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Abstract

The present dissertation entitled “THE NOTION OF EXHAUS-
TIVENESS AND GENERALIZED ASCOLI THEOREM” embodies
a study carried out by me under the supervision of Dr. S.S. Bhatia, Profes-
sor and Head, School of Mathematics and Computer Applications, Thapar

University, Patiala.

In this dissertation, we study the notion of exhaustiveness which applies
for both families and sequence of functions. This new notion is close to
equicontinuity and describes the relation between pointwise convergence for
functions and a-convergence (continuous convergence). Using these results
we have studied the Generalized Ascoli theorem dealing with exhuastiveness

instead of equicontinuity.

The work presented in this dissertation is divided into four chapters. Chap-
ter I is introductory. In this chapter, we have represented some basic nota-

tions and definitions used in the sequel.

v



In Chapter II we have studied the notion of exhaustiveness introduced by
V. Gregoriades and N. Papanastassiou [5] which is close to equicontinuity.
The notion of exhaustiveness enables us to view the convergence of a sequence
of functions in terms of properties of the sequence and not of properties of

functions as single members.

In chapter IIT we have studied the notion of a-convergence (known as
continuous convergence) introduced by R. Das [4] which turned out to be
useful for characterizing compactness in metric spaces. The notion of a-
convergence is stronger than pointwise convergence. On the other hand,
if the limit function f is continuous, then this convergence is weaker than

uniform convergence.

Chapter IV is devoted to the study of the Generalization of Ascoli Theorem

using the notion of exhaustiveness.

Towards the end, references of various publications cited in the present

dissertation have been reported.
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Chapter 1

Introduction

Let C'(X) be set of all continuous real-valued functions defined on topo-
logical space X, and let S be a subset of C'(X). A set S is said to be
equicontinuous at some x € X if for each € > 0 there exists a neighborhood
V' of x such that y € V implies |f(y) — f(z)| < € for every f € S. If S is

equicontinuous at every point of X, then S is called equicontinuous set.

We know that in a metric space a closed and bounded set need not be
compact. However, if X is a compact topological space, then a closed and
bounded (with respect to uniform metric) subset of C'(X) is compact if and

only if it is equicontinuous. This result is known ias Arzela- Ascoli Theorem.

In Mathematics, the Arzela-Ascoli theorem gives a necessary and sufficient
condition to decide whether every subsequence of given sequence of real-

valued continuous functions defined on a closed and bounded interval has a
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uniformly convergent subsequence. The main condition in this theorem is the
equicontinuity of the sequence of functions. The theorem is a fundamental
result in mathematics. This theorem has many application. In particular, it
forms the basis for the proof of “Peano Existence theorem” in the theory of
ordinary differential equations and “Montel’s theorem” in complex analysis.

It also plays a decisive role in the proof of “Peter-Weyl theorem”.

The notion of equicontinuity was introduced at around the same time
by Ascoli (1883-1884). A weak form of the theorem was proven by Ascoli
(1882-1883), who established the sufficient condition for compactness, and
by, Arzela (1895), who established the necessary condition for compactness
and gave the the first clear presentation of the result. In its simplest form,
the theorem of Ascoli with which we are concerned is an extension of the

Bolzano-Weierstrass theorem.

The notion of a-convergence (otherwise continuous convergence or “Stetige
Konvergenz”) has been known by the the beginning of the 20th century (see
[3, 6]). Around 1950s Stoilov [8] and Arens [2] came up with some results
which characterize a-convergence and very helpful for this dissertation. We

study the basic facts about a-convergence in chapter III.

V.Gregoriades and N.Papanastassiou [5] have introduced the notion of ex-
haustiveness which applies for both families and sequences of functions. This
new notion is close to equicontinuity and describes the relation pointwise

convergence for functions and a-convergence (continuous convergence). The
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notion of exhaustiveness enables us to view the convergence of a sequence of
functions in terms of properties of the sequence and not of properties of func-
tions as single members. An example of this is given in Chapter III (Theorem
3.2) which measures the step from pointwise convergence to a-convergence

using the notion of exhaustiveness.

In this dissertation we have studied the Generalization of Ascoli Theorem

using the notion of exhaustiveness.
Basic Notations and Definitions

Definition 1.1 A metric (or a distance) d on a nonempty set X is a function
d: X x X — R satisfying the three properties:

a. d(z,y) >0 for all z, y € X and d(z, y)= 0 if and only if z = y;

b. d(x,y) = d(y, z) for all z, y € X;

c. d(z,y) <d(z, z) + d(z, y) for all z, y, z € X (triangle inequality).

The pair (X, d) is called metric space.

We here give some notations. With X and Y we mean metric spaces,
unless stated otherwise. If it is not mentioned explicitly the symbol d stands

for the metric on X and the symbol p for the metric on Y.

