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ABSTRACT

CORDIC is an acronym for COrdinate Rotation Digital Computer. The CORDIC method
is the most versatile of all the algorithms that can be used to evaluate elementary
functions. The same hardware can be used to compute trigonometric ratios (sin, cos, tan,
etc.), hyperbolic ratios (sinh, cosh, tanh), multiplication, division, inverse trigonometric
(arcsin, arccos) and inverse hyperbolic ratios (arcsinh, arccosh), with a slight modification
it can also compute logarithms, exponentials, etc. In this work, it has been found that
CORDIC algorithm requires 3 adders/subtractors and 3 registers. So it is multiplierless
approach and it saves a lot of hardware and hence power dissipation is very low as
compared to other methods. Due to the simplicity of the involved operations, the
CORDIC algorithm is very well suited for VLSI implementation. In this work, CORDIC
algorithm, pipeline CORDIC, control CORDIC and DFT (Discrete Fourier Transform)
have been implemented in XILINX Spartan 3E FPGA kit using VHDL. The comparison
of original CORDIC on the basis of their power, speed, area required to implement in
chip designing, number of iteration etc. have been discussed. It has been found that as
data rate increases, number of dlices, flip-flops, LUTs, 10Bs, power and delay have also
increased. Look up tables have been used to compare precision for different data rates. It
has been observed that resolution of CORDIC algorithm is best for 32 bit data rate.
Original CORDIC algorithm does have one drawback however, in that the algorithm
exhibits linear convergence, so that N iterations are required to converge to N bits of
accuracy. When used in modern computing elements which operate a a high clock
frequency, this large latency has a deleterious effect on overall system performance. In
this work, the latency has been calculated to be equal to 8.191 ns for 12-bit original
CORDIC algorithm. Latency can be further reduced by pipeline CORDIC. It has been
found that latency is reduced by 34.97% using pipeline CORDIC as compared to Original
CORDIC. It has also been observed that pipeline CORDIC reduces the number of
resources by 7.5% as compared to original CORDIC. In addition to it, power dissipation
in pipeline CORDIC has also been reduced by 6.74% as compared to original CORDIC.
In this work, it has been found that Original CORDIC algorithm, the iteration variable
(z;) does not always converge monotonically to O-some of the iterations may actually

result in divergent micro-rotations, which do nothing to improve the convergence towards
the target vector. This problem has been solved using control CORDIC method which



modifies the angle trajectory so that it now resembles a critically damped system, with no
overshoot, resulting in faster convergence.

The application of CORDIC has been shown using Discrete Fourier transforms (DFT). It
has been found that in DFT implementation number of multiplier, adders/subtractors,
registers, comparators are 4, 6/5, 121, 5 respectively. Due to high speed, low cost and
greater flexibility offered by FPGAs over DSP processors, the FPGA based computing is

becoming the heart of all digital signal processing systems of modern era.
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CHAPTER 1
INTRODUCTION

1.1 Introduction

CORDIC is a specia purpose digital computer for real time computation. The CORDIC
algorithm was first introduced by Jack E. Volder in the year 1959 [1]. The Volder’s
algorithm is derived from the general equations of vector rotation. CORDIC is used for the
computation of trigonometric functions (like sin, cos, tan), magnitude and phase (arctangent),
hyperbolic functions (like sinh,cosh,tanh), multiplication, division, data type conversion,
square roots, logarithms and was further extended by John Walther in 1971 [2]. It is highly
efficient, low complexity and robust technique to compute the elementary functions. The
CORDIC agorithm has found its various applications such as pocket (scientific) calculator,
numerical co-processors, signal processing (DFT, DCT, DHT, DST), image processing
applications, direct digital synthesis and analog to digital modulation etc [3].

CORDIC stands for COrdinate Rotation DIgital Computer. The CORDIC algorithm does not
use calculus based method such as polynomial or rational function approximation. Earlier
methods used are table look up method, polynomial approximation method etc. for
evaluation of trigonometric functions. Calculation of an elementary function is often times
done by using look up table. Look up tables are by far the fastest way to make computation;
however the precision of the result is directly related to size of the look up table [4]. High
precision look-up tables require a large amount of non-volatile memory to store the table. If
the table size is reduced to save memory, precision will also be reduced. But power series
may also be used to calculate these same functions without using look-up table; however
these calculations have the disadvantage of being slow to converge to a desired precision. In
effect, the look-up table size is being traded at the expense of computation time. Power series
and Fourier series is time consuming. So we use look up table. Taylor series can be
expensive to compute, especially on slow processors. But CORDIC is fast even on slow

[processor.



Today CORDIC algorithm is used in VLSI design, high performance vector rotation DSP
applications, advanced circuit design and optimized low power design [2]. In CORDIC, the
“multiplies” can be power of 2, S0 in binary arithmetic they can be done using just shifts and
adds. No actual “multiplier” is required thus is simpler and do not require complex hardware

structure asin case of multiplier

The CORDIC technique uses a one hit a a time approach to make computation to an
arbitrary precision [4]. Typically, these tables only one to two entries per bit of precision.
CORDIC algorithms also use only right shifts and additions, minimizing the computation
time. It is hardware efficient algorithm because no multipliers are presenting in CORDIC, to
save gate required implementing on FPGA. If multiplier is present, then cost and number of
gates increases. The CORDIC algorithm has become a widely used approach to elementary
function evaluation where the silicon area is a primary constraint. The implementations of
CORDIC algorithm require less complex hardware. Hardware multiplier is unavailable in
CORDIC because the strength of CORDIC algorithm is its ability to solve with vector
rotation without using a multiplier and to speed up CORDIC algorithm [5]. The only
operation is addition, subtraction, bit shift and lookup table. The rotated vector is also scaled
making a scale factor necessary. Due to high speed, low cost and greater flexibility offered
by FPGA over DSP processors, the FPGA based computing is becoming the heart of all

digital signal processing systems of modern era.

There are two ways in CORDIC algorithm for calculation of trigonometric and other related
functions. - rotation mode and vectoring mode [6]. Both methods are angle accumulator with
desired angle value. In rotation mode, the co-ordinate component of a vector and angle of
rotation are given and the coordinate component of the original vector, after rotation through
a given angle are computed (z converge to zero). In vectoring mode, the co-ordinate
components of a vector are given and the magnitude and angular argument of the original
vector are computed (y converge to zero). CORDIC is an iterative method, it has the
advantage over the other methods of being able to get better accuracy by doing more
iteration, where as the Taylor approximation and polynomial approximation methods need to

be re-derived to get better result [7]. These properties in addition to getting a very accurate



approximation is perhaps the reason why CORDIC is used in many scientific calculators
today. Original CORDIC takes N=8 iterations, to reduce the number of iterations control
CORDIC is used [8]. Control CORDIC reduces the number of iterations almost by 50%. In
the original CORDIC, overshoot takes place to eliminate this in control CORDIC simple
selection function is used. The simple selection function decides which angle constant should
be skipped to eliminate the overshoot. In original CORDIC, z does not converges to zero.
Control CORDIC has capability to converge faster.

Pipeline architectures are used in CORDIC algorithm to reduce the critical path by
introducing pipeline latches; this increases the clock speed or sampling speed and reduces the
power consumption at the same speed in a DSP system [9]. If an iterative implementation of
CORDIC were used, the generator would take several clock cycles to build a single output
sample of the wave. However, using pipeline converts iterations into pipeline phases. In this
way an output is obtained at every clock cycle, after pipeline stages propagation. Each
pipeline stage takes exactly one clock cycle to complete.

1.2 Thesis Objective
Based on the above discussion the thesis has following objectives:
1) To study and implement Original CORDIC and Control CORDIC algorithm using
VHDL programming code.
2) To implement pipeline CORDIC algorithm using VHDL programming code.
3) Toimplement DFT using CORDIC algorithm in VHDL code.
4) To implement CORDIC algorithm, pipeline CORDIC and DFT on XILINX
SPARTAN 3E Kit.

1.3 Organization of Thesis
Chapter 2 discusses about literature survey of CORDIC.
Chapter 3 discusses about basics of CORDIC algorithm, how it came into picture, its basic

equations, different mode of operation i.e. rotation mode and vectoring mode, gain factor,

CORDIC iteration and how it works and their block diagram, their comparison on the basis of



their complexity, speed, area required to implement in chip designing, number of iteration
required etc and discusses about the control CORDIC and pipeline CORDIC.

Chapter 4 discusses use of CORDIC algorithm for calculating DFT, DHT, calculation of DFT
using FFT algorithm, basic equation used.

Chapter 5 tells about the design flow of XILINX FPGA. This chapter includes FPGA
architecture, its logic blocks, technology used, placement and routing, testing and design issues.
Chapter 6 contains the results of simulation using ModelSim 6.3f and XILINX 10.1i. The thesis

concludes in chapter 7.

1.4 M ethodology

In this work, VHDL programming has been used to implement CORDIC algorithm (to
calculate Sine and Cosine value for a given angle), control CORDIC, DFT (Digital Fourier
Transform) and pipeline CORDIC. Further XILINX SPARTAN 3E kit is used for FPGA
implementation of the generated VHDL code. Programming tools used for the
implementations are:

1) ModelSim 6.3f

2) XILINX 10.1i

3) FPGA kit SPARTAN 3E



CHAPTER 2
LITERATURE SURVEY

CORDIC was introduced in 1959 by Jack E. Volder as a highly efficient, low complexity,
and robust technique to compute the elementary functions [1]. It is initially intended for
navigation technology, the CORDIC algorithm has found its way in a wide range of
applications, ranging from pocket calculators, numerical co- processors, to high performance

radar signal processing.

After invention CORDIC worked as the replacement for the analog navigation computers
aboard the B-58 supersonic bomber aircraft with a digital counterpart. Further in 1971, Steve
Walther continues work on CORDIC, with the application of the CORDIC algorithm in the
Hewlett-Packard calculators, such as the HP-9100 and the famous HP-35 in year 1972, the
HP-41C in year 1980 [6][10]. He told how the unified CORDIC algorithm i.e. combining
rotations in the circular, hyperbolic and linear co-ordinate systems and how it was applied in

the HP-2116 floating —point numerical co-processor.

In the past decade, the unprecedented advances in VLSI technology have stimulated great
interests in developing special purpose, parallel processor arraysto facilitate real time digital
signal processing [11]. Parallel computing systems such as systolic arrays and wave front
arrays have been extensively studied. The basic arithmetic computation of these parallel
VLSl arrays has often been implemented with a multiplication and accumulation (MAC)
unit, because these operations arise frequently in DSP algorithms. The reduction in hardware
cost also motivated the development of more sophisticated DSP algorithms to enhance the
performance of modern digital signal processing systems. Many of these new algorithms
require the evaluation of elementary functions, such as trigonometric, exponential, and
logarithm functions, which cannot be evaluated efficiently with MAC based arithmetic units.
Consequently, when DSP algorithms incorporate these elementary functions, it is not unusual
to observe significant performance degradation. On the other hand, an alternative arithmetic
computing agorithm known as CORDIC (Coordinate Rotation Dlgital Computer) has

received renewed attention, as it offers a unified iterative formulation to efficiently evaluate



each of these elementary functions. Specifically, all the evaluation tasks in CORDIC are
formulated as a rotation of a 2 x 1 vector in various coordinate systems. By varying a few
simple parameters, the same CORDIC processor is capable of iteratively evaluating these

elementary functions using the same hardware within the same amount of time.

Today fast rotation techniques are closely related to CORDIC, to perform orthonormal
rotation at a very low cost. Although fast rotations exist for certain angles only, they are
sufficiently versatile, and have already been widely applied in signal processing. Hoekstra
found a large range of known, and previously unknown, fast rotation methods. An overall
evaluation of the methods exposes the trade-offs that exist between the angle of rotation, the
accuracy in scaling and the cost of rotation. Vander kolk et al. formalized the problem of
(approximate) vectoring for fast rotations in year 2000. They treated the fast and efficient
selection of the appropriate fast rotation, and showed the advantage to be gained when
applied to Enhanced Versatile Disc (EVD)[12]. The selection technique works equally well
for arithmetic and floating point computation. Antelo et al. considers going to a higher radix
than the radix-2 for the classical algorithm, so that less iterations are required. The choice of

higher radix implies that the scaling factor is no longer constant.

