Some Remarks on Conjugate Closed Groups

Thesis submitted in the partial fulfillment requirement for
The award of the degree of
Masters of Science
In

Mathematics and Computing

Submitted By
Tina Verma

Roll no.- 301003029

Under

the guidance of

Dr. Deepak Gumber

July 2012
School of Mathematics and Computer Application
Thapar University,
Patiala-147001(Punjab)

India



Dedicatedto
God,

Parents and Teachers



CERTIFICATE

ﬁ
l
| hereby certify that the work which is being presented in the thesis entitled “Some remarks on
Conjugate Closed Groups” in partial fulfillment of the requirement for the award of the degree
of Masters of Science, School of Mathematics and Computer applications, Thapar University,
Patiala is an authentic record of my own work under the supervision of Dr. Deepak Gumber.

The mater presented in this thesis has not been submitted for the award of any other degree of
this or any other university.

V\’M\,%

(Tina Verma)

(Registration No. 301003029)

This is to certify that the above statement made by the candidate is correct and trye to the best of

~ my knowledge.

(Dr. Deepak Gumber)
~ Associate Professor
j SMCA, Thapar University,

. Patiala.

- Countersigned by:

L »
- Dr. S.S. Bhatia ' Dr. S.K. patra
(Professor & Head) _ Dean of Academic Affairs

‘School of Mathematics and Computer Applications Thapar University -

Uhapar University, Patiala Patiala




ACKNOWLEDGEMENTS

___—____——ﬁ

[ feel privileged to express my deep sense of gratitude and respect to my guide Dr. Deepak
Gumber, Associate Professor, School of Mathematics and Computer Applications, Thapar
University, Patiala, for his keen interest and expert guidance, cool temperature, strong motivation,
valuable suggestions and continuous encouragement throughout the course of the work. I thank him for
his great patience, constructive criticism and myriad useful suggestions apart from invaluable guidance to
me. 1 am sure that the knowledge gained through my association with my supervisor shall go a long way

in helping me to realize my goals in life.

1 am highly obliged to Prof. S.5. Bhatia, Head SMCA, Thapar University, Patiala, for their motivation

and inspiration that trigged me for thesis work.

1 would like to thank all the staff members and co-students who were always there at the need of the hour

and provided with all the help and facilities, which I required to completion of my thesis.
I am also thankful to Mr. Hemant Kalra who helped me to complete my thesis.
[ am also thankful to the authors whose works I have consulted and quoted in this work.

I also express my deepest gratitude to my parents and family, without whom I am nothing, to provide

me great opportunities, everlasting support, big encouragement and lots of love.

Last but not the least i would like to thank God for not letting me down at the time of crisis and showing

me the silver lining in the dark clouds.

W (]
LA \)
(Ms. Tina Verma)

Date: 12 July, 2012

Place: Thapar University, Patiala.



Table OF CONTENTS

Chapters Page No.
1. INTRODUCTION 6

2. NOTATIONS AND PRELIMINARIES 7

3. MAIN RESULT 32

REFERENCES 48



Chapter-1
INTRODUCTION

Throughout this thesis, we dend@tg Z(G), x¢, x", the derived group, center, conjugacy class of
x in G and conjugacy class #fin H, whereH is a nhormal subgroup @f. The influence of
arithmetic structure of conjugacy classe# ofike conjugacy class size, number of conjugacy
class sizes on the structurefs extensively studied. For more detail on thegder can see the
excellent survey article by Camina and Camina[1].

In this thesis, we study the structure of groupsmf = x* for everyx € H.

A normal subgroupi of a groupG is said to be conjugate closedxf = x for everyx € H. A
groupé is said to be conjugate closed if every normabsoip ofG is conjugate closed. We
abbreviate conjugate closed group€ ds- Groups.

A groupG is called & — group if every normal subgroup of a normal subgrouie @ normal
in G. It is easily seen th&tC — Groups form a proper subclass 6f— group(Lemma 3.1.2). A
groupé is said to be perfect @’ = G. A groupG is called semisimple if it has no non trivial

normal abelian subgroup.

In sectionl of chapten3 of this thesis we prove the following two theorems

1) Every normal abelian subgroup of& — Group is central.
2) Let G be a group such that= Z(G) x H. ThenG is conjugate closed if and onlyAf is
conjugate closed.

Our main result of this thesis is:

A finite groupG is semisimple, conjugate closed and perfect if@mgl if G = G, X G, X ... G,
where eaclt; is non abelian and simple subgrougrof

Section2 of chaptens is related to the structure of th€ — Group G, whereg is nilpotent or
solvable. We prove that a conjugate closed solvagtaap is abelian. In this section we also
prove that fom > 3, the symmetric grou§,, is not conjugate closed. All the main results in
chapter3 are proved in [3].



Chapter-2
NOTATIONS AND PRELIMINARIES

Definition 2.1 (Product of two subgroups)
Let H andK be two subgroups of a grodp then the sei K defined by

HK = {hk: Y h € H,k € K} is called the product of the subgroupgndK.

Definition 2.2 (Inverse of a subset of a group)
Let H be a subset of a grouj then the inverse df is H~! and is defined as

Ht'={h1:forallh € H}

Definition 2.3 (Centralizer of a subgroup)

LetH < G, if x € G s.txh = hx V h € H, then we say that centralizedi. The centralizer ol
iNGisC;(H) ={x€G|xh=hxVhe€H}

For example, lef; be a symmetric group amd < S; thenCs, (4;) = A4;.

Note: Let H < G, whereG is an abelian group thef (H) = G.

Proposition 2.4C;(H)is a subgroup of.
Proof: Letx € C;(H). Thenxh = hx V h € H.
>hx'=x'h VheH
=>x 1 e C,(H)
Let x,y € C;(H). Thenxh = hx andyh =hy VheH
Now, xyh = xhy = hxy YVh€ H



ThereforeC;(H) < G.

Definition 2.5 (Normalizer of a subgroup)

LetH < G, if x € G s.t xH = Hx, then we say that normalizes H. The normalizer of Hin G is
N;(H) = {x € G|xH = Hx}

For exampleNs, (4;) = S.

Note: LetH < G, whereG is an abelian group the¥),(H) = G.

Proposition 2.6 N;(H) is a subgroup of .
Proof: Let x € N,;(H).

ThenxH = Hx = Hx ' = x"'H

So x~1 € N;(H).

Letx,y € N;(H), thenxH = Hx andyH = Hy
Now xyH = xHy = Hxy. Soxy € N;(H).

ThereforeN;(H) < G.

Proposition2.7If H < G, thenH is normal inN; (H).

