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Abstract

Multi criteria decision making (MCDM) techniques have wide applications in various ar-
eas such as decision theory, operation research, management research, social psychology
etc. These methods enable us to find the most optimal alternative among the available
choices which are characterized by different criteria. In MCDM processes, the judgements
values corresponding to alternatives may not be expressed using crisp numbers always
as uncertainty is present in almost every real world system. Therefore, in order to han-
dle uncertain and fuzzy situations existing in the real world, the decision-makers need to
have such theories using which they could consider fuzzy data values and maintain their
decision-making (DM) criteria in accordance to the particular situation. In this direction,
numerous models such as fuzzy sets, intuitionistic fuzzy sets and interval-valued intu-
itionistic fuzzy sets have been designed and introduced so far. Under these disciplines, a
number of researchers developed various methods for dealing with DM problems. Among
these techniques, aggregation operators (AOs) and information measures are the basic
and efficient tools for handling DM problems. AOs reduce a set of numbers into a unique
representative one. Information measures such as similarity and distance process the un-
certain information by calculating the degree of similarity and discrimination respectively
among input arguments.

Although a number of DM techniques have been established so far under the above
said models but these environments cannot handle time periodic problems and portray two
dimensional information simultaneously in one set. So as to address this issue, a new model
named as complex intuitionistic fuzzy set (CIFS) has been developed in 2012. CIFSs have
the characteristic of portraying membership and non-membership degrees over the unit

disc of the complex plane. Under this model, membership and non-membership degrees
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are represented in polar form in which the amplitude terms corresponding to membership
(non-membership) value explicit the intensity of belongingness (not-belongingness) of the

element in a set and the phase terms provide additional periodic information.

The objective of this work is to develop new methodologies for handling cases which
involve time periodic and two dimensional information. In order to achieve it, some
information measures such as distance, similarity, correlation, entropy for processing CIFSs
and various generalized AOs for aggregating dependent and independent input arguments
are proposed. A number of properties of the proposed measures and operators are explored.
Based on the presented measures and operators, MCDM techniques are developed for
addressing such two dimensional problems which are either difficult or impossible to be
solved using existing theories. The applicability of the proposed methods is demonstrated
by applying them in several real life DM problems. The results of the proposed techniques
are compared with several existing methods.

The presented thesis is organized into twelve chapters and the brief summary of these
chapters is given as:

A brief account of the related work of various authors in the evaluation of decision
making process by using several approaches is presented in the Chapter 1, while Chapter
2 recapitulates the basic terms related with intuitionistic fuzzy sets, CIFSs, information
measures, t-norms, conorms and AOs.

Chapter 3 introduces a series of distance measures by using Hamming, Euclidean, and
Hausdorff metrics in order to find discrimination degree among CIFSs. Various desirable
relations among proposed measures are explored. A DM method is developed for finding
the best alternative under the set of feasible ones. Illustrative examples from the field of
pattern recognition as well as the medical diagnosis are illustrated in order to show the
applicability of the proposed work.

Chapter 4 presents correlation and weighted correlation coefficients under the CIFS
environment. Some of the desirable properties of proposed measures are investigated. A
MCDM approach for CIFSs is developed based on proposed correlation coefficients. T'wo
illustrative examples are taken to demonstrate the efficiency of the proposed approach.

Also, the obtained results are compared with several existing approaches results.
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Chapter 5 introduces some novel formulae of information measures such as similarity
measures, distance measures, entropy and inclusion measures. The transformation rela-
tionships among the presented measures are discussed in detail. The proposed similarity
measures are applied on pattern recognition problem and a detailed comparative analysis
is conducted with some of the existing measures. Further, algorithms based on proposed
measures are developed for handing MCDM problems and their working is illustrated with
the help of an example. Besides this, the practicality of the proposed similarity measure

is demonstrated by developing a clustering algorithm under CIFS environment.

Chapter 6 puts forward some generalized weighted averaging and geometric AOs for
aggregating the different complex intuitionistic fuzzy numbers (CIFNs) using archimedean
t-conorm and t-norm operations. Some new operational laws of the CIFNs based on
archimedean t-conorm and t-norm are defined and their fundamental properties are proved.
Then, a series of weighted averaging and geometric AOs are developed based on proposed
operations. Further, some desirable properties and special cases of the presented AOs are
studied. Finally, a DM approach based on proposed AOs is developed in order to solve
MCDM problems with CIFS information. A practical example is elaborated to illustrate
the working of the proposed approach and its results are compared with some existing

methods under CIFS and IFS studies.

Chapter 7 defines the possibility degree measure in order to rank the CIFNs and
presents some novel operational laws and AOs for aggregating the various choices over
CIFS environment. The properties of the proposed weighted averaging and geometric
AOs are investigated. A MCDM approach is established for CIFSs, in which weights
are derived objectively. A practical illustration is given to show the advantages of the

proposed method and its results are compared with some existing methods.

Chapter 8 presents some new exponential, logarithmic and compensative exponential
of logarithmic operational laws of CIFNs based on t-norm and co-norm. Using these laws,
compensative operators namely generalized complex intuitionistic fuzzy compensative
weighted averaging and generalized complex intuitionistic fuzzy compensative weighted
geometric are developed. Some properties related to proposed operators are discussed. In

light of the developed operators, a group DM method is put forward in which weights are
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determined objectively and is illustrated with the aid of an example. The reliability of the
presented DM method is explored by comparing it with several prevailing studies. The
influence of the parameters used in exponential and logarithmic operations on CIFNs is
also discussed.

Chapter 9 considers dependency among CIFNs during aggregation process and fuses
dependent CIFNs. It presents power averaging/geometric, power weighted averaging/geometric
and power ordered weighted averaging/geometric AOs under CIFS environment. Based on
the proposed operators, a MCDM approach is presented. An illustrative example related
to the selection of the best alternative(s) is considered to demonstrate the efficiency of the
proposed approach. The reliability of the presented method is explored by comparing its
results with several existing studies.

Chapter 10 presents AOs namely generalized complex intuitionistic fuzzy Bonfer-
roni mean and generalized complex intuitionistic fuzzy weighted Bonferroni mean which
encapsulate the interaction among the criteria and preferences under CIFS conditions.
Some properties related to proposed operators are investigated. Based on the developed
operators, a DM method is put forward and is explained with the aid of an example.
The reliability of the presented DM method is examined by comparing the results of the
example with several predominating studies.

Chapter 11 aims to present some new prioritized AOs by considering priority degrees
among priority orders for aggregating CIFNs. It presents prioritized averaging and geo-
metric operators without priority degrees, prioritized averaging and geometric operators
with priority degrees, prioritized ordered weighted averaging and geometric operators with
priority degrees based on basic unit interval monotonic function for aggregating dependent
CIFNs. A number of propositions related to proposed operators are proved. A group DM
approach based on proposed operators is developed and is applied on a practical DM prob-
lem. The results and the characteristics of proposed method are compared with several
existing studies. Besides this, the role of the priority degrees on aggregation result is also
discussed in detail.

Chapter 12 outlines the summary and future scope of the presented work.
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Chapter 1

Introduction

Decision-making (DM) is one of the most crucial components involved in a large number
of human activities. Models of DM have been successfully applied in various areas such as
decision theory, operation research, management research, social psychology etc. DM is the
cognitive process of determining the most optimal course of action among the available
choices. Many a times, while making decisions, we come across situations where the
available alternatives are characterized by different criteria (attributes). The process of
DM which assesses alternatives by considering all the attributes simultaneously is termed
as multiple criteria decision making (MCDM) and multiple attribute decision making
(MADM). Recently, MCDM methods have been attaining more and more popularity due

to their extensive applications in almost every area whether it is academic or businesses.

The general MCDM process involves a set of alternatives V = {V1, Vs, ...,V } which
are characterized by another collection B = {B1,B9,...,B,} of criteria. The criteria
set 2B is partitioned into two disjoint subsets namely benefit and cost type criteria. Since
all the criteria are not always equally important as the importance degree of criteria may
differ. Therefore, the vector & = (£1,&s,...,&,)T assigns the weight to each criteria B,
such that & >0V v =1,2,...,n and i &, = 1. In order to reach at conclusion, the
alternatives V,, (u = 1,2,...,m) are as;]:slsed under different criteria 2%, and are given

preference values as C,,. Based on these assessment values, the decision matrix can be

formulated as:
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In MCDM problems, the alternatives may be assessed by a single decision maker or
by a group of decision makers. The MCDM problems, in which decisions are made by a
group of decision makers are termed as multi criteria group decision making (MCGDM) or
multi attribute group decision making (MAGDM) problems. MCGDM is a tool in which
more than one individuals make a decision regarding the available alternatives before them
which are characterized by different criteria. The final decision made is then no longer
attributable to any single individual of the group as all the members collectively contribute
to the outcome.

In every real world system, due to undeniable presence of uncertainty, the decision
makers may not give their assessment values using crisp numbers always. As the complex-
ities in the socio-economic environments are increasing day by day therefore, dealing with
uncertain information has become a basic concern. In order to incorporate uncertainty
into system description efficiently, Zadeh [206] put forward the theory of fuzzy sets (FSs)
in which a unique real number, belonging to [0, 1], is assigned to each entity of the uni-
versal set and this number is called as membership degree (MD). The FS theory was put
forward on the basis of the fundamental assumption that if any element of the universal set
is assigned a MD, say z € [0, 1] then, automatically the non-membership degree (NMD)
of that element is considered to be 1 — z. However, Atanassov [10] pointed out that due
to the presence of hesitation degree in human decisions and judgements, sum of MDs and
NMDs is not necessarily one always. In light of this fact, Atanassov [10] introduced the
concept of intuitionistic fuzzy set (IFS) theory characterized by NMDs, MDs, hesitation
degrees and this theory proved quite successful in modeling uncertain and vague infor-
mation more efficiently and effectively. Later on, it was analyzed that, with the growing

complexities of the systems, it was not always possible for the decision-makers to give



their preferences in terms of exact values. Therefore, Atanassov and Gargov [9] proposed
the concept of interval valued IFSs (IVIFSs) in which MDs and NMDs can take values in
terms of intervals with the restriction that the sum of the upper bounds of membership
and non-membership intervals should not exceed one.

The FS, IFS and IVIFS theories express MDs and NMDs using real numbers be-
longing to the unit interval [0,1] and are inadequate to handle time periodic problems.
Consequently, to portray periodic information in the judgement values, Ramot et al. [128]
introduced the theory of complex fuzzy sets (CFSs). In this theory the membership func-
tion takes complex values with co-domain unit disc in the complex plane. Further, to
incorporate the hesitation degree along with periodic information into the analysis, Alk-
ouri and Salleh [5] proposed the theory of complex intuitionistic fuzzy sets (CIFSs). In this
theory, MDs and NMDs take complex values lying in the unit disc and are expressed in
polar form. The amplitude part of MDs (NMDs) presents the degree of belongingness (not
belongingness) of the element in CIFS and the phase term provides additional periodic
information regarding the component. Fascinated by the characteristics of CIFS theory,
the main objective of this work is to develop some aggregation operators and information

measures to solve MCDM and MCGDM problems under this environment.

1.1 Literature Review

In this section, we reviewed some of the existing techniques available in the literature for

solving MCDM and MCGDM problems under IFS, IVIFS and CFS theories.

1.1.1 Review on Distance & Similarity measures

Distance and similarity measures are complement of each other and exhibit two aspects of
the similar measure. The distance measure quantifies the degree of discrimination among
two objects. In contrast to it, the similarity measure describes the intensity of similar-
ity between the objects. Both of these measures quantify the uncertain and imperfect
information and enable us to reach at optimal decision by processing the uncertainty ex-

isting in the data. The role of these measures in handling the uncertain information is



huge and unavoidable due to their wide applications in various fields such as decision-
making, pattern recognition, medical diagnosis, clustering analysis and image segmenta-
tion [20, 21, 23, 39, 41, 77, 99, 112, 116, 120, 122, 126, 134, 138, 145, 148, 155, 171-173].
Therefore, numerous researchers and scholars have worked in this direction. Szmidt and
Kacprzyk [140] put forward the hamming and Euclidean distance formulas which calcu-
late the degree of discrimination among IFSs. Further, Grzegorzewski [69] generalized the
hamming and Euclidean distances to new distance measures using Hausdorff metric under
IFS and IVIFS environment. Wang and Xin [160] introduced the axiomatic definitions
of distance and similarity measures and put forward several novel formulas for measur-
ing distance among IFSs. Dengfeng and Chuntian [36] proposed the similarity measures
for discrete as well as continuous IFSs and applied them in pattern recognition prob-
lems. Later on, Mitchell [114] observed some instances in which the measure proposed
by Dengfeng and Chuntian [36] does not fit well and therefore, made modifications in the
measure given in [36]. Liang and Shi [98] put forward numerous cases where the prevailing
measures fail in giving results and introduced novel similarity measures. Hung and Yang
[86] utilized Hausdorff distance in formulating new distance and similarity measures under
IF'S environment and proved the related properties. Szmidt and Kacprzyk [142] gave new
similarity measures for [FSs and applied them in medical diagnostic reasoning. Song et al.
[136] proposed similarity and weighted similarity measures and showed their applications
in pattern recognition problems. Chen [24] developed the notion of similarity between
vague sets and proposed two similarity measures. But these measures [24] fail to give re-
sults in some instances and this drawback was analyzed by Hong and Kim [80]. Therefore,
Hong and Kim [80] proposed a series of modified similarity measures and justified their
presented measures by giving numerous examples. Liu [101] pointed out drawbacks of
prevailing measures [25, 36, 80] and therefore, presented new similarity measures. Boran
and Akay [18] developed similarity measure for IFSs based on two parameters. Khan and
Lohani [91] put forward similarity measure for IFSs using distance measure of bounded
variation and implemented it in clustering analysis. Ye [197] developed a cosine similarity
measure under IFS environment and applied it in pattern recognition and medical diag-

nosis problems. Ngan et al. [119] developed a new measure namely H-max distance for



IF'Ss.

In addition to these, recently many researchers worked in the direction of formulat-
ing distance and similarity measures by transforming IFSs into triangular fuzzy numbers
(TFNs). For example, Chen and Chang [26] developed similarity measure using transfor-
mation techniques among IFSs and TFNs and applied the presented measure in various
pattern recognition problems. Jiang et al. [87] put forward a transformation technique
among IF'S and isosceles TFN and developed a distance measure based on the intersection
of transformed TFNs. Chen, Cheng and Lan [28] transformed IFSs into right angled TFNs
and developed similarity measure among IFSs using transformed numbers. Dhivya and
Sridevi [37] developed similarity measure based on the mid-points of transformed TFNs
and applied it to various pattern recognition and medical diagnosis problems existing in

the literature.

The IVIFS theory, an extension of IFS environment, is one of the most successful
mediums of handling uncertainty. Numerous researchers have developed distance and
similarity measures under this environment. For instance, Park et al. [124] extended
interval-valued fuzzy hamming and Euclidean distances to IVIFS environment. Xu [182]
developed a new group DM method based on Euclidean distance under IVIFS theory.
Wei, Wang and Zhang [164] proposed a technique for constructing similarity measure
from entropy for IVIFSs and developed entropy and similarity measures. Ye [198] put
forward cosine similarity measure for IVIFSs and developed MCDM technique based on
it. Wu et al. [167] proposed a new similarity measure among IVIFSs by taking into account
the hesitation degree and applied it in various pattern recognition and MCDM problems.
Luo and Liang [110] developed a novel similarity measure by transforming IVIFSs to
TFNs and applied it in pattern recognition and medical diagnosis problems. Tiwari and
Gupta [150] proposed entropy measure to calculate fuzziness of IVIFSs and also derived its
relation with similarity and distance measures. Liu and Jiang [107] developed a distance
measure for IVIFSs by considering hesitation degree and all interval numbers. Dugenci

[40] proposed a new generalized distance measure and applied it in MCGDM problems.

The IFSs and IVIFSs capture uncertainty using real values of MDs and NMDs. How-

ever, in CFS environment and its extensions, complex values of MDs are considered.



Keeping in view the advantages of CFS theory, various authors and researchers have in-
vestigated distance and similarity measures under this environment and its extensions.
Zhang et al. [209] developed distance measure and used it to define d— equalities of CFSs.
Alkouri and Salleh [4] proposed hamming and Euclidean distances for CFSs. Further, Hu
et al. [81] extended the measures proposed in [4] and developed minkowski distances for
CFSs. Dai et al. [33] put forward hamming and Euclidean distance measures for interval-
valued CFSs and applied them in a MCDM problem. Guo et al. [71] proposed cosine
similarity measures under CFS environment and investigated their invariance properties.
All of these works are done by taking into account MDs only. Further, considering NMD
along with MD into the analysis, Alkouri and Salleh [6] introduced a formula to calculate
distance among CIFSs and applied it in a MCDM problem. Kumar and Bajaj [93] pre-
sented distance and entropy measures for complex intuitionistic fuzzy (CIF) soft sets and
showed their application in MCDM problem. Selvachandran et al. [132] initiated the idea
of complex vague soft sets, discussed their basic operations and proposed distance mea-
sures under this environment. Further, Selvachandran et al. [131] put forward similarity
measure for complex vague soft sets and applied it in pattern recognition problem. Ullah
et al. [151] initiated the theory of complex pythagorean fuzzy sets and developed distance

measures under this environment.

1.1.2 Review on Correlation Coefficients

The correlation coefficient (CC) is one of the most significant and frequently used measures
in statistical analysis. It exhibits the degree of strength and the direction of relationship
among two variables. It is employed to determine the measurement of dependency and
the nature of relation between variables. This tool helps not only in comparing data
entities with each other but additionally provides the association degree among them.
Recently, many authors and scholars have worked in this direction and have applied CC
in many practical fields such as DM, pattern recognition and medical diagnosis etc. In
statistical theory, data observations are represented with the help of certain probability
distributions. However, in real world system, due to unavoidable presence of uncertainty,

data observations involve fuzziness. Therefore, to determine the degree of correlation



among fuzzy observations, Gerstenkorn and Manko [63] developed the formula of CC
under IF'S environment. Later on, Hong and Hwang [79] extended the CC of IF'Ss into the
probability spaces. Hung [84] developed the formulas of CC for IFSs using mathematical
statistics and further extended it for IVIFSs. Mitchell [115] pointed out some instances in
which the measure proposed by Hung [84] fails in giving satisfying results and therefore,
put forward a new CC under IFS environment. Hung and Wu [85] employed the centroid
concept to develop CC for IFSs. Zeng and Li [207] put forward formulas for calculating CC
among IFSs by considering MDs, NMDs and hesitation degrees simultaneously. Szmidt
and Kacprzyk [143] developed CC under IFS theory by taking into account membership,

non-membership and hesitation margins and further proposed spearman CC in [144].

After the development of CCs, numerous researchers successfully applied them in var-
ious DM problems. Ye [195] put forward a MCDM method based on CC under IFS
environment. Solanki et al. [135] developed a MCDM method using correlation under IFS
theory and applied it in supplier selection problem. Zhao and Xu [213] proposed a new
CC for IFSs and put forward a MCDM technique based on it. Tiwari [149] developed
entropy measure for IFSs, further proposed weighted CC based on it and put forward
a new MCDM method. Thao [146] developed a new formula for CC among IFSs and
applied it in medical diagnosis problem. Further, Thao et al. [147] developed CC using
variance and covariance among IFSs and applied it in pattern recognition problem and
clustering analysis. Joshi and Kumar [89] proposed a MCDM approach based on weighted
CC. Huang and Guo [82] developed an improved CC among IFSs and further applied it

in medical diagnosis and clustering analysis.

As IVIFS theory is a successful medium of handling uncertainty therefore, numerous
authors and researchers have explored correlation and CC under this environment also.
Bustince and Burillo [19] initiated the theory of correlation and CC under IVIFS environ-
ment. Furthermore, several researchers [196, 199, 202] utilized weighted CC presented by
Bustince and Burillo [19] and proposed a MCDM method by employing it under IVIFS
theory. Hong [78] generalized the concept of CC of IVIFSs in probability space and ex-
tended the results proposed by Bustince and Burillo [19]. Park et al. [123] developed a
new formula of CC for IVIFSs by adding hesitation degrees along with MDs and NMDs



and presented a MCGDM technique based on the proposed measure. Xu [178] developed
the CC under IFS and IVIFS environments and further applied them in medical diagnosis
problem. Wei, Wang and Lin [165] developed a MCDM technique based on CC for IVIFSs
in which criteria weights are determined objectively. Zeng and Wang [208] proposed a new
formula for calculating CC among IVIFSs and showed that their presented CC defined for
a finite set is identical with the cosine of the intersectional angle. Liu et al. [100] proposed
a new CC for IFSs, further extended it under IVIFS environment and applied them in
MCDM problems.

1.1.3 Review on traditional aggregation operators

The key perspective for most of the knowledge based frameworks, from image processing
to DM, from pattern recognition to machine learning is data aggregation and fusion.
In majority of the practical DM problems, it is always needed to fuse some numerical
quantities and in such situations aggregation operators (AOs) assume a principal job. In
general terms, it may be stated that the aggregation process uses different information
pieces to make it possible to reach at some conclusion or decision. In our regular day to
day existence, we encounter numerous circumstances, in which a mathematical function is
needed possessing the capability of reducing a set of numbers into a unique representative
one. Therefore, the study of AOs is a significant part of MCDM problems. Information
aggregation has become basic concern in MCDM process. Recently, the issue of how to
aggregate information has gained much attention of many authors due to their extensive
uses in various fields for example pattern recognition, image processing and information
retrieval. Xu and Yager [185] developed some geometric AOs to accumulate different
judgement values of the decision-makers represented as intuitionistic fuzzy numbers (IFNs)
and further, Xu [179] explored weighted averaging operators along with their desirable
properties. Wang and Liu [156, 161] proposed averaging and geometric AOs based on
einstein operational laws. Beliakov et al. [13] presented a method of constructing AOs
based on archimedean triangular norm and conorm operations. Further, Xia et al. [169]
studied the construction principle of AOs given by Beliakov et al. [13] and developed

generalized averaging and geometric AOs using triangular norm and conorm operations.



Also, it is shown in this manuscript [169] that the AOs based on algebraic operations
[179, 185], einstein operations [156, 161] and hamachar operations [83], Frank operations
[125] can be acquired by taking different forms of additive generators in the operational
laws proposed by Xia et al. [169]. Huang [83] gave the hamachar operational laws and

developed averaging and ordered averaging AOs based on proposed operations.

In addition to the AOs based on basic algebraic, Einstein and hamachar operational
laws, numerous researchers and scholars developed new operations for aggregating IFNs.
In [72], authors proposed geometric interaction averaging AOs to accumulate IFNs and ap-
plied them in the MCDM process. Garg [44] put forward generalized interactive geometric
interaction AOs for IFNs by utilizing einstein operations and further developed interac-
tive AOs in [46]. Garg [47] improved the prevailing einstein operations and developed
new AOs by using proposed improved operations. Chen and Chang [27] transformed IFNs
to TFNs and proposed AOs for accumulating IFNs based on transformed numbers. Ye
[201] developed hybrid AOs and gave a DM approach of mechanical design scheme. Goyal
et al. [67] proposed weighted averaging operator by combining it with genetic algorithm
and applied it in a DM problem based on e-learning. Zhou and Xu [217] developed four
extreme intuitionistic fuzzy (IF) averaging and geometric AOs and also put forward their
selection principles. Fan et al. [42] proposed a series of new AOs for fusing IFNs based
on novel operations and developed a MCGDM technique using the presented AOs. Garg
[52] improved the hamachar operations, developed new AOs and MCDM method based

on proposed operators and entropy weights.

In the above studies, the AOs are developed by taking the bases to be IFNs and the
weights to be real numbers. However, there may be certain situations in which the IFNs
are taken in place of exponents (weights) and the real numbers are taken as bases. In
this direction, Gou, Xu and Lei [65] proposed novel exponential operational laws (EOLs)
for IFNs and developed operators for fusing IFS information. Luo et al. [111] employed
t-norms and co-norms for investigating EOLs and proposed new generalized exponential
AOs for accumulating IFNs. Gou and Xu [64] developed EOLSs in which the bases are taken
as interval numbers and applied them in MCDM problem. Garg [53] presented new EOLs

in which exponents are intuitionistic multiplicative numbers and developed exponential
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AOs based on them. Furthermore, keeping in view the importance and characteristics
of logarithm function, Li and Wei [97] put forward logarithmic operational laws and de-
veloped AOs using the proposed operations by taking real numbers to be the logarithm
bases.

Apart from IFS environment, numerous researchers have worked in the direction of
developing AOs under the IVIFS environment also by accumulating the interval valued
intuitionistic fuzzy numbers (IVIFNs). For instance, Xu [180] proposed operations of IV-
IFNs and developed weighted and geometric AOs using the presented operations. Further,
Xu and Jian [184] developed ordered weighted averaging and hybrid averaging AOs for
IVIFNs and presented a MCDM technique based on them. Xu and Chen [176] proposed or-
dered weighted geometric and hybrid geometric operators for IVIFNs and illustrated their
applications by giving example. Wang et al. [159] developed weighted and ordered weighted
AOs for accumulating IVIFNs using archimedean t-norm and conorm operations. Wang
and Liu [157, 158] proposed arithmetic weighted averaging/geometric, ordered weighted
averaging /geometric and hybrid weighted averaging/geometric AOs using einstein opera-
tions and further developed MCDM method under IVIFS environment. Liu [103] utilized
hamachar operations for developing weighted averaging and geometric AOs for IVIFNs.
Chen, Cheng and Tsai [30] proposed a technique of transforming IVIFNs to TFNs and
then developed averaging geometric AOs based on transformed TFNs. Also, Chen, Cheng
and Tsai [29] transformed IVIFNs to right angled TFNs and further developed weighted
averaging AOs based on the transformed numbers. Garg [51] pointed out the drawbacks
in prevailing hamachar geometric AOs proposed by Liu [103] and further proposed novel
operations and AOs for IVIFNs. Gou, Xu and Liao [66] put forward EOLs for IVIFSs
and developed AOs by utilizing the proposed operations. Garg [49] proposed EOLs for
interval-valued pythagorean fuzzy numbers and developed AOs using the proposed oper-

ations.

1.1.4 Review on functional aspect aggregation operators

The work on the AOs, described in the above section, is done by assuming the arguments

to be aggregated as independent. However, this may not be the case always. There may
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exist some kind of dependency in the form of supportive correlation, interrelationship and
prioritization relationship among the arguments to be aggregated. In our day to day life,
we encounter certain real-life problems in which some degree of interrelationship exists
among the arguments and it is essential to take into account this interdependence during
aggregation process to make an optimal decision. For handling such situations, Yager
[190] introduced the idea of power averaging (PA) operator. PA operator considers the
correlation between the arguments and in the process of aggregation using this operator
the arguments reinforce each other. Keeping in view the characteristics of PA operator,
recently many researchers and scholars have worked towards this direction. For instance,
Xu and Yager [187] proposed power geometric (PG) operator, ordered PG operator using
geometric mean and PA operator [190]. Further, Xu [175] proposed PA operator under
IFS theory and applied the proposed operator in developing MCGDM approach and ex-
tended the proposed operator and DM technique for IVIFSs. Zhou et al. [214] developed
generalized PA, ordered PA operators and applied them in developing MCGDM approach.
Zhang [211] extended the PG operators proposed by Xu and Yager [187] to generalized PG
operators under IFS environment. Zhang et al. [210] proposed PA, weighted PA, ordered
PA and ordered weighted PA operators for IFNs using frank operations. He et al. [76]
developed generalized PA operators by taking into account the interactions among the
arguments to be aggregated. Jiang et al. [88] proposed weighted PA operator in which
the weights are determined using entropy measure. He et al. [73] presented PA operators
under IVIFS environment and developed MCGDM approach based on the proposed oper-
ators. Apart from these, to handle complex DM problems, several researchers developed
hybrid AOs by combining the characteristics of PA operator with heronian mean [104],
Bonferroni mean [105], maclaurin symmetric mean [108] and murihead mean [174]. Mo-
tivated by the features of CFS environment and its extensions, Garg et al. [55] presented
PA, PG, weighted PA, weighted PG operators under complex g-rung orthopair fuzzy set
theory and developed DM algorithm based on proposed AOs.

In addition to these, we encounter many situations in which there exists strict prioriti-

zation relationship among the arguments to be aggregated. To deal with such prioritized
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MCDM issues, a series of AOs such as prioritized scoring, prioritized averaging, priori-
tized “and” and prioritized “or” operators were originally proposed by Yager [191]. Apart
from these AOs, further Yager [193] developed prioritized ordered weighted averaging op-
erator based on the basic unit interval monotonic (BUM) function. Yu [203] and Verma
and Sharma [152] presented prioritized weighted averaging and geometric AOs using alge-
braic and einstein operational laws respectively for IFNs. Yu [204] presented generalized
prioritized weighted geometric operators using t-norms and t-conorms under IFS theory.
Further, Khan et al. [90] and Gao [43] developed prioritized averaging and geometric
AOs respectively under pythagorean fuzzy set environment and gave their applications in
MCDM problems. Li and Xu [94] introduced the concept of priority degrees among priority
orders and developed prioritized AOs based on priority degrees. Yu et al. [205] developed
prioritized weighted averaging and prioritized weighted geometric operators under IVIFS
environment and developed a MCGDM approach based on the proposed AOs. Further,
Li et al. [96] pointed out a few instances in which the prioritized operator proposed by
Yu et al. [205] fails in giving results and therefore, modified the AO given in [205] and
put forward an improved prioritized operator. Chen [31] presented a new prioritized AO
to aggregate IVIFNs and applied to watershed site selection problems. Wu and Su [168]
developed a new unit prioritized hybrid weighted AO which considers the prioritization

relationship and the ordered positions of IVIFNs simultaneously

Further, to encapsulate the interconnection between each pair of arguments to be
aggregated, Bonferroni [17] suggested a mean-type operator named as Bonferroni mean
(BM). Beliakov et al. [14] presented the generalized BM operator by considering three ar-
guments. Xu and Yager [188] developed a DM approach based on weighted BM operator
under TFS environment. Although, intuitionistic fuzzy weighted BM operator was devel-
oped in [188] but it does not reduce into BM operator when all the weight values are taken
same. Therefore, Xia et al. [170] resolved this issue and proposed new generalized weighted
BM operator and extended the presented operator under IFS environment. Zhou and He
[216] pointed out the drawbacks of prevailing operators [14, 17, 170, 188] and proposed

normalized weighted BM and generalized normalized weighted BM operators. Further,
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Zhou and He [215] combined BM operator with geometric mean and put forward geo-
metric BM and weighted BM operators. He, He and Chen [75] presented new interactive
operational laws and developed BM and weighted BM operator using proposed interactive
operations under IFS theory. Further, He and He [74] extended BM operator proposed
in [75] and developed extended intuitionistic fuzzy interaction BM operator using t-norm
and co-norm operations. Xu and Chen [177] initiated the idea of BM and weighted BM
operators under IVIFS theory and developed MCDM technique based on weighted BM
operator. Zhang [212] proposed the geometric BM and weighted geometric BM operators

by combining the features of geometric mean and BM operators under IVIFS environment.

1.1.5 Review of CFS and its extensions

IF'S and IVIFS theories capture uncertainty and fuzziness using real numbers lying between
0 and 1. Although numerous DM algorithms have been developed under these environ-
ments using AOs and information measures but these theories are inadequate for handling
periodic information. With the motive of portraying periodic information, Ramot et al.
[128] initiated the idea of CFSs and discussed its several properties in [127]. Further, Alk-
ouri and Salleh [5] extended the theory of CFSs to CIFSs for incorporating the hesitation
degree along with periodic information into the analysis and discussed several operations of
CIFSs in [7]. As in real life problems, the judgement values cannot be always represented
using exact numbers therefore, Greenfield et al. [68] proposed the concept of interval val-
ued CFSs which allow the MDs to assume values in interval form. Selvachandran et al.
[132] extended the range of truth and false membership functions from a subinterval of
[0,1] to the unit circle in the complex plane by developing complex vague soft sets and also
proposed the various distance measures under this environment. Dick et al. [38] investi-
gated the relationship among pythagorean F'S and CFS theories and gave interpretation of
MDs in CFSs. Ali and Smarandache [3] developed the theory of complex neutrosophic sets
to capture uncertain, incomplete, indeterminate and false information of periodic nature.
Further, Ali et al. [2] initiated the idea of interval complex neutrosophic sets. Recently,
Yazdanbakhsh and Dick [194] discussed numerous applications of CFS model. Gulistan

and Khan [70] proposed the theory of complex neutrosophic cubic sets and gave its set



14

theoretic operations.

In the direction of aggregating CFS information, Bi et al. [15] proposed geometric AOs
and illustrated that the proposed operators can be utilized for fusing pythagorean fuzzy in-
formation also. Further, Bi et al. [16] presented weighted arithmetic and ordered weighted
arithmetic AOs to fuse CFS information and explored them under pythagorean F'S environ-
ment as well. Akram and Naz [1] explored the idea of complex pythagorean fuzzy graphs
and proposed weighted averaging/geometric, ordered weighted averaging/geometric AOs
to accumulate complex pythagorean fuzzy information. Dai et al. [34] developed weighted
geometric and ordered weighted geometric AOs under interval- valued CFS theory and
applied them in a MCDM problem. Liu et al. [106] proposed the notion of complex ¢-rung
orthopair fuzzy set and investigated weighted averaging and geometric AOs under this
environment. Garg et al. [55] developed PA, PG, weighted PA, weighted PG AOs un-
der complex g-rung orthopair fuzzy set environment and presented MCDM method using

proposed operators.

In addition to these a number of researchers have worked on information measures
under CFS theory and its extensions. Zhang et al. [209] presented distance measure and
defined — equalities of CFSs by using the proposed measure. Alkouri and Salleh [4] de-
veloped hamming and Euclidean distances to quantify the degree of discrimination among
CFSs. Further, Hu et al. [81] generalized the measures given by Alkouri and Salleh [4] and
put forward minkowski distances among CFSs. Dai et al. [33] developed hamming and
Euclidean distances among interval-valued CFSs and showed their applicability by apply-
ing them in a MCDM problem. Guo et al. [71] presented cosine similarity measures for
CFSs and investigated their invariance properties. Further, by incorporating NMD along
with MD into the analysis, Alkouri and Salleh [6] developed a formula for calculating dis-
tance among CIFSs and gave its application in a MCDM problem. Kumar and Bajaj [93]
introduced the notion of complex intuitionistic fuzzy soft sets and developed distance and
entropy measures under this environment. Selvachandran et al. [131] explored a measure
for calculating degree of similarity among complex vague soft sets and gave its application
in pattern recognition problem. Ullah et al. [151] investigated complex pythagorean fuzzy

set theory and developed distance measures under this environment. Ngan et al. [118]
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presented a new representation of CIFSs using quaternion numbers and put forward a

distance measure using it.

1.2 Gaps and motivation of the work towards CIFSs

The above sections reveal that a number of MCDM techniques have been developed un-
der IFS and IVIFS theories. But, it is analyzed that, these theories can deal with only
one dimensional DM problems. However, many real world complex problems include two
dimensional data i.e., information related with the attributes and periodicity of the param-
eters concerned with the problem. In order to portray such two dimensional information
using these theories, the decision-maker will have to consider two or more FSs/IFSs/IVIFSs
which may increase execution time and the number of computations required while solving
the problem. But CFSs [128] and CIFSs [5] have the ability of portraying two dimensional
information together in one set. The fundamental gap in IFS theory is that it can deal
with only uncertainty whereas CIFS theory fills this gap by handling uncertainty and peri-
odicity simultaneously. In CIFS theory, MDs and NMDs take complex values and belong
to the unit circle in the complex plane. The MDs and NMDs are represented in polar
form in which the amplitude terms corresponding to MDs (NMDs) describe the extent
of belongingness (not-belongingness) of the element in a set and the phase terms provide
additional information which is generally related with periodicity. These phase terms dif-
ferentiate the CIFS and IFS theories and avoid the case of information loss and project

the complete information together in single set.

Further, to highlight the gaps in traditional FS/IFS/IVIFS theories and to illustrate
the significance of CIFSs, we illustrate a real world example related with Indian economy
(IE). From the economic perspective, IE is classified into three sectors namely V; : Primary
Sector, Vs : Secondary Sector and Vs : Tertiary Sector. Suppose that we are interested
in finding out the most important sector, out of these sectors V, (u = 1,2,3), which
affected IE during a particular calender year (CY). The goal is to order these three sectors
in descending order from the most important to least important that affected IE during

that particular CY. The influence of a particular sector on IE does not always remain
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throughout the whole year. Some sectors affect economy for few months only and not for
the whole year. Thus, this problem is two dimensional which involves the influence degree
of a particular sector V, on IE and the time span of this influence. Therefore, the most
optimal way to model this problem is by utilizing CIFS theory. The amplitude term of
CIFS may be employed to measure the influence degree of sector on IE while the phase
term can be utilized to indicate the period of this influence. For modeling such kind of two
dimensional problem using IFS theory, both the aspects of the information will have to
be considered individually by defining two IFSs with the first set portraying the influence
degree of a particular sector V, on IE and the second set describing the time span of
this influence. It may increase execution time and the number of calculations required
while tackling with the problem. In this manner, the most ideal approach of portraying
two dimensional information simultaneously in one set, is by utilizing CIFS environment.

Besides this, the comparison of CIFS model with some existing models is shown in Table

1.1.
Table 1.1: Comparison of CIFS model with existing models in literature
Model Uncertainty Falsity Hesitation Periodicity Ability to represent
two-dimensional information
FS v X X X X
Interval-valued FS v X X X X
IFS v v v X X
IVIFS v v v X X
CFS v X X v v
Interval-valued CFS v X v v
CIFS v v v v v

In addition to the above features of CIF model, from the literature review presented
in the above sections, we analyzed a few gaps in MCDM process involving CIF values,

which are described as:

(i) While investigating AOs, it is analyzed that, a number of AOs exist in the literature
for fusing IF and interval-valued IF numbers but these operators cannot fuse CIF

values. However, to tackle with complex MCDM problems, AOs are required which
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can accumulate a number of CIF values into a unique representative one. Therefore,

there is a need to develop AOs under CIF environment.

(ii) In MCDM problems, there may exist some kind of dependency in the form of sup-
portive correlation, interrelationship and prioritization relationship among the argu-
ments to be aggregated. A number of AOs such as power, Bonferroni and prioritized
operators have been developed to aggregate dependent IF and interval-valued IF
values. However, no operator exists in the literature to fuse dependent CIF values.

Therefore, this issue requires to be addressed.

(iii) In the present complex real world scenario, we encounter a number of pattern recog-
nition and medical diagnosis problems in which judgement values are represented
using CIFSs. In order to handle such problems, some information measures are re-
quired for processing CIF data values and comparing two or more CIFSs. Therefore,

development of information measures under CIF environment is needed.

(iv) The decision outcomes are adversely affected by the criteria weight vector. In some
situations, the attribute weights are known as prior whereas in many cases the weight
values are partially known or completely unknown. In order to address such cases in
which the weight vector is partially known or completely unknown, construction of

effective models is required to obtain the optimal weight vector.

1.3 Objective of the Thesis

Motivated by the existing literature and to fill the the gaps in the prevailing MCDM
techniques, the present work intends to develop some new AOs and information measures
for solving DM problems under CIF environment. The complete objectives of this work

are summarized as:

(O1) To develop some new generalized aggregation operators and/or information mea-

sures.

(0O2) To develop some prioritized/dynamic aggregation operators.
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(O3) To construct some non-linear mathematical models for some decision-making prob-

lems.

1.4 Structure of the Thesis

This thesis is assembled into twelve chapters including the present one that contains mainly
the literature review. The rest of the chapters are described below:

In Chapter 2 the basics and the preliminaries related to the IFSs and CIFSs which
are to be used in the subsequent chapters are given.

Chapter 3 presents the series of the distance measures by using Hamming, Fuclidean,
and Hausdorff metrics between the pairs of the CIFNs. Based on these measures, various
desirable relations have been studied in detail. Further, a decision-making method has
been presented for finding the best alternative under the set of the feasible one. Illustrative
examples from the field of pattern recognition as well as the medical diagnosis have been
taken to validate the approach.

In Chapter 4, we develop correlation measures under the CIFS environment in which
pairs of the membership degrees represent the two-dimensional information. To achieve
it, we first define some operational laws, the informational energies and the covariance
between the two CIFSs that involves both uncertainty and periodicity semantics. Some
of the desirable properties of proposed measures are investigated. Further, based on
these measures, a multicriteria decision-making approach is presented under the CIFS
environment. The feasibility, as well as superiority of the approach, has been demonstrated
through two numerical examples

In Chapter 5, we introduce some novel formulae of information measures (similarity
measures, distance measures, entropy and inclusion measures) and discuss the transforma-
tion relationships among them. To demonstrate the efficiency of the proposed similarity
measures, we apply it to pattern recognition problem and a detailed comparative analysis
is conducted with some of the existing measures. Further, algorithms based on proposed
measures are developed for handing multi-criteria decision-making problems and their

working is illustrated with the help of an example. Besides this, the practicality of the
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proposed similarity measure is demonstrated by developing a clustering algorithm.

Chapter 6 presents some generalized operators for aggregating the different CIFNs
using archimedean t-conorm and t-norm (ATT) operations. For it, some new operational
laws of the CIFNs based on ATT are defined and their fundamental properties are proved.
Then, a series of weighted averaging and geometric AOs are developed based on proposed
operations. Further, some desirable properties and special cases of the presented AOs are
studied. Finally, a decision-making approach based on proposed AOs is developed to solve

MCDM problems with CIFS information.

Chapter 7 is focussed on some new AOs and a novel ranking method under CIF theory
for handling the multi-dimensional complex data sets. For this, firstly a new possibility
degree method is presented to rank CIF numbers. Then, some AOs namely CIF weighted
averaging (CIFWA) and CIF weighted geometric (CIFWG) are proposed and some of
their properties are also discussed. Furthermore, a novel DM methodology is presented
by considering the multi-dimensional complex data sets in which weights are determined
objectively.

In Chapter 8, an attempt has been made to present some new exponential, loga-
rithmic and compensative exponential of logarithmic operational laws of CIFNs based on
t-norm and co-norm. Based on these laws, compensative operators namely generalized CIF
compensative weighted averaging and generalized CIF compensative weighted geometric
are developed. In light of the developed operators, a group decision-making method is put
forward in which weights are determined objectively and is illustrated with the aid of an
example. The influence of the parameters used in exponential and logarithmic operations

on CIF numbers is also discussed.

Chapter 9 considers the dependency among CIFNs during their fusion and hence
presents some power AOs. In this chapter, we define some basic algebraic operational laws
between the pairs of the CIFSs which involve both uncertainty and periodicity semantics
and studied their properties. Then, based on these operations, we propose some power
AOs named as CIF power averaging, CIF power geometric, CIF weighted power averaging
and geometric as well as their corresponding ordered weighted operators to aggregate the

different CIFNs. The results of the proposed method are compared with several existing
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studies under CIFS and IFS environment.

In Chapter 10, we discusses the idea of Bonferroni mean based operators for the
CIFSs to aggregate the information. The major advantages of the proposed operator
are that they have considered the interrelationships of aggregated values. Based on the
developed operators, a decision-making method is put forward and is explained with the
aid of an example. The reliability of the presented decision-making method is examined
with the help of a validity test and by comparing the results of the example with several
predominating studies.

In Chapter 11, we develop some new prioritized aggregation operators by considering
priority degrees among priority orders for aggregating CIFNs. In it, we present prior-
itized averaging and geometric operators without priority degrees, prioritized averaging
and geometric operators with priority degrees, prioritized ordered weighted averaging and
geometric operators with priority degrees based on basic unit interval monotonic function.

Chapter 12 deals with the overall concluding observations of this study and a brief

discussion on the scope for future work.



Chapter 2

Preliminaries

In this chapter we review the basic concepts related to IFSs and CIFSs defined on universal
set U. Also, some exiting work related with information measures and AOs is reviewed in

this chapter.

2.1 Intuitionistic fuzzy set and its extensions

Definition 2.1.1. [10] An IFS, 7 on U, is given as T = {(x,{(z),¥(z)) | = € U}, where
¢,¥ : U — [0,1] represent the membership and non-membership functions respectively
and satisfy the relation 0 < ((z)+9¥(z) <1V a € U and h(z) =1 —(x) —¥(x) represents
the hesitation degree of x in Z. If U contains only one element, then, for convenience, IFS

T over U is written as Z = (¢, ) where ¢, € [0,1] ; 0 <+ ¢ <1 and is called IFN.
Definition 2.1.2. [10] For two IFNs Z; = ((1,v1) and Zy = ({2,v2), we have:
(i) Zr €Iy if (1 < (2 and ¥y > Vs.
(i) Ty = Tp & Ty C Tp and T C 7.
(i) Z¢ = (91, ¢1)-
Definition 2.1.3. [11] For two IFNs Z; = ((1,%1) and Zy = ({2,v2), we have:
(i) Zy UZp = (max (C1,C2) , min (J1,92)).

(11) TiNIy = (min ((1, CQ) , max (’91, 192))

21
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(iil) Zh © Zo = (C1 + G2 — C1G2, V172).
(iv) Ty ® Iz = (162, V1 + Y2 — ¥172).

Definition 2.1.4. [185] The score S and an accuracy H functions are given as

S(T) = G-t (2.1)

H(T) = G+ (2.2)

for an IFN Z; = ((1,91). Further, depending on & and H functions, a comparison law
between two IFNs Z; and Zs is defined as, if S(Z;) > S(Z2) then, Z; = Zy and if S(Z;) =
S(Z») then, calculate H(Zy) and H(Zz). If H(Z1) > H(Z2) then, 7y = Z,. Here, the symbol

‘> stands for ‘preferred to’.

Definition 2.1.5. [9] An IVIFS 7 defined on U is given by:
T = {(&,¢(x), 9(x)) : = €U} (2.3)

where ((z) = [¢((z),(t(z)] € [0,1] and Yd(z) = [¥~(z),9"(x)] C [0,1] represent the
interval-valued MDs and NMDs respectively such that 0 < ¢(*(z) + 9% (z) < 1 for all
x € U. However, if U contains only one element, then, for convenience, IVIFS 7 over U
is written as Z = ([¢~, 1], [97,97]) where 0 < ¢, ¢, 97,91, (T + 9T <1 and is called
IVIFN..

Definition 2.1.6. [12] For two IVIFNs Z; = ([¢;, ¢, [97,97]) and T = ([¢5, ), [95, 95 ]),

we have:
() L CLif ¢ <G, ¢ <G Yy =9, and 0f > 0.

(i) Zy =Ty & I; C Ty and T, C 7.

(i) Zf = ([97, 971, ¢, &)

(iv) Zy UZy = ([max (¢, ¢ ) ,max (¢, &) ], [min (97,95 ) , min (97, 95)]).
(v) ZiNZy = ([min (¢, ¢)  min (¢, ¢)] , [max (97,93 ) ,max (97, 95)]).

V) o= ([0 +¢ GGG +6G — GG [07095,9795]).



23

vit) Tr @ Ty = ([G ¢ 6 G [9r +95 =009y, 97 + 95 —9{93]).

Definition 2.1.7. [180] The score § and an accuracy H functions for an IVIFN Z; =
([¢r.¢H] L [97,97]) are given as

¢+ ¢ -7 —9f

S(Ty) = 5 (2.4)
W) = ST ;ﬂ; + 970 (2.5)

Further, depending on & and H functions, a comparison law between two IVIFNs Z; and
T, is defined as, if S(Z1) > S(Zs) then, Z; > Zy and if S(Z;) = S(Z2) then, calculate H(Z;)
and H(Zy). If H(Z1) > H(Z2) then, Z; = Zs.

Definition 2.1.8. [128] A CFS C is defined as:

C={(z,pu(x):zcl} (2.6)

where p: U — {a : a € C,|a| < 1} is a membership function and u(x) is represented as:

pu(x) = C(az)ei%(wC(m)) V & € U where i = /=1, 0 < ((x), we(x) < 1.

Definition 2.1.9. [5] A CIFS C is defined as:

C = {(z,pu(z),v(z):z €U} (2.7)

where p,v : U — {a : a € C,|la] < 1} are complex-valued membership and non-
membership functions respectively and are represented as pu(z) = ¢ (ac)eﬂ”(wdx)) and
v(w) = 9(@)e () where 0 < C(2), 9(), we (), wy (x), C(2)+9(a), we (@) +wg () < 1.
For convenience, we write CIFS C over U as C = {(z, (((z), w¢(z)), (9(z),wy(x))) | € U}.
However, if U contains only one element x then, for convenience, we write CIFS C over
U as C = ((C,wg), (19,1019)) and call it as complex IFN (CIFN), where 0 < (,¢,( +

v, we, wy, we + wy < 1.

Definition 2.1.10. [5] For two CIFNs C1 = ((¢1,we, ), (V1,wy,)) and Ca = ((C2, we, ), (Y2,

wy,)), we have
(i) (i1 CC & <, >0 and we, < we, , Wy, > Wy,-

(ii) Cl :CQ <~ Cl - CQ and CQ C Cl.
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(ﬁi) Cf = ((791, wﬁl) ) (Clv wCl))'
(iv) C1 UCy = ((max ((1,¢2), max (we,, we,)) , (min (91, ¥2) , min (wy, , wy,))).

(v) €1 NCy = ((min (¢1, C2) , min (we,, we,)) , (max (91, 92) , max (wy, , wy,))).
Definition 2.1.11. [7] For two CIFNs C; = ((¢1,we,), (91, wy,)), and Ca = ((C2, we,),
(92, wy,)), we have

(i) C1eC=((C1+ G — Gl we +we, — W we,) , (V192, wy, w, ).

(i) C1 ® Co = ((C1l2, we,we,) » (V1 + V2 — V102, wy, + wy, — wy, wy,)).

2.2 Information measures

Let ® (i) denotes the set of all IFSs defined on U = {z1,x2,..., 2y} and Z; = {(z, (1(x), 91 (x)) |
reU}; Io = {(x,(2(x),2(x)) | * € U} be two IFSs defined on U.

2.2.1 Distance measures

Definition 2.2.1. [160] For IFSs, distance measure D : ® (U) x ® (U) — [0,1] is a real-

valued function satisfying the following properties:

(P1) 0 < D(T1,T,) < 1.
(P2) D(Ty,T) = 0 iff T, = T,.
(P3) D(T1,T,) = D(T>, Th).

(P4) If Il g IQ Q Ig then, D(Il,zg) Z D(Il,Ig) and D(Il,I3) Z D(IQ,Ig) where
I11,15,15 € (I)(U)

Some of the existing distance measures for IFSs Z; and Z, are given below:

(i) Szmidt and Kacprzyk [140] proposed hamming (D;), normalized hamming (D),

Euclidean (Ds3) and normalized Euclidean (D,) distances which are given as:
1 n
Di(T1,T2) = 5 D (G (@5) = G () [+ |91 () = Do () | + B (5) = D () |)
j=1
1 n
D2 (11, T2) = o= D (161 (w5) = G () | + [0 (25) = D2 (25) | + [ Pa (25) — ha (27) |)
j=1
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-

I
—

Ds (11, I) = | 3 l
J

(€6 (@) = G (@) + (01 (25) = B2 (2))” + (a () = o <xj>>2)]

Di(T1To) = | 35 [; (€ () = o () o+ (1 () = B2 () + (ha () = Dy <wj>>2)]

(ii) Xu [181] generalized the above distance measures to the following formulas:

pozy — L[S [16@) G i) -0 |
5 (11,12 2 | = +|ha (z5) — ha (z5) | |

Deg (11,22) = {2171 |:Zn: (|C1 (xj)_CQ (Iﬁ)‘ + ‘191 (xj)_ﬁg (l‘])| ] }

j=1 + |h1 (25) = ho (z5) |

where a > 0 and defined the weighted distance measure as:

D7 (Th,12) = {; {Zn:@ (}Cl () — Co (a5) |* + [91 (25) — V2 () | )] }

j=1 + |1 (25) = ho () |

Q-

Q=

n
where &; is the weight associated with z; € U such that £ >0 and ) & = 1.
j=1

Definition 2.2.2. [6] Let U = {z1,x2,...,z,} be the universe of discourse and ¥ (i) be
the family of CIFSs. A real valued function D : U(U) x U(U) — [0, 1] is called the distance

measure, if D satisfies the following properties for Cy,Ca,Cs € U (U):

(P1) 0<D(C,Ca) < 1
(PQ) D (Cl,CQ) =0 if and only if Cl = CQ.
(P3) D(C1,C2) =D (Ca,Cq)

(P4) If C1 C Cy C C3, then D(Cl,C3) >D (Cl,CQ) and D (61,63) > D(CQ,Cg)

Alkouri and Salleh [6] defined the distance measure among CIFSs C; = {(z, (¢1(x), we, (x)),
(191($>,w191(:(}))) ‘ x € U} and Cy = {(x, (CQ(.T),’LU<2(.T>), (192(‘%')7’“)192('%'))) ‘ S U} as fol-
lows:
ar X [Q(x5) = Ga(xy)| + Br x [D1(x5) — Da(a;)]|
D (C1.Ca) = 1 i . + o1 x max {|(1(z;) — G(z;)|, [1(z;) — V2(z;)[} (2.8)

A + g X |we, (75) — we, (25)| + B X |wy, (25) — wa, ()]

+ o3 x max {|we, () — we, ()|, [ws, (25) — wa, (x5)]} /) |
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where oy, f1,01, a2, B2, 02,1 € [0,1] such that a1 + 81 + 01 =1 and s + B2 + 02 = 1.

2.2.2 Similarity measures

Definition 2.2.3. [160] For IFSs, a similarity measure &’ : ® (U) x ® (U) — [0,1] is a

real-valued function satisfying the following properties:
(P1) 0<S'(Th,T,) < 1.

(P2) 8'(Th, 1) =1 it Th = To.

(P3) S'(Th,1s) = S'(Zo, Th).

(P4) If Il g IQ g Ig then, S/(Il,Ig) < Sl(Il,IQ) and S/(Zl,Ig) < S/(IQ,I3) where
I11,15,13 € (I)(Z/{)

Also, Wang and Xin [160] proved that the distance and similarity measures satisfy the
relation 8’ = 1 —D. Some prevailing similarity measures among IFSs Z; and Z, are stated

below.

(i) Xu [181] extended the distances D5 and Dg to the following similarity measures:

Ll (16 @) = G (@) |+ 191 () =02 (@) |\ ||

S (4L, T) = 1—¢ —
L 2n ng + |1 (25) = ho (2) |
L[ |G () — G () |* + |9 () — 92 () | ’
s/ (I,I) = 1—-—< = &
2 (11,12 2 ;J + |1 () = ha (z) |

(ii) Chen [25] proposed the following similarity measure:

St(T1,To) = ;i (1 | (Glg) = @) = (W1 (xy) — 192(%))‘>

° 2
7j=1

(iii) Hong and Kim [80] defined the similarity measure as:

n

2. (G (w5) = Calay)| + 101 (x5) — D2(2;)])

ST, T)=1- ="

2n
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2.2.3 Correlation coefficients

Definition 2.2.4. For IFSs, correlation coefficient K : ® (i) x ® (U) — [0,1] is a real-

valued function satisfying the following properties:
(P1) 0<K(Z1,Z5) <1
(P2) K(Z1,T2) = K (I3, Th).
(P3) 1 =To & K (Z1,15) =1
For IFSs Z; and 7, some of the existing CCs are defined as:

(i) Gerstenkorn and Manko [63] initiated the formula of CC as:

> [ (23) Ga () + 91 () 0 ()]
Ki(Z1,12) = =

il [CF (25) + 97 (25)] x Zn: G5 (25) + 93 ()]

7j=1
(ii) Ye [195] proposed the weighted CC as:

Z {65 [ (w5) G2 () + D1 () D2 (25)]}
2 (T1,12) =

\/Z {5] C (z5) ‘H9 x]]} Z{fy [Cz 13])"‘19 (%)]}

(iii) Zeng and Li [207] proposed the CC by taking into account hesitation degrees along
with MDs and NMDs as:

3 [ () Co () 01 ) D ) + o () B ()]
Ks(Z1,12) = =

E [C1 () + 9% (zj) + hi (%)] X i [422 (z5) + 95 (25) + h3 (%)]

J=1 J=1

2.2.4 Divergence measures

Definition 2.2.5. [117] A divergence measure Dv : ® (U) x ® (U) — [0, 1] is a real-valued

function satisfying the following properties:

(Pl) Du (Il,IQ) =Dv (IQ,Il).
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(PQ) Dv (Il,Il) =0.
(PS) Du (Il NZ1s,Zo ﬂIg) < Dv (11,12).

(P4) Dv (Il UZs,1Zo UIg) <Dv (Il,Ig) where 71,275,735 € ® (Z/{)

Some prevailing divergence measure (DvMs) among IFSs Z; and Z are listed as follows:

(i) Vlachos and Sergiadis [153] proposed the formula of DvM as:

n

Duvy (I1,12) =

1

n

2.

J=1

21 (z;)

204 (z;)

[Cl z;)log (Cl(

;) + G2

<xj>) e (5

xj) + 92 ()

)

(ii) Garg et al. [54] defined generalized parametric divergence of order a and degree S

as:
DUQ (117I2)
n | um%< Saa)
_ L AT q(JLJ )+ (1=
- 92— Z g
n( 6) ]:1 )Iog< h CE] - )
i AT (a3) + (1= VR (z7)
n |G @)log ( = G (@)
* R e
j=1 Jrhg%H (:lrj)log< —— hy” () ey )
i MZE (25) 4+ (1= MR (a)

(iii) Ohlan [121] defined the exponential DvM as:

)

) + 7912%11 (z;)log ( o
)CQZ ;7 () A7 () +

957 (x)

(1= X027 (z)

—a ) + 79;%3 (T/) IOg ( —a
NG () A5 (a5) +

(<1 (Ej)*@(ﬂ”j)) *(ﬁl(%)*%(%))

. (1 ((a (2) — G (2)) = (9 (i’é‘j)192(wj))>> .

-

Dus (Th,Ts) =

J

2

2
LN <1_ ((Cz (z;) — G (25))

2
2.3 Archimedean t-norms and t-conorms

Definition 2.3.1.
[0,1] x [0,1] —

Axiom 1: (Boundary condition) 7(0,0) =0, 7 (a,1) = a.

Axiom 2: (Monotonicity) If a < b, ¢ < d then, T (a,c) < T(b,d)

[0, 1] and satisfying the following axioms Va, b, ¢, d € [0, 1].

— (192 (IJ) ! (I]) ))) . (CZ(-”?])*(I(”;J‘));(1’2(1]‘)*01(”]‘))

(1= X027 (x)

[92] A t-norm (fuzzy intersection) is a binary function given as T :

)

;
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Axiom 3: (Commutativity) 7T (a,b) = T (b,a)
Axiom 4: (Associativity) 7 (a, T(b,c)) =T (T (a,b),c)
A t-norm is called Archimedean if
Axiom 5: (Continuity) 7 is continuous
Axiom 5: (Subidempotency) 7 (a,a) < a V a € [0, 1]
An Archimedean t-norm (AT) is called strict if
Axiom 7: (Strictly increasing) 7 is Strictly increasing in (0,1) x (0, 1)

Definition 2.3.2. [92] A function N : [0,1] x [0,1] — [0,1] is called t-conorm (fuzzy

union) if the following axioms are satisfied V a, b, ¢,d € [0, 1]
Axiom 1: (Boundary condition) N(1,1) =1, M(a,0) = a.
Axiom 2: (Monotonicity) If a < b, ¢ < d then, N (a,c) < N(b,d)
Axiom 3: (Commutativity) N (a,b) = N (b,a)
Axiom 4: (Associativity) N (a, N'(b, ¢)) = N (N (a,b),c)
A t-conorm is called Archimedean if
Axiom 5: (Continuity) N is continuous
Axiom 5: (Subidempotency) N (a,a) > a V a € [0, 1]
An Archimedean t-conorm (AC) is called strict if
Axiom 7: (Strictly increasing) N is Strictly increasing in (0,1) x (0, 1)
AT and AC satisfy the following relation V a,b € [0, 1].
N(a,b)=1—-T(1 —a,1-0)

Furthermore, strict AT (7)) and AC (N') can be be expressed using continuous functions

t,s:[0,1] — [0, o0] respectively as

T(a,b) =t (t(a) + (b)) and N(a,b) =s"'(s(a) + s(b))
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where t is decreasing function with ¢(1) = 0; s is an increasing function with s(0) = 0 and

s(a) =t(1 — a). Some standard t-conorm (TC) and t-norm (TN) are defined as [92]:

(i) Standard union and intersection

(ii) Algebraic sum and product

(iii) Bounded sum and difference

N(a,b) = min(1,a + b)

(iv) Drastic union and intersection

N(a,b) =

(v) Yager class of t-conorm and t-norm

N(a,b) = min (1, (aP + bp)%>

where p > 0.

N(a,b) = max(a,b)

N(a,b) =a+b—ab

when b =0

when a =0

T (a,b) = min(a, b)

T(a,b) =ab

T (a,b) = max(0,a +b— 1)

a ; whenb=1
=40 ; whena=1
0 ; otherwise

T(a,b) = 1= min (1,((1 = a)” + (1 - b)")?)

Besides these some commonly used TCs and TNs along with their corresponding gen-

erator are tabulated in Table 2.1.

Table 2.1: Some TCs and TNs with corresponding additive generator

Operation Name

Additive generator

Algebraic

Einstein

Hamachar (y > 0)

a+b—ab—(1—~)ab

TN Additive generator
T (a,b) t(z)
ab —log(x)
=) log (%)

ab log (W(lwiﬂ)z)

Y+ (1—~)(a+b—ab)
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2.4 Aggregation Operator
Definition 2.4.1. [22] An AO is a function A : [0,1]" — [0, 1] defined as
Alar,az,...,a,) =a

which takes n arguments as input and returns a unique representative of input arguments

as output. It must satisfy the two axioms stated as:
Axiom 1: (Boundary conditions) A (0,0,...,0)=0 ; A(1,1,...,1)=1;

Axiom 2: (Monotonicity) If a; < b; for j = 1,2,...,n then, A(a1,as,...,a,) < A(by, by,
<y bn).

Definition 2.4.2. [179, 185] For IFNs Z; = ((1,91) and Zy = ((2,92), and real number

p > 0, the following operational laws are defined:
) iy = (G + @ — G, V).
(ii) Zh ® Ip = (C1¢2, V1 + V2 — V172).

(i) pZy = (1= (1 —¢1)?, )

(iv) Zf = (¢, 1 = (1 = 91)7)

Based on the above operational laws, several authors developed averaging and ge-
ometric AOs. Some of the AOs for aggregating 'n’ independent IFNs Z; = ((;,9;)
(j =1,2,...,n) are listed below:

(i) Xu [179] proposed IF weighted averaging (IFWA) and IF ordered weighted averaging
(IFOWA) operators as:

IFWA(Ty, To,..., Z,) = [1-]Ja-¢)® Hﬁﬁf (2.9)
J=1 7=1

n

IFOWA(Zy, Tp, ..., Z,) = (1-]J ¢ H 197(] (2.10)
j=1
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(ii) Xu and Yager [185] proposed IF weighted geometric (IFWG) and IF ordered weighted
geometric (IFOWG) operators as:

IFWG(Ty, Ty, ..., T,) = H S H (1—0,)% (2.11)
7=1
IFOWG(Zy, Ty, ... Tn) = | [[ ¢4 1 =TT = 0r)" (2.12)
j=1 j=1

where £ = (&1, &, ...,&,)T is the weight vector associated with IFNs Z; (j = 1,2,...,n)
and ¥ = (Y1, %2, ...,%,)T is the weight vector associated with IFOWA /IFOWG. op-
erators and these weights satisfy the conditions v;,&; > 0; i Y = Zn: § = L
Here (7(1),7(2),...,7(n)) is an arrangement of (1,2,...,n) sujchlthat S]( H-1)) =

S (IT(j)) foreach j =2,3,...,n

Bonferroni [17] recommended the concept of BM operator in order to aggregate de-

pendent arguments and defined it as:

Definition 2.4.3. [17] For non-negative real numbers a; (j =1,2,...,n) and p, ¢ if

1

P
B (a1, az,...,an) = wn=1) Za af (2.13)
jl 1
J#l
then BPY is called BM operator.
Obviously, BM satisfies the following properties [192]:
(i) BP4(0,0,...,0) =0.
(ii) B”(a,a,...,a) =aifa; =afor j=1,2,...,n.
(iii) BP? is monotonic i.e., if a; > d; for j = 1,2,...,n then BP9(ay,aqz,...,a,) >

Bp’q(dl,dg, ces ,dn).
(iv) min{a;} < BP9(ai,as,...,a,) < max{a;}
J J

Xu and Yager [188] extended the idea of BM operator to IF'S theory and defined it as:
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Definition 2.4.4. [188] For IFNs Z; (j = 1,2,...,n) and positive real numbers p, g, the
IF bonferroni mean (IFBM) and IF weighted bonferroni mean (IFWBM) operators are
defined as:

1
p+aq
n

1 4 q
BN, Ty, D) = | P (mer)
P

J#l
1
p+q
n

and  TFWBMP(I, Do, L) = | oy @((gjzj)p@)(glzl)q)
=1

J#

Yager [190] proposed the PA operator as:

Definition 2.4.5. [190] For a collection of “n” data a;, the PA operator is defined as:

n

> (1 + T(aj))aj

Jj=1

PA(ay,as,...,ay) (2.14)

n
> (14 T(ay)
j=1
n
where T'(aj) = > Sup(aj,a;) and Sup(aj,q;) is the support of a; from ¢; satisfying the
=1

I#j
following properties:

(i) Sup(aj,a;) € [0,1].
(ii) Sup(aj,a;) = Sup(a;, a;).
(iii) Sup(aj,a;) > Sup(a;i,an) if |aj — a;] < |aj1 —an
Here, Sup(aj,a;) is a similarity index.
Xu [175] extended the idea of PA operator to IFS environment and defined PA operator
as:

Definition 2.4.6. [175] For IFNs Z; (j = 1,2,...,n), the IF weighted power averaging
(IFWPA) operator is defined as:

D [6 (1 +T(Z;)) L]
IFWPA (1), T5,...,1,) = =

) € (1 +T(Z;))]

1
n
=
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Yager [191] introduced the prioritized operator by considering the prioritization rela-

tionship among the arguments and defined it as:

Definition 2.4.7. [191] Let a = {a1,a2,...,an} be a collection of criteria and there is a
prioritization among the criteria expressed by the strict priority orders a; > as > ... > a,
where a; = a;jy1 indicates that the criteria a; has a higher priority than the criteria a;1
for j € {1,2,...,n—1}. For any alternative x, the value a;(x) gives the performance of x

under the criteria a; and a;(x) € [0,1]. Let
PrA(ai,az,...,a,) = Zgjaj(x) (2.15)
j=1

/ i—1
where &; = gJT , T]’ = [l a(z), 7=2,3,...,n and 7] = 1. Then PrA is known as
4 =1
=17

prioritized averaging operator.

Yu [203] extended the idea of PrA operator under IFS theory and defined it as:

Definition 2.4.8. [203] For a collection of IFNs Z; (j = 1,2,...,n) the IF prioritized

averaging (IFPrA) operator is defined as:

n n
IFPrA(Ty, Ty, .... L,) = [1-J[Q-¢)¥, []wW)® (2.16)
j=1 j=1
/ j=1
where & = i, T/="T] S(Z), j€{2,3,...,n} and T}, = 1.
2 T; I=1

2.5 Description of decision making model

In this thesis, we have developed various DM techniques based on AOs and information
measures under CIFS environment. The brief description of the MCDM/MCGDM prob-
lem is given as follows:

Consider a set {V1,Va,...,Vn} of ‘m’ alternatives characterized by another collection
{B1,Ba,...,B,} of ‘n’ criteria is to be evaluated with the corresponding criteria weight
vector & = (£1,&2,...,&,)T such that & > 0 and i &, = 1. Further, the alternatives

v=1

V. are evaluated by ‘k’ expert(s) {8(1),5(2),...,5(k)} who give their rating values in
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terms of CIFNs ij,) = (( qﬂi), wéii) , (19&?,10&1)) where 0 < Q(Li), wéii,z?&?,wé?v, Q(Li) +
wéi),ﬁq(ﬁ}) +w1(9'z)v < 1foreach z=1,2,....k uv=12,....mand v = 1,2,...n. The

terms Q(ﬁ]), wéil and ﬁq(fv), wlgi)v exhibit satisfaction and dissatisfaction degrees respectively
corresponding to alternative V), under the criteria B, given by the expert £ (2). However
if there is only one expert i.e., K = 1, then the problem may be reffered to as MCDM
problem and if there are more than one experts i.e., £ > 1 then the problem is called as
MCGDM problem. The main objective of the problem is to order the alternatives from

the most favorable to the least favorable ones. The general procedure of attaining the

most favorable alternative involves the following steps:

Step 1: Construct the CIF decision matrices M(?) = (Cfﬁ)) representing information
mXn

related to all alternatives for the different criteria, given by ‘k’ experts, as:

B, By ... B,
v (¢ cp o el

Mme - Ve |y o) (2.17)
Ve \C% ) )

Step 2: If k > 1 then, accumulate the different decision matrices M) into a single one

M by utilizing some appropriate technique i.e.,

B1 By ... B,
Vi [Ci1 Ci2 ... Cip

M = Vo Coy Cor ... Cop (2'18)
Vo \Crmn1i Cm2 ... Cmn

Step 3: If the criteria 9B, are all of benefit type, then there is no need of normalization.
However, if there are different types of criteria namely benefit and cost then,

convert the cost type into profit type by using the following normalization formula:

wws Wy ) s (Duws Wo,,, . if B, is of benefit type
. ((Cuvy ey, )+ ( D)) yD (2.19)

((Puws way, ) > (Cuvswey,)) 5 if By, is of cost type
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Step 4: Obtain a unique representative of the judgement values corresponding to each

alternative by utilizing some appropriate technique.

Step 5: Obtain the crisp value corresponding to each alternative by utilizing some appro-

priate defuzzification method.

Step 6: Rank the alternatives in accordance with defuzzified values and obtain the most

favorable one.



Chapter 3

Distance measures between the
complex intuitionistic fuzzy sets
and its applications to the
decision-making process

In this chapter, some series of the distance measures by using Hamming, Euclidean, and
Hausdorff metrics have been presented. Based on these measures, various desirable rela-
tions have been studied in detail. Further, based on these distance measures, a decision-
making method has been presented for finding the best alternative under the set of the
feasible one. Illustrative examples from the field of pattern recognition as well as the

medical diagnosis have been taken to validate the approach.

3.1 Introduction

Distance or similarity measures are of key importance in a number of theoretical and
applied statistical inferences and data processing problems. Furthermore, it has been
deduced from the studies that the similarity, entropy and divergence measures could be
induced by the normalized distance measure based on their axiomatic definitions. Further,
CIFSs have great powerful ability to express the uncertainty and fuzzy decision process

more precisely and objectively and hence is a useful tool for handling the imprecise and

!The content of this chapter is published as “Distance measures between the Complex intuitionistic
fuzzy sets and its applications to the decision making process”, International Journal for Uncertainty
Quantification, 7(5), 423 — 439, 2017(Impact Factor: 2.083).
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ambiguous information under the uncertain environment. By keeping the advantages of
these as well as motivated by the characteristics of the CIFS model, this chapter is fo-
cused on exploring the structural characteristics of CIFSs and its information measures
for the handling of multi-dimensional complex data sets. In the present chapter, by in-
corporating the concept of the complex numbers and IFSs, the axiomatic definition of the
distance measures between CIFSs is given, and subsequently used to introduce a series
of the functions that measures the distance between two CIFSs. Based on these distance
measures, by using Hamming, Euclidean, and Hausdorff metrics, some desirable relations
between them have been investigated in detail. Furthermore, efforts have been put forth
to solve the pattern recognition as well as the medical diagnosis problems by considering
the multi-dimensional complex data sets. The advantages of the proposed measures over
the existing measure in the CIFSs environment have been discussed. To the best of our
knowledge, no work has been carried out in the direction of the distance measures under
CIFSs environment. Due to this fact as well as the consideration to handle the period-
icity that exists in two-dimensional information during the decision-making process, it is

necessary to develop such distance measures.

3.2 Proposed distance Measures between CIFSs

In this section, we present the Hamming and the Euclidean distances between CIFSs which
can be used in real scientific and engineering applications.

Let ¥(U) be the class of CIFSs over the universal set U = {z1,x2,...,2y}. Then we
define the distances for CIFSs Ci = {(z, (¢1(z), we, (x)), (V1(z), wy, (z))) |z €U}; Co =

{(z, (G(x), we, (2)) , (V2(), wy, (x))) | € U} as follows.
(i) Hamming distance measure

(G = L Z | Ci(ws) — CGlzj) | + [ V1 (x)) — Falzy) | 51)

+ [ wey (25) — we, () | + | wa, (25) — wa, (25) |
(ii) Normalized Hamming distance

n . + 19 . _19 .
) (C1.Cy) = ﬁz C1(5) — Ga(xy)| + 91 () 2(5) (3.2)

g=1 |+ |we (25) — wey (@5)] + |wg, (25) — wo, (z5)]
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(iii) Euclidean distance

n 1) — Co(x:)? r:) — 2.2
Dy (Cl,Cg): iz |C1( ]) €2( ])‘ +\191( J) 292( ])| (3.3)

=1 g (25) = we, ()7 + [we, (25) — way ()
(iv) Normalized Euclidean distance

n €Ti) — €T 2 €Ti) — ZTj 2
D, (Cl,Cg) _ %Z ‘Cl( ]) C2( J)| +|791( ]) 192( ])‘ (3‘4)
T Jwg (25) = wep (@) + [woy (25) — wa, ()

Then, based on the distance properties as defined in Definition 2.2.2, we can obtain

the following results:

Theorem 3.2.1. The above defined distance Dy (C1,C2), between two CIFSs C; and Co
satisfies the following properties (P1)—(P4):

(Pl) 0 S DQ (Cl,CQ) S 1;
(P2) D2 (Cl,CQ) =0 if and only if Cl = CQ;
(P3) D2 (C1,C2) = Do(Ca,Cr);

(P4) If C1 g CQ g Cg then DQ (61,63) Z DQ (Cl,CQ) and DQ (Cl,C;J,) 2 DQ (CQ,Cg), where
Cs € \I/(Z/l)

Proof. For any two CIFSs C; and Co, we have

(P1) Since 0 < (i(z5),¢(xj) < 1 and 0 < W(xj),V2(x;) < 1. It implies that 0 <
[C1(z) = Ga(zj)| < 1 and 0 < [91(z;) — D2(z;)] < 1. Also, 0 < wg, (), we, (5) < 1
and 0 < wy, (x;), wy,(x;) < 1 which implies that 0 < |we, (xj) — we,(2;)] < 1 and
0 < |wg, (z5) — wo,(25)] < 1. Thus, we get [C1(z;) — Ga(x;)| + [91(z;) — Pa(w;)| +
|we, (25) — we, (25)] + |wy, (x;) — wy,(x;)] < 4 which implies that Dy (C1,C2) < 1.
Hence, 0 < D (C1,Co) < 1.
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(P2) For any two CIFSs C; and Ca,

Dy (C1,C2) =0
1 N [G(zg) = Gly)| + [91(z;) — D2(z))]

i=1 |+ lwe (25) — we, (w5)] + |wy, (25) — way (25)]
& Glxy) — Gz)) = 0,01(z;) — J2(x;) =0,

we, () — we, (r5) = 0,and wy, (x;) — wy, (x;) = 0 for all j
& Qlzy) = Qx)), 01(z5) = J2(x)), we, (T5) = wey (25), wo, (T5) = wy, (x5) for all j

<~ Cl :CQ

(P3) Since for any two numbers a and b, we have |a — b| = |b — a|. Thus, we have

Dy (61,62) _ 4i i ’Cl(-f]) - C2($J)‘ + ]191(36]) — 192<I‘j>‘+

=1 | we, (25) — we, ()] + [wy, (25) — wo, (z;)]

3

[Co()) = Gi@y)| + [92(25) = V() +

g=1 | |we, (25) — wey (25)] + Jwa, (25) — we, ()]

Hence, DQ (Cl,CQ) = DQ (CQ,Cl).

