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Abstract 
 As wavelets are a mathematical tool they can be used to extract information from many 
different kinds of data, including - but certainly not limited to - audio signals and images. Sets of 
wavelets are generally needed to analyze data fully. A set of "complementary" wavelets will deconstruct 
data without gaps or overlap so that the deconstruction process is mathematically reversible. Thus, sets 
of complementary wavelets are useful in wavelet based compression/decompression algorithms where 
it is desirable to recover the original information with minimal loss. 

 More technically, a wavelet is a mathematical function used to divide a given function or 
continuous-time signal into different scale components. Usually one can assign a frequency range to 
each scale component. Each scale component can then be studied with a resolution that matches its 
scale. A wavelet transform is the representation of a function by wavelets. The wavelets are scaled and 
translated copies (known as "daughter wavelets") of a finite-length or fast-decaying oscillating 
waveform (known as the "mother wavelet"). Wavelet transforms have advantages over traditional 
Fourier transforms for representing functions that have discontinuities and sharp peaks, and for 
accurately deconstructing and reconstructing finite, non-periodic and/or non-stationary signals.  

Wavelets have certain mathematical properties. In this thesis, we determine some mathematical 
properties like approximation order, Holder’s regularity, Sobolov regularity and their support length. The 
wavelets studied are LeGall 5/3, Daubechies 9/7, DB2, DB4, DB6, DB8 and DB10.  
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FIR Finite Impulse Response 
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Chapter   1 

Introduction 

There are a number of ways to decompose a signal. Fourier transform is one of them. Fourier 
transform of a function f(t) is given by 






 .)()( dtetfF ti  

As integration is an averaging operation.  Therefore Fourier transform is an “average” analysis, 
where the averaging interval is all of time. Thus by looking at a particular Fourier transform, we 
can say that, for example, that there is a large component of frequency 10 kHz in a signal, but we 
can’t tell when in time this component occurred. Another way of saying this is that Fourier 
analysis provides excellent localization in frequency and none in time. The converse is true for 
the time function f(t), which provides exact information about the  value of the function at each 
instant of time but does not directly provide spectral information. It should be noted that both f(t) 
and )(F represent the same function, and all the information is present in each representation. 
However, each representation makes different kinds of information easily accessible. 

If we have a very nonstationary signal, we would like to know not only the frequency 
components but when in time the particular frequency components occurred. One way to obtain 
this information is via the short-term Fourier transform (STFT). With the STFT, we break the 
function f(t) into pieces of length T and apply Fourier analysis to each piece. This way, we can 
say, for example, that a component at 10kHz occurred in the third piece- that is, between time 2T 
and time 3T. Thus, we obtain an analysis that is a function of both time and frequency. If we 
simply chopped the function into pieces, we could get distortion in the form of boundary effects. 
In order to reduce the boundary effects, we window each piece before we take the Fourier 
transform. If the window shape is given by g(t),the STFT is formally given by 

                                                   





 dtetgtfF ti )()(),(  

The problem with the STFT is the fixed window size. If we have a set of functions in which the 
number of cycles is constant, but the size of window keeps changing. The number of cycles of 
the sinusoid in each window is the same, as the size of the window gets smaller, these cycles 
occur in a smaller time interval i.e. the frequency of the sinusoid increases. Further the lower 
frequency functions cover a longer time interval, while the higher frequency functions cover a 
shorter time interval, thus avoiding the problem that we had with the STFT. If we can write our 
function in terms of these functions and their translates, we have a representation that gives us 
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time and frequency localization and can provide high frequency resolution at low frequencies 
(longer time window) and high time resolution at high frequencies (shorter time window). This is 
the basic idea behind wavelets. [1] 

 

 

 

 

 

                              Figure 1.1 Three wavelet basis functions  

 

1.1 Discrete-Time Bases 

We would like to carry over the elements of linear algebra in finite dimensions to infinite-
dimensional signals [2]. A basic question is to determine whether a sequence of signals         

)(( n ) 
n  is a basis, that is, if all signals x can be written uniquely as 

(1.1)                                                               x = 
n

n
nc )( , 

For some numbers (c )(n ). Here we encounter a problem not present in finite dimensions. The 

series expansion involves an infinite number of terms, and this series must converge. It turns out 
that we can not find a basis for all signals and we will here restrict ourselves to those with finite 
energy. Then, we can carry over all the concepts from finite-dimensional vector spaces in a fairly 
straightforward way. 

1.1.1 Convergence and Completeness 

To discuss convergence we need a measure of the size of a signal. The norm of a signal provides 
us with such a measure. Just as in finite dimensions there are different norms, but the one we will 
use is the energy norm, 

x  = (
k

kx ²) 2/1  
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A vector space equipped with a norm is called a normed space. Now, a sequence of signals        
(x )(n ) 

1n  is said to converge (in the energy norm) to x if 

xx n )(   0,   as  n  . 

Accordingly, the equality in (1.1) means that the sequence of partial sums 

s )(N  = 


N

Nn

n
nc )( , 

is convergent with limit x, that is, xs N )(  0, as N .  

Remark . In the definition of convergence we assumed that we had a candidate for the limit of 
the sequence. It would be convenient to have a definition, or test, of convergence that does not 
involve that limit explicitly. A fundamental property of the real and complex number system is 
that a sequence of numbers is convergent if and only if it is a Cauchy sequence. In a general 

normed space, a sequence       (x

1

)( ) n
n

  is a Cauchy sequence if for all >0 there is an N such 
that 

 )()( mn xx  ,   for all n, m > N.  

Loosely speaking, a Cauchy sequence is a sequence where the vectors are getting closer and 
closer together, or a sequence that is trying to converge. In a general normed space all Cauchy 
sequences does not have to converge. An example is Q , the set of all rational numbers. A 
normed space where all Cauchy sequence are convergent is called a Banach space, or a complete 
normed space. The finite dimensional vector space R n and C n are complete. The space of all 
signals with finite energy, 

2  (z) = {x : ZC| x  <  }, 

is also complete. In this chapter we will assume that all signals are contained in this space. 

  

1.1.2 Hilbert Spaces and Orthogonal Bases 

Just as in finite dimensions, it is convenient to work with orthogonal bases. To discuss 
orthogonality we need to impose further structure on our space 2 (z), by defining an inner 
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product between two vectors. The inner product between two signals x and y in 2 (z) is defined 
as  

yx,  = 
k

kk yx . 

Convergence of this infinite sum follows  from the Cauchy-Schwarz inequality, 

yx,    x  y . 

Note that we now can write the norm of  x   2 (z) as 

                                                               
2x  = xx, . 

A complete space with an inner product is called a Hilbert space. We have only looked at the 
particular Hilbert space R n , C n , and  2 (z) so far. 

We now have all the tools necessary to define orthonormal bases for our signals. First, recall 
definition (1.1) of a basis. A basis ( 

n
n ))(  is orthonormal if  

)()( , kj   = 




,0
,1

    







kj
kj

 

For an orthonormal basis the coordinates of a signal x are given by 

(1.2)                                                                 c n  =  )(, nx  . 

It follows that the signal can be written as 

(1.3)                                                               x = 
n

nx )(, )(n . 

Equation (1.2) is referred to as an analysis and equation (1.3) as a synthesis of the signal x, 
respectively. 

1.2 The Discrete-Time Haar Basis 

How do we find bases for our space 2 (z), and what properties do we want these bases to have? 
Usually we want the basis function to be well localized both in time and in frequency. The 
coordinates of a signal in the basis will then provide a measure of the strength of the signal for 
different time and frequency intervals. We will construct bases starting from two prototype basis 
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functions and their even translates. These bases are further characterized by the fact that the 
coordinates in the new basis can be computed using a filter bank. This is another important 
property, since it means that the coordinate transformation can be computed efficiently. 

