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ABSTRACT 
 

The dev elopment and use of  the t ime-cost  t radeof f  for a project  network is 

an essent ial  part  of  a CPM (Cri t ical  Path Method) analysis,  since smal l  

v ar iat ions in project  durat ion could heav i ly af fect  the project 's cash f low. 

Managing projects inv olv es the usual  management funct ions of  planning,  

schedul ing and control l ing.  CPM, which is a planning tool ,  helps to do al l  

three.  One of  the most sal ient  features of  CPM is the at tempt to opt im ize 

the total  project  cost  (when project  durat ion must be reduced) by shortening 

appropriate project  act iv i t ies.  CPM is a bot t leneck route that  reduces ov er 

al l  project  t ime and prov ides a cost  ev aluat ion of  "Crash" programs. CPM 

focused on opt im izing the total  costs ( i .e. ,  ov erhead plus act iv i ty costs) for 

v ar ious possible project  complet ion dates;  howev er,  no systemat ic 

procedure was ini t ial ly proposed to ef fect iv ely achiev e this goal  of  cost  

opt im izat ion.  

Present thesis deals wi th a single step CPM t ime-cost  t radeof f  algor i thm for 

ef f ic ient ly shortening the durat ion of  a project  when the expected project  

durat ion is incompat ible (exceeds) wi th pre-determined or ex ternal ly 

imposed requi rements.  

Thesis contains three chapters;  f i rst  chapter is int roductory in nature and 

also contains a br ief  rev iew of  l i terature related to the topic.  In second 

chapter,  two dist inct  algor i thms on CPM t ime-cost  t radeof f  hav e been 

rev iewed. In thi rd chapter,  a single step CPM t ime-cost  algor i thm has been 

giv en consist ing of  a combinat ion of  prev iously discussed two algori thms in 

second chapter.  
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CHAPTER – 1 
INTRODUCTION 

 
The development and use of the time-cost tradeoff for a project network is 
an essential part of a CPM analysis, since small variations in project 
duration could heavily affect the project 's cash flow. In a project network, 
each job has an associated crash completion time and normal completion 
time and the cost of doing the jobs varies linearly between these extreme 
times. Given that the entire project must be completed in a prescribed time 
interval, it  is desired to find job times that minimize the total project cost. 
The essential ingredient of the technique is the network model that 
incorporates sequence information, durations and costs for each component 
of the project. Analysis of the network model enables operating personnel 
to answer the questions concerning labour needs, budget requirements, the 
effects of delays etc.   

Network analysis has caught the attention and stimulated the interest of 
mathematicians, academicians, operations research analysts, practitioners, 
and government officials. The most common name associated with network 
analysis is CPM. CPM is not just a data manipulation tool, but a logical 
approach to work. Managing projects involves the usual management 
functions of planning, scheduling and controlling. CPM, which is a planning 
tool, helps to do all three. One of the most salient features of CPM is the 
attempt to optimize the total project cost (when project duration must be 
reduced) by shortening appropriate project activities. CPM is a bottleneck 
route that reduces over all project time and provides a cost evaluation of 
"Crash" programs. CPM focused on optimizing the total costs (i.e. 
overhead plus activity costs) for various possible project completion dates, 
however no systematic procedure was initially proposed to effectively 
achieve this goal of cost optimization.   

1.1. INTRODUCTION TO PROJECT AND NETWORKS 

A project is an endeavour to create a unique product or service. It  is 
specific, timely and always conflict ridden. Projects are part of an overall 
programme and are broken down into well-defined set of tasks (jobs), 
subtask and further if desired, all of which must be completed in the 
specified time along with minimum cost. Examples of projects include 
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construction of a bridge, highway, power plant, repair and maintenance of 
an oil refinery or an air plane, design, development and marketing of a new 
product, research and development work, etc. Such projects involve large 
number of interrelated activities (or tasks) which must be completed in a 
specified time, in a specified sequence (or order) and require resources 
such as personnel, money, materials, facilities and/or space. The main 
objective before starting any project is to schedule the required activities in 
an efficient manner so as to complete it  on or before a specified time limit 
at a minimum cost of its completion. 

In managing a project, there are important relationships among various 
activities that are often better presented visually. For example, certain 
activities may not begin until others are completed. Other activities may be 
able to proceed simultaneously. One excellent way to visually represent 
these project activities is through a network.  A network is a graphical plan 
consisting of certain configuration of arrows and nodes for showing the 
logical sequence of various activities to be performed to achieve project 
objectives. The project network may be of the form of Activity-on-Node 
(AON) network and Activity-on-Arc (AOA). In AON each node (or circle) 
represents a specific task while the arcs represent the ordering between 
tasks. AON network diagrams as shown in figure 1.1 (a) place the activities 
within the nodes, and the arrows are used to indicate sequencing 
requirements. The lack of dummy activities in these diagrams always make 
them easier to draw and to interpret  whereas AOA network diagrams as 
shown in figure 1.1 (b) has each end of the activity arc as a node (or 
circle). These nodes represent points in time or instants, when an activity is 
starting or ending. The arc itself represents the passage of time required 
for that activity to be performed. 

In some cases, we may need to indicate precedence, but any relevant 
activity is already being used to indicate another precedence relation. In 
those cases, a dummy activity can be used and is represented by a dashed 
arrow. Dummy activities have duration of zero and are used only to show 
precedence. A second situation in which a dummy activity may be useful is 
when each activity must have a unique pair of beginning and ending events.  
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Figure 1.1 (a)     Figure 1.1 (b) 
 
1.2. THE CRITICAL PATH METHOD 

CPM was developed by E.I. DuPont company along with Remington Rand 
Corporation. The aim behind its development was to provide a technique 
for control of the maintenance of company's chemical plants. CPM was 
designed to help plan how to coordinate a project 's various activities, 
develop a realistic schedule for the project and then monitor the progress 
of the project. In course of time, use of CPM got extended to the field of 
cost and resource allocation.  

CPM provides a way to determine the earliest time each activity could 
start, based on expected durations, precedence relationships and the 
expected entire duration. By working backward from a desired completion 
date for the project, it  will also be possible to determine the latest time 
each activity could start and finish without delaying the entire project. 
Finally, critical path can be calculated, which will consist of those activities 
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that determine how long it will take to complete the entire project. 

Calculating Start and Finish Times for AON networks 

In AON networks, earliest start and earliest finish times can be calculated 
for each activity as these gives different values.  Similarly, latest start and 
latest finish times also gives different  values for each activity. So these can 
be calculated as below: 

Earliest Times 

If we let time zero represent the starting time for this project, then first 
activity can being immediately at time zero. The expected finish time can 
be found by adding the expected duration to the starting time of zero. We 
will designate these starting and finish times as the earliest start (ES) and 
earliest finish (EF) because they are the earliest time the activity can start 
and finish, based on the starting time of zero and expected duration. For 
any activity, its earliest start time will be the time at which all of its 
predecessor activities are completed. The general rule is 

EF = ES + activity duration 

The earliest start and earliest finish times for all activities in the project 
can be calculated the same way by adding the earliest start and earliest 
finish information. If an activity has more than one predecessor, its earliest 
start time will be the latest of the predecessor 's earliest finish times. It  
means is that no act ivity can start until all of its predecessors are finished.   

Latest Times 

Suppose the project must be completed within nineteen weeks. That 
represents the latest time of the last activity of the project can finish 
without making the project late. At each node, the latest start time can be 
calculated using the general rule 

LS = LF – durat ion 

Keep working backward from the desired completion date to determine 
latest finish and latest start times by realizing that all of an activity's 
predecessors must be completed by its latest start time. The latest finish 
time of an activity will be the earliest of the latest start times of the 
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activity it  precedes. All of an activity's predecessors must be finished 
before it  can start.  

Avoiding Late Completion 

The information about earliest start, earliest finish, latest start, and latest 
finish can be used to keep a project on schedule. One more bit of 
information is useful. By comparing the earliest and latest times, we can 
determine the amount of slack for each activity.  The slack is calculated as 

Slack = LF – EF or Slack = LS – ES 

The slack for each activity in the project described above. The slack time, 
or slack, represents how much leeway each activity has in its starting time 
and duration.  

Critical Path Computations for AOA networks 

An activity is said to be critical if there is no "leeway" in determining its 
start and finish times. A non-critical activity allows some scheduling slack, 
so that the start time of the activity can be advanced or delayed within 
limits without affecting the completion time of the entire project.  

