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Abstract

The thesis has been split into seven chapters, the first of which includes an introduction

to the subject matter and a review of the literature, followed by a summary of the thesis’s

contents. In the second chapter, we obtain a few sufficient conditions for the existence

of fixed point in the framework of F-metric space, orthogonal F-metric space, orthogonal

metric space, and complete quasi-2-normed space. In the third chapter, we investigate

the Hyers Ulam stability of fixed point and Cauchy functional equations in the context

of F-metric space. We study properties, equivalence results, and Ulam-type stability

for different forms of quadratic functional equations in the fourth chapter. In the fifth

chapter, we study the stability of a quartic functional equation in non-Archmedean β-

normed space and complete (β, p)-normed space. We study the hyperstability of a general

linear functional equation in a complete quasi-2-normed space in the sixth chapter. In

the last chapter, we study the stability of integral equations in the setting F-metric space

and provide a solution for a Caputo-type nonlinear fractional integro-differential equation

in the framework of orthogonal metric space.

Keywords: Stability, Fixed Point Methods, Functional Equations, Quasi-

Normed Space, (β, p)-Normed Space, Non-Archimedean β-Normed Space,

Quasi-2-Normed Space.
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Chapter 1

Introduction

1.1 Foundation of Functional Equations

The analysis of functional equations is most important in a modern branch of mathemat-

ics. It offers a powerful technique for working with critical concepts and relationships

in analysis and algebra. It also aided in the development of powerful tools in a variety

of allied disciplines. Various mathematicians, including Euler, Poisson, Cauchy, Abel,

Darboux, and Hilbert, studied functional equations in various forms. Even, odd, and

periodic functions are the most basic types of functional equations (see [1, 2, 119]).

A Hungarian mathematician Aczél (see [1, 2]) defined functional equation as follows:

A Functional equation is an equation

A1 = A2

between two terms A1 and A2, which contain k independent variable’s ϖ1, ϖ2, · · · , ϖk

and n ≥ 1 unknown functions F1, F2, · · · , Fn of j1, j2, · · · , jn variables respectively, as

well as a finite number of known functions.

An equation of the form g(ϖ,ϑ, γ, · · · ) = 0, where the function g contains a finite number

of independent variables, unknown functions, and known functions is called a functional

equation. That is to say, a functional equation is any equation that specifies a function

implicitly. Functional equations include differential, integral, difference, and iterative

equations.

Oresme (see [36]) defined linear functions in an indirect manner. Although Oresme’s

definition of linearity can be acknowledged as an early version of a functional equation,

it does not demonstrate the functional equation’s theory’s starting point.

Although DpAlembert was the first researcher to consider functional equations, the topic

of functional equations can be traced back to Cauchy’s work (see [119]). The functional
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equation associated with Cauchy is

g(ϖ + ϑ) = g(ϖ) + g(ϑ). (1.1.1)

For a category of continuous real-valued functions, Cauchy solved (1.1.1). Concept of

additive functional equations is an extremely useful tool in the development of natural and

social sciences. It is well understood that an additive function g has linearity (see [107])

if g fulfills any of the following conditions:

(i) g is monotonic or bounded on an interval of positive length;

(ii) g is measurable.

(iii) g is integrable;

(iv) g is continuous at a point;

In 1906, Jensen (see [107], [119]) give the following functional equation

g

(
ϖ + ϑ

2

)
=
g(ϖ) + g(ϑ)

2
. (1.1.2)

It is believed that Jensen’s functional equation is the average of (1.1.1).

General linear functional equation (see [66]) has the form

g(aϖ + bϑ+ c) = Ag(ϖ) +Bg(ϑ) + C, abAB ̸= 0, (1.1.3)

where g : RN → R is unknown function and c ∈ RN , b, a, C,B,A,∈ R. The solution of

(1.1.3) has been discussed in Kuczma [66].

Note that (1.1.1) is a specific case of (1.1.3) for c = 0 = C, b = a = 1 = B = A. Moreover,

(1.1.3) also includes (1.1.2) for c = 0 = C,B = A =
1

2
= b = a.

A quadratic equation is a characteristic equation of a second-order linear differential

equation. Quadratic equations are used when gravity is present, such as the path of a

ball or the shape of cables in a suspension bridge. Quadratic functional equation (see [3])

is the well known functional equation of the following form

g(ϖ + ϑ) + g(ϖ − ϑ) = 2g(ϖ) + 2g(ϑ). (1.1.4)

(1.1.4) is solved by the function g(ϖ) = Cϖ2, where C is a constant. (1.1.4) is also said

to be Euler-Lagrange functional equation introduced by Rassias [94].

There are different forms of quadratic functional equations in which some forms of

2



quadratic functional equations are given below:

In 1995, Kannappan [61] solved the following functional equation

g(ϖ + ϑ+ γ) + g(ϖ) + g(ϑ) + g(γ) = g(ϖ + ϑ) + g(ϑ+ γ) + g(γ +ϖ). (1.1.5)

In 2000, Bae [11] showed that

g(ϖ + ϑ+ γ) + g(ϖ − ϑ) + g(ϖ − γ) + g(ϑ− γ) = 3[g(ϖ) + g(ϑ) + g(γ)] (1.1.6)

is equivalent to (1.1.4).

In 1987, Drygas [43] considered the following functional equation

g(ϖ) + g(ϑ) = g(ϖ − ϑ) + 2

{
g

(
ϖ + ϑ

2

)
− g

(
ϖ − ϑ

2

)}
, (1.1.7)

which is closely related to a quadratic functional equation. It can be morphed into the

following equation (see Remark 9.1, pp 131, [107])

g(ϖ + ϑ) + g(ϖ − ϑ) = 2g(ϖ) + g(ϑ) + g(−ϑ), (1.1.8)

for all ϑ,ϖ ∈ R. (1.1.8) is a generalization of (1.1.4).

Ebanks et al. [45] provided a solution of (1.1.8) and has the following form

g(ϖ) = l(ϖ) +m(ϑ) (1.1.9)

where m : R → R and l : R → R are quadratic and additive functions respectively.

A quartic equation is a fourth-order linear differential or difference equation’s character-

istic equation. Quartic equations are frequently encountered in computational geometry

and allied fields such as optics, computer-aided manufacturing, computer-aided design,

and computer graphics. There are many different types of quartic equations, and some

forms of quartic functional equations are given below:

In 1999, Rassias [96] investigated some properties of the following quartic functional

equation:

g(ϖ − 2ϑ) + g(ϖ + 2ϑ) + 6g(ϖ) = 4 (g(ϖ − ϑ) + g(ϖ + ϑ)) + 24g(ϑ). (1.1.10)

Chung and Sahoo [35] showed that g(ϖ) = l(ϖ,ϖ,ϖ,ϖ) if and only if g : R → R is the

solution of (1.1.10), where l : R4 → R is additive and symmetric. The premise that every

3



solution of (1.1.10) is even and can be expressed as follows:

g(2ϖ − ϑ) + g(2ϖ + ϑ) = 4 (g(ϖ − ϑ) + g(ϖ + ϑ)) + 24g(ϖ)− 6g(ϑ). (1.1.11)

The function g(ϖ) = Cϖ4 is easily recognized as a solution of (1.1.11), where C is a

constant. In 2014, Bodaghi [18] solved the following quartic equation

g(ϖ +mϑ) + g(ϖ −mϑ) = 2(m− 1)(7m− 9)g(ϖ) + 2(m2 − 1)m2g(ϑ)− (m− 1)2g(2ϖ)

+m2{g(ϖ − ϑ) + g(ϖ + ϑ)}. (1.1.12)

where m is a constant integer.

1.2 Stability of Functional Equations

Stability problem of functional equations arose in 1940 as a result of a question Ulam

raised in his talk at the University of Wisconsin [123,124].

“Is it correct to say that a function that approximates a functional equation F must be

near to an exact solution of F? ”

Hyers [53] provided a completely positive response to the question of Ulam in complete

normed space in 1941, and this form of the problem is referred as HU stability prob-

lem.

Theorem 1.2.1. [53] Let E1 and E2 be complete normed spaces, g : E1 → E2 is a map

such that

∥ g(ϑ+ϖ)− g(ϑ)− g(ϖ) ∥ ≤ δ, ∀ ϖ,ϑ ∈ E1, for some δ > 0. (1.2.1)

Then the limit

H(ϖ) = lim
n→∞

2−nf(2nϖ) (1.2.2)

exists, and H : E1 → E2 is a unique additive function such that

∥ g(ϖ)−H(ϖ) ∥≤ δ,

for every ϖ ∈ E1.

Besides that, it is possible that there is no such alternative, that is, all solutions of stability

inequality are exact solutions of functional equation. In this situation, there is a need

4



for hyperstability. In 1949, Bourgin [21] gave the first hyperstability result concerning

ring homomorphism. The term hyperstability was most likely first used in [71]. Aoki [8]

and Rassias [99] generalize Hyers Theorem 1.2.1 for linear and additive maps in 1950 and

1978, respectively. Later, G
⌣
avurta [50] generalized the corresponding results of Aoki [8]

and Rassias [99] for additive Cauchy linear functional equation.

HU stability concept is very beneficial in various branches of Mathematics, viz., optimiza-

tion, differential equations, numerical analysis, and other allied areas. Recently, many

researchers (see, [9,19,55,69,75,108] ) have investigated the HU stability of various forms

of differential equations and their solutions.

A most essential branch of nonlinear analysis is fixed point theory. A well-known math-

ematician Stefan Banach [16] stated and proved an important result known as Banach

contraction principle in 1922. Since the introduction of this theory, many generalizations

have been made in various frameworks. In 1968, Margolis and Diaz [42] generalized Ba-

nach contraction principle. Thereafter many researchers generalized contraction principle

and obtained a few interesting outcomes (see [27,31,49,51,80,101,102,104,125–127]. Over

the last two decades, fixed point methods have emerged as an effective and necessary way

of investigating the HU stability of functional equations.

Theorem 1.2.2. [42] Let (E1,D) be a CGMS and T : E1 → E1 is a contraction map

fulfilling:

(C1) ∀ ϑ,ϖ ∈ E1, there exists a constantM(0 < M < 1), such that as often as D(ϖ,ϑ) <

∞ one has

D(T ϖ,T ϑ) ≤MD(ϖ,ϑ).

Then for each ϖ ∈ E1, we have either of the following conditions:

(A) either ∀ n ∈ N, D(T nϖ,T n+1ϖ) = ∞,

(B) or

(i) lim
n→∞

T nϖ = ϖ∗, where ϖ∗ is a fixed point of T ; ‘

(ii) D(ϖ,ϖ∗) ≤
(

1

1−M

)
D(ϖ,T ϖ).

Radu [92] presented a new approach in 2003 for determining the existence of extract

solutions and error estimations using Margolis and Diaz fixed point approach and he

used this method to investigate Jensen’s functional equation’s stability. Thereafter, many

authors investigated Ulam-type stability using this method (see, [31,32,41,74]).
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In 2011, Brzdȩk et al. [22] proposed a fixed point theorem for some operators and obtained

numerous general outcomes on the stability of functional equations’s class. Thereafter,

various researchers investigated Ulam-type stability using the fixed point approach pro-

vided in [22] (see, [25,46,89,90]).

In 2018, Dung and Hang [44] extended fixed point method of [22] to the setting of a

complete QNS. Later, using Dung and Hang fixed point approach, Kim [65] studied the

Fréchet functional equation’s stability.

In 2018, Brzdȩk and Ciepliński [27] extended the approach of [22] in complete 2NS.

Almahalebi and Chahbi [6] extended the approach of [22] to the setting of a complete

2NS, in a similar way. Thereafter, several authors studied Ulam-type stability using fixed

point methods provided in [6] and [27] (see, [5, 29,81]).

Using fixed point methods and direct methods, various mathematicians have studied the

stability of functional equations (like Cauchy, quartic, general linear, quadratic functional

equations) in different spaces (see [4, 5, 11–14, 20, 22–25, 28, 29, 33, 34, 37, 39, 40, 44, 46, 47,

54, 57–60, 67, 68, 70, 73, 77–79, 83, 85, 89, 91, 93, 95, 96, 100, 105, 106, 117, 118, 120, 121] and

references cited therein)

So motivated by these works, utilizing direct methods and fixed point, we obtain some

stability results of some functional equations in various spaces.

1.3 Preliminaries

Here, we present the notions, definitions, results, and properties that will be beneficial

throughout the thesis.

For the topology of quasi-normed space (QNS) and a sequence to be convergent, Cauchy,

complete in QNS, p-norm (see [7, 17,30,72,76] and references cited therein).

Based on the Aoki-Rolewicz theorem (see [72,76]), each QN is equivalent to some p-norm

(see also [17]).

Every NS is a type of QNS (for modulus of concavity K = 1).

Remark 1.3.1. The sequence space E1 = ℓp, 0 < p < 1, with the function

∥ϖ∥ =

(
∞∑
i=1

| ϖi |p
) 1

p

is a QNS with K = 2(1/p)−1 (see [7, 30]), but if we take p = 1
2
and ϑ = {ϑi} =

6



{0, 0, 2, 0, 0, ...} ∈ E1, ϖ = {ϖi} = {0, 1, 0, 0, 0, ...} ∈ E1.

Then we have

∥ϖ + ϑ∥ =

(
∞∑
i=1

| ϖi + ϑi |1/2
)2

= (1 +
√
2)2,

and

∥ϖ∥+ ∥ϑ∥ =

(
∞∑
i=1

| ϖi |1/2
)2

+

(
∞∑
i=1

| ϑi |1/2
)2

= 3.

It’s obvious that

∥ϖ∥+ ∥ϑ∥ < ∥ϖ + ϑ∥.

Thus, E1 is not a NS.

Theorem 1.3.2. (see [72]) Let (E1, ∥.∥, K ≥ 1) be a QNS, p = log2K 2, and

|||ϖ||| = inf{

(
n∑

j=1

∥ϖj∥p
) 1

p

|ϖ =
n∑

j=1

ϖj, ϖj ∈ E1, n ≥ 1}.

Then |||.||| is a p-norm on E1, that is,

|||ϑ+ϖ|||p ≤ |||ϑ|||p + |||ϖ|||p, ∀ ϑ,ϖ ∈ E1. (1.3.1)

Moreover,∀ ϖ ∈ E1,

1

2K
∥ϖ∥ ≤ |||ϖ||| ≤ ∥ϖ∥. (1.3.2)

If ∥.∥ is a norm, then p = 1 and |||.||| = ∥.∥.

In 2009, Rassias and Kim [97] introduced QβN and QβNS. For the topology of quasi-β-

normed space, (β, p)-normed space ((β, p)-NS) and a sequence to be Cauchy and conver-

gent in QβNS (see [97,103] and references cited therein).

For the topology of b-metric space (BMS) (see [30,38] and references cited therein).

For the topology of generalized b-metric space (GBMS) (see [10] and references cited

therein).

The following proposition of Paluszyński and Stempak [84] will be used in the sequel.
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Proposition 1.3.3. Suppose that (E1, δ,K ≥ 1) is a b-metric space, p = log2K 2, and

D(ϖ,ϑ) = inf{
n∑

i=1

δp(ϖi, ϖi+1) : ϖ1 = ϖ,ϖ2, · · · , ϖn, ϖn+1 = ϑ ∈ E1, n ≥ 1} (1.3.3)

Then D is a metric on E1 fulfilling

1

4
δp(ϖ,ϑ) ≤ D(ϖ,ϑ) ≤ δp(ϖ,ϑ), ∀ ϖ,ϑ ∈ E1. (1.3.4)

In especially, if δ is a metric then p = 1 and D = δ.

Hensel [52] proposed a NS without the Archimedean property in 1897. Non-Archimedean

spaces were later discovered to have a wide variety of useful applications (see [62,63,82]).

For the toplogy of non-Archimedean β-normed space (NAβ-NS) (see [98,113]).

A sequence {ϖn+1 − ϖn} converge to zero iff sequence {ϖn} is a Cauchy sequence in a

NAβ-NS E1.

For the topology of quasi-2-normed space (Q2NS), quasi-p-norm, 2-normed space (2NS),

Quasi-2-norm (Q2N), and a sequence to be quasi-2-convergent, quasi-2-Cauchy sequence,

and quasi-2-bounded sequence in Q2NS, see [48,86,112].

Here, we present the following results as a lemma (details in [87]), which will be used in

the sequel.

Lemma 1.3.4. Assume that E1 is a 2NS. Then,

(1) |∥ϑ, γ∥ − ∥ϖ, γ∥| ≤ ∥ϑ−ϖ, γ∥ ∀ ϖ, γ, ϑ ∈ E1,

(2) ∥ϖ, γ∥ = 0 = ∥γ, w∥, then ϖ = 0, where ϖ,w, γ ∈ E1 and γ, w are linearly

independent (LI),

(3) for a convergent sequence ϖn ∈ E1,

lim
n→∞

||ϖn, γ|| = || lim
n→∞

ϖn, γ||, ∀ γ ∈ E1.

Now, we show that every 2NS is a special situation of Q2NS (for modulus of concavity

K = 1).

Motivated by the examples given in [64], we give the following two examples.

Example 1.3.1. Assume that E1 = R3 and ϖ = ϖ1i+ϖ2j+ϖ3k, ϑ = ϑ1i+ϑ2j+ϑ3k ∈

8



R3. Define

∥ϖ,ϑ∥ = a|ϖi0ϑi0+1 −ϖi0+1ϑi0|+
3∑

i ̸=i0

|ϖiϑi+1 −ϖi+1ϑi|,

where |ϖi0ϑi0+1 −ϖi0+1ϑi0| = min{|ϖiϑi+1 −ϖi+1ϑi| : 1 ≤ i ≤ 3}, ϖ4 = ϖ1, ϑ4 = ϑ1 and

a > 1. Then (R3, ∥ϖ,ϑ∥) is a Q2NS.

Now, we’ll show that (R3, ∥ϖ,ϑ∥) is not a 2NS.

For ϑ = (1, 0, 0), γ = (0, 1, 2), ϖ = (0,−1, 1), we have

∥ϖ,ϑ∥ = 2, ∥ϖ, γ∥ = 3, and ∥ϖ,ϑ+ γ∥ = a+ 5,

and ∥ϖ,ϑ+ γ∥ = a+ 5 > ∥ϖ,ϑ∥+ ∥ϖ, γ∥ = 2 + 3 = 5.

Therefore for every a > 1 condition (N4) is not satisfy. Hence for every a > 1,

(R3, ∥ϖ,ϑ∥) is not a 2NS.

Example 1.3.2. On interval I = [0, 1], assume that P2 is the set of real polynomials of

degree ≤ 2. P2 is linear vector space when scalar multiplication and addition are used.

In [0, 1], suppose {ϖ1, ϖ2, ϖ3, ϖ4} are different fixed points. Consider a 2NS on P2 as

∥f, g∥ =
22

9
a|f(ϖi0)g

′(ϖi0)− f ′(ϖi0)g(ϖi0)|+
4∑

i ̸=i0

|f(ϖi)g
′(ϖi)− f ′(ϖi)g(ϖi)|,

where |f(ϖi0)g
′(ϖi0) − f ′(ϖi0)g(ϖi0)| = min{|f(ϖi)g

′(ϖi) − f ′(ϖi)g(ϖi)| : 1 ≤ i ≤ 4}
and a > 1. Then (P2, ∥f, g∥) is a Q2NS.

We now demonstrate that (P2, ∥f, g∥) is not a 2NS.

Let us take ϖ1 = 1, ϖ2 =
1
2
, ϖ3 =

1
3
and ϖ4 = 0. For f = ϖ, h = (ϖ− 1)2, and g = ϖ2,

we get

| f(ϖ1)g
′(ϖ1)− f ′(ϖ1)g(ϖ1) |= 1

| f(ϖ2)g
′(ϖ2)− f ′(ϖ2)g(ϖ2) |=

1

4

| f(ϖ3)g
′(ϖ3)− f ′(ϖ3)g(ϖ3) |=

1

9

| f(ϖ4)g
′(ϖ4)− f ′(ϖ4)g(ϖ4) |= 0,

and ∥f, g∥ =
49

36
.

9



In, a similar way, we get

| f(ϖ1)h
′(ϖ1)− f ′(ϖ1)h(ϖ1) |= 0

| f(ϖ2)h
′(ϖ2)− f ′(ϖ2)h(ϖ2) |=

3

4

| f(ϖ3)h
′(ϖ3)− f ′(ϖ3)h(ϖ3) |=

8

9

| f(ϖ4)h
′(ϖ4)− f ′(ϖ4)h(ϖ4) |= 1,

and ∥f, h∥ =
95

36
.

Also, we get

| f(ϖ1)(g + h)′(ϖ1)− f ′(ϖ1)(g + h)(ϖ1) |= 1

| f(ϖ2)(g + h)′(ϖ2)− f ′(ϖ2)(g + h)(ϖ2) |=
1

2

| f(ϖ3)(g + h)′(ϖ3)− f ′(ϖ3)(g + h)(ϖ3) |=
7

9

| f(ϖ4)(g + h)′(ϖ4)− f ′(ϖ4)(g + h)(ϖ4) |= 1,

and ∥f, (g + h)∥ =
11

9
a+

25

9
.

We can infer from the above results that

∥f, g + h∥ =
11

9
a+

25

9
> ∥f, g∥+ ∥f, h∥ =

49

36
+

95

36
=

36

9
.

Hence, (P2, ∥f, g∥) is not a 2NS, for every a > 1.

Definition 1.3.5. Suppose that E1 is a real linear space of dimension greater than 1.

Q2N’s |||·, ·||| and ||·, ·|| define on E1 are equivalent if there exist m,M > 0 such that

m||ϑ,ϖ|| ≤ |||ϑ,ϖ||| ≤M ||ϑ,ϖ||, ∀ ϖ,ϑ ∈ E1.

Let γ ∈ E1 be fixed and define a equivalent Q2N by

|||ϖ, γ||| = inf{
(∑

∥ϖj, γ∥r
) 1

r | ϖ =
∑

ϖj}. (1.3.5)

It is obvious that |||αϖ, γ||| =| α | |||ϖ, γ|||, that is |||ϖ, γ||| ≤ ∥ϖ, γ∥, and |||·, ·||| satisfied
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the inequality,

∥
n∑

j=1

ϖj, γ∥ ≤ 4
1
r

(
n∑

j=1

∥ϖj, γ∥r
) 1

r

for all {ϖj}nj=1. It means that ∥ϖ, γ∥ ≤ 4
1
r |||ϖ, γ|||, that is,

1

4
∥ ϖ, γ ∥r≤ |||ϖ, γ|||r ≤∥ ϖ, γ ∥r, (1.3.6)

where 2
1
r = 2K (or r = log2K 2) for K > 1.

The following result of Park [86] will be used in the sequel.

Lemma 1.3.6. Assume that (E1, ∥ ·, · ∥) is a Q2NS. There is a p(0 < p ≤ 1) and

equivalent Q2N |||·, ·||| on E1 fulfilling

|||ϑ+ϖ, γ|||p ≤ |||ϑ, γ|||p + |||ϖ, γ|||p, ∀ ϖ, γ, ϑ ∈ E1.

Here it is to note that Q2N is not continuous, but its equivalent norm defined by (1.3.5)

is continuous.

Lemma 1.3.7. [112] If E1 is a Q2NS, then the equivalent Q2N defined as

|||ϖ, γ||| = inf{
(∑

∥ϖj, γ∥r
) 1

r | ϖ =
∑

ϖj},

∀ ϖ, γ ∈ E1 and r = log2K 2, is continuous on E1.

Assume that F is the set of function f : (0,+∞) → R fulfilling the following assump-

tions:

(Θ1) f is non-decreasing, that is 0 < λ < µ implies f(λ) ≤ f(µ),

(Θ2) for every sequence {µn} ⊂ (0,+∞), we get

lim
n→∞

µn = 0 iff lim
n→∞

f(µn) = −∞.

For the toplogy of F-metric space (FMS) and a sequence to be F-convergent, F-Cauchy,

and F-complete in FMS (see [56]).

Definition 1.3.8. [125,127] Let F : (0,+∞) → R be a map fulfilling:

11



(F1) ∀ ϖ,ϑ > 0, ϖ > κ implies F (ϖ) > F (ϑ);

(F2) for every sequence {ϖn} in R+ we get lim
n→+∞

ϖn = 0 iff lim
n→+∞

F (ϖn) = −∞,

(F3) there exists a number k ∈ (0, 1) such that lim
a→0+

ϖkF (ϖ) = 0.

If lim
t→0+

F (t) = −∞, then using (F1), we get F (tn) → −∞ ⇒ tn → 0 (see [122,127]).

Following Wardowski’s work [125–127], we designate F as the family of all the functions

F : (0,+∞) → R fulfilling (F3) and (F1).

We designate F′ as the family of all the functions F : (0,+∞) → R fulfilling (F3), (F1)

and

(F4) F (inf A) = inf F (A) ∀ A ⊂ (0,∞) with inf A > 0.

Here, lim
c→d−

F (c) = F (d− 0) = lim
ε→0+

F (d− ε) (left limit at d) and lim
c→d+

F (c) = F (d+ 0) =

lim
ε→0+

F (d + ε) (right limit at d) ∀ d ∈ (0,+∞). According to mathematical analysis, ∀
d ∈ (0,+∞), following is true

F (d− 0) ≤ F (d) ≤ F (d+ 0). (1.3.7)

Example 1.3.3. Let functions F1, F2, F3 : (0,+∞) → R defined by:

(1) F1(ϖ) = −1√
ϖ
,∀ ϖ > 0;

(2) F2(ϖ) = lnϖ, ∀ ϖ > 0;

(3) F3(ϖ) = ϖ + lnϖ, ∀ ϖ > 0.

Then F1, F2, F3 ∈ F

Let (E1, d) be a metric space. Assume that H is a Hausdorff-Pompeiu metric generated

by metric d on a set E1, P(E1) represent the family of all nonempty subset of E1, CB(E1)

represent the family of all nonempty, bounded and closed subsets of E1 and K(E1) denotes

the family of all nonempty compact subsets of E1. H : CB(E1)×CB(E1) → R defined by,

for every B,A ∈ CB(E1),

H(A,B) = max

{
sup
ϖ∈A

d(ϖ,B), sup
ϑ∈B

d(ϑ,A)

}
,

where d(ϖ,A) = inf{d(ϖ,ϑ) : ϑ ∈ A}.

Suppose that Φ represent the family of functions φ : [0,∞) → [0,∞) fulfilling the follow-

ing assumptions:

12



(Wi) φ is non-decreasing, that is 0 < λ < µ implies φ(λ) ≤ φ(µ).

(Wii) φr(t) → 0 as r → ∞, for t ∈ [0,∞).

1.4 Objectives of thesis

The main objectives of this thesis are

• To prove some results on the existence of fixed points.

• To prove some results on the stability or hyperstability of some functional equations

using the fixed point approach.

1.5 Structure of the thesis

The thesis has been split into seven chapters, the first of which includes an introduction

to the subject matter and a review of literature, followed by a brief summary of thesis’s

contents. In the second chapter, we obtain a few sufficient conditions for the existence

of fixed point in the framework of FMS, OFMS, OMS, and complete Q2NS. In the

third chapter, we study HU stability of Cauchy and fixed point functional equations in

the context of FMS. We study properties, equivalence results, and Ulam-type stability

for different forms of quadratic functional equations in the fourth chapter. In the fifth

chapter, we discuss stability of a quartic functional equation in NAβ-NS and complete

(β, p)-NS. We discuss hyperstability of a general linear functional equation in complete

Q2NS in the sixth chapter. We discuss the stability of integral equations in the setting

FMS and provide a solution for a Caputo-type nonlinear fractional integro-differential

equation in the framework of OMS, in the last chapter.

The thesis’s contents are as follows:

Chapter 1: Introduction

This chapter includes an introduction to the subject matter and a review of literature,

as well as preliminary, thesis objectives, and a brief summary of contents of the various

chapters of thesis.

Chapter 2: Existence of Fixed Point

In this chapter, we discuss some sufficient conditions for the existence of fixed point in

the framework of FMS, OFMS, OMS, and complete Q2NS. Results of this chapter are

13



published in Sharma and Chandok [109–112].

Chapter 3: Stability of Cauchy and fixed point functional equations

We study HU stability of Cauchy and fixed point functional equations in this chapter.

Also, we present well-posedness of a fixed point functional equation. Results of this chap-

ter are published in Sharma and Chandok [111].

Chapter 4: Generalized HUR stability for different forms of quadratic func-

tional equations

This chapter deals with equivalence and generalized HUR stability of quadratic functional

equations. It has been split into four sections. We investigate the equivalence for differ-

ent forms of quadratic functional equations in the first section. We study the generalized

HUR stability of a 3-variables quadratic functional equation in the setting of complete

2NS and complete QNS, respectively, in the second section and the third section. The re-

sults of the first section and the second section are proved in Sharma and Chandok [116],

and results of the third section are published in Sharma and Chandok [114]. In the last

section, we study the generalized HUR stability of a Drygas functional equation in the

framework complete QNS. Results of this chapter are accepted in Sharma and Chan-

dok [115].

Chapter 5: Ulam-type stability of a quartic functional equation

This Chapter has been split into three sections. In the first two sections, we discuss

generalized HU stability of a quartic functional equation utilizing direct and fixed point

methods in the setting of (β, p)-NS. In the last section, we use a direct method to inves-

tigate the generalized HU stability of a quartic functional equation in the framework of

NAβ-NS. Results of this chapter are published in Sharma and Chandok [113].

Chapter 6: Generalized hyperstability of a general linear equation in a com-

plete quasi-2-normed space

We study the generalized hyperstability of a general linear functional equation in a com-

plete Q2NS using a fixed point approach in this chapter. Results of this chapter are

published in Sharma and Chandok [112].

Chapter 7: Application to Hyers-Ulam Stability
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This chapter has been split into two sections. We study the stability of integral equa-

tion in FMS, in the first section. The findings of this section are proved in Sharma and

Chandok [111]. In the last section, we provide a solution for a Caputo-type nonlinear

fractional integro-differential equation in OMS. The findings of this section are published

in Sharma and Chandok [109].
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Chapter 2

Existence of fixed point

Introduction

In this chapter, we get a few sufficient conditions for the existence of fixed point in

the framework of FMS, OFMS, OMS, complete Q2NS. Outcomes of this chapter are

published in Sharma and Chandok [109–112].

2.1 Existence of fixed point in F-metric space

Here, we study the existence of a fixed point in the framework of FMS. Results of this

section are accepted in Sharma and Chandok [111].

Theorem 2.1.1. Let (E1,D) be a F-complete FMS and T : E1 → E1 be a self map

fulfilling

D(T ϖ,T ϑ) ≤ φ(D(ϖ,ϑ)), ∀ ϖ,ϑ ∈ E1, and φ ∈ Φ. (2.1.1)

Then T has a unique fixed point.

Proof. Choose ϖ0 is an arbitrary element. Define {ϖr} ⊂ E1 by ϖr+1 = T ϖr = T rϖ0

for all r ∈ N ∪ {0}. We may assume that D(ϖ0, ϖ1) > 0. From (2.1.1), we obtain

D(ϖr, ϖr+1) = D(T ϖr−1,T ϖr) ≤ φ(D(ϖr−1, ϖr)) ≤ . . . ≤ φr(D(ϖ0, ϖ1)).

