bjy, Xt ain —Xitiay < Xiqbjs —Xjo1bjy, Xitqain —
Yiz1ay < Z?=1 bj; — 1j1=1 bj1, Xiz1 Qi3 — XLiz1ap < Z?=1 bjz — 1j1=1 bja, Xitq ajs —
Yis1 iz < Xio1bjs — Y- bjz, then add a dummy source Sy, having dummy supply
(Amm+11 Ame)2s Aama)3s Amayw Ame)2s Ams1)s) Dy considering the cost for

supplying the unit quantity of the product from the dummy source S,,,,, to all the
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destinations asa TIFN 0 = (0,0,0; 0,0,0).

Al(m+1)1 = ?:1 b]{1 — iz1 0y Amsnr = Z7=1 by, — 24 Qi1

Am+1)z = Z;'l=1 bj; — i=1Qiz,

Am+1)z = 27:1 bjz — Yiz1 a3,

A,(m+1)3 = Z;'l=1 bf3 - ?;1%{3 .

Case 2: If Z;'l=1 b]{1 < Xit1Qi, ?:1 bj, — 7:1 b]{1 < Yitiai — Xt ag, ?:1 bj, —
j=ibjy S Xy — Xty ain, X1 bjz — Xjoi by S Xitiais — Xty i, Xj=1 bz —
to1bjs < Xitiaj; — Xitia;; then add a dummy destination Dy, having dummy

demand (= Am+n1 ~Aminz — Am+1)z ~ Ay ~Amen2 ~Am+1)s) by

considering the cost for supplying the unit quantity of the product from all the sources to

the dummy destination D,,,.; asa TIFN 0 = (0,0,0; 0,0,0).

Case 3: If neither Case 1 nor Case 2 is satisfying then,

(1) Add a dummy source Sma1 having dummy supply
(Ama1 Aam+12: Agns13 Atme 1 Ama2, Ama1yz) by considering the cost for
supplying the unit quantity of the product from the dummy source S,,,; to all the
destinations as a TIFN 0 = (0,0,0; 0,0,0).

Ay = max{0, X7, bjy = X% aiy }, Agnsnyr = Amyns + max{0, (X7, bjs —
?:1 b1{1) - QL ain — ity a£1)}1 Am+nz = Am+1 max{O, (Z?ﬂ bj, —

Z?=1 bj1) — (QiZ1aiz — Xitq ail)}1

Am+1)z = A2 + max{O, (Z?ﬂ bjz — ?:1 bjz) — (Qit1 a3 — Ximq aiz)},

Atms1)z = Amens + max{0, (27=1 bjs — Xj=1 bj3) - (O al; — X a)}

(2) Add a dummy destination D, ; having dummy demand
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(Btm+)1, Ban+1)2: Bim+1)35 Bims 1)1 Bam+1)20 Bima1)s) by considering the cost for
supplying the unit quantity of the product from all the sources to the dummy destination
D,.;asaTIFN 0 = (0,0,0;0,0,0).
Bém+1)1 = max{O,Z?il aj — 7j1=1 b;l}’ Binsn1 = B(,m+1)1 + max{O, iz air —
Qi) — (27};1 bj; — ?:1 bf1)}v Bms+1)z = Boms11 + max{O, Qliap —

Yt Qin) — (2?:1 bj; — Z?=1 bj1)}1 Bin+1)s = Bim+n2 + max{O, iz a3 —
ity Aiz) — (2}1:1 bj3 - ?:1 bjz)}v BEm+1)3 = Bim+1)z + max{O, Qiz1aiz —
Yit1Qi3) — (2?:1 b]{3 - Z?=1 bj3)}-
5.11 Exact dummy supply and dummy demand for FIFTP

In Section 5.6 and Section 5.7, two FIFTPs were considered and shown that the
Step 1 of the existing approach [136, Section 4.2] fails to transform the considered
unbalanced FIFTP into a balanced FIFTP and hence, fails to find the IF optimal solution
of the considered FIFTPs. In this section, JIMD method, proposed in Section 5.10, is used
to transform the unbalanced FIFTP into balanced FIFTP and then Step 2 to Step 7 of the
existing approach[136, Section 4.2] is used to find the solution of transformed balanced
FIFTP.
5.11.1 IF optimal solution of first FIFTP

Using the JMD method, proposed in Section 5.10, the unbalanced FIFTP,
represented by Table 5.2, can be transformed into a BFIFTP as follows.
Step 1: Y7o, @; = (4,6,16;1,6,27), X3, b; = (5,7,15;3,7,21).

Since, Case 3 of JMD method, proposed in Section 5.10, is satisfying so, there is
need to add a dummy source S; with IF availability d; = (2,2,2;2,2,2) as well as a

dummy destination D5 with IF demand 53 = (1,3,3;0,3,8). Furthermore, there is need to
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assume that the IF transportation cost for transporting one unit of quantity of the product

from the dummy source S5 to all the destinations as a TIFN (0,0,0; 0,0,0) as well as there

Is need to assume the IF transportation cost for transporting one unit of quantity of the

product from all the sources to the dummy destination D; as a TIFN (0,0,0;0,0,0). By

considering all these assumptions, the unbalanced FIFTP, represented by Table 5.2, will

be transformed into a BFIFTP represented by Table 5.5.

Table 5.5 BFIFTP

Destinations —

Sources | D, D, Ds Availability
Sy (249 1,4,12) | (413,14;3,13,15) (0,0,0;0,0,0) (2,3,6;0,3,12)
Sy (1,3,8;0,3,11) (3,6,7;0,6,14) (0,0,0;0,0,0) (2,3,10; 1,3,15)
S3 (0,0,0; 0,0,0) (0,0,0;0,0,0) (0,0,0;0,0,0) (2,2,2;2,2,2)
Demand (2,3,4;1,3,5) (3,4,11; 2,4,16) (1,1,3;0,1,8)

Step 2: Using Step 2 of Mahmoodirad et al.’s approach [136, Section 4.2], discussed in

Section 5.4, the BFIFTP, represented by Table 5.5, can be transformed into IFFLPP

(P5.7).
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IFFLPP (P5.7)

[ (249,1412) ® (x11,1»x11,2»x11,3F x11,11x11,2'x11,3) D ]
(4,13,14;3,13,15) ® (x12,1,x12,2»x12,31 x12,1'x12,2'x12,3) S
(0,0,0;0,0,0) ® (x13,1»x13,2’x13,3F x13,1:x13,2'x13,3) 2]
(138,0311D) ® (x21,1’x21,2»x21,3F x51,11x21,2'x51,3) D
Minimize| (3,6,7;0,6,14) ® (X221, X222, X22,3} X33 1, X22,2, X53.3) D
(0,0,0;0,0,0) ® (%231, X232, X233; X531, X232, Xp33) D
(0,0,0;0,0,0) ® (x31,1,x31,2»x31,3F x§1,1'x31,2'x§1,3) D
(0,0,0;0,0,0) ® (x32,1:x32,2»x32,3i x§2,1'x32,2:x§2,3) D

(0,0,0;0,0,0) ® (x33,1: X33,2,X33,3; x§3,1, X33,2, x§3,3) |

Subject to

Al ’ o ’
(x11,1» X11,2, X¥11,35 X11,10 X11,2 x11,3) ® (x12,1: X12,2, X12,35 X12,1, X12,2, x12,3) @

! !
(x13,1»x13,2»x13,31x13,1»x13,2;x13,3) = (2,3,6;0,3,12),
( sk 7) © oK)
X21,1, X212, X21,35 X21,1, X21,2, X21,3 X221, X222, X22,35 X221, X22,2, X223

! !
® (x23,1»x23,2» X23,3; X231 x23,2,x23,3) = (2,3,10;1,3,15),

! 1 oAl ’
(x31,1» X31,2,X31,35 X31,1, X31,2/ x31,3) S (x32,1: X32,2,X32,35 X321, X322, x32,3)

@D (x33,1: X33,2,X33,3; x§3,1: X33,2, x§3,3) =(2,2,2;2,2,2),

el ! Al ’
(x11,1:x11,2:x11,3,x11,1»x11,2:x11,3) @ (x21,1»x21,2'x21,3: x21,1,x21,2'x21,3) @

ot / — .
(x31,1:x31,2’x31,3, x31,1;x31,2,x31,3) =(2,3,4;1,3,5),

vl ! T ’
(x12,1» X12,2 X12,35 X12,1, X12,2, x12,3) ® (x22,1f X22,2)%223) X221, X22,2, x22,3) ®

! ! — .
(x32,1»x32,2'x32,31x32,1'x32,2'x32,3) = (3,4,11; 2,4,16),
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sl ’ sl ’
(x13,1' X13,2,X13,35 X13,1, X13,2» x13,3) S (x23,1r X23,2,X23,3) X231, X23,2) x23,3)

@D (x33,1:x33,2’x33,35 x§3,1’x33,2:x§3,3) =(1,1,3;0,1,8),

(1)1 X120 X1, 3 X{} 1 Xij,2, X} 3 ) @re non-negative TIFNs.