Y ear 2009 marks completion of 50 years of the CORDIC algorithm. Due to rapid advancesin
VLSI technologies have led the way to an entirely different approach to computer-design for
real —time application, using special purpose architecture with custom chips. Special—purpose
architectures efficiently map the algorithm needs of the problem to the hardware [3]. Now a
day’s world of information interchange revolves around transmission and viewing real time
images. Many of DSP applications try to closely simulate real life images. Speed, clarity and
resemblance to real time object are some of the issues to be addressed in order to achieve the

goal.

Trigonometric function calculation is one of the primary tasks performed in DSP
applications. For long time microprocessor-based systems have been used to perform this
task. Software algorithms used to processor do not meet the highly demanding needs of the
entire task [6]. Using hardware system to perform these DSP tasks is a competent solution to



this problem. FPGA are often used as co- processors to perform all the high speed tasks that
cannot be achieved by microprocessor. FPGA are chosen because they are on-site
programmable and are highly suitable for hardware implementation. The software solutions
adapted by the microprocessor to implement trigonometric functions are computer intensive.
They do not suit hardware platforms because they need complex circuits to perform the
mathematical operations. Hence, hardware algorithm is adopted for the calculation of
trigonometric functions. Many hardware efficient algorithms exist, but these are not
generally not well known due to the dominance of special software systems over the past
quarter century.

Online CORDIC was developed by Ercegovac et al. for applications where input bits became
available serially. Their method could also compensate for the Value of K online [13]. For
applications that require increased throughput, pipelined CORDIC can be useful [14].
Pipelined CORDIC processors are used by performing more than one CORDIC iteration in a
single clock cycle or in a single pipeline clock cycle, respectively. After an initial start up
period, it allows a rotation to be completed every cycle, but involves heavy duplication of
hardware in each pipeline stage which is wasteful of power and area [8]. In addition, the

iteration count remains unchanged.

Several methods have focused on the problem of efficiently compensating for the scale
factor. The scale factor can be compensated for in parallel, while the CORDIC iterations are
being executed [15]. Another method is to perform additional scaling iterations which force
the overall scaling factor to unity. Yet another method is repeat some of the CORDIC
iterations so as to force K to be power of the machine radix, requiring only a simple shift
operation at the end to get the scaled results. The scheme listed above may also be combined

together to improve the performance.

There have been several attempts at trying to reduce the latency of CORDIC operations.
Some have tried to use a high radix nhumber system to perform the computations. In this case,
less iteration are required to achieve a given precision at the expense of a more complex

selection function as well as the cost of radix conversion. Another method by J.Arbaugh uses



ROM lookup tables to speed up the first third of the CORDIC iterations. Phatak proposed to
execute two iterations in the same cycle, using dual CORDIC units. Still another method has
been to use redundant arithmetic in CORDIC, which allows fast redundant adders to be used,
to reduce cycle time. There has been a considerable amount of work devoted to solving
problems such as sign detection that are associated with using redundant arithmetic. In
contragt, there has been very little research performed on investigating the reduction in
latency by skipping over some iteration. This is mainly because of the attendant incontinence
of having a variable scaling factor and the need to store these in a ROM [8]. However with
there being no shortage of available gates in modern chips, a ROM space is much more
readily available for use that is used to be. Accordingly it makes eminent some to examine
methods which may incur a variable K by jumping over iterations, if in doing so, so they
reduce the number of iterations considerably. In year 2010, there have been two methods thus
far which have attempted to attack the problem in this manner. Control CORDIC uses
damping techniques from control theory to reduce the number of iterations. The method of
Angle recoding can achieve a 50% or more reduction in the iteration count, but it is confined

to static applications such as the Chirp-Z transform where the rotation angle is static.



CHAPTER 3
CORDIC ALGORITHM

CORDIC is an acronym that stands for COordinate RotatiagitddlComputer It was
proposed by Jack E. Volder in 1959 [1]. It is used for theutation of trigonometric
function, logarithnit, exponential, hyperbolic function, square root, multipiaa
division, discrete Fourier transform(DFT) etc. The CORDd{@orithm provides an
iterative method of performing vector rotation by arbitrangle using shift and adds [3]
In this chapter, it is described that how CORDIC algorithrmkao

3.1 Basic equation of CORDIC algorithm

Volder’s algorithm[3] is derived from the general equation for a vector imtatlf a

vector V with co-ordinats (x,y) is rotated through an angle then a new vectov can

be obtained with co-ordinatés ,y') wherex andy can be obtained using, y and¢

by the following method.

X=rcost,Y =rsind (3.1
V' :{xlz{x cosd)—ysinq)} (32)
y y COSd + X Sing

Figure 3.1: Rotation of a Vector V by the anglES]

Let’s find how equation (3) and (32) came into pictureAs shown in the figure 3.1

vector V(x,y) can be restricted in two parts along the x-axis and y-asiscost and



: : : : X
r sin® respectively. Figure 3.2, illustrates the rotation oteter V :{ } by the angle
y

0.
Y 4
™ VI(X,y) = (r cosO , r sind)
S
r “..,
\
0 ",

> >

0 X

Figure 3.2: Vector V with magnitude r and phéise
i.e. X =rcoso

y =rsind (3.3)
Similarly from figure 3.1 it can be seen that vectorand V' can be resolved in two
parts.Let V has its magnitude and phase masand 0 respectively andv' has its

maghnitude and phase asand® whereV came into picture after anticlockwise rotation

by an anglep . From figure 3.1, it can be observed

0 —0=0 (3.4)
ie. 0 =0+ (3.5)
OX =X =rcosd
=rCcosP+¢)
= r (cosb.cosd —sino.sing)
= (r cost).cosp — (r sinB).sind (3.6)
Using figure 3.2 and equation 3.3X" can be represented as
OX =x =x cosp—y sind (3.7)
Similarly,
oY = y' ~rsin®
=rsin®+¢)
=r (Sin6.cosp + cosh.sing)
= (r sinB).cosp + (r cosv).sind

10



=Yy Cosp+ X sind (3.8)
V' after anticlockwise rotation of vectaf by angle¢ is
X =X cosp — ysing
y' =YyCOoSp+ X Sind

Similarly, value for vectorv in the clockwise direction rotating the vectdyr by the

angle¢ is
X =X coso + ysing (3.9)
yl =y COSp — X Sind (3.10)
The equation (3), (3.8), (3.9), (3.10) can be represented in the matrix form as
x: :{ co-s¢ isinﬂ{x} (3.11)
y +sing cosp ||y

V' after anticlockwise rotation of vect& by angle¢ is

o ]

It is well known[4] that the rotation matrix

cosd —sinﬂ

R(9) = {sinq) Cosd

] anticlockwise by radians in two dimensional spaceshil t

will rotate a vectoﬁ
y

rotation matrix is applied to the initial vec{%r} , the result will be vector co-ordinates

co
Li:j:] It is easily seen that CORDIC method could be appliethlzulate the functions

1
sin(p) andcos() by applying successive rotations to the initial ve%(t)%r

A problem arises [4] when an attempt is made to set upoth@an matrix such that all
the rotations are accomplished by right shifts. Notice thap is chosen such that

cos@) =27, the sin(9) is not necessarily a power of 2; it is not possiblehmose the

successive angle rotatiap , such that both theosg) and sin(¢p) amount to right shifts.
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In working around this problem, it is possible to modify tb&ation matrix by bringing a

cos) term out of the matrix. Then

1 —tan()
tan@) 1 }

R(¢) = cos) {

Volder's observed that by factoring outcas¢) from both sides of equation (3.73.8),
resulting equation be in terms of the tangent of theeapigthe angle of which we want
to find sin® and cosb. Next if it is assumed that the angjeis being an aggregate of
small angles and composite angles is chosen sucth#iatangent are all inverse power
of two, then this equatiol®] can be rewritten as an iterative formula.

X = cosd(X — y.tang) (3.12)

y' = cosd(y + X.tand) (3.13)

z=2z+¢ , hered is the angle of rotation{ sign is showing the direction of

rotation) and z is the angle accumulator.
The multiplication by the tangent term can be avoidedtan@)=2". In digital

hardware, this denotes a simple shift operation. Furthermbréhose rotation are

performed iteratively and in both directions every valbigan() is representabléVith

dp=arctan@”) the cosine term could be simplified and sinces@)=cos¢) is

constant for a fixed number of iterations.

R() =cos@i>{21_i ‘i} (3.14)

Equation (3.11) can be expressed as

X 1 -2 |x
{y}:cos@i)[z_i 1 }{y} (3.15)

¢, may be positive or negative depending upon whether theorotatanticlockwise or

clockwise. Equation (3.11) can be expressed as

X 1 —d2'|x
{y}:ws@‘){d@i 1 }M 540

This iterative rotation [6] can now be expressed as:
Xia= ki (Xi _yidi 24) (3.17)

12



Vi =K (y; +x,d,27) (3.18)
Where i denote the number of rotation required reaching the esdjuangle of the
required vector,k, = cos(arcta(2”))and d, =+1 the product of thek, represents K-

factor.

LN

n—

k=] |k,

= S
Ll

Wherel_[ki = COS(,.COSP,.COSH,.COSY,......L0Sd,, , (¢ is the angle of rotation here for
i=0

n times rotation). The above rotation requirement adding and subtracting of the

different ¢ can be understood by the following example of a balance.

k, is the CORDIC gain. For 8-bit hardware CORDIC approximation nikttie value of

k. as

K, = ll[cosq)i = COS(,.COSP,.COSH,.COSP,.COSH,,.COSP,. COSH,.COSH,

=C0s45°.c0s26.565’.c0s14.036°.......0s0.4469 = 0.6073

;rY

V(XY

V(x,y)

5 *» X
Figure 3.3: Chaining muéiphicro-rotations together [8]
As shown in fig 33, multiple micro rotations may be chained together has wector

moves in discrete angular s&efb,,d,,0,,.....,0,) from its initial position of V(x,y)

towards its final target position of (x,y ).

X | 1 —tang, 1 —tand, [ x
{y}—cosq)().cosq)rcosq)z ...... cos¢{ } ..... Larkb L }L’} (3.19)
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For 8 bit CORDIC hardware, cosine and sine of anglean be represented in matrix

form by using equation (3.19)

{C(.)sd)}:{ 1 —tan¢o} ________ { 1 —tan¢7}{0.6073] (3.20)
sing tand, 1 tand, 1 0

For 16 bit CORDIC hardware, the valuelqgfis

For 24 bit CORDIC hardware, the valuelqgfis
23
k; = Jcosp; = cosp,.cos,.cosp, ....cosp,, = 0.6073
i=0
For 32 bit CORDIC hardware, the valuelqgfis

31
k; =] Jcosd, = cosp,.cos,.cosp,.....cOSp,, = 0.6073
i=0

CORDIC gaink; is same for all the CORDIC hardware.
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Table 3.1: For 8, 16, 24, 32 bit CORDIC hardware [8]

i 27 =tang, o, =tan*(27) ¢, inradians

0 1 45 0.7854

1 0.5 26.565 0.4636

2 0.25 14.036 0.2450

3 0.125 7.128 0.1244

4 0.0625 3.576¢ 0.0624

5 0.03125 1.7876 0.0312

6 0.015625 0.8938 0.0156

7 0.0078125 0.4469 0.0078

8 0.00390625 0.2238 0.0039

9 0.001953125 0.1119 0.0019

10 0.0009765625 0.05598 0.00098

11 0.00048828125 0.02798 0.00049

12 0.000244140625 0.01399 0.00024

13 0.0001220703125 0.00699 0.00012

14 0.00006103515625 0.00349 0.000061

15 0.00003051757813 0.00178 0.000031

16 0.00001525878906 0.000874 0.0000152

17 0.000007629394531 0.000437 0.0000076

18 0.000003814697266 0.0002188 0.0000038

19 0.000001907348633 0.0001093 0.0000019

20 0.0000009536743164 0.00005464 0.00000095

21 0.0000004768371582 0.0000273 0.00000048

22 0.0000002384185791 0.00001366 0.00000024

23 0.0000001192092896 0.00000683 0.00000012

24 0.00000005960464478 0.00000341% 0.0000000595
25 0.00000002980232239 0.000001708 0.0000000298
26 0.00000001490116119 0.000000852 0.0000000149
27 0.000000007450580597 0.000000427 0.00000000745
28 0.000000003725290298 0.000000213 0.00000000371
29 0.000000001862645149 0.000000107 0.00000000187
30 0.0000000009313225746 0.000000053% 0.00000000093
31 0.0000000004656612873 0.0000000267 0.00000000047
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Table 3.2: CORDIC gaitk; for 8, 16, 24, 32 bit hardware [8]

i 27 =tand, ¢, =tan* 2" cos),
0 1 45° 0.7071
1 0.5 26.565 0.8944
2 0.25 14.036 0.9701
3 0.125 7.128 0.9922
4 0.0625 3.576 0.9980
5 0.03125 1.7876 0.9995
6 0.015625 0.8938 0.9998
7 0.0078125 0.4469 0.9999
8 0.00390625 0.2238 0.9999
9 0.001953125 0.1119 0.9999
10 0.0009765625 0.055958 0.9999
11 0.00048828125 0.02798 0.9999
12 0.000244140625 0.01399 0.9999
13 0.0001220703125 0.00699 0.9999
14 0.00006103515625 0.00349 0.9999
15 0.00003051757813 0.00178 0.9999
16 0.00001525878906 0.000874 0.9999
17 0.000007629394531 0.000437 1

18 0.000003814697266 0.0002186 1

19 0.000001907348633 0.0001093 1

20 0.0000009536743164 0.00005462 1

21 0.0000004768371582 0.0000273 1

22 0.0000002384185791 0.00001366 1

23 0.0000001192092896 0.00000683 1

24 0.00000005960464478 0.00000341% 1

25 0.00000002980232239 0.000001708 1

26 0.00000001490116119 0.00000085% 1

27 0.000000007450580597 0.000000427 1

28 0.000000003725290298 0.000000213 1

29 0.000000001862645149 0.000000107 1

30 0.0000000009313225746 0.000000053% 1

31 0.0000000004656612873 0.0000000267 1
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From the above table it can be seen that precision up4#6® is possible for 8-bit

CORDIC hardware. These, are stored in ROM of the hardware of the CORDIC
hardware as the look up table.