Taking limit r → ∞ and using the condition (Wii), we have

lim
r→∞

D(ϖr, ϖr+1) ≤ lim
r→∞

φr(D(ϖ0, ϖ1)) → 0. (2.1.2)

Suppose that ε > 0, and (f, α) ∈ F × [0,∞) such that ( [56], D3, pp. 3) is fulfilled. By

(Θ1), there exists a η > 0 such that for 0 < t < η, we get

f(t) < f(ε)− α. (2.1.3)
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Using (2.1.2), we have lim
r→∞

D(ϖr, ϖr+1) = 0. Further,

s−1∑
i=r

D(ϖi, ϖi+1) = D(ϖr, ϖr+1) + D(ϖr+1, ϖr+2) + . . .+ D(ϖs−1, ϖs). (2.1.4)

It implies that

s−1∑
i=r

D(ϖi, ϖi+1) ≤ φr(D(ϖ0, ϖ1)) + φr+1(D(ϖ0, ϖ1)) + . . .+ φs−1(D(ϖ0, ϖ1)). (2.1.5)

Hence, we have

s−1∑
i=r

D(ϖi, ϖi+1) ≤
φr(D(ϖ0, ϖ1))

1− φ(D(ϖ0, ϖ1))
.

Since lim
r→∞

φr(D(ϖ0, ϖ1))

1− φ(D(ϖ0, ϖ1))
= 0, for a given η > 0 there exists N ∈ N such that

0 <
φr(D(ϖ0, ϖ1))

1− φ(D(ϖ0, ϖ1))
< η, for r ≥ N . Hence by (2.1.3) and (Θ1), we obtain

f

(
m−1∑
i=n

D(ϖi, ϖi+1)

)
≤ f

(
φr(D(ϖ0, ϖ1))

1− φ(D(ϖ0, ϖ1))

)
< f(ε)− α, s > r ≥ N. (2.1.6)

From ( [56], D3, pp. 3) and (2.1.6), we get

f(D(ϖr, ϖs)) ≤ f

(
s−1∑
i=r

D(ϖi, ϖi+1)

)
+ α < f(ε).

Using Θ1, we have D(ϖr, ϖs) < ε, for s, r ≥ N. Hence {ϖr} is F- Cauchy. Due to F-

completeness, there exists ϖ∗ ∈ E1 such that {ϖr} is F- convergent to ϖ∗, that is,

lim
r→∞

D(ϖr, ϖ
∗) = 0. (2.1.7)

Now, we have to demonstrate that ϖ∗ is a fixed point of T . We argue by paradox, let

D(T ϖ∗, ϖ∗) > 0. From ( [56], D3, pp. 3), we obtained

f(D(T ϖ∗, ϖ∗)) ≤ f [D(T ϖ∗,T ϖr) + D(T ϖr, ϖ
∗)] + α

≤ f [φ(D(ϖ∗, ϖr)) + D(ϖr+1, ϖ
∗)] + α.

18



Taking r → ∞, using (Θ2) and (2.1.7), we have

lim
r→∞

f [φ(D(ϖ∗, ϖr)) + D(ϖr+1, ϖ
∗)] + α = −∞.

Therefore, f(D(T ϖ∗, ϖ∗)) ≤ −∞ or D(T ϖ∗, ϖ∗) ≤ −∞, which is a contradiction. So,

we get D(T ϖ∗, ϖ∗) = 0, that is Tϖ∗ = ϖ∗.

Now to demonstrate uniqueness of fixed point. Suppose that T has two distinct fixed

points say ϑ1, ϑ2 ∈ E1, such that D(ϑ1, ϑ2) > 0. utilising (2.1.1) we get

D(ϑ1, ϑ2) = D(T ϑ1,T ϑ2) ≤ φ(D(ϑ1, ϑ2)) = φ(D(T ϑ1,T ϑ2)) ≤ φ2(D(ϑ1, ϑ2)) ≤ ...

≤ φr(D(ϑ1, ϑ2)).

Taking r → ∞, and using (Wii), we have, D(ϑ1, ϑ2) ≤ 0. Hence D(ϑ1, ϑ2) = 0, that is,

ϑ1 = ϑ2.

Example 2.1.1. Suppose that E1 = [0, 3], D : E1 × E1 → E1 is a mapping defined by

D(ϖ,ϑ) = (ϖ − ϑ)2, ∀ (ϖ,ϑ) ∈ E1 × E1

is F-complete FMS with α = ln(3) and f(t) = ln(t).

Define T : E1 → E1 as

T ϖ =
ϖ

2
+ 1, ∀ ϖ ∈ E1.

Define φ : [0, 3] → [0, 3] as φ(t) =
t

4
+ a, where a ≤ 1

5
, so it fulfills φ ∈ Φ. Then T has

a unique fixed point.

−2 −1 1 2 3 4

1

2

3

4
ϑ = ϖ

ϑ =
ϖ

2
+ 1

Figure 2.1: Graph of ϖ =
ϖ

2
+ 1.
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Proof. Choose T ϖ =
ϖ

2
+ 1, for each ϖ ∈ E1. Consider

D(T ϖ,T ϑ) =

(
ϖ

2
+ 1− ϑ

2
− 1

)2

=

(
ϖ

2
− ϑ

2

)2

=
(ϖ − ϑ)2

4

=
D(ϖ,ϑ)

4

≤ D(ϖ,ϑ)

4
+ a.

Therefore, D(T ϖ,T ϑ) ≤ φ(D(ϖ,ϑ)), φ(t) =
t

4
+ a is non decreasing function. Hence

T has a unique fixed point (see Fig. 2.1).

2.2 Existence of fixed point in orthogonal F-metric

space

Gordji et al. [51] defined an O-set and showed a few fixed point results in OMS. So

motivated by the work of Gordji et al. [51], we extend our results from FMS to OFMS

and study the existence of fixed point in the framework of OFMS. Results of this section

are published in Sharma and Chandok [110].

Definition 2.2.1. Suppose that (E1,⊥, D) is an OFMS ((E1,⊥) is an O-set and (E1, D)

is a FMS).

Example 2.2.1. Suppose that (E1 = [0, 1], D) is an FMS with F-metric defined as

D(ϖ,ϑ) =

 e|ϖ−ϑ|, ϑ ̸= ϖ

0, ϑ = ϖ, ∀ ϑ,ϖ ∈ E1,

f(t) = −1
t
, t > 0 and a = 1. Define ϖ ⊥ ϑ as ϖϑ ≤ ϖ or ϖϑ ≤ ϑ. Then ∀ ϑ ∈ E1,

0 ⊥ ϖ, so (E1,⊥) is an O-set and (E1,⊥, D) is an OFMS.

For a sequence to be Orthogonal-sequence (briefly, O-sequence) orthogonally F-complete

(briefly, O-F-complete) and a self map to be ⊥-preserving and ⊥-continuous in OFMS,

see [110].

Theorem 2.2.2. Let (E1,⊥, D) be an O-complete OFMS and T : E1 → E1 be a self map
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fulfilling

D(T ϖ,T ϑ) ≤ φ(D(ϖ,ϑ)), ∀ ϖ,ϑ ∈ E1, (2.2.1)

with ϖ ⊥ ϑ, D(T ϖ,T ϑ) > 0 and φ ∈ Φ. Suppose that T is ⊥-preserving and ⊥-

continuous. If there exists ϖ0 ∈ E1 such that ϖ0 ⊥ T ϖ0 or T ϖ0 ⊥ ϖ0, then T has a

unique fixed point in E1.

Proof. Choose ϖ0 ∈ E1 such that ϖ0 ⊥ T (ϖ0) or T ϖ0 ⊥ ϖ0. Take ϖ1 := T ϖ0,

ϖ2 := T ϖ1 = T 2ϖ0. We define sequence {ϖn} ∈ E1 by ϖn+1 = T ϖn = T n+1ϖ0 ∀ n ∈
N∪{0}. Due to the ⊥-preserving of T , we get ϖn+1 ⊥ ϖn or ϖn ⊥ ϖn+1 ∀ n ∈ N∪{0}.
It means that {ϖn} is an orthogonal sequence.

If there exists n0 ∈ N such that ϖn0+1 = ϖn0 , then ϖn0 is a fixed point of T . Thus,

we may suppose that D(ϖn, ϖn+1) > 0. On the similar lines of Theorem 2.1.1, we get

∀ n ∈ N, D(ϖn, ϖn+1) ≤ φn(D(ϖ0, ϖ1)). Letting limit n → ∞ and from (Wii) we

have

lim
n→∞

D(ϖn, ϖn+1) ≤ lim
n→∞

φn(D(ϖ0, ϖ1) → 0. (2.2.2)

Suppose that ε > 0, and (f, α) ∈ F × [0,∞) such that (D3, pp. 3, [56]) is fulfilled.

By (Θ1), there exists a δ > 0 such that for δ > t > 0, we have

f(t) < f(ε)− α. (2.2.3)

Suppose that D(ϖ0, ϖ1) > 0. From (2.2.2), we get lim
n→∞

D(ϖn, ϖn+1) = 0. Further, we

have

m−1∑
i=n

D(ϖi, ϖi+1) = D(ϖn, ϖn+1) +D(ϖn+1, ϖn+2) + . . .+D(ϖm−1, ϖm). (2.2.4)

It implies that

m−1∑
i=n

D(ϖi, ϖi+1) ≤ φn(D(ϖ0, ϖ1)) + φn+1(D(ϖ0, ϖ1)) + . . .+ φm−1(D(ϖ0, ϖ1)).

(2.2.5)

Hence, we have

m−1∑
i=n

D(ϖi, ϖi+1) ≤
φn(D(ϖ0, ϖ1))

1− φ(D(ϖ0, ϖ1))
.
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Since lim
n→∞

φn(D(ϖ0, ϖ1))

1− φ(D(ϖ0, ϖ1))
= 0, for a given δ > 0 there exists N ∈ N such that

0 <
φn(D(ϖ0, ϖ1))

1− φ(D(ϖ0, ϖ1))
< δ, for n ≥ N . Hence by (2.2.3) and (Θ1), we obtain

f

(
m−1∑
i=n

D(ϖi, ϖi+1)

)
≤ f

(
φn(D(ϖ0, ϖ1))

1− φ(D(ϖ0, ϖ1))

)
< f(ε)− α,N ≤ n < m. (2.2.6)

From (D3, pp. 3 [56]) and (2.2.6), we obtain

f(D(ϖn, ϖm)) ≤ f

(
m−1∑
i=n

D(ϖi, ϖi+1)

)
+ α < f(ε).

Using Θ1, for n,m ≥ N , we have

D(ϖn, ϖm) < ε.

Hence {ϖn} is an orthogonal F- Cauchy.

Here (E1, D) is an orthogonal F-complete, there exists ϖ∗ ∈ E1 such that {ϖn} is orthog-

onal F- convergent to ϖ∗, that is

lim
n→∞

D(ϖn, ϖ
∗) = 0. (2.2.7)

Utilizing ⊥-continuity of T , we get T ϖ∗ = lim
n→+∞

T ϖn = lim
n→∞

ϖn+1 = ϖ∗. Thus ϖ∗ is

a fixed point of T .

To demonstrate the fixed point’s uniqueness, suppose κ∗ be another fixed point of T .

Then ∀ n ∈ N, we get T nκ∗ = κ∗. By our choice of ϖ0, we get ϖ0 ⊥ κ∗ or κ∗ ⊥ ϖ0.

Since T is ⊥-preserving, ∀ n ∈ N, we get T nx0 ⊥ T nκ∗ or T nκ∗ ⊥ T nϖ0.

Suppose that D(T nϖ0, κ
∗) > 0. From (D3, pp. 3, [56]), we get

D(T nϖ0, κ
∗) ≤ φ(D(T n−1ϖ0, κ

∗)) ≤ · · · ≤ φn(D(ϖ0, κ
∗)).

Taking n→ ∞, we have lim
n→∞

ϖn = κ∗. Further, uniqueness of limit implies that ϖ∗ = κ∗.

Hence the result.

Corollary 2.2.3. Assume that T : E1 → E1 is a self map on an OFMS (E1,⊥, D) and

fulfilled the following assumptions:

(i) E1 is an orthogonal F−complete;

(ii) T is ⊥-preserving and ⊥-continuous;
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(iii) there exists k(0 < k < 1) such that ∀ (ϖ,ϑ) ∈ E1×E1 with ϖ ⊥ ϑ, D(T ϖ,T ϑ) > 0,

we get

D(T ϖ,T ϑ) ≤ kD(ϖ,ϑ).

If there exists ϖ0 ∈ E1 such that ϖ0 ⊥ T ϖ0 or T ϖ0 ⊥ ϖ0, then T has a unique fixed

point.

Example 2.2.2. Assume that E1 = {ϖn = ln
(

n(n+1)
2

)
: n ∈ N} fitted with F-metric

provided by

D(ϖ,ϑ) =

 e|ϖ−ϑ|, ϖ ̸= ϑ

0, ϖ = ϑ,

with f(µ) = −1
µ

and α = 1. For all ϖn, ϖw ∈ E1, define ϖn ⊥ ϖw if and only if

(w ≥ 2 ∧ n = 1). Then (E1,⊥, D) is an OFMS.

Define T : E1 → E1 as

T (ϖn) =

 ϖ1, n = 1

ϖn−1, n > 1.

Take ϕ(t) = t, t ≥ 0. Here D(T ϖn,T ϖw) > 0, so for every w ≥ 2, we get

D(T ϖ1,T ϖw)

D(ϖ1, ϖw)
eD(T ϖ1,T ϖw)−D(ϖ1,ϖw) =

eϖw−1−ϖ1

eϖw−ϖ1
eϖw−1−ϖw

=
w − 1

w + 1
e−w < e−1.

Hence, all of Theorem 2.2.2’s hypotheses are fulfilled, and T has a unique fixed point.

2.3 Existence of fixed point in orthogonal metric space

We discuss existence of fixed point in OMS in this section. Results of this section are pub-

lished in Sharma and Chandok [109]. Throughout this section, (E1,⊥, d) is an OMS.

Definition 2.3.1. Let B and A be two nonempty subsets of an O-set (E1,⊥). The set B

orthogonal to set A is defined as follows:

B ⊥1 A, if for every b ∈ B and a ∈ A, b ⊥ a.

The following outcomes can be easily seen.

Lemma 2.3.2. Assume that (E1,⊥, d) is an OMS and a ∈ A, B,A ∈ K(E1). Then

• there exists c ∈ A such that d(ϖ,A) = d(ϖ, c).
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• there exists b ∈ B such that d(a, b) ≤ H(A,B).

Theorem 2.3.3. Assume that T : E1 → K(E1) is a multivalued map on E1 and following

assumptions are fulfilled:

(i) there exists ϖ0 ∈ E1 such that {ϖ0} ⊥1 T ϖ0 or T ϖ0 ⊥1 {ϖ0},

(ii) ∀ ϑ,ϖ ∈ E1, ϖ ⊥ ϑ implies T ϖ ⊥1 T ϑ,

(iii) ∀ n ∈ N, if {ϖn} is an orthogonal sequence in E1 such that ϖn → ϖ∗ ∈ E1, then

ϖn ⊥ ϖ∗ or ϖ∗ ⊥ ϖn.

(iv) if F ∈ F, there exists τ > 0 such that ∀ ϖ,ϑ ∈ E1 with ϖ ⊥ ϑ fulfilling the following:

H(T ϖ,T ϑ) > 0, τ + F (H(T ϖ,T ϑ)) ≤ F (d(ϖ,ϑ)).

Then T has at least a fixed point.

Proof. From (i), there exists ϖ1 ∈ T ϖ0 such that ϖ0 ⊥ ϖ1 or ϖ1 ⊥ ϖ0. By

(ii), we have T ϖ0 ⊥1 T ϖ1, that is there exists ϖ2 ∈ T ϖ1 such that ϖ1 ⊥ ϖ2 or

ϖ2 ⊥ ϖ1. If ϖ1 ∈ T ϖ1, then ϖ1 is a fixed point of T . Let ϖ1 /∈ T ϖ1. Since T ϖ1

is compact, d(ϖ1,T ϖ1) > 0. As d(ϖ1,T ϖ1) ≤ H(T ϖ0,T ϖ1), using (F1), we have

F (d(ϖ1,T ϖ1)) ≤ F (H(T ϖ0,T ϖ1)). Therefore, using (iv), we get

F (d(ϖ1,T ϖ1)) ≤ F (H(T ϖ0,T ϖ1)) ≤ F (d(ϖ0, ϖ1))− τ. (2.3.1)

Continuing this process inductively, we construct an orthogonal sequence {ϖn} in E1 such

that ϖn+1 ∈ T ϖn, for all n ∈ N ∪ {0}. Thus we have ϖn+1 ⊥ ϖn or ϖn ⊥ ϖn+1 for all

n ∈ N ∪ {0}.

For some k ∈ N ∪ {0}, if ϖk ∈ T ϖk then ϖk is a fixed point of T .

Thus, ∀ n ∈ N ∪ {0}, we assume that ϖn /∈ T ϖn. Since T ϖn is closed, ∀ n ∈ N ∪ {0},
we get d(ϖn,T ϖn) > 0. Also d(ϖn,T ϖn) ≤ H(T ϖn−1,T ϖn). So using (F1), we get

F (d(ϖn,T ϖn)) ≤ F (H(T ϖn−1,T ϖn)). Further from (iv) and for every n ≥ 1, we

get

F (d(ϖn,T ϖn)) ≤ F (H(T ϖn−1,T ϖn)) ≤ F (d(ϖn−1, ϖn))− τ. (2.3.2)

Thus from the strictly increasing property of F , we get H(T ϖn,T ϖn−1) < d(ϖn, ϖn−1).

We know that ϖn+1 ∈ T ϖn, d(ϖn, ϖn+1) = d(ϖn,T ϖn) ≤ H(T ϖn−1,T ϖn) <

d(ϖn−1, ϖn). Therefore, the sequence {d(ϖn+1, ϖn)} is strictly decreasing sequence. Sup-

pose that tn = d(ϖn+1, ϖn) → t, for some t ≥ 0.
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Further, ∀ n0 ≤ n, we get

τ + F (d(ϖn+1, ϖn)) ≤ τ + F (H(T ϖn,T ϖn−1)) ≤ F (d(ϖn, ϖn−1)). (2.3.3)

Taking n → +∞ in (2.3.3), we have F (t + 0) + τ ≤ F (t + 0), which is a paradox and

hence tn = d(ϖn+1, ϖn) → 0. By (F3), there exists k(0 < K < 1) such that

lim
n→+∞

tknF (tn) = 0. (2.3.4)

Using (2.3.2), we get

F (tn) ≤ F (tn−1)− τ ≤ F (tn−2)− 2τ ≤ . . . ≤ F (t0)− nτ. (2.3.5)

From (2.3.5), following holds

tknF (tn)− tknF (t0) ≤ −tkn nτ ≤ 0,∀ n ∈ N. (2.3.6)

Choosing n → ∞ in (2.3.6), we have lim
n→+∞

ntkn = 0. Therefore there exists n1 ∈ N such

that ntkn ≤ 1, ∀ n1 ≤ n. Thus, we get

tn ≤ 1

n
1
k

. (2.3.7)

We now need to demonstrate that {ϖn} is a Cauchy orthogonal sequence. Consider

m,n ∈ N such that n1 ≤ n < m. From (2.3.7) and triangle inequality, we have

d(ϖn, ϖm) ≤ d(ϖn, ϖn+1) + d(ϖn+1, ϖn+2) + . . .+ d(ϖm−1, ϖm)

= tn + tn+1 + . . .+ tm−1

=
m−1∑
i=n

ti

≤
+∞∑
i=n

ti

≤
+∞∑
i=n

1

i
1
k

.

By the convergence of series,
∑+∞

i=n
1

i
1
k
, passing to limit n→ +∞, we have d(ϖn, ϖm) → 0.

This proves that {ϖn} is a Cauchy orthogonal sequence. Due to the orthogonal com-

pleteness of E1, there exists ϖ∗ ∈ E1 such that lim
n→+∞

ϖn = ϖ∗.

We assert that ϖ∗ ∈ T ϖ∗. Suppose the contrary that ϖ∗ /∈ T ϖ∗. So there exists n1 ∈ N
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such that ϖ∗ /∈ {ϖn}n≥n1
, H(T ϖn,T ϖ∗) > 0. Therefore, further by our assumption,

ϖn ⊥ ϖ∗ or ϖ∗ ⊥ ϖn and using (iv), we have

F (d(ϖn+1,T ϖ∗)) ≤ τ + F (H(T ϖn,T ϖ∗))

≤ F (d(ϖn, ϖ
∗)).

Using the strict increasing property of F and τ > 0, we have d(ϖn+1,T ϖ∗) < d(ϖn, ϖ
∗).

Taking n→ +∞, we get ϖ∗ ∈ T ϖ∗ = T ϖ∗. Hence the result.

It should be noted that in Theorem 2.3.3, T ϖ is compact ∀ ϖ ∈ E1. In 1974, Reich

[101,102] asked whether a nonempty compact set can be replaced by a nonempty bounded

and closed set. We provide a partial answer to Reich’s problem below.

Theorem 2.3.4. Suppose that T : E1 → CB(E1) is a multivalued map on E1 and follow-

ing assumptions are fulfilled:

(i) there exists ϖ0 ∈ E1 such that {ϖ0} ⊥1 T ϖ0 or T ϖ0 ⊥1 {ϖ0},

(ii) ∀ ϑ,ϖ ∈ E1, ϖ ⊥ ϑ implies T ϖ ⊥1 T ϑ,

(iii) ∀ n ∈ N, if {ϖn} is an orthogonal sequence in E1 such that ϖn → ϖ∗ ∈ E1, then

ϖn ⊥ ϖ∗ or ϖ∗ ⊥ ϖn.

(iv) if F ∈ F′, there exists τ > 0 such that ∀ ϖ,ϑ ∈ E1 with ϖ ⊥ ϑ fulfilling the

following:

H(T ϖ,T ϑ) > 0, τ + F (H(T ϖ,T ϑ)) ≤ F (d(ϖ,ϑ)).

Then T has at least a fixed point.

Proof. Choose ϖ0 ∈ E1. Since T ϖ is nonempty ∀ ϖ ∈ E1, by (i), we can take

ϖ1 ∈ T ϖ0 such that ϖ0 ⊥ ϖ1 or ϖ1 ⊥ ϖ0. If ϖ1 ∈ T ϖ1, then ϖ1 is a fixed point

of T . Suppose that ϖ1 /∈ T ϖ1. Then d(ϖ1,T ϖ1) > 0 since T ϖ1 is closed. Since

d(ϖ1,T ϖ1) ≤ H(T ϖ0,T ϖ1), then from (F1), we get

F (d(ϖ1,T ϖ1)) ≤ F (H(T ϖ0,T ϖ1)).

Using (iv), we get

F (d(ϖ1,T ϖ1)) ≤ F (H(T ϖ0,T x1)) ≤ F (d(ϖ0, ϖ1))− τ. (2.3.8)
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From (F4), we gave F (d(ϖ1,T ϖ1)) = inf
ϑ∈T ϖ1

F (d(ϖ1, ϑ)). So from (2.3.8), we get

F (d(ϖ1,T ϖ1)) = inf
ϑ∈T ϖ1

F (d(ϖ1, ϑ)) ≤ F (H(T ϖ0,T ϖ1)) (2.3.9)

≤ F (d(ϖ0, ϖ1))− τ

< F (d(ϖ0, ϖ1))−
τ

2
.

By (ii), we get T ϖ0 ⊥1 T ϖ1. Proceeding this process, ∀ n ∈ N ∪ {0}, we make an

orthogonal sequence {ϖn} in E1 such that ϖn+1 ∈ T ϖn. So, ∀ n ∈ N ∪ {0}, we get

ϖn ⊥ ϖn+1 or ϖn+1 ⊥ ϖn.

If ϖk ∈ T ϖk, then ϖk is a fixed point of T for some k ∈ N ∪ {0}. Thus the proof is

completed.

Therefore, we may suppose that ϖn /∈ T ϖn ∀ n ∈ N∪ {0}. Since T ϖn is closed, we get

d(ϖn,T ϖn) > 0, ∀ n ∈ N ∪ {0}. Also d(ϖn,T ϖn) ≤ H(T ϖn−1,T ϖn) and from (F1),

we get F (d(ϖn,T ϖn)) ≤ F (H(T ϖn−1,T ϖn)).

Further, using (iv), we get

F (d(ϖn,T ϖn)) ≤ F (H(T ϖn,T ϖn+1)) ≤ F (d(ϖn, ϖn+1))− τ < F (d(ϖn, ϖn+1))−
τ

2
.

(2.3.10)

Since F (d(ϖn,T ϖn)) = inf
ϑ∈T ϖn

F (d(ϖn, ϑ)). Therefore, using (2.3.10), we get

F (d(ϖn,T ϖn)) = inf
ϑ∈T ϖn

F (d(ϖn, ϑ)) ≤ F (H(T ϖn−1,T ϖn)) (2.3.11)

< F (d(ϖn−1, ϖn))−
τ

2
.

So from (2.3.11), we can get a sequence {ϖn} in E1 such that there exists ϖn+1 ∈ T ϖn

and F (d(ϖn, ϖn+1)) < F (d(ϖn−1, ϖn)) for all n ∈ N. Now, continuing along the lines of

Theorem 2.3.3, we have the result.

Corollary 2.3.5. Suppose that a map T : E1 → K(E1) fulfilling the following assump-

tions:

(i) there exists ϖ0 ∈ E1 such that {ϖ0} ⊥1 T ϖ0 or T ϖ0 ⊥1 {ϖ0},

(ii) ∀ ϖ,ϑ,∈ E1, ϖ ⊥ ϑ implies T ϖ ⊥1 T ϑ,

(iii) if {ϖn} is an orthogonal sequence in E1 such that ϖn → ϖ∗ ∈ E1, then ϖn ⊥ ϖ∗

or ϖ∗ ⊥ ϖn, ∀ n ∈ N.
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(iv) there exists some τi > 0, i = 1, 2, 3 such that ∀ ϖ,ϑ ∈ E1 with ϖ ⊥ ϑ, H(T ϖ,T ϑ) >

0, either of the following contractive assumptions hold

τ1 +H(T ϖ,T ϑ) ≤ d(ϖ,ϑ);

τ2 −
1

H(T ϖ,T ϑ)
≤ − 1

d(ϖ,ϑ)
;

τ3 +
1

1− eH(T ϖ,T ϑ)
≤ 1

1− ed(ϖ,ϑ)
.

Then T has at least a fixed point in each of these cases.

Proof. As each functions F1(r) = r, F2(r) = −1
r
, F3(r) = 1

1−er
and , where r =

d(ϖ,κ) > 0 is strictly increasing on (0,+∞), hence the proof instantly follows from

Theorem 2.3.3.

By replacing (iii) with T is ⊥-continuous, we have the following outcome for single valued

map as a result of Theorem 2.3.3.

Corollary 2.3.6. Suppose that T : E1 → E1 fulfilling the following assumptions:

(i) there exists some τ > 0, such that ∀ ϖ,ϑ ∈ E1 with ϖ ⊥ ϑ, d(T ϖ,T ϑ) > 0,

τ + F (d(T ϖ,T ϑ)) ≤ F (d(ϖ,ϑ)), (2.3.12)

where F ∈ F,

(ii) there exists ϖ0 ∈ E1 such that ϖ0 ⊥ T ϖ0 or T ϖ0 ⊥ ϖ0,

(iii) T is ⊥-continuous,

(iv) ∀ ϑ,ϖ ∈ E1, ϖ ⊥ ϑ implies T ϖ ⊥ T ϑ.

Then T has a fixed point.

Proof. By considering T ϖ is a singleton set for every ϖ ∈ E1, we can use T as a

multivalued map. Asserting along the same lines as Theorem 2.3.3, we consider {ϖn} is

a Cauchy orthogonal sequence and lim
n→∞

ϖn = ϖ∗. As T is ⊥-continuous, we get

d(ϖ∗,T ϖ∗) = lim
n→+∞

d(T ϖn,T ϖ∗) = 0,

that is, ϖ∗ is a fixed point of T .

Taking F (r) = ln r, r > 0, we have following outcome as a consequence of Corollary

2.3.6.

28



Corollary 2.3.7. Suppose that T : E1 → E1 fulfilling the following assumptions:

(i) there exists some τ > 0, such that ∀ ϖ,ϑ ∈ E1 with ϖ ⊥ ϑ, d(T ϖ,T ϑ) > 0,

d(T ϖ,T ϑ) ≤ e−τd(ϖ,ϑ), (2.3.13)

where F ∈ F,

(ii) there exists ϖ0 ∈ E1 such that ϖ0 ⊥ T ϖ0 or T ϖ0 ⊥ ϖ0,

(iii) T is ⊥-continuous,

(iv) ∀ ϑ,ϖ ∈ E1, ϖ ⊥ ϑ implies T ϖ ⊥ T ϑ.

Then T has a fixed point.

Here, we provide an example, which proves that T is a multivalued orthogonal map and

fulfills (iv) of Theorem 2.3.3, but it is not multivalued orthogonal contraction (H(T ϖ,T ϑ) ≤
kd(ϖ,ϑ), for k ∈ [0, 1) with ϖ ⊥ ϑ).

Example 2.3.1. Assume that E1 =
{
Sn = n(n+1)

2
: n ∈ N

}
and d : E1 × E1 → [0,∞) is a

map defined by d(ϖ,ϑ) = |ϖ − ϑ| ∀ ϑ,ϖ ∈ E1.

Define a relation ⊥ on E1 by ϖ ⊥ ϑ if and only if ϖϑ ∈ {ϖ,ϑ} ⊆ E1 = {Sn}.

Thus (E1,⊥, d) is an O-complete OMS.

We define a map T : E1 → K(E1) by

T ϖ =

 {ϖ1}, ϖ = ϖ1

{ϖ1, . . . , ϖn−1}, ϖ = ϖn, n ≥ 1.

We assert that T is a multivalued orthogonal map fulfilling (iv) of Theorem 2.3.3 with

respect to F (α) = ln(α) + α, α > 0 and τ = 1. To prove this, we have the following

situations.

We notice that ∀ n,m ∈ N, [H(T ϖ,T ϑ) > 0 iff (( n = 1 and m > 2) or (1 < n < m)

)].
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Case 1. For n = 1 and m > 2, we get

H(T ϖm,T ϖ1)

d(ϖm, ϖ1)
eH(T ϖm,T ϖ1)−d(ϖm,ϖ1)

=
ϖm−1 −ϖ1

ϖm −ϖ1

eϖm−1−ϖ1

=
m2 −m− 2

m2 +m− 2
e−m < e−m < e−1.

Case 2. For 1 < n < m, we have

H(T ϖm,T ϖn)

d(ϖm, ϖn)
eH(T ϖm,T ϖn)−d(ϖm,ϖn)

=
ϖm−1 −ϖn−1

ϖm −ϖn

eϖm−1−ϖn−1−ϖm+ϖn

=
m+ n− 1

m+ n+ 1
en−m < en−m ≤ e−1.

This proves that T fulfills (iv) of Theorem 2.3.3. Hence T has a fixed point.

In contrast, T is not multivalued orthogonal contraction (H(T ϖ,T ϑ) ≤ kd(ϖ,ϑ), k ∈
[0, 1)), as

lim
n→+∞

H(T ϖn,T ϖ1)

d(ϖn, ϖ1)
= lim

n→+∞

ϖn−1 − 1

ϖn − 1
= 1.

2.4 Existence of fixed point in complete quasi-2-normed

space

In this section, we extend Brzdȩk and Ciepliński’s fixed point result [27] to Q2NS. Results

of this section are published in Sharma and Chandok [112].