Proof: For eactu € H we havenH = Ha.

Since H € N;(H) i.e.H is a subgroup of contained inN;(H).
AlsoV a € N;(H), we haveaH = Ha.

SoH is normal inN; (H).

Proposition 2.81f H andK are subgroups offandH is normal subgroup df, thenK < N, (H)
i.e. N (H) is the largest subgroup 6fin whichH is normal.

Proof: Let H € K < G such that{ is a normal subgroup &f andK is a subgroup of.



Now we will show thai € N;(H).

Let k € K be any element, thdik = kH,sinceH is normal subgroup df so by the definition
of N;(H), k € N;(H).

Thereforek € N;(H) Vk €K.

HenceK S N;(H).

Proposition 2.9H is normal subgroup df iff N;(H) = G.
Proof: Firstly, letH is a normal subgroup @f.

Thenvg € G,we haveHg = gH. Sog € N;(H).
ThereforeG < N;(H).

But N;(H) € G always, henc€& = N;(H).

Conversely, leN;(H) = G.

ThereforeN;(H) = {x € G|lxH = Hx} =G

SoxH = Hx Vx € G.

HenceH is a normal subgroup @f.

Proposition 2.10C; (H) is normal inN; (H).

Proof: Leta € C;(H), thenah = haV h € H.

Let g € N;(H), thengH = Hg. Thereforeg™*H = Hg™?.
Sog~h = h,g~' forsomeh,h, € H

Now (gag™)h = gag™h = gah,g™" = ghyag™ = h(gag™).

SoC;(H) is normal inN; (H).

Definition 2.11 (Center of a Group)



The centeZ(G), of a groupG is the subset of elementsdnthat commute with every element of
G.In symbolsZ(G) = {a € Glax = xa V x € G}

For exampleZ(S;) = {1}

Remark: G is abelian iff Z(G) = G.

Proposition 2.12Z(G) is a normal subgroup @f.

Proof: Sinceex =xe,Yx € G =e € Z(G).

ThereforeZ(G) # ¢.

Now we will show thaZ () is a subgroup of.

Let a,b € Z(G),thenax = xa,Vx € G andbx = xb,Yx € G = xb~ 1 =b 1x
Now x(ab™1)= (xa)b™! = (ax)b™t = a(xb™ ) = a(b™'x) = (ab™Hx
Thereforeab™ € Z(G)

SoZ(G) <G.

Now we will show thaZ(G) is normal inG.

Leta € Z(G) andg € G be any element.

Now gag™ = (ga)g™"' = (ag)g™" = a(gg™")= ae = a € Z(G).

So0Z(G) is normal inG.

Definition 2.13 (Quotient Group)

If H is a normal subgroup of a group G, then the g of all right cosets off in G under
the compositio{Ha)(Hb) = Hab is called quotient group.

Proposition 2.13 If H is a subgroup of an abelian gra@pthen the groug/H of all right
cosets off in G forms an abelian group under composition defineéi&®. Hb = Hab .

Proof: If H is subgroup of an abelian grodpthenH is a normal subgroup @f.

ThereforeG/H forms a quotient group.
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Let Ha, Hb € G/H so thata, b € G.
(Ha)(Hb) = Hab = Hba, since G is abelian therefoa® = ba

@Db)(Ha)

HenceG /H is an abelian group.

Definition 2.14 (Conjugate elements)

If a, b be any two elements of a grodpthenb is said to be conjugate toif 3 an element
x € G s.th = xax™', and we write it ag~a.

Definition 2.15 (Conjugacy class)
Let G be a group and € G.The conjugacy class afin G is defined as
x ={gxg~'| g € G}

It is also denoted ad(x).

Lemma 2.16The relation of conjugacy in a groGpis an equivalence relation.
Proof: Define a relation ~ ofr as follows

a~b iff a = gbg~! for someg € G.

Let a, b, c be any arbitrary elements 6f

Sincea = eae™!. Thusa~a.

Therefore ~ is reflexive.

Let a~b. So there existg € G such thatt = ghg™?.
Thus,g~t ag = gla(g~)"'=b. Sob~a.

Therefore ~ is symmetric.

Let a~b andb~c.So there existg, h € G such thatt = ghg™* andb = hch™.

11



Now a = gbg~! = g(hch™) g~ = (gh)c(gh)™!. Soa~c.
Therefore ~ is transitive.

Hence the relation of conjugacy in a graugs an equivalence relation.

Lemma 2.17Let G be a group. Then the set of conjugacy classésisfa patition of G.
Proof: 1. Define a relation ~ oG as follows
a~b iff a = gbg™? for someg € G.
By lemma 2.16, ~ is an equivalence relationGon
Let x¢ denote the class afunder this relation.
Thenx¢={y € G|x~y}
$y € Glx = gyg™'}

Thus G is partitioned into conjugacy classediof

Lemma 2.18(The number of conjugates ofx)
Let G be a group and lat be an element at. Then ¢ |=[G: C;(x)]
Proof: Let G/C;(x) denote the set of all left cosets@f(x) in G.
Define a magp : x% - G/C.(x)by
p(gxg™) = gCe(x)
Any element oG /C; (x)is of the form gCg;(x) whereg € G and clearly
p(gxg~)=gCc(x)
Therefore ¢ is onto.
Supposeg(gxg ™) = ¢(hxh™?)
= gCe(x) = hCs(x)

= g_lh € CG (X)

12



= (97'Wx =x(g7'h)
= hxh™1=gxg?
Sog is 1-1.

Hence | = [G: C;(x)].

Theorem 2.19For any finite grouz, |G| = X.[G: C;(x)], where summation runs over exactly
one element from each conjugacy class @f

Proof: Supposé is finite, then[G: C;(x)] =|G|/] Cs(x)]
Now by lemma 2.17G partition into conjugacy classes®f
Now G = Uyegx“, a disjoint union of classes.

Therefore {7] =Y |x¢ |, where summation runs over exactly one element ftach conjugacy
class.

Also by lemma 2.18,|x%| = [G: C;(x)]

So |G| =Y[G: C;(x)] , where summation runs over exactly one elemem #ach conjugacy
class.

Definition 2.20 (The Class Equation)
Let G be afinite group. Then
|G| = Y| x|, where summation runs over exactly one elemem fach conjugacy class.
If x € Z(G) , then
x¢ = {x}
And conversely ifc® = {x} thenx € Z(G)
Therefore we can write

|G| = |Z(G)| + X|x¢| ,where summation runs over exactly one element fach conjugacy
class of order 1

13



Theorem 2.21If a, 0 € S,,, thend = aca ™! is the permutation obtained by applyimdo the
symbol ing. Hence any two conjugate permutations,jrhave the same cyclic structure.
Conversely, any two permutationsdp with the same cyclic structure are conjugate.