If z is a member of X and ¢ is a positive number, with S(z, §) we mean
the (open) ball of radius ¢ , that is S(z, 0) = {y € X/d(y, ) < 0}. Also if
X and Y are metric spaces we denote with C'(X, Y') the set of all continuous

functions from X to Y.
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Definition 1.2 A metric space (X, d) is called bounded if there exists a
number M > 0 such that d(z, y) < M for all z, y € X. The diameter of a
subset A of a metric space (X, d) is defined by
d(A) = sup{d(z, y) : x, y € A}.
Thus, (X, d) is bounded if and only if the diameter of X is finite.

Definition 1.3 Let (X, d) be a metric space. A sequence (z,), ¢y in X is
said to be covergent if there is a point © € X such that for each £ > 0, there

exists a positive integer ng such that d(z,, x) < ¢ for all n > ny.

Definition 1.4 A sequence (z,),en of a metric space (X, d) is called a
cauchy sequence if for every ¢ > 0, there exists ny (depending upon &) such

that d(z,, x,) < € for all n, m > n.

Clearly, every convergent sequence is a cauchy sequence. However, in general,

the converse is not true. As an example, let X = (0, co) with distance d(z, )
1

= |z —y|, and x, = — for each n. Then (z,), ey is a cauchy sequence that
n

does not converge in X.

If a metric space has the property that all of its Cauchy sequences con-

verge(in the space), then the metric space is called complete metric space.

Definition 1.5 Let X be a nonempty set. A collection 7 of subsets of X is
said to be a topology on X if 7 satisfies the following properties:
a. X eTand ¢ €.

b. If U and V belong to 7, then UNV € 7.
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c. If {V;}ier is a family of members of 7, then | J, ., V; € 7.

iel
If 7 is a topology on a set X, then the pair (X, 7) is called a topological

space.

Definition 1.6 Consider a sequence (f,),en of real-valued functions de-
fined on a set X such that 7}13)10 fn(z) exists in R for each x € X. Then a new
function f can be defined by f(x) = 71113010 fn(z) for each x € X. If this hap-
pens, then the sequence (f,,)nen is said to converge pointwise to f (or that
f is the pointwise limit of (f,,), cn) and is written symbolically as f;, pw f.

In other words, f,, — f if for each € > 0 and each x € X there exists some

no (depending upon both ¢ and z) such that |f,(z) — f(x)| <&V n > no.

Definition 1.7 A sequence (f,,)nen of real-valued functions is said to con-
verge uniformly on X to a function f if for each ¢ > 0 there exists some ng

(depending upon ¢) such that |f,(z) — f(x)| < € for all n > ng and all x € X.

We shall write f,, pw f to denote that (f,),en pointwise converges to f.
ﬁ
Also we will keep the analogous notation about uniform convergence, that

is, we will denote f, u f.

Note that the pointwise limit of a sequence of continuous functions need
not to be a continuous function. For an example take X = [0, 1], and let
(fn)n en be a sequence of functions defined by f,(z) = 2" for each x € [0, 1].
Then each f, is a continuous function, and f, pw f holds for the function f
defined by f(z) = 0if x € [0, 1) and f(1) = 1. Clearly, f is not continuous.

Also, it is easy to see that the convergence is not uniform.
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Definition 1.8 A set S is said to be compact set if every open cover of S

admits finite subcovers of S.
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Exhuastiveness

V. Gregoriades and N. Papanastassiou [5] have introduced a new notion,
called exhaustiveness, which is close to the notion of equicontinuity intro-

duced by Ascoli in (1883-1884) in the following way:

Definition 2.1 Let (X, d), (Y, p) be metric spaces, x € X, F' be a family

of functions from X to Y and f,: X — Y,n € N.

(a) If F is infinite, we call the family F' exhaustive at z iff for every ¢ >
0 there exists 6 > 0 and A a finite subset of F' such that: for every
y € S(z,0) and for every f € F'\ A we have that p(f(y), f(x)) <e.

(b) In case where F' is finite we define F' to be exhaustive at x iff each

member of F' is continuous function at X.

(c) F is exhaustive iff I is exhaustive at every x.
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(d) The sequence (f,)nen is called exhaustive at x iff for all € > 0 there

exist 0 > 0 and ng € N such that for all y € S(x, 0) and alln > ny

we have that p(f,.(y), fu(z)) <e.

(e) The sequence (f,),en is called exhaustive iff it is exhaustive at every

z e X.

Notice that in the most interesting case where (f,),en is a sequence of
functions for which f,, # f,, for n # m, then the family F' = {f,/n € N} is
exhaustive at some z, € X if and only if the sequence (f,,)n e n is exhaustive
at z,.

Remarks 2.1
(a) An equicontinuous family is an exhaustive family such that for every

e > 0 the finite set A in Definition 2.1(a) can be taken to be empty set.

So equicontinuity implies exhaustiveness.

(b) Saying that F' is exhaustive does not imply that there exists a finite
subset of F' (call it A) such that F' \ A is equicontinuous. (That is

because the set A in the definition depends on € > 0.)