Step 3: Using Step 3 of Mahmoodirad et al.’s approach [136, Section 4.2], discussed in
Section 5.4, the IFLPP (P5.7) can be transformed into its equivalent IFLPP (P5.8).

IFLPP (P5.8)

[ (24,9;1,412) ® (x11,1,x11,2,x11,35 x11,1,x11,2'x:’11,3) D ]
(4,13,14;3,13,15) ® (x12,1»x12,2' X12,3; xiz,p x12_2,x12_3) SY
(0,0,0;0,0,0) ® (x13,1,x13,2'x13,32 x13,1,x13,2'x13,3) S
(1,3,8;0311) ® (x21,1»x21,2,x21,32 xé1,1,x21,2'xé1,3) @
Minimize| (3,6,7;0,6,14) ® (X22,1;x22,2:x22,31 x£2,11x22,2'x£2,3) @
(0,0,0;0,0,0) ® (x23,1»x23,2,x23,32 xés,1,x23,2'x53,3) @
(0,0,0;0,0,0) ® (x31,1»x31,2,x31,32 x§1,1,x31,2'x§1,3) @
(0,0,0;0,0,0) ® (X32,1;x32,2:x32,31 x§2,1rx32,2'x§2,3) @D

(0,0,0;0,0,0) ® (x33,1, X33,2,X33,3; x§3,1' X332, x§3,3) i

Subject to

X111 F X121 + X131 = 2, X112 + X922 + X132 = 3, X113 + X123 + X133 = 6,

! 14 14 — ! ! ! —
X111+ X121 + X131 = 0,X393 + X323 + X333 = 12,

X211 F X221 + Xa31 = 2,X212 + X223 + Xa32 = 3,X313 + X33 + X333 = 10,

12 ! 12 — ! ! ! —
X101 F X221 + X231 = 1,X513 + X355 + X233 = 15,

X311 F X321 + X331 = 2,X312 + X322 + X332 = 2,X313 + X323 + X333 = 2,
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’ I ’ _ I 1 I _

X311 t X321 + X331 = 2,X313 + X353 + X333 = 2,

X111 F X211 + X311 = 2, X112 X212 + X312 = 3, X113 + X213 + X313 = 4,
’ + I + ’ =1 x! + I + 1 =5

X11,1 T X211 T X311 = L, X393 T X213 T X313 =9,

X121 F X221+ X321 = 3, X122 + X220 + X321 = 4, X123 + X3 + X323 = 11,
I + I + I =2 ! + I + 1 =16

X121 T X221 T X321 = 4,X123 T X323 T X323 = 16,

X131 + X231+ X331 = 1, X132 + X35 + X332 = 1, X133 + X233 + X333 = 3,

! 14 ! — ! ! ! —
X131 F X231 + X331 = 0,X133 + X333 + X333 = 8,

! ! ! !
X111 2 0,%111 — X111 = 0,X112 — X111 = 0, X113 — X112 = 0,%173 — X113 = 0,%154

0, X121 — X121 = 0, X127 — X121 = 0, X123 — X122 = 0, X153 — X123 = 0,X13,
0,%131 — x13,1 = 0,x132 = X131 = 0,X133 — X913, =0, xi3,3 — X133 =0, xé1,1
0,%211 — xé1,1 = 0,x212 —X21,1 = 0,X213 — %212, 20, xé1,3 — X213 20, x§2,1
0, %221 — X221 = 0,X222 — X221 = 0, X223 — X222 = 0,X353 — Xp23 = 0,334
0,%231 — xé3,1 = 0,%232 = X231 2 0,Xx233 — X33, 20, xés,s — X233 =0, xél,l
0,%x31,1 — x§1,1 = 0,x312 —X31,1 = 0,X313 — %312, 20, xé1,3 —x313=0, xéz,l

! ! !
0,%321 — X321 = 0,X322 — X321 = 0,X323 — X322 = 0,x353 — X353 = 0,%335

! !
0,%331 — X331 = 0,X332 — X331 = 0,X333 — X332 = 0,x333 — X333 =0.

=

>

Step 4: Using Step 4 of Mahmoodirad et al.’s approach [136], discussed in Section 5.4,

the IFLPP (P5.8) can be transformed into its equivalent IFLPP (P5.9).
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IFLPP (P5.9)

[ (2x11‘1, 4x11,2, 9%11,35 1x11,1, 4%11,2, 12x11,3) ]
S (43512,1» 13x15,2, 14x15 3; 3x12,1' 13x432, 15x{2‘3)

D (x21,1» 3%21,2)8X213; 0x£1,1: 3%21,2) 11xé1,3) |
l > (3x22,1’ 6X22,2, 7X22,3; 0X32,1, 6X272, 14xéz,3) J

Minimize |

Subject to

Constraints of the IFLPP (P5.8).

Step 5: Using Step 5 of Mahmoodirad et al.’s approach [136], discussed in Section 5.4,
the IFLPP (P5.9) can be transformed into its equivalent crisp LPP (P5.10) and hence,

its equivalent crisp LPP (P5.11).

Crisp LPP (P5.10)

[ Rank(2x11,1, 4x11,2, 9x11,3; 1x]I_1’1, 4x11,2, 12x11’3) + —|
Rank(4x12,1, 13%12,2, 14%12,3; 3%12.1, 132122, 15x1,5) +

Minimize , ,
Rank(xzm, 3%21,2,8%21,3; 0X21 1, 3X21,2, 119521,3) +

Rank(3x22,1, 6X222, 7X22,3; Oxéz,p 6x22,2, 149‘52,3)
Subject to
Constraints of the IFLPP (P5.8).

Crisp LPP (P5.11)

! ! ! !
(ZX11'1+9X11’3+16X11’2 +1x11_1+12x11‘3) + (4-x12,1+14—x12_3+52x12_2+3x12’1+15x12’3)

Minimize 8 , , 8 , ,
+ (x21,1+8%x21,3+12x21 2+0x51 1 +11x25 3) + (3x22,147X22,3+24X75 2+0X57 1 +14%7; 3)
8 8
Subject to

Constraints of the IFLPP (P5.8).
Step 6: On solving the crisp LPP (P5.11) the obtained optimal solution is
X111 = 1, X112 = 2, %113 = 3, x11,1 =0, x11,3 =3,

— — — ! — ! —
X120 = 0,%122 =0, %123 =0, x5, =0, x1,3 =1,
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x131 =1, 2132 =1, %133 = 3, 431 = 0, X135 = 8,
X110 = 1, x212 = 1, %313 =1, xé1,1 =1, xé1,3 = 2,
Xo21 = 1, X202 = 2, X323 =9, xéz,1 =0, xéz,3 = 13,
X231 = 0, %332 = 0,333 =0,x331 =0, x335 =0,
X311 = 0,312 = 0,x313 =0,x311 =0, %315 =0,
X321 = 2, X322 = 2, X323 = 2, x§2,1 = 2, x§2,3 =2,
X331 =0, X335 = 0,333 =0,x33; =0, x333 =0.
Step 7: Using the optimal, obtained in Step 6, the IF optimal solution of the considered
FIFTP, represented by Table 5.3, is
%11 = (1,2,3;0,2,3), X, =1(0,00;00,1), x53=(113;0,18), % =(111;112),
X,5 = (1,2,9;0,2,13), X,;3 =(0,0,0;0,0,0), ¥3; = (0,0,0;0,0,0), %3, = (2,2,2;2,2,2),
X33 = (0,0,0; 0,0,0) and the IF optimal transportation cost is (6,23,98; 0,23,255).
5.11.2 IF optimal solution of second FIFTP

Using the JMD method, proposed in Section 5.11.1, the FIFTP, represented by
Table 5.3 can be transformed into a BFIFTP as follows.
Step 1: Y7o, @; = (4,8,16;1,8,27), X3, b; = (5,7,15;3,7,21).

Since, Case 3 of JIMD method, proposed in Section 5.10 is satisfying so, there is
need to add a dummy source S; with IF availability 4; = (2,2,2;2,2,2) as well as a
dummy destination D; with IF demand B; = (1,3,3; 0,3,8). Furthermore, there is need to
assume the IF transportation cost for transporting one unit of quantity of the product from
dummy source S5 to all the dummy destinations as TIFN (0,0,0; 0,0,0) as well as there is
need to assume the IF transportation cost for transporting one unit of quantity of the

product from all the sources to the dummy destination D5 as a TIFN (0,0,0; 0,0,0). By
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considering all these assumptions, the unbalanced FIFTP, represented by Table 5.3, will

be transformed into a BFIFTP represented by Table 5.6.

Table 5.6 BFIFTP

Destinations —
D D D Availabilit
Sources | 1 2 3 y
S, (2,4,9;1,4,12) | (4,13,14;3,13,15) | (0,0,0;0,0,0) (2,4,6;0,4,12)
S, (1,3,8;0,3,11) (3,6,7;0,6,14) (0,0,0;0,0,0) (2,4,10;1,4,15)
Ss (0,0,0;0,0,0) (0,0,0;0,0,0) (0,0,0; 0,0,0) (2,2,2;2,2,2)
Demand (2,3,4;1,3,5) (3,4,11; 2,4,16) (1,3,3;0,3,8)

Step 2: Using Step 2 of Mahmoodirad et al.’s approach [136, Section 4.2], discussed in

Section 5.4, the BFIFTP, represented by Table 5.6, can be transformed into IFFLPP

(P5.12).

