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ABSTRACT

In this thesis, need of intuitionistic/Pythagorean fuzzy aggregation operators is discussed.
Furthermore, some existing properties of these aggregation operators as well as various
extensions of these operators are studied.
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Chapter 1

Introduction

In several real life problems, we need to aggregate the available information to make a
decision e.g., to select the best student of class, the weighted arithmetic mean of the grades of
different courses of each student of a class is evaluated. The student who secures maximum
weighted arithmetic mean is considered as the best student. There are several operators which
can be used to aggregate the available information e.g., Arithmetic mean , Geometric mean,
Harmonic mean, Weighted arithmetic mean, Weighted geometric mean etc. However, in most of
the real life problems Weighted arithmetic mean and Weighted geometric mean is used to
aggregate the information. The weighted arithmetic mean and Weighted geometric mean can be

defined as follows:

Weighted arithmetic mean: If x;, x,,...,x,, are nreal numbers and w = (wy, wy, ...,w;)T
,w; = 0,2, w; =1 is the weight vector then the real number wyx; + wyx, + -+ w,x,, IS

known as weighted arithmetic mean of x,, x5 ,..., x,,.

Weighted geometric mean: If x,, x,,..., x,, are n real numbers and w = (wy, wy, ..., w)T , w; >
0,27, w; =1 is the weight vector then the real number x,"1,x,%2, ..., x,"" is known as

weighted geometic mean of x4, x, ,..., X,.

It is well known fact that to find the weighted arithmetic mean and weighted geometric
mean, the values of x;, x,,..., x,, should be known in terms of real numbers. However, there exist

several real life problems in which the obtained data/information cannot be represented as real



numbers e.g. the following views of a teacher about a student cannot be represented as a real

number.
1. The teacher is 80% satisfy with the statement that the student is good in Mathematics.
2. The teacher is 60% satisfy with the statement that the student is good in Physics.

It is pertinent to mention that the fuzzy set, introduced by Zadeh [6], can be used to
represent such information. A fuzzy set , represented by A = {(x,uz(x)):x € X}, is a
generalization of crisp set A = {(x, X,(x)): x € X}. The difference between crisp set A and a
fuzzy A is that in the crisp set 4, in the crisp set 4, it is assumed that an element of Universal set
X will either belong to set A or will not belong to set A. If the element x belong to set A then the
value of X,(x) will be 1 and if the element x does not belong to set A then the value of X,(x)
will be 0. While, in the fuzzy set A, it is assumed that an element of the universal set X can
partially/fully belong to set A . If the element x of the universal set X fully belong to A4 then the
value of uz(x) will be 1, if partially belong to A then the value of pz(x) will be greater than 0

and less than 1. Otherwise the value of 1z (x) will be 0.

In the literature, wy %, + wyX, + - + WpX, , Wy, Wy, o, Wy, =0, X7, w; = 1 and &, x
%" X X X" owp >0, X, w; = 1, where %4, X,, ..., %, are fuzzy numbers are named as
weighted fuzzy arithmetic mean and weighted fuzzy geometric mean respectively. These
expressions are obtained by replacing the real numbers x,, x5, ,..., x,, with fuzzy numbers

X4, %,, ..., X, In the expressions of crisp weighted arithmetic mean and crisp weighted geometric

mean respectively.



Although, the fuzzy set is better representation of real life data as compared to crisp set.
But, in the fuzzy set it is assumed that if pz(x) represent degree of membership then 1 — uz(x)
represent degree of non-membership i.e., in the fuzzy set it is assumed that there is no hesitation.
However, there exist several real life problems in which there also exist degree of hesitation with
degree of membership and degree of non-membership e.g., if a person is 80% in favour to vote
BJP then it does not imply that he/she 20% in appear to vote BJP. It may be that he/she is in
confusion about his/her vote. In the literature, it is pointed out such information/data cannot be

represented by a fuzzy set but can be represented by a intuitionistic fuzzy set [1].

An intuitionistic fuzzy set is generalization of fuzzy set. An intuitionistic fuzzy set is
represented as A = {(x, uz(x),vz(x))} where, puz(x) and vz(x) represented degree of
membership and degree of non-membership of an element x such that 0 < uz(x) <1 and 0 <
vi(x) <1 is 0<pz(x) +vz(x) < 1. The value 1— (uz(x)+vz(x)) is called degree of
hesitation. Yager and Abbasov [5] pointed out that in some real life problems, for
pui(x) and vz(x), the condition pz(x) +vz(x) <1 may not be satisfied but the condition
qu(x) + vj— (x) < 1 may be satisfied. Yager [5] named such type of intuitionistic fuzzy sets as
Pythagorean fuzzy sets. In the literature, wiX; + woX, + -+ wpX, , wy,wy, ..., w, =0,

now; =1 and #HY1XEY2x L x %" ow; >0, Yh,w; =1, where %,,%,,..,%, are
intuitionistic/pythagorean fuzzy sets are named as weighted intuitionistic/Pythagorean arithmetic

mean and weighted intuitionistic/ Pythagorean geometric mean respectively.

It is pertinent to mention that the arithmetic operations of intuitionistic fuzzy sets
/Pythagorean fuzzy sets are not unique and hence, on simplifying the general expression for

evaluating the weighted arithmetic mean and weighted geometric mean i.e., wyX; + wyX, + - +



wpX, and %" x %,"2 x ..x x%,"™ respectively of intuitionistic/Pythagorean fuzzy set |,

different expressions are obtained.

Xu [4] proposed the intuitionistic fuzzy weighted averaging operator, the intuitionistic

fuzzy ordered weighted averaging operator and the intuitionistic hybrid averaging operator.

Tan et al.[3] proposed Archimedean intuitionistic fuzzy weighted geometric operator,
Archimedean intuitionistic fuzzy ordered weighted geometric operator and Archimedean
intuitionistic fuzzy hybrid geometric operator. Ma and Xu [2] proposed the symmetric

Pythagorean fuzzy weighted geometric/averaging operators.

In this thesis, the aggregation operatoras, proposed by Xu [4],Tan et al. [3] and Ma and

Xu [4], are studied.



Chapter 2

Some properties of intuitionistic fuzzy aggregation

operator and its extensions

In this chapter, the method for comparing intuitionistic fuzzy values, proposed by Xu [4],
is discussed. Also, the intuitionistic fuzzy weighted averaging operator, intuitionistic fuzzy
ordered weighted averaging operator and intuitionistic fuzzy hybrid averaging operator as well as

various properties of these operators, proposed by Xu [4], are discussed.
2.1 Basic definitions
In this section, some basic definitions are reviewed [4].

Definition 2.1 An aggregation function f:[0,1]™ - [0,1] is a function non-decreasing in each
argument and satisfying £(0,...,0) = 0 and f(1,...,1) = 1.
Definition 2.2 Let WA: R™ - R, if WA
WA, (ay, Az, ..,an) = XI_q wj a;.
Then WA is called a weighted averaging operator, where w = (w4, W, ..., w,)" such that w; €

[0,1] and Z’}zl w; = 1, R is the set of all real numbers.

Definition 2.3 An ordered weighted averaging (OWA) operator of dimension n is a mapping

OWA:R" >R
that has an associated vector w = (w, w,, ..., w,)" such that w; € [0,1] and X7_; w; =1
Furthermore,
OWA,(a,as, ..a,) = Z}Ll wj by,
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where b; is the jth largest of a;(i = 1,2, ... ,n).

