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Abstract

Classical continuum mechanics has widespread applications in solving problems encoun-

tered in many aspects of physics and numerous fields of engineering. Despite being a suc-

cessful theory its anticipation is not always correct for experimental phenomena observed in

both natural and man-made materials as it cannot predict accurately the physical phenom-

ena that is exhibited by the long-range interactions in the material medium. Mechanical

modeling of matter under the impression of classical continuum mechanics ignores the fact

that the material is made up of atoms and hence, it cannot be applied to analyze the

discrete nature of matter. Furthermore, due to the absence of any length scale parameter,

the theory of classical elasticity is invariant w.r.t the length scale and thus, unable to pre-

dict the size-dependency effect exhibited by mechanical properties of nanostructures and

microstructures. These constraints led to the motivation to evolute various continuum me-

chanics approaches accounting for size dependency that includes couple stress, micropolar,

micromorphic, nonlocal, and high order strain gradient theories. The motivation behind

these approaches was to develop such continuum-based theories that can accurately predict

the physical phenomena on the micro/nano-scales. It was Cosserat brothers in 1909 who

first developed the size-dependent continuum approach. For almost half a century their

work was not considered significant and hence, didn’t get recognition. Later in 1955, the

Cosserat theory was invoked and protracted by many research groups. In the recent years,

these size-dependent theories are appeared to be practical for much explained mathemat-

ical representations of the physical world. Several modifications and recommendations for

improving the size-dependent continuum theories are formulated. These size-dependent

theories are the modifications of classical continuum theories that can predict the mate-

rial size effect exhibited at an atomic scale accurately. Couple stress, micropolar, strain

gradient, and nonlocal theory of elasticity are some of the widely known size-dependent

continuum theories which have been successfully applied to many physical problems of

engineering.

The prime objective and motivation in carrying out the proposed study are to highlight

the microstructural size dependency which significantly effects the behavior of surface wave

propagation phenomenon through various layered structured models comprising of mate-

rial layers viz. elastic, piezoelectric, piezomagnetic, functionally graded piezo material.

To capture the microstructural effects the microcontinuum theories such as couple stress

theory, micropolar theory, and nonlocal theory of elasticity have been utilized. The whole

work has been divided into six chapters.

v



Chapter 1 comprises of historical overview and evolution of the theory of continuum elas-

ticity. The impact and applications of microcontinuum theories are discussed. The basic

governing equations and constitutive relations of microcontinuum theories such as couple

stress theory, micropolar theory, and nonlocal theory of elasticity (in piezoelectric mate-

rial) are provided in this chapter. The characteristics of smart materials viz. piezoelectric,

piezomagnetic, and functionally graded piezo materials along with their basic governing

equations and constitutive relations are discussed in this chapter. Recent investigations of

wave propagation phenomena through these said materials are also presented.

Chapter 2 deals with the propagation of Love-type waves in an elastic layer sandwiched

between viscous liquid half-space and size-dependent couple stress substrate. To grab

the size dependency effect couple stress theory is used. The viscous liquid loading effect

on the wave propagation is also analyzed. Dispersion curve is obtained for the considered

structure which is further scrutinized in the absence of viscous liquid layer and then further

deduced for the isotropic elastic case to validate the obtained result with the well-known

dispersion relation for Love waves in the classical structure. The graphical illustrations

showing dimensionless phase velocity against dimensionless wave number for characteristic

length parameter, the thickness of the elastic layer, and the density and coefficient of

viscosity parameter associated with viscous liquid layer are presented. The microstructural

size dependency effect is found to be significant and it enhances the phase velocity of

the wave. It has been observed that viscous liquid loading has a suppressing effect on

the phase velocity of the propagating wave. This study may be used significantly for

designing Love-type wave based devices in liquid-phase environments-a situation typical

of biosensors.

Chapter 3 is devoted to the study of microstructural and viscous liquid loading effects on

the propagation of Love waves in smart materials. For this purpose piezomagnetic smart

material layer is considered. Couple stress theory is used to grab the microstructural size

dependency effect. Dispersion equations for magnetically open and short conditions are de-

rived. Possible particular cases such as dispersion equations in the absence of viscous liquid

layer, or in the absence of piezomagneticity and then in the absence of couple stress effect,

are deduced. The obtained dispersion relation is reduced to match with the classical Love

wave equation for the sake of validation of results. To exhibit the analytical outcomes

graphically Cobalt ferrite material as piezomagnetic material and Dionysos marble as a

couple stress substrate are considered. The influence of various affecting parameters viz.

coefficient of viscosity, liquid mass density, length scale parameter, the thickness of the

viscous liquid layer, and piezomagnetic parameters, viz. piezomagnetic constant, magnetic

permeability, elastic constant, and thickness on the phase velocity of Love-type waves are
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analyzed. The magnetic permeability and the elastic constant have an increasing effect

while the piezomagnetic constant has a decreasing effect on the phase velocity of the wave.

It has been observed that the phase velocity of the Love-type wave in the considered struc-

ture for the magnetically open condition is greater than the magnetically short condition.

As it is a well-established fact that perception of surface acoustic wave (SAW) devices con-

fides on phase delay, the piezomagnetic properties related to the piezomagnetic material

confine the wave for a longer duration, which reduces the phase velocity of the propagating

wave and thus enhancing the sensitivity of Love-type wave sensors. The salient feature of

the study in this chapter is to optimize the efficiency of Love-type wave sensors working

in liquid media.

Chapter 4 is concerned with the study of the effect of the material gradient parameter

which is responsible for functional gradedness in the material on the propagation of Love-

type surface waves in functionally graded piezoelectric smart material. PZT-5H ceramic

material layer as functionally graded piezoelectric material with exponential variation,

when the electrical and mechanical constants vary distinctively, is considered. The effect

of microstructural size dependency is captured by taking a couple stress substrate, where

the length scale parameter is explicitly present in the formulation. The effect of material

gradient factor on electromechanical coupling factor, which is an essential parameter in the

design of acoustic sensors and is related to sensor efficiency, is also explored in this chapter.

Dispersion equations for electrically open and short conditions are obtained. Possible par-

ticular cases are discussed. The dispersion relation is reduced to the classical Love wave

equation to validate the results. The emphatic influence of microstructural parameter,

electromechanical coupling factor, thickness, functional gradedness, and material param-

eters of functionally graded piezoelectric material stratum on the phase velocity of the

Love-type wave has been scrutinized and illustrated through graphical representations for

both the cases of electrically open and short conditions. The material gradient parameter

has a substantial effect on the phase velocity of the wave. It favors the phase velocity of

the wave for both electrically open and short conditions. The elastic constant and piezo-

electric constant associated with the FGPEM stratum disfavors the phase velocity of the

wave while dielectric constant favors the phase velocity of the wave for both electrically

open and short conditions. The relation of the electromechanical coupling factor with

the material gradient factor is graphically shown and it is concluded that the value of

the electromechanical coupling factor increases moderately as the material gradient factor

increases. As phase velocity is always greater than the group velocity in the considered

structure so the dispersion relation appears ’normal’. The obtained results may be useful

for attaining better performance in Love-type wave based surface acoustic devices.

vii



In Chapter 5 the theory of micropolar continua has been employed to study the micro-

scale size effects on the propagation of SH-waves (horizontally polarized shear waves) in

two distinct models i.e. functionally graded piezomagnetic material (FGPMM) layer over-

lying the micropolar substrate (Model I) and functionally graded piezoelectric material

(FGPEM) layer overlying the micropolar substrate (Model II). The focus of the present

work is to reveal how the inhomogeneity of the functionally graded layers and the micro-

scale size effects exhibited by the half-space substrate affect the dispersion behavior of the

SH-waves. Dispersion equations for two different circuit conditions associated with Model

I (i.e., magnetically open and short cases) and Model II (i.e., electrically open and short

cases) are obtained. Particular cases are derived and the results are observed to be in well-

agreement with the classical case of dispersion equation of Love wave. Emphatic influence

of affecting parameters, viz. material gradient factors, characteristic length, micropolarity,

and thickness of piezo material layers on the phase velocities of SH-waves has been analyzed

through graphical illustrations. The mechanical coupling factors viz. magnetomechanical

coupling factor associated with Model I and electromechanical coupling factor associated

with Model II along with the group velocity of the propagating wave in the considered

structures are also investigated and the results are demonstrated graphically. Micropolar

constant and characteristic length parameter pertinent with the micropolar half-space sub-

strate bearing microscale structures favors the phase velocity of the SH-wave. Micropolar

constant and characteristic length parameter encourages the mechanical coupling factors.

The material gradient factors associated with the functionally graded piezo material layers

have an enhancing effect on the phase velocity of the SH-wave. In the absence of functional

gradedness, the mechanical coupling factors reduce.

Chapter 6 is concerned with manifesting the piezoelectric and nonlocal effects on the

propagation of surface waves in nanoscale smart structures, which can provide some new in-

sights for the designs and applications of the nanoscale wave devices. Taking the nanoscale

size effect into consideration based on the nonlocal theory of elasticity, the propagation of

Bleustein-Gulyaev (BG) wave in a nonlocal piezoelectric layer overlying a nonlocal piezo-

electric half-space, is investigated. Bleustein-Gulyaev wave is a promising candidate over

other surface waves to be employed for sensors and acoustic devices. The dispersion rela-

tions and particular cases are derived for the open and short circuit conditions. For the

sake of validation of the results, the obtained dispersion relation is reduced to match with

the classical BG wave equation. The results show that wave propagation is highly affected

by nanoscale size effects due to the nonlocality present in the media. The main intent of

the present work is to analyze the effect of nonlocality on the propagation of BG waves in

the piezoelectric layered structure. Appropriate boundary conditions are employed at the

free surface and at the interface between the layer and the half-space to obtain the disper-
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sion relations for both open and short circuit conditions. It is found that BG waves are

dispersive in nature and are affected by nonlocality. The nonlocality parameter is present

in both open and short circuit conditions. Furthermore, it has been observed that for both

cases the wave ceases to propagate beyond the critical frequencies. The variation of phase

velocities with frequency has been numerically studied and graphically illustrated. The

effects of piezoelectric material parameters, nonlocality parameter, and electromechanical

coupling coefficient, on the phase velocity of BG wave, have been shown graphically. Non-

locality has a decaying effect on the critical frequency. In the absence of nonlocality in

the media there do not exist critical frequency and the phase velocity attains a constant

value for high frequency range. Elastic stiffness constant and piezoelectric constant has

enhancing effect on the phase velocity and the dielectric constant have a decaying effect

on the phase velocity of the BG wave. The electromechanical coupling coefficient has an

enhancing effect on the phase velocity of the BG wave. Phase velocity for an electrically

open case is observed to be greater than that of an electrically shorted case through graph-

ical representations. The dispersion relation appears ’normal’ as the phase velocity of the

wave is greater than the group velocity in the considered structure. Nonlocality parameter

disfavors the group velocity of the BG wave. An increase in nonlocal parameter leads to

a decrease in the group velocity of the BG wave. The considered structure studied in the

present work can be utilized in the field of acoustic devices having numerous applications

in nanoscale engineering.
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Chapter 1

Introduction

1.1 Preliminaries

Continuum mechanics is that branch of mechanics which is concerned with the mechanical

behavior of the solids and fluids (liquids and gases). It assumes matter to be continuously

distributed throughout regions of space by ignoring the fact that matter is of discrete

nature, resulting in defining physical quantities such as density, displacement, velocity,

etc. as continuous functions of the position. This measure is proved to be satisfactory

if, on the microscopic scale, the material bodies under consideration are having large

dimensions as compared to the characteristic lengths (for example, interatomic spacings in

a crystal, or mean free paths in a gas). Modern-day physical theories implicate that matter

is discontinuous on the microscopic scale, it consists of minute particles such as molecules,

atoms, and even smaller particles. However, compared with these particles usually the

large pieces of matter are considered in nearly all engineering applications of mechanics.

So the consideration is not with the motion of individual atoms and molecules, but only

with their behavior in some average sense. Conventionally, if the behavior of matter on

the microscopic scale is known it would be possible to predict the material behavior on the

macroscopic scale. The microscopic scales must not be of atomic dimensions, for example,

continuum mechanics can be applied to a granular material such as sand, provided the

dimensions of the considered region are very large as compared to that of individual grain.

The theory of continuum mechanics assumes that a particle of matter is associated with

each and every point of the region of space possessed by a body and the field quantities viz.

density, velocity, etc. are ascribed to these particles. Up to some extent this is a justifiable

approach that describes and predicts the mechanical behavior of the material in bulk. In

the theory of continuum mechanics, the considered variables are related to forces (usually

force per unit area or per unit volume, rather than force itself) and kinematic variables

such as displacement, velocity, and acceleration. There are two main kinds of equations

of continuum mechanics. Firstly, there are equations that are equally applicable to all

materials. Universal physical laws, such as conservation of mass and energy are described

by them. Secondly, there are equations that characterize the mechanical behavior of specific
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materials referred as constitutive equations.

Elasticity is the ability of the body to regain its original configuration after the removal

of the deforming force. A force that produces a change in configuration (size or shape)

of the object on applying it, is called a deforming force. On removal of the deforming

force if the body regains its original shape then it is called an elastic body. On the other

hand, if the deformations remain in the body, it is called a plastic body. The theory of

elasticity is concerned with resolving intrinsic forces such as stress, strain and finding dis-

placement distribution in elastic solids concealed by applied extrinsic forces. It establishes

a mathematical model that provides a solution to various problems having applications in

civil, mechanical, geomechanics, material engineering, and scientific fields. It offers sig-

nificant contributions to deflection and stress analysis of structures viz. beams, plates,

rods, and shells encountered in civil engineering fields. It has vast applications including

general or thermal stress analysis, fracture mechanics, and fatigue while analyzing and

designing machine elements in mechanical engineering. This theory is useful in determin-

ing the stress fields and displacement distributions, in crystalline solids or materials with

microstructures. Analysis of stress, fracture, and fatigue in aerostructures encountered in

aeronautical and aerospace engineering are some additional applications. In geomechanics,

this theory helps in the determination of stresses in materials viz. rock, soil, concrete, and

asphalt. A mathematical model of the deformation problems is established in elasticity

theory. Using basic principles of continuum mechanics, the governing partial differen-

tial field equations are formulated in vector and tensor forms. These field equations are

solved using various techniques. The historic background of the study related continuum

mechanics can be found through the texts ( [205], [203], [166]).

1.1.1 Generalized form of Hooke’s law

In almost all solids, it was experimentally observed that strains are linearly proportional

to the applied load, provided that the extrinsic load does not surpass a given value, known

as the elastic limit. Another speck on stress-strain curve which demarcate the initiation

of large plastic deformation, is attributed as the yield point. From many experimental

studies it can be remarked that a broad range of real materials exhibits linear elastic

behavior subjected to small deformations. Thereby, proposing a linear relation for the

axial loading (1-dim) case as σ = Eϵ, where σ, ϵ, and E are the stress, strain, and the

slope of the specified curve, respectively. This approach laid the foundation to establish

the general (3-dim) forms of the linear constitutive model of elasticity. Robert Hooke in

1678 was the first to develop and propose the idea of force-deformation relation. This

relation mathematically states that “Each components of stress at any point is a linear
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function of all strain components at that point.” In standard tensor notation it can be

written as [166]

σij = cijklϵkl, (i, j, k, l = 1, 2, 3), (1.1.1)

where cijkl is a fourth order tensor known as stiffness tensor comprising of all the material

parameters that are required to characterize the material. σij and ϵkl are second order

tensors known as stress and strain tensors, respectively.

The stiffness tensor has 81 elastic constants for the most general case. The well-known law

of reciprocity without changing the constant of proportionality sought us to interchange the

directions of force and displacement hence, resulting in the reduction of elastic constants

from 81 to 36. The material is said to be triclinic if all of 36 elastic constants are indepen-

dent. For adiabatic and isothermal system, the existence of strain energy density function

reduces the elastic constants from 36 to 21. Such a material is called an anisotropic ma-

terial. Monoclinic materials are materials with one plane of elastic symmetry and have 13

number of independent constants. Orthotropic materials exhibit symmetry about three di-

agonal planes. These materials have different properties in all three orthogonal directions.

It can be easily observed that if two orthogonal planes are planes of material symmetry,

then the third mutually orthogonal plane is also a plane of material symmetry. For or-

thotropic materials, the number of elastic constants is further reduced to 9. Transversely

isotropic materials are a special class of orthotropic materials having the similar properties

in one plane (e.g. the x− y plane) and distinct properties in the direction normal to this

plane (e.g. the z-axis). Transverse isotropy can be observed in sedimentary rocks where

each layer has approximately the same properties in-plane but different properties through

the thickness. For transversely isotropic material case the independent elastic constants

are reduced to 5. Finally, for isotropic elastic materials the elastic properties are indepen-

dent of orientation of axis and the number of independent elastic constants are reduced to

2 i.e. λ and µ, known as Lamé constants that completely characterizes the elastic behavior

of an isotropic solid.

For homogeneous isotropic elastic body, the generalized Hooke’s law can be expressed

as [166]

σij = λδij∆ + 2µϵij, (i, j = 1, 2, 3). (1.1.2)

Here

δij =

1, if i = j

0, if i ̸= j

is called Kronecker’s delta function and ∆ = ϵxx+ϵyy +ϵzz = ϵii, (i = 1, 2, 3) : this is called

dilatation and ϵij = 1
2

(ui,j + uj,i): is called strain tensor. Here ui are the displacement

components in ith direction.
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It is to be noted that isotropic elastic media involves exactly two independent elastic con-

stants i.e., Lamé constants. To attain a broad overview of physical importance of elastic

constants, that characterizes the behavior of material, elastic solid subjugated to simple

tension, pure shear, and hydrostatic pressure is considered. Usually, four elastic constants

are used for this viz. Young’s modulus E, Poisson’s ratio ν, the bulk modulus k, and the

modulus of rigidity, or the shear modulus which is identical with Lamé constant µ.

Poisson’s ratio- It is defined as the ratio between the lateral contraction and the longi-

tudinal extension of the specimen denoted by ν = λ
2(λ+µ).

Young’s modulus-It is defined as the ratio of tensile stress and the axial extension pro-

duced by the tensile stress and is denoted by E = µ(3λ+2µ)
(λ+µ)

.

Bulk modulus-It is defined as the ratio between the applied pressure and the fractional

change in volume when the solid is subjected to uniform hydrostatic compression and is

denoted by k = λ + 2µ
3
.

Finally, the modulus of rigidity, or the shear modulus of elasticity denoted by µ, corre-

sponds to the ratio between the shear stress and the shear strain. It is eminent that other

elastic constants are expressible in terms of these Lamé constants.

1.1.2 Equations of motion in an isotropic elastic medium

Considering a continuous medium enclosed within a volume σ, to be in equilibrium. Then,

the consequent force acting on the media within σ must vanish. For a homogeneous

isotropic elastic solid the equation of equilibrium is given as [203]

σij,j = −𭟋i, (i, j = 1, 2, 3), (1.1.3)

where 𭟋i are the components of body forces and the functions σij and their first partial

derivatives σij,k ≡ ∂σij

∂xk
are continuous and single-valued in σ.

Using the constitutive stress-displacement relation

σij = λδijui,i + µ(ui,j + uj,i), (1.1.4)

in Eq. (1.1.3), we get

µui,jj + (λ + µ)uj,ji + 𭟋i = 0, (1.1.5)

In vector form, above Eq. (1.1.5) can be written as

µ∇2−→u + (λ + µ)∇(∇.−→u ) +
−→𭟋 = 0, (1.1.6)
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where ∇ = î ∂
∂x

+ ĵ ∂
∂y

+ k̂ ∂
∂z

; ∇2 = ∂2

∂x2 + ∂2

∂y2
+ ∂2

∂z2
.

If ϱ(x, y, z) is the density of the continuous medium, then components of the force of inertia

acting on the mass contained within the volume element dσ are −ϱ∂2ui

∂t2
dσ, (i = 1, 2, 3).

Hence, adding the components of the force of inertia per unit volume to the components

𭟋i of the body force
−→𭟋 in Eq. (1.1.3) gives the dynamical equation of motion

σij,j + 𭟋i = ϱ
∂2ui

∂t2
, (i, j = 1, 2, 3) (1.1.7)

The displacements ui are functions of the space variables xi and time t. Thus, from the

equation of equilibrium defined in Eq. (1.1.6), the dynamical equation of an isotropic

elastic solid can be asserted as

µ∇2−→u + (λ + µ)∇(∇.−→u ) +
−→𭟋 = ϱ

∂2−→u
∂t2

. (1.1.8)

1.1.3 Waves in elastic medium

All material medium comprises of atoms, that can be forcibly indulged in vibrational mo-

tion about their equilibrium or mean positions. Within the elastic limit, the individual

material particles exhibit elastic oscillations under an external applied force. As external

force is applied to the material, the particles gets displaced from their mean positions

resulting in the rising of intrinsic restoring forces. These intrinsic forces along with the

inertia of the particles results in oscillatory motion of the particles. In an isotropic, homo-

geneous medium, waves are simply a periodic molecular disturbance, dependent on both

time and position that carries energy through matter or space in the medium from one

point to another point. This phenomenon is known as the wave propagation phenomenon.

This phenomena can be divided into two categories i.e. Body waves and Surface waves.

Body waves can travel in the interior of a medium while surface waves can travel along the

free surface of the medium. Acoustic waves in the air and electromagnetic waves in the

vacuum are examples of body waves. Rayleigh waves and Love waves are the examples of

surface waves. In an elastic solid, two types of wave motion are possible. In the first case,

the motion of the particles at their mean positions are in the same direction as that of the

propagating wave and hence termed as longitudinal waves while for the second case, the

motion of the particles at their mean positions are in normal direction to the direction of

the wave propagation and are termed as transverse waves.

In the absence of body forces the Eq. (1.1.8) results in

µ∇2−→u + (λ + µ)∇(∇.−→u ) = ϱ
∂2−→u
∂t2

. (1.1.9)

5



Using the vector identity ∇2−→u = ∇(∇.−→u ) −∇× (∇×−→u ) in Eq. (1.1.9) results in

(λ + 2µ)∇(∇.−→u ) − µ∇× (∇×−→u ) = ϱ
∂2−→u
∂t2

. (1.1.10)

By using Helmholtz decomposition,

−→u = ∇Φ + ∇×
−→
Ψ , ∇.

−→
Ψ = 0 (1.1.11)

where Φ is a scalar potential function and
−→
Ψ is a vector potential function.

Substituting (1.1.11) into (1.1.10) we get

∇{(λ + 2µ)∇2Φ − ϱΦ̈} + ∇× (µ∇2−→Ψ − ϱ
−̈→
Ψ) = 0. (1.1.12)

This equation will be satisfied if each bracketed term vanishes, thus giving

(λ + 2µ)∇2Φ = ϱΦ̈, (1.1.13)

µ∇2−→Ψ = ϱ
−̈→
Ψ . (1.1.14)

Thus, it can be observed that waves may be propagated with two different velocities

within the elastic solid. The waves traveling with no rotation propagates with velocity[
(λ+2µ)

ρ

] 1
2

= c̃1 (say) and are termed as irrotational or dilatational or longitudinal waves.

While the other waves which involve no dilatation travel with velocity
[
µ
ρ

] 1
2

= c̃2 (say) and

are termed as distortional or equivoluminal or transverse waves. The ratio of the respective

velocities may be expressed as

k̃ =
c̃1
c̃2

=

(
λ + 2µ

µ

) 1
2

=

(
2 − 2ν

1 − 2ν

) 1
2

. (1.1.15)

Since 0 ≤ ν ≤ 1
2

always, we see that c̃1 > c̃2. These waves have variety of terminology.

Dilatational waves are also called primary (P) waves and the distortional waves are also

called secondary (S) waves. These designations have been arisen from seismology. Since

c̃1 > c̃2, so primary (P) waves appear first than secondary (S) waves on the seismograms.

When body waves propagate towards the surface, they come in contact with the surface

rocks resulting in the generation of a new set of waves termed as Surface waves. These

waves are the last to report on the seismograph. These travel adjacent to the earth’s

surface and are very destructive. These waves have a high amplitude and long wavelength.

Rayleigh waves, Love waves are the type of surface waves. When the solid has a free
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surface or where there exist a surface boundary amid two solids, the waves identical to

gravitational surface waves were first observed by Lord Rayleigh [161]. He demonstrated

that their impact decreases promptly with depth, and their propagation speed is smaller

than that of body waves. These waves involve both longitudinal and transverse motion

and the particles at the surface exhibit elliptic motion in planes normal to the surface and

parallel to the direction of the transference-the major axis of the ellipse is vertical. These

can propagate in homogeneous half-space and layered ones. There is one more type of

wave that can propagate in the presence of a superficial layer of finite thickness embedded

on a half-space medium, called Love waves. These waves are horizontally polarized shear

(SH) waves, named after British mathematician, A.E.H. Love in 1911 [127]. Love [128]

was the first to examine the SH-wave in an isotropic composite structure comprising of

a homogeneous isotropic layer of finite thickness over a homogeneous isotropic half-space.

This SH-wave is referred as Love wave and specified as shear wave that is horizontally

polarized and propagates at the surface of the medium. These waves can exist only in

the presence of a waveguide, i.e. softer superficial layer above stiffer material, and can be

generated by multiple reflections of energy trapped in this layer. During an earthquake,

these waves cause horizontal shifting of the earth. These waves travel with a lower velocity

than P and S-waves but faster than Rayleigh waves.

1.1.3.1 Love waves in a layered half-space

Considering the SH-waves propagating through the isotropic layer of finite thickness h

overlying homogeneous isotropic semi-infinite medium. The wave is propagating in the

direction of y-axis, displacement is along z-axis and x-axis is taken positive in vertically

downward direction perpendicular to the wave propagation direction as shown in Fig. 1.1

Figure 1.1: Schematic illustration
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Governing equation of motion

The governing equation of motion in the absence of body forces obtained from Eqn. (1.1.7)

is

σij,j = ϱ
∂2ui

∂t2
, (i, j = 1, 2, 3), (1.1.16)

where σij are stress sensors, ϱ is a density of elastic medium, and ui are displacement

components.

Constitutive relation

The constitutive relation obtained from Eqn. (1.1.2) is expressed as

σij = λδij∆ + 2µϵij, (1.1.17)

where λ and µ are Lamé constants. ϵij are strain tensors. ∆ is called cubical dilatation.

δij is a Kronecker delta function.

As Love wave is propagating along y-direction inducing displacement along z-direction, we

assume

u1 = u2 = 0, u3 = u3(x, y, t) and
∂

∂z
≡ 0. (1.1.18)

Substituting the above values in Eq. (1.1.17) we get

σxx = σyy = σzz = σxy = 0,

σxz = µ
∂u3

∂x
, σyz = µ

∂u3

∂y
.

(1.1.19)

Substituting Eqs. (1.1.18) and (1.1.19) in Eq. (1.1.16), the governing equation becomes

∇2u3 =
1

csh2
∂2u3

∂t2
. (1.1.20)

Here csh =
√

µ
ϱ

is the shear wave velocity.