IFFLPP (P5.12)

Minimize

Subject to

[ (2491412) ® (x11,1'x11,2,x11,32 x11,1,x11,2'x11,3) 8%
(4,13,14;3,13,15) ® (x12,1»x12,2' X12,35 xiz,l' x12,2rx12,3) ®
(0,0,0;0,0,0) ® (x13,1'x13,2'x13,32 x13,1,x13,2'x13,3) 8%
(1,3,8;,0311) ® (x21,1»x21,2,x21,32 xél,l,x21,2'xé1,3) @
(3,6,7;0,6,14) @ (xzz,p X222, %22 3; xéz,pxzz,z' xéz,s) SY
(0,0,0;0,0,0) ® (x23,1»x23,2,x23,32 x§3,1,x23,2'x§3,3) @
(0,0,0;0,0,0) ® (x31,1»x31,2,x31,32 x§1,1,x31,2'x§1,3) @
(0,0,0;0,0,0) ® (x32,1:x32,2rx32,35 xéz,pxsz,z'xéz,s) @

(0,0,0;0,0,0) ® (x33,1, X33,2,X33,3; x§3,1' X33,2 x§3,3)
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el ! s oall /
(x11,1» X11,2,X11,35 X11,1, X11,2» x11,3) @ (x12,1» X12,2)X12,35 X12,1, X122, x12,3) S

1A !
(x13.1rx13,2rx13,3i X13,1» X13,2 x13,3) = (2,4,6;0,4,12),

el ! Lo !
(x21,1» X21,2)X21,3) X21,1» X21,2 x21,3) @D (x22,1f X22,2)%223: X221, X22,2, x22,3)

@D (x23,1»x23,2» X23,3; xé3,1» x23,2,x£3,3) = (2,4,10;1,4,15),

sl ’ o !
(x31,1» X31,2,X31,3) X31,1, X31,2 x31,3) @ (x32,1: X32,2,X32,3; X321, X32,2, x32,3)

@ (x33,1»x33,2;x33,3i x§3,1»x33,2:x§3,3) =(2,2,2;2,2,2),

el ! vl !
(x11,1»x11,2'x11,3:x11,1»x11,2»x11,3) @ (x21,1»x21,2'x21,3; x21,1:x21,2:x21,3)

® (x31,1»x31,2» X31,3; x§1,1: x31,2,x§1,3) = (2,3,4;1,3,5),

el I T /
(x12,1: X12,2)X12,35 X12,1, X12,2, x12,3) @ (x22,1» X22,2,X22,3) X221, X222, x22,3)

@b (x32,1: X32,2)X32,3; xéz,p X322, X§2,3) = (3,4,11; 2,4,16),

! ! el !
(x13,1» X13,2, X13,35 X13,1, X13,2, x13,3) ® (x23,1: X23,2) X233 X23,1, X232, x23,3)

@D (x33,1: X33,2,X33,3; x§3,1: X33,2, x§3,3) = (1,3,3;0,3,8),

(xl-jll, Xij 20 Xij3; xl{j,l' Xij2, x{j‘3) are non-negative TIFNS.
Step 3: Using Step 3 of Mahmoodirad et al.’s approach [136, Section 4.2], discussed in

Section 5.4, the IFFLPP (P5.12) can be transformed into its equivalent IFLPP (P5.13).
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IFLPP (P5.13)

Subject to

[ (24,9;1,412) ® (x11,1’x11,2,x11,3i x11,1,x11,2:x11,3) D ]
(4,13,14;3,13,15) ® (x12,1»x12,2' X12,3; xiz,p x12.2:x12,3) SY
(0,0,0;0,0,0) ® (x13,1’x13,2:x13,3i x13,1,x13,2:x13,3) D
(1,38031) ® (x21,1:x21,2,x21,3i xé1,1,x21,2:x£1,3) S
Minimize| (3,6,7;0,6,14) & (X221, X22.2 X22,3) X321, X222, X52.3) D
(0,0,0;0,0,0) ® (x23,1»x23,2,x23,35 x53,1,x23,2'x£3,3) @
(0,0,0;0,0,0) ® (x31,1»x31,2,x31,35 x§1,1,x31,2'x§1,3) @
(0,0,0;0,0,0) ® (x32,1»x32,2:x32,31 x§2,1:x32,2'x§2,3) @D

(0,0,0;0,0,0) ® (x33,1, X33,2,X33,3; x§3,1' X332, x§3,3) -

X111 F X121 + X131 = 2, X112 + X122 + X132 = 4, X113 + X123 + X433 = 6,

I ! 1A
X111 t X121 + X131

X211 + X221 T X231

! ! !
0,%113 + X123 + X133 = 12,

= 2:x21,2 t X222 + X232 = 4, X213 + X223 + X233 = 10,

14 12 ! — ! ! ! i
X211+ X221 F X231 = 1, X313 + X353 + X333 = 15,

X311 t X321 + X331 = 2,X312 + X322 + X332 = 2,X313 + X323 + X333 = 2,

! ! ! — ! ! 4 —
X311+ X321 + X331 = 2,X313 + X323 + X333 = 2,

X111 T X211 T X311 = 2»x11,2 + X212 X312 = 3:9511,3 + X313 + X313 = 4,

! ! ! — ! ! ! —
X111+ X211 + X311 = L, X193 + X313 + X313 =5,

X121 F X221+ X321 = 3, X122 + X220 + X321 = 4, X123 + X223 + X323 = 11,

12 ! 12 _ 14 ! ! i
X121 F X221 + X321 = 2,X123 + X323 + X353 = 16,
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X131 + X231 + X331 = 1, X132 + X335 + X332 = 3,X133 + X233 + X333 = 3,
X131 + X231 + X331 = 0,x133 + X333 + X333 = 8,

X111 = 0,%10,1 — X111 = 0,%112 — X111 = 0,X193 — X112 = 0,X113 — X113 = 0,
X121 = 0,%121 = X121 = 0,X125 — X121 = 0,X123 — X122 = 0,X153 — X123 = 0,
X131 = 0,%131 — X131 = 0,X132 — X131 = 0,X133 — X132 = 0,X133 — X133 = 0,
X211 = 0,%211 — X211 = 0,X212 — X211 = 0,X213 — X212 = 0,X313 — X213 =0,
X321 = 0,X221 — X221 = 0,X222 — Xp21 = 0,X323 — X222 = 0,X355 — Xp23 20,

X331 = 0,X231 — X231 = 0,X232 — Xp31 = 0,Xp33 — X232 = 0,X3335 — Xp33 = 0.
Step 4: Using Step 4 of Mahmoodirad et al.’s approach [136, Section 4.2], discussed in
Section 5.4, the IFLPP (P5.13) can be transformed into its equivalent IFLPP (P5.14).

IFLPP (P5.14)

! !
[ (2x11’1, 4x11,2, 9%11,3; 1%11 1, 4%11 2, 129‘11,3) D |
A 1A
(43512,1; 13x152, 14x153; 3x12,1, 13%122, 159512,3) 8%
. ! !
(x21,1: 3%21,2,8%21,35 0X321,1, 3X21,2, 119521,3) 8%

. ! !
(3x22,1» 6X22,2, 7X22,3; 0X32 1, 6X22 2, 14x22,3)

Minimize

Subject to

Constraints of the IFLPP (P5.13).

Step 5: Using Step 5 of Mahmoodirad et al.’s approach [136, Section 4.2], discussed in
Section 5.4, the IFLPP (P5.14) can be transformed into its equivalent crisp LPP (P5.15)

and hence, its equivalent crisp LPP (P5.16).
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Crisp LPP (P5.15)

Rank(4x12’1, 13x12,2, 14%15 35 3%12,1, 13X12 5, 15x{2,3) +

Minimize | , ,
Rank(xzm, 3%21,2,8%21,3; 0x31 1, 3X21 2, 11x21,3) +

[ Rank(lel,l, 4‘X11,2, 9X11,3; 1x]I_1‘1, 4‘x11’2, 12x11‘3) + —|
I
I
l Rank(3x22,1, 6X222, 7X22,3; Oxéz,ll 6x22,2, 14x£2,3) J
Subject to

Constraints of the IFLPP (P5.13).

Crisp LPP (P5.16)

! ! ! !
(ZX1111+9X11‘3+8X‘11_21x11,1+12x11,3) + (4X12‘1+14X12‘3+529C12_2+3X12’1+15x12’3)
8 8
! ! ! !
(X21,14+8%213+6X212+0X71 1 +11%3, 3) + (3%22,1+7X22,3+12X2220X7; 1 +14%;5 3)
8 8

Minimize
+

Subject to

Constraints of the IFLPP (P5.13).