It is obvious from Definitions 2.2 and 2.3, the WA operator first weights all the given
arguments and then aggregates all these weighted arguments into a collective one. The
fundamental aspect of the OWA operator is the reordering step; it first reorders all the given
arguments in descending order and then weights these ordered arguments, and finally aggregates
all these ordered weighted arguments into a collective one.

Definition 2.3 Let @, = [tdj,l —fa,-] (j =1,2,..,n) Dbe collection of intuitionistic fuzzy
values. Then, intuitionistic fuzzy weighted averaging operator (IFWA) of dimension n is a
mapping, IFWA: Q" - Q, where Q is the set of all intuitionistic fuzzy values, defined by

IFWAw(&l, &2, ...,&n) = (1)1&1 @ (1)2&2 @ @ wn&n.

where w = (wy, W, ..., w,)" is the weight vector of @, (j = 1,2,... ,n) , with w; € [0,1] and
i-1 w; =1 . Especially, if ,o=(1/nl/n,..1/ n)" then the IFWA operator is reduced to an

intuitionistic fuzzy averaging (IFA) operator of dimension n , which is defined as follows:
IFA((dy, @y, .., @) = 1/n(@, D d, D ... D a,).

Definition 2.4 Leta, = [tdj,l —faj] (j =1,2,..,n) be a collection of intuitionistic fuzzy
values. Then, an intuitionistic fuzzy OWA (IFOWA) operator of dimension n is a mapping
IFOWA: Q" — Q, that has an associated vector w = (w;, @, ..., w,)" such that with w; € [0,1]
and Z}L ; w;j = 1. Furthermore

IFOWA, (8, 8y, .., Gn) = @851 B Wrlg) D - Wnlgen).

where (a(1),0(2), ..., a(n)) is a permutation of (1,2, ...,n) such that @, ;_,, = a;, forall j .



Especially, if w = ({/n,1/n, ...,1/n)T, then the IFOWA operator is reduced to an IFA operator

of dimension n

Definition 2.5 An intuitionistic fuzzy hybrid aggregation operator of dimension n is a mapping

IFHA: Q" - Q , which has an associated vector w = (w;, w,, ...,w,)"T with w; € [0,1] and
7=1w; = 1 such that

IFHA 4, (@4, 8z, ..., Gn) = W1lg(1) D Wl D .. B Wnloemy,

where &, 4y is the j largest of the weighted intuitionistic fuzzy values d,jy(do(j) = nw;a;,j =

1,2,..,n) @ = (w1, Wy, ..., w,)" is the weight vector of @ (j = 1,2, ... ,n) , with w; € [0,1] and

7—1 w; =1, and n is the balancing coefficient, which plays a role of balance (in such a case, if

the vector o = (wy, w,,...,w,)T approaches (I/n,I/n,..,1/n)T , then the vector
(nw,d,, nw,as,, ..., nw,d, )" approaches (d,,d,, ..., d, ).
2.2 Arithmetic operations

In this section, arithmetic operations of intituonistic fuzzy values, proposed by Xu [4], are
presented.

Letd = [ty 1 — fz] and b = [tz 1 — f5] be two intuitionistic fuzzy values; then

a@®b=[tg+ts—tats 1 — fafs]-

Nra=[1-1A-td"1-f 1>0.
2.3 Comparison of intutionistic fuzzy values
In this section, the method for comparing intutionistic fuzzy values, proposed by Xu

[4] ,is presented.



Letd = [tg I — f;] and b = [tz I — bs] be two intuitionistic fuzzy values. Then, find
scores S(@) = t; — f; and S(b) = t; — f5 of @ and b respectively and check that S(&) >
S(b) ors(@) < s(b) or s(a) = s(b)

Case (1) If S(&) > S(b) ,then & > b.

Case (2) If S(&) < S(b) ,then a < b.

Case (3) If S(&) = S(b) , then find accuracy degree H(@) =tz + f; and H(b) = t; + f; ofd
and b respectively

Case (3a) If H(a) > H(b) ,then &> b.

Case (3b) If H(@) < H(b), then & is smaller than b, denoted by @ < b.

Case (3c) If H(@) = H(b), then @ = b.

2.4 Some important results

In this section, some results, proposed by Xu [2], are presented.

Theorem 2.1 Letd = [tz 1 — fz] and b = [t5,1 — f5] be two intuitionistic fuzzy values, A, A,
,A, > 0. Then,
)a®b=>ba.
2) (@ @ b) = Aa P Ab.
3) 1,8 D Ad =, + A,)a.
Proof:
1) Using the operational law (1) of Section 2.2,

a® b= [tg+t; —tats, 1 — faf5]

=[ts + ta — tsta, 1 — f5fal

=b®Pa.

10



2) Using the operational law (1) of Section 2.2,
A b=ty +t;—tats 1— fafsl.
Using the operational law (2) of Section 2.2,
Aa®b)=[1- (1~ (ta+t;—tatp))" 1~ (faf )]
= [1- -t = t)% 1 = (faf)*] (2.1)
Using operational law (2) of Section 2.2,
ra=[1-0-t)h1-f] b =[1-(1-tp" 1~ f;]
Using operational law (1) of Section 2.2,
WOAb=1-A-t)*+1-A -t -1 -A—t*) x (1 -1 —tph),
1= (faf )]

=R-0-t)*" - U=t -1 -A -t = A=t + (1 - tx)*
(A=t = (faf5)*]

=[1- 1= t)*A =4 1= (faf )] (2.2)

Using (2.1) and (2.2),
A@@®b)=21a @ Ab
3) using operational law (2) of Section 2.2,

ha=[1-1-t)™1- £,

i =[1- 1 -t 1-f7].
Using operational law (1) of Section 2.2,

11



Mi®hi=2-A-td" -1 -t - (1 -0 -tM) x (1 - (1 -t)*)
A=y
=[1- A -t — )™, 1 - £ 7]
=[1—- (1 = tga)M1*22,1 — (fp)h+he]

Theorem 2.2 Let q; :[tdj,l —fa,-] (j =1,2,..,n) be a collection of intuitionistic fuzzy
values; then their aggregated value by using the IFWA operator is

IFWA, Gy, gy ) Gy) = [1 =TTy (1= ta,) 1 =Ty £ 2.3
oy by, @) = LTI (1- 1) =TI /], @)

where @ = (wq, W, ..., w,)" is the weight vector of @, (j = 1,2,..,n) , with w; € [0,1] and

i=1 w; = 1. Especially, if ta; =1— fdj , for all , then (2.3) is reduced to the following form:

w;
IFWA, (@85, ..., 8) = [1 = T}y (1—ta,) |
Proof : This can be easily proved by mathematical induction as follows:

Firstly, prove that the result is true forn = 2

Using operational law (2) of Section 2.2,

wq

018, = [1-(1—t5,)" 1= £
wy8y = [1 - (1-t5,)" 1 2]

Using operational law (1) of Section 2.2,

IFWAw(a:]_, dz) = (l)lal @ wzaz

12



=2-(1-tz)" - (1—t5)" - - (1—tz)H)x (A~ (1—ts)"

11— faal)l ;2)2]
=1-(1—ta)" (1 - t5,)" 1= £ £27].

Therefore, the result is true for n = 2.

