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Preface

The present thesis entitled “On Generalized Convergence and related Con-
cepts for Sequences of Fuzzy Numbers” comprises certain investigations carried
out by me at the School of Mathematics (SOM), Thapar University, Patiala, under
the supervision of Dr. S. S. Bhatia, Professor, SOM and Dean of Academic Af-
fairs, Thapar University, Patiala and Dr. Vijay Kaushik, Associate Professor, HCTM
Technical Campus, Kaithal, Haryana.

Modern analysis is mainly concerned in finding the limiting value of a sequence.
H. Fast [45] provided the major breakthrough in the direction by generalizing the
concept of ordinary convergence and called it statistical convergence. Fridy [49] ac-
celerated developed of statistical convergence and presented statistical analogue of
many concepts known in the theory of usual convergence.

In recent years much attention has been paid to generalize the basic concepts of
classical analysis in fuzzy setting and thus a modern theory of fuzzy analysis is devel-
oped. Theory of fuzzy numbers plays an important role in the development of fuzzy
analysis. Consequently, in present thesis, we have made efforts to develop or extend
certain generalized summablity methods to the sequences in fuzzy environment.

The whole work in the thesis has been divided into six chapters. Chapter 1
is an introductory one in which we begin with notion of natural density and show
how Fast used it to define statistical convergence. After making some remarks on
the early development of statistical convergence, we give some interesting extensions
of statistical convergence. Finally, in this chapter, we show that how the ideas of

statistical convergence are extended to the sequences of fuzzy numbers. Further, a

XVl
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brief plan of the results presented in the subsequent chapters is given.

In Chapter 2, the concept of statistical convergence has been extended to the
sequences of fuzzy numbers having multiplicity greater than two and develop some
of its basic structural properties. In this chapter the concepts of Cauchy sequences
and the Cauchy convergence criteria has been presented. Some generalized summa-
bility methods as Cesaro summability and strong p-Cesaro summability of multiple
sequences of fuzzy numbers have also been introduced. Some connections between the
statistical convergence and the new generalized summability methods are discussed.
Finally, a stronger generalization of statistical convergence for multiple sequences has

been introduced.

The objective of Chapter 3 is to define the notions of lacunary statistical limit
point and lacunary statistical cluster points for sequences of fuzzy numbers with help
of a lacunary sequence as these notions help in predicting the behavior of such a
sequence which is not lacunary statistical convergent. The sets of lacunary statistical
limit points and lacunary statistical cluster points have also been defined and some
inclusion relation between these sets and the sets of ordinary statistical limit points
and cluster points are obtained in this chapter. Also, a condition for which these sets
coincide with the sets of ordinary statistical limit points and cluster points has been
obtained. Further, the lacunary statistical limit and cluster points for sequences of

fuzzy numbers with the help of difference operator has been studied in this chapter.

The goal of Chapter 4 is to introduce the notions: lacunary statistical limit in-
ferior, lacunary statistical limit superior, lacunary statistical boundedness and lacu-
nary statistical core for sequences of fuzzy numbers. Some inclusion relations between
these notions have been obtained. It has also been proved that if a sequence of fuzzy
numbers is lacunary statistical convergent, then lacunary statistical limit inferior and
lacunary statistical limit superior coincide with the lacunary statistical limit of the
sequence. Subsequently, certain connections between lacunary statistical core and
statistical core of a sequence of fuzzy numbers have been obtained. Finally, some new

extensions of the above notions have been obtained by using the difference operator.
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In Chapter 5, concepts of A-statistical limit inferior, \-statistical limit superior,
A-statistical bounded sequence and A-statistical core for sequences of fuzzy numbers
have been defined where A\ = (),) be a non-decreasing sequence of positive numbers
tending to oo with A\,y1 < A, + 1, A, = 1. In addition, for g € (0, 1], concepts of
A-statistical limit points, A-statistical cluster points, A-statistical limit inferior and \-
statistical limit superior of order (8 are also introduced for sequences of fuzzy numbers.

Chapter 6 deals with the concepts of a-statistical convergence and statistical con-
vergence for sequences in fuzzy neighborhood spaces which turn out to be a very useful
subcategory of fuzzy topological spaces. Some properties of a-statistical convergence
and statistical convergence in these spaces have been developed. Subsequently, cer-
tain generalizations of statistical convergence in fuzzy neighborhood spaces have been
extended and some relevant connections with a-statistical convergence and statistical

convergence have been discussed.
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Chapter 1

Introduction

1.1 General Introduction

Mathematical analysis is primarily concerned with the notion of limit of a sequence
of real or complex numbers which forms the basis for the study of infinite series. One
important branch of the field of infinite series is the study of summability of divergent
sequences (series). This study is an attempt to attach (in some sense) a generalized
limit to those sequences which do not converge in the usual sense, realizing at the
same time that when the generalized limit is applied to a convergent sequence then
it must agree with the limit in the ordinary sense. This procedure of assigning a new
limit in generalized sense to divergent sequences is called a summability method. A
familiar example of a generalized limit is well known and is given by Cesaro as follows:

For any sequence x = (xy), if a new sequence y = (y,,) is defined by

T 4T+ Fr, 1 —
n — = — €T
y . DI

then, the sequence = () is said to be Cesaro summable of order one to a number

1



L if the new sequence y = (y,) converges to L. In this case, we write z;, — L (C, 1)
or limy ooz = L (C,1).

For example, if 7, = (—1)*(k € N), then

0, forn=246,---,
Yn = 1
—=, forn=1,3,5,---.

Obviously, lim,, , ¢, = 0, which shows that = (zy) is (C, 1) — summable to 0.
That is,

lim z, =0 (C,1).

k—o0

This shows that a divergent sequence may be (C, 1) — summable. Moreover, it is well
known that all convergent sequences are (C,1) — summable to their limits. Not all
divergent sequences are (C,1) — summable but repeating the process of arithmetic
means may lead to a convergent sequence. This idea leads to (C,2) — summable
sequences, and further extension leads to (C, k) — summable sequences. These types
of summability can also be presented by use of infinite matrix transformation. So, we
now turn to the fact that how infinite matrix transformation can be used to define
generalized limits.

Let A = (anx) be an infinite matrix of real or complex numbers. For any sequence

x = (xy), the new sequence y = (y,) defined by

Yn = Ax = (Z ankl'k)
k=1 "

is called the transform sequence provided that each of the series in the above expres-
sion converges. A sequence x = () is said to A-convergent (or A-summable) to L if

Ax exists and is convergent with

n—oo

lim Az = lim Z iy = L.
k=1



The number L is called the A-limit of the sequence z. In this way, infinite matrix can
be used to define a method of sequential convergence which we call a matrix method
or a summability matrix method. Thus, the Ceésaro summability (generalized limit)
as defined above can be considered as the matrix generalized limit generated by the

matrix A = (a,x) defined by

%, for k=1,2,---n,
Qpk =
0, for k> n.

A matrix summability method is said to be regular or permanent if it preserves the
convergence i.e., if x = (x}) is a convergent sequence with limy_,., z;, = L, then the
transform y = Az satisfies limy_,o, y» = L. In other words limy,_,. xp = limy_,oo Yy =
L. Many famous mathematicians including Césaro, Hardy, Schur, Teoplitz etc. have
made systematic investigations on matrix generalized limits and have contributed

fundamentally in this area by using classical analysis.

Although, much contributions have been made by mathematicians to develop ma-
trix summability methods but in 1951, Henry Fast [45] introduced a regular summa-
bility method that is not equivalent to any regular matrix method called as the sta-
tistical convergence. This well known method has been discussed in literature during

past decades and forms the basis for the work presented in this doctoral thesis.

An outlook on historical development of statistical convergence and its generaliza-
tions is given in the subsequent sections of this chapter. Many interesting theorems
and notions related to statistical convergence could not be mentioned owing to the
limitations of the space. However, some of the basic definitions and notations will be

repeated occasionally in various chapters for the sake of convenience.



1.2 Statistical Convergence

In this section, we give a brief introduction and historical development on statistical
convergence which was introduced over nearly 60 years ago and has become an active
area of research nowadays. Although, the idea of statistical convergence goes back to
the first edition of the monograph of Zygmund [113] (published in Warsaw in 1935),
but formally, it was introduced by Steinhaus [103] and Fast [45] and later reintroduced
by Schoenberg [102]. The idea of statistical convergence is based on the notion of
natural or asymptotic density of subsets of N, the set of positive integers. Before
proceeding further the concept of natural density of subsets of N is presented below:

For any set A C N, the natural density of A, denoted as §(A), is defined by

= lim — ZXA = lim —|{k:<n ke A}l

n—oo M n—oo M,

provided it exists. Here, [{k < n : k € A}| denotes the number of elements of
A not exceeding n; ya denotes the characteristic function of the set A and the sum
appearing in the above expression runs over the cardinality of the set {k < n : k € A}.
If 6(A) = 0, then A is said to be a thin subset, otherwise A is called a non-thin subset
of N. Since 6(A) may not exist for all subsets of N, so it is sometimes convenient to
use the upper natural density denoted by d(A) and is defined by

0(A) = limsup — ZXA —hmsup—|{k<n ke A}

n—oo n k=1 n—o0

Similarly, the lower natural density 6(A) is defined by
0(A) =1 'flzn: (k) =1 'f1|{k< ke A}
= liminf — = lim inf — n: :
- n—oo N Pt XA n—oo N -
We now recall some properties of 6, 6 and § which will be used many times throughout

the present thesis.

For arbitrary subsets A and B of N,



(i) If 6(A) exists then §(A) = (5(A) =0(A);
(ii) 6(A) # 0 if and only if 6(A) >
(iii) If A C B, then 6(A) < 0(B);
(iv) If 0(A) exists, then 0(A°) also exists and that §(A) + d(A°) =1
(v) If A is finite set, then 6(A) =
(Vi) f A=a; <ay <---<a,<---is an infinite set, then
d(A) = lim, 00 %, provided the limit exists;
(vii) 6(N) = 1;
(viii) 6({2n:n e N}) =d6({2n —1:n e N}) = 3;
(ix) 6({n* : n € N}) = 0;
(x) 6({n*:n is a prime}) = 0.
We now turn towards first formal definition of statistical convergence given by Henry

Fast [45] with the help of natural density.

Definition 1.2.1. [45] A number sequence x = () is said to be statistical convergent

to a number L provided that for each € > 0, we have
SH{k <n:|zy—L| >¢€}) =0.

In this case L is called the statistical limit of () and is abbreviated it as s —
limx, = L.

Let “s” denotes the set of all statistically convergent sequences of real or complex
numbers.

As compared to usual convergence, statistical convergence replaces the set of all
terms of the sequence which lies outside the e-neighborhood of L with the set {k <
n : |z — L| > €} having natural density zero. Moreover, every convergent sequence is
always statistical convergent and converges to the same limit, however converse need

not be true in general as can be seen from the following example. Define a sequence



x = (xy) as follows.
1, if kis a cube,
T —
0, otherwise.

Since for each € > 0,
{k<n:|zi| >e}={k<n:k isacube} C {1°2%3% .}

and the latter set has density zero, it follows that s — lim z;, = 0. But, clearly (xy) is
a divergent sequence.

This simple example shows the power and beauty of statistical convergence. Fur-
ther, in literature many properties can also be seen which hold for ordinary conver-
gence but do not hold true for statistical convergence. For instance: “every subse-
quence of a convergent sequence is convergent to the same limit but this property is
not always true for statistical convergence”. Also, “usual convergence always implies
boundedness but statistical convergent sequences may not be bounded”, which can be
seen from the following example. Define a sequence z = () as follows:

] Vn, ifn=m*meN,
e { 0, otherwise.
Then, clearly s — lim x; = 0 whereas (z}) is an unbounded sequence.

Schoenberg [102] developed some basic properties of statistical convergence and
also studied the concept as a summability method. Subsequently, in 1980, Saldt [96]

obtained the following important characterizations of statistical convergence.

Theorem 1.2.1. [96] A sequence x = (xy,) is statistically convergent to a number L,
if and only if, there exists a set K = {ky, ko, ks,...} C N, such that 5(K) =1 and

limzrg, = L.

Theorem 1.2.2. [96] The set of all bounded statistically convergent sequences of real
numbers is a nowhere dense subset of ly, the normed linear space of all bounded

sequences of real numbers.



The concept “statistical convergence” was applied by various authors in different
areas of mathematics such as measure theory [79], approximation theory [37], finitely
additive set function [32], in the study of subsets of the Stone-Chech compactification
of the set of natural numbers [33], trigonometric series [113], locally convex spaces
[76], summability theory [48], Banach spaces [31], number theory [41], the fuzzy set
theory ([3], [9], [12]) and so on.

Although, statistical convergence was introduced in 1951, but a rapid development
in this area started after the paper of John Fridy [49] who obtained an equivalent
criterion for statistically convergent number sequences, similar to the Cauchy criterion

of convergence as follows:

Definition 1.2.2. [49] A number sequence = = () is said to be statistically Cauchy
if for every e > 0, there exists a positive integer m = m(e) such that 6({k < n :

|z — x| > €}) = 0.

Theorem 1.2.3. [49] A sequence is statistically convergent if and only if it is statis-

tically Cauchy.

In 1993, Fridy [50] developed statistical convergence as a sequential limit and
following it, he thought about the introduction of the statistical analogue of limit
and cluster points for a number sequence. For this purpose, he used the terminology
of thin and non-thin subsequences. Later, in 1997, the author along with Orhan used
the concepts of statistical limit and cluster points to define the statistical limit inferior
and superior for number sequence. Before proceeding further it would to convenient
to recall the following definitions from the papers Fridy [50] and Fridy and Orhan
[53].

Let z = (zj) be a sequence and (), where K = {k; : j € N} be a subsequence

of . If the natural density §(K) = 0, then () is said to be a thin subsequence. On



the other hand, (z)k is said to be a non-thin subsequence of x if K does not have

natural density zero. In this case, either 6(K) > 0 or K fails to have natural density.

Definition 1.2.3. [50] Let x = (x}) be a number sequence. A number ¢ is said to
be a statistical limit point of x provided that there is non-thin subsequence of x that

converges to &.

Let A, denotes the set of all statistical limit points of the sequence z = (x).

Definition 1.2.4. [50] Let x = (x}) be a number sequence. A number ¢ is said to

be a statistical cluster point of x provided that for each € > 0,
. 1
limsup —({k € N: |z, — £] < €}) > 0.
n n

Let I', denotes the set of all statistical cluster points of the sequence x.

For a sequence x = (xy), define the sets

A, ={aeR:{keN:x <a})#0}
B, ={beR:6({k e N:z, >b}) #0}.

The statistical limit inferior and superior of the sequence = = (xj) are defined as

follows:

Definition 1.2.5. [53] Let © = () be a number sequence, then the statistical limit

inferior and statistical limit superior of = are respectively defined as follow:

"

inf A,, if A, # 6,

s —liminfz =
400,  otherwise.

sup B, if B, # ¢,

—00, otherwise.

s —limsupzx =




Note that for any number sequence x = (zy),
liminfz < s —liminfx < s — limsupx < limsup .

Definition 1.2.6. [53] The real number sequence = = (zy,) is said to be statistically

bounded if there is a number B such that §({k : |zx| > B}) = 0.

In 2008, Colak [25] introduced another interesting variation of statistical conver-
gence called as statistical convergence of order a, where o € (0, 1] and is defined
as:

For K C N, the a-density of K is defined by

1
do(K) = lim ﬁHk <n:keK}

n—o0

provided the limit exists.

Any finite subset of N has zero a-density and §,(K°) = 1 — §,(K) does not hold
for 0 < a < 1 (in general) however, the equality holds for & = 1. Moreover, for o = 1
the a-density reduces to the natural density; and for any set K C N, d35(K) < §,(K)

where 0 < a < g < 1.

Definition 1.2.7. [25] A sequence x = (xy) of scalars is said to be statistically

convergent of order v provided that for every e > 0 there is a number L such that

1
lim —|{k <n:|z — L] >¢€}| =0.

n—oo N

In this case, we write s — lim x;, = L.

Let s* denotes the collection of all statistically convergent sequences of order «.

For more work on statistical convergence, we refer- Cacan et al. [20], Cakan and
Altay [19], Cacan et al. [21], Colak et al. [28], Connor [30], Connor et al. [31], Conner
and Kline [32], Edely and Mursaleen [39], etc.
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1.2.1 Lacunary Statistical Convergence

In 1993, Fridy and Orhan [51] introduced another kind of generalization of statistical
convergence called as lacunary statistical convergence with the help of a lacunary
sequence. In a different paper, Fridy et al. [52] defined the Cauchy criterion for
lacunary statistical convergence and have shown that it is equivalent to lacunary sta-
tistical convergence. In this section, we give some definition and results of the papers
of Fridy et al. ( [51], [52]) along with further developments of lacunary statistical
convergence by different authors.

By a lacunary sequence, we mean an increasing sequence 6 = (k) of positive
integers such that kp = 0 and h, = k. — k.1 — o0 as r — oo. The intervals
determined by 6 will be denoted by I, = (k,_1, k,| and the ratio % is denoted by
Gr-

Fridy and Orhan [51] defined lacunary statistical convergence by replacing the set
{k : k < n} in Definition 1.2.1. by the set {k : k,_1 < k < k,.} as follows:

Definition 1.2.8. [51] Let # = (k,) be a lacunary sequence. A sequence x = (x,,) of
numbers is said to be lacunary statistically convergent or syp-convergent to a number

L, provided that for every ¢ > 0

1
lim —{kel |z, —L|>¢€} =0
T—00

T

In this case, we write sy — limx = L.

Let sy denotes the set of all lacunary statistical convergent sequences.

Definition 1.2.9. [52] A sequence x = (zy,) is said to be lacunary statistically Cauchy
or sp—Cauchy if there exists a subsequence (z ) of (vx) such that K (r) € I, for

each r, lim,_,, Ty () = L and for each € > 0,

o1
hmh— {k €l |z —xk/(r)\ > e}’ =0.

r

T
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We now demonstrate some important definitions, examples and results on sg-
convergence which will be frequently used and form the basis for our subsequent

chapters.

Theorem 1.2.4. [51] For any lacunary sequence 6, s—limx = L implies sy—limx =
L if and only if liminf, ¢, > 1. If liminf,q. = 1, then there exists a bounded Sy-

summable sequence that is not S-summable (to any limit).

Theorem 1.2.5. [51] For any lacunary sequence 6, so—limx = L implies s —limz =
L if and only if limsup, ¢, < oo. If limsup, q. = 0o, then there exists a bounded s-

summable sequence that is not sg-summable (to any limit).
Theorem 1.2.6. [51] For any lacunary sequence 0, sy = s if and only if
1< limilgf ¢- < limsup ¢, < oc;
Theorem 1.2.7. [52] A sequence © = (xy) is sp—convergent, if and only if it is a
sg— Cauchy sequence.

Later, Demirci [35] defined sp—limit and cluster points which are natural gener-

alization of statistical limit and cluster points of a number sequence as follows:

Definition 1.2.10. [35] A number ¢ is a lacunary statistical limit point of the se-
quence x = (xy), if there is a set {k1 < ko < -+ <k, < ---} C N, #—density of which

is not zero, such that lim, ., x5, = &.

Let AY denote the set of all lacunary statistical limit points of x = (x3,).

Definition 1.2.11. [35] A point ~ is a lacunary statistical cluster point of the se-

quence x = (xy), if for every € > 0,

1
limsuph— kel :|xp—v <€} >0
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Let I'% denote the set of all lacunary statistical cluster points of z = (x}).
Later, in 2006, Pehliven et al. [92] introduced the sy—analogue of ordinary cluster
point in finite dimensional spaces following Demirci’s [35] work and also discussed the
closeness and compactness of the set of lacunary statistical cluster points. Apart from
this, many aspects of sy—convergence have been studied subsequently by different
authors. For instance, Cakalli [22] introduced lacunary statistical convergence in
metrizable topological groups and proved some inclusion relations between the sets s
and sg. Colak [24] studied lacunary strong convergence of difference sequences with
the help of modulus function, whereas, Dutta [38] extended this notion for n-norms.
For more interesting works on sy—convergence, refer: Mursaleen and Mohiuddine

[85], Li [73].

1.2.2 )\—Statistical Convergence

Let A = (A,) be a non-decreasing sequence of positive numbers tending to oo such

that
)\nJrl §>\n+17 A =1

The generalized de la Valée-Pousin mean is defined by

where I,, = [n — A\, + 1,n].
An interesting generalized summability by using de la Valée-Pousin mean is given

by Leindler [72] as follows.

Definition 1.2.12. [72] A sequence z = () is said to be Vy-summable to a number

L if

to(z) > L as n— 0.
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Let
Vy = = 3L eR i 1 Ll =
"=z = (Tg): € R, n;r{}oA—n;|xk— |=0,.
€ln

If A\, = n, then V)-summablility reduces to (C, 1)-summability, where

1

Mursaleen [83] used V,-summability to generalize the concept of statistical conver-
gence and called it A-statistical convergence. To define this, Mursaleen used A-density;,
a generalization of natural density.

For K C N, the set of positive integers, the A—density of K is defined by
o1
WK)=lm—|{n—-A\,+1<k<n:keK}.

Definition 1.2.13. [83] A number sequence x = (xj) is said to be A—statistically

convergent or sy—convergent to a number L if for each ¢ > 0,
1
hm)\—|{k €l,:|zx—L| > e} =0.

In this case, we write sy — limxy = L or xp — L(s,).

Let s, be the set of all A— statistically convergent sequences of numbers.

Note that for A, = n, sy—convergence reduces to statistical convergence and that
sy C s for all A, since An—" is bounded by 1. However, converse of this i.e. s C s, holds
true if and only if

lim inf ﬁ > 0.
n n

Further, Colak and Bektas [27] presented a stronger form of A—statistical convergence

called as “A—statistical convergence of order o” where a € (0, 1] as follows:
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Let A = (\,) be a non-decreasing sequence of positive numbers tending to oo such
that \,11 < A\, + 1,\ = 1. For a € (0,1], the \,—density of a subset K C N is
defined as

1
OY(K) = lim F\{k €l,: ke K},
provided the limit exists.

Definition 1.2.14. [27] The sequence x = (x}) of numbers is said to be A—statistically
convergent of order « if there is a number L such that
1171111% kel |on—L| >} =0.
In this case, we write s§ — limay, = L or x — L(s%).
The set of all A—statistically convergent sequences of order « is denoted by s5.