1.2.1 The Basis Functions 

The discrete- time Haar basis [2] is an example of the special class of orthogonal bases that are 
related to filter banks. These orthogonal bases are characterized by the fact that they are formed 
as the even translates of two prototype basis functions φ and ψ. For the Haar basis these two 
functions are given by, 

φ(k) = 




0
2/1    





otherwise
k 1,0

 

and      (k) = 











0

2/1

2/1

    










otherwise
k
k

1
0

 

  The basis functions (φ )(n ) are now formed as the even translates of these two prototypes (see 
figure 1.2). 

                                               

)2( n
k  = nk 2   and        .2

)12(
nk

n
k 

   

The coordinates of a signal x in this new basis are consequently, 

(1.4)                                y )(
2

1, 122
)2(

2
)0(

 nn
n

nn xxxc  , 

                                     y )(
2

1, 122
)12(

12
)1(




  nn
n

nn xxxc  , 

in other words, weighted averages and difference of pairwise values of x. 

Another way of interpreting this is to say that we take pairwise values of x, and that rotate the 
coordinate system in the plane (R²) 45 degrees counter-clockwise. Here, we have also introduced 
the sequences y )0(  and y )1( consisting of the even- and odd-indexed coordinates, respectively. 
The basis functions is an orthonormal basis of )(2 Z and we can therefore reconstruct 
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)0(

k                                   
)2( n

k                      

         0           1                                     2n         2n+1           k  

       

         
)1(

k                               
)12( n

k                  

        0        1                                       2n            2n+1        k  

 

 

              Figure 1.2:  The discrete-time Haar basis. 

the signal values as 

x k  = 
n

n
knc )(  

(1. 5)                                                  =   
n n

n
kn

n
kn yy )12()1()2()0(   

                                                          =    
n n

nknnkn yy .2
)1(

2
)0(   

1.2.2 Analysis 

We will now show how we can use a filter bank to compute the coordinates in (1.4). If we define 
the impulse responses of two filters H and G as  

                                                 h k  = φ k  and g k  = ψ k , 

and if we let h* and g* denote the time-reverses of these filter, we can write the inner products in 
(1.4) as a convolution, 

                                                            y )0(
n  =     

k k k
knknkk

n
kk hxhxx 22

)2( *  

                                                                   = (x h*) n2 .  
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Similarly, we get y )1(
n = (x g*) n2 . 

The conclusion is that we can compute y )0(  and y )1( by filtering x with  and , respectively, and 
then downsampling the output of these two filters (see figure 1.3). downsampling removes all 
odd-indexed values of a signal, and we define the downsampling operator (↓ 2) as 

                                                            (↓2)x = ,....),,(...., 202 xxx . 

Thus, we have                                   y )0( = (↓2)  x, and y )1(  = (↓2)  x. 

Here,  and  denotes the low and highpass. These two filters are non-causal since their impules 
responses are the time-reverses of causal filters. This is not necessarily a problem in applications, 
where the filters can always be made causal by delaying them a certain number of steps; the 
output is then delayed an equal number of steps. 

 

                                                              

  x                                                             

                         

 Figure  1.3:  The analysis part of a filter bank. 

1.2.3 Synthesis 

So far we have seen how we can analyze a signal, or compute its coordinates, in the Haar basis 
using a filter bank. Let us now demonstrate how we can synthesize, or reconstruct, a signal from 
the knowledge of its coordinates. From the definition of the filters H and G, and from the 
reconstruction formula (1.5) we get 

                                             x k =    
n n

nknnkn yy 2
)1(

2
)0(   

                                                  =    
n n

nknnkn gyhy 2
)1(

2
)0(  

                                                 = ( kk gh )() )1()0(    

where  v )0(  = (↑ 2)y )0( and v )1(  = (↑ 2)y )1( .Here the upsampling operator (↑ 2) is defined as 

 

2
 

2
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                                           (↑ 2)y =  ,....,0,,0,...., 101  yyy . 

Hence, the signal x is the sum of to signals, 

                                           X = gh  )1()0(   

                                             = H ((↑2)y )0( ) + G((↑2)y )1( ) =: x )0(  + x )1( . 

The signals x )0(  and x )1(  are obtained by first upsampling y )0(  and y )1( , and then filtering the 
result with H and G, respectively; see figure 1.4. on the other hand, if we look back at the 
reconstruction formula (1.5), we can write x as 

                                         x = x )0(  + x )1(  

                                           = 
n

nx )2(,  )2( n +  

n

nx )12(,  )12( n  

which means that x )0(  and x )1( are the orthogonal projection of x onto the subspaces spanned by 
the even and odd basis functions, respectively. 

y )0(                                              x )0(   

 
 
y )1(                                               
                                                   x )1(  
 
 Figure  1.4:  The synthesis part of a filter bank. 
 
1.3 The Subsampling Operators 
In this section we study the effect of down- and upsampling on a signal Specifically, we arrive at 
formulas for how the z- and fourier transform of a signal change, when the signal is subsampled. 

1.3.1 Downsampling 

The downsampling operator (↓ 2) removes all odd-indexed values of a signal and is consequently 
defined as 

                                              (↓ 2)x =  ,....,,...., 202 xxx . 

If we let y = (↓ 2)x we have y k  = x k2 , and in the z-domain we get  

2
 

H 

2
 

G 


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                                            Y(z) = 
2
1 [X(z 2/1 ) + X(-z 2/1 )]. 

The corresponding relation in the frequency domain is  

                                           Y(ω) = 
2
1 [X 








2
  + X 






  

2
] 

From these relations we see that we get an alias component in the spectrum of y from the term 
X(ω/2+π). The filters before the upsampling operators will reduce this alias effect and if the 
filters are ideal low- and highpass filters, respectively, the alias component will be completely 
deleted. 

1.3.2 Upsampling 

The upsampling operator (↑ 2) inserts a zero between every value of a signal, 

                                              (↑ 2)y =  ,....,0,,0,...., 10)1( yyy  . 

If we let u = (↑ 2)y it is easy to verify that  

(1.7)                                    U(z) = Y(z²), 

and for the fourier transform we get 

                                           U(ω) = Y(2ω). 

The spectrum U(ω) of u is thus a dilated version of Y(ω) by a factor two. This will result in the 
appearance of an image in U(ω). The low- and highpass filters after the upsampling reduce the 
effect of the image, and if the filters are ideal low- and highpass filters the image will be 
completely deleted. 

1.3.3 Down- and Upsampling 

By combining the results from the previous two sections, we obtain a relation between a signal x 
and the down- and upsampled signal 

                                        u = (↑ 2) (↓ 2)x =  ,....,0,,0,...., 202 xxx . 

In the z-domain we have 

                                       U(z) =
2
1 [X(z)+X(-z)], 
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and in the fourier domain 

                                      U(ω) = 
2
1 [X(ω)+X(ω+π)]. 

 

1.4 Perfect Reconstruction 

Above we studied the Haar basis which is an example of a special type of discrete-time bases. 
These bases were characterized by the fact that they were formed as the even translates of two 
prototype basis functions. We saw how low- and highpass filters, followed by downsampling, in 
the analysis part of a filter bank gave us the coordinates of the signal in the new basis. Similarly, 
upsampling followed by low- and highpass filters gave us the expansion of the signal in the new 
basis. 

A filter bank consists of an analysis and a synthesis part as depicted in Figure 1.4. The goal is to 

find conditions on the low- and highpass filters so that the output 


x  equals to the input x. This is 

called perfect reconstruction. For a general filter bank, the impulse responses of the low- and 
highpass filters in the synthesis part equals two prototype basis functions in a corresponding 
discrete-time basis. If the basis is orthogonal, the analysis filters are the time-reverses of the 
synthesis filters. More generally, we can have a biorthogonal basis, and then the analysis filters 
are denoted as H~ and G~ . 