Proof: Supposer (i) =j
Thenaca ) (a(i)) = (ao)(i) = a()).
Thusif @a, - a,) is acycle ino, then(a(a,) a(a,) - a(a,,)) is a cycle i.Therefore,

cycle decomposition df is obtained by substituting(x) for everyx in the cycle decomposition
of o.

Thuso and 6 have the same cyclic structure.

Conversely suppose thatand 8 have the same cyclic structure (p-a). Theno and 6 have
cycle decomposition

0= (a1az - ap) (Aps1Gps2 = Apig) ™ (An—rs1 Anri2 = Gy)
6 = (by by by) (bpr1 bprz bpsg) =+ (bnrs1 by—yiz = bp)
Definea € S, bya(a;) = b;, i = 1,2+ n

Clearly @oa™1)(b;) = ao(a;) = a(a;;1) = biy; = 6(b;)) V b;
Ll ,aca=1= 6

Thuse and 6 are conjugate.

Definition 2.22 (Transposition)

A cyclic permutation of length 2 is called a traosition.

Definition 2.23 (Even or odd permutation)
A permutatioro € S, is called even (or odd) permutation if it canWwréten as a product of

even (or odd) number of transpositions.

Definition 2.24 (Commutator subgroup)

14



If a, b € G, thecommutator of a,b is denoted bya, b] and defined biyr, b] = a~tbh~1ab. The
commutator subgroup (or derived subgroupl pflenoted by:’, is the subgroup af is
generated by all the commutators. Titis= {[a, b] | a, b € G}

Remark: G is abelian iffG' = {e}

Theorem 2.25Let G be a group an@’ be its commutator subgroup, then

1. G'is anormal subgroup @f.
2. G/G'is abelian.
3. For any normal subgroug of G, G / H is an abelian group ifH containsG".

Proof: 1. Letx = a~b~tab be any commutator iG.Thenx™! = b~ta"1bha is also a
commutator. Moreover, for aryyin G,

gxg~t=(g9a*g™) (gb~*g™") (gag™") (gbg™)
= (gag )" (gbg™) 7" (gag ) (gbg ) EG".

Now any elemeng in G'is a product of a finite number of commutatory, sa

Y = XXz " Xn,
wherex, x, --- x,, are commutators. Then fgre G,
997" = (9%197") (gx29™") = (gxng ™) € G
HenceG ' is a normal subgroup &f.
2. Foralla,b € G,

(aG (b6 1(aG")(bG") =(a " b tab) G' = G’
Hence,
(aG")(bG") = (bG"(aG"). Therefores /G is abelian.
3. SupposeG /H is abelian. Then for all, b € G,

(@b ab) H = (aH) *(bH) 1(aH)(bH)

= (aH) Y(aH)(bH) Y(bH) = H

Hence,a 'b~1ab € H.This proves thatz' c H.

Conversely, let' ¢ H.Thena b tab € G' givesa™*b~1ab € H i.e.abH = baH.

15



Thus(aH)(bH) = (bH)(aH) ¥V aH,bH € G/H.

SoG/H is abelian.

Theorem 2.26The alternating groug,, is generated by the set of all 3-cycleijn
Proof: forn = 1,2 result is trivially true.

Supposer > 3

Clearly every 3-cycle is an even permuatation &edefore in4,,.

Now we prove that every € A, is a product of 3-cycle.

We know that is a product of even number of transpositionsw8aan pair the transformation
ino.

Choose one pairg, 6.

Case 1: Suppose and 6 are disjoint.

Letop = (ab) and 6 = (cd)

@6 = (ab)(cd) = (abc)(bcd).

Case 2: Suppose, 8 have one symbol in common.
Let = (ab) and 6 = (bc)

Thus@8 = (ab)(bc) = (abc)

Hence, every € A,, is a product of 3-cycles.

Theorem 2.27The derived group of,, is 4,,.
Proof: Forn=1,2; S, ={1} =4,
Supposer > 2

Leta = (12) & B = (123)

ThenaBa~1p~1=(12)(123)(12)(132)

16



@23)es,’.
Buts,' < S,
Therefore, every conjugate of (123) isSif.
= §,' contains all the 3-cycles.
But 4,, (By theorem 2.26) is generated by all the 3-cycles
Therefore, 4, € S,,".
On the other hand every commutafi@yf] in S,,’ is an even permutation.
ThereforeS,' € A,

!

Hence 4, = S,

Definition 2.28 (Maximal subgroup)
Let G be a group. A subgroup of G is called a maximal subgroup if

1. N #G.
2. If N<H<G,thenH =N or H = G.

Definition 2.29 (p — group)

Let p be a prime number. A grodpis calledp — group if the order of every elementéGns
some power op.

Theorem 2.30Let G be a finite group of ordes™, wherep is a prime number and > 0. Then
(i) Z(G) is non-trivial.
(i) Z(G) n N is non-trivial normal subgroup of G.
(ii) If H is a proper subgroup 6f thenH is properly contained iNc(H).
(iv)Every maximal subgroup df is normal.

Proof: Consider the class equationf

17



|G| = p™ = |Z(G)| + Yxec[G: C;(x)] , where summation runs over exactly one element from
each conjugacy class of order.>1 Q)

By lagrange’s theoremCg(x)| | |G| Vx € G
If x[Z(G), then|C;(x)| < p™
= pl [G:C;(0)] v xUZ(6)
= Pl LxeclG: C (X)]
Alsop| |G|
Therefore by (1p| |Z(G)]|
= Z(G) is non-trivial.
(i) We haveG = Z(G) U,cc x°, whereC is the set contains conjugacy classes of lergth
NowN =NNG

= N N{Z(G) Uyec x°}

=NNZ(G) U{N N(Uxecx°)}
Therefore|N| = [N N Z(G)] + [N N(Uxec x°)|

= NNZ(G) | + Zxec IN Nx€| 2)

If x € N, thenx® C N
Therefore for any € C,x¢ NN = ¢ or x°
= |x®N N | is either 0 orq°|=[G: Co(x)]
Now p| |[N| andp]|x€¢|, therefore by (2)p| I[N N Z(G) |
= N N Z(G) is non trivial.

(i) Let K be a maximal normal subgroup®fcontained inH. Then the quotient group/K is
of orderp” (r > 0)

By (i) G/K has a non-trivial center séyK.
Since L/K < G/K,soL < G.

Clearly L cannot be irH, because otherwise maximality i6fwill lost.

