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ABSTRACT

Chapter 1 is introductory in nature. Besidesirsgjasome numerical techniques like
Finite Difference methods, Finite Element methodhitEé Volume method and
methods of weighted residuals it gives an introducto B-Spline and existing

literature review.

In chapter 2, we consider a second order samfyulperturbed boundary value
problem
Ly(x) =&y (x)+ p(x)y () —a(x)y(x) =r(x) , xO[a,b]
where ¢is a small positive paramet@<O<1), p(x) ,q(x) and r(x) are sufficiently
smooth functions. The boundary value problemder these assumptions have unique

solution[1]. In general, a§l tends to zero, the solutiop(x) exhibits an exponential

boundary layer at the left end of the interval;ttisa the domain of the differential
eguation contains a narrow region where the salulerivatives are extremely large.
Regions like this frequently adjoin the boundanéshe domain of interest, owing to
the fact that the small parameter multiplies trghbst derivative. Consequently, they
are usually referred to as boundary layers in floiechanics, edge layers in solid
mechanics, and skin layers in electrical applicetioThere are many physical
situations in which the sharp changes occur intiidedomain of interest, and the
narrow regions across which these changes take placusually referred to as shock
layers in fluid and solid mechanics, transitionmieiin quantum mechanics, and
Strokes lines and surfaces in mathematics. Thegseé changes cannot be handled by

slow scales, but they can be handled by fast onifiad or stretched scales.
In this chapter, a numerical technique forsystem of singularly perturbed

boundary value problems using cubic-B-spline fuorddiis derived. Simplicity of the



adaptation of B-splines and obtaining acceptabligtisns can be noted as advantages
of given numerical methods. The results obtaineédgute proposed method are good
and maximum absolute errors are negligible.

In chapter 3, we consider the second order twwot pnixed boundary value problem

y (%) =F(x,y(X),y (¥), xO[ahb],
a,y(a)+ By (a) = a,
a,y(b) + B,y (b) = b,

For simplicity such problems arise in manydglin engineering and science, such
as heat transfer, deflection of plate, diffusion. t8e problem such type has great
importance in many real life fields.

In this chapter, a numerical scheme is pregder the numerical solutions of the
second order two point mixed boundary value probldrased on quintic-B-spline
functions. Two test problems have been considecedest the accuracy of the
proposed method. The maximum absolute errors areedsing as we increase the

number of sub-intervals. This shows that the metbatable.



Chapter 1

Introduction

1.1 Numerical Solution of Differential Equations

Differential equations (PDE/ODEs) form the basis wéry many
mathematical models of physical, chemical and Igiclel phenomena, and more
recently their use has spread into economics, ¢iahforecasting, image processing
and other fields. It is not easy to get analyts@ution treatment of these equations,
so, to investigate the predictions of PDE modelsseth phenomena it is often
necessary to approximate their solution numericatlymost cases, the approximate
solution is represented by functional values ataperdiscrete points (grid points or
mesh points). There seems a bridge between thgatlees in the PDE and the
functional values at the grid points. The numerteahnique is such a bridge, and the
corresponding approximate solution is termed thmerical solution. Currently, there
are a number of numerical methods available fadifig the numerical solutions of
differential equations. . Among them, the finitéfelience (FD), finite element (FE),
and finite volume (FV) methods fall under the catggof low order methods,
whereas spectral and pseudo spectral methods arseideced global methods.
Sometimes the latter two methods are consideredguasets of the method of

weighted residuals.



1.1.1 Finite Difference Methods

Finite difference methods are widely dominianthe numerical solution of
DEs and their application. The finite differencéDjFmethods are based on the
Taylor series expansion or the polynomial approxioma A finite differential
method proceeds by replacing the derivatives in differential equations by
finite difference approximation. This gives a lamgebraic system of equations
to be solved in place of the differential equatiaich can be easily solved on
computer. That is, the partial derivatives in diietial equations are written in
terms of discrete quantities of dependent and iedégnt variables, resulting in
simultaneous algebraic equations with all unknowrescribed at discrete mesh
points or grid points for the entire domain Thattie partial derivatives in PDEs
are written in terms of discrete quantities of dejent and independent variables,
resulting in simultaneous algebraic equations vaithunknowns prescribed at
discrete mesh points or grid points for the endioenain. Appropriate types of
differencing schemes and suitable methods of swluéire chosen in different
applications. For example, in fluid dynamics apgiicns, depending upon the
particular physics of the flows, which may include viscid, viscous,
incompressible, compressible, irrigational, rotaéilp laminar, turbulent,
supersonic, or hypersonic flows, finite differerszdiemes are written to conform
to these different physical phenomena. The formaradbf FD methods in one
dimensional is simple but for multidimensional pesbhs, meshes must be
structured in either two or three dimensions. Cdmreeshes must be transformed
into orthogonal Cartesian meshes. The challenganalyzing finite difference

methods for new classes of problems is often to éin appropriate definition of



stability that allow one to prove convergence andestimate the error in
approximation.

Finite difference methods discredited the goverE directly using their
strong form. Although it is most straight forwardayto obtain the discrete
system equations, but it is difficult to handle tiggical boundary conditions. For
a problem domain with complex geometry, the diszaéibn of the geometry and
the application of the natural and essential boundanditions can seldom be

done automatically by a computer program with nman involvement.

1.1.2 Finite Element Method

Another most popular method is Finite Elemerthod.Finite element method
(FEM) represents a powerful and general class dinigues for the approximate
solution of partial differential equations. The icaglea in the FEM is to find the
solution of a complicated problem by replacingytdsimpler one. Since the actual
problem is replaced by a simpler one in finding sleéution, we will be able to find
only an approximate solution rather than the esattition. This method is mostly
used for the accurate solution of complex engimgemroblems with abundant
software available commercially. Finite Elemerdthod was first developed in 1956
for the analysis of aircraft structural problemdiefieafter, within a decade, the
potentialities of the method for the solution offelient types of applied science and
engineering problems were recognized. Over thesy¢he FEM technique has been
so well established that today it is considerecbéoone of the best methods for
solving a wide variety of practical problems eféictly .It has been applied to a
number of physical problems, where the governinffedintial equations are

available. In Finite Element method the domainivedéd into a finite number of sub



domains called elements and nodes are locatecdétf@rmined locations around the
elements boundary. The elements, along with thesiddrm the mesh, which can be

refined to provide any level of accuracy desired.

1.1.3 Finite Volume Method

The finite volume method is a discretizationsthod for the approximation of
single or a system of differential equation. Thaitéi Volume method has been
extensively used in several engineering fields sacfuid mechanics, heat and mass
transfer or petroleum engineering. Some of the rezagtres of finite volume method
are similar to that element method. As in the &@nglement method a mesh is
constructed, which consists in a partition of tlhendin where the space variable
lives. The elements of the mesh are called comobimes. The integration of the
PDE over each control volume results in a balarpeaton. The set of balance
equations is then discretized with respect to aoetiscrete unknowns. The main
issue is the discretization of the fluxes at thermaries of each control volume: in
order for the FVM to be efficient, the numericaluXes are generally
conservative, i.e. the flux entering a control volume from its neighb must be the
opposite of the one entering the neighbour fromctivérol volumeconsistent i.e. the
numerical flux of a regular function interpolatibends to the continuous flux as the

mesh size vanishes.
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1.1.4 Method of Weighted Residual

The methods of weighted residuals are the apprdeinmethods which
determine the solution of the differential equationhe form of functions which are

closed in some sense to the exact solution. Canaidéferential equation

/(u)=0 (1.1)

With initial condition, | (u)=0, and boundary conditionS(u)=0. The solution of
differential equationU (x) is approximated by a finite series of functioqqgs(x) as

follows:

U(x)=Uo(x)+> 2 a(x) L2

Where¢k(x) are the basis or trial functiong, are the coefficients to be determined

that satisfy the differential equation, aNdare the number of functions. The form of
U,(x) is chosen to satisfy the boundary and the init@iditions exactly. There is

another approach in which exact solutions of tiifeidintial equation are known and
these are added together to satisfy the boundargitoans approximately. It is also
possible to formulate a method in which the difféi@ equation and the boundary

conditions are satisfied approximately.