Proposition 2.1 Let (X, d), (Y, p) be metric spaces, x € X, F a family of

functions from X to Y and f, : X — Y, n € N.

(a) F is equicontinuous at z if and only if F' is exhaustive at z and for each

f € F, f is continuous at z.

(b) The family { f,/n € N} is equicontinuous at x if and only if the sequence

(fn)nen is exhaustive at = and each f,, is continuous at z.
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Proof: (a) Assume that F is infinite. If F' is equicontinuous at x then F is
exhaustive at x. For the inverse direction : Let ¢ > 0, there exist ; > 0 and
A finite subset of F' such that for every y € S(z, §;) and for every f € F\A
we have p(f(y), f(x)) < e. Since each f is continuous at x there exists dy > 0
such that for every y € S(x, dy) we have p(f(y), f(z)) < e. Put 6 = min
{01, 05/ f € A} > 0. One can check that for every y € S(x, ¢) and for every

f € F we have that
p(f(y), f(z)) <e. O

(b) Assume that F' is infinite. If F' is equicontinuous at x then F' is ex-
haustive at x. For the inverse direction : Let ¢ > 0, there exist 4; > 0
and nyg € N such that for every y € S(x, d;) and all n > n, we have
p(fu(y), fu(z)) < e. Since each f, is continuous at z there exists 67, > 0
such that for every y € S(x, dy,) we have p(f.(y), fu(z)) <e. Put 6 = min
{61, 05,/n < no} > 0. One can check that for every y € S(z, 0) and for every

fn € F we have that
p(fa(y), fulz)) <e. O

The preceding proposition suggests that there exists an exhaustive se-
quence (similarly family) which contains no continuous functions. This can

be seen in the following example:

1
Example 2.1 For n € N define f,, : R — R such that f,(z) = — , for z <0
n

1
and f,(z) = o for x > 0. Show that sequence (f,)nen is exhaustive at 0



Exhuastiveness 10

1
Proof: Given f, : R — R such that f,(z) = — , for z < 0 and f,(z) =
n

1
o for x > 0. Clearly, no f,, is continuous at 0. We claim that the sequence
n

1
(fu)nen is exhaustive at 0. Let € > 0, then there exists an integer n, > %
€

such that for 6 = 1, for all y € (—1, 1) and for all n > n, we have that

Fuly) — fulo)| < 5 < .

The preceding example gives the following picture for an exhaustive fam-
ily of functions F' : the family F' is equicontinuous “as a whole” with the

continuity of each member of F' erased.

Some of the results of equicontinuity apply for exhaustiveness. For ex-
ample, we know that the pointwise limit of an equicontinuous sequence of
functions is a continuous function. It can be seen from the following propo-

sition that the same holds if we replace equicontinuity with exhaustiveness.

Proposition 2.2 Let (X, d), (Y, p) be metric spaces and f, f,, n = 1,2, ...,
- valued functions defined on X. If the sequence (f,,), ¢ v converges pointwise

to f and (f,)nen is exhaustive at © € X then f is continuous at x.

Proof: Since (f,),en is exhaustive at x. Therefore, there exists § > 0 and

there exists ng € N such that for all y € S(z, ) and all n > n, we have that
€

Let y € S(x, 8). Since f, pw f there exists n; € N such that for all n > ny
—

it holds that

p(faly), f) < = and p(fu(z), f(z)) <

c
3 3
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Put ny = max{ng, n1}. Then

p(f (), f(2)) < p(FW); foa (W) + P(fna(Y) fra(2)) + p(fus(2), f(2)) < e

Hence f is continuous. ]

If in the previous proposition we replace the condition “(f,), ey is exhaus-
tive at 27 with “{f,,/n € N} is exhaustive at 2” then the same conclusion still
holds. To see that, let us take an interesting case where the set {f,/n € N}
is infinite. Choose naturals ky < ky < k3 < ... < k,, < ... such that fi # f,.
for n # m. The sequence (fx, )ncn is exhaustive at = and then by following

the same steps as in the proof of Proposition 2.2, we shall get the result.
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a=convergence

In this chapter, we study the basic facts about a-convergence introduced by

R. Das [4].

Definition 3.1 Let f, f,, n € N be functions from X to Y. The sequence
(fu)n en a-converges to f iff for every z € X and for every sequence (), e n

of points of X converging to z, the sequence (f,,(z,))n e n converges to f(x).
We shall write f, « f to denote that (f,)nen a-converges to f.

Remarks 3.1
(a) It is obvious that a-convergence is stronger than pointwise convergence.

(b) The usual convergences such as pointwise and uniform do not require
a topology for the domain space. However a topology is needed for

a-convergence.

12
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(¢) Take f : R — R any non-continuous function and z, — z such that
the sequence (f(x,))nen does not converge to f(x). If we put f, = f
for all n € N, we see that (f,),en does not a-converge to f although

the sequence (f,), cn converges uniformly to f.