(i) For A, = n, A—statistical convergence of order a reduces to statistical conver-

gence of order «

(ii) For @ = 1, A—statistical convergence of order a reduces to A—statistical
convergence.
(iii) For A\, = n and o = 1, A\—statistical convergence of order a reduces to

statistical convergence.

After the introduction of A—statistical convergence and it’s generalizations, many
concepts known for statistical and lacunary statistical convergence have been intro-
duced and studied analogously for A—statistical convergence. For an extensive view
refer: Alghamdi and Mursaleen [1], Cinar, Karakug and Et [23], Et, Tripathy and
Dutta [44], Ghosal [56], Savag [100], Tuncer and Benli [106] etc.

1.2.3 7Z—-Convergence

In earlier sections, we have presented several new types of convergence of sequences

out of which many are related to the statistical convergence as its generalizations.
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Kostyrko, Macaj and Salat [64] introduced Z—convergence by use of ideals of subsets

of N which gives a unifying approach to these types of generalized convergence.

Let X be a non-empty set and P(X) denotes the power set of X, then we have the

following definitions:

Definition 1.2.15. [64] A family of sets Z C P(X) is called an ideal in X if and
only if

(i) 0 € Z;

(i) For each A, B € Z, we have AU B € T;

(iii) For each A € 7T and B C A, we have B € 7.

Definition 1.2.16. [64] A nonempty family of sets F C P(X) is called a filter on X
if and only if

(1) 0 ¢ F;

(ii) For each A, B € F, we have AN B € F;

(iii) For A € F and B O A we have, B € F.

An ideal Z is called non-trivial if Z # () and X ¢ Z.

Proposition 1.2.8. If7 C P(X) is a non-trivial ideal in X, then the class F = F(I) =
{X\A: Ae€ZT}isa filter on X.
The filter F = F(I) is called the filter associated with the ideal Z.

Definition 1.2.17. [64] A non-trivial ideal Z C P(X) is called an admissible ideal

in X if and only if it contains all singletons i.e., if it contains {{z} : x € X}.

Definition 1.2.18. [64] An admissible ideal Z C P(X) is said to be satisfy the condi-

tion (AP) if for every countable family of mutually disjoint sets A;, As, - - - belonging
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to Z there exists a countable family By, Bs, -+ belonging to Z such that A;AB; is a

finite set for each ¢ € N and B =U2,B; € L.

To unify many types of statistical convergence Kostyrko et al. [64] introduced

Z—convergence as follows.

Definition 1.2.19. [64] Let Z C P(N) be a non-trivial ideal. A sequence z = (xy)

of numbers is said to be Z—convergent to L if for every € > 0, the set
A(e) ={k: |xpy — L| > €} € T.
The element L is called Z—limit of (z;) and we write Z — limz = L.

Example 1.2.1. (i) If we take Zy = {¢}, then clearly Z; is a non-trivial ideal.
Moreover, a sequence is Zy-convergent if and only if it is a constant sequence.

(ii) Take for Z the class Z; of all finite subsets of N. Then Z; is a non-trivial
admissible ideal and Z¢-convergence coincides with the usual convergence in R.

(iii) Put Zs = {K € N : §(K) = 0}. Then Zs is an admissible ideal in N and

Zs-convergence coincides with the statistical convergence.

Kostyrko et al. [64] used Theorem 1.2.1. to introduce a new type of convergence
that is closely related to Z—convergence and called it Z*—convergence defined as

follows:

Definition 1.2.20. [64] Let Z be an admissible ideal in N. A sequence z = (zy) of
numbers is said to be Z*—convergent to L € X if there exists aset M = {my,mg,---} C

N such that M € F(Z) and limz,,, = L.

Following results give the relationship between Z-convergence and Z*-convergence

for a number sequence.
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Theorem 1.2.9. [64] Let T be an admissible ideal. If T* — limxy, = L, then T —

limz, = L.

Theorem 1.2.10. [64] T — limxy, = L implies T* — limxy = L if and only if T

satisfies the condition (AP).

Dems [36] used Z-convergence to define Z-Cauchy sequences and proved that
Cauchy type condition is necessary and sufficient for Z—convergence for a number
sequence. However, Kostyrko et al. [65] introduced the concepts of Z—limit and

cluster points for a number sequence and obtained some interesting relations.

Definition 1.2.21. [36] For an admissible ideal Z, a sequence, x = (z) of numbers
is said to be Z—Cauchy sequence if for each € > 0, there exists a positive integer m

such that the set {k € N: |z — x| > €} € T.

Definition 1.2.22. [65] An element { € X is said to be an Z—limit point of the
sequence x = (z3) € X provided that there is a set M = {my, ma,---} C N such that
M ¢ T and lim z,,, =¢&.

Let, A,(Z) denotes the set of Z—limit points of the sequence = = (zy)

Definition 1.2.23. [65] An element v € X is said to be an Z—cluster point of the
sequence x = (zy) € X if and only if {n € N: |z — | < ¢} ¢ Z, for each € > 0.

Let, I',(Z) denotes the set of Z—cluster points of the sequence x = (x).

Following the concepts of Z—limit and cluster points Demirci [34] introduced the
concepts of Z—limit inferior and Z—limit superior and obtained their certain proper-
ties. Lahiri and Das [71] continued with this study and obtained some other properties
of Z—limit inferior and Z—limit superior which were not discussed by Demirci [34].

In what follows we give several definitions and properties from the papers Demirci
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[34] and Lahiri and Das [71].

For a sequence = = (xy), define the sets

A, ={aeR:{keN:x, <a} e}
B,={beR:{keN:x, >0b} €1}

Z-limit inferior and superior of x is defined as follows:

Definition 1.2.24. [34] Let Z be an admissible ideal and x a real number sequence.

Then the Z-limit inferior and Z-limit superior of z are respectively defined as follow:

(

inf A,, if A, # o,

Z —liminfz =

400,  otherwise.
\

p

sup B, if B, # ¢,

—00, otherwise.

Z —limsupzx =

\

Theorem 1.2.11. [3/] For any real number sequence z,

Z —liminfx <Z — limsup x.

Definition 1.2.25. [34] The real number sequence x = (zy) is said to be Z-bounded

if there is a number B such that {k : |zx| > B} € I.

Theorem 1.2.12. [3/] The Z-bounded sequence x is I-convergent if and only if

7 —liminfx =7 — limsup z.

Theorem 1.2.13. [71] If T —limsup x or Z — liminf x ezits and equal to 1, then there

exists a subsequence of x that is I-convergent to l.
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In 2008, Sahiner and Tripathy [95] introduced the notions of Z-convergence, Z-
boundedness, Z-cluster point, Z-limit inferior and Z-limit superior and also inves-
tigated some further properties of Z-limit superior and Z-limit inferior of triple se-
quences.

Although, we have mentioned the introductory works on Z and Z*-convergence
but these ideas have attracted many mathematician to work towards this direction.
For an extensive view refer: Gezer and Karkus [55], Kostyrko et al. [66], Kumar [67],
Mursaleen and Alotaibi [84], Mursaleen and Mohiuddine [86], Mursaleen et al. [87],
Nabiey et al. [93], Savag [99], Savag and Das [101], Tripathy and Tripathy [105] etc.

1.2.4 Knopp’s core and it’s generalization

The notion of the core of a sequence was introduced by Knopp [63], who proved a
fundamental theorem known as Knopp’s core theorem. Knopp defined the core of a

complex sequence as follows:

Definition 1.2.26. [63] For any complex number sequence = = (1), let Ry(z)
be the least convex closed region of the complex plane which contains the points
Tk, Tpa1, Tpao, - 1.e., the convex cover of these points, then obviously R; D Ry D
Rs D ---. The closed and convex region R = N, Ri(x) is called the Knopp’s core
of the sequence x = ().

If the sequence = = (zy,) is real then Knopp’s core is define as the closed interval
[lim inf 2, lim sup x |.

For any sequence x = (x}), Knopp’s core is denoted by K-core{z}.

The fundamental theorem proved by Knopp is as follows:
Theorem 1.2.14. If A is a non-negative reqular matriz, then

K — core{Ax} C K — core{z}.
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Fridy and Orhan [53] replaced limit points with statistical cluster points to define
a natural analogue of Knopp’s core and presented statistical analogue of Knopp’s core

theorem.

Definition 1.2.27. [53] If z = (x}) is a statistically bounded sequence, then statis-
tical core of x is the closed interval [s — liminf x, s — lim sup z].

If (zx) is not statistically bounded, then statistical core of z is defined as either
[s — liminf x, +00|, [—00, +00] or [—o0,s — limsupz] accordingly as x = (zy) is
not statistically bounded above, statistically bounded or statistically bounded below

respectively.

Denote the statistical core of x by s-core. It can be easily seen that s-core{x}

C K-core{z}.

Theorem 1.2.15. If a matriz A satisfies sup,, > oy |ank| < 00, then
K — core{Ax} C s — core{x}

for every bounded sequence x.

The idea of Knopp’s core is further extended by Demirci [34] by the use of Z-

convergence and analogously obtained Z-analogue of Knopp’s core theorem.

Definition 1.2.28. If x = () is a Z-bounded sequence, then Z-core of z is the

closed interval [Z — liminf 2, Z — lim sup z].

Theorem 1.2.16. Let Z be an admissible ideal in N. If a matriz A satisfies
SUpP,, Y pey k| < 00 and the following conditions

(i) A is reqular and limy, ), p |ank| = 0, whenever E € I,
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(ii) lim, >~7° | Jank| < 1, then
K — core{Ax} C T — core{z}

for every bounded sequence x.

1.3 Fuzzy Numbers Sequences

In this section, we provide sufficient background on fuzzy number sequences and
their developments. We begin with the definition of fuzzy sets which were initially
introduced by Zadeh [112] in 1965. These sets have wide applications in almost
all areas of science and engineering. For instance; these sets are used not only to
resolve problems in non linear dynamical systems [58], control of chaos [47], computer
programming [57] , population dynamics [16], quantum physics [77] etc, but are also
is used in various branches of mathematics, such as, in metric and topological spaces
2], theory of functions ( [18], [61], [110] ), the study of matrix and linear systems
[91], approximation theory [10], etc.

Definition 1.3.1. [112] A fuzzy set (class) A in X is characterized by a membership
(characteristic) function f4(z) which associates with each point in X, a real number in
the interval [0, 1], with the value of f4(x) at x representing the “grade of membership”

of z in A.

In past decades, much attention has been paid to generalize several concepts
of classical analysis in fuzzy setting and thus a modern theory of fuzzy analysis is
developed in which theory of fuzzy numbers plays a vital role. Infact, the theory
of fuzzy numbers is the foundation of fuzzy analysis as the status of theory of real

numbers in classical analysis.
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In the following, we recall some basic definitions, results and terminology used in
the theory of fuzzy numbers.

Given any interval A, we shall denote its end points by A, A and by D the set
of all closed bounded intervals on real line R, i.e., D = {A C R: A = [A, A]}. For
A, B € D, we define A < B if and only if

A<Band A<B
and

d(A, B) = max{|A — B|, |A — B|}. It is easy to see that d defines a Housdorff

metric on D and (D, d) is a complete metric space. Also < is a partial order on D.

We define the fuzzy number as follows:

Definition 1.3.2. [112] A fuzzy number is a fuzzy set with membership function X
from R to [0,1] which satisfies the following conditions:
(i) X is normal, i.e., there exists and zy € R such that X (zg) = 1;
(i) X is fuzzy convex, i.e., for any z,y € R and X € [0, 1],
XAz + (1= ANy) 2 min{X(z), X(y)};
(iii) X is upper semi-continuous, i.e., if for each € > 0, X ([0, a + ¢))
for all a € [0, 1] is open in the usual topology of R.

(iv) The closure of the set {z € R : X (x) > 0} denoted by X" is compact.

The properties (i)-(iv) imply that for each « € (0, 1], the a-level set,
[X]a = {z € R: X(2) > a} = [X*, X"]
is a non-empty compact convex subset of R. Let L(R) denotes the set of all fuzzy

numbers. Define a map d : L(R) x L(R) — R by
d(X,Y) = sup,e(oq d(X*,Y).
Further, every real number r can be expressed as a fuzzy number 7 as follows:

1, fort=
T(t):{ , for T,

0, otherwise.



23

The arithmetic operations L(R) are defined as follows:

XOY],=[X"4+Y* X "+Y"], [XOV],=[X*-Y", X" —Y“.

Puri and Ralescu [94] proved that (L(R),d) is a complete metric space. The ordered
structure on L(R) is defined as: For X, Y € L(R), we define X <Y if and only if
X*<Y®and X" <Y for each a € [0,1]. We say that X <Y if X <Y and there
exist ag € [0, 1] such that X < X*° or X" < Y™, The fuzzy number X and Y are
said to be incomparable if neither X <Y nor Y < X.

A subset S of L(R) is said to be bounded above if there exists a fuzzy number g
such that X < § for every X € S. The fuzzy number 3 is called the upper bound
of the set S and f is called the least upper bound (sup) of the set S if § is an upper
bound of S and 8 < 3 for all upper bounds 3 € S. A lower bound and the greatest
lower bound (inf) are defined on similar lines. The set S is said to be bounded if it
is both bounded above and bounded below. It is noted that if the set S C L(R) is
bounded, then its supremum and infimum exist (can be seen in Wu and Wu [109)]).

By a sequence X = (X,,) of fuzzy numbers, we mean a function from the set N
of all positive integers into L(R). The fuzzy number X, denotes the value of the
function at k € N and is called the kth term of the sequence. Let w denotes the set
of all sequences of fuzzy numbers.

Matloka [78] introduced bounded and convergent sequences of fuzzy numbers as

follows:

Definition 1.3.3. [78] A sequence X = (X}) of fuzzy numbers is said to be convergent
to a fuzzy number X, if for each ¢ > 0, there exists a positive integer m such that
E(Xk,XO) < ¢ for every k > m.

The fuzzy number X is called the ordinary limit of the sequence (X}) and we

write limy_, X, = Xp.



24

Definition 1.3.4. [78] A sequence X = (X}) of fuzzy numbers is said to bounded if
the set { X}, : k € N} of fuzzy numbers is bounded.

Let ¢£ denotes the set of all bounded sequences of fuzzy numbers.

Nanda [88] continued to deal these kind of sequences and introduced Cauchy se-
quences of fuzzy numbers where he proved that the spaces of bounded and convergent

sequences of fuzzy numbers form complete metric space.

Definition 1.3.5. [88] A sequence X = (Xj) of fuzzy numbers is said to be Cauchy
sequence if for each € > 0, there exists a positive integer N, such that d(X, Xm) <e€

for every k,m > Nj.

Recently, statistical convergence has also been adopted to the sequences of fuzzy
numbers. The credit goes to F. Nuray and E. Savag [90], who first introduced statis-

tical convergent and statistically Cauchy Sequences of fuzzy numbers.

Definition 1.3.6. [90] A sequence X = (X}) of fuzzy numbers is said to be statistical

convergent to a fuzzy number X,, written as S — limy_.o, X = X, if for each € > 0,

1 —
lim —[{k € N:d(Xy, Xo) > €}| =0.

n—oo N

Definition 1.3.7. [90] A sequence X = (X}) of fuzzy numbers is said to be sta-
tistically Cauchy sequence if for each ¢ > 0 there exists a positive integer Ny such

that

1 —
lim —|{k € N: d(X,, Xy,) > €}| =0.

n—oo M

Savag [98] studied some equivalent alternative conditions for a sequence of fuzzy
numbers to be statistically Cauchy and obtained the following characterization of

statistical convergence for this type of sequences.
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Theorem 1.3.1. [98] A sequence X = (Xi) of fuzzy numbers is statistically con-
vergent to (Xo) if and only if there exists a subset K = {ky, ko, ks, -~} C N with
§(K) =1 such that d(X},, Xo) — 0 as n — o0o.

Using statistical convergence, S. Aytar [11] introduced statistical limit point and
cluster point for sequences of fuzzy numbers. He also demonstrated some inclusion
relations among the sets of: ordinary limit points, statistical limit points and statis-
tical cluster points for this kind of sequences. In the following, we will recall some
definitions and results of Aytar [11], Aytar et al. [13], Aytar and Pehlivan [14] and
Aytar and Pehlivan [15].

Definition 1.3.8. [11] Let X = (X}) be a sequence of fuzzy numbers. A fuzzy
number X is said to be a statistical limit point (s.l.p) of a sequence (X}) of fuzzy

numbers provided that there is a non-thin subsequence of X that is convergent to Xj.

Let AE(X) denotes the set of all statistical limit points of a sequence X = (X)

of fuzzy number.

Definition 1.3.9. [11] Let X = (X}) be a sequence of fuzzy numbers. A fuzzy
number Yj is said to be a statistical cluster point (s.c.p) of a sequence (X}) of fuzzy

numbers provided that for each € > 0,

1 _
limsupﬁ]{k € N:d(Xy, Yy) <€} >0.

n—oo
Let TE(X) denotes the set of all statistical cluster points of a sequence X = (X)

of fuzzy number.
Theorem 1.3.2. [11] For a fuzzy number sequence X = (Xy), AL(X) c TE(X).

Theorem 1.3.3. [11] If X = (X}) and Y = (Y}) are sequences of fuzzy numbers
such that 5({k € N : X # Yi}) =0, then AL(X) = AL(Y) and TE(X) = TE(Y).
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Theorem 1.3.4. [11] Let X = (X}) be a sequence of fuzzy numbers. If S—limy_,o0 Xj =
Xo, then AE(X) =TE(X) = {X,}.

Definition 1.3.10. [14] A sequence X = (Xj) of fuzzy numbers is said to be sta-
tistically bounded from above if there exists a fuzzy number p (called the statistical

upper bound) such that

Similarly, X = (Xj) is said to be statistically bounded from below provided that

there exists a fuzzy number v (called the statistical lower bound) such that
S{keN: Xy <v}U{keN: X, ~v})=0.

If the sequence X = (X}) is both statistically bounded from above and statistically

bounded from below, then it is called statistically bounded.

Define the following sets:

Ax ={pwe L(R) : 0({k € N: Xy < u}) # 0};
Ay ={pne L(R): d({k e N: X} > u}) = 1};
Bx ={p € L(R):0({k € N: X}, > u}) # 0};
Bx={pc€L(R):5({keN: Xy <pu}) =1}

Definition 1.3.11. [13] If X = (Xj) be a statistically bounded sequence of fuzzy
numbers, then the statistical limit inferior and statistical limit superior of X = (Xj)

are defined as:

S —liminf X =inf Ay and S —limsup X = sup By.
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Theorem 1.3.5. [13] If the sequence X = (Xy) is statistically bounded, then
inf Ay = sup Ay and sup By = inf By.

Theorem 1.3.6. [13] For a statistically bounded sequence of fuzzy numbers X =

(Xk)7
S — liminf X, <S5 — limsup Xj.

Theorem 1.3.7. [15] Assume that the statistically bounded sequence of fuzzy numbers

X = (Xy) is statistically convergent to Xo. Then
S — liminf X, = S — limsup X, = X,.

Theorem 1.3.8. [15] Let X = (X}) be a statistically bounded sequence of fuzzy

numbers. Let p is the statistical limit superior of X and for each € > 0,
{kel,: Xy ude}) =0ando({k €I, : X~ poe})=0. (1.3.1)
Then i is the greatest statistical cluster point of X.

Theorem 1.3.9. [15] Let X = (X) be a statistically bounded sequence of fuzzy

numbers. Let v is the statistical limit inferior of X and for each € > 0,
{kel,: Xy »v@e})=0andS({k €1, : X »voe})=0. (1.3.2)

Then v is the least statistical cluster point of X.

Nuray [89] extended the ideas of lacunary statistical convergence and lacunary
statistical Cauchy criterion for sequences of fuzzy numbers and proved their equiva-
lence. We also list some results of Kwon and Shim [70] who proved Nurays result in

reverse way.



28

Definition 1.3.12. [89] Let 6 = (k,) be a lacunary sequence. A sequence X = (Xj)
of fuzzy numbers is said to be lacunary statistically convergent to a fuzzy number

X, if for each € > 0,

1 =

lim h—|{k €I, :d(Xy, Xo) > €} =0.
In this case, we write Sy — limy, X, = X,.

Definition 1.3.13. [89] Let 6 = (k,) be a lacunary sequence. A sequence X = (Xj)
of fuzzy numbers is said to be lacunary statistically Cauchy sequence if there is a
subsequence (X (y)) of X such that k'(r) € I, for each r, lim, Xy ) = X, and for

each € > 0,
.1 =
lim h—\{k €l d(Xy, Xp@y) > €} =0.
Theorem 1.3.10. [89] For any lacunary sequence 6, Sp C S if limsup,. g, < 0o.

Theorem 1.3.11. [70] For any lacunary sequence 0, S C Sy if liminf, ¢, > 1.

We next quote some definition and results related to A-statistical convergence,
A-statistical limit and cluster points, which were respectively extended by Savag [97]
and Tuncer and Benli [107] for sequences of fuzzy numbers.

Recall that A = (\,,) be a non-decreasing sequence of positive numbers tending to

oo and satisfying A1 < A\, + 1,0 = 1.

Definition 1.3.14. [97] A sequence X = (Xj) of fuzzy numbers is said to be A-

statistical convergent to some fuzzy number X, if for each ¢ > 0,

1 —

n—oo

In this case, we write S\ — lim X, = X,.
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Definition 1.3.15. [107] For any sequence X = (X}) of fuzzy numbers, let (X))
be a subsequence of X = (X}) and K = {k(j) : j € N}. Denote (Xy;)) by (X)x. If
1
lim )\—\{k(]) €l,:jeN} =0,

then (X)g is called a A—thin subsequence. On the other hand, (X )k is a A—nonthin
subsequence of X, provided that

1

lim sup )\—\{k(]) €l,:jeN} >0.

Definition 1.3.16. [107] A fuzzy number X, is said to be a A—statistical limit point
or Sy—limit point of a sequence X = (X}) of fuzzy numbers provided that there is a
A—nonthin subsequence of X that converges to Xj.

Let A§ (X) denotes the set of all Sx—limit points of the sequence X = (X).