To carry out the necessary computations in AOA networks, define an event 
as a point in time at which activities are terminated and others are started. 
In terms of the network, an event corresponds to a node. Define 

� j = Earliest occurrence time of event j 
 j = Latest occurrence time of event j 
D i j = Duration of activity (i, j)  

The critical path calculations involve two passes: The forward pass 
determines the earliest occurrence times of the events, and the backward 
pass calculates their latest occurrence times.  

Forward Pass (Earliest Occurrence Times, �): The computations start at 
node 1 and advance recursively to end node n.  

Initial Step: Set �1 = 0 to indicate that the project starts at time 0.  
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General Step j: Given that nodes p, q,........., and v are linked directly to 
node j by incoming activities (p, j), (q, j),......., and (v, j) and that the 
earliest occurrence times of events (nodes) p, q,......, and v have already 
been computed, then the earliest occurrence time of event j is computed as 

� j = max {�p + Dpj, �q + Dqj,....., �v + Dvj} 

The forward pass is complete when �n at node n has been computed. By 
definition � j represents the longest path (duration) to node j.  

Backward Pass (Latest Occurrence Times, ): Following the completion of 
the forward pass, the backward pass computations start at node n and end 
at node 1. 

Initial Step: Set n = �n to indicate that the earliest and latest occurrences 
of the last node of the project are the same.  

General Step j: Given that node p, q,......, and v are linked directly to node 
j by outgoing activities (j, p), (j, q),......, and (j, v) and that the latest 
occurrence times of nodes p, q,......, and v have already been computed, the 
latest occurrence time of node j is computed as 

 j = min {p – D jp, q – D jq,......, v – D jv} 

The backward pass is complete when 1 at node 1 is computed.  

Based on the preceding calculations, an activity (i, j) will be critical if it  
satisfies three conditions. 

1.  i = � i 

2.  j = � j 

3.  j -  i = � j - � i = D i j 

The three conditions state that the earliest and latest occurrence times of 
end nodes i and j are equal and the duration D i j fits "tightly" in the 
specified time span. An activity that does not satisfy all three conditions is 
thus non-critical. 

By definition, the critical activities of a network must constitute an 
uninterrupted path that spans the entire network from start to finish.  
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Determination of the Floats: - Floats are the slack times available within 
the allotted span of the non-critical activity. The most common floats are 
the total float and the free float.  

Figure 1.2 gives a convenient summary for computing the total float (TF i j) 
and the free float (FF i j) for an activity (i, j). The total float is the excess of 
the time span defined from the earliest occurrence of event i to the latest 
occurrence of event j over the duration of (i, j) – that is 

TFi j =  j - � i – D i j 

The free float is the excess of the time span defined from the earliest 
occurrence of event i to the earliest occurrence of event j over the duration 
of (i, j) – that is. 

FFi j = � j – � i – D i j 

By definition, FF i j  TFi j 

 
Figure 1.2 

Red-Flagging Rule: For a non-critical activity (i, j)  

(a) If FFi j = TFi j, then the activity can be scheduled anywhere within its 
(� i,  j) span without causing schedule conflict.  

(b) If FFi j < TFi j, then the start of activity (i, j) can be delayed by at 
most FFi j relative to its earliest start time (� i) without causing 
schedule conflict. Any delay larger than FF i j (but not more than 
TFi j) must be accompanied by an equal delay relative to � j in the 
start time of all the activities leaving node j.  
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The implementation of the rule is that a non-critical activity (i, j) 
will be red-flagged if its FF i j < TFi j. This red flag is important only if we 
decide to delay the start of the activity past its earliest start time, � i, in 
which case we must pay attention to the start times of the activities leaving 
node j to avoid schedule conflicts.  

The Critical Path 

Those act ivit ies with the least  slack will form a pa th through the CPM 
diagram from beginning to  end. This path is called the crit ical path,  and 
its associated act ivit ies are said to  be crit ical-path act ivit ies.  A 
sequence of project  network act ivit ies which add up to  the longest  
overall durat ion is known as crit ical path.  Any delay of an act ivity on 
the crit ical path direct ly impacts the planned project  complet ion date.  

1.3. PROJECT CRASHING: TIME COST TRADE-OFF 

Project  crashing problem is primarily concerned with the t rade-off 
between compressed act ivity durat ion and the consequent  increase in the 
direct  cost  due to  crashing. In many situat ions,  it  is possible to  reduce 
the length of a project  by inject ing addit ional resources.  The impetus to  
shorten projects may reflect  efforts to  avoid late penalt ies or t o  take 
advantage of monetary incent ives for t imely complet ion of a project ,  or 
to  free resources for use on other projects.  In many cases,  however,  the 
desire to  shorten the length of a project  merely reflects an at tempt  to  
reduce the indirect  costs associated with running the project ,  such as 
facilit ies and equipment  costs,  supervision and labo ur and personnel 
costs.  Managers often have certain opt ions at  their disposal which will 
allow them to shorten,  or crash,  certain act ivit ies.  Among the most  
obvious opt ions are the use of addit ional funds to  support  addit ional 
personnel or more efficient  equipment ,  and the relaxing of some work 
specificat ions.  Hence, a project  manager may be able to  shorten a 
project ,  thereby realizing a saving in indirect  project  cos ts,  by 
increasing direct  expenses to  speed up the project .  The goal of 
evaluat ing t ime-cost  t rade-offs is to  ident ify a plan which will minimize 
the sum of the indirect  and direct  project  costs.   

There are some costs which can be directly attributed to the production of 
a unit of a given product. Such costs are direct costs and can easily be 
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separated, ascertained and imputed to a unit of output. This is because 
these costs vary with the output units. However, there are other costs 
which cannot be separated and clearly attributed to individual units of 
production. These costs are, therefore, classified as indirect costs in the 
accounting process. For example, electricity charges may not be separate 
department-wise in a single product firm or even product-wise in a multiple 
product firm.  

For technical reasons, the duration of an activity cannot be reduced 
indefinitely. The crash time represents the fully expedited or the minimum 
activity duration time that is possible, and any attempts to further 'crash' 
would only raise the activity direct costs without reducing the time. The 
activity cost corresponding to the crash time is called the crash cost which 
equals the minimum direct cost required to achieve the crash performance 
time. These are in contrast to the normal time and the normal cost of the 
activity. The normal cost is equal to the absolute minimum of the direct 
cost required to perform an activity. The corresponding activity duration is 
known as the normal time.  

The slope of crashing an activity means the increment cost of expediting 
the activity per unit period calculated as: 

Cost slope = 
CTNT
NCCC


  = cost to crash per period  

Where NT – CT = Maximum time reduction for an activity 

CC = Crash Cost, NC = Normal Cost,  

NT = Normal Time, CT = Crash Time  

 

In figure 1.3, beyond point A cost increases more quickly when time 
is reduced. Similarly beyond point B the time increases while the cost 
decreases. For simplicity the relationship between normal time and cost as 
well as crash time and cost for an activity is assumed to be linear.  
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   Direct cost          A (Crash Point)  

    CC     
       Linear Time-Cost Relationship 

 

            

    NC           B (Normal Point) 

             

          CT          NT   Duration 

Figure 1.3 

In order to make a rational decision on which activities (if any) to crash, 
and on the extent of crashing desirable, a manager needs certain 
information on regular time and crash time estimates for each activity, 
regular cost and crash cost estimates for each activity, and a list of 
activities which are on the critical path.  Activities on the critical path are 
potential candidates for crashing, since shortening non-critical activities 
would not have an impact on total project duration. From an economic 
standpoint, activities should be crashed according to crashing costs: Crash 
those with the lower costs first. Moreover, crashing should continue as 
long as the cost to crash is less than the benefits received from crashing. 
These benefits might take the form of incentive payments for early project 
completion, or they might reflect savings in the indirect project costs, or 
both. Figure 1.4 illustrates the basic relationships between indirect, direct, 
and total project costs due to crashing. Crashing activities reduces indirect 
project costs while increasing direct costs. The optimum amount of 
crashing results in minimizing the sum of these two types of costs.  

