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Abstract

The thesis has been split into seven chapters, the first of which includes an introduction
to the subject matter and a review of the literature, followed by a summary of the thesis’s
contents. In the second chapter, we obtain a few sufficient conditions for the existence
of fixed point in the framework of F-metric space, orthogonal F-metric space, orthogonal
metric space, and complete quasi-2-normed space. In the third chapter, we investigate
the Hyers Ulam stability of fixed point and Cauchy functional equations in the context
of F-metric space. We study properties, equivalence results, and Ulam-type stability
for different forms of quadratic functional equations in the fourth chapter. In the fifth
chapter, we study the stability of a quartic functional equation in non-Archmedean (-
normed space and complete (3, p)-normed space. We study the hyperstability of a general
linear functional equation in a complete quasi-2-normed space in the sixth chapter. In
the last chapter, we study the stability of integral equations in the setting F-metric space
and provide a solution for a Caputo-type nonlinear fractional integro-differential equation

in the framework of orthogonal metric space.

Keywords: Stability, Fixed Point Methods, Functional Equations, Quasi-
Normed Space, (8,p)-Normed Space, Non-Archimedean [-Normed Space,
Quasi-2-Normed Space.
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Chapter 1

Introduction

1.1 Foundation of Functional Equations

The analysis of functional equations is most important in a modern branch of mathemat-
ics. It offers a powerful technique for working with critical concepts and relationships
in analysis and algebra. It also aided in the development of powerful tools in a variety
of allied disciplines. Various mathematicians, including Euler, Poisson, Cauchy, Abel,
Darboux, and Hilbert, studied functional equations in various forms. Even, odd, and

periodic functions are the most basic types of functional equations (see [1,2,119]).

A Hungarian mathematician Aczél (see [1,2]) defined functional equation as follows:

A Functional equation is an equation

A = Ay
between two terms A; and As, which contain £ independent variable’s wy, s, - - , wy
and n > 1 unknown functions F, Fy,--- , F, of 71,72, ,J, variables respectively, as

well as a finite number of known functions.

An equation of the form g(w, 3,7, --) = 0, where the function g contains a finite number
of independent variables, unknown functions, and known functions is called a functional
equation. That is to say, a functional equation is any equation that specifies a function
implicitly. Functional equations include differential, integral, difference, and iterative

equations.

Oresme (see [36]) defined linear functions in an indirect manner. Although Oresme’s
definition of linearity can be acknowledged as an early version of a functional equation,

it does not demonstrate the functional equation’s theory’s starting point.

Although D'Alembert was the first researcher to consider functional equations, the topic

of functional equations can be traced back to Cauchy’s work (see [119]). The functional



equation associated with Cauchy is
g(w+ 1) = g(w) + g(9). (1.1.1)

For a category of continuous real-valued functions, Cauchy solved (1.1.1). Concept of
additive functional equations is an extremely useful tool in the development of natural and
social sciences. It is well understood that an additive function g has linearity (see [107])

if ¢ fulfills any of the following conditions:
(i) g is monotonic or bounded on an interval of positive length;
(ii) g is measurable.
(iii) g is integrable;
(iv) g is continuous at a point;

In 1906, Jensen (see [107], [119]) give the following functional equation

v v
g(w+ ): o(=) +9(9) 1)
2 2
It is believed that Jensen’s functional equation is the average of (1.1.1).
General linear functional equation (see [66]) has the form
glaw + b0+ ¢) = Ag(w) + Bg(¥) + C, abAB # 0, (1.1.3)

where ¢ : RV — R is unknown function and ¢ € RY, b,a,C, B, A, € R. The solution of
(1.1.3) has been discussed in Kuczma [66].
Note that (1.1.1) is a specific case of (1.1.3) forc =0 = C,b=a =1 = B = A. Moreover,

1
(1.1.3) also includes (1.1.2) for c=0=C,B=A= 5= b=a.

A quadratic equation is a characteristic equation of a second-order linear differential
equation. Quadratic equations are used when gravity is present, such as the path of a
ball or the shape of cables in a suspension bridge. Quadratic functional equation (see [3])

is the well known functional equation of the following form
g(w +9) + g(w — ¥) = 2g9(w) + 29(V). (1.1.4)

(1.1.4) is solved by the function g(w) = C'w?, where C is a constant. (1.1.4) is also said
to be Euler-Lagrange functional equation introduced by Rassias [94].

There are different forms of quadratic functional equations in which some forms of



quadratic functional equations are given below:

In 1995, Kannappan [61] solved the following functional equation
9@+ +7) +g(@)+90) +9(y) =g9(@+ ) +9(0+7)+9(y+=).  (LLD)

In 2000, Bae [11] showed that

g(@w+I9+7)+g(w—19)+g(w—7) + 90 —7) =3[g(w) +9() +g9(v)]  (1.1.6)

is equivalent to (1.1.4).
In 1987, Drygas [43] considered the following functional equation

o@)+90) =atm -0 +2{s (T30) -0 (F70) )

which is closely related to a quadratic functional equation. It can be morphed into the

following equation (see Remark 9.1, pp 131, [107])
g(@ + ) + g(@w — ¥) = 29(@) + g(V) + g(=7), (1.1.8)

for all ¥, € R. (1.1.8) is a generalization of (1.1.4).
Ebanks et al. [45] provided a solution of (1.1.8) and has the following form

g(w) = l(w) + m(I) (1.1.9)

where m : R — R and [ : R — R are quadratic and additive functions respectively.

A quartic equation is a fourth-order linear differential or difference equation’s character-
istic equation. Quartic equations are frequently encountered in computational geometry
and allied fields such as optics, computer-aided manufacturing, computer-aided design,
and computer graphics. There are many different types of quartic equations, and some
forms of quartic functional equations are given below:

In 1999, Rassias [96] investigated some properties of the following quartic functional

equation:
g(w —29) + g(w + 29) + 6g(w) = 4 (g(w — V) + g(w + V) + 249(9). (1.1.10)

Chung and Sahoo [35] showed that g(w) = l[(w, w, w, w) if and only if g : R — R is the
solution of (1.1.10), where [ : R* — R is additive and symmetric. The premise that every



solution of (1.1.10) is even and can be expressed as follows:
92w —9) + 92w + ) = 4(g9(w — ) + g(w + V) + 24g(w) — 69(V). (1.1.11)

The function g(w) = Cw! is easily recognized as a solution of (1.1.11), where C' is a

constant. In 2014, Bodaghi [18] solved the following quartic equation

g(w +mV) + g(w — md) = 2(m — 1)(Tm — 9)g(w) + 2(m* — 1)m?g(9) — (m — 1)*¢(2w)
+m*{g(w — V) + g(w +9)}. (1.1.12)

where m is a constant integer.

1.2 Stability of Functional Equations

Stability problem of functional equations arose in 1940 as a result of a question Ulam
raised in his talk at the University of Wisconsin [123,124].

“Is it correct to say that a function that approximates a functional equation F' must be

near to an exact solution of F'?7 7

Hyers [53] provided a completely positive response to the question of Ulam in complete
normed space in 1941, and this form of the problem is referred as HU stability prob-

lem.

Theorem 1.2.1. [53] Let & and & be complete normed spaces, g : & — & is a map
such that

| (0 + @) —g(¥) —g(w) || < 6,¥Y w,¥ € &, for somed > 0. (1.2.1)
Then the limit
H(w) = lim 27 {(2") (122
exists, and H : & — & is a unique additive function such that

I 9(@) = H(w) [[< 9,

for every w € &.

Besides that, it is possible that there is no such alternative, that is, all solutions of stability

inequality are exact solutions of functional equation. In this situation, there is a need



for hyperstability. In 1949, Bourgin [21] gave the first hyperstability result concerning
ring homomorphism. The term hyperstability was most likely first used in [71]. Aoki [§]
and Rassias [99] generalize Hyers Theorem 1.2.1 for linear and additive maps in 1950 and
1978, respectively. Later, Gavurta [50] generalized the corresponding results of Aoki [§]

and Rassias [99] for additive Cauchy linear functional equation.

HU stability concept is very beneficial in various branches of Mathematics, viz., optimiza-
tion, differential equations, numerical analysis, and other allied areas. Recently, many
researchers (see, [9,19,55,69,75,108] ) have investigated the HU stability of various forms

of differential equations and their solutions.

A most essential branch of nonlinear analysis is fixed point theory. A well-known math-
ematician Stefan Banach [16] stated and proved an important result known as Banach
contraction principle in 1922. Since the introduction of this theory, many generalizations
have been made in various frameworks. In 1968, Margolis and Diaz [42] generalized Ba-
nach contraction principle. Thereafter many researchers generalized contraction principle
and obtained a few interesting outcomes (see [27,31,49,51,80,101,102,104,125-127]. Over
the last two decades, fixed point methods have emerged as an effective and necessary way

of investigating the HU stability of functional equations.

Theorem 1.2.2. [42] Let (&1,D) be a CGMS and T : & — & is a contraction map

fulfilling:
(C1) VU, w € &, there exists a constant M (0 < M < 1), such that as often as ®(w, V) <

oo one has
DT w, T09) < MD(w,1).

Then for each w € &, we have either of the following conditions:

A) eitherV n eN, D(T"w, T w) =
(A) , D , ,

(B) or
(i) im J"w = w*, where w* is a fived point of T;
(i) D(w, =) < (1 _1M> D(w, Tw).

Radu [92] presented a new approach in 2003 for determining the existence of extract
solutions and error estimations using Margolis and Diaz fixed point approach and he
used this method to investigate Jensen’s functional equation’s stability. Thereafter, many
authors investigated Ulam-type stability using this method (see, [31,32,41,74]).



In 2011, Brzdek et al. [22] proposed a fixed point theorem for some operators and obtained
numerous general outcomes on the stability of functional equations’s class. Thereafter,
various researchers investigated Ulam-type stability using the fixed point approach pro-
vided in [22] (see, [25,46,89,90]).

In 2018, Dung and Hang [44] extended fixed point method of [22] to the setting of a
complete QNS. Later, using Dung and Hang fixed point approach, Kim [65] studied the

Fréchet functional equation’s stability.

In 2018, Brzdek and Cieplinski [27] extended the approach of [22] in complete 2NS.
Almahalebi and Chahbi [6] extended the approach of [22] to the setting of a complete

2NS, in a similar way. Thereafter, several authors studied Ulam-type stability using fixed
point methods provided in [6] and [27] (see, [5,29,81]).

Using fixed point methods and direct methods, various mathematicians have studied the
stability of functional equations (like Cauchy, quartic, general linear, quadratic functional
equations) in different spaces (see [4,5,11-14,20,22-25, 28, 29,33, 34, 37, 39,40, 44, 46,47,
54,57-60, 67,68, 70,73, 77-79, 83, 85,89, 91, 93, 95, 96, 100, 105, 106, 117,118,120, 121] and

references cited therein)

So motivated by these works, utilizing direct methods and fixed point, we obtain some

stability results of some functional equations in various spaces.

1.3 Preliminaries

Here, we present the notions, definitions, results, and properties that will be beneficial
throughout the thesis.

For the topology of quasi-normed space (QNS) and a sequence to be convergent, Cauchy,

complete in QNS, p-norm (see [7,17,30,72,76] and references cited therein).

Based on the Aoki-Rolewicz theorem (see [72,76]), each QN is equivalent to some p-norm
(see also [17]).

Every NS is a type of QNS (for modulus of concavity K = 1).

Remark 1.3.1. The sequence space & = (P, 0 < p < 1, with the function

o %
=il = (Z £ rp)
i=1

is a QNS with K = 20/P)=1 (see [7,80]), but if we take p = L and 9 = {U;} =

1
2



{0,0,2,0,0, } €&, w= {w,} = {0, 1,0,0,0, } € 8.

Then we have

- 2
|lw + 9| = (Z | @i + 9 |1/2> = (1+v2)?%

=1

and

00 2 00 2
Il + 1191l = (Zm |1/2> +<Z|191~ |1/2> _3
=1 i=1

It’s obvious that
||| + 19| < [lw + 3.

Thus, & 1is not a NS.

Theorem 1.3.2. (see [72]) Let (&1, ||.||, K > 1) be a QNS, p =logyx 2, and

|=

[lle|l] = inf{ (ZH@Hp) =) @jm€,n>1}
j=1

j=1

Then |[|.||| is a p-norm on &, that is,
119 + ||l < [[9[[IP + [[[]|]”, ¥ 9, € &
MoreoverN w € &7,
1
Ll < =il < .

If |||l is @ norm, then p =1 and |||.||]| = ||.||-

(1.3.1)

(1.3.2)

In 2009, Rassias and Kim [97] introduced QSN and QFNS. For the topology of quasi-3-

normed space, (3, p)-normed space ((/3,p)-NS) and a sequence to be Cauchy and conver-

gent in QBNS (see [97,103] and references cited therein).

For the topology of b-metric space (BMS) (see [30,38] and references cited therein).

For the topology of generalized b-metric space (GBMS) (see [10] and references cited

therein).

The following proposition of Paluszyniski and Stempak [84] will be used in the sequel.



Proposition 1.3.3. Suppose that (81,0, K > 1) is a b-metric space, p = logyx 2, and
D(w, ) = inf{z O (wi, wis1) : W1 = W, W, , Wy, Wnt1 =V € &, n>1}1 (1.3.3)
i=1

Then © 1is a metric on & fulfilling

1

Zép(w,ﬁ) <D(w, V) < P (w, V), ¥V w, v € &. (1.3.4)
In especially, if & is a metric thenp =1 and ® = 9.

Hensel [52] proposed a NS without the Archimedean property in 1897. Non-Archimedean
spaces were later discovered to have a wide variety of useful applications (see [62,63,82]).
For the toplogy of non-Archimedean S-normed space (NAS-NS) (see [98,113]).

A sequence {w, 1 — w,} converge to zero iff sequence {w,} is a Cauchy sequence in a

NAB-NS &.

For the topology of quasi-2-normed space (Q2NS), quasi-p-norm, 2-normed space (2NS),
Quasi-2-norm (Q2N), and a sequence to be quasi-2-convergent, quasi-2-Cauchy sequence,
and quasi-2-bounded sequence in Q2NS, see [48,86,112].

Here, we present the following results as a lemma (details in [87]), which will be used in

the sequel.
Lemma 1.3.4. Assume that & is a 2NS. Then,
(1) 19, =Nl Al < |0 =@, 4| V @,7,9 € &,

(2) ||, v]] = 0 = ||v,wl|, then w = 0, where w,w,y € & and vy,w are linearly
independent (LI),

(8) for a convergent sequence w, € &,

lim ||@,,y|| = || lim @,,v||, Y€ é&.

Now, we show that every 2NS is a special situation of Q2NS (for modulus of concavity
K=1).

Motivated by the examples given in [64], we give the following two examples.

Example 1.3.1. Assume that & = R? and @ = @i+ waj +wwsk, ¥ = 910 +199) + U3k €



R3. Define

3
HW, 19” = &|wi019i0+1 - wio+119i0| + Z ’wwqiﬂ - wz’+119i|>
%10
where |wi019i0+1 — wi0+119i0| = min{|wi19i+1 — wi+119i| . ]_ S Z S 3}, Wy = Wy, 194 = 191 and
a> 1. Then (R3,||w,?|) is a Q2NS.

Now, we’ll show that (R3,||c,9||) is not a 2NS.

For v =(1,0,0),7=(0,1,2),w = (0,—1,1), we have
|, 9| =2, [|w,7|| =3, and ||, 9 + 7| = a+5,

and ||, 9+ 7| = a+5> ||@, 9| + ||@,y]| =2+ 3 = 5.
Therefore for every a > 1 condition (Ny) is not satisfy. Hence for every a > 1,
(R3, ||=, 9||) is not a 2NS.

Example 1.3.2. On interval I = [0,1], assume that Py is the set of real polynomials of
degree < 2. Py is linear vector space when scalar multiplication and addition are used.

In [0, 1], suppose {w, w2, ws,ws} are different fized points. Consider a 2NS on Py as

22 -
- 9ll = ~5-al f (i)' (@ie) = f'(wi) (i) | + > |f(@)g (@) = f(@i)g(@)],
i#i
where | f(wiy)g'(@i,) — ['(@iy)9(@iy)| = min{|f(@:)g'(@i) — f'(@i)g(@i)] : 1 < i < 4}
and a > 1. Then (Po, || f, gl|) is a Q2NS.
We now demonstrate that (P, || f, gl|) is not a 2NS.

Let us take w :1,w2:%,w3:§ and @y =0. For f =w,h = (w—1)% and g = w*

)

we get
| f(@)d (@) = f(@1)g(m1) |= 1
| f(@2)g'(@2) — f'(w2)g(w2) |= 411
| f(w3)g'(w3) = f'(c3)g(eos) |= %
| F(@)g (wa) = [ (@1)g(wa) |= 0,
ond .91 = 55



In, a similar way, we get

| F)H (@) — (@)h(m) [= 0
| (@)l (@) — f(@s) () |= Z
| f(ews) ' (w3) — f(ws)h(ws) [= g

| f(w4)h’(w4) - f’(w4)h(w4) |= L,

95
d = —.
Also, we get

| f(@1)(g+ 1) (w1) — fl(@1)(g + h) (@) [=

| f(w2)(g + 1) (w2) = f(w2)(g + h)(w2) |=

| f(ws)(g + h) (ws) — f'(w3)(g + h)(ws) |=

| f(wa)(g + D) (w4) — f(wa)(g + h)(wa) |= 1,
and |, (g4 W) = o+

We can infer from the above results that

NaREEN B NN I

11 25 49 95 36

Hence, (Py, || f,gl|) is not a 2NS, for every a > 1.

Definition 1.3.5. Suppose that & is a real linear space of dimension greater than 1.
Q2N’s |||+, ||| and ||-,-|| define on & are equivalent if there exist m, M > 0 such that

ml[0, w|| < [||v, =[] < M[[9, ]|, ¥ @, € &.

Let v € & be fized and define a equivalent Q2N by

liew, Al = inf{ (3 lles,1l7) " | = D w5} (1.3.5)

It is obvious that |||aw, Y| =| o | ||, ||, that is |||, 2[| < |, ], and|[|-,-||| satisfied
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the inequality,

1
1 A\
5" ] < (zuwm )
j=1 j=1

for all {w;}7_,. It means that ||, || < 4+ |||, ~|], that is,
1 T r r
1 = = lll@All" <l =7 II", (1.3.6)

where 2+ = 2K (or 7 = logy 2) for K > 1.
The following result of Park [86] will be used in the sequel.

Lemma 1.3.6. Assume that (&1, -, - ||) is a Q2NS. There is a p(0 < p < 1) and
equivalent Q2N |||-,-||| on & fulfilling

9+ AP < 9,7 + [l AP, ¥ @,y,9 € &

Here it is to note that Q2N is not continuous, but its equivalent norm defined by (1.3.5)

1S continuous.

Lemma 1.3.7. [112] If & is a Q2NS, then the equivalent Q2N defined as

i, Al = inf{ (Dl )" 1 = Y- o3},

YV w,y € & and r =log,k 2, is continuous on & .

Assume that F is the set of function f : (0,+00) — R fulfilling the following assump-

tions:
(1) f is non-decreasing, that is 0 < A\ < p implies f(A\) < f(u),

(O9) for every sequence {u,} C (0, +00), we get

lim p,, = 0iff lim f(p,) = —oc.
n—o0

n—oo

For the toplogy of F-metric space (FMS) and a sequence to be F-convergent, F-Cauchy,
and F-complete in FMS (see [56]).

Definition 1.3.8. [125,127] Let F : (0,4+00) — R be a map fulfilling:

11



(F1) ¥ w,9 >0, w > » implies F(w) > F(V);

(F2) for every sequence {w,} in Rt we get lir+n w, =0 iff liIP F(w,) = —o0,
n—-+0oo n—-+0oo

(F3) there exists a number k € (0,1) such that lim @w"F(w) = 0.

a—0t

If lim F(t) = — oo, then using (F1), we get F(t,) = — oo = t,, — 0 (see [122,127]).

t—0t

Following Wardowski’s work [125-127], we designate F as the family of all the functions
F :(0,400) — R fulfilling (F3) and (F1).

We designate F’ as the family of all the functions F' : (0, +o00) — R fulfilling (F3), (F1)

and
(F4) F(inf A) = inf F(A) V A C (0,00) with inf A > 0.

Here, lim F(c¢) = F(d—0) = lim F(d —¢) (left limit at d) and lim F(c) = F(d+0) =
c—d~ e—0t c—dt

lim F(d+ ¢) (right limit at d) V d € (0,+00). According to mathematical analysis, V

e—0t

d € (0,400), following is true

F(d—0) < F(d) < F(d +0). (1.3.7)

Example 1.3.3. Let functions Fy, Fs, F3 : (0,+00) — R defined by:
(1) Fi(w) = \;—}U,V w > 0;

(2) Fy(w) =Inw, V w > 0;

(3) F3(w) =w+Inw, V@ > 0.

Then Fy, Fy, F3 € F

Let (&1, d) be a metric space. Assume that H is a Hausdorff-Pompeiu metric generated
by metric d on a set &1, P(&)) represent the family of all nonempty subset of &, CB(&7)
represent the family of all nonempty, bounded and closed subsets of & and K (&) denotes
the family of all nonempty compact subsets of &1. H : CB(&7) x CB(&1) — R defined by,
for every B, A € CB(&),

H(A, B) = max {Sup d(w, B),sup d(v, A)} ,

weA veB
where d(w, A) = inf{d(w,?) : ¥ € A}.
Suppose that ® represent the family of functions ¢ : [0,00) — [0, 00) fulfilling the follow-

ing assumptions:

12



(Wi) ¢ is non-decreasing, that is 0 < A < p implies (X)) < @(u).

(Wii) ¢"(t) = 0 as r — oo, for t € [0, 00).

1.4 Objectives of thesis

The main objectives of this thesis are
e To prove some results on the existence of fixed points.

e To prove some results on the stability or hyperstability of some functional equations

using the fixed point approach.

1.5 Structure of the thesis

The thesis has been split into seven chapters, the first of which includes an introduction
to the subject matter and a review of literature, followed by a brief summary of thesis’s
contents. In the second chapter, we obtain a few sufficient conditions for the existence
of fixed point in the framework of FMS, OFMS, OMS, and complete Q2NS. In the
third chapter, we study HU stability of Cauchy and fixed point functional equations in
the context of FMS. We study properties, equivalence results, and Ulam-type stability
for different forms of quadratic functional equations in the fourth chapter. In the fifth
chapter, we discuss stability of a quartic functional equation in NAS-NS and complete
(B,p)-NS. We discuss hyperstability of a general linear functional equation in complete
Q2NS in the sixth chapter. We discuss the stability of integral equations in the setting
FMS and provide a solution for a Caputo-type nonlinear fractional integro-differential

equation in the framework of OMS, in the last chapter.