Definition 1.3.17. [107] A fuzzy number Yj is said to be a A—statistical cluster
point or Sy—cluster point of a sequence X = (Xj) of fuzzy numbers provided that

for each € > 0,
1 _
lim sup /\—|{k €1, :d(Xy Yy) <e}| >0.

Let I'¢ (X) denotes the set of all Sy—cluster points of the sequence X = (Xj).

Kumar and Kumar [68] extended the ideas of Z-convergence, Z*-convergence and
7Z-Cauchy for sequences of fuzzy numbers and proved their equivalence. We list some

definitions and results of Kumar and Kumar [68].

Definition 1.3.18. [68] Let Z C P(N) be a non-trivial ideal. A sequence X = (Xj)

of fuzzy numbers is said to be Z—convergent to X if for every € > 0, the set
A(e) =4k : |z — L| > €} € T.

The element X is called Z—limit of (X;) and we write Z — lim X = Xj.
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Definition 1.3.19. [68] Let Z be a non-trivial ideal in N. A sequence X = (Xj) of
numbers is said to be Z*—convergent to a fuzzy number X if and only if there exists

aset M = {my,my, -} C Nsuch that M € F(Z) and d(X,,,, Xo) — 0 as n — co.

Following results give the relationship between Z-convergence and Z*-convergence

for a fuzzy number sequence.

Theorem 1.3.12. [68] Let T be an admissible ideal. If 7" — lim X}, = X,, then
7 —lim X, = X,.

Theorem 1.3.13. [68] T — lim X}, = X implies T* — lim X}, = X if and only if T
satisfies the condition (AP).

Definition 1.3.20. [68] For an admissible ideal Z, a sequence, X = (Xj) of fuzzy
numbers is said to be Z—Cauchy sequence if for each € > 0, there exists a positive

integer m such that the set {k € N: | X, — X,,,| > ¢} € .

Theorem 1.3.14. [68] Let T be an admissible ideal in N. A sequence X = (X}) of

fuzzy numbers is -convergent if and only if it is Z-Cauchy.

The concept of statistical convergence, lacunary statistical convergence and -
statistical convergence for sequences of fuzzy numbers have been further studied by
Biglin [17], Isik [60], Esi [42] by use of difference operator A.

For w, the set of all sequences of fuzzy numbers, the operator A™ : w — w is

defined by

A°X, = X,

A'X, = X — Xpy,

ATXy, = ANA™TIX).
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Definition 1.3.21. [17] A sequence X = (Xj) of fuzzy numbers is said to be A-

statistically convergent to fuzzy numbers X if for every € > 0

1 —
lim —|{i <n:d(AXy, Xo) > €}| =0,

n—oo M,

i.e., d(AXy, Xo) < € for almost all k. In this case, we write S2-limy, Xj = X.

Definition 1.3.22. [60] A sequence X = (Xj) of fuzzy numbers is said to be A™-

statistically convergent to a fuzzy number X if for each € > 0,

1 —
lim —|{k € N: d(A™ X}, Xo) > €}| = 0.

n—oo N

In this case, we write S2"-limy, X, = X,.

Definition 1.3.23. [42] Let § = (k,) be a lacunary sequence. A sequence X = (Xj)
of fuzzy numbers is said to be lacunary A™-statistically convergent to a fuzzy number

X, if for each € > 0,

1 —
lim h—’{k S Ir : d(Aka,Xo) Z €}| = 0.

r—>00 r

In this case, we write S£"-lim X}, = X,.

For some more works in this direction refer: Altin et al. [3], Altin et al. [5],
Altinok and Mursaleen [9], Colak [24], Colak et al. [26], Altinok et al. [8], Et et al.
[43], Colak et al. [28], Subramanian and Esi [104], Altin and Colak [4], etc.

1.4 Fuzzy Neighborhood Spaces

In this section, we provide a brief introduction on fuzzy neighborhood spaces which
are special classes of fuzzy topological spaces and have been discussed in a number of
papers: Change [29], Foster [46], Hutton [59], Wong [108], etc. So, before proceeding

further, we give the definition of fuzzy topological spaces.



32

Definition 1.4.1. [29] A fuzzy topology is a family T of fuzzy sets in X which satisfies
the following conditions

(i) o, X €T,

(i) f A,Be€T, then ANB €T,

(iii) If A; € T for each i € I, then VA; € T.

T is called a fuzzy topology for X, and the pair (X, T) is a fuzzy topological space,
or FTS in short.

Lowen [75] introduced fuzzy neighborhood spaces, a subcategory of fuzzy topo-
logical spaces, by the use of fuzzy neighborhoods which enables to introduce a local
theory of fuzzy topologies.

Let I =10,1], In = (0,1], I = [0,1) and Iy; = (0,1).

For any set X, let X denote the set of all fuzzy subsets of X. A member v of IX
is contained in a member y of I* denoted v < y if and only if v(x) < u(z), for every
r € X. Let v, e I¥.

Define the following fuzzy sets:

() v Ap € IX by (v A p)(x) =min{v(z), u(x)} for every z € X (intersection).

(2) vV e I¥ by (vVu)(r) =max{v(z), u(z)} for every x € X (union).

(3) v° e I* by v%(x) =1 — v(z) for every x € X.

If X is a set, a non-empty collection X(x) C I¥ is called a prefilter (on X) iff:

(1) 0 ¢ X(x),

(2)veX(x),ueX(r)=vApe X(x),

B)veX(x),r <pu=pe ().

If X is a set, then a non-empty collection A(z) C I is called a prefilter base (on X)
iff:

(1) 0 ¢ Ax),

2)veAlx),peAlx) =3I NeA(z) : A<V AN
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Definition 1.4.2. [75] A family of prefilters ¥ = (3(x)).ecx in a set X is called a
fuzzy neighborhood system on X if and only the following are true:
(i) Vee X, VveX(x):v(x)=1;
(i) Ve e X : X(z)~ = X(2);
(iii) Vo € X, v € X(x), Ve € Iy, I()):.ex € [Lex 2(2) 1 Vy,z € X = 1,(2) A
va(y) < V() + e,
where ~ denotes the saturation operation as given by
Yw={rv:Ve>0,dv. € ¥:v. —e < v}
Given a fuzzy neighborhood system 3 on X; one can obtain a fuzzy topology t(X),

and the pair (X, (X)) is known as fuzzy neighborhood space.

In the recent years, much work have been published on the sequential convergence
in fuzzy neighborhood spaces by various authors Hakeim [40], Lowen [75], Mohannadi
et al. [80], Morsi [81], Mashhour and Morsi [82], Wuyts and Lowen [111] etc. We,
now quote some of the definitions and results of the papers of Lowen [75] and Wuyts

and Lowen [111] as under:

Theorem 1.4.1. [75] If ¥ = (X(2))rex 1S a fuzzy neighborhood system on X, then
A = (A(x))zex is a basis for X if and only if for all x € X, A(x) is a prefilter basis

and for all v € ¥(x) and for all € € Iy there exists 6. € A(x) such that 0, — e < v.

Theorem 1.4.2. [75] If (X, (X)) is a fuzzy neighborhood space and o € Iy, then the
level topological space (X, 1,(t(X))) has a neighborhood system the family (1o(3(x)))zex

where for all x € X,

lo(2(2)) ={v71(B,1]: v e X(x),8 € [0,1 —)}.

Theorem 1.4.3. [75] If (X, 7) is a topological space, then the associated fuzzy topolog-

ical space (X,w(T)) has as fuzzy neighborhood system the family w(3(x).ex), Where
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Y.(x) is the neighborhood system of T and where for all x € X
w(X(x)) ={v € I*, foreach €€ I,,v7(0,1] € X(x)}.

Definition 1.4.3. [111] A fuzzy neighborhood space (X, (X)) is said to be NT; if
and only if for all z # y € X and for all € € I, there exist v, € X(x) and v, € X(y)

such that v, Ay, <e.

Khan et al. [62] introduced an interesting notion of convergence which they called

a-convergence in fuzzy neighborhood spaces and studied some of its properties.

Definition 1.4.4. [62] Let (X,¢(X)) be a fuzzy neighborhood space and (z) a se-
quence in X. For given a € Iy, (z}) is said to be a-convergent to x € X if and only
if for all v € X(z), there exists m € N such that for all £ > m

v(zg) >1—a.

x is called an a-limit of x; and indicated as xj ~~“ .

Definition 1.4.5. [62] In a fuzzy neighborhood space (X,¢(X)), a sequence (xy) in
X is called convergent to x € X if and only if for all o € Iy, zj ~»* . We abbreviate

it as xp ~ x.

1.5 Objectives of the study

The research objectives of the present study are defined as:

1. To extend the idea of statistical convergence to sequences of fuzzy numbers of

multiplicity greater than two.

2. To define the concepts of lacunary statistical limit and cluster points for se-

quences of fuzzy numbers and try to obtain some relations among the sets of
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ordinary limit points, lacunary statistical limit points and lacunary statistical

cluster points.

3. To define the concepts of lacunary statistical limit inferior, lacunary statistical
limit superior, and lacunary statistical core for sequences of fuzzy numbers and

try to obtain some properties related to these notions.

4. To extend the work of Tuncer and Benlin [2007, 46] by studying the concepts
of statistical limit inferior, statistical limit superior and statistical core for se-

quences of fuzzy numbers.

5. To define generalized statistical convergence of nets in fuzzy topological spaces.

1.6 Thesis organization

The present thesis consists of six chapters. Each chapter is divided into various
sections.

In Chapter 2, the concept of statistical convergence has been extended to the
sequences of fuzzy numbers having multiplicity greater than two and develop some
of its basic structural properties. In this chapter the concepts of Cauchy sequences
and the Cauchy convergence criteria has been presented. Some generalized summa-
bility methods as Cesaro summability and strong p-Cesaro summability of multiple
sequences of fuzzy numbers have also been introduced. Some connections between the
statistical convergence and the new generalized summability methods are discussed.
Finally, a stronger generalization of statistical convergence for multiple sequences has
been introduced.

The objective of Chapter 3 is to define the notions of lacunary statistical limit
and cluster points for sequences of fuzzy numbers with help of a lacunary sequence as

these notions help in predicting the behavior of such a sequence which is not lacunary
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statistical convergent. The sets of lacunary statistical limit points and lacunary sta-
tistical cluster points have also been defined and some inclusion relation between these
sets and the sets of ordinary statistical limit points and cluster points are obtained.
Also, a condition for which these sets coincide with the sets of ordinary statistical
limit points and cluster points has been obtained. Further, the lacunary statistical
limit and cluster points for sequences of fuzzy numbers with the help of difference
operator has been studied in this chapter.

The goal of Chapter 4 is to introduce the notions: Sp-limit inferior, Sp-limit
superior, Sy-boundedness and Sy-core for sequences of fuzzy numbers. Some inclusion
relations between these notions have been obtained. Some properties of Sy-limit
inferior and Sp-limit superior have been derived. Subsequently, certain connections
between Sy-coreX and Sy-coreX, where denotes a sequence of fuzzy numbers have
been obtained. Finally, some new extensions of the above notions have been obtained
by using the difference operator.

In Chapter 5, concepts of A-statistical limit inferior, A-statistical limit superior,
A-statistical bounded sequence and A-statistical core for sequences of fuzzy numbers
have been defined where A = (\,) be a non-decreasing sequence of positive numbers
tending to oo with A, 11 < A\, + 1, A; = 1. In addition, for 5 € (0, 1], concepts of Sf—
limit points, Sf—cluster points, Sf—limit inferior and Sf—limit superior for sequences
of fuzzy numbers are also introduced.

Chapter 6 deals with the concepts of a-statistical convergence and statistical
convergence for sequences in fuzzy neighborhood spaces which turn out to be a very
useful subcategory of fuzzy topological spaces. Some properties of a-statistical con-
vergence and statistical convergence in these spaces have been developed.

In the end, a bibliography is given which lists only those books and papers which

have been referred to in this thesis so this list is not an exhaustive one.



Chapter 2

Generalized Summability of
Multiple Sequences

2.1 Introduction

Fuzzy set theory is a powerful hand set for modeling uncertainty and vagueness in
various problems arising in the field of science and engineering. It has wide range
of applications in various fields like population dynamics, chaos control, computer
programming, nonlinear dynamical systems, etc. Fuzzy topology is one of the most
important and useful tools to deal with such situations where the use of classical
theories breaks down. While studying fuzzy topological spaces, we face many situ-
ations where the theory of convergence of fuzzy number sequences is needed. The
concept of usual convergence of fuzzy numbers sequences was introduced by Mat-
loka [78], where he proved some basic theorems concerning fuzzy number sequences.
Nanda [88], later showed that the set of all convergent sequences of fuzzy numbers

form a complete metric space. In the recent years, statistical convergence, formally

Some contents of this chapter have been published in Mathematical Sciences 2012, 6:2
(Springer) and the rest have been published in Boletim da Sociedade Paranaense de
Matemtica, Vol 33, No. 2, (2015) pp. 69-78 (BRAZIL)

37
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introduced by Steinhaus [103] and Fast [45] for real number sequences, has also been
adapted to the sequences of fuzzy numbers. The credit goes to Nuray and Savag [90],
who first defined the concepts of statistical convergence and gave the statistically
Cauchy criterion for sequences of fuzzy numbers. They proved that a sequence of
fuzzy numbers is statistically convergent, if and only if it is a statistically Cauchy.
Nuray [89] introduced lacunary statistical convergence of fuzzy numbers sequences,
whereas Kwon [69] obtained relationship between statistical convergence and strong
p-Cesaro summability of fuzzy numbers sequences. Another interesting generaliza-
tion of statistical convergence for sequences of fuzzy numbers has been introduced
by Kumar and Kumar [68] with the help of an admissible ideal Z of subsets of N.
They defined Z-Cauchy sequences of fuzzy numbers and studied many interesting
properties of Z-convergence for sequences of fuzzy numbers. After their pioneer work,
many authors have shown keen interest towards the study of sequences of fuzzy num-
bers. For an extensive view, we refer Aytar [11], Aytar and Mammadov [13], Aytar
and Pehlivan [14], Colak [25], Fridy [50], Fridy and Orhan ([51], [53]), Kumar [67],
Mursaleen [83], Mursaleen and Alotaibi [84], Savag [97], Savag [98], Savas [99] etc.

The purpose of this chapter is to extend some generalized limits namely; statisti-
cal convergence and ideal convergence for sequences of fuzzy numbers of multiplicity
greater than two. In section 2.2, some basic preliminaries on sequences of fuzzy num-
bers have been given. The aim of section 2.3 is to define statistical convergence and
study some of its interesting properties for sequences of fuzzy numbers of multiplicity
> 2. Further in this section, we have also defined statistically Cauchy criterion for
these kind of sequences. Subsequently, Cesaro and strongly p-Cesaro summability for
multiple sequences of fuzzy numbers have also been defined and their relationships
with statistical convergence have been obtained in this section. In the last section, a
variety of generalized convergence for multiple sequences of fuzzy numbers with help

of an admissible ideal Z C P(N) have been studied.
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2.2 Preliminaries

By a fuzzy number we mean a fuzzy set with membership function X from R to [0,1],
which satisfy the following conditions

(i) X is normal, i.e., there exists and = € R such that X (z¢) = 1;

(ii) X is fuzzy convex, i.e., for any z,y € R and

Ae 0,1, XAz + (1 —N)y) > min{X(z), X(y) };

(iii) X is upper semi-continuous;

(iv) the closure of the set {z € R: X(x) > 0}, denoted by X°, is compact.
The properties (i)-(iv) imply that for each a € (0, 1], the a-level set,

Xe={zecR:X(z)>a}=[X*X"]

is a non-empty compact convex subset of R. Let L(R) denotes the set of all fuzzy
numbers.

In the sequel,we quote some definitions and results of the papers Kumar and

Kumar [68], Nuray and Savas [90] and Savag [98].

Definition 2.2.1. [90] A sequence X = (X}) of fuzzy numbers is said to be statisti-

cally convergent to a fuzzy number X, if for each € > 0,
1 =
lim —|{k <n:d(Xy, Xo) > e€}| =0.
non

Here, vertical bars denotes the cardinality of the enclosed set. Symbolically, it is

written as S — lim;, X, = X,.

Definition 2.2.2. [98] A sequence X = (X}) of fuzzy numbers is said to be statisti-

cally Cauchy, if for each € > 0 there is a number Ny such that

1 —
lim —|{k <n:d(Xg Xn,) > €}|=0.
non
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For a non empty set X, let P(X) denotes the power set of X, then a family of
sets Z C P(X) is called an ideal on X if it satisfies

(i) ¢ €T;
(ii) for each A,B€Z = AU B € T,

(iii) for each A€ ZTand BC A= BeT.
For a non empty set X, a non-empty family of sets F' C P(X) is called a filter on X
if and only if

(i) ¢ € F;

(ii) for each A,B € F = ANB € F}

(iii) for each A€ Fand BDO A= Be F.
A non-trivial ideal Z C P(X) is called an admissible ideal in X if and only if it

contains all singleton sets i.e., if it contains {{x} : z € X}.

Definition 2.2.3. [68] Let Z C P(N) be a non-trivial ideal in N. Then, a sequence
X = (Xj) of fuzzy numbers is said to be Z-convergent to a number X, if for each
€ >0, the set {k < n:d(Xy, Xo) > €} belongs to Z. The fuzzy number X, is called

the Z-limit of the sequence (Xj) and we write Z — limy X}, = X.

Definition 2.2.4. [68] A sequence X = (X}) of fuzzy numbers is said to be Z-Cauchy,
if for each € > 0 there is a number Ny such that the set {k < n : d(Xy, Xn,) > €}

belongs to Z.

Definition 2.2.5. [68] A sequence X = (Xj) of fuzzy numbers is said to be Z*-
convergent to a fuzzy number X if and only if there exist a set K = {my < mg,---} C

N such that K € F(Z) and d(X,,,, Xo) — 0 as n — oo.
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2.3 Statistical convergence

For brevity, we state and prove our results only for triple sequences and it can easily
be seen that these definitions and results can also be applied to double sequences of
fuzzy numbers and to sequences of fuzzy numbers of any multiplicity d > 3.

We start this section with the following notion of natural density.

For K C N3, the natural density of K is defined by

1
3(K)= lim —H{i<lj<m,k<n:(ijk)e€ K}

l,m,n—>co (TN
provided the limit exists. Here the vertical bars denote the cardinality of the enclosed

set.

Definition 2.3.1. A triple sequence X = (Xjj;) of fuzzy numbers is said to be

statistical convergent to some fuzzy number X, if for each € > 0,

: .. . =
lmhnnioo%H@ <lj<m,k<n:d(Xir Xo) > e} =0.

Symbolically, it is written as S — lim X;;;, = X.

Here [, m and n tend to infinity independently of each other. Let S3 denotes the
set of all statistically convergent triple sequences of fuzzy numbers. Every convergent
triple sequence of fuzzy number is statistical convergent as natural density of any
finite subsets of N3 is zero. But, the following example shows that the converse is not

necessarily true.

Example 2.3.1. For every = € R, define a sequence X = (X)) of fuzzy numbers as
under:
If the numbers ¢, j and k are all squares, then define
0, if 7 € (—o0,ijk — 1) U (ijk + 1, 00),
Xijr(w) = x— (ijk — 1), ifx € [ijk —1,ijk],

—z+ (ijk+ 1), ifx € [ijk,ijk+1].
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otherwise X,;;, = Xy, where X, is given by

0, if x € (—00,0) U (2, 00),
Xo(x) = x if z € [0, 1],

—z+2 ifze (1,2

Now, for 0 < € < 1, we have

K(e) ={(i,7,k) € N> : d( Xk, Xo) > €} C {(4,5,k) € N> i, j and k are squares}.
Since, the later set has triple density zero, it follows that d3(K(€)) = 0, and conse-
quently X = (X;;x) is statistically convergent to Xy. But the sequence X = (X,j;) is

not ordinary convergent to Xg. [J

In the following results, we guarantee the uniqueness of statistical limit if ex-
ists and present some algebraic characterization of this generalized limit for triple

sequences of fuzzy numbers.

Theorem 2.3.1. If a triple sequence X = (Xi;i) of fuzzy numbers is statistical con-

vergent to some limait, then it must be unique.

Proof. Let X = (Xj;) be a triple sequence of fuzzy number such that
S —lim X = Xo and S — lim X;;;, = Y,
where Yy # X,. Let us suppose Xy > Yy and € = @, then the neighborhoods
(X0 ©€¢ Xo@®€) and (Y © € Yy @€E) of Xy and Yj are disjoint.
Since S — lim X;;, = X and S — lim X, = Y;, therefore
85 ({(i,7,k) € N* : d(X,%, Xo) > €}) =0
and
03 ({(4,7, k) € N*: d(Xjp, Yo) > €}) = 0.

This implies that
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{(i,j, k) € N* : d( Xy, Xo) < e} and {(i, 4, k) € N* : d(Xy;p,, Yo) < €}
have triple natural density 1. Therefore

03 ({(3,5, k) € N* 0 d(Xyjr,, Xo) < e} N {(i, 7, k) € N* - d(Xyjn, Yo) < €}) # 0.
which is a contradiction to the fact that then the neighborhoods (X ©¢€, X, @€) and

(Yo ©€ Yy @ €) are disjoint. Hence, we have Xy =Y. O

Theorem 2.3.2. Let X = (X;j;) and Y = (Yj;i) be two triple sequences of fuzzy
numbers, then

(i) If X = (Xii) is statistically convergent to Xy and ¢ € R, then (cX;j;) is
statistically convergent to cX,.

(11) If X = (Xij) andY = (Yii) are statistically convergent to fuzzy numbers Xo

and Yy respectively, then (X, @ Yiji) is statistically convergent to Xo & Yj.

Proof. (i) Let a € (0,1], c € R and € > 0. Let X2, Y%, X§ and Y;* be a-level sets
of Xijk, Yijr, Xo and Yy respectively. Then, since d(cXf,, cX§) = [c|d(XF,, X§), we
have d(cX?

e eX() = \c|E(ng,Xg) and this gives
S3({i < 1,5 <m,k <n:d(cXijp,cXo) > €})

c]
Hence S — lim X, = ¢Xp.