18



Leth e H,l € L,thenhK € G/K andlK € L/K

Becausd./K = Z(G/K), sdIK)(hK) = (hK)(IK)

= [hK = hlK = |"*hl € HK c H.

Thereforel. ¢ N;(H). This implies that # N;(H).

Becauséd < N;(H) , it follows thatH is properly contained iN; (H).

(iv) If H is a maximal subgroup @f, then by (iii),H < N;(H) implies thatN;(H) = G;
Therefore by proposition 2.9 < G.

Definition 2.31 (Group Homomorphism)

A homomorphismp from a groups to a groupG is a mapping frond to G that preserves the
group operation; that ig(ab) = @(a)p(b) Va,b € G.

Definition 2.32 (Kernel of a Homomorphism)

The kernel of a homomorphisgnfrom a group: to a group with identitye is the set
{x € Glp(x) = e}. The kernel ofp is denoted bKerp.

Lemma 2.33Let f be a group homomorphism frofnto a groupG. Then Kerf is a normal
subgroup ofs.

Proof: Fore € G, we havef(e) =e'= e eKerf

Also Kerf € G =Ker f is non-empty.

Letx,y € Ker f be any two elements.

Now f(xy™) = FOIf (™) = FRFON T =€.(e) ! = ele'=e’
= xy~ 1 eKerf

Thusxy~! e Ker f, Vx,y €Ker f

Hence Keirf is a subgroup of.

Further letg € G andx eKer f

19



Thereforef (x) = e’

Now f(gxg™) = f(DFf (g™ = flg).e.(Fa)™ = f@(f@) " =¢
= gxg leKerf
Thus gxg™! e Kerf, Vx € K andg € G

Hence, Kelf < G.

Theorem 2.34 (First Isomorphism Theorem or Fundametal Theorem of Homomorphism)
Letp:G —» G be a homomorphism of groups. Th@hKer f = Im(¢).

Hence in particular, i§ is surjective the&/ Ker f = G.

Proof: Consider the mapping(/:% — Im(¢p) given byxK ~ ¢(x), where K =Ker f for any
x,y €QG.

NowxK = yK & o(y™'x) = e' & ¢(x) = ¢(y)

Hencey is well defined and injective.

LetxK,yK € G/K.

Theny (xKyK) = ¢ (xyK) = ¢ (xy) = o)) = ¢ xK) ¢ (yK)
Hencey is clearly Homomorphism.

Y is clearly surjective, we conclude thatis an isomorphism of groups.

Theorem 2.35 (Second Isomorphism Theorem)
If N is a normal subgroup &f andH be any subgroup df, then
(HN)/N = H/(HNN)
Proof: SinceN < G andH be any subgroup «f
Therefore HNN is a normal subgroup &f and saHd/(HNN) is meaningful.

AlsoN isnormal inG = Nx =xN, Vx € G

20



=>Nx=xN, VxeEHCG

= NH = HN

= HN is a subgroup of

Thus we havéd € NH € G

Again, N isnormal inG = Nx =xN, Vx€G

= N is a normal subgroup aff N.

Therefore HN /N is meaningful.

Now, we define a map: H - HN /N by

f(x) =Nx, Vx€H

We claim thatf is homomorphism, onto with KernBINN.
Letx,y € H be any element.

Therefore f(xy) = Nxy = NxNy = f(x)f(y) {N<G]
= f is homomorphism

Now, VNx € HN/N, where x € HN

Letx = hn, forsomeh € H,n € N

SinceHN = NH = hn = n'h’ for somen' € N,h' € H

~ f(h") =Nh' = (Nn")h' [+n"€N= Nn"=N]
= N(n'h")
= N(hn)
= Nx

Thus,vNx € HN/N,3h' € H such thayf (h') = Nx

~ fis onto

Further, Kerf = {x € H: f(x) = N}, whereN is the identity element diN /N
={x € H:Nx = N}
={x€eH:x e N}=HNN

21



Thusf is homomorphism, onto with KernBINN
=~ By the fundamental theorem of homomorphism (Thea2e34)

HN/N = H/HNN

Definition 2.36 (Inner automorphism)

The automorphisnf,: G - G given byf,(x) = axa™!,Vx € G, is called an inner automorphism
of G determined byz.

The set of alinner automorphism of G is denoted byn(G). So

In(G) ={f;: f,G > Gs.t.f,(x) = axa™1,a € G}.

Theorem 2.37For any grouftz, In(G) = G/Z(G) whereZ(G) is the center of.

Proof: Let us define a map: G - In(G)

by h(a) = f,,Va € G

Leta, b € G be any elements then

h(ab) = fap = faofp = h(a)h(b)

Soh is homomorphism

And for anyf, € In(G), wherea € G s.th(a) = f,

~ his onto

=~ By fundamental theorem of homomorphism

G/Ker h = In(G)

Now, Ker h = {a € G: h(a) = i,}, where i, is the identity element of In(G)
={a €G:fg =i}
={a€G:f(x) =i.(x),Vx € G}
={a€G:axa ! =exe ! =x,Vx € G}

={a € G:ax = xa,Vx € G}

22



= 7(G)

HenceG/Z(G) = In(G).

Definition 2.38 (Simple group)

A groupg is simple if it has no proper normal subgroup.

Definition 2.39 (Normal Series)

A sequence{Gy,Gy -.. ... G,_1, G,} of subgroups of a grou@ is called a normal series 6fif
fe} =Gy GGy oo oo il 2G99 G=G.

The factors of a normal series are the quotientgs6 /G;_; ,1<i<r.

Definition 2.40 (Composition Series)

A composition series of a groupis a normal seriegs, ... .... , G,.) without repetition whose
factors G;/G;_, are simple groups. The factars/G;_, are called composition factors 6&f

Remark: For any grouf, {e} = G, < G,=G is trivially normal series ofG If G is a simple
group, ther{e} < G is the only composition series.

Some examples of composition series:

1. {e} <{e, (123),(132)} < S5 is a normal series ¢f.
2. {0} <{0,9}<{0,3,6912,15} <{0,1,2..............17} = Z,4 is a composition series of
Z18-

Definition 2.41 (Derived series)

For agroupG, the series of subgrougs= §,(G)2 6,(G)2 6,(G)=2...... , of G defined
inductively as§;(G)=8(8;_1(G)) = [ 8;_1(G), 6;_1(G)], is called the derived series @f

We writeG = 6y(G).

Definition 2.42 (Upper central series)
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For a group’, the sequenci;(G);s, of subgroupg,c Z,< Z,C<...... , of G defined inductively
byZz,/Z,_1 =7Z(G/Z;_4), is called the upper central seriesGoHereZ = Z,(G) andZ, = {1},
Z,=Z (G), the center of.