The thesis’s contents are as follows:

Chapter 1: Introduction

This chapter includes an introduction to the subject matter and a review of literature,
as well as preliminary, thesis objectives, and a brief summary of contents of the various

chapters of thesis.

Chapter 2: Existence of Fixed Point

In this chapter, we discuss some sufficient conditions for the existence of fixed point in
the framework of FMS, OFMS, OMS, and complete Q2NS. Results of this chapter are

13



published in Sharma and Chandok [109-112].

Chapter 3: Stability of Cauchy and fixed point functional equations

We study HU stability of Cauchy and fixed point functional equations in this chapter.
Also, we present well-posedness of a fixed point functional equation. Results of this chap-
ter are published in Sharma and Chandok [111].

Chapter 4: Generalized HUR stability for different forms of quadratic func-

tional equations

This chapter deals with equivalence and generalized HUR stability of quadratic functional
equations. It has been split into four sections. We investigate the equivalence for differ-
ent forms of quadratic functional equations in the first section. We study the generalized
HUR stability of a 3-variables quadratic functional equation in the setting of complete
2NS and complete QNS, respectively, in the second section and the third section. The re-
sults of the first section and the second section are proved in Sharma and Chandok [116],
and results of the third section are published in Sharma and Chandok [114]. In the last
section, we study the generalized HUR stability of a Drygas functional equation in the
framework complete QNS. Results of this chapter are accepted in Sharma and Chan-
dok [115].

Chapter 5: Ulam-type stability of a quartic functional equation

This Chapter has been split into three sections. In the first two sections, we discuss
generalized HU stability of a quartic functional equation utilizing direct and fixed point
methods in the setting of (3, p)-NS. In the last section, we use a direct method to inves-
tigate the generalized HU stability of a quartic functional equation in the framework of
NAp-NS. Results of this chapter are published in Sharma and Chandok [113].

Chapter 6: Generalized hyperstability of a general linear equation in a com-

plete quasi-2-normed space

We study the generalized hyperstability of a general linear functional equation in a com-
plete Q2NS using a fixed point approach in this chapter. Results of this chapter are
published in Sharma and Chandok [112].

Chapter 7: Application to Hyers-Ulam Stability
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This chapter has been split into two sections. We study the stability of integral equa-
tion in FMS, in the first section. The findings of this section are proved in Sharma and
Chandok [111]. In the last section, we provide a solution for a Caputo-type nonlinear
fractional integro-differential equation in OMS. The findings of this section are published
in Sharma and Chandok [109].
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Chapter 2

Existence of fixed point

Introduction

In this chapter, we get a few sufficient conditions for the existence of fixed point in
the framework of FMS, OFMS, OMS, complete Q2NS. Outcomes of this chapter are
published in Sharma and Chandok [109-112].

2.1 Existence of fixed point in J-metric space

Here, we study the existence of a fixed point in the framework of FMS. Results of this

section are accepted in Sharma and Chandok [111].

Theorem 2.1.1. Let (61,92) be a F-complete FMS and T : & — & be a self map
fulfilling

DT w, T9) < (P (w,)), Vwdeé&, and p € D, (2.1.1)

Then Z has a unique fized point.

Proof. Choose wy is an arbitrary element. Define {w,} C & by w, 1 = Tw, = T "wy
for all r € NU{0}. We may assume that Z(wp, w;) > 0. From (2.1.1), we obtain

@(wmwr—kl) = @<gwr—1; ywr) S (P(@(wr—hwr)) S s S @T(@<w07wl))-

Taking limit » — oo and using the condition (Wii), we have

lim Z(w,,w,1) < lim ¢"(D(wp, w;)) — 0. (2.1.2)

T—00 T—00

Suppose that € > 0, and (f,a) € F x [0, 00) such that ( [56], D3, pp. 3) is fulfilled. By
(©1), there exists a n > 0 such that for 0 <t < n, we get

f(t) < f(e) — a. (2.1.3)

17



Using (2.1.2), we have lim %(w,, w,4+1) = 0. Further,

s—1
Z D(wi, wit1) = D@y, @ry1) + D(Wri1, @rs2) + ..+ D(ws_1, ws). (2.1.4)
It implies that
s—1
> Dwi, win) < (D@0, @) + ¢ (D (@0, 1)) + - .. + 0" (D (w0, 1)) (2.1.5)
Hence, we have
s—1
©" (2 (o, 1))
D (@i, wi1) < :
2 =) S T )

. . ©" (Y (wy, w1))
Since TILnQO = (Dm0, =)

" (2 (w0, @1)) .
< n, for r > N. Hence by (2.1.3) and (0;), we obtain
T o @) =" y (2.1.3) and (©,)

= 0, for a given n > 0 there exists N € N such that

0<

f <; g(wz’awiﬂ)) <f (1 irfpf(@??;:;)l)))) < fle)—a, s>r>N. (2.1.6)

From ( [56], D3, pp. 3) and (2.1.6), we get

s—1

(D)) < f <Z P (i, wm)) ta<fe).

i=r

Using ©,, we have 2(w,,w;) < ¢, for s,7 > N. Hence {w,} is F- Cauchy. Due to F-

completeness; there exists @w* € &) such that {w,} is F- convergent to w*, that is,

lim 2(w,,w") = 0. (2.1.7)

7—00

Now, we have to demonstrate that @™ is a fixed point of .7. We argue by paradox, let
P(Tw*,w*) > 0. From ( [56], D3, pp. 3), we obtained

f(2(Twm*, w")) 2(Tw*, Tw,)+ DT w,, @)+«

<f
< Fp(2@" @) + D(@rin, @) +

18



Taking r — oo, using (O2) and (2.1.7), we have

lim f [p(Z(w", w,)) + P(w 41, w")] + @ = —00.

r—00
Therefore, f(2(Tw*,w*)) < —o0 or (T w*, w*) < —oo, which is a contradiction. So,
we get (T w*, w*) =0, that is Tw* = w™.
Now to demonstrate uniqueness of fixed point. Suppose that 7 has two distinct fixed
points say Y1,y € &1, such that Z(d;,92) > 0. utilising (2.1.1) we get

.@(791,792) = .@(gﬁl, gﬁg) S @(.@(791,192)) = @(.@(901, 9792)) S @2(.@(191,792)) S
< ¢"(2(0h,02)).

Taking r» — oo, and using (Wii), we have, Z(0;,72) < 0. Hence 2(v;,03) = 0, that is,
= . [ |

Example 2.1.1. Suppose that & = 1[0,3], Z : & X & — & is a mapping defined by
D(w,0) = (w—19)2, V (w,9) €& x &

is F-complete FMS with o = In(3) and f(t) = In(t).
Define  : & — & as

ﬁWZ%—i—l, YV w e .

t 1
Define ¢ : [0,3] — [0,3] as p(t) = 1T where a < £ 50 it fulfills o € ®. Then T has
a unique fized point.

Y =w
3 g =%
2,,
2 1 1 2 3 4

Figure 2.1: Graph of w = % + 1.
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Proof. Choose T w = % + 1, for each w € &. Consider

2

@(9w,%>=<§+1—§—1)

NEREAY

S22

_(w—ﬁ)2

a 4

)

4

Sg(j’ﬁ)ﬂt.

t
Therefore, (T w, 79) < p(Z(w,?)), p(t) = 1T is non decreasing function. Hence
7 has a unique fixed point (see Fig. 2.1). [

2.2 Existence of fixed point in orthogonal F-metric

space

Gordji et al. [51] defined an O-set and showed a few fixed point results in OMS. So
motivated by the work of Gordji et al. [51], we extend our results from FMS to OFMS

and study the existence of fixed point in the framework of OFMS. Results of this section
are published in Sharma and Chandok [110].

Definition 2.2.1. Suppose that (&1, L, D) is an OFMS ((&1, L) is an O-set and (&, D)
is a FMS).

Example 2.2.1. Suppose that (& = [0, 1], D) is an FMS with F-metric defined as

e‘w_w,ﬁ;éw
0, =w, VU, we &,

D(w, ) =

f(t)==t>0anda=1. Definew L9 aswd < w orwd <. ThenV I € &,
0L w, so(&,L) is an O-set and (&, L, D) is an OF MS.

For a sequence to be Orthogonal-sequence (briefly, O-sequence) orthogonally F-complete
(briefly, O-F-complete) and a self map to be L-preserving and L-continuous in OFMS,
see [110].

Theorem 2.2.2. Let (&1, L, D) be an O-complete OFMS and T : & — & be a self map
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fulfilling
D(Tw, T9) < o(D(w,v)),V w,d € &, (2.2.1)

with w L 9, D(Tw,79) > 0 and ¢ € . Suppose that T is L-preserving and L-
continuous. If there exists wy € & such that wy L Twy or Twy L wy, then T has a

unique fized point in &.

Proof. Choose wy € & such that wy L T (wy) or Twy L wy. Take wy := T wy,
wy = Tw = T ?wy. We define sequence {w,} € & by w11 = Tw, = T lwyVn e
NU{0}. Due to the L-preserving of .7, we get w,+1 L @, or w, L w,11 Vn e NU{0}.
It means that {c,} is an orthogonal sequence.

If there exists ng € N such that w,,+1 = w,,, then w,, is a fixed point of .7. Thus,
we may suppose that D(w,,@,+1) > 0. On the similar lines of Theorem 2.1.1, we get
VneN Dw,wi) < ¢"(D(wy,w)). Letting limit n — oo and from (Wii) we
have

lim D(wy, wne1) < lim ¢"(D(wg, wy) — 0. (2.2.2)
n—oo

n—o0

Suppose that € > 0, and (f,«) € F x [0, 00) such that (D3, pp. 3, [56]) is fulfilled.

By (©,), there exists a § > 0 such that for § > ¢ > 0, we have

ft) < fle) —a. (2.2.3)
Suppose that D(wp,w;) > 0. From (2.2.2), we get lim D(w,, w,+1) = 0. Further, we
n—oo
have
m—1
> D(wi, @wis1) = D(@n, @ns1) + D(@ns1, Wnga) + -+ D@, @) (2.24)

It implies that

m—1

3 Dl miar) < (Dl @) + & (Dl )+ + 6" (D, 1)

(2.2.5)

Hence, we have

@n(D(woawl))
1 — p(D(wo, @1))

m—1
Y D(wi, @i1) <
i=n
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] , ©"(D(wo, 1))
Since lim
n—oo 1 — @(D(wy, 1))

"(D
©"(D(wo, 1)) < 4, for n > N. Hence by (2.2.3) and (©,), we obtain
11— SO(D(wt);wl))

= 0, for a given 6 > 0 there exists N € N such that

0<

f (; D(wi,wi-i-l)) </f (ﬁiﬁi?é?;;igf))) < fle)—a,N <n<m. (2.2.6)

From (Ds, pp. 3 [56]) and (2.2.6), we obtain

m—1

f(D(w@wn, @wm)) < f (Z D(wi,wiﬂ)) +a < f(e).

i=n

Using O, for n,m > N, we have
D(w,, w,) < €.

Hence {w,} is an orthogonal F- Cauchy.
Here (&7, D) is an orthogonal F-complete, there exists w* € & such that {w,} is orthog-

onal F- convergent to w*, that is

lim D(w,,w") =0. (2.2.7)
n—oo
Utilizing |-continuity of .7, we get T w* = lir+n T w, = lim w,;; = w*. Thus @w" is
n—-+0oo n—oo

a fixed point of 7.

To demonstrate the fixed point’s uniqueness, suppose k* be another fixed point of 7.
Then V n € N, we get J"k* = k*. By our choice of wy, we get wy L k* or k* L wy.
Since 7 is L-preserving, V n € N, we get I "xog L T"k* or T"k* L T "wy.

Suppose that D(7"wy, *) > 0. From (Ds, pp. 3, [56]), we get

D(T"w0,1%) < 9(D(T" 0, 1)) < - < " (D(0, k).

Taking n — oo, we have lim w, = k*. Further, uniqueness of limit implies that w* = x*.
n—oo

Hence the result. [ |

Corollary 2.2.3. Assume that T : & — & is a self map on an OFMS (&1, L, D) and
fulfilled the following assumptions:

(i) & is an orthogonal F—complete;

(i) T is L-preserving and L-continuous;
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(iii) there exists k(0 < k < 1) such thatV (w,9) € & xE withw LY, D(Tw, T9) > 0,

we get

D(Tw, 79) < kD(w, V).

If there exists wy € & such that wy L T wy or Twy L wy, then 7 has a unique fized

point.

Example 2.2.2. Assume that & = {w, = In (@) : n € N} fitted with F-metric
provided by

el £
0, = v,

D(w, V) =

with f(p) = _71 and o = 1. For all w,,w, € &, define w, L w, if and only if
(w>2An=1). Then (&, L, D) is an OF MS.

Define T : & — & as
w1, N = 1
T (wn) =

Wp_1,n > 1.

Take ¢(t) =t,t > 0. Here D(T w,, Tw,) > 0, so for every w > 2, we get

D(T w, «7ww)ep(ywl,9ww)—0(wl,ww) _eFe T
D(wy, wy) w1
Cw—1

=—©¢e Y<e
w+ 1

Ww—1—"Wuw

-1

Hence, all of Theorem 2.2.2°s hypotheses are fulfilled, and 7 has a unique fized point.

2.3 Existence of fixed point in orthogonal metric space

We discuss existence of fixed point in OMS in this section. Results of this section are pub-
lished in Sharma and Chandok [109]. Throughout this section, (&1, L, d) is an OMS.

Definition 2.3.1. Let B and A be two nonempty subsets of an O-set (61, L). The set B
orthogonal to set A is defined as follows:
B 1, A, if for everybe B anda € A, b 1 a.

The following outcomes can be easily seen.
Lemma 2.3.2. Assume that (61, L,d) is an OMS and a € A, B, A € K(&1). Then

e there exists c € A such that d(w, A) = d(w, c).
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e there exists b € B such that d(a,b) < H(A, B).

Theorem 2.3.3. Assume that T : & — K(&1) is a multivalued map on & and following

assumptions are fulfilled:
(1) there exists wy € & such that {wo} L1 Twy or Twy L1 {wp},
(i) ¥V 9, w € &, w LI implies Tw 1y T,

(iti)) ¥V n € N, if {w,} is an orthogonal sequence in & such that w, — w* € &, then

w, L w* orw* L w,.

(iv) if F € F, there exists T > 0 such that ¥ @, € & withw L 9 fulfilling the following:
H(Tw,79)>0, 7+ F(H(Tw, 79)) < F(d(w,1)).

Then 7 has at least a fized point.

Proof. From (i), there exists wy; € Jwy such that wg L w; or wy L wy. By
(i), we have Jwy 11 Jwi, that is there exists wy € Jw; such that w; L wy or
wo L wy. If wy € Jwy, then w is a fixed point of 7. Let wy ¢ Jw;. Since T w;
is compact, d(wi, Twy) > 0. As d(wy, Twy) < H(Twy, Tw), using (F1), we have
F(d(wy, Twy)) < F(H(Two, Tw)). Therefore, using (iv), we get

F(d(wy, Tw1)) < F(H(Two, Tw1)) < F(d(wg, w1)) — 7. (2.3.1)

Continuing this process inductively, we construct an orthogonal sequence {z, } in &; such
that w, 11 € Jw,, for all n € NU {0}. Thus we have w,; L w, or w, L @, for all
n € NU{0}.

For some k € NU {0}, if @y, € Jw;, then wy, is a fixed point of 7.

Thus, V n € NU {0}, we assume that w, ¢ T w,. Since T w, is closed, V n € NU {0},
we get d(w,, Tw,) > 0. Also d(w,, Tw,) < H(Tw,_1, Tw,). So using (F1), we get
Fld(w,, Tw,)) < F(H(Yw,-1, 7w,)). Further from (iv) and for every n > 1, we
get

F(d(wy,, Tw,)) < F(H(Twn—1, Tw,)) < Fld(wp_1,w,)) — T (2.3.2)

Thus from the strictly increasing property of I, we get H(J w,,, Tw,_1) < d(w,, @w,_1).
We know that w,1 € Tw,, dlwy,wn1) = dloy, Tw,) < H(Tw,1, Tw,) <
d(wp—1,@y,). Therefore, the sequence {d(w, 1, w,)} is strictly decreasing sequence. Sup-

pose that t,, = d(w,+1,@,) — t, for some ¢t > 0.
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Further, V ng < n, we get
T+ F(d(wpi1,@n)) <7+ F(H(T @, Twn—1)) < F(d(wy, wn-1)). (2.3.3)

Taking n — 400 in (2.3.3), we have F(t +0) + 7 < F(t + 0), which is a paradox and
hence t,, = d(wy41,w,) — 0. By (F3), there exists k(0 < K < 1) such that

Jim t*P(t,) = 0. (2.3.4)
Using (2.3.2), we get
F(t,) < F(tp-1) =7 < F(ty2) =27 < ... < F(tg) — nr. (2.3.5)
From (2.3.5), following holds
tfE(t,) —tEF(ty) < —tF nr <0,V n eN. (2.3.6)

Choosing n — oo in (2.3.6), we have lir+n nt® = 0. Therefore there exists n; € N such
n—-+0o0

that nt* <1,V n; <n. Thus, we get

ty < —. (2.3.7)

3
|

We now need to demonstrate that {w,} is a Cauchy orthogonal sequence. Consider

m,n € N such that ny <n < m. From (2.3.7) and triangle inequality, we have

d(wnv wm) S d<wn> wn—l—l) + d<wn+1> wn+2) +...+ d(wm—h wm)

=ty 4 togt + - A b
m—1
-3
i=n
—+00
<Dt
=n
400 1
P
=n

1%
By the convergence of series, Z;;OZ é, passing to limit n — 400, we have d(w,,, w,,) — 0.
7

This proves that {w,} is a Cauchy orthogonal sequence. Due to the orthogonal com-

pleteness of &7, there exists w* € & such that lim w, = @w®.
n——+00

We assert that @w* € Jw*. Suppose the contrary that @w* ¢ 7 w*. So there exists ny € N
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such that w* ¢ {w,}

w, L @w* or w* L w, and using (iv), we have

H(Iw,, Tw*) > 0. Therefore, further by our assumption,

n>ny’

Fld(wpi1, Tw")) <74+ F(H(Tw,, Tw"))
< F(d(wy, @")).

Using the strict increasing property of F' and 7 > 0, we have d(w, 1, 7 w*) < d(w,, w").
Taking n — +o0, we get w* € Tw* = Jw*. Hence the result. [ |

It should be noted that in Theorem 2.3.3, Zw is compact V w € &;. In 1974, Reich
[101,102] asked whether a nonempty compact set can be replaced by a nonempty bounded

and closed set. We provide a partial answer to Reich’s problem below.

Theorem 2.3.4. Suppose that T : & — CB(&) is a multivalued map on & and follow-

ing assumptions are fulfilled:
(i) there exists wy € & such that {wo} L1 Twy or Twy L1 {wo},
(i) ¥V ¥, w € &, w LI implies Tw Ly T,

(iti)) ¥V n € N, if {w,} is an orthogonal sequence in & such that w, — w* € &, then

w, L w* orw* L w,.

() if F € F, there exists T > 0 such that ¥ w,d € & with w L 9 fulfilling the
following:

H(Tw,79) >0, 7+ F(H(Tw, 79)) < F(d(w,?)).
Then 7 has at least a fized point.

Proof. Choose wy € &. Since Jw is nonempty V w € &, by (i), we can take
w1 € Jwy such that wy L @y or w; L wy. If wy € Jwy, then @, is a fixed point
of 7. Suppose that @y ¢ Jw;. Then d(w;, Tw;) > 0 since T w; is closed. Since
d(wy, Twy) < H(Twy, T w), then from (F1), we get

F(d(wl, 9@1)) S F(H(ng, gwl))
Using (iv), we get

F(d(wy, Tw1)) < F(H(Two, Tx1)) < F(d(wo, 1)) — 7. (2.3.8)
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From (F4), we gave F(d(w;, Tw)) = 5 igf F(d(wy,v)). So from (2.3.8), we get
eJ w1

Fld(mn, T@)) = inf F(d(w1, 1)) < F(H(T 0, 7)) (2.3.9)

By (ii), we get Twy L1 Jw;. Proceeding this process, V n € NU {0}, we make an
orthogonal sequence {w,} in & such that w,; € Jw,. So, V n € NU {0}, we get

Wy L wpy1 or iy L @,

If wyp € Jwy, then wy is a fixed point of 7 for some k € NU {0}. Thus the proof is

completed.

Therefore, we may suppose that w, ¢ T w, ¥V n € NU{0}. Since Jw, is closed, we get
d(wp, Tw,) >0,V neNU{0}. Also d(w,,, Tw,) < H(Tw,-1, Tw,) and from (F1),
we get F(d(wy,, Tw,)) < F(H(T w1, Twy)).

Further, using (iv), we get

F(d(wy, Tw,)) < F(H(Twy,, Twpi)) < Fld(wn, @wpy1)) — 7 < F(d(wn, wni1)) — %
(2.3.10)
Since F(d(w,, Tw,)) = ) ir;f F(d(wp,v)). Therefore, using (2.3.10), we get
cJwn
F(d(wy,, Twy)) = ) igf F(d(wy, ) < F(H(T w1, T wn)) (2.3.11)
ET wn
< P(d(@n1, 7)) — 5.

So from (2.3.11), we can get a sequence {w,} in & such that there exists w,1; € T w,
and F(d(wy,, wpi1)) < F(d(wp—1,w,)) for all n € N. Now, continuing along the lines of
Theorem 2.3.3, we have the result. [ |

Corollary 2.3.5. Suppose that a map 7 : & — K(&) fulfilling the following assump-

tions:
(1) there exists wy € & such that {wo} L1 Twy or Twy L1 {wp},
(i) ¥ w, 9, € &, w L& implies Tw 11 TV,

(71) if {w,} is an orthogonal sequence in & such that w, — w* € &, then w, L w*
orw* L w,, VneN.
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(iv) there exists someT; > 0,1 =1,2,3 such thatV¥ w,v € & withw L 9, H(Tw, T9) >

0, either of the following contractive assumptions hold

n+ H(Tw, 79) < d(w,?);

1 1
_ < .
T H(Tw, 70) = d(w,0)
1 1

™5+ 1 — cH(Tw.79) < 1 — ed=0)”

Then 7 has at least a fized point in each of these cases.