1
(d) For all n € N define f, : (0,1] — R such that f,,(z) = 1—nz, forz < —
n
1
and f,(z) = 0, for x > — . Then we can see that the sequence (f,)
n

a~-converges to zero function but does not converge uniformly:.
Proof: The proofs of (a) and (b) are quite obvious.

(¢) Given f:R — R is a non continuous function.
= There exist a sequence (z,),n in R such that
z, —x in R and f(z,)» f(z) in R
Also, given f, = f V neN.
= fulz)=f(x) YV n € N and V z € R. (3.1.1)
Since, f(z,) - f(x) implies that f,(x,) » f(z)
Therefore, the sequence (f,), en does not a-converge to f.
Also, from (3.1.1) (f)n e~ is a constant sequence of functions.

Therefore, the sequence (f,,), e ny converges uniformly to f.

1
(d) Given f, : (0,1] — Rsuch that f,(z) = 1—nz, forz < - and f,(z) =0,

1
for x > —.
n

Now, we have to show that (f,,),en a-converges to f.
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Let x,, — «x for all n € N. Therefore, for ¢ = i there exist a positive integer
ng € N such that
d(x,, x) <e Y n>ng.
In particular, d(z,,, =) < €.
-1 1

:>I<I'n0—l’<1.

1 1
= x—z <z, < x—i—z.

Choose n; such that nil < x— % Take ny = max{ng, n1}, we have then
folzn) =0 YV n>ns.

Hence the sequence (f,), en a-converges to 0.

Now, we show that (f,), en does not converge uniformly to f.

Suppose that (f,), en converges uniformly to 0. Therefore, for ¢ = % there

exist some n, € N such that

1
|fn(x)—0’ < 5 VCL’ and nZnO.

1
In particular, |f,,(z) = 0] < = V .

2
1
= |fuo(2)] < 5 Yoz (3.1.2)
1 1 1
Take v = — < —. So, fp,(z) =1 —mny — = =, which is a contradiction
2ng n 2ng 2
to (3.1.2). Therefore (f,,)nen does not converges uniformly to 0. O

Proposition 3.1 For all functions f, f,, n € N, from X to Y, if (f,)nen

a-converges to f then each subsequence (fx, )n en also a-converges to f.

Proof: Let z € X and z,, — z. Define
Yn = x;, if n = k; for some 7 € N

= x, otherwise.
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We have that y, = x, for each n € N and also y,, — .
Since,

I
we obtain that f,(y,)

24
— f(x).

Therefore, fi, (yr,) — f(x). Since yx, = x,, so we have that fi, (z,) — f(z).
U

Notice that in fact we have proved the following: if for all (z,), ey in X
with z,, — x we have that f,(z,) — f(x), then for all (z,),ecn in X with

x, — x we have that fy, (x,) — f(z).

The connection between the notion of exhaustiveness with the notion of

a-convergence is shown in the following theorem.

Theorem 3.2 Let (X, d), (Y, p) be metric spaces and functions f,, f :

X — Y, n € N. Then the following are equivalent:

(a) The sequence (f,)nen a-converges to f.

(b) The sequence (f,,)n e n converges pointwise to f and (f,,)n e n is exhaus-

tive.

Proof: We first prove that (a) = (b)
Let the sequence ( f,), e v a-converges to f. Therefore, the sequence (f,)n e n

converges pointwise to f.
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Let us assume that (f,)nen is not exhaustive at some point x. This
means that there exist some ¢ > 0 such that for every ¢ > 0 and for every
n € N there exist y, € S(x, ) and ny > n such that

P(fri(n), foi(2)) 2 €
Take § = 1 and n = 1. Then there exist some n; > 1 and y; = z,, € S(x, 1)
such that

P(fua (1), foi(2)) > €.
Take § = % and n = ny. Then there exist some ny > ny and y» = x,, €
S(x, %) such that

P(fna(2), foo(2)) > €.

On continuing like this, take 6 = — and n = n;_;. Then there exist some
ng > ng—1 and y, = x,, € S(z, —) such that
n
P(fre(Yn), fop (7)) > €.
In this way, we get a sequence (y,) and set of natural numbers (1 < n; <

ng < ... < ny < ...) such that

SRS

d(yn, ) < and  p(fon,(Yn), fo.(x)) > € for each n € N
(3.2.1)
Since f, a f and (fa,)nen is a subsequence of (f,),en, therefore from

Proposition 3.1 we obtain that

Jow ¢ f.
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Moreover, since y,, — , 80 fp, (yn) — f(x).

Also, f,, (z) pw f(x) because a-convergence is stronger than pointwise con-
H

vergence.
Now, p(fui(Yn)s fur (@) < p(fai(yn), F(2)) + p(fui (@), f(2))
<S4+ iV
5 9 n = ng.
< e VY n > nyg, which is contradiction to (3.2.1).

Hence, (fn)nen is exhaustive at x.

Now we prove that (b) = (a)

Let € X and z,, — x. We need to prove that f,(x,) — f(z).

