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ABSTRACT

One of the most basic and earliest problem of numerical analysis concerns with
finding efficiency and accurately the approximate solution of the nonlinear equation
of the form:

flz) =0,
where f : I C R — R is a nonlinear sufficiently differentiable function in an interval
I.

Analytic methods for obtaining exact solutions of such problems are almost non-
existence. Therefore, one has to find the approximate solutions by relying on numer-
ical methods which are based on iterative procedures. There are several one-point
as well as multi-point iterative methods are available in the literature to solve these
equations. Therefore, the construction of iterative methods for solving nonlinear
equations is practically important and interesting task, which has attracted the at-
tention of many researchers around the world.

Therefore, the main goal and motivation in the development of new equally com-
petitive methods is to achieve highest computational efficiency with a fixed number
of function evaluations per iteration. In our thesis, we have proposed several new
one-point as well as multi-point families of methods for obtaining multiple roots
of nonlinear equations. Further, we also intends to construct fourth-order optimal
families of Jarratt’s method. In majority of the tested examples, numerical results
have shown that all the proposed methods can compete with their classical counter-
parts. For the comparison of iterative methods, one should take into account their
convergence orders, the numerical stability, computational costs, asymptotic error
constants, the dependence of convergence on the choice of initial guesses, the simple
body structures, basins of attraction which provide their dynamic behavior and so
on. The study of some of the mentioned features is often complicated so for better
comparison, we have taken four section i.e. number of iterations, Computational or-
der of convergence (COC), absolute error is calculated by using same total number
of function evaluations (TNFE=12) and basins of attraction.

Many computer algebra software systems are available such as Mathematica,
Matlab and Mapple etc. We use computer algebra software namely, Wolfram Mathem
atica-9 in multi precision in the computation of nonlinear scalar equations through-
out this work. We accept an approximate solution up to any specific degree rather
than the exact root. Therefore, the following stopping criteria is used for computer
program:

(1) |Tni1 — xn] <€, (1) |f(xn1)| <e. (0.0.1)

When the above stopping criterion is satisfied, x,1 is consider as the required root.
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Glossary of symbols

is a set of real numbers

is an open interval

is a sequence

is the order of convergence of iterative methods

is an initial guess/approximation

is a simple root

is a multiple root

en = Tn, — & is the error at n”* iteration for multiple root

is the multiplicity of the required multiple root &,

m! (m+k)
Cr = / (€m>, k=1,2,3,...,1is asymptotic error constant in

Com+ kL fO(E,)

the case of multiple root

difference between two consective iteration
absolute value of the function at point x,

Iterative methods
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Chapter 1

Introduction and Preliminaries

1.1 General Introduction

Numerical analysis is the area of mathematics and computer science that creates,
analyzes, implement algorithms for solving numerically the problems of mathemat-
ics and applied sciences. One topic which has always been of paramount importance
in numerical analysis is that of approximating efficiently and accurately the approx-

imate multiple roots of nonlinear equation of the form

f(a) =0. (1.1.1)

where f : I C R — R is a nonlinear sufficiently differentiable function in an interval
I.

With the large number of real world applications of the four major disciplines
of engineering: chemical, civil, mechanical and electrical give rise to million of such

types of problems. For example, the problem of investigating coarse-grained dynami-

the nonlinear equilibrium path of structure in mechanical engineering [SMNMT2], the
problem of accurately estimating the molal volume (v) of the both carbon dioxide
and oxygen for a number of different temperature and pressure combinations in
chemical engineering [CC00a], many problems in control and optimization theory
and some other mathematical problems namely, the problem of finding the eigen

values of a square matrix etc. (for detail explanation one can see the literature) can
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be formulated as a nonlinear equation or a system of nonlinear equations. These
equations may be higher order algebraic equations and possibly they may involve
exponential, trigonometric and hyperbolic terms or completely be transcendental
equations.

In all the above mentioned problems, we observe that analytical methods for
obtaining exact solutions of such problems are almost non-existence. Therefore,
one has to find the approximate solutions by relying on numerical methods which
are based on iterative procedures. There are several one-point as well as multi-
point iterative methods are available in the literature to solve these equations. The
construction of iterative methods for solving nonlinear equations is practically im-
portant and interesting task, which has attracted the attention of many researchers
around the world. Therefore, the development and analysis of some higher-order
numerical methods for finding multiple roots of nonlinear equations for the present

context are the main focus of present thesis.

1.2 Some basic definitions

In this section, we will provide some basic definitions and properties related to
the iterative methods. All the basic concepts are given in this introductory chapter
in a systematic fashion. Most symbols and notations are introduced in this chapter

are global and maintain their meaning for the entire thesis.

1.2.1 Zero of a function

A zero of function f(x) is a number z = £ such that f(£) = 0. Geometrically, a
zero of f(x) is the value of z (say = = &) at which the graph of y = f(z) intersects the
x —azxis. A solution & of f(x) = 0 is called a multiple zero of f(z) with multiplicity
m > 1 and m is always taken as a natural number, if we can write f(z) in the
following way:

flz) = (z =)™ h(z), (1.2.1)
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where h(x) is bounded and nonzero at x = £. For m=1, the number ¢ is said to be
a simple root.
Another definition of multiple root:

If f(z) has at least m continuous derivatives then x = £ is called a multiple

root of order m iff

&= =r©=-=f"D)=0 and f™()#0.

1.2.2 Intermediate value property

If f(z) is a continuous function on the finite interval [a,b] and f(a)f(b) < 0, then

the equation f(z) = 0, has at least one real root £ in the open interval (a, b).

1.2.3 Osculating curve

A curve y(x) is osculating to curve f(x) at point xg if it has same tangent and

curvature at xg. i.e. satisfying the following conditions.

y(z0) = f(x0),
y'(z0) = f'(20), (1.2.2)
y" (o) = f"(20).

1.2.4 Order of convergence

According to Atkinson [ATk89, pp. 56], a sequence of iterates {x,|n > 0} is said

to converge with order p > 1 to a point ¢ if
€=zl S g —ml7, n >0, (1.2.3)

for some ¢ > 0. If p = 1, the sequence {z,} is said to convergence linearly to £. In
that case, we require ¢ < 1; the constant c is called the rate of linear convergence
of z, to £&. For p =2 and p = 3, the sequence is said to converge quadratically and
cubically, respectively.

This definition of order of convergence is not always a convenient one for some
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linearly convergent iterative methods. Using induction on (ICZ3) with p = 1, one
can obtain

& — zpia] < ME— 1], mn>0. (1.2.4)

This shows directly the convergence of x,, to €. For some iterative methods one can
show ([Z4) directly, whereas (I"ZZ3) may not be true for any ¢ < 1. In such a case,
the method will still be said to converge linearly with a rate of c.

According to Schroder [Sch70], an iteration function ¢(x) of the one-point iter-

ative scheme defined below:
Tpr1 = d(x,), n=0,1,2,... (1.2.5)
is said to be of the p'* order if

¢(E)=9¢"(&) =...¢" (&) =0, (&) #0, (1.2.6)

where ¢ is the solution of an equation: = = ¢(z).

1.2.5 Efficiency of iterative methods

Let d be the number of new functional evaluations require per iteration and p
is the order of convergence of an iterative method. Then efficiency of an iterative
method, according to Traub (see [Ira64, pp. 11]) is always proportional to the order
of convergence p of iterative method and inversely proportional to the number of

function evaluation d per iteration. Thus

EFF = g, (1.2.7)

According to Ostrowski (see [Ost60, pp. 19]) an alternative definition of an effi-

ciency index is given by

=

E = pi. (1.2.8)

1.2.6 Computational order of convergence (COC)

Let z,_1, x, and x,,, are three consecutive iterations closer to the required root

x =¢ and e, = x,, — . Then, the computational order of convergence (COC) ( see
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~ [ lentr/en] (1.2.9)
In|e,/e, 1|
The major difficulty in the application of this COC is that it requires the exact
root £. But, there are many practical situations in which there is no prior knowledge
of exact root. In order to overcome this problem, Grau-Sanchez et al. [GSNGIO],

proposed the new definition of COC as follows:

~ In ‘én-i-l/én’
~ —iontl/Cnl 1.2.10
P e fen (1.210)
where &, = z,, — T,_1.
1.2.7 Fixed-point iteration
A point say s is called a fixed point if it satisfies the equation
x=g(x) (1.2.11)

The equation f(x) = 0 converted algebraically into the form x = g(z) and using the

iterative scheme with the recursive relation
with some initial guess xz( is called the fixed point iterative scheme.

Lemma 1.2.1 There is a interval I = |a,b] such that, for all x € I, g(x) is defined
and g(x) € 1, that is the function g(x) maps I into itself.

Lemma 1.2.2 The iteration function g(x) is continuous on I = [a,b].

Lemma 1.2.3 The iteration function is differentiable on I = [a,b]. Further, there

exists a non negative constant k < 1 such that for allz € I , |¢'(x)] <k

Theorem 1.2.4 Let g(x) be an iterative function satisfying Lemma (I—21)- (=23).
Then g(x) has exactly one fized point § in I, and starting with any point xq € I, the

sequence Ti, Ta, ..., T, generated by fized point iteration method converges to &.
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1.3 Classification of iterative methods

There are many types of classification of iterative methods. But we have divide
them into the following two categories namely,
(A) Based on convergence

(B) Based on memory

1.3.1 Based on Convergence

A root-finding algorithm is a numerical method or algorithm, for obtaining a value
x = £ such that f(z) = 0. Such point x = £ is called a zero of the function f(x). It
further divides into two categories namely, first one is the bracketing methods and
second one is the open methods.
(a) Bracketing Methods: In bracketing methods, these methods exploit the fact
that a function typically changes sign in the vicinity of a root. They started with
two initial guesses that bracket the root and then systematically reduce the width
of the bracket until the solution to a desired accuracy is achieved. Some of the
well-known examples of the bracketing methods are
(i) Bisection method.
(ii) False position or regula-falsi method.
(b) Open Methods: These methods require one or more than one initial ap-
proximation for finding the required root of nonlinear equations. But, they do not
necessarily bracketing the root. Therefore sometimes these methods diverge or over-
shoot i.e move away from the required root as the computation progresses. However,
whenever they converge, they usually do so much more quickly than the bracketing
methods. Some of the well-known examples of the open methods are
(i) Secant method.
(ii) Newton-Raphson method.
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1.3.2 1.M. Based on Memory

In 1964, Traub had further classified iterative methods on the basis of the infor-
mation they require into the following four categories:
(i) One-point I. M. without memory: If the estimation of root can be de-
termined only by using new information at one-point and there is no need of old

information, then method is called one-point iterative method. Thus

Tp+1 = ¢($k), (131)

where x;1 is determined by new information at xy, ¢ is one -point iterative function
without memory. Newton’s method, Chebyshev’s method, Halley’s method, super-
Halley method etc. are well-known examples of such types of method.

