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Abstract

Approximation theory is a subject with a long history and a huge importance in classical
and contemporary research. Over the years, the theory has become so extensive that it
intersects with every other branch of analysis. One of the problems in approximation
theory is to detect a point that minimizes the distance between two subsets &7, &5 of
a metric space (#',d). Once this is done, it motivates us to study the solution of

minimization problem. For example,

Eré;grlld(/%,%l%), min d(ih, #1) and (kmr)réglg d(k, ),
where % is a mapping on & U &, such that #(&) C & and #A(&) C &. It is
fascinating to arise a question whether is possible to find a pair (k,m) € & X &
which is a solution of above problem that is, to find a pair (k, ) € & X & such that
k= Bk,h = Brh and d(l%,?ﬁ) = d(&1,8,). If such a pair exists, it is called the
best proximity pair for a mapping #A. If we take # a non-self mapping we find an
approximate solution f; such that the error d(l;;, ,%’k) is minimum. The existence of an

approximate solution l%, called best proximity point, that is, to find k € & such that
d(k, Bk) = d(&, &) = inf {d(k,h) - k € &, € &} .

Approximation theory can be used to solve many kinds of problem such as systems of
nonlinear matrices, integral and differential equations, fractals, split feasibility prob-
lems, and variational inequalities. The study of approximation theory is appropriately
inspired by the fact that particular instances of approximation frequently arise from
problems connected with science and technology.

The first aim of this project is construct algorithms for the existence and unique-
ness of a best proximity point. Another aim of this project is to discuss some applica-

tions of best proximity points.

ix



Abstract

In the first chapter, we provide the supplementary material such as some defini-
tions, preliminary results that are useful for upcoming chapters. It also includes the
literature survey, thesis goals, as well as a synopsis of the information included in each
of the thesis’s chapters.

In the second chapter, we discuss the existence of best proximity points for non-self
mappings satisfying some contractive conditions in the setting of metric spaces, rela-
tional metric spaces, quasi partial metric spaces, normed and binormed linear spaces.
Furthermore, we discuss the existence of best proximity pair results using noncyclic
contraction mapping at the end of this chapter.

Third chapter concerns with iterative schemes. In this chapter, we propose some
algorithms that converge to a best proximity point and fixed point. Also, we introduce
some algorithms which converge to solution of split fixed and split best proximity point
problem.

The fourth chapter deals with applications of best proximity point problems.
In this chapter, we present the solution for variational inequality problems in the
framework of Hilbert spaces. We provide a solution for a system of differential equations
in the context of metric spaces. We also solve the model that spreads a virus using a

non-linear integral equation.



Notations and Abbreviations

N the set of natural numbers

Ny the set of natural numbers including zero

R the set of real numbers

C the set of complex numbers

R, the set of positive real numbers

MS Metric space

BS Banach space

NE Nonexpansive mapping

BPP Best proximity point

FP Fixed point

UCBS uniformly convex Banach space

NBCC non-empty, bounded, closed and convex subsets

(§) measure of noncompactness

1/ non-empty set

- norm

E1, 8 subsets of #

H (W) family of bounded subsets of #

c) family of non-empty compact subsets of #

[a, b] a closed interval

C([a,b], #) the set of all real-valued and continuous functions from [a, b] to
V2

& — &l inf {|lky — ru || - k1 € 61,17 € &)

&1, {k‘l € & : there exists some 11, € & such that Hk‘l — 1] =& — &H}

&y {m1 € &, : there exists some k; € & such that ||k — || = ||& — (E’QH}

Il = & inf {||/ — &l : k € & and [ € 7'}

X1



Notations

Z0 {ke& k-1 =li-&| and e w}

51, &) sup{[[[ — k|| :ke&};iew

6(&1,8) sup{||l§:—m|| ke& andﬁzeé"g}

F(B) {I%Eé”l:E:%Eifﬂisaselfmapongl}

Bestg A {k € & ||k — Bk|| = ||& — &||if B is a non-self map from & to @@2}
con (&) closed and convex hull of a set &
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Chapter 1

Introduction

The topic of approximation theory has a long history and is crucial to both traditional
and modern research. The idea has expanded over time to the point where it touches
on all other areas of study. Detect a point that minimizes the distance to a specific
subset or point is one of the key problems in approximation theory, that is, given a
subset 7, in a MS (#,d) and any point 6 € # , determine a point of .7 that’s close
to o from all the points of .7;. Approximation theory can be used to solve many kinds
of problem such as systems of nonlinear matrices, integral and differential equations,
fractals, split feasibility problems, and variational inequalities. The research area of
approximation theory is appropriately inspired by the fact that particular instances of

approximation frequently arise from problems connected with science and technology.

Fan [24] gave the classical best approximation theorem in a Hausdorff locally con-
vex topological vector space using the compact convex set and continuous mapping.
Using the approximately compact, convex sets which are weaker than compact sets,
Reich [56] modified the Fan’s Theorem and demonstrated the best approximation re-
sult. Prolla [54] gave the best approximation result for a pair of continuous mappings
and compact convex subset in normed spaces. Singh and Watson [73] obtained a best
approximation result for NEs using closed and convex subset in Hilbert spaces. Follow-
ing that, numerous authors investigated the best approximation problems in a normed

and MS (see [7, 55 162] [79] and the listed references therein).

Minimizing the distance between two subsets in approximation theory is also

attractive. Omnce this is done, it motivates us to study the solution of minimization
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problem. For example, we may study the particular minimization problem:

in d(6. 20). mind(j. 29 and in  d(6.§ 1.1
min d(0, %0), min (9, #9) an L (6,9), (1.1)

where 4 is a mapping on 73U % and 7, J, are subsets of MS (#/, d). It is fascinating
to arise a question whether is possible to find a pair (6,9) € 7 x J which is a
solution of namely, to locate a pair (6,§) € Z; x J such that 6 = %6,§ =
PBg and d(6,§) = d(F1, P). If such a pair exists for a mapping 4, it is known as best
proximity pair.

Several researchers have been actively working in this direction and have demonstrated

the results for existence and convergence of minimization problem ([1.1]) solutions.

Eldred et al. [21] demonstrated in 2005 that there is a solution of for
relatively NEs in BSs that have a proximal normal structure. Some results on the
existence of a solution to the minimization problem (|1.1)) were provided by Abkar
and Gabeleh [I] in a MS. Espinola and Gabeleh [23] demonstrated that has a
solution for noncyclic relatively NEs using the structure of minimal sets. Gabeleh
and Fernandes-Leon [25] proved the best proximity pair results using different types of
noncyclic contraction mappings. Gabeleh [28] demonstrated that there is a solution of
for pointwise noncyclic mappings that have no proximal normal structure. Using
the weak proximal normal structure, Digar et al. [1§] proved that has a solution

for noncyclic mappings.

Non-self mapping research is extremely intriguing as, in this instance, we discover
a point 6 such that d(6,%06) is minimum. If such a point exists, it is called BPP,

namely, to locate a point 6 € .77 which satisfies
d(o,$B0) = d(F, F) =inf{d(6,§) :6 € 7,5 € A},

where 7, 75 are non-empty disjoint subsets of MS (#,d) and & : 97 — Z is a
non-self mapping. It puts up a question on the existence of such a point because such
point may or may not exist. If there is 6 € 77 such that d(6, 806) = d(F1, %), then

we have a BPP in .7;. It also raises the problem of uniqueness, since more than one



BPP may be possible.

Using the proximal normal structure, Eldred et al. [2I] provided some BPP
results in 2005 for relatively NEs in UCBS. Later, using the cyclic contraction, Eldred
and Veeramani [22] obtained some BPP results in a MS. Bari, Suzuki and Vetro [6]
obtained some BPP results using the cyclic Meir-Keeler contraction which were more
general than cyclic contraction. A new class of cyclic ¥ contraction mappings which
contains cyclic contraction mappings, was introduced by Al-Thagafi and Shahzad [3]
and provided some BPP results. Using non-self weakly contractive mappings and £-
property Sankar Raj [55] gave some results on existence and uniqueness of BPPs.
Karapiar [39] originated the idea of generalized cyclic contraction and obtained some
BPP results in UCBS. Using proximal contraction, Gabeleh [26] provided some BPP
results. Choudhury, Maity and Metiya [14] obtained some results on the existence of
BPP using o — 1) proximal contraction.

Sintunavarat and Kumam [75] gave the idea of coupled BPP and property UC* in
2012 and provided some results for the existence of coupled BPPs. The idea of tripled
BPP was originated by Cho et al. [13] in 2013, and demonstrated some results for
the existence of tripled BPP using cyclic contraction mappings. The idea of quadruple
BPP was originated by Hammad et al. [33] and shown that quadruple BPP exists and
converges in a MS.

Approximating the FPs of contraction type mappings using different iterative
methods have been developed by many researchers in nonlinear analysis, see Mann [48],
Ishikawa [35], Agarwal et al. [2], Sahu [58], Kang et al. [38], Gopi and Pragadeeswarar
[32], Khan [42], Ritika and Khan [57], Khan et al. [43] and so on.

In 2020, Dass et al. [17] gave the succeeding algorithm, to approximate common
FPs of two self mappings in uniformly smooth BSs.

For arbitrary 69 € Z;. Define

= (1=0.)0,+ 0, Brin Algorithm (D)
6n+1 = %gn
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where 77,0, € (0,1], n € Ny.

Okeke and Ofem [50] proposed the following algorithm to approximate common

FPs of two self mappings in BSs. For arbitrary 6y € .7,

o= (1 =7,)0n + 7, B0n
= (L =1, = 8.)0n + 0, Brin + 6, B0, Algorithm (O)
6n—l—l - %gn

where 7/, 1., 0, € (0,1], n € No.

Censor and Elfving [11] were the first to propose the split feasibility problem

(SFP) in Euclidean spaces which is mathematically formulated as:
find a point 6 € .7 such that £6 € %, (1.2)

where 77, 5 are non-empty convex and closed subsets of the Hilbert spaces 747, 74

respectively and £ : ¢ — 745 is a bounded linear operator.

The split FP problem for two operators was first investigated by Moudafi [77]

which is mathematically formulated as:
find a point 6 € .#(A) such that L6 € .7 (%),

where 7, 7 are Hilbert spaces, B : 564 — 4, B, : H5 — 3 are mappings,
L 4 — b is a bounded linear operator and % (A),. % (%) denote the set of FP

of the mappings A, %, respectively.

In 2020, Dadashi and Postolache [16] gave a iterative scheme for the FP problem
using a maximal monotone operator, NEs and established that sequence converges
strongly to FPs of a NE. In 2022, Yao et al. [83] studied the particular split equilibrium

problem, for all 6 € .7}

{6€ T :6€ f1(6,0) >0 NF(B), Loc §(6,6)>0 NF(B)},
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where J7, 7 are Hilbert spaces, B : 74 — 4, %, : H5 — 5 are mappings, £ :
A — #5 is a bounded linear operator, fi, g are bifunctions and .# (A), 7 (%) denote
the set of FP of the mappings %, A, respectively. They established that iterative
scheme converges to solution of split equilibrium problems using bifunctions. Yao et
al. [84] gave an iterative scheme for solving a split FP problem and demonstrate its

weak convergence.

In 2021, Suantai and Tiammee [77] investigated the split BPP problem for two

operators as:
find a point 6 € Best s % such that £6 € Best 7%, (1.3)

where 77, %1, 95 and %5 are non-empty convex and closed subsets of the Hilbert spaces
4 and I repectively, B . T — F1, By . To — F are mappings, £ : I — 5
is a bounded linear operator and Best s %, Bestz,%, denote the set of BPP of the
mappings A, %, respectively.

In 2024, Husain et al. [34] gave an algorithm that converges to a solution of split

BPP problem in the context of real Hilbert spaces.

The primary goal of this project is to construct algorithms for the existence and
uniqueness of a BPP and introduce some algorithms which converges to BPP and FP.
Also we introduce some algorithms which converge to solution of split fixed and split

BPP problem. The discussion of some BPP applications is another goal of this research.

1.1 Preliminaries

Throughout the thesis 77, % are subsets of #/, solution sets for split FP problem and
SBPP problem are denoted by

S ={6e F(B): Loe F (%)} and " = {06 € Best5 B : L6 € Bests, P}
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respectively.
The basic definitions that will be utilized in the next chapters are covered in this

section.

Definition 1.1.1. [15] Let # be a BS and 6,§ € # such that ||6|| = ||g|| = 1. Then
W is a

(i) UCBS [15] if for each 0 < € < 2 there is some ¢ > 0 such that ||6 — g|| > € implies
6+§H <1-9,

2

(ii) strictly convex BS [15] if 6 # § implies O;F—QH <1

Definition 1.1.2. [74] Suppose that p is a mapping from MS (#/,d) to [0,00). Then

o0 said to be transitive if
Q(61762) 2 17 Q<62763) Z 1 anhes Q<61763> Z 17

for all 61,0,,03 € #'.

Definition 1.1.3. [9] A function ., which is defined on Hilbert space J# is called a
monotone if

(ZLo—ZLG,6—g) >0, forall 6,5 € .

Let # be a BS and #* be a dual space of #. Then J : # — 2”7 is normalized
duality mapping if

J(0)={e e w*:|le’]| = |lol], (6,€") = [|6]|*}, forall 6.€ #, (1.4)

Definition 1.1.4. Let .77 C # and # be a BS. A mapping & : .9 — J is a
(i) quasi NE [20] if .# (%) # 0 and || B6 —1|| < ||6 — || for all 6 € # ,1 € F(B),
(if) NE [73] if ||%0 — || <[]0 -1,

(i) pseudocontractive [41] if there is j(6 — 1) € J(6 — 1) and

(#06— %i,j(6—1)) <lo—ill*
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(iv) strongly pseudocontractive [44] if there is j(6 — 1) € J(6 — 1) and
(Bo— i, j(6—1)) < Kllo—1% ke (0,1),

for all 6,7 € A.

Remark 1.1.1. [20] If B : # — # is a continuous quasi NE, then .7 (%) is convex

and closed.

Definition 1.1.5. Let & be a mapping defined on the MS (#/,d). Then £ is an
(i) a — A contraction [45] if there are two functions av: # x # — [0,00) and A : # —

[0,1) such that A(#(61)) < A(61), limsup A(61) < 1 for all 6; € # and
04(61, 62)d(%(61), %(62)) S )\(él)d(él, 62),

(ii) a — B contraction [74] if there are two functions a : # x # — [0,00) and 5 € S

such that
@01, 62) — 1+ 0] 1071702 < (A o))

forall 61,00 € #, 0, > 1,1 < 6 <, and S denote the class of all functions g : [0, 00) —
[0,1) such that lim B(f,) =1 implies that Jim. t, = 0, where {{,} € R, u{0}.

A

Definition 1.1.6. [52] Suppose that B : 7™ — 73 is amapping. A point (01,02, 03, ..., 0p) €
™ is a m-tuple FP of £ if

o1 = d(61, B(01,09,...,0m), ..., 0m = (6, B(O, 01, .., Oy1)). (1.5)

Definition 1.1.7. [21] A pair (77, %) in norm space #  is said to be a proximal pair
if for each (61,31) € A X Z there exists (02, §o) € F; X F5 such that

101 = §a|| = |62 — 1|| = d(F, F).

Definition 1.1.8. [21] In norm space #, a convex pair (77, %) is said to possess

proximal normal structure whenever every closed, bounded, and convex proximal pair

7
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(&, 7) C (S, R) for which d(.I, 7)) =d(F, ) and d(S, 7) < (&, 7 ), there
exists (01,01) € & x _# such that (61, ) < (S, ), 0(¢r,F) < (I, 7).

Definition 1.1.9. [30] In a MS, a pair (.77, %) is considered proximinal if .73 = 7,
and F = T,

Definition 1.1.10. Let (#,d) be a MS and % be a mapping defined on 7] U % with
B(A) C T, B(T) C Z;. Then mapping £ is a
(i) relatively NE [21] if d(Bo, Bg§) < d(6,§),

(ii) cyclic contraction [22] if
(A0, $9) < kd(0,9) + (1 — k)d(F1, Z),

forallo € 7, g€ J and k € (0,1).

Definition 1.1.11. (|77, [78]) Let % C 74 C 5 and ¢ be a Hilbert space. A
mapping Z : 5 — F is S-NE if

|86 — Bk|| < ||0— k|| for all 6 € F; and k € 7.

If 4 = Bests %A, then & is a best proximally NE.

Remark 1.1.2. [78] If £ is non-self NE, then £ is .#-NE for every .#; C 77, and if
I = F(PB) # 0, then every .#1-NE is quasi-NE.

Definition 1.1.12. [63] Let # be a normed space. Then mapping # defined on .7
satisfy Condition (C) if there is a increasing function g on [0, c0) with g(0) = 0, ¢g(s) > 0
for all s € (0,00), and ||0— PBo|| > g(||o— F (AB)||) for all 6 € 7 where ||6— F (B)|| =
inf {||6 — 0| : 0 € F(A)}.

Definition 1.1.13. [55]) A pair (7, %) in MS (#',d) has £-property if and only
if d(61,351) = d(69,92) = d(A, F) then d(61,062) = d(G1,792), for all 61,0, € F and
91,92 € Js.

Remark 1.1.3. [55] In UCBS, every non-empty, convex and closed pair has the £-

property.

8
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Definition 1.1.14. [60] A pair (71, %) in MS (#, d) has weak £-property if and only
if d(alagl) = d(627§2) = d(%;%) then d<61762) < d(.@l?ﬁQ)a for all 61762 € % and
01,92 € J.

Definition 1.1.15. [60] Let (%, d) be a MS and mapping % : 71 — J be modified p
proximal admissible if there is a mapping o : Z x F» — [0, 00) with o(ZBdy, Bo1) > 1

d(ah '@60) = d(%a %)7
d(627 t%61) = d(’%u %)7 then
Q(%’él,%’ég) 2 1,

for all 60,61,61,62 S %

Definition 1.1.16. [37] A mapping & : 71 — F is said to be a proximal admissible

if there is a mapping a : A x A — [0,00) with a(dg,01) > 1,

d(ah %60) :d(’%a %)7
d(ég,%él) =d L%, %), then

(
a(01,02) > 1,
for all 69, 01,09 € F.

Definition 1.1.17. A pair (.77, %) in MS (#/,d) satisfies the property

(i) UC [19] if there exist {0y}, {l%n} C J and {§,} C % such that d(0,,G,) —
d(F, %) and d(ky, §n) — d(T1, F=), then d(6,, k,) — 0 as n — oo,

(i) UC* [13] if (7, %) has the property UC and for each ¢ > 0, there is Ny € N
and d(0pm, Gn) < d(F, F) + € for all m > n > Ny. It implies N; € N exists and

A

d(Om, kn) < € for all m >n > Nj.

Definition 1.1.18. [51] Assume that % is BS and .77 C . Then .7 satisfy Opial’s
condition if {6, } converges to p € 7, weakly and limsup||6,, — p|| < limsup ||6, — ||
n—00 n—o0

for all l € 7 with p # 1.
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Definition 1.1.19. [29] Let # be a MS and # be a mapping on 7 U % with
B(T) C T and B(F) C T (respectively, B(7) C 7 and B(F%) C F). A

mapping A is compact if B|4 and A|z are compact.

Definition 1.1.20. [5] The measure of noncompactness (MNC) is a function U :

H (W) — RT which met the requirements listed below:
(i) A is a relatively compact if and only if O(.77) =0,
(i") B(71) =06(7),
(i) B(A U Z) = max{G(5),0(%)}.
If U is an MNC on J# (#'), then the the assertions listed below are true:
(a’) O(Z7) = 0 if and only if 7] is a finite set,
(b) B(7 N F) = min {G(5),6(%)},

(¢") If Jim (&1,)) = 0 for a non-increasing sequence {&;, } of NBCC subsets of #  then

&1, = Np>161, is compact and non-empty,
(d) 51 € % implies B(71) < U(%),
Also, the following axioms hold if # is a BS
(¢') B(A) = B(eon7),
(f") O(t7) = t|0(Z7), for any number t and 7 € F(¥),
(&) O(A + %) <O(A) + O(%).

In order to demonstrate our main theorems in the subsequent chapters, we require the

following outcomes.

Proposition 1.1.1. [12] Suppose that # is a UCBS and for any r > 0, if 6,2 € #
with [|o]] < r, [|Z]] < r, |[6 — £|| > € then there is a 0" = 6*(5) > 0 such that

1(1 =)z + 0| < (1= 26%(£) min(n, 1 — 1)) r; where 5 € (0,1) and € > 0.

10



1.1 Preliminaries

Lemma 1.1.1. [78] Suppose that Z : 74 — T is a best proximally NE such that
B(N,) € F,. Then P 7P| 7, is a quasi-NE.

Lemma 1.1.2. [80] Let % C 5 which is non-empty convex and closed and ¢ be

Hilbert space. Then, for any 0, g € 77, the following assertions hold:
(i) (6~ Prok— P0) >0 forall k € T
(i) [[ P70 — Pjll* < (P70 - P§,0— ) for all 6,5 € H;
(ili) || P50 — k|2 < ||6— k|2 — || P50 — 0|2 for all k € F,.