(ii) Since

d(X, @ Yijy, Xg @ Y5") < (X, @ Yig, Vg, © Xg) + d(Y5,

ijkyr Lijk ijk

@ Xg, Xg @ Yg)

= d(X 35, X§) + 000 (Yif, Y0')
By using Minkowski’s equality, we have

d(Xiji @ Yijr, Xo ® Yo) = d(Xijr, Xo) + d(Yijn, Vo).
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Therefore,
1 _
WHZ <lLj<mk<n:dXi® Vi, Xo®Yy) > €}

Iy . - -

1 , , - €
< I {Z <lj<m,k<n:dX Xo) > 5}‘
1 , , - €
which proves the result. O

Now, we present some important characterizations of statistical convergence for
sequences of fuzzy numbers having multiplicity three.
Theorem 2.3.3. A triple sequence X = (Xyji) of fuzzy numbers is statistically con-

vergent to a fuzzy number X, if and only if, there exists a subset K = {(iy, Jn, kn)} C

N n=1,2,... such that 65(K) = 1 and lim, 0o X;,j.k, = Xo-
Proof. Let X = (Xj;i) be statistically convergent to Xo. For each ¢ > 0, if we denote

M = {(Z,j, k’) € N3 . C_Z(Xijk,X0> Z E}

and

K= {(Z,j, k) c N3 - C_i(XZ‘jk,X()) < 6}7
then d3(M) = 0 and consequently d3(K) = 1. Furthermore, K N M = (). Since
J3(K) = 1, it follows that K is an infinite set as otherwise d3(K) = 0. Let K =
{(in, jn, kn)} € N3 n=1,2,.... In order to prove the result, it is sufficient to prove
that (X;,;.k,) i convergent to X,. Suppose that (X, ;.k,) is not convergent to Xj.

By definition, there exists ¢, > 0 such that d(X;, j ., Xo) > € for infinitely many

terms. Let

Kl — {(Znaj’ru kn) S K : E<Xi7ljnkn7X0) Z 61}-
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Clearly ) # K; C K. Also for all 7, j, k and ¢, we have
Ml - {(27]7 k) € N3 : E(ka,XO) 2 61} 2 {(anjna kn) : 8(in]nkn7X0) Z 61}-

Thus, 03(K7) = 01i.e. K73 C M;. Further, for € < ¢;, M; C M, which is impossible as
K N M =0. Hence, (X;,j.k,) is convergent to Xo.

Conversely, Suppose that there exists a subset K = {(in, jn, kn)} C N3 n =1,2,...
such that 63(K) = 1 and lim,,_, Xj,, .k, = Xo. By definition, there exist a positive

integer p such that
A(Xijokns Xo) <€, YV n>p.

Since

{(i, 4, k) € N* - d(Xyjp, Xo) = €} CN* — {(ips1, Jps1, Kkpt1), (ipras vz Kpr2), -},
it follows that

63{(i,j, k) € N® 1 d( Xy, Xo) > e} <1—-1=0.

Hence, X is statistically convergent to Xj. O]

Theorem 2.3.4. The set S3NIE3 is closed linear subspace of the normed linear space

F3
3

Proof. Let X (mn) _ (XZ(JZZW)> € S3nN lfg and XUmn) __y X ¢ lgo:s Since X (mn) <

Ss N 153, therefore there exist a fuzzy number Yj,,,, such that

S — }ij;rrl%XZ.(;ZLn) = Yiun (I,m,n=1,2,...).

Furthermore, X — X implies that there exists a positive integer M, such that

forevery p>1>M,qg>m>Mandr>n>M

d (X tear), xtmm)y < (2.3.1)

€
3
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Also, by Theorem 2.3.3, there exist subsets Ky, Kinn C N® such that d3(Kp,) =

53(Klmn) =1 and

g X5 = YVogr. 2.3.2
(i,j,k)eKll,gl;i,j,k%oo ijk pq ( )
lim Xz(JlZm) —Y,,. (2.3‘3)

(i>j’k)€Klmn§ivj7k_>OO
Now, the set K,y N Ky, is an infinite set as 3(Kpgr N Kpmp) = 1. Choose (k1, ko, k3) €

Kpgr N Ky, then we have from (2.3.2) and (2.3.3)

g T € - mn €
4 (X0 Vo) < 5 ad  d (X Yion ) < > (2.3.4)

Hence, for every p > 1> M, g > m > M and r > n > M, we have from (2.3.1) to

(2.3.4)

3 3 r =3 r Ilmn =3 Ilmn
d ( par» }/imn) S d (qur’ Xlﬁf%;kg) + d <X]Ef223€37 X]gﬂﬂgk)g) + d (Xlglek)g’ nmn)

<€+€+€_
373737 ¢

This shows that (Y},,,) is a Cauchy sequence and hence convergent. Let,

im  Yipn = Y. (2.3.5)

l,mn—->oc0

Next, we show that X is statistically convergent to Y. Since X" — X so for

each € > 0 there exists [,m,n and Ny € N such that

d (X(lm"),Xijk> <<

ijk 37 Za]akZNO

Also from (2.3.5), we have for every € > 0 there exists N; € N such that

d(Y;Jk,Y) < =3 i,j,k‘ > Nl.

Wl m
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Furthermore, by virtue of the fact that (X (lm”)) is statistically convergent to Y.,
there exists a set Kjjr = {(4,7,k)} C N3 such that d3(K;j;) = 1 and for each € > 0,

there exists N3 € N such that for (i, j, k) € K, we have
d (X}Jl.g“”, lmn) < g; i j k> Ny,
Let N3y = max{Ny, N1, No}. Now, for ¢ > 0 and (4, j, k) € K,

ijk ijk

<€+€+€_
373737 ¢

This shows that X is statistically convergent to Y i.e.X € S3NIZ3. This proves that

S3 N 15 is closed linear subspace of [£3. O

Now, we introduce the statistically Cauchy sequences for triple sequences of fuzzy

numbers and obtain the Cauchy convergence criterion.

Definition 2.3.2. A triple sequence X = (Xj;) of fuzzy numbers is said to be
statistically Cauchy if for each € > 0 there exists integers L = L(e), M = M (e), and
N = N(e) such that

lim % [{i <l.j<mk <n:d(Xie, Xpun) 2 e} = 0.

l,m,n—o00 (MMN

Theorem 2.3.5. A triple sequence X = (Xi;i) of fuzzy numbers is statistical con-

vergent, if and only if, it is statistically Cauchy.

Proof. Let X = (Xj;i) be statistically convergent to Xy. By definition, for each e > 0

we have

63({(i,j, k) € N3 . E(Xijk,X(]) Z E}) =0.
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Choose numbers L, M and N such that d(Xpan, Xo) > €. If we denote

A={(i,7,k) e N i <15 <m,k <n:d(Xp, Xpun) > €}
B={(i,j,k) e N*i < 1,5 <m,k<n:d Xy Xo) > €}

C = {(L,M, N) . d<XLMN;XO) Z 6},

then it is clear thatA C B U C and consequently d5(A) < d5(B) + d3(C'). Hence
X = (Xj;i) is statistically Cauchy.

Conversely, Suppose that X = (Xj;;) is a statistically Cauchy. We shall prove
that (X;;x) is statistically convergent. To this effect, let (¢, : p = 1,2,...) be strictly
decreasing sequence of numbers converging to zero. Since X = (X;j;) is statistically
Cauchy, therefore there exist three strictly increasing sequences (L,), (M,) and (NN,)

of positive integers such that

1 ) . =
l,m,lnIr—l>oo MHZ <lj<m,k<n:d X, Xp,m,n,) > 6| = 0. (2.3.6)

Clearly, for each pair p and ¢ (p # q) of positive integers, we can select (ipq, Jpgs kpg) €

N3 such that
3 (Xiququpq’ XLPMPNP) S €p and a (Xiququpq’XLquNq) S €q-
It follows that

E (XLPMPNP’ XLquNq) S E (Xiququpq’ XLPMPNP) + C_i (Xiququpq’ XLquNq)

<e+e,—0 as P, q — O0.

Thus, (X Ly,M,N, : D= 1,2, ) is Cauchy sequence and satisfies the Cauchy conver-
gence criterion. Let, (XLpMpr) converges to Xo. Since (¢, : p=1,2,...) — 0, so
for € > 0, there exists py € N® such that

€pg < E and 8 (XLpMpraXO) <

5 P> po. (2.3.7)

€
27
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Now, consider an arbitrary (7,7, k) € N®. By (2.3.7), we have

C_l (Xij’“ XO) S C_Z (Xijk’ XLpoMpoNpo) + a (XLpoMpoNpo ’ XO)
€

<d (Xijk>XLpoMpoNpo) +

2
whence, by (2.3.6),
LHz’<lj<m k<n:d(Xie Xo) > e}
Imn B I
1 . . — €
SW {ZSZ,]Sm,kﬁgnZd(Xijk,XLpoMPUNPO)>5}‘
1 . ) =
§W}{zgl,jSm,kSn:d(Xijk,XLpoMpONpo)>6p0}|

— 0as [,m,n — oo.

This shows that X = (Xjj;) is statistically convergent to X, and hence the proof of

the Theorem is complete. O

Next, we define Cesaro and strongly p-Cesaro summability for sequences of fuzzy
numbers having multiplicity d = 3. The Cesaro sum for triple sequences of fuzzy

numbers is defined below:

Definition 2.3.3. A triple sequence X = (Xjj;) is said to be Cjj3-summable or
Cesaro summable to X provided that
' T

We, now extend the concept of Cesaro summability to sequences of fuzzy numbers

and define strongly p-Cesaro summable sequences of fuzzy numbers.

Definition 2.3.4. Let p be a positive real number. A triple sequence X = (X;;x) of

fuzzy numbers is said to be strongly p-Cesaro summable if there is a fuzzy number
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X such that

I m
1 _
ll,gﬂz Imn ; JZO - d(XZJk'a XO) 0.

o

We denote the space of all strongly p-Cesaro summable triple sequences of fuzzy

F3
numbers by w,?.

Remarks 2.3.1. (i) If 0 < p < ¢ < oo, then w/* C w/* (Holder inequality) and
wi NI =w® NIk C Cinnif.

(ii) If X = (X,jx) convergent but unbounded, then X = (X,j;) is statistically con-
vergent, however X = (Xjj;) need not to be Cesaro nor strongly p-Cesaro summable

repectively.

(ili) If X = (X)) is a bounded convergent triple sequence of fuzzy numbers, then

it is C111-summable, strongly p-Cesaro summable and statistical convergent as well.

Theorem 2.3.6. Let p € (0,00).

(i) If a triple sequence X = (Xji) of fuzzy numbers is strongly p-Cesaro summable

to a fuzzy number Xy, then it is also statistically convergent to Xy.

1) If a triple bounded sequence X = (X;1) of fuzzy numbers is statistically con-
j

vergent to a fuzzy number Xo. Then it is strongly p-Cesaro summable to Xj.

Proof. (i) Let Kinn(e) = {(4,5,k),i <1,j <m,k <n:d(Xik, Xo)P > €}. Now, we



have

=0 k=0
1 - —
- > A X X))+ Y. d(Xk, Xo)

(4,4,k) EKmn (€) (4,5,k) ¢ Kimn (€)

1 —

> T Z d(Xijk, Xo)?

(ivjvk)eKlmn(e)

1 -

> W ’{(Z,], k‘),l < l,j < m,k <n: d(Xijk,Xo)p > €}| .

Since, X = (Xjjx) is strongly p-Cesaro summable to X, therefore we have
1 _
0> lim —{(¢,7,k),i < 1,7 <m,k <n:d(X;j Xo)? > €}
I,m,n lmn
Hence,

1 _
lim _|{(l>]7 ]{5),2 < la] < mvk <n: d(Xijk7X0)p > 6}| =0
Lm,;n Imn

ol

as it can not be negative. This shows that X = (X,;;) is statistically convergent to

Xo.

(ii) Let Kynn(e) = {(i,j, k),i<l,j<m,k<n: E(Xijk,Xo)p > (g)p} and M =

1 X || (00,3 + E(Xo,ﬁ), where || X||(x,3) is the sup-norm for bounded triple sequences

X = (ijk)

Since, X = (X;;x) is bounded statistically convergent so we can choose a positive

integer r = r(e) € N such that for all 4, j, k > r, we have

zL {Ggm, i<l <mk <ned(X, X0y = (5)}] <

mn 2

€
2MP’
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Now, for all I,m,n > r,

n

l m
# ZZ ngkaXO)

=0 j=0 k=0

1 - _
~Imn > dXge X0+ D d(Xigk, Xo)
(iaj’k)eKlmn (ivjvk)gKlmn

1 ] €
Imn’ mn- 2]\/[ Imn’ 2

= €.

This shows that X = (Xj;i) is strongly p-Cesaro summable to X,. O]

2.4 1I3-convergence

In this section, we introduce and summarize a more generalized convergence with the

help of an ideal Z3 C P (N?), where Z3 denote the ideal of subsets of N*. For defining
T3 take X = N? in the definition of Z. We start by giving the following definition:

Definition 2.4.1. Let Z3 C P(N?®) be a non-trivial ideal in N3. A triple sequence
X = (Xjx) of fuzzy numbers is said to be Zs-convergent to some fuzzy number X,

if for each ¢ > 0,
{5, k) € N*: d(Xijp, Xo) > €} € I,

Symbolically, it is denoted as: Z3 — lim X, = Xo.
We shall denote the set of all Z3-convergent triple sequences of fuzzy numbers by

3.

Theorem 2.4.1. If a triple sequence X = (Xi;i) of fuzzy numbers is Is-convergent

to some limit, then it must be unique.
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Proof. Let X = (Xjj) be a triple sequence of fuzzy number such that
I3 — lim X;;, = Xo and Z3 — lim X5, = Yp,
where Yy # Xy. Let us suppose Xg > Yy and € = &)%Yl’ then the neighborhoods
(Xo© €, Xo@e) and (Yo O € Y, De)
are disjoint. Since Zg — lim X,;; = X, and Z3 — lim Xj;, = Y{, therefore
{(i,4, k) € N* : d(Xijp, Xo) > €} € T3 and {(i, ], k) € N° : d( Xy, Yo) > €} € L.
This implies that
{(i,j, k) € N* : d(Xyj, Xo) < €} and {(i, 5, k) € N* : d(Xjn, Yo) < €}
belong to F(Z,). Since F(Z,) is a filter, therefore
{(i,4,k) € N* 1 d( X1, Xo) < €} N {(4,5,k) € N3 : d(Xijn, Yo) < €} € F(ZLy).
which is a contradiction to the fact that then the neighborhoods (Xo ©¢€, X, @€) and

(Yo ©€ Y, @ €) are disjoint. Hence, we have Xy = Yj. O

We, now prove that a ordinary convergent sequence is also Zz-convergent to the
same limit. Furthermore, some algebraic properties of Zs-convergence for sequence of

fuzzy numbers are also presented in this section.

Theorem 2.4.2. Let X = (X,j;) and Y = (Yji) be two triple sequences of fuzzy
numbers, then

(i) If X = (X,jx) is convergent to Xy, then (X;ji) is Zs-convergent to X.

(11) If X = (Xijx) is Ls-convergent to Xy and ¢ € R, then (cX;jx) is Zs-convergent
to cXp.

(111) If X = (Xijx) and Y = (Y;ji) are Iz-convergent to fuzzy numbers Xo and Yy

respectively, then (X, @ Yiji) ts Iz-convergent to Xo @ Yy.

Proof. (i) Let the triple sequence X = (X;;x) of fuzzy numbers is ordinary convergent

to a fuzzy number X, then for each € > 0 there exist a positive integer m such that
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d(Xijk, Xo) < € for every 4,7,k > m. It follows that the set

{(i,j,k) e N*: E(Xijk7X0> > €}

CNxNx{1,2,3.m—1}UNxXx{1,2,3.m—1} x NU{1,2,3..m — 1} x Nx N € Z;.

This shows that Ig — lim ijk = Xo.

(i) From Theorem 2.3.2, we have d (X

ijk>

cX§) = leld (X2 X&)
this gives that,
{(i,j, k) c N3 2C_Z(CXz‘jk,CXO) Z E} C {(l,], ]{3) S N3 Za(XZ‘jk,Xo) Z ﬁ} S Ig.

Hence Z3 — lim ¢ X, = ¢ X

(iii) Since Z3 — lim X;j; = Xy and Z3 — lim Y}, = Y, then for € > 0,

A= {('l,j, k) € N3 : E(ijk,X(]) Z 6} € Ig

B = {(i,j,k) € N* : d(Yyx, Yo) > €} € Ts.

Let O ={(i,j,k) € N*: d(Xy5 @ Yiji, Xo ® Y) > €}.
In order to prove the result, we need to prove the C' € AU B. For (i, 4, k) € C, using

Minkowski’s equality, we have
d(Xijr ® Yijr, Xo ® Vo) = d( Xk, Xo) + d(Yij, Yo)-

As both E(Xijk,Xo),c_l(K-jk,%) cannot be < 7, therefore atleast one of them either

d(Xyjk, Xo) > £ or d(Yije, Yo) > . This shows that (i,7,k) € Aor B. This implies
(1,7,k) € AU B. Hence, C C AU B, which completes the result. ]

Theorem 2.4.3. Let X = (X)) and Y = (Yx) be two triple sequences of fuzzy
numbers, such that

(i) Xijx < Yijk for every (i,j,k) € K C N* with K € F(Z;)
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Then Xy <Yj.

Proof. Let Xg > Y, and € = @, so that the neighborhoods
(X0 0€ Xo®€) and (Yp© €, Yy De)

are disjoint. Since
I3 — lim X, = Xo and Z3 — lim Y, = Yo,

therefore
A={(i,j, k) € N> : d(Xy1, Xo) > €} € I3 and
B ={(i,j, k) € N*: d(Yi1, Yo) > ¢} € L.

It follows that the sets A° and B¢ belongs to F(Z3). This implies that
p#A°NB°NK € F(Z;)

and therefore
d(Xigioko, Xo) < € and d(Y;y ok, Yo) < €

for some (ig, jo, ko) € K.

This implies that Y; ok, < Xiyjoko» Which is a contradiction to the fact that X, < Y

for every (4,7,k) € K C N°. Hence Xy < Yj. O

Theorem 2.4.4. Let X = (X;j1), Y = (Yiji) and Z = (Z;j;;) be three triple sequences
of fuzzy numbers such that
(1) Xiji < Yijp < Ziji for every (i,7,k) € K with K € F(Z3)
(11) Ty — lim X, = T3 — lim Z;;, = X.
Then Iz — lim Y, = Xo.
Proof. Since Z3 — lim X, = X and Z3 — lim Z;;;, = X, therefore, the sets
A=1{(i,j,k) € N*: d(Xijp, Xo) < €} and C = {(4,5, k) € N* : d(Z;1., Xo) < €}

belong to F(Z3). Consider the set
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B={(i,j,h) € N AVige, Xo) < €},
It follows that ANC N K € B. Since ANC N K € F(Z3), a filter on N3, therefore
B € F(Z3). Hence the set

{(i,4,k) € N* - d(Yiji, Xo) > €} € Ts.

This completes the proof. m

Theorem 2.4.5. Let Ty C P(N3) be an admissible ideal in N3. Then, the set T3 N[5

is closed linear subspace of the normed linear space 153

Proof. Let X("m) = <X1(lem)> e ?Nis and XU — X € [, Since X(m ¢

3N lfg, therefore there exist a fuzzy number Y},,,, such that

I3—PJHI%XZ-(;;””) = Yimn (l,m,n=1,2,...).

Furthermore, X" — X implies that there exists a positive integer M such that

forevery p>1>Mandg>m>M andr >n>M

d (xtear), xtmm)y < (2.4.1)

€
3

Also, there exist subsets K, Kimn C N® such that K, € F(Z3) and Ky, € F(Z3)

such that
ol XD =Y (24.2)
lim X5 = Y. (2.4.3)

(iaj7k)€Klmn
Now, the set K4 N Ky is non-empty in F(Z3). Choose (ki, k2, k3) € Kpgr N Kppn,

then we have from (2.4.2) and (2.4.3)

g T € - Imn €
4 (X0 Vo) < ¢ and d (X Yion) < : (2.4.4)
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Hence, for every p > 1> M, ¢ > m > M and r > n > M, we have from (2.4.1) to

(2.4.4)

3 3 T T Imn) (Imn
d(Y;)qm Yimn) S d <}/qu7 szljZIQk{;) + d (XIE‘Z;Z;%’ X]Euk‘zk:g) + d <Xk’1k‘2k?37 nmn)

<t4o4s
—+t-+ - =c¢€
3 3 3

This shows that (Y},.,) is a Cauchy sequence and hence convergent. Let,

m Y, =Y. (2.4.5)

l,m,n—> o0
Next, we show that X is Zs-convergent to Y. Since X" — X so by the structure

of I3

o0 ?

it is also coordinate wise convergent. Therefore, for each ¢ > 0, there exist a

positive integer 7;(€) such that

EQ%WQXW)<§; i gk > me). (2.4.6)

ijk

Also from (2.4.5), for every € > 0, there exists 72(€) such that

AV, Y) < i, 7.k > m(e). (2.4.7)

€
3
Let 13 (€) = max{n(€),n2(€)} and choose ly, mg, ng > n3(€). Then for any (i, j, k) €
N3

E<X’ijk7 Y) < a (X’ijk7 Xlomono) + d (Xlomono Yiomono) + a (Yzomonm Y)

ijk ijk

< E +d(Xlomon0 Yiomono) + E

i 5 (by using (2.4.6) and (2.4.7))

w

(i,j,k) € N* d(XfEZL“"O Yigmono) =

Let Alomono (—)

A(e)

Ao (3)
A%

) ={(i,j,k) € N° d(kavY) < e}.

b

Wl o

{i
{(Z Js ) eN’? d(Xl]kaY) > E}
{(

i) € N AX™, Yigman) < 5} and
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So, for any (i, j,k) € Af . .. (%), we have d(X;x,Y) < € and therefore Af (&) C
AC(€). This implies that A(€) C Amono (). Since Amon, (§) € Zs, therefore we have
A(e) € Z3. Hence, X is Iz-convergent to Y and X € Zz. This proves that Zz N3 is

closed linear subspace of IZ2. This completes the proof of the Theorem. n

We, now define Z3-convergence, a notion closely related to Zs-convergence. We
use Theorem 2.3.3 to define such a new generalized convergence as follows:
Definition 2.4.2. A triple sequence X = (Xjj;) of fuzzy numbers is Z3-convergent to
a fuzzy number Xy, if and only if, there exists a subset K = {(i,, jn, kn)} C N3, n =

1,2,... such that K € F(Z3) and lim,_,oc Xi, j, 1, = Xo-

Theorem 2.4.6. Let I3 be an admissible ideal. If 5 — lim X, = Xy, then Iy —
lim X, = Xo.
Proof. Let X = X;;;, be a triple sequence of fuzzy numbers such that Z3 —lim X, =
Xo. Then, by definition, there exist a set K = {(iyn, jn, kn)} C N® such that K €
F(Z3)(i.e N> — K = H € T3) and d(X;,jk,, Xo) = 0 asn — oo.
Then for € > 0, there exists a positive integer n; such that d(X;, j ., Xo) < € for all
n>ni.
Since the set

A(€) = {(in, jn, kn) € K : d(X;, ks Xo) > €} C AUH,
where A = {i; < iy < ... <'ip, 1 < Jo < oo < Jnyy k1 < ko < ... < ky,} and Zy is
admissible, therefore AU H € Z3. Hence, we conclude that Zs — lim X;;;, = Xo. O
Definition 2.4.3. An admissible ideal Z3 C P(N®) is said to be satisfy the condition
(AP) if for every countable family of mutually disjoint sets {A;, As, ...} belonging to
73, there exists a countable family {Bj, Bs, ...} in Z3 such that A;AB; is a finite set

for each 7 € N and B = U2, B; € Z3.
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Theorem 2.4.7. If the ideal I3 satisfy the property (AP), then Zs-convergence implies

Z3-convergence for sequence of fuzzy numbers.