Considering time harmonic solution of (1.1.20) we assume that

u3(x, y, t) = Ũ3(x)eik(y−ct), (1.1.21)

where k is a wave number and c is a phase velocity of the wave. Putting the above solution

in (1.1.20) we get

Ũ3

′′
(x) − k2

(
1 − c2

c2sh

)
Ũ3(x) = 0. (1.1.22)
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On solving above differential equation for isotropic elastic layer under the assumption that

c > cs1 , we get the displacement component as

uL
3 (x, y, t) = (cos(km1x)A1 + sin(km1x)A2)e

ik(y−ct), (1.1.23)

where m1 =
√

c2

cs1
2 − 1 and cs1 =

√
µL

ϱL
. Here superscript ‘L’ denotes the entities in

isotropic elastic layer. A1 and A2 are arbitrary constants.

Under the assumption that c < cs2 for isotropic elastic half-space, we get the displacement

component as

uH
3 (x, y, t) = e−km2xA1e

ik(y−ct), (1.1.24)

where m2 =
√

1 − c2

cs2
2 and cs2 =

√
µH

ϱH
. Here superscript ‘H’ denotes the entities in

isotropic elastic half-space. A1 is an arbitrary constant.

Boundary conditions

Following are the boundary conditions in the considered model.

� The top surface is free of stress.

σL
zx = 0 at x = −h. (1.1.25)

� Continuity of the displacement components at the interface.

uL
3 = uH

3 at x = 0. (1.1.26)

� The magnitude of shear component of the stress tensors should be equal at the

interface.

σL
zx = σH

zx at x = 0. (1.1.27)

Derivation of dispersion relation

Using above mentioned boundary conditions from Eqs. (1.1.25) to (1.1.27), we obtain the

following equations in terms of three unknown coefficients A1, A2, and A1 as

sin(km1h)A1 + cos(km1h)A2 = 0, (1.1.28)

A1 − A1 = 0, (1.1.29)
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µLm1A2 + µHm2A1 = 0. (1.1.30)

To obtain a non-trivial solution, determinant of the coefficients of the unknowns A1, A2, and A1

should vanish. By solving the determinant, we get the following dispersion relation for Love

wave in an isotropic elastic layer overlying isotropic elastic half-space.

tan

(
kh

√
c2

cs1
2
− 1

)
=

µH

µL

√
1 − c2

cs2
2√

c2

cs1
2 − 1

. (1.1.31)

This is the classical case of Love wave [128] under the assumption cs1 < c < cs2 .

1.1.4 Applications of wave phenomena

Wave phenomena can be observed in wide variety of physical settings for example quantum

mechanics, electrodynamics, plasmas, fluids, seismology etc. This phenomena has various

practical applications in science and industry [82]. Mathematical equations are used for

modeling of water in unsaturated oils, gas dynamics, heat conduction, elasticity, static

of flow problem, cosmology, seismology etc [36]. In the structural engineering, the main

interest lies in observing the behavior of structural materials under loads. Under transient

loads of bearable strength, completely elastic conditions abound the structure and elastic

theory can be utilized to predict all aspects of the response. Permanent deformation, per-

foration, and fracture of the structure may occur under severe loadings. Still elastic wave

theory finds application pertaining to such conditions and predict the response away from

the area of impact [116]. It is of great interest to the researchers to examine the behavior

of structural materials under severe loadings which may cause permanent damage. Various

techniques used to study such structural materials employ elastic waves to test the strength

of materials under loadings. It has numerous applications are in military and space tech-

nology. Another area concerning with study of structures that involves wave phenomena is

to analyze crack propagation, dynamic stress fields interaction with existing voids, cracks,

or inclusions in a material. Problems arising in this area are analogous of problems aris-

ing in acoustics and electromagnetics dealing with scattering and diffraction phenomena.

Wave phenomena finds its another application in the field of ultrasonics. It involves the

introduction of high frequency stress pulse with low energy level into a material and the

subsequent reflection and propagation of the energy is observed. The motivation for intro-

ducing and detecting the stress waves in the structure is based on the piezoelectric (PE)

effect that can be observed in certain crystals and ceramics. Piezoelectricity is the electric

charge that is generated in response to applied mechanical stress or the inverse effect where
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an electric field applied to the material causes a mechanical strain. Thus this motivates

the viewpoint that an electrical pulse is capable of generating a mechanical pulse. When

a mechanical pulse hit a PE crystal and generates an electrical signal, detection process is

completed.

Numerous applications are based on the reverse effect exhibited by PE crystals. For in-

stance, many fundamental properties of materials such as elastic constants and damping

characteristics can be determined by scrutinizing the propagation, attenuation, and re-

flection of ultrasonic pulses. These ultrasonics have wide use in detection of defects in

materials in the field of non-destructive testing (NDT) techniques. By introducing a pulse

into a solid, it is possible to identify defects by observing the pulse energy reflected by

the defect in the same manner as observed underwater SONAR detection. Longitudinal

waves, shear waves, or surface waves are widely used in various detection applications.

In the field of electronics, ultrasonic delay lines have wide applications. As depicted by

signal processing considerations, the main objective of these devices is to inculcate a means

to delay an electrical signal for a short interval of time. To accomplish such a delay in

electrical signals which are propagating with extremely high velocity through purely elec-

tronic components is impractical. Such time delays can be easily obtained by mechanical

disturbances moving with relatively slow velocity. This can be accomplished by converting

the electrical signal to a mechanical pulse using a PE transducer and forcing the signal

to propagate in some type of solid media and then recovering it using another transducer

after a specified time. There exist a wide variety of delay lines. Some of them are based on

the propagation of torsional or longitudinal waves through thin wires, some are based on

the shear waves propagating in thin strips, others are the longitudinal waves propagting

in bulk solids, and some along the surface.

Many interesting wave propagation phenomena can be observed from the waves propagat-

ing in the earth [117]. Waves with extreme high velocities that can travel thousands of

miles are generated by earthquakes. The knowledge about earth’s interior is accomplished

through study of wave propagation phenomena of such waves. Wave propagating in earth

has other aspects in oil and gas exploration [37]. To locate the possible oil-bearing deposits

the refelection of waves are observed from underground discontinuities. The application

of waves in rocks pertains to mining and quarrying. The blastings done in these oper-

ations are attained by introducing intense stress waves. The interactions of waves with

boundaries and with each other, are responsible for the fracture, thus removing large quan-

tities of rocks. This application includes many interesting problems pertaining to reflection

and transmission of waves at the discontinuities. Thus, wave phenomena has many and

widespread applications from practical considerations ( [13], [199]).
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1.2 Microcontinuum Theories of Elasticity

Classical continuum mechanics [29] deals with those materials, in which the matter is as-

sumed to be continuously distributed throughout the body. In this theory, the behavior

of the materials is analyzed at a macro-scale by neglecting the molecular structure of the

material. The material particles considered as geometrical points are described by a scalar

quantity, called the density of the material. The displacement vector characterizes the

deformation of the body and a force called stress vector, uniquely determines the trans-

mission of loads across a surface element. Thus, the symmetric tensors of stress and strain

ascribe the deformation of the body. Some materials such as aluminium, steel, concrete,

etc. manifest results that fairly coincide with those of experimentally observed results,

within the elastic limits. However, the results delivered by classical elasticity showed cer-

tain disagreements in comparison to experimentally observed results in many materials

such as asphalt, fibrous, polymers, etc. These disagreements are due to the influence of

atomic structures of the material which is ignored in the classical theory of elasticity. Such

disagreements arise in dynamical problems which deals with elastic vibrations involving

high frequencies and short wavelengths. The classical theory of elasticity eventually fails

when encountered with the vibrations of granular and multimolecular bodies because the

inherent motion of microelements remarkably affects the transferring wave at high frequen-

cies. When sectioned, polished and suitably etched, nearly all engineering materials will

be found to exhibit structural features that are characteristics of the material. Almost

all engineering materials are found to exhibit structural features that are characteristics

of the material and hence, are structurally sensitive. Microstructure analysis can reveal

the relationship between a specific microstructural characteristic and a particular physi-

cal, chemical, or engineering property. The granular structure or microstructure is a very

minute form of material. These can vigorously influence hardness, toughness, corrosion

resistance, high/low temperature behavior, ductility, or wear resistance. Microstructure

covers the scale of structural phenomena most commonly of concern to the materials sci-

entist and engineers, namely grain and particle sizes, dislocation densities and particle

volume fractions, microcracking, and microporosity [25]. These properties consecutively

govern the applications of these materials in chemical engineering and industrial prac-

tices. Hence, an urgent need to develop consistent size-dependent continuum mechanics

was there, which addresses the microstructure of materials. This theory must account for

many scales and definitely reduce to classical continuum mechanics at macro-scales.

To complete continuum theory, deformation which is length related is addressed with a

new measure such as curvature tensor. Consequently, the introduction of couple-stresses

is also required. Voigt [222] was the first who introduced the idea of couple stresses in
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addition to force stresses to overcome the shortcomings of the classical theory of elastic-

ity. He interpreted that each element or grain of microstructure rotates about its center

of gravity in addition to translation assumed in classical theory of elasticity which de-

marcated the idea of “Couple Stress (CS) theory”. However, to analyze materials with

couple-stresses the mathematical model was first developed by Cosserat and Cosserat [38].

In the original Cosserat theory, they considered that the deformation of the medium is

described by displacement vector and an independent rotation vector. At each material

point, the additional degrees of freedom of rotation were assumed and consequently led

to the asymmetry of stress and strain tensors. Despite the originality of the theory, their

work did not capture significant attention by the researchers of that time and the theory re-

mained futile during their lifetime. After half century, their research work was rediscovered

and captured the glance of many researchers. These theories were advanced by many re-

searchers ( [84], [133], [215], [56], [103], [146], [142]) etc. Toupin’s theory [216] was termed

as “Cosserat theory with constrained rotation”, Koiter’s theory [103] was termed “CS

theory”, Eringen’s theory [57]- [58] was termed “Indeterminate CS theory”, Mindlin the-

ory [133] was termed “strain gradient theory”, Nowacki’s theory [142] was termed “Cosserat

pseudo-continuum theory” etc. The generalized Cosserat continuum theory was referred

as “Micropolar (MP) continuum theory” following Eringen [60]. He proposed the MP

theory of elasticity by considering three rotational degrees of freedom in addition to three

classical displacement degrees of freedom. He established the generalized interpretation

of this theory which illuminates the deformation of elastic media with oriented particles.

Each microstructural component in addition to displacement rotates about its center of

gravity. If the micro-motion of inner structure and macro-motion of particle are not dis-

tinguished then MP theory reduces to CS theory. The general theory of non-linear and

linear microelastic continua was asserted by Eringen and Suhubi ( [57]- [58]) and referred

as “Indeterminate CS theory”. An another complex generalization of the continuum with

microstructures, micromorphic theory is also proposed by Eringen [59].

1.2.1 Couple stress (CS) theory

The consistent CS theory was developed which accounts for size-dependent effects of mate-

rials and used to explore various types of problems arising due to elastic vibrations through

a material medium [6]. The influence of couple stresses on stress concentration was ex-

plored by Mindlin [134]. An experimental study of MP and CS elasticity was performed by

Yang and Lakes [230] in compact bone in bending. Bardet and Vardoulakis [14] examined

the definition of stress in granular materials and established the conditions under which

there may be couple stresses and asymmetric stresses. A modified CS theory showing

strain energy to be a quadratic function of symmetric strains, symmetric curvatures, and
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involving a single length scale parameter was developed by Yang et al. [231]. Akgoz and

Civalek [5] used modified CS theory and Kirchhoff plate theories to study the micro-sized

plates resting on elastic medium. Using Hamilton’s principles the equations for bending,

buckling and vibration were derived and also illustrated the effect of length scale param-

eter on these properties. Hadjesfandiari and Dargush [87] have developed the consistent

CS theory by taking into account true continuum kinematical displacement and rotation.

They depicted the CS tensor to be skew-symmetric and the consistent curvature tensor be

the skew-symmetric part of the gradient of the rotation tensor. This theory may be consid-

ered as the modification of the developments accomplished by Mindlin and Tiersten [133]

and Koiter [103]. For isotropic materials, it concluded the existence of two Lamé parame-

ters and one length scale parameter ηc, which completely characterizes the behavior of the

material. CS effect for isotropic solids was accounted by this length scale parameter which

is further associated with characteristic material length parameter lc, which was absent in

Cauchy’s theory of elasticity [29]. This type of length scale parameter was also predicted

by Lakes [110] which may be considered comparable to the average cell size of the material

in cellular solids.

Basic governing equations and constitutive relations

(A) Equations of motion

The basic governing equation of motion of CS theory for isotropic material in vector

form, in the absence of body forces proposed by Hadjesfandiari and Dargush [87] is

given by

(λc + µc + ηc∇2)∇(∇.
−→
U c) + (µc − ηc∇2)∇2−→U c = ρc

∂2−→U c

∂t2
, (1.2.1)

Here superscript ‘c’ denotes the entities in CS substrate. λc and µc are Lamé con-

stants. ηc = µc(lc)2 is CS coefficient. lc is the characteristic length.
−→
U c = (uc

1, u
c
2, u

c
3)

are the displacement components.ρc is density of the material, and ∇2 = ∂2

∂x2 + ∂2

∂y2
+ ∂2

∂z2
.

(B) Constitutive relations

The constitutive relations of CS theory are given by

σc
ji = λcuc

k,kδij + µc(uc
i,j + uc

j,i) − ηc∇2(uc
i,j − uc

j,i),

µc
ji = 4ηc(ϖc

i,j −ϖc
j,i), ϖc

i =
1

2
ϵijku

c
k,j, (i, j, k = 1, 2, 3),

(1.2.2)
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where σc
ji are the non-symmetric stress tensor. δij is Kronecker’s delta. ϖc

i is a rotation

vector. µc
ji is skew-symmetric CS tensor and

ϵijk =


+1, if ijk is an even permutation of 1, 2, 3

−1, if ijk is an odd permutation of 1, 2, 3

0, otherwise

is a permutation tensor.

Many researchers have employed consistent CS theory of elasticity in various layered struc-

tures. Sharma and Kumar [181] utilized CS theory of elasticity to capture the size effects

on the propagation of Lamb waves in an elastic plate having mechanical properties typi-

cally used for bones with microstructure. Later on, they [182] investigated the effect of size

dependency accounted by the characteristic length on the phase velocity of Lamb waves in

the plate for various modes in the presence of liquid loadings. The study of leaky Rayleigh

waves generated at the interface of solid half-space with liquid layer is of great importance

for quick scanning and imaging of large civil engineering structures hence, Sharma and

Kumar ( [183], [184]) derived the dispersion relations for the problem of leaky Rayleigh

waves under liquid loading using consistent CS theory of elasticity. Wide variations of

rocks erupted from volcanoes and scattering of high frequency seismic waves support the

existence of small scale heterogeneity in the earth’s lithosphere. Hence, heterogeneity and

viscoelasticity are to be considered for real characterisation of internal microstructure of

solid earth. Thus, Sharma and Kumar [185] analyzed the propagation of SH waves in a

viscoelastic layer over a CS substrate with imperfect bonding at the interface. Sharma and

Sharma [186] modeled the earth’s complex structure with fiber-reinforced layer lying over a

CS half-space. Dispersion and damping equations are derived for the propagation of Love

waves in the considered model. The study of Love waves in a sinusoidal corrugated elastic

layer with void pores attached to a microstructural half space described using consistent CS

theory is done by Sharma et al. [187]. The propagation of Love type waves is investigated

by Deep and Sharma [41] in a geometrical configuration which is composed of a viscoelastic

layer sandwiched between fiber-reinforced layer and a substratum that is modeled using

size-dependent consistent CS theory. Shear wave based acoustic devices are being used in

gaseous and liquid environments because of their high-sensitivity so the theoretical study

of horizontally polarized shear (SH) waves in a layered structure consisting of a PE ceramic

material overlying a CS substrate is done by Goyal et al. [75]. Furthermore, Goyal and

Kumar [78] considered a theoretical model consisting of a heterogeneous viscoelastic layer

sandwiched between a finite layer of PE medium and size-dependent couple stress sub-
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strate to manifest the propagation of Love-type wave in multilayered structures that plays

a vital role for designing of Love wave-based devices. Kumari and Singh [105] discussed

the propagation of a horizontally polarized shear wave in a layered composite structure

consisting of CS stratum over a functionally graded orthotropic viscoelastic substrate due

to the point source existing at an imperfect interface of the stratum and substrate. Because

of the CS effect in the stratum, the existence of the second kind of dispersive (shear) wave

is established along with conventional first kind of a shear wave.

1.2.2 Micropolar (MP) theory

Eringen [60] proposed the MP theory of elasticity by considering three rotational degrees

of freedom in addition to three classical displacement degrees of freedom. Each microstruc-

tural component in addition to displacement rotates about its center of gravity. This the-

ory grabbing the size effects have numerous applications in many physical substances e.g.,

material particles having rigid directors, anisotropic fluids, bones, cellular solids, platelet

composites, chopped fiber composites, aluminium epoxy, polymers, liquid crystal with side

chains, a large class of substances like liquid crystals with rigid molecules, rigid suspensions,

clouds with dust, magnetic fluids, animal blood with rigid cells, foams, porous materials,

concrete with sand, muddy fluids, and many other complex microstructures ( [109], [73]).
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Basic governing equations and constitutive relations

(A) Equations of motion

Following are the equations of motion as proposed by Eringen [60] for semi-infinite

MP elastic substrate in the absence of body forces in vector form

(λm + µm)∇(∇.
−→
Um) + (µm + κm)∇2−→Um + κm(∇×

−−→
Mm) = ρm

∂2−→Um

∂t2
,

(αm + βm + γm)∇(∇.
−−→
Mm)− γm∇× (∇×

−−→
Mm) + κm(∇×

−→
Um)− 2κm−−→

Mm = ȷmρm
∂2−−→Mm

∂t2
.

(1.2.3)

Here superscript ‘m’ denotes the entities in MP substrate. λm and µm are Lamé

constants. ρm is density of MP elastic material. αm, βm, γm, κm are the additional

MP elastic constants. ȷm is the micro inertia.
−→
Um = (um

1 , u
m
2 , u

m
3 ) are the displacement

components and
−−→
Mm = (Mm

1 ,Mm
2 ,Mm

3 ) are the microrotational components.

(B) Constitutive relations

The constitutive relations of MP theory are given by

σm
ij = λmum

k,kδij + µm(um
i,j + um

j,i) + κm(um
j,i − ϵmijkM

m
k ),

µm
ij = αmMm

k,kδij + βmMm
i,j + γmMm

j,i, (i, j, k = 1, 2, 3),
(1.2.4)

where σm
ij and µm

ij are the force stress tensors and the CS tensors, respectively of the

semi-infinite MP elastic substrate. δij is kronecker delta. ϵijk is a permutation tensor.

Many researchers have employed the MP theory of elasticity to capture the microstructural

characteristics of the material. This study will aid researchers to delve into the relationship

between the engineering properties of the materials and their microstructural characteris-

tics. The propagation of plane waves in a three-dimensional MP elastic solid was discussed

by Parfitt and Eringen [151]. Nowacki and Nowacki [140] have discussed the propagation

of a longitudinal monochromatic wave in an infinite MP cylinder and derived the tran-

scendental equations giving the phase speeds of propagating waves. Later, Nowacki and

Nowacki [141] have explored the propagation of torsional waves in an infinite MP cylinder

and obtained the characteristic transcendental equation determining the phase speed of

the propagating waves in the cylinder. Ariman [10] analyzed the wave propagation and re-

flection phenomenon of a longitudinal displacement wave from a fixed flat surface of a MP

elastic half-space. Vasudeva and Bhaskara [219] asymptotically analyzed the frequency

spectrum of vibrations of a homogeneous, isotropic, MP elastic cylinder. Gauthier [69]

performed experimental investigations on MP media. Surface waves in MP thermoelas-
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ticity under the influence of gravity were examined by Das and Sengupta [40]. Nonlinear

modulation of transverse waves propagating in an infinite MP elastic medium were studied

by Erbay et al. [54] and it was shown that the slowly varying complex amplitudes of the

transverse (displacement or microrotation) waves are governed by two coupled nonlinear

Schrödinger equations. Tomar and Gogna ( [207]- [209]) studied the problems dealing with

the transmission phenomenon through the plane interface. They derived the reflection and

refraction coefficients using the potential method and the relation between angles of various

reflected and transmitted waves with the angle of incidence. They found that these coeffi-

cients depend on the angle of incidence, elastic properties of the half-spaces and frequency

of the incident wave. Later, Tomar and Kumar [210] discussed the reflection and refrac-

tion of longitudinal displacement wave at a liquid-MP solid interface and extended their

work [211] in analysis of wave propagation at liquid-MP elastic solid interface. Tomar and

Singh [212] have considered a spherical cavity in a uniform MP elastic medium, in which

the boundary of the cavity is subjected to time dependent force and couple simultane-

ously. They used Laplace transform technique to obtain radial-displacement and radial-

microrotation fields in closed form at any point of the host medium. Frequency equations

are obtained by Tomar [213] for Rayleigh–Lamb wave propagation in a plate of MP elastic

material with voids. Symmetric and antisymmetric modes of propagation are obtained

for frequency equations. Later Tomar [214] studied the wave propagation in a MP elastic

layer sandwiched between liquid half-space and MP solid half-space. Singh and Tomar [192]

investigated transmission of longitudinal elastic wave at a plane interface between a ho-

mogeneous MP fluid half-space and a MP solid half-space. Magneto-thermoelastic surface

waves in MP elastic media are investigated by Nath et al. [137]. Midya [132] explored

the Love-type wave propagation in homogeneous MP isotropic elastic media consisting

of a layer of finite thickness lying over a semi-infinite medium. The Eringen’s theory on

MP continua [60] was summarized and reviewed on MP solids and liquids by Pabst [145].

He presented the nonlinear and linear constitutive relations for anisotropic and isotropic

solids, as well as for anisotropic and isotropic fluids, respectively. Lamb waves in MP ther-

moelastic solid plates immersed in liquid with varying temperature are studied by Sharma

and Kumar [180]. Reflection of MP elastic waves at the non-free surface of a MP elastic

half-space was investigated by Zhang et al. [240]. Then, Zhang et al. [241] explored the

wave propagation through a MP slab sandwiched by two elastic half-spaces. Later on

they [242] studied the reflection of longitudinal displacement wave at the visco-elastically

supported boundary of MP half-space. Eremeyev et al. [55] applied MP theory to strength

analysis of bioceramic materials for bone reconstruction. A mathematical model is devel-

oped by Kaur et al. [97] in which the effect of imperfect bonding between the constituents

of layer and half-space on the phase velocity and damped velocity of SH-wave is discussed.
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The model consists of a MP elastic half-space bonded imperfectly with a heterogeneous

viscoelastic layer. Rayleigh wave on transversely isotropic MP elastic solid half-space are

studied by Singh and Sindhu [193] and later the exploration of Rayleigh wave in a MP

elastic medium with impedance boundary conditions are carried out by Singh [194]. As

linear theory of MP elasticity has potential applications in exploration of materials made

from bar-like molecules with micro-rotational effects, Singh and Kaur [198] employed this

theory to investigate the Rayleigh surface waves in an incompressible MP solid half-space

whose surface is subjected to the Tiersten’s impedance boundary conditions. Kundu et

al. [108] studied the impact of heterogeneity on propagation of Love wave in a heteroge-

neous MP layer over an elastic inhomogeneous stratum, when both rigidity and density

are assumed to vary linearly with depth. Analytical solution for the dispersion equation

was obtained using method of separation of variables by means of the Airy function and

Whittaker function. The propagation characteristics of SH-type wave and a new type of

dispersive surface wave in an irregular composite structure comprised of a layer overlying

a half-space, both constituted by distinct homogeneous MP isotropic elastic materials are

provided by Singh et al. [190].

1.3 Smart materials

Smart materials are designed materials that comprise of certain properties that can be

managed in a controlled way by varying external stimuli like pressure, temperature, elec-

tric field, magnetic field, etc. These smart materials with specific properties are extremely

relevant materials in sensing technologies. Additionally, these materials provide appro-

priate working conditions when combined with other distinguished materials with better

characteristics in the form of toughness or thermal resistance.

1.3.1 Piezoelectric (PE) material layer

During 18th century Carlous Linnaeus and Franz Aepinus observed that certain materials

such as crystals and ceramics, with the temperature change, generate an electric charge.

In 1880, the Curie brothers, Pierre and Jacques were the first to prove the direct PE effect

( [42], [232]). An unusual characteristic of certain crystalline materials such as tourmaline,

topaz, quartz, cane sugar, and Rochelle salt was discovered by them. It was detected that

proportional to the applied load, the tension and compression generated voltages of oppo-

site polarity. Hankel called this the piezoelectric (PE) effect. Piezoelectricity is the electric

charge that is generated in response to applied mechanical stress in certain classes of crys-

talline materials. Later on, at the end of 18th century, the existence of the converse of PE
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effect was predicted by Lippman which was confirmed by the Curie brothers. They observe

that the exposure of voltage generating crystals to electric fields results in their lengthening

and shortening according to the polarity of the field, and in proportion to its strength. PE

materials are natural as well as man-made. The crystals like quartz, Rochelle salt, topaz,

tourmaline, and some organic substances such as silk, wood, enamel, hair, rubber, tendon,

collagen, etc. are natural PE materials. Certain crystals that are quartz analogs (Lang-

asite, La3Ga5SiO14 and Gallium orthophosphate GaPO4), composites, ceramics (Barium

Titanate, BaTiO3; Lead Titanate, PbT iO3; Lead Zirconate Titanate, PZT ; Lithium Nio-

bate, LiNbO3 ), and polymers, are man-made crystals showing PE effect. PE materials

have a unique atomic structure containing positive and negative ions in the form of pairs

called unit cells. In most cases, the PE materials show a crystal structure with symmetry

of hexagonal 6 mm class [131]. PE materials got recognition for their role in the first world

war when quartz was used as resonators in SONAR (Sound Navigation and Ranging).

During the period of the second world war, synthetic PE material was discovered, which

later led to the development of various PE devices.

Basic governing equations and constitutive relations

(A) Equations of motion

The basic governing equations of motion of the PE layer in the absence of body forces

are given by [143]

σe
ij,j = ρeüe

i ,

De
i,i = 0, (i, j = 1, 2, 3).

(1.3.1)

Here superscript ‘e’ denotes the entities in PE medium. ρe is the mass density of PE

material. σe
ij is the stress tensor. ue

i and De
i are the mechanical and electrical displace-

ment components in the PE medium. The dot (.) denotes time (t) differentiation, the

comma followed by the subscript (i) indicates space coordinate differentiation with

respect to the corresponding coordinate, and the repeated subscript implies summa-

tion with respect to that index.

(B) Constitutive relations

The constitutive relations can be written as

σe
ij = ceijklS

e
kl − dekijE

e
k,

De
j = dejklS

e
kl + ϵejkE

e
k, (i, j, k, l = 1, 2, 3).

(1.3.2)
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Here Se
kl are the strain tensors. ceijkl, d

e
kij, ϵ

e
jk, and Ee

k are the elastic constants, PE

constants, dielectric constants, and electric field respectively.

(C) Strain-displacement relation

Se
ij =

1

2
(ue

i,j + ue
j,i) (i, j = 1, 2, 3). (1.3.3)

(D) Relation between electric field and the electric potential function

Let ϕe be the electric potential function then

Ee
i = −ϕe

,i (i = 1, 2, 3). (1.3.4)

It is a well established fact that surface avoustic waves (SAWs) are widely used in sen-

sors and transducers. PE materials are extensively used in SAW devices. A structure

comprising of thin film embedded on a substrate is adopted to achieve high performance.

