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ABSTRACT

The present dissertation entitled,“On L'-Convergence of Certain Trigonomet-
ric Sums” contains a brief account of investigations carried out by various authors and by
me on L!-convergence of trigonometric series under the supervision of Dr. Jatinderdeep
Kaur, Lecturer and Dr. S.S.Bhatia, Professor, School of Mathematics and Computer

Applications, Thapar University, Patiala.

The work presented in this dissertation has been divided into four chapters . The
first chapter is introductory. In this chapter, apart from setting up the notations and
terminology to be used in sequel, we have presented some known results interrelated to
our results along with a brief plan of our results presented in the subsequent chapters. The
purpose of chapter II is to study the L!-convergence of modified cosine sums introduced by
C.S. Rees and C.V. Stanajevié¢ in 1973 with class S of coefficient sequences. In chapter III,
we have studied the L!-convergence of the modified cosine sums given by Suresh Kumari

and Babu Ram in 1987 with class S.

In chapter IV, we have obtained the L!-convergence of the cosine sums given by
Ram and Kumari with class S, of Tomovski. We have also obtained the L!-convergence

of the rth derivative of the cosine sums with S, class.

Towards the end, references of various publications cited in the present dissertation

have been reported.
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Chapter I

Introduction

1.1  The present dissertation comprises certain investigations carried out by the
author “On L'-Convergence of certain Trigonometric Sums”. It is well known that if a
trigonometric series converges in L! -metric to a function f € L(T), then it is the Fourier
series of the function f. Riesz {[1], Vol.II, Ch.VIII§22} gave a counter example to show
that in L'-metric, the converse of the above said result does not hold good. This motivated

various authors to study the Ll-convergence of trigonometric sums.

The work on this topic was initiated by Young W.H. [31] and Kolmogorov A.N. [13] by

taking classes of convex sequence (A2a, > 0) and quasi-convex sequences (i n|A%a,| <
oo) respectively. Teljakovskii S.A [30] considered another class S introdl?(:d by Sidon
[22] for Ll-convergence of trigonometric series. The results obtained by these authors
were further generalized and extended by Hardy G.H. and Littlewood J.E. [8], Kano T.
[10], Garrett J.W. and Stanojevi¢ C.V. ([6], [7]), Ram B. ([15], [17]), Bojanic R. and
Stanojevi¢ C.V. [3], Bhatia S.S. and Ram B. [2], Tomovski Z. ([25], [26], [27], [28]), and

others by considering various generalizations of classes of sequences mentioned above for

one-dimensional trigonometric series.

During their investigations, some authors introduced modified trigonometric sums,
as these sums approximate their limits better than the classical trigonometric series in
the sense that these sums converge in L'-metric to the sum of trigometric series where
as the classical series itself may not. In this concern, various authors like Rees, C.S. and
Stanojevi¢ C.V. [19], Kumari S. and Ram B. [14], Ram B. and Kumari S. [18], Ram B.
and Bhatia S.S [9], Kaur K., Bhatia S.S. and Ram B. [12] have introduced various new
modified trigonometric sums and have studied their L'-convergence under various classes
of coefficient sequences. Bhatia S.S. and Ram B. [2] generalized the results of Kumari S.

and Ram B. [14] and obtained their results as corollary.



To provide sufficient background for later chapters, a summary of basic concepts,

techniques and a brief chapter wise resume of the results contained in the dissertation has

been given in this introductory chapter. However, some of the definitions and notations

will be repeated occasionally in various chapters for the sake of convenience.

1.2 DEFINITIONS AND NOTATIONS

Let {a,} be a sequence. Then we write
Aay = an — apy1

A2a, = A(Aay) = an — 2041 + Anyo

Abel’s transformation ([1], Vol.I, p.1) If ag, a1, a2, .....,; 00, V1, .cccy Upyy ...

numbers, let us assume that
Vi=vo+v1 +v2+ ...+ v,

Then for any values of m and n we find that
n n—1
Z apvE = Z AarpVi + anVy — a4 Vin—1
k=m k=m

(under the condition that if m =0,V_; = 0).

Convex sequence. A sequence {a,} is said to be convex if A2%a, > 0.

are any real

Quasi convex sequence ([1], Vol.II, p.202.) A sequence {a,} is said to quasi-convex

if

Zn|A2an| < 0.

n=1

Semi convex sequence [10]. A null sequence {a,} is said to be a semi-convex if

oo
Zn!AQan_l + A2a,| < oo, (ap = 0)

n=1



It may be remarked here that every quasi-convex null sequence is semi-convex.

Generalized semi-convex sequence [11]. A null sequence {a,, } is said to be generalized
semi-convex if

oo

Z n® A g, 1+ A*Ma,| < oo, for a > 0, (ap =0)

n=1

For o = 1. this generalized semi-convex sequence reduces to semi-convex sequence.

Quasi monotone sequence ([20], [24]). A sequence {a,} of non-negative numbers is
said to be a quasi monotone if a,11 < a,(1+ &) for some o > 0 and all n > ng(a). An

equivalent definition is that n~?a, | 0 for some 8 > 0.

Monotone decreasing sequence. A sequence {a,} is said to be monotone decreasing

sequence if a, > an41 for all values of n.

O- and o-relationships for series and integrals [1]. Using the notation now accepted

in mathematical literature we write
Up = 0(vy)

If v, >0(n=0,1,2,..) and 2 0 at n — oo
Un,

U
If = is bounded, we write
Un

up = O(vy)

If two positive constants A and B exists for which at sufficiently large n

A< < B,
Un
then we can write
Un ~ Un,
and finally
Uy & Up,



will signify

lim — =1
n—oo U?’L

(in this case it is usally said that u,, and v, are asymptotically equal.)