From equation (3.17), (3.18k; is present and an additional multiplier is required .But
CORDIC works on simple shift and addition operation.

Pseudo rotation- The pseudo rotation [3] is introduced by dropping cosine téima.

pseudo rotation is introduced by performing givens rotation:atihgle of rotation is

correct butx and y values are scaled bgosg) . Note that it can make the computation
of plane rotations more amenable to simple operations.

\ (X.¥)
\o
\ D
®
\S
/,\) o
Rix1 ‘Ev’p a
% \|Z
CAN
D\~
¢) 2
C (x 3 ')')
Ri
Ri#1=Ri/ cosd

Figure 3.4: Pseudo rotation [3]
Dropping cosine term gives:

X =X— y.tand

(3.21)
y =y+X.tand

v 4

(3.22
Consequence is pseudo rotation rather true rotation. Ndiegseaoriginal vector.

¥i+l

Ei1 Ein

ROTATION

PSEUDOFOTATION

w E

Hi+l

Y

Figure 3.5: Pseudo rotation [3]
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Rotate the vectoOE, with end pointat (X,,y,) by ¢
X1 = X;.COSp; —Y;.Sing,
= Cos¢i (Xi —Yi -tan(l)i)

_ (X —y; tang))
 (+tarf §,)Y?

Yii = Y;-COSP; +X;.SiN,
:COS(I)i (yi +X 'tan(l)i)

_ (yi +x.tang; )
 (+tarf §,)Y?

Goal: eliminate the division b{+tar® $)”> and choose, so thattang, is power of 2.
Whereas a real rotation does not change the leRgtlof the vector, a pseudo rotation

step increases its length to:

From figure 3.5, it is seen that

R.

L = COSsp.
Ri+1 S¢I
Ri+1: Ri

cosp,

R, =R, @+tarf ¢)*?
The coordinates of the new end gol,, after pseudo rotation is derived by multiplying

the coordinates oE,,, by the expansion factor.

Xy = X; — Y, tang, (3.23)

Yia =Y, +X; tand, (3.24)
Original given rotation now reduced to iterative shift add algoit

X, =% —dy2" (3.25)

Yo=Y, +dx 2" (3.26)

z.,,=2—d¢, (327
d=+1 @, is the direction of angle of rotation)

Each iteratio requires :{1) 2 shifts
(2) 1 look-tgble
(3) 3 additiondfgactions
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Scaling factor - When simplifying the algorithm [3][6][15] to allow pseudo-rotatidhs
cosine term was omitted. Applying to this iterative scheitme scaling factoK,, can be

written as

n-1 n-1 n-1
K e H( 1 J = 1+tar? d)i = V1+2?% =1.6467
i=0 0

cosp,

As iteration numben is known K  can be pre-computed.

i=0 i=

Multiplying equation (3.2B (3.24 by cos¢, , we get
Cosd, . X, =COSsP, (X; — Y, tand, )
Cosd;.Y,;,, = cosp; (Y; +X; tand,)
or
cosd; . X, = (X; cosp, —y; sing,)
cosd,.Y;,, = (Y; cosp, +X; sing,)
After n iterations, we have
X, =K, (X,.Co8p, —Y,.Sing,) (3.28)
Y, =K, (Y,.C08p; +X,.Sino;) (3.29)
To find cosp, ard sing, :- X, =1y, =0

X y )
< = cosh <= Sind

or

X ast X K; = COSO, and Yiast X K; =SIiNg;

By taking an example of balance it can be understoddhtha the CORDIC algorithm
works.

In the figure (3.§, first of all, keep the angl® on the left pan of balance and if the
balance rotates around the anticlockwise direction #duehthe highest value in the table
at the other side.

19



tanB=2"1
O=tPordtdo. . +OnxPn

14°

Figure 3.6: A balance having at one side and small weights (angle) at the other side.

If the balance show a left inclination as in figure 3)T@n other weights are required to
add in the right pan or in the term of angledifis greater than totap, then add other
weights to reach as near to theas possible but in other hand if the balance show a right
inclination as in figure 3.7(b) then a weight required to Ibeored from the right pan or

in the term of angle iB is less than totap, then we subtract other weights this process is

repeated to reach as near to éhas possible.

(b)

Figure 3.7: Inclined balance due to difference in weight ofdides.
For example: 9=30.0°
Start with ¢,= 45.0 (45° > 30.0)

45°— 26.56%8 = 18.44 (18.44 < 30.0)
18.44 + 14.036=32.47  (32.47> 30.0)
32. 4P -7.12%=25.348 (25.548 <30.0)
25.3468+ 3.576=28.913  (28.913< 30.0)
28.918 + 1.7876 =30.7  (30.7 > 30.0)
30.7- 0.89 =29.8 (29.8 < 30.0)
20.8 + 0.44=30.24
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0 =30.0
= 45.0 - 26.565 + 14.036 - 7.125+ 3.576 + 1.7876 - 0.89 +0.44
=30.2

. (X(5).1(5))

45° (x(0). ¥(0))
Figure 3.8: Angle rotation

3.2 Basic CORDIC iterations
The basic CORDIC iteration equations [6] are

X, =% —dy2" (3.30)
Yo, =Y, +dx 2" (3.31)

z,.,=2—dd, (3.32)
d=+1 d, is the direction of angle of rotation)

The computatiomf x,, andy,,, requires an -bit right shift and an add/subtract. If the

function ¢, =tan™ 2" is pre-computed and stored in table (Table 3.1) for differalue
of i, asingle add/subtract suffices to compuat,, . Each CORDIC iteration thus involves
two shifts atable lookup and three additions/subtractions.

If the rotation is done by the same set of angleth(wior— signs) then expansion factor

or scaling factoK , is constant and can be pre-computed.

The CORDIC method can be employed in two different modes:-

e Rotation mode

e Vectoring mode
Rotation mode- In the rotation mode [6][16], the co-ordinate componeifita vector
and an angle of rotation are given and the co-ordic@tgonents of the original vector,
after rotation through a given angle, are computed.
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In the CORDIC terminology, the selection rdde d,, which makez converge to zero, is
known as rotation mode.

In the rotation mode, the angle accumulator is initialipeth the desired rotation
angle(z, =0). The rotation decision at each iteration is made to dimitishmagnitude
of the residual angle in the angle accumulator. Thesecat each iteration is therefore
based on the sign of the residual angle after eaph ste

For rotation mode, the CORDIC equations are

Xig =% —dy, 2" (3.33)
Yia =Y +d X 2" (3.34)
i, =% _di¢i (3.35)

or z,=z-dtan'2"
d=+1 d is the direction of angle of rotation)

{+l if z>0

d=1
-1 if z<0O

(3.36)

After n iteration in CORDIC modez,, is sufficiently close to zero, we have

2=2.0 (3.37)
The output of the rotation mode,,y, and z, are given by the following expressions,

x,andy_ being the co-ordinates of the rotated (by the aggleector.

X, =K, (X,.c082, —Y,.SiNZ,) (3.38)
Y, =K, (y,.C08Z, + X,.SiNZ,) (3.39)

WhereK, = ﬁ (1+27)"2 =1.6467
i=0
To find cos® and sin®:- The elementary functions [6][16] sine and cosine can be
computed using rotation mode of the CORDIC algorithm if thialnvector is of unit
length and is aligned with abscissa(x-axis).
Xo=1y,=0z,=6
Put the initial condition in equations (3.38), (3.39) to gesd and sin6, we get

= COS, and % =sing, (3.4)

n n

Xn
K
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or

Xlast x ki = COSd)

and

ylast x ki = Sin(l)i

(3142

Oncesinz, and cosz, are known,tanz, can be computed necessary through division.

For example: - rotation modé & 30°)

z,=0 =30
Table 3.3: Choosing the sign of the rotatingles to force z to zero [6]
i z, —d. ¢, z., d, 0=30
0 |+30.0- 45.0 | -15° (30.0>0) | +1 0+45.0=450
1 |-15" +26.568 | +11.6 (15°<0) | -1 45.0 - 26.565 = 18.44
2 |+11.6-140 | 2.4 (11.6>0) | +1 18.44 + 14.036 = 32.47
3 |-248+7.0 +4.7 (2.4£<0) |1 32.47 - 7.128 = 25.346
4 [+4.7-36 +1.1° (4.7>0) | +1 25.346+ 3.567= 28.913
5 [+1.°-1.8 |-0.7 (1.250) | +1 28.913 + 1.7876=30.70
6 |-07+09 |+0.7 (0.7<0) | -1 30.70-0.89 =29.8
7 [+0.2- 0.4 0.2 (+0.9>0) | +1 29.8+ 0.44=30.24
8 |-0.2+0.2 0.¢° (0.2<0) |-1 30.24 -0.2238 =30.7
Yi

(x2,y2)

(x10,0)
—sX

(x3,y3)

(x1,y1)

Figure 3.9: First three of 10 iteration leading frgrg,y,) to (X,,,0) in rotating by

+30°by Rotation mode [17]
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vV (X(5).%(5))
i A end

4%° (x(0), ¥(0))

Figure 3.10: Rotation mode reached target wizgre=0 [6]

(cose , sinB)

=0

>
start at (1,0) (1,0) X

rotate by z
get (cosO ,5in0O)

Figure 3.11: Rotation mode to compwi@6 and cosd

1 -
® D
. .5 6 (X.v) z=0
e 4
. 2
0 (x.¥)
b

Figure 3.12Basic rotation mode diagram

24



Using equations (3.33), (3.34), (3.35), we have to compwedy

i z.,=2 —do d | Target ¢ = 30) To compué xandy

0 -1%° (30.6>0) |+1 |0+45.0=45.0 x1=1,y=1

1 |+11.6 (15°<0) |1 |45.0_26.568=18.44 |x,=15,y=0.5

2 2.8 (11.6>0) |+1 | 18.44 +14.036=32.47 | x3=1.375, y=0.875

3 +4.7 2.4£<0) |-1 |32.47-7.125=25.346 | x,=1.4843 , y=0.7032
4 +1.1° (4.77>0) |+1 | 25.346+3.567=28.913 | xs=1.44035 ys= 0.7959
5 -0.7 (1.1°>0) | +1 | 28.913+ 1.7876=30.70 | x=1.4154, ys= 0.8409
6 +0.2 ¢0.7<0) [-1 [30.70-0.89=29.8 x7=1.4285, y;= 0.8187
7 -0.2 (+0.2>0) | +1 | 29.8+ 0.44=30.24 Xs=1.42210, ys= 0.8298
8 0.0 ¢ 0.2<0) |-1 |30.24-0.2238=30.7

After n iterations, we have

X, =K, (X,.c082, - Y,.SiNZ,) (3.43)
Y, =K, (Y,.c082, +X,.SiNZ,) (3.44)
z,=0 (3.45)

Rule: choosed;, €{—1+1} suchthatz — 0
n-1
WhereK | =] J@+27)"* =1.6467
i=0

Put x, =1y, =0z, =0(using equation (3.43), (3.44))

Xn _ cosd, and % =sing,

n n

= COS(I)i
X, =14221Q Yy, = 0.8298

X jast X K; and Yiast XK, =SINg;

cos = 142210 => cosh =0.8636
1.6467
sinQ = 0'8298:> sin® = 0.50
1.6467
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Rotation mode

50 45

45

40

2 I'\ 32.47 .

28.9133u 20.8 30.24 30.1
30 _WM;
Angle 25

20 I ! v )
I == Rotation mode
|

15

10
5 {
0 T T T T 1

0 2 4 6 8 10

i, number of iterations

Figure 3.13: Rotation mode Graph

Vectoring mode- In vectoring mode [6][16], theo- ordinates components of a vector
are given and the magnitude and angular argument of tiealrvector are computed. In

the CORDIC terminology, the selection rdte d,, which make y converge to zero, is

known as vectoring mode. It can be used to comparte y, sin""y andcos™y.