Proof. As each functions Fi(r) = r, Fo(r) = =%, F3(r) = = and , where r =
d(w, ») > 0 is strictly increasing on (0,400), hence the proof instantly follows from
Theorem 2.3.3. [

By replacing (iii) with .7 is L-continuous, we have the following outcome for single valued

map as a result of Theorem 2.3.3.
Corollary 2.3.6. Suppose that 7 : & — & fulfilling the following assumptions:

(i) there exists some T > 0, such thatV w,d € & with w L9, d(Tw, T9) >0,
T+ F(d(Tw, 79)) < F(d(w,)), (2.3.12)

where F € F,
(i) there exists wy € & such that wy L Twy or Twy L wo,
(i1i) T is L-continuous,
(iv) ¥V O, w € &, w L implies Tw L T9.

Then Z has a fized point.

Proof. By considering 7w is a singleton set for every w € &, we can use .7 as a
multivalued map. Asserting along the same lines as Theorem 2.3.3, we consider {w,} is

a Cauchy orthogonal sequence and lim w, = w*. As 7 is L-continuous, we get
n—oo

dlw*, 7w") = lim d(JTw,, Tw") =0,

n—-+40o

that is, @™ is a fixed point of 7. [ |

Taking F(r) = Inr, r > 0, we have following outcome as a consequence of Corollary

2.3.6.
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Corollary 2.3.7. Suppose that 7 : & — & fulfilling the following assumptions:

(i) there exists some T > 0, such thatV w,v € & with w L 9, d(Tw, TV) > 0,
A(Tw, TVY) < e "d(w,1), (2.3.13)

where F € F,
(ii) there exists wy € & such that wy L Twy or Twy L wy,
(i1i) T is L-continuous,
(iv) ¥V O, w e &, w L implies Tw L T9.
Then 7 has a fixed point.

Here, we provide an example, which proves that .7 is a multivalued orthogonal map and
fulfills (iv) of Theorem 2.3.3, but it is not multivalued orthogonal contraction (H(Z w, 719) <
kd(w, ), for k € [0,1) with @ L 9).

Example 2.3.1. Assume that & = {Sn = ”("TH) ‘n e N} and d : & x & — [0,00) is a
map defined by d(w, V) = |w — 9| V I, w € &.

Define a relation 1 on & by w L 9 if and only if wd € {w,d} C & = {S,.}.

Thus (&1, L,d) is an O-complete OMS.
We define a map 7 : & — K(&) by

T — {w1}, w=m

{wlu"wwnfl}u w:wnanz 1.

We assert that 7 is a multivalued orthogonal map fulfilling (iv) of Theorem 2.3.3 with
respect to F(a) = In(a) + a,a > 0 and 7 = 1. To prove this, we have the following

situations.

We notice thatV n,m € N, [H(Tw, 79) >0 iff ((n=1and m >2) or (1 <n <m)
)]
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Case 1. Forn =1 and m > 2, we get

H(gwmv L7,wl)eH(,7wm,,77-71)*61(12'71“771)

d<wm)w1)
— wm_l W ewrnflfwl
Wm — W1
2
m-—m—2 _ _ _
:2—6 mcemM<e 1.
m*+m —2

Case 2. For 1 <n < m, we have

H(quma gwn> eH(?wm,ﬂwn)—d(wm,wn)

(@, )
— wmil — wnil 6wm—1_wn—1_wm+wn
Wm — Wnp
m+n—1__ _ _
= —¢" m<€n mée l.
m+n-+1

This proves that Z fulfills (iv) of Theorem 2.3.3. Hence 7 has a fized point.

In contrast, 7 is not multivalued orthogonal contraction (H(Tw, TV) < kd(w,V), k €

0,1)), as
H(Tw,, Tw)

lim = lim
n—+oo  d(wy,, w) n—+oo T, — 1

wn_l—lzl

2.4 Existence of fixed point in complete quasi-2-normed
space

In this section, we extend Brzdek and Ciepliniski’s fixed point result [27] to Q2NS. Results
of this section are published in Sharma and Chandok [112].

Theorem 2.4.1. (1) Let & be a complete Q2NS, & be a nonempty set, and Zy be a
subset of & containing two LI vectors, f; : & — &1, gi : Zo — Zo and l; : & X Zy —
R, fori=1,--- k,k € N.

(2) Assume that T : & — & is an operator satisfies

k
|7¢&(w) — T (@), z|| < Zli<w7z)”(§ — ) fi(@), g:(2)|,¥ 1. § € &2 € Zy,w € &

(2.4.1)

(8) Further suppose that € : & X Zy — Ry and ¢ : & — & satisfying the following

30



assumptions
|7 (@) — (@), 2|| < e(w, 2), (2.4.2)

for every w € & and r = logyy 2,

e (w,2) = Y (A%) (@,2) < o0, (2.4.3)

n=0
where A : RY7*#0 — RY*70 s q linear operator defined by

k

Aé(w’ Z) = le(w>z)6(fz(w)7gz(z))> (244)

=1

for 6§ e RY*%0 2 € Zy and w € &.
Then
(1) there exists a fized point ¢ of T with

lo(w) —Y(w), || < 4e™(w, 2), V w € &1, 2 € Zp. (2.4.5)
Additionally, for every w € &7,
li_)m T p(w) = Y(w). (2.4.6)

(2) For every w € &1, z € Zy if

e*(w,z) < (MZ(A%) (w,z)) < 00, (2.4.7)
n=0
then fixed point of T is unique for a few positive real number M.

Proof. @ We demonstrate by using induction that, for every n € Ny, w € & and
z € Zy

I(7"e)(@) = (T e)(@), 2| < (A") (@, 2). (2.4.8)
In fact, by (2.4.2), we have
le(@) = (F9)(@), 2]l < (A%) (@, 2) = &(w, 2).

Then the condition n = 0 is correct. Assume that, for some n € N, (2.4.8) is correct.
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Then from (2.4.1) and using induction, we have
k
(T ) (@) = (T20) (@), 2l < Y li(w, 2)[(T"0)(fi(w)) = (T o) (fi(w)), (9:(2))]]
i=1
k
<D i@, 2) (") (flw), 9:(2)) < (A™e) (w, 2).
i=1
Therefore (2.4.8) holds V n € Ny.
For | > 1 and n € N, by (2.4.8) and (1.3.6) and using Lemma 1.3.6, we have

I1(Z"0) (@) — (T o) (@), 2" < Z (7™ (@) = (T p(@)), gi(2) I

-1
<D (T (@) — (T (@), gi(2) I
o (2.4.9)
= Z (A”“g)r (w, z)
i=0
n+l—1 0
< Z (A'e)" (w,2) < Z (A'e)" (e, 2).
By combining (2.4.9) and (2.4.3), the sequence {(7"¢)(z)} is a quasi-2-Cauchy se-
quence in the equivalent Q2NS (&, ]||.,.|||). Using (1.3.6), {(7"¢)(w)} is also quasi-
2-Cauchy in (&3, ||, .||, K). By the completeness of &, there exists the following limit in
(éa% ||7||7K)
h_)m (T"¢)(w) = Y(w). (2.4.10)

Thus (2.4.6) holds. From (2.4.9), we have |||(T"¢)(w) — (T o) (@), 2]||" < e*(w, 2).
Therefore for all [ > 1 and n € N, we get

(@) = (7'e) (@), 2|II" < € (w, 2). (2.4.11)

Letting | — oo in (2.4.11) and using (2.4.10), and continuity of the equivalent Q2N |||., .|||
by Lemma 1.3.7, we have

llp(@) = d(@), 2[[|" < e¥(w, 2). (2.4.12)

According to (1.3.6), || (@) — ¥ (w), 2z ||'< 4e*(w, z). So (2.4.5) valid. From (2.4.1) and
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(1.3.6) we get V n € N, that

(7™ ) (@) = (T9) (@), # |
= (77"} (@) = (TP) (@), 2 ||

k
<4 YL@ AT (@) = (T ), g

Taking n — oo in (2.4.13) and from (2.4.10), we get
lim || (719)() — (79) (@), = |= 0,

that is (7" ) (@) = (F9)(w). Using this with (2.4.10), we have (Z¢)(w) = (@),
V w € & . This demonstrates that 71 = 1. Thus v is a fixed point of .7 that fulfills
(2.4.5).

Furthermore, assume that ¢ is also a fixed point of .7 fulfilling (2.4.5). Now, we have to
demonstrate that for every m € N and w € &1, 2 € Z,

| 9(@) = ¢(@), 2 [|I=] (T"(@) = (T"P) (@), 2 <8 MY (Ne) (w,2).  (2.4.14)

i=m

Indeed, for m = 0, and using (2.4.12), we have

() = d(@), 2[||" < [|[e(@) — p(@), 2|[]" + |l[e(w@) = d(w), 2[||" < 2¢™(w, 2).
(2.4.15)

From (1.3.6) and (2.4.7), we get

| 9(@) — $(@), = I'< 8¢*(@, 2) (MZN m>.

1=

Thus (2.4.14) valid for m = 0. Suppose that (2.4.14) valid for some m € N. From (2.4.1)
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and (1.3.6), we get

(7™ ) (@) = (77 )(w@), 2]l
<[ (T ) (@) — (T 9) (@), 2 ||
= (FT") (@) = (T T"¢)(w), = |

< Zli(w,z) | (T™Y)(fi(w)) — (T")(fi(w=)), gi(2) |
< Zli(w,Z) (8’1“]\/—’ Z(Aj€)(fj(w))agj(z)>

=8 MY > li(w, 2)(Ne) ((f5(@)), 95(2))

Jj=m i=1

=8 M i/\ (Ne) (@, 2)

j=m

=8 M Z (Ne) (@, 2).

j=m+1

Therefore, (2.4.14) valid V m € N. Taking m — oo and from (2.4.7), we have |||[¢)(w) —
¢(w), z||]% = 0, that is, ©» = ¢. Thus fixed point fulfilling (2.4.5) of .7 is unique. W

Remark 2.4.2. If & is complete 2NS in Theorem 2.4.1, then K =1, r =1 and we get
[Theorem 1, p. 380, [27]]
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Chapter 3

Stability of fixed point and Cauchy functional

equations

Introduction

We study HU stability of fixed point and Cauchy functional equations in this chapter.
Also, we present the well-posedness of a fixed point functional equation. Results of this
chapter are published in Sharma and Chandok [111].

3.1 Stability of fixed point functional equation

We study well-posedness and HU stability of fixed point functional equation in this sec-
tion. Results of this section are published in Sharma and Chandok [111].

Definition 3.1.1. Assume that 7 : & — & is an operator on an FMS (&1,9). The

fixed point equation
w=9(w), weé& (3.1.1)

is HU stable if there exists a strictly increasing and surjective map S : [0,00) — [0, 00)
with f(t) =t — @(t), t € [0,00), where ¢ € ® and such that for each € > 0 and each
solution 0* of 2(V, 7 (9)) < e, for each ¥ € &1, there exists a solution w* of (3.1.1) such
that

D9, @) < B7(e).

Definition 3.1.2. If a fized point problem (3.1.1) for T meets the following conditions,

then it is well-posed

(p1) T has a unique fized point w* € &,
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(p2) if for any sequence {w,} in & such that

lim (I w,,w,) =0,

7—00

then

lim 2(w,,w") =0.

r—00

Theorem 3.1.3. Assume that all of Theorem 2.1.1°s hypotheses are true. Then the

following conditions are valid:

(A1) The fized point equation (3.1.1) is HU stable, that is, if for each ¢ > 0 and each
solution 9* of 2(V, T (0)) < €, for each ¥ € &, there exists a solution w* of (3.1.1)
such that

D9, ") < B(e).

(A2) If {w,} is a sequence in & such that lim P(T w,,w,) =0 and w* is a fized point
r—00
of 7, then (3.1.1) is well-posed.

Proof. (Al) Using Theorem 2.1.1, there is a unique w* € & such that w* = Jw*
that is w* € & is solution of fixed point equation (w = Jw). Assume that ¢ > 0 and
v* € 2. Using ( [56], D3, pp. 3), we get

(20", @") < fl[2(0, T79) + 2(TV", @) + «
< fle + D(T0*, Tw*)] +
< fle+o(2 (19*,W*))]+04-

Hence using property of (01), we have Z2(9*, w*) < € + ¢p(2(9*, w")), or 2(V*,w*) —
0P (0*, w*) < e. Further, we have 5(Z2(¢*,w")) < €. Hence
29", @) < B7(e),

which completes the proof.
(A2) If {&,} is a sequence in & such that lim 2(.7¢,,§,) = 0 and @w* is a unique fixed
r—00

point of 7 (using Theorem 2.1.1). From the contractive condition and triangle inequality,
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we have

(P&, @) < 126, T&) + D(T&, @) +a
< fl2&, 76)+ 2(T&, Ta" )] +
< f12&, T&) + (26, @) + a.

On the same lines of above cases, we have B(Z2(&.,w*)) < 2(&., 7E,). Taking limit

r — 00, we get

lim §(Z(&, @) < lim (&, TE).

T—00

Therefore, lim 5(Z(&.,w*)) = 0. Hence Z(§,,w*) = 0. This shows that fixed point
r—00

functional equation (3.1.1) is well-posed. [

Theorem 3.1.4. Assume that all of Theorem 2.1.1°s hypotheses are true. If Z : & — &
18 a map such that there exists A > 0 with

@(g£7%5> < A,\V/ € € gla
then for any fized point 9* of %, we get

P(@", 0) < B7H(A).

Proof. Choose ¢* be the fixed point of #Z then by the property of ( [56], D3, pp. 3),

we get

f(D(@",9%))

IN

(D (@*,07)) + «

(2(T ", Z9)) +
D(T @™, TI*) + D(TV, %) + «
[
[

¥

IAIA

IN

9
9

@ 9%) + DT, BI)] + a

/
/
/
f
f @, "))+ Al + a.

(2(
(2(

IA

Using the property of ©, we have
D (@, 0") < p(Z(w",9%)) + A.

It implies Z(@w*, V") — p(Z2(w*,¥*)) < A. Therefore, we get f(Z(w*,9*)) < A or
P (w*,9%) < B~H(A). Hence the result. [
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3.2 Stability of Cauchy functional equation

We study stability of Cauchy functional equation in F-linear metric space (FLMS) in this
section. Results of this section are published in Sharma and Chandok [111].

Definition 3.2.1. Let (&1, 2) is an FMS. If 2 satisfying the following condition.:
(2y) 20 \w) < | A 2(0,w), NeR.
Then 2 is an F-linear metric on &, and pair (&1, P) is said to be an FLMS.

Theorem 3.2.2. Assume that (&1, 2) is an F-complete FLMS and T : & — & is a self
map satisfying 2.1.1. Assume that R : & — & be a map such that for each €1 > 0

P(R(V+w),R(VY) + R(w)) <e1, Vw,vEE. (3.2.1)

Then there exists a unique map q : & — & fulfills
2(R(9),q(0)) < B~ (e), (3.2.2)

€1
where € = 5

Proof. Substitute ¥ = @ in (3.2.1) and using Definition 3.2.1, we have

9 (R(20),2R(9)) < |2/2 (%R(zﬁ), R(ﬂ)) <er.

So, we get
9 (%R(zm, R(ﬁ)) <2 (3.2.3)
We define an operator .7 : & — &1 by
TR() = %R(f}). (3.2.4)
Then (3.2.3) becomes
2 (T R0),R(0)) < e, (3.2.5)

€ . .
where 51 = ¢. Now we have to demonstrate that there exists a unique map ¢ : & — &
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fulfills

Z(R(9),q(9)) < B~ (e).

To prove this, using Theorem 2.1.1, there is a unique ¢(9) such that ¢(v) = T q(¥).
Assume that ¢ > 0 and ¢ € &. Using ( [56], D3, pp. 3), we have

(2(q(9), T R(0)) + 2(T R(V), R(V))] + o
(2(7q(9), TR()) + €] +

/
! )
< flp(2(q(0), R(W))) + €] + a.

Hence using property of (©1), we have Z(q(9), R(9)) < e+¢o(Z2(q(9), R(1))), or Z(q(¥), R(9))—
©(2(q(9), R(1Y))) < e. Further, we have 8(2(q(¥9), R(9))) < . Hence

Z(q(9), R(¥)) < B~ (e).

Finally, we have to demonstrate the uniqueness part. To prove this, assume that there

exists a map ¢ : &1 — &1 (¢ # 1) such that

Z(R(¥)), a1(9)) < B7'(e)-

Now, Using ( [56], Ds, pp. 3), we have

F(Z2(q(0), (V) < f1Z2(q(0), RW)) + Z(R(), 2 (V)]
< f187He) + 87 (e)].
Using (©1), we have
P(a(9), a1(9) < B~ (e) + 87 (=) (3.2.6)

Since 3 : [0,00) — [0,00) is a strictly increasing and surjective function, so for any given
£ > 0 there exists a § > 0 such that 3(2) = ¢ or #7!(¢) = &. Therefore equation (3.2.6)
implies that

2(q(?), (9)) <6,

which completes the proof. [ |
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Chapter 4

Generalized HUR stability for different forms

of quadratic functional equations

Introduction

We study equivalence and generalized HUR stability of quadratic functional equations
in this chapter. It has been split into four sections. We investigate the equivalence for
different forms of quadratic functional equations in the first section. In the second and
third sections, we discuss generalized HUR stability of a 3-variables quadratic functional
equation in the setting of complete 2NS and complete QNS, respectively. The results of
the first section and the second section are proved in Sharma and Chandok [116], and
results of the third section are published in Sharma and Chandok [114]. We study the
generalized HUR stability of a Drygas functional equation in the framework of complete
QNS in the last section. Outcomes of this section are proved in Sharma and Chandok
[115].

Throughout this chapter &} is a nonempty set, we write & \{0} := &. Aut(&) stands
for the family of all automorphisms of &;. Idg will be used to represent the identity

function on &;.

4.1 Equivalence of quadratic functional equations

We study some properties and equivalence of functional equations (1.1.4), (1.1.5), and
(1.1.6) in this section. Throughout this section, & and &) are vector spaces. Results of

this section are proved in Sharma and Chandok [116].

Lemma 4.1.1. Suppose that a function g : & — & fulfills (1.1.4) ¥V w,d € & . Then g

satisfies

g(rw) = r*g(w), (4.1.1)

for every w € & and r is a scalar.
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Proof. Letting @w =9 =01in (1.1.4), we have ¢(0) = 0. Thus we can say that equation
g satisfies (4.1.1) for r = 0 when w = ¢ = 0.

By taking ¥ = 0 in (1.1.4) and using ¢(0) = 0, we have g(w) = g(w). Thus we can say
that equation g satisfies (4.1.1) for » = 1 when ¥ = 0.

Letting w = 0 in (1.1.4) and using g(0) = 0, we have g(—v) = g(¢). Thus we can say
that equation ¢ satisfies (4.1.1) for r = —1 when w = 0.

Letting o = ¥ in (1.1.4) and using ¢(0) = 0, we have ¢g(2¢) = 4¢(¥). Thus we can say
that equation g satisfies (4.1.1) for r = 2 when w = 9.

Suppose that
g(kw) = K*g(w) (4.1.2)

holds for k =1,2,3,--- ,7 — 1,r, where r is a positive integer.

If we take k =r 4+ 1, we get

g((r +Dw) = g(rw + @) = 29(rw) + 29(w) — g(rw — @)
= 22g(w) + 29() — g((r — 1))
= 2r’g(w) + 29(w) — (r — 1)’9(w)
=2 +2—(r*+1-2r)g(=)
= [r?+ 14 2r]g(w).

So we have g((r+1)w) = (r+1)?g(w). Now, assume that (4.1.2) is correct for k < r—1,

where [ is a positive integer. Further take k = r 4 [,

g((r+w) =glrw+lw) = 29(rw) + 29(lw) — g(rz — L)
= 2r°g(w) + 21%g(w) — (r — 1)*g9(w)
=[2r + 21 — (r* + I — 2r])]g(w@)
= [r? + I* + 2rl]g(w).
So we have g((r + l)@w) = (r + 1)’g(w). Therefore, g : & — & is quadratic then
g(rw) = r?g(w), for a positive integer r.
Since ¢ is a even function (g(—w) = (—1)?g(@)), so g(rw) = r’g(w) is true for a integer

T u

Remark 4.1.2. Assume that a function g : & — & satisfies (1.1.5), ¥V w, 9,y € &.
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Case Al. Ifw=9=~v=01n (1.1.5), we get g(0) = 0.

Case A2. If 9 =~=0in (1.1.5) and using case A1, we have

So we have g(1w) = 1%g(w).
Case A3. If 9+~ =—w in (1.1.5) and using case Al, we see
9(@) +9(9) + 9(7) = 9(=7) + g(=@) + g(=1).
Take v = @ = 0, we have g(—19) = (=1)%g(0).
Case Aj. Ifw+19 =0, in (1.1.5), we get
9 + 9(@) + 9(==) + 9(7) = 9(0) + g(=w@ +7) + g(y + @).
Take w = v and using Cases A1 and A3, we get
9(@) + 9(@) + (@) + g(@) = 9(0) + g(@ + =).
So we have g(2w) = 2%g(w).

Proposition 4.1.3. A function g : & — & fulfills (1.1.5) iff g : & — & is a quadratic
mapping, that is,

g(@ = 9) + g(0 + @) = 29(0) + 29(w), ¥V w, 9,7 € &.

Proof. Take y = —9 in (1.1.5), we get
9(@) + g(@) + g(9) + 9(=V) = g(@w + V) + g(I = V) + g(=0 + @).
Using Remark 4.1.2, we have
29(0) + 2¢(w) = g(w — ) + g(w + ), for all w,v € &.
Conversely, suppose a mapping g : & — & is quadratic, then

g(@+I+7)+g9(@) +g() +9(v) = g(w+9) + g0 +7) +9(y + ).
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Take —1 = v, we get
9(@) + g(@) + g(V) + g(=V) = g(w + 9) + g(0) + g(—V + w).
Since g is quadratic and using Lemma 4.1.1, we get

29(w) + 29(9) = 2¢9(w) + 29(V),Vw, ) € &.

