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Abstract

Multiple attribute decision-making (MADM) is one of the hot topics in the field of the
decision-making process to access the best alternative(s) from the feasible ones. In lit-
erature, many terms have been used for MADM such as multi-criteria decision anal-
ysis (MCDA), multi-objective decision-making (MODM), multi-criteria decision-making
(MCDM), etc. and have been frequently used by the researchers to solve real-world
decision-making problems. Generally, the MADM issue is explained in the two-stage
process: (i) the aggregation of the estimations of criteria for every option (ii) the position-
ing or ranking between the options. The general process of MADM problem consists a set
of alternatives A = {4y, As, ..., A,} and attributes G = {G1,Ga,...,Gn} such that it is
divided into two mutually disjoint sets namely, F}(the cost attribute) and Fy(the benefit

attribute). The importance factor of these criteria is given in the form of weight vector
m

(w1, wa,...,wn) such that w; > 0 and ) w; = 1. The decision matrix corresponding to
j=1
given alternatives is given as:
G G2 ... Gn
Ar (A A ... A
M= Ao | Ao Az ... Aoy
.An -Anl -An2 s Anm
where A;; represents the preference of decision maker for alternative A;(i = 1,2,...,n)

over the criteria G;(j = 1,2,...,m).
In real decision-making, the decision makers (DMs) need to give their evaluation in-

formation of attributes by various types of the evaluation process, such as crisp numbers,
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interval numbers, fuzzy numbers, and so. However, in many practical cases, because of the
increasing uncertainty in the data and various cognition constraints of DMs, it is often dif-
ficult for DMs to use real values to express their preferences. To ease with it, a concept of
fuzzy set (FS) is introduced by Zadeh in 1965 which adopts the membership degree (MD)
to describe the information. After it, various extensions of FSs come into the existence
such as intuitionistic fuzzy sets (IFSs), interval-valued IFSs (IVIFSs), Type-2 fuzzy set
(T2FSs), Hesitant fuzzy sets (HFSs), and so on, to deal with the uncertain and imprecise
information. In the theories of FSs and its extensions, a crisp membership function is
assigned to its element. However, in many situations, uncertainty is not probabilities in
nature but it is imprecise or vague in nature. To address it, the concept of type-2 fuzzy
set (T2FS) was developed by Mendel in 2002, an extension of F'S, in which membership
values are type-1 FSs on [0,1] is developed. In T2FS, there is an additional membership
function which provides an additional degree of freedom to the practices to model the
uncertainties and each element is characterized by the degrees of the primary, secondary
and a footprint of uncertainty (FOU).

After this pioneering work, researchers have been engaged in extensions and applica-
tions to different disciplines. However, the most important task for the decision-maker is
to rank the objects so as to obtain the desired object(s). For this, researchers have made
efforts to enrich the concept of information measures as well as aggregation operators in
type-2 fuzzy environments. Among these, an aggregation operator is an important part of
the decision-making which usually takes the form of mathematical function to aggregate
all the input individual data into a single one. However, an information measure such as
the distance and similarity measures, complementary to each other, are defined to differ-
entiate between the two or more objects. Thus in order to handle the information in a
more accurate and certain manner, there is a need to plan/adopt suitable methodologies
to solve the decision-making problems. The aim of this work is to develop some novel
techniques to access the best alternative(s) for the decision makers under the T2FSs and
its extensions environment.

Keywords: Type-2 fuzzy and intuitionistic fuzzy sets; Aggregation operators; Triangular

interval type-2 (TIT2) intuitionistic fuzzy sets; Symmetric TIT2 intuitionistic fuzzy sets.
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Chapter 1

Introduction

Multiple criteria decision-making (MCDM) is emerging area in the decision making process
to find the finest alternative(s) from the given ones. In literature, many terms have
been used for MCDM such as multi-criteria decision analysis (MCDA), multi-objective
decision-making (MODM), multi-attribute decision-making (MADM), etc. and have been
frequently used by the researchers to solve real-world decision-making problems. Generally,
MCDM issue is explained in the two-stage process: (i) the aggregation of the estimations
of criteria for every option (ii) the positioning or ranking between the options.

The general process of MCDM problem consists a set of alternatives A = { A1, Ao, ..., Ay}
and criteria G = {G1,Ga,...,Gn} such that it is divided into two mutually disjoint sets
namely, F(the cost criteria) and Fy(the benefit criteria). The importance factor of these
criteria is given in the form of weight vector (wi,ws,...,wy,) such that w; > 0 and
m

>~ w; = 1. The decision matrix corresponding to given alternatives is given as:
J=1

g1 Go ... Gn
Ar (A A ... A
As | Aar Az ... Ao
-An Anl AnQ v Anm
where A;; represents the preference of decision maker for alternative A;(i = 1,2,...,n)
over the criteria G;(j =1,2,...,m).

To evaluate the given alternatives, decision makers (DMs) may choose the crisp number

1



to rate them. However, under the uncertainty environment, it is often difficult to access
these accurately. Thus, a concept of fuzzy sets (FSs) [166] is utilized by assigning a
membership degree (MD) to each element. After it, a concept of intuitionistic fuzzy sets
(IFSs) [7] is given by adding the non-membership degree (NMD) along with MD into the
analysis. Later on, several extension of the FSs such as Type-2 fuzzy set (T2FS) [98],
interval Type-2 fuzzy set (IT2FS) [99], hesitant fuzzy set (HFS) [140], Neutrosophic set
(NS) [132], the interval-valued IFS (IVIFS) [6] and so on appears simultaneously, to handle
the uncertainties.

In the theories of F'Ss and its extensions, a crisp membership function is assigned to its
element. However, in many situations, uncertainty is not probabilities in nature but it is
imprecise or vague in nature. To address it, the concept of Type-2 fuzzy set (T2FS) [98],
an extension of F'S; in which membership values are type-1 FSs on [0,1] is developed. In
T2FS, there is an additional membership function which provides an additional degree of
freedom to the practices to model the uncertainties and each element is characterized by
the degrees of the primary, secondary and a footprint of uncertainty (FOU). The aim of this
work is to develop some novel techniques to access the best alternative(s) for the decision
makers under the T2FSs and its extensions environment. Brief literature on various issues
related to the MCDM process by using existing methods have been reviewed and are given

section-wise hereafter.

1.1 Literature Review

In this section, a brief literature review with respect to various MCDM methods under

different scenario is given.

1.1.1 Review of distance/similarity measures

Distance and similarity measures, complementary to each other, are defined to differen-
tiate between the two or more objects. These two measures can be considered as two
diverse perspectives of discrimination. The similarity measure utilized to show the prox-

imity whereas the distance measure is utilized to show the contrast between the objects.



Since the distance and similarity measures play a significant role in real life, numerous
analysts have been defined by various distance and similarity measures in different envi-
ronments. For instance, Szmidt and Kacprzyk [137] defined the Hamming and Euclidean
distance measures to distinguish between the two IFSs. Grzegorzewski [63] proposed some
distance measures based on the Hausdorff metric. Dengfeng and Chuntian [32] introduced
the concept of similarity measure to find the closeness degree between the two IFSs.
Liang and Shi [91] presented an improved similarity measure for different IFSs. Hung
and Yang [72] presented the similarity measures based on Hausdorff distance. Szmidt and
Kacprzyk [139] proposed a similarity measure and discussed its importance in medical
diagnosis. Xia and Xu [156] developed the aggregation operator (AO) for IFSs based on
the similarity measures. Ye [164] highlighted the errors of existing similarity measure [90]
and constructed the cosine similarity, weighted cosine similarity measure to solve pattern
recognition and medical diagnosis problems. Besides that, Hwang et al. [74] introduced
a new similarity measure induced by Sugeno integral. Based on the medians of intervals
and the Hausdorff distance, Chen and Randyanto [16] discussed a similarity measure for
IFSs. Later on, Boran and Akay [9] proposed a parametric similarity measure for IFSs
and did a comparative analysis with some existing similarity measures[32, 91, 107, 164]
in terms of counter-intuitive cases. Song et al. [133] discussed the similarity measure and
applied it to the problem of pattern recognition. Chen et al. [13] presented a similarity
measure based on the centroid points of transformed right-angled triangular to overcome
the limitations of existing measures [9, 32, 72, 91]. Garg [42] characterized the distance and
similarity measures for intuitionistic multiplicative preference relation and its application
in DM issues. Later on, Song et al. [134] proposed a similarity measure to overcome the
restrictions of existing measures [9, 32, 72, 74, 164]. Recently, Luo and Zhao [96] defined
a distance measure based on a matrix norm and a binary function which is either strictly
increasing or decreasing and discussed their application in DM issues. From the interval
point of view, Ke et al. [83] described a new distance measure for IFSs. Jiang et al. [77]
defined distance and similarity measure based on the transformed triangles and discussed
their application in pattern recognition. Rani and Garg [125, 126] presented some series

of distance measures and power aggregation operators for complex IFSs.



Figueroa-Garcia et al. [36] presented a distance measures for IT2FNs. Hao and Mendel
[65] presented a similarity measure for T2FSs based on a-plane representation. Heidarzade
et al. [67] presented a hierarchical clustering method based on the distance measures
for IT2FNs to solve a supplier selection problem. Hu et al. [69] presented a possibility
degree measures for IT2FNs to solve the MCDM problems. Hung and Yang [71] presented
the similarity measures between T2FSs. Hwang et al. [73] presented several information
measures such as similarity, inclusion, entropy between the T2FSs based on Sugeno integral
to solve the decision-making problems. Singh [131] presented a similarity measures for
T2FSs. Singh [130] presented some series of distance measures for T2FSs and then solve
the group decision-making problems. Apart from them, some other studies related to
information measures under IFSs, T2FS or IT2FS environment are conducted which are

summarized in [1, 3, 52, 60, 93, 142, 152-155, 163].

1.1.2 Review of Aggregation operators

The aggregation operators (AOs) is one of the most collective phase and process during
ordering the alternatives. The basic principle of AOs is to aggregate the various values into
the collective once. Since in MADM process, there always occur more than one attribute
values towards a single alternative and hence the process of AOs play a significant role
between them. In terms of IFS, Atanassov [8], De et al. [31] presented the basic operational
laws such as addition, scalar multiplication, power for IFSs. Based on these operational
laws, Xu [159], Xu and Yager [161] presented the weighted, ordered weighted, and the
hybrid weighted averaging and geometric AOs for different pairs of intuitionistic fuzzy
numbers (IFNs). Later on, Zhao et al. [174] extended these AOs into its generalized form.
However, apart from them, some other AOs by using some other families of t-norms such as
Einstein [146, 148, 176], Hamacher [45, 70] are proposed by the researchers for a different
IFNs. Besides that, Wei [149], Xu and Xia [162] defined some induced AOs for aggregating
the IFNs. Garg [39], Xia et al. [157] defined the weighted averaging and geometric AOs
for the intuitionistic multiplicative environment instead of additive environment. Apart
from them, some other AOs for solving the decision-making problems are presented under

the IFS environment are summarized in [43, 48-51, 57, 94, 146, 159, 161].



However, under the T2FSs and its extensions, various authors have investigated the
problems of the DM under the T2FSs environment by using different aggregation op-
erators. For instance, [22] presented an ELECTRE-based method to solve the MCDM
problem under IT2FSs. Qin [118] presented the concept of the symmetric triangular in-
terval Type-2 fuzzy numbers (IT2FNs) and hence based on the Hamy mean, some AOs
are developed to solve the MCDM problems. Wang, Ju, Liu, Ju and Liu [141] presented a
trapezoidal interval Type-2 (TrIT2) fuzzy Heronian mean AOs to solve the multi attribute
group decision making (MAGDM) problems. Zhang [172] presented the arithmetic opera-
tions between TrIT2 fuzzy sets and based on it they developed some AOs for aggregating
trapezoidal IT2FSs. Zhang and Zhang [173] presented the notion of the trapezoidal in-
terval Type-2 fuzzy soft sets. Qin and Liu [120] presented an AO for triangular IT2FS
by using Frank norm operations and applied them to solve the decision-making problems.
Chiclana and Zhou [29] gave a method which involves T1FS OWA to specify the cen-
troid of the IT2FS. Qin and Liu [122] presented some triangle interval Type-2 fuzzy Frank
(TIT2FF) aggregation operators namely the TIT2FF weighted averaging and geometric
operator and engaged them in solving the MAGDM problems. Chen [24] used interval
Type-2 trapezoidal and Generalized interval-valued Trapezoidal fuzzy numbers to develop
weighted geometric AOs along with its applications in MCDM problems on the basis of
trapezoidal IT2FNs. On the other hand, [145] used aggregation operators for solving
MAGDM problems on the basis of IT2FNs and arithmetic operations. Zhang [172] devel-
oped trapezoidal interval Type-2 fuzzy aggregation operators for aggregating trapezoidal
IT2FNs. Wang, Ju, Liu, Ju and Liu [141] extended Heronian mean to TIT2F environment
Other than these, some others kinds of the methods for solving the decision making prob-

lems by using AOs are summarized in [28, 34, 46, 75, 88, 100-105, 114, 127, 128, 147, 175].

1.1.3 Review of TOPSIS and ranking approaches

Chen and Lee [14] developed an IT2FS-TOPSIS method and gave some examples of how
to tackle fuzzy MAGDM problems on the basis of IT2FSs. Prior to this, Chen and Lee
[15] established a new method in accordance with the arithmetic operations and the rank-

ing values of IT2FSs to cope up with fuzzy MAGDM problems. Zhang and Zhang [173]



developed a novel approach to MAGDM in context of IT2FSs environment. Abdullah
and Otheman [2] explained IT2F-TOPSIS approach by attaching entropy weight for sub-
criteria and illustrated it through an example of supplier selection. Chen [19] constructed
decision-making model covering the closeness coefficient approach and signed distance-
based operation to solve the MAGDM problems. On the basis of signed distances, Chen
[20] proposed an IT2F linear assignment method for analyzing the MCDM problems. The
feasibility of the defined method is illustrated through its application in the selection of
landfill site. Moreover, an extended QUALIFLEX method suggested by Chen et al. [25]
is apt at handling MCDM problems with respect to IT2FSs. Chen [22] developed an
ELECTRE (“ELimination Et Choice Translating REality”) based outranking method for
MAGDM within IT2FSs framework. Further, Ghorabaee et al. [61] presented a ranking
method together with the COPRAS method for solving fuzzy MAGDM supplier selection
problem in the context of IT2FSs. Kahraman et al. [79] illustrated a supplier selection
problem through developed IT2F AHP method along with a new ranking method for
T2FSs. Wang and Chen [143] used a closeness coefficient based approach to developing
an I'T2F MCDM method in the context of IT2FSs along with its application in watershed
site selection. Furthermore, Oztaysi [113] presented AHP and IT2FSs group decision-
making approach on an ERP (“Enterprise Resource Planning”) selection problem which
has been a governing EIS (“Enterprise Information Systems”) application with six criteria
and four alternatives. Qin and Liu [122] investigated a method on the basis of combined
ranking value to deal with MAGDM problems under I'T2F environment. Cebi and Otay
[12] introduced a TOPSIS method to solve the MADM problem with IT2FSs information.
Chen [23] presented an approach to solving the decision-making problems under the in-
terval Type-2 trapezoidal fuzzy environment. Erdogan and Kaya [35] presented a Fuzzy
Analytic Hierarchy Process (FAHP) based on IT2FSs to obtain the weight of the crite-
ria. Further, to rank the alternative, a TOPSIS method is presented. [123] extended the
VIKOR (“VlseKriterijumska Optimizacijia I Kompromisno Resenje, in Serbian”) method
based on the prospect theory to accommodate interval Type-2 fuzzy numbers. Apart from
these, some other studies under different environment are conducted which are summa-

rized in Akram et al. [4], Ashraf et al. [5], Chen [21], Cheng et al. [27], Das et al. [30], Garg



and Kumar [56, 58], Gong et al. [62], Jana et al. [76], Kar et al. [80], Kumar and Garg
[85, 86], Kundu et al. [87], Lee and Chen [89], Liu and Wang [95], Manna et al. [97], Muhuri
et al. [109], Nancy and Garg [111], Own [112], Panja and Mondal [115], Pedrycz and Song
[116], Pramanik et al. [117], Wang et al. [144], Wu and Mendel [151], Zamri et al. [168].

1.2 Research Motivation

In the previous sections, we presented a concise literature review of measures and oper-
ators under IFS, IVFS, IVIFS, and T2FS environment. For solving the decision-making
problems, the main important task for the decision-maker(s) is to choose the appropriate
method according to the nature of the problem. Furthermore, in the case of group decision
makers’, an ambiguity may occur between them to choose the appropriate method and
which can lead to extra expenditure of time, resources, and money. But the main impor-
tant thing of a good DM procedure is to optimize the time and money. That’s why there
is a need to research the appropriate technique to handle such problems for obtaining a
better result. From the existing work described in the above sections, we found they have

some gaps in DM procedure given as:

1) As all the existing works have been examined under the T2FSs environment by consid-
ering only the degree of membership during an analysis. But, in the real-life situation,
it is not possible to make a decision without considering the degree of non-membership
(also called as a dissatisfactory degree), as it is difficult for the person to give their
preferences towards an object in terms of a single or exact number. Thus, for handling

it, there is a need for the degree of non-membership into the analysis.

2) All aforementioned AOs are usually based on the algebraic norm operations, which
have the lack of flexibility and robustness. Thus, there is need to address such issue

also.

3) In the comprehensive literature review, researchers light upon Bonferroni mean (BM)
and generalized BM (GBM) based operators by adding features to the interconnection

among the multi-input parameters. But, it has been noted that they considered only



two or three multi-parameters simultaneously. Therefore, these operators are incapable

of analyzing the effect of the multi-input arguments into one analysis.

1.3 Objective of the thesis

The overall aim of this research is to develop the various MADM or MAGDM methods
under the different and uncertain fuzzy environment under the Type-2 fuzzy sets and its
extensions. For it, we develop several approaches based on the aggregation operators and
the information measures to solve the decision-making problems. By motivating from the

above literature and gaps, the main objectives of the work are summarized as:
(O1) To develop some information measures in Type-2 fuzzy sets.
(02) To develop some decision-making aggregation operators under Type-2 fuzzy sets.

(O3) To test and validate the proposed technique on some decision making problems in

some fields.

1.4 Structure of the thesis

The entire thesis has been organized into six chapters which are briefly summarized as
follows:

A brief account of the related work of various authors in the evaluation of decision
making approaches by using several approaches is presented in the first chapter.

In Chapter 2, the basics and preliminaries related to the intuitionistic fuzzy sets,
information measures, aggregation operators, Type-2 fuzzy sets, etc., are given.

In Chapter 3, we presented the novel concept of the Type-2 intuitionistic fuzzy sets
(T2IFSs) by embedding the features of the non-membership and the hesitancy degrees into
the Type-2 fuzzy sets. Further, to explore the study of T2IFSs, we formulated a series of
distance measures between two T2IFSs by using geometric and Hausdorff metrics. Also,
several desirable relations between them are defined. Later, we present an efficient method
based on the developed distance measures to solve the MADM problems under the T2IFSs

environment where the information related to each object is taken in the form of Type-2



intuitionistic fuzzy numbers (T2IFNs). The method is explained with a practical example

and compared their results with the existing studies.

Chapter 4 explore the theory of Type-2 intuitionistic fuzzy set (T2IFS) with similarity
measures in which the membership degrees for each member of the object is itself an IFS.
Keeping the features of T2IFS and the similarity measures, it is vital to amplify some new
similarity measures to process the T2IFSs in MAGDM methods. Since in real life, most
of the decision-making problems are always uncertain in nature and difficult to represent
it in terms of crisp or precise numbers. Motivated from it, this chapter presents some
new similarity measures based on the geometric model and some new extensions of it to
compute the degree of similarity between the two or more T2IFSs. Further, to explore the
MAGDM problems, a TOPSIS approach based on the similarity measure is addressed to
find the finest alternative. The working of the proposed measure is demonstrated through

an illustrative example.

In Chapter 5, we present a new idea about the triangular interval Type-2 (TIT2)
intuitionistic fuzzy sets and studied their several properties. Some basic operational laws,
as well as the relation between them by using Frank t-norm and t-conorm operations, are
defined. The Frank t-norm operation has an additional parameter which can give a flexible
environment to the decision makers to chose their decisions, according to their desired
goals. Based on these Frank operations, some series of weighted averaging AOs are defined
namely, TIT2 intuitionistic fuzzy weighted averaging, TIT2 intuitionistic fuzzy ordered
weighted averaging and TIT2 intuitionistic fuzzy hybrid averaging. The characteristics of
these operators and the influence of the Frank parameter have been discussed. Later, a
novel model based on developed operators is presented to solve the MADM problems and
explained them with the help of a numerical example. Finally, comparative studies with

some of the existing methods are discussed.

Chapter 6 we developed the concept of the Symmetric triangular interval Type-2
intuitionistic fuzzy sets (STIT2IFSs) by taking the features of T2IFSs and the symmetric
triangular number and studied their desired properties. In a practical decision-making
process, there always occurs an inter-relationship among the multi-input arguments. To

address it, Hamy means (HM) operator is a standout among the most critical operators
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that catches the inter-relationship together with the multi-input arguments. Motivated by
these primary characteristics, it is interested to extend HM operator to the STIT2IFS and
hence defined some new interval Type-2 (IT2) intuitionistic fuzzy aggregation operators,
named as symmetric TIT2 intuitionistic fuzzy HM operator and weighted symmetric TIT2
intuitionistic fuzzy HM operator, which can consider the multi interaction between the
input argument under a provision of Type-2 intuitionistic uncertain situation. Later, we
develop a method to solve the decision-making problem and illustrate with a numerical

number to exemplify the practicability of the proposed technique.



Chapter 2

Preliminaries

In this chapter, we present the basic concepts and the mathematical structure related to

IFSs, T2FSs, aggregation operators, etc., over the universal set X

2.1 Intuitionistic fuzzy sets and its extensions
Definition 2.1.1. [7] An IFS A is given as

A={ (@ ua(@),va(@)) |2 € X}, (2.1)

where, ua(x),va(z) € [0,1], represents MD and NMD of = with 0 < ua(x) +va(zr) <1
holds for V. We call, this pair (u4,v4) as an IFN [161].

Definition 2.1.2. [7] For any two IFNs A = (u4,v4) and B = (ug,vg) , we have
(i) ACBifuy <upand vy > vp.
(i) A=Bif ACBand ADB.

(i) A° = (va,ua).

(iv) AUB = (max{u,up}, min{vs,vp}).
(v) AN B = (min{uy,up}, max{vs,vg}).

Definition 2.1.3. [161] The score function for an IFN A = (u4,v.4) is defined as :

S(A) =uy —v4, (2.2)

11



12

and accuracy function is defined as:

H(A) =us+v4 (2.3)
Definition 2.1.4. [6] An IVIFS A in X is defined as

A={(z,ua(z),va(z)) |z € X}, (2.4)
where U4(z) = [uf(2),uf(2)] and Ta(z) = [vh(z),v4(x)] are all subsets of [0,1], and
represents the MDs and NMDs of z to A such that for any z € X,0 < uf(z) +vY(z) < 1.
The pair A = ([uX, uY], [v¥,vY]) is called as IVIFN.

Definition 2.1.5. Let A = ([ulj, uY], [v4,vY]) and B = ([ug, u¥], [v§, v¥]) be any two
IVIFNSs, then

(i) ACBif uf <uf,uf <uf,vh > vk and 0§ > vf.
(i) A=Biff ACBand ADB
(iif) A = ([, va); [u, u))-
(iv) AUB = ([max{uj, ug}, max{ug, ug}], [minfvy, vg}, min{o}, vi }]);

(v) ANB = ([min{uf\, ué}, min{uf{‘, ug}], [max{vfl, vé}, max{v%, Ug}])

Definition 2.1.6. [160] The score function for an IVIFN A = ([u}, uY], [vh, vY]) is defined

as:
L U_ L U
Uy +Uuy—v3—v
S(A) = A—A A4, (2.5)
and accuracy function is
L U L U
H(A):“A+“A+UA+UA_ (2.6)

2
To order the different IFNs and/or IVIFNs, a comparison law between them is defined

as follow.

Definition 2.1.7. [159] Let A and B be either two IFNs and/or IVIFNs then based on
the functions as defined in Definitions 2.1.3 and 2.1.6, an order relation A > B, where

“»=7 refer “preferred to”, occurs if anyone of the following condition met.
(i) If S(A) > S(B).

(i) S(A) = S(B) and H(A) > H(B).
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2.2 Type-2 fuzzy sets

Definition 2.2.1. [100] A T2FS A in the universe of discourse X, is characterized by a

type-2 membership function pu4(x,u) and is defined as follows:
A= {((z,u), pa(z,w)) |z € X,u € j, € [0,1]}

in which 0 < p4(z,u) < 1. Moreover, A can also be expressed as

A= [ _me=[ | ol

where pa(x) = f:vej,c fz(u)/u is the grade of the membership, f, is named as a secondary
membership function (SMF) and the value of f;(u) is named as secondary grade or sec-
ondary membership. In addition, u is an argument of the SMF and j, is named as the

primary membership function (PMF) of x.

Definition 2.2.2. (Interval type-2 fuzzy set) [18] An interval T2FS is one in which the
membership grade of every domain point is a crisp set whose domain is some interval

contained in [0,1].

Definition 2.2.3. (Footprint of uncertainty) [18] Uncertainty in the primary member-
ships of a T2FS consists of boundary region that we call the “footprint of the uncer-
tainty” (FOU). Mathematically, it is the union of all primary membership functions, i.e.

FOU(A) = Umerx'

Let F5(X) be the class of all T2FSs in X', pa(z,u) : (z,u) — [0, 1] is the membership
function of A in Fa(X), for all x € X, u € j; C [0,1]. For any z € X, fy(u) is defined
as pa(x,u), ¥V u € jy C[0,1] is called a secondary membership functions, where u is the

primary membership function.

Definition 2.2.4. The variance margin function of a T2FS is defined as the difference
between PMF and SMF. It is denoted by &. For a T2FS A, &4 =| ua(zi) — fz,(ua) | for
all x; € X.



14

2.3 Distance measures between T2FSs

A distance measure between T2FSs is defined by considering FOU of the primary mem-
bership and secondary membership function, as well as the variance margin function as

below.

Definition 2.3.1. A real function d : Fo(X') x Fo(X') — [0, 1] is called a distance measure,
where d satisfies the following axioms for A, As, A3z € Fa(X)

(P1) 0 < d(A;, Ap) < 1.

(P2) If Ay = As, then d(A;, As) = 0.

(P3) d(A1, Az) = d(As, Ay).

(P4) If d(A1, A) = 0, d(A1, A3) =0, then d(Asz, As) = 0.

To compute the distance measures between the T2FSs, Singh [130] presented some
distance measures on it. To do so, for two T2FSs A and B, the SMFs is denoted by
fe(ua) = pa(x,uqg), gz(ug) = ug(x,up), ua, up denotes the PMF and FOU(A), FOU(B)
represents the footprints of uncertainty for the T2FSs A and B.

Definition 2.3.2. [130] The distance measures between two T2FSs are defined based on
the FOU of the PMFs and SMFs, as well as the variance margin function. The following

distance measures between T2FSs A and B are defined as

i) The normalized distance,

hg(A,B):izn: ua(ei) = up (@) + [ fo; (wa) = gu; (us)] @)

i=1 + [Salzi) — &p(zi)
ii) The normalized weighted distance,

ua(@i) = up (i) + [ fa; (wa) = go: (us)]

+ [€alwi) — &p(wi)
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iii) The normalized Euclidean distance

NI

n uplz;) —u ."L‘Z'Q 2 (UA) — G (U 2
st By = | Ly 1) s Pt ) =g ) L

2n + | Ealmi) — () |

iv) The normalized weighted Euclidean distance

N

n us(z;) — up(z;)|? 2 (UA) = go; (uB) [
eaul A B) = { Ly [ M TP b R eI £y
i—1 +1€a(wi) — Ea(ai)|?

v) Utmost normalized Hamming distance

hQU(A,B)Z%Zmax lua(ei) = up(@i)l; | fo:(ua) = gu: (up)l; 2.11)

i=1 [a(z:) — € (i)
2.4 Triangular interval type-2 fuzzy set

The operations on the T2FSs are very complex and hence cannot be applied in a real-life

situations. For it, the interval T2FSs [28] are defined as follows.

Definition 2.4.1. [28] A T2FS transform into interval T2FS (IT2FS) when the grades
of all SMFs is equal to 1. Mathematically, an IT2FS A, with a membership function

pua(x,us), may be expressed either as Eq. (2.12) or as Eq. (2.13):

A = {(z,un),pa(r,us) =1|Ve e X, Vuy € jr, C[0,1]} (2.12)

A = / / (x,ua4),jz C[0,1] (2.13)
zeX Jup€ s

Definition 2.4.2. [28] An IT2FS is normally described by a zone called as FOU, which
is limited by two membership functions (MFs), known as lower MF (LMF) p , (2, u.4) and
the upper MF (UMF) 7i4(2, ua). That is FOU=[p , (2, ua), ta(z, ua)]. Figure 2.1 shows
the graphical representation of IT2 fuzzy number (IT2FN) with triangular MF shape.

Definition 2.4.3. [28] Let A = ([a,b], ¢, [d,e]) be a triangular interval T2FS (TIT2FS)

defined on X shown in Fig. 2.2, where a, b, ¢, d, e are reference points of the set, satisfying
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¥4

LME(A)
LAME(A)

TIME(A) TIAME (A

%\—)]FOU(A)

/

x

Figure 2.1: Representation of a IT2FS A with LMF (dashed), UMF (solid), FOU (shaded)

0<a<b<c<d<e<]1. The UMF and LMF of A are defined as

z—a . z—b

— o asz<c — 5 b<z<c
UMFa(z) = {1 ;o r=c ; LMF 4(7) = ¢ 1 i r=c¢

— . d— .

;i ;o c<zx<e dfcc ;o c<x<d

The FOU of A is depicted as a shaded portion in Fig. 2.2. If X is a set consists of all
real numbers, then a TIT2FS in X is called TIT2FN (“triangular interval type-2 fuzzy
number”). If a = b,d = e then UMF 4(x) = LMF 4(x) for all € X, then the triangular

a b c d €
Figure 2.2: Representation of TIT2FS

IT2FS reduces to the triangular FS. If X is a set consists of all real numbers, then a

TIT2FS in X is called triangular interval type-2 fuzzy number (TIT2FN).