Indirect cost and crashing have positive relation so indirect cost has 
positive linear curve more prone to x-axis as a decrease in project length 
lead to a little decrease in indirect cost whereas direct cost has negative 
relation with crashing the duration shown by the negative slope of the 
curve means there is a more increase in cost with respect to a little 
decrease in project length. When project length seems to be infinite direct 
cost seems almost negligible.
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Figure 1.4 Time-cost relationship in projects 

 

1.4.  LITERATURE REVIEW 

CPM was developed by E.I. DuPont company along with Remington Rand 
Corporation. The aim behind its development was to provide a technique 
for control of the maintenance of company's chemical plants. CPM was 
designed to help plan how to coordinate a project 's various activities, 
develop a realistic schedule for the project, and then monitor the progress 
of the project. In course of time, use of CPM got extended to the field of 
cost and resource allocation. 

The effort  to  develop effect ive techniques for solving the cost  
opt imizat ion problems includes the work of many researchers.  Fulkerson 
(1961) has developed a network flow algorithm to minimize cost ,  where 
it  is assumed that  certain jobs must  be finished before others can be 
started.  It  is desired to  find job t imes that  minimize the total project  
cost .  Each job has an associated crash complet ion t ime and normal 
complet ion t ime, and the cost  of doing the job varies linearly between 
these extreme t imes.  Given that  the ent ire project  must  be completed in 
a prescribed t ime interval,  it  is desired to  find job t imes that  minimize 
the total project  cost .  The method solves this problem for all feasible 
t ime intervals.  

Kelley and Walker  (1960) have formulated the cost  opt imizat ion 

Total cost 

Direct 
cost 

Cost 

Indirect 
cost 

0 Optimum Project Length 
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problem as a linear program solut ion by means of computer.  The 
essent ial ingredient  of the technique is a mathematical model that  
incorporates sequence informat ion, durat ions,  and costs for each 
component  of the project .  It  is a special parametric linear program that ,  
via the primal-dual algorithm, may be solved efficient ly by network flow 
methods.  Analysis of the solut ions of the model enables operat ing 
personnel to  answer quest ions concerning labour needs,  budget  
requirements,  procurement  and design limitat ions,  the effects of delays,  
and communicat ion difficult ies.  

Prager (1963) has developed a st ructural interpretat ion of cost  
opt imizat ion problem. His work shows that  Fulkerson's (1961) 
algorithm can be given a st ructural interpretat ion using concepts that  
are familiar to  civil engineers.  

The work on CPM has been discussed in detail by many research 
workers.  The basics of CPM include the work of Levy et al (1963).  
Their work details the CPM for decision making in project  management  
and includes the crit ical path algorithm, concept  of total slack,   
characterist ics of CPM, scheduling program for allocat ing resources 
(SPAR) and examples from the construct ion industry.   

Parikh and Jewell (1965) has given a method to  decompose a project  
network into  several sub-networks and then to  put  the project  work 
back together for the networks with large act ivit ies  as it  becomes 
difficult  to  prepare a network for the project  as one unit .  Also,  in the 
cases where there are two or more independent  projects,  which are 
weakly inter-related by common act ivit ies,  the problem of efficient  
scheduling of all the projects become quite difficult .  

Richard (1968) discussed the development  of CPM technique for the 
monitoring of product  development  act ivit ies of various projects in 
organizat ion. Features of the CPM techniques,  representat ions of 
product  development  act ivit ies through CPM, source of project  
development  act ivit ies for CPM, Applicat ion of CPM system for it s 
scheduling have been discussed in his work.  

Saindon (1969) int roduced CPM as a management  tool for defining 
analyzing and controlling all phases of a product ion cycle which has 
resulted in t ime and cost  savings.   
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Siemen (1971) has presented his simple CPM t ime cost  t radeoff 
algorithm describes efficient  way of shortening the durat ion of a project  
when the expected project  durat ion exceeds a pre-determined limit .  The 
problem consists of determining which act ivit ies to  expedite and by 
what  amount .  The object ive is to  minimize the cost  of the project .  With 
this method the CPM t ime-cost  t radeoff problem is solved without  
access to  a computer,  thereby making this planning tool available to  
managers who otherwise would find implementat ion impract ical.  The 
algorithm is a logical systemat ic procedure beginning with the 
development  of the project  network and terminat ing when the desired 
project  complet ion t ime has been achieved.  

Falk and Horowiz (1972) has presented an algorithm for determining the 
minimum cost  schedule of tasks in a CPM in which tasks costs arises 
may be concave.  

Goyal (1975) has given an algorithm on CPM t ime cost  t radeoff with a 
new concept  of de-shortening a previously shortened act ivity and by 
redefining effect ive cost  slope,  select ing the act ivity with minimum 
effect ive cost  slope,  and simultaneously de-shortening appropriate 
act ivit ies on adequately shortened paths while shortening the selected 
act ivity.  By employing the procedure described herein there is 
apparent ly less path over-shortening than with the Siemens approach.  

Panagiotakopoulos (1977) has presented the development  and use of 
t ime-cost  t rade off curve for a project  as an essent ial part  of a CPM 
analysis,  since small variat ions in project  durat ion could heavily affect  
the project 's cash flow. Several procedures exist  for developing this 
curve.  However,  either they assume unrealist ically simplified forms for 
the cost -t ime relat ions of the act ivit ies,  whereupon the project  curve is 
inaccurate and of lit t le use,  or they employ complex and impract ical 
analyt ical techniques.  He suggested a simple and efficient  computat ional 
algorithm for developing the project  t ime-cost  curve for arbit rary and 
thus realist ic,  cost -t ime relat ions for the act ivit ies.   

Ahuja et  al (1984) has given an algorithm for a cost  network problem to 
determine the minimum cost  flow in a network when cost  of flow over 
each arc is given by a piecewise linear convex funct ion.  

Baweja (2006) has presented information related to CPM schedule that has 
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become de facto standard in the construction industry for planning, 
management and controls of project.  The original intent of his work was to 
survey the two major communities in the construction environment. The 
goal was to present the findings on why each community uses CPM 
schedules on construction projects, how effectively they are used and to 
identify the disagreements, when they occur.  

Shankar and Sireesha (2009) has proposed a graphical approach to  CPM 
by construct ing a rooted t ree for the project  network to  find all paths in 
the network in such a way that  the longest  path in the t ree as the crit ical 
path.  Using the crit ical path we rank all the paths in the project  network 
and evaluate the float  t ime for each act ivity in the network. It  is 
established that  the new graphical approach is a bet ter alternat ive for 
dealing with project  networks to  find crit ical path.  The procedure 
includes seven steps to  find crit ical path.  

1.5.  PRESENT WORK 

In chapter two the work of Siemens (1971) and Goyal (1975) has been 
revised in detail.  Siemens (1971) has formulated an algorithm on the time-
cost tradeoff for project crashing using CPM, by making the use of the 
concept of effective cost calculated from given cost slopes for  each activity 
under a Project. Algorithm consists of the problem of determining which 
activities to expedite and by what amount when expected project duration 
exceeds a pre-determined limit. The objective is to optimize the cost of the 
project. Also, Goyal (1975) has formulated a similar kind of algorithm by 
redefining effective cost slope, selecting the activity with minimum 
effective cost slope and simultaneously de-shortening appropriate activities 
on adequately shortened paths while shortening the selected activity. 

A single step algorithm has been developed that  deals with same kind of 
project  crashing problem without  using the concept  of effect ive cost  
slope which makes it  iterat ion free as we don't  need to  find the effect ive 
cost  slope or any other such calculat ion that  makes the whole 
computat ion iterat ive.  This algorithm follows the rule of select ing the 
act ivity with least  cost  slope among the crit ical path and sub-crit ical 
paths require shortening rather than select ing an act ivity with least  
effect ive cost  only among the act ivit ies forming crit ical path.  The use of 
de-shortening process and comparison of costs has also been made.  
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CHAPTER – 2 
ALGORITHMS ON CPM TIME COST TRADE OFF 

 

2.1. INTRODUCTION 

Earlier in chapter first CPM has been discussed. In short project networks, 
by summing the length of each path one can find out the critical path as 
this is the longest path in the network. The solution to the problem of 
reducing the project duration (by some specified amount) at the lowest 
possible cost is quite elementary whenever the desired project duration is 
equal to or greater than the second-largest path, i.e., the longest sub-
critical path. All that is required in this case is to rank the activities on the 
critical path in order of ascending cost slope, shortening the lowest -cost 
slope activities as much as possible and continuing to shorten the 
progressively higher-cost-slope activities until the critical path has been 
shortened by the required amount. However, when the desired project 
duration is less than the second-longest network path (the longest sub-
critical path), it  is not only necessary to shorten the critical path, but one 
or more sub-critical paths as well. Now it is not just a simple matter of 
shortening those activities with the lowest cost slopes. Some activities may 
be constituents of the critical path as well as one or more sub-critical paths 
requiring reduction. Consequently, it  may actually be less costly to reduce 
a moderately high cost slope activity that is common to several paths 
requiring shortening than to reduce the lowest cost slope activity that 
occurs only on one of the paths that need shortening.  