Remark 4.1.4. Let a function g : & — & fulfills (1.1.6), ¥V w, 9,y € &.
Case Bl1. Ify=9=w =0 1n (1.1.6), we have g(0) = 0.
Case B2. [f9 =~ =0 in (1.1.6) and using case B1, we get
9(@) +g(w) + g(@) — 3g(w) = 0.
Thus we have g(1w) = 1%g(w@).
Case B3. [fw=~=0in (1.1.6) and using case B1 we have
9(0) + 9(=9) + 9(0) + g(9) = 3[g(0) + g(?) + g(0)] = 0.
So we have g(—19) = (—1)%g(9)).
Case B4. Ify=10, 9 =w, in (1.1.6) and using case B1, we have
9(2@) + 9(0) + g(w) + g(@) = 3[g(w) + g(w) + 9(0)] = 0.
So we have g(2w) = 2%g(w).
Case B5. [fw =19 =+ in (1.1.6) and using case B1, we have
9Bw@) + g(0) + g(0) + g(0) — 3[g(@) + g(@) + g(=)] = 0.
So we have g(3w) = 32g(w).
Case B6. Ify=w,V =2w in (1.1.6), we have

9(4w) + g(—@) + g(0) + g(w) — 3[g(w@) + g(2w@) + g(=)] = 0.
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Using Cases B1, B3, and B4, we have
9(4w) + g(w) + g(@) — 3[g(?) + 4g9(w) + g(w) = 0.

So g(4w) = 4%g(w).
Along similar lines, we can prove g(5w) = 52g(w), g(6w) = 6%g(w) and so on.

Proposition 4.1.5. A function g : & — & fulfills (1.1.6) iff g : & — & is quadratic,
that s,

g(w =)+ g(w+9) =29(0) 4+ 29(w), V w, v,y € &.

Proof. Take v =0 in (1.1.6), we have
9(@ +9) + g(@ —9) + g(w) + g(V) — 3[g(@) + g(?) + 9(0)] = 0.
Using Remark 4.1.4, we have
g(w =)+ g(w+9) =29(09) + 2¢9(w), ¥V w,d € &.
Conversely, let a mapping g : & — & is quadratic, then
9@+ +7) +g(@w - V) + g(@ —7) + 9(0 —7) = 3[g(=) + 9(9) + 9(7)] =0,
Vv, 0, w e &. Take 9 = —v, we get

9(@) + g(w —I) + g(w +I) + g(20) — 3[g(w) + g(I) + g(=V)] = 0,

9(w —19) + g(w +9) + g(29) — 29(w) — 3g(V) — 3g(=V) = 0.
Using Lemma 4.1.1, we get

9(@ —9) + glz +9) + 4g(9) — 29() — 3g(9) — 39(¥) = 0,

g(@ =) + g(@ +9) — 29(9) — 29(V) = 0.
As ¢ is quadratic, we have

2g(w) + 2g(¥) — 29(¥) — 29(w) =0, V I, w € &.
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Using the Propositions 4.1.3 and 4.1.5, we get the following outcome:

Proposition 4.1.6. A function g : & — & fulfills (1.1.5) iff it satisfies (1.1.6), ¥
w, ’19,")/ S éal.

Proof. Suppose g : & — & is a map satisfying (1.1.5). Then using Proposition 4.1.3,

we have

g(@+9+7) + g(w@) + g(¥) +g(v)
= 2g(w) +29(9) — g(w — ) +29(9) + 29(7) — g(¥ — ) +29(7) + 29(w) — g(v — @).

Further, after rewrite, we get
g(@+9+7)+g(@—0)+ 90 —7) +9(y —@) = 3lg(@) + g(I) + 9(7)].
Conversely, Suppose g : &1 — &3 satisfying (1.1.6). Using Proposition 4.1.5, we have

g(w@ + 9 +7) +29(w) + 29(9) — g(@ +9) + 29(9) + 29(v) — g(J +7)
+2g9(7) +29(w) — g(v + @) = 3g9(w@) + 39(I) + 3g(7).

Further, after rewrite, we get
9@+ +7) +g(@) +9(0) + 9(¥) = g(@+ ) + 9( +7) + 9(v + @), V7,0, @ € &

4.2 Generalized HUR stability of 3-variables quadratic

functional equation in complete 2-normed space

Here, we study generalized HUR stability of (1.1.6). Also, we obtain some hyperstability
results for this equation. This section’s results extend various previously known outcomes
in the framework of complete 2NS. Throughout this section, &3 is a complete 2NS, (&7, +)
is an abelian group, and Z; is a subset of & containing two LI vectors. Results of this

section are proved in Sharma and Chandok [116].
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Theorem 4.2.1. Let g : & — & be a map such that

lg(w + 9 +7) +g(w—0) +g(@w—7) + 90 —7) = 3[g(w) + g(I) + g()], 21|
<e(w,?,v,21), (4.2.1)

where € : 3 x Zy — [0, 00], @, 9,7 € &, 21 € Zy, and w —,w— 9,9 —y, @+ +v # 0.

Assume that
(&) = {n € Aut(&1) : 2n,2n — Idg, —n,n,n — Idg, € Aut(&1), 0 < 1} (4.2.2)
s a nonempty set, where

vy =20 — Idg) + 3A(n) + 3AN(—n) + A(2n) + A\(2n — Idg,), (4.2.3)

/\(77) = inf {t € R-i- : 5(7]@, 7719,77% Zl) S ts(w, 1977a Zl>’vw719a’y € 6007 z1 € ZO}7 (424)

forn € Aut(&).
Then, there ezists a unique & : & — & fulfilling (1.1.6) and

Hg(W) - g(w)v ZlH S 8*(w7 Zl)a Vwe éaOv 21 € Z07 (425)

where

8*(w, Zl) ;= inf {8(TIZU7 (T] — Idgl)w’ —T 21) 'n S l(éal>} .

1—ay

Proof. Fix n € (&1). Replacing (w,d,7) by (nw, (n — Idg )w, —nw) in (4.2.1), we

have

129((n — Ids, ) + 39(nw) + 3g(—nw) — g(2nw) — g((2n — Ids)w) — g(@), 2|
<e(nw,(n— 1w, —nw, z) :=¢,(w, z1), for all w € &. (4.2.6)

We define the operators .7, : &° — &° and A, : RP*7% — RP*% by

Tof(@) = 26 (1 — Tds)m) + (1) + 3(—) — E(2) — £((20 — T )0),

and

Nd(w, z1) :=20((n — Idg )w, z1) + 30(nw, z1) + 36(—nw, z1) + §(2nx, 21)
+6((2n — Idg)w, z1), Y@ € &, £ € &P, § € RD.

(4.2.7)
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Then (4.2.6) becomes
lg(@) — Thg(@), z1]| < ey(@, 1),V @ € &, 21 € Zo.

The operator A, has the form given by [ [27], (3.1), pp. 380] with j = 5 and ¢1(w) =
(n = Idg)w, go(w) = nw, gs(w) = —nw, gs(w@) = W@, g5(w) = (2n — ldg)w,
l1<w,21) = 2, lg(’(f], Zl) = 3, lg(w,zl) = 3, l4(w,z1) = 1, and l5(w, Zl) =1Vwe go.

Further, we have

|73¢(@) — Ty(@), 2 ||

= [12(€ = )g1 (@) + 3(§ — p)ga(w@) +3(§ — Wga(w) — (€ — w)ga(w) — (€ — 1)gs(@), 2|

<2[|(§ — wai(@), 21l + 3[[(€ = w)ga(@), 21l + 3 (€ — w)ga(@), 21|l + (€ — 1) ga(@), 21|
+ 1€ = )gs(@), 21|

5
= le(w7z>”(£ - :u)gl<w)7 21||7v w E 5}0721 S ZO and g?ﬂ S (g)2£07n < l(@({)l)
i=1

Using the definition of A(n), e(nw,nd, ny,z1) < An)e(w,d,v,21) V I,v, @ € &y, 21 €
Zo,n € I(&1). Using induction on r, we have Aje, (@, 21) < ape(nw, (n— 1)@, —nw, z1) V
w € &y, where o, = 2A(n — Idg ) + 3X(n) + 3A(—n) + A(2n) + A\(2n — Idg). For r =1,

we have

Ayey(w, z1)

=2¢,((n — Idg)w, z1) + 3¢, (nw, 21) + 3e,(—nw, 2) + €,(2nw, z1) + €,((2n — Idg )w, 21)

< 2M(n — Idg))e(nw, (n — 1de )w, —nw, 2) + 3A(n)e(nw, (n — Ide ), —nw, z1)+
3A(=n)e(nw, (n — Ids, ), —nw, 21) + A(2n)e(nw, (1 — Ids, )@, —nw, 1)+ (4.2.8)
A2n — Idg)e(nw, (n — Idg )w, —nw, z1)

= (2A(n = Idg,) + 3A(n) +3A(=n) + A(2n) + A(2n — Idg,)) e(nwo, (n — Idg )@, 1w, 1)

= ane(nw, (n — Idg)w, —nw, z1).

As the A operator is linear, we obtain

e (w,z1) =

WE

(A;en) (w, 21)

Il
=)

r

S 6(7”]77/', (77 - Id&)w? —nw, Zl) Z Oé;
r=0
_em, (n — Idg)w, —nw, 21)

= < 0
1—a, ’
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Vwe &y, n € Zy,nel(&).
Therefore by [ [27], Theorem 1, pp. 380], there exists a unique solution ¥, : & — &
of

G (@) =29,((n — ldg)w) + 39, (nw) + 39,(-nw) — 9,(2nw) — 9,((2n — Ids)w),

(4.2.9)
V w € &, which is a fixed point of .7, such that
19, (@) — g(@), z1|| < e*(w, 21),V @ € &, 21 € Zo,n € I(&1). (4.2.10)
Moreover,
Yy)(w) = lim I g(w), Vwe &,nel(&). (4.2.11)

r—00

Now, to show that ¥, fulfills (1.1.6) on &, we have to show the following inequality

17 g(@+0+7v)+ T g(w =)+ T g(w—7)+ T g0 —7)
—=3[7)g9(w@) + T 9(0) + T 9], zll £ aje(w, d, v, 21), (4.2.12)

V9, v, @ € &y, 21 € Zy,n € 1(E).
Indeed, if 7 = 0 then (4.2.12) is simply (4.2.1). So we suppose that (4.2.12) valid for
reN,npel(é) and w, v,y € &, z1 € Zp. Then from (4.2.7) and the triangle inequality,

we have

1T g(w + 0 +7) + T g(w = 0) + T glw =) + T, g0 — )

=3[ g(w) + T g(0) + T g(9)], 21l

= (127 9((n — ldg)(w + 9 + 7)) + 37 g(n(w + 9 + 7)) + 37 g(—n(w + I + 7))

= 9C2n(w +9+7)) — Z9((2n — Idg )(w + 9 +7)) + 27, 9((n — 1dg ) (w — )

+ 37 9(n(w — ) + 37 g(—n(w — ) — Fg(2n(w — ) — F/g((2n — 1de, )(ww — V)
+27,9((n— Ids)(w — 7)) + 37 g(n(w — 7)) + 37 g(=n(w — 7)) — F,9(2n(w — 7))
— 7 9((2n — Ldg )(w — 7)) +2T9((n — Ldg) (Y — 7)) + 37 g(n(d — 7))
+37)9(=n(0 — 7)) = 7 g2n(V — 7)) — Z9((2n — Idg ) (I — 7))

=327/ g((n — Ids,)(w)) + 3T;9(n(w)) + 37, g(—n(w)) — 7, 9(2n(w))

— 779((2n — Idg ) (w)) + 27, 9((n — Ide)(9)) + 37, g(n(9))

+37,9(=n(9)) — 7 g9(2n(9)) — Fg((2n — Ids ) () + 27, g((n — Ids) (7))
+37,9n(v) + 37 9(=n(v)) — Z9(2n(v)) — Z9((2n — Ids,)(7))], 21|
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< 20qe((n — Idg)w, (n — Idg )9, (n — 1dg )y, 21) + 3a,e(nw, nd, 0y, 21)
+ 3aye(—nw, —nd, =0y, 21) + ape(2nw, 209, 2y, 21)
+ 0428((277 — Idg)w, (2n — Idg)0, (2n — Idg )7, z1)
<200\ — Idg)e(w, 0,7, 21) + 3oy A(n)e(w, 9,7, 21) + 3a; A(—n)e(w, 9,7, 21)
+ apA(2n)e(w, 0,7, 21) + apA(2n — Tdg )e(w, 0,7, 21)
= al[2A(n — Idg) + 3 A(n) + 3A\(—=n) + A(2n) + M2n — Idg,)le(w, 9,7, 21)
r+1

= a, " e(w, v, 7, 21).

So we have

HZTJrlg(w—i-ﬁ-i-’Y) + %rJrlg(w _ 19) _i_‘:]-;r7+1g(w _,)/) + %r+1g(ﬁ - ’}/)
—=3[7, M g(@) + T g(9) + Z T g(9)], 41|
< ale(e, 0,7, 21). (4.2.13)

Letting r — oo in (4.2.13), using (4.2.11) and definition of I(&}), we get
Gy(@+I9+7)+ 9 (@ —9)+9(w—7)+9,(0 —7) =3[9 (@) +9,(9) +¥,(7)], (4.2.14)

V w,d,y € &,n € I(&1). Therefore we have proven that for every for n € I(&)) there
exists a ¢, : & — &, that is the solution of (1.1.6) on &, and fulfills ||g(@w) —¥,(w), 21| <
5"1(%’!’?) =c*(w, ), Vw € &.

Now, we prove that ¢, = ¢, for all n,q € (). Fix n,q and note that ¥, satisfies
(4.2.10) with n replaced by ¢. Hence by replacing (w, ¥, v) with (nw, (n — Idg )w, —nw)

in (4.2.14), we get TY; =¥, for j =1, q and
1%(w) = Gy(@), 21| < [|9(@) — g(w), 1] + [|% (@) — g(w), 21|
< en(w, 21) N gq(w, 21) |
T\ 1-qy 1 —a
for every w € &. Using the linearity of A and (4.2.8), we get

1%)(@) = %y(@), 2| = [| TG, (w) = TG (w), ]|
< A'ey(w, z1) N Ney(w, z1)
- 1—-a, 1—a,
< a,Uy(w, 21) + agUy(w, v),

ex(w,21

where Uy(w, z1) = &5 ) for every w € &y, k =n,q and r € N. Letting r — oo, we get
1 ap
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4, =9, =%. Thus, we have
Hg(’W) - g(w)v 21” S Un(wa Zl)a

for all w € &y, n € [(&). Therefore, we get (4.2.5). Using (4.2.14), it is obvious that ¥ is
a solution of (1.1.6). Now to demonstrate the uniqueness of map ¢, suppose that there

exists a map ¥’ : 1 — &, satisfying (1.1.6) and inequality
lg(@) — &' (@), 21| < £™(w, 21).
Then
|9 (@) — 9 (@), 21]| < 2" (@, 21).

Further 79 (w) = ¥'(w) for every w € &. As a result, with a fixed n € (&), we
get

19 (w) — 9" (@), z1l| = | 7Y (w) — TG (@), z1|| < 207" (w, 21)
B 2N e, (w, 21)

N 1—ay
2apey(w, 21)

I

1—q

YV w € &y and r € N. Taking r — oo, we get 4 = ¥4, [ |

Theorem 4.2.2. Let g : & — & and € : & X Zy — [0,00) be functions, and the
conditions (4.2.2), (4.2.3) and (4.2.4) hold. Assume that

inf{e(nw, (n — Idg )w, —nw, z1) : n € 1(&1)} =0, (4.2.15)

YV w e &y, z1 € Zy. Then g fulfills (1.1.6) on &.

Proof. Suppose that
inf{e(nw, (n — Idg )w, —nw, z1) :n € l(&1)} =0, for all w € &, 21 € Zy. (4.2.16)

Therefore, from Theorem 4.2.1, we obtain £*(w, 2;) = 0. Then ¢ satisfies (1.1.6) on &;.
|
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Remark 4.2.3. In Theorem 4.2.1, if

inf{2\(n — Idg, ) + 3X(1) + 3A(=n) + A(2n) + A2y — Idg,) : n € 1(&)} =0,

(this is the case when, that is, lim A(n) =0), then (4.2.2) holds and

In|—o0

e (w,z) = inf e(nw,(n—1)w, —nw,z), Vwe &,z € 2.

n€l(é1)

Now, we show that a function satisfying (1.1.6) on & fulfills it on the whole space &}.

Proposition 4.2.4. If g : & — & satisfies (1.1.6) ¥V ~,9,w € &, then g(0) = 0.

Proof. It is sufficient to demonstrate that g(0) = 0.
Letting v =9 = w in (1.1.6), we get

g(3w) +3¢(0) = 9g9(w), w € &.

Taking ¥ = —w,y = —w in (1.1.6), we have

—59(—w) +2¢9(2w) + g(0) —3g9(w) =0, w € &.

Taking w =9,y = —w in (1.1.6), we have

—59(w) +2¢9(2w) + ¢9(0) — 3¢9(—w) =0, w € &.

From (4.2.18) and (4.2.19)

Taking v = —w, ¥ = 2w in (1.1.6), we have

29(2w) + g(—@) + g(39) = 3g9(w) + 39(2w) + 3g(—=).

Using (4.2.20), we get
9(2w) + 5g(w) = g(3w).
Using (4.2.17), we get

9(2w) = 4g(w) — 39(0).
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Taking v = w and ¥ = —w in (1.1.6), we have
—59(@) + 9(2w) + g(=2w) + ¢(0) — 39(~w) = 0.
Using (4.2.20), we get
—5g(@) + 9(2w) + g(2w) + g(0) — 3g(w) = 0.
Using (4.2.21), we have
—5g(w@) + 8g(w) — 69(0) + ¢(0) — 3g(w) = 0.

Thus, we get g(0) = 0. [

It is obvious that if g(0) = 0, then g satisfies (1.1.6) on the whole &1. So we get the

following outcome.

Theorem 4.2.5. Let g : & — & be a map such that

lg(w + 9 +7) +g(w—0) +g(@w—7) + 90 —7) = 3[g(@w) + g(¥) + g()], 21|
< e(w,v,7,21), (4.2.22)

where € : &3 X Zy — [0,00], @, ¥,y € &, 21 € Zy.

Assume that
1(&) :=={n e Aut(&) : 2n,2n — Idg,—n,n,n — Idg € Aut(&), 0, <1} (4.2.23)
1$ a nonempty set, where

O i= 2M(1) = Ldg,) + 3A(n) + 3M(=n) + A(2n) + A(2n — Ids,), (4.2.24)

A(n) := inf {t eR, :e(nw,nd, Ny, z1) < te(w,V,7, 21), V7,9, w € &, 21 € ZO},
(4.2.25)

forn € Aut(&).
Then, there exists a unique & : & — & fulfilling (1.1.6) and

19(@) = g(w), 21l < e¥(@,21), Vw € &1, 21 € %, (4.2.26)
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where

e*(w, 21) := inf {s(nw, (n — Ids ), —nw, z1) in e l(éal)} )

1—ay

Now, we provide a few results of Theorem 4.2.1 for the following two cases:
e1(@, 0,7, 21) = ¢ (@l 19" [7[]*2) |1,
p, +p; <0andp, <0,
e2(@, 0,7, 21) = o (@™ + 19" + [I717)) lzall, 92 <O,

where e(w,V,7,21) = €;(w,V,7,21) for j € {1,2},¢ € Ry, py,p,,p; € R and @, ¥,y #
0.

Corollary 4.2.6. Assume that 8 := (8,4) is a nonempty subset of (&1,4). Suppose that
g:8 — &, fulfills

llg(w + 0 +7) +g(w =) + g(w—7) + 90 —7) = 3[g(w) + g(V) + g(v)], 21|
< o ([P [P IVII") lzll, ¥ @, 9,y € o,

with w + 9 +7v,w—x,w—79 =7 #0, pi,p.,p; € R, p, +p; < 0,p, <0, and
¢ > 0,21 € Zy. Then g is a solution of (1.1.6) on 8.

Proof. Proof comes from Theorem 4.2.1 by choosing
ei(@, 9,7, 21) = ¢ (@l |OP*1V[IP) |11,V @, 0, v € 8o, 21 € Zg

with some real number ¢ > 0,p,,p,,p; € R, p, +p; < 0,p, < 0. For each j € N, define
n; : 8o —+ 8¢ by nja = ja. For all @w,,v € 8,21 € Zp and j € N, we have

e1(nym, n;9,m;v, 1) = e1(jw, jv, jv, 21)
= o (|lgw|™ 791"l 57)">) | 21|
= [7[P P ([l [P |9]P 1Y]1P*) [ 2]

prmng |j|pl+pl+p3€1(w’ 197 fy’ Zl)'

Taking limit j — oo, we have lim &1 (n;w, n;9, 157, z1) = lim [P 1Psey(w, 0,7, 21) =
j—o0 j—o0

0. So (4.2.15) is valid with A(n;) = [j[P™ for j € N, and there exists 7o € N with
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7o > 1 such that j > ny and
anj — 2 | 77 _ 1 |P1+PL+P3 +(6 + 2p1+Pz+P3) ‘ 77 ’leerJrP; + | 277 _ 1 |p1+p;_+P3< 1

Therefore we can say that (4.2.2) is satisfied with I(&)) = {n € Aut(&1) : j € N, }.
Hence by the Theorem 4.2.2, every function g : 8§ — &3, satisfies (1.1.6) on §,. ®

Corollary 4.2.7. Assume that 8 := (8,4) is a nonempty subset of (&1,4). Suppose that
g:8 — & fulfills

lg(w + 9 +7) +g(w—1) +g(w—7)+ 90 —7) = 3[g(w) + g(I) + g()], 21|
< o ([l@|* + [19]* + [Iv][™*)

|Zl||7

Vi, w,v €S8y, withw+0+v,w—0,w—y,0—7#0,p, ER, p, <0, and p >0,z € Z.
Then g is a solution of (1.1.6) on 8\{0}, such that w + 1V + v, w — 9V, w — 7,9 — v # 0.

Proof. The proof comes from Theorem 4.2.1 by choosing

ei(@, 0,7, 21) = ¢ ([ 19" [7[*) [[z1]],

YV w, v,y € 8,21 € Zy with some real number ¢ > 0,p, € R, p, < 0. For each j € N,
define n; : 8¢ = 8y by nja = ja. For all w, v,y € 8, 21 € Zy and j € N, we have

e1(njm, nv, myy, 1) = e1(jw, jv, jv, z1)
= ¢ ([l P 7P Iy [1P*) (|2
= 131" ¢ (lw|[P [ I]P* |7[[P*) [ 21
= |j["er(w, 9,7, 21).

Taking limit j — oo, we get lim ey (n;@,n;9,n;v,21) = lim |j[Pe1(w, D, v, z1) = 0.

j—00 j—o0
So (4.2.15) is correct with A(n;) = |j|P* for j € N, and there exists 7y € N with 1y > 1
such that 7 > 7y and

;=2 =1 +(6+27) [ n +]2n—-1["<1.