 

                                                                               y )0(                                                   x )0(  

                                                                                                                                                         

X                                                                                                                                                                                                                         

 

                                                                               y )1(                                                   x )1(  

Figure  1.5:  Filter bank. 

 

H~  

G~  

2  

2
 

H 

G 

2  

2
 

+ 
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1.4.1 Reconstruction Conditions 

The results of the previous section for the down- and upsampling give us the following 
expressions for the z-transform of x )0(  and x )1(  

                                                          X )0( (z) = 
2
1 H(z) [X(z) H~ (z) + X(-z) H~  (-z)] 

                                                         X )1( (z) = 
2
1 G(z) [X(z)G~  (z) + X(-z) )G~  (-z)]  

Adding these together, we obtain an expression for the z-transform of x̂  

X̂  (z) = 
2
1 [H(z) H~  (z) + G(z)G~ (z)] X(z) + 

2
1 [H(z) H~  (z) + G(z) G~ (-z)] X(-z), 

where we have grouped the terms with the factor X(z) and X(-z) together respectively. 

From this we see that we get perfect reconstruction, that is x = x̂ , if the factor in front of X(z) 
equals one, and the factor in front of X(-z) equals zero. We thus get the following two conditions 
on the filters. 

(1.8)                                                   H(z) H~ (z) + G(z) G~ (z) = 2, 

(1.9)                                                   H(z) H~ (-z) + G(z) G~ (-z) = 0. 

The first condition ensures that there is no distortion of the signal, and the second condition that 
the alias component X(-z) is cancelled. These two conditions will appear again when we study 
wavelets. This is the key to the connection between filters banks and wavelets. Due to different 
normalizations, the right-hand side in the no distortion condition equals 1 for wavelets though. 

 

1.4.2 Alias Cancellation and the Product Filter 

At this stage we will define the highpass filters in terms of the lowpass filters, so that the alias 
cancellation condition (1.9) automatically is satisfied [2]. We let highpass filters equal 

(1.10)                                                  G(z) = z L H~  (-z),   and   (z) = z L H (-z), 

where L is an arbitrary odd integer.We will in most cases choose L = 1. Choosing the highpass 
filters in this way is a sufficient condition to ensure alias cancellation.  
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If we substitute the alias cancellation choice (1.10) into the no distortion condition (1.8), we get a 
single condition on the two lowpass filters for perfect reconstruction, 

                                                            H(z) H~ (z) + H(-z) H~ (-z) = 2. 

We now define the product filter P(z) = H(z) H~  (z), and this finally reduces the perfect 
reconstruction condition to 

(1.11)                                               P(z) + P(-z) = 2. 

The left hand side of this equation can be written as 

                                                         P(z) + P(-z) = 2p 0 + 2 n

n
n zp 2

2
 . 

From this we conclude that all even power in P(z) must be zero, except the constant term which 
should equal one. The odd powers all cancel and are the design variables in a filter bank. 

The design of a perfect reconstruction filter bank is that equation of finding a product filter P(z) 
satisfying condition (1.11). Once such a product filter has been found, it is factored in some way 
as P(z) = H(z) H~  (z). The highpass filters are then given by equation (1.10). 

 

1.4.3 Orthogonal Filter Banks 

In the first of this chapter, we saw that for orthogonal discrete-time bases the corresponding 
filters in the filter bank were related as 

                                                       H(z) = H~ (z) ,    and     G(z) = G~ (z) . 

Such a filter bank is consequently called orthogonal. For orthogonal filter banks, we can write 
the perfect reconstruction condition solely in terms of the synthesis lowpass filter H(z). The 
relation between the analysis and synthesis filters implies that 

                                                      P(z) = H(z) *~H (z) = H(z)H(z 1 ) , 

that is, the sequence p is the autocorrelation of h . In the fourier domain we have 

                                                     P    = H( )()  H = |H( 2|) 0 . 
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This means that P(ω) is even and real-valued. Orthogonality thus implies that the coefficients in 
the product filter must be symmetric, that is, nn pp  . In the fourier domain we can now write 
the perfect reconstruction condition (1.11) as 

(1.12)                                         |H( 2|)(||) 22   H . 

This condition will appear again when we study orthogonal wavelet bases. As we mentioned 
earlier, the only difference is that for wavelets the left-hand side should equal 1. 

 

1.4.4 Biorthogonal Bases 

Recall that an orthogonal filter bank could be seen as a realization of the expansion of a signal 
into a special type of discrete-time basis. This basis was formed by the even translates of two 
basis function φ and ψ, where φ kk h  and ψ kk g . And we had 

                                                  x = )12()12()2()2( ,,   n

n

nn

n

n xx   , 

where φ nk
n

k 2
)2(

    and φ nk
n

k 2
)12(


  .Now, a biorthogonal filterbank corresponds to the 

biorthogonal expansion 

                                                x = )12(12()2()2( ,,   n

n

n

n

nn xx  , 

Here,  nk
n

2
)2(

   and kkkknk
n

k gandh  
  ;2

)12( . 

1.4.5 Design of Filter Bank   

The discussion in the previous section showed that the construction of a perfect reconstruction 
filter bank can be reduced to the following three steps [2]: 

1. Find a product filter P(z) satisfying P(z)+P(-z) = 2. 
2. Factor, in some way, the product filter into the two lowpass filters, 

 P(z) = H(z) H~  (z) 

3. Define the highpass filter as 
              G(z) = z ),(~ zHL        and       G~ (z) = z )( zHL  , 

             where L is an arbitrary odd integer. 
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The coefficient in the product filter satisfies p 10  and p 02 n . In an orthogonal filter bank we 

also have the symmetry condition p nn p  . The simplest example of such a product filter came 
from the Haar basis, where 

                                                       P(z) = )2(
2
1 1 zz . 

The question is now to find product filters of higher orders. Such product filter would, in turn, 
give us low- and highpass filters of higher orders, since P(z) = H(z) *~H  (z) . There are usually 
several different ways to factor P(z) into H(z) and *~H  (z) . For an orthogonal filter bank we have 
H(z) = H~ (z), and in the more general case we have a so-called biorthogonal filter bank. 

In this section we will describe how to construct one family of product filters discovered by the 
mathematician Ingrid Daubechies. There are other types of product filters, (which define several 
families of wavelet bases). 

 

1.4.6 The Daubechies Product Filter 

In 1988, Daubechies [3] proposed a symmetric product filter of the following form 

                                              P(z) = ),(
2

1
2

1 1

zQzz
N

NN








 






  

 

Where Q )(zN  is a symmetric polynomial with 2N-1 powers in z, 

                                            Q N
N

N
NN zazaazazaz 




  1
1

1
101

1
1 ......)( . 

The polynomial Q N (z) is chosen so that P(z) satisfies the perfect reconstruction condition, and it 
is unique. 

So far, no conditions have actually stated that H and H~  should be lowpass filters, or that G and  
should be highpass filters. But we see that the Daubechies product filter is chosen so that P(z) 
has a zero of order 2N for z = -1, that is, P(ω) has a zero of order 2N for ω = π. This means that 
P(z) is the product of two lowpass filters. As we will see when we present the wavelet theory, the 
number of zeros are related to the approximation properties of wavelet bases. This is where the 
theory of wavelets has influenced the design of filter banks. There is nothing in the discrete-time 
theory that suggest why there should be more than one zero at z = -1 for the lowpass filters. 
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Let us illustrate with two examples. 

Example 1.1. For N = 1 we obtain the product filter for the Haar basis,  

                                                        P(z) = )(
2

1
2

1
1

1

zQzz







 






  

. 

Here the condition p 0  = 1 implies Q 2)( 01  az  and we have 

                                                       P(z) = )2(
2
1 1 zz . 