Numerous investigations have been performed for scrutinizing the characteristics of SAWs

in layered PE structures by various researchers in different disciplines due to its wide and

important applications in SAW devices. The propagation of SAWs through PE materi-

als usually exhibits dispersion behavior i.e., the phase velocity is dependent on the wave

number. The dispersion relation so obtained is a significant factor affecting the perfor-

mances of SAW sensors ( [12], [158], [217]). Thus, these dispersion relations catches the

focus of attention of the researchers working in this area. The study of direct PE coupling

effect to surface elastic waves was carried out by White and Voltmer [227]. A solution for

dispersion relations of Love waves in a PE material and existence conditions for various

modes were proposed by Curtis and Redwood [39]. The circulation of shear harmonic

waves around a long metallic cylinder covered with a PE layer was illustrated by Wang

et al. [224]. Propagation behavior of horizontally polarized shear waves (SH-waves) in a

periodic PE–polymeric layered structure consisted of PE thin films bonded perfectly with

polymeric thin films alternately is accomplished by Qian et al. [153]. The effect of initial

stress on the propagation behavior of SH waves in PE coupled plates is examined by Son

and Kang [204]. The study of reflection and refraction of plane waves at interface between

two PE media is explored by Yuan et al. [236]. Borodina et al. [23] carried out the study

of acoustics wave in a structure carrying two PE plates separated by an air (vaccum) gap.

Properties of Love waves in a PE layered structure with a viscoelastic guiding layer were

examined by Liu et al. [123] and later Liu [124] carried out a theoretical study on Love

wave sensors in a structure with multiple viscoelastic layers on a PE substrate. Effect of

initial stress on the propagation behavior of SAW in a layered PE structure comprising
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of ZnO/Al2O3 is manifested by Mseddi et al. [136]. Ebrahimi and Dabbagh [49] analyzed

the wave propagation in smart rotating porous heterogeneous PE nanaobeams. Transfer-

ence of SH waves through irregular interface between corrugated PE layer and pre-stressed

viscoelastic layer is examined by Chaudhary et al. [31] and later Chaudhary et al. [32] pro-

posed an analytic model for Rayleigh wave propagation in PE layer overlaid orthotropic

substratum. Singh et al. [189] used Green’s function approach to study the propagation

of SH-wave in PE layer influenced by a point source. In-plane elastic wave propagation in

nanoscale periodic layered PE structures was observed by Yan et al. [229]. For designing

highly sensitive microacoustic devices for sensing applications the propagation character-

istics of Love wave form an essential basis. The propagation of Love wave in a MP-PE

structure is investigated by Goyal et al. [76] with the objective of enhancing the perfor-

mance of Love wave based devices. The dispersion properties of Love waves are utilized for

the fabrication of sensor devices in the different material environments. For this Goyal and

Kumar [77] studied the propagation of Love wave in a double-layered structure consisting of

two finite layers of viscoelastic and PE material lying over the semi-infinite size-dependent

MP substrate. Reflection and transmission of elastic waves at an interface between two

MP-PE half-spaces are analyzed by Singh et al. [196]. The investigation of wave character-

istics in PE-coupled laminated fiber-reinforced composite cylindrical shells is carried out by

Bisheh et al. [20], by considering the transverse shear effects, rotary inertia, and different

polarizations of the piezoelectricity. Comparative study of the flexoelectricity effect with

a highly/weakly interface in distinct PE materials is done by Singhal et al. [201].

1.3.2 Piezomagnetic (PM) material layer

In the present scenario, there are laudable applications of magnetic materials in piezo-

composites due to their potential for multi-functional device applications, including mag-

netic sensors, energy harvesters, tunable microwave devices, magnetoelectric (ME) random

access memory and logic devices, and ME antenna. These composites have undoubtedly

made their presence felt in this cutting-edge technology and have many future perspec-

tives and engineering applications ( [33], [35], [102]). From physical consideration, the

magnetostriction phenomenon is associated with a strong coupling between the magnetic

and mechanical properties of materials. PM materials are smart materials that induce

spontaneous magnetic moment by application of mechanical strain and vice versa. One of

the finest features of these materials is their nature to exhibit reversibility, i.e. internal

generation of magnetic charge on the application of applied mechanical force and also the

generation of a mechanical strain in response to the magnetic field. Piezomagneticity is the

magnetic charge that is generated in response to applied mechanical stress. This can be

ascribed by the dependence of the stress tensor σp and the magnetic field Hp towards the
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magnetic induction Bp and the strain tensor Sp. The PM effect depends on various param-

eters of the material such as density, elastic constant, permeability, PM coefficients, etc.

Some common examples of PM materials are uranium dioxide, terfenol-D, ferromagnetic

materials, etc. Among magnetostrictive phases, CoFe2O4 stands out because of its very

high magnetostriction which is due to high magneto-crystalline anisotropy and coercive

field.

Piezomagnetism is a phenomenon similar to the formerly considered piezoelectricity [42].

Just in this case, elastic distortions turn out to be coupled with magnetic, instead of an

electric field. Accordingly, all the theory can be almost identically repeated with some

necessary replacements: Electric field Ee by magnetic field Hp, electric displacement De

by magnetic induction Bp, electrical permittivity ϵejk by magnetic permeability mp
jk, PE

constant dpkij by PM constant hp
kij, etc.

Basic governing equations and constitutive relations

(A) Equations of motion

The basic governing equations of motion of the PM layer in the absence of body forces

are given by [143]

σp
ij,j = ρpüp

i ,

Bp
i,i = 0, (i, j = 1, 2, 3).

(1.3.5)

Here the superscript ‘p’ denotes the entities in PM medium. ρp denotes the mass den-

sity, σp
ij is the stress tensor, up

i are the mechanical displacement components, and Bp
i

are the magnetic inductions in PM medium. The dot (.) denotes time (t) differentia-

tion, the comma (, ) followed by the subscript indicates space coordinate differentiation

with respect to the corresponding coordinate, and the repeated subscript implies sum-

mation with respect to that index.

(B) Constitutive relations

The constitutive relations can be written as

σp
ij = cpijklS

p
kl − hp

kijH
p
k ,

Bp
j = hp

jklS
p
kl + mp

jkH
p
k , (i, j, k, l = 1, 2, 3).

(1.3.6)

Here Sp
kl are the strain tensors. cpijkl, h

p
kij, m

p
ij, and Hp

i are the stiffness, PM constants,

magnetic permeability, and magnetic field in PM material, respectively.
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(C) Strain-displacement relation

Sp
ij =

1

2
(up

i,j + up
j,i), (i, j = 1, 2, 3). (1.3.7)

(D) Relation between magnetic field and the magnetic potential function

Let ϕp be the magnetic potential function then

Hp
i = −ϕp

,i (i = 1, 2, 3). (1.3.8)

Many researchers have transmitted numerous informative facts and figures through the

study of wave propagation in smart structures to the scientific community which are en-

gaged in revealing characteristics of the waves propagating through such structures. Alshits

et al. [8] investigated the existence of surface waves in semi-infinite anisotropic elastic media

with PE and PM properties. Propagation of Rayleigh type surface waves in a transversely

isotropic PE layer on a PM half-space are explored by Pang et al. [147]. Wei et al. [226]

examined SH-waves in a PE-PM coupled layered half-space. Reflection and transmission

of plane waves at an imperfectly bonded interface between PE and PM media are studied

by Pang et al. [148]. SH-wave propagation in the imperfect interface of PE-PM bilayer

system was examined by Nie et al. [138]. Theoretical study of SH-wave propagation in

periodically-layered PM structure is done by Liu et al. [125]. Pang et al. [149] analyzed

the propagation of SH waves in an infinite/semi-infinite PE/PM periodically layered struc-

ture. A theoretical approach is taken into consideration by Ezzin et al. [66], to investigate

Love wave propagation in a transversely isotropic PE layer on a PM half-space. The

magneto-electrically open and short conditions are applied to solve the problem. Further,

they [67] explored propagation of SH-waves in laminated PM/PE plates using the ordi-

nary differential equation and stiffness matrix methods. Propagation of two transverse

surface waves i.e., Love-type wave and BG type wave in a three-layer system consisting of

a PE/PM bi-layer bonded on an elastic half-space is theoretically investigated by Nie et

al. [139]. Scattering phenomena of shear waves by a two-phase multiferroic sensor embed-

ded in a PE/PM medium is explored by Hashemi [89]. SH wave propagation in a PE/PM

plate with an imperfect magnetoelectroelastic interface is observed by Pang et al. [150]. Li

et al. [115] theoretically investigated the propagation characteristics of SH wave in PM-PE

structures. Sahu et al. [168] explored polarized shear waves in functionally graded PE

material layer sandwiched between corrugated PM layer and elastic substrate. Further,

Sahu and Baroi [169] analyzed the behavior of surface waves in corrugated PM layer rest-

ing on inhomogeneous half-space. Modeling of Love-type wave propagation in a PM layer
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of Terfenol-D over a lossy viscoelastic substrate was consummated by Goyal et al. [80].

Further, an analytical study of the transference of wave in piezo-composite layer lying over

an elastic substrate is performed by Goyal and Sahu [81]. The interface of the geometry

is assumed to be imperfect where imperfection is characterized by Linear Spring Model.

Ray et al. [159] used Green’s function technique to model Love type wave propagation

due to an impulsive point source in a PM layered structure. The study encapsulating the

reflection/refraction phenomenon of quasi-pressure waves when they strike the imperfect

corrugated interfaces of PE and PM half-spaces is carried out by Ray and Singh [160].

1.3.3 Functionally graded materials

Composite material is an advanced material made from two or more constituent materials

combined in solid states with remarkably different physical and chemical properties. These

materials grant an excellent combination of properties that are distinct from the individual

parent material. Wood is an example of natural composite material. In the mid-1980s,

researchers in Japan faced this challenge in a spaceplane project which required a thermal

barrier with an outside temperature of 2000 K and inside temperature of 1000 K across less

than 10 mm thickness. Under extreme conditions, composite materials fail to perform [223].

To solve this limitation, researchers came up with a novel concept in the structural design

of materials called functionally graded materials (FGMs) [177]. These are revolutionary

materials, belonging to a class of advanced materials with material properties varying over a

changing dimension [11]. Examples of naturally occurring FGMs are bones, teeth, bamboo,

human skin, etc. Nature has designed these to meet the expected service requirements.

To solve many engineering problems this idea is emulated from nature. FGMs eliminate

the failure due to sharp interfaces existing in composite materials by replacing the sharp

interface with the gradient interface resulting in the smooth transition from one material

to another. Thus, FGMs are superior to conventional laminated materials. For specific

functions and applications, FGMs can be designed. The graded characteristics of such

materials is usually established and restrained using powder metallurgy, centrifugal casting,

and chemical vapor deposition. The analytical studies of these materials typically assumes

linear, exponential, and power law variation in elastic moduli of the form

c̃ij(x) = c0ij(1 + ax)

c̃ij(x) = c0ije
ax

c̃ij(x) = c0ijx
a

(1.3.9)
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where c0ij is the value of c̃ij(x) at x = 0, a is prescribed constant responsible for functional

gradedness in the material, and x is the spatial coordinate [166].

These materials have numerous applications in aircraft, aerospace engineering, the auto-

motive industry, biomedical implants, etc. Non-destructive testing (NDT) is a wide group

of analysis techniques used in the science and technology industry to evaluate the prop-

erties of a material, component, or system without causing damage. NDT methods rely

upon the use of surface waves and other signal conversions to examine a wide variety

of articles (metallic and non-metallic, food-product, artifacts and antiquities, infrastruc-

ture) for integrity, composition, or condition with no alteration of the article undergoing

examination. Surface wave propagation phenomena in functionally graded piezo material

received significant attention due to their extensive engineering applications such as surface

acoustic wave (SAW) sensors, filters, and delay lines [24]. This motivates the researchers

to investigate the surface wave propagation in a system involving FGMs to attain more

effective usage of piezo materials in sensors and acoustic devices. Rabin and Shiota [157]

were the first to suggest the concept of functionally graded materials. Ichinose [90] fab-

ricated ultrasonic transducers with functionally graded PE ceramics. Liu and Tani [118]

investigated surface waves in functionally gradient PE plates. Han and Liu [88] analyzed

elastic wave propagation in a functionally graded PE cylinder. Dispersion of waves and

characteristic wave surfaces in functionally graded PE plates are studied by Liu et al. [119].

Li et al. [111] investigated the features of Love waves in a layered functionally graded PE

structure. The mathematical model was established based on the elastic wave theory, and

the Wentzel–Kramers–Brillouin (WKB) method was applied to solve the coupled electro-

mechanical field differential equation. Du et al. [44] used an exact approach to investigate

the Love waves in functionally graded PE material layer bonded to a semi-infinite homo-

geneous solid. The propagation of Love waves in a smart functionally graded PE structure

was analyzed by various researchers ( [26], [27], [120], [121], [122]). Cao et al. [28] the-

oretically studied the propagation of Love waves in a functionally graded PE material

layer lying in between two different homogeneous PE materials, as an upper layer and a

substrate by employing the power series technique. They investigated the influence of the

gradient coefficients of FGPEM, the electromechanical coupling factor, stress distributions,

and the layer thickness on the phase velocity of Love waves in the considered structure.

The problem of Love waves in functionally graded PE material with elastic properties hav-

ing quadratic variation is discussed by Eskandari and Shodja [65]. Propagation behavior

of Love waves in a functionally graded half-space with initial stress is examined by Qian

et al. [154]. Du et al. [46] examined the properties of SH surface acoustic wave propa-

gation in layered functionally graded PE material structures loaded with viscous liquid

(VL). Love-type waves in functionally graded PE material sandwiched between initially
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stressed layer and the elastic substrate is investigated by Saroj et al. [171]. Size-dependent

thermo-electrical buckling analysis of functionally graded PE nanobeams is discussed by

Ebrahimi and Salari [48]. Propagation of surface waves in a homogeneous layer of finite

thickness over an initially stressed functionally graded magneto-electric-elastic half-space

is studied by Li and Wei [114]. An analytical solution for surface wave propagation in

functionally graded PE material is derived by Sahu et al. [167]. Then, Sahu et al. [168] ex-

plored SH waves in functionally graded PE material layer sandwiched between corrugated

PM layer and elastic substrate. Furthermore, Sahu and Nirwal [170] proposed an asymp-

totic approximation solution for the propagation of Love-type surface waves in a smart

composite structure involving functionally graded PE material. Singhal et al. [200] investi-

gated the propagation of Love-type wave in functionally graded PE material layer bonded

between PM plate and pre-stressed PE half-space. Spatial varying WKB method is used

to obtain an analytical solution for functionally graded PE layer. in which material gradi-

ents vary exponentially in the direction of layers width. Gupta and Bhengra [86] studied

the surface wave vibrations in a functionally graded material layered structure using the

WKB approach. Mondal et al. [135] studied transference of Love-type waves in a bedded

structure containing a functionally graded material and a porous PE medium. Singh et

al. [191] analyzed the propagation behavior of Love-type wave in an exponentially graded

piezoelectric-viscoelastic material stratum lying over a functionally graded piezoelectric-

viscoelastic material substrate due to an impulsive point source at its interfacial surface.

The electro-visco-mechanical field equations are laid down for the piezoelectric-viscoelastic

medium using an analytical solution procedure that involves the use of suitable Green’s

function and admissible boundary conditions. Mahanty et al. [129] discussed the charac-

teristics of shear acoustic waves propagating in an imperfectly bonded functionally graded

PE layer over a PE cylinder. Love-type wave propagation in functionally graded PM mate-

rial resting on PE half-space are examined by Baroi and Sahu [16]. Goyal and Kumar [79]

investigated Love-type wave propagation in functionally graded orthotropic material layer

bonded imperfectly over MP elastic substrate. Dispersion curves are plotted to illustrate

the influence of imperfectness of interface, microstructure of the substrate, thickness as well

as heterogeneity involved in functionally graded layer on the phase velocity of Love-type

wave.

1.4 Nonlocal (NL) theory of elasticity in PE media

During the last decade, the nanoscale structures have received considerable attention from

researchers ( [9], [126], [178], [202]), due to their potential applications of nanoelectrome-

chanical systems (NEMSs) like beams, plates, shells, gears, etc., in engineering fields.
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These nanoscale structures have been employed in many areas like bio-engineering, actua-

tors, nanocomposite, and nanoelectromechanical (NEM) devices. With the advancement in

nanoscience and nanotechnology, NEMSs have been fabricated and employed in several in-

dustries for their superior features and promising applications in different nanodevices such

as nanoresonators, nanosensors, and nanogenerators. In the NEMSs, the nanoscale size

effect plays an important role. Some studies have reported that the NEMSs at nanoscale

show a size-dependent manner. Overlooking the size-effect in designing of NEMSs may lead

to completely incorrect predictions and hence inaccurate designs and irreparable damages.

Hence, for the realistic designing of NEMSs comprising of PE materials, the size effect

should be taken into account to achieve reliable results with appropriate accuracy. To

achieve high performance various SAW devices and sensors are comprised of layered struc-

tures with a PE material layer deposited on the substrate. It is to be noted that the

mechanical properties of PE materials are also size-dependent. Focussing on the PE ef-

fects, the band structures of elastic waves in nanoscale smart periodic structures can be

tuned actively which can provide some new instincts for the designs and applications of

the nanoscale wave devices [34]. Recent investigations in the nanoscale field reveal that

the materials are not continuous at the nanoscale. Therefore, a mathematical model based

on the classical theory of elasticity is incapable to investigate this behavior. The experi-

mental analysis also indicates that materials in nanostructures do not obey the continuum

theory [173]. For this reason, new theories are developed to account for nanoscale effects in

small structures. One of the well-known theory which is used in the nanoscale analysis is

Eringen’s nonlocal (NL) theory ( [61]- [64]). The NL solutions of the dispersion curves for

time-harmonic waves (e.g. plane, Rayleigh, and other surface waves) perfectly fit with the

atomic dispersion curves throughout the entire Brillouin zone obtained by lattice dynamic

computations [62]. The NL theory of elasticity has been studied by many researchers

( [52], [53]). In the NL theory of elasticity, the stress at any reference point within a con-

tinuous body is not only a function of strain at that point but also the function of the strain

fields at all other points of the body. Thus, the NL stress forces act as remote action forces.

Such types of forces are intermittently confronted in the atomic theory of lattice dynamics.

The distinctive features of NL theory may fall in the materials with microstructures, where

the internal characteristic length (e.g. grain size) may be considered as comparable with

an external characteristic length (e.g. wavelength). The NL theory help to explain and

predict the physical phenomena at small length scales i.e. at nanoscales, by employing NL

parameter Υ = e0l
n in the formulation. ln being the internal characteristic length and e0

is a material constant. The internal characteristic length ln is the interatomic distance e.g.

length of C-C bond (0.142 mm in Carbon nanotube) [195].
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Basic governing equations and constitutive relations

(A) Equations of motion

The basic governing equations of motion in nonlocal PE medium can be expressed

as [34]

σn
ij,j = ρnün

i ,

Dn
i,i = 0, (i, j = 1, 2),

(1.4.1)

where ρn is the density of the PE material. A comma (, ) in the subscript denotes

the differentiation with respect to some spatial coordinates while a superposed dot

notation signifies time (t) derivative.

(B) Constitutive relations

The constitutive relations for the PE material based on NL elasticity theory can be

written as
(1 − Υ2∇2)σn

ij = cnijklS
n
kl − dnkijE

n
k ,

(1 − Υ2∇2)Dn
j = dnjklS

n
kl + ϵnjkE

n
k , (i, j, k, l = 1, 2, 3),

(1.4.2)

where σn
ij and Sn

kl are the stress and strain tensors, respectively. Dn
i and En

i are the

components of electric displacement vector and electric field vector, respectively. cnijkl,

dnkij, and ϵnjk are the elastic stiffness constants, PE constants, and dielectric constants,

respectively. ∇2 denotes the Laplace operator. Υ = e0l
n is the NL parameter which

denotes the small scale effect. Here e0 is the material constant and ln is the internal

characteristic length.

(C) Strain-displacement relations

Sn
ij =

1

2
(un

i,j + un
j,i) (i, j = 1, 2, 3). (1.4.3)

At a glance, it can be seen that in the absence of nonlocality, the constitutive equa-

tions (1.4.2) reduce to those for local PE medium [147].

Various problems concerned with surface wave propagation using NL theory of elasticity

have been attempted by many researchers ( [93], [144], [162], [165]). In NL visco-elastic

solids, Acharya and Mondal [3] deduced the Rayleigh surface wave propagation with small

wavelength. Later, using NL theory of elasticity they [4] studied the effect of rotation on

Rayleigh surface waves. In general anisotropic medium, Chakraborty [30] scrutinized the

effect of NL elasticity on wave propagation. The non-locality effect on the dispersion rela-

tion is compared with its local (classical) effect on the wave response. The work done by
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Gopalakrishnan and Narender [74] on application of NL elastic models pertaining to wave

propagation in nano-structure is significant in the research area. Reflection of plane longitu-

dinal waves from the stress-free boundary of a (nonlocal micropolar) NLMP solid half-space

are explored by Khurana and Tomar [98]. They showed four dispersive waves namely, an

independent longitudinal displacement wave, an independent longitudinal micro-rotational

wave and two sets of coupled transverse waves, propagating in NLMP elastic solid medium.

Later they [99] examined Rayleigh-type waves in NLMP solid half-space. The propagation

of time-harmonic plane waves in an infinite NL elastic solid material with voids has been

examined by Singh et al. [195]. Kaur et al. [95] considered Rayleigh type wave propagation

in an isotropic homogeneous NL elastic solid half-space with voids. Furthermore, Kaur et

al. [96] extended their investigation in analyzing the propagation of Love waves in a NL

elastic layer with voids resting over a NL solid half-space. NL and nonlinear contributions

to the thermal and elastic high-frequency wave propagations at the nanoscale are explored

by Sellitto and Domenico [174]. For solving dynamic problems, Martowicz et al. [130] used

NL elasticity in shape memory alloys, modeled using peridynamics. Ebrahimi et al. [50]

investigated wave propagation characteristics in magneto-electro-elastic (MEE) nanotube

considering shell model in the framework of the NL theory. Using Hamilton’s principle, NL

governing equations of MEE nanotube have been derived. Later Ebrahimi and Seyfi [51]

analyzed wave propagation in smart inhomogeneous PE nanosize beams rested on an elastic

medium using NL theory. Sarkar and Tomar [172] examined plane waves in NL thermoe-

lastic solid with voids. Rayleigh-type surface waves in a NL thermoelastic solid half-space

with voids are investigated by Singh [197]. Constitutive relations and field equations are

developed by Kumar and Tomar [107], for an isotropic linear MP thermoelastic material

with voids within the context of Eringen’s theory of NL elasticity. It is found that six plane

waves may propagate in this medium consisting of four sets of coupled dilatational waves

and two sets of coupled transverse waves. All the waves are found to be affected by the

nonlocality of the medium. Biswas [21] studied the propagation of Rayleigh waves in a NL

thermoelastic layer lying over a NL thermoelastic half-space. Gholami et al. [70] developed

a size-dependent Euler-Bernoulli beam model to analyze the nonlinear free vibration of a

bidirectional functionally graded nanobeam with immovable ends, based on the NL theory.
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Chapter 2

Modelling of Love-type waves in an elastic

layer sandwiched between viscous liquid half-

space and size-dependent couple stress sub-

strate1

2.1 Introduction

A surface acoustic wave (SAW) is an acoustic wave that propagates along the surface of

a material with an amplitude that decays exponentially with depth into the substrate.

Acoustic wave based sensors are extensively used for a range of sensor fields including

physical sensing, chemical sensing, and biosensing employing in both gas and liquid envi-

ronments ( [163], [164]). To explore more applications of the sensors, occasionally they are

laden with viscous liquid (VL) layer ( [43], [104] ). These types of hydro-structural prob-

lems while dealing with viscous incompressible fluid arise frequently in several important

industrial applications, such as melting and solidification, crystal growth, glass and metal

forming processes, etc [47]. For liquid sensing applications those acoustic waves are pre-

ferred which have the particle displacement parallel to the device surface and normal to the

direction of wave propagation [91]. The energy of these acoustic waves is concentrated in

the proximity of the surface being in contact with the measured liquid. Although Rayleigh

waves can be utilized in sensors working in liquid environment ( [106], [179]) but Love-type

wave based devices are preferred due to high sensitivities. Due to the shear horizontal par-

ticle displacements, Love-type wave based devices can operate effectively both in liquid and

gas environments [19]. So these devices are being used as viscosity sensors, biosensors, and

chemical sensors ( [220], [225], [237]). To enhance the performance of conventional SAW

devices based on such periodic wave guiding layers, several structure models were reviewed

( [17], [228]). These Love-type wave based devices consist of an elastic layer bonded to

an elastic substrate. Due to the difference in mechanical properties of the substrate, the

1Contents of this chapter are published in SCIE indexed journal, Journal of Theoretical and Applied
Mechanics, 57(4), 1009-1019, 2019. DOI:10.15632/jtam-pl/112457 with I.F. = 0.927
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layer acoustic energy gets entrapped near the surface causing penetration of the wave in

the substrate. A larger part of the wave is confined in the guiding layer only because of its

in-plane behavior, thus enhancing the sensitivity of the device [94]. Many researchers have

studied the influence of VL on acoustic waves propagating in layered structures. Propaga-

tion of Bleustein-Gulyaev (BG) wave in 6 mm piezoelectric (PE) materials loaded with VL

is studied by Guo and Sun [85]. Du et al. ( [45], [46]) analyzed VL loading effect on sur-

face waves propagating in layered structures comprising of PE material layers. Kielczynski

et al. [101] studied the effect of VL loading on Love wave propagation. Vikstrom and

Voinova [221] investigated surface acoustic waves with horizontal polarization (SH-SAWs)

propagating in a three-layer system consisting of an elastic substrate and two viscoelastic

overlayers. Baroi et al. [15] studied the propagation of polarized shear horizontal waves in

the VL layer resting over a porous PE half-space.

For designing Love-type wave based devices, the dispersion relation so obtained is very

important. This relation provides the phase velocity of a wave in terms of guiding layer

thickness and physical properties of substrate and layer. As discussed in Chapter 1, differ-

ent researchers have provided the dispersion curves for one or more layers on a substrate.

However, ignoring the size dependency of the substrate may lead to less valid results.

Therefore, for designing more efficient Love-type wave based devices, a general dispersion

relation is needed by considering the size-dependent properties of the substrate. Consider-

ing the merits of size-dependent model over the classical model, in this chapter we intend

to study the impact of VL (Newtonian) loading on Love-type wave propagation in an elas-

tic layer overlying half-space substrate exhibiting microstructural properties by employing

the consistent couple stress (CS) theory given by Hadjesfandiari and Dargush [87]. This

model considers one length scale parameter ηc called a couple stress coefficient and two

Lamé parameters λc and µc. Further, ηc is associated with characteristic length parameter

lc as ηc = µc(lc)2.