(ii) One-point I. M. with memory: In these methods estimation to root is
determined by using new information at one point and old information is used at
one or more points. In these methods old information is used. Therefore these

methods called one-point method with memory. Thus
Tpyr = O(xp; Tp_1, ooy Thop)- (1.3.2)

However, only xj, is new information, while xy_1, ..., xy_, are reused information,
which is indicated by the inserted semicolon. Secant method is well-known examples
of one-point iterative methods with memory.

(iii) Multi-point I. M. without memory: An iterative method is constructed
by introducing the expression, wy(xy), wa(xy), ..., w,(zx), where xy is the common

argument. Then, iterative method ¢, defined as

Tpy1 = qﬁ(xk, wy (xg), wa(xg), . .. ,wn(:ck)), (1.3.3)

is known as multi-point I. M. without memory. Newton-Secant method is the well-
known example of such methods.
(iv) Multi-point I. M. with memory: If an estimation to a root is determined by

new information at number of points with reusing the old information at some other
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points, then iterative method is called a multi-point iterative method with memory.
Mathematically, let z; represents the k41 quantities x;, wy(z;), wa(z;), ..., wg(x;),
k > 1. Thus

Tra1 = O(Zn; Zn1y -+ Znes)- (1.3.4)

Then ¢ is called a multi-point iterative function with memory. The semicolon sep-
arates in (IZ34) the points at which new data are used from the points at which
old data is reused. There is no well-known example of multi-point iterative method

with memory.

1.4 Literature survey

One of the most basic and earliest problem of numerical analysis concerns with
finding efficiency and accurately the approximate solution of the nonlinear equation
(). There are vast literature for numerical solution of these problems such types
of problems are also called root-finding problems. There are two types of methods

to solving such problems, as follows:
(i) Direct Methods
(ii) Iterative Methods

Direct Methods: These methods provides the solution of nonlinear equations in a
finite number of steps. These methods also determines all the solutions at the same
time. Many of times these methods not able to solve the problem. For instance,
the roots of the quadratic equation by Sidharathchariya method. We have methods
available for 3 "¢ degree Cardan’s method, for 4" degree Ferrari’s method. There is
no direct method available in the literature that can solve every polynomial equation
of degree greater than four. So, we hope for approximate solutions. For this we turn
towards the iterative procedures .

Iterative Methods: These methods are based on idea of successive approxima-
tions. In these methods we begin with one or more initial approximations to the

root and determine a sequence of approximations by repeating a fixed sequence of
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steps till we obtain the solution of the nonlinear equations with desired accuracy. In
these methods round off errors are negligible in comparison to Direct Methods and
we can develop algorithm which can handle class of similar problems. Reliability of
these methods on the some characteristics of method such as convergence, efficiency,
stability for finding the solution of nonlinear equations.

Generally, there are two major difficulties in the application of the iterative meth-
ods. Firstly, they do not provide the exact value of the required root. Therefore,
researchers always keen to provide a method or scheme that will yield an approxi-
mate root even though it may be differ from the exact root but with in a specific
tolerance limit. Secondly, there exists no well-known iterative method can be applied
to all types of problems. Therefore, in our point of view these are two main reasons
for huge variety of research papers on iterative methods. Therefore, one can refer
to some of excellent text books such as Traub [Ira64], Ostrowski [Ost60, Ost73],
Atkinson [AfkRY], Chapra and Canale [CCO0B], McNamee [McN0O7], Petkovié et al.
[PNPDTZ| and McNamee and Pan [MPT3] for a good review of these important
methods.

With the advancement of computer algebra, many researchers paid a great at-
tention to propose methods or schemes for obtaining multiple roots of the nonlinear

equations. For the case of multiple roots, there are two cases, namely
(i) when the multiplicity m of the multiple root is known in advance.
(ii) when the multiplicity m of the multiple root is not known in advance.

First of all, we consider the case when the multiplicity m > 1 of the required root
is known in advance. The best known and most widely used algorithm for solving
such problems is the quadratically convergent Rall’s method,[Ral66]is given by
f(wn)’

In order to improve the local order of convergence of modified Newton’s method

Tpy1 = Tp — M n=0,1,2,.... (1.4.1)

(also known as Rall’s method), many researchers proposed and analyzed many higher

order methods [T‘rafjél, HP74, NetT(, Osalf, 0sa94, Osal6, CNOY, CBN0Y, BGIO,
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SST1, KKSTY] etc., with the assumption that multiplicity m of the root is known in
advance.

All the previously mentioned methods are one-point and they have some draw-
back regarding their convergence and efficiency. Therefore, researchers turn towards
to multi-point methods and it is one of the most important class of iterative methods.
During the recent and past years, several multi-point methods have been proposed
and analyzed by Dong [Don82, Don&7], Victory and Neta [VNR83], Neta [NefT(],
Basu [Bas08], Homeier [Hom09], Li et al. [LLC0OY], Chun and Neta [CN0OY], Chun
et al. [CBN0OY], Kim and Lee [KLI0], Parida and Gupta [PGI0], Heydari et al.
[HHLI0], Kim and Geum [KGTT], Kumar et al. [KKSI2] and Zhou et al. [ZCST3]
etc., with prior knowledge of multiplicity m. These methods have been proven to
be competitive to Newton’s method in their performance and efficiency. There are,
however, not yet so many third and fourth-order two-point methods known in open
literature that can handle the case of multiple roots.

In the recent years, some fourth-order multi-point methods have been proposed
and analyzed by Neta and Johnson [NJOR], Mir and Rafiq [MRO7h, MRO7a] and
Neta [NetTl], etc. for finding multiple roots. However, all these third and fourth-
order multi-point methods are not optimal according to the Kung-Traub conjecture
[KT74). Therefore, obtaining new optimal methods of order four not requiring the
computation of a second-order derivative, is very important and interesting task
from a practical point of view, because their corresponding efficiency index is very
competitive.

Motivated and inspired by the recent activities in this direction, researchers pro-
posed some fourth-order optimal multi-point methods Li et al. [SXT.09], Sharma and
Sharma [SST0#], Li et al. [LCNTQO] ( proposed six fourth-order two-point methods
with closed formulas but only two methods namely, method 69 and 75 are optimal),
Zhou et al. [ZCSTI, ZCST3] and Soleymani et al. [SBLIZ].

Now, we consider the second case when the multiplicity of the multiple root &,,
is not known in advance. In this case, there exits a well-known method of transfor-

mation by which multiple zeros of f(x) is transformed to a simple zero and is given
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as follows:

S o
é(z):{f’@)’ for J'(@) #0, (1.4.2)

0, for f'(x)=0.
For instance, if we apply this transformation on G instead of function f in a well-
known quadratically convergent Newton’s method for simple root, then we can easily
obtain the following scheme:

T — o f(zn) f' ()
m " {f'(2n)}?2 = fan) f(2n)

This is a well-known quadratically convergent Schroder’s method [Tra64] for simple

(1.4.3)

root as well as multiple root. The beauty of this method is that it does not require
multiplicity m to be known in advance. But, by applying the transformation (I22),
one has to calculate the value of certain order derivatives of a function as well as
function at every iteration. Therefore, this approach might become problematic due
to higher computational costs. In order to overcome of this problem, researcher
developed some schemes which are based upon the use of interpolation, quadrature
formulas, weight functions, finite differences or a combination of such approaches.
For detailed study of such approaches one can refer to some excellent text books
such as Traub [Tra64], McNamee [McNO7] and Petkovié et al. [PNPDIT?]

In this thesis, we will present many new computationally effective root-finding
methods and several well-known methods are obtained as special cases. The main
goal and motivation in the development of new equally competitive methods is to
achieve highest computational efficiency with a fixed number of function evalua-
tions per iteration. In our thesis, we have proposed several new one-point as well
as multi-point families of methods for obtaining multiple roots of nonlinear equa-
tions. Further, we also intends to construct fourth-order optimal families of Jarratt’s
method. In majority of the tested examples, numerical results have shown that all
the proposed methods can compete with their classical counterparts. For the com-
parison of iterative methods, one should take into account their convergence orders,
the numerical stability, computational costs, asymptotic error constants, the depen-

dence of convergence on the choice of initial guesses, the simple body structures,
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basins of attraction [SNCTI, NSCT2] which provide their dynamic behavior and so
on. The study of some of the mentioned features is often complicated so for better
comparison, we have taken four section i.e. number of iterations, Computational or-
der of convergence (COC), absolute error is calculated by using same total number
of function evaluations (TNFE=12) and basins of attraction.

Many computer algebra software systems are available such as Mathematica,
Matlab and Mapple etc. We use computer algebra software namely, Wolfram Mathem
atica-9 in multi precision in the computation of nonlinear scalar equations (multiple
roots) throughout this work. We accept an approximate solution up to any specific
degree rather than the exact root. Therefore, the following stopping criteria is used

for computer program:

(1) |Tni1 — xa] <€, (1) |f(xny1)| <e. (1.4.4)

When the above stopping criterion is satisfied, x,,1 is consider as the required root.



Chapter 2

Third-order variants of
Chebyshev’s method

2.1 Introduction

In this chapter, we proposed a new one-parameter family of Chebyshev type
methods for finding multiple roots with cubic convergence when the multiplicity of
the required root is known in advance. Further, we proposed many new multi-point
families of third-order methods for multiple roots which are free from second-order
derivative. In the majority of tested examples our methods are equally competent
and better to other well-known methods for multiple roots.

In the past and recent years, many one-point and multi-point iterative methods
have been proposed and analyzed by Hansen and Patrick [HP77|, Dong [[Don82,
Don&7], Victory and Neta [VNR3], Osada [0sa94], Neta and Johnson [N.J0OR], Neta
[Nef08], Chun and Neta [CNOY], Chun et al. [CBNOY], Li et al. [LLC0OY], kumara et
al. [KumT?] and the references cited therein.

Finding higher-order iterative methods, not requiring the computations of second-
order derivative for multiple roots is very important and interesting task for the
practical point of view. Motivated by research going in this direction, we proposed
a general families of one-point as well as multi-point iterative methods, with cubic
convergence for finding the multiple roots of non-linear equations numerically. Fur-

ther the classical Chebyshev method for multiple roots is obtained as particular case

13
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of our proposed scheme. The numerical tests show their equal performance in the

case of algebraic as well as non-algebraic equations.