Example 1.2. For N = 2 we get the next higher-order product filter 

 

                                                           P(z) = ).(
2

1
2

1
2

212

zQzz







 






  

 

Here Q 1
1012 )(  zaazaz , and if we substitute this expression into P(z) and simplify we get  

P(z)=           3
1

2
10

1
101010

2
10

3
1 47486744

16
1   zazaazaaaazaazaaza  

The perfect reconstruction condition p 10 and p 02 give the linear system   

                                                          











04
1686

10

10

aa
aa

 

With solution a 40  and a 1 = -1.We then have 

                                                         P(z) =  313 9169
16
1   zzzz . 

1.4.7 Factorization 

Let us first assume that we want to construct an orthogonal filter bank using the symmetric 
Daubechies product filter. Then, since P(z)  = H(z) H(zˉ¹), we know that the zeros of P(z) always 
come in pairs as z k  and  z 1

k  . when we factor P(z) we can, for each zero z k , let either (z- z k ) or 

(z - z )1
k be a factor of H(z). If we always choose the zero that is inside or on the unit circle, |z k | 

≤ 1, then H(z) is called the minimum phase factor of P(z). 
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Now, suppose we also want the filter H(z) to be symmetric. Then the zeros of H(z) must come 
together as z k  and  z 1

k . But this contradicts the orthogonality condition except for the Haar 
basis, where both zeros are at z = -1. Thus orthogonal filter banks can not have symmetric filters. 

In a biorthogonal basis, or filter bank, we factor the product filter as P(z) = H(z) H~ (z).  There are 
several ways of doing so, and we then obtain several different filter banks for a given product 
filter. In most cases, we want the filter H(z) and H~ (z) to be symmetric, unless we are designing 
an orthogonal filter bank, that is. 

Finally, since we want both H(z) and H~ (z) to have real coefficients, we always let the complex 
conjugate zeros z k  and z k belong to either H(z) or H~ (z). 
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Chapter   2  

Multiresolution Analysis 

This chapter is devoted to the concept of Multi-Resolution Analysis(MRA) [6].As the name 
suggests, the basic idea is to analyze a function at different resolutions, or scales. Wavelets enter 
as a way to represent the difference between approximations at different scales. 

We begin this chapter with the definition of scaling functions, multiresolution analysis and 
wavelets.Thereafter, we study orthogonal system.   

2.1 Scaling Functions and Approximation 
The central idea in a multiresolution analysis (MRA) is to approximate functions at different 
scales, or levels of resolution. These approximations are provided by the scaling function, which 
is sometimes also called the approximation function. 

2.1.1 The Haar Scaling Function 

The Haar scaling function is the simplest example; it is defined by 

                                        




0
1

)(t



.
,10

otherwise
tif

 

With this scaling function, we get piecewise constant approximations. For instance, we can 
approximate a function f with a function f 1  that is piecewise constant on the intervals 
(k/2,(k+1)/2); k Z . This function can be written as  

(2.1)
                                

 
k

k ktstf ).2()( ,11   

This should be obvious since )2( kt   equals 1 on (k/2,(k+1)/2) and 0 otherwise. The subspace 
of functions in L² (R) of the form 2.1 is denoted V 1 . The coefficients (s k,1 ) may be chosen as the 

mean values of f over the intervals (k/2,(k+1)/2),  

                                         
 




2/)1(

2/,1 .)2()(2)(2
k

kk dtkttfdttfs   

The approximation (2.1) is in fact the orthogonal projection of f onto V 1 having the ON basis    

{2 )2(2/1 kt  }. For notational convenience, the factor 2 2/1  is included in s k,1 .  
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The coefficients (s k,1 ) could also be chosen as the sample values of f at t = k/2, s k,1  = f(k/2). 

We may approximate f on twice a coarser scale by a function f 0 , that is piecewise constant on 
the intervals (k,k+1), 

(2.2)                              )(0 tf  
k

k kts ).(,0   

If the coefficients (s k,0 ) are chosen as mean values over the intervals (k,k+1), it is easy to verify 

the relation,               
 

).(
2
1

12,12,1,0  kkk sss  

The linear space of the functions in (2.2) is denoted V 0 . More generally, we can get piecewise 

constant approximations on intervals ))1(2,2(  kk jj , jZ, with the function of the form 

                                    
 

k

j
kjj ktstf ).2()( ,   

The corresponding linear space of functions is denoted V j . The spaces V j are referred to as 

approximation spaces at the scale 2 j . 

2.1.2 The Definition of Multiresolution Analysis 

A disadvantage with the Haar scaling function is that it generates discontinuous approximations. 
Another scaling function is the hat function  

                                   











0
1
1

)( t
t

t










.
,10

,01

otherwie
tif

tif
 

Taking linear combinations of )( kt  as in (2.2) gives continuous, piecewise linear 
approximations. 

The approximation spaces V j in this case consist of continuous functions that are piecewise 

linear on the intervals ))1(2,2(  kk jj . This will often give better approximations compared to 
the Haar scaling function. 

We now put forward a general framework for the construction of scaling functions and 
approximation spaces. This is the notion of a multiresolution analysis. 
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Definition 2.1. A multiresolution analysis (MRA) is a family of closed subspaces V j of L² (R) 

with the following properties: 

1. 1 jj VV  for all ,Zj  

2. 1)2()(  jj VtfVtf for all ,Zj  

3. jj V  is dense in L²(R), 

4. },0{jj V  

5. There exists a scaling function ,0V such that )}({ kt   is a Riesz basis for 0V . 

The first condition just states that function in V 1j contain more details than function in V j : in a 

certain sense, we add information when we approximate a function at a finer scale. The second 
condition says that  V 1j  approximates functions at twice a finer scale than V j , and also gives a 

connection between the spaces V j .The fifth condition requires the approximation spaces to be 

spanned by scaling functions. Let us introduce the dilated, translated, and normalized scaling 
functions                      ).2(2)( 2/

, ktt jj
kj    

After a scaling by 2 j , it is easy to see that for fixed j, the scaling functions constitute a Riesz 
basis for V j . Thus, every f jj V can be written as 

(2.3)              
                


k

kjkjj tstf ).()( ,,   

The reason for the factors 2 2/j is that all scaling functions have equal norms,  kj,  . The 

remaining two conditions are of a more technical nature. They are needed to ensure that the 
wavelets, which we will introduce soon, give a Riesz basis for L² (R) . The third basically says 
that any function can be approximated arbitrarily well with a function f jj V , if we just choose 

the scale fine enough. This is what is meant by density. Finally, the fourth condition says, loosely 
speaking, that the only function that can be approximated at an arbitrarily coarse scale is the zero 
function. 

2.1.3 Properties of the Scaling Function 

The definition of MRA imposes quite strong restrictions on the scaling function. In addition, 

there are some other properties we want the scaling function to have. It should be localized in 

time, which means a fast decay to zero as t , preferably. It should have compact support, 
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that is, be zero outside a bounded interval. This localization property ensures that the coefficients 

)( ,kjs  in the approximations (2.3) contain local information about f. Note that the scaling 

functions we have seen so far, the Haar and hat scaling functions, both have compact support. 

We further want the scaling function to have integral one, 

(2.4)                                      



 .1)( dtt  

This condition has to do with the approximation properties of the scaling function. 