Definition 2.43 (Lower central series)

For a group?, the seriea of subgrougs= y;(G) 2 y,(G) 2 y5(G) 2 ... .,of G defined
inductively byy1(G) = [G,v;_1(G)], for eachi > 1, is called the lower central series forWe
write y,(G) = G

Definition 2.44 (Solvable group)

A groupG is solvable iffs,, (G) = {e}for some positive integen.
Remark: Every abelian group is solvable.

Example of solvable group

S; =1{I,(12),(13),(23),(123),(132)}

S; = A5 ={I,(123),(132)}

S3' = {I}

So0S;is solvable.

Definition2.45 (Nilpotent Group)

A group G is nilpotent ifZ,,, = G for some positive integen.

The smallestn such tha¥,,, = G is calledthe class of nilpotency @f.

Or a group( is said to be nilpotent iff,, (G) = {e} for some positive integer.

If Gis abelian group thel, = Z (G) = G. Thus, trivially, every abelian group is nilpotent
For examples,

A; is nilpotent of class.

Qg is nilpotent of clas3.
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Theorem 2.46Let G be a nilpotent group. Then every subgroug @ nilpotent.
Proof: Let G be a nilpotent group of clags.

S0Z,,(G) =G

LetH <G

Then clearlyHNZ(G) < Z(H)

NowVx € Z(G),y € G, [x,y] € Z(G)

Thereforev x € HNZ,(G),y € H,[x,y] € HNZ(G) < Z(H)

Sox € Z,(G)

=>HNZ,(G) < Z,(H)

Continuing like this we can show th&NZ;(G) < Z;(H) Vi>1
In particular; = m, we have

HNZp(G) < Zy(H)

i.e.H < Z,,(H)

i.e. H is nilpotent.

Theorem 2.47A finite group of ordep™ (p is prime) is nilpotent.
Proof: Let G be a group such thgt| = p™

So by theorem 2.30 (i%, (G) is non-trivial. IfZ;(G) = G then we are through. Otherwise
considerG /Z,(G) which is again a non trivial p-group.

G _ Z2(6)
=z (Zl((;)) ARG

So0|Z,(6)] = Z1(6)
If againZ,(G) = G, then we are through.
Otherwise we continue this process.

So3 m such tha,,(G) = G
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HenceG is nilpotent.

Definition 2.48 (T-Groups)

As in [4], a group G is called T-group if normabgmoup of a normal subgroup is again normal
in G.

Definition 2.49 (Direct product of groups)
Let H and K be two normal subgroups of a grouph@ntdirect product is defined as

G=H XK iff G=H xK andH N K = {1}.

Lemma 2.50Elements of direct product commute with each other.
Proof: LetG = G; X G,
Letg; € G, and g, € G,.
AsG, < GandG, < G
S0g1'929: € G,

Also g3 91" 9291 € G

And g5 91" 9291 € G

=97 919291 € G1NG,={1}
=9;'91 9291 = {1}

=91 9201 = 92

=9291 = 9192

Hence proved.

Theorem 2.51Let G = H X K be a group wherH, K are subgroups @. ThenG/H = K.

Proof: Define a mapping: G — K defined as
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¢ (hk) =k

Let h'k’,h"'k"" € G be any elements.

Sop(h'k'h"k'") = p(h'h"k'k") [by theorem 2.50]
=k'k"
= $(Wk)P(h"K")

=~ ¢ is a homomorphism.

Clearly, for anyk € K,3hk € G s.t.¢(hk) = k

So¢ is onto.

~ By fundamental theorem of isomorphism (Theorerd 2.3

G/Ker ¢ =K

Now, for anyh € H

¢(h) = ¢p(he) = e, wheree is the identity oK.

= h € Ker ¢

=>H < Ker ¢

Letx € Ker ¢ be any element and Kex< G.

Sox = h'k’, whereh'k' € G

S o) =p(h'k) =e

Butgp(h'k") = k'

=>k'=e

=>x=h'

>x€H

=>x€Ker¢p <H

=>Ker ¢ <H

~Ker¢p =H

HenceG/H = K
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Definition2.52 (Perfect group)

A groupG is called perfect it; = G'.

Theorem?2.53Direct product of Perfect groups is perfect.
Proof: LetG = H X K, whereH, K are perfect groups.
ie.H=H K=K’
To prove:G = G'
Let [x,y] € G’
= x = hiky,y = hyk,
o [x, y] = [hykq, hoky]
= [hikq, kx][hiky, hy][Rikq, By, ko] (D
Now, [hykq, ko] = [hy, k2][hy, k2, k1][k1, k2]
= [ky, k]
And [h k4, hy] = [hy, hy][Ry, Rk ][k, R ]
= [hy, hy]
And [hykq, hy, k3] = [[hiky, byl k5]
= [[hy, hal k2] =1
~(1)=>
[x, y] = [Raky, hak,] = [kika][hy, he]
= [hy, hy]lk: k2] (2)
AsH' =H,K' =k
So letx € G be any element
~x = hk,for someh € H,k € K
= [hy, hy1[k4, k;], for someh,, h, € H andk,,k, € K asH = H',K = K’
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=[hikq, hok,] € G [By (2)]
=G < ('
But trivially G' € G
SoG =G'

Hence,G is perfect

Theorem 2.54 (Correspondence Theoren§uppoesé&, andG,are groupsH < G,,] < G,,
andé is a surjective homomorphism mappi@gto G, with Ker 8 = K. This impliesG,0 =
G,0 andK6@ =< e >.

Definition 2.55 (Frattini subgroup)

Let G be a group , the intersection of all maximal solbigs ofG is called the rattini
subgroup of G. It is denoted by (G). If G has no maximal subgroup we ggi) = G.

Lemma2.56¢(G) is normal subgroup df.

Proof: If G has no maximal group ,theh(G) = G and the result holds trivially.

Let H; be the maximal subgroups @f Ase € H; for alli € I, we havee € ¢(G).

Sod(G) is non-empty.

Leta,b € $(G), thena, b € H; for all i and eacld; < G soab~! € H; for all i.

Henceab™ € $(G).

Sod(G) <G.

An automorphism maps a maximal subgroup to a masoizgroup, this is consequence of
correspondence theorem. Hence this result holdsliforner automorphisms, and normality

follows.

Lemma 2.57If G is finite, H< G and G =kp(G), then H = G.
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Proof: If H # G, then there exists a maximal subgroup J of Glvbontains H possibly H
itself. Nowd(G) < J by definition, therefore G =p{G) < J , which is impossible. The result

follows.