In general, the approximate solution does not fyatie partial differential equation

exactly, and substituting its value results insideal,R,
R(x,a,,a,,....ay) = (U(x)) (1.3)

which in turn is minimized in some sense. For aegiW , a.'s are chosen by

requiring that an integration of the weighted raaldver the domain is zero. Thus

(W, (x),R) =0. (1.4)

11



By letting k=12,..N a system of equations involving onb;'s is obtained. For
unsteady partial differential equation this woulel d system of ordinary differential
equations, for steady problems a system of algelequations obtained. Different

choices ofW, (x) give rise to the different methods within the slaSome of these

methods are:

1.1.4.1 Galerkin Method

One of the most important weighted residual methads invented by the
Russian mathematician Boris Grigoryevich Galerdim.the Galerkin method the

weighting functions are chosen to be

Wi (x) = (x) (1.5)
i.e., the weighting functions are from the sameilfa@s the trial function in equation

(1.2). Thus the residual becomes orthogonal to dpace spanned by the trial

functions.

In traditional Galerkin method each of the triahdtions should satisfy the
boundary condition but in spectral Tau method th#& tunctions need not satisfy the
boundary condition instead, a supplementary setqoiations is used to apply the
boundary condition. A generalization of Galerkinthoal is Petrov-Galerkin method,

in which, the weighting functions are differentrfrdrial functions.

12



1.1.4.2 Sub-domain Method

This method can be considered a modification of dbkocation method. The
idea is to force the weighted residual to zerojustt at fixed points in the domain, but
over various subsections of the domain. To accahphis, the weight functions are
set to unity, and the integral over the entire doms broken into a number of sub

domains sufficient to evaluate all unknown paramsete

1.1.4.3 Least Square Method

The basic idea of Least-Square is that the resigualinimized in a certain
norm. The inner product of the governing equati@nsonstructed, which are then
differentiated with respect to the nodal valuestlod variables. A general Least-

Square formulation is the following minimizatioroptem:
S:minJ'|R(x,a1,a2,...,aN)|2dx (1.6)
X

In order to achieve a minimum of this scalar fimct the derivatives o with

respect to all unknown parameters must be zerad.i$ha

0S oR
—=2|R(X)—dx=0 1.7
o, j (X)aak X (1.7)

or

13



1.1.5 Collocation Method

Collocation method was developed to seek numesochltion of an initial or
boundary value problem in form of linear combinatiof coordinate function with
linear coefficients. In this method, we approximade function by passing a
polynomial through values of the function at sedelcpoints. The selected points are

known as collocation points. Consider a differdraguation

f(x,u,u,)=0 (1.8)

To be solved by collocation method .Let the funttis defined in the domain [a,b]

with boundary conditions given by

u(@) = g,, u(b) = g, qQL.
The method begins with a proper choice of basictions{¢,,¢,,......¢,} and a set
of pointsa=x, <X, <,.....<X, =bcalled nodes or -collocation points in the

domaira,b].

The approximate solution can be written in the form

U=>ca(X) (1.10)
i=1

Here n can be thought of as the quality paramem increases, the error in the
approximation must reduces. This method requiras tiis approximation satisfies

the given differential equation at each of the rsodad also satisfies the boundary
conditions.

For this, the residual must be zero at selectedtpdihe residual is defined as

r(x,u,u,) = f(x,u,u,)-f(x,U,U,) (1.11)

14



where U is the approximate solution. The choice;t$ can vary depending on the
problem.

In the last few years another nuoatiechnique has been increasingly used
to solve mathematical models in engineering re$gatite B-spline Collocation
Method. The B-spline Collocation Method has a fetidct advantages over the
Finite Element and Finite Difference Methods. Thavamtage over the Finite
Difference Method is that the B-spline Collocatibtethod provides a piecewise-
continuous, closed form solution. An advantage dier Finite Element Method is
that the B-spline collocation method procedureimspter and easy to apply many
problems involving differential equations.

Our aim is to explore the implementation of collbma method using B-spline
basis function to solve initial and boundary valp®blems. We have used the
collocation method with B-spline basis functionstloifd, fourth and fifth degree to
find numerical solutions of some linear and nomdin equations. This chapter
provides description of concept of spline and Brspbasis functions followed by the
methodology adopted to solve the initial and boupdalue problems using B-spline
collocation method.

The term ‘spline’ is derived from thexXible device used by shipbuilder &
draftsmen to draw a curve through pre-assignedtpdkmots) in such a way that not
only the curve is continuous but also its slope amyature are continuous functions.
Draftsman attach the wooden or metal strip withghts called ducks, which can be
adjusted to keep the strip in required shape. Sghtgeare attached with the strip to

keep it in the required shape.

15



1.2 Idea of Spline

In order to resolve the problem of workinghahigher degree polynomials the
idea of piecewise polynomial come into existenostdad of using polynomial for the
entire domain ,the function can be approximateddweral polynomials defined over

the sub-domains.

A polynomial which is presented over a certdomain by means of several
polynomials defined over its sub-domains called iacgwise polynomial. The
piecewise polynomial approximation allows us to stamct highly accurate
approximations, but because some approximationtifume are not smooth at the
point connecting separate piecewise polynomial @ppration. Sometimes, while
the polynomial is continuous, it may not be continsly differentiable on the interval
of approximation and the graph of the interpolaatymot be smooth. Splines are an

attempt to solve this problem.

So the basic idea of splines are to consaysecewise polynomial approximation
that not only interpolate the given data or functi@lues but it is also smooth i.e. it

must be continuously differentiable to some degree.

A spline is sufficiently smooth piecewise polynotianction.

Let us consider a uniform partitior, < x; <...< X, the domain [a, b] withx, =a
and x, =b.The abscissa; are called the knots. A functio®(X) is called the spline
of degree k if it is ak™ degree polynomial p(X) in each of that interval
[X,X%,],i =0,......0—1 with the property thgd (X) and its first (k —1) derivative

are continuous in the domajn,, X, ].

16



Thus a splin&(X) on domain[x,,x,] can be defined as

s(x) = i P, (X) (1.12)

Here p(X) is ak™ degree polynomial in each partition.

Since each segment (partition) is defined Kydegree polynomial, the number of

coefficients in each segment(is +1) and there are n segments.

Thus total number of coefficients becomék +1) . So therefore to define a spline,

Number of required equatiomgk + 1) 13)

Using the continuity property of splines we have @ k™degree spline the

polynomial p(X) with its (k—1) derivatives is continuous at all interior knois

can write
0 P(X ) = P(X.1)
1 P'(%) =P (%)
k-1 P (%) = P(%,)
wherei =12,....... n-1. (i.e. internal knots).

As number of internal knots ien—1). So each of above relation providgs-1)

equations. Thus, the total number of conditions is

(n-1){1+ (k -1)} = (n -k (1.14)

17



Additional conditions
n(k+1) - (n-1)k = (n+k) (2.15)

These additional conditions can be obtained froebibundary conditions.