Let us now return to the definition of MRA and see what it implies for the scaling function. 
Since the scaling function belongs to V 0 , it also belongs to V1 , according to condition 1. Thus , 
it can be written as 

(2.5)                                        
k

k ktht ),2(2)(   

for some coefficients (h k ). This is the scaling equation. Taking the Fourier transform of the 
scaling equation gives us  

 



k

ikw
kehwH

where
wwHw

.)(
,

)2/(ˆ)2/()(ˆ)6.2( 
 

Letting   = 0 and using ,1)0(ˆ  we get H(o) =   ,1kh and we see that the coefficients (h k ) 

may be interpreted as an averaging filter. In fact, as we will letter see, also H( ) = 0 holds, and 
thus H is a lowpass filter. It can be shown that the scaling function is uniquely defined by this 
filter together with the normalization (2.4). As a matter of fact, repeating (2.6) and again using  

,1)0(ˆ  yields (under certain conditions) the infinite product formula 

(2.7)                                   
 





0

).2/()(ˆ
j

jwHw  

The properties of the scaling function are reflected in the filter coefficients (h k ), and scaling 
functions are usually constructed by designing suitable filters. 

Example 2.1. The B-spline of order N is defined by the convolution 
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                                       S ),(...)()( tXtXtN       (N factors) 

where X(t) denotes the Haar scaling function. The B-spline is a scaling function for each N. The 
translated functions S N (t-k) gives N-2 times continuously differentiable, piecewise polynomial 
approximations of degree N-1. The cases N = 1 and N = 2 corresponds to the Haar and the hat 
scaling functions, respectively. When N grows larger, the scaling functions become more and 
more regular, but also more and more spread out. 

Example 2.2. The sinc function 

                                     
,sin)(

t
tt


   

is another scaling function. It does not have compact support, and the decay as t  is very 
slow. Therefore, is it not used in practice. It has interesting theoretical properties though. 

It is in a sense dual to the Haar scaling function, since its Fourier transform is given by the box 

function                          





0
1

)(ˆ w




otherwise
wif 

 

It follows that every function in V 0  is band-limited with cut-off frequency  . In fact, the 
Sampling Theorem states that every such band-limited function f can be reconstructed from its 
sample values f (k) via   

k
ktckftf ).(sin)()(  

Thus, V 0  equals the set of band-limited functions with  cut-off frequency  . The V j spaces, by 

scaling, become the set of functions band-limited to the frequency bands (-2  jj 2, ). 

 

2.2 Wavelets and Detail Spaces 

We will now turn to a description of the difference between two successive approximation 
spaces in a multiresolution analysis: the wavelet or detail spaces. 

2.2.1 The Haar Wavelet 

A multiresolution analysis allows us to approximate functions at different levels of resolution. 
Let us look at the approximations of a function f at two consecutive scales, f 00 V  and f 11 V . 

The approximation f 1 contains more details than f 0  and the difference is the function  
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                                                .010 ffd   

We return again to the Haar system. Here, f 1 is piecewise constant on the interval (k/2, (k+1)/2) 
with values s k,1 , and f 0  is piecewise constant on the intervals (k,k+1) with values s k,0 that are 

pairwise mean values of the s k,1 : s 

(2.8)                                     ).(
2
1

12,12,1,0  kkk sss  

We have plotted the function d 0  in the Haar system. It is piecewise constant on the intervals (k/2, 

(k+1)/2) so d 0 1V . Let us consider the interval (k,k+1) . 

Denote d 0 : s value on the first half by w k,0 .The value on the second half is then -w k,0 and they 

both measure the deviation of f 1 from its mean value on the interval (k,k+1): 

(2.9)                                             ).(
2
1

12,12,1,0  kkk ssw  

The Haar wavelet is defined by 

                                                    








0

1
1

)(t











otherwise
tif

tif
12/1
2/10

 

Using this wavelet we can write d 0 as 

(2.10)                                         
k

k ktwtd ),()( ,00   

with wavelet coefficients (w k,0 ) at scale 1=2 0 . We want to generalize this to any MRA, and 

therefore make the following definition. 

Definition 2.2. For a general MRA, a function   is said to be a wavelet if the detail space 
W 0 spanned by the functions  (t-k) complements V 10 inV . By this we mean that any f 11 V can 

be uniquely written as f 1 = f 00 d , where f 00 V and d 00 w . We write this formally as 

V 001 WV  . Finally, we require the wavelet  (t-k) to be a Riesz basis for W 0 . 
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Note that the space W 0 need not be unique. However, the decomposition f 001 df    is unique, 

once the wavelet  (the space W 0 ) is chosen. However, if we require W 0 to be orthogonal to V 0 , 

then W 0  is uniquely determined. 

Example 2.3. When the scaling function is the hat function the wavelet can be chosen as the 
function in V 1 with values at the half-integers 

                                                               f(0) = 3/2, 

                                                              f(1/2) = f(-1/2) = -1/2, 

                                                             f(1) = f(-1) = -1/4. 

 In this case, V 0 and W 0 are not orthogonal. 

Example 2.4. For the sinc scaling function from Example 2.2, we choose the wavelet as 

                                                          




0
1

)(ˆ w




otherwise
wif  2

 

It is easy to see that  (t) = sinc 2t-sinct. This is the sinc wavelet. The space W 0 will be the set of 

function that are band-limited to the frequency band  2 w . More generally, the space W j  

will contain all function that are band-limited to the frequency band  2  12  jj w . 

2.2.2 Properties of the Wavelet 

The function   is sometimes called the mother wavelet. As with the scaling function, we want it 

to be localized in time. We also want it to have integral zero 
    ,0)( dtt  

or 0)0(ˆ  , and it thus has to oscillate. This is also referred to as the cancellation property and it 
is connected to having wavelets represent differences. The function   will be a wave that 
quickly emerges and dies off, hence the term wavelet (small wave). Since   1V  it can be 
written as  

(2.11)                                                      
k

k ktgt ),2(2)(   

for some coefficients (g k ). This is the wavelet equation. A Fourier transform gives  



Mathematical Properties of Wavelet Filters 

 

24 

 

 



.)(

),2/(ˆ)2/()(ˆ)12.2(

ikw
k egwG

where
wwGw 

 

using ̂  (0) = 1 and ̂ (0) = 0, We get that G(0) =  kg = 0. Thus the coefficients (g k ) can be 

interpreted as a difference filter. Later we will see that also G( ) = 1 holds, and G is in fact a 
highpass filter. The wave and all its properties are determined by this filter, given the scaling 
function. 

2.2.3 The Wavelet Decomposition 

The dilated and translated wavelets kj , are defined as   ).2(2)( 2/
, tkt jj
kj    

The detail spaces W j  are defined as the set of functions of the form  

(2.13)                                                   
k

kjkjj twtd ).()( ,,   

From definition 4.5 it follows that any 11 Vf   can be decomposed as 001 dff  , where 

00 Vf  is an approximation at twice are coarser scale, and 00 Wd  contains the lost details. After 

a scaling with j2 , we see that a function 11   jj Vf can be decomposed as jjj dff 1 , where 

jj Vf  and jj Wd  , that is, jjj WVV 1 . 

Starting at a finest scale j, and repeating the decomposition  jjj dff 1 , until a certain level 

0j , we can write any jj Vf  as  

 









1

0
,0,0,,

0021

).()(

)()(....)()()(
j

jj k k
kjkjkjkj

jjjjj

tstw

tftdtdtdtf


 

We can express this in terms approximation and detail spaces as  

                                                     ...... 0021 jjjjj VWWWV    

Using the fourth condition in the definition of MRA one can show that 0jf goes to 0 in L² when 

0j . The third condition now implies that, choosing j larger and larger, we can 
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approximate a function f with approximations jf that become closer and closer to f. Letting 

j therefore gives us the wavelet decomposition of f 

(2.14)                                       
kj

kjkj twtf
,

,, ).()(   

We have thus indicated how to prove that { kj , } is a basis for L²(R). However, it still remains to 

construct the highpass filter G determining the mother wavelet  . 

The decomposition  jjj WVV 1  above is not unique. There are many ways to choose the  

wavelet   and the corresponding detail spaces jW . Each such choice corresponds to a choice of 

the highpass filter G. There is a choice, which gives us an orthogonal system or orthogonal 

wavelet basis. This corresponds to choosing H and G as filters in an orthogonal filter bank.  