In the vectoring mode, the CORDIC rotator rotates the impator through whatever
angle is necessary to align the result vector withxtha&is. The result of the vectoring
operation is a rotation angle and the scaled magnitudéeobriginal vector (thex

component of the result). The vectoring function workssegking to minimize they

component of the residual vector at each rotation. Tgredthe residual y component is
used to determine which direction to rotate next. Ifdahgle accumulator is initialized
with zero, it will contain the transverse angle atehd of the iteration.

In vectoring mode, the CORDIC equations are

Xig =X —d, 2" (3.46)
Yia =Y +dx 2" (3.47)
z, =2 —di¢, (3.48)

=1 ~—i
or z,=z-dtan" 2

d==1 d is the direction of angle of rotation)
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4 - +1if y, <0
' -1ify, 20

In vectoring modgy converges to zero.
O=y+x.2"
—y=x2"

2—i — y

X

__y
tany ¢, = .
After n iteration, we have
X, =K, (x.cosQ ;) - y.sinQ>_¢,))
X, =K, cosQ ¢,).(x—y.tand>_¢,))

Ky (x=ytan(379))
" aar (o)

2
Kn(x+yJ
B X

n 1/2
y2
(1+ ij

X, =K, (X*+y?)

z,=2- tan{— Xj
X

or z,=2+ tan{XJ
X

1/2

y,=0
The CORDIC equations has become
1/2

X, =K, (X*+y?)
y,=0

z, =2+ tanl(XJ
X

Rule: choosed, e{—1+1}suchthaty — 0

One can computéany in vectoring mode by starting witx =1andz=0.

(3.49)

(3.50)

(3.51)
(3.52)

(3.53)
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A First 3 pseudo-rotations

0(xy)
.2
; 4
YV ¢ 5(x.0)
0]
‘1

Figure 3.15: Basic vectoring mode diagram
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Y.i

(1.y)

tany

start at (1,y)
rotate until y=0
rotation amount is tan- vy

X

Figure 3.16: Vectoring mode to computi@n ™y

How to compug tany: - angle accumulator is initialised to zefn, = 0).

For example- to find angle,x,,= 1.732 andy,, = 1 are given

Loy d Xi Zi

1 1.732 0.0
0 | —0.732 1 (1>0 2732 | 0.0+ 45=4%
1 0.634 +1  (0.732<0)| 3.098 45° - 26.565=18.345
2 —-0.1405 -1 (0.634 >0) | 3.2565 | 18.345 + 14.036=32.472
3 0.2665 +1  (-0.1405 <0)| 3.27406 | 32.472-7.125= 25.3468
4 0.0635 -1 (0.2665 >0)| 3.2907 | 25.346+ 3.125= 28.922
5 |-0.0393 -1 (0.0635 >0)| 3.2926 | 28.922+ 1.7876=30.7C0
6 0.0121 +1 (-0.0393<0)| 3.2932 | 30.70- 0.8938= 29.80
7 |-0.013 -1 (0.0121 >0)| 3.2932 | 29.8 +0.4469= 30.249

Magnitude:- Xg = \/m

Xg =+ 17322+ (12 =1.9999

Yr

=0

From equatior{3.43), we get

X, =K, (X,c08z, -y,sinz,)

Pu,=1y,=02z,=6

n

n

= C0sH
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32032 00

 1.6467

Therefore, COSH = Xy

Trigonometric functions as well as exponential functiars computed in the Rotation

mode. Vectoring mode is used to compute logarithm and arctangpectidns [4].

3.3CORDIC Hardware
The basic CORDIC iterations are

X, =X —dy 2" (3.54)
Yo, =Y, +dx 2" (3.55)
z.,=2 —do (3.56)
or z,,=2—d tan"2"
d=+1 @. is the direction of a ngle of rotation)

A hardware implementation for CORDIC arithmetic [11] iswhdelow in figure 3.17.

It requires three registers fot,y,z, a look up table to store the valugfs¢, =tan™ 2"

and two shifter to supply the tern®s'x and 2™'y to the adder/subtractor units. A Barrel
shifter is a digital circuit that can shift a data wordspgcified numbers of bits in one
cycle. It can be implemented as a sequence of muld@eXhed, factor (1 and +1) is
accommodated by selecting the shift operand or its conguiein the extreme, CORDIC
iterations can be implemented in firmware (micro pragrar software using the ALU
and general purpose registers of a standard microproctssiois case, the look up table
supplying the termp, can be stored in the control ROM or in main memoryenahigh
speed is not required and minimizing the hardware cost is temi¢as in calculator), the
adder in figure: 3.17 can be bit serial. Then wittperands O(k?) clock cycle would be

required to complete th&& CORDIC iterations. This is acceptable for hand handled
calculators.
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Look-up table

Figure 3.17: Hardware element needed for the CORDtlooh¢11]

3.4 Generalized CORDIC
The basic CORDIC method can be generalized [[]3p provide the more powerful

tool for function evaluation. Generalized CORDIC is definedollows:

X, =X —mdy, 2" (3.57)
Yia=Y; +dix 2" (3.58)
z.,=2 —do (3.59)
or z,,=2-d tan"2"
d=+1 @. is the direction of angle of rotation)

wherem is the mode of operation.
Noting that only difference with basic CORDIC is the introducbf the parametem in
the equation forx and redefinition of¢, . The parametem can assume one of three

values:

m=1  Circular rotation (Basic CORDIC) ¢, =tan*2"
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m=0 Linear rotation o, =2"
m=-1 Hyperbolic rotation ¢, =tanh* 2"
Extension to circular functionm=1, ¢, =tan'2"

Put m=1 in equation (3.57), we get
The basic CORDIC iterations are

X, =X —1ldy 2"
Y., =Y +dx 2"
z,.,=2—d¢,
or z,=z-d tan"2"

d=+1 @. is the direction of angle of rotation)
In Rotation modez converges to zero.

z=2.4 (3.60)
The outputs of the rotation mode,,y,,ard z are given by the following expressions,

x,andy, being the co-ordinates of the rotated (by the angleector.

X, =K, (X,.c082, —Y,.SiNZ,) (3.61)
Y, =K, (Y,-c082, +X,.SiNZ,) (3.62)
z,=0 (3.63)

Rule: choosed, e{—1,+1} suchthatz —0

n-1
Wher& =] [ @+27%)"? =1.6467

i=0

In vectoring modey converges to zero.
0=y+x2"
—y=x2"

tan> ¢, = —% (3.64)

After n iterations, we have
X, =K, (x*+y*)"? (3.65)
y,=0 (3.66)
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z, =2+ tanl(XJ (3.67)
X

Rule: choosel, e{-1,+1} suchthaty — 0

5 v(l)
v(3)
v(4)
v(2)
‘0)
13 + }.; =]

Figure 3.18: Circular ttation [11]
Extension to linear functian m=0,¢, =2

Put m=0 in equation (3.57), we get
The basic CORDIC iterations are

Xi,e =% — 0dy, 2"
Yia =Y +dX 2"
i, =% _di¢i

or z,=2z-d2"
d=+1 @, is the direction of angle of rotation)
In Rotation modez converges to zero
z=2" (3.68)
The outputs of the rotation mode,,y,, and z, are given by the following expressions

X,y being the co-ordinates of the rotated (by the agglgector.

X, =X, (3.69)
Yn =Yo +XoZo (3.70)
z,=0 (3.71)

Rule: choosad, e{—1,+1} suchthatz— O
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In vectoring modey converges to zero.

0=y+x2"
—y=x2"
=Y
X (3.72)
After n iterations, we have
Xn =%o (3.73)
Yn=0 (3.74)
z,=2, Yo
Xo (3.75)
Rule:choosed. €{—1,+1} suchthaty — 0
v w(1)
 v(3)
‘v(2)
I W0)
Ex=l
Figure 3.19: Linear Rotation [11]
Extension to Hyperbolic functionta= -1, ¢, = tanh™* 2"
Put m=-1 in equation (3.57), we get
The basic CORDIC iterations are
X, =X +1dy,2" (3.76)
Yia =Y X 2" (3.77)
z,,=2—-d¢ (3.78)

or z,,=2—d tanh* 2"

d=+1

. is the direction of angle of rotation)
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In Rotation modez converge to zero
z=> ¢, (3.79)
The outputs of the rotation mode,,y,and z,, are given by the following expressions

X, andy, being the co-ordinates of the rotated (by the angleector.

X, =K, (X, coshz, +y,sinhz,) (3.80)
Y, =K, (y,coshe, +X,sinhz,) (3.81)
z,=0 (3.82)

Rule:choosed, e{—1,+1} suchthatz — 0

n-1
Wher =] [@-27)"* = 0.8281¢€

i=0
Repeat(8s® —1)/2
i=123..k (3k+1)
Note tanh™*2° =0 (and K , =0) Necessary to begin from iteratios: 1

Hyperbolic rotation does not converge with sequence oéarghh*(2™') since

S tanh*(2") < tanh* (2)

i=j+1

A solution: repeat some iterations [6]

D tanh*(27) <tanh™(27) < D tanh*(27) + tanh™* (27¢*)

j=i+1 j=i+1
Repeating iterationg,1340.......,k,3k +1,..... results in a convergent algorithm.

In vectoring modey converges to zero.
0=y+x2"
—y=x2"

iz Y
X

tanh ¢, = —¥ (3.83)

After n iteration, we have
X, =K, (x.cosh]_¢;)+y.sinh(_¢,))
X, =K, coshD ¢,).(x+y.tanh} ¢,))
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. K,(x+y.tanh}_¢,))
" -tant (3¢

K x—y—z
X = n X
N

[+
X

Xy =K, (<" =y

z,=2- tanhl(— X]
X

or z,=2+ tanhl(xj
X

Y,=0
The CORDIC equations has become
X, =K, (X2 —y?)"2
y,=0

z, =2+ tanhl(XJ
X

Rule:choosed, e{-1,+1} suchthaty — 0

Figure 3.20: Hyperbolic rotation [11]

(3.84)
(3.85)

(3.86)
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Table 3.4: CORDIC modes [2]

Rotation mode

Vectoring mode

[+ 2,20 _JLity =0
'T1-1if 2 <0 - +3ify <0
z(i)—>0 y(i) >0
m=1
. z C 2 2\12
Circular x— o Kn(xcosz—ysinz) X O ~ Kn&TyT)
U
¢i =tan ~2 R _ y—n» R, o0
y— D > Kp(ycosz+xsinz) D
| ,l L, _1(y
- _ 1
For cosandsin:- setx —K—n,Y— 0 For tan +:- setx = 1z=0
1 —1 V1-w?
cosS ~Ww =tan
w
sinlwtanll W ]
1—W2
m=0
Linear x—| ¢ = x x— <
i O o
¢ =2 R R
Yy— D > YtXZ y—™ D [0
| I
, C 0 7 —p C —PZ+%
For multiplication:- sety =0 For division:- setz=0
m=1
Hyperbolic | x> g —> K, (x.coshz+ y.sinhz) X—p g ->Kn(X2—y2)]j2
¢, —tanhi 127! R R
y—> o —> K (y.coshz + x.sinhz) y = D 0
. | L, o 7—| | —>z+tanh_1(x}
C c ”

For coshandsinh:-

For tanh:- setx=1z=0
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1 B _
setx:K—,yzo Inw = 2tanh 1(W—1j

n w+1

sinhz
tanhz = , 2 2

coshz wl2_ (W+1j _[W_Ej
7 _ 4 4
e~ =sinhz+coshe

COSh_]'W = In[w + 1—W2}

sinh_lw = In{w +1+ WZ}

12

3.5Applications of CORDIC:-

The applications of CORDIC are:

3.5.1. CORDIC techniqufg] is basically applied for the rotation of vector incgilar,
hyperbolic or linear co-ordinate systems, which in turnadt@l$o used for generation of
sinusoidal waveform, multiplication and division operati@am evaluation of angle of
rotation, trigonometric functions, logarithms, exporarind square root.