2.1.1 Formulation of the problem

To model the present problem, we have considered a hybrid structure consisting of an

elastic layer loaded with a VL (Newtonian) lying over a CS half-space substrate. The

thickness of the elastic layer is h. The wave fields are functions of x and y, so the problem

considered here is two dimensional. The Cartesian coordinate system is considered in such

a way that a Love-type wave is propagating along y-axis and x-axis is considered positive

in the vertically downward direction as shown in Fig. 2.1.

Let
−→
U o = (uo

1, u
o
2, u

o
3) and

−→
U c = (uc

1, u
c
2, u

c
3) be the mechanical displacement components in

the middle elastic layer and the lower CS half-space substrate, respectively. The Love-type

wave is transmutating along the direction of y-axis, inducing displacement in z-direction
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Figure 2.1: Schematic illustration

only. We shall assume that

uo
1 = uo

2 = 0, uo
3 = uo

3(x, y, t),

uc
1 = uc

2 = 0, uc
3 = uc

3(x, y, t), and
∂

∂z
≡ 0.

(2.1.1)

2.1.2 Viscous liquid (VL) region

A nonconductive VL layer is considered. The liquid motion is evoked by the propagation

of Love-type waves traveling in harmonic wave-form. The embroil inertial term is deserted

in the Navier-Stokes equation. Also, for the wave propagation, only shear deformation is

deliberated and the pressure gradient is ignored. The Navier-Stokes equation for a VL

(Newtonian) half-space with velocity field vl in the z-direction is given by [85]

∂vl

∂t
− ηl

ρl

(
∂2vl

∂x2
+

∂2vl

∂y2

)
= 0, (2.1.2)

where superscript ‘l’ indicates the entities in VL. ηl is the coefficient of viscosity and ρl is

the density of the VL (Newtonian).

We assume the solution of Eq. (2.1.2) of the velocity field vl in the VL be

vl(x, y, t) = V (x)eik(y−ct), (2.1.3)
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where k is a wave number and c is a phase velocity of wave.

Invoking Eq. (2.1.3) into Eq. (2.1.2) gives

V ′′(x) − (γl)2V (x) = 0, (2.1.4)

where γl =
√

k2 − ikcρl

ηl
and Re(γl) > 0.

Solving (2.1.4) we get

V (x) = A1e
γlx + Â1e

−γlx, (2.1.5)

where A1 and Â1 are arbitrary constants.

By invoking Eq. (2.1.5) into Eq. (2.1.3), we get the velocity component in VL as

vl(x, y, t) = (A1e
γlx + Â1e

−γlx)eik(y−ct). (2.1.6)

With the help of Eq. (2.1.6), the only non-vanishing shear stress component is given by

σl
zx = ηl

∂vl

∂x
= ηlγl(A1e

γlx − Â1e
−γlx)eik(y−ct). (2.1.7)

With increasing distance from the wave guide surface, x → −∞, the amplitude of the

Love-type wave decays to zero. The condition Re(γl) > 0 assures this phenomenon.

From Eqs. (2.1.6) and (2.1.7), the final solution for the velocity and shear stress compo-

nents in VL is
vl(x, y, t) = A1e

γlxeik(y−ct),

σl
zx = ηl

∂vl

∂x
= A1η

lγleγ
lxeik(y−ct).

(2.1.8)

2.1.3 Elastic surface layer

The basic governing equation of motion in the absence of body forces for the elastic surface

layer is given by [203]
1

a21

∂2uo
3

∂t2
=

∂2uo
3

∂x2
+

∂2uo
3

∂y2
, (2.1.9)

where superscript ‘o’ indicates the entities in elastic layer. a1 =
√

µo

ρo
is bulk shear wave

velocity, µo is the shear modulus of elasticity, and ρo is the density of the elastic layer.

Assuming the solution of Eq. (2.1.9) of the mechanical displacement component in the

elastic layer as

uo
3(x, y, t) = U o(x)eik(y−ct). (2.1.10)
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Implementing Eq. (2.1.10) into Eq. (2.1.9) results in a differential equation

U o′′(x) + a22U
o(x) = 0, (2.1.11)

where a2 =
√

k2c2

a21
− k2.

Solution to this differential equation (2.1.11) under the assumption that c > a1, is substi-

tuted in Eq. (2.1.10), we get the displacement component as

uo
3(x, y, t) = (A2 cos(a2x) + A3 sin(a2x))eik(y−ct), (2.1.12)

where A2 and A3 are arbitrary constants.

The shear stress component will be given by

σo
zx = µo∂u

o
3

∂x
= µoa2(−A2 sin(a2x) + A3 cos(a2x))eik(y−ct). (2.1.13)

2.1.4 Couple stress (CS) theory

The basic governing equation of motion of CS theory for isotropic material in vector form,

in the absence of body forces [87] is given by

(λc + µc + ηc∇2)∇(∇.
−→
U c) + (µc − ηc∇2)∇2−→U c = ρc

∂2−→U c

∂t2
. (2.1.14)

Here superscript ‘c’ indicates the entities in CS substrate. λc and µc are Lamé constants,

ηc = µc(lc)2 is CS coefficient, lc is characteristic length, ρc is density of the material, and

∇2 = ∂2

∂x2 + ∂2

∂y2
+ ∂2

∂z2
.

The constitutive relations of CS theory are given by

σc
ji = λcuc

k,kδij + µc(uc
i,j + uc

j,i) − ηc∇2(uc
i,j − uc

j,i), (2.1.15)

µc
ji = 4ηc(ωc

i,j − ωc
j,i), ωc

i =
1

2
ϵijku

c
k,j, (2.1.16)

where σc
ji is the non-symmetric stress tensor, δij is Kronecker’s delta, ωc

i is a rotation

vector, ϵijk is a permutation tensor, and µc
ji is skew-symmetric CS tensor.

Imposing conditions from Eq. (2.1.1), into equation of motion (2.1.14), we obtain

∂2uc
3

∂x2
+

∂2uc
3

∂y2
− (lc)2

(
∂4uc

3

∂x4
+ 2

∂4uc
3

∂x2∂y2
+

∂4uc
3

∂y4

)
=

1

a23

∂2uc
3

∂t2
, (2.1.17)
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where a3 =
√

µc

ρc
, µc is the shear modulus of elasticity, and ρc is the material density of

the CS substrate.

The shear stress component and CS component are given by

σc
zx = µc∂u

c
3

∂x
+ ηc

(
∂3uc

3

∂y2∂x
+

∂3uc
3

∂x3

)
, (2.1.18)

µc
xy = −2ηc

(
∂2uc

3

∂x2
+

∂2uc
3

∂y2

)
. (2.1.19)

Presuming the solution of differential equation (2.1.17) as

uc
3(x, y, t) = F (x)eik(y−ct), (2.1.20)

where k is the wave number and c is the phase velocity.

Thus, differential equation (2.1.17) reduces to

d4F (x)

dx4
−ℜ1

d2F (x)

dx2
+ ℜ2F (x) = 0, (2.1.21)

where

ℜ1 = 1
(lc)2

+ 2k2, ℜ2 = k4 +
(
k
lc

)2 − ( kc
lca3

)2
.

Solution of the above differential equation becomes

F (x) = A4e
−a4x + A5e

−a5x + Â4e
a4x + Â5e

a5x (2.1.22)

where A4, A5, Â4, and Â5 are arbitrary constants. Here

a4 =

√
ℜ1+

√
ℜ2

1−4ℜ2

2
,

a5 =

√
ℜ1−

√
ℜ2

1−4ℜ2

2
.

Using the radiation condition, as x → ∞, the amplitude of the Love-type wave decays to

zero. Then the displacement component under the assumption c < a3 may be expressed

as

uc
3(x, y, t) =

(
A4e

−a4x + A5e
−a5x

)
eik(y−ct). (2.1.23)

Using Eq. (2.1.23) in above Eqs. (2.1.18) and (2.1.19), we get

σc
zx =

(
A4a4a6e

−a4x + A5a5a7e
−a5x

)
eik(y−ct), (2.1.24)

µc
xy = −2ηc

(
A4(a

2
4 − k2)e−a4x + A5(a

2
5 − k2)e−a5x

)
eik(y−ct), (2.1.25)
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where

a6 = −µc + k2ηc − a24η
c,

a7 = −µc + k2ηc − a25η
c.

2.2 Boundary conditions

Following are the boundary conditions for the considered model.

� Velocity components should be continuous at the interfacial surface.

∂uo
3

∂t
= vl at x = −h. (2.2.1)

� Displacement components must be continuous at the interface.

uo
3 = uc

3 at x = 0. (2.2.2)

� The magnitude of shear component of the stress tensors should be equal at the

interface.

σl
zx = σo

zx at x = −h. (2.2.3)

σc
zx = σo

zx at x = 0. (2.2.4)

� CS component of substrate should vanish at the interface.

µc
xy = 0 at x = 0. (2.2.5)

2.3 Derivation of dispersion relation

Using above mentioned boundary conditions from Eqs. (2.2.1) to (2.2.5), the following

equations in terms of five unknown coefficients A1, A2, A3, A4, and A5 are procured

e−γlhA1 + ikc cos(a2h)A2 − ikc sin(a2h)A3 = 0 (2.3.1)

A2 − A4 − A5 = 0 (2.3.2)

ηlγle−γlhA1 − µoa2 sin(a2h)A2 − µoa2 cos(a2h)A3 = 0 (2.3.3)
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µoa2A3 − a4a6A4 − a5a7A5 = 0 (2.3.4)

(a24 − k2)A4 + (a25 − k2)A5 = 0 (2.3.5)

2.3.1 Dispersion relation

To get the non-trivial solution and hence the dispersion relation, we equate the determinant

of these coefficients to zero. By solving the determinant, we get the following dispersion

equation for Love-type wave in a sandwiched elastic layer loaded with VL lying over CS

substrate.

µoa2 cos(a2h)[a5a7(a
2
4 − k2) − a4a6(a

2
5 − k2)] − µo2a22 sin(a2h)(a25 − a24)

+ ikcηlγl
{

sin(a2h)[a4a6(a
2
5 − k2) − a5a7(a

2
4 − k2)] − µoa2 cos(a2h)(a25 − a24)

}
= 0.

(2.3.6)

The real part of Eq. (2.3.6) gives the dispersion equation and the imaginary part gives the

damping equation associated with Love-type surface wave propagation. After separating

real and imaginary parts of (2.3.6), we get the dispersion equation and damping equation

as (2.3.7) and (2.3.8), respectively.

(P3 + γ2P5)P1 − (P4 − γ2P6)P2 = 0, (2.3.7)

P5P1 + P6P2 = 0, (2.3.8)

where

P1 = a5a7(a
2
4 − k2) − a4a6(a

2
5 − k2),

P2 = µoa2(a
2
5 − a24),

P3 = µoa2 cos(a2h),

P4 = µoa2 sin(a2h),

P5 = ηlkc sin(a2h),

P6 = ηlkc cos(a2h),

T = kcρl

ηl
,

γl = γ1 + iγ2,

γ1 =
√

T
2

+ k2

2
√
2T

,

γ2 = −
√

T
2

+ k2

2
√
2T

.
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2.3.2 Particular cases and validation of result

Case-I

In the absence of VL layer i.e. ηl → 0, ρl → 0 will lead to P5 = 0 and P6 = 0, then the

dispersion equation (2.3.7) will reduce to

P1

P2

= tan(a2h). (2.3.9)

Eq. (2.3.9) represents the dispersion equation of Love-type wave in an elastic layer of finite

thickness h overlying semi-infinite CS substrate.

Case-II

Furthermore in Case-I, if lc → 0 then semi-infinite CS substrate reduces to isotropic elastic

half-space substrate and the dispersion equation reduces to

µo

√
c2

a12
− 1 tan

(
kh

√
c2

a21
− 1

)
= µ1

√
1 − c2

a3
2 , (2.3.10)

where c is the phase velocity of Love-type wave, a1 =
√

µo

ρo
, and a3 =

√
µ1

ρ1
. µ1 is the shear

modulus of elasticity and ρ1 is the density of isotropic elastic half-space. This Eq. (2.3.10) is

the well-known dispersion relation for Love-type waves in the classical structure [128] under

the assumption a1 < c < a3 which validates the outcomes of the present problem.

2.4 Numerical results and discussion

Numerical computations have been performed to analyze the theoretical result obtained as

dispersion relation in the previous section. To demonstrate the numerical computations,

an isotropic, homogeneous, Copper (Cu) surface layer is considered as middle elastic layer

and Dionysos marble is considered as CS half-space substrate. Following data has been

taken into account for the graphical illustrations.

Table 2.1: Material constants for VL layer [101]

ηl = 50 Pas, ρl = 103 kg/m3

Table 2.2: Material constants for elastic layer (Cu surface layer) [101]

µo = 3.91 × 1010 N/m2, ρo = 8.9 × 103kg/m3, a1 = (µo/ρo)1/2 = 2096m/s
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Table 2.3: For semi-infinite CS substrate [218]

µc = 3.05 × 1010 N/m2, ρc = 2.717 × 103 kg/m3, a3 = (µc/ρc)1/2 = 3350 m/s

The graphs depicting the microstructural effects of substrate, viscosity, and density effects

of VL loadings, and thickness effect of sandwiched elastic layer are shown in Figs. 2.2-

2.6, for dimensionless phase velocity (c/a1) versus dimensionless wave number (kh). The

Love-type wave exhibits a multimode character. In various practical applications (e.g.,

in sensors and non-destructive testing techniques (NDTs)), the most important is the

fundamental (the lowest) mode of Love-type waves. Therefore, our attention is confined

to the fundamental mode of propagating Love-type wave. One common feature observed

among all profiles is that phase velocity is decreasing as wave number is increasing.

1.5 1.6 1.7 1.8 1.9 2

kh

1.1

1.12

1.14

1.16

1.18

1.2

c
/a

1
 

1: l
c
 = 0.00001 m

2: l
c
 = 0.00004 m

3: l
c
 = 0.00008 m

Figure 2.2: Dispersion curves (c/a1 versus kh) for varying values of characteristic length
parameter (lc)

2.4.1 Effect of microstructure

To better observe the dependence of Love-type wave propagation on material length scale

parameter, the dispersion curves are compared for distinct values of characteristic lengths

as shown in Fig. 2.2. It is pointed out by the researchers that it is not possible to find

the exact value of the characteristic length. It is of the order of cell size of the considered

40



material. The profile has been plotted by taking the characteristic length to be of the

order of 10−5. The thickness of the sandwiched elastic layer is fixed as h = 0.0004 m. It

is concluded that the characteristic length of the material significantly affects the phase

velocity profiles. The increase in values of characteristic length parameter (lc) results in

the increase in the phase velocity of the Love-type wave.
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1: 
l
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2 : 
l
 = 50 Pas

3 : 
l
 = 100 Pas

Figure 2.3: Dispersion curves (c/a1 versus kh) for varying values of coefficient of viscosity
parameter (ηl)

2.4.2 Effect of VL loading

The effect of the coefficient of viscosity is depicted in Fig. 2.3. The dispersion curves are

computed for varying values of coefficient of viscosity parameter (ηl). Here characteristic

length of the material is assumed as lc = 0.00001 m. The thickness of elastic layer is

employed as h = 0.0004 m. The density of the VL is also fixed i.e., ρl = 1000 kg/m3. It is

observed that the viscosity parameter disfavors the phase velocity. As the viscosity of the

liquid is increasing, the phase velocity of the Love-type wave is decreasing.

To study the effect of liquid mass density of VL (Newtonian) layer on the velocity profile

we considered different VLs of different densities and nearly equal viscosities. For graphical

illustration, following data has been taken into account:

1. Gasoline: ηl = 0.006 Pas, ρl = 719.7 kg/m3.

2. Kerosene: ηl = 0.00164 Pas, ρl = 820 kg/m3.
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3. Water: ηl = 0.001 Pas, ρl = 1000 kg/m3.

It can be spotted from Fig. 2.4 that as the density of the liquid is increasing, it leads to

an increase in the phase velocity of the propagating wave. As an illustration, to confer the

entire effect of VL loading on the hybrid structure, Fig. 2.5 is plotted under the presence

and absence of VL loading and it can be concluded that VL loading has a suppressing

effect on the transmittance of Love-type wave.
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Figure 2.4: Dispersion curves (c/a1 versus kh) for varying values of density parameter
(ρl) of VL loading

2.4.3 Effect of thickness of sandwiched elastic layer

The impact of thickness of the sandwiched elastic layer on Love-type wave propagation in

the considered structure is shown in Fig. 2.6. To capture this effect we have considered

different values of thickness h = 0.0006 m, 0.0008 m, 0.001 m of sandwiched elastic layer.

Also, the characteristic length of the material is laid out as lc = 0.00001 m. It is observed

that with the increase in thickness of the sandwiched elastic layer, the phase velocity of

the propagating wave decreases.
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Figure 2.5: Dispersion curves (c/a1 versus kh) for the entire effect of VL loading
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Figure 2.6: Dispersion curves (c/a1 versus klc) for varying values of thickness (h) of
elastic layer
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2.5 Conclusions

Following conclusions are observed in the present study.

� The graphical representations reveal that the phase velocity increases with the in-

crease in characteristic length parameter.

� The viscosity parameter has a reverse effect on the phase velocity. As the viscosity

parameter of the VL (Newtonian) increases, the phase velocity of the wave decreases.

� The density of the VL (Newtonian) is favorable to the velocity profile of the Love

wave. The increase in density of the VL (Newtonian), increases the phase velocity

profile of Love-type wave propagation.

� The entire effect of VL loading on the phase velocity profile of the propagating Love-

type wave is suppressing.

� The thickness of sandwiched elastic layer disfavors the velocity profile of the wave.

The increase in the thickness of the elastic layer leads to a decrease in phase velocity

of the wave.
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Chapter 3

Microstructural and viscous liquid loading ef-

fects on the propagation of Love waves in a

piezomagnetic layered structure 2

3.1 Introduction

Piezomagnetic (PM) materials can couple mechanical and magnetic energies via linking

material stress and strain to magnetic signals and vice versa. In other words, when the

PM materials are subjected to an external magnetic field, they get deformed whereas me-

chanical stress induces a change in the magnetic state (reverse effect) of the material. This

can be explained by the dependence of the stress tensor σp and the magnetic field Hp to-

ward the magnetic induction Bp and the strain tensor Sp. Embracing unique and eminent

properties, this smart material has enormous possible benefits in smart devices and even

nanoscale devices and structures owing to representing outstanding magnetic and mechan-

ical coupling performances. Compared with piezoelectric (PE) sensors, the PM sensor has

a simple structure, large output power, convenient manufacture, low cost, strong signal,

and good anti-interference performance. In PM sensor signal, amplifier circuit is simple

without charge amplifier and is suitable for static and dynamic force measurement. Ex-

perimental data is stable and can be directly measured with general wire [188]. Research

on the PM properties of force-sensitive films of sensors has become a subject undergoing

intense study ( [156], [243]). Due to the promising applications of PM materials as mul-

tifunctional devices ( [35], [102]) viz. magnetomechanical sensors, actuators, acoustic and

ultrasonic transducers, wave propagation phenomena in these materials captured mass at-

tention ( [66], [67]). Sometimes SAW devices are immersed in viscous fluid or loaded with

viscous liquid (VL) layer to explore more utilizations like the measurement of viscosity,

mass density and the acoustic-electric phenomenon of liquids ( [1], [152]). To extend the

study of Love-type waves carried in Chapter 2 propagating in the smart material layer,

the elastic layer is replaced with PM material layer. PM materials are smart materials.

2Contents of this chapter are published in SCIE indexed journal, Mechanics of Advanced Materials
and Structures, 28(16), 1703-1713, 2021. DOI: 10.1080/15376494.2019.1702235 with I.F. = 4.030
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From physical consideration, the magnetostriction phenomenon is associated with a strong

coupling between the magnetic and mechanical properties of materials. Some common

examples of piezomagnetic materials are uranium dioxide, terfenol-D, ferromagnetic ma-

terials, etc. Among magnetostrictive phases, CoFe2O4 stands out because of its very high

magnetostriction which is due to high magneto-crystalline anisotropy and coercive field.

Immense applications in the configuration of SAW devices, transducers, Love wave sen-

sors, and other similar types of devices are perceived by the surface wave propagation in a

stratified structure comprising of PM layer followed by a semi-infinite substrate. To confer

the VL loading effect and microstructural effect on the propagation of Love-type waves in

a smart material, a mathematical model comprising of PM material embedded on a CS

half-space substrate [87] exhibiting microstructural properties laden with VL (Newtonian)

is discussed in this chapter. Dispersion relations for magnetically open (MO) and mag-

netically short (MS) conditions are obtained. Graphical illustrations reveal that the phase

velocity of the propagating wave is remarkably affected by VL loading, microstructural

parameter, and PM parameters. The obtained findings may significantly contribute to en-

hance the performance of Love-type wave based SAW devices comprising of smart material

layer functioning in a liquid environment.

3.1.1 Formulation of the problem

Consider semi-infinite couple stress (CS) substrate covered with a piezomagnetic (PM)

layer of thickness hp. The PM layer is considered as transversely isotropic in nature,

loaded with VL (Newtonian) layer of thickness hl shown in Fig. 3.1. The Cartesian coor-

dinate system is considered in such a way that a Love-type wave is propagating along y-axis

and x-axis is considered positive in the vertically downward direction. The displacement

components along with stress components in VL layer can be procured from Eqs. (2.1.6),

and (2.1.7) in Chapter 2.

The basic governing equation of motion and constitutive relations of CS theory for

isotropic material in the absence of body forces are discussed in Chapter 2 and the dis-

placement components along with stress components can be acquired from Eqs. (2.1.23),

(2.1.24), and (2.1.25).

3.1.2 Piezomagnetic (PM) layer

Let
−→
Up = (up

1, u
p
2, u

p
3) be the mechanical displacement components in the middle PM layer

obtained due to the propagation of Love-type wave. Love-type wave is propagating along

the direction of y-axis causing displacement in z-direction only. We shall assume that
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Figure 3.1: Schematic illustration

up
1 = up

2 = 0, up
3 = up

3(x, y, t). (3.1.1)

The basic governing equation and constitutive relations of the PM layer in the absence of

body forces are given by [143]

σp
ij,j = ρp

∂2up
i

∂t2
,

Bp
i,i = 0, (i, j = 1, 2, 3),

(3.1.2)

σp
ij = cpijklS

p
kl − hp

kijH
p
k ,

Bp
j = hp

jklS
p
kl + mp

jkH
p
k , (i, j, k, l = 1, 2, 3)

(3.1.3)

respectively. Here superscript ‘p’ indicates the entities in PM layer. ρp denotes the mass

density. σp
ij and Sp

kl are the stress and strain tensors, respectively. cpijkl, h
p
kij, m

p
ij, H

p
i , and

Bp
i are the stiffness, PM constants, magnetic permeability, magnetic field, and magnetic

inductions, respectively.

The constitutive relations can be written as [80]
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σp
x = cp11S

p
x + cp12S

p
y + cp13S

p
z − hp

31H
p
z ,

σp
y = cp12S

p
x + cp11S

p
y + cp13S

p
z − hp

31H
p
z ,

σp
z = cp13S

p
x + cp13S

p
y + cp33S

p
z − hp

33H
p
z ,

σp
zx = cp44S

p
zx − hp

15H
p
x,

σp
yz = cp44S

p
yz − hp

15H
p
y ,

σp
xy =

1

2
(cp11 − cp12)S

p
xy,

Bp
x = hp

15S
p
zx + mp

11H
p
x,

Bp
y = hp

15S
p
yz + mp

11H
p
y ,

Bp
z = hp

31S
p
x + hp

31S
p
y + hp

33S
p
z + mp

33H
p
z .

(3.1.4)

The strain components are defined as

Sp
x = up

1,x, Sp
y = up

2,y, Sp
z = up

3,z,

Sp
yz = up

3,y + up
2,z, Sp

zx = up
1,z + up

3,x, Sp
xy = up

1,y + up
2,x.

(3.1.5)

The relation between magnetic field and the magnetic potential function can be calculated

through following formula:

Hp
x = −ϕp

,x, Hp
y = −ϕp

,y, Hp
z = −ϕp

,z, (3.1.6)

where ϕp represents the magnetic potential.

Substituting Eq. (3.1.1) in Eqs. (3.1.5) and (3.1.6), we get

Sp
x = Sp

y = Sp
z = 0,

Sp
yz = up

3,y, Sp
zx = up

3,x, Sp
xy = 0,

Hp
x = −ϕp

,x, Hp
y = −ϕp

,y, Hp
z = 0.

(3.1.7)

Putting Eqs. (3.1.7) in Eqs. (3.1.3) and then substituting in Eqs. (3.1.2), we obtain the

governing equations for the PM layer as

∇2up
3 =

1

b21

∂2up
3

∂t2
,

∇2ϕp =
1

b21

(
hp
15

mp
11

)
∂2up

3

∂t2
,

(3.1.8)
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where c∗44 = cp44 +
hp
15

2

mp
11

and b1 =
√

c∗44
ρp

is the shear wave velocity in the PM layer.

We assume the following solutions of the mechanical displacement component and magnetic

potential function of the Love-type wave in the PM layer

up
3(x, y, t) = Ûp(x)eik(y−ct),

ϕp(x, y, t) = Φp(x)eik(y−ct),
(3.1.9)

where k is the wave number and c is the phase velocity of the wave. Invoking Eqs. (3.1.9)

in Eqs. (3.1.8), we obtain

Ûp

′′
(x) + b22k

2Ûp(x) = 0,

Φ′′
p(x) − k2Φp(x) +

(
k2c2hp

15

b21m
p
11

)
(B1 sin(kb2x) + B2 cos(kb2x)) = 0,

(3.1.10)

where b2 =
√

c2

b21
− 1.

On solving differential equations (3.1.10), the displacement component and magnetic po-

tential function under the assumption c > b1 can be expressed as

up
3(x, y, t) = (sin(kb2x)B1 + cos(kb2x)B2)e

ik(y−ct), (3.1.11)

ϕp(x, y, t) =

(
hp
15

mp
11

sin(kb2x)B1 +
hp
15

mp
11

cos(kb2x)B2 + e−kxB3 + ekxB4

)
eik(y−ct), (3.1.12)

where B1, B2, B3, and B4 are arbitrary constants.

3.2 Boundary conditions

Following are the boundary conditions for the considered model.

(i) The mechanical traction free condition at x = −(hl + hp) is

σl
zx = 0. (3.2.1)

(ii) The velocity and stress components are continuous at the interfacial surface x = −hp

∂up
3

∂t
= vl,

σp
zx = σl

zx.

(3.2.2)
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(iii) The magnetic circuit conditions at x = −hp are given as

Bp
x = 0, {magnetically open (MO) condition},

ϕp = 0, {magnetically short (MS) condition}.
(3.2.3)

(iv) At the interface x = 0, the displacement and stress components are continuous

up
3 = uc

3,

σp
zx = σc

zx,

µc
xy = 0,

ϕp = 0.