2.5 Trapezoidal interval type-2 fuzzy sets

Since the operations on I'T2FSs are very complex according to the decomposition theo-
rems, so the concept of Trapezoidal interval T2FSs (TrIT2FSs) has been used to solve the

decision making problems. The geometric representation of TrIT2FS is given in Fig. 2.3.
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Definition 2.5.1. Let A" and AY be two TrIT2FSs whose heights are hﬁ and h%, re-
spectively. Then, a TrIT2FS A in universe of discourse X is defined as
L L L L L.L
A=[A ,.AU] = [(al,az,ag,a4;hA), (agj,ag,ag,ag; hf{l)] (2.14)
where af,a%,aé,aﬁ,a({,ag,ag,ag,hﬁ,hf{‘ are all real numbers and satisfy af < a% <
ag < a4L, a? < ag < ag < ag, 0< h{z‘ < h% < 1. The upper and the lower membership

function denoted by UMF and LMF respectively are defined as

Ul U
hg(m ay) 'aU<:U<aU

ag—agf YY1 = = 72
UMF 4(z) = hY ;0 <z <adf (2.15)
hY (a¥ —x)
Wy 9 <Tsag
and
hL (z—al)
LMF 4(z) = hl sal <x <df (2.16)
hilaf—x) I L
af-apy OE ST
o (x) A
U
h/]
L
h/]
O U E U L Lﬁ ;

a, a a a ar al a; a
Figure 2.3: Representation of a Trapezoidal interval type-2 fuzzy set

Definition 2.5.2. Let A be IT2FS, then based on the definition of UMF and LMF, Karnik

and Mendel [81] proposed a method to calculate the centroid of IT2FSs as
Ci(A) + Cr(A)

2
where Cj(A) and C,(A) represents the left and right endpoints of the centroid interval of

c(A) = (2.17)

IT2FSs and expressed mathematically as
ff v AY (x)dw + fgb v AL (z)dx
Ci(A) = min z -
gelot] [0 AY(2)dx + [, AL (z)dw

(2.18)
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and

3 L b_ U
A dx + A d
CT(A) — max fa ’ (x) ’ fébx (:U) ’
selad]  [E AL(z)dz + [ AV(x)dz

(2.19)

Definition 2.5.3. Chen [19] presented the interval type-2 signed distance between two
TrIT2FNs A and B by extending the concept of signed distance and the extension principle

as

(bf—af—kb%—a%%—bé—aé—i—bf—a£)+4(al{—b§])

d(A, B) +2(ag’ —by) +2(af — ) +4(af —b) (2.20)

hL
+3(a2U + ag - a(lj — ag)h—f} — 3(62U + bg — brlj — b4U)—
A

2.6 Symmetric triangular interval type-2 fuzzy set

Qin [118] defined the symmetric triangular interval T2FS (STIT2FS) over the set X as

follows:

Definition 2.6.1. [118] A STIT2FS A can be represented as

A={(ca(x),04(x), ha(@),ha(z)) | = € X}, (2.21)

where c4(z), da(x), ha(z), ha(z) are the reference points of the STT2FS at point z,
satisfying the inequalities d4(z) < ca(z), 0 < hy(x) < ha(z) < 1. The pair A =
(ca(z),64(x),ha, ha) as a symmetric TIT2FN (STIT2FN) (shown in Fig. 2.4) with UMF
and the LMF are

%(w—CA—F(SA) ica—0a<zT<cy

%(CA—F(SA—%‘) sea<x<cgat0oq

%—:‘(w—cA-i-(sA) sea—04< T <cCy

%—;‘(0,4+6,4—x) seas<r<ca+og
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€4~ %4 T4 eyt dy x

Figure 2.4: Representation of a Symmetric triangular interval type-2 fuzzy number

Definition 2.6.2. The score function of STIT2FN A = (CA, 04, 4, 71,4) is defined as

SA) = (s )

( 2hqhq hy+ hA)
= cA 7
Definition 2.6.3. For two STIT2FNs A4 and B, an order relation “(>)” to compare them

(2.24)

is defined as
(i) If sz(A) > sz(B), then A > B;

sy(A) > sy(B) = A>B;
(ii) If sz(A) = sz(B), then

sy(A) = 5y(B) = A=5;

Definition 2.6.4. [66] For non-negative real numbers x;(i = 1,2,...,n), the Hamy mean

(HM) is given as

k %
> (H f%)
1S_i1§ j=1
HM®) (21, 29, -+, 2y) = 2 (2.25)
(&)
where k is the parameter, (Z) = ﬁlk), and (i1,142,...,1x) crosses all the k—tuple mix of

(1,2,...,n).
From Eq. (2.25), it is clear that the HM satisfies the following properties
1) HM®*)(0,0,...,0) = 0.

2) HM®) (2, 2, ... ) = 2.
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3) HM(k)(xl,xg, ceyTp) < HM(k)(yl, Y2y ..y Yn), if x; < y; for all 4; and
4) min {z;} <HM® (21, 29,...,2,) < max {z;}.

Definition 2.6.5. For a collection of STIT2FNs A; = (c4;,0.4;, 4., h.,) and parameter
k=1,2,...,n. If

STIT2HM®™) (A}, Ay, ..., A,) = =

k g k 1

> (H CAi,.> > (H da, ) 1N\ 7y
12112 j=1 K 1<ip< j=1 / d k (I«c)
kST ’ < - ’ 1 _ N

@ 0 1 1'

k

e

,_.
|
—]
—
|
—
:: -
I
Ra
~
|
)

1<iy <
L.<ip<n

then STIT2HM®) is called the symmetric triangular interval type-2 fuzzy Hamy mean

operator and (Z) = ﬁlk)' represent the binomial coefficient.

2.7 Archimedean t-norms and Archimedean t-conorms

A t-norm (fuzzy intersection)[84, 108] “7” is a binary operation on [0, 1] i.e.

T 0,1 x [0,1] = [0, 1] (2.27)
defined by
(Bl N BQ)(.’L‘) = T(Bl(l'), BQ(@')) Vo € [0, 1] (2.28)

where By and By are arbitrary fuzzy sets. Further, the mapping 7T satisfies the following

axioms for all a, b, d € [0,1]
Axiom 1: T(a,1) =a (Boundary Condition)
Axiom 2: If b < d then 7T (a,b) < T (a,d) (Monotonicity)

Axiom 3: T (a,b) =T (b,a) (Commutativity)
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Axiom 4: T (a, T (b,d)) = T(T (a,b),d) (Associativity)

Alternatively, a T-conorm (fuzzy union)[84, 108] ‘S’ is also a binary operation on [0, 1]

given by

S:[0,1] x [0,1] = [0, 1] (2.29)
defined by

(By U By)(x) = S (By(x), Bao(z))  Va€[0,1] (2.30)

Also, the mapping S’ further satisfies the boundary, monotonicity, commutativity and
associativity conditions.

The relation between ‘S’ and ‘7’ norms is given as
S(a,b)=1—-T(1—a,1—>b) Va,bel0,1] (2.31)

A class of fuzzy intersection (t-norm) is obtained if t-norm also satisfies the additional
axioms [84, 108], i.e.,

Axiom 5: 7T is continuous function (Continuity)

Axiom 6: T (a,a) < a (Subidempotency)

Axiom 7: If a1 < ag and by < by implies T (a1,b1) < T (az,b2)  (Strict monotonicity)

Similarly, for t-conorm, Axiom 6 is replaced by S(a,a) > a and is called superidempo-
tency.

A continuous t-norm that satisfy the subidempotency i.e., T(a,a) < a is called an
Archimedean t-norm(AT)[108]. If it also satisfies the strict monotonicity then it is called
strict Archimedean t-norm. On the other hand, a continuous t-conorm that satisfy the
superidempotency i.e. S(a,a) > a is called an Archimedean t-conorm(AC)[84, 108]. If it
also satisfies the strict monotonicity then it is called strict Archimedean t-conorm.

Furthermore, strict AT and AC can be expressed in the form of continuous function

y:[0,1) = [0,1] and 2 : (0,1] — [0, 1] respectively for a,b € [0, 1] as
T(a,b) =27 (2(a) + 2(b)) and S(a,b) =y~ (y(a) +y(b))

where z(or y) is a decreasing(or increasing) function with z(1) = 0, y(0) = 0 and z(a) =
y(1 — a). However, some standard union and intersection form for a,b € [0, 1] are defined

as [84, 108]:
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(i) Standard intersection and union

T (a,b) = min(a, b) ; S(a,b) = max(a,b)

(ii) Algebraic product and algebraic sum

T (a,b) =ab ; S(a,b) =a+b—ab

(iii) Bounded Difference and Sum

T (a,b) = max(0,a+b—1) ; S(a,b) = min(1,a + b)

(iv) Drastic intersection and union

a ;whenb=1 a ;whenb=0
T(a,b)=4b ;whena=1 ; S(a,b)=<b ;whena=0
0 ;otherwise 1 ;otherwise

(v) Yagar class of t-norm and t-conorm

T(a,b) =1 — min <17 [(1—a)+(1-— b)p]l/p) :
S(a,b) = min [1, (aP + bp)l/p]
where p > 0.

Apart from them, some other well known ATs and ACs with their generator function

are summarized in Table 2.1 [84, 108].

Table 2.1: Some AT and AC with their relative additive generators

Name T-norm Additive generator S-norm Additive generator
T (a,b) z(t) S(a,b) y(t)
Algebraic ab —log(t) a+b—ab —log(1—1t)
Einstein 1+(1+.b)(1—b) log (%) J‘ffb log %)
Hamacher (y > 0) m log (M) %_(j);g)ab log (W)

a_ b_ 1—a_ 1-b_
Frank(A > 1) logy <1 + W) —log (%) logy <1 + W) —log (%)




Chapter 3

Distance measure between type-2
intuitionistic fuzzy sets and its
applications to decision making
process

In this chapter, we presented the notion of the type-2 intuitionistic fuzzy sets (T2IFSs)
and formulated a series of distance measures between two T2IFSs by using geometric and
Hausdorff metrics. Also, several desirable relations between them are defined. Later, we
present an efficient method based on the developed distance measures to solve the MADM
problems under the T2IFSs environment where the information related to each object
is taken in the form of Type-2 intuitionistic fuzzy numbers (T2IFNs). The method is

explained with a practical example and compared their results with the existing studies.

3.1 Introduction

In real life, most of the mathematical problems do not contain complete or exact infor-
mation about the given problem and hence there is a big task for the decision maker to
handle it before analyzing the problem. These inexact information has been handled by a
theory of fuzzy set (FS) [166] and their corresponding extensions such as an intuitionistic

fuzzy set (IFS) [7], type-2 fuzzy set (T2FS) [167] and so on. In the literature, various

IThe content of this chapter is published as “Distance measures between type-2 intuitionistic fuzzy sets
and their application to multicriteria decision-making process”, Applied Intelligence, Springer 46 (4), 788
- 799, 2017, doi: 10.1007/s10489-016-0869-9 (SCI: Impact Factor: 2.882).
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researchers [40, 44, 55, 159, 161] have analyzed the decision-making problem under FS as
well as IF'S environment either by using AOs or information measures. Among them, the
distance measure is the function that gives the degree of discrimination among the two
objects. In the literature, several distance measures are proposed by the researchers to
solve the decision-making problems by utilizing the uncertain and fuzzy information. For
instance, Szmidt [136] presented distance and similarity measures for IFSs and applied
them to various decision making problems. Shen et al. [129] proposed a novel distance
measure and discussed its various properties and further developed a TOPSIS (“technique
for order preference by similarity to ideal solution”) based on the proposed measure. Ye
[165] put forward two similarity measures based on cosine functions. Song et al. [134] pro-
posed a measure of similarity for IFSs and applied it to medical diagnosis problem. Garg
and Kumar [58] presented the TOPSIS method based on exponential distance measures

for solving MAGDM problems.

Since in the above-mentioned work, researchers have considered as a crisp membership
function to its element. However, in many situations, uncertainty is not probabilities in
nature but it is imprecise or vague in nature. To address it, the concept of T2FS [98], an
extension of F'S, in which membership values are type-1 FSs on [0,1] is developed. In T2FS,
there is an additional membership function which provides an additional degree of freedom
to the practices to model the uncertainties. In T2FS, each element is characterized by
the degrees of the primary, secondary and a footprint of uncertainty (FOU). It has been
observed from the above analysis that they have conducted an analysis by considering the
degree of acceptance of an element only. But, in the real world, it is not possible for a
decision-maker to give their preferences toward the object under the different parameters
in terms of only the acceptance region (membership degree). Thus, for handling this, there
is a need for the degree of non-membership degree (rejection degree) such that the sum
of its membership and non-membership degree is less than or equal to one. Therefore to
overcome it, a degree of membership, non-membership and their corresponding FOU have
been considered during the present analysis and called a theory as a type-2 intuitionistic

fuzzy set (T2IFS).

Considering the fact the T2IFS has a great powerful ability to model the imprecise
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and ambiguous information in real-world applications and the distance measure is one of
the information measures to measure the degree of discrimination between the two sets.
Therefore, by keeping the features of T2IFSs and the distance measures, it is vital to
amplify some new distance measures to process the T2IFSs in MADM methods. In this

light, the main objectives of this chapter are listed as follows:
1) to introduce some new distance measures under T2IFSs environment;

2) to create an algorithm to illuminate group decision-making issues with proposed mea-

sures;

3) to exhibit an illustration where the significance of preferences based on T2IFS decision

problems has been clarified.

3.2 Type-2 Intuitionistic fuzzy set

Definition 3.2.1. A type-2 intuitionistic fuzzy set A in the universe of discourse X is set
of pairs {x, pa(x),vs(x)} where x is the element of T2IFS, p4(z) and v4(x) are the grade
of the membership and non-membership respectively which are defined in the interval [0, 1]

as

pale) = [ fetwnfea s va@ = [ tloafea
xejl z€ 52
where fy(u4) and t;(u4) are named as secondary membership function (SMF) and sec-
ondary non-membership functions (SNMF). In addition, u 4, v.4 denotes the primary mem-
bership function (PMF) and primary non-membership functions (PNMF) and j!,j2 are
named as the PMF and PNMF of x, respectively.

In other words, T2IFS A in the universe of discourse is defined as

A= {<($,UA,UA),fx(uA),tm(vA)> |z € X,ua € jr,va € ]3}

where the element of the domain (z,u4,v4) called as PMF (u4) and PNMF (v4) of x € X
while f,(u4) and t,(v4) be the memberships of the PMF and PNMF called as the SMF

and SNMF respectively where uy € j1 C [0,1], v4 € j2 C [0,1]. For convenience, we
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denote this pair to be A = (z, (ua, fo(ua),va,tz(v4))) and called as type-2 intuitionistic

fuzzy number (T2IFN).

Example 3.2.1. Consider a set of object X = {x1, x2, x3, 24, x5} and variable “beautiful”.

Then, a T2IFS A is given as follows:

((21,0.8,0.2), (0.5,0.4)), ((2,0.3,0.4), (0.3,0.1)), ((x3,0.7,0.2), (0.2,0.2)),

((24,0.5,0.2), (0.8,0.1)), (x5, 0.6,0.3), (0.5,0.2))

A:

The diagrammatic representation of the proposed T2IFS corresponding to A is shown in

Figure 3.1.
Sfa(ua) tz(vA)
0.8 | 0.4
\ I
A I
\
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(a) Membership function (b) Non-Membership function

Figure 3.1: Diagrammatic representation of the T2IFS

IN

Definition 3.2.2. Let Ay, A2 be two T2IFSs then A; C Aj if and only if 0 < f,(u4,)

N

Jo(ua,) < 1,Vus,ug, € jy C[0,1] and 0 < to(ug,) < te(ua,) < 1,Voa,,v4, € j2 C

0, 1].

Definition 3.2.3. The variance margin function (VMF) of T2IFS is defined as the
difference between PMF and PNMF, and SMF and SNMF. It is denoted by & and n
i.e., for T2IFS A, variance margin functions are &4 =| ua(x;) — fz,(ua) | and na =|

vA(z) =ty (va) | Vi
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3.3 Distance measures between T2IFS

For a universal set X, denote F»(X') be the set of all T2IFSs. Then, we define the concept

of the distance measure of T2IFSs as follows.

Definition 3.3.1. Let D : F5(X) x F3(X) — [0,1] be a mapping, and let A; € Fy(X)
(1 = 1,2,3). Then D(A;p, As) is called the distance degree, if following conditions are
satisfied:

(P1) 0 < D(A, Ay) < 1
(P2) If Ay = Ay, then D(Ay, A3) =0

(P3) D(A1, Ay) = D(As, Ay).

(P4) If D(Ay, Ay) = 0, D(Ay, As) = 0, then D(Ay, Ag) =0

To compute the distance measures between the T2IFSs, we consider the FOU of the
PMF, PNMF, SMF, SNMF as well as variance margin between the functions. For conve-
nience, two T2IFSs A; and Ajg defined in X are denoted by A; = (z, (ua,, fz(ua,),v4,,
tz(va,)) | x € X) and As = (2, (uay, fo(uay), VA, t(va,)) | © € X). Then, measures

between A; and Ay based on the geometric distance model is given as.

(i) The Hamming distance:

‘ufh (ml) - UA2(xi)’ + ’fiz(u.ﬁh) - fSEz (’U’AQ)’
Di(Ar, Az) = Z + [€as (i) — Eag (@) | + [va, (w5) — v, (@) (3.1)

'L:l
+ |twi (U-Al) —tg, (UA2)| + ‘77./41 (ml) — NA, (xl)’

(ii) The normalized Hamming distance:

g (i) = way ()] + | fr, (way) = foi (ua,)]

1
Dy( A1, A2) = ™ A 164y () — Eay ()| 4 Jv.a, (w5) — va, (1)) (32)
=1

3

+ ‘tifz' (U-Al) —tg, (vAz)‘ + ’77./41 (xz) — NA (xz)’
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(iii) The Euclidean distance:

(NI

i uay (23) = way ()| + | foi (wny) = foi ()
D3( A1, Az) = i Do+ lea @) — Eap(@a)l? + lva, (@) — vag (20) 2 (3.3)
=1
+ |tJ»‘i (UA1) — Ly, (UAz)‘Q + ‘77./41 (xl) — A, (mZ)P

(iv) The normalized Euclidean distance:

N

[, (20) = wag (20)* + o, (way) = fo, (ua,)®

n

Dy(Ar, Az) = ﬁ D+ lea (@) — Eay (@) 2 + o, (1) — vy (22)]? (3.4)

=1
+ |tJ»‘i (UA1) —tg, (UAz)‘Q + |77A1 (xl) —TA, (‘TZ)IZ

Next, we show that the above defined measure Dy (A1, A2) for k = 1,2, 3,4 satisfies

the certain properties which are stated as below.

Theorem 3.3.1. The distances Dy (A1, A2), (k = 2,4) between two T2IFSs A; and A,

satisfies the following properties:

(P1) 0< Dy(Ar1, As) < 1.

(P2) Tf A, = As, then Dy( A, As) = 0.
(P3) Dy(Ar, Az) = Di(Az, Av).

(P4) If Dy(A1, A2) =0, Di(Ay, A3) = 0, for Az € F»(X) then Dy (A2, A3) = 0.
Proof. For p =1,2, we have

(P1) Since A; and Ajg are T2IFSs, we have, |u4, (z;)—ua, (i) |[P > 0,| fz, (w4, )= fz, (ua,) [P >
0,[€a, (@) — Ean (@) [P = 0, oay (2) — vay (@) P = 0,[ta, (va,) — o, (va,)[P > 0, and
04, (i) = nay ()P = 0, Thus Jua, (2i) — way ()P + [fa; (wa,) = foi (wa) P +
Sy (i) = Ean ()P + vy (@) — vag (@)P + [te; (var) = ta; (V)P + [0y () —
NA,(x;)|P > 0, which implies that Dy(A;1, A2) > 0. Further, |ua, (z;) — ua,(z;)P <
L[ fai (v )= fao; (uan) [P < 116, (@) =€ () [P < 1, vy (w6) —vap () [P < LJte; (v4,)—
tz;(Va,)|P < 1, and |14, (x;) — na,(x;)|P < 1. Therefore, i lua, (i) — ua,(z:)|P +
| foi(way) = fa, (uas) [P+ €4, (27) — Ean (@) [P + [0, (25) Z:l’UAz(wz‘ﬂp + [te; (va,) —
ta, (Van) [P+ [nay (i) = nag (23) [P < 4, = Dy(Ar, A2) < 1. Thus 0 < Dy( Ay, Ap) < 1.
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(P2) Di(Ar, Az) = 0,4 |ua, (@) —uay (@) [P + | fa, (war) = fa, (wan) P + [€a, (i) =€z (24) [P
+ |UA1 (xi)_vfb (ml)’p + |t€Bi (U.Al)_tzi (UA2)‘p + |77A1 (:Ei)_nfb (xl) P=0« UA, (xl) =
U.Az(l‘i)’ fxi(u-Al) = fCL‘z‘(uAQ)v 'S.Al(a:i) = fAz(xi)a U.A1(xi) = UAQ(xi)7 txi(vAl) =

tz;(VAy)s May (i) = na,(2;). Therefore, A; = As.

3

(P3) Di(A1, Az) = 4 . <\UA1 (i) = way (€)[P + [fa, (uar) = fa; ()P + 1€ (1) —

)

I
—_

5A2($i)|p + |U.A1(xi) - UAQ(‘TZ'HP + ’tﬂci(vu‘h) - tﬂci(vu‘b)’p + |77A1($i) - 77./42(xi)|p>
= ﬁ é <|u¢42(xl) - U.Al(xi)‘p + ’fxz(u.»‘\z) - fmi(u-Al)’p + ’£A2($1) - gAl (ml)|p +

‘UAz (xl) — VA (xl)’p + ’tivi(v.Az) - tﬂ?i(v-Al)’p + |77A2 (xl) —nNA (xz)‘p> - Dk(A27A1)

(P4) Now Dy (A1, A2) = 0 = un, (i) = ua, (24), fa,(ua,) = fo,(uay), €a, (@) = Ea, (i),

v, (@i) = v (2i), ta, (V) = to, (Vas), 1A, (@i) = Nag(zi) and Di(Ar, Az) = 0 =
uay (7)) = uas(@i), fo(ua) = fo,(Uay), Eay(xi) = Ea5(@0), va, (@) = vay (i),
te; (V) = to,(VAy), MAy (T3) = 1ay(7;) therefore, ua,(:) = way (i), fa,(ua,) =
foi(uay), Eax(@i) = Eag(@i), v, (@) = vay (%), ta,(vay) = o, (vas), A, (@i) =
Nas(zi) = Di(Az, A3) = 0.

Hence, Dy(A1, Az), (k = 2,4) are valid distance measures for T2IFSs. O

Theorem 3.3.2. Measures D; and Dj satisfies the following properties:

1)0§’D1§Tl

N

2) 0<Ds<n

Proof. Tt can be easily obtain that D (A1, A3) = nDa(A;,.A2) and thus by Theorem 3.3.1,
we get 0 < Dp(Aj1,.Az) < n. Similarly, we can obtain 0 < D3(A;, A2) < ne. O

However, in many practical situations, the different set may have taken different
n

weights and thus, weight w;(i = 1,2,--- ,n) with w; > 0, > w; = 1, of the element
i=1

x; € X should be taken into account. In the following, we develop a normalized weighted

Hamming and the normalized weighted Euclidean distance measure between T2IFSs.
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(i) The normalized weighted Hamming distance:

" |’LL_A1 (xl) — UAy ($1)| + |f$1(u¢41) - fwz(uA2)|
Ds5( Ay, Ag) = i Dowi | 1€y (@) = Ean ()| + [, (1) — vy ()] | (3:5)
=1

+ i (Var) =t (Va5) | |04y () = g ()]

(ii) The normalized weighted Euclidean distance:

(SIS

’u/h (:L‘l) —UA, ($1)|2 + |fwz(u.z41) - fxi(u.Az)’Q
1 n

D (A1, Az) = in Zwi 1€y (i) = Eay ()P + [va, (@:) — vay ()7 (3.6)
=1

+ ‘tzi (vfh) —tg; (UA2)‘2 + ‘77A1 (xz) —TNA, (-%)’2
Theorem 3.3.3. The measures Dy and D5 satisfy the inequality D5 < Dy for all T2IFSs.

Proof. For any two T2IFSs A; and A and w; > 0 be the weight vector of x; € X such

n
that > w; =1 then by Definition of D5, we have
i=1

g (i) = way ()] + | fr, (way) = fai (un,)]

D5(A1, A2) = 41nznzwz‘ HEas (1) = Eap (i) + [0, (i) — v, ()]
- Flte; (vay) = ta; (vag)| + 104, (23) — 14, (24)]
wa, (1) = way (@1)] + | far (wa,) = fa, (ua,)]
= | Hea (@) = Ea ()] + Jva, (21) — va, (21)]
Flte, (Vay) = tay (V,)] + |4, (1) — N, (21)]

sy (72) = way (22)| + | fan (way) = fan (wa, )]

+ e +€a, (22) = Ea, (22)] + [v.4, (T2) — VA, (72)]

Fltay (VA1) =ty (V4)] + 7041 (22) — 7045 (22)]

[ua; (®n) = way (Tn)| + [fo, (way) = fa, (wa,)]
+ %w" +‘§A1 (‘rn> - §A2 (xn)| + ‘U.Al ($n) — VA, (l'n)‘

+‘t$n (vAl) - tafn (U-AQ)’ + ’TI-AI (xn) - T]AZ (xn)|



Since w; € [0, 1], thus for each i, we have
wa, (i) = way (@) 4 [ fo; (wa,) = fo; (va,)]
Wi | HEay (i) — L (@) + [vay (i) — va, (i)
Flta; (vay) = ta; (vag)| + |nay (@) — 1y (7))
|uay (i) — way (@) + [ o, (wa,) = fa; (ua, )]
S| FlSa (i) = San ()| + [va, (i) — vy (24)]

+|tl“¢ (UAI) —tg, (UA2)| + |77.A1 (xl) — NAs (wl)’

Therefore, we have
|UA1 ($1) — UA, (.1‘1)’ + |f931 (uAl) - fﬂil (UA2)|
1
Ds(Ar,Az) < | e (o) = Eas(@)] + Jva, (21) — vay (1))

"Htém (U«‘h) —tgy (U-AQ)’ + !77,41 (1‘1) - nAz(xl)‘

|y (22) = wa, (22)] + | fn (way) = fan (uns)]
T | Tl (e2) = Eas(2)] + [va, (22) — va,(22)]

+|tl“2 (U-Al) —ta, (UA2)| + ‘7]./41 (1'2) — NAs ($2)|

sy (n) = way (@) + [ fon (war) = fr, (ua5)]
o | Tla(@n) = Ean(@n)| + [vay (2n) = va, ()]
e, (041) = tay (V4)] + 141 (20) = 045 (20))]

‘U’-Al (ml) - qu(xi)‘ + ‘fmz (u-Al) - f%(ufb)‘

3

1
S FEay (i) — Eay (w0)] + |va, (0) — va, (24)]
i=1
+|t9€i (UA1) - tJ»‘i (UA2)| + \UAl (‘rl) —NA, (ml)|
= Dy( Ay, Ag)

31

Hence D5(Aq1,Az) < Dy(A1, Az). Since Ay and Ajy are arbitrary T2IFSs and therefore

D5 < D, for all T2IFSs.

O

Theorem 3.3.4. The measures D, and Dg satisfy the inequality Dg < D, for all T2IFSs.

Proof. Similar to Theorem 3.3.3, so we omit here.

O]
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Theorem 3.3.5. For three T2IFSs A1, As and A3 and w; > 0 be the weight vector of the
element z; € X, then the weighted distance D (A1,.A2), (k = 5,6) satisfies the following

properties:

(P1) 0 < Dy(A1, A2) < 1.
(P2) If A; = Ay, then Dy (A1, As) =0 .
(P3) Di(A1, A2) = Dy (A2, A1).

(P4) It Dk(AhAQ) = 07 Dk(AlvA?)) = 07 then Dk(A27A3) =0.

Proof. For any two T2IFSs A;, Ay and weight vector w; > 0 with i w; = 1, we know
that D5(A1,Az) < Da(Aq, . Az) by Theorem 3.3.3. Further, it followsz?rlom Theorem 3.3.1
that 0 < Dy(A;1,A2) < 1 and hence we get 0 < D5(A1,.A2) < 1 which implies that Ds
satisfy (P1). Further, we can easily obtain that Ds(.A1,.A2) satisfy the properties (P2)-
(P4). Hence, D5 defined in Eq. (3.5) is a valid distance measure for T2IFSs. Similarly, we

can obtain that Dg defined in Eq. (3.6) is a valid distance measure. Hence, the result. [

Theorem 3.3.6. The distance measures Dy and D, satisfies the inequalities /Dy > Dy
for T2IFSs.

Proof. For any two T2IFSs A; and Ag, we have 0 < ug,,u4, < 1,0 < vg4,,v4, <1,

0 S fl’l(uAl)?fCCz(uAg) S 17 0 S t$i(v./41)7twi(v¢42) S 17 0 S §A17£.A2 S 17 0 S A1, A2 S 1.
Thus, we get ‘UA1_UA2’2 < ’u-Al_u-A2|7 ‘UA1_UA2’2 < "UAl_’UAzya ‘fmi(uA1>_f$i(uA2)|2 <
’fxi(uAl)_fxi(uA2)|a |tI¢(UA1)_t$i(UA2)‘2 < |tmi(v.41)_tx¢(v¢42)|a |£A1_£¢42‘2 < ‘5-41 _£A2|7

n4; — N4, | < N4, — Na,|. Hence, by definition of Dy, we get

N

|’LLA1 (xl) — UA, ($Z)|2 + |f931(u«41) - fwi(uA2)|2

n

1
Dy(A, A2) = |~ Do | e (@) — Ean @) 2 + oy (@) — vag (2:)]?
=1

+’t$i(v.41) - t$i(UA2)’2 + ’nfh (1'@) — NA ($Z>‘2

N

g (i) = way ()] + | f, (war) = fai (ua,)]

n

1
2 | e (i) — €y )+ o, (1) — vy (@)
=1

IN

L Fta (vay) = to (va,)| + 04y (1) — 14, ()]
= /Da(A1, Az)
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Since, A; and Ay are arbitrary two T2IFSs and hence we get /Do > Dy, which is the

required result. ]

Theorem 3.3.7. The distance measures Dy and Dg satisfies the inequalities Dg < 1/Ds
for T2IFSs.