(P4) If C; C Co C Cs, then (i(xj) < Go(z)) < G(xy) , Yi(xj) > Pa(x;) > Y3(x;) and
we, (7)) S we, (25) < wey(x)) , wy, (T5) > wy,(x5) > wy,(x5) for all z; € Y. It implies
that |C1(25) — Gs(2j)| = |Caws) — Calwy)] 5 [Vn(xj) — Ds(xj)| = |91(25) — P2(x;)| and
we, (35) = wey (5)] = |we, (25) — wey (25)], [wo, (25) — woy (25)] = [wo, (25) — wa, ()]
= [Cu(x)) = G())| + |01 (25) = Fa(2j)| + [we, (25) = weg (25)] + [wo, (25) — woy (25)] >
€1 () = Calj) | + [0 () — D2 (25)| + [wey (25) — wey ()] + | wo, (25) — w, (27)| which
implies that Dy (C1,C3) > Do (C1,C2). Similarly, Dy (C1,C3) > Dy (C2,C3).

Hence, D is a valid distance measure. ]

Theorem 3.2.2. For any two CIFSs C; and Co, the distance measure Dy (C1,C2) satisfies
the properties (P1)-(P4) as described in Definition 2.2.2.
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Proof. For any two CIFSs C; and Csy, we have

(P1) Since 0 < ¢1(x4), C2(x5), V1(z), 92(x;) < 1 which implies that 0 < |1 (x;)—Ca(x;)]? <
1 and 0 < [91(z;) — da(z;)|* < 1. Also, 0 < we, (25), we, (x5), wo, (x5), we, (x;) < 1
which implies that 0 < |we, (z;) — we, (27)]? < 1 and 0 < |wy, (z5) — we, (z;)> < 1

Hence, [C1(z5) — Ca())? + [W1(z5) — D2())]* + lwe, (27) — we, ()% + we, (25) —

Wy, (xj)]2 < 4 and thus, we have Dy (C1,C2) < 1. Also, D4 (C1,C2) > 0 and therefore,

we get 0 < Dy (C1,Co) < 1.

(PQ) For Dy (Cl,CQ) =0<

i Zn:l {|C1(93j) = Gaay) P + [91 () — D2 () |? + |wey (25) —
iz

2
we, (25) 2 +[wy, () — w, (%)P}] =0 G(x;) = G(z;) =0, Ii(x;) = da(x;) = 0,
we, (25) — we, (x5) = 0 and wy, (x5) — wy,(x;) =0 forall j =1,2,...,n & (i(x)) =
Co(xj), V1(xj) = Da(x)), we, (T5) = wey(x), wy, (T5) = wy,(x;) for all j =1,2,...,n
& C1 = Co.

(P3) Since for any two numbers a and b, we have |a — b| = |b — a|. Thus, we have

Dy (C1,C2) = Dy (Co,Ch).

(P4) If C; C Co C Cs, then (i(z;) < Go(x;) < Glzj) , d1(x;) > Ya(x;) > V3(x;) and
we, (5) < wey(x) < wey(x5) 5 wo, (T5) = wa,(x5) 2 w,(x;) for all z; € U. Thus,
we have |C1(25) = G3(25) [ > [Gi(2y) = Cal)1? s [91(25) = I3(x))[* > [91(x5) = Va(25) ]
and [w, (27) — we, () > [we, (25) — we, (2)? , [wo, (27) — way (2)]* = |wo, (27) —

wy, (x;)* which further implies that Z {’Cl z;) — C3(x)]? + |[V1(z) — I3(z4)]? +

n

lwe, () — we, (25) 7 + |we, (25) — we, () 2} > {lCl(%) Co(aj)[? + [0 (25) —

Do) > + |we, (x5) — we, (25)* + |wg, (x;) — wy,(x;)[* ¢ and hence Dy (C1,C3) >

D4 (61,62). Similarly, we have D4 (C1,C3) Z D4 (CQ,Cg).
Hence, D, is a valid distance measure. ]

Example 3.2.1. Consider two sets C; and Cy which are represented in the form of the

CIFSs on a universe U as given by C; = {(z1, (0.4,0.3), (0.3,0.2)), (x2, (0.7,0.5),(0.1,0.4))}
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and Cy = {(21,(0.7,0.5), (0.1,0.3)), (22, (0.4,0.6), (0.5,0.2))}, then

1
D2(C1.C2) = 1 [|0.4 — 0.7+ (0.3 — 0.1] + [0.3 — 0.5 + [0.2 — 0.3]

+]0.7 = 0.4] + 0.1 — 0.5 + |0.5 — 0.6| + [0.4 — o.2|]

= 0.2250
and
Dy (Cq,C = 71 4 — 2 - 2 — 2 — 2
1(C1,C) = %2 |0. 0.7/ +10.3 = 0.1]* + 0.3 — 0.5 + |0.2 — 0.3|

N|=

+10.7 — 0.4/* + 0.1 — 0.5]> 4 0.5 — 0.6]* + 0.4 — 0.2\2>]

= 0.2449
Theorem 3.2.3. For any two CIFSs, measures D; and D3 satisfy the following properties:
() 0<Dy<n
(i) 0 < D3 < +/n

Proof. Let C; and Cy are two CIFSs defined on Y. Clearly D; (C1,C2) = nDs (C1,C2) and
by Theorem 3.2.1, we have 0 < Dy (Cy,Ca) < 1. Tt implies 0 < 261 < 1 Thus, we
obtain 0 < D (C1,C2) < n. Similarly, we can obtain 0 < D5 (Cy1,Cs2) < /n. O

Theorem 3.2.4. For any two CIFSs, the measures D1, D3 and Da, Dy satisfy the following

inequalities:
(i) D3 <Dy
(ii) Dy < /D2

Proof. Let Cy and Cg be any two CIFSs. Since 0 < (1(z;), (2(xj) < 1,0 < 9q(xj), 2(z;) <
1, 0 < we (z5), we,(wj) < 1 and 0 < wy, (x5), wy,(z;) < 1. Then by using the property
that a® < a for any a € [0,1] we have, | Ci(z;) — Gao(2;) P<| Gila)) — Calzy) |, | Dr(zy) —
Da(w5) P<]91(25) = Da(x;) |, [ wey (25) — wey (25) <[ we, (w5) — wey (x7) | and | wy, (25) —
wy, () |2<| wy, (w;)—ws, (x;) | which implies that | ¢1(x;)—Ca(x;) [* + [ V1 (a;)—Va(z;) |

+ | we (7)) — wey (25) 12 + | wa, (25) — wo, (x5) P<[ Ciay) — Galay) | + | D1(x5) — Da(ay) |
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+ | we, () — we(5) | + | wo, (x) — wgy(25) | and hence ; il{ | Gilay) — Galay) P
=

+ | Di(zy) — Da(z)) [P+ | we (a5) — wey () P+ | wy (25) — we,(a5) [P< ‘llé{ |

Gzy) — Glay) | + [ Vi(z)) — a(z)) | + | we (25) — wey (5) | + | wo, (z5) — we, (25) | }
Therefore, D3 (C1,C2) < /D;(C1,Cq). Since, C; and Cy are arbitrary CIFSs and thus
D3 < /Dy is true for all CIFSs.

Similarly, we can prove the other part. O

However, in many practical situations, there are various problems in which the different
n

set may have taken different weights and thus, the weight &; with & > 0, >~ & = 1 of
=1

the element x; € U come into the existence. Based on it, in the following, we define a

weighted Hamming and Euclidean distances between the two CIFSs C; and Cs.

(i) Weighted Hamming distance

1 & [Cuzj) — Ca(wj)] 4 [91(x5) — Da(z;)|
D5 (C1.C2) =7 (& (3.5)
j=1 + lwe, (7)) — wey (w5)] + |wo, (25) — wo, ()]
(ii) Weighted Euclidean distance

n Tj) — Z; 2 ¥ XTj)— 9 Zj 2 %
De (C1.Cy) = %Z : [Guzs) — Calzy) " + [D1(z5) — Dalzy)] (3.6)
j=1 + ’wg] (':Cj) — W (xj)|2 + |w191 (35]) — Wy, (xj)|2

Especially, when &; = 1/n, for j = 1,2,...,n, then Egs. (3.5) and (3.6) reduce to Egs.
(3.2) and (3.4) respectively.

Theorem 3.2.5. The weighted measures D, (C1,Ca), (r = 5,6) also satisfy the following
properties for C1,Ca,Cs € U(U):

(P1) 0 <D, (C1,Cq) <1
(P2) D, (C1,C2) =04 C1 = Cy;
(P3) D (C1,C2) = Dy (C2,C1);

(P4) If C; C Cy C C3 then D, (C1,C2) < D, (C1,C3) and D, (C2,C3) < D, (C1,C3), for
Cs € \I/(Z/[)
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Proof. Since {; > 0and ) & = 1, then we can easily get 0 < D5 (C1,C2) < D (C1,C2) < 1.
j=1
Thus, D5 (C1,Cs) satisfies (P1). The proof of the properties (P2)-(P4) are similar to the

Theorem 3.2.1. Similarly, for Dg. O

Theorem 3.2.6. The distance measures D5 and D; satisfy the relation Dy < D;.

Proof. Consider two CIFSs C; and C and §; > 0, (j = 1,2,...,n) be the weight vector of

IN
e
=

oo

N
—
—~

S
<
S~—

|

G@j)| + [P (x)) = D2(z))| + lwe, (2) — we, (x7)] + [wy, (x5) — we, (25)| p = D1 (C1,Ca), e,

D5 (C1,C2) < D1 (C1,C2). As C1 and Cy are arbitrary, so we get D5 < Dj. O
Theorem 3.2.7. The distance measures Dg and D3 satisfy the relation Dg < Dj.

Proof. Proof follows from the Theorem 3.2.6, so we omit here. O

Theorem 3.2.8. The distance measures Dg and D; satisfy the relation Dg < /Dy

Proof. Let C; and Cy be two CIFSs then for all j, we have 0 < (i(z;) , (2(z;) < 1 and
hence 0 < |(i(z;) — C2(z;)] < 1. Now for any real number a € [0,1], we know that
| a |*<| a |. Thus, it follows that |(1(x;) — Ca(x;)? < |Ci(x;) — Co(x;)|. Similarly, we
can get |V1(zj) — Ya(x;)? < [91(xm;) — I2(xj)]. Also, 0 < we, (x5), we,(z;) < 1. It
2

implies 0 < |we, () — we, (z5)| < 1, which follows that |we, (x;) — we, (z5)|* < |we, () —

we, (z5)]. Similarly, [wg, (z;) — wg, (z;)]* < |wy, (2;) — wy, (x;)|. Now, for & > 0 such that

> i-1& = 1, we have Dg (C1,C2) = [i il {ij [C1(z5) = Ga(x))[? + [91(x5) — Da(z5)]* +
iz

|we, () — we, () + |wy, (25) — wy, ($j)|2> H < [}; le {|Cl(fﬂj) — Ga(zj)| + [ (z5) —
iz
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1
2

D2 (x5) ]+ +|we, (xj)—wcg(ﬂfj)lJr!wm(xj)—wg(ﬂfj)l}] = /D1 (C1,C2), ie., D (C1,C2) <
/D1 (C1,C2). As Cy and Cy are arbitrary, so we get Dg < /Dj. O

Theorem 3.2.9. The distance measure Dg and D5 satisfy the relation Dg < +/Ds.
Proof. The proof is similar to the proof of the Theorem 3.2.8, so we omit here. 0

Hausdorff distance between two non-empty closed and bounded sets is a measure of
resemblance between them. For example, consider C; = [z1, 23] and C2 = [y1,y2] in the

Euclidean domain R, the Hausdorff distance in additive set environment is given by
DY (C1,Co) =max{ |1 —y1 || 22— 12| }

Now, for any two CIFSs C; and Cy over U = {x1,x9,...,2,}, we propose the following

Hausdorff distance measures:

(i) Hausdorff Hamming distance

n | max x;) — Ca(xj)l, [V1(x;) — Va2(x;
i crn - 13 (I61() = Golap)ls o1 () = V()] ) o
21| 4+ max (Iwg1 (25) — wey ()], [wo, (25) — wy, ($j)|>

(ii) Hausdorff Normalized Hamming distance

ol e = L3 [ (I61() = el [91(y) = Da(a)] ) .
A 55|+ max (Jug (2) = we, ()]s gy (27) = wo, ()]

(iii) Hausdorff Euclidean distance

n max z;) — o), |91 (z5) — Fa(;)|?
o e |13 (I61(25) = Galay) 2. W1 () = V() ) 59
=1 | 4 max (!wgl (w5) — we, (25) %, |wg, (25) — wy, (%’)\2)

(iv) Hausdorff Normalized Euclidean distance

{ max (|C1(95j) — Cg(mj)|27 |01 (z5) — 192(37j)|2> }] § (3.10)

o+ max (Jug, (25) = wey (7)1 [, (25) = way (@))[?)

n

2.

Df (claCQ) = |:417’7,
7=1
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(v) Hausdorff Weighted Hamming distance

o [ max (1) = Gola) |, 191 (a;) = Da(ay)])
DI (C1,C) =1 244 ( )|> (3.11)
Zj

=\ max (Ju () = w2 s T, (2) = wo,

(vi) Hausdorff Weighted Euclidean distance

W max (1) = Golap) . 191 (o) — Do)
D (C1,C2) = [}1 > {EJ ( ( ) )H (3.12)

=T\ max (g, () — we ()% T, (2) = woy () 2)

Theorem 3.2.10. For C;,C2,C3 € U(U), the distance measures D (C1,Co), (r = 2,4)

defined in Egs. (3.8) and (3.10) also satisfy the following properties.

(P1) 0 < DI (C1,Cy) < 1

(P2) DHE (C1,C2) =0 = Cy = Ca;

(P3) DH (C1,C2) = DH (Ca,C1);

(P4) If C; C Cy C C3 then DX (C1,Co) < DH (C1,C3) and DH (Co,C3) < DH (Cy,C3).
Proof. Let C1,Ca,C3 € ¥(U) be any three CIFSs. Then for ¢ = 1,2, we have

(P1) Since C; and Cs are any two CIFSs, so by the definitions of CIFSs, we have 0 <|
Culzj) = Calx)) [7< 1, 0 <[ i (x)) — da(z;) 1< 1, 0 <[ we, (75) — wey(x) |7< 1 and
0 <| wy, (z;)—wy,(x;) |< 1 which implies that 0 < max <|C1(a:j)—C2(a:j)|q, |01 (z5)—
Da(y)|7) + masx (fo (25) — wey ()19, | wg, (25) = woy(w5) 2 ) < 4. Thus, 0 <
D (C1,Cy) < 1.

(P2) Assume that DX (C1,C2) =0 & lenjil {max (\Cl(xj)—@(xj)]q, lﬂl(xj)—ﬁg(xj)]q> +
max (|, (25) =iy (2)|% g, (25)—wo, <x]~>q)] = 0. max (|61 (23) ~Cal)], |1 (2) -
Pa(a;)|) = 0 and max (g, (25) = we, ()], w, (23) = woy(2)]) = 0 & Culay) =
Ca(75) = 0,01(75) = V2(25) = 0 and we, (25) —we, (25) = 0wy, (2) —wy, (x;) = 0 for
allj =1,2,...,ne G(z;) = G(z;), V(xj) = Vo(x;) and we, () = we, (z5), wy, () =

wy, (x5) for all j & C1 = Ca.
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(P3) For any two CIFSs C; and Ca, we have DX (C1,Co) = [41n E {max (]Cl(xj) —

J=1

1/q
Ga(z)]?, [V (z5) — 192(%’)!‘7) + max (lwcl (25) — wey ()19, Jwy, (25) —wy, (%‘)Iq) }]

- [;n > {max (Ica(a) = Culag) 19, W) =t (a)|7) + max (g () =, ()1,

Jj=1

1/q
|wy, () — wﬁl(x]‘)‘q> }] = DH (Co,Cy). Hence, DH (C1,C2) = DH (Ca,C1)

(P4) If C; C Cy C C3 which implies that |(1(z;) — (3(z5)|? > |Ci(z5) — Ca(z4)|?, [D1(x;) —
V()7 > [01(25) —02(x;)|? and [we, (25) —we, (25)|7 = [we, (25) —we, (25)]7, [w, (25)—
Wy (5)]9 > |wy, () —wp, (7)|9. Thus, max (|G (z;) —Ca(27)|9, [01(x5) —I3(x5)[?) >
max (|¢1(z7) — Ca(25)]9, [91 () — V2(z;)|?) and max (|we, (7) —wey (27)|9, [wo, (z7) —

wy, (25)|7) > max (|we, (x;) — we, (25)|9, |wg, (z;) — wy,(z;)|?). Therefore,

DI (C1,C3) = Lln > { max (ICl(ﬂEj) = G3(@)|%, [D1(z5) — 193($j)|">

=1

1/q
+ max (|w<1 (25) — wey ()], [we, (25) — wo, (%’)\q) H

Vv

Lln > { ma (11 (2) — oo s ) — ()1
j=1

1/q
o max (g, (25) = gy (2)1% lwg, (@) = wo, (2)17) H

= D (C1,C)

Hence, D} (C1,C3) > D} (C1,Cs). Similarly D} (C1,C3) > DI (C2,C3).

Theorem 3.2.11. The measures D? and Dgl are also the valid distance measures.

Proof. The proof is similar to the proof of the Theorem 3.2.10. O

Theorem 3.2.12. The Hausdorff distance measures D} and DY satisfy the relation

DI < DH.
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Proof. For any two CIFSs C; and Cy and §; > 0 such that Z?Zl & = 1. Then, we have
H 1 ¢
D5 (C1.&2) = D & | max (|C1(9Cj) — Ga(zj)], [V (z)) — 192(1‘1')!)
=1

+ max (‘U)Q (z7) — wey (x5)], lwg, (z5) — wﬂQ(xj)D) }

1 n
< 7 !max (161(23) = o)l [915) = Daly)1)
j=1
o max (g, () = we, (@), [wa, () — w%(xj)r)]
= D' (C1,Co)
As C; and Cy are arbitrary CIFSs, so we get D5H < D{I. O

Theorem 3.2.13. The measures Dgl and Déq satisfy the relation Dé{ < Dg .

Proof. The proof is similar to the proof of the Theorem 3.2.12. 0

Theorem 3.2.14. The measure DI, DI DI and DI satisfy the following relations
(i) Dif < /D
i) Df < \/Df

Proof. We will prove (i) part only, while other can be proven similarly. Let C; and Cy
be two CIFSs and for any number a € [0,1], we know that | a |?<| a |. Thus, by

the definition of D we have DI (C1,Co) = [}1 Zn: {max (|Cl(xj) — Ca(z))?, |91 () —
j=1

192(%‘)!2) +max (|w<1 () —we, (27) ‘wﬁl(xj)_wi%(xj)P) H ’ < [i 5 {max (!Cl(%‘)—

J=1

N———

H ’ = /D (C1,Ca).

As C; and Cy are arbitrary, so we get DI < /DH. O

Ga(z5)l, !191(%)—192(33j)|>+max <\w<1 (25) —we, (w5)], [w, (77) —we, (z5)]

Theorem 3.2.15. The distance measures Dy and DI satisfy the relation DI < Ds.
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n
Proof. Since for any positive numbers a;(j = 1,2,...,n), we know that max{a;} < ) a;
j i—1

and hence by the definition of DI, we get
H 1<
10,0) = 3 [max (1) — Gl [91(5) — a(a)])
j=1

+ max (’w<1 (25) — we, ()], [we, (z7) — wﬁz(xj)D]

n

1
< o [!Q (z5) = G(x))] + [91(z5) — Da(z;)]
7=1
+we, (25) — we, (25)] + Jwy, (25) — wa, (%’)l]
= D2 (C17C2)
Hence, Df < D,. ]

Theorem 3.2.16. The distance measures DX and D,, (r = 1,2, ...,6) satisfies the rela-

tion DX < D,.
Proof. Proof follows from Theorem 3.2.15 and hence we omit here. O
Theorem 3.2.17. The distance measures D? and D, satisfy the relation Df < Ds.

Proof. Since from the Theorems 3.2.16 and 3.2.6, we get D¥ < D5 and D5 < D;. There-
fore, DE{{ <D. O

Theorem 3.2.18. The distance measures Dé{ and Dj satisfy the relation Dé{ < Ds.

Proof. From Theorem 3.2.16, Déq < Dg and from Theorem 3.2.7, Dg < Ds3. Hence,
D < Ds. O

Theorem 3.2.19. Distance measures D5, Dy, D{J and D3, Dg, Déq satisfy the following

relations.
H
() Dy > Z2PC and Dy >,/Ds-DH
(ii) D3 > M and D3 > /D - Dgl
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H
Proof. Since D! < D; and D5 < Dy. So, by adding these inequalities, we get D5-;D1 <D.

On the other hand, by multiplying these, we get /D5 - D{{ <D;.
. H
Also, Df < D3 and Dg < D3. So, by adding these inequalities, we get % < Ds.

On the other hand, by multiplying these, we get 4/ Dg - D?{{ < Ds. O

;

3.3 Decision making approach based on the proposed dis-

tances

In this section, a decision-making method by using distance measures for CIFSs has been

presented followed by an illustrative example for demonstrating the approach.

3.3.1 Decision-making approach

The general description of DM problem is summarized in Section 2.5 of Chapter 2. Sup-
pose that an expert evaluated the alternatives V, under the criteria 8, and gave their
judgement values as V, = {(Bo, (Cuwv,> Wey, ) > (Vuvs wo,,)) v =1,2,...,n}Vu=1,2,...,m
where 0 < Cuvy Vs Weyy > Wiy > Cuv + Vuw, we,, + wy,, < 1. For convenience, we ex-
press the rating values, given by expert, for alternative V), under criteria B, as CIFN
Cuv = ((Cuvr Weyy) > (Vuw, wy,, ). Let & (v = 1,2,...,n) be the weight of the criteria 9B,
such that &, > 0 and i &, = 1. In the following, we develop an approach based on
the proposed measures U\;ilth complex intuitionistic fuzzy information, which involve the

following steps:

Step 1: Collect all the information corresponding to each alternative in terms of CIFNs

and hence an overall decision matrix M is expressed as

By Bs ... B,
V1 C11 Cia ... Cin
M= Y2 [Ca Cn ... Cn (3.13)
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Step 2: Utilize the proposed distance measures ‘D’ to compute the distance between the

alternatives.

Step 3: Rank the alternatives by finding the minimum value of “arg min{D}” and select

the best one(s).

3.3.2 Illustrative Examples

In order to illustrate the performance and validity of the above proposed distance mea-
sures, an illustrative example has been taken into account from the field of the pattern

recognition, as well as medical diagnosis, which can be read as below.

Example 3.3.1. Consider four unknown patterns Vi, Vs, V3 and V4 which are represented

by the following CIFSs in a given universe U = {1, 2, x3, T4, 75} as
Vo= {(xl, (0.8,0.9), (0.1,0.1)), (3, (0.8,0.5), (0.1,0.4)), (3, (0.6,0.6), (0.2,0.2)),
(x4, (0.8,0.7), (0.1,0.2)), (x5, (0.6,0.4), (0.2, 0.5))}
Ve = {(:cl, (0.7,0.6), (0.3,0.3)), (2, (0.4,0.9), (0.2,0.1)), (z3, (0.7,0.7), (0.2,0.3)),
(4, (0.4,0.6), (0.3,0.1)), (x5, (0.5,0.3), (0.3, 0.6))}
Vs = {(xl, (0.3,0.4), (0.6,0.4)), (2, (0.6,0.6), (0.3,0.4)), (z3, (0.3,0.4), (0.5,0.6)),
(x4, (0.7,0.7),(0.1,0.1)), (25, (0.7,0.8), (0.2, 0.1))}
Vi = {(xl, (0.2,0.8), (0.5,0.1)), (2, (0.7,0.3), (0.3,0.3)), (z3, (0.6,0.5), (0.1,0.3)),
(4, (0.6,0.5), (0.3,0.4)), (x5, (0.4,0.8), (0.4, 0.1))}
Consider the known pattern V € W(2) which will be recognized, where
v = {(xl, (0.7,0.5), (0.1,0.3)), (2, (0.4,0.6), (0.5,0.2)), (z3, (0.5,0.5), (0.3,0.1)),
(4, (0.8,0.7),(0.2,0.1)), (25, (0.6,0.9), (0.1, 0.1))}

then the target of this problem is to classify the pattern V in one of the classes Vi, Vs, Vs

and Vy. For it, proposed distance measures, Dl,D27D3,D4,D{{ ,Dg ,D?{{ ,Df from V to
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Vu(u =1,2,3,4) are computed and the results are given in Table 3.1 in which “>” refers to
the “preferred to”. From this table, it has been clearly seen that the the pattern ¥ should
belong to pattern V3. Further, it has been seen that the different distance measures have
different ranking order but the best alternative remains same. This is due to the fact that
the distance measures D; and Ds are based on the hamming distances while D3 and Dy
are based on the geometric mean distance measures. Therefore, based on the preference
of the decision makers, they can choose their corresponding ranking order and select the
best alternatives for the desired one.

On the other hand, if we assume that the weight of x1, 2, x3, x4 and x5 is 0.20, 0.25,
0.20, 0.15, 0.20 respectively, then we utilize the distance measures D5,D6,D§I and Dgl
for obtaining the most suitable pattern and their corresponding results are summarized
in Table 3.2. Thus, from the ranking order of these four patterns, we get V3 is the most
desirable pattern to be classified with V. Furthermore, it can be easily verified that these
results validate the above-proposed theorems on the distance measures.

Now, if we apply the distance measure D as defined in Alkouri and Salleh [6] corre-
sponding to the considered data, then their measurement values are D(V1,V) = 0.1915,
D(V,,V) = 0.2117, D(V3,V) = 0.1755 and D(Vy,V) = 0.2245. Therefore, D(V3,V) <
D(V,,V) for all r = 1,2,3,4 and hence we conclude that pattern V should belong to the

pattern Vs which coincides with the proposed measure results.

Example 3.3.2. Consider a set of diseases V = {V(Viral fever), Vo(Malaria), V3(Typhoid),
Vi(Stomach Problem)} and a set of symptoms S = {s;(Temperature), sy (HeadAche),
s3(Stomach Pain), s4 (Cough)}. Suppose a patient B, with respect to all the symptoms,
can be represented by the following CIFSs:

(Pationt) — | 1 @500 (0:1,0:2)) (52,(0.9,07), (0.1,02)),

(s3,(0.7,0.8), (0.2,0.1)), (s4, (0.6,0.5), (0.2,0.4))

and each diseases V,(r = 1,2,3,4) are as follows:

b | 61 08,0.7),(0.1,02), (2, 09,06), 01,0.2)),
U] (55.(07,0.8), (0.2,0.1)). (s4, (0.8,0.7). (0.2,0.1))
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(s1,(0.6,0.4), (0.1,0.5)), (s2, (0.4,0.9), (0.5,0.1)),

. (s3,(0.5,0.5), (0.3,0.3)), (s4, (0.4,0.9), (0.5,0.1))
. (s1,(0.3,0.8), (0.3,0.1)), (52, (0.8,0.3), (0.1,0.6)),

(s3,(0.7,0.6), (0.2,0.2)), (s4, (0.2,0.7), (0.8,0.2))
. (s1,(0.5,0.3), (0.4,0.6)), (s2, (0.3,0.1), (0.6,0.3)),

(s3,(0.8,0.3), (0.1,0.5)), (s, (0.1,0.3), (0.6,0.5))

Now, the target of this problem is to diagnose the disease of patient ¢ among V1, Vs, Vs,
and V. For it, the proposed distance measures, D1, Ds, D3, Dy, Dfl , Df , Df and Df have
been computed from P to V,.(r = 1,2,3,4) and then their corresponding results are given
in Table 3.3. From these results, it has been seen the patient B suffers from disease V.

On the other hand, if we considered the weight vector of s1, s9, 3, 54 a8 0.3,0.2,0.1,0.4
respectively Then, we compute the distance measures Dy, Dg, D5H and Dgf and hence their
corresponding measurement values are summarized in Table 3.4. Thus, the ranking orders
corresponding to these weighted distance measures are V; > Vo > V3 = V), and hence we
conclude that the patient 3 suffer from the disease V1, i.e., Viral fever.

If we apply the existing distance measure (D) defined in Alkouri and Salleh [6] then,
their measurement values are D(Vy,B) = 0.0870, D(Va,B) = 0.2635, D(Vs,PB) = 0.2815
and D(V4,P) = 0.3440. Thus D(V1,B) < D(V,,*B) for all r = 2,3, 4. From it, we conclude

that patient P suffers from disease V.

3.4 Conclusion

The key contribution of this chapter is summarized as follows:

1) An attempt has been made to present some families of distance measures based on
the Hamming, Euclidean, and Hausdorff metric for the collections of the complex in-

tuitionistic fuzzy sets on the finite universe of discourse.

2) Under IFS environment, various scholars have presented several kinds of the distance

measures in which range of their corresponding membership degrees is the subset of
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the real numbers. As a supplement, this condition has been relaxed in this chapter by

extending their ranges to unit disc is of the form (¢, 2mw¢) where ¢, w¢ € [0, 1].

A concept of the phase angle, for representing the periodicity of the data, has been
added into the analysis and hence by keeping the advantages of these sets, in the present
work, the authors have presented some series of the distances measure for ranking the
different sets in which the preferences related to the different objects are summarized
in the form of the CIFSs. Various desirable relations between the measures have been

proposed and are validated these through illustrative examples.

A decision-making method has been proposed based on the suggested distance mea-
sures. To demonstrate the efficiency of the proposed measures, numerical examples of
pattern recognition as well as the medical diagnosis have been taken. From their com-
parative study, it has been concluded that the proposed measures place an alternative
way for solving the decision-making problems and hence a new and easy way to the
handle the uncertainties where the existing theories have failed to handle the situation

in a more precise way.
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Table 3.3: Computed results by the proposed distance measures for Example 4.2

Distances | Measures values of patient 3 from disease Ranking order
V1 Vo V3 \Z
D, 0.2250 0.9750 0.9000 1.3500 Vi=V3=Vo =V,
Do 0.0450 0.1950 0.1800 0.2700 Vi>=V3>=Vo =V,
Ds 0.2179 0.5454 0.5745 0.7583 Vi=Vo=V3 =V,
Dy 0.0975 0.2439 0.2569 0.3391 Vi=Vo = V3=V,
D 0.1750  0.6000 0.5500 0.8000 Vi>=V3>=Vo =V,
DI 0.0350 0.1200 0.1100 0.1600 Vi=V3=Vo =V,
DI 0.1936 0.4472 0.4743 0.6164 Vi=Vo = V3= Vy
DI 0.0866 0.2000 0.2121 0.2757 Vi>=Vo=V3 =V,

Table 3.4: Computed results by the proposed weighted distance measures for Example 4.2

Distances | Measures values of patient 3 from disease Ranking order
Vy Vs V3 Vi
Ds 0.0825 0.2525 0.2675 0.3350 Vi>=Va>=V3=Vy
Dg 0.1351 0.2797 0.3213 0.3715 Vi>=Va>=V3 =Wy
Dl 0.0625 0.1550 0.1625 0.1975 Vi>=Va>=V3 = Vy
DY 0.1194 0.2291 0.2669 0.3004 Vi= Vo= V3= Vy




Chapter 4

A robust correlation coefficient
measure of complex intuitionistic
fuzzy sets and their applications in
decision-making

In this chapter, we develop correlation and weighted CCs under the CIFS environment in
which pairs of the membership degrees represent the two-dimensional information. Some
of the desirable properties of proposed measures are investigated. Further, based on
these measures, a multicriteria decision-making approach is presented under the CIFS
environment. Two illustrative examples are taken to demonstrate the efficiency of the

proposed approach and validate it with the existing approaches.

4.1 Introduction

Correlation measure is one of the most important measures which helps not only in com-
paring one data entity with other but also show the extent of association between them
and their direction. In statistical analysis, one of the important measures is CC which
gives us an idea of the strength and direction of a linear relationship between the pairs
of two variables. On the other hand, in fuzzy set theory, these measures determine the

degree of the dependency between the two fuzzy sets. The extensive literature review

The content of this chapter is published as “A robust correlation coefficient measure of complex
intuitionistic fuzzy sets and their applications in decision-making”, Applied Intelligence, Springer, 49(2),
pp. 496 - 512, 2019 (SCI: Impact Factor: 5.086).
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related to correlation measure has been done in Section 1.1.2 of Chapter 1. In the existing
studies under the FSs, IFSs or its generalizations, it has been analyzed that they can
handle the uncertainty and vagueness that exists in the data only. None of these existing
models (FSs/IFSs/IVIFSs) are able to represent the uncertainty and periodicity factors
simultaneously. To overcome it, Ramot et al. [128] initiated CFS theory in which the
range of membership function is extended from real number to the complex number with
the unit disc. Furthermore, Alkouri and Salleh [5] extended the concepts of CFS to CIFS
by adding the degree of complex non-membership functions and studied their basic oper-
ations. CIFSs have powerful ability to model the imprecise and ambiguous information in
real-world applications in a better way than the existing theories such as FSs, IFSs and
CFSs.

Therefore, keeping the advantages of this set and taking the importance of correlation
measure, this chapter presents the theory of the CCs among the CIFSs. To achieve it, we
first define some operational laws, the informational energies and the covariance between
the two CIFSs that involves both uncertainty and periodicity semantics. Then, based on
these, we propose some CCs for CIFSs and investigate their properties. Further, some
weighted CCs are proposed to address the situations where the attributes have different
importance values. Furthermore, we propose a decision-making approach based on the
proposed CCs for CIFSs. The feasibility, as well as superiority of the approach, has been

demonstrated through two numerical examples.

4.2 Correlation Coefficient for CIFSs

In this section, we propose some CCs for the CIFSs which can be applied in numerous
engineering and scientific fields to rank the objects. For it, throughout this chapter, we
shall use U = {x1,x9,...x,} as the universe of discourse.

Let €1 = {(x, (C1(x), we, (2)) , (91 (), wy, (2))) | & € U} and G = { (&, (Gal), wey () |
(V2(x), wy,(x))) | = € U} be two CIFSs defined on U. Then, the informational energies of
two CIFSs C; and Cy are defined as

n

T(C) = > (CRly) + 03 (xg) + wi, () + wj, (z5)) , (4.1)

J=1
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n

TC) = > (Gl))+05(x;) + wi, (2) + wj, (z5)) - (4.2)

J=1

The correlation of the CIFSs C; and Cs is defined as

(el Z": G(z)C(z)) + we, (z5)we, (25) | (13)
i=1 | +01(x5)02(x;) + we, (x5)we, (z;)

From Eq. (4.3), it is clearly seen that correlation of CIFSs satisfies the following properties:
(P1) €(C1,C2) = €(C2, ()
(P2) €(C1,C1) =%(Cy)

Then, based on these, we defined the CC between CIFSs C; and Cs, as follows:

Definition 4.2.1. If C; = {(z, (C1(x), w¢, (x)) , (V1(x), wy, (x))) | © € U} and Co = {(x, ((2(x) ,
we, (), (V2(x), wy, (x))) | © € U} be two CIFSs defined on U, then the CC between them
is denoted by K1 (C1,C2) and is defined as

C(C1,Ca)

Ki(C1,C2) = T(C1) x T(C?)

i G(x5)Ca(xs) + we, (z5)we, ()

Jj=1 + ﬁl(xj)ﬁg(l'j) + wy, (mj)wﬂz (.CU])

3

—_

J]=

JZ(C% z;) + 9% xj)—i-wcl(xj)jLwﬁl(x]))

(GBay) + 03(a;) + wd, () + wd, (x)))
Jj=1 Y,

Theorem 4.2.1. The CC ‘K;’ between two CIFSs C; and Cy defined on U satisfies the

following properties:
(P1) 0 < K1 (C1,C) <1
(P2) Ky (Cl,CQ) =K (62,61);

(P3) K1 (C1,Co) = 1, if C1 = Ca;
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(P4) If C; C Cy C C3 then, Ky (61,63) < Ky (Cl,CQ) and Kq (61763) < K (CQ,Cg) for CIFS
C3 defined on U.

Proof. Let C; = {(.ZC, (Cl<m)7wC1 (1’)) ) (191(37)77”191 (x))) ‘ T € U} and C = {(.%', (CQ(x)7wC2(x))7

(V2(z), wy,(z))) | = € U} be two CIFSs defined on Y. Then, we have

(P1) The inequality K (C1,C2) > 0 is obvious due to € (C1,C2) > 0 is obtained from the
Eq. (4.3). Now we shall prove K; (C1,C2) < 1. For it, based on the Definition 4.2.1,

we get,

¢ (C1,Co)
\/C (Cl,Cl) X Q:(CQ,CQ)

ﬁ: (Cl(-’fj)@(xj) +we (2))wey (25) + 91(25)02(x5) + wo, (25)wo, (%‘))
7j=1

K1 (C1,Co) =

\J > (Cf(fﬂj) + 0% () + w, () + wj, (%’))

j=1

Ji(@ ;) +19 x])+w (xj)+w1292($j))

Jj=1 V,

n n

(Z 1(25)C(z;5) +chl rpwe,(x) + > 01(z)02(z;) + Y wy, (25w, (2;)

_ j=1 j=1 j=1

)

J > (C%(ﬁj) + 0% () + w (x;) + wj, (»”Uj))

=1

x J > (C%(mj) + 03 (x;) + wf, (z;) + wj, (xj)>
=1

J

Now, by using Cauchy-Schwarz inequality which states that, in Euclidean space R™

with standard inner product, we have:

(£ee) < () (27)

where u = (ug,ug,...u,) and v = (v1,02,...9,) € R™ and equality holds if and only

if u and v are linearly dependent vectors. Therefore,
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K1 (C1,Cq) < . \ d

By taking the notations, Y (¥ (z;) = a, > (3(zj) =b, > 93 (zj) = ¢, > 93(zj) =

j=1 7j=1 j=1 j=1
d, legl (zj) = p, Zl wé(mj) =q, 21 1291 (xj) =r and '21 w§2 (xzj) = s, the above
Jj= j= Jj= Jj=
inequality reduces to
Ky (CLC) < Vab+ Ved + /pg + /18
1,L2) >
Via+c+p+r)b+d+qg+s)
Therefore,
2
) (\/%+\/£+\/Fq+\/ﬁ)
K1(Cy,C -1 < _
(K1 (61,C2)) = (atctptr)(b+d+q+s)

(\/%+\/£+\/17q+\/ﬁ)2—(a+c+p+r)(b+d+q+s)
(a+c+p+r)b+d+q+s)

ab+ cd + pq+ rs + 2Vabed + 24/pgrs + 2/ abpg + 2V abrs
+ 2+/cdpg + 2Vedrs —ab — ad — aqg — as — cb — e¢d — cq

—cs—pb—pd—pqg—ps—rb—rd—rqg—rs

(@a+ctp+r)b+d+q+s)
(Vad — Vo) + (Vs — var)* + (vVag — v/bp)?

H(Was = VB + (g - V) + (Vs — Vary
(a+c+p+r)b+d+q+s)

IN
o
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Hence, K? (C1,C2) < 1 which implies K1 (C1,Cq) < 1. So, 0 < Ky (C1,C2) < 1.

(P2) For any two CIFSs C; and Ca, we have

ﬁzl (gl (25)Ca(25) 4 we, () wey (25) + D1 (25)02(25) + wo, (25)wy, (xj))
Ki(C1,C) = =

J > (Cf(xj) + 0% () + w (x5) + wj, (%’))
j=1

X J > ((22(:5]-) +03(z)) + w, (x5) + wj, (mj))
j=1 )

n

<C2($j)<1(=’1?j) +we, (5)we, (27) + Do (25)01(25) + wo, (25)ws, (%‘))

_ =
J > (GBlwy) + B3(wy) + w?, (w5) + w3, (25)
j=1
X J (G3as) + 93(aj) + wd () + w3, (x)))
j=1
= K1(C2,C1)

(P3) If C; = Cy this implies that (1(x;) = Ca(x5), V1(x;) = V2(x5), we, () = we, (v5) and
wy, () = wy,(x;) for all j and thus from Eq. (4.4), it follows that KC; (C1,C2) = 1.

(P4) Geometrically, if C; C Co C Cs, then the angle between C; and Cs should be larger
than the angle between Cz and C3 for any element x; and cosf is decreasing func-
tion within interval [0, 5]. Therefore, Ky (C1,C3) < K1 (C1,C2) and Ky (C1,C3) <
K1 (C2,C3).

Hence, the theorem holds. ]

Example 4.2.1. Let U = {x1,x2,23} be the universal set and C; = {(xl,(0.6,0.7),
(0.2,0.2)), (2,(0.7,0.5),(0.3,0.4)), (3, (0.5,0.4),(0.4,0.1))} and Cy = {(21,(0.5,0.6), (0.1,0.2)),
(22, (0.7,0.4), (0.1,0.4)),(x3,(0.6,0.5),(0.3,0.4)) } are two CIFSs defined on the universal set
U. By applying Eq. (4.1), we obtain the informational energy of C; as:

n

T(C) = > () + 03 (x;) + wi, () + wj, ()

Jj=1
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= (0.6)2+(0.2)2 4 (0.7)* 4 (0.2)* 4 (0.7)% + (0.3)% + (0.5)* + (0.4)*

+ (0.5)% + (0.4)% 4 (0.4)* + (0.1)°

= 0.36 + 0.04 4 0.49 + 0.04 + 0.49 + 0.09 + 0.25 4 0.16 + 0.25
+0.16 + 0.16 + 0.01

= 25

Similarly, the informational energy of CIFS Cy is:

T(Co) = Y (Glwy) + 03(w)) + wg, () + wj, (7))
1

J

= (0.5)2+ (0.1)% 4 (0.6)> 4 (0.2)% + (0.7)% + (0.1)% + (0.4)* + (0.4)*
+(0.6)% + (0.3)2 4 (0.5)* + (0.4)°

= 0.25+0.01 4 0.36 + 0.04 + 0.49 + 0.01 + 0.16 + 0.16 +
0.36 + 0.09 4 0.25 + 0.16

= 234
By using Eq. (4.3), the correlation between CIFSs C; and Cy is computed as:

C(Cr1,62) = n Cu(w)Ca(5) + we, (w5)we, ()

i=1 \ +01(z5)02(x)) + wy, (x;)w, (2;)
= 06x054+02x014+0.7x06+02x024+0.7%x0.74+0.3x0.1

+05%x04404x044+05%x06+04%x03+04x05+0.1x0.4
= 0.3040.02 4+ 0.42+0.04 + 0.49 + 0.03 + 0.20 4+ 0.16 + 0.30
+0.12 + 0.20 + 0.04

= 232

Thus, the CC between C; and Cs is given by Eq. (4.4) as

Ki(C1,C) = €61, )
’ S(Cl) X S(Cg)
2.32
= ——— =0.9592

V2.5 x2.34
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Definition 4.2.2. Let C; = {(z, (¢1(x), we, (), (V1(z),wy, (x))) | € U} and Co = {(z, ((2(),
we, (x)) , (V2(z), wy,(x))) | © € U} be two CIFSs defined on . Then, the CC, denoted by
Ko, is defined as

¢ (C1,Co)
max{%(C1),%(C2)}

Ko (C1,Ca)

n

3> (Gals)Galy) + we, (g, ) + 91 (25)0a(y) + wa, (25w ()
= = (4.5)

n

D (Glay) + 93 () + w (25) + wj, (25))
j=1

max n

D (G (@g) + 03 (x5) + w, (z5) + wh, (x)))
j=1

Theorem 4.2.2. The CC of two CIFSs C; and Co, as defined in Eq. (4.5), satisfies the

following properties:

(P1) 0 < Ky(C1,C2) <1

(P2) K2 (C1,Ca) = K2 (C2,Cq)
(P3) K2(C1,C2) =11ifC1 =Co

(P4) If C1 - Cz - Cg then, /CQ (Cl,C;J,) < ]CQ (Cl,CQ) and /CQ (Cl,C;J,) < ’Cz (CQ,Cg) for any
CIFS Cs defined on U.

Proof. Since Cy1,Cy are CIFSs, then 0 < (i(z;),91(x;) <1, 0 < we, (x;), wy, (xj) < 1 and
Ci(zj) +Y1(x;) <1 and we, (x5) + wy, (x;) < 1 for all z; € U and thus from Eq. (4.5), we
can obtain the inequality KCy (C1,C2) > 0. The inequality Ko (C1,C2) < 1 can be proven
directly by using the well-known Cauchy-Schwarz inequality:

z:l ajbj < (E:l a?) . (2:1 b?) (4.6)
J= J= J=

with equality if and only if the two vectors a = (a1, a2, ...,a,) and b = (b1,be,...,b,) are

linearly dependent.
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In fact, by Eq. (4.6), we have

n n n

n
E 21 . E 2 E 2 2
a; bj max aj, b]
J=1 Jj=1 Jj=1 J

1

IN
IN

n
E a;b;
j=1

n

n
_ E 2 E 2
= max aj, b]
i=1

j=1
and from Eq. (4.5), it follows that 0 < K3 (C1,C2) < 1 which completes the proof of (P1).
In addition, by Eq. (4.5), we have

2 ((l)Cali) + e o) + 91 5)0a(5) + w0 o))

D (Gl + 91 ()) + w (w)) + w, (25))
j=1

Ka(Cr,C) = 2

max
n

> (G (ay) + 95 (x;) + wd, (x5) + wj, (z5))
j=1
<C2(wj)41(%‘) + we, (5)we, (25) + Do (25)01(25) + wo, (25)we, (%‘))

n

D (Glay) + 95 (w)) + w, (w)) + wh, (25))
j=1

J

n

1

n

> (G lay) + 9i()) + w (w)) + wh, (x5))
j=1

= K2 (Cs,C1)
Thus, (P2) also holds. Similarly, we can complete the proofs of (P3) and (P4).
Hence, the theorem holds. ]

From Definition 4.2.1 and Definition 4.2.2, we observe that the CC defined by Eq. (4.4)
uses the geometric mean of the informational energies of the CIFSs C; and Cs, and the
CC defined by Eq. (4.5) applies the maximum between them. For the optimistic decision
makers, they tend to use the CC defined by Eq. (4.4). Contrary to the optimistic decision
makers, the pessimistic decision makers tend to apply the CC defined by Eq. (4.5).

In the above defined formulas for calculating coefficient of correlation, equal importance
is given to all the elements of the universal set. But in real life situations, this may not

be always possible. Some elements in the universal set are more important than the
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others. So we must take into account the proper weightage given to the various elements
of the universal set. In the following, we propose a weighted CC between CIFSs. Let
&= (&,&,.. fn) be the weight vector corresponding to the elements z; (j =1,2,...,n)
with §; > 0 and Z & = 1. Then, we extend the above defined CCs K7 and K5 to weighted
CCs, K3 and K4]?éspectively, as follows:

¢y (C1,C2)
\/(zw (C1) x T (C2)
Cu@s)Ca(zs) + we, (z5)we, ()

+91 (xj)ﬁZ (wj) + wy, ('Tj)wﬁz (:CJ)

Ks(C1,Co) =

n
2
j=1

5 (& G2 + 93w + R a) + 03, (1))

j=1

.

3

<D0 (& [Blan) + 0Bay) +wd (a) + w3, ()] )

j=1 )

and

¢y (C1,C2)
max{%,(C1), Tw(C2)}

(6 { (g)Galy) + ey () wey <x]~>] )
J=1 ’ +01(xj)02(x;) + wy, (T5)we, (x;)

n

Ki(Ci,Co) =

3

(& [ (x5) + 93 (xy) + wE, (z5) + wy, (z5)])

max

(&[G () + 95 (x5) + wE, (z;) + wi, (x5)])
1

J

It can be easily verify that, if ¢ = (1/n,1/n,...,1/n)T then Eqs. (4.7) and (4.8) reduce

to the CCs given in Egs. (4.4) and (4.5) respectively. Further, it can be deduced that the

CCs K3 and K4 between CIFSs C; and Cy also satisfies the property of 0 < K3 (C1,C2) <1
and 0 < Ky (C1,C2) < 1.

Theorem 4.2.3. Let C; and C2 be two CIFSs defined on U. If £ = (&, 52, .o, &)T be the
weight vector corresponding to z;, (j = 1,2,...,n) with £ > 0 and Z §; = 1 then the
weighted CC K3 (C1,C2) between the two CIFSs C; and Co defined in Eq (4.7), satisfies

the following properties:
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(Pl) 0 < K3 (Cl,CQ) <1

(P2) K3(C1,C2) = K3 (C2,C1)

(P3) K3(C1,Co) = 1if Cy = Cy

(P4) If C1 - CQ - C3 then, K:g (Cl,C3) < IC3 (61,62) and ng (Cl,C3) < ’Cg (CQ,Cg) for any
CIFS Cs defined on U.

Proof. The properties (P2)-(P4) are straightforward, so we omit their proof here. Now, we
shall prove only (P1) property. Forit,let C; = {(z, (¢1(z), w¢, (z)), (V1 (x), wy, (2))) | v € U}
and Co = {(z, (C2(x), we, () , (V2(), wy,(x))) | © € U} be two CIFSs defined on Y. From
the Eq. (4.7), it is clearly seen that, K3 (C1,C2) > 0. So, we will prove only K3 (C1,C2) < 1.

K3 (C1,C2)
€y (C1,C2)
\/Tw(Cl) X Tw(CQ)

n

> (& [ @) aley) + we (e, () + 91 () o) + way (5w, (7))

J=1

( n

> (& [GRlag) + P (wy) + wd, (w5) + w3 (25))

=1

_—
<.

< |30 (6 [ + 930 + (o) + 3, 29))

\ \le
- (VEae) (VEa) + 3 (Vaua ) (vVEua)

j=1 j=1
e (VB () (VEa(e) + 3 (Ve ) (Vo)
_ j=1 j=1

\ ; (fj [Cf(%‘) + 0% (x5) + wg, (7) + w, (%?D
< |30 (6 [ + 930 + o)+ w3, (29))

\&
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By using Cauchy-Schwarz inequality, we obtain

[~1:

1

.
Il

\JZ@CI Zj J §JC (z J)+\JZ (we, (25)) JZEJ we, (25))
j=1

+¢ Zéﬂ%(% J &93(x;) \IZ&' (wy, (%’))24 Zij (wy, ()
Ks(C1,C2) < = =1 j=1 j=1

/

n 3\

\&

|3 [ (3o + 93,) + w2, 3) + w3, 2)]

j=1

/N

& [Cf(%‘) + 93 () + wg, (27) + wj, (%’)D

By using the following notations

D G () =a, ) &G () =b,> Gul () =p, ¥ &I (z;) =«
j=1 j=1 j=1 j=1

> &0s(xy) =d, > Gud(x) =q, Y Gwy () =1, i, (x;) = s,
j=1 j=1 j=1 j=1

we can reduce the above inequality to

Vab+ Ved + /pq + /15

K3 (C1,Co) <
€nG) < Vietec+p+r)(b+d+q+s)
Therefore,

2
) (Vab+ved + y/pg + V)

K3(Ci,C))? =1 < 1
(K3 (€1, C2)) = (a+ct+p+r)b+d+q+s)
2

(\/%+\/£+\/;Tq+\/ﬁ) —(a+c+p+r)b+d+q+s)

(a+c+p+r)(b+d+q+s)
(Vad — vbe)* + (s — /ar)* + (yag — v/bp)?
+ (vas = Vor)® + (eq = Vdp)® + (v/es — Var)?
(a+c+p+r)b+d+q+s)

< 0
which implies that K3 (C1,C2) < 1. Hence, 0 < K3 (C1,C2) <1

Theorem 4.2.4. The CC of two CIFSs C; and Cy, as defined in Eq. (4.8) i.e., K4, satisfies

the same properties as those in Theorem 4.2.2.

Proof. The proof is similar to Theorem 4.2.2, so we omit here.
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4.3 MCDM approach based on the proposed correlation co-

efficients

In this section, we utilize the proposed CCs of CIFSs to present the multicriteria decision
making method. The general description of DM problem is summarized in Section 2.5 of

Chapter 2. The rating values corresponding to each alternative are represented as follows

Vu = {(Bov, (Cuo(Bv), we, (Bo)) s (Vuw(Bo), wo,, (Bo))) |v=1,2,...,n},u=1,2,...,m.

For convenience, we denote the rating values of alternative V, under criteria 8, by Cy, =
((CU’!M wCuv) ) (ﬁum wﬁw)) where Cyo, Uy, We s Wy, € [07 1] and Cuy + Vs We,, T Wy, <1
foru=1,2,...,m;v=1,2,...,nand call it as CIFNs. Then, we utilize the following steps

based on the proposed CCs for solving the MCDM problems under the CIFSs environment.

Step 1: Construct the ideal reference set to find the best alternative in the decision set
whose rating values are taken under the CIFSs environment. We denote such

reference set by V.

Step 2: Construct the decision matrix based on the collective information of the alterna-
tives Vy(u = 1,2,...,m) under the set of criteria B,(v =1,2,...,n) as provided
by an expert in terms of CIFNs Cyy = ((Cuvs Wey, ) 5 (Vuws wy,,)). We denote such

matrix as M = (Cyy)mxn which can be represented as

By By ... B,

V1 C11 Ci2 ... Cip

M = Vs Co1 Coo ... Cop
Vi \Cm1 Cm2 ... Cmn

Step 3: Calculate the CC between the alternatives V,(u = 1,2,...,m) and the reference
set V by using either K1 or Ky or by using weighted CCs K3 or K4, to compute

the degree of the relationship among the alternatives.

Step 4: Rank the alternatives based on the index values of CCs as obtained from arg max{K}.

As larger the value of CCs, the better is the alternative V,(u = 1,2,...,m).
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4.4 Illustrative Examples

In order to demonstrate the above mentioned approach based on CCs, we present two

illustrative examples which are described as follows.

4.4.1 Example 1: Decision-making problem

An earthquake of 7.8 magnitude, also called as Gorkha earthquake, racked Nepal on 25
April 2015 at a depth of approximately 15km and lasted nearly fifty seconds and its epi-
center was about 21 miles east southest of Lamjung and 48 miles northwest of Kathmandu
and its focus was 9.3 miles underground and it destroyed thousands of houses across many
districts of the country with entire villages flattened especially near the epicenter. An
aftershock occurred on 12 May 2015 in Nepal which heightened the fears and tensions
among the affected people. The two earthquakes together resulted in many damages, eco-
nomic losses in almost 35 districts out of which 5 regions were severely affected namely:
V1 : Lalitpur, Vo : Kathmandu, V3 : Gorkha, V, : Bhaktapur and V5 : Makwanpur. An
earthquake relief camp decided to help victims of the earthquake in these five different
regions V,(u = 1,2,...,5) of the affected area with a different intensity of an earth-
quake. The panel decided that they will plan their budget by considering the four basic
needs of victims, considered as criterion, namely B (Food), B2 (Shelter), B3(Clothes) and
B4 (Medical requirements) and decided to allocate the budget firstly to the most affected
region so that by initial efforts only, a large strata of people get relief. The weight vector
corresponding to these basic needs is taken as ¢ = (0.30,0.25,0.15,0.30)7. Clearly, ac-
cording to the intensity of the earthquake, the basic needs of victims will be affected and
changed. The target of this problem is to find the most affected region out of Vi, Vs, ..., Vs
so as to allocate the proper budget and all the necessary facility to them. To achieve it,
we utilize the developed approach to rank the regions and the best one(s) can be found

by implementing the steps of the proposed approach as follows:

Step 1: Assume that an expert gives their preference in terms of maximum possible needs of
all the five regions over the each basic need B,(v = 1,2,3,4) as a CIFS. The rating

values of this set, denoted by V and called as a “reference set” in order to evaluate



Step 2:

Step 3a:

Step 3b:

Step 4:

71

the given five regions are summarized as below:

L [ (B107.09).(0.1,03) (82,(04.06), 05,0.2).
| (85, (05,0.5), (0.3,0.1)), (B4, (0.8,0.7), (0.2, 0.1))

An expert evaluates the each region V,(u = 1,2,...,5) individually and estimates
the requirements under the set of criteria B,(v = 1,2,3,4). Their rating values

towards each region is expressed in terms of CIFNs whose values are summarized as

follows.
B Bo By By
Vi (((0.6,0.7),(0.1,0.2)) ((0.9,0.8),(0.1,0.1)) ((0.5,0.4),(0.3,0.4)) ((0.6,0.4),(0.2,0.1))
Vo | ((0.4,0.2),(0.3,0.1))  ((0.5,0.3),(0.1,0.1)) ((0.6,0.4),(0.2,0.3)) ((0.8,0.6), (0.1,0.2))
M=y, ((0.7,0.7),(0.1,0.2))  ((0.4,0.6),(0.3,0.1)) ((0.7,0.7),(0.1,0.1))  ((0.6,0.5), (0.3,0.4))
Vi | ((0.7,0.6), (0.3,0.3))  ((0.4,0.9),(0.2,0.1)) ((0.7,0.7),(0.2,0.3)) ((0.5,0.3), (0.3,0.6))
Vs \((0.2,0.8), (0.5,0.1)) ((0.7,0.3),(0.3,0.3)) ((0.6,0.5),(0.1,0.3)) ((0.6,0.5),(0.3,0.4))

By applying the CC K; as given in Eq. (4.4) between the alternatives V,(u =
1,2,3,4,5) and the reference set V, we can obtain their measurement values as
K1(V1, V) = 0.8936, K1(Va, V) = 0.9068, K1(Vs,V) = 0.9424, K1(Vs, V) = 0.8830
and IC1(Vs5,V) = 0.8450. On the other hand, by utilizing the CC Ky given in Eq.
(4.5), their corresponding measurement values are o(V1,V) = 0.8722, Ko(Vo, V) =

0.7522, Ko(Vs, V) = 0.9316, K2(V4, V) = 0.8228 and Ka(Vs, V) = 0.8251.

If we assign the weight vector ¢ = (0.30,0.25,0.15,0.30)7 to the criteria, then by
utilizing a weighted CC K3 as given in Eq. (4.7) to compute the measurement values
between the alternatives V,(u = 1,2,...,5) and set V, we get Ks(V1,V) = 0.8965,
Ks(Va, V) = 0.9087, K3(V3, V) = 0.9439, K3(V4, V) = 0.8747 and K3(Vs5, V) = 0.8351.
Similarly, by using CC K4, we get their corresponding results are K4(V1, V) = 0.8920,
(Vs,V)

Ka(V2,V) = 0.7379, K4 (V3,V) = 0.9299, K4(V4, V) = 0.8429 and K4(Vs5, V) = 0.8058.

From these computed measurement values, we conclude that the ranking order of
the regions V,(u = 1,2,...,5) is V3 = Vo = Vi > V4 = V5, where “>" stands for
“preferred to” when K1 CC index has been used while V3 = V; = V5 = V4 = V5 when

K2 index has been used. Similarly, the ranking order of the region by considering
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the weight factor into the account is V3 = Vo = Vi = V4 = Vs and V3 = V| >
V4 = Vs = Vs respectively, when either the CC K3 or K4 is utilized. It is observed
from this analysis that the ranking order of the region is different for the different
indices. However, the best alternative i.e., the most affected area remains same (V)
while the worst changes according to the optimistic to pessimistic behavior. Hence,
based on the behavior of the decision makers’ toward the ranking order related to
optimistic and pessimistic behavior, they can choose the desired one accordingly. For
instance, related to an optimistic decision makers behavior, they tend to prefer V,
over V5 due to ranking order V; > V5 while for pessimistic attitude choice towards
the region, they tend to choose Vs over V; regions to allocate the funds due to
V5 = V4. Therefore, based on the attitude behavioral characteristic of the decision

maker, they can use the best and worst region to allocate the budget.

4.4.2 Example 2: Medical Diagnosis

Consider the medical diagnosis problem as stated in Example 3.3.2 of Chapter 3. The

target of this decision-making problem is to diagnose the disease of the patient 3 among

Vi, Vo, V3, V4. For it, we utilized the steps of the proposed approach to obtain the suitable

ranking of the diagnoses and are summarized as follows:

Step 1:

Step 2:

The patient B is treated as a reference set and expert gave their preferences with

respect to all the symptoms as:
(s1,(0.8,0.6), (0.1,0.2)), (s2, (0.9,0.7), (0.1.0.2)) ,
(s3,(0.7,0.8), (0.2,0.1)), (54, (0.6,0.5), (0.2, 0.4))
The rating values of each diagnosis V,,(u = 1,2, 3,4) are expressed by a doctor (called

as an expert) under the set of symptoms s,(v = 1,2,3,4) and are summarized as a

complex intuitionistic fuzzy decision matrix M as

S1 S9 S3 S4

Vi /((0.8,0.7),(0.1,0.2)) ((0.9,0.6),(0.1,0.2)) ((0.7,0.8),(0.2,0.1)) ((0.8,0.7),(0.2,0.1))

M= V2| ((06,04),(0.1,05) ((0.4,0.9),(0.5,0.1)) ((0.5,0.5),(0.3,0.3)) ((0.4,0.9),(0.5,0.1))
Vs | ((0.3,0.8),(0.3,0.1))  ((0.8,0.3),(0.1,0.6)) ((0.7,0.6),(0.2,0.2)) ((0.2,0.7),(0.8,0.2))

Vi \((0.5,0.3), (0.4,0.6)) ((0.3,0.1),(0.6,0.3)) ((0.8,0.3),(0.1,0.5)) ((0.1,0.3),(0.6,0.5))
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Step 3a: By applying the CC K; between the set V,(u = 1,2,3,4) and the patient B,
we get their measurement values are i (Vq,B) = 0.9800, K£1(Ve,P) = 0.8582,
K1(Vs,B) = 0.8446 and K1 (V4,P) = 0.7037. On the other hand, by using CC Ky,
then these values are Ko(V1,B) = 0.9412, Ko(Vo,B) = 0.8109, K3(Vs,P) = 0.8132
and K4(V4,B) = 0.5923.

Step 3b: If we assign the weightage to the set of symptoms s, (v = 1,2,3,4) as £ = (0.30, 0.20,
0.10, 0.40)” then the measurement values by CCs K3 and K4 are K3(V1,B) = 0.9696,
K3(Va,B) = 0.8486, K3(V3,B) = 0.8008, K3(V4,B) = 0.6980 and Ky4(V1,P) =
0.9015, K4(Va, P) = 0.8433, Ky4(V3,P) = 0.7935, K4(V4,P) = 0.5969.

Step 4: Based on the optimal values of the diseases, we conclude that its ranking order is
V1 = Vo = V3 = V4 when the K1 CC index has been used, while V; > V3 = Vo = V)
when Ky index has been used. From this analysis, it is concluded that the patient
B suffer from the Vi diseases. Further, from these ranking orders, we observe that
when decision maker utilize the X1 CC by keeping his mind towards the optimistic
view, then the second most diseases affected to the patient is Vo. On the other hand,
if decision makers attitude towards the diseases is pessimistic in nature, they will
tend towards Vs be the second most diseases affected to the patient 3. Similarly,
we get the ranking order of the diseases affected to the patient corresponding to the

utilization of K3 and K4 as V1 = Vo = V3 = V4.

4.5 Comparative analysis

In this section, we compare the performance of the proposed measures with some of the
existing approaches under the CIFS as well as IFS environment. The detailed analysis of

the above considered examples is explained as below.

4.5.1 Comparative studies of Example 1 under CIFS environment

In order to compare the proposed approach results with some of the existing approaches
[6, 129] under the CIFS environment, an analysis has been conducted for the considered

data. The results corresponding to these approaches are summarized as follows:
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(i) If we utilize the distance measure, denoted by Dj, as proposed by Alkouri and Salleh
[6] to the considered data, then corresponding to each region the measurement values
from the reference set V are Dy(V1,V) = 0.1817, D1(Ve,V) = 0.1917, D1(Vs,V) =
0.1400, D1 (V4, V) = 0.2167 and D;(Vs5,V) = 0.2600. Since D1 (Vs,V) < D1(V1,V) <
D1(V2,V) < D1(V4, V) < D1(Vs5, V) and hence the ranking order of the given regions
is V3 = V1 = Vo = V4 = V5. Thus, it has been computed that that V3 is the most

affected region.

(ii) If we utilize the weighted Euclidean distance measure, denoted by Ds, as defined
by Rani and Garg [129] to the considered problem, then the measurement values of
each region are computed as Da(V1,V) = 0.1871, Dy(Va,V) = 0.1803, D2 (V3,V) =
0.1374, Dy(V4, V) = 0.2086 and Do (Vs, V) = 0.2225. Since Dy(V3,V) < Da(Va, V) <
Do(V1,V) < Da(V4,V) < Do(Vs,V) and hence ranking order of the region is Vs >

Vo = V1 = V4 = V5. Therefore, we conclude that Vs is again the most affected region.

From these comparative studies, it is concluded that the best region obtained from the
proposed measure coincides with the existing measures and hence it validate the feasibility

of the approach under the CIFS environment.

4.5.2 Comparative studies of Example 1 under IFS environment

In order to compare the proposed approach results with the results obtained under IFSs
environment, we conducted an analysis by executing some of the existing approaches
[100, 109, 197, 207] to the considered data. Since IFS is a special case of the CIFS, so we
firstly convert the CIFS environment data into the IF'S environment data by setting phase
term corresponding to each criteria to 0 in every CIFN. Then, based on these existing
approaches, we conduct the following analysis to compute the most affected region(s)

under the IFS environment.

(i) If we apply the CC, denoted by K/, as defined by Zeng and Li [207] to the considered
problem, then we get the measurement value of each region is K} (V1,V) = 0.8740,

Kh(Va, V) = 0.8874, K, (Vs, V) = 0.9442, K, (Vy, V) = 0.8822 and K} (Vs, V) = 0.8262.



(i)

(iii)

(iv)
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Since K1 (Vs,V) > Ki(Va,V) > K\(V4, V) > K{(V1,V) > Kj(V5,V) and hence we

conclude that V5 is the most affected region.

If we apply the CC, denoted by K, as defined by Ye [197] on the reduced data, then
we get KL(V1,V) = 0.8808, Ky(Va, V) = 0.9106, K5(Vs,V) = 0.9551, KL(Vy, V) =
0.9246 and KL(Vs,V) = 0.8250. Since, Ky(V3, V) > KL(Vy,V) > KL(V2,V) >
K5(V1, V) > K5(Vs, V) and hence ranking order is Vs = V4 = Vo = Vi = V5. Thus,
we conclude that V3 is the most affected region which coincides with the proposed

one.

If we utilize CC (K%) as presented by Liu et al. [100], then the corresponding indices to
each region are computed as K5(Vi, V) = —0.4603, K5(V2, V) = 0.0000, K5(Vs3, V) =
0.5198, K4 (V41, V) = 0.1143 and K4 (Vs, V) = —0.6336. Since, K4(Vs, V) > K4 (Vi, V) >
Ki(V2,V) > Ki(V1,V) > K5(Vs,V) and hence again the most affected region is Vs

and it coincides with the proposed measure results.

By utilizing the similarity measure [109], denoted by K, on the considered data,
we get their measurement values are K)(V1,V) = 0.8221, Kj(V,,V) = 0.8527,
Ky (Vs, V) = 0.8827, K, (V4, V) = 0.8492 and K/, (V5,V) = 0.7562. From it, we get the
ranking order of the regions is V3 = Vo = V4 = V1 > V5 and hence we conclude that

the most affected region is again Vs.

Thus, from this analysis, it has been clearly seen that the results computed by the existing

approaches coincides with the proposed one and hence it supports the proposed results.

4.5.3 Comparative studies of Example 2 under CIFS environment

To compare the performance of the proposed approach with some of the existing ap-

proaches under the CIFSs environment, an analysis has been done and their results are

summarized as follows.

(i)

By applying the approach of Alkouri and Salleh [6] using distance measures, denoted
by D; to the considered data, we get the measurement values of each disease as

Di1(V1,B) = 0.0967, D1(Vo,B) = 0.2717, D1(V3,P) = 0.2867 and D1 (V4,B) =
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(i)

0.3550. From these values, we observed that Dy (V1,R) < D1(V2,P) < D1(V5,B) <
D1 (V4,B) and hence conclude that the patient B suffers from disease V.

By utilizing the distance measure (D3) as proposed by Rani and Garg [129] to the
considered problem, then the measurement values for each disease are computed
as Do(V1,B) = 0.1194, Do (Vo,P) = 0.2291, Dy(Vs,B) = 0.2669 and Dao(V4,B) =
0.3004. Since measurement value of V; is minimum among all these and hence
we conclude that patient B suffers from disease V; which again coincides with the

proposed measure results.

4.5.4 Comparative studies of Example 2 under IFS environment

In order to validate the efficiency of the proposed approach under the IFS environment,

we conducted an analysis based on some of the existing CCs [100, 109, 197, 207]. The

results corresponding to its are summarized as follows.

(i)

(i)

(iii)

If we utilize CC (K) as proposed by Zeng and Li [207], then their measurement
values for each diagnosis are summarized as K} (V1,P) = 0.9856, K} (Vz,PB) = 0.8461,
K1 (Vs,B) = 0.7959 and K| (V4,P) = 0.7258. From it, we conclude that £ (Vi,B) >
KL (V2,B) > KL (Vs,B) > K} (Vy,B) and hence the patient B suffers from disease V.

By applying the CC(K}) as defined by Ye [197] to the considered data then we
get KK4(V1,B) = 0.9912, Ky(Va, B) = 0.8585, Ky(Vs, B) = 0.7265 and Ky(Vy,P) =
0.6645. Thus K5(V1,B) > KL(Va, B) > KL(Vs, B) > K5 (Vy,B). From it, we conclude

that patient P suffers from disease V.

If we apply the CC(K}) as proposed by Liu et al. [100] to the data, then the measure-
ment values are obtained as K(V1,P) = 0.8485, K5(V2, P) = 0.1907, K5(Vs3,B) =
0.6608 and K4(Vi,B) = —0.0690. Thus K4V, %B) > K4(Vs, %) > K400, %) >
K4 (Va, ) which implies that the ranking order of V,(p = 1,2,3,4) is Vi > V3 >

Vs = V4. From it, we conclude that patient P suffers from disease V.

On applying the similarity measure (K)) as defined by Luo and Ren [109] on the con-
sidered information, then we get K, (V1,B) = 0.9642, K, (V2, B) = 0.7394, K, (V5,B) =
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0.7725 and K, (Vy, P) = 0.6538. As, Ky(V1,P) > K,(Vs,B) > K4(Vo, B) > K, (Vi, B)

and hence we conclude that patient 3 suffers from disease V.

Thus, from the above analysis, it has been seen that results computed by the proposed

approach coincides with the existing approaches which validates the feasibility of the

proposed approach.

4.5.5 Advantages of the proposed approach

From the existing studies and the proposed measures, we address the following merits of

the proposed method to solve the decision-making problem under the CIFS environment.

(i)

(iii)

A CIFS is a generalization of the existing studies such as CFSs [128], IFSs [10],
FSs [206] by considering much more information related to an object during the
process and to handle the two-dimensional information in a single set. For in-
stance, CIFS contains information (both the membership and non-membership de-
grees are complex valued) with amplitude and phase terms than the CFS (contains
only complex valued membership degree), IFS (with a real-valued membership and
non-membership degrees and only considered amplitude term), FS (with only crisp
membership degrees with amplitude term only). Thus, the proposed CCs under
CIFSs environment are more generalized than the existing CCs [8, 19, 45, 48, 50, 63,
79, 85, 100, 109, 197, 207].

It is revealed from the present study that the CCs under IFSs, FSs [8, 19, 45, 48,
50, 63, 79, 85, 100, 109, 197, 207] are the special cases of the proposed measures.
Thus, the proposed CCs can be equivalently utilized to solve the MCDM problem
under these existing environment by setting phase term to be zero while the exist-
ing measures [19, 48, 63, 85, 197, 207] are unable to solve the problems under the

environment considered in the present chapter.

The major advantages of the proposed decision-making approach are to consider the
much more information to the alternative to reduce the information loss. Further,

the CCs based on the optimistic and pessimistic with or without weighting factor will
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help the decision maker to select the best alternative(s) more accurately. In other
words, we can say that the proposed CCs will give the various choices to the decision
makers based on their optimists and pessimists behavior towards the decision-making

process.

4.6 Conclusion

The main contribution of this chapter is outlined as follows:

)

An attempt has been made to present different kinds of the CCs for decision-making
process under the CIFS environment. Various CCs have been already defined under the
IF'Ss environment in the literature where the range of their corresponding membership
and non-membership degrees is the subset of the real numbers. But this condition has
been relaxed in the present chapter by considering the CIFSs where the ranges of the
membership degrees are extended from the real numbers to the complex numbers with

the unit disc.

CIFS environment models the information in a better way for time-periodic problems
and has the ability to handle two-dimensional information in the single set. Besides
this, if we set phase terms in the proposed measures equal to zero, then the presented

measures can be applied on IFS data as well.

A decision-making approach is presented to find the best alternative in the CIFSs en-
vironment. Two numerical examples are taken for illustrating the developed approach
and their results are compared with some of the existing correlation measures to show
the validity of it. From the studies, we conclude that the proposed approach can
be efficiently used in decision-making problems where two-dimensional information is
clubbed in a single set. Also, it is observed that the existing correlation measures under

the IFSs environment can be taken as a special case of the proposed measure.



Chapter 5

Some results on information
measures for complex
intuitionistic fuzzy sets

In this chapter, we introduce some novel formulae of information measures (similarity
measures, distance measures, entropy and inclusion measures) and discuss the transfor-
mation relationships among them. To demonstrate the efficiency of the proposed similarity
measures, we apply it to pattern recognition problem and a detailed comparative analysis
is conducted with some of the existing measures. Further, algorithms based on proposed
measures are developed for handing multi-criteria decision-making problems and their
working is illustrated with the help of an example. Besides this, the practicality of the
proposed similarity measure is demonstrated by developing a clustering algorithm under

CIFS environment.

5.1 Introduction

The detailed literature review on various information measures has been done in Sections
1.1.1, 1.1.2 of Chapter 1. From the existing literature, it can be worth noticed that
similarity, distance, entropy and inclusion measures are important tools for measuring

the uncertainty associated with F'S and IFS. Similarity measure and distance measure are

The content of this chapter is published as “Some Results on Information measures for complex
intuitionistic fuzzy sets”, International Journal of Intelligent Systems, Wiley, 34(10): 2319 - 2363, 2019,
doi: 10.1002/int.22127 (SCI: Impact Factor: 8.709).
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functions that give the degree of similarity and discrimination respectively among two
objects. Entropy measure quantifies the degree of fuzziness or uncertain information and
the inclusion measure between two sets gives the extent to which a set is contained in
another set. All these measures of information have been extensively explored by many
researchers and scholars as vital topics. For instance, Szmidt [139] presented distance
and similarity measures for IFSs and applied them to various DM problems. Shen et al.
[133] proposed a novel distance measure and discussed its various properties and further
developed a technique for order preference by similarity to ideal solution (TOPSIS) based
on the proposed measure. Ye [200] put forward two similarity measures based on cosine
functions and illustrated their effectiveness by comparing them with existing trigonometric
similarity measures. Song et al. [137] proposed a measure of similarity based on the
direct operation of the membership, non-membership and hesitation degrees of IFSs and
applied it to medical diagnosis problem. Garg and Kumar [56] defined the similarity
measures based on the connection numbers of the set pair analysis theory to solve the
decision making problems under the IFS environment. Szmidt and Kacprzyk [141] gave
the axiomatic definition of entropy measure under IFS theory based on the geometrical
interpretation of IFSs. Meng and Chen [113] proposed a novel entropy measure for IFSs
and presented a method to derive the similarity measure using entropy. Liu and Ren
[102] put forward a novel formula for entropy measure under IFS theory and based on it,
developed two methods for weight determination. Da-Zeng Tian and Zhong-Tang Yang
[32] proposed an exponential entropy for IFSs and verified its effectiveness by applying it
to an MCDM problem. Garg [48] presented improved cosine similarity measures for IFSs.
IFS theory deals with only one dimension at a time which results in information loss in
some instances. However, in real life, we come across complex natural phenomena where
it becomes essential to add the second dimension to the expression of membership and
non-membership grades. By introducing this second dimension, the complete information

can be projected in one set and hence, loss of information can be avoided.

The focus of this chapter is to present information measures such as similarity, distance,
entropy and inclusion measures under CIF environment for handling the multi-dimensional

complex data sets. Transformation relationships among proposed measures are also given.
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Furthermore, efforts have been put forth to solve DM problems by considering the multi-
dimensional complex data sets and a clustering algorithm is also developed. Because of the
discussed advantages of information measures and CIFSs, it is essential to develop infor-
mation measures under this environment for addressing those problems, which are either

impossible to handle or difficult to be handled with one-dimensional grades of membership.

5.2 Information Measures for CIFSs

In this section, we define some information measures such as similarity, distance, entropy
and inclusion measures under CIF environment and discuss their transformation relation-
ships. Throughout the chapter, we shall use the term ‘Crisp set’ for CIFS {(z, ({(x), w¢(x)),
(¥(z),wy(x))) : © € U} which satisfies ((z) = 0 or ¥(z) = 0 and w¢(x) = 0 or wy(x) =0
and ((z) +¥(x) =1, we(x) + wy(x) =1 for x € U. Also, we shall use ¥(U) as the set
of all non-zero and non-crisp CIFSs defined on finite universal set U = {x1,2,...,2,} in

this chapter.