[o.¢]
Oliver’s theorem. If a, |0 as n — oo and Z an < oo then na, — 0 as n — oo

n=1
Fourier series. A trigonometric series
a oo
0 .
3 + E (ap cos nx + by, sinnx)
n=1

is called the Fourier series where the coefficients a,, and b, can be determined by the

Fourier formulas

an = 1 f(z) cosnz dx
™ —T
1 [7 .

b, = — f(x) sinnz dx
T

—T

derived from the integrable function f(x). We can write
a o
f(z) ~ ?0 + zjl(an cos nx + by, sinnx)
n—=

And let the partial sum of this series be denoted by S, (z) such that

ao

Sp(z) = 5+ Z(ak cos kx + by, sin kx)
k=1

Dirichlet kernel ([1], Vol.I, p.85). Let

D, (z) = 3 + cosx + cos 2z + ... + cosnx

then

2singDn(x) = sin%—|—251ngcosx—|—....—i—QSingcosn:L‘

= 11 -
S n 5 T



sin (n+ %) T

hence D,(z) = -
2sin 5

This expression is known as Dirichlet’s kernel. Moreover,

Dy(x) = sinz4sin2z + ...+ sinnz.
cost —cos(n+3)x

in T
2snr12

is called the kernel conjugate to the Dirichlet kernel.

sinz
Since the function —— decreases in the interval (0, 7]
x

Therefore,

sinz _ sin % 2
T

If  # 0 (mod 27), then

1
D, < —— 2
Do) g ®
and
~ 1
D <— 3
Do) < ©
Using (1) and (2), we get
™
Dn < Y S
|D,,(z)| < o for 0<|z| <7
and using (1) and (3), we get
Du@)| <2, for 0<o|<m

Also, we shall make use of the uniform estimate

1
Da(e)| Sn+5, for any

Fejer kernel ([1], [32]). The Fejer kernel K,,(x) is defined as

Knlt) = —— > Dy)
=0

1 isin(j—l—%)x
n+14 25sin 5
7=0




Using |Dy,(z)| < n+ 1, it follows that K, (z) <n+1

It has the properties that

(1)  Knp(z) >0,
i) L Ky@)de = 1.

T J—m

The conjugate Fejer kernel is defined as

- 1 < -
Rola) = — > Dy)
j=0
We have
Kn(x) >0 for O<z<m, n=1,2,3,.
and

- n
Ronla)] < 2
The class S ([22], [30]). A null sequence {ar} belongs to class S, if there exists a

sequence { Ay} such that

(1) {Ax} 10 as k — oo.
(i) > {Ar} < oo.
k=0

The class S is usually called as Sidon-Teljakovskii class. Since, firstly, Teljakovskii ex-
pressed Sidon’s condition in a succinct equivalent form and secondly, he showed that the

class S is also a class of L!'-convergence.

The class S [23]. A sequence {a,} of numbers is said to belongs to the class S, if
anp — 0 as n — oo and there exists a sequence {A,} such that {A,} is quasi-monotone,

oo
ZA” < oo and |Aay,| < A, for all n.
n=0



The class S, [25]. A null sequence {a;} is said to belong to class S,, r =0,1,2,3, ... if

there exists a sequence { Ay} such that

(1) {4} 10. as k— .
(i4) D {4z} < o
k=1

(ZZZ) ]Aak] S Ak, vV k

When r = 0, we denote S, = S. Clearly S,41 C S, V r=0,1,2,3,...., but the converse

of this inclusion is not true. (cf. Chapter IV)

The class C of Garrett and Stanojevié¢ [7]. A null sequence {a,} belongs to class C

if for every € > 0, there exists a d(¢) > 0, independent of n, and such that
é
J

The class R [10]. A null sequence {a,} belongs to the class R, if

— 2 2%‘ '
;k’A(k><oo

Z Aag Dy (z)

de <e, for all n>0.

The class R, [2]. A null sequence {a,} belongs to the class R, r=0,1,2,.., if

N

k=1

Clearly, for » = 0 this class reduces to the class R.
(1.3) The following results about the behavior of cosine and sine series are known:

Theorem I ([1], [13], [31]). If {ax} is a quasi-convex null sequence, then

(1.3.1) flx) = iak coskx € L0, 7).
k=1



Theorem II ([1], [29]) . If {ax} is a quasi-convex null sequence, then

oo
(1.3.2) D agsinka
k=1
o~ Ja]
is a Fourier series if and only if ; Th < 00.

In 1968, Kano [10] generalized Theorem I and Theorem II in the following form:
Theorem III. If {a;} is a null sequence such that
Nt a
(1.3.3) ;k2 ‘Az (f)’ < oo, i.e. {ay} € class R,

then (1.3.1) and (1.3.2) are the Fourier series, or equivalently they represent integrable

functions.

Concerning the integrability of trigonometric series belonging to the class S (intro-

duced already in §1.2), Teljakovskii [30] established the following theorems:

Theorem IV. Let the cosine series

o0
ao
> + ;ak cos kx

belongs to the class S. Then this is a Fourier series and the following relation holds:

T a o0 (o)
0
/0 5 + Zakcoskw dr < CZAR,
k=1 k=0
where C is an absolute constant.
Theorem V. Let the sine series
o0
Z ag sin kx
k=1

belongs to the class S. Then the following relation holds for p = 1,2, 3, ...

s e P oo
/ ]Zaksinka}\dx:zc;:—k O<2Ak)'
T k=1

[(p+1) k=1

We observe that Theorem I and Theorem III provide just only the sufficient conditions

for the integrability of cosine series.