Now, let the result is true forn = k i.e.,
- . - w;j W;
IFWAw(al; az, ey ak) = [1 - 5§=1 (1 - tﬁ]) ) 1 - ?:1 fajj]
and prove that it is also true for n = k + 1.
- o~ - wj w
IFWAw(aL aZ) ---)ak+1) = [1 - }czl (1 - tﬁ]) +(1 - (1 - tdk+1) k+1) - (1 -
wj wWp w i
(1= ) ) x (1= (1= ta,, ) ") 1= T2 ]
=1 - k (1—t )wj 1_Hk+1 wj
== (1-t) . 1-TIE £
Since, the result is true for n = k 4+ 1. Hence, the result is true for all values of n.
Theorem 2.3 Let a= [tdj,l —faj] (j =12, ..,n) be a collection of intuitionistic fuzzy

values; then their aggregated value by using the IFOWA operator is

w;
Hagj

"
IFOWA (@, a3, .., 8n) = [1 =TT, (1= ta, ) 1 - T 1, (24)

where w = (1/n,1/n, ...,1/n)" is the weighting vector of the IFOWA operator, with that w; €
[0,1] and X7, w; = 1. Especially, if ta, +fa, =1, forall j=12..n, ie, all (=
1,2,...,n) are reduced to ta]_(j =1,2,...,n) , respectively, then (2.4) is reduced to the following

form:

I . n wj
IFOWA (@, 8y, . ) = 1 =TTy (1=t ;) -

13



Proof : This can be easily proved by mathematical induction as follows:
Firstly, prove that the result is true forn = 2

Using operational law (2) of Section 2.2,

w1lg(1) = [1 - (1 - t‘ia(l))w1 1= fd(zzl)]’

W205(2) = [1 a (1 B t‘ia(z))w2 1= fﬁ&;m]'

Using operational law (1) of Section 2.2,

IFWOA,, (Gy,0,) = w1da(1) S wzaa(z)

- [2 B (1 ~la (D)w1 B (1 B t‘ia(Z))w2 B (1 B (1 N taa(l))wl) x (1 B

w2
(1 - taa(Z)) aa(l)f aa(z)]

- [1 N (1 N t&a(l))wl (1 B tﬁa(Z))w ~fa aa(l)f aa(z)]

Therefore, the result is true for n = 2.

Now, let the result is true forn = k i.e.,
- - w]- .
IFWOA @y, 8y, .., 8) = [1 =T, (1= ta,,)) o115y £y

J=1 ﬁa(j)]

and prove that it is also true forn = k + 1.

. - Wj Wi+1
IFWOA @y, 8y, o, lrsr) = [1 =TT, (1 ta, )+ = (1= ta,p,r) ) -

(1 — - (1 - tda(j))wj) X (1 N (1 B tﬁo(km)wkﬂ) 1-TI721 (n]

=[1- J 1 (1 aa(])) 1= Hk+1 ]

C0)

Since, the result is true for n = k + 1. Hence, the result is true for all values of n.

14



Theorem 2.4: The IFWA operator is a special case of the IFHA operator.

T
Proof: Let w = (%% %) : then

IFHA (@4, 8z, ..., @) = W1lg(1) D Walga) D ... ® Wyl
=1/n(8eq) @ Goz) B - B doeny)-

by Definition 2.3
= w.0; P w,d, D ... 6 w,a,
= [FWA,(d,, ,, ..., dy,).

Theorem 2.5 The IFOWA operator is a special case of the IFHA operator.

T
Proof: Let w = (%% %) : then

IFHAw,W(dl, Ay, e, ly) = Wlaa(l) ® Wzaa(z) D..0 Wn&a(n)
= 1/n(Gs1) ® o2y D - D Go(ny)
by Definition 2.4
= Wilg(1) D Walg) O ... © Wylsem)

= IFOWA,,(dy, @y, ..., Gy).

15



Chapter 3

Generalized intuitionistic fuzzy geometric Aggregation

operators and its properties

In this chapter, the generalized Archimedean intuitionistic fuzzy weighted geometric, generalized
Archimedean intuitionistic fuzzy ordered weighted geometric and generalized Archimedean intuitionistic

fuzzy hybrid geometric operators, proposed by Tan et al. [3], are studied.
3.1. Basic definitions
In this section, some basic definitions are reviewed [3]

Definition 3. 1 A mapping f:[0,1]™ — [0,1] is called a generalized weighted geometric (GWG) operator

of n-dimension if

n
f(x1, %0, 0, xp) = %(H(ij)wj)
j=1
where parameter 1 > 0,w = (wy, wy, ...,w,,)T is the weight vector of the arguments xi(j=12,..,n),
satisfying w; € [0,1] (j = 1,2, ...,n) and Z}l:l wj = 1.
Definition 3.2 A mapping f: [0,1]™ — [0,1] is called a generalized ordered weighted geometric (GOWG)

operator of n-dimension if

j=1

11 .
F(xq, %9, 0y Xp) = i(l_[(lbf) 1>'

where parameter 1 > 0,w = (wy, w,, ..., w,)" is the weight vector that is associated with, satisfying w; €

[01] (G =12,..,n)and Z}l:l w; = 1; b; is the jth largest of all numerical values x, (k = 1,2, ...,n).

16



Definition 3.3 A triangular norm (t-norm for short) T is a bivariate aggregation function on the unit
interval [0,1], that is, a function T:[0,1] x [0,1] — [0,1], which is Commutative, Associative, Monotone
in each component, and satisfies the boundary condition T'(x, 1) = x.

There exist uncountable t-norms; the following four basic t-norms Ty, Tp, T, and Tp are given by,
respectively, Ty (x,y) = min(x,y), Tp(x,y) =x.y, T,(x,y) =(x+y—1,0), and Tp(x,y) = 0,if
(x.y) € [0,1)? and otherwise Tp, (x,y) = min(x,y).

Definition 3.4 A triangular conorm (t-conorm for short) S is a bivariate aggregation function on the unit
interval [0,1], that is, a function S:[0,1] x [0,1] — [0,1], which is Commutative, Associative, Monotone
in each component, and satisfies the Boundary condition S(x, 0) = x.

Definition 3.5 A t-norm is called Archimedean if for each (x.y) € (0,1)? there is an integral n €

n—times

{1,2, ...} such that Tm < y. A t-conorm is called Archimedean if for each (x.y) € (0,1)? there is
. n-times
an integral n € {1,2, ... } such that Sm >y

It is well known that a continuous Archimedean t-norm T is expressed via its additive generator g as
T(x,y) = g"V(g(x) + g(¥)), where g:[0,1] - [0,00] with g(1) =0 is a continuous strictly
decreasing function, and g~ () = max(0, g~1(t)) is the pseudo-inverse of g. The dual of any t-norm
generated by g is the corresponding t-conorm generated by h with h(t) = g(1 — t) and vice versa with
respective t-norm and t-conorms satisfying T(x,y) = 1 — S(1 — x, 1 — y). The corresponding t-conorms,
using h(t) = g(1 —t), is expressed as S(x,y) = h=V (h(x) + h(y)), where AV (t) = min(1, h~1(t))
is the pseudo-inverse of h.

