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                           Chapter-1 

                   INTRODUCTION  
Throughout this thesis, we denote ��, ����, �� , �	 ,	 the derived group, center, conjugacy class of 
� in � and conjugacy class of � in �, where � is a normal subgroup of �. The influence of 
arithmetic structure of conjugacy classes of �, like conjugacy class size, number of conjugacy 
class sizes on the structure of � is extensively studied. For more detail on this, reader can see the 
excellent survey article by Camina and Camina[1]. 

In this thesis, we study the structure of groups when	�� = �	 for every � ∈ �.  

A normal subgroup � of a group � is said to be conjugate closed if  �� = �	 for every � ∈ �. A 
group � is said to be conjugate closed if every normal subgroup of � is conjugate closed. We 
abbreviate conjugate closed groups as �� − ������.  

A group � is called a � − ����� if every normal subgroup of a normal subgroup of � is normal 
in �. It is easily seen that �� − ������ form a proper subclass of � − �����(Lemma 3.1.2). A 
group � is said to be perfect if �� = �. A group � is called semisimple if it has no non trivial 
normal abelian subgroup. 

In section 1 of chapter 3 of this thesis we prove the following two theorems: 

1� Every normal abelian subgroup of a �� − ����� is central. 
2� Let � be a group such that � = ���� × �. Then � is conjugate closed if and only if � is 

conjugate closed. 

Our main result of this thesis is: 

A finite group � is semisimple, conjugate closed and perfect if and only if � = �� × �� × …��, 
where each �  is non abelian and simple subgroup of �. 

Section 2 of chapter 3 is related to the structure of the �� − �����	�, where � is nilpotent or 
solvable. We prove that a conjugate closed solvable group is abelian. In this section we also 
prove that for ! ≥ 3, the symmetric group #$ is not conjugate closed. All the main results in 
chapter 3 are proved in [3]. 
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                                                             Chapter-2 

    NOTATIONS AND PRELIMINARIES   
 

Definition 2.1 (Product of two subgroups) 

Let � and % be two subgroups of a group �, then the set �% defined by  

�% = {ℎ(:  ∀	ℎ ∈ �, ( ∈ %} is called the product of the subgroups � and	%. 

 

Definition 2.2 (Inverse of a subset of a group)  

Let � be a subset of a group �, then the inverse of � is �,� and is defined as 

�,� = {ℎ,� : for all ℎ ∈ �} 

 

Definition 2.3 (Centralizer of a subgroup) 

Let � ≤ �, if � ∈ � s.t �ℎ = ℎ� ∀	ℎ ∈ �, then we say that � centralizes �. The centralizer of � 
in � is ����� = {� ∈ �	|	�ℎ = ℎ�	∀	ℎ ∈ �} 

For example, let #/ be a symmetric group and 0/ ≤ #/ then �12
�0/� = 0/. 

Note: Let � ≤ �, where � is an abelian group then ����� = �. 

 

Proposition 2.4 �����is a subgroup of �. 

Proof: Let � ∈ �����. Then �ℎ = ℎ�  ∀	ℎ ∈ �.  

  		⇒ ℎ�,� = �,�ℎ		∀	ℎ ∈ � 

   ⇒ �,� ∈ �����	 

Let  �, 4 ∈ �����. Then �ℎ = ℎ� and 4ℎ = ℎ4  ∀	ℎ ∈ �  

Now, �4ℎ = �ℎ4 = ℎ�4			∀	ℎ ∈ �  

So �4 ∈ ����� 
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Therefore ����� ≤ �. 

 

Definition  2.5 (Normalizer of a subgroup) 

Let � ≤ �, if � ∈ �	�. 5	�� = ��, then we say that  � normalizes H. The normalizer of H in G is 

6���� = {� ∈ �|�� = ��}  

For example, 612(0/) = #/. 

Note: Let	� ≤ �, where � is an abelian group then 6�(�) = �. 

 

Proposition 2.6 6�(�) is a subgroup of �.  

Proof: Let  � ∈ 6�(�). 

Then �� = ��	 ⇒ ��,� = �,�� 

So  �,� ∈ 6�(�). 

Let �, 4 ∈ 6�(�), then �� = ��	and 4� = �4 

Now �4� = ��4 = ��4. So �4 ∈ 6�(�). 

Therefore  6�(�) ≤ �. 

 

Proposition2.7 If  � ≤ �, then � is normal in 6�(�). 

Proof: For each 7 ∈ � we have 7� = �7. 

Since  � ⊆ 6�(�)  i.e. � is a subgroup of � contained in  6�(�). 

Also ∀	7 ∈ 6�(�), we have 7� = �7. 

So � is normal in  6�(�). 

 

Proposition 2.8 If � and % are subgroups of  �and � is normal subgroup of %, then % ⊆ 6�(�) 
i.e. 6�(�) is the largest subgroup of � in which � is normal. 

Proof: Let  � ⊆ % ⊆ � such that � is a normal subgroup of % and % is a subgroup of 	�. 
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Now we will show that % ⊆ 6�(�). 

Let ( ∈ % be any element, then �( = (�,since � is normal subgroup of % so by the definition 
of  6�(�), ( ∈ 6�(�). 

Therefore, ( ∈ 6�(�) 	∀	( ∈ %. 

Hence % ⊆ 6�(�). 

 

Proposition 2.9 � is normal subgroup of � iff 6�(�) = �. 

Proof: Firstly, let � is a normal subgroup of �. 

Then ∀� ∈ �,we have �� = ��. So � ∈ 6�(�). 

Therefore � ⊆ 6�(�). 

But 6�(�) ⊆ �	 always, hence � = 6�(�). 

Conversely, let 6�(�) = �. 

Therefore  6�(�) = &� ∈ �|�� = ��} = � 

So �� = ��	∀� ∈ �. 

Hence � is a normal subgroup of �. 

 

Proposition 2.10 ����� is normal in 6����. 

Proof: Let 7 ∈ �����, then 7ℎ = ℎ7	∀	ℎ ∈ �. 

Let 	� ∈ 6����, then �� = ��. Therefore �,�� = ��,�. 

So	�,�ℎ = ℎ��
,�  for some 	ℎ, ℎ� ∈ � 

Now ��7�,��ℎ = �7�,�ℎ = �7ℎ��
,� = �ℎ�7�,� = ℎ��7�,��. 

So ����� is normal in 6����. 

 

 

Definition 2.11 (Center of a Group) 
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The center �(�), of a group � is the subset of elements in � that commute with every element of 
�. In symbols,	�(�) = &7 ∈ �|7� = �7	∀	� ∈ �}	 

For example, �(#/) = &1} 

Remark: � is abelian iff  �(�) = �. 

 

Proposition 2.12 �(�)  is a normal subgroup of �. 

Proof: Since 9� = �9, ∀	� ∈ �		 ⇒ 9	 ∈ �(�).  

Therefore  �(�) ≠ ;. 

Now we will show that �(�) is a subgroup of �. 

Let  7, < ∈ �(�), then  7� = �7, ∀	� ∈ � and <� = �<, ∀	� ∈ � 	⇒ 	� <,� = <,�� 

Now �(7<,�)= (�7)<,� = (7�)<,� = 7(�<,�)	= 7(<,��) = (7<,�)� 

Therefore 7<,� ∈ �(�) 

So �(�) ≤ �. 

Now we will show that �(�) is normal in �. 

Let 7 ∈ 	�(�) and � ∈ � be any element. 

Now  �7�,� = (�7)�,� = (7�)�,� = 7(��,�)= 79 = 7 ∈ �(�). 