Ram [16] showed that the condition S is sufficient for the integrability of Rees-

Stanojevi¢ sums [19]

(1.3.4) gn(x) = % Z Aay, + Z Z(Aaj) cos kx

k=0 k=1 j=k

They proved the following theorem:

Theorem VI. Let the sequence {ay} satisfy the condition S. Then g(x) = lim g,(x)

n—oo

exists for = € (0, ], and
[ lowlar<c 3 a
0 k=0

Consider the cosine series

an >
(1.3.5) 5 +;ak cos kx

Let the partial sums of (1.3.5) is denoted by S,(z) and f(z) = lim S,(x). Denote
n—oo

the class of sequences of Fourier coefficients {a;} by F. There are subclasses of F for

which a,logn = o(1), n — oo is a necessary and sufficient condition for ||S, — f||;1 =

o(1), as n — oo.

A subclass G of F is called a class of L!-convergence if ||S, — f||z1 = o(1), n — oo

if and only if a, logn = o(1), n — oco.

There are three classical examples of classes of L'-convergence. The first one is
due to Young [31], where G is defined to be the class of all convex sequences {ax}. The
second one is the class of all quasi-convex sequences {ay}, introduced by Kolmogorov [13].
The third example is class S due to Teljakovskii [30]. These classical classes have been

extended by various authors.

Concerning the L'-convergence of the cosine series, we have the following classical

result of Kolmogorov [13].



Theorem VII. Ifay | 0and {ay} is convex or even quasi-convex,then for the convergence
of the series (1.3.5) in the metric space L, it is necessary and sufficient that aylogk =

o(1), k— oo.

The case in which the sequence {ay} is convex, of this theorem was established by
Young [31].

Generalizing the above classical result, Teljakovskii [30] proved the following result.

Theorem VIII. If the coefficient sequence {ax} of the cosine series (1.3.5) belongs
to the class S, then a necessary and sufficient condition for L!-convergence of (1.3.5) is

aglogk = o(1), k — oo.

Rees and Stanojevi¢ [19] introduced modified cosine sums (1.3.4) and obtained an
analogue of Theorem XI for these sums. These modified cosine sums approximate their
limits better than the classical cosine series as they converge in L'-metric to the sum of
the cosine series whereas the classical series itself may not. They proved the following

result.

Theorem IX. Let f be the sum of the cosine series (1.3.5). Then g,(x) converges to f

in L'-metric if and only if {a;} belongs to the class C.

Ram [15] proved the following result on L!-convergence of Rees-Stanojevié sums

(1.3.4).
Theorem X. If (1.3.5) belongs to the class S. Then
1f = gnllpr = o(1), n — oc.
Theorem VIII of Teljakovskii [30] follows as corollary of this theorem.

Later, Ram and Kumari ([14], [18]) introduced new modified cosine and sine sums

as

10



(1.3.6) fulz) = % + anzn:A (“J) k cos ka

k=1 j=k J
and
(1.3.7) hn(z) = ZZA <C;]> k sin kx
k=1 j=k

and studied their L'-convergence under the condition that the cosine series and sine series
belongs to the class R and S. They also deduced the results about L'-convergence of cosine

and sine series. Their results are as below:

Theorem XI. Let {a,} belongs to the class S and lim |a,y1|logn = 0, then ||f —
n—oo

Spllzr = 0(1) n — .

Theorem XII. Let {a,} belongs to the class S. If lim |a,,41]logn = 0, then ||f—f||;1 =
n—oo

o(1) n — oo.
Theorem XI of Ram [14] follows as corollary of this theorem.

Theorem XIII. Let {a,} belongs to the class R. If ¢, (x) represents f,(z) or h,(x) ,

then ||f — ty||z1 = o(1) n — oo.

Further, Bhatia and Ram [2] studied the L!-convergence of r-th differential of trigonomet-

ric sums introduced by Ram and Kumari [18] as:

Theorem XIV. Let {a,} belongs to the class R,. If ] (z) represents f;(z) or h,(z) ,

then || f"(z) — t (z)||pr = 0o(1) n — 0.

Hooda and Ram [9] further proved the following theorem in concern with Ram and Kumari

sums (1.3.6)

Theorem XV. Let {a,} belong to the class S’. Then

I|f = faller = o(1), n — oo.

11



In chapter II, Theorem VIII, X have been studied for the cosine series using the

modified cosine sum (1.3.4) of Rees-Stanojevié¢ [19].

Whereas, in chapter III, Theorem XI, XII have been studied for the cosine series

using the modified cosine sum (1.3.6) of Ram and Kumari [18].

The objective of chapter IV is to generalize Theorem XII for the cosine series for an
extended class S, r =0,1,2, ... of cofficient sequences and also obtain the L!-convergence

of the r*" derivative of the cosine series.

12



Chapter II

On L!'-Convergence of Certain Cosine Sums

2.1 Introduction

Consider the cosine trigonometric series

oo
(2.1.1) % —&—;ak cos kx

Let the partial sum of (2.1.1) be denoted by S, (x) and f(z) = lim S,(z).

n—oo

Definition 1. A null sequence {ay} is said to belong to the class S, if there exists a

sequence { Ay} such that

(2.1.2) {4} 10 as k — oo,

(2.1.3) D A < o,
k=0

(2.1.4) \Aak| < Ak vV k.