2.2 Family of Chebyshev’s Method

Let &, be the required multiple root of equation (ICIl) and x = x( be the initial

guess known for the required root. Assume
Ty = To + h, |h| << 1, (221)
be the first approximation to the root. Therefore

f(z1) =0. (2.2.2)

Expanding the function f(z;) by the Taylor’s Series expansion about z and retain-

ing the terms up to O(h?), we get

h2
f(@o) + hf'(zo) + ?f//(xo) = 0. (2.2.3)
Further, we can rewrite the equation (2223) in the following way

_ f(wo) R f"(20)
f'(@o) 2 (xo)
Here, the function (— }c,((“;%)) — h; ﬁig‘?), which occurs on the right-hand side of equa-
tion (2224) can not be computed till & is known. To overcome this problem, we can

_ f(xo0) f'(z0)
{f'(z0)}2—af(zo0)f" (o)

from the correction factor of Schroder’s method (233) in the formula (2224), we

h:

(2.2.4)

substitute the value of h = , a € R (free disposable parameter)

obtain

Approximating h on the right-hand side of equation(Z224) by the correction term

e o fa) 1 o))
h=—d) 1 20)f J AP0l o, 2.2.5
F@o) 270 — afan) )] 229

Thus the first approximation to the required root is given by
o1 = 20 — by flxo) 1 01 {f(x0)}*f (o) [" (w0) (2.2.6)

fi@o)  2[{f(x0)}2 —a f(xo) " (x0)]*
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where 0, and 6y are two free disposable parameters such that the convergence of

this scheme reaches at third-order without using any more functional evaluations.

Therefore, the general formula for successive approximation can be written as

o f(xn) 1 91 {f(xn)}2f/($n)f//($n)

xn—i—l—xn_eQ / -5 ) 5 » PR
frlan) 2 {f(@n)}? —a f(o,) f" (2)]

The following theorem (2=21) indicates that under what conditions on the disposable

(2.2.7)

parameters namely, 6; and 65, the convergence will reach at third-order.

2.2.1 Convergence Analysis

Theorem 2.2.1 Let f: D C R — R be a sufficiently smooth function defined on
an open interval D, enclosing a multiple zero of f(x), say x = &, with multiplicity
m > 1 and x = xg be the sufficiently close initial guess. Then the family of iterative

methods defined by (22220) has cubic convergence,

(a(m — 1) —m)®

‘91 = - )
alm—1)+m (2.2.8)
p ~m (=(m—3)m+a(m?—1)) o
2T 2(a(m —1) +m) ’
such that satisfies the following error equation:
ent1 = ((2 —4a)c; — ) e) + O(ey) (2.2.9)

Proof Let x = &, be a multiple zero of f(x). Expanding f(z,), f'(z,) and f"(z,)
about z = &,, by the Taylor’s series expansion (with the help of computer algebra

software Mathematica 9), we get

flz,) = %e? (1+ cren + el + csel + caep) + Ole), (2.2.10)
f(x,) = fmﬂgﬁm)enml (m+ (L+m)cie, + (2 + m)eze + (3+m)czed) + O(ey),
(2.2.11)
and
1 (xn) :fm(glm)e;”_Q (=m +m* 4+ m(1+m)cie, + (2+ 3m + m?) coel,
ml (2.2.12)

+(6¢3 + Bmeg + m263)€i) + O(ei),
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respectively.
From equations (22210) and (E221), we have
flzn,) 1 1 (m+ 1)t — 2mey
) = en— mei + m13 e2 +0(ed). (2.2.13)

Further, by using equations (22210), (22211) and (2=212), we obtain

01 {f () }2f (z0) f"(20) _ 01(—1+m)e, b1 (a+ (—=3+m)m—am?)cie?
)} —a fan) f ) (@t m — am)? =T+ m) —m)Pm
1
m(a +m —am)

401<(a2(—1 +m)(1+m)® +m (=6 — 3m +m?) +2a (3 +m +m* — m?))

-2 (—2a(-1+ m)®m + (—4 +m)m? + a® (2—3m+ mg)) 02) e2 +0(ed).
(2.2.14)
By using equations (Z2213) and (2Z214) in (E=X1), we can have following error

equation

Entl :< 2a+m—am)2 m) " 2m? (a(=14m) —m)3

02 ((1+m)ci — 2mes) 1
+ — —
m3 2m(a +m — am)

01(—1+m) B 92> . cre? (_01m (a+(—3+m)M—am2) +292)

01 ((a®(=1+m)(1 +m)?
+m (=6 —3m+m?) +2a (3+m+m® —m?*) )} —2(—2a(-1+m)*m
+ (=4 4+ m)m* + a® (2 — 3m + m?) )cz)>ei +O(ed).
(2.2.15)
For obtaining an iterative method of order three, the coefficients of e, and €2 in the
error equation (Z2213) must be zero simultaneously. After simplifying the equation
(=2T13), we have the following values of 6; and 6 involving one free disposable

parameter a
(a(m —1) —m)®

O =~ alm—1)+m ’
g, =™ (—(m —=3)m+a(m?—1)) (22.16)
2(a(m — 1) +m)
Using equations (2213), (2214 and (E2218) in (22272), we get
eni1 = ((2 —4a)c] — cz) €2 + O(el). (2.2.17)

This completes the proof of the Theorem 2.1. O
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2.2.2 Special cases

Finally, a family of Chebyshev type methods is obtain by inserting the values of free
disposable parameters namely #; and 6, in equation (22270). Therefore the family of
Chebyshev-type method is given by equation (2=218)

() (_ M@ @ f@)a(-1tm) —m)® | (—(=3+m)m+a(-1+ m2)))

Tt = 1y — (S (@)} —af"(2) ()"
me 2f'(x)(a(—1+m) +m)

(2.2.18)
Now for different specific values of the disposable parameter a in proposed scheme
(ZXIR), we gets various one-point families of iterative methods for multiple roots

as follow:

(i) For a = 0, we get the following formula
— 2 2 e
2f"(2n) 2{f"(xn)}
This is a well known Chebyshev’s method for multiple roots.

(ii) For a = 1, one obtains the following formula

f(zn) f”(xn)f/(xn)Zf(xn)

Tpal = Ty — +mBm—1)]|.
AT G om) () - e fwr Y
(2.2.20)
This is a new cubically convergent method for multiple roots.
(iii) For a = 1/2, one obtains the following formula
" 1 2 3
Tpyl = Ty — e j;((?;g 5 S (@) {f (2n)} f(jr:n)(3m + 12) _ % (m2 — 6m + 1)
n 8 ({f’(xn)}Q _f (f'in2)f(90n)>
(2.2.21)

This is another new cubically convergent method for multiple roots.

2.3 Third-order multi-point families of iterative
methods

The major difficulty in the application of recently developed methods is that they

require the lengthy computation of second-order derivative at each step. Generally,
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there are many practical situations in which the calculation of second-order deriva-
tive is expensive and/or it requires a great deal of time for them to be given or calcu-
lated. Therefore finding iterative methods with cubic convergence for multiple root
which are free from second-order derivative is an interesting task in numerical mathe-
matics. During the recent and past years, many papers devoted to multi-point meth-
ods for solving nonlinear equations have appeared in different journals, see [Nef(Og]
and references cited therein [Nef(R, Don&7, Donk2, LLCNOY, KumT2, CNOY, CBNOY]
and the references cited therein. In terms of functional evaluation per iteration, all
these methods may be broadly categorized into two classes:
(i) two functions and one first-order derivative,
(ii) one function and two first-order derivatives.

Here, author also intends to develop new third-order multi-point methods free
from second-order derivative. The proposed methods require either two f and one

f'orone f and two f’ per iteration. The main idea of proposed methods lies in the

discretization of second-order derivative involved in the recently mentioned methods.

2.3.1 Multi-point I. M. with two f and one [’

For obtaining third-order multi-point methods with two evaluations of f(x) and

f'(zn)
R, about the point x = z,, with f’(x,) # 0, by Taylor’s series expansion as follows:

) = 1)~ 0 (FE0) ) + (S22 ) ) +0 (6402 )

one evaluation of f’(x), one can expand the function f (xn — gLlen) ) where 0 # 0 €

f'(zn) 2 f'(zn) f'(xn)
where i)
Yn = Tn — Hf,@n). (2.3.1)
Therefore, one obtains
() e 2L 0) = £ () 0@} ) 232)

02{f(2n)}?
Using this approximate value of f”(x,) and (2231) into the recently proposed for-

mula (E2277), one gets different multi-point iterative methods free from second-order
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derivative as

1 [6; f(zn)m(=1+3m) n Oy (f'(xn) = f'(yn)) [ (20)0
21 fea)(=2+4m)  2(f'(yn) + [/(zn) (=14 0))2 (=1 + 22”'21)3 ?:)

where 63 and 6, are two new free disposable parameters such that the order of con-

T+l = Tn

vergence reaches at three without using any more functional evaluations. Theorem
22371 indicates that under what choices on the disposable parameters in (2233), the

order of convergence will reach at three.

2.3.2 Convergence analysis

Theorem 2.3.1 Let f : D C R — R be a sufficiently smooth function defined on
an open interval D, enclosing a multiple zero of f(x), say x = &, with multiplicity
m > 1 and x = xq be the sufficiently close initial guess. Then the family of iterative

methods defined by (22270) has cubic convergence, when

(—14+0-+) (—2+20—02+24) = (0—m)
(‘1 + 02(—21201 071 21) > (2 —4m)

1-3m ’ (2.3.4)
(—24+20 -6+ 2,u)3 w0 —m)m(—1 +2m)
04 (—2 + 20 + 62 + 2u) )

4 =

It satisfies the following error equation:
ent1 :<<< —20°(1+m) —4 (=14 pu)* m(3 +m) + 0% (8 — 8u + 8m) +
0 (—8uu + 3m +m?) — 462 (4 — 6+ 2u® + Tm — dpm + m?)
+80<(—1+u)2+ (4—5M+M2)m—(—1+u)m2>)c§ (2.3.5)
+ 2(4@2 — 0 80 (1 +p) +4(—1+ p)? ) 0 — m)202> eg>
(2 (2420 — 6% +2u) (=2 420 + 6% + 2u) (0 — m)m?) + O(eyy).

where 6 # 0, mandu:(l—%)m.

Proof Using equation (Z212) and expanding f (a:n —0 ﬂé%) about x = &, by the

Taylor’s series expansion (with the help of computer algebra software Mathematica
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9), one obtains

(e of) S [ e

—|— 956721 —|— 9663)1

+O0(ey),
(2.3.6)

where

1 :
:m{GZ(me + 20 + m(—=3 + 260))c? + 2(m* — 2m30 + 4m?0% — 4mb> + 0*)cy},

:m{ﬁ(:ﬁm‘* +m3(15 — 1160) + 60* + mO(—16 + 150) + 3m?(4 — 116 + 30%))c}

— 602 (2m* + m>(8 — 70) — m(—10 + 0)6* — 20> + 2m?0(—8 + 30))cica + 6(m — 0)*(m*
—m30 + 6m20* — 4mf> + 0*)c3 }.