Lemma 1.1.3. [49] Let & be a quasi NE, and set {#,, := (1—n/)I+n' B} for n’ € (0, 1].

Then, the assertions listed below are true:
(i) (60— %0,6—q) = 3]|0 — B0|* and (6 — B0, 4 — 20) < 516 — P0||*;

(ii) |8y = all* < l6 = glI* —n'(1 = n)[| 86 — o]

for all (6,q) € J x F(AB).

Lemma 1.1.4. [22] Let %, .71 be closed subsets of a UCBS # such that .7 convex.
Let {6,} and {/%n} be sequences in 77 and {§,} be a sequence in Z satisfying:

(1) [[on = gnll = d(F1, Z2),
(i) for given e > 0 there is Ny such that ||k, —gn|| < d(Z1, F)+e, for all m > n > Nj.

It implies N; € N exists such that ||6, — k|| < €, for all m > n > Nj.

Lemma 1.1.5. [22] Assume that assumption (i) of Lemmall.1.4 is true and ||k, — gn|| —

d(F, J), then ||6, — k|| converges to zero.

Lemma 1.1.6. [38] Let J : # — 2”7 be the normalized duality mapping. Then for all

0,1 €W,

16+l < [0l +2 (5,4 (6 +17)) , Vi(6 +1i) € J(6+1).

11



Chapter 1. Introduction

Lemma 1.1.7. [82] Suppose {6, } and {En} are non-negative sequence such that
6n+1 S (]— - n/)gn + én7

, 0o ;L . bn . A
where 7/, € (0,1), >>° 1’ = oo and Jim = =0, then lim 2, = 0.

Lemma 1.1.8. [36] Let # be a BS, and & : [a,b] — # be a differentiable mapping.
Let 6, § € [a,b] with 6 < §. Then

#(9) — #(0) € (9 — o)con({A(t) - t € [0,3]}).
Lemma 1.1.9. [82] Suppose {k,} and {l,} are non-negative sequence in BS # such that
kn—l—l S (1 - n,)ln + én7

where 1], € (0,1), >2° 1 = oo and lim ;—7 =0, then lim [, = 0.

n—oo fin

Lemma 1.1.10. [19] Suppose that # is a UCBS and {tn} is a sequence in [a, b] where
0 < a < b < 1. Further, assume that {6, }, {En} are sequences in # such that |6, || < 1,
linl| <1 for all n € N. Define {£,} in # by £, = (1 = {,)0, + Lyt I lim [[Z,]] = 1,
then lim |69, — || = 0.

Lemma 1.1.11. [61] Suppose that # is a UCBS and {tn} is a sequence in [a, b] where
0 < a < b < 1. Further, assume that {6,}, {Zn} are sequences in # such that
16a]] < 7, |[in]] < 7 for all n € N7 > 0. Define {£,} in # by %, = (1 — £,)0, + tpin.
If lim ||4,|| = r, then lim {[d, — i,|| = 0.

Theorem 1.1.1. [27] A relatively NE cyclic mapping % defined on .7 U .7 has a BPP
if (71, %) is a NBCC pair in a strictly convex BS #', 7, is non-empty and £ is

compact.

1.2 Objectives of thesis

The main objectives of this research are

12



1.3 Summary of the thesis

(I) To construct algorithms for the existence and uniqueness of a best proximity

point.

(IT) Study the real world application(s) of a best proximity point problems.

1.3 Summary of the thesis

The thesis has been divided into four chapters. The following is a chapter-wise sum-
mary of the thesis:

Chapter 1: Introduction
In this chapter, we provide the supplementary material such as some definitions, pre-
liminary results that are useful for upcoming chapters. It also includes the literature
survey, thesis goals, as well as a synopsis of the information included in each of the

thesis’s chapters.

Chapter 2: Existence results

In this chapter, we study some existence results on BPP and best proximity pair. There
are two sections in this chapter. We provide some results on the existence of BPP in
the context of a MS, relational MS, binormed linear space and quasi partial MS in
the first section. The results of this section are published in Sharma and Chandok
[64], 65, [66] 67]. We examine some findings on the existence of best proximity pairs in
the context of a strictly convex BS in the last section. The findings of this part are

accepted in Sharma and Chandok [71].

Chapter 3: Iterative convergence to best proximity points

In the optimization and approximation theory the convergence of iterative processes
for BPPs has been an attractive problem in nonlinear analysis. Iterative convergence
to BPPs is a crucial concept to find a point that minimizes the distance between two
sets. As discussed in Chapter 1, there are many iterative schemes which converge
to BPP of mapping. This chapter deals with iterative schemes. The structure of this

chapter is: In the first section, we define a iterative scheme which converges to common

13



Chapter 1. Introduction

FPs of NEs and strongly pseudocontractive mappings. The findings from this part are
published in Sharma and Chandok [70]. In the second section, we define some iterative
algorithms that strongly converge to BPP using the class of NEs in the context of a
UCBS. The outcomes of this part are published in Sharma and Chandok [69] [72]. In
the third section, we propose a iterative scheme that converges to a solution of split
common FP problem. This section’s findings published in Sharma and Chandok [68].
In the last section, we define another algorithm using projection operator which con-
verges to a solution of SBPP problem in context of Hilbert spaces. The findings of this
part are published in Sharma and Chandok [68].

Chapter 4: Applications

Chapter 4 deals with applications of BPP problems. The structure of this chapter is:
In the first section, we present the solution for variational inequality problems. This
section’s findings published in Sharma and Chandok [65]. In the second section, we
provide a solution for a differential equations in the framework of a MS. This section’s
results accepted in Sharma and Chandok [71]. In the last section, we solve the model
that spreads a virus with a cyclical variable periodic contract rate using a non-linear

integral equation. The findings of this part are published in Sharma and Chandok [72].

14



Chapter 2

Existence results

The current chapter contains the study of some results on BPP and best proximity
pair. The chapter has two sections. In the first section, we give some BPP results in
the framework of a MS, relational MS, binormed linear spaces and quasi partial MS.
The results of this section are published in Sharma and Chandok [64] [65] 66], (67]. We
examine some findings on the existence of best proximity pairs in the scope of a strictly
convex BS in the last section. The findings of this section are accepted in Sharma and

Chandok [71].

2.1 Existence of best proximity points

This section split into five subsections. In the first subsection, we study some BPP
results using new contraction mapping in the framework of a MS. The outcomes from
this part are published in Sharma and Chandok [64, [67]. In the second subsection,
we establish some BPP results in a relational MS. The findings from this subsection
are published in Sharma and Chandok [64]. In the third subsection, we prove some
BPP results in BSs using measure of noncompactness. The results of this section are
accepted in Sharma and Chandok [71]. In the fourth subsection, we prove some BPP
results in uniformly convex binormed linear spaces. The results of this section are
published in Sharma and Chandok [65]. In the last subsection, we present some results

on BPP in a quasi partial MS using o — 8 mapping. The outcomes of this part are

published in Sharma and Chandok [66].
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Chapter 2. Existence results

2.1.1 Best proximity points in a MS

In this subsection, first we define o — ¢ contraction mapping. We find some BPP results
for p — ¥ contraction mappings with the help of modified ¢ admissible. Also, we give
some illustrations that support our findings.

In the entire section 77, % are assumed non-empty closed subsets of a complete MS
(#,d) and 73, is non-empty.

Let us first introduce the following definition:

Definition 2.1.1. A mapping & : 73 — 5 is o — 1 contraction mapping if there exist
two functions ¢ : # — [0,1) and ¢ : F X T — [0,00) for which ¥(A(61)) < 9(61),

limsup¥(6;) < 1 for all 6, € # and

o(#(01), $(02))d(%(01), $(62)) < V(Pb1)d(01, 02),

for all 61,0, € ;.

Theorem 2.1.1. Assume that o : Z5 x Z5 — [0,00) is a transitive and & : 7 — S

is a continuous mapping such that %A(7;,) C F, and satisfies the assumptions of

Definitions [1.1.13] [1.1.15]and [2.1.1. Additionally, if there exist dy, 01 € F3, and Lo, €
s, such that d(01, Boy) = d( 71, F%) and o(ABdy, $61) > 1. Then mapping Z has a
BPP.

Proof. By assumption, there exists dy,0; € 7, C 7 and HBo, € B(S,) C T, C T
such that d(61, Boy) = d(F1, F) and o(HBdy, $Boy) > 1.

Since 6, € J, then Bo, € B(A,) C F»,. By notation of F5, there exists 6 € A,
such that d(69, B06,) = d(T1, F). Since HA is modified p proximal admissible and
0(Boy, Bo,) > 1, we get

d(ala t%60) :d<%7 %)7
d(627 %61> :d(%a %)7 then
Q(@él,%ag) Z 1.
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2.1 Existence of best proximity points

Again 6, € , then $Bo, € B(F1,) C F»,. By notation of F,, there exists 63 € 7,

such that d(63, B62) = d(T1, F). Since A is modified p proximal admissible and
0(ABo1, Bo,y) > 1, we have

d(03, Bo9) =

A(0y, Bo1) =d( T, T).
d(7A, %), then
> 1

(e@ 09, B 03)
Continuing in this fashion, we get

d(6n+17 ‘%671) = d(%’ L%)’

(60, Bou-r) = d( T, T), (2.1)

Q(,@an,,%’@m_l) Z 1
As pair (77, %) satisfies £- property, we have
d(0n, 0p11) = d(PBop_1, Bon). (2.2)

For n € N, we have

(6, 0n41) = A(B(0-1), B(6,)) < 0(By—1,B0,))A(Bbr1, Bby)
(#B0n-1)d(0n-1,0n)
@
(0n

INIA
Q: <

On—1)d(0p—1,0p) (2.3)
d 170n)

for all n € N. Therefore, {d(6,,—1,0,)} is strictly non-increasing and

lim d(6,_1,0,) = 71,

n—oo

17



Chapter 2. Existence results

for some r; > 0. Assume that r; > 0. Taking n — oo in (2.3)), we get

hm (0n7 On+1)
n—o0 d(On 1 On)
1

which is a contradiction. So, 7 = 0. By (2.1, (2.2)) and triangle inequality, we obtain

d(0m,0n) < d(Om, Oms1) + d(Omt1, Ony1) + d(0ns1, 0p)
= d(0m, Om+1) + d(Boy,, Boy) + d(0p41,0n)
< 0(PBoy,, B6,)d(0m, Omi1) + 0(Bow,, Boy)d( PO, Boy,)+
(B, B6y,)d(6141,0n)
< 0o(Boy,, B6,)[d(0m, Omi1) + d(0nt1, 04)] + I(PBOm)d(0m, On)

< 0(Bor,, PB0y,)[d(0m, Om+1) + d(Op1,0p)] + D (0m)d(0m, 6r),
for all m,n € N and m > n. It implies that
(1 = 9(0m))d(6m, 0n) < 0(RBosm, Bn)|[d(0my Om+1) + A(Ont1, 0n)]. (2.4)
On taking m,n — oo in , we get
ml}gloo d(Om, 6,,) = 0.

Therefore, {6, } is a Cauchy sequence in .7;. Given that .7 is closed, we get nhﬁrgo 0p, = 0,

where 60 € .7;. By continuity of %, we obtain 7}1—{20 PB(6,) = B(0). By 1} we get
d(0,Bo) = Jim d(0ps1, B(0,)) = d(F, T).

Hence 6 is a BPP of 4. O

If we relax the continuity of mapping % then we need the following condition in

Theorem 2.1.1.
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2.1 Existence of best proximity points

(R-property) Let {6,} be a sequence in # such that o(%06,,Bon+1) > 1 for all n
and lim 6, = 6 € #. It follows that subsequence {0n,} of {6,} exists such that

o(ABo,,,, $B0) > 1, for all §.

Theorem 2.1.2. Suppose that o : T x T — [0,00) is a transitive and B : 5 — S
is a mapping such that #(7,) C Z, and satisfying the Definitions
and [2.1.1. Further, suppose that (R-property) holds and there exist 6,0, € Z, and
PBoy € T, such that d(61, Boy) = d(F, F») and o(HBdy, $61) > 1. Then mapping A
has a BPP.

Proof. By Theorem @, we obtain that the sequence {6, } is Cauchy sequence, which
converges to 6 € # . By assumption there is a subsequence {0, } of {6, } which satisfies
o(ABo,,,, Bo) > 1, for all 3.

Now, we show that # has a BPP. Using and triangle inequality, we obtain

A(6n,.,, B0) < d(6n,,,, Bon,) + d(Bb,, Bo),
< d(T, o) + o(Bb,,, Bo)d(Bo,,, Bo)
< d(F, F2) + V(PBoy,)d(0n,,0)
< d(Fr, Ty) + 9(6,,)d(0n,,0). (2.5)

By (2.5) and triangle inequality, we obtain

(T, F5) < d(6,B6) < d(6,0,,,,) + (6., B0)
< d(6,0n,.,) + d(Fr, ) + 9(0,)d(60,,0).  (26)

Taking § — oo in ([2.6]), we have
(T, Ti) = d(6, ).

It shows that £ has a BPP. O

Remark 2.1.1. If o(ABo6, B61) > 1 for all BPPs 6, 6; of  in Theorem [2.1.1 and Theorem
2.1.2, then we get unique BPP.
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Chapter 2. Existence results

Proof. Assume that 6,06, are two BPPs of % such that 6 # 6,. Since d(6, %06) =
>

d(A, %),d(61,PB01) = d(F,F) by £-property and the condition 0(6,6;) > 1 we
have
d(0,01) =d(A6, Bo)
<0(0, 61)d(A0, %0,
Sﬁ(a)d(aa 61) < d(aa 61)a
which is contradiction. Hence d(6,6;) = 0. This shows % has a unique BPP. O]

If we take .77 = 95 = # in Theorem [2.1.1 and Theorem [2.1.2, then o — 1 reduce

to a — A contraction and we get a few more outcomes:

Corollary 2.1.1. (Theorem 10, p-3, [45]) Let a : # x # — [0,00) be transitive, A
be a continuous mapping on # which fulfill the assumptions of Definitions [1.1.5 (ii)
and Let us assume that 6y € 7 exists in such a way that o(6g, 06,) > 1, then
mapping £ has a FP.

Corollary 2.1.2. (Theorem 12, p-4, [45]) Let oo : # x # — [0,00) be a transitive and
2 be a mapping on # that satisfies the (R-property), Definitions [I.1.5(ii) and [1.1.16]
Let us assume that 69 € 7] exists in such a way that o(6g, Z0y) > 1, then mapping A
has a FP.

To demonstrate our findings, we now provide a few examples.

Example 2.1.1. Suppose that # = R? induced with a metric

d(6*,9") = (01 — 31)° + (02 — 2%,

1
for all 6" = (61,02), 9" = (41,92) € R®. Suppose F = {<2

1
Tp=4(0,01) : 0 <6y < 1}. Also d(A, Fs) = 7" Define a continuous B : 51 — T by

,61):0§61§1} and

1
%(61) _ (07 1/)701 = (5’ 1)7

G
(0, Z) 10 < a <y, otherwise
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2.1 Existence of best proximity points

for all 61 € A. Define 9 : To x Ty — [0,00) by

1if 61,60 € [0 1]
1 , —
Q(<07§1)’(07§2)) — 2 4

2 otherwise,
. .- A 1. A 1 . A 1
then o is transitive. If 1, = (5,01) and 19 = (5,02) in A, for 61,09 € |0, 5] Then

%21:{(0,a)30<d<61}, and

o ~ o 1 N 1
Also o(#ir, Biz) = 1 and (61, Bh) = 5 = d(F1, ) and (o, Bin) = 5 = d(F, T)

1k L1
if and only if 61,09 € {(2, 4) 0<k< 5[ Then o(Bo1, Boy) = 1. It implies B
is a modified o prozimal admissible. Also F,= A, Foy=T, so B(A,) C Fa, for all
. 1 , A 1 N 1
o1 € A,. Let I(t) = 3 forallt € W. Take i, = (5,61) and iy = (5,62) in 7 where

1
0<01,00 < 3 Consider

It implies that, o(PBiy, Bis)d(Biy, Bis) < I(i1)d(11,12), for all 11,25 € ;. Hence B is
a o — ¥ contraction. Therefore, all suppositions of Theorem |2.1.1 are hold and % has
o BPP (é, 1.

Example 2.1.2. Consider # = R?* with a metric d(6*,§*) = \/(61 — 1)+ (62 — 32)°,
for all 6* = (61, 02),G* = (91, 92) € R?. Suppose that

= {(61,02) : 61 + 0} = 3 and 6, > 0}, and

%:{(917%) 37+ 05 =1 and §o 20}-
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TA qd(%,%) = 2. Define a continuous mapping B : A — Fo by B(01,09) =
(01, 30 ), for all (61,62) € FA. Define o : W x W — [0,00) by 0((61,02),(91,52)) =
for all (61,02), (41, G2) € # . Hence ¢ is transitive. If i1,12 € F, then Q(%%l,%gg) =
2 > 1,d(6,B11) = 2 = d(F, D) and d(62, Bis) = 2 = d(T, B) if and only if
01,02 € {(0,3),(3,0)}. Therefore o( #8061, Boy) =2 > 1. It implies B is a modified o
proximal admissible. Also, T1,= T, Ty = Ta, s0 B(T,) C S, forall 61 € A,. Let
I(f) = ; Take iy = (61,04), 13 = (03,04) in Fi. Then

N}

)

]_ N N N 1 103 “
=\ (61 — 63)° + (05 — 64)* = gd(l1,22>.

It implies that o(Biy, Bis)d(PBiy, Bliz) < 9(i1)d(i1,12), for all 1,79 € W . All the
suppositions of Theorem|2.1.1 are met and % has a BPP (3,0).

Next, we prove a very useful approximation result using cyclic contraction map-

pings as described below:

Proposition 2.1.1. Let & be a mapping on 73 U 9, that fulfilling the following hy-
potheses:

(i) B(7) C F and B(F) C 7,
(7i) there exist o/, 5',7/, 0" are non-negative real numbers such that o/+/5'++'+2" < 1

and

d(Bo, B9) < od(6, B0) + B'd(9, BG) ++'d(6,) + 8'(d(6, B9) + d(§, B))+
(1—a' = § — —28) d( T, F).

forall6 € 7 and g € %. If 69 € F; and 6,41 = P06, where n € Ny, then d(6,,, $Bo,) —
(T, ).

Proof. Consider

d(6p, 0p11) = d(PBoy_1, Boy,)

22



2.1 Existence of best proximity points

< @ d(0n1, Bon 1) + Bd(6n, B0y + 2 d(6r1,60)+
8'd(6y_1, Bop) + 0'd(0y, BOr_ 1)+ (1 —a' — B —+ =28 d(F, T)

= &/d(0p—1,0,) + B'd(0n, Op41) + V' d(0n-1,0n) + 0'd(0n—1, Opy1)+
0'd(0n,0n) + (1 =o' = ' =o' = 20") d(F1, P)

< a'd(6p-1,0n) + 'd(0n, 0ps1) + 7' d(6p-1,0p) + 8'd(6p-1,0n)+
5 (60, d0sa) + (1 — o — F — ' — 28) d( R, ). (27)

Rewriting ([2.7)), we have

. ~ Oé/_i_,.)//_'_a/ . R (1_CY/_/8,_7,_25,)
d(On,0n+1) ~ (1 _ 6/ _ 5/)d(0n—1a On) + (1 — 5, — 6,) d(‘%) t%)
/ / 5/
< kd(Buor.0) + (1= R) (T 1 k=TS <,

< K26y 2,00 1) + (1 — k) d(F, )
< (b2, 60) + (1 — k) d( 1, T5)

< k"d(6g,01) + (1 — k™) d(A, Ts).
Since k < 1, k™ — 0 as n — oo, we have

d(On, Ony1) — d(, Fa).

Next, we prove an existence result for a BPP.

Theorem 2.1.3. Suppose that all the suppositions of Proposition[2.1.1 holds. Addition-

ally, if {62,} has a convergent subsequence in .7; then % has a BPP.
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Proof. Let {62,.} be a subsequence of {d,,} which converges to a point 6 € 7;. Now

d(0, 09, ,) < d(0,09,,) + d(Oop,, O2n,_,)-
Taking § — oo in ([2.8)), we get
d(6,09n,_,) = d(F1, F).
Also

d(on,, BO) = d(Bbon,_,, BO)
<a'd(bon,_,, Boon,_,) + 'd(0,B0) +~'d(69n,_,,0)

+ 0'(d(69n,_,, BO) + d(0, Boon,_,))+

(I—ao' = p =~ —2¢) d(F, %)
=/ d(Oon, ,,02n)) + B'd(0, 5B0) + ' d(62n, ,,0)+

8 (d(0gn, |, B0O) +d(6,600,)) + (1 —a' — ' —~ —28) d(F, T)
<d'd(b9n,_,, 09n, ,)) + (B + 8")(d(0, 62n,) + d(b2n,, B0))+

7 d(02n,_,,0) + 0'd(02m,_,,0) + (1 — o = ' =7 = 20") (A, 7)

Taking § — oo in ([2.9)), we have

Since d(7, %) < d(6,B0) < d(F, F). Then A has a BPP.