1.3 B-Spline

“B-spline is a spline function that has minimal pag with respect to given degree,

smoothness and domain partition”

The first reference to the world B-splfoaction (‘B’ refers to basis) in the field
of mathematics was given by Schonberg in 1946, whscribed it as a smooth
piecewise polynomial approximation and is short basis spline. A B —spline is
defined as a spline function that has minimal supwith respect to a given degree,

smoothness, and domain partition.

The underlying core of the B-spline ishtssis function. The defining feature of

the basis function is knot sequenge et X be a set of N+1 non decreasing real

numbers(, S X <X, S ..o < X\ < Xy . Here X; 'Sare called knots , the set X is
the knot sequence which represents the activeadrezal numbers line that defines
the B-spline basis ,and the half —open intgxak ,,) thei™ knot span. If the knots
are equally spaced &,x,, —X is a constant f@<i < N —1), the knots vectors or

the knot sequence is said to be uniform; otherwidgs,called non-uniform. Each B-

spline function of degrek coversk +1 knots ork intervals.

In early 1970’s, a recurrence relation was indéepetly established by Cox and Boor

for the purpose of computing B-spline basis funtti@y applying the Leibniz’

18



theorem, Boor was able to drive the following fotenfor m"™ B-spline basis function

of k™ degree in a recursive manner as follow:

Bk (X) =V Buxa(X) + @ =V 1) B (X) (1.16)

where,

This formula is known as Cox de- Boor recursion formula. Bgggx) define am™

B-spline basis function of degrée, {Xi} is non —decreasing set of real numbers also

called as the knot sequence ands a parameter variable.

The recurrence relation starts with the first degBesplines and builds the functions

of successively higher orders. For degieel basis functionB_ (x 8 a linear

combination of two(k —1)" degree basis function.

1.3.1 Zero Degree B-Spline

For degreek =0, the basis function is just a step function. Thhs, zero degree B-

spline is one of the simplest B-spline basis fuorctnd is given as

(1.17)

B = 1, XU[X, Xoe1)
™o 10, otherwise

19



Thus, a zero degree B-spline is equal to aeall points expect on the half open

interval [xn Xm+1) and has the appearance as follow

Y] Y Y V-2

Figure 1.1: Pictorial representation of Zero Degree B-spline

1.3.2 First Degree B-Spline

The expression for the first degree B- spline, alalbed as linear B-spline can be

obtained using the Cox and Boor recursion formutargby (1.16)

Put k=1 in (1.16) and use the definition of zdegree B —spline.The formula of the

first degree B-spline basis function can be given a

& X[ [ Xm , Xm+1)
Xm+1 - Xm
Bm,l = M xt [Xm+1’ Xm+2) (l) 17
Xnr2 ~ X
0 otherwise

The first degree B-spline is likdHAT or tent function which is non=zero

for two knot span$x.,, X..,,) and[X..,,X..,)and can represented as

20



Figure 1.2: Pictorial representation of First Degree B-spline

1.3.3 Second Degree (Quadratic) B-Spline

The formula for the second degree Baspalso called as quadratic B-spline
can be obtained by using the formula of linear Bagpbasis function (1.17) and de-

Boor recursion formula for k=2

The formula for the second degree B-spline cagivsen as

(X=X)?

DX X
Ko = %) O = Xer) XEDX )
(X= %) Ko =) (X =X (X~ Xi1) -
B0 =] Cs —X0)Os — %) Gl =X O =X)L ) (1.18)
(ers_x)z 0
(Kins — X)X = Xomz) XOX2 Xwa)
0 otherwise

The second degree B-spline basis function is noo-between three knot spans

and can be represented as

21



Figure 1.3: Pictorial representation of Second Degree B-spline

1.4 Collocation Method Using B —Spline Basis Functn

The collocation method together with B-spline a@pmmation represents an
economical alternative, since it is based on evialgahe accuracy of a differential
equation at a finite set of collocation points .ibsue that effect the effectiveness and
accuracy of B-spline collocation method for solvididferential equations include,

which points to use for collocation, what degreeBedpline to use and what level of

continuity to maintain.

Let us consider

as a uniform partition of the solution dom@mb] by the knotsx,, with step-length
h=X,., —X,wherem=01,.....n-1.

Now to find the solution of differential equatiosing collocation method with B-

spline basis function, the approximate solutidiix) can be assumed as a linear

combination of basis functions as

m+k-2
U (x) = chBj(X) (1.19)

j=m-k+2

22



Where, K is the degree of the B-spline, m isribeber of nodes and,, are the

unknown constants to be determined from the boyndanditions and collocation

from of the differential equation.

Let us now derive the approximate formwigh the basis function of third,

fourth and fifth degree B-spline.

1.4.1 Third Degree B-Spline

The third degree B-spline called as cubic B-splasis function is given by

formula
(X=%5)° XO[ X2 X5r2)
. (X=%2)” =AX=%,0)°  XO[X 0, %)
Brns = s (X2 = x)° — Xy ~ X)* XO[ X Xipi) (1.20)
(X2 = %)° XU X1y Xne)
0 otherwise

This definition of cubic B-spline basis functioissgiven withm x as the middle knot
and equal number of knots on the two sides. Thd thegree B-spline is non-zero on

four knot spans and is represented as

| |
. & | % 'y
&

Xm-3 Lm-2 Xm-1 Xm Xm=1 Xm-2 Xm=3
Figure 1.5: Pictorial representation of Third Degree B-spline

From the definition given by (1.20), the valueBgf,(x) at the nodal points can be

obtained. On differentiating with respect to x wenoobtain the value of first and

23



second derivatives & ;(x) .the value ofB_ ;(x )and its first derivatives at the nodal
points can be tabulated as in Table 1.1.

Table 1.1:value of B ,(x ) and its first derivatives at the nodal points

Xn-2 X1 X X1 X2
B, ,(X) 0 1 4 1 0
. 3 -3
B mza(X 0 — 0 — 0
3(X) - -
. 6 -12 6
B ms (X) 0 F h2 F 0

Now substitute k=3 in (1.20), we get

U (x) = mfz};jsj(x)

j=m-3+2

So the approximate solution can be written as

U (x) = c;B,;(x) (1.212)

j=m-
Without loss of generality, equation (1.21) can bexpressed as

U((x,)=c¢c,,B,;(x,)+c, B, ,(X,)+cC.:B,.i(X,)

Or

U(X,)=ChiBr(Xpi)+tCrnB(X,)*+CriBr(Xno1) (1.22
As we are evaluating for cubic spline, so (1.22) lba written as

u (Xm) = Cm—le,3(Xm+l) + CmBm,3(Xm) + Cm+1Bm,3(Xm—1) (123)

24



From here

U (Xp) = CuoiBma(Xpas) + CuBma(Xy) + CrusB ma(Xy)

U (Xp0t) = CpiB ms(Xpay) ¥ €B ma(Xy) + CpuaB mis (X))

On substituting values dB_,,(x) at the knots from Table 1.1, we get
U((x,)=c +4c,, +cC. .,

hU "(x,,) = 3(C,.; — Cp_y) (1.24)
h?U "(x,,,t) = 6(C,., — 2C,, + Cp\y)

m-1

1.4.1 Fourth Degree B-Spline

The B-spline basis function of fourth degree alalbed as quartic B-spline is given by