CORDIC algorithm directly computes:-

e sin

e COS

e sinh
e cosh
e tan'
e tanh®

e multiplication(x)

e division (%)

° tanl(zj
X

e Y+X.zZ
° (X2+y2)l/2
° (XZ _y2)l/2
e ¢’ =coshz+sinhz

e polar to rectangular transformations
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e Cartesian to polar transformations

(1) To computesind andcosd :- can compute in rotation mode.
m=1
From equation (3.57), (3.58), we get
X, =K, (X,.c082, - Y,.SiNZ,)
Y, =K, (Y,-C08Z, +X,.SiNZ,)

Pw,=1y,=0z,=6

Xn

i~ co0 (3.87)
Yy .

L =sin0d 3.88
" (3.88)

n

(2) To computesinhd andcoshd :- cancompute in rotation mode .
m=-1
From equation (3.57), (3.58), we get
X, =K, (X, coshz, +y,sinhz,)
Y, =K, (y,coshe, +X,sinhz,)

Puw,=1y,=0z,=0

Xn
K = coshd (389)

n

Yn _ sinhe (3.90)
K

n

(3) To computetan "andtanh™ :- can compute in vectoring mode.

To computetan™ :- m=1

X, =K, (x*+y*)"? (3.91)
y, =0 (3.92)
z, = z+tan1[zj

X (3.93)

To computetan™y in vectoring mode by starting witk=1andz=0
To computetanh™:- m=-1

X, =K, (x? +y?)"? (3.94)
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y,=0 (3.95)

z,=2+ tanhl(xj
X (3.96)

(4) Multiplication (x):- can compute in rotation mode.
m=0

The basic iteration equations are

Xi,e =X, + 0.4y, 2"

Yia =Y X 2
2, =2 —d¢,
d=+1 @, is the direction of angle of rotation)

In Rotation modez converges to zero
z=2"
The outputs of the rotation mode,,y,, and z, are given by the following expressions,
X, andy, being the co-ordinates of the rotated (by the aggleector.
X, =X,
Yn =Yo 1t XoZo
z, =0
Rule:choosed. e{-1,+1} suchthatz— 0
Pu,=0
Yo =XoZg (3.97)
(5) Division (+):- can be compute in vectoring mode.
m=0

In vectoring modey converges to zero.

O=y+x.2"
—y=x2"
2 =Y
X
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z, :zo+ﬁ
XO

Rule:choosdd, €{-1,+1} suchthaty — 0

Pat =0
7o Yo
Xo (3.98)

(6) Polar to rectangular transformationgan compute in rotation mode.
For rotation mode, the CORDIC equations are
X, =% —dy2"
Y., =Y +dx 2"
Z,,=2,-dd,
or z,,=2—d tan"2"
d=+1 d, is the direction of angle of rotation)

In Rotation modez converges to zero.
Z= Z(I)I
The outputs of the rotation mode,,y, and z are given by the following expressigns
X, andy,, being the co-ordinates of the rotated (by the angleector.
X, =K, (X,.c082, - Y,.SiNZ,)
Y, =K, (Y,-c082, +X,.SiNZ,)
z, =0

Rule: choosed; e{—1,+1} suchthatz -0

n-1
Wher& , =] [ @+27%)"? =1.6467

i=0

Put =1y,=0z,=0

X

* = Cosy (3.99)

n

N

Yo _sing (3.100)
K

n
(7) Cartesian to polar transformationg€an compute in vectoring mode
In vectoring mode, the CORDIC equations are
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X, =X —dy2"
Y. =Y +dx2"
z,,=2—d¢,

or z,,=2—dtan*2"

4 - +1ify, <0
' -1ify, 20

In vectoring modey converges to zero.

O=y+x.2"
—y=x2"
o= Y
X

y

tany ¢, = —=

50 =

The CORDIC equations has become
1/2

X, =K, (x*+y?)

Y,=0

z, =2+ tanl(xj
X

Rule: choosed, e{-1+1} suchthaty — 0
Puz,=0

Angle :- z, = tan{xj
X

Radius :- r=4x°+y?

d=+1 d; is the direction of angle of rotation)

(3.101)

(3.102)
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Table 3.5: Calculation of different functions using CORDhodes [6]

m mode Initial Values Functions
Xin yin Zin XR yR or ZR
1 Rotation 1 0 0 cosd sin®
-1 Rotation 1 0 0 coshd sinh®
-1 Rotation a a 0 aee aee
1 Vectoring 1 a /2 [a2 +1 cota
-1 Vectoring a 1 0 21 coth™*a
-1 Vectoring a+1 a-1 0 2./a 05In(a)
-1 | Vectoring a+1/4 a-1/4 |0 Ja In(laj
4
-1 vectorin a+b a-b 0
g 2//ab O.5In(§j
sinz
tanz=——
cosz
tanhz — sinhz
coshz
Inz= 2tanh_1(z—_1}
z+1

3.52. Signal Processing and Image processing Applications:- CORB&Bniques
[3][18] have a wide range of DSP applications including the pedation of discrete
sinusoidal transforms such as the Discrete Fourieisfvam (DFT), Oscrete Hartley
transform (DHT), Discrete cosine transform (DCDjscrete sine transform (DST). The
DFT, DHT, DCT and DST of an N-point input sequence{fofl) for | = 01,2,...,N -1}

in general, are given by

X(k):NfC(k,l).x(l), k=012 ...N—1 183)

1=0
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Where the transform matrix is defined as

cos@nkl/N) — jsin(2rkl/ N) , for DFT
cos@nkl/N) +sin@2rnkl/N), for DHT

C(k,l)=
cos@k(2l+1)/2N) , for DCT
sin(tk (21 +1)/2N) , for DST (3.104)
4
h —= >
e-i2mkn/N -1
a' =a + b.eilnknN
b '=a - b.e ko
Figure 3.21 Butterfly unit in FFT [11.
ar =ar+ X
ar + —
aj + ai' =ai+¥y
{ “\ I:‘rI = ar-XxX
h I - >
r X
br cosB +
CORDIC
processor
bi =ai-¥
bi _ | v - —
- _/ bicosO - b: sind

Figure 3.22: Block diagram of FFT computation based on CORD8T |
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3.5.3. Direct digital synthesis (Application to communmas):- Direct digital synthesis
[3] is the process of generating sinusoidal waveforms ttiréc the digital domain. A
direct digital synthesizer (DDS) consists of a phreasmimulator and a phasewaveform

converter the phase-generation circuit incrementgtizse according {(ifc]n, where

f. is the normalized carrier frequency in every cycle andsfeéked phase information to

the phasde-waveform converter. The phasewaveform converter could be realized by
an RM-CORDIC .The cosine and sine waveforms are obtaimesgectively, by the
CORDIC outputx,, andy,,.

K, Xo Xn  —» cosB
B RM
fe "%_1 —b@ Wo CORDIC wn =0
0 — vo Yo |—*sind
-IT .
Phase Generator Phase to waveform Digital
(accumulator) convertor waveform

Figure3.23: CORDIC based direct digiatisesizey 6 = n.[ZfC] [3].

3.5.4. Analog and Digital Modulation The phase-generation urj] is changed to
generate the phase accordin{(E(fc +fm))+ ¢m1n, for f_ andf  being the normalized
carrier and the modulating frequencies, respectively @nds the phase of modulating
component. By suitable selection of the paramefer$  and¢, and the CORDIC
inputs x,andy,, it could be used for digital realization of analog &mge modulation

(AM), phase modulation (PM) and frequency modulation (F&Y,well as the digital
modulations, e.g., amplitude shift keying (ASK), phase-shift keyiR&K(), and
frequency- shift keying (FSK) modulators.
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n—] n [ Xo ¥ }—»IcosB - Qsind
0 RM
()] ZT (X Wo  CORDIC we |0
\T_l | Q—f yo v |slsing + Qsing
-IT - -
Phase CORDIC converter Digital output

accumulator

Figure 3.24: A generic scheme to use RM CORDIC for digital tadidn, | and

Q are respectively, the in-phase and quadrature signals teondmbulated,

X, =l.cosH—Qsind, y, = 1.sind+ Q.coshard 9:[(2(fc +f,))+ 0, | x[3].

3.6 Control CORDIC

As time passed, improvements in process technology allowedtrémsistor count
available on a chip to increase and the cost per bit f dite Control CORDIC method
[8] was one method that took advantage of the availability@¥IRspace to implement a
technique which reduced the number of iterations, but reqair&DM to store the
different scaling factors. The technique was based upon ltkervation that in the

Original CORDIC algorithm, the iteration variable, ] does not always converge

monotonically to 8some of the iterations may actually result in divergamtro-
rotations, which do nothing to improve the convergence towhedstget vector.

The Control CORDIC method modifies the angle trajecsmrythat it now resembles a
critically damped system, with no overshoot, resultingfaster convergence. Since
divergent rotations can only occur when there is an bwets this method eliminates
divergent micro-rotations by completely eliminating therekieot itself. Unfortunately
this also means that convergent micro rotations thattsheot the target are eliminated at
the same time. The angle trajectory is modified by smmp a limit on the rotation

directions. For positive angles the rotation di@tt{c, ) is restricted tq{+1,0} as given

below:

= {+ itz 24, (3.105)

0, otherwise

This simple angle selection function thus prevents aeystwot of the target position by

the moving vector.
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25’ =0+0+14.036’ + 7.125 + 3576’ + 0+ 0+ 0+ 0.2238
=24.9608
The advantage of this method is that its angle seledtinction is quite simple, and is
easy to implement with only a minimal effect on theleytime, thus allowing its use in
dynamic situations where the angle of rotation can saevalue. However in return for
the 11% reduction in iteration count, this method requitesuse of a ROM to store the

different scaling factors.

Q={45",26565,14036’,7.125",3576°,1.79°,0.895", 0448 ,0.2238}

Rotation through original CORDIC:-
25’ =45’ — 26565 +14.036° — 7.125 —3576° +1.79° + 0.895 + 0.448 + 0.2238
=25.1268

Rotation through Control CORDIC:-
25’ =0+0+14.036’ + 7.125 + 3576’ + 0+ 0+ 0+ 0.2238

=24.9608
Table 3.6: Original CORDIC and control CORDIC

[ Original CORDIC Control CORDIC
0 0° 0°

1 45° o°

2 18.435 0°

3 32.477F 14.036
4 25.346 21.167
5 21.77 24.737
6 23.56 24.737
7 24.458 24.737
8 24.903 24.737
9 25.1268 24.9608
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anglevsi
45
. Ih\
35
Ny II \\ /r\
Angl
ngei ’ V —4—Original CORDIC
1s l =—-Control CORDIC
10 ’
s/
UJ—I—J T . . 1

i, number of iterations

Figure 3.25: Original CORDIC and control CORDIC

3.7 Pipeline CORDIC

If an iterative implementation of CORDIC were used asulsed earlier, the generator
would take several clock cycles to build a single outpmtde of the wave. However,

using pipeline converts iterations into pipeline phasethisnway an output is obtained at
every clock cycle, after pipeline stages propagation [9hEépeline stage takes exactly

one clock cycle to complete. In figure 3.27, registenrapdicit between each stage.
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X0

Yo

— It

.