So �(�) is normal in �. 

 

Definition 2.13 (Quotient Group) 

If � is a normal subgroup of  a group G, then the group �/� of all right cosets of � in � under 
the composition (�7)(�<) = �7< is called quotient group. 

 

Proposition 2.13  If � is a subgroup of an abelian group �, then the group �/� of all right 
cosets of � in � forms an abelian group under composition defined by �7.�< = �7< . 

Proof: If � is subgroup of an abelian group �, then � is a normal subgroup of �. 

Therefore, �/� forms a quotient group. 
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Let �7,�< ∈ �/H so that 7, < ∈ �. 	                                                                             
(�7)(�<) = �7< = �<7,	since G is abelian therefore 7< = <7 

                            =(�<)(�7) 

Hence �/� is an abelian group. 

 

Definition 2.14 (Conjugate elements) 

If 7, < be any two elements of a  group �, then < is said to be conjugate to 7 if ∃	an element  
� ∈ �	s.t < = �7�,� , and we write it as <~7. 

 

Definition 2.15 (Conjugacy class) 

Let � be a group and � ∈ �.The conjugacy class of � in � is defined as  

    �� = &���,�|	� ∈ �} 

It is also denoted as AB(�). 

 

Lemma 2.16 The relation of conjugacy in a group � is an equivalence relation. 

Proof: Define a relation ~ on � as follows 

7~< iff  7 = �<�,� for some � ∈ �. 

Let 7, <, A be any arbitrary elements of �. 

Since 7 = 979,� . Thus 7~7. 

Therefore ~ is reflexive. 

 

Let 7~<. So there exists � ∈ � such that 7 = �<�,�. 

Thus, �,�	7� = �-17(�,�),�=<. So <~7. 

Therefore ~ is symmetric. 

 

Let  7~< and <~A.So there exists �, ℎ ∈ � such that 7 = �<�,� and < = ℎAℎ,�. 
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Now  7 = �<�,� = �(ℎAℎ,�)	�,� = (�ℎ)A(�ℎ),�. So 7~A. 

Therefore ~ is transitive. 

Hence the relation of conjugacy in a group � is an equivalence relation. 

 

Lemma 2.17 Let � be a group. Then the set of conjugacy classes of � is a patition of G. 

Proof: 1. Define a relation ~ on � as follows 

7~< iff  7 = �<�,� for some � ∈ �. 

By lemma 2.16, ~ is an equivalence relation on �. 

Let �� denote the class of � under this relation. 

Then ��=&4 ∈ �|�~4} 

             ={4 ∈ �|� = �4�,�} 

Thus  �  is partitioned into conjugacy classes of �. 

 

Lemma 2.18 (The number of conjugates of C�  

 Let � be a group and let � be an element of �. Then |�� |=[�: �����] 

Proof: Let �/����� denote the set of all left cosets of ����� in �. 

Define a map ; ∶ 	�� → 	�/����� by 

                   ;����,�� = 	������ 

Any element of �/�����H�	�I	5ℎ9	I��J	������ where � ∈ � and clearly 

                  ;����,�)=	������ 

Therefore		;	 is onto. 

Suppose 	;����,�) =		;�ℎ�ℎ,�) 

            ⇒      ������ = ℎ����� 

            ⇒   �,�ℎ ∈ �� 	��� 
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            ⇒   (�,�ℎ)� = �(�,�ℎ) 

            ⇒					ℎ�ℎ,� = ���,� 

So ; is 1-1. 

Hence |��| = D�: ��(�)E. 

 

Theorem 2.19 For any finite group �,  |�| = ∑ D�: ��(�)EL , where summation runs over exactly 
one element � from each conjugacy class of �. 

Proof:  Suppose � is finite, then D�: ��(�)E = |�|/|	��(�)| 

Now by lemma 2.17, �	  partition into conjugacy classes of �. 

Now  � = ⋃ ��L∈� ,  a disjoint union of classes. 

Therefore  |	�| = ∑ |�� |, where summation runs over exactly one element from each conjugacy 
class. 

Also by lemma 2.18,   |��| = D�: ��(�)E 

So  |�| = ∑D�: ��(�)E , where summation runs over exactly one element from each conjugacy 
class. 

 

 

Definition 2.20 (The Class Equation) 

Let  � be a finite group. Then  

|�| = ∑ | ��|, where summation runs over exactly one element from each conjugacy class.  

If � ∈ �(�) , then 

  ��  =	&�} 

And conversely if �� = &�}  then � ∈ �(�) 

Therefore we can write 

 |�| = |�(�)| + ∑|��|	 ,where summation runs over exactly one element from each conjugacy 
class of order > 1 
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Theorem 2.21 If P, Q ∈ #$, then R = PQP,� is the permutation obtained by applying P to the 
symbol in Q. Hence any two conjugate permutations in #$ have the same cyclic structure. 
Conversely, any two permutations in #$ with the same cyclic structure are conjugate. 

Proof: Suppose Q(H) = S 

Then(PQP,�)(P(H)) = (PQ)(H) = P(S). 

Thus if   (7�7� ⋯	7U)   is a cycle in Q, then (P(7�) P(7�)	⋯ P(7U)) is a cycle in R.Therefore, 

cycle decomposition of R is obtained by substituting P(�) for every � in the cycle decomposition 
of Q. 

Thus Q	7!V	R have the same cyclic structure. 

Conversely suppose that Q	7!V	R have the same cyclic structure (p q ⋯ r). Then Q	7!V	R have 
cycle decomposition  

Q = (7�7� ⋯	7W)	(7WX�7WX� ⋯	7WXY)⋯(7$,�X� 7$,�X� ⋯	7$) 

R = (<�	<� ⋯	<W)	(<WX�	<WX� ⋯	<WXY)	⋯ (<$,�X�	<$,�X� ⋯	<$) 

Define P ∈ #$ by P(7 ) = < ,  H = 1,2 ⋯⋯! 

Clearly (PQP,�)(< ) = PQ(7 ) = P(7 X�) = < X� = R(< )				∀		<  

∴ , PQP,� = 	R 

Thus Q	7!V	R are conjugate. 

 

Definition 2.22 (Transposition) 

A cyclic permutation of length 2 is called a transposition. 

 

Definition 2.23 (Even or odd permutation) 

A permutation Q ∈ #$ is called even (or odd) permutation if it can b e wriiten as a product of 

even (or odd) number of transpositions. 

 

Definition 2.24 (Commutator subgroup)  
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If 7, < ∈ �, the commutator of  7, <  is denoted by D7, <E and defined byD7, <E = 7,�<,�7<. The 
commutator subgroup (or derived subgroup) of �, denoted by �′, is the subgroup of � is 
generated by all the commutators. Thus �� = &D7, <E	|	7, < ∈ �} 

Remark: � is abelian iff �′ = {9} 

 

Theorem 2.25 Let � be a group and �′ be its commutator subgroup, then 

1. �′ is a normal subgroup of �. 

2. �/�′ is abelian. 

3. For any normal subgroup � of �, � / � is an abelian group iff 	� contains �′. 

Proof: 1. Let � = 7,�<,�7< be any commutator in �.Then �,� = <,�7,�<7  is also a 
commutator. Moreover, for any �	H!	�, 

���,� = ��7,��,�) (	�<,��,�) (	�7�,�) (	�<�,�� 

           		= ��7�,��,���<�,��,� (	�7�,���	�<�,�� ∈ � ′. 

Now  any element 4	H!	�′ is a product of a finite number of commutators, say 

    4 = ���� ⋯�$, 

where ���� ⋯ �$	are commutators. Then for � ∈ �, 

 �4�,� = �����
,��	�����

,��⋯ ���$�,�� ∈ � ′. 