Theorem 2.4.1. (1) Let E2 be a complete Q2NS, E1 be a nonempty set, and Z0 be a

subset of E2 containing two LI vectors, fi : E1 → E1, gi : Z0 → Z0 and li : E1×Z0 →
R+ for i = 1, · · · , k, k ∈ N.

(2) Assume that T : E E1
2 → E E1

2 is an operator satisfies

∥T ξ(ϖ)− T µ(ϖ), z∥ ≤
k∑

i=1

li(ϖ, z)∥(ξ − µ)fi(ϖ), gi(z)∥, ∀ µ, ξ ∈ E E1
2 , z ∈ Z0, ϖ ∈ E1.

(2.4.1)

(3) Further suppose that ε : E1 × Z0 → R+ and φ : E1 → E2 satisfying the following
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assumptions

∥T φ(ϖ)− φ(ϖ), z∥ ≤ ε(ϖ, z), (2.4.2)

for every ϖ ∈ E1 and r = log2K 2,

ε∗(ϖ, z) =
∞∑
n=0

(Λnε)r (ϖ, z) <∞, (2.4.3)

where Λ : RE1×Z0
+ → RE1×Z0

+ is a linear operator defined by

Λδ(ϖ, z) :=
k∑

i=1

li(ϖ, z)δ(fi(ϖ), gi(z)), (2.4.4)

for δ ∈ RE1×Z0
+ , z ∈ Z0 and ϖ ∈ E1.

Then

(1) there exists a fixed point ψ of T with

∥φ(ϖ)− ψ(ϖ), z∥r ≤ 4ε∗(ϖ, z), ∀ ϖ ∈ E1, z ∈ Z0. (2.4.5)

Additionally, for every ϖ ∈ E1,

lim
n→∞

Tnφ(ϖ) = ψ(ϖ). (2.4.6)

(2) For every ϖ ∈ E1, z ∈ Z0 if

ε∗(ϖ, z) ≤

(
M

∞∑
n=0

(Λnε) (ϖ, z)

)r

<∞, (2.4.7)

then fixed point of T is unique for a few positive real number M .

Proof. We demonstrate by using induction that, for every n ∈ N0, ϖ ∈ E1 and

z ∈ Z0

∥(T nφ)(ϖ)− (T n+1φ)(ϖ), z∥ ≤ (Λnε) (ϖ, z). (2.4.8)

In fact, by (2.4.2), we have

∥φ(ϖ)− (T φ)(ϖ), z∥ ≤
(
Λ0ε
)
(ϖ, z) = ε(ϖ, z).

Then the condition n = 0 is correct. Assume that, for some n ∈ N, (2.4.8) is correct.
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Then from (2.4.1) and using induction, we have

∥(T n+1φ)(ϖ)− (T n+2φ)(ϖ), z∥ ≤
k∑

i=1

li(ϖ, z)∥(T nφ)(fi(ϖ))− (T n+1φ)(fi(ϖ)), (gi(z))∥

≤
k∑

i=1

li(ϖ, z) (Λ
nε) (fi(ϖ), gi(z)) ≤

(
Λn+1ε

)
(ϖ, z).

Therefore (2.4.8) holds ∀ n ∈ N0.

For l ≥ 1 and n ∈ N, by (2.4.8) and (1.3.6) and using Lemma 1.3.6, we have

|||(T nφ)(ϖ)− (T n+lφ)(ϖ), z|||r ≤
l−1∑
i=0

|||(T n+iφ(ϖ))− (T n+i+1φ(ϖ)), gi(z)|||r

≤
l−1∑
i=0

∥ (T n+iφ(ϖ))− (T n+i+1φ(ϖ)), gi(z) ∥r

=
l−1∑
i=0

(
Λn+iε

)r
(ϖ, z)

≤
n+l−1∑
i=n

(
Λiε
)r

(ϖ, z) ≤
∞∑
i=n

(
Λiε
)r

(ϖ, z).

(2.4.9)

By combining (2.4.9) and (2.4.3), the sequence {(T nϕ)(x)} is a quasi-2-Cauchy se-

quence in the equivalent Q2NS (E2, |||., .|||). Using (1.3.6), {(T nϕ)(ϖ)} is also quasi-

2-Cauchy in (E2, ∥., .∥, K). By the completeness of E2, there exists the following limit in

(E2, ∥., .∥, K)

lim
n→∞

(Tnϕ)(ϖ) = ψ(ϖ). (2.4.10)

Thus (2.4.6) holds. From (2.4.9), we have |||(T nφ)(ϖ) − (T n+lφ)(ϖ), z|||r ≤ ε∗(ϖ, z).

Therefore for all l ≥ 1 and n ∈ N, we get

|||φ(ϖ)− (T lφ)(ϖ), z|||r ≤ ε∗(ϖ, z). (2.4.11)

Letting l → ∞ in (2.4.11) and using (2.4.10), and continuity of the equivalent Q2N |||., .|||
by Lemma 1.3.7, we have

|||φ(ϖ)− ψ(ϖ), z|||r ≤ ε∗(ϖ, z). (2.4.12)

According to (1.3.6), ∥ φ(ϖ)−ψ(ϖ), z ∥r≤ 4ε∗(ϖ, z). So (2.4.5) valid. From (2.4.1) and
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(1.3.6) we get ∀ n ∈ N, that

∥ (T n+1φ)(ϖ)− (T ψ)(ϖ), z ∥

=∥ (T T nφ)(ϖ)− (T ψ)(ϖ), z ∥

≤
k∑

i=1

li(ϖ, z) ∥ (T nφ)(fi(ϖ))− (T ψ)(fi(ϖ)), gi(z) ∥

≤ 4
1
r

k∑
i=1

li(ϖ, z)|||(T nφ)(fi(ϖ))− (T ψ)(fi(ϖ)), gi(z)|||.

(2.4.13)

Taking n→ ∞ in (2.4.13) and from (2.4.10), we get

lim
n→∞

∥ (T n+1φ)(ϖ)− (T ψ)(ϖ), z ∥= 0,

that is (T n+1φ)(ϖ) = (T ψ)(ϖ). Using this with (2.4.10), we have (T ψ)(ϖ) = ψ(ϖ),

∀ ϖ ∈ E1. This demonstrates that T ψ = ψ. Thus ψ is a fixed point of T that fulfills

(2.4.5).

Furthermore, assume that ϕ is also a fixed point of T fulfilling (2.4.5). Now, we have to

demonstrate that for every m ∈ N and ϖ ∈ E1, z ∈ Z0,

∥ ψ(ϖ)− ϕ(ϖ), z ∥≡∥ (T mψ(ϖ)− (T mϕ)(ϖ), z ∥≤ 8
1
rM

∞∑
i=m

(
Λiε
)
(ϖ, z). (2.4.14)

Indeed, for m = 0, and using (2.4.12), we have

|||ψ(ϖ)− ϕ(ϖ), z|||r ≤ |||ψ(ϖ)− φ(ϖ), z|||r + |||φ(ϖ)− ϕ(ϖ), z|||r ≤ 2ε∗(ϖ, z).

(2.4.15)

From (1.3.6) and (2.4.7), we get

∥ ψ(ϖ)− ϕ(ϖ), z ∥r≤ 8ε∗(ϖ, z) ≤ 8

(
M

∞∑
i=0

(Λiε)(ϖ, z)

)r

.

Thus (2.4.14) valid for m = 0. Suppose that (2.4.14) valid for some m ∈ N. From (2.4.1)
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and (1.3.6), we get

|||(T m+1ψ)(ϖ)− (T m+1ϕ)(ϖ), z|||

≤∥ (T m+1ψ)(ϖ)− (T m+1ϕ)(ϖ), z ∥

=∥ (T T mψ)(ϖ)− (T T mϕ)(ϖ), z ∥

≤
k∑

i=1

li(ϖ, z) ∥ (Tmψ)(fi(ϖ))− (Tmϕ)(fi(ϖ)), gi(z) ∥

≤
k∑

i=1

li(ϖ, z)

(
8

1
rM

∞∑
j=m

(Λjε)(fj(ϖ)), gj(z)

)

= 8
1
rM

∞∑
j=m

k∑
i=1

li(ϖ, z)(Λ
jε) ((fj(ϖ)), gj(z))

= 8
1
rM

∞∑
j=m

Λ
(
Λjε
)
(ϖ, z)

= 8
1
rM

∞∑
j=m+1

(
Λjε
)
(ϖ, z).

Therefore, (2.4.14) valid ∀ m ∈ N. Taking m → ∞ and from (2.4.7), we have |||ψ(ϖ)−
ϕ(ϖ), z||| 1r = 0, that is, ψ = ϕ. Thus fixed point fulfilling (2.4.5) of T is unique.

Remark 2.4.2. If E2 is complete 2NS in Theorem 2.4.1, then K = 1, r = 1 and we get

[Theorem 1, p. 380, [27]]
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Chapter 3

Stability of fixed point and Cauchy functional

equations

Introduction

We study HU stability of fixed point and Cauchy functional equations in this chapter.

Also, we present the well-posedness of a fixed point functional equation. Results of this

chapter are published in Sharma and Chandok [111].

3.1 Stability of fixed point functional equation

We study well-posedness and HU stability of fixed point functional equation in this sec-

tion. Results of this section are published in Sharma and Chandok [111].

Definition 3.1.1. Assume that T : E1 → E1 is an operator on an FMS (E1,D). The

fixed point equation

ϖ = T (ϖ), ϖ ∈ E1 (3.1.1)

is HU stable if there exists a strictly increasing and surjective map β : [0,∞) → [0,∞)

with β(t) = t − φ(t), t ∈ [0,∞), where φ ∈ Φ and such that for each ε > 0 and each

solution ϑ∗ of D(ϑ,T (ϑ)) < ε, for each ϑ ∈ E1, there exists a solution ϖ∗ of (3.1.1) such

that

D(ϑ∗, ϖ∗) < β−1(ε).

Definition 3.1.2. If a fixed point problem (3.1.1) for T meets the following conditions,

then it is well-posed

(p1) T has a unique fixed point ϖ∗ ∈ E1,
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(p2) if for any sequence {ϖr} in E1 such that

lim
r→∞

D(T ϖr, ϖr) = 0,

then

lim
r→∞

D(ϖr, ϖ
∗) = 0.

Theorem 3.1.3. Assume that all of Theorem 2.1.1’s hypotheses are true. Then the

following conditions are valid:

(A1) The fixed point equation (3.1.1) is HU stable, that is, if for each ε > 0 and each

solution ϑ∗ of D(ϑ,T (ϑ)) < ε, for each ϑ ∈ E1, there exists a solution ϖ∗ of (3.1.1)

such that

D(ϑ∗, ϖ∗) < β−1(ε).

(A2) If {ϖr} is a sequence in E1 such that lim
r→∞

D(T ϖr, ϖr) = 0 and ϖ∗ is a fixed point

of T , then (3.1.1) is well-posed.

Proof. (A1) Using Theorem 2.1.1, there is a unique ϖ∗ ∈ E1 such that ϖ∗ = T ϖ∗

that is ϖ∗ ∈ E1 is solution of fixed point equation (ϖ = T ϖ). Assume that ε > 0 and

ϑ∗ ∈ X . Using ( [56], D3, pp. 3), we get

f(D(ϑ∗, ϖ∗)) ≤ f [D(ϑ∗,T ϑ∗) + D(T ϑ∗, ϖ∗)] + α

≤ f [ε+ D(T ϑ∗,T ϖ∗)] + α

≤ f [ε+ φ(D(ϑ∗, ϖ∗))] + α.

Hence using property of (Θ1), we have D(ϑ∗, ϖ∗) ≤ ε + φ(D(ϑ∗, ϖ∗)), or D(ϑ∗, ϖ∗) −
φD(ϑ∗, ϖ∗) ≤ ε. Further, we have β(D(ϑ∗, ϖ∗)) ≤ ε. Hence

D(ϑ∗, ϖ∗) ≤ β−1(ε),

which completes the proof.

(A2) If {ξr} is a sequence in E1 such that lim
r→∞

D(T ξr, ξr) = 0 and ϖ∗ is a unique fixed

point of T (using Theorem 2.1.1). From the contractive condition and triangle inequality,
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we have

f(D(ξr, ϖ
∗)) ≤ f [D(ξr,T ξr) + D(T ξr, ϖ

∗)] + α

≤ f [D(ξr,T ξr) + D(T ξr,T ϖ∗)] + α

≤ f [D(ξr,T ξr) + φ(D(ξr, ϖ
∗))] + α.

On the same lines of above cases, we have β(D(ξr, ϖ
∗)) ≤ D(ξr,T ξr). Taking limit

r → ∞, we get

lim
r→∞

β(D(ξr, ϖ
∗)) ≤ lim

r→∞
D(ξr,T ξr).

Therefore, lim
r→∞

β(D(ξr, ϖ
∗)) = 0. Hence D(ξr, ϖ

∗) = 0. This shows that fixed point

functional equation (3.1.1) is well-posed.

Theorem 3.1.4. Assume that all of Theorem 2.1.1’s hypotheses are true. If R : E1 → E1

is a map such that there exists Λ > 0 with

D(T ξ,Rξ) < Λ,∀ ξ ∈ E1,

then for any fixed point ϑ∗ of R, we get

D(ϖ∗, ϑ∗) ≤ β−1(Λ).

Proof. Choose ϑ∗ be the fixed point of R then by the property of ( [56], D3, pp. 3),

we get

f(D(ϖ∗, ϑ∗)) ≤ f(D(ϖ∗, ϑ∗)) + α

≤ f(D(T ϖ∗,Rϑ∗)) + α

≤ f [D(T ϖ∗,T ϑ∗) + D(T ϑ∗,Rϑ∗)] + α

≤ f [φ(D(ϖ∗, ϑ∗)) + D(T ϑ∗,Rϑ∗)] + α

≤ f [φ(D(ϖ∗, ϑ∗)) + Λ] + α.

Using the property of Θ1, we have

D(ϖ∗, ϑ∗) ≤ φ(D(ϖ∗, ϑ∗)) + Λ.

It implies D(ϖ∗, ϑ∗) − φ(D(ϖ∗, ϑ∗)) ≤ Λ. Therefore, we get β(D(ϖ∗, ϑ∗)) ≤ Λ or

D(ϖ∗, ϑ∗) ≤ β−1(Λ). Hence the result.
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3.2 Stability of Cauchy functional equation

We study stability of Cauchy functional equation in F-linear metric space (FLMS) in this

section. Results of this section are published in Sharma and Chandok [111].

Definition 3.2.1. Let (E1,D) is an FMS. If D satisfying the following condition:

(D4) D(λϑ, λϖ) ≤ | λ | D(ϑ,ϖ), λ ∈ R.

Then D is an F-linear metric on E1, and pair (E1,D) is said to be an FLMS.

Theorem 3.2.2. Assume that (E1,D) is an F-complete FLMS and T : E1 → E1 is a self

map satisfying 2.1.1. Assume that R : E1 → E1 be a map such that for each ε1 > 0

D(R(ϑ+ϖ), R(ϑ) +R(ϖ)) < ε1, ∀ ϖ,ϑ ∈ E1. (3.2.1)

Then there exists a unique map q : E1 → E1 fulfills

D(R(ϑ), q(ϑ)) < β−1(ε), (3.2.2)

where ε =
ε1
2
.

Proof. Substitute ϑ = ϖ in (3.2.1) and using Definition 3.2.1, we have

D (R(2ϑ), 2R(ϑ)) ≤ |2|D
(
1

2
R(2ϑ), R(ϑ)

)
< ε1.

So, we get

D

(
1

2
R(2ϑ), R(ϑ)

)
<
ε1
2
. (3.2.3)

We define an operator T : E1 → E1 by

T R(ϑ) =
1

2
R(ϑ). (3.2.4)

Then (3.2.3) becomes

D (T R(ϑ), R(ϑ)) < ε, (3.2.5)

where
ε1
2

= ε. Now we have to demonstrate that there exists a unique map q : E1 → E1
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fulfills

D(R(ϑ), q(ϑ)) < β−1(ε).

To prove this, using Theorem 2.1.1, there is a unique q(ϑ) such that q(ϑ) = T q(ϑ).

Assume that ε > 0 and ϑ ∈ E1. Using ( [56], D3, pp. 3), we have

f(D(q(ϑ), R(ϑ))) ≤ f [D(q(ϑ),T R(ϑ)) + D(T R(ϑ), R(ϑ))] + α

≤ f [D(T q(ϑ),T R(ϑ)) + ε] + α

≤ f [φ(D(q(ϑ), R(ϑ))) + ε] + α.

Hence using property of (Θ1), we have D(q(ϑ), R(ϑ)) ≤ ε+φ(D(q(ϑ), R(ϑ))), or D(q(ϑ), R(ϑ))−
φ(D(q(ϑ), R(ϑ))) ≤ ε. Further, we have β(D(q(ϑ), R(ϑ))) ≤ ε. Hence

D(q(ϑ), R(ϑ)) ≤ β−1(ε).

Finally, we have to demonstrate the uniqueness part. To prove this, assume that there

exists a map q1 : E1 → E1 (q ̸= q1) such that

D(R(ϑ)), q1(ϑ)) < β−1(ε).

Now, Using ( [56], D3, pp. 3), we have

f(D(q(ϑ), q1(ϑ))) ≤ f [D(q(ϑ), R(ϑ)) + D(R(ϑ), q1(ϑ))]

≤ f [β−1(ε) + β−1(ε)].

Using (Θ1), we have

D(q(ϑ), q1(ϑ)) ≤ β−1(ε) + β−1(ε). (3.2.6)

Since β : [0,∞) → [0,∞) is a strictly increasing and surjective function, so for any given

ε ≥ 0 there exists a δ > 0 such that β( δ
2
) = ε or β−1(ε) = δ

2
. Therefore equation (3.2.6)

implies that

D(q(ϑ), q1(ϑ)) ≤ δ,

which completes the proof.
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Chapter 4

Generalized HUR stability for different forms

of quadratic functional equations

Introduction

We study equivalence and generalized HUR stability of quadratic functional equations

in this chapter. It has been split into four sections. We investigate the equivalence for

different forms of quadratic functional equations in the first section. In the second and

third sections, we discuss generalized HUR stability of a 3-variables quadratic functional

equation in the setting of complete 2NS and complete QNS, respectively. The results of

the first section and the second section are proved in Sharma and Chandok [116], and

results of the third section are published in Sharma and Chandok [114]. We study the

generalized HUR stability of a Drygas functional equation in the framework of complete

QNS in the last section. Outcomes of this section are proved in Sharma and Chandok

[115].

Throughout this chapter E1 is a nonempty set, we write E1\{0} := E0. Aut(E1) stands

for the family of all automorphisms of E1. IdE1 will be used to represent the identity

function on E1.

4.1 Equivalence of quadratic functional equations

We study some properties and equivalence of functional equations (1.1.4), (1.1.5), and

(1.1.6) in this section. Throughout this section, E2 and E1 are vector spaces. Results of

this section are proved in Sharma and Chandok [116].

Lemma 4.1.1. Suppose that a function g : E1 → E2 fulfills (1.1.4) ∀ ϖ,ϑ ∈ E1. Then g

satisfies

g(rϖ) = r2g(ϖ), (4.1.1)

for every ϖ ∈ E1 and r is a scalar.
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Proof. Letting ϖ = ϑ = 0 in (1.1.4), we have g(0) = 0. Thus we can say that equation

g satisfies (4.1.1) for r = 0 when ϖ = ϑ = 0.

By taking ϑ = 0 in (1.1.4) and using g(0) = 0, we have g(ϖ) = g(ϖ). Thus we can say

that equation g satisfies (4.1.1) for r = 1 when ϑ = 0.

Letting ϖ = 0 in (1.1.4) and using g(0) = 0, we have g(−ϑ) = g(ϑ). Thus we can say

that equation g satisfies (4.1.1) for r = −1 when ϖ = 0.

Letting ϖ = ϑ in (1.1.4) and using g(0) = 0, we have g(2ϑ) = 4g(ϑ). Thus we can say

that equation g satisfies (4.1.1) for r = 2 when ϖ = ϑ.

Suppose that

g(kϖ) = k2g(ϖ) (4.1.2)

holds for k = 1, 2, 3, · · · , r − 1, r, where r is a positive integer.

If we take k = r + 1, we get

g((r + 1)ϖ) = g(rϖ +ϖ) = 2g(rϖ) + 2g(ϖ)− g(rϖ −ϖ)

= 2r2g(ϖ) + 2g(ϖ)− g((r − 1)ϖ)

= 2r2g(ϖ) + 2g(ϖ)− (r − 1)2g(ϖ)

= [2r2 + 2− (r2 + 1− 2r)]g(ϖ)

= [r2 + 1 + 2r]g(ϖ).

So we have g((r+1)ϖ) = (r+1)2g(ϖ). Now, assume that (4.1.2) is correct for k ≤ r− l,

where l is a positive integer. Further take k = r + l,

g((r + l)ϖ) = g(rϖ + lϖ) = 2g(rϖ) + 2g(lϖ)− g(rx− lx)

= 2r2g(ϖ) + 2l2g(ϖ)− (r − l)2g(ϖ)

= [2r2 + 2l2 − (r2 + l2 − 2rl)]g(ϖ)

= [r2 + l2 + 2rl]g(ϖ).

So we have g((r + l)ϖ) = (r + l)2g(ϖ). Therefore, g : E1 → E2 is quadratic then

g(rϖ) = r2g(ϖ), for a positive integer r.

Since g is a even function (g(−ϖ) = (−1)2g(ϖ)), so g(rϖ) = r2g(ϖ) is true for a integer

r.

Remark 4.1.2. Assume that a function g : E1 → E2 satisfies (1.1.5), ∀ ϖ,ϑ, γ ∈ E1.
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Case A1. If ϖ = ϑ = γ = 0 in (1.1.5), we get g(0) = 0.

Case A2. If ϑ = γ = 0 in (1.1.5) and using case A1, we have

g(ϖ) = g(ϖ).

So we have g(1ϖ) = 12g(ϖ).

Case A3. If ϑ+ γ = −ϖ in (1.1.5) and using case A1, we see

g(ϖ) + g(ϑ) + g(γ) = g(−γ) + g(−ϖ) + g(−ϑ).

Take γ = ϖ = 0, we have g(−1ϑ) = (−1)2g(ϑ).

Case A4. If ϖ + ϑ = 0, in (1.1.5), we get

g(γ) + g(ϖ) + g(−ϖ) + g(γ) = g(0) + g(−ϖ + γ) + g(γ +ϖ).

Take ϖ = γ and using Cases A1 and A3, we get

g(ϖ) + g(ϖ) + g(−ϖ) + g(ϖ) = g(0) + g(ϖ +ϖ).

So we have g(2ϖ) = 22g(ϖ).

Proposition 4.1.3. A function g : E1 → E2 fulfills (1.1.5) iff g : E1 → E2 is a quadratic

mapping, that is,

g(ϖ − ϑ) + g(ϑ+ϖ) = 2g(ϑ) + 2g(ϖ), ∀ ϖ,ϑ, γ ∈ E1.

Proof. Take γ = −ϑ in (1.1.5), we get

g(ϖ) + g(ϖ) + g(ϑ) + g(−ϑ) = g(ϖ + ϑ) + g(ϑ− ϑ) + g(−ϑ+ϖ).

Using Remark 4.1.2, we have

2g(ϑ) + 2g(ϖ) = g(ϖ − ϑ) + g(ϖ + ϑ), for all ϖ,ϑ ∈ E1.

Conversely, suppose a mapping g : E1 → E2 is quadratic, then

g(ϖ + ϑ+ γ) + g(ϖ) + g(ϑ) + g(γ) = g(ϖ + ϑ) + g(ϑ+ γ) + g(γ +ϖ).
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Take −ϑ = γ, we get

g(ϖ) + g(ϖ) + g(ϑ) + g(−ϑ) = g(ϖ + ϑ) + g(0) + g(−ϑ+ϖ).

Since g is quadratic and using Lemma 4.1.1, we get

2g(ϖ) + 2g(ϑ) = 2g(ϖ) + 2g(ϑ),∀ϖ,ϑ ∈ E1.

Remark 4.1.4. Let a function g : E1 → E2 fulfills (1.1.6), ∀ ϖ,ϑ, γ ∈ E1.

Case B1. If γ = ϑ = ϖ = 0 in (1.1.6), we have g(0) = 0.

Case B2. If ϑ = γ = 0 in (1.1.6) and using case B1, we get

g(ϖ) + g(ϖ) + g(ϖ)− 3g(ϖ) = 0.

Thus we have g(1ϖ) = 12g(ϖ).

Case B3. If ϖ = γ = 0 in (1.1.6) and using case B1 we have

g(ϑ) + g(−ϑ) + g(0) + g(ϑ)− 3[g(0) + g(ϑ) + g(0)] = 0.

So we have g(−1ϑ) = (−1)2g(ϑ).

Case B4. If γ = 0, ϑ = ϖ, in (1.1.6) and using case B1, we have

g(2ϖ) + g(0) + g(ϖ) + g(ϖ)− 3[g(ϖ) + g(ϖ) + g(0)] = 0.

So we have g(2ϖ) = 22g(ϖ).

Case B5. If ϖ = ϑ = γ in (1.1.6) and using case B1, we have

g(3ϖ) + g(0) + g(0) + g(0)− 3[g(ϖ) + g(ϖ) + g(ϖ)] = 0.

So we have g(3ϖ) = 32g(ϖ).

Case B6. If γ = ϖ,ϑ = 2ϖ in (1.1.6), we have

g(4ϖ) + g(−ϖ) + g(0) + g(ϖ)− 3[g(ϖ) + g(2ϖ) + g(ϖ)] = 0.
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Using Cases B1, B3, and B4, we have

g(4ϖ) + g(ϖ) + g(ϖ)− 3[g(ϑ) + 4g(ϖ) + g(ϖ) = 0.

So g(4ϖ) = 42g(ϖ).

Along similar lines, we can prove g(5ϖ) = 52g(ϖ), g(6ϖ) = 62g(ϖ) and so on.

Proposition 4.1.5. A function g : E1 → E2 fulfills (1.1.6) iff g : E1 → E2 is quadratic,

that is,

g(ϖ − ϑ) + g(ϖ + ϑ) = 2g(ϑ) + 2g(ϖ), ∀ ϖ,ϑ, γ ∈ E1.

Proof. Take γ = 0 in (1.1.6), we have

g(ϖ + ϑ) + g(ϖ − ϑ) + g(ϖ) + g(ϑ)− 3[g(ϖ) + g(ϑ) + g(0)] = 0.

Using Remark 4.1.4, we have

g(ϖ − ϑ) + g(ϖ + ϑ) = 2g(ϑ) + 2g(ϖ), ∀ ϖ,ϑ ∈ E1.

Conversely, let a mapping g : E1 → E2 is quadratic, then

g(ϖ + ϑ+ γ) + g(ϖ − ϑ) + g(ϖ − γ) + g(ϑ− γ)− 3[g(ϖ) + g(ϑ) + g(γ)] = 0,

∀ γ, ϑ,ϖ ∈ E1. Take ϑ = −γ, we get

g(ϖ) + g(ϖ − ϑ) + g(ϖ + ϑ) + g(2ϑ)− 3[g(ϖ) + g(ϑ) + g(−ϑ)] = 0,

or

g(ϖ − ϑ) + g(ϖ + ϑ) + g(2ϑ)− 2g(ϖ)− 3g(ϑ)− 3g(−ϑ) = 0.

Using Lemma 4.1.1, we get

g(ϖ − ϑ) + g(ϖ + ϑ) + 4g(ϑ)− 2g(ϖ)− 3g(ϑ)− 3g(ϑ) = 0,

or

g(ϖ − ϑ) + g(ϖ + ϑ)− 2g(ϑ)− 2g(ϑ) = 0.

As g is quadratic, we have

2g(ϖ) + 2g(ϑ)− 2g(ϑ)− 2g(ϖ) = 0, ∀ ϑ,ϖ ∈ E1.
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Using the Propositions 4.1.3 and 4.1.5, we get the following outcome:

Proposition 4.1.6. A function g : E1 → E2 fulfills (1.1.5) iff it satisfies (1.1.6), ∀
ϖ,ϑ, γ ∈ E1.

Proof. Suppose g : E1 → E2 is a map satisfying (1.1.5). Then using Proposition 4.1.3,

we have

g(ϖ + ϑ+ γ) + g(ϖ) + g(ϑ) + g(γ)

= 2g(ϖ) + 2g(ϑ)− g(ϖ − ϑ) + 2g(ϑ) + 2g(γ)− g(ϑ− γ) + 2g(γ) + 2g(ϖ)− g(γ −ϖ).

Further, after rewrite, we get

g(ϖ + ϑ+ γ) + g(ϖ − ϑ) + g(ϑ− γ) + g(γ −ϖ) = 3[g(ϖ) + g(ϑ) + g(γ)].

Conversely, Suppose g : E1 → E2 satisfying (1.1.6). Using Proposition 4.1.5, we have

g(ϖ + ϑ+ γ) + 2g(ϖ) + 2g(ϑ)− g(ϖ + ϑ) + 2g(ϑ) + 2g(γ)− g(ϑ+ γ)

+ 2g(γ) + 2g(ϖ)− g(γ +ϖ) = 3g(ϖ) + 3g(ϑ) + 3g(γ).

Further, after rewrite, we get

g(ϖ + ϑ+ γ) + g(ϖ) + g(ϑ) + g(ϑ) = g(ϖ + ϑ) + g(ϑ+ γ) + g(γ +ϖ), ∀ γ, ϑ,ϖ ∈ E1

4.2 Generalized HUR stability of 3-variables quadratic

functional equation in complete 2-normed space

Here, we study generalized HUR stability of (1.1.6). Also, we obtain some hyperstability

results for this equation. This section’s results extend various previously known outcomes

in the framework of complete 2NS. Throughout this section, E2 is a complete 2NS, (E1,+)

is an abelian group, and Z0 is a subset of E2 containing two LI vectors. Results of this

section are proved in Sharma and Chandok [116].
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Theorem 4.2.1. Let g : E1 → E2 be a map such that

||g(ϖ + ϑ+ γ) + g(ϖ − ϑ) + g(ϖ − γ) + g(ϑ− γ)− 3[g(ϖ) + g(ϑ) + g(γ)], z1||

≤ ε(ϖ,ϑ, γ, z1), (4.2.1)

where ε : E 3
0 ×Z0 → [0,∞], ϖ,ϑ, γ ∈ E0, z1 ∈ Z0, and ϖ−γ,ϖ−ϑ, ϑ−γ,ϖ+ϑ+γ ̸= 0.

Assume that

l(E1) := {η ∈ Aut(E1) : 2η, 2η − IdE1 ,−η, η, η − IdE1 ,∈ Aut(E1), αη < 1} (4.2.2)

is a nonempty set, where

αη := 2λ(η − IdE1) + 3λ(η) + 3λ(−η) + λ(2η) + λ(2η − IdE1), (4.2.3)

λ(η) := inf
{
t ∈ R+ : ε(ηϖ, ηϑ, ηγ, z1) ≤ tε(ϖ,ϑ, γ, z1),∀ϖ,ϑ, γ ∈ E0, z1 ∈ Z0

}
, (4.2.4)

for η ∈ Aut(E1).

Then, there exists a unique G : E1 → E2 fulfilling (1.1.6) and

∥G (ϖ)− g(ϖ), z1∥ ≤ ε∗(ϖ, z1), ∀ ϖ ∈ E0, z1 ∈ Z0, (4.2.5)

where

ε∗(ϖ, z1) := inf

{
ε(ηϖ, (η − IdE1)ϖ,−ηϖ, z1)

1− αη

: η ∈ l(E1)

}
.