Definition 3.6 Let X = {x,x,,..., x,} be a finite set and a; = (,ua]., va].) (j = 1,2, ...,n) be a collection

of intutionistic fuzzy values on X. Based on Archimedean t-conorm and t-norm, the generalized
Archimedean intuitionistic fuzzy weighted geometric (GAIFWG) operator of dimension n is a mapping

from Q™ to Q such that

17



GAIFW Gy (a3, €z, .., @)= 5 (1521)""* @5 (1522)"5"2 @5 .. A50,)"8¥n) =

%<®5;l=1 ((A-ijwj))
where parameter 2 > 0,w = (wy,w,, ...,w,,)T is the weight vector of the arguments xi(j=12,..,n),
satisfying w; € [0,1] G = 1,2,...,n) and X7, w; = 1.
Definition 3.7 Let X = {x4, x5,..., x,} be a finite set and a; = (yaj, Va]-) (j = 1,2,...,n) be a collection

of intuitionistic fuzzy values on X. Based on Archimedean t-conorm and t-norm, the generalized
Archimedean intuitionistic fuzzy ordered weighted geometric (GAIFOWG) operator of dimension n is a
mapping from Q" to Q that has an associated the weighting vector w = (wy, wy, ..., wy,) With w; €

[01] (G =12,..,n)and Zj-;l w; = 1,such that
1 N EW. A EW: NsWn
GAIFOWGW((Xl, s, ...,an)= z((l(ga’(l)) 8 ®5 (A_,ga(z)) 8z ®5 ®5 ()L_(g(l(n)) 8 ) =
1 I\é,W.
;(®5,’L1 ((Asacp) ’))
where (.) indicates a permutation on X such that aqy = @) = -+ = @), 4 > 0,

Definition 3.8 Let X = {x;, x5,..., x,} be a finite set and a; = (#a,-' Va,-) (j = 1,2,...,n) be a collection

of intuitionistic fuzzy values on X. Based on Archimedean t-conorm and t-norm, the generalized
Archimedean intuitionistic fuzzy hybrid geometric (GAIFHG) operator of dimension n is a mapping from
Q" to Q that has an associated the weighting vector w = (wy, w, ..., wy,) With w; > 0 and Z}Ll w; =1,

such that

GAIFHG,,(ay, a3, ..., 0y)= %((/1.60(0(1))/\5W1 ®s (A'Jaa(z))sz Qs ... O (A.gaa(n))an) _

%<®57=1 ((71.5“0(1))A5Wj))

_ < ( 1_<1_ g_l( " wg (h-l (lh(#ad(j))))»);.(h'l( Z-‘=1w,-h<9'1 (2 (Vaaw)))));)’
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where 4 > 0, &) = (ﬂﬁa(j)"’&a(j)) is the jth largest of the weighted intuitionistic fuzzy values &j(&j =

nw;aj,j =12, ..,n),0 = (w1, 0y, .., w,) is the weight vector of x;(j = 1,2,..,n) witg w; > 0 and
j=1wj =1, and n is the balancing coefficient; g is an additive generator of a continuous Archimedean

t-norm, and h(t) = g(1 — t) is the generator of its dual t-conorm.

Definition 3.9 Let A = (uy4,v4) and B = (ug, vg) be two intuitionistic fuzzy value in X and A > 0; then

(1) A+ B = (ug + g — Halip, VaVp).

(2) A.B = (v4 + vg —VaVg , talip).

@Aa=(1-Q0-p)*v}).

@A =(ux, 1 - (L= vH).

Definition 3.10 Let @; = (uq,, Vo, ) (j = 1,2) be two intuitonistic fuzzy values, then
1) @ @5 @ = (R (hug,) + hle,)) 7 (9(va,) + 9(va,)) )
@) @ ®s @ = (97 (9(ka) + 9(1as)) A (k(v,) + h(va,)) )
@) dsa; = (h—l (Ah(uey)) g™ (Ag(vai))), 150,

@ (@' = (g7 (2g(a)) . h ™ (2h(ve))). 2 >
3.2 Some important results
In this section, some results, proposed by Tan et al.[3], are presented.
Theorem 3.1 Le a; = (#ai' Vai) (i = 1,2) be two intuitionistic fuzzy values and let a = a; @5 a,, for
any A > 0; then a, b, c and d are also intuitionistic fuzzy values.

Proof: Since h(t) = g(1 —t), and g:[0,1] — [0, =] is a strictly decreasing function, h(t) is a strictly

increasing function, which indicates that
0< 9 (g(ka,) + 9(Hay)) < 10 < RV (A(ve,) +h(v,)) < 1

and gt (g(ﬂal) + g(ﬂaz)) +hY (h(Val) + h(V“z))
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< hD (h(ve,) + h(ve,)) + 90 (9(1 = va,) + (1 = va,) )
< hD (h(va,) + h(va,)) + 1= KD (h(ve,) + h(vg,)) = 1.
Therefore, a = a; Ps az, and ¢ = a; Qg a, are intuitionistic fuzzy values.
Theorem 3.2 Let X = {xq, x,,..., x,} be a finite set and a; = (Maj, va].) (j = 1,2,...,n) be a collection

of IFVs on X. Then the aggregated value by using the GAIFW G operator is also an intuitionistic fuzzy
value. Furthermore,

GAIFWG,,(ay, g, ..., 0ty) =

( . (1 o ( " wg <h—1 (an (ua,.))))) I. (h-l (2?=1wfh (9‘1 (29 (Va,-))))f)'

where parameter 1 > 0,w = (wy,w,, ...,w,,)T is the weight vector of the arguments xi(j=12,..,n),
satisfying w; € [0,1] G = 1,2,...,n) and Y7, w; =1, g is an additive generator of a continuous
Archimedean t-norm, and h(t) = g(1 — t) is the generator of its dual t-conorm.

Proof: This is easily proved by mathematical induction as follows:

Firstly, prove that the result is true for n = 2

Since,

dsar = (7 (Ah(ke,)), g7 (A9(ve,) ) Aotz = (R (Ah(i,)) 67 (29(ve,)) )
then (A sa;)"sW1 = (g_l <ng (h-l (Ah(val)))>,h‘1 (wlh (g‘l (/'lg(,ual)))))
(Asaz)"o"> = (g‘l <Wzg (h‘l (/'lh(uaz)))>'h‘1 <th (g‘l (/’lg(vaz)))>>-

So,

20



(A5a1)"e"t @5 (A5a2) 02 = (g‘l (g (g‘l (ng (n (Ah(ual))»)) +
g <9‘1 <w29 (h‘1 (Ah(uaz)))>)>,

<h1 <h <h—1 <w1h (g—l (/'lg(wl))»)) +h (h—l <th (9_1 (Ag(vaz)))»)
et s o)

Suppose result holds for n = k, that is

Asa1) 1 Q5 (A5a2)" 02 Qs ... (A say) Wk =

<g—1 <z;.<=1 w;g <h—1 (2 (yaj))>>,h_1 <Zj?=1 w;h <g‘1 (29 (w,)))))

Then, whenn =k + 1,

(A1) ™ ®5 (A 5a3)" %2 Qg ... (A gay) oWk

= (57 (st (v () (57 ()

(o sz (o o)) (0 (57 10)

That is, result holds for n = k + 1. Thus, result holds for all positive integral n.
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Thus

GAIFW G, (ay, ay, ..., Qy) =

(el e (sl
_ ((1 B <1 _g-1< " g <h-1 ()lh (ua;))>>>>l’<h_1< = 1W’h<g_1 (’19 ("aj))>>>l>

Since, h(t) = g(1 —t) and g:[0,1] — [0, o] is a strictly decreasing function, h(t) is a strictly increasing

function,which indicates that 0 < g~* ( =1 wig (h‘l ()lh (ua].)))) <1

h <2;‘=1wjh <g—1 (Ag (vaj))>> <1
and <h—1< n 1w,h<g—1 (Ag (va,.))>>>; n (1 _ (1 —g! <zy=1wjg <h‘1 (Ah (#aj))»))l
:(h—l < Ty wih <g‘1 (;tg (vaj))>>>%+<1 -~ (h‘l < T wih <g‘1 (Ag (1 - uaj))>>>>z
\

(B ota-n)) ) ( (S o) J

That is to say, the aggregated value by using the generalized Archimedean intuitionistic fuzzy weighted

0

IA

1

BT

geometric operator is also an intuitionistic fuzzy values.
Theorem 3.3 The operation defined in Theorem 3.2 is consistent with the operator generalized weighted

geometric expressed by

11 .
flen, %z, 0, %) = Z(l_[(’le) 1)

j=1

22



on ordinary fuzzy sets.