Therefore we can say that (4.2.2) is satisfied with I(&) = {n € Aut(&1) : j € N, }.
Hence by the Theorem 4.2.2, every function g : § — &5, fulfills (1.1.6) on 8. [ |

Corollary 4.2.8. Let g : & — &,e 2 E X Zy — [0,00) and the conditions (4.2.2),
(4.2.4) and (4.2.15) hold. Further, if F : & — &, is a map such that F(wg,Jg,7) # 0
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for some wqy, Vg, € & and
|F (@, 9,7), 2| < e"(w, 7,7, 2),
V w, ¥,y € 81,21 € Zy, then the following function equation for all ¥,w,y € &7,

9@+ +7)+g(w—19)+g(w—7)+9(0—7) = F(w,9,7) + 3[g(w) + g(¥) + g(v)],
(4.2.27)

has no solution in the class of function g : & — &.

Proof. Assume that g : & — &, is a solution of (4.2.27). So (4.2.1) valid, and as a
result, as per Theorem 4.2.2, ¢ fulfills (1.1.6) on &, that is, F'(wy, ¥y, v0) = 0, which is a

contradiction. m

4.3 Generalized HUR stability of a quadratic type
functional equations in complete quasi-normed
space

Here, we study the generalized HUR stability of (1.1.6) in complete QNS. Also, we obtain
some hyperstability results for this equation. This section’s results extend a number of
previously established results to the setting of complete QNS. Throughout this section,
&, is a complete QNS (&7, +) is an abelian group. Results of this section are published
in Sharma and Chandok [114].

Theorem 4.3.1. Let g : & — & be a map such that

lg(@ + 9 +7) + g(@w = V) + g(@ —7) + g(J — ) = 3[g(@) + g(I) + g(V]|| < e(@,7,7),
(4.3.1)

where € : & X & X & — [0,00], w,d,y € &.

Assume that
U(Z) :={m € Aut(&) : 2m,2m — Idg,m,—m,m — Idg € Aut(&1),a,, < 1} (4.3.2)
1s a nonempty set, where

Q i= 2KXN(m — Idg) + 3K*X(m) + 3K*X(—m) + K*A\(2m) + K*\(2m — Idg,),
(4.3.3)
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A(m) = inf{t € R, : e(mw, md, my) < te(w,d,v) Yw,d,vy € &}, for m € Aut(&).
(4.3.4)

Then, there ezists a unique 4 : & — & fulfilling (1.1.6) and

1%(w) = g(@)]’ < 4e*(w), (4.3.5)

Vw € &, where = logyy 2 with K > 1, ¢*(w) := inf {Ee(mw’(mffdgl)w’fmw) tm € l(é"l)}.

1-af,

Proof. Fix m € [(&}). Replacing (w,¥,v) by (mw, (m — Idg1)w, —mw) in (4.3.1), we

have

129((m — Idg1)w) + 3g(mw@) + 3g(—mw) — g(2mw) — g((2m — Idg1)w) — g(@)||

< e(mw, (m — Idg1)w, —mw) := &, (w), (4.3.6)
V @ € &. We define the operators 7, : &' — &, and A, : RZ — RY by

Tm(@) = 26((m — Ids1)w) + 3§(mw) + 3¢(—mw) — (2mw) — £((2m — Idg1)w)
and
And (@) := 2K6((m — Idg,)w) + 3K*5(mw) + 3K>6(—mw) + K*6(2mw)

+ K*((2m — Idg,)w)),
(4.3.7)
Vwe&, €d, and § € RY. Then (4.3.6) becomes

l9(@) = Tmg(@)]| < em(w),

V w € & . The operator A, has the form given by [ [44], (2.17), pp. 138] and .7 has
the form given by [ [44], (2.15), pp. 138] with k =5 and ¢;(w) = (m — Idg )w, g2(w) =
e, gy(@) = —mm, gu(w) = 2mw, g5(w) = (2m — Idg)@, Ly(w) = 2K, Ly(w) =
3K?, L3(w) =3K3, Ly(w)= K* Ls(w) = K*, for all w € &. Further, we have

| Tné(@) — Top(w)|

= [12(§ = p)gi(@) + 3(§ — w)ga(w@) + 3(€ — p)gs(@) — (£ — p)ga(@) — (£ — p)gs(@)|

< 2K/(§ — g (@) + 3K3[|(€ — 1) g2(@)|| + 3KP(|(€ — 1) gs(@) | + K[| (€ — ) ga()]]
+ KYI(€ = p)gs(w) |

= > L@ - wgl=)l|
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Vwed& and &, € &', m € 1(&). Using the definition of A(m), e(mw, md, my) <
A(m)e(w,d,v) V w,d,v € &,m € [(&). Using induction on n, we have Al e, (w) <
ae(mw, (m — Idg )w, —mw) V¥V w € &, where a,, = 2KA(m — Idg) + 3K*\(m) +
SK3A(—m) + K*A\(2m) + K*X(2m — Idg ). For n = 1, we have

Ape(w)

=2Ke((m — Idg))w) + 3K?e(mw) + 3K’s(—mw) + K*'e(2w) + K*e((2m — Idg)w)

<2KM(m — Idgy))e(mw, (m — Idg))w, —mw@) + 3K*X\(m)e(mw, (m — Idg, ), —mw)
+ 3K N(—m)e(mw, (m — Idg )w, —mw) + K*A(2m)e(mw, (m — Ide) ), —mw)
+ K*\(2m — Idg))e(mw, (m — Idg ), —mw)

= (2KX(m — Idg) + 3K*A(m) + 3K°A(—m) + K*A\(2m) + K*A(2m — Idg,))

e(mw, (m — Idg )w, —mw)

(4.3.8)

= apme(mw, (m — Idg )w, —mw).

Due to the operator A being linear, we get

o0
n
E (A 5m
n=0
o0

< ’(mw, (m — Idg, )w, —mw) Z o
n=0
e’(mw, (m — Idg, )ww, —mw)
1—al

< 00,

Vw e &,m € l(&). Therefore by [ [44], Corollary 2.2, p. 138], there exists a unique
solution ¥, : & — & of

Gn(w) = 29,,((m — Idg))w) + 39, (mw) + 39,,(—mw) — 9,,2mw) — 9,,((2m — Idg )w),

(4.3.9)
YV w € &, which is a fixed point of .7, such that
1% (@) — g(@)||° < 4e*(w), ¥V @ € &, m €1(&). (4.3.10)
Moreover,
Gn(w) = 7nli_)rgo Trg(w), Vwedé,melé). (4.3.11)
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Now, to show that ¢, fulfills the functional equation (1.1.6) on &1, we have to show the

following inequality

| Tmg(@ + 0 +7) + T g(w—0) + T g(w — )+ T g0 —v) - 3[F,9(@)
+ T 9(0) + ZpgNIl < ape(w,9,7),Y @, 9,7 € &, m € 1(&). (4.3.12)

Indeed if » = 0 then (4.3.12) is simply (4.3.1). So we assume that (4.3.12) holds for r € N,
m € (&) and w,V,y € & . Then from (4.3.7) and the triangle inequality, we have

| T g + 9+ ) + T g(w = 0) + T g(w — ) + T g(0 =)
= 3[T g(w) + T g(0) + T ()|
= [27,9((m — Ide1) (@ + 0 + 7)) + 3T 9(m(@ + U + 7)) + 3T, 9(—m(w + I + 7)) —
Tmg(2m(w + e+ 7)) = Tp9((2m — Idgr)(w + 0 + 7)) + 27,9((m — Idgr)(w — 9))+
3Tng(m(w — ) + 379(—m(w — V) — T9(2m(w — V) — F,9((2m — Ide1)(w — J))+
27,9((m — Idg)(w — 7)) + 3T,9(m(w — 7)) + 3T ,9(—m(w — 7)) — T,9(2m(w — 7)) —
Tn9((2m = Idg1)(w — 7)) + 27,9((m — Idg1) (9 — 7)) + 3T 9(m(d — 7))

+37,9(—m(9 — 7)) = Z,9(2m(V — 7)) — T9((2m — Ide1)(9 — 7))

= 3[27,9((m — Idg1)(@)) + 3T, 9(m(w@)) + 3T 9(—m(w@)) — T9(2m(w@))

— 79((2m — Idg1)(@)) +27,,9((m — Ide1)(9)) + 37, 9(m(V)) + 3.7, g(—m(V))

= Tn9(2m(0)) — F59((2m — Idg1)(9)) + 2.7,9((m — Ide1)(7)) + 37,9(m(7))

+3759(=m(7)) — Zn9(2m(7)) — T9((2m — Lde1)(7))]]|

<2Kal e((m — Idgy)w, (m — Idg1)9, (m — Idg1)7y)

+ 3K2a’ e(mw, md, my) + 3K*a e(—mw, —mv, —m-y)

+ K*a! e(2mw, 2md, 2mw) + K*al e((2m — Idg o, (2m — Idg)V, (2m — Idg )7)
<2Kal ANm — Idg)e(w,d,7) + 3Kl A(m)e(w, 9, v) + 3K>a’ A\(—m)e(w, 9, )

+ K*a” \(2m)e(w,d,7) + K*a A\(2m — Idg )e(w, 9, )
=al [2KAX(m — Idg) + 3K? X(m) + 3K>X(—=m) + K*\(2m) + K*X(2m — Idg))])e(w, 9, 7)
< alfe(w,d,7).

So we get

T g(w+ 9 +7)+ T g(w —9) + T g(w — ) + T g0 — )
= 3[Trg(w) + T g(0) + T g(N)|? < ol (9, ).

By induction, we have proven that (4.3.12) valid V w, 9,y € &}.
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From (4.3.12) and (1.3.2), we get

175 g(w + 9+ ) + T g(w = 0) + T g(w — ) + T g(0 =) (43.19)
=375 g(@) + Tt g(0) + i g(N] ]I < aly e (.9, 7). N
Letting r — 0o in (4.3.13), using (4.3.11) and definition of I(&}), we get

G(@w+0+7) + Gy (w —0) + Gy (w — ) + 4, (0 —7) = 3[%(w@) +9,(0) +9,(7)] (4.3.14)

YV w, ¥,y € &, m € I(&). Therefore we have proven that for every for m € [(&) there
exists a ¢, : & — & which is the solution of (1.1.6) on & and fulfills

o ()
19() — Z()|” < 4 <%> @)Y e b

m

Now, we prove that ¢, = 4, V m,q € [(&1). Fix m, ¢ and note that ¢, satisfies (4.3.10)
with m replaced by ¢. Therefore by replacing (w,,v) with (mw, (m — Idg )w, —mw)
in (4.3.14), and using (1.3.1) and (1.3.2), we get I D; = D, for j =m,q and

1% (@) = Zo(@)II” < 19 (=) — g@)III° + [[|%y() — g(=)]]|”

4% () 4l ()
< m .
_(1—Oé§n>+<1—040 ,Vwegl

q

It follows from (4.3.8) and linearity of A that
[1%m(@) = G(@)I[|” = 17" (=) — T"Gy()III’
Ango (w) A”ae(w)
g (2Em\ @) g 22
- ( 1—af, >+ ( 1—af
< ()" Un(@) + (ag)"Ug(@),

where U,,(w) = 4% V w € &, and n € N. Taking n — oo, we have ¥,, = ¥, = 9.
Thus, we get

l9(@) =G (@)|° < Un(w), ¥ @ € &1,m € [(&).

Thus, we derive (4.3.5). Due to (4.3.14), it is obvious that ¢ is a solution of (1.1.6). Now

to demonstrate the uniqueness of map ¢, assume that there exists a map ¢’ : & — &
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which fulfills (1.1.6) and
lg(@) = %' (@)]” < 4e*(w).
Using (1.3.2), we get
llg(w) = G"(@)[II" < llg(w@) - F' (@) < 4e"(w), ¥ w € &1.
Then
1% (@) = &' (@)|||’ < 8" (w).
Further 79'(w) = 9'(w) V w € & . Consequently, with a fixed m € (&)

1% (@) =" @) = 1| 7"% (w) = TG ()|’
< 8A"e"(w)
< 8A"l ()
- 1—af
_ sapel ()
- 1-af 7

Vw € &, m € (&), and n € N. Taking n — oo, we have ¥ = ¢'. [ |

Theorem 4.3.2. Let g : & — &, and € : & X & X & — [0,00) be functions, and the
conditions (4.5.2), (4.3.3) and (4.3.4) be valid. Suppose that

inf{e?(mw, (m — Idg)w, —mw) :m € 1(&)} =0, ¥V @ € &. (4.3.15)
Then g fulfills (1.1.6) on &;.
Proof. Assume that

inf{e’(mw, (m — Idg1)ww, —mw) :m € (&)} =0,Y w € &. (4.3.16)

Hence, from Theorem 4.3.1, we have e(w) = 0 for all @w € &. Then ¢ fulfills (1.1.6) on
8. [ ]

Remark 4.3.3. In Theorem 4.3.1, if

inf{2K\(m—1Idg )+3K*X(m)+3K3X\(—m)+K*N2m)+K*A\(2m—1Ide) : m € (&)} =0
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(this is the case when lim A(m)=0), then (4.5.2) holds,

|m|—o0

£ (w) = iIll(gb)se(mw, (m — Idg1)w, —mw),¥ w € &.
meil(o1

Remark 4.3.4. As the main result of Brzdek [Theorem 7, p.5, [30]] is a partial general-
ization of main result of Dung and Hang [Corollary 2.2, p. 138, [{4]]. So using the result
of Brzdek [30], we can partially generalized our Theorem 4.3.1, equation (4.3.5) can be

1%(w) — g(@)||” < 4e*(w),

V @ € &, where § =logy 2 with K > 1, e*(w) =Y o0 (Ag,.€8 )9 (w) (because A = Ay

Om=m

and ¢ = ¢£%).
Similarly, we can show the following result on &,\{0} = &.

Theorem 4.3.5. Let g : & — & is a map such that

lg(w + 9 +7) + g(w—=9) + g(w—7) + 90 — ) = 3[g(@) + g(¥) + g(V|| < e(w,,7),
(4.3.17)

where € : &y X Ey X & — [0,00], v, 0, w € &, and w — v, w + I + v, w — 9,9 — v # 0.

Assume that
U(Z) :={m € Aut(&) : m, —m,m — Idg1,2m,2m — Idgy € Aut(&), o, < 1} (4.3.18)
1s a nonempty set, where

Q i= 2KN(m — Idgy) + 3K2*A(m) + 3K*X(—m) + K*X\(2m) + K*A\(2m — Idg1),

(4.3.19)
A(m) = inf{t € R, : e(mw, md, mvy) < te(w,V,v) Yw, v, v € &}, (4.3.20)
for m € Aut(&).
Then, there ezists a unique 9 : & — & fulfilling (1.1.6) on & and
19 (@) — g(@)|° < 4¢* (), (4.3.21)

60 mw,(m— w,—mw
Vw € &, where§ =logyy 2 with K > 1, e*(w) := inf{ (mez,(m Loy —m=) 1y e l(é"l)}.

1—af,
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Now, we provide a few consequences of Theorem 4.3.5 for the following two cases:

ex(@,9,7) = (@ll=lP2]141]")’
p+r<0andqg<0,
ea(@,9,7) = (@(||@|” + [19]” + |7P)", p <0,
where e(w, d,7) = e,(w,¥,7) forn € {1,2}, ¢ >0, r,q,p € R, w, ¥ # 0, and 6 = log,; 2
with K > 1.

g is a solution of (1.1.6) on S\{0} = Sy if (1.1.6) holds for every w,d,y € S, with
w—",w+1Y+v,w—17,9—v#0. So we have the following results.

Corollary 4.3.6. Assume that S := (S,+) is a nonempty subgroup of (&1,+). Let
g: S — & satisfy

lg(@ + 9 +7) + g(@w — V) + gl@w —7) + g(¥ —7) — 3[g(@) + g(?) + g(M)]I|’
< (gl |PI) 7]y’

vwﬂ%y S SO? w”hW—%w‘i‘ﬁ‘i‘%W—ﬁaﬁ—’Y?ﬁO; raq>p€Ra q< 0,p+7’ < O; ¢> 0
and 0 = logyy 2. Then g is a solution of (1.1.6) on Sp.

Proof. We apply Theorem 4.3.5 with &,(w,9,7v) = (¢||w|[?||9]|7]|7]]"), ¥V @, 9, € So
with few real numbers ¢ > 0, r,¢,p € R,q < 0,p+ 17 <0, 0 = logy, 2. For each j € N,
define m; : So — Sy by mjw = jw. Then

El(mjwa mjlgamj’)/) = El(Jwaj,l%],}/)
. . TN
= (@l |Pll721 N~
. r r\0
= [5|#F (Bl P 9]1] )

< [ e (w, 9, 9),
V w,v,v €Sy and 57 € N. Hence
lim &1 (m;, myd, m7) < lim [jPH7ey (@, 0,7) = 0,¥ @, 9,7 € Sy and j € N.
j—o00 j—00

Then (4.3.15) is correct with A(m;) = |j[PT7"" for j € N, there exists mo € N with mg > 1
such that 7 > mg and

— ; +q+r +q+r | ptgtr ; +q+r
G, = 2| = LPHT (6 4+ 27007) | PR 4 | 27 — 1 PRI L
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Therefore we can say that (4.3.18) is satisfied with I(&}) 1= {m; € Aut(&) : j € Ny, }.
Hence by the Theorem 4.3.2, every function g : S — &, satisfies (1.1.6) on Sp. ®

Corollary 4.3.7. Assume that S := (S,+) be a nonempty subgroup of (&1,+). Let
g: S — & satisfy

lg(@ + 9 +7) + g(@w — V) + gl@w —7) + g( —7) = 3[g(@) + g(?) + g(N)]II’
< (o(|=|P + 1911 + |7]IP)?, ¥ @, 9,7 € So,

with w — v, 9 4+w+v,w—9,9—v#0, ¢ >0,p <0, and 0 = log,x2. Then g is a
solution of (1.1.6) on Sp.

Proof. We apply Theorem 4.3.5 with e5(ww, 9, 7) = (¢||@|]” + [|9||? + |7|]?), ¥V @, 0, ~ €
So with a few real numbers ¢ > 0, p < 0, 0 = logy, 2. For each j € N, define m; : Sp — Sp
by m;w = jw. Then

ea(myw, m;d, myy) = ex(jw, jU, jv)
= (@llg= P + 17911 + l3IP)’
= 15|®° (@l ” + 19117 + [I+]P)°
< |jPPes(w,¥,7), V w, ¥,y € Sp,5 € N.

Hence
lim eo(mjw, m;v, mjy) < lim |j|Pes(w,d,v) =0, V w,d,v € Sy, 7 € N.
j—o0 J—00

Then (4.3.15) is true with A(m;) = |j|?, there exists my € N with mg > 1 such that

7 > mg and
Gy =2 = 1P +(6+2) | 5P+ 2 — 1< L.

Therefore we can say that (4.3.18) is satisfied with I(&}) 1= {m; € Aut(&) : j € Ny, }.
Hence by the Theorem 4.3.2, every function g : S — &5 satisfies (1.1.6) on Sp. ®

Now, we prove that Corollaries 4.3.6 and 4.3.7 yield a characterization of IPS.

Corollary 4.3.8. Suppose that (&1, K, ||.||) is a @QNS, & = &\{0}, and write

A(@,9,7) = |llw + 9 + I + [l = " + [lw — yII* + |19 = 11> = 3[ll=|l” + [[91* + [[7[*]

)

YV w, ¥,y € &. let either of the following two conditions remain
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. A(w, 9, 7)
1) su < 00;
() wﬂn}ézg’o 51<w71957)
) A(w,¥,7)
i) su < 005
( ) wﬂ,’y}zé”o €2<?I/', 197 7)

Then & is an IPS.

Proof. Write g(w) = ||@||?>. Then from Corollaries 4.3.6 and 4.3.7, we simply find that
g is a solution of (1.1.6). This means that A(w,?) = 0. So, QN ||.|| on & fulfills the

parallelogram law:
@ +9|* + [l — 9||* = 2||w|* + 2||9|*, ¥ @, € &.
Therefore, & is an IPS. [ |

The following example proves that the assumption in the above corollaries is essen-
tial.

Example 4.3.1. Let & = & = L3[0,1], and | @ |ls=| @ |ls= (fo | w(t) |7 dt) v
w e &, where Lz[0,1] = {g:[0,1] = R : | g |2 is Lebesque integrable}. Let g(w) = w,
for all w € & and e(w, v, 7) (fo (21090) | —4|~() ])é)Q, V w,,y € & such that
w—y,w+1d+vy,w—399—v#0. Then

lg(ww + 9 +7) +g(w—0) +g(w—7) + 90 —7) = 3[g(m) + g(¥) + gl < e(w,9,7),
(4.3.22)

holds ¥ w, ¥,y € & but g does not satisfy (1.1.6).

Proof. Note that & and &5 are quasi-Banach spaces.

(@ + 9 +7) +g(w =) +g(@w—7) + 9 —7) = 3[g(=) + g(I) + gl

= </0 (@(®) +9(t) + (1) + (@(t) = 0()) + (@(t) = 7(1)) + (I(t) = (1))

s

This proves that (4.3.22) holds, but g does not satisfy the (1.1.6). [

— 3w(t — 39(t) — 37(1))? )

[N

( @1 9(t) | — 4] (1) |

e(w, 9, 7).
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4.4 Approximation of Drygas functional equation in

complete quasi-normed space

Here, We study the generalized HUR stability problem for (1.1.8) in the setting of com-
plete QNS. For this equation, We also obtain some hyperstability results. This section’s
results extend various previously known results in the framework of complete QNS. Re-

sults of this section are proved in Sharma and Chandok [115].

Throughout this section, &3 is a complete QNS, &7 is a QNS and for each m € éafl we write
mw = m(w) for w € & and we defined —m by —mw := —m(w),2mw = mw + mw

and m' = m'w 1= (Idg, — m)w = w — mw for w € &.
Theorem 4.4.1. Suppose that g : & — & is a map such that

lg(w + ) + g(ww = V) =2 g(@) = g(V) = g(=I)|| < &(w, ), (4.4.1)
where € : &y X &y — [0,00], ¥, w € &y such that w — 9 # 0 and w + 9 # 0.
Assume that

[(&) :={m € Aut(&) : (Idg, — 2m),m', —m, m, € Aut(&), a, < 1} (4.4.2)

15 an nonempty set, where

U i= 2KN(m) + K2 A(m) + KPXM(—m) + K3*A\(Idg, — 2m),

A(m) = inf{t € R, : e(mw, mV) < te(w, V) Vw,V € &},

form € Aut(&), K > 1.
Then, for each nonempty subset A C I(&1) such that
boa=aob=,(byacA), (4.4.3)
there exists a unique 4 : & — & fulfilling (1.1.8) and
|9 (@) — g(w) |I°< 4e*(w), V @ € &, (4.4.4)

where 0 = logyy 2 and e*(w) := inf {M tm € A}.