Proof. Fix η ∈ l(E1). Replacing (ϖ,ϑ, γ) by (ηϖ, (η − IdE1)ϖ,−ηϖ) in (4.2.1), we

have

∥2g((η − IdE1)ϖ) + 3g(ηϖ) + 3g(−ηϖ)− g(2ηϖ)− g((2η − IdE1)ϖ)− g(ϖ), z1∥

≤ ε(ηϖ, (η − 1)ϖ,−ηϖ, z1) := εη(ϖ, z1), for all ϖ ∈ E0. (4.2.6)

We define the operators Tη : E E0
2 → E E0

2 and Λη : RE0×Z0
+ → RE0×Z0

+ by

Tηξ(ϖ) := 2ξ((η − IdE1)ϖ) + 3ξ(ηϖ) + 3ξ(−ηϖ)− ξ(2ηϖ)− ξ((2η − IdE1)ϖ),

and

Ληδ(ϖ, z1) := 2δ((η − IdE1)ϖ, z1) + 3δ(ηϖ, z1) + 3δ(−ηϖ, z1) + δ(2ηx, z1)

+ δ((2η − IdE1)ϖ, z1), ∀ ϖ ∈ E0, ξ ∈ E E0
2 , δ ∈ RE0

+ .

(4.2.7)
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Then (4.2.6) becomes

∥g(ϖ)− Tηg(ϖ), z1∥ ≤ εη(ϖ, z1),∀ ϖ ∈ E0, z1 ∈ Z0.

The operator Λη has the form given by [ [27], (3.1), pp. 380] with j = 5 and g1(ϖ) =

(η − IdE1)ϖ, g2(ϖ) = ηϖ, g3(ϖ) = −ηϖ, g4(ϖ) = 2ηϖ, g5(ϖ) = (2η − IdE1)ϖ,

l1(ϖ, z1) = 2, l2(ϖ, z1) = 3, l3(ϖ, z1) = 3, l4(ϖ, z1) = 1, and l5(ϖ, z1) = 1 ∀ ϖ ∈ E0.

Further, we have

∥Tηξ(ϖ)− Tηµ(ϖ), z1∥

= ∥2(ξ − µ)g1(ϖ) + 3(ξ − µ)g2(ϖ) + 3(ξ − µ)g3(ϖ)− (ξ − µ)g4(ϖ)− (ξ − µ)g5(ϖ), z1∥

≤ 2∥(ξ − µ)g1(ϖ), z1∥+ 3∥(ξ − µ)g2(ϖ), z1∥+ 3∥(ξ − µ)g3(ϖ), z1∥+ ∥(ξ − µ)g4(ϖ), z1∥

+ ∥(ξ − µ)g5(ϖ), z1∥

=
5∑

i=1

li(ϖ, z)∥(ξ − µ)gi(ϖ), z1∥,∀ ϖ ∈ E0, z1 ∈ Z0 and ξ, µ ∈ E E0
2 , η ∈ l(E1).

Using the definition of λ(η), ε(ηϖ, ηϑ, ηγ, z1) ≤ λ(η)ε(ϖ,ϑ, γ, z1) ∀ ϑ, γ,ϖ ∈ E0, z1 ∈
Z0, η ∈ l(E1). Using induction on r, we have Λr

ηεη(ϖ, z1) ≤ αr
ηε(ηϖ, (η− 1)ϖ,−ηϖ, z1) ∀

ϖ ∈ E0, where αη = 2λ(η − IdE1) + 3λ(η) + 3λ(−η) + λ(2η) + λ(2η − IdE1). For r = 1,

we have

Ληεη(ϖ, z1)

= 2εη((η − IdE1)ϖ, z1) + 3εη(ηϖ, z1) + 3εη(−ηϖ, z) + εη(2ηϖ, z1) + εη((2η − IdE1)ϖ, z1)

≤ 2λ((η − IdE1))ε(ηϖ, (η − IdE1)ϖ,−ηϖ, z) + 3λ(η)ε(ηϖ, (η − IdE1)ϖ,−ηϖ, z1)+

3λ(−η)ε(ηϖ, (η − IdE1)ϖ,−ηϖ, z1) + λ(2η)ε(ηϖ, (η − IdE1)ϖ,−ηϖ, z1)+

λ(2η − IdE1)ε(ηϖ, (η − IdE1)ϖ,−ηϖ, z1)

= (2λ(η − IdE1) + 3λ(η) + 3λ(−η) + λ(2η) + λ(2η − IdE1)) ε(ηϖ, (η − IdE1)ϖ,−ηϖ, z1)

= αηε(ηϖ, (η − IdE1)ϖ,−ηϖ, z1).

(4.2.8)

As the Λ operator is linear, we obtain

ε∗(ϖ, z1) =
∞∑
r=0

(
Λr

ηεη
)
(ϖ, z1)

≤ ε(ηϖ, (η − IdE1)ϖ,−ηϖ, z1)
∞∑
r=0

αr
η

=
ε(ηϖ, (η − IdE1)ϖ,−ηϖ, z1)

1− αη

<∞,
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∀ ϖ ∈ E0, z1 ∈ Z0, η ∈ l(E1).

Therefore by [ [27], Theorem 1, pp. 380], there exists a unique solution Gη : E1 → E2

of

Gη(ϖ) = 2Gη((η − IdE1)ϖ) + 3Gη(ηϖ) + 3Gη(−ηϖ)− Gη(2ηϖ)− Gη((2η − IdE1)ϖ),

(4.2.9)

∀ ϖ ∈ E0, which is a fixed point of Tη such that

∥Gη(ϖ)− g(ϖ), z1∥ ≤ ε∗(ϖ, z1),∀ ϖ ∈ E0, z1 ∈ Z0, η ∈ l(E1). (4.2.10)

Moreover,

Gη(ϖ) = lim
r→∞

T r
η g(ϖ), ∀ ϖ ∈ E0, η ∈ l(E1). (4.2.11)

Now, to show that Gη fulfills (1.1.6) on E1, we have to show the following inequality

||T r
η g(ϖ + ϑ+ γ) + T r

η g(ϖ − ϑ) + T r
η g(ϖ − γ) + T r

η g(ϑ− γ)

− 3[T r
η g(ϖ) + T r

η g(ϑ) + T r
η g(γ)], z1|| ≤ αr

ηε(ϖ,ϑ, γ, z1), (4.2.12)

∀ ϑ, γ,ϖ ∈ E0, z1 ∈ Z0, η ∈ l(E1).

Indeed, if r = 0 then (4.2.12) is simply (4.2.1). So we suppose that (4.2.12) valid for

r ∈ N, η ∈ l(E1) and ϖ,ϑ, γ ∈ E0, z1 ∈ Z0. Then from (4.2.7) and the triangle inequality,

we have

||T r+1
η g(ϖ + ϑ+ γ) + T r+1

η g(ϖ − ϑ) + T r+1
η g(ϖ − γ) + T r+1

η g(ϑ− γ)

− 3[T r+1
η g(ϖ) + T r+1

η g(ϑ) + T r+1
η g(γ)], z1||

= ||2T r
η g((η − IdE1)(ϖ + ϑ+ γ)) + 3T r

η g(η(ϖ + ϑ+ γ)) + 3T r
η g(−η(ϖ + ϑ+ γ))

− T r
η g(2η(ϖ + ϑ+ γ))− T r

η g((2η − IdE1)(ϖ + ϑ+ γ)) + 2T r
η g((η − IdE1)(ϖ − ϑ))

+ 3T r
η g(η(ϖ − ϑ)) + 3T r

η g(−η(ϖ − ϑ))− T r
η g(2η(ϖ − ϑ))− T r

η g((2η − IdE1)(ϖ − ϑ))

+ 2T r
η g((η − IdE1)(ϖ − γ)) + 3T r

η g(η(ϖ − γ)) + 3T r
η g(−η(ϖ − γ))− T r

η g(2η(ϖ − γ))

− T r
η g((2η − IdE1)(ϖ − γ)) + 2Tr

ηg((η − IdE1)(ϑ− γ)) + 3T r
η g(η(ϑ− γ))

+ 3T r
η g(−η(ϑ− γ))− T r

η g(2η(ϑ− γ))− T r
η g((2η − IdE1)(ϑ− γ))

− 3[2T r
η g((η − IdE1)(ϖ)) + 3Tr

ηg(η(ϖ)) + 3T r
η g(−η(ϖ))− T r

η g(2η(ϖ))

− T r
η g((2η − IdE1)(ϖ)) + 2T r

η g((η − IdE1)(ϑ)) + 3T r
η g(η(ϑ))

+ 3T r
η g(−η(ϑ))− T r

η g(2η(ϑ))− T r
η g((2η − IdE1)(ϑ)) + 2T r

η g((η − IdE1)(γ))

+ 3T r
η g(η(γ)) + 3T r

η g(−η(γ))− T r
η g(2η(γ))− T r

η g((2η − IdE1)(γ))], z1||
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≤ 2αr
ηε((η − IdE1)ϖ, (η − IdE1)ϑ, (η − IdE1)γ, z1) + 3αr

ηε(ηϖ, ηϑ, ηγ, z1)

+ 3αr
ηε(−ηϖ,−ηϑ,−ηγ, z1) + αr

ηε(2ηϖ, 2ηϑ, 2ηγ, z1)

+ αr
ηε((2η − IdE1)ϖ, (2η − IdE1)ϑ, (2η − IdE1)γ, z1)

≤ 2αr
ηλ(η − IdE1)ε(ϖ,ϑ, γ, z1) + 3αr

ηλ(η)ε(ϖ,ϑ, γ, z1) + 3αr
ηλ(−η)ε(ϖ,ϑ, γ, z1)

+ αr
ηλ(2η)ε(ϖ,ϑ, γ, z1) + αr

ηλ(2η − IdE1)ε(ϖ,ϑ, γ, z1)

= αr
η[2λ(η − IdE1) + 3 λ(η) + 3λ(−η) + λ(2η) + λ(2η − IdE1)]ε(ϖ,ϑ, γ, z1)

= αr+1
η ε(ϖ,ϑ, γ, z1).

So we have

||T r+1
η g(ϖ + ϑ+ γ) + T r+1

η g(ϖ − ϑ) + Tr+1
η g(ϖ − γ) + T r+1

η g(ϑ− γ)

− 3[T r+1
η g(ϖ) + T r+1

η g(ϑ) + T r+1
η g(γ)], z1||

≤ α(r+1)
η ε(ϖ,ϑ, γ, z1). (4.2.13)

Letting r → ∞ in (4.2.13), using (4.2.11) and definition of l(E1), we get

Gη(ϖ+ϑ+γ)+Gη(ϖ−ϑ)+Gη(ϖ−γ)+Gη(ϑ−γ) = 3[Gη(ϖ)+Gη(ϑ)+Gη(γ)], (4.2.14)

∀ ϖ,ϑ, γ ∈ E0, η ∈ l(E1). Therefore we have proven that for every for η ∈ l(E1) there

exists a Gη : E1 → E2, that is the solution of (1.1.6) on E0 and fulfills ∥g(ϖ)−Gη(ϖ), z1∥ ≤
εη(ϖ,z1)

1−αη
= ε∗(ϖ, z1), ∀ ϖ ∈ E0.

Now, we prove that Gη = Gq for all η, q ∈ l(E1). Fix η, q and note that Gq satisfies

(4.2.10) with η replaced by q. Hence by replacing (ϖ,ϑ, γ) with (ηϖ, (η− IdE1)ϖ,−ηϖ)

in (4.2.14), we get T Gj = Gj, for j = η, q and

||Gη(ϖ)− Gq(ϖ), z1|| ≤ ||Gη(ϖ)− g(ϖ), z1||+ ||Gq(ϖ)− g(ϖ), z1||

≤
(
εη(ϖ, z1)

1− αη

)
+

(
εq(ϖ, z1)

1− αq

)
,

for every ϖ ∈ E0. Using the linearity of Λ and (4.2.8), we get

||Gη(ϖ)− Gq(ϖ), z1|| = ||T rGη(ϖ)− T rGq(ϖ), v||

≤
(
Λrεη(ϖ, z1)

1− αη

)
+

(
Λrεq(ϖ, z1)

1− αq

)
≤ αr

ηUη(ϖ, z1) + αr
qUq(ϖ, v),

where Uk(ϖ, z1) =
εk(ϖ,z1)
1−αk

for every ϖ ∈ E0, k = η, q and r ∈ N. Letting r → ∞, we get
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Gη = Gq = G . Thus, we have

∥g(ϖ)− G (ϖ), z1∥ ≤ Uη(ϖ, z1),

for all ϖ ∈ E0, η ∈ l(E1). Therefore, we get (4.2.5). Using (4.2.14), it is obvious that G is

a solution of (1.1.6). Now to demonstrate the uniqueness of map G , suppose that there

exists a map G ′ : E1 → E2 satisfying (1.1.6) and inequality

∥g(ϖ)− G ′(ϖ), z1∥ ≤ ε∗(ϖ, z1).

Then

||G (ϖ)− G ′(ϖ), z1|| ≤ 2ε∗(ϖ, z1).

Further T G ′(ϖ) = G ′(ϖ) for every ϖ ∈ E0. As a result, with a fixed η ∈ l(E1), we

get

||G (ϖ)− G ′(ϖ), z1|| = ||T rG (ϖ)− T rG ′(ϖ), z1|| ≤ 2Λrε∗(ϖ, z1)

=
2Λrεη(ϖ, z1)

1− αη

≤
2αr

ηεη(ϖ, z1)

1− αη

,

∀ ϖ ∈ E0 and r ∈ N. Taking r → ∞, we get G = G ′.

Theorem 4.2.2. Let g : E1 → E2 and ε : E 3
0 × Z0 → [0,∞) be functions, and the

conditions (4.2.2), (4.2.3) and (4.2.4) hold. Assume that

inf{ε(ηϖ, (η − IdE1)ϖ,−ηϖ, z1) : η ∈ l(E1)} = 0, (4.2.15)

∀ ϖ ∈ E0, z1 ∈ Z0. Then g fulfills (1.1.6) on E0.

Proof. Suppose that

inf{ε(ηϖ, (η − IdE1)ϖ,−ηϖ, z1) : η ∈ l(E1)} = 0, for all ϖ ∈ E0, z1 ∈ Z0. (4.2.16)

Therefore, from Theorem 4.2.1, we obtain ε∗(ϖ, z1) = 0. Then g satisfies (1.1.6) on E1.
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Remark 4.2.3. In Theorem 4.2.1, if

inf{2λ(η − IdE1) + 3λ(η) + 3λ(−η) + λ(2η) + λ(2η − IdE1) : η ∈ l(E1)} = 0,

(this is the case when, that is, lim
|η|→∞

λ(η) = 0), then (4.2.2) holds and

ε∗(ϖ, z1) = inf
η∈l(E1)

ε(ηϖ, (η − 1)ϖ,−ηϖ, z1), ∀ ϖ ∈ E0, z1 ∈ Z0.

Now, we show that a function satisfying (1.1.6) on E0 fulfills it on the whole space E1.

Proposition 4.2.4. If g : E1 → E2 satisfies (1.1.6) ∀ γ, ϑ,ϖ ∈ E0, then g(0) = 0.

Proof. It is sufficient to demonstrate that g(0) = 0.

Letting γ = ϑ = ϖ in (1.1.6), we get

g(3ϖ) + 3g(0) = 9g(ϖ), ϖ ∈ E0. (4.2.17)

Taking ϑ = −ϖ, γ = −ϖ in (1.1.6), we have

−5g(−ϖ) + 2g(2ϖ) + g(0)− 3g(ϖ) = 0, ϖ ∈ E0. (4.2.18)

Taking ϖ = ϑ, γ = −ϖ in (1.1.6), we have

−5g(ϖ) + 2g(2ϖ) + g(0)− 3g(−ϖ) = 0, ϖ ∈ E0. (4.2.19)

From (4.2.18) and (4.2.19)

g(ϖ) = g(−ϑ), ϖ ∈ E0. (4.2.20)

Taking γ = −ϖ,ϑ = 2ϖ in (1.1.6), we have

2g(2ϖ) + g(−ϖ) + g(3ϑ) = 3g(ϖ) + 3g(2ϖ) + 3g(−ϖ).

Using (4.2.20), we get

g(2ϖ) + 5g(ϖ) = g(3ϖ).

Using (4.2.17), we get

g(2ϖ) = 4g(ϖ)− 3g(0). (4.2.21)
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Taking γ = ϖ and ϑ = −ϖ in (1.1.6), we have

−5g(ϖ) + g(2ϖ) + g(−2ϖ) + g(0)− 3g(−ϖ) = 0.

Using (4.2.20), we get

−5g(ϖ) + g(2ϖ) + g(2ϖ) + g(0)− 3g(ϖ) = 0.

Using (4.2.21), we have

−5g(ϖ) + 8g(ϖ)− 6g(0) + g(0)− 3g(ϖ) = 0.

Thus, we get g(0) = 0.

It is obvious that if g(0) = 0, then g satisfies (1.1.6) on the whole E1. So we get the

following outcome.

Theorem 4.2.5. Let g : E1 → E2 be a map such that

||g(ϖ + ϑ+ γ) + g(ϖ − ϑ) + g(ϖ − γ) + g(ϑ− γ)− 3[g(ϖ) + g(ϑ) + g(γ)], z1||

≤ ε(ϖ,ϑ, γ, z1), (4.2.22)

where ε : E 3
0 × Z0 → [0,∞], ϖ,ϑ, γ ∈ E0, z1 ∈ Z0.

Assume that

l(E1) := {η ∈ Aut(E1) : 2η, 2η − IdE1 ,−η, η, η − IdE1 ∈ Aut(E1), αη < 1} (4.2.23)

is a nonempty set, where

αη := 2λ(η − IdE1) + 3λ(η) + 3λ(−η) + λ(2η) + λ(2η − IdE1), (4.2.24)

λ(η) := inf
{
t ∈ R+ : ε(ηϖ, ηϑ, ηγ, z1) ≤ tε(ϖ,ϑ, γ, z1), ∀γ, ϑ,ϖ ∈ E0, z1 ∈ Z0

}
,

(4.2.25)

for η ∈ Aut(E1).

Then, there exists a unique G : E1 → E2 fulfilling (1.1.6) and

∥G (ϖ)− g(ϖ), z1∥ ≤ ε∗(ϖ, z1), ∀ ϖ ∈ E1, z1 ∈ Z0, (4.2.26)
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where

ε∗(ϖ, z1) := inf

{
ε(ηϖ, (η − IdE1)ϖ,−ηϖ, z1)

1− αη

: η ∈ l(E1)

}
.

Now, we provide a few results of Theorem 4.2.1 for the following two cases:

ε1(ϖ,ϑ, γ, z1) = ϕ (∥ϖ∥p1∥ϑ∥p2∥γ∥p3) ∥z1∥,

p1 + p3 < 0 and p2 < 0,

ε2(ϖ,ϑ, γ, z1) = ϕ (∥ϖ∥p1 + ∥ϑ∥p1 + ∥γ∥p1)) ∥z1∥, p1 < 0,

where ε(ϖ,ϑ, γ, z1) = εj(ϖ,ϑ, γ, z1) for j ∈ {1, 2}, ϕ ∈ R+, p1, p2, p3 ∈ R and ϖ,ϑ, γ ̸=
0.

Corollary 4.2.6. Assume that S := (S,+) is a nonempty subset of (E1,+). Suppose that

g : S → E2, fulfills

||g(ϖ + ϑ+ γ) + g(ϖ − ϑ) + g(ϖ − γ) + g(ϑ− γ)− 3[g(ϖ) + g(ϑ) + g(γ)], z1||

≤ ϕ (∥ϖ∥p1∥ϑ∥p2∥γ∥p3) ∥z1∥, ∀ ϖ,ϑ, γ ∈ S0,

with ϖ + ϑ + γ,ϖ − κ, ϖ − γ, ϑ − γ ̸= 0, p1, p2, p3 ∈ R, p1 + p3 < 0, p2 < 0, and

ϕ > 0, z1 ∈ Z0. Then g is a solution of (1.1.6) on S0.

Proof. Proof comes from Theorem 4.2.1 by choosing

ε1(ϖ,ϑ, γ, z1) = ϕ (∥ϖ∥p1∥ϑ∥p2∥γ∥p3) ∥z1∥, ∀ ϖ,ϑ, γ ∈ S0, z1 ∈ Z0

with some real number ϕ > 0, p1, p2, p3 ∈ R, p1 + p3 < 0, p2 < 0. For each j ∈ N, define
ηj : S0 → S0 by ηja = ja. For all ϖ,ϑ, γ ∈ S0, z1 ∈ Z0 and j ∈ N, we have

ε1(ηjϖ, ηjϑ, ηjγ, z1) = ε1(jϖ, jϑ, jγ, z1)

= ϕ (∥jϖ∥p1∥jϑ∥p2∥jγ∥p3) ∥z1∥

= |j|p1+p2+p3ϕ (∥ϖ∥p1∥ϑ∥p2∥γ∥p3) ∥z1∥

= |j|p1+p2+p3ε1(ϖ,ϑ, γ, z1).

Taking limit j → ∞, we have lim
j→∞

ε1(ηjϖ, ηjϑ, ηjγ, z1) = lim
j→∞

|j|p1+p2+p3ε1(ϖ,ϑ, γ, z1) =

0. So (4.2.15) is valid with λ(ηj) = |j|p1+p2+p3 for j ∈ N, and there exists η0 ∈ N with
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η0 > 1 such that j ≥ η0 and

αηj = 2 | η − 1 |p1+p2+p3 +(6 + 2p1+p2+p3) | η |p1+p2+p3 + | 2η − 1 |p1+p2+p3< 1.

Therefore we can say that (4.2.2) is satisfied with l(E1) := {η ∈ Aut(E1) : j ∈ Nη0}.
Hence by the Theorem 4.2.2, every function g : S → E2, satisfies (1.1.6) on S0.

Corollary 4.2.7. Assume that S := (S,+) is a nonempty subset of (E1,+). Suppose that

g : S → E2 fulfills

||g(ϖ + ϑ+ γ) + g(ϖ − ϑ) + g(ϖ − γ) + g(ϑ− γ)− 3[g(ϖ) + g(ϑ) + g(γ)], z1||

≤ ϕ (∥ϖ∥p1 + ∥ϑ∥p1 + ∥γ∥p1) ∥z1∥,

∀ ϑ,ϖ, γ ∈ S0, with ϖ+ϑ+γ,ϖ−ϑ,ϖ−γ, ϑ−γ ̸= 0, p1 ∈ R, p1 < 0, and ϕ > 0, z1 ∈ Z0.

Then g is a solution of (1.1.6) on S\{0}, such that ϖ + ϑ+ γ,ϖ − ϑ,ϖ − γ, ϑ− γ ̸= 0.

Proof. The proof comes from Theorem 4.2.1 by choosing

ε1(ϖ,ϑ, γ, z1) = ϕ (∥ϖ∥p1∥ϑ∥p1∥γ∥p1) ∥z1∥,

∀ ϖ,ϑ, γ ∈ S0, z1 ∈ Z0 with some real number ϕ > 0, p1 ∈ R, p1 < 0. For each j ∈ N,
define ηj : S0 → S0 by ηja = ja. For all ϖ,ϑ, γ ∈ S0, z1 ∈ Z0 and j ∈ N, we have

ε1(ηjϖ, ηjϑ, ηjγ, z1) = ε1(jϖ, jϑ, jγ, z1)

= ϕ (∥jϖ∥p1∥jϑ∥p1∥jγ∥p1) ∥z1∥

= |j|p1ϕ (∥ϖ∥p1∥ϑ∥p1∥γ∥p1) ∥z1∥

= |j|p1ε1(ϖ,ϑ, γ, z1).

Taking limit j → ∞, we get lim
j→∞

ε1(ηjϖ, ηjϑ, ηjγ, z1) = lim
j→∞

|j|p1ε1(ϖ,ϑ, γ, z1) = 0.

So (4.2.15) is correct with λ(ηj) = |j|p1 for j ∈ N, and there exists η0 ∈ N with η0 > 1

such that j ≥ η0 and

αηj = 2 | η − 1 |p1 +(6 + 2p1) | η |p1 + | 2η − 1 |p1< 1.

Therefore we can say that (4.2.2) is satisfied with l(E1) := {η ∈ Aut(E1) : j ∈ Nη0}.
Hence by the Theorem 4.2.2, every function g : S → E2, fulfills (1.1.6) on S0.

Corollary 4.2.8. Let g : E1 → E2, ε : E 3
1 × Z0 → [0,∞) and the conditions (4.2.2),

(4.2.4) and (4.2.15) hold. Further, if F : E 3
1 → E2 is a map such that F (ϖ0, ϑ0, γ0) ̸= 0
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for some ϖ0, ϑ0, γ0 ∈ E1 and

||F (ϖ,ϑ, γ), z1|| ≤ ε∗(ϖ,ϑ, γ, z1),

∀ ϖ,ϑ, γ ∈ E1, z1 ∈ Z0, then the following function equation for all ϑ,ϖ, γ ∈ E1,

g(ϖ + ϑ+ γ) + g(ϖ − ϑ) + g(ϖ − γ) + g(ϑ− γ) = F (ϖ,ϑ, γ) + 3[g(ϖ) + g(ϑ) + g(γ)],

(4.2.27)

has no solution in the class of function g : E1 → E2.

Proof. Assume that g : E1 → E2 is a solution of (4.2.27). So (4.2.1) valid, and as a

result, as per Theorem 4.2.2, g fulfills (1.1.6) on E1, that is, F (ϖ0, ϑ0, γ0) = 0, which is a

contradiction.

4.3 Generalized HUR stability of a quadratic type

functional equations in complete quasi-normed

space

Here, we study the generalized HUR stability of (1.1.6) in complete QNS. Also, we obtain

some hyperstability results for this equation. This section’s results extend a number of

previously established results to the setting of complete QNS. Throughout this section,

E2 is a complete QNS, (E1,+) is an abelian group. Results of this section are published

in Sharma and Chandok [114].

Theorem 4.3.1. Let g : E1 → E2 be a map such that

||g(ϖ + ϑ+ γ) + g(ϖ − ϑ) + g(ϖ − γ) + g(ϑ− γ)− 3[g(ϖ) + g(ϑ) + g(γ)]|| ≤ ε(ϖ,ϑ, γ),

(4.3.1)

where ε : E1 × E1 × E1 → [0,∞], ϖ,ϑ, γ ∈ E1.

Assume that

l(X ) := {m ∈ Aut(E1) : 2m, 2m− IdE1 ,m,−m,m− IdE1 ∈ Aut(E1), αm < 1} (4.3.2)

is a nonempty set, where

αm := 2Kλ(m− IdE1) + 3K2λ(m) + 3K3λ(−m) +K4λ(2m) +K4λ(2m− IdE1),

(4.3.3)
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λ(m) := inf{t ∈ R+ : ε(mϖ,mϑ,mγ) ≤ tε(ϖ,ϑ, γ) ∀ϖ,ϑ, γ ∈ E1}, for m ∈ Aut(E1).

(4.3.4)

Then, there exists a unique G : E1 → E2 fulfilling (1.1.6) and

∥G (ϖ)− g(ϖ)∥θ ≤ 4ε∗(ϖ), (4.3.5)

∀ ϖ ∈ E1, where θ = log2K 2 with K ≥ 1, ε∗(ϖ) := inf
{

εθ(mϖ,(m−IdE1
)ϖ,−mϖ)

1−αθ
m

: m ∈ l(E1)
}
.

Proof. Fix m ∈ l(E1). Replacing (ϖ,ϑ, γ) by (mϖ, (m− IdE 1)ϖ,−mϖ) in (4.3.1), we

have

∥2g((m− IdE 1)ϖ) + 3g(mϖ) + 3g(−mϖ)− g(2mϖ)− g((2m− IdE 1)ϖ)− g(ϖ)∥

≤ ε(mϖ, (m− IdE 1)ϖ,−mϖ) := εm(ϖ), (4.3.6)

∀ ϖ ∈ E1. We define the operators Tm : E E1
2 → E E1

2 , and Λm : RE1
+ → RE1

+ by

Tmξ(ϖ) := 2ξ((m− IdE 1)ϖ) + 3ξ(mϖ) + 3ξ(−mϖ)− ξ(2mϖ)− ξ((2m− IdE 1)ϖ)

and

Λmδ(ϖ) := 2Kδ((m− IdE1)ϖ) + 3K2δ(mϖ) + 3K3δ(−mϖ) +K4δ(2mϖ)

+K4δ((2m− IdE1)ϖ)],

(4.3.7)

∀ ϖ ∈ E1, ξ ∈ E E1
2 , and δ ∈ RE1

+ . Then (4.3.6) becomes

∥g(ϖ)− Tmg(ϖ)∥ ≤ εm(ϖ),

∀ ϖ ∈ E1. The operator Λm has the form given by [ [44], (2.17), pp. 138] and T has

the form given by [ [44], (2.15), pp. 138] with k = 5 and g1(ϖ) = (m− IdE1)ϖ, g2(ϖ) =

mϖ, g3(ϖ) = −mϖ, g4(ϖ) = 2mϖ, g5(ϖ) = (2m − IdE1)ϖ, L1(ϖ) = 2K, L2(ϖ) =

3K2, L3(ϖ) = 3K3, L4(ϖ) = K4, L5(ϖ) = K4, for all ϖ ∈ E1. Further, we have

∥Tmξ(ϖ)− Tmµ(ϖ)∥

= ∥2(ξ − µ)g1(ϖ) + 3(ξ − µ)g2(ϖ) + 3(ξ − µ)g3(ϖ)− (ξ − µ)g4(ϖ)− (ξ − µ)g5(ϖ)∥

≤ 2K∥(ξ − µ)g1(ϖ)∥+ 3K2∥(ξ − µ)g2(ϖ)∥+ 3K3∥(ξ − µ)g3(ϖ)∥+K4∥(ξ − µ)g4(ϖ)∥

+K4∥(ξ − µ)g5(ϖ)∥

=
5∑

i=1

Li(x)∥(ξ − µ)gi(ϖ)∥,
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∀ ϖ ∈ E1 and ξ, µ ∈ E E1
2 ,m ∈ l(E1). Using the definition of λ(m), ε(mϖ,mϑ,mγ) ≤

λ(m)ε(ϖ,ϑ, γ) ∀ ϖ,ϑ, γ ∈ E1,m ∈ l(E1). Using induction on n, we have Λn
mεm(ϖ) ≤

αn
mε(mϖ, (m − IdE1)ϖ,−mϖ) ∀ ϖ ∈ E1, where αm = 2Kλ(m − IdE1) + 3K2λ(m) +

3K3λ(−m) +K4λ(2m) +K4λ(2m− IdE1). For n = 1, we have

Λmε(ϖ)

= 2Kε((m− IdE 1)ϖ) + 3K2ε(mϖ) + 3K3ε(−mϖ) +K4ε(2ϖ) +K4ε((2m− IdE1)ϖ)

≤ 2Kλ((m− IdE 1))ε(mϖ, (m− IdE 1)ϖ,−mϖ) + 3K2λ(m)ε(mϖ, (m− IdE 1)ϖ,−mϖ)

+ 3K3λ(−m)ε(mϖ, (m− IdE1)ϖ,−mϖ) +K4λ(2m)ε(mϖ, (m− IdE 1)ϖ,−mϖ)

+K4λ(2m− IdE1)ε(mϖ, (m− IdE1)ϖ,−mϖ)

=
(
2Kλ(m− IdE1) + 3K2λ(m) + 3K3λ(−m) +K4λ(2m) +K4λ(2m− IdE1)

)
ε(mϖ, (m− IdE1)ϖ,−mϖ)

= αmε(mϖ, (m− IdE1)ϖ,−mϖ).