Proof. Suppose that the ideal Z3 satisfies the condition (AP). Let X = (Xj;;) be a
triple sequence of fuzzy numbers such that 7 — lim X;;;, = Xy. Then for each € > 0,
the set A(e) = {(i,7,k) € N3 : d(Xijx, Xo) > €} belongs to Z3. For n € N, we define

the set A,, as follows: Put

A ={(i,j,k) e N> C_Z(Xijk7XO) >1}€Z; and

A, = {(i,j,k) eN?: = - < d(Xijn, Xo) < ni 1} € I3
Now, it is clear that {A;, Ay, ...} is a countable family of mutually disjoint sets
belonging to Z3 and therefore by the condition (AP) there is a countable family of sets
{By, Bs, ...} in Ty such that A;AB; is a finite set for each i € Nand B = J;°, B; € Zs.
Since B € Z3 so there is set K in F'(Z3) such that K = N — B. Now to prove the
result it is sufficient to prove that lim(i’j’k)e Kk Xijr = Xo. Let 7 > 0 be given. Choose

a positive integer ¢ such that n > o . Then, we have

q+1

{(i,4,k) € N> 1 d( X1, Xo) > 1} C {(z’,j, k) € N* @ d(Xyjk, Xo) > —} U A;

Since A;AB;,i =1,2,...q + 1 are finite, there exists (i, jo, ko) € N3 such that

{{U Bl} ﬂ{(i,j,k) 14> 40,] 2 Jo, k> ko}}
= {{UAZ}H{(Z’j’k) 1120, ] = Jo, k2> ko}}

If (i > 0,5 > jo,k > ko) and (4,7, k) € K then (i,j,k) ¢ qHB Therefore, we
have (i,7,k) ¢ q“ A;. Hence, for every (i > ig,j > jo,k > ko) and (4,7, k) € K, we

have C_Z(Xijk;, Xo) < n. This completes the proof. O
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After the introduction of Zs-convergence and Zj-convergence, it is natural to talk
about notions of Z3-Cauchy and Z3-Cauchy sequences of fuzzy numbers, which we

aim in present section.

Definition 2.4.4. A triple sequence X = (Xjj;) of fuzzy numbers is said to be Z;s-
Cauchy if for each € > 0 there exists integers L = L(e), M = M(e) and N = N(e),

such that ¢,p > L, j,q > M and k,r > N
{(i,j, ]{?) S N3 :E(Xijk,qur) Z 6} S Ig.

Definition 2.4.5. A triple sequence X = (Xj;) of fuzzy numbers is said to be
T;-Cauchy if there exists a subset K = {(in, jn,kn)} C N3, n = 1,2,... such that

K € F(Z;) and the subsequence X, jn, is an ordinary Cauchy sequence.

Theorem 2.4.8. Let I3 be an admissible ideal. If a triple sequence (Xi;i) is Ij-

Cauchy, then it is Z3-Cauchy.

Theorem 2.4.9. If the ideal I satisfy the property (AP) and (Xi;i) is a Zs-Cauchy

sequences then it is also Z3-Cauchy sequence of fuzzy numbers.

The proofs of above theorems goes on similar lines as for the theorems 2.4.6 and

2.4.7, so are omitted here.

Theorem 2.4.10. A triple sequence X = (X;ji) of fuzzy numbers is Zs-convergent,

if and only if, it is T3-Cauchy.
Proof. Let X = (X,ji) be Zs-convergent to Xy. By definition, for each e > 0 we have

.o —= €
A = {(Z,j,k?) € N3 . d(XijkaXO) Z 5} S Ig.
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This implies that the set AY = {(i,j,k) € N* : d(Xj, Xo) < £} € F(Z3) is non-

empty. So, we can choose (p,q,7) € A such that d(X,,., Xo) < e. If we denote
B ={(i,j,k) € N* : d(Xijn, Xpgr) > €},

we need to prove that B C A. Let (I,m,n) € B, then we have

€ < d(Xumns Xpgr) < d(Ximns Xo) + d(Xpgr, Xo) < d(Xpmn, Xo) + .
This implies that £ < d(Xpmn, Xo) and therefore (I,m,n) € A and hence B C A.
Since A € 73, therefore B € Z3. This completes the proof.

Conversely, Suppose that X = (Xjj;) is a Z3-Cauchy. We shall prove that (X,;;)
is Zs-convergent. To this effect, let (¢, : p = 1,2,...) be strictly decreasing sequence
of numbers converging to zero. Since X = (Xj;i) is Z3-Cauchy, therefore there exist

three strictly increasing sequences (L,), (M,) and (N,) of positive integers such that
{(i,7.k) € N* : d( X, X, m,n,) > €5} € Ts. (2.4.8)

This implies that
{(i,7,k) € N> 1 d( X0, X1, m,n,) < €5} € F(I). (2.4.9)

Clearly, for each pair p and ¢ (p # q) of positive integers, we can select (i, jpg, kpg) €

N? such that
E(Xiququpw XLpMpr) S EP cmd E(Xiququpw XLquNq) S GQ‘
It follows that

E(XLPMPNP’ XLquNq> S C_Z(Xiququpq’ XLpMpr> + E(Xiququpq’ XLquNq>

<e+e—0 as p,q — 00.
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Thus, (Xr,m,n, : p = 1,2,...) is Cauchy sequence and satisfies the Cauchy conver-
gence criterion.
Let (X1,m,n,) converges to Xo. Since (¢, : p=1,2,...) — 0 so for € > 0, then

there exists py € N, such that

€py < E and a(XLPMPNP’XO) <

5 , D > po. (2.4.10)

N

Now, we prove that the set {(i,7,k) € N3 : d(Xyi, Xo) > €} C A,. Consider

arbitrary (7,7, k) € N3. By (2.4.10)

d(Xiji, Xo) < d(Xyji, XLy My Ny ) + a(XL,[,OJ\@ON,,O,Xo

~—

< a(Xijka XLy My Ny ) +

N

and by first half of (2.4.10), ey, < d(Xyjr, X1, My, Ny )- This implies (7, j, k) € Ap, and

therefore A C A,,. Since A,, € T, so that Z;. Hence, (Xjji) is Zs-convergent. O

The concepts and results presented in the previous sections can be extended to
d-multiple sequences of fuzzy numbers, where d is a fixed positive integer. Let N =
{(k1, ko, ... kq) : kj € N,V j}. The d-tuple k # n, where k = (ky, ks, ... kq) and n =
(n1,ne,...nq), if and only if, n; # k; for at least one j. Moreover, the partial order
on N? is defined as follows:

For k,n € N% we say that k < n, if and only if, k; < n; for each j.

The natural density of a set S € N¢ can be defined as

1
0a(S)= lim —Hk<n:keS},

min n; —o0 1’1‘

provided that this limit exists. With the help of d4-density, the notions of statistical
convergence and statistical Cauchy for multiple sequences of fuzzy numbers can be

define as follows:
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Definition 2.4.6. A d-tuple sequence (X = Xy : k € N%) of fuzzy numbers is said

to be statistically convergent to some fuzzy number X if for each € > 0

i 1
lim —|
min n; —>00 |n|

{k <n:d(Xy, Xo) > e} =0,

where
d

n| =[] ().

j=1
Definition 2.4.7. A d-tuple sequence (X = Xj : k € N9) of fuzzy numbers is said

to be statistically Cauchy if for each € > 0 and [ > 0 there exist m = (mq, ma, ... my)

€ N such that min m; > | and

1 —
lim —Hk<n:d(Xx, Xm)>e€}|=0.

min n; —00 ’n’
With the help of a non trivial ideal Z¢ € P(N9), the notions of Z-convergence,
Z;-convergence, Z;-Cauchy and Zj-Cauchy for multiple sequences of fuzzy numbers

can be define as follows.

Definition 2.4.8. A d-tuple sequence (X = Xy : k € N?) of fuzzy numbers is said
to be Zy-convergent to some fuzzy number Xj if for each € > 0
{k € N*: d(X;,Xo) > €} € T%

Definition 2.4.9. A d-tuple sequence (X = Xy, : k € N%) of fuzzy numbers is Zj-
convergent to a fuzzy number X, if and only if, there exists a subset K = {k,,n =

1,2,...} € N¢ such that K € F(Z;) and lim,, ., Xk, = Xo.

Definition 2.4.10. A d-tuple sequence (X = Xy : k € N9) of fuzzy numbers is said
to be Z;-Cauchy if for each € > 0, there exist m = (my, mo,...my) € N? such that

and

{k <N:d(Xy, Xp) > €} € 7%
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Definition 2.4.11. A d-tuple sequence (X = Xy : k € N9) of fuzzy numbers is said
to be Zj-Cauchy if there exists a subset K = {(ki, ks, ... kq) : k; € N, V i} C N such

that K € F(Z;) and the subsequence Xk is an ordinary Cauchy sequence.

All the results presented in previous sections remain true for d-multiple sequences

as well.



Chapter 3

Generalized Limit and Cluster
Points of Sequences of Fuzzy
Numbers

3.1 Introduction

In recent years, the idea of statistical convergence has grown little faster and many
concepts parallel to the classical concepts of ordinary convergence in mathematical
analysis have been introduced for statistical convergence. Fridy [50] in 1993, intro-
duced the concept of statistical convergence as a sequential limit and used it to define
a statistical limit point of a number sequence x = (xj) as a number A that is the
limit of a subsequence (xy(;)) of x such that the set {k(j) : j € N} does not have
density zero. Similarly, a statistical cluster point of x is a number 7 such that for
every € > 0 the set {k € N : |z — | < €} does not have the natural density zero.

These concepts, which are not equivalent, are then compared to the usual concept of

Some contents of this chapter have been published in Iranian Journal of Fuzzy Systems
Vol. 10, No. 6, (2013) pp. 53-61 (SCI) and the rest are published in Advances in Fuzzy
Systems Vol. 2012, Article ID 459370, 6 pages
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limit point of a sequence x. Fridy [50] obtained many interesting properties of the
sets A,: of statistical limit points; I',: of statistical cluster points and L,: of ordi-
nary limit points of the sequence z. Later in 1995, these ideas were further explored
for sequences of fuzzy numbers by Aytar [11], in which the author has given some

interesting properties via fuzzy-analogues.

Statistical convergence has also been generalized by Fridy and Orhan [51] by
using lacunary sequences. By a lacunary sequence, we mean an increasing sequence

0 = (k) of positive integers such that ky = 0 and h, = k., — k,_1 — o0 as r — 0.
ko

r—

18

The intervals determined by # are denoted by I, = (k,_1, k,| whereas the ratio T
abbreviated by ¢,. Fridy and Orhan [51] introduced a concept of convergence closely
related to statistical convergence with the help of a lacunary sequence 6 = (k,) and
called it lacunary statistical convergence or Syg-convergence. While defining this new
generalized concept of convergence, the authors replaced the set {k : £ < n} in the

definition of statistical convergence by the set {k : k,._; < k <k, }.

Following the work of Fridy [50] and that of Fridy and Orhan [51], Demirci [35]
introduced the concepts of lacunary statistical limit and cluster points and proved

some of their properties on finite dimensional Banach spaces. He also made compar-
0

x?

isons between the sets A, and A’ where A’ denotes the set of lacunary statistical
limit points of the sequence x. Further, Nuray [89] in 2009, extended Sg-convergence
on sequences of fuzzy numbers and gave some inclusion relations (one way) between
the sets of statistically convergent and lacunary statistically convergent sequences of

fuzzy numbers. These relations in reverse way have been proved by Kwon [70], who

observed that Nuray’s condition is sufficient as well as necessary.

The aim of the present chapter is to introduce the concepts of lacunary statisti-
cal limit point and lacunary statistical cluster point, denoted by Sg—limit point and

Sp—cluster point respectively for a fuzzy number sequence X = (X}). The contents
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of this chapter have been divided into four sections. Section 3.2 deals with the prelim-
inaries related to lacunary statistical convergence of sequences of fuzzy numbers. In
Section 3.3, Sp—limit point and Sy—cluster point of a sequence of fuzzy numbers have
been defined and new sets Ag (X) and I'g (X) have been introduced. Further, some
inclusion relations between the sets A§ (X), I'§ (X) and the sets A§(X), T§(X) (
introduced by Aytar [11] ) have been studied in this section. Later, we find restriction
on § = (k,) for which the sets A (X) and I'§, (X) respectively coincide with the sets
AL(X) and TE(X). In the last section, the concepts of Sp—limit point and Sp—cluster
point for a fuzzy number sequence X = (X}) have been studied with the help of the

generalized difference operator A™.

3.2 Preliminaries

In this section, we present some definitions of the papers due to Altin et al. [6], Aytar

[11] and Nuray [89], which will be frequently used in this chapter.
Definition 3.2.1. [11] Let (Xj;)) is a subsequence of X = (X;) and K = {k(j) :
J € N}, we abbreviate (X)) by (X)g. In case the density of the set K is zero then

(X)k is called thin subsequence. On the other hand, (X)x is nonthin subsequence

of X if K does not has density zero.

Definition 3.2.2. [11] Let X = (X}) be a sequence of fuzzy numbers. A fuzzy
number X is said to be a statistical limit point (s.l.p) of a sequence (X}) of fuzzy

numbers if there exists a non-thin subsequence of X that is convergent to Xj.

Let, AL denote the set of statistical limit points of the sequence X.

Definition 3.2.3. [11] Let X = (Xj) be a sequence of fuzzy numbers. A fuzzy

number Yj is said to be a statistical cluster point (s.c.p) of a sequence (Xj) of fuzzy
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numbers provided that for each € > 0,

1 _
limsupﬁl{k € N:d(Xy, Yy) <€} >0.

n—o0

Let, T'L denote the set of statistical cluster points of the sequence X.

Definition 3.2.4. [89] Let # = (k,) be a lacunary sequence. A sequence X = (X}) of
fuzzy numbers is said to be lacunary statistically convergent to a fuzzy number X,

if for each ¢ > 0,
1 5
lim h—|{k €l :d(Xy, Xo) > €} =0.
Symbolically, it is written as Sy — limy, X} = Xj.
Following example illustrates the concept of lacunary statistical convergence:

Example 3.2.1. Let 6 = (k,) be a lacunary sequence. Define a sequence X = (Xj)
of fuzzy numbers as follows:

For z € R and k, — [v/h,] +1 < k < k,, 7 € N, define

0, if x € (—o0,k) U (k+2,00),
Xi(z) =4 x—k, if 2 € [k, k+ 1],

—x+k+2, frxe(k+1,k+2].
otherwise, if k& does not satisfy k, — [v/h,] +1 < k < k,, then define X,(x) = X,

where X is given by

0, if x € (—o0,—1) U (1, 00),
Xo(x) =4 14z, ifzel[-1,0]

11—z, ifze(0,1].



For 0 < € < 1, if we denote the set K,(e) = {k € I, : d(Xj, Xo) > €}, then

K. (€)= {k € I, : X; with k, — [\/h,] + 1 < k < k,,r € N}

={kel k —[\h]+1<k<k,reN}

and therefore

1
hy

1
K0 = k€ 1y~ VA 41 < k< hyr N < Y7

Taking r — oo, we get

1
limh—|KT(e)| < lim \{Lh_r =0;
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which shows that X = (Xj) is Sp—convergent to X,. However, X = (X}) is not

convergent to Xy in the usual sense. [

Altin et al.[6] introduced the concept of lacunary statistical convergence for gen-

eralized difference sequences of fuzzy numbers. For the set w of all sequences of fuzzy

numbers, the difference operator A™ : w — w is defined by

A°X, = X,

A'Xy, = Xip— Xii,

ATX, = AYA™TIX).

Definition 3.2.5. [6] Let 6 = (k,) be a lacunary sequence. A sequence X = (Xj) of

fuzzy numbers is said to be lacunary A™-statistically convergent to a fuzzy number

X, if for each € > 0,

1 —
lim —|H{k € I, : d(A" X}, Xo) > €}| = 0.

r—o0 h,
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Symbolically, it is written as Sp(A™) — limy Xy = Xo.
Let Sp(A™(X)) denotes the set of all lacunary A™-statistically convergent sequences

of fuzzy numbers.

We now present our main results by introducing the concepts of Sy-limit and

Se-cluster points for sequences of fuzzy numbers.

3.3 Sp-limit and Sy-cluster points

Let 0 = (k) be a lacunary sequence and X = (X}) be a sequence of fuzzy numbers.
Let (X)) be a subsequence of X = (Xj) and K = {k(j) : j € N}. We denote
(Xk()) by (X)k. If

.1 . .
lim h—r|{k(9) €1.:jeN} =0,

then (Xk) is called a §—thin subsequence. On the other hand, (Xk) is a —nonthin

subsequence of X if

1
lim sup h—|{k:(]) €l.:j5€N} >0.

T—00

Definition 3.3.1. For any two sequences (Xj) and (Y}) of fuzzy numbers, if

1

T—00 r

then we say that X = Y}, for almost all £ with respect to 6.

Definition 3.3.2. Let 6 = (k,) be a lacunary sequence. A fuzzy number X is said to
be a lacunary statistical limit point or Sy—limit point of a sequence of fuzzy numbers

X = (X) if there exists a #—nonthin subsequence of X that converges to Xj.

Let A§, (X) denotes the set of all Sy—limit points of the sequence X = (X).
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Definition 3.3.3. Let § = (k,) be a lacunary sequence. A fuzzy number Y is said
to be a lacunary statistical cluster point or Sy—cluster point of a sequence of fuzzy

numbers X = (Xj) provided that for each ¢ > 0,

1 —
lim sup h—|{k €l d( Xy, Yy) <€} >0.

r—00 T

Let I'§, (X) denotes the set of all Sy—cluster points of the sequence X = (Xj).

We, now prove the main results of this section.

Theorem 3.3.1. Let 0 = (k,) be any lacunary sequence. Then, for any sequence

X = (Xy) of fuzzy numbers, the inclusion Ag, (X) C T'y (X) holds.

Proof. Suppose Xy € A§ (X). Therefore, there exists a subsequence (X)) with

lim; Xj;) = Xo and

1
lim sup h—|{k:(]) €l,:jeN}=d>0. (3.3.1)

For each € > 0, {k € I, : d(Xi, Xo) < €} D {k(j) € I, : d(Xpy), Xo) < €} gives
{k el :d(Xy,Xo) < e} D{k(j) € I, : j € N} = {k(j) € L : d(Xy(;), Xo) > €}; and

therefore we have
: 1 = : 1 . :
lim sup h—|{k‘ €I, :d(Xy, Xo) < €}| > limsup h—|{k(]) €l :jeN}
: 1 : =
—hmsuph—Hk(J) € I+ d( Xk, Xo) > €}.

Since, {k(j) € I : d(Xxg),Xo) > €} is a finite set so limsuprh%\{k(j) € I :

d(Xk(jy, Xo) > €}| = 0. Hence the result follows by (3.3.1). O

Theorem 3.3.2. Let 0 = (k,) be any lacunary sequence. Then, for any sequence
X = (Xy) of fuzzy numbers,the inclusion T'y (X) C L(X) holds, where L(X) denotes

the set of all ordinary limit points of X = (Xx).
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Proof. Suppose Yy € ', (X), then for each e > 0
: 1 =
lim sup h—\{k €l d(Xy Yy) <€} >0.
Let (X )k be a #-nonthin subsequence of X such that
K= {k(]) el : E(Xk(j),}/b) < 6}.

Since lim sup, hi|{K } > 0 and there are infinitely many elements in K, so we have a

f-nonthin subsequence (X )x that converges to Yy. This shows that Yy € L(X). O

The converse of the Theorem 3.3.2 does not hold in general as can be seen in the

following example:

Example 3.3.1. Let § = (k,) be a lacunary sequence. Define a sequence X = (Xj)

of fuzzy numbers as follows:
For z € R, define

Xo, itk — [Vh]+1<k<ksreN,
Xy(z) =

Yy, otherwise.

where the fuzzy numbers X, and Y| are given by

0, if x € (—00,0) U (2,00),
Xo=1 =, if x € [0, 1],
| 2—z, ifze(1,2]

and
(

0, if x € (—00,3) U (5,00),
Yo=4¢ x—3, ifze[3,4],
| 5 -, ifre(4,5]

Clearly the sequence X = (Xj) has two different subsequences (Xo, Xo,...) and
(Yo, Yy, ...) which converges to Xy and Y respectively. Hence L(X) = {Xo, Yo},
however, T'§ (X) = {Yp}.
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Theorem 3.3.3. Let 0 = (k) be a lacunary sequence. If X = (Xy) and Y = (Yy)
are two sequences of fuzzy numbers such that Xy =Yy for all most all k with respect
to 0, then Ag (X) = AL (Y) and T'5, (X) =T (Y).
Proof. Assume
o1
lim —{kel, : Xy #Yi} =0
r—oo h,.

and Xy € A§ (Y). Then, there exists a #—nonthin subsequence (Y)g of (Y;) that

converge to Xj. Since
o1
lim h—|{k €l, ke Kand X, #Y;}| =0,
it follows that
) 1
lim sup h—|{k €l,: ke Kand X; =Y} >0.