Register
Register
'\ »| Register
) } ) y
o oo =i atan(2?)
4 r
¥ v
Xi
L 2
CORDIC step control

Figure 3.26 Iterative CORDIC [9]
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>>0 » >>0 Sign control | atan(2)

A A\ 4 A \ 4 \ 4

\_i_// \_ : A\_i J
X1 T) Z
\ 4
‘ |
> >>1 Sign contro [

>>1 atan(2™)

Y 4 v v

14+
K
1+

X Y2 yz)
v
o
o

Xn-1 Yni1 @ Zy1

# Sign control
>>(n-1) » >>(n-1) ) atan(2 ™)
v \

14+
KL
1+

y

X nY Zn
Figure 3.27 Pipelined CORDIC [9]

Pipeline architectures are used in CORDIC algorithm to redueectitical path by
introducing pipeline latches; this increases the clock speedmpling speed and reduces

the power consumption at the same speed in a DSP system.
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%

%

UNPIPELINED Time —> 1/ Throughput
| |
| | |
7 latency
, 1/Throughput
PIPELINED Time
—

_ "‘ latency "—

Figure 3.28: Unpipelined aipetlned architectures

In pipelined CORDIC processor, each of the n stages o€C@RDIC iterations and s
stages of scaling operations is realized with a separateDEDRrocessor as shown in
figure 3.29 By cascading thesén-+s) basic CORDIC processors [11], we will able to
perform the entire CORDIC rotations operations, includinghallCORDIC iterations and

all the scaling operations in one clock cycle. Lgte the time needed for performing a

single CORDIC iteration or single scaling iteratioheh the total computation delay will

be (n+9)t,. Then the signal processing throughput rate is give?—b]y)T. To increase
n+9)t,

the throughput, one may choose to insert latch (or tempatarage digital circuit)
between the successive stages of this pipelined CORDIC atahitexs shown in figure
3.30. The latch is able to store the intermediate trefier a CORDIC iteration or scaling
operation The computation of a CORDIC processor is isolated froancthimputation at
the adjacent CORDIC processors. As a result, thesieeltcan be clocked at a period of

t, time units which is the computation delay between adjastages. Throughput rate is

. 1 T .
now increasedn+s) - fold to o However, we note that each individual data will now
0

take n+s clock cycles to complete. Hence latency(tist s)t, time units.
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X(0)y—* » — T~ T —* x(n)
CORDIC CORDIC CORDIC
Iocessor rocessor
¥(0) —| P J P ,| processor ¥(n)
Figure 3.29 Pipelined implementation of the array [11]
X(0) —, L , N I I N N L X(0)
A A
A
CORDIC | || | corDIC | |+ - | | cornic
y(0)—s PTOCESSOT L bc L) processor [ o ¢ || processor
| H H H — ya)

Figure 3.30 Different data are processed at different CORDIC itematand scaling

operations [11]
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CHAPTER 4
CORDIC FOR DFT CALCULATION

In chapter 3, it is discussed that hemand cos can be calculated using CORDIC algorithm

and now using this algorithm how Discrete Fourier TransfddaT() can be calculated is
discussed in this chapter. A Fourier Transform is speasd of wavelet transform with basis
vectors defined by trigonometric functions likenandcos. There are several ways to
calculate the Discrete Fourier Transform (DFT) such salving simultaneous linear
equations or correlation method. The Fast Fourier Trams{&FT) is another method for
calculating the DFTwhile it produces the same result as the other approaichesnore

efficient, often reducing the computation time by hundrédsl1965, Cooley and Tukey
developed very efficient algorithm to implement FFT (alsmwn as divide and conquer
algorithm). A Fast Fourier Transform (FFT) is an edfit algorithm to compute Discrete

Fourier Transform (DFT) and its inverse.

4.1 Discrete Fourier Transform (DFT)
Discrete Fourier Transform (DFT) is a finite duratiosadete frequency sequence [19] which

is obtained by sampling one period of Fourier transform.
N-1 )
X(K) =" x(n)e = n (4.1)
n=0
This summation is taken foON' points; it is called asN' point DFT.

Twiddle factor [20] is given as

W, =e =N (4.2)
Twiddle factor makes the computation of DFT a bit easyfasid
N-1
X(K) = x(n)W," (4.3)

=}
1l
o
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The sequence(n) is represented in the matrix form as follows:

x(n) =

- x(0) ]

x@)

_X(N.—l)J

(4.4)

Nx1

This is a" N x1"matrix andn varies from 0oN —1. Now the DFT ofx(n) is denoted by

X(K)
O
X (@)
X (K) = (4.5)
_X(N_l)_le
From equation (4.3), we get
wgowe o owe WS
WS Wy wioo.owt
W ={ws w2 owE WD (4.6)
(Wi W W W

4.1.1 Cyclic property of twiddle factor

From table 4.1, the value &F/; is same asV., W; is same asV;, W. is same as\V;°.

Therefore,

We o= wg =
wW; = W, =
W2 o= W =
W o= WP -

...... (4.7)

This property of twiddle factor is called as periodicity pmyer cyclic property.

54



Table 4.1: Twiddle factor for 8 point DFT

Value of kn _ i"kn Value of the phasor
W8kn — e—Jann/N —e 4

0 W, =¢° 1
1 —i%a it 0707-] 0.707
W, =e ¢ =e 4
? W = ¢'v? g O-i
3 —i%x3 _j@ —-0.707- JO707
Wy =e 4 =e ¢
: W = e_jgﬂ1 —e" 1
5 _i%x5 _j@ —-0.707+ JO707
W, =e ¢ =e *
T .3n i
° We=e's’-e'2 O+i
7 —iEx7 _jﬁ 0.707+ 10707
W, =e 4 =e 4
° Wy = '+ e .
9 —i%x9 _]‘% 0.707- JO707
W, =e ¢ =e *
10 WlO 3 e_jgxlo 3 e_]‘%“ 0- Jl
10 -
11 PR Lt —0.707- j0.707
W; =e =e

4.1.2 Calculation of DFT, DHT, DCT and DST using CORDIC

CORDIC techniqueq3][21][22] have a wide range of DSP applications including the
computation of discrete sinusoidal transforms suclhe®iscrete Fourier transform (DFT),
Discrete Hartley transform (DHT), Discrete cosine transfdiDCT) and Discrete sine
transform (DST). The DFT, DHT, DCT and DST of an N-point ingeguence for
{x(n) forn=012,...,N-1} in general, are given by
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X(k)zqu,n).x(n), k=012..,N-1 (4.8)

n=0
Where the transform matrix is defined

cos@nkn/N) — jsin(2ekn/N) , for DFT

cos@nkn/N) +sin@2nkn/N), for DHT
cos@k(2n+1)/2N), for DCT
sin(rk(2n+1)/2N), for DST

C(k,n) =

(4.9)
As it is evident from the expressions, above transformsvevitigonometric operations on
the input sample sequences. These transforms can beEsssgrin terms of plane rotations.
In other words, all the input samples are given a veotation by defined angle in each of

the transforms. The CORDIC unit can iteratively rotatergut vectorA=|A, A, | by

target angled through small steps of elementary angéegso tha ZOi ) to generate an

output vecto B = [BX ByJ. The operations can be represented mathematically as:

cos —sin®
B, B,]=[A, Ay{sine cose} (4.10)

Using sine cosine value generated by CORDIC algorithm DFT bearcalculated by
arranging them in matrix. It can be done by arranging sogne value in two different
matrix one as real part and another as imaginary lpamt multiplying by input sampled data
x(n) which results inX (k) . Result can be stored in matrix as real and imaginary ipettie
case of DHT computation, since there is no imaginarytpartwo matrixes can be shown in
a single matrix by adding the two resulting matrix of sind matrix of cosine in the case of
8x8 matrix. The two results in the case of DFT and oneltres case of DHT can be

arranged as below.

DFT:  X(K) = NZTx(n){cos(zn—l\Tnj i sir( zﬁnﬂ (4.11)
DHT:  H(K) = NZix(n){co{ Z’Lk”j + sir( zﬁ”ﬂ (4.12)
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In case of DFT (Discrete Fourier transform):-

X (k) =

WoOW, WH W W

Suffix R show real part, in the abov8x8

corresponding positions.

Xl(k):

W oW, oWt w2t wge

35
W,

42
W,

49
W,

RL

O]

x(@)
x(2)
x(3)
x(4)
x(5)
x(6)

x(7)

(4.13)

matrix only cosine value is stored at the

O]

x(@)
x(2)
x@3)
x(4)
x(5)
x(6)
x(7) ]

(4.14)

Suffix | show imaginary part, in the abov&x 8 matrix only sine value is stored at the

corresponding positions.

Final value is given aX(k) = Xz (K)+j.X, (k). The two result i.e. real and imaginary part

can be stored in RAM location for further use.
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In case of DHT (Discrete Hartley Transform):-
There is no imaginary part the two values generatedeinmiirices be added together. The
resulting value oH(k) by using equation (4.12)

W W W W WE e WE W WY Tx(O)]
We We Wg o Wy Wy W Wy Wy | x()
W2 W2 We oW wg oW Wt Wl x(2)
WEOWE WS WP OWE W W W x(3

H(k) = 4.15
) Wy Wy We o W2 W W Wt W x(4) (4.19)

Wy Wy W We° W W WS WP | x(5)

Wy Wy W2 We° W WS W W | x(6)

We Wy Wt W W WG WP WP ()
4.2 Computational complexity using DFT and FFT:-
4.2.1 Computational complexity using DFT:-
To obtain DFT of a sequence by using direct computation. &F4(n) is defined by:

N-1 .
X(k) =) x(n)e#™*"N fork=022....,N-1 (4.16)

T
o

If the value of'N' is large, then the number of computations will go iatkhs and more

processing time is required. This proves inefficiency oeéal DFT computation. To
implement DFT, a very efficient algorithm is used calleastFFourier Transform (FFT).

Equation (4.16) indicates that we have to take multipioabf x(n) and twiddle factor.

Then we have to add all the terms. Since twiddle fact@omplex; we need to perform
complex multiplications and complex additions.

(1) Complex multiplication- Equation (4.16), for one value 6&' multiplication should be
performed for all value ofn'. The range ofn' is from 0 toN —1. So for one value ofk';
N complex multiplications are required. Now the rangeldfis also from 0 ttN—1. The

total complex multiplications are

Complex multiplications =N x N = N?
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(2) Complex additions- Equation(4.16), for each value ok we need to add the product
terms of x(n).W/". For example:N =4

3

fork =0=X(0) =Y x(n).W;
n=0
= X(0). W, + x(0).W; + X(2).W. + x(3).W, (4.17)

From equation (4.17), four complex multiplications ande¢hremplex additions are required.
Thus for each value ofk', Ncomplex multiplications andN —1) complex additions are

required.

Complex additions N(N-1) = N*—N

4.2.2 Computational complexity using FFT:-
To calculate the computation complexity [23] requiredoioe butterfly.

. e

> *A=a+ (Wn)b

b ﬁi - I s, *B=a-(Wx)b
YN

Figure 41 General structure of butterfly [11]
To calculate any outputd or B ), we need to multiply inputb’ by twiddle facte WY". So
one complex multiplication is required for one butterfTo calculate outputA', one
complex addition is required, while to calculate outpBt, one complex subtraction is

required. But computational complexity of addition and sadbion are same.

For 'N' point DFT, at each staggu butterflies andog, N are required.

For 8 point DFT, 4 butterflies and 3 stages are required.

For N point DFT

Butterflies % , Stages dog, N

59




(1) Complex multiplication: - At each stage, there %Iré)utterﬂies. Total numbers of stages

arelog, N.

Complex multiplications :glogz N

(2) Complex additions- At each stage, there aF';Ie butterflies. Total numbers of stagae
log, N . And for each butterfly, two complex additions are required.

Total complex additions'}lcog2 N

Complex additions ¥log, N

(3) In place computation to reduce memory siz& butterfly calculates the valuef A and
'‘B' for inputs 'a' and 'b'. Remember thata' and 'b' are complex inputs. So two memory
locations are required to store any one of the ingatsor 'b'. One memory location is
required to store real part and other memory locatioises! to store imaginary part. To €or
both 'a' and 'b'; 4 memory locations are required.
A=a+Wb (4.18)
B=a-W:"b
Outputs'A'and 'B' are calculated by using the values ‘af and 'b' are stored in the

memory.'A"' and 'B' are also complex numbers so 4 memory locations gtereel to store
both the outputsA and B. Once the computation oA 'and 'B' is done then value of'
and 'b' are not required. So instead of storidfg' and B’ at other memory locations; these
values are stored at the same place wharand 'b' were stored:A' and 'B' are stored in
place of 'a'and'b'. This is called in-place computation. In place computatieduces

memory size.