This class S is introduced by Sidon in 1939 [22].

Garrett and Stanojevi¢ [7] proved that the partial Rees-Stanojevié¢ sums [19]

(2.1.5) gn(x) = ;zn:Aak —I—EH:EH:A% cos kx
k=0

k=1 j=k

converge in the L!-metric to (2.1.1) if and only if given € > 0, there is a §(¢) > 0 such that

(2.1.6) /0 ’

for all n > 0.

dr < €

> AapDy(x)

k=n-+1

It has been also shown that the classical Young-Kolmogorov-Stanojevié sufficient condition

for integrability of (2.1.1) imply (2.1.6).

13



Generalising a classical result [[1], p.204], Teljakovskii [30] proved the following result:

Theorem A. If (2.1.1) belongs to the class S, then a necessary and sufficient condition

for L' convergence of (2.1.1) is a, logn = o(1), n — oco.

The aim of this chapter is to study the L!-convergence of Rees-Stanojevié¢ cosine sums

(2.1.5) to a cosine trigonometric series belonging to the class S defined by Sidon.
(2.2) Lemmas. The proof of our results are based upon the following lemmas:
Lemma 1 [5]. If |¢;| < 1, then

r

where C is a positive absolute constant.

dr <C(n+1).

n sin (k—i—%)x
D

: X
281n§

k=0

Proof. Since
. 1
_sin (k+3)x
2sin 5

Dk(l')

As, Di(z) is bounded.

So let,
. 1
sin (k"—l— 5) T <B
25111% -
Therefore,
IS : k4 1 T n
A e L PR D BRI
0 — 2 sin 3 0 —
k=0 k=0
< Bn+1)r=C(n+1)

Hence

" sin (k:+%)x
pprunt L

de < C 1).
2sin% r<Cn+1)

Lemma 2. If (2.1.1) belongs to the class S, then

gn(z) = Sn(2) — ant1Dn ().

where D,,(z) denotes the Dirichlet kernel.

14



Proof. Since the modified cosine sum of Rees-Stanojevié is

gn(z) = % Zn: Aay, + z": Zn: Aaj cos kx
k=0

k=1 j=k
1 n
= 3 (ap — an+1) + Z (ak — ag+1 + Qg1 — oo + Qp — Gpt1) cOskx
k=1
a a & 1
= ?0 o n2+1 + ; ajp coskr — a1 (Dn($) — 2>

An41 An+41

2 2

= Sn(x) - an+1Dn($) +

Hence,

gn(x) = Sp(x) —apnt1Dp(z).
2.3 Main Results: The main results of this chapter are given as under:

Theorem 1. If (2.1.1) belongs to the class S, then

I|f = gnllr =0(1), n— oco.

Proof. Since

gn(x) = % En: Aay, + En: z": Aaj cos kx
k=0

k=1 j=k
By Lemma 2, we can write
gn(x) = Sn(2) = anp1Dn ().
f@) —gn(z) = [f(z) = (Sn(2) = ans1Dn())
f(z) —gn(z) = (20 + Z aj, cos /m) - (C;O + Z ay, cos kx — an+1Dn(:r)>

k=1 k=1

o0
= Z ay cos kx + an41 Dy ()
k=n+1

On applying Abel’s transformation, we get

f@) = gn(®) = Y AapDi(x) = any1Dn(x) + ans1 Dn(x)

15



Therefore,

/ |f(x) — gn(z)| dz = / > AayDy(z)| da
0 0 k=n+1
T > A
= / Z Ak—Aaka(:c) dx
L —] k
Again applying Abel’s transformation we get
[e'S) k
™ A i
= / Z AAyg Ta'Di(x) dx
O |k=n+1 i=0
[e'S) x| k Aa:
k=n-+1 0 li=o
By lemma 1,
f(@) = gn(@)] dz < C ) (k+1) Ay
k=n-+1
But,
n n—1
A=) (A4 . (k+ 1)+ (n+1) Ay
k=0 k=0

n

Since A, J 0 as n — oo, and ZAk < oo as n — oo then by Oliver’s theorem
k=0

(n+1) A, — 0 as n — oo. This implies

n—1
Z(AAk).(k+1)<oo as n— oo
k=0
Therefore,
> (A4 . (k+1) =o(1)
k=n+1
Hence,
| @) =gl da = o)
ie. |lf —gnllzr = 0(1), n— occ.
Hence proved. O

16



Theorem 2. If (2.1.1) belongs to the class S, then a necessary and sufficient condition
for L' convergence of (2.1.1) is a, logn = o(1), n — co.

Proof. Since

/|f (2)ldz = / 1£(2) = ga(2) + ga(z) — Su(2)|ds

< [ 1@ -g@lde+ [ o) = Sula)lda

< [ 1@ - gulalde+ [ laniiDa(@lda

< [ 1@ - gulolde + aus [ IDu(o)lds
Since ILm / |f(z x)|dz = 0 by Theorem 1 and by the use of Zygmund’s Theorem,
we have

/ a1 Dn(2)|dz < anﬂ/ Dy (2)|da
0 0
1

IN

An+1 lim

n—00 €T

w/n
= apyilogn  as n— oo.

Hence, l|lf = Sull = o(l), n— O

17



Chapter III

On L!'-Convergence of a Modified Cosine Sums

3.1 Introduction

Consider the cosine trigonometric series

o
(3.1.1) % —&-;ak cos kx

Let the partial sum of (3.1.1) be denoted by S, (x) and f(z) = h_)m Sn(x).