We conclude this section by looking at the wavelet decomposition in the frequency domain. We 

saw earlier that for the sinc scaling function, the jV spaces are the spaces of functions band-

limited to the frequency bands )2,0( j (actually ),2,2(  jj but we ignore negative frequencies 

to simplify the discussion). The detail spaces are the sets of band-limited functions in the 

frequency bands ).2,2( 1 jj The wavelet decomposition can in this case be seen as a 

decomposition of the frequency domain. For other wavelets, this frequency decomposition 

should be interpreted approximately, since the wavelet kj, have frequency contents outside the 

band ).2,2( 1 jj  

2.3 Orthogonal Systems 

In this section, the wavelet space W 0  is to be orthogonal to the approximation space V 0 . This means that 

we will get an orthogonal decomposition of V 1 into ,001 WVV   and ultimately we will arrive at an 
orthogonal wavelet basis in L²(R). 

2.3.1 Orthogonality Conditions 

The first requirement is that the scaling functions )( kt   constitute an orthogonal basis for V 0 , 
that is,  
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                                                                 



 .)()( ,lkdtltkt   

Using the scaling equation (2.5) we can transform this to a condition on the coefficients )( kh  

(2.15)                                                       
l

kkll hh .2/2   

We also require the wavelets )( kt   to form an orthogonal basis for W 0  

                                                              



 .)()( ,lkdtltkt   

Expressed in the coefficients )( kg this becomes V 0 must be orthogonal to functions in  

(2.16)                                                   
l

kkll gg .2/2   

Finally, functions in W 0 which is formally written as V 0 W 0 . Then the scaling functions 
)( kt  have to be orthogonal to each wavelet )( lt  : 

                                                            



 0)()( dtltkt  , for all k and l. 

For the filter coefficients this means that  

(2.17)                                                
m

lmkm gh .022  

All of the above orthogonality conditions can be transposed to an arbitrary scale. Using the scalar 
product notation we have 

                                                        
,, ,,, lkljkj    

                                                       
,, ,,, lkljkj    

                                                       
.0, ,, ljkj   

In other words, }{ ,kj  is an orthonormal basis for }{, ,kjjV  for ,jW  and .jj WV  The 

approximation jj Vf   of a function f can chosen as the orthogonal projection onto jV , which we 

denote by P .j It can be computed as 
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

k
kjkjjj ffpf ., ,,   

The detail jd  becomes the projection of f onto ,jW   

                                                  


k
kjkjjj ffQd ., ,,   

In terms of the filter functions )(H  and ),(G (2.15) – (2.17) becomes 

.0)()()()(

,1)()()18.2(

,1)()(
22

22













GHGH

GG

HH

 

Actually, these are the conditions on 2 H and 2 G to be low- and highpass filters in an 
orthogonal filter bank. This is a crucial observation, since construction of orthogonal scaling 
function and wavelet becomes equivalent with the construction of orthogonal filter banks. 

2.3.2 Characterizations in the Orthonormal Case 

As we now will see, orthogonal filter bank does not always lead to an orthonormal wavelet basis. 

First of all, the infinite product (2.7) has to converge. If it does converge, it need not produce a 
function in L². Consider, for example, the most simple low-pass filter ,kkh  the identity filter. 

Together with the high-pass filter ,1 kkg  this gives an orthogonal filter bank. It is called the 
lazy filter bank, since it does not do anything except splitting the input signal into even- and odd-
indexed samples. The filter function is )(H = 1, and the infinite product formula implies that 

.1)(ˆ  The scaling function is then the Dirac delta distribution, which is not even a function. 
Even if the product yields a function in L², we have to make sure that also conditions 3 and 4 in 
the definition of MRA are satisfied. An additional simple sufficient condition on the low-pass 
filter )(H , determining the scaling function, to satisfied 3 and 4 is )(H >0 for 2/  (and 

1)0(ˆ  ). 

Now we are about to give precise characterizations on scaling function and wavelets in an 
orthogonal MRA. All equations are to hold almost everywhere (a.e.). We advice readers not 
familiar with this concept, to interpret almost everywhere as “everywhere except a finite number 
of points”.   
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Chapter   3 

Mathematical Properties of Wavelets 

Definition 1-Two-Scale Relation: The scaling function )(x associated with the filter H(Z) is the 
L² -solution (if it exists) of the two-scaling relation [4] 

                                                         




ZK

k kxh
H

x ).2(
)1(

2)(   

Definition 2-Approximation Order: The number L of factors )1( 1 z that divide H(Z) is called 
approximation order [4]. 

Definition 3-Holder Regularity: The smallest real number cr such that : 1)  is N =   1r  times 

continuously differentiable for ;crr  and 2) [4] 

                                                    
sup

, Ryx 
Nr

NN

xy

xy




 )()( )()( 
 is finite for all crr   

is called Holder critical regularity exponent. 

Exact Computation of the Holder Exponent 

In general, there is no systematic algorithm to compute the Holder regularity exponent for an 
arbitrary scaling function  , and one usually has to turn to numerical methods to obtain 
estimates [7], [8], [9],[10]. Fortunately for us, an exact procedure is available when the filters are 
symmetric and positive on the unit circle, which is precisely the case for JPEG2000 filters. It is 
as follows. 

 Eliminate all the order factors (1+z 1 ) from H(z); i.e., find Q(z) such that H(z) = 
(H(1)/2)z 2/L   (1+z 1 ) L  Q(z). Note that, because of the positivity on the unit circle, L is 
necessarily even. 

 Build the matrix }......{,][ 2, QQQQlklk LLandLlkLwhereqQ   is the support of 
the filter Q. 

 Find the largest eigenvalue, , of Q. Then r = -log 2 .  

Definition 4-Sobolev Regularity: The smallest number s c such that 
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                                                     d822 )1()( is finite for all css   

is called Sobolev critical regularity exponent [4]. 

Exact Computation of the Sobolev Exponent  

Computing the Sobolev exponent is an easier theoretical task; unlike the Holder exponent, it can 
always be achieved through the determination of the spectral radius of a reduced transition 
operator [9], [11], without any symmetry or positivity assumption on the filter. It turns out the 
algorithm is essentially the same as the one outlined above with the filter now being 

)()()( 1
2

 zHzHzH . This is simply because the Sobolev exponent is one half the Holder 

exponent of the autocorrelation function    dxx )()()(2  which is the scaling function 

corresponding to the refinement filter )(2 zH . Thus, the method consists in computing the 
Holder exponent  22 ofr , which provides 2)2/1( rs  .  

Both measures are linked through the following inequality: 2/1 ccc rsr  

Now we are calculating the important mathematical properties of some well known wavelets. 

As the JPEG2000 LeGall 5/3 scaling filters are given by  

H~ (z)  = )4()1(
8
1 121   zzzz  

H(z) = 21)1(
2
1  zz  

For analysis part of LeGall 5/3 scaling filter is  

                                                  H~ (z)  = )4()1(
8
1 121   zzzz                                   

   So, its Approximation Order =2                                             

To find Holders Regularity:                                               

                                                H~ (1) = 1  

Equating equations , we get  
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                                                            )()1(
2
1)4()1(

8
1 12/121 zQzzzzzz LL    

Taking L=2 ,we get 

                                      )()1(
2
1)4()1(

8
1 21121 zQzzzzzz                          

                                      Q(z) = )4(
4
1 1  zz  

                                             = 1
4
1

4
1 1   zz  

So,support of Q(z) is 






 

4
1,1,

4
1  

































4
100

4
11

4
1

00
4
1

,lkQ           where 1,1  lk  

Eigen values are 1,
4
1,

4
1   

But largest value is 1.So r = 0 

Hence, Holders Regularity for analysis part of LeGall 5/3 scaling filter is 0. 