Proof. Similar to Theorem 3.3.6, and hence we omit here. O

Theorem 3.3.8. For T2IFSs, the distance measures Dy and Dg satisfies the inequalities

De < V/Ds.

Proof. For any two T2IFSs A; and As, w; > 0 be the weight vector of x; € X with
n
> w; = 1. Then, by the definition of Dg, we have

i=1

|U.A1 (ml) —UA, (:L‘l)|2 + |fx7,(uv41) - fl“i(uA2)|2
Do(A1, A2) = |~ 2 Wi | Héa () = Ea, (@) + v, (23) — va, (@)

i, (Va) = ta, (Va,)17 + [, (1) = 1, (20)

|’LL_,41 (:El) — UA, ($1)|2 + |fxz(uAl) - fxi(uA2)|2

IN
|

I 2 | e @i) = s (@) + vy (i) — vay ()

+’t$i(v¢41) iz (UA2)’2 + ’77A1 (1‘2) —TNA, ($z>‘2
Further, T2IFSs A; and Ay, we have 0 < wg,,uq, < 1, 0 < vg,v4, < 1, 0 <

Joi(uay), fo,(ua,) < 1,0 <ty (va,)te,(va,) < 1,0 < €458, < 1,0 < may,na, < L

Hence, by using the property that for any a € [0, 1], we have | a |*<| a |. Thus,

|uA1 (xl) — UA (xl)| + |fx7,(u-Al) - fxz(uA2)|
1 n
Do(A1A2) < | =D | Hea (@) — Ea (@)l + Joa, (@) — vay ()]
i=1

Ftz; (Vay) = ta, (V)] + 104y (20) — 14y (74)]
= Dy( A1, A2)

Since A; and A are the arbitrary sets and hence we get Dg < /D5 holds for all T2IFSs.
O
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Hung and Yang [72] proposed a Hausdorff metric for two intervals A = [a1,as] and

B = [b1, ba], as follows:
DU :max{|a1 —aﬂ,‘bl —bg‘} (3.7)

Now, for any two T2IFSs A; and As over X = {x1, 2, - ,x,}, we propose the following

utmost distance measures:

(i) utmost normalized Hamming distance

|UA1 (wl) - qu(xi)‘a |f$z(uA1) - fwi(uA2)|7
1 n
DY = =) max | |, (@) — &y (@), [, (@) — vy (@), (38)
=1

e (VA1) = o (V) s [0, (0) = 745 (23))
(ii) utmost normalized weighted Hamming distance

‘U.Al (xl) - UAQ(xi)|7 ‘fxz (ufh) - fu’vz (U.A2)‘7
1 &
Dg = % Z w; max ‘6.41 (ml) - 5«42 (xl)‘v |UA1 (xl) — VA, (wl)‘a (3'9)
=1

‘tmi (U.A1) —tg, (UA2)|7 ‘77.»41 (xl) — NAy (xl)|

(iii) utmost normalized Euclidean distance

[N

’u/h (:L‘l) - U.Az(xi)|23 |fx2(u-’41) - f$i(u¢42)|2’

1 n
DY = n Zmax (€, () — Eag (@) P, Jo.a, () — vy ()], (3.10)
=1

’tﬂﬂi (UA1) - tfﬂi(vAQ)’27 ‘77«41 (xz) — 1A, (xz)’2

(iv) utmost normalized weighted Euclidean distance

D=

|uA1 (xl) —UA, (xi)|27 ’fmz (uA1) - fmz (UAQ)‘27
T
DY = | o> womax | (4, (@0) — Ean(o) o (o) — o) || 31D
=1

’tﬂ?i (U-Al) - twi (UA2)|27 ‘77./41 (xz) —1NA, (1’1)’2

Theorem 3.3.9. For Ay, Ay € F5(X), DkU (k =1,3) are the valid distance measures.
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Proof. For two T2IFSs Ay, Ay € F5(X) with n attributes. Then we have to prove that
DY (k = 1,3) satisfies the properties (P1)-(P4) as described in Definition 3.3.1. For it,

let p=1,2 then we have

(P1) Since A; and Ajg are T2IFSs, we have, |u4, (z;)—ua,(i)|[P > 0,| fz, (w4, )= fz, (us,) [P >
07’&41 (331) - gAz(xi)’p >0, ‘U-Al (‘rl) - UAQ(xi)‘p > 07‘t1'i(UA1> - tIi(UAz)‘p > 0, and

[, (zi) — na,(x;)|P > 0. Thus, we have

‘u-Al (ml) — UA, (mi)’p7 ‘f&?z (uA1> - fa?z (UA2)|pa
(*Ala AQ Z max ‘§A1 (xz) - E.AQ (xiﬂp? ’vA1 (xl) — VA, (xi)|pﬂ >0

‘tﬂ?i (vAl) - tﬂ&i (U.AZ)’p7 ‘77./41 (xz) — 1A, (xz)’p

Further for T2IFSs, we have |ua, (@) — ua,(zi)|P < 1, |fz,(ua,) — fo,(ua,)P <1,

|§«41 (wl) - §A2(xi)’p <1, |’UA1(xi) - ’U.Az(xi”p < 17|tzi(v.z41) - tfvi(U.A2)|p < 1, and

|4, (zi) — n.a,(x;)|P < 1. Therefore, we have

|UA1 (:Ul) — UA, (xi)’pa |f$7, (U.Al) - fl'z (UA2)|pa
Dy (A1, Az) = Z max €y (%) = Ean ()P, vy (25) — v ()P, | =1

‘tﬂfi (UA1) — 1 (’UA2)’p> ‘77.41 (xz) — A, (xz)’p

Hence, 0 < DkU(Al,.Ag) <1

(P2) Let DY (A1, Az) = 0, < max {|ua, (z:) —uay ()P, | fo, (wa,) = fo, (wag) Py |€a, (2:) —
Ea (@), loay (@) = vy (2P, (0.4,) = Loy (0a)IP, Iy (22) = s (2P} = 0
ua (i) = upy (i), foi(va) = foi(ua,), Ea(wi) = Eap(i), va(zi) = va, (i),

2, (VAs), MA, (25) = N4, (25). Therefore, Ay = As.

txz (UAI )

(P3) Dlg(A1>A2) = in XZ: aX{|UA1 (xl) - UAQ(xi>’p7 |f$1(u¢41) - fxi(uA2)|p7 ’&41 (xl) -

§A2 ($i)|p’ ‘UAl (xi)_v.Az (‘Ti)‘pv |txi (U.Al)_txi (U.Az)’pv |77«41 (xi)_n.AQ (xl)|p} = ﬁ gnlmax
{’qu(xi)_uu‘h (xi)‘p7 ’fﬂﬁz (u-AQ)_fiUi(u-Al)’p7 |€A2(xi)_§-41 (xi)‘p7 ‘U-AQ (xi>_vv41 (xiﬂp?
|t-'Ei (UAz) — ta, (’U.A1)‘p7 |77A2 (wl) — A, (xl)|p} = DIICJ(A27 -'41)
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(P4) When DY (A;, As) = 0 which implies that ua, (2;) = uay (2:), fo,(ua,) = fo(uay),

Sy (i) = (), vy () = vy (2), ta; (vay) = Ty (VA), My (%) = Ny (i), Fur-
ther, for Dy(A1,A3) = 0 implies that w4, (x;) = vwag(xi), fo,(ua,) = fo,(Uas),
Ear (@) = Eag(@i), vay(@i) = vay(i), to,(var) = ta,(Vag), na (@) = nay (i)
Therefore, we get ua,(xi) = uas(wi), fo;(way) = fo;(uas), Sax(@i) = Eas(wi),
VA, (Ti) = VA (x5), tz;(VA,) = ta; (VAs), N4y (Ti) = Nas(zi) and hence by definition of
Dg for k = 1,3, we get Dg(Ag,Ag) =0.

Hence, the measures Dg(k‘ = 1,3) are the valid distance measures. O

Theorem 3.3.10. For A;, Ay € F»(X), DY and DY are the distance measure.
Proof. Follows from Theorem 3.3.9. O
Theorem 3.3.11. For Ay, As € Fy(X), DY, DY and DY, DY respectively satisfies follow-
ing inequalities.
1) DY < DY.
2) DY <DY.
Proof. Tt can be easily follows from the definition of utmost measures as w; € [0, 1] for all
i. O
Theorem 3.3.12. Measures D{J and Dy have the following inequality Dy > D{J for
T2IFSs.
Proof. Since for any positive numbers a;,i = 1,2,--- ,n, i a; > mlax{ai}. Thus, for any
two T2IFSs A; and A, we have =
. lua, (i) — wa, (@)] + | fa; (way) — fa; (vay)]
Do(A1, Az) = ﬁ 21 F8as (@) = L (i) | + vy (26) — vy (@4)]
T\ ) 0] + I, (@) — ()

|y (26) = vy (@3)], | fa; (way) = fo, (way)l;
1 &
o™ ;max € () = Eag ()l 0., (5) — vty (),

|t1‘i (v«‘h) — la; (UA2)‘7 |77A1 (IZ) — NA (xl)’

Y

= DY (A, Ay)
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As Ay and A are arbitrary T2IFSs, so we have Dy > ’D? holds for all T2IFSs. O

Theorem 3.3.13. The measures Dg and D, satisfies the following inequality Dy > Dg
for T2IFSs.

Proof. Follows from Theorem 3.3.12 O

Theorem 3.3.14. Measures Do, D5 and DY satisfies the following inequalities:

D5+DY
—5t.

2) Dy > /Dy - DY.

Proof. For T2IFSs, we have Dy > D5 and Dy > DY. So by adding these inequalities, we
get Dy > D5-5D§’7 while by multiplying them, we get Dy > /D5 - DY. O

1) Dy >

3.4 Group decision making method with T2IFSs based on

distance measures

In this section, we develop a method by using the proposed distance measures to solve the

MADM problems under the T2IFS environment.

3.4.1 Distance measure based approach

Assume a decision making problems which consists of “t” different alternatives A1, As, ...,
A;, evaluated under the “n” attributes denoted by G1, Ga, ..., Gn. Let w = (wy, wo, ..., wy)7,
satisfying w; > 0 and Zn: w; = 1 be the weight vector of the attributes G;. These given
alternatives are evaluabtzeid1 by a set of the “I” decision makers DMy, DMao, ..., DM; under
the environment of T2IFS where characteristics of each alternative is accessed in terms of

a PMF, SMF, PNMF and SNMF. To find the finest alternative(s) among the given ones,

the proposed method has been described with the following steps:

Step 1: Arrange the decision makers’ preferences in terms of PMF, SMF, PNMF and
SNMF for each alternative A;(i = 1,2,...,t) with respect to attributes G;(j =
1,2,...,n).
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Step 2: Compute the distance measure between the decision maker DMy (k =1,2,...,1)
and the null decision N, i.e. D(DMy,N), where N is a decision of the deci-
sion maker, having zero PMF and SMF while one PNMF and SNMF for each

alternative A; corresponding to each attribute G;.

Step 3: Find the maximum value of the distance measure corresponding to decision maker
DM and hence construct the type-2 intuitionistic fuzzy alternative A;,i = 1,2,...,t

by corresponding maximum value of distance measure D.

Step 4: Compute the distance measure between the alternative A; and the null decision

N by using the developed measures between the T2IFSs, i.e., D(A;, N).

Step 5: Rank the alternatives A;(i = 1,2,...,t) based on the measurement values of the

distances and select the most desired one(s).

3.4.2 Numerical example

The above developed method is explained with a numerical example as follows:

Consider a decision-making problem in which a person wants to invest some money into
the market. For it, they bought a certain panel of experts (DM, DMy and DM3) having
weight vector is (0.40,0.35,0.25)7. The choice for a person to invest the money in one of
the following possible five alternatives namely, A; (“ car company”), Ay (“food company”),
As (“computer company”), Ay (“arms company”) and A (“tire company”). The investor
takes a decision under the different attributes namely, G;(“the risk analysis”), Ga (“the
growth analysis”), Gs (“the environmental impact analysis”) and G4 (“the available space”)
whose weight vector is (0.35,0.30, 0.20, O.15)T under the T2IFS environment. To evaluate
these alternatives, a group of the panel decides to rates them in terms of the linguistic
grades of PMF, PNMF, and SMF, SNMF, which are summarized in Table 3.1. Then, the

steps of the proposed method are utilized to access the best alternative(s) as follows:

Step 1: The rating values of each decision maker DMy (k = 1,2, 3) based on their knowl-
edge and experience towards the evaluating of the given alternatives are summa-

rized in Table 3.2.
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Table 3.1: Linguistic grade and corresponding PMF SMF, PNMF and SNMF values

Grades PMF /SMF values | Grades PNMF /SNMF values
Very Poor(VP) 0.0 Very Good (VG) 1

Poor (P) 0.2 Good (G) 0.7
Medium Poor (MP) 0.4 Medium Good (MG) 0.5

Fair(F) 0.5 Fair (F) 0.4

Medium Good (MG) 0.7 Medium Poor (MP) 0.2

Good (G) 0.9 Poor (P) 0.1

Very Good (VG) 1.0 Very Poor (VP) 0.0

Table 3.2: Graded values of the alternatives corresponding to each attribute

DM, DMy DM3

PMF SMF PNMF SNMF PMF SMF PNMF SNMF PMF SMF PMNF SNMF

A VG MG VP MP G VG P VP G MP P MG
Ay MG G p P G MG VP P F G F

G Az F MP MG G F P F P MP G MG
Ay MG MP F G F P F P VP G VG
As MG MP F MG MP MP MG G MG VP P
A VG VP P G MP P MG G MG P MP
Ay MG MG F G MG P MP P F G F
Gy Az G VG VP MG MP MP MG MP MG MG MP
Ay G MG MP MG MP MP MG MP F MG F
As VG G VP P F F F F MP MG MG MP
A VG MG VP MP G VG P VP G G P P
Ay VG MG VP MP G VG p VP VG G VP P
Gz Az VG G VP P G G P P MP MG MG MP
Ay VG G VP P G F P F MP MG MG MP
As G MP P MG MG MP MP MG MP MG MG MP
A VG G VP P G VG P VP G F P F
Ay VG G VP P G VG P VP VG MG VP MP
G+ A3 VG MP VP MG MG G MP P MP MP MG MG
Ay MG F MP F G F P F F MG F MP
As G MG P MP MG MP MP MG F MG F MP

Step 2: Without loss of generality, we utilize Dy to compute the separation measure be-

tween the decision makers choices of each alternative A;(i = 1,2,...,5) from its
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null decision N, i.e., Do(DMy, N). The results corresponding to them is repre-
sented in Table 3.3.

Table 3.3: Distance measures between Dy and N

Gi Go g3 G4

DMy DMy DMs | DMy DMy DMsg | DMy DMy DMsg | DMy DMs DMs

Ay
As
As
Ay
As

1.00 1.00  0.90 1.00 090  0.90 1.00 1.00  0.90 1.00 1.00  0.90
0.80 095 055 | 0.65 090 0.55 1.00  0.90 1.00 1.00 1.00 1.00
0.55 090 0.45 1.00 0.75  0.75 1.00 090 0.75 1.00 090 045
0.75 090 0.15 | 090 075  0.55 1.00 090 075 | 075 0.90  0.75
0.7  0.75 1.00 1.00 055 075 | 090 075 0.75 | 0.90 075 0.75

Step 3:

Step 4:

Step 5:

On

Find the maximum value of Do(DMy, N) from Table 3.3 for all alternatives
A, (1 = 1,2,...,5) corresponding to each criteria G;,(j = 1,2,3,4) and hence
construct the T2IFS alternative A; = {G;(ua,, fg, (Ai),v4,,tg,(Ai))} as

A = {Gi1(1,0.7,0,0.2),G2(1,0.9,0,0.1),G5(1,0.7,0,0.2),G4(0.9, 1,0.1,0) };

Ay = {G1(0.9,0.7,0,0.1),G5(0.9,0.7,0.1,0.2), G5(1,0.7,0,0.2), G4(0.9,1,0.1,0) };

(

(
As = {G1(0.9,0.5,0.1,0.4),G2(0.9,1,0.1,0), G5(1.0,0.9,0,0.1), Ga(1,0.4,0,0.5)};
As = {G1(0.9,0.5,0.1,0.4),G2(0.9,0.7,0.1,0.2), G5(1,0.9,0,0.1), G4(0.9,0.5,0.1,0.4) };
(

As = {G1(0.9,0.7,0,0.1),G2(1,0.9,0,0.1), G3(0.9,0.4,0.1,0.5), G4(0.9,0.7,0.1,0.2)}

Compute the measurement value of each alternative A; from the null T2IFS N by
using developed distance measure Dy and their corresponding measurement values
are obtained as Dy( A1, N) = 1.0000, Da( Az, N') = 0.9625, Do(A3, N') = 0.9750,
Do(Ag, N) = 0.8875 and Dy( A5, N') = 0.9675.

Based on these measurement values, we conclude that the A1, i.e., the car company

is the most suitable one to invest the money.

the other hand, if we apply the other developed distance measures such as Dy, Ds,

etc., for computing the best alternative(s), then Step 2 of the proposed approach has

been executed for each distance measures and hence their corresponding T2IFS set has
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been constructed. Finally, based on these sets, the rating value of the distance measures
corresponding to each alternative is computed and ranking has been done which are sum-
marized in Table 3.4. From this table, it has been concluded that the best alternative is

still A in all cases.

Table 3.4: Effect of the measures on to the final ranking order of the alternatives

Measures | Overall measurement values of A; from N Ranking

Ay As A3 Ay As order

D, 4.0000 3.8500 3.9000 3.5500 3.7500 | A; > A3z > Az >~ As - Ay
Dy 1.0000 0.9625 0.9750 0.8875 0.9675 | Ay > Az > Az > A5 >~ Ay
Ds 1.9097 1.8193 1.8432 1.6867 1.7349 | A; > Az > As > As > Ay
Dy 0.9539 0.9097 0.8639 0.8434 0.8675 | A; > Ay > A5 = Az = Ay
Ds 0.2500 0.2381 0.2412 0.2300 0.2194 | A; > A3 > Az >~ As > As
Ds 0.2144 0.1921 0.1919 0.1755 0.1648 | A; > Az > Az > As - As
DY 0.2500 0.2437 0.2437 0.2250 0.2375 | A; > A3 > Az >~ A5 = Ay
DY 0.0625 0.0584 0.0603 0.0544 0.0559 | A; > A3z > Az >~ As > Ay
DY 0.5000 0.4880 0.4880 0.4630 0.4757 | Ay > Az >~ A2 > A5 = Ay
DY 0.2500 0.2341 0.2415 0.2184 0.2247 | A; = Az > As = A5 = Ay

3.4.3 Comparative study

Since interval-valued fuzzy sets, type-2 fuzzy sets are the special cases of the T2IFSs
and hence in order to compare the performance of the developed methods with some
existing methods, a comparative studies based on interval-valued and type-2 fuzzy set
as proposed by the authors [10, 72, 130, 138, 150, 163, 169, 170] have been taken and
their corresponding results are summarized in Table 3.5. From this table, it has been
seen that the best company for investing the money is A; than others and this result
has been overlapped with the proposed results. Thus, the proposed technique can be
suitably utilized to solve the problem of decision-making problem than the other existing
measures. However, the considered theory under the T2IFS has different structure and

generalization of these existing theory. Therefore, the developed methods contain wider
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information towards the decision-making process and hence handle the uncertainty in a

more profitable way.

Table 3.5: Comparative analysis with the existing studies

Existing Techniques Ay As Az Ay As Ranking
Burillo and Bustince [10] 0.8000 0.8000 0.7500 0.7750 0.7500 | A; > Az = Ay = Az = As
Szmidt and Kacprazyk [138] | 0.8333 0.6042 0.7333 0.5063 0.5468 | A; = A3 > As = A5 = Ay
Hung and Yang [72] 0.6762 0.7278 0.3722 04771 0.4315 | Ay = A; = As = Ay = A;
Zeng and Li [169] 0.8000 0.7000 0.6500 0.5250 0.6000 | A; > Az = A3 = A5 = Ay
Zeng and Guo [170] 0.4000 0.4000 0.3750 0.3875 0.3750 | A; > A > Ay = Az = As
Yang and Lin [163] 0.1814 0.1414 0.0903 0.1176 0.1252 | A; = Ao = A5 = Ay = A3
Wei and Wang [150] 0.7843 0.5556 0.4707 0.3520 0.5556 | A; >~ Ay = A5 = A3z = Ay
Singh [130] 1.0000 0.9500 0.9750 0.8750 0.9250 | A; = Ag = Az > A5 = Ay

3.5 Conclusion

In this chapter, a family of Hamming, Fuclidean and utmost distance measures for T2IFSs
has been proposed by considering the PMF, SMF, PNMF, SNMF, FOU, and VMF. Several
desirable properties of these measures have been investigated in detail. Further, a ranking
method based on these measures has been proposed for solving group decision-making
problems and illustrated with a numerical example. The proposed method has more
fuzziness and uncertainties due to the fact that it uses type-2 intuitionistic fuzzy sets
rather than existed fuzzy sets. From the studies, it has been concluded that the proposed
results coincide with the ones, shown in existing approaches and hence place an alternative

way for solving the decision-making problems.



Chapter 4

Similarity measures between
type-2 intuitionistic fuzzy sets and
its applications to multiattribute
group decision making process

The objective of this chapter is to explore the theory of type-2 intuitionistic fuzzy set
(T2IFS) in which the membership degrees for each member of the object is itself an IFS.
In real life, most of the decision-making problems are always uncertain in nature and
difficult to represent it in terms of crisp or precise numbers. For handling such types
of information, T2IFS is one of the pioneer ways which provide an additional degree of
freedom to the decision maker to reach the decision and is a generalization of several
existing theories. Motivated from it, this chapter presents some families of the similarity
measures to measure the degree of similarity between the two or more T2IFSs. Further,
a group decision-making approach is explored based on proposed measures to rank the

alternatives and demonstrate with an example.

4.1 Introduction

Multiple attribute group decision-making (MAGDM) is the important content of decision-

making science, and its goal is to choose the best one from limited alternatives based on

!The content of this chapter is published as “Algorithm for solving group decision making problems
based on the similarity measures under type-2 intuitionistic fuzzy sets environment”, Soft Computing,
Springer, 24(10), 7361 - 7381, 2020, doi: 10.1007/s00500-019-04359-8 (SCI: Impact Factor: 2.784).

43
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decision-making attributes by multiple decision-makers (DMs). To access it, DMs can
express their preferences either by fuzzy variables as they are more suitable for human
cognitive activities. In recent years, some MAGDM methods have been proposed [38, 58,
129, 134, 136, 159, 165] based on the aggregation operators (AOs) and distance/similarity
measures for IFSs. In [159], Xu presented averaging AOs for different IFNs. Garg [38]

presented some generalized AOs for IFNs.

Similarity measure and distance measure are functions that give the degree of simi-
larity and discrimination respectively among the two objects. Entropy measure quantifies
the degree of fuzziness or uncertain information and the inclusion measure between two
sets gives the extent to which a set is contained in another set. All these measures of
information have been extensively explored by many researchers and scholars as vital top-
ics. For instance, Szmidt [136] presented distance and similarity measures for IFSs and
applied them to various DM problems. Shen et al. [129] proposed a novel distance mea-
sure and discussed its various properties and further developed a TOPSIS (“technique for
order preference by similarity to ideal solution”) based on the proposed measure. Ye [165]
put forward two similarity measures based on cosine functions. Song et al. [134] proposed
a measure of similarity for IFSs and applied it to medical diagnosis problem. Garg and
Kumar [58] presented the TOPSIS method based on exponential distance measures for

solving MAGDM problems.

Since in the above-mentioned work, researchers have considered as a crisp membership
function to its element. However, in many situations, uncertainty is not probabilities in
nature but it is imprecise or vague in nature. To address it, the concept of T2FS [98], an
extension of F'S, in which membership values are type-1 F'Ss on [0,1] is developed. In T2FS,
there is an additional membership function which provides an additional degree of freedom
to the practices to model the uncertainties. Some operations on T2FSs were studied in
[15, 17]. Later on, Mendel and Wu [101, 102] enrich the study of T2FS into the different
fields. Mitchell [106] rank the two different type-2 fuzzy numbers (T2FNs). Hung and Yang
[71] presented the similarity measure between T2FSs. In [130], authors presented some
similarity and distance measures for T2FSs. Apart from them, some other information

measures for T2FSs are presented in [153, 154, 163]. Further, a concept of interval T2FSs
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is proposed by Mendel et al. [99] and hence it is widely. Under these environments, many
methods have been developed to solve the decision-making problems by the scholars. For
more details, we refers to read the articles [14, 15, 75, 89, 118, 120, 147]. In these existing
studies, authors have considered only the membership degrees during the analysis. Later
on, a concept of T2FS is extended to type-2 IFS (T2IFS) by embedding the features of the
primary as well as secondary non-membership degree of an element. Further, under this
T2IFS environment, authors have presented some series of distance measures. Considering
the fact that the T2IFS is one of the pioneer ways to represent the uncertainty in the data
with some more degree of freedom to the decision makers and the similarity measure is
one of the information measures to measure the degree of similarity between the two sets.
Therefore, by keeping the features of T2IFSs and the similarity measures, it is vital to
amplify some new similarity measures to process the T2IFSs in MAGDM methods. These
contemplations motivated us to think about the following fundamental targets for this

chapter:

1) to introduce some new similarity measures under T2IFSs environment;

2) to create an algorithm to illuminate group decision-making issues with proposed mea-

sures;

3) to exhibit an illustration where the significance of preferences based on T2IFS decision

problems has been clarified.

To achieve objective 1 is achieved by proposing some new similarity measures based on the
geometric model and some new extensions of it to compute the degree of similarity between
the two or more T2IFSs. The working of the proposed measure is demonstrated through an
illustrative example. Further, we develop a multi-criteria group decision-making approach
by using proposed measures between T2IFNs to complete the 2nd objective. Finally,
the applicability of the proposed approach is demonstrated through a real-life numerical
example and a details analysis of the impact of the decision maker is carried out to finalize

the third objective.
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4.2 Novel proposed Similarity measures

For a universal set X', denote F5(X) be the set of all T2IFSs.

Definition 4.2.1. Let S : Fy(X) x F5(X) — [0,1] be a mapping, and let A4; € Fy(X)

(6=1,2,3). Then & is called the similarity degree, if following conditions are satisfied:
(P1) 0 < S(A1, Ay) < 1.

(P2) T Ay = Ay, then S(Ay, Ay) = 1.

(P3) S(A1, A2) = S(Az, Ay).

(P4) TF AL C As C A then S(A1, As) < S(A1 As) and S(A1, As) < S(As, Ay).

To compute the similarity measures between the T2IFSs, we consider the FOU of the
PMF, PNMF, SMF, SNMF as well as variance margin between the functions. For conve-
nience, two T2IFSs A; and Aj defined in X" are denoted by Ay = (z, (ua,, fz(us,),v4,,
tz(va,)) | * € X) and Az = (x, (uady, fo(ua,),va,,tz(va,)) | © € X). Then, measures

between A; and As based on the geometric distance model is given as .

Definition 4.2.2. If A > 1 be a real number, then

>l=

| UA, (ml) — UA (xl) |>\ + ’ fflii(uAl) - fﬂfi(u./b) |>\

1 n
Si(AnAz) = 1= | 2D wi |+ [ €a, () — Eaylan) P+ | va, (@) —va () || @D
=1

+ | la, (UA1) — g, (UA2) |>\ + | Ay (xl) — NA2 (‘rl) ‘/\

n
where w; > 0 and Y w; = 1.
i=1
In particular, if A = 1, then it becomes weighted Hamming similarity; if A = 2 then
it becomes weighted Euclidean similarity. If w = (1/n,1/n,...,1/n)T then it reduces to

normalized similarity.
Theorem 4.2.1. If A — 400, then similarity measure &1 reduces to

| uAl(xi> - u.AQ(‘ri) ‘7‘ faﬂi(ufh) - fﬂci(uAQ) ‘7

lim & ("41"'42) =1- HlZaX | €A1 (‘Tz) - EAQ (xz) |7 | VA, (xz) — VA, (37%) ‘7 (4'2)

A——+o00

| ta; (UA1) — g, (UAz) ‘7 | NA (xl) —NA (xl) |



Proof. Let | = max q | ., (m4)

of &1, we have

| way (i)

EZACY)

lim &;1(Ap,Az)

1 n
N ws
4; !

_UA2($1') ‘a| fxi(u-Al) - fxi(qu) |7

- t%‘(vz‘b) ‘7‘ NA; (xl> —NAs (ml) ’

| UAy (xl) - qu(:L‘i) |>\ + | fxz (U.Al) fxz(uA2) |>\
+ | €y (i) = () N+ vy (m0) — vy () [P

+ ’ la, (v-Al) — tg, (U-A2> ‘)\ =+ | Ay (:UZ) NA2 (xl) ’)\

A—~+00
= lim
A—400
= lim [1-1
A——+o00
_ R 1
=1 ZABTOO (4)
= 1-1

A—+o00 i=1

i.e.,, Eq. (4.2) holds.

( uAl xl qu 1‘@) ))\+ (| fwz(ufh fiEl qu |

IR | a, (= > Ean(@) [\, ([ oay(@) % zi) [\
421 i +( 7 > +<
('t (U.A1)

+

))\
> A
(InAl(rEz — 1Ay (%:) I)

: o, (V4,) |>A

l

N < (o) — () )g <| s (01) — v(z) |>A

4 (Hai(va) — tay(va,) | A+ | 4, (@)
G

| wa, (w5) — way (@) | | foi(ua,) = foi(ua,)
(st l)

l

— 14, (i) I)A
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y\H

>

O

Proposition 4.2.1. The defined similarity Sj(A;,.A2), between T2IFSs A; and Ay sat-

isfies the following properties:

(P1
(P2
(P

3) Si1(A1, Az)

) 0<Si(A1,A) <1

) Si(Ar, Ag) =

1, if A1 = As.