Memory Requirement Four memory locations are required for every buttedigtore input

and output values. There a%le butterflies per stage.
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Memory location required to store inputs and outpul&% =2N

One value of twiddle factor is required to compét@andB .To store one value of twiddle

factor; one memory location is required for each bugtefihere are% butterflies at each

stage.
Memory location required to store twiddle facto';r——
Total memory requirement 2N +%
Table 4.2: Comparison between direct computation (DFd)FHT [18]
Number of Points Direct computation (DFT) FFT(Fast Fourier Transform)
‘N
Complex Complex Complex Complex
multiplications additions multiplications additions
2 2
(N%) (N*=N) ( N o, Nj (Nlog, N)
2
4 16 12 4 8
64 56 12 24
16 256 240 32 64
32 1024 992 80 160
64 4096 4032 192 484
128 16384 16256 448 896

The use of FFT algorithms, number of complex multipioat and complex additions are

reduced. So there is tremendous improvement in speed.
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4.3 Fast Fourier Transform (FFT)

Fast Fourier transform (FFT) is an efficient algoritfon computing the Discrete Fourier
transform (DFT) [11]It requires less multiplication than a simple approaclcadtulating

DFT. The basic computation using FFT is called butterfly matattion which is shown in
figure 4.1. The choice of the CORDIC algorithm for retian the basic butterfly operation
for the FFT saves a lot of hardware compared to its egpautts employing other techniques.
The Decimation in time (DIT) algorithm is used for FFgaithm. To decimate means to

break into parts. The Decimation in time (DIT) indicatesdihg (splitting) the sequence in
time domain.

x(0) (D) () T X(0)
x4 ——~——) O, D— @)
T SR/

x(2) @, (D +

=
o

r— &
) 0
” &

Rl
[T LY

|
u
|
1
|
t
|
l
|
|
|
1
r'r-'o T
§ |
]
i
|
|
1
]
|
1
i
|
|
1
1

x(1) ><@ \ X@)
x(5)—> —() / X(5)
w0 1 I
8 i
x(3) ><"® > 1} (O—> —\O—X(6)
- |
8 1 W -1 8 A
x(n———— (O ——O— ¥

Figure 4.2: 8-point Decirnatin time (DIT) FFT algorithm [11]
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The steps involved in FFT (divide and conquer algorithmhowe{19] can be understood by
the following computations.

(1) Store the signal row-wise.

(2) Compute the N-point DFT of each column.

(3) Multiply the resulting array by the phase factog".

(4) Compute the N-point DFT of each row.

(5) Read the resulting array column wise.

Decimation in time (DIT):- To decimate means to break iptots [11][23]. The DIT

indicates dividing (splitting) the sequence in time domain.

We takeN point DFT and break it down into tv\% point DFTs by splitting the input signal

into odd & even numbered samples. From equation (4el)x(n) be the given input
sequence containingN' samples. For decimation in time, we will divide the sswe into

even and odd sequences.

Let f,(m) andf,(m) be even and odd sequence respectively.

x(n)=f,(m)+f,(m), m=012...,N-1 (4.19)
For even sequence:f,(m)=x(2n), m= 01,2,........ (g— j (4.20)
For odd sequence:f,(m)=x(2n+1),m= 01,2,....... (g— j (4.21)
X(K)= D x(n).W"+ > x(n). Wy" (4.22)

neven nodd

The first summation represents even sequence so wewvitl=2m in the first summation.

The second summation represents odd sequence so we wilip8tn+1 in the second

summation. Since even and odd sequence co%aa’amples each.

N N

| —1
2 2

X(K) =D x(2m).Wi™ + > x(2m+1). W ™" (4.23)
m=0 m=0
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N, N,

2 2
X(K) = D", (m).W2™ + >, (m). W™ W
m=0 m=0

N, N,

X() = S1,(m). (WEY + W 36, (). (W)

We haveW; =W, ,,

N, N,

2 2
X(k) = > f, (m). WRT, + W Do, (). WT,
m=0 m=0

X(k) = K (k) + Wy .F, (k)

(4.24)

(4.25)

(4.26)

(4.27)

F (k) and F,(k) is % point DFT of f,(m) and f,(m) respectively. For 8 point DFT, that

meansF, (k) andF, (k) are 4 point DFT.

4-POINT

S8-POINT

Z-POINT

2-POINT

4-POINT

2-POINT

Figure34 Fast Fourier Transform (FFT) [11]

2-POINT

64



CHAPTER S5
FPGA DESIGN FLOW

5.1 INTRODUCTION

FPGA stands for Field programmable gate arrays that can be configured by the customer or
designer after manufacturing. An FPGA is a device that consists of thousands or even
millions of transistors connected to perform logic functions [24]. They perform functions
from simple addition and subtraction to complex digital filtering and error correction and
detection, Aircraft, automobiles, radar, missiles and computers are just some of the systems
that use FPGAs. A main benefit to using FPGASs is that design changes need not have an
impact on the external hardware. Xilinx, Alteraand Quick logic are just a few companies that
manufacture FPGAs. FPGA provide a lot of flexibility and opportunity to make design
changes quickly. Field programmable gate arrays are called this because rather than having a
structure similar to a PAL or other programmable device, they are structured very much like
agate array ASIC. FPGAs are programmed using a logic circuit diagram or a source code in
a hardware descriptive language (HDL) to specify how the chip will work. FPGAs contain
logic components called “logic blocks” and hierarchy of reconfigurable interconnects that
allow the blocks to be “wired together”. The programmable logic blocks are called
configurable logic blocks (CLBs) and reconfigurable interconnects are called switch boxes
[25]. Logic block (CLBs) can be configured to perform complex combinational function or
simple logic gates like AND and XOR. In most FPGAs, the logic blocks also include

memory elements which may be simple flip-flops or block of memory.

5.2 FPGA Architecture

FPGA Architecture consists of three capabilities: I nput/output (1/0O) interfaces basic building
blocks (Configurable logic block) and Programmable interconnect. Also, there will clock
circuitry for driving the clock signals to each logic block and additional logic resources such

as ALUs, memory, and decoders may be available. FPGA architecture is shown in figure 5.1.
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I/O Interfaces
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Figure5.1: FPGA Architecture [24]
5.2.1 Input/output (1/O) interface

I/O interfaces are the mediums in which data are sent from internal logic to external sources
and from which data are received from external sources. The interface signals can be
unidirectional or bidirectional. At Xilinx, the I/O interfaces are called 1/0 blocks (IOBs). The
|OBs consist of registers, internal voltage translators, and other specialized resources.

5.2.2 Configurable logic block (CLBS)

Configurable logic block (CLBs) contains the logic for FPGA. The basic logic building
blocks (CLBs) are preconfigured logic and resources used to build your design [24]. Xilinx’s
basic building blocks are called configurable logic blocks (CLBsS). Each CLB contains slices
and each slice has lookup tables (LUTSs). FPGAs are used in a variety of applications and

systems; there is no “one device for al applications”.
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5.2.3 Programmable inter connect

Interconnection involves connecting the basic building blocks to perform design-specific
functions as well as connecting the internal logic to 1/0O interfaces. The interconnect of an
FPGA is very different than that of a CPLD, but israther similar to that of agate array ASIC.
There are long lines which can be used to connect critical CLBs that are physically far from
each other on the chip without inducing much delay. They can also be used as buses within
the chip. There are also short lines which are used to connect individual CLBs which are
located physically close to each other. There is often one or several switch matrices, like that
in a CPLD, to connect these long and short lines together in specific ways as shown in figure
5.2. Programmable switches inside the chip allow the connection of CLBs to interconnect
lines and interconnect lines to each other and to the switch matrix. Three-state buffers are
used to connect many CLBs to along line, creating a bus. Special long lines, called global
clock lines, are specially designed for low impedance and thus fast propagation times. These
are connected to the clock buffers and to each clocked element in each CLB. Thisis how the
clocks are distributed throughout the FPGA.

D

CLB

CLB

)

Switch
matrix

CLB CLB

Figure5.2: FPGA programmable interconnect
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5.2.4 Clock Circuitry

Special 1/0 blocks with special high drive clock buffers, known as clock drivers, are
distributed around the chip. These buffers are connected to clock input pads and drive the
clock signals onto the global clock lines described above. These clock lines are designed for
low skew times and fast propagation times.

5.3 Design Flow

The Design flow involves more than just creating a design. Many decisions must be made
and the design material must be understood. The Design flow consists of various steps:

5.3.1 Writing a specification

This is especially as a guide for choosing the right technology and for making your needs
known to the vendor. As specification allows each engineer to understand the entire design
and his or her piece of it. It alows the engineer to design the correct interface to the rest of

the pieces of the chip. It also savestime.

A specification should include the following information:

(1) An external block diagram showing how the chip fits into the system.
(2) Aninternal block diagram showing each major functional section.
(3) A description of the 1/0O pins.

(4) Setup and hold times for input pins.

(5) Propagation times for output pins.

(6) Clock cycletime.

(7) Estimated gate count.

(8) Package type.

(9) Target power consumption.
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(10) Target price
(11) Test procedures
5.3.2 Choosing a technology

Once a specification has been written, it can be used to find the best vendor with a
technology and price structure that best meets your requirements.

5.3.3 Choosing a Design Entry method

The basic Architecture of the system is designed in this step which is coded in hardware
description language like VHDL or Verilog.

5.3.4 Choosing a synthesis tool

You must decide at this point which synthesis software you will be using if you plan to
design the FPGA with an HDL. This isimportant since each synthesis tool has recommended
or mandatory methods of designing hardware so that it can correctly perform synthesis. It
will be necessary to know these methods up front so that sections of the chip will not need to
be redesigned later on. At the end of this phase it is very important to have a design review.
All appropriate personnel should review the decisions to be certain that the specification is

correct, and that the correct technology and design entry method have been chosen.

5.3.5 Designing the chip

It is very important to follow good design practices. Top-down design approach is used for
good design practices. Top-down design is the design method whereby high level functions
are defined first, and the lower level implementation details are filled in later. A schematic
can be viewed as a hierarchical tree as shown in Figure 5.4. The top-level block represents

the entire chip. Each lower level block represents major functions of the chip.
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Figure 5.3: Design flow of FPGA
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||||| [ o o

Figure5.4: Top down design
5.3.6 Simulating — design review

Simulation is the process of applying stimulus or inputs that provide actual datato the design
and observing the output. It is used to verify that the design performs the expected and
required functions. There will be much iteration of design and simulation in order to get the
correct functionality. This is one of the most important reviews because it is only with correct
and complete simulation that you will know that your chip will work correctly in your

system.

Level of simulation: Three level of simulation —register transfer level (RTL), gate level and

functional level.

(1) RTL (register transfer level) performs simulation on the design phase code. Doing this
prior to synthesizing allows you to troubleshoot the design for logic and syntax errors. The

RTL simulation contains no timing information.

(2) Functional simulation is performed on the netlist or the code generated by the synthesis
tool. It is necessary to direct the synthesis tool to generate the functional simulation netlist. The
synthesis tool predicts and inserts some timing information; these are not the final timing delays. This

simulation is more realistic than the RTL, but not as accurate when it comes to timing as the gate-
level simulation.

(3) Gatelevel simulation is performed on the code or netlist generated by the implementation tool.
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It may be necessary to direct the implementation tool to generate the gate-level simulation. This

simulation contains actual timing information and is the most realistic representation of the
FPGA design.

5.3.7 Synthesis
Design synthesis or synthesis is the process that takes the high-level design associates it with

FPGA resource and reduces logic to make the design more efficient. After the correct

simulation results the design is then synthesized. During synthesis the Xilinx 1SE tool does

the following operation.

(i)

(i)
(iii)

(iv)

HDL Compilation: The tool require all the sub-modules in the main module if
having any problem regarding module then check the syntax of the code written
for the design.

Design Hierarchy Analysis: Analysisthe hierarchy of the design.

HDL synthesis: Synthesizes the HDL code in terms of the components such as
multiplier, adder/subtractor, counter, register, latches, comparators, XORs tri state
buffers, decoders etc.

Advanced HDL synthesis. In low level synthesis, the blocks synthesized in the
HDL synthesis and Advanced HDL synthesis are further defined in terms of the
low level blocks such as buffers, look up tables. It also optimizes the logic entities
in the design by eliminating the redundant logic, if any. The tool then generates a
netlist file (NGC file) and then optimizes it. The final netlist output file has an
extension of .ngc. This NGC file contains both the design data and constraints.
The optimization goal can be pre defined to be the faster speed of operation or the
minimum area of implementation before running this process. The level
optimization effort requires larger CPU times (i.e. the design time) because
multiple optimization algorithm are tried to get the best result for the target

architecture.

5.3.8 Design implementation

The design implementation process consists of the following sub process:
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(1) Translation: The translate process merges all of the input netlist and design constraint
outputs a Xilinx NGD (Native information and Generic Database) file. The .ngd file
describes the logical design reduced to the Xilinx device primitive cells. The output in the
floor planner tool supplied with Xilinx ISE software. Here, defining constraints is nothing
but, assigning the ports in the design to the physical elements (example. Pins, switches,
buttons etc) of the targeted device and specifying time requirements of the design. This
information is stored in a file named UCF (User Constraints File). Tools used to create or
modify the UCF are PACE, constraint Editor etc.