Step 6: On solving the crisp LPP (P5.16) the obtained optimal solution is
X110 = 1, X112 = 1, X413 = 2, X111 = 0, X113 = 2,

X121 = 0, X122 = 0, %123 = 1, X151 = 0, X153 = 2,

X131 = 1, X132 = 3, X133 = 3, X131 = 0, x133 = 8,

X211 = 1, X212 = 2, X213 = 2, x£1,1 =1, x£1,3 =3,

Xo21 = 1, X222 = 2, X323 = 8, x£2,1 =0, xéz,s =12,

X231 = 0, X232 =0, X233 =0,x331 =0, x3335 =0,

X311 = 0,x312 =0, %313 =0, x§1,1 =0, x§1,3 =0,

X321 = 2, X322 = 2, X323 = 2, X331 = 2, X323 = 2,

X331 =0, X332 =0, X333 =0,x331 =0, x3335 =0.

Step 7: Using the optimal solution, obtained in Step 6, the IF optimal solution of the

FIFTP, represented by Table 5.3, is
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%, = (1,1,2;0,1,2), ¥, = (0,0,1;0,0,2), ¥,53 = (1,3,3;0,3,8), X,; = (1,2,2;1,2,3),
X, = (1,2,8;0,2,12), %,5 = (0,0,0; 0,0,0), ¥3; = (0,0,0;0,0,0), %3, = (2,2,2;2,2,2),
X33 = (0,0,0; 0,0,0) and the IF optimal transportation cost is (5,26,104; 0,26,255).
5.12 Conclusions

It is shown that the method, proposed in Step 1 of the existing approach [136,
Section 3] for transforming an unbalanced FIFTP into a BFIFTP is not valid. Also, to
resolve this flaw of the Step 1 of existing approach [136, Section 4.2], a new method

(named as JMD method) is proposed to transform an unbalanced FIFTP into a BFIFTP.
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Chapter 6
Mehar Method for Solving Unbalanced

Generalized Interval-Valued Trapezoidal

Fuzzy Number Transportation Problems™

Ebrahimnejad [48, Section 5, pp. 304] proposed a method for transforming an
unbalanced GIVTrENTP into a balanced GIVTrENTP as well as a method for solving a
balanced GIVTrENTP. In this chapter, it is shown that on applying Ebrahimnejad’s
method for transforming an unbalanced GIVTrENTP into a balanced GIVTrENTP, the
obtained dummy supply and/or dummy demand is not a GIVTrFN and hence, this method
is not valid. Also, a new method (named as Mehar method) is proposed to transform an
unbalanced GIVTrENTP into a balanced GIVTrENTP. Furthermore, the validity of the
proposed Mehar method is discussed.

6.1 Ebrahimnejad’s method for transforming an unbalanced GIVTrFNTP into a
balanced GIVTrFENTP

Ebrahimnejad [48, Section 5, Step 1, pp. 305] has proposed the following method to

transform an unbalanced GIVTrENTP into a balanced GIVTrFNTP i.e., to transform
ﬁl C:il' * Z;’lzl B] into 21111 51- = Z?:l E]
where,

(i)  m represents number of sources, n represents number of destinations.

" The contents of this chapter have been communicated in “Sadhna : Academy Proceedings in Engineering
Sciences” for the possible publication.
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(i)  The GIVTIFN

U U U .
((Zl 1a11'21 1a12»21 1“13»21 1“14' w"), (Zl 1“11' L1ai, ik a3, ﬁlam»(‘)u))

represents the total interval-valued fuzzy supply.

(iii)  The GIVTIEN

n

n
j=1% =

((271 jl’zn 1 jZ’Zn 1 13,211 1 14; L) (Zn 1 jl'zn 1 ]Z'Zn 1 ]3'Zn 1 ]4' U))

represents the total interval-valued fuzzy demand.
(iv)  The GIVTIFN &; = ((aly, al, al, aly; b)), (afy, al, a%, al); wV)) represents the
supply of the product at i** source S;.
(v)  The GIVTIFN b; = ((bf1, bfs, bjs, bas "), (b1, b3, bk, bfy; wU)) represents the
demand of the product at j** destination D;.
Case 1: If Y2 ajy < Y% bfy, Xikial, < X0 by, Xk afy < Xjoybfs, Xt aj, <
bﬁu Yin1 an = b]L{, Zm1a12 = b}g’ Zmlal3 = b]%’ ?115114 =<

D= 1b]’i, then add a dummy source S,,.; having dummy supply ((Z}‘zlbjﬁ—

m L L m L L m L L m L

i=1 Qi1 Lj= 1b]2 i=1Qi2, Lj= 1b]3 i=1 i3, Lj= lbj4- Diz1 14' ) (21 1 11
m U n U m n U m n U m u.,6, U

i=1 i1, j=1 bjz — Li= 1“12» j=1bj3_ i= 1(113' j=1bj4_ i=1Qja; W )) by

considering the cost for supplying the unit quantity of the product from the dummy source

Sm+1 to all the destinations as a GIVTrFEN 0= ((0,0,0,0;1),(0,0,0,0; 1)).

} L L L L
Case 2. If Z b]1 S i= 1(111, bjz S i= 1(112, b]3 S i= 1al3, b]4_ =
m L U U U U

i=1 g b]1 < li= 1a111 b]Z < li= 1“12’ b]3 < A= 1a13’ b]4 =

™,a%, then add a dummy destination D,,; having dummy demand ((X72,

L m L m L m n L
b]l! i= 1a12 b]Zl i= 1a'l3 b]3' i= 1a14 ]4' ) (Zl 1a11
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(i)

(ii)

n U m U m
—1bj1, 2= 10 — Z] =1 ]2' miaph— j= 1b]3r Z; =1 ]4» )) by

considering the cost for supplying the unit quantity of the product from all the sources to
the dummy destination D,,,; asa GIVTrFN, 0= ((0,0,0,0;1),(0,0,0,0; 1)).
Case 3: If neither Case 1 nor Case 2 is satisfying then,

Add a dummy source Sm+1 having the dummy supply

((A(m+1)1JA(m+1)2'A(m+1)3'A(m+1)4'w ) (A(m+1)1rA(m+1)2'A(m+1)3'A?m+1)4;wu))

by considering the cost for supplying the unit quantity of the product from the dummy

source S,,,+, to all the destinations as a GIVTrFN 0= ((0,0,0,0;1),(0,0,0,0; 1)).

A(m+1)1 |Z§l=1 bjli — Li= 1a11| + max{O Z — iz aiL1}v
A(m+1)2 = Al(m+1)1 + max{O, (Z?=1 bjLz - n ) Yis1 alZ ity a{ﬁ)}’

A(m+1)3 = A(m+1)2 + max{O (2 =1 b]L3 ?:1 bjLz -, ah -3, a%z)}’

A(m+1)4 = Al(m+1)3 + max{O, (Z?ﬂ bjL4 - n 3) Yis1 aiL4 — iz aiL3)}’
A(m+1)1 - max{O, 21}:1 bjl{ T Li= 1a11}

Al iz = |21 b — Xy afy| + max{0, X7, b — Ty afi} + max{0, (X7-, b} —
j=1bj) = (BRiap - XiZian)h
Atminyz = Almrnyz +max{0, (Tjo1 bjz — Xjoi b3) — (B, aiz — Xy aiz)},
Almra = Almenz +max{0, (Tjoy by — X1 bfy) — (T afh — X2y alp)} +
min{0, Af41)3 + max{0, (Xj_1 by — X711 bj3) — (X, af, — X ais)} -

Almia)

Add a dummy destination D,,; having the dummy demand

((B(Ln+1)1J B(Ln+1)2' B%n+1)3' B%n+1)4; wL)' (Bg1+1)1' ng+1)2' ng+1)3' Bgz+1)4; “)U))
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by considering the cost for supplying the unit quantity of the product from all the

sources to the dummy  destination Dyyq as a GIVTrEN
0 =((0,0,0,0; 1),(0,0,0,0; 1)).
B(Ln+1)1 = |Z;'l=1 bjl{ — Diz1 aiUl| + max{O,Zﬁla{fl - 7:1 b]Ll}’
B(Ln+1)2 = B(Ln+1)1 + max{O, Cliah - YR ah) - (Z7=1 bjLz - ?:1 ble)}’
B(Ln+1)3 = B(Ln+1)2 + max{O, CRial — X, ah) — (Z?=1 bjL3 - 7:1 bjLz)}v
B(Ln+1)4 = B(Ln+1)3 + max{O, CRiah, — X af) - (21]'1=1 b}?l— - 7:1 bjL3)}’
Bgl+1)1 = max{O,Z{Zl al% - ?:1 bjl{}’
Bgz+1)2 = Bg1+1)1 + |2;‘1=1 bjl{ - ﬁ1a§{1| + max{O, (Zﬁ1a§]2 - ﬁ1al{]1) -
(Zf-1bj2 — Xj=1bj1)},
Bgl+1)3 = B(l‘:'H-l)Z + max{O, (Z:L ai% — izt aiL; - (Z?:l b}% - 7:1 bjg)}v
Bgz+1)4 = B(l111+1)3 + max{O, (Zﬁl afy — Nitq ais) — (211'1=1 bjI{L - 1]'1=1 bjlé)} +
min{0, B3, 1y, + max{0, (St af — Sty al) = (Sfos bl — 31 b3)) — Bhuyys)
6.2 Flaws of the Ebrahimnejad’s method for transforming an wunbalanced
GIVTrENTP into a balanced GIVTrFENTP
In this section, some numerical values are considered to show that Ebrahimnejad’s
method for transforming an unbalanced GTrFNTP into a balanced GIVTrENTP [48,
Section 5, Step 1, pp. 305] is not valid.
(1) Let
((Z;L ain Yis1 aiLz ) Dim1 aiLs ) Di=1 aiL4 ;wh), (Z:L aiU1 ) Dim1 azyz ) Ri=1 aiU3 ) Mim1 afi ; ‘UU))

((1,2,7,11;1),(0,3,8,7; 1)) and
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((21 1 11' 71‘1=1bjL2' 71‘1=1bjL3' 71‘1=1bjL4i“)L)'(Zﬁlbﬁ'zﬁlbjg' b}é' 7=1bjli;“)u))=
((4,8,9,13;1),(1,6,10,18; 1)).