= S1(Az, Ay).

— (@) || v, () — vy (i) |, - Then, by definition

T
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(P4) If A; C Ay C As then S1(Ap, As) < S1( A1, A2) and S1(Aq, A3) < S1( Az, A3).

Proof. For real number A > 1, we have

(P1) Since A; and Ay are T2IFSs, we have, |ug, (z;) — ua,(x)]> > 0, |fr,(ua,) —

(P2)

(P3)

(P4)

fo(ua)N =00, €4, () — Ean(@a)] = 0, Joay (23) — vay(@i)|* > 0, [ta,(va,) —
to (Va,)[ >0, and |n.a, (@) =14, (2:)|* > 0. Thus, Jua, () —ua, (@) | + | fz, (wa,)—
Jos(uan) |+ 164, (26) — Ea ()| + |UA1(fL’i)n— Uy ()| [ty (va,) = o, (vag) P +
n.4, (i) =14, (1) |* > 0 which implies that § - (w;(Jua, (1) —u, ()| + | fr, (wa,)—
Feala) P+ 164, (02) — £ + oty (20) — g + [ty (o) — () +
In4, (2:) — 14, (2:)|})) > 0. Hence Sy (Ay, Az) < 1. Further, |ug, (z;) —uq, (z;)|* < 1,
|fo;(uay) = fo(ua)|d < 1, [€a, (m0) — Eap(za)|r < 1, Joa, (@) — vay ()] < 1,

7

|twi (U.Al) - tﬂfi(v.Az)P\ <1and ’ﬁAl (xl) - nAz(xl)‘/\ <1 Therefore Z wi(|u.»41 (xl) -

=1
Uy ()N + | fo(uay) = fo (w1 + 1€, (@3) — Eap (i)} + Jva, () — vay ()| +
‘txi (UAl) - txi(UAz)P\ + |77A1 (xl) - 77./42(1‘1')‘)\) 4= Sl('AlvA?) > 0. Thus 0 <

Si(Ag, A2) < 1.

Let A; = Az which implies ua, () = ua,(x:), fo,(ua,) = fo,(ua,), &a,(xi) =
Eaz (), va, (i) = vay (@), to,(Va,) = ta,(Va,), Ma (i) = nag(x). Therefore,
Juay (20) = wag (@) + | fao(uay) = fa(wag)* + 16y (1) — Eap () + Jvay (2:) —
vy (@) M [t (v.a,) —ta, (Vay) [+ 04y (20) =14z (25)|* = 0 and hence 81 (A1, A2) = 1.

n

Sl(Alv'AQ) =1- (i Z i“uAl (wl) —UA, ($2)|>\ + |fx1(uAl) - fxi(u/\z)’/\ + |§.A1 (xl) -

5.42 ($1)|)\ + ’UA1 ($l) — VA, (xl)|>\ + ‘tl'i (UAl) —tg, (UAQ)‘/\ + |77A1 (xl) —NAs (xl)|/\])1/>\

=1-(z anwi[IUAQ(m’i) =, () [N+ o, (1a,) = fa ()P (€, () = S, ()Y +

‘UA2 (xl) — VA (xl)|)\ + |tﬂ»‘z‘ (UAz) - txi(vA1)|>\ + |77A2 (xz) —NA (xz)’A])l/)\ =& ("427 Al)

A

As A; € Ay C Az which means that ua, < ua, < ugy, folua,) < fa(ua,)

v

fe(ua,y) and va, > va, > Vs, to(ug,) < tz(ua,) < tz(uag,). Thus, ug, — ua,
UL — UAs, fxi(uA1) — fxi(UAg) > fxi(ufh) — fxi(UAg) etc., and hence 51(./41,./42) >
S1(A1, A3z). Similarly, we have S1( Az, A3) > S1(A1, A3).
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Next, based on geometric model, we define similarity measures as:

Definition 4.2.3. Let A\ > 1 be a real number, then the similarity measure between

T2IFSs A; and As is defined as:

>

A

(ua, () — vy (2:) + (fr; (wa,) = fu; (ua,))
Sa(Ar, Az2) =1~ izwi + (Eay (w0) — Eay(20)) + (vay () — v, (4)) (4.3)

+ (tl‘i (U-Al) — la; (U-AQ)) + (77A1 (xl) — NAy (wl))

Proposition 4.2.2. The defined measure Sy(A1,.A2) between T2IFSs A; and A, satisfies

the following properties:

(P1) 0<8(Ar1,A2) <1

(P2) Tf A, = Ay, then Sa(Ar, Ag) = 1

(P3) S2( A1, A2) = Sa( Az, Ay).

(P4) T A C As © As then So(Ar, Ag) < So( Ay, As) and Sa(Ar, As) < S(Ag, As).

Proof. For a real number A > 1 and A; and Ay are T2IFSs, we have

V

(P1) wa, (zi) = 0, ugy(@i) 2 0, fa,(wa,) 2 0, fa,(ua,) = 0, €y (@) 2 0, (i) =
0,04, (i) = 0, va,(xi) = 0, tg,(va,) = 0, to;(va,) = 0, ma(w:) = 0, na,(w) >
0 which give us that | (ua, (2i) — v (@) + (fa,(ua,) — fo,(ua,)) + (€a,(zi) —
€ () + (v, (20) =045 () F (L, (04,) =t (0.45)) (1.4, (25) =04, (7)) [*> 0. Thus,
Sa( A1, A2) < 1. Further, ug, (z;) < 1, ugy(wi) < 1, fo,(uay) <1, fo,(ug,) < 1,
Ear (i) < 1 Eap (i) <1, vay (@) < 1, van(m) < 1ty (vay) <1t (va,) < 1

na, (zi) <1, na,(zi) <1 and w; > 0 for all i. Thus, we have

Vv

~—
—_ =

A
" (U.Al (xl) — UA (xl)) + (fxz (uAl) - fxz(qu))

T |+ () — Eay0) + (0, () — vy (@) | <1

=1
+ (twi (UA1) — la, (U-AQ)) + (77A1 (xl) — NAy (.%1))
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W\ 1A
(UA1 (:El) — UA, (xl)) + (fxz (uAl) = fa (U.Az))
1

= L= [ Do wi | () — Ea@) + (v, () — vy (32) >0
=1

n

+ (tli (U-Al) — ta; (U.A2>) + (77A1 (xl) — NA, (ml))
= 52(.»41,./42) >0

Since, A; and As are arbitrary T2IFSs so we have 0 < Sy < 1.

(P2) Let A; = Az which implies ua, (i) = ua,(x:), fz,(ua,) = fz,(ua,), &a,(xi) =
Eas (), v, (Ti) = va,(2i), ta;(VAy) = ta;(Va,), Nay (%) = nay(2;). Therefore,
| (ua, (i) — way(@i) + (fo(ua,) — fai(ua,)) + (Ea, (@) — Eay(23)) + (va, (zi) —
Ay () (t; (v4,) = e, (v5)) + (1.4, (1) =145 (20)) = 0 and hence Sp(Ar1, Az) = 1.

(P3) For any two positive real numbers a and b, we know that | @ — b |=| b — a |. Thus,

by definition of Sz, we have Sa( A1, A2) = Sa(Az, A1).

(P4) Since A; C Az C A3 then we have u, (z;) —ua, () > ua, (i) —uas(zi), fo,(ua,)—
Joi(uay) > fuo,(ua,) — fo,(ua,) ete., which implies Sp(A1, A2) > Sa(Aj1, As) and
Sa(Az, A3) > Sa(Ai, As3).

Hence, S; is a valid similarity measure. O

Next, we propose some new similarity measure by considering the length of the subin-
terval, the median of the subinterval. For it, we modify the definition of similarity mea-
sures. Assume that A; and Ay are two T2IFSs. Let ¢ = Puayag T Prajayr P2 =|

PA (xz) — PA (33'@) ‘7 where

N 2+ ug, (xz) + [ (ufh) + A (:L’l) — A (xl) — lg, (UA1) — A (z:)
PA (xz) = 4 )

2+ UA,y (xz) + fﬂ% (U.AQ) + §A2 (1‘1) — VA, (xz) — taci (U.AQ) —TA, (xl)

P Az (xz

9

N~—
N

Pua iy = (| UA, (ml) — UAy (:L‘l) | + | fmi(u.A1) - fxi(u/\z) | + | £ (wl) — €A, ($1) ’)a

(‘ VA, (331) - vAz(J:i) | + | tl’i(vAl) - tﬂ?i(v.AQ) | + | NA; (xl) — NA; ('TZ) D’

N

Praja, =
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VA, (xl) — la, (vAl) — A (ajl) —uA (1:1) — Ja (u-Al) — A (xl)
1 )

Ig =1-

VA (xl) — la, (U.Az) — NA; (ajl) — UA, (1:1) — Ja (u.Az) — &4, (xl)
1 )

Igy=1-—

w3 denotes degree of dissimilarity of the length and is defined as

Y3 = max(lfh (xl)a Las («%)) - min(l«‘h (xl)a La, ($Z))

Definition 4.2.4. Assume that 1, @2 and 3 are given. Then
1
AT X

n 3
Sy(Ar, A2) = 1= | wi | Y Bipj(i) (4.4)
i=1 j=1

3
where 3; >0, > 3; = 1.
j=1

It is clear from the definition that S3(A;,.A2) contains more information on T2IFSs

than &1 and Ss, so it measures the similarity between the set more correctly and accurately

than S7 or Ss.
Proposition 4.2.3. For all Ay, Ay € F»(X), S3(A1,.A2) is a valid similarity measure.

Proof. Let A > 1 be a real number and A;, Ay € F»(X). Then, we have

(Pl) | uAl(xi) - uA2($i) |2 0, | fxi(u’Al) - f-Ti(u.A2) |Z 0, | g.Al(l'i) - 5.»42(1‘@') |Z 0,
>

‘ UA1($Z') - U-Az(xi) ’Z 0, ‘ t-l’i(v-Al) - tﬂ&i(vAz) ’2 0 and ’ 77A1(xl) UAQ(%)
which implies that | va, (i) — va, (@) | + | ta,(va,) — o, (Va,) | + | 04, (2
)

) —
NA (@) |+ [vay (@) — vag (i) | + | ta; (Var) = ta, (Vay) | + | may (i) — nag (i !Z
Also, | ua, (i) — uay (i) | 1| fa, (way) = fo,(uay) S 1] €ay (i) — §ap (i) [
| vay (i) = vap (i) [ 1] to,(vay) = T, (vay) [S 1] 04y (@) — nag (@) [< 1 which
implies that [ wa, (i) —wa, (@:) | + [ fa, (wa,) = fo,(uaz) [+ ] €, (@) — €z (@) [< 2
and | va, (i) = va, (i) | + | e, (VAr) — oy (Va,) | + [ 4y (2i) — nay(23) < 2. Hence,

1
Praya, <gand oy, , < % Therefore, @1 (x;) = Priayay (x;) + Pua,ay (x;) < 1.

Further, ’ U’Al(xi) - u.Az(xi) | + ‘ fwi(ufh) - fwi(u.AQ) | + ‘ €A1(xi) - §A2(xi) ‘ + ’

VA, (xl) — VA, (.7}1) | + | la, (U.A1) —la, (UA2) | + | Ay (xl) — 1A, (332) |§ 4 which gives
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us that
p2 = | oa (@) —pa,(zi) |
24+ ug, (.CC,) + f% (U.Al) + §A1 (IZ) — A (xl) — la, (U-Al) —NA (xl)
_ 4
B . 2+ ua, (ml) + fﬂfz (qu) + £A2 (1‘@) — VA, (xl) - tmi(vfb) —NA, (xl)
4
< 1 ‘ UA; (xl) - U-A2(xi) | + | fﬂci(uA1) - fCCi(uA2) | + ‘ 5.»41 ($Z) - §A2 (wl) ’
o4 + | VA, (xl) - 'U.Az(xi) | + ‘ thi(v-Al) - tl‘z‘(vAQ) | + | 1A, (xl) —TNA; (xl) |
< 1

Thus, 0 < 9 < 1. Similarly, we have 0 < 3 < 1. Now, for any real number A,

3 3
> B = 1, we have ) Bjpj(z;) € [0,1] which further gives us that
j=1 j=1
N 3 Al X
> w; (Z ngoj(a:i)) € [0,1]. Hence, 0 < S3(A1, A2) < 1.
i=1 j=1

(P2) Let A; = Az which implies ua, (x;) = ua,(x:), fz,(ua,) = fz,(ua,), &a,(xi) =
£A2(xi)7 VA, (‘TZ) = UAQ(JIZ‘), tﬂfi(vAl) = tﬂ&i(”«‘b)a nAl(ﬂfi) = 77A2(95i). Then Y1 =
0,2 = 0 and ¢3 = 0. Therefore, by definition of Sz, we have S3( A1, A3) = 1.

(P3) Tt is trivial.

(P4) Since A; C Az C A3 then we have ug, (z;) —ua, () > ua, () —uas(zi), fo,(ua,)—

foi(uay) = fo,(ua,) — fa,(uay) ete., which implies Prag A, (i) = Pragag (zi) and
Puaya, (i) = Puy,a, (2i). Similarly, we can obtain for others. Hence, by definition

of Sz, we get S3( A1, A2) > S3( A1, Az) and S3( Az, A3) > S3( Ay, A3).

Therefore, Sz is a valid similarity measure. O

Next, we present a new similarity measure by modifying the similarity measure S; in

order to adopt a statistical approach as follows:

’YM(Alv AQ) + ’YV(Ala A?)
2

Sa(Ay, Ag) =
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where A > 1 and

>

1 n ‘ U’-Al(xi) - qu(xi) |>\ + | fri(uAl) - f-’Ei(u.A2) |>\
Yu(Ar, A2) =1 - QZwi R
i=1 + | €a, (z5) — Ean () |
1 vy (25) = vy (@) P+ | oy () =ty (0a3) MY ]
Y(A1, A2) =1 — §Zw¢ R
pa + |y (25) = nay () |

)

denotes the similarity measures of “low” membership degrees u 4, and u4,, fz;,(u4,) and

fz;(u4,) and the “high” membership functions of 1 — v 4, and 1 — v 4, and so on.

Proposition 4.2.4. The measure S4(.A;1,.As2), between the two T2IFSs A; and As satisfies

the following properties:

(P1) 0 < 84(Ay, As) < 1.

(P2) If A; = Ay, then Sy( Ay, As) = 1.

(P3) Si(A1, Az) = Su(Az, Ar).

(P4) If Ay C Ay C Az then Sy( A1, A3) < Su(A1, Az) and Sy(Aq, Az) < Si( Az, As3).
Proof. For two T2IFSs and a real number A > 1, we have

(P1) 0 < Jua, (wi) — way (@) + | fo, (wa,) = fa (way)[* + 164, () — €4y (w:)[* < 2 which

implies that

0< % f:lwl {|UA1 (3?1) - U.Az(xi”)\ + |f:132(u¢41) - fﬂﬁi(u/\z”/\ + |£A1 (1‘1) - E.A’z(xi)|/\} <L

Thus, 0 < 7,(A1, A2) < 1. Similarly, we have 0 < 7, (A1, A2) < 1. Thus, by defini-

(A1 Ay) _;%(Al’AQ) < 1 and hence 0 < S4(Ay,Az) < 1.

tion of Sy, we have 0 <

(P2) Let A; = Ay which gives that v,(A1,A2) = 1 and 7, (A1, A2) = 1. Therefore,
Si(Ag, Ag) = 1.

(P3) Tt is trivial, so we omit here.
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(P4) Since A; C Ay C Ajg then we have ua, (2;) —ua, (zi) > wa, (xi) —was (i), fo,(ua,)—
fwi (uA2) > fwz (u./h) - fﬂcz (uAg) etc., which implies |UA1 ($l) —UA, (xl)|A =+ |fﬂcz (uA1) -
fo ()N + 1€, () = Eay ()| < Juay (@0) — wag (2) Y+ 1 fa, (way) = o (wag)|* +
‘)\

‘5«41 (l‘z) - 5«43(931)‘)\ and ‘U-Al (1‘1) - vAz(xi)’/\ + ‘tl’i (u-Al) — ta; (U’Az) + ‘77«41 (xl) -

N (@) < vy (26) —va (@) + [to, (wa,) = ta, (way)1* + 04, (23) =0y (23)[. Thus,

we have Sy( A1, As) < S4(Aj, A2). Similarly, we have Sy(A1, A3) < S3(Az, A3).
Hence &y is a valid similarity measure. O

Next, we have proposed some new similarity measure by combining the normalized

Hamming distance and Hausdorff distance.

Definition 4.2.5. For two T2IFSs A; and Ay, the measure defined as below is a valid
similarity measure.

|, (1) = wag (i) P+ | fo(war) = fo, (wan) P+ 1 € (@) = €y (24) | ?
2

| vy (@) = v, (@) [+ |ty (var) =t (va5) [P+ | 04y (20) = nag () |

Ss( A1, A) =1 — %iwi + 2 (4.6)
= | ( s (1) — 0ty (26) P+ | Fannas) = FCag) P+ | €ty () — () *.)
+ — max

L0y (@) = v (20) P+ [ o, (0a)) = o, (025) P+ 104 (20) = nag () 1

Definition 4.2.6. For two T2IFSs, we define

So(A1, A2) =1 — %Zwiélv(fftl (@), Lay () (4.7)
=1
where
IA1 (xz) = (UA1 (xz) + facZ (UAl) + §A1 ($Z)7 VA (xz) + iz (%41) + N4 (xl))
IAQ (xz) = (UAQ (:I;Z) + fml (U.Ag) + §A2 (‘TZ)7 VA, (xz) =+ t:m (vAl) + N4y ('rl))
d(a,b) = max{|al —b" || a¥ — bV |};where a = (a*,aV),b = (0%, 0Y)

Proposition 4.2.5. The measure Sg(. A1, A2) between T2IFSs A; and Ay have the prop-

erties:
(P1) 0 < Sg(A1,A2) < 1.
(P2) If A; = Ay, then Sg(A;, Az) = 1.

(P3) Sg(A1, Az) = Sg(Az, Ar).
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(P4) If A; C Ay C A3 then Sg(Aq, As) < Sg( A1, A2) and Sg(Aq, A3) < Sp( Az, A3).
and hence it is a valid similarity measure.

Proof. In order to proof Sg is a valid similarity measures, we shall prove the parts (P1)

and (P2) while others can be obtained similarly.

(P1) Since A; and Ay are T2IFSs, we have

= U4, ('xl) >0 uA2(xl) >0, fl" (ufh) >0, fxl(uAQ) >0 §A1(x2> >0 §A2($Z) >0,

VA, (xl) >0 ’UA2(xl) >0, la, (v-Al) >0 L, (vAz > 0 77.41 Z) 0 77A2 xz =z

>
. | (uay (i) = uny (i) + (fa; (way) = fo,(ua,))
= Do wimax |+ (€a, (1) = €y (@) || (v, () — vy (@) J
B b (b (0,) — fan(02)) + (0, 2) — ity (1) |
. | (uay (i) — uny (2:) + (fo, (uay) — fo,(ua,))
= 1Y wimax |+ (6, (@) — Eae) L] (0 (o) —vgy(e)) | <1
- ¥ (b (04,) — s (040)) + (4, (02) — 70,50 |
which implies Sg(A1, As) < 1
Further, w4, (z:) < 1,ua, (i) <1, fo, (ua,) <1, fo, (uay) < 1,84, (2i) < 1,8u,(2:) <
Lova (i) < Logy(zi) < 1t (va,) < Litg(va,) < 1ma () < Linay(z) <1
which implies that
. | (uay (i) — uny (2:) + (fo, (uny) — fo,(ua,))
= Do wimax | 4 (G (@) = Sy () | | (vay (@) — vy () | <2
B ¥ (b (04,) — s (040)) + O, (02) — 70,50 |
) |ty (25) = 04y () + (for(0a,) = F ()
S - D wmax |+ (6 (@) — €ay @) || (0 (2) —vay(e) | 20
B (b (04,) = s (0)) + (it () — ity (@) |
Hence, 0 < Sg(Ap, As) < 1

(P2) Let A; = Ay which gives that UA, (xz) — UA, (xz> =0, f;tl (UA1) - facz (U’A2) =0,
&a,(x;) —€a,(zi) = 0 and so on. Thus, by definition of S, we have Sg( A1, A2) =1



56

O]

In order to demonstrate the above-proposed similarity measures, we take a numerical

example which is presented below

Example 4.2.1. Consider the following three alternatives A;, A and Az with four at-
tributes x;,1 = 1,2, 3,4 whose weight vectors are w = (0.3,0.1,0.2,0.4) and are represented

in the form of the following T2IFS:

A; = {21(0.3,1.0,0.5,0.0), 22(0.7,0.5,0.2,0.4), z3(1.0,0.3,0.0,0.5), 24(0.6,0.7,0.3,0.1)} ,
A = {21(0.5,0.6,0.4,0.2), 22(0.7,0.2,0.1,0.7), 23(0.7,0.3,0.1,0.6), 24(0.3,0.4, 0.5,0.6)} ,

As = {21(0.2,0.8,0.5,0.1), 22(0.1,0.3,0.7,0.4), 23(0.8,0.3,0.1,0.5), 24(0.1,0.7,0.6,0.2) } .

Let 0 is a null T2IFS with zero PMF and SMF and one PNMF, SNMF values and this
set is denoted by N = (0,0,1,1). Then, by using the proposed similarity measures corre-
sponding to A = 2, we get

S1(ALN) =0.1935;  S1(Az, V) = 0.4156;  S1(Asz,N) = 0.3083
Sa(A1, N) = 0.8696; Sp(Az, N) = 0.8239;  Sa(As3,N) = 0.7373
S3(A1L,N) = 0.3730;  S3(A, V) = 0.5038;  S3(Asz, N) = 0.5431
Si(AL,N) = 0.1939;  Sy(A, N) = 0.4201;  Sy( Az, N) = 0.3090
Ss(AL,N) = 0.1802;  S5(Aa, V) = 0.3923;  S5(Asz, N) = 0.2974

If instead of null T2IFSs, if consider B € T2IFS(X’) which will be recognized, where
B = {21(0.5,0.3,0.4,0.5), 25(0.4,0.2,0.5,0.6), 23(0.8,0.1,0.1, 0.6), 24(0.3,0.2, 0.6, 0.7)},

then we want to classify B with one of the classes A1, As, A3. Assuming that the weight
vector of z;,1 =1,2,3,4isw = (0.3,0.1,0.2,0.4) and hence we get the measurement values

are

81 (A1, B) = 0.4980; 81 (./42, B) == 0.7571; 31 (./43, B) = 0.4995
SQ(Al, B) = 0.9293; 52(./42, B) = 0.9163; SQ(.Ag, B) = 0.8297
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4.3 Group decision making approach based on the similarity

measures between T2IFNs

In this section, we propose a new MAGDM method based on the similarity measure
between T2IFSs. For it, let X = {x1,22,...,2,} be the set of universe and A =
{A1,As,..., A} be the finite set of the alternatives. Let G = {Gi1,Ga,...,G,} be
the finite set of attributes which are divided into two disjoint sets F; and JFa, where
JF1 represents the cost type while F5 represents the benefit type attributes such that
F1 CC,Fy CCand FiNFy =0. Let DM = {DM;, DMy, ..., DM,} be the finite set
of the decision makers’ who have the responsibility to evaluate the given alternatives. Let
Dy, = (lfj)mxn = ((uf(gj),fg].(uf),Uf(gj),tgj(vf)))mm;k = 1,2,...,p be the decision
matrices given by the k decision makers, where lfj = (uf(gj),fgj (uf),vf(gj),tgj (vF))
is the evaluating T2IFN of alternative A; with respect to criterion G; given by the
DM, decision maker, uf(G;) € [0,1], fg,(uF) € [0,1], vF(G;) € [0,1],tg,(uf) € [0,1],
0 < uf(G;) +v¥(G;) < 1and fg,(ul) +tg,(uf) < 1. Here m represent the number of alter-
natives, n be number of criteria and p be the number of decision makers. Assume that each
decision maker gives their rating values in term of the linguistic information according to
linguistic term set S = {“very low (VL)”, “low”, “medium low (ML)”, “Medium (M)”,
“High (H)”, “very High (VH)”}. The proposed MAGDM method based on the similarity

measure between T2IFNs is now presented as follows:

Step 1: Arrange the collective information of each decision maker, in terms of linguistic
variable of T2IFNs and represented as a decision matrices Dy, = (lZ) (k =
mXxn

1,2,...,p). The representation of Dy is given as below:
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Step 2:

Step 3:

Step 4:

Step 5:

gl g2 gn
Av (I U i
b o |l B,
Am lle lan lﬁln
where lfj = (uf(gj)v fgj (uf)a ’Uzk(gj)v tgj (Uf)) .

Normalize each criterion values by using the following equation.

(lfj)C ; for Fy

Dy, (4.8)

lfj ; for Fo

where the complement of lfj is taken as per the information given in Table 4.1.

Table 4.1: Linguistic grades and Compliments
LT VL L ML M MH H VH

VH H MH M ML L VL

Compliment

Take the positive ideal reference set, denoted by N of the criteria in terms of

linguistic T2IFS whose rating value is represented as (nZ)*’ and the negative

ideal reference set, denoted by N whose rating value is represented as (nfj)*

k
ij
T2IFN lfj of alternative .4; with respect to criteria G; and the obtained refer-

According to the proposed measures, calculate (f%)" between the evaluating

ence set (nf])Jr of criterion G; to construct the positive similarity matrix (G*)* =

(( ikj)Jr)an, where ( Z-’j»)* = S(lfj, (nf)*) such that ( Z-’j»)* € [0,1].

According to the proposed measures, calculate ( between the evaluating

k\—
5
T2IFN lfj of alternative .4; with respect to criteria G; and the obtained refer-

ence set (nfj)* of criterion G; to construct the negative similarity matrix (G*)~

((E)7 )mxn, where ( Z-’})_ S(lfj, (nf)_) such that ( Z-’})_ € [0,1].



Step 6:

Step T:

Step 8:

Step 9:

4.4

99

Compute the weighted positive score (SF)* of each alternative A; with respect to

each decision maker DMy, where (SF)* = Y w;( i’j-)Jr such that (SF)* € [0,1],

j=1
n

wj is the weight of criterion G;, w; € (0,1] and ) w; = 1. Compute the weighted
i=1
negative score (S¥)~ of each alternative .4; with respect to each decision maker
n

DMy, where (SF)™ = 3 w;( ;;)~ such that (SF)~ €[0,1].
j=1
Compute the relative degree of closeness (’Sf for each expert by using Eq. (4.9) as

G
S Eh o

where (SF)* # 0, ¢ € [0,1]. The larger the value of €, the better the per-
formance of the candidate in terms of decision maker DM,. The prominent
characteristics of Eq. (4.9) is that they not only take into account the distance
between T2IFS but also examine similar or dissimilar between the sets so as to

avoid to draw the conclusion based on the small distance or large similarity.

Since each expert may obtain the different ranking of the alternatives which leads
to difficult to trace the best alternative(s). To overcome this, we compute the
aggregative values of expert, by assigning the priority value, w = (w!, w?,... w?P )T

P
such that w* > 0 and Y w”* = 1, to each expert, as

k=1
P P
SH=> wh (SHt; S7 = wh (sF)” (4.10)
k=1 k=1
The closeness coefficient is determined for an alternative A;(i =1,2,...,m) as
¢ = S provided S;" # 0 (4.11)
CST+SsT '

and hence rank them according to the descending values of €;’s.

Illustrative example

To demonstrate the above-mentioned approach, we present a numerical example regarding

finding the best university in a country so that students can choose their studies accord-

ingly. In order to demonstrate it, we consider a decision-making problem which involves the
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evaluations of five different universities A;(i = 1,2,...,5) of the country. To evaluate these
different universities, a ministry of education appoint three senior educationalist named
as DMy, DMy and DMs, who have the responsibility to evaluate such university under
the five criteria namely “Research potential”(G;), “Teaching records” (Gs), “employability
potential” (G3) and “placement records and international standard collaboration” (G4). As-
sume that the importance of these different criteria are taken as w = (0.35,0.30,0.20, 0.15)
and for the decision makers are w = (0.40,0.35,0.25). The three experts give the judg-
ments by using the linguistic term set of T2IFNs, where the linguistic grade of the PMF,
PNMF, SMF, and SNMF are represented in Table 4.2.

Table 4.2: Linguistic grade and corresponding PMF, SMF, PNMF, SNMF values

Linguistic Terms | PMF/SMF value | Linguistic Terms | PNMF/SNMF value

VL 0.0 VH 1

L 0.2 H 0.7
ML 0.4 MH 0.5

M 0.5 M 0.4
MH 0.7 ML 0.2

H 0.9 L 0.1
VH 1.0 VL 0.0

By using the proposed approach, the steps are executed as below:

Step 1: The rating values of each decision maker towards the assessment of the alternatives

are represented in Table 4.3.

Step 2: Since all the criteria are of same type, so there is no need of normalizing the rating

values.

Step 3: W.l.o.g., we consider the positive reference set as N' = (H,MH,V L, L) such
that (7721-3)+ = (0.9,0.7,0.0,0.1)5x4 for each decision maker. However, the conse-
quently the negative reference set is given as N' = (L, ML, MH, M H) and hence
(nfj)* = (0.2,0.4,0.5,0.5)5x4 for k = 1,2,3. Further, we take A = 2 for the sake

of calculation.
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4.3: Graded values of the alternative corresponding to each attribute (criteria)

DM, DMs, DM;3
PMF SMF PNMF SNMF | PMF SMF PNMF SNMF | PMF SMF PMNF SNMF
Ai H MH L L M VL ML M MH H L VL
As | MH M L L H MH L ML ML MH MH ML
G As L M H M H H VL L VL M MH VL
Ay | VH H VL L MH L ML MH H MH L L
As M ML M MH L M H M L MH ML ML
Al M MH ML ML L ML MH MH H MH VL L
Ao | ML M ML ML M MH ML ML VH MH VL ML
Gy As H MH L L MH ML ML L ML M MH ML
Ay L H MH VL H ML VL MH ML M M ML
As | VH H VL VL VL H H VL H MH VL ML
Al L M H ML H VH VL VL H MH VL ML
A | MH ML ML MH MH H ML L MH H ML L
Gz As H MH VL L VL M H M ML L ML L
Ay M L M H M ML M MH M ML L MH
As | MH VL L H M M ML M ML H MH L
Al H H VL L L VH H VL H M VL M
Ay | VL H M L MH VH ML VL ML MH M ML
Gy As M ML ML MH H H L L L ML H MH
Ay | MH M ML M MH M ML M M MH MH ML
As H MH VL ML VL ML MH MH H MH VL ML
Step 4: For the computational process, here we take the similarity measure S; as given in

Step 5:

Eq. (4.1). Now, by applying Eq. (4.1), the positive degree of similarity between
the alternatives and N is given as (fi;)" = 0.9293, (f3)* = 0.5310, (f)* =
0.7261, (f{)T = 0.6918, (f&)* = 0.4615, (f3,)T = 1.0000, (fi3)* = 0.3597,
(fZ)" = 0.7764, (f35)" = 0.9293 and so on. The complete positive similarity

matrix for each decision maker is represented in Table 4.4.