Siemens (1971) developed SAM (Siemens Approximation Method) for 
efficiently shortening the duration of a project when the expected project 
duration exceeds a predetermine limit. The problem consists of determining 
which activities to expedite and by what amount. The objective is to minimize 
the cost of the project. The objective includes a method for efficiently 
shortening the duration of a project when the expected project duration is 
incompatible with (exceeds) pre-determined or externally imposed 
requirements. A typical example is when the scheduled project completion time 
cannot be met in the due course of normal activity. Consequently, to meet the 
externally imposed (scheduled) completion time it is necessary to expedite one 
or more activities to achieve this desired completion time. The problem then 
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involves determining which activities to expedite (shorten) and to what extent 
the various activities should be shortened. 

Since the cost of shortening any activity by one day is typically not the 
same for each activity in the project, then the rational project administra tor 
would not be in-different as to which activities to shorten in order to meet 
the scheduled (required) completion time. Furthermore, there is obviously a 
finite limit to which a given activity can be shortened. Consequently, a 
systematic approach is required to implement the reduction of the project 
duration in accordance with a rational criterion – the rational criterion 
typically being the objective of minimizing the additional costs incurred due 
to compressing the project duration by the amount specified. 

2.2. THE STEPS OF A SIMPLE CPM TIME COST TRADEOFF 
ALGORITHM:  

1. Develop the project network. 

2. Identify all the alternate (parallel) paths through the network and determine 
the expected completion times for each of these paths. (The longest path is 
the critical path and determines the expected project duration). 

3. Determine the desired project completion time. (This is typically an 
exogenous constraint imposed by considerations outside the jurisdiction 
of the network analyst, e.g., the government contract specifies when the 
project must be completed). 

4. Determine the amount each alternate path in the network must be 
shortened to achieve the desired project completion time. (not all paths 
may require shortening–one or more paths may already require less time 
than is available to complete the project. Whenever the expected 
completion time of any path is equal to or less than the desired project 
completion time, then obviously this path need not be shortened). The 
amount each path must be shortened is the amount by which the path 
expected time exceeds the desired project completion time, i.e., amount to 
be shortened = (path expected time) – (desired project completion time). 

5. Estimate the cost slope (cost per unit of time saved) for each activity in the 
network as well as the maximum amount that each activity can be 
shortened. 
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6. Develop the time-cost matrix. 

a) Each row will represent one activity.  

b) Each column will represent an alternate path through the network. 
(Only those paths which need shortening should be included in the 
matrix). 

c) The last two columns in the matrix are used to record ( i) the cost 
slope of each activity and (ii) the maximum amount that each of the 
various activities can be shortened, respectively.  

d) The column totals (excluding the last two columns) constitute the 
minimum amounts that the various paths must be shortened to meet 
the desired project completion date.  

e) In each column, cross out those activities that are not included in 
(are not part of) the path represented by the column. (none of the 
paths will contain each activity).  

7. Determine the effective cost slope of each activity by modifying the 
actual cost slope according to the following procedure:  

a) Determine which paths have not yet been adequately shortened. 
(Initially this will be every path listed in the matrix). 

b) Divide the actual cost slope of each activity by the number of 
inadequately shortened paths that include (contain) this activity. 
This result is the effective cost slope.  

c) Record the effective cost slope for each activity in each column of 
the matrix. 

d) Revise the effective costs of the various activities (as required) 
whenever any path has been adequately shortened, i.e. when the column 
requirements have been met. (not all activities will require revision of 
effective costs. Procedure for revision is described in 7(b) above). 

8. Select the column (path) that still has the greatest need, i.e., greatest 
unfilled demand (difference between the amount required in the column 
and the amount already allocated to the column). Initially this selected 
column (path) will be the original critical path. If this greatest need 
(greatest unfilled demand) is common to more than one path, 
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discriminate in favour of the path containing the activity with the lowest 
effective cost slope. 

Within this column, select the activity with the lowest effective cost 
slope, limiting the selection to those activities that still have a supply of 
time available for shortening. If this lowest effective cost slope is 
common to more than one activity in the selected column (path), then 
the following procedure can be used to discriminate between (or 
among) these tied activities within the selected column: 

a) Discriminate in favour of the activity which is common to (i.e., is a 
component of) the greatest number of currently inadequately 
shortened paths. 

b) If a choice of more than one activity still exists, then discriminate in 
favour of the activity that permits the greatest amount of shortening 
at the current effective cost slope.  

The amount that an activity may be shortened at any stage is limited 
by: (i) the amount of unallocated time remaining for the activity, as 
well as (ii) the path (of which this activity is a component) that 
currently has the least (demand) for shortening.  

c) If the activity selection still has not been uniquely determined, 
discriminate in favour of the activity (within the selected column) 
that is common to the greatest number of paths in the matrix 
(adequately shortened as well as inadequately shortened paths).  

9. Make the allocations in the matrix, i.e., the amount an activity will be 
shortened – initially, as well as at subsequent, additional allocations (to 
augment previous allocations, if required) – according to the following 
procedure: 

Allocate as much time as possible to the activity selected in Step 8 
above, subject to: 

a) The current unfilled demand in any column (path) containing the 
selected activity (the activity being shortened). Ignore paths that 
have already been adequately shortened. These adequately shortened 
paths may coincidentally become shortened by more than the 
minimum required amount. 
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b) The amount of time still available for shortening the activity (as 
determined by the original supply available in the last column minus 
any previous allocations made to that activity).  

c) The smallest quantity of the above two criteria ((a) or (b)) 
determines the actual quantity of time to be allocated to the selected 
activity. 

The effect of the procedure in Step 9 is to allocate as much time as 
possible to the selected activity without changing the effective cost 
slope or exceeding the available supply of the activity.  

10.Allocate this quant ity (as determined in Step 9 above) to  each 
column containing the act ivity selected above. Whenever the supply 
of any act ivity is,  exhausted,  this row is crossed out .  Similarly,  when 
a path requirement  has been met  the column is crossed out .  Crossing 
out  rows or columns eliminates them from further considerat ion.  

11.Repeat  Steps 7 through 10 unt il all paths have been adequately 
shortened (as indicated by the requirements at  the bot tom of each 
column).  In some instances this will result  in some paths being 
shortened by more than the minimum required amount  (since some 
act ivit ies are common to  more than one path and shortening the 
act ivity will simultaneously reduce the length of all paths on which it  
occurs).  

12. The application of the preceding eleven steps will result in an optimal 
solution.  

Although this algorithm may init ially appear rather formidable and 
obscured with detail,  in pract ice it  is not  difficult  to  execute and can 
be assimilated quite readily.  Of course,  the procedure is not  limited 
to  hand computat ion, since the method is not  only appropriate as a 
computer applicat ion, but  also involves very lit t le effort  to  develop 
the elementary computer program required to  solve the problem.  
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2.3. EXAMPLE PROBLEM 

Perhaps an elementary, illustrative problem is considered to demonstrate 
the algorithm and to avoid any ambiguity or abstruseness that may exist in 
the instructions. 

 

 

                 8        9         20 

  

   

      

          6     9  12 

 

 

 
Figure 2.1 Project Network 

The project network is depicted in figure 2.1. The numbers on arcs of the 
network diagram are the expected times of the various activities. Total 
expected completion time is 38 days given by the path 0-1-2-3-4. It is 
desired to shorten the project to 22 days. There are six alternate paths 
through the network: 0-1-4; 0-1-2-4; 0-1-2-3-4; 0-2-3-4; 0-2-4; 0-3-4. 
Only the first four paths need to be shortened–the other two are already 
less than 22 days. The first four paths have expected completion times of 
28, 28, 38 and 29 days, respectively, and consequently must be shortened 
by 6, 6, 16 and 7 days, respectively, to meet the desired completion date. 
The cost slope for each of the eight activities and the maximum time 
reduction possible for each activity is estimated to be as follows:  

Activity Cost Slope Maximum Time Reduction 
0 – 1 9 5 
0 – 2 2 4 
0 – 3 4 3 
1 – 2 6 7 
1 – 4 3 7 
2 – 3 7 5 
2 – 4 1 5 
3 – 4 8 7 

 

1 

 

2 

 

3 

 

4 
 

0 
8 11 
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This information can now be used to develop the time-cost matrix (Step 6) 
and determine the effective cost slope of each activity (Step 7). The 
effective cost slope is recorded in the upper portion of the box on each 
inadequately shortened path that contains the activity. The time-cost matrix 
is illustrated in figure 2.2. 
 