5.2.1 Similarity Measures for CIFSs

Definition 5.2.1. For two sets C; and Cy € ¥(U), similarity measure S’ : ¥(U) x U(U) —

[0,1] is a real-valued function satisfying the following properties:
(P1) 0<8'(C1,C2) < 1

(P2) 8'(C1,C2) =1if Cy = Co;

(P3) S'(C1,Ca) = S'(C2,Ch);

(P4) If Cl C Cg C Cg then, Sl(cl,cfs) < S’(Cl,Cg) and 8/(61,C3) < S/(CQ,Cg) where
Cs € U (U).

Definition 5.2.2. For two CIFSs Ci = {(z, (¢1(x),w¢, (x)) , (V1(x), wy, (x))) : x € U} and
Co = {(z, (C2(x), we, (), (V2(x), wy,(x))) o €U} defined on U, we define a series of

similarity measures as follows:
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(mlm Gi(@s), Galaj)) + min (we, (25), we, () )

) +min (1 (x;), Y2 (x;)) + min (ws, (), wa, (x;))
S1(C1,C2) =

(5.1)

j=1 (max Ci(xy), Ca(xy)) + max (we, (), we, (25)) )

+ max (91 (), V2(z;)) + max (wy, (z;), wy, (z;))
(ii)
i min Cl $] Ga( ‘rj)) + min (wCl(xj)7wC2(xj))
7=1\ +min (91 (z;), 92(z;)) + min (we, (;), we,(z;))
S}(Cr, Ca) = (5.2)
(max N —— )

+maX 191 x] 792($j)) + max (wﬁl(xj%wﬁz(x'))

i
J=1
(i)
( min (Cl(x]) Co(w; ) + min (wgl(xj),wcz(:rj» )

)

zj),1— 02(1)) + min (1 —wy, (75),1— wqu(xj))
)

)

(5.3)
= (max (cl(x]) Galay) ) + max (we, (2, wes () )
+ max (1 d(zj),1 - 192(19)) + max (1 wy, (), 1 —w792(x]~)>
(iv)
Xn: ( min (Cl(m]-), {2(acj)) + min (“’Cl (w5), we, (TJ)) )
=1\ +min (1—91(x;),1—Y2(z;)) 4+ min (1 — wy, (z;),1 — wy,(z;
S1(C1,C2) = ' (1= 0o ) (1-vnte (o) (5.4)
i max (Cl(m C2($j)) + max (w@ (), wcz(ﬂﬁj))
J=1\ + max (1 —1(zy),1 - 192(9cj)) + max <1 —wy, (25),1 — w792(arj)>
(v)
n Ci(zj) = Calzj)| + Jwe, () — wey (4
Sé(Cth):l—ﬁZ [S1€) 2(z5)| + | a (@) ¢ (@) (5.5)
=1\ + |01(xj) — Da(zs)] + [wy, (7) — wo, (2;)]
(vi)
[ max[Cu(ws) = Calag)| + max fug, (25) — we, ()]
S(C1,Co) =1 — = (5.6)

+ max 101 () — D2(z;)| + max lwy, () — wy, (z5)]
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(vil)

[Cu(z5) = Ga(a))| + |we (25) — wey (7))

+ 91 (25) — D2(x5)| + lwo, (25) — wo, (5)]
SH(C1,Co) =1 — (5.7)

1C1(z) + Co(@))] + [we, (x5) + we, ()]

-

<
I
—

-

<
Il
—

+ |V1(25) + 02(2)| + [wo, (27) 4w, (25)]

Theorem 5.2.1. The similarity measures S, (r = 1,2,...,7) satisfy the following prop-

erties:

(P1) 0<S8/(C1,C2) <1

(P2) S.(C1,Co) =1if C1 =Cy;
(P3) S.(C1,C2) =S (Ca,C1);

(P4) If Cl g CQ Q Cg then, 57/,(61,63) § S{,(Cl,Cg) and S;(Cl,ckg) S S,’{,(CQ,C?,) where
Cl,CQ,Cg € \I’(U)

Proof. Since, the conditions (P1) — (P3) are straightforward for similarity measures S,
(r = 1,2,...,7). Therefore, we only prove the condition (P4) for similarity measures
Si, St and S, as for others this property can be proved similarly. For this, let C3 =
{(93, (Cg(:c),w<3 (:U)), (193(33),11}193(56))) 1 € U}. As C; € Cy C C3. It implies that (;(z;) <
Calzj) < G3(x)) 5 h(x)) = Va(zj) = P3(x5) and we, (5) < we, (25) < wey(w5) 5 wo, (25) =

W, (T5) = wy, (25)-

min (Cl (x] Ne (:Uj ) + min (wﬁ (xj)7 Wy (ZUJ))

) )

(—i—min (191(1']),792<$ )) +min( 91\ Lj ) wﬁQ(xj))
( )
(

(
max (C1(x;), Ca(x5)) + max (we, (25), we, (25))

+ max (191(1’]),192 wj)) + max (wﬁl( ) U)192(:Ilj))

. (Cl (z5) + Ya(z)) + we, (z;) + wy, (xj))
C(zj) + d(z)) + we, (z5) + wy, (25)
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and
min (Cl (xj), Cg(:Ej)) + min (wa (), we (:UJ))

S!(C1,C) 1 + min (191(:L‘j),l93(33j)) + min (wgl(xj),w§3(xj))
1(C1,C3) = — E
" max (Cl(xj), Qg(xj)) + max (wg1 (), we, (x]))

+ max (291(35]'), 193(33])) + max (wﬁ1 (l‘j)v Wy (35]))

= 72 <C1 ) + U3( x])+w41(xj)+wﬁ3($J)>
G(x)) +V1(z5) + we () + w, (25)

As J3(z5) < a(w)) 5 woy(xs) < wy,(x5) and G(x)) < C3(x5) 5 we,(5) < wey ().

Therefore, S7(C1,C3) < 8{(C1,C2). Similarly, we can obtain that S7(C1,C3) < 81(C2,Cs).
(v) C1 € Ca € Cs gives |Ci(z;) — G(z))] < [Culmy) — Calx))| 5 [P1(xy) —P2(x))] < [I1(zs) —

J3(x5)| and [we, (25) —we, (75)] < |we, (25) —wey (25)] 5 Jwa, (25) —we, (75)] < |wy, (25)—

wy,(x;)]. Therefore,

Sh(C1,C3) Ly 1C1 () — Ca(@y)| + |we, (z5) — we, ()]
5\L1, L3 = - —

j=1 \ +[1(z)) — Is(z))| + |wo, (z;) — wy(x5)]

"G () = Galz))] + |we, (75) — we, (25)]
i=1 \ + [91(z)) — Da(zj)| + |wy, (77) — wo, (x)]
= 85(C1,Co)

I
—
|
F -
g

Hence, S§(C1,C3) < SE(C1,C2). In the similar manner, it can be proved that S (Ci,Cs) <
SL(Ca,Cy).

(vii) We have,

+ [91(x5) — D2(x))| + [we, (25) — wo, (75)] + 91 (25) — I3(25)] + [wo, (25) — we, ()]

(Q@ﬁ@@ﬂ+t%@wwd%) )<:(Q@ﬂ@@ﬁ+um@ﬂw4%) )

1 1
<
C@w><wm+mdw)wam ) (Q%&Cﬁﬂ+@d%)wd%) )

+ [91(z5) = Is3(x))] + [we, (T5) — wo, (75)] + [91(z5) — D2(2s)| + |we, (25) — wo, ()]

=
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2% (Cl (@) +93(z;5)+ <w<1 (z5)+twyg (z; ))) 2x <C1 (z5)+92(z;)+ (wcl (z5)+wyy (Z;)) >

N (cluj) = Golay)| + gy () — iy ()] j - (|<1<xj> = Galay)| + gy () = iy ()] )
+ [0 () = D3(j)] + |w, (x7) — way ()] + [01(25) — D2 (25)| + [wy, (z5) — wo, ()]
N 2><<(1(z1)+193(z1 we, () +wpy ( zj> s 2><<§1(z;)+792(z7 we, () 1wy ( zj>
(1) — Galig)| + g, () — gy ()] C1(a3) — Cola) + gy () — gy ()]
(+|’91(Ij)193(3fj)|+|wv91($;) W, ()] (+191($j)192(13j)|+wﬂ1(%) wy, (z;)]
(Cl(%‘) + G(@))] + |we, (25) + weg ()] (ICl(fﬂj) + Ga())] + |we, (25) + we, ()]
oAt [01(j) + Va(@))| + [woy (2)) + wos (@) ]\ + [00(5) + Da(5)] + [wa, (25) + way (2;)]
|Gu(z5) = CGa(a))| + |we, () — we, ()] G (z5) — Caa))| + |w, () — we, ()]
( + [0 () — D3(5)] + [w, (2) — wo, ()] ( (

+ [91(z5) — Da(xj)] + [we, (25) — wo, ()]

[C1(x5) — Ga(@)| + |we, (z5) — wey ()] [C1(x)) — Galzj)| + |we, (z5) — we, (w5)]
o + [1(z5) — Vs(x5)| + |wo, (T5) — wo, ()] 1 + [F1(z5) — D2(@5)] + [wo, (T5) — wo, (5)]

G (25) + Caas)] + |we, (@) + we, (25)] [G(5) + Calay)| + we, (25) + we, (25)]

+ [U1(;) + I3(x5)| + |wo, (T5) + wo, ()] + [91(25) + V2(25)] + |we, (25) + wa, (z5)]

Hence, 84(C1,C3) < S4(C1,C2). Similarly, we can prove that S7(C1,Cs) < Sh(Ce,Cs).

O]

Further, we observe that these proposed similarity measures satisfy certain properties

which are discussed as follows:

Property 5.2.1. For C;,Co € U(U) and r =1,2,...7, we have
(i) §/(C1,C5) = Si(CT,Ca) , 7 # 3,45
(ii) §.(CT,C5) = Si(C1,Ca) , 7 # 3,4

(iii) S.(C1NCa,C1UCs) = S/(Cq,Ca).

Proof. Here we prove the part (i) only, while others can be proved similarly. For this,
let C1 = {(z, (C1(z), we, (), (Vi (z) ,wy,(x))) : @ € U} and C; = {(z, (C2(x), we, (),
(V2(x), wy,(2))) : w €U},

(i) By using similarity measure S, defined in Eq. (5.1), we have
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min (G (x5), Ya(x;)) + min (we, (2;), wa, (x;))

n min (V1(x;), C2(x; min (wy, (), we, (x5
SICLCE) — +min (91 (2;), G2 (x;)) + min (wo, (25), we, (x;))

S

i=1 [ max ({1 (z)), ¥2(z5)) + max (we, (), we, (z5))

+ max (75‘1 (xj), C2($])) + max (w% (xj)v W, (xj))
= ‘S{( f?CQ)

Hence, S1(C1,CS5) = S{(C$,C2). Similarly, we can obtain that S.(C1,CS) = S.(C§,C2)
forr=2,5,6,7.

Property 5.2.2. For C;,Cy € U(U) and r = 5,6, we have
(i) 8.(C1,C1UCq) = S/(C2,C1 NCo);
(ii) Sp(C1,C1NC2) = 81(C2,C1UC);
(iif) S.(C1,C1 @ Ca) = SL(Ca,C1 @ Ca);
(iv) S.(C1,C1 ®@Cq) = S).(Ca,C1 & Ca).
Proof. Here we prove the parts (i) and (iii) only, while others can be proved similarly.

(i) Let Gy = {(=, (Ci(z), we, (@), (91(2), wy, (%)) : & €U} and C = {(z, (Ca(z), we, (2)),
(192 (), wy, (a:))) ‘T € Z/I}. Now, by using similarity measure Sf, defined in Eq. (5.5),

we obtain

Sé(Cl,Cl UCQ)
1 i |C1(5) — max (1 (), Ga()) | + |we, (x5) — max (we, (x;), we, (z5)) |
=1\ [0(ag) — min (91(x5), 9a(x))) | + [ws, (25) — min (wg, (25), w, (2;))|

([ [min (0, G (z5) — Ca(a))) | + | min (0, we, (25) — we, (7)) |

j=1 \ + | max (O, Vi(zj) — 192(a:j))| + } max (O,wg1 () — wy, (x]))|



87

and

Sé(CQ, CiN CQ)

‘CQ(mj) — min (Cl(‘rj) (2 Jjj | + |wCz xj) — min (wél(x]')vaz(m]')”
A\ 4 [Da(ay) — max (91 (25), 9a(a)) | + |way (27) — max (wg, (2;), woy (7)) |
| max (O, Golzxj) — Ql(m]))| + | max (O, we, () — we, (:cj))|

j=1 \ 4+ |min (0,92(z;) — 91(x;))| + | min (0, wy, (x;) — wy, (z;))]

" [ | min (0, ¢u(z5) — Co(w;)) | + [ min (0, we, (z5) — we, (x5))|

j=1 \ + |max (0,91(z;) — da(z;))| + | max (0, wy, (x;) — wy,(z;))]|
= Sé(cl, CiU Cg)

Hence, S5(C1,C1UCs) = SE(Ca,C1NC2). Similarly, we can obtain that Sg(Ci,C1UC2) =
8(/)-(02, CinN CQ)

(iii) Again, by using Eq. (5.5), we obtain

Sé(cl7C1 D CQ)
Giw5) = (Gilay) + Galy) = ol Calay)

+ ’191(17) = 191(931')792(%)‘

1 n
= %Z

=+ Jwe () — (wey (75) + wey (25) — wey (T5)we, (25))]
+ Jwy, (7)) — we, (x5)wo, (z;)]
L 41712”: ‘Cz(l’j)(l - Cl(xj))’ + |01 () (1 - 192(%‘))’
i=1 \ + (lwg, (25) (1 — we, (25))] + |wo, (25) (1 — we, (25))])

and S%(Cz2,C1C2)

[Go()) = Gila)Galay) |+

‘ﬁg(xj) — (W1(xj) + Y2(xj) — V1 (zj)02(x5))

3

£~
<.
ﬂ‘

+ |we, (25) — we, (25)we, ()]

+ [wg, (25) — (W, (T5) + wo, (T5) — wo, (T5)we, (25))]
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1 n ’Cg xj 1 — Ci(zj) ‘ + ‘791(%)(1 — 192(%)))

=\ 4 (Jwey (25) (1 = we, (24))] + |wo, (27) (1 — wg, (5))])

= 85 C1,Cq @Cg)

Hence, S§(C1,C18C2) = Si(C2,C1®Cy). Similarly, we can obtain that S§(Cq,C1BC2) =
Sé(CQ,Cl & Cg).

O]

Next, we propose a novel CIF exponential similarity measure and discuss some of its

properties as follows:

Definition 5.2.3. For two CIFSs C; = {(z, (¢1(z), we, (), (91(x), w, ())) : €U} and
Co = {(z, (o(2), we, (2)), (V2(x), wy,(x))) : @ € U} defined on U, we define the exponen-

tial similarity measure as follows:

Ky (Cl, Co)

B " (1= tene)) exp (45(C1,2)) + (14 5(C1,Co) ) exp ( ~ 11, C2) )
I o) 2= ( .

]:1 (1 — 55(C1, Cg)) exp (Sj(cl,CQ)) + (1 + Sj(Cl,C2)> exp ( —55(C1,Ca

where t;(C1,C2) = ((Cl(a:j)C2(xj))2(191(x]~)192(:pj))> and

(W<1 (x5)—we, (fﬁj)) - (wﬂl (x5)—wo, (Ij))

5i(C1,Co) = 5 ) Also from the defining of ¢; and s;,

it is evident that tj(Cl,CQ) = —tj(CQ,Cl) and Sj(cl,CQ) = —Sj(CQ,Cl).

7N

Lemma 5.2.1. Let f(y) = (1 —y)exp(y) + (1 + y)exp(—y) — 2exp(—1) be a function,
where y € [—1,1]. Then,
0<f(y) <2—2exp(-1)

Proof. Since f(y) = (1 —y)exp(y) + (1 + y) exp(—y) — 2exp(—1). It gives that f'(y) =
—y(exp(y) + exp(—y)) which follows that f(y) is increasing in [—1,0] and decreasing in
[0,1]. Therefore, when y € [—1,0], f(—1) < f(y) < f(0) i.e, 0 < f(y) < 2 —2exp(—1)
and similarly for y € [0,1], f(1) < f(y) < f(0) i.e, 0 < f(y) < 2 —2exp(—1). Hence, for
y € [-1,1], we have 0 < f(y) < 2 —2exp(—1).
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Lemma 5.2.2. For y € [-1,0] , the functions fi(y) = (1 —y)exp(y) and fo(y) =

(14 y) exp(—y) are increasing functions.

Proof. Since fi1(y) = (1 —y)exp(y). For y € [-1,0], f{(y) = —yexp(y) > 0 which gives
that fi(y) is an increasing function. Similarly, we can prove that fa(y) is an increasing

function for y € [—1,0]. O
Theorem 5.2.2. The similarity measure S§ satisfies the following properties:

(P1) 0 <S84(C1,C0) <1

(P2) 84(C1,C2) =11if C = Cy;

(P3) S§(C1,C2) = S3(Ca, Ca);

(P4) If Cl g Cz g C3 then, Sé(cl,Cz),) S Sé(cl,CQ) and Sé(Cl,Cg) S Sé(CQ,Cg) where
C1,Co,C5 € \I/(Z/{)

Proof. Let Cs = { (=, ((3(x), we, (%)), (93(2), we, (2))) : x €U},

(i) Since 0 < (i(z5), Ca(xj), V1(zj), ¥2(x;) < 1. It implies that —1 < (1 (x5) — Ca(xj) < 1;
-1 < Wi(z;) — Y2(z;) < 1 which gives that —2 < (¢i(zj) — Co(xy)) — (Vi(z;) —
192(wj)) < 2 and hence, —1 < t;(C1,C2) < 1. Similarly, we can prove that, —1 <
5j(C1,C2) < 1. Then, by using the above Lemma 5.2.1, we obtain that 0 < (1 —
t; 01,02)) exp( (C1,Cs ) (1 +tj(cl,<32)) exp ( - tj(cl,cg)) ~2exp(—1) < 2 —
2exp(—1)and 0 < (1 s (Cl,C2)> exp <5j(C1,C2))+<1+5j(C1,C2)> exp (—Sj(Cl,Cg))—
2exp(—1) < 2—2exp(—1) which gives that 0 < (1 tj (Cl,Cg)> exp (tj(Cl,Cg))—i—(l—i—
£:(C1, Co )e ( t; 01,62)) (1—sj(cl,<22)) exp (sj(cl,02))+<1+sj(cl,cz)) exp (—
5j(C1,Co ) —4dexp(—1) <4 —4exp(—1). Hence, 0 < 8(C1,C2) < 1.

(ii) For C1 = Co, we have (i(x;) = C(zy), i(x;) = Va(xy), we, (v5) = we,(x;) and
wy, (xj) = wy,(x;) for all j which gives that ¢;(C1,C2), s;(C1,C2) = 0. It implies that
S4(C1,C) = 1.

(iii) It is obvious.
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(iV) Since C;1 € Co C Cz. It implies that Cl(xj) < CQ(.%']') < Cg(.%'j) and 191(1'3‘)
Yo(z;) > ¥3(x;) which gives that (i(z;) — (3(xj) < Gi(zj) — Co(z;) < 0 and 0 <
191(1‘]') — ’192($j) < 191(56]') — ’ﬂg(mj). It follows that tj(cl,C3) < tj(Cl,Cg) < 0. Also,
t;(C1,Cs3),t;(C1,C2) > —1. Then, by using Lemma 5.2.2, we have
(1 — t]‘(cl,C3)) exp (tj(C1,63)> S (1 — t]—(Cl,Cg)) exp (tj(Cl,C2)> and
(14 15(C1,C8) ) exp (= 15(C1,Cs)) < (14 4(C1,Co) ) exp (= £5(C1,C2) ).

Similarly, we can prove that

v

A

(1= 5,(C1,Cs) ) exp (51(C1,€5)) < (1= 5,(C1,Ca) ) exp (51(C1,C2)) amd
(1+55C1.Ca) ) exp (= 55(C1,€8)) < (14 55(C1,C2) ) exp (= 55(C1,€2)).

Hence, S4(C1,Cs) < S4(C1,Ca). In the similar manner, we can obtain that S4(Cy, Cs) <
S4(Ca, C3).

O]

Based on the CIF exponential similarity measure S}, we propose two exponential

similarity measures under CIF environment as follows.

Definition 5.2.4. For C,Cs € ¥(U), we define exponential similarity measures as:

' _ SL(C1LC)
() 85(C1,Co) = 72562

i
eSs(C1,C2)—1_ -1
1—e 1

(ii) S10(C1,Co) =

Theorem 5.2.3. The CIF exponential similarity measures S, (r = 9,10) satisfy the

following properties:

(P1) 0<8/(C1,C2) <1

(P2) S.(C1,Ca) = 1if Cy = Co;
(P3) S.(C1,C2) = S,(C2,C1);

(P4) If Cl g CQ Q Cg then, 57/,(61,63) § S{,(Cl,Cg) and S;(Cl,Cg) S S,’{,(CQ,C?,) where
C1,C9,C5 € \I’(U)
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Proof. Tts proof follows from the Theorem 5.2.2. So, we omit here. O

Further, we analyze that these proposed exponential similarity measures also satisfy

certain properties which are explained as follows:

Property 5.2.3. For C;,Cy € U(U) and r = 8,9, 10, we have
(i) §.(C1,C5) = S1(C, Ca);
(i) S.(CP,C5) = 8i(Cr, Ca);

(iii) S.(C1,C1UC2) =8/ (Ce,C1 NCa);

(iv) S/(C1,C1NCe) = S (Ca,Cq U Co);
(v) S1(C1,C1 @ Ca) = S,(C2,C1 ® Ca);

(vi) 8/(C1,C1 ®Ca) = S).(Ca,C1 @ Ca).

Proof. Tt can be proved as similar to the Property 5.2.1 and Property 5.2.2. So, we omit
here. O

Besides this, we prove some more properties related to proposed exponential simi-
larity measures and for their proofs we consider two subsets U; and Us of universal set
Uas: Uy = {z; | Ci(x;) C Ca(xy)} and Uy = {z; | Ca(x;) € Ci(x;)} where Ci(z;) =
{5, (Culwg), wey (7)), (01(5), wa, (25))) } and Calwy) = {(25, (Ca(a), weu (25)), (V2(zy),
wo, (75))) }-

Property 5.2.4. Let Ci, Co and C3 € ¥(U). Suppose that for each z; € U, either
Ci(z;) C Ca(z;) or Co(xj) C Ci(xj). Then, for r = 8,9,10, we have

(i) S;(Cl UCy,C1 N Cg) = 87/"(61762);
(ii) S;(Cl U CQ,Cg) + S;(Cl N CQ,Cg) = S;(Cl,C;g) + S;(CQ,Cg);
(iii) S;(Cl U CQ,Cl) + S;(Cl N CQ,Cl) =1+ S;(Cl,(zg);

(iV) S;(Cl UCQ,CQ) —I-S;(Cl ﬁCQ,CQ) =1+ S;,(C]_,CQ).
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Proof. Let Cy = {(z, (¢1(2), we, (x)), (V1(z), wy, (2))) :z €U}, Co = {(z, (C(z), we, (2)),
(V2(x), wy,(2))) : 2 €U} and C3 = {(, ((3(x), we, (2)), (V3(x), w,(2))) : x €U}

(i) Using Eq. (5.8), we have

88<Cl UCy,C1 N CQ)
B Z (1 J(CLUCs,Cin Cz)) (12100 (1 +;(CLUC, N (22))e*‘ﬂ‘flu‘f%‘?l“‘f2>
o 4 (1 — e e

+ 1 —5;(CLUC,Cy ﬂCz))es’(clucz'cmCQ) + (1 +5;5(C1UC,C1 N CQ))GfSACIUCLCIﬁC?) -
o J(CLUC,Ci N Cz)) £3(CLUC2,C1C2) ( +1;(CLUCy, Cy ﬂCQ))@’iJ(ClUC%CmC?)
dn (1 —e” zjeul (1= 55(€1UC2, 01N C) )@ (14 55(C1 UG, €L N Cy) e OLANE) gt
+ 1 —t;(C1UCy,C1 N (22)) 4(€1UC2,C1NC2) | (1 +(C1UCs,C mCQ))e—t](CluCg.Cmcz)
4n (1 — e xje ) 55(C1 U Ca, Cy m@))psk,(cluacm@) + (1 +5,(C1 UG, C m@))fs,(clucg,clm@) _fel
1 (1 - tj(CQ,cl))e%‘(C?vCl) + (14 t5(Co,Cr) et
= (e ).%
zi€h \ 4 (1 _ Sj(cg’cl))esj'(CmCl) + (1 + Sj(c27cl))e—$]’(C2,CI) — 4o
n 1 (1 — t]‘(ChCQ))etJ(Cl’CQ) + (1 + tj(CbCQ))e_tj(cl’CQ)
An(] — o—1)
47’L(1 - ¢ )mjelez + (1 — Sj(ChCQ))esj(Cl’CQ) + (1 + 8j(C1,CQ))€_Sj(C1’CQ) — et
1 (1 + tj(017c2))€7tj(cl’cz) + (1 - tj(ChCz))@t](Cl’C?)
T (e )X
g€ \ 4 (14 5;(C1,C) e 0002 4 (1 — 5;(Cy,Cy) ) e (C1C2) — ge!
J J
1 (1= 1(C1,€2) )@ 4 (14 1(C1,Co) )
* 4n(l —e~1) 2
zi€la \ 4 (1 _ sj(cl’c2))€5j(clch) + (1 + 8]_(61702))6751(61,@) _ 4o
1 n [ (1= 85(1,€2) )@ 4 (1441, Co) e )
- 4n(1—e*1)-Z ae ac 1
=\ o+ (]. — Sj(C]7C2))€8j( 1,C2) + (]. + Sj(Cl,CQ))eisj( 1C2) _ ge™
= S§(C1,0)

Hence, S§(C1 UCq,C1NCy) = Sg(C1,C2). Similarly, we can obtain that S;.(C; UC2,Ci N
Ca) = S.(Cy,C2) for r =9,10.

(ii) Again, using Eq. (5.8) we have

Sé(cl UCQ,Cg Jr é C1 ﬂCQ,Cg

_ Z ( (1 —t; Cl @] Cz,Cg)) £(C1C2.C) + (1 +t; (C1 ] Cz,Cq)) £(C1UC2,Ca) )

le + 1_ 8_} cl UCQ7C‘3)) 5j(C1UC2,C3) + (1 + SJ(Cl U Co, 63)) —5;(C1UC2,C3) __ 4e1



93

1 zn: (1 — tj(01 ﬂCQ,Cg))etJ(ClmCQ’CB) + (1 + tj(Cl ﬂCQ,C3)>6_['J<ClmC2’C3)
+ a1 1)
dn(1—e1) i L (1= 550010, €0) ) e @) 4 (14 55(C1 NGy, ) )@ — gt
1 (1 — (Cl (@] Cz,CS))El’(CIUCZ’CS) + (1 + tj(Cl U CQ,Cg))PfLJ(ClUC?’CB)
47’L(1 — 6_1) ;€U + (1 _ Sj(cl UCZ7C3))SSJ‘(CIUC2,C3) + (1 + Sj(cl UC2’C3))€*SJ(CIUCZ‘C3) — 4ot
]_ (1 - tj (C] @] C2763)>6t~1<C1UC2’CS> + (1 + t,-(Cl U CQ, C3))€7tj(cluc2’03)
t AL |
An(l — e 1) ade | 1 (15,01 UCsCa) ) e @) 4 (14 5,(CyUC,Cs) )i (@as) _ 4ot
J J
1 (1 _ t'(C1 n Cz,Cg))etJ(CmCZ’CB) + (1 +1; (Cl n Cz,Cg)) e ti (€1NC2,C3)
T e o '
4TL(1 — € )zjeul + (1 _ Sj(cl ﬁcz.’cf{))esj(CmCz,Cx) + <1 + Sj(cl ﬂCz,Cg)) 6—8,(61062163) — e !
1 (1= 451 N€2,Ca) ) @) 4 (1445(C1 M€, Cs) )N
t oL |
4n(1 —€ )T’JEMQ + (1 — 8 (C1 N Cz,Cg))C'SJ(CIﬁCQ‘CS) + (1 + 55 (C] N CQ,Cg)) e 5i(C1NC2.Ca) _ g1
1 (1 — tj(62703))€tj(c2’c3) + (1 + tj(ngcg))e_tj(cz’cg’)
- —1
4n(1 — € )mjel/ﬁ + (1 _ Sj(CQ,Cg))esj(Cz’C?)) + (1 + Sj(CQ,Cg))e_Sj(CQ’C3) _ 46_1
1 (1 - tj(cl,CS))et](cl’CB) + (1 + tj(ChC:a))e*tj(C“CS)
* 4n(1 -1
n( —e€ )z]-euz 4 (1 — 8j(C1,C3))€Sj(C1’C3) + (1 + sj(ChCB))e*SJ(Chcs) — 4o !
| (1= 45(€1.€3)) O 4 (141,(C1.5) ) @)
+ 4n(1 -1 2
n(l—e™)ojdn + (1 - Sj(cl,ca))esj(cl’c‘“‘) + (1 + Sj(cl,cza))@fsj(cl’cﬁ —de!
1 (1= 15(C2:€3) )9 4 (14 15(Ca C3) 2%
Y e
471(1 -¢ )%61/{2 + (1 — Sj(CQ»Cg,))eSj(Cz’C?’) + (1 + Sj(CQ,Cg))@iSj(CQ’C“;) — 4671

= 84(C1,C3) + S§(Ca, Cs)

Hence, S§(Cq U Ca,C3) 4+ S5(C1 N Ca,C3) = S§(C1,C3) + S§(C2,C3). Similarly we can
obtain that S.(C; UCs,C3) + S.(C1 N Ca,C3) = S.(C1,C3) + S.(C2,C3) for r = 9, 10.

(iii) Replacing C3 by C; in the above part, we obtain S/.(C; UC2,C1) + S.(C1 NCa,C1) =
S;,(Cl, Cl)‘i‘S,;.(CQ,Cl) which gives that 87/”(61 UCs, C1)+37{<Cl NCy, Cl) = 1_“87{,(61,62).

(iv) Replacing C3 by Cs in the part (ii), we obtain S/.(C1 U C3,C2) + S..(C1 N Ca,Ca) =
S,C(Cl, CQ>+S,;.<CQ,C2) which gives that 87{((21 UCs, CQ)+S,,/,(Cl NCsy, Cg) = 1+87C(Cl,62).

O]

5.2.2 Distance Measures for CIFSs

Definition 5.2.5. [6] For C; and Cy € U(U), distance measure D : U(U) x U (U) — [0, 1]



94

is a real-valued function satisfying the following properties:
(P1) 0 <D(Cy,Co) < 1,

(P2) D(C1,C2) =0 if C1 = Co;

(P3) D(Cy,C2) = D(C2,C1);

(P4) If C4 C Cy C C3 then, D(Cl,C?)) > D(Cl,CQ) and D(Cl,C?)) > D(CQ,Cg) where C3 €
W(U).

Definition 5.2.6. For two CIFSs C1 = {(z, (¢1(2), w, (2)), (91(x), wy, (x))) : © € U} and
Co = {(z, (&2(x), we, (2)), (V2(z), wy,(x))) : @ € U} defined on U, we define a series of

distance measures as follows:

(i)
( min (G1 (), Co(a)) + min (we, (25), we () )
DiCrCy) =1 135 [ AT (91(2), Da(w;)) +min (wy, (27), w, (7)) (5.9)
J=1 ( max (C1(33j)> C2($j)) + max (wC1 (75), wey (ch))
+ max (191(381-), 192(963')) + max (71)191 (25); wo, (xﬂ))
(ii)
i min (Cl(xj), C2(m‘7)) -+ min (w§1 (xj)’ We, (xj))
DGy, o) — 1 — AT (01(25), Oa(a)) o+ min (wg, (), wauei))) oo
i max (Cl (mj), C2(xj)) + max (wC1 (Ij)7 W, (37]))
=t + max (ﬁl(a:j), 192(1’]‘)) + max (wﬂl (mj)v Wy, (xj))
(iii)

( min <C1($j)7 CQ(IJ)) + min (wa (), wcz(ﬂﬁj))
+ min (1 — V1 (zj5),1 — 192(ac]~)) + min (1 —wy, (x5), 1 — wy, (1]))
1 ( max <C1(:1:J-), Cg(wj)) + max (wgl (wj),wcz(:cj))

+ max (1 —V1(xj),1 — 192(:nj)) + max (1 —wy, (z5),1— ’10,92(:1;]-))

) (5.11)

s

D5(C1,C) =1- 1

n

J
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(iv)
‘. ( min (Gy(2;), Ga(a) ) +min (we, (2), we, () )
DACLC) =1 7'\ + min (1 — V1 (z5),1 192(xj)> + min (1 — wy, (z5),1— wﬂz(xj)> (5'12)
o [ (G020 o)) mae (e (). ()
"\ 4 max (1 —V1(zj),1— ﬁg(xj)> + max (1 — wy, (z5),1 - w,gz(xj)>
(v)
n CG(zj) — Calz))| + |we, (5) — we, (x5
Dy(Ca,Ca) = % |G (@5) — Galz))] + we, (5 ¢ (@) (5.13)
=1\ + V1(z)) — Da(x))| + |lwo, (z5) — wa, (25)]
(vi)
| [ max |Gi(z5) — Ca(xj)| + max lwe, (w5) — we, (x5)]
Dg(C1,C2) = + (5.14)
+ max [01(z5) — Do(zy)| + max [wy, () — wy, (x5)]
(vii)

1C1(z5) — Co(@))] + [we, (x5) — wey ()]

I=LN + 0(g) — D2()] + |we, (25) — wa, (25)]
D7(C1,Ca) = (5.15)

[Cu(25) + Ca(a))] + |we, (25) + wey ()]

IFEN |01 (g) + Dalay)| 4 Jwy, (25) + wy, ()]

Theorem 5.2.4. The distance measures D,(C1,C2) (r = 1,2,...,7) satisfy the following

properties:
(P1) 0 <D,(C1,C9) <1

(P2) D;(C1,C2) = 0if C1 = Co;
(P3) Dy(C1,C2) = Dy(C2,C1);

(P4) If C; € Cy C C3 then, D,(C1,C3) > D,(C1,C2) and D,(C1,C3) > D, (C2,C3) where
C1,C9,C5 € \I/(U)

Proof. 1t can be proved as similar to the Theorem 5.2.1. So, we omit here. O
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Further, we observe that these proposed distance measures satisfy the certain proper-

ties which are discussed as follows:
Property 5.2.5. For C;,Cy € U(U) and r = 1,2,...7, we have
(i) Dr(C1,CS) = Dy (CS,Ca) , m # 3,4;
(ii) Dy(CY,CS) = Dy (C1,Ca) , T # 3, 4;
(iii) D,(C1 NC2,C1 UC2) = Dy(Cq,Ca).
Proof. Tt can be proved as similar to the Property 5.2.1. So, we omit here. O
Property 5.2.6. For C1,Cy € ¥(U) and r = 5,6, we have
(i) Dy(C1,C1 UC2) = Dy (Co,C1 N Co);
(i) Dr(C1,C1 N C2) = Dr(C2,Cr U Co);
(iii) Dy (C1,C1 @ C2) = Dy (C2,C1 ® Ca);
(iv) Dy(C1,C1 ® C2) = Dy (C2,Cq & Ca).
Proof. It can be obtained as similar to the Property 5.2.2. So, we omit here. O

Next, we define exponential distance measures under CIF theory and discuss some of

its properties as follows:

Definition 5.2.7. For two CIFSs C1 = {(z, (¢1(2), w¢, (2)), (91(x), wy, (x))) : & € U} and
Co = {(z, (C2(x), we, (), (Y2(x), wy,(x))) : = € U} defined on U, we define the exponen-

tial distance measure as follows:

Dg(Cy,C2)

_ v N (1 - tj(ChC?)> exp (tj(CbC?)) - (1 * tj(cl’&)) o ( - tj(CI7CQ)> (5.16)
=1\ — (1 - Sj(ChCQ)) exp (Sj (C17C2)> - (1 + SJ’(ChC?)) xp ( T (CLCZ))

dn(1 —e 1) :

where t;(Cq1,C2) and s;(Cy,Cq) are same as defined in Definition 5.2.3.

Theorem 5.2.5. The CIF exponential distance measure Dg satisfies the following prop-

erties:
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(P1) 0 < Dg(C1,Co) < 1
(P2) Dg(C1,Ca) = 0if C1 = Co;
(P3) Dg(cl,CQ) = DS(CQ,CI)§

(P4) If C1 € C2 C C3 then, Dg(C1,C3) > Ds(C1,C2) and Ds(C1,C3) > Ds(C2,C3) where
C1,C9,C5 € \I’(U)

Proof. It can be proved in the similar manner as Theorem 5.2.2. So, we omit here. O

Based on the proposed CIF exponential distance measure Dg, we introduce two expo-

nential distance measures as follows:

Definition 5.2.8. For C;,Cy € ¥(U), we define two exponential distance measures as:
: _ 2Ds(C1,Co) .
(i) Do(C1,Co) = 228G,

(ii) Dio(Cy,Cp) = L= 20

1—e1

Theorem 5.2.6. The CIF exponential distance measures D, (r = 9,10) satisfy the fol-

lowing properties:

(P1) 0 <D, (C1,Co) < 1;

(P2) D,(C1,C2) = 0if C; = Co;
(P3) D,(C1,C2) = D, (Ca,C1);

(P4) If Cl g CQ g C3 then, Dr(Cl,Cg) Z Dr(Cl,Cg) and Dr(cl,C;g) Z DT(CQ,C?,) where
C1,C2,C3 € U(U).

Proof. Tts proof follows from the Theorem 5.2.5. So, we omit here. O

Moreover, it is observed that these proposed exponential distance measures satisfy

certain properties which are explained as follows:
Property 5.2.7. For C;,Cy € U(U) and r = 8,9, 10, we have

(i) Dr(Cl,Cg) = Dr(cfaCZ)§
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(ii) Dr(CT,C5) = Dr(C1,Ca);

(iii) D,(C1,C1 UC2) = D, (C2,C1 N Co);
(iv) Dy(C1,C1 NC2) = Dy (Ca, Cr UCo);
(v) Dy(C1,C1 @ C2) = D, (C2,C1 @ Ca);
(vi) Dp(C1,C1 ® C2) = D, (C2,C1 & Ca).

Proof. It can be proved as similar to the Property 5.2.1 and Property 5.2.2. So, we omit
here. O

Property 5.2.8. Let C;,C2,C3 € W(U) and for each x; € U, either Ci(z;) C Ca(x;) or
Ca(zj) C Ci(z;). Then, for r = 8,9, 10, we have

(i) Dr(C1UC2,C1NCa) = Dy (C1,Co);

(i) D,(C1 UC2,C3) + D, (C1 N C2,C3) = D, (C1,C3) + D, (C2,Cs);
(iii) D,(C1UCa,C1) + Dr(C1 N Co,C1) = Dy (C1,Ca);
(iv) Dy(C1 U Ca,Co) + Dy (C1 N Ca,Ca) = Dy (C1,Ca).

Proof. 1t can be obtained as similar to the Property 5.2.4. So, we omit here. 0

5.2.3 Entropy Measure for CIFSs

Definition 5.2.9. For any set C; € U(U), entropy measure En : U(U) — [0,1] is a real

valued function satisfying the following properties:

(P1) 0 <é&n(Cy) <1,

(P2) En(C1) =0 if Cy is crisp set;

(P3) &n(C1) =1 & Gi(x;) = i(x;) and we, (x5) = wy, (z5);

(P4) En(Cy) = En(CS);
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(P5) En(Cy) < En(Cy) if either Cy C Co with (o(x;) < Y2(z;) and we, (v5) < wy, ()
or Co C Cy with (o(x;) > Ya(x;) and we,(z;) > wy,(z;) where

Co € U(U).

Definition 5.2.10. For CIFS C; = {(z, (¢1(2), we, (%)), (V1(x), wy, (z))) : 2 € U} we de-

fine series of entropy measures as follows:

(i)
Eny(Cy) = 1 Z": mm ), ’191(.%‘]')) + min (wgl (x)), wy, (ZL‘J)) (5.17)
n = max x]), ﬂl(xj)) + max (wc1 (x}), wy, (a:]))
(i)
; (min (Cl (xj), ’191 (l‘])) + min (U)C1 (xj), Wy, (x])))
Ena(Cy) = 2 (5.18)
Zl (maX (Cl (xj)v ﬁl(x])) -+ max (wC1 (wj)v W9, (.%'])))
j=
(i)
[ min ((1 (), ﬁl(xj)) -+ min <w<1 (z5), w,,gl(x]')) )
gn?)(cl) _ l i + min (1 - Cl(x]) 1- 191(1“7)) + min (l —we, (w5),1 — w,gl(xj)> (519>
n = (mxx (Cl xj), ) + max (u)<1 xj), wy, (@ ) )
+ max (1 —Ci(zj),1— 791(7J)> + max ( —we, (x5),1 - ’111,91(.7:j)>
(iv)
i min ( 1(17,7‘)7191(%)) + min (1% (l‘j)vwm(%))
Ena(Ch) j=1\ + min (1 — Gi(zy),1 - 191(%)) + min (1 —we, (w5),1— wgl(a;‘j)) (5.20)
4\L1) = .
zn: max ( (1(z5), V1 (x; ) + max (wﬁ s wy, (5 >
j=1\ +max (1 — Ci(zy),1 (ag)) +m ( —we, (z5),1— w,gl(;r:j))
(v)
1 &
Ens(C1) = o D 2= (1€ (g) = Oa ()] + |we, (z5) — wa, (z5)])) (5.21)
j=1
(vi)

Eng(C1) =1— % <mjax ICi(xj) — (xj)| + max |we, () — wy, (xj)|> (5.22)
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(vil)

M=

(161 (x5) — D1 (2s)| + [we, (x5) — we, (z5)])

5717(61) =1- /

Il
—

(5.23)

M=

(1C1(z5) + V1(25)| + lwe, (x5) + w, (25)])

J

I
—

Theorem 5.2.7. The CIF exponential entropy measures En, (r =1,2,...,7) satisfy the

following properties:

(P1) 0< Eny(C1) < 13

(P2) En,(C1) =0 if Cy is crisp set;

(P3) Eny(C1) =1 & Gi(x;) = Vi(x;) and we, (z5) = wy, (z));
(P4) Eny(C1) = Eny(CY);

(P5) &En,(C1) < Eny(Co) if either C; C Co with (a(xj) < Pa(x;) and we, (z5) < wy, (25)
or Co C Cy with (o(x;) > Va(x;) and we,(z;) > wy,(z;) where
Cl,CQ S \I/(U)

Proof. 1t can be proved as similar to the Theorem 5.2.1. So, we omit here. ]

Next, we propose CIF exponential entropy measure as follows:

Definition 5.2.11. For CIFS C; = {(z, (¢1(2), we, (2)), (91(2), wy, (2))) : © € U} defined
on U, we define the exponential entropy measure as follows:
Eng(Cy)
(1= (1) = 91(2) ) exp (Giay) = D (a)
| (1 (G = ) ) exo (91(@5) — Giley))
7|+ (1= (g () = wo, () exp (i, (2) = wo, (2))

+ (14 (we, (z5) — wy, (7)) exp (wg, (z5) — we, (x5)) — 4e™"

(5.24)

Theorem 5.2.8. The CIF exponential entropy measure Eng satisfies the following prop-

erties:
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(P1) 0 < Eng(C1) < 1;
(P2) Ens(C1) = 0 if Cy is crisp set;

(P3) &Ens(Cr) =1 & Gu(x;) = V1(x;) and we, (x;) = wy, (x;);
(P4) Eng(C1) = Eng(CY);

(P5) Sng(Cl) § gng(CQ) if either Cl Q CQ with CQ(.Z‘]') S 192(.7}j) and w@(xj) S ng(xj)
or Cy C Cy with (o(x;) > Y2(x;) and we,(xj) > wy, (x;) where C1,Co € W(U).

Proof. It can be obtained as similar to the Theorem 5.2.2. So, we omit here. O

Now, based on the proposed CIF exponential entropy measure, we propose the expo-

nential entropy measures as follows:

Definition 5.2.12. For C; € U (U), we define the exponential entropy measure as follows:

(i) Eng(Cr) = ;o

e€ng(Cr)—1_p—1

Theorem 5.2.9. The CIF exponential entropy measures En, (r = 9,10) satisfy the fol-

lowing properties:

(P1) 0 < Eny(C1) < 1;

(P2) Eny(C1) = 0 if Cy is crisp set;

(P3) En,(C1) =1 & Ci(x5) = V1(xy) and we, (x5) = wy, (x5);
(P4) Eny(Cr) = Eny(CT);

(P5) En,(C1) < Eny(Co) if either C; C Co with (a(z;) < Pa(x;) and we,(x;) < wy,(x;) or
Cy C Cy with (o(x;) > ¥2(z5) and we, (z5) > wy, (x;) where Ci,Ca € U(U).

Proof. Tts proof follows from the Theorem 5.2.8. So, we omit here. O
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5.2.4 Inclusion Measure for CIFSs

Definition 5.2.13. For two sets C; and Cy € ¥(U), inclusion measure Zn : W(U)x U (U) —

[0,1] is a real valued function satisfying the following properties:

(P1) 0 <ZIn(Cy,C) <1

(P2) Zn(C1,C2) =1 & €1 C Cy;

(P3) In(U, ¢) = 0;

(P4) If C; C Cy C C3 then, Zn(Cs3,C1) < In(Cs,C2) and In(Cs,C1) < In(Ca,Cy).
where ¢ = {(z,(0,0),(1,1)) :x €U} and U = { (=, (1,1),(0,0)) : x € U}.

Theorem 5.2.10. Let C1 = {(z, (C1(2), w¢, (%)), ($1(z), wy, (%)) 1z €U} and C; =
{(z, (G2(2),we, (x)), (V2(z),wy,(x))) : o € U} be two CIFSs defined on U. Then,
In,.(C1,Co) (r=1,2,...,7) satisfy the properties as stated in Definition 5.2.13.

Ini(C1,C) =1 %

< min ((1 (x5) Cg(m]))+191(w])+mln (w<1 (x5) w<2(m]))+w191 (x5) )
7=1

5.25
¢1(x;)+max (191(13) 192(:16]))+w<1 (z;)+max (wgl (x5), w192(xj)) ( )

n

) (min (Cl (xj),CQ(:L’j)) +01(x;)+min (wCl (z5),wey (a:])) +wy, (xj))

(Cl (x;)+max (191(90]) J2 (IJ))_HUQ (x;)+max ('LU191 (z5),wy, (z])))

<.
Il

I?’Lg(cl,CQ) (5.26)

M:

(iii)
( min (Gi(2), Ga(e)) + min (we, (2), we, (7)) )

+ min (1 — 9y (x),1 — 192(1-,-)) + min (1 —wy, (), 1 — wy, (Ij))

1 Cl<l‘1)+1*191(1j)+(wcl(%Hl*wwl(r]))

(5.27)

-

Ing(Cl, CQ) =

1
n

(iv)
z:: ( min (Cl(xj), Cg(xj)> + min <w§1(mj),w<2(xj)> )

j + min (1 —¥1(z;),1 192(10]-)) + min (1 —wy, (2;),1 7w’,92(.’1:]'))

Ing(C1,Co) =
Z <Cl (xj)+1=01(z;)+ (wq (zj)+1—wy, (-%‘)) )
j=1

(5.28)
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Tng(Cr.Ce) =1 — A n (|max (O,Cl(zj) - CQ(J?]‘))‘ + ‘ max (O,wg1 (z;) — w@(xj))‘ ) (5 29)
1,C) =1— 4, .

7=\ + | min (0,91 (x;) — P2(x;))| + | min (0, wg, (x;) — w, (x;))]

In]ax ! max (0, Ci(zj) — (2(9@))! + mjax | max (0, we, (z5) — w@(wj)) ‘

Ine(C1,C0) =1 — i (530)
+ mjax | min (0, di(z;) — 'ﬁz(xj))| + In]ax ‘ min (O7 wy, (x5) — 'w192(wj))}
(vii)
2 [|max (0,¢1(m5) = Ca(@y)) | + | max (0,we, (27) — we, (z5))| )
Ino(CoCy) =1 - 4+ ‘ min (O, Y1(xj) — 192(.1:]-))‘ + ‘ min (O, wy, () — 11;192(mj))| (531)
- | min (2 x Ci(w;), G(w)) + Ca(ay)) | + | min (2 X we, (25), we, (w) + we, (25))|
e | max (2 x V1 (x;), V1 (x5) + V2(x;))| + | max (2 x wy, (z5), wo, (x;) + wy, ()]
Proof. 1t can be obtained as similar to the Theorem 5.2.1. So, we omit here. O

5.2.5 Transformation relationships among proposed information mea-

sures

Theorem 5.2.11. Let 8'(Cy1,C2) denotes the similarity measure for C1,Cs € W(U). Then,
D(Cy1,C2) =1 — 8'(C1,C2) is the distance measure for CIFSs C; and Cs.

Proof. Since C; and Cy are CIFSs.

(i) As 0 < S8(C1,C2) < 1. Therefore, 0 < D(C1,C2) < 1

(ii) If ¢, = Cs then, S'(C1,Ca) = 1. It implies that D(Cy,Cz) = 0
(iii) 8'(C1,C2) = 8'(Ca,Cy) gives that D(Cy,Ca) = D(Co,C1)

(iV) If Cl g CQ g C3 then, 8/(61,C3) S Sl(Cl,Cg) and Sl(cl,63) S S/(CQ,C3) which gives
that D(Cl,C'g,) Z D(Cl,CQ) and D(Cl,C?)) 2 D(CQ,Cg).

O

In order to validate the Theorem 5.2.11, we show that similarity measure S| and

distance measure D; can be related with the relation D; = 1 — Sj.
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Example 5.2.1. For C;,Cy € W(U), using similarity measure Sf as defined in Eq. (5.1),

we have

min (Cl (xj)’ ¢ (:Cj)) + min (wCl (xj)’ Wy (CL‘]))

Cl’ &)= n + min (191 (x), V2 ($J)) + min (wlh (@), wo, (xj))

3Mr—'

j=1 max (Cl(l'j), Cz(wj)) + max (wCl (), We, (:L']))

+ max (91 (z;), V2(z;)) + max (wy, (x;), wy, (z;))

Further, from the distance measure D; as defined in Eq. (5.9), we have

min (Cl ($j)a CZ("TJ)) + min (wC1 (xj)’ Wy (x]))

n + min (01(z), 92(;)) + min (wg, (;), w, (x;))

j=1 max (Cl(xj), CQ(iCJ)) + max (wC1 (xj)v Wy (xj))

+ max (191($j), ?92(37]‘)) + max (wﬁl (5), wy, (:C]))

Thus D;(Cy,C2) =1 — 8{(C1,C2). Similarly, we can prove that D,(C1,C2) =1 — S/(C1,Ca)
for r=2,3,...10.

Theorem 5.2.12. Let §'(C1,C2) and D(Cy,C2) denotes the similarity and distance mea-
sures respectively for C1,Co € W(U). Then, En(Ci) = S'(C1,C§) = 1 — D(C1,CY) is the

entropy measure for CIFS Cj.
Proof. Since C; and Cy are CIFSs.
(i) As 0 < 8(C1,C2) < 1. Therefore, 0 < En(C1) <1
(i) If Cy is crisp set then, §'(C1,C) =0 = En(Cy) =
(iii) En(C1) =1 S'(C1,Cf) =1 & C1 =Cf & Gi(xj) = V1i(z;) and we, () = wy, (x))
(iv) As En(Cy) = S'(C1,CY) therefore, En(Cy1) = En(CY).

(v) If Ci C Cp with (a(z) < ¥a(xj) and we,(z5) < wy,(x;) then, it implies that Cy
Cy C C§ C Cf which gives that S'(Cy1,Cf) < §'(C2,Cf) < §'(C2,CS). Hence, En(C)
En(Cz). Similarly, if Co C Cy with (a(xj) > V2(z;) and we,(xj) > wy,(x;) then, we
can obtain §'(C{,Cq) < §'(C5,C1) < 8'(C§,C2). Hence, En(Cyr) < En(Ca).

N

N
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O]

For validating the Theorem 5.2.12, we show that similarity measure S and entropy

measure En; can be related with the relation Eny(C1) =1 — S7(C1,CY).

Example 5.2.2. For C; € U(U), using similarity measure as given in Eq. (5.1) we have

min ((1(30]-), ﬂl(xj)) + min (wc1 (x), wy, (xj))

+ min (191(1']'), Cl(xj)) + min (w191 (xj)7 W, (wj))

1 n
sices) = =y
1 1 " max (Ci(z;), 91 (25)) + max (we, (x;), wg, (z;))

+ max (91 (z;), 1 (25)) + max (wy, (;), we, (7))
% i ( min (Cl(:(}j),ﬂl(m'j)) + min (wC1 (xj)vwﬁl (xj)) >

max (C1($j)7 91 («Tj)) + max (wﬁl (‘/L‘j)’ Wy, (.CC]))

Thus Enq(C1) = S{(C1,C§). In the similar manner, we can obtain that En,.(C1) = S.(C1, C§)
forr=2,3,...,10.

Theorem 5.2.13. Let §'(C1,C2) and D(Cy,C2) denote the similarity and distance mea-
sures respectively for C1,Co € ¥(U). Then, Zn(C1,C2) = S'(C1,C1NC2) = 1—D(C1,C1NCs)

is the inclusion measure for CIFSs C; and Cs.

Proof. Since C; and Cs are CIFSs.

(P1) Since, 0 < §’(C1,C1 NCq) < 1 therefore, 0 < Zn(Cy,Co) < 1.
(P2) In(C1,C2) =1« S8'(C1,61NC) =1 C1 =CiNCy & C1 CCo.
(P3) InU,¢) =S U, UN¢) =S U, ¢) = 0.

(P4) If Cl Q C2 Q Cg then, Sl(cl,C:),) S S’(Cl,Cg) and 8/(61,63) S SI(CQ,C:),). It gives that
In(C3,C1) = S/(C3,C3 N Cl) = S/(C;J,,Cl) < 5,(C3,Cg) = S,(C37C3 N Cg) = In(C3,C2).
Thus, Zn(Cs,C1) < Zn(Cs,Cs). Similarly, we can prove that Zn(Cs,C1) < Zn(Cq,C).

O]
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In order to validate the Theorem 5.2.13, we show that similarity measure S| and

inclusion measure Zny can be related with the relation Zn;(Cy,C2) = S1(C1,C1 N Ca).

Example 5.2.3. For C1,Cy € ¥(U), using similarity measure as defined in Eq. (5.1) we

have

S{(Cl, CinN CQ)
( min (Cl (x,i)v min (Cl(x]')’ CQ(L]))> + min (wCl (‘L]) min (wCl( wCz

_ 1 3 o+ min (V1 (z;), max (V1 (2;), 02(25)) ) + min (wp, (2;), max (wg, (), wp, x])
| (e (Gl min (Gl o) ) + ma (we, (), min (g, (), we, () )
(+max (1), max (91 (7). D (7)) ) + max (wo, (), max (wy, (2;), wa, () )
s ((min (), Glay) + ) + (min (we, (), we, (x5) )+w191(x]) )
= (Cl(wj) +max (01 (25), 92(z;)) + <w<1(xj) + max (wﬂl(yﬁj),wg(%)))
= Inyi(C1,C3)

Thus, Zn;(C1,Ca) = S1(C1,C1NC2). Similarly, we can obtain that Zn,(C1,Cs) = S,.(C1,C1N
Co) for r =2,3,...,7.

Theorem 5.2.14. Let Zn(Cy,C2) denotes the inclusion measure for C1,Co € W(U). Then,
En(C1) = In(C1 UCY,C1 NCY) is the entropy measure for CIFS C;.

Proof. Since C; and Co are CIFSs.
(P1) Since 0 <Zn(C; UCY,C1 NCY§) < 1. Therefore, 0 < En(Cy) <1

(P2) If C; is crisp set then, C; UC{ = U and C; NC§ = ¢ which implies that Zn(C; UCY,Ci N
C{) =0= &n(C1)=0.

(P3) En(C1) =1 In(CLUC],CiNCY) =1 CLUC{ CCiNC & C1 =Cf & (i(z) =
U1(z5) and we, (5) = wy, ()

(P4) En(C1) =In(CLUC],CiNCY) =In(CsUCT,CfNCy) = En(CY).

(P5) If C1 C Cy with (a(xj) < ¥a(x;) and we, (v5) < wy,(x;) then, it implies that C; C

Cy C C§ C Cf which gives that Zn(Cf,C1) < In(C{,Ca) < In(C§,C2) which follows
that Zn(Cy UCY,C1 NCY) < In(Ce UCS,Co NCS). Hence, En(Cy) < En(Cq). Similarly,
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if Co C Cy with (a(xj) > Y2(x;) and we, (xj) > wy,(x;) then, we can obtain Zn(Cf U

C1,C{NC1) <ZIn(CSUCy,C5NCy). Hence, En(Cr) < En(Ca).
O

In order to validate the Theorem 5.2.14, we show that entropy measure £n; and in-

clusion measure Zn; can be related with the relation En;(C1) = Zni1(C; UCY,C1 NCY).

Example 5.2.4. For C; € ¥(U), using inclusion measure Zn; as given in Eq. (5.25) , we

have
Inl(Cl ) Cf, Cin Cf)

min (1 (25), 91 (x;)) + min (we, (25), wg, ())

n + min (Cl (), 191(30]-)) + min (U’C1 (x}), wy, (:cj))

j=1 max (Cl(ﬂfj),ﬁl(xj)) + max (wC1 (mj>7w191(xj))

+ max (Cl (xj)’ 191(‘%'])) + max (wC1 (wj>7 Wy, (xj))

1 n min (C1($j),191($j)) + min (wC1(xj)7w191($j))
n ; < (G( )

max xj),ﬂl(lﬁj)) -+ max (wC1(xj)’w191(xj))

= Enl (Cl)

Thus, Eny(C1) = Zni(C1UCE, C1NCY). In the similar manner, we can prove that En,(C1) =
In,(CLUC{,CiNCY) forr=2,3,...,7.

5.3 Applications of the proposed similarity measures

In this section, we show the superiority of proposed similarity measures by comparing

their results with some of the existing approaches.

5.3.1 Comparative study

For demonstrating the superiority of the proposed similarity measure Sj, a comparative
study between some prevailing similarity measures and proposed similarity measure S}
is conducted. A list of some of the existing similarity measures is given in Table 5.1.

We consider # = {z1} and we shall denote any CIFS V = {(z1,(0.2,0.4),(0.2,0.1))}
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Table 5.1: Existing similarity measures

Authors Prevailing similarity measures between IFSs

61:{(95,(1(:5),191(:5))\1601} and Cy = {(x,(g x)|a:€L{}

T

n t — . P
Boran and Akay [18] S, (C,C)=1—-[2 [t (¢ulay) — J)) ( 1(z5) Q(I/))|

=1 | () — 7‘92(%)) (Cu(zy) — (=)l
Chen [25] 8L (C1,Co) =+ Z": { | (c1(25)—¢a () ) 1 (a;)—Da(z)) ]}

j=1

i {max (\Cl(zj) Caly)],|91 (z5) =02 (z5)| >}

Hung and Yang [86] Sy (€1,C2) =1 - = -
7 (€1.62)~1_ -
Sy (€. 0) = B 5 (€0 ) = G

HY1

L i) — €Zj — €ZTj)— xr P
Dengfeng and Chuntian [36] Sbc (C1,Co) =1~ (rlb > {‘ (Cl(w” 2l ‘7))2 (Q( e ])) P})

i=1

T
3 {161 (w3) ~Calwg) [P +191(w3) ~Da ()7} \ 7
Mitchell [114] S (C,C)=1-1[= -
Ye [197 S (€)= 1 3 | 4@ i), }
€ [ ] Y( 1 2) nggl{\/ 2(3,)+0? Ig)\/(2($;)+172(11)
n ;) — DING; N = i)l
Ye [200] 84y (€1.C) = = 3 { cos [, e J1613) = )] 91(a5) = Da(ay)] }
n =1 |hp(z;) — hq(z;)]
i {|c1<z,> Calay) o ()~ Mzm}
Hong and Kim [80] Sy (C1,Co) = =
T
P
Liang and Shi [98] S (Ci,Co) =1— L ( \Cl —Ca(x) \+\191 ) 172(:1,-]))p>
npe
T
E{Cl ;)= Co () P+91 (2)—D2 () [P+ hp () —hg (z)[P} | P
Xu [181] S (C1,C) =1~ | &
g{ Cu(eg)+Ca (@) P01 () +92(25) [P+ hp (25) +he (25) [P }

defined on U/ as V = ((0.2,0.4), (0.2,0.1)). Consider here five pairs of CIFSs as given
in Table 5.2. In order to compare the performance of the proposed similarity measure
with some of the existing measures [18, 25, 36, 80, 86, 98, 114, 181, 197, 200], we firstly
convert CIFS information into IFSs by setting phase terms corresponding to each CIFS
equal to zero. The results corresponding to these approaches along with the proposed
one are summarized in Table 5.2. From the results of this table, it can be analyzed that
the proposed similarity measure S and the similarity measure Si 4 [18] can overcome the
drawbacks of existing similarity measures [25, 36, 80, 86, 98, 114, 181, 197, 200].
However, similarity measure Sp4 [18] also has shortcoming of giving unreasonable
results in some special cases which are shown in Table 5.3. In this table, another five pairs

of CIFSs are taken to compare the results of the proposed similarity measure with the
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existing measures [18, 25, 36, 80, 86, 98, 114, 181, 197, 200]. From the results tabulated
in Table 5.3, it can be analyzed that the proposed similarity measure S; can overcome the

drawbacks of existing similarity measures [18, 25, 36, 80, 86, 98, 114, 181, 197, 200].

Table 5.2: Comparative study results of similarity measures

Case 1 Case 2 Case 3 Case 4 Case 5
Vi ((0.2,0.4),(0.2,0.1)) ((0.4,08),(0.2,0.1)) ((1.0,0.7),(0.0,0.1)) ((0.2,0.5),(0.2,0.4)) ((0.6,0.6),(0.1,0.2))
Ve ((0.3,0.8),(0.3,0.1))  ((0.2,0.7),(0.4,0.2)) ((0.0,0.9), (0.0,0.0)) ((0.0,0.8), (0.0,0.2)) ((0.7,0.9), (0.1,0.1))
Spal18] 0.9667 0.8000 0.5000 0.9333 0.9500
S4[25] 1.0000 0.8000 0.5000 1.0000 0.9500
Shry1186] 0.9000 0.8000 0.0000 0.8000 0.9000
Sry2[86] 0.8495 0.7132 0.0000 0.7132 0.8495
Slyy3(86] 0.8182 0.6667 0.0000 0.6667 0.8182
She(36] 1.0000 0.8000 0.5000 1.0000 0.9500
Shy[114] 0.9000 0.8000 0.5000 0.8000 0.9500
S [197] 1.0000 0.8000 NaN NaN 0.9997
S41[200] 0.9511 0.9511 0.0000 0.9511 0.9877
Sy [80] 0.9000 0.8000 0.5000 0.8000 0.9500
S;5198] 0.9000 0.8000 0.5000 0.8000 0.9500
S [181] 0.8000 0.8000 0.0000 0.6000 0.9000
S} (Proposed) 0.6000 0.6667 0.3500 0.4375 0.7368

Bold denotes unreasonable results and NaN denotes that similarity cannot be computed due to division by zero problem

Here: p=1,t =2in 8y, and p =1 in Sp¢, S}y, Shgs Sk

Table 5.3: Comparative study results of similarity measures

Case 1 Case 2 Case 3 Case 4 Case 5
Vi ((0.7,0.2),(0.3,04))  ((0.0,0.1),(0.77,0.5)) ~ ((0.5,0.3),(0.17,0.1)) ~ ((0.125,0.1),(0.075,0.2)) ~ ((0.4,0.3), (0.35,0.2))
Vs ((0.0,0.1),(0.0,0.3))  ((0.18,0.4), (0.45,0.3)) ((0.18,0.3),(0.45,0.3)) ((0.175,0.2), (0.025,0.1)) ((0.45,0.4),(0.3,0.2))
Sp4[18] 0.8000 0.7500 0.7000 0.9500 0.9500
St[25) 0.8000 0.7500 0.7000 0.9500 0.9500
Siry1[86] 0.3000 0.6800 0.6800 0.9500 0.9500
Siry+[86] 0.2036 0.5668 0.5668 0.9228 0.9228
Siry5(86] 0.1765 0.5152 0.5152 0.9048 0.9048
She[36] 0.8000 0.7500 0.7000 0.9500 0.9500
S}, [114] 0.5000 0.7500 0.7000 0.9500 0.9500
Si[197) NaN 0.9285 0.6505 0.9216 0.9915
S441[200] 0.4540 0.8763 0.8763 0.9969 0.9969
S}rc[80] 0.5000 0.7500 0.7000 0.9500 0.9500
S}5198] 0.5000 0.7500 0.7000 0.9500 0.9500
S [181] 0.0000 0.6800 0.6800 0.9500 0.9500
S} (Proposed) 0.2500 0.4595 0.4839 0.5385 0.8571

Bold denotes unreasonable results and NaN denotes that similarity cannot be computed due to division by zero problem

Here, p=1,t =2in Sps and p =1 in Sp¢, Sy, Skg, Sk
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5.3.2 Pattern recognition problem

Example 5.3.1. Consider four known patterns Vi, Vo , V3 and V4 which are represented

by the following CIFSs in the universe of discourse U = {1, 2, x3} as:

Vio= (o1 (0:2,03), (02,0.1)), (2, (0.5,04), (0.0,0.1) ), (25, (01,03), (0.5,0.4) ) }
V, = {(xl,(0.4,0.2), (0.2, 02)), (zg, (0.7,0.8), (0.0, 0.1)), <1:3, (0.1,0.1), (0.5,0.3 )}
Vs = {(ml,(o.4,0.5), (0.2,0. 1)), (12, (0.5,0.7), (0.0, 02)), (Tg, (0.1,0.2), (0.5,0.3) )}
Vi = {(ml,(0.6,0.4),(03 0.1)), (22, (04, 03),(0001)),@;,(01 0.3), (0.5, 04)}

Consider the unknown pattern V on U as V = {(=1,(0.3,0.5), (0.2,0.2)), (2, (0.6,0.3),
(0.0,0.2)), (z3,(0.2,0.1), (0.5,0.4))}.

The target of the problem is to find out to which class V belongs to. For this, the
proposed similarity measure S} is computed between V and V, (u = 1,2,3,4) and the
results are obtained as: Sf(Vi,V) = 0.7341, S| (Vs, V) = 0.7046, S{(V3,V) = 0.7607 and
S1(V4, V) = 0.7127. Hence, the unknown pattern V is classified with pattern V3. Further,
a comparative study of the classification result of the computed similarity measure Sj is
conducted with existing similarity measures [18, 25, 36, 80, 86, 98, 114, 181, 197, 200]
and the results are tabulated in Table 5.4. From the results of this table, it reveals that
prevailing similarity measures [18, 25, 36, 80, 86, 98, 114, 181, 197, 200] cannot classify the
unknown pattern. Hence, the proposed similarity measure S; can overcome the drawbacks

of existing similarity measures [18, 25, 36, 80, 86, 98, 114, 181, 197, 200].

5.4 Decision-making algorithm based on proposed measures

Now, based on proposed information measures, multi-criteria decision-making methods
are presented for evaluating the available alternatives under CIFS environment followed

by an illustrative example.

5.4.1 Description of MCDM problem

Assume that, a set of different alternatives {V;, Vs, ...,V } characterized by another set

of n criteria {B1,B,,...,B,} is to be evaluated by an expert who gave their preferences
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in terms of the CIFSs as follows V, = {(%U, ((w,wcw), (ﬁuv,wgw)) |v=12... ,n}
;u=1,2,...,m. For convenience, the preferences of alternative V), for criteria B, are
represented as: Cy,, = (((uv,wgw), (ﬁuv,wﬂw)) where u =1,2,...,m ;v =1,2,...n such
that 0 < Cuo, Yuw <1, 0 < Cuo + VY < 1 and 0 < we,,, wy,, < 1,0 < we, +wy,, < 1.
This information related to all alternatives for the different criteria can be represented in
terms of CIF decision-matrix, M = (Cyuy)mxn. The target of the expert is to choose the

most optimal alternative among the feasible ones.

5.4.2 Determination of ideal alternatives

Ideal alternative (IA) is the most desirable alternative which can be taken as V* =
{(%w (1,1), (0,0)) |v=1,2... ,n} . Furthermore, instead of fixing IA, it can be com-

puted from the CIF decision matrix M as:

V= {(%m (Cvawgv), (19U,w19v)) | v=1,2,... ,n} (532)

where ¢, = max{(uv} ; Yy = min{Vy,} ; we, = max{we,,} and wy, = min{wy,, } V
u u u u
v=12,...,n.

Also, the expert may provide preferences of the A in accordance with the problem.

5.4.3 Algorithms based on proposed measures

To determine the most desirable alternative(s), we present the following Algorithms 5.1,

5.2, 5.3 and 5.4 based on proposed measures.

Algorithm 5.1 Algorithm based on similarity measure
1: Input CIF decision-matrix M = (Cyp)mxn-
2: Identify IA either by using Eq. (5.32) or depending upon the information given in the
problem.
3: Compute the similarity measure S.(V,, V*) for r € {1,2,...10}.
4: Determine the ranking order of the alternatives according to the decreasing values of

S (Vu, V¥).

To demonstrate the working of the proposed algorithm, we illustrate an example here.

Example 5.4.1. Suppose an entrepreneur decides to purchase new machine for his com-

pany from a machine maker X. The machine maker provides information on five models
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Algorithm 5.2 Algorithm based on distance measure
1: It is similar to steps 1-2 in Algorithm 5.1.
2: Compute the distance measure D, (V,, V*) for r € {1,2,...10}.
3: Determine the ranking order of the alternatives according to the increasing values of
Dy (Vy, V).

Algorithm 5.3 Algorithm based on entropy measure
1: It is similar to step 1 in Algorithm 5.1.
2: Compute the entropy measure En,(V,) for r € {1,2,...10}.
3: Determine the ranking order of the alternatives according to the increasing values of

Enyr(Vy).

Algorithm 5.4 Algorithm based on inclusion measure
1: It is similar to steps 1-2 in Algorithm 5.1.
2: Compute the inclusion measure Zn,(V,, V*) for r € {1,2,...7}.
3: Determine the ranking order of the alternatives according to the decreasing values of
Iny(Vu, V).

of machine V, (v = 1,2...,5) with different production dates for each model. The en-
trepreneur decides to consider four criteria namely B: Reliability, B5: Safety, B3: Flexi-
bility and B4: Productivity for selecting machine. According to the changes in production
date for the same model of machines, these criteria will also affect and change. The pur-
pose of the entrepreneur is to select the best model of machine and its production date
simultaneously. Thus the problem is two dimensional here namely: (i) Model of machine
(ii) Production date of machine. To fulfil this purpose, he consults an expert who eval-
uates the available alternatives and gives their preferences in terms of CIFSs. The main
procedure steps, for fulfilling the required purpose, by using the proposed Algorithm 5.1

are elaborated as:

Step 1: The expert has given their preferences to each alternative with respect to the four

major criteria in the form of CIFSs which are summarized in Table 5.5.

Step 2: The preferences of IA are given by expert as:

- (1, (07,0.8), (0.1,0.2) ), (B2, (0.9,08), (0.1,0.1) ).,
- (%3, (0.8,0.9), (0.2, 0.1)), (%4, (0.8,0.8), (0.1, 0.2))

Step 3: The obtained similarity measures values S..(V,, V*) are tabulated in Table 5.6.
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Step 4: Ranking order of the alternatives is tabulated in last column of Table 5.6.

5.5 Clustering algorithm based on proposed measures
In this section, we propose a clustering algorithm under CIF environment.

Definition 5.5.1. For a collection of CIFSs, V,, (u = 1,2,...,m), amatrix € = (Cuv)mxm,
is called a similarity matrix where ¢,,, = S’ (Vy, V,) denotes the similarity measure between

CIFSs V,, and V, and the matrix ¢ satisfies:

(i) 0<ew < 1.

(i) cup = L.
(iil) cyy = cpy where u,v =1,2,... . m.

Definition 5.5.2. [183] For a similarity matrix %, the composition matrix ¢ is defined

as: €% = €06 = (Cuv)mxm where €,, = max (min(cuy, cyv))
y

Definition 5.5.3. [183] For a similarity matrix €, if 6> C % i.e. max (min(cuy, cyv) < cuw
y

YV u,v=1,2,...,m then €2 is called an equivalent similarity matrix.
Theorem 5.5.1. [183] For a similarity matrix €, the composition matrix % = €0%¢ =

(Cuw)mxm 18 also a similarity matrix.

Theorem 5.5.2. [183] Let ¢ = (cuv)mxm be a similarity matrix. Then, after the finite
times of compositions: € — % — €* — ... = ¥ — ..., there must exist a positive

integer z such that €2 = €2 and €?° is also an equivalent similarity matrix.

Definition 5.5.4. [183] For an equivalent similarity matrix € = (cuy)mxm, the matrix

G\ = (¢} )mxm is called A—cutting matrix of €, where

1 if ey > A
o, = (5.33)

0 if cup < A

and A € [0, 1] is the confidence level.
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5.5.1 Proposed Clustering Algorithm

Consider m alternatives V1, Vo, ..., V,, which are characterized by n attributes 81, B, ..., B,.
Suppose that an expert assess these alternatives and give their preferences in terms of
CIFSs. The target of the expert is to cluster these alternatives V,, (u=1,2,...,m). The

steps of the algorithm for fulfilling the required purpose are summarized as:

Algorithm 5.5 Clustering Algorithm for CIFSs

1: Construct similarity matrix ¢ = (Cup)mxm where ¢y = SE(Vy, Vo).

2: Conf;cruct equivalent similarity matrix €?”, where z is a positive integer, until €2 =
¢,

3: Construct A—cutting matrix %)\ = (cﬁy)mxm, for confidence level A, using Definition
5.5.4.

4: Classify V,, and V, of same type if the corresponding elements of uth row(column) and
vth row(column) of matrix %) are identical.