(2.8)

(2.9)

Now, we generalized BPP to m-tuple BPP in a MS. For this, we need to define

m-tuple (m > 1) BPP.

Definition 2.1.2. Let & : /™ — 5 is a mapping the a point (61, 09, 03, . . .

24
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2.1 Existence of best proximity points

™ is a m-tuple BPP of # if

d(al, @(61a 62; s 76771))
:d(az, %(627 637 s 761))

=d(0my B(0m, 01, -+, O;m—1))

=d(S, F).
Ifm=1,2,3---, we get BPP, coupled BPP, triplet BPP and so on. If 77 = %
in the above definition, then a m-tuple BPP reduces to a m-tuple FP.
Definition 2.1.3. The mappings & : 9™ — Z and %, : T — 7 are cyclic

contractions if there exist k € [0,1) and

d<=@(617 627 s 76m)7%1(g1ag27 cee 7§m)) S (d(abgl) + d<627g2) +...+ d(amagm)+

k
m

(1—k)d(A, F), (2.10)

for all (61,09,...,0,) € 7™ and g1, §a, - - -, Gm € T

Keep in mind that if a pair (%, %) is a cyclic contraction, then so is the pair

(%17‘%>'

Example 2.1.3. Consider # = R™ endowed with
d((01,02, .-, 0m), (41,92, - - -, Gm)) = 61 — §1| + 62 — G| + ... + [0 — G,
(01,00, ..., 0m), (01,02, -, Gm) € # . Suppose that
T ={(61,0,...,0) € # : 0< 06, <1}, % = {(61,0,...,0) € # : 0< §, < 2}.

Clearly, d(Z1, %) = 0. Define B : ™ — T and B, - T3" — T by

PB((61,0,...,0),(62,0,...,0),...,(6m,0,...,0)) = (01”2;““”,0,0,...,0),
m
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and

g1+ Go+ ..

%1((.@1707-”70)7(@2707”'70)7'--7(gm707---70)) - <

Then we obtain

-+ 9m
0,0,...,0].
2m ) Y Y 7>

)

d(%’((al,o,...,0),(52,0,...,0),. , (0, 0, ...
f@l((gluov '70)7<g2707"'70) (gm7 )
d((01+02—|—...+0m70’0"“70>’<gl—|—gg+...
2m
|04t F 0w it Gt + 0w
- 2m 2m
01 =91)+ (02— 92) + -+ (0m — Gm)
2m

<|61_§1|+|62_§2|+”'+|6m_§m|
- 2m

k. .. . . . .
<—(d(061,01) + d(62,92) + - .. 4+ d(Om Gim)) + (1 —

3 |

Hence, pair ($B, %) is a cyclic contraction with k =

Now, we prove some lemmas as described below:

Lemma 2.1.1. Suppose that & : 7" — F and % :

+gm,0,o,...,o>>

2m

k)d( T, ) k =

N

I — 9 are two cyclic

contraction mappings. If (69,09, ...,0%) € ™ and the sequences {07} {05},...,{o%}
defined as:

A2n+1 AD 2 AD A2n+2 ~2n+1 A2n+1 ~2n+1

oyt = B0, 05", .. 00, 00T = By (67T, 050 L oo,

2n+1 AD A9 A2n+2 ~2n+1 A2n+1 ~2n+1

0" = B, 05", ..., 01"), 05" = Z (6" 05" L 07T,

(2.11)
A2n+l 2 A2n A2 52 A2n42 _ Ao+l A2l A2+
oot = B(o7r, 07", 05", ..., 050 ), 00T = By (o o, L o0,

then
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2.1 Existence of best proximity points

d(6,01"Y) = (A, J), d(61", 61" %) — d(F, To),

d(a%n’ A%ﬂ-{-l) N d(:%, %) (A2n+1 A2n+2) N d(%,%)

d(AQn A2n+1) — d( T, T), d(6> H2n+1 A2”+2) — d(A, %), for all n > 0.

m’ m

Proof. Consider

A2n  A2n+1
d<01 701 )
A2n ~2n  A2n A2n
=d(07", B(67",05",...,02))
~2n—1 ~2n—1 A2n—1
B By(67" 7, 05", .00 )
=d t@<%(é§"*,a§”*1,m,a% D, 21(05" 103" 01 ) B (O T 1,...,63,::1))
k
A2n 1 ~2n—1 A2n—1 A2n 1 ~A2n—1 ~2n—1 A2n—1 ~2n—1
< ld@ e e o)+ d(63 T (6 G o)
A2n—1 ~A2n—1 A2n—1 ~A2n—1
do =", By (o2 6t Lo + (1= k)d( T, )
k B0, )
:E d % (X(O?n 2O§n 2 62 2)£(Agn 20§n 2 76f"72)7...,3?(63,77276§"72,...,6%‘:12) +
A2n—2 A2n—2 A2m—2
d B0y, 05", ...,00"7)
%1( 2n 2,5?)” 2...,6?” 2) ‘(A2n 263” 27 ’Ogn 2)’ ,ﬁ(é?n QOgn 27 ,6,,21?_2))

~on—2 A2n—2 ~2n—2
—|—d '@<m » 01 yee ey Om— 1)
B, (%(6%7*2,6? O NGt L N RO/ el 2,...,633:;)) '

Using ([2.10)), we get

d(62n 62n+1)

1%
k k 2n 2 ~2n— 2 A2n 2 A2n 2 A2n—2 A2n—2 A2n—2 A2n—2
S% m(d( 1 ‘%( 0y yer 3 0m ))+d(02 ‘%( ) 03 ) ) 01 ))
+o o d(0n T B 201 o)) + (L= R)A( T, T)+
k
%(d(’\2n 2 E@(/Qn 27A§n 2,‘”,A%n 2))+d(A2n 2 %(AQTL 2;/\421” 2’”.76371—2))

+.F d(’\Qn 2 ‘@(AQH 27 Agn 27 cee 62n_2>>> + (1 - kj)d(%a ‘%)

rm
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k
+ %(d(62n 2 %<A2n 2’6%” 2 "271 )) +d<6%n 2 (@(/ﬁn 2 62n 2 6271—2))

m ) 7m1 )y Y2 yr 9y Ym

o AR BT 00T 0) + (1= k)d(F, B)]

/{2
:E(d(ain 2 (@(Qn 2,53” 2 A2n 2))+d(A2n 2 (@(Qn 2 A2n 2 62n—2))

’ a3 sy Y]

o d(on T2 Bon 02 0nT)) + (L= KA( T, Th).
By mathematical induction, we get

“on A k" A0 A A0 A .
d(O%na O%n—’—l) Sﬁ(d(o(l)v %(O(I)a 0(2), s )) + d(027 ‘@(037 Ogv ) 0?)) +.F

(O, B0, 01,00, 1)) + (L= K*")d( T, Fa).
Taking n — oo, we have
d(0i",6"*") = d(T1, Ja).
Similarly,

d(@%n, Agn-i-l) N d(;%, %) d(AQn—H, A2n+2) N d(:%, %)
d(éi& A?:LH—I) N d(%,%) <A2n+l A2n+2) N d(%7%)

Lemma 2.1.2. Suppose that (7, %),(%, 7)) satisty the property UC, & : 7" —
T, By T — T, are cyclic contraction mappings, (69,89,...,0%) € Z™ and the
sequences {07} ,...,{o" } are defined as in (2.11). Then, there is Ny > 0 for any € > 0,
so that

1
- (d(&3m, 3 ) + d(63™, 65™Hh) + .+ d(eZ, o4 Y)) < d( T, To) + (2.12)

m m

for all m >n > N,.
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2.1 Existence of best proximity points

Proof. The Lemma [2.1.1 gives us

AT, 67) = d(Fi, Fo), d(GT ) = d( AR, T (6", 63) = d(Fr, Fo),
d(égn—H A2n+2) %d(%,%) (6211 A2n+1> %d(%,%) <A2n+1 A2n+2) %d(%,%)

m? m

Because a pair (71, %) and (5, ;) has a property UC, we obtain

d(62",61"12) — 0,d(63",63") — 0,...,d(6*", 62"2) — 0,
and
d(é%n—i_l A2n+3) N 0 d(A2n+1 A§n+3> N 07 . ’d(ag?—&-l’ 63,?4_3) N 0

Assume that ([2.12)) is not true. For a given § € N, with mg > ng > §, there is € > 0 so

that

1 mn Mg ~ALNs41 A A
(A BT (R, O o (G ) 2 (T, T +

m

Suppose that m; is the smallest integer greater than n; to satisfy the above inequality.

Now

1

= (d(6™ 7, 07+ d(63™ 7, 0 L d (B, o))
m
d(A, Ta) + €
Consequently, we get
1 n n dms A2ns
d(%,%) +e S% (d(éfms A2 5+1) _i_d(AQms Ag .s+1> +---+d(072nms,0,27?5+1)>

1 m AL, AZT A2Mma AL,
SE(d(afmsyAf sz)_|_d(2 5—2 2$+1)+d(2 5.6 3 32)+

d(agms 6§ns+1>+ +d(A2ms H2ms— 2) +d(A2ms 2 52ns+1))

1 ms A2Ma ~AzMg A A
<—(d(a§ms,f ) d(62M, 057 4L+ d(62, 07 2))+

m

d(T, T) + €
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As § — oo, in above inequality, we obtain

1 n 1 A2Mmas Az 1 AZTN ALY
E(d(()?ms’f 9+)+d< 2 s, §9+>+---+d(072nsa 25+1)>_>d(<%’%)

From triangle inequality, we get

(87,07 4 (057, 657) + .+ d(op, 6 )

AT, 01 ) (3,61 + (e 67

d<6§m5, Agms+2) +d(A2ms+2 A2m3+3) +d<A2ms+3 5;%"'1) 4.+

AG, 6247+ (G742, 63 ) 4 d (000, )|

= 7|:d<6%ms A2 s+2) +d(¢@1( 2 a+1 02ms+1)’%(02 542 02ns+2>)

m s Om 1 s ooy Oy

mg ALY 1 A2mg  AZ2M A2mg A2my
+ (67" 60| 4 —[d(0570, 657 + d(B (6576,
m

m

Mg mn AZTN An 1 A A A a
@(63 s+27..‘7/\% s+2))+d( 2 s+3 2 9+1)} +"'+%|:d<02m8703nm8+2)

d(%l (672nmg+17 o 62772@14'1), ,@(5%”2, N A2n9+2)) + d(aglm§+3’ 672:“1)]

» Ym <3 0m—1

Applying (2.10]), we have

1 n ms 52n dms A2

(G, G (G 6 o+ (B, )
1 m A2 g k AT AL AL AT

< (@ o) 4 (d(0]" 67 + (3 6" 4

A7, 6)) + (L= R)A(Fr, To) +d (01", 6" ) + d(63™,63™*)

k M1 A2Mg42 AmlAmQ
(A6 6 o d(6™ 6 + (1= R (A, 7o)

m

m, mn A A A N k N . A .
+ d(AQ s+3 A2 s+1) 4.+ d(O,Qnms, Ognmsjuz) + 7(d(02m5+17 072nms+2)+
m
d(o7™ 01" ) 4 A (0 o)) + (1= K)d( T, T)

(g, 6]

1

L R G R G AR FAR
k

A O R AN BRI R AR

(057, 6,72 L d(OEm 62M2)) + (1 — k)d( T, Th).
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2.1 Existence of best proximity points

It follows that

; (d(&3™, 67" 1) + d(65™, 65" ) + .. + (o7, 67++) )
; [d(@%ms, 07T 2) £ A7 6T 4 d(67™% 05T ) L+
d(ozs, 627+ + d(oprs+, o) | + Z[d(%(a%mé, 00,
By (5502 )) - d(B(62TE, L 0P, B (057, 6
(B0, B o))
< 771? [d(é?’"s, 07" 2) + d(07" 6" ) L d(G, 6 )+

k2 m m
A3z 2)| + T (d(]m, 67 ) + (33, 657+t

d(62ms, 6*ms+1)) + (1 — k)d(T, Ta).

m T m

Take § — 0o, we obtain
AT, B) + e <K (A, R) +€) + (1 — KA, F) = AT, T) + ke,

which is a contradiction since k < 1. Hence the result. O

Lemma 2.1.3. Under the suppositions of Lemma[2.1.2, {62} {63"},...,{0>"} are Cauchy

sequernces.

Proof. The Lemma [2.1.1 gives us
d(é%n’6%n+l) N d(%, %) and d(A2n+1 A2n+2) — d(%, %)

s (T, %) satisfies the property UC, then d(62",6:"*?) — 0. The UC property of
(Z, 71) shows we get d(63""!,67""%) — 0. Now we claim that for each ¢ > 0, there is

N € N so that
d(6°™, 62" < d(Fh, P) + €, for allm >n > N. (2.13)

Let us consider (2.13)) is not true. For every § € N, with mz > ng > §, there is € > 0
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so that d(62™,6:"") > d(F, Z) + €. Suppose that my is the smallest integer greater

than ng to satisfy the above inequality. Now

AT, To) e < (@™, 67 < (@57 + (o 6

< d(07™, 6" ) + d(F, To) + e

Taking § — oo, we have d(6°™,6:""") = d(Z, %) + €. The Lemma [2.1.2 gives us

1

— (defm o) + (037, 63+ d(on, 0 ) < d( A, ) +
Consider
AT, T) + e

<d(0%™s, o7
<d(6%m9, A§m5+2) +d<A2ms+2 A2ns+3) +d<A2ns+3 6?”#1)

= d(0°™, 67" + d( By (077, 63 L oRme),

rrm

P07 63" )+ d(67, 6

m k mg AL ALMg AL
< (G, 4 (A (@ 6
m

d(éfnm§+176%‘s*+2)> +( ) (%,%)+d(A2ng+3 Afngﬂ)

- (d(B(6T™, 657, . 62m), Ba(67" 65", ome))+
d(B (02, 63ms .. 62, %@gw, o oY) L+
d(62, 67™, Gu), B (0 6L o)+

( ) (%a %) + d(AQmS A2m5+2) + d(A2ns+3 5?"5“)
k k n /\ m A MNsi11

m|m

k e
d(ég@msﬂ’ 6%?%2)) + (1 — k)d(%, %) + E(d(égmé’ 53 s+1) + ...+

2 Ng k ~2ms A2ng
d(o7™, 07" ) + (1 = k)d(F, o) + -+ — (Ao, o) + ..+

m

A5 + (L= W, T)] + (L= Rd(TR, Z5) + (7™, 67)

m—1>Ym—1

+ d( A2n5+3’ 6§ns+1)
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2.1 Existence of best proximity points

ZI:; (d(o3™, 67"1) + d(057, 65" +) + .. + d(o2, o) )+

(1= K)d(F:, To) +d(67™, 0072 + (6", 6""")
<K R, To) +€) + (1 = K)d(F, o) + d(67™, 07*) + d(0)"*, 67"
=K+ d(Fr, F) + d(67™,6,") +d(67", 6, ).

Letting 5§ — 0o, we have
(T, ) + € < d(F, To) + ke,

which is a contradiction. By inequality (2.13)), d(6?",62"*') — d( 71, %) and from the
property of UC*, we get {63"} is a Cauchy sequence. Similarly, {63"}, {63"},...,{06*"}

are Cauchy sequences. O

In the next result, we discuss the existence and convergence of m-tuple BPP in a

MS for cyclic contraction pairs using the property UC*.

Theorem 2.1.4. Let (9, %),(%, 7) satisfy the property UC* and & : I™ — Z,
By . T — F be two cyclic contraction mappings. If (69,69,...,00) € Z™ and

rm

the sequences {07} ,...,{o0} are defined as in (2.11). Then Z# has a m-tuple BPP

(01,00,...,0m,) € 7™ and %, has a m-tuple BPP (6,0,,...,0,) € Z;". Moreover,
we have
" 61,09" — Og,...,0°" = b, and 07" — &), 03" — 6, ..., 02T = 6
In addition, if 65 = 05... = 0,, and 0, = 05 ... = 0], then
d(61,07) + d(69,04) + ...+ d(6m, 0),) = md(T, Ts). (2.14)

Proof. By Lemma [2.1.1, we obtain d(62",67"™) — d(.71, %). From Lemma [2.1.2, we

have {63"}, {6%"},...,{6?"} are Cauchy sequences. Thus there are oy,...,06,, € F™,
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so that 62" — 0y, 63" — 09,...,0°™ — 6,,. Hence, we have

(%7 i%) < d(017 67"~ ) S d<617 ) + d<6%n7 A%n 1)' (215)
Taking n — oo in (2.15)), we find that
d(6y,03"Y) = d(F, F).

In the similar way, we have

d(62; 6%71 1) — d(‘%) %)’ (6376371 1) — d(%7 4%) (6m762n 1) — d(Q%a %)

m

Now consider

d(62", B(61,09,...,0m)) =d(B1 (62" 1,65 ..., 02" ), B(61,0,...,0m))
k
<@ 00) - d(6 T 0)) + (1= K)d( T, ).

Taking n — oo, we obtain

d(ala'@(aha% s 76m)) = d(%a t%)

Analogously, we obtain

d(62a@(62a6377 )) _d(%y%) (Omw%(am?al?;am—l)) :d(%a%)
Therefore, (01,09, ...,0m,) is a m-tuple BPP of #. Similarly, 4},0,,...,0,, € F5™ so
that 61" — o1, 65" — 6, ..., 02" — 6! . Moreover, we get

d(0}, $1(0},04,...,0,)) =d(A, R),...,d0,,, $(0,,0,...,0, 1) =d( T, %).

' Y'm » Ym—1

Al Al N . A A Al
Hence (07,05, ...,0.,) is a m-tuple BPP of %,. Let 69 = 03 = ... = 0,, and 0, = 0} =
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2.1 Existence of best proximity points

= 0,.. Now, we claim that (2.14) holds. For each n € N, we have

d(62", 03 =d(% (63 05, o), BT, 65, ..., 62))
k
<—(d(01" 00") + (03", 05") -+ (0 00)) + (1= R)d(FA, ).

Taking n — oo, we get

d(01,01) <—(d(01,01) + d(62,05) + ... + d(0m, 0,)) + (1 = k)d(F1, 7). (2.16)

L
m
Also for each n € N, we obtain

d(03", 05" =d(, (65", 05" o1, B0y, 0", 01"))

IA

(d(65" ", 05") + d(03" ", 63") + ...+ d(67" ", 61")) + (1 — k)d(Fr, Fa).

k
-m
Letting n — oo, we get

k
(3, 0,) <—(d(69,84) + d(63,04) + ...+ d(61,6) + (1 — k)d(F, F).  (2.17)

3

Similarly, we obtain

A0, 00,) S (A(D, 3) + d(61,84) + . . + d(6m1,0,,)) + (1= K)A(Th, Fo).

(2.18)

3=

By (2.16), (2.17) and (2.18), we get

d(61,8)) + d(69, ) + ...+ d(6m, 8. ) <k(d(61,8,) + d(D2,8,) + ...+ (D, 0,))
+m(l - k)T, ).

It implies

d(01,0)) +d(02,05) + ...+ d(0m, 0,,,) < md(F, T). (2.19)
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Since d( 71, %) < d(01,0,), d(T1, F) < d(02,05),. .., Ad(F, Ts) < d(6m, 0.,), we have
d(01,01) + d(69,04) + ...+ d(0m, 0,,) = md(F, T). (2.20)

By (2.19) and ({2.20)), we have d(61,0}) + d(62,05) + ...+ d(0mm, 0,,,) = md(F, F). O

Theorem 2.1.5. Let B : T™ — T, By : T3 — F be two cyclic contraction map-

pings. If (69,09,...,0%) € Z™ and the sequences {07} ,{65},...,{6"} are defined as
in (2.11). Then £ has a m-tuple BPP (61, 0,...,0,,) € ™ and %; has a m-tuple
BPP (6,0,,...,0,,) € Z". Moreover, we have

" 01,05 = Oy,...,00" = b, and 67T — 6,05 = 6, ... 02T = 6,
In addition, if 65 = 05... = 0,, and 0, = 0 ... = 0/, then
d(61,6) + d(62,05) + ... + d(6m, 0,,) = md(F, ).
Proof. Since (69,09,...,0%) € 7™ and - holds for each n € Ny, we get

(5%”,5%”, A2n) c :% and ( ~2n+1 6gn+1 A2n+1) c %

The compactness of .7; implies that sequence (63", 063", ...,62") have convergent se-

? m

. A2ns N 2N 5 N AN N
), respectively, so that 67 — 01,05" — 0g,...,02" — Op,.

rrm

A2Nng AN 4
quence (07", ..., 062

rm

Following the same methodology as in the proof of Theorem [2.1.4, we get
d(ala%(al)a%ua )) (%a%) (0m7%(6m761776m—1)) :d(ﬂa%)
Since 7, is compact, we have

d(0}, $1(0Y,0y,...,0,,)) =d(A, R),...,d0,,, $(0,,01,...,0, 1)) =d( A, %).

rY'm » Ym—1

Hence (61, 09, . .., 0p,) is a m-tuple BPP of B in 7™, (8},05,...,0,,) is a m-tuple BPP
of %, in T and d(61,0,) + d(69,04) + ... + d(6m, 0,,) = md(F, T). O

36



2.1 Existence of best proximity points

Example 2.1.4. Consider #' = R endowed with d(6y,062) = |61 — 02|. Suppose that
T = (1,7 and T = [-7,-1], then d(FA, %) = 2. Define B : T — F» and
%1 : e%m — e% by

1=y —Op—3
‘@(617627 cee 76m) = ( o & 4m om m) )
and
J . 01— G2 — .. — Jm +3m
%1(91792;---7gm):< Am )7

for all (61,09, ...,0p) € T and (§1, G, - - -, Gm) € ™. Then we obtain

d(B (61,09, ...,0m), B1((G1,02, -+ Gm))

|0 — 0= = 0m —3m —Gi =02~ ...— G + 3m
N 4m 4m
oy = g1+ 162 — Go| + .. F O — G| | 3
= _|_7
4m 2
k. . N . A
S%(d(ol,gl) +d(02,92) + ... + d(0m, §m)) + (1 — k)d(T1, ),

It is a cyclic contraction with k = i. As T and T are closed and convexr subsets
of a UCBS, the pairs (A, %) and (Za, A) fulfills the property UC*. Therefore, all
suppositions of Theorem [2.1.4 are hold. Hence, % and %, have a m-tuple BPP say
(1,1,...,1) € ™ and (—1,—1,...,—1) € " respectively.