Paths Requiring Reduction 
Activity 

014 0124 01234 0234 
Cost 
Slope 

Time Reduction 
Possible (Supply) 

3 3 3 
0–1 

   
 9 5 

2 
0–2   

  
 

2 4 

0–3     4 3 

3 3 
1–2  

  
 6 7 

3 
1–4 

 
   3 7 

3.5 3.5 
2–3   

  
7 5 

1 
2–4  

 
  1 5 

4 4 
3–4   

  
8 7 

Time Reduction 
Required (Demand) 6 6 16 7   

 

Figure 2.2: Time-Cost Matrix 

The column (path) with the greatest need is 0-1-2-3-4 (Step 8). The activity 
(within this column) with the lowest effective cost ($3 per day) is activity 0–1 
(Step 8(a)). Shorten this activity by 5 days (Step 9(b)). This allocation is 
recorded in each of the first three columns, since all three of these paths 
contain activity 0–1. Activity 0–1 can now be crossed out to indicate that it is 
not available for further time reduction. This is shown in figure 2.3. 

 
 



24 

Column 0-1-2-3-4 still has the greatest unfilled demand and the activity (within 
this column) with the lowest effective cost is activity 1–2 ($3 per day). 
Allocate 1 day to this activity (Step 9(a)). Since path 0-1-2-4 is now 
adequately shortened, it can be crossed out to indicate that its requirements 
have been satisfied. The effective cost slope of activity 1–2 must now be 
revised (Step 7(d)) and recorded in the matrix. The effective cost of activity 
1–2 becomes $6 per day since it only benefits one path now. These changes are 
shown in figure 2.3. 

Paths Requiring Reduction 
Activity 

014 0124 01234 0234 

Cost 
Slope 

Time Reduction 
Possible (Supply) 

3 3 3 
0–1 

5 5 5 
 9 5 

2 
0–2    

 
2 4 

0–3     4 3 

 6 
1–2  

1 1 
 6 7 

3 
1–4 

 
   3 7 

3.5 3.5 
2–3   

  
7 5 

1 
2–4  

 
  1 5 

4 4 
3–4   

  
8 7 

Time Reduction 
Required (Demand) 6 6 16 7   

 

Figure 2.3: Time-Cost Matrix 

Column 0-1-2-3-4 still continues to manifest the greatest unfilled demand and 
the activity (within this column) with the lowest effective cost ($3.5 per day) 
is activity 2-3. Allocate 5 days to this activity (Step 9(b)). Activity 2-3 must 
now be crossed out to indicate that no further time reduction potential exists 
in figure 2.4. 
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The lowest-effective-cost activity in the path with the greatest need is now 
activity 3-4 ($4 per day) in path 0-1-2-3-4. Activity 3-4 can be shortened 2 
days (Step 9(a)), fulfilling the requirements of path 0-2-3-4. Path 0-2-3-4 is 
therefore crossed out and the effective cost of activity 3-4 is revised to $8 per 
day. These changes are shown in figure 2.4. 

Paths Requiring 
Reduction Activity 

014 0124 01234 0234 

Cost 
Slope 

Time Reduction 
Possible (Supply) 

3 3 3 
0–1 

5 5 5 
 9 5 

2 
0–2    

 
2 4 

0–3     4 3 

 6 
1–2  

1 1 
 6 7 

3 
1–4 

 
   3 7 

3.5 3.5 
2–3   

5 5 
7 5 

1 
2–4  

 
  1 5 

8  
3–4   

2 2 
8 7 

Time Reduction 
Required (Demand) 6 6 16 7   

 

Figure 2.4: Time-Cost Matrix 

The final reduction of column 0-1-2-3-4 consists of allocating 3 additional 
days to activity 1-2, making a total allocation of 4 days. Since the 
requirements of path 0-1-2-3-4 have now been satisfied, it is crossed out. The 
final allocation is 1 day to activity 1-4, completing the requirements of path  0-
1-4. These allocations are illustrated in figure 2.5. (it is not necessary to have 
more than one matrix to solve the problem, but in order to clearly illustrate the 
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step-by-step sequence it is helpful to show the additional changes that were 
made from one figure to another). 

Paths Requiring Reduction 
Activity 

014 0124 01234 0234 

Cost 
Slope 

Time Reduction 
Possible (Supply) 

3 3 3 
0–1 

5 5 5 
 9 5 

2 
0–2    

 
2 4 

0–3     4 3 

 6 
1–2  

4 4 
 6 7 

3 
1–4 

1 
   3 7 

3.5 3.5 
2–3   

5 5 
7 5 

1 
2–4  

 
  1 5 

  
3–4   

2 2 
8 7 

Time Reduction 
Required (Demand) 6 6 16 7   

 

Figure 2.5: Time-Cost Matrix 

All paths have now been adequately shortened. Sometimes one or more paths 
may become excessively shortened. In some instances this is simply a 
coincidental by product and no further economic benefits can be achieved, 
while on other occasions the optional procedure of Step 12 will result in 
further minor improvement. In this example only path 0-1-2-4 was excessively 
shortened (9 days instead of the required 6 days). This was merely a 
coincidental by product of shortening path 0-1-2-3-4 and no further 
improvement in the solution is possible. 

Solutions to the example problem are summarized below for the arbitrarily 
selected project duration of 22 days (i.e., the example discussed in illustrating 
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the procedure), 24 days, 26 days, and 28 days (i.e., shortening the normal 
project duration by 16, 14, 12, and 10 days, respectively). 

Project Duration 

22 days 24 days 26 days 28 days 
Activity Amount 

Shortened Cost Amount 
Shortened Cost Amount 

Shortened Cost Amount 
Shortened Cost 

0–1  5 45 4 36 2 18 0 0 

0–2 0 0 0 0 0 0 0 0 

0–3 0 0 0 0 0 0 0 0 

1–2 4 24 5 30 7 42 7 42 

1–4 1 3 0 0 0 0 0 0 

2–3 5 35 5 35 3 21 3 21 

2–4 0 0 0 0 0 0 0 0 

3–4 2 16 0 0 0 0 0 0 

Totals: 17 days $123 14 days $101 12 days $81 10 days $63 
 

The above solutions are identical to the results obtained by means of the linear 
programming algorithm – not only with respect to the cost of the individual 
solutions, but also with regard to the amounts that the various activities were 
shortened. 

The rules for SAM were developed as a result of intuitive logic and analysis 
and were verified by empirical results. Solutions obtained by means of SAM 
were compared with linear programming results derived by means of a 
computer. These comparisons confirmed the validity and effectiveness of SAM 
in solving problems of this nature. The SAM algorithm is a logical systematic 
procedure beginning with the development of the project network and 
terminating when the desired project completion time has been achieved. It is 
assumed that the objective is to minimize the total cost of reducing the project 
duration by some specified amount and multiple paths frequently share the 
benefits of shortening a specific activity. 
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2.4. A MODIFIED ALGORITHM FOR CPM TIME-COST TRADEOFF 

Siemens describes an algorithm (SAM) for shortening the durat ion of a 
project  when the expected durat ion of the project  exceeds a 
predetermined limit .  The object ive is to  minimize the total cost  of 
expedit ing act ivit ies in order to  complete the project  in the desired 
t ime. The algorithm gives the rules for choosing paths and act ivit ies 
which must  be expedited.  This suggests an alternat ive technique given 
by Goyal (1975) which, in contrast  to  SAM, allows for de-shortening a 
previously shortened act ivity.  This is accomplished by redefining 
"effect ive cost  slope",  select ing the act ivity with minimum effect ive cost  
slope,  and simultaneously de-shortening appropriate act ivit ies on 
adequately shortened paths while shortening the selected act ivity.  By 
employing the procedure described herein there is apparent ly less path 
over-shortening than with the Siemens approach. The re-definit ion of 
effect ive cost  slope is as follows 

(1)   
ij

ij
ij

n

CC
ijC )(  

where 
C(ij)  = Effective cost slope for activity i — j , 
C i j   = Cost slope of activity i — j , 
C i j    = The sum of the cost slopes of all the activities which have been 

shortened and are contained exclusively by the adequately 
shortened paths containing activity i — j , 

n i j  = Number of paths requiring shortening which contain activity i — j 
 

The steps are as follows. 