(3.2.4)

3.3 Derivation of dispersion relations

From above mentioned boundary conditions (3.2.1) to (3.2.4), the following equations in

terms of eight unknown coefficients A1, Â1 B1, B2, B3, B4, A4, and A5 are obtained.

e−γl(hl+hp)A1 − eγ
l(hl+hp)Â1 = 0, (3.3.1)

e−γlhpA1 + eγ
lhpÂ1 − ikc sin(b2khp)B1 + ikc cos(b2khp)B2 = 0, (3.3.2)

ηlγle−γlhpA1 − ηlγleγ
lhpÂ1 − c∗44kb2 cos(b2khp)B1 − c∗44kb2 sin(b2khp)B2

+ khp
15e

khpB3 − khp
15e

−khpB4 = 0,
(3.3.3)

ekhpB3 − e−khpB4 = 0, (3.3.4)

− hp
15

mp
11

sin(b2khp)B1 +
hp
15

mp
11

cos(b2khp)B2 + ekhpB3 + e−khpB4 = 0, (3.3.5)

B2 − A4 − A5 = 0, (3.3.6)

c∗44kb2B1 − khp
15B3 + khp

15B4 − a6A4 − a7A5 = 0, (3.3.7)

(k2 − a24)A4 + (k2 − a25)A5 = 0, (3.3.8)

hp
15

mp
11

B2 +B3 +B4 = 0. (3.3.9)
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3.3.1 Dispersion relations

To get the non-trivial solution and hence the dispersion relation, we equate the determinant

of these coefficients to zero. The dispersion equation will be given by the real part of

the dispersion relation and the damping equation will be given by the imaginary part of

the dispersion relation. After separating real and imaginary parts, we get the dispersion

equations for magnetically open and short condition, respectively.

3.3.1.1 Dispersion relation for MO condition

After eliminating the unknown constants from Eqs. (3.3.1)-(3.3.4) and (3.3.6)-(3.3.9), we

get the following dispersion equation for Love-type wave propagation in PM layer loaded

with VL, overlying semi-infinite CS substrate, for MO condition.

c∗44b2 [℘1 − ℘6tan(b2khp)] − [tan(b2khp)℘1 + ℘6]℘4 = 0. (3.3.10)

3.3.1.2 Dispersion relation for MS condition

After eliminating the unknown constants from Eqs. (3.3.1)-(3.3.3) and (3.3.5)-(3.3.10), we

get the following dispersion equation for Love-type wave propagation in PM layer loaded

with VL, overlying semi-infinite CS substrate, for MS condition.

(
2hp

15
2

mp
11

)[
1− sec(b2khp)

cosh(khp)

]
℘6 + k(a24 − a25)℘3℘7 − ℘2℘5 +

[
k(a24 − a25)℘2 − ℘5℘7

]
℘4 = 0. (3.3.11)

T = kcρl

ηl
,

γl = γ1 + iγ2,

γ1 =
√

T
2

+ k2

2
√
2T

,

γ2 = −
√

T
2

+ k2

2
√
2T

,

℘1 = ℘5 −
(

khp
15

2

mp
11

)
tanh(khp)(a

2
4 − a25),

℘2 = c∗44b2 tanh(khp) − tan(b2khp)
(

hp
15

2

mp
11

)
,

℘3 = c∗44
2b22 −

hp
15

4

mp
11

2 ,

℘4 = ηlc(γ1 tan(γ2hl) + γ2 tanh(γ1hl)),

℘5 = a6(a
2
5 − k2) − a7(a

2
4 − k2),

℘6 = c∗44b2k(a24 − a25),

℘7 = tan(b2khp) tanh(khp).
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3.3.2 Particular cases and validation of results

Case-I

In the absence of VL layer i.e. ηl → 0 and ρl = 0 will lead to ℘4 = 0, then the dispersion

equations (3.3.10) and (3.3.11) will reduce to

tan(b2khp)℘6 − ℘1 = 0, (3.3.12)

(
2hp

15
2

mp
11

)[
1 − sec(b2khp)

cosh(khp)

]
℘6 + k(a24 − a25)℘3℘7 − ℘2℘5 = 0, (3.3.13)

respectively. Eqs. (3.3.12) and (3.3.13) represent the dispersion equations of Love-type

wave in PM layer overlying semi-infinite CS substrate, for MO and MS conditions, respec-

tively.

Case-II

Pondering the previous case, if the PM constant hp
15 is removed by taking hp

15 = 0. Then

c∗44 = c44 = µo (say), ℘1 → ℘5, and Eqs. (3.3.12) and (3.3.13) can be diminished to

tan(b2khp)℘6 = ℘5, (3.3.14)

k(a24 − a25)℘3 ℘7 = ℘2℘5, (3.3.15)

respectively. Eqs. (3.3.14) and (3.3.15) describes the dispersion equations of Love-type

wave in an isotropic elastic layer of thickness hp overlying semi-infinite CS substrate for

MO and MS conditions, respectively.

Here b2 =
√

c2

a12
− 1, a1 =

√
µo

ρo
, where µo is the shear modulus of elasticity, and ρo is the

density of isotropic elastic layer.

Values of newly introduced ℘2, ℘3, ℘6, and ℘7 are as follows

℘2 = µob2 tanh(khp),

℘3 = µo2b2
2
,

℘6 = µob2k(a24 − a25),

℘7 = tan(b2khp) tanh(khp).

Case-III

Furthermore in Case-II, if lc → 0 then semi-infinite CS substrate reduces to isotropic elastic

half-space substrate and the dispersion equations for both open and short conditions reduce
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to

tan

(
khp

√
c2

a21
− 1

)
=

µ1
√

1 − c2

a32

µo
√

c2

a21
− 1

, (3.3.16)

where c is the phase velocity of Love wave.

Here a3 =
√

µ1

ρ1
, µ1 is the shear modulus of elasticity, and ρ1 is the density of isotropic

elastic half-space.

This Eq. (3.3.16) is the well-known dispersion relation for Love waves in the classical

structure [128] under the assumption a1 < c < a3 that validates the outcomes of the

present problem.

3.4 Numerical results and discussion

The objective of this section is to unravel the influence of various affecting parameters, viz.,

coefficient of viscosity, liquid mass density, microstructural parameter, the thickness of VL

layer, and thickness of PM layer on the phase velocity of Love-type wave by employing the

dispersion curves plotted under the variation of dimensionless phase velocity (c/b1) against

dimensionless wave number (khp). To exhibit the analytical outcomes numerically, PM

layer of CoFe2O4, CS substrate which is made of Dionysos marble bearing microstructural

properties are considered. The values of material constants for VL layer and CS half-space

are provided in Chapter 2 in Section 2.4. as Tables 2.1 and 2.3, respectively. For PM layer

the values for material constants are as follows:

Table 3.1: Material constants for PM layer [147]

Material Elastic constant Mass density PM constant Magnetic permeability
cp44 (109Nm−2) ρp (kgm−3) hp

15 (NA−1m−1) mp
11 (10−6 Ns2C−2)

CoFe2O4 45.3 5300 550 157
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Figure 3.2: Dispersion curves (c/b1 versus khp) for varying values of characteristic length
parameter (lc).
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Figure 3.3: Dispersion curves (c/b1 versus khp) for varying values of coefficient of
viscosity (ηl) of VL layer
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Figure 3.4: Dispersion curves (c/b1 versus khp) for varying values of liquid mass density
(ρl) of VL layer
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Figure 3.5: Dispersion curves (c/b1 versus khp) for varying values of thickness (hl) of VL
layer.
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Figure 3.6: Dispersion curves (c/b1 versus khp) for the analysis of VL loading effect
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Figure 3.7: Dispersion curves (c/b1 versus khp) for varying values of magnetic
permeability (mp

11) of PM layer
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Figure 3.8: Dispersion curves (c/b1 versus khp) for varying values of elastic constant (cp44)
of PM layer
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Figure 3.9: Dispersion curves (c/b1 versus khp) for varying values of PM constant (hp
15) of

PM layer
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Figure 3.10: Dispersion curves (c/b1 versus khl) for varying values of thickness (hp) of
PM layer
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3.4.1 Effect of microstructures

The dependence of the material length scale parameter on the propagation of a Love-type

wave can be observed by comparing dispersion curves for different values of characteristic

length (lc). It is of the order of internal cell size of microstructure. So the characteristic

length is varied as 0.00001 m, 0.00003 m, and 0.00005 m. Fig. 3.2 establishes that an

increase in values of length scale parameter, increases the phase velocity of Love-type

waves for both MO and MS conditions, respectively. This is ascribed due to the additional

couple stress and rotation of the particles at the microscale level.

3.4.2 Effect of VL loading

Due to the fluctuations in the environmental conditions such as rising or dropping of the

temperature, scrutinizing the effects of the liquid mass density and the coefficient of vis-

cosity on the wave propagation is essential. Figs. 3.3 a) and b) reveal the effect of the

coefficient of viscosity and Figs. 3.4 a) and b) reveal the effect of the liquid mass density,

on the velocity of the propagating wave in the considered structure for MO and MS condi-

tions, respectively. These figures advocate that the coefficient of viscosity has a suppressing

effect on the phase velocity of the wave. The increment in the values of the coefficient of

viscosity leads to a decrease in the phase velocity of the wave while the liquid mass density

has a favoring effect on the phase velocity of the wave. With the rising value of the liquid

mass density, the phase velocity of the wave increases. For MO and MS conditions, Figs.

3.5 a) and b), respectively delineate that the phase velocity of a Love-type wave increases

with the increasing value of the thickness of VL layer but decreases after some particular

value of khp. To compare the entire effect of VL loading on the phase velocity of the wave,

Figs. 3.6 a) and b) are plotted for two dispersion curves. One is plotted under the pres-

ence of VL layer and the other in the absence of VL loading for MO and MS conditions,

respectively. It can be visualized that VL loading has a suppressing effect on the phase

velocity of the propagating wave for both MO and MS conditions.

3.4.3 Effect of PM parameters

To check the impact of the material parameters related to PM material layer (CoFe2O4) on

the dispersion equations, Figs. 3.7-3.9 are plotted. It can be observed from Figs. 3.7 a) and

3.7 b) that magnetic permeability has an encouraging effect on the phase velocity of the
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wave under MO and MS conditions, respectively. With the increasing values of magnetic

permeability, the phase velocity of the wave also increases. This may be explained by the

fact that as the magnitude of the said parameter is increased, it decreases the intensity of

magnetic field. Then possibility may arise that weak magnetic field may offer less resistance

to the transmutation of wave thereby, increasing the phase velocity of the transferring

wave. On examining Figs. 3.8 a) and 3.8 b), it is reported that the elastic constant has a

favorable effect on the phase velocity of the wave. An increase in the values of the elastic

constant leads to an increase in the phase velocity of the propagating wave. The effect

of the PM constant on the phase velocity of the wave is depicted by Figs. 3.9 a) and 3.9

b) for MO and MS conditions, respectively. PM constant has a discouraging effect on the

phase velocity of the wave. This may be evident that with the increase in the values of

the specified parameter, the magnetic field gets remarkably intensified, thus contributing

to more resistance and will cause loss of energy of the wave particles, resulting in reducing

the velocity of the wave. Figs 3.10 a) and 3.10 b) depict the effect of the thickness of the

PM layer on the phase velocity of the wave for MO and MS conditions, respectively. The

thickness of the PM layer has an unfavorable effect on the phase velocity of the wave. As

the thickness of the PM layer increases, the phase velocity of the wave decreases.

Conclusions

Following are the pertinent outcomes of the present work.

� Phase velocity of the considered wave decreases with the increase in the value of a

wave number.

� Material length scale parameter has a prominent effect on the phase velocity. As the

value of the parameter increases, the phase velocity of the wave also increases.

� The coefficient of viscosity of the VL layer disfavors the phase velocity of the wave.

As the value of the coefficient of viscosity increases, the phase velocity of the wave

decreases.

� The liquid mass density of the VL layer favors the phase velocity of the Love-type

waves. With the increase in values of liquid mass density, the phase velocity of the

considered wave also increases.

� As the magnitude of thickness of the VL layer is increased, the phase velocity of the

Love-type wave increases upto a particular value of wave number and then decreases

afterward.

� The entire effect of VL loading on the phase velocity curve of the Love-type wave in

the considered structure for both the MO and MS conditions is suppressing.
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� The phase velocity increases with an increase in values of magnetic permeability.

� With the increment in the value of elastic constant, the phase velocity of the wave

increases.

� With the increase in the magnitude of PM constant, the phase velocity of the wave

decreases.

� Broader the width of the PM layer, lower is the phase velocity of the Love-type wave

in the considered structure.
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Chapter 4

Analysis of size dependency on Love-type wave

propagation in a functionally graded PE smart

material3

4.1 Introduction

Functionally graded materials (FGMs) are leading compounds with graded properties.

FGMs are unique concepts in the structural design of materials and have numerous ap-

plications in the aircraft, aerospace engineering, and automotive industry. FGM’s may

be characterized by the variation in configuration and structure moderately over volume

resulting in equivalent changes in the properties of the material. The unique concept of

FGMs is to make a composite material by changing the microstructure from one mate-

rial to another material. This empowers the material to have the best of both materials.

The strengths of both materials are used in case of thermal, or corrosion resistivity or

malleability and toughness to avoid fatigue, fracture, cracking due to stress. Piezoelectric

(PE) materials under mechanical stress, are capable of producing electric fields and are

considered as smart materials. Although PE materials embedded in such structures have

numerous applications but these materials have many shortcomings. PE materials are very

fragile and are brittle in nature. Under electrical and mechanical loading these materials

may cause failure. To address the requirement of aggressive environmental conditions like

thermal shock, vibration, stress, etc., the FGMs are preferred over conventional laminated

materials. These materials have numerous applications in various engineering fields like

electronics, aerospace engineering, optics, chemical engineering, biomedical implants etc.

The structures including functionally graded materials bonded with PE actuators respond

smartly to environmental changes. Various researchers have investigated wave propaga-

tion phenomenon in functionally graded material in layered structures but literature still

lacks to analyze the effect of microstructural size dependency on the phase velocity of the

waves in these composites. In this chapter our focus is to analyze the emphatic influence

3Contents of this chapter are published in SCIE indexed journal, Mathematics and Mechanics of Solids,
25(8), 1517-1533, 2020. DOI: 10.1080/15376494.2019.1702235 with I.F. = 2.341
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of functional gradedness on the Love-type wave propagation in functionally graded piezo-

electric material (FGPEM) layer followed by semi-infinite couple stress (CS) substrate.

Here we have considered a functionally graded material with exponential variation when

the electrical and mechanical constants vary distinctively in the FGPEM layer. Dispersion

equations for two different conditions (i.e. electrically open (EO) and electrically short

(ES) conditions) are obtained. The obtained results may be useful for attaining better

performance in Love-type wave based SAW devices.

4.1.1 Formulation of the problem

Consider a FGPEM layer of finite thickness (he) overlying a semi-infinite couple stress (CS)

substrate as shown in Fig. 4.1. The Cartesian coordinate system is considered in such a

way that Love-type wave is propagating along y-axis and x-axis is considered positive in

the vertically downward direction. The electrical and mechanical properties of the FGPEM

vary continuously along the x-axis direction. The considered substrate is a semi-infinite

CS substrate bearing microstructural properties, given by x > 0.

The basic governing equation of motion and constitutive relations of CS theory for

Figure 4.1: Schematic illustration

isotropic material in the absence of body forces are discussed in Chapter 2 and the dis-

placement components along with stress components are given in Eqs. (2.1.23), (2.1.24),

and (2.1.25).
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4.1.2 Dynamics of the functionally graded piezoelectric material

(FGPEM) layer

Let
−→
U e = (ue

1, u
e
2, u

e
3) be the mechanical displacement components in the FGPEM layer

obtained due to the propagation of Love-type wave. Love-type wave is propagating along

the direction of y-axis causing displacement in z-direction only. We shall assume that

ue
1 = ue

2 = 0, ue
3 = ue

3(x, y, t), and
∂

∂z
≡ 0. (4.1.1)

The basic governing equations of FGPEM in the absence of body forces are given by [28]

σe
ij,j = ρe

∂2ue
i

∂t2
,

De
i,i = 0, (i, j = 1, 2, 3)

(4.1.2)

Here superscript ‘e’ indicates the entities in FGPEM layer. ρe denotes the mass density

and also a function of x. ue
i and De

i denote the mechanical and electric displacements in

the ith direction of FGPEM layer, respectively. The comma (, ) followed by the subscript

i indicates space coordinate differentiation and the repeated subscript index implies sum-

mation with respect to that index.

The constitutive equations for a transversely isotropic FGPEM layer with z-axis being the

symmetric axis can be expressed as [28]

σe
x = ce11(x)Se

x + ce12(x)Se
y + ce13(x)Se

z − de31(x)Ee
z ,

σe
y = ce12(x)Se

x + ce11(x)Se
y + ce13(x)Se

z − de31(x)Ee
z ,

σe
z = ce13(x)Se

x + ce13(x)Se
y + ce33(x)Se

z − de33(x)Ee
z ,

σe
zx = ce44(x)Se

zx − de15(x)Ee
x,

σe
yz = ce44(x)Se

yz − de15(x)Ee
y,

σe
xy =

1

2
(ce11(x) − ce12(x))Se

xy,

De
x = de15(x)Se

zx + ϵe11(x)Ee
x,

De
y = de15(x)Se

yz + ϵe11(x)Ee
y,

De
z = de31(x)Se

x + de31(x)Se
y + de33(x)Se

z + ϵe33(x)Ee
z ,

(4.1.3)

where σe
ij and Se

kl are the stress and strain tensors, respectively. ceijkl, d
e
kij, ϵ

e
ij, and Ee

i are

the elastic constants, PE constants, dielectric constants, and electric field respectively.
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The strain components are defined as

Se
x = ue

1,x, Se
y = ue

2,y, Se
z = ue

3,z,

Se
yz = ue

3,y + ue
2,z, Se

zx = ue
1,z + ue

3,x, Se
xy = ue

1,y + ue
2,x.

(4.1.4)

The relation between electric field and the electric potential function can be defined as

Ee
x = −ϕe

,x, Ee
y = −ϕe

,y, Ee
z = −ϕe

,z, (4.1.5)

where ϕe represents the electric potential function.

Substituting Eq. (4.1.1) in Eqs. (4.1.4) and (4.1.5) we get

Se
x = Se

y = Se
z = 0,

Se
yz = ue

3,y, Se
zx = ue

3,x, Se
xy = 0,

Ee
x = −ϕe

,x, Ee
y = −ϕe

,y, Ee
z = 0.

(4.1.6)

Substituting values from Eq. (4.1.6) in Eq. (4.1.3) and then substituting in Eq. (4.1.2),

we obtain the governing equations for the FGPEM layer as

ce44(x)∇2ue
3 + de15(x)∇2ϕe +

∂ce44(x)

∂x

∂ue
3

∂x
+

∂de15(x)

∂x

∂ϕe

∂x
= ρe

∂2ue
3

∂t2
,

de15(x)∇2ue
3 − ϵe11(x)∇2ϕe +

∂de15(x)

∂x

∂ue
3

∂x
− ∂ϵe11(x)

∂x

∂ϕe

∂x
= 0.

(4.1.7)

The exponential inhomogeneity has been considered in the elastic, PE, dielectric constants

and density of the FGPEM layer. Thus, the material properties of the FGPEM layer are

considered as

ce44(x) = c
(0)
44 e

gx, de15(x) = d
(0)
15 e

gx, ϵe11(x) = ϵ
(0)
11 e

gx, and ρe(x) = ρ(0)egx, (4.1.8)

where g is the material gradient factor resonsible for functional gradedness in the FGPEM

layer and c
(0)
44 , d

(0)
15 , ϵ

(0)
11 , and ρ(0), are the values of ce44, d

e
15, ϵ

e
11, and ρe, respectively at x = 0.

Employing Eqs. (4.1.8) into Eq. (4.1.7), we instate
c
(0)
44

(
∇2ue

3 + g
∂ue

3

∂x

)
+ d

(0)
15

(
∇2ϕe + g

∂ϕe

∂x

)
= ρ(0)

∂2ue
3

∂t2
,

d
(0)
15

(
∇2ue

3 + g
∂ue

3

∂x

)
= ϵ

(0)
11

(
∇2ϕe + g

∂ϕe

∂x

)
.

(4.1.9)
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Eqs. (4.1.9) can be rewritten as
∇2ue

3 + g
∂ue

3

∂x
=

1

c21

∂2ue
3

∂t2
,

∇2ϕe + g
∂ϕe

∂x
=

1

c21

(
d
(0)
15

ϵ
(0)
11

)
∂2ue

3

∂t2
,

(4.1.10)

where c1 =

√
c
(0)
44

ρ(0)
, c

(0)
44 = c

(0)
44 +

(d
(0)
15 )2

ϵ
(0)
11

, and c1 is the shear wave velocity in the FGPEM

layer.

We assume the following solutions of the mechanical displacement component and electric

potential function of the Love-type wave in the FGPEM layer

ue
3(x, y, t) = Û(x)eik(y−ct),

ϕe(x, y, t) = Φ̂(x)eik(y−ct),
(4.1.11)

where k is the wave number and c is the phase velocity of the wave.

Invoking Eq. (4.1.11) in Eq. (4.1.10) we get,

Û ′′(x) + gÛ ′(x) + k2c22Û(x) = 0,

Φ̂′′(x) + gΦ̂′(x) − k2Φ̂(x) =

(
−k2c2d

(0)
15

c21ϵ
(0)
11

)
Û(x),

(4.1.12)

where c2 =
√

c2

c21
− 1.

On solving differential equations in Eq. (4.1.12) under the assumption c > c1, the dis-

placement component and electric potential function can be expressed as

ue
3(x, y, t) = [cos(c3x)C1 + sin(c3x)C2]e

−gx/2eik(y−ct),

ϕe(x, y, t) =

[
d
(0)
15

ϵ
(0)
11

(cos(c3x)C1 + sin(c3x)C2) e
−gx/2 + ec4xC3 + ec5xC4

]
eik(y−ct),

(4.1.13)

Here C1, C2, C3, and C4 are arbitrary constants.

c3 =

√
4k2c22−g2

2
,

c4 = −g
2
−

√
g2+4k2

2
,

c5 = −g
2

+

√
g2+4k2

2
.
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4.2 Boundary conditions

Following are the boundary conditions for the considered model.

(i) The electrical boundary conditions at the free surface i.e., at x = −he are

De
x(x, y) = 0, {electrically open (EO) condition} (4.2.1)

ϕe(x, y) = 0. {electrically short (ES) condition} (4.2.2)

(ii) The mechanical traction free condition at x = −he is

σe
zx(x, y) = 0. (4.2.3)

(iii) The continuity conditions at the interfacial surface i.e., at x = 0

ue
3(x, y) = uc

3(x, y),

σe
zx(x, y) = σc

zx(x, y),

µc
xy(x, y) = 0,

ϕe(x, y) = 0.

(4.2.4)

4.3 Derivation of dispersion relations

From above mentioned boundary conditions (4.2.1) to (4.2.4), the following system of

equations in terms of six unknown coefficients C1, C2, C3, C4, A4, and A5 are obtained.

c4e
−c4heC3 + c5e

−c5heC4 = 0, (4.3.1)

(
d
(0)
15

ϵ
(0)
11

)
eghe/2 cos(c3he)C1 −

(
d
(0)
15

ϵ
(0)
11

)
eghe/2 sin(c3he)C2 + e−c4heC3 + e−c5heC4 = 0, (4.3.2)

c
(0)
44 e

ghe/2
[(

c3 sin(c3he) −
(g

2

)
cos(c3he)

)
C1 +

(
c3 cos(c3he) +

(g
2

)
sin(c3he)

)
C2

]
+d

(0)
15

(
c4e

−c4heC3 + c5e
−c5heC4

)
= 0

(4.3.3)
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C1 − A4 − A5 = 0, (4.3.4)

−c
(0)
44

(g
2

)
C1 + c

(0)
44 c3C2 + d

(0)
15 c4C3 + d

(0)
15 c5C4 − a4a6A4 − a5a7A5 = 0, (4.3.5)

(
d
(0)
15

ϵ
(0)
11

)
C1 + C3 + C4 = 0, (4.3.6)

(a24 − k2)A4 + (a25 − k2)A5 = 0. (4.3.7)

To get the non-trivial solution and hence the dispersion relation, we equate the determinant

of these coefficients to zero.

4.3.1 Dispersion relation for EO condition

After eliminating the unknown constants C1, C2, C3, C4, A4, and A5 from Eqs. (4.3.1)

and (4.3.3)-(4.3.7), we get the following dispersion relation for Love-type wave propagating

in FGPEM layer overlying CS half-space substrate, for EO condition.[
c
(0)
44 c6

(g
2
c8 + c3c7

)
−

(
(d

(0)
15 )2

ϵ
(0)
11

)
c4c5c8c11

]
c10 − c6c8c9 = 0, (4.3.8)

where

c6 = c5e
−c5he − c4e

−c4he ,

c7 = c3 sin (c3he) − g
2

cos (c3he),

c8 = c3 cos (c3he) + g
2

sin (c3he),

c9 = (a25 − k2)a4a6 − (a24 − k2)a5a7,

c10 = a24 − a25,

c11 = e−c4he − e−c5he .

4.3.2 Dispersion relation for ES condition

After eliminating the unknown constants C1, C2, C3, C4, A4, and A5 from equations

(4.3.2)-(4.3.7), we get the following dispersion relation for Love-type wave propagating in

FGPEM layer overlying CS half-space substrate, for ES condition.[
c
(0)
44

(g
2

)
c14 +

(
(d

(0)
15 )

2

ϵ
(0)
11

)
c15 + c

(0)
44 c7c16 + c

(0)
44

(
(d

(0)
15 )

2

ϵ
(0)
11

)
cos(c3he)c17

]
c10 − c9c14 = 0, (4.3.9)
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where

c12 = c
(0)
44 c8 + c5

(
(d

(0)
15 )2

ϵ
(0)
11

)
sin(c3he),

c13 = c
(0)
44 c8 + c4

(
(d

(0)
15 )2

ϵ
(0)
11

)
sin(c3he),

c14 = c
(0)
44 c8c11 −

(
(d

(0)
15 )2

ϵ
(0)
11

)
sin(c3he)c6,

c15 = c
(0)
44 c3e

−(c4+c5+g/2)he(c4 − c5) − c4c12e
−c5he + c5c13e

−c4he ,

c16 = c
(0)
44 c3c11 +

(
(d

(0)
15 )2

ϵ
(0)
11

)
eghe/2 sin(c3he)(c4 − c5),

c17 = c3c6 + eghe/2c8(c4 − c5).

4.4 Particular cases and validation of results

Case-I

If we consider lc → 0 then CS half-space substrate reduces to isotropic elastic half-space

substrate and the dispersion relations for both EO and ES conditions reduce to[
c
(0)
44 c6

(g
2
c8 + c3c7

)
−

(
(d

(0)
15 )2

ϵ
(0)
11

)
c4c5c8c11

]
= c6c8kµ

1

√
1 − c2

a3
2 , (4.4.1)

[
c
(0)
44

(g
2

)
c14 +

(
(d

(0)
15 )

2

ϵ
(0)
11

)
c15 + c

(0)
44 c7c16 + c

(0)
44

(
(d

(0)
15 )

2

ϵ
(0)
11

)
cos(c3he)c17

]
= c14kµ

1

√
1− c2

a3
2 , (4.4.2)

respectively. Here a3 =
√

µ1

ρ1
, µ1 is shear modulus of elasticity and ρ1 is density of isotropic

elastic half-space. Eqs. (4.4.1) and (4.4.2) represent the dispersion relations in FGPEM

layer overlying isotropic elastic half-space for EO and ES conditions, respectively.