05

O

(2.3.7)
Using equations (22210), (2Z211) and (PE=38), in scheme (EZ333) we can have

03(1—3m)m + 0460%(—1+6+p)
2—4m, (2—20+62—2p)2 (—1+2m)
Ent1 = 1- m €n

03(1—3m)m i 046%(—146+p) + 040 (—2+20+62+2p) o2
2—4m (2—20+02—2p)% (—142m) | (2—20+62—2p)° (—m)(—142m) | !

+

m2
1 20,40* (=2 + 20 + 0% + 2p) pc?
2m3 < C(=2420— 02 +20)° (0 — m)(—1 + 2m)
4o (93(1 — 3m)m N 040% (-1 460+ p)
2 — 4m (2 — 20+ 62 — 211)* (=1 4 2m)

) (1 +m)c; — 2mey)

+ (9464u((893 (=14 p—2m) +12 (=1 4+ p)> m(1 +m) + 6°(2 + 4m)
+ 64 (8,u —3m — 3m2) + 46? (4 — 6+ 2u* 4+ 11m — Sum + 3m2)
—80 (14 p)° + (5= Tp+2u>) m — 3(—1 + p)ym?) ) c?

+2(—467 + 0 —80 (=1 + p) — 4 (—1+ p)*) (6% — 40m + 3m?) cz)>/

((2 — 20+ 62— 21)" (0 —m)*(~1 + 2m)) )ei +O(ep)
(2.3.8)
where 0 # 0, m.

For obtaining a multi-point family of third-order methods, the coefficients of e,, and
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2

e; in above error equation must be zero simultaneously for 05 and 6, we obtain

(

(—1+0+) (—2+20—0%+2 ) =" (0—m)
<_1 + 02(—2+ 20102+ 2u) ) (2—4m)
O3 = —
° 1—3m ’ (2.3.9)
g _ (F2+20—0°+ 21)° 11O — m)m(—1 + 2m)
4 = :
\ 04 (=2 + 20 4 02 + 2u)
By using these values of disposable parameters in equation (22323), we get
€nt1 =<<<— 20°(14+m) —4 (=1 + p)? m(3+m) + 63 (8 — 8u + 8m) +
4 (—S,u +3m + m2) — 462 (4 — 6+ 24 4+ Tm — dpm + mQ)
+ 80( (—1+p)° + (4 —5p+p*)m— (=14 p) m2>>c% (2.3.10)
+ 2<4<92 — 0" 80 (—1+p) +4(—1+p)° ) (0 — m)202> ei)
(2(=2+20 — 0% +2u) (=2 +20 + 6% + 2u) (0 — m)m?) + O(eyr).
This completes the proof of Theorem =3 U

2.3.3 Multi-point I. M. with one f and two f’

Now for obtaining third-order multi-point methods with two evaluations of f(z)

and one evaluation of f/(z), one can expand the function f’ (xn -0 J{fé%) = f'(yn)
where 0 # 0,m € R, about the point z = x, with f'(z,) # 0, by Taylor’s series

expansion as follows:

f'(yn) = f(20) — 0 (;,ii’;))) £ (). (2.3.11)
Therefore, one obtains
i) e @) = PO} () 012

0f(xn)
Using this approximate value of f”(z,) into the recently proposed formula (E2277),
we get different multi-point iterative methods free from second-order derivative as

1[07 f(zn)m(—1+3m) Os (f'(zn) = [ (yn)) f(zn)0

T T T T @) (2 H Am) 2(f () + F (@) (1 1 0)2(—1 +2m) |’

(2.3.13)

where 6; and 6g are two new free disposable parameters such that the order of

convergence reaches at three without using any more functional evaluations .
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2.3.4 Convergence analysis

Theorem 2.3.2 Let f: D CR — R be a sufficitently smooth function defined on
an open interval D, enclosing a multiple zero of f(x), say x = &, with multiplicity
m > 1 and x = xq be the sufficiently close initial guess. Then the family of iterative

methods defined by (E2313) has cubic convergence, when

p= 1 (0—=m) (0+(=1+p)m) (=6 +(=1+p)m+6(1+m)
(=24 4m) (‘1 + 9(972m+0m)(9+g279m+(71+u)m) ))
07 = ,
1-3m (2.3.14)
g 27 (=14 2m) (<07 + (=14 p)m+ 0(1 + m))*
8 =

02(0 — 2m + 0m) (0 4+ 02 — Om + (—1 + p) m)

and satisfies the following error equation:

ent1 :<<<206(1 +m)? —2(=1+ p)?m*B+m) +0(=1 + p)m?

(2(=9+7w) + (=13 + 9p) m + (=1 + p) m?)

+60° (4 + 2 (=5 + 4p) m + (=17 + 4p) m* — 5m?)

+20%m? (=10 + 161 — 5% — 3 (4 — 3p + 2u®™) m + (1 + 3p — p*) m* + m?)
+20 (1 +m) (=1 +p— (1 +9p)m — 2 (=5 + p) m? + 2m?)
—Pm(—2(5-Tu+p?) — (17 + 12+ 4p®) m + (13 — 10 — 2p%) m?

+13m® + m4)>c% +2(0 — m)?}(—2m + 6(2 + m))(04 —203m — 20 (=1 + p)m

— (=14 p)*m? + 6 (-1+ m2) )02>63)/(2(9 —m)m?(0 — 2m + 6m)

(0+6*—0m+ (—14+p)m) (0> +m—pm—0(1+m))) +O(ep).
(2.3.15)

Proof The proof of this theorem is similar to Theorem =31, so omitted here.

2.4 Numerical experiments

In this section, we will check the consistency and effectiveness of newly proposed
one-point as well as multi-point methods namely, method (22220) (OM,), (2=221)
(OM2), method (2233) for (0 = 1) (OM3), for (# = 1/4) (OM) and method
(z313) for (0 = 1) (OM3), for (0 = 1/4) (OMS), respectively to solve the non-

linear equations with roots of known multiplicity m, given in Table EZ. These
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proposed methods were compared with the existing methods namely, super-Halley
method (SH;), Halley’s Method (H Mj), Ostrowski’s square-root method (OSMs),
Kumara et al. method (K M), method (KM;) [Kuml?|, Neta’s method (NMj3)
[NefTO], Li et al. method (M54), Dong’s method (DM3) [Don&7], Dong’s method
(DM2) [DonR2]method (LM;) [CLCOY] respectively. The test functions and root
&y correct up to 35 decimal places are displayed in Table 220. All computations
have been performed using the programming package Mathematica 9 with multi-
precision arithmetic.

Table 223 and Table 28 show the comparison of different iterative methods of
order three with respect to the number of iterations respectively. Here, the stopping
criterion is described as the distance between two consecutive approximations for
the required root is less than the precision of 10734, In the implementation of the
iterative methods, the good choice of initial guess is very important because all the
methods are locally convergent. A badly chosen initial guess produces a bad predic-
tor and consequently, destroys the rapid convergence. Thus, one has to choose the
initial guess enough close to the required roots.

In order to verify theoretical order of convergence, Table 24 and Table 274 dis-
played the values of computational order of convergence (p) calculated by using
formula (IZZ1M), taking into consideration the last three consecutive approxima-
tions or the best three consecutive approximations in the iterative process.

Table 22 and Table P73, display absolute values of the function (| f(z,)|) based
on the same total number of functional evaluations (T'N F'E = 12) required by each
method. Also, it can be observed from Table 24 and Table 3 that in majority
of the problems tested here, the proposed methods are equally efficient to other

existing methods when the accuracy is tested in multi-precision digits.
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Table 2.1: (Test problems)

f(@) m Em

fiz) = (sin(x) - %)2 (z+1) 2 0.78539816339744830961566084581987572
fo(x) = 22 sin 4z 3 0.00000000000000000000000000000000000
f3(z) = (cosz — z)? 2 0.73908513321516064165531208767387340
fa(z) = (ptantz — 42)° 8 0.94913461128828951372581521479848875
f5(x) = (e~ + sin )3 3 3.1830630119333635919391869956363946

Table 2.2: (Comparison of different third-order one-point methods with the same
number of total functional evaluations (TNFE=12))

f@) o SH; HM; OSMs; KM} KM? OM} OM32
(a=1) (a=1/2)

1. 02 15e—83 l.le—T71 D 1.7e—87  2.0e—79 4.4e—110 7.2e—75
0.5 6.6e—127 4.4e—123 D 3.60—130 9.5e—132 1.1e—129 2.0e—125

1.0 4.3e—150 1.9e—134 3.5e—141 5.6e—154 3.0e—140 1.8e—285 1.5e—137
1.2 3.1e—125 74e-79 2.1e—92 1.1le—134 4.8e—85 5.2e—91 3.0e—89
2. —0.3 1.0e—146 1.6e—115 1.6e—127 8.6e—148 3.6e—117 2.8e—186 1.4e—113
—0.2 4.6e—180 5.2e—168 1.6e—173 6.0e—181 1.2e—169 2.1e—200 8.6e—167
0.2 4.6e—180 5.2e—168 1.6e—173 6.0e—181 1.2e—169 2.1e—200 8.6e—167
0.3 1.0e—146 1.6e—115 1.6e—127 8.6e—148 3.6e—117 2.8e—186 1.4e—113
3. 0.2 2.2e—186 5.8e—111 D 1.4e—165 3.8e—145 1.7e—146 3.0e—120
0.5 3.5e—203 1.5e—172 D 1.0e—238 6.1e—201 9.2e—236 2.3e—177
1.0 1.1e—184 5.4e—173 3.0e—178 1.3e—202 4.3e—200 6.2e—234 6.7e—175
1.5 1.9e—108 1.3e—102 3.7e—105 1.2e—124 1.0e—134 1.0e—135 1.5e—103
4. 0.7  9.9e—447 9.0e—269 2.6e—52 9.4e—447 2.7e—269 3.0e—297 8.2¢—143
1.1 2.1e—686 9.9e—551 2.2e—601 3.6e—687 3.1le—551 9.1e—739 8.3e—510
1.3  8.6e—468 1.2e—366 3.3e—405 1.3e—468 3.0e—367 1.4e—540 3.6e—335
D. 2.8  9.3e—204 2.3e—199 D 4.3e—209 2.0e—210 1.6e—209 7.5e—199
3.5  7.9e—223 2.1le—214 24e—3  3.7e—228 1.0e—224 1.7e—235 1.8e—213
4.2  24e—142 54e—69 1.7e—24 18e—132 4.1e—84 8.4e—T4 3.1le—72

D: stands for divergent.
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Table 2.3: (Comparison of different third-order one-point methods with respect to
number of iterations)