1. Develop the project network. 

2. Identify all the alternate paths through the network and determine the 
expected completion time for each of these paths.  

3. Determine the project completion time. 

4. Determine the amount each alternate path in the network must be 
shortened to achieve the desired project completion time.  

5. Estimate the cost slope for each activity in the network as well as the 
maximum amount that each activity can be shortened.  
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6. Calculate the effective cost slope for each activity by adopting the 
following procedure. 

(a) Determine the number of paths which have not been shortened 
adequately and contain the activity i — j . 

(b) Among the adequately shortened paths containing activity i — j, 
determine the sum of the cost slopes of all the activities which have 
been shortened and are contained exclusively by the adequately 
shortened paths containing activity i — j. The result of this sum is 
C i j for activity i — j. 

(c) Subtract C i j from the cost slope, C i j,, of activity i — j, and divide it  
by ni j the number of inadequately shortened paths. The result is the 
effective cost slope, C(ij), for activity i — j. 

7. Select the activity with the lowest value of effective cost slope. In case 
of a tie do one of the following. 

(a) Give preference to the activity which is common to the greatest 
number of paths inadequately shortened. 

(b) If a choice of more than one activity exists then discriminate in 
favour of the activity which will result in the greatest amount of de-
shortening of those activities which are exclusively contained in the 
paths adequately shortened and containing activity i — j . 

(c) If a choice exists after applying the above rules then give preference 
to the activity which gives maximum amount of shortening at the 
lowest value of the effective cost slope.  

8. Allocate maximum possible time to the activity chosen in step (7). The 
amount by which an activity can be shortened at any stage is limited by: 

(a) the unallocated time remaining for the activity,  

(b) the path containing the activity which has the least demand for shortening, and 

(c) the minimum of the possible amounts of de-shortening on each 
adequately shortened path containing the activity. If an adequately 
shortened path contains the activity but there is zero de-shortening 
possible, then this step is inoperative.  

9. Recalculate the amount of shortening required in each path, the effective 
cost slope for each activity and the time available for shortening the 
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activity (the available time will decrease for an activity which has been 
shortened in the current iteration but it will increase by an equal amount 
for all those activities which have been de-shortened in the current 
iteration). It is not necessary to recalculate the effective cost slope of those 
activities contained only by adequately shortened paths.  

10. Repeat steps (7), (8) and (9) until all paths have been adequately shortened. 

2.5. EXAMPLE PROBLEM 

 

                8          9          20 

  

             9 

                    6         12 

 

Figure 2.1: Project Network 

The example given by Siemens [1] is solved in order to avoid any 
ambiguity. The calculations have been carried out for the case when the 
project completion time is required as 22. 

Iteration – 1 

Paths requiring reduction Activity i – j 

014 0124 01234 0234 

Cost 
slope 

C ij 

Time 
available 

for 
reduction 

Effective 
cost slope 

C(ij) 

0-1 1 1 1  9 5 9/3 = 3 

0-2    4 2 4 2/1 = 2 

1-2     6 7 6/2 = 3 

1-4     3 7 3/1 = 3 

2-3     7 5 7/2 = 3.5 

2-4  5   1 5 1/1 = 1 

3-4     8 7 8/2 = 4 

Reduction 
required 

6 6 16 7    

 

Activities 2-4, 0-2, and 0-1 are shortened by 5, 4 and 1 respectively.  

 

1 

 

2 

 

3 

 

4 
 

0 
8 11 
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Iteration – 2 
Paths requiring reduction Activity i – j 

014 0124 01234 0234 

Cost 
slope 

C ij 

Time 
available 

for 
reduction 

Effective 
cost slope 

C(ij) 

0-1 1 1 1  9 4 (9–1)/2=4* 

0-2    4 2 0 –**  

1-2     6 7 (6 – 1)/1=5 

1-4 5    3 7 3/1 = 3 

2-3     7 5 7/2 = 3.5 

2-4  5   1 0 –**  

3-4     8 7 8/2 = 4 

Reduction 
required 

5 0 15 3    

 

* If activity 0-1 is shortened then 2-4 can be de-shortened by an equal 
amount up to a maximum of 4 time periods. Hence the effective cost slope 
will be valid for only 4 time periods only.  
** No need to calculate the effective cost slope as those activities can not 
be further shortened. 

Iteration-3 
Paths requiring reduction Activity i – j 

014 0124 01234 0234 

Cost 
slope 

C ij 

Time 
available 

for 
reduction 

Effective cost 
slope C(ij) 

0-1 1 1 1  9 4 (9–3–1)/1=5 

0-2    4 2 0 –  

1-2     6 7 (6 – 1)/1=5 

1-4 5    3 2 –*  

2-3   3 3 7 5 7/2 = 3.5 

2-4  5   1 0 –  

3-4     8 7 8/2 = 4 

Reduction 
required 

0 0 15 3    
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* No need to calculate the effective cost slope as the path containing this 
activity is adequately shortened. 

Iteration-4 

Paths requiring reduction Activity i – j 

014 0124 01234 0234 

Cost 
slope 

C ij 

Time 
available 

for 
reduction 

Effective cost 
slope C(ij) 

0-1 1 + 4 1 + 4 1 + 4  9 4 (9–3–1)/1=5** 

0-2    4 2 0 –  

1-2     6 7 (6–1)/1=5 

1-4 5 – 4     3 2 –***  

2-3   3 3 7 2 (7–2)/1=5 

2-4  5 – 4   1 0 –***  

3-4     8 7 (8–1)/6=4 
Reduction 
required 

0 0 12 0    

** An allocation in activity 0-1 is preferred over 2-3 and 1-2 because it results 
in greatest de-shortening of activities (a total of 8 in activities 1-4 and 2-4). 
*** These activit ies have been de-shortened. Note the time available for 
reduction for these activities in iteration-5. 

Iteration-5 

Paths requiring reduction Activity i – j 

014 0124 01234 0234 

Cost 
slope 

C ij 

Time 
available 

for 
reduction 

Effective 
cost slope 

C(ij) 

0-1 5 5 5  9 0 – 

0-2    4 – 2  2 0 –  

1-2     6 7 (6–1)/1=5 

1-4 1    3 6 – 

2-3   3 + 2 3 + 2  7 2 (7–2)/1=5 

2-4  1   1 4 –  

3-4     8 7 (8–2)/1=6  

Reduction 
required 

0 0 8 0    
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Iteration – 6 
 

Paths requiring reduction Activity i – j 

014 0124 01234 0234 

Cost 
slope 

C ij 

Time 
available 

for 
reduction 

Effective 
cost slope 

C(ij) 

0-1 5 5 5  9 0 – 

0-2    2 2 2 –  

1-2  1 1  6 7 (6–1)/1=5 

1-4 1    3 6 – 

2-3   5 5 7 0 – 

2-4  1 – 1    1 4 –  

3-4     8 7 (8–2)/1=6  

Reduction 
required 

0 0 6 0    

Iteration – 7 
 

Paths requiring reduction Activity i – j 

014 0124 01234 0234 

Cost 
slope 

C ij 

Time 
available 

for 
reduction 

Effective 
cost slope 

C(ij) 

0-1 5 5 5  9 0 – 

0-2    2 – 2  2 2 –  

1-2  1 + 3  1 + 3  6 6 6/1=6 

1-4 1    3 6 – 

2-3   5 5 7 0 – 

2-4     1 5 –  

3-4   2 2 8 7 (8–2)/1=6  

Reduction 
required 

0 0 5 0    
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All paths have been adequately shortened. The summary of the iterations 
are below:  
 

Activity Amount shortened Cost 

0 – 1 5 45 

1 – 2 4 24 

1 – 4 1 3 

2 – 3 5 35 

3 – 4 2 16 

 Total 123 

 

2.6. CONCLUSION 

The same numerical problem was solved by both the algorithms with 
desired project completion time as 24, 26 and 28. The results obtained are 
identical. However, sometimes the Siemens' Algorithm failed to provide the 
optimal solution. Algorithm given by Goyal (1975) provides an equally 
good and sometimes better solution to the problem of minimizing the cost 
of expediting activities in order to complete a project within the desired 
time. 
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CHAPTER – 3 
A SINGLE STEP CPM TIME COST TRADEOFF 

ALGORITHM 
 

3.1. INTRODUCTION 

Siemens (1971) describes a SAM algorithm for shortening the durat ion 
of a project  when the expected project  durat ion exceeds the pre-
determined t ime limit .  The object ive is to  minimize the total cost  of 
expedit ing act ivit ies in order to  complete the project  in desired t ime and 
this algorithm gives the rules for choosing paths and act ivit ies which 
must  be expedite.  With this note Goyal (1975) suggested an alter nate 
approach which is contrast  to  SAM, allows for de-shortening of 
previously shortened act ivity and this is accomplished by the concept  of 
redefining the effect ive cost  slope.  