(4.3.8)

Due to the operator Λ being linear, we get

ε∗(ϖ) =
∞∑
n=0

(Λn
mεm)

θ (ϖ)

≤ εθ(mϖ, (m− IdE1)ϖ,−mϖ)
∞∑
n=0

αnθ
m

=
εθ(mϖ, (m− IdE1)ϖ,−mϖ)

1− αθ
m

<∞,

∀ ϖ ∈ E1,m ∈ l(E2). Therefore by [ [44], Corollary 2.2, p. 138], there exists a unique

solution Gm : E1 → E2 of

Gm(ϖ) = 2Gm((m− IdE1)ϖ) + 3Gm(mϖ) + 3Gm(−mϖ)− Gm(2mϖ)− Gm((2m− IdE1)ϖ),

(4.3.9)

∀ ϖ ∈ E1, which is a fixed point of Tm such that

∥Gm(ϖ)− g(ϖ)∥θ ≤ 4ε∗(ϖ), ∀ ϖ ∈ E1,m ∈ l(E1). (4.3.10)

Moreover,

Gm(ϖ) = lim
r→∞

T r
mg(ϖ), ∀ ϖ ∈ E1,m ∈ l(E1). (4.3.11)

58



Now, to show that Gm fulfills the functional equation (1.1.6) on E1, we have to show the

following inequality

∥T r
mg(ϖ + ϑ+ γ) + T r

mg(ϖ − ϑ) + T r
mg(ϖ − γ) + T r

u g(ϑ− γ)− 3[T r
mg(ϖ)

+ T r
mg(ϑ) + T r

mg(γ)]∥ ≤ αr
mε(ϖ,ϑ, γ),∀ ϖ,ϑ, γ ∈ E1, m ∈ l(E1). (4.3.12)

Indeed if r = 0 then (4.3.12) is simply (4.3.1). So we assume that (4.3.12) holds for r ∈ N,
m ∈ l(E1) and ϖ,ϑ, γ ∈ E1. Then from (4.3.7) and the triangle inequality, we have

||T r+1
m g(ϖ + ϑ+ γ) + T r+1

m g(ϖ − ϑ) + T r+1
m g(ϖ − γ) + T r+1

m g(ϑ− γ)

− 3[T r+1
m g(ϖ) + T r+1

m g(ϑ) + T r+1
m g(γ)]||

= ||2T r
mg((m− IdE 1)(ϖ + ϑ+ γ)) + 3T r

mg(m(ϖ + ϑ+ γ)) + 3T r
mg(−m(ϖ + ϑ+ γ))−

T r
mg(2m(ϖ + κ + γ))− T r

mg((2m− IdE 1)(ϖ + ϑ+ γ)) + 2T r
mg((m− IdE 1)(ϖ − ϑ))+

3T r
mg(m(ϖ − ϑ)) + 3T r

mg(−m(ϖ − ϑ))− T r
mg(2m(ϖ − ϑ))− T r

mg((2m− IdE 1)(ϖ − ϑ))+

2T r
mg((m− IdE 1)(ϖ − γ)) + 3T r

mg(m(ϖ − γ)) + 3T r
mg(−m(ϖ − γ))− T r

mg(2m(ϖ − γ))−

T r
mg((2m− IdE 1)(ϖ − γ)) + 2T r

mg((m− IdE 1)(ϑ− γ)) + 3T r
mg(m(ϑ− γ))

+ 3T r
mg(−m(ϑ− γ))− T r

mg(2m(ϑ− γ))− T r
mg((2m− IdE 1)(ϑ− γ))

− 3[2T r
mg((m− IdE 1)(ϖ)) + 3T r

mg(m(ϖ)) + 3T r
mg(−m(ϖ))− T r

mg(2m(ϖ))

− T r
mg((2m− IdE 1)(ϖ)) + 2T r

mg((m− IdE 1)(ϑ)) + 3T r
mg(m(ϑ)) + 3T r

mg(−m(ϑ))

− T r
mg(2m(ϑ))− T r

mg((2m− IdE 1)(ϑ)) + 2T r
mg((m− IdE 1)(γ)) + 3T r

mg(m(γ))

+ 3T r
mg(−m(γ))− T r

mg(2m(γ))− T r
mg((2m− IdE 1)(γ))]||

≤ 2Kαr
mε((m− IdE 1)ϖ, (m− IdE 1)ϑ, (m− IdE 1)γ)

+ 3K2αr
mε(mϖ,mϑ,mγ) + 3K3αr

mε(−mϖ,−mϑ,−mγ)

+K4αr
mε(2mϖ, 2mϑ, 2mϖ) +K4αr

mε((2m− IdE1)ϖ, (2m− IdE1)ϑ, (2m− IdE1)γ)

≤ 2Kαr
mλ(m− IdE1)ε(ϖ,ϑ, γ) + 3K2αr

mλ(m)ε(ϖ,ϑ, γ) + 3K3αr
mλ(−m)ε(ϖ,ϑ, γ)

+K4αr
mλ(2m)ε(ϖ,ϑ, γ) +K4αr

mλ(2m− IdE1)ε(ϖ,ϑ, γ)

= αr
m[2Kλ(m− IdE1) + 3K2 λ(m) + 3K3λ(−m) +K4λ(2m) +K4λ(2m− IdE 1)]ε(ϖ,ϑ, γ)

≤ αr+1
m ε(ϖ,ϑ, γ).

So we get

||T r+1
m g(ϖ + ϑ+ γ) + T r+1

m g(ϖ − ϑ) + T r+1
m g(ϖ − γ) + T r+1

m g(ϑ− γ)

− 3[T r+1
m g(ϖ) + T r+1

m g(ϑ) + T r+1
m g(γ)]||θ ≤ α(r+1)θ

m εθ(ϖ,ϑ, γ).

By induction, we have proven that (4.3.12) valid ∀ ϖ,ϑ, γ ∈ E1.
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From (4.3.12) and (1.3.2), we get

|||T r+1
m g(ϖ + ϑ+ γ) + T r+1

m g(ϖ − ϑ) + T r+1
m g(ϖ − γ) + T r+1

m g(ϑ− γ)

− 3[T r+1
m g(ϖ) + T r+1

m g(ϑ) + T r+1
m g(γ)] |||θ ≤ α(r+1)θ

m εθ(ϖ,ϑ, γ).
(4.3.13)

Letting r → ∞ in (4.3.13), using (4.3.11) and definition of l(E1), we get

Gη(ϖ+ϑ+γ)+Gη(ϖ−ϑ)+Gη(ϖ−γ)+Gη(ϑ−γ) = 3[Gη(ϖ)+Gη(ϑ)+Gη(γ)] (4.3.14)

∀ ϖ,ϑ, γ ∈ E1,m ∈ l(E1). Therefore we have proven that for every for m ∈ l(E1) there

exists a Gm : E1 → E2 which is the solution of (1.1.6) on E1 and fulfills

∥g(ϖ)− Gm(ϖ)∥θ ≤ 4

(
εθm(ϖ)

1− αθ
m

)
= 4ε∗(ϖ), ∀ ϖ ∈ E1.

Now, we prove that Gm = Gq ∀ m, q ∈ l(E1). Fix m, q and note that Gq satisfies (4.3.10)

with m replaced by q. Therefore by replacing (ϖ,ϑ, γ) with (mϖ, (m − IdE1)ϖ,−mϖ)

in (4.3.14), and using (1.3.1) and (1.3.2), we get T Dj = Dj, for j = m, q and

|||Gm(ϖ)− Gq(ϖ)|||θ ≤ |||Gm(ϖ)− g(ϖ)|||θ + |||Gq(ϖ)− g(ϖ)|||θ

≤
(
4εθm(ϖ)

1− αθ
m

)
+

(
4εθq(x)

1− αθ
q

)
, ∀ ϖ ∈ E1.

It follows from (4.3.8) and linearity of Λ that

|||Gm(ϖ)− Gq(ϖ)|||θ = |||T nGm(ϖ)− T nGq(ϖ)|||θ

≤ 4

(
Λnεθm(ϖ)

1− αθ
m

)
+ 4

(
Λnεθq(ϖ)

1− αθ
q

)
≤ (αm)

nUm(ϖ) + (αq)
nUq(ϖ),

where Um(ϖ) = 4 εθm(ϖ)
1−αθ

m
∀ ϖ ∈ E1, and n ∈ N. Taking n → ∞, we have Gm = Gq = G .

Thus, we get

∥g(ϖ)− G (ϖ)∥θ ≤ Um(ϖ), ∀ ϖ ∈ E1,m ∈ l(E1).

Thus, we derive (4.3.5). Due to (4.3.14), it is obvious that G is a solution of (1.1.6). Now

to demonstrate the uniqueness of map G , assume that there exists a map G ′ : E1 → E2
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which fulfills (1.1.6) and

∥g(ϖ)− G ′(ϖ)∥θ ≤ 4ε∗(ϖ).

Using (1.3.2), we get

|||g(ϖ)− G ′(ϖ)|||θ ≤ ∥g(ϖ)− G ′(ϖ)∥θ ≤ 4ε∗(ϖ), ∀ ϖ ∈ E1.

Then

|||G (ϖ)− G ′(ϖ)|||θ ≤ 8ε∗(ϖ).

Further T G ′(ϖ) = G ′(ϖ) ∀ ϖ ∈ E1. Consequently, with a fixed m ∈ l(E1)

|||G (ϖ)− G ′(ϖ)|||θ = |||T nG (ϖ)− T nG ′(ϖ)|||θ

≤ 8Λnε∗(ϖ)

≤ 8Λnεθm(ϖ)

1− αθ
m

≤ 8αn
mε

θ
m(ϖ)

1− αθ
m

,

∀ϖ ∈ E1,m ∈ l(E1), and n ∈ N. Taking n→ ∞, we have G = G ′.

Theorem 4.3.2. Let g : E1 → E2, and ε : E1 × E1 × E1 → [0,∞) be functions, and the

conditions (4.3.2), (4.3.3) and (4.3.4) be valid. Suppose that

inf{εθ(mϖ, (m− IdE1)ϖ,−mϖ) : m ∈ l(E1)} = 0, ∀ ϖ ∈ E1. (4.3.15)

Then g fulfills (1.1.6) on E1.

Proof. Assume that

inf{εθ(mϖ, (m− IdE 1)ϖ,−mϖ) : m ∈ l(E1)} = 0,∀ ϖ ∈ E1. (4.3.16)

Hence, from Theorem 4.3.1, we have ε(ϖ) = 0 for all ϖ ∈ E1. Then g fulfills (1.1.6) on

E1.

Remark 4.3.3. In Theorem 4.3.1, if

inf{2Kλ(m−IdE1)+3K2λ(m)+3K3λ(−m)+K4λ(2m)+K4λ(2m−IdE 1) : m ∈ l(E1)} = 0
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(this is the case when lim
|m|→∞

λ(m) = 0), then (4.3.2) holds,

ε∗(ϖ) = inf
m∈l(E1)

εθ(mϖ, (m− IdE 1)ϖ,−mϖ),∀ ϖ ∈ E1.

Remark 4.3.4. As the main result of Brzdȩk [Theorem 7, p.5, [30]] is a partial general-

ization of main result of Dung and Hang [Corollary 2.2, p. 138, [44]]. So using the result

of Brzdȩk [30], we can partially generalized our Theorem 4.3.1, equation (4.3.5) can be

∥G (ϖ)− g(ϖ)∥θ ≤ 4ε∗(ϖ),

∀ ϖ ∈ E0, where θ = log2K 2 with K ≥ 1, ε∗(ϖ) :=
∑∞

r=0

(
Λr

θmε
θ
m

)θ
(ϖ) (because Λ = Λθ

and ε = εθ).

Similarly, we can show the following result on E0\{0} = E0.

Theorem 4.3.5. Let g : E1 → E2 is a map such that

||g(ϖ + ϑ+ γ) + g(ϖ − ϑ) + g(ϖ − γ) + g(ϑ− γ)− 3[g(ϖ) + g(ϑ) + g(γ)]|| ≤ ε(ϖ,ϑ, γ),

(4.3.17)

where ε : E0 × E0 × E0 → [0,∞], γ, ϑ,ϖ ∈ E0, and ϖ − γ,ϖ + ϑ+ γ,ϖ − ϑ, ϑ− γ ̸= 0.

Assume that

l(X ) := {m ∈ Aut(E1) : m,−m,m− IdE 1, 2m, 2m− IdE 1 ∈ Aut(E1), αm < 1} (4.3.18)

is a nonempty set, where

αm := 2Kλ(m− IdE 1) + 3K2λ(m) + 3K3λ(−m) +K4λ(2m) +K4λ(2m− IdE 1),

(4.3.19)

λ(m) := inf{t ∈ R+ : ε(mϖ,mϑ,mγ) ≤ tε(ϖ,ϑ, γ) ∀ϖ,ϑ, γ ∈ E0}, (4.3.20)

for m ∈ Aut(E1).

Then, there exists a unique G : E0 → E2 fulfilling (1.1.6) on E0 and

∥G (ϖ)− g(ϖ)∥θ ≤ 4ε∗(ϖ), (4.3.21)

∀ ϖ ∈ E0, where θ = log2K 2 with K ≥ 1, ε∗(ϖ) := inf
{

εθ(mϖ,(m−IdE1)
ϖ,−mϖ)

1−αθ
m

: m ∈ l(E1)
}
.

62



Now, we provide a few consequences of Theorem 4.3.5 for the following two cases:

ε1(ϖ,ϑ, γ) = (ϕ∥ϖ∥p∥ϑ∥q∥γ∥r)θ ,

p+ r < 0 and q < 0,

ε2(ϖ,ϑ, γ) = (ϕ(∥ϖ∥p + ∥ϑ∥p + ∥γ∥p))θ , p < 0,

where ε(ϖ,ϑ, γ) = εn(ϖ,ϑ, γ) for n ∈ {1, 2}, ϕ > 0, r, q, p ∈ R, ϖ, ϑ ̸= 0, and θ = log2K 2

with K ≥ 1.

g is a solution of (1.1.6) on S\{0} = S0 if (1.1.6) holds for every ϖ,ϑ, γ ∈ S0 with

ϖ − γ,ϖ + ϑ+ γ,ϖ − ϑ, ϑ− γ ̸= 0. So we have the following results.

Corollary 4.3.6. Assume that S := (S,+) is a nonempty subgroup of (E1,+). Let

g : S → E2 satisfy

||g(ϖ + ϑ+ γ) + g(ϖ − ϑ) + g(ϖ − γ) + g(ϑ− γ)− 3[g(ϖ) + g(ϑ) + g(γ)]||θ

≤ (ϕ∥ϖ∥p∥ϑ∥q∥γ∥r)θ ,

∀ϖ,ϑ, γ ∈ S0, with ϖ− γ,ϖ+ϑ+ γ,ϖ−ϑ, ϑ− γ ̸= 0, r, q, p ∈ R, q < 0, p+ r < 0, ϕ > 0

and θ = log2K 2. Then g is a solution of (1.1.6) on S0.

Proof. We apply Theorem 4.3.5 with ε1(ϖ,ϑ, γ) = (ϕ∥ϖ∥p∥ϑ∥q∥γ∥r)θ, ∀ ϖ,ϑ, γ ∈ S0

with few real numbers ϕ > 0, r, q, p ∈ R, q < 0, p + r < 0, θ = log2K 2. For each j ∈ N,
define mj : S0 → S0 by mjϖ = jϖ. Then

ε1(mjϖ,mjϑ,mjγ) = ε1(jϖ, jϑ, jγ)

= (ϕ∥jϖ∥p∥jϑ∥q∥jγ∥r)θ

= |j|(p+q+r)θ (ϕ∥ϖ∥p∥ϑ∥q∥γ∥r)θ

≤ |j|p+q+rε1(ϖ,ϑ, γ),

∀ ϖ,ϑ, γ ∈ S0 and j ∈ N. Hence

lim
j→∞

ε1(mjϖ,mjϑ,mjγ) ≤ lim
j→∞

|j|p+q+rε1(ϖ,ϑ, γ) = 0,∀ ϖ,ϑ, γ ∈ S0 and j ∈ N.

Then (4.3.15) is correct with λ(mj) = |j|p+q+r for j ∈ N, there exists m0 ∈ N with m0 > 1

such that j ≥ m0 and

αmj
= 2 | j − 1 |p+q+r +(6 + 2p+q+r) | j |p+q+r + | 2j − 1 |p+q+r< 1.
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Therefore we can say that (4.3.18) is satisfied with l(E1) := {mj ∈ Aut(E1) : j ∈ Nm0}.
Hence by the Theorem 4.3.2, every function g : S → E2 satisfies (1.1.6) on S0.

Corollary 4.3.7. Assume that S := (S,+) be a nonempty subgroup of (E1,+). Let

g : S → E2 satisfy

||g(ϖ + ϑ+ γ) + g(ϖ − ϑ) + g(ϖ − γ) + g(ϑ− γ)− 3[g(ϖ) + g(ϑ) + g(γ)]||θ

≤ (ϕ(∥ϖ∥p + ∥ϑ∥p + ∥γ∥p))θ , ∀ ϖ,ϑ, γ ∈ S0,

with ϖ − γ, ϑ + ϖ + γ,ϖ − ϑ, ϑ − γ ̸= 0, ϕ > 0, p < 0, and θ = log2K 2. Then g is a

solution of (1.1.6) on S0.

Proof. We apply Theorem 4.3.5 with ε2(ϖ,ϑ, γ) = (ϕ∥ϖ∥p + ∥ϑ∥p + ∥γ∥p)θ, ∀ ϖ,ϑ, γ ∈
S0 with a few real numbers ϕ > 0, p < 0, θ = log2K 2. For each j ∈ N, definemj : S0 → S0

by mjϖ = jϖ. Then

ε2(mjϖ,mjϑ,mjγ) = ε2(jϖ, jϑ, jγ)

= (ϕ∥jϖ∥p + ∥jϑ∥p + ∥jγ∥p)θ

= |j|(p)θ (ϕ∥ϖ∥p + ∥ϑ∥p + ∥γ∥p)θ

≤ |j|pε2(ϖ,ϑ, γ), ∀ ϖ,ϑ, γ ∈ S0, j ∈ N.

Hence

lim
j→∞

ε2(mjϖ,mjϑ,mjγ) ≤ lim
j→∞

|j|pε2(ϖ,ϑ, γ) = 0, ∀ ϖ,ϑ, γ ∈ S0, j ∈ N.

Then (4.3.15) is true with λ(mj) = |j|p, there exists m0 ∈ N with m0 > 1 such that

j ≥ m0 and

αmj
= 2 | j − 1 |p +(6 + 2p) | j |p + | 2j − 1 |p< 1.

Therefore we can say that (4.3.18) is satisfied with l(E1) := {mj ∈ Aut(E1) : j ∈ Nm0}.
Hence by the Theorem 4.3.2, every function g : S → E2 satisfies (1.1.6) on S0.

Now, we prove that Corollaries 4.3.6 and 4.3.7 yield a characterization of IPS.

Corollary 4.3.8. Suppose that (E1, K, ∥.∥) is a QNS, E0 = E1\{0}, and write

∆(ϖ,ϑ, γ) =
∣∣||ϖ + ϑ+ γ||2 + ||ϖ − ϑ||2 + ||ϖ − γ||2 + ||ϑ− γ||2 − 3[||ϖ||2 + ||ϑ||2 + ||γ||2]

∣∣,
∀ ϖ,ϑ, γ ∈ E1. let either of the following two conditions remain
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(i) sup
ϖ,ϑ,γ∈E0

∆(ϖ,ϑ, γ)

ε1(ϖ,ϑ, γ)
<∞;

(ii) sup
ϖ,ϑ,γ∈E0

∆(ϖ,ϑ, γ)

ε2(ϖ,ϑ, γ)
<∞;

Then E1 is an IPS.

Proof. Write g(ϖ) = ||ϖ||2. Then from Corollaries 4.3.6 and 4.3.7, we simply find that

g is a solution of (1.1.6). This means that ∆(ϖ,ϑ) = 0. So, QN ||.|| on E1 fulfills the

parallelogram law:

||ϖ + ϑ||2 + ||ϖ − ϑ||2 = 2||ϖ||2 + 2||ϑ||2, ∀ ϖ,ϑ ∈ E1.

Therefore, E1 is an IPS.

The following example proves that the assumption in the above corollaries is essen-

tial.

Example 4.3.1. Let E1 = E2 = L
1
2 [0, 1], and ∥ ϖ ∥E1=∥ ϖ ∥E2=

(∫ 1

0
| ϖ(t) | 12 dt

)2
, ∀

ϖ ∈ E1, where L
1
2 [0, 1] = {g : [0, 1] → R : | g |1/2 is Lebesgue integrable}. Let g(ϖ) = ϖ,

for all ϖ ∈ E1 and ε(ϖ,ϑ, γ) =
(∫ 1

0
(2 | ϑ(t) | − 4 | γ(t) |)

1
2

)2
, ∀ ϖ,ϑ, γ ∈ E1 such that

ϖ − γ,ϖ + ϑ+ γ,ϖ − ϑ, ϑ− γ ̸= 0. Then

||g(ϖ + ϑ+ γ) + g(ϖ − ϑ) + g(ϖ − γ) + g(ϑ− γ)− 3[g(ϖ) + g(ϑ) + g(γ)]|| ≤ ε(ϖ,ϑ, γ),

(4.3.22)

holds ∀ ϖ,ϑ, γ ∈ E1 but g does not satisfy (1.1.6).

Proof. Note that E1 and E2 are quasi-Banach spaces.

||g(ϖ + ϑ+ γ) + g(ϖ − ϑ) + g(ϖ − γ) + g(ϑ− γ)− 3[g(ϖ) + g(ϑ) + g(γ)]||

=

(∫ 1

0

((ϖ(t) + ϑ(t) + γ(t)) + (ϖ(t)− ϑ(t)) + (ϖ(t)− γ(t)) + (ϑ(t)− γ(t))

− 3ϖ(t− 3ϑ(t)− 3γ(t))
1
2

)2

=

(∫ 1

0

(2 | ϑ(t) | − 4 | γ(t) |)
1
2

)2

= ε(ϖ,ϑ, γ).

This proves that (4.3.22) holds, but g does not satisfy the (1.1.6).
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4.4 Approximation of Drygas functional equation in

complete quasi-normed space

Here, We study the generalized HUR stability problem for (1.1.8) in the setting of com-

plete QNS. For this equation, We also obtain some hyperstability results. This section’s

results extend various previously known results in the framework of complete QNS. Re-

sults of this section are proved in Sharma and Chandok [115].

Throughout this section, E2 is a complete QNS, E1 is a QNS and for eachm ∈ E E1
1 we write

mϖ = m(ϖ) for ϖ ∈ E1 and we defined −m by −mϖ := −m(ϖ), 2mϖ = mϖ + mϖ

and m′ = m′ϖ := (IdE1 −m)ϖ = ϖ −mϖ for ϖ ∈ E1.

Theorem 4.4.1. Suppose that g : E1 → E2 is a map such that

||g(ϖ + ϑ) + g(ϖ − ϑ)− 2 g(ϖ)− g(ϑ)− g(−ϑ)|| ≤ ε(ϖ,ϑ), (4.4.1)

where ε : E0 × E0 → [0,∞], ϑ,ϖ ∈ E0 such that ϖ − ϑ ̸= 0 and ϖ + ϑ ̸= 0.

Assume that

l(E1) := {m ∈ Aut(E1) : (IdE1 − 2m),m′,−m,m,∈ Aut(E1), αm < 1} (4.4.2)

is an nonempty set, where

αm := 2Kλ(m′) +K2λ(m) +K3λ(−m) +K3λ(IdE1 − 2m),

λ(m) := inf{t ∈ R+ : ε(mϖ,mϑ) ≤ tε(ϖ,ϑ) ∀ϖ,ϑ ∈ E0},

for m ∈ Aut(E1), K ≥ 1.

Then, for each nonempty subset A ⊂ l(E1) such that

b ◦ a = a ◦ b =, (b, a ∈ A), (4.4.3)

there exists a unique G : E1 → E2 fulfilling (1.1.8) and

∥ G (ϖ)− g(ϖ) ∥θ≤ 4ε∗(ϖ), ∀ ϖ ∈ E0, (4.4.4)

where θ = log2K 2 and ε∗(ϖ) := inf
{

εθ(m′ϖ,mϖ)
1−αθ

m
: m ∈ A

}
.
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Proof. Fix m ∈ A. Replacing ϑ by mϖ and ϖ by m′ϖ in (4.4.1), we have

∥g(ϖ) + g((IdE1 − 2m)ϖ)− 2g(m′ϖ)− g(mϖ)− g(−mϖ)∥ ≤ ε(m′ϖ,mϖ) := εm(ϖ),

(4.4.5)

∀ ϖ ∈ E0. We define the operators Tm : E E0
2 → E E0

2 and Λm : RE0
+ → RE0

+ by

Tmξ(ϖ) := 2ξ(m′ϖ) + ξ(mϖ) + ξ(−mϖ)− ξ((IdE1 − 2m)ϖ) (4.4.6)

and

Λmδ(ϖ) := 2Kδ(m′ϖ) +K2δ(mϖ) +K3δ(−mϖ) +K3δ((IdE1 − 2m)ϖ), (4.4.7)

∀ ϖ ∈ E0, ξ ∈ E E0
2 and δ ∈ RE0

+ .

Then (4.4.5) becomes ∥g(ϖ) − Tmg(ϖ)∥ ≤ εm(ϖ), ∀ ϖ ∈ E0. The operator Λm has the

form given by [ [44], (2.17), pp. 138] with k = 4 and g1(ϖ) = m′ϖ, g2(ϖ) = mϖ, g3(ϖ) =

−mϖ, g4(ϖ) = (IdE1 − 2m)ϖ, L1(ϖ) = 2K, L2(x) = K2 and L3(ϖ) = L4(ϖ) = K3 ∀
ϖ ∈ E0. Further, we have

||Tmξ(ϖ)− Tmµ(ϖ)||

= ||2ξ(m′ϖ) + ξ(mϖ) + ξ(−mϖ)− ξ((IdE1 − 2m)ϖ)− 2µ(m′ϖ)− µ(mϖ)− µ(−mϖ)+

µ((IdE1 − 2m)ϖ)||

≤ 2K||ξ(m′ϖ)− µ(m′ϖ)||+K2||ξ(mϖ)− µ(mϖ)||+K3||ξ(−mϖ)− µ(−mϖ)||

+K3||ξ((IdE1 − 2m)ϖ)− µ((IdE1 − 2m)ϖ)||,

=
4∑

i=0

Li(u) ∥ ξ(gi(ϖ))− µ(gi(ϖ)) ∥,∀ ϖ ∈ E0, ξ, µ ∈ E E0
2 .

Using the definition of λ(m), ε(mϖ,mϑ) ≤ λ(m)ε(m′ϖ,mϖ) ∀ ϖ,ϑ ∈ E0 we have to

show that Λn
mεm(ϖ) ≤ αn

mε(m
′ϖ,mϖ) ∀ ϖ ∈ E0, where αm = 2Kλ(m′) + K2λ(m) +

K3λ(−m) +K3λ(IdE1 − 2m).
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If n = 0, then εm(ϖ) = ε(m′ϖ,mϖ). If n = 1, we have

Λmε(ϖ)

= 2Kεm(m
′ϖ) +K2εm(mϖ) +K3εm(−mϖ) +K3εm((IdE1 − 2m)ϖ)

= 2Kε (m′(m′ϖ),m(m′ϖ)) +K2ε (m′(mϖ),m(mϖ)) +K3ε (m′(−mϖ,m(−mϖ))

+K3ε (m′((IdE1 − 2m)ϖ),m((IdE1 − 2m)ϖ))

= 2Kε (m′(m′ϖ),m′(mϖ)) +K2ε (m(m′ϖ),m(mϖ)) +K3ε (−m(m′ϖ),−m(mϖ))

+K3ε ((IdE1 − 2m)(m′(ϖ), (IdE1 − 2m)(mϖ))

≤ 2Kλ(m′)ε(m′ϖ,mϖ) +K2λ(m)ε(m′ϖ,mϖ) +K3λ(−m)ε(m′ϖ,mϖ)

+K3λ(IdE1 − 2m)ε(m′ϖ,mϖ)

= 2Kλ(m′) +K2λ(m) +K3λ(−m) +K3λ(IdE1 − 2m)ε(m′ϖ,mϖ) = αmε(m
′ϖ,mϖ).

Now, further, if r = 2, we have

Λ2εm(ϖ)

= Λ [Λεm(ϖ)]

= 2KΛmεm(m
′ϖ) +K2Λmεm(mϖ) +K3Λmεm(−mϖ) +K3Λmεm((IdE1 − 2m)ϖ)

= 2Kαmε (m
′(m′ϖ),m(m′ϖ)) +K2αmε (m

′(mϖ),m(mϖ))

+K3αmε (m
′(−mϖ,m(−mϖ)) +K3ε (m′((IdE1 − 2m)ϖ),m((IdE1 − 2m)ϖ))

= 2Kαmε (m
′(m′ϖ),m′(mϖ)) +K2αmε (m(m′ϖ),m(mϖ))

+K3αmε (−m(m′ϖ),−m(mϖ)) +K3αmε ((IdE1 − 2m)(m′x), (IdE1 − 2m)(mϖ))

≤ 2Kαmλ(m
′)ε(m′ϖ,mϖ) +K2αmλ(m)ε(m′ϖ,mϖ) +K3αmλ(−m)ε(m′ϖ,mϖ)

+K3λ(IdE1 − 2m)ε(m′ϖ,mϖ)

= αm

(
2Kλ(m′) +K2λ(m) +K3λ(−m) +K3λ(IdE1 − 2m)

)
ε(m′ϖ,mϖ)

= α2
mε(m

′ϖ,mϖ).

Proceeding on similar lines, we get

Λn
mεm(ϖ) ≤ αn

mε(m
′ϖ,mϖ),∀ ϖ ∈ E0, n ∈ N0. (4.4.8)

Hence

ε∗(ϖ) =
∞∑
n=0

(Λn
mεm)

θ (x) ≤ εθ(m′ϖ,mϖ)
∞∑
r=0

αnθ
m =

εθ(m′ϖ,mϖ)

1− αθ
m

<∞, ∀ ϖ ∈ E0.
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Therefore by [ [44], Corollary 2.2, pp. 138], there exists a solution Gm : E1 → E2 of

Gm(ϖ) = 2Gm(m
′x) + Gm(mϖ) + Gm(−mϖ)− Gm((IdE1 − 2m)ϖ), ∀ ϖ ∈ E0, (4.4.9)

which is a fixed point of Tm such that

∥Gm(ϖ)− g(ϖ)∥θ ≤ 4ε∗(ϖ), (4.4.10)

∀ ϖ ∈ E0. Moreover, Gm(ϖ) = lim
r→∞

Tr
mg(ϖ) for all ϖ ∈ E0.