(2) Mapping: The map process is run after the translate process is complete. Mapping maps
the logical design described in the NGD file to the components/primitive (slicesCLBS)
present on the NCD file created by the Map process to place and route the design on the
target FPGA design. In this process the whole circuit is divided into sub blocks so that they
can fit into FPGA logic blocks. The logic defined in the input NGD file is mapped into
targeted FPGA elementsi.e. CLBs and 10Bs and an output NCD (native circuit description)
file is generated which depicts the design mapped into the FPGA.

(3) Place and Route: After map the design is placed and routed. Place and Route (PAR)
program is used for this process. The place and route process place the sub blocks from the
map process into logic blocks according to the constraints and connects the logic blocks.
Example if a sub block is placed in a logic block which is very near to 1O pin, then it may
save the time but it may affect some other constraint .So tradeoff between all the constraints
is taken account by the place and route process. The PAR tool takes the mapped NCD file as
input and produces a completely routed NCD file as output. Output NCD file consist the
routing information. During the place process the sub blocks are placed according to the
logic but these blocks do not have physical routing among them and with 1/0 pads also but
there is only a logical connection between them which can be clearly seen using the FPGA
Editor just after the place process ends. Then the Route process is run which makes physical
connections between the sub blocks on FPGA. The connections are made using the switch

matrices.
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5.3.9 Resmulating- final review

After layout, the chip must be resimulated with the new timing numbers produced by the
actual layout. If everything has gone well up to this point, the new simulation results will
agree with the predicted results. Otherwise, there are two possible paths to go in the design
flow. If the problems encountered here are significant, sections of the FPGA may need to be
redesigned. If there are simply some marginal timing paths or the design is slightly larger
than the FPGA, it may be necessary to perform another synthesis with better constraints or

simply another place and route with better constraints.

5.3.10 Testing

For a programmable device, you simply program the device and immediately have your
prototypes. You then have the responsibility to place these prototypes in your system and
determine that the entire system actually works correctly. If you have followed the procedure
up to this point, chances are very good that your system will perform correctly with only
minor problems. These problems can often be worked around by modifying the system or
changing the system software. These problems need to be tested and documented so that they
can be fixed on the next revision of the chip. System integration and system testing is
necessary at this point to insure that all parts of the system work correctly together. When the
chips are put into production, it is necessary to have some sort of built-in test of your system
that continually tests your system over some long amount of time. If a chip has been
designed correctly, it will only fail because of electrical or mechanical problems that will

usually show up with thiskind of stresstesting.

FPGA Overview:

The Xilinx Spartan-3E (XC3S500) FPGA kit is used for implementation of CORDIC
Algorithm. The Xilinx I SE 10.1i tool is used for the design. Some specifications of Spartan —
3E kit are as following:

(1) Upto 232 user — 1/0O pins

(2) Over 10,000 logic cells

(3) 2—line, 16 — character LCD screen

(4) PS/2 mouse or keyboard port
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(5) VGA display port

(6) Two 9— pin RS — 232 ports (DTE/DCE)
(7) 50 MHz clock oscillator

(8) Chip scope Soft Touch debugging port
(9) Eight discrete LEDs

(20) Four dlide switches

(11) Four push-button switches

(12) Speed Grade -4

(13) FG320 package
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Figure 6.5: FPGA Spartan-3E kit
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CHAPTERG
RESULTSAND DISCUSSIONS

CORDIC algorithm is used to compute sinf and cosd by vector rotation method. Figure (6.1),
(6.2) consists of Modelsim simulation result for real input and real outputs angle sinf and
cos) in the form of the waveform for original CORDIC and control CORDIC and their
corresponding magnitude respectively.

6.1 Modelsim Simulation Results:
6.1.1 For sine-cosinereal input and real output of original CORDIC
0 =30°
Sin 30° =0.50
Cos 30°=0.8637

87 [0.427008

.oU/s S 0,
145 a3 4711 5341 1

Cursar 1 ons (Y
Figure 6.1: For sine and cosine real input and real output 6 =30° of original CORDIC
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6.1.2 For sine-cosine real input and real output of control CORDIC
0 =60°
Sin 60°=0.8637
Cos 60°= 0.50

() S S S S D S N

0ns
Figure 6.2: For sin and cosine real input and real output 6 = 60° of control CORDIC

6. 2 Xilinx Simulation results:

6.2.1 Simulation result for original CORDIC:

Block diagram generated by XILINX 10.1i for sine-cosine using CORDIC is shown in figure
6.4. Here inputs are angle (binary input), clk (clock), start, reset and outputs are sine (binary
output), cosine (binary output), done. Figure 6.5 shows the RTL schematic of sine-cosine

generator and its internal block diagram.
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Figure 6.19: View summary report for 32 bit (Original CORDIC)

Comparison of original CORDIC using different data rates has been shown in table 6.1



Table 6.1: Comparison between 8, 16, 24, 32 bit of Original CORDIC

8 bit 16 bit 24 bit 32 bit
total utilization | total utilization | total utilization | tota utilization
No. 52 | 1% 127 2% 198 4% 284 6%
of 4656 4656 4656 4656
slices
No. 33 | 0% 59 0% 85 0% 108 1%
of 9312 9312 9312 9312
slices
flip-
flops
No. ﬁ 1% ﬂ 2% ﬁ 4% ﬁ 5%
of 4 9312 9312 9312 9312
input
LUTs
No. 28 12% 52 22% 76 32% 100 43%
of 232 232 232 232
bonde-
d
10Bs
No. 1 4% 1 4% 1 4% 1 4%
of 24 24 24 24
clks
Power | 99 mw 114 mw 129 mw 136mw
Delay | 7.645 8.785 9.798 10.490
ns ns ns ns

FPGA device Package: X c3s500e-4fg320
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Look-up tables are by far the fastest way to make the computation; however the precision of
the result is directly related to size of the look-up table. High precision look-up tables require
alarge amount of non-volatile memory to store the table. If the table size is reduced to save
memory, precision will also be reduced. Resolution of CORDIC algorithm is best for 32 bit

datarates but it causes in more complexity of components and reduction in data speed.

6.2.2 Simulation resultsfor pipeline CORDIC
-
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|
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Figure 6.20: Sine and Cosine waveform using Modelsim simulation

Table 6.2: Comparison between 12 bit Pipeline CORDIC and Original CORDIC

Pipeline CORDIC Original CORDIC
Number of slices 196/4656 = 4% 93/4656=1%
Number of slice Flip-flops 321/9312 = 3% 49/9312=0%
Number of 4 Input LUTs 361/9312 = 3% 178/9312=1%
Number of Bonded 10Bs 37/232 = 15% 40/232=17%
Number of GCLKs 124 = 4% 1/24=4%
Delay 5.326ns 8.191ns
Power 83mw 89mw
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Figure 6.23: View summary report for 12 bit original CORDIC

Table 6.3 and Table 6.4 have synthesis report generated by Xilinx10.1 showing number of

multiplexers, number of adders, number of subtractors, and number of flip-flops used.

Table 6.3: Original CORDIC:-HDL Synthesis Report

ROMs 1 Registers 3
32x32hit ROM | 1 32 hit register 3
Adders 3 Logic Shifters 2
Subtractors | 32 hit add sub 3 32 hit shifter arithmetic | 2
right
Counters 1
5 bit up counter | 1
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Table 6.4: Pipeline CORDIC:-HDL Synthesis Report

Adders/ 26
Subtractors | 12 bit Adder 2
13 bit add sub 24
Registers 449
Flip-Flops 449
Comparators 2
12 bit comparator greater 1
12 bit comparator less 1

6.2.3 Simulation result for Discrete Fourier Transform (DFT)
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Figure 6.24: Real input/output waveforms of DFT using FFT algorithm
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Table 6.5: Real input/output values of DFT using FFT algorithm

I nput Real part Imaginary part
1 54 0
-90.121 11777

2

6 -7 7

7 -4.879 3.777

8 -4 0

9 -0.121 -3.777
10 -7 -7
11 -0.121 -11.777
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Figure 6.25: View summary report for DFT
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Table6.6: DFT:-HDL Synthesis Report

RAMs 4 Registers 121
8x8-hit dual-port 4 1-bit Register 32
RAM
ROMs 2 2-bit Register
4x4-bit ROM 2 3-hit Register 4
Multipliers 4 4-hit Register 67
4x4-bit multiplier 4 5-bit Register 1
Adderd 11 8-bit Register 16
Subtractors 3-bit adder 1 Comparators 5
3-bit subtractor 1 2-bit comparator less | 2
4-hit adder 4 3-bit comparator 1
greater
4-hit subtractor 4 3-bit comparator less | 1
5-bit adder 1 5-bit comparator less | 1
Counters 7 Logic 1
2-bit up counter 7 Shifters 2 bit shifter logical 1
left

6.3 Discussions

No multipliers used for implementation of CORDIC algorithm for sine cosine generation.
Number of adders/subtractors and registers are 3 and 3 respectively. So CORDIC algorithm
is multiplierless approach and it saves a lot of hardware. In case of DFT implementation
number of multiplier, adders/subtractors, registers, comparators are 4, 6/5, 121, 5
respectively.
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CHAPTER 7
CONCLUSION

In thisthesis, comparative analysis of CORDIC algorithm has been implemented for 8 bit, 16

bit, 24 bit and 32 bit on the basis of their area, power and speed required to implement in
chip designing, number of iterations required etc. The sine cosine CORDIC based generator,
control CORDIC, pipeline CORDIC and DFT (Discrete Fourier Transform) have been
simulated using Modelssm. Then the implementation of sine cosine CORDIC based
generators, pipeline CORDIC and DFT have been done on Xilinx Spartan 3E FPGA. The
area required has been measured in terms of dlices, flip-flops, LUTs and IOBs. The
percentage utilization for number of slices used have been found to be equal to 1%, 2%, 4%
and 6% for 8-hit, 16 bit, 24 bit and 32 bit respectively. Also, in case of 8 bit, 16 bit, 24 bit
and 32 bit, numbers of flip-flops required are 33, 59, 85 and 108 respectively. Number of
LUTs has been calculated to be equal to 98, 241, 383 and 526 for 8 bit, 16 bit, 24 bit and 32
bit respectively. The number of 10Bs has been found to be equal to 28, 52, 76 and 100 for 8
bit, 16 bit, 24 bit and 32 bhit respectively. As the number of slices, IOBs and flip-flops
increases, the complexity of hardware also increases.

Look-up tables are by far the fastest way to make the computation; however the precision of
the result is directly related to size of the look-up table. High precision look-up tables require
a large amount of non-volatile memory to store the table. If the table size is reduced to save
memory, precision will also be reduced. Resolution of CORDIC algorithm is best for 32 bit
data rates however it offers higher complexity as compared to lower data rate CORDIC
algorithm. Also, it has been found that power dissipation increases with increase in data rate.
In case of 8 bit, 16 bit, 24 bit and 32 bit, power dissipation has been found to be equal to
99mw, 114mw, 129mw and 136mw respectively. Speed has been calculated to be equal to
130.80MHz, 113.83MHz, 102.06MHz and 95.33MHz for 8 hit, 16 bit, 24 bit and 32 bit
respectively. It has been found that 3 adders/subtractors and 3 registers are required and no
multiplier is used in CORDIC algorithm, so it saves lot of hardware.

In control CORDIC, the latency of original CORDIC is reduced by 50% due to reduction in
the number of iterations. Also, Control CORDIC shows no overshoot as compared to original
CORDIC.
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Original CORDIC take several clock cycles to build a single output sample of the wave.
Pipeline converts iterations into pipeline phases and output is obtained at every clock cycle,
after pipeline stages propagation. Pipeline architectures have been used in CORDIC
algorithm to reduce the critical path by introducing pipeline latches, increases the clock speed
and reduces the power consumption. In this work, number of resources has been reduced by
7.5% and delay has also been reduced by 34.97% using pipeline CORDIC as compared to
original CORDIC. In addition to it, power dissipation has also been reduced by 6.7% as
compared to Original CORDIC.

The application of CORDIC has been shown using Discrete Fourier transforms (FFT). It has
been found that in DFT implementation 4 multiplier, 6/5 adders/subtractors, 121 registers and
5 comparators are required.
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