By applying the Eq. (4.1), the negative degree of similarity between the alter-
natives and N is given as (fi;)~ = 0.4299, (f4)~ = 0.5204, (f}))~ = 0.4432,
(F)™ = 0.6258, (/)" = 0.8586, (/)" = 04169, (fly)~ = 05528, (/%) =
0.3597, (f)~ = 0.4432 and so on. The complete negative similarity matrix for
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Table 4.4: Positive Similarity matrix

(85)-

ij

(S%)”

(S%)~

Gi

Go

g3

n

Gi

Go

g3

Ga

G

G

g3

G4

0.9293
0.8419
0.3836
0.8775
0.6192

0.6918
0.6683
0.9293
0.3000
0.8586

0.3597
0.6918
1.0000
0.5050
0.4084

0.8586
0.2286
0.6464
0.7655
0.9293

0.5310
0.9293
0.8586
0.6063
0.3836

0.4615
0.6918
0.7655
0.6464
0.1056

0.7764
0.7172
0.2789
0.6192
0.6918

0.1754
0.6394
0.8419
0.7655
0.3519

0.7261
0.5204
0.3000
0.9293
0.4901

1.0000
0.9000
0.5528
0.6000
0.9293

0.9293
0.7172
0.6192
0.6394
0.4343

0.7450
0.5641
0.3917
0.5699
0.9293

each decision maker is represented in Table 4.5.

Table 4.5: Negative Similarity matrix

(S5)-

)

(S7)”

(S%)~

G

Go

g3

Ga

G

G2

g3

G4

G1

Go

g3

G4

0.4299
0.5050
0.6838
0.3675
0.7551

0.6258
0.6683
0.4299
0.3917
0.3367

0.5528
0.6000
0.4169
0.6838
0.3795

0.4084
0.4084
0.7172
0.6127
0.4432

0.5204
0.4615
0.4084
0.5204
0.6838

0.8586
0.6258
0.4901
0.4169
0.2720

0.3597
0.4901
0.6394
0.7551
0.7172

0.2824
0.4169
0.4212
0.6127
0.8000

0.4432
0.6000
0.4708
0.4299
0.6258

0.4169
0.3917
0.6258
0.6536
0.4432

0.4432
0.4901
0.5584
0.6760
0.4756

0.4432
0.6258
0.7551
0.5877
0.4432

Step 6: Computing the weighted positive score (S¥)* and negative scores (S¥)~ for each
alternative A; and each expert DMy, where 1 < i < 5,1 < k < 3, we can get
(SHT = 0.6605, (S3)* = 0.6127, (S1)T = 0.6085 and so on. Similarly for other

decision makers we can compute and their results are summarized in Table 4.6.

Table 4.6: Separation measures from ideal solutions corresponding to each decision maker

DM, DMs DM3
(SH™ (SHT @ [ (SHT (ST ¢ (S (SH)T g
A; | 0.5018 0.6605 0.4317 | 0.5043 0.4746 0.5151 | 0.4352 0.8076 0.3502
Az | 0.5492  0.6127 0.4727 | 0.5035 0.7436 0.4037 | 0.5101 0.6422 0.4427
Az | 0.5390 0.6085 0.4697 | 0.4739 0.6377 0.4263 | 0.5664 0.4379 0.5640
Ay | 04582 0.5423 0.4580 | 0.5342 0.6408 0.4546 | 0.5570 0.6783 0.4509
As | 04742 0.6429 0.4245 | 0.5352 0.3255 0.6219 | 0.5065 0.6035 0.4563

Step 7: Utilize Eq. (4.9) to compute the closeness degrees Qf of each alternative A;, we
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can summarized their results in the third column of each expert in Table 4.6. It
is clearly seen from this table that the best alternative for the 1st decision maker
is Ao while As and Aj respectively for the other decision makers. Therefore,
sometimes, it is difficult to choose the final best one among them. To reduce the
uncertainties, the final aggregation values are aggregated by taking the weight

vector of the DMs.

Step 8: Use expert weight w = (0.40,0.35,0.25)” and Eq. (4.10) to aggregate the pref-
erences of each expert. The measurement values of each alternative are found
as S = 0.6322, S = 0.6659, S§ = 0.5761, S; = 0.6108, S& = 0.5219,

1 = 0.4860, S5 = 0.5234, S5 = 0.5231, §; = 0.5095 and S5~ = 0.5036.

Step 9: Compute €;(i = 1,2,3,4,5) for each alternative by Eq. (4.11) and we get €; =
0.4346, €5 — 0.4401, €3 — 0.4759, €, — 0.4548 and €5 = 0.4911. Thus, the
ranking order of the alternatives is A5 = A3 > A4 = Ao > Ay and hence conclude

that Aj is the best university in the country.

However, apart from the similarity measure &1, if we considered other proposed sim-
ilarity measures Sz — Sg on to the considered data then the final closeness degree of the
alternatives with respect to each decision maker and the overall rating are obtained corre-
sponding to each similarity measures. The results corresponding to them are summarized
in Table 4.7. From this table, it is clearly seen that the best alternative after incorporat-
ing all the expert suggestion is A5 which is conservative in nature with all the proposed
similarity measures.

Furthermore, in order to measure the influence of the parameter A on to the similarity
measures indices and hence on to the final ranking order of the alternatives, we perform
an experiment where we vary the value of A from 1 to 20. The final ranking order along
with their closeness degree of the alternatives are summarized in Table 4.8. However,
the complete variation of the alternative behavior with A is given in Fig. 4.1. From this
figure, it is seen that for larger values of A, the alternative Az gives the best from S,
S3,84 and Sy similarity measures. However, for smaller values of A, the ranking order

for all the alternatives changes which helps the decision maker to choose the desired one
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Table 4.7: Optimal results by using different measures corresponding to A = 2

By & By & By &3
¢! ¢ ¢ ¢; ¢! ¢ @ ¢ ¢! ¢ @ ¢
Ar | 04317 0.5151 0.3502 0.4346 | 0.4733 0.5125 0.4682 0.4858 | 0.4585 0.5400 0.3631 0.4603
As 104727 0.4037 0.4427 0.4401 | 0.5297 0.4733 0.4539 0.4899 | 0.4946 0.4210 0.4683 0.4617
Az | 0.4697 0.4263 0.5640 0.4759 | 0.4624 0.4703 0.5284 0.4806 | 0.4896 0.4504 0.6170 0.5085
Ay 1 04580 0.4546 0.4509 0.4548 | 0.4733 0.4444 0.4807 0.4644 | 0.4859 0.4393 0.4720 0.4653
As | 04245 0.6219 0.4563 0.4911 | 0.4559 0.5207 0.5191 0.4931 | 0.4208 0.6496 0.4763 0.5091
Best As As Az As Ao As As As As As As As
By & By Ss By Ss
¢! ¢ @ ¢ ¢! e @ ¢ ¢! e @ ¢
A1 104319 0.5106 0.3497 0.4333 | 0.4246 0.5184 0.3457 0.4305 | 0.8333 0.8611 0.7872 0.8359
As | 0.4649 0.4006 0.4421 0.4359 | 0.4797 0.4036 0.4338 0.4403 | 0.8551 0.8305 0.8361 0.8425
As | 0.4698 0.4244 0.5747 0.4784 | 0.4620 0.4279 0.5570 0.4707 | 0.8333 0.8148 0.8750 0.8410
Ay | 04567 0.4630 0.4513 0.4576 | 0.4535 0.4404 0.4440 0.4461 | 0.8319 0.8276 0.8485 0.8350
As | 04273 0.6216 0.4486 0.4903 | 0.4145 0.6299 0.4627 0.4896 | 0.8182 0.8750 0.8387 0.8473
Best | Ajg As As As Ay As As As A As As As

according to their needs. Here, the parameter A\ represents the attitude characteristic of
the decision makers towards the decision process. It is also noted from the figure that
there is no change in the variation in the last graph when computed from Sg measure.
This is because the measure Sg is independent of the parameter A. From the graph and
their respective degree values summarized in Table 4.8, a decision maker can analyze the
behavior and choose the best one among their desired goals. Thus, it gives various choices

to the decision makers to select their goals.

4.5 Conclusion

In this chapter, we present some series of similarity measures by considering the PMF,
SMF, PNMF, SNMF, FOU, and VMF to accommodate the T2IFS information. Some
desirable properties of its are investigates in details. Further, to explore the structure of
T2IFSs and by similarity measure, we present a TOPSIS method based on the similarity
measures to access the finest alternatives. Later, a group decision-making approach is

presented based on the proposed method between T2IFSs. A numerical example is taken
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to explain the method. Also, from the study, it is concluded that some of the existing
measures under T2FSs, IFSs can be easily deduce from the present study. Thus, the

presented measure is one of the generalizations of the existing ones and provides us with

a useful way to deal MAGDM in T2IFS environments.
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Figure 4.1: Variation in ranking values with respect to A
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Table 4.8: Variation of closeness degree with respect to A
A | Measure ¢ (D) ¢3 &y 5 Ranking order

S1 0.4149 0.4141 0.4493 0.4447 04789 | A5 = A3 = Ay = A1 = Ao

S 0.4942 0.4932 0.4875 0.4843 0.4922 | Ay = Ay = A5 = A3z = Ay

1 S3 0.4528 0.4555 0.4858 0.4616 0.5038 | A5 = A3 = Ag = Ay = Ay

Sy 0.4149 0.4141 0.4493 0.4447 04789 | A5 = A3 = Ay = A1 = A

S5 0.4060 0.4089 0.4397 0.4338 0.4741 | A5 = A3z >~ Ay = Ay = A;

S1 0.4281 0.4309 0.4662 0.4522 0.4863 | A5 = A3 > Ag = As = Ag

So 0.4897 0.4908 0.4828 0.4731 0.4917 | A5 = Ay = A1 = A3z = Ay

1.5 S3 0.4569 0.4589 0.4982 0.4642 0.5075 | A5 = Az = Ay = Ay = Ay
Sy 0.4273 0.4291 0.4675 0.4537 0.4863 | A5 = A3 >~ Ag = Ay >~ Ay

Ss 0.4229 0.4293 0.4593 0.4426 0.4838 | A5 = Az = Ay = Az = Ay

S1 0.4388 0.4473 0.4834 0.4557 0.4941 | A5 = A3 > Ay = Ay >~ A

Ss 0.4825 0.4897 0.4798 0.4576 0.4952 | As = Ay = A1 = A3 = Ay

2.5 S3 0.4629 0.4641 0.5170 0.4654 0.5096 | Az = A5 = Ay = Az = Ay
Sy 0.4371 0.4401 0.4868 0.4596 0.4926 | A5 = A3 > Ay = As = A;

S5 0.4350 0.4487 0.4795 0.4478 0.4932 | A5 = A3 > A = Ay >~ Ay

S1 0.4493 0.4736 0.5106 0.4538 0.4980 | Az >~ A5 = Az = Ay = Ay

S 0.4718 0.4906 0.4804 0.4394 0.5065 | As = Ay = Az = A1 = Ao

5 S3 0.4700 0.4717 0.5431 0.4616 0.5070 | Az = A5 = Az = A = Ay

Sy 0.4455 0.4488 0.5155 0.4600 0.4940 | A3 >~ A5 = Ay >~ Az = Ay

S5 0.4449 0.4758 0.5098 0.4486 0.4973 | A3z = A5 = Az = Ay = Ay

S 0.4545 0.4873 0.5289 0.4506 0.4977 | A3z = A5 = As = A = Ay

Sa 0.4658 0.4915 0.4809 0.4310 0.5147 | A5 = As = A3 = A1 = Ay

7.5 S3 0.4731 0.4753 0.5560 0.4582 0.5045 | As = A5 = Ay = A1 = Ay
Sy 0.4491 0.4495 0.5329 0.4564 0.4920 | A3 = A5 = Ay = Ay = A

Ss 0.4496 0.4885 0.5289 0.4466 0.4969 | A3 = A5 = Ay = A = Ay

S1 0.4575 0.4941 0.5423 0.4482 0.4975 | Az = A5 = Ao = A = Ay

Sa 0.4619 0.4921 0.4804 0.4259 0.5202 | As = Ay = Az = A = Ay

10 S3 0.4751 0.4771 0.5635 0.4560 0.5031 | Az = A5 = Az = A = Ay
Sy 0.4513 0.4479 0.5448 0.4532 0.4902 | A3 = A5 = Ay = A1 = A

S5 0.4526 0.4946 0.5424 0.4449 0.4968 | A3z = A5 = Ao = A = Ay




Chapter 5

A novel triangular interval type-2
intuitionistic fuzzy sets and their
aggregation operators

In this chapter, we have presented a new idea about the triangular interval type-2 (TIT2)
intuitionistic fuzzy sets and studied their several properties. Some basic operational laws,
as well as the relation between them by using Frank Archimedean t-norm (AT) and
Archimedean t-conorm (AC) operations, are defined. Based on these operations, some
series of weighted averaging AOs are defined namely, TIT2 intuitionistic fuzzy weighted
averaging, TIT2 intuitionistic fuzzy ordered weighted averaging and TIT2 intuitionistic
fuzzy hybrid averaging. The characteristics of these operators and the influence of the
Frank AT and AC parameter have been discussed. Later, a novel model based on de-
veloped operators is presented to solve the MADM problems and explained them with
the help of a numerical example. Finally, comparative studies with some of the existing

methods are discussed.

5.1 Introduction

As reviewed from the Section 1.1.2 of Chapter 1 that AOs play a significant role in any

decision making the process to aggregate the different values into a single one. Also, it

!The content of this chapter is published as “A novel triangular interval type-2 intuitionistic fuzzy
set and their aggregation operators, Iranian Journal of Fuzzy Systems, 15(5), 69 - 93, 2018, doi:
10.22111/1JFS.2018.4159 (SCI: Impact Factor: 1.496).
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has been noticed that the most of the researchers studied the theories under the ordinary
fuzzy set (henceforth called as a type-1 fuzzy set (T1FS)) environment, in which they have
been assumed that the membership function corresponding to their element is exact. In
order to overcome it, a T2FS [167], as an extension of the T1FS, is widely used. Further,
due to the high complexities of T2FSs, it is difficult to apply in the real situation. For this,
an interval type-2 fuzzy sets (IT2FSs) has been considered [99] which contain membership
values from zero to one. Castillo et al. [11] discussed the short remarks on FS, IT2FS,
general T2FS, and IFS. Chen and Lee [15], Chen, Yang, Lee and Yang [17] presented
a fuzzy decision-making method based on the ranking values as well as the arithmetic
operations of IT2FSs. Lee and Chen [89] presented a decision-making method under the
IT2FS by using the concept of TOPSIS (“Technique for Order of Preference by Similarity

to Ideal Solution”).

For a decision-making problem, various authors have investigated the problems under
the T2FSs environment by using different AOs as well as information measures [28, 75, 89,
100-102, 120, 147, 175]. All aforementioned AOs are usually based on the algebraic norm
and probabilistic sum [33] operations, which have the lack of flexibility and robustness.
Thus, there is need to address such issue also. Apart from them, some of the existing AOs
are derived by either the fuzzy extension principle or based on the triangular norms [38, 41,
146, 159]. Frank triangle norms [37], is one of the most important norm operations and the
generalizations of probabilistic and product t-norm and t-conorm. Further, frank triangle
norms are the only triangle norm which satisfying the compatibility property. Also, it
consists of additional parameter which provide more flexible to model the process. To the
best of our knowledge, very fewer investigations on AOs based on Frank t-norms have been
done by the authors. For instance, Qin and Liu [120] have presented an AO for TIT2FS.
Nancy and Garg [110] presented AOs under single-valued neutrosophic environment. Qin

et al. [124] presented a hesitant fuzzy AO based on the Frank t-norm operations.

As IT2FS considered only the degree of membership during analysis and hence there
is a need to extend it by considering the degree of nonmembership also into the study. To
handle the decision preference and to provide more degree of freedom to the expert during

evaluating the objects, we presented a new theory named as an interval type-2 intuitionistic
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fuzzy sets (IT2IFSs) by considering a degree of membership, non-membership and their
corresponding FOU. To enrich the study of the IT2IFSs, an AO is a crucial factor so it is

meaningful to study AOs based on the triangular norm operations.

Thus, keeping inspiration from the fact that IT2IFSs have the great powerful ability
to model the information in real-world applications, the present chapter has presented the
various AQOs for the triangular IT2IFSs based on the Frank t-norms. For it, firstly the basic
operational laws based on the Frank t-norms have been defined on the triangular interval
type-2 intuitionistic fuzzy numbers (TTT2IFNs). Based on these laws, some AOs, namely
TIT2 intuitionistic fuzzy (TIT2IF) weighted averaging operators and their corresponding
properties are presented in details. Later, a new method based on these operators is
presented to solve the MADM problems and explained them with the help of a numerical

example. Finally, comparative studies with some of the existing methods are discussed.

5.2 Interval type-2 Intuitionistic fuzzy set

In this section, we have defined the concept of the triangular interval type-2 Intuition-
istic fuzzy sets (TIT2IFSs) by considering the upper and lower membership and non-

membership functions by the triangular fuzzy numbers.

5.2.1 Triangular interval type-2 Intuitionistic fuzzy set

Let A = ([a,b],c,[d,e]; [A, B],C,[D, E]) be a triangular IT2IFS (TIT2IFS) defined on X,
shown in Fig. 5.1, where 0 < a <b<c<d<e<land0<E<D<(C<B<AKLI1
such that e+ F < 1, a + A <1 is characterized by a linear upper and lower membership

and non-membership functions, which are defined as follows:

— ;3 alxz<c “’g:g ;o b<zxr<ec
UMF#(Z'): 1 ; Tr=c ; LMF/_L( ): 1 ; r=c
2:‘2 ;o c<zx<e ‘é:i ;o c<x<d
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and
g:g ; BE<z<(C g__g ;. D<z<C
=C , O<z<A e 3 C<a<B

The FOU of the membership and non-membership functions are depicted as a shaded
portion in Fig. 5.1. If X is a set consists of all real numbers, then a TIT2IFS in X is
called triangular interval type-2 intuitionistic fuzzy number (TIT2IFN).

r 3

v

E a D & Ce d B e A
Figure 5.1: Representation of TIT2IFS
A compliment of TIT2IFN A = ([a,b],¢,[d,€]; [A, B], C, [D, E]) is given by
A¢ = ([A, B],C, D, El;[a,b],c,[d,e]) (5.1)

To rank the different TIT2IFNs A = ([a,b], ¢, [d, €]; [A, B], C, [D, E]), we define rank

as

R(A) = ((afA)+(efE)+1> ((afA)+(be)+4(ch)+(de)+(efE)

. . ) (5.2)

The larger the Rank(.A), the greater the TIT2IFN. Furthermore, to compare two or
more different TIT2IFNs, we define an ordering relation between two TIT2IFNs A and B
by A < B if Rank(A) < Rank(B) and A = B if Rank(A) = Rank(B)

To illustrate the working of Eq. (5.2), consider A = ([0.3,0.4], 0.5, [0.6,0.7]; [0.6,0.5],
0.3, [0.2,0.1]) and B = ([0.4,0.45], 0.50, [0.60, 0.70]; [0.6, 0.4], 0.35, [0.25, 0.15]) be two
TIT2IFNs. Then, by using Eq. (5.2), we get R(A) = 0.1725 and R(B) = 0.1982. Since
R(A) < R(B) and thus, we have B = A.
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Next, we define the partial order for two TIT2IFNs A; = ([a1, b1], c1, [d1, e1]; [A1, B1],
C1, [D1, E1)) and Ay = ([ag, ba], c2, [da, e2]; [A2, Ba], Ca, [Da, E3]) denoted by A; =p As if
and only if a1 > ag,by > by,...,e1 > ey and Ay < Ay, B < Bs,...,EFy < E5. Especially,
Ay = Ay if and only if a; = ag,by = ba,...,e1 = ez and A} = As, ..., E; = Es.

From the above, it has been observed that if A; > p Ao which indicate that R(A;)
R(Az). If R(A1) > R(A2) then Ay > Ap; if Rank(A;) = 9R(A2) and since a4

az,...,e€1 262 and A1 §A27...,E1 SEQ then CL1:ag,...,el:62,A1:A2,...,E1:

v

V

E5, which indicates that A; = As. Thus, we can say if A; =p As then, we have A; = As.

5.2.2 Frank t-norms Operational laws of TIT2IFNs

The set-theoretical operators had an important role since at the beginning of the fuzzy
set. By using the concept of the AT and AC, many AOs are defined in the literature.
Among the various existing t-norm and t-conorms, Frank norm operations [37] is a general
and flexible family of continuous triangular norms. Frank operations include the Frank

product(®p) and Frank sum (@) which are defined in the following ways:

AT 1) (ALY —1)
A—1

log, <1 + (B _)\1)_()\1y — 1)>,>\ >1 VY(z,y) € [0,1]?

rTdrpy = 1—10g)\<1+ >,)\>1 V(z,y) € [0,1)?

TRFY

Further, it can be seen that

e (zdpy)+ (z®@ry)=x+y

0(z®ry) + (z®ry) _ O(z®ry) + 0z®ry) _ q

® ox ox - oy oy

In addition, Frank AT and AC have also two special cases given as follows.

(i) When A\ — 1, we have x @py =z +y — xy and x ® p y = xy which are the algebraic
AT and AC respectively, defined in Table 2.1 of Chapter 2.

(i) When A — 400, we have x ®py = min(x + y,1), 2 ®p y = max(0,x + y — 1), which
are the Lukasiewicz AT anc AC respectively.

By keeping the features of Frank AT and AC, we define the basic operational laws for
the different TIT2IFNs as follows:



72

Let A = ([a,b],c,[d,e]; [A, B], C,[D, E]), A1 = ([a1,b1], c1, [d1, e1]; [A1, Bi], C1, [D1, Eq])
and Ag = ([ag, ba], c2, [da, e2]; [A2, Ba], Ca,[Da, Es]) be three TIT2IFNs and k£ > 0, A > 1

be two real numbers. Then, we have
(i) Addition operations:
(1 — f(a1,a2),1 = f(b1,b2)],1 = f(c1,c2), [l — f(d1,da),

A1 Or Az = | 1— fler,e)];[f(1 — A1, 1 — Ag), f(1 — By, 1 — By)], (5.3)

F(1= i1 = Co),[f(1 = Dy, 1= Dy), f(1— By, 1 - By)]
(ii) Multiplication operations:

[f(1—a1,1—ag), f(1—01,1—0b2)], f(1 —c1,1 —c2),
Ar®@p Ao = | [f(1 —di,1 —da), f(1 —e1,1—e2)];[1 = f(A1, A2), (5.4)

1= f(B1,B2)],1 = f(C1,C),[1 — f(D1,D2),1 — f(E1, E2)]

(iii) Multiplication by ordinary number k& > 0:

([1gk<a>,1gk<b>],1gk<c>,[1gk<d>7lgk<e>]; )
k-p A= (5.5)
[9e(1 = A), gr(1 = B)], gr(1 = C), [gx(1 — D), gx(1 — E)]
(iv) Power operation by number k > 0:
e ([gkua>,gk<1b)],gkuc),[gk(ld>,gk<1e>]; ) 56
[1—gx(A), 1= gr(B)],1 = g(C), [1 = gi(D), 1 = gi(E)]
where the functions f(-) and ¢(-) are defined as
1—x -y
fz,y) = logy (1 & Al)_Ql : 1)> (5.7)
1-z _ 1\k
and  gg(z) = logy <1 + %\_1),3_)1> (5.8)

respectively, for z,y € [0, 1].

Theorem 5.2.1. If A, A; and Ay be three TIT2IFNs; then, A3 = Ay ®f As, Ay =
A1 ®@p As, As =k - A and Ag = A¥, k > 0 are also TIT2IFNs.
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Proof. For any two TIT2IFNs A; = ([a1,b1], c1, [d1,e1]; [A1, Bi], C1, [D1, E1]) and Ag =
([a2, b2, ca, [d2, e2]; [A2, Ba], Ca, [D2, Es]). Consider Az = A; & Ax = ([as, bs], c3, [ds, e3];
[As, B3|, Cs, [D3, E3]) where by the definition of addition operations of TIT2IFNs and by
Egs. (5.7)-(5.8), we have

(/\l—al - )\1 az

(1 ()\A1 _ )\AQ _

( %) )
< ) ; B3:10gx<1+(ABl_1 ABZ_l)
€3 = 1—logx<1+()‘lq_ Al 02_1> ; nglog/\<1+()\01_1 ACQ_l)
( )
( ?)

(Al_bl o )\1 by

bs = 1-log,

()\l—dl _ )\1 do _

. D3 =log, <1+(AD1_ )(AD2_1)>

()\1761 _ )\1 ez

(W~ D= - 1)
)

;B3 =log), <1+

Then, in order to show Az be TIT2IFN we have to show that 0 < ag < b3 < ¢3 <
dy < e3 <1,1> A3 > By >C3 > D3 > E; >0and es + F3 < 1, ag + A3 < 1.
Since A;j, (j = 1,2) be TIT2IFNs which implies that 0 < a; < b; < ¢; < dj <e; < 1;
1>A;>B;j>C; >2D; >FE; >0,a;+A; <1landej +E; <1 for j =1,2, then, for

A > 1 be a real number, we have

(- DA - 1) I 1) (A - e - )

<

<

A—1 A—1 A—1
_ Qo o) e — (e - 1)
- A—1 - A—1
(e - e - (e -
< 1 <1 1
& 0_log,\<+ 1 <log, |1+ N1
(e - e — 1) (A - DA — 1)
< <
_log)\(l—k o1 <log, | 1+ o1
(Alfal _ 1)()\17@ _ 1)
<l 1 <1
= 108y ( + N1 >

& 0<a3<b3<c3<dz<e3<l1
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and

W DOt -1 (BB DB 1) (% - )% 1)
A—1 - A—1 - A—1
_OP DR -1 (AP - (A - 1)

- A—1 - A—1

& 1> log, <1 L O oDt - 1)> > log, <1 L AR DO - 1)>

A—1 A—1
A —1)(A2 —1 AP — 1) (AP2 — 1
> log) <1+( )\)_(1 )> > log <1+( )\)_(1 )>
Ey _ Ey _
ZIOgA<1+()\ Al)_(Al 1)>20

& 1>A3>B3>C3>D3>FE3>0

Finally, e5 + By = 1~ logy (1 + G020 4 1g, (14 O20R0) o

1—log)y (1+%) +log, (1+%) < 1. Similarly, az+ A3 < 1 which
indicates that A3 = A; ®r As is TIT2IFN. Similarly, we can prove that A4 = A; @ Ao,
As = k- A and Ag = AF are also TIT2IFNs. O

Theorem 5.2.2. Let A, A; and Ay be three TIT2IFNs and k, k1, ko be three positive

real numbers then, we have
(i) A1 &p Ay = Ay & Ay
(i) A1 ®@r Ay = A2 @p Ay
(ili) k-7 (A1 ®rA2) =k -r AL ®rk - Az
(iv) (A1 ®F A2 = AF @p A}
(v) (k1-rA)@r (k2 -r A) = (k1 +k2) -r A
(vi) ARt @p A2 = Alr+he
Proof. We prove the parts (i), (iii) and (v) and hence similar for others.

(i) By the definition of addition operations, we can easily obtain it.



(iii) Since A; and Az be two TIT2IFNs and then by addition operations, we get

F (A1 ®p Az)
1w (14 0 ( ”’182:32 U g (1 RO )
toto (14 B e ) [t (14 ),
- (( o) i (14 SR
o (14 £ 2521_1 )] e (1 ).

b 1 ) )
e B M e ()

ol oy il e e
e o “ﬁ“){ e

1 B o (50 (148
e (1 S520) o 0 e - B0

=k-p A1 ®rpk-rA

Dr

Hence, k -p (A1 @ A2) =k -r A1 ®F k -F As.
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(v) For k; > 0,i=1,2, we have

[1—10g)\<1+W),l—log)\<l+m>],
hip A= 1—logk<+((§_61_)k- )][ < AA_I' 1)
1Og,\<1+m>} 10&( &C) )
[10&\ <1+(()\)\_I)l%:z)k) IOg’\( ((;\E )') )]
Thus,

ki r ADpko-r A
1 —log, <1+

()\1*“—1)’“1 (/\17‘1—1)’“2
(A—1)k1=1  (A—1)k2—1

A-1

()\17071)]"1 (Alfcfl)kg
_1\k1—1 _1)ko—1
1—log>\(1+()\ DB (A-hR
()\lfe_l)kl (Alfe_l)kQ
(A—1)k1=1 (A—1)k2—1
1-1 1
Og\ ( + ()\ _ 1)

(A=1)
(WF—Df1 A1)k
log, (1 +

P )],bg)\ (1—1—
(AP—1HM (AP -1)k2
A—DF1=1 (A—1)k2—1

el
(-

A=1)Fk1=1 (A—1)k2-1
[logA (1 +

) ,logy (1 +

()\l—b_l)kl (Al—b_l)kz
(A—1)k1=1 (A—1)k2—1

(A-1)

()\1*‘171)]"1 ()\lfdfl)kz
O—DF1-T (—1)k2—T

(A=1)

QA-DF1 A-1)k2
(A—1)k1—1 (A—1)k2—1

,
)

(AR (AC-1k2
A=1)F1=1 (A=1)k2—1
A—1

(WD (AF—1)k2
A—DF1=1 (A—1)k2—1

I
)

A—1 P

o (1 G 1 (4 B

v (4 i) o (1 G

- 1 —log, (1 + ((/\)\1__61_)1432]61::12)] ; [log,\ <1 + %) ’
[log)\ (1 + %) ,logy (1 + %)]

(kl +]€2) r A

)|
)
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5.3 Aggregation Operators for TIT2IFNs

In this section, some series of weighted AOs for TIT2IFNs have been proposed based on

above defined Frank t-norm operations.