Assume € > 0, since f,, pw f there exists n; € N such that for all n > n; we
é

have that

plfala), fla)) < 5.

Also (fn)nen is exhaustive and so there exist § > 0 and ny € N such that

for all y € S(x, ¢) and for all n > ny we have that
€

p(fn(y)7 fn(x)) < 5

Since x,, — x, for 6 > 0 there exist n3 € N such that for all n > ng we

have that d(z,, ) < 0. Therefore if n > max{ns, n3} from the previous two

statements we have that
€
PUaln). fal) < =

Put n, = max{ni, ny, ng} and let n > ng, then

p(falan), f(2) < p(falzn), ful@) + p(fulz), f(z))
< g + gzs. ]

Remark 3.2 A careful look on the proof of the preceding theorem reveals
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that we have actually proved the following:
Let (X, d), (Y, p) be metric spaces, z € X and functions f,, f: X — Y,

n € N. The following are equivalent:

(a) For all sequences (), en in X with z, — x we have that f,(z,) —

f(@).

(b) The sequence (f,(z)),en converges to f(x) and the sequence (f,), en

is exhaustive at z.

The next proposition is due to Stoilov [8] describes some interesting results

about a-convergence.

Proposition 3.3 Let (X, d), (Y, p) be metric spaces and functions f,, f :
X — Y, neN. Then

(a) If the sequence (f,)nen a-converges to f, then f is continuous.

(b) The sequence (f,)nen a-converges to f if and only if f is continuous
and (f,)n en converges to f uniformly on compact space X.
In particular:

(¢) If (fn)n en converges to f uniformly and f is continuous, then (f,), en
a-converges to f.
And also:

(d) If A is compact subset of X and (f,,)n e v a-converges to f, then (f,,), en

converges to f uniformly.
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Proof: (a) Given the sequence (f,,)ne n a-converges to f. From Theorem
3.2 and Proposition 2.2 we have that exhuastiveness and a-convergence are

equivalent and limit of exhuastive sequence of functions is continuous. U

(b) Firstly Suppose that the sequence (f,),en a-converges to f. Then by
proposition 2.3(a) f is continuous.
Let € > 0 be arbitrary. Since f is continuous on a compact space X, f is
uniformly continuous so there exists some ¢ > 0 such that whenever

d(z, y) <9, we have p(f(x), f(y)) <e.
Since every a-convergent sequence is exhaustive, so for each x € X, there
exists some d, > 0 and n, € N, such that for all y € S(x, ¢,) and for all
n > n, we have

p(fuy), fu(2)) <€

without loss of generality we can assume d, to be less than 6.
Since X C U S(z, d,) and X is compact, there exists some x1, s, ..., Ty €

reX
k

X such that X = US(xi,éxi).
Now, given that sez:_[:ulence (fn)n e n a-converges to f. So the sequence (f,)n e
converges pointwise to f. Therefore for each i, there exists some m; € N such
that

p(fu(zi), f(x;)) < e whenever n > m,.
Take ng = max{Na,, Nay, oy Nays M1, ooy My}

Let y € X be arbitrary. Soy € S(x;, d,,) for some i.
Then,
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d(zi, y) < gy < 0.

So,
p(f(x:), f(y)) < e and p(fu(y), fu(z:)) <e.
Therefore,
p(fa), F(y) < p(fay), falwi) +p(falz), f(2i) +p(f (i), f(y))

< € + &g + ¢

=3¢ Vn>ng.
Hence, the sequence (f,,)nen converges uniformly to f.
Conversly, Suppose that f, w f and f is continuous.
Let x,, — x and € > 0 be arbitrary. So there exists some ng € N such that

p(ful(z), f(x) <e ¥V n>npandV z € X.
In particular,

p(fn(zn), f(zn)) <e ¥V n>mn,
Since f is continuous on X, we have f(x,) — f(z). So there exist n; € N
such that

p(f(zn), f(x)) <e ¥V n=ny
Let ny = max{ng, n;} then we have,

p(fa(zn), f(2)) < p(falen), f(2n)) + p(f(20), f(2)).
< € + ¢
=2¢ V n > ns.

Hence, the sequence (f,,)nen a-converges to f. O

(c) Suppose that f, u f and f is continuous.

Let x,, — x and € > 0 be arbitrary. So there exists some ng € N such that
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p(fu(z), f(x)<e ¥V n>nygandV z € X.
In particular,

P(fu(en), f(xn)) <& ¥V n=n,
Since f is continuous on X, we have f(x,) — f(z). So there exist n; € N
such that

p(f(xn), f(x)) <& ¥V n=mn.
Let ny = max{ng, n;} then we have,
P(fuln), f(2)) < p(ful@n), f(za)) + p(f(2n), f(2)).
< €+ ¢
=2 V n > ns.