Hence � ′ is a normal subgroup of �. 

2. For all 7, < ∈ �, 

   �7�′�,��<�′�,��7����<��� =(7,�<,�7<�	�′ = �′ 

Hence, 

�7�′��<�′� = �<�′��7�′�. Therefore, �/� ′ is abelian. 

3. Suppose  �/� is abelian. Then for all 7, < ∈ �, 

   (7,�<,�7<�	� = �7��,��<��,��7���<��   

                            = �7��,��7���<��,��<�� = � 

Hence, 7,�<,�7< ∈ �. This proves that  �′ ⊂ �. 

Conversely, let �′ ⊂ �.Then 7,�<,�7< ∈ �′ gives 7,�<,�7< ∈ �	 i.e. 7<� = <7�. 
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Thus	(7�)(<�) = (<�)(7�)	∀	7�, <� ∈ �/�.  

So �/� is abelian.  

 

Theorem 2.26 The alternating group 0$	is generated by the set of all 3-cycle in #$. 

Proof: for ! = 1,2  result is trivially true. 

Suppose ! ≥ 3 

Clearly every 3-cycle is an even permuatation and therefore in 	0$. 

Now we prove that  every Q ∈ 0$ is a product of 3-cycle. 

We know that Q is a product of even number of transpositions. So we can pair the transformation 
in Q. 

Choose one pair   ;, R. 

Case 1: Suppose  ;	7!V	R are disjoint. 

Let ; = (7<)   and 				R = (AV) 
;R = (7<)(AV) = (7<A)(<AV). 

Case 2: Suppose 	;, R have one symbol in common. 

Let ; = (7<)	  and  R = (<A) 

Thus ;R = (7<)(<A) = (7<A) 
Hence, every Q ∈ 0$ is a product of 3-cycles. 

 

Theorem 2.27 The derived group of  #$ is 0$. 

Proof: For n=1, 2;    #$� = &	\} = 0$  

Suppose ! > 2 

Let P = (12)	&		^ = (123) 

Then P^P,�^,�=(12)(123)(12)(132) 
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                        =(123) ∈ #$′. 

But #$′ ⊲ #$ 

Therefore, every conjugate of (123) is in #$′. 

⇒	#$′  contains all the 3-cycles. 

But 0$ (By theorem 2.26) is generated by all the 3-cycles . 

Therefore,  0$ ⊆ #$′. 

On the other hand every commutator DP, ^E in #$′  is an even permutation. 

Therefore, #$′ ⊆ 0$ 

Hence  0$ = #$′ 

 

Definition 2.28 (Maximal subgroup) 

Let � be a group. A subgroup 6 of � is called a maximal subgroup if 

1. 6 ≠ �. 
2. \I	6 ≤ � ≤ �, then � = 6	��	� = �. 

 

Definition 2.29 (̀ − abcd`) 

Let p be a prime number. A group � is called � − group if the order of every element in � is 
some power of �. 

 

Theorem 2.30 Let �	be a finite group of order �$, where � is a prime number and ! > 0. Then 

(i)	�(�) is non-trivial. 

(ii) 	�(�) ∩ 6 is non-trivial normal subgroup 6 of �. 

     (iii) If � is a proper subgroup of �, then � is properly contained in 6G(�). 

(iv)Every maximal subgroup of � is normal. 

Proof:  Consider the class equation of �. 
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|�| = �$ = |����| + ∑ [�:L∈g �����] , where summation runs over exactly one element from 
each conjugacy class of order >1.                                                            (1) 

By lagrange’s theorem; |�G���|	|		|�|   ∀	� ∈ �  

If �∉���� , then |�����| < �$
  

⇒ 	�|	[�: �����]   ∀	�∉���� 

⇒ �|	∑ [�: ��L∈g ���]  

Also �|	|�| 

Therefore by (1) �|	|����| 

⇒ ���� is non-trivial.   

(ii) We have � = ����⋃ ��
L∈g , where � is the set contains conjugacy classes of length > 1.                                                     

Now 6 = 6 ⋂� 

            = 6 ⋂{���� ⋃ ��
L∈g } 

            = 6 ⋂����	⋃{6 ⋂�⋃ ��
L∈g )} 

Therefore, |6| = |6 ⋂����| + |6 ⋂�⋃ �L∈g
G)| 

                        = |6 ⋂���� | + ∑ |6L∈g ⋂��|                                                   (2) 

If � ∈ 6, then �� ⊆ 6 

Therefore for any � ∈ �, �� ⋂6 = ;	��	�G 

⇒ |�G⋂6 | is either 0 or |�G|=[�: �G���] 

Now �|	|6| and �||��|, therefore by (2); �|	|6 ⋂���� | 

⇒ 6 ⋂����	is non trivial. 

(iii) Let % be a maximal normal subgroup of � contained in 	�. Then the quotient group �/% is 
of order ���� > 0�  

By (i) �/% has a non-trivial center say j/%. 

Since  j/% ⊲ �/%, so j ⊲ �. 

Clearly j cannot be in �, because otherwise maximality of %	will lost. 



19 

 

Let ℎ ∈ �, B ∈ j, then ℎ% ∈ �/% and B% ∈ j/% 

Because j/% = �(�/%), so(B%)(ℎ%) = (ℎ%)(B%) 

⇒ Bℎ% = ℎB% ⇒ B,�ℎB ∈ �% ⊂ �.  

Therefore j ⊂ 6�(�). This implies that � ≠ 	6�(�). 
Because � ⊂ 6�(�) , it follows that � is properly contained in 6�(�). 
(iv) If � is a maximal subgroup of �, then by (iii), � <	6�(�)  implies that 6�(�) = �; 
Therefore by proposition 2.9, � ⊲ �.  
 

Definition 2.31 (Group Homomorphism) 

A homomorphism ;  from a group � to a group �̅ is a mapping from � to �̅ that preserves the 
group operation; that is ;(7<) = ;(7);(<)		∀	7, < ∈ �. 

 

Definition 2.32 (Kernel of a Homomorphism) 

The kernel of a homomorphism ; from a group � to a group �̅ with identity 9 is the set         
&� ∈ �|;��� = 9}. The kernel of ; is denoted by %9�;. 

 

Lemma 2.33 Let I be a group homomorphism from � to a group  �̅. Then Ker	I is a normal 
subgroup of �. 

Proof: For 9 ∈ �, we have I�9� = 9′ ⇒ 9 ∈	Ker	I 

Also KerI ⊆ �  ⇒Ker	I is non-empty. 

Let �, 4 ∈ Ker	I be any two elements. 

Now  I��4,�� = I���I�4,�� = 	I����I�4��,� = 9 ′. �9��,� = 	9′9′ = 9′ 

⇒ �4,� ∈ Ker	I 

Thus �4,� ∈	Ker	I, ∀�, 4 ∈Ker	I 

Hence Ker	I is a subgroup of �. 

Further let � ∈ � and � ∈Ker	I 
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Therefore I(�) = 9′ 

Now I(���,�) = 	I(�)I(�)I(�,�) = 	I(�). 9′. (I(�)),� = 	I(�)mI(�)n,� = 9′ 

⇒			���,� ∈ Ker	I 

Thus  ���,� ∈ Ker	I, ∀� ∈ % and � ∈ � 

Hence, Ker	I ⊲ �. 

 

Theorem 2.34 (First Isomorphism Theorem or Fundamental Theorem of Homomorphism) 

Let ;: � → �̅  be a homomorphism of groups. Then �/ Ker	I ≅ \J(;). 