F(@) 0 SHs  HMs  OSMs KM  KM? OM OM?
(a=1) (a=1)2)
I 0.2 5 5 D 5 5 5 5
0.5 5 5 D 5 5 5 5
1.0 5 5 5 5 5 4 5
1.2 5 5 5 5 5 5 5
2 —0.3 5 5 5 5 5 5 5
—0.2 5 5 5 5 5 5 5
0.2 5 5 5 5 5 5 5
0.3 5 5 5 5 5 5 5
3 0.2 5 5 D 5 5 5 5
0.5 4 5 D 4 4 4 5
1.0 5 5 5 4 5 4 5
1.5 5 5 5 5 5 5 5
4 0.7 5 5 7 5 5 5 5
1.1 5 5 5 5 5 5 5
1.7 5 5 5 5 5 5 5
5 2.8 5 6 D 5 6 6 6
3.5 5 5 8 5 5 5 5
4.2 5 6 7 5 5 5 5

Table 2.4: ( Computational order of convergence of different third-order one-point

methods)
7@y 2o SH; HM;  OSM;  KMI  KM2 OM} OM?
(a=1) (a=1/2)

1. 0.2 3.0000 3.0000 nd 3.0000 3.0000 3.0000 3.0000
0.5 3.0000 3.0000 nd 3.0000 3.0000 3.0000 3.0000

1.0 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000

1.2 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000

2. -0.3 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000
—-0.2 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000

0.2 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000

0.3 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000

3. 0.2 3.0000 3.0000 nd 3.0000 3.0000 3.0000 3.0000
0.5 3.0000 3.0000 nd 3.0000 3.0000 3.0000 3.0000

1.0 3.0000 3.0000 3.0020 3.0000 3.0000 3.0001 3.0000

1.5 3.0000 3.0000 3.0000 3.0000 3.0000 2.9999 3.0000

4. 0.7 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000
1.1 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000

1.3 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000

o. 2.8 3.0000 3.0000 nd 3.0000 3.0000 3.0000 3.0000
3.9 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000

4.2 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000

nd: not defined in the case of divergent.
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Table 2.6: (Comparison of different third-order multi-point methods with respect to number of iterations)
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2.5 Attractor basins in the complex plane

Here, we investigate the comparison of the attained multiple root finders in the
complex plane using basins of attraction. It is known that the corresponding fractal
of an iterative root-finding method is a boundary set in the complex plane, which
is characterized by the iterative method applied to a fixed polynomial p(z) € C, see
e.g. [SNCTI, NSCT?]. The aim herein is to use basin of attraction as another way
for comparing the iteration algorithms.

From the dynamical point of view, we consider a rectangle D = [-3, 3] x
[—3, 3] € C with a 400 x 400 grid, and we assign a color to each point zg € D
according to the multiple root at which the corresponding iterative method starting
from zy converges, and we mark the point as black if the method does not converge.
In this section, we consider the stopping criterion for convergence to be less than
10~* wherein the maximum number of full cycles for each method is considered to
be 200. In this way, we distinguish the attraction basins by their colors for different
methods.

Here, we have compared the methods Dong’s method (DM]) [Don&7], Dong’s
method (DM3) [Dong&?], Neta’s Method (NMj3) [NetOR], method (LM;) [LLCOY]
with our proposed methods namely, method (2233) for (6 = 1) (OM3), for (0 =
1/4) (OMY) and method (22313) for (0 = 1) (OM3), for (6 = 1/4) (OMS) respec-
tively. The test functions and root &, correct up to 35 decimal places are displayed
in Table 270. All computations have been performed using the programming pack-
age Mathematica 9 with multi-precision arithmetic respectively for some complex
polynomials having multiple zeros with known multiplicity.

For the first three test problem, we have taken the polynomial functions:

Test Problem 1. Let p;(z) = (2* — 1)3, having roots {—1., 0. — 1.4, 0. + 1.3, 1.}
with multiplicity three. It is straight forward to see from the Fig. 2.1 and Fig. 2.2
that our methods (OM3), (OM?), (OM2) and (OMZ) have almost same basins of
attraction as compared to LMz, NMs, DM; and DM?Z. Also, note that method
N M3 shows chaotic behaviour. Our methods (OM3), (OM3), (OM2) and (OM)
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contain lower number of divergent points in comparison to the methods N Mz, LMjy
and DMj respectively.

Test problem 2. Let py(z) = (2°+22—1)3, having roots { —0.945068 —0.854518q,
—0.945068 + 0.854518i, 0.486389, 0.701874 — 0.8796974, 0.701874 + 0.879697:i} of
multiplicity three. It is straight forward to see from Fig. 2.3 and Fig. 2.4. that our
methods (OM3) and (OM?) has less chaotic behaviour than DM;3 and DM?.
Test Problem 3. Let p(z) = (242)?, having roots {—1., 0., 0.5 —0.8660257, 0.5+
0.866025i} of multiplicity two. It is straight forward to see from Fig. 2.5 and Fig.
2.6. that our methods (OM3) and (OM3) are equally competent with DM, and
has no divergent point as compared to N Ms.

For the last test problem, we have taken a non-polynomial function:

Test Problem 4. Let p(z) = (25 + 1/2)*, having roots { —0.62349 + 0.7818311,
—0.62349—0.7818317, —1, 0.900969 + 0.4338847, 0.900969 —0.4338841, 0.222521 +
0.974928:, 0.222521 — 0.974928i} of multiplicity four. It is straight forward to see
from Fig. 2.7 and Fig. 2.8 that our methods (OM3) and (OM?) are equally compe-
tent with DM3 and DM3. Further, our methods (OMj) and (OMY) contain lower

number of divergent points in comparison to the methods N M3 and LMs;.
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Figure 2.1: The basins of attraction for DM3, N Mz, OM3 and OMj respectively
in test problem 1.

Figure 2.2: The basins of attraction for DMZ, LMz, OMS and OMY respectively in
test problem 1.

Figure 2.3: The basins of attraction for DM3, NMsz, OM3 and OMj respectively
in test problem 2.

Figure 2.4: The basins of attraction for DM3, LMz, OMS and OMY respectively in
test problem 2.
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Figure 2.5: The basins of attraction for DM3, N Mz, OM3 and OMj respectively
in test problem 3.

Figure 2.6: The basins of attraction for DMZ, LM;, OM3 and OMS respectively in
test problem 3.

Figure 2.7: The basins of attraction for DMz, N Mz, OM3 and OMj respectively
in test problem 4.

Figure 2.8: The basins of attraction for DMZ, LMz, OM$ and OMY respectively in
test problem 4.
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2.6 Concluding remarks

In this chapter, we have proposed a new simple and elegant root-finding third-
order family of Chebyshev type method for obtaining multiple roots of nonlinear
equations. Chebyshev method is obtained as a special case of our proposed scheme.
Furthermore, we have also proposed many new third-order multi-point families of it-
erative methods which are free from second-order derivative. These methods require
either two function and one derivative of first-order function and two derivative of
first-order per iteration. A sufficiently close initial guess is required for the neces-
sary convergence of these methods as they are the variants of Newton’s method.
Finally, from the numerical experiments it is observed that our proposed methods
are efficient and perform equally competent to the existing methods available in the
literature. Based on the Figures 2.1-2.8, we conclude that larger basins of attraction
belong to our methods namely OM3and OMS. Although the other methods are
slow and has darker basins while some of the methods are too sensitive upon the

choice of initial guess.



Chapter 3

Two optimal general classes of
Jarratt’s method

3.1 Introduction

The main goal and motivation of this chapter is to present a simple and elegant
technique to achieve as high as possible convergence order consuming as small as
possible functional evaluations. Our proposed iterative methods are compared in
their efficiency and performance to various other multi-point methods, and it is ob-
served that our proposed methods are efficient and equally competent as compared
to existing methods available in the literature.

Multi-point iterative methods are of great practical importance since they over-
come theoretical limits of one-point methods concerning the convergence order and
computational efficiency. Further, they are also capable to generate root approxi-
mations of very high accuracy. In the case of these multi-point methods, Kung and
Traub [KT74] conjectured that the order of convergence of any multi-point method
without memory, consuming n function evaluations per iteration, can not exceed
the bound 2"! (called optimal order). Thus, the optimal order for a method with
three functional evaluations per step would be four.

In the recent years, some fourth-order optimal modifications of Newton’s method

for multiple roots have been proposed and analyzed by Li et al. [LCNTQ], Sharma

34



35 3. Two optimal general classes of Jarratt’s method

erences cited therein. All the mentioned methods requiring one-function and two
first order-derivative evaluations per iteration. There are, however, not yet so many
fourth or higher-order methods known that can handle the case of multiple roots.
The research of finding iterative methods with optimal fourth-order convergence,
not requiring the computation of second-order derivative for multiple roots is very
important and interesting task from the practical point of view. The presented
approach in this chapter is based on the arithmetic mean of well known meth-
ods namely Schroder’s method [Sch70], Halley’s method [Tra6d] and Chebyshev’s
method [Tra64] with five disposable parameters. First optimal general class of Jar-
ratt’s method is developed by taken arithmetic mean of Schréder’s method [Sch70]
and Halley’s method [[Ira64]. Second class is developed by taken arithmetic mean of
Schroder’s method [Sch70] and Chebyshev’s method [Tra64]. All the proposed meth-
ods considered here are found to be more effective and comparable to the existing

classical and recently proposed methods available in literature.

3.2 First optimal general class of Jarratt’s method

The well-known Halley’s method [Tra64] for simple zero and Schréder’s method

[Sch70] for simple as well as multiple zero are given by

— Zf(xn)f/<$n)
T S P — Fw) ) 324
and
— f(xn) f' ()
= Y = Fla) ) 322)
respectively.

We now intend to develop new optimal families of Jarratt’s method [Jar66]. For

this, we take the arithmetic mean of (B=21l) and (B=X2) to get
1 2f (zn) f' (zn) f(@n) [ (@)

] = Ty — — 3.2.3
= S E)Y - Fan P | PE)Y - fanPa)) O
Now consider a Newton-type iterative method

w2 Jlon) (3.2.4)

B m+2 f(x,)



36 3. Two optimal general classes of Jarratt’s method

where m > 1 is the multiplicity of the multiple root x = &,,.