Definition 1. A null sequence {ay} is said to belong to the class S, if there exists a

sequence { Ay} such that

(3.1.2) {4k} 10 as k — oo,

(3.1.3) D Ay < o0,
k=0
(3.1.4) |Aag| < A,V k.

This class S is introduced by Sidon in 1939 [22].

Definition 2. Let

1
D, (z) = 5 + cosx + cos 2z + ... + cosnx

be the Dirichlet kernel and

D, (z) =sinz + sin 2z + sin 3z + .... + sinnz.

be the conjugate Dirichlet kernel.

The differentials D, (z) and D, (z) of D,(z) and D,(x) respectively can be written as

D,(x) = —sinz—2sin2z — ... —nsinnz
n

D,(x) = —stink‘x
k=1
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and

D,(x) = cosz+2cos2z+ ...+ ncosnz

n
D,(z) = Z k cos kx
k=1
Concerning the L'-convergence of Rees-Stanojevié cosine sums [19]

falz) = ;Zn: Aay + Zn: Zn: Aay, cos kzx
k=0

k=1 j=k
to a cosine trigonometric series, belonging to the class S, Ram [15] proved the following

theorem:

Theorem A. If (3.1.1) belongs to the class S, then

I[f = fallpr = o(1), n — oo.

Later, in 1988 Ram and Kumari [14] introduced a new modified cosine sum as

gn(z) = %+ZZA <C;J> kcoskzx

k=1 j=k

The aim of this chapter is to study the L'-convergence of this modified cosine sums under

the class S of coefficient sequence.
(3.2) Lemmas. The following lemmas will be used in the proof of the theorem:
Lemma 1 [5]. If |¢x| < 1, then

r

where C is a positive absolute constant.

i sin(k + 3)z
P it LI Yind

2sin
k=0 2

dr < C(n+1).

Proof. Proof of this lemma has been given in chapter II.

19



Lemma 2 [21]. For the r'h derivatives of the Dirichlet’s kernel D, (x) the following
estimates hold

D) (2)|| 10 = O(n"logn), r=0,1,2,....

Proof. Let r be any non-negative integer.

Now with the Bernstein inquality in LP-space, we have

/ |Dg>(x)|d:cgnr/ Dy ()| d.
0 0

On the other hand,

"I x)|dz ”751112(%) x
/0|Dn( )dz < /0 dr+ O(1)

T

= log(l1+nm)+ O(1) = O(logn).

Therefore

1D ()| = O(n" logn)
In particular, for first derivative of Dy, (z) is
1D;,(2)[| 1 = O(nlogn) O

3.3 Main result: We prove the following results:

Theorem B. Let (3.1.1) belongs to the class S. If lim |a,+1|logn = 0, then
n—oo
1f = gnll = o(1), n — o0.

Proof: we have

gn(z) = % + A <a]> k cos kx
k=1 j—k J
@ — ar Qg1 an
" kcos ke | A (7) A L HA (7)
2+k:1 cos :L'( A + <k+1>+ + o
ao - ag ap+1 Ap41 Af4-2 (e7% An+1
- % keoska | & — - Lo
2+; CObx(k: K+l Thel k42 n+1>
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n
Qo ag An+1
= 3*2’“‘”’“ (k_ n+1>

= + E ap coskx — ia g kcoskx
n +
k=1 =

= Su(a) — LD ()

Therefore,

D, (x)

k=n+1

Now, making use of Abel’s transformation, we have

Z AapDy(x 4 Ity ()
n+1
k=n+1
Now,
i B i Ang1 =
/0 |f(z) — gn(x)|dz = / k%lAaka dm—i—/o mDn(x) dx
= A T ant1 =
- / ZAk LYy )dnc—i—/ It B ()| do
k=n+1 o n+1
Again using Abel’s transformation, we get
/ |f(z (2)|dz / Z AA Aal ()dx—i—/w It B (2| da
= k _— n
k=n+1 o In+1
< Z AAk/ ZA“"DZ»(QC) dx—i—/ﬂ It P! (2)| da
k=n+1 = A o In+1
Using lemma 1, we get
o0 a 5
Z (k+1) AAk+/ nn_’:lan(w) dz
But,
n n—1
A=) (A4 . (k+1)+(n+1) A,
k=0 k=0

Asn — oo, (n+1) A, — 0 by Oliver’s theorem. Moreover ZAk < 0o as n — oo by
k=0
(3.1.3) condition of class S. This implies
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Z(AAk).(k+1)<oo as n— oo
k=0
Therefore,
> (A4 . (k+1) =o(1)
k=n+1

Moreover, by Zygmund’s Theorem ([1], p. 458) we have

[leioiola < |
0 —T

il [T (2 e

dx

anp+1 b/ (x)

HD, D) (@)
n

n+1 "

n+1J_,
Using lemma 2, we get
/7T WAL (@) do = 91l jog

= C l|ans+1|logn

~ lans1|logn

And |ap4i|logn =0 as n — oo.

Therefore
| 1@ - gualde o, 0o
Hence
I|f = gnll = 0(1), n — occ.

Hence proved.

Theorem C. Let (3.1.1) belongs to the class S and lim |a,41|logn = 0, then || f—S,|| =
n— o0
o(1), n— oo.