Proof: GAIFWG,,(aq, @y, ..., Q)

([ amole ) (o ren(e o))

1
2

(- (e )] o oot
uaj)))))i
- ) o))

which indicates that in this case GAIFWG,, (a4, @», ..., a,) is a fuzzy set, that is to say, the generalized
Archimedean intuitionistic fuzzy weighted geometric operator is a natural extension of the generalized
weighted geometric operator from fuzzy sets to intuitionistic fuzzy sets. Thus, the operation defined by

Theorem 3.2 is consistent with the generalized weighted geometric operator expressed

n
1 .
f(x11x21 ---;xn) = Z H(ij)wj ’
j=1

on ordinary fuzzy sets.

Theorem 3.4 Let X = {xq, x5, ..., x, } be a finite set, a; = (,uaj,va].) (j = 1,2,...,n) be a collection of

IFVson X,A>0,and w = (wy, wy, ..., wy,) With w; € [0,1] and Z};l w; = 1 be the weight vector of the

arguments x;(j = 1,2, ...,n). Ifall a;(j = 1,2, ..., n) are equal, that is, &; = a = (ug,v,) for all j, then
GAIFWG,, (aq, ay, ...,a,) = a.

Proof: Let a; = a = (uq, V) for all j, then

GAIFWG,, (aq, ay, ..., ap)
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1 1
2 -

{(- (- ot (om0

=<1 ~(1- h-l(Ah(ua)))%, (g‘l(Ag(va)))%>

=(h*(Ah(e)), g7 (Ag(ve) )’

=((ua,va)l)% = (U Var) = .
Theorem 3.5 Let X = {xy, x5, ..., x,} be a finite set,a; = (uaj,vaj) and B; = (,uﬁj,vﬁj) G=12,..,n)
be two collection of IFVs on X,A > 0, and w = (wy, w,, ..., wy,) With w; € [0,1] and X%_; w; = 1 be the
weight vector of the arguments x;(j = 1,2, ...,n). If Haj < tp; and vy, = vg, for all j, that is, a; < B,
then

GAIFW G, (a1, @y, .., ) < GAIFWG,,(B1, Bay v ) Br)-
Proof: Since, h(t) = g(1 —t) and g: [0,1] - [0, o] is a strictly decreasing function, therefore, h(t) is a

strictly increasing function. Let Ha; < Up; and Vo, 2 Vg, for all j, then

n

(S (o 0257 S o)

j=1 j=1
n : n ;
~1- 1—9-1(wa(fl-lw(ua,.))))) I TRl PR IET)))
j=1 j=1
(i (s (s (0 6) ) = (1 (21 (57 0 0)) ]
= GAIFW Gy, (ay, ay, .., @) < GAIFWGy, (By, Bzy -vvr Br)-
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Theorem 3.6 Let a; = (Ma,-;Va,-) (G =1,2,..,n) beacollection of IFVsonX,A > 0,andw =

(Wy, Wy, ..., wp) With w; € [0,1] and X%, w; = 1 be the weight vector of the arguments x;(j =

1,2,..,n).Ifa” = (minya.,maxva.),af* = <maxua.,minva.), then
j ] ] J } J } J

a~ < GAIFWG,, (ay, ag, ..., ay) < at
Proof: It is obvious that
j min Ha; < Ug : < mjax Ha mjin Va; < Va; < mjax Va;
Since, g:[0,1] — [0, =] is a strictly decreasing function, therefore, h(t) = g(1 — t) is a strictly

increasing function.

- g—1< " wg (h—l </1h (mjin uaj)>>> < g—1< " wg <h—1 (Ah (uaj))>> <
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o) oS (o ) (S )

=1

<1 (max Ug,» MINV, )
j 7 J

N~

M.(l gt b

= a~ < GAIFWG,,(ay,ay, ..., an) < at.
3.3 Special Cases

(1) If parameter A and weight vector w = (wy, w,, ..., wy,) are given by different values, and the
additive generator g is also assigned different forms, some specific intuitionistic fuzzy geometric
aggregation operators can be obtained.

1. If A =1, then

ATS = IFWGy(@r,tz,os ) = (97 (Zawi (tte,)) 17 (S it (ve,)))
which is called the Archimedean t-conorm- and t-norm-based intuitionistic fuzzy weighted geometric

(ATS-IFWG) operator. Furthermore, if w = (1/,,1/,,...,1/p), then
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n

Zg(““j) 7 % h(vaj)

n
-1
j=1 Jj=1

AIFG,, (ay,ay,...,an) =| g

S|

called the Archimedean intuitionistic fuzzy geometric (AIFG) operator.

2.1fg(t) = —logt,ie h(t) = —log(1—1t), g7 (t) = e~ ,h71(t) =1 —e7¢, then

| =

n Wi\ 7 n 3
A Wj
GIFWG,, (ay, gy ) = 1= [ 1 - | | (1 —(1-a)) ) |1- | | (1-v)
j=1 j=1

which is called the generalized intuitionistic fuzzy weighted geometric (GIFWG) operator .

Furthermore, if A = 1, then

n , n w
IFWG, (ay, ay, ..., an) = <1—I y:,’ ;1 — 1—[ (1 — va.) ]>
j=1 J j_l J

which is called the intuitionistic fuzzy weighted geometric operator.

aﬁga)=mgCZ‘UA)Leh@):mgcz_“’”p&l_ﬂ>g*@y=y®t+n

B0 =1 (Y 4 1))

GEIFWG (ay, oy, ..., y) =

A N
21T, (1 + uaj)/1 - (1 - Ilaj)/1 j
(1 + ““f) + (1 - ”“i)

./
|

T () (1)
\

(1 + “%‘)A B (1 B “Off)/1 ]
(1 + '“Ofi)/1 + (1 - '“051')/1

1
i p—r (s i A
T + —ITv —
I = (2 -V )/1+v'1 = (2 -V )A +vA I
| aj aj aj aj |
| . Wj . w; |
n Zv“} n 2Vaj
M| 1+ | (1= R
(2 — Vg, ) + Va, (2 - vaj) =+ Va;
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called the generalized Einstein intuitionistic fuzzy weighted geometric (GEIFWG) operator. Furthermore,
if A =1, then

2H?=1ﬂcvzvf ?=1(1 _V“f)wj — 1= (1 _V“i)wj

j=1 (2 - ”“f)wj + H?=1“fv:j, j=1 (1 - V“i)wj +1T- (1 - V“j)wj

EIFWG(ay, ay, ..., 0y) =

which is called the Einstein intuitionistic fuzzy weighted geometric (EIFWG) operator.