Hence, the sequence (f,,)nen a-converges to f. O

(d) Suppose that the sequence (f,)nen a-converges to f. Then by propo-
sition 2.3(a) f is continuous.
Let € > 0 be arbitrary. Since, f is continuous on a compact subset A of X,
f is uniformly continuous so there exists some § > 0 such that whenever

d(z, y) <9, we have p(f(x), f(y)) <e.
Since every a-convergent sequence is exhaustive, so for each x € X, there
exists some 0, > 0 and n, € N such that for all y € S(z, J,) and for all
n > n,, we have

p(fu(y), fulx)) <e

without loss of generality we can assume 9, to be less than 9.

Since, A is a subset of X. Then A C U S(z, 6,) and A is compact, there

€A
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k
exists some 1, Ty, ..., 1, € A such that A = U S(x;,0z,).
Now, given that sequence (fy,)n e n a—convergglto f- So the sequence (f,)nen
converges pointwise to f. Therefore for each i, there exists some m; € N such
that

p(fn(x;), f(x;)) < e whenever n > m,.

Take ng = max{Na,, Nay, oy Nays M1, ooy My}

Let y € A be arbitrary. So y € S(x;, d,,) for some i.

7

Then

d(zi, y) < 0y, < 9.
So,

p(f(z:), f(y)) < e and p(fu(y), fulz:i)) <e.
Therefore,

p(fa®), f(W) < p(faly), ful@:)) + p(fal@i), f(xi) +p(f (@), f(y))
< € 4+ &€ + ¢
=3¢ Vn > nyg.

Hence, the sequence (f,,)n e n converges uniformly to f. O



Chapter IV

Generalized Ascoli Theorem

In this chapter we have studied the Generalization of Ascoli Theorem using
the notion of exhaustiveness.
Connections with general topology
4.1 A generalization of the classical Ascoli theorem
Let X be a metric space. We define Bd(X), the space of bounded func-
tions on X as,
BA(X) = {f: X =R / supsex|f(z)] < o0} .
The supremum norm on Bd(X) is defined by
1f1l = sups e x|f(@)].
We shall denote the corresponding metric space with (Bd(X), || . || ). The
topology induced from this norm is the topology of uniform convergence.
The sequence (f,)nen converges to f in (Bd(X), || . ||) if and only if
(fu)nen converges to f uniformly. If X is compact metric space then every

real-valued function is bounded. So if X is compact then the set C'(X, R) is

23
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a subset of Bd(X). Consequently, C'(X, R) is a metric space equipped with

the metric generated by the norm || . ||.

The proof of main theorem is based on the following theorems.

Theorem 4.1 For any space X, (Bd(X),|| . ||) is a complete metric space.

Proof: Let (f,)nen be a cauchy sequence in Bd(X).
Therefore, for given € > 0 there exist some n, € N such that
[fo = Sl < & ¥ n,m=ng

= Sup{|fu(z)—fu(z)| : z€ X} < e V n, m>no.
= |fulz) = fu(z)|<e V ze€X and V n,m>n.
= (fu(Z))nen is a cauchy sequence of real numbers for each z € X. Since
R is complete. So every cauchy sequence in R is convergent.
Let f(z) = nhjgo fn(z) foreach ze€ X.
Now, we show that (f,),cn converges uniformly to f.
For this, let € > 0. Choose n, such that

| frn — fnll < % for n, m > n,.
As we know that

() = fn(@)| < [ f = [l for all z € X.
Therefore, |f,(x) — fm(x)] < % holds for all n, m > ngy and all z € X. Take

limit m tends to oo, then we have

(L)

|fu(z) — f(z)] < = < € holds for all n > ny and all

\)

z e X.

Therefore, (f,)nen converges uniformly to f.
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Claim : f € Bd(X).
As 7}1_)120 fn(x) = f(x), therefore, for given € > 0 there exist a positive integer
ngo such that
folx) = f(z)] < e V z€X and V n>n,.
Taking ¢ = 1, we get
\folz) — f(z)] <1 V z€X and V n>ng.
In particular,
|foo(x) — f(z)| <1 V z€X.
= —1 < folz)—= flx) < 1.
S 1t @) < F() < 1 fule) (4.1.1)
But f,,(xz) € Bd(X). Therefore, there exist a positive integer M > 0 such
that |fn,(z)| <M V x € X. Hence from (4.1.1), we have
lf(x)] <14+ M V zeX.
This implies that f € Bd(X). Therefore, (Bd(X), || . ||) is a complete metric

space.

Theorem 4.2 Let X be a topological space and let (f,),en be a sequence
of C(X). If (fn)nen converges uniformly to f on X, then f is a continuous

function.

Proof: We need to show that f is continuous at every point of X.
Let a € X and € > 0.
Since (f,)n en converges uniformly to f on X, so there exists some m € N
such that
[fu(z) = flz)] <& Vnzm.
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In particular,
|fm(z) = f2)] <.
On the other hand, since f,, is a continuous function, therefore there exists
a neighborhood V' of a such that
’fm(x)_fm(a” <é VeeV.
Now note that if x € V, then
[f(x) = fla)] < [f(z) = ful@)] + |fo(2) = fla)| + [fm(a) = f(a)]
<eg + ¢ + ¢

=3¢, this shows that f is continuous at a. 0

Theorem 4.3 For a subset A of a metric space (X, d) the following state-

ments are equivalent :

(a) A is a compact set.
(b) Every infinite subset of A has an accumulation point in A.