5.5.2 Illustrative Example

A regional space center namely, North-Eastern Space Applications Centre (NESAC), is an
outcome of a collaborative initiative of Department of Science, Government of India with
North-Eastern (NE) council. The main goal of NESAC is to explore innovative methods
of utilizing the natural resources with the help of technically advanced tools and methods
such as remote sensing. This ameliorates the scope of satellite services to be accessed by the
NE states and as an outcome of this space research is promoted in these areas. Likewise,
Unmanned Aerial Vehicle (UAV) remote sensing (RS) is a new technical advancement to
NESAC for large scale mapping as well as application monitoring of various activities.
UAV, also known as drone, is basically a flying robot. In more simple terms, it is just an
aircraft which can either be remote controlled by a human operator or autonomously by
an onboard computer. The main task of the NESAC is to assemble 10 new UAVs for large
scale mapping in NE region. For this, NESAC wants to cluster ten data processing and
analysis softwares V,, (u=1,2,...,10), which are required for processing the images and
videos captured by UAVs and these softwares should support latest version of the operating
system. The softwares V, have different software versions. NESAC consults an expert,

who evaluate the softwares on the basis of four criteria namely B; : image processing
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capability, Bo : Measurement tools for co-ordinate/distance/area/volume, B3 : Generation
of contour lines using Digital elevation models (DEM)/Digital surface models (DSM) and
B, : Generation of 3D modeling/texturing capabilities. Obviously, these criteria would be
affected with the changes in software version. The expert assesses softwares V,’s on the
basis of the type of software and its version and recorded their preferences in terms of CIFSs
given in Table 5.7, as the CIF model handles two-dimensional information simultaneously.
The rating values for V; at B are given as <(0.5, 0.4), (0.4, 0.5)) which describes that the
expert is 50% agreed with the suitability of Vi at 87 and 40% disagrees. The phase term
that represents the version of software is given as: the expert is 40% satisfied with the
suitability of software version at %87 and 50% is not satisfied. In the similar manner, all
data of Table 5.7 can be interpreted. The main procedure steps, for fulfilling the required
purpose, by using the proposed Algorithm 5.5 are elaborated as:

Step 1: Calculate St(V,, Vy) for u,v =1,2,...,10 and then construct similarity matrix:

1.0000 0.9000 0.8937 0.9500 0.9188 0.9250 0.9563 0.9312 0.9063 0.9500
0.9000 1.0000 0.9187 0.9125 0.8813 0.9250 0.9312 0.9063 0.9437 0.8875
0.8937 0.9187 1.0000 0.9187 0.8375 0.9063 0.9000 0.9250 0.9000 0.8938
0.9500 0.9125 0.9187 1.0000 0.9188 0.9250 0.9563 0.9312 0.9188 0.9750
0.9188 0.8813 0.8375 0.9188 1.0000 0.9063 0.9375 0.8875 0.9125 0.9437
0.9250 0.9250 0.9063 0.9250 0.9063 1.0000 0.9187 0.9063 0.9562 0.9250
0.9563 0.9312 0.9000 0.9563 0.9375 0.9187 1.0000 0.9125 0.9375 0.9437
0.9312 0.9063 0.9250 0.9312 0.8875 0.9063 0.9125 1.0000 0.9000 0.9187
0.9063 0.9437 0.9000 0.9188 0.9125 0.9562 0.9375 0.9000 1.0000 0.9312
0.9500 0.8875 0.8938 0.9750 0.9437 0.9250 0.9437 0.9187 0.9312 1.0000

Step 2: Calculate

1.0000 0.9312 0.9250 0.9563 0.9437 0.9250 0.9563 0.9312 0.9375 0.9500
0.9312 1.0000 0.9187 0.9312 0.9312 0.9437 0.9375 0.9187 0.9437 0.9312
0.9250 0.9187 1.0000 0.9250 0.9187 0.9187 0.9187 0.9250 0.9187 0.9187
0.9563 0.9312 0.9250 1.0000 0.9437 0.9250 0.9563 0.9312 0.9375 0.9750
0.9437 0.9312 0.9187 0.9437 1.0000 0.9250 0.9437 0.9188 0.9375 0.9437
0.9250 0.9437 0.9187 0.9250 0.9250 1.0000 0.9375 0.9250 0.9562 0.9312
0.9563 0.9375 0.9187 0.9563 0.9437 0.9375 1.0000 0.9312 0.9375 0.9563
0.9312 0.9187 0.9250 0.9312 0.9188 0.9250 0.9312 1.0000 0.9188 0.9312
0.9375 0.9437 0.9187 0.9375 0.9375 0.9562 0.9375 0.9188 1.0000 0.9375
0.9500 0.9312 0.9187 0.9750 0.9437 0.9312 0.9563 0.9312 0.9375 1.0000

©* = ot =
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Since €2 # €. Therefore, we compute €.

1.0000
0.9375
0.9250
0.9563
0.9437
0.9375
0.9563
0.9312
0.9375
0.9563

€t = 62062 =

0.9375
1.0000
0.9250
0.9375
0.9375
0.9437
0.9375
0.9312
0.9437
0.9375

0.9250
0.9250
1.0000
0.9250
0.9250
0.9250
0.9250
0.9250
0.9250
0.9250

0.9563
0.9375
0.9250
1.0000
0.9437
0.9375
0.9563
0.9312
0.9375
0.9750

0.9437
0.9375
0.9250
0.9437
1.0000
0.9375
0.9437
0.9312
0.9375
0.9437

Since €* # €2. Therefore, we compute €°.

1.0000
0.9375
0.9250
0.9563
0.9437
0.9375
0.9563
0.9312
0.9375
0.9563

E8 = €406t =

0.9375
1.0000
0.9250
0.9375
0.9375
0.9437
0.9375
0.9312
0.9437
0.9375

0.9250
0.9250
1.0000
0.9250
0.9250
0.9250
0.9250
0.9250
0.9250
0.9250

0.9563
0.9375
0.9250
1.0000
0.9437
0.9375
0.9563
0.9312
0.9375
0.9750

0.9437
0.9375
0.9250
0.9437
1.0000
0.9375
0.9437
0.9312
0.9375
0.9437

0.9375
0.9437
0.9250
0.9375
0.9375
1.0000
0.9375
0.9312
0.9562
0.9375

0.9375
0.9437
0.9250
0.9375
0.9375
1.0000
0.9375
0.9312
0.9562
0.9375

0.9563
0.9375
0.9250
0.9563
0.9437
0.9375
1.0000
0.9312
0.9375
0.9563

0.9563
0.9375
0.9250
0.9563
0.9437
0.9375
1.0000
0.9312
0.9375
0.9563

0.9312
0.9312
0.9250
0.9312
0.9312
0.9312
0.9312
1.0000
0.9312
0.9312

0.9312
0.9312
0.9250
0.9312
0.9312
0.9312
0.9312
1.0000
0.9312
0.9312

As €8 = €*. Therefore, €® is an equivalent similarity matrix.

0.9375
0.9437
0.9250
0.9375
0.9375
0.9562
0.9375
0.9312
1.0000
0.9375

0.9375
0.9437
0.9250
0.9375
0.9375
0.9562
0.9375
0.9312
1.0000
0.9375

Step 3: Without loss of generality, considering confidence level A = 0.9375, A—

matrix %) is obtained using Definition 5.5.4 as:

(g/\

= =

[ == R e T S S s B = S Y

o O O ©oO O O o = o o
e e e e e == =

= R O R B B R O R =

= e e T =T = =
I = T T e e S e B SO SY

o O = O O O O o o ©
e = e e T =T

= T e e e e == T = S =Y

0.9563
0.9375
0.9250
0.9750
0.9437
0.9375
0.9563
0.9312
0.9375
1.0000

0.9563
0.9375
0.9250
0.9750
0.9437
0.9375
0.9563
0.9312
0.9375
1.0000

cutting

(5.34)
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Step 4: From the matrix, given in Eq. (5.34), we observe that, alternatives V), are classified

into the following three types as:

{Vly VQa V47 V57 V6> V77 Vg’ VlO}’ {V3}7 {VB}

Since different values of A will give different A— cutting matrices and hence we will
obtain different clustering results. Therefore, a detailed sensitivity analysis with respect
to confidence level A is given in Table 5.8. We choose the value of confidence level A from
the smallest one to the biggest one. By analyzing the obtained results, corresponding to
different values of A\, we obtain that as the value of A increases more and more patterns
get differentiated. Besides this, for a particular cluster number, there is only one case.
For example, if the softwares V,, are categorized into four types then, the obtained results
can only be {V1,V4, V5, V7, Vio}, {V2, Vs, Vo}, {V3}, {Vs}. This is useful in taking final
decision as it reduces uncertainty in choosing A.

Furthermore, the clustering distribution of ten softwares V, is shown in Figure 5.1.
This figure depicts that the softwares ), are mainly divided into two trends which are:
{V1, V2, V1, V5, V6, V7, Vs, Vo, Vio }, {V3}. Moreover, when the confidence level stays in the
relaxed level, the overall trend can be judged by means of the Figure 5.1. As the above
discussion reveals that with the change in the value of A, the clustering results will also
differ. This impact of confidence level A on the clustering results makes our proposed
clustering algorithm more flexible as the decision-maker(s) can choose the value of A

according to their preferences and practical situations.

5.6 Conclusion

The key contribution of this chapter is outlined as follows:

1) Keeping in view the superiority of CIFS model to handle time-periodic problems and
the ability to represent two-dimensional information in a single set, in this chapter, an
attempt has been made to present various information measures for CIFSs. Earlier,
measures of information had been defined under the IFS environment where the mem-

bership and non-membership degrees can take real values with a corresponding range
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set [0,1]. But, in CIF environment the range of membership and non-membership de-
grees is extended to unit disc and the concept of the phase angle, for representing the

periodicity of the data, is considered.

Various information measures such as similarity, distance, entropy and inclusion mea-
sures under CIF environment have been proposed and their transformation relation-
ships have been discussed in detail. The proposed measures can be utilized for handling
IFS data as well by setting the phase term equal to zero. Therefore, the measures pre-
sented in this chapter are more generalized and can be applied on IFS as well as CIFS

data.

A detailed comparative study has been conducted to justify the superiority of proposed
measures and algorithms for handling the MCDM problems and clustering analysis have
been developed and illustrated with the aid of examples. Thus, the proposed approach
can be efficiently used for solving DM problems where uncertainties and vagueness in

the data occur concurrently with changes to the phase (periodicity).

Ve Yo Vi Vi Vs 9 Ve Vo W Vs
1.0000 T : LJ : ) : i )
0.9750
0.9563
0.9562

0.9437

0.9375
09312~

0.9250—

I

0.0000-

I

Figure 5.1: The clustering effect diagram of ten softwares V,



119

Table 5.4: Comparative study results of pattern recognition problem

SV,V) SOV, V) S'(Vs,V) S (Va,V) Classification

S5 418] 0.9500 0.9500 0.9500 0.9167  Cannot be recognized
S¢[25] 0.9500 0.9500 0.9500 0.9167  Cannot be recognized
Sty 1186] 0.9000 0.9000  0.9000 0.8000  Cannot be recognized
Shry2[86] 0.8495 0.8495  0.8495 0.7132  Cannot be recognized
Shry3[86] 0.8182  0.8182  0.8182 0.6667  Cannot be recognized

e [36] 0.9500 0.9500  0.9500 0.9167  Cannot be recognized
Shy1114] 0.9500 0.9500 0.9500 0.8833  Cannot be recognized
S [197] 0.9880 0.9919 0.9919 0.9919 Cannot be recognized
S4-1(200] 0.9877  0.9877  0.9877 0.9433  Cannot be recognized
St 180 0.9500 0.9500 0.9500 0.8833  Cannot be recognized

7 (98] 0.9500 0.9500 0.9500 0.8833  Cannot be recognized
S’ [181] 0.9000 0.9000 0.9000 0.7667  Cannot be recognized
S (Proposed) | 0.7341 07046  0.7607  0.7127 Vs

Bold denotes unreasonable results

Table 5.5: Input information of machines in the form of the CIFNs

B

Bo

B3

By

V1 0.6,0.7),

Vo | ((0.7,0.9),
Vi
Vs

=
QOO
=
\]

(( ) (0.
(( ) (0:3
Vs | ((0.3,0.6), (0.
((04,0.5), (0.
((0.8,0.7), (0.

0.5,0.7), (0.3,0.2
0.7,0.5), (0.3,0.3

0.5,0.4

)

(( ) ( )
(( ) ( )
((0.4,0.4), (0.3,0.5))
(( ), (0:3,0.3))
(( ) ( )

0.7,0.5), (0.

2,0.3

0.7,0.5), (0.2,0.3

)
)

0.6,0.5), (0.4,0.4
0.6,0.3), (0.3,0.5

(( (
(( (
((0.3,0.4),(0.5,0.3
(( (
(( (

0.7,0.7), (0.2,0.1

)
)
)
)
)

0.7,0.5), (0.1,0.4
0.4,0.6), (0.5,0.4

0.8,0.7), (0.2,0.1

o~ o~ o~ o~ o~

( ) ( )
( ) ( )
(0.5,0.5), (0.3,0.1))
( ) ( )
( ) ( )

0.9,0.8), (0.1,0.1
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Table 5.6: Similarity measures values and ranking order of alternatives

Similarity measures Similarity measures values of V* and Ranking order
Vi Va V3 Vi Vs
S 0.7055 0.6246 0.4733 0.5825 0.8203 | V5 > Vi > Vo > V4 > V3
S) 0.7024 0.6170 0.4681 0.5714 0.8148 | Vs > Vi > Vo > Vs > V3
A 0.8156 0.7345 0.6304 0.7107 0.8914 | V5 = V1 = Vo = V4 = V3
S 0.8148 0.7353 0.6296 0.7111 0.8905 | V5 = V1 > Vo =V > V3
St 0.8438 0.7750 0.6875 0.7563 0.9063 | V5 >= Vi = Vo = V4 > V3
S 0.7000 0.6250 0.5500 0.6000 0.8000 | V5 > Vi > Vo > V4 > V3
S’ 0.8252 0.7632 0.6377 0.7273 0.8980 | V5 = Vi > Vo > V4 > V3
S 0.9730 0.9508 0.9161 0.9377 0.9893 | V5 = V1 = Vo= V4> Vs
S 0.9475 0.9062 0.8453 0.8826 0.9787 | V5 =V > Vo= V4> V3
Sho 0.9579 0.9241 0.8728 0.9044 0.9831 | V5 >=Vi = Vo = V4 > V3

Table 5.7: Input information of software models in the form of the complex intuitionistic
fuzzy decision-matrix

By

B

B

B

2 3 4
Vi | ((0.5,0.4),(0.4,0.5) (0.6,0.5), (0.3,0.4) (0.8,0.6), (0.2,0.3) (0.7,0.5),(0.1,0.3)
Vy | ((0.6,0.4),(0.3,0.5) (0.7,0.5),(0.3,0.3) (0.4,0.5),(0.4,0.3) (0.4,0.6), (0.5,0.2)
Vs | ((0.3,0.6),(0.5,0.3) (0.4,0.4), (0.3,0.5) (0.3,0.4), (0.5,0.3) (0.5,0.5), (0.3,0.1)
Vi | ((0.4,0.5),(0.3,0.5) (0.5,0.4), (0.3,0.3) (0.6,0.3), (0.3,0.5) (0.8,0.7),(0.2,0.1)
Vs | ((0.8,0.9),(0.1,0.1) (0.8,0.1),(0.1,0.4) (0.6,0.6), (0.2,0.2) (0.8,0.7),(0.1,0.2)
Vs | ((0.7,0.6),(0.3,0.3) (0.4,0.9), (0.2,0.1) (0.7,0.7), (0.2,0.3) (0.4,0.6), (0.3,0.1)
Vr | ((0.6,0.6),(0.2,0.2) (0.6,0.6), (0.3,0.1) (0.5,0.8),(0.3,0.1) (0.7,0.7), (0.1,0.2)
Vs | ((0.2,0.8),(0.5,0.1) (0.7,0.3),(0.3,0.3) (0.6,0.5), (0.1,0.1) (0.6,0.5), (0.3,0.4)
Vo | ((0.6,0.5),(0.2,0.4) (0.5,0.3), (0.1,0.6) (0.5,0.4),(0.2,0.4) (0.4,0.3),(0.4,0.4)
Vio | ((0.4,0.2),(0.3,0.1) (0.5,0.3),(0.1,0.1) (0.6,0.4), (0.2,0.3) (0.8,0.6), (0.1,0.2)
Table 5.8: Clustering results for different confidence levels

Class Confidence level Clustering results

8 0.9750 < A < 1.0000 {Vi}, {Va}, {V3}, {Va}, {V5}, {Vs}, {Vr}, {Vs), (Vo) {Vio}

709563 <A<09750  {Wi}, Vo), {Vs}, {Va, Vio}, (Vs {Ve} (Vi) {Vs}, {Vo}

6 0.9562 < A <0.9563 (V1. Ve, V2, Vio}, Vo), (V) {Vs}, {(Ve}, {Vs}, (Vo)

5 0.9437 < X £0.9562 V1, V0, V7, Vio}, {Wa}, {(Vs}, {Vs}, {Vs, Vo} {Vs}

4 0.9375 < \ <0.9437 {V1,Va, V5, Ve, Viok, {Va, Ve, Vol {Vs}, {Vs}

3 09312 <\ <0.9375 (V1. V2, Vi, V5, Ve, Vi, Vo, Vioks {Vsh, {Vs}

2 0.9250 < X < 0.9312 {V1, V2, V4, Vs, Vi, V7, Vs, Vo, Vio}, {Vs}

1 0.0000 S A S 0.9250 {VlaV27V37V4’V53V67V77V87V97V10}




Chapter 6

Generalized aggregation operators
based on t-norm operations for
complex intuitionistic fuzzy sets

The objective of this chapter is to present some generalized weighted averaging and geo-
metric AOs for aggregating the different CIFNs using archimedean t-conorm and t-norm
(ATT) operations. For it, some new operational laws of the CIFNs based on ATT are
defined and their fundamental properties are proved. Then, a series of weighted averaging
and geometric AOs are developed based on proposed operations. Further, some desirable
properties and special cases of the presented AOs are studied. Finally, a decision-making
approach based on proposed AOs is developed in order to solve MCDM problems with CIF
information. A practical example is elaborated to illustrate the working of the proposed
approach and its results are compared with some existing methods under CIFS and IFS

studies.

6.1 Introduction

In most of the practical MCDM problems, it is often required to accumulate some numer-

ical values and this is when AOs play a fundamental role. More generally, it can be said

!The content of this chapter is published as “Generalized geometric aggregation operators based on t-
norm operations for complex intuitionistic fuzzy sets and their application to decision making”, Cognitive
Computation, Springer, 12(3), pp. 679 - 698, 2020 (SCI: Impact Factor: 5.418) and “Some generalized
complex intuitionistic fuzzy aggregation operators and their application to multicriteria decision-making
process”, Arabian Journal for Science and Engineering, Springer, 44(3), 2679 - 2698, 2019 (SCI: Impact
Factor: 2.334).

121



122

that the process of aggregation makes use of distinct information pieces to make it possible
to reach at some conclusion or decision. In this direction, Yager [189] proposed the OWA
operator by giving weights to all the inputs according to their ranking positions. Xu and
Yager [185] presented geometric AO while Xu [179] presented weighted averaging opera-
tor for aggregating the different IFNs. Wang and Liu [156] presented some aggregation
operations using Einstein norm operations. He, Chen, Zhau, Liu and Tao [72] presented
some interactive averaging AOs to solve the MCDM problems. Garg [44, 47] presented
some improved interactive AOs for different IFNs. Wei and Wang [166] developed ordered
weighted AOs for IFNs. Ye [201] presented some hybrid averaging and geometric AOs
under the IF'S environment to solve the MCDM problems. The extensive literature review

on various AOs has been done in section 1.1.3 of Chapter 1.

In CIFS hypothesis, complex estimations of membership and NMDs are considered
and are communicated in polar form. Therefore, keeping in view the advantages of this
set and taking the importance of AOs, this chapter presents the theory of the weighted
averaging and geometric AOs in order to accumulate CIF information. As per our knowl-
edge, in the aforementioned studies, the operators cannot be utilized to handle the CIFS
information. Thus, in order to achieve it, we first define some operational laws for
CIFNs which involve both uncertainty and periodicity semantics and study their prop-
erties. Then, based on these, we propose some generalized ATT based AOs named
as CIF weighted averaging/geometric (CIFWA /CIFWG), CIF ordered weighted averag-
ing/geometric (CIFOWA /CIFOWG) and CIF hybrid averaging/geometric (CIFHA /CIFHG)
to aggregate the different CIFNs. The various properties of these operators are investigated
in details. Furthermore, we propose an MCDM approach based on the proposed operators
for CIFSs. The feasibility as well as superiority of the approach has been demonstrated

through an illustrative example.

6.2 New Operational laws and Operators of CIFNs

In this section, some elementary operational laws of the CIFNs and some series of the

averaging and geometric operators are defined.
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6.2.1 Score and Accuracy functions
Definition 6.2.1. For CIFN C; = ((¢1,we, ), (Y1.wy, )), the score function is defined as
S(C1) = ¢ — Y1 +we, — wy,, (6.1)
and an accuracy function H of C; is stated as
H(C1) = G + 1 + we, +wy, - (6.2)

It is clear that S(C1) € [—2,2] and H(C1) € [0,2].

Based on these functions, an order relation between two CIFNs C; and Cy is stated as
(a) if S(C1) > S(C2) then C; > Co.
(b) if S(C1) =S(C2)
(i) if H(C1) > H(C2) then C; > Co
(ii) if H(C1) = H(C2) then C; and Cy represent the same information.

Here the symbol = stands for “preferred to”. Further, to study the properties of score

function and accuracy function, we propose the following results.

Theorem 6.2.1. (Monotonicity of score function). Let C = (({,w¢), (¥, wy)) is CIFN,
the score function S(C) = ( — ¥ 4+ w¢ — wy is a monotonic increasing function with ¢, we,

and a monotone decreasing function with 9, wsy.

Proof. Omitted. 0

Theorem 6.2.2. (Symmetry of score function) Let C; = ((Cj,wcj) ) (19]',’11}79].)), ji=12
be two CIFNs, CJQ = ((19j,w79j) , (Cj,ng)), j = 1,2 be their associated inverse function,
respectively, then we have the following conclusion S(C;) < §(Cz) < S(C§) > S(C$).

Proof. By the definition of score function for CIFNs C;(j = 1,2) we obtain
S(C1) =G — Y +we, —wy, and S(C2) = (o — V2 + we, — wy,

Since §(C1) < 8(Ca), then (1 — V1 + we, — wy, < (o — V2 + we, — wy, which implies that
—C1 + 01+ —we, +wy, > —Co+ V2 + —wg, + wy,. Hence, S(CY) > S(C53).
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Theorem 6.2.3. (Monotonicity of accuracy function) Let C = ((¢, w¢), (¥, wy)) is CIFN,
the accuracy function S(C) = ¢ + ¥ + w¢ + wy is a monotonic increasing function with (,

we, U and wy.

Theorem 6.2.4. (Symmetry of accuracy function) Let C = ((¢,w¢) , (¢, wy)) be CIFN
and C° = ((Y,wy) , (¢, w¢)) be their associated complement, then we have H(C) = H(C°).

Proof. Omitted. O

6.2.2 Operational laws of CIFNs

Next, we define the basic operational laws of CIFNs based on the Archimedean t-norm

operations as follows.

Definition 6.2.2. Let C; = ((Cj,wcj) ) (ﬁj,ng)), j = 1,2 be any two CIFNs and let

p > 0 be any real number. Then, we have

(i) croc = ( (57 (5060 + 5(6), 571 (stae) + swe)) ) (7 (1090) + £02)), 67 () + #0)) )

(i) e = ( ({160 + 1) ), 7 (1) + ) ) (578 (00 + s(92) )57 (s(ws,) + s(wy))) )

(i) pC1 = (57 (ps(c0))s 57 (pswi)) ) (17 (o)), 7 (b)) ))
(@) (€)= (¢ (tcn) e (ptlwe)) ). (57" (s (@) )57 (ps(wan))))

Theorem 6.2.5. If C; and Cy be any two CIFNs and p > 0 be any real number, then
Cy @ Ca, pC1, C1 ® C2 and CY are also CIFNs.

Proof. Let C1 = ((¢1,we, ), (1, wy,)) and Co = ((C2, we, ) , (Y2, wy,)) are two CIFNs. So, by
definition of CIFN, we have (1, (2,71, U2, w¢, , we,, Wy, , Wy, , (1 +V1, G +02, we, +wy,, we, +
wy, € [0,1]. Now, by using Definition 6.2.2, we obtain C; @ Co = (((3,w¢,) , (¥3,wy,))
where (3 = s71(s(C1) + 5(¢2)), U3 =t (E(V1) + t(V2)), we, = s (s (we,) + s (we,) ) and
wy, =t (t (wy,) +t (wy,) ). In order to show C; ® C; is CIFN, it is enough to show that
(3, U3, Wey, Wy, G3 + U3, we, + wy, € [0,1]. Since ¢,s : [0,1] — [0,00) are the continuous

function with ¢(1) = 0 and s(a) = t(1 —a), so it is clearly seen that (3,93, we,, wy, € [0,1].
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Further, using the conditions (; +9; < 1 for j = 1,2 and s is an increasing function, we

have

Gty = 57 (s(C) +5(@) + 7 (H0) +1(02))
< g7t (S(l — Y1) +s(1— 192)) +¢t (75(?91) + t(192)>
= 1-— t—l(t(ﬁl) +t(192)> +t‘1(t(z91) +t(292))

= 1

Thus, (3 +93 < 1. Also, (3 + 193 > 0 as (3,93 > 0. Hence, 0 < (3 + 93 < 1. Similarly,
0 < we, +wy, < 1. Therefore, C; & Cy is a CIFN. Similarly, we can prove that C; ® Ca, C7,
pCy are also CIFNs. O

Theorem 6.2.6. Let Cq, Cs be two CIFNs and p, p1, p2 > 0 be three real numbers. Then,
(i) C1®Ca=Ca®Cy
(ii)) 1 ®Cy=Ca®Cy

(iii) p(Cr & Ca) = pC1 D pCs ;

(iv) (C1®C)" =Cf®Ch;
(v) p1C1 @® paC1 = (p1 + p2)Ca ;

(vi) CPr e =cpte

Proof. Here we have proved the parts (i), (iii) and (v), while others can be deduced
similarly for two CIFNs Cy = ((C1,w¢, ), (¥1,wy,)) and Ca = ((C2, we,) 5 (P2, wy,))-

(i) By Definition 6.2.2, we have

CipC = ( (s*l (8(61) + s(@))., st (s(w@) + S(IUCZ))) , (t*l (t(ﬁl) + t(192)),t*1 (t(wﬁl) + t(’wﬁz))) )

- ( (571 (s(@) " .9(<1))7 51 (s(w@) T .9(11)41))) 7 (fl (t(ﬂg) n twl)),fl (t(w%) + t(wﬂl))) )
= Gl
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(iii) Since Cp, C2 are CIFNs and p > 0 is a real number. So, by Definition 6.2.2, we have

— p<<571(8(<1)+s(gg)>,571 U)(l w<2 , 191 +t’l92 ’wgl th w192 ))
tl(pttl (01) + t(92))
t= (pt (t7F (tH(wg,) + t(wy,))

s~ (ps((l) + ps((2)) t~ 1(pt V1) + pt(d2))
s (ps (wC1) + ps wCQ ¢ (pt (we,) + pt (we,))
()

_ ((sl (s (s (ps(C1))) + 5 (s (ps(C2)) ) (t (T (pt(0h))) +t (£ (pt(92)) )
s (s (s7 (s (wg,))) + 5 (57" (s (wey) Y (pt (way))) +t (t7" (pt (wo,)

= ((s7H(ps(G)), 57" (ps (wer))) » (t " (pt (wg,))))

& ((s7(ps(¢2)),s " (ps (wcz))) ; (t_ (t(?%)) = (pt (wg,))))

= pC1 @ pCo

Hence, p(C1 @ Cg) = pC1 @ pCs.
(v) Since C; is CIFN and p1, p2 > 0 are real numbers.

p1C1 & p2Cy
((s7 (p1s(¢r)), st (pls(wcl)))a(t Y(p1t(91)) 71 (it (wy,))

)
@ ((s7 (p25(Q1)) s (p28 we,))) s (71 (p2t(91)) 7 (pat (wy,))))
_ s (s (57 (p1s(C1))) + s (57 (p2s(C)) (t (7" (pat(91))) + £ (¢ (pat (V1)) ,
s (s (57 (p1s (wey)) (57" (p2s (we,)) (1 (p1t (wo,) )) +t (£ (pot (wyy))))

_ s~ ((p1 + p2) 5(¢1)), (o1 + p2) t(h))
s~ ((p1+ p2) s (we,)) “((p1 + p2) t (wy,))

= (p1+p2)C1

Hence, p1C1 @ p2C1 = (p1 + p2)Cr.

O]

Theorem 6.2.7. Let Cy, Ca, C be three CIFNs and p > 0 be any real number. Then, we

have
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(i) (€)= (pC)";

(i) p(C%) = (C)";
(i) (C1®Co)° =CERCS
(iv) (C1®C2)* =C{DCs .

Proof. Let C1 = ((C1,we,) , (Y1, wy,)), Co = ((C2,we,) , (Y2, wy,)) and C = ((¢,we) , (Y, wy))

be three CIFNs. Then, C¢ = ((¥,wy) , (¢,w¢)). Therefore, we have
(i) (€)= ((t7" (pt()) .t~ (pt (wy))) , (s (ps(C)) , 57" (ps (w)))) = (pC)°
(i) p(C%) = (5= (ps(9)) .5~ (s (wg))) (£ (o£(C)) =" (ot () = (CP)°

( s(C1) +s(¢2)) s
oY

wCl +s (wCz))

(iv) (€1 @ C)° = L) ) ( e,

571 (s (way) + s ( (wy,))

(t(th) + t(92))
(iii) (Cl & CQ)C =

t 1 t(wy,) +t(wy,))

= C{ @ Cs

wCl + t w(z))

O]

Remark 6.2.1. Consider here some special cases of CIFN C = ((¢,w¢), (¥, wy)) and any

positive real number p.
(i) If C = ((1,1), (0,0)) then
pC = ((s7"(ps(1)),s7 " (ps (1)), (" (pt(0)) .t~ (pt (0)))) = ((1,1),(0,0))
(ii) If C = ((0,0), (1,1)) then
pC = ((s7"(ps(0)), 57 (ps (0))) , (t7* (pt(1)), 11 (pt (1)))) = ((0,0),(1,1))
(iii) If C = ((0,0), (0,0)) then
pC = ((s7"(ps(0)), 57 (ps(0))) , (t7* (pt(0)), 17" (pt (0)))) = ((0,0),(0,0))
(iv) I C = ((C,we) , (9, wy)) and p — 0 then

pC = ((s7" (ps()), 7" (ps (we))) , (t7" (pt(9)) .t~ (pt (wy)))) — ((0,0), (1,1))
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(v) I C = ((C.we)  (9,wg)) and p — oo then
pC = ((s7(ps()) s  (ps (we))) , (81 (pt(9)) .t (pt (wy)))) — ((1,1),(0,0))
(vi) I C = ((C,we) , (9, wg)) and p = 1 then
pC = ((s7"(ps()), 57 (ps (we))) , (t7F (pt(9)) .t (pt (ws)))) = (¢, we) , (9, wy))
Next, based on the above defined operational laws of CIFNs, we propose some new

averaging and geometric AOs named as CIFWA, CIFOWA, CIFHA, CIFWG, CIFOWG
and CIFHG under CIF environment.

6.2.3 Weighted averaging and geometric operators

In this section, weighted averaging and geometric AOs for a collection of CIFNs are defined.

Definition 6.2.3. Let  is the collection of all CIFNs C; (j = 1,2, ..., n) with correspond-

ing weights & = (&1,&2,...,&,)T such that & >0 and 3 & = 1. If CIFWA: Q" — Q, is a
j=1
mapping defined by

CIFWA(Cy,Co,...,Cp) =101 @ &C2 D ... D ELC, (6.3)
then, CIFWA is called CIF weighted averaging operator.

Theorem 6.2.8. For any collection of CIFNs C; = ((Cj, ij) ) (19j,w79].)) (1=1,2,...,n),

the combined value obtained by using CIFWA operator is still CIFN and is given as

8_1 Zgjs(Cj) ) t_l Zgjt(ﬁj) )
CTIFWA(Cy,Ca, ..., Cp) = = , = (6.4)

s D& () [ D&t (wa,)
=1 =

Proof. The fact that, the value obtained after applying CIFWA operator is still CIFN,
follows from the Theorem 6.2.5. Now, by making use of mathematical induction, we will
show that Eq. (6.4) holds.

Since for each j, C; is a CIFN and for real numbers &; > 0, we have ;C; is also CIFN

by using Theorem 6.2.5. Then, by using mathematical induction we have:
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For n = 2, we get Cl = ((Cl,w@) 5 (191, wﬁl)) and CQ = ((@,w@) 5 (192,11}192)). Thus,
by the operation laws of CIFNs, we get

GC = ((s7"(&s(C)) s (&s(we,))) s (71 (&at(Wr)) ¢ (Gt (wy)))))
and &C = ((s7'(&25(¢2)),s7 " (&5 (wg))) , (71 (&t(02)) .t (&t (wy,))))

Hence, by addition law of CIFNs, we get

CIFWA(C1,C2) = &1C1 & &0
s (s (7 (€s(G))) + 5 (57 (@s(2)))
s (s (57 (Gs (wey))) + 5 (571 (€25 (wy))))

- (¢ (T (Et () + (T (Et(92))))
(T (Gt (we,)) +E(E7 (&t (ws,))))

2

s ( S(Cj)> ; =t (Z&ﬂ%’)) ;
j=1

g1

i &
(Zl &8 (wcj)) ! (Z &t (wﬁj)>

j=1

Thus, results holds for n = 2.

If Eq. (6.4) holds for n = m, where m is any natural number, then

s (Z;fjs(cj)) s 1 (Z; gjt(ﬁj)) )

s L (igjs (wC])) 1 (i &t (U)ﬁj))

CIFWA(Cy,Ca, .. ., Cm) =

then for n = m + 1, we have

CIFWA(Cl,CQ, .. ,Cm_H) = CIFWA(Cl,CQ, . ,Cm) D £m+1cm+1

571 (ZﬁjS(Cg‘)) : ! (ny‘t(ﬂj)) ,
j=1 Jj=1
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o 1(§m+13 Cm+1) ) 7 Emirt (W)
1 §m+15 (wém+1)) = (§m+1t (wﬁmﬂ))
m+1 m+1
> gs6) ] Yty |
=1 =1
- m+1 ’ m+1
> s (wg) = D &t (wo))
=1 =1

Thus, the result is true for n = m+1 and hence, the Eq. (6.4) holds for all natural

numbers n.

O]

Definition 6.2.4. For a collection of “n” CIFNs C;, a mapping CIFWG: Q" — 2, given
by

CIFWG(C1,Ca,...,Ch) =CS @ CP ® ... ® 5. (6.5)
is called as CIF weighted geometric operator.

Theorem 6.2.9. For a collection of CIFNs C; = ((Cj, ij)v (193-, ng)> with corresponding

n
weights £ > 0 and ) & = 1, the combined value obtained by using Definition 6.2.4 is
j=1
still CIFN and is given as

Zﬁjt(Cj) ; st Zijs(ﬂj) ,

Jj=1 7=1

CIFWG(Cy,Co, ... ,Cp) = , (6.6)
> &t (we,) s DD &s (wa))
j=1 j=1

Proposition 6.2.1. For w¢;, wy, = 0 for all j, CIFWA operator reduces to [FWA operator

in IFS environment.

Proof. Since we;, wy; = 0. Therefore, Eq. (6.4) reduces to:

CIFWA(C1,Ca,...,Cn) = | s [ D &s(¢) |t [ D] &t@y)
j=1 =1

which is the weighted averaging operator in IF'S environment. Hence, the proposed CIFWA

operator is an extension of existing IFWA operator. O
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Proposition 6.2.2. If for all j, w¢;,wy;, = 0 and (; +J; = 1 then, the CIFWA operator

reduces to weighted operator in fuzzy environment.

Proof. Similar to the above Proposition. O

The working of the proposed CIFWA AO is explained with a numerical example as

follows:

Example 6.2.1. Let C; = ((0.6,0.8),(0.2,0.1)), C2 = ((0.8,0.7),(0.2,0.1)), C3 = ((0.5,0.6), ,
(0.3,0.4)), C4 = ((0.6,0.7), (0.3,0.2)) be four CIFNs and ¢ = (0.35,0.3,0.1,0.25)7 be the
corresponding weight vector of C;(j = 1,2,3,4). Without loss of generality, we consider
the additive generators t(a) = —loga if 0 < a <1 with #(0) = co and s(a) = —log(1l — a)
if 0 < a < 1 with s(1) = oo corresponding to t-norm and t-conorm respectively. Then,

Eq. (6.4) becomes

- Cj ) Hﬁﬁja

H (1
CIFWA(C1,Ca, . .,Cn) = — A (6.7)
é‘.
H 1_wCJ H(wﬁj)]
j=1 j=1
Now, based on the given information, we have
4
[Ta-¢)¥ = 1-06)"%x(1-08)"%x (1-0.5)% x (1-0.6)°% =0.3322
7=1
Hﬂﬁf = (0.2)"% x (0.2)"3 x (0.3)%! x (0.3)"% = 0.2305
4
[T1-w,)¥ = (1-08)%x(1-0.7)°%x (1 -0.6)" x (1 -0.7)%% = 0.2679
j=1
4
[T (ws,)¥ = (0.1 x (0.1)°3 x (0.4)*! x (0.2)°2° = 0.1366
j=1

Thus, by using Eq. (6.7), we get

CIFWA(Cy1,C2,Cs,Cq) = ((1—0.3322,1— 0.2679) , (0.2305,0.1366))
= ((0.6678,0.7321), (0.2305, 0.1366))
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Based on the Theorem 6.2.8, it is observed that the CIFWA and CIFWG operators

satisfy some properties which are elaborated for CIFWA operator as follows:

Property 6.2.1. Let Cy be CIFN and if C; = Cp for all j = 1,2,...,n, then, we have
CIFWA(Cy,Cs...Cp) =Co

This property is called Idempotency.

Proof. Let Co = ((¢o, we,) 5 (Yo, wy,)) and C; = ((Cj,wcj) , (ﬁj,ng)) (j=1,2,...,n) be
CIFNs such that C; = Cyp which implies that (; = (o, ¥; = Yo, we¢; = we, and wy, = wy,

n
for all j. Also, we have £ > 0 such that > &; = 1. Then, by using Theorem 6.2.8, we get
j=1

CIFWA(C1,Cs ... Cn)

s s | D &tWo) |
j=1 J=1

S Gstwa) | || 1 204t wan)
= (571 (507" (s (weo))) » (71 (4(90)) £ (¢t (wa,))))

= ((CvaCo)v(ﬂmwﬁo))
= (p

Hence, CIFWA(C1,Cz...Cy) = Co. O

Property 6.2.2. For two collections of CIFN C; = (((¢;,we.. ), (Jc;,wy, ) and Z; =
J J
((CZjawCzj)7 (ﬁzj'awﬁzj)) Satisfying CC]' S CZja 190]' Z ﬁZja w((;j S wé'zj and wﬂcj 2 wﬂzj
for all j. Then, we have
CIFWA(Cy,Co, .. .,Cp) C CIFWA(Z, 25,..., 2Z,).

This property is called Monotonicity.

Proof. For two CIFNs C; = (({¢;,wee, ), (Ve;, wo, ) and 25 = ((Cz;,wez,), (V2w )
such that ch < Czj, 190], > ﬁgj, Wee. < Wy, Wy, = Wy, for all j which implies that

J J J J

C; C Z;. Further, t and s are decreasing and increasing functions respectively, then we

have
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[y

&js(Ce ) <s (Z@ﬂ(z)))
j= j=1

&t(de;) ) >t (Zfﬂf(ﬁzj)))
j= j=1

(] 515 Wee, ) <s! (jigjs (wCZJ>)
and ( &t wgc ) > ¢! (i:fjt (wﬁzj))

Hence, CIFWA(Cy,Ca, ...,Cpn) € CIFWA(Zy, 2o, ..., Zn). 0

;_n

3

—_

3

Property 6.2.3. For a collection of CIFNs C; = ((Cj,ng) , (ﬁj,ng)) (j =1,2,...n),
let C~ = (¢~ w5, (9%, wi)) and CF = ((C+,w?), (9=, wy)) where ¢~ = min{¢;}, wy =
J
mjn{ng}, (r = maX{Cj}v wé = max{ij}v VT = m.in{ﬂj}’ Wy = mjn{ng}, It =
j j J j j
max{d;}, wy = max{wy,}. Then, we have
j j
C~ C CIFWA(Cy,C...Cp) CCT
This property is called Boundedness.
Proof. Let CIFWA(C1,Cs...Cp) = ((Cs,weg) 5 (Vs,wyg)). Fora CIFN C;, we have min{(;} <
J
¢; < max{(;} and min{v;} < ¥; < max{d;}. Since t, s are decreasing and increasing
J J J

functions respectively, therefore,

*(igjs(mjin{@ )) <s <ij 5(G ) ss*(igjs(mgx{cj}))
and ¢! (i@t(rrljjn{ﬁj})) <t ! (ijt(ﬂj)) <t ! (ifﬂ(mjax{ﬁj}))

which implies that min{gj} < (g < max{g“j} and min{ﬁ-} < g < max{ﬁj}, Le., ¢ <
(s < C* and 19 < 195 < 19+ Slmllarly, we can obtaln wc < weg < wc, and w;j < wyg <

ﬁj . Therefore,

C~ C CIFWA(Cy,Ca,...,Cp) C CT
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Property 6.2.4. For a collection of CIFNs C;(j =1,2,...,n) and CIFN Z, we have
CIFWA(C, @ Z,Co @ Z,...,C, ® Z) = CIFWA(C1,Ca,...,Ch) & 2

This property is called Shift Invariance.

Proof. Let C; = ((Cj7w<j) , (’l?j,wﬁj)) and Z = (((z,w¢s), (¥z,wy,)) be CIFNs. Then,
by using addition law for CIFNs for all j, we get

s7H(s(¢) +s5(¢z)),s 7 ((9)) +t(0z)),
st (s (ij) + 5 (wez)) ¢ (t (wﬁj) +t(wy,))
Now, using Eq. (6.4), we get

CIFWA(C; @ Z,Co® Z,...,C, ® 2)

s (Z &s (s7H(s(¢) + s(CZ)))) ; t (angjt (™ (t(;) +t(192)))) ,
(zs (57 (s )+ <wcz>>>) 3 (2 (17 (1 () + ¢ W)))
s ( & (s(¢) + S(Cz))) ; ¢t (Z & (t(9;) + t(ﬂz’))) ;
_ 7=1 j=1
s (Z & (5 (U’Cj) + 5(“’Cz))) ! (Z & (t (wﬂ]) —|—t(w192)))
j=1 J=1
s (( EjS(Cj)) +S(Cz)) ; t (( 5]15(191)) +t(192)> ;
= = =1
st (( €j5(w<j)) +5(w<z)> ! (( &t (wﬂj)) +t(w192))
j=1 j=1
st (9 (91 ( i fﬁ(@))) + "’(CZ)) ) ! (t (tl (igﬁ(ﬁ]))) +f(792))
st (s (51 ( i &js (u@))) +s(w¢z)) | t! (t (tl (i@t(um))) +t(u792)>

= CIFWA(C1,Ca,...,Ch) D 2
which completes the proof of the theorem. O

Property 6.2.5. For a collection of CIFNs C; and any real number p > 0, we have

CIFWA(pCl, pCQ, ce ,an) = pCIFWA(Cl,CQ, cee ,Cn)
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This property is called Homogeneity.

Proof. For a collection of CIFNs C; = ((CjﬂUCj) , (19j,w,9j)) (j = 1,2,...,n) and real

number p > 0, we have

G = (57 (ps(¢)) 57 (ps (wg,)) s (877 (o))t (ot (ws)))))
Now, using Eq. (6.4), we get

CIFWA(pC1, pCay ..., pCp)
s Z&a (ps( Cg)))) : ¢ (Zfﬁ (t (pt(ﬁj)))) :
j=1
s Zéj (ps UJ@)))> t=! (Zﬁﬂf (7 (pt (%))))
j=1
5_1 ES]pS(Cj)) 3 t_l Zgjpt(ﬂj)) )
j=1 j=1

9

s Z{jps (wg)) t! Zﬁjpt (wﬁy))
=1 =1

s ps (31 (;&d@))) ) 1 (pt (tl (ifﬂf(ﬁj)))) 7
s ps (51 (;éjS(wcg)) ) 1 (pt (tl (igjt (wﬁj)))>

= IOCIFWA(Cl, CQ, cee ,Cn)

which completes the proof. O

Furthermore, some of the special cases of the AOs are obtained from the proposed
CIFWA and CIFWG operators by assigning the different form of the generator ¢ with

t(0) = oo as follows:
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(i) If t(a) = —loga, 0 < a < 1 then Egs. (6.4) and (6.6) become

CIFWA(Cy,Ca, - .., Cn)

T s )

Jj=1 7=1 7j=1 7j=1
CIFWG(C1,Ca, ..., Cn)

- ((IL) Mo ) (- TTo -0 a0 -m)?) )

7j=1

and are called as CIF Archimedean weighted averaging and CIF Archimedean weighted

geometric operators respectively.

(i) If t(a) = log (%), then Egs. (6.4) and (6.6) become

CIFWA(Cy,Ca, . ..,Cp)
1 (1+¢)% - I1(1- ) 2 [] v
j=1 j=1 Jj=1
I1O+¢)Y+11 (1-¢)® [T (2—0,)% + [ 0%
_ j=1 j=1 j=1 j=1
[T (1+wg)™ = I (1 —we;)® 2 11 (wy,)”
j=1 j=1 j=1
[T (1 4+we)® + T (1= we)® | | 1T (2= ws,)® + IT (ws,)®
j=1 j=1 j=1 j=1
CIFWG(C1,Ca, . ..,Cn)
2 1] ¢y 1 (1+9;)% — e — ;)%
Jj=1 Jj=1 J=1
[12-¢)Y+1I¢ 1 (1+9,)% + 1] (1—9;)"
_ j=1 j=1 j=1 j=1
211 (we,)® [T (14ws,)¥ = TT (1 —wy,)®
j=1 Jj=1 Jj=1 ’
IT (2 —we) + 1T (w,) | | I (1+wo,)¥ + T (1—wp,)®
Jj=1 Jj=1 j=1 j=1

and are called as CIF Einstein weighted averaging(CIFEWA) and CIF Einstein

weighted geometric(CIFEWG) operators respectively.
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(iii) If t(a) = log (M), v € (0,00) then Egs. (6.4) and (6.6) become

CIFWA(Cy,Ca, - .., Cn)

I+ (=16 - [T (- ) i

Jj=1 j=1 j=1

fla+6-06°+ 1 a-¢F T+ (= D=0 + (=) [T 95
I+ —Duwe)® — 1 (1 —we)® | 3 1T (19,)®

7=1 j=1 j=1

IT(1+ (= D) + T —w)¥ | | T+ (-1 (@ wg,)¥ + (v~ 1) TT (w,)®
Jj=1 J=1 Jj=1 Jj=1

CIFWG(Cy,Co, ..., Cn)

ik I+ -9 - 1T a0y
ﬁ<1+<v—1><1—<>>€f+<v—1>_ﬁgff’ I+ (=08 + [T (- ,)%
— Jj=1 j=1 j=1 j=1
71T (wg,)® I (14 (v = Dw,)¥ =TT (1~ wy)®
Jj=1 j=1 j=1
I+ 6= (1 =we) + =D T ()% | | TL 0+ (= ) 4 1T (- w0))®

<.
Il
—

J=1 J= Jj=1

and are called as CIF Hammacher weighted averaging(CIFHWA) and CIF Ham-

macher weighted geometric(CIFHWG) operators respectively.

6.2.4 Ordered weighted averaging and geometric operators

In this section, we propose a new operator named as CIF ordered weighted averaging

(CIFOWA) operator.

Definition 6.2.5. Let Q) be a collection of CIFNs. We define a map CIFOWA : Q™ — Q
by

CIFOWA(Cla Ca, ... 7CTZ) = glc‘r(l) D 5207'(2) ©...0 gnCT(n)

for all C; € Q where (7(1),7(2),...,7(n)) is a permutation of (1,2,...,n) such that
S (CT(j,l)) >S (CT(j)) for j =2,3,...,nand £ = (&,&,...,&)7 is the weight vector of
C; with & > 0 and ) & = 1. Then, CIFOWA is called CIF ordered weighted averaging

J=1
operator.

Theorem 6.2.10. The aggregated value by using CIFOWA operator for a collection of
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CIFNs Cj = ((Cj, ng) ) (ﬁj, ng)) (7 =1,2,...n) is still a CIFN and is given by

CIFOWA(C1,Ca, . .. ,Cn

(Z g] C‘r ) ) ! (Z g]‘t(ﬂ‘r(j))) )
j=1
(Z &8 (We,;) ) t! (z; &t (wﬂf(w))

In particular, if we;, wy;, =0V j then, Eq. (6.8) reduces to

CIFOWA(Cl,C27 cee 7Cn) = ( (Sl (Z g]£(€7’(1)))) ) (tl <Z§Jt(§70))> ) )
j=1 Jj=1

which is an intuitionistic fuzzy OWA operator.
Proof. Proof is similar to Theorem 6.2.8. O

Definition 6.2.6. Let 2 be a collection of CIFNs. We define a map CIFOWG : Q" — Q)
by

CIFOWG(C1,Ca, .., Cp) = Cotyy @ Cy @ ... @ C
Then, CIFOWG is called CIF ordered weighted geometric operator.

Theorem 6.2.11. The aggregated value by using CIFOWG operator for a collection of
CIFNs C; = ((¢j,we,) » (95, wy,)) (j =1,2,...n) is still a CIFN and is given by

t71 (Z gjt(CT(j))> ) 871 (Z gjs(ﬂf(j))> 3
CIFOWG(C1,Ca, ..., Cp) = J? 7 J? (6.9)
- (Zl &t (wgw))) - (Zl &s (wm(_”>)
j= j=

Example 6.2.2. Let C; = ((0.6,0.8),(0.2,0.1)), C2 = ((0.8,0.7), (0.2,0.1)), C3 = ((0.5,0.6),
(0.3,0.4)), C4 = ((0.6,0.7), (0.3,0.2)) be four CIFNs and ¢ = (0.35,0.3,0.1,0.25)7 be the
associated weight vector. Then, score function of each CIFN is calculated as S(C;) = 1.1,
S(C2) = 1.2, S(C3) = 0.4 and S§(C4) = 0.8. Since S(C2) > S(C1) > S(C4) > S(C3) and
hence by permutation, we have C, () = ((0.8,0.7),(0.2,0.1)), Cri2) = ((0.6,0.8),(0.2,0.1)),
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Cr3) = ((0.6,0.7), (0.3,0.2)) and C,(4) = ((0.5,0.6), (0.3,0.4)). Without loss of generality,
we consider the additive generator t(a) = —loga if 0 < a < 1 with #(0) = oo corresponding

to t-norm. Then, Eq. (6.8) becomes

( H 1= Grj) jvl_H(l_wCrm) ) ’
: =1
CIFOWA(C1,Ca, . .. ,Cp) = ’ (6.10)
3
H 19 1 H ( "'(J))
Therefore,
4
[TO-¢)" = @-08)°"% x (1-0.6)"% x (1-0.6)"" x (1-0.5)"% =0.3318
7j=1
4
[1%5, = 02°% x(0.2)"% x (0.3)™ x (0.3)" = 0.2305
j=1
: & 0.35 0.3 0.1 0.25
I1 (1 - w%)) = (1-0.7)%% % (1-0.8)%% x (1—0.7)%! x (1.0.6)%% = 0.2854
j=1
- & 0.35 0.3 0.1 0.25
I1 <w197(]_)> = (0.1)°35 x (0.1)%3 x (0.2)"! x (0.4)25 = 0.1516
j=1

Thus, by using Eq. (6.10), we obtain

CIFOWA(Cy,C2,C5,C4) = ((1—0.3318,1 —0.2854),(0.2305,0.1516))
= ((0.6682,0.7146) ,(0.2305,0.1516))
Also, it is analyzed that CIFOWA and CIFOWG operators satisfy the properties of

idempotency, monotonicity and boundedness. Besides these properties, CIFOWA operator

satisfies the additional properties which are stated as below.

Property 6.2.6. Let C; (j = 1,2,...,n) be the collection of CIFNs. Then,
(i) If £ = (1,0,...,0)T then, CIFOWA(C1,Cs,...,Cp) = max {C1,Ca,...,Cpn}
(i) If £ = (0,0,...,1)T then, CIFOWA(Cy,Cs, . ..,Cy) = min {C1,Ca,...,Cn}

(iii) If § = 1 and & = 0 for [ # j then, CIFOWA(C1,Cs,...,Cn) = Cr;

j) where Cr; is

the jth largest of C;.
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6.2.5 Hybrid averaging and geometric operators

In this section, by taking the advantages of both ordered weighted and weighted averaging

operators, we propose a hybrid averaging AO for a collection of CIFNs.

Definition 6.2.7. Let  be a collection of CIFNs. A map CIFHA : Q" — Q. having

associated weight vector ¢ = (1/}1, Vo, ... ,wn)T with ¢; > 0 and ) ¢; = 1, defined by
j=1

CIFHA(Cy,Co,...,Cp) = wléf(l) S5 ¢QCT(2) b...8 ¢nér(n)

where Cj =n&Ci,7=1,2,...,nand £ = (&,&, ... ,&.)7 is the weight vector of C; with

& >0and ) & =1, is called CIF hybrid averaging (CIFHA) operator.
j=1

Theorem 6.2.12. The combined value obtained after applying CIFHA operator for a
collection of CIFNs C; = ((Cj,wcj) , (’l?j,'ll)ﬁj.)) (j = 1,2,...n) is still a CIFN and is

given by

st (Z sz(CT(]))) ) t (Z wjt(ﬁ”"(ﬂ))) ’
j=1 Jj=1

(z i3 ()) (Z it ())
j=1 Jj=1

Proof. Similar to the Theorem 6.2.8. O

CIFHA(Cy,Ca,...,Cp) = (6.11)

Definition 6.2.8. Let 2 be a collection of CIFNs. A map CIFHG : Q" — Q. having

associated weight vector ¢ = (1/11, Vo, ... ,wn)T with ¢; > 0 and ) ¢; = 1, defined by
j=1

CIFHG(Cl,CQ, .. ,Cn) = (C'T(l))d)l & (67(2))w2 ®...Q (CT(n))d)n
where Cj = (Cj)”gj ,7=1,2,...,n and is called CIF hybrid geometric (CIFHG) operator.
Theorem 6.2.13. The combined value obtained after applying CIFHG operator for a

collection of CIFNs C; = ((Cj,wcj) , (ﬂj,wﬁj)) (7 = 1,2,...n) is still a CIFN and is

given by

tt (Z %’t(ér(g‘))) ) s (Z sz(lér(j))) )
= =1

(o)) | (o)
j=1 Jj=1

CIFHG(Cy,C, ..., Cy) = (6.12)



141

The proposed CIFHA and CIFHG operators also satisfy the above stated properties.

Theorem 6.2.14. If ¢ = (%, %, R %)T then, CIFHA operator becomes CIFWA opera-
tor.

Proof. Since, C,(j) = n&;Cj and ¢ = (2,1 ...,%)T which implies that 1;C.(;) = &C;.

n?

Therefore,
CIFHA(C1,Ca,...,Cn) = ¥1Cr1) ® ¥2Cri2) ® - .. & ¥nCrn)
= glcl S 6262 D...D gncn
= CIFWA(Cy,Ca,...,Cp)
Hence, CIFHA(Cy,Co, .. .,Cy) = CIFWA(Cy1,Ca, ..., Cp). O

Theorem 6.2.15. If £ = (l %, cee %)T then, CIFHA operator becomes CIFOWA oper-

n’

ator.

Proof. Similar to the proof of the above theorem. O

6.2.6 Fundamental properties related to AOs

In this section, we investigated the several relations between the proposed AOs and study

their some fundamental properties by taking generator t(a) = —log(a), a > 0, as follows.
Theorem 6.2.16. For two CIFNs C; and Cy we have, C1 & Cy O C1 ® Cs.

Proof. Let C1 = ((Cl,wgl), (191,7.11191)) and Cy = ((Cg,w@), (192,10192)) be two CIFNs.
Then, by using Definition 6.2.2, we get

coe - ([1-TT0-a-TT0-ug) | (TTo-ITw,

7j=1 7=1 7j=1 7j=1
and
2 2 2 2
e = | ([T¢ITwe |- (1=TT (=) 1=TT(1—ws)
j=1 j=1 j=1 j=1

Since for any two non-negative real numbers, their arithmetic mean is greater than

or equal to their geometric mean therefore, % > /(1(o > (19, which follows that
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2 2 2 2
C1+C2—C(1¢2 > (1¢2 which gives 1— [ | (1—@) > 11 ¢;- Similarly, ] 9; <1-]] (1—29j),
j=1 j=1 j=1 j=1
2 2
1-— H (1—wg) > H we,; and H wy; <1— [] (1 —wy,) . Hence, by using Definition
=1 j j=1
2110 Wegetcl@CQDC;l@Cg ]
Theorem 6.2.17. For any CIFN C and real number p > 0, pC O C? if and only if p > 1

and pC C C? if and only if 0 < p < 1.

Proof. As similar to the above theorem. So, we omit the proof here. O

n n
Lemma 6.2.1. For a; > 0 and b; > 0, then we have [] a Z ; and the equality
J=1 J=1
holds iff a1 = a9 = ... = a,.

Lemma 6.2.2. Let 0 <a,b<1,and 0 <z <1, then 0 <ax+b(1 —z) < 1.
Lemma 6.2.3. For 0 < a,b <1, we have (1 —a)(1 —b) +ab < 1.

Theorem 6.2.18. For a collection of “n” CIFNs C;, we have
CIFWA(Cy,Co, . ..,Cp) 2 CIFWG(Cy,Co, . .., Cy),

Proof. For “n” CIFNs C; = ((¢j,we,), (9, wy,)) and normalized weight vector &; > 0, we

have

2

2 2 2
CIFWA(C1,Ca,...,Cp) = <<1 — H (1 _ Cj)fj,l i H (1 ng)&]) ’ (H (19‘7,)5]'7 H (wﬁ])fj)>
j=1 j J=1 Jj=1

Jj=1

and

i

J=1

CIFWG(C1,Ca,...,Cp) = ((f{ )%, i[l (ngfJ) : (1 (1=9,)%1~ IgI (1 —wm)gj>>

For £ > 0, ¢; € [0,1] and by Lemma 6.2.1, we have [] (1 — Cj)gj <X M=) =
j=1 j=1

n n n n
1-56¢ =1-T (¢)¥. Hence, 1— [T (1 —¢;)% > [] (¢)%. Similarly, we can obtain
=1 =1 =1 =1
’ n € ! n € n ’ ¢ n ’ ¢ n ¢
1-— H (1—-19;)% > H (¥5)%,1— H (1—w<j) T > H (wg) 7 and 1 — H (1—w19j) 7 >
Jj=1 j=1 j=1 j=1 j=1
n
I (wﬁj)éj . Hence, by using Definition 2.1.10, we get the result. O
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Theorem 6.2.19. Let C; (j = 1(1)n) be the collection of CIFNs and let C is also CIFN.
If ¢ = (&1,&9,...,&)7T be the weight vector corresponding to them such that § > 0 and

i & =1, then
7j=1
(i) CIFWG(C; ®C,Co ®C,...,C, ®C) D CIFWG(C1 ® C,C2 ®C,...,C, RC) ;
(ii) CIFWG(C; ©C,Co @ C,...,C, ®C) D CIFWG(Cy,Co,...,Ch) @ C ;
(iii) CIFWG(Cy,Ca,...,Cp) ®C D CIFWG(C; ® C,C2 ®C,...,C, @C) ;
(iv) CIFWG(Cy,Ca,...,Cpn) ® C D CIFWG(C1,Ca,...,Cp) ®C ;
(v) CIFWA(C; ©C,Co ®C,...,C, ®C) D CIFWA(C; ® C,C2 ®C,...,Cr, RC) ;
(vi) CIFWA(C; ©C,Co ®C,...,C, ®C) D CIFWA(Cy,Co,...,Cn) RC ;
(vii) CIFWA(Cy,Ca,...,Cp) ®C D CIFWA(C, ® C,C2 ®C,...,Cn ®C) ;
(viii) CIFWA(C1,Ca,...,Cy) ®C 2 CIFWA(Cy,Ca,...,Cn) ®C .
Proof. Here, we will prove the parts (i) and (ii) while others can be deduced similarly. For
this, let C; = ((G;,wg,), (95,w0,) ) and € = ((¢,wg), (9, w) ).

(i) Since C; and C are CIFNs.

CIFWG(Ci @ C,CodC,...,C, ®C)

ﬁ<1‘(1—<j)(1—é))£j» 1—12[(1—19j19)5ﬂ

_ = e o (6.13)
H<1— 1= we) (1=we))” | | 1= T (1= wy,we)®
o =1
and  CIFWG(C; ®C,C,®C,...,Cr®C)

o | (1-TI(a-v)a-0)"

Jj=1 j=1
H ngwc H( 1—w19 1—w19)>

Since for any two non-negative numbers, their arithmetic mean is greater than or

(6.14)

equal to their geometric mean therefore, Cj; ¢ > /(¢ > (¢, which follows that
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G+ ¢ = ¢i¢ = G¢ which gives 1— (1= ¢;)(1—¢) = ¢;¢. Hence, -ﬁ1 (1-(-¢)0-
=

& R S .
g)) "> T1(¢0)%. Similarly, ] (1 — (I —wg,)(1 —wg)) "> T (weywe)% .
j=1 j=1 =1
Further, for ¥;,9 € [0,1] and by Lemma 6.2.3, we have (1 —9;)(1 —9) + 9,0 <1

which implies that (1 —9;)(1 —¢) <1 — ;9. Hence,

(1= d5)(1 = 9)% < (1 — 9,0)

= 1-J[@-vpa-o)~ =1-J[ @ -0
j=1 j=1
Similarly, we have

1= (= wo) (1 —wg)®¥ >1 =TT (1 — wg,ws)® .
=1 =1

J J

Therefore, from Egs. (6.13), Eq. (6.14) and by Definition 2.1.10, we get

CIFWG(C, 6 C,C2 &C,...,Cr&C) D CIFWG(C; ® C,C2 ®C, ...,Cp @ C).

n
(iii) Since C; and C are CIFNs and §; > 0 such that ) &; = 1. Now, using Theorems
j=1
6.2.16, 6.2.17 and 6.2.18, we get

CIFWG(C, & C,Co & C,...,Cr®C)
= 190" RC00)%2®...0 (C,®C)™
D £(C120)BE(CBC)D ... B E(C, D)
= L BECHECLBECD ... B C, B EC
= (6G10&ECD ... B EL) © (ECDECD ... B EC)
= CIFWA(C1,Ca,...,Co) ®C

1

CIFWG(Cy,Ca,...,Ch)®C
Hence, the result.
O

Theorem 6.2.20. Let C; (j = 1(1)n) be the collection of CIFNs and C is also CIFN. For

a real number p > 0, we have
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(i) CIFWG(pC1 & C, pCa & C, ..., pCy & C) 2 CIFWG(C! ® C,CL & C,...,CL & C).

(ii) CIFWG(Cf & C,CE & C,...,Ch & C) D CIFWG(pC1 ® C,pC2 @ C, ..., pCyp ® C) if
0<p<l;

(iii) CTFWA (pC1 & C,pCa B C, ..., pCn & C) D CIFWA(C! ® C,C5 & C,...,C & C).

(iv) CIFWA(C@C,ChaC, ... ,ChaC) D CIFWA(pCiRC, pCa&C, .. ., pCh&C) if 0 < p < 1.

Proof. Here, we will prove the part (i) only, while others can be deduced similarly. For

this, let C; = ((Cj,ng), (19j,w19j)> and C = (({,wg), (19, wg)).
(i) Since C; and C are CIFNs and p > 0 is any real number.

CIFWG(pC1 ® C,pCa ®C, ..., pCy B C)

ﬁ (1-a-ore-0)" | [1-T1(- @)

1:[(1— 1—w,) (1—w<))€j | 1—1%[1(1—(%9],)%19)5]'

and

mFWGwp®CC”®Q. ,CP o C)

- ( = 1-—ﬁ))Q,

H
f[ (we (e, )? - T (- w) (1 - wg))”

':]: I ’:]:

1

J

As 9;,9 € [0,1] and p > 0 be a real number. Thus, (1 —9;)”, (9;)? € [0,1]. So, by
using Lemma 6.2.2, we have (¢;)P0 + (1 — 9;)?(1 — ) < 1 which implies that

(1 =91 = 9) <1~ (9;)"0
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Further, for ¢;,( € [0,1], we have (1 — (;)?,(¢;)? € [0,1]. This, again by Lemma

6.2.2, we have
(G)PC+(1—-¢g)Ir1-¢ <1
= (C)”C<1—(1—CJ) (1-¢)
H ((¢)P0)% <H 1= (1-¢)P(1—=¢)¥ (6.16)

7j=1

Similarly, we can obtain that
n n
1= T (= wo,)?(1 = wy))¥ > 1= T (1~ (wg,)ws)®  (6.17)
= e
n n
and H we,)Pwe)” < T (1= (1 —we,)P(1 - we))® (6.18)
j=1 j=1

Thus, based on inequalities (6.15) - (6.18) and by Definition 2.1.10 of Chapter 2, we

get

CIFWG (pC1 & C, pCs & C, . .., pCn & C) D CIFWG(C! @ C,CE R C,...,CP & C).

O]

Theorem 6.2.21. Let C; (j = 1(1)n) be the collection of CIFNs and let C is also CIFN.

For a real number p > 0, we have

(i)

(iii)

CIFWG (pC18C, pCa®C, ..., pCpr®C) D CIFWG(CTaC,CEaC, . .., ChaC) if and only
if p>1; CIFWG(pC1 ®C, pC2®C, ..., pC,HC) C CIFWG(CY®C,ChaC,...,ChaC)
if and only if 0 < p < 1;

CIFWG (pC1 ®C, pCa®C, ..., pCr,@C) D CIFWG(CY®C,CHRC, . ..,ChaC) if and only
if p>1; CIFWG(pC; ®C, pC2®C, ..., pC,®C) C CIFWG(C!®C,CHRC,...,CHhal)
if and only if 0 < p < 1;

CIFWA (pC, &C, pCa®C, . .., pCr®C) D CIFWA(CY &C,CEaC, ..., CL®C) if and only
if p>1; CIFWA(pC; ®C, pCa®C,...,pCh ®C) C CIFWA(CY ®C,CLaC,...,ChaC)
if and only if 0 < p < 1;
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(iv) CIFWA (pC1®C, pCa®C, ..., pCpr&C) D CIFWA(C!®C,CE®C,...,ChaC) if and only
if p>1; CIFWA(pC; ®C,pCa®C, ..., pC,®C) C CIFWA(C! ®C,CL®C,...,ChaC()
if and only if 0 < p < 1.

Proof. Here, we will prove the part (i) only, while others can be deduced similarly. For

this, let C; = ((Cj,ng), (19j,w19j)> and C = (((,wg), (19, wg)).

(i) Since C; and C are CIFNs and p > 0 is any real number. Now, by Theorem 6.2.17,

we get

CIFWG(pC, & C, pCa & C, ..., pCn & C)
= (OO ®(pC2BC)2®...® (pCy ®C)*
D &(pC1 @ C) B &(pC2®C) D ... D E&u(pCr ®C)
= (&) ©&(pC2) B .. @ a(pCa)) © (GCHECH ... B EC)
D (L4(C1) DEC) @ ... @& (C)P)DC  ifand only if p>1
= CIFWA(CY,CS,....Co @ C
> CIFWG(CP,CE,....CPY®C by Theorem 6.2.18

= CIFWG(C{ aC,CiaC,....Chal)

Hence, CIFWG(pC1 ®C, pCo &C, ..., pCp ®C) O CIFWG(C! & C,Ch®C,...,CHaC) if and
only if p > 1. Similarly, CIFWG(pC1 & C,pCs & C, ..., pCy & C) C CIFWG(C & C,CE &
C,...,Ch®(C)ifand only if 0 < p < 1. O

6.3 MCDM approach using proposed averaging operators

The general description of DM problem is summarized in Section 2.5 of Chapter 2. Suppose
that an expert evaluated the alternatives V,, under the criteria 8, and gave their judgement
values in terms of CIFNs as Cyy = ((Cuv, Wey,) s (Vuw, Wy, )). Then, to determine the most
desirable alternative(s), the proposed operators are utilized to develop a MCDM method

with CIF information, which involves the following steps:
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Step 1: Collect the CIF decision matrix M = (Cyy) corresponding to the rating values

mxn

of each alternative as

B By ... B,

Vi (Cii Ci2 ... Cip

M = Vo | Cor Coo ... Cop
Yo \Cn1 Cm2 ... Com

Step 2: Aggregate the collective rating values Cy, of the alternative V,(u = 1,2,...,m)
into the overall assessment value C, = ((Cu,w¢,) , (Yu, wy,)) based on the either
of Egs. (6.4), (6.8) and (6.11). For instance, if we utilize CIFWA operator to
aggregate each rating value of the alternative V,, then we get C,(u =1,2,...,m)

as
C. = CIFWA(Cu1,Cu2, ..., Cun)

5_1 (Zl &;S(Cuu)) s t_l (Zl gvt(ﬁuv)> s

- - , - (6.19)
571 (Z 5118 (wguv)> til <Z gvt (wﬂuv)>
v=1 v=1
or by using CIFOWA operator as follows
C., = CIFOWA(Cyu1,Cu2y---,Cun)
s (Z gvs(CuT(v))> ) ¢! (Z gvt(ﬂm'(v))) )
_ vt , o (6.20)
-1 -1
s (Z é"us (wCuT(v))> t (Z gvt (wﬁu‘r(v))>
v=1 v=1
or by using CIFHA operator as follows
C., = CIFHA(Cu1,Cu2,--.,Cun)
st <Z wvs(ém—(v))> ) ¢! (Z 7vbvt(zém—(v))) )
= o , o (6.21)

st (i P8 (u';cw(v)>> 1 (i Pyt (U?ﬁm(v)>>
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where 7 is the permutation map of {1,2,...,n} such that S (Cu.,(v,l)) >S (Cm(v))
for v = 2,3,...,n and t, s respectively, be the decreasing and increasing t-norm
function such that s(a) = t(1 — a) for a € [0, 1], 1, be the standardized weight

vector associated with CIFHA operator and Cy, = 1n&yCuy.

Step 3: Compute the score values of the overall aggregated values C, = ((Cu, we, ) ; (Vu, wy,,))

(u=1,2,...,m) by using equation
S(Cu) = Cu — Py + we, — wy,.

If there is no difference between the score values of aggregated numbers, then we

need to calculate the accuracy values of the alternatives as

H(Cu) = Cu + Vu + we, + wy, .

Step 4: Rank all the feasible alternatives V,(u = 1,2,...,m) according to the Definition

6.2.1 and hence select the most desirable alternative(s).

6.4 Illustrative example

In order to demonstrate the above-mentioned approach, we illustrate it with a numerical

example which is stated as below:

6.4.1 Case Study

Consider the DM problem as described in Example 5.4.1 of Chapter 5. The considered
weight vectors corresponding to four preferences factors is & = (0.4,0.25,0.15,0.2)7 while
the positional weight vectors of the factors is ¢ = (0.35,0.3,0.1,0.25)7. In what follows,
we utilize the MCDM method proposed in above section to determine the most desirable

alternative(s) under CIF environment.

Step 1: The given expert evaluate each model of the machine taken as an alternative with
respect to the four criteria under the CIFS environment and their correspond-

ing rating values are summarized in the decision matrices represented in Table
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6.1. In this table, for instance, the rating value for a model of machine V; under
“reliability” (%B1) criteria is given as ((0.7,0.9),(0.1,0.1)) by an expert which de-
scribes that the expert is agreed 70% with the suitability of the model V; at 9B,
while disagree with 10%. On the other hand, the same expert satisfied 90% with
the suitability of production date of the model at 28; and not satisfied with the

10%. In a similar manner, the other data values can be interpreted.

Step 2: Without loss of generality, we take a generator t(a) = —log(a). Now, by utiliz-
ing CIFWA operator defined in Eq. (6.19) corresponding to the weight vectors
¢ =(0.4,0.25,0.15,0.2)T, we get the aggregated values Cy(u = 1,2,3,4,5) corre-

sponding to each alternative V,(u = 1,2,3,4,5) as

C1 = ((0.7170,0.7707), (0.1469,0.1803)), Co = ((0.5902,0.7291), (0.2551,0.1830)),
C3 = ((0.4863,0.5280),(0.3431,0.3222)), C4 = ((0.5422,0.6230), (0.3121,0.2048)),

Cs = ((0.8217,0.7112),(0.1320,0.1464)).

Step 3: The score values of the alternative V,(u = 1,2,3,4,5) are obtained based on the
overall assessment values C,(u = 1,2,3,4,5) as S(C1) = 1.1605, S(C2) = 0.8812,
S(C3) = 0.3491, S(C4) = 0.6484, S(C5) = 1.2545.

Step 4: Since S(C5) > S(C1) > S(C2) > S(C4) > S(C3) and hence based on it, the ranking

of all the feasible alternatives V,(u = 1,2, 3,4,5) is given as
Vs = Vi = Vo= V4= Vs,

where the symbol “~” means “preferred to”. Thus, we conclude that the best

alternative is Vs, i.e., Vs is the most optimal model.

On the other hand, if we utilize CIFOWA operator instead of CIFWA operator to aggregate
the given preferences, then the following steps of the proposed approach are executed to

find the best alternative(s) as below

Step 1: The information is summarized in Table 6.1.
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Step 2: Compute the score values of each CIFN and based on the ordering relation be-
tween them as defined in Definition 6.2.1, we get the permutation rating values
of each alternative under different criteria. These values corresponding to each
alternative are summarized in Table 6.2. Now, take a generator t(a) = —log(a)
and weight vector ¢ = (0.4,0.25,0.15,0.2)7, we aggregate the preferences of the
alternatives by using CIFOWA operator as defined in Eq. (6.20). The collective

values corresponding to each alternative V,(u = 1,2,3,4,5) are obtained as

C1 = ((0.7010,0.7789), (0.1639,0.1682)), C2 = ((0.5453,0.7862), (0.2305, 0.1552)),
C3 = ((0.5663, 0.5891), (0.2376,0.2491)), C4 = ((0.5567,0.5818), (0.2197,0.2415)),

Cs = ((0.8062,0.7298), (0.1275,0.1366)).

Step 3: The score values of these aggregated numbers are computed by using Eq. (6.1) as

S(Cy) = 1.1478, S(Cy) = 0.9458, S(C3) = 0.6687, S(C4) = 0.6774, S(Cs) = 1.2719

Step 4: The ranking order of these alternatives, based on optimal values of the score values
is given as

Vs = Vi = Vo = V4 > Vs,
and hence we obtain Vs is the best alternative for the required machine.

From these computed results, we conclude that the best alternative by both the operator
remains same, but the computational procedure is entirely different. In CIFWA operator,
the weight vector is assigned directly to the CIFNs and then collect the aggregated values.
On the other hand, in CIFOWA operator, firstly the importance of the numbers are
arranged sequentially based on the importance of the numbers and then aggregate the
different values in the collective one. Apart from the above analysis, if we utilize the
different t-norm generators such as t(a) = —log(a) or t(a) = log (%:%) for a € (0,1];
t(0) = oo and by using CIFWA, CIFOWA and CIFHA operator to the considered data
then the overall score values of the alternatives V,(u = 1,2,3,4,5) along with the final
ranking order of the alternatives are summarized in Table 6.3. From this table, it is

clearly seen that the ranking order is preserved by all the operators and hence it shows
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the stability of the result. Further, by taking the importance of the corresponding AQO,
the decision maker can choose the appropriate one and hence select the best alternative

for the required task.

6.4.2 Validity Test

Since the different MCDM methods may give different evaluations(ranking) when applied
to same decision-making problem, which leads to uncertain results. Therefore, there is
a need to validate the results obtained from their corresponding approach to explain the
reliability of the approach. For it, Wang and Triantaphyllou [162] presented the following
three test criteria to validate the MCDM approach.

Test criterion 1: “An MCDM method is effective if on replacing a non-optimal
alternative by another worse alternative without changing the relative importance of each
decision-criteria, the indication of the best alternative remains same.”

Test criterion 2: “An effective MCDM method should follow transitive property.”

Test criterion 3: “An MCDM method is effective if on decomposing the MCDM
problem into smaller problems and by applying the same MCDM method to these sub-
problems for ranking the alternatives, the combined ranking of the alternatives remains
same to the ranking of the original problem.”

Now, we validate these criteria on our proposed MCDM approach as follows:

Validity test by applying criterion 1

For testing the validity of proposed approach under the criterion 1, we replace the non
optimal alternative V3 with the worse alternative V4 in original decision matrix of the
expert with their rating values is summarized in Table 6.4. Now by utilizing the CIFWA
operator in Step 2 of the proposed approach corresponding to generator ¢(a) = —log(a)

to this modified data, we get the collective values of each alternative are

¢y = ((0.7170,0.7707), (0.1469,0.1803)),  Ca = ((0.5902,0.7291), (0.2551,0.1830)),,
Cs = ((0.2617,0.3075), (0.4895,0.5370)), C4 = ((0.5422,0.6230), (0.3121,0.2048))

Cs = ((0.8217,0.7112), (0.1320, 0.1464))
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The score values of the alternatives corresponding to these values are computed by using

Eq. (6.1) and are obtained as
S(C1) =1.1605, S(C2) =0.8812, S(C3) = —0.4573, S(Cs4) = 0.6484, S(C5) = 1.2545

Therefore, the final ranking order of the alternatives is Vs = Vi = Vo = V4 > V4 which
indicates that Vs is still the best alternative. Thus, the proposed MCDM method satisfies

test criterion 1.

Validity test by using criteria 2 and 3

Under these test, if we decompose original problem in four subparts which are: {V1, Vs, V3, V4 },
{Va, V3, V4, V5}, {V3, V4, V5, V1 } and {V4, V5, V1, Va} and then applying the proposed ap-
proach individually to these subproblems, we get the final ranking order of the alterna-
tives corresponding to each subproblem is Vi = Vo = V4 = V3, V5 = Vo = Vg4 = Vs,
Vs = Vi = Vs = V3 and V5 = Vi = Vo = V; respectively . Thus, the overall com-
bined ranking order of the alternative is V5 = Vi = Vo = V4 > V3 which is same as
un-decomposed problem and it shows transitive property. Hence, the proposed MCDM

approach is valid under the criteria 2 and 3.