Case-II

In the absence of functional gradedness from FGPEM layer (i.e. g = 0), the dispersion

relations for EO and ES conditions from Eqs. (4.3.8) and (4.3.9), respectively take the

following form

kc10c18 − c9 = 0, (4.4.3)

kc10c20 − c9c19 = 0, (4.4.4)

where

c18 = c
(0)
44 c2 tan(kc2he) +

(
(d

(0)
15 )2

ϵ
(0)
11

)
tanh(khe),

74



c19 = c
(0)
44 c2 tanh(khe) −

(
(d

(0)
15 )2

ϵ
(0)
11

)
tan(kc2he),

c20 =

(
2(d

(0)
15 )2c

(0)
44 c2

ϵ
(0)
11

)[
1 − sec(kc2he)

cosh(khe)

]
+

(
(c

(0)
44 )2c22 −

(d
(0)
15 )4

(ϵ
(0)
11 )2

)
tan(kc2he) tanh(khe).

Eqs. (4.4.3) and (4.4.4) represent the dispersion relations of Love-type wave in a PE layer

overlying semi-infinite CS substrate, for EO and ES conditions, respectively.

Subcase-I

Pondering the case-II, if the PE constant (d
(0)
15 ) is removed by taking d

(0)
15 = 0. Then

c
(0)
44 = c

(0)
44 = µo (say) and Eqs. (4.4.3) and (4.4.4) can be reduced to

µoc2 tan(kc2he)kc10 = c9. (4.4.5)

Eq. (4.4.5) describes the dispersion relation of a Love-type wave in an isotropic elastic

layer of thickness he overlying semi-infinite CS substrate.

Case-III

If we consider lc → 0 in case-II, then semi-infinite CS substrate reduces to isotropic half-

space elastic substrate and the dispersion relations for both open (4.4.3) and short (4.4.4)

conditions reduce to

c18 = µ1

√
1 − c2

a3
2 , (4.4.6)

c20 = c19µ
1

√
1 − c2

a3
2 , (4.4.7)

respectively. Eqs. (4.4.6) and (4.4.7) represent the dispersion relations of Love-type waves

in a PE layer of thickness he overlying isotropic elastic half-space substrate.

Subcase-I

Furthermore in case-III, if PE constant is removed i.e. d
(0)
15 = 0, then dispersion relation

for both the cases reduce to

tan

(
khe

√
c2

a12
− 1

)
=

µ1
√

1 − c2

a32

µo

√
c2

a12
− 1

, (4.4.8)

where c is the phase velocity of Love-type wave and a1 =
√

µo

ρo
. This equation (4.4.8) is

the well-known dispersion relation for Love waves in the classical structure [128] with the

condition a1 < c < a3, that validates the outcomes of the present problem.

75



4.5 Numerical results and discussion

To unfold the influence of various affecting parameters, viz., length scale parameter present

in the size-dependent substrate, PE material parameters, viz., PE constant, dielectric

constant, elastic constant, thickness, and material gradient parameter associated with the

functional gradedness of the FGPEM layer on the phase velocity of the Love-type waves,

the dispersion curves elucidating the variation of c/c1 against khe are plotted. PZT −
5H ceramic material as FGPEM layer and Dionysos marble as CS substrate exhibiting

microstructural properties are considered. The thickness of the FGPEM layer is fixed as

he = 0.0007 m. The values of material constants for CS half-space are provided in Chapter

2 in Section 2.4. as Table 2.3. The value of the material gradient parameter responsible

for functional gradedness in FGPEM layer is fixed as g = 500. Graphical illustrations have

been carried out for FGPEM layer by taking the data provided in Table 4.1.

Table 4.1: Material constants for FGPEM layer (a- [171], b- [2])

Materials Elastic constant Mass density PE constant Dielectric constant

c
(0)
44 (1010Nm−2) ρ(0) (103kg/m3) d

(0)
15 (Cm−2) ϵ

(0)
11 (10−10Fm−1)

PZT-5Ha 2.30 7.50 17.0 277.0

PZT-4b 2.56 7.5 12.7 64.99

BaTiOa
3 4.40 7.28 11.4 128.0
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Figure 4.2: Dispersion curves (c/c1 vs khe) of Love-type waves for different values of
characteristic length parameter (lc).
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Figure 4.3: Dispersion curves (c/c1 vs khe) of Love-type waves for different values of
material gradient parameter (g).
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Figure 4.4: Dispersion curves (c/c1 vs klc) of Love-type waves for different values of
thickness (he) of FGPEM layer.
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Figure 4.5: Dispersion curves (c/c1 vs khe) of Love-type waves for different values of
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Figure 4.7: Dispersion curves (c/c1 vs khe) of Love-type waves for different values of

dielectric constant (ϵ
(0)
11 ).
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layered structure and PE layered structure.
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4.5.1 Effect of microstructures

To grab the microstructural effects exhibited by the size-dependent substrate on the phase

velocity of the propagating wave Figs. 4.2 a) and b) are plotted for open and short electri-

cal circuit conditions, respectively. These effects are revealed through a parameter called

characteristic length (lc), which is associated with the substrate. Here values of lc are

varied as 0.00001 m, 0.00003 m and 0.00005 m. It can be depicted from the graphical

representations that the characteristic length parameter (lc) favors the phase velocity of

the propagating wave in the considered structure for both open and short circuit conditions.

4.5.2 Effect of functional gradedness

As functionally graded materials are considered superior to conventional laminated ma-

terials so it is important to analyze the effect of functional gradedness exhibited by the

material on the wave transference in the considered structure. Figs. 4.3 a) and b) dis-

play the effect of material gradient parameter (g) responsible for functional gradedness in

FGPEM layer. The graphs are plotted for different values of g i.e., 500, 800, 1000. The

impact of functional gradedness on the phase velocity of the transferring wave is signifi-

cantly effective. This parameter favors the phase velocity of the wave transferring in the

considered structure for both electrical circuit conditions.

4.5.3 Effect of thickness of FGPEM layer

The thickness of FGPEM layer has a substantial impact on the wave propagation. To

capture the effect of thickness, its values are varied as he = 0.0005 m, 0.0007 m, and

0.0009 m. Figs. 4.4 a) and b) depict the dependence of phase velocity of propagating wave

on the thickness of FGPEM layer. As the thickness of the layer is increasing, the phase

velocity of the wave is decreasing.

4.5.4 Effect of material parameters of FGPEM layer

An attempt has been made to capture the effect of the material parameters of the FG-

PEM layer i.e., elastic constant (c
(0)
44 ), PE constant (d

(0)
15 ) and dielectric constant (ϵ

(0)
11 )

on the Love-type wave propagation. The elastic constant and PE constant disfavor the

phase velocity of the propagating wave. As the values of these parameters (c
(0)
44 = 2.25 ×

1010, 2.30 × 1010, 2.35 × 1010 Nm−2 and d
(0)
15 = 12, 17, 22 Cm−2) increases, the phase

velocity of the transferring wave decreases. Figs. 4.5 a) and b) for elastic constant and
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Figs. 4.6 a) and b) for PE constant, elucidate this phenomenon. The effect of dielectric

constant (ϵ
(0)
11 = 177 × 10−10, 277 × 10−10, 377 × 10−10 Fm−1) on the phase velocity is

manifested in Figs. 4.7 a) and b), for both electrical circuit condition. It is reported that

dielectric constant has an encouraging effect on the phase velocity of the propagating wave.

The increase in the magnitude of dielectric constant leads to an increase in phase velocity

of the propagating wave.

4.5.5 Electromechanical coupling factor (K2
e)

The electromechanical coupling factor (K2
e ) corresponding to the surface waves can be

calculated from the following formula [28]

K2
e = 2

(co − cs)

co
, (4.5.1)

where co and cs are the phase velocities for EO and ES circuit conditions, respectively. For

conventional engineering applications, greater electromechanical coupling factor is expected

in SAW devices. This factor is an essential parameter in designing acoustic sensors. It has

a relation with the efficiency of sensors. The relation of electromechanical coupling factor

(K2
e ) with the material gradient factor (g) is manifested in Fig. 4.8 a) for two values of

khe = 2π and 3π. The value of electromechanical coupling factor (K2
e ) increases moderately

as the material gradient factor (g) increases. It is interesting to observe that the relation

between K2
e and g is almost constant. Fig. 4.8 b) shows the variation of electromechanical

coupling factor (K2
e ) in two different layered structures i.e., FGPEM layered structure and

PE layered structure. It can be concluded from this figure that electromechanical coupling

factor (K2
e ) drops sharply as khe is increasing upto a particular value of wave number then

it varies moderately afterward. In FGPEM layered structures electromechanical coupling

factor (K2
e ) is more as compared to PE layered structures which interprets that functional

gradedness in a smart material enhances electromechanical coupling factor (K2
e ) thus mak-

ing FGPEM embedded structures more desirable over conventional layered PE structure.

Fig. 4.9 a) shows the comparison of electromechanical coupling factor (K2
e ) versus khe for

different materials namely, PZT-5H, PZT-4 and BaTiO3. It can be observed that K2
e is

more for PZT-5H ceramic material than the other two materials but as wave number is

further increased, K2
e varies fairly constant .

4.5.6 Group velocity

As a further exploration, the group velocity (cg) of the propagating wave is also investi-

gated. It expresses the rate at which transportation of energy is carried out. The group
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velocity can be evaluated with the help of following formula [28]

cg = c+ k
dc

dk
, (4.5.2)

where k is the wave number and c is the phase velocity. Usually, the association between

group velocity and phase velocity is examined by the dispersion property and the relation

is termed ‘anomalous’, if group velocity is found to be greater than the phase velocity oth-

erwise it is called ‘normal’. Fig. 4.9 b) exemplifies this phenomenon. It can be concluded

that dispersion relation turn out to be ‘normal’ as phase velocity is found to be more than

the group velocity for both the EO and ES conditions. Phase velocity for the EO condition

is more than that of ES condition. Phase velocity and group velocity graphs are plotted

against non-dimensional wave number (khe) for two different structures i.e., FGPEM lay-

ered structure and PE layered structure. From Fig. 4.10 a), it can be remarked that for

EO condition, the dispersion relation is normal for both the mentioned structures. Similar

is the behavior for the ES condition as observed from Fig. 4.10 b). From both the graphs,

it is also interpreted that phase velocity and group velocity for FGPEM layered structure

are more as compared to the PE layered structure.

Conclusions

The pertinent outcomes of the present work are as follows.

� The phase velocity of the considered propagating wave decrease with the increase in

wave number for both electrical circuit condition.

� Characteristic length parameter has a prominent influence on the phase velocity. The

increasing values of the parameter results in the increase of the phase velocity of the

propagating wave.

� The material gradient parameter has a favorable impact on the phase velocity of the

propagating wave.

� The increase in the width of the FGPEM layer results in lowering the phase velocity

of the propagating wave.

� The elastic constant and the PE constant associated with the FGPEM layer disfavors

the phase velocity of the wave while the dielectric constant has favorable impact for

both the electrical circuit conditions.

� Phase velocity of the propagating wave for the EO circuit condition is always more

than that of the ES circuit condition.

� As phase velocity is appeared to be greater than the group velocity so the dispersion

relation is referred as ‘normal’ in the considered structure.
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Chapter 5

Comparative study of micro-scale size effects

on mechanical coupling factors and SH-wave

propagation in functionally graded piezoelec-

tric/piezomagnetic structures4

5.1 Introduction

Conventional laminated piezo materials are fragile and under extreme environmental condi-

tions these exhibits cracks. The structures involving functionally graded materials (FGMs)

bonded with piezo material sensors and actuators behave smartly in response to environ-

mental changes. One of the eminent application areas for FGMs is semiconductor micro-

electronics. Many FGMs comprise traditional materials such as aluminium, zirconium,

etc. These materials are coated with appropriate oxides of technological or natural origin

and are further used to manufacture semiconductor products for microelectronics. Elastic

moduli of oxides, nitrides, etc. significantly differ from those of the base material, and

sometimes the thickness of the coating comprises a substantial part of the total thickness

of the product material. For accurate analysis of the mechanical, electrical, and magne-

tostatic state of such products, it is essential to consider the changes in elastic moduli,

electrical, and magnetic resistance along the length or depth of the product material. For

this purpose, an exponential law of variation is most often considered due to the simplicity

of analysis and also due to its wide occurrence in materials as a result of natural and

technological processes [238]. Torsion of an exponentially graded half-space is explored

by Selvadurai et al. [175]. The action of a point force on a half-space with power law

and exponential law inhomogeneity and indentation of the half-space by an axisymmet-

ric indenter is investigated by Giannakopoulos and Suresh ( [71], [72]). Selvadurai and

Katebi [176] considered Mindlin’s problem for an incompressible elastic half-space with an

exponential variation in the linear elastic shear modulus. The elastic equilibrium of an ex-

4Contents of this chapter are published in SCIE indexed journal, Waves in Random and Complex
Media, 2020. DOI: 10.1080/17455030.2020.1851068 with I.F. = 4.853
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ponentially inhomogeneous layer is examined by Tokovyy and Ma [206]. They constructed

a numerical procedure for the calculation of stresses in the layer in the case of an arbitrar-

ily specified loading on the surface. For the designing of acoustic sensors, the mechanical

coupling factors (electromechanical coupling factor, K2
e and magnetomechanical coupling

factor, K2
p) are important parameters. These parameters are directly related to the effi-

ciency of a transducer in converting electrical/magnetic energy to mechanical energy, or

vice versa [28]. A high value of mechanical coupling factors is desired. The identification

of these parameters helps us in the selection of suitable piezo material in designing SAW

devices. Abd-alla and Asker [2] carried out numerical simulations for the phase velocities

and the electromechanical coupling factor of the BG waves in some piezoelectric smart

materials. The graphical illustrations for these factors are procured in this chapter. Since

micro-scale size effects are studied in minute dimensions, the classical theory is unable

to predict the mechanical properties and dynamic behavior of such structures accurately

at micro-scales. Hence, continuum theories which analyze the behavior of materials at

micro-scales as well as at macro-scale were proposed by various researchers. Hence, in this

chapter micropolar (MP) theory of elasticity proposed by Eringen [60] is considered as a

size-dependent mathematical model. This theory grabbing the size effects have numerous

applications in investigating anisotropic fluids, bones, cellular solids, platelet composites,

polymers, clouds with dust and many other complex microstructures. This is favored for

interpreting the behavior of media due to its competence to depict the size effects on a

small length scale by considering the additional degrees of freedom ( [40], [137]).

In this chapter the propagation of SH-waves in the layered structure in two distinct mod-

els is examined. Model I is comprising of functionally graded piezomagnetic material

(FGPMM) layer overlying MP half-space substrate and Model II is comprising of func-

tionally graded piezoelectric material (FGPEM) layer overlying MP half-space substrate.

All material parameters are assumed to vary along the layer thickness direction with the

same exponential function distribution. The focus of the study is to reveal how the in-

homogeneity of the functionally graded layer and the micro-scale size effects exhibited by

the half-space substrate effect the dispersion behavior of the SH waves. Dispersion equa-

tions for two different circuit conditions associated with Model I (i.e. magnetically open

(MO) and magnetically short (MS) cases) and Model II (i.e. electrically open (EO) and

electrically short (ES) cases) are obtained. The mechanical coupling factors viz. mag-

netomechanical coupling factor associated with Model I and electromechanical coupling

factor associated with Model II alongwith the group velocity of the propagating wave in

the considered structures are also investigated and the results are demonstrated graphi-

cally.
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5.2 Problem formulation

Considering two distinct models, viz. Model I which is constituted by a functionally graded

piezomagnetic material (FGPMM) layer of finite thickness hp overlying MP half-space

substrate and Model II which is comprised of functionally graded piezoelectric material

(FGPEM) layer of finite thickness he overlying MP half-space substrate. Schematic illus-

trations are shown in Fig. 5.1.

Considering a Cartesian co-ordinate system for both models in such a way that SH-wave

is propagating along y-axis and x-axis is considered positive in the vertically downward di-

rection in both the models. The considered substrate is a MP half-space substrate bearing

microstructural properties, given by x > 0. The considered problem is two dimensional

having no variation along the z-axis.

Figure 5.1: Schematic illustration
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5.2.1 Dynamics of the functionally graded piezomagnetic mate-

rial (FGPMM) layer in Model I

The mechanical displacement components for the FGPMM layer (associated with Model I)

are assumed as
−→
U p = (up

1, u
p
2, u

p
3). As SH-wave is propagating in y-direction and inducing

displacement in z-direction, it may be assumed that

up
1 = up

2 = 0, up
3 = up

3(x, y, t). (5.2.1)

The governing equation of motion for FGPMM layer in the absence of body forces are

given by [143]

σp
ij,j = ρp

∂2−→U p

∂t2
,

Bp
i,i = 0, (i, j = 1, 2, 3).

(5.2.2)

Here superscript ‘p’ indicates the quantities in FGPMM layer. ρp is the mass density and

also a function of x. σp
ij are the stress tensors. Bp

i are the magnetic inductions.

The constitutive equations for a transversely isotropic FGPMM layer with z-axis being the

symmetric axis can be expressed as

σp
x = cp11(x)Sp

x + cp12(x)Sp
y + cp13(x)Sp

z − hp
31(x)Hp

z ,

σp
y = cp12(x)Sp

x + cp11(x)Sp
y + cp13(x)Sp

z − hp
31(x)Hp

z ,

σp
z = cp13(x)Sp

x + cp13(x)Sp
y + cp33(x)Sp

z − hp
33(x)Hp

z ,

σp
zx = cp44(x)Sp

zx − hp
15(x)Hp

x,

σp
yz = cp44(x)Sp

yz − hp
15(x)Hp

y ,

σp
xy =

1

2
(cp11(x) − cp12(x))Sp

xy,

Bp
x = hp

15(x)Sp
zx + mp

11(x)Hp
x,

Bp
y = hp

15(x)Sp
yz + mp

11(x)Hp
y ,

Bp
z = hp

31(x)Sp
x + hp

31(x)Sp
y + hp

33(x)Sp
z + mp

33(x)Hp
z ,

(5.2.3)

where Sp
kl are the strain tensors. cpijkl(x), hp

kij(x), mp
ij(x), and Hp

i are the stiffness coeffi-

cients, PM coefficients, and magnetic permeability respectively.

Magnetic field intensity Hp is related to magnetic potential function ϕp as

Hp = −∇ϕp (5.2.4)
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where ∇ represents gradient of a function.

The strain components are defined as

Sp
x = up

1,x, Sp
y = up

2,y, Sp
z = up

3,z,

Sp
yz = up

3,y + up
2,z, Sp

zx = up
1,z + up

3,x, Sp
xy = up

1,y + up
2,x.

(5.2.5)

Invoking (5.2.1) in (5.2.4) and (5.2.5), we get the strain and magnetic potential components

as
Sp
x = Sp

y = Sp
z = 0, Sp

yz = up
3,y, Sp

zx = up
3,x, Sp

xy = 0,

Hp
x = −ϕp

,x, Hp
y = −ϕp

,y, Hp
z = 0.

(5.2.6)

Enforcing Eq. (5.2.6) in Eq. (5.2.3) and then in Eq. (5.2.2), the governing equations for

the FGPMM layer are procured as

cp44(x)∇
2up3 + hp15(x)∇

2ϕp +
∂cp44(x)

∂x

∂up3
∂x

+
∂hp15(x)

∂x

∂ϕp

∂x
= ρp(x)

∂2up3
∂t2

,

hp15(x)∇
2up3 −mp

11(x)∇
2ϕp +

∂hp15(x)

∂x

∂up3
∂x

− ∂mp
11(x)

∂x

∂ϕp

∂x
= 0.

 (5.2.7)

Presuming the material properties of the FGPMM layer to have positive exponential in-

homogeneity along the x-axis as

cp44(x) = c
(1)
44 e

g1x, hp
15(x) = h

(1)
15 e

g1x, mp
11(x) = m

(1)
11 e

g1x, and ρp(x) = ρ(1)eg1x, (5.2.8)

where g1 is the material gradient factor which characterizes the degree of the functional

gradedness of the FGPMM layer and superscript ‘(1)’ indicates the values of cp44, h
p
15, m

p
11,

and ρp at x = 0. Implementing Eq. (5.2.8) into Eq. (5.2.7), it can be instated that
c
(1)
44

(
∇2up

3 + g1
∂up

3

∂x

)
+ h

(1)
15

(
∇2ϕp + g1

∂ϕp

∂x

)
= ρ(1)

∂2up
3

∂t2
,

h
(1)
15

(
∇2up

3 + g1
∂up

3

∂x

)
= m

(1)
11

(
∇2ϕp + g1

∂ϕp

∂x

) (5.2.9)

Rewriting Eqs. (5.2.9) as
∇2up

3 + g1
∂up

3

∂x
=

1

d21

∂2up
3

∂t2
,

∇2ϕp + g1
∂ϕp

∂x
=

1

d21

(
h
(1)
15

m
(1)
11

)
∂2up

3

∂t2
,

(5.2.10)

where c
(1)
44 = c

(1)
44 +

(h
(1)
15 )2

m
(1)
11

, and d1 =

√
c
(1)
44

ρ(1)
, is the shear wave velocity in the FGPMM layer.

Following solutions of the mechanical displacement component and magnetic potential
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function of the SH-wave in the FGPMM layer are assumed.

up
3(x, y, t) = P̆ (x)eik(y−ct),

ϕp(x, y, t) = Q̆(x)eik(y−ct)
(5.2.11)

Invoking Eq. (5.2.11) in Eq. (5.2.10) we attained

P̆ ′′(x) + g1P̆
′(x) + k2d22P̆ (x) = 0,

Q̆′′(x) + g1Q̆
′(x) − k2Q̆(x) =

(
−k2c2h

(1)
15

d21m
(1)
11

)
P̆ (x),

(5.2.12)

where d2 =
√

c2

d21
− 1.

Differential equations (5.2.12) are solved and their solutions are implemented in Eq. (5.2.11).

Then, the displacement component and magnetic potential function can be asserted as

up
3(x, y, t) = [cos(d3x)D1 + sin(d3x)D2]e

−g1x/2eik(y−ct),

ϕp(x, y, t) =

[
h
(1)
15

m
(1)
11

(cos(d3x)D1 + sin(d3x)D2) e
−g1x/2 + ed4xD3 + ed5xD4

]
eik(y−ct),

(5.2.13)

where D1, D2, D3, and D4 are arbitrary constants. Here

d3 =

√
4k2d22−g21

2
,

d4 = −g1
2
−

√
g21+4k2

2
,

d5 = −g1
2

+

√
g21+4k2

2
.

5.2.2 Dynamics of the functionally graded piezoelectric material

(FGPEM) layer in Model II

The governing equations and constitutive relations for the FGPEM layer in the absence of

body forces are discussed in Chapter 4 and can be accessed from Eqs. (4.1.2) and (4.1.3).

The displacement component and electric potential function for the FGPEM layer can be

obtained from Eq. (4.1.13).
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5.2.3 Dynamics of semi-infinite micropolar (MP) elastic sub-

strate

In a homogeneous MP isotropic elastic media (x > 0), the propagation of SH-wave in

y-direction induces displacement
−→
Um and microrotation

−−→
Mm as

um
1 = um

2 = 0, um
3 = um

3 (x, y, t),

Mm
1 = Mm

1 (x, y, t), Mm
2 = Mm

2 (x, y, t), Mm
3 = 0,

(5.2.14)

respectively.

Following are the equation of motion and constitutive relations as suggested by Eringen [60]

for semi-infinite MP elastic substrate in the absence of body forces in vector form

(λm + µm)∇(∇.
−→
Um) + (µm + κm)∇2−→Um + κm(∇×

−−→
Mm) = ρm

∂2−→Um

∂t2
,

(αm + βm + γm)∇(∇.
−−→
Mm)− γm∇× (∇×

−−→
Mm) + κm(∇×

−→
Um)− 2κm−−→

Mm = ȷmρm
∂2−−→Mm

∂t2
.

(5.2.15)

σm
ij = λmum

k,kδij + µm(um
i,j + um

j,i) + κm(um
j,i − ϵijkM

m
k ),

µm
ij = αmMm

k,kδij + βmMm
i,j + γmMm

j,i, (i, j, k = 1, 2, 3)

}
(5.2.16)

where λm and µm are Lamé constants. ρm is density of MP elastic material, σm
ij and µm

ij

are the force stress tensors and the CS tensors, respectively of the semi-infinite MP elastic

substrate. αm, βm, γm, κm are the additional MP elastic constants. ȷm is the micro inertia.

δij is kronecker delta. ϵijk is a permutation tensor.

In the MP model the parametric relations [68] are characterized as

γm = 4(lm)2
(
µm +

κm

2

)
, κm =

2(Nm)2µm

1 − 2(Nm)2
, (5.2.17)

where Nm (0 < Nm < 1) is a coupling constant. It regulates the degree of micropolarity

produced by the materials.

Moreover, the length scale parameter is estimated by the characteristic length (lm).

Employing the Helmholtz decomposition of vectors, we can write

−−→
Mm = ∇ℑ + ∇× ξ⃗, ∇.ξ⃗ = 0, (5.2.18)
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where ξ⃗ = (0, 0,−ξ). ℑ is a scalar potential and ξ⃗ is a vector potential function.

The microrotation vector components can be written as

Mm
1 =

∂ℑ
∂x

− ∂ξ

∂y
, Mm

2 =
∂ℑ
∂y

+
∂ξ

∂x
, and Mm

3 = 0. (5.2.19)

Substituting Eqs. (5.2.14) and (5.2.19), in Eq. (5.2.16) and then in Eq. (5.2.15), we get

∇2um
3 + T1∇2ξ =

1

T 2
2

∂2um
3

∂t2
,

∇2ℑ−
(

2T 2
5

T 2
3 + T 2

4

)
ℑ =

(
1

T 2
3 + T 2

4

)
∂2ℑ
∂t2

,

∇2ξ − 2T 2
5

T 2
3

ξ − T 2
5

T 2
3

um
3 =

1

T 2
3

∂2ξ

∂t2
,


(5.2.20)

where

T1 = κm

µm+κm , T2 =
√

µm+κm

ρm
, T3 =

√
γm

ȷmρm
, T4 =

√
αm+βm

ȷmρm
, T5 =

√
κm

ȷmρm
.

Let us assume the solutions of Eqs. (5.2.20) as

um
3 (x, y, t) = P̃ (x)eik(y−ct),

ℑ(x, y, t) = Q̃(x)eik(y−ct),

ξ(x, y, t) = Ξ(x)eik(y−ct),

(5.2.21)

where k is the wave number and c is the phase velocity.