(X=X,.,)* X O [Xops Xog)
(X_Xm—z)4_5(x_Xm—l)4 XD[Xm—l’Xm)
B — 1 (X_Xm—2)4_5(x_xm—l)4+1O(X_Xm)4 XD[Xm1Xm+l)
my4(X) " ht Y Y (1.25)
(Xm+3 X) 5(Xm+2 X) XD[Xm+l’ Xm+2)
(Xm+3 - X)4 X D [Xm+2’ Xm+3)
0 otherwise

This basis function is non zero on five knot sp&item definition given by (1.25) the

value of B, ,(x ) at the nodal points can be obtained .on diffeatinty with respect to

X we can obtain the value of its three derivativessimilar way. The value of

B...(X) and its derivatives at the nodal points may beltbd as in the table 1.2.
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Table 1.2:values ofB, ,(x) and its derivatives at nodal points

X2 X1 X Kot Xne2 Xine3
B4 (X) 0 1 11 11 1 0
' 4 12 -12 -4
m — — — — 0
Bra(x) 0 h h h h
; 12 -12 -12 12
B m,4(X) 0 F h2 h2 F 0
24 -72 72 -24
B m,4(X) 0 F h3 F h3 0
By substituting k=4 in (1.19), we get
m+4-2
U(x)= > c¢;B,(x)
j=m-4+2
So the approximate solution can be written as
m+ 2
U(x)= > c;B;(x) (1.26)
j=m-2
Equation (1.26) can be expressed as
U(X5) =GB (%) + Gt Bra (%) + GoB(X1) + Gra B (%) + G2 B (X)
U (%) =GroB(X2) +GraBrl(Xnia) +GB(%) Gt Br(Xina) + G B(%ir2)
As we are evaluating for quartic B-spline, so camitten as
(1.27)

U(X0) = CroBhna (Xin2) * GraBrna (Kia) * GrBina (%) + Ga Brna (1) + G B (%:12)
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So
U ' (Xm) = Cm—2 B m,4(Xm+2) + Cm—lB m,4(Xm+1) + CmBI m,4 (Xm) + Cm,rlBlmA (Xm—l) + Cm+2 Blm,4 (Xm—Z)
On substituting the values @‘mA(x) at the nodes from Table 1.2 we get,

u(x,)=c,., +11lc,_, +11c, +cC
hu (x,) = 4(-c -3c,,.,+3c,+C,,,
h2U "(X,) =12 (Cpp = Cpy = Cp + Cppiy)
h*U "(x,,t)=24(-c,,_,+3c,,-3C, +C..,)

m+1

m-2 m

(1.28)

1.4.2 Fifth Degree B-Spline

The fifth degree B-spline, also called quintic Busp basis function is given by
formula

(X_st)s XU [X3s X2)
(X_st)s _G(X_sz)5 XD[Xm—Z’Xm—l)
1 (X_st)s _G(X_sz)5 +13X_an1)5 XD[Xm—l’Xm)
Bns(X) = [ (Kims =X)° = 6K = X) +LH X0y = X)° XD X1 Xi1) (1.29)
(Xea ~ X)5 = 6(X 2 _X)5 XO[ X1 Xine2)
Xz =%)° X002 )
0 otherwise

This basis function is non zero on six knot sp&nsm definition given by (1.29) the

value of B 4(x) at the nodal points can be obtained and on difteang with

respect to x the value of its four derivatives bamobtained in similar way. The value

of B, s(x) and its derivatives at the nodal points may beltabd as in the table 1.3.
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Table 1.3: Value of B 4(x) for quintic B-spline and its derivatives at thedab

points.
X3 X2 X X Xt Xne2 X3
B.s(X) 0 1 26 66 26 1 0
Bms(X) O > 0 0 ~30 -5 0
h h h h
. 20 40 -120 40 20
B m,5(X) 0 F F hz F F 0
60 -120 120 -60
B m,S(X) 0 F h3 0 F h3 0
iv 120 -480 720 -480 120
e h* w0
Substitute k=5 in (1.19)
m+5-2
U(x)= > ¢;B,(x)
j=m-5+2
We get the approximate solution
m+3
U(x)= > ¢;B(x) (1.31)

j=m-3

Equation (1.31) can be expressed as

U(X,) = CraBra (%) +Ca B (%) +Cg Bra (%) +€,BL (%) +CriaBra (%) +CrioBra (X)

Or

* CnaBrna(Xn)

U (Xm) = Cm—BBm (Xm+3) + Cm—2 Bm(Xm+2) + Cm—le(Xm+1) + CmBm(Xm) + Cr’r‘r+1Bm (Xm—l) + Cm+2 Bm(xm—z)
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As we are evaluating for quartic B-spline, so camwhitten as

U (Xm) = Cm—3 Bm,5 ()g”n-ls) + Cm—Z a'n,S ()ﬂ’m-Z) + Cm—l Bm,5 (Xm+1) + CmBm,S ()ﬂﬂ) + Cm‘l-l a'n,S ()g'n—l)

(1.32)
+ G2 Bhs (X2) +CrniaBins (Xna)
On substituting the values (ch,s(x) at the nodes from Table 1.3 we get
U (Xm) = Cm—2 + 2&:m—l + 6&:m + 2&:m+l + Cm+2
hU (x,) =3(-C,, —10c,,_, +10c,,; *+ Cyy.»
h?U"(x,) = 20(c,_, + 2C, , —6C +2C,., +C,.
(Xm) O( m-2 1 1 2 (133)

hU"(x,)=60(-c,_,+2C, ,—2C ., +C..,)
h4U iV(Xm) = 12qcm—2 - 4'("’m—l + 6('\’m - 4Cm+l + Cm+2)

1.5 Properties of B-Spline Basis Function

Some of the important properties of the B-splingid&unctions are as follows:
1. B,,, (X)is a non-zero polynomial ofrX,,, X,,,,) for degreek>0 .

2. On any spdix,,, X,,;) at mostk +1 basis functions of degr&ere non-

zeroB,,  (X), Byerk (%), Brioi (X)sennnee ,and B, (X) .

3. Non negativity

For allm, kandx, B, (x) is non-negative in the intervgk ,x .,) . The closed
interval is called the support &_, (x ).

4. Local knots

The m"B-spline B,,, (x Jdepends only on the KNotS , X s Xuep »e-e-e--- Xkt -
5. Local Support

If xis outside the intervdlx , X ....) thenB_,(x)= 0
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Local support property indicates that each segmkatB-spline curve igmfluenced

by onlyk control points or each control point affects oklgurvesegments.

1.6 Organization of Thesis

In this thesis an attempt has been made to solve shfferential equations by
using B-spline collocation methods. The chapterewssmmary of the thesis is as
follows.

In chapter 2, we consider a second ordgutarly perturbed boundary value
problem

Ly(x) =&y (x)+ p(x)y () —a()y(x) =r(x) , xO[a,b]

where £is a small positive parameti@<[<1), p(x) ,q(x) and r(x) are sufficiently
smooth functions. The boundary value problg&4) under these assumptions have
unigue solution[1]. In general, as1 tends to zero, the solutiog(x) exhibits an
exponential boundary layer at the left end of thterval; that is, the domain of the
differential equation contains a narrow region vehdéne solution derivatives are
extremely large. Regions like this frequently adjthe boundaries of the domain of
interest, owing to the fact that the small parametaltiplies the highest derivative.
Consequently, they are usually referred to as baynidyers in fluid mechanics, edge
layers in solid mechanics, and skin layers in eleat applications. There are many
physical situations in which the sharp changes oicside the domain of interest, and
the narrow regions across which these changespiake are usually referred to as
shock layers in fluid and solid mechanics, transitpoints in quantum mechanics,

and Strokes lines and surfaces in mathematics €Titagsd changes cannot be handled

by slow scales, but they can be handled by fastagnified or stretched scales.
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In this chapter, a numerical technique forsystem of singularly perturbed
boundary value problems using cubic-B-spline fuorddiis derived. Simplicity of the
adaptation of B-splines and obtaining acceptabigtisns can be noted as advantages
of given numerical methods. The results obtainedgughe proposed method are good

and maximum absolute errors are negligible.