Example 2.1.5. Consider # = R™ endowed with
d((éb 627 v 76m>7 (g17g27 s 7§m)) = mnax {|61 - g1|7 ’62 - §2’7 cey |6m - §m|} ’

(61762776m)7(gl7.@277§m) GW Supposethatﬁz{(él,Q,,Q) €W0§61 §2}
and T = {(41,0,...,0) € # : 0 < § < 2}. Clearly, d(F, F) = 2. Define B : ™ —
o and By : T — T by
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R R R g1 + § —|—...—|—Am
%((gl,o,...,o),(gQ,o,...,0),...,(gm,0,...,0)):(91 92m g ,2,2,...,2).

We obtain

ey 2),(09,2,...,2), .0, (0, 2, ,2)),)
(glyoa"'70)7(§2707"'a0> (gma 5. 70))

1
_ ((01+02+"‘+0’”,0,0,...,0>,<gl+92+”'+9m,2,2,...,2>>

m
,|2|,...,|2|}:

01+02+...40m G1+G+...+0n
2m 2m

Also,

k

E(d((al,Q,...,2),(571,0,... 0)) +d((69,2,...,2),(42,0,...,0)) + ...+

d(0m: 2, 2), (Gm: 0, .., 0))) + (1 = k)d(F1, Fo)

k L. N
:m<ma’x{|01 _g1|7 ’2|77|2|} —|—max{|02 _g2’7 |2’77’2|} +...+

max {|6m — Gml, 12|, - ., !2I})

:£x2m+(1—k)2:2,
m

for any k < 1. It shows that

d(%(élaéb"'aam)agl((ﬁlagb'“?gm)) S (d(ol 91)+ +d(0magm))

k
+ (1 =k)d(A, 7).

Since F and Ty are convexr and closed subsets of a MS, pairs (9, %) and (T, T1)
fulfills the property UC*. Therefore, all the suppositions of Theorem [2.1. are hold.
Hence,  and $B; have m-tuple BPP, (2,2,...,2) € 9™ and (0,0,...,0) € "

respectively.

Theorem 2.1.6. Let B : " — T, By : T3 — T4 be two cyclic contraction mappings.
If (69,09,...,0%) € Z™ and the sequences {07} ,{6%},...,{6" } are defined as in (2.11)).
If d(7, %) = 0, then % has a m-tuple FP (61,09, ...,0,,) € F™ and %, has a m-tuple

38



2.1 Existence of best proximity points

FP (8},0,,...,0,,) € F3". Moreover, we have
" 61,08 — Og,...,0°" = b, and 07T — 6, 05" = 6, ... 00T = 6L
In addition, if 65 = 05... = 0,, and 0y = 03... = 0,,, then & and %, has common

m-tuple FP in (23 N %)™
Proof. Because d(7;, %) = 0, we find that pairs (71, %) and (%, 7)) justify the
property UC*. The Theorem [2.1.4 gives us

d(01, B(01,09,...,0m)) = AT, R),...,d(0m, B(0m,01,...,0m1)) =d(T, R),
and

d(0}, $B,(0},04,...,0,)) =d(F, %),...,d0,,, $(0,,0,...,0,. 1) =d T, D).

rY'm » Ym—1

Since d(77, %) = 0, we get

61 = %(61,62, c. 76m)762 = %(62763, .. .,61), .. ,6m = %(67,“61, .. .,6m_1),
it means that (61,09, ...,0,,) is a m-tuple FP of & in ™. Similarly,
0y = B (0},0,...,0.,),05 = B1(04,05,...,01),...,0, =B1(0,,07,...,0,_ 1)
It implies (87,0%,...,0,,) is a m-tuple FP of %, in ™. Let 65 = 03... = 0, and
0y = 03... = Op. So by Theorem [2.1.4, we obtain

d(01,07) 4+ d(69,0) + ...+ d(0m, 0,,) = md(F, T).

Since (71, %) = 0, we have

d(01,0}) + d(69,04) + ...+ d(0pm,0,,) =0,
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A

it follows that 6, = 6,00 = 05, ...,0,, = 0,,. Hence # and %, has common m-tuple

Fp (61762776m)€<%m%>m L

If 71 = 7 in Theorem [2.1.6, We have a subsequent outcomes:

Corollary 2.1.3. Let B : I — S, %1 : T™ — F1 be two cyclic contraction map-
pings. If (89,09,...,0%) € Z™ and the sequences {07} ,{65},...,{6"} are defined as
in (2.11). Then 2 has a m-tuple FP (61,0s,...,0,) € Z™ and % has a m-tuple FP

(0,04, ...,0,,) € Z™. Moreover, we have

" 61,08 — Og,...,0°" = b, and 07" — 0, 05" = 6, ..., 00T = 6L
In addition, if 69 = 05... = 0,, and 0y = 03... = 0,,, then & and %H; has common

m-tuple FP in .7™.

Corollary 2.1.4. Suppose that & : 9™ — 7 is a mapping

d(AB (61,02, ...,0m), B(G1,G2, - Gm)) <—(d(61,01) + d(02,72) + - .. + d(6m, Gm),

for all (61,02,...,0m), G1,02,---,Gm € 7™ and k € (0,1). Then £ has a m-tuple FP

(01,09,...,0m) € T™.

2.1.2 Best proximity points in a relational MS

Here, firstly, we define proximal comparative mapping and using this, we present some
BPP results on a relational MS (%, d).

Throughout this section, we assume MS (#,d) equipped with an arbitrary binary
relation ® and x* the symmetric relation attached to ®.

To start with, we present the definition that follows:

Definition 2.1.4. A mapping £ : 7, — F is called modified proximal comparative
mapping if Boy k* Boy, d(ki, Boy) = d(ky, Bor) = d(T1, F), then Bk r* Bk, for
all 60, 61, 1251, 1%2 € r%
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Theorem 2.1.7. Suppose that & : 97 — 5 is a continuous mapping such that
B(A,) T F, which satisfies the assumptions of Definitions [1.1.13} [2.1.4. If there
exists ¥ : # — [0,1) such that

d(:@él, %62) S 19(61)(d(61, (52)) for all 61, 62 € 5%7 61 K" 62, (221)

and 03,04 € J, and Bo3 € T, such that d(o4, Bo3) = d(F, Ts), 03 K* 04, then
mapping % has a BPP.

1, if %61 K* %62,
Proof. Define a mapping ¢ : 95 X 5 — R by o(#Bo61, Boy) =
2, otherwise.

Suppose that o(#os, Bo,) > 1, such that

d<64,%63) - d(ﬁ%a ‘%)7
(65, Bos) = d(Fi, ),

hold for some 03, 04, 05 € 7;. By definition of o, we get

Boy K Boy,
(64, Bo3) = d(Fi, P),
(05, Bos) = d(T1, T).

Definition [2.1.4, implies that B, k* Zo5. By definition of o, we get o(Boy, Bos) = 1.
It shows that & is a modified ¢ proximal admissible mapping. Also,

d(647%63) = d<%7 '%) and Q(%637%64) > 1.
By " we get Q(%él,%ag)d(ﬁél,%62) S 19(61)((1(61, 62)), for all 61, 62 c :% ThllS,

all the suppositions of Theorem [2.1.1 are hold, and % has a BPP. O]

If the mapping # continuity is relaxed then we need the following condition in
Theorem 2.1.7:
(R*-property): If {0,} is a sequence in # such that %o, k* %o, for all n and
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lim 6, = 6 € #. It follows that subsequence {0, } of {6, } exists such that %o, k* 20,

n—oo

for all s.

Theorem 2.1.8. Consider # : 9 — F is a mapping such that #(7,) C F, and
satisfies the assumptions of Definitions , @ and . Further, assume that
(R*-property) holds and there exist 63,04 € 71, and HBo3 € Fo, such that d(o4, Bo3) =
PB( T, D), 03 k* 64. Then mapping A has a BPP.

Proof. Noting that (R*-property) implies (R-property), the result derives from Theo-
rem 2.1.2] O

2.1.3 Best proximity points in normed linear spaces

This subsection contains the study of some sufficient conditions required for the exis-
tence of best proximity pairs using measure of noncompactness in the framework of a
BS.

Throughout this section, we assume that (.77, %) is NBCC subset of a BS # and .7,

is non-empty.

Definition 2.1.5. A mapping % : 71U % — 71 U.% is said to be ¢-condensing cyclic
(respectively, noncyclic), provided that for any NBCC proximal and 2 invariant pair
(1, F1) € () of a BS # such that |5 — il = || % — 74| with B(7)
Iy and B( ) C 9 (respectively, B(71) C 7 and B(F%) C TF), we have

O(B(A) U B( 1)) < <(B(AU A1)0(A U ),

where ¢ : [0,00) — [0,1) is a function satisfies limsup¢(s) < 1 for all ¢ € [0, 00) and U
s—t
is an MNC on #'.

Definition 2.1.6. A mapping & : 73U 7% — J1U T is said to be ¥-condensing cyclic
(respectively, noncyclic) if provided that for any NBCC proximal and % invariant
pair (S, _#1) C (A, %) of a BS # such that || — A = ||7 — J||, with
B(T) C F and B(T) C T (respectively, B(F) € Fi and B(F) C F), we
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have

O(B(A)UB( 1) < B(AU ) = p(B(A U A),

where 1) is a continuous function on [0, co) satisfies ¢ (¢t) = 0 if and only if t = 0 and U

is an MNC on 7.

Theorem 2.1.9. Suppose that Z : 71 U T — 7 U % is a relatively NE and satisfies
Definition [2.1.5. Then 4 has a best proximity pair.

Proof. As 7, is non-empty, (%,, Z,) is non-empty. Also, (7,, Zs,) is closed, convex,
2 -invariant and proximinal pair on #. For 6 € 73, there is a § € 7, such that

16— g|| = || — Z||. Since A is relatively NE
10 — 23| < [lo - gl| = [|71 — 2|,

which gives %06 € 7, that is, B(%,) C F,. Similarly, B(%,) C F, and so A is
noncyclic on .73, U Ja,.

Define a pair (2, %,) as 2,, = con(#(Z,-1)) and %,, = con(B(%#n-1)), n > 1 with
2y = A, and Xy = F,. For all n € N, we have to show that 2,,,; C %, and
B C Do r. T = CON(B(Ay)) = CON(B(Fr,)) = () C Fry = Do. Therefore,
B(K,) C B(2y). So Xy = con(HB(%#,)) C con(#(2y)) € 2;. Continuing this
process, we have %, C 2,1 by induction. Using similar lines, we get 2,,1 C Z,.
Thus 2,10 C Zpy1 € 2, C X, for all n € N. So, {(2s,, #2,)} non-increasing
sequence of non-empty, closed and convex pairs in 7 x Z5. Also, B(%,) C B(%n-1) C
con(B(Hy-1)) = Xy and B(2,,) C B(2,-1) C con(B(Z,-1)) = Z,. Hence a pair
(2., %,,) is P -invariant for all n € N. If (6,9) € 7 x F; is a proximinal pair then

A(Lan, Fon) < 1|50 = B0 < 1J6 = | = |77 = Z3]|

Since a pair (Zy, %) is proximinal, result is true for n = 0. Assume it is accurate
for n = 8. Next, we have to show that it is accurate for n = § 4+ 1. Let # be an

arbitrary member in 2,1 = con(%(2;)). It can be written as k = ¥/, N Z(k;) with
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l?:l € 25, me N, N\ >0and >, N\, = 1. Since a pair (Z;, %) is proximinal, there
exists f; € % for 1 < | < m such that k — f; = ||2; — %;|| = |9 — S||. Take
F=>r  NB(f). Then f € con(B(%;)) = X1 and

m’

Z ke = fill = 1121 = ).

|z —yll =

> NB Z NB(f)
=1 P

It shows that (Zs11,%:41) is proximinal pair. By induction, we obtain that (2,,, %,)
is proximinal for all n € N. As is now known, there are two situations that can occur:
either max {U(Zq3), 5(%9s)} = 0 for some § € N or max {U(2y,,), 5(%a,)} > 0. If
max {U(Z;), 5(%;)} = 0 for some § € N, then B : 2;UZ; — Do U5 is compact, by
Theorem [1.1.1 we obtain the result. Consider max {U(2,),0(Z,)} > 0 for all n € N.
Since Do, 11 C B(Zs,) and Ropr1 € B(Hay), we have

O(Lont1 U Hont1) =max {0(Lan41), 5(Zon+1)}
= max {U(con(#(22n))), O(con(#(#2n))) }
= max {U(#(22)), O(% (%))}
=0(#(L2an) U B(%2n))
< ¢(B(L2,UP,))0(L2, UPRs,)
< U(Zy, USsy,).

Therefore, U,, = U(Zy, U%>,) is a non-increasing sequence and there is a > 0 in such
way that O,, — a as n — oco. Let a > 0, for all n € N, we obtain

O(Zont1 U Zoni1)
U(Zay U Ha)

< §(U<°@2n U %271))

By above inequality ¢(UO(Zs, U %a,)) > 1, which is a contradiction. So a = 0 and
U, = O(2s, UHs,) — 0 as n — oo. Now, let D = N Dy, and X, = N0 K-
By (d’) of MNC, a pair (2, %) is £ -invariant, non-empty, compact and convex
with || 2o — Zool|| = || 71 — F]|. Therefore, 2 has a best proximity pair. O

Theorem 2.1.10. Suppose that Z : .73 U % — 1 U % is a relatively NE and satisfies
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Definition [2.1.5. Then £ has a best proximity pair.

Proof. Using the similar lines of proof Theorem [2.1.9, we have (2,,, %,) is proximinal
for all n € Nwith ||2,,—Z,|| = || 71— %||. If max{U(Z;), 5(%5)} = 0 for some § € N,
then B : 2; U Z; — Doz U Xoz is compact, by Theorem [I.1.1 we obtain the result.
Consider max {UO(Zy,,), 5(%Z2,)} > 0. Since Do, 11 C B(Dsy,) and Hopy1 C B(Hon),

we have

O(22n11 U Zoni1) = max {0(Zany1), 5(Zoni1)}
= max {U(con(#(22n))), O(con(B(#2n))) }
=max {U(#(22)), O(%(%2n))}
=0(#(2n) U B(%2n))
< B(Day, U Soyn) — W(6( L2y U Hay))
< U(Zop, USsy,).

Therefore, U,, = U(Za, U%>,) is a non-increasing sequence and there is a > 0 in such

way that U, — a as n — co. Let a > 0, for all n € N, we get
O(Zony1 U Hony1) — B(2Lon U Fon) < —0(0(Lon U Zn)).

Taking n — oo in above inequality, we get () = 0, for @ > 0, which is contradiction.
Soa =0 and U, = U(Zy, UH2,) — 0as n — oco. Now, let D = N2 (s,
and Zoo = N0 Hon. By (d') of MNC, a pair (e, Zeo) is A -invariant, non-empty,
compact and convex with || Lo — %o || = || 71— Z2||. Therefore, 2 has a best proximity

pair. ]

2.1.4 Best proximity points in binormed spaces

In this section, we prove some BPP results in a uniformly convex binormed linear
space using the Hardy Rogers type contraction mapping. We also give some numerical

examples.
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In the entire section, we assume that .77, % are non-empty closed subsets of a uniformly

convex binormed linear space (%, ||.||1, ||.||) with |[.||s < |||

Theorem 2.1.11. Suppose that a mapping & : AU T — J1U T, satisfies the following

hypotheses:
(i) #(7) € 7 and B(F) € T,
(ii) # is complete with respect to ||.||1,

(iii) there exist non-negative real numbers o/, 3',+/, 0’ such that o/ + '+~ 4+ 2§ < 1

and

150 — 23| < ol|o — B0l + B'l|g — 23l +~'llo — 4l

+0'(Il0 = B9l + 11§ — Zol) + (1 =o' = 5" =" = 20") |71 — 7],

for all 6 € 7 and § € .
If 69 € 71 and 0,11 = H$B0,, where n € N, then # has a BPP in 7.

Proof. By Proposition [2.1.1, we have
1020 = PBoon|| —= |1 — 22| and ||62nr1 — BoOopsa|| = [| 51 — Z|.
Since # is a UCBS by Lemma [1.1.5, we get
|[62n, — Oo(n41y||1 = 0 and ||LBoon41 — Boon|l1 — 0. (2.22)

Now, we claim that for given e > 0, there is Ny such that ||09, — Boaon||1 < || T —
Sll1 + ¢, for all m > n > Ny. Suppose not, then there exist € > 0 such that for all
§ € N, there exists mgz > ng > § for which ||0a,, — Boon, |1 > || 71 — F||1 + €, suppose
this m; is the smallest integer greater than n; to satisfy the above inequality. From

triangle inequality, we get

||<71 - ‘%Hl +e< ||62ms _@62%”1
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< |[62m; = O26ms_) |11 + [|02(ms_y) — BOon, |1

<||62m; = Oa(my_plh + |71 — Z|lL + € (2.23)

Using (2.22)) and taking § — oo in (2.23)), we have |02, — Boon,

1= [|7 = %Al +e

Again, consider

|71 — Zlli + € < |[6om,, — Boomg,, | = || BOom, — Boon,,,|In

Sa/Ha?mg - '-%6277% 1+ 5/||62n§+1 - ’9362%-‘-1”1 + ’7,||62m§ - 52n§+1||1
+ (|62, — Boong, 11 + |[Boom, — 02ny |1 + (1 — o = B =+ =28) [|71 — Alx

:O/H62m§ - 62m§+1H1 + 5/||62n§+1 - 62n5+2||1 + ’Y/H62m5 - %62n5‘|1

+ 5/(”627% - %627@_““1 + H62m§+1 - 62”§+1H1 + (1 - Oé/ - ﬂ/ - ’7/ - 25,) H‘% - %Hl

Sa/Hang - 62m§+1||1 + 5,||62n§+1 - 62n§+2||1 + 7,||62m§ - ’@62% 1
+ 5/(“627715 - 62m§72||1 + ||62m§72 - %62n§+1||1)

)+ (1 —ad =5 =+ =20 |7 - %L
(2.24)

+ 6/(H62m§+1 - 62m§71||1 + "62”1571 - %62%

Taking § — oo in ([2.24)), we get
|7 — Al +e < |7 — Al + (v +20)e,

which is a contradiction. Hence, {ds,} is a Cauchy sequence in .77 with respect ||.||;.
By the closedness of .77, {09,} converges to a point 6 in .7;. Therefore, by Theorem

2.1.3, # has a BPP in 7, that is, ||0 — ||, = || 72 — Z||1 in A. O

By choosing different values of o/, 8,7/, ¢ in Theorem [2.1.11] we get many best
proximity results as described below:
If o’ = 3 and 7/ = § = 0 in Theorem [2.1.11] We obtain a result as follows:
Corollary 2.1.5. Assume that 4 is fulfilling the hypotheses (i), (ii) of Theorem
and [|ZBo—2]|| < o(||[o—R0||+[|§— A7)+ (1-2) || 71— ||, forall6 € 7,9 € T
and o is a non-negative real number with 2o/ < 1. If 6y € Z; and 0,1 = %0, where

n € N, then % has a BPP in 7.
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If o/ =3 =06 =0 in Theorem [2.1.11, We obtain a result as follows:

Corollary 2.1.6. Assume that £ is fulfilling the hypotheses (i), (ii) of Theorem [2.1.11
and || %6 — Bg|| < Y||o— g+ (1 —+) ||7 — S|, forall 6 € 1,5 € T and 7 is a
non-negative real number with 7' < 1. If 69 € 7, and 6,1 = %6, where n € N, then

% has a BPP in 7.
If o/ = "=+ and ¢’ = 0 in Theorem [2.1.11{ We obtain a result as follows:

Corollary 2.1.7. Assume that £ is fulfilling the hypotheses (i), (ii) of Theorem
and [[#6 — #4|| < o/([|6 — Lol + 1§ — 24| + |6 — 4l]) + (1 = 3&/) ||71 — Z||, for
all 6 € 71,5 € 95 and o is a non-negative real number with 3o/ < 1. If 6y € .77 and
Ony1 = PBo, where n € N, then & has a BPP in 7.