To find Sobolev Regularity: 

1)1(~
)4()1()1(

64
1

))4()1(
8
1))(4()1(

8
1(

)(~)(~)(~

2

21212

121121

1
2















H

zzzz

zzzzzzzz

zHzHzH

 

 Equating equations , we get  
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                                              )()1(2)4()1()1(
64
1 12/21212 zQzzzzzz LL    

Taking L=2 ,we get 

                                              )()1(
2
1)4()1()1(

64
1 2121212 zQzzzzzz    

                                              Q(z) = 221 )4()1(
32
1

 zzzz
 

So,support of Q(z) is 






 

32
1,

32
6,

32
3,

32
20,

32
3,

32
6,

32
1

 

Build matrix Q lk , (where 3,3  lk )using the same method. 

Eigen values are -0.2501, -0.2303, 0.1251, 0.2502, 0.5427, 0.0313, 0.0313 

But largest value is 0.5427 

s = 0.44 

Hence, Sobolev Regularity for analysis part of LeGall 5/3 scaling filter is 0.44 

Now for synthesis part of LeGall 5/3 scaling filter is  

                                                     H(z) = 21)1(
2
1  zz

 

Approximation Order = 2 

To find Holders Regularity: 

                                                     H(1) = 2 

Equating equations , we get  

                                                   21)1(
2
1  zz  = )()1( 12/ zQzZ LL   

Taking L=2,we get         

                                                    21)1(
2
1  zz  = )()1( 21 zQzZ   
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                                                     Q(z) = 
2
1  

So,support of Q(z) is 








2
1  









2
1

,lkQ              where 1,1  lk  

Eigen value is 
2
1  

So, r = 1 

Hence, Holders Regularity for synthesis part of LeGall 5/3 scaling filter is 1. 

To find Sobolev Regularity: 

4)1(

)1()1(
4
1

)()()(

2

212

1
2











H

zz

zHzHzH

 

 Equating equations , we get  

                                                 )()1(2)1()1(
4
1 12/212 zQzzzz LL           

 Taking L=2,we get 

                                              )()1(2)1()1(
4
1 21212 zQzzzz    

                                               Q(z) = )2(
8
1 1 zz   

So,support of Q(z) is 








8
1,

4
1,

8
1  
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1,1

8
100

8
1

4
1

8
1

00
8
1

, 

























 lkwhereQ lk  

Eigen values are 0.25, 0.125, 0.125 

But largest value is 0.25 

So r=2 and we know that s = r/2 

s = 1 

Hence, Sobolev Regularity for synthesis part of LeGall 5/3 scaling filter is 1 

The JPEG2000 Daubechies 9/7 scaling filters are given by 

H~ (z)  = )2
5
128))(8(()1(

6
5
64

2 122412
5













zzzzzz  

H(z) = )()1(
2

2 1412
3

pzzzz 





  

For analysis part of Daubechies 9/7 scaling filter is 

                                    H~ (z)  = )2
5
128))(8(()1(

6
5
64

2 122412
5













zzzzzz

 

Approximation Order = 4 

To find Holders regularity: 

H(1) = 1 

Equating equations, we get  

Q(z) = )6305.45976.96305.4(0535.0 2212 zzzzz    

So, support of Q(z) is {0.0535, -0.2477, 0.5135, -0.2477, 0.0535} 
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Build matrix Q lk , (where 2,2  lk )using the same method. 

Eigen values are 0.4769, -0.2111, -0.2477, 0.0535, 0.0535 

Largest value is 0.4769 

So, r = 1.07 

Hence, Holders Regularity for analysis part of Daubechies scaling filter is 1.07 

To find Sobolev Regularity: 

2122414
2 )5975.96305.46305.4()1()1(0007.0)(~   zzzzzzzH  

9783.0)1(~
2 H  

Equating equations , we get 

)()1(48915.0)5975.96305.46305.4()1()1(0007.0 12/2122414 zQzzzzzzzz LL       

Taking L = 4,we get 

)()1(48915.0)5975.96305.46305.4()1()1(0007.0 4122122414 zQzzzzzzzz    

)261.5592.98346.128095.472596.14
0954.1182596.148065.478346.12592.9261.5(0014.0

)5975.96305.46305.4()1(0014.0)(

65432

123456

212242

zzzzzz
zzzzzz

zzzzzzzQ










 

So,support of Q(z) is 











0014.0,0074.0

,0134.0,0179.0,0669.0,0199.0,1653.0,0199.0,0669.0,0179.0,0134.0,0074.0,0014.0
 

Build matrix Q lk , (where 6,6  lk ) using the same method. 

Eigen values are 0.1386, 0.1096, -0.0779, 0.0608, -0.0092, -0.0086, 0.0077, 0.0154, 0.0384, 
0.0303, 0.0332, 0.0014, 0.0014 

But maximum value is 0.1386 

So r = 2.85 and we know that s = r/2. 
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s = 1.42 

Hence, Sobolev Regularity for analysis part of Daubechies 9/7 scaling filter is 1.42 

Now for synthesis part of Daubechies 9/7 scaling filter is  

H(z) = )()1(
2

2 1412
3

pzzzz 





  

Approximation Order = 4 

To find Holders regularity: 

H(1) = 2 

Equating equations, we get  

Q(z) = )3695.3(0913.0 1 zz    

So, support of Q(z) is {-0.0913, 0.3075, -0.0913} 

Build matrix Q lk , (where 1,1  lk )using the same method. 

Eigen values are 0.3075, -0.0913, -0.0913 

Largest value is 0.3075 

So, r = 1.70 

Hence, Holders Regularity for synthesis part of Daubechies 9/7 scaling filter is 1.70 

To find Sobolev Regularity: 

4)1(
)3695.3()1()1(0083.0)(

2

21414
2


 

H
zzzzzH

 

Equating equations, we get 

)()1(2)3695.3()1()1(0083.0 12/21414 zQzzzzzz LL    

Taking L = 4, we get 

)()1(2)3695.3()1()1(0083.0 41221414 zQzzzzzz    
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Q(z) = 0.0042 2142 )3695.3()1(   zzzz  

     =0.0042( )739.26025.7241.10209.28241.106025.7739.2 4321234 zzzzzzzz    

So, support of Q(z) is 

 0042.0,0115.0,0319.0,0430.0,1185.0,0430.0,0319.0,0115.0,0042.0                     
















































0042.000000000
0319.00115.00042.0000000
1185.00430.00319.00115.00042.00000

0319.00430.01185.00430.00319.00115.00042.000
0042.00115.00319.00430.01185.00430.00319.00115.00042.0

000042.00115.00319.00430.01185.00430.00319.0
00000042.00115.00319.00430.01185.0
0000000042.00115.00319.0

000000000042.0

,lkQ     

Where     -4  lk, 4 

Largest value is 0.0639 

So, s = 1.98 

 Hence, Sobolev Regularity for synthesis part of Daubechies 9/7 scaling filter is 1.98 

For db2 [5] scaling filter is  

H(z) = )1(
2
1 1 z  

Approximation Order = 1 

To find Holders regularity: 

H(1) = 1 

Equating equations, we get 

)()1(
2
1)1(

2
1 12/1 zQzzz LL    
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Taking L = 1,we get 

)()1(
2
1)1(

2
1 12/11 zQzzz    

2/1)(  zzQ  

So, support of Q(z) is {1} 

 1, lkQ  

Eigen value is 1 

So, r = 0 

Hence, Holders Regularity for db2 is 0. 

To find Sobolev Regularity: 

)1)(1(
4
1)( 1

2
 zzzH  

1)1(2 H  

Equating equations, we get 

)()1(
2
1)1)(1(

4
1 12/1 zQzzzz LL    

Taking L = 1, we get 

)()1(
2
1)1)(1(

4
1 12/11 zQzzzz    

Q(z) = )1(2/1 zz   

So, support of Q(z) is {1, 0, 1} 

2/1,2/1
100
101
001

, 















 lkwhereQ lk  

Largest value is 1. 
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So, s = 0 

 Hence, Sobolev Regularity for db2 is 0. 