Definition 2.58 (Frattini Argument)
If G is a finite groupK < G and P is a Sylow subgroup of K, thén= N;(P)K

Theorem 2.59If G is finite thend(G) is nilpotent.

Proof: We shall show that all Sylow subgroupsigic) are normal inp(G).

If $(G) = {e}, there is nothing to prove.

Supposep(G) > {e} and let P be a non-neutral sylow subgroup@?).

Using Frattini argument we hade= N;(P)d(G), ash(G) < G. Now applying lemma 2.50

with H = N;(P), we obtainN;(P) = G, which givesP < $(G). The result follows as this holds

for all sylow subgroup#® of ¢(G).

Definition 2.60 (Conjugate closed subgroup)

Let G be a group andf be a normal subgroup 6f For anyx € H,x% denotes the conjugacy
class ofx in G. A normal subgroup of is said to be conjugate closecff = x¥ for every
x € H.

Definition 2.61 (Conjugate closed group)

A groupG is said to be conjugate closed if every normabsoiop ofG is conjugate closed. It is
abbreviated a6C — Group.

Note: Every abelian group and simple group é&ée— Groups.

Definition 2.62 (Schreier Conjecture)
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Let G be a group and Auk(), In(G) be the automorphism and inner automorphisd.of

ThenOut(G) = Aut(G)/In(G) is solvable.
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Chapter-3
MAIN RESULT

3.1 General Properties of Conjugate Closed Groups
Lemma 3.1.1Direct product ofCC — Groups is conjugate closed.
Proof: Let G = G, X G,, whereG,, G, areCC — Groups.
Let H be a normal subgroup 6f
SOH = H, X H, such that{; < G, andH, < G,
To provex® = xH for everyx € H
Letx € H be any element.
Sox = hyh, whereh, € H,h, € H,
So we will show(h, h,)Hr*Hz = (h h,)G1%Cz
Now (h;h;)%%% = (g,9,) 7" (h1hy)(g19,)  for somey, € Gy, g; € G,
= 9791 "hih2g19;
= 91 'h19195 ' h2 92 ({theorem 2.50}
Sogi'hi g1 € Hy, 97" hag, € H;
Also Gy is a CC — Group = h{* = h"*
=g7th g, = h'"*h k', forsome h' € H;,g, € G
Similarly h? = h3?

=g5;thy,g, = h"""*h,h", for some h" € H,, g, € G

So (1)

:>(h1h2)GIXGZ = h,_lhlh,h”_lhzh”
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K" ~1h h,h' R
@&"h")"*(hihy) (h"'R)
Lhy )

SoG is aCC — Group.

Lemma 3.1.2A conjugate closed group is a T-group. But coreéssnot true.
Proof: Let G be aC — Group andH < G and K < H.

Since G is aCC — Group

Thereforex® = x! for everyx € H.

Now G will be CC — Group if every normal subgroup of G is conjugate closed.
SoifKk <H

= xX = xH, for everyx € K

>xK=x%xeK

=>K<G.

SoG is a T-group.

Converse of above is not true.

For example, LeG = S,

So normal subgroups 6% arel and A;.

Sol <43 < S5

Butx43 # x53, x € A,

So S3 is not aCC — Group.

Proposition 3.1.3Every normal abelian subgroup o€@ — Group is central.
Proof: Let N be a normal abelian subgroupf
Letx € N andg € G be any element.
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As G is aCC — Group
=>xN =x
=>n"lxn = g lxg

=>xn"n =g lxg

= x=glxg

=>gx = xg

=>x € Z(G)

Now N € Z(G)

As N is abelian subgroup 8% = Z(N)

HenceN = Z(N) € Z(G).

Theorem 3.1.4For a group, the following are equivalent:

(1) G is conjugate closed.

(2) For every normal subgroup of G, G = C;(x)H, for everyx € H.

(3) For every normal subgroug of G and every € G, the natural map,
f:Cs(x) = G/H is an epimorphism.

Proof: (1)=(2)
Firstly suppose that is aCC — Group andH be any normal subgroup af.

Therefore, for a giveg € G andx € H.

G—oH

x G=x
=g 1xg = h™1xh

=99 'xg = gh™'xh

= xg = gh lxh

= xgh ! = gh™lxhh™?!
= xgh ™ l=gh™1x

= gh_l € CG(X)
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= g € C;(x)h for someh € H
=G < C.(x)H

Trivially C;(x)H < G
=G =C;(x)H
Conversely suppose thdt < G and G = C;(x)H
Let g € G be any element
=g =zh;z € C;(x),h € H
To prove:x “=x! for everyx € H
Letx € H be any element
Nowx ¢ = g lxg

= (zh)"1x(zh)

=h™1z7'xzh

=hlxz"1zh

= h"1xh
=xH
SoG is aCC — Group.
(2)=(3)
Firstly suppose thal < G and G = C;(x)H
To show:f: C;(x) = G/H is an epimorphism
Now f is a natural map
=f(g) = gH
Let g4, 9, € C;(x) be two elements.
f(9192)= 919:H

F1Hg,H

F(g0f(g2)
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=f is a homomorphism.
Now G = C;(x)H
=g =zh;, z€ C;(x),h€H
=gH = zhH
=zH
SoV zH € C;(x)H 3 z € C;(x) such thaf (z) = zH
Sof is onto.
Hence f is an epimorphism.
Conversely suppose thAtC;(x) - G/H is an epimorphism
To prove: ifH < G then G = C;(x)H
Sincef: C;(x) —» G/H is a natural map
=f(z) = zH
Also natural map is onto. So fgif € G/H 3 z € C;(x) such thatf(z) = gH
=>gH = zH
=z 1gH = z71zH
=z lgH = H
=z71g eH
=g € zH
=G < C.(x)H
ButC,(x)H <G
=G =C;(x)H

Hence proved.

Theorem 3.1.5Let G be a group such that = Z(G) x H. ThenG is conjugate closed if and
only if H is conjugate closed.
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Proof: Firstly suppose thd{ is conjugate closed.

To prove:G = Z(G) X H is conjugate closed

SinceZ(G) < G andZ(G) is an abelian group.

HenceZ(G) isCC — Group. {every abelian graggonjugate closed}
Also H is conjugate closed.

= Z(G) X H is aCC — Group. BY using lemma 3.1.1 direct product@f — Group is a
CC — Group.