5.3.1 Weighted averaging Operator

Definition 5.3.1. Let A;,j =1,2,...,n be a collection of TIT2IFNs and if

TITQIFWA(A1,A2, . ,An) = W1 F .A1 D wo .A2 DF...BrwnF An (5'9)

n
where w = (w1, ws, ..., wy,)? be the weight vector of A; such that w; >0, > w; =1 then,
j=1

TIT2IFWA is called a TIT2IF weighted averaging operator.

Theorem 5.3.1. The aggregated value by using TIT2IFWA operator for a collection of
TIT2IFNs A; = ([aj,b4], ¢cj,[d;j, e5]; [Aj, Bjl, Cj, [Dj, Ej]),j = 1,2,...,n is still TIT2IFN

and is given by

TIT2IFWA (A;, A, . .., Ay)
L—logy [ 1+ [\ —1)% | ,1—logy [ 1+ [N — 1)~
j=1 i=1
L—logy [ 1+ ]9 —1)% |, |1—logy | 1+ (A% — 1)
j=1 j=1
= | 1-logy {1+ [\ =1)% | |5 [logy [ 1+ ] = 1) |, (5.10)
=1 i=1
log, H Bi _ 1) Jogy | 1+ H()\Cj - 1% |,
j=1 ] j=1
log H Di 1)« | | log, H R

Proof. We will prove the Eq. (5.10) by mathematical induction on n. Since for each j, A;

is a TIT2IFN. Then, the following steps of the mathematical induction have been followed:
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Step 1: For n = 2, we have TIT2IFWA (A, A2) = w1 - p A1 Dpwa-p A with wi+wy = 1.
Thus, by the operation of TIT2IFNs for ¢ = 1,2, we get

(1= guw;(aj), 1 = gu,; (b)], 1 = gu; (), [1 = guw; (dj), 1 — gu, (e;)];

[gwj(l — Aj),gw‘,-(l - Bj)]?.gwj(l - Cj)7 [gwj(l - Dj)vgwj(l - EJ)]

where g, (+) is defined in Eq. (5.8). Then, by the addition operational laws of TIT2IFNs,

we get

wi -p A1 ©F w2 -F A2 (5.11)
(1= f(1 = gur(a1);1 = gun(a2)), 1 = f(1 = guoy (1), 1 = guon (b2))];

1= f(1 = gu (1), 1 = gun(c2)), [1 = F(1 = gun (d1), 1 = gu, (da)),

= | 1= 71— gu(e1), 1 = gun(e2))]; [f (1 = gy (1 = A1), 1 = gup (1 — A2)),
fF(1= 9wy (1= B1),1 = gup (1 = B2))], f(1 = g, (1 = C1), 1 = gup (1 = C)),

[f(l _gwl(l - D1)>1 _gw2(1 - D2))7f(1 _gun(l - E1)71 _gw2(1 - EQ))]

where f(-) is defined according to Eq. (5.7). Now, by Eq. (5.8), we have g.,(a;) =

lfaj _l)wj

logy (1 + W) for i = 1,2. Thus by Eq. (5.7), we get

1—f (1 — Gun (al)) 1- ng(a2))

_ (A1 (a1) _ 1)()\gw2(a2) —1)
= 1-—log, <1 + o1

()\17‘11—1)“’1 ()\170,2_1)0.12
1 R )

2
= 1-—log, (1 + H (/\1*“3' — 1)w”>
j=1

Similarly, we can get

2
f(1 =g, (1= A1), 1 = gu, (1 — Az)) = logy (1 +]T (- 1)wj>

=1

Therefore, by Eq. (5.11), result holds for n = 2.



Step 2: If Eq. (5.10) holds for n = k, then for n = k + 1, we have

TIT2IFWA (A1, As, ..., Apy1)

= TIT2IFWA(A;, Ag, ..., Ar) BF wit1 7 Ag1

k
1 —logy H)\l 4 —1)%i | |1 —logy “bi )i

)\1 b
1—logy [ 1+ JJ\'"% —1)% |, |1 —1logy (AL — 1)@

Y

I .:h T ’:]w

| (
k

=| 1=togy [ 1+ LN =)= | |5 |logy | 1+ []OAY — 1) ],
j=1

log) (1 + H()\Bj - 1)“3) ,logy (1 + H G 1) )
i=1 ]

k
log), (1 + [T —1)% | Jlogy | 1+ [V - 1)%)
j=1

()\1*%“ _ 1)Wk+1 (Alfbkﬂ _ 1)°Jk+l
|:1 — IOgA (1 + ()\ — 1)Wk+1_1 s 1-— logA 1 + ()\ _ 1)wk+1_1

(/\1*Ck+1 _ 1)wk+1 (Alfdkﬂ _ 1)wk+1
1-— lOgA <1 + ()\ — 1)Wk+1_1 ) 1-— ]Og)\ 1 + ()\ o 1)Wk+1_1

()\1—6k+1 _ 1)Wk-+1 . ()\Ak+1 _ 1)Wk+1
D | 1-om (14 B ) o (1 )

(ABrt1 — 1)@k 41 (ACrt1 — 1)@h1
o8 (H G- pee s ) M e )

()\Dk+1 _ 1)Wk+1 ()\Ek+1 _ 1)wk+1
[log* (1 S R S e

)
)
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k+1 k+1
()\l—aj _ 1)w3 H (/\l—bj _ 1)w]
s o
1—log, | 1+ 1—logy [ 1+
) ()\ — 1)Z§ill w;—1 &2 (A o 1)25:11 wj—1
k+1 k+1
[T (A= — 1)« I (A% — 1)
- M
1—logy | 1+ 2 |1 —1log, | 1+
& ()\ _ 1)25—1 w;—1 A ()\ . 1)2 10.)]71
k+1 k+1
[T (e — 1) T — 1y
= Y
= | 1-logy |1+ ; [logy | 1+ -2 ’
& —1) f—l wj—1 B (A — 1)2?211 w;j—1
kt1 T k+1
[T (AP — 1)« [T (A — 1)~
et o
lo 14+ -2 ,1o 1+ ,
® (A—1)Z=1 @il A (A — 1)EiEiwi
I k1 \ k+1
[T\ —1) 1 (ABr — 1)
s o
lo 1+ -2 ,lo 1+
o (A= 1)23—1 wj—1 & (A — 1)2 w1
[ k+1 k41
1 —logy (1 + H()\l—a] _ 1)wj> .1 —logy <1 + H(}\l—bj _ 1)w]-> :
L J=1 j=1
k+1 k+1
1—10g)\ <1+H()\1—C] _1)wj>’ 1_10g>\ <1+H()‘1_dj _1)wj>’
J=1 j=1
k+1 k+1
— 1-— logA (1 + H(/\lfej _ 1)wj> ; IOgA (1 4 H A 1 )
j=1
k41 k+1
log)\ (1 + H()\Bj _ 1)wj> log)\ <1 + H C; _ 1 >
j=1
k+1 k+1
log <1+H()\Dj_1)wj>,log)\( -|-H ]_1 )
7=1

)

Thus, results holds for n = k + 1 and hence, by the principle of mathematical induction,

result given in Eq. (5.10) holds for all n € Z™.

O]
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It has been observed from the TIT2IFWA operator that it satisfies certain properties

such as boundedness, idempotent, and monotonicity, invariance, etc., which can be stated

as follows:

Theorem 5.3.2. (Idempotency:) If A; = A for all j, then

TIT2IFWA (A1, As, ..., Ay) = A

Proof. Since for all j, A; = A = ([a,b],c,[d,e]; [A,B], C, [D,E]), and ) wj =1 so by
j=1
Theorem 5.3.1, we have

TIT2IFWA (A1, As, ..., Ay)
+

{1 — log, <1 H()\I*a - 1)“’3'),1 —logy

1

‘]:
1+ H(/\lfc - 1)”7'), [1 — logy

(

1+ f[(Al‘e - 1)‘”)]; [logA <1 + f[(AA - 1)°"j>v

1 —log),

=1 1—-log,

j=1 j=1
[10& (1 +]1_[1()\D —1) f),logA (1 +jf[1()\E - 1)%)}

[1 —logy A17%,1 — log, )\I*b} , 1 —log, A€, [1 — logy, A7,

1 —logy ' 7] ; [logy A, logy AP] ,logy AY, [logy AP, logy AF]
= ([a,b], ¢, [d,€]; [A, B],C, D, E))

=A

Thus, proof is completed. O

Theorem 5.3.3. (Boundedness:) Let A~ = ([mjin{aj},Irljin{bj}],rrljjn{cj}, [mjin{dj}, mjin{ej}];
[m]ax{Aj}, m]aX{Bj}], mjax{Cj}, [m]ax{Dj},m]aX{EjH) and AT = ([mjax {a;}, m]ax{bj}],
max{e), (max{d;}, max{e;}); min{A;), min{B;}], min{C;}, min{D;}, min{E,}) then

A™ < TIT2IFWA (A1, Az, ... Ap) < AT
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Proof. As for all j, we have min{a;} < a; < max{a;}, this implies that 1 — max{a;} <
j J J

1—max{a;} 1—min{a;}

1—a; < 1—min{a;}. Hence, for A > 1, we have A 1< A1 <N —1
J
17 . n 17 1 . n
o mjax{ay}_l S H ()\l_aj—l)wj S A mjm{a]}_l N 1—max{aj} S lOg)\ (1+ H ()\l—aj_
i=1 i j=1
1)%7) <1 —min{a;}. Therefore,
j
n
min{a;} < 1—logy [ 1+ [J(A\'"% = 1)* | < max{a,} (5.12)
J , J
j=1
. : .o min{Ay)
Furthermore, for all j, we have min{A4;} < A; < max{A;}, this implies A J —1<
j J
Mi 1< A o - e <A D s,
j=1
n
min{A;} <logy | 1+ [J(A\Y = 1) | < max{A;} (5.13)
J , J
J=1

Let TIT2IFWA(A, As, ..., A,) = ([a,b],¢,d,e];[A, B],C,[D, E]). Then from Eq.
(5.12) and (5.13) we have, min{a;} < a < max{a;} and min{A4;} < A < max{A4;}.
Similarly, we have min{b;} gj b < max{bj},mjin{cj} <c §J max{cj},mjn{dj}]g d <
masc{d;} minfe;} < ¢ < max{e; ) mingB,} < B < max(By},min(C;) < < max(Cy),

min{D;} < D < max{D;}, min{FE;} < E < max{E;}. Hence, by using Eq. (5.2), we
J J j J

have
R(A) — ((a—A)—;—(e—E) +1> (a—A—i—b—B—l—Zl(CgC’)—i-d—D—i-e—E)
max{az} — min{A;} + max{e;} — min{E,)}
< j J j j 11
- 2
max{a;} —min{A4;} + max{b;} — min{B;} + 4max{c;}
J J J J J
— 4min{C;} + max{d;} — min{ Dy} + max{e;} — min{E;}
« J J J J J

8
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and
R(A) — < E)+1><a—A+b—B+4(ch)+d—D+e—E>
mln{a]} max{A }+m1n{ej} max{ L} }
> ( ’ ? + 1)
2
mln{a]} maX{A 4+ mln{b } - maX{B 4 4m1n{cj}
8 - 4max{C }+m1n{d } - max{D }—i—mm{ej} maX{E }
8
Therefore, A™ < TIT2IFWA (A1, As, ..., Ay) < AT, O

Theorem 5.3.4. (Monotonicity:) If A; and B; be collections of two TIT2IFNs such that
.Aj < Bj then

TIT2IFWA (A1, A, ..., Ay) < TIT2IFWA(By, Ba, ..., By)
Theorem 5.3.5. (Shift-invariance:) If B be another TIT2IFN, then
TIT2IFWA (A, ®F B, A2 ®F B, ..., A, @ B) = TIT2IFWA(A1, A2 ..., A,) & B
Theorem 5.3.6. (Homogeneity:) If B > 0 be a real number, then
TIT2IFWA(B -p A1,B-p Az, ...,B-r Ay) =B -p TIT2IFWA(A;, Az ..., Ay)

Proof. The proof of these Theorems can be easily derived from the Frank operational laws

of TIT2IFNs; thus, it is omitted here. ]

5.3.2 Ordered weighted averaging Operator
Definition 5.3.2. Suppose (2 be a family of TIT2IFNs A; for j = 1,2,...,n and TIT2IFOWA :
Qr — Q, if

TIT2IFOWA (A4, ..., Ay) = w1 -F ./45(1) DPrw2F A(g(z) Br...Prwy F A(g(n)

where w = (w1, ws...,wy)T is the weight vector of A;, (§(1),8(2),...,d(n)) is a permuta-
tion of (1,2,3,...,n) such that As;_1) > As() for j = 2,3,...,n then, TIT2IFOWA is

called triangular interval type-2 intuitionistic fuzzy ordered weighted averaging operator
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Theorem 5.3.7. The aggregated value by using TIT2IFOWA operator for a collection of
TIT2IFNs Aj, (j = 1,2,...n) is again TIT2IFN, and is given by

TIT2IFOWA (A1, As, ..., Ay)

n n
1—logy | 1+ H()\l—aa(j) —1)% | ,1—1log, H (A0 — 1)@ | |
j=1 j=1
n n
1 —log, H (Ao — 1) |, {1 =1logy [ 14 [T %0 — 1)~ |,
Jale =1
n n
= | 1-log, [ 1+ [\ —1)=5 | | ; |log, H AsG) — 1)@ |
=1 j=1
n i n
logy | 1+ (AP0 — 1)< | | Jlogy | 1+ [J(A%0 —1)*7 |,
j=1 . j=1
n n
log, H (APt — Jogy | 1+ H()\Ea(.n — 1)
j=1 j=1

Proof of this result is similar to Theorem 5.3.1, so we omit here.

Example 5.3.1. Let A; = ([0.4,0.5], 0.5, [0.6,0.7]; [0.5,0.4], 0.3, [0.2,0.1]), Ay =
([0.2,0.3], 0.4, [0.4, 0.5]; [0.7,0.6], 0.5, [0.3,0.2]), As = ([0.3,0.5], 0.5, [0.6,0.7]; [0.6,
0.4], 0.4, [0.3,0.2]) be three TIT2IFNs and w = (0.3,0.4,0.3)" be their corresponding
weight vector. Now, based on the ranking formula, we have A; > A3 > A, thus, we

have Asq)y = A1, As2) = Az and Asiz) = Az If we take A = 2 for simplification,

3 3
then we have, 1—log, <1 + [T (A% — 1)°JJ'> = 0.3034, log) (1 + [T (A6 — 1)“’]’) =
j=1 j=1

3 3
0.5959, 1 — log, (1 + ] (AP0 — 1)%) = 0.4456, 1 — log), <1 + [T (A0 — 1)%') =
j=1 j=1

J=1 J=1

3 3
0.4716, 1 — log,, <1 + I (A6 — 1)%‘) = 0.5470, 1 — log, <1 + [T (A es0) — 1)%‘) =

0.6491, log, <1+ H(ABM 1)« > 0.4530, log, (1+ ]_[()\CM 1)« ) = 0.3933,

j=1

Jj=1 j=1
TIT2IFOWA (A1, Az, A3) = O [0.3034, 0.4456],0.4716, [0.5470, 0.6491]; [0.5959, 0.4530], 0.3933,

[0.2660,0.1629]).

logy 1+ H (APs6) — 1)« ) 0.2660, log, 1+ H(AE6<J'> —1)%’) = 0.1629. Thus,
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As similar to those of TIT2IFWA operator, the TIT2IFOWA operator also follows
the boundedness, idempotency, and monotonicity properties. Besides the aforementioned

properties, the TIT2IFOWA operator has the following desirable results.

Theorem 5.3.8. For a collection of TIT2IFNs A;(j =1,2,...,n), we have the following:
(i) If w = (1,0,...,0)" then TIT2IFOWA (A1, As, ..., A,) = max{A;, As, ..., An}
(ii) If w = (0,0,...,1)T then TIT2IFOWA (A1, Ao, ..., A,) = min{A;, A, ..., A}

(iii) If w; =1 and w; = 0(i # j), then TIT2IFOWA (A1, A, . .., An) = Aj(j) where Aj;
is the j' largest of Aj, (j = 1,2,...,n).

5.3.3 Hybrid Averaging Operator

Since TIT2IFWA operator weights only the TIT2IFNs while TIT2IFOWA operator weights
the ordered positions of TIT2IFNs. However, in order to combine these two aspects in
one, we now introduce a hybrid AO, which weight both the given TIT2IFNs and their

ordered positions.

Definition 5.3.3. A triangular interval type-2 intuitionistic fuzzy hybrid averaging (TIT2IFHA)
operator is a mapping TIT2IFHA : Q" — Q, such that

TIT2IFHA (A1, As, ..., An) = é1 -5 Asr) ®r b2 -5 As) B - .. Bp b -1 As(ny

where € is the set of all TIT2IFNs, and ¢ = (¢1,¢2,...,¢,)" is the weighted vector
n .

associated with TIT2IFHA, such that ¢; > 0 and ) ¢; = 1; A; = (nwj) -7 Aj,j =
j=1

1,2,...,n, /l(;(j) is the j* largest of the weighted TIT2IFNs /lj and w = (wi,ws, ...,w,) T

n
is the weight vector of A; with w; >0, > w; = 1.
j=1

Theorem 5.3.9. For a collection of TIT2IFNs, A;(j =1,2,...,n), the aggregated value
based on the TIT2IFHA operator is also TIT2IFN and can be expressed as
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TIT2IFHA (A, A, ..., An)

n n
1—logy [ 1+ H (A1) —1)% | |1 — log, H (A=t — 1Y% | |,
n n
1 —logy H AT — 1) | [1 — logy, H MGy — 1)% | |
n
= | 1-logy |1+ H (A=) — 1)% ]; !10gA H (Ao —1)%5 | |

n n
log, H)\Bém 1)% ],mgA 1+ (A% — 1% | |
j=1

n n
log), H (APs6) —1)%5 | |log, H (AEsG) — 1)%

The proof is similar to Theorem 5.3.1, so it is omitted here.
Similar to those of TIT2IFWA and TIT2IFOWA operators, the TIT2IFHA operator

has also follows the same properties.

Theorem 5.3.10. The TIT2IFWA operator as defined in Theorem 5.3.1 is a special case
of the TIT2IFHA operator.

Proof. Let ¢ = (1/n,1/n,...,1/n)T then, TIT2IFHA(A;, Az, ..., A,) = %(A(;(l) OF
A5(2) ®F ... OF Ag(n )=w1 F AL BF ... brwy -F A, = TIT2IFWA(A, Ag, ..., A,). O

Theorem 5.3.11. The TIT2IFOWA operator as defined in Theorem 5.3.7 is a special
case of the TIT2IFHA operator.

Proof. Let w = (1/n,1/n,...,1/n)T then, A; = (nw;) -r A; = Aj, for all j. Thus,
TIT2IFHA (A1, Ag, ..., Ay) = é1 -p Aé(l) BF ¢2 F A5(2) Pp ... B Op - Ag(n) =¢1F
./45(1) ®r @2 -F A(S(Q) Pr...0F On 'F ./45(”) = TIT2IFOWA (A1, Ag, ..., Ap). OJ

5.4 Decision-making approach based on proposed operators

In this section, a decision-making method by using the above-defined AOs has been pre-

sented followed by an illustrative example for demonstrating the approach.
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5.4.1 Decision-making approach

Let A = {A;, As,..., Ay} be the set of “m”alternatives and G = {G1,Ga,...,G,} be a
set of “n” criteria with the associated weight w = (wy,ws,...,wy,)T satisfying w; > 0
and Z?Zl w;j = 1. The characteristics of each alternative A;(i = 1,2,...,m) with
respect to each criteria G;(j = 1,2,...,n) is assessed in terms of TIT2IFNs A;; =
(laizs bijl, cij, [dig, eijl; [Aij, Bijl, Cij, [Dij, Eijl) where 0 < aj; < by < ¢i5 < dij < ej5 <1
and 1 > A;; > B;; > C;; > D;j > E;j > 0 such that e;; + F;; < 1 and a;; +A;; < 1. Then,
in the following, we develop an approach based on the proposed operator to solve the

decision-making problems with TIT2IF information, which involves the following steps.
Step 1: Collect the information as decision matrix D = (A;j)mxn-

Step 2: Normalize the data A;; into r;;, if required, by converting the cost type criteria

(F1) into the benefit type (F2) using Eq. (5.14) as

Aij 3 jEF
Tij = Y (5.14)
A5 0 JER

where Afj is the complement of A;; and obtain the normalized TIT2IFN decision

matrix R = (74§ )mxn-

Step 3: Aggregate the TIT2IFNs 7;(j = 1,2,...,n) for each alternative A;(i = 1,2,...,m)
into the overall preference value r; either by using the proposed TIT2IFWA,
TIT2IFOWA or TIT2IFHA operators.

Step 4: Determine the ranking value of each aggregated value r;, (i = 1,2, ..., m) by using

Eq. (5.2) and select the best one(s).

Step 5: Perform the sensitivity analysis on the parameter A according to decision makers’

preferences.
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5.4.2 Numerical Example

The above decision-making procedure has been illustrated with the case study that a
person wants to invest a money in the market. For this, they have chosen the four multi-
national companies namely A;: Infosys, As: Wipro, As: Dell and A4: Apple. In order
to assess these alternatives, the investors have brought a panel with three experts e, e
and e3 whose weight vector is 0.35, 0.35 and 0.30. These three experts have evaluated
the each alternative A;, i = 1,2,3,4 with respect to the four attributes namely G; (“the
growth analysis”), Go (“the development of society”), Gs (“ the technical support”) and
Gy (“ the quality”) whose weight vector is w = (0.3,0.2,0.1,0.4)". Then, the following
steps have been performed based on the proposed decision-making approach to find the

most desirable alternative(s).

Step 1: The three experts &1, & and & have evaluated the given alternatives A;, i =
1,2, 3,4 with respect to attributes G;, j = 1,2, 3,4 in the form of TIT2IFNs which

are represented in Tables 5.1-5.3 respectively.
Step 2: Since all the attributes are of same types, so there is no need of the normalization.

Step 3: Let ¢ = (0.35,0.25,0.25,0.15)” be the weight vector associated with TIT2IFHA
operator. Without loss of generality, here we utilize TIT2IFHA and TIT2IFWA
operators to aggregate the given data by taking A = 2. For this, firstly we compute
.Af] = 4wj.,4fj; k = 1,2,3 and hence the corresponding values for each decision
makers &, k = 1,2,3 are summarized in Tables 5.4-5.6 respectively. By tak-
ing weight vector 0.35, 0.35, 0.30 of the three experts and utilizing TIT2IFWA
operator to aggregate these expert preferences into the collective TIT2IF ma-
trix R = (74j)ax4. The resultant matrix is given in Table 5.7. Later, by taking
TIT2IFWA operator, corresponding to the weight vector ¢ = (0.35, 0.25, 0.25,
0.15)7 of the criteria Gj, to aggregate all the performance values 745, (j = 1,2, 3,4)
of the " alternative and get the overall performance value 7; corresponding to
alternative A;(i = 1,2,3,4) are r; = ([0.4726, 0.5792], 0.6807, [0.7398, 0.8464];
[0.4221, 0.2996], 0.2559, [0.1802, 0.0910]), ro = ([0.4857, 0.6062], 0.7059, [0.7393,
0.8466]; [0.4326, 0.2918], 0.2596, [0.2066, 0.1074]), r3 = ([0.3910, 0.4960], 0.5939,
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0.6794, 0.7817]; [0.4984, 0.3807], 0.3080, [0.2239, 0.1287] ), and ry = ([0.4357,
0.5387], 0.6259, [0.7059, 0.8016]; [0.4649, 0.3497], 0.2766, [0.2193, 0.1225)).

Step 4: By Eq. (5.2), we compute the ranking values of r;(i = 1,2,3,4) as R(r;) = 0.5864,
R(ry) = 0.5977, R(rs) = 0.3595 and MR(ry) = 0.4509.

Step 5: Since Ry > R > Ry > R3 and thus, the ordering of the given alternatives is
Ao = Ay = Ay = As. Therefore, As is the most desirable one while A3 is the

least one.

5.4.3 Effect of Frank norm parameter A\ on the ranking

To analyze the effect of the parameter A on the most desirable alternatives of the given
attributes, we use the different values of A in the proposed approach for describing the
changing trend of ranking order as well as the measuring value corresponding to each
alternative. The complete variation of the ranking value of each alternative with respect
to parameter A is summarized in Fig. 5.2, while the ranking values for some parametric
values of A — 1,2,2.5,5,7.5,10 are summarized in Table 5.8. From this table and figure,
it has been seen that with the increase in the value of A, the ranking value corresponding
to each alternative also increases but the ranking order of these alternatives remain same
ie, Ay = Ay = Ay = Az and hence the best alternative is Wipro (Az) for investing a

money in the market.

Effect of A on ordering of the alternative
0.7 i : . .

0.65F 1 2 3 i 4|

0-6; _____________ = = 1
0.551 |
0.5¢ |

045w S 1

Ranking value

0.4 ..

0.35¢ b
0.3 b

0.25 . . . .
10 20 30 40 50
A

Figure 5.2: Effect of Frank norm parameter \ on the ranking order of the alternatives
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5.4.4 Comparative studies

In order to compare the performance of the proposed methods with some existing methods,
a comparative study has been taken in which the existing operators based on algebraic
averaging operator [159], geometric operator [161], Einstein based t-norm [146], Hamacher
based t-norm operator [92], etc., have been considered. The results corresponding to it
has been shown in Table 5.9. From this table, it has been analyzed that the best company
for investing the money in the market is Wipro (A3) than others and this result has been
overlapped with the existing studies results which validate the stability of the approach.
Furthermore, the proposed operator involves a certain parameter A, which makes them
more flexible in the process of information fusion and is more adequate to model practical
decision-making problems. Thus, the proposed technique can be suitably utilized to solve
the problem of decision-making problem than the other existing measures. According to
the above comparison analysis, the proposed method for addressing the decision-making

problems has the following merits with respect to the existing ones.

(i) Compared with IFWA operator (or IFWG operator) proposed by Xu [159] (or Xu
and Yager [161]), the IFWA operator (or IFWG operator) is only a special case of
our proposed operators when parameter A — 1. So, our methods are more general.
Furthermore, the proposed operators based on Frank t-norms, are more robust and
can capture the relationship between the arguments. Moreover, when A — oo, the
proposed operators are reduced to the operators based on Lukasiewicz product and
Lukasiewicz sum. Therefore, the Frank AOs can contain almost all of the arithmetic

AOs and geometric AOs for TIT2IFNs according to different values of parameter .