Solving Eqs. (5.2.20) with the help of Eqs. (5.2.21) and using the radiation conditions

P̃ (x), Q̃(x) and Ξ(x) → 0 as x → ∞ on the general solutions of Eqs. (5.2.21), we get the

following solutions of potential functions and displacement component in semi-infinite MP

elastic substrate
ℑ(x, y, t) = e−e1xD5e

ik(y−ct),

ξ(x, y, t) = [e−e2xD6 + e−e3xD7]e
ik(y−ct),

um
3 (x, y, t) = [χ1e

−e2xD6 + χ2e
−e3xD7]e

ik(y−ct),

(5.2.22)

where D5, D6, and D7 are arbitrary constants. Here

e21 = k2 +
2T 2

5

T 2
3+T 2

4
− k2c2

T 2
3+T 2

4
,

e22, e
2
3 =

S1±
√

S2
1−4S2

2
,

S1 = −k2c2( 1
T 2
2

+ 1
T 2
3

) − T 2
5

T 2
3

(T1 − 2) + 2k2,

S2 = (k
2c2

T 2
3

− 2T 2
5

T 2
3
− k2)(k

2c2

T 2
2

− k2) − T 2
5 T1k2

T 2
3

,

χ1 =
T 2
3

T 2
5

(
e22 + k2c2

T 2
3

− 2T 2
5

T 2
3
− k2

)
,

χ2 =
T 2
3

T 2
5

(
e23 + k2c2

T 2
3

− 2T 2
5

T 2
3
− k2

)
.
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5.3 Boundary conditions

Following are the boundary conditions for the above-mentioned models (Model I and

II).

5.3.1 For Model I

(i) The magnetic boundary conditions at the free surface above the layer i.e., at x = −hp

is
Bp

x(x, y) = 0, {magnetically open (MO) condition},

ϕp(x, y) = 0, {magnetically short (MS) condition}.
(5.3.1)

(ii) The mechanical traction free condition at x = −hp is

σp
zx(x, y) = 0. (5.3.2)

(iii) The continuity conditions at the interfacial surface between FGPMM layer and semi-

infinite MP substrate i.e., at x = 0

up
3(x, y) = um

3 (x, y),

σp
zx(x, y) = σm

zx(x, y),

µm
xy(x, y) = 0,

µm
xx(x, y) = 0,

ϕp(x, y) = 0.

(5.3.3)

5.3.2 For Model II

(i) The electric boundary conditions at the free surface above the layer i.e., at x = −he

is
De

x(x, y) = 0, {electrically open (EO) condition },

ϕe(x, y) = 0, {electrically short (ES) condition }.
(5.3.4)

(ii) The mechanical traction free condition at x = −he is

σe
zx(x, y) = 0. (5.3.5)
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(iii) The continuity conditions at the interfacial surface between FGPEM layer and semi-

infinite MP substrate i.e., at x = 0

ue
3(x, y) = um

3 (x, y),

σe
zx(x, y) = σm

zx(x, y),

µm
xy(x, y) = 0,

µm
xx(x, y) = 0,

ϕe(x, y) = 0.

(5.3.6)

5.4 Derivation of dispersion relations associated with

Model I

Considering MO condition from Eq. (5.3.1) together with Eqs. (5.3.2) and (5.3.3) in-

corporate the requisite boundary conditions for MO case and considering MS condition

from Eq. (5.3.1) together with Eqs. (5.3.2) and (5.3.3) incorporate the requisite boundary

conditions for MS case of Model I. Hence, we obtain the homogeneous system of equations

in terms of seven unknown coefficients D1, D2, D3, D4, D5, D6, and D7.

χ3c
(1)
44 e

g1hp/2D1 + χ4c
(1)
44 e

g1hp/2D2 + d4h
(1)
15 e

−d4hpD3 + d5h
(1)
15 e

−d5hpD4 = 0, (5.4.1)

D1 − χ1D6 − χ2D7 = 0, (5.4.2)

−c
(1)
44

(g1
2

)
D1 + c

(1)
44 d3D2 + d4h

(1)
15 D3 + d5h

(1)
15 D4 + ikκmD5 + χ5D6 + χ6D7 = 0, (5.4.3)

(
h
(1)
15

m
(1)
11

)
D1 + D3 + D4 = 0, (5.4.4)

−ike1χ7D5 + χ8D6 + χ9D7 = 0, (5.4.5)

χ10D5 + ike2χ7D6 + ike3χ7D7 = 0, (5.4.6)

d4e
−d4hpD3 + d5e

−d5hpD4 = 0. (5.4.7)
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Here

χ3 = d3 sin (d3hp) −
(
g1
2

)
cos (d3hp),

χ4 = d3 cos (d3hp) +
(
g1
2

)
sin (d3hp),

χ5 = (µmχ1 − κm)e2,

χ6 = (µmχ2 − κm)e3,

χ7 = βm + γm,

χ8 = βmk2 + γme22,

χ9 = βmk2 + γme23,

χ10 = (αm + βm + γm)e21 − αmk2.

To get the non-trivial solution and hence the dispersion relation, we equate the determinant

of these coefficients to zero.

5.4.1 Dispersion relation for MO case

We get the following dispersion relation for SH-wave propagation in FGPMM layer over-

lying semi-infinite MP substrate, for MO case.[
c
(1)
44

(
d3χ3 +

(g1
2

)
χ4

)
χ11 + χ4d4d5

(
(h

(1)
15 )

2

m
(1)
11

)
(e−d4hp − e−d5hp)

]
[χ1Θ2 − χ2Θ1] + Θ4χ4χ11 = 0.

(5.4.8)

5.4.2 Dispersion relation for MS case

We get the following dispersion relation for SH-wave propagation in FGPMM layer over-

lying semi-infinite MP substrate, for MS case.[
c
(1)
44

(
χ3χ16 +

(g1
2

)
χ14 +

(
(h

(1)
15 )

2

m
(1)
11

)
cos(d3hp)χ17

)
+

(
(h

(1)
15 )

2

m
(1)
11

)
χ15

]
[χ1Θ2 − χ2Θ1] + χ14Θ4 = 0,

(5.4.9)

where

Θ1 = k2e1e2χ
2
7 − χ8χ10,

Θ2 = k2e1e3χ
2
7 − χ9χ10,

Θ3 = e3χ8 − e2χ9,

Θ4 = −k2κmχ7Θ3 − χ5Θ2 + χ6Θ1,

Θ5 = χ1Θ2 − χ2Θ1,

χ11 = d4e
−d4hp − d5e

−d5hp ,

χ12 = c
(1)
44 χ4 + d5

(h
(1)
15 )2

m
(1)
11

sin(d3hp),

χ13 = c
(1)
44 χ4 + d4

(h
(1)
15 )2

m
(1)
11

sin(d3hp),
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χ14 = c
(1)
44 χ4(e

−d4hp − e−d5hp) − (h
(1)
15 )2

m
(1)
11

sin(d3hp)χ11,

χ15 = c
(1)
44 d3e

−(d4+d5+g1/2)hp(d4 − d5) − d4χ12e
−d5hp + d5χ13e

−d4hp ,

χ16 = c
(1)
44 d3(e

−d4hp − e−d5hp) +
(h

(1)
15 )2

m
(1)
11

eg1hp/2 sin(d3hp)(d4 − d5),

χ17 = d3χ11 + eg1hp/2χ4(d4 − d5).

5.4.3 Some special cases and validation of Model I

Some special cases of proposed Model I are discussed in this section.

1. Considering αm, βm, γm, ȷm, and κm → 0 then semi-infinite MP substrate reduces to

isotropic elastic half-space substrate and the dispersion relations for both MO and

MS cases reduce to

c
(1)
44 χ11

(g1
2
χ4 + d3χ3

)
−

(
(h

(1)
15 )

2

m
(1)
11

)
d4d5χ4χ11 = χ4χ11kµ

1

√
1− c2

a3
2 , (5.4.10)

[
c
(1)
44

(g1
2

)
χ14 +

(
(h

(1)
15 )

2

m
(1)
11

)
χ15 + c

(1)
44 χ3χ16 + c

(1)
44

(
(h

(1)
15 )

2

m
(1)
11

)
cos(d3hp)χ17

]
= χ14kµ

1

√
1− c2

a3
2 ,

(5.4.11)

respectively. Here a3 =
√

µ1

ρ1
, µ1 is shear modulus of elasticity and ρ1 is density of

isotropic elastic half-space. Eqs. (5.4.10) and (5.4.11) represent the dispersion rela-

tions in FGPMM layer overlying isotropic elastic half-space for MO and MS cases,

respectively.

2. In the absence of functional gradedness in the FGPMM layer (i.e., g1 = 0), the dis-

persion relations for MO (5.4.8) and MS (5.4.9) cases, respectively take the following

form

kΘ5χ18 − Θ4 = 0, (5.4.12)

kΘ5χ20 − Θ4χ19 = 0. (5.4.13)

Eqs. (5.4.12) and (5.4.13) represent the dispersion relations of SH-wave in PM layer

overlying semi-infinite MP substrate, for MO and MS cases, respectively. Here

χ18 = c
(1)
44 d2 tan(kd2hp) +

(h
(1)
15 )2

m
(1)
11

tanh(khp),

χ19 = c
(1)
44 d2 tanh(khp) − (h

(1)
15 )2

m
(1)
11

tan(kd2hp),

χ20 =

(
2(h

(1)
15 )2c

(1)
44 d2

m
(1)
11

)[
1 − sec(kd2hp)

cosh(khp)

]
+

(
(c

(1)
44 )2d22 −

(h
(1)
15 )4

(m
(1)
11 )2

)
tan(kd2hp) tanh(khp).
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Subcase

(a) Pondering the above case, if the PM constant (i.e., h
(1)
15 ) is removed by taking

h
(1)
15 = 0. Then c

(1)
44 = c

(1)
44 = µo (say) and Eqs. (5.4.12) and (5.4.13) can be

reduced to

µod2 tan(kd2hp)kΘ5 = Θ4. (5.4.14)

Eq. (5.4.14) describes the dispersion relation of SH-wave in an isotropic elastic

layer of thickness hp overlying semi-infinite MP substrate.

(b) If we consider αm, βm, γm, ȷm, and κm → 0 in case (2), then semi-infinite MP

substrate reduces to isotropic elastic half-space substrate and the dispersion

relations for both open and short cases reduce to

χ18 = µ1

√
1 − c2

a3
2 , (5.4.15)

χ20 = χ19µ
1

√
1 − c2

a3
2 , (5.4.16)

respectively. Eqs. (5.4.15) and (5.4.16) represent the dispersion relations of SH-

wave in PM layer of thickness hp overlying isotropic elastic half-space substrate.

(c) Furthermore in above subcase (b), if the PM constant is removed i.e., h
(1)
15 = 0,

then dispersion relation for both the cases reduce to

tan

(
khp

√
c2

a21
− 1

)
=

µ1
√

1 − c2

a32

µo
√

c2

a21
− 1

, (5.4.17)

where a1 =
√

µo

ρo
, µo is shear modulus of elasticity and ρo is density of isotropic

elastic layer.

This Eq. (5.4.17) is the well-known dispersion relation for Love waves in the classical

structure [128] with the condition a1 < c < a3 that validates the outcomes of the

Model I.
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5.5 Derivation of dispersion relations associated with

Model II

Considering EO condition from Eq. (5.3.4) together with Eqs. (5.3.5) and (5.3.6) incor-

porate the requisite boundary conditions for EO case and considering ES condition from

Eq. (5.3.4) together with Eqs. (5.3.5) and (5.3.6) incorporate the requisite boundary con-

ditions for ES case of Model II. Hence, we obtain the equations in terms of seven unknown

coefficients C1, C2, C3, C4, D5, D6, and D7.

χ′
3c

(0)
44 e

ghe/2C1 + χ′
4c

(0)
44 e

ghe/2C2 + c4d
(0)
15 e

−c4heC3 + c5d
(0)
15 e

−c5heC4 = 0, (5.5.1)

C1 − χ1D6 − χ2D7 = 0, (5.5.2)

−c
(0)
44

(g
2

)
C1 + c

(0)
44 c3C2 + c4d

(0)
15 C3 + c5d

(0)
15 C4 + ikκmD5 + χ5D6 + χ6D7 = 0, (5.5.3)

(
d
(0)
15

ϵ
(0)
11

)
C1 + C3 + C4 = 0, (5.5.4)

−ike1χ7D5 + χ8D6 + χ9D7 = 0, (5.5.5)

χ10D5 + ike2χ7D6 + ike3χ7D7 = 0, (5.5.6)

c4e
−c4heC3 + c5e

−c5heC4 = 0. (5.5.7)

To get the non-trivial solution and hence the dispersion relation, we equate the determi-

nant of these coefficients to zero. Here

χ′
3 = c3 sin (c3he) −

(
g
2

)
cos (c3he),

χ′
4 = c3 cos (c3he) +

(
g
2

)
sin (c3he),

χ′
11 = c4e

−c4he − c5e
−c5he .
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5.5.1 Dispersion relation for EO case

We get the following dispersion relation for SH-wave propagation in FGPEM layer overlying

semi-infinite MP substrate, for EO case.[
c
(0)
44

(
c3χ

′
3 +

(g
2

)
χ′
4

)
χ′
11 + χ′

4c4c5

(
(d

(0)
15 )

2

ϵ
(0)
11

)
(e−c4he − e−c5he)

]
[χ1Θ2 − χ2Θ1] + Θ4χ

′
4χ

′
11 = 0.

(5.5.8)

5.5.2 Dispersion relation for ES case

We get the following dispersion relation for SH-wave propagation in FGPEM layer overlying

semi-infinite MP substrate, for ES case.[
c
(0)
44

(
χ′
3χ

′
16 +

(g
2

)
χ′
14 +

(
(d

(0)
15 )

2

ϵ
(0)
11

)
cos(c3he)χ

′
17

)
+

(
(d

(0)
15 )

2

ϵ
(0)
11

)
χ′
15

]
[χ1Θ2 − χ2Θ1] + χ′

14Θ4 = 0,

(5.5.9)

where

χ′
12 = c

(0)
44 χ

′
4 + c5

(d
(0)
15 )2

ϵ
(0)
11

sin(c3he),

χ′
13 = c

(0)
44 χ

′
4 + c4

(d
(0)
15 )2

ϵ
(0)
11

sin(c3he),

χ′
14 = c

(0)
44 χ

′
4(e

−c4he − e−c5he) − (d
(0)
15 )2

ϵ
(0)
11

sin(c3he)χ
′
11,

χ′
15 = c

(0)
44 c3e

−(c4+c5+g/2)he(c4 − c5) − c4χ
′
12e

−c5he + c5χ
′
13e

−c4he ,

χ′
16 = c

(0)
44 c3(e

−c4he − e−c5he) +
(c

(0)
15 )2

ϵ
(0)
11

eghe/2 sin(c3he)(c4 − c5),

χ′
17 = c3χ

′
11 + eghe/2χ′

4(c4 − c5).

5.5.3 Some special cases and validation of Model II

Some special cases of proposed Model II are discussed in this section.

1. Considering αm, βm, γm, ȷm, and κm → 0 then semi-infinite MP substrate reduces

to isotropic elastic half-space substrate and the dispersion relations for both EO and

ES cases reduce to

c
(0)
44 χ

′
11

(g
2
χ′
4 + c3χ

′
3

)
−

(
(d

(0)
15 )2

ϵ
(0)
11

)
c4c5χ

′
4χ

′
11 = χ′

4χ
′
11kµ

1

√
1 − c2

a3
2 , (5.5.10)

[
c
(0)
44

(g
2

)
χ′
14 +

(
(d

(0)
15 )2

ϵ
(0)
11

)
χ′
15 + c

(0)
44 χ

′
3χ

′
16 + c

(0)
44

(
(d

(0)
15 )2

ϵ
(0)
11

)
cos(c3he)χ

′
17

]
= χ′

14kµ
1

√
1 − c2

a3
2 ,

(5.5.11)
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respectively. Here a3 =
√

µ1

ρ1
. Eqs. (5.5.10) and (5.5.11) represent the dispersion

relations in FGPEM layer overlying isotropic elastic half-space for EO and ES cases,

respectively.

2. In the absence of functional gradedness in the FGPEM layer (i.e., g = 0), the dis-

persion relations for EO (5.5.8) and ES (5.5.9) cases, respectively take the following

form

kΘ5χ
′
18 − Θ4 = 0, (5.5.12)

kΘ5χ
′
20 − Θ4χ

′
19 = 0. (5.5.13)

Eqs. (5.5.12) and (5.5.13) represent the dispersion relations of SH-wave in PE layer

overlying semi-infinite MP substrate, for EO and ES case, respectively. Here

χ′
18 = c

(0)
44 c2 tan(kc2he) +

(d
(0)
15 )2

ϵ
(0)
11

tanh(khe),

χ′
19 = c

(0)
44 c2 tanh(khe) − (d

(0)
15 )2

ϵ
(0)
11

tan(kc2he),

χ′
20 =

(
2(d

(0)
15 )2c

(0)
44 c2

ϵ
(0)
11

)[
1 − sec(kc2he)

cosh(khe)

]
+

(
(c

(0)
44 )2c22 −

(d
(0)
15 )4

(ϵ
(0)
11 )2

)
tan(kc2he) tanh(khe).

Subcase

(a) Pondering the above case, if the PE constant (i.e., d
(0)
15 ) is removed by taking

d
(0)
15 = 0. Then c

(0)
44 = µo (say) and Eqs. (5.5.12) and (5.5.13) can be reduced to

µoc2 tan(kc2he)kΘ5 = Θ4. (5.5.14)

Eq. (5.5.14) describes the dispersion relation of SH-wave in an isotropic elastic

layer of thickness he overlying semi-infinite MP substrate.

(b) If we consider αm, βm, γm, ȷm, and κm → 0 in case (2), then semi-infinite MP

substrate reduces to isotropic elastic half-space substrate and the dispersion

relations for both open and short cases reduce to

χ′
18 = µ1

√
1 − c2

a3
2 , (5.5.15)

χ′
20 = χ′

19µ
1

√
1 − c2

a3
2 , (5.5.16)

respectively. Eqs. (5.5.15) and (5.5.16) represent the dispersion relations of
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SH-wave in PE layer of thickness he overlying an isotropic elastic half-space

substrate.

(c) Furthermore in above subcase (b), if the PE constant is removed i.e., d
(0)
15 = 0,

then dispersion relation for both the cases reduce to

tan

(
khe

√
c2

a21
− 1

)
=

µ1
√

1 − c2

a32

µo
√

c2

a21
− 1

, (5.5.17)

where a1 =
√

µo

ρo
.

This Eq. (5.5.17) is the well-known dispersion relation for Love waves in the classical

structure [128] with the condition a1 < c < a3 that validates the outcomes of the

Model II.

5.6 Numerical results and discussion

Numerical computations are executed and graphical illustrations are shown in order to

unravel the impact of various affecting parameters on the phase velocity of the SH-wave.

The focus of the investigation is on the key parameters confronted during the analysis

viz., MP constant, characteristic length parameter present in the substrate exhibiting size

effects, thickness, and material gradient factors related with functionally graded layers as

considered in the two Models I and II, respectively for both open and short circuit cases.

The dispersion curves for the open circuit case as thick solid lines and short circuit case as

thin dashed lines are shown within the same graphs. For both the considered models (i.e.,

Model I and Model II), the behavior of dispersion curves (for the fundamental mode) in

response to the varied values of affecting parameters are demonstrated through Figs. 5.2 a)-

5.12 a) which are related with Model I and Figs. 5.2 b)- 5.12 b) portray the variations (for

the fundamental mode) for Model II. To demonstrate the analytical outcomes graphically

Terfenol − D as FGPMM layer and Aluminium − Epoxy as MP half-space substrate

bearing microstructural properties are considered. The values for the material constants

are reported in Table 5.1 and Table 5.2, respectively. The material constant values for

PZT − 5H ceramic which is considered as the FGPEM layer can be obtained from Table

4.1. The thicknesses of the FGPMM and FGPEM layers, are fixed as hp = he = 0.02

m. The value of the material gradient factors linked with Model I and Model II are

fixed as g1 = 50 and g = 20. The formula for electromechanical coupling coefficient (k2
e)

and magnetomechanical coupling coefficient (k2
m) are defined as [148] k2

e =
d
(0)
15

2

ϵ
(0)
11 c

(0)
44

and
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k2
p = h(1)15

2

m
(1)
11 c

(1)
44

. Theoretically, for PZT −5H ceramic material, the value of k2
e is 0.31206 and

for Terfenol −D, the value of k2
p is 0.5417.

Table 5.1: Material constants for PM layer [147]

Material Elastic constant Mass density PM constant Magnetic permeability

cp44 (109Nm−2) ρp (kgm−3) hp
15 (NA−1m−1) mp

11 (10−6Ns2C−2)

Terfenol-D 5.99 9.23 167.66 3.97

Table 5.2: Material constants for MP elastic half-space substrate [69]

Material ρm µm λm ȷm αm βm

(103 kgm−3) (1010 Nm−2) (1010 Nm−2) (10−4 m2) (106 N) (106 N)

Aluminium-Epoxy 2.19 1.89 7.59 0.196 0.01 0.015
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Figure 5.2: Dispersion curves for different values of MP constant for open (thick solid
lines) and short circuit condition (thin dashed lines) in, (a) Model I and (b) Model II.
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5.6.1 Influence of size effects exhibited by microscale structures

on the phase velocity of SH-waves

The effect of microscale structures on the phase velocity of the propagating wave is captured

through MP constant (Nm) and characteristic length parameter (lm). The phase velocity

variations in response to varying values of MP constant and characteristic length parameter

as associated with MP half-space substrate are manifested through Figs. 5.2 a)- 5.2 b) and

5.3 a)- 5.3 b) for Model I and II, respectively. It is noted that as the values of both the

parameters i.e., MP and characteristic length are increasing, the dispersion curves shift

upward. Therefore, it can be remarked that both the parameters favor the phase velocity

of SH-wave for both open and short circuit cases in the considered models (i.e., Model I

and Model II).

5.6.2 Influence of material gradient factors on the phase velocity

of SH-waves

As material gradient factors (g1 and g) that are responsible for functional gradedness in

the material layers in Model I and II, respectively have a significant impact on the phase

velocity of the propagating wave so it is very important to scrutinize these factors. Figs.

5.4 a)- 5.4 b) reveal the effect of the material gradient factors (g1 and g), linked with

functionally graded layers considered in Model I and II, respectively. These factors have

an enhancing effect on the phase velocity of SH-wave for both open and short circuit

cases in both the models. Therefore, we can conclude that as the inhomogeneity in the

smart material layers is increased then the phase velocity of the propagating wave also

increases.

5.6.3 Influence of thickness of the functionally graded piezo ma-

terial layer on the phase velocity of SH-waves

The thickness (hp) of the FGPMM layer associated with Model-I and the thickness (he) of

the FGPEM layer associated with Model-II, have a substantial effect on the propagation

of SH-waves. Variation of phase velocity in response to varied values of thicknesses of

functionally graded layers associated with the considered models is graphically irradiated

in Figs. 5.5 a)- 5.5 b). It can be observed that the thickness of the piezo layers (for

both open and short circuit cases) has a decreasing effect on the phase velocity of the

SH-wave.
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5.6.4 Mechanical coupling factors (K2
p and K2

e)

The mechanical coupling factors (K2
p and K2

e ) are key parameters in acoustic devices that

manifest the piezo effect on the phase velocity of the elastic waves. The higher the value of

these factors, the stronger is the dependence of the attributes of wave propagation on the

system parameters. For differentiating various active materials the mechanical coupling

factors are widely used as figures of merit. The electromechanical coupling factor (K2
e ) is

an indicator of the effectiveness with which a PE material converts electrical energy into

mechanical energy or vice versa. K2
e values quoted in piezoelectric supplier’s specifications

are typically the maximum theoretical values. For low input frequencies, a typical PE

ceramic can covert 30-75 % of the energy delivered to it from one form into the other form,

depending on the formulation of the ceramic. A high K2
e usually is desirable for efficient

energy conversion, but K2
e does not account for dielectric losses or mechanical losses, nor

recovery of unconverted energy. The magnetomechanical coupling factor (K2
p), is a measure

of the transduction efficiency of the material and the energy density gives a measure of

the energy that can be obtained from the material. The electromechanical coupling factor

(K2
e ) [26] and the magnetomechanical coupling factor (K2

p) [66], corresponding to the

surface waves can be evaluated from the following formulae

K2
e = 2

(ceo − ces)

ceo
, K2

p = 2
(cpo − cps)

cpo
, (5.6.1)

where ceo, c
e
s, c

p
o, and cps are the phase velocities for EO, ES, MO, and MS cases, respectively.

To unravel the influence of size effects on the mechanical coupling factors, graphical illus-

trations for variation of mechanical coupling factors against dimensionless wave number in

response to varying values of MP constant and characteristic length parameter are mani-

fested through Figs. 5.6 a)- 5.6 b) and 5.7 a)- 5.7 b), respectively. Fig 5.6 a) reveals the

influence of MP constant on the K2
p associated with FGPMM layer in Model I and Fig 5.6

b) reveals the influence of MP constant on the K2
e associated with FGPEM layer in Model

II. Similarly, the effect of characteristic length parameter on the mechanical coupling fac-

tors viz., K2
p and K2

e is traced out in Figs. 5.7 a)- 5.7 b), respectively. It is examined

from the figures that both the parameters have enhancing effect on the mechanical cou-

pling factors. Therefore, it is noted that size effects exhibited by the microscale structures

favor the mechanical coupling factors and high mechanical coupling factors are desired in

SAW devices for numerous engineering applications. These factors are associated with the

efficiency of sensors and hence, play a vital role in designing acoustic sensors.

The relations of mechanical coupling factors viz., K2
p and K2

e with the material gradient

factors (g1 and g) respectively, are manifested in Figs. 5.8 a) and 5.8 b) for different values

of m =2, 3, 4, 5 where, m = h/λ, (h = hp = he) is the ratio of the layer thickness h to the
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wavelength λ. It is seen from Fig. 5.8 a) that the value of K2
p increases with the increase in

magnitude of material gradient factor g1. K
2
p takes its maximum value as m = 2. Similarly,

from Fig. 5.8 b) it can be observed that the value of K2
e also increases as material gradient

factor (g) increases. Fig. 5.9 a) portrays the plot of K2
p against dimensionless wave number

(khp) to depict the comparative result for FGPMM and PM layered structures. It can be

concluded that K2
p drops sharply as wave number is increasing and is more in FGPMM

layered structure as compared to PM layered structure. From Fig. 5.9 b) the plot of K2
e

against dimensionless wave number (khe) for the comparative result for FGPEM and PE

layered structure is obtained. K2
e is more in FGPEM layered structure as compared to PE

layered structure which interprets that functional gradedness in a smart material enhances

mechanical coupling factors as desired for acoustic devices.

5.6.5 Group velocity

To determine the rate at which the energy of the wave is propagated it is required to

find the group velocity. For further investigation, the group velocity of the propagating

wave is also explored. Theoretically, the group velocity cg can be evaluated by the formula

given in Chapter 4 as Eq. (4.5.2). Figs. 5.10 a) and 5.10 b) exemplify this phenomenon.