6.5 Comparative study

In order to validate the performance of the proposed MCDM approach with some of
the existing approaches, an investigation has been done where we compare the results
obtained by the proposed approach with existing approaches under CIFS as well as IFS

environment.

6.5.1 Comparative studies under CIFS environment

Firstly, an analysis has been conducted under the CIFS environment by applying the

existing approaches [6, 129] to the considered data. The results corresponding to these

approaches from its ideal alternative V* = (((y,we,), (Yy,wy,)); v = 1,2,...,n where
G = max {Cu}; Uy = min {Ju,} and we, = max {wg,}; wy, = min {wy,,} are

computed and summarized as below:
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(i) By applying the approach of Alkouri and Salleh [6] using distance measures, denoted
by D; to the considered data, we get the measurement values of each alternative from
its ideal values as Dy (V1,V*) = 0.1110, D1 (V2, V*) = 0.1758, D1 (Vs, V*) = 0.3245,
D1 (V4,V*) = 0.2503 and D;(Vs,V*) = 0.0700. From these values, we observed
that D1(V5,V*) < D1(V1,V*) < D1(V2, V*) < D1(V4, V*) < D1(V3,V*) and hence

conclude that the best alternative is Vs.

(ii) By utilizing the distance measure (Dz) as proposed by Rani and Garg [129] to the
considered problem, then the measurement values for each alternative are computed
as Da(V1,V*) = 0.1593, Dy(Vo, V*) = 0.2107, Da(V3,V*) = 0.3655, Da(V4, V*) =
0.2964 and Dy(Vs, V*) = 0.0975. Since measurement value of Vs is minimum among
all these and hence we conclude that the most optimal alternative is V5 which again

coincides with the proposed results.

6.5.2 Comparative studies under IFS environment

In this section, we compare the performance of the proposed MCDM approach with some
of the existing approaches [27, 44, 47, 67, 72, 83, 156, 179, 185, 186, 201, 217] under an
intuitionistic fuzzy set theory. For it, firstly the considered preferences of the expert are
converted into the intuitionistic fuzzy numbers by taking the phase terms corresponding
to each CIFN is zero. Then, based on this information, we applied the existing AOs
based approaches to the considered data and hence their results are summarized in Table
6.5. From this table, it is concluded that the best alternative obtained from the final
ranking of the alternative remains same but the preferences of the other alternatives are
different. This is mainly due to the changeable decision environment. For instance, in
(27, 44, 47, 67, 72, 83, 156, 179, 185, 186, 201, 217] approaches, weighted averaging and
geometric AOs were introduced by taking into account only one dimensional grades of
membership and non-membership.

It is noted from the study that the computational procedure of the proposed approach
is entirely different from the existing approaches under CIFS as well as IF'S environment,
but the proposed result in this chapter is more rational to reality in decision-making

process due to the consideration of the two-dimensional information simultaneously into
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a single set. In addition, the advantages of the proposed operators are that it is based
on the generalized t-norm operations and hence by assigning a different function “¢” and
their equivalent “s”, we can get the more generalized aggregation operations for different
CIFNs.

Also, it is revealed that in IFS, the information contains a real-valued membership
and non-membership degrees and only considered amplitude term which causes loss of
information during the execution. On the other hand, a complex intuitionistic fuzzy set
is a generalization of the existing studies such as complex fuzzy sets [128], intuitionistic
fuzzy sets [10], fuzzy set [206] by considering much more information related to an object

during the process and to handle the two-dimensional information in a single set.

6.5.3 Advantages of the proposed approach

From the existing studies and the proposed operators, we address the following merits of

the proposed method to solve the decision-making problem under the CIFS environment.

1) A CIFS is a generalization of the existing studies such as CFS [128], IFS [10], FS
[206] by considering much more information related to an object during the process
and to handle the two-dimensional information in a single set. For instance, CIFS
contains information (both the membership and non-membership degrees are complex
valued) with amplitude and phase terms than the CFS (contains only complex valued
membership degree), IFS (with a real-valued membership and non-membership degrees
and only considered amplitude term), FS (with only crisp membership degrees with
amplitude term only). Thus, the proposed AOs under CIFSs environment are more

generalized than the existing operators.

2) It is revealed from the present study that the AOs under IFSs, FSs [27, 44, 47, 67,
72, 83, 156, 179, 185, 186, 201, 217] are the special cases of the proposed operators.
Thus, the proposed operators can be equivalently utilized to solve the MCDM problem
under these existing environment by setting phase term to be zero while the existing
operators are unable to solve the problems under the environment considered in the

present chapter.
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3)

The major advantages of the proposed decision-making approach are to consider the
much more information to assess the alternative and to reduce the information loss.
Further, by utilizing the various expressions to the t-norm and its equivalent s -norm
will help the decision maker to select the best alternative(s) more accurately. In other
words, we can say that the proposed generalized AOs will give the various choices to

the decision makers towards the decision-making process.

6.6 Conclusion

The key contribution of this chapter is described as follows:

1)

Some new operational laws based on ATT operations for CIFNs are developed and their
properties are investigated in detail. A series of generalized weighted averaging opera-
tors and geometric operators namely CIFWA, CIFOWA, CIFHA, CIFWG, CIFOWG
and CIFHG are developed. The fundamental properties of these AOs are investigated.

Some special cases of the proposed operators are discussed in detail. It is analyzed
that the existing AOs such as IFWA [179], IFOWA [179], IFHA [179], IFWG [185],
IFOWG [185], IFHG [185] can easily be deduced from the proposed ones and hence the

proposed operators are the more generalized to the existing theories and the operators.

A MCDM approach is presented to solve the DM problems and is demonstrated with
a numerical example. A detailed analysis with some existing approaches is executed
to show the advantages and superiority of presented MCDM method. In addition to
these, the advantages of the proposed method are demonstrated through the validity

test and characteristic comparison.
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Table 6.1: Input information in the form of the complex intuitionistic fuzzy decision-matrix

B B B3 By
V1 | ((0.7,0.9),(0.1,0.1))  ((0.8,0.5),(0.1,0.4)) ((0.6,0.6),(0.3,0.2)) ((0.7,0.7),(0.3,0.2))
Va | ((0.7,0.6),(0.3,0.3))  ((0.4,0.9),(0.2,0.1)) ((0.7,0.7),(0.2,0.3)) ((0.4,0.6),(0.3,0.1))
Vs | ((0.3,0.4),(0.6,0.4)) ((0.6,0.6),(0.3,0.4)) ((0.3,0.4),(0.5,0.6)) ((0.7,0.7),(0.1,0.1))
Vs | ((0.4,0.8),(0.5,0.1)) ((0.7,0.3),(0.3,0.3)) ((0.6,0.5),(0.1,0.3)) ((0.5,0.5),(0.3,0.4))
Vs | ((0.9,0.7),(0.1,0.2)) ((0.7,0.7),(0.2,0.1)) ((0.7,0.6),(0.2,0.2)) ((0.8,0.8),(0.1,0.1))
Table 6.2: Ordering position data
B Bo B3 By
Wi | ((0.7,0.9),(0.1,0.1))  ((0.7,0.7),(0.3,0.2)) ((0.8,0.5), (0.1,0.4))  ((0.6,0.6), (0.3,0.2))
Vy | ((0.4,0.9),(0.2,0.1))  ((0.7,0.7),(0.2,0.3)) ((0.7,0.6),(0.3,0.3))  ((0.4,0.6),(0.3,0.1))
V3 | ((0.7,0.7),(0.1,0.1))  ((0.6,0.6),(0.3,0.4)) ((0.3,0.4),(0.6,0.4)) ((0.3,0.4),(0.5,0.6)))
Vi | ((0.6,0.5),(0.1,0.3)) ((0.4,0.8),(0.5,0.1)) ((0.7,0.3),(0.3,0.3))  ((0.5,0.5),(0.3,0.4))
Vs | ((0.8,0.8),(0.1,0.1)) ((0.9,0.7),(0.1,0.2)) ((0.7,0.7),(0.2,0.1))  ((0.7,0.6),(0.2,0.2))
Table 6.3: Ranking of the alternatives based on the proposed operators

Additive Proposed Score values of the alternatives Ranking
Generators Operators |V Vs Vs Vs Vs

CIFWA 11605 0.8812 0.3491 0.6484 1.2545 | Vs = Vi = Vo = Vi = Vs
t(a) = —log(a) CIFOWA | 1.1478 0.9458 0.6687 0.6774 12719 | Vs = Vi = Vo = V4 = Vs

CIFHA 1.3249 1.0153 0.4290 0.7917 1.3421 | Vs = Vi = Vo = Vi = Vs

CIFEWA | 1.1468 0.8650 0.3096 0.6193 1.2501 | Vs = Vi = Vo = V4 = Vs
t(a) = log (2 ; a) CIFEOWA | 1.1359  0.9306 0.6339 0.6539 1.2675 | Vs = V1 = Vo = V4 = Vs

CIFEHA | 1.3352 1.0264 0.3598 0.8005 1.3611 | V5 = Vi = Vo = V4 = Vs
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Table 6.4: Transformed input information

By

B3

By

By
V1 | ((0.7,0.9),(0.1,0.1))
Vs | ((0.7,0.6),(0.3,0.3))
V4 | ((0.1,0.3),(0.7,0.5))
Vs | ((0.4,0.8),(0.5,0.1))
Vs | ((0.9,0.7),(0.1,0.2))

0.8,0.5), (0.1,0.4

(( ) ( )
((0.4,0.9), (0.2,0.1))
((0.3,0.3), (0.5,0.6))
((0.7,0.3), (0.3,0.3))
(( ) ( )

0.7,0.7), (0.2,0.1

0.6,0.6), (0.3,0.2

(( ) ( )
((0.7,0.7),(0.2,0.3))
((0.2,0.2), (0.6,0.8))
((0.6,0.5), (0.1,0.3))
(( ) ( )

0.7,0.6), (0.2,0.2

0.7,0.7), (0.3,0.2

(( ) ( )
((0.4,0.6), (0.3,0.1))
((0.5,0.4), (0.2,0.4))
((0.5,0.5), (0.3,0.4))
(( ) ( )

0.8,0.8), (0.1,0.1

Table 6.5: Comparative study with some existing approaches

Existing Methods Score values Ranking
V1 Vs, Vs Vy Vs

Xu and Yager [185] -0.1459 -0.2007 -0.2343 -0.1767 -0.0731 | V5 = V1 > Vi > Vo > V3
Xu [179] -0.1073  -0.1482 -0.0732 -0.0931 -0.0368 | V5 = V3 > Vs > Vi > Va
Wang and Liu [156] 0.5670 0.3276  0.1183 0.2181 0.6871 | V5> Vi >=Va > V4> V3
Garg [44] 0.6563 0.4787 0.0142 0.2849 0.7193 | Vs = Vi = Vo > Vi > V3
Xu and Yager [186] -0.3968 -0.5370 -0.6319 -0.5754 -0.3136 | V5 > V1 > Vo >= V4> V3
He et al. [72] 0.6484 0.4768 -0.0085 0.2707 0.7172 | Vs = Vi = Vo > Vi > V3
Huang [83] 0.5658 0.3241 0.1064 0.2127  0.6860 | V5 > Vi1 > Vo = V; > V3
Chen and Chang [27] | 0.4339 0.1804 0.1000 0.0845 0.6435 | V5= Vi = Vo= V3 =V
Goyal et al. [67] 0.7982  0.6623 0.3109 0.4510 0.8604 | V5 > V1 > Vo = Vs > V3
Ye [201] 0.5506  0.3084 0.0596 0.1876 0.6715 | V5 = Vi > Vo > Vy > V3
Zhou and Xu [217] 0.5868 0.3824 0.3288 0.3776  0.6979 | Vs =V = Vo= Vs> Vs
Garg [47] 0.4316 0.1669 0.0809 0.0743 0.6392 | Vs >V = Vo> V3> Vs




Chapter 7

Novel aggregation operators and
ranking method for complex
intuitionistic fuzzy sets and their
applications to decision-making
process

The aim of this chapter is classified into two turns: (i) to define the possibility degree
measure in order to rank the CIFNs and (ii) to define some novel operational laws and
AOs for aggregating the various choices over CIFS environment. The properties of the
proposed weighted averaging and geometric AOs are investigated. Finally, a decision-
making approach is established for the MCDM problems with CIF information, in which

weights are derived objectively.

7.1 Introduction

The detailed literature review on various AOs has been done in section 1.1.3. From these
works, it is evident that the two major aspects of MCDM process are: (i) how to aggregate
the information (ii) how to rank the numbers. Recently, a great attention is paid towards

aggregating uncertain information using AOs. Furthermore, to rank the given alternatives,

The content of this chapter is published as “Novel aggregation operators and ranking method for
complex intuitionistic fuzzy sets and their applications to decision-making process”, Artificial Intelligence
Review, Springer 53(5), pp. 3595 - 3620, 2020 doi: 10.1007/s10462-019-09772-x (SCI: Impact Factor:
8.139).
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there is a need to defuzzify the values by using either a score function or a possibility degree
measure (PDM). Thus, for this, researchers have developed various kinds of measures to
rank the numbers under the IFSs environment. For example, Xu and Yager [185] presented
the score function for ranking IFNs. Wei and Tang [163] presented the PDM methods in
order to rank the IFNs. Wan and Dong [154] presented PDM based method to solve the
MCDM problem. Garg and Kumar [57] presented an improved PDM by overcoming the
shortcomings of existing PDM [163] to rank the IFNs. Dammak et al. [35] compared the

several existing PDMs over the IFSs and interval-valued IFSs.

After reviewing the existing AOs under IFS environment, it is noted that most of
the fusion processes are based on simple algebraic operations. Therefore, the task of de-
veloping new AOs is still a meaningful and challenging task. The development of new
operations may provide more choice to decision maker during the process of aggregation
in order to take a sound decision. Besides this from the above prevailing studies, it is
observed that the decision-making problems(DMPs) have been investigated for FS, IFS
theories or their extensions. These models are unable to handle time-periodic problems
and two-dimensional information together in one set. However, in real life, we come across
complex natural phenomena where it becomes essential to add the second dimension to
the expression of membership and non-membership grades. By introducing this second
dimension, the complete information can be projected in one set and hence, loss of in-
formation can be avoided. CIFS theory has the feature of portraying two dimensional

information together in one set.

Thus, inspired by the features of the CIFS model, importance of information aggrega-
tion and ranking techniques, this chapter is focussed on some new AOs and a novel ranking
method under CIF theory for handling the multi-dimensional complex data sets. For this,
firstly a new possibility degree method is presented in order to rank CIF numbers. Then,
some AOs namely CIF weighted averaging(CIFWA) and CIF weighted geometric(CIFWG)
are proposed and some of their properties are also discussed. Furthermore, a novel DM
methodology is presented by considering the multi-dimensional complex data sets in which
weights are determined objectively. The proposed DM method is validated by using va-

lidity test and by performing comparative studies with existing theories.
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7.2 Proposed Possibility degree measure for CIFNs

In this section, a concept of new PDM for comparing CIFNs is proposed.

Definition 7.2.1. For two CIFNs Cl = ((Cl,’wgl), (191,'[1}191)), CQ = ((Cg,w@), (192,11)192)),
let he, = 2 — (G + %) — (we, + wy,) and he, = 2 — (¢ + ¥2) — (we, + wy,) be their
hesitation degrees respectively. A possibility degree of C; > Cs is defined as:

2 — 2@ — 0 -2 —
X(C1 = C3) = min <max < 61 260 7 Up Fwg T 2wg — W, 0) ,1) (7.1)
he, + he,
provided either he, # 0 or he, # 0. However, if he, = he, = 0 then,
1; G+ we > G2+ wg,
X(C1 = Co) = 0.5; (¢1+ we, = G2 + we, (7.2)

0; G+ we, < G+ we,
Theorem 7.2.1. Let C; and Cy be CIFNs, we have
i) 0 < x(C1 > Cq) <1,
i) x(C1 > Ca) =0.5if C; = Cy;
iii) x(C1 > C2) + x(C2 = C1) = 1.

Proof. Let either he, # 0 or he, # 0 for the CIFNs Cy = ((¢1,we,), (Y1, wy,)) and Co =
((C2,we,), (U2, wy,)). The other cases are trivial from it.
i) x(C1 = C2) > 0 is trivial. Hence, we shall prove only x(C; = C3) < 1. For it,

24+ (1 —2C2—192+w<1 —2w<2 — Wy,
he, + hey

consider y = such that either of the following

cases appear.

a) If y <0 then, by Eq. (7.1), x(C; > C2) = 0.
b) If y > 1 then, by Eq. (7.1), x(C1 = C2) = 1.

c) If 0 <y < 1 then, by Eq. (7.1), x(C1 > C2) = v.

Hence, by all, we obtain 0 < x(C; > Cq2) < 1.
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ii) If C; = Cy then, (1 = (2, V1 = V2, w¢, = we, and wy, = wy,. Now,

2+ (o — 20 — 0 2w, —
X(C1 = C2) = min <max ( + G G2 2+ W, W, = Wy , O) , 1)
he, + he,

2—(— vy — —
= min <max< 2 2~ Y6 w%,O),l)

2hc,
h
= min <max (2;;2,0> ,1)
=0.5
2 — 20 — -2 —
i) Lot y = 21 o1~ 2@ 7 o twg — 2w mw, g
he, + he,
5 = 2+ G = 201 = h 4 wg, — 2wy, _wﬁl. Then,
he, + he,
24+ G — 20 — st we, — 2w, —wy, | 2+ C— 20 — V1 + we, — 2we, — wy,
ytz= +
he, + he, he, + he,
_ (2 — (Cl + 191) — (wCl + w191)) + (2 - (CQ + 792) - (wCQ + wﬂz))
he, + he,

=1

Now, if y <0,z >1ory > 1,z <0 then in such cases, we have x(C; > C2) + x(Co >
C1) =0+ 1=1. On the other hand, if 0 < y,z < 1 then x(C; = C2) + x(C2 > C1) =
y + 2z = 1. Hence, the result.

Theorem 7.2.2. Let C; and C3 be CIFNs
i) x(C1 =Co) =1if (4 + we, — hey > G+ wey;
i) X(C1 = C2) =0if G +we, —hey, = G+ wey-

Proof. We shall discuss these cases when either he, # 0 or he, # 0 for CIFNs C; =
((Cthl)v (7917w191>) and Cy = ((@aw@)v (7927w192>)'

i) Since (1 +w¢, — he, > (o + we,. Then, we have

y = 2+C1—2C2—192+w<1—2w<2—w192
hey + hey
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_ G1— G+ (2 - (C2 + 792) — (wC2 + w192)) + We — W,
he, + he,

S he, + he,
~ he, + he,

=1
which implies that x(C; = C2) = 1.

ii) Since (2 + w¢, — he, > (1 +we,. Then, we have

y:2+C1—2C2—02+wg1—2w¢2—w192

he, + he,
. G — G+ (2 - (C2 + 792) - (wCQ + wﬁz)) T weg — we
B he, + he,
G —C+he, +we —wg
B he, + he,

<0

which gives that x(C; > Ca2) = 0.
O

To rank the “n” CIFNs C; by using PDM, a possibility degree matrix P = (Xji)nxn
is constructed where x;; = x(C; >~ C;) is computed by Definition 7.2.1. Based on it, the

optimal degree R; of the alternative C; is calculated by

1 = n
Rj = n(n—1) (; Xt 5~ 1) (7.3)

From the descending values of R, rank the given CIFNs.

Example 7.2.1. Let C; = ((0.5,0.4),(0.3,0.1)), C2 = ((0.4,0.3), (0.2,0.5)), C3 = ((0.3,0.4),
(0.2,0.2)) and C4 = ((0.2,0.1), (0.4,0.5)) be four CIFNs. By Definition 7.2.1, the possibil-

ity matrix is constructed as

0.5000 0.6154 0.6875 0.9333
0.3846 0.5000 0.6000 0.8571
0.3125 0.4000 0.5000 0.7059
0.0667 0.1429 0.2941 0.5000
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Thus, the values of R; are computed by Eq. (7.3) and are obtained as R = 0.3114,
Ro = 0.2785, R3 = 0.2432 and R4 = 0.1670. From it, we conclude that C; = Co = C3 > C4.

7.3 Proposed Operational laws and AQOs

Let € denotes the collection of CIFNs. Then, in this section, some robust operational laws

and the AOs on (2 are presented.

7.3.1 Operational laws of CIFNs

Definition 7.3.1. For two CIFNs C; = ((¢1,we,), (Y1, wy,)), Co = ((C2,we,), (Y2, wy,))

and positive real number p, the operational laws between them are defined as

2 2 2 2
11 (1*Cj) I1 (1*w<j> JIRZ] [T wy;
(i> Ci1oC = 1— = 2 1= = 2 ) ;ZI ) J2=1
=106 1= 1w, =10 (1-9,) =11 (1-wy, )
ﬁ G 121 we; .121 (1-9;) .121 (1-ws,)
(i) C1 ®Cy = = , —2— 11—
=10 (1-¢;) =10 (1-w,) =119, 1= 11w
1-G 1 —wg, ) < U1 Wy, ))
iii) pCy = 1-— ,1— , , .
i = (1= ot - ) o o

- 1 we, 1—% 1 —wy,

(i) ¢ = ((ﬂ-(p—l)é‘l’p—(p—l)w<1>’<1_1+(p—1)191’1_1+(p—1)w>>'

Remark 7.3.1. For simplification, we can rewrite the above operations as

(i) CioC = ((A(gla<2)7“4(w€1>w§2)) ) (8(191,192),3(10191,10192)))
(ii) el = ((B(CLCQ)?B(wCﬂwCz)) ) (./4(191,192),./4(11)191,11)192)))

where A(xz,y) = 1— w and B(x,y) = #y)(l_y) Also, A(z,y) =1-B(1—z,1—

—zy

y)-

Remark 7.3.2. The functions A(z,y) and B(z,y) are undefined when x = y = 1 and
x =y = 0 respectively. However, it can be easily proved that lim A(z,y) = 1 and
(zy)—(1,1)

lim B(z,y) = 0. Therefore, we have
(z,y)—(0,0)
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(i> ((170)7 (170)) D ((170)7 (170)) - ((170)7 (170));

(ii) ((0,0), (191,11)191)) & ((0,0), (192,1%32)) == ((0,0), (193,’[1)193)) where 793 = .A(191,192) and

Wyy = A (wﬁnwﬁz)‘
Theorem 7.3.1. All the operations defined in Definition 7.3.1 for CIFNs are also CIFNs.

Proof. Let C1 = ((C1,we,), (Y1, wy,)), C2 = ((C2,we,), (Y2, wy,)) be CIFNS such that 0 <
GyY5,G +9; < 1Tand 0 < we;,wy,,we; +wy; < 1for j = 1,2. Now, by Definition
7.3.1, we get C3 = C1 ® C2 = (((3,w¢y), (¥3,wy,)). Further, we get 1 — (1¢2 > 0 and
(1-¢)1—=¢) >0and hence 1 = (3 > 0= (3 < 1. Also, (1 -¢)(1—-¢) =1-
G-G+0G <1-GG—Gh+0k =1-G6 = 9 <151 -¢ <1
= (3 > 0. Therefore, 0 < (3 < 1. Also, ¥192 > 0, 1 — (1 — 91)(1 — ¥2) > 0 and
1= (1=91)(1 = 2) = 01 + 02 = 0102 = 10 + 0102 — 0102 = 0102 = 50— < L.

Hence, 0 < 93 < 1. Now,

_1_ (1-¢)(1-¢) V102
(s+U93=1 e +1_(1_191)(1_192)
4 (1-6G)1-¢) 1
- 1 =G +191f2+19%—1
(1-a)(-¢) 1

=1 1 =G¢ +ﬁ—l—ﬁ—1
L a)-w), (-0

1 =G 1 -GG
=1.

Hence, 0 < (3 +93 < 1. Also, 0 < we,, wy,, we; + wy, < 1. Thus, C; @ Cy is CIFN.
Similarly, pC1, C1 ® Co and Cf are also CIFNs. O

Theorem 7.3.2. Let C;, Co and C3 be CIFNs. Then, the following equalities hold
(i) C1®Cy=Co® (.
(i) C1 ®Cy=C2®Cy.

(iii) C1 B (C2®C3) = (C1 & C2) B Cs.

(iv) C1 ® (C2 ®C3) = (C1 ® Ca) ®Cs.
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Proof. It can be easily derived from the definition. O
Theorem 7.3.3. For CIFNs C; and Cs,

(i) (C1®Ce)¢ =Cf ®Cs.

(ii) (C1 ®Co)¢ = C{®Cs.

Proof. We shall prove only (i) part, rest are similar. For C1 = (((1,w¢,), (91, wy,)) and
Co = ((CQaw@)v (192,’[1)192)),

2 2 2
[19 [T wo, 11 (1-¢) I1 (1—1041)
(C1®Cy) = ;1 = N1 1-
13 (1- 79]) 1— ]1211<1 wﬁ) 1—J1=]1§J 1—]12111%

= ((191,11}191), (Clval)) ® ((7927 wﬁ2)7 (CQ’wCQ))

=Ci®C5

Theorem 7.3.4. Let 1 = ((1,1),(0,0)) and 0 = ((0,0),(1,1)). Then, for any C =

(¢ we,), (91, wy,)), we have
(i) Co1=1if ¥y, wy, #0.

(ii) C®0:OifC17wC1 7&0.

(iii) Ce0=C.
(iv) C®1=C.
Proof. Follows from Definition 7.3.1 and Remark 7.3.2. O

Theorem 7.3.5. For CIFNs C; and Z;, j = 1,2 satisfying C; C Z; and a real number

0 < p <1, we have
(i) CL®C2 C 21 @ 2o.
(11) Ci®C C 2 ® 2.

(iii) pCj C pZ;.
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(iv) ¢f C 27 .

Proof. We shall prove only (i) part while rest are similar.
Let C] = ((CC]' ) ch- )7 (196' ) wﬁc ) )) and ZJ = ((CZJ' ) wCZj )7 (192]' ) wﬁzj )) for .7 = 17 2.
Then, C; C Z; implies that Ce; < Cz;; 75‘(; > 192 P wee, < W, and Wy, > Wy - Further

let, A(x,y) = 1— (1=2)1=9) 4nq B(x,y) = Then, differentiating A, B partially

l—zy m
A _ (1=y)? - 4. 04 _ (1-2)? B _
with respect to z and y, we obtain g = l=ay)? 2 > 0; By = (=ay)? >0; 5, = = i) >
0 and 2 87; = ﬁ > 0. Thus, A(z,y) and B(z,y) are monotonically increasing

functions with z and y. So, A((e,,Cc,) < A((z,,(z,); A (chl’chz) < A (wgzl,wC22>;
B(de,,0¢,) > B(0z,,92,) and B (wﬁc Wy, ) (wﬁzl , w1922>. Thus, we obtain that
(

(1_Ccl)(1_ccz) <1_ 11— CZI)(]'_CZ2),
1—-Cele, —CzCz
e, de, y 19211932 |

1—- (1 - 19(31)(1 - 19(32) T 1- (1 - 1921)(1 - 7922)’

) (o) () (1)

9

1—

1- Wee, Wee, B 1 - Wz, Wz,
Whe, W, - Wy, W,
1f(1fwﬁcl) (l—wgc2) 1—(1—w,921) (1—w1922>
Hence, C1 & Cy C Z1 & 2. L]

7.3.2 Weighted Averaging & Geometric operators

For “n” CIFNs C; = ((Cj,ng),(ﬂj,ng)), with ﬁj,wﬁj # 0 V5 and & >0, > & =1 be
j=1

weight vector of them, we define averaging AO as follows.

Definition 7.3.2. A map CIFWA : Q" — Q, defined by:
CIFWA(Cl,CQ, ... ,Cn) =601 DECo D ... DELC, (74)

is called as CIF weighted averaging (CIFWA) operator.

Theorem 7.3.6. For CIFNs Cj, the collective value by Definition 7.3.2 is CIFN and given

as

(1 —5(¢1,C2, -, Cn)y 1 —s(we,,wey -, we,,))
CIFWA(Cy,Ca, . ..,Cp) = o ‘ (7.5)

(f(191,192 .. .,ﬁn),t(wgl,w%,. . .,Wﬁn))
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lﬁ (1—z;) lﬁ zj
where s(x1,22,...,2,) = = sz, e, x,) = =
S| e 11 a-a > le| Ma
J=1 =1 J=1 =1
I#j I#7

Proof. For any CIFN C;, weight &;, using Theorem 7.3.1, we get §;C; is CIFN. Thus,
collective value of CIFWA is also CIFN.

For n = 2, we have C; = ((C1,w¢,), (V1,wy,)) and Co = ((C2,we, ), (U2, wy,)) and
&1,& > 0 such that 22: & = 1. Thus,

7j=1
1 1-G 1
€0 = L+ (& -G & — (& — 1)y’
1 1 —we, ’ wy,
L+ (& — Dwg, &1 — (&1 — Dwy,
1_ 1—¢ P
1+ (& —-1)¢’ & — (& —1)09’
and 52(32 = g —w ) N (f )
1 _ <2 wﬂg
L+ (&2 — Dwg, &2 — (&2 — 1wy,
Hence,
CIFWA(Cy,Cq) = £1C1 @ &20Co
(H(lsffll)cl) x <1+(15;£21)<2> (51 s )m) x (@—(522—1)02)
1= 1-¢ 1-¢ ’ ) ’
_ 1= (1= g ) < (1 e e) O = SR E=C=r)
1—w¢, 1—w¢, ’ Wy, Wyqy
1— (1+(§171()w(1> X <1+(§271()w(2) ({17(5171)w01) X <§27(§271)w172)
1—w¢, 1—w¢, Wy Wyqy
1= (1 - 1+(€1*1<)w<1) x (1 N 1+(52*1<)w42) 1= (1 - El*(El*l)wﬂl) x (1 - 62*(52*1)10792)
2 2
[1a-¢) JIRZ
1— =1 j=1
_ I+ E-Da+(—1Da+ 11— &)k’ 1€ 4+ V281 + (1 — & — 2)010s
2 ’ 2
jHI (1 - wC]‘) Hl Wy,
g =
' + (& — Dwg, + (&2 — Dwg, + (1 — &1 — §2)we, we, Sowy, + E1wy, + (1 =& — &2)wy, wy,
2 2 2
[ I (1~ w,) 19J [ wy,
1 j=1 1 j=1 j=1

For n = 3, we have another C3 = (((3,w¢,), (¥3,wy,)) and &1, &2,& > 0 such that
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j=1
o 1—G U3
€405 = 1+ (&3 —1)¢3 &3 — (&3 —1)03’
1 1 —we, ’ Wy,
1+ (& — 1w, £3 — (& — 1wy,
Now,
CIFWA(Cy,Co,C3) = (£1C1 @ &2C2) @ &3C3
12[1(1—4.7‘) _12[791
Jj= Jj=1
_ ||V e et @ -neri-g-eas 06+ 026 + (1= & — &)0nds’
I (- wg) 11 w,
1= 1+ (& — Dwe, + (&2 — Dwe, + (1 — & — &)we, we, Sowy, + E1wy, + (1 =& — &)wy,wy,
o 1 U3
& 14 (& —1)¢G’ &3 — (& —1)03’
1 1 —we, ’ Wy,
L+ (&3 — Dwe, £3 — (§3 — wy,
2 2 2 2
IM(-8) I (1—-wsr,) I1 K; I wi;
_ 1— j=1 1— j=1 Jj=1 Jj=1
2 ’ 2 ’ 2 ’ 2
1- 1 B 1— ] wa, 1= 1 (1-K;) 1- ] (1—wx,)
j=1 =1 =1 j=1
2
110-) e )
_ _ JI= J— _ —63 — 3
where Ry =1 — ey 7 Dot s eae 2= 1T oeone K2 = 5
2
9 2
K, = jl;ll ! —1 L) (1-uc,)
LT G+ hf 4 (L= & = &)ony’ T T THE e HE Dwe T (-G -&) g ug,
2
1T ws.
we. — 1 — — W Wi — L and wg, = st
Ry = (& Duwg, ' BK1 ™~ Guwg, +&wy, +(1-E1—&)wy, wy, K2 = G=(&—TDwy, -
Thus,
2
JINCE) 11a-¢)
l-———— =1- i
2 I+&E -G+ —1)e+ (G —-1)G+ (1 -6 —&)06
1- 'H1 R; + (1 =& —8)0eE+1 -8 -8&)0G— (1 —E& —& — &)k
j:
3
[T(1-¢)
j=1

§(1-Q)1-G)+&0-0)1-3G)+&01-a)1—-¢)
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H (1 - C])
—1 =1
3 3
(&G TTA-a)
7j=1 =1
I#j

=1-5(¢1,02,(3)

Further,
2
2 jl;[119j 93
Hl Kj 9182+09261+(1-§1—82)01 02 X(&g*(isfl)ﬂ:a)
]:
2 - Z o
- jl;[1 (1 - Kj) - | - s e e w X(1_£3*(£l;3*1)193)
3
I19;
_ j=1
V19283 + V29381 + V10382
3
I1 9;
_ j=1
3 3
>l&G | IT
j=1 I=1
I#j
- t(ﬁla 7927 193)
2 2
I1 (1*“’31') [T wx;
Similarly, we derive that 1 — =——— = 1 — s(w¢,, we,, we,) and —3———— =
1—_1‘[1ij 1—_1‘[1(1—ij)
j= j=
t(wy,, wy,, wy,). Hence, Eq. (7.5) holds for n = 3. Continuing in this way, we can
derive that Eq. (7.5) holds for all n. O

The working of the above theorem is explained with an example as below.

Example 7.3.1. Let C; = ((0.6,0.8), (0.2,0.1)), C = ((0.8,0.7), (0.2,0.1)), C3 = ((0.5,0.6),
(0.3,0.4)), C4 = ((0.6,0.7), (0.3,0.2)) be four CIFNs with £ = (0.15,0.30,0.25,0.30)7 as

4 4
their weight vector. Based on these values, [] (1—¢;) =0.0160, > [ & | TI (1 —¢) =
j=1 j=1 =1
I#]
4 4 4 4
0.05, TT (1 —we,;) =0.0072, > | & | T[T (1 —wg,) | | =0.0243, T 9; = 0.0036,
j=1 j=1 =1 7=1

1#£]
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4 4 4 4 4
S g T10] | =0.0147, [T wy, =0.0008, 3 | & | [T ws | | = 0.0053.
=1 =1 j=1 j=1 I=1
I#j I#j
Thus, we get
CIFWA(C1,Co,C3,Ca) = <<0.6800,0.7037>,<0.2449,0.1509>>

Some desirable properties of CIFWA operator are stated as

Theorem 7.3.7. (Idempotency) Let Cy be another CIFN such that C; = Cy for all j.
Then,
CIFWA(C1,Ca...Cpn) =Cp

Proof. Let Cy = <(§07w<o); (ﬁo,wgo)> with C; = Co. Therefore for all j, (; = (o, ¥; = Vo,

11 (1-¢o)

We; = Wey, Wy, = Wy, and by Eq. (7.5), we get s(Cp, Co,--.,C0) = =1 =
_n <§j ( ﬁ (1—C0)))
j=1 =1

n =¢o) = (1—¢o) =1- CO and t(ﬁ(]v 7-907 s 7190) = & 8 =

_Zl (fj(l—Co)”’1> _Zl (6;‘(1—(0)"*1) j71<§j(190)"71)

i= i= =

19(). Similarly, 5(w¢0,w<0, ey wco) =1- Weo and t(wrﬁ(), WyYgy -« wrﬁo) = Wy,- Hence,

CIFWA(Cy,Cs . ..Cy) = Co. O

Theorem 7.3.8. (Monotonicity) For collections of CIFNs C; and Z; satisfying C; C Z;,
we have

CIFWA(C1,Ca, . .. ,Cn) € CIFWA(Z1, 25, ..., Z0).

Proof. AsC; C Z; V j. Thus, by using results of Theorem 7.3.5 we get {1C1 ©&Ca @ ... D
&nCn C 8210822, . .BELZ,. Hence, CIFWA(Cy,Co, . ..,Cp) C CIFWA(Z, 2,...,2,).
O

Theorem 7.3.9. (Boundedness) Let C~ and C* are lower and upper bounds of CIFNs
Cj. Then,
C~ C CIFWA(C1,Cy...Cp) CCT

Proof. Since, C~ C C; € C* V j. Thus, by Theorem 7.3.8, CIFWA(C~,C™,...,C")
CIFWA(Cy,Ca, ...,Cn) C CIFWA(CT,CT,...,CT). Further, by idempotency property, we
obtain C~ C CIFWA(Cy,Cs...C,) C CT. Hence, the result. O

N
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Next, some new geometric AOs for CIFNs C; = (({j,w;), (95, wy,)), with (j,w¢, # 0
V j are defined.

Definition 7.3.3. A function CIFWG : Q™ — Q. defined by:
CIFWG(C1,Ca,...,Cr) = CP@C¥®...0C% (7.6)
is called as CIF weighted geometric (CIFWG) AO.

Theorem 7.3.10. For “n” CIFNs Cj, the value acquired by applying Definition 7.3.3 is
CIFN and is given by

t((1,(2,...,Cn),t Wy ooy Wen)) s
CIFWG(C1, Ca, ..., Cn) = (8 G- ), iy 0y - w0,) (7.7)

(1 —5(291,’192.. . ,’ﬂn),l —5(71}791,11)792,...,1[}79”))

Proof. Follows as similar to Theorem 7.3.6. 0

7.4 Proposed MCDM method

In this section, an efficient approach for solving the MCDM problems is presented along

with a method to determine the criteria weights.

7.4.1 Brief description of the problem

The general description of MCDM problem is given in Section 2.5 of Chapter 2. Suppose
that an expert gave their rating towards Vy, (v = 1,2,...,m) under B,, (v=1,2,...,n) in
terms of CIFNs C,,, = ((Cw, wcm), (191“,, wguv)) such that 0 < Cup, Vup < 1, Cup+ Py <1

and 0 < we,,,wy,, < 1, we,, +wy,, < 1. The collective information of the expert is

represented as a decision matrix M given by

B By ... B,
Vi (€ G2 ... Cip
M= Y2 |Ca Cn ... Cou (7.8)
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7.4.2 Weight determination

In real-life DMPs, it is quite obvious that all the criteria do not pay equal attention during
the process. For instance, in some certain problem, reliability pays more attention than
the cost, manufacturing time of the product while for some different problems, some other
parameters pay more attention. Thus, choosing the proper weight to the criteria is very
important. To determine these, two methods based on the situation available are presented

below:

(i) If partial information is known about the criteria weight:

Let A denotes the partial information about the criteria weights. To compute these
weights, an optimization model by using the concept of the distance measures be-
tween the alternatives V,, from its positive and negative ideal alternatives, denoted
by PIA and NIA is constructed. To it, we consider PIA as V¥ = (C)1x, and NIA

as V= = (C, )1xn, where
i = (6wl 0f )
= ((max{Cuh, max{ug,, } ) (min{ou}, min{w,,, }))
and
¢; = ((Gwg) (07.w5)
= ((min{Gu} minfue,,}) . (max{du,}, max{ws,,}))

Thus, by Eq. (3.6) of Chapter 3, we have

D=

DV, V) = li ¢ [Guw — G + e, — w2 (7.9)
4 v=1 + ‘ﬂuv - 792_’2 =+ ‘wﬁuv - w;;—y‘?

and

D=

vy = |13 6 (G = G * + gy, =g |7 .10)
o= + [P — 05 2 + o, — wy, |

It is evident that the smaller D(V,, V1) or larger D(V,,, V™), the better the alternative

Vu. However, the individual distance does not give the optimal decision and hence
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from Eqs. (7.9) and (7.10), we define the satisfaction degree of V, as
DV, V™) ‘
D(Vu, V™) + DV, V1)’

where n(V,) € [0,1]. Now based on these values, the multi-objective optimization

nWVu) = DV, V) #0 (7.11)

model to determine the criteria weight is constructed as

max (70V1),n(V2), -+ (Vi)
(M-1:) n (7.12)
subject to & € A, > & =1
v=1
Further, M-1 is converted into M-2 as
( m
max  n(Vu)
(M-2:) u=1 . (7.13)
subject to & € A, > &, =1
v=1

By solving the M-2, the optimal weight as £ = (£1,&,...,&,)T can be obtained.

if information is completely unknown about the criteria weight:

For CIFN C,,, the hesitation degree of it is defined as

h’cuv = 2 - (CU’U + ,ﬁuv) - (/U)Cuv + wﬂuv) (714)

During the real DMPs, it is always preferable to design an algorithm which have less
hesitancy degree. In other words, the role of the criteria during the decision process
is entirely based on the degree of hesitancy and hence smaller the hesitation degree,
the more important is the object. Thus, based on it, the hesitancy matrix V for the

given alternatives is constructed as

he,,  he, . hey,
hey,  heys oo hey,

V=l . : . : (7.15)
he,,, hen. - hey,

where he,, is calculated from Eq. (7.14). Hence, the weight vector &, is determined

as

(7.16)
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7.4.3 Aggregation and Ranking phase

By utilizing the weight &,, aggregate the values of Cy, into C, by using either CIFWA

operator i.e.,

(1—5(Cu17<u2,...,cun),1—S(U]u,wu,.--,wun)),
o - Gu1) Wy ¢ (7.17)
(t(ﬁuh z91,027 cee 719un)7 t(fwﬁlﬂ y WY y99 -+ - 7w19un))

or by CIFWG operator i.e.,

(t(Cula CuQ) c Cun)v t(wcu 7wCu PRI 7w§un)) )
Co = o (7.18)
(1 — 5(79111, 19u2, e ,ﬁun)a 1-— 5(w19u17w19u2, . ,’LUﬁun))
To rank the given alternatives, construct the possibility degree matrix P = (Xui)mxm

by utilizing the proposed PDM y and get

X111  X12 -+ Xlm
X21 X22 .- X2m

P=| . : . : (7.19)
Xml Xm2 cee Xmm

where x; = x(Cy, = Cp), u,l € {1,2,...,m} is calculated as:

(i) If either he, # 0 or he, # 0 then,

24+ C,—2¢ — Y+ we, — 2w¢, — wy, 0> 1) (7.20)
hCu +hCl 5 5 .

X(Cy, > C;) = min (max (
(ii) If he, = he, = 0 then,

X(Cu >~ Cl) = 0.5; (u+ we, = G+ we, (7'21)

0; Cu + we, < Cl + we,

Finally, for each alternative V,, the optimal degree of it is calculated by Eq. (7.22) as

1 " m
Ru= o= (; Xul 5 = 1) (7.22)

and hence, select the desired one(s).

In short, we compile the preceding analysis into the subsequent steps:
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Step 1: Arrange the collective information of alternatives in the matrix M as given in Eq.

(7.8).

Step 2: Compute the criteria weight based on the information and using the Eq. (7.13)
or Eq. (7.16).

Step 3: Utilize Eq. (7.17) or Eq. (7.18) to aggregate the preference values.

Step 4: Construct the possibility matrix P = (Xu)mxm by using Egs. (7.20) and Eq.
(7.21).

Step 5: Rank the alternatives V, based on descending values of R, computed from Eq.

(7.22).

7.5 A case study

The presented approach has been demonstrated with a numerical example whose descrip-
tion is given as follows.

A regional space center namely, North-Eastern Space Applications Centre (NESAC),
is an outcome of a collaborative initiative of Department of Science, Government of India
with North-Eastern (NE) council. The main goal of NESAC is to explore innovative
methods of utilizing natural resources with the help of technically advanced tools and
methods such as remote sensing. This ameliorates the scope of satellite services to be
accessed by the NE states and as an outcome of this space, research is promoted in these
areas. Likewise, Unmanned Aerial Vehicle (UAV) remote sensing is a new technological
advancement to NESAC for large scale mapping as well as application monitoring of
various activities. UAV, also known as a drone, is basically a flying robot. In more simple
terms, it is just an aircraft which can either be remotely controlled by a human operator
or autonomously by an onboard computer. The main task of the NESAC is to assemble
ten new UAVs for large scale mapping in the NE region. For this, NESAC is looking for
data processing and analysis software in order to process the images and videos captured
by UAVs and this software should support the latest version of the operating system. For
the installation of required software, NESAC consults an Information Technology (IT)
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company which provides the information on five models of software viz: V,, (u = 1,2,3,4,5)
with different software versions. NESAC consults an expert who evaluates the software on
the basis of four criteria namely 28; : Image processing capability, B5 : Measurement tools
for co-ordinate/distance/area/volume, B3 : Generation of contour lines using DEM/DSM
and B4 : Generation of 3D modeling/texturing capabilities. Obviously, the changes in
software version will affect these criteria. The primary goal of the NESAC is to select the
best software(s) and its version simultaneously. Thus the problems are two dimensional
namely, type of software and software version. Therefore, the decision-makers express their
rating values in terms of CIFNs as the CIF model handles two-dimensional information
simultaneously. The rating values of the expert for V; at 28, are ((0.6,0.9), (0.1,0.1))
which depict that the expert is 60% satisfied for V; at B; and 10% disagrees. The phase
term that represents the version of the software is given as the expert is 90% satisfied with
the suitability of software version at 87 and 10% is not satisfied. Similarly, all data can

be decoded. The preferences of the expert towards each V), is represented in Table 7.1.

7.5.1 If information about the weight is partially known
Assume that given partial information of the weight is

025<& <04, 01<&<05, 02<E <05,

02<6 <045, &G4<&+8, <&

Then, the procedure steps of the proposed method are implemented as follows.

Step 1: Rating values are given in Table 7.1.

Step 2: Based on information A, formulate an optimization model (7.13) as

max 71+ 72+ 03+ 11+ 05
subject to 0.25 < &1 <0.40, 0.10 < & <0.50,

0.20 < & < 0.50, 0.20 < & < 0.45,

a4<&+8&, <86+ +8+4=1
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Step 3:

where

- 1/0.2325&; + 0.1250&2 + 0.0500&3 + 0.1125&4
0.2325&1 + 0.125082+ 0.0025¢; + 0.1825&2+
(0.050053 + 0.1125&4 ! \ 0.0175&3 + 0.0025&4 )

= V0.1175&; + 0.2250&2 + 0.0625&3 + 0.0625&4
0.1175&; + 0.225082+ 0.0425&71 + 0.0425&2+
(0.062553 + 0.0625&4 ! \ 0.0150&3 + 0.0525&4 )

ns = v/0.1250€; + 0.1300&2 + 0.1025&3 + 0.095084
0.1250&; + 0.1300&2+ 0.0300&71 + 0.0425&2+
(0.102553 + 0.0950&4 ! \ 0.0200&3 + 0.0050&4 )

i = v/0.1250&; + 0.0750&2 + 0.0625&3 + 0.0225¢4
0.1250&; + 0.0750&2+ 0.1050&1 + 0.112582+
(0.062553 + 0.0225¢&4 ' \ 0.0250&3 + 0.0525&4 )

and 75 — 1/0.0250€; + 0.0025&2 + 0.0200&3 + 0.0100&4
0.0250&1 + 0.0025&2+ 0.1850&71 + 0.295082+
<0.0200§3 —+ 0.0100&4 ' \ 0.1025&3 + 0.1000&4 )

After solving, we get & = (0.25,0.25,0.30,0.20)7.

Aggregate the values of each V,, under different 98, by considering CIFWA oper-
ator, as given in Eq. (7.17). The resultant values obtained from them are given

as

¢ = ((0.7241,0.7616), (0.1176,0.1778) ) ,C, = ((0.6129,0.7838), (0.2353,0.1579) ),
Cs = ((0.6026,0.7073), (0.1967,0.1290) ) ,Cs = ( (0.5826,0.6164), (0.2000,0.1463) ),
Cs = ((0.5758,0.2588), (0.2124,0.4444) ).
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Step 4: By Eq. (7.19), the matrix P is

0.5000 0.6974 0.9261 1.0000 1.0000
0.3026  0.5000 0.7852 0.9812 1.0000
p —|0.0739 0.2148 0.5000 0.6906 1.0000
0.0000 0.0188 0.3094 0.5000 0.9064
0.0000 0.0000 0.0000 0.0936 0.5000

Step 5: By Eq. (7.22), Ry = 0.2812, Ry = 0.2534, Rs = 0.1990, R4 = 0.1617 and

Rs = 0.1047. Thus, from them, we have V; is the most desirable alternative.

7.5.2 If information is completely unknown

The steps of the approach are executed as below.

Step 1: Data is summarized in Table 7.1.

Step 2: By Eq. (7.16), we get & = (0.2638,0.2301,0.2485,0.2577)7.
Step 3: Aggregate the values of Table 7.1 by Eq. (7.17) and get

¢ = ((0.7312,0.7714), (0.1142,0.1741) )€, = ((0.6033,0.7744), (0.2421,0.1518)
Cs = ((0.6140,0.7003), (0.1821,0.1353) ), Cs = ((0.5767,0.6241), (0.2156,0.1530)
Cs = ((0.5706,0.2624), (0.2279,0.4506) ).

Step 4: The possibility matrix P is computed as

0.5000 0.8072 0.9637 1.0000 1.0000
0.1928 0.5000 0.7236 0.9219 1.0000
p —|0.0363 0.2764 0.5000 0.6810 1.0000
0.0000 0.0781 0.3190 0.5000 0.9316
0.0000 0.0000 0.0000 0.0684 0.5000

Step 5: Based on matrix P, we obtain Ry = 0.2885, Ro = 0.2419, R3 = 0.1997, Ry =
0.1664 and R5 = 0.1034. Hence, ranking order of alternatives is V3 = Vo > Vg >
V4 = V5 which gives that V) is the best.

)
)

)

)
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7.5.3 Validity Test

To examine the authenticity and legality of the method, some test criteria are presented
in [162], which are asserted as:

Test with criterion 1: In it, we replace only the ratings of Vs with Vi= { (
(0.3,0.2),(0.6,0.7)), ((0.2,0.1),(0.7,0.5)), ((0.5,0.2), (0.4,0.6)), ((0.1,0.1), (0.7,0.7))} and
hence steps of the proposed approach are executed. The final optimal value of alternatives
is computed as R1; = 0.2812, Ro = 0.2534, R3 = 0.1990, R4 = 0.1664 and R5 = 0.1000.
From these, we conclude Vi = Vo = V3 = Vy = Vg and hence V) is still best one. Therefore,
“test criterion 17 validates.

Test with criteria 2 & 3: In it, the considered alternatives of DMP is split into
four subproblems as {V1,Va, Vs, Vu}, {Va, Vs, Vi, Vs}, {Vs, V4, V5, V1 } and {Vy, V5, V1, Vo).
Now for each subproblems, steps of proposed approach are executed and hence obtain the
final ranking order as V1 = Vo = V3 &= V4, Vo = V3 = Vs = V5, V1 = V3 = V4 > V5 and
Vi = Vo = V4 = V5 respectively. Hence, the overall ranking is Vi = Vo = V3 = V4 = V5

which states that it validates the “test-criteria 2 and 3”.

7.6 Comparative studies

To manifest the fulfillment of the intended approach with some comprehensive stud-
ies under CIFS [6, 59, 129, 130] and IFS [27, 44, 47, 72, 83, 156, 201, 217] environ-
ment, the analysis has been conducted by considering the weight of the criteria as x =

(0.25,0.25,0.30,0.20)7. The discussion of them is compiled as follows.

7.6.1 With CIFS studies

The performance of the presented work is tested with some existing distance measures

[6, 129] and averaging operators [59, 130]. The obtained performance by them is given as

1) By applying the weighted Euclidean measure presented by Rani and Garg [129] on to
the considered information, we get the collective measurement values of each alternative
as D(V1, V1) = 0.2280, D(Ve, V1) = 0.1904, D(V3, V") = 0.1585, D(Vy, V1) = 0.2690
and D(V5, V1) = 0.4132. Here V' and V~ are PIA and NIA respectively. Based on
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them, we get ordering values as V3 >= V1 = Vo = V; = V5. Hence, the most optimal is
Vs.

2) Alkouri and Salleh [6] defined the distance measure given in Eq. (2.8). Under it,
by taking vy = 1 = 01 = ag = [y = 09 = %, the measurement value of the
given alternatives is D(V;, V1) = 0.1342, D(V,, V1) = 0.1625, D(Vs3, V) = 0.1350,
D(Vy, V) = 0.2325 and D(V5, V') = 0.3717. Hence, the ordering position of the

alternatives is V; = V3 = Vo = V4 = V5 which suggest that V3 is the suitable one.

3) If we aggregate the given information with weighted power averaging operator [130],
we get the overall score values of the alternatives as S(V;) = 1.0622, S(V,) = 0.9052,
S(Vs3) = 0.9356, S(V4) = 0.7025 and S(Vs) = 0.0713. Thus, using Definition 6.2.1, we

have Vi = V3 = Vs = V4 = V5 which gives that V; is the required choice.

4) By implementing the averaging operator [59], with generator ¢(a) = —log(a) (For
more details, refer to [59]), the score value of the alternatives is S(V;) = 1.0570,
S(V2) = 0.9077, S(Vs) = 0.9353, S(V4) = 0.7060 and S(Vs) = 0.0721. Thus, the
ordering position becomes Vi > V3 = Vo = V; = Vs and hence, V) is the most

preferable option.

From the implementation of these approaches, we conclude that the alternative Vs is
obtained as a successful one from the existing distance measures proposed in [129]. On the
other hand, V) is the best alternative by the existing AOs [59, 130] and distance measure
[6]. This change in their optimal one is due to the entirely differ computational procedure.
For example, in [6, 129] approaches, the optimality of the alternative depends on PIA
alone, which itself is not sufficient to conclude the desirable alternatives. However, in
reality, several situations may occur where there is a need to examine both the PTA and
NIA to avoid the loss of suitable information based on the small distance or large similarity.
Since the suitable and desirable alternative remains at a larger distance from its NIA and
the shortest distance from PIA, therefore both PIA and NIA are simultaneously considered
in the present work with a satisfaction function defined in Eq. (7.11). Hence, the presented
approach is more suitable and reliable than the existing approaches [6, 129]. Furthermore,

it is concluded from the ordering of the alternatives by approaches mentioned in [59, 130]
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that V3 = Vs, i.e., V3 is more superior than V5, whereas by proposed approach we get
V5 = V3. These changes occur due to the selection of the ranking procedure. For instance,
in [59, 130] approaches, alternatives are ranked by score functions and by Definition 6.2.1

whereas, in the proposed approach, PDM is utilized for the same.

7.6.2 With IFS studies

From the study it is proved that IFS is an exceptional case of the CIFS by fixing phase
terms to be zero, thus, we examine the appearance of the intended results with some
of the existing approaches [27, 44, 47, 72, 83, 156, 201, 217] under the IFS environment
also. The results corresponding to them are summarized in Table 7.2. From this table,
it is seen that the best alternative comes out to be V; which is the same as the proposed
method. However, the ordering of the alternative between V5 and V5 changes with from the
proposed one. This change in the ranking order is quite reasonable because in the existing
approaches [83, 156, 201, 217], only amplitude values of MDs and NMDs are aggregated
and ignore the influence of the fluctuation term of the data. However, the proposed
MCDM approach considers the complex-valued MDs and NMDs and hence aggregated
the two-dimensional information simultaneously in a single set. This analysis leads to the
conclusion that if the person wants to consider only the models of the software and not
their versions, then Vs is preferable over V». However, if the software versions are also
taken into the account in the evaluation process then a person can prefer Vo over V.
Further, as compared to the other existing AOs proposed in [27, 44, 47, 72], we conclude
that the best alternative remains V) with the proposed and the existing ones. However,
the ordering of other alternatives also changes. This is due to the fact that the operators
defined in [27, 44, 47, 72] pay more attention to the pessimistic nature of the decision
makers. However, the results computed by the presented method using CIFWA operator
shows optimistic nature to the expert. Also, if by utilizing CIFWG operator to the con-
sider problem then the results computed from them will be more pessimistic in nature.
Therefore, both the optimistic and pessimistic nature are considered in a presented MCDM
method. Finally, it is observed that the AOs presented by Fan et al. [42] is considered as

a special case of the proposed AOs. Hence, the proposed AOs are the more generalized
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ones than the existing ones and successfully handle the DMPs under both IFS and CIFS

environment.

7.6.3 Characteristic comparison

Apart from the above advantages, some characteristic advantages of the proposed method
over the several existing ones [27, 44, 47, 72, 83, 156, 201, 217] are presented in Table
7.3. In this table, the symbol ‘v’ represents that the associated characteristic is satisfied
by the method while ‘x’ means it does not. In the presented approach as well as in
[72] method, the criteria weights are determined by some suitable method while in other
approaches [27, 44, 47, 83, 156, 201, 217], weights are taken subjectively without impacts
on the rating information. As the random weights may lead to wrong interpretation to the
final ordering of the alternatives, thus computation of weight vector objectively is more
important than subjectively. Hence, the presented approach is more suitable than existing
approaches [27, 44, 47, 83, 156, 201, 217]. In addition to them, the DMPs presented in
[27, 44, 47, 72] emphasis on geometric AOs while approaches in [83, 156, 217] are based on
averaging AOs. On the other hand, the presented approach discuss both of them and the
decision maker may choose them according to their choices during the aggregation process
and hence discuss the optimistic/pessimistic nature towards the problem.

Finally, the approaches [27, 44, 47, 72, 83, 156, 201, 217] fail to model the complex
problems whereas, in the proposed method, the ranges of MD and NMD are extended
from real set to unit disc in the complex plane. This extensions of the ranges will enable
the proposed approach to deal with one-dimensional problems also as described in [27, 44,

47, 72, 83, 156, 201, 217).

7.7 Conclusion

The main contribution of this chapter is summarized as follows:

1) Considering the characteristics of the CIFS, a PDM is presented in this chapter in
order to compare two or more CIFNs. Some desirable properties of PDM are also

investigated.
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2)

New operational laws for CIFNs are presented and their properties are investigated.
Based on developed operational laws, a series of weighted averaging and geometric AOs
namely CIFWA and CIFWG for a collection of CIFN is given. IFS is a particular case
of CIFS due to which the work done in this chapter can effectively manage the data
under both IFS and CIFS conditions.

A non-linear optimization model is established in order to determine attribute weights.
This model is established with the main objective of maximizing the distance of each

alternative from NIA and minimizing the distance from PIA simultaneously.

Based on the proposed operators and ranking method, a MCDM approach has been
presented for solving DM problems in a more efficient way under the CIF environment
and for demonstrating the working of the proposed method an example has been illus-
trated. Also, the proposed approach has been validated by comparing the results of
the example with existing studies and by performing validity test-criteria. Thus, the
proposed MCDM method can be efficiently used for solving complex time-periodic DM

problems.
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Table 7.3: The characteristic comparison of different approaches

Method DeterminationNo  unknown Pessimistic =~ Optimistic ~ Ability Ability  to
of weights parameter to approach approach to handle handle two-
objectively  choose for time- dimensional

aggregation periodic information
problems

Wang and Liu [156] X v X v X X

He et al. [72] v v v X X X

Huang [83] X X X v X X

Garg [44] X v v X X X

Chen and Chang [27] X v v X X X

Ye [201] X X v v X X

Zhou and Xu [217] X v X v X X

Garg [47] X v v X X X

The proposed approach | v/ v v v v v
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Chapter 8

Exponential, logarithmic and
compensative generalized
aggregation operators

This chapter presents some new exponential, logarithmic and compensative exponential
of logarithmic operational laws of CIFNs based on t-norm and co-norm. Based on these
laws, compensative operators namely generalized CIF compensative weighted averaging
and generalized CIF compensative weighted geometric are developed. Some properties
related to proposed operators are discussed. In light of the developed operators, a group
decision-making method is put forward in which weights are determined objectively and
is illustrated with the aid of an example. The reliability of the presented decision-making
method is explored by comparing it with several prevailing studies. The influence of
the parameters used in exponential and logarithmic operations on CIF numbers is also

discussed.

8.1 Introduction

The detailed literature review on AOs is done in Section 1.1.3 of Chapter 1. These works
depict that most of the existing AOs under IFS environment are developed using algebraic,

Einstein and Hamachar laws of operation and are such that the weights in these operators

IThe content of this chapter is published as “Exponential, logarithmic and compensative generalized
aggregation operators under complex intuitionistic fuzzy environment”, Group Decision and Negotiation,
Springer 28(5), 991 - 1050, 2019, doi: 10.1007/s10726-019-09631-8 (SCI: Impact Factor: 2.648).
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are real numbers and the bases are IFNs. However, we may come across situations where
the exponents (weights) are IFNs and the bases are real numbers. In that direction,
Gou, Xu and Lei [65] put forward new EOLs under IFS theory along with their various
properties and gave a method for aggregating IF'S information. Further, Gou, Xu and Liao
[66] presented EOLs for interval-valued IFNs and AOs using these laws. Luo et al. [111]
investigated EOLs and new AOs based on them using t-norms and co-norms under IFS
environment. Garg [49] presented AOs using EOLs under interval-valued pythagorean
fuzzy set theory. Furthermore, as logarithm is an important mathematical operation
therefore, Li and Wei [97] developed logarithmic operational laws and AOs based on them

under IFS theory in which bases to the logarithms are real numbers.

All the existing approaches of DM, based on exponential and logarithmic AOs, in FS
and IFS theories, deal with real values in [0, 1]. In CIFS theory, complex values of member-
ship and NMDs are considered and are expressed in polar form. Inspired by the features of
CIFS model and keeping in view the ultimate objective to deal with those circumstances
where bases are crisp numbers and the exponents are CIF numbers, we develop gener-
alized EOLs using t-norm and co-norm in this chapter. As logarithm and exponents of
same base are inverses of each other therefore, along with EOLSs, we investigate logarithmic
operational laws also. Furthermore, we develop compensative exponential of logarithmic
operations and some AQOs based on them. In addition to these, a novel DM methodology
is presented by considering the multi-dimensional complex data sets in which the criteria
weights are determined objectively. The proposed DM method is validated by performing

comparative studies with existing theories.

8.2 Operational laws and aggregation operators of CIFNs

In this section, we introduce exponential, logarithmic and compensative exponential of
logarithmic operational laws of CIFNs using t-norm and co-norm. Depending on the pro-
posed operations, we develop generalized CIF compensative weighted averaging/geometric
(GCIFCWA /GCIFCWG) and ordered weighted averaging/geometric operators (GCIF-
COWA /GCIFCOWG). Also, we investigate some of their properties.
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Definition 8.2.1. Let C = ((C,wg), (ﬁ,wg)) be a CIFN and 6 > 0 be a real number.

Then, EOL of C, denoted by &€, is stated as:

( 1

t 1

Y

—((
(!

e e ((1 - <>t(
t

| =

UCHE 57 (94(9)),
we) 1(9)) st (wt(9))

IR
g1 <(1 ~ ) (2)) s (“’” Cs))

Theorem 8.2.1. For CIFN C and real number § > 0, 6¢ is also CIFN.

(8.1)

Proof. We shall prove the theorem for § € (0,1) as for the other case it can be proved
similarly. For this, let C = ((C ,wg), (19,11)19)). Then, by definition of CIFN we have,
0<¢9,¢(+9 <1and 0 < we,wy,we +wy < 1. Further, let P ((Cl,wgl), (ﬁl,wgl))
where ¢; = t—l((1 - g)t(é)), 91 = 5_1(1975(6)>, we, = (t—l((l - wdt(é))) and wy, =

(s‘l <w,9t((5)>). In order to prove that 6¢ is CIFN, it is sufficient to show that 0 <

(1,91, +91 <land 0 < Wey, WYy, We; + Wy, <1.

Since 1,571 : [0,00) — [0,1]. Therefore, we obtain that 0 < (3,97 < 1 and 0 <

we,, wy, < 1. Further, using the conditions that 0 < ( + 9 < 1 and t(a) = s(1 —a), we

obtain that

G+ = t7! ((1 — (0

Thus, (1 + 91 < 1. Also, (1 +91 > 0 as (3,v1 > 0. Hence, 0 < {1 + 91 < 1. Similarly, we

can obtain that 0 < w¢, + wy, < 1. Hence, 6 is a CIFN.

Theorem 8.2.2. For CIFNs Cj, Co and real number ¢ € (0,1), we have

(i) 0° @ %2 = 62 @ 6°1;

O
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(i) 6© ® 6% = §% © §C1;
(iii) (6 @ 6“2) @ 6% = 6% @ (62 @ 6%);
(iv) (64 ®6%2) ® 6% = 6% @ (6 ® 6%).

Proof. Here, just the part (i) is demonstrated while the remaining can be gotten likewise.
For this, let C; = ((Cj, ij)v (79j, wﬁj)) ( = 1,2). On utilizing Definition 8.2.1, we obtain
that

o = (-, o - #0) (57 @it6) . 5 (wita))
and 0 = ( (t—l (1= GtO0), 71— we) t(d))) , (s—l (Vt(5)), s (wﬁgt(é))))
Now, using the Definition 6.2.2 of Chapter 6, we have

5 @ 6
5 (s( (@ - @) + 5 - ) )

o (S (t’l ( (1— w@)t(é))) + s(fl ( (1- w(z)t(é)))>
(tl <t<871(191t(5))) + t(sil(ﬁﬁ(é))»’
1 (t <s_1 (uw,t((s))) + t(s_l (uwzt(é))))

s (s( (- @) + (7 a- ) )

st (s (fl ( (1- w@)t(é))) +s (rl ( (1- 11)41)15(6))))

1 (t(s*l(ﬁgt(é))) + t(s*l (ﬂlt(é))))

(o o)) o o)

= 2 ai@

Theorem 8.2.3. For CIFNs Cj, real numbers p; (7 =1,2) and § € (0,1), we have
(i) p1 (6% @ 6°2) = p16“* & p16°;

(i) (5 052)°" = (59)" @ (5%2)""
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(iii) P16 @ padt = (p1 + p2) 6°1;
(1v) (69)" @ (31)" = (561)" 72,

Proof. Here, just the parts (i) and (iii) are demonstrated while the remaining can be gotten

likewise. For this, let C; = ((Cj,wcj), (ﬁj, umj.)) (j=1,2).
(i) By using the Definitions 6.2.2 and 8.2.1, we have

p1 (6 @ 6©)
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(iii) Again by using the Definitions 6.2.2 and 8.2.1, we have

P10t @ pod©t

( s 1 p1<s<t1((1—(1)t(5))>)>, t1<p1<t<31(191t(5)))> ;
— 8 | , )

s po <S (t‘l ((1- C1)t(5)))>> 1 <p2 <t (s‘l(ﬂlt(é)))>

(e (0 mwa@))) | | (e ()
] (51(<m+pz>(5<t1<amt(a»)) )(tl(<m+m>(t<s o)) ). )

s 1((p1+pz) (S(t_l((l—wq )WD)))) t_1<(p1+‘)2) (t(s_l (wﬁlt(é)»))
= (p1+p2)0°

Theorem 8.2.4. Let C be a CIFN and 61, d2 be two positive real numbers such that
51 Z 52. Then,

(i) 65 C &5 if 61,62 € (0,1);
(ii) 6 C & if 01,09 > 1.
Proof. Here, just the part (i) is demonstrated while the remaining can be gotten likewise.
(i) Let C = ((C, wg), (19, wﬂ)). Then, on utilizing Definition 8.2.1, we obtain that
o = (- 0 (- wt3)) (571 @0161) 57! (wat(d1))))
and 3§ = (47 (1 - O0) 47 (1~ wg) 62))) (57 (915) 57 (wat(82))) )

Now, as d; > d2 and ‘s’ and ‘t’ are increasing and decreasing functions respectively.

Therefore, we obtain that



193

(1= Ot(02)) < tTH(A = Qt(01) 5 sTH(IH(02)) = 57 (94(61))
(1= w)t(82)) <t7H((L—wo)t(01)) 5 s (wgt(82)) = 57 (wyt(01))

Hence, by using the Definition 2.1.10, we obtain that 6§ C §¢.

8.2.2 Logarithmic operational laws of CIFNs

Definition 8.2.2. For CIFN C = ((g‘,wg), (19,w19)) and positive real number § # 1, we
define logarithmic operation of C, denoted by logs(C), as:
t(¢) t(w) s(0) s (wy) , :
(=i -5)- Gy ) o<osmniema =

0 = | b
Uiy ) ) s

Theorem 8.2.5. Let C be a CIFN and ¢ > 0 be a real number such that § # 1. Then,
logs(C) is also CIFN.

(8.2)

Proof. Let C = ((C,wg), (19,11)19)) and logs(C) = ((Cl,wgl), (191,11)191)). Here, the proof
is demonstrated for 0 < 0 < min {¢,w¢} < 1 while for the other case it can be obtained

likewise. Now, on utilizing Definition 8.2.2, we obtain that (; = 1 — %; 91 = ‘zgg));

we, = <1 - t%?) and wy, = (ng‘g)?)). In order to prove that logs(C) is CIFN, it is

sufficient to show that 0 < (1,71,¢1 + 91 < 1 and 0 < we,, wy,, we, +wy, < 1. Since,

0 <min{{,w¢}, 0 # 1 and t is decreasing function. Therefore, 0 < % < 1 which gives

that 0 <1—¢1 <1=0< ¢ < 1. Further, as § < ¢ < 1-9 = #(5) > #(1-9) = 3 < 1.
9)

Also, since the co-domain of ¢ and s is [0,00) therefore, iET) > 0. Hence, 0 < v < 1.

Finally, by using ( + 9 < 1, s(a) = t(1 — a) and t is decreasing function, we have

O () _ MO H1-9) _ t0) | tC)
GG e T T S e T !

Hence, 0 < (1 + 97 < 1. Similarly, we can prove that 0 < w¢,, wy,, w¢, +wy, < 1. Hence,
logs(C) is also CIFN. O

Theorem 8.2.6. Let C = ((C,wg), (19,w19)> be a CIFN and 0 < 0 < min {(,w¢} <1 be
such that § # 1. Then,
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(i) Slogs(C) — C;
(ii) logs(8)¢ =C.
Proof. Since, 0 < § < min{¢,w¢} <1 and d # 1.

(i) By using the Definitions 8.2.1 and 8.2.2, we have

i - (-2-59) (3252
1 (KXY Y (o (2000
610g5(C) _ t(é) ’ t(é)
1 (t(z%tw)) 1 <8(U:(9;;(5)>

(ii) Again, by using the Definitions 8.2.1 and 8.2.2, we have

© = (7@ 0 (- w0 (57 00,57 et(4))

t
B A-QH0) (L= w)t®)\ (kt(6) (wo)t()
logs(0)° = <<1‘ 0 T o) )’(t@)’ o) ))

= ((cue). (0.wg)) =c

O

Theorem 8.2.7. Let C; = ((Cj,wcj), (ﬁj,ng)> (j = 1,2) be two CIFNs and 0 < § <
min {(1, (2, w¢,, we, } < 1 be such that § # 1. Then,

(i) logs(C1) @ logs(C2) = logs(C2) @ logs(Cy);
(ii) logs(C1) @ logs(Ca) = logs(Ca) @ logs(C1).

Theorem 8.2.8. Let C; = ((Cj, we,), (19j,w19j)) (j = 1,2,3) be three CIFNs and 0 < § <
min {gl,@,gg,w@, w@,wcg)} < 1 be such that § £ 1. Then,

(i) (logs(Cr) @ logs(Ca)) @ logs(Cs) = logs(C1) @ (logs(Ca) @ logs(Cs));

(i) (logs(C1) ®logs(Ca)) ® logs(C3) = logs(C1) ® (logs(Ca) © logs(C3)).

Proof. Just part (i) is demonstrated here as the remaining can be gotten likewise.
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(i) By using the Definitions 8.2.2 and 6.2.2, we have

1,2) be two CIFNs and 4, p be

((Grwe,). (W5,w0))) G

positive real numbers such that ¢ < min {¢i, (2, w¢,, we, } <156 # 1. Then,

Theorem 8.2.9. Let C;
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(i) p(logs(C1) @ logs(C2)) = plogs(C1) @ plogs(Ca);

(i) (logs(C1) ®logs(Ca))” = (logs(C1))” ® (logs(C2))”.

Proof. Just part (i) is demonstrated here as the remaining can be gotten likewise.

(i) By using the Definitions 6.2.2 and 8.2.2, we have

p(logs(C1) @ logs(C2))

Theorem 8.2.10. Let C = (((,wg), (19,um)) be a CIFN and 6, p1, p2 be three positive

real numbers such that 6 < min {¢,w¢} <1; # 1. Then,

(i) p1logs(C) @ p2logs(C) = (p1 + p2) logs(C);
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the remaining can be gotten likewise.

(log5(C))p1+p2.
demonstrated here as
(i) By using the Definitions 6.2.2 and 8.2.2, we have

(ii) (logs(C))™ @ (logs(C))™

Proof. Just part (i) is

O]

= —
@< — o)

+~

~— | —
— ~—

—— |~ —|—

+

1
1
1
1
(((,wc), (29, wg)) be a CIFN and 0 < 61 < 2 < min {¢,w¢} <

1; 81,02 # 1. Then, logs, (C) C logs, (C).

= =

Proof. By using Definition 8.2.2, we obtain that
logs, (C)

Theorem 8.2.11. Let C

spectively.

ing functions re

ing and decreas

increas

t(d2) —

Hence, by using Definition 2.1.10, we have logs, (C) C logs, (C).

Since 01 < 02 < min {¢,w¢} and s, t are

So, we get that
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Theorem 8.2.12. Let C; = ((Cj,wg), (ﬁj,ng)) (j = 1,2) be two CIFNs such that
G < Qo we, < weys V1 > Yoy wy, > wy, and 0 < § < min {1, (o, wep, we b < 15 0 # 1

Then, logs(C1) C logs(C2).

Proof. By using Definition 8.2.2, we have
i - (159 140 (. )
o o < (<150 159, (45 *52)

We have (1 < (2, U1 > 92, we, < we, and wy, > wy,. Also, as t and s are decreasing and

increasing functions respectively and ¢ < min {(1, (2, w¢,, we, } therefore, we have

(&) HC2) s(W1) _ s(Wa)  t(we) t(wg) s(ws,) _ s(wg,)
L2530 SV ) S o) T ) ST ) ) = o)
Hence, again by using Definition 2.1.10, we have logs(C1) C logs(C2). O

8.2.3 Exponential of logarithmic operational laws

Definition 8.2.3. For a CIFN C = ((C,wg), (19,11)19)) and real numbers 4,4’ > 0 such
that 8’ # 1, we define the exponential of logarithmic of C, denoted by §'°85(©)  as:

_1 (HE) - t(9) _1 ((s(9) - t(6)
(o) (7 () S5 e
1 (t(wc)-t(5)> | <S(wﬁ)'t(5)) Y ’
¢(6") t(0")
o <t<<>‘t<§> Y ORIE)
(6" ’ £(6") ’
) , . :5>1,8 € (0,1)
-1 t(wc)'t(5)> o1 <$(wﬁ)'t(5)>
(6" £(6")
§logs (C) — - £(C) - £(6) . <5(19)-t((5) (8.3)
T ’ 5 T ’
t() : L) 5 €(0,1),8 > 1
RIS t(é)) (s(w) t(cs))
t(5) t(3)
i t<<>-t<;>> <sw>-t<;>
1 ’ 1 )
t(3) 7 t(5) S8 > 1
- <t<w<> t(};)) <s<wﬁ) t(é))
t(5) t(5)

Theorem 8.2.13. Let C be a CIFN and 6, " > 0 be real numbers such that §’ # 1. Then,
5985 (€) is also CIFN.
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Proof. We shall prove the theorem for §,¢" € (0,1) as for the other cases it can be proved
similarly. For this, let C = ((( ,wC), (19,’(00)). Then, by definition of CIFN we have,
0< (9, ¢+9 <1 and 0 < we,wy, we +wy < 1.

Take §'85(C) = ((Cl:w§1)7 (01,w§1)> where ¢; = t7! (7“%();%6)), ¥ = st (S(f()éf)(s)),

we, =t7! <t(wc)'t(6)> and wy, = s~ ! (M) In order to prove that §°85(C) is CIFN,

t(5') t(5')
it is sufficient to show that 0 < (1,71, + 91 < 1 and 0 < we,, wy, , we, + wy, < 1.