In chapter 3, we consider the second order twwot pnixed boundary value problem

y () =F(xy(x),y (), xO[anb],
a,y(@)+ By (a) = a,
a,y(b) + B,y (b) = b,

For simplicity such problems arise in manydgln engineering and science, such
as heat transfer, deflection of plate, diffusion. t8e problem such type has great
importance in many real life fields.

In this chapter, a numerical scheme is pregder the numerical solutions of the
second order two point mixed boundary value probldrased on quintic-B-spline
functions. Two test problems have been considecedest the accuracy of the
proposed method. The maximum absolute errors areed&ing as we increase the

number of sub-intervals. This shows that the methatable.
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CHAPTER 2

Cubic B-Spline Collocation Method for the Numerical
Solution of Singularly Perturbed Two-Point Boundary
Value Problem

2.1. Introduction

We consider a second order singularly perturbechtbary value problem:

Ly(x) =&y () + p(x)y () —a()y(x) =r(x) , xO[ab] (Al
with boundary conditions

y(@=a

2.1b
yib) =3 (2.1b)

where € is a small positive paramet@< ¢ <1), p(x) ,q(x) and r(x) are sufficiently
smooth functions. The boundary value problems j2ihder these assumptions have

unigue solution [1]. In general, ds tends to zero, the solutiog(x) exhibits an

exponential boundary layer at the left end of thierival; that is, the domain of the
differential equation contains a narrow region vehéne solution derivatives are
extremely large. Regions like this frequently adjthe boundaries of the domain of
interest, owing to the fact that the small parametaltiplies the highest derivative.
Consequently, they are usually referred to as bayndyers in fluid mechanics, edge
layers in solid mechanics, and skin layers in eleat applications. There are many
physical situations in which the sharp changes oicwide the domain of interest, and
the narrow regions across which these changespiake are usually referred to as
shock layers in fluid and solid mechanics, transitpoints in quantum mechanics,

and Strokes lines and surfaces in mathematics eliagsd changes cannot be handled
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by slow scales, but they can be handled by fastagnified or stretched scales. For
the analysis of this type of problems the readarsrefer to the books by Bender and
Orszag [2], O'Malley [3, 4], Nayfeh [5,6], Doolaid]| Miller [8] and Roos [9].

Due to the variation in the width of the layer wigspect to the small perturbation
parametelrl, several difficulties are experienced in solvihg singular perturbation
problems using standard numerical methods withoumifmesh. Then the mesh needs
to be refined substantially to grasp the solutiothiw the boundary layers. To avoid
this, a piecewise-uniform mesh was first constrittg Shishkin [10]. Miller et al. [8]
discussed the fitted numerical method with piecewisiform mesh for singularly
perturbed boundary value problems. Pearson [11]p&dsaps the first one who tried
to solve SPPs (2.1a) numerically by taking net stdpents in finite difference
method. This idea was further developed by Abralsamet al. [12] in their study of
difference methods for a general class of SPPsir B is to devise numerical
schemes with constant mesh spachng] to yield accurate solutions in the outer
region. However, they were able to show in genenalt the accuracy of the scheme

cannot be better tha®(h) in the interior. Kellogg and Tsan [13] and Bergeral.

[14] have also analyzed some difference approxomatiof O(h) and O(h?) for the

SPPs (2.1a). Doolan et al. [7] have presentedowarexponentially fitted finite
difference schemes for both initial and boundarlp@groblems that are uniformly
convergent inll. Schatz and Wahlbin [15] used finite element tepies to solve
such problems. Nitsche and Schatz [16] give therimt estimates for Ritz—Galerkin
methods. Roos and Uzelac [17] used streamlinesidfufinite element method on a
Shishkin mesh and have shown the method is connvergelependently of the

perturbation parameter.
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The rest of the paper is organized as follows: éati®&n 2, we discuss preliminary
results of cubic B-spline. In Section 3, the deiis/a of the B-spline collocation
method has been discussed [18]. In Section 4, noahe@esults and comparison of
approximate solutions based on B-spline collocatimethods have been presented.
Finally, Section 5 contains conclusion.

The cubic B-spline collocation method develbpin this chapter has lower

computational cost and its only requires solving1 linear or non-linear equations.

2.2. Preliminary Results of Cubic B-spline

Divide the intervall =[a,b] into subintervald, =[x ,X.,,];i=0,1,...... n-1 by the

equidistant knots x =a+ih;i=0,1,....n—-1 whereh :E. We define
n

S,(M) ={p(t) IC?01]}, such thatp(t) reduces to cubic polynomial on each sub
interval [x,x,,] Ui. By the results in [17], we define the cubic Bisel by the

following relationship,

(X_Xi +2h)3 XD[Xi—Z’Xi—l)
1 (X=X +2h)3_4(x_xil+h)3 XO[X 1, %)
Bi,3:F (Xi+2h_x)3_4(xi+h_x)3 XD[Xi’Xi+1)
(x +2h _X)3 XU[X 115 %42)
0 otherwise

B, (X) is non negative and is locally supportedxn,X.,,]. Besides, it is easy to

observe thaB, (x) =B, (x+h)(i =-1,......n+1) and nil B,(x) =1(x0O[a,b]) .

i=—1
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Furthermore, by some trivial computation, we obtaithe values of

B™(x) (i=-10,....n+1k = 0,1,2) at the knots, which are listed in Table 2.1.

Table 2.1: Value 0B, ,(x) and its derivatives at the nodal points

Xi -2 Xi -1 Xi Xi +1 Xi +2
B, ,(X) 0 1 4 1 0
: 3 -3
B i3(X 0 — 0 — 0
() h h
] 6 -12 6
B i,3(X) 0 F h2 F 0

Given a sufficient smooth function y(x), there #gi a unique quintic spline

n+l

S(x) = ZCi B, (x) 0 C?(R) satisfying the following interpolation condition:
i=-1

S(x) = y(x), i=03%......n
s(@ =y (a), s(@=y (a), (2.3)
s (b) =y (b), s (D) =y (b),

Now from thae Table 2.1.for the equidistant knof$=0.1,......., n ,we

Y(Xj) :S(Xj) =Cj, +4c, +Cyy (24)
Y (x)=8(x) = 2le,, +¢,.] (25
Y (%)= (x) =h—63[cj_1 -2¢, +C,] (26)
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2.3. Cubic B-Spline Collocation Method

Considerthe linear boundary value problem

Y () +p(X)Yy () +a(x)y(x) =r(x) , x0O[a,b]
y(@)=a (2.7)

y(b) =5

n+l

Let s(x) = Zci B, (x) be the cubic solution of (2.7). Discretizing (2at)the knots
=
i=01,2,....] n, we get
£y (x)+p(x)y (%) +ax)y(x) =r(x)
Now by (2.4), (2.5) and (2.6), we have

60

3 :
F[CH —-2c; +c 4]+ p F[_CH +C,,]+qfc;,+4c, +c]=r;0i=01,....n

Where p, = p(x),0, =q(x) andr, =r(x)be the values ofp(x),q(x) andr(x) at
the knot (i = 0,1,.....)n)