L

m m m
Since, X%, afy < Z ]1’ yap < Z ]2’ Ly af < Z ]3' i=1 s

IA

Toabf YRiaf <XYjo b, YRiah < Xjobh, Y ah < Xjo, b, Xk af <
b4 i.e., Case 1 of Ebrahimnejad’s method [48, Sec. 5, Step 1, pp. 305],
discussed in Section 6.1, is satisfying. So, according to Ebrahimnejad’s [48] method,
the dummy supply will be ((4—-1,8-2,9-7,13-11;1),(1-0,6—-3,10 —
8,18 —-7;1)) =((3,6,2,2;1),(1,3,2,11; 1)).
However, it is not a GIVTrFN due to the following reason:
It can be easily verified from the graphical representation of GIVTrFN [48, Section
2, Figure 1, pp. 302] as well as from the existing definition of a GIVTrFN [48, Section
2, Def. 2.3, pp. 301] that for a GIVTIFN ((ak, ak, a}, ak; wb), (a¥,a¥,ay, ay; wV)) the
condition af <al <af <af <d} <al <af<dal should always be satisfied.
While, for the obtained dummy supply ((3, 6, 2,2; 1), (1, 3,2,11; 1)), this condition is
not satisfying. Hence, Ebrahimnejad’s method [48, Section 5, Step 1, pp. 305] to
obtain dummy supply is not valid.
(2) Let
((Zﬁl af, Xty ap, Nits afs, Dt afy; "), (Zz 1ah, Nt an, Nk g, Xk, a&;a)u)) =
((4,8,9,13; 1), (1,6,10,18; 1)) and
((Zje1 bfi Bjea b B bjs, Bjea bja s 0*), (Eer bjt, Xjea by, Xjea b3, Ejea bja s 0¥)) =
((1,2,7,11;1),(0,3,8,7; 1)).
Since, X7, bfy < Xy afy, Xy by <Y ah, Yy bis S Xikiafs, Xioibfy <

m L n U n
i=1 A4, Zj 1b11 < li= 1a111 Z =1 12 =
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miap, Yo by <YRiak, Xio b <X af, ie., Case 2 of Ebrahimnejad’s
method [48, Section 5, Step 1, pp. 305], discussed in Section 6.2, is satisfying. So,
according to Ebrahimnejad’s method [48, Sec. 5, Step 1, pp. 305], the dummy demand
will be (4-1,8-2,9-7,13-11;1),(1-0,6 —3,10—-8,18 - 7;1)) =
((3,6,2,2;1),(1,3,2,11; 1)).

However, it is not a GIVTrFN due to the following reason:

It can be easily verified from the graphical representation of GIVTrFN [48,
Section 2, Figure 1, pp. 302] as well as from the existing definition of a GIVTrFN [48,
Section 2, Def. 2.3, pp. 301] that for a GIVTrFEN
((ak,ak, ak, ak; wh), (¥, a¥,dy, a¥; wV)) the condition a¥ < al <a¥ <al <dl <
ad < ak < af should always be satisfied. While, for the obtained dummy demand
((3,6,2,2;1),(1,3,2,11; 1)), this condition is not satisfying. Hence, Ebrahimnejad’s
method [48, Section 5, Step 1, pp. 305] to obtain dummy demand is not valid.

(3) Let

((Zz 1a11' ?;1aiL2'Z?i1 aiL3'eri1 a{‘?}iwl“): (Zﬁlaiul' i= 1‘112' m aiU3' ﬁlag};a)u» =
((110, 150, 160, 180; g) , (100,140,170, 190; 1)> and

<(21 1 11’ j= 1bJL2’ Jj= 1bJL3’ j=1b 14; L) (ZJ 1 11' j=1 12' Jj= lbjlé’ Jj= 1le‘]L' )):
((90, 120, 140, 200; g) (75,105,155, 215; 1)>.

Since, Case 3 of Ebrahimnejad’s method [48, Section 5, Step 1, pp. 305],
discussed in Section 6.2, is satisfying. So, according to Ebrahimnejad’s method [48,

Section 5, Step 1, pp. 305], the dummy demand is
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<(45,55,55,55;%),(25,60,60,60;1)> and  the dummy  supply s

<(25, 25,35,75;2), (0,25,45, 85; 1)>.

However, the obtained dummy demand is not a GIVTrFN due to the following
reason:

It can be easily verified from the graphical representation of GIVTrFN [48,
Section 3, Figure 1, pp. 302] as well as from the existing definition of a GIVTrFN
[48, Section 2, Def. 23, pp. 301] that for a GIVTrFN
((ak, a5, ak, al; wh), (@V,a¥,ay,a¥; wV)) the condition a¥ < al <al <dl <ak <

ad < ak < af should always be satisfied. While, for the obtained dummy demand
<(45,55,55,55;§), (25,60, 60, 60; 1)>, this condition is not satisfying. Hence,

Ebrahimnejad’s method [48, Section 5, Step 1, pp. 305] to obtain dummy demand is
not valid.
6.3 Invalidity of the existing result
Ebrahimnejad [48, Section 6, Example 6.1, pp. 308] considered a GIVTrFNTP
having two sources S;, S, and three destinations D,, D,, D5 such that

(i) The GIVTrF supply at sources S and S, are

<(70, 90,90,100;2), (65,85, 95, 105; 1)> and

<(40, 60,70,80;2), (35,55,75,85; 1)> respectively.
(i) The GIVTrF demand at destinations D,, D, and D; are

<(3o, 40,50,70;2), (25,35, 55,75; 1)>, <(20, 30,40, 50;2), (15, 25,45, 55; 1)>

and <(40, 50, 50,80;2), (35,45, 55, 85; 1)> respectively.
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Ebrahimnejad [48, Section 6, Example 6.1, pp. 308] claimed that as the total

GIVTIF supply

ic., <(7o, 90,90,100;2), (65,85, 95, 105; 1)> +

((40,60,70,80;2), (35,55,75,85; 1)) = ((110,150,160,180;:2), (35,55, 75,85, 1)) i
not equal to the total GIVTrF demand i.e., <(30, 40,50, 70; %), (25,35,55,75; 1)> +
(20,30,40,50;2), (15,25,45,55; 1)) + {(40,50,50,80;), (35, 45,55,85; 1)) =

<(19o, 120,140,200;2), (75,105,155, 215; 1)>.

Therefore, the considered GIVTrENTP is an unbalanced GIVTrENTP. So, there is

need to add a dummy source S; having dummy GIVTrF supply

<(25,25,35,75; 2),(0,25,45,85; 1)> and a dummy destination D, having dummy

GIVTrF demand <(45,55,55,55; g), (25,60, 60, 60; 1)> for solving the considered
GIVTrENTP.
However, the dummy GIVTrF demand <(45,55,55,55; 3),(25, 60,60, 60; 1)),

obtained by Ebrahimnejad [48, Sec. 6, Example 6.1, pp. 308], is not a GIVTrFN due to
the following reason:

It can be easily verified from the graphical representation of GIVTrFN [48,
Section 2, Figure 1, pp. 302] as well as from the existing definition of a GIVTrFN [16,
Sec. 2, Def. 2.4, pp. 301] that for a GIVTrEN ((b%, b, bk, bE; wl), (bY, bY, bY, bY; w")),
the condition bY < bl < bY < bl < bl < by < bk < bY should always be satisfied.

While, it can be easily verified that if the GIVTrF demand
<(45,55,55,55;§),(25,60,60,60;1)> is  compared with a  GIVTIEN
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((bE, bL, b, bE; wb), (bY, bY, bY, bY; wV)) then bL =45, bk =55, bk =55, bk =55,
bV = 25, bY =60, bY = 60, bY = 60.

It is obvious that by > b’ i.e., the necessary condition bY < b} is not satisfying.
Therefore, the obtained dummy demand is not a GIVTrFN. Hence, the dummy supply
and dummy demand of this problem, obtained by Ebrahimnejad [48, Section 6, Example
6.1, pp. 308], are not correct.

6.4 Proposed Mehar method for transforming an unbalanced GIVTrENTP into a
balanced GIVTrENTP

In this section, a new method (named as Mehar method) is proposed to transform
an unbalanced GIVTrFNTP into a balanced GIVTrENTP.