Since 1,571 : [0,00) — [0,1]. Therefore, we obtain that 0 < (3,97 < 1 and 0 <
we,, wy, <. Further, using the conditions that 0 < (+9 < 1, t(a) = s(1 —a) and t is a

decreasing function, we have:

G+9 = ¢! M R M

- tlgﬂ€£%®§+lflégft$du®>
< (HOHE)Y g (HE) 1)
- ( (5 )* < 1) )
=1

Thus, (1 + 91 < 1. Also, (1 +v91 > 0as (3,91 > 0. Hence, 0 < {1 + 91 < 1. Similarly, we

can obtain that 0 < w¢, + wy, < 1. Hence, 51085 (€) is also a CIFN. O

Theorem 8.2.14. For CIFNs C; and positive real numbers 5j,5§- €(0,1) (j =1,2,3), we

have

logs/ (C1) logs/ (C2) logs/ (C2) logs/ (C1)
R A I N R A

(u) 5llog5/1 (C1) 2 5120g5/2 (C2) _ 5120g5/2 (C2) ® 5110g5/1 (Cl);

(i) (6110g5’1 “ o, <c2>> oy g Y g (510&55 e 6, wg));

1 2 3

logss (C logss (C log s (C logs/ (C log . (C log., (C
(iv) <51 fop ) ® d, 5 2)> ® 0, 85 (Cs) _ 5, €51 (C1) 2 <52 g5, (C2) 9. 851, 3))'

Proof. Just parts (i) and (iii) are demonstrated here as the remaining can be gotten

likewise.
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Theorem 8.2.15. For CIFNs C; and positive real numbers §;,0: € (0,1) (j = 1,2,3),

VRR]

P, P1, p2 we have

logs/ (C1) log s/ (C2) logsr (C1) logs/ (C2)
(i) P<510g51 1 @520&52 2>:,0(510g61 1)@,0(520&52 2)5
i) <5?%5a>®5§%4&»)P: Cﬁg%wn>P®)ng%wﬂ)P

log s/ (Cl) log s/ (Cl) logs/ (cl)
0 (£ 1 (£5)

logss (C1) P1 log<s (C1)\ P2 log . (C1)\ PLTP2
W)Gfmﬂ> ®Gfgu> :Gfgn> ‘

Proof. Just parts (i) and (iii) are demonstrated here as the remaining can be gotten

likewise.

(i) Let C; = ((Cj, ij)v (95, ng)). Then, by using Definition 6.2.2 and Definition 8.2.3,

we have

p (5110g“i @ 5 (62)>

—

.
= »
.

—

(ECEEEM) [ B )
(SCE M (SO0 ()
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(iii) Again, by using Definition 6.2.2 and Definition 8.2.3, we have

- TN N - 7 N 7N
—— T E ——Z
R ) = RS |
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o (o (t“?@)ffz)))) “ (s (tf?@fffg)))) Al
t(we, ) - t(071 _ We, ) - (01
. o (o (e ( ;iwng ) *””<3<t1<19iw2 )
s(91) -t _1 (s(01) - t(01
(e () e (7 (™))
o () o ()
_ ( o (5 (7 (55™)))) ) | ( (e (¢ (55™)))) )
oo (< (2 (™)) At (e ( (7 (M555))
1 <t(C1t)('$/t)(51)>, - <8(19i25'/t)(51) 7
= lta) t1<twéfwwu> ’($1<ﬂwm;¢®ﬂ>
ARG o)

O]

Theorem 8.2.16. For CIFN C and positive real numbers d and ¢’ with §’ # 1, we have

(i)
(i)

If § < &' then, 88+ () C C;

If § > ¢ then, C C 5085 (©),

Proof. Let C = ((C,wc), (19,%9)).

(i)

Since, 6 < ¢’ and s and t are increasing and decreasing functions respectively. It
implies that t((g,)) > 1. Therefore, we get that

1 (4O 1 (@) ot [ t(we) () L o1 [ s(we)t(d)
P < 5 o (M) 5y tl( )! )<w< L1 (St 5y,

Hence, by using the Definition 2.1.10, we have §°85(€) C .

Since, § > ¢’ and s and ¢ are increasing and decreasing functions respectively. It
implies that f((g)) < 1. Therefore, we get that

1 (HQ)-H(5) —1 ( s(9)4(8) o=t [ t(we) (6
1 (490 (92) <o o (Lh2) >

Hence, by using the Definition 2.1.10, we have C C §'°8s(C).

P)>¢ 51 (L) <,

t(6")
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8.2.4 Compensative weighted averaging operator

Here, we develop GCIFCWA operator and investigate its properties. For this, throughout
this section, we consider CIFNs C; (j = 1,2,...,n) having associated weights &; > 0
n
satisfying ) & =1 and Q as a set of all CIFNs.
j=1

Definition 8.2.4. A map, GCIFCWA : Q" — Q, defined by

L@, <5ifg54l(c")> (8.4)

are positive real numbers and 5;» #1Vj.

logsr (C1) log;/ (C2)
GCIFCWA(Cy,Ca, ..., Cn) = & (51 g5, (C1 > o6, (52&;2 > > .

3;,0"

is called as GCIFCWA operator, where §;, J

Theorem 8.2.17. The aggregated value acquired on applying GCIFCWA operator re-

mains CIFN and is given as

GCIFCWA(Cy,Ca,...,Cp)
(
51 S eS| t(Cj)'t(éj) -1 S P s} 5<19j)'t(5j)
(?f” (e (" ))) t (Z“< (45 >>> -
N ( ) t((s) N ( ) t((s) ;O]‘,()]/E(O,l)
51 ot t{wg;) - 1(9; —1 P R A YA
Sor (- (5 ))) t <Z£< (5 )))
n (G5) -t n s(0)) -t (5
- (Z1£js ( h ( t(6§)<5 ) )) ’ o (Zlgjt (él ( #)) 2 )) ’
= ' = ' ;6;>1,8, € (0,1)
. n . . t (wg) -t (% L n ‘ e (w,,gj) -t (%
s (ZE (t ( @) P =R W
= (e () ) e )] 5
= t(y i=1 t(7 '
(5’) (’) 10, €(0,1),8, > 1
B n |t (we,) - t(55) B " 1 [ s (we,) - t(65)
57! gs | 7| 20 1 &t st d
gl CED [ Bl )
j=1 t(y j=1 t(y
; 5 (1 J (1> 07 > 1,8, >1
a t(we,) -t (5 s (wa,) -t (5 '
st s | 2 N/ 1 &t 51 j
Proof. The first part of the result follows from the Theorems 8.2.13 and 6.2.5. Now, we

shall prove that the Eq. (8.5) holds by using mathematical induction on n. Without loss

of generality (WLOG), we show the validness of Eq. (8.5)

the other cases it can be proved similarly.

for the case d;,d} €

(0,1) as for

Since, C; is a CIFN and d;,6; are positive real numbers with &5 # 1 for each j.

logs/ (C;)
Therefore, & i

is also CIFN by using Theorem 8.2.13. Further, as {; > 0 so, on
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logss (Cj)
utilizing Theorem 6.2.5, we obtain that ¢; <5j A > is also CIFN V j. The rest of the

part can be obtained from the operational laws of the CIFNs as defined in Definition 6.2.2
of Chapter 6. O

Example 8.2.1. Let C; = ((0.5,0.4),(0.2,0.2)), Co = ((0.3,0.2),(0.2,0.2)), C3 = ((0.6,
0.3), (0.3,0.1)), Cy = ((0.5,0.2), (0.2,0.3)) be four CIFNs and let £ = (0.30,0.20,0.35,0.15)T
be the weight vector corresponding to C; (j = 1,2,3,4). WLOG take t(a) = —loga if
0<a<landt(0)=o00;6; =0.5; 53— =4 for j = 1,2,3,4. Then, using Eq. (8.5), we have

GCIFCWA(Cy, C2,C3,Cy)
4 4
1-1] (1 — (o.5)10g<oes>(<j>)§" , I1 ( (0.5)1°80.25)(1=9; ))5 ,

- 7 N (8.6)

H < (0.5)/°%02 (“’%))Ej f[ ( (0.5)/°5 029 (10, ))Ej

—

Based on these information, we have

0.30

ﬁ (1- (05)°5 25><<J>> = (1 5 mem @) (1 (0.5)10g<oa5><0~3>>°'2°

7j=1
% (1 _ (0,5)10!5(0425)(06))0.35 x (1 - (0.5)1°g<0-25>(°~5))

= 0.2915

0.30 0.20

1— (0_5)10g(o425)(1*191)>§j — (1 _ (0.5)10g(025)(0~8)) % (1 _ (0_5)10g(025)(0~8)>

—

<
Il
—

x(1- (0.5)1°g<o<25>(0-7>)0'35

= 0.1230
g.
(1 _ (0.5>10g(025) (ng)> 7 _ (1 _ (0.5)10&0,25)(0‘4))0-30 y (1 B (0.5)10g(025)(0.2)>

X (1 — (0.5)1°g<0-25>(0-8))0'15

0.20

—

<
Il
—

« (1 _ (0‘5)log(o.25>(0-3))0'35 X <1 - (0.5)1°g<0-25>(0'2))

= 0.4559

ﬁ <1 _ O 5 log g.25) (1 wy >>§j _ (1 _ (0.5)10g(0‘25)(0.8))

J=1

0-30 > (1 _ (0.5)10g(025)(0~8)>0'20

x(1- (().5)1"g<0-25>(0'9))0'35 x(1- (0.5)10g<°-‘*"”>(0'7))0'15

= 0.0876

0.15

0.15
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Now, by using Eq. (8.6), we have

1—0.2915, 0.1230,
GCIFCWA(Cy,Cy,Cs,Cy) = :
(1 —0.4559) (0.0876)

= ((0.7085, (0.5441)), (0.1230, (0.0876)) )

Further, we analyze that certain properties hold under GCIFCWA operator and these

are explained as follows:

Property 8.2.1. (Idempotency) Consider a CIFN Cy and positive real numbers d;, J;
such that C; = Co; 0; = 0 and 0} # 1V j. Then,

GCIFCWA(Cy,Ca, . .., Cn) = Co

Proof. Since 6; = ¢’. Therefore, either §;,6" € (0,1) or 6;,0" > 1. Without loss of
J J 71075 173

generality, we prove this property for the case when d;, (5} € (0,1) as for the other case, the
proof is similar. For this let, C; = ((gj,wcj), (ﬂj,wﬁj)> and Cy = ((go,%), (190,11)190)>.
Then, C; = Co implies that (; = (o, ¥; = o, we; = we, and wy; = wy, for all j. Further,

n
on utilizing Eq. (8.5) and ) & =1, we have
j=1

GCIFCWA(Cy,Co, . .. ,Cn)

O]

Property 8.2.2. (Monotonicity) Consider CIFNs C; = ((ch,wgcj), (ﬁcj,wﬁcj)> and

n
Z; = ((Czj,wgzj), (ﬁzj,wgzj)> (7 =1,2,...,n) having weights &; > 0 satisfying > &; =
j=1
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1 and (¢; < (z;, U¢; > Vz;, wee, < Wez, > Woe, > Wy 5, V j. Then, we have
GCIFCWA(Cy,Ca,...,Cn) € GCIFCWA(Z1, Z9,..., Z,).

Proof. WLOG, this property is demonstrated for the case when §;, 6; (0,1) while, the
proof can be obtained likewise for remaining cases. We have, (¢, < (z;, J¢; > Uz,

< weg, and Wye, > Wi - Further, as s and ¢ are increasing and decreasing functions

2 (Bo (- () (B (- (52)
o (Bl () ( - <0zsf<“>
s gs [0 %, o s gs |t
j=1 ! 1y Jj=1 !
n s wgc (85) n wﬂz 4(85)
ol () ()

Then, by using the Definition 2.1.10, we obtain the result. O

we

respectively, so, we have

’

Property 8.2.3. (Boundedness) Let C; = (¢, w,), (95, wy,)),C™ = ((mjin{gj}, mjin{ng}),
(mfx{ﬂj}, m]ax{wﬁj})) and C7 = ((me{Cj},mjax{wcj}), (mjin{ﬂj},mjin{wﬁj})) and
§; = &}. Then,

C™ C GCIFCWA(Cy,C...C) CCT

Proof. Since, C- C C; C Ct V j. Then, by using Property 8.2.2, we obtain that
GCIFCWA(C—,C~, ...,C7) € GCIFCWA(Cy, Ca,...,Cn) C GCIFCWA(CH,CT,...,CT).
Further, as §; = 5; therefore, by using property 8.2.1, we get that C~ C GCIFCWA(Cy, Ca,

., Cp) € C*, which completes the proof. O

Furthermore, it is analyzed that, by taking d; = (52- Y j, the proposed AO GCIFCWA
becomes CIF weighted averaging operator [59]. Hence, the presented GCIFCWA operator

is more generalized.
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8.2.5 Compensative ordered weighted averaging operator

This section introduces GCIFCOWA AO for CIFNs C; (j = 1,2,...,n) having associated

n
weights £; > 0 such that ) & =1 and some of its properties are discussed here.
j=1

Definition 8.2.5. A map, GCIFCOWA : Q" — €, defined by

GCIFCOWA(Cy,Ca, - .., Cy)
log/ (C» logy (C; oz (Coco
_ g (510g51( <1>)> ot (620&52( <2>)) o B8, <6Lg5"(c ( >)> (87)

is called as GCIFCOWA operator where 4;, 53- > (0 are real numbers with the condition
that 07 # 1V j ; (7(1),7(2), ...,7(n)) is a permutation of (1,2,...,n) in such a way that

S (Crj—1)) = S (Cryy) for j =2,3,...,n and Q is the set of all CIFNs.

Theorem 8.2.18. The aggregated value acquired on applying GCIFCOWA operator re-

mains CIFN and is given as

705 €(0,1),87 > 1

G
( 51 (ijb’ < -1 (“C‘r(;é()y)t(&)))) ’ -1 ( - fjt <871 <S(197(fj()31)t(6j>>>)
J=1 e j=1 j
: 165,00 € (0,1)
twe.q;) ) 1)) n s (wa, ) ) - £(6;)
el e )
Jj= J j= J
g v () (s R () (E
’ I(fos( 1( z<5;>(6) )) t 1(2@ (s 1( t@)(‘s))))
g : ~ 10, > 1,8, € (0,1)
n tlwe, ) t(+ ' s (w (L TE
(Zfﬁ ( ( ( “ZEZI) (J))) (Zw ( ( (s 22/) @))))
J=1 J j=1 J
a ; . s 8.8
57! ijs t~! T(CT(”)l 1) , -1 ijt 1 ‘(97(/))1 £(d;) ( )
j=1 t @) = t I
9

()1 (1) R

n t oi n s (wy_ t (%

e ()] et )

( ( ‘() ‘(%)

Proof. 1t is same as the Theorem 8.2.17. Therefore, the proof is ommitted here. 0

Furthermore, it is noticed that as GCIFCWA operator, GCIFCOWA operator also
satisfy the aforementioned properties. Also, by taking J; = (5;- V j, GCIFCOWA operator

reduces to existing CIF ordered weighted averaging operator [59].
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8.2.6 Compensative weighted geometric operators

This section introduces GCIFCWG and GCIFCOWG operators for CIFNsC; (j =1,2,...,n

having associated weights &; such that §; >0; Y & = 1.
j=1

Definition 8.2.6. A map, GCIFCWG : Q" — , given as

GCIFCWG(Cy,Ca, - .. ,Cn)

logg (C1) & logs/ &2 oz (€ &7
_ <51g51(1) ®<62g5( )) ®.“®<(5;g5n( )) (8.9)

is called GCIFCWG operator where d;, 5; > 0 are real numbers satisfying 5; %1V jand
Q is the collection of all CIFNs.

Theorem 8.2.19. The aggregated value acquired on utilizing GCIFCWG operator re-

mains CIFN and is given as

GCIFCWG(Cy,Co, ..., Cy

([t

3

167,8, € (0,1)

= 1
/N T N

,_
TSN
.
i I
/N
@‘
~+
—
=8
-+
=
S &>
~—— ~— — ~— \_/ ~—
- \_/
|
-
e~
NgE

- L n . 2) . 571 n PN 9. -
Z\ ) 2\ o
10; > 1,05 € (0,1
1 i: gf't(ij)'t(%) 51 - {__S(wﬂj) t(%) ' ’
= t(5}) = J #(%)
- o[ [ &6 - 1) o[ 5m [asn o | | (8.10)
1ae =) |
’ , ’ ;05 € (0,1),8, > 1
= 1 - 67 t (wCJ) t((;]) s—] Xn: 67 ‘S (’UJﬁ]) t((s?)
=) =)
. 1(n (5 ~t(cj<>-;(;j) N (s 5,7‘~S(19E) )f (3) )
(50 DV [ ] e (o @V |77
t71 Z Jl ' 871 Z Jl j
\ =t t(@) =1 t(ﬁ)
Proof. 1t is omitted here because it is same as the Theorem 8.2.17. O

Definition 8.2.7. A GCIFCOWG operator is a map, GCIFCOWG : Q" — €, defined by

GCIFCOWG(C1, Ca, - . ., Cn)
§1 62 gn
logss (C logss (C og </ n
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where 0,07 > 0 are real numbers satisfying &7 # 1V j ; (T(1),7(2

)
rearrangement of (1,2,...,n) with the condition that S (CT(]'—1)) > S (CT(j)) for j =
2,3,...,n and § is set of all CIFNs.

Theorem 8.2.20. The aggregated value acquired on utilizing GCIFCOWG operator re-

mains CIFN and is given as

GCIFCOWG(Cl, cz, . ,cn

&+ s(0rp) - £(05)
£(05) ’
16,0, € (0,1)

]]Aa,ﬂ,a’,e(m)

= s (e ‘t<<f<jl>>-f(5j>)) | (Ej i) »f@))) | (8.12)
! t<&7) Fl t(T) d; € (0,1),8; > 1
1 n & t(w(f(‘,)) . t(éj) o1 n §is (wﬂf(7)> 't(6]) ’
= =)
P z": gj't(CT(j)l)'t((;j))) 7 = n (Ej.s(ﬁT(j)l).t(élj>)) 7
! t(z) - t(g) 30; > 1,00 > 1
3 30 Z 1,04
AR I\ I ERICINRICS |
L j=1 t (%) j=1 t(%)
Proof. 1t is omitted here because it is same as the Theorem 8.2.17.
O

Furthermore, it is analyzed that GCIFCWG and GCIFCOWG operators also satisfy

the properties of idempotency, monotonicity and boundedness.

8.3 Multi-criteria decision-making approach

This section presents an MCDM approach and the method for determining the weights

corresponding to criteria objectively under CIFS environment.
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8.3.1 Description of MCDM problem

The general description of MCDM problem is given in Section 2.5 of Chapter 2. The alter-
natives are assessed by a collection of ‘k’ experts £ = {5 ONAOR (k)} who gave their
assessment results as CIFNs, which are represented as: Cm) = ((Cm, , W ) (191%), (2) ))

where 2 = 1,2,....k;u=12,....m;v=12,...n; éf)),ﬁgv,cuv+z9£v) € [0,1] and

wéz) wé) éil + wé) € [0,1]. The weight vector associated with the set of experts is
k
given as: k = (k1,K2,...,K)! such that x, >0 and Y k, = 1. This information related
z=1
to all alternatives for the different criteria, given by ‘&’ experts, may be expressed as CIF

matrices given as follows:

B1 B ... B,

v (e ¢ B
M = W2 Céi) Cég) Céqzz) (8.13)

vl e el

On the other hand, the exponent and logarithmic base indices are denoted by §,, and

8., respectively where &), # 1. These indices are summarized in matrices A = (8yy)

V)mxn
and A = (5’ ) as:

mxn

B By ... B,

V1 (511 512 e 51n
Ae V2| 0u 22 ... b (8.14)
Vm 5m1 5m2 6mn
and

B, Be ... B,
Vl 6/11 6/12 “ .. 51,'1
Vm 5;711 5;)12 (Xnn
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8.3.2 Aggregation of decision matrices M into one matrix M

In order to aggregate all the individual CIF decision matrices M%) = (C&f}) into col-
mXn

lective one M = (C“U)mxn’ where Cyp = ((Cuv,wguv), (ﬁuv,wguv)>, utilize either GCIF-
COWA operator i.e.,

Cuw = GCIFCOWA (cgg),cg), ...clk ) (8.16)
or GCIFCOWG operator i.e.,

Cu» = GCIFCOWG (cg}),cg), .. ,c&?) (8.17)

8.3.3 Determination of weights corresponding to criteria

In MCDM problems, the criteria weights play a significant part in the evaluation of alter-
natives. Therefore, the procedure of choosing and determining the criteria weights is very
important. Motivated by it, we propose a method for determining weights corresponding
to criteria for the case when the partial information regarding the weights is given.

In order to determine the partially known weights objectively, firstly we apply the
exponential of logarithmic operation, as given in Eq. (8.3), on each CIFN C,, and then,

obtain the score matrix . = (Syy)mxn given as:

log s/ (C ) log s/ (C ) log s/ (C n)
611&;11 11 512&;12 12 o lng(;ln 1
S = : . . . (8.18)
S (5::?5%1 (cm1)> S <5:§5{VVL2 (CMQ)> . 8 <5:2i54n7l (Cmn)>
logsr (Cuw
where Sy, =S <5uovg5““( )> is calculated using Eq. (6.1).

Now, based on the entries of score matrix, compute the weighted sum of scores of

every alternative V, (v = 1,2,...,m), called as suitability function Q(Vu), given as
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Q(Vu) Z (&ySuv). Now, in order to determine the optimal weight vector, we con-

o’
struct a mathematical model given as follows:

subject to &, € A;

51)20 ; Zn:fvzl
v=1

(8.19)

where A is the set containing partial information about the weights associated with cri-

teria. By solving the mathematical model, given in Eq. (8.19), we can obtain the optimal

weight vector &€ = (£1,&a,...,&)T.

8.3.4 Aggregation of rating values corresponding to criteria and ranking

of alternatives

Aggregate the preferences C,, into collective one C,, = <(Cu,w4u), (ﬂu,wﬂu)) of alterna-

tives V,, (u=1,2,...,m) either by utilizing proposed GCIFCWA operator i.e.,

C. = GCIFCWA(Cyu1,Cu2,- -, Cun
—l Cub)‘ ( m)
(Zf‘ < < Iem)

3l
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or by using GCIFCWG operator i.e.,

Ng
P
£

St | s

-~
L
gL ir=
o
=
/:n—\/—\/—\/—\
|

€(0,1)

€(0,1)

(8.20)

uv
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C. = GCIFCWG(Cu1,Cus,- .. Cun)

f—l . <$v ) t((M) ) f’(dut) g—l = (ft . 5(19uv) ) t(&w))
=1 t(57,“') ) =1 t(é’l,l’l') ’
& (e tte) )\ || (e (st ) | Y
- v L W, uv - v S (WY, )" uv
o (; ( LCI) )) o (; ( (0%, )
L (8t 1 (5) [ s 1 ()
o ( ( e SRR OE) "
: B 0w 2 1,0, € (0,1)
B & tlwe,) -t (ﬁ) . n s (wyg,,) -t (ﬁ)
P> ) S O e
= t—l ( S (5: 3 t(Cuv) 3 t(61u') ) 871 ( S (51) : 5(79117> 3 t@W)) ) (821)
i~ = S~
- t(ﬁ”“’) , - t<5> 3 0uw € (0,1),0, > 1
1 = & - t(wg,,) - t(0un) o1 - & -5 (wy,,)  t(0uw)
v=1 t (% 2 t ()i
gl

) » Z— 4 Y
v+ S (wy .
> v uv
7
uv

Further, calculate score values of CIFNs C, (u = 1,2,...,m) using the Eq. (8.22)
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given as:
S(Cu) = CGu—Vu+ We¢,, — WY, - (8.22)

However, if any two of the score values of these aggregated numbers are equal then,

compute their corresponding accuracy values using the Eq. (8.23) stated as:
SCu) = Cu+u+w, +wy,. (8.23)

Finally, obtain the ordering position of alternatives V), using Definition 6.2.1.
In a nutshell, we summarize the above explained procedure of solving MCDM problems

in the following steps:

Step 1: Collect the preferences, given by ‘k’ experts, as CIF matrices M) = (C&f})
mXn
as given in Eq. (8.13) and formulate the matrices A and A as stated in Egs. (8.14)
and (8.15) respectively.

Step 2: Aggregate the decision matrices M%) into one matrix M = (Cy,)
either Eq. (8.16) or Eq. (8.17).

by utilizing

mxXn
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1 / Cuv
Step 3: Convert the matrix M into its equivalent score matrix . = S <5uovg5“”( )> as
stated in Eq. (8.18).

Step 4: Obtain the criteria weights by applying the mathematical model given in Eq.
(8.19).

Step 5: Aggregate the preferences C,,, into collective one C, of alternatives V,, by utilizing

either Eq. (8.20) or Eq. (8.21).

Step 6: Calculate score and accuracy values of CIFNs C, by utilizing Eqs. (8.22) and

(8.23) and hence, rank the alternatives using Definition 6.2.1.

8.4 Illustrative example

This section demonstrates the functionality of the presented MCDM method via a case
whose results are further compared with several prevailing studies. The description of the
problem is as follows:

State Bank of India (SBI) is a prominent financial services providing government-
owned Indian bank, having its head office in Mumbai, Maharashtra. SBI invited tenders
for purchasing of petrol and diesel commercial cars (only air conditioned) for the use of SBI
local head office New Delhi and its branches in Delhi. The bidder should be recognized by
the department of India, government of India/state government/any other reputed public
institution and must have experience in supplying vehicles/cars for the last two years to
any central/state government organization. Out of the applicants, SBI selected one travel
agency for the purchasing of cars. The selected travel agency provides information to SBI
regarding five models of cars V,, (u = 1,2,...,5) along with their different manufacturing
dates. The goal of the SBI is to find out the most optimal car model and its production
date simultaneously. For this, the SBI consults three experts £ (2) (z =1,2,3), who assess
the available alternatives V,, on the basis of four criteria namely B; : Reliability, By :
Maximum speed, 83 : Durability and 84 : Maximum payload. Obviously, the changes in
the assembling date for similar model of cars will influence the criteria. Therefore, this

problem has two dimensions which are: model of cars and the corresponding manufacturing
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date. In light of this, the experts provide their assessment values as CIFNs because the CIF

model handles two-dimensional information simultaneously. The rating values of the £(1)

for V; at B are given as ((0.6, 0.3), (0.1, 0.2)) which describes that the expert £1) is 60%

agreed with the suitability of V; at B and 10% disagrees. The phase term that represents

the production date of cars is given as: €1 is 30% satisfied with manufacturing date at

B, and 20% is dissatisfied. In the similar manner, all data of Tables 8.1, 8.2 and 8.3 can

be interpreted. The weight vector corresponding to three experts is k = (0.40, 0.25, 0.35)T.

The main procedure steps in order to obtain the most desirable alternative(s), using

proposed MCDM method described in the above section, are summarized as follows:

Step 1:

Step 2:

The rating values of every alternative, given by three experts, are tabulated in
Tables 8.1, 8.2 and 8.3. Furthermore, the matrices A = (duv),,x, and A =

/ 3 .
(010) 1 r, Are summarized as:

B, By Bz By B, By Bz By

Vi /040 0.30 0.20 0.70 Vi /0.25 0.40 0.80 0.65

V, 1050 0.20 0.70 0.90 V, [ 0.26 027 0.50 0.40
A= 1020 030 010 o060 2nd N = Vs 10.60 0.80 0.10 0.12
Vi 040 0.70 020 0.80 Vi [030 035 0.40 0.70

Vs \0.20 0.40 0.80 0.10 Vs \0.20 0.10 0.50 0.70

WLOG, by taking generator t(a) = —log(a), the Eq. (8.16) reduces to Eq. (8.24)

given as:

Cow = GCIFCOWA (ij}, @, .. ,cgf)) (8.24)

(1 g "SZ(Z))))KZ , <1 o (1—195752”)) °
1 1-6

ey | e\
( _ IOg‘S{w (wCuv )) < _ lOg‘sgw (l_wﬁuu >>
uv uv

Now, utilize Eq. (8.24) in order to accumulate the CIFNs Cq(ﬁ,) into collective one

k k

1-11 11

— z=1 z=1
k k

=11 11

z=1 z=1

Cuv- The collective decision-matrix is summarized in Table 8.4.
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Step 3: The score matrix is obtained as:

B, By B By
Vi (0.9762 0.4855 —1.4088  0.9188
Vo |1 0.8650  0.0282 0.9420 1.0539
V3 1 0.5323 —0.5565 —0.5166  1.4594
V4] 09862 1.2751 0.8768 1.0871
Vs \1.0672  1.3941 1.2532  —1.5981

Step 4: Consider that the partial information regarding the weights associated with B,
(v =1,2,3,4) ist A = {0.10 < & <0.20,0.22 < & < 030,018 < &3 <
0.30,0.35 < &4, <0.50,6 — &£ <06 +& - & < O}. Then, utilizing Eq. (8.19), a

linear programming problem is formulated as:

max 4.4269&1 + 2.6264& + 1.1466€3 + 2.9212¢,
subject to 0.10 <& <€0.20, 0.22 < & <0.30,
0.18 < &3 <0.30, 0.35 < &4 <0.50,

§1—8§ <0, & +& -8 <0,
4

d =1 (8.25)
v=1
By solving this linear programming problem, we obtain ¢ = (0.20,0.22,0.18, 0.40)7".

Step 5: WLOG, by taking generator t(a) = —log(a), the Eq. (8.20) reduces to Eq. (8.26)

stated as:

C. = GCIFCWA(Cu1,Cus; .- ,Cun) (8.26)

ﬁ( 10g§’ (Cuv)) < 1085/ 1 19uv))gv
!

(1 log5/ w(uv)>€v (1 _ 5Lovg6/ (1- UM%“,))SU

Now, utilize Eq. (8.26) in order to aggregate the CIFNs C,, into C,. The results

Y

i
1l
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corresponding to them are obtained as:

C1 = ((0.7385,0.6758), (0.1469,0.1980)),C2 = ((0.6704,0.5978), (0.1509,0.1645)),
Cs = ((0.7672,0.6167), (0.1431,0.1609) ), C4 = ((0.9049, 0.8536), (0.0722,0.1030)),

Cs = ((0.8251,0.7630), (0.1211, 0.1584)).

Step 6: The score values of aggregated CIFNs C, are: S(C1) = 1.0694, S(C2) = 0.9529,
S(C3) = 1.0798, S(C4) = 1.5833 and S(C5) = 1.3085. Therefore, the corresponding

ordering is V4 = V5 = V3 = V1 = V5. Hence, the most preferable alternative is V.

Further, the impact of the different AOs, utilized for aggregating the estimation values
of experts and criteria in Step 2 and Step 5 respectively, on the ranking position of alter-
natives, is studied and tabulated in Table 8.5. The initial column of this table exhibits the
AO utilized in order to accumulate the individual rating values of three decision-makers
into a single CIFN whereas, the second column depicts AO applied for combining the cri-
teria values, acquired in Step 2, into a unique one. An optimistic approach is followed by
taking compensative ordered weighted averaging operator for accumulation of the rating
estimations of three experts in the first two rows of this Table. On the other hand, in the
next two rows of the Table 8.5, the preferences of three decision-makers are accumulated
with pessimistic attitude by opting compensative ordered weighted geometric operator.
The tabulated values depict that the final score values of alternatives are greater when
optimistic approach is followed in Step 2 than the values obtained using pessimistic ap-
proach. Further, it is analyzed that on using compensative weighted averaging operator
in Step 5 for criteria aggregation, the ranking order of alternative remains same and by
utilizing compensative weighted geometric operator in Step 5, the ordering position of the

alternatives remains identical irrespective of the operator used in Step 2.

8.5 Comparative studies

In light of showing the superiority of presented method, here the results of developed
approach are compared with prevailing CIFS studies [6, 59, 129, 130] as well as IF'S studies
[27, 44, 46, 47, 67, 72, 83, 156, 201].
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8.5.1 With CIFS studies

The presented method results are compared with results acquired using distance measures
defined in [6, 129] and averaging operators proposed in [59, 130]. In order to compare the
results with distance measures given in [6, 129], we take the the PIA (V1) as ideal alterna-
tive whose preferences are: V* = {C;,C5,...,C;l} where C;7 = (( max {Cuv}, 1g}Ja<Xm{w<“”})’

1<u<m

( min {¥yy}, min {wy,,})). Then, the results obtained by utilizing measures defined in
1<u<m 1<u<m

[6, 129] and aggregation operators proposed in [59, 130] are summarized as follows:

(i) On utilizing the weighted Euclidean distance measure, defined by Rani and Garg
[129], as given in Eq. (3.6), we obtain the measure values as D(Vy, V1) = 0.3073,
D(V2, V1) = 0.5206, D(V3,VT) = 0.3283, D(Vy, V') = 0.0993 and D(V5, V1) =
0.4725. Thus, the ordering of V,, (v = 1,2,...,5) is: V4 = V1 = V3 = V5 > V.

Hence, V, is the most optimal alternative.

(ii) On utilizing the distance measure, defined by Alkouri and Salleh [6], as given in Eq.
(2.8), we obtain the measure values as D(V1, V1) = 0.2066, D(V,, V1) = 0.5092,
D(V3, V1) = 0.2290, D(V4, V) = 0.0671 and D(V5, V") = 0.3480. These measure
values are obtained by taking a; = 81 =01 =as =2 =09 = % From the measure
values, we get that the ordering position of V, is: V4 = V1 = V3 = V5 = Vo. Hence,

V4 is the most preferable choice.

(iii) On utilizing the CIF weighted power averaging operator, presented by Rani and
Garg [130], we obtain the score values of the alternatives as: S(V;) = 1.0479,
S(V2) = —0.0293, S(V3) = 1.0349, S(V4) = 1.4188 and S(V5) = 1.1266. Hence,
their corresponding ranking order becomes: Vy = V5 > Vi = V3 = Vs which gives

that V), is the required choice.

(iv) By utilizing CIF weighted averaging operator, proposed by Garg and Rani [59], with
additive generator t(a) = —log(a) (For more details, refer to [59]), we have: S(V;) =
1.0340, S(V2) = —0.0890, S(V3) = 1.0048, S(V4) = 1.4142 and S(Vs5) = 1.0402.
Thus, the corresponding ordering position of alternatives becomes: V4 > V5 = Vi >

V3 = V5. Hence, V, is the most preferable option.
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From the above computed results, we observe that the best and the worst alterna-
tives obtained on utilizing existing distance measures [6, 129] and aggregation operators
[59, 130] are same as that of our proposed approach results. However, the ranking order
of alternatives Vi, V3 and V5 changes. The reason behind this change is that the proposed

approach results are obtained based on the exponential of logarithmic compensative oper-

!

', are used.

ators in which exponential and logarithmic base indices, named as §,, and ¢
On the other hand, there is no role of d,, and ¢/, during aggregation process in the exist-
ing studies [6, 59, 129, 130]. Therefore, while using prevailing approaches [6, 59, 129, 130]
on the data set of the proposed example, d,, and §., are not considered. Moreover, by
taking d,, = 9., for all p and ¢, the proposed GCIFCWA and GCIFCOWA operators
reduce to existing CIF weighted averaging and CIF ordered weighed averaging operators

[59] respectively. Therefore, the presented operators are more generalized than the existing

ones.

8.5.2 With IFS environment

In light of comparing the presented approach results with prevailing studies under IFS
theory, the phase term corresponding to each CIFN has been set to zero. Then, a com-
parative analysis is conducted based on different existing aggregation operators [27, 44,
46, 47, 67, 72, 83, 156, 201] under IFS theory and is tabulated in Table 8.6.

From the above calculated results, we analyze that on applying the operators [44, 72]
in Step 5 of the presented MCDM method, ranking order of alternatives Vo, V3 and V4
coincides with our results whereas the ordering position of alternatives V; and V5 changes.
On the other hand, by using the operator, given by Chen and Chang [27], in Step 5 of the
presented approach, ordering position of alternatives Vi, Vs, V4 remains same and V3, V5
changes. Furthermore, on utilizing aggregation operators given in [46, 47, 67, 83, 156, 201],
the best and the worst alternative remains identical with the developed method results
and the position of other alternatives changes. This change in the positioning of the
alternatives is due to the fact that the operators used in prevailing studies [27, 44, 46,
47, 67, 72, 83, 156, 201] aggregate real valued MDs and NMDs and tackle with only one

dimensional problem. On the other hand, the presented work fuses complex membership
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and non-membership values and handles more than one dimensional problems. Besides
this, the proposed approach aggregates criteria information using GCIFCWA operator in
which exponent and logarithmic indices are used whereas, the results tabulated in Table
8.6 are obtained without any contribution of these indices.

In addition to these, some of the prevailing AOs can be obtained from the proposed
AOs by taking d; = 5} Y j ; phase terms corresponding to each CIFN equal to zero and

different forms of additive generator ¢, which are summarized as follows:

Additive generator Reduction of operator
t(a) = GCIFCWA to | GCIFCOWA to | GCIFCWG to | GCIFCOWG to
—log(a) IFWA,,[179] IFOWA,,[179] IFWG,[185] IFOWG,,[185]
log (2:2) IFWAS[156] | IFOWAS[156] | IFWGE[161] | IFOWGE[161]
log (w) IFHWA,,[83] | IFHOWA,,[83] ] ]

In the above tabular representation 0 < a < 1 and v € (0, 00) are real numbers. The
above tabulated representation depicts that the AOs presented in the present chapter are
more generalized than the existing ones. Moreover, our proposed approach can handle DM
problems under IFS environment also by setting phase terms equal to zero. Therefore,
proposed MCDM method is more generalized as it can handle DM problems under IFS as
well as CIFS theories.

8.5.3 Further Discussion

In addition to the above comparative studies, we give some characteristic comparison of
our proposed MCDM approach and the DM methods proposed in [27, 44, 46, 47, 59, 72, 83,
130, 156, 169, 201] which is tabulated in Table 8.7. In this table, the symbol ‘v’ describes
that the associated DM approach uses generalized operators based on t-norm and co-norm,
handles group DM problems, determines the criteria weights objectively, handles optimistic
as well as pessimistic behavior of decision-maker, tackles with time-periodic problems and
can represent two-dimensional information simultaneously whereas the symbol ‘x’ means
that the corresponding method fails. The values, tabulated in Table 8.7 depict that
the operators presented in [59, 169] and our proposed AOs are based on t-norms and co-

norms. Also, the operators proposed in [83, 156, 161, 179, 185] are special cases of proposed

operators and therefore, our presented work is more generalized and can be utilized to solve
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DM problems under FS, IFS and CFS environment also. The decision-maker may choose
the desired norm during aggregation process in accordance with his/her attitude and
situation. Further, the MCDM approaches proposed in [130] and the presented method
can handle group DM problems. Moreover, by taking £ = 1, our developed approach
can handle single decision-maker problems as well. Also, the MCDM method presented
in [44, 72] and our proposed approach determines the weights corresponding to criteria
objectively. Since the criteria weights play an important part in the process of making
decisions therefore, the method of determining and choosing weights affects the ranking
results directly. The random choice of criteria weights may lead us to wrong decision
results. In the DM methods proposed in [27, 46, 47, 59, 83, 130, 156, 169, 201] weights
are chosen subjectively. Therefore, our presented approach is more reliable as compared
to the approaches of [27, 46, 47, 59, 83, 130, 156, 169, 201]. In addition to these, the DM
approaches proposed in [27, 44, 47, 72] are based on the geometric operators only whereas
the methods defined in [59, 83, 156, 169] are based on averaging operators only. But, our
proposed method and the approach given in [130] provide the choice to decision-maker
to utilize averaging or geometric operator in accordance with the DM problem and their
optimistic or pessimistic attitude towards the problem. Besides this, the MCDM methods
proposed in [27, 44, 46, 47, 72, 83, 156, 169, 201] deal with real membership and non-
membership degrees, which fail to handle time-periodic problems and cannot represent
more than one-dimensional information in one set. On the other hand, the proposed
method can handle complex problems which involve periodicity and can aggregate two
dimensional data together in one set. This discussion leads to the conclusion that the
presented approach can handle time-periodic complex problems more efficiently which are
either difficult or impossible to be solved using existing theories [27, 44, 46, 47, 72, 83,
156, 169, 201].

8.5.4 The influences of exponential and logarithmic operations and se-

lection of ¢ in practice

In this section, we discuss the influence of exponential and logarithmic operations on

CIFNs and the choice of § practically. As we have already pointed out that for any CIFN
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C, 0¢ and logg(C) are also CIFNs such that 6¢ = C and logs(C) = C do not hold always.
This gives that there is difference between ¢ and C and similarly between logs(C) and C.
Obviously, this difference varies in accordance with variation in the value of . Therefore,

it is essential to choose the § wisely while applying these operations to practical problems.

Let C = ((C, we), (19,@(@)) be a CIFN and 0 € (0,1) be a real number. Then, we have

o _ [, ) | (51 (94(5)) ))
(L= wq)t(8)) ) \s™ (wyt(9))
_HO s(0)
and logs(C) = i((?);) ’ 2((21;)
0) t(9)

From the above definings of 6 and logs(C), we observe the following points:

(P1) There exists a real number §; = ¢! (g) such that

(a) Tf 6 = &y then, t~1 (1= ¢)t(6)) = C and 1 — %I = ¢;
(b) 1f 6 < 6y then, t~1 (1= Q)#(9)) < C and 1 — 1 > ¢;

(c) T£ 8 > 61 then, +71 ((1 = C)(5)) > ¢ and 1 — {8 < ¢.
(P2) There exists a real number 6o = ¢! (igﬁg) such that

(a) £ 6 = 8 then, 11 (1 — w) #(8)) = we and 1 — ") —
(b) If § < &9 then, ¢t (1 — w¢) t(5)) < we and 1 — % > we;

(c) If 6 > & then, ¢t (1 — w¢) £(6)) > we and 1 — % < we.

(P3) There exists a real number 63 = ¢! (@) such that

(a) If 6 = 63 then, s~ (¥¢()) = ¥ and S(?) =19

(b) If 6 < 03 then, s~ (¥(5)) > ¥ and 3

(c) If § > 83 then, s71 (9¢(5)) < ¥ and =

(P4) There exists a real number 6, = ¢! (f”(wL;)) such that
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(P5)

(P6)

(P7)

(P8)

(a) If 6 = &4 then, s~ (wyt(d)) = wy and s%ﬁ) = wy;

(b) If § < 84 then, s~ (wyt(5)) > wy and 3%1;) < wy;

(c) If § > 84 then, s~ (wyt(5)) < wy and 8%1;) > wy.

If § < 8 < da < 63 < 04 then, 6 C C C logs(C). It gives that the value of CIFN C
will decrease (increase) after applying exponential (logarithmic) operation on it for

such §.

If 6y < § < 6 < d3 < 03 then, t~1((1 = O)H()) > ¢, 7L (9(0)) > 9, 1 — 1 < ¢,

2 - - t(w s(w
<0 (= w) H0) < we, 57 (wpt(9)) > wy, 1 - % > wg and 2 <

wy. It implies that the membership values of C associated with amplitude and

phase terms will increase (decrease) and decrease (increase) respectively whereas,
the non-membership values associated with amplitude and phase terms will increase

(decrease) after applying exponential (logarithmic) operation on it for such §.

If 61 < dy < 0 < 63 < &4 then, t71((1 — )t(8)) > ¢, s~H(Wt(8)) > 9, 1 — % < ¢,

% < 19, t_l ((1 - wg)t(é)) > we, 3—1 (wgt((S)) > wy, 1_% < we and SEZ};;) < wy.

This gives that the MDs and NMDs of C associated with amplitude and phase terms
will increase (decrease) after applying exponential (logarithmic) operation on it for

such 4.

If §1 < §y < 03 < & < &4 then, t71((1 = )t(8)) > ¢, s~ (Wt(8)) < 9, 1 — % < ¢,

ig?)) > 9, 71 (1 —we) t(8)) > we and s (wyt(8)) > wy, 1— t%g)) < w¢ and % <

wy. It implies that the membership values of C associated with amplitude and
phase terms will increase (decrease) whereas, the non-membership values associated
with amplitude and phase terms will decrease (increase) and increase (decrease)

respectively after applying exponential (logarithmic) operation on it for such J.

If 6, < 69 < 63 < 64 < & then, logs(C) C C C 6. It gives that the value of CIFN C
will increase (decrease) after applying exponential (logarithmic) operation on it for

such §.
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8.6 Conclusion

The key contribution of this chapter is described as follows:

1)

In this chapter, we presented some exponential, logarithmic and compensative expo-
nential of logarithmic operational laws under CIF environment and investigated their

properties in detail.

Based on the compensative operational laws, some AOs namely GCIFCWA, GCIF-
COWA, GCIFCWG and GCIFCOWG are proposed which are more generalized and
reduce to existing operators [59, 83, 156, 161, 179, 185] by giving different forms to

additive generator t.

A group MCDM approach has been presented for solving DM problems in a more
efficient way under the CIF environment in which the criteria weights are determined
objectively. An example is illustrated in order to justify the application of the presented
work in real life. Also, the proposed approach has been validated by comparing the

results of the example with existing studies.

The impact of the parameters used in exponential and logarithmic operations on CIFNs
is discussed in detail. The proposed MCDM method can be efficiently used for solving
complex time-periodic DM problems and it can be applied on IFS data as well by

setting phase terms equal to zero.
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Table 8.1: Preferences given by expert £

B B B3 B
Vi | ((0.6,0.3),(0.1,0.2)) ((0.7,0.5),(0.2,0.2)) ((0.3,0.4),(0.5,0.3)) ((0.9,0.8),(0.1,0.1))
Ve | ((0.5,0.4),(0.3,0.2)) ((0.7,0.3),(0.1,0.3))  ((0.5,0.4),(0.2,0.2)) ((0.4,0.4),(0.2,0.1))
Vs | ((0.8,0.4),(0.2,0.3)) ((0.6,0.3),(0.4,0.2)) ((0.9,0.3),(0.1,0.1)) ((0.8,0.3),(0.2,0.2))
Vi | ((0.8,0.7),(0.1,0.1))  ((0.7,0.8),(0.2,0.2)) ((0.9,0.7),(0.1,0.3)) ((0.8,0.7),(0.1,0.2))
Vs | ((0.7,0.6), (0.2,0.3)) ((0.8,0.7),(0.1,0.1)) ((0.5,0.4),(0.3,0.3)) ((0.4,0.5),(0.3,0.2))

Table 8.2: Preferences given by expert £

B By B3 By
Vi | ((0.7,0.8),(0.1,0.2))  ((0.4,0.4),(0.3,0.4)) ((0.5,0.4),(0.2,0.2)) ((0.8,0.7), (0.1,0.1))
Vy | ((0.7,0.6), (0.3,0.3))  ((0.5,0.3), (0.4,0.4)) ((0.6,0.3),(0.1,0.2)) ((0.5,0.6), (0.2,0.3))
Vs | ((0.6,0.4),(0.1,0.1)) ((0.3,0.3),(0.3,0.5)) ((0.7,0.6),(0.1,0.3)) ((0.4,0.3),(0.2,0.4))
Vi | ((0.7,0.8), (0.1,0.2))  ((0.9,0.8),(0.1,0.1)) ((0.9,0.8),(0.1,0.2)) ((0.7,0.6), (0.2,0.4))
Vs | ((0.7,05),(0.3,0.3)) ((0.6,0.4),(0.4,0.4)) ((0.3,0.1),(0.4,0.5)) ((0.7,0.6),(0.1,0.2))

Table 8.3: Preferences given by expert £

By By B3 By
Vi | ((0.5,0.6), (0.2,0.4)) ((0.3,0.3),(0.2,0.6)) ((0.7,0.4), (0.2,0.1)) ((0.5,0.4), (0.3,0.4))
V2 | ((0.3,0.4),(0.1,0.3))  ((0.5,0.4),(0.4,0.3)) ((0.8,0.7),(0.1,0.1)) ((0.6,0.3),(0.3,0.2))
Vs | ((0.7,0.6), (0.1,0.2))  ((0.4,0.3),(0.4,0.4)) ((0.5,0.3),(0.3,0.2)) ((0.4,0.4), (0.4,0.2))
Vi | ((0.9,0.9), (0.1,0.1))  ((0.9,0.6), (0.1,0.2)) ((0.8,0.8),(0.2,0.1)) ((0.9,0.8),(0.1,0.1))
Vs | ((0.6,0.5),(0.2,0.4)) ((0.6,0.4),(0.2,0.4)) ((0.7,0.4),(0.1,0.4)) ((0.4,0.5), (0.5,0.4))
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Table 8.6: Comparative study (y = 3 in [46, 83] and A = 0.5 in [201] )

. . Score values .

Comparison with Vi v Vs Vi v Ranking

Wang and Liu [156] 0.5590 -0.0032 0.5836 0.7608 0.5318 | V4> V3>V > V5 > Vs
He, Chen, Zhau, Liu and Tao [72] | 0.4203 -0.2362 0.4013 0.7631 0.0458 | V4= V1 > V3 = V5 > Vo
Huang [83] 0.5505 -0.0293 0.5758 0.7600 0.4969 | V4> V3= V1 > V5 = Vs
Garg [44] 0.4548 -0.1970 0.4404 0.7659 0.1232 | V4>V > V3 > V5 > Vs
Chen and Chang [27] 0.5572  0.0063 0.5881 0.7314 0.5831 | V4= V3= V5=V = Vs
Garg [46] 0.5299 -0.0576 0.5645 0.7275 04741 | V4> V3> V1 > V5 > Vs
Ye [201] 0.4619 -0.1691 0.4873 0.7439 0.1283 | V4> V3 = V1 > V5 = Vs
Garg [47] 0.5397 -0.0315 0.5726 0.7285 0.5161 | V4= V3=V > V5 = Vs
Goyal et al. [67] 0.5745 -0.1681 0.6032 0.8871 -0.1253 | V4> V3= V1 > V5 = Vs

Table 8.7: The characteristic comparison of different approaches

Method

Generalized operators based Handles group decision-

on t-norm and co-norm

making problems

Determination of criteria Handles optimistic as well

weights objectively

pessimistic behavior

Ability to handle

Ability to handle

time-periodic problems two-dimensional information

Wang and Liu [156]
He et al.[72]

Huang [83]

Garg [44]

Chen and Chang [27]
Xia et al. [169]
Garg [47]

Ye [201]

Garg [46]

Rani and Garg [130]
Garg and Rani [59]

The proposed approach
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Chapter 9

Complex intuitionistic fuzzy power
aggregation operators and their
applications in multi-criteria
decision-making

In this chapter, we developed some new power AOs namely CIF power averaging (CIFPA),
CIF weighted power averaging (CIFWPA), CIF ordered weighted power averaging (CIFOWPA),
CIF power geometric (CIFPG), CIF weighted power geometric (CIFWPG) and CIF or-
dered weighted power geometric (CIFOWPG). Some desirable properties of these operators
are investigated. Based on the proposed operators, a MCDM approach is presented under
the CIFS environment. An illustrative example related to the selection of the best alterna-
tive(s) is considered to demonstrate the efficiency of the proposed approach. The reliability

of the presented method is explored by comparing its results with several existing studies.

9.1 Introduction

The AOs presented in the previous three chapters aggregate independent arguments.
These operators do not consider any sort of interrelationship among arguments during
aggregation process and fuse them by considering them to be independent of one another.

However, this may not be the case always. There may exist some kind of dependency in

!The content of this chapter is published as “Complex intuitionistic fuzzy power aggregation operators
and their applications in multi-criteria decision-making”, Ezpert Systems, Wiley 35(6), ¢12325, 2018, doi:
10.1111 /exsy.12325 (SCI: Impact Factor: 2.587).
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the form of supportive correlation, interrelationship and prioritization relationship among
the arguments to be aggregated. For handling such situations, Yager [190] originated the
idea of PA operator which takes into account the correlation among the arguments and
during aggregation process by PA operator, the arguments reinforce each other. Xu and
Yager [187] proposed PG operator, ordered PG operator using geometric mean and PA
operator [190]. Further, Xu [175] proposed PA operator under IFS theory and applied the
proposed operator in developing MCGDM approach and extended the proposed operator
and DM technique for IVIFSs. The detailed literature review on PA operator is done in
Section 1.1.4 of Chapter 1.

As per our knowledge, the existing studies under CIFS environment do not consider
interdependence among CIFNs during aggregation process. Therefore, in order to consider
the dependency among CIFNs during their fusion, we develop power AOs in this chapter.
For this, we first define some basic algebraic operational laws between the pairs of the
CIF'Ss which involve both uncertainty and periodicity semantics and studied their proper-
ties. Then, based on these operations, we propose some power AOs named as CIF power
averaging, CIF power geometric, CIF weighted power averaging and geometric as well as
their corresponding ordered weighted operators to aggregate the different CIFNs. The
various properties of these operators are investigated in details. Furthermore, we propose
an MCDM approach based on the proposed operators for CIFSs. The presented MCDM
method is delineated through a real life example. The results of the proposed method are

compared with several existing studies under CIFS and IFS environment.

9.2 Operational laws and Power AOs of CIFNs

In this section, we introduce some basic operational laws for the collection of CIFNs,

denoted by €2, and their corresponding power AOs.

9.2.1 Operational laws of CIFNs

Definition 9.2.1. For two CIFNs C; = (((1,we,), (Y1, wy,)), Co = ((C2,we,), (Y2, wy,))

and a positive real number p, the basic operational laws for CIFNs are defined as follows:
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(iii) pCy = ( (1 —(1=¢)1-(- wg)”) : (19? (wm)p»;

@) ¢f = ((¢ftwe)) (1= (1=01)",1 = (1 wy,)?))-

Theorem 9.2.1. If C; and Cy are two CIFNs and p > 0 is a real number, then C; & Co,
pC1, C1 @ C2 and Cf are also CIFNs.

Proof. Let C; = ((Cl,wgl), (75‘1,111191)), Co = ((Cg,w@), (792,@0192)) be two CIFNs such
that 0 < (;,9; <1;0<(+v; <land 0 <w¢,wy; <1;0<we +wy;, <1forj=12.

2 2
Take, C3 = C1 & Cy = ((gg,wcg), (193,1[)193)) where (3 = 1— [] (1= ¢), 05 = [ ¥,
7j=1 j=1
2 2
we, =1 — [T (1 —wg,) and wy, = ] wy,.
j=1 Jj=1
Now, since 0 < (1,¢2 < 1 which implies that 0 < 1 — ¢(; < 1 and therefore 0 <

2
1-11 (1 — Cj) < 1. Hence, 0 < {3 < 1. On the other hand, 0 < 91,95 < 1 which
j=1

implies that 0 < ﬁl ¥; < 1 and hence 0 < 93 < 1. Further, ¢; +9; < 1 for j = 1,2
j=
which implies that ]2[1 ¥ < 12[1 (1 — Cj) and hence (3 + 13 =1 — 12[1 (1 — Cj) + 12[1 v; <
= j= Jj= j=
1-— H (I—C]) 12[ (1—(]) = 1. Also (3+193 > 0 as (3 > 0 and Y3 > 0. Hence,
0< C3+193 <1 Smillarly, we can obtain that 0 < wg,,wy, < 1such that 0 < we,+wy, < 1.
Thus, we get C; @ Co is a CIFN. Similarly, it can be proved that C; ® Cq, C7, pCy are also

CIFNs. -
Theorem 9.2.2. For three CIFNs Cq, Co, C3 we have:

(i) Lol =Co®C.

(ii) Ci ®Cy = Co®Cy.

(iii) (C1 S Cz) BC3=C1 P (Cz &) Cg).
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(iv) (C1®C) ®Cs=C1 @ (C2®C).

Proof. Here we prove the parts (i) and (iii) only, as the others are similar.

(i) Since €1 = ((Grywe,), (91,ws,) ) and Co = ((Go,wg,), (V2,0,) ) ave two CIFNs,

then we have

2 2 2 2
coe ~ ((1-T10-@01-T0-w)) (211w )
=1 i R
- ( (Cl + G2 = C1G2, wg + wg, — wCle2> U192 wqhwﬂg))
( (Cz + G — Q1 we, +wey — wCQwQ) ) (192191,11)19211}191))
= ol
(iﬁ) Since € = ((Clawﬁ) (791, w191>) ((C27wC2> (1927 w192)) and C3 = ((C37 wCs) ) (793771]193))

are three CIFNs, then

(CLdCo) BCs

H
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|
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e
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<
Il
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<
Il
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= C1 & (C®Cs)

Theorem 9.2.3. For two CIFNs C; and Cy and positive real numbers p, p1, p2, we have

(i) p(C1 ®Ca) = pC1 ® pCs ;
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(il) (C1®C)" =Cl®Cy;
(iii) (p1 4 p2)C1 = p1C1 ® p2Ci ;
(iv) Pt = ot @ Cp2.
Proof. Here we prove the parts (i) and (iii) only, while others are similar.

(i) Since C; and Cy are CIFNs.

p(CL®C) = p ( (1_}1(1—9)71—]2] (1—w<,-)) : (j]i[lwajljlwﬂj»

_ <<1_jf[1(1_<j>ﬂ, 1]:1211(1%)P>,<ﬁ19§, Hw>>
— ((1—(1—c1)", 1-(1—uwg)). (92, (wﬂl)p))

S ((1—(1—(2)p, 1_(1_w<2)p>’(195’ (w%)ﬁ’))
= pC1 @ pCay

Hence, p(Cl ® Cz) = pC1 @ pCo

(iii) Since C; and Cq are CIFNs.

reee = ((1- 0™ 1= muge) (977 (o))
= ( (1 -(1-¢)"1-(- wgl)p1> ; (195’1, (wﬁl)f’l))

® ((1 —(1-q)”1- —wcl)”) 7 (ﬁfg’(wﬁl)m»
= p1C1 B p2Cy

Hence, (p1 + p2)C1 = p1C1 @ p2Ca.

9.2.2 Power Averaging Aggregation Operators

In this section, based on the proposed operational laws of CIFNs, some power AOs are

presented under CIF environment to aggregate the collection of the different CIFNs.
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CIF power averaging operator

Definition 9.2.2. For a collection of CIFNs C;(j = 1,2,...,n), a CIF power averaging
(CIFPA) AO is a mapping CIFPA : Q"™ — Q defined by:

CIFPA(Cl,CQ, ... ,Cn) =01C1D09Cy D ... 0,Ch (9].)
14+7(C;) L .
where 0; = ——2— and T(C;) = Z (Sup(Cj,Cl)) ( =1,2,...,n). Here Sup(C;, ;)
Z (1+7(¢;))

Z#J
is the support of C; from C; satisfying the properties mentioned in Definition 2.4.5 and

Sup(C;,C;) = 1-D(C;,C;) where D is the hamming distance measure as given in Eq. (3.1).

Theorem 9.2.4. For a collection of CIFNs C; = ((Cj,wcj) ) (19]‘,71}19].)) (j=12,...,n),

the aggregated value obtained by using CIFPA operator is again a CIFN and is given by

tlLe=om ) 1L

CIFPA(Cy1,Co,...,Cp) = N ) n (9.2)
H (1- wéj)oj H
Proof. The fact that, the value obtained after applying CIFPA operator is still CIFN,
follows from the Theorem 9.2.1. Now, by making use of mathematical induction, we will
show that Eq. (9.2) holds.
Since for each j, C; is a CIFN and o; > 0 therefore, we have 0;C; is also CIFN by using
Theorem 9.2.1. Then, by utilizing the steps of the principal of mathematical induction on

n, we have:

Step 1: For n = 2, we have C; = (((1,we, ), (U1, wy,)) and Co = ((C2, we, )5 (P2, wy,)). Thus,

by the operation of CIFNs, we get
e = ((1-(-a)™ 1-0-wy)). (o7, wg))

and  0Cy = <(1—(1—§2)"2, 1—(1—w<2>02),(19‘2’2, wg;>>

Hence, by addition law of CIFNs, we get

CIFPA(C1,Cy) =
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Thus, the result is valid when n = 2.

Step 2: Assume that Eq. (9.2) holds for n = m, where m is any positive natural number
i.e.,

CIFPA(C1,Ca, ... ,Cm) = ' ,

then for n = m + 1, we have

CIFPA(C1,Co,...,Cms1) = CIFPA(Cy,Ca,...,Cm) @ CIFPA(Cpoy1)

m m
-1 -¢)™, 177,
j=1 i=1
= m . ) m A
1- H(l—ng)gj (ng)aj
j=1 Jj=1
® L= (1= Gner) ™) [ 00
- (= wg,) ™)\ i
m+41 m—+1
-] -¢)”. 17
- j=1 j=1
- m—+1 . ’ m—+1
1= JT (0 —wg,)™ I1 (ws,)”
j=1 i=1

Thus, the result is true for n = m + 1 and hence, the Eq. (9.2) holds for all natural

numbers n. 0

The working of CIFPA operator is demonstrated with a numerical example as follows:

Example 9.2.1. Let C; = ((0.6,0.8),(0.2,0.1)), C2 = ((0.8,0.7),(0.2,0.1)), C3 = ((0.5,0.6),
(0.3,0.4)), C+ = ((0.6,0.7), (0.3,0.2)) be four CIFNs. Firstly, we calculate D(C;,C;) V
J.1€{1,2,3,4}, j # [ using Eq. (3.1) as given below.
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1
D(C1,C2) = 1[|C1—C2|+|191—?92|+\wc1—wcz\Hwﬁl—ng
1
= 1 00:6 0.8 +10.2 0.2/ 0.8 ~ 0.1] + 0.1 ~ 0.1]
= 0.075

which gives that Sup(C1,Cs) = 1-D(C1,C2) = 0.925. Similarly, we can obtain, Sup(Cy,Cs) =
0.825, Sup(Cy,C4) = 0.925, Sup(Ca,C3) = 0.8, Sup(C2,C4) = 0.9 and Sup(Cs,Cs) = 0.9.
Therefore,
4
T() = ) (Sup(C1.C)
=
= (Sup(C1,C2)) + (Sup(C1,Cs)) + (Sup(Ci,Cy))
= 0.925+ 0.825 + 0.925

= 2.6750

In the similar manner, we can obtain T'(Cy) = 2.6250, T'(C3) = 2.5250 and T'(Cy4) = 2.7250,

which gives that

(1+7€)) = (1+7€))+ (1+ 7)) + (1+7T(Cs)) + (1+7(Cy)

j=1
= (1+2.6750) + (14 2.6250) + (1 + 2.5250) + (1 4 2.7250)
= 1455
Hence, oy = — ) — 1426750 _ (9596, Similarly, we can obtain oy = 0.2491,
% ()
j=1

o3 = 0.2423 and o4 = 0.2560. Further,

(1-¢)” = (1-0)"(1-¢)"0-6)"0-0)"

1

4
]:
— (1 _ 0.6)0'2526 % (1 _ 0.8)0.2491 X (1 _ 0.5)0.2423 % (1 _ 0.6)0'2560
= 0.3553
4
H (1 i ij)Uj — (1 . 0.8)0'2526 % (1 o 0.7)0.2491 % (1 o 0.6)0'2423 > (1 . 0'7)0.2560

= 0.2903
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4
(9;)7 = (0.2)%%520 x (0.2)%2491 x (0.3)"242 x (0.3)02%°
j=1
= 0.2448
4
(wﬁj)aj —_ (0.1)0.2526 % (0.1)0.2491 % (0.4)0.2423 > (0'2)0.2560
Jj=1
= 0.1671

Now, by using Eq. (9.2), we get
CIFPA(Cy,Co, C3,Ca) = ((1 —0.3553,1 — 0.2903), (0.2448,0.1671))

_ ((0.6447, 0.7097), (0.2448, 0.1671))
It can be clearly seen that the aggregated value is again CIFN.

Based on the Theorem 9.2.4, it is observed that the CIFPA operator satisfies some

properties which are stated as below.

Property 9.2.1. Let Cy be CIFN and if C; = Cy for all j =1,2,...,n, then
CIFPA(Cy,Cy...Ch) =Co

This property is called Idempotency.

Proof. Let Co = ((Co,w¢, ), (Yo, wy,)) and C; = (({j,w; ), (95, wy,)) be CIFNs such that

C; = Cp for all j which implies that ¢; = (o, ¥; = Yo, we; = we, and wy; = wy, for all j.

Then, by using the defining of o; as defined in Definition 9.2.2, we have ) o; = 1. So,
=1

J
by Theorem 9.2.4, we have

1_H(1_<0)Jj7 Hﬂgja
CIFPA(C1,Cs,...,Cn) = = A
L= T —we)™ || T (wae)”
i=1 i=1
n Y i o
1—(1-¢)= -, (V0)7=" g
= f: o ) 2n: o
1= (1= wg )= (wg, )=
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Hence, CIFPA(Cy,Cs . ..Cy) = Co. O

Property 9.2.2. For a collection of CIFNs C; = ((Cj7 ij), (ﬁj, wﬂj)), let C™ = ((min{Cj},
J

mjin{ng}), (mjax{ﬁj},mjax{ng })) andCt = ((mjax{gj},mjax{wcj}), (Irljin{ﬁj},rrljin{wﬁj})).
Then,

C~ C CIFPA(C1,C2...Cp) CCT

This property is called as Boundedness.

Proof. Take C = CIFPA(Cy,Cs,...,Cy) and hence by Theorem 9.2.4 we get C = ((Cc, wgc),
(19(;,11)190)>. For a CIFN Cj, we have min{(;} < ¢; < max{(;}. = 1 —max{(;} <1-¢; <
J J J

1 — min{¢;} = <1 — max{@}) " < (1-¢)7 < <1 — mjn{@}) " = 1 — max{(;} <
J J J J

ﬁ1 (1-¢)7 < 1—mjin{Cj} = mjin{Cj} <1- ﬁ1 (1-¢)” < m]aX{Cj} = mjin{Cj} < (e <

j= j=

max{(;}. Also, min{v;} < ¥; < max{(;} = <min{19j}> " < (0,)7 < <max{19j}> " =
J J J J J

n g

9j n n

{1 (mino}) " < [1 (07 < 11 (max(o))

j=1\ j=1 =1\ J

= min{?d;} < J¢ < max{v;}. Similarly, we can obtain that min{w, } < w¢, < max{we,}
J J j J

and min{wy, } < wy, < max{wy,}. Thus, we get C~ C CIFPA(C1,C2,...,Cn) C ct. O
j J

= min{d;} < ﬁ (9;)7 < max{v;}
j =1 j

Property 9.2.3. For a collection of CIFNs C;(j = 1,2,...,n), if (Cl,éz, e ,Cn) be the
permutation of (Cl,Cg, - 7Cn) then

CIFPA(Cy,Ca, .. .,Cp) = CIFPA(C1,Co, ... ,Cp)
This property is called Commutativity.
Proof. As (Cl,ég, . ,Cn) is an arbitrary arrangement of (Cl,Cg, . ,Cn). Therefore,

él <1+T(Cj))Cj él (1+T(C']’)>C’j . . .
CIFPA(Cl, Co,. .. ,Cn) = Jin = Jfﬂ = CIFPA(Cl, Co,. .. ,Cn)
£ )~ £ ()

Hence, CIFPA(Cy,Cs, . ..,Cn) = CIFPA(Cy,Ca, . .. ,Cp). O

Remark 9.2.1. From the proposed CIFPA operator, it is observed that CIFPA op-

erator is not monotonic, i.e., there exist some collections of CIFNs C; and Z; where
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Jj =1,2,...,n which satisfying the relation C; C Z; for all j but CIFPA(Cy,Co,...,Cy) &
CIFPA(Z, 25, ..., Z).

In order to demonstrate the non-monotonic property, we give one counter example as

below:

Example 9.2.2. Consider two collections C; and Z; (j = 1,2,3) of CIFNs as C; =
((0.2,0.2),(0.2,0.2)), C2 = ((0.4,0.4),(0.4,0.4)), C3 = ((0.1,0.1),(0.89,0.89)) and Z =
((0.2,0.2),(0.2,0.2)), 25 = ((0.4,0.4),(0.4,0.4)), Z3 = ((0.11,0.11), (0.11,0.11)). Clearly
C; C Zj for all j. Now, based on Theorem 9.2.4, we get CIFPA(C1, Co,C3)=((0.2477,0.2477),
(0.4058, 0.4058)) and CIFPA (21, 25, Z3) = ((0.2439,0.2439) , (0.2045, 0.2045)) which gives
that CIFPA(Cy,Cs,C3) & CIFPA(Z, 29, Z3). Hence, the result.

9.2.3 CIF weighted power averaging operator

In this section, we take into the account the different weightage of CIFNs C;(j = 1,2,...,n)
during an aggregation process and hence propose a new CIF weighted power averaging

(CIFWPA) AO as follows.

Definition 9.2.3. For a collection of CIFNs C;(j = 1,2,...,n), a CIFWPA operator is a
map CIFWPA : Q" — Q defined by:

CIFWPA(Cl,CQ, .. ,Cn) = 0101 D Pp2Co @ ... D PCh (93)

where ¢; = WD ey = S g (Sup(C.C)) and € = (61,6, &) is the
>0 &A+T(Cy) I=1
J=t I#]
weight vector assigned to CIFNs C; such that £ >0 and ) & = 1.
j=1

Theorem 9.2.5. For a collection of CIFNs C; = ((Cj, wcj) ) (ﬁj, ng)) with corresponding
n

weight vector £ = (&1,&2,...,&,)7T, such that, & > 0 and Y & = 1, the aggregated value
j=1
obtained by using CIFWPA operator is also a CIFN and is given by

CIFWPA(Cy,Co, ..., Cp) = 7 N (9.4)
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Proof. The proof of the theorem can be obtained by the principal of mathematical induc-

tion as similar to the Theorem 9.2.4, so we omit the proof here. O

For a collection of CIFNs Cj(j = 1,2,...,n) and their weight vector £ = (&1,&2,...,&,)T

n
such that each {; > 0 and ) & = 1, CIFWPA operator also satisfies the same properties
j=1
as that of CIFPA operator which are listed, without proof, as below

(P1) (Idempotency) If Cy be CIFN such that C; = Cp for all j, then, we have
CIFWPA(Cy,Ca, . .., Cn) = Co
(P2) (Boundedness) If C~ and C" respectively, be the lower and upper bounds of the
CIFNs Cj(j = 1,2...,n) then we have
C~ C CIFWPA(C,Ca,...,C,) CCT
(P3) (Commutativity) For any permutation (Cl,ég, e ,Cn) of CIFNs (Cl,CQ, e ,Cn) and

corresponding permutation (51, fg, . ,fn) of weight vector (§1, &, ,§n), we have

CIFWPA(Cy,Cs, . ..,Cp) = CIFWPA(Cy,Ca, ..., Cp)

P4) (Non-monotonicity) For two CIFNs C; and Z; satisfying C; C Z,, it is not necessary
J J J J
that
CIFWPA(Cy,Co, ... ,Cn) C CIFWPA(Z4, Zo,..., 2Z,)

9.2.4 CIF ordered weighted power averaging operator

In this section, we have extended the above proposed AO to its ordered weighted.

Definition 9.2.4. Let C;(j = 1,2,...,n) be the collection of CIFNs. A CIF ordered

weighted power averaging operator is a map CIFOWPA : Q" — Q defined by
CIFOWPA(Cy,C, . .. ,Cn) = (plcT(l) ) QOQCT(Q) b...D gOnCT(n) (9.5)

where (2 is the set of CIFNs and (7(1),7(2),...,7(n)) is a permutation of (1,2,...,n)
satisfying S (Cf(j_l)) >S (CT(]-)) for j =2,3,...,n. Further, ¢; is defined by

ej = 9 (f&) -9 (%{;) (9.6)
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where B; = Z Vs Vo) +> (Sup(Cj,Cl)) and TV = ) V,(;) and the function g :
= j=1
vy

[0,1] — [0, 1] is a basic unit-interval monotonic (BUM) function satisfying three properties

NN
<=

namely ¢g(0) =0, g(1) =1 and if z <y then g(z) < g(y).

Theorem 9.2.6. For a collection of CIFNs C; = ((¢j,w,), (Y5, wy;)), the combined value
obtained by using CIFOWPA operator is also a CIFN and is given by

)
1 o CT(J ’ 797'2]

-1 11
CIFOWPA(C1,Co, . ..,Cp) = o A (9.7)
Pj
L)) | )
where ¢; is defined in Eq. (9.6).

Proof. The proof of this theorem can be easily obtained by the induction principle, so we

omit here. O

Example 9.2.3. Let ¢ = ((0.6,0.8), (0.2,0.1)), Ca = ((0.8,0.7), (0.2,0.1)), C3 = ((0.5,0.6),
(0.3,0.4)), C4 = ((0.6,0.7), (0.3,0.2)) be four CIFNs. The score values of these numbers are
computed by using Eq. (6.1) of Chapter 6 and are obtained as S(C;) = 1.1, S(C2) = 1.2,
S(C3) = 0.4 and S(C4) = 0.8. Since, S(C2) > S(C1) > S(C4) > S(C3). Therefore, we get
Cr1y = ((0.8,0.7),(0.2,0.1)), Crz) = ((0.6,0.8),(0.2,0.1)), Cri5) = ((0.6,0.7),(0.3,0.2))
and Cr4y = ((0.5,0.6),(0.3,0.4)).

Now, the distance measurement value between the CIFNs is computed as D(C1,Ca) =
0.0750 and hence Sup(Cy,C2) = 1 — 0.0750 = 0.9250. Similarly, we can obtain that
Sup(Cy,C3) = Sup(Cs3,C1) = 0.9000, Sup(Ci,C4q) = Sup(Cy,C1) = 0.2000, Sup(Ca,Cs3) =
Sup(Cs, C2) = 0.9250, Sup(Ca,Cy) = Sup(Cy,C2) = 0.8250 and Sup(Cs,Cs) = Sup(Cy,Cs) =
0.9000. Now, using the equation V ;) = 1+ Z (Sup(C;,C;)) we have Viaq) = 3.6250,

l#]
Vi) = 3.6750, V 3y = 3.7250 and V4 = 3.5250. Thus, By = 3.6250, By = 7.3000,
n

B3 = 11.0250 and By = 14.5500. Also, TV = }_ V,(; = 14.5500. Now, taking the value
j=1
of g(z) = 22 and using the Eq. (9.6), we get

B 3.6250 )
_ — = 9(0.2491) = (0.2491)% = 0.0621
L=y (TV) g (14.5500) 9(0-2491) = (0.2491)" = 0.06
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B3 14.5500 11.0250
_ - - =0.42
> g (TV) g (14.5500) g (14.5500) 04258
Based on this information, we have

4
(1= G))? = 0.4214; -Hlﬁfgj) =0.2709
i=

—

<
Il
R

Pj
(wm(j)) — 0.2257

—

<
Il
_

Pj
(1-wc,,)” = 0.3140;

.
Il -~
—

Thus, by using Theorem 9.2.6, we get
CIFOWPA(Cy,Co,C3,Ca) = ((1 —0.4214,1 — 0.3140), (0.2709, 0.2257))
- <<0.5786,0.6860>, (0.2709, 0.2257)>

Also, for a collection of CIFNSs, it is observed that CIFOWPA operator also satisfies

the properties namely, idempotency, commutativity and boundedness.

9.2.5 Power Geometric Aggregation operator

In this section, we have extended the above defined averaging AOs to the geometric AOs
under the CIF environment which includes: CIF power geometric (CIFPG) operator, CIF
weighted power geometric (CIFWPG) operator and CIF ordered weighted power geometric
(CIFOWPG) operator.

Definition 9.2.5. A CIFPG operator, defined on a collection of CIFNs C;(j = 1,2,...,n)
is a mapping CIFPG : Q" — ) defined as

CIFPG(C1,Cay...,Cp) = CTRCT®...0Co (9.8)

where 0; = AFTED  and T(C;) =3 (Sup(C;,C1)) (j =1,2,...,n). Here Sup(C;,C;) is
Z(HT( i) =l

the support of C; from C; defined as Sup(C;,C;) = 1 — D(C;,C;) where D is the distance

measure.
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Theorem 9.2.7. For a collection of CIFNs C; = ((Cj,ng), (19j,ng)>, the combined

value obtained by using CIFPG operator is also a CIFN and is given by

j =
CIFPG((y,Co,...,Cp) = n ) " (9.9)
IT(we)” | | =TT —w)”
7=1 7j=1
Proof. 1t can be proved in a similar manner as that of Theorem 9.2.4. O

Definition 9.2.6. Consider a collection of CIFNs C; (j = 1,2,...,n) with corresponding

weights & = (£1,&,...,&,)7 such that, & > 0 and ) & = 1. A CIFWPG is a map
j=1

CIFWPG : Q" — Q defined by:

CIFWPG(C1,Ca,...,Ch) = CIoCy¥®...0Cm (9.10)

where ¢; = M and T'(C;j) = Z &(Sup(C;,Cr)).
2 & (1+T(C))
=1 l#J

Theorem 9.2.8. Let C; = ((¢j,w¢;), (J5,wy;)) be a collection of CIFNs with associated

weight vector & = (&1, &a,...,&,)7, such that, § > 0and Z §j = 1. The aggregated value

obtained by using CIFWPG operator is also CIFN and i IS glven by

n

H :

CIFWPG(Cy,Cy,...,Cp) = ;

n
11 wg,)”

n

t-Ire-

; (9.11)
H 1 — wqg 2

Proof. It can be proved in a similar manner as that of Theorem 9.2.4. ]

Definition 9.2.7. A CIFOWPG operator, defined on a collection of CIFNs C;(j =
1,2,...,n) is a mapping CIFOWPG : Q" — Q defined as

CIFOWPG(C1,Ca.....Cr) = CHyy @CTy ®...0Co, (9.12)

where (T(l),T(Q),...,T(n)) is an arrangement of (1,2,...,n) satisfying S(CT(j_l)) >

S (CT(j)) for j =2,3,...,n and g, is given in Eq. (9.6).
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Theorem 9.2.9. The aggregated value for a collection of CIFNs C; = (({j, we; ), (95, wy,))
by using CIFOWPG operator is still CIFN and is given by

(1e:)” (1= o)

Proof. 1t can be proved in a similar manner as that of Theorem 9.2.4. O

11
CIFOWPG(C1,Ca, . ..,Cp) = i
11

G 1-]1a
, : (9.13)
-1l

Further, it can be easily obtained from the above defined geometric operators that
they also satisfy the properties of idempotency, boundedness, commutativity and do not

satisfy monotonicity.