Proof:- We notice that
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—T —T

™ ™

(@) — gala)lda + / 9 (@) — Sa(2)lde

—T

IN

/7r | (2) = Sn()|dz = /ﬂ [f (@) = gn(x) + gn(x) — Sn(z)|dz
/

—Tr

Since
o . An+1 ~/
gu@) = Sulw) = LD ()
. o An+1 &/
gu@) = Sulw) = LD ()
Therefore
[ @ = su@lde < [ 1#@) - gu@lda+ [ | 2D ()| do

™ s
Since lim |f(z) — gn(z)|dx = 0 by our Theorem B and / il D,,(z)| dz behaves
n—oo J_ aln+1
like |an41]logn by Zygmund’s Theorem, for large values of n.
Hence ||f — Sy|| = o(1), n — oc. O
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Chapter IV

On L'-convergence of r-th Differential of Modified

Trigonometric Sums

4.1 Introduction. Consider the cosine series

o
ap
(4.1.1) > +;ak cos kx

Let the partial sum of (4.1.1) be denoted by S, (x) and f(z) = li_>m Sp(x).
Further, let f"(z) = 1i_>m Sr(z), r€{0,1,2,3...} where f"(z) represents r*" derivative

of f(x) and S”(z) represents r'* derivative of S, ().

Concerning the L'~ convergence of Ram and Kumari cosine sums [14]

(4.1.2) gn(x) = 5 + ;;A (j > k cos kx

Ram [14] proved the following result:

Theorem A. If (4.1.1) belongs to the class S and li_>m |an+1]logn = 0, then

Ilf — gnllpr = 0(1), n— oo.

Further, Tomovski [26] extended the Sidon-Teljakovskii class S to a new class S, 7 =

0,1,2,3,..., defined as follows:

Definition. A null sequence {a,} is said to belong to the class S,, r =0,1,2,3,..., if

there exists a sequence {A,} such that

(4.1.3) A, 10, n— oo,
(4.1.4) > A, < oo,
n=0

(4.1.5) |Aan| < An, ¥ n.
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For r=0, this class reduces to class S. We note that, by Ay | 0 and > ;2 k" Ay < oo,
it follows that k"' Ay = o(1), k — oc.
It is obvious that S,4+1 C S;, vV r=0,1,2,3,...., but the converse of that inclusion is

not true presented by the following examples:

[e.9]

1
Example 1. For n =1,2,3, ... define a,, = Z =
k=n+1
Then a, -0 as n— oo. And forn=0,1,2,3,..
=~ 1 1
Aan = an—any1 = Zﬁ_ Zﬁ
k=n+1 k=n+2

- [t [
(n+1?%  (n+2)> (n+2?%  (n+3)>
1

(n+1)°
Firstly we shall show that {a,}o; ¢ S1.

Let {Ay}o2, is an arbitrary positive sequence such that A | 0 and Aa,, = |Aa,| < A,

o o
However, nz_:lnAn > ; ﬁ is divergent. i.e. {a,}02, ¢ S1.
1
Now, for alln =0,1,2,..let A, = —. Then A, | 0, [Aa,| < A,
And X%An = zjl 3 is convergent. i.e. {ay}o>, € So.
n= n=

We consider yet another example in support of Tomovski assertion as given below:

Example 2. For n = 1,2, 3, .. define a,, = i #, r=0,1,2,3,...
Then a, -0 as n — oo. And for n = 1,126,:;:, .
oo oo
Aa, = an—am_l:Z#— Z kig
k=n k=n+1

1 1 1 1
= + o] - + + ...
[n“f? (n+ 1)+ ] [(n +1) T (n2)
1
nr+2

Let {4, }52, is an arbitrary positive sequence such that A, | 0 and |Aa,| < A,,.

However, g nta, > E n/ 1 = g — is divergent. i.e. {an} ¢ Sry1.
n n
n=1 n=1 n=1

25



On the other hand, for alln =1,2,3, ... let A4,

pr— W'
o0 e.) 1
Then A, | 0,|Aa,| < A, and Z:lnTAn = Z:l 2 is convergent. i.e. {a,} € S;.
n= n=

The aim of this chapter is to generalize Theorem A for the cosine series with extended
class S, 7 =0,1,2,3... of coefficient sequence and also to study the L'-convergence of

the 7" derivative of the cosine series.
4.2 Lemmas. The proofs of our results are based on the following lemmas:

Lemma 1 [21]. Let r be a nonnegative integer and z € [z, 7], where n > 1. Then
n

_ . )

(4.2.1) PO = Y (n+3) sin [(njli)gg 4 k) .

k=0 (sin(2))

(n+3) sin[(n+ )z + 7]
2sin 5

where the same 1 denotes various analytical functions of x independent of n. and D, (z)
is the Dirichlet kernel.
Proof. The proof is straightforward in the case of 7 = 0. Assuming that Equation (4.2.1)

holds, and taking the derivative of both sides in this equation, we have

DU () = S < 1>k+1 sin [(n + %):1: + (k:+21)7r} (sin(g))k_r_1 P

k=0
+ |n+ ) sin [ n+ é)w + k;] (sin(g))k_T_Qw
. (n+ %) sin {(n + D+ (TH) }
2sin 5
L ) snes e

(sin2 (5 ))
Therefore,

r

D) = 30 <n N ;) ; sin [(n + %)x + k;] (Sin(g)yffrfz .

() sl b 50 iz

The proof follows by induction.
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Moreover, we can also write it as follow

|

Lemma 2 [26]. Let {o; };?:0 be a sequence of real numbers. Then the following relation

holds for v =0,1,2,...,7and r = 0,1, 2, ...