Using the proposed Mehar method, an unbalanced GIVTrFNTP can be

transformed into a balanced GIVTrENTP as follows:

Case 1: If XL 1all Z ]11 :n1az1 i= 1a11 = bL bﬁ’ ?115112
=1 all = Z =1 b}é b1L11 =1 aiLz — Lij= 1a12 = A= 1b1Lz b}é, ﬁla{% -
Riap < }l=1 bjL3 - b]L27 =1 al3 Riap < 7=1 bj% - b1L3v Riaf, —
i= 1a13 = 4j= 1b]€1» j= 1b]%7 ?;16151 T Li= lal4- = Lij= 1b]LzI} j= 1b]li1. then add a

dummy source Sma1 having dummy supply

((Almsn1 Alme 2 Alms Dz Alminas ©), (Alns 1 Alnsn2 Almi vz Altmsas @)

by considering the cost for supplying the unit quantity of the product from the dummy

source S, to all the destinations as a GIVTrFN NO = ((0,0,0,0;1),(0,0,0,0; 1)).

U _ U U
A(m+1)1 - ?:1 bjl - ﬁl iy, A(m+1)1 (m+1)1 + (Z ble - n 1)
U U _ AL U
(Zz 1a11 Zﬁlail)' Amm+nz = Atmer T (Z7=1bj2 - Z? 1 1) (Zz 1a12
i) a%l)’
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Al(m+1)2 = A((Jm+1)2 + (Z?=1 b]Lz ]2) (Zl 1 alZ i) ai%)’

A(m+1)3 _A(m+1)2 +(Z] 1 ]3 Z] 1b]Lz) a{“3 i) 12)

A(m+1)3 (m+1)3 + (Z j= 3) (Zl 14— X2 1az3)

A(m+1)4 (m+1)3 + (Z] 1 ]4 Z?=1 bjlé) - (Z:i1 afz} fid a%),

A(m+1)4 = Al(m+1)4 + (Z?=1 b]lz]L n 4) (Zl 1 a14 i a14)

Case 2: If ¥ bj} <X af, Xiy bl —Yjobji < ¥kyafy — Xk, afy, Yo, b)) —
j=1b Szl 1“12 iafh, ?=1bjL2 —Xj=1b SZL 108 — X%y ailév ;L=1 b]L3 -

Yj-1b 521 a4z — Xt ap, Yj=1bjz — Xj-1b 521 a3 — Xt ag, Yj=1b L

b]3 < YRiap — X ap, Yio bjli —Ylibl, <3, al, — Y™ ak then add a
dummy destination D, 41 having dummy demand
<(B(Ln+1)1r B(Ln+1)2r B(Ln+1)3' B(Ln+1)4; “)L)' (Bgl+1)1' Bgl+1)2' Bgl+1)3' Bgl+1)4? wu)> by

considering the cost for supplying the unit quantity of the product from all the sources to

the dummy destination D,,,, as a GIVTrFN

U —_ \'m U _ yn U
B = Dis1 Qi _1bj1,

U
(21 1 Jl 7=1bj1 '

U
Bi1)2 = B(Ln+1)1 + (Z?Qail; -

B(Ln+1)z = Bgz+1)2 + (Zﬁl afz -

B(Ln+1)3 = B(Ln+1)2 + (Xizg a{-“3
U

B(n+1)3 = B(Ln+1)3 + (Zﬁ1a% -
L U

B(n+1)4 = B(n+1)3 + (Zﬁ1 aiL4 -

Bgl+1)4 = B€n+1)4 + (Z?Q ag} -

0=

B(Ln+1)1 = B(L;l+1)1 + (Z:’i

=1 aiL1) - (Z;'l=1 bg n )

iz1a2) = (Xj=1 by — X1 b3
=Xt ai) — (Zj1bs — Xioi b)),
i=1 aiL3) - (Z}l:l b]lé j= 3)
iai) - (27=1 bja = b;%)’
= aiL4) - (Z?ﬂ bjli - 25'21 bjL4 :
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Case 3: If neither Case 1 nor Case 2 is satisfying then,

(1) Add a dummy source Sm+1 having dummy supply

((Alns1)1 Abminz Almsns Atmrns @), (Aiminy Alms vz Atmsnz Almsnas ©Y))

by considering the cost for supplying the unit quantity of the product from the dummy
source S, to all the destinations as a GIVTrFN 0= ((0,0,0,0;1),(0,0,0,0; 1)).
Agm+1)1 = max{O, (Z?=1 bjl{ — Diz1 ai%)}!

A(m+1)1 Agm+1)1 + max {0' ( ;l=1 b]Ll - 11) (Zl 1a11 L 1a11)

U L
Am+1)2 = Alm+11 T max) 0, ( i=1 bjg_ i= 1) (Zz 1a12 iz 1all)

(

Agm+1)3 =A%m+1)3+max 0, ( ;'l=1bj%_ i= 3) (Zl 1‘113 Dis 1a13)

U

(
(
Absryy = Alpinys +max {0, (
(
(
Aby1ys = Ay + max {0,

z )}
%) )}
by = T b)) — (Eyab, — X a) )}
iy bf — X bh) — (T ak — Xy ab) ),
z )}
) )}

{

{
Miirys = Ay + a0, (

{

{

(

Aéjm+1)4 = A%m+1)4 + max{ ((Z =1 b]lzjl— n 4) (Z i=1 aiL4))}-

;’lzl bﬁ}. - Z?:l b]%) - (Zﬁl alL‘l- 13)

(2) Add a dummy destination D,,; having the dummy demand

((B(Lm+1)1J B€m+1)2'B€m+1)3'B(Lm+1)4; (‘)L)' (Bgn+1)1'Bgn+1)2, Bgn+1)3; Bgn+1)4; (A)U))
by considering the cost for supplying the unit quantity of the product from all the

sources to  the dummy  destination Dyyiq as a GIVTrFN
0 = ((0,0,0,0; 1), (0,0,0,0; 1)).
B(n+1)1 - max{o (Zl 1a11 n 1)}

B(Ln+1)1 = B(L;z+1)1 + max {O' ((Zﬁ1 aj — X, a 11) (Z] 1 ]1 ?:1 bﬁ))}'
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Bgz+1)2 = B(Ln+1)1 + max {O’((Zl 1‘112 i a’ll) (Z] 1 ]2 Z] 1b]L1 )}
B: = B! +max{0 ((Zm ak, — a?) — (Z bl — X7 )}

(n+1)2 — P(n+1)2 ’ i=1%i2 l 1 %i2 =1Yj2 )
B€n+1)3 = B(Ln+1)2 +max {0, ( (X2 1‘113 i 12) (Z}l=1 bjL3 - n

U _plL
B(n+1)s = Be1yz +max

i= 1a14 l 1a13) (Z 1b]€1- n

{o.( )}
{0' (( Yian— XL a) - (Z _1bj3 — XJ- )}
B(Ln+1)4 = B(I{HD3 + max {O, ( )}
Bgl+1)4 = B(Ln+1)4 + max {O ( nyaf,— YR, aiL4) - (Z?=1 bjLAIL - n )}
6.5 Exact dummy supply and dummy demand for the existing GIVTrENTP
In Section 6.4, it is shown that the dummy supply and dummy demand for the
existing GIVTrENTP [48, Section 6, Example 6.1, pp. 308] are not GIVTrENs and hence,
these are not valid. In this section, the exact dummy supply and dummy demand of the
same problem is obtained by the proposed Mehar method.
Using the proposed Mehar method the exact dummy supply and dummy demand
for the existing GIVTrFNTP [48, Section 6, Example 6.1, pp. 308] can be obtained as

follows:
=
((Zl 1 Gf, Y Al Ny O3, D Al s ), (Zz 141, X Ay, N1 Ay, D=y Gy 5 wu»
= <(110, 150, 160, 180; é), (100, 140,170,190; 1)>
and
j-1 gj -

((Zf 1 ]1;21 1 ]2;21 1 ]3'21 1 14; L) (Z, 1 ]1'21 1 ]2'21 1 ]3'21 1 ]4' ))

_ <(9o, 120,140, 200; ), (75,105, 155, 215; 1)>.
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Since, Case 3 of the proposed Mehar method is satisfying. So, according to Case 3
of the proposed Mehar method,

AY; = max{0, (X3., b} — Xi-; afy)} = max{0,75 — 100} = 0,

A%y = 4%+ max (0, (S} by — X)) — (B, ah — X af)) |
= 0 + max{0,15 — 10} = 5,
4Y, = A%, + max {0, (T3, 6% - X3, ) — (T2, af, — 32, ah))}
= 5+ max{0,15 — 30} = 5,
4k, = A% +max {0, (T3, b5 — 3, bY) — (B2, ab, — 32, a8))}
=5+ max{0,15 — 10} = 10,
Ay = A, +max {0, (T3, b — X3o, bh) — Ok, ak — 2, ah))]
= 10 + max{0,20 — 10} = 20,
AYs = Ak + max {0, (T3, 6% — X3, bh) — (T2, 0% — 32, ab))}
= 20 + max{0,15 — 10} = 25,
4y = A% +max {0, (23, by — 23, 0%) — (B2, aby — 32, d%))]
= 25 + max{0,45 — 10} = 60,
AYy = AL, +max {0, (T3, b4 — X3, bh) — (B2, ay — 32, dby))}
= 60 + max{0,15 — 10} = 65,
Biy = max{0, (Xi- aiy — Xj-1 bj1)}
= max{0,100 — 75} = 25