0
1-a?,
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Proof. Fix m € A. Replacing 9 by mw and w by m'w in (4.4.1), we have

l9(@) + 9((Idg — 2m)w) — 29(m'w) — g(mw) — g(—mw)|| < e(m'w, mw) := en (@),
(4.4.5)

V @ € &. We define the operators .7, : &° — &5° and A,, : Rfﬂ — R‘jio by

Im& (@) = 26(m'w) + {(mw) + {(—mw) — {((Idg — 2m)w) (4.4.6)

and
Apé(w) = 2K6(m'w) + K25(mw) + K*6(—mw) + K*6((Ids, — 2m)w), (4.4.7)

Vw e &, £ &P and § € RY.

Then (4.4.5) becomes ||g(w) — Tng9(@)|| < em(w), V @ € &. The operator A, has the
form given by [ [44], (2.17), pp. 138] with £k =4 and ¢, (w) = m'w, go(w) = mw, g3(w) =
—mw@, gy(w) = (Idg, — 2m)w, Li(w) = 2K, Ly(z) = K? and L3(w) = Ly(w) = K> V

w € &y. Further, we have

|| Tmé (@) = Tmp(@)]|

= [126(m'@) + {(mw) + {(—mw) — {((Idg, — 2m)w) — 2u(m'w) — p(mw) — p(—mw)+
p((Idg —2m)w)||

< 2K||§(m'w) — p(m'w)|| + K*[|§(mw) — p(mw)|| + K||§(—m@) — p(—mw)]]
+ KPE((Tdg, — 2m)w) — p((Ids, — 2m)w)]],

_ZL ) 1 §(gi(@)) — p(gi(w@)) ||>vweéa0>€’ueg2go'

Using the definition of A(m), e(mw, my) < A(m)e(m'w, mw) V w,d € & we have to
show that A%e,,(w) < ale(m'm,mw) V @w € &, where o, = 2KA(m/) + K*\(m) +
K3\(—m) + K3\(Ids, — 2m).
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If n =0, then ¢,,(w) = e(M'w, mw). If n =1, we have

Ape(w)
= 2Ke,,(m'w) + K2, (mw) + K3e,(—mw) + K¢, ((Idg, — 2m)w)
= 2Ke (m/(m'w), m(m'w)) + K2 (m'(mw), m(mw)) + K¢ (m'(—mw, m(—mw))
+ K3 (m/((Idg, — 2m)w), m((Idg, — 2m)w))
= 2Ke (m/(m'w), m'(mw)) + K2 (m(m'w), m(mm)) + K*c (—m(m'z), —m(mw))
+ K?c ((Idg, — 2m)(m/ (@), (Idg, — 2m)(mwm))
< 2K\ (m')e(m'w, mw) + K*\(m)e(m'w, mw) + K*X(—m)e(m'w, mw)
+ K3\(Idg, — 2m)e(m'e, mw)
= 2K\(m') + K°X(m) + K*X(—m) + K*X(Idg, — 2m)e(m'o, mm) = ape(m'c, mm).

Now, further, if » = 2, we have

A, (@)
= A [Aey,(w)]
= 2K Apen(m'@) + K2Apem(mm) + K*Apen(—m@) + K2 Apen((Ids, — 2m)w)
= 2K ape (m'(m'w), m(m'e)) + K2ane (m'(mw), m(mw))
+ K3ape (m/(—mw, m(—mw)) + K% (m'(Idg, — 2m)w),m((Idg — 2m)w))
= 2K ape (m'(m'w),m' (mw)) + K*ame (m(m'w), m(mw))
+ K3ame (—m(m'w), —m(mw)) + K*ane (Idg — 2m)(m'x), (Idg, — 2m)(mw))
< 2Ka,\m')e(m'e, mw) + Ko, \(m)e(m'e, mw) + K2 A(—m)e(m'o, mo)
+ K3\(Idg, — 2m)e(m'e, mw)
=, (2KANm) + K2A(m) + K°X(—m) + K°A(Idg, — 2m)) e(m'w, mw)

= o’ e(m'm, mw).

Proceeding on similar lines, we get

Al e (@) < ale(m'ow,mwm),V @ € &,n € Ny. (4.4.8)
Hence
. B . e > e (m'w, mw)



Therefore by [ [44], Corollary 2.2, pp. 138], there exists a solution 4, : & — & of
G (@) =29, (m'x) + Gp(mwm) + Gn(—mw@) — G ((Idg, — 2m)w), ¥V @ € &, (4.4.9)
which is a fixed point of T, such that
(@) = g(@)]” < 4e*(w), (4.4.10)

V w € &. Moreover, 94, (w) = lim J] g(w) for all w € &,
r—00
Now, to show that ¥, fulfills the functional equation (1.1.8) on &, we have to show the

following inequality

| Tng(@ +0) + Trg(w —0) = 27,9(@) — T9(0) = Tg(=0) || < ae(w, V),
(4.4.11)

V9, w € & such that w — 9 # 0, w + 9 # 0, and r € Ny. In fact, if r = 0, then (4.4.11)
is simply (4.4.1). Thus we suppose that (4.4.11) holds for @, ¥ € & and r € N such that
w—19#0,w+19#0. Then from (4.4.6) and the triangle inequality, we have

I T g(w +0) + Tt g(w = 9) — 27, g(w) — T g(9) — T g(=0) ||
= 1 27,9(m' (@ +9)) + Tg(m(w +9)) + T 9(—m(w + 7))
— T9((Ids, — 2m)(w +9)) + 2.79(m/ (@ — V) + T 9(m(w — V)
+ Tng(—m(@ — V) = Tu9((Idg, — 2m)(w — V) — 47 g(m(w)) — 27,9(m(=))
—27,9(—m(@)) +27,9((Idg — 2m)(@)) — 27,9(m' (V) — T 9(m(V))
— Tng(=m(0)) + Z59((Ids, — 2m)(5)) = 27,9(m'(=0)) — T9(m(—1))
= Tng(=m(=9)) + T9((Ids — 2m)(=9)) |
S2K || Tng(m'(w +9)) + Zg(m(w = ) = 27,9(m/ (@)
— Tng(m'(9)) — T g(m'(=9)) |
+ K2 || Tng(m(w +9)) + Tng(m(w — ) — 27,9(m(w))
= Ta9(m(V)) = Tg(m(=9) ||
+ K7 || Tng(=m(w +9)) + Tyg(—m(w = 0)) = 27, 9(—m(=))
= Ing(=m(9)) = T g(=m(=0) |
+ K| Zng((Tds — 2m)(w +99)) + Tng((Idsy, — 2m)(w — )
= 27,9((Ids, = 2m)(w)) — T9((Ids — 2m)(V)) = T9((Idg — 2m) (=) ||
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< a! 2Ke(m'w,m'd) + K?*e(mw, md) + K*¢(—mw, —m)

+ K3e((Ids, — 2m)w, (Idg, — 2m)9)]
<ol [2KANm) + K2A(m) + K°X(—m) + K*X(Idg — 2m)]e(w@, 9)
= a/tle(w, V).

m

We have demonstrated by induction that (4.4.11) is correct V r € N. Therefore from
(1.3.2) and (4.4.11), we have

1| Tmg(@ +0) + Trg(w =) = 2T59(w) = Trg(0) = Trg(=0)|” < K" ape’(w, d).
(4.4.12)

Letting r — oo in (4.4.12) and using the definition of I(.:Z"), we have
G (0 +0) + Y (w — V) = 29, (w) + 9,(0) + 9, (—0),V @,V € &. (4.4.13)

Therefore we have prove that for every for m € A there exists a %, : §y — &5 which is
the solution of (1.1.8) on & and satisfies

lof) - @’ < 4 () —ie@) v w b

Now, we show that ¢, = ¥, V m,q € A. Fix m, q and note that ¥, satisfies (4.4.10) with
m replaced by ¢q. Hence by replacing (w, ) with (m'w, mw) in (4.4.13) and using (1.3.1)
and (1.3.2), we get T'Y; = %, for j = m, ¢ and

1% (@) = Go(@)II” < [ (w) = g(@)II|° + [[|%y(w) — g(@)]]|”
< (i%g) + (Afgf:g)) Vweb

It follows from (4.4.8) and linearity of Athat

1% (@) = Gy(@)||I” = |7 Gn(w) — TG (@)’

A€l (w A" 2 w
<o (M) L, ( 1e_<ag>>
< ()" Un (@) + ()" Uy(w@),

where U, (w) = 4% Vw e & and n € N. Letting n — oo, we have ¥, = ¥, = 9.
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Thus, we get
l9() — 9 (@)|? < Upn(w), ¥ @ € &, m € A.

So, we derive (4.4.4). Due to (4.4.13), it is obvious that ¢ is a solution of (1.1.8). Now
to show uniqueness of map ¥, let’s suppose that there exists a map ¢’ : & — &, which
fulfills (1.1.8) and

lg(@) = 4" (@)||” < 4¢* (w).
Using(1.3.2), we get
119/(@) =" (@)]lI’ < 8™ ().
Further 79'(w) = 9'(w) V w € &. Consequently, with a fixed m € A

114 (w) = 4" (@)||” = ||| 7"Y (w) — T"Y'(@)]||” < 8A"e"(w)
- 8A"l ()

1—al,
8am e (w)
1—af
Vweéy,n e Nyme A. Taking n — oo, we get 4 = 4. [ |

The hyperstability of (1.1.8) in the quasi-Banach space is demonstrated in the following

outcome.

Theorem 4.4.2. Let € as in the above Theorem 4.4.1, there exists a nonempty set A €
[(&1) such thatboa=aobV baec A and

inf e¥(m'w,mw) =0
sup ., < 1.
meA

w € &, then every g : & — & satisfying (4.4.1) is a solution of (1.1.8) on &.

Proof. Assume that g : & — &, is a map which is fulfills (4.4.1). Then, by the Theorem
4.4.1, there exists a map ¢ : & — &, which fulfills (1.1.8) and ||g(w) — 4 (@)|| < &*(w)
YV w € &. Since, from (4.4.14), e*(w) = 0 for all w € &. This means that g(w) = ¥ (w)V

w € &y, where

g(w+9) + g(w — ) =2g9(w) + g(¥) + g(=10), ¥V w,d € &.
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It implies that g fulfills (1.1.8) on &. [

As natural consequences of Theorems 4.4.1 and 4.4.2, we can derive the following corol-

laries.

Corollary 4.4.3. Suppose that ¢ < 0, p < 0 and ¢ is a positive number. If g : & — &

satisfies
|l 9(@ + ) + g(w — ) = 29(@) — g(9) —g(=0) |” < " (| @ [P+ | 9 ]|9)", (4.4.15)

YV w, ¥ € &, then g is a solution of (1.1.8) on &.

Proof. We apply Theorem 4.4.2 with ¢?(ww, 9) = ¢ (| @ ||? 4 || 9 ||9)° V @, 9 € & with
some real numbers ¢ > 0, ¢ < 0 and p < 0. Define m;: & — & by m;w = m;(w) = —jw
and m’;:&y — & by mjw :=m(w) = (1+ j)w, for each j € N. Then

e'(mjw, myp) = £%(—jw, —kv)

o (I —j= IIP + || =Ko ||9))°
e Il 117 +ok? || 0 |14
(G + kel = 1P+ (1919

<
= (7 + kD (w, ), V w, 9 € &, k,j € N.

Hence

lim &’ (m/ o, m;9) < li)m (L4 5P + N (@, 9) =0, V w,9 € &, k,j € N.
j—o0

J—00 J

Then (4.4.14) is holds with A\(m;) = j» + j9 for j € N, and there exists ny € N such that
7 > ng and

iy =2((1+ )P + (14 5)0) + 207 + %) + 1+ 25)P + (1 +25)¢ < L.

Therefore, (4.4.2) is satisfied with A := {m; € Aut(&1) : j € N,o} and by Theorem 4.4.2,
every g : & — & satisfying (4.4.15) is a solution of (1.1.8) on &. [ |

We expand on the findings of Piszczek et al. [88] in the setting of quasi-Banach space.

Corollary 4.4.4. If g : & — & satisfies
| 9(@ +9) + gl — 0) — 29(=) — g(9) — g(=0) < & (| = P + | 9 )’ , (4.4.16)

forp <0 and ¢ >0 and ¥V w, v € &, then g is a solution of (1.1.8) on &.
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Proof. It is obvious that the function ¢ given by
(@, 9) =lp(lw "+ 917,
YV w,d € & satisfies (4.4.14), since
e (jw, ki) = [ || = IP +¢ [ kO [P < [0GP +#) (T |7+ [ 9 |7 = (57 + k)" (w, 9),

Vw, e &y, k,j € Nand kj # 0. Remaining part of the proof is the same as the Corollary
4.4.3. [ |

Remark 4.4.5. Piszczek et al. [88] obtained Corollary 4.4.4 in the framework of a com-

plete normed space.

If g : & — & satisfies (4.4.16) for w, v € &, with p < 0, then , according to Theorem
4.4.2, g fulfills (1.1.8) on &. It is obvious that if g(0) = 0, then g satisfies (1.1.8) on
8.

Corollary 4.4.6. Let ¢ be a positive number and p+q < 0. If g : & — & satisfies
I gl +9) + gl — 9) — 29(=) — 9(0) — g(—0) | < & (I |7 0 1), (44.17)

YV w, ¥ € &, then g is a solution of the (1.1.8) on &.

Proof. It is obvious that the function ¢ given by
(@, 9) = (o (lw 7] 9 19)",
V w,d € & satisfies (4.4.14), since
e (jw, k) = ¢ (L j [Pl k9 19" < S GPRD (L P9 119) = (57K’ (@, ),

Vw,d € &, k,j € Nand kj # 0. On the similar lines of the Corollary 4.4.3, we get the

results. [ |

By a similar conclusion, the function ¢ given by

(@) =" (@ IP+ 11917+l 7] 0 |7)°,
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V w,d € & satisfies (4.4.14), since

e (jw, ki = & (|| joo |17 + || ko |12 + || joo |[7I| ko [[9)”
= (P | @ P +k | 0|1 +57K | = |1PI] 9 |19)
< (§7 + K+ 57k 0 (w, 0),

Vw, ¥ € &y, k,j € Nand kj # 0. Thus we get the following result.

Corollary 4.4.7. Suppose that ¢ < 0, p <0, p+q <0 and @ is a positive number. If
g : & — & satisfies

|l g(@ +9) + g(@ = 9) = 29(w) — g(9) — g(=0) |°< (N [P+ [ 2|7+ [ & 7| 9 1)°,
(4.4.18)

YV @, € &, then g is a solution of (1.1.8) on &.

The following outcome match result on the non-homogeneous Drygas functional equation
(4.4.19).

Corollary 4.4.8. Assume that € as in Theorem 4.4.1 and H : & — &. Assume that
| H(w, ) |°< %(w, ) V @,9 € &, where H(wy, o) # 0 for some wy, 9y € &, there
exists a nonempty A € (&) such that (4.4.3) and (4.4.14) satisfies. Then the non-

homogeneous equation
9(@+9) + g(w =) = 29(w) — g(9) — g(=9) + H(w, ), (4.4.19)

YV w, ¥ € &, has no solution in the class of functions g : & — &s.

Proof. Assume that g : & — & is a solution to (4.4.19). Then

| g(@ +9) + g(w — ) = 29(w) — g(0) — g(-) |’

=|| 29(@) + 9(¥) + g(—) + H(w,9) - 2g(w) — g(9) — g(-I) |’
=|| H(w, ) ||’

< (w,9), Yw, e &.

Consequently, by Theorem 4.4.2, g is a solution of (1.1.8). Therefore, we have
H (w0, Vo) = g(wo + Vo) + (w0 — Vo) — 29(w@0) + g(Yo) — g(=Vo) = 0,

which is contradiction. Hence non-homogeneous equation (4.4.19) has no solution in the

class of functions g : & — &s. [ |
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The following example demonstrates the importance of the assumption in the preceding

Corollary.

Example 4.4.1. Let & = & = L30.1] and | @ =] = o= (Ji |w(t) |} dr)’
for all @ € &, where Lz[0,1] = {g : [0,1] = R : | g |2 is Lebesgue integrable} and
(@) =w'+@?Vwe &, e(w, ) = (fol (2v3 | w(t)d(t) |) dt>2 YV w, Y € & such that
w—v,w+ v #0.

lg(@ +9) + g(w — V) = 29(w) — g(V) — g(=V)|| < e(w, ) (4.4.20)

but g does not satisfy (1.1.8).

Proof. Note that & and & be complete QNSs

lg(w + ) + g(w — V) = 29(w) = g(V) — g(=D)]

= (/O ((@(t) + 9(0)" + (w(t) + 9(1)* + (@ (t) = 3(1)" + (@(t) — V(1))
—2w%w—2w%ﬂ—ﬁﬂﬂ—0%ﬂ—0%ﬂ—0%ﬂﬁd02

= ( / 1 (04(t) + 40% () (t) + 637 (£)07(t) + 49° () (t) + 9 (t) + @°(t) + ¥*(t)

+ 2w (t)0(t) + w(t) — 4 (1)I(t) + 6% ()92 () — 4o ()93 (t) + 9*(t) + (2

2
dt)

o=

+ 9*(t) — 2w (t)0(t) — 2™ (t) — 2°(t) — 9*(t) — V*(t) — 9*(t) — ¥*(¢))

This proves that (4.4.20) holds but g does not fulfill (1.1.8). |

Remark 4.4.9. If & is a complete NS, & is a NS and K = 1 in Theorem 4.4.1, we

obtain the corresponding results of Sirouni et al. [117].
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Chapter 5

Ulam-type stability of a quartic functional

equation

Introduction

This chapter has been divided into three sections. In the first two sections, we use direct
and fixed point methods to discuss the generalized HU stability of a quartic functional
equation in the framework of (5, p)-NS. In the last section, we use a direct method to
study the generalized HU stability of a quartic functional equation in the framework of
NAp-NS. Results of this chapter are published in Sharma and Chandok [113].

5.1 Ulam-type stability in (3, p)-normed space by fixed
point approach

Here, we study the generalized HU stability of (1.1.12) for a fixed integer m in the
framework of a complete (3, p)-NS by utilising Theorem 1.2.2 using the following Remark
5.1.1.

Remark 5.1.1. Let & and & be two vector spaces over the same field, g : & — &
satisfies functional equation (1.1.12). Then for all w,¥ € & and I,k > 0, we get

Case 1. ifw=9=01n (1.1.12), then g(0) = 0;

Case 2. if 9 =0 in (1.1.12), then g(2w) = 2'g(w);

Case 3. if we replace w with kw and ¥ with lw in (1.1.12), then g(kw + lw) =
(k+1D*g(w). If k+1=r, so we have g(rw) = rig(w).

Case 4. if w=0in (1.1.12), then g(—1w) = (—1)*g(w).

Assume that m(m > 2) is an integer, we use the abbreviation for map g : & — & as

follows:

Bng(w@,9) := g(w +md) + g(w — md) — 2(m — 1)(7m — 9)g(w) — 2(m* — 1)m?g ()
+ (m —1)%9(2w) — m*{g(w + V) + g(w — I)}.
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From here, throughout this section, (&1, [|-||¢, Kg > 1) isa (8,p)-NS, (&2, ||||le, Kg > 1)
is a complete (5, p)-NS over the same field with &,

Theorem 5.1.2. Assume that © : & — [0.00) is a map and g : & — & is a map with
g(0) = 0. Assume that following assumptions are fulfill, V w, ¥ € &

(@)  O(mw,md) < Mm*O(w, ), where, 0 < M <1,0< <1, (5.1.1)

Then there ezists a unique map G : & — &y fulfilling (1.1.12) and

4 P 1
lg(w) — G(@)]le < (1 — M) T = 1\259@70)’\7 @ € &1, p=logyy, 2. (5.1.3)

Proof. Choose 0 = {f : & — &}. Define a function ¢ : 0 x 0 — [0, 00), as
O(f,J) =mf{C >0 | ||f(w) — J(w)|lg < CO(w,0),Vw € & }

V f,J € o, where inf ) = co. Firstly, we’ll prove that (o,0) is a GBM. It’s easy to see
S f,J)=10(J, f). If f=J,thend(f,J)=0. Note that || f(w)—J(@)|e < d(f, J)O(w,0)
Vwed. Ifi(f,J) =0, then || f(w) — J(w)|s = 0, that is, f(w) = J(w) Yw € &.
Then f = J. For each f,J,a € 0 and w € &, we have

If (@) — a(@)]le, < 6(f,a)O(@,0), [la(w) — J(@)|s < d(a,J)O(w,0), and [[f(=) —
J(@)|le < 0(f,J)O(w,0).

Now, from [ [113], (63), pp. 3], it follows that for all w € &,

1f (@) = J(@)]ls < Ko, ([[f(@) = a(@)]lsg, + |la(@) = J(@)]]s)
< (Kgo(f,a) + Kgd(a,J)) O(w,0),

then we can write
[f(@) = J(@)| < (K,d(f,a) + Kgd(a, J)) O(w, 0). (5.1.4)
So we have
0(f,J) < K& (f,a) + Kgd(a, J).

Therefore, (0,0, Kg,) is a GBM with a coefficient Kg, on o.
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Now, we will prove that GBM (0,0, Kg,) is complete. Assume that {g,} is a Cauchy

sequence in (0,0, Kg ). Then we get lim d(gn,gm) = 0. Note that V w € &, we
n,Mm—00

get

|gn (@) = gm(@)|l.5, < 0(gns gm)O(2,0). (5.1.5)

Then mlrllr_r}OOHgn(w) — gm(w)||le, = 0. It means that {g,(w)} is a Cauchy sequence in
(&3, ||||6”27 Kg,). Since (&3, |||, K&, ) is a complete (5, p)-NS, there exists nlg& gn(w) =0
in (&, |||le, Kg). Put f(w) = 9, where f : & — & is a mapping. We'll show that
lim g, = f in (0,9, Kg,). Indeed, for each € > 0, there exists ny such that 0(gn, gm) < €
@_%o,n > ng. So from (5.1.5), V w € & and n > ny,

1gn () — gm(@)|ls, < €O(w,0). (5.1.6)
Taking m — oo in (5.1.6), we get V w € & and n > ny,
Hgn(w) - f(w)ng < E@(W,O).

This implies that §(g,, f) <€V n > ng. Thus lim g, = f in (0,0, Kg,). Then (0,9, Kg,)
n—oo
is complete.

Next, letting w = 0 in (5.1.2) and using ¢(0) = 0, we have
I(m = 1)*9(2w) — (m — 1)*16g(=) |5, < O(w, 0).