 For db4 [5] scaling filter is  

H(z) = )31)31(()1(
8
1 121   zz  

Approximation Order = 2 

To find Holders regularity: 

H(1) = 1 

Equating equations, we get  

)()1(
2
1)31)31(()1(

8
1 12/121 zQzzzz LL    

Taking L = 2, we get  

)()1(
2
1)31)31(()1(

8
1 21121 zQzzzz    

Q(z) = )31)31((
4
1 11   zz  

So, support of Q(z) is {0.6830, -0.1830} 

2,2

00000
00000

6830.01830.0000
006830.01830.00
0000683.0

, 


























 lkwhereQ lk  

Largest value is 0.6830 

So, r = 0.55 

Hence, Holders Regularity for db4 is 0.55 

To find sobolev regularity:  
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1)1(

)7321.07321.2)(7321.07321.2()1()1(
64
1)(

2

1212
2



 

H

zzzzzH
 

Equating equations, we get 

)()1(
2
1)7321.07321.2)(7321.07321.2()1()1(

64
1 12/1212 zQzzzzzz LL    

Taking L = 2, we get 

)()1(
2
1)7321.07321.2)(7321.07321.2()1()1(

64
1 11212 zQzzzzzz    

Q(z) )7321.07321.2)(7321.07321.2()1(
32
1 121   zzzz  

         = )0002.29999.30002.129999.30002.2(
32
1 212 zzzz    

So, support of Q(z) is {-0.0625, 0.1249, 0.3750, 0.1249, -0.0625} 

2,2

0625.00000
3750.01249.00625.000

0625.01249.03750.01249.00625.0
000625.01249.03750.0
00000625.0

, 































 lkwhereQ lk  

Largest value is 0.2550 

So, s = 0.9857 

Hence, Sobolev regularity for db4 is 0.9857 

For db6 scaling filter is  

H(z) = ))1529.02873.0())(1529.02873.0(()1(3327.0 312 izizzz    

Approximation Order = 3 

To find Holders regularity: 

H(1) = 1.414 
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Equating equations, we get  

Q(z) = ))1529.02873.0())(1529.02873.0((4706.0 2/7 izizz   

So, support of Q(z) is {0.0498, -0.2704, 0.4706} 

Build matrix Q lk , (where 
2
7,

2
7  lk )using the same method. 

Largest value is 0.4706 

So, r = 1.0874 

Hence, Holders Regularity for db6 [5] is 1.0874 

To find sobolev regularity:  

999.1)1(
)1059.05746.0)(1059.05746.0()1()1()3327.0()(

2

1223132
2


 

H
zzzzzzzH

 

Equating equations, we get 

Q(z) )1059.05746.0)(1059.05746.0()1(1107.0 1222/33   zzzzzz  

So, support of Q(z) is {0.0117, -0.0352, -0.0273, 0.1758, 0.1758, -0.0273, -0.0352, 0.0117 } 

Build the matrix Q lk , (where -7/2 2/7,  lk )using the same procedure. 

Largest value is 0.1405 

So, s = 1.4157 

Hence, Sobolev regularity for db6 is 1.4157 

For db8 scaling filter is  

H(z) = )0579.0025.0)(5157.0()1(1767.0 2413   zzzzz  

Approximation Order = 4 

To find Holders regularity: 

H(1) = 1.414 

Equating equations, we get  
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Q(z) = )0579.0025.0)(5157.0(2498.0 25  zzzz  

So, support of Q(z) is {-0.0074, 0.0177, -0.1351, 0.2498} 

Build matrix Q lk , (where 5,5  lk )using the same method. 

Largest value is 0.2498 

So, r = 2.001 

Hence, Holders Regularity for db8 is 2.001 

To find sobolev regularity:  

9983.1)1(
)0579.0025.0)(0579.0025.0)(5157.0()1()1)(0312.0()(

2

122414
2


 

H
zzzzzzzzH

 

Equating equations, we get 

Q(z) )5157.0)(5157.0)(0579.0025.0)(0579.0025.0()1(0312.0 112224   zzzzzzzz  

So, support of Q(z) is {-0.0009, -0.001, -0.0128, -0.0195, 0.045, 0.1034, 0.045, -0.0195, -0.0128,  

0.001, -0.0009 } 

Build the matrix Q lk , (where -5 5,  lk )using the same procedure. 

Eigen values are 0.0618, 0.0407, 0.0314, -0.0149, -0.0150, 0.0144,0.0074, 0.0006, 0.0005, -
0.0009, -0.0009  

Largest value is 0.0618 

So, s = 2.008 

Hence, Sobolev regularity for db8 is 2.008 

For db10 scaling filter is  

H(z) = )1220.06744.0)(1707.05542.0()1(1601.0 22514   zzzzzz  

Approximation Order = 5 

To find Holders regularity: 

H(1) = 1.414 
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Equating equations, we get  

Q(z) = )0208.01828.06665.02286.1(2264.0 2342/13  zzzzz  

So, support of Q(z) is {0.0047, -0.0414, 0.1509, -0.2782, 0.2264} 

Build matrix Q lk , (where 
2

13,
2
13  lk )using the same method. 

Eigen values are -0.2555, 0.1192, -0.0324,0.0047,0.2264, 0 ,0, 0, 0, 0, 0, 0, 0, 0 

Largest value is 0.1192 

So, r = 2.1 

Hence, Holders Regularity for db10 is 2.1 

To find sobolev regularity:  

9968.1)1(
)0208.01828.06665.02286.1()1()1()1601.0()(

2

2345152
2


 

H
zzzzzzzH

 

Equating equations, we get 

Q(z) )0208.01828.06665.02286.1()1(0256.0 2342/55   zzzzzz  

So, support of Q(z) is {0.0005, -0.0027, 0.0018, 0.0122, -0.0207, -0.0240, 0.0640, 0.0640, -
0.0240, -0.0207, 0.0122, 0.0018, -0.0027, 0.0005 } 

Build the matrix Q lk , (where -13/2 2/13,  lk )using the same procedure. 

Eigen values are -0.0443, 0.0544, -0.0311, 0.0311, -0.0039, 0.0037, 0.0019, 0.0037, 0.0079, 
0.0147+0.0004i, 0.0147-0.0004i, 0.0157, 0.0005, 0.0005  

Largest value is 0.0544 

So, s = 2.1 

Hence, Sobolev’s regularity for db10 is 2.1. 
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Now, in the following table, we are summarizing the properties of the discussed wavelet. 

Name of 

The Wavelets 

Approximation 
Order  

Holders 

Regularity 

Sobolev 

Regularity 

Support Length 

LeGall 5/3 2 1 1.5 5/3 

Daubechies 
9/7 

4 1.70 2.12 9/7 

db2 1 0 0 2 

db4 2 0.55 0.9857 4 

db6 3 1.0874 1.4157 6 

db8 4 2.001 2.008 8 

db10 5 2.1 2.1 10 

 

Table 3.1 Comparison of Mathematical Properties of Wavelets 
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Chapter 4 

Conclusion and Future Work 

In this thesis, we discussed the mathematical properties of some of the wavelet filters which are 

being used in Image Compression algorithms, Edge detection techniques and Noise reduction 

techniques. The properties discussed in this thesis are- approximation order, vanishing moment, 

Holder’s regularity, Sobolov’s regularity, compact support, and orthogonality. There are some 

other wavelets which are being used in the image/signal processing applications. In our further 

work, we will include those wavelet families. There are some other important properties like 

approximation constant, wavelet constant, Riesz bounds and projection cosines, which we will 

study further. 
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