(c) Every sequence in A has a subsequence which converges to a point of

A.

The proof of this theorem is given in C. Aliprantis and O. Burkinshaw [1]

on page 49.
Main Result: The main result of this chapter is the following theorem:

Theorem 4.4 (Generalized Ascoli theorem). Let X be a compact met-

ric space and let F' be an infinite subset of (Bd(X), || . ||). Then
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(a) If F is closed, bounded and exhaustive, then F' is compact.

(b) Moreover, if every cluster point of F' is a continuous function, then the

converse of (a) is also true.

Proof: (a) The main frame is the same with the classical proof. It is enough
to prove that F'is sequentially compact.
Since X is compact metrizable space and every compact metrizable space

is separable. So, let (x,),cn & dense subset of X and (f,)nen C F.
Now given that F' is bounded. Therefore,

Dia(F) = Sup{ d(f, g): f,g€ F } =m.

=d(f,g)<m V¥V f,geF.

= |f(@)—g@)|<m V f,geF and V € X.

= |f(@)] = lglx)| <m V¥V f,geF and V z¢€X.

= |f@)|<m + |gx)] V f,ge F and V ze€ X.
(4.4.1)
Now, g € F and let it be fixed. Since X is compact and ¢ is bounded.
Therefore, there exist some positive integer n such that

lg(x)| <n V ze€X.

From (4.4.1) we have |f(z)|<m+n=M V z€ X and V f€F.
Since | f,(z1)| < M aseach f,, € F. Thus (f,(x1))n en is a bounded sequence
in R.
Therefore, by Bolzano Weierstrass Theorem it has a convergent subsequence.

Let (fr1 )newn be a subsequence of (f,)n e such that lim fy1 (1) exists in R.
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Now, again the sequence (fg1(22))yen is bounded. Therefore, there exist
a convergent subsequence (fi2)nen Of (fi1)newn such that lim (fy2(22))nen

exists in R.

Inductively we obtain sequences of naturals ... C (k/*1) C (k2) C ... (k})
such that for each j € N the sequence (f;(z;))nen is convergent. It can
easily be checked that for each j € N the diagonal sequence (fin(2;))ncn is

also convergent. Therefore the sequence (fin(;))nen is cauchy sequence in

R.

Using the fact that F'is exhaustive, we obtain for each x € X the sequence
(frn(2))nen is a Cauchy sequence (the method for this, is very much the
same with the classical one).

Put f(x) = lim, e fig (x).

Using the exhaustiveness and the compactness of X from Theorem 3.2 and
Proposition 3.3(b) it follows that fin u f.

Since [ is closed, so we have that f € F' and hence F' is compact.

(b) Assume that F' is compact but not exhaustive at some point z. Then
by definition there exists € > 0 such that for every § > 0 and for every finite
subset A of F, there exists x5 4 € S(x, §) and f5 4 € F'\ A such that

|fs,a(z5,4) — fo,a(x)] > ¢
Take 6 = 1. Let x; € S(x, 1) and A = ¢. Then

|fi(z1) — fi(x)] > ¢  whenever d(z, z1) < 1.

1 1
Take 6 = 3 Let xo € S(x, 5) and A = {f1}. Then
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|fa(z2) — fa(x)| > & whenever d(z, xs) <

1 1
Take 6 = 3 Let x5 € S(x, §) and A = {f1, fo}.

|fs(zs) — f3(x)] > €  whenever d(x, x3) <

1 1
On continuing like this take 6 = —. Let x,, € S(x, —) and A= {f1, fo, f3, -, fu_1}-
n n

Then
|fo(xn) — fu(z)] > € whenever d(z, z,) < %
Let € > 0 be any real number and choose a positive integer m € N so large
such that
1

— < &
m

1 1
Let n > m be any natural number then — < — < ¢.
n- m

= l <e V n>m.

n
Therefore, from above d(x,, z) <e ¥V n>m.
This implies that =, — x. Thus, by induction we define two sequences
(n)neny € X and (fu)nen € F such that
fo # fm for n # m, x, — z and |f,(z,) — fu(x)| > e for each n € N.
(4.4.2)
Since F' is compact, so there exists a subsequence (fi, )nen and f € F such
that fi, w f.
From the hypothesis, the function f is continuous and so f(xy,) — f(z).