Hence in particular, if ; is surjective then �/ Ker	I ≅ �̅. 

Proof: Consider the mapping  ψ : �
p → \J(;) given by �% ↦ ;(�), where  % =Ker	I for any 

�, 4 ∈ �. 

Now �% = 4% ⇔ ;(4-1�) = 9′ ⇔ ;(�) = ;(4) 

Hence ψ  is well defined and injective. 

Let �%, 4% ∈ �/%. 

Then ψ (�%4%) = ψ (�4%) = ;(�4) = ;(�);(4) = ψ (�%)ψ (4%) 

Hence ψ  is clearly Homomorphism. 

ψ  is clearly surjective, we conclude that ψ  is an isomorphism of groups. 

 

Theorem 2.35 (Second Isomorphism Theorem) 

 If 6 is a normal subgroup of � and � be any subgroup of �, then  

    (�6)/6 ≅ �/(�⋂6) 

Proof: Since 6 ⊲ � and � be any subgroup of � 

Therefore, �⋂6 is a normal subgroup of � and so �/(�⋂6) is meaningful. 

Also 6 is normal in �     ⇒	6� = �6, ∀� ∈ �	



21 

 

⇒	6� = �6,				∀� ∈ � ⊆ �	

⇒	6� = �6	

⇒	�6	is a subgroup of	�	

Thus we have	6 ⊆ 6� ⊆ �	

Again,	6 is normal in	�					⇒	6� = �6,						∀� ∈ �	

⇒	6	is a normal subgroup of 	�6. 

Therefore,	�6/6	is	meaningful. 

Now, we define a map I:� → �6/6 by  

I(�) = 6�,			∀� ∈ �  

We claim that I is homomorphism, onto with Kernel �⋂6. 

Let �, 4 ∈ � be any element. 

Therefore, I(�4) = 6�4 = 6�64 = I(�)I(4)                           [∵ 6⊲G] 

⇒	I	is	homomorphism	

Now,	∀6� ∈ �6/6,	where	� ∈ �6	

Let � = ℎ!, for some ℎ ∈ �, ! ∈ 6 

Since �6 = 6�                  ⇒	ℎ! = !�ℎ′	for some	!′ ∈ 6, ℎ′ ∈ � 

∴ I(ℎ�) = 6ℎ� = (6!′)ℎ′                                                             D∵ !� ∈ 6 ⇒ 6!� = 6E 

             = 6(!�ℎ�) 

            	= 6(ℎ!) 

             = 6� 

Thus, ∀6� ∈ �6 6⁄ , ∃ℎ′ ∈ � such that I(ℎ�) = 6� 

∴  I is onto 

Further, Ker I = &� ∈ �: I(�) = 6}, where 6 is the identity element of �6/6 

                        = &� ∈ �:6� = 6} 

                        = &� ∈ �: � ∈ 6} = �⋂6 
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Thus I is homomorphism, onto with Kernel �⋂6 

∴ By the fundamental theorem of homomorphism (Theorem 2.34) 

            �6 6⁄ ≅ �/�⋂6   

 

Definition 2.36 (Inner automorphism) 

The automorphism I�: � → � given by I�(�) = 7�7,�, ∀� ∈ �, is called an inner automorphism 
of � determined by 7. 

    The set of all inner automorphism of	� is denoted by \!(�). So 

       \!(�) = &I�: I�� → �	�. 5. I�(�) = 7�7,�, 7 ∈ �}. 

 

Theorem 2.37 For any group �,	\!(�) ≅ �/�(�) where �(�) is the center of �. 

Proof: Let us define a map ℎ: � → \!(�) 

by ℎ(7) = I� , ∀7 ∈ � 

Let 7, < ∈ �	be any elements then 

ℎ(7<) = I�� = I�оI� = ℎ(7)ℎ(<)  

So ℎ is homomorphism 

And for any I� ∈ \!(�),	where 7 ∈ � s.t ℎ(7) = I� 

∴		ℎ	is	onto	

∴	By	fundamental	theorem	of	homomorphism	

				� %9�	ℎ⁄ ≅ \!���	

Now,	Ker	ℎ = {7 ∈ �: ℎ�7� = H�},	where	H�	is	the	identity	element	of	\!���	

																						= {7 ∈ �: I� = H�}	

																						= {7 ∈ �: I���� = H����, ∀� ∈ �}	

                    = {7 ∈ �: 7�7,� = 9�9,� = �, ∀� ∈ �} 

                   = {7 ∈ �: 7� = �7, ∀� ∈ �} 
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                     = ���� 

Hence � ����⁄ ≅ \!���. 

 

Definition 2.38 (Simple group) 

A group � is simple if it has no proper normal subgroup. 

 

Definition 2.39 (Normal Series) 

A sequence  {��,�� … … ��,�, ��} of subgroups of a group � is called a normal series of � if 
{9+ = ��⊲ ��⊲ ��⊲… … … … … …. … ⊲ ��,�⊲ ��= �. 

The factors of a normal series are the quotient groups �/� ,�  , 1 ≤ H ≤ �. 

 

Definition 2.40 (Composition Series) 

A composition series of a group � is a normal series (�� , … …. , ��) without repetition whose 
factors  � /� ,� are simple groups. The factors � /� ,� are called composition factors of �. 

Remark: For any group �, {9+ =  �� ⊲ ��= � is trivially normal series of  �. If � is a simple 
group, then {9+ ⊲ � is the only composition series. 

Some examples of composition series: 

1. {9+ ⊲ {9, �123�, �132�+ ⊲ #/ is a normal series of #/. 
2. {0+ ⊲ {0,9+ ⊲ {0,3,6,9,12,15+ ⊲ {0,1,2 … … … … .17+ = ��� is a composition series of 

���. 

 

Definition 2.41 (Derived series) 

For a group �, the series of subgroups � = ��(��⊇ ��(��⊇ ��(��⊇……, of � defined 
inductively as � (��= �(� ,�(��� = [ � ,�(��, � ,�(��], is called the derived series of �.  

 We write � = ��(��. 

 

Definition 2.42 (Upper central series) 
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For a group �,	the sequence � (�) �� of subgroups ��⊆	��⊆	��⊆……	, of � defined inductively 
by � /� ,� 	= �(�/� ,�), is called the upper central series for �. Here � = ��(�) and �� = &1}, 
��=	�	(�), the center of �. 

 

Definition 2.43 (Lower central series) 

For a group �, the seriea of subgroups � = ��(�) ⊇ ��(�) ⊇ 	�/(�) ⊇  . . . ., of � defined 

inductively by �1(�) = D�, � ,�(�)E, for each H ≥ 1, is called the lower central series for �. We 

write ��(�) = �′. 
 

Definition 2.44 (Solvable group) 

A group � is solvable iff �U(�) = &9} for some positive integer J. 

Remark:  Every abelian group is solvable. 

Example of solvable group 

#/ = &\, (12), (13), (23), (123), (132)}  

#/
� = 0/ = &\, (123), (132)}  

#/
�� = &\}  

So #/ is solvable. 

 

Definition2.45 (Nilpotent Group) 

A group G is nilpotent iff �U = � for some positive integer J. 

The smallest J such that �U = � is called the class of nilpotency of �. 

Or a group � is said to be nilpotent iff �$(�) = &9} for some positive integer !. 

If � is abelian group then �� = 	�	(�) = �. Thus, trivially, every abelian group is nilpotent. 

For examples, 

0/ is nilpotent of class 1. 