Remark 2.1.2. If we take ||.|]| = ||.|]1 in Corollaries 2.1.5, 2.1.6 and [2.1.7, then we

get the corresponding results of Petric [53](Theorem 5, p-151), Eldred and Veeramani
[22](Theorem 3.10, p-1005), Karapinar [39])(Theorem 10, p-1763).

If 71 =9 =% in Theorem [2.1.11] we have FP results as follows:

Corollary 2.1.8. Assume that £ is fulfilling the following hypotheses:
(i) # is complete with respect to ||.||1,

(ii) there exist o/, §',7/, ¢’ are non-negative real numbers such that o/+ 3 ++'4+2¢" < 1

and

10 — 23| < ol|o — 20l + B'l|g — 23l +llo = 4|

+0'(Ilo — gl + 119 — ol]), (2.25)

forall 6,g € #. 1f 60 € # and 6,1 = B0, where n € N, then £ has a FP.

Corollary 2.1.9. (Theorem 1, p-139, [47]) Assume that £ is fulfilling the condition (i)
of Corollary[2.1.8 and || #B6—Zg|| < +'[[6—g]], for all 6, § € #" and +' is a non-negative

real number with v/ < 1. If 69 € # and 6,,.1 = %0, where n € N, then £ has a FP.

Remark 2.1.3. o If we take 73 = %5 = # and ||.|| = ||.||: in Corollaries[2.1.5, [2.1.6
and [2.1.7, then we get the corresponding FP results of Banach [4](Theorem 6,
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p-160), Karapinar and Erhan [40](Corollary 2.1, p-560), Karapinar and Erhan
[40] (Corollary 2.2, p-562).

Now, we provide some illustrations:

Example 2.1.6. Consider # =R, define ||.||,||-||1 : # — Ry by
|10l] = 2[o] and [|o]|, = o]

for all o€ W. It is easy to see that ||6||, < ||0]|, for all 6 € #'. Suppose T = [}, 3]

and F = [3,8] are two subsets of W', then || 7 — Z|| = 0.5 and |5 — F||1 = 0.25.
2 +3ifoed )

ifo=1

bioelty

for all 6 € 71 U T,. Next, we have to prove that A satisfies the following inequality,

Define 8 : /U T — AU T by B(6) =

= 100

10 — 23| < o'l|o — ol + ']l — 23l +llo = 4l

+0'(lo — 23l + 1§ — 20l|) + (1 — o’ = 5" =7 = 28) |7 — Z,

for all 6 € 9 and § € F5. Let o/ = 0.98, ' = 0.005, v = 0.005, &' = 0 with
o + 0+~ +20 < 1. Consider

0 3 1
Bo— Byl =L 422
levo - il =55+ 5
o1
|32 4

Ifo € Fiand g € F then || & + 1| € [0.5156,0.5312], [|o—g|| € [0.5,1.75], [|o—22]| €
[0.5312,1.01] and ||g — %3|| € [0.5,1.25]. It implies that

10 — 23| < o'l|o — ol + ]| — 23l +~llo = 4l

+0'(llo — 23|l + 11§ — 20l|) + (1 — ' = ' =7 = 28) |7 — Z],
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forallo € A and g € Fo and B(T) C T, B(F) C F. Since ||0]|1 < ||0||, for all

o €W, we have

|16 — #4||, < o'[|6 — B0l |, + B']|g — 3l + 110 — glh

+0'(I[0 = Al + 119 — 2oll) + (1 —a' = ' =+ = 25) [| 71 — Z .

Starting with point 69 = i € 1, we construct a sequence as

~ A A A A A A~ A

On+1 0o 01 02 03 04 05 06 o7

PBo, | 0.25 | 0.7578 | 0.50 | 0.75 | 0.50 | 0.75 | 0.50 | 0.75

We found that {09,} has a subsequence (0.25, 0.5, 0.5, 0.5,...), which converges to %
in 7. All the suppositions of Theorem|2.1.11 are hold, and % has a BPP %

Example 2.1.7. Assume that # = R? with metric defined as

1071 = [lo"[1y = /o + o3

for all 6* = (61,02) € R?. Suppose that 7 = {(0,061):0<06, <3} and F =
{(0,01) : 0 < 6y <2}, are two subsets of R?, then || — %|| = 0. Define B: T — T
by
o
B(0*) = —
=1
for all 0* € Fi. Let 0*,5* € F. Let i) = (0,61),%2 = (0,09) in . Next, we have to

prove that A satisfies the following inequality,

B — Bisl| < |Jix — Bia|| + B'lia — Bial| +7'[lir — 12|
+0(|[ir — Bl + [lia — Bia|)) + (1 — o = ' = = 28) d(A, F),

for alltn,is € . Leto/ = =68 =0, = % with o + ' ++" + 28 < 1. Consider

i

|| By — Bis|| = 33

[[©0.6) (0.6
3 3
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It shows that

By — Bio|| < o'l[in — Busl| + Bl[iz — Bia|| +'[[in — ia|

+0(|fix — Bis|| + |1z — Bir|) + (1 — o' = f' o = 28") d(T1, F),

for all /2;1,/2:2 € A and B(S) C T, B(F) C A . Starting with point 6y = (0,1) € A,

we construct a sequence as

On+1

A

0o

A

01

A

02

A

03

A

04

A

05

B,

(0,1)

(0,0.3333)

(0,0.1111)

(0,0.0366)

(0,0.0122)

(0, 0.0040)

We found that {62,} has a subsequence ((0,1)(0,0.1111),(0,0.0122), (0,0.0013),---),
which converges to (0,0). All the suppositions of Theorem|2.1.11 are hold, and B has
a BPP (0,0).

2.1.5 Best proximity points in a quasi partial MS

In this subsection, using the concept of a-proximal admissible we present some results
on the existence of BPPs in a quasi partial MS.
In the entire section .77, % are assumed non-empty closed subsets of a complete quasi

partial MS (#,d) and .73, is non-empty.

Theorem 2.1.12. Let o : 7 x 93 — [0,00) be a mapping such that «(61,06,) >
1, 05(62,]%1) > 1 implies a(al,fﬁ) > 1, for all 61,62,1%1 € Jyand B : T — D

be a continuous mapping such that Z(.7,) C 5, and satisfies the assumptions of

Definitions [1.1.5(i), [L.1.14] and [1.1.16] Further, suppose that there exist dy,0; € 7,
and Boy € Js, such that d(6,, Boy) = d(F1, F) and a(dy,61) > 1. Then mapping A
has a BPP.

Proof. By assumption, there exists 6g,01 € J, C 7 and Boy € B(F,) C T, C T
such that d(61, $0y) = d(F1, F) and a(dy, 61) > 1.

Since 61 € F, $Bo, € B(F,) C F,. By notation of %, there exists 62 € F5, such
that d(0s, B01) = d( T, T5).

Further, as « is proximal admissible and a(6g, 1) > 1, we have «(d;,02) > 1. Again

Oy € A, then Bo, € B(F,) C F,. By notation of F,, there exists 63 € 7, such
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that d(637 ,@62) = d(%, %)
Similarly, as « is proximal admissible and (61, 02) > 1, we get «(62,03) > 1. Contin-

uing in this manner, we obtain
d(0ny1, Boy) = d( A, Ts). (2.26)

Since « is proximal admissible and a(6,,_1, 6,) > 1, we get a(6y,, 6,41) > 1 for alln € N.
As (A, J) satisfies weak £-property. So, for any m,n € Ny, we have d(6,,,06,) <
d(Boy—1, PBo,—1). If there is s € Ny for which d(0s,06541) = 0 and d(6441,05) = 0.

Consider
d(f%a %) < d(ésa %65) < d(am 6s+1) + d(as+17<%65> = d(éerla %63) = d(%, ,%)

Hence d(0s, $0s) = d(F,F). By assuming that d(6,,0,.+1) > 0, for all n > 0, we
deduce that d(#06,,1,%6,) > 0, for all n > 0. Using Definitions [1.1.5(i), we have

§U(Bon—1,801) < 5d(Bon—1,Bon)
—Yx

A

@(a1,50) — 1+ 8140150

Séﬁ(d(an—l7én))d(6n—l7én) .

It implies that
A0, 6p11) < d(PBop—1, Boy) < B(d(0n—1,0,))d(6y-1,0p) < d(6y—1,0p), (2.27)

for all n € N. Therefore, {d(6,_1,0,)} is strictly non-increasing and nlgg(} d(0p—1,0,) =
r1, for some r; > 0. Assume that r, > 0. On taking n — oo in (2.27), we get

Jim B(d(6y-1,0,)) = 1. Tt gives

lim d(6,_1,0,) =0, (2.28)

n—oo
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2.1 Existence of best proximity points

which is a contradiction. So, r; = 0, and thus

lim d(6,_1,6,) = 0. (2.29)

n—oo

Suppose that {6, } is not a Cauchy sequence. Then there is € > 0 and subsequence of
integers ng and mg with mg > ng > § for which d(6,,,,0,,) > €, for all § € N. Assume
this m; is the smallest integer greater than n; to satisfy the above inequality. From

triangle inequality, we get

€ <d(6m,, On,)
Sd(amsv 6%71) + d<6n§71 ) 6%) - d(angflﬁ 6”571)
§d<6ms7 6n§—1) + d(6n§—1 ) 6ns)

A

<€+ d(0n, ,,0n,).
Letting § — oo and using ([2.29), we have

lim d(6,,0,,) =€ > 0. (2.30)

n—oo

Using the assumption of a and ng > mg, we have
(O, On,) > 1.

Using (2.26)), (2.30)) and triangle inequality, we have

5d(6m§ 1Ong)
S(Sd(ams Omg 1) Hd(Omg 1 0ng)=d(Omg 1 ,0myq)
de(émg ’5m§+1 )+d(6m§+1 75”§+1 )+d(é“§+1 ’6"§)7d(6m§+1 75m§+1 )7d(6”§+1 ’5"§+1)
§5d(‘3ms Omg )+ d(Omgy q0ngyy)+d(Ong g ,0n;)
Séd(ém§ Om g1 )+d(Bom,,Bon)+d(6n, 4 ,0n;)

< §8Omy Oms 1)+ (O 1 0n) 5l Bom;,Pon)
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Chapter 2. Existence results

A(Bom 3, Bon,)

*

§5d(5mg a6m§+1)+d(6n§+176n§)5
<§HOms Omg )+ dOngs1.000) 5 [0 0p) — 1 4 §,]d(B0msBony)
S(Sd(amg 76m§+1)+d(6n§+1 ,5n§)5ﬁ(d(6m§ 75n§))d(6m§ 76n§)

:5d(6m§ 36m§+1 )+d(én§+1 76n§)+/3(d(6m§ 76n§))d(6m§ 75n§)

It shows that

that is,

d(émsv 6715) - d(éms7 6m§+1) - d(6n§+17 6%)

< B(d(Orny. 00)) < 1.

On taking limit § — oo and using (2.28)) and ([2.30)), we get

lim B(d(6,,6n,)) = 1.

Jj—00

It implies

Jim d(0;,0,,) = 0,

which contradicts with ([2.30)).

In the similar way, we get lim d(0p+41,0n) = 0 and lim d(6,,, 0,n,) = 0. Therefore,
n—oo S§—00

{6,} is a Cauchy sequence in .7;. Given that 7] is closed, we get nh_%lo 0, = 0, for

some 0 € # . Since A is continuous, we get ILm RBo, = Ao for some Bo € F5. By
n—oo

2.26

d(6, 20) = lim d(6,+1,%0,) = d(F, F) and d(F0,0) = lim d(Bo,, 0n11) =

d(F, 71). Hence 6 is a BPP of A. O

In order to demonstrate our next finding, we substitute the R;-property for the

continuity hypothesis of 4 in Theorem [2.1.12}

(Ry-property): If {6,} is a sequence in # such that «(d,,0,+1) > 1, for all n and

lim 6, = 6 € #. It follows that subsequence {0,,} of {6,} exists and a(6,,,06) > 1,

n—oo

for all s.
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2.1 Existence of best proximity points

Theorem 2.1.13. Let o : A X 97 — [0,00) be a mapping such that «(61,0,) >
1, 04(62,/%1) > 1 implies a((’jl,l%l) > 1, for all 01,00,k € Z and B T — Ty

be a mapping such that #(.7,) C Z, and satisfies the assumptions of Definitions

[1.1.5(i), [1.1.14] and [1.1.16, Further, suppose that R;-property holds and there exist
00,01 € T, and Boy € S, such that d(61, Boy) = d( 71, F2) and «(dy, 061) > 1. Then

mapping # has a BPP.

Proof. By Theorem [2.1.12] sequence 6,, — 6 € # in (#,d). By R;-property and using
(2.26), there is a subsequence {0,,} of {6,} and a(6,,,0) > 1, for all 5. Now, we have
to show that # has a BPP. Consider

5d(/g0ns 15 %é) <5d(%6n§_1,<@6)

It implies that
d(Bo,_,, B0) <[(d(0n,_,,0))d(6n,_,,0). (2.31)
From ([2.26)), (2.31)) and triangle inequality, we get

A(6n,.,, B0) < d(0n,,,, Bon,) + d(Bb,,, B0)
< d(S1, %) + B(d(6n,,0))d(6n,, 0). (2.32)

Again by ([2.32)) and triangle inequality, we obtain

d(F, 7p) < d(0,980) < d(0,0n,,,) + d(0n,,,, $0)

5+10

< d(0,0n,,,) + d(F, Fo) + B(d(0n,,0))d(0n, 0)- (2.33)

Taking § — oo in ([2.33)), we have d(6, A0) = d(F1, Z). Using the similar arguments,
we have d(%06,0) = d(F, 71). Hence 6 is a BPP of A. O
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Chapter 2. Existence results

To demonstrate our findings, we now provide a few examples.

Example 2.1.8. Consider # = R with metric defined as d(61,3,) = |61 — ¢1| + 061,

for all 61,51 € W is a quasi partial MS not partial MS and MS. Suppose 7 = [0,1]
1

and J5 = [0,4} then d(A, %) = 0 and d(F, A1) = 0. Define B : 5 — T by

PB(01) = %, for all (61,51) € A. Define a : A x 7 — [0,00) by a(61,G1) = 2, for
all 61,41 € Ty Let ki, ky € Ti then afiy,is) = 2 > 1,d(0y, Biy) = 0 = d(F, F) and
d(§1, Biy) = 0= d(T1, F) if and only if 61,61 € {0}. Then a(éy, 1) =2 > 1. It gives
that % is continuous and A is « proximal. As S, = Fo, = 0 then B(F,) C T,
for each 61 € A,. Also a pair (T, T») satisfies weak £- property. Let (() = %, then
¢ €8 and we get B(t) = ; Take 11,15 in Fi, then

d(Biy, Biy) \@ i) — B(i)| + B(in)
Zl ZQ %1
B
4d(11>22) < B(d(i, i2))d(i1, 12).

It implies [a (21,22) — 1+ 6,]% (i1, 5i2) < §B(d( iQ))d(gl’%Q), for all 11,15 € T, where 1 <

0 < 6,. Therefore, all suppositions of Theorem |2.1.12 are met and X has a BPP 0.

Example 2.1.9. Suppose # = R with metric defined as d(61,91) = |03 — 3| + 03,
for all 061,50 € W, is a quasi partial MS not partial MS and MS. Suppose T3 =
{0,1,v2,v/3,VA...} and % = {0, %,§ S5 3N then d( A, ) = 0 and d( T, Th) =
0. Define B : 5 — T by B(61) = E, for all (61,91) € S. Define o : W X W —
[0,00) by a(61,G1) = 2.5, for all 61,51 € #'. Let 11,12 € T then a(fl,ig) =25 >
1,d(6y, B1) = 0 = d(F, F) and d(§, Biz) = 0 = d(T4, B) if and only if 61, § € {0}.
Then a(61,§1) = 2.5 > 1. It gives that B is continuous and A is o proximal. As
SN, = S, = 0 then B(A,) C S, for each 61 € FA,. Also a pair (T, Fs) satisfies
weak £- property. Let ((f) = 43{, then ¢ € S" and we get B() = ;l Take 11,15 in F,
then

(B, Bia) = |(B(01))* — B((12))°] + (B(0n))*
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2.1 Existence of best proximity points

R -

G S
V2 V2| V2
1

=75l o) < B0, )G, ).

It implies [O[(%l,/Z:Q) -1+ (L]d(%l’%?) < 5ﬁ(d(gl’z2))d(%1’%2), for all 11,12 € T, where 1 <

0 < 6,. Therefore, all suppositions of Theorem |2.1.12 are met and X has a BPP 0.

If we take (61, 91) = 1, for all 61,41 € # in Theorem [2.1.12, we get a BPP result

as described below:

Corollary 2.1.10. Let B : 74 — Z5 be a mapping such that d(#(61), Z(51)) <
B(d(61,61))d(61,01), for all 61,51 € # and B € S. Suppose that a pair (7, %)
has the weak £-property and #(7;,) C J5,. Then mapping & has a BPP.

If we take 77 = 9 = # in Theorem [2.1.12] and Theorem [2.1.13] we get the FP

result as described below:

Corollary 2.1.11. Let (#,d) be a complete quasi partial MS, a : # x # — [0, 00)
be a mapping such that a(d;, 1) > 1, (g, ki) > 1 implies (61, k) > 1, for all
01, §1, by € # and B : # — # be a continuous mapping satisfies the assumptions
of Definitions [I.1.5(i) and [I.1.16] Suppose that there exists 69,61 € # such that
a(61,PBdy) > 1, then mapping Z has a FP.

Corollary 2.1.12. Let (#,d) be a complete quasi partial MS, o : # x # — [0, 00)
be a mapping such that a(6y,31) > 1, a(fh,ffl) > 1 implies 04(61,121) > 1, for all
01, J1, kie# and B:H# — W bea mapping satisfies the assumptions of Definitions
1.1.5(1) and . Suppose that F;-property holds and there exists 69,01 € # such
that « (01, B0p) > 1, then mapping # has a FP.

Considering «(61,91) = 1, for all 6;,§; € # in Theorem [2.1.12} it reduces to
Geraghty-type contraction mapping (Theorem 1.3, p-606, [31]).

Corollary 2.1.13. Let (#',d) be a complete quasi partial MS and & : # — # be
a mapping such that d(%(61), Z(g1)) < B(d(61,91))d(61,81), for all 61,51 € # and
B €S, then £ has a FP.
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Chapter 2. Existence results

2.2 Existence of best proximity pair

In this section, we study some results for the existence of best proximity pairs using
measure of noncompactness in framework of strictly convex BSs. Results of this section
are accepted in Sharma and Chandok [71].

In the entire section, we assume that (71, Z3) is NBCC subset of a strictly convex BS
W and .7, is non-empty.

Theorem 2.2.1. Suppose that Z : 71 U T — 7 U % is a relatively NE and satisfies
Definition [2.1.5. Then £ has a best proximity pair.

Proof. As 7, is non-empty, (7,, J5,) is non-empty. Also one can show that (.73,, %,)
is # -invariant, proximinal pair, closed and convex considering conditions on 4. For

0 € A, there is a g € J, such that [|0 — g|| = ||Z1 — Ds||. Since A is relatively NE
10 — 23] < [lo - gl| = [|71 — Z|,

which gives %6 € 7, that is, B(A,) C F,. Similarly, B(%,) C F, and so B
is noncyclic on 7, U Z,. Using the similar lines of proof Theorem [2.1.9, we get
(2, %,) is proximinal. As is now known, there are two situations that can occur:
either max {U(Za;), U(Has)} = 0 for some § € N or max {O(Za,,), O(Ha,)} > 0 for all
n € N. If max {0(2;),5(%;)} = 0 for some § € N, then B : 2; UXZ; — Doz U R is
compact, by Theorem [I.1.1 we obtain the result. Consider max {0(2,), 5(%,)} > 0.
Since 2,11 C A(2,,) and Zp11 C B(Z%,,), we have

O(Z2y41 U Zi1) =max {0(Z,11), O(Zni1) }
= max {U(con(#(2,))), O(con(B(%y)))}
=max {O(%(2,)), 5(B(%,))}
—U(B(2,) U B(%,))
< <(B(2, U%,)0(2, UR,)
<U(L,UZ,).
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2.2 Existence of best proximity pair

U, =0(2,UZ,), is a non-increasing sequence. Thus there is a > 0 in such way that

U, > aasn — o0o. Let a > 0, for all n € N, we obtain

O(Zy11UZnia)
0(2,U%,)

<(O(L,UZ,)).