In the present  algorithm the concept  of effect ive cost  has not  been used 
to  solve a t ime cost  t radeoff problem and this is observed that  it  is not  
just  a simple mat ter of shortening those act ivit ies with the lowest  cost  
slopes.  Some act ivit ies may be const ituents of the crit ical path as well 
as one or more sub-crit ical paths requiring reduct ion. Consequent ly,  it  
may actually be less cost ly to  reduce a moderately high cost  slope 
act ivity that  is common to  several paths requiring shortening than to  
reduce the lowest  cost  slope act ivity that  occurs only on one of the 
paths that  need shortening.   

De-shortening an act ivity is to  de-short  an act ivity which has already 
been shortened by some amount  such that  it  becomes less shortened, as 
some value from it  is deducted and again added to  the remaining supply 
of days by which that  act ivity can be shortened. The reason of de-
shortening is that  if the candidate act ivity has the least  cost  slope on the 
path require shortening and also this candidate act ivity sharing the path 
having exclusive shortened act ivity.  Then de-shortening is performed on 
the exclusively shortened act ivity to  avoid the over -shortening of the 
path as some amount  has to  be allocated to  the candidate act ivity.   
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3.2. THE STEPS OF SINGLE STEP CPM TIME COST TRADEOFF 
ALGORITHM: 

Keeping above in view, a combination of two algorithms discussed in 
chapter two an algorithm has been developed. The steps of algorithm are as 
follows: 

1. Develop the project network. 

2. Identify all the alternate (parallel) paths through the network and determine 
the expected completion times for each of these paths. (The longest path is 
the critical path and determine the expected project duration).  

3. Determine the desired project completion time. (This is typically an 
exogenous constraint imposed by considerations outside the jurisdiction 
of the network analyst, e.g., the government contract specifies when the 
project must be completed). 

4. Determine the amount each alternate path in the network must be 
shortened to achieve the desired project completion time. (Not all paths 
may require shortening–one or more paths may already require less time 
than is available to complete the project. Whenever the expected 
completion time of any path is equal to or less than the desired project 
completion time, then obviously this path need not be shortened). The 
amount each path must be shortened is the amount by which the path 
expected time exceeds the desired project completion time, i.e., amount 
to be shortened=(path expected time) – (desired project completion 
time). 

5. Estimate the cost slope (cost per unit of time saved) for each activity in the 
network as well as the maximum amount that each activity can be 
shortened. 

6. Develop the time-cost matrix. 

a) Each row will represent one activity.  

b) Each column will represent an alternate path through the network. 
(Only those paths which need shortening should be included in the 
matrix). 

c) The last two columns in the matrix are used to record (1) the cost 
slope of each activity and (2) the maximum amount that each of the 
various activities can be shortened, respectively.  
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d) The column totals (excluding the last two columns) constitute the 
minimum amounts that the various paths must be shortened to meet 
the desired project completion date.  

e) In each column, cross out those activities that are not included in 
(are not part of) the path represented by the column.  

f) Record the cost slope for each activity in each column of the matrix.  

7. Among all the columns, select the activity with (next) lowest cost slope 
under inadequately shortened paths. If lowest cost slope is common to 
more than one activity –  

a) If these activities are on different paths required shortening then 
select all such activities and make allocation to them as per in step 
8. 

b) Discriminate in favour of the activity which is common to (i.e., is a 
component of) the greatest number of currently inadequately 
shortened paths. 

c) If a choice of more than one activity still exists, then discriminate in 
favour of the activity that permits the greatest amount of shortening.  

The amount that an activity may be shortened at any stage is 
limited by: (1) the amount of unallocated time remaining for the 
activity, as well as (2) the path (of which this activity is a 
component) that currently has the least (demand) for shortening.  

d) If the activity selection still has not been uniquely determined, 
discriminate in favour of the activity (within the selected column) 
that is common to the greatest number of paths in the matrix 
(adequately shortened as well as inadequately shortened paths).  

8. Make the allocations in the matrix, i.e., the amount an activity will be 
shortened – initially, as well as at subsequent, additional allocations (to 
augment previous allocations, if required) – according to the following 
procedure: 

Allocate as much time as possible to the activity selected in Step 7 
above, subject to: 

a) The current unfilled demand in any column (path) containing the 
selected activity (the activity being shortened). Ignore paths that 
have already been adequately shortened. These adequately shortened 
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paths may coincidentally become shortened by more than the 
minimum required amount. 

b) The amount of time still available for shortening the activity (as 
determined by the original supply available in the last column minus 
any previous allocations made to that activity).  

c) The smallest quantity of the above two criteria ((a) or (b)) 
determines the actual quantity of time to be allocated to the selected 
activity. 

The effect of the procedure in Step 8 is to allocate as much time as 
possible to the selected activity without exceeding the available 
supply of the activity. 

9. I) If there is no common activity between any two or more paths then 
on repeating steps 7 and 8 we get all paths adequately shortened.  

II) If two or more paths have some common activities and on using all 
steps under this algorithm we get all paths adequately shortened (or 
over-shortened but critical path should not be over-shortened) and left 
with some supply for common activities.  

Then for such common activities (in ascending order) we will make a 
comparison between their costs with the sum of costs of the activities 
on the same paths (or more paths) which have been shortened.   

Find such comparison for each common activity (in ascending order) 
(with remaining supply) with each pair of other activities. Find out the 
maximum sum among the sums of these costs and perform the following 
step in descending order of the sum of costs. 

a) If cost of common activity is less than the sum then de-short these 
activities (conditions apply, that no path should become inadequately 
shortened otherwise go for next sum (corresponding activities)) 
which are giving sum by the single maximum amount given by the 
mutual decision of supply of common activity and by the minimum of 
the amount other activities can be de-shortened and allocate this de-
shortened amount to the common activity.  

b) When cost of common activity is equal to the sum of other activities 
and atleast one of these activities is exclusive activity then de-short 
these activities by the mutual decision of supply of common activity 
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and by the minimum of the amount exclusive and other activities can 
be de-shortened.  

III) On repeating the steps 7 and 8 if we reach an activity which is 
common to two or more paths and atleast one of these paths is 
inadequately shorten then de-short the exclusive activity (if any) contained 
by other path (containing common activity) by the mutual decision of the 
remaining demand of path with supply for common activity and by the 
amount exclusive activity can be de-shortened, and allocate the same 
amount to the common activity. 

If there is no exclusive activity or no allocation remains on exclusive 
activity then do allocation as suggested in step 8.  

If all path get shortened then check for step 9 (II) otherwise 

(IV) Allocate the remaining supply to same activity if demand is there 
(here some paths can become over-shortened). 

(V) Then or else go to next candidate activity and find out the case 
satisfying by it and choose the appropriate step of this algorithm to deal 
with it .  

Do step 7 to 9 as per the conditions satisfied by the candidate activity and we 
get all paths adequately shortened with total optimal cost of shortening. 