�� is nilpotent of class 2. 
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Theorem 2.46 Let � be a nilpotent group. Then every subgroup of � is nilpotent. 

Proof: Let � be a nilpotent group of class J. 

So �U��� = � 

Let � ≤ � 

Then clearly �⋂���� ≤ ���� 

Now ∀� ∈ ����, 4 ∈ �, [�, 4] ∈ ���� 

Therefore ∀	� ∈ �⋂��(�), 4 ∈ �, D�, 4E ∈ �⋂�(�) ≤ �(�) 

So � ∈ ��(�) 

⇒�⋂��(�) ≤ ��(�) 

Continuing like this we can show that  �⋂� (�) ≤ � (�)   ∀	H ≥ 1 

In particular,H = J, we have  

�⋂�U(�) ≤ �U(�)  

i.e. � ≤ �U(�) 

i.e. � is nilpotent. 

 

Theorem 2.47 A finite group of order �U(�	is prime) is nilpotent. 

Proof: Let � be a group such that |�| = �U 

So by theorem 2.30 (i), ����� is non-trivial. If ����� = � then we are through. Otherwise 
consider �/����� which is again a non trivial p-group. 

⇒ � � �
������ = �����

����� 

So |�����| ≥ ����� 

If again ����� = �, then we are through. 

Otherwise we continue this process. 

So ∃	J such that �U(�) = � 
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Hence � is nilpotent. 

 

Definition 2.48 (T-Groups) 

As in [4], a group G is called T-group if normal subgroup of a normal subgroup is again normal 
in G. 

 

Definition 2.49 (Direct product of groups) 

Let H and K be two normal subgroups of a group G, then direct product is defined as 

G=� × % iff � = � × % and � ⋂% = {1}. 

 

Lemma 2.50 Elements of direct product commute with each other. 

Proof: Let � = �� × �� 

Let �� ∈ �� and  �� ∈ ��. 

As �� ⊲ �	and �� ⊲ � 

So ��
,����� ∈ �� 

Also ��
,���

,����� ∈ �� 

And ��
,���

,����� ∈ �� 

⇒��
,���

,����� ∈ ��⋂��={1} 

⇒��
,���

,����� = {1} 

⇒��
,����� = �� 

⇒���� = ����	

Hence proved. 

 

Theorem 2.51 Let � = � × % be a group where �,% are subgroups of �. Then �/� ≅ %. 

Proof: Define a mapping  : � → % defined as 



27 

 

 	(ℎ() = (		

Let	ℎ�(�, ℎ′′(′′ ∈ �	be any elements. 

So  (ℎ�(�ℎ��(��) =  (ℎ�ℎ��(�(��)                            [by theorem 2.50] 

                             = (′(′′ 

                             =  (ℎ�(�) (ℎ��(��) 

∴   is a homomorphism. 

Clearly, for any  ( ∈ %, ∃ℎ( ∈ � s.t.  (ℎ() = ( 

So   is onto. 

∴ By fundamental theorem of isomorphism (Theorem 2.34)  

    � %9�	 ⁄ ≅ % 

Now, for any ℎ ∈ � 

 (ℎ) =  (ℎ9) = 9, where 9 is the identity of %. 

⇒	ℎ ∈ %9�	 	

⇒� ≤ %9�	 	

Let � ∈ %9�	  be any element and Ker   ≤ �. 

So � = ℎ′(′, where ℎ′(′ ∈ � 

∴,  (�) =  (ℎ�(�) = 9 

But  (ℎ�(�) = (′ 

⇒	(� = 9	

⇒	� = ℎ�	

⇒	� ∈ �	

⇒	� ∈ %9�	  ≤ �	

⇒%9�	  ≤ �	

∴	%9�	  = �	

Hence, �/� ≅ % 
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Definition2.52 (Perfect group) 

A group � is called perfect if � = �′. 

 

Theorem2.53 Direct product of Perfect groups is perfect. 

Proof: Let � = � × %, where �, % are perfect groups. 

i.e. � = ��, % = %′ 

To prove: � = �� 

Let [�, 4] ∈ �� 

⇒	� = ℎ�(�, 4 = ℎ�(�	

∴	D�, 4E = Dℎ�(�, ℎ�(�E																													

															= Dℎ�(�, (�EDℎ�(�, ℎ�EDℎ�(�, ℎ�, (�E																																																						(1)	

Now, [ℎ�(�, (�E = Dℎ�, (�EDℎ�, (�, (�ED(�, (�E     

                          = D(�, (�E 

And Dℎ�(�, ℎ�E = Dℎ�, ℎ�EDℎ�, ℎ�(�ED(�ℎ�E 

                           = Dℎ�, ℎ�E 

And [ℎ�(�, ℎ�, (�E = DDℎ�(�, ℎ�E, (�E 

                               = ¢Dℎ�, ℎ�E, (�£ = \ 

∴ (1) ⇒ 

D�, 4E = Dℎ�(�, ℎ�(�E = D(�(�EDℎ�, ℎ�E  

          = Dℎ�, ℎ�ED(�(�E                                                                                     (2) 

As �� = �,%� = ( 

So let � ∈ � be any element 

∴� = ℎ(,	for some	ℎ ∈ �, ( ∈ % 

							= Dℎ�, ℎ�ED(�, (�E,	for some ℎ�, ℎ� ∈ � and (�, (� ∈ % as � = ��, % = %′ 
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        =[ℎ�(�, ℎ�(�] ∈ �′                                                                           [By �2�] 

⇒� ⊆ �′ 

But trivially �� ⊆ � 

So � = �� 

Hence, � is perfect 

 

Theorem 2.54 (Correspondence Theorem) Suppoese �� and ��are groups, � ≤ ��, ¥ ≤ ��, 
and R is a surjective homomorphism mapping �� to �� with %9� R = %. This implies ��R ≅
��R and %R =< 9 >. 
 
 

Definition 2.55 (Frattini subgroup) 

Let � be a group , the intersection of all maximal subgroups of � is called the ¦�755H!H 
��<����� of �. It is denoted by ф���. If G has no maximal subgroup we set ф��� = G. 

 

Lemma2.56 ф��� is normal subgroup of �. 

Proof: If  � has no maximal group ,then  ф��� = � and the result holds trivially.  

 Let �  be the maximal subgroups of �. As 9 ∈ �  for all H ∈ \, we have 9 ∈ ф���. 

So ф��� is non-empty. 

Let 7, < ∈ ф���, then 7, < ∈ �  for all H and each � ≤ � so 7<,� ∈ �  for all H. 

Hence 7<,� ∈ ф���. 

So ф��� ≤ �. 

An automorphism maps a maximal subgroup to a maximal subgroup, this is consequence of  

correspondence theorem. Hence this result holds for all inner automorphisms, and normality  

follows. 

 

Lemma 2.57 If G is finite, H ≤ G and G =Hф(G), then H = G. 
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Proof:  If H ≠ G, then there exists a maximal subgroup J of G which contains H possibly H  
 
itself. Now ф(G) ≤ J by definition, therefore G =Hф(G) ≤ J , which is impossible. The result  
 
follows. 
 
 
Definition 2.58 (Frattini Argument)   
If � is a finite group,	% ≤ � and P is a Sylow subgroup of K, then � = 6�(¨)% 
 
 
Theorem 2.59 If � is finite then ф(G) is nilpotent. 

Proof: We shall show that all Sylow subgroups of ф(�) are normal in ф(�). 

If ф(�) = &9}, there is nothing to prove. 

Suppose ф(�) > &9} and let P be a non-neutral sylow subgroup of ф(�).   