Now, to show that Gm fulfills the functional equation (1.1.8) on E0, we have to show the

following inequality

∥ T r
mg(ϖ + ϑ) + T r

mg(ϖ − ϑ)− 2T r
mg(ϖ)− T r

mg(ϑ)− T r
mg(−ϑ) ∥ ≤ αr

mε(ϖ,ϑ),

(4.4.11)

∀ ϑ,ϖ ∈ E0 such that ϖ − ϑ ̸= 0, ϖ + ϑ ̸= 0, and r ∈ N0. In fact, if r = 0, then (4.4.11)

is simply (4.4.1). Thus we suppose that (4.4.11) holds for ϖ,ϑ ∈ E0 and r ∈ N such that

ϖ − ϑ ̸= 0, ϖ + ϑ ̸= 0. Then from (4.4.6) and the triangle inequality, we have

∥ T r+1
m g(ϖ + ϑ) + T r+1

m g(ϖ − ϑ)− 2T r+1
m g(ϖ)− T r+1

m g(ϑ)− T r+1
m g(−ϑ) ∥

= ∥ 2T r
mg(m

′(ϖ + ϑ)) + T r
mg(m(ϖ + ϑ)) + T r

mg(−m(ϖ + ϑ))

− T r
mg((IdE1 − 2m)(ϖ + ϑ)) + 2T r

mg(m
′(ϖ − ϑ)) + T r

mg(m(ϖ − ϑ))

+ T r
mg(−m(ϖ − ϑ))− T r

mg((IdE1 − 2m)(ϖ − ϑ))− 4T r
mg(m

′(ϖ))− 2T r
mg(m(ϖ))

− 2T r
mg(−m(ϖ)) + 2T r

mg((IdE1 − 2m)(ϖ))− 2T r
mg(m

′(ϑ))− T r
mg(m(ϑ))

− T r
mg(−m(ϑ)) + T r

mg((IdE1 − 2m)(κ))− 2T r
mg(m

′(−ϑ))− T r
mg(m(−ϑ))

− T r
mg(−m(−ϑ)) + T r

mg((IdE1 − 2m)(−ϑ)) ∥

≤ 2K ∥ T r
mg(m

′(ϖ + ϑ)) + T r
mg(m

′(ϖ − ϑ))− 2T r
mg(m

′(ϖ))

− T r
mg(m

′(ϑ))− T r
mg(m

′(−ϑ)) ∥

+K2 ∥ T r
mg(m(ϖ + ϑ)) + T r

mg(m(ϖ − κ))− 2T r
mg(m(ϖ))

− T r
mg(m(ϑ))− T r

mg(m(−ϑ) ∥

+K3 ∥ T r
mg(−m(ϖ + ϑ)) + T r

mg(−m(ϖ − ϑ))− 2T r
mg(−m(ϖ))

− T r
mg(−m(ϑ))− T r

mg(−m(−ϑ) ∥

+K3 ∥ T r
mg((IdE1 − 2m)(ϖ + ϑ)) + T r

mg((IdE1 − 2m)(ϖ − ϑ))

− 2T r
mg((IdE1 − 2m)(ϖ))− T r

mg((IdE1 − 2m)(ϑ))− T r
mg((IdE1 − 2m)(−ϑ) ∥
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≤ αr
m[2Kε(m

′ϖ,m′ϑ) +K2ε(mϖ,mϑ) +K3ε(−mϖ,−mϑ)

+K3ε((IdE1 − 2m)ϖ, (IdE1 − 2m)ϑ)]

≤ αr
m[2Kλ(m

′) +K2λ(m) +K3λ(−m) +K3λ(IdE1 − 2m)]ε(ϖ,ϑ)

= αr+1
m ε(ϖ,ϑ).

We have demonstrated by induction that (4.4.11) is correct ∀ r ∈ N. Therefore from

(1.3.2) and (4.4.11), we have

|||T r
mg(ϖ + ϑ) + T r

mg(ϖ − ϑ)− 2T r
mg(ϖ)− T r

mg(ϑ)− T r
mg(−ϑ)|||θ ≤ Krθαrθ

mε
θ(ϖ,ϑ).

(4.4.12)

Letting r → ∞ in (4.4.12) and using the definition of l(X ), we have

Gm(ϖ + ϑ) + Gm(ϖ − ϑ) = 2Gm(ϖ) + Gm(ϑ) + Gm(−ϑ),∀ ϖ,ϑ ∈ E0. (4.4.13)

Therefore we have prove that for every for m ∈ A there exists a Gm : E0 → E2 which is

the solution of (1.1.8) on E0 and satisfies

||g(ϖ)− Gm(ϖ)||θ ≤ 4

(
εθ(m′ϖ,mϖ)

1− αθ
m

)
= 4ε∗(ϖ),∀ ϖ ∈ E0.

Now, we show that Gm = Gq ∀ m, q ∈ A. Fix m, q and note that Gq satisfies (4.4.10) with

m replaced by q. Hence by replacing (ϖ,ϑ) with (m′ϖ,mϖ) in (4.4.13) and using (1.3.1)

and (1.3.2), we get TGj = Gj, for j = m, q and

|||Gm(ϖ)− Gq(ϖ)|||θ ≤ |||Gm(ϖ)− g(ϖ)|||θ + |||Gq(ϖ)− g(ϖ)|||θ

≤
(
4εθm(ϖ)

1− αθ
m

)
+

(
4εθq(ϖ)

1− αθ
q

)
, ∀ ϖ ∈ E0.

It follows from (4.4.8) and linearity of Λthat

|||Gm(ϖ)− Gq(ϖ)|||θ = |||T nGm(ϖ)− T nGq(ϖ)|||θ

≤ 4

(
Λnεθm(ϖ)

1− αθ
m

)
+ 4

(
Λnεθq(ϖ)

1− αθ
q

)
≤ (αm)

nUm(ϖ) + (αq)
nUq(ϖ),

where Um(ϖ) = 4 εθm(ϖ)
1−αθ

m
∀ ϖ ∈ E0 and n ∈ N. Letting n → ∞, we have Gm = Gq = G .
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Thus, we get

∥g(ϖ)− G (ϖ)∥θ ≤ Um(ϖ), ∀ ϖ ∈ E0,m ∈ A.

So, we derive (4.4.4). Due to (4.4.13), it is obvious that G is a solution of (1.1.8). Now

to show uniqueness of map G , let’s suppose that there exists a map G ′ : E1 → E2 which

fulfills (1.1.8) and

∥g(ϖ)− G ′(ϖ)∥θ ≤ 4ε∗(ϖ).

Using(1.3.2), we get

|||G (ϖ)− G ′(ϖ)|||θ ≤ 8ε∗(ϖ).

Further T G ′(ϖ) = G ′(ϖ) ∀ ϖ ∈ E0. Consequently, with a fixed m ∈ A

|||G (ϖ)− G ′(ϖ)|||θ = |||T nG (ϖ)− T nG ′(ϖ)|||θ ≤ 8Λnε∗(ϖ)

≤ 8Λnεθm(ϖ)

1− αθ
m

≤ 8αn
mε

θ
m(ϖ)

1− αθ
m

,

∀ ϖ ∈ E0, n ∈ N,m ∈ A. Taking n→ ∞, we get G = G ′.

The hyperstability of (1.1.8) in the quasi-Banach space is demonstrated in the following

outcome.

Theorem 4.4.2. Let ε as in the above Theorem 4.4.1, there exists a nonempty set A ∈
l(E1) such that b o a = a o b ∀ b, a ∈ A and

inf
m∈A

εθ(m′ϖ,mϖ) = 0

sup
m∈A

αm < 1.
(4.4.14)

ϖ ∈ E0, then every g : E1 → E2 satisfying (4.4.1) is a solution of (1.1.8) on E0.

Proof. Assume that g : E1 → E2 is a map which is fulfills (4.4.1). Then, by the Theorem

4.4.1, there exists a map G : E1 → E2, which fulfills (1.1.8) and ||g(ϖ)−G (ϖ)||θ ≤ ε∗(ϖ)

∀ ϖ ∈ E0. Since, from (4.4.14), ε∗(ϖ) = 0 for all ϖ ∈ E0. This means that g(ϖ) = G (ϖ)∀
ϖ ∈ E0, where

g(ϖ + ϑ) + g(ϖ − ϑ) = 2g(ϖ) + g(ϑ) + g(−ϑ), ∀ ϖ,ϑ ∈ E0.
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It implies that g fulfills (1.1.8) on E0.

As natural consequences of Theorems 4.4.1 and 4.4.2, we can derive the following corol-

laries.

Corollary 4.4.3. Suppose that q < 0, p < 0 and φ is a positive number. If g : E1 → E2

satisfies

∥ g(ϖ + ϑ) + g(ϖ − ϑ)− 2g(ϖ)− g(ϑ)− g(−ϑ) ∥θ ≤ φθ (∥ ϖ ∥p + ∥ ϑ ∥q)θ , (4.4.15)

∀ ϖ,ϑ ∈ E0, then g is a solution of (1.1.8) on E0.

Proof. We apply Theorem 4.4.2 with εθ(ϖ,ϑ) = φθ (∥ ϖ ∥p + ∥ ϑ ∥q)θ ∀ ϖ,ϑ ∈ E0 with

some real numbers φ⩾ 0, q < 0 and p < 0. Definemj: E0 → E0 bymjϖ := mj(ϖ) = −jϖ
and m′

j:E0 → E0 by m′
jϖ := m′

j(ϖ) = (1 + j)ϖ, for each j ∈ N. Then

εθ(mjϖ,mkϑ) = εθ(−jϖ,−kϑ)

= [φ (∥ −jϖ ∥p + ∥ −kϑ ∥q)]θ

= [φjp ∥ ϖ ∥p +φkq ∥ ϑ ∥q]θ

≤ [(jp + kq)φ(∥ ϖ ∥p + ∥ ϑ ∥q)]θ

= (jp + kq)θεθ(ϖ,ϑ), ∀ ϖ,ϑ ∈ E0, k, j ∈ N.

Hence

lim
j→∞

εθ(m′
jϖ,mjϑ) ≤ lim

j→∞
((1 + j)p + jq))θ εθ(ϖ,ϑ) = 0, ∀ ϖ,ϑ ∈ E0, k, j ∈ N.

Then (4.4.14) is holds with λ(mj) = jp + jq for j ∈ N, and there exists n0 ∈ N such that

j ≥ n0 and

αmj
= 2 ((1 + j)p + (1 + j)q) + 2(jp + jq) + (1 + 2j)p + (1 + 2j)q < 1.

Therefore, (4.4.2) is satisfied with A := {mj ∈ Aut(E1) : j ∈ Nn0} and by Theorem 4.4.2,

every g : E1 → E2 satisfying (4.4.15) is a solution of (1.1.8) on E0.

We expand on the findings of Piszczek et al. [88] in the setting of quasi-Banach space.

Corollary 4.4.4. If g : E1 → E2 satisfies

∥ g(ϖ + ϑ) + g(ϖ − ϑ)− 2g(ϖ)− g(ϑ)− g(−ϑ) ∥θ≤ φθ (∥ ϖ ∥p + ∥ ϑ ∥p)θ , (4.4.16)

for p < 0 and φ > 0 and ∀ ϖ,ϑ ∈ E0, then g is a solution of (1.1.8) on E0.
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Proof. It is obvious that the function ε given by

εθ(ϖ,ϑ) = [φ (∥ ϖ ∥p + ∥ ϑ ∥p)]θ ,

∀ ϖ,ϑ ∈ E0 satisfies (4.4.14), since

εθ(jϖ, kϑ) = [φ ∥ jϖ ∥p +φ ∥ kϑ ∥p]θ ≤ [φ(jp + kp) (∥ ϖ ∥p + ∥ ϑ ∥p)]θ = (jp + kp)θεθ(ϖ,ϑ),

∀ ϖ,ϑ ∈ E0, k, j ∈ N and kj ̸= 0. Remaining part of the proof is the same as the Corollary

4.4.3.

Remark 4.4.5. Piszczek et al. [88] obtained Corollary 4.4.4 in the framework of a com-

plete normed space.

If g : E1 → E2 satisfies (4.4.16) for ϖ,ϑ ∈ E0, with p < 0, then , according to Theorem

4.4.2, g fulfills (1.1.8) on E0. It is obvious that if g(0) = 0, then g satisfies (1.1.8) on

E1.

Corollary 4.4.6. Let φ be a positive number and p+ q < 0. If g : E1 → E2 satisfies

∥ g(ϖ + ϑ) + g(ϖ − ϑ)− 2g(ϖ)− g(ϑ)− g(−ϑ) ∥θ ≤ φθ (∥ ϖ ∥p∥ ϑ ∥q)θ , (4.4.17)

∀ ϖ,ϑ ∈ E0, then g is a solution of the (1.1.8) on E0.

Proof. It is obvious that the function ε given by

εθ(ϖ,ϑ) = (φ (∥ ϖ ∥p∥ ϑ ∥q))θ ,

∀ ϖ,ϑ ∈ E0 satisfies (4.4.14), since

εθ(jϖ, kϑ) = φθ (∥ jϖ ∥p∥ kϑ ∥q)θ ≤ φθ(jpkq)θ (∥ ϖ ∥p∥ ϑ ∥q)θ = (jpkq)θεθ(ϖ,ϑ),

∀ ϖ,ϑ ∈ E0, k, j ∈ N and kj ̸= 0. On the similar lines of the Corollary 4.4.3, we get the

results.

By a similar conclusion, the function ε given by

εθ(ϖ,ϑ) = φθ (∥ ϖ ∥p + ∥ ϑ ∥q + ∥ ϖ ∥p∥ ϑ ∥q)θ ,
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∀ ϖ,ϑ ∈ E0 satisfies (4.4.14), since

εθ(jϖ, kϑ = φθ (∥ jϖ ∥p + ∥ kϑ ∥q + ∥ jϖ ∥p∥ kϑ ∥q)θ

= φθ (jp ∥ ϖ ∥p +kq ∥ ϑ ∥q +jpkq ∥ ϖ ∥p∥ ϑ ∥q)θ

≤ (jp + kq + jpkq)θ εθ(ϖ,ϑ),

∀ ϖ,ϑ ∈ E0, k, j ∈ N and kj ̸= 0. Thus we get the following result.

Corollary 4.4.7. Suppose that q < 0, p < 0, p + q < 0 and φ is a positive number. If

g : E1 → E2 satisfies

∥ g(ϖ + ϑ) + g(ϖ − ϑ)− 2g(ϖ)− g(ϑ)− g(−ϑ) ∥θ≤ φθ (∥ ϖ ∥p + ∥ ϑ ∥q + ∥ ϖ ∥p∥ ϑ ∥q)θ ,
(4.4.18)

∀ ϖ,ϑ ∈ E0, then g is a solution of (1.1.8) on E0.

The following outcome match result on the non-homogeneous Drygas functional equation

(4.4.19).

Corollary 4.4.8. Assume that ε as in Theorem 4.4.1 and H : E 2
1 → E2. Assume that

∥ H(ϖ,ϑ) ∥θ≤ εθ(ϖ,ϑ) ∀ ϖ,ϑ ∈ E0, where H(ϖ0, ϑ0) ̸= 0 for some ϖ0, ϑ0 ∈ E0, there

exists a nonempty A ∈ l(E1) such that (4.4.3) and (4.4.14) satisfies. Then the non-

homogeneous equation

g(ϖ + ϑ) + g(ϖ − ϑ)− 2g(ϖ)− g(ϑ)− g(−ϑ) +H(ϖ,ϑ), (4.4.19)

∀ ϖ,ϑ ∈ E0, has no solution in the class of functions g : E1 → E2.

Proof. Assume that g : E1 → E2 is a solution to (4.4.19). Then

∥ g(ϖ + ϑ) + g(ϖ − ϑ)− 2g(ϖ)− g(ϑ)− g(−ϑ) ∥θ

=∥ 2g(ϖ) + g(ϑ) + g(−ϑ) +H(ϖ,ϑ)− 2g(ϖ)− g(ϑ)− g(−ϑ) ∥θ

=∥ H(ϖ,ϑ) ∥θ

≤ εθ(ϖ,ϑ), ∀ ϖ,ϑ ∈ E0.

Consequently, by Theorem 4.4.2, g is a solution of (1.1.8). Therefore, we have

H(ϖ0, ϑ0) = g(ϖ0 + ϑ0) + g(ϖ0 − ϑ0)− 2g(ϖ0) + g(ϑ0)− g(−ϑ0) = 0,

which is contradiction. Hence non-homogeneous equation (4.4.19) has no solution in the

class of functions g : E1 → E2.
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The following example demonstrates the importance of the assumption in the preceding

Corollary.

Example 4.4.1. Let E1 = E2 = L
1
2 [0, 1] and ∥ ϖ ∥E1=∥ ϖ ∥E2=

(∫ 1

0
| ϖ(t) | 12 dt

)2
for all ϖ ∈ E1, where L

1
2 [0, 1] = {g : [0, 1] → R : | g | 12 is Lebesgue integrable} and

g(ϖ) = ϖ4 +ϖ2 ∀ ϖ ∈ E2, ε(ϖ,ϑ) =
(∫ 1

0

(
2
√
3 | ϖ(t)ϑ(t) |

)
dt
)2

∀ ϖ,ϑ ∈ E1 such that

ϖ − ϑ,ϖ + ϑ ̸= 0.

||g(ϖ + ϑ) + g(ϖ − ϑ)− 2g(ϖ)− g(ϑ)− g(−ϑ)|| ≤ ε(ϖ,ϑ) (4.4.20)

but g does not satisfy (1.1.8).

Proof. Note that E1 and E2 be complete QNSs

||g(ϖ + ϑ) + g(ϖ − ϑ)− 2g(ϖ)− g(ϑ)− g(−ϑ)||

=

(∫ 1

0

(
(ϖ(t) + ϑ(t))4 + (ϖ(t) + ϑ(t))2 + (ϖ(t)− ϑ(t))4 + (ϖ(t)− ϑ(t))2

− 2ϖ4(t)− 2ϖ2(t)− ϑ4(t)− ϑ2(t)− ϑ4(t)− ϑ2(t)
) 1

2 dt

)2

=

(∫ 1

0

(
ϑ4(t) + 4ϑ3(t)ϖ(t) + 6ϖ2(t)ϑ2(t) + 4ϑ3(t)ϖ(t) + ϑ4(t) +ϖ2(t) + ϑ2(t)

+ 2ϖ(t)ϑ(t) +ϖ4(t)− 4ϖ3(t)ϑ(t) + 6ϖ2(t)ϑ2(t)− 4ϖ(t)ϑ3(t) + ϑ4(t) +ϖ2(t)

+ ϑ2(t)− 2ϖ(t)ϑ(t)− 2ϖ4(t)− 2ϖ2(t)− ϑ4(t)− ϑ2(t)− ϑ4(t)− ϑ2(t)
) 1

2 dt

)2

=

(∫ 1

0

(
12ϖ2(t)ϑ2(t)

) 1
2 dt

)2

=

(∫ 1

0

(
2
√
3 | ϖ(t)ϑ(t) |

)
dt

)2

= ε(ϖ,ϑ).

This proves that (4.4.20) holds but g does not fulfill (1.1.8).

Remark 4.4.9. If E2 is a complete NS, E1 is a NS and K = 1 in Theorem 4.4.1, we

obtain the corresponding results of Sirouni et al. [117].
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Chapter 5

Ulam-type stability of a quartic functional

equation

Introduction

This chapter has been divided into three sections. In the first two sections, we use direct

and fixed point methods to discuss the generalized HU stability of a quartic functional

equation in the framework of (β, p)-NS. In the last section, we use a direct method to

study the generalized HU stability of a quartic functional equation in the framework of

NAβ-NS. Results of this chapter are published in Sharma and Chandok [113].

5.1 Ulam-type stability in (β, p)-normed space by fixed

point approach

Here, we study the generalized HU stability of (1.1.12) for a fixed integer m in the

framework of a complete (β, p)-NS by utilising Theorem 1.2.2 using the following Remark

5.1.1.

Remark 5.1.1. Let E2 and E1 be two vector spaces over the same field, g : E1 → E2

satisfies functional equation (1.1.12). Then for all ϖ,ϑ ∈ E1 and l, k ≥ 0, we get

Case 1. if ϖ = ϑ = 0 in (1.1.12), then g(0) = 0;

Case 2. if ϑ = 0 in (1.1.12), then g(2ϖ) = 24g(ϖ);

Case 3. if we replace ϖ with kϖ and ϑ with lϖ in (1.1.12), then g(kϖ + lϖ) =

(k + l)4g(ϖ). If k + l = r, so we have g(rϖ) = r4g(ϖ).

Case 4. if ϖ = 0 in (1.1.12), then g(−1ϖ) = (−1)4g(ϖ).

Assume that m(m ≥ 2) is an integer, we use the abbreviation for map g : E1 → E2 as

follows:

Bmg(ϖ,ϑ) := g(ϖ +mϑ) + g(ϖ −mϑ)− 2(m− 1)(7m− 9)g(ϖ)− 2(m2 − 1)m2g(ϑ)

+ (m− 1)2g(2ϖ)−m2{g(ϖ + ϑ) + g(ϖ − ϑ)}.
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From here, throughout this section, (E1, ∥·∥E1 , KE1 ≥ 1) is a (β, p)-NS, (E2, ∥·∥E2 , KE2 ≥ 1)

is a complete (β, p)-NS over the same field with E1,

Theorem 5.1.2. Assume that Θ : E 2
1 → [0.∞) is a map and g : E1 → E2 is a map with

g(0) = 0. Assume that following assumptions are fulfill, ∀ ϖ,ϑ ∈ E1

(a) Θ(mϖ,mϑ) ≤Mm4βΘ(ϖ,ϑ), where, 0 ≤M < 1, 0 < β ≤ 1, (5.1.1)

(b) ∥Bmg(ϖ,ϑ)∥E2 ≤ Θ(ϖ,ϑ). (5.1.2)

Then there exists a unique map G : E1 → E2 fulfilling (1.1.12) and

∥g(ϖ)−G(ϖ)∥E2 ≤
(

4

1−M

) 1
p 1

24β|m− 1|2β
Θ(ϖ, 0),∀ ϖ ∈ E1, p = log2KE2

2. (5.1.3)

Proof. Choose σ = {f : E1 → E2}. Define a function δ : σ × σ → [0,∞), as

δ(f, J) = inf{C ≥ 0 | ∥f(ϖ)− J(ϖ)∥E2 ≤ CΘ(ϖ, 0),∀ϖ ∈ E1}

∀ f, J ∈ σ, where inf ∅ = ∞. Firstly, we’ll prove that (σ, δ) is a GBM. It’s easy to see

δ(f, J) = δ(J, f). If f = J , then δ(f, J) = 0. Note that ∥f(ϖ)−J(ϖ)∥E2 ≤ δ(f, J)Θ(ϖ, 0)

∀ ϖ ∈ E1. If δ(f, J) = 0, then ∥f(ϖ) − J(ϖ)∥E2 = 0, that is, f(ϖ) = J(ϖ) ∀ϖ ∈ E1.

Then f = J . For each f, J, a ∈ σ and ϖ ∈ E1, we have

∥f(ϖ) − a(ϖ)∥E2 ≤ δ(f, a)Θ(ϖ, 0), ∥a(ϖ) − J(ϖ)∥E2 ≤ δ(a, J)Θ(ϖ, 0), and ∥f(ϖ) −
J(ϖ)∥E2 ≤ δ(f, J)Θ(ϖ, 0).

Now, from [ [113], (δ3), pp. 3], it follows that for all ϖ ∈ E1,

∥f(ϖ)− J(ϖ)∥E2 ≤ KE2 (||f(ϖ)− a(ϖ)||E2 + ||a(ϖ)− J(ϖ)||E2)

≤ (KE2δ(f, a) +KE2δ(a, J))Θ(ϖ, 0),

then we can write

∥f(ϖ)− J(ϖ)∥ ≤ (KE2δ(f, a) +KE2δ(a, J))Θ(ϖ, 0). (5.1.4)

So we have

δ(f, J) ≤ KE2δ(f, a) +KE2δ(a, J).

Therefore, (σ, δ,KE2) is a GBM with a coefficient KE2 on σ.
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Now, we will prove that GBM (σ, δ,KE2) is complete. Assume that {gn} is a Cauchy

sequence in (σ, δ,KE2). Then we get lim
n,m→∞

δ(gn, gm) = 0. Note that ∀ ϖ ∈ E1, we

get

∥gn(ϖ)− gm(ϖ)∥E2 ≤ δ(gn, gm)Θ(x, 0). (5.1.5)

Then lim
n,m→∞

∥gn(ϖ) − gm(ϖ)∥E2 = 0. It means that {gn(ϖ)} is a Cauchy sequence in

(E2, ∥·∥E2 , KE2). Since (E2, ∥·∥E2 , KE2) is a complete (β, p)-NS, there exists lim
n→∞

gn(ϖ) = ϑ

in (E2, ∥·∥E2 , KE2). Put f(ϖ) = ϑ, where f : E1 → E2 is a mapping. We’ll show that

lim
n→∞

gn = f in (σ, δ,KE2). Indeed, for each ϵ > 0, there exists n0 such that δ(gn, gm) < ϵ

∀ m,n ≥ n0. So from (5.1.5), ∀ ϖ ∈ E1 and n ≥ n0,

∥gn(ϖ)− gm(ϖ)∥E2 ≤ ϵΘ(ϖ, 0). (5.1.6)

Taking m→ ∞ in (5.1.6), we get ∀ ϖ ∈ E1 and n ≥ n0,

∥gn(ϖ)− f(ϖ)∥E2 ≤ ϵΘ(ϖ, 0).

This implies that δ(gn, f) ≤ ϵ ∀ n ≥ n0. Thus lim
n→∞

gn = f in (σ, δ,KE2). Then (σ, δ,KE2)

is complete.

Next, letting ϖ = 0 in (5.1.2) and using g(0) = 0, we have

∥(m− 1)2g(2ϖ)− (m− 1)216g(ϖ)∥E2 ≤ Θ(ϖ, 0).

Further, after rewrite, we have∣∣∣∣∣∣g(2ϖ)

16
− g(ϖ)

∣∣∣∣∣∣
E2

≤ Θ(ϖ, 0)

24β|m− 1|2β
, ∀ ϖ ∈ E1.

It yields that ∣∣∣∣∣∣g(2ϖ)

24
− g(ϖ)

∣∣∣∣∣∣
E2

≤ Θ(ϖ, 0)

24β|m− 1|2β
, ∀ ϖ ∈ E1. (5.1.7)

Define a map T : σ → σ by (T f)(ϖ) =
f(2ϖ)

24
for all f ∈ σ and ∀ ϖ ∈ E1.

Now, we have to show that δ(T f,T J) ≤ Mδ(f, J). By (5.1.1), and f, J ∈ σ, we
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have

∥(T f)(ϖ)− (T J)(ϖ)∥E2 =
∣∣∣∣∣∣f(2ϖ)

24
− J(2ϖ)

24

∣∣∣∣∣∣
E2

=
1

24β
∥f(2ϖ)− J(2ϖ)∥E2

≤ δ(f, J)

24β
Θ(2ϖ, 0)

≤ δ(f, J)

24β
M24βΘ(ϖ, 0)

=Mδ(f, J)Θ(ϖ, 0).

So, we get

δ(T f,T J) ≤Mδ(f, J),∀ f, J ∈ σ, 0 ≤M < 1.

Using Theorem 1.2.2, for the mapping T on the CGMS (E1,D), we get

(A) either D(T nf,T n+1f) = ∞ ∀ n ∈ N,
(B) or

(1) lim
n→∞

T nf = G, where G is a fixed point of T ;

(2) D(f,G) ≤
(

1

1−M

)
D(f,T f).

By (1.3.4) we get ∀ n ∈ N,

δ(f,G) ≤ 4
1
pD

1
p (f,G) ≤

(
4

1−M

) 1
p

D
1
p (f,T f) ≤

(
4

1−M

) 1
p

δ(f,T f).

From (5.1.7), we have ∀ ϖ ∈ E1, ∥T g(ϖ) − g(ϖ)∥E2 ≤ Θ(ϖ, 0)

24β|m− 1|2β
. So δ(T g, g) ≤

1

24β|m− 1|2β
<∞. This proves that if we take f = g, then

(1) lim
n→∞

T ng = G.

(2) δ(g,G) ≤
(

4

1−M

) 1
p

δ(g, Tg).

So, we find that

δ(g,G) ≤
(

4

1−M

) 1
p

δ(g,T g) ≤
(

4

1−M

) 1
p 1

24β|m− 1|2β
.
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Then ∀ ϖ ∈ E1, ∥g(ϖ) − G(ϖ)∥E2 ≤
(

4

1−M

) 1
p 1

24β|m− 1|2β
Θ(ϖ, 0). That is (5.1.3)

holds.

Next, we have to show thatG is quartic by using continuity of ∥·∥E2 . Note that (T g)(ϖ) =
g(2ϖ)

24
, for each ϖ ∈ E1. So,

(T 2g)(ϖ) =
T g(2ϖ)

24
=
g(22ϖ)

24.2
, · · · , (T ng)(ϖ) =

g(2nϖ)

24n
.

So (5.1.1) and (5.1.2), we have ∀ ϖ,ϑ ∈ E1,

||G(ϖ +mϑ) +G(ϖ −mϑ)− 2(m− 1)(7m− 9)G(ϖ)− 2(m2 − 1)m2G(ϑ)

+ (m− 1)2G(2ϖ)−m2{G(ϖ + ϑ) +G(ϖ − ϑ)}||pE2

= || lim
n→∞

(T ng)(ϖ +mϑ) + lim
n→∞

(T ng)(ϖ −mϑ)

− 2(m− 1)(7m− 9) lim
n→∞

(T ng)(ϖ)− 2(m2 − 1)m2 lim
n→∞

(T ng)(ϑ)

+ (m− 1)2 lim
n→∞

(T ng)(2ϖ)−m2 lim
n→∞

(T ng)(ϖ + ϑ)−m2 lim
n→∞

(T ng)(ϖ − ϑ)||pY

= lim
n→∞

||(T ng)(ϖ +mϑ) + (T ng)(ϖ −mϑ)− 2(m− 1)(7m− 9)(T ng)(ϖ)

− 2(m2 − 1)m2(T ng)(ϑ) + (m− 1)2(T ng)(2ϖ)−m2(T ng)(ϖ + ϑ)

−m2(T ng)(ϖ − ϑ)||pE2

= lim
n→∞

∣∣∣∣∣∣g(2n(ϖ +mϑ))

24n
+
g(2n(ϖ −mϑ))

24n
− 2(m− 1)(7m− 9)

g(2n(ϖ))

24n

− 2(m2 − 1)m2 g(2
n(ϑ))

24n
+ (m− 1)2

g(2n(2ϖ))

24n
−m2 g(2

n(ϖ + ϑ)

24n
−m2 g(2

n(ϖ − ϑ)

24n

∣∣∣∣∣∣p
E2

= lim
n→∞

1

24npβ
||g(2nϖ + 2nmϑ) + g(2nϖ − 2nmϑ)− 2(m− 1)(7m− 9)g(2nϖ)

− 2(m2 − 1)m2g(2nϑ) + (m− 1)2g(2n(2ϖ))−m2g(2nϖ + 2nϑ)−m2g(2nϖ − 2nϑ)||pE2

≤ lim
n→∞

1

24npβ
Θp(2nϖ, 2nϑ)

≤ lim
n→∞

1

24npβ
Mn24npβΘp(ϖ,ϑ)

= lim
n→∞

MnΘp(ϖ,ϑ) = 0.

It implies that ∀ ϖ,ϑ ∈ E1,

G(ϖ +mϑ) +G(ϖ −mϑ)− 2(m− 1)(7m− 9)G(ϖ)

− 2(m2 − 1)m2G(ϑ) + (m− 1)2G(2ϖ)−m2{G(ϖ + ϑ) +G(ϖ − ϑ)} = 0.