Therefore, the later set yields a #-nonthin subsequence (X)g of (Xj) that converges

to Xy. Hence,
Xo € Ag,(X) and A, (V) C AG,(X).
By symmetry, we see that

Ag, (X) € Ag, (V),

whence
Ag,(X) = Ag,(Y)
The assertion that I'g (X) = I'§ (Y) can be proved by a similar argument. O

Theorem 3.3.4. Let 0 = (k) be a lacunary sequence. If X = (Xy) be a sequence of
fuzzy numbers such that Sy — limy, Xj, = Xo, then A§ (X) =T'§ (X) = {Xo}.
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Proof. We first prove that Af (X) = {Xo}. Suppose A§ (X) = {Xo, Yo}, where

Xo#Yy Let 0 < e < w, there are two f—nonthin subsequences (Xj;)) and

(Xi@y) of (X) which respectively converges to X, and Y;. Since, (X)) converges to

Yo, then for e,
{6) € I - d(Xigo, Vo) = &)
is a finite set and therefore, we have
. 1 . =
hmsuph—]{l(z) € I, - d( Xy, Yo) > €}| = 0.
Further, for any ¢ > 0
{1G) € I, :i e N} = {1(d) € I, : d(Xy15), Yo) < e} U{l(3) € I : d(Xy), Yo) > €},
implies that
: 1 . . : 1 . =
0 < limsup h—\{l(z) € I, :i €N} <limsup h—|{l(z) € I : d(Xi4), Yo) < €}
1 _
+ lim sup h—|{l(i) € I - d(Xy), Yo) > €}
1 _
= lim sup h—\{l(z) € I : d(Xy4), Yo) < €}].
That means
1 _
lim sup h—]{l(z) € I : d(Xyu), Yo) <€} >0 (3.3.2)
Since, Sy — limy, X = Xy, so for e > 0
1 -
lim h—|{k €I, :d(Xy, Xo) > €} =0,
which implies

1 _
limsup h—‘{k’ el : d(Xk,X(]) < €}| > 0.
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Also for 0 < 2¢ < d(Xo, Yp),
{1G) € I, : d(Xy(5), Yo) < e} N{k € I, : d(Xy, Xo) < e} = 0.
But,
{1(6) € I - d(Xia), Yo) < ¢} C {k € L, : d(Xy, Xo) > €},
which immediately implies that

1 - 1 —
lim sup h—|{l(z) € I : d(Xy4), Yo) < €} < limsup h—|{k: €1, :d(Xy, Xo) > €} =0.

T

(3.3.3)

Since left side of (3.3.3) can not be negative, so we must have
. 1 . =
lim sSup h_|{l<7“) € ]7" : d(Xl(l)7 }/U) < €}| = 07

which contradicts (3.3.2). Hence, A{ (X) = {Xo}.

Now, let Zy be a Sy—cluster point of X = (X}) different from X, i.e., I'§ (X) =

{Xo, Zo}, where Xy # Zy. Choose 0 < € < M, then

limrsup hiTHk €1, :d(Xy, Zy) < €} > 0. (3.3.4)
Since, for every 0 < e < M
{kel :dX,,Xo) <etn{k el :d Xy, Zy) < e} =0
So,
{kel  d(Xy,Xo)>ey D{kel :d Xy Zy) < €}

implies that

1 - 1 -
lim sup h—\{kj € I, :d(Xy, Xo) > €} > limsup h—|{k €l :d( Xy, Zy) <€}|. (3.3.5)
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Since Sp — limy Xy = Xy, so left side of (3.3.5) is zero, however, by (3.3.4), the right
side of (3.3.5) is strictly greater than zero. This contradiction shows that I'§ (X) =
{Xo}- o
We now give some inclusion theorems on the sets Ag (X), I'g, (X) and A§(X),
5 (X).
Theorem 3.3.5. Let 6 = (k,.) be a lacunary sequence and X = (X}) be a sequence
of fuzzy numbers; then
(i) liminf, g, > 1 implies A5, (X) C AG(X);
(i) limsup, g, < oo implies A§(X) C A§ (X);

(i4i) 1 < liminf, ¢, < limsup, ¢, < oo implies A§(X) = A§ (X).

Proof. (i) Suppose liminf, g, > 1; there exists a § > 0 such that ¢. > 1+ ¢ for

sufficiently large r, which implies that

| >

, d
> —.
146

o

If Xy € A§, (X), there is a subsequence (Xp(;)) of (Xi) with lim; Xy(;) = Xo and
1
limsuph—|{k(j) €l,:jeN}=d>0 (3.3.6)
Now

LIRG) < kg €NY 2 l{RG) € 1,1 € N

>

he 1

) 1
> —).— ] 27 ;
> (155) l) € 1 e M)

[{k(j) € I, : j € N}|

together with (3.3.6), it implies that

1
lim sup k—|{k‘(]) <k :jeN}>0.
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Since (Xj(;)) converges to Xy by definition so, it follows that X, € AL (X). Hence,
A, (X) € AG(X).
(i) If limsup, ¢, < oo, then there is an H such that ¢, < H for all . We may

assume H > 1 as 0 = (k,) is a lacunary sequence. Also for each r € N, we have

h'r o kr - kr—l

=q.— 1< H-1.
krfl k'rfl 4

If Xo € A§(X), there is a subsequence (Xj(j)) of (Xj) with lim; Xj;) = X, and
. 1 : :
hmsup#{k(j) <n:jeN}=d>0 (3.3.7)

Define N, = [{k(j) € I, : j € N}| and ¢, = ]}\[—:, then for any integer n satisfying

k._1 <n < k,; we can write

1
kr—l
1
kr—l
1

r—1

1 h,
== D hti .t
iy 2 k

{RG) <7 g €NY < (kG < K € N)]

{N1 +Na+...+ N, }

{t1hy + tahy + .. . t,h,.}

r—1
1
< -7 hit; + (H — 1)tr
Zi:ll hi ;

Suppose t, — 0 as r — oco. Since 6 is lacunary and the first part on the right side of
the above expression is a regular weighted mean transform of the sequence ¢t = (¢,),
and therefore it also tends to zero as r — oo.

Consequently, we get

1
limsupﬁl{k(j) <n:jeN} =0
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which contradicts (3.3.7).
Thus lim, ¢, # 0 and therefore Xy € A§ (X) as Xj;) = Xo. Hence A§(X) C A (X).

(iii) This is an immediate consequence of (i) and (ii). O

Theorem 3.3.6. Let 6 = (k,.) be a lacunary sequence and X = (X}) be a sequence

of fuzzy numbers; then
(i) liminf, ¢, > 1 implies T§ (X) C T§(X);
(i) limsup, ¢, < oo implies I'§(X) C T'g (X);

(i1i) 1 < liminf, ¢, < limsup, ¢, < oo implies T§(X) = T'§ (X).

Proof. The proof of this theorem can be obtained in a similar way as that of Theorem

3.3.5 and is therefore omitted. O]

Finally, we consider the inclusions I't (X) C T'§ (X) and A§, (X) C A§,(X)
where the lacunary sequence ¢’ = (k) is a lacunary refinement of § = (k,) such that

(kr) € (k7).

Theorem 3.3.7. For any lacunary refinement ' of a lacunary sequence 0 = (k,),

Proof. Suppose each I, of 6 contains the points {k;;l}fg of ¢ so that k,_; < k., <
kro < ... <kl = kr, where I|; = (k;_,k;;]. Note that for all r, v(r) > 1.
Let(/5)22, be the sequence of abutting intervals I ; ordered by increasing right end

points. Suppose Y € I'g (X), then for each e > 0,

1 —
lim sup h—\{k €1, 1 d(Xy, Yy) <€} >0. (3.3.8)



79

As before, write h;; =k, ; — k., ; and h;; =k, — k,_1. For each € > 0, we have

—]{ke[ d(X,,Y,) < e} = Zh]h*|{kel* d(Xy, Yy) < €}

I*CI

h Z h CQ/XK)

rcr,
where Y is the characteristics function of the set K = {k € N : d(X},Yy) < €} and

|KNI*|
(CQ’XK)J' = h*J

is a regular weighted mean transform of (Cyxk); and therefore tends to zero as

(Coxx); = 0, then the right side of above expression

Jj — oo.But then we obtain a contradiction to (3.3.8) and hence lim;(Cyxk); # 0.
This shows that Yj € FFQI (X). The assertion that Af (X) C Agel (X) can be proved

by a similar argument. ]

3.4 Sy-limit and Sy-cluster points for generalized

difference sequence (A" Xjy)

In this section, we define more generalized notions of statistical limit and cluster
points introduced by Aytar [11], by using the generalized difference operator A™ and

study some analogous results.

Definition 3.4.1. Let 6 = (k,) be a lacunary sequence and X = (X}) be a sequence
of fuzzy numbers. A fuzzy number X, is said to be a lacunary statistical limit
point (1.s.1.p) or Sp-limit point of the generalized difference sequence (A™Xy,) of fuzzy

numbers if there exists a f-nonthin subsequence of (A™X},) that is convergent to Xj.

Let Ag, (A™X) denotes the set of all L.s.1.p. of the generalized difference sequence
(A™X}) of fuzzy numbers.
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Definition 3.4.2. Let 6 = (k,) be a lacunary sequence and X = (X}) be a sequence
of fuzzy numbers. A fuzzy number Yj is said to be a lacunary statistical cluster point
(Ls.c.p) of the generalized difference sequence (A™Xy) of fuzzy numbers if for each

e >0,

1 —
lim sup h—|{k: €l :dA™Xy, Yy) < €} > 0.

r—00 T

Let I's, (A™X) denotes the set of all L.s.c.p of the generalized difference sequence
(A™X}) of fuzzy numbers.

These definitions can easily be demonstrated with the help of following example:

Example 3.4.1. Let § = (k,) be a lacunary sequence. Define a sequence X = (Xj)

of fuzzy numbers as follows.

For x € R, define

r—k+1, ifk—-1<z<k
—r+k+1, fk<az<k+1 p, if k—[Vh]+1<k<k;reN
X () = 0, otherwise
r—5, if5<x<6
7T—x, f6<x<T7 o, otherwise.
. 0, otherwise

Then, we obtain

[Xk]a:{ k—14ak+1—aq] ifkek —[Vh]+1k]
5+ a,7—al, otherwise.
and
3+a,1—2al, if both k,k +1 € [k, — [Vh,] + 1, k,]
k—8+2a,k—4—2aq, if k € [k, — [vV/h] + 1, k] but not k + 1,

k+342a,—k+7—2a], if k+1¢€ [k —[Vh]+1, k] but not k,

(-
[AX]Y = {
[—2 + 20,2 — 20, otherwise.

\
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Thus, for m = 1, it is clear that the sequence AX} has two different subsequences
which converge to p; and ps respectively, where

(1] = [-3+ a,1 — 2a] and [us]* = [-2 + 2a, 2 — 2q].
Hence, if L(AX) denotes the set of ordinary limit points of (AXy), then L(AX) =
{11, p2}, however I'g, (AX) = {p2}. O

Theorem 3.4.1. Let 6 = (k,.) be a lacunary sequence and X = (X}) be a sequence
of fuzzy numbers. Then, Ag, (A™X) C I'g, (A™X).

Proof. Suppose Xy € Ag, (A™X). By definition, there is a #-nonthin subsequence

(A™Xp(j)) of (A™X) which is convergent to X, and therefore we have
1
limsup —|{k(j) €L, : jeN} =d >0 (3.4.1)
r—>00 hr
Since, for every ¢ > 0,
{k €I, :d(A™ X}, Xo) < €} D {k(j) € I, : d(A™Xy(;), Xo) < €},

so, we have the containment

{k €I : d(A™ Xy, Xo) < e} D {k(j) € I, : j € N}={k(j) € I : d(A™ X5, Xo) > €}
(3.4.2)
Now, (X)) is A™-convergent to X, implies that for every e > 0, the set {k(j) €

I : d(A™ Xy, Xo) > €} is a finite set for which we have

1 —
limsuph—|{k‘(j) € It d(A™ Xy), Xo) > €} =0 (3.4.3)

r—>00 (s

Thus from (3.4.2), we obtain

1 - 1
limsuph—]{k €I, : d(A™ Xy, Xo) < €}| > limsup h—\{k(]) el :jeN}

r—>00 T r—>00 s

. 1 . 3 m
—hmsuph—]{k(j) € I, : d(A" Xy (), Xo) > €}

rT—00 T

1
> lim sup h—|{k:(]) €l,:jeN}=d>0,

r—>00 T
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using (3.4.1) and (3.4.3). This shows that X, € I's, (A™X) and hence the result is

proved. O

Theorem 3.4.2. Let 0 = (k) be a lacunary sequence. Then, for any sequence

X = (Xk) of fuzzy numbers, the inclusion I's, (A™X) C L(A™(X)) holds.
Proof. Assume Yj € I'g, (A™X). By definition, for each € > 0, we have

1 —
lim sup h—|{k €l :dA"Xy,Yy) <€} >0

r—oo Iy
Let (X)g a 6-nonthin subsequence of X = (X}) such that
K ={k(j) € I, : d(A™ X}, Yy) < €} for € > 0.
Since limsup,__, hir|{K } > 0, it follows that K is an infinite set.
Thus, we have a subsequence (X)g of X which is A™-convergent to Y. This shows

that Yy € L(A™(X)). Hence, I's, (A™X) C L(A™(X)). O

Theorem 3.4.3. Let 0 = (k,) be a lacunary sequence. If X = (Xy) and Y = (Yy)

are two sequences of fuzzy numbers such that

1

r—o0 h,

then the inclusions Ag, (A™X) =Ag, (A™Y) and I's, (A™X) =T's, (A™Y") hold.

Proof. We prove this theorem into two parts. In first part, we prove that Ag, (A™X)
=Ag, (A™Y"), whereas in second part, we shall prove I'g, (A" X) = I'g, (A™Y).

Part (i): Let Xy € Ag, (A™Y). Therefore by definition, there exists a #-nonthin
subsequence (Y)g of Y = (Y}) that is A™-convergent to Xj.

Since

1
lim —{kel, ke K and X, #Y;}| =0;

r—o0 h,
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it follows that

1
lim sup h—|{k €l,: ke Kand X, =Y} >0.

r—oo Ny
Therefore, there exists a #-nonthin subsequence (X)g of X = (Xj) that is A™-
convergent to Xy. Hence, Xy, € Ag, (A™X) and therefore we have Ag, (A™Y) C
As, (A™X). Also by symmetry one gets Ag, (A™X) C Ag, (A™Y).
On combining, we get Ag, (A™X) =Ag, (A™Y).

Part(ii): Let Yy € I's, (A™X). By definition, for each € > 0,

1 -
lim sup h—\{k €l d(A™Xy, Yy) <€} >0

r—>00 T

Since X, =Y}, for all most all k, it follows that for each € > 0,

1 —
lim sup h—|{kz €l :d(A™Y;,Yy) <€} >0

r—00 T

This shows that Yy € I's, (A™Y) and therefore I's, (A™X) C I's, (A™Y). By sym-
metry, we see that I'g, (A™Y) C I'g, (A™X), whence I'g, (A" X) =T'g, (A™Y). O

Theorem 3.4.4. Let 0 = (k) be a lacunary sequence. If X = (Xj) be a sequence
of fuzzy numbers such that Sy — limy A™ Xy, = Xy, then Ag, (A"X) =Tg, (A" X) =

{Xo}-

Proof. We prove this theorem into two parts. In first part, we prove that Ag, (A™X)
= {Xo}, whereas in second part, we prove I's, (A" X) = {X,}.
Part(i): Suppose that Ag, (A™X) = {Xo, Yo} where X, # Yj, that is Y be a

L.s.Lp. of the generalized difference sequence (A™Xy) different from X.

d(Xo,Y0)
2

Choose € > 0 such that 0 < € < . By definition, there exist two #-nonthin

subsequences (Xp(j)) and (Xj(;)) of the sequence X = (X}) which are A™-convergent
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to Xy and Yj respectively. Since (X)) is A™-convergent to Y; so for each e > 0,

{1G) € I, : d(A™X5), Yo) > €} is a finite set for which

1 —
lim sup h—|{l(z) €I : d(A" Xy, Yo) > €} =0 (3.4.4)

T—00 T

Further, we can write,
{1Gi) € I, :i € N} = {I(d) € I, : d(A™ Xy3, Vo) < e} U{I(3) € I, : d(A™ Xy39, Yo) > €},
for which we have

1 1 —
lim sup h—|{l(z) € I, :i € N}}| = limsup h—|{l(z) €I, 1 d(A™ X4, Ys) < €}]

r—>00 T r—>00 T

1 —
+ lim sup h—]{l(z) € I, : d(A" Xy, Yo) > €}

T—>00 T

Since (Xy(;)) is non-thin, so by the use of (3.4.4), we have

1 _
limsup —[{1(i) € I, : d(A" Xy, Yo) < €} > 0 (3.4.5)

r—>00 7

Since Sy — limy, A™ X, = X, so for each € > 0

1 _
lim —|{k € I, : d(A™ X}, Xo) > €} = 0; (3.4.6)

r—o0 h,

and therefore we can write
lirni?}jop hir|{l<; €I, : d(A" Xy, Xo) < €} > 0. (3.4.7)
Furthermore, for 0 < 2e < a(XO, Yo),
{1G) € I, : A(A™ Xy(3), Yo) < e} N{k € I, : A(A™ X}, X) < €} = 0

which immediately gives the containment

{1(i) € I, : A(A™ Xy3), Vo) < €} C {k € I, : (A" X}, Xo) > €};
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for which

1 - 1 —
limsup —[{l() € I, : d(A™ X4, Yo) < €}| < limsup —|{k € I, : d(A" X}, Xo) > €} = 0.
r—>00 hr 7—>00 hr

(3.4.8)
As the left hand side of (3.4.8) can not be negative, so we must have

1 _
lim sup h—|{l(l) € I, : d(A" Xy, Yo) < €} = 0.

r—>00 T
This contradicts (3.4.5). Hence, Ag, (A"X) = {X,}.
Part(ii): Let Zy be a l.s.c.p. of the generalized difference sequence (A™X}) dif-

ferent from Xy ie., I's, (A" X) = {Xo, Zo} where Xy # Zy. Choose € such that

d(Xo,Z0

0<e< =55 ) Since Z is a Ls.c.p of (A™X}) so for each ¢ >, we have

1 —
lim sup h—|{k: €l d(A™Xy, Zy) < €} > 0. (3.4.9)

r—oo Iy
Since

{kel  dA™X,, Xo) <eyn{k €l : d(A™Xy, Zo) < e} =0
for every 0 < € < %, it follows that

{kel  dA™X,, Xo) > e} D{k €L, : d(A™Xy, Zy) < €}
Therefore, by the use of (3.4.9) we have

1 - 1 -
limsuph—|{k’ €I, : d(A™ Xy, Xo) > €}| > limsup h—|{k €l d(A™ Xy, Zy) < €}| >0,

r—00 r—00

which is impossible as by (3.4.6)

1 —
limsuph—|{k €l d(A" Xy, Xo) > €}| =0,

r—00

which is a contradiction. Hence, I's, (A™X) = {X,}. O
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Theorem 3.4.5. Let 6 = (k,.) be a lacunary sequence and X = (X}) be a sequence
of fuzzy numbers. Then, we have the following.

(1) if liminf, ¢, > 1, then Ag, (A™X) C Ag (A™X).

(i) if limsup, g, < oo, then Ag (A™X) C Ag, (A™X).

(i11) if 1 < liminf, ¢, < limsup, ¢, < oo, then Ag (A™X) = Ag, (A™X).
Proof. (i) Suppose liminf, g, > 1. Then, there exists a § > 0 such that ¢. > 14 for
sufficient large . This implies that

T

J
> —.
“ 1496

ks

Assume that X, € Ag, (A™X), then there exists a #-nonthin subsequence (X)) of

(Xk) that is A™-convergent to Xy and
1
hmsuph—|{k:(j) €l,:jeN}=d>0 (3.4.10)
Now

1, . 1. .
k() <k j e N} 2 —[{k(j) € I, : j € N}
hy

Al e 1, j ey

,
> () L e i ey
=\12s ‘hr J r-J ;

it follows by (3.4.10) that
. 1 : :
lim sup k—|{k(]) <k, :jeN}>0.

Since (X)) is already A™-convergent to X, so we have X, € Ag(A™X). Hence
Age (AmX) C Ag (AmX)
(ii) If limsup, ¢, < oo, then there exist a real number H such that ¢, < H for all

r. Without loss of generality, we can assume H > 1 (as otherwise k, < k,_1). Now
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for all r, kfil = % =¢q-—1 < H—1. Let Xy € Ag (A™X), then there is a set

K = {k(j) : j € N} with 6(K) # 0 and lim; A™Xy;) = Xo. Let N, = {k € I, : k €

K} =|KNI.| and t. = ]}Y—: For any integer n satisfying k,_; < n < k,, we can

write
1 ) ) 1 i )
;!{k(J) <n:jeN} < - 71|{k‘(3) <k :jeN}
1
= {N1+ Ny +...+ N,}
r—1
1
- k {tlhl + t2h2 + ... trhr}
r—1
r—1
1 h
= —— Y hiti+——t,
>oist b Z kr—1
1 r—1

< o hit; + (H — 1)tr
Zz‘:ll hi ;

Suppose t, — 0 as r — o0o. Since # is a lacunary sequence and the first part on the
right side of above expression is a regular weighted mean transform of the sequence
t = (t,), and therefore it also tends to zero as r — oo. Since n — oo as r — oo, it
follows that 0(K) = 0 which is a contradiction as §(K) # 0. Thus, lim, o ¢, # 0 and
therefore Xy € Ag, (A™X). Hence Ag (A™X) C Ag, (A™X).

(iii) This is an immediate consequence of (i) and (ii). O

Theorem 3.4.6. Let 6 = (k) be a lacunary sequence and X = (X}) be a sequence
of fuzzy numbers. Then we have the following.