4.1fg(@) = log(()H_(1 Y)t)/) 1> 0,ie h(t) = log((y‘F(1 V)(l_t))/ _t)

97 @® =y/(et+y— p-ht=1 _(y/(et+y—1))

GHIFWG,,(ay,ay, ..., 0ty) =

(1+0-D10) ~(1-tay)

VH7:1<
(

1+(V—1)Ilaj>/1+(1—y)(1—1105]-)/1

;

1-

(1+(V—1)Ilaj)l—(1—ﬂaj)

W
A

M7= 1I 1+(y- 1)(

Ve -
Va]

(1+(y—1)uaj))/1+(1—1/)(1—uaj))l

)

Wj

J
+y-1) ny=1<

(1+0-00,) ~(1-1a))

(1+(1/—1)uocj)/1+(y—1)(1—uoej)/1

Ve -
Yoc]

IT}- 1I 1+(y- 1)<

A
(1+0-Da-vap) +a-n

| -] 1-

)\

)

%

|

(1+(y—

A
D(a-vap) +a-nvh

)

)

N
)
[

Ve »
Va]

vj

Ve -
Ya]

+r=D I}, | 1-

4 A
(1+o-Da-va)) +a-vv,

)\

-
\Hillkl-'—(y1)<(1+(Vl)(1va]-))l’f(ly)va / \ <

called the generalized Hamacher intuitionistic fuzzy weighted geometric (GHIFWG) operator. Especially,
if y = 1, then GIFWG operator; if y = 2, then the GHIFWG operator is reduced to the generalized
Einstien intuitionistic fuzzy weighted geometric operator.If y = 1, then the GAIFWG operator is reduced
to the following:

HIFWG,,(aq, ay, ..., an) =
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e, u’ (14 4= Dve) = (1= v )™
y ]21“(11 j=1 y Vaj ]:1( Va])

T (1 +@y-1) (1 — uaj)> + @ -DIT- 1ﬂgz L (1 + - 1)vaj) + @ =D (@ = ve )™
which is called the Hamacher intuitionistic fuzzy weighted geometric (HIFWG) operator .

5. 1f g(t) —log (I/ )/(y 1)) y > 0,i.e h(t) —log (y /(y1 -t _ 1)) gt =

<(y o et)/et)/ ,h71(t) = 1—log ((y o et)/et% then

log logy ogy

GFIFWG,,(ay, ay, ..., ay)

1-pa; 4 i
Y ]
log| 1+(y—1)< 7=1 >

logy -1

<
PITS
<
~.
Sl

1-pg; 4
Y J
10g<1+(y—1)< V=1 > )

logy -1

1 1

log 1+[1j=q] ¥ log 1+[17-4) v

( (
I I
I I
I I

logy logy

called the generalized Frank intuitionistic fuzzy weighted geometric (GFIFWG) operator.

(2) In the following, we discuss the relations between the GAIFOWG operator and some existing
intuitionistic fuzzy ordered weighted geometric aggregation operators.

If parameter A and weight vector w = (wy,w,, ..., w,,) are given by different values, and the additive
generator g is also assigned different forms, some specific intuitionistic fuzzy geometric aggregation
operators can be obtained.

1. If A =1, then

ATS = IFW G,y (a1, ) = (97 (s wig (tagy)) 1 (s wih (vay)))
which is called the Archimedean t-conorm and t-norm based intuitionistic fuzzy weighted geometric

(ATS-IFWG) operator. Furthermore, if w = (1/,,1/,,...,1/p), then

29



n

n
1 1
AIFGW(alﬁ ay, "'Pan) = ;Zg IJ'(Z(]) -1 ;Zh VQ(J)
=1 =

called the Archimedean intuitionistic fuzzy geometric (AIFG) operator.

2.1fg(t) = —logt,ie. h(t) = —log(1—1t), g7 () =e t B i(t)=1—-e7¢,

| =

. Wi\ 7 n I
A 2 Wj
GIFWG, (ay, ay, ) = 1= 1— 1—[ (1 — (1~ k) ) A1- 1_[ (1-v4,)
j=1 j=1
which is called the generalized intuitionistic fuzzy weighted geometric (GIFWG) operator .

Furthermore, if A = 1, then the generalized Archimedean intuitionistic fuzzy weighted geometric operator

is reduced to the following:

n n w;
_ wj _ _ J
IFWGW(al,aZ,...,an)—<| |j=1yam,1 | |,-=1(1 va(j)) )

which is called the intuitionistic fuzzy weighted geometric operator.

3. 1f g(t) = log ((2 - t)/t), then h(t) = log <(2 -- t))/(l _ t)>,g_1(t) = 2/(et +1)

710 = 1= (%/ge 4 1y ) then

GEIFOWG(ay, ay, ..., ) =
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A A j
I 2_(1+“a(1’)) _(1_“%'))>

- (1 + “%’))/1 + (1 - “"fu’))/1

1
2vh " 2vi I\
l‘[‘r} 1 + 0)) _ n 1 _ 0))

. A A = A )
| (2 - V“(j)) * Vay, (2 B V‘l(j)) *Va,
| 21/0’}( ) 21/&( )
\H;}:1 1+ i + H;}:l 1- il
_ 2 _ 1
(2 V“(j)) * Vo, (2 V‘l(j)) * Vag,

N
.

called the generalized Einstein intuitionistic fuzzy ordered weighted geometric (GEIFOWG) operator.
Furthermore, if 1 = 1, then
EIFOWG(ay, ay, ..., ay)

Wj Wj

— = (1—1/%.))
7] W,
j=1 (1 - Va(j)) T+ [T}, (1 - V“(j)) :

which is called the Einstein intuitionistic fuzzy ordered weighted geometric (EIFWG) operator.

4.1F g(6) = log ((y +(1- y)t)/t)’l >0, i h(t) = log ((V +1-Qa- t))/(1 _ t)),

N
21Ty ity n (1= vey,)

n 2 Wi Hn wj '
j=1( —lia(,-)) ML

9@ :y/(et+y— 1)'h_1 - 1_(y/(et+y—1))

GHIFOWG,, (ay, ay, ..., ap) =

31



2 y Wj \

I/ YT, (“(V‘l)““(il)) ~(1-kap) /1 I

I 1— (“(V‘”““(n)W’f“‘”(l‘”“(j)) I
2 2 \ J 2 2 \%i |

| " 1| o 1)( (1+(y—1)ua(j/)1) —(1—u“(j)> /1> | +-1 Hj=1< (1+(y—1)ua(9) —(1—ua(j)) A) |

(1+(y—1)ua(j))) +(1—V)(1—ua(j)> / (1+(y—1)ua(j)) +(Y—1)(1—V-a(j))

|
|
|

1

wj Wi\ 1

YVa(j) \ n / YVa(j) \ \

H] 1| 1+(Y 1) | _Hj=1| 1- ( i | |
|

|

/ \ L+ y-DA-vag;)) +a-1v /

| / \W] ( |
YVa ; YVa
M7, | 1+(-1 )( U)a - ) | +-DIT},| 1—< (1) )
\ (1+0-Da-vag)) +a-rv, / \ (1+0-Da-vagy) “ra- W, /

called the generalized Hamacher intuitionistic fuzzy ordeded weighted geometric (GHIFOWG) operator.