= ( Is conjugate closed.
Conversely suppose thét= Z(G) x H is conjugate closed
To prove :H is conjugate closed
Now G = Z(G) X H
So by theorem 2.55/Z(G) =H
Now to prove H is conjugate closed; we will pravgZ(G) is conjugate closed.
LetM/Z(G) < G/Z(G)
>M<G
Let N = Z(G)
Now we have to show ¥N € M/N = (xN)M/N = (xN)¢/N
(xN)E/N=(gN)~* (xN)(gN)

5 INxNgN

7 lxgN
SinceG is a CC — Group. So ifM < G then x “=xM for everyx € M.
=g 1xg = mlxm
So(xN)¢/N=(m~'xm)N

= m~INxNmN

€mN) ™" (xN)(mN)
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EN)M/N
SoG/N is aCC — Group
=G/Z(G) is aCC — Group.

=H is conjugate closed.

Theorem 3.1.6A finite groupG is semisimple, conjugate closed and perfect if@my if
G = G, X G, X ...G,, where eacld; is non abelian and simple subgrougzof

Proof: Let G be a semisimple conjugate closed and perfect gi®inpeG is semisimpleG has
no normal abelian subgroup and hence its centevial.

Let G; be a minimal normal(and so non-abelian) subgrdup. &s G,is minimal normal
subgroup so it has no non-trivial normal subgroyg, is simple and also non-abelian. Sirite
is conjugate closed an@, is non-abelian and simple group. Theref6y&;(G,) = a subgroup
of Aut(G,) and in this isomorphisié, C;(G;)/C;(G;) corresponds ténn(G;) as

G1Cg(Gq) ~ Gy
C6(G1) ~ GiNCg(Gy)

 Becond isomorphism theorem (Theorem 2.35)]

_ G
~ 2(6)

= In(G,)

S0,G,C;(G1)/Cq(Gy) = In(G1). Now G, is simple, therefore by Schreier Conjecture
Out(G,) = Aut(G,)/In(G,) is solvable and hend®&/G,C;(G,) is solvable as

Aut(G,) — G/Cs(G1)
Im(Gy) G1C(G1)/C6(G1)

= G/G1C(Gy)

Sinceg is perfect s@; = G’

G
' G1C6(G1)

Now is solvable s@ a +ve integen such tha{G/G,C; (G))" = {1}

G " _ 66166y
Now, (GlCG(Gl)) T 61C6(Gy)

__ GG1Cg(Gq)

G1C6(Gy) -G is perfect]

_ G
G1Cg(Gy)
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(o) =
" \6166(61) G1C6(Gy)

n
Continuing this way we ge(t#(a)) =1
1tG\bU1

Therefore, G /G,C;(G,) is trivial group.

But thenG = G’ = G,C;(G,).

As G is semisimplez;NC;(G,) is a normal abelian subgroup @s
Let x,y € G;NC;(G,)

=x € G,and x € C;(G,)

alsoy € G;and y € C;(G,)

=> Xy =yx

But G is semisimple i.e. it does not contain non-triviarmal subgroup. Hen@g NC; (G;) is
trivial. But thenG = G; X C;(G;). Nowo(C;(G1)) < o(G) andC;(G,) is semisimple,
conjugate closed and perfect. Therefore by indagtie havel; (G;) = G, X ... X G,.and hence
G = G, X G, X ... X G, where eacld; is non-abelian, simple subgroup®f

Conversely suppose thé@t= G, X G, X ... X G,, where eacld; is non-abelian, simple subgroup
of G and therefore eadh is perfect and conjugate closed. From this iofle$ thatG is perfect
(by Theorem 2.53) and conjugate closed .H.éte a normal abelian subgrouptfThenH is a
direct product of some df;’s, where for any, H is a normal abelian subgroups®f But then
everyH; = {1} and hencél = {1}. ThereforeG is semisimple.

Theorem 3.1.7Let G be a finite group such that= Z(G) x H for some normal conjugate
closed subgroufl of G. ThenG/Z(G) is perfectif and only it = Z(G) X G; X G, X ... G,,
where eacls; is non abelian and simple subgrouprof

Proof: Firstly suppose that/Z(G) is perfect.

To prove:G = Z(G) X G, X G, X ... G, where eacld; is non abelian and simple subgrougzof
Now G = Z(G) X H

So by theorem 2.51 G/Z(G) = H

As G/Z(G) is perfect sd is perfect.
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Also H isCC — Group.

First we proved is semi-simple.

SinceZ (H) is trivial

Therefore H cannot have normal abelian subgroup.

=H is semi-simple.

Now H is semi-simple, perfect ar@’ — Group.

So by theorem 3.1.6] = G, X G, X ... G,, where eacld; is non abelian and simple.
ButG =Z(G) xH

=G =Z(G) X G; X G, X ... G, where eacld; is non abelian and simple.
Conversely suppose thét= Z(G) X G, X G, X ... G,, where eaclt; is non abelian and simple.
To prove:G/Z(G) is perfect.

Now G = Z(G) X G, X G, X ...G,

LetH =G, X G, X ...G,

=G =7Z(G)xXH

Since by theorem 2.53 direct product of perfecugris perfect.

= G = Z(G) X H; where H is perfect

By theorem2.51 G/Z(G) = H

SinceH is perfect

=G/Z(G) is perfect.

3.2 Nilpotent and Solvable Groups

Theorem 3.2.1For aCC — Group G, the lower central series Gfcoincides with the derived
series ofG.

Proof: Since the lower central series is
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G =y1(G) 2 y26) 2 y3(G) 2 ... .,0f G defined inductively by1(G) = [G,Vi1(G)], for
eachi > 1.

And the derived series &= §o(G)2 61(G)=2 §2(G)=2...... , of G defined inductively as
8i(G)= 6(8i1(6)) = [ 6ia(G), §ia(G)].

Now we have to prove
Yi(G) = 6;-1(G)
For i=2;
V2(6) =[G, 7:1(O)] =[G,6] =G’
And 6,(G) = [6,(G), 5,(G)] = [G,G] = G’
=Y,(G) = 61(G)
So result is true for = 2.
Let the result is true for i i.g;(G) = 6;_1(G)
Now we will prove thay;,,(G) = §;(G)
Lety;(G) is normal inG, for x € y;(G), g € G, h € y;(G).
As G is aCC — Group,and y;(G) < G
=if x € y;(G) thenx Yi(@) = x6
=>h~lxh = g lxg, for someh € y;(G), g € G.
So,[x,g] = x7*g7'xg = x"*h™*xh = [x,h] € [yi(6), vi(6)] = [6:-1(6), 6;_1(6)] = §;(G)
Thus, y;11(G) € 6;(G)
Now 6;(6) = [6;-1(G), 6;—1(G)]
Fvi(6),vi(@)] € [G,vi(G)] = yi41(6)
=8,(6) € ¥i41(6)
=6;(G) = ¥i+1(G)

Hence proved.
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Theorem 3.2.2A conjugate closed, nilpotent group is abelian.