Now expanding the function f'(y,) = f’ (xn - WQL_T2 Jf/((”;*;))

> about the point z = z,,
by Taylor’s series expansion, we have
2m  f(x,) \ 2m f(x,) f"(x,
YR30 (€ WO 3 (C VS )
m+ 2 f'(x,) m+2  f(x,)

therefore, we obtain

(m +2) f' (@) [f"(20) — [ (yn)]
2mf(x,) '

Using this approximate value of f”(x,) in the method (B233) and after some sim-

1%

f" ()

(3.2.5)

plification, we get

2m_ f(wn)
Yn =Tp — ——F= 777
m+ 2 f'(z,)
Tpil =X 2mf(xn> + mf<xn)
n+1l —<4n —
Bm = 2)f"(wn) + (m+2)f"(yn) ~ (m—=2)f'(z) + (M +2) [ (yn)
(3.2.6)
This method has quadratic convergence and satisfies the following error equation
1
enil = —%e;i + (66 + (9a = 10)cx)el + O(ep). (3.2.7)

But according to the Kung-Traub conjecture [KT74], the above method (BZZ8) is
not an optimal method because it has second-order convergence and requires three
evaluations of function per full iteration. Therefore, to build our optimal family

of Jarratt’s method, we shall take five free disposable parameters. Therefore, we

consider
B 2m  f(xn)
=T S )
z —y 2ma1f($n) + ma?)f(xn)
T Bm = 2) f(wa) + (ot 2)azf (ya) | (m— 2)asf (za) + (m + 2)as f(yn) ]’

(3.2.8)
where aq, as, a3, ay, as are disposable parameters such that the order of convergence
reaches at the optimal level four without using any more functional evaluations.
Theorem 2.1 indicates that under what choices on the disposable parameters in

(BZXR), the order of convergence will reach at the optimal level four.
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3.2.1 Convergence analysis

Theorem 3.2.1 Let f: D C R — R be a sufficitently smooth function defined on
an open interval D, enclosing a multiple zero of f(x), say x = &, with multiplicity
m > 1. Then the family of iterative methods defined by (BZR) has fourth-order

convergence when

( (3m — 2)(m2(m — 2)as + u(m3 + 4m? — 8)as)?

a; =— ,

! 2(m3(m — 2)aq + agas((m — 2)2m3a? + 2m3u(m? — 4)agas + u?(m + 2)%aza2)
1-m
o () Bm—2)((m = Das + (m + 2)uas)

@2 = m3(m — 2)ay + agas ’

. (m — 2)(m(m — 2)as + u(m + 2)2as)3
\ 5 2((m — 2)2m3aj + 2m3u(m? — 4)asas + u?(m + 2)%az7a2)’

(3.2.9)
where u = (miw)m , ag = u(m*+2m3 —4m?+16), a; = (m®—4m+8) and a4 and as
are two free disposable parameters. The family (B=23R) satisfies the following error
equation

eni1 = (Z—:c? - %0162 + (mT—Q)QC?’) et +0(ed), (3.2.10)
where
ay = (u?(m + 2)*(m® + 6m® + 10m* — 2m3 — 24m? + 8m — 32)a2 + 2u(m® + 4m” —
18m® — 24m* + 24m3 + 8m? — 64m + 96)asas + m>(m — 2)*(m?® + 2m? + 2m — 2)a?),
g = 3m*(m +( 2)1§u(m +2)%as +m(m — 2)ay)(m?*(m — 2)as +u(m? + 4m?* — 8)) and
| m+
_ mﬁk!fﬂm)(ﬁ:)l)’ k=123, ..

Ck

Proof Let x = ¢, be a multiple zero of f(x). Expanding f(x,) and f’(z,) about
x = &, by the Taylor’s series expansion (with the help of computer algebra software

Mathematica), we have

(m)
f(z,) = fT(fm)e? (1 + cre, + 62631 + 0362 + c4ei) + O(ei)7

(3.2.11)
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and
(m—1)
f(zn) = fi(fm)ez%l 142 + 1clen + + 202672Z + 30362 + (m +4) caeld
(m—1)! m m
+0(ep),
(3.2.12)
respectively.
From equations (BZ11l) and (B=212), we have
n 1 +1)c2 -2
J{,(é )) = e %ei + ((m );13 m@) 2+ O(eb). (3.2.13)

Furthermore, we have

2man f(xy,) _ 2a; .
3m — 2+ agm™=1(m +2)2-m ) "

(3m - 2)fl(xn) + (m + 2)a2f/(yn)

B (2al(m +2)™((3m — 2)m2(m + 2)™ + agm™ (m?> + 4m? — 8))c;

2 3 4
mlagm™(m + 2)2 + m(m + 2)™(3m — 2)]2 ) e, + Ae, +0(ey),

(3.2.14)
where
2@1
A= 3(3m — 2)? 1) + 2u(3m® + 13m° + 8m*
mz[u(m+2)2a2+m(3m—2)]3[(m (8m = 2)%(m + 1) + 2u(3m” + 13m” + 8m
— 18m® — 20m? — 8m + 16)ay + u*(m + 2)*(m* + 5m> + 4m* — 8m — 16)a3)c?

—2m((3m — 2)®m? + 2mu(3m* + 10m® — 2m? — 16m + 8)ay + u?(m + 2)*
(m? 4 2m — 4)a3)cs).
Similarly, we can also get

masf(z,) _ < mas ) .
(m = 2)asf'(z,) + (m+2)asf'(y)  \m(m —2)as + (m+2)%uas ) "
B (ag(m2(m — 2)ay + u(m?® + 4m? — 8)a5)01> .2
m(m(m — 2)as + (m + 2)%uas)? "
+ Bel + O(el),

(3.2.15)

where
m2(m(m — 2)ay + (m + 2)%uas)?
asas((m* 4+ 3m* — 2m — 4)c3 — 2m*(m? + 2m — 2)ca) + u*(m + 2)%a?

B [(m — 2)*m?ai((m + 1)t — 2mey) + 2u(m? — 4)

((m* + 5m® 4+ 4m? — 8m — 16)c} — 2m(m* + 4m? — 8m)cy)|.
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Using equations (B214) and (B=Z13) in scheme (BZ2R), we get the following error

equation

o e [ 2may f (zy,) N mas f () ]
T Bm = 2)f (@) + (m+ 2)aaf (yn) | (m—2)aaf () + (M +2)as f'(ya) ]
2aq mas
- <1 C3m =2+ aym™ Y (m+2)2"  m(m —2)ag + (m+ 2)2ua5>
N <2a1(m +2)™((3m — 2)m2(m + 2)™ + agm™(m3 + 4m? — 8))cy
mlagm™(m + 2)2 + m(m + 2)™(3m — 2)]?
az(m?(m — 2)ay + u(m?3 + 4m? — 8)a5)cl> 9
m(m(m — 2)ag + (m + 2)%uas)? "
—(A+ B)e2 +0(el).

+

(3.2.16)
For obtaining an iterative method of order four, the coefficients of e,, ¢ and €3
in the error equation (BZZI8) must be zero simultaneously. After simplifying the
equation (B=Z18), we have the following values of a;, as and ag involving two free
disposable parameters a4 and as

( v (3m — 2)(m?(m — 2)ay + u(m?® + 4m? — 8)as)?
YT 2(mB(m — 2)ag + agas)((m — 2)2m3a3 4 2m3u(m? — 4)asas + u?(m + 2)2aza?)’
(

m? (mﬂm)l_m (3m — 2)((m — 2)ag + (m + 2)uas)

2= m3(m — 2)ay + agas ’
A (m —2)(m(m — 2)ay + u(m + 2)%as)?
(7 7 2((m — 2)2mB3a2 + 2mBu(m? — 4)agas + u(m + 2)2(m?3 — 4m + 8)a2)’
(3.2.17)
where u = (:25)" and a; = (m® — 4m + 8).
The family (BZZR) satisfies the following error equation
a1 1 m
Entl = (04_20? — 56102 + ng) ei + 0(62), (3.2.18)

where

ar = (v (m+2)%(m®+6m®+10m* — 2m?3 — 24m? + 8m — 32) a2 + 2u(m®+4m" — 18m°

— 24m* + 24m® + 8m? — 64m + 96)aqas + m>(m — 2)%(m3 + 2m? + 2m — 2)a?),

g = 3m*(m + 2)*(u(m + 2)%as + m(m — 2)ay)(m*(m — 2)ay + u(m? + 4m? — 8)).
This reveals that the general two-step class of methods (B=28) reaches the optimal

order of convergence four by using only three functional evaluations per full iteration.

This completes the proof of the Theorem 2.1. O
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3.2.2 Some special cases of first general class

Finally, we get first new optimal general class of methods from the scheme (B=28)

by using the values of disposable parameters defined in (B=29), which is given by

2m f(zn)
m+2 f/(x,)’
mf(x,)as
2((m — 2)aaf'(zn) + (M + 2)as f'(yn) ) s’

Yn =Ty —
(3.2.19)

Tpt1l =Tn —

where
as = [m3(m — 2)2((m — 2)f (yn) — uf'(zn))a? — 2u(m? — 4)(u(m* + 2m? — 2m? —
4m =8) f'(xn) —m*(m? = 6) f'(yn)) asas — u?(m+2)* (u(m — 2)(m+2)* f'(z,) — (m* +
2m?® —8m? — 16m+16) f'(y,))a?], and ay = (m>(2—m)(f'(yn) — wf'(zn))aq +u(m+
2)((m? — 4m + 8) f'(zy) — m* f'(yn))as)-

It is straight forward to see from the above mentioned general class that for
different specific values of a4 and as, the following various optimal families of meth-
ods can be derived by fixing one of the free disposable parameters. Some of the

important families of methods are given below as:

(i) For a; = —1, family (B2219) reads as

_2m f(wn)
m+2f(x,)
mf(x,)as
2((m +2)f"(yn) — (m — 2)as f'(z,)) 6’

Yn =Tn
(3.2.20)

Tpt1 =Tpn —

where

as = 2u(m? —4) (u(m* +2m? —2m? —4m —8) f'(z,)) —m*(m?> —6) f' (yn) )as +m3(m —
2)2((m—=2)f"(yn) —muf'(zn))ag) —u?(m+2)*(u(m—2)(m+2)° f'(z,) — (m* +2m° —
8m? — 16m — 16) f'(y,)), and ag = (u(m + 2)(u(m?® — 4m + 8) f'(x,) — m3 f'(y,)) +
mHm — 2)(f () — ()2,

This is a new optimal family of fourth-order methods.

Sub cases of above family (B220)
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(a) For ay = 0, family (B220) reads as

e 2m  f(xy,)
Yn =Tn m—|—2f’($n)’
e muf(z,) [ulm —2)(m+2)3f (x,) — (m* + 2m3 — 8m? — 16m + 16) f(y»)
e 2f"(yn) m3f'(yn) — u(m?® — 4m + 8) f'(zn) .
(3.2.21)
This is a well-known fourth-order method proposed by Li et al. [LCNT0].
(b) For a4 = —“("7;—22)2 , family (BZ2Z0) reads as
_._ 2m fzn)
Yn =Tn m+ 2 f,(xn)a

muf(x,)[m(m® —9Im? + 20m — 8) f'(yn) — u(m® + 2m> — 5m* — 10m3 + 8m + 16) f'(z,,)]

Tt = (M2 f(yn) + u(m® — 4) f' () (w(m? — dm + 4) f' () — m(m? — 2) f'(yn))

(3.2.22)
This is a new optimal method of fourth-order.
(c) For ay = —u(m + 2)? | family (B2220) reads as

2m  f(xn)
Cm+2 [ (x)
f@n)mu [f(yn)ha + f/(zn)u(48 + 16m — 20m® + 5m* 4 4m> — 6mS + m?)]
I T S (P lyn) + (@ yu (— A+ m2)) (—f () (=3 + m2) + ['(2)u (8 — dm — 3m3 +m?))’
(3.2.23)

where hy = (=16 + 16m — 40m? + 30m?* + 3m* — 16m® + 6m°® + 2m™ — m®).