So G satisfies functional equation (1.1.12). By Remark 5.1.1, G is a quartic map.
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Lastly, we demonstrate the uniqueness of G. Assume that J : E1 → E2 is also a quartic

map fulfilling (5.1.3). We must demonstrate that J = G. It follows from Remark 5.1.1,

G(2ϖ) = 24G(ϖ) and J(2ϖ) = 24J(ϖ). By using (5.1.1) and (5.1.3), for each n ∈ N, we
get

||G(ϖ)− J(ϖ)||pE2
=
∣∣∣∣∣∣G(2nϖ)

24n
− J(2nϖ)

24n

∣∣∣∣∣∣p
E2

=
1

24npβ
||G(2nϖ)− J(2nϖ)||pE2

=
1

24npβ
||G(2nϖ)− g(2nϖ) + g(2nϖ)− J(2nϖ)||pE2

≤ 1

24npβ
(
||G(2nϖ)− g(2nϖ)||pE2

+ ||g(2nϖ)− J(2nϖ)||pE2

)
≤ 1

24npβ
(
||G(2nϖ)− g(2nϖ)||pE2

+ ||g(2nϖ)− J(2nϖ)||pE2

)
≤ 1

24npβ

( 4

1−M

1

24pβ|m− 1|2pβ
Θp(2nϖ, 0)

+
4

1−M

1

24pβ|m− 1|2pβ
Θp(2nϖ, 0)

)
≤ 1

24npβ+4pβ|m− 1|2pβ
8

1−M
(Θp(2nϖ, 0))

≤ 1

24npβ+4pβ|m− 1|2pβ
8

1−M
Mnp24npβΘp(ϖ, 0)

=
1

24pβ|m− 1|2pβ
8Mnp

1−M
Θp(ϖ, 0).

Since 0 ≤ M < 1 and p = log2KE2
2, taking n → ∞, we have ||G(ϖ) − J(ϖ)||pE2

= 0 ∀
ϖ ∈ E1. This proves J = G.

Now, we give some consequences of the above result in complete (β, p)-NS.

Corollary 5.1.3. Let g : E1 → E2 be a map with g(0) = 0. Assume that there are real

numbers λ > 0 and r1 < 4 such that

∥Bmg(ϖ,ϑ)∥E2 ≤ λ (∥ϖ∥r1 + ∥ϑ∥r1) ,∀ ϖ,ϑ ∈ E1\{0}. (5.1.8)

Then there exists a unique map G : E1 → E2 fulfilling (1.1.12) and

∥g(ϖ)−G(ϖ)∥E2 ≤
(

1

1−M

) 1
p 1

24β|m− 1|2β
∥ϖ∥r1 , (5.1.9)

∀ ϖ ∈ E1, p = log2KE2
2 and 0 ≤M < 1.
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Proof. Define a map Θ : E 2
1 → [0,∞) by

Θ(ϖ,ϑ) :=

0, if ϖ = 0 or ϑ = 0;

λ (∥ϖ∥r1 + ∥ϑ∥r1) , otherwise.

Next, we will show that

Θ(mϖ,mϑ) ≤Mm4βΘ(ϖ,ϑ),∀ ϖ,ϑ ∈ E1, where M := mr1β−4β ∈ [0, 1).

Let ϖ,ϑ ∈ E1. If ϑ = 0 or ϖ = 0 then

Θ(mϖ,mϑ) = 0 ≤Mm4βΘ(ϖ,ϑ).

If ϑ ̸= 0 and ϖ ̸= 0, then we have

Θ(mϖ,mϑ) = λ (∥mϖ∥r1 + ∥mϑ∥r1)

= mr1βλ (∥ϖ∥r1 + ∥ϑ∥r1)

=Mm4βΘ(ϖ,ϑ).

So, all the assumptions of Theorem 5.1.2 are correct. So we obtain the result.

Corollary 5.1.4. Assume that g : E1 → E2 is a map with g(0) = 0, and there are real

numbers λ > 0 and r1 < 4 such that

∥Bmg(ϖ,ϑ)∥E2 ≤ λ (∥ϖ∥r1∥ϑ∥r1) ,∀ ϖ,ϑ ∈ E1\{0}. (5.1.10)

Then there exists a unique map G : E1 → E2 fulfilling (1.1.12) and

∥g(ϖ)−G(ϖ)∥E2 ≤
(

1

1−M

) 1
p 1

24β|m− 1|2β
∥ϖ∥r1 , (5.1.11)

∀ ϖ ∈ E1, p = log2KE2
2 and 0 ≤M < 1.

Proof. Define a map Θ : E 2
1 → [0,∞) by

Θ(ϖ,ϑ) :=

0, if ϖ = 0 or ϑ = 0;

λ (∥ϖ∥r1∥ϑ∥r1) , otherwise.
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Next, we will show that

Θ(mϖ,mϑ) ≤Mm4βΘ(ϖ,ϑ), ∀ ϖ,ϑ ∈ E1, where M := m2r1β−4β ∈ [0, 1).

Let ϖ,ϑ ∈ E1. If ϑ = 0 or ϖ = 0 then

Θ(mϖ,mϑ) = 0 ≤Mm4βΘ(ϖ,ϑ).

If ϑ ̸= 0 and ϖ ̸= 0, then we have

Θ(mϖ,mϑ) = λ (∥mx∥r1∥mϑ∥r1)

= m2r1βλ (∥ϖ∥r1∥ϑ∥r1)

=Mm4βΘ(ϖ,ϑ).

All of the assumptions in Theorem 5.1.2 are now fulfilled. Hence, we obtain the result.

Corollary 5.1.5. Let g : E1 → E2 be a map with g(0) = 0. Assume that there are real

numbers λ > 0 and r1 < 0 with mr1β < mβ such that

∥Bmg(ϖ,ϑ)∥E2 ≤ λ (∥ϖ∥r1∥ϑ∥r1 + ∥ϖ∥r1 + ∥ϑ∥r1) ,∀ ϖ,ϑ ∈ E1\{0}. (5.1.12)

Then there exists a unique map G : E1 → E2 fulfilling (1.1.12) and

∥g(ϖ)−G(ϖ)∥E2 ≤
(

1

1−M

) 1
p 1

24β|m− 1|2β
∥ϖ∥r1 , ∀ ϖ ∈ E1, p = log2KE2

2.

(5.1.13)

Proof. Define a map Θ : E 2
1 → [0,∞) by

Θ(ϖ,ϑ) :=

0, if ϖ = 0 or ϑ = 0;

λ (∥ϖ∥r1∥ϑ∥r1 + ∥ϖ∥r1 + ∥ϑ∥r1) , otherwise.

Next, we will show that

Θ(mϖ,mϑ) ≤Mm4βΘ(ϖ,ϑ),∀ ϖ,ϑ ∈ E1, where M := mr1β−4β ∈ [0, 1).
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Let ϖ,ϑ ∈ E1. If ϑ = 0 or ϖ = 0 then

Θ(mϖ,mϑ) = 0 ≤Mm4βΘ(ϖ,ϑ).

If ϑ ̸= 0 and ϖ ̸= 0 , then we have

Θ(mϖ,mϑ) = λ (∥mϖ∥r1∥mϑ∥r1 + ∥mϖ∥r1 + ∥mϑ∥r1)

= mr1βλ
(
mr1β(∥ϖ∥r1∥ϑ∥r1) + ∥ϖ∥r1 + ∥ϑ∥r1

)
≤ mr1βλ (∥ϖ∥r1∥ϑ∥r1 + ∥ϖ∥r1 + ∥ϑ∥r1)

= Lm4βΘ(ϖ,ϑ).

All the assumptions of Theorem 5.1.2 are valid. Therefore, we obtain the result.

5.2 Ulam Type stability in (β, p)-normed space by di-

rect method

Utilizing the direct method, we discuss the stability of (1.1.12). Throughout this section,

(E1, ∥·∥E1 , KE1) is a (β, p)-NS, (E2, ∥·∥E2 , KE2) is a complete (β, p)-NS over the same field

with E1,

Theorem 5.2.1. Assume that g : E1 → E2 is a map for which there exists a Θ : E1×E1 →
[0,∞) such that

Θ′(ϖ,ϑ) :=
∞∑
k=0

1

24kpβ
Θp(2kϖ, 2kϑ) <∞, (5.2.1)

∥Bmg(ϖ,ϑ)∥E2 ≤ Θ(ϖ,ϑ), ∀ ϖ,ϑ ∈ E2. (5.2.2)

Then there exists a unique quartic map G : E1 → E2 such that

∥g(ϖ)−G(ϖ)∥E2 ≤
1

24β
(Θ′(ϖ, 0))

1
p

(m− 1)2β
, ∀ ϖ ∈ E1. (5.2.3)

Proof. Taking ϑ = 0 in (5.2.2), we have

∥(m− 1)2g(2ϖ)− (m− 1)216g(ϖ)∥E2 ≤ Θ(ϖ, 0), (5.2.4)
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∀ ϖ ∈ E1. Thus ∣∣∣∣∣∣g(2ϖ)

16
− g(ϖ)

∣∣∣∣∣∣p
E2

≤ Θp(ϖ, 0)

24pβ|m− 1|2pβ
, (5.2.5)

∀ ϖ ∈ E1. Replacing ϖ by 2ϖ in (5.2.5) and continuing this method, we get

∣∣∣∣∣∣g(2nϖ)

24n
− g(ϖ)

∣∣∣∣∣∣p
E2

≤ 1

24pβ|m− 1|2pβ
n−1∑
k=0

Θp(2kϖ, 0)

24kpβ
. (5.2.6)

On the other hand, we can apply induction to find

∣∣∣∣∣∣g(2nϖ)

24n
− g(2lϖ)

24l

∣∣∣∣∣∣p
E2

≤ 1

24pβ|m− 1|2pβ
n−1∑
k=0

Θp(2kϖ, 0)

24kpβ
, (5.2.7)

∀ ϖ ∈ E1, and 0 ≤ l < n. So sequence

{
g(2nϖ)

24n

}
is a Cauchy by (5.2.1) and (5.2.7).

Since E2 is complete, there exists a mapping G so that

lim
n→∞

g(2nϖ)

24n
= G(ϖ). (5.2.8)

We can see that inequality (5.2.3) holds if we take the limit as n→ ∞ in (5.2.6) and use

(5.2.8). Now, we replace ϖ,ϑ by 2nϖ, 2nϑ, respectively, in (5.2.2), then

1

24npβ
∥Bmg(2

nϖ, 2nϑ)∥pE2
≤ Θp(2nϖ, 2nϑ)

24npβ
. (5.2.9)

Letting the limit as n → ∞, we have BmG(x, y) = 0, all ϖ,ϑ ∈ E1. Therefore, by [ [18],

Theorem 3, pp-2], G : E1 → E2 is a quartic map. Now, suppose that G′ : E1 → E2 is

another quartic map fulfilling (5.2.3). Then we get

∥G(ϖ)−G′(ϖ)∥pE2
=

1

24npβ
∥G(2nϖ)−G′(2nϖ)∥pE2

≤ 1

24npβ
(
∥G(2nϖ)− g(2nϖ)∥pE2

+ ∥g(2nϖ)−G′(2nϖ)∥pE2

)
≤ 1

24npβ

[
Θ′(2nϖ, 0)

(24|m− 1|2)pβ

]
=

1

(24|m− 1|2)pβ
∞∑
k=0

1

24(n+k)pβ
Θp(2n+kϖ, 0)

=
1

(24|m− 1|2)pβ
∞∑
n=0

1

24npβ
Θp(2nϖ, 0), (5.2.10)

∀ ϖ ∈ E1. Taking n→ ∞ in the preceding inequality, it is obvious that G is unique.
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Now we have a result similar to Theorem 5.2.1 for (1.1.12).

Theorem 5.2.2. Assume that g : E1 → E2 is a map for which there exists a Θ : E1×E1 →
[0,∞) such that

Θ′(ϖ,ϑ) :=
∞∑
k=0

24kpβΘp

(
ϖ

2k
,
ϑ

2k

)
<∞, (5.2.11)

∥Bm(g(ϖ,ϑ)∥E2 ≤ Θ(ϖ,ϑ), (5.2.12)

∀ ϖ,ϑ ∈ E1.

Then there exists a unique quartic map G : E1 → E2 such that

∥g(ϖ)−G(ϖ)∥E2 ≤
(

Θ′(ϖ, 0)

(m− 1)2β

) 1
p

, (5.2.13)

∀ ϖ ∈ E1.

Proof. It follows from (5.2.11) that Θ(0, 0) = 0. So from (5.2.12) we get g(0) = 0. Put

ϑ = 0 in (5.2.12), we have

∥(m− 1)2g(2ϖ)− (m− 1)216g(ϖ)∥E2 ≤ Θ(ϖ, 0), (5.2.14)

∀ ϖ ∈ E1. In the previous inequality, if we replace ϖ by
ϖ

2
and divide both sides by

(m− 1)2β, we get ∣∣∣∣∣∣g(ϖ)− 16g
(ϖ
2

) ∣∣∣∣∣∣p
E2

≤ Θp(ϖ/2, 0)

(m− 1)2pβ
, (5.2.15)

∀ ϖ ∈ E1. Using triangular inequality and moving forward in this manner

∣∣∣∣∣∣g(ϖ)− 24ng
(ϖ
2n

) ∣∣∣∣∣∣p
E2

≤ 1

(m− 1)2pβ

n∑
k=1

24kpβΘp
(ϖ
2k
, 0
)
, (5.2.16)

∀ ϖ ∈ E1. If we show that the sequence {24ng(ϖ/2n)} is Cauchy, then the completeness

of E2 will imply that it is convergent. For this, if we substitute ϖ in (5.2.16) with ϖ/2l

87



and then multiply both sides by 24l, then we have

∣∣∣∣∣∣24(l+n)g
(ϖ
2n

)
− 24lg

(ϖ
2l

) ∣∣∣∣∣∣p
E2

≤ 1

(m− 1)2pβ

n∑
k=1

24p(k+l)βΘp
( ϖ

2k+l
, 0
)

=
1

(m− 1)2pβ

l+n∑
k=l+1

24pkβΘp
(ϖ
2k
, 0
)
, (5.2.17)

∀ ϖ ∈ E1, and 0 < l < n.

Therefore sequence {24ng(ϖ/2n)} is convergent to the map G, that is,

G(ϖ) = lim
n→∞

24ng
(ϖ
2n

)
. (5.2.18)

Then as in the view of Theorem 5.2.1, it is to see that G is a unique quartic mapping.

Now, we give some consequences of the above result in complete (β, p)- normed space.

Corollary 5.2.3. Let λ, γ, r1 and s1 be a nonnegative real numbers such that s1 > 0 and

r1, s1 < 4. Let g : E1 → E2 be a map fulfilling

∥Bmg(ϖ,ϑ)∥E2 ≤ λ∥ϖ∥r1 + γ∥ϑ∥s1 , (5.2.19)

∀ ϖ,ϑ ∈ E1.

Then there exists a unique quartic map G : E1 → E2 such that

∥g(ϖ)−G(ϖ)∥E2 ≤
1

(m− 1)2β
λ∥ϖ∥r1

(24pβ − 2r1pβ)
1
p

(5.2.20)

∀ ϖ ∈ E1 and all ϖ ∈ E1\{0} if r1 < 0.

Proof. If we put ϖ = ϑ = 0 in (5.2.19), we have g(0) = 0. Using Θ(ϖ,ϑ) = λ∥ϖ∥r1 +
γ∥ϑ∥s1 in Theorem 5.2.1, we obtain the result.

Corollary 5.2.4. Assume that λ, γ, r1 and s1 are nonnegative real numbers such that

r1, s1 > 4. Let g : E1 → E2 be a map fulfilling

∥Bmg(ϖ,ϑ)∥E2 ≤ λ∥ϖ∥r1 + γ∥ϑ∥s1 , (5.2.21)

∀ ϖ,ϑ ∈ E1.

Then there exists a unique quartic map G : E1 → E2 such that

∥g(ϖ)−G(ϖ)∥E2 ≤
2βr1λ∥ϖ∥r1

(m− 1)2β (24pβ − 2r1pβ)
1
p

, (5.2.22)
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∀ ϖ ∈ E1.

Proof. If we put ϑ = ϖ = 0 in (5.2.21), we have g(0) = 0. Using Θ(ϖ,ϑ) = λ∥ϖ∥r1 +
γ∥ϑ∥s1 in Theorem 5.2.2, we get the wanted result.

Remark 5.2.5. If β = 1 = p in Theorems 5.2.1, 5.2.2 and Corollaries 5.2.3, 5.2.4, we

get the corresponding results of [18] (Theorems 4, 6 and Corollaries 5, 7).

5.3 Ulam-type stability in non-Archimedean β-normed

space by direct method

In 1897, Hensel [52] proposed a NS without the Archimedean property. Non-Archimedean

spaces were later found to have a broad range of useful applications (see [62, 63, 82]).

Here, we demonstrate the stability of (1.1.12) in the context of NAβ-NS. Throughout

this section, E2 is a complete NAβ-NS, E1 is a NAβ-NS.

Theorem 5.3.1. Let Θ : E1 × E1 → [0,∞) such that

lim
k→∞

1

24kβ
Θ
(
2kϖ, 2kϑ

)
= 0. (5.3.1)

Suppose that g : E1 → E2 is a map satisfying equality

∥Bmg(ϖ,ϑ)∥E2 ≤ Θ(ϖ,ϑ), ∀ ϖ,ϑ ∈ E1. (5.3.2)

Then there exists a unique quartic map G : E1 → E2 such that

∥g(ϖ)−G(ϖ)∥E2 ≤
Θ′(ϖ, 0)

|24(m− 1)2|β
,∀ ϖ ∈ E1, (5.3.3)

where Θ′(ϖ, 0) = sup{Θ(2jϖ, 0)/|24|jβ : j ∈ N ∪ {0}}.

Proof. Putting ϑ = 0 in (5.3.2), we have

∥(m− 1)2g(2ϖ)− (m− 1)216g(ϖ)∥E2 ≤ Θ(ϖ, 0), ∀ ϖ ∈ E1. (5.3.4)

Thus we get

∥g(2ϖ)− 16g(ϖ)∥E2 ≤
1

|m− 1|2β
Θ(ϖ, 0),∀ ϖ ∈ E1. (5.3.5)
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Replacing ϖ by 2rϖ in (5.3.5) and then dividing both sides by |24|(r+1)β, we have∣∣∣∣∣∣ 1

24(r+1)
g(2r+1ϖ)− 1

24(r)
g(2rϖ)

∣∣∣∣∣∣
E2

≤ 1

|m− 1|2β|24|(r+1)β
Θ(2rϖ, 0),∀ ϖ ∈ E1 (5.3.6)

and all nonnegative integers r. Thus sequence
{g(2rϖ)

24r

}
is Cauchy by (5.3.1) and (5.3.6).

Because of the completeness of E2 as a NAβ-NS, there exists a map G so that

lim
r→∞

g(2rϖ)

24r
= G(ϖ). (5.3.7)

For each ϖ ∈ E1 and nonnegative integers r, we have

∣∣∣∣∣∣g(ϖ)− g(2rϖ)

24r

∣∣∣∣∣∣
E2

=
∣∣∣∣∣∣ r−1∑

j=0

(
g(2jϖ)

24j
− g(2j+1ϖ)

24(j+1)

) ∣∣∣∣∣∣
E2

≤ max

{∣∣∣∣∣∣ r−1∑
j=0

(
g(2jϖ)

24j
− g(2j+1ϖ)

24(j+1)

) ∣∣∣∣∣∣
E2

: 0 ≤ j < r

}

≤ 1

|24(m− 1)2|β
max

{
Θ(2jϖ, 0)

|24|jβ
: 0 ≤ j < r

}
. (5.3.8)

Taking r → ∞ in (5.3.8) and using (5.3.7), we can see that the inequality (5.3.3) valid

when m ≥ 2. It follows from (5.3.1), (5.3.2), and (5.3.7) that

∥BmG(ϖ,ϑ)∥E2 = lim
r→∞

1

|2|4rβ
∥Bmg(2

rϖ, 2rϑ)∥E2 ≤ lim
r→∞

1

|2|4rβ
Θ(2rϖ, 2rϑ) = 0. (5.3.9)

Hence, the mapping G satisfies (1.1.12). Now, let G′ : E1 → E2 be another quartic map

satisfying (5.3.3). Then we get

∥G(ϖ)−G′(ϖ)∥E2 = lim
k→∞

1

24k
∥G(2kϖ)−G′(2kϖ)∥E2

≤ lim
k→∞

1

24k
max{∥G(2kϖ)− g(2kϑ)∥E2 , ∥g(2kϑ)−G′(2kϖ)∥E2}

≤ 1

|24(m− 1)2|β
lim
k→∞

lim
r→∞

max
{Θ(2jϖ, 0)

|24|jβ
: k ≤ j < r + k

}
=

1

|24(m− 1)2|β
lim
k→∞

sup
{Θ(2jϖ, 0)

|24|jβ
: k ≤ j <∞

}
= 0, ∀ ϖ,ϑ ∈ E1.

Following outcome, which is similar to Theorem 5.3.1 for (1.1.12).
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Theorem 5.3.2. Let Θ : E1 × E1 → [0,∞) such that

lim
k→∞

|2|4kβΘ
(
ϖ

2k
,
ϑ

2k

)
= 0. (5.3.10)

Suppose that g : E1 → E2 is a map satisfying equality

∥Bm(g(ϖ,ϑ)∥E2 ≤ Θ(ϖ,ϑ), ∀ ϖ,ϑ ∈ E1. (5.3.11)

Then there exists a unique quartic map R : E1 → E2 such that

∥g(ϖ)−R(ϖ)∥E2 ≤
Θ′(ϖ, 0)

|24(m− 1)2|β
, ∀ ϖ ∈ E1, (5.3.12)

where Θ′(ϖ, 0) = sup{|24|jβΘ(ϖ/2j, 0) : j ∈ N ∪ {0}}.

Proof. In the same way as Theorem 5.3.1, we have∣∣∣∣∣∣g(2ϖ)− 16g(ϖ)
∣∣∣∣∣∣

E2

≤ 1

|m− 1|2β
Θ(ϖ, 0), ∀ ϖ ∈ E1. (5.3.13)

Replacing ϖ by ϖ/2r+1 in (5.3.13) and then multiply both sides by |2|4rβ, we get

∣∣∣∣∣∣24rg (ϖ
2n

)
− 24(r+1)g

( ϖ

2r+1

) ∣∣∣∣∣∣
E2

≤ 24rβ

|m− 1|2β
Θ
( ϖ

2r+1
, 0
)
, ∀ ϖ ∈ E1 (5.3.14)

and all nonnegative integers r. Thus the sequence
{
2rg
(ϖ
2r

)}
is Cauchy by (5.3.10)

and (5.3.14). Because of the completeness of E2 as a NAβ-NS, there exists a map R so

that

lim
r→∞

24rg
(ϖ
2r

)
= R(ϖ). (5.3.15)

For each ϖ ∈ E1 and nonnegative integers r, we have

∣∣∣∣∣∣g(ϖ)− 24rg
(ϖ
2r

) ∣∣∣∣∣∣
E2

≤ 1

|(m− 1)|2β
max

{
|2|4jβΘ

( ϖ

2j+1
, 0
)
: 0 ≤ j < r

}
,∀ ϖ ∈ E1

(5.3.16)

and nonnegative integers r. Since right hand side of (5.3.16) tends to 0 as r → ∞, using

(5.3.15), we deduce inequality (5.3.12). We can now finish the proof in the same way that

we did with Theorem 5.3.1.

Now, we give some consequences of the results in NAβ-NS.
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Corollary 5.3.3. Let λ > 0, and ω : [0,∞) → [0,∞) is a function satisfying ω(|e|z) ≤
ω(|e|)ω(z) ∀ z, e ∈ [0,∞) for which ω(|2|) ≤ |16|. Assume that g : E1 → E2 is a map

fulfilling the inequality

∥Bmg(ϖ,ϑ)∥E2 ≤ λ(ω(∥ϖ∥) + ω(∥ϑ∥)), ∀ ϖ,ϑ ∈ E1. (5.3.17)

Then there exists a unique quartic mappings G : E1 → E2 such that

∥g(ϖ)−G(ϖ)∥E2 ≤
λω(∥ϖ∥)

|24(m− 1)2|β
, ∀ ϖ ∈ E1. (5.3.18)

Proof. Define φ : E1 × E1 → [0,∞) by φ(ϖ,ϑ) = C(ω(∥ϖ∥) + ω(∥ϑ∥)), we have

lim
n→∞

1

|2|4nβ
φ(2nϖ, 2nϑ) ≤ lim

n→∞

(
ω(|2|)
|24|

)nβ

φ(ϖ,ϑ) = 0, ∀ ϖ,ϑ ∈ E1. (5.3.19)

We also get

φ′(ϖ, 0) = sup
{φ(2jϖ, 0)

|2|4β
: 0 ≤ j <∞

}
= φ(ϖ, 0) = C(ω(∥ϖ∥)),∀ ϖ ∈ E1. (5.3.20)

Now, Theorem 5.3.1 implies the wanted result.

Following consequence is a direct consequence of Theorem 5.3.2, and its proof is similar

to that of Corollary 5.3.3.

Corollary 5.3.4. Suppose that λ > 0, and ω : [0,∞) → [0,∞) is a function satisfying

ω(|e|z) ≤ ω(|e|)ω(z)∀ e, z ∈ [0,∞) for which ω(|2|−1) ≤ |16|−1. Assume that g : E1 → E2

is a map fulfilling the inequality

∥Bmg(ϖ,ϑ)∥E2 ≤ λ(ω(∥ϖ∥) + ω(∥ϑ∥)), (5.3.21)

∀ ϖ,ϑ ∈ E1. Then there exists a unique quartic map R : E1 → E2 such that

∥g(ϖ)−R(ϖ)∥E2 ≤
λω(∥ϖ/2∥)
|(m− 1)|2β

, (5.3.22)

∀ ϖ ∈ E1.

Remark 5.3.5. If β = 1 in Theorems 5.3.1, 5.3.2 and Corollaries 5.3.3, 5.3.4 we get

the corresponding results of Bodagi [18] (Theorems 12, 14 and Corollaries 13, 15).
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Chapter 6

Generalized hyperstability of a general lin-

ear functional equation in complete quasi-2-

normed space

Introduction

In this chapter, we study the generalized hyperstability of a general linear functional

equation in complete Q2NS using a fixed point approach. The results of this chapter are

published in Sharma and Chandok [112].

6.1 Hyperstability of functional equation

Here, we study the hyperstability of (1.1.3) in the setting of complete Q2NS using Theo-

rem 2.4.1. Throughout this section, (E2, ∥·, ·∥, K ≥ 1) is a complete Q2NS over the field

K, (E1, ∥·, ·∥, K ≥ 1) is a Q2NS over the field F, and Z0 is a subset of E2 containing two

LI vectors.

Theorem 6.1.1. (1)If g : E1 → E2, f : Z0 → Z0 are given function and there exist

B,A ∈ K\{0}, b, a ∈ F\{0}, and v, u : E1 ×Z0 → R+ such that l(E1) = {n ∈ N : αu < 1}
is an infinite set, where

αu = K

(∣∣∣ 1
A

∣∣∣λ1(a+ bn)λ2(a+ bn) +
∣∣∣B
A

∣∣∣λ1(n)λ2(n)) ,
r = log2K 2,

λ1(n) = inf{t ∈ R+ : u(nϖ) ≤ tu(ϖ) ∀ ϖ ∈ E1}

λ2(n) = inf{t ∈ R+ : v(nϖ) ≤ tv(ϖ) ∀ ϖ ∈ E1}

for n ∈ F\{0}, and λ1, λ2 fulfill the following two assumptions, (where n → ∞ in F if

and only if | n |→ ∞),

(a) lim
n→∞

λ1(±n)λ2(±n) = 0

93



(b) lim
n→∞

λ1(n) = 0 or lim
n→∞

λ2(n) = 0.

(2) Assume that g : E1 → E2 fulfills the inequality

∥g(aϖ + bϑ)− Ag(ϖ)−Bg(ϑ), z∥ ≤ u(ϖ, z)v(ϑ, z), (6.1.1)

for ϖ,ϑ ∈ E1\{0}, z ∈ Z0 with aϖ + bϑ ̸= 0.

Then g fulfills

g(aϖ + bϑ) = Ag(ϖ) +Bg(ϑ), (6.1.2)

∀ ϖ,ϑ ∈ E1\{0} with aϖ + bϑ ̸= 0.

Proof. Note that for n ∈ F\{0}, and ϖ ∈ E1\{0}, z ∈ Z0, we have

u(nϖ, z) ≤ λ1(n)u(ϖ, z) and v(nϖ, z) ≤ λ2(n)v(ϖ, z). (6.1.3)

Case 1. lim
n→∞

λ2(n) = 0.

For m ∈ l(E1), replacing ϑ by mϖ in (6.1.1), we have

∥g(aϖ + bmϖ)− Ag(ϖ)−Bg(mϖ), z∥ ≤ u(ϖ, z)v(mϖ, z),

for ϖ ∈ E1\{0} and z ∈ Z0.∣∣∣∣∣∣ 1
A
g(aϖ + bmϖ)− g(ϖ)− B

A
g(mϖ), z

∣∣∣∣∣∣ ≤ ∣∣∣ 1
A

∣∣∣u(ϖ, z)v(mϖ, z), (6.1.4)

for ϖ ∈ E1\{0} and z ∈ Z0. Define a function Tm : E E1\{0}
2 → E E1\{0}

2 by

(Tmξ)(ϖ) =
1

A
ξ ((a+ bm)ϖ)− B

A
ξ(mx), (6.1.5)

∀ ϖ ∈ E1\{0} and ξ ∈ E E1\{0}
2 .

First, we have to show that Tm fulfills all the conditions of Theorem 2.4.1, where the

function Tm and the set E1\{0} play the roles of T and E1 respectively.

Take εm(ϖ, z) =
∣∣∣ 1
A

∣∣∣u(ϖ, z)v(mϖ, z) for all ϖ ∈ E1\{0}, z ∈ Z0. Using (6.1.3), we

have

εm(ϖ, z) =
∣∣∣ 1
A

∣∣∣λ2(m)u(ϖ, z)v(ϖ, z). (6.1.6)
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Using (6.1.4) and (6.1.5), we get

∥(Tmg)(ϖ)− g(ϖ), z∥ ≤ εm(ϖ, z),

∀ ϖ ∈ E1\{0} and z ∈ Z0. This prove that (2.4.2) is fulfilled with φ = g and ε = εm.

Now, we define a function Λm : RE1\{0}×Z0

+ → RE1\{0}×Z0

+ by

Λmδ(ϖ, z) = K
∣∣∣ 1
A

∣∣∣δ ((a+ bm)ϖ, z) +K
∣∣∣B
A

∣∣∣δ(mϖ, z),
∀ ϖ ∈ E1\{0} has the shape given in (2.4.4) with k = 2, g1(ϖ) = (a + bm)ϖ, g2(ϖ) =

mϖ, l1(ϖ, z) = K
∣∣∣ 1
A

∣∣∣, l2(ϖ, z) = K
∣∣∣B
A

∣∣∣ ∀ ϖ ∈ E1. Furthermore, for each ξ, µ ∈ E E1\{0}
2

and ϖ ∈ E1\{0}, z ∈ Z0, we have

∥(Tmξ)(ϖ)− (Tmµ)(ϖ), z∥

=
∣∣∣∣∣∣ 1
A
ξ ((a+ bm)ϖ)− B

A
ξ(mϖ)− 1

A
µ ((a+ bm)ϖ) +

B

A
µ(mϖ), z

∣∣∣∣∣∣
≤ K

∣∣∣ 1
A

∣∣∣∥ξ ((a+ bm)ϖ)− µ ((a+ bm)ϖ) , z∥+K
∣∣∣B
A

∣∣∣∥ξ(mϖ)− µ(mϖ), z∥

=
2∑

i=1

li(ϖ, z)∥ξ(gi(ϖ))− µ(gi(ϖ)), fi(z)∥.