Proof: Consider the upper central series: ZoC Z1C ZoC...... cZ,(G)=aG
Letx € Z,(G) be any element.

Z,(6) = {x €G |[x,y] € Z;(6) V y € G}

ConsiderH =< x,Z,(G) >=<x,Z(G) >

So every element df can be written as an integral powerok, Z;(G) >
Now we showH is an abelian group .

Letg,h € H.

lly, h=x"zz,"...... Zm'

gh=x"z12; ... ... Zm XM 2125 Zm'
= XM 22, e 2 212 e . Zm
=x"z12,y .. ... 2272 2
=x™ x'2, 2 22 i
=x"71Z5" ... .. Zm X217, ... ... Zm
:hg

= H is an abelian group @& containingZ, (G)
Now lethZ(G) € H/Z(G) be any element.
SinceZ(G) € Z,(G)

Also x € Z,(G)

=< x,Z(G) >=H < Z,(G)

Leth € H € Z,(G)

=>h € Z,(G)

=>hZ(G) € Z,(G)/Z(G)
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SH/2(6) € Z,(6)/2(6)=Z (5 )

>H/Z(G) € Z (%G))

Thus,H/Z(G) is central subset @/Z(G)

> H/Z(6) < (55)

>H<G

SinceH is normal abelian subgroup.

So by proposition 3.1.3;

H<Z(6)

=>x € Z(G) for any element € Z,(G)

=7,(G) € Z(G)

ButZ(G) < Z,(G)

Similarly by other elements,,(G) = Z(G) = G

= is abelian

Corollary 3.2.3 For a finite CC — Group G, the frattini subgroug(G) is central.
Proof: Let G be a finiteCC — group.

Since ¢(G) is a normal subgroup af{Theorem2.56) and hence conjugate closed.
Also ¢(G) is nilpotent subgroup @ (Theorem 2.59)

So by proposition 3.2.2h(G) is abelian.

Now ¢(G) is abelian normal subgroup 6f

So by proposition 3.1.3(G) is central.

Corollary 3.2.4 A conjugate closed solvable group is abelian.

Proof: SinceG is solvable.
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Therefore, its derived series terminates.
So3 a positive integer n such that

G"=1

But G is CC — group. So by proposition 3.2.1
Yn+1(G) = 8,(G) =G" =1

=Yn+1 =1

Thus every solvable group is nilpotent.

So by proposition3.2.2,

G is abelian.

Remark: Every solvable group of odd order is solvable.[2]

Theorem 3.2.5f G is a conjugate closed such tifat G', then eithe( is abelian oG = MG’
for some maximal subgroug of G.

Proof: Let G be aCC — group such thatz # G'. LetN be a normal subgroup 6t
If N is abelian thetV € Z(G)

If N € Z(G); then3 an element € N such that € Z(G).

Now G is aCC — Group andN < G. Letx € N be any element.

ThereforexV = x¢

n~lxn = g~lxg for somen € N,g € G

gn~lxn =xg
gn~lx = xgnt

=>gn~1 € C;(x)

=g € C;(x)n for somen € N
=g € C;(x)N

=G < C;(x)N
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ButC;,(x)N <G

=>G=C;(x)N

=C;(x)N is a proper supplement &fin G.

Thus in aCC — group either a normal subgrouy is central or it has a proper supplement.
Now in particular leG’ < G andG # G’

So by above eithet’ < Z(G) or G' has a proper supplement.

Therefore in first casé will be nilpotent and hence abelian. In the ldtehas a proper
supplement.

If G' is non-abelian

=G £ Z(G)

By proposition 3.1.3p(G) < Z(G)

=G £ ¢(G)

Therefore3 a maximal subgroup saf such thats’ < M.
SoG'M =G

= G'M = G; for some maximal subgrouy of G.

Proposition 3.2.6Forn > 3, the symmetric grou§,, is not conjugate closed.

Proof: Letn > 3, the symmetric group of degreeon the sef = {1,2, ...n}. Two elements of
S, are conjugate iff they have the same cyclic stmectLetA,, be the alternating group of
degreen. TakeG = S,, andH = A,,.

Now |S,| = n! and|4,| = n!/2

Case 1: Supposeis odd.

Now n is odd.

Then(123 ...n) is an even permutation.

Therefore (123 ...n) € A,,.

. 1 !
As number of r-cycles if, = =.—

r (n-r)!
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n!

1
So number of n-cycles;:.

=(n-1)!

(n—n)!
[(123..n)%| = (n — 1)!

If possible letS,, be aCC — group.
=(123...n)% = (123 ...n)"n

=>n-1!|(n!/2)
Letn;! = (n— 1)k forsomek € N

ST = (- 1)1k

=n = 2k, which is contradiction as is odd.
Case 2: If nis even.

Now n is even.

Then (123 ..n) ¢ 4,

=(123..n—1) € 4,

1 n!
(n-1)!" (n-(n-1))!

Number of n-1 cycles=

[(123..n — 1% = n(n — 2)!
Supposes,, be aCC — group

=[(123 ..n — 1)5| = [(123 ..n — 1)4n
n(n —2)!'|(n!/2)

Let n;' =n(n—2)!k forsomek € N

n(n-1)!

—=n(n—2)k forsomek € N

=n = 2k + 1, which is a contradiction as n is even.

Hences,, is notCC — group forn > 3.

Proposition 3.2.7If G is conjugate closed theH is perfect and hend® = G"'
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Proof: Case 1: IG is perfect i.eG = G’

ThenG' = (G')’ = G’ which shows thaf’ is perfect.
Case 2: IfG is not perfect thef /G is solvable.
SinceG /G" is conjugate closed.

Therefore by proposition 3.2@/G" is abelian.

=> GI S GII
ButG” <G’
=6 =G6"

=G’ is perfect.

47



References

1. A. R. Camina and R. D. Camina, The influence ofjegacy class sizes on the structure
of finite groups: A survey, Asian-European J. Mat{£011),559-588.

2. W. Fiet and J. G. Thompson, Solvability of groupsad order, Pacific. J.
Math.,13(1963),775-1029.

3. R. Karan and S. Narain, Some remarks on Conjudata=@ Groups, Indian J. Pure Appl.
Math., 42(4)(2011),249-257.

4. D.J.S. Robinson, A Course in the Theory of Gro@$edition), Springer-Verlag, New
York.

48