[60c, —12 +6¢C,,] + p,N[-3c,_,+3c,,,] + qihz[ci L tH4c +c )= hzri

[60-3hp; +q;h?]c., +[-120+4q,h*]c, +[60+3p;h+q;h’]c,, = rh? (2.8)
Now from the left boundary condition(a) = a , we get
s(a) =a

Cc,+t4c,+c =a ®.9
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Similarly from second boundary condition, we get
s(b) = B
c,.,t4c,+c, =0 (2.10)

(2.8), (2.9) and (2.10) leads to (a+30x(n+3)system of equations with (n+3)

unknowns =(c_,C,,C;.......Cou) -
We eliminatec_ from (2.8) and (2.9), we have

[-360+12hp,]c, + (6hp,)c, =r,h* —a(60-3hp, +q,h?) (2.11)
Similarly on eliminatingc,,, from (2.8) and (2.10) we get,

(-6p,h)c,_, +(-360-12p h)c, = h’*r, - S(60-3hp, +q,h?) (2.12)

Coupling equation (2.11) and (2.12) with the sectmdugh (n-1)st equations of

(2.8), we lead to a system of(n+1) equations irljn#nknowns.

Ac=d (2.13)

_ t
where C=(G,,G,...--G,) are unknowns real coefficients with the right haside
d =[h*r, —a (60-3hp, + g,h*),h%r,,h’r, ,......... h?r _,,h’r. — B(60-3hp, +q,h?)]

and the coefficient matrix A is given by
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[-360+1hp, ehp, 0
60-3hp +qh* -120+4gh* 60+3ph+qgh’

A= 60-chp +qh* -120+gh*  6043ph* +qi’

60-3hp +qh* —120#q +gh’  60+43ph+qgh’

0 -6p,h -360-12p.h
- (D)D)

It can easily be seen that that the matrix A igtyrdiagonally dominant and hence
non-singular. Since A is non -singular, we canveothe systemAc=d for

Cy1C1Chyuennnn c, and substitute into the boundary conditions (28§ (2.10) to

obtain c_,andc,,,. Hence, the method of collocation using a basisubic B-splines

n+l
applied to problem (2.1) has a unique solu§p) = ZCi B (X) .

i=-1
For the derivation of uniform lemma convergence use the following lemma
Lemma 2.1:The B-splineB_, B,,...,B,,; satisfy the inequality

§|Bi (¥ <10, 0sx<1.

i=—1

Theorm 5.1: let S(x) be the collocation approximation from the spacecwaibic

splines¢, (M) to the solution of the boundary value problem

Ly(x) =€y (x)+ p(x)y () —a(x)y(x)  xO[0]1]

with

yO =a,y@®)=p
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where £ is a small positive paramet@<O<1). If f JC?[0]], then the parameter-

uniform error estimate is given by

supmax]| y(x) = S(x ) s CN*(InN)®

where C is a positive constant independent ahd N.

Proof: See proof [38].

2.4. Numerical Experiments

To demonstrate the applicability of the method,haee considered three linear
singular perturbation problems. These examples baea chosen because they have
been widely discussed in the literature and becaxaet solutions are available for

comparison.

Example 1: Consider the singular perturbed boundary valuelpro

~ey +y=—-{cog(mx)+2e P cod271x)), 0<x<1,
y(0)=0, y{t)=0. (2.14)

Its exact solution is given by

): exp{— (1—X)/\/E)+exd—X/\/Z)_COS;_(”X)

v 1+exg-1/e) (2.15)

The numerical results of the example are preseintélde Table 2.2 and Figures 1-3

for different values ofe and subinterval®i. The Table shows as we increase the
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subintervals the maximum absolute error decrea3ée Figure 1 shows the
comparison of the exact and numerical solutionslevkigures 2 and 3 show the
physical behavior of the numerical solutions ansiofilite errors for different values of

£ respectively.

Example 2: In this example, we consider the singular pertdrbeundary value

problem

y(0)=0, y(§)=0, (2.16)

where

f(x)=1+x(1-x)+ (2\/2 -x2(1- x))exp(— (1- x)/\/z)+ (2\/2 -x(1- x)z)exp(— x/\/z)
The exact solution is given by
y(x):1+(x—1)exp{— x/\/z)—xexp(— (1— x)/\/z) (2.17)

The numerical results of the example are presentélde Table 2.3 and Figures 4-6
for different values ofe and subinterval$. The Table shows as we increase the
subintervals the maximum absolute error decrea3be Figure 4 shows the
comparison of the exact and numerical solutionslevkigures 5 and 6 show the
physical behavior of the numerical solutions ansiofiite errors for different values of

£ respectively.
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Example 3: Consider the following singular perturbation prable

& () + @+ Xy () -y =L+x)?

y@0)=0,y@® =0

The numerical results of the example are presentéide Table 2.4 and Figures 7-9
for different values ofs and subintervals.. The Table shows as we increase the
subintervals the maximum absolute error decreasks. Figure 7-9 shows the

physical behavior of the numerical solutions of pneblem.

2.5 Conclusion

In this paper, a numerical technique for a systémimgularly perturbed boundary
value problems using B-spline functions is derivemnplicity of the adaptation of B-
splines and obtaining acceptable solutions can dtednas advantages of given
numerical methods. The results obtained using thesinods are better than those

using the stated existing methods with the samebeuwf knots and values of
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Table 2.2: Maximum Absolute error of Example Hiffierent values of subintervals.

& n=16 n=32 n=64 n=128 n=256 n=>512
1072 1.8E-4 2.8E-5 3.9E-6 5.2E-7 6.2E-8 8.5E-9
10 7.3E-5 3.5E-7 8.6E-8 2.2E-8 5.4E-9 1.4E-9

Table 2.3: Maximum Absolute error of Example 2 iffiedent values of subintervals.

& n=16 n=32 n==64 n=128 n=256 n=512
Ya 1.1E-4 2.7E-5 6.8E-6 1.7E-6 4.3E-7 1.1E-7
1/10 2.0E-4 5.1E-5 1.3E-5 3.2E-6 7.9E-7 2.0E47

Table 2.4: Maximum error of Example 3 at differgatues of subintervals.

£ n=:64 n=128 n=256 n=>512

2t 1.09E-05 | 2.72E-06 6.81E-07 1.70E-07
274 1.37E-03 | 1.14E-02 8.54E-05 2.13E-05
278 1.81E-03 | 1.54E-02 2.74E-04 1.15E-04
2712 1.53E-03 | 1.61E-02 1.75E-04 5.73E-05
271 1.52E-03 | 1.61E-02 1.70E-04 5.37E-05
2720 1.52E-03 | 1.61E-02 1.70E-04 5.39E-05
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—&—Numerical Solution

001 —e— Exact Solution

-0.24

-0.44
c
o
=
[=]
& 06

-0.8 4

-1.04

. T . T . T . T .
0.0 0.2 0.4 0.6 0.8 1.0

Figure 1: Comparison of exact and numerical sohstiof Example for
n=64 £=10".

Numerical solution

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2: Numerical behavior of numerical $ims of Example 1 at different
values of €.
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0

Figure 3: Behavior of absolute errors of Exampée i =256 £=10".