By above inequality <(UO(Z2, U %,)) > 1, which is contradiction. So o = 0 and
G, =0(L2,UZ%,) — 0asn — oo. Now, let 2, = N> ,2, and Zo, = N (P
By (d’) of MNC, a pair (2., %) is £ -invariant, non-empty, compact and convex
with || 2y — Zoo|| = || 71 — Z2||. Therefore, Z has a best proximity pair. O

Theorem 2.2.2. Suppose that & : 71U 9% — 1 U P is a relatively NE and satisfies
Definition [2.1.5. Then % has a best proximity pair

Proof. Using the similar lines of proof Theorem @, we have (2, %,) is proximinal
for all n € N with ||2, — Z.|| = || 71 — Z||. If max{U0(Z;), 5(#5)} = 0 for some
§ € N, then B : 2; U R — Doz U Hos is compact, by Theorem [1.1.1 we get the
result. Consider max {O(2,,), 5(Z%,)} > 0 for all n € N. Since 2,,11 C #A(Z2,,) and
K1 C B(X,), we have

O(Zn1 U Zns1) = max {0(Zn11), 6(#nia) }
= max {U(con(#(2,))), O(con(B(%y)))}
=max {O(#(2,)), O(B(%))}
=0(#(2,) U B(%))
<UL, UZ%Z,) —(06(2,UZ%,)) < O(2,UZ%,).

U, = U6(2,UZ,), is a non-increasing sequence. So, there is @ > 0 in such way that

U, — aasn — oco. Assume a > 0, for all n € N, we obtain
(2,11 UZn1) —O(2,UZ%,) < —(0O(L2,UZ%,)).

Taking n — oo in above inequality we get ¢ («) = 0, for a > 0, which is contradiction.

Soa =0and U, = 0(2,UZ%,) — 0asn — oco. Now, let 2 = Ny ,2, and
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Chapter 2. Existence results

Koo = N0 oK. By (d7) of MNC, a pair (Lo, Zoo) is & -invariant, non-empty, compact
and convex with || 2o — %o || = || 71— %]||. Therefore, Z has a best proximity pair. [
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Chapter 3

Iterative convergence to best
proximity points

In the optimization and approximation theory the convergence of iterative processes
for BPPs has been an attractive problem in nonlinear analysis. Iterative convergence
to BPPs is a crucial concept to find a point that minimizes the distance between two
sets. As discussed in Chapter 1, there are many iterative schemes which converge
to FPs of mapping. The structure of this chapter is as described below: In the first
section, we define a iterative scheme that converges to common FPs of NEs and strongly
pseudocontractive mappings. The results of this part are published in Sharma and
Chandok [70]. Using the class of NEs in the setting of UCBS, we provide a few iterative
techniques in the second section that converge strongly to BPP. The outcomes of this
section are published in Sharma and Chandok [69] [72]. In the third section, we propose
a three-step algorithm that converges to a solution of split common FP problem. The
outcomes of this section are published in Sharma and Chandok [68]. In the last section,
we define another algorithm using projection operator which converges to a solution
of SBPP problem in the context of Hilbert spaces. The findings of this section are
published in Sharma and Chandok [68].
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Chapter 3. Iterative convergence to best proximity points

3.1 Convergence to a solution of fixed point prob-
lem

We describe an iterative scheme in this section for estimating the common FPs of
strongly pseudocontractive and NEs in real BS. We give some numerical examples to
back up our assertions and demonstrate that our technique converges faster than well
known algorithms in the literature. The results of this section are published in Sharma
and Chandok [70].

In the entire section, we assume that .77 is a non-empty closed and convex subset of a
UCBS #'. Suppose that &, %, : 71 — 7 are self mappings. For an arbitrary element

0o € F1, define a sequence {6, } as described below:

Gn=" (1 =7,)%10n + 7,00
= (L=l =8 —w!)on +w. B + 1. Brjn + 0, Br0,  Algorithm (1)
6n+1 = %gn

where w,, 75, 1,65 € [0,1], n € Ny.

Theorem 3.1.1. Let 8 : 3 — 71 bea NE and %4, : 97 — 71 be a uniformly continuous
strongly pseudocontractive mapping. Assume that # = {6 € 7 : Bo = P10 =0} #
0, #,(7) is bounded, and ~/, 1., d.,w. are real sequences in [0, 1] such that:

(D) Y+ 1+ 0 +wp < 1
s : / ! I\ 13 VAR

(if) 3255 (wp, +m), 4 05) = .

Then for any arbitrary 69 € 7, sequence {6, } defined by Algorithm (1) converges to

a common FP p € .Z.

Proof. Let p € F(#B) N .F(%,). Suppose that

My = sup {||Bi6 — il 6,i €W} (3.1)
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As %, has bounded range, it shows .#; < co. Consider

=17 (6n — D) + (1 = 7,,) (%160 — Z1D)||
<Ypl|0n = DI + (1 = v)|[B16, — Bl

<Vullon = Bl + (1 = v,) A1 (3.2)

Also,

i = DIl = (1= 11, = &, — @}, )0n + &, Bl + 1, B1Gn + 6,516, — |
<1 = = 0 = w)l|on — DIl + wy|[ B9 — DIl + 0 || 819 — DI + 0] (2105 — D)
=(L=ny = 0y = w)lon = DIl + Wyl B G — BPI| + 0 ||(B1Gn — P1D)|

+ 0, |[(#16, — Z1D)] |- (3-3)

We claim that ||6,, — p|| < 45, where
My = M1+ ||6g — P||,n > 0 and n € Ny. (3.4)

Clearly, .#, < .#5. 1t is true for n = 0. Let us consider it is accurate for n = 5. Now

we have to show it is for n = § + 1. By Algorithm (1), (3.2)) and (3.3)), we have

[105+1 — Bl
=||%is — pl| = ||Bis — 2|
<llis — pl|
<(1 —m — 0 — wp)|[6s — PI| + wi|[BGs — BP|| + || %155 — Zrp|
+ 05| | Br0s — Pp||
<(1—nf = 0% — w)l6s — Bl + willgs — Dl| + nil|B1gs — Bipl| + 04| %165 — %apl|
<(1 =1 = 0% — wi)l|6s — Pl + wi(ypl|0s — DI+ (1 — 7)) + 15| B13s — Bl
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<1 =y = 0% — wi) My + Wiy dly + (1 — ) Ma) + 1ty + Sty
=(1 =, — 65 — wy) My + Wity + 0y Mly + S5 My
:%2.

This shows that {||6,, — p||} is bounded. By (3.2]) and (3.3)), {||5n - ﬁ||} and {||g., — p||}

are also bounded sequences. Assume that
@ = sup{||6n — pll : n > 0}, G = sup {|[in — l| : 1 > 0}, G5 = sup {||gn — pl| : n > 0}.
Denote A4 = Mo + €1 + 65 + €3, then .# < co. Using Lemma [1.1.6, we have

[t = DI1* = 111 =0}, = &, = w})on + W) Bho + 1, P10 + 6,516, — pI’
=[I(1 =}, = &, = &) (00 — D) + Wi(BrGn — D) + 1, (Brdn — ) + 8, (16, — )|
<(L =1, =&, = wp)?l10n — BII*

+ 2 (W, (Bin — D) +1,(B1Gn — D) + 6,(B16n — D), i (in — D))
=(L =1, = &, = &)1 — I’

+ 2 (w!, (Bl — BP) + 1}, (Brn — BiD) + 6,(Fr6, — Bip), 5 (in — D))
<(1 =11}, = &, = W )*|[0n = DI + 27, (B — B, j (i — D))

+ 20, (B — B, (0 = D)) + 26, (P16 — B, j(in — D))
<=1, = &, = w)’[[6n — DII* + 2, (Bl — Bl + By — B, j(in — D))

+ 211, (B1Ggn — Brin + Brin — B, j(in — D))

+ 267, (Br16n — Brin + Brin — Brp, j(in — D))
<(1 =11}, = &, = )60 = DI” + 2, (Bl — Bin, j(in — D))

+ 2, (Bl — B, j(in — D)) + 20, (P10 — B, (i — D))

+ 20, (Brin — B, j (in — D)) + 20, (B16, — Brin, j(in — D))

+ 20, (Biin — Bip, j(in — D))
<(L =1, = 8, = &)1 — DI* + 2| B — Binl| |1 — D

+ 201, || B1Gn — PBrinl| |lin — BI| + 26,810, — B Nfin — 3]

+ 200}, + 8,) ( Brin — B, §(in — D)) + 20, || Bin — B||[in — |
<(L =1, = 8, = )11 = BII” + 2130 — Tl 13 — B
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3.1 Convergence to a solution of fixed point problem

+ 20, || B1Gn — Brin| [[in — Bl + 26,||B10, — Bl |1 — 1|

+ 200, + 8,) (Brin — B, j(in — D)) + 207, |[in — D]l — 7|
< =11, = 8, — Wi)[0n — DI + 201G — inl| [[in — B

+ 20, B1Gn — Brin| [[in — Dl| + 26,|| P10, — B |1 — 1|

+ 200y, + 0,) (Buin — B, j(in — D)) + 2 [in — PP
<1 =11}, = 8, = W)l[00 = DI + 200, |G — | + 20, || P10 — P |

+ 281, | P16 — Brin|| + 200}, + 8,) (Bui — B, j(in — D)) + 2|1 — |
<1 =1, = &, — )60 — I’

+ 20, + 8, + wp) max {||g — nll, || B19n — Brinl|, |10, — Z1inl|}

+2(n), + 6,) ( Brin — B, § (I — D)) + 207, [in — B[
From (3.4]), we get

G — Oul| =|700n + (1 — 5) P16y — 04|

By Theorem [3.1.1 (ii), we obtain

nll_)IIOlo ||gn - OnH = 0. (35)
Again using ((3.4]), we have
||gn — Onl| = [[(1 =, — 0, — W;l)an + W;%)Qn + U;L%Ign + 5;*%)1‘3% — 0|

=[[(1 = = 6, — W) (0 — 0n) + Wy, (BGn — On) + 1, (P19 — On) + 6,(B10n — 0n) |

<1 =1, = 0, = w)l|6n = Onl| + Wy [|BGn — Onl| + 11| P1Gn — 00| + 612100 — 00
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=W || Bin — 0nl| + 0, || B1Gr — Onl| + 0,,||PB10n — 60

<), (1B — DIl + 11D — inl) + 0, (1|B18n — DI + 1P — inl])
+6,(11216n — BI| + [P — inl])

=, (gn — 2N + 11D = 1) + 1, (1| B1Gn — B1Bl| + 1D — i)
+ 00, (|| Br6, — Brpl| + ||D — inl])

<LQw) Mo + 2n), Mo + 20, Mo = 2(w), + 1), + 0, M.
By Theorem [3.1.1 (ii), we obtain
Tim {[[é,, — 6| = 0.
Since |[Gn — in|| < |[Gn — 0n|| + ||6n — || By and (3.6)), we get
lim |9, — ]| = 0.
As %, is uniformly continuous, we have
Tim ||B19n — Brin|| = 0 and lim |16, — Briy|| = 0.

Since % is a strongly pseudocontractive mapping, we get

16041 = BIIP <1 =1, = &, — wp)*[[in — 211

(3.6)

(3.7)

+ 2w, + 11, + 6, max {|[Gn — bnll, |10 — Brinl|, [|B160 — Brill|

20, + 1)k [i — DI + 20 [0 — P
(1=, — 0, —wp)?

T1— 2w + O, + 5,k

2 —211°
)

N 2(c, + 11, + 8, max {|[g, — inl|, [|B1 G — Brinl, |16, — Brinl||

1= 2(w;, + (m, + 6,)k)
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Since (w;, + 1, +6,,) — 0 as n — oo, for all n > ng, there is a number ng € N such that

(wy, + 15, + 6,,) < mi LIS Sl N G-
o T O ST e e k2 [0 S

It implies ——@ntmtd) < 1 gpnq -

T T AT < 2. It now follows from (3.8))

1
—2(wy,+ (1 +07,)k) Kk
that

101 = BII* <(1 =), = &, — wp)l[in — 2II”

+ 4(, + 0l + 0) max {[|Gn — nll, [1B190 — Brinll, || B100 — Brial|}

Now, using (3.7]) , we have maX{Hgn — |, || Brin — B, || P16y, — %ﬁnH} — 0 as

n — oo. Consider ||6,41 — P> = || Bin — B19||> < ||in, — P||*>. Therefore,

[10n41 = BII* <(1 =115, — 6, — w6 — BII”

+ 4w, + 1, + 6,) max {[[gn = inll, [|B1G0 — Brinll, | 16 — B} -
Take o, = ||0p, — D], Bn = wl, + 1, + 0/, and
/3, = max {Hgn - {n||, || B1Gn — %ﬁnH, || %6, — %ﬁnH} , for all n > 1.
Using Lemma [1.1.9, we obtain lim,_,« [|0, — p|| = 0. O

Remark 3.1.1. If we take 7/ = 1,0} ,w/, = 0 in Algorithm (1), then it reduces to the

rvn?

algorithm presented by Kang et al. (Algorithm (12), p.2, [38]) as described below:

i = 1 —n,)0n + 1, %10,
( ) ' Algorithm (HNS)

6n+1 = %ln

Corollary 3.1.1. Let # : 91 — 77 be a nonexpansive, %, : 71 — 71 be a strongly
pseudocontractive mappings and .F (B)NF (%) = {6 € T : Bo = 516 = 6} # . For
any arbitrary 6y € 77, sequence {6, } defined by Algorithm (HNS) converges strongly
toape .F(%).
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Chapter 3. Iterative convergence to best proximity points

Remark 3.1.2. If we take 7/, = 1,6/, = 0, % = %, in Algorithm (1), then it reduces
to algorithm presented by Sahu (normal S-iteration process, p.193, [59]) as described
below:

( ) ' Algorithm (NS)

On+1 = %lzn

Corollary 3.1.2. Let %, : 7 — 1 be a strongly pseudocontractive mapping and
F () ={06€ A :P56=0} # 0. Then for any arbitrary 6, € 71, sequence {0, }
defined by Algorithm (NS) converges strongly to a p € .7 (%4).

Remark 3.1.3. If we take 8 = %, in Algorithm (1), we get the following algorithm:

gn= (1 =7,)%0, +7,0n
= (L= — 8 — )0 + (Wl + 1) Bh + 0, B0, Algorithm (S¥)
6n+1 = <%:L\n

where 7/, w!, 1,0l € [0,1], n € Ny.

In Theorem [3.1.1, we assume that %; is a NE, we have the following result, which

is very important in the application section.

Corollary 3.1.3. Let : 7 — 1 be a NE and F(B) ={6€ T : B6=0} # 0. Let
Yoy wh s 0n € 10, 1], such that:

(i) wp+m+m+6, <1
. : / / 1\ S K VAW

(if) 3252, (wp, +m), +65) = oo

Then for any arbitrary 6y € 7, sequence {6,} defined by Algorithm (S*) converges

strongly to a p € F(%).
Example 3.1.1. Let # = R with a usual norm and 7 = [0,00). Define B, %, :
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3.1 Convergence to a solution of fixed point problem

0.14
Algorithm1
L Algorithm (O)
0.12 Algorithm (D)
Algorithm (HNS)
0.1F Algorithm (NS)
0.08
0.06
0.04
0.02 +
0 —
0 5 10 15 20 25

Number of iterations

Figure 3-1

T — T by

R 0
and %1(0) = m,

for all o6 € F. Clearly B is a NE. Also for all 6,1 € F;, we get

1
V31 +0)(1+17)

(0—1)* = kllo—1ll”,

(P16~ i, j(0—1)) =

where k = 7 < 1. It shows that A, is a strongly pseudocontractive mapping

with bounded range and both B, B are uniformly continuous on Z;. It is easy to
see that B and B, has common FP say 0. All the suppositions of Theorem [3.1.1 are
fulfilled, so sequence generated by Algorithm (1) converges to 0 see Table and Figure
E. In Table if we take vy, = 5=, wy, = nj%, n, = ni% and 9§, = ﬁ which

are close to 0 and initial point 0.26 which is close to solution O then our Algorithm (1)

converges to 0 in 16 iterations while Algorithms O, D, HNS, and NS converge to 0 in
18, 18,23 and 23 iterations respectively see Figure E(a). By Table and Figure E,
it is easy to see that sequence defined by our algorithm converges to a solution much

faster as compared to the algorithms present in the literature.
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Iterative convergence to best proximity points

Ons1| Algorithm(1)| Algorithm(O)| Algorithm(D) Algorithm(HNS) Algorithm(N.S)
0o | 0.26 0.26 0.26 0.26 0.26

02 | 0.055625 0.059069 0.061500 0.062496 0.059575
o4 | 0.012207 0.013619 0.014646 0.015136 0.017619
o¢ | 0.002715 0.003166 0.003504 0.003678 0.005557
og | 0.000610 0.000740 0.000842 0.000896 0.001789
010 | 0.000138 0.000174 0.000203 0.000218 0.000580
012 | 0.000031 0.000041 0.000049 0.000053 0.000189
014 | 0.000007 0.000010 0.000012 0.000013 0.000062
016 | 0.000000 0.000002 0.000003 0.000003 0.000020
018 0.000000 0.000000 0.000001 0.000004
023 0.000000 0.000000 0.000000 0.000000

Table 3.1: Comparison of convergence between different algorithms

Now, we give a new three-step algorithm and prove a convergence theorem. For

an arbitrary element 6y € .77, define sequence {6,} € 7] as described below:

o1 = (L —1),) B + 1, Biy

in= B((1—6)4n+ 0, Bin) Algorithm (S)

gn = B((1=1,)0n +7,B0n)

where v/, 1,0, € [0,1], n € NU{0}.

Theorem 3.1.2. Let % be a NE defined on Z;. If #(.7]) lies in a compact subset of
T, then sequence {0,} € 71 defined by Algorithm S converges to a FP of £ in 7
strongly.

Proof. By Browder’s Theorem (see [§] , p. 1041), £ has a FP. So, # (%) # (). Take
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3.1 Convergence to a solution of fixed point problem

z e F(A). Consider

190 — Z[| =[12((1 = 7,)0n + 7,B0n) — £
=[12((1 = 7,)0n + 7, 2B0n) — BZ]]
<IH(1 = 7)0n + 7, Bon — 4]
=11 = 7)(0n — 2) + 7, (Bon — )|
=11 = 73)(0n = 2) + 7, (B0 — Z2)|
< = y)lon — 2| + 7,120, — BZ]]
< =7)M10n = 2| +75ll0n — 2|
=||6,, — Z|]. (3.9)

Similarly,

[lon = £l =I1B((1 = 6,)3n + 6,%B3) — £
=[B((1 = 6,)9n + 0, Bn) — BZ]|
<X = 0,)9n + 6, BGn — ]|
=11 = 6,)(9n = 2) + 6,(Bn — 2)|
=[[(1 = 6,)(Gn — 2) + 6, (B — Z2)|
<1 = 8)gn — 2| + 6,129, — B4]]
<1 =6,)l19n — 2l + 6,119 — £

=[|gn = 2l < llon = Z]|. (3.10)

Using (3.9) and (3.10)), we get

1041 = £l| =11 = 1) B + 1, B — ||
=[(L — 1) (B — 2) + 0),(Bin — 2|
=[|(1 = 0,)(BGn — B2) + 0, (Bl — B2
<(L = 1)1 B9 — BE|| + 11, ]| B — BE||
<(1 = m)1gn — Z11 + 1752 — £]]
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Chapter 3. Iterative convergence to best proximity points

< =m)l10n = 2| + 5l 10n — 2|

=l[on = Z]|.

It signifies that sequence {||6,, — £||} is a decreasing and bounded below. So, lim ||0n —
Z|| exists. Suppose that lim |6n, — £|| = r, for some r > 0.

Case (i): Let » = 0. Consider,

|20, — 0ul| <[|PB0n — Z]| + [|0n — £
=|[B0, — B2 + [|0n — £]]

=2[|0n — Z]|.

Taking n — oo we get || %6, — 6,|| — 0.