L _—
B41_

B, + max {0' ((212=1 aj — Xio aiul) - (Z?=1 ble - Z?=1 bjl{ )}

= 25 4+ max{0,10 — 15} = 25,
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BY, = BYy + max {0, ((Z%, a8 — T2, ah) — (X3, 0% — T3_ibh) )}
= 25 + max{0,30 — 15} = 40,
Bi, = By + max{ ((Zz 10, — Xiogai) = (Bj- bz — ?=1bjl§))}
= 40 + max{0,10 — 15} = 40,
By = By + max {0, (B2, ak — ¥2, ab) — (B3, b — £, 05) )}
= 40 + max{0,10 — 20} = 40,
BY, = By + max {0, ((Z%, a8 — T2, ak) — (23, 6% — T3_1bh) )}
= 40 + max{0,10 — 15} = 40,
B, = BY + max {0, ((Z%, by — T2, a) — (33, b5 — X3o1 b))}
= 40 + max{0,10 — 45} = 40,
BY, = By + max {0, ((Z%, af, — X2, aby) — (Z3_, bk — X3_1 b4))}
= 40 + max{0,10 — 15} = 40.

Therefore, the exact dummy fuzzy supply
((A(m+1)1' (m+1)2'A(m+1)3'A(m+1)4’ W ) (A(m+1)1'A(m+1)z,A?m+1)3.A?m+1)4: ‘UU)) =

<(5,10,20,60;%),(0,5,25,65;1)> and the exact dummy fuzzy demand

<(B%n+1)1’ B€n+1)2' B€n+1)3' BF(I;1+1)4; wL)’ (Bgl+1)1' Bgl+1)2' Bgl+1)3' Bgl+1)4; wU)) =
((25, 40, 40, 40; g), (25, 40, 40, 40: 1)>.
6.6 Exact results of the existing GIVTrFENTP

It is pertinent to mention that the solution of the existing transportation problem

[48, Section 6, Example 6.1, pp. 308] has been obtained with the help of the optimal

solution of the existing linear programming problem [48, Section 6, Example 6.1, Step 3,
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pp. 310] having 56 constraints. Out of these 56 equality constraints, 8 constraints are
corresponding to dummy GIVTrF supply <(25,25,35,75;§),(0,25, 45, 85; 1)) and 8
constraints are corresponding to dummy GIVTrF demand
<(45, 55,55,55;2), (25, 60, 60, 60; 1)>.

However, as discussed in Section 6.4 that the dummy GIVTrF supply and dummy
GIVTrF demand, obtained by Ebrahimnejad [48, Section 6, Example 6.1, pp. 308], are
not correct. Therefore, the result of this problem, obtained by Ebrahimnejad [48, Section

6, Example 6.1, pp. 308], is not correct.

Since, the exact dummy GIVTrF supply is <(5, 10, 20, 60;%), (0,5,25,65; 1)> and

the exact dummy GIVTrF demand is <(25,40,40,40;§), (25,40, 40, 40; 1)>. So, to find

the exact result of this problem, the equality constraints C, of the existing crisp LPP [48,
Section 6, Example 6.1, Step 3, pp. 310], have been replaced by the equality constraints

C,.
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X511+ x50 + X534 + X3, = 25,)
X510+ X85, + X33, + X5, = 25,
X513+ X5p3 + X533 + X3, 3 = 35,
x§1,4 + x§2,4 + x§3,4 + x§4,4 =75,
xé’m + xgm + xé’3,1 + x§14,1 =0,

X§1 5+ X35, + X33, + X3y, = 25,
X§1 3+ X5y 3 + X333 + X3y 5 = 45,

U U U U _
X314 T X324 T X334 T X344 = 85,

-~

(¢

xf4,1 + x£4,1 + x:154,1 = 45,
xf4,2 + x£4,2 + x:154,2 = 55,
Xfa3 + XZaz + X543 = 55,
X44 + X344 + X544 = 55,
X{p1 + X341 + X5y, = 25,
xﬂ,z + xé’4,2 + x:la]4,2 = 60,
X{a3 + X343 + X343 = 60,

U U U —
x14,4 + x24'4 + x34,4_ - 60. y,

X511+ XS0 + X530 + X341 =5,)
X510+ X555 + X33, + X3, = 10,
X513+ X5y 3 + X333 + x3,3 = 20,
x§1,4 + x:’iz,4 + x§3’4 + x§4_4 = 60,
xé’m + x:gjz,1 + xé’3,1 + x3U4,1 =0,
XY 5+ X350, + X335 + X3s =5,
x§1 3+ X3y 3 + X333 + X3y 3 = 25,
xé’m + x:gjz,z; + xé’3,4 + x3U4,4 = 65, ! )
xf4,1 + x2L4,1 + x§4,1 = 25, 2
xh,z + x2L4,2 + x§4,2 = 40,
Xfa3 + XZaz + X543 = 40,
xf4,4 + x§4,4 + x§4,4 = 40,
x{]4,1 + x2U4,1 + xg4,1 = 25,
xﬂ,z + xéjzt,z + xéj4,2 = 40,

U U U _
X1a3 + Xz43 + X343 = 40,

x1U4,4 + xg4,4 + xg4,4 =40. )
On solving the existing crisp LPP [48, Section 6, Example 6.1, Step 3, pp. 310]
with this modification, the obtained exact optimal solution of the existing GIVTrENTP

[48, Section 6, Example 6.1, pp. 308] is
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= ((30,40,40,50;2), (25,35, 45, 55; 1)>,

7., = ((15,20,20,20,2), (15,20,20,20; 1)),

><a
II

0,0,0,0;2),(0,0,0,0; 1)> F, = ((25, 30,30,30;2), (25,30,30, 30; 1)>,

%3 = ((40,50,50,50;2), (35,45, 55, 65; 1)),

%o <(0, 0,10,10;3), (0,0, 10,10; 1)), For = <(0, 0,0,0;3),(0,0,0,0; 1)),
((o, 10,10, 10;), (0,10,10, 10; 1)>,

%41 = ((0,0,0,10;%),(0,0,0, 10; 1)>, %, = <(5,10,20,30;§), (0,5, 25, 35; 1)),

f, = ((o 0,0,20;2),(0,0,0,20; 1)> %, = <(o, 0,0,0;%),(0,0,0,0; 1)>.

6.7 Conclusions

It is shown that the existing method [48, Section 5, Step 1, pp. 304], for
transforming an unbalanced GIVTrFNTP into a balanced GIVTrENTP, is not valid. Also,
a new method (named as Mehar method) is proposed for the same purpose and it is
proved that the proposed Mehar method is valid. Furthermore, the exact result of the

existing unbalanced GIVTrENTP [48, Section 6, Example 6.1, pp. 308] is obtained.
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Chapter 7
Future Scope

The following problems may be considered as challenging research problems:

(1) Mehar method for solving GIVTrFENTPs, proposed in Chapter 6, cannot be used to
find the solution of such GIVTrENTPs for which the data for more than one
experts is available as in Chapter 6 no method has been discussed to aggregate
GIVTrENs. To overcome this limitation of Mehar method, there is need to use an
appropriate aggregation operator. However, to the best of my knowledge, there is
no such aggregation operator for GIVTrFNs which satisfies all the necessary
properties (monotonicity, boundedness, idempotency and commutativity).
Therefore, to propose an appropriate aggregation operator for GIVTrFNs and
hence to overcome the limitations of Mehar method may be considered as
challenging research problem.

(2) 1t can be easily verified that on applying the existing method [44] for solving the
GTrENTP, represented by Table 7.1, the GTrFNs (15,35,40,60;0.4) and
(20,30,40,60;0.4), representing the optimal fuzzy transportation cost, are
obtained.

Table 7.1 GIVTrENTP

Destinations
- D, D, Availability
Sources |

Si (1,3,4,7;0.7) (2,3,5,5;0.4) 5

S, (2,3,3,7;0.7) (2,4,4,5;0.4) 5
Demand 5 5
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Although, this flaw of the existing method can be easily resolved by considering
the existing RMDS approach [108]. But, if the data for more than one experts are
available then, a transporation problem with GTrFNs, cannot be solved by the existing
method as to do the same, there is need to use an appropriate aggregation operators.
While, to the best of my knowledge, there is no such aggregation operator for GTrFNs
which satisfies all the necessary properties (monotonicity, boundedness, idempotency and
commutativity). Therefore, to propose an appropriate aggregation operator for
aggregating GTrFNs and hence to overcome the limitations of Mehar method may be

considered as challenging research problem.
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Appendix A
A note on “Fuzzy Hungarian MODI
Algorithm to Solve Fully Fuzzy

Transportation problems”"?