(i) if liminf, g, > 1, then I's, (A" X) C I's (A™X).

(i) if limsup, g, < oo, then I's (A™X) C I's, (A" X).

(i11) if 1 < liminf, ¢. < limsup, ¢, < oo, then I's (A™X) =T'g, (A™X).

Proof. The proof of this theorem can be obtained on the similar lines as that of the

above theorem and is therefore omitted here. O
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Theorem 3.4.7. For any lacunary refinement ¢ of a lacunary sequence 0 = (k,),

F59 (AmX) Q FSG/ (AmX) and Asg (AmX) Q ASQ/ (AmX)

Proof. Suppose each I, of 6 contains the points {k:;l}fi? of 0 so that k, 1 < k;; <
kro < ... <K

ro(r)

= ky, where I = (k.,_;,k.;]. Note that for all r, v(r) > 1.

ri—10 Vrg
Let (I7)32, be the sequence of abutting intervals /] ; ordered by increasing right end
points. Let Yy € I's, (A™X), then for each € > 0,

1 _
lim sup h—\{k €l d(A™X}, Yy) <€} > 0. (3.4.11)

r—00 T

3 / _ L/ / / _ L/ /
As before, write h;.; =k, ; — k;;_y and h;; = k., — k| _;. Now for each € > 0, we can

write

—|{k: €I, : d(A™X,,Y,) < e}] = Z hi— h* |{k: € I 1 d(A™ X}, Yy) < e}

" rcl,

= Z 15 (Corxx);

rcr,

where xf is the characteristics function of the set K = {k € I* : d(A™X},Yy) < ¢}

and (Cyxi); = |K:*I* Suppose lim;_,o(Cp Xk ); = 0. Then the right side of above

expression is a regular weighted mean transform of (Cyxk); and therefore tends to
zero as j — oo which contradicts (3.4.11). Thus lim;_,o(Coxx); # 0, which shows
that Yy € I's,, (A™X). Hence 'y, (A™X) CI'g,, (A™X).

Similarly, we can prove Ag, (A™X) C Ag,, (A™X). O



Chapter 4

On Generalized Core of Sequences
of Fuzzy Numbers

4.1 Introduction

Following the concept of statistical convergence and statistical cluster points, Fridy
and Orhan [53] presented natural definitions of the concepts of statistical limit supe-
rior and statistical limit inferior for a number sequence x = (). They also developed
statistical analogues of Knopp’s Core Theorem and some properties of the ordinary
limit superior and inferior.

“If v = (zx) is a statistically bounded sequence, then the statistical core of x is
the closed interval [s — liminf x, s — limsup x]. In case x is not statistically bounded,
s—core{x} is defined accordingly as either [s—liminf x, +00], (—00, +00) or (—o0, s—
lim sup z|.”

Following this Aytar et al. [13] extended the concepts of statistical limit superior

and limit inferior for statistically bounded sequences of fuzzy numbers and gave some

A part of the contents of this chapter have been published in British Journal of Mathematics
and Computer Science Vol. 19, No. 4, (2014) and the rest part is communicated in the journal
Bulletin of Calcutta Mathematical Society.

89
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fuzzy analogues of their properties for sequences of real numbers. He also observed
that many properties which holds true for real sequences may not be hold for sequences

(13

of fuzzy numbers for instance the result “s — liminfz = s — limsupz = xg then
s —limz = xy”, which is important for sequences of real numbers x = (x}), may not
be valid for sequences of fuzzy numbers.

Motivated by works of these authors, we aim in this chapter to extend the notions
of Sp-limit and Sy-cluster points defined in Chapter-3 to their limit inferior and limit
superior for sequences of fuzzy numbers. Later, these definitions have been used to
define the concept of Sy-core for a sequence of fuzzy numbers.

The contents of this chapter have been divided into four sections. Section 4.2 deals
with the preliminaries related to this chapter. In Section 4.3, Certain properties of
Sp-limit inferior and Sy-limit superior have been explored and used to define a new
concept of Sg-core for these kind of sequences. Relations between Sp-core{X} and
S-core{X} have also been obtained in this section. Subsequently, in the last section,

some new extensions of above notions have been developed by using the generalized

difference operator A™.

4.2 Preliminaries

Before we start this section, we recall some concepts given in papers of Aytar [13]
and Aytar et al. [12].
A sequence X = (X}) of fuzzy numbers is said to be statistically bounded from
above if there exists a fuzzy number u (called the statistical upper bound) such that
d{keN: X, >putU{keN: X;epu})=0.
Similarly, X = (X}) is said to be statistically bounded from below provided that
there exists a fuzzy number v (called the statistical lower bound) such that

{keN: Xy <viU{keN: X, =v})=0.
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If the sequence X = (X}) is both statistically bounded from above and statistically
bounded from below then it is called statistically bounded.

Given a sequence X = (Xj), let us define:

Ax ={p e L(R): 6({k e N: X}, < u}) # 0};
Ax = {n € L(R) : 6({k € N: X, > u}) = 1};
):0({k € N: Xy > u}) # 0};

Bx={p € LR):5({ke N: X, < pu}) =1}.

BX:{IMEL(R

Definition 4.2.1. [13] If X = (Xj) be a statistically bounded sequence of fuzzy

numbers, then the statistical limit inferior of X = (Xj) is given by
S — liminf X =inf Ay.
Also, the statistical limit superior is defined as

S — limsup X = sup By.

4.3 Sp-limit inferior and Sy-limit superior

Let, X = (X}) be a sequence of fuzzy numbers and 6 = (k, ) be any lacunary sequence.

Define the sets:

Mx ={p e LR):6({k € I, : X}, < u}) # 0};
My ={pe€ LR):6({kel,: Xp>pu})=1}
(R) : 0p({k € I, : Xy > u}) # 0},

Nx={u e LR):0({k €1, : X} < pu}) =1}

Ny = {p € L(R

We use sets My and Ny to define the concepts Sy-limit inferior and Sp-limit superior

for a sequence X = (X}) as follows:
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Definition 4.3.1. Let 6 = (k,,) be a lacunary sequence and X = (X}) be a sequence
of fuzzy numbers. The lacunary statistical limit superior or Sy — limsup X of X =

(X}) is defined by

sup Nx, if Nx # ¢,

—00, otherwise,

Sp — limsup X =

and the lacunary statistical limit inferior or Sy — liminf X is defined by

inf My, if M ,
Sy — liminf X = * x7 ¢

0, otherwise.

Note that Sy — limsup X = inf Ny and Sp — liminf X = sup My. A simple

example will help to illustrate the concepts just defined.

Example 4.3.1. Define a sequence X = (Xj) as follows,

(

r—(k—1) ifxelk—1k

(k+1)—z itoe(kk+1] ¢, kel —vh +1, k]
Xi(z) = 0 otherwise
1 if kis odd
: if k ¢ [k, — VR, + 1, k,].
0 if k is even

\
We can easily see that My = (0, +20) and Ny = (-0, 1) and therefore inf My =0

and sup Nx = 1. Hence, Sy — liminf X = 0 and Sy — limsup X = 1.

We, now develop certain properties of Sp—limit inferior and Sy—limit superior for

sequences of fuzzy numbers.

Theorem 4.3.1. Let 0 = (k,) be a lacunary sequence and X = (Xj) be a sequence
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of fuzzy numbers. Then Sy —limsup X = [ if for every e > 0,

do({kel, : Xy >poetui{kel,: Xy »6€})#0
and

59({]{I€Inixk >ﬁ€9€}) =0.

Proof. Let us assume that there exists € > 0 such that 6p({k € I,, : X}, > BB €}) # 0.
This means that 8 @ € € Nx, which is a contradiction as 8 = sup Nx.
Now, we need to prove that

({kel,: Xy>p0etU{kel,: Xy~ [OE})#0

But, on the contrary, we assume that
59({]{? el,: X, > B @E}) =0 and 59({]{? el,: X, ﬁ @E}) =0. (431)

For each k € I,,, there are only three possibilities that either X, > SO € X, » fOF€
or X < p et Thus, from (4.3.1), we have 6p({k € I, : Xy < fe€}) = 1. This

implies that 3 © € € N x, which is not possible as 3 = inf Nx. O

Theorem 4.3.2. Let 0 = (k,) be a lacunary sequence and X = (Xj) be a sequence

of fuzzy numbers. Then Sy — liminf X = v if for e > 0,

kel Xy <y@etulkel,: Xp»yde}) #0
and

59({k el,: X< ’Y@E}) =0.
Proof. This theorem can be proved on the similar lines as the Theorem 4.3.1. O

Theorem 4.3.3. Let 0 = (k) be a lacunary sequence and X = (Xj,) be the sequence

of fuzzy numbers. Then Sy — liminf X < Sy — lim sup X.
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Proof. From the definition of Sp-limit inferior, we have Sy — liminf X = sup M x and
also from the definitions of the sets M x and Ny, we see that My C Nx. Hence, we

get sup M x < sup Nx i.e. Sy — liminf X < Sy — limsup X. O

Definition 4.3.2. A sequence X = (X}) of fuzzy numbers is said to be lacunary

statistically bounded from above if there exists a fuzzy number p such that
do({kel,: Xy >ptUl{kel,: Xi»~u})=0.

Similarly, (X}) is said to be lacunary statistically bounded from below provided that

there exists a fuzzy number v such that
do({kel,: Xy <plU{kel,: Xy»~u})=N0.

If the sequence (Xj) is both lacunary statistically bounded from above and below

then it is called lacunary statistically bounded or Sy-bounded.

Theorem 4.3.4. A lacunary statistical bounded sequence X = (Xy,) of fuzzy numbers
s lacunary statistically convergent if and only if, both, Sy — lim inf X and Sy —

limsup Xy coincide with the lacunary statistical limit of the sequence.

Proof. Let the sequence X = (Xj},) is lacunary statistical convergent to X, and also

Sp — liminf X = § and Sy — limsup X = ~. Then for ¢ > 0, we have
So({k € I, : d( Xy, Xo) > €}) = 0.
By the definition of d

So({k € L s sup (X7, Xg) > e}) = 0;

a€0,1]
do({k € I, : sup d(X}, X§) <e})=1.
a€l0,1]

That is, sup,ep 1) d(X, X§') < € for all k € I, except some finite number of terms or

SUPae(0.1] | Xi — X§| < € and sup,ep ) | X2 — X§| < efor all k € I, except some finite
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number of terms. Then, we have
X0@E<Xk<X0@E

for all k € I,, except some finite number of terms. This implies 0p({k € I,, : Xy >
Xo®€}) =0and dy({k € I, : Xy < XogS€}) = 0. This means that v < X, and
B > Xy. But by Theorem 4.3.3, 8 < ~v. Hence f =~ = X,.

Conversely. Let us assume that § = v = Xy. Then Theorem 4.3.1 and Theorem 4.3.2
imply that dg({k € I,, : Xy > Xo® §}) = 0 and d9({k € I, : X < Xp© 5}) = 0.
Thus, dy({k € I, : d(Xy, Xo) > €}) = 0. Hence Sy — lim;, X; = Xo. H

The proofs of the following two Theorems are easy to obtain and so we omit here.

Theorem 4.3.5. Let X = (X}) be a sequence of fuzzy numbers. Then
(i) Sp — liminf(—X) = —(Sy — limsup X)
(i1) Sp — limsup(—X) = —(Sp — liminf X).

Theorem 4.3.6. If X = (X;) and Y = (Y;) be two lacunary statistical bounded
sequences of fuzzy numbers, then

(i) Sp — liminf X; & Sp — lim inf Y} < Sy — lim inf (X} & Y}),

(ii) Sy — lim inf (X; ® Vi) < Sp — lim inf X}, & Sy — limsup Y,

(7ii) Sy — liminf X & Sp — lim sup Yy < Sp — lim sup (X @ Yy),

(iv) Sp — lim sup (X @ Yy) < Sp — lim sup Xy @ Sy — limsup Y.

We, now, define S—core and Sy—core for sequences of fuzzy numbers and obtain

their relationships.

Definition 4.3.3. The statistical core of a statistically bounded sequence X = (X})

of fuzzy numbers is the closed interval [S — liminf X, S — limsup X]. If X is not
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a statistically bounded sequence of fuzzy numbers, then the statistical core of X is
defined as either [S—liminf X, +35], [-30, +30] or [—50, S —lim sup X| accordingly as
X is not statistically bounded above, statistically bounded and statistically bounded

below.

Definition 4.3.4. The lacunary statistical core of a lacunary statistically bounded
sequence X = (Xj) of fuzzy numbers is the closed interval [Sy — liminf XSy —
limsup X]. If X is not a lacunary statistically bounded sequence of fuzzy numbers,
then the lacunary statistical core is defined as either [Sp —lim inf X, +37], [-30, +37]
or [—230, Sp—1lim sup X| accordingly as X is not lacunary statistically bounded above,

lacunary statistically bounded and lacunary statistically bounded below.

Theorem 4.3.7. For any lacunary sequence 0, Sy — core{ X} C S — core{ X'} if and
only if liminf, ¢, > 1.

Proof. 1f liminf, ¢, > 1, then we can find a 6 > 0 such that ¢, > 1+ ¢ for sufficiently

o

. . . hn
large n which further implies that 21

For a sequence X = (X}) of fuzzy numbers and pu € L(R),
{k<n:Xy>pu}d>{kel,: Xy >pu}

Now, we have

1 1
kS bt X > Y] = Ik € L s Xe > Y]

h,\ 1

This implies that Sy — limsup Xz < S — limsup X, if and only if liminf Z—Z =
liminf(g, — 1) > 0, that is, liminf, ¢, > 1. With the similar argument, we can
prove that S — liminf X; < Sy — liminf X}, if and only if liminf, ¢, > 1. Hence, we

can conclude that Sy — core{X} C S — core{ X} if and only if liminf, ¢, > 1. O
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Theorem 4.3.8. For any lacunary sequence 0, S — core{ X} C Sy — core{ X'} if and

only if lim sup,, g, < 00.

Proof. If limsup g, < oo, then there is an H such that ¢, < H for all n. We may

assume H > 1 as 6 = (k,,) is a lacunary sequence. Also for each n € N, we have

hn o kn - kn—l
kn—l B k:n—l

=q,— 1< H-1

For a sequence X = (X}) of fuzzy numbers and p € L(R), define N,, = {k € I, :

Xy > p}| and t, = %, then for any integer n satisfying k,_1 < n < k,; we can write

1
knfl
1
AN Mot N
n—1
1
knfl

1

{t1h1 +taha + .. . t,hy}

1 n—1

hn
= sy > hiti+ =t

i=1 " ;=1 n—1

< N
n—1
Zz’:l hi i=1

Suppose t,, — 0 as 7 — oo. Since @ is lacunary and the first part on the right side of
the above expression is a regular weighted mean transform of the sequence t = (t,),
and therefore it, too tends to zero as n — oo. Consequently, we get §({k € I,, : X} >
i1}) = 0, which is not possible. Thus lim, t,, # 0 and therefore S — limsup X <
Sp — limsup Xj. Similarly, we can prove that Sy — liminf X < S — liminf X}, if and
only if limsup,, ¢, < oo. Hence, we can conclude that Sy — core{X} C S — core{ X}

if and only if limsup,, g, < oo. [
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4.4 Sy—limit inferior and Sy—limit superior for gen-

eralized difference sequences (A™X})

The aim of this section is to present stronger generalizations and extensions of several
definitions and results obtained in the last section. We start by defining Sp—limit in-
ferior and Sy—superior for generalized difference sequences (A™X}) of fuzzy numbers.

For any sequence X = (Xj) of fuzzy numbers and the generalized difference

operator A™, we define the sets:

Mam =A{p € L(R) : 6g({k € I, : A" X} < p}) # 0};
Mam = {p € L(R) : do({k € I, : A™ X > p}) = 1};
Nam ={p € L(R) : d({k € L, : A" Xy > pu}) # 0};
Nam = {pu € LR) : §({k € I, : A™X,, < pi}) = 1}.

Definition 4.4.1. Let 6 = (k) be a lacunary sequence and X = (X}) be a sequence
of fuzzy numbers. The lacunary statistical limit superior or Sy — lim sup A™X of the

generalized difference sequence (A™X},) is defined by

sup Nam, if Nam # ¢,
Sp — limsup A™X = . an #

-0, otherwise,

and the lacunary statistical limit inferior or Sy — lim inf A™X is defined by

inf Mam, if Mam ,
Sp — liminf A™X = . an# ¢

0, otherwise.
Note that Sy — limsup A™X = inf Nam and Sy — liminf A”X = sup Mam. A

simple example will help to illustrate the concepts just defined.

Example 4.4.1. Let § = (k,) be a lacunary sequence. We define a sequence of fuzzy

numbers X = (X}) as follows. For z € R, define



r—k+1, Tk—-1<zx<k

Xp(x) =< 0, otherwise

v1, if k is even

Y9, if kis odd

where the fuzzy numbers v; and 7, are given by

r—05, if 5 <x <6,

M= T—x if6<x<7T,
0 otherwise.
and
r+7, if —=7<zx < -6,
Y2e=4 —b—x if —6<ax<-5,

0 otherwise.

Then, we obtain

k—1+oa,k+1—aq] ifkelk —[Vh]+1k]
Xkl =1q [F+a,7—a it k¢ [k, — [v/h,] +1,k] and k is even,
-7+ a,—5 —qal, it k ¢ [k, — [v/h.] + 1,k,] and k is odd,
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—r4k+1, ifhk<z<k+1 ¢, if kelk—[Vh]+Lk]reN



100

and
(
[—3 4 a,1 — 2a], if both k,k +1 € [k, — [Vh.] + 1, k]
[k —8+42a,k —4 — 2] if k € [k, — [V/h,] + 1, k] but not k + 1 and k is odd,
[k + 4420,k + 8 — 2a] if k € [k, — [V/h,] + 1,k,;] but not k + 1 and k is even,
[AXi]* =1 [~k —9+20,—k—5—2a] if k+1¢€ [k —[Vh]+1, k] but not k and k is odd,

[~k + 3+ 2a,—k+T7—2a] ifk+1¢€ [k —[Vh]+1,k.] but not k and k is even,

[—14 + 2, —10 — 20q] if both k,k +1 ¢ [k, — [V/h,] + 1,k,] and k is odd,
| [10+ 20, 14 — 2] if both k,k +1 ¢ [k, — [V/h,] + 1, k] and k is even,

Clearly, Ma = (11, 30) and Na = (=330, 1) for the sequences X}, where
ml* =[-2(7-a), 26+ a)] and [na]* = [2(5 + ), 2(7 — )].
Therefore, Sp-liminf AX = 7, and S2-limsup AX = 1,. While taking the difference
of order m, we get Mam = (13, 30) and Nam = (=30, 14), where
ns]* = [=27(7 = @), =2" (5 + )] and [n]* = [27(5 + a), 27(7 — @)].
Hence Sy — liminf A™X = n3 and Sy — limsup A™X =n,. O

Theorem 4.4.1. Let 6 = (k,,) be a lacunary sequence and X = (Xi) be a sequence

of fuzzy numbers. Then Sy — limsup A™X = 3, if for every e > 0,

{kel,  A"Xy>poOetU{kel,: AT"X, = OE}) #0
and

So({k € I,: A"X, > B @ e)) = 0.

Proof. Let us assume that there exists € > 0 such that dp({k € I, : A" X}, > fDE}) #
0. This means that 5 @ € € Nam, which is a contradiction as 5 = sup Nam.

We, now need to prove that
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o({kel, : A"X, >poetU{kel,: A"X, » SE}) #0

But, on contrary, we assume that

do({kel,: A"X, >p0€})=0and dg({k € I, : A" X} = fO€}) =0. (4.4.1)

For each k € I,,, there are only three possibilities that either A™ X, > f6€, A™X, ~
po€or A" Xy < foe. Thus, from (4.4.1), we have dg({k € I,, : A" X} < foE}) = 1.
This implies that 8&€ € N am, which is not possible as 3 = inf N am. This completes

the proof. O

Dual statement of the above theorem is given as under:

Theorem 4.4.2. Let 0 = (k,) be a lacunary sequence and X = (X) be a sequence

of fuzzy numbers. Then Sy — liminf A™X = ~ if for every e > 0,

do({kel, : A"Xy <~v@®etU{kel, : A"X,~vde}) #0
and

So({k € I, : A™X) < v ©)) = 0.

Following example shows that the Sy —lim inf A™X or Sp—lim sup A™X may not
be members of the set I's,(A™X) of all cluster points of the generalized difference

sequences (A™X) of fuzzy numbers.

Example 4.4.2. For z € R, define
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=3 if g e (3,8,

9—2x ifxe (8,9, if k£ is odd
0, otherwise
Xy(z) = X
x—6 ifzxel6,7],
8—ux ifxe (7,8, if £ is even.
| 0, otherwise

Then, for a € (0, 1], we obtain

345, 9—al, if kisodd
[Xk]" =

[6+a,8—a] otherwise.
and
[—5 + 6,3 — 2a], if k is odd
[AXK]" =
[—3 + 2a,5 — 6a], otherwise.
Thus, for m = 1, it is clear that for the sequence AXy, I's, (A(X)) = {11, po}, where
[11]® = [-3 4+ o, 1 — 2a], [u2]® = [-2 + 2,2 — 2a] are a-level sets for the fuzzy
numbers
245 if 4 e [=5, 1],
p(r) = ¢ =2 if ¢ e (1,3,

0 otherwise.

and
o3 if x € [-3, 1],

pa(r) = ¢ 2 if w € (—1,5)],

0 otherwise.
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It follows
( %’5, if z € [-5,-2],
IT+37 if x € (=2, —1],
So —liminf A™X = ¢ 5= if g € (—1,2],
=2 ifa e (2,3,
0 otherwise.

(
but neither p; is the Sp — liminf A™X nor uy O
Definition 4.4.2. For a sequence X = (Xj) of fuzzy numbers, the generalized dif-
ference sequence (A™X}) is said to be lacunary statistically bounded from above if
there exists a fuzzy number p such that

do({kel, : A"Xy > ptU{kel, : A™Xy ~p})=0.
Similarly, (A™X}) is said to be lacunary statistically bounded from below provided
that there exists a fuzzy number v such that

o({kel,  A"X, <putU{kel,: A™X, ~p})=0.
If the sequence (A™X}) is both lacunary statistically bounded from above and below

then it is called lacunary statistically bounded or Sy-bounded.