This shows that (2.4.1) is fulfilled. Next, we have to prove that for each n ∈ N and

ϖ ∈ E1\{0},

Λn
mεm(ϖ, z)

≤
∣∣∣ 1
A

∣∣∣Kn

(∣∣∣ 1
A

∣∣∣λ1(a+ bm)λ2(a+ bm) +
∣∣∣B
A

∣∣∣λ1(n)λ2(n))n

λ2(m)u(ϖ, z)v(ϖ, z).
(6.1.7)

If n = 0 then (6.1.7) holds by (6.1.6). Also by (6.1.6) and the definition of Λ and λ1, λ2

we have

Λmεm(ϖ, z)

= K
∣∣∣ 1
A

∣∣∣εm((a+ bm)ϖ, z) +K
∣∣∣B
A

∣∣∣εm(mϖ, z)
≤ K

∣∣∣ 1
A

∣∣∣∣∣∣ 1
A

∣∣∣λ2(m)u((a+mb)ϖ, z)v((a+mb)ϖ, z) +K
∣∣∣ 1
A

∣∣∣∣∣∣B
A

∣∣∣λ2(m)u(mϖ, z)v(mϖ, z)

≤ K
∣∣∣ 1
A

∣∣∣∣∣∣ 1
A

∣∣∣λ2(m)λ1(a+mb)u(ϖ, z)λ2(a+mb)v(ϖ, z)

+K
∣∣∣ 1
A

∣∣∣∣∣∣B
A

∣∣∣λ2(m)λ1(m)u(ϖ, z)λ2(m)v(ϖ, z)

=
∣∣∣ 1
A

∣∣∣K (∣∣∣ 1
A

∣∣∣λ1(a+mb)λ2(a+mb) +
∣∣∣B
A

∣∣∣λ1(m)λ2(m)

)
λ2(m)u(ϖ, z)v(ϖ, z).

(6.1.8)
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Using (6.1.8) and iterating argument, we get

Λ2
mεm(ϖ, z) = K

∣∣∣ 1
A

∣∣∣(Λmεm)((a+ bm)ϖ, z) +K
∣∣∣B
A

∣∣∣(Λmεm)(mϖ, z)

≤ K
∣∣∣ 1
A

∣∣∣[ ∣∣∣ 1
A

∣∣∣K (∣∣∣ 1
A

∣∣∣λ1(a+mb)λ2(a+mb) +
∣∣∣B
A

∣∣∣λ1(m)λ2(m)

)
λ2(m)u((a+ bm)ϖ, z)v((a+ bm)ϖ, z)

]
+K

∣∣∣B
A

∣∣∣[ ∣∣∣ 1
A

∣∣∣K (∣∣∣ 1
A

∣∣∣λ1(a+mb)λ2(a+mb) +
∣∣∣B
A

∣∣∣λ1(m)λ2(m)

)
λ2(m)u(mϖ, z)v(mϖ, z)

]
.

By using (6.1.3), we get

Λ2
mεm(ϖ, z)

≤
∣∣∣ 1
A

∣∣∣[ ∣∣∣ 1
A

∣∣∣K2

(∣∣∣ 1
A

∣∣∣λ1(a+mb)λ2(a+mb) +
∣∣∣B
A

∣∣∣λ1(m)λ2(m)

)
λ2(m)λ1(a+ bm)u(ϖ, z)λ2(a+ bm)v(ϖ, z)

]
+
∣∣∣B
A

∣∣∣[ ∣∣∣ 1
A

∣∣∣K2

(∣∣∣ 1
A

∣∣∣λ1(a+mb)λ2(a+mb) +
∣∣∣B
A

∣∣∣λ1(m)λ2(m)

)
λ2(m)λ1(m)u(ϖ, z)λ2(m)v(ϖ, z)

]
=
∣∣∣ 1
A

∣∣∣K2

( ∣∣∣ 1
A

∣∣∣2λ21(a+mb)λ22(a+mb) + 2
∣∣∣ 1
A

∣∣∣∣∣∣B
A

∣∣∣λ1(m)λ2(m)λ1(a+ bm)λ2(a+ bm)

∣∣∣B
A

∣∣∣2λ1(m)2λ2(m)2

)
λ2(m)u(ϖ, z)v(ϖ, z)

=
∣∣∣ 1
A

∣∣∣K2

(∣∣∣ 1
A

∣∣∣λ1(a+mb)λ2(a+mb) +
∣∣∣B
A

∣∣∣λ1(m)λ2(m)

)2

λ2(m)u(ϖ, z)v(ϖ, z).

In the same way, using induction we see that (6.1.7) holds ∀ n ∈ N, ϖ ∈ E1\{0} and

z ∈ Z0. By definition l(E1) and adding the geometric progression, we obtain that for each

ϖ ∈ E1\{0}, z ∈ Z0 and m ∈ l(E1),

∞∑
n=0

(Λn
mεm)

r(ϖ)

≤
∞∑
n=0

∣∣∣ 1
A

∣∣∣rKnr

(∣∣∣ 1
A

∣∣∣λ1(a+mb)λ2(a+mb) +
∣∣∣B
A

∣∣∣λ1(m)λ2(m)

)nr

λr2(m)ur(ϖ, z)vr(ϖ, z)

=
∣∣∣ 1
A

∣∣∣r λr2(m)ur(ϖ, z)vr(ϖ, z)

1−Kr

(∣∣∣ 1
A

∣∣∣λ1(a+mb)λ2(a+mb) +
∣∣∣B
A

∣∣∣λ1(m)λ2(m)

)r .
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This proves that (2.4.3) is satisfied, where

ε∗(ϖ, z) =
∣∣∣ 1
A

∣∣∣r λr2(m)ur(ϖ, z)vr(ϖ, z)

1−Kr

(∣∣∣ 1
A

∣∣∣λ1(a+mb)λ2(a+mb) +
∣∣∣B
A

∣∣∣λ1(m)λ2(m)

)r .

By the above, all assumptions of Theorem 2.4.1 are fulfilled. Therefore, there exists a

fixed point Qm : E1\{0} → E2 of the function Tm fulfilling

∥g(ϖ)−Qm(ϖ), z∥r ≤ 4
∣∣∣ 1
A

∣∣∣r λr2(m)ur(ϖ, z)vr(ϖ, z)

1−Kr

(∣∣∣ 1
A

∣∣∣λ1(a+mb)λ2(a+mb) +
∣∣∣B
A

∣∣∣λ1(m)λ2(m)

)r ,

(6.1.9)

∀ ϖ ∈ E1\{0}, z ∈ Z0. That is

Qm(ϖ) =
1

A
Qm ((a+ bm)ϖ) +

B

A
Qm(mϖ)

and (6.1.9) holds ∀ ϖ ∈ E1\{0}, z ∈ Z0. Moreover

lim
n→∞

Tn
mg(ϖ) = Qm(ϖ). (6.1.10)

We also get that ∀ ϖ,ϑ ∈ E1\{0}, z ∈ Z0 and n ∈ N,

∥AT n
mg(ϖ) +BT n

mg(ϑ)− AQm(ϖ)−BQm(ϑ), z∥

≤ K (∥AT n
mg(ϖ)− AQm(ϖ), z∥+ ∥BT n

mg(ϑ)−BQm(ϑ), z∥)

= K (| A | ∥T n
mg(ϖ)−Qm(ϖ), z∥+ | B | ∥T n

mg(ϑ)−Qm(ϑ), z∥) .

(6.1.11)

Taking n→ ∞ in (6.1.11) and using (6.1.10), we get

lim
n→∞

∥AT n
mg(ϖ) +BT n

mg(ϑ)− AQm(ϖ)−BQm(ϑ), z∥ = 0;

that is, ∀ ϖ ∈ E1\{0}, z ∈ Z0,

lim
n→∞

(AT n
mg(ϖ) +BT n

mg(ϑ)) = AQm(ϖ) +BQm(ϑ). (6.1.12)

Next, we have to show that for each n ∈ N and all ϖ,ϑ ∈ E1\{0}, z ∈ Z0 with aϖ+ bϑ ̸=
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0,

∥T n
mg(aϖ + bϑ)− AT n

mg(ϖ)−BT n
mg(ϑ), z∥

≤ Kn

(∣∣∣ 1
A

∣∣∣λ1(a+mb)λ2(a+mb) +
∣∣∣B
A

∣∣∣λ1(m)λ2(m)

)n

u(ϖ, z)v(ϑ, z).
(6.1.13)

Indeed, if n = 0 then (6.1.13) holds by (6.1.1). Suppose that (6.1.13) holds for some n

and all ϖ,ϑ ∈ E1\{0}, z ∈ Z0 with aϖ + bϑ ̸= 0.

By the induction assumption, definition of Tm and (6.1.3), we obtain that

∥T n+1
m g(aϖ + bϑ)− AT n+1

m g(ϖ)−BT n+1
m g(ϑ), z∥

=

∣∣∣∣∣
∣∣∣∣∣∣∣∣ 1A ∣∣∣T n

mg((a+ bm)(aϖ + bϑ)) +
∣∣∣B
A

∣∣∣T n
mg((m)(aϖ + bϑ))

− A

(∣∣∣ 1
A

∣∣∣T n
mg((a+ bm)ϖ)+)) +

∣∣∣B
A

∣∣∣T n
mg((mϖ)

)
−B

(∣∣∣ 1
A

∣∣∣T n
mg((a+ bm)ϑ)+)) +

∣∣∣B
A

∣∣∣T n
mg((mϖ)

)
, z

∣∣∣∣∣
∣∣∣∣∣

≤ K
∣∣∣ 1
A

∣∣∣||T n
mg((a+ bm)(aϖ + bϑ))− AT n

mg((a+ bm)ϖ)−BT n
mg((a+ bm)ϑ), z||

+K
∣∣∣B
A

∣∣∣||T n
mg(m(aϖ + bϑ))− ATn

mg(mϖ)−BT n
mg(mϑ), z||

≤ K
∣∣∣ 1
A

∣∣∣Kn

(∣∣∣ 1
A

∣∣∣λ1(a+mb)λ2(a+mb) +
∣∣∣B
A

∣∣∣λ1(m)λ2(m)

)n

u((a+mb)ϖ, z)v((a+mb)ϑ, z)

+K
∣∣∣B
A

∣∣∣Kn

(∣∣∣ 1
A

∣∣∣λ1(a+mb)λ2(a+mb) +
∣∣∣B
A

∣∣∣λ1(m)λ2(m)

)n

u(mϖ, z)v(mϑ, z)

≤ K
∣∣∣ 1
A

∣∣∣Kn

(∣∣∣ 1
A

∣∣∣λ1(a+mb)λ2(a+mb) +
∣∣∣B
A

∣∣∣λ1(m)λ2(m)

)n

λ1(a+mb)u(ϖ, z)λ2(a+mb)v(ϑ, z)

+K
∣∣∣B
A

∣∣∣Kn

(∣∣∣ 1
A

∣∣∣λ1(a+mb)λ2(a+mb) +
∣∣∣B
A

∣∣∣λ1(m)λ2(m)

)n

λ1(m)u(ϖ, z)λ2(m)v(ϑ, z)

= Kn

(∣∣∣ 1
A

∣∣∣λ1(a+mb)λ2(a+mb) +
∣∣∣B
A

∣∣∣λ1(m)λ2(m)

)n

u(ϖ, z)v(ϑ, z)

×K

(∣∣∣ 1
A

∣∣∣λ1(a+mb)λ2(a+mb) +
∣∣∣B
A

∣∣∣λ1(m)λ2(m)

)
= Kn+1

(∣∣∣ 1
A

∣∣∣λ1(a+mb)λ2(a+mb) +
∣∣∣B
A

∣∣∣λ1(m)λ2(m)

)n+1

u(ϖ, z)v(ϑ, z).
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Hence by induction, (6.1.13) holds ∀ n ∈ N.
Now, from (6.1.13) and (1.3.6) we find that

|||T n
mg(aϖ + bϑ)− AT n

mg(ϖ)−BT n
mg(ϑ), z|||r

≤ ∥T n
mg(aϖ + bϑ)− AT n

mg(ϖ)−BT n
mg(ϑ), z∥r

≤ Krn

(∣∣∣ 1
A

∣∣∣λ1(a+mb)λ2(a+mb) +
∣∣∣B
A

∣∣∣λ1(m)λ2(m)

)rn

ur(ϖ, z)vr(ϖ, z).

(6.1.14)

Since equivalent Q2NS is continuous, by letting n→ ∞ in (6.1.14), using (6.1.10), (6.1.12)

and definition of l(E1) we have for ϖ,ϑ ∈ E1\{0}, z ∈ Z0 with aϖ + bϑ ̸= 0,

|||Qm(aϖ + bϑ)− AQm(ϖ)−BQm(ϑ), z|||

= lim
n→∞

|||T n
mg(aϖ + bϑ)− AT n

mg(ϖ)−BT n
mg(ϑ), z||| = 0.

(6.1.15)

Note that lim
n→∞

λ1(±n)λ2(±n) = 0, lim
n→∞

λ2(n) = 0 and the set l(E1) is nonempty set.

Then we can take m→ ∞ in (6.1.9) to obtain lim
m→∞

∥g(ϖ)−Qm(ϖ), z∥ = 0; that is,

lim
m→∞

Qm(ϖ) = g(ϖ). (6.1.16)

Using (6.1.16), fashion similar to proof of (6.1.12) we also have

lim
m→∞

(AQm(ϖ) +BQm(ϑ)) = Ag(ϖ) +Bg(ϑ). (6.1.17)

Letting m → ∞ in (6.1.15), using (6.1.16) and (6.1.17) and the continuity of equivalent

Q2N, we have

|||g(aϖ + bϑ)− Ag(ϖ)−Bg(ϑ), z||| = lim
m→∞

|||Qm(aϖ + bϑ)− AQm(ϖ)−BQm(ϑ), z||| = 0

that is

g(aϖ + bϑ) = Ag(ϖ) +Bg(ϑ),

∀ ϖ,ϑ ∈ E1\{0}, z ∈ Z0 with aϖ + bϑ ̸= 0. Hence, g is a solution of (6.1.2).

Case 2. lim
m→∞

λ1(n) = 0.

For m ∈ l(E1), replacing ϖ by mϑ in (6.1.2), we perform similar calculations to obtain

the result.

By Brzdȩk [ [26], Lemma 3.1], if g : E1 → E2 fulfills (6.1.2) on E1\{0}, then it fulfills

(6.1.2) on E1. Based on this argument and Theorem 6.1.1, we obtain the outcome on E1,

which is an extension of the corresponding outcome of Aiemsomboon et al. [ [4], Theorem
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2.3] in the setting of complete Q2NS.

By using Theorem 6.1.1, we have an extension of Piszczek [ [90], Theorem 2.1] to the

framework of complete Q2NS as follows:

Corollary 6.1.2. If there exist B,A ∈ K\{0}, b, a ∈ F\{0}, and q, p ∈ R with q + p <

0, c ≥ 0 and g : E1 → E2 is a given function such that

∥g(aϖ + bϑ)− Ag(ϖ)−Bg(ϑ), z∥ ≤ c∥ϖ, z∥p∥ϑ, z∥q, (6.1.18)

∀ ϖ,ϑ ∈ X \{0}, z ∈ Z0 and aϖ + bϑ ̸= 0 with ∥ϖ, z∥∥ϑ, z∥ ≠ 0. Then g fulfills

g(aϖ + bϑ) = Ag(ϖ) +Bg(ϑ),

∀ ϖ,ϑ ∈ E1\{0} with aϖ + bϑ ̸= 0.

Proof. Define v, u : E1 → R+ by

v(ϖ, z) = t∥ϖ, z∥q, u(ϖ, z) = s∥ϖ, z∥p,

where s, t ∈ R+ and st = c.

If c > 0 then, s, t > 0. Thus we have

λ1(n) = inf{t ∈ R+ : u(nϖ) ≤ tu(ϖ) ∀ ϖ ∈ E1} =| n |p

λ2(n) = inf{t ∈ R+ : v(nϖ) ≤ tv(ϖ) ∀ ϖ ∈ E1} =| n |q .

It means that

lim
n→∞

λ1(±n)λ2(±n) = lim
n→∞

| n |p+q= 0.

Since q, p ∈ R with q + p < 0, we obtain that q < 0 or p < 0. Then lim
n→∞

λ1(n) = 0 or

lim
n→∞

λ2(n) = 0.

Hence, we get that

K

(∣∣∣ 1
A

∣∣∣λ1(a+ bn)λ2(a+ bn) +
∣∣∣B
A

∣∣∣λ1(n)λ2(n)) = K

(∣∣∣ 1
A

∣∣∣ | a+ bn |p+q +
∣∣∣B
A

∣∣∣ | n |p+q

)
.

Since p+ q < 0, we have

lim
n→∞

| a+ bn |p+q= lim
n→∞

| n |p+q= 0.

Thus the set l(E1) is infinite. Hence all the conditions of the Theorem 2.4.1 are fulfilled.
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Therefore g fulfills g(aϖ + bϑ) = Ag(ϖ) + Bg(ϑ),∀ ϖ,ϑ ∈ E1\{0} with aϖ + bϑ ̸= 0.

Corollary 6.1.3. If g : E1 → E2 is a given function and q, p ∈ R with q + p < 0, c ≥ 0

such that

∥g(ϖ + ϑ)− g(ϖ)− g(ϑ), z∥ ≤ c∥ϖ, z∥p∥ϑ, z∥q, (6.1.19)

∀ ϑ,ϖ ∈ E1\{0}, z ∈ Z0 and ϖ+ϑ ̸= 0 with ∥ϖ, z∥∥ϑ, z∥ ≠ 0. Then g fulfills g(ϖ+ϑ) =

g(ϖ) + g(ϑ), ∀ ϑ,ϖ ∈ E1\{0} with ϖ + ϑ ̸= 0.

Remark 6.1.4. Corollary 6.1.3 has been proved in n-Banach space by Brzdȩk et al. [ [28],

Theorem 4]
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Chapter 7

Application to Hyers-Ulam stability

Introduction

This chapter has been split into two sections. We study the stability of integral equation

in FMS, in the first section. The findings of this section are proved in Sharma and

Chandok [111]. In the last section, we provide a solution for a Caputo-type nonlinear

fractional integro-differential equation in OMS. The findings of this section are published

in Sharma and Chandok [109].

7.1 Stability of integral equation in F-metric space

Here, using the results proved in Chapter 2 and 3 we investigte the stability of integral

equation in F-metric space. Results of this section are published in Sharma and Chandok

[111].

Let E1 = C[η1, η2] be the set of all real continuous functions on [η1, η2] fitted with F-metric

D(ϖ,ϑ) = ∥ϖ − ϑ∥∞. Then (E1,D) is an F-complete F-metric space with f(t) = ln(t)

and α = 0. We consider an integral equation

ϖ(q) =

∫ η2

η1

K(q, p,ϖ(p))d(p), (7.1.1)

where K : [η1, η2]× [η1, η2]× R → R. Let T : E1 → E1 be a map defined by

T ϖ(q) =

∫ t

s

K(q, p,ϖ(p))d(p), (7.1.2)

∀ ϖ ∈ E1, q, p ∈ [η1, η2].

Theorem 7.1.1. Suppose that E1 = C[η1, η2] equipped with F-metric D(ϖ,ϑ) = ∥ϖ−ϑ∥∞
and K : [η1, η2]× [η1, η2]× R → R is a continuous map fulfilling the following axiom

| K(q, p,ϖ(p))−K(q, p, ϑ(p)) |2≤ F (q, p) ln

(
| ϖ(p)− ϑ(p) |2

4
+ 1

)
, (7.1.3)
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where F : [η1, η2]× [η1, η2] → R is a continuous map such that∫ η2

η1

F (q, p)dp ≤ 1

η1 − η2
, ∀ ϖ ∈ E1, p, q ∈ [η1, η2].

Then, (7.1.1) has a solution in E1.

Proof. Suppose that ϖ,ϑ ∈ E1. Using Cauchy Schwarz inequality and equation (7.1.3),

we have

| T ϖ(q)− T ϑ(q) |2 =
(∫ η2

η1

| K(q, p,ϖ(p))−K(q, p, ϑ(p)) | dp
)2

≤
∫ η2

η1

12da

∫ η2

η1

| K(q, p,ϖ(p))−K(q, p, ϑ(p)) |2 dp

≤ (η1 − η2)

∫ η2

η1

F (q, p) ln

(
| ϖ(p)− ϑ(a) |2

4
+ 1

)
dp

= (η1 − η2)

∫ η2

η1

F (q, p) ln

(
D(ϖ,ϑ)2

4
+ 1

)
dp

= (η1 − η2) ln

(
D(ϖ,ϑ)2

4
+ 1

)∫ η2

η1

F (q, p)dp

≤ ln

(
D(ϖ,ϑ)2

4
+ 1

)
≤ D(ϖ,ϑ)2

4
.

So, we get

D(T ϖ,T ϑ) ≤ D(ϖ,ϑ)

2
.

Further, after rewrite, we have φ(D(T ϖ,T ϑ)) ≤ kφ(D(ϖ,ϑ)), where φ(t) = t is non-

decreasing function and k = 1
2
. Therefore by Theorem 2.1.1 T has a fixed point.

Theorem 7.1.2. Assume that all of Theorem 7.1.1’s hypotheses are true. Then the

following conditions hold:

(A1) (7.1.1) is HU stable, that is, if for each ε > 0 and each solution ϑ∗ of the inequality

D(ϑ,T (ϑ)) < ε
2
, for each ϑ ∈ E1, thereiiexists a solution ϖ∗ of (7.1.1) suchiithat

D(ϑ∗, ϖ∗) < ε.

(A2) If {ϖn} is a sequence in E1 such that lim
n→∞

D(T ϖn, ϖn) = 0 and ϖ∗ is a unique

fixed point of T then (7.1.1) is a well-posed.
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Proof. (A1) Using Theorem 7.1.1, there is aiiunique ϖ∗ ∈ E1 suchiithat ϖ∗ = T ϖ∗

that is ϖ∗ ∈ E1 is solution of the integral equation (ϖ = T ϖ). Assume that ε > 0 and

ϑ∗ ∈ E1. Using ( [56], D3, pp. 3), weiiget

f(D(ϑ∗, ϖ∗)) ≤ f [D(ϑ∗,T ϑ∗) + D(T ϑ∗, ϖ∗)] + α

≤ f
[ε
2
+ D(T ϑ∗,T ϖ∗)

]
+ α.

Hence using property of (Θ1), we have

D(ϑ∗, ϖ∗) ≤ ε

2
+ D(T ϑ∗,T ϖ∗),

≤ ε

2
+

D(ϑ∗, ϖ∗)

2
.

So we have D(ϑ∗, ϖ∗) ≤ ε, which completes the proof.

(A2) If {ξr} is aiisequence in E1 such that lim
r→∞

D(T ξr, ξr) = 0 and ϖ∗ is a unique

fixediipoint of T (using Theorem 7.1.1). From the contractive condition and property

( [56], D3, pp. 3), we get

f(D(ξr, ϖ
∗)) ≤ f [D(ξr,T ξr) + D(T ξr, ϖ

∗)] + α

≤ f [D(ξr,T ξr) + D(T ξr,T ϖ∗)] + α.

Hence using property of (Θ1), we have
1

2
(D(ξr, ϖ

∗)) ≤ D(ξr,T ξr). Taking limit r → ∞,

we get

lim
r→∞

1

2
(D(ξr, ϖ

∗)) ≤ lim
r→∞

D(ξr,T ξr).

Therefore, lim
r→∞

1

2
(D(ξr, ϖ

∗)) = 0. Hence D(ξr, ϖ
∗) = 0. This shows that integral equa-

tion (7.1.1) is well-posed.

7.2 Application to nonlinear fractional integro-differential

equation

Caputo derivative of a continuous map g : [0,∞) → R, (order δ > 0) is provided by

CDδg (η2) :=
1

Γ (n− δ)

η2∫
0

g(n) (η1) dη1

(η2 − η1)
δ−n+1

, n = [δ] + 1, n− 1 ≤ δ < n,
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where [δ] denotes the integer part of the positive real number δ and Γ denotes the gamma

function.

Using the results proved in Chapter 3, we investigate the nonlinear fractional integro-

differential equation of Caputo type. The findings of this section have been published in

Sharma and Chandok [109]. CDδϖ(η2) = G (η2, ϖ(η2)), η2 ∈ I = [0, 1], 1 < δ ≤ 2

ϖ(0) = 0, ϖ(1) =
∫ θ

0
ϖ(η1) dη1,

(7.2.1)

where ϖ ∈ (C[0, 1],R), θ ∈ (0, 1) and G : I × R → R is a continuous map (for more

information, see [15]).

We consider E1 = {ϖ : ϖ ∈ (C[0, 1],R)} with supremum norm ||ϖ|| = supt∈[0,1] |ϖ(t)|.
So (E1, ||.||) is a Banach space.

E1 := C([0, 1],R) fitted with metric d : E1 ×E1 → [0,∞) defined as d(ϖ,ϑ) = ||ϖ−ϑ|| =
supη2∈[0,1] |ϖ(η2)− ϑ(η2)| and define an orthogonal relation ϖ ⊥ ϑ if and only if ϖϑ ≥ 0,

∀ ϖ,ϑ ∈ E1. Then (E1,⊥, d) is an OMS.

It is clear that a solution of (7.2.1) is a fixed point of

T ϖ(η2)

=
1

Γ(δ)

∫ η2

0

(η2 − η1)
δ−1G (η1, ϖ(η1)) dη1 −

2η2
(2− θ2)Γ(δ)

∫ 1

0

(1− η1)
δ−1G (η1, ϖ(η1)) dη1

+
2η2

(2− θ2)Γ(δ)

∫ θ

0

(∫ η1

0

(η1 −m)δ−1G (s,ϖ(m)) dm

)
ds. (7.2.2)

Theorem 7.2.1. Suppose that G : I × R → R is a continuous function and fulfilling

|G (η1, ϖ(η1))− G (η1, ϑ(η1))| ≤
Γ(δ + 1)

5
e−τ |ϖ(η1)− ϑ(η1)|,

for each η1 ∈ [0, 1], ∀ ϖ,ϑ ∈ C([0, 1],R) and for some τ > 0. Then (7.2.1) with given

boundary conditions has a solution.

Proof. E1 := C([0, 1],R) fitted with metric d : E1 × E1 → [0,∞) defined as d(ϖ,ϑ) =

supt∈[0,1] |ϖ(t) − ϑ(t)|, ∀ ϖ,ϑ ∈ E1. Define an orthogonal relation ϖ ⊥ ϑ if and only if

ϖϑ ≥ 0, ∀ ϖ,ϑ ∈ E1. Then (E1,⊥, d) is an OMS. Define T : E1 → E1 as in (7.2.2).

Thus T is ⊥-continuous. First, we demonstrate that T is ⊥-preserving, assume that
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ϖ(η2) ⊥ ϑ(η2) ∀ η2 ∈ [0, 1]. Now, from (7.2.2), we find

T ϖ(η2)

=
1

Γ(δ)

∫ η2

0

(η2 − η1)
δ−1G (s,ϖ(η1)) dη1 −

2η2
(2− θ2)Γ(δ)

∫ 1

0

(1− η1)
δ−1G (s,ϖ(η1)) ds

+
2η2

(2− θ2)Γ(δ)

∫ θ

0

(∫ η1

0

(η1 −m)δ−1G (η1, ϖ(m)) dm

)
dη1 > 0,

that means T ϖ ⊥ T ϑ.

Now, for F (r) = ln r, r > 0, we have to prove that T fulfills (i) of Corollary 2.3.6. For

all η2 ∈ [0, 1], ϖ(η2) ⊥ ϑ(η2), we have

∣∣T ϖ(η2)− T ϑ(η2)
∣∣

=

∣∣∣∣∣ 1

Γ(δ)

∫ η2

0

(η2 − η1)
δ−1G (η1, ϖ(η1)) dη1 −

2η2
(2− θ2)Γ(δ)

∫ 1

0

(1− η1)
δ−1G (η1, ϖ(η1)) dη1

+
2η2

(2− θ2)Γ(δ)

∫ θ

0

(∫ η1

0

(η1 −m)δ−1G (η1, ϖ(m)) dm

)
dη1

− (
1

Γ(δ)

∫ η2

0

(η2 − η1)
δ−1G (η1, ϑ(η1)) dη1 −

2η2
(2− θ2)Γ(δ)

∫ 1

0

(1− η1)
δ−1G (η1, ϑ(η1)) dη1

+
2η2

(2− θ2)Γ(δ)

∫ θ

0

(∫ η1

0

(η1 −m)δ−1G (η1, ϑ(m)) dm

)
dη1)

∣∣∣∣∣
≤ 1

Γ(δ)

∫ η2

0

(η2 − η1)
δ−1|G (η1, ϖ(η1))− G (η1, ϑ(η1))| dη1

− 2η2
(2− θ2)Γ(δ)

∫ 1

0

(1− η1)
δ−1|G (η1, ϖ(η1))− G (η1, ϑ(η1))| ds

+
2η2

(2− θ2)Γ(δ)

∫ θ

0

(∫ η1

0

(η1 −m)δ−1|G (η1, ϖ(m))− G (η1, ϑ(m))| dm
)
dη1

≤ 1

Γ(δ)

∫ η2

0

(η2 − η1)
δ−1

[
Γ(δ + 1)

5
e−τ sup

η1∈[0,1]
|ϖ(η1)− ϑ(η1)|

]
dη1

− 2η2
(2− θ2)Γ(δ)

∫ 1

0

(1− η1)
δ−1

[
Γ(δ + 1)

5
e−τ sup

s∈[0,1]
|ϖ(η1)− ϑ(η1)|

]
dη1

+
2η2

(2− θ2)Γ(δ)

∫ θ

0

(∫ η1

0

(η1 −m)δ−1

[
Γ(δ + 1)

5
e−τ sup

s∈[0,1]
|ϖ(η1)− ϑ(η1)|

]
dm

)
dη1
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≤

[
Γ(δ + 1)

5
e−τ sup

η1∈[0,1]
|ϖ(η1)− ϑ(η1)|

]
× sup

η2∈[0,1]
(

1

Γ(δ)

∫ η2

0

(η2 − η1)
δ−1 dη1

− 2η2
(2− θ2)Γ(δ)

∫ 1

0

(1− η2)
δ−1 dη2 +

2η1
(2− θ2)Γ(δ)

∫ θ

0

(∫ η1

0

(η1 −m)δ−1dm

)
dη2)

≤ e−τ sup
η1∈[0,1]

|ϖ(η1)− ϑ(η1)|

= e−τd(ϖ,ϑ),

∀ ϖ,ϑ ∈ E1. Hence, (i) of Corollary 2.3.6 holds. Accordingly, all assumptions of Corollary

2.3.6 are fulfilled, and T has a fixed point. It demonstrates that (7.2.1) possesses a

solution.
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