Using Frattini argument we have � = 6�(¨)ф(�), as ф(�) ⊲ �. Now applying lemma 2.50  
 
with � = 6�(¨), we obtain 6�(¨) = �, which gives ̈ ⊲ ф(�). The result follows as this holds  
 
for all sylow subgroups ̈ of ф(�).  
 

Definition 2.60 (Conjugate closed subgroup) 

Let � be a group and � be a normal subgroup of �. For any � ∈ �, �� denotes the conjugacy 
class of � in �. A normal subgroup of � is said to be conjugate closed if �� = �	  for every 
� ∈ �. 

 

Definition 2.61 (Conjugate closed group) 

A group � is said to be conjugate closed if every normal subgroup of � is conjugate closed. It is 
abbreviated as �� − �����. 

Note: Every abelian group and simple group are �� − ������.    

 

 

Definition 2.62 (Schreier Conjecture) 
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Let � be a group and Aut(��, \!��� be the automorphism and inner automorphism of �. 

 Then ª�5��� = 0�5���/\!��� is solvable.  
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                             Chapter-3 

                        MAIN RESULT 
 

«. ¬ General Properties of Conjugate Closed Groups 

Lemma 3.1.1 Direct product of �� − ������ is conjugate closed.  

Proof: Let � = �� × ��, where ��, �� are �� − ������. 

Let � be a normal subgroup of �. 

So � = �� × �� such that �� ⊲ �� and �� ⊲ �� 

To prove �� = �	 for every � ∈ � 

Let � ∈ � be any element. 

So � = ℎ�ℎ� where ℎ� ∈ ��, ℎ� ∈ �� 

So we will show �ℎ�ℎ��	�×	� = �ℎ�ℎ����×�� 

Now �ℎ�ℎ����×�� = ������,��ℎ�ℎ��������      for some �� ∈ ��, �� ∈ �� 

                           = ��
,���

,�ℎ�ℎ����� 

                           = ��
,�ℎ�����

,�ℎ���                                                (1)  {theorem 2.50} 

So ��
,�ℎ��� ∈ ��, ��

,�ℎ��� ∈ �� 

Also �� is a  �� − ����� ⇒ ℎ�
�� = 	 ℎ�

	� 

                                          ⇒��
,�ℎ��� = ℎ′,�ℎ�ℎ′,	for	some		ℎ′ ∈ ��, �� ∈ � 

Similarly ℎ�
�� = 	ℎ�

	� 

⇒��
,�ℎ��� = ℎ��,�ℎ�ℎ′′,	for	some		ℎ′′ ∈ ��, �� ∈ � 

 

So (1) 

⇒(ℎ�ℎ�)��×��	 = ℎ′,�ℎ�ℎ′ℎ��,�ℎ�ℎ�� 
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                             =ℎ�,�ℎ��,�ℎ�ℎ�ℎ�ℎ�� 

                             =�ℎ��ℎ��,��ℎ�ℎ��	(ℎ��ℎ�) 

                             =  (ℎ�ℎ�)	�×	�	 

So � is a �� − �����. 

 

Lemma 3.1.2 A conjugate closed group is a T-group. But converse is not true. 

Proof: Let G be a �� − ����� and � ⊲ �	7!V	% ⊲ �. 

Since G is a  �� − ����� 

Therefore, �� = �	 for every � ∈ �. 

Now � will be �� − ����� if every normal subgroup of G is conjugate closed. 

So if % ⊲ � 

⇒ �p = �	 , for every � ∈ % 

⇒ �p = �� , � ∈ % 

⇒ % ⊲ �. 

So � is a T-group. 

Converse of above is not true. 

For example, Let � = #/ 

So normal subgroups of #/ are \	7!V	0/. 

So \ ⊲ 0/ ⊲	#/ 

But �­2 ≠ �12,	� ∈ 	0/ 

So  #/ is not  a �� − �����. 

 

Proposition 3.1.3 Every normal abelian subgroup of a CC − Group	 is central. 

Proof: Let 6 be a normal abelian subgroup of �. 

Let � ∈ 6	 and	� ∈ �	 be any element. 
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As � is a �� − �����	 

⇒�¯ = �� 

⇒!,��! = �,��� 

⇒�!,�! = �,��� 

⇒          � = �,��� 

⇒�� = �� 

⇒� ∈ �(�) 

Now 6 ⊆ �(�) 

As 6 is abelian subgroup so 6 = �(6) 

Hence 6 = �(6) ⊆ �(�). 

 

Theorem 3.1.4 For a group �, the following are equivalent: 

(1) � is conjugate closed. 
(2) For every normal subgroup � of �, � = ��(�)�, for every � ∈ �. 
(3) For every normal subgroup � of � and every � ∈ �, the natural map,  

I: ��(�) → � �⁄  is an epimorphism. 

Proof: (1)⇔(2) 

Firstly suppose that � is a �� − ����� and � be any normal subgroup of  �. 

 Therefore, for a given � ∈ � and � ∈ �. 

																																																					�	�=�	 

                                               ⇒�,��� = ℎ,��ℎ 

                                               ⇒��,��� = �ℎ,��ℎ 

                                               ⇒   �� = �ℎ,��ℎ 

                                               ⇒  ��ℎ,� = �ℎ,��ℎℎ,� 

                                               ⇒ 	��ℎ,�= �ℎ,�� 

                                               ⇒ �ℎ,� ∈ ��(�) 
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                                               ⇒ � ∈ �����ℎ for some ℎ ∈ � 

                                               ⇒� ≤ ������ 

Trivially ������ ≤ � 

⇒ � = ������ 

Conversely suppose that  � ⊲ �	7!V	� = ��(�)� 

Let � ∈ � be any element 

⇒� = °ℎ; ° ∈ ��(�), ℎ ∈ � 

To prove: �	�=�	 	for every � ∈ � 

Let � ∈ � be any element 

Now �	� = �,��� 

              = (°ℎ),��(°ℎ) 

              = ℎ,�°,��°ℎ 

               = ℎ,��°,�°ℎ 

               = ℎ,��ℎ 

               = �		 

So � is a �� − �����. 

(2)⇔(3) 

Firstly suppose that  � ⊲ �	7!V	� = ��(�)� 

To show: I: ��(�) → � �⁄  is an epimorphism 

Now I is a natural map 

⇒I(�) = �� 

Let ��, �� ∈ ��(�) be two elements. 

I(����)=	����� 

            =������ 

            =I(��)I(��) 



36 

 

⇒I is a homomorphism. 

Now � = ������ 

⇒� = °ℎ;  ° ∈ �����, ℎ ∈ � 

⇒�� = °ℎ� 

          = °� 

So ∀	°� ∈ ��(�)�			∃		° ∈ ��(�) such that I(°) = °� 

So I is onto. 

Hence  I is an epimorphism. 

Conversely suppose that I: ��(�) → � �⁄  is an epimorphism 

To prove: if � ⊲ �	5ℎ9!		� = ��(�)� 

Since I: ��(�) → � �⁄  is a natural map 

⇒I(°) = °� 

Also natural map is onto. So for �� ∈ �/� ∃	° ∈ ��(�) such  that  I(°) = �� 

⇒�� = °� 

⇒°,��� = °,�°� 

⇒°,��� = � 

⇒°,�� ∈H 

⇒� ∈ °� 

⇒� ≤ ��(�)� 

But ��(�)� ≤ � 

⇒	� = ��(�)� 

Hence  proved. 

 

Theorem 3.1.5 Let � be a group such that  � = �(�) × �. Then � is conjugate closed if and 
only if � is conjugate closed. 
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Proof: Firstly suppose that � is conjugate closed. 