Theorem 4.4.3. Let, the generalized difference sequence (A™Xy) is Sp—bounded.

Let p is the Sg-limit superior of (A™Xy,) and for each e,
d({kel, : A"Xy e p@e})=0and §y({k € I, : A" X}, » pO€}) =0. (4.4.2)
Then w is a Sp-cluster point of (A™X,).

Proof. Since p is the Sp-limit superior of (A™X}) then for each e,
do({k € L, : A" Xy > noe}) £0.

Also form Theorem 4.4.1, we have
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do({kel,: A"X, > pde}) =0.
This implies
do({kel, : A"X, <pu@de}) =1
Also it is assumed that 6p({k € I, : A" Xy » u@®€}) = 0. We can conclude that
bo({k € I : pOE<A™X), < pde}) #0
Thus we can write
So({k € I, : d(A™ Xy, ) < €}) < 0.

This completes the proof. O

Similarly, we can give a condition for which lacunary statistical limit inferior can

be a lacunary statistical cluster point of the generalized difference sequence A™Xj.

Theorem 4.4.4. Let, the generalized difference sequence (A™Xy) is Sp—bounded.

Let v is the Sy-limit inferior of (A™X}y) and for each e,
o({kel, : A"Xy »v®e}) =0 and og({k € I, : A" Xy, »vO€}) =0. (4.4.3)
Then v is a Sp-cluster point of (A™X}).

Theorem 4.4.5. Let, the generalized difference sequence (A™Xy) of fuzzy numbers

be Sp-bounded and 1 be a Sg-cluster point of (A™Xy), then
Sp — liminf A" X < p < Sy — limsup A™X.

Proof. Firstly, we shall prove that u < Sy — limsup A™X. Since u is a Sy-cluster
point of (A" X}), therefore for € > 0

So({k € I, : d(A™ Xy, j1) < €}) # 0.
That is
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o({kel,  poe< A"X, < u®e}) #0.
This implies that

0#£6p({kel, : poe< A"X, <pn®e}) <d({kel,: poe<A"X;}).
By the definition of Nam, clearly &€ € Nam and therefore we have &€ < sup Nam
or we can write that u < sup Nam = Sy — limsup A™X. Similarly we can prove that

Sp — liminf A™X < u, which completes the proof. m

Combining Theorems 4.4.3 and 4.4.5, we get the following conditions which state
that Sy — limsup A™X and Sy — liminf A™X are the greatest and least statistical
cluster points of A™X.

Corollary 4.4.6. Let, the generalized difference sequence (A™Xy) of fuzzy numbers

be Sp-bounded and  is the Sp-limit superior of (A™Xy) and for each € > 0,

do({k €, A" Xy o u®€}) =0 and §g({k € I, : A" Xy v p©€}) =0. (4.4.4)

Then v is the greatest Sp-cluster point of (A™X}).

Corollary 4.4.7. Let, the generalized difference sequence (A™Xy) of fuzzy numbers

be Sp-bounded and v is the Syp-limit inferior of X and for each € > 0,

({kel, : A"Xywvde}) =0 and 6g({k € I, : A" X »vO€}) =0. (4.4.5)

Then v is the least Sg-cluster point of (A™Xy).

Theorem 4.4.8. Let 0 = (k,,) be a lacunary sequence and (A™X}y) be a generalized

difference sequence of fuzzy numbers. Then

Sp — liminf A™X < Sy — limsup A™X.
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Proof. From the definition of Sp-limit inferior of (A™X}), we have Sp—lim inf A X =
sup M am and also from the definitions of the sets M am and Nam, we see that M am C
Nam. Hence, we get sup M am < sup Nam i.e. Sy—liminf A™X < Sp—limsup A™X.

O

Theorem 4.4.9. A Sp-bounded sequence (A™Xy) of fuzzy numbers is lacunary A™-

statistically convergent if and only if,
Sp — liminf A" X = Sy — limsup A™X.

Proof. Let the sequence X = (X}) is lacunary A™-statistical convergent to Xy and

also Sy — liminf A™X = 3 and Sy — limsup A X = ~. Then for € > 0, we have
So({k € I, : d(A" X}, Xo) > €}) = 0.
By the definition of d

do({k € I,, : sup d(A™X}, X§) > €}) =0;

a€gl0,1]
do({k € I, - sup d(A™X}, X{) <e€}) = 1.
a€l0,1]
That is, sup,epo 1 d(A™ Xy, X§') < € for all k € I,, except some finite number of terms
or SUP,eoq [A™ X, — X§| < € and sup,epq) [AT X, — Xy < eforall k € I,

except some finite number of terms. Then, we have
Xooe< A"X, < XoD€

for all k € I,, except some finite number of terms. This implies dg({k € I, : A" X} >
Xo®€}) =0and §({k € I, : A" X} < Xy ©€}) = 0. This means that v < X, and
B > Xy. But by Theorem 4.4.8 8 < . Hence f =~ = Xj.
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Conversely. Let us assume that § = v = Xy. Then, Theorem 4.4.1 and Theorem 4.4.2
imply that dp({k € I, : A" X}, > Xo@5}) = 0and dp({k € I,, : A™ X}, < Xp05}) = 0.
Thus, dp({k € I, : d(A™ X}, Xo) > €}) = 0. Hence Sy — lim;, X, = X,. O

The proofs of the following two Theorems are easy to obtain and so we omit them.

Theorem 4.4.10. Let X = (X}) be a sequence of fuzzy numbers. Then
(1) Sp — liminf(—A"X) = —(Sp — limsup A™X)
(ii) Sy — limsup(—A"X) = —(Sp — liminf A™X).

Theorem 4.4.11. If X = (X}) and Y = (Y}) be two lacunary statistical bounded
sequences of fuzzy numbers, then

(i) Sg — liminf A™ X} @ Sy — liminf A™Y}, < Sy — liminf(A™ X}, & A™Y}),

(ii) Sy — liminf(A™ Xy & A™Y}) < Sp — liminf A™ X @ Sy — lim sup A™Y,

(7ii) Sy — liminf A™ X}y @ Sy — limsup A"Y) < Sy — limsup(A" Xy, & A™Y}),

(iv) Sp — limsup(A™ Xy & A"Yy) < Sy — limsup A" Xy, @ Sy — limsup A"Y.






Chapter 5

On S)—limit inferior and 5)—limit
superior

5.1 Introduction

Many generalizations of statistical convergence have appeared in literature in the
past. One amongst them is introduced by Mursaleen [83] by using (V, A)-summability
called as A-statistical convergence, where A = ()\,,) is a non-decreasing sequence of
positive numbers tending to oo with A,y1 < A, + 1,A\; = 1. Mursaleen [83] also
studied some relationships of A-statistical convergence with the well known methods of
Cesaro summability and (V, \)-summability. These ideas have further been extended
by Savag [97] on fuzzy number sequences. This motivated Tuncer and Benli [107]
to define the concepts of A-statistical limit and A-statistical cluster point for fuzzy
number sequences.

In this chapter, we continue to extend their pioneer work and use it to define the

A-statistical limit inferior and limit superior for sequences of fuzzy numbers. The

A part of the contents of this chapter have been published in General Mathematics Notes,
Vol. 25, No. 2 (2014), pp. 6-18. and the rest have been published in the journal Pure and
Applied Mathematics Letter, Vol. 1 (2013), pp. 34-38.
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contents of this chapter have been divided in four sections. In section 5.2, a brief
information about the concepts of A-statistical convergence and A-statistical limit
and cluster points for sequences of fuzzy numbers has been given. In section 5.3, the
notion of A-statistical limit inferior and limit superior for fuzzy numbers sequences
have been introduced. Further, in this section some sufficient conditions have been
presented to prove that A-statistical limit inferior and limit superior can be a A-
statistical cluster point of the sequence X = (Xj) of fuzzy numbers. Section 5.4,
further explores these ideas on sequences of fuzzy numbers in a more generalized way

for \-statistical convergence of order 3, where 5 € (0, 1] be any real number.

5.2 Preliminaries

This section starts with a gentle introduction and background of the paper by Savas
[97], who introduced the concept of A-statistical convergence for sequences of fuzzy
numbers.

Let A = () be a non-decreasing sequence of positive numbers tending to oo such
that A,o1 < A, + 1, Ay = 1 and the interval I,, = [n — A\, + 1, n]. The set of all such

sequences will be denoted by €.

Definition 5.2.1. [97] A sequence X = (Xj) of fuzzy numbers is said to be A-

statistically convergent to a fuzzy number X, if for each € > 0,

1 —
lim )\—|{k: €1, :d(Xy, Xo) > €}| =0.

n—ro0
Briefly denoted as S)-lim X = Xj.

Let S)(X) denotes the set of all statistically convergent sequences of fuzzy numbers.
Using the above concepts of Sy-convergence, Tuncer and Benli [107] defined the

concetps of A-statistical limit point and A-statistical cluster point of a sequence of

fuzzy numbers by first introducing the notions of A-thin and A-nonthin subsequences.
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Let A = (\,,) be a lambda sequence and X = (X}) be a sequence of fuzzy numbers.
Let (X(j)) be a subsequence of X = (Xj) and K = {k(j) : j € N}. Denote (X))

1
lim —[{k(j) € I : j € N}| =0,

then (Xk) is called a A—thin subsequence. On the other hand, (Xg) is a A—nonthin

subsequence of X provided that

1
lim sup )\—|{k:(j) €l,:jeN} >0

n—oo  An
Definition 5.2.2. [107] Let A = (\,) be a lambda sequence. A fuzzy number X is
said to be a A—statistical limit point or S)—limit point of a sequence of fuzzy numbers
X = (X) if there exists a A—nonthin subsequence of X that converges to Xj.

Let AgA (X) denotes the set of all Sy—limit points of the fuzzy number sequence

X = (X).

Definition 5.2.3. [107] Let A = (\,) be a lambda sequence. A fuzzy number Y} is
said to be a A—statistical cluster point or S)—cluster point of a sequence of fuzzy

numbers X = (Xj,) if for each € > 0,

1 _
lim sup /\—|{k €I, d(Xy, Yy) <€} >0.

n—o0

Let I'§ (X) denotes the set of all Sy—cluster points of the sequence X = (Xj) of

fuzzy numbers.

5.3 A-statistical limit inferior and limit superior

In this section, we introduce the definitions of A-statistical limit superior and limit

inferior for sequences of fuzzy numbers.
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For a non-decreasing sequence A = (\,) of positive numbers tending to co with

Ar1 < A+ 1 and A\ = 1, we define the following sets:

My ={u€ LR):5H({kel,: X, <u})#0};
Mx ={pe€ LR):0\({k€1,: X}, >u}) =1}
(R):0,({k € I, : Xy, > p}) #0};

Nx={p € LR):6\{k€l,: Xp < pu}) =1}

Ny = {u € L(R

to introduce the concepts of Sy-limit inferior and Sy-limit superior for a sequence

X = (X}) of fuzzy numbers.

Definition 5.3.1. Let X = (X}) be a sequence of fuzzy numbers. The A\—statistical

limit superior or Sy — limsup X of X = (Xj) is defined by

sup Ny, if N ,
Sy — limsup X = Pax x 79

—00, otherwise,

and the A—statistical limit inferior or Sy — liminf X is defined by

inf My, if M ,
Sy — liminf X = * X790

>, otherwise.
Note that Sy — limsup X = inf Ny and Sy — liminf X = sup M x.

Theorem 5.3.1. Let X = (Xj) be a sequence of fuzzy numbers. Then, for a finite

fuzzy number 3, Sy — limsup X = [ if for every e > 0,

(5/\({1{?E]nXk>B@E}U{k€[nXkOO6@E})7AO
and

6A<{k€[n:Xk >6€BE}) =0.
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Proof. Let us assume that there exists € > 0 such that 0,({k € I,, : X > fB€}) # 0.
This means that 8 @ € € Nx, which is a contradiction as $ = sup Nx.

Now, we need to prove that
(5)\({1{56]”Xk>B@E}U{k€[nXkooﬂ@E})7éo

Let us assume that
(5)\<{]{? el,: X, > B @E}) =0 and 5>\({]€ el,: X, B @E}) =0. (531)

For each k € I,,, there are only three possibilities that either X}, > 8 &€, X » fO€
or X < o€ Thus, from (5.3.1), we have 6,({k € I, : X; < fo€}) = 1. This

implies that 3 &€ € Ny, which is not possible as 3 = inf N x. O
The dual statement of Theorem 5.3.1 for S — liminf X may be given as under:

Theorem 5.3.2. Let X = (X)) be a sequence of fuzzy numbers. Then, for a finite

fuzzy number v, Sy — liminf X = v if for every e > 0,

WHkel,: Xy <y@etU{kel,: Xy »y@e}) #0
and

hH{kel,: X, <yee})=0.

The following example shows that the Sy — liminf or Sy — liminf may not be

A—statistical cluster points for a sequence of fuzzy numbers.

Example 5.3.1. Let X = (Xf) be a sequence of fuzzy number defined as

v(x), if kis an odd number,
Xk(ZL’) ==
p(x), otherwise,
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where
0, if x € (—00,3) U (9, 0),
v(z) = =50 ifx e (3,8,
9—z, ifxe (8,9
and
0, if x € (—00,6) U (8,0),
wz) =9 z—6, ifzel6,7),
8—ux, ifxe (7,8
It follows
)
0, if z € (—00,3) U (8,00),
=3 if z € [3, 2],
Sy — liminf X = > 371

x—6, ifwe (3,7,

8 —x, otherwise.

Hence, T'§ = {v,uu} but neither v is the A-statistical limit inferior of the fuzzy

number sequence X nor .

We, now present some sufficient conditions for proving that the Sy — liminf or
Sy — liminf can be a A-statistical cluster point, with the help of following theorems.

But, before that we define A\—statistically bounded sequences of fuzzy numbers.

Definition 5.3.2. A sequence X = (X}) of fuzzy numbers is said to be A—statistically

bounded from above if there exists a fuzzy number p such that
WHkel,: Xy >prU{kel,: Xyopu})=0.

Similarly, X = (X}) is said to be A—statistically bounded from below provided that

there exists a fuzzy number v such that
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WHkel,: X <pupU{kel,: Xy»~pu}l)=0.
If the sequence X = (Xj) is both A—statistically bounded from above as well as

below, then it is A—statistically bounded.

Theorem 5.3.3. Let X = (Xj) be a Sx—bounded sequence of fuzzy numbers. Let

15 the A\-statistical limit superior of X and for each ¢ > 0,
WHkel,: X ude})=0and ox({k € I, : Xy » pnoe€}) =0. (5.3.2)
Then p is a \—statistical cluster point of X.

Proof. Since p is the A-statistical limit superior of X then for each e,
Wh(H{kel,: Xy, >pnee) £0.
Also, from Theorem 5.3.1, we have
WhH{kel,: Xy >pndel) =0.
This implies that
(ke Xx<poe})=1
Together with equation (5.3.1), we can conclude that
W({kel,:puoe< Xy <ude}) #0.
Thus we can write
(ke I, d(Xy,p) <) <0.

This completes the proof. O]
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The dual statement of Theorem 5.3.3 for A-statistical limit inferior may be given

as follows:

Theorem 5.3.4. Let X = (Xj) be a S\—bounded sequence of fuzzy numbers. Let v

1s the A—statistical limit inferior of X and for each e,
WHkel,: Xy »v@e}) =0and 6({k € I, : Xj »vS€}) =0. (5.3.3)
Then v is a A—statistical cluster point of X.

Theorem 5.3.5. Let X = (Xj) be A—statistically bounded sequences of fuzzy numbers

and [ be a A\—statistical cluster point of X, then
Sy —liminf X < pu < S, — limsup X.

Proof. First, we prove that y < S, — limsup X. Since p is a A—statistical cluster

point of X, then for e > 0
({k €1, : d(Xy, 1) < e}) #0. (5.3.4)
ie.,
WHkel,:noe< Xy <pu®e}l) £0. (5.3.5)

This implies that

0#£0({kel,  poe< Xy <ude}) <h({kel,: noe< Xi}).
By the definition of Ny, clearly u © € € Nx and therefore, we have y © € < sup Nx
or we can write that u < sup Ny = Sy — limsup X. Similarly, we can prove that

Sy — liminf X < p, which completes the proof. O

Combining Theorems 5.3.3 and 5.3.5, we get the following conditions which shows
that Sy — limsup X and S, — liminf X are the greatest and least statistical cluster

points of X.
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Corollary 5.3.6. Let X = (X}) be a Sx—bounded sequence of fuzzy numbers. Let u

is the \-statistical limit superior of X and for each € > 0,
WHkel,: X~ pu®@e})=0and 5y({k € I, : X » pS€}) =0. (5.3.6)
Then p is the greatest \—statistical cluster point of X.

Corollary 5.3.7. Let X = (Xi) be a Sx—bounded sequence of fuzzy numbers. Let v

15 the A\—statistical limit inferior of X and for each e > 0,
W(Hkel,: Xk »v@e})=0and 5({k €I, : Xp »vO€}) =0. (5.3.7)

Then v is the least A—statistical cluster point of X.

5.4 S,s-convergence

Gadjiev and Orhan [54] defined statistical convergence of order « for a number se-
quence, where a € (0, 1] be any real number. Colak and Baktas [27] also expanded
the concept and defined A-statistical convergence of order « for a number sequence.
Altinok [7] introduced a more generalized summability method for sequences of fuzzy
numbers called as Sys—convergence. In this section, we aim to investigate further
characterization of this summability method and define Sys—limit points, Sys —cluster

points, Sys—limit inferior and Sys—limit superior of sequences of fuzzy numbers.

Definition 5.4.1. [7] Let 3 be any real number such that 3 € (0, 1]. The M-density

of aset A C N is denoted as d,s(A) and is defined by
, 1
h(A)=lim —|{kel,: ke A},
n—00 )\,8

if the limit exists.
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Definition 5.4.2. [7] Let A € Q and 8 € (0, 1] is given. A sequence X = (Xj) of
fuzzy numbers is said to be A-statistically convergent of order S to a fuzzy number

X, if for each € > 0,

.1 =
nh_g)lo ﬁ‘{k €1, :d(Xy, Xo) > €}| =0.
Symbolically, it is written as Sys-lim X = Xj.

Let Sys(X) denotes the set of all Sys-convergent sequences of fuzzy numbers.

Remarks 5.4.1. 1. For the choice of 5 = 1, the A-statistical convergence of order (8

reduces to A-statistical convergence.
2. The A-statistical convergence of order 3 is well defined for 5 € (0, 1] but is not

well defined for 8 > 1. This case can be seen in the following example.
Example 5.4.1. Let X = (Xg) be a sequence of fuzzy number defined as

v(z), if kis an odd number,

p(x), otherwise,
where )
x—17, ifxel78],
v(r)=< 88—z, ifze (8,9,
| 0, otherwise.
and

x—4, ifxe[4,5],
wz) =49 6—x ifze (5,6
0, otherwise.

Then, for a € (0, 1], the a-level sets of X}, are
(

74+ «,9—al, ifkisodd
(X" =

[4+4 «, 6 — ], otherwise.
\
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Hence, for 5 > 1 the sequence (Xj) is A-statistical convergence of order § to n; and

19 as well, since

. 1 _ A,
I k€l d(Xy,m) > b M o
nlﬁnc;loﬁ|{ €1y ( k7n2)_€}|_ningoﬁ

where [m]|* = [T+ «, 9 — o] and [12]* = [4 + «,6 — a]. Hence, Sys-lim X}, is not

unique. [

The main results of this section are the following theorems:
Theorem 5.4.1. For 0 < <y <1, Sys(X) C S (X) and the inclusion is strict.
Proof. Let 0 < 8 <~ <1, then obliviously Sys(X) C Sy (X) as
1 - 1 _
ﬁHk €1, :d( Xy, Xo) > €} < FH/{: € I, : d(Xy, Xo) > €}

To prove the strictness of the inclusion, let us consider the following counter example:

( 3\

x—2 ifzxe|23],

4—x ifxe(3,4], if k= n?
0, otherwise

Xi(z) = S
x—6 ifxel6,7],
8—x ifze (7,8, if k # n?.
0, otherwise

Then, for a € (0, 1],

2+a,4—aql, ifk=n?
(X" =
6+a,8—a] ifk+nb.
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For ~ € (3, 1], we have

VA, — 1

.1 = :
Jim (k€ 1,1 d(X5,0) > )] = lim TR =0
where ( = [—2 + 2, 2 — 2. This means, the sequence (Xj) is Sys-convergent of
order v but is not Sys-convergent of order g, for 5 € (0, %] ]

Theorem 5.4.2. Let A = (\,) and p = () both are in Q such that N, < p, for all
n > ng for some ng € N. Then, for

2\
0<B<y<1 and liminf— >0,

n—oo  [n
(i) Sur(X) C Sys(X),
(i) S,s(X) C Sy (X),
(iii) Su(X) C Sys(X).

Proof. (i) Suppose, liminf, 2—5 > 0 for the sequences A, u € €2 such that \, < p,,
for all n > ng for some ny € N. Assume that S,»-lim;, X}, = Xy. Now, for € > 0, we

have
{k €l,:d(Xy,Xo) > e} C{ke,:dXyXo) > e},

where J,, = [n — u, + 1, n].

Now, we can write
1 ~ 1 _
el [{k € L : d(Xi, Xo) > €}| < ] {k € Jy : d(Xy, Xo) > €}

or

2\
7

3

S=2

1 — 1 _
~ﬁ‘{k€fnid(Xk,Xo) >e}| < ﬁ\{ke T d(Xy, Xo) > €}
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Since Sy~-limy X, = Xy and liminf,, 2—5 > 0, taking the limit as n — oo

1 =
T}LriloA—g{{kEIn:d(Xk,Xo) ZE}’ =0

which completes the proof.

The results (ii) and (iii) are the immediate consequences of (i). O

Theorem 5.4.3. Let A = (\,) and p = () both are in Q such that N\, < p, for all

n > ng for some ng € N. Then, for

N .
0<pf<y<, lim — =1 and lm — =1,
n—>oo,un 'fl—>00,un

(i) Sxe(X) = S (X)),
(i) Sy (X) = Sys(X),
(iii) Sya(X) = S,.(X).

Proof. (i) Suppose lim,, 2—5 = 1 and lim,