Further, after rewrite, we have

9(2w) ‘ O(=,0)
—— — — Y 8.
H 6 I, S o TEEA
It yields that
9(2w) ‘ O(=,0)
— —_— . 1.
H - 9@)||, < g Ve (5.1.7)
, _ f(2w)
Define amap .7 : 0 — o by (7 f)(w) = T for all f € o0 and V w € &.

Now, we have to show that o(7 f,.7J) < Mo(f,J). By (5.1.1), and f,J € o, we
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have

(T (@) = (T I)(@)lle, =

_ Hf _ JCw)
24

= ZTBHf(QW) — J(2@)| &
o(f,J)
246

o(f,J)
< =i

= M3(f, J)O(w, 0).

&

< O(2w,0)

— 2 M2Y0(w, 0)

So, we get
NTf,TJ)<Méf,J),V f,Jeo 0<M<1.

Using Theorem 1.2.2, for the mapping .7 on the CGMS (&1,D), we get
(A)  either ®(T"f, T f) =00V neN,
(B) or

(1) lim I"f = G, where G is a fixed point of .7;

n—oo

® 2.6 < ({237 ) 20 71

1-M

By (1.3.4) we get V n € N,

11 4 5 4 >
R O e T IR e )

O(w,0)

From (5.1.7), we have V w € &, ||Tg(w) — g(w)|ls < m'

—24B| 177 < o0o. This proves that if we take f = g, then
m J—

(1) lim I7g =G

n—oo

® 86,6 < (125 ) 9(0.T0)

So, we find that

4 7 4 z 1
< .
3(g,G) < <1 —M) (g, 7 g) < <1 —M) 248|m — 1|28
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1
P 1
28] — 1|28

4
Then V w € &, |lg(w) — G(w)||le < <1 — M) ©(w,0). That is (5.1.3)

holds.

Next, we have to show that G is quartic by using continuity of ||-||5. Note that (Fg)(w) =
9(2w)
24 7

for each w € &. So,

_ T92w) _ g(2*w) 0 _9(2"w)
- 24 T 942 y 7<§ g)<w>_ :

(7%)(=) =

So (5.1.1) and (5.1.2), we have V w, 9 € &7,

1G(w + m) + Glew — md) — 2(m — 1)(Tm — 9)G(sw) — 2(m? — 1)mG(9)
+ (m — 1°G(2w) — m*{G(w +9) + Glw — D)} I,
= || Jim (7"g)(w + m) + lim (T"g) (e — m)
~2(m — 1)(7m — 9) lim (7"g) () — 2(m* — Dm? lim (77"9) ()
+(m 1) lim (77g) (2) — m? lim (7"g)(w +9) —m” lim (F"g)(@ — D)|I}
= lim [[(7"g)(w + m) + (7"g) (@ — md) — 2(m — 1)(Tm — 9)(T"g) ()
— 2(m? — V(T "9)(9) + (m — VX(T"g)(2) — m*(T"g)(ew + )
—mA(7"g) (D),

— 9(m — 1)(7m — 9) 22 @)

o 192N (@ +md)) | g(2" (@ — md))
- nlggo ‘ ‘ 24n + 24n 24n
> »9(2"(9)) 29(2"2w)) 92" (@w+V)  Lg(2"(w =)
—2(m—1)mZT+(m—l) Sin -m Sin B T .
: 1 n n n n n
= nthO WHQ(2 w+2"mv) + g(2"w — 2"my) — 2(m — 1)(Tm — 9)g(2"w)
—2(m? — 1)m?g(2™9) + (m — 1)%¢(2"(2w)) — m*g(2"w + 2"9) — m?g(2"w — 2”19)||f§,2
1
: D(ON n
< nh—>Holo 24np5@ (2", 2™0)
: nodnps
< i g2 .
= lim M"OP(w,v) = 0.
n—oo

It implies that V w, ¥ € &7,

G(w +md) + G(w — md) —2(m — 1)(Tm — 9)G(w)
—2(m?* = 1)m*G(0) + (m — 1)’°G(2w) — m*{G(w + V) + G(w — V)} = 0.

So G satisfies functional equation (1.1.12). By Remark 5.1.1, G is a quartic map.
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Lastly, we demonstrate the uniqueness of GG. Assume that J : & — &, is also a quartic
map fulfilling (5.1.3). We must demonstrate that J = G. It follows from Remark 5.1.1,
G(2w) = 2'G(w) and J(2w) = 2*'J(w). By using (5.1.1) and (5.1.3), for each n € N, we
get
G2"w) J(2"w)
24n o 94n

1 n n P

= Sipp |G (2"@) = J(2"@)|[g,

p

IG(=) = J(=)IE, = |

&

1 n n n n
= —24np,3||G(2 w) — 9(2"w) + g(2"w) — J(2"w)||%,
< 1
— 94nppB
< 1
— dnpp

1 4 1
DN
< 5o (g — T =0

4 1
p(on
YO e @.0))

1 8
<

= 24npBHApB |y — 1|2P8 1 —

- 1 8

= 24w HApB|m — 112081 — M

B 1 SM™P

C 2B |m — 1281 — M

(162 @) — 92" @)l +119(2"@) — J(2"=)II%,)

(1G(2"m) — g(2"@)|lz, + 119(2"w) — J(2"w)|[%,)

i (©P(2"w,0))

M4 PP QP (g7, 0)

©P(w,0).

Since 0 < M <1 and p = logyg, 2, taking n — oo, we have |1G(w) — J(@)|[Z, =0V
w € & . This proves J = G. [ |

Now, we give some consequences of the above result in complete (3, p)-NS.

Corollary 5.1.3. Let g : & — & be a map with g(0) = 0. Assume that there are real
numbers A > 0 and ri < 4 such that

[1Bmg(w@,D)lls, < A(llw|™ +[|01™), ¥ @, € £1\{0}. (5.1.8)

Then there ezists a unique map G : & — & fulfilling (1.1.12) and

1 \r 1 )
R e M (5.19)

Vwe é, p=10gyk, 2 and 0 < M <1.
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Proof. Define a map O : & — [0,00) by

0, ifw=20ord=0;
O(w, ) :=

A(ll@||™ + ||9]|™), otherwise.

Next, we will show that
O(mw, my) < Mm*0(w,v),VY @, 9 € &, where M :=m™P~ c[0,1).
Let @, € &. If ¥ =0 or w = 0 then
O(mw, md)) = 0 < Mm*0(w, ).

If ¥ # 0 and @w # 0, then we have

O(mw, md) = A([lm=|"™ + [md|"™)
=m" A (||| + [[9]™)
= Mm*O(w, ).

So, all the assumptions of Theorem 5.1.2 are correct. So we obtain the result. m

Corollary 5.1.4. Assume that g : & — &3 is a map with g(0) = 0, and there are real
numbers X > 0 and r; < 4 such that

|Bmg(@, 9)|ls, < A(llw||™|9)™),V =, € &\{0}. (5.1.10)
Then there ezists a unique map G : & — & fulfilling (1.1.12) and

1 \7 1 )
lo(@) - 6@ < (1=57) eyl .11

Vw e &, pzlogQKgQQ and 0 < M < 1.

Proof. Define a map O : &2 — [0,00) by

0, ifw=0ord=0;
O(w, ) =
A (|| ||™|9]|™), otherwise.
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Next, we will show that
O(mw, m?) < Mm*0(w, ),V w,d € &, where M := m*#=4 c [0, 1).
Let w,¥ € &. If ¥ =0 or w = 0 then
O(mw, md) = 0 < Mm*0(w, ).
If ¥ # 0 and w # 0, then we have

O (mwo, md) = A([[maz||" [md[|™)
=m™ (||| 9]™)
= Mm*6(w, ).

All of the assumptions in Theorem 5.1.2 are now fulfilled. Hence, we obtain the result.
|

Corollary 5.1.5. Let g : & — & be a map with g(0) = 0. Assume that there are real
numbers X > 0 and r; < 0 with m™? < m? such that

|1Bmg(@, 9)|ls, < Al |90 + lewl|™ + [|0™),V =, ¢ € £\{0}. (5.1.12)
Then there ezists a unique map G : & — &y fulfilling (1.1.12) and
1

1 P -
l9(=) - 6@ e < (=37 ) g —gall el ¥ € i p =g, 2.

(5.1.13)

Proof. Define a map O : &2 — [0,00) by

0, if w=0ord=0;
O(w, V) =
Al | ][9] + | ||™ + ||9||™), otherwise.

Next, we will show that

O(mw, md) < Mm*0(w, ),V @, € &, where M := m"™P~*% € [0,1).
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Let w,¥ € &. If ¥ =0 or w = 0 then
O(mw, md) =0 < Mm*?0(w, ).
If ¥ # 0 and w # 0, then we have

O(mw, md) = A ([[mw||" |mI[[" + [[me||"* + [[md]"™)
=m" X (m" ([l 9" + =™+ [10]™)
<m" X (@l I + =l + 0]
= Lm*0(w, V).

All the assumptions of Theorem 5.1.2 are valid. Therefore, we obtain the result. ®

5.2 Ulam Type stability in (5, p)-normed space by di-

rect method

Utilizing the direct method, we discuss the stability of (1.1.12). Throughout this section,
(&1, ||]|&, Kg) is a (B, p)-NS, (&2, |||, Kg) is a complete (5, p)-NS over the same field
with éal,

Theorem 5.2.1. Assume that g : &1 — &5 is a map for which there exists a © : & X & —
0, 00) such that

[e.e]

, 1

O (w@,9) =) T Or(2Fw, 259) < oo, (5.2.1)
k=0

| Big(w, )]s, < O(w,0),Y @,9 € &. (5.2.2)

Then there exists a unique quartic map G : & — & such that

lg(w) — G(=)]s, < %ﬁ%,v weé. (5.2.3)

Proof. Taking ¥ =0 in (5.2.2), we have

I(m = 1)%9(2w) — (m — 1)*16g(w) |, < O(w, 0), (5.2.4)
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V w € &. Thus

9(2w) P ©r(w, 0)
_ < 5.2.5
H 6 9@, S S, — e (5:2:5)
V w € &. Replacing w by 2w in (5.2.5) and continuing this method, we get
9(2"w) p 0P (2%, 0)
H ot g(w) 24p5|m — 1] £ Z odkpB (5.2.6)
On the other hand, we can apply induction to find
g(2"w) g(2lw) or(2kw, 0)
H 94n  9dl 24p5|m ’2p,5 Z 9dkpB (5.2.7)
9(2"w) ] .
Vw e &, and 0 <[ < n. So sequence o (8@ Cauchy by (5.2.1) and (5.2.7).

Since &5 is complete, there exists a mapping G so that

n

2
lim 9(2"=)

n—00 94n

= G(w). (5.2.8)

We can see that inequality (5.2.3) holds if we take the limit as n — oo in (5.2.6) and use
(5.2.8). Now, we replace @, by 2"w, 2™, respectively, in (5.2.2), then

er(2"w, 20)
94npp

1 n n
Sipp | Brg(2", 2"0) g, < (5.2.9)

Letting the limit as n — oo, we have B,,G(z,y) = 0, all @, € & . Therefore, by [ [18],
Theorem 3, pp-2], G : & — & is a quartic map. Now, suppose that G’ : & — & is
another quartic map fulfilling (5.2.3). Then we get

! 1 n /(on
1G(@) - C@)|E, = g5 G2"=) - G'(2)]5,
]' n n n ! n

< Sip (1G(2"@) = 9(2"@)|Z, + 19(2"®) — G'(2"=)|3,)

< 1 ©'(2"w,0)

— 24np,8 (24|TTL _ 1|2>p6
B 1 = 1
B (24|m — 1|2)p8 94(n+k)ps

k=0

682", 0)

B 1 = 1
T (21m — 12)pF 2 2id
n=0

er(2"w, 0), (5.2.10)

V w € & . Taking n — oo in the preceding inequality, it is obvious that G is unique. ®
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Now we have a result similar to Theorem 5.2.1 for (1.1.12).

Theorem 5.2.2. Assume that g : & — & is a map for which there exists a © : & X & —
[0,00) such that

, - w U
O'(w,0) = _2"%r’er (ﬁ §) < 00, (5.2.11)
k=0
1By (g(,9)lls, < O(w,7), (5.2.12)

v w, VRS éal.
Then there exists a unique quartic map G : & — & such that

o' (w, 0) >

lg(w) — G(@)lls, < (m (5.2.13)

‘v’weéﬁ.

Proof. It follows from (5.2.11) that ©(0,0) = 0. So from (5.2.12) we get g(0) = 0. Put
¥ =0 in (5.2.12), we have

I(m —1)%g(2w) — (m — 1)*169(w)]ls, < O(w,0), (5.2.14)

V w € &. In the previous inequality, if we replace w by % and divide both sides by
(m —1)%8 we get

w

o 0(w/2,0)

— 16 (—) , 5.2.15
Hg(w) g 92 & (m _ 1)217,3 ( )
V w € &. Using triangular inequality and moving forward in this manner
p 1 _ w
—2mg (2| < ——— > 2er (2,0 5.2.16
Hg(w) 9 (5 ) |l < ey ; 0) (5.2.16)

V @ € & . If we show that the sequence {2*"g(ww/2")} is Cauchy, then the completeness
of & will imply that it is convergent. For this, if we substitute @ in (5.2.16) with /2!
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and then multiply both sides by 2%, then we have

a4n) (T ol E)
H2 g(Q") 29(21

P 1 " w
< - o4p(k+)Bgp <_ 0>
1 I+n

_ dpkp w
_ m;z:lz PkB QP (?,o) , (5.2.17)
=l+

Vwed&,and 0 <l < n.
Therefore sequence {2"g(ww/2")} is convergent to the map G, that is,

G(w) = lim 2'g (w) . (5.2.18)

n—o00 2_n
Then as in the view of Theorem 5.2.1, it is to see that G is a unique quartic mapping. B

Now, we give some consequences of the above result in complete (3, p)- normed space.

Corollary 5.2.3. Let A\,v,r; and s; be a nonnegative real numbers such that sy > 0 and
ri,81 < 4. Let g: & — & be a map fulfilling

[1Bmg (e, 9)lls, < Allew||™ + ][9], (5.2.19)

v w, VRS 51.
Then there exists a unique quartic map G : & — & such that

1 All|™
(m — 1) (9ap8 _ orip8)3

l9(@) — G(@)|ls < (5.2.20)

Vwe & and all w € E\{0} if r < 0.

Proof. If we put w =9 = 0 in (5.2.19), we have g(0) = 0. Using O(w, ) = ||| +
Y||9|I** in Theorem 5.2.1, we obtain the result. |

Corollary 5.2.4. Assume that \,v,r1 and s; are nonnegative real numbers such that
ri,81 > 4. Let g : & — & be a map fulfilling

|1Bng(@,9)lls, < Allw (™ + ~[[0]*, (5.2.21)

v w, VRS Co(al.

Then there exists a unique quartic map G : & — & such that
20m1 )| ||

(m — 1)28 (2498 — 2ripB)

l9(@) — G(@)lle < : (5.2.22)
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‘v’weéﬂ.

Proof. If we put ¥ = w =0 in (5.2.21), we have g(0) = 0. Using O(w, V) = A||w||™ +
7||9]|°* in Theorem 5.2.2, we get the wanted result. ]

Remark 5.2.5. If 3 =1 = p in Theorems 5.2.1, 5.2.2 and Corollaries 5.2.3, 5.2.4, we
get the corresponding results of [18] (Theorems 4, 6 and Corollaries 5, 7).

5.3 Ulam-type stability in non-Archimedean S-normed
space by direct method

In 1897, Hensel [52] proposed a NS without the Archimedean property. Non-Archimedean
spaces were later found to have a broad range of useful applications (see [62, 63, 82]).
Here, we demonstrate the stability of (1.1.12) in the context of NAS-NS. Throughout
this section, &3 is a complete NAS-NS, &7 is a NAS-NS.

Theorem 5.3.1. Let © : & x & — [0,00) such that

: 1 k k
Jim 556 (2%@,2"9) = 0. (5.3.1)
Suppose that g : & — & is a map satisfying equality

| Bimg (o, 9)||e, < O(w,d),V w,d € &. (5.3.2)

Then there exists a unique quartic map G : & — & such that

19() = 6@l < o =¥ € i (533)
where ©'(w, 0) = sup{O (2w, 0)/[2*]% : j e NU{0}}.
Proof. Putting ¥ =0 in (5.3.2), we have
[(m —1)*g(2w) — (m — 1)*16g(w)||s < O(w,0),V @ € &. (5.3.4)
Thus we get
lg(2ww) — 16g(w@)||s < O(w,0),V w € &. (5.3.5)

|m — 1|28
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Replacing @ by 2w in (5.3.5) and then dividing both sides by 24|18 we have

T 1 T
i WQ(Q w)‘

1 s
H24(7"+1>g( @) = o Im — 1!2/3]24!<r+1),8@(2 @,0),Vwed (53.6)

2T
9(24:”) } is Cauchy by (5.3.1) and (5.3.6).

Because of the completeness of & as a NAS-NS, there exists a map G so that

and all nonnegative integers r. Thus sequence {

2’!’
lim 9(2"w)

r—00 94r

— G(w). (5.3.7)

For each @w € & and nonnegative integers r, we have

o= =252, - | 5 (52 - ).

9(2]“@) 0< g
<maX{HZ( S oiGD) ‘&.O§]<T’
1 0(2/w,0) .

Taking r — oo in (5.3.8) and using (5.3.7), we can see that the inequality (5.3.3) valid
when m > 2. It follows from (5.3.1), (5.3.2), and (5.3.7) that

1 T' 1 T T
| BnG(w,9)||s = 1 |2|4Tﬁ||Bmg( @,2"9)||s < hm |2|—45@(2 w,2"9) =0. (5.3.9)

Hence, the mapping G satisfies (1.1.12). Now, let G’ : & — &3 be another quartic map
satisfying (5.3.3). Then we get

. 1
G(@) = G'(@)lls, = Jim —l|G(24w) - G'(24) |

1 :
< lim o max{[|G(2°@) — 9(2"0) |, [9(2°9) — &' (2" @) |15}

L 0(2/w,0) |
< gy i Jim e { o k< <tk
1 O(?w,0) |
T 124(m —1)2|8 — k< _ ‘
|24(m — 1)2|P ;}LIEOSUP{ 2446 kE<j< oo} 0, Vw,9e&

Following outcome, which is similar to Theorem 5.3.1 for (1.1.12).
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Theorem 5.3.2. Let © : & x & — [0,00) such that

ok (V)
lim 2 @<2k,2k) 0, (5.3.10)

Suppose that g : & — & is a map satisfying equality
| Bim(g(w,9)||g < O(w,d), V w,d € &. (5.3.11)

Then there exists a unique quartic map R : & — & such that

©'(w,0)

where ©'(w, 0) = sup{|2*}"°O(ww/27,0) : j € NU{0}}.
Proof. In the same way as Theorem 5.3.1, we have
1
Hg(Qw) - 16g(w)‘ o SO0, Yw e b (5.3.13)

Replacing @ by /2" in (5.3.13) and then multiply both sides by [2|**, we get

ar (N oa(r+1) ﬂ)
H2 g(Qn) 2 g<2r+1

and all nonnegative integers r. Thus the sequence {Tg (;) } is Cauchy by (5.3.10)
and (5.3.14). Because of the completeness of & as a NAS-NS, there exists a map R so

that

2 (™ Voed 4
,0), 5.3.1
S (o). Yeesa (531

lim 2¥7¢ (E> — R(w). (5.3.15)

r—00 or

For each @w € & and nonnegative integers r, we have

1 453 w ) .
& = Wmax{|2| @<2j+1,0> :0<y <r},Vw€é"1

(5.3.16)

o= =27 (3))]

and nonnegative integers r. Since right hand side of (5.3.16) tends to 0 as r — oo, using
(5.3.15), we deduce inequality (5.3.12). We can now finish the proof in the same way that
we did with Theorem 5.3.1. [ |

Now, we give some consequences of the results in NAS-NS.
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Corollary 5.3.3. Let A > 0, and w : [0,00) — [0,00) is a function satisfying w(|e|z) <
w(le])w(z) V z,e € [0,00) for which w(|2|) < |16|. Assume that g : & — & is a map
fulfilling the inequality

|1Bng(@, V)]s < Aw(l|@|]) +w(l9])), V@, € & (5.3.17)
Then there exists a unique quartic mappings G : & — &5 such that

lg() — Gla >||gz_%, Ve, (5.3.18)

Proof. Define ¢ : & x & — [0,00) by p(w,d) = C(w(||=|]) + w(||?])), we have

- n_ on - (w(2D)
nll_{glo ng@ w,2")) < nh_)rglo( o7 > o(w,¥) =0, Vw, e é&. (5.3.19)
We also get

¢'(w,0) = sup {% 0<j< oo} o(w,0) = C(w(||w])),V w € &. (5.3.20)

Now, Theorem 5.3.1 implies the wanted result. [ |

Following consequence is a direct consequence of Theorem 5.3.2, and its proof is similar
to that of Corollary 5.3.3.

Corollary 5.3.4. Suppose that A > 0, and w : [0,00) — [0,00) is a function satisfying
w(lelz) < w(le])w(2)V e,z € [0,00) for which w(|2|71) < |16|7t. Assume that g : & — &
1s a map fulfilling the inequality

[Bmg(w@,9)|ls, < Aw(l[=l]) +w([9]]), (5.3.21)

YV w, ¥ € &. Then there exists a unique quartic map R : & — & such that

lg(@) — R(@)]ls < ‘( (Hw/ﬁ!ﬁ), (5.3.22)

Vweéal.

Remark 5.3.5. If 3 = 1 in Theorems 5.3.1, 5.3.2 and Corollaries 5.5.3, 5.53.4 we get
the corresponding results of Bodagi [18] (Theorems 12, 14 and Corollaries 13, 15).
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Chapter 6

Generalized hyperstability of a general lin-
ear functional equation in complete quasi-2-

normed space

Introduction

In this chapter, we study the generalized hyperstability of a general linear functional
equation in complete Q2NS using a fixed point approach. The results of this chapter are
published in Sharma and Chandok [112].

6.1 Hyperstability of functional equation

Here, we study the hyperstability of (1.1.3) in the setting of complete Q2NS using Theo-

rem 2.4.1. Throughout this section, (&2, [|-,-||, & > 1) is a complete Q2NS over the field
K, (&1, ], |l, K > 1) is a Q2NS over the field F, and Z; is a subset of & containing two
LI vectors.