Dhanasekar et al. [37, Section 3.3, pp. 1483] proposed a fuzzy Hungarian MODI

algorithm to solve FFTPs. Dhanasekar et al. have used the standard multiplication of
TrFNs in their proposed method. In this appendix, it is pointed out that the method,
proposed by Dhanasekar et al., is not valid for standard multiplication of TrFNs and is
valid only if a special type of multiplication of TrFNs is used.
A.l. Introduction
Dhanasekar at al. [37, Section 1, pp. 1480] pointed out the following limitations/flaws
in the existing methods [23, 24, 106, 55, 151] for solving FFTPs.
(i) Either the solution turns out to be a crisp value or it does not guarantee the fuzzy
solution to be positive.
(if) The negative components exist in the obtained solutions which does not represent
the solution of the real world fuzzy transportation problem.
(iii) There is no single algorithmic technique to handle the fuzzy transportation
problem, unbalanced fuzzy transportation problem and the degenerate fuzzy

transportation problems.

" The contents of this chapter have been published in Journal of Intelligent & Fuzzy Systems 35 (2018)
659-662.
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To overcome/resolve these limitations/flaws, Dhanasekar et al. [37, Section 3.3, pp.
1483] proposed fuzzy Hungarian MODI algorithm to solve FFTPs. Dhanasekar et al. [37]
claimed that their proposed method not only gives the optimal solution, but also satisfies
the feasibility condition and retains the positive allocation of cells.

It is pertinent to mention that to find the optimal solution of FFTPs, Dhanasekar et al.
[37] have assumed that the dual of fuzzy transportation problem (P1) will be problem

(P2) and used the constraint U; +V,;=<C; ;i=12,...,m, j=12,...,nof the dual problem

(P2) in the Step 10 of their proposed fuzzy Hungarian MODI algorithm.

Minimize (Zm‘lzn:c}j ® i")

i=1 j=1
Subject to

DX =5,i=12,...,m;
j=1

Z~ij:dl"l:1’2’ 1n1
i=1

~ij

Here X; is the number of units to be transported from i" source to j" destination, C; is

the cost of one unit transported from i™ source to j" destination, § is the number of
units available in the i" source and Jj is the number of units required in the j"

destination.

Maximize(Z's'i@Ui ® (L@VJ)

i=1 j=1
Subject to
(P2)
1=12,....m, j=12,...,n,

u. +
J are unrestricted TrFNs.

V,<C;
d\7
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Furthermore, it is pertinent to mention that Dhanasekar et al. [37] have used the

following standard multiplication of TrFNs.

Let,&1 =(a,,b,,c,,d;)and ;&2 =(a,,b,,c,,d,) be two TrFNs. Then,
A ®A, =(a,b,c,d)

where,

a=min (a,a,,a,d,,d,a,,d,d,), b=min (bb,,b,c,,c,b,,c,c,),
¢ =max (bb,, bc,, ¢b,, c,c,), d =max (a,a,,a,d,,d,a,,d,d,).

Also, Dhanasekar et al. [37] have used the following method for comparing TrFNs.
Let f&l =(a,,b,,c;,d;)and ,&2 =(a,,b,,c,,d,)be two TrFNs. Then,
(i) A > A, if R(A)>R(A,).
(i) A, <A, if R(A) <R(A,).
(iii) A, = A, if R(A) =R(A,).

where, R(a,b,c,d) = w.

In this paper, it is pointed out that the problem (P2) will be dual of the problem
(P1) only and hence, the existing method [37] will be valid only if the special
multiplication [113],
A ®A, =(a,b,c,d),
where,

a_al(a2+b2+c2+d2) b,(a,+b,+c, +d,)

, b=
4 4 is used instead of the standard
C_cl(a2+b2+cz+d2) d_dl(a2+b2+c2+d2)
4 T 4 '

multiplication.
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A.2. Existing method for obtaining the dual problem

The dual problem (P2) corresponding to the problem (P1) is obtained as follows.
Step 1: Using the property, ,&1 ~ ,&2 if R(,&l) = R(ﬂz). and ,&1 - ,&2 if R(;&l) > R(,&z),

the problem (P1) can be transformed into the problem (P3).

Minimize R(izn:é]j ® iijj

i=1 j=1

Subject to

R(iiu} =R(,),i=12,...,m;
j=1
2

R(%,)>R(0).i=12,...,m j=12....n.
(P3)

Step 2: Using the property, Am&zif R(A)>R(5~2) and the property

R(z ,&i j = Z R(f&i ) the problem (P3) can be transformed into the problem (P4).
i=1

i=1

Minimize R([iiﬁi ® %, D

i=1 j=1

Subject to

n

P4
R(iij):R(gi)’i21’21'-'vm; ( )

]
m

SR, )=R(@,). j=12.....n:

i=1

R(%)=R(0).i=12,...,m; j=12,...,n.

Step 3: Using the property, R(A@KQ:R(A)x R(;&z), the problem (P4) can be

transformed into the problem (P5).
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Minimize HZZ R JoR(X, )D

i=1 j=1

Subject to

(P5)

Step 4: Since, R (fuzzy number)=real number. Therefore, assuming, R(Eij)zcij,

R(%; )=x;, RG)=s;, R(d~j )= d, and R(6)=0 , the problem (P5) can be transformed

into the problem (P6).

i=1 j=1

Subject to

n (P6)
D%y =s;,i=12,...,m;

j=1
Zl:xij =d;, j=12,...,m;

X; >0,i=12,...,m; j=12,...,n.

Step 5: The dual of the problem (P6) is the problem (P7).

Maximize[Zsi ®u, ® ) d, ®ij
i=L =
Subject to
(P7)

U; +V;<¢C; 1=12,...,m, j=12,...,n,

u; and v; are unrestricted real numbers.
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Step 6: Replacing c;, s;, d;, u;, v; and 0 by R(E;), R(S,), R(dj), R(@;), R(V;)and

]

R(a), the problem (P7) can be transformed into the problem (P8).

i-1 =1

Maximize(i RS )®R(,) @ n R((i)@ R, )]

subject to

(P8)
Step 7: Using the property, R(A@ﬂz):R(ﬂz)x R(ﬂz), the problem (P8) can be

transformed into the problem (P9).

Maximize(zm: R ®00,) ® Y R(d, ®7, )J

i=1 j=1
Subject to
(P9)

R(@@)+R(,)<RE, )ii=12,...m j=12,.
R(, )and R(\7 )are unrestricted real numbers,

Step 8: Using the property, (ZA,] Z ( ) the problem (P9) can be transformed

i=1
into problem (P10).

Maximize{izlll R ®0) ® YR, ©F )J

j=1
Subject to
(P10)

R@ @7, )<R(,);i=12,...m j=12,..,n,
u; and v, are unrestricted TrFNs.

Step 9: Using the property, Ki ~ ;5\2 if R(;&l) = R(f&z), and Ki - ,&2 if R(;&l) > R(,Z\z),

the problem (P10) can be transformed into problem (P11) (or (P2)).
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—

1
i= j=t

>
o
®
<1
N—

Maximize[Z'sTi@G ®
Subject to

(P11)
1=12,....,m,j=12,...,n,

j
\7 are unrestricted TrFNs.

U; +V,
u; and
A.3. Mathematically incorrect assumption considered in writing the fuzzy dual

It can be easily verified that for any two trapezoidal fuzzy numbers f&land ,&2 the
property “ R(,&l ® ;&2) = R(;&z ) x R(Z\z )” is not necessarily satisfied if multiplication of ;&1
and A, is defined as A, ® A, =(a,b,c, d)

where,

a=min (a,a,,a,d,,d,a,,d;d,), b=min (bb,,b,c,,c,b,,c,c,),
¢ =max (bb,,bc,,ch,,cc,), d =max (a,a,,a,d,,d,a,,d,d,).

However, Dhanasekar et al. [37], have wused the property *
R(,&1 ® ;5\2) = R(,&l) X R(Z\Z )” at the following places for obtaining the dual problem (P2)

corresponding to problem (P1).

(i) In Step 3 of the method, discussed in Section A.2, Dhanasekar et al. [37] have used the
property R(,&l ® ;&2) = R(,&l) X R(Z\Z )” for transforming the problem (P4) into problem
(P5).

(i1) In Step 7 of the method, discussed in Section A.2, Dhanasekar et al. [37] have used
the property* R(;&l ® ;\2) = R(;&l)x R('&z )” for transforming the problem (P8) into

problem (P9).
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A.4. Validity of the existing results

It can be easily verified that if ;&land 5\2 are two TrFNs and the multiplication of
A, and A, isdefinedas A, ® A, =(a,b,c,d),
where,

e a,(a,+b,+c, +d,)

b,(a, +b, +c, +d,)

b=
4 4
C_cl(a2+b2+c2+d2) OI_dl(a2+b2+cz+d2)
B 4 T 4 '

then, the property “ R(;&1 ®Z\2) = R(A)XR(&)” will always be satisfied. Hence, the
exiting fuzzy Hungarian MODI algorithm [37] is valid only for this special type of
multiplication [113] of TrFNs.
A.5. Conclusion

On the basis of presented study, it can be concludeed that the existing fuzzy
Hungarian MODI algorithm [37] is valid only for a special type of multiplication of

TrFNs [113].
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