Up =

. k ) - . .
/ a-(]—i_%) sin [(j%—%)m%—%gw] "
J . z\\T+1—v
~/(k+1) | 550 (sm(§)) 1

1/2
k
= 0| (k+1)vt2 (Za§(j+1)2”>
j=0

Proof. Applying first Cauchy inequality, yields

™ d 1/2
X
' [ m/(k+1) (Sln(g))2(r+1_v)]

" 2
AL [ G s [3) e+ 527 ]

1/2

Since
T dz 2] T dx
< r (r+1 ’U)/ e
/7r/(k+1) (Sin(%))Q(T—H_U) 7/ (k1) x2(r+1—v)
7'(‘(/6—}— 1)2(r+1—v)—1
- 2r+1-w)—-1
< Tr(k+1)2(r+l—v)—1
we have
1/2
Ue < [W(k+1)2(r+170)71} /
. 2 1/2
4 1\" 1 3
Ay {z (1) Sm{(w)m;wﬂ }
§=0
1/2
Ue < [27T(]€+1)2(T+1_U)_1] /
1/2
X

([ ety s {@Mm;w]rdt}
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Then, applying Parseval’s equality, we obtain:

1/2
& /

>l + 1

=0

1/2

Finally,
. 1/2
Ue=0 | (k+1)%2 | Y a2(j +1)%
|
Lemma 3 [26]. Let {a;} be a sequence of real numbers such that |ag| <1, V k. Then

there exists a constant C' > 0 such that for any n > 0 and r =0, 1,2, 3...

(4.2.2) /
w/(n+1)

Proof. Since from lemma, 1,

) dx < C(n+ 1)T+1.

r ko -
DS,) (2) = (n+ %) sin [(n +%)x + %] ()

k=0 (Sin(%))Hl ‘

where 1, denotes various entire 47— periodic functions of x, independent of n.

Now, we have

/7r/ n+1) Z aka

Since 1), are bounded, we have:

+3)" sin[(j+ 1)z + o2
/ o0l sl ], ol g <k,
/(n+1) 550 (81n(§))

Where U, is the integral as in lemma 2 and k=k(r) is a positive constant.

dIL’ < /7T -anaj ( r (]+ %)v S.in [(j+%)x+ %ﬂ-] %(:1:)> dx
j= v

w/(n+1)

Applying lemma 2, to the last integral, we obtain:

T n j_{_l” sin (j—l—l)l'%—ﬂﬂ' ot L n ) "
/ aj( 2) : [x r+21—v 2 ]¢v(x) dr = O|(n+1)""""2 Za?(]—f—l)Q
- 0 ((n + 1)r7v+% (n 4 1)v+%)
= O ((n + 1)”“)
Finally the inequality (4.2.2) is satisfied. a
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Lemma 4 [5]. If |ai| < 1, then

r

where C is positive absolute constant.

de < C(n+1).

j{:akLM(x)
k=0

Lemma 5 [21]. ||D](z)||;r = O(n"logn), r =0,1,2,3..., where D] (x) represents the
rth derivative of Dirichlet kernel.

The proof of the lemma 4 and 5 have already been reported in chapter III.

4.3 Results. We prove the following two theorems:

Theorem 1. If (4.1.1) belongs to the class S, and lim |a,+1|logn = 0, then
n—oo

1f = gnll = o(1), n — oo

Proof. We have

gn(z) = @—&-Zn: A(%)kcoskm
2 k=1 j=k
ag - a k41 an
= ?—&-choskx A(k)+A<k_:1>+...+A(n>>

J
n
= @%—choska: <CZ€— Zli:ll + Brl G2 + .a—n— a”“)

2 & k+1 k+2 “"'n n+1l
n
_ao A Ap41
= 2+;/€COS]€£K k_n—|—1>
Thus, we have
a - a &
0 n+1
= = kxr — k k
gn(T) 5 +Zakcos x n+lz cos kx
k=1 k=
a - a "
0 n+1
= = kxr — k k
5 +Zakcos x n+lz coskzx
k=1 k=1
Ap+1 =/

Since {ay} is a null sequence, we have therefore
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nlggo gn(x) = nh_{rgo Sp(x) = f(x) for z € (0,].

Now, we consider

An+1

g ap cos kx +
k=n+1

f(@) = gn(z Dy ()

Making use of Abel’s transformation and lemma 4, we have

/ |f(x (z)|dz = / > AapDy(x) = ani1Dp(x) + a“llf);(x) dz
0 k=n+1 n+
< Aay Dy () da:—i—/ Intl by ()| dz + |ay, 1/ | Dy ()| dx
/0 kzn;d o [nt1 "
T Aak an+1
= > Ap=~ D() | d + D, (x) da:—i—]anH] yD )| da
0 |k=n+1 o [n+1

Again, an application of Abel’s transformation, we have

n Aa; an
[ 1@ -gtlae = [ 3 an Z Dyfa)|do+ [ |42 Dy @) do+ fau| [ 1Du(a)] da
k=n+1 =0
T & K Agq; a
< /0 Z E"AAg TZD( x) da:—i—/o ntllD (x) dx+|an+1\/ | Dy ()| dz
k=n+1 i=0
< C/o S K (k+ 1A, +/0 LD () da:—|—|an+1\/ Do(2)| do
k=n+1

Since, by Zygmund’s Theorem ([1], p. 458) we have

g An+1 &/ 71' An+1 7~/
/ D,(z)|dz < / D, (z)|dz
0 n+1 - TL—|—1
= ol T
n+1
Using lemma 5, we get
T Ap41 7~/ ’an+1|
D d 1
/0 ] n(w)‘ x nr 1 "losn