3.3. EXAMPLE PROBLEM 

To perform the above discussed algorithm same example discussed in 
chapter two for two different algorithms have been taken to compare the 
results.  
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Figure 3.1: Project Network 

The project  network is depicted in figure 3.1.  The numbers on the arcs 
of network diagram are the expected t imes of the various act ivit ies.  
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Total expected complet ion t ime is 38 days given by path 0-1-2-3-4.  It  is 
desired to  shorten the project  to  22 days (reduce by 16 days).  There are 
six alternate paths through the network: 0-1-4; 0-1-2-4; 0-1-2-3-4; 0-2-
3-4; 0-2-4; 0-3-4.  Only the first  four paths need to  be shortened–the 
other two are already less than 22 days.  The first  four paths have 
expected complet ion t imes of 28, 28, 38 and 29 days,  respect ively,  and 
consequent ly must  be shortened by 6,  6,  16 and 7 days,  respect ively,  to  
meet  the desired complet ion date.  The cost  slope for each of the eight  
act ivit ies and the maximum t ime reduct ion possible for each act ivity is 
est imated to  be as follows:  
 

Activity Cost Slope Maximum Time  
Reduction 

0 – 1 9 5 

0 – 2 2 4 

0 – 3 4 3 

1 – 2 6 7 

1 – 4 3 7 

2 – 3 7 5 

2 – 4 1 5 

3 – 4 8 7 

This information can now be used to develop the time-cost matrix (Step 6).  
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Paths Requiring Reduction 
Activity 

014 0124 01234 0234 

Cost 
Slope 

Time Reduction 
Possible (Supply) 

9 9 9 
0–1 

   
 9 5 

2 
0–2    

 
2 4 

6 6 
1–2  

  
 6 7 

3 
1–4 

 
   3 7 

7 7 
2–3   

  
7 5 

1 
2–4  

 
  1 5 

8 8 
3–4   

  
8 7 

Time Reduction 
Required (Demand) 6 6 16 7   

 

Figure 3.2 

The time cost matrix is illustrated in figure 3.2. The cost slope is recorded 
in the upper portion of the box on each inadequately shortened the path 
that contains the activity.  

 



43 

 

Paths Requiring Reduction 
Activity 

014 0124 01234 0234 

Cost 
Slope 

Time Reduction 
Possible (Supply) 

9 9 9 
0–1 

   
 9 5 

2 
0–2    

4 
2 4 

6 6 
1–2  

  
 6 7 

3 
1–4 

6 
   3 7 

7 7 
2–3   

  
7 5 

1 
2–4  

5 
  1 5 

8 8 
3–4   

  
8 7 

Time Reduction 
Required (Demand) 6 6 16 7   

 

Figure 3.3 

In figure 3.3, in whole matrix least cost is 1 (step 7) so allocate 5 here 
(step 8). Next cost is 2 (step 7) allocate 4 (step 8). Similarly, next cost is 3 
(step 7) so make an allocation 6 days here (step 8).  
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Paths Requiring Reduction 
Activity 

014 0124 01234 0234 

Cost 
Slope 

Time Reduction 
Possible (Supply) 

9 9 9 
0–1 

2 2 2 
 9 5 

2 
0–2    

4 – 4 
2 4 

6 6 
1–2  

5 + 2 5 + 2 
 6 7 

3 
1–4 

6 – 2 
   3 7 

7 7 
2–3   

4 + 1 4 + 1 
7 5 

1 
2–4  

5 – 5  
  1 5 

8 8 
3–4   

2 2 
8 7 

Time Reduction 
Required (Demand 6 6 16 7   

 
Figure 3.4 

From figure 3.4 it  is clear that  next cost is 6 so de-short activity (2, 4) by 5 
(step 9 (III)) and allocate same amount to activity (1, 2) and also allocate 2 
days more to it  (step 9 (IV)). Next cost is 7, de-short activity (0, 2) by 4 
(step 9 (III)) and allocate same amount of 4 days to activity (2, 3) plus 1 
day more (step 9 (IV)). 

Next cost is 8 (Step 9 (V)) and allocate 2 days to it  (Step 8).  

Now, all paths get shortened except path 0-1-2-3-4. Path 0-1-2-3-4 
requires 2 days more so next candidate activity is (0, 1) so make allocation 
2 days there by de-short activity (1, 4) by 2 days (step 9 (III)).  
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Paths Requiring Reduction 

Activity 
014 0124 01234 0234 

Cost 
Slope 

Time 
Reduction 

Possible 
(Supply) 

9 9 9 
0–1 

2 + 3 2 + 3 2 + 3 
 9 5 

2 
0–2    

4 – 4 
2 4 

6 6 
1–2  5 + 2 – 

3  5 + 2 – 3  
 6 7 

3 
1–4 

6 – 2 – 3  
   3 7 

7 7 
2–3   

4 + 1 4 + 1 
7 5 

1 
2–4  

5 – 5  
  1 5 

8 8 
3–4   

2 2 
8 7 

Time 
Reduction 
Required 
(Demand 

6 6 16 7   

 

Figure 3.5 

From figure 3.5 it  is observed that common activities are (1, 2), (2, 3),    
(3, 4) and (0, 1) (step 9 (II)) but supply is available is only for (3, 4) and     
(0, 1). For (3, 4) a comparison of its cost with sum of costs of (2, 3) and 
(0, 2) (both contained by same paths containing activity (3, 4)) cannot be 
made because activities (0, 2) is not shortened at all (step 9 (II)) and 
clearly cost slope (2, 3) < cost slope (3, 4).  

So go to activity (0, 1) common to first 3 paths. Here,  

Slope of (1, 2) + slope of (1, 4) = slope of (0, 1)  

6 + 3 = 9 (step 9 (II-b)) 

Perform it later first check for step 9 (II-a) 

Slope of (1, 4) + slope of (2, 3) > slope of (0, 1) 
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     10 = 3 + 7 > 9 

Also, slope of (1, 4) + slope of (3, 4) > slope of (0, 1)  

  11 = 3 + 8 > 9 

Clearly, 11 > 10 so maximum sum = 11 (step 9 (II)) but here activity (3, 4) 
cannot be de-shortened because if this is done then path 0–2–3–4 will 
become inadequately shortened as activity (0, 1) is not a member of this 
path to which de-shortened  amount is going to allocate. So step 9 (II-a) is 
not satisfied (it  should be very clear that while applying step 9 (II) no path 
become inadequately shortened and also 9 (II-b) must perform (if satisfied) 
after 9 (II-a) has been performed). 

Earlier it  is found that step 9 (II-b) is satisfied. Clearly, activities (1, 4) 
and (1, 2) can be de-short by 3 days because an allocation of just 3 days 
more can be made to the activity (0, 1) as its total supply is of 5 days so by 
9 (II-b) perform the steps in figure 3.5 and with this step we reached the 
optimal result. Hence, the final matrix is shown in figure 3.6: 

Paths Requiring Reduction 
Activity 

014 0124 01234 0234 

Cost 
Slope 

Time Reduction 
Possible (Supply) 

9 9 9 
0–1 

5 5 5 
 9 5 

2 
0–2    

 
2 4 

6 6 
1–2  

4 4 
 6 7 

3 
1–4 

1 
   3 7 

7 7 
2–3   

5 5 
7 5 

1 
2–4  

 
  1 5 

8 8 
3–4   

2 2 
8 7 

Time Reduction 
Required (Demand) 6 6 16 7   

Figure 3.6 
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Result to the example problem is summarized below: 

Project Duration 

22 days 
Activity 

Amount Shortened Cost 

0–1  5 45 

0–2 0 0 

0–3 0 0 

1–2 4 24 

1–4 1 3 

2–3 5 35 

2–4 0 0 

3–4 2 16 

Totals: 17 days $123 
  

During the solution of the problem a number of times matrix is shown just 
because the reader can get the clarity of steps of discussed algorithm. 
Otherwise the whole solution can be done in a single matrix. It  is an 
iteration free method and calculations during the solution for the selection 
of activities herein not required hand computation, just a glance over all 
the values is enough to compare the costs of different activities.  

3.4. CONCLUSION 

The present algorithm is a combination of the algorithms discussed in chapter 
two. The rules for this algorithm were developed as a result of intuitive logic, 
analysis and same example was solved as considered by Siemens (1971) and 
Goyal (1975) with desired project completion time as 24, 26 and 28. The 
results obtained are identical to the results obtained by applying Siemens' and 
Goyal's algorithms. A large number of other examples were solved by all three 
algorithm and it is observed that the algorithm presented in this chapter 
provide the optimal solution to all these network problems. The algorithm is 
single step, simple and straight forward. This was also the case for other 
examples solved by this algorithm. 
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