To prove: � = ���� × � is conjugate closed 

Since ���� ⊲ � and ���� is an abelian group. 

Hence ���� is �� − �����.                              {every abelian group is conjugate closed} 

Also � is conjugate closed. 

⇒	�(�) × � is a �� − �����. BY using lemma 3.1.1 direct product of �� − ����� is a 
�� − �����. 

⇒ � is conjugate closed. 

Conversely suppose that � = �(�) × � is conjugate closed 

To prove :	� is conjugate closed 

Now � = �(�) × �  

So by theorem 2.51, � �(�) ≅⁄ � 

Now to prove H is conjugate closed; we will prove � �(�)⁄  is conjugate closed. 

Let ± �(�) ⊲ � �(�)⁄⁄   

⇒± ⊲ � 

Let  6 = �(�) 

Now we have to show if �6 ∈ ± 6⁄  ⇒ (�6)² ¯⁄ = (�6)� ¯⁄  

(�6)� ¯⁄ =(�6),�(�6)(�6) 

             =�,�6�6�6 

             =�,���6 

Since �	H�	7	�� − �����. So if ± ⊲ �	5ℎ9!	�	�=�² 	for every � ∈ ±. 

⇒�,��� = J,��J	

So (�6)� ¯⁄ =(J,��J)6 

                  = J,�6�6J6 

                  =(J6),�(�6)(J6) 



38 

 

                      =��6�² ¯⁄  

So � 6⁄  is a �� − ����� 

⇒� ����⁄  is a �� − �����. 

⇒H is conjugate closed. 

 

Theorem 3.1.6 A finite group � is semisimple, conjugate closed and perfect if and only if 
� = �� × �� × … ��, where each �  is non abelian and simple subgroup of �. 

Proof: Let �	be a semisimple conjugate closed and perfect group. Since � is semisimple, � has 
no normal abelian subgroup and hence its center is trivial. 

Let �� be a minimal normal(and so non-abelian) subgroup of �. As ��is minimal normal 
subgroup so it has no non-trivial normal subgroup. ∴, ��is simple and also non-abelian. Since � 
is conjugate closed and  �� is non-abelian and simple group. Therefore �/��(��) ≅ a subgroup 
of 0�5(��) and in this isomorphism ����(��)/��(��) corresponds to \!!(��)  as 

��g³(��)
g³(��) ≅ ��

��⋂g³(��)                                          [∵ Second isomorphism theorem (Theorem 2.35)]  

              = ��
�(�) 

              ≅ \!(��) 

So, ����(��)/��(��) ≅ 	\!(��). Now �� is simple, therefore by Schreier Conjecture 
ª�5(��) = 0�5(��)/\!(��) is solvable and hence �/����(��) is solvable as 

­´µ(��)
¶$(��) =	 �/g³(��)

��g³(��)/g³(��)  

            = �/����(��) 

Since � is perfect so � = �′ 

Now, 
�

��g³(��) is solvable so ∃ a +ve integer ! such that (�/����(��))$ = &1} 

Now, � �
��g³(��)�

�
= �·��g³(��)

��g³(��)  

                            = ���g³(��)
��g³(��)                             [∵G is perfect] 

                            = �
��g³(��) 
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∴,  � �
��g³�����

�
= �

��g³���� 

Continuing this way we get � �
��g³�����

$
= 1 

Therefore,  �/�������� is trivial group. 

 But then � = �� = ��������.  

As � is semisimple; ��⋂������ is a normal abelian subgroup of �as 

Let  �, 4 ∈ ��⋂������ 

⇒� ∈ ��	and	� ∈ ��(��)	

also	4 ∈ ��	and	4 ∈ ��(��)	

⇒	�4 = 4�	

But � is semisimple i.e. it does not contain non-trivial normal subgroup. Hence ��⋂��(��)	is 
trivial. But then � = �� × ��(��). Now �(��(��)) < �(�) and ��(��) is semisimple, 
conjugate closed and perfect. Therefore by induction, we have ��(��) = �� × …× ��and hence 
� = �� × �� × …× ��, where each �  is non-abelian, simple subgroup of �. 

Conversely suppose that � = �� × �� × …× ��, where each �  is non-abelian, simple subgroup 
of � and therefore each �  is perfect and conjugate closed. From this it follows that � is perfect 
(by Theorem 2.53)  and conjugate closed . Let � be a normal abelian subgroup of �. Then � is a 
direct product of some of � ′�, where for any H, � is a normal abelian subgroups of � . But then 
every � = &1} and hence � = &1}. Therefore � is semisimple. 

 

Theorem 3.1.7 Let � be a finite group such that � = �(�) × � for some normal conjugate 
closed subgroup � of �. Then � �(�)⁄  is perfect if and only if � = �(�) × �� × �� × …��, 
where each �  is non abelian and simple subgroup of �. 

Proof: Firstly suppose that � �(�)⁄  is perfect. 

To prove: � = �(�) × �� × �� × …��, where each �  is non abelian and simple subgroup of �. 

Now � = �(�) × � 

So	by	theorem	2.51	� �(�)⁄ ≅ � 

As � �(�)⁄  is perfect so � is perfect. 
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Also � is �� − �����. 

First we prove � is semi-simple. 

Since ���� is trivial 

Therefore, � cannot have normal abelian subgroup. 

⇒� is semi-simple. 

Now � is semi-simple, perfect and �� − �����. 

So by theorem 3.1.6, � = �� × �� × … ��, where each �  is non abelian and simple. 

But � = ���� × � 

⇒ � = ���� × �� × �� × … ��, where each �  is non abelian and simple. 

Conversely suppose that � = ���� × �� × �� × … ��, where each �  is non abelian and simple. 

To prove: � ����⁄  is perfect. 

Now � = ���� × �� × �� × … �� 

Let � = �� × �� × … �� 

⇒� = ���� × � 

Since by theorem 2.53 direct product of perfect group is perfect. 

⇒	� = �(�) × �; where  � is perfect 

By theorem	2.51	� �(�)⁄ ≅ � 

Since � is perfect 

⇒� �(�)⁄  is perfect. 

 

«. ¹	Nilpotent and Solvable Groups 

Theorem 3.2.1 For a �� − �����	�, the lower central series of � coincides with the derived 
series of �. 

Proof: Since the lower central series is  
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� = �1��� ⊇ �2��� ⊇ 	�3(�) ⊇  . . . ., of � defined inductively by �1(�) = D�,�i-1(�)E, for 

each H ≥ 1. 

And the derived series is � = �0(�)⊇	�1(�)⊇	�2(�)⊇……, of � defined inductively as 
�i(�)=	�(�i-1(�)) = D	� i-1(�), �i-1(�)E. 

Now we have to prove  

� (�) = � ,�(�) 

For  i=2; 

��(�) = D�, ��(�)E = D�, �E = �′ 

And ��(�) = D��(�), ��(�)E = D�, �E = �′ 

⇒��(�) = ��(�) 

So result is true for H = 2. 

Let the result is true for i i.e. � (�) = � ,�(�) 

Now we will prove that � X�(�) = � (�) 

Let � (�) is normal in �, for � ∈ � (�), � ∈ �, ℎ ∈ � (�). 

As � is a �� − �����, 7!V	� (�) ⊲ � 

⇒if � ∈ � (�) then � 	º»(�) = �� 

⇒ℎ,��ℎ = �,���, for some  ℎ ∈ 	 � (�), � ∈ �. 