Case (ii): Let » > 0. Assume that an € > 0, {0, } has a subsequence {6,,} such that
|| B0, —0n,|| > € > 0 forall 5. We select £ > 0 to be small since the modulus of convex-
ity of 0* of # is a increasing and continuous function. So, | 1 — ¢* 7ﬁj_£>> (r+¢&) <
r, where ¢ > 0. Now, we choose §, such that ||6,, — Z|| < r + &, ||Bo,, — Z|| =

%0, — BE|| < |00, — 2|| < (r+ &) and || B0, — 0,.|| > €. Again using (3.9) and
(3.10)), we obtain

16n..y = 21 =[1(1 = 0),.)Bin, + 11, Bin, — ||
=[1(1 = 0}, ) (B, — 2) + 1, (Bin, — 2|
=[|(1 = 7, ) (Bijn, — BE) + 1, (Bin, — B2
<(1—-7,)

< =1 MGug = 211+ 175, ey — 211 (3.11)

| By — BE|| + 11y, || B, — B

By Proposition [1.1.1, we obtain

1Gns = 211 =I1((1 = 7, )0n, + Y, BOn, — 4|

=[|(1 =) (60, — £) + Vo, (B, — 2|
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3.1 Convergence to a solution of fixed point problem

* € . / /
By (B12). we have

lins — 211 =I1B((1 — 8,,)gn; + 6, Bdn.) — 4]
=[|B((L = 0,,)n, + 6, Bin,) — B4
<I[(X = 6,,)Gn, + 0, B, — 4|
=[1(1 = 8,,)(
=[1(1 = d,,)(

< =8, )Gns — 21+ 0, || BGn, — B4

— £) + 6, (Bn, — 2|
— 2) + 0, (Bgn, — B2

A
A

3
ng
ng

<(1-4¢,)

|9n; = 2| + 0y,

gns_éH

« € . / /
< <1—2(5 <7’+§> mln{7n$71_7n3}> (7“+£)
From (3.11)), we get

12— na | < (1 — 20" (%) min {~,, (1 —w}) (r+€).

Assume there is [ > 0 such that 2min {5’ Yogs (1 — 77’15)5;} > 1, and

n

<1 26" <7~j§> min {87, , (1~ 7,’15)5;}> (r+¢ < (1 — 15 (&)) (r+¢). Let

€ > 0 very small, we get (r+¢&) (1 — 10" —T—ﬁ < r, which contradicts. Hence from
r

the both cases, we get lim ||0n, — PBoy|| = 0. Using Algorithm S, we get

|1Gn — PBon|| =||Z((1 — ;)00 + 7, BOn) — PBoyl|
§H<1 - ’V;L)an + ’77/1%671 - 6n||
=[/(1 =) (6n — 0n) + 7, (B, — 6|

=17 (26, — 0,)]]

73



Chapter 3. Iterative convergence to best proximity points

Taking n — oo, we obtain

T (o — #0,| = 0. (3.13)
A i 6n+1 - é %gn - é
Now, we have to prove that ||%§, — Pi,|| — 0. Define a,, = ——, b, = ————
) |10 — £]| 100 — ]|
<@‘n - . A ’ A~ ’
and ¢, = Tow — 21 ! || Now, using (3.9) and (3.10), we get || 8§, — 2|| = ||BG. — BZ|| <
On —
G — 2|| < ||6n — £|| and ||Bin — 2|| = || Bin — BE|| < ||in — 2|| < ||6n — 4||. Therefore,
l|bn]| = |f;fl" Z’ﬁ” < HZ:_;H =1, ||| = ”Tfi”_z“zlu < HZ: zH = 1. By Algorithm S, we get

On+l Z=(1- nn)(%’gn - z) + nn(%zn - z) Now, dividing by ||6,, — £||, we obtain

Op — 2 On — 2 on — 2
show that ||a,|| — 1.
[Ons1 — 2] _ 7
lim ||a”||_nlg£lomz;:1'

From Lemma [1.1.10} ||b, — cp|| = 0. So, ||Bé, — Bin|| — 0.
. T ' ‘ : 6 4|l <
Since lim |6, — £|| = r, and by 1' and ([3.10), we get 11211_)801‘}1) |Gn — Z|] < r and

lim sup |[2, — £|| < 7. (3.14)
n—oo

Also, we have |[B3y — Z|| = [|B9n — #Z|| < ||gn — Z||. Take limsup on both sides, we
get

limsup || 4§, — £|| < 7. (3.15)
n—oo

Now [[0n1 — 2|l = |(1 = 1,) (B — £) + 101, (Bin = 2)|| < || BGo — 2| +11, || Bl — B |-
On taking n — oo, and using ||%i,, — Bi,|| — 0, we get

r < lim inf |23, — £||. (3.16)
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3.1 Convergence to a solution of fixed point problem

From (3.15)) and (3.16), we obtain lim [|%g, — Z|| = r. Now,

1B — 2| <||Bgn — Binl| + || Bin — 2|

<|| B — Binl| + |lin — 4,
and it yields that

r < liminf |[i, — Z||. (3.17)

By (3.14) and (3.17), we have lim |2, — £|| = . Consider

[in = 211 =[1B((1 — 6,)3n + 5,%4.) — 4|
=[|B((1 = 0,,)9n + 0,289s) — %]

<IN = 0,)(Gn — £) + 6,(BGn — 2)]|.

On taking n — oo, we obtain r < |[(1 —.)(§n — %) + 0., (BG, — 2)|| and ||(1 = 8,)(Gn —
2)+6,(#gn—2)|| < r. 1t implies [[(1 —6},)(§n — £) +6,,(#§n — £)|| = r. Using Lemma
LTI, we get

i 19, — B3]l = 0. (319

Also |3, B0, < |1 83,3+ |13, #o.]l. By (T3) and (ET5) we get i (|3, -
PBoy|| — 0. From the Algorithm (S), we have

lin — Biul| =11 B((1 = 6,)dn + 6,Bn) — Bil|
:||(1 - 5%)(@71 - gn) + 5;('@.@71 - gn“

=07, (BGn — Gn)l|- (3.19)

Therefore, ||€n — Bjn|| — 0 as n — oo. Also Wn — gnll < \ﬁn — Ban|| + || Bon — Gnl|-
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Chapter 3. Iterative convergence to best proximity points

Using ((3.18)), we have dim |2, — gn|| — 0. Consider

1601 = all =[1(1 = 1,) B + 1, B1n — 61|
=(| G0 — 0n + 1, (Bin — B30
<||#gn — 0ull + 11, || By — B3|
<|| B — Bon|| + ||B6n — 0ull + || B — Bl

On taking n — oo, we get ||0,41 — 0,|| — 0. Since (7)) contained in a compact
subset of .7, %(6,) having a subsequence {#(6,,)} that converges to a point 6 € 7.
Also, {6,,} converges to a point 6. Now ||B6— 2o, || < ||6—0n,|| as § — oo, we obtain
20 = 6. 1t implies lim [|0, — 0|| exists, therefore lim [[0, — 0|| = slggo ||6n, — 0|| = 0.

Hence, the result. []

3.2 Convergence to best proximity point problem

This section involves the introduction of two algorithms using the projection operator
and gives some convergence results. The findings of this section are published in

Sharma and Chandok [69, [72].

Throughout this section, we assume that .77, % be non-empty bounded closed convex

subsets of a UCBS #. Let 6y € 7,. Define

= (1=68.)0,+ 6. P 5B, Algorithm S1

bnir = (L= 1)0n + 1, P 5B where An,, 5, € (0,1,

Theorem 3.2.1. Let B : 7, — J», be a NE with a non-empty BPP set. If &4 %(.%,)
lies in a compact subset of .73, then sequence {6, } defined by Algorithm S1 converges

to BPP of 4 in 9.
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3.2 Convergence to best proximity point problem

Proof. Assume that ||.77 — Z|| > 0. Consider

||§n - Z|| :”(1 _’7;)671 ‘I”V;L‘@%*@an - é”
=1 = 7)(0n = 2) + 1 (P 750, — 2|
<1 =) (0n = A + |7 (P57 L0, — 2]

=(L =)o = Z[| + || P 7 Bon — 4. (3.20)

Since || Pg, Bo,, — Boy|| = || 7 — SR|| and ||Z — BE|| = || 71 — Z||. Also by Remark
1.1.3, a pair (7, ) has £-property, we have

195,86, — 2| = || B0, — 2| (3.21)
Therefore, from ([3.20)), we get

gn — 21| =(1 = v (60 — A| + || B, — B4
<X = 7)l0n — 2| + yullon — ]|
=(|6n — Z]|. (3.22)

It shows ||, — Z|| < ||6, — £||. In the same way, we obtain

[lin = £l =I1(1 = 8,)0n + 8, P 7 Bgn — 4|
=II(1 = 6,)0n — £ + 6,(F7 B — 2|
<N = 6,)0n = 2l + [10,(L 5 B — 2|
=(1 = 0)[1on = 2|l + 01| Z5 BGn — 2| (3.23)

Since || P4 Bin — Bin|| = || 71 — S| and ||Z2 — BE|| = || T — Z5||, using £-property,
we have

Similarly,
|27 — 2| = || — 2| (3.25)
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Chapter 3. Iterative convergence to best proximity points

Using (8:2) in (3:23), we get

i — 2l =(L = )l160 — 2[4+ 7| B — ]|
<@ =y)l0n = 2| + 10 — £l
<1 =)l0n = Z[| + 7100 — £]]
=||6n — Z||. (3.26)

It shows |[i, — £|| < ||6. — £||. By (3.22), (3.24)), (3.25) and (3.26)), we have

1041 = £l| =11 = 1,)0n + 1, P73 B — £]|
11 =)0 — 2l + [l11( L7 B — 2|

IN

L= )00 — 2|l + m || 2.7 B — 4|

160 — £l + 17| B, — B2

(
(1 -
(1

| /\

)
= 16w — £1] + ) |[in — £]]
»)

| /\

(L= m)l10n = 2| + 7, 0n — £]]

=l[on — 2]l
It signifies that sequence {||6,, — £||} is a non-increasing and bounded below. So,

lim [0, — £|| = r. (3.27)

n—

Case (i): If r = 0. Since || P4 Bo, — Bon|| = || 71 — P|| and ||Z — BE|| = || 7 — |,
using £-property we have || P4 Bo,, — Z|| = ||Bo, — BZ||. Therefore,

||‘@%'@6n _6n|| SH‘@%*@@L - é|| + ||6n - é”
=||%06, — BZ|| + [|0n, — 4]
<|6n — [ + [|on — £

216, — 211
Taking n — oo, we get || P4 Bo, — 0,|| — 0.
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3.2 Convergence to best proximity point problem

Case (ii): If 7 > 0. Suppose there is a subsequence {6y, } of {6, } such that || 5 %o, —

On,|| > € > 0 for all 5. We select £ > 0 to be small since the modulus of convexity of

€
d* is a increasing and continuous mapping. So, (1 —¢d* | —— | | (r + &) < r, where
r

+¢

¢ > 0. Choose § in such a way that ||6,, — £|| <r + £. Using (3.21), we have

10nss — 21 = 11((L = 113,)0n, + 1, P72 B, — |

IA

I(
1

I IA A

AN

1—

1—

1—

(
(
(1-
(
(

(1 =10, )on, — 2l + 110, || P 7 B, — ||

Mo 0ne = 2l + 7, (1 = 6,,)0n, + 6, P72 B, — ]|

!
ng

T, ) |0n, — 2|1 + 1,0

‘6715 - 'éH + n;Ls(S;LS

M On M0, = 21+ 0, 0, || P72 B, — £

. On.)

On, — || (3.28)

Using Proposition [1.1.1, we have

[19n = 211 =I1((1 = 70,.)0n, + Y, P72 B0n,) — £

=[|(1 =) (6ny — £) + Y (P7B0n, — 2)]|

« € . / /
< (1 — 20 (7"4—5) min {’yng 1- _7n3}> (T + f)

Therefore, by (3.28)), we obtain

Hang-u

— 4|

< ((1 )+ 5L (1 o () min {1~ m})) (r+8)

r—+&

€

* € . /AN AV rogr /

So, there is [ > 0 such that 2 min {fyggn;léé;é, 1-— fy,’lén,’%é?’lg} >l and

€

" € . ISt Y *
(1 —925 (M) min {'Ynﬂngén§> 1— 'ynénnjné}) (r+¢) < (1 — 1o (7" n f)) r+¢&.
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€

+¢

nlglgo||6” — P 5. PBo,|| =0 and ||§, — 6,|| = 0 as n — oc.

Let £ > 0 very small, we get (r+¢) (1 — 10" ( )) < r, which contradicts. It gives
r

Now, we need to show that ||6,.1 — 6,|| — 0. Consider a, = M, b, = %
) |10 — Z]] |10 — Z]]
Py B, — % N N
and ¢, = ||7’"HZ By (3.25), we get || 25 Bin — £|| < |fin — 2| < [|6n — |-
On — %
6y, —% |25 Bin—=| 6y, —2 :

Therefore, ||b,|| = H =1 and ||c,|| = Hyén—lél\ =< Hzn_zH = 1. By Algorithm S1,
we achieve 6p41 — 4 = 0, (P7 Bin — ) + (1 — 1) (6, — £). Now, by dividing ||6, — 4|,

+1— % (On_é) ,(:@71,%71”—73) / ’
we get 1—n)— — + ~ v . So, a, = (1 —n.)b, + 1. c,.
Tor =2 = W e g T o, Ay 5o = (kb e

Now, we have to prove that ||a,|| — 1 as n — oo.

lim lla,|] = lim M:le,
PR TR

By Lemma , ||bn — ca|| = 0. Therefore ||6,, — P57 Bin|| — 0. It implies ||6,41 —
onl| — 0. Now, define %, : 7, — A, as %$1(0) = P5P5(0) for all 6 € F,.
Again using £-property, we get %) is a nonexpansive and % (%) = Best4 . Since
D7 B(T,) = HB1(T,) lies in a compact subset of 7, %;(0,) having a subsequence
{#1(6,,)} which converges to a point 6 € Z,. Also {0,,} converges to a point 6.
Therefore,

lim ||6,, — o|| = 0. (3.29)

n—0o0

Since ||'%16 - 6715“ < ||‘@16 - ‘@1(6715) | + ||'%1(6ns) - 6n§
HB,0 = 0. It shows that 6 is a FP of %4, then 6 is a BPP of 4. Since ¢ is a BPP

. Taking § — oo we obtain

of A, by (]3.27) 7111—{20 ||on, — 0| exists and is equal to r. So, every subsequence of
||6n, — 0|| converges to r. Therefore lim ||0n, — 0|| = r. By (3.29)), we get r = 0. It
shows that {6, } defined by Algorithm S1 converges to a point 6 € .73,, which satisfies
o — 20| = |7 — 2| O

Next, we propose another Algorithm using projection operator as described below:
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3.2 Convergence to best proximity point problem

Let 0y € 7,. Define

A

gn= (1 =,)0n + P 5 PBo0n

= (1=0) Py Boy + 6. P 5 Bin Algorithm S2

6n+1 = (1 - 77;)«@%&%!% =+ 777/1@71%5717 where 77/1777;75; € (Oa 1]

Theorem 3.2.2. Let B : F, — J», be a NE with a non-empty BPP set. If &4 %(.%,)
lies in a compact subset of .77, then sequence {6, } defined by Algorithm S2 converges

to BPP of 4 in 7.

Proof. Result follows from Theorem [3.2.1. O

Example 3.2.1. Consider # = R? with norm

forallé = (61,11) € R?. Suppose T = {(0,6): 0 <6 <2} and T = {(2,6) : 0 < 6 < 2},
such that || 7 — S| = 2. Since S, = A and Ty = T then define B : T, — T,
by #(0,0) = (2,2 — 6) for all (0,0) € A,. Next we show that A is nonexpansive.

Let 2, = (0,0) and 23 = (0, §) in A, where 0 < 6,5 < 2 then

B4 — Bl =2 - 22 + (2—0) — (2 )’
=\ (06—’ =0—§=4— 4]
This implies
|84 — B|| <[4 — 2.

for all 2y, 25, € F,. A is a nonexpansive. All the suppositions of Theorems|3.2.1 and
3.2.2 are hold and B has a BPP (0,1). Since &4 (0) contained in compact set T,
for all 6 € A, sequence defined by Algorithm S1 and Algorithm S2 converges to BPP

(0,1) see Table[3.2
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Chapter 3. Iterative convergence to best proximity points

On+1 C1 Ca C3 Cy

o | (0,3/2) (0,3/2) (0,3/2) (0,3/2)

o, | (0,1.0239) | (0,1.2035) | (0,1.0005) | (0,1.1142)
61 | (0,1.0011) | (0,1.0828) | (0,1.0000) | (0,1.0261)
o6 | (0,1.0001) | (0,1.0337) (0,1.0060)
b10 (0,1.0056) (0,1.0003)

Table 3.2: Camparison between Algorithm S1 and Algorithm S2

Table[3.2 shows a comparison between Algorithm S1 and Algorithm S2 for different
values of 1, !, 7. Here ¢1 shows sequence defined by Algorithm S1 with n), = d,, =

/

3
Vo =0 C2 shows sequence defined by Algorithm S1 with n, = 0, =, = 0.9, c3 shows

3
sequence defined by Algorithm S2 with ), = 9/, =~ = 7 shows sequence defined by

Algorithm S2 with n,, = 6, = ~,, = 0.9.

Next, we modify Algorithm S, for non-self mapping #Z : 95 — 7, using the

projection operator as follows. For arbitrary oy € .73, define

Oonir = (1 —1,)P 7, B + 1, P 7, Bi

h=  PrB((1—=0)in~+ 0, P 7 RBijn) Algorithm (S”)

= P7B((1—,)0n+ VP 7 PBon)

where 7/, ., 0., € [0,1], n € NU{0}.

Theorem 3.2.3. Let # : J, — T, is a NE. If P4 H(T,) contained in a compact
subset of .77, then sequence {6, } defined by Algorithm S’ converges to a BPP of %
strongly.

Proof. 1f 6y € 93, then there exists 86, € 5, such that ||6g — Bo1|| = || — Pl

Since %06, € J5,, then there exists P 5 HB(wy) € J1 such that

|5, Boo — Bon|| = || 7 — . (3.30)
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3.3 Convergence to solution of split fixed problem

If y € Z another point such that ||y — %6:|| = || 71 — J5||. Using Remark [1.1.3, we
obtain || P4 oo — yl|| = ||$01 — $01||. Hence, (P 5, PB)0p = y. Similarly,

| P 5, P01 — Bos|| = || — A|. (3.31)

Using (3.30), (3.31]) and £- Property, we have
| P 7, Boo — P 7, PB0r|| = || P01 — Bo||. (3.32)
Next, we have to prove that #5 % : 7, — 7, is a NE. Using (3.32)), we obtain

(P, B)02 — (P57, B)o5| =|| P, (B2) ~ P, (505)|
=186, — 204

<[[62 — 63l.

Let 2 is BPP of A. Thus ||Z — B%|| = || 7 — S||. Since B% € F5, then there exist
Pz, % € T such that || P Bi — BE|| = || 71 — | Again using Remark @,
we get Pz Bz = Z. This implies £ € F (P4 A). Similarly, if £ € F (P 5 PB), then
% is BPP of . It shows that the set of the FP of a mapping &5 4 is equal to the
set of the BPP of a mapping %. By Theorem [3.1.2) Algorithm S’ converges to a FP
of Z7 % which is equal to a BPP of . O

3.3 Convergence to solution of split fixed problem

In the current section, we provide the iterative algorithm which converges to a solution
of the split FP problem in Hilbert spaces. The results of this section are published in
Sharma and Chandok [68].

Let 771, be a Hilbert space and 6, € .74 be arbitrary. Define
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Chapter 3. Iterative convergence to best proximity points

o= ot wBLH( B — 1) Lo,

6n+1 = (1 - n;)gn + 777/155?771

where 1), 7,00, (v, +0.,) € (0,1), n e N, g € (0,1) and w € (0, %) with x being the
spectral radius of Z*.Z.

Theorem 3.3.1. Let J#, 7% be real Hilbert spaces, .& : 54 — 7 be a bounded
linear operator and B : 74 — 4, B, . 5 — 5 be continuous quasi-NEs. If
S ={6e€ F(B): Loec F(H$)} #0, and sequence {6,,} defined by Algorithm (SS),
then

(i) {0,} is Fejer monotone with respect to ., that is, for every z € .,
[0n1 — 2|[ < [0 — 2[|,n € N.

(ii) {0n} converges weakly to a point 6 € .%.

Proof. By Remark [1.1.1, .7 (%) and .% (%,) are closed and convex subsets of 7 and
5, respectively. Let z € ., by Lemma [1.1.3, we get

16041 = 2[1* < 11 — 21 = 0, (1 = 1)||BGw — gul .
Similarly,
190 — 211 < Mlin = 211> = (v + 8) (L = 75 = 6| Bl — ] . (3.33)
On the other hand, we have

[[in = 2II?