Theorem 6.1.1. (1)If g : & — &, [ : Zy — Zy are given function and there exist
B, A € K\{0}, b,a € F\{0}, and v,u: & x Zy — Ry such that [(&) = {n € N: a, < 1}
s an infinite set, where

1 B

M(nm(n)) |

r = logyy 2,

A(n) =inf{t e Ry :u(nw) < tu(w) Vw € &}
Ao(n) =inf{t e Ry 1 v(nw) < tv(w) V w € &}

for n € F\{0}, and A\, Ay fulfill the following two assumptions, (where n — oo in F if
and only if | n |— o0),

(a) nlg%o A (En)Aa(£n) =0
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(b) lim Ai(n) =0 or lim Ay(n) = 0.
n—oo

(2) Assume that g : & — & fulfills the inequality
|lg(aww + b)) — Ag(w) — Bg(9), z|| < u(w, z)v(9, 2), (6.1.1)

for w, v € &\{0}, z € Zy with aw + bd) # 0.
Then g fulfills

g(aw + b)) = Ag(w) + Byg(9), (6.1.2)

V w,d € &\{0} with aw + b # 0.

Proof. Note that for n € F\{0}, and w € &\{0}, z € Z, we have
u(nw, z) < A\(n)u(w, z) and v(nw, z) < Ay(n)v(w, 2). (6.1.3)

Case 1. lim A\y(n) = 0.

n—oo
For m € I(&1), replacing ¥ by mw in (6.1.1), we have
lg(am + bmew) — Ag(w) — By(mm), 2| < u(@, 2)o(m, 2),

for w € £ \{0} and z € Z,.

B

1 1
ot + bmem) — g(w) — Zg(mem). || < | 5 [u(em, 2ol 2), (6.1.4)
for w € £\{0} and z € Zj. Define a function .7, : EPMO _y MO}
1 B
(Tn)(@) = € ((a + bm)@) — —€(ma), (6.1.5)

Vwe &\{0} and € € &M

First, we have to show that .7, fulfills all the conditions of Theorem 2.4.1, where the
function .7, and the set &1\{0} play the roles of .7 and & respectively.

Take €,,(w, z) = ’%‘u(w,z)v(mw,z) for all w € &\{0},z € Z,. Using (6.1.3), we

have

em(w, 2) = ‘% Xa(m)u(w, z)v(w, 2). (6.1.6)
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Using (6.1.4) and (6.1.5), we get

I(Tmg)(@) = g(@), 2|| < em(w, 2),

V w e &\{0} and z € Z,. This prove that (2.4.2) is fulfilled with ¢ = g and € = &,,.

Now, we define a function A,, : Rf\{o}xz‘) — Rfl\{o}xzo by

Apd(wm, 2) = K‘%P ((a+bm)w, z) + K‘g‘é(mw,z),

V w € &\{0} has the shape given in (2.4.4) with k = 2, ¢1(w) = (a + bm)w, go(w) =
1 B

mw, li(w,z) = K)Z‘, lo(w, 2) = K’Z‘ V @ € & . Furthermore, for each &, u € (%é’l\{o}

and w € &\{0}, z € Zy, we have

I(Tm&) (@) = (Tmp) (@), 2|

- H%{f ((a+bm)w) — g&(mw) — %u ((a+bm)w) + gu(mw), 5

< K‘%)Hg((a—l— bm)w) — p((a+bm)w), 2| + K‘%‘Hf(mw) — p(mw), ||

= > k(@ (o) - (@), )]

=1

This shows that (2.4.1) is fulfilled. Next, we have to prove that for each n € N and
w e &\{0},

A em(w, 2)
e

If n =0 then (6.1.7) holds by (6.1.6). Also by (6.1.6) and the definition of A and A;, Ao

we have

B (6.1.7)
A(a+bm)a(a+bm) + ‘Z

Al(n))\g(n)> ’ Xo(m)u(w, z)v(w, 2).

Apem(

g

,2)

= K|—|em((a+bm)w, 2) —i—K’g‘sm(mw,z)

<K Ao(m)u((a + mb)e, 2)v((a + mb)w, 2) +K‘%H§

Xo(m)u(mw, z)v(mw, 2)
(6.1.8)

‘ L
A

<K Aa(m)Ai(a + mb)u(w, ) Ae(a + mb)v(w, 2)

NSNS

‘1
1
1B
K|35
TRl

=Ll (15

Aa(m)A(m)u(eo, 2) Ae(m)v(w, 2)

B
A1 (a + mb)Aa(a + mb) + ’Z

Al(m))\g(m)> Xo(m)u(w, z)v(w, 2).
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Using (6.1.8) and iterating argument, we get

A2 e (w, 2) K‘A‘( mEm)((a + bm)w, z)+K‘A‘ Apenm)(mw, z)
SK)A’HA‘KQA‘)\ (@ + mb)As(a + mb) +‘A‘>\1 Ma(m ))

Ao(m)u((a + bm)w, 2)v((a + bm)w, 2) }

I G

Ao(m)u(mew, 2)v(mw, 2) } :

A1(a + mb)Aa(a + mb) +

(i Al(m))\Q(m)>

By using (6.1.3), we get

Aem(w, 2)

< ‘%H %)K? (‘%‘Al(a—l—mb))\g(a—l—mb) + ‘%‘Al(m))\g(m))
Ao(m) M (a + bm)u(w, 2)Aa(a + bm)v(w, 2) ]
+E‘HA‘K2 (‘ Ai(a + mb)Xo(a + mb) +‘A A1 (m)Aa(m )>

Ao (M)A (m)u(, 2)Aa(m)v (e, 2) }

_ ’A ’KQ < ‘A‘ N2(a + mb)\2(a + mb) + 2)%“% A1 (m) Ao (m) Ay (a + bm)As(a + bm)

ﬂﬁmﬁ%mﬁ>hmm@me@
:%V%h

In the same way, using induction we see that (6.1.7) holds V n € N,w € & \{0} and

z € Zy. By definition {(&}) and adding the geometric progression, we obtain that for each
w € &\{0},z € Zy and m € (&),

A1(a + mb) Ao

(m)Ae(m )) Xo(m)u(w, z)v(w, 2).

o0

Z(A#m)r(w)
< iu K (‘ A(a + mb)Aa(a + mb) + )— A (m)Aa(m ))nT)\g(m)ur(w,z)w(w,z)
e Nl (w, 20" (=, 2 i}

| K (‘Z M (@ + mb)As(a + mb) + g Al(m))\Q(m))
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This proves that (2.4.3) is satisfied, where
r A(m)u" (w, 2)v" (w, 2)

-ne (| 2 st}

A
By the above, all assumptions of Theorem 2.4.1 are fulfilled. Therefore, there exists a
fixed point @, : £&1\{0} — &, of the function T,, fulfilling

1
e*(w,z) = ’—
A A1(a +mb)Aa(a + mb) +

Ay (m)u" (w, 2)v" (w, z)

lo() — Qi) 2l < 4|5

ALk (’%‘Al(a + mb)Aa(a + mb) + E Al(m))\g(m))
(6.1.9)
Vw e &\{0},z € Zy. That is
1 B
Qm(w) = 7 Qm ((a +dm)w) + = Qn(mw)
and (6.1.9) holds V w € & \{0}, z € Zy. Moreover
ILm T g(w) = Qum(w). (6.1.10)

We also get that V @, v € &\{0},z € Zy and n € N,

AT 9(@) + BT9(0) = AQm(w) — BQum(0), 2|
< K (A7 g(w) = AQm(w), z[| + [ BT /9(9) = BQm(V), 2]) (6.1.11)
= KA Z79(@) = Qm(@), 2[4+ | B|[[759(0) = Qu(0), 2]) -

Taking n — oo in (6.1.11) and using (6.1.10), we get
Tim [47,29() + BT,:9(0) = AQu(w) ~ BQu(¥), 2] = 0;
that is, V w € &\{0}, z € Zy,
lim (A7 g(w) + BZ"g(0)) = AQm(w) + BQu (V). (6.1.12)

n—o0

Next, we have to show that for each n € N and all @, € &\{0}, z € Zy with aw + b #
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|75 9(aw + b0) — AT g(w) — BTg ( ): 2|

<K”‘
< (A

Indeed, if n = 0 then (6.1.13) holds by (6.1.1). Suppose that (6.1.13) holds for some n
and all @, € &\{0}, z € Zy with aw + b # 0.
By the induction assumption, definition of .7, and (6.1.3), we obtain that

(6.1.13)

A1 (a 4+ mb) Ao

(m)Ae(m ))” u(w, 2)v(d, 2).

|75 gla + b9) — AT g(@) — BT g(9), 2|

‘%‘Z’fg((a + bm)(aw + b)) + (%ygg((m)(aw +b9))

A (\%\%«a 1 b)) + E]z:g((mw))

B (\%\Zﬁg((a L bm)o)4) + E]ﬂg«mw)) 2

< K‘%‘Hﬂn’;g((a + bm)(aw + b)) — AT g((a + bm)w) — BI"g((a + b)), 2|

B
+ K|S |1 Zg(m(aze + b9) = AT g(m=) — Bg(mv), =]

< K| | x (\% M@ + mb)ha(a + mb) + )g /\1(m))\2(m))n
u((a + mb)a, 2)v((a + mb)d, 2)
+K’A’K”(ZA1a+mbA2(a+mb) ‘ m)) u(meo, 2)o(md, z)
<K‘A‘K” %Ala—l—mb YAa(a + mb) + ) )
A1 (a + mb)u(w, 2) Ao (a + mb)v(¥, 2)
+K’A’K”( A (a + mb)Aa(a + mb) + ‘ )
A(m)u(@, 2)Az(m)o(d, 2)
— K" (‘Z Ai(a + mb)Aa(a + mb) + ‘—‘Al YAa(m )>nu(w, 2)o(9, 2)

« K (‘%‘Al(a + mb)Ao(a + mb) + ‘Z‘)\l(m))\g(m)>

= Kt <‘%‘)\1(a + mb) A2 (a + mb) + ’g Al(m))\Q(m)>n+l u(w, 2)v(v, z).
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Hence by induction, (6.1.13) holds V n € N.
Now, from (6.1.13) and (1.3.6) we find that

| g(aw + b0) = AT g(w) — BT g(0), 2"

< | Tnglaw +b9) — AT g(w) — BT g(0), " (6.1.14)

< K™ (‘%‘)\l(a + mb)As(a + mb) + ‘g‘)\l(m))\g(m))m u" (@, 2)v" (@, 2).

Since equivalent Q2NS is continuous, by letting n — oo in (6.1.14), using (6.1.10), (6.1.12)
and definition of /(&) we have for w, ¥ € &\{0}, z € Z, with aw + b # 0,

|||Qm(aw + bﬁ) - AQm(w) - BQm(ﬁ)a Z|||

. (6.1.15)
= lim [[[Zg(aw + b)) — AT g(w) — BTI1g(9), 2|| = 0.

Note that lim Aj(£n)Ae(£n) = 0, lim Ag(n) = 0 and the set [(&7) is nonempty set.
n—00 n—00
Then we can take m — oo in (6.1.9) to obtain lim ||g(w) — @ (w), || = 0; that is,
m—0o0

lim Qn(w) = g(w). (6.1.16)

m—r o0

Using (6.1.16), fashion similar to proof of (6.1.12) we also have

lim (AQn(w) + BQm(9)) = Ag(w) + Bg(V). (6.1.17)

m—ro0

Letting m — oo in (6.1.15), using (6.1.16) and (6.1.17) and the continuity of equivalent
Q2N, we have

lglaz + b9) — Ag(ee) — Bg(0).2Ill = lim [[|Qu(as= + b9) — AQu() — BQw(2), 2|l = 0
that is
g(aw + b)) = Ag(w) + Bg(9),

Vw, 9 e &\{0}, 2z € Zy with aw + b # 0. Hence, ¢ is a solution of (6.1.2).

Case 2. lim A\ (n) =0.

For m € 7&%3 , replacing w by md in (6.1.2), we perform similar calculations to obtain
the result. m

By Brzdek [ [26], Lemma 3.1], if g : & — & fulfills (6.1.2) on & \{0}, then it fulfills
(6.1.2) on &;. Based on this argument and Theorem 6.1.1, we obtain the outcome on &,

which is an extension of the corresponding outcome of Aiemsomboon et al. [ [4], Theorem
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2.3] in the setting of complete Q2NS.

By using Theorem 6.1.1, we have an extension of Piszczek [ [90], Theorem 2.1] to the

framework of complete Q2NS as follows:

Corollary 6.1.2. If there exist B, A € K\{0}, b,a € F\{0}, and ¢,p € R with g+ p <
0,c>0 and g: & — & is a given function such that

lg(aw + b9) — Ag(@) — Bg(9), 2| < c|l@, 2[|"[|9, 2|, (6.1.18)
Vw, e Z\{0},z € Zy and aw + b # 0 with ||w, z||||Y, z|| # 0. Then g fulfills
glaw +bJ) = Ag(w) + By(V),
YV w, 9 € &\{0} with aw + b # 0.
Proof. Define v,u: & — R, by
v(w, 2) = t|w, 2], u(w, 2) = sllw, 2|,

where s,t € R, and st = c.
If ¢ > 0 then, s,t > 0. Thus we have

A(n) =inf{t e Ry : u(nw) < tu(w) Vw € &1} =|n P
Ao(n) =inf{t e Ry :v(nw) < tv(w)Vw e &} =|nl?.

It means that

lim A (£n)Ae(+n) = lim | n [PT9=0.

n—oo n—oo
Since ¢,p € R with ¢ + p < 0, we obtain that ¢ < 0 or p < 0. Then lim A;(n) = 0 or
n—o0
lim Ay(n) = 0.

n—oo

Hence, we get that

K (’%’Al(a + bn)Aa(a + bn) + ’g

Al(n))\g(n)) _K (‘%) L a -t bn [P+ +‘% In |p+q) |

Since p + g < 0, we have
lim | a+bn [PH= lim | n [P*?= 0.
n—oo

n—00

Thus the set [(&}) is infinite. Hence all the conditions of the Theorem 2.4.1 are fulfilled.
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Therefore ¢ fulfills g(aw + bY) = Ag(w) + Bg(?¥),Y w,9 € &\{0} with aw + b # 0.
|

Corollary 6.1.3. If g : & — & is a given function and q,p € R with ¢+ p < 0,¢ >0
such that

l9(@ +0) = g(@) — g(9), 2[| < cf|w, 2[]"[|9, 2|7, (6.1.19)

Vi,we &\{0}, 2 € Zy and w+ 19 # 0 with ||w, z||||9, z|| # 0. Then g fulfills g(w +9) =
g(@)+g(0), VI, we E\{0} withw + 19 #0.

Remark 6.1.4. Corollary 6.1.3 has been proved in n-Banach space by Brzdek et al. [ [28],
Theorem 4]
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Chapter 7

Application to Hyers-Ulam stability

Introduction

This chapter has been split into two sections. We study the stability of integral equation
in FMS, in the first section. The findings of this section are proved in Sharma and
Chandok [111]. In the last section, we provide a solution for a Caputo-type nonlinear
fractional integro-differential equation in OMS. The findings of this section are published
in Sharma and Chandok [109].

7.1 Stability of integral equation in F-metric space

Here, using the results proved in Chapter 2 and 3 we investigte the stability of integral
equation in F-metric space. Results of this section are published in Sharma and Chandok
[111].

Let & = C|ny,m2] be the set of all real continuous functions on [, 75| fitted with F-metric
P (w,9) = ||w — |- Then (&1, Z) is an F-complete F-metric space with f(t) = In(t)

and o = 0. We consider an integral equation

o(q) = / " K(q,p = ()d(), (7.1.1)

where K : [0y, m2] X [n1,m2] X R = R. Let J : & — & be a map defined by

Tw(q) = /t K (g, p,@(p))d(p), (7.1.2)

Vwedé,qpe [m,nl.

Theorem 7.1.1. Suppose that & = C[n1,ne) equipped with F-metric Z(w, ) = ||w—1]
and K : [n1,m2] X [n1,1m2] X R = R is a continuous map fulfilling the following aziom

| Klawp. (o) — K., 00) < Pl (FEEZ0E 1) g
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where F = [n1,me] X [n1,m2] = R is a continuous map such that

72 1
/ F(q,p)dp <

3 vV w € £17p>q S [7717772]'
m m—7T2

Then, (7.1.1) has a solution in &.

Proof. Suppose that w, v € &. Using Cauchy Schwarz inequality and equation (7.1.3),

we have

2

| Telg) - Tog) P = ( [ 1K @p ) - K. ) | dp)

1
72 2
< / 12da / | K(q,p, @(0)) — K(g,p,9()) |? dp
71 1

< (m —12) /: F(g,p)In (’ =lp) 7 L 1) dp

= (m — ) /m F(g,p)In ('@(WT’W + 1) dp

m

= (m — ) In <@(WT’W + 1) /m F(q,p)dp

m
2

So, we get

D (w, )

NI @, T9) < ——

Further, after rewrite, we have o(2(Tw, 719)) < kp(Z(w,?)), where p(t) = t is non-
decreasing function and k = % Therefore by Theorem 2.1.1 .7 has a fixed point. H

Theorem 7.1.2. Assume that all of Theorem 7.1.1’s hypotheses are true. Then the
following conditions hold:

(A1) (7.1.1)is HU stable, that is, if for each ¢ > 0 and each solution 9* of the inequality
20, 7 (V) <5, for each ¥ € &, there exists a solution w* of (7.1.1) such that

20", w") < e.

(A2) If {w,} is a sequence in & such that im P(T w,,w,) =0 and w* is a unique
n—oo
fized point of T then (7.1.1) is a well-posed.
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Proof. (Al) Using Theorem 7.1.1, there is a unique w* € &) such that w* = Jw*

that is @w* € &) is solution of the integral equation (w = Jw). Assume that € > 0 and
U* € &. Using ( [56], D3, pp. 3), we get

F(2(0", =) < fl20*, T9°) + (T, =) +a
<f g+@(%*,yw*) +a.

Hence using property of (01), we have

200", @) < =+ (T, Tw"),
D(0*, w*)
—

IA
CTROEN TG

_|_

So we have Z(¢*, w*) < €, which completes the proof.

(A2) If {&} is a sequence in &) such that Tli_{EO D(TELE) = 0 and w* is a unique
fixed point of 7 (using Theorem 7.1.1). From the contractive condition and property
( [56], D3, pp. 3), we get

F(D(&, 7)) < 2, TE) + DT ")) +a
< fl9(6. T&) + D(TE, Tw') +a.

1
Hence using property of (©1), we have 5(9(&, w*)) < D(&., T¢&,). Taking limit r — oo,

we get

lim (2(6,, ") < lm (6, T¢,).

r—00

1
Therefore, lim 5(9(&, w*)) = 0. Hence Z(§,,w*) = 0. This shows that integral equa-
r—00

tion (7.1.1) is well-posed. [

7.2 Application to nonlinear fractional integro-differential

equation

Caputo derivative of a continuous map g : [0,00) — R, (order § > 0) is provided by

72

1 g™ (1) dm
[

“Dg(ns) =

,n=0+1,n—1<0<n,
T ) oy "
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where [0] denotes the integer part of the positive real number § and I" denotes the gamma
function.

Using the results proved in Chapter 3, we investigate the nonlinear fractional integro-
differential equation of Caputo type. The findings of this section have been published in
Sharma and Chandok [109].

CD&W(%) =Y (ny,w(na)),m € I =100,1],1 <§ <2

, (7.2.1)
w(()) = O7w(1) = fo w(nl) dnh

where w € (C[0,1],R), # € (0,1) and 4 : [ x R — R is a continuous map (for more
information, see [15]).

We consider & = {w : @w € (C[0, 1], R)} with supremum norm ||w|| = sup;ep ) |@(t)]-
So (&1, ]].]]) is a Banach space.

& = C([0,1],R) fitted with metric d : & x & — [0, 00) defined as d(w, ) = ||w —J|| =
SUD,,e(0.1] |@(112) — ¥(12)| and define an orthogonal relation @ L o if and only if @i > 0,
YV w, v € &. Then (&1, L,d) is an OMS.

It is clear that a solution of (7.2.1) is a fixed point of

T @(n2)

1 2 51 27]2 1 .
=55 |, g =)~ s 0w g =)

rs | 9 ([ = mpe (s, 0m) dm) as. (729)

Theorem 7.2.1. Suppose that 4 : I x R — R is a continuous function and fulfilling

Fo+1)

1 (m, w(m)) =4 (m, 9(m))] < e Jw(m) = d(m)l;

for each my € [0,1], ¥V w,d € C([0,1],R) and for some T > 0. Then (7.2.1) with given

boundary conditions has a solution.

Proof. & := C([0,1],R) fitted with metric d : & x & — [0,00) defined as d(w, ) =
SUDsepo,) [@(t) — U(t)], V @, € &. Define an orthogonal relation w L ¢ if and only if
wy > 0,V w,d € &. Then (&, L,d) is an OMS. Define 7 : & — & as in (7.2.2).

Thus .7 is L-continuous. First, we demonstrate that .7 is L-preserving, assume that
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w(nz) L d(ne) V me € [0,1]. Now, from (7.2.2), we find

T (1)

B 1 2 so1 2772 1 .
_m/o (772 - 771) g(s, ?I/'(nl)) d7]1 - m/o (1 — 771) g(S’ w(nl)) ds

b [ ([ o =m0 () dm) an >0

that means Jw L 79.
Now, for F(r) = Inr,r > 0, we have to prove that .7 fulfills (i) of Corollary 2.3.6. For
all ny € [0,1], @w(nz) L (), we have

‘gw(%) - 9"9(772)‘

=i [ = o) - (2_2923 5., =St i
~ g o= o, 9 i (2_29% [ = 000 i

S o) /0772(772 — ) NG (1, w(m)) — G (i, 9(m))| dm

~ s [ = ) — S 0w s

s | 9 ([ =m0 ) — s, 000 )

I EECES
< )’ M| ——e T sup |w — d
< [‘(5)/0 (M2 —m) 5 7716[(1)371]| () (771)|] Ui
212 : s |T(0+1)
- = 1 - T -
(2—92)r(5)/0 e T Sup @ (m) —d(m)l| dm

5 s€[0,1]

= i (/ (=)™

Me_T sup |W(771)—19(771)|] dm> dm
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I'é6+1 ., 1 n2 ~
CFU o sup Jootm) = )| x sup (— [ =t
b n1€[0,1] n2€[0,1] (5) 0

e i g [ ([t ) an

<e " sup Jw(m) —d(m)]
nle[o’l}

= e"d(w, V),

’1

YV w, ¥ € &. Hence, (i) of Corollary 2.3.6 holds. Accordingly, all assumptions of Corollary
2.3.6 are fulfilled, and .7 has a fixed point. It demonstrates that (7.2.1) possesses a

solution. [ ]
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