9.3 MCDM approach using proposed power AQOs

The general description of MCDM problem is given in Section 2.5 of Chapter 2. Then, to
determine the most desirable alternative(s), the proposed operators are utilized to develop

a MCDM method, which involves the following steps:

Step 1: Construct the decision matrix M) = (Cfﬁ)) corresponding to the rating
mXxn

values of each alternative given by the expert £&)(z =1,2,... k).

Step 2: Aggregate the rating values of each expert /\/l(z)(z =1,2,...,k) into the overall
collective CIF decision matrix M = (Cy,) where Cyy = ((Cuvs Weyy ) (Yuws Wy, )) is
calculated either by using CIFOWPA operator as follows

Cww = CIFOWPA(CY).c?,....clH)

uv Y ruv )

- f[ <1 - QSZ(”))W ,

z=1

()
<1LU

k
11 (v

’ : (2)
1
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or by using CIFOWPG operator as follows

Cuov = CIFOWPG(CY),c?),....clk)
k g07(“,) k Souv)
I (v(z))) H ( T(z> >
o z=1 < =
- = | X o)
T(Z Wuv (Z) uv
H < CUaU ) 1 B H <1 B q-gU/U )>
= z=1
where 901(}1,), 90&21,), cees gol(w) are the standardized weights determined by using Eq.

(9.6) and 7 is the permutation map from {1,2,...,k} to {1,2,... k}.

Step 3: Aggregate the collective rating values M = (Cy,) of the alternative V,(u =
1,2,...,m) into the overall assessment value C, = ((Cu,w¢, ), (Vu, wy,)) based on
the either power averaging or geometric AOs. For instance, if we utilize CIFPA
operator to aggregate each rating value of the alternative V,, then we get the

overall assessment value C,(u =1,2,...,m) as

C. = CIFPA(Cyu1,Cu2; -, Cun)

1-J] @ = Guw)™, I @)™
o v=1 v=1
1-TTa-we)™ | {1 (won)”
v=1 v=1

On the other hand, if we utilize the CIFWPG operator to aggregate the preference

values, then we have

Cu = CIFWPG (Cu17 CU27 s ,Cun)

n

H (Cuv)(% ) 1- H (1 - ﬁuv)‘bv ’

. v=1 v=1

- n p ’ n
IT (we..) 1= T = wo,)*
v=1 v=1

Step 4: Compute the score values of the overall aggregated values C, = ((Cu, w¢, ), (Vu, wy,,))(u =

1,2,...,m) by using equation

S(Cu) = Cu — Py +we, —wy

w*
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If there is no difference between two score values then calculate the accuracy values

of the alternatives as

H(Cu) = Cu + Vu + we, + wy,.

Step 5: Rank all the feasible alternatives V,(u = 1,2,...,m) according to the Definition

6.2.1 of Chapter 6 and hence select the most desirable alternative(s).

9.4 Illustrative Example

To illustrate the proposed approach, we consider example related to the Biometric based

attendance devices (BBAD) here.

9.4.1 Description of the problem

Increasing technological advancements have led to various improvements which are quite
helpful in the growth and the development of the businesses. One type of such a technol-
ogy, which is becoming most popular nowadays is biometric technology. The biometric
technologies are used to identify human characteristics and verify identity. Biometric based
attendance devices (BBAD) are becoming very famous as they read each employee’s unique
fingerprint, hand shape, face or iris shape and they ensure that the employees cannot clock
in for one another and these devices stop employee time theft cases. Due to these char-
acteristics of BBAD, Bharat Sanchar Nagar Limited (BSNL) company, headquartered in
New Delhi India, decides to set up BBAD in all of its offices spread all over the country.
For achieving this, BSNL authority make a group meeting which consists of General man-
ager, Chief Executive, Chairman and Managing Director and they consult three experts
EW €@ £B3) 10 select the best model out of four possible ones namely, V; : CP Plus, Vs :
ESSI, V3: ESSL X990 and V, : T 60 with different production dates. The experts evaluate
the model of BBAD on the basis of four criteria namely: *B; : User friendly, B5 : Provision
for data backup, B3 : Battery backup and B, : Employee tracking via GPS. Obviously,
these criteria would be affected with the changes in production date. The target of the

BSNL company is to choose the most optimal model of BBAD and the production date
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simultaneously. Thus the problem is two dimensional namely, model of BBAD and pro-

duction date of BBAD. Therefore, the three experts (£())(z = 1,2, 3) give their individual

preferences corresponding to each alternative in terms of CIFNs. Assume that the weight

vectors corresponding to four preferences factors is & = (0.4,0.3,0.15,0.15)7. In what

follows, we utilize the MCDM method proposed in above section to determine the most

desirable alternative(s) under CIF environment.

Step 1:

Step 2a:

Step 2b:

Step 3a:

The given three experts evaluate the alternatives under the CIFS environment and
their corresponding rating values are summarized in the decision matrices repre-
sented in Tables 9.1, 9.2, 9.3 respectively. In these tables, for instance, the rating
value corresponding to the expert £ for an alternative V; under B criteria is given
as ((0.5,0.4),(0.4,0.5)) which describes that the first expert is agreed 50% with the
suitability of the model V; at 287 while disagree with 40%. On the other hand, the
same expert satisfied 40% with the suitability of production date of BBAD at B,
and not satisfied with the 50%. In the similar manner, the other data values can be

interpreted.

The different preferences of the experts ng'f,)(z = 1,2, 3) are aggregated into a collec-

tive one Cyup(u = 1,2,3,4;v = 1,2, 3,4) by taking a function g(x) = 22 and utilizing
CIFOWPA AO. The values obtained by using this operator are summarized in Table
9.4.

If we take CIFOWPG AO to aggregate the different preferences Céf,)(z =1,2,3) of
each expert into the collective one Cyy(u = 1,2,3,4;v = 1,2,3,4) corresponding to
the function g(z) = 2, then the values corresponding to each alternative V,(u =

1,2,3,4) are summarized in Table 9.5.

Without loss of generality, we take CIFWPA operator to aggregate the different
values Cyy(v = 1,2,3,4), obtained from Step 2a, by taking weight vector as & =
(0.4,0.3,0.15,0.15)7. The collective values of each alternative V,(u = 1,2,3,4) are
obtained as C; = ((0.5324,0.4393), (0.3407,0.4167)), C2 = ((0.4900, 0.4866), (0.3016,
0.3683)),Cs = ((0.4787,0.5077), (0.3097,0.3523)) and C4=((0.4312, 0.4119), (0.3342,
0.3611)).
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Step 3b: If we take CIFWPG operator instead of CIFWPA operator to aggregate the collec-
tive values of Cy,(v = 1,2,3,4),0btained from Step 2b then, the overall collective
values C,, of the alternatives V,,(u = 1,2, 3, 4) are computed as C; = ((0.5000, 0.4284),
(0.3528, 0.4336)), C2=((0.4751,0.4515), (0.3200,0.4014)), C3 = ((0.4633,0.4998), (0.3290,
0.3652)) and C4=((0.4134,0.4007), (0.3570,0.3859)).

Step 4: The score values of the alternative V,,(u = 1,2, 3, 4) are obtained based on the overall
assessment values Cy(u = 1,2,3,4) as S(C;) = 0.2143, S(C2) = 0.3066, S(C3) =
0.3244, S(C4) = 0.1478. On the other hand, the score values of the alternative
Vu(lu = 1,2,3,4) according to the aggregated values obtained from Step 3b are
S(C1) = 0.1420, §(C2) = 0.2051, S(C3) = 0.2689, S(C4) = 0.0712.

Step 5: Since S(C3) > S(C2) > S(C1) > S(C4) and hence based on it, the ranking of all the

feasible alternatives V,(u = 1,2,3,4) is shown as follows

V3>—V2>~V1>—V4,

where the symbol “>” means “preferred to”. Thus, we conclude that the best

alternative is V3, i.e., V3 is the most optimal device.

Besides this, in order to analyze the influence of the AOs on to the ranking order
by changing the operators to aggregate the different preferences of the experts as well
as criteria in the Step 2 and Step 3 respectively, an analysis has been conducted whose
significance effect and the complete ranking order of the alternatives is represented in the
Table 9.6. In this table, the first column depicts the operator used for aggregating individ-
ual preferences of three experts into the collective one while the second column presents
the operator used for aggregating the preferences obtained in Step 2, corresponding to
each alternative for different attributes. In the first four rows of the Table 9.6, an opti-
mistic approach towards the aggregation of the experts values is utilized by taking ordered
weighted power averaging AOs in Step 2 while in the next four rows pessimistic approach
is utilized by taking ordered weighted power geometric AOs. Further, from this table, it is

concluded that final score values of the alternatives are less for pessimistic approach than
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the optimistic approach. It is also observed that from the final ranking order of the alter-
natives that if no information about the weights corresponding to criteria is known during
the aggregation in Step 3 then the alternative Vs is more preferable over V3. However, if
the information about the weight vector is already given then Vs comes out to be more
preferred over V. Also, the different weights of the criteria lead to different ranking of

the alternatives. Therefore, weights corresponding to criteria should be chosen carefully.

9.4.2 Comparative study

In this section, we compare the performance of the proposed MCDM approach with some
of the existing approaches [27, 44, 46, 47, 72, 83, 156, 175, 201] under an IFS theory. For it,
firstly the considered preferences of the experts are converted into the IFNs by taking the
phase terms corresponding to each CIFN to be zero. Then, based on this information, we

applied the existing approaches and their corresponding results are discussed as follows.

(i) If we apply the intuitionistic fuzzy power weighted average operator, proposed by
Xu [175] on to the considered data, then the overall score values of the alternatives
Vulu = 1,2,3,4) are computed as S(V1) = 0.1917, S(V») = 0.1884, S(V3) = 0.1690
and S(Vy) = 0.0970. Hence, their corresponding ranking order becomes: Vi > Vy >

Vs > V4 which gives that V5 is the required choice.

(ii) If we utilize the intuitionistic fuzzy weighted geometric interaction averaging oper-
ator, proposed by He, Chen, Zhau, Liu and Tao [72], then we get the score val-
ues of the alternatives as: S(Vi) = 0.1941, S(V2) = 0.1880, S(V3) = 0.1710, and
S(Vy) = 0.0962. Hence, the corresponding ranking order of the alternatives becomes:

V1 = Vo = V3 = V4 which gives that V; is the optimal choice.

(iii) On applying the intuitionistic fuzzy Hamacher weighted averaging operator, proposed
by Huang [83], by taking v = 3, the score values of the alternatives are obtained
as: S(V1) = 0.1908, S(V,) = 0.1858, S(V3) = 0.1713 and S(V4) = 0.0940 and
based on these score values, the corresponding ranking order of the alternatives is:

V1 = Vo = V3 = V4 which gives that V; is the optimal choice.
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(iv)

(vii)

(viii)

If we apply the weighted geometric averaging operator, introduced by Chen and
Chang [27], then the score values of the alternatives are: S(V;) = 0.1891, S(Vs2) =
0.1719, S(V3) = 0.1720 and S(V4) = 0.0887. Based on it, the ranking order of the

alternatives is: Vi = V3 = V5 = V4 which gives V; is the the most favored device.

On utilizing the intuitionistic fuzzy Einstein weighted averaging operator, introduced
by Wang and Liu [156], we get the score values as: S(V1) = 0.1920, S(V2) = 0.1862,
S(V3) = 0.1718 and S(V4) = 0.0946 and the corresponding ranking becomes: V; >

Vs = V3 = V4 which gives that V; is the required device.

If we utilize the Einstein weighted geometric interactive averaging operator, given
by Garg [44], then score values of the alternatives become: S(V;) = 0.1950, S(V2) =
0.1900, S(V3) = 0.1714 and S(V4) = 0.0972. Based on these values, their corre-
sponding ranking order becomes: V; > Vo = V3 = V4 which shows that V; is the

most favored device.

On applying the Hamacher interactive weighted averaging operator, defined by Garg
[46], by taking v = 3, we obtain the score values as: S(V;) = 0.1837, S(V») = 0.1717,
S(V3) = 0.1699 and S(V4) = 0.0868. Hence, the ranking order of the alternatives

becomes: Vi = Vo = V3 > V,; which shows that V; is the optimal choice.

If we utilize the Einstein interactive weighted averaging operator, introduced by Garg
[47], we obtain the score values as: S(V;) = 0.1856, S(V2) = 0.1718, S(V3) = 0.1706
and S(V4) = 0.0874. Based on these values, the ranking order of the alternatives

becomes: Vi = Vo = V3 > V; which gives that V] is the best choice.

On utilizing the intuitionistic fuzzy hybrid weighted arithmetic and geometric AO,
introduced by Ye [201], by taking A = 0.5, the score values of the alternatives are
obtained as: S(V1) = 0.1857, S(V2) = 0.1833, S(V3) = 0.1695 and S(Vy4) = 0.0919
and based on these score values, the corresponding ranking order of the alternatives

is: V1 = Vo > V3 = V4 which shows that V) is the optimal choice.

From the above study, it is observed that the best alternative is different from the pro-

posed ranking order. This is due to the fact that an IFS contains the information with a
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real-valued membership and non-membership degrees and only considered amplitude term
which causes loss of information during the execution. On the other hand, CIFS contains
more information (both the membership and non-membership degrees are complex valued)
with amplitude and phase terms than the CFS (contains only complex valued membership
degree), IFS (with a real-valued membership and non-membership degrees and only con-
sidered amplitude term), FS (with only crisp membership degrees with amplitude term
only). Thus, the proposed AOs under CIFSs environment are more generalized than the

existing operators.

9.5 Conclusion

The main contribution of this chapter is summarized as follows:

1) New operational laws based on algebraic norm for CIFNs are developed. The properties

of these operations are investigated in detail.

2) By considering the interdependence among the arguments to be aggregated, a series
of the power averaging and geometric AOs named as CIFPA, CIFWPA, CIFOWPA,
CIFPG, CIFWPG and CIFOWPG is presented and their properties are proved.

3) Based on the proposed operators, a decision-making approach is presented to find
the best alternative in the CIFS environment. An illustrative example is taken for
illustrating the developed approach and its results are compared with some of the

existing approaches in order to validate it.



252

(
(
(
(9
I

—~
S o o ©
JI.O JI.O JCO JM
o o o o
= = = w

(
(
(
(
°q

— — — —
S o o o
o o o o
w = [\ w

SN— SN— SN— SN—

o o o o
o w o w

e 2 2 <

ot H~ =z W~
D
~—~~ I~ —~ /| @®

> © o o

L e Ot

S o o o

DO =) w w

S o o
—~ o~ (=) =
S o o o
=N —~ ot w

(
(
(
(
e

S o o o

ot w no w
o o o o
> > H~ ot

SN—— SN—— SN— SN—

()3 H0dx0 Aq UOALS SOAIJRUID)E AU} JO SOOUVINNIL] :¢'6 O[BL

N~— N~— N~— N~—
~ ~ ~ ~
o o o o
oUW
o o o o
N S

o o 2 o
s~ > &3
© o 2 9
t
ARG RCR
—_ T/
o o 2 o
LN Dw
o o o 9
ot w o w
S— S— N . S—

—_ = = —

— —~ —~
S S ©
w w ot w
S o o o

~— ~— ~— ~—
—~~ T/~ /~
< =
~ W W

o 2d led

()3 Hodx0 Aq UOAIS SOATYRUIDE O} JO S0OUOIJOI] g6 O[UL

£5d

Ya
1
0
"

N N NN
~—~~ —~ —~

€070
G'0°60
9°0°L0
7'0°G0

~— ~— ~— ~—

3
3
3
3

~—~ /N —~

¢0°e0
€0c0
¢0c0
¢0%0

~— ~— ~— =
S——— N N —

N N NN
~—~~ /N /N

G0°L0
9070
9070
7'0°9°0

~— ~— ~— ~—

¢
¢
¢
¢

~~ /N I~

7'0°€0
€0°C0
€0°¢0
¢0'e0

~— ~— ~— =
N—— — — —

N N NN
—~ —~ —~ —~

7'0°6°0
G090
L'0'90
90°¢0

~— ~— ~— ~—

¢
¢
¢
‘

—~ o~ o~

€00
€00
¢0'e0
€060

~— ~— ~— ~—
S— — — —

N N NN

€090
9°0°6°0
070
070

~— ~— ~— ~—

3
3
3
3

~—~ /N N

7020
c0v0
€0c0
¢0°e0

~— ~— ~— =
S—— N N —

(1)3 Hodxo £q UOALS SOAIYRUIdYE O} JO SOUIJOL] :1'6 O[YL



253

Qooi.o ‘919%°0) ‘ (08TF'0 ‘GLTH ovv Q%mm.o ‘000€°0) ‘(917770 F:mm.ovv Acmwm 0722€°0) ‘(12770 ‘2e9¢e" ovv Q@o« 0°079€°0) ‘ (167£°0 00TF" ovv T
Qozm.ogm.ov (e18v°0 ‘sery ovv Qsmm.o@@mm.ov Amo?o“wkm.ev Qﬁmm.o ‘L1€°0) ‘(3T€C°0 08LY ovv Q%@m.oﬁw; 0) ‘(001G 0°L8TS" ovv &
Q@w@m.orﬁmm.a (0 oom.odmz.ev Qw@wm.oé@.ov éoa.oﬁoos.ev Q%Nm 0°792°0) ‘(@ m.o\.mo@.ev Q%oq 0°087€°0) ‘(T62€0 ‘TLST" ovv 2
Qewwoﬁooom.e (L9€°0 98T ev Qmﬁm.oﬁmg.e Amwg.o&%mev Q%Q 0°16€€°0) ‘(0GFF'0 ‘TeeS ev A (78770 827£°0) (804770 @%m.ev 1
if:d g °g X
109e10d0 HJMOATD Sursn Aq syredxe Jo seneA pajesaIssy G 6 o[qRL
A (00070 ‘€127°0) (192770 ‘ST ev A (Pe1€°0000€°0) (997770 ‘956¢” ovv A (089€°0990€°0) (127770 me%.ev A (209g°0‘€6£€°0) (162870 ‘05T ev "
Acmmm.o 21%€°0) (0 Hﬁ.o“mpﬁ.ev Ar@m.oﬁmmé (8 %w.oﬁmﬁm.ev Q@Sm.im%.e A%mm.oiwwev Qmm@m 0°6£62°0) ‘(021C°0 ‘128G ovv 4
Q@%m 0°20¢2°0) ‘(00050 ‘618" ovv Qﬁwm.ormw%.e (e219°0081¢" ovv Q%a.o ‘L6V2°0) Aﬁmm.o‘.@oom.ovv Q 997°0 ‘92€€°0) (T6£€°0 ‘06LY" ovv %
?&Q 0°000€°0) ‘ (678€°0 ‘90£S" ovv Q%mm.odm@.e (99270 ‘ovee” ovv Qagm.oﬁomm.e AE@.O\%@SV Q%Q 0°99¢€°0) ‘(2 %w.o\.oowm.ovv "
if:d i ° [f:d

109e10d0 VIMOIID Aq s)rodxo Jo sonpes pojesoissy F'6 o[qRL



254

Table 9.6: Effect of the operators used in Step 2 and Step 3 on ranking order of alternatives

Operator used | Operator used Overall score values of Ranking

in Step 2 in Step 3 )% Vs Vs Vu order
CIFOWPA CIFPA 0.1829 0.3516 0.2933 0.1669 | Vo > V3 = Vi > Vy
CIFOWPA CIFPG 0.1532 0.3111 0.2837 0.1511 | Vo = V3 = Vi = V4
CIFOWPA CIFWPA 0.2143 0.3066 0.3244 0.1478 | V3 > Va = Vi > Vs
CIFOWPA CIFWPG 0.1919 0.2623 0.3159 0.1349 | V3 = Vo = Vi > Vs
CIFOWPG CIFPA 0.1325 0.3128 0.2437 0.1150 | Vo = V3 = Vi = V4
CIFOWPG CIFPG 0.1043 0.2639 0.2334 0.0961 | Vo > V3 = Vi > V4
CIFOWPG CIFWPA 0.1631 0.2591 0.2778 0.0870 | V3 = Va = Vi > V4
CIFOWPG CIFWPG 0.1420 0.2051 0.2689 0.0712 | V3 = Vo = Vi = Vy




Chapter 10

New generalized Bonferroni mean
aggregation operators of complex
intuitionistic fuzzy information
based on Archimedean t-norm and
t-conorm’

This chapter presents AOs namely generalized CIF Bonferroni mean and generalized CIF
weighted Bonferroni mean which encapsulate the interaction among the criteria and pref-
erences under CIF conditions. Some properties related to proposed operators are investi-
gated. Based on the developed operators, a decision-making method is put forward and
is explained with the aid of an example. The reliability of the presented decision-making
method is examined with the help of a validity test and by comparing the results of the

example with several predominating studies.

10.1 Introduction

In the modern DM environment, parameters considered in DM process are usually de-

pendent on each other. In other words, the interrelationship among the objects occurs

!The content of this chapter is published as “New generalized Bonferroni mean aggregation opera-
tors of complex intuitionistic fuzzy information based on Archimedean t-norm and t-conorm”, Journal
of Experimental and Theoretical Artificial Intelligence, 32(1), pp. 81-109, 2020 (SCI: Impact Factor:
2.340).
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frequently such as cost, efficiency, reliability etc., which directly influence the decision out-
come. Therefore, it is essential to consider such interrelationship into the analysis in order
to reach at optimal conclusion. To address this, Bonferroni [17] suggested a mean-type
operator named as BM, which encapsulates the interconnection among the criteria and
preferences. Due to this characteristic of BM operator, researchers are paying more atten-
tion to it. For example, Yager [192] introduced the BM operator with its interpretation
and suggested its generalization. Xu and Yager [188] pointed out that BM operator can
be used for aggregating not only crisp numbers but can be used for fuzzy arguments also
and introduced BM operator for IFS theory. Li et al. [95] generalized BM operator and
geometric mean and hence, proposed generalized Bonferroni mean and investigated their
desirable properties. The extensive literature review on AOs which aggregate dependent
arguments is done in section 1.1.4 of Chapter 1. Furthermore, it is analyzed that the CIFSs
can express the data with a wider range and handle the two dimensional information at
the same time. Based on the analysis of CIFS theory and BM operator, we can derive the

following results:

1) The CIFSs are the successful means to deal with the uncertain and periodic information

than IFSs and their representation is more flexible and broader for solving DMPs.

2) The existing algebraic AOs consider the independent nature of arguments during ag-
gregation process. On the other hand, BM operator has a prominent characteristic of
aggregating the different values by considering the interrelationship among the pairs of

arguments.

3) The structure of BM operator gives two flexible parameters p and ¢ which reflect the

attitude character towards the decision-making process.

Based on the aforementioned comprehensive analysis, it is important and useful to

develop BM operator under CIFS environment. The aim of this chapter is as follows:
1) to represent the information of the expert in terms of CIFSs.

2) to propose some new AOs called as generalized CIF Bonferroni mean (GCIFBM) and
generalized CIF weighted Bonferroni mean (GCIFWBM) to accumulate the rating
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values of the decision-makers and further discuss some special cases of the proposed

operators.

3) to develop an algorithm to solve the MCDM problems and delineate it through an

example.

10.2 BM operator under CIFS environment

In this section, we propose GCIFBM and GCIFWBM operators under CIF environment
and investigate their various properties. For this, throughout this section, we consider

CIFNs C; = ((¢j, we,), (95,wy,)) (j =1,2,...,n) and Q as a set of all CIFNs.

10.2.1 GCIFBM operator

We define generalized BM operator, using t-norm and conorm, under CIF environment,

as follows:

Definition 10.2.1. For positive real numbers p and ¢, we define a map GCIFBM?? .
Q" — Q by

p+q
n

GCIFBMP(Cy, Ca, . .., Cp) = n(nl_l) D (c;? ® c;f) . (10.1)
jl=1
J#l

Then, GCIFBMP? is called GCIFBM operator.

Theorem 10.2.1. The aggregated value acquired on applying GCIFBM operator on
CIFNs C;j remains CIFN and is given as

GCIFBMp’q(Cl, CQ, RN ,Cn)
1 (175 <A<<j,<l>>) A ( L, <Bwj,191>>) ,

- rr pra (10.2)
_ 1 o 1 .
t <p+qt (‘A(wCJ’wCl))> st <p+qs (B(wﬂjvwﬂl))>
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where the terms A and B are defined as

n

) = 57 | gy S0 s(0 (e <) ) | 10

nin—1) -
7,l=1
J#

and B(xj,z;) = t* 1)Zt(sl<ps($j)+qs(xl)>> (10.4)

Proof is given in Section 10.6.

Example 10.2.1. Let C; = ((0.5,0.6), (0.1,0.2)), C2 = ((0.4,0.3),(0.2,0.5)), C5 = ((0.7,0.4),
(0.2,0.3)) be three CIFNs and let p, ¢ = 1. Consider the additive generator ¢(a) = —loga
for 0 < a <1 with #(0) = co. Then, Eq. (10.2) reduces to the following Eq. (10.5) given

as:

GCIFBMY!(Cy, Ca, C3)

(S

1

3 ’ 2 -
(H(1<j(l)3(311)) : - =T (- a=vpa=-u)™ 7| .

Gil=1
7 (10.5)

J,l=1
J#l

wol—

Gl=1 ;
J#l Jil=1
J#

3 % 7
1 3 1
(H (1 = we;wg) 3‘3‘“) Lo =TT (1= (= wo) (1= wa)) ™7

Based on these information, we have

=

3
[T (-GG™T = (1-05x04)% x (1-0.5x0.7)% x (1- 0.4 x 0.5)" x
g

o=

%(1 =04 % 0.7)5 x (1—0.7x0.5)% x (1—0.7 x 0.4)

= 0.7207

3
Similarly, we can obtain [] (1_(1_1%_) (1_19[)>3<3 D _ — 0.3045: H <1—ngwgl>3(3 D _

3 i#l
3 1
0.8185 and J] (1 — (1 —wy,) (1 —wy,))3 D = 0.5557. Thus, by using Eq. (10.5), we

ji=1
i
get CIFBMP4(Cy, C, C3) = ((0.5285, 0.4260), (0.1660, 0.3335)).
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Further, we analyze that certain properties hold under GCIFBM operator and these

are explained as follows:

Property 10.2.1. (Idempotency) Let Cy be another CIFN such that C; = Cp for j =
1,2,...,n. Then, we have GCIFBM?4(Cy,Cs ...C,) = Cp.

Property 10.2.2. (Monotonicity) For any two collections of CIFNs C; = ((ch,wccj),
(D¢, woe,)) and Zj = ((Cz;5wes,), (Vz;,we,)) satisfying G, < (z,, V¢, 2 Uz, we,, <
2, and W, > Wy 5, Y j, we have GCIFBMP4(Cy,Cy,...,C,) € GCIFBMPY(Z;, Z,,
c Zn).

we

Property 10.2.3. (Boundedness) For CIFNs C;, we have
C~ C GCIFBM?4(Cy,Cy...Cy) CCT

where C~ = ((minj{Cj},minj{ng}),(maxj{ﬁj},maxj{wﬂj})) and Ct = ((maxj{gj},
max;{we, }), (min;{d;}, minj{wy,})) .

Property 10.2.4. (Commutativity:) Let (Cl,ég, .
CIFNs (Cl,Cg, e ,Cn). Then, we have

,Cn) be an arbitrary arrangement of

GCIFBMP4(Cy,Ca, . ..,Cp) = GCIFBMP4(Cy,Ca, . . ., Cn).

Proof of all these properties is given in Section 10.6.
Further, several particular cases of GCIFBM operator are discussed by taking different

forms of the generator ¢ : [0, 1] — [0, 00) as follows:

(i) If t(a) = —log(a) then Eq. (10.2) reduces to CIF bonferroni mean:

GCIFBMP4(Cy,Ca, . .., C)
n 1 n 1
1— H (17<§)<lq> n(n—1) 7 1—|1- H (17 (1719j)p(17191)q> n(n—1) 7
Jil=1 jil=1
= J# J#l
1 1
rtaq pta
n n 1
=TT (- wteg) = | =TT (- (= w) (0= w0)?) ™7
=1 dl=1

#l
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(ii) If t(a) = log (%) then Eq. (10.2) becomes CIF Einstein Bonferroni mean:

GCIFBMp’q(Cl, CQ, ... ,Cn)

z(P—Q)ﬁ <3M+N)”7i"—(N_M)ﬁ

_ (PfQ)ﬁ+(P+3Q)ﬁ’ <3M+N)ﬁ+(N7M)ﬁ’
2(P —Q1>ﬁ ’ <3Ml+N1>TL’ (w —Ml)ﬁ
(Plle)ﬁ+(P1+3Ql)ﬁ <3Ml+N1>TL,+(N17Ml)ﬁ

where P = f(ijCl)’ Q = g(CjaCl)a Pl = f(ijval)v Ql = g(ijval)7 M = g(l -
19]‘, 1—191), N = f(l—”l?j, 1—@1), M1 = g(l—wqgj, 1—w791), N1 = f(l—'wﬂj, 1—w§l) and

n 1

the functions f and g are defined as f(z;,x;) = [] ((Q—xj)p(2—xl)q+3$§x?> nn=y
ji=1
i

s —_—

gles, ) = T1 (2= )@ - )t = afaf) ™.
]7l:]-
J#

)

(iii) If t(a) = log (W(lai_v)a) v € (0,00) then, Eq. (10.2) reduces to CIF Hamacher

Bonferroni mean:

GCIFBMp’q(C1, CQ, . ,Cn)

1

W(o-v) (X—(l—ﬂY)ﬁ—(X—y)ﬁ

B L e G Ll I RCR IR LR BT CR
7<U1 7V1>p1Tq | (Xl - (1*7/2)3’1)”%" - (X1 7Y1)Ti“

(=0 =) \ (-0 oo

where U = f1(¢;,Q), V = g1(¢;, ), U = fi(we;,we,), Vi = glwe;,we,), X = fi(1 -
95, 1=01), Y = g1(1 -, 1=¢), X1 = fi(l—wy;, 1 —wy,), Y1 = g1(1 —we,, 1 —wg,),
and the functions f; and g1 are defined as

n

g, o) = ] ((7 + (=) (v =ym) - (- v2)x§.’x?> e
]7l:1
i

p q n(n—1)

and  gi(zj,z) = H <<7 +(1— ’y):cj) (’y +(1-— ’y)xl> — x?m?) :
jl=1
J#l

Now, by varying the parameters p and ¢, numerous particular cases of GCIFBM ag-

gregation operator are discussed as follows:
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Case 1: If ¢ — 0 then, the terms A and B defined in Eq. (10.3) and (10.4) becomes
Alzj, ) = s‘%ﬁ(n - 1) le(t_l (pt(:cﬂ))) = 3_1<% > s(t‘l(pt(xj))))
J:

and B(xj,z;) =t~ (% ilt(sl (ps(xj)))) Therefore, Eq. (10.2) becomes
j:

j=1

Case 2: For p =2 and ¢ — 0, Eq. (10.2) becomes generalized CIF square mean as:

GCIFBMp’q(Cl, CQ, . ,Cn)
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Case 3: For p =1 and ¢ — 0 then, Eq. (10.2) is transformed to CIF average as:

GCIFBMp’q(Cl,CQ, R ,Cn) = )
1 n n
s (n ZS(wcj)> - ( 1 t(wﬂj))

Case 4: For p = ¢ =1, Eq. (10.2) becomes generalized CIF interrelated square mean as:

GCIFBMp’q(Cl, CQ, e ,Cn)

1 %t ! n(nl_ 3 j;l s (tl (t(C]) + t(Q))) ,
J#l

n

-1 %t o1 1 Z s(t_l (t(ng) + t(wgl)))

n(n —1) =
_ i
571 15 t! L i t(s? (s(ﬁ-) + 5(191))
2 n(n—1) = I ’
Al
]_ 1 n
N P -1
S Y )
A

n

- 1) P (c;i2a)

n(n—1 ,
Jil=1
i

10.2.2 GCIFWBM operator

In the above analysis, equal importance is given to all the data. But in real life situations,
this may not be always possible. Some data is more important than the others. So we

must take into account the proper weight given to the various CIFNs of data. Therefore,

now we propose GCIFWBM operator.
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Definition 10.2.2. For CIFNs C; with corresponding weight vector £ = (&1, &, . . - )T
n
satisfying & > 0 ; > & = 1 and positive real numbers p and ¢, we define a map
j=1
GCIFWBMP4 : Q™ — Q by

pt+q

n

1 ) @((fjcj)p®(€zcz)q) . (10.6)

n(n —1 A
7,l=1
i

GCIFWBM?4(Cy,C,...,Cp) =

Then, GCIFWBM?? is called GCIFWBM operator.

Theorem 10.2.2. For CIFNs C; = ((Cj,ng), (ﬂj,wﬁj)), (j = 1,2,...,n) having associ-
ated weight vector & = (&1,&2,...,&,)T satisfying & > 0 ; i ¢ = 1 and positive real
numbers p and ¢, the aggregated value acquired after using G]EIIFWBM operator is also a
CIFN and is given by

1 (#tml(c-m) ( s<51w,-,19,->>)7
GCIFWBMPA(Cy, Cs, . .., Cr) = pta ’ b " (10.7)

o (ot it )\ (e (B, )

where the terms A; and B; are defined as
Ar(ag,a) = 57 | il D s<t—1<pt(s—1(gjs(xj))) +qt(s—1(§15(xl))))> (10.8)
Jil=1
J#l
and  Biaj,m) =t | oty O t<s-1(ps(t-1<sjt<xj>>) +qs(t-1<slt<xz>>))> (10.9)
j;lzl

Proof. Same as the Theorem 10.2.1. O

10.3 Decision making approach based on proposed opera-
tors
This section presents an MCDM approach in order to evaluate the available alternatives

characterized by different criteria under CIFS environment followed by an illustrative

example.
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10.3.1

Proposed operator based approach

The general description of MCDM problem is given in Section 2.5 of Chapter 2. Sup-

pose that, an expert evaluated these different alternatives V, (u = 1,2,...,m) under

the set of criteria B, (v = 1,2,...,n) and gave their judgement values in terms of the

CIFNs denoted by Cuy = ((Cuwv>Wey,) > (Vuv, wy,,)) where 0 < Cups Yuv, Cun + Y < 1

and 0 < we,,,wy,,, W, + wy,, < 1. The target of the expert is to find out the most

optimal alternative(s) among the available ones. For this, the following steps are summa-

rized for solving the MCDM problems under CIFS environment by utilizing the proposed
GCIFWBM operator.

Step 1:

Step 2:

Step 3:

Step 4:

Collect the preferences given by expert as CIF matrix M = (Cyy)mxn, as follows:

B B ... B,

Vi [Cii Cio ... Cin

M = Vo | Co1 Coo ... Cop
Vm \Cm1 Cm2 ... Cmn

If the criteria possess different types say benefit and cost then, convert cost criteria

into benefit criteria by utilizing the following rule:

o ((Cuv, Wy )s (Vuw,s wqgw)) ;  for benefit criteria
uv
((19w, wy,,, ), (Cuw, wgw)) ; for cost criteria

and obtain the normalized CIF decision matrix Z = (C.,,)mxn

Aggregate the CIFNs C,, (v = 1,2,...,n) for each alternative V, into collective
one C, = ((Cu,wgu), (ﬁu,wgu)) by utilizing the presented GCIFWBM operator

given in Eq. (10.7) for real numbers p, q.

Obtain the score values of aggregated CIFNs Cy, = ((Cu,we, ), (Uu, wy, )) and hence
of the alternatives V,, by using Eq. (10.10) stated as:

SWy) = Cu — Y + we, — wy,,. (10.10)
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However, if any two of the score values of these aggregated numbers are equal
then, compute their corresponding accuracy values using the Eq. (10.11) stated

as:

HVu) = Gu + Pu + we, + wy,. (10.11)
Step 5: Obtain the ordering position of alternatives V, using Definition 6.2.1.

10.3.2 [Illustrative Example

The above MCDM method is illustrated via a case whose results are further compared
with several prevailing studies. The description of the problem is as follows:

State Bank of India (SBI) is a prominent financial service providing government-owned
Indian bank, having its head office in Mumbai, Maharashtra, with 14 regional hubs and 57
zonal offices which are situated at important cities throughout India. The 122nd Amend-
ment Bill of the constitution of India introduced the Goods and Services Tax (GST) in
India with effect from 1 July 2017. GST replaced several existing taxes which include: Ser-
vices Tax, Central excise duty, State level value-added tax, Luxury tax etc. and therefore,
affected all the areas of the business operations. Now, all the offices of the SBI have to
comply in accordance with GST law as per the terms and conditions of the Government.
Therefore, for the effective implementation of GST law, the higher authorities of the bank
make a group meeting in which they decide to procure application software for full com-
pliance under GST law. For this, they consult an information technology (IT) company
which provides them information about five GST software namely: V; : SoftGST, V; :
ClearTax, V5 : Saral GST, V, : Marg ERP 9+ and V5 : GSPINDIA with different software
versions. The SBI authorities constitute a committee of experts which evaluates the GST
software V), on the basis of four criteria namely 28, : User-friendly interface, 85 : Data
security, B3 : Cost and By : Intelligence. Obviously, the changes in the software version
for a similar model of software will influence the criteria. The goal of SBI is to find out the
most optimal software and its version simultaneously. Therefore, this problem has two di-
mensions which are: type of GST software and software version. Therefore, the committee

of the experts provides their assessment values as CIFNs Cy, (v =1,2,...,5;v =1,2,3,4)
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because the CIF model handles two-dimensional information simultaneously. The rating

values of the committee for V) at By are given as C1; = ((0.6,0.8),(0.2,0.2)) which de-

scribes that the committee of the experts is 60% agreed with the suitability of V; at 9B,

and 20% disagrees. The phase term that represents the version of the software is given

as: the expert is 80% satisfied with the suitability of software version at 987 and 20% is

not satisfied. In a similar manner, all data of Table 10.1 can be interpreted. The weight

vector associated with criteria 9B, is £ = (0.4,0.3,0.1, 0.2)T. The main procedure steps,

for fulfilling the required purpose, by using the proposed method are

Step 1:

Step 2:

Step 3:

Step 4:

Step 5:

The rating values of every alternative, given by the committee, are tabulated in

Table 10.1.

As the criteria B3 is of cost type therefore, normalization is needed and the

normalized data is given in the Table 10.2.

Without loss of generality, by taking p,q = 1 and generator t(a) = —log(a) for
0 < a <1 with t(0) = oo, the Eq. (10.7) reduces to the Eq. (10.12) given as:

GCIFWBMP4(Cy,Ca, . .., Cy)

1
2

(1‘ﬁ(1—(1—<1—C;>§J)(1—(1—0)5’))”"‘”) , 1—(1—H(1 (=051 =a)¢)"

o

Jil=1 =1
# 7

(1ﬁ(1(1 (1-wg)®) (1-a- wc)fz))l”) 1(1H(1 (1= wy,)¥ (1 — w,)

Jl=1
J#l J#

Now, utilizing Eq. (10.12), in order to accumulate the CIFNs Cy,, (v = 1,2, . U=
1,2,3,4) into collective one C,, the corresponding results are summarized as:
C1 = ((0.2040,0.1939), (0.7338,0.7643)), C2 = ((0.1300, 0.2008), (0.7820, 0.7429)),
Cs = ((0.1922,0.2293), (0.7231,0.7422)), C4 = ((0.1703,0.1690), (0.7597, 0.7214))
and C; = ((0.2425,0.2015), (0.7160, 0.7169)).

Using these aggregated CIFNs C,, the score values of alternatives V), are obtained
as S(V1) = —1.1002, §(V2) = —1.1941, S(V3) = —1.0439, S(V4) = —1.1418 and
S(V5) = —0.9889.

From these score values, we conclude that the ordering position of V,, is V5 >~ V3 >

V1 = V4 = V5 and hence, the most optimal choice is Vs.
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10.3.3 Influence of the parameters p and ¢ on decision-making result

Further, we discuss the impact of parameters p and ¢q on the decision-making results based
on the GCIFWBM operator, the ranking results by varying p, ¢ simultaneously are shown
in Table 10.3 and the complete variation by fixing one parameter is shown in Figure
10.1. In these results, we arbitrarily choose the four values of ¢ i.e., ¢ = 2,5,8,10 and
discuss the impact on the score values of the alternatives by varying values of p from 1
to 10. Figure 10.1(a) depicts that for p < 3.5326 the ordering position of the alternatives
becomes V5 = V3 = Vi = V4 = Vo and when 3.5326 < p < 8.2591 the order of the ranking
becomes V3 = V5 = V1 = V4 = Vs and for p > 8.2591 the ranking order of the alternatives
is V3 = V1 = V5 = V4 = Vo. However, for p = 3.5326, we obtain S(V3) = S(V;) =
—0.8593 and therefore, we calculate the accuracy of the alternatives V; and V5 and we get
H(Vs) = 1.8853 and H(V5) = 1.8797. Hence, by using the Definition 6.2.1 we get that
V3 = Vs for p = 3.5326. Similarly, for p = 8.5291, we have S(V;) = S(V5) = —0.6976 and
H(OV1) = 1.8722 ; H(V5) = 1.8931 and hence, V5 = Vi. Also, the Figure 10.1 show that
the alternative V; is always superior to Vs, regardless of p, ¢ values however, the ordering
of alternatives V1, V3 and V5 changes by varying p, ¢ values which is shown in Table 10.4.

In the above table p’ denotes the value of p for which S(V;) = S(Vs5). Also, the
Figure 10.1 depict that, for each alternative V,, the maximum score value is obtained at
p=10;¢ =1 and is —0.5811, —0.8470, —0.5420, —0.6462, —0.6171 and the minimum score
value is obtained at p = 1;¢ = 1 and is —1.1002, —1.1941, —1.0439, —1.1418, —0.9889.
From the above study, it has been concluded that the parameters p and ¢ can be chosen in
accordance with the degree of the positive or negative attitude of the decision maker. If the
decision-maker is optimistic then, he/she may choose the large values of the parameters p
and ¢ while applying the BM operator. On the contrary, if the decision-maker is pessimistic
then, he/she may choose the small values of the parameters p and gq. Therefore, for the
most pessimistic and most optimistic decision-maker, the parameters p, ¢ can be assigned
values 1 ; 1 and 1 ; 10 respectively. The choice of p and ¢ values depends upon the
preferences of decision-maker and the nature of the DM problem.

To further prove the effectiveness of the proposed method in this chapter, the im-

pact of a change in p, ¢ values on the decision taken by the decision-maker(s) based on
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GCIFWBM operator is discussed. Figure 10.2 depict the influence on score values by
varying p, g values from 1 to 10. From these figures, it is evident that the ranking order
of the alternatives varies if we alter the values of p and ¢q. However, the optimal alter-
native remains either V3 or V5 and the worst alternative is always V,. Besides this, the
figures also depict that by interchanging the values of p and ¢, the corresponding score
values of the alternatives remain unchanged and this property of interconvertability of p
and ¢ is also evident from Eq. (10.7). This impact of p and ¢ esteems on the decision
makes the presented MCDM method more adaptable as the decision-maker(s) can pick

the parameters by their inclination and handy circumstances.

10.4 Comparative analysis

In order to show the superiority of proposed method, the results of the presented approach
are compared with prevailing CIFS studies [6, 59, 129, 130] as well as IFS studies [156,
175, 188] and are elaborated as follows:

10.4.1 With CIFS studies

In order to prove the validity, superiority, and effectiveness of the proposed MCDM ap-
proach, we solve the presented illustrative example by using the existing CIF weighted
power averaging (CIFWPA) operator [130], CIF weighted averaging (CIFWA) operator
[59], distance measure [6] and weighted Euclidean distance measure [129] under CIF en-
vironment. For comparing the results with distance measures given in [6, 129], we take
the the positive ideal alternative (PIA) (V1) as ideal alternative whose preferences are:
V= (V[V} where Vf = ((mgx{cuv}, mgx{wgw}), (muin{ﬂuv}, muin{wlgw }))
Without loss of generality, we take p = ¢ = 1 and additive generator t(a) = —log(a) for
0 < a <1 with #(0) = oo in the proposed GCIFWBM operator and then the results
obtained by above studies are represented in Table 10.5. The results in Table 10.5 de-
pict that the ranking order of alternatives obtained using the prevailing measures [6, 129]
and the operators [59, 130] is identical with the one obtained on utilizing the proposed
GCIFWBM operator for the cases p = 1;¢g = 1 and p = 1;¢ = 0 and is different when
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p = 1;¢ = 10. Although the ordering position of alternatives remains same in some cases

but the computational difference between the existing methods [6, 59, 129, 130] and the

proposed approach is illustrated as follows:

(i)

(iii)

The CIFWPA operator [130] is based on the simple algebraic operations but the pro-
posed GCIFWBM operator is based on generalized t-norm and co-norm operations.
The algebraic operation is only the special case of the t-norm and co-norm opera-
tions which can be obtained by taking t(a) = —log(a) for 0 < a < 1 with ¢(0) = oc.
Hence, the presented operators are more generalized. Moreover, the proposed oper-
ator captures the interrelationship among the arguments to be aggregated whereas
the CIFWPA operator [130] do not have this property. Besides this, the presence of
the parameters p and ¢ in the proposed operator makes the proposed approach more

flexible.

The CIFWA operator [59] is basic arithmetic weighted averaging operator which fuses
the arguments by considering that the arguments to be aggregated are independent.
In fact, by taking p = 1 and ¢ = 0 the proposed GCIFWBM operator does not
consider the dependency of the arguments and reduces to CIF simple arithmetic
averaging operator. The ranking order of the alternatives obtained by using the
proposed operator for the case p = 1 and ¢ = 0 is given in the Table 10.5 and
is identical with the one obtained on utilizing CIFWA operator which shows the
validity and feasibility of the proposed operator. Thus the proposed operator can be
utilized in both the cases whether the arguments are dependent or independent. If
the arguments to be aggregated are dependent then the decision-maker may choose
q to be any positive real number otherwise ¢ can be taken as 0 for the case when
there is no interconnection among the arguments. Hence, the proposed operator is

more generalized than CIFWA operator.

The ranking order of the alternatives obtained using the distance measure [6] and
weighted Euclidean distance [129] remains identical with the proposed GCIFWBM
operator for some cases. But the results acquired by them do not take into account

any interconnection among the arguments and cannot integrate information. Besides
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this, in [6, 129], the optimality of alternative(s) is assessed based on the distance be-
tween the alternative and PIA. However, taking into account the distance between
alternative and PIA alone or negative ideal alternative (NIA) alone is not sufficient
analysis to conclude the optimality of an alternative. The larger the distance between
alternative and NTA and the smaller the distance between alternative and PIA, the
better the alternative would be. Therefore, the distance of an alternative from PIA
and NIA should be considered simultaneously. Moreover, the decision making meth-
ods given in [6, 129] neglect the decision maker’s preferences and situations of the
problem whereas the presence of parameters p and ¢ in the proposed GCIFWBM
operator allows the decision-maker to choose parameters in accordance with his/her

attitude and preferences. Therefore, the proposed method is more effective and valid.

10.4.2 With IFS studies

In this section, we compare the proposed approach results with existing IFS studies [156,

175, 188]. For this, the phase terms corresponding to membership and non-membership

degrees in each CIFN has been set to zero. Then, a comparative analysis is conducted with

IFWBM operator [188], intuitionistic fuzzy power weighted averaging (IFPWA) operator

[175] and intuitionistic fuzzy weighted einstein averaging (IFEWA) operator [156] and the

corresponding results are tabulated in Table 10.6.

(i) The values depicts that on applying the IFWBM operator [188], the obtained score

values are identical with the one obtained using proposed GCIFWBM operator.
Thus, by setting the phase term of membership and non-membership degrees corre-
sponding to each CIFN equal to zero and on taking the additive generator t(a) =
—log(a) for 0 < a < 1 with #(0) = oo in the proposed GCIFWBM operator, this op-
erator reduces to the existing IFWBM operator [188]. This gives that the presented
operator can handle CIFS as well as IFS data and the existing [FWBM operator
is just one of its special cases. Moreover, the IFWBM operator is based on simple
algebraic operations. On the other hand, the proposed GCIFBM operator is based
on t-norm and co-norm operations and algebraic operations are just special cases of

t-norm and co-norm operations.
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(ii) The ranking order of alternatives obtained using the IFWPA operator [175] is iden-
tical with the proposed operator results. But there are computational differences
between the proposed operators and the prevailing IFWPA operator. The IFWPA
operator fuses one-dimensional data whereas the proposed GCIFWBM operator ag-
gregates two-dimensional data. Besides this, IFWPA operator arguments reinforce
and support each other. This operator does not consider the direct interrelationship
among all pairs of arguments to be aggregated whereas the proposed operators have

this property.

(iii) From the table, we can see that on using the existing IFEWA operator [156], the
ordering position of the alternatives remains same with the one obtained on utilizing
the proposed GCIFWBM operator. The IFEWA operator aggregates the argument
by assuming that the arguments to be fused are independent. Also, by taking ¢ = 0
in the proposed GCIFWBM operator, it does not consider the interconnection among
arguments. Therefore, by taking p = 1;q = 0, the obtained corresponding results
are tabulated in Table 10.6 which are identical with the existing IFEWA operator.
This shows the reliability and validity of the proposed operator and also it can be
used in both the situations whether the arguments are dependent or independent.
Moreover, the prevailing IFEWA operator is based on Einstein operations which are
just one of the special cases of t-norm and co-norm operations. Hence, the presented

operator is more generalized and can be used in complex situations as well.

10.4.3 Further discussion

In addition to the above comparative studies, we give some characteristic comparison of our
proposed MCDM approach and the DM methods proposed in [6, 59, 129, 130, 156, 175, 18|
which are tabulated in Table 10.7.

In this table, the symbol ‘v’ describes that the associated DM approach uses gener-
alized operators based on t-norm and co-norm, encapsulates the interrelationship among
criteria, tackles with time-periodic problems, can represent two-dimensional information
simultaneously, can fuse information and reflect decision-maker’s preferences whereas the

symbol ‘x’ means that the corresponding method fails. The values, tabulated in Table 10.7
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depict that the operators presented in [59] and our proposed AOs are based on t-norms
and co-norms. Also, the operators proposed in [188] are special cases of proposed oper-
ators and therefore, our presented work is more generalized and can be utilized to solve
DM problems under FS, IFS and CFS environment also. The decision-maker may choose
the desired norm during the aggregation process in accordance with his/her attitude and
situation. Further, the AOs presented in [188] and our proposed operators take into ac-
count the interrelationship among the arguments during aggregation process whereas the
operators are given in [59, 156] accumulate the numbers by considering that the arguments
to be collected are independent of one another. Besides this, the MCDM methods pro-
posed in [156, 175, 188] deal with real membership and non-membership degrees, which
fail to handle time-periodic problems and cannot represent more than one-dimensional
information in one set. On the other hand, the proposed method can handle complex
problems which involve periodicity and can aggregate two-dimensional data together in
one set. Moreover, the MCDM methods developed in [6, 129] do not have a function of
fusing information whereas the approaches defined in [59, 130, 156, 175, 188] integrate the
different input arguments into a single representative. Also, the presence of parameters in
operators given in [188] and the presented operators allow the decision maker to choose
the parameters in accordance with his/her attitude and the situation of the problem. This
discussion leads to the conclusion that the presented approach can handle time-periodic
complex problems more efficiently which are either difficult or impossible to be solved

using existing theories [156, 175, 188].

10.4.4 Validity Test

To validate the efficiency of the proposed MCDM method, we perform certain test given
by Wang and Triantaphyllou [162] on to considered problem.

Test by criterion 1: The best alternative remains same by replacing a non-optimal
alternative with another worse alternative: We choose a non-optimal alternative Vo and
rating value of it is replaced by an arbitrary worse alternative V!, which are given as
Vi = {((0.3,0.2), (0.5,0.6)), ((0.1,0.5), (0.4,0.4)) , ((0.2,0.1), (0.7,0.8)), ((0.1,0.4),
(0.5, 0.4)) } Now, the proposed approach is applied and hence, the final score values of each
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alternative V), are obtained as: S(V1) = —1.1002, S(V}) = —1.4163, S(V3) = —1.0439,
S(Vy) = —1.1419 and S(V5) = —0.9889. Hence, ordering position of alternatives becomes:
Vs = V3 = Vi > V4 = V) which gives that the best alternative is still V5 and therefore, the
presented DM method is valid.

Test by criteria 2 & 3: An MCDM method shows transitive property and rank-
ing remains same even by decomposing the MCDM problem into smaller problems Un-
der it, we divide the given DM problem into four smaller problems as: {Vi, Vs, V3, V4},
{V2, V3, V1, V5}, {V3, V4, V5, V1} and {V4, V5, V1, Va}. Now by following the steps of pro-
posed MCDM approach, using GCIFWBM operator, the ranking order corresponding to
each subproblem is V3 = V1 = V4 = Vo, V5 = V3 = Vs > Vo, V5 > V3 = V1 = V4 and
Vs = V1 = V4 = Vs respectively and hence the overall combined ranking is V5 >~ V3 >
V1 = V4 = V5. Thus, we observe that the combined ranking does not alter.

Hence, we conclude the proposed method fulfill these test criteria.

10.5 Conclusion

The key contribution of this chapter is outlined as follows:

1) New mean-type operators namely GCIFBM and GCIFWBM are presented which are
more generalized and reduce to several existing operators by giving different forms to

additive generator t and by taking different values of p and gq.

2) The proposed operators are developed using generalized TC and TN operations and
give the choice to decision-maker to choose appropriate additive generator in accordance

with his/her preferences and the situation

3) An MCDM approach is presented for solving DM problems which involve dependent
arguments. An example is illustrated in order to justify the application of the presented
work in real life. Also, the proposed approach is validated by comparing the results of

the example with existing studies and by using validity test criteria.

4) Furthermore, the impact of the parameters p and g used in the proposed AO on to the

score values of alternatives is discussed in detail.
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10.6 Appendix: Proof of the Results

Proof of the Theorem 10.2.1:

Proof. The first part of the result follows from the Theorem 6.2.5. Now, we will show that

Eq. (10.2) holds. For positive real numbers p, ¢ and CIFNs C;, we have:

7 - () o)
¢ = (' (at@). ¢! thcl Hasn)). s~ (aswa) ))

)
d (Pec) = £ (pt(¢)) + at(@) 5 +q$w’))
o t l(pt we,) + at( wcz s ps W, +q8(wﬂl)>
(

Now, in light to prove the truthfulness of Eq. (10.2), firstly we shall show that the
following Eq. (10.13) holds.
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Thus, the Eq. (10.13) holds when n = 2.

Step 2: Consider that Eq. (10.13) is true when n = m, where m € Z*. Then,

é (c;’ ® clq)

7,l=1
J#l
s (Z 5<fl(Pt<Cj) +qt(<z>>>) : ! (Z t<s*1(ps(z9j) +qs(191))>) ,
7=l ji=1
= ! , # (10.14)
et (]%1 s(t—l(pt(wcy') + qt(wﬂ))) 1 (]%175(.9_1(]78(11119]) + qs(um))))
then for n = m + 1, we obtain
m+1
D (croc)
]7l:1
J#l
= | D (Cf@@cf) ® (@ <C ®Cm+1>) (@( +1®C‘1)> (10.15)
J#l

Now, we shall prove the following Eq. (10.16) by the principle of induction on m
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e

= « , (10.16)

st ( s(t*l(pt(w@) +qt(wgmﬂ))>) ! (it<51(p5(wﬂ]) +¢15(w0m+1))>)
J

Step 2a: For m = 2:

629 (och)=(ech,) e (dec,)

Jj=1

() + atnn). ) (sl(pswlquwml)), ))

£ (ptlw,) + atlug,,,) )\ 57 (pstwn,) + as(wn,,,,))

. i I(Pt G2) + qt(Cma1 )) (sl(p5(02)+q5(19m+1)>, ))

t 1(pt C2) + qt(Cm1 ) s (ps(w%) + qs(wﬂmﬂ))

NgE

I
—
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Step 2b:

|

—

j=

122;5 pt we;) + qt(we,, ))>) a (JZZ:t(S (PS e +QS(wﬂm+l))>>

Thus, Eq. (10.16) holds when m = 2.

-1

1(]215 (p(G) + at cm+1))>)7 t 1<Zt<5 H(psto +q*<”m“))>>’
o

—

Consider that Eq. (10.16) is true for m = mg, where my is an arbitrary
positive integer, i.e.,

mo

P (¢t @)

j=1

(Z ( H(pt(6) + at(G u+1))>), 1(
57! (j] s(tl(Pt(wc])+qt(’wcmn+1)>>) | ! (

J

t(a ( )+ qs(Vn, 0+1)>>>7
t(;l (ps(w,g]) +qs(wo,,, 4 )) ))

Mz T
hE

then for m = mg + 1, we have

mo+1 mo

P (¢ @Chz) =D (CChr2)  (Chyir ©Chiyin
=1 j=1
s (:ilb( t! (pt(Cj) +qt(Cm0+2)>>) ; t (%1‘(8 (psw + qs(Vy, U+2

0
st ( 5< (pt(w<])+qt W r2) ) ( s~ pe(wﬂj + gs(wy,, U“
Jj= J=1

)
t ™M (pt(Gmo41) + gt Cmo+2) ) ( 1(193 mo+1) + qs(V mo+2 )

,_‘

1 -1
a (pt wC’”O“ )+ at( Wemg+2 ) (ps mo+1 ) +as wﬁmwz

mo+1
s (Z S( (pt<<]) +qt Cm;+2 ) s ( s ) +aqs(d mL+2
_ =

mo+1 mo+1
57! Z s(til(pt(wcj)+qt(w4m0+2)>> ! Z t(s <p9 wy;) + qs( U}ﬁm)+2

j=1 j=1

Thus, Eq. (10.16) holds for m = mg + 1 and hence, Eq. (10.16) is true V m.

Similarly, we can prove that

é (Cp 11 ®Cq>

=1

=1

m

51 (Z 5 <t‘1 (pt(“1<m+1) + qt(“’ﬁ)))

=1

s <i5<t1 (pt(Gns) +qt(<z>))) [ <it(sl (ps(Oms) +qs(ﬂ1))>> ,

(10.17)
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Further, using the Egs. (10.14), (10.16) and (10.17) in Eq. (10.15) we obtain:

m+1

D (c;? ® c,q)

J,i=1
L

@ jzl
Bl -
([ e tem)
( w))

Jil=1

s (mil s< (pt(C]) + qf((t)))
(mil s (t_l (pt(wc,) + qt(%))))

Thus, Eq.

positive integer n.

m
1 (Zt(s ps(wy;) + gs(wy,) )
7l=1

-t 3 s~ (ps(9; S ,
t (;lt( (v (191)+q(191>)>),

i)+ gs(9

)
>
>

s Sw§m+ —+ gs( ugl )

(5 (st + qsw)))

Now, by using operational law, as defined in Definition 6.2.2, we obtain:

Jil=1
A

51 (n(nl 5 NZH% 9< 1 (pt(wg) + qt(w@)))

51 (n(nl 5 i s<t_1(pt(<j) + qt((,)))) ,

nn—1) i t<.5'_1<p5(19]') + qs(ﬁﬂ))) ,

n(n{ 5 zn: t(s’l (ps(wlsj) + qs(wﬁl))>)
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(10.13) is valid, when n = m + 1 and therefore, Eq. (10.13) is true for each
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Further, by using operational law, as stated in Definition 6.2.2 and on utilizing Defi-

nition 10.2.1, we have:

p+a
1 n
GCIFBM?4(Cq,Co,...,Cp) = | — C’w !
(C1,Ce,- -, Cn) n(n—1) SB<]® l)
J#
1 1 -
T —— | s s(t_l(pt G+ qt(¢ )) ,
p+q n(n—l)jlz_:1 (G) (G)
J#
1 1 -
| —t | s —— s(t 1(pt we,) + qt(w )
B i
1 1 -
—1 —1 —1
s s|t _ t| s ( )+ gs( 19l
p+q n(n—l)g_:l ( s
G
1 1 -
-1 -1
s st S t{ s (pswg + gs(wy ))
p+q n(n—l)jlz_1 ( ( !
J#

which proves the result given in Eq. (10.2).

Proof of the Property 10.2.1:

Proof. Let Cy = ((Cg,wco),(ﬁo,wlgo)). Now, C; = Cp implies that {; = (o, ¥; = o,
we, = We,, Wy; = Wy, for all j. Then, from Eqgs. (10.3) and (10.4), we have

n

AlGo;¢) = s 1) > 8<t_1(Pt(Co) + qt(Co)))

n(n—1 =

= s (ml)“(n - 1)3<t_1 (pt(Co) + qt(Co))))

~ (<p+q> (6))

Similarly, we have B(9g,9) = s~ (p + q)s (190)).
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Thus, by using Theorem 10.2.1, we get

GCIFBMPY(Cy,Ca, ... ,Cp)
(“ (5t (7 (o)) ).
t! (I%qt( <p+q (we, )))

=
~ +
L

| (sl (s (7 (0 0s00)) ))
(s (7 (0 stun))

(i) (s (e asn)
t (i(p + Q)t(wco)> s (piq(p + Q)S(wﬂo)>
= ((C(J?wCo)v (ﬂOawﬂo))
Hence, GCIFBMP4(Cy,Cs .. .Cp) = Co. O

Proof of the Property 10.2.2:

Proof. Let C = GCIFBMP%(Cy,Cs, . .., Cp) = ((Ce, we, ), (U¢, wy,)) and Z = GCIFBMP4( 2y,
22’”.72”) = ((CZ’wCz)7 (192,’11)192)) such that CC]. S CZj, 19Cj 2 192]., chj S U)Czj and

Wy, = Wy V j. As, (¢; < (z; and ¢, s are decreasing and increasing functions respec-

tivejly.
= pt(lc,) + qt(le) > pt(Cz;) + qt(Cz,)
=t (pt(Ce,) + qt(Ge)) <t (pt(Cz,) + qt(ch)

= s G, +at(ca) ) < (7 ¢z, +at(cz)

1 ~ 3 L
N n(n—l);::lsG (pt(Ce,) + qt(Ce,) ) < ;;ls(t (pt(Cz;) + qt(Czl))>
J#l
= (Mﬂils(ﬂ (p(Ge,) +at(ée)) )) <s! (Mﬂiﬁ(tl (#(C2;) + at(Cz) ))
i i

Le., A(le,,¢e) < Az, ¢z)
= t(All ) =t (AlCz,¢z)
-1 1 -1 L
= ¢ <p+ t(A (C@a(&)))ﬁt <p+qt(A(CZjv<Zz)))
= (¢ <(z

Also, ¥¢; > ¥z; which implies that ps(Jc;) + gs(Jc,) > ps(¥z;) + ps(Vz,) and hence
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t(sil (ps(ﬁcj> + qs(ﬁcl)) ) < t(Sfl (ps(vﬂgj) + qs(ﬁgl)) ) Therefore,

n n

- n(nl—l) > t(s7 (ps(de,) + as(9ar)) < n(nl—l) Dt (s (ps(9z,) +as(92,)))
¢ ¢
= B(ﬁcj,ﬁcl) > B(ﬁgj,ﬂzl)
= 5(B(dc,,0¢,) > s (B(¥z,,z))
_ 1 _ 1
= s (B te) ) 2 5 (S (B002,.02) )
= ¢ 2>z

Similarly, we can prove that w¢, < w¢, and wy, > wy,. Hence, using the Definition

2.1.10, we obtain that GCIFBMP4(Cy, Co,...,C,) C GCIFBM?Y (2, Zy, ..., Z,). O
Proof of the Property 10.2.3:

Proof. Since, C~ C C; C C*V j. Then, by using Property 10.2.2, we have GCIFBMP4(C~,
C™,...,C7) C GCIFBMP4(Cy, Cy...Cp) € GCIFBMP4(C*T,C*,...,C"). Further, by us-
ing Property 10.2.1, we obtain that C~ C GCIFBM?4(Cy,Cs,..., C,) C Ct, which com-

pletes the proof. O
Proof of the Property 10.2.4:

Proof. As (Cl,Cg, ... ,Cn) is a permutation of (Cl,CQ7 . ,Cn). Therefore,

n ﬁ n . . ﬁ
GCIFBMPI(C1, Gy, ., Co) = | iy ( B (o) = | | @ (¢ed)

=t Jl=t

= GCIFBMP4(Cy,Cy, .. .,Cp)

Hence, GCIFBMP4(Cy,Ca, . .. ,Cp) = GCIFBMPY(Cy,Ca, . . ., Cp). O
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Table 10.1: Input values in terms of CIFNs
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Table 10.2: Normalized rating values
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Table 10.3: Effect of p and ¢ on the ranking of alternatives

q|p Score values of Ranking
Wi Vs Vs Vs Vs order
1| —1.1002 —1.1941 —1.0439 —-1.1418 —0.9889 | V5> V3>V > V4> Vs
1 2| —1.0243 —1.1444 —0.9662 —1.0788 —0.9335 | V5 > V3>V > Vs> Vs
31 —0.9313 —1.0832 —0.8760 —0.9929 —0.8713 | V5> V3=V > Vs> Vs
41 —0.8475 —1.0280 —0.7968 —0.9130 —0.8154 | V3> V5>V > V4> Vo
1| —-0.9313 —1.0832 —0.8760 —0.9929 —0.8713 | V5> V3=V > Vs> Vs
3 2| —-09619 —-1.1012 —-0.8912 —1.0410 —0.8811 | V5= V3 >=V; = V4> Vs
31 —0.9463 —1.0894 —0.8650 —1.0385 —0.8648 | V5> V3>V > V4> Vo
4| —0.9099 —-1.0644 —0.8262 —1.0077 —0.8393 | V3> V5>V > V4> Vs
1| —0.7781 —0.9820 —0.7316 —0.8457 —0.7675 | V3> V5=V > V4> Vs
5 2| —-0.8408 —-1.0210 —-0.7772 —0.9248 —0.8009 | V3 > V5 = V1 = V4 > Vs
3| —0.8657 —1.0350 —0.7851 —0.9651 —0.8104 | V3> V5> V1> V4> Vo
41 —0.8709 —1.0358 —0.7777 —0.9815 —0.8087 | V3= V5=V > Vs> Vs
1] —-0.6764 —0.9134 —0.6347 —0.7444 —0.6926 | V3> V1 > V5> V4> Vs
7 2| —0.7444 —0.9568 —0.6881 —0.8278 —0.7328 | V3= V5= Vi = Vs> Vs
31 —0.7818 —0.9795 —0.7097 —0.8801 —0.7534 | V3> V5>V > Vs> Vs
41 —0.8037 —0.9913 —-0.7178 —0.9138 —0.7643 | V3> V5> V1 > V4 > Vo
1| —0.6076 —0.8657 —0.5679 —0.6738 —0.6386 | V3> Vi = Vs> Vs> Vs
9 2| —-0.6739 —-0.9087 —-0.6217 —0.7543 —0.6795 | V3>V > V5> Vs> Vs
3| —0.7147 —-0.9344 —-0.6486 —0.8094 —0.7041 | V3> Vs>V > Vs> Vo
4| —0.7420 —-0.9505 —0.6635 —0.8436 —0.7205 | V3> V5> V1> V4> Vo
Table 10.4: Analysis of the Figures 10.1(b), 10.1(c) and 10.1(d)
Figure | Value of p’ | Accuracy for p = Ranking of the alternatives
p/
When p < p/ ‘ When p = p/ ‘ When p > p/
10.1(b) — - Vi=Vs = V1= Vi =Wy
10.1(c) 1.9015 HV1) = 1.8730, | V3 = Vi = Vs = | V3 > Vs = Vi = | V3 > V5 > V; >
H(Vs) =1.8033 | V=W ViV Vi = Vs
10.1(d) 2.7028 HOV1) = 18673, | Vs = V1 = Vs = | Vs = Vs =V = | V3 = V5 = V) >~
H(Vs) =1.8015 | Vi = Vs ViV ViV
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Table 10.5: Comparative Analysis results with CIFS studies

Score values
. k
Method used Vi v Vs Vi v Ranking

Rani and Garg [130] | 0.7175 0.4597 0.8160 0.6263 0.8443 | V5 = V3 = Vi = V4 > Vo
method based on
CIFWPA operator

Garg and Rani [59] | 0.7312 0.4600 0.8191 0.6309 0.8475 | Vs >= Vs = V1 =V = Vs
method based on
CIFWA operator

Alkouri and Salleh [6] - Vs =V3 =V =Vs>=Vo
method based on Dis-
tance measure

Rani and Garg [129] - Vs = V3 =V = Vs =V
method based on Eu-
clidean distance mea-
sure

The proposed method | -1.1002 -1.1941 -1.0439 -1.1418 -0.9889 | V5 = V3 = V1 = V4 = Vs
based on GCIFWPA
operator (p=1;¢=1)

The proposed method | -0.5811 -0.8470 -0.5420 -0.6462 -0.6171 | V3= Vi = V5 = V4= Vo
based on GCIFWPA
operator (p = 1;¢ = 10)

The proposed method | -0.9947 -1.1356 -0.9389 -1.0369 -0.9196 | V5 > V3 > V1 > V4 > Vs
based on GCIFWPA

operator (p = 1;¢9 =0)

Table 10.6: Comparative Analysis results with IF'S studies

Score values .
Method used A v Vs Vi Vs Ranking

Xu and Yager [188] method | -0.5298 -0.6521 -0.5309 -0.5894 -0.4735 | V5 = V1 > V3 = V4 = Vo
based on IFBM operator

(p=1q9=1)

Xu [175] method based on | 0.3750  0.1118  0.3556  0.2273  0.4735 | Vs = V1 = V3 = V4 = Vs
IFPWA operator

Wang and Liu [156] | 0.3754 0.1059 0.3482  0.2077 0.4756 | V5 = V1 > V3 = V4 = Vo
method based on IFEWA
operator

The proposed based on | -0.5298 -0.6521 -0.5309 -0.5894 -0.4735 | Vs> Vi >=V3>=Vy > Vs
GCIFWPA operator (p =

Lg=1)

The proposed based on | -0.4871 -0.6256 -0.5015 -0.5774 -0.4278 | V5 > V1 > V3> V4= Vs
GCIFWPA operator (p =
L¢=0)
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Table 10.7: The characteristic comparison of different approaches

Method

Generalized operators based ~Captures interrelationship ~ Ability to capture information

on t-norm and t-conorm

among arguments

using complex numbers

Ability to handle

two-dimensional information

Ability to

integrate Information

Flexible according to

decision-maker’s preferences

Rani and Garg [130]
Garg and Rani [59]
Alkouri and Salleh [6]
Rani and Garg [129]
Xu and Yager [188]
Xu [175]

Wang and Liu [156]

X

v

X

X

v

v
v
v

v

v
v
v

X

v
'

X

X

The proposed approach

N RN




Chapter 11

New prioritized aggregation
operators with priority degrees
among priority orders for complex
intuitionistic fuzzy information

The objective of this chapter is to present some new prioritized aggregation operators by
considering priority degrees among priority orders for aggregating CIFNs. In it, we present
prioritized averaging and geometric operators with and without priority degrees based on
basic unit interval monotonic function. Some properties related to proposed operators and
priority degrees are explored. Further, a group decision-making method is put forward
and is illustrated with the aid of an example. The influence of the priority degrees on

aggregation result is also discussed.

11.1 Introduction

In most of the practical multi-criteria decision-making (MCDM) problems, it is often re-
quired to accumulate some numerical values and this is when aggregation operators (AOs)
play a fundamental role. However, we encounter many situations in which there exists

strict prioritization relationship among the arguments to be aggregated. For instance, if

!The content of this chapter is published as “New prioritized aggregation operators with priority de-
grees among priority orders for complex intuitionistic fuzzy information”, Journal of Ambient Intelligence
and Humanized Computing, Springer, pp. 1 - 27, 2021, doi: 10.1007/s12652-021-03164-2 (SCI: Impact
Factor: 7.104)
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we wish to purchase a plot in order to build home for residential purposes over the criteria
of utility access (281), location (B2) and cost (B3) then, we do not want to give up utility
access over location and location over cost. That is, in this situation there exists strict
prioritization among criteria such that B; = Bo = B3 where ‘>~ indicates preferred to.
To deal with such prioritized MCDM issues, Yager [191], proposed a series of AOs such as
prioritized scoring, prioritized averaging, prioritized “and” and prioritized “or” operators.
Besides this, Yager [193] developed prioritized ordered weighted averaging operator based
on the basic unit interval monotonic (BUM) function.

Inspired by the features of the CIF'S model and importance of information aggregation,
this chapter is focussed on exploring CIF prioritized operators by considering priority
degrees among strict priority levels. In order to illustrate the concept of priority degrees,
again consider the example of purchasing a plot as given above. Each priority level will
be assigned a real non-negative number, called as priority degree. In the considered
example, since B = Bo = Bj. The first priority order B, = B is assigned a priority
degree d; where 0 < d; < oo and then, this prioritization relationship is expressed as
B1 >4, Bo. Similarly, the second priority order By > B3 is assigned a priority degree d
where 0 < ds < oo and this prioritization relationship among B2 and B3 is expressed as
Bo =4, Bs. Thus, a two dimensional vector d = (dy, d2) is assigned to prioritized criteria
81 > By > B3 and hence, this relationship is expressed as By >4, Bo >4, Bz. Now, we

illustrate the three special cases related to priority degrees as follows:

(1) If someone wants to pay extreme attention to the first criteria then, the first priority
degree d; should be taken very large. Further, in this chapter, we will prove that
when d; — oo, then the aggregated value depends on first criteria only and the other

criteria values get ignored.

(2) If priority degree vector is considered as zero vector i.e., d = (0,0) then, we will prove
that, all the criteria become equally important and no prioritization remains among

the criteria.

(3) If each priority degree is equal to one i.e., d = (1, 1) then, there exists normal prioriti-

zation among the criteria and we will prove that in this case proposed CIF prioritized
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averaging operators with and without degrees become identical.

Thus, by considering the concept of priority degrees, we propose CIF prioritized av-
eraging and geometric operators without priority degrees (CIFPrA,CIFPrG), CIF pri-
oritized averaging and geometric operators with priority degrees (CIFPrA,, CIFPrGy),
CIF prioritized ordered weighted averaging and geometric operators with priority degrees
(CIFPrOWA 4, CIFPrOWGy). Properties related to AOs and propositions by taking dif-
ferent priority vectors are proved. Furthermore, a group DM methodology is presented by
considering the multi-dimensional complex data sets and is applied on a real life problem
related to Indian stock exchange. The proposed DM method is validated by performing
comparative studies with existing theories. Because of the discussed advantages of prior-
itized aggregation, priority degrees and CIFSs, it is essential to develop AOs under this
environment for addressing those problems, which are either impossible or difficult to be

handled with one dimensional grades of membership.

11.2 Proposed CIF prioritized operators with and without
priority degrees
In this section, we propose some weighted averaging and geometric operators and discuss

their various characteristics. For it, firstly we define the score and accuracy functions as

follows:

Definition 11.2.1. For CIFN C = ((¢,w¢), (¥, wy)), the score S and accuracy H functions

are

2+ (¢ -V +we—wy

s = ; : (11.1)
and H(C) = 2+C+Q9Zw<+wﬂ (11.2)

such that 0 < S(C) <1 and 0 < H(C) < 1. Based on these functions, if S(C;) > S(Cz2) or
S(C1) = 8(Cz) and H(Cy) > H(Ca) then, C; > C2 which indicates that CIFN C; is superior
to CQ.
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11.2.1 CIF prioritized averaging operator

Let C; = (({’j.wg) , (ﬁj,ng)) (j =1,2,...,n) be a collection of “n” CIFNs having prior-
itization relationship among them such as C; = C2 = ... = C, where C; > C;41 indicates
that the CIFN C; has higher priority than Cj;; for each j € {1,2,...,n —1}. We denote
the collection of all such CIFNs by ©.