C ’an+1| lOg n

’an+1| logn

s
And, |ans1] / |Du(@)| da ~ [ans1 | log .
0

Therefore,
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+ o(|ans1]10g ) + of|ans1|log n)

/f — gn(2)|dz = C Z k' (k+ 1)AA

0 Jg=nt1

Moreover,

n n—1
S K A=Y AA(k+ DE +n A,
= k=0

n
Now, Zker;c < 00 as n — oo by class S, and by Oliver’s theorem n"*!'4, = o(1) as

k=0
n — oo.
Therefore,
n—1
ZAAk(k +1)k" < oo as n — oo.
k=0
Hence, ||f — gn|| = o(1), n — oo if and only if |a,+1|logn = o(1), n — oo. O

Corollary 1. If (4.1.1) belongs to the class S,, r=0,1,2,3,... then
[|lf — Snllzr = o(1), n — oo if and only if |an,+1|logn = o(1), n — oco.

Proof. Consider,

Hf_Sn” = Hf_gn"i_gn_SnH
< Hf*gn||+”gn*sn|‘
= r|f—gn||+/” L i | o
0 n+1 n

Further, ||f—gn|| = 0(1), n — oo (by theorem 1) and also we know that /07T Zill D, (z)| dx
behaves like |ay,41|logn by Zygmund’s Theorem ([1], Vol.II, p.458).
Thus,

l|f — Snllrr = 0(1), n — oo if and only if |a,41|logn = o(1), n — oo, O

Theorem 2. If (4.1.1) belongs to the class S, and n'"|ap41|logn = o(1), n — oo then

1f" = gall = o(1), n — oc.
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Proof. Consider,

gn(z) = %+ZZA<Q?>I€COM$
2 k=1 j=k
ag a ag Ak+1 tn
= 04 kcosks A(k)+A(kj1>+-~+A(n>>

k k+1 k+1 k+2 T n n+1
A Antl
k n+1
a - a -
= ;+;akcoskx—rﬂ;k008k$

n n
= % —&-;akcoskx— :T:_rll ;kcoskx

Qp, ~/
= Sula) =5 D)

J
n
a a a a a a a
_ 0+Zk005k$< k_ Okl Ok+l | Gke2 | On n+1>

We have then,

r _qr Ant1 ~p41
4.3.1 = ———-D
431)  ghle) = Sile) - H B

where ¢’ () represents the r*" derivative of g,(z) and D/, () represents the r*" derivative
of conjugate Dirichlet kernel.

Since {a,} € S,, r €{0,1,2,3....}, is a null sequence and ]_N?fl(a:) is bounded in (0, 7]
Therefore,

lim gf,(2) = lim S}(x) = /"(x).

n—oo

Now, it follows from (4.3.1) that

Fr@) = ga@) = D ap K cos(ka+ o) = Y a k" cos(ka + 1) + Dl ()

k=1 2 k=1 2 n+1
> rT a ~
= Z ag k" cos(kx + —) + LHDZ;'H(:U)
2 n+1
k=n+1

Making use of Abel’s transformation, we have

T . T r an T
(@) = gn(@) = 3 AarDi() = a1 Djy(w) + LD (x)
k=n+1

where D/ (x) denotes the r*" derivative of Dirichlet kernel.
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We notice further that

s o an -
I —gll = / S AaDi() — an1 Dy (x) + 2 D () da
0 Rl n+1
D S e ey M e v A I
0 |k=n+t1 0 o [n+1
4 > Aay, r T r T An+1 ~r41
= > Ak—D ()| dz+ | |ani1 DL (z)|dz + D ()| da
0 Jk=n+1 0 o In+1

Applying Abel’s transformation we have,

Aal “ . Tl ant1 =,
I -gll = / 3 A DI e+ | lawaDp @iz + [ 2By ) e
k=n+1 0 0 n+1
Aa; & ™1 an, ~
< Z AAk/ % pr(a) da:—i—/ \anHD;;(a;)\der/ Intl Hr(z)| da
jR— i=0 Ai 0 o n+1

Moreover, by use of lemma 3 and lemma 5, we have

(k +1)" 1 A4,

f"—gn dx + O(n|apy1|logn) + O(n"|an+1|logn)

As we know that,

n—1

S A=Y AA(k+ DE +n A,
k=0

n
Now, by class S, , Ek‘rAk < 00 as n — oo and by Oliver’s theorem n" 14, = o(1) as

k=0

n — 00.
Therefore,

n—1

Z AAp(k+ 1) =0(1) as n — occ.

k=0
Therefore, | f"—gnll = o(1) + O(n"|an+1|logn)
Hence,

I|f"—gn|l =o0(1), n— oo if and only if n"|an4+1]logn = o(1), n — oco. O
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Corollary 2. If (4.1.1) belongs to the class S,, r =0,1,2,3.... then
[|lf" =Sk =o(1), n— oo if and only if |ap41|n"logn = o(1), n — oco.

Proof. Consider,

1F" = Sall F" = gn =+ gn — Shll

< " = gall + llgn — Sall

An+1 7~y
= 7= gl + || 4 5|
| a 1~
= r|f7'—gm|+/0 DDy ) da

an+1 DrJrl (.CE)

n+1 " dr

™
Further, ||f"—g7 |11 = o(1), n — oo (by theorem 2) and also we know that /
0

behaves like n"|ay+1|logn for large value of n by lemma 5.
Thus,

[|f" = SI|| =o(1), n— oo if and only if n"|ap+1|logn = o(1), n — oo, O
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