Yn =Tn

This is a new optimal method of fourth-order.

2\/( Hlm)2m(2+m)2(16+16m+12m274m373m4)7( m )" (—16—16m—8m?+2m>+4m*+m?)

(d) Foray = — (—2+m)m42+m :
2m  f(xn)
I T 2 f(a,)
Y 16/ () f ()
Tnt1 =Tn “3+m —m )
(@224 mpm? (22) 7 1w (525) T+ 2hf () f )

(3.2.24)
where hy = (4+ % +2m —2m? — m3).
This is a well-known fourth-order method proposed by Soleymani et al. [SBLI3].
(ii) For a5 = 0 and a4 # 0, general class (B2219) reads as

— 2m_ f(zn)
Yn =%n m+2 f'(x,)’
mf(x,) [ (m—2)f (ya) — muf'(x,)

- 2f(zn) wf'(xn) = f'(Yn)

(3.2.25)

Tny1 =Tn
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This is a well-known fourth-order method proposed by Li et al. [SXTL0Y].

Remark 1. The family (B219) can produce several new optimal Jarratt-type
methods for multiple zeros by choosing different values of the parameter as.
Remark 2. Li et al. [LCNT0, SXT.0Y9] methods are special cases of our proposed
general class of methods (B=219).

Remark 3. The general class of methods (B2219) can produce several new optimal
families of Jarratt’s method for multiple roots by fixing one of the free disposable

parameters namely either a4 or as respectively.

3.3 Second optimal general class of Jarratt’s method

The well-known third-order Chebyshev’s method [Tra64] for simple zero is given
by

_ flan)  {f(@a) 2" ()
Tntl = Tn — & B / 3
f'(@n) 2{f"(zn)}
We now intend to develop another new optimal general class of Jarratt’s method.
For this, we take the arithmetic mean of (B233dl) and (B=) to get

— _1 f(zn) . {f<xn)}2f//(xn) 2f(zn) f' ()
TSI ) T 2 @) ) — ) | )

Now using the approximate value of f”(x,) as mentioned in (B=2Z3) in the above

(3.3.1)

scheme (B2332) and after some simplification, we get

( . 2m f(xn)
Ty STE)

_, L [(Bm A+ 2) [ (wn) = (m+2) f'(yn)) f(20)

§ Tni1 =Ty 5 |: 4m<{f/($n)}2 + (3.3.3)
2f(wy)

\ (m —2) f'(z) + (m +2)f'(yn) |

This method has linear convergence and satisfies the following error equation

] m? m(5m + 2) — u(m + 2)?
eni1 = | 1 — —
- m?(m — 2) + m(m + 2)?u 4m3

) en + O(e2).
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But again according to the Kung-Traub conjecture [K'T74], the above method (B=33)
is not an optimal method because it has linear-order convergence and requires three
evaluations of function per full iteration. Therefore, to build our optimal family

of Jarratt’s method, we again take five free disposable parameters. Therefore, we

consider
__2m f(za)
Yn =Tn m+2f’(xn)’
oy =1y — f(@a) (5 + 2)b1 f'(20) — (m + 2)ba f' (yn)) 2b3 f (xn)
mT T dm{f'(zn)}? (m —2) f'(2n)ba + (M +2) f'(yn)bs |

(3.3.4)
where by, bs, b3, by, b5 are free disposable parameters such that the order of conver-
gence reaches at the optimal level four without using any more functional evalua-
tions. Theorem 4.1 indicates that under what choices on the disposable parameters

in (B534), the order of convergence will reach at the optimal level four.

3.3.1 Convergence analysis

Theorem 3.3.1 Let f : D C R — R be a sufficiently smooth function defined on
an open interval D, enclosing a multiple zero of f(x), say x = &, with multiplicity
m > 1. Then the family of iterative methods defined by (B34) has fourth-order
convergence when

( b ~m?((m = 2)*mPb] 4 3u(m — 2)m® (m + 2)°bybs + 2u® (m + 2)*(m® + 3m® + 2m — 4)b2)
e u?(m + 2)2(5m + 2)b2 ’

m®((m — 2)by + u(m + 2)bs)

bz =~ uZ(m + 2)2bs ’
b — ((m? — 2m)by + u(m + 2)%bs)3
L0 8(u(m + 2)bs ) ’

(3.3.5)
where u = (miﬁ)m and by and bs (bs # 0) are two free disposable parameters. The
family (B2334) satisfies the following error equation

- u(m + 2)?bsB1 + (m — 2)byfo 4 5
ent1 = <3m4(m 9 (m(m — 2)bs + u(m + 2)2) ) T Olen) (3:36)

where

B = (m® + 6m* + 14m> + 14m? + 12m + 16)c — 3m?®(m + 2)%circp + 3mPes),
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By = (m 4 2)*(m* + 2m® + 2m* — 2m + 12)c} — 3m*(m + 2)2cico + 3mPes,

m!  frR(p
m+k! f0(r,) "’

and ¢, = k=1, 2, 3, ...

Proof The proof of this theorem is similar to the proof of Theorem 2.1. Hence, it

is omitted here.

3.3.2 Some special cases of second general class

Finally, we get second new optimal general two-step class of methods from the

scheme (B234) by using the values of disposable parameters defined in (B2333), which

is given by
__2m  f(x)
g = m+2 f/(zn)’
o mf(za) m?((m — 2)ba + u(m + 2)bs{f'(yn)}* + A{f'(n) }* = Bif'(z0) f' (yn)
T 8u2 f () (m = 2)ba{ f'(zn)}? + (m + 2)bs f'(zn) [/ (yn) '
(3.3.7)
where

Ay = u?((m* +4m?® — 4m? — 8m — 16)by + u(m + 2)*bs) and By = 2u(m?(m?* +m —
6)bs + u(m* + 5m3 + 8m? — 8)bs).

It is straight forward to see from the above mentioned optimal general class
of fourth-order methods that for different specific values of b, and b5, the following
various optimal families of methods can be derived by fixing one the free disposable

parameters.

(i) For bs = 1, general class (B2371) reads as

o —a, 2 L)
T m 42 f()]
(@) [mP(m = 2)bs +u(m 4+ D) (o)} + As{S (@)} — Baf (@) f (yn)
T SR (2) (m — 2)ba{ ' (xn) }2 + (m + 2) f' () ' (yn) '
3.8)
where

Ay = u?((m* + 4m3 — 4m? — 8m — 16)by + u(m + 2)*) and By = 2u(m?*(m?* + m —
6)by + u(m* + 5m3 + 8m? — 8)).
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This is a new optimal family of fourth-order methods.
Sub cases of family (B=33)
(i) For by = 0, family (B3R) reads as

_ o 2m f(=a)
I T 2 ()
o g (@) [P ()} 4w (m 4 2)*{ [ () }? = 20(m® + 3m? + 2m — 4) f'(2) [ (yn)
e " f(@n) 8uf'(zn) [ (yn) .
(3.3.9)
This is a well-known method proposed by Zhou et al. [ZCSTT].
(ii) For by = — 4m%(1r:7rr?2)i8m716’ the family (BZ331) reads as
__2m f(xa)
I )

T =1, — mf(JTn)f/(yn) m4f,(yn) - U(m4 +2m3 + 4m? + 8m + 16)f/(ZL‘n)
ntl —n 2u{f'(xzn)}? | wim+2)3f(z,) — (m3 + 6m2 +8m + 8) f'(yn)
(3.3.10)

This is a new fourth-order optimal method.

(iii) For by = —ulml A 5mSmE8) yhe family (BZ3R) reads as

m2(m2+m—6)

_2m_ f(zn)
m+2 f'(x,)’
o mf (@) m?(m — 2){f'(yn)}* — u?(m* + 2m® + 4m* 4+ 8m + 16){f'(x,)}*
LTI T g () w(m?® 4 3m2 + 2m — ) {f'(22) 12 — m2(m + 3) f"(z0) ' (yn)
(3.3.11)

Yn =Tn

This is again a new fourth-order optimal method.

(iv) For by = —%, the family (B333) gives the well-known fourth-order method

m+2 f'(z,)’
_ mf(zn) [(m—2)f"(yn) — muf'(zn)
2f'(xn) wf'(xn) = f'(yn)

This is a well-known fourth-order method proposed by li et. al .

Yn =Tn

(3.3.12)

Tp41 =Tn

It is straightforward to see that per step these iterative methods require three
functional evaluations per step, viz. one evaluation of f(z) and two of f'(z). In

order to obtain an assessment of the efficiency of our methods, we shall make use of
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the efficiency index defined by equation (I”28). For our proposed iteration schemes,
we find p = 4 and d = 3, yielding E = /4 = 1.587, which is better than those of
most third-order methods E =2 1.442 and modified Newton’s method E = 1.414.
Remark 1. Zhou et al. [ZCSTI] method (11) is a special case of our proposed
scheme (B334).

Remark 2. Here, we should note that one can easily develop several new optimal
families of Jarratt’s method for multiple roots from the scheme (BZ34) by fixing one

of the free disposable parameters namely b, and bs.

3.4 Numerical results

In this section, we shall check the effectiveness of the new optimal methods.
We employ the present methods namely, method (B=222), (B=223), (B=31U) and
(B2310) denoted by OM}, OMZ, OM} and OMjrespectively to solve the following
nonlinear equations. We compare them with the method of Zhou et al. [ZCSTT]

namely method (11) (ZMy), Sharma and Sharma method [SST0H] (SSMy), Li et al.