Phase velocity and group velocity graphs are plotted against non-dimensional wave number

(khp) for FGPMM layered structure and PM layered structure in Fig 5.10 a) and for

FGPEM layered structure and PE layered structure in Fig. 5.10 b). Here cov, c
s
v, c

o
g, and

csg represent the phase velocity for open case, phase velocity for short case, group velocity

for open case and group velocity for short case, respectively. By observing the SH-wave

dispersion curves in both the figures, it is seen that the dispersion relation is ‘normal’

as phase velocity is found to be greater than the group velocity for both the open and

short circuit cases. In addition to this, the phase velocity for an open circuit case is more

than that of the short circuit case. Further, it is also concluded that the phase velocity

and group velocity curves observed from these illustrations for functionally graded layered

structures are more as compared to the conventional piezo layered structures. This is

because functional gradedness in the piezo layer enhances the phase velocity (as observed

from Figs. 5.4 a)-5.4 b)) and hence the group velocity. To delineate the influence of size

effects exhibited by microscale structures associated with MP half-space substrate on the

group velocity, the graphical illustrations are shown as Figs. 5.11 a)-5.11 b) and 5.12 a)-

5.12 b). The impact of the micropolar constant (Nm) on the group velocity is illustrated

in Figs. 5.11 a)-5.11 b) and of characteristic length parameter (lm), in Figs. 5.12 a)-5.12

b) for Model I and Model II, respectively. It can be depicted from the figures that both the

parameters favor the group velocity curves for both open and short circuit cases associated

with both the models.
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5.7 Conclusions

Following are the outcomes for open and short circuit cases in both considered models

(Model I and Model II).

� The phase velocity of the SH-waves monotonously decreases with the increase in

wave number.

� MP constant and characteristic length parameter pertinent with the MP half-space

substrate bearing micro-scale structures favor the phase velocity of the SH-wave.

� The material gradient factors associated with the functionally graded piezo material

layers also have an enhancing effect on the phase velocity of the SH-wave.

� Broader the width of the functionally graded piezo layer, lower is the phase velocity

of the SH-wave in the considered structures.

� MP constant and characteristic length parameter encourage the mechanical coupling

factors.

� The layer thickness ratio to the wavelength has an eminent impact on the mechanical

coupling factors. Both K2
p and K2

e take their maximum values as m = 2 for increasing

values of material gradient factors.

� In the absence of functional gradedness, the mechanical coupling factors reduce.

� Phase velocity for open circuit case is always greater than that of short circuit case.

� The dispersion relation appears ‘normal’ as the phase velocity of the SH-wave is

greater than the group velocity in the considered structures.
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Chapter 6

Nonlocal aspect of piezoelectric composite on

the transmission of mechanical Bleustein-Gulyaev

wave5

6.1 Introduction

In nanoelectromechanical systems (NEMS), the nanoscale size effect plays an important

role. Experimental analysis indicates that the NEMS at nanoscale shows a size-dependent

manner and do not obey the continuum theory. Overlooking the size effect in designing

of NEMS may lead to completely incorrect predictions and hence inaccurate designs and

irreparable damages. The classical continuum theories suffer from inaccurate predictions

done for the mechanical behavior of nanostructures, which can be justified by the presence

of small-scale effects at the nanoscale. In this regard, the nonlocal (NL) elasticity theory

initiated by Eringen ( [61]- [64]) has provided a powerful tool in the mathematical model-

ing and investigation of engineering problems corresponding to the applications involving

nanoscale structures. In the preceding chapters, the microstructural effects were captured

through length scale parameter present in the substrate material only, that were in welded

contact with smart material layers. But in this chapter we have utilized Eringen’s NL

theory to grab the microstructural effect from the piezoelectric (PE) smart material and

the length scale parameter is present in the layer as well as in the substrate also.

One type of shear horizontal (SH) electro-acoustic surface wave in which the direction of

material particle motion is perpendicular to the propagating direction and parallel to the

surface of half-space which can propagate in a class of transversely isotropic PE media, is

commonly known as Bleustein-Gulyaev (BG) wave or electro-acoustic wave. These waves

were simultaneously observed by Bleustein and Gulyaev ( [22], [83]). These waves can

propagate in highly symmetric PE materials because they have no elastic counterparts

in purely elastic homogeneous materials ( [234], [235], [239]). Studies indicate that BG

wave can propagate in the structure comprising of thin film/substrate layered structures

5Contents of this chapter are published in SCIE indexed journal, Mechanics of Advanced Materials
and Structures, 2020. DOI:10.1080/15376494.2020.1854907 with I.F. = 4.030
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made of the same PE material but opposite poling directions and its penetration depth is

in the same order as the wavelength [92]. In the absence of the PE effect, the BG wave

degenerates to the shear bulk wave. Thorough investigations of propagation character-

istics of BG wave have been done by many researchers to successfully apply it to SAW

devices ( [112], [113], [233]). BG wave is an another promising candidate in the category of

surface waves to be employed for sensors and acoustic devices ( [2], [7]). Due to the high

sensitivity, BG waves are widely used for liquid sensing applications ( [18], [85], [100], [155]).

Recently this study has gained momentum because of its enormous applications in nanoscale

structures. Despite much popularity, the propagation characteristics of BG wave based on

NL theory is yet to be explored. The main intent of this chapter is to analyze the effect of

nonlocality on the propagation of BG waves in PE layered structures. Appropriate bound-

ary conditions are employed at the free surface and at the interface between the layer and

the half-space to obtain the dispersion relations for both open and short circuit conditions.

It is found that BG waves are dispersive in nature and are affected by nonlocality. The

nonlocality parameter is present in both open and short circuit conditions. Furthermore, it

has been observed that for both cases the wave cease to propagate beyond the critical fre-

quencies. The variation of phase velocities with frequency has been graphically illustrated.

The effects of PE material parameters and nonlocality parameter on the phase velocity of

BG wave have been shown graphically.

Figure 6.1: Schematic illustration
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6.2 Nonlocal (NL) theory of elasticity in PE media

The equations of wave motion and constitutive relations in PE medium based on NL elastic

theory can be expressed as [34]

σn
ij,j = ρnün

i ,

Dn
i,i = 0, (i, j = 1, 2, 3),

(6.2.1)

(1 − Υ2∇2)σn
ij = cnijklS

n
kl − dnkijE

n
k ,

(1 − Υ2∇2)Dn
j = dnjklS

n
kl + ϵnjkE

n
k , (i, j, k, l = 1, 2, 3),

(6.2.2)

where ρn is the density of the PE material. σn
ij are the stress tensors. Dn

i and En
i are

the components of electric displacement vector and electric field vector, respectively. cnijkl,

dnkij, and ϵnjk are the elastic stiffness constants, PE constants, and dielectric constants,

respectively. ∇2 denotes the Laplace operator. Υ = e0l
n is the NL parameter which denotes

the small scale effect. Here e0 is the material constant and ln is the internal characteristic

length. A comma (, ) in the subscript denotes the differentiation with respect to some

spatial coordinates while a superposed dot notation signifies time (t) derivative. Sn
i,j is the

strain tensor derived from the displacement field un
i as

Sn
ij =

1

2
(un

i,j + un
j,i), (i, j = 1, 2, 3). (6.2.3)

At a glance it can be seen that in the absence of nonlocality, the constitutive Eqs. (6.2.2)

reduce to those for local PE medium [147].

En
i is electric field components along (x, y, z) which can be derived as

En
i = −φ,i (i = 1, 2, 3). (6.2.4)

in which φ indicates the planar distribution of electric potential.

6.3 Mathematical model and solution of the prob-

lem

Consider a transversely isotropic nonlocal piezoelectric (NLPE) layer having hexagonal

symmetry (6 mm class) of uniform thickness hn lying over a NLPE half-space. The upper

surface of the layer is assumed to be mechanically stress free and the lower surface is

assumed to be in welded contact with the half-space. Considering a rectangular Cartesian

coordinate system in such a way that BG wave is propagating along y-axis and x-axis
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is considered positive in the vertically downward direction as shown in Fig. 6.1. We

shall consider a two dimensional problem for the propagation of BG surface waves in the

considered structure. For this purpose, the displacement components and the electric

potentials in the layer and half-space may be assumed as

un
1 = un

2 = 0, un
3 = un

3 (x, y, t), φ1 = φ1(x, y, t),

vn1 = vn2 = 0, vn3 = vn3 (x, y, t), φ2 = φ2(x, y, t), and
∂

∂z
≡ 0,

(6.3.1)

where x, y, z are the spatial variable. t is the time variable. un
i are displacement com-

ponents and φ1 is electric potential component in NLPE layer. vni are the displacement

components and φ2 is electric potential component in NLPE half-space. It is assumed

that the layer and the substrate are in identical transversely isotropic PE media but with

opposite polarization. This implies that the x − y coordinate plane is an isotropic plane.

The polarization direction of the layer is the same as the positive direction of the z-axis,

whereas the polarization direction of the substrate is opposite to the former. Thus, we

assume that

cn44
′ = cn44 dn15

′ = −dn15, ϵn11
′ = ϵn11, (6.3.2)

where cn44, d
n
15, and ϵn11 are elastic stiffness coefficient, PE constant, and dielectric constant

for NLPE layer and cn44
′, dn15

′, and ϵn11
′ are elastic stiffness coefficient, PE constant, and

dielectric constant for NLPE half-space, respectively. With these considerations and using

Eqs. (6.2.2), (6.2.3), (6.2.4), (6.3.1), and (6.3.2), the equations of motion (6.2.1), for the

BG wave propagation, in the absence of body forces yield

cn44
∗∇2un

3 + dn15∇2φ1 = ρnün
3 ,

dn15∇2un
3 − ϵn11∇2φ1 = 0, x ∈ [−hn, 0]

}
(6.3.3)

cn44
∗∇2vn3 − dn15∇2φ2 = ρnv̈n3 ,

dn15∇2vn3 + ϵn11∇2φ2 = 0, x ∈ [0,∞)

}
(6.3.4)

Here cn44
∗ = cn44 + Υ2ρn ∂2

∂t2
and ∇2 ≡ ∂2

∂x2 + ∂2

∂y2
. For the solution of differential equations

(6.3.3), we have two uncoupled equations to deal with. For BG waves propagating in the

positive direction of y-axis with phase velocity c, we take the solution of these differential

equations as

un
3 (x, y, t) = un

3 (x)eik(y−ct),

φ1(x, y, t) = φ1(x)eik(y−ct),
(6.3.5)
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where k is the wave number and c is the phase velocity of the wave. On substituting Eq.

(6.3.5) in Eq. (6.3.3) we obtain

un
3
′′
(x) − k2f 2

3u
n
3 (x) = 0,

φ1
′′(x) − k2φ1(x) =

dn15
ϵn11

(
un
3
′′
(x) − k2un

3 (x)
)
,

(6.3.6)

where f3 =
√

1 − c2

f2
2
, f2 =

√
f 2
1 − Υ2ω2, f1 =

√
cn44
ρn

, cn44 = cn44 +
dn15

2

ϵn11
. f2 is the velocity

of the shear wave in NLPE layer and f1 is the velocity of classical wave. ω is the angular

frequency related to phase velocity c by ω = kc.

On solving (6.3.6), the displacement component and the electric potential component in

the NLPE layer can be obtained as

un
3 (x, y, t) = (ekf3xF1 + e−kf3xF2)e

ik(y−ct),

φ1(x, y, t) =

(
dn15
ϵn11

ekf3xF1 +
dn15
ϵn11

e−kf3xF2 + ekxF3 + e−kxF4

)
eik(y−ct),

(6.3.7)

where F1, F2, F3, and F4 are arbitrary constants. Eq. (6.3.4) can be solved by a similar

procedure. Taking into consideration the conditions vn3 and φ2 → 0 as x→∞ on the general

solutions of Eqs. (6.3.4) for the NLPE half-space, we get the following displacement and

electric potential components

vn3 (x, y, t) = e−kf3xF5e
ik(y−ct),

φ2(x, y, t) =

(
−
(
dn15
ϵn11

)
e−kf3xF5 + e−kxF6

)
eik(y−ct),

(6.3.8)

where F5 and F6 are arbitrary constants.

6.4 Boundary conditions

The upper surface of the layer is assumed to be traction free and the interface between

the layer and the half-space is in welded contact. Therefore, the appropriate boundary

conditions are as follows.

(i) Considering vacuum above the free surface of the NLPE layer, the electric boundary

conditions at free surface i.e., at x = −hn are as follows.

(Dn
x)L = 0 {electrically open (EO) condition},

(φ1)L = 0 {electrically short (ES) condition}.
(6.4.1)
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(ii) The mechanical traction free condition at x = −hn is

(σn
zx)L = 0. (6.4.2)

(iii) The continuity conditions at the interfacial surface i.e., at x = 0

(un
3 )L = (vn3 )H ,

(σn
zx)L = (σn

zx)H ,

(φ1)L = (φ2)H ,

(Dn
x)L = (Dn

x)H .

(6.4.3)

Here subscript ‘L’ is used for the entities corresponding to NLPE layer and subscript ‘H’

is used for the entities corresponding to NLPE half-space. Using (6.2.1), (6.3.7), and

(6.3.8) in these boundary conditions we get a system of six homogeneous equations in six

unknowns F1, F2, F3, F4, F5, and F6.

−e−khnF3 + ekhnF4 = 0, (6.4.4)

dn15
ϵn11

e−kf3hnF1 +
dn15
ϵn11

ekf3hnF2 + e−khnF3 + ekhnF4 = 0, (6.4.5)

f3cn44e
−kf3hnF1 − f3cn44e

kf3hnF2 + dn15e
−khnF3 − dn15e

khnF4 = 0, (6.4.6)

F1 + F2 − F5 = 0, (6.4.7)

f3cn44F1 − f3cn44F2 + dn15F3 − dn15F4 + f3cn44F5 − dn15F6 = 0, (6.4.8)

dn15
ϵn11

F1 +
dn15
ϵn11

F2 + F3 + F4 +
dn15
ϵn11

F5 − F6 = 0, (6.4.9)

−F3 + F4 − F6 = 0. (6.4.10)

6.5 Derivation of dispersion relations

To get the non-trivial solution and hence, the dispersion relations for the EO and ES circuit

conditions, the determinant of the corresponding coefficient matrices must vanish.
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6.5.1 Dispersion relation for EO condition

Considering Eq. (6.4.4) alongwith Eqs. (6.4.6)-(6.4.10), we get the dispersion relation as

f3ϵ
n
11c

n
44 − dn15

2 tanh(khn)(1 + e−2kf3hn)(1 + e−2khn) = 0. (6.5.1)

6.5.2 Dispersion relation for ES condition

Considering Eqs. (6.4.5)-(6.4.10), we get the dispersion relation as(
dn15

2

ϵn11

){
cn44f3[(1 + e−2kf3hn)(1 + e−2khn) − 4e−khne−kf3hn + 1] − dn15

2

ϵn11
(1 − e−2kf3hn)(1 − e−2khn)

}
−cn44

2
f 2
3 = 0.

(6.5.2)

We note that these dispersion relations depend on the NL parameter of the layered media.

The condition for existence of BG waves is c < f2 provided, ω < f1
Υ

.

6.5.3 Limiting cases

Here we shall investigate the behavior of BG wave propagation in the limiting cases of

frequency and thickness of the PE layer.

6.5.3.1 Limiting frequency

1. For the case of low limiting frequency, i.e., when ω → 0 then c → f1. Thus, it can be

concluded that for limiting low frequency case, the phase velocity of the BG waves

tends to the phase velocity of the classical shear wave in the PE half-space.

2. For the limiting high frequency case, i.e., when ω → ∞, then the existence of BG

wave cannot be ensured theoretically at once. This is due to the fact that the

shear wave and the wave corresponding to the NLPE medium encounter the critical

frequency. The critical frequency is given by ωc = f1
Υ

. Beyond this critical frequency,

the respective wave ceases to propagate. Thus, limiting high frequency case reduces

to the case when ω → ωc. With this limiting value of frequency, we get, c → 0. Thus,

it can be concluded that for limiting high frequency case, the phase velocity of the

BG waves tends to 0.
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6.5.3.2 Limiting thickness

If the thickness of the layer in the model is very thin, i.e. when hn → 0, then c → f2. This

delineates that when the thickness of the layer approaches zero, then the phase velocity

of the BG wave becomes equal to the phase velocity of the shear wave in the NLPE

half-space.

6.6 Particular cases

a) Local PE medium

In the absence of nonlocality (i.e., Υ = 0) from the layered media, the dispersion relation

and the condition of propagation of the BG wave exactly reduce to classical case of PE

medium for the corresponding problem. As Υ = 0 then f2 → f1 and f3 →
√

1 − c2

f2
1

=

f4 (say). With these considerations, the dispersion relations (6.5.1) and (6.5.2) would

correspond to the dispersion relations of BG waves for EO and ES conditions in the local

PE layered structure.

Dispersion relation for EO condition

f4ϵ
n
11c

n
44 − dn15

2 tanh(khn)(1 + e−2kf4hn)(1 + e−2khn) = 0. (6.6.1)

Dispersion relation for ES condition(
dn15

2

ϵn11

){
cn44f4[(1 + e−2kf3hn)(1 + e−2khn)− 4e−khne−kf4hn + 1]−

(
dn15

2

ϵn11

)
(1− e−2kf4hn)(1− e−2khn)

}
− cn44

2
f2
4 = 0.

(6.6.2)

b) Local PE half-space

Pondering the case a), if hn → 0 i.e., when there is only a local PE half-space the dispersion

relations reduce to

c = f2
√

1 − k4
e where k2

e =
dn15

2

ϵn11c
n
44

(6.6.3)

which is the classical BG wave velocity of a transversely isotropic local PE half-space

obtained by Bleustein [22].

6.7 Numerical results and discussions

In this section, the numerical results of BG surface waves in the considered model compris-

ing of NLPE layer resting over NLPE half-space are presented. The material properties of

the PE layer and half-space comprising of PZT − 5H ceramic material having hexagonal

symmetry (6 mm class) are assumed in Table 6.1. For convenience, the NL parameter as-

sociated with the layer and the half-space is assumed to be the same (i.e. Υ = 1 nm ) and
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thickness of the layer is taken to be hn = 10 nm [9]. The formula for electromechanical

coupling coefficient is defined as [147] k2
e =

dn15
2

ϵn11c
n
44

. Theoretically, for PZT − 5H ceramic

material, the value of k2
e is 0.31206. The following data has been taken into account for

numerical computation and graphical representations.

Table 6.1: Material constants for PE layer [2].

Materials Elastic constant Mass density PE constant Dielectric constant

cn44 (1010Nm−2) ρn (103kgm−3) dn15 (Cm−2) ϵn11 (10−10C2N−1m−2)

PZT − 5H 2.30 7.50 17.0 277.0

PZT − 4 2.56 7.50 12.7 65.0

BaTiO3 5.43 6.0 21.3 174.42

LaTiO3 9.4 7.45 2.6 3.630

LiNbO3 6.0 4.7 3.7 3.895

Fig. 6.2 a) illustrates the shear velocity (f2) graph versus the linear frequency in the

range 0 < f < 3.5 × 1011 Hz. It indicates that shear velocity initiates at 2111.34 m/s

which is the velocity of classical shear wave and decreases rapidly with further increase

in frequency. For f > 3.2 × 1011 Hz the shear wave in the NLPE elastic solid ceases to

propagate further. This shows that shear velocity faces a critical frequency above which

it cease to propagate. Fig. 6.2 b) exemplifies the effect of the nonlocality parameter

on the shear velocity of the BG wave. Four different values of nonlocality parameter

are considered namely [9], Υ = 0, 1 nm, 1.5 nm, 2 nm. The effect of the nonlocality

parameter on the critical frequency of the shear wave can be interpreted from this figure.

As the value of the nonlocality parameter is increasing, the critical frequency of the wave

is decreasing. The case of classical PE structure without the NL effect is also included by

considering Υ = 0. To obtain the critical frequency of BG wave in EO and ES conditions

the graphical representations of phase velocity against linear frequency are manifested in

Fig. 6.3 a). It shows that at limiting low frequency (i.e., f → 0), the phase velocity cBG

for EO condition (represented with thick solid line) initiates at f1 (= 2111.34 m/s) which

is the velocity of the classical shear wave in the PE half-space, as observed analytically in

Section 6.5.3.1. while for the ES condition the phase velocity is cBG = 2010 m/s which

is again less than f1. Similar interpretations can be made through Fig. 6.3 b) where

phase velocity of BG wave is plotted against penetration depth (hn/λ) which may be

defined as the ratio between the layer thickness (hn) and the wavelength (λ) for EO and

ES conditions, respectively. It is again observed from this figure that BG wave initiates

at 2111.34 m/s for EO condition (with thick solid line) and at 2010 m/s for ES condition

(with thick dashed line). With the further increase in penetration depth (hn/λ), the phase
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velocity is decreasing. The prominent result that is found from both the Figs. 6.3 a)

and 6.3 b) is that the phase velocity of BG wave in NLPE layered structure is always

less than the shear velocity of BG wave in the fundamental vibrational mode which is the

required condition for the existence of BG wave. This proves the existence condition of

BG wave [22] (i.e., cBG < (cshear)layer < (cshear)half−space) in the considered structure and

hence, validate the results. Another prominent observation that can be obtained from

Fig. 6.3 a) is the range of the critical frequencies of the wave in the considered structure

for both circuit conditions. For EO condition, the critical frequency lies in 3 × 1011 Hz

< f < 3.5×1011 Hz while for ES condition, it lies in 2.5 × 1011 Hz < f < 3 ×1011 Hz.

As the critical frequency of propagating wave is sensitive to nonlocality, consequently it is

worthwhile to study the influence of this parameter on the characteristics of propagating

wave in the considered structure. Thus, to explore the effect of nonlocality on the critical

frequency the graphical representations are made between phase velocity and frequency

for open and short conditions as Figs. 6.4 a) and 6.4 b), respectively. It is concluded

that with the increase in the NL parameter the critical frequency decreases. This can be

explained by the fact that the presence of the nonlocality leads to the tendency towards

a smaller stiffness of the PE material, and hence, decreases the linear frequencies. As a

prominent exploration, it can be observed from Figs. 6.5 a) and 6.5 b) that in the absence

of nonlocality from the media there do not exist critical frequencies and their phase velocity

remain constant with frequency as can be seen from the dispersion curve plotted for local

case (i.e. Υ = 0). For EO and ES conditions the constant phase velocity is approximately

equal to 2000 m/s.

To explore the effect of PE material parameters on the wave propagation Figs. 6.6, 6.7, and

6.8 are plotted. These figures present decreasing/enhancing impact of material parameters

on the phase velocity of BG wave plotted against penetration depth. Figs. 6.6 a) and 6.6

b) indicate the effect of elastic stiffness constant (cn44) on the phase velocity considering

different values of cn44 . From the figures, it is deduced that cn44 has an enhancing effect on

the phase velocity of the wave. Similarly, from Figs. 6.7 a) and 6.7 b), it can be noted that

PE constant (dn15) also favors the phase velocity of the propagating wave while observing

the Figs. 6.8 a) and 6.8 b), it can be remarked that the increase in dielectric constant (ϵn11)

leads to a decrease in phase velocity of the wave.

6.7.1 Electromechanical coupling factor (K2
e)

The electromechanical coupling factor (K2
e ) can be calculated from (4.5.1). From Fig. 6.9

a) it is found that K2
e = 0.95% (approx) in the beginning and then it decreases with the

further increase of penetration depth for both the values of kλ = 2π and kλ = 3π. For
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kλ = 2π, the value of K2
e is more as compared to kλ = 3π. To capture the effect of

nonlocality parameter on K2
e , Fig. 6.9 b) is plotted and it can be seen that as the values of

nonlocality parameter is increasing, K2
e is decreasing. Thus, nonlocality has suppressing

effect on the K2
e .

6.7.2 Group velocity

The group velocity curve of the wave can be calculated from the formula (4.5.2). It is

reported from Figs. 6.10 a) and 6.10 b) that the phase velocity of the BG wave is more

than the group velocity of the wave, for both open and short circuit conditions. Thus, the

dispersion relation is normal for both circuit conditions. Further to explore the effect of

nonlocality on the group velocity, Figs. 6.11 a) and 6.11 b) are plotted and it is seen that

the presence of nonlocality decreases the group velocity of BG wave for both open and

short circuit conditions.

6.7.3 Result validation

For validation of results, the dispersion relations obtained for EO (6.5.1) and ES conditions

(6.5.2) in the absence of nonlocality, are plotted as Figs. 6.11 a) and 6.11 b). Various PE

materials are considered viz., LiNbO3, LaTiO3, BaTiO3, PZT−4 and PZT−5H (material

constant values are provided in Table 6.1). The graphical illustrations obtained for phase

velocity against penetration depth for different PE materials are similar to the graphs

obtained by Abd-alla and Asker [2], for EO and ES conditions, thereby exemplifying the

validation of obtained results.
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Figure 6.2: (a) Shear velocity (f2) versus frequency (f), (b) Shear velocity (f2) versus
frequency (f) for varying values of nonlocality parameter (Υ).
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Figure 6.3: (a) Dispersion curves of c versus frequency for open circuit condition and
short circuit condition (enclosed as subfigure), (b) Dispersion curves of c against

penetration depth hn/λ for open (thick solid line) and short circuit conditions (thick
dashed line).
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Figure 6.5: Dispersion curves of c versus frequency for varying values of nonlocality
parameter Υ.
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Figure 6.6: Dispersion curves of c versus hn/λ for varying values of elastic stiffness
constant (cn44).
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Figure 6.7: Dispersion curves of c versus hn/λ for varying values of PE constant (dn15).
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Figure 6.8: Dispersion curves of c versus hn/λ for varying values of dielectric constant
(ϵn11).
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Conclusions

Following are the pertinent outcomes of this work.

� The dispersion relations are dependent on the nonlocality parameter for both EO

and ES conditions thereby exemplifying the significance of NL effects on the phase

velocity of propagating BG wave.

� The propagating BG wave faces a critical frequency due to the presence of NL param-

eter in the media and cease to propagate beyond the corresponding critical frequency.

� Nonlocality has a decaying effect on the critical frequency.

� In the absence of nonlocality in the media there do not exist critical frequency and

the phase velocity attains a constant value for the high frequency range.

� Elastic stiffness constant and PE constant has an enhancing effect on the phase

velocity and the dielectric constant has a decaying effect on the phase velocity of the

BG wave.

� Phase velocity for EO case is greater than that of an ES case.

� The dispersion relation appears ‘normal’ as the phase velocity is greater than the

group velocity of the wave in the considered structure.

� Nonlocality parameter disfavors the group velocity of the BG wave. An increase in

NL parameter leads to a decrease in the group velocity of the BG wave.
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Physical applications and future scope

Physical applications

� Love wave biosensors can be used to measure a huge number of biological substances

(analytes) with significant sensitivity and accuracy. These sensors have numerous

applications in biology, chemistry, healthcare, defense, environmental monitoring,

and medicine (clinical practice). These surface waves employing in biosensors have

a huge potential.

� The basic principle of SAW devices depends on the phase delay. PE/PM materials

are able to create an entanglement of the wave, which lowers the phase velocity of

the propagating wave and enhances the sensitivity of the Love wave sensors.

� For further optimization high-intensity PE/PM materials can be considered. These

features aid in the confinement of waves for a longer period which leads to high

sensitivity of the device.

� Extremely thin PE/PM sensors (called thin films) have numerous applications found

in medical devices, weapon detection, and data storage.

Future scope

Many crystals and advanced composite materials are capable of offering simultaneous PE,

PM, and magnetoelectric (ME) effects and are classified as magnetoelectroelastic mate-

rial. These materials offer numerous opportunities for the advancement in intelligent or

smart structures as these materials are capable of responding to internal or external envi-

ronmental changes. Till now we have examined the size-dependency effects in structures

comprising of either PE material or PM material only. So in the future we are planning to

analyze size-dependency effects in structures involving appearance of magnetoelectroelastic

media and capture the magnetoelectric effects also.
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