4 A
(1+@-D0-va;)) +a-nvh

Especially, if y = 1, then the GHIFOWG operator is reduced to the GIFOWG operator; if y = 2, then the
GHIFOWG operator is reduced to the GEIFOWG operator.If y = 1, then the GAIFOWG operator is
reduced to the following:

HIFOWG,, (ay,ay, ..., @) =

Wj .
vy, (14 0 = Dy, )) — Ty (1 = V)™

7:1 (1 + (]’ - 1) (1 - Ma(j))) + ()/ - 1) H] 1:“'05( ) ,H}Ll (1 + (V - 1)Vtx( )) + (V - 1) H 1(1 Vau))wj

which is called the Hamacher intuitionistic fuzzy ordered,weighted geometric (HIFOWG) operator .

5. 1f g(t) = log ((y B D/(yt _ 1)),]/ > 0,ie h(t) = log((y - 1)/(y1‘t _ 1)) ,g (@) =

((V—1+et)/ t) ((V—1+et)/ t)
log “Vogy | 1 ®) =1-log Jlogy | then the GAIFOWG

operator is reduced to the following:

GFIFOWG,,(ay, ay, ..., )
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1-—

called the generalized Frank intuitionistic fuzzy ordered weighted geometric (GFIFOWG) operator.

1
log 1+l'[;-'=1(y

\

1-Uq, ;
(0}
10g<1+(y—1)<y V=1

Togy

iy

/

wj

logy

1-—
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log 1+H;}=1(y

\

1-Ua, ;
log<1+(y—1)<y y—l(j)

Togy

)

/

wj

logy
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Chapter 4

Symmetric Pythagorean fuzzy weighted geometric/ averaging
operators and their properties

In this chapter, the Pythagorean fuzzy weighted average/geometric operators and their
power generalization, proposed by Ma & Zeshui [2], are studied.

4.1 Basic definitions
In this section, some basic definitions are reviewed [2]
Definition 4.1 Let X be a universe of discourse. A Pythagorean fuzzy set A in X is defined as

follows:

A={x,pu(x),v,(x)|x € X},

where u,(x),v,(x) € [0,1] defines the membership and non-membership of x to A, respectively

and satisfy (us(x))? + (va(x))? < 1. The expression pair 75 (x) = /1 — p2(x) —vZ(x) is
called the degree of indeterminacy of x.
For a given x € X, the pair (u,(x),v,(x)) is called as a Pythagorean fuzzy number (PFN),
which is simply denoted as a@ = (ug, v,) Where ug,v, € [0,1],u2 + v2 < 1.
Definition 4.2 Let a;(j = 1,2, ...,n) be a collection of pythagorean fuzzy numbers, PFWG,, and
PFWA,: PFN™ - PFN,
@) If

PFWG,(@) = o' ® as? ® .. ®a" = (g, 11— Ty (1~ v2)*]2)
then PFWG,, is called a Pythagorean fuzzy weighted geometric (PFWG) operator of dimension

n.
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(2) If
PFWA,(a) = (w a; )B(w,a, ) D ... D(w,ay, )
= (11 =TT (1 = ) T v )

then PEFWA,, is called a Pythagorean fuzzy weighted averaging (PFW A) operator of dimension
n,

where w = (w1, wy, ..., w,)" is the weight vector of «;(j = 1,2,..,n) with w; € [0,1] and

j=1wj = 1.
Definition 4.3 Let a;(j = 1,2,...,n) be a collection of PFNs and SPFWG,: PFN™ — PFN

SPFWG,(a) = (w, Hay) B (w, [ ay) B ...H (w, [ ay,). Then,

w i w
n ] n J
[j=1#a; M=V,

SPFWG,(a) =

1|
2

[ (10, ) T g ] [H (1=v2,) T+ ve |
then SPFWG,, is called a symmetric pythagorean fuzzy weighted geometric (SPFWG) operator
of dimension n,
where w = (w1, wy, ..., w,)" is the weight vector of «;(j = 1,2,..,n) with w; € [0,1] and

iw; =1
Definition 4.4 Let a;(j = 1,2,...,n) be a collection of PFNs and SPFWA,: PFN" — PFN

SPFWA,(a) = (wy.a;) H (w;.a3) B ... H (w,. ay)

1
1= (1 i “gj)wj ’ 1 =115 (1 - ng)‘*’f

]

_| |
wj 2wi| "’ wj 2wi| T

2= 1. ey KT P ey iy |

then SPFWA,, is called a symmetric pythagorean fuzzy weighted averaging (SPFW A) operator

of dimension n.
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where w = (w1, wy, ..., w,)" is the weight vector of a;(j = 1,2,..,n) with w; € [0,1] and

n
j=

jwj =1
Definition 4.5 Let «;(j = 1,2,..,n) be a collection of PFNs , PFWA! and PFWG, :
PFN" — PFN,
Q) If
PFWG} (a) = ( ?:1#2)].}; ?:1#2)].1)
then PFWG) is called a Pythagorean fuzzy weighted geometric (PFWG)) operator of
dimension n,
) If
PFWAY (@) = (S7=; @ity Zlmy @jVa)
then PFWA! is called a Pythagorean fuzzy weighted averaging (PFWAY)) operator of
dimension n.
Definition 4.6 Let a = (g, v,) and B = (uﬁ,vﬁ) be two Pythagorean fuzzy numbers.Then,
(1) a®B = (ta + tp — Haltp, VaVp)-
2Qa®p = (va +vp — vavﬁ,,uauﬁ).
(ra=(1-1—-p)HvE), 1> 0.

Da* =(u2, 1 — (1 — vy )*), 1> 0.

(5)(X EE| B — ( Hallp VaVp \ )

[(1_@)(1_#%%#3#%]% ' [(1—v§)(1—v§)+v5v§]i

(6)/15“:( W VA )

[(1-u2) +u22 iz [(1-v3) +v2A T2

4.2 Comparison of Pythagorean fuzzy numbers
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In this section, the method for comparing two pythagorean fuzzy numbers, proposed by
Ma and Xu [2] ,is presented.

Leta = [uq, 1 —ve] and B = [ug, 1 —vg] be two pythagorean fuzzy numbers. Then,

find scores S(a) = /u2 — vZ and S(B) = fué - vé be the scores of @ and B respectively

and check that S(a) > S(B) or S(a) < S(B) or S(a) = S(B).
Case (1) If S(a) > S(B) ,then a > B.

Case (2) If S(a) <S(B) ,then a <pB.

Case (3) If S(a) =S(B) , then find accuracy degree H(a) = /p2+ vZ and H(B) =

/ué + v§ of @and b respectively.

Case (3a) If H(a) > H(B) ,then a > .
Case (3b) If H(a) < H(B),then a < B.
Case (3c) IfH(a) = H(pB), then a = B.
4.3 Some important results
In this section, some results, proposed by Ma and Xu[2], are presented.
Theorem 4.1 Let a, 8 be two pythagorean fuzzy numbersand A > 0. Then a HB and A [[] «
are pythagorean fuzzy numbers.
Proof: Since, 2 + uj — 2u2uf = p2(1 — p3) + ps(1 — pu2) = 0, then we have pZuj < u2 +

HanG _ HanE
1-pg-pp+r2pguy  (1-pd)(1-n3)+udub

g — pgug. It follows that pZuf < < ug + up — piug and

Halp Hallp

<L

1
< [+ — wu3le. Ths 0=

hence uqup < 1
[-s2) (13 ) [G-s2) (- ]

1
2
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VaVB

In a similar way, it holds that 0< < 1.Since a,f are two
[(l—vé)(l—vé)ﬂ/évélz
pythagorean fuzzy numbers, therefore 3 +v§ < 1and uj +v3 < 1. Thus
HEnG vavh
2 2 2,2 +- 2 2 2.,2
(1-w3)(1-w3)+udud - (1-v3)(1-v3)+vdvs
S
($—1>($—1>+1 (1—V§)(1—VE)+V§VE
1 vtzzvf;
< +
(1_:/%—1)(é—1)+1 (1-v3)(1-v3)+vav3

_ (1—1/5)(1—1/[2;) vavh

N (1—v§)(1—v§)+v§v§ (1—v§)(1—v§)+v§vf§

=1
Thus a HH B is a pythagorean fuzzy number.
If 0<A<1, it follows that 1 — (1 —pu2)* < ui Y Y 7 YT

= ol = -] ey o re

1 2

[1-(1-p2)] < —F——<ul.
[z ~(1-u2) ']’

o uh 1 uh

If 2> 1, then similarly, u < £ <[1-(1-u)* Thus 0 —F——~<1

1
2

N[

|8~ (1-u2)"] (13 -(1-2)']

va

[vé-(1-v2)"]

and 0 < <1forallA>0.