S My respectively. For better comparisons of our proposed methods, we have given
two comparison tables in each example: one is corresponding to absolute error value
of given nonlinear functions (with the same total number of functional evaluations
=12) and other is with respect to number of iterations taken by each method to
obtain the root correct up to 35 significant digits. All computations have been
performed using the programming package Mathematica 9 with multiple precision
arithmetic. We use € = 1073° as a tolerance error. The following stopping criteria

are used for computer programs:

(1) [2ns1 — ] < €, (i) |f(wna)] < e
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Example 3.4.1 Consider the following 5 x 5 matrix

29 14 2 6 -9
—47 =22 -1 —-11 13
A=119 10 5 4 =8
-19 -10 -3 -2 8

7 4 3 1 =3

The corresponding characteristic polynomial of this matrix is as follows:
fi(z) = (z —2)* (= +1). (3.4.1)

It’s characteristic equation has one multiple root at x = 2.0000000000000000000000
000000000000 of multiplicity four.

f(x) xo ZMy SSM, LM, SM, OM} OM? oM} OM}

Comparison of different fourth-order optimal methods with the same total number of

functional evaluations (TNFE=12)

fi(z) 1.0 1.2e—614 2.8e—615 1.6e—616 5.2e—613 3.0e—616 1.8e—616 4.7e—617 9.6e—617
1.5 5.6e—1017 7.1e—1018 1.2e—1019 1.6e—1014 2.9e—1019 1.4e—1019 2.0e—1020 5.8e—1020
2.5 1.1e—1150 1.3e—1151 1.6e—1153 9.2e—1148 4.2e—1153 1.9e—1153 2.3e—1154 7.5e—1154
2.9 7.3e—931 9.2e—932 1.3e—933 6.2e—928 3.3e—933 1.5e—933 2.0e—934 6.1e—934

Comparison of different fourth-order optimal methods with respect to number of iterations

fi(z) 1.0 4 4 4 4 4 4 4 4
1.5 4 4 4 4 4 4
2.5 4 4 4 4 4 4 4 4
2.9 4 4 4 4 4 4 4 4
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Example 3.4.2 Consider the following 8 x 8 matrix

5 8 0 2 6 -6 0 -1

0 1 0O 00 0 0 O

6 18 -1 1 13 -9 0 O
B 3 6 0 4 6 -6 0 0

4 -14 -2 0 11 -6 0 O

6 18 -2 1 13 -8 0 O

0 O 0 00 0 0 -1

_O 0 0O 0 0 0 O —19_

The corresponding characteristic polynomial of this matrix is as follows:
fo(z) = 2(x — 4)(z — 3)(z — 2)(x — 1)*(x + 19). (3.4.2)

It’s characteristic equation has one multiple root at x = 1.00000000000000000000
00000000000000 of multiplicity three.

f(z) =0 ZMy  SSMy LM, SM, oM}  OM?  OM}  OM?

Comparison of different fourth-order optimal methods with the same total number of

functional evaluations (TNFE=12)

fa(z) 0.5 8.9e—287 4.9e—287 2.6e—287 6.1e—287 2.5e—287 2.2e—287 1.2e—287 1.8e—287
0.8 9.1e—875 2.8e—875 7.8e—876 4.4e—875 7.0e—876 5.2e—876 1.7e—876 3.3e—876
1.2 2.4e—603 1.4e—604 8.2e—606 3.0e—604 6.4e—606 3.4e—606 2.8e—607 1.2e—606
1.4 1.8e—260 1.1e—260 5.9e—261 1.3e—260 5.6e—261 4.9e—261 2.9e—261 3.9e—261

Comparison of different fourth-order optimal methods with respect to number of iterations

fo(x) 05 5 5 5 5 5 5 5 5
0.8 4 4 4 4 4
12 4 4 4 4 4 4 4 4
14 5 5 5 5 5 5 5 5
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Example 3.4.3 f3(z) = (5tan~'z — 4z)°.
This equation has an finite number of roots with multiplicity eight but our desired

root is x = 0.94913461128828951372581521479848875.

f(z) o ZM, SSMy LMy SM,y OM;} OM? OM;} OM}

Comparison of different fourth-order optimal methods with the same total number of

functional evaluations (TNFE=12)

fa(x) 0.7 1.6e—248 1.6e—248 1.8e—248 4.7e—252 1.8e—248 1.8e—248 1.9e—248 1.8e—248
1.0 2.2e—2297 5.4e—2298 5.5e—2300 4.3e—2264 3.6e—2300 1.8e—2300 4.4e—2301 9.0e—2301
1.2 2.0e—1136 6.1e—1137 1.2e—1138 5.1e—1105 7.4e—1139 4.1e—1139 1.2e—1139 2.2e—1139

Comparison of different fourth-order optimal methods with respect to number of iterations

fa(x) 0.7 6 6 6 6 6 6 6 6
1.0 4 4 4 4 4 4 4 4
1.2 4 4 4 4 4 4 4 4

Example 3.4.4 fy(z) = ((z — 1)* —1)™.
This equation has an finite number of roots with multiplicity but our desired root is

x = 2.0000000000000000000000000000000000.

f@) xo ZM, SSMy LM, SM, oM} OM? OM3 OM?

Comparison of different fourth-order optimal methods with the same total number of

functional evaluations (TNFE=12)

fa(z) 1.7 4.7e—2269 4.6e—2269 2.6e—2269 1.8e—2122 2.6e—2269 2.6e—2269 2.5e—2269 2.5e—2269
2.5 2.4e—4261 2.2e—4261 2.6e—4262 1.8e—3645 2.5e—4262 2.4e—4262 2.2e—4262 2.2e—4262

Comparison of different fourth-order optimal methods with respect to number of iterations

fa(z) 1.7 5 5 5 5 5 5 5 5

255 5 5 5 5 ) ) )
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Example 3.4.5 f5(z) = (22 — e® — 3z + 2)3.
This equation has an finite number of roots with multiplicity three but our desired

root x = 0.25753028543986076045536730493724178.

fx) xo ZMy,  SSMy LM,  SM, OM} OM? OM}  OM?

Comparison of different fourth-order optimal methods with the same total number of

functional evaluations (TNFE=12)

fs(x) —0.5 3.6e—662 6.8e—657 5.4e—649 8.1e—660 6.4e—651 1.1e—649 5.0e—645 9.0e—648
1.0 6.0e—726 8.0e—726 1.2e—725 7.2e—726 1.1e—725 1.2e—725 1.6e—725 1.3e—725

Comparison of different fourth-order optimal methods with respect to number of iterations

fs(x) =05 4 4 4 4 4 4 4 4

1.0 4 4 4 4 4 4 4 4

3.5 Attractor basins in the complex plane

We here investigate the comparison of the attained multiple root finders in the com-
plex plane using basins of attraction. It is known that the corresponding fractal of
an iterative root-finding method is a boundary set in the complex plane, which is
characterized by the iterative method applied to a fixed polynomial p(z) € C, see
e.g. [SNCTI, NSCT?]. The aim herein is to use basin of attraction as another way
for comparing the iteration algorithms.

From the dynamical point of view, we consider a rectangle D = [-3, 3] x
[—3, 3] € C with a 400 x 400 grid, and we assign a color to each point zg € D
according to the multiple root at which the corresponding iterative method starting
from zy converges, and we mark the point as black if the method does not converge.
In this section, we consider the stopping criterion for convergence to be less than
10~* wherein the maximum number of full cycles for each method is considered to
be 200. In this way, we distinguish the attraction basins by their colors for different

methods.
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We have compared here the method of Zhou et al. [ZCSTT], namely method (11)
(ZMy), Sharma and Sharma method [SST0H] (SSMy), Li et al. [LCNIO] method

tively for some complex polynomials having multiple zeros with known multiplicity.
For the first three test problem, we have taken the polynomial functions

Test Problem 1. Let p;(z) = (2° —1)?, having roots {1, —0.5+ 0.866025:, —0.5—
0.866025¢, 0.5+ 0.866025¢, 0.5—0.866025i, —1} with multiplicity two. It is straight
forward to see from the Fig. 3.1 and Fig. 3.2 that our methods (OM}), (OMZ),(OM3)
and (OM}) have almost same basins of attraction as compared to SSM,, LM} and
SM,. Also, note that method ZM, shows chaotic behaviour.

Test problem 2. Let py(2) = (2° + 2z — 1)3, having roots {—0.226699 + 1.467714,
— 0.226699 — 1.467714, 0.453398} of multiplicity three. It is straight forward to
see from Fig. 3.3 and Fig. 3.4 that our methods (OMjJ) and (OM}) contain lower
number of divergent points in comparison to the methods ZMy, LM} and SM,
respectively. But, our methods (OM3) and (OM}) have almost same basins of at-
traction as compared to SSMjy.

Test Problem 3. Let p(z) = (2* + 2)?, having roots {—1, 0.5+ 0.8660257, 0.5 —
0.866025i, 0} of multiplicity three. It is straight forward to see from Fig. 3.5 and
Fig. 3.6 that our methods (OM]}), (OM?), (OM3) and (OM}) performed better as
compared to the other methods namely, ZM,, LM} and SMy, respectively. But,
our methods (OM?) and (OM;) have almost same basins of attraction as compared
to SSMy.

The last test problem is a non polynomial function as follows:

Test Problem 4. Let p(z) = (23+1/2)*, having roots {0.707107+7071074,0.707107—
707107i, —0.707107+707107¢, —0.707107—707107:} of multiplicity four. It is straight
forward to see from Fig.3. 7 and Fig. 3.8 that our methods (OM?) and (OM}) con-
tain lower number of divergent points in comparison to the methods ZM,, LM} and

S M, respectively. But, they have same basins of attraction as compared to SSMj,.
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Figure 3.1: The basins of attraction for ZMy, LM, SSM, and SM, respectively in
test problem 1.

Figure 3.2: The basins of attraction for OM}, OMZ, OM} and OMj respectively in
test problem 1.

Figure 3.3: The basins of attraction for ZMy, LM, SSM, and SM, respectively in
test problem 2.

Figure 3.4: The basins of attraction for OM}, OMZ, OM3} and OM] respectively in
test problem 2.
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Figure 3.5: The basins of attraction for ZMy, LM, SSM, and SM, respectively in
test problem 3.

Figure 3.6: The basins of attraction for OM,, OMZ, OM} and OM] respectively in
test problem 3.

Figure 3.7: The basins of attraction for ZMy, LM, SSM, and SM, respectively in
test problem 4.

Figure 3.8: The basins of attraction for OM}, OMZ, OM3} and OM] respectively in
test problem 4.
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3.6 Concluding remarks

In this chapter, we find two optimal general classes of Jarratt’s methods to
find the multiple roots of nonlinear equations of higher order of convergence. Both
the classes of methods requires one function and two of its first-order derivative
evaluations per iteration step. Therefore, according to Kung-Traub conjecture all the
proposed methods are optimal. Further, one can easily generate many new optimal
families and some existing methods by fixing one of the free disposable parameters
methods, Soleymani et al. [SBLI3] and Zhou et al. [ZCSTI] method (11) are shown
as special cases of our proposed schemes. From the numerical experiments, we
conclude that newly proposed methods are equally competent with other similar
robust methods available in literature, when the comparison of these methods is
done with respect to number of iterations and accuracy is tested in multi-precision
digits. Further, It is also noted that larger basins of attraction belong to our methods
namely, (OM}) and (OM}) although the others methods are slow and has darker
basins while some of the method are too sensitive upon the choice of the initial

value.
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