Definition 11.2.2. A CIFPrA operator is a map CIFPrA : O™ — O defined as:

CIFPIA(Cl, Co,... ,Cn) = 01 PECID ... PELC, (11.3)
j—1

where &; = L T; = [[ S(G) for each j € {2,3,...,n} and 77 = 1. Then CIFPrA
> T; I=1

j=1
operator is known as CIF prioritized averaging operator.

Theorem 11.2.1. The aggregated value of C; (j = 1,2,...,n) obtained by using proposed
CIFPrA operator is still CIFN and is given as

-TTa-6)%) | TT@)*.
CIFPrA(C1,Ca, ..., Cn) = = N (11.4)
=TT =we)¥ | TT (ws))®
j=1 j=1

Proof. 1t can be obtained by implementing operations given in Definition 9.2.1 of Chapter
9 on the Eq. (11.3). O

Further, it is observed that the proposed CIFPrA operator satisfies the properties of
idempotency and boundary and does not satisfy monotonicity. These can be demonstrated

as follows:

Property 11.2.1. If Cy be another CIFN such that C; = Cy V j then, we have
CIFPrA(Cy,Ca,...,Cp) = Co

Proof. Let Co = ((Co,we, ), (Yo, wy,)) be such that C; = Cy. It implies that (; = (o, ¥; = Vo,

we; = wg, and wy,; = wy, for all j. Also, by using Definition 11.2.2, we get that ;31 & =1
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Hence, using Theorem 11.2.1, we have

CIFPI"A(Cl, CQ, . ,Cn)

o) i)

J=1

- ( (1 - (1 wg) @) , ((z%)ﬂzlg” (g 5]) )

= ((Coﬂ%)» (190’“’190))

S

Hence, CIFPrA(Cy,Co,...,Cyn) = Co. O

Property 11.2.2. Let ¢~ = ((min{¢;}, min{w,}), (max{d;}, max{wy,})) and C* =
j j j j

((max{¢;}, max{we,}), (min{;}, min{wy, })) be the lower and upper bounds respectively
J J J J

of CIFNs Cj = ((Cj,'ng), (19]',11)19],)). Then,
C~ C CIFPrA(Cy,Co,...,Cp) CCT

Proof. Let CIFPrA(C,Ca,...,Cp) = ((cc,w@), (ﬁc,wﬁc)). For a CIFN C;, we have

IA

n 3
min{¢;} < ¢; < max{(;} = l—max{¢;} <1-¢; <1-min{(} = ‘H1 (1—max{Cj}>
j=

1 (1 = Cj)gj < jﬁl (1 - min{Cj})gj = (1 - maX{Cj}>j§€j < 11 (1 - Cj)gj

i=1 ‘

IN

J=1

IN

> g n 3
(1 - min{Cj}>j:1 = 1 —max{¢;} < ] <1 - Cj) < 1 —min{¢;} = min{¢;}
j=1

n

&
1-1] (1 - Cj) < max{(;}. Hence, min{(;} < (¢ < max{¢;}. Also, min{d;}
j=1
& i &5
(max{@-}) = <min{19j}>]=1
> &

I 19? < (max{%}) =t = min{¥;} < ¥¢ < max{¥,}. Similarly, we can obtain that
j=1

IN

IN

s

n 5]' n
9; < max{¥;} = [] <min{19j}> < 197 <
j=1 j=1 j=1

mjin{wg} < we, < mjax{ng} and mjin{wqgj} <wy, < mj;xx{ng}. Hence, by using Defini-

tion 2.1.10, we obtain that C~ C CIFPrA(Cy,Ca,...,Cy) CC™. O
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Remark 11.2.1. Further, it is noticed that the proposed CIFPrA operator is not mono-
tonic. That is, there exist collections of CIFNs C; and Z; where j = 1,2,...,n such that
Cj - Zj for each j but CIFPI‘A(Cl, CQ, ce ,Cn) g CIFPI‘A(Zl, ZQ, cey Zn)

In order to prove that the proposed CIFPrA operator is not monotonic, we give an

example as follows:

Example 11.2.1. Consider two collections of CIFNs C; and Z; (j = 1,2,3) such that
C1 = ((0.7,0.7),(0.2,0.2)), C; = ((0.5,0.5),(0.4,0.4)), C3 = ((0.2,0.2),(0.7,0.7)) and
Z; = ((0.71,0.71),(0.2,0.2)), Z5 = ((0.6,0.6),(0.4,0.4)), Z3 = ((0.25,0.25),(0.7,0.7)).
Evidently, C; C Z; for each j = 1,2,3. Now, firstly we aggregate C; (j = 1,2,3) using
proposed CIFPrA operator. Using the Eq. (11.1), we obtain that S(C;) = 0.7500, S(C2) =
0.5500 and S(C3) = 0.2500. Now, using 7T = jl_[l S(C) for j = 2,3,...,n, we get that

= S(C1) = 0.7500 and T3 = S§C1)S(C2) = 0 7500 x 0.5500 = 0.4125. Also, we have

defined T = 1. It implies that )  7; = 14 0.7500 + 0.4125 = 2.1625. Further, using
7j=1

__T 0.7500 0.4125
§ = f)JT' = 57¢o5 1625 = 0.4624; & = 5755r = 0.3468 and &3 = 57552 = 0.1908.
J
Jj=1
Now, using the Theorem 11.2.1, we obtain that
3
IT (1= ¢)% = (1 —0.7)°46 x (1 — 0.5)03468 x (1 - 0.2)%19% = 0.4318
j=1
3 3
Similarly, we can obtain that H (1- wCJ)EJ = 04318, [] (ﬁj)Sj =0.3230 and [] (wﬂj)gj =
j=1 j=1 7j=1

0.3230. Further, on utilizing Eq. (11.4), we get that

CIFPrA(Cy,Ca,C3) = ((1—0.4318,1—0.4318), (0.3230,0.3230) )

—  ((0.5682,0.5682) , (0.3230,0.3230))

Proceeding in the similar manner, we may obtain that CIFPrA (2, Z,, Z3) = ((0.60667 0.6066),
(0.3278,0.3278)), which gives that CIFPrA(C,Cs,C3) C CIFPrA(Zy, 25, Z3).

11.2.2 CIFPrA operator with priority degrees

Here, we consider C; = ((Cj.wcj) , (19j,w19j)) (j =1,2,...,n), a collection of “n” CIFNs

having a prioritization among them expressed by the strict priority orders C; >4, C2 >4,
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. =d,_, Cn where Cj =4, Cj41 means that the CIFN C; has a d; higher priority than
Cjy1 and d = (di,da,...,d,—1) is the priority degree vector satisfying 0 < d; < oo for
j€{1,2,...n—1}. We denote the collection of such CIFNs having strict priority orders

along with priority degrees by Oy.

Definition 11.2.3. A CIFPrA, operator is a map CIFPrA, : © — 04 defined as:

CIFPrA4(C1,Cs,...,Cn) = &9ciaelc 0. 0ce, (11.5)
@ _ T @ _ d .
where {7 = @ ;7 = 11:11 (8(Cp))™ for each j € {2,3,...,n} and T} = 1. Then,
j=1 7 B

CIFPrA, operator is known as CIF prioritized averaging operator along with priority

degrees.

Theorem 11.2.2. The aggregated value of C; (j = 1,2,...,n) obtained by using proposed
CIFPrA, operator is still CIFN and is given as

" () " (@
1-TTGa=-¢)% ) [ TTw)®
CIFPrA4(C1,Co, ... ,Cp) = = Y = . (11.6)
1= (= we,)® H o

Proof. 1t can be proved by utilizing Eq. (11.5) and the operations defined in Definition
9.2.1. O

Also, it is analyzed that the proposed CIFPrA, operator is idempotent and bounded.
Besides this, it also satisfies the following propositions.

Proposition 11.2.1. For CIFNs C;, we have

lim N CIFPI‘Ad(Cl,CQ, ce ,Cn) = CIFPTA(Cl,CQ, ce ,Cn) (117)

(d1,dgsee ydp_1

—(1,1,...,1)
Proof. For (dy,ds,...,dy—1) — (1,1,...,1) we obtalnthatT H (S (CZ))dl = [[S(G) =
=1 =1
T}, which gives that £§d) — ;. Hence,
lim  CIFPrA.(C1,Co ) = lim (P ag’ce.. eglc,)
(dl,d(2 ..... dnxl) (dlvd(2 44444 dn;l) 1 2 "
—(1,1,..., 1 —(1,1,..., 1

= LG DD ..., DL,
= CIFPFA(Cl, CQ, e ,Cn)
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O]

Remark 11.2.2. The Proposition 11.2.1 gives that the presented CIFPrA operator is a
special case of the proposed CIFPrA, operator when dy = ds = ... = d,—1 = 1. Hence,

CIFPrA, operator is more generalized than CIFPrA operator.

Proposition 11.2.2. For CIFNs Cj, such that S(C;) # 0 for each j, we have

1
lim CIFPTAd(Cl,CQ, S ,Cn) = *(Cl PCoP ... Cn) (118)
(d1,da,...,dn—1)—(0,0,...,0) n
j—1
Proof. For (dy,da,...,d,—1) — (0,0,...,0), we have Tj(d) =11 (S(CZ))dl = 1. It gives that
=1
5@ = T;d) = L1 Hence, lim CIFPrAd(Cl Co C ) = l(Cl@CQEB
j Zn: Tj(d) e ) (d1,dz2,...,dn—1)—(0,0,...,0) ;L2500 0n n
j=1
L BCp). O

Remark 11.2.3. The Proposition 11.2.2 gives that when (dy, ds, ...,d,—1) — (0,0,...,0),

the presented CIFPrA, operator reduces to CIFWA operator [62] for the weight vector
(1 1 1)T

non’ T on

Proposition 11.2.3. For CIFNs C; such that S(C;) # 0, 1, we have

lim CIFPI‘Ad(Cl, CQ, ce ,Cn) = Cl. (119)

di—+o00

j—1
Proof. Since, di — +o0o. Now, for each 7 = 2,3,...,n, we have Tj(d) = ll:[l (S(Cl))dl =

(S(Cl))+°o (S(Cg))d2 . (S(Cj_l))dj_l = 0 because 0 < §(C1) < 1. It gives that zn:l Tj(d) =
]:

(d) (d)
Tl(d) = 1 which implies that f%d) = nTl o = 1 and fj(d) = HLW) = 0 for each j =
2,3,...,n. Hence, limg, 400 CIFPrA4(Cy,Co, ..., Cy) = Cu. O

Remark 11.2.4. The Proposition 11.2.3 gives that when d; — +o00, then the priority
degree d; of CIFN (C; is very high as compared to the priority degrees of other CIFNs.
It gives that CIFN C; is highly important. Therefore, in this case the aggregation result
obtained on applying proposed operator CIFPrA, is uniquely determined by Cj.
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Example 11.2.2. Consider the four CIFNs C; = ((0.8,0.3),(0.1,0.2)), C2 = ((0.6,0.5),
(0.4, 0.3)), C3 = ((0.5,0.4), (0.1, 0.3)) and C4 = ((0.3,0.2), (0.2,0.4)) such that there is a
strict prioritization among them expressed by strict priority orders as C1 >4, C2 >4, C3 >4,
C4. Using Eq. (11.1), it can be easily computed that S(C;) = 0.7000, S(C2) = 0.6000,
S(C3) = 0.6250 and S(C4) = 0.4750. In the following, we will aggregate the CIFNs C;,
(j = 1,2,3,4) for four different priority vectors d = (dj, da,ds) in which we will keep the
values of priority degrees ds,ds same and vary the value of dy and discuss its impact on

the aggregated results.

Case 1: When d = (1,1,1).

Then, T\ = 1, T{¥ = (S(C )M = 0.7000, T3 = (8(€1)) ™ (8(C2))™ = 0.7000 x
0.6000 = 0.4200 and T.* (S(Cl)) H(S(C2)) ™ (8(C3))™ = 0.7 x 0.6 x 0.625 =

4 (d)
0.2625. It gives that 7@ = TJ = 2.3825. Now, using f 4Tj , We
j=1 > 7
Jj=1
obtain that &% = 0.4197, &” = 0.2038, ¢l = 0.1763 and £ = 0.1102.
Now,
1 5(d) f y
H 1 _ C] — (1 _ 0.8)0.4197 X (1 _ 0.6)0.2938 < (1 _ 0.5)0.1763 X (1 _ 0.3)0.1102
7=1
= 0.3308
4 g(d g(al)
Similarly, we can obtain that [] (1 —w,)> = 0.6263, H (9;)7 =0.1622 and
Jj=1 Jj=
4 £
[T (wg,)> =0.2612. Further, on utilizing Eq. (11.6), we get that
j=1

CIFPrA4(C1,C2,Cs,Cs) = ((1—0.3308,1— 0.6263), (0.1622,0.2612))

= ((0.6692,0.3737), (0.1622,0.2612))

Case 2: When d = (4,1,1).

Continuing in the same way, as in Case 1, we obtain that

CIFPrA4(C1,Ca,Cs,Cy) = ((0.7357,0.3419) , (0.1308,0.2319) )

Case 3: When d = (8,1, 1), then CIFPrA4(Cy, Cs, Cs, C4)=((0.7815, 0.3136), (0.1089, 0.2096)).
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Case 4: When d = (12,1,1), then CIFPrA4(Ci,Co,Cs,Cs)=((0.7953, 0.3036), (0.1022,
0.2025)).

The aggregated results obtained from the above four cases depict that as the priority
degree d; corresponding to CIFN C; increases, the aggregated value comes closer to the

rating values of the CIFN Cj.

Proposition 11.2.4. For CIFNs C; such that S(C;) # 0 for j = 1,2,...,l 4+ 1 and
S(Ci41) # 1, we have

1
li CIFPrA4(C1,Co,...,C,) = ——(C C ...eC .10
(dl7d2,~~~,dz,dz+111)n—>(0,0~~,0,+00) ' d( b ) [+1 ( 1060 e @ lQJl]) )

Proof. Since (di,da,...,d;,dj+1) — (0,0...,0,+00) therefore,

j—1

0 = (se)" = (Se)"(SE)” (8"
=1
= (8(0)"(8(¢2))" . (8(j-)° = Lfor each j = 2.3, 1+1
10 =TI = (SE)™ (Se)™ . (s¢;-0)""
=1

= (8€))°(8())° .. (S(C))(S(Crn)) T (S(Cjn)) P
= Oforeach j=1+2,1+3,...,n

(d)

Thus, ZTj(d) =1I1+1 and 51@ S — ZJ%I for each 7 = 1,2,...,01+ 1 and fj(.d) =
j=1

£ T
T -
o o % =0 foreach j =1+2,1+3,...,n. Hence,
=0
1
li CIFPrA4(C1,Co,...,Ch) = ——(C1BCo @ ... ®Cryq).
(dl,d27~--,dz,dz+llr)nﬁ(0,0...,0,+oo) g d( b ’ n) l+1( 1060 @ Hl)

O

Remark 11.2.5. The Proposition 11.2.4 gives that when (dy, da, ..., d;, dj+1) — (0,0...,0,4+00),
it implies that there is no prioritization relationship among the CIFNs Cy,Co, . ..,C;4+1 and
all of these CIFNs Cy,Cy, . . ., Ci+1 have very high priority than the CIFNs Cj12,Ci13,...,Cp.
Therefore, the aggregated value depends only on CIFNs Cy,Ca,...,Ciy1 and these CIFNs

C1,Ca,...,Cr11 have equal weightage in aggregation process.
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Proposition 11.2.5. For CIFNs C; such that S(Cj+1) # 0, 1, we have

lim CIFPI‘Ad(Cl,CQ,..‘,Cn) = CIFPTA(Cl,CQ,...,CZ+1). (1111)
(dy,dg,.pdy,dpy )
—(1,1...,1,4-00)

Proof. Since (dy,dsg, ..., dj,diy1) — (1,1...,1,4+00) therefore,

j—1
d d d d dj_
Tj( ) — [IsE)™ = (S€))*(S(C2))™ ... (8(Cj-1))
I=1
— S(C1)S(C2)...S(Cj—1) =Tj for each j =2,3,...,1+1
j—1
d d d d dj_
T =TI (SC)" = (S(C))™(SEC2)™...(S(Cj-1)""
1=1
= S(C1)S(Ca)...SC)(S(Crin)) T (S(Cjo1)) b
= Oforeach j=1+2,1+3,...,n
n I+1 (d)
Thus, ZTj(d) — > T; and fj(d) = nTj — = lgj for each 7 = 1,2,...,1 + 1 and
=1 =1 > T > Ty
Jj=1 j=1
(@ _ 1" 0 :
gj = 1 — = o =0 for each j =14+ 2,1+ 3,...,n. Hence,
2 Tj( ) Z Ty
Jj=1 j=1
lim CIFPrA4(Cy,Cs,...,Cn) = CIFPrA(Cy,Co, ... ,Cri1).

(d1,d2,.‘.,dl,dl+1)~>(0,0...,0,+00)

O]

Remark 11.2.6. The Proposition 11.2.5 gives that when (d1,ds, ..., d;, djy1) = (1,1...,1,+00),
it implies that there is normal prioritization relationship among the CIFNs Cy,Ca, ..., Ci11

and all of these CIFNs Cy,Co,...,Ci4+1 have very high priority than Ci12,Cits,...,Cp.
Therefore, the aggregated value depends only on CIFNs Cy,Co,...,Cii1.

Further, consider the case when there are two prioritization relationships among the

CIFNs Cy,Cs,...,C, given as:
C1 >d; Cs dy - dy_q C >d, Cl+1 >'dl+1 e > dp Cn
C1 ~dy CQ >dy « - >_dl—1 Cl >‘d; Cl+1 >_dl+1 e P dp Cn

i.e. the n — 1 dimensional priority degree vectors of CIFNs C; (j = 1,2,...,n) are given
as d = (di,da,...,dj—1,d;, diy1, ..., dyp) and d' = (di,da, ..., di—1,d}, diy1,. .., dy) respec-

tively. Assume that the associated weight vectors for the priority degree vectors d and
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d are ¢4 = <§§d),£§d), ey 7(,,(1)) and ¢'(@) = (gi(d/), ;(d/), . ,g}fd')). Then, based on the
above considerations, we have the following proposition:

Proposition 11.2.6. If d; < d; then

(a) &9 <& for j <1

(b) &7 = &) for j >1.

Proof. Since d; < d;

(a) When j <. For convenience, let S(C;) = p;. Now,

(d)
e L
J n T(d)
i=1 7
d d d;
_ Py P ..pjill
o d d d di d di— di d di_1 d
L+pft 01 05" + o+ 01057 - o+ 0105 o ey
dy d Ay dy d dy d dp—
RN R et A R AP iy S e

di d di_
p11p22 . ~pjj_11
d d; d dy d d;_ d di d d;_
L+ pit + 0005 + o+ p1 0+ ) (:011:022 o
di—1 di

d d 4 d A1 d dn—
10 o e RS el 'pn—11>

Similarly, we can obtain that

dy d dj—
5/(d') _ PP
J N d di d di d d;_ 4 ( di d d_
L+t + 0105 + o+ o1y oy (pfpf P
di d di—1 d di d d_1 d o
R R Y A A PR o e R e SRR Pn—f)

For simplicity, let A = 1+ p‘lh +p‘111 pg2 +...+ pfl p§2 . p;lfll and B = pfl ng . pldl_]l +

di—1 d di—1 d n— .
pltpdz P o pltpdz R A pi_ll. Then, we obtain that
di d di_
@ _ PPy P

di d d;_
§ _ p11p22..‘pj]_11
! A—l—pld’B

d ¢
an 5] A + pld;B

Now, since d; < dj. It implies that p;il > p?l which leads to A + pfllB > A+ p?ZB. It

plipl2 plt gtz ol
gives that ldl < —L— which implies that, ~> g < === Hence,
Ato "B T Atp'B A+p'B A+p,'B

e <@ for j <.
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dy d di_1 d; d dj— di d di_, d} d d;_
é(d) . p11p22 e plillpllpl_ifll e jj_ll and é_(d/) . p11p22 e pll—llpl lplj’j»ll e jj_ll
. = d y - d/
’ A+ p)'B ’ A+p'B
’ d
Since d; < d;. It implies that pfll > p;j’ which leads to ZITZ < 1. Now,
1
di d di—1 d; d di_
éL(‘d) _ PLPY - P ) P -'ij—ll
! A+ ple
d/
dy d di_1 dy d dj_
(911:022 e Pzillpzlplff x 'pjill) (%)
l
(A + pf’B) (%)
Py
dy d di_1 dj d d;_
_ PUPY - py e oy - jj—ll
d; ,
A (’)lcll) + p?lB
P
. pd; . pd; . pd; d]
Further, since =5~ < 1. Tt gives that A | =5 | < A which leads to A | =5 | +p;'B <
Py Py Py

A+ pld’B. It implies that

1 S 1
i &, A+ pd;B
Al 2L | +p'B !
1
and therefore,
dy d di_q4 d d di_ di d di_, di d di_
PUPY - e o e PSS e ey e
U —_— d/
X A+p'B

Pr
dj

1 d!
A +p,'B
P

Hence, §j(-d) > f;(dl) for 5 > 1.

l



300

11.2.3 CIF prioritized ordered weighted averaging operator with prior-
ity degrees

Definition 11.2.4. A CIFPrOWA, operator is a map CIFPTOWA, : ©} — ©4 defined

as:
CIFPrOWA4(C1,Ca,...,C) = &9C, 0 @ &YC ... 0edC (11.12)

where (7(1),7(2),...,7(n)) is an arrangement of (1,2,...,n) such that S(C.;_1)) >
S(Cr(j)) for each j = 2,3,...,n. Further, rfj(-d) is defined as:

> oY >
(d) qE{qICqEHj} qE{q\CqGHj—l}
&Y =g @ —g 7@ (11.13)

where ¢ : [0,1] — [0, 1] is a BUM function satisfying ¢(0) = 0, g(1) = 1 and g(z) > g(y)
whenever x > y. Further H; = {CT(l)|l = 1,2,...,j} for j = 1,2,...,n ; Ho = ¢,

Jj—1 n
T — ll_ll (S(@))™ for each j € {2,3,...,n} , Ty = 1 and T = .ZlTj(d)‘ Then,
= J=

CIFPrOWA, operator is known as CIF prioritized ordered weighted averaging operator

along with priority degrees.

Theorem 11.2.3. The aggregated value of C; (j = 1,2,...,n) obtained by using proposed
CIFPrOWA, operator is still CIFN and is given as

CIFPrOWA,(C1,Ca, ..., Cp) = = | = . (11.14)
( X
1= H (1 wCr(j)) ’ H (W)™
Jj=1 Jj=1

Proof. 1t can by obtained by applying the operations given in Definition 9.2.1 of Chapter
9 on the Eq. (11.12). O

In order to illustrate the working of the proposed CIFPrOWA, operator, we give an

example as follows:

Example 11.2.3. Consider the four CIFNs C; = ((0.2,0.4),(0.3,0.1)), C2=((0.7,0.5),
(0.2, 0.3)), C3 = ((0.5,0.4),(0.1, 0.3)) and C4 = ((0.3,0.2),(0.2,0.4)) such that there is
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a strict prioritization among them expressed by strict priority orders as C; >4, C2 >4,
Cs >4, Cq4 where d = (di,d2,d3) = (0,0,2). Using Eq. (11.1), it can be easily com-
puted that S(C1) = 0.5500, S(C2) = 0.6750, S(C3) = 0.6250 and S(C4) = 0.4750. Thus,
S(C2) > 8(C3) > S(C1) > S(C4) which implies that C.q) = ((0.7,0.5),(0.2,0.3)) ; Cr(2) =
((0.5,0.4),(0.1,0.3)) ; Crzy = ((0.2,0.4),(0.3,0.1)) and Crqy = ((0.3,0.2),(0.2,0.4)).

7j—1
Now, using 7@ — H(S(Cl))dl for j = 2,3,4 and Tl(d) = 1, we obtain that Tl(d) =

J
=1

4
T = 7 = 1 and T\? =1 x 1 x (0.6250)> = 0.3906. It gives that T? = ) T\ =

]:
1+141+40.3906 = 3.3906.

Further, since Hop = ¢ and H; = {CT(l)|l = 1,2,...,j} for j =1,2,...,n. It implies
that H1 = {Crq)} = {Co}; Ha = {Cr(1),Cri2)} = {C2,C3}; Ha = {Cr(1):Cr2),Cr(z)} =
{C2,C3,C1} and My = {Cr(1),Cr(2),Cr3): Cray} = {C2,C3,C1,Ca}. Now, taking g(x) = 22
and using the Eq. (11.13), we obtain that

> oon” > oon
ge{alcaers } qe{alcacto }
T(@ g 7@

(d)
T2 _ 1 _
(d)) —9(0) = <3.3906> = 0.0870

Z Tq(d) Z Tq(d)
g(d) _ qE{qICqE’HQ} qE{q|quH1}

T g T@

2
—0.0870 = g [ —=— ) — 0.0870 = 0.261
=@ ) 0.0870 g<3.3906> 0.0870 = 0.2610

qe{qIquHg} qe{q|quH2}

7@ g ()

d) | p(d) | (d)
+ 137 + T B 3 _
T(d) ) — 03480 =y <3.3906> — 03480 = 0.4349

i
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d d

! L
(d) qG{qICq€H4} qE{qIqu’Hg}
a7 = 70 —9 7@

() | p(d) | (d) | ()
T + 74 4 79 4 T 3.3906
_ —0.7829 =g [ 252 ) —0.7829 = 0.2171
g< @ ) 0.7829 9(3'3906> 0.7829 = 0.217

Now, using the above information, we have

4
H (1- ) &Y _ (1- 0.7)00870(1 B 0.5)0.2610(1 B 0.2)0.4349(1 _ 0.3)0.2171 06312
Jj=1
4

H wcm) gl? - a- 0.5)00870(1 B 0.4)0.2610(1 B 0.4)0.4:«;49(1 _ 0.2)0.2171 06286

7j=1

4
H g(d> _ (0_2)0.0870 (0.1)0‘2610 (0'3)0.4349 (0'2)0.2171 — 0.199]
7j=1
4
H ) _ (0.3)0.0870 (03) 0.2610 (0‘1)0.4349 (04) 0.2171 — 0.1980

Finally, using the Theorem 11.2.3, we obtain that

CIFPrOWA(C1,C2,C5,Ca) = ((((1-0.6312), (1 - 0.6286)) , (0.1991,0.1980)
= ((0.3688,0.3714), (0.1991,0.1950) )

Further, for convenience, in this section, we shall denote S(C;) by p; for each j =

1,2,...,n. Also, it is observed that, when di = dy = ...d,_1 = 1 then, T( H p

7j—1
d)
HPl—PIPQ .pj—1 and T@ ZT( =1+p1+pip2+...4+pip1--.pn—1. Then, we

w1ll call the operator CIFPrOWAd deﬁned in Definition 11.2.4 as CIFPrOWA operator

for d=(1,1,...,1). Based on it, we give the following proposition:

Proposition 11.2.7. For CIFNs C;, we have

lim CIFPrOWA,4(C1,Ca, . . .,Cn) = CIFPrOWA(Cy,Ca, . .., Cy)
(d1,da,...;dn_1)—(1,1,...,1)

Proposition 11.2.8. For CIFNs Cj, such that S(C;) # 0 for each j, we have

lim CIFPrOWA4(C1,Ca, . . .,Cy) = CIFOWA,(Cy, Ca, . .., Cy)
(d1,d2,....dn—1)—(0,0,...,0)
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where CIFOWA (C]_,CQ, e ,Cn) = @ §;C.(;) is an n-dimensional ordered weighted aver-
=1

aging operator in which the weights &; are determined using the continuous BUM function

ie, @zg(%)—g(%) forj=1,2,...,n

Proof. Since, (di,da,...,dn—1) — (0,0,...,0). Therefore, for each j = 2,3,...,n, Tj(d) =

ll:[lpll = pi'py’. pJJ1 — {09 ~pj—y =land T} = 1. So, T = > T = It

= j=1
gives that
d d
{|CZH}Tq() ] {|CZ7-L }Tq() — 1 ] ) — 1
9€19ICa€H; J 9€19ICa€H; -1 J— (d) JY ()
— 1@ - and @ - = & —>g<n> g< - >
Hence,
li CIFPrOWA,4(Cy,Ca,...,Ch) = li
o r a(C1,Ca, ..., Cp) (drodo.. n”ﬁﬁ 0.0 @5
—(0,0,..., 0)
T j j—1
) _ C.:
140 g( ; ))
= CIFOWA, (Cl,CQ, e ,Cn)
O
Proposition 11.2.9. For CIFNs C;, such that S(C1) # 0,1, we have
lim CIFPrOWA4(C1,Ca,...,Cpn) = C
d1—+o00
Proof. Since, di — +oo. Therefore, for each j = 2,3,...,n we have, T H pdl =
pcll1 ng e p;lj:ll — pi’opg . p] 7 =0and T(d) = 1. It implies that 7(¢ 21 T](d =11t
j=
leads to that
d
{ Z }Tq( |
) A€ alCa €M,
if Ct €H; then g @ =g(1)=1
d
> Y
€14|CqEH,;
and  if C; ¢ H; then g el qT(d;} = g(0) = 0.
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Let C1 = C for some | = 1,2,...,n. Then, using the Eq. (11.13), we obtain that

e el D 50, 6P o1, g e el — 0. Hence,
lim CIFPrOWA.(C1,Co,...,Co) = Tim @D (&%)
d1—+00 ’ ’ ren di—+o00 J T(J)

- g%,

Proposition 11.2.10. For CIFNs C; such that S(C;) # 0 for j = 1,2,...,1 + 1 and
S(Ci41) # 1, we have

lim CIFPrOWA,4(Cy,Ca, . ..,Cn) = CIFOWA,(C1,Ca, . .., Cri1)
(dl,dQ,...7dl,dl+1)—>(0,07...,0,+00)
+1
where CIFOWA,, (Cl, Co,. .. ,Cn) =& (ijg(j)) is the [ 4+ 1-dimensional ordered weighted
j=1
averaging operator in which the weights 1); are determined using the continuous BUM
function g i.e, ¢; =g (%) g (l+1> forj=1,2,...,1+1 and (g(l),g(2),...,g(l—|—1)) is
an arrangement of (1,2,...,141) such that S(Cg(j,l)) > 8(Cq(jy) foreach j =2,3,...,1+1.

Proof Since, (dl,dg, .oy dpydiyr) — (0,0,...,0,400). Therefore, for each j =2,3,...,1+

] 1

del ::01 p2 P —>p1p2 ,0?71 =1and when j =14+2,1+3,...,n

H pl = phplz p?lpld_fll : pj 7' — 0. Tt gives that T(4) = > Tj(d) —k+1.

Slnce, (¢(1),5(2),...,5(I+1)) is an arrangement of (1,2,...,141) such that S(C¢(;_1)) >
S(Cg(j)) for each j = 2,3,...,1+ 1. Also, we have assumed that (7(1),7(2),...,7(n)) is
an arrangement of (1,2,...,n) such that S(C-j_1)) > S(C(;)) for each j = 2,3,...,n
As, {Cl,Cg,...,CHl} C {Cl,Cg,...,Cn} therefore, there must exist natural numbers
1 <my,ma,...,mp1 < nsatistying Co1) = Crimy)s Co@) = Crima)s -+ Cer1) = Crimugr)-

Using the Eq. (11.13), we have

1 0 2 1
(d) L IR (N . gl S IO (L S
m1—>g<l+1> g<l+1> (CIR §m2—>g<l+1> 9<l+1> V2
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and all other weights tend to 0. Hence,

n
. . d)
lim  CIFPrOWA,(Cy,Co,....Cy) = lim @( (@) )
(d1,dgsenrdydyy 1) ( Vet ”) (d1,dgseensdydpyp) SJ 7(J)
—(0,0,...,0,+00) —(0,0,...,0,400) J=

= P1Cr(my) S V2Cr(my) D - Y11Cr(my )
= 1C) B Y2Ce(2) ® - - - Yi+1Ce41)
— CIFOWA,(C1,C, ..., Crp1)

Proposition 11.2.11. For CIFNs C;, such that S(C;11) # 0,1, we have

lim CIFPrOWA4(Cy,Co, . ..,Cp) = CIFPrOWA(Cy,Ca, .. ., Cry1)
(d1,d2,...,dl,dl+1)—)(l,1,...,1,+00)

Proof. Since, (di,da,...,d;,di41) — (1,1,...,1,400). Let pipa...pj—1 = T; for j =

I+1
2,3,...,0+1; Ty =1and T = T,;. Therefore, for each 7 = 2,3,...,1 + 1, 7@ —
. 1 ] ]
j:
L | (@
At =ptey o = pipy---pjy = Tj. Further, for j =1+2,043,....n, T}" =
-1
j—1
z R N A A AR PIPY - PLPL Py - .p;5" = 0. It implies that
=1
. 141
TO =3 T =T 4+ T 4 AT =Ty +Te+Ts+... 4+ Ti1= > T; =T.
=1 =

Now, assume that (¢(1),<(2),...,c(I+1)) is an arrangement of (1,2,...,l+1) such that
S(Ce(j—1)) = S(C(y)) for each j =2,3,...,1+ 1. Further, let Hy = ¢ and H; = {C(,)|z =
1,2,...,5} for j = 1,2,...,l + 1. Also, we have assumed that (7(1),7(2),...,7(n)) is
an arrangement of (1,2,...,n) such that S(C.(;_1)) > S(C;;)) for each j = 2,3,...,n.
As, {Cl,Cz, . ,Cl+1} - {Cl,Cg, e ,Cn} therefore, there must exist natural numbers 1 <
mi,ma,...,mpp1 < n satistying Co1)y = Crimy)s Co@) = Crima)s -+ Cor1) = Crimysy)-

Further, we have

S Y Tg=0 for me{0,1,2,...my — 1}

qe{q\CqEHm} qE{q\CqEHo}
Z Tq(d)—> Z Ty for m e {mi,m +1,m +2,...my—1};
qe{q\CqE’Hm} qG{Q\CqEHl}

Z Tq(d)—> Z T, for m e {mao,ma+1,ma+2,...m3—1};

qe{q\CqEHm} qe{q\quHg}
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T

>

qe{q\qu”Hm}

2.

Now, using the Eq. (11.13), we have

Ty

qe{q‘CqEHl+1}

Tq
d qe{alcaen: }
i g | o)
Tq
(d) N qe{q|chH2}
mo T
Tq
d qe{q\quHHl}
ST T

for m € {my1,mp1 +1,mp +2,..

Ty

qe{alcq€Ho }

T

Ty

ge{alcaeH }

T

Ty

qe{qICqEHz}

T

and all other weights tend to 0. Finally, using the Definition 11.2.4, we obtain that

lim

CIFPI‘OWAd (Cl, CQ, ce

(dl,dz,...,dl7dl+1)%(1,1,...,17+00)

= lim

(dl,dQ,...,dl,dl+1)4>(1,1,...,1,+00)
d
= ECo ) ® EDCr(amz) B -+ B EL), Crpomyy)

,Cn)

d d
( { )CT(l) @ & )Cf(z) D..., @ﬁéd)cf(n))

{I;H}FIrcl {\;H}Tq
q€1q|Cqeliy q€1q|Cq€lo
7 — T T T |]%o
{I; }Tq {%:H}TGI
qe{q|Cq€H2 q€{q|CqeH;
9yl |9 T ||
Z Tq { }Tq
Cq€H qeq q|CqeH
o @ acfalCallipn}y ) | ISWISSTRY Cotsn)

T
— CIFPrOWA(Cy,Cs, ..

Hence, imq, d,,....dy,dy1)—(1,1,...,1,4-00) CIFPrOWA, (Cl, Co,...

. 7Cl+l)

,C,) = CIFPrOWA (Cy,Cs, ..
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11.2.4 CIF prioritized geometric operators

In this section, we extend the prioritized averaging operators, defined in above sections,

to prioritized geometric operators under CIF environment.

Definition 11.2.5. Consider C; as a collection of CIFNs such that C; >~ Cy > ... >~ C,
where C; = C;11 indicates that the CIFN C; has higher priority than C;y; for each j €
{1,2,...,n —1}. A CIFPrG operator is a map CIFPrG : ©" — © defined as:

CIFPrG(C1,Co,...,C) = CPRCP®...0C (11.15)
. J=1

where §; = L , Tj = [I S(C) for each j € {2,3,...,n} ;71 =1 and O is a collection of
> T =1

j=1

CIFNs which have strict prioritization relationship among them. Then CIFPrG operator

is known as CIF prioritized geometric operator.

Theorem 11.2.4. The aggregated value of C; = ((Cj,ng), (ﬁj,w,gj)) (j =1,2,....,n)

obtained by using proposed CIFPrG operator is still CIFN and is given as

[T (1-T1a-m°.
CIFPrG(C1,Ca,...,Co) = | | 17 , = (11.16)
H (ij)éj L= H (1 - wﬂj)gj
j=1 Jj=1

Proof. It can be obtained by using operations defined in Definition 9.2.1 and the Eq.
(11.15). O

Definition 11.2.6. Let C; (j = 1,2,...,n) be a collection of CIFNs such that there is a
prioritization among them expressed by the strict priority orders C; >4, C2 >4, ... >d,_,
Cn where C; >4, Cj+1 means that the CIFN C; has a d; higher priority than C; for
j€{1,2,...n—1}. A CIFPrG, operator is a map CIFPrGg : ©} — Og4 defined as:

g(d) (d) (d)
CIFPrG4(C1,Co,...,C) = C' ®Cy ®...0C% (11.17)
@ _ T @ d :
where £ = i]ng) y I = 11:11 (S(CZ)) for each j € {2,3,...,n} ; T1 =1 and O, as a
! =

collection of CIFNs which have strict prioritization relationship among them along with
priority degrees. Then, CIFPrG, operator is known as CIF prioritized geometric operator

along with priority degrees.
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Theorem 11.2.5. The aggregated value of C; = <(Cj,ng), (19j,w19j)) (j=12,....,n)

obtained by using proposed CIFPrG, operator is still CIFN and is given as

- (@) - (d)
| ()" 1—H(1—19j)£f )
CIFPrG4(Cy,Coy ..., Co) = | | 77 , = (11.18)
eD gD
Ii[ we; J 1-— Ii[ (1 — Wy
j=1 j=1

Proof. It can be proved by implementing operations defined in Definition 9.2.1 and the
Eq. (11.17). O

Also, it has been observed that the presented operators CIFPrG and CIFPrG, are

idempotent and monotonic.

Definition 11.2.7. A CIFPrOWG, operator is a map CIFPrOWG : ©] — ©4 defined

as:

£(d) £(d)

CIFPrOWG4(C1,Cs,...,Ca) = Cify ®C2) @ @Cf() (11.19)

where (7(1),7(2),...,7(n)) is an arrangement of (1,2,...,n) such that S(Crij—1y) =
S(Cy(j)) for each j = 2,3,...,n and fj(d) is same as defined in Definition 11.2.4. Then.
CIFPrOWG, operator is known as CIF prioritized ordered weighted geometric operator

along with priority degrees.

Theorem 11.2.6. The aggregated value of C; = (((j,wy;), (95, wy;)) (7 = 1,2,...,n)

obtained by using proposed CIFPrOWG, operator is still CIFN and is given as

g(d)

H (i) s =11 (19,
n (d)
1:[ we, ;) K

CIFPrOWGq(Cy, Co, . . ., Cn) = (11.20)

§(d)

7=1
n
=11 (1 B wﬂr(y’)) j

j=

—_

Proof. 1t can be proved by using operations given in Definition 9.2.1 and the Eq. (11.19).
O
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11.3 MCDM approach based on prioritized operators

Consider a set {V1,Va,...,Vy} of ‘m’ alternatives characterized by another collection
{B1,Ba,...,B,} of ‘n’ criteria. These criteria are such that there is prioritization re-
lationship among them which is expressed by strict priority order as 81 >4, B2 >4,
.. >d, , By where B, 4 ‘B, signifies that the criteria B, has a d, higher priority
than the criteria B, for v € {1,2,...n — 1}. Here d = (di,da,...,d,—1) is the pri-
ority degree vector corresponding to criteria. Further, the alternatives V, are evaluated
by ‘k’ experts {5(1), E@ . ,E(k)} who give their rating values in terms of CIFNs Cq(ﬁ,) =
(( 9, wéii) , (ﬂii),wfgi)v)) where 0 < (i3, w93 W) ¢+ wl) 05 1wl <1
foreachz=1,2,...,k;u=1,2,...,mand v =1,2,...n. Also, there exists prioritization
among the experts such as £ - £® dy e E®) where d' = (d}, dy, ..., d,_,) is
the priority degree vector corresponding to experts. The main objective of the problem is
to determine the most favorable alternative out of the available ones. For this, we develop

an MCDM method, which involves the following steps:

Step 1: Construct the CIF decision matrices ME) = (cfj)) for the rating values
mXxXn

corresponding to all alternatives under different criteria, given by ‘k’ experts as:

By By ... B,
W (e o) L
Mo~ w | e ) (11.21)

Step 2: Aggregate the individual CIF decision matrices M) = (Cq(ﬁ, ) ,(z2=1,2,...,0)
mXn

into collective one M = (Cyy) by utilizing either CIFPrOWA, operator i.e.,

mxn

Cow = ((Cum Weo,)s (Vs wﬁuv)>
— CIFPrOWA, (cg}), c?. ... ,c;’;))
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(2)(d")

IOt ()
— 77 | | =t h | (11.22)
gl

( CT(Z) > ﬁ ( 7(97-(,2)))5&)(4’)

or CIFPrOWG, operator i.e.,

Cov = ((Cuy,wgw),(ﬁw,wﬂw))
— CIFPrOWG, (cfh).c®,....ch)

2@ (=)(d’)

I ()™ ) (- T1(-ogo)™",

z=1
2)(d)

ﬁ ( (v(z)))&w
We

z=1 z=1

Step 3: Aggregate the values C,, obtained in Step 2 into collective one C,, (u = 1,2,...,m)
by utilizing either CIFPrA, operator i.e.,

¢ = (o). D)
= CIFPrAy(Cu1,Cu2,- -, Cun)

n (d)
L-TT = co)™ ) [ ] 0ue)™
v=1

— - e o=t y (11.24)
1 - H (1 - wcuv)fuu H (wﬁuv)&w
v=1 v=1
or CIFPrG, operator i.e.,
Co = ((Gwrwe)s (Dusw,) )
= CIFPrGy (Cyu1,Cu2, .- ,Cun)
n (d) n (d)
TT (Gu)®™". =110 )
v=1 v=1
- : (11.25)
n (d) L (d)
H (wguv) o H 1 o wﬂu” & "
v=1 v=1

However, if there is prioritization relationship among the criteria without priority

degrees then, utilize proposed CIFPrA or CIFPrG operator.
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Step 4: Calculate the score of overall aggregated values Cy, (u = 1,2,...,m) using Eq.
(11.1). However, if any two score values of different C, are equal then, calculate
accuracy using Eq. (11.2). Finally, rank the alternatives using Definition 11.2.1

and hence, obtain the most optimal one.

11.4 Illustrative Example

In this section, in order to illustrate the working of the proposed MCDM approach, we
solve a problem to analyze the sector that affected, Indian Stock Exchange (ISE), the most
during calender year (CY) 2019. Also, we compare the results of the proposed method with
some of the prevailing CIFS and IFS studies in order to show the validity and superiority

of the proposed work.

11.4.1 Description and solution of the problem

Consider a decision making problem of finding out the most important sector which af-
fected ISE during CY 2019. We take into account five sectors, which affect ISE and these
are V; : Consumer goods and fast moving consumer goods (FMCG), V2 : Automobile
sector, V3 : Banking and Financial services, V, : Construction, V5 : Pharmaceutical sector.
The problem is to order these five sectors in descending order from the most important to
least important that affected ISE during CY 2019. Further, we consider the four major
factors 9B, (v = 1,2, 3,4) which influenced the role of these sectors V,, (u=1,2,...,5) in
ISE and these are 28 : Crude oil price movement, B4 : Performance of the debt market,
B3 : Budget 2019 and B, : Reduction in repo rate by the Reserve bank of India (RBI).
These factors 2B, are such that there is prioritization relationship among them with pri-
ority degree vector d = (1,0.5,0.2) i.e., By =1 Ba =05 B3 =02 Bs. We consult three
experts £3), (z =1,2,3) with d’ = (0.3,0.2) i.e., EM =03 @ =y, £G) and these experts
assess the performance of sectors V,, under factors 8, and give their rating values in terms
of CIFNs. The experts use CIFNs to evaluate sectors V,, because it is time-periodic prob-
lem. The influence of a particular sector on ISE does not always remain throughout the

whole year. Some sectors affect stock market for few months only and not for the whole
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year. Since, CIFS environment is the most optimal environment to handle time-periodic

problems therefore CIFNs are used by experts to express their rating values. In this prob-

lem, the amplitude terms measure the influence degree of sectors under the mentioned

criteria on ISE while the phase term indicates the period of this influence.

The main procedure steps in order to obtain the most important sector, using proposed

MCDM method described in the above section, are summarized as follows:

Step 1:

Step 2:

Step 3:

The rating values of every alternative, given by three experts, are tabulated in
Table 11.1. As from this Table, we have the rating value of V; under factor B,
given by EW . a ((0 5, 132) (0 1, 142)) The membership term (0 5, 12) reveals that
the expert £(1) agrees that there is 50 percent influence of V; on ISE during CY

2019 under criteria 231 and the time span of this influence is of 3 months out of

the expert & believes

12 months. Similarly, for non-membership value (0 1, 12)

with a degree of 10 percent that there is no influence of V; on ISE under 8, and
the duration with no influence is of 4 months. In the similar manner, the rest of

the data can be interpreted.

Without loss of generality (WLOG), by using Eq. (11.22) and taking g(z) = 22,
the rating values Cq(;j), (z = 1,2,3) given by three experts are aggregated into
collective one Cy,. The acquired values corresponding to each alternative V,, (u =

1,2,...,5) are depicted in Table 11.2.

WLOG, by using Eq. (11.24), the values Cy, (v = 1,2,...,5;v = 1,2,3,4) are
aggregated into C,. The accumulated values associated with each alternative V,,

are obtained as:

G = <<0 6325, 6. 1836) (0 1753, 21232»,
C = <<0 62509, 70491) (0 2057, 3?15299»,
C3 = <(0 6947, 671254>,<0.1319,32?;32)>;
Cy = <<0 6195, 64657) , (0.2079, 3?22(]));
Cs = (<0 6644, 721285) : (0.2101, 2‘?2”)),
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Step 4: On using Eq. (11.1), the score value corresponding to each alternative V), is
obtained as S(C1) = 0.6916, S(C2) = 0.6819, S(C3) = 0.7183, S(C4) = 0.6657
and S(C5) = 0.7095. It implies that, the ranking order of the alternatives is
V3 = V5 = Vi = Vo = V4. Hence, the sector V3 has the most influence on ISE
during CY 2019.

Further, the impact of different AOs utilized for aggregating the rating values corre-
sponding to individual expert and criteria in Step 2 and 3 respectively, on the ordering
position of alternatives, is analyzed and depicted in Table 11.3. The initial column of this
table exhibits the AO utilized in order to accumulate the individual rating values of three
experts into a single CIFN whereas, the second column depicts AO applied for combin-
ing the criteria values, acquired in Step 2, into a unique one. An optimistic approach is
followed by taking prioritized ordered averaging operator for accumulation of the rating
estimations of three experts in the first four rows of this Table. On the other hand, in
the next four rows of the Table 11.3, the preferences of three experts are accumulated
with pessimistic attitude by opting prioritized ordered weighted geometric operator. The
tabulated values depict that the final score values of alternatives are greater when opti-
mistic approach is followed in Step 2 than the values obtained using pessimistic approach.
Further, it is analyzed that on using prioritized ordered weighted averaging operator in
Step 2 for expert estimations aggregation, the ranking order of alternative remains same
irrespective of the operator used in Step 3 except for the case when prioritized geometric
operator without degrees is used in Step 3. Also, on utilizing prioritized ordered weighted
geometric operator in Step 2, the ordering position of the alternatives remains identical

for the cases when averaging operators are utilized in Step 3.

11.4.2 Comparative Analysis

With the objective of validating the proposed operators and MCDM method and showing
its superiority, in this section, we compare the results of the proposed work with some of

the existing CIFS [6, 58-62, 129, 130] and IF'S [43, 90, 152, 203, 204] studies as follows:
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With CIFS studies

Here, to show the validity, superiority and efficiency of the developed MCDM method,
we solve the presented example using some of the prevailing CIFS studies. For this,
we utilize CIF weighted power averaging (CIFWPA) [130], CIF weighted power geomet-
ric (CIFWPG) [130], CIF weighted averaging (CIFWA) [62], CIF weighted geometric
(CIFWG) [62], CIF Einstein weighted averaging (CIFEWA) [59], CIF Einstein weighted
geometric (CIFEWG) [60], CIF weighted averaging (CIFWA) [61], distance measure D
[6], weighted euclidean distance measure Dg [129], correlation coefficient ICy [58]. We
apply the above said operators and measures on the aggregated values of three experts
acquired in Step 2 and take (0.25,0.25,0.25,0.25)7 as weight vector. For comparing the

results with measures given in [6, 58, 129], we take the the PIA (V1) as ideal alternative

whose preferences are: V¥ = {V;", V", ..., V7 where V) = (( max {Cu}, max {we,,}),
1<u<m 1<um

( min {¥y}, min {wy,, })) for each v = 1,2,...,n. Then, the results obtained by ap-

1<usm 1<um

plying measures defined in [6, 58, 129] and AOs presented in [59-62, 130] are tabulated in
Table 11.4.

The results tabulated in the Table 11.4 depict that the best alternative acquired on
applying the prevailing measures [6, 58, 129] and the AOs [59-62, 130] remains same
with the one obtained on utilizing the proposed MCDM method. Although the best
alternative remains same but the computational difference between the existing methods

[6, 5862, 129, 130] and the proposed approach is explained as given below:

1) In the AOs CIFWPA and CIFWPG [130] the weightage of each argument is calculated
by taking into account the similarity of the argument with all other arguments which
are to be aggregated whereas the proposed operators aggregate those arguments which
have strict priority arrangement among them with or without degrees. Also, if we take,
priority degree vector (di,da,...,dn—1) — (0,0,...,0) in the proposed CIFPrA,; and
CIFPrG; AOs then, Proposition 11.2.2 implies that the arguments to be aggregated
have no prioritization among them and hence, they become independent. It leads to
the fact that the AOs developed in [130] can be utilized only for the case when there is

some sort of dependency among the arguments whereas the proposed operators can be
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used not only for aggregating those arguments among which there exist strict priority

orders but also for fusing independent arguments.

The CIFWA and CIFWG [62] operators are based on simple algebraic operations and
accumulate the arguments by assuming that the arguments to be aggregated are inde-
pendent of one another. On the other hand, the proposed operators are also based on
simple algebraic operations and fuse those CIFNs which have strict prioritization rela-
tionship among them and may have degree of priority. Besides this, by taking priority
degree vector (dy,ds,...,dp—1) — (0,0,...,0) the developed CIFPrA,; and CIFPrGy
AOs reduce to CIFWA and CIFWG [62] operators respectively for the weight vector

(%, %, ey %)T as shown in Proposition 11.2.2. Hence, the proposed operators are more
generalized.
Authors in [59, 60] developed generalized basic arithmetic weighted averaging and

geometric operators respectively which are based on t-norm and co-norm operations.
The CIFEWA and CIFEWG operators are special cases of the operators given in [59]
and [60] which are obtained by taking t(a) = log (23%) and are based on einstein
operations. Again, these operators aggregate the independent arguments whereas the
proposed operators have the ability to fuse those arguments which are independent as

well as those also among which there is strict priority ordering with or without priority

degrees.

The CIFWA [61] operator is based on novel operational laws and the approach pro-
posed in [61] uses possibility degree in order to rank CIFNs. It may be the reason that
the ranking order of the alternatives Vi, Vo and Vy obtained on utilizing the approach
developed in [61] differs from the proposed one. Also, the CIFWA [61] operator aggre-
gates independent arguments only whereas the proposed operators are efficient enough

to handle both independent and dependent arguments.

The ranking order of the alternatives obtained using the distance measure D [6],
weighted euclidean distance Dg [129] and correlation coefficient Ky [58] remains iden-
tical with the proposed operators. But the results acquired utilizing existing distance

measure D [6], weighted euclidean distance Dg [129] and correlation coefficient ICy [58]
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cannot fuse or integrate information and cannot consider prioritization among crite-
ria. On the other hand, in the proposed work, a single CIFN is obtained by applying
the proposed operators which is representative of all aggregated arguments and it is

obtained by considering prioritization with and without degrees among arguments.

With IFS studies

In light of comparing the results of the developed approach with prevailing IFS studies
[43, 90, 152, 203, 204], we set the phase term associated with each CIFN equal to zero.
Then, we utilize IF prioritized weighted averaging (IFPWA) [203], Generalized IF pri-
oritized weighted geometric (GIFPWG) [204], IF einstein prioritized weighted averaging
(IFEPWA) [152], IF einstein prioritized weighted geometric (IFEPWG) [152], Pythagorean
fuzzy hamachar prioritized averaging (PFHPA) [43], Pythagorean fuzzy hamachar prior-
itized geometric (PFHPG) [43], Pythagorean fuzzy prioritized weighted averaging (PF-
PWA) [90] and Pythagorean fuzzy prioritized weighted geometric (PFPWG) [90] opera-
tors. We apply these prioritized operators [43, 90, 152, 203, 204] in Step 3 of the presented
MCDM method and tabulate the acquired results in Table 11.5.

From the results obtained in Table 11.5, it is analyzed that on applying the IFPWA
[203] and TFEPWA [152] AOs in Step 3 of the presented MCDM method, the ordering
position of alternatives V; and V5 changes and the ranking order of other alternatives
remains same with the proposed approach results. On the other hand, when we utilize
GIFPWG [204], IFEPWG [152] and PFHPG [43] AOs in Step 3, the ranking order of two
alternatives Vo and V3 remains identical with the presented method outcomes whereas the
position of other three alternatives changes. Also, on applying PFHPA [43] the order of
all alternatives changes except the optimal one V3. On utilizing PEPWA [90] operator the
ranking position of alternatives V, and V4 changes whereas the order of other alternatives
remains same with the proposed one. This change in the positioning of the alternatives is
due to the fact that the AOs used in prevailing studies [43, 90, 152, 203, 204] aggregate
real valued MDs and NMDs and tackle with only one dimensional problem. They do not
consider phase terms corresponding to MD and NMD. On the other hand, the presented

work fuses complex membership and non-membership values and handles more than one
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dimensional problems. Besides this, the proposed AOs consider the degree of priority
among criteria as well along with prioritization relationship among them whereas the
existing prioritized AOs [43, 90, 152, 203, 204] do not take into account priority degree
vector in the process of aggregation.

Also, by setting phase terms corresponding to MD and NMD in the proposed work, the
developed MCDM method can solve problems under IFS theory as well and the proposed
operators CIFPrA and CIFPrG reduce to IFPWA [203] and GIFPWG [204] (By taking
t(a) = —log(a),0 < a < 1) operators respectively . All these points lead to the conclusion
that the proposed work is more generalized and can be applied on problems under CIFS

as well as IF'S theories.

11.4.3 Characteristic Comparison

In addition to the above comparative studies, we give some characteristic comparison of
our proposed MCDM approach and the DM methods proposed in [43, 59-62, 90, 130, 152,
203, 204] which are tabulated in Table 11.6. In this Table, the symbol ‘v’ signifies that the
associated MCDM method considers prioritization relationship among criteria, degree of
priority among them, handles optimistic as well as pessimistic behavior of decision-maker,
deals with group DM problems, tackles with time-periodic problems and can represent
two-dimensional information simultaneously whereas the symbol ‘x’ means that the cor-
responding method fails. Based on it, we find that the proposed MCDM method has the

following advantages:

1) The values, tabulated in Table 11.6 depict that the operators presented in [43, 90,
152, 203, 204] and our proposed AOs have the ability to consider strict prioritization
relationship among the criteria. Also, the proposed prioritized operators consider the
priority degree vector during aggregation process which indicates by how much degree
a criteria is prior as comparison to others whereas the AOs proposed in [43, 5962, 90,

130, 152, 203, 204] fail to do so.

2) The MCDM approaches presented in [60, 204] are based on the geometric operators
only whereas the DM method defined in [59] is based on averaging operators only. But,
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our proposed method and the approaches given in [43, 61, 62, 90, 130, 152, 203] provide
the choice to decision-maker to utilize averaging or geometric operator in accordance

with the DM problem and their optimistic or pessimistic attitude towards the problem.

3) The proposed method and the approaches proposed in [90, 130, 152, 203, 204] can
handle group DM problems. Moreover, by taking [ = 1, our developed approach
can handle single decision-maker problems as well. Therefore, the presented MCDM

method is more generalized as it can handle both single and group DM problems.

4) The MCDM methods proposed in [43, 90, 152, 203, 204] deal with real membership
and non-membership degrees, which fail to handle time-periodic problems and can-
not represent more than one-dimensional information in one set. On the other hand,
the proposed method can handle complex problems which involve periodicity and can

aggregate two dimensional data together in one set.

Besides this, the operators proposed in [203, 204] are special cases of proposed CIFPrA
and CIFPrG operators and therefore, our presented work is more generalized and can be
utilized to solve DM problems under FS, IFS and CFS environment also. This discussion
leads to the conclusion that the presented approach can handle time-periodic complex
problems involving prioritization among the considered factors more efficiently which are
either difficult or impossible to be solved using existing theories [43, 59-62, 90, 130, 152,
203, 204].

11.4.4 The influence of priority degree vector “d” on aggregation results

In our day to day life, we come across a number of prioritized MCDM problems. In this
chapter, a real non-negative number is assigned to each priority order and is called priority
degree. These priority degrees play an important role in aggregation process and with the
change in priority degree vector, the aggregation result also gets changed. Now, in this
section, we solve an MCDM problem by considering different priority degree vectors to

illustrate the influence of d on the aggregated results.

Example 11.4.1. Consider a MCDM problem characterized by five alternatives V,, (u =

1,2,...,5) under four criteria B, (v = 1,2,3,4). Suppose that these criteria have strict
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prioritization among them such that By >4, B2 >4, B3 >a, Ba where d = (di,da, d3) is
the priority degree vector associated with criteria. The goal is to find the most optimal
alternative among the available ones. The rating values corresponding to each alternative
V, under four different criteria 9B, are tabulated in Table 11.7.

We discuss two cases in which we apply proposed CIFPrA; and CIFPrOWA, opera-
tors by taking different priority degree vectors d and analyze its influence on the results
obtained.

Case 1: For each alternative V,, (u = 1,2,...,5) we utilize proposed CIFPrA, operator
to accumulate the criteria values B, (v = 1,2,3,4). The results obtained by taking
different priority degree vectors d = (di,ds,ds) are tabulated in Table 11.8. From the
values, tabulated in Table 11.8, it is analyzed that the ranking position of alternatives
changes with the change in the priority degree vector d = (d1, d2,ds). This influence of d

vector is deeply illustrated as follows:

(1) When d = (1,1,1), it implies that each criteria B, is prior to B,4; with the same
degree for v = 1,2,3 and there is normal prioritization among criteria. In this case,
CIFPrA,; and CIFPrG, operators reduce to CIFPrA and CIFPrG operators respec-
tively. Also, by taking phase terms corresponding to MD and NMD equal to zero,
the proposed operators CIFPrA,; and CIFPrG, operators reduce to IFPWA [203] and
IFPWG [203] operators respectively.

(2) When d = (10, 1,1), it indicates that the criteria 9B, is very important and its priority
degree is high as comparison to criteria B, (v = 2, 3,4) whereas the other criteria are
prior to one another with the same degree. As the criteria 2B, is highly important
in this case, the accumulated values corresponding to each alternative, obtained after
applying CIFPrA, operator, are very close to the rating values of criteria B7. It leads
to the conclusion that if the first priority degree is very large as compared to other

priority degrees then, the aggregation result is highly near to the first criteria value.

(3) When d = (0,0,0), it signifies that no prioritization relationship exists among the

criteria and hence, all the criteria are at the same importance level. In other words, in
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this case, the criteria become independent and using the Proposition 11.2.2, we have

1 1 1 1
CIFPI‘Ad(%l, By, B, s34) = 1%1 D Z‘Bz ) Z‘Bg ) 1%4

(4) When d = (400, 1,1), it gives that the criteria B is extremely important as its priority
degree tends to +oo. In this case, the aggregated value is uniquely determined by the
criteria 87 and all the other criteria value do not have any impact on the accumulated
value. In nutshell, if the first priority degree in any MCDM tends to 400 then, the
role of other criteria values become nil and the aggregated result is determined by first

criteria only. In other words, in this case, using Proposition 11.2.3, we have

CIFPrA,(B1, B2, B3, By) = By

(5) When d = (0,+00,0), it indicates that the criteria B; and B4 are at the same prior-
ity level and are extremely important than the remaining criteria 83 and 84 because
the second priority degree dy tends to oo here. In this case, the aggregation result is
determined by criteria 81 and B, only with equal weightage and the role of other cri-
teria values vanish in aggregation process. In other words, in this case, by Proposition
11.2.4, we have

CIFPrA4(B1, B2, B3, By) = %%1 & %%2

(6) When d = (1,+00,1), it signifies that there is normal prioritization relationship be-
tween the criteria B and 9B, as considered in CIFPrA operator and these criteria
%1 and B9 have extremely high importance than the remaining criteria B3 and B4
because the second priority degree do tends to oo. In this case, the accumulated value
is uniquely determined by criteria 5, and B, only with normal prioritization consid-
ered among them and the influence of other criteria values becomes nil in aggregation

process. In other words, in this case, by Proposition 11.2.5, we have

CIFPrA;(B1, B2, B3, By) = CIFPrA (B, Bs)

Case 2: Here, we use proposed CIFPrOWA, operator, by taking g(z) = z*, to

accumulate the criteria values 9B, (v = 1,2,3,4) corresponding to each alternative V,
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(u=1,2,...,5) by taking different priority degree vectors d = (di, d2,ds) and tabulate

the acquired results in Table 11.9. The values, tabulated in Table 11.9, depict that the

ordering position of alternatives gets affected as the priority degree vector d = (dy, da, d3)

changes. This influence of d vector is deeply illustrated as follows:

(1)

When d = (1,1,1), it implies that each criteria B, is prior to B,4+1 with the same
degree for v = 1,2,3 i.e., there is normal prioritization relationship among criteria.
In this case, there is no role of priority degrees on the aggregation results and using

Proposition 11.2.7, we have

CIFPrOWA 4(B1, Ba, B3, B,) = CIFPrOWA (B1, B, B3, By)

When d = (10,1, 1), it indicates that the first priority degree is very high as comparison
to other degrees. As the criteria 28, is highly important in this case, the accumulated
values corresponding to each alternative, obtained after applying CIFPrOWA, oper-
ator, are very close to the rating values of criteria 8. It leads to the conclusion that
if the first priority degree is very large as compared to other priority degrees then, the

aggregation result is highly near to the first criteria value.

When d = (0,0,0), it signifies that no prioritization relationship exists among the
criteria and hence, all the criteria are at the same importance level. In other words,

in this case, the criteria become independent and using Proposition 11.2.8, we have

CIFPrOWA,(B1, B, Bz, B4) = CIFPrOWA,, (B1, B, B3, B,)

When d = (400, 1, 1), it gives that the criteria 98, is extremely important as its priority
degree tends to +oo. In this case, the aggregated value is uniquely determined by the
criteria 87 and all the other criteria value do not have any impact on the accumulated
value. In nutshell, if the first priority degree in any MCDM tends to 400 then, the
role of other criteria values become nil and the aggregated result is determined by first

criteria only. In other words, in this case, by Proposition 11.2.9, we have

CIFPrOWA 4 (B, Ba, B3, B,) = B,
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(5)

When d = (0,400, 0), it indicates that the criteria 8, and By are at the same priority
level and are extremely important than the remaining criteria 83 and B4 because the
second priority degree ds tends to oo here. In this case, the aggregation result is
determined by criteria 281 and 289 only and the role of other criteria values vanish in

aggregation process. In other words, in this case, by Proposition 11.2.10, we have

CIFPI‘OWAd(%l, %2, %3, %4) = CIFPI‘OWAQ (%1, %2)

When d = (1,400, 1), it signifies that there is normal prioritization relationship be-
tween the criteria B, and 9B, as considered in CIFPrA operator and these criteria
%1 and B2 have extremely high importance than the remaining criteria B3 and B4
because the second priority degree do tends to oo. In this case, the accumulated value
is uniquely determined by criteria B; and B9 only with normal prioritization consid-
ered among them and the influence of other criteria values becomes nil in aggregation

process. In other words, in this case, by Proposition 11.2.11, we have

CIFPrOWA 4(B1, Ba, B3, B,) = CIFPrOWA (B1, B5)

11.5 Conclusion

The main contributions of the proposed work are outlined as follows:

1)

The present work employs CIFSs in order to handle uncertainty existing in the data
using complex valued membership and non-membership degrees. CIF model is an ex-
tension of IF environment and can deal with two dimensional problems simultaneously

and can handle time periodic problems in a better way.

A series of prioritized averaging and geometric AOs namely CIFPrA ,CIFPrG, CIFPrA,
CIFPrGg, CIFPrOWA,; and CIFPrOWG, by considering the strict priority orders
among the arguments with and without degrees have been proposed. Some propo-
sitions related to priority degree have been investigated in detail which are helpful in

fusing multiple CIF information.
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3) A group MCDM approach based on proposed prioritized operators has been developed
for solving DM problems under the CIF environment. Also, it has been analyzed that
the proposed approach and AOs can be applied on IFS data as well and hence, the

presented work is more generalized and effective.

4) The proposed MCDM method is illustrated via an example and the results of the
presented methodology are compared with several existing techniques available un-
der CIFS and IFS studies. Besides this, the influence of the priority degrees on the

aggregated results is discussed in detail.

In the future, we will utilize the proposed AOs and MCDM approach in several other
areas such as pattern recognition, medical diagnosis and image processing. Also, we will

try to develop some methods for acquiring priority degree objectively in the future.
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Table 11.5: Comparative Analysis results with IFS studies

Method used

Overall values of the alternatives

Ranking order of alternatives

V1 V2 Vs Vi Vs
IFPWA operator [203] 0.7913 0.7758 0.8430 0.7745 0.7776 V3 = Vi = Vs> Vo = Vy
GIFPWG operator [204] 0.7811 0.7614 0.8159 0.7650 0.7455 V3= Vi =Vs>=Va = Vs
IFEPWA operator [152] 0.7906 0.7743 0.8404 0.7736 0.7743 Vs = Vi > Vs > Vo > Vy
IFEPWG operator [152] 0.7823 0.7634 0.8200 0.7664 0.7492 V3= Vi = Vi >=Vo = Vs
PFHPA operator [43] 0.7431 0.7262 0.7817 0.7317 0.7371 Vs = Vi = Vs > Vi > Vs
PFHPG operator [43] 0.7376 0.7165 0.7570 0.7253 0.7150 V3= Vi >=Vs>= Vo= Vs
PFPWA operator [90] 0.7440 0.7298 0.7918 0.7336 0.7446 V3 = V5 = V1 > Vi > Vs
PFPWG operator [90] 0.7366 0.7133 0.7459 0.7234 0.7091 V3= Vi = Vs> Vo= Vs
The proposed approach results | 0.7614 0.7526 0.7829 0.7371 0.7777 Vs >=Vs >V > Vo= Vy

Here: g(a) = —log(a),0 < a < 1in [204], v = 3 in [43]
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Table 11.8: Impact of d on CIFPrA, operator results
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wiﬁwaw\ AMMWMWMMQOH Alternatives >WWHMQA%M,MWHQMMMMMHQ Score values | Ranking order of alternatives

Vi ((0.5970,0.4601) , (0.3257,0.4385)) 0.5732
Vo ((0.5513,0.5103) , (0.3550, 0.3134)) 0.5983

d=(1,1,1) Vs ((0.3835,0.4204) , (0.3944, 0.3553)) 0.5136 Vs = V4= Vo=V > Vs
Vy ((0.5735,0.4795) , (0.2743,0.3265)) 0.6131
Vs ((0.5720,0.5564) , (0.2407,0.2829)) 0.6512
Vi ((0.5004,0.4002) , (0.3997,0.4997)) 0.5003
Va ((0.6946, 0.5005) , (0.3022, 0.3006)) 0.6481

d=(10,1,1) Vs ((0.3002,0.4000) , (0.4997,0.3001)) 0.4751 Vi=Va=Vs =V > Vs
V4 ((0.6877,0.5878) , (0.2073,0.2115)) 0.7142
Vs ((0.5991,0.5020) , (0.2012,0.3954)) 0.6261
Vi ((0.6443,0.4820) , (0.2913,0.4162)) 0.6047
Vs ((0.4756,0.5051) , (0.3663, 0.3409)) 0.5684

d=(0,0,0) Vs ((0.4616,0.4042) , (0.3409, 0.3873)) 0.5344 Vs =V >=Vi>= Vo >=Vs
V4 ((0.5179,0.4708) , (0.2913,0.3464)) 0.5878
Vs ((0.5528,0.5838) , (0.2783,0.2632)) 0.6488
V1 ((0.5000, 0.4000) , (0.4000, 0.5000)) 0.5000
Vs ((0.7000, 0.5000) , (0.3000, 0.3000)) 0.6500

d = (+00,1,1) Vs ((0.3000, 0.4000) , (0.5000, 0.3000)) 0.4750 Vi=Vo=V5>=V1 > Vs3
V4 ((0.7000, 0.6000) , (0.2000, 0.2000)) 0.7250
Vs ((0.6000, 0.5000) , (0.2000, 0.4000)) 0.6250
V1 ((0.5528,0.4523) , (0.3464, 0.4472)) 0.5529
Vs, ((0.5757,0.5000) , (0.3464, 0.3000)) 0.6073

d = (0,+00,0) Vs ((0.3519,0.4523) , (0.3873,0.3873)) 0.5074 Vs = Vo = V4= V1 = V3
V4 ((0.5757,0.4708) , (0.2828,0.3464)) 0.6043
Vs ((0.6000, 0.5000) , (0.2000, 0.2828)) 0.6543
%t ((0.5358,0.4354) , (0.3634, 0.4642)) 0.5359
Vs ((0.6058,0.5000) , (0.3360, 0.3000)) 0.6175

d=(1,400,1) Vs ((0.3339,0.4342) , (0.4242,0.3536)) 0.4976 Vs = Vi = Vo=V = Vs
V4 ((0.5985,0.4939) , (0.2674,0.3174)) 0.6269
Vs ((0.6000, 0.5000) , (0.2000, 0.3064)) 0.6484
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Chapter 12

Summary and Future Scope

This chapter depicts the summary of the work that we have done in this thesis. Also, it

outlines the scope of the future work.

12.1 Summary of the work

In this thesis, we have reviewed existing work on IFSs, IVIFSs and CFSs theories in
Chapter 1 and have discussed the gaps in existing F'S and IFS environments which are
filled by the CIFS model. In Chapter 2, some basic concepts related to IFS and CIFS
models are described. In Chapters 3-5, we have proposed a number of new information
measures which process uncertain and periodic information simultaneously. In Chapters 6
and 7, we have introduced new generalized averaging and geometric AOs which aggregate
independent arguments under CIF environment. In Chapter 8, we have presented novel
generalized exponential and logarithm operations for CIFNs and AOs based on these
operations. In Chapters 9 and 10, we have developed power and Bonferroni mean AOs
respectively which consider interdependence among CIFNs during aggregation process. In
Chapter 11, we have defined some new prioritized aggregation operators by considering
priority degrees among priority orders for aggregating CIFNs. The key contribution of the

work, presented in this thesis, is summarized as follows:

1) IFS and IVIFS theories capture uncertainty and fuzziness using real numbers lying be-

tween 0 and 1. Although, researchers have developed a number of MCDM techniques
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under these theories but, these models can deal with only one dimensional DM prob-
lems. However, many real world complex problems involve two dimensional data i.e.,
information related with the attributes and periodicity of the parameters concerned
with the problem. In order to portray such two dimensional information using these
theories, the decision-maker will have to consider two or more FSs/IFSs/IVIFSs which
may increase execution time and the number of computations required while solving
the problem. But CFSs, CIFSs and Complex IVIFSs (CIVIFSs) have the ability of
portraying two dimensional information together in one set. In a nutshell, the fun-
damental gap in IFS/IVIFS theories is that these sets can deal with only uncertainty
whereas CIFS/CIVIFS models fill this gap by handling uncertainty and periodicity

simultaneously.

The information measures presented in Chapters 3 - 5 have provided tools for cluster-
ing analysis, for solving pattern recognition problems, medical diagnosis problems and
many other DM problems which involve uncertainty and periodicity factors simultane-

ously. The measures proposed in these chapters are:

a) Hamming, Euclidean and Hausdorff distances among CIFSs.
b) Correlation coefficient and weighted correlation coefficient for CIFSs.

¢) A series of similarity measures among CIFSs and then constructed distance, entropy
and inclusion measures based on proposed similarity measures using the transfor-

mation relationship among various information measures.

The proposed information measures have been applied in patten recognition problems,
medical diagnosis problems and MCDM problems. Also, clustering algorithm has been

developed based on the developed similarity measures in order to cluster CIFSs.

An AO is a mathematical function possessing the capability of reducing a set of numbers
into a unique representative one. We have developed new operational laws for CIFNs
based on ATT operations and a series of weighted averaging and geometric AOs in
order to aggregate independent CIFNs in Chapters 6 and 7. Besides this, we have

developed exponential operations in which bases are real numbers and the exponents
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are CIFNs and have presented logarithmic and exponential of logarithmic operations

in Chapter 8. A list of the proposed AOs in Chapters 6 - 8 is given as follows:

a) Generalized CIF weighted and ordered weightedaveraging/geometric operators.
b) Generalized CIF hybrid averaging/geometric operators.

¢) Generalized CIF weighted and ordered weighted averaging/geometric operators based

on exponential of logarithmic operations.

The above presented operators are based on ATT operations and the decision maker
can choose any norm operation such as algebraic, einstein, hamachar in accordance
with his/her desire or present situation by giving different forms to additive generator.
The fundamental properties of these operators have been investigated in detail. Besides
this, the proposed operators can be applied on IFS data as well by setting the phase

terms equal to zero which shows that the presented work is more generalized.

In order to aggregate dependent CIFNs, we have proposed power, BM and prioritized
operators in Chapters 9, 10 and 11 respectively. The AOs developed in these two

chapters are listed as follows:

a) CIF power averaging/geometric operators.

b) CIF weighted and ordered weighted power averaging/geometric operators.

¢) Generalized CIF weighted bonferroni mean operator.

d) CIF prioritized averaging/geometric operators with and without priority degrees.

e) CIF prioritized ordered weighted averaging/geometric operators with priority de-

grees.

The fundamental property of the power operators developed in Chapter 9 is that in
these AOs the weightage of each argument is calculated by taking into account the
similarity of the argument with all other arguments which are to be aggregated. On
the other hand, in Chapter 10, generalized BM operators are developed which take
into account the interrelationship among each pair of CIFNs. Various special cases of

BM operators have been obtained and discussed. Also, it has been analyzed that the
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existing BM operator under IFS theory is one of the special cases of the proposed BM
operator which proves that the presented work is more generalized and reliable. Also,
the CIF prioritized AOs, presented in Chapter 11, address the situations in which there
exists strict prioritization relationship among the arguments to be aggregated with or

without priority degrees among strict priority levels.

12.2 Future scope of the work

The future scope of the work presented in the thesis is described as follows:

1)

Various information measures such as distance, similarity, correlation, divergence and
entropy can be developed under CIVIFS environment and based on them MCDM

techniques can be established.

The presented work may be further extended to develop new AOs under CIFS and
CIVIFS studies by constructing some novel additive generator such as trigonometric

operations etc.

Based on the addition and multiplication operations of CIFNs and Complex IVIFNs
(CIVIFNs), the subtraction and division operations can be developed under CIFS and
CIVIFS theories.

The proposed BM operator can be further extended to Maclaurin Symmetric Mean
(MSM) operator based on ATT operations for aggregating dependent CIFNs and CIV-
IFNs. Also, some hybrid AOs may be developed under CIFS and CIVIFS theories by

combining the characteristic of the different operators.

The proposed MCDM and MCGDM methods can be integrated with other various
existing MCDM techniques such as WASPAS, CODAS, TOPSIS, and MULTIMOORA.

The proposed AOs, information measures and MCDM approaches may be extended in
the direction of solving environmental issues such as solid waste management, green-

house gas emissions, health-care solid waste management and green supplier selection.
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