(ii) The proposed methods include a parameter, which can adjust the aggregate value
based on the real decision needs, and capture many existing hesitant fuzzy AOs.
Therefore, the benefit is that the proposed operators come with their higher gen-
erality and flexibility. In other words, the decision maker can use the appropriate

parameter value based on their risk preference and actual needs.
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5.5 Conclusion

The objective of this chapter is to present triangular interval type 2 intuitionistic fuzzy
AOs by considering the Frank operational laws. For this, some operational laws based on
Frank t-norm and conorm has been presented under the triangular type 2 intuitionistic
fuzzy environment and then based on its some series of weighted averaging operators
such as TIT2IFWA, TIT2IFOWA and TIT2IFHA have been proposed. Various desirable
properties of its have also been stated and discussed in details. An illustrative example
related to the decision-making process has been taken for demonstrating the approach. A
comparative study with some existing operators shows that the proposed operators and
their corresponding techniques provide an alternative way to solve the MCDM problem in
a more effective manner. A sensitivity analysis has also been conducted for showing the
impact of the decision parameters on to the ranking of the alternatives. In addition, the
proposed results corresponding to different values of A will offer the various choices for the

decision maker for assessing the decisions.
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Table 5.1: TIT2 Intuitionistic fuzzy decision matrix given by Expert &;

g1 Go g3 G4
A; | (]0.40,0.50], 0.60, [0.70,0.80]; (][0.50,0.60],0.70, [0.80,0.90]; ([0.60,0.70],0.80, [0.90,0.95]; ([0.60,0.70],0.80, [0.80, 0.90];
[0.50,0.40], 0.30, [0.20,0.10])  [0.40, 0.30], 0.30,[0.20,0.10])  [0.30,0.25],0.20, [0.10,0.05])  [0.30,0.25],0.20, [0.20, 0.10])
As | (]0.50,0.60],0.70,[0.80,0.90]; (][0.50,0.60],0.70, [0.80,0.90]; ([0.40,0.50],0.60, [0.70,0.80]; ([0.60,0.70],0.80, [0.80,0.90];
[0.40,0.30], 0.30, [0.20,0.10])  [0.40, 0.30], 0.30,[0.20,0.10])  [0.50, 0.40], 0.40, [0.30,0.20])  [0.40,0.20], 0.20, [0.20, 0.10])
As | (]0.30,0.40],0.50, [0.60,0.70];  (]0.40,0.50], 0.60, [0.70,0.80];  ([0.20,0.30],0.40, [0.50, 0.60];  ([0.30,0.40],0.50, [0.60, 0.70];
[0.60,0.50], 0.40, [0.30,0.20])  [0.45,0.40], 0.30,[0.20,0.10])  [0.60, 0.50],0.40, [0.30,0.20])  [0.70,0.50], 0.40, [0.30, 0.20])
Ay | (]0.20,0.30],0.40, [0.50,0.60];  (]0.60,0.70],0.80, [0.85,0.90]; ([0.30,0.40],0.50, [0.60,0.70];  ([0.40,0.50],0.60, [0.70, 0.80];
[0.70,0.60], 0.50, [0.40,0.30])  [0.40, 0.20], 0.20, [0.15,0.05])  [0.60, 0.50],0.40, [0.30,0.20])  [0.50,0.40], 0.30, [0.20, 0.10])
Table 5.2: TTT2 Intuitionistic fuzzy decision matrix given by Expert &
G1 G2 g3 G4
Ay | ([0.20,0.30],0.35, [0.40,0.50]; ([0.30,0.35],0.40, [0.40, 0.50]; ([0.30, 0.50], 0.60, [0.60,0.70]; ([0.30, 0.40], 0.50, [0.50, 0.60];
[0.70,0.60], 0.50, [0.40,0.30])  [0.60,0.50], 0.50, [0.40,0.30])  [0.60,0.40], 0.40, [0.30,0.20])  [0.60,0.30], 0.30, [0.20,0.10])
A5 | ([0.25,0.30],0.35, [0.35,0.40]; ([0.30,0.40], 0.40, [0.50, 0.60]; ([0.30,0.50], 0.55, [0.60,0.70]; ([0.20, 0.40],0.45, [0.50, 0.60];
[0.65,0.55],0.45, [0.35,0.25])  [0.60,0.50], 0.40, [0.40,0.30])  [0.70,0.50], 0.40, [0.40,0.20]) ~ [0.70,0.50], 0.45, [0.40, 0.30])
A3 | ([0.45,0.50],0.50, [0.60,0.70]; ([0.50,0.60],0.60, [0.70,0.80]; ([0.40,0.60], 0.70, [0.80,0.90]; ([0.30, 0.40], 0.55, [0.60, 0.70];
[0.40,0.30], 0.30, [0.20,0.10])  [0.50,0.40], 0.30, [0.20,0.10])  [0.50,0.40], 0.30, [0.20,0.10])  [0.60,0.50], 0.40, [0.30, 0.20])
Ay | ([0.50,0.55],0.55,[0.60,0.75];  ([0.60,0.70],0.80,[0.85,0.90]; ([0.40,0.50], 0.60, [0.70,0.80]; (][0.50,0.60],0.65, [0.70,0.80];
[0.40,0.30], 0.20, [0.20,0.10])  [0.40,0.30], 0.20, [0.10,0.05])  [0.50,0.40], 0.30, [0.20,0.10])  [0.40,0.30], 0.30, [0.30, 0.20])
Table 5.3: TTT2 Intuitionistic fuzzy decision matrix given by Expert &3
g1 Go g3 G4
A, | ([0-40, 0.50],0.60, [0.70, 0.80]; ([0.50,0.60], 0.70, [0.80,0.90];  ([0.40, 0.50], 0.60, [0.70, 0.80]; (]0.50, 0.60],0.70, [0.80, 0.90];
[0.50,0.40], 0.30, [0.20,0.10])  [0.450, 0.40],0.25, [0.15,0.10])  [0.45,0.35],0.30, [0.30,0.20])  [0.40, 0.30], 0.30, [0.20, 0.10])
Ay | ([0.30,0.40],0.50, [0.60,0.70];  ([0.60,0.70],0.80, [0.80,0.90];  ([0.40, 0.50],0.60, [0.70,0.80]; ([0.60,0.70],0.80, [0.80, 0.90];
[0.60,0.50], 0.40, [0.30,0.20])  [0.35,0.30],0.20, [0.15,0.10])  [0.45,0.40], 0.30, [0.20,0.10])  [0.30, 0.20],0.20, [0.15, 0.05])
As | ([0.10,0.20],0.30,[0.40,0.50];  ([0.60,0.70],0.80, [0.80,0.90];  ([0.30,0.40],0.50, [0.60,0.70]; (]0.40,0.50],0.60, [0.70, 0.80];
[0.60,0.50], 0.40, [0.30,0.20])  [0.30,0.20],0.20, [0.20,0.10])  [0.55,0.45],0.40, [0.30,0.20])  [0.50, 0.40], 0.35, [0.30, 0.20])
Ay | ([0.20,0.30],0.40, [0.50,0.60];  ([0.20,0.30],0.40, [0.50,0.60];  ([0.10,0.20],0.30,[0.40,0.50]; (]0.30,0.40],0.50, [0.60, 0.70];
[ ) ) ) |

0.70,0.60], 0.50, [0.40, 0.30]

[0.60,0.50], 0.40, [0.30, 0.20]

[0.50,0.40], 0.30, [0.20, 0.10]

0.60, 0.50], 0.40, [0.40, 0.30])
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Table 5.7: Collective information by the decision maker

G

G

G3

G4

([0.6601,0.7664],0.8573, [0.8835, 0.9516];
(0.2336,0.1188],0.1043, [0.0668, 0.0212])

[0.3902,0.5016], 0.5950, [0.6878, 0.7906];
0.4984, 0.3906], 0.2873, [0.1891, 0.0966])

([0.3638,0.4424],0.5271, [0.6122, 0.7387];
[0.5599, 0.4795],0.4305, [0.3227, 0.2248]

([0.2034, 0.2795], 0.3499, [0.4204, 0.5087];
[0.7295,0.6582], 0.6300, [0.5583, 0.4778))

Az

[0.6688,0.7978], 0.8762, [0.8835, 0.9516];

[0.4186,0.5142], 0.6381, [0.6954, 0.8011];

([0.3952,0.4894], 0.5682, [0.6326, 0.7555
[0.5287,0.4487], 0.3842, [0.3227, 0.2248]

([0.1615,0.2320], 0.2813, [0.3379, 0.4186);
[0.7937,0.7286], 0.6865, [0.6345, 0.5135))

As

[0.4845,0.6082],0.7357, [0.8136, 0.8921];

(
[0.2639, 0.1165], 0.1090, [0.0879, 0.0289])
(
[0.4301, 0.2815], 0.2014, [0.1322, 0.0668])

[0.3544, 0.4447], 0.5119, [0.6191, 0.7217];
0.4536,0.3469], 0.2892, [0.1932,0.1041])

[0.5007,0.4159], 0.3547, [0.2842, 0.1655]

(10.1313,0.2034], 0.2619, [0.3307, 0.4204];
[0.7947,0.7380], 0.6830, [0.6072, 0.5073])

Ay

([0.5820, 0.6961], 0.7764, [0.8467,0.9179];
[0.3039,0.2045],0.1533, [0.1211, 0.0551])

[0.3708,0.4598], 0.5237, [0.6089, 0.7321];

(
[
(
[0.4700, 0.3619], 0.3045, [0.2067, 0.1147])
(
[
(
[0.5149, 0.4033], 0.2938, [0.2442, 0.1447])

([0.4235,0.5215], 0.6288, [0.6959, 0.7686

v
w
v
%.@E,o.ﬂmm_b.mm?B.imw,o.dﬂmw
v
f
[0.5363, 0.3950], 0.3352, [0.2402, 0.1369])

(]0.1213,0.1704], 0.2243, [0.2852, 0.3573];
[0.7864,0.7286], 0.6621, [0.5814, 0.4710))

Table 5.8: Ranking values for the different values of A for each alternative

Alternative | A—=1 A=2 AX=25 A=5 A=75 A=10
Aq 0.6662 0.5864 0.5434 0.4740 0.4605 0.4557
As 0.6779 0.5977 0.5541 0.4649 0.4525 0.4436
As 0.4426 0.3595 0.3162 0.2784 0.2911  0.3005
Ay 0.5337 0.4509 0.4069 0.3496 0.3559  0.3590

Table 5.9: Comparative study with existing methods

Method Parameter Order of alternatives
Xu and Yager [161] None Ay = Ag = Ay = Az
Xu [159] None Ao = A1 = Ay = Az
Wang and Liu [146] None Ao = A1 = Ay = Az
Liu [92] v=2 Ag = Ay = Ay - A3
Proposed operator A=2 Ao = Ay = Ay = As




Chapter 6

A novel symmetric triangular
interval type-2 intuitionistic fuzzy
sets and their aggregation
operators

In this chapter, we developed the concept of the Symmetric triangular interval T2IFSs
(STIT2IFSs) by taking the features of T2IFSs and the symmetric triangular number and
studied their desired properties. In a practical decision-making process, there always oc-
curs an inter-relationship among the multi-input arguments. To address it, Hamy means
(HM) operator is a standout among the most critical operators that catches the inter-
relationship together with the multi-input arguments. Motivated by these primary char-
acteristics, it is interested to extend HM operator to the STIT2IFS and hence defined some
new triangular interval type-2 (TIT2) intuitionistic fuzzy aggregation operators, named as
symmetric TIT?2 intuitionistic fuzzy HM operator which can consider the multi interaction
between the input argument under a provision of type-2 intuitionistic uncertain situation.
Later, we develop a method to solve the decision-making problem and illustrate with a

numerical number to exemplify the practicability of the proposed technique.

!The content of this chapter is published as “Symmetric triangular interval type-2 intuitionistic
fuzzy sets with their applications in multi criteria decision making”, Symmetry, 10(9), 401; 2018, doi:
10.3390/sym10090401 (SCI: Impact Factor: 2.143)
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6.1 Introduction

In these existing works, authors have investigated the problem by taking a quantitative
environment to access the alternatives. However, not all alternatives are accessed in
terms of quantitative. For this, there exists the concept of qualitative assessment in
terms of linguistic variables/terms (LVs/LTs) [68, 158]. By taking the advantages of
LTs, Zhang [171] presented the linguistic intuitionistic fuzzy (LIF) AOs to aggregate the
LIF numbers. Chen et al. [26] presented an approach to solving the MCDM problem
under LIFS environment. Garg and Kumar [54] presented AOs for LIF numbers (LIFNs)
by using set pair analysis theory. Garg and Kumar [53] presented new possibility degree
measure for LIFNs and an AO to aggregate the different LIFNs to solve MCDM problems.
In many practical problems, it is not easy for any decision maker (DM) to discover an
exact membership function of an FS corresponding to its element. To overthrow this
limitation, type-2 fuzzy set (T2FS), an extension of T1FS, is applied to the model and is
characterized by two functions: PMF and SMF. Unfortunately, T2FSs are highly complex,
it is troublesome for the DMs to implement it in the real situation; hence, their use is not
yet widespread. To reduce the computational complexity, Interval type-2 fuzzy (IT2F)
sets (IT2FSs) [99] is the most widely used in T2FSs. In past decades, many methods
have been developed to extend the theory of MCDM under IT2FS environment. Chen
et al. [25] built up an expanded QUALIFLEX strategy for taking care of DM issues
in view of I'T2FSs and gave a contextual analysis of medicinal basic leadership. Chen
[22] built up an ELECTRE-base outranking strategy for decision-making problems using
IT2FSs. Wu and Mendel [151] proposed a linguistic weighted average AOs to deal with
analytical hierarchical process (AHP) process under IT2F environment. Qin and Liu
[120] investigated a family of type-2 fuzzy AOs in light of Frank triangular norm and
built up another way to deal with MCDM problems under the IT2FSs setting. Gong et
al. [62] extended the generalized Bonferroni mean (GBM) operator to the trapezoidal
IT2F environment. Apart from these, some other studies under T2FS environment are

conducted which are summarized in [28, 62, 75, 89, 95, 100-102, 116, 118, 120, 147, 175].

In all these above AOs, researchers have described the information by considering the
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independent of argument assumptions during the aggregation. However, the interaction
between the multi-input parameters have commonly occurred and thus, it is necessary to
add their features into the process. In that direction, Bonferroni mean (BM) and gen-
eralized BM (GBM)-based operators are proposed by the researchers [47, 82]. But from
them, it has been observed that they have considered only two or three multi-parameter
at a single time. However, they are unable to analyze the effect of the multi-input argu-
ment into one analysis. Furthermore, in BM and GBM, there is a need for two and three
parameters from the irrational set during the process which increases the computational
complexity. An alternative to BM operators, Hamy mean (HM) [66] or Maclaurin sym-
metric mean (MSM) or Muirhead mean (MM) operator has advantages of capturing the
inter-relationship among the multiple input arguments. Qin [118] make a correlation be-
tween the HM and the MSM and conclude that the MSM is an instance of HM [119, 121].
Garg and Nancy [59] develop MCDM method by prioritized MM aggregation operators.
Additionally, the HM operator involves the parameter, which can provide more flexibility
and robustness during the aggregation operator. The existing - arithmetic and geometric
mean- operators can be easily deduced from the HM by setting a particular value to its
parameter. Be that as it may, the HM just accomplished a couple of research results on
the hypothesis and application of inequality [64, 78]. Therefore, it is a means to study the
AOs using the HM operator.

Thus, keeping in mind the advantages of T2IFS and the multiple input interaction
between the argument of HM operator, this chapter has presented the concept of the
symmetric TIT2IFS and their desired properties. These considerations have led us to

consider the main objectives of this chapter:
1) to propose the concept of the symmetric TIT2IFS (STIT2IFSs);
2) to propose some new AQOs for STIT2IFSs under the linguistic intuitionistic features;

3) to develop an algorithm to solve the decision-making problems based on proposed

operators;

4) to present some example to validate and compare the results.
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6.2 Symmetric Triangular Interval T2IFS

In this section, we developed a concept of a symmetric triangular IT2IFS and characterize

their fundamental operational laws.

Definition 6.2.1. Let X be the universal set. A symmetric triangular interval type-2 IFS
(STIT2IFS) can be represented as follows:

A= {(Calx), 0a(x), pa(x), Pa(x), Valx), T4 (2)) | x € X} (6.1)

where (a(x), 04(x), pa(x), 0 (x), Va(z), V% (x) are the real numbers satisfying the in-
equalities, Ca(z) > 0a(x), 0 < pa(z) < piy(z) <1, 0 < 9% (x) < Ja(z) < 1 such that

ea(x) +9a(z) <1 and % (z) + 9% (z) < 1.

For convenience, we represent this pair as A = (¢4, 04, 4, ¥’ V4,77%) and called as
symmetric triangular I'T2 intuitionistic fuzzy (IT2IF) number (STIT2IFN) where (4 > 0.4,
pa+094 <1, o4 +09% < 1and g < @Y, 94 > 9%. The graphical representation of
STIT2IFN is given in Figure 6.1.

EJA,VA
D e -
L UNME, (%)
S O U
= LNMF, (x)
2,
> UMF_ (%)
Sy COm—

Lo~ Pu [ St o, x

Figure 6.1: Representation of Symmetric Triangular Interval T2IFN A4

Definition 6.2.2. For a STIT2IFN A = (4,04, p4, ¢, V4,0%), the lower and upper
membership and non-membership functions denoted by LMF, UMF, LNMF and UNMF
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are defined as

(p*
Q::(l‘—CAJrQA) ia—o0a<x <y

UMF 4(z) = oY i =Ca ;
£4

QA(CAJrQA—x) ia<z<oa+Ca

(0% — 1) (@ — Ca+ 04) + 04
oA

;Ca—04A<x<CQ
UNMF 4(z) = M
(1 =) (x — Ca) + %04

;T = (A

1Ga<z<o04+Ca

\ 0A
YA .
QA(iU—CAJrQA) iCa—oa<x<C4
YA
7(<A+QA—5U) a<z<oa+Ca

(VA —1)(x—Ca+04)+ 04
04

1A — 04 <x <y
LNMF 4(z) = { 9 4

(1 —=94)(x —Ca) +Va04
oA

;T = (A

sCa<z<oa+Ca

Definition 6.2.3. The score function of STIT2IFN A = (C4, 04,04, ¢%,V4,0%) is de-

fined as

s(A) = (s2(A), 5y(A))

ca 20.40% vy 20 40% 19,4—1—@01_%4—#—191
oAt Moavoy 2 >

(6.2)

Definition 6.2.4. For two STIT2IFNs A and B, an order relation “(>)” to compare them

is defined as

(i) If s4(A) > s4(B), then A > B;
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(i) TF 52(A4) — su(B), then {0V 7B T A=E

sy(A) = sy(B) = A=D5;

Definition 6.2.5. For two STIT2IFNs A = (C4, 04, ¢4, ©%, P4, 9%) and B = ({3, 08,

©B, ¢ UB, ¥%), A > 0, then the operational laws of it are shown as follows:
(i) Ae B = (CA + (B, 04+ 08, pAPB, U + 5 — PuPB VA + U8 — VaUB, ?91‘4792})5
(i) A®B= (CACB; 0ACB, A+ 9B — PAPB, PPB VAUB, Uy + U5 — U 073);

(i) M = (A doa, (e 1= (1= g2)N 1= (1= 90N, ()

() A = (1~ (- ()N WM 1 - (1 - 0%

Theorem 6.2.1. For STIT2IFNs A and B, the operations defined in Definition 6.2.5 are
again STIT2IFNs.

Proof. Consider two STIT2IFNs A = (¢4, 04, 04, %, V4,0%) and B = ({5, 08, 5, i, U5, V3).
So by Definition 6.2.1, we have (4 > 04, o4 < ¥, Va4 >0, pa+94 <1, 5 +97% <1,
B > 08 8 < v U 205 pp+U5 < 1, pp+V5 < 1. Let AGB = v =
(Q,, 0 pr,gafy,ﬁw,q?i';) and thus by Definition 6.2.5, we get ¢, = (4 + (5, 0y = 04 + 05,
Dy = PAPB, Py = U +E —PUPE, Uy = Va+Up =0 405, V% = 050%. Now, to show A®B
is again an STIT2IFN, we need to prove that ¢, > 0,, ¢, < gpﬁ, ¥y > 193, oy +19, < 1,
ey +05 <1
As (4 > 04 and (g > op which implies that ¢, > o0,. Further p4 < ¢%, v < ¢g,
VA > 0%, 9 > V5, oa+94 <1, o5 + 9% <1 which gives that

oy +19y = papp+ (Pa+98 —IaUp)

= papp+1—(1-794)(1—9p)

IN

vapst+1—paps

IN

1
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and

Oy +U, = oupp — Pars + a0
= 1-(1—¢u) (1 —ep)+I495

1 — 970 + 050

IN

1

IN

Finally, oy = papp < ¢hep = 5 and 9, = J 4+ 95— 9405 = 1 — (1—94)(1—vR) >
1 — (1 -9 —95) = V5. Therefore, we conclude that A @ B becomes STIT2IFN.
Similarly, we can prove that A ® B, A* and AA are also STIT2IFNs. O

6.3 STIT2IF Hamy Mean Aggregation Operators

Let ©Q be the gathering of all non-empty STIT2IFNs A; = (¢, 04, @i, ¢, Vi, 07) , (i =
1,2,...,n). Here, we present HM-based AOs for STIT2IFNs.

6.3.1 STIT2IFHM Operator

Definition 6.3.1. A STIT2IFHM is a mapping STIT2IFHM : Q™ — Q defined as

STIT2IFHM®™ (A, Ay, ..., A,) = 5= (6.3)

then STIT2IHM®*) is called the symmetric triangular IT2IF Hamy mean operator, where

k=1,2,...,n is the parameter and (Z) = ﬁlk)' represent the binomial coefficient.

Theorem 6.3.1. The aggregated value for n STIT2IFNs A; = (G, 0i, i, ¢}, Ui, UF) by
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using Definition 6.3.1 is again STIT2IFN which is given as

STIT2IFHM®) (A, Ao, ..., Ay)

k k k ;
2. (H CA5> > (H QA,ij)
1<ig < 7j=1 1<ig < j=1
c.<ip<n

\
-
|
cqum
—
|
 ~
o
&
Bl
&3~
-
|
—

<ip<n 1;;;§n =t
1
K A6
H 1- H(l o 19;*41:]-)
1<ip< j=1
<ip<n

=

N————
|

|~

—
>3
~

Proof. The first part of the result can be easily obtained from Theorem 6.2.1. So, there

is a need to prove only that Eq. (6.4) is kept.

According to the operational laws of STIT2IFNs, we get

=1
< k k k
J= H(’DAzJ’HﬂAij’l_H(l_ﬂlij)
j=1 Jj=1 Jj=1
1
n k
and Ai;
j=1
1 1
k k k k
(HCAL] : 1_[9,417 1= H(I—SOAZ-].)
j=1 j=1 j=1
- 1 1
k k k L k
* *
(31_11 @Aij ) jl:[l 19-/4@- 1= H(1 - ﬁAij)
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Therefore,
1
n k
@ ‘A%
1<ip< j:]_
<ip<n
k k k 3 k ®
> (HQ\]) sy (HQAi]) IT |- (H(lw,])) ;
1<ip < j=1 1<iy < j=1 1<iy < j=1

k % i %

[I¢a > [] o, 1\ \ 7y
1<i< \j=1 "’ 1<ip< \j=1 7 k k %)
<ip<n < <n

: n ) . n g H 1- H(l - @Aij) )
(k) (k) 1<ig < j=1
<ip<n
1 _1
_ k : ") k g %)
L= I (- (1T ¢4, A= II [t (1174, ,
1<ig < j=1 1<ig < j=1
..<ip<n <ip<n
1\ \ 7y
k k (®)
0 |- (TIa-o)
1<ig < j=1
c<ip<n

In what follows, we investigate the certain property of STIT2IFHM operator.

Theorem 6.3.2. (Idempotency) If A; = A = (C4, 04,04, 9%, V4,70%) for all 4, then

STIT2IFHM ) (A1, As, ..., Ay) = A.
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Proof. Since A; = A = (Ca, 04,04, ¢%,04,0%) for all i then based on Theorem 6.3.1, we

have

STIT2IFHM®) (A, A, ..., A)

k % X %
> | II¢a > | Il oa NN T
1912 j=1 1912 j=1 k k (k)
L.<ip<n L<ip<n
g n ) - n ) H 1- H(l - 90.»4) )
(k) (k) 1<ig< j=1
L<ip<n
_1 _1
_ #\\ () K #\\ ()
1—| II (1= T]¢x A= I (1= (]]?4 ,
1<ip < j=1 1<iy < j=1
<ip<n <ip<n
1
k 7)) &)
IT (- I]-9w
1<i) < 7j=1
<ip<n

_ ) << 1 <ip<
@) ®
1-| I -9 A I a-a-9)

1= (=9 ® 1= -v2)®
= (Ca, 04, 04,90, 0.4,0%)
= A

Theorem 6.3.3. (Commutativity) Let A;(i = 1,2,...,n) be a collection of STIT2IFNs,

and A; be any permutation of A;. Then

STIT2IFHM ) (A, Ay, ..., A,) = STIT2IFHM®) (A}, As, ..., Ay)
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Proof. Based on the Definition 6.3.1, we have

R
=
QJ

Fl=

STIT2IFHM™ (4, A, ..., A,) =

R
=
\._/

bl

= STIT2IFHM®) (A4}, Ay, ..., Ay)

Theorem 6.3.4. (Monotonicity) For two different STIT2IFNs A; = (C Ais OA;s P A Pl

29.417 191(4)’ and BZ = (CBm O0B;s PB;>» ‘PZ-;Z, 1981‘7 192;’)7 (7f = ]-725 .. .,TL). IfCAZ < CBiv 0A; > 9B;>»
PA; 2 OB P, < @i, Va, < Up, and U7 > Jp. for all i, then

STIT2IFHM®) (A1, A, ..., A,) < STIT2IFHM*) (B, By, . .., B,).

Proof. Let A= STIT2IFHM®)(A,, Ay, ..., A,) and B = STIT2IFHM*) (B, By, ..., By).

Then according to Theorem 6.3.1, we get

A = STIT2IFHM k>(A1,A2,-- An)

A
k k k
: (o) ()
1<ig < j= ’ 1<11< =1
1 . (

<t <n c<ip<n
(x) 11

Il
—_
I
—
—
|
-~
—
S
N
==
—
|
:_\” |
g
—_
|
N
b
<
=
N———
=
=

1<y <
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and
B = STIT2IFHM®)(By,Bs, ..., B,)
k k k k
> (IICB%> 2. <IIQB”>
1<ip< j=1 1<ip< j=1
<ip<n <ip<n

1<iy <
<ip<n
1 1
_ k w1\ () k k
=1 11 I1¢5, A= I |- 11vs,
1<ig< j=1 ’ 1<ig < j=1
<ip<n <ip<n
1
1 Ty
k k (%)
*
I [1-(TTo-s,)
1<ig < j=1
<ip<n

Since (4, < (g, which implies that

k
Also, @4, > ¢p, implies that [] (1 — ‘PAij)

k
< JI (1 — g, ). Thus,
j=1 j=1 !

B
=

k k
11(1_90.141']-) H 1_9013
j= =1

which give us that

N\ @
<1<1:I< (1_<1§1(1_¢Ai]’)> )) ' (1<1:I<

Similarly for ¢% < ¢p ., V4, <04, and 9% > I for all ¢, we have

v

1
b ( 1<1_'[< (1 <ﬁ119“41]>k)) (k) si- ( 1<r[< (1 (fgﬂgij)

(1—@[(1—% >>))(’€)
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1 1

N\ @ N\

(1<1:[< (1—<1:[1(1—19§uj)> )) : >(1<1:[< (1—(1(1—19}‘%)) )) ’ ;
c<ip<n 1 c<ip<n 1

Rl

and 1— ( 1<]:[< (1_ (ﬁlS"Zij)k)) ( ) <1 ( 1<l:[< (1_ (ﬁlgp2ij>k)> (k)

Therefore, by using these inequalities and Definition 6.2.4, we get
STIT2IFHM®) (A1, Ay, ..., An) < STIT2IFHM ¥ (By, B, ..., B,)
O
Theorem 6.3.5. (Boundedness) For n STIT2IFNs A;, A~ = (miin{Ci}, mzax{gi}, miin{goi},

max{y; },max{?;}, min{v;}), and A* = (max{¢;}, min{e;}, max{y;}, min{}}, min{d;},

max{J;}), we have
7
A < STIT2IFHM®) (A}, Ay, ... A,) < AT
Proof. Clearly, we get A~ < A; < AT. Thus, based on Theorems 6.3.3 and 6.3.4, we have

STIT2IFHM ) (A, As, ..., A,) > STIT2IFHM®) (A~ A=, ... A7) = A~

STIT2IFHM®) (A1, Ag, ..., An) < STIT2IFHM®) (A+ AT ... AT) = AT

Lemma 6.3.1. [66] For n non-negative real numbers z;, we have

HMW (21,29, . .., 2n) > HMP (21, 29,...,2,) > ... > HM™ (21, 29, ..., 2,) (6.5)

with equality holding iff x1 =22 = ... = z,.

n
Lemma 6.3.2. [78] Let z; >0, y; >0 and > y; = 1. Then
i=1

ﬁxf < zn:%yz (6.6)
i=1 =1

with equality holding if and only if x1 =20 = ... = x,,.

Theorem 6.3.6. For given STIT2IFNs A;, the operator STIT2IFHM is monotonically

decreasing with parameter k.
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Proof. For STIT2IFNs A; and k= 1,2,...,n, we denote

2 (H CAZ-].) 2 <H QAij>
s, v ® s, v
) = ==e=n L A() = ’
(&) (&)
L
k ARY,
1<ir < j=1
L<ip<n
1
1 my
1<ig < j=1
<ip<n
L
5 V()
mky=1-| T[ [1-{I[va, ,
1<in < Jj=1
<ip<n
1

|
—
>3
S—

. :
ssw=| 11 1<H<1ﬁ:a%>)

1<i < j=1
<ip<n

Based on Theorem 6.3.1, we have

STIT2IFHM®) (Ay, A, ..., Ay) = (C(k), A(k), T(k), S(k), T*(k), S* (k)
Ok +1), Ak + 1), T(k + 1),

and STIT2IFHM*+V (A, Ay, ...  A,) =
S(k+1),T*(k + 1), S*(k + 1)

Following Definition 6.2.3 and Lemma 6.3.1, we obtained

k &
Z <H CAij>
1<i1 < ]:]_

c<ip<n

[

52 (STIT2IFHM®) (A}, Ay, ..., Ay))

()
1
k+1 +1
<1_§i1<< 7j=1
Z ce<tpp1Sn
(1)

> s, (STIT2IFHM D (A1, Ag, ..., Ay))
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Then, two cases are arisen:

Case 1 If s, (STIT2IFHM® (A;, Ay, ..., A,)) > s, (STIT2IFHM*HD (A, Ay, ..., Ay)),

following the Definition 6.2.4 we get

STIT2IFHM ) (A1, Ag, ..., Ap) > STIT2IFHM D (A}, Ay, ..., Ay)

Case 2 If s, (STIT2IFHM®™ (A1, As, ..., A,)) = sp(STIT2IFHMEHD (A, As, ..., A,)).
Then, by Lemmas 6.3.1 and 6.3.2, we get

1
k k (%)
S(k) = 1- H 1 - H@i\ij
1<ig < ]:1
L<ip<n
1
k 3
> 1 (H ©u, )
1<ig < J=1
Z 1 _ <ip<n _
(x
1
k k
I1 ¢4,
I
1<ig < (Z)
L<ip<n

To check the monotonic behavior of S(k), we assume that it is increasing with &, i.e.,
S(n)>Sn—-1)>...>5(1) (6.7)

Also since

L n
O(1-v) n-360) e
SM=1- > J*Tzl_ i=1 _i=1

1<i1<n

which implies that

Z?:l 80.);\2
n

1
n n n
« " Z‘:1 90;1-
= <H¢A2> > - 1 - i
=1

which contradict the Lemma 6.3.2. Hence with parameter k, S(k) is monotonically de-

S(n) > S(1) =

creasing. Similarly, we can get T*(k) is also monotonically decreasing with parameter
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k. Also, the functions T'(k) and S*(k) are monotonically increasing with parameter k.

Therefore,

sy (STIT2IFHM ™ (A1, Ay, ..., Ay))
S(k) +T*(k)  T(k) + S*(k)
2 2
Sk+1)+T*(k+1) T(k+1)+S5*(k+1)
2 2
= s, (STIT2IFHM* TV (A;, Ay, ..., Ay))

Thus, by both the cases, we get STIT2IFHM®) (A, As, ..., A,) > STIT2IFHM*+D (A4,
Ao, Ap). O

Furthermore, we will talk about a few special cases of the STIT2IFHM operator con-

cerning the parameter the k.

1) When k =1, Eq. (6.4) reduces to the triangular IT2IF averaging operator.

STIT2IFHM (.A1, Ag, -+

1

Am)
1<Z< (H1CA ) P2 (ngA ) ) T
i11<n ]n 11<n \j (H 1_99‘/4
1<21<n j=1

(1)

e e
(1}1” (1— (71_[1 (1—19%])) ))
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2) When k = n, Eq. (6.4) will reduce to triangular IT2IF geometric operator.