For £ > 0 there exists n, € N such that for all n > n,, we have that
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Few) = @) < <.
Also, there exists ny € N such that for all n > ny
e, — £l < g holds.
Let n = max{n,, ni}, then
| fon (@) = i (@) < | fro (@) = f (e )| 4 | f (@) = f(2)| + | f (@) = fe, ()]
< 2 e = fII + [f(2n,) — f2)] < e,
which contradicts (4.4.2). O

Note that F'is not necessarily a subset of C(X, R). Using the fact that an
exhaustive family F which consists of continuous functions is equicontinuous
(Proposition 2.1(a)) it is clear that this theorem is indeed a generalization of

classical Ascoli theorem.

Corollary 4.5 (Classical Ascoli - Arzela Theorem). Let X be a com-
pact topological space, and let A be a subset of C(X). Then the following

statements are equivalent :

(a) A is compact subset of the metric space C'(X) ( equipped with the

uniform metric).

(b) A is closed, bounded, and equicontinuous.

Proof: We first prove that (a) = (b)
Given A is a compact subset of a metric space C'(X). We have to show that

A is closed, bounded and equicontinuous.
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We know that comapact set is closed and bounded. What remains to be
shown is that A is equicontinuous.
To this end, let € > 0 and {S(f, €) : f € A} be an open cover A.
Since, A is compact. This open covering is reducible to finite subcovering.
Let f1, fo, f3, ..., fn € A such that A C O S(fi, €).
If x € X, then pick a neighborhood V;zzgfl x such that

|fi(y) — fi(x)] < € holds for all y € V,; and all i =
1,2, ..., n.
Now, let V, = ﬁV}H Take y € V, and f € A. Then on choosing some i

i=1
such that f € S(f;, €), we note that

[f () = F@)| < 1fw) = L)l + [fily) = filz)] + [fi(z) = f(2)]

<eg + € + ¢

= 3e.
This shows that A is equicontinuous at x, and since x was arbitrary, A is an
set of functions.
We now prove that (b) = (a)
It’s given that A is closed, bounded and equicontinuous, and we have to
show that A is compact. In order to prove this, it is sufficient to show that
every sequence in A has a convergent subsequence. For this let (f,)nen
be a sequence in A. Our claim is to show that (f,),en has a convergent
subsequence.
Given that A is bounded. So, choose m > 0 satisfying

Dia(A) = Sup{ d(f,g): f,ge A} =m.
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=d(f,9)<m V f,geA

= |f(z)—g(x)|]<m V f,ge A and V z € X.

= |f(x)| = lglx)| <m V f,g€A and V z€X.

= f(x)<m + |g(x)] V fge A and V z€X
(4.5.1).
Now g € A and let it be fixed. Since X is compact and ¢ is a continuous
function defined on X. Therefore, g is bounded. Then there exist some
positive integer n such that

lg(x)| <n V z € X.

From (4.5.1) we have |f(z)|<m+n=M V z€X and V feA
Let k& be a natural number. Since A is equicontinuous, Therefore, for every
y € X, there exists an open set V,, such that

lf(x)— fly)] < % whenever x € V,, and f € S.
Note that {V}, : y € X} is an open cover for X. Since, X is compact, this
open cover has a finite subcover.

Let Fr = {y1, Yo, ..., Yn} such that X = U V, and let F' = U F;. Since each
yeR, i=1
F; is finite, F' is atmost countable. Let F' = {x1, x9, ...} be an enumeration

of F'. Since, |fn(z1)] < M as f, € A and this holds for all n. Therefore,
{fn(x1)} is bounded sequence in R and so it has a convergent subsequence.
So, let (g!), en be a subsequence of (f,), ¢ such that limit gl (x;) exists in
R.

Similarly, there exists a subsequence (g2),en of (g}),en such that limit

g% () exists in R.
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Continuing this way,
we can choose (inductively) sequences (g ),en (i = 1, 2,...) such that

a. (g1)n en is a subsequence of (fy,)n e n-
b. (¢"™), en is a subsequence of (g'), cn for each i =1, 2, ..., and
c. lim, o ¢¢ (x;) exists in R for each i = 1, 2, ...

Now, consider the diagonal sequence h,, = g7 and note that (h,),en is a
subsequence of (f,),en such that limit h,(z;) exists in R for each i. Now,
we claim that (h,),en is a cauchy sequence in C(X).
Let k£ be natural number. Since, limit h,(y) exists for each y € Fj and
(hn)nen is a cauchy sequence. So there exists some ng such that

|hn(y) — hin(y)| < % holds for all n, m > ny and all y € F,.
If x € X, then take some y € F}, such that x € V,, and that

(@) = hon (@)] < [h(@) = Ra @) + ha(y) = hon ()] + hon() = ()
<itrt:

holds for all n, m > ng.

> w

Moreover,

[P = ham || = sup{[hn(2) = hm(2)| - 2 € X}
3

=
holds for all n, m > ny and thus (h,), e is a cauchy sequence in C(X).

Since, C'(X) is complete. So, (hy,)n e n converges to some h € C(X). Finally
since, A is closed and thus h € A, therefore the sequence (f,),en of A has

a convergent subsequence. Consequently, A is compact. 0
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