N[ )

Since a is a pythagorean fuzzy number, then it holds that u2 + u2 < 1. Thus foraA > 0,

21 21 21

Ha Va Va

= + < + <
(- (2 8 () g @) 0 T () g (0R)
Ha

21 21

v v 21

Va

2

a

(1-v2)* Vv2A _

(1) w2t (1) vzt
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Thus A [J a is a PNF, which completes the proof of this theorem.

For given two PNFs a,B and A >0, from the proof of the above theorem that u,ug <

1 1
s 1< (12 + up — piugl?vevp < id: T < [vE +vj - vivi)e
[(1-03)(1-13)+uGud]? [(1-v3)(1-v% ) +vEv3]?
1 uh 2 va
[1--w@)ffs—*—<p [1-Q-v)fs—E <y
(18- (1-u2)" [V -(-2)"
For0<A<1land
Ha : Vg |
uh < T<[1- - i< 1< [1-A-v))
(13" — (1 = u2)?]? [vé* — (1 - v2)A]?
ForA > 1.
Thus, af <aHL < a®D pB.
Theorem 4.2 Let a, 8 be two PNFsand A > 0. Then,
)aBHB=pHa,
QA0 @HB) =UHa) HAEP).
Proof: (1) a HH f = ( At T, e 1)
[(1-w3)(1-u3)+uGudlz [(1-v3)(1-v3)+v3vi]e

VaVg Hply

= ( 1 1> = FfHa
[(1—v2)(1-v)+vavil? [(1-4d)(1—s2) +udu2]?

A
(1) It follows that u1; o wmp) = Hamp 1

[(-n2ep) +u2e]”
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A

< #a#ﬁ )
1
[(-2)(1-1)+ g ud |2

2\ A 21
[\ \G-ub)a-mp)e o (-8 (1)) |

(tattg)”

1
2

(-2 (1-03) + ()|

HamaHamp

Hana)BaEs) = 1
[(1 - 'uzzlﬂa)(l - 'u/zlﬂa) + Mﬁﬂa”ﬁlﬂa]z

p)
7 kp
1

[(1—#5,)A+u§¢)‘]E [(1—u%)l+u%ﬂ}

N[

N

|

2 2 |
+“ADa”ADa|
|

(uau;;)/1

[(1_Hé)l(l_ﬂé)l+(ﬂaﬂﬁ)2)[]i

and hence pmamp) = KaoaBAEe)-
Similarly, vimamp) = Vapomams):
Thus,
A0 (@HB) =QH«) B AHA.

Theorem 4.3 Let aj, B;(j = 1,2, ....,m) be two collections of PNFs.

(1) Ifall a; are equal,i.e., a; = 6 = (ugs, vs),for all j then SPFWG,, (a) = J;
(2) Ifa; < p; forall j, then SPFWG, (a) < SPFWG,,(B);

(3) Let a~ = (min(uy), max(v,)) and at = (max(,ua),min(va)) ,then
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a” < SPFWG,(a) < at

Proof: (1) By Definition 4.3,

Mo bt M v,
SPFWG,(a) = I, —|= (us,vs) =6
2
[ ?=1(1_l1a ) +H] 1#(1 ] [H} 1 1- Va ) +l_[] =1 a] ]]
(2) Since a; < p; forall jie., Haj < Ha; and Va; < V- Therefore,
H?:l,u::i 1 1 H?:ﬂ";;l.'
= S — J T

1
2

[ ;-l=1(1—l1a) +HTL 1#0( ] [14_1‘[}1:1(#%_1)60]]

aj

Thus

Similarly, it holds that

SPFWG,,(a) < SPFWG, ().

(4) Since min, {/Jaj} < Ug; < Max; {uaj} and min, {vaj} < Vo; < Max; {vaj}, it follows

that
w;
H?:l l‘l‘a]
' < ! <
mjln Hajf = 1> m]ax Ha
a)] 2Wi2
[ ?:1(1_113:]-) +H?=1ﬂaj]]
w;
: ] 1v"‘j] ’
min {vaj} < 7 < max {,ua.}
2 J J

! [11(11’“) +H11aw]

Thus a~ < SPFWG,(a) < a™.
Theorem 4.4 Let a, 8 be two PFNsand A > 0. Thena + f and 1.« are PFNs.

Proof: For given two PFNs a, 8 and 1 > 0,
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)
N| -

1-1—p2)(1—up)

1
< [u2 + u% — u2u2?,
2= (1—pu2)(1—uj) — puiug | b+ 145 = s

Halp = [

1
N| =

1-1-v)(1-vp)

1
Vv < < [vZ + v —v2v3]?,
«’F [2—(1—1&2{)(1—1/5)—1/52{1/5 [va +vi - vavil

1 [ 2 A 2
1 — (1= u2)*? < M < /1,
[ (1 —pz) ] o2 —(1-13)" Ha
1 [ N P
A2 1-(1-v&) A
[1-(—-vD) ]Zﬁm < Ve

For0<A<1and

1
1-1-p) :
4 < . <[1-Q@-w)?? ,
e IZ—M?E—(l—ué)" [1- -]

1-(1—-v3)* |2 1
A < a <[1-01- 2/12’
“‘hﬂ&—uww =[-a-%y]

For A > 1.

Thus,af <aHBL < aPp.

Theorem 4.5 Let a;(j = 1,2, ....,n) be a collections of PNFs. Then

(1) PFWG,(a) < SPFWG,(a) < PFWA, ().

(2) PFWG,(a) < SPFWA,,(a) < PFWA,,(a).

. w j
Proof: Since, l’[;-l:lui;”’ <1-1II}- (1 - uf,)j) ”and the equality hold iff p,, = py, = - =

He,,, from Theorem 4.4 it follows that
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N[ =

[}ty . )
1_[/1 - 1 <1 (1 _.ua])
W 2012 i
[ (1_“59') + 111 e, ]] =
Similarly,
1
n n ij n 2
. =1 w
[ [ = <= [ [(1-)”
N 1 )R ] B
and the equality hold iff v,, =v,, = =- = v,,. Thus
1
(PR
13) wj
[T |- TT0-2)
w
/ ?=1'ua ;l=1vaj \
< | T o
Zw 2 2w;12
A (3= T} [ (12" i)
1
(o 1)
wj Wi
< 1—1_[(1—;151.) 'ﬂ”af]
j=1 Jj=1
and the equality hold iff ¢, = a, = - = a,,. Thus PFWG,(a) < SPFWG,(a) < PFWA, ().
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