=||6p +wBL* (B, — 1) L6, — 2||?
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3.3 Convergence to solution of split fixed problem

=|6n — 2|1 + W2B%||.L(By — 1)L, > + 208 (6, — 2, L7 (By — ).L5,)
=00 — 2||* + W82 (B — 1)L 60, LL*(B) — 1)L 6n) + 200 (60 — 2, L (B — 1)L 6n) .
(3.34)

Since k is the spectral radius of . £*.Z,

WQBQ <(=%1 - I)génagg*(ggl - I)$6n> S H'Wzﬁz <(<@1 - [)$6n> (<@1 - [)$6n>
= rw?B%|(%B1 — 1).L6,|)* (3.35)

By Lemma [1.1.3, we obtain

2wB (6, — 2, L (B — 1)L 6,)
=2wB (L (0, — 2), (B — ) L by)
=2wlB (L0, — 2) + (B — 1) L0, — (B — 1) L0y, ($B1 — 1)L 0p)
=20B((L(6n — 2) + (B — 1) Lb,,, (B, — 1)L6,) — ||(B, — ) L6,
=2wB(B\L b, — L2, B L6, — L6y) — ||[(BL — 1)L6|%)

<z (U= DEOE (5, - .z6,7)
— Al D Lo (330

Using (13.35) and (3.36) in (3.34)), we obtain
llin = 211> < 1160 = 211> = wBL (1 = kwB)||(B1 — 1)L . (3.37)
By (3.33) and (3.37), we get

16041 = 2||* <[]0 — 2| = wBL(1 - kwp)||(Z1 — 1).L0,|*~
(v + 0) (1 =3 = G B — 1l * = 1, (1 = )| G0 — Gl
<[|on — 2lI* = wBL (1 - KwB)||(B1 — 1) L 6,|"~

(v + 8, (L = 70 = 8[| B — i . (3.38)
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Chapter 3. Iterative convergence to best proximity points

By (3.38), we get
on41 — 2|1 <[|on — 2]1? — wBL(1 — Kkwp)||(B1 — 1) Lon|*. (3.39)

It follows that ||6,41 — z|| < ||6, — z||. Hence {6,,} is Fejer monotone with respect to
" and {[|0, — 2|[} is monotonically decreasing. So, assume that lim [|0, — z|| = { for

some [ > 0. It follows from ({3.39)) that
T [, — 1) o, = 0 (3.40)

Since sequence {6, } is Fejer monotone, sequence {4, } is bounded. As .# (%) is com-
pact, there exists a subsequence {6,,} of {9,} such that 6,, — 6 € F#(#). Then it
follows from that $,.26 = £6. This shows £6 € .#(%;). On the other hand,
by setting 2, = 0, + wpL* (A, — 1) L6, we have

[lins = 0ll =[|0n, +wBL (%1 — 1)L 6y, — 0]
<[on, = o[ + wB||-L7[[|[(#B1 = 1)L 0|

— 0 as § — 0.

From ({3.38)), (3.39) and the convergence of sequence {||6,, — z||}, we obtain

lim || B, — in,|| = 0. (3.41)

n—o0

It follows that %6 = 6. Hence 6 € .. Assume that another subsequence {6,,} of {0, }

converges to 0; € . such that 6 # 6;. By Opial’s condition,

tim 115, — ol = im [, — ol < lim [}, ~ 5] = Jim [16, — &
:jlggoHanj — 01| <J.1Lr£10||6n]' — 0l = nlLHOlOH@L —all,

which is contradiction so 6 = 6;. Consequently, sequence {6, } defined by Algorithm

(SS) converges weakly to a point 6 € .. ]
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3.4 Convergence to solution of split best proximity point problem

Remark 3.3.1. If we take (), + d/)) = 0 then Algorithm (SS) reduces to the algorithm
presented by Moudafi (Algorithm (2.12), p.4085, [49]) as described below:

= OntwBLH (B — 1) Lo,
(M)

Onir = (L= 1)in + 1, Bl
where 77/, € (0,1),n € N, f € (0,1) and w € (0, H—lﬂ) with x being the spectral radius of
L L.

Corollary 3.3.1. Under the assumptions of Theorem [3.3.1, sequence {6,} defined by
Algorithm (M). Then

(i) {0,} is Fejer monotone with respect to . , that is, for every z € .7,

[10n1 = 2| < |6 — 2[[,n € N.

(ii) {6,} converges weakly to a point 6 € .7
We give some examples to validate our results.

Example 3.3.1. Let J4 = 5% = R? with Fuclidean distance. Let B : 74 — 5 be
defined by %(0,9) = (5—0,§), for all (6,9) € H4. Let By : 5 — 5 be defined
by $(0,5) = (10 — 6,%) and £ : S — 5 be defined by £(6,9) = (20,29) for all
(6,9) € 4. It is clear that both B and B, are quasi-NEs and B has a FP (;,0)

5
and .,2”(5, 0) = (5,0) is F'P of ;. All the suppositions of Theorem|3.3.1 are hold, so

sequence defined by Algorithm (SS) converges to (;, 0).

3.4 Convergence to solution of split best proximity

point problem

In this section, we define a new algorithm using projection operators which converges
to a solution of the SBPP problem in Hilbert spaces. We give a numerical example

to back up our assertions and demonstrate that our technique converges to solution of
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Chapter 3. Iterative convergence to best proximity points

SBPP problem. The outcomes of this subsection are published in Sharma and Chandok
[68].
Let 69 € 7, arbitrary. Define

= Plon+wBL(PyrP —1)Lo,)
=" (L= = 0,)in+ (3 +6,) P 7 Bl (SS")

6n+1 = (1 - n;z)gn + 77}@%93%

where 7/, 7., 00, (v, +0.) € (0,1),n € N, 8 € (0,1) and w € (0, %) with k being the
spectral radius of £*.Z.

Theorem 3.4.1. Let 77, .%#, and %, .%5 be non-empty closed convex subsets of Hilbert
spaces ¢ and g% respectively. Let & : 74 — 4 be a bounded linear operator
such that (%) C % and B : S — F, B : T — F5 be best proximally NEs
with non-empty Bests % and Bestz,(#). If B(A,) C F,, $1(F,) C Fo,, S* =
{6 € Bestn B : L6 € Bestyn %1} # 0 and {06,} is a sequence defined by Algorithm
(SS’), then

(i) {0n} is Fejer monotone with respect to . | that is, for every z € /*,

6ms1 — 211 < |16, — 2ll,n € N.

(ii) {6,} converges weakly to a solution of SBPP 6 € ..

Proof. Since B : J; — F; be best proximally NE and #(.7;,) C %, by Lemma[l.1.1
P 7 A is quasi-NE on .77,. Next, we prove that set of FP of a mapping &4 % is
equal to BPP of S. Let 6 € F(F5HB). Since P4 A is a quasi-NE on .7, we have
P 7 B(0) € A,. So there exists Bo € F; such that || P 5 B(6)—Bo|| = || 71— F||. If
PBi € F is another point such that || P4 B(0) — Bz|| = || 71 — F1||. Also by Remark
[1.1.3, the pair (71, %) has £-property we have || 25 %B(0) — P (0)|| = || Bo — B||.
This shows #6 = Az. Thus

|10 — Hol| = || 27 %(0) — Hol| = [| 71 — Al
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3.4 Convergence to solution of split best proximity point problem

where 6 € F (X5 %). This shows that F (X5 HB) C Besty . Similar arguments
shows that Best; % C 7 (X5 AB). Hence F(P5AB) = Besty . Similarly, we
can prove that £z % is quasi- NE and set of FP of a mapping &4 %, is equal
to BPP of . By Theorem [3.3.1, {0,} is Fejer monotone with respect to ¢ and
converges weakly to a point 6 € € where 0 = {6 € F (P57 B): Lo€ F(P7PB1)}.
Since F (P 5 B) = Besty, B and F (P 4,%B,) = Best 7,%,. Therefore, {6,} converges
weakly to a point 6 € /%, ]

Example 3.4.1. Let 5 = 7 = R? induced by Fuclidean distance. Let 7 = [0,2] x
0,2] and .7, = [3,5] x [0,2]. Let F = [0,4] x [0,4] and %3 = [6,10] x [0,4]. Let
B+ T — T be defined by B(6,5) = (5—06,%), for all (6,3) € Fi. Let By Tp — F
be defined by $1(0,9) = (10—106,9) for all (6,9) € Fs. Let £ : 74 — 5 be defined by
Z(0,§) = (20,2§) for all (6,§) € JA. It is clear that 71, = {2} x [0,2], %1, = {3} X
0,2], %, = {4} x [0,4], %5, = {6} x [0,4],d(A, F) = 1,d(T, F1) = 2, Best B =
{(2,0)}, Best 7%, = {4} x [0,4], . = (2,0) and B, %, are NEs such that B(7,) C
Fi1y, B1(Ty) C Fo,. Clearly, B has BPP (2,0) and £(2,0) = (4,0) is a BPP of %.
All the suppositions of Theorem [3.4.1 are fulfilled, so sequence defined by Algorithm
(SS’) converges to (2,0), see Table . Take +/, = L and ny = 8/, = —

12n n-+25"

A

n On Lo,
0 (2,2) (4,4)
1 | (2,1.006173¢ + 00) | (4,2.0123)
2 | (2,5.473394e — 01) | (4,1.0947)

39 | (2,4.156611e — 09) | (4,0.0000)

Table 3.3: Table

If we take 7 is compact in Theorem [3.4.1 then we have following result:

Theorem 3.4.2. Under the hypotheses of Theorem [3.4.1, suppose that .77 is compact
and {0,} is a sequence defined by Algorithm (SS’). Then
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(i) {0n} is Fejer monotone with respect to .#* | that is, for every z € /*,

16n1 = 2| < |6 — 2l[,n € N.

(ii) {6,} converges strongly to a solution of SBPP 6 € .#*.

Remark 3.4.1. If we take (), +6/) = 0 then Algorithm (SS’) reduces to the algorithm
presented by Suantai (Algorithm 3.1, p.2664, [77]) as described below:

hn= Polon +wbL( PR — 1) Lo,
Al (P 7,51 — 1)L 0] (sU)

Opp1= (1— n;)%n + %g%%zn

where 77/, € (0,1),n € N, f € (0,1) and w € (0, H—lﬂ) with x being the spectral radius of
L*L.

Corollary 3.4.1. (Theorem 3.2, p. 2665[77]) Under the hypotheses of Theorem3.4.2,
sequence defined by Algorithm (SU). Then

(i) {6n} is Fejer monotone with respect to .* |, that is, for every z € .7,

101 = 2|] < [[on — 2[[,n € N.

(ii) {6,} converges strongly to a solution of SBPP 6 € .7*.

Remark 3.4.2. Theorem 3.2 of ([77], p. 2665) is a straightforward consequence of
Theorem 2.1 of Moudafi ([49], p. 4086).

Theorem 3.4.3. Let 77, 7 be two non-empty closed convex subsets of a real Hilbert
space ¢ with 7] is compact and B : 7, — S, B, : F — T be two best proxi-
mally NEs with non-empty Best s % N Bestz (%:). Suppose that #B(.7,) C Z, and
B (F,) € F,. Then sequence {6,} defined by Algorithm (SS’) converges strongly to
a common BPP 6 € Best 5 % N Best g (%).

If we take 74 = 5 = H#, L =1, 9 = %, and Fp = %, in Theorem [3.4.3,

then we get the following result:
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3.4 Convergence to solution of split best proximity point problem

Corollary 3.4.2. (Theorem 4.2, p. 2667, [77]) Under the hypotheses of Theorem [3.4.3,
sequence {6, } defined by Algorithm (SU) converges strongly to a common BPP 6 €
Best 5 B N Best 7, (%1).
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Chapter 4

Applications

This chapter deals with the applications of BPPs. It has been split into three
sections. In the first section, we present the solutions for variational inequality problem
(VIP) in Hilbert spaces. The findings of this section are published in Sharma and
Chandok [65]. In the second section, we provide a solution for differential equations
in the framework of BSs and the findings of this part are accepted in Sharma and
Chandok [71]. In the last section, we consider the model that spreads a specific virus
with a cyclical variable periodic contract rate using a non-linear integral equation. The

findings of this section are published in Sharma and Chandok [72].

4.1 Variational inequality Problems

In this section, we provide the solutions for VIP in Hilbert space .7# endowed with two
norms. Also, we prove that iterative scheme converges to solution of VIP.

The VIP was introduced by Stampacchia [76] in 1964, this gives us a tool for creating
different kinds of optimization, FP, and equilibrium problems. VIP with respect to a
subset .77 and a monotone operator .€ : J; — S symbolized by VIP(¥, %), is to
detect a point 6* € 7] such that

(ZLo6*,0—0") >0, forall 6 € 4.
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It is known that if w > 0, then 6* € .7 is a solution of VIP(.Z, .7 ) if and only if 6*

is a solution of the FP problem
0=L75(—wZ)o,

where &4 is projection operator onto .7;. Byrne [10] has been proved, if P4 (I —w.Z)
and (I — w.Z) are NEs, then the iterative algorithm defined by,

ont1 =271 —wl)o,,n €N,

converges weakly to a solution of VIP(.Z, Z), for any 6y € .
Now, we generalize VIP in binormed spaces and prove the convergence of iterative

algorithm to a solution of VIP.

Theorem 4.1.1. Assume that 7] is convex and closed subset of a .74 endowed with two
norms ||.|| and ||.||; such that ||.||l; < ||.]| and P4 (I —w.Z) satistying (2.25) on 7,
w>0. HVIP(Z, 71) # () then sequence generated by

ont1 = P71 —wL)oy,

converges to a unique solution 6 of the VIP(.Z, 7) for any 6y € 7.

Proof. Given 7] is convex and closed, we can take 7, = # and B = P4 (1 —w?L)
and using Corollary [2.1.8, we get result. O

4.2 System of differential equations

We give a solution to the system of differential equations in the context of a BS in this

section. The findings of this section are accepted in Sharma and Chandok [71].

’ ’

Definition 4.2.1. Let 24 = B(60,b), % = B(jo,b) be closed balls in a BS #', where
d,l; e R*, {, € R and 6y, §o € #, G be a interval. Assume that I': G x % — # and

'y : G X % — W are continuous mappings. Examine the differential equation system
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4.2 System of differential equations

below:
(DE)

defined on a closed real interval G = [ty — h, fo + h] for some h € R*. Take 0(G, %) =
{6 € (G, #):0ts) = 60}, and B(G, %) = {3 € (G, #) : §(fs) = Go}. Now

16 = 9lloc = sup|o(f) — 4(£)I| = 1160 — gol|. for all (6,9) € L(G, %) x (G, %),

e

and so,
IC(G, 2) — C(G, 2)1| = 1160 — Goll- (4.1)

Let % : 0(G,24) UC(G, %) — C(G,#') be a mapping defined as

t
Bo(l) =g+ | T1(5,0(8)))ds, 6 € C(G,7)
to
3 i
Bi(t) =00 + | T(5,4(5)))ds, § € C(G, %).

to

We say that 2 € 0(G, %) UC(G,%) is a BPP for (DE), if || — #%|| = ||C(G,21) —

We demonstrate the succeeding theorem:

Theorem 4.2.1. Based on the definition 4.2.1 hypotheses, we assume that
(i) O(I(G x Q2) UT'(G x Q1)) < <(B(Q1 U Q2))0(Q1 U Qo);
(ii) [0 0) =T, )l < 4(116() — g(d)I| — 11go — dl]),

where ¢ = - and for any (Q1,Q2) C (71, %) and h < min {d,é/]l,é/lg, 1/26}, where

I; = sup {F(t,g) :(£,0) € G' x 02/1}, and I, = sup {Fl(f, 0): (£,9) € G' x %2}. Then
system (DE) has a BPP.

Proof. Notice that (C(G,24),C(G, %)) is a convex, closed, bounded pair in C(G, #)
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and 4 is cyclic on (C(G, %) UC(G, %,)). Consider

4 A t’ 7’ A 7z 7z A t/ 7z A ’ /
126011 = ll30 + [ T1(5.0())dsl < [1goll + [ 1IT2(5,6(5)) 13

< [0l + Ioh < ||gol| + b.
It shows the boundedness of Z(C(G, %4)). Also,

t 4
, Fl(é,é(é)))dé—/ T1(4,6(3)))ds
to to

t’/

< [ IIPa(s,6())1ds < blf = 7.

|%0(t) — Bo({')| =

It implies that Z(C(G, %)) is equicontinuous. Using similar lines, one can easily prove
that B(C(G, %)) is also bounded and equicontinuous. Accordingly, Arzela-Ascoli’s
theorem, (C(G,%4),0(G, %)) is relatively compact. We have to claim that % is a ¢
cyclic mapping. Suppose that (£, #) C (C(G,%),0(G, %)) is a % invariant, closed,
proximinal pair and convex. By , we have

1.7 = 2 =IL(G, %) — TG, %) = 1|60 — oll.
Using Theorem 2.11 of [81], we deduce that

O(#(F)UAB(J)) =max{O(B(S),0(#(7))}

—wx fsup {6 ({006 0 ) s {5 {006 0 £ )}

ieG ieG

— max {iﬁé’ {U( {go + ,;jrl(é’ 6(5)))ds 1 6 € ﬂ} > }} ,
sup {U( {50 + ijf(é, §(8))ds 6 € /} ) } .

Now, using Lemma [1.1.8, we obtain

do + t,z I'1(3,6(4)))ds € o + (f — fo)eom ({T'1(5,6(3))) : § € [fo,1]}),
o+ [ D(,8(9)ds € oo+ ( — foyeom ({D(5.3(5)) - & € o)),

to
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4.3 Model for transmission of virus

Therefore,

O(A(I)VB(F))
< max {sup {zs( {go+ (£ = to)eom ({T1(5,6(3))) « § € [fo, t’]})}}} ,

o {U(G{ + (£ — foYeom ({T'(5,(9))) + § € [fo. 11}) ) }}
< swp. {U<{g0 + Aeon ({T'1(G x #)})} ) } )

sup {6 04 20 (16 1)) )}

0<A<h

= max {hO(T1(G x #)), kWO (G x _#))}

=hO({(I' (G x £)U(I(G x _#))})
1

<7 OUTUG x M) U x N

—(B(F U _2)B(F U 7).

It implies that Z is a ¢ cyclic condensing mapping. Next, we have to prove that % is
cyclic relatively NE. For all (6, ) € C(G, 21) x C(G, %), we obtain

t

levotty - 200 = | (a0 Tots.o0900s) = (a4 [ (s a00)as)

to

£
<lgo = doll + [ IIT1(5.0(5)) = T(5. 5()))]
0
N Lot NN
<lldo = aoll + 5 [ (116(5) = ()| = lldo — ool s

<90 = 0ol| + (1I6($)) = 3())llsc — [I90 = 0oll) = 110 = §l[cc-

Thus, the outcome is derived from the Theorem [2.1.9. O

4.3 Model for transmission of virus

In this section, we solve the model that spreads a virus with a cyclical variable periodic
contract rate using a non-linear integral equation. The succeeding equation can be seen

as a model for the transmission of some virus diseases, whose cyclical variation in the
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periodic contract rate is seen (see [46]).

o0 = | " (s, 6(s))ds, (4.2)

—T

where 6(f) is how many people are infected with virus at time £, I'(£,6(f)) is the
proportion of new cases in a given time unit (I'(£,0) = 0), and 7 is how long a person
can still spread the virus.
Assume that # = C(R,R) which are g-periodic with maximum norm. Let % be a
UCBS, K be a cone of non-negative functions in % and % be a defined on K as
Bo(f) = [}_T(s,o(s))ds.

Theorem 4.3.1. Assume that the succeeding requirements true:
(i) T': R x RT — R is continuous,
(ii) T(f,6) = (4 0,0), for all f € R, 6 > 0,

(i) 0< p=f _ds<1,

(iv) |T(£,01) — T(£,60)| < |01(f) — 65(F)], for all 61,6, € #'.

Then, the mathematical model (4.2)) has a solution.
Further, if Z(.7) lies in a compact subset of .77, then Algorithm (S) converges strongly

to the solution of (4.2)).

Proof. Consider

|120(f) — Bi(0)|| <||Bo(i) — Bi()]
—sup | Bo(t) — Zi(f)|

=sup ((s.6(5) = L(s. i) [ _ds
< Stlellg (]6(3) - g(s)|) ;T ds

=pllo =l < ]o -],
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4.3 Model for transmission of virus

It shows that & is a NE. By Browder’s Theorem (Theorem 1, p.1041, [§]), mathematical
model (4.2) has a solution. Thus, the outcome is derived from the Theorem [3.1.2. [
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Conclusion and Future Scope

In the thesis, we discuss some existence results on BPP in the framework of a MS,
relational MS, binormed linear spaces and quasi partial MS using different types of
contraction mapping. Moreover, we examined some findings on the existence of best
proximity pairs in the scope of a strictly convex BS. We also introduce some iterative
algorithms using projection operators that converge strongly to a best proximity point
for non-self mappings. In addition, an algorithm for approximating the common FPs of
NEs and strongly pseudocontractive mappings, a three-step algorithm that converges
to a solution of split common FP problem and an algorithm that converges to a solution
of SBPP problem. In the last we apply the theoretical results obtained in the thesis to
variational inequality problems, system of differential equations, and non-linear integral
equation models, including a virus transmission model.

This Ph.D. research lays a strong foundation for a range of future studies and

advancements, outlined as follows:

1. To find sufficient conditions for the existence and convergence of solutions to

minimization problem.

2. There are many approaches to construct an algorithm for existence of best prox-
imity point. One of them is fixed point. We will try to construct an algorithm

for best proximity point without using fixed point approach.

3. There are several other fields, in which we can extend the applications of best
proximity point such as medical, economics, biology and chemistry to solve their

problems.
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Conclusion and Future Scope

4. To study variational best proximity point problems and define an algorithm using
projection operator which converges to a solution of variational best proximity

point problem for more general class of mappings.
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