1.0 H
—a— Numerical Solution
09 —e— Exact Solution
c 0.8
o
=}
3
o
(7]
0.7 4
0.6
0.5 T T T T
0.0 0.2 0.4 0.6 0.8 1.0

X

Figure 4: Comparison of exact and eroal solutions of Example 2 for
n=32 £=10".
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11

Numerical Solution

X

Figure 5: Numerical behavior of numerisalutions of Example 2 at different
values of¢.

x 10"
1.6

Absolute Error

Figure 6: Behavior of absolute error&Egample 2 an = 64, ¢ = 1/16.
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Chapter 3

Quintic B-Spline Collocation Method for Second Orde
Mixed Boundary Value Problem

3.1 Introduction

We consider the second order two point mixed bogyndalue problem:

y (9 =F(xy(x),y (), x0O[ab],
a,y(@)+ By (a) =a, (3.1)
a,y(b)+ B,y (b) =b,

wherea, and b, are given real constants;(x,y(X),y (X)) is differentiable

on[a,b]. The aim of this chapter is to discuss variatiomtc B-spline collocation

method. We denote (3.1) bp?y=F with the boundary conditions. For simplicity
such problems arise in many fields in engineering science, such as heat transfer,
deflection of plate, diffusion, and so on,see [By-Zenerally it is difficult to obtain
the analytic solution of (3.1) for arbitrary (x, y(X),y (X)). Hence, numerical
methods for (3.1) are required. There are a Iopagers on second order Dirichlet
boundary value problem[24-32]. However, numericabllgsis literature does not

conation much on the numerical solution of Neumaoumndary value problem,

y (X) =F(x,y(x),y (x), x0O[a,b],
y (@) =a, (3.2)
y (b) =b
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Blue[33] obtain ano(h*) quintic spline method for (3.2), but this methoduieed to
solve 3n+3 linear or non linear equations, whedemnmotes the number of subinterval.

In a recent paper [34], Ramadan et al. develope®@i) quadratic spline method

QSM, an O(h?) cubic spline method CSM and a@(h®) non-polynomial spline

method NSM. But, these methods in [34] for (33B8 only applicable to the simple

linear Neumann boundary value problems in the ¥ahg form

y () + f()y(¥) =g(x), xO[a,b]
y'(@)=a,y(b)=h

To overcome this drawback, in this paper we dgveho new quintic B-spline
collocation method for (3.1) and (3.2) . This meths fourth order convergent and
has lower computational cost because it requirgssmiving n+5 linear or non linear
eguations.

The remainder of this paper is organized as fdalokr Section 2, some preliminary
results of quintic B-spline are given; Sections3devoted to the quintic B-spline
collocation method for linear and nonlinear secander boundary value problem
(3.1); in Section 4, some numerical examples aesgnted ; finally, Section6

contains conclusion.

3.2. Preliminary Results of Quintic B-Spline
Consider  the interval I=[a,b], divide it into n  sotervals

[, =[%,%.,]@i=012...n-1) by the equidistant knots
x, =a+ih (i=01,.....n) ,where h:E. The quintic spline space is defined as
n

follows:
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S(1) ={s(x) Dc“(l)|s(x)IIi OR,,i=01,....... n-1},

Where s(x), denotes the restriction of(x)over |;,and R, denotes the set of
univariate quintic polynomials. The dimension 8f(I)is n+5. Extendl =[a,b] to
| =[a-5h,b+5h] with the equidistant knotg, =a+ih (i =-5-4,....n+5). By the
result in [35], we obtain the explicit represerdatiof the typical quintic B-spline

B (X)(i=-2-1,....n+2)as follows:

(x=x +3n)°, XO[% 5, % ]
(x=x +3h)° —6(x—x +2h)°, XO[% 5, %]
(x=x +3h)° =6(x—x +2h)° +1§x—x +h)® xO[X4, %]

B (9 = e (00X +3)° ~B0xrx +20)° +150cex +0)° x[x xa]  (33)
(=x+X +3N)° —6(-x+ X +2h)° XO[X.5 X2]
(_X+Xi +3h)5 XD[XHZ’ Xi+3]
0 else

B, (x) is non negative and is locally supportedn,x.,]. Besides, it is easy to

observe thaB (x) =B, (x+h)(i =-2,-1,.....n+1) and iz B, (x) =1(x0O[a,b]) .

i=-2

In addition B, (x) (i =—2,-1,....,n+2) are linearly independent, so they are the basis

splines ofS(1).

Furthermore, by some trivial computation, we obtaithe values of

B®(x) (i =-2,-1,...n+2k = 0,1,2,3) at the knots, which are listed in Table 3.1.
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Table 3.1:Value of B, ;(x) and its derivatives at the nodal points

X Xo X4 X X X2 Xia else
1 26 66 26 1
0 Sl £ — < Sl 0 0
B:09 12C 12C 12C 12C 12C
B'i,S(X) 0 i 1_0 0 _1_0 _i 0 0
24h 24h 24h 24h
, 1 2 6 2 1
Bis(x) O - <L - il — 0 0
5(%) 6h? 6h? 6h? 6h? 6h?
1 -2 2 -1
B s(x) O — < 0 < —= 0 0
5() on3 on3 2h? on3

Given a sufficient smooth function y(x), there égisa unique quintic spline

S(x) = f ¢, B (x) 0 S, (1) satisfying the following interpolation condition:
S(x.) = y(x), i=01.....n
s@=y@, s@-=y(@),
s@=y®), sb=yb),

From table 1 and result in [36,39],for the equahstknots x;(j =0,1.....n )we

have
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1
y(X;) =s(x;) :1_20((31—2 +26c,, +66C; +26C),, +C,,,),

. . 1

y'(%) =s(x) +0(h®) = E(_Cj—z —10c,;_, +10c;,, +C,,) +0(h®)
; , 1

y (X;)=s (Xj)+o(h4) = 6h? (=¢;-, —10c;_, +10c;,, +Cy.») +0(h®)

1
y® (x;) = s (x;)+ O(h*) = F(_Cj—z +2C;,—2C,, +Cjp) t O(h*)

3.3. Quintic B-Spline Collocation Method

3.3.1. Linear case

Consider the linear boundary value problem

y () +p(X)y () +aq(x)y(x) =r(x), xO[a,b],
a,y(@)+ By (a) =a,
a,y(b) + 5, y (b) = b,

n+2

(3.8)

Let s(x) = ZCi B, (x) be the quintic spline solution of (3.8), Discretgi(3.8) at the
i=-2

knots, we ge(i = 01,....... n);

y"(xi) + p(X, )y'(xi) +q(x)y(x) =r(x)

Now by using (3.4), (3.5) and (3.6), we have

! [c,+2¢,—6¢ +2c,] +i[_c|—2 -10c, +10c, + G, P, +17;C[C'72 +260,, +66¢ +2

6h? 24h s

h h?
[G, +26.,—6C +2G,, +C.,] +Z PG, ~105, +10c, +G ;] +£qi[0|—2 +26c , +660 +2
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]=6hr,
(3.9)

(34)
(35)
(36)

3.7)



Now by boundary conditions,

ay@+ay@=a

10/71C[c_2 +26¢c_, + 66¢C, + 26¢C, +C,] + Zilh [-c_, -10c_, +10c, +¢c,] = a,
aéh [c_, + 26C_, + 66¢, + 26¢, + c,] + B,[-c_, -10c_, +10c, + ¢,] = 24a,h (3.10)

Again , a,y(b) + B,y (b) =h,
1 1
a, ﬁ[cn—z + 26Cn—1 + 66Cn + 26Cn+1 + Cn+2] + Bz %[_Cn—z _1OCn—1 +1OCn+1 + Cn+2] = b1
a;h[C”‘Z + 26Cn—1 + 66Cn + 26Cn+l + Cn+2] + ﬁz[_cn—z _10Cn—1 +1OCn+l + Cn+2] = 24hbl (311)

We still need two equations, from (3.8) ,we have

y (X) =r(x) = p(x)y (X) = aq(x) y(X).