STIT2IFHM ™ (A;, A, -+ , Ay)

1 1

k n
> | I ¢a, >
1<ip < j=1 ; 1<ip <
..<ip<n ..<ip<n

() ’ ()

1T Cai, | 11 04,
j=1 j=1
k no [k n
H Sofélz ) H 19./42'
j=1 j=1

6.3.2 WSTIT2IFHM Operator

Definition 6.3.2. For a collection of n STIT2IFNs, A;, w = (w1, wa, - -

)

,wp) T is weight

vector of A;, where w; > 0 and Z?Zl w; = 1, we define WSTIT2IFHM operator as

WSTIT2IFHM®) (A1, Ag, -+, Ap)

o () (34
1<i1< j=1 j=1

<t <n

- n—1
G

k
n—1
® A;
7=1

then VVSTITQIFHM%c ) is stated as weighted symmetric triangular IT2IF Hamy mean

operator.
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Theorem 6.3.7. For n STIT2IFNs A; = ((;, 04, @i, ¢}, 9:,97) (1 =1,2,...,n), the value
obtained through Eq. (6.9) is also STIT2IFN, and is given as

k. L)) oy (E)
O N P01

(“é”l) ) 9]
R C-D N
1- l£[< (1<H«JA> ) : 11;[( (1(}1(119/1 )) )

for 1 <k <n and if kK = n, then

WSTITQIFHM(’“) Ar Ag, - Ay)

—wy k 1—w;
HC_A] HQAJ ) _H(]-_(:D.AJ) nt ’
_ =1
= . ;& - . 17w]~ (6.11)
n— 1
[[() ™ TL0a) = =TT (1-02)
j=1 j=1 j=1
Proof. Similar to the proof of Theorem 6.3.1. 0

Theorem 6.3.8. The operator STIT2IFHM is a special case of the WSTIT2IFHM oper-

ator.

Proof. Assume that w = (%, %, e ,%)T, then by Theorem 6.3.4, for 1 < k < n, we have

k k %
> )(ng) > (1,’:)(111@/47)
JEhs, S2hE, =
" ’ " ’
. B (5 37 NN G
= 11 (“(H(l—%@«%)) ) 1 II (1—(1‘[@;!) )
1<ig< j=1 1<igp< j=1
NN G ) INGONG
- I (1(1‘[@1}) ) , (1(1‘[(1@ >) )
1<ip< j=1 1<ip< j=1



()= (1) =
k NENGE )

) E X E
<_H1 CAZ]> > | II QA,;])
1<ip< j= 1<ip < j=
e<ip<n ’ i <n ’ 1 N
0 o 1 (H
<ip<n
_ N\ ® !
| 11 (H) - 1 1—(H%
i=1 s =
k 3 (%)
I [ (10 )
1<ig < j=1
= STIT2IFHM®) (A}, Ay, -, Ay)
On the other hand, for k = n, we have
WSTIT2IFHM(k) (A1, Az, Ap)
1— l k 1_%
Hc H@jjl,l T =eq) >,
7j=1
= 17% k 1 k -5
H( ) ea)y = =T (- 0s) ™
k 1 k 1 k L
HC',Z])HQ;L\71 H(l_@A])E7
_ j=1 j=1 j=1
B k Lk k )
H(cpikj)ﬁ, [TWa)» 1 =J[Q=3)n
j=1 j=1 j=1
= STIT2IFHM® (A}, Ay, - -+, Ay)

113
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6.4 An Approach to MCDM based on the proposed opera-

tor

In this section, an MCDM approach is developed under the triangular IT2IF (TIT2IF)
environment. The description of the problem, as well as the procedure steps, are explained

as below.

6.4.1 Proposed approach

Assume an MCDM problem which consists of ‘n’ different alternatives Ai, As,..., A,
and a set of ‘m’ attributes G, G, ..., G, whose weight vector is w = (w1, ws, -, wm)’,
satisfying w; > 0 and 2721 w; = 1. An expert has evaluated these given alternatives
and rate them under TIT2IF environment denoted by l,;(p = 1,2,...,n;5 =1,2,...,m)
where [,; represent the linguistic information about the alternatives. Furthermore, the
importance of attributes plays a dominant role during the decision-making process. During
handling the MCDM problems, if the sum of the relative coefficient w.r.t. each criterion
is small, it relates that such criteria demonstrate a major impact on the overall values
of the alternative. Similarly, if the relative coefficient sum is large then it shows such
criterion plays a less significant role. Hence, the relative coefficient of the alternative
under the certain criteria is inversely proportional to the corresponding weights of criteria.
Therefore, the weight of the criteria is determined by using the Spearman method [135]
which main steps are summarized in Algorithm 1.

By using this weight vector, we summarized the following steps based on the proposed

AO to rank the alternatives under STIT2IFS environment.

Step 1: Arrange the information of each alternative in decision matrix L as

gl g2 gn
A (11 Do lin
7= A oy lo ... lon (6.16)
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Algorithm 1 Weight determination using Spearman coefficient Method

1. Take two criteria G and G; and then compute their relative coefficients as
2
6 ZZ:1(lpk - lpj)

m(m — 1)

Apj=1-

and hence construct the matrix Ay, = (Akj)mxm as

Ay A o A
Aoy Ao -+ Aoy
Am><m =
Aml AmQ to Amm
2: Compute the relative coefficient sum of each criteria by using Eq. (6.14).
m
Aj=) Ay
k=1
kst
3: Compute the weight of each criteria as
wy; = %

Z}n:l gj

where o = represent the contribution index of the criteria.

L
Aj

(6.12)

(6.13)

(6.14)

(6.15)

=k

where ij = (fpj, Epj,¢pj,¢;j,ﬁpj, pj) be the STIT2IFNs provided by an expert.

Step 2: Compute the normalized decision matrix L from L by using the normalized for-

mula
(ij,ﬁpj,@)j,@;j,@pj,i;j) ; for the benefit type criteria

Lpj
= — o a* — . .
(ij, Opjs Upjs Upjs @pi» 90;*;]) ; for the cost type criteria

Step 3: Compute the weight vector to each criteria by using Algorithm 1.

(6.17)

Step 4: Combine the different values of STIT2IFNs [,;(j = 1,2,...,m) into the single

one [, of each alternative A,(p =1,2,...,n) by using WSTIT2IFHM operator as

follows:

l, = WSTIT2IFHM® (1,1, Lo, -+, lpn)
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k k * k k G
> 1= 2. wy, H Cﬁ]> > 1- E wﬁ]> H Cp;
1<p1< =1 j=1 1smig j=1 j=1

—.<pRp<n
" ’ (":h ’

i (Félij) . 1 (17211‘,}7])
= 1211 (1( 1(199;1,/)) ) 1- 1211 (1(:]%) )

..<pp<n

. A . NG
1- ISI:L (1 (JH}«%,,) ) : 12]1 (1(]]_[] (119;])> )

.. <pp<n

:?:

Step 5: Compute the score value of the [, by using Eq. (6.2).

Step 6: Rank all the alternatives by using an order relation defined in Definition 6.2.4 and

hence select the most feasible alternative(s).

6.4.2 A Case Study

Jharkhand is the eastern state of the India, which has the 40 percent mineral resources of
the country and second leading state of the mineral wealth after Chhattisgarh state. It is
also known for its vast forest resources. Jamshedpur, Bokaro and Dhanbad cities of the
Jharkhand are famous for industries in all over the world. After that, it is the widespread
poverty state of the India because it is the primarily a rural state as 76 percent of the
population live in the villages which depend on the agriculture and wages. Only 30 percent
villages are connected by roads while only 55 percent villages have accessed to electricity
and other facilities. But in the today’s life, everyone is changing fast to himself for a better
life, therefore, everyone moves to the urban cities for a better job. To stop this emigration,
Jharkhand government wants to set up the industries based on the agriculture in the rural
areas. For this, the government has been organized MOMENTUM JHARKHAND global
investor submit 2017 in Ranchi to invite the companies for investment in the rural areas.
Government announced the various facilities for setup the five food processing plants in
the rural areas and consider the six attributes required for company selection to setup
them, namely, project cost (Gy), completion time (Gz), technical capability (Gs3), financial
status (Gy), company background (Gs), reference from previous project (Gg) and assign the

weights of relative importance of each attributes. The six companies taken as in the form
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of the alternatives, namely, Surya Food and Agro Pvt. Ltd. (A;), Mother Dairy Fruit
and Vegetable Pvt. Ltd. (A3), Parle Products Ltd. (As), Heritage Food Ltd. (A4), Verka
Pvt. Ltd. (As) and Reliance Pvt. Ltd. (Ag) interested for these projects. Then the main
object of the government is to choose the best company among them for the task. In order
to find the best feasible alternative(s) for the required task, the authority called an expert
to evaluate these alternatives and rate their preferences in terms of linguistic terms (LT's).
The standardized LTs such as “Very High” (VH), “High” (H), “Medium” (M), “Medium
Low” (ML), “Low” (L), “Very Low” (VL) are defined in terms of STIT2IFNs given in Table
6.1.

Table 6.1: Linguistic grade and corresponding values of Symmetric TTT2IFNs
LTs Symmetric Triangular IT2IFNs

VL  (0.20,0.10,0.60,0.65,0.35,0.30)

L (0.30,0.10,0.65,0.70,0.30,0.25)
ML  (0.40,0.20,0.70,0.75,0.20,0.18)
M (0.50,0.20,0.75,0.80,0.16,0.15)
MH  (0.60,0.30,0.80,0.85,0.13,0.12)
H  (0.70,0.30,0.85,0.90,0.10,0.08)
VH  (0.80,0.40,0.90,0.95,0.07,0.03)

Furthermore, the complementary relation corresponding to LT's is presented in Table

6.2.

Table 6.2: Linguistic grades and compliments.
LT VL L ML M MH H VH

Complemented LT VH H MH M ML L VL

The above mentioned steps are executed to locate the best alternative(s).

Step 1: An expert has evaluated each alternative and present their rating values in terms

of LTs which are summarized as
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i
I

Ay
As
A3
Ay
As
Ag

g1
VH

M

H
MH
VH
ML

Go
H
ML
VH
VL
H
VL

Gz G1 G5 G Gr

M MH H VH H

H VH H VH VH
VH M MH L VL
MH H VL MH H

VL H M VL L
VH M VL L H

(6.18)

Step 2: As the criteria G; and Gy are the cost type, so we normalize their rating values by

using Table 6.2 and Eq. (6.17), we get

A
Az
As
Ay
As
Ag

g1
VL

M

L
ML
VL
MH

Go
L
MH
VL
VH
L
VH

g3

Ga

g5 Gs Gr

M MH H VH H
H VH H VH VH

vH
MH
VL
vH

2 I =

MH L VL

VL MH H
M VL L

VL L H

(6.19)

Step 3: Apply the Algorithm 1 to compute the weight vector to each criteria. For it, we

follows the steps of the algorithm and summarized as below

1. By using Eq. (6.12), construct the relative coefficient matrix A for each criteria

as

g1
Go
gs
G4
Gs
Ge
Gr

g1
1

0.9666
0.9344
0.9094
0.9044
0.9174
0.9344

G2

0.9666

0.9344
0.9314
0.8444
0.9144
0.9694

g3
0.9344
0.9344

0.9344
0.9014
0.9144
0.9374

G4 G5
0.9094 0.9044
0.9311 0.8444
0.9344 0.9014

1 0.9414
0.9414 1
0.9464 0.9504
0.9574 0.9004

Ge
0.9174
0.9144
0.9144
0.9464
0.9504

0.9714

g7
0.9344
0.9694
0.9374
0.9574
0.9004
0.9714




119

2. The relative coefficient sum of each criteria is computed by using Eq. (6.14)

and get

Ay =5.564, Ag =5.558, Az =5.554, Ay =5.618,

As = 5.440, Ag = 5.612, A7 = 5.668.

3. By using Eq. (6.15), the weight vector of each criteria is obtained as

wy = 0.1431, wy = 0.1432, wy = 0.1433, w, = 0.1417,

ws = 0.1463, we = 0.1419, w7 = 0.1405.

Step 4: Aggregate all the values by using WSTIT2IFHM operator into a collective one

l,(p=1,2,...,6). Here, without loss of generality, we take k = 2 and the obtained

results are

WSTIT2IFHM P (111, i, - - - , 117)

1 1
2 2 B 2 2 B
> 1= 3wy, e by 1= 3wy, 11 o,
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(0.5154,0.2276,0.7820, 0.8314, 0.1596, 0.1339)

II

Similarly, we have

lo

ls

I

( )
( )
= (0.5481,0.2612,0.7952,0.8449, 0.1436, 0.1210);
( )
( )

I
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7
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7

0.5272,0.2390,0.7914, 0.8414, 0.1536, 0.1232

v
e
;/
/:\
|
e
&
Nl
&
-
|
-
IA
=
A
k-l
3
IA
A
—
-
|
<
ﬂ‘ ¥
S
;@ *
\_/

o3
N




120

Step 5: The score values of [,(p = 1,2,...,6) are computed by Eq. (6.2) and get

s(ly) = (0.3404,0.0375); s(l2)

(0.5550, 0.0396); 5(I3)

(0.2046,0.0392)

s(ly) = (0.3770,0.0362); s(I5) = (0.1455,0.0412): s(Ig) = (0.3579,0.0402)

Step 6: Since s (l2) > s.(l4) > sz(lg) > sz(l1) > sz(I3) > s.(I5) and thus by Definition
6.2.4, we get the ranking order of the alternatives as Ay = Ay = Ag = A1 = A3z >~

3

As. Here “>” means “preferred to”. Therefore, A5 is the best alternative.

6.4.3 Influence of the parameter £ on Alternatives

Keeping in mind the end goal to investigate the impact of the parameter k on to the
final positioning order of the alternatives, we use an alternate estimation of k£ in our
test. Here m is 7 in our case, so we shift k£ from 1 to 7 and their outcomes relating
to the proposed technique have been outlined in Table 6.3. From this table, it is seen
that with the expansion of the interaction of the multi-input options, the general score
estimations of it diminishes which recommend that the proposed operator reflect the risk
preferences to the decision makers. This examination will propose distinctive decisions to
the analyst as indicated by his/her decision. For example, in the event that he will cover
the risk parameters during the aggregation then they will allocate a little incentive to the
parameter k with the goal that score esteems increments while, if the analyst is pessimistic
in nature towards the choice then the bigger estimation of k£ can be allocated during the

procedure.

Table 6.3: Effect of the parameter k on to ranking of alternatives.

Value of Score Values (s, s) of the Alternatives Ranking
k Ay As As Ay As Ag Order
0.3615, 0.0762)  (0.5627, 0.0523) (0.2268, 0.0872 0.3953, 0.0677 0.1577, 0.0702 0.3836, 0.0856) Az = Ag = Ag = Ap = Az » As
0.3404, 0.0375 0.5550, 0.0396 0.2046, 0.0392 0.3770, 0.0362 0.1455, 0.0412 0.3579, 0.0402) A > Ay > Ag = Ay = Az > As
0.3324, 0.0241 0.5526, 0.0840 0.1997, 0.0250 0.3702, 0.0268 0.1427, 0.0321 0.3484, 0.0240) A > Ay > Ag = Ay = Az = As

0.5507, 0.0329
0.5498, 0.0314 0.1964, 0.0141
0.1957, 0.0114

0.1952, 0.0094

0.3260, 0.0138 0.3631, 0.0170 0.1409, 0.0247 0.3408, 0.0115) Az = Ay = Ag = A; = Az > As

)
0.3389, 0.0086) A > Ag > Ag = Ay = Az = As
) Ax - Ay - Ag - Ap - Az - As

0.3244, 0.0113 0.5492, 0.0304 0.3613, 0.0148 0.1405, 0.0228

0.5488, 0.0298

1 (

2 ( )
3 ( )
4 (0.3285, 0.0177)
5 ( )
6 ( )
7 ( ) 0.3376, 0.0064

( ( ) ( ) ( ) (
( ( ) ( ) ( ) (
( ( ) ( ) ( ) (
( (0.1976, 0.0181)  (0.3656, 0.0203) (0.1415, 0.0275)  (0.3437, 0.0161) A = Ay = Ag = Ay = Az = A5
( ( ) ( ) ( ) (
( ( ) ( ) ( ) (
( ( ) ( ) ( ) (

)
)
)
)
)
)

0.3232, 0.0095 0.3601, 0.0131 0.1402, 0.0215

Furthermore, in some other existing Bonferroni mean (BM) and generalized Bonferroni
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mean (GBM) operators, the information takes only two or three arguments during an ag-
gregation. Also, in BM operator there is need of two additional parameters (p, q) while the
three parameters (p, q,r) for GBM from an infinite rational set. Thus, the computational
complexity is too high in such cases. On the other hand, in the proposed operator, there
is only one parameter k from a finite integer set and hence the computational complexity
is low and easier to understand. Finally, the several operators such as averaging, BM and
geometric for the T2IFNs can be deduced from the proposed ones by setting k =1, k = 2
and k = n respectively. Subsequently, our proposed operator and the strategy are more

summed up and adaptable to tackle the decision-making problems.

6.4.4 Comparative Study

In this section, we perform some comparative analysis of the proposed method result with
some of the existing approaches result in [62, 95, 116, 118] under the uncertain environ-
ment. The results computed from them on to the considered problem are summarized as

below:

1) In Gong et al. [62], authors proposed the weighted geometric Bonferroni mean operator
under the type-2 fuzzy environment, denoted by IT2FWGBM, which is defined as
dp, = IT2FWGBMPI( Ay, Ag,..., Ap)
1/m(m—1)

1 m
vra | @ e @atan) (620

it
By applying Eq. (6.20) on to the considered data, we get the aggregated value corre-

sponding to each alternative as

dy = IT2FWGBML(A11, Ara, A1s, A1g, Ars, Ars, A17)
= (0.8321,0.9050,0.9050, 0.9534, 0.6065)

dy = IT2FWGBML!(As1, As, Ass, Ay, Aos, Asg, Aar)
= (0.8671,0.9486,0.9486, 1.0000, 0.7500)

ds = IT2FWCBMDL (A3, Aso, A3z, Asy, Ass, Asg, Asr)

= (0.7980,0.8676,0.8676,0.9137, 0.6015)
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dy

ds

= IT2FWGBML (As1, Asz, Ass, Aag, Aus, Asg, Asz)
= (0.8317,0.9131,0.9131,0.9656, 0.6080)
= IT2FWGBMLY (As1, Asz, Ass, Asg, Ass, Ase, Asr)
= (0.7802,0.8456, 0.8456, 0.8895, 0.6085)
= IT2FWGBMLY (A1, Asa, Agz, Asa, Ags, Ass, Agt)

= (0.8318,0.9073,0.9073,0.9569, 0.6000)

Therefore, the score values of these aggregated numbers are s(d;) = 0.5405, s(d2) =

0.7079, s(ds) = 0.5182, s(l4) = 0.5450, s(l5) = 0.5052, and s(lg) = 0.5418 and hence

the final ranking of all alternatives Ag(k = 1,2,...,6) is found as Ay = Ay = Ag >
A = Az = As.

2) If we use the existing WSTIT2FHM operator as proposed by Qin [118] under the T2FS

environment

WSTIT2FHM ) (A, As, . . .

,An)

5 () (i) 5 (g

[I Q.Ai]->
j=1
<ip<n <ip<n
1 ) 1
(%) ("s)
1
1 <1_ i wij) (h;l)
k k j=1
1<iy < j=1
<ip<n
L I
k [z =1 "’
1- H 1- H 90?425
1<ig< j=1
. <ip<n

3

(6.21)

then, the aggregated values corresponding to each alternative (by taking k = 2) are
obtained as {1 = (0.5154, 0.2276, 0.7820, 0.8314), Iz = (0.6950, 0.3239, 0.8546, 0.9054),
I3 = (0.3846, 0.1681, 0.7166, 0.7633), 14 = (0.5481, 0.2612, 0.7951, 0.8449), 15 = (0.3201,
0.1342, 0.6769, 0.7244), and lg = (0.5272, 0.2390, 0.7914, 0.8414). Thus, the score
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values are

s(li) = (0.2077,0.8067);s(l) = (0.3055,0.8799); s(I3) = (0.1422,0.7400)

s(ly) = (0.2245,0.8200); s(I5) = (0.1120,0.7006); s(Ig) = (0.2150, 0.8164)

and hence ordering is Ay = Ay = Ag = A1 = Az = A;

From the above examinations, it is revealed that the ranking order of the alternatives
stays same yet the computational procedure is altogether unique. For instance, in [62, 118]
authors have introduced AOs under TIT2FNs by considering just the degree of membership
during an examination. But it is quite recognizable that the level of non-membership
likewise assumes a predominant part during the aggregation process. Thus, the outcomes
processes by these methodologies [62, 118] might be unreasonable under some specific
constraints where the degree of non-membership pays more significance than the degree
of agreement.

However, apart from these, we give some characteristics comparison of our proposed

method and the aforementioned methods, which are listed in Table 6.4.

Table 6.4: The characteristic comparisons of different methods.
Methods ‘Whether Captures ‘Whether Captures ‘Whether It Makes the Whether Criteria Weights ~ Whether Describe ~ Whether Flexible to

Interrelationship of Two Interrelationship of Multiple ~ Method Flexible by Are Depends on the Information Using Express a Wider
Aggregated Arguments Aggregated Arguments the Parameter Vector Collective Information Linguistic Features Range of Information
Gong et al. [62] v X x x x x
Liu and Wang [95] X X x X x x
Pedrycz and Song [116] X X x v v x
Qin [118] v v v x v x
The proposed method v v v v v v

In [95], authors presented an analytical method for solving the problems by using the
fuzzy weighted average. In [62], the authors have presented the BM by considering simul-
taneously the values of UMF and LMF to aggregate I'T2FS information. On the other
hand, the present study is based on the HM operator which is more adaptable and robust-
ness in the process of information fusion than others such as BM, GBM. The outstanding
characteristic of the HM operator is to catch the inter-relationship between more than two
input arguments with a parameter k from the finite integer set. Furthermore, in [118], the
author developed HM operator by taking into account the membership degree only but in

practical problems, it is sometimes not possible for DM to give their preferences in terms
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of acceptance degree only. Therefore, the non-membership degree is required for handling
the problems in which rejection degree is not equal to one minus acceptance degree. Also
by comparing with the AHP-based method [116], the proposed method does not require
any software package to compute the results while the technique proposed in [116] re-
quires it. Thus, the computation complexity of the proposed technique is comparatively
easy. Furthermore, the AHP-based technique is usually dependent on various parameters
and thus the final ranking may some time suffers from inconsistency, in the case of in-
appropriate parameter selection. On the other hand, the proposed method draws up a
more authentic ranking result as it can terminate the difference, draws up for the flaws
of already existing aggregation methods that do not capture experts utility or decision
preference and achieves more stationary and commendable interrelationships result with
less information loss. The proposed method takes into consideration the uniformity of
the alternatives as well as highlights the significance and interactions in association with
any solutions to alternatives. On the other hand, the AHP-based technique is good at

calculating only the optimal ranking values of the alternatives beyond inter-relationships.

6.5 Conclusions

In this chapter, an endeavor has been made to exhibit some new AOs to accommodate
the I'T2IF conditions. IT2IFS is one of the augmentations of the conventional FS, IFS by
considering grades of the PMFs also. On the other hand, in practical application prob-
lems, the criteria interrelationship phenomenon occurs frequently. To address it, Hamy
means (HM) operator is a standout among the most critical operators that catches the
inter-relationship together with the multi-input arguments. Furthermore, to diminish the
computational complexity of the IT2IFS, we introduce symmetric IT2IFS and character-
ize some operation laws. Then, keeping the advantages of STIT2IFS and HM operators,
we exhibit the STIT2IFHM and WSTIT2IFHM operators under a provision of a type-
2 intuitionistic uncertain situation. Various beneficial characteristics of these operators
have endorsed. Furthermore, in light of these operators, a decision-making approach is

introduced to solve the MCDM problems. The presented approach has been tried and
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clarified with a numerical illustration and registered that it can efficiently deal with the
available information by eliminating more amount of fuzziness as compared to the existing
approaches. The major advantages of the proposed operator with respect to the existing
ones are that it need only one parameter k from a finite integer set while other needs
more than one from an infinite rational set such as BM and GBM etc., and hence the
computational complexity is low and easier to understand. Additionally, a portion of the
existing studies can be effectively concluded from the proposed operators by setting k = 1,
k =2 and k = n. Thus, it expresses a better technique for taking care of decision-making

problems with additional benefits.
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Chapter 7

Summary and Future Scope

The chapter presents a comprehensive summary of the research contributions made during
the period of this thesis. It also outlines the managerial implications for the implementa-

tion of recommendations. Finally the scope for future work has been outlined.

7.1 Summary of the work

In this thesis, we discuss in detail the concept of fuzzy, intuitionistic fuzzy sets and type-2
intuitionistic fuzzy, which mathematically represent vague phenomena. In the Chapters
3 and 4, we have extensively searched and have introduced a number of new information
theoretic measures associated with vagueness. In Chapters 5 and 6, we have extended the
area of aggregation operators once again on type-2 fuzzy and type-2 intuitionistic fuzzy

sets. The conclusion made from the work presented in this thesis are summarized below:

1) The research work presented in this thesis is an attempt to give an alternative approach
for addressing the decision-making problems under the type-2 intuitionistic fuzzy set
environment. Here, in the literature, there are two well-known forms as type-1 fuzzy
sets (T1FS) and intuitionistic fuzzy sets. One is based on the consideration of the mem-
bership functions and another one uses the membership and non-membership functions
such that their sum at each element is less than or equal to one. In these study, re-
searchers have evaluated the objects in terms of a crisp membership function. Apart
from these, in many practical situations, uncertainty is not probabilities in nature but

it is imprecise or vague. To address this, the concept of T2FS, an extension of T1FS,
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in which membership values are type 1 FSs on [0,1] is developed. In T2FS, there is an
additional membership function which provides an additional degree of freedom to the

practices to model the uncertainties.

In the literature, authors have developed the several measures and their respective
theories by considering only the membership degrees during the analysis. However,
the other component such as non-membership degrees is treated as a complement to
them. To address this issue and to incorporate more degrees of freedom to the decision
makers during the analysis, in this thesis, a concept of T2FS has been extended to
type 2 IFS (T2IFS) in which each element of the object has been characterized with a
pair of the primary as well as secondary non-membership degrees also along with the
primary and secondary membership degrees. From the study, we can conclude that the
several existing sets such as T1FS, IFSs, T2FSs can be considered as a special cases of
the T2IFS. Thus, the applicability range of the T2IFS is much wider than the existing

sets.

The limitation and shortcomings of the existing methods are discussed in earlier chap-
ters. In the real-life situation, it is not possible to make decision without considering
the degree of non-membership, as it is difficult for the person to their preferences to-
wards an object in terms of single or exact value. All existing aggregation operators
are usually based on the algebraic norm operations, which have lack of flexibility and
robustness. BM and GBM based operators considered only two or three parameters
simultaneously. Therefore, these operators are incapable of analyzing the effect of

multi-input arguments in to one analysis.

The new measures proposed, briefly mentioned below, have enriched the study in wider
way and have provided tools and methods for multiple criteria decision making prob-
lems, which are greatly needed in the contemporary society looking for quantitative as

well as qualitative and scientific temper.

a) Developed Hamming, Euclidean and utmost distance measures for type-2 intuition-

istic fuzzy environment by using linguistic variables.
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b) Developed series of similarity measures for type-2 intuitionistic fuzzy environment

by using linguistic variables.

c¢) Presented a TOPSIS method based on similarity measure to access finest alternative.

The proposed measures have several elegant properties which enhance the employability
of these measures. Hence, the presented measure are one of the generalizations of
existing ones and offers an effective way to handle MAGDM in T2IFSs information

followed with illustrated examples.

Another allied theme, addressed in Chapters 5 and 6, is that of aggregation which is
a lately emerged area and compassing the ever usefully and widely employed concept
of averages. Aggregation employs not only the values but also their various types of
interaction in arriving at a representative value. In Chapters 5 and 6, we have proposed
some new weighted aggregation operators for aggregating the triangular interval type-
2 intuitionistic fuzzy (TIT2IF) information and symmetric triangular interval type-2

intuitionistic fuzzy information:

a) TIT2IF averaging operator.

b) TIT2IF ordered weighted averaging (TIT2IFOWA) operator.
¢) TIT2IF hybrid averaging (TIT2IFHA) operator.

d) Symmetric TIT2IF Hamy mean (STIT2IFHM) operator.

e) Weighted symmetric TIT2IF Hamy mean (WSTIT2IFHM) operator.

A distinguishing characteristic of these operators is that they take into account aggrega-
tion among the aggregated arguments. These operators satisfy a number of interesting
properties that outlines a wide ground for applications in different areas. To enhance
its practicability, real life examples have also been included. Moreover, sensitivity anal-
ysis has been performed in order to show the influence of the decision parameters on
to the ranking of the alternatives. In addition, the proposed results in correspondence
with the different values of A provides a number of choices to the decision maker for

evaluating the decision.



130

7.2 Future scope of the work

There are several new directions which can be looked forward in the future with the work

studied in the thesis. The future scope of the study can be suggested as follows:

1)

The presented methodology will be further extended to prioritized average and geo-

metric aggregation operators with type-2 intuitionistic fuzzy linguistic information.

The different preferences of the expert can be aggregated by using generalized power
aggregation operator based on t-norm and co-norm in terms of type-2 intuitionistic

fuzzy information.

The presented methodology will be further extended and improved by using some more
generalized information measures such as correlation coefficients, divergence measures

and belief functions with type-2 intuitionistic fuzzy environment.

The study based on the proposed algorithm may be extended for the applications part
in different real life problems, including medical diagnosis, pattern recognition, human

resource management, location selection etc.

In our study, we have taken the single data without any hesitancy. In the future, we
may try to extend for the information under the hesitant fuzzy set environment and

hence develop their corresponding MAGDM algorithm.

The study, based on these arithmetic operations may be extended for the applications
part in reliability optimization, resource allocation, facility planning and management,

inventory control, network analysis and job shop scheduling.
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