So, D�, �E = �,��,��� = �,�ℎ,��ℎ = D�, ℎE ∈ D� (�), � (�)E = D� ,�(�), � ,�(�)E = � (�) 

Thus,	� X�(�) ⊆ 	� (�) 

Now � (�) = D� ,�(�), � ,�(�)E 

                    = D� (�), � (�)E ⊆ D�, � (�)E = � X�(�) 

⇒� (�) ⊆ � X�(�) 

⇒� (�) = � X�(�) 

Hence proved. 
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Theorem 3.2.2 A conjugate closed, nilpotent group is abelian. 

Proof: Consider the upper central series 1 = �0⊆	�1⊆	�2⊆……⊆⊆⊆⊆	�U(�) = � 

Let � ∈ ��(�) be any element. 

��(�) = &� ∈ �	|[�, 4] ∈ �����	∀ 4 ∈ �} 

Consider � =< �, ��(�) >	=	< �, �(�) > 

So every element of � can be written as an integral power of < �, ��(�) > 

Now we show � is an abelian group . 

Let �, ℎ ∈ �. 

So � = �½°�°� ……°U where � ∈ �, ° ∈ �(�) 

lly,  ℎ = �U°�
′ °�′……°U′ 

 �ℎ = �½°�°� ……°U�U°�
′ °�′……°U′ 

       =  �½XU°�
′ °�′……°U′°�°� ……°U 

       = �UX½°�
′ °�
′ ……°U

′¾�¾� ……°U 

       = �U . �½°�
′ °�
′ ……°U

′¾�¾� ……°U 

       = �U°�
′ °�′……°U′�½°�°� ……°U 

      = ℎ� 

⇒ � is an abelian group of � containing ��(�) 

Now let ℎ�(�) ∈ �/�(�) be any element. 

Since �(�) ⊆ ��(�) 

Also � ∈ ��(�) 

⇒< �, �(�) >= � ⊆ ��(�) 

Let	ℎ ∈ � ⊆ ��(�) 

⇒ℎ ∈ ��(�) 

⇒ℎ�(�) ∈ ��(�)/�(�) 



43 

 

⇒�/���� ⊆ �����/����=�� �
����� 

⇒�/���� ⊆ � � �
����� 

Thus, �/���� is central subset of �/���� 

⇒ �/���� ⊲ � �
����� 

⇒� ⊲ � 

Since � is normal abelian subgroup. 

So by proposition 3.1.3; 

 � ≤ ���� 

⇒� ∈ ���� for any element � ∈ ����� 

⇒����� ⊆ ���� 

But ���� ⊆ ����� 

Similarly by other elements �U��� = ���� = � 

⇒� is abelian 

 

Corollary 3.2.3 For a finite  �� − ����� �, the frattini subgroup ф��� is central. 

Proof: Let � be a finite �� − �����. 

Since  ф��� is a normal subgroup of �(Theorem2.56)  and hence conjugate closed. 

Also ф��� is nilpotent subgroup of �(Theorem 2.59) 

So by proposition 3.2.2; ф��� is abelian. 

Now ф��� is abelian normal subgroup of �. 

So by proposition 3.1.3, ф��� is central. 

 

Corollary 3.2.4 A conjugate closed solvable group is abelian. 

Proof: Since � is solvable. 
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Therefore, its derived series terminates. 

So ∃ a positive integer n such that  

�$=1 

But � is �� − �����. So by proposition 3.2.1 

�$X���� = �$��� = �$ = 1 

⇒�$X� = 1 

Thus every solvable group is nilpotent. 

So by proposition3.2.2,  

� is abelian. 

Remark: Every solvable group of odd order is solvable.[2] 

 

Theorem 3.2.5 If � is a conjugate closed such that � ≠ ��, then either � is abelian or � = ±�� 
for some maximal subgroup ± of �. 

Proof: Let � be a �� − ����� such that � ≠ ��. Let 6 be a normal subgroup of �. 

If 6 is abelian then 6 ⊆ ���� 

If 6 ⊈ ����; then ∃ an element � ∈ 6 such that � ∉ ����. 

Now � is a �� − �����  and 6 ⊲ �. Let � ∈ 6 be any element. 

Therefore �¯ = �� 

!,��! = �,��� for some ! ∈ 6, � ∈ � 

�!,��! = ��  

�!,�� = ��!,�  

⇒�!,� ∈ ����� 

⇒� ∈ �����!  for some ! ∈ 6 

⇒� ∈ �����6 

⇒� ≤ �����6 
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But �����6 ≤ � 

⇒G=�����6 

⇒�����6  is a proper supplement of 6 in �. 

Thus in a �� − ����� either a normal subgroup 6 is central or it has a proper supplement. 

Now in particular let �′ ⊲ � and � ≠ �′ 

So by above either �′ ⊆ ���� or �′ has a proper supplement. 

Therefore in first case � will be nilpotent and hence abelian. In the later �′ has a proper 
supplement. 

If �′ is non-abelian 

⇒�′ ≰ ���� 

By proposition 3.1.3, ф��� ≤ ���� 

⇒�� ≰ ф��� 

Therefore ∃ a maximal subgroup say ± such that �′ ≰ ±. 

So ��± = � 

⇒ ��± = �; for some maximal subgroup ± of �. 

 

Proposition 3.2.6 For ! ≥ 3, the symmetric group #$ is not conjugate closed. 

Proof: Let ! ≥ 3, the symmetric group of degree ! on the set # = {1,2, … !+. Two elements of 
#$ are conjugate iff they have the same cyclic structure. Let 0$ be the alternating group of 
degree !. Take � = #$ and � = 0$. 

Now |#$| = !! and |0$| = !!/2 

Case 1: Suppose ! is odd. 

Now  ! is odd. 

Then (123 …!)  is an even permutation. 

Therefore, (123 …!) ∈ 0$. 

As number of r-cycles in #$ = �
� . $!

($,�)! 
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So number of n-cycles = 
�
$ . $!

�$,$�! = �! − 1�! 

|�123 … !�1Ã| = �! − 1�!  

If possible let #$ be a �� − �����. 

⇒�123 … !�1Ã = �123 … !�­Ã 

⇒�! − 1�! |�!!/2� 

Let $!
� = �! − 1�! ( for some ( ∈ 6 

⇒$�$,��!
� = �! − 1�! ( 

⇒! = 2(, which is contradiction as is odd. 

Case 2: If  ! is even. 

Now ! is even. 

Then �123 … !� ∉ 0$ 

⇒�123 … ! − 1� ∈ 0$ 

Number of n-1 cycles= �
�$,��! . $!

m$,�$,��n! = !�! − 2�! 

|�123 … ! − 1�1Ã| = !�! − 2�!  

 Suppose #$ be a �� − ����� 

⇒|�123 … ! − 1�1Ã| = |�123 … ! − 1�­Ã 

  !�! − 2�! |�!!/2� 

Let  $!
� = !�! − 2�! ( for some ( ∈ 6 

⇒ $�$,��!
� = !�! − 2�! (   for some ( ∈ 6 

⇒! = 2( + 1, which is a contradiction as n is even. 

Hence #$ is not �� − ����� for ! ≥ 3. 

 

Proposition 3.2.7 If � is conjugate closed then �� is perfect and hence �� = ��� = …….  
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Proof: Case 1: If � is perfect i.e. � = �′ 

Then ��� = ����� = �� which shows that �′ is perfect. 

Case 2: If � is not perfect then �/�′′ is solvable. 

Since �/�′′ is conjugate closed. 

Therefore by proposition 3.2.4 �/�′′ is abelian. 

⇒	�� ≤ ���	

But	��� ≤ ��	

⇒	�′ = �′′	

⇒�′	is perfect. 
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