By using and differentiating it, we get
yP () =r () =-p )y (- p()y (¥ —a (x)y(x)-a(x)y (X

yP (9 =(p*(x) = p () =a()y () +(p(x)a(¥) =a (X)Y(X) +1 (X) = p(x)r (X).

Let x=a ,we get
y@ @ +a,y(@) + By (a) =,

wherea, =q (a) - p(a)d(a ) 5, = p () +q(a) -~ p*(a) andd, =r (a) - p(a)r (a).

By (3.4) ,(3.5) and (3.7),we have
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1 a A _
(o2, ~ )+ (26 B, +26 +C) + 2 (€, 1, 110 +0) =4,

where the truncated err@(h*)is dropped . Hence ,we have

a,h’

(162426, =2, +6) 40 (G, + 26, +68; +28; +C,)

ﬂohz (3.12)

+ 12 (-, -1@, +1@ +c,) :%hg
Similarly, we have
(-c,, +2C,;, = 2C,,; + C,.p) + ag(r)ﬁ (c,., +26c¢c,, +66C, +26C,,, +C,,,) (3.13)
+ anh (_Cn—z _1ocn—1 + 10Cn+1 + Cn+2)
12

where a, =q (b) - p(b)q(b), B, = p (b) +q(b) - p*(b) and J, =r (b) - p(b)r(b).
Take (3.9), (3.10) ,(3.11) ,3.12) and (3.13) tbgetwe get n+5 linear equations with

c@i=-2,-1,... n+2) as knowns. Let

C=[C,,Cqyern Ll
R = [24a,h ,20,h* ,6r,h? .....6r,h2,25.h® 240, h]"

be two (n+5)dimensional column vectors. In matrixations, the linear system can

be written as

(A+%hPBl +%h3QBZ)C =R @)1

where
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als
N

-108, 0
2 0

2 -6

1

-1

- ,32 - 10,32 0 10,31 :32

0
Po
Pn
1 26 66
0 0 0
-1 -10 O
-1
0
1
0
1
o

108, A

-2 1
2 1
2 -6 2 1
2 0 -2 1

0

4

5%

- (n+5)x(n+5)

26 1 ]
0 0
10 1
-10 0 10 1
0 0 0 O
26 66 26 1] .

On

- (n+5)x(n+5)
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0 0 0 0 0
ah-58, 261h-503 2aph+508  ah+54
2h
3 3
1 26 66 26 1
B, = 1 26 66 26 1
ah-53 26rh-5Q3 22 h 2eh+2Q3,  ah+54,
3 3 n 3 3
0 0 0 0

After solving the linear system (1.14), we obtdme tquintic spline approximation

solutionS(x) = fci B (X).

i=—2
3.3.2 Nonlinear case

In this subsection, we briefly dicuss the nonlineacond order mixed boundary value

n+2
problem in the form of (3.1). Similarly, Ie5(x) = ZCi B, (x) be the quintic B-spline

i=-2

solution of(3.1). Discretizing (3.1) at the knats),1,2 ..... Nn., we get

y"(xi) = F(x, y(x), y'(Xi ) -

By (3.4), 3.5) and (3.6), we have

G+, —6G +2,, +G,, -F ()ﬂ G, +265, +66; +26,, +G,, —G, 1@, +1&, +Ci+2j
2

éh ' 120 ' 24
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Where the truncated erro©(h*)is dropped. Denote these nonlinear equations

(i=0.1,...n)as

_4+2C_.—6C +2C.. +C
C_,*+2C ;(13,2 2c,, C.+2:ﬂci_l'ci_l,ci,ci+l,ci+2) (3.15)

Besides , we also have two linear equations obdalnyethe boundary conditions at

X=aandx=Db,

B.(-c_, —10c_, +10c, +c,) +a?1h(c_2 +26¢c_, +66c, +26c, +C,) = 24a,h (3.16)

/82 (_Cn—z - 1OCn—1 + 10Cn+1 + Cn+2)

a,h ) (3.17)
+? (Cn—z + 26Cn—l + 66Cn + 26Cn+1 + Cn+2) - 24b.lh

Furthermore by differentiating (3.1), we have
y@ () =F (% ¥(¥), Y () +F, (X, ¥(3), Y (9)y () +F5 (X, (X, y ()Y ()
Let x=a, we have

y?(a)=F, (a,y(a), y(@)+F, (a,y(@), y (@)Y (@) +F;(a,y(@),y (a)y (a)
Let j=0, by (3.4) (3.5) and (3.6), we denote thislinear equation as

-c_,+2c,—2c, +c,

o3 = %(C5,C4.,C4,C;,C,). 3.18)

Similarly at x=Db, we get

-C,,t2Cc,, - 2C

n+ + Cn+ —_—
2h3 ! 2 = (00 (Cn—z 'Cn—l 'Cn'cn+1 'Cn+2)' (319)
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Taking (3.15), (3.16), (3.17), (3.18) and (3.19ypdther, we get n+5 nonlinear
equations withc, (i =-2,-1,....... n+2) as unknowns. After solving the nonlinear

n+2

system, we obtain the quintic spline approximasiotutions(X) = ZCi B, (X) .
i=—2

3.4 Numerical Experiments

In this section, we have considered two eXxemm order to check the accuracy
of the presented method. The maximums absoluw@serre calculated by the

following formula

L, =max]y, -Y,|  where y, and Y, are appromate and exact

solutionsrespectively.

Example 1:We have considered the following problem over thedin [0, 1]
y (X) +(x* -6x-1)y (X) + (BGx— x> +6) y(X) =€ — x> +5x+6
subject to two kinds of boundary conditions
BC,={y (0)=1,y ) =2¢f and
BC, ={y(O)+y 0 =2,2yQ)-y @ =2},
where the analytic solution is given ly¢x) = xe* +1.

The numerical solutions of the example are preseime Table 3.2 in form of

maximums absolute errors at different numbers dfindarvals for both types of
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boundary conditions. The Table shows that the mammabsolute errors decrease as

we increase the numbers of subintervals in botascas

Example 2: We have considered the following problem overdbmain [0, 4]
Y (9 ==Yy (9
along with two kinds of boundary conditions
BC,:{y (X) =-016,y (4) =4}

and BC, ={2y(0) -y (0) = -144,y(4) + 05y (4) = -6} ,
where the analytic solution is given ) =i5.
X —

The numerical solutions of the example are preseime Table 3.2 in form of
maximums absolute errors at different numbers dfirdarvals for both types of
boundary conditions. The numerical results of #xample have been taken from the
paper [37].The Table shows that the maximums absodurors decrease as we

increase the numbers of subintervals in both cases.
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Table 3.2 The maximum absolute errots, of Example 1 for different values of

n

L., [y(x)]of BC,

L. [y(x)]of BC,

h==

5 0.2 2.885¢10° 7.694x107°
10 0.1 1.835¢x1077 4.372x107
20 0.05 1.151x10° 2.666x10°
40 0.025 7.202x107%° 1.656x107°
80 0.0125 4.498<107 1.031x107°

Table 3.3 The maximum absolute errots, of Example 2 for different values of

n

L., [y(x)]of BC,

L., [y(x) Jof BC,

h==

10 0.4 7.671x10°° 3.663x107°
20 0.2 5.288<10™ 2.642x10™
40 0.1 3.418x<107 1.777107
80 0.05 1.801x10°° 1.125¢107°
100 0.04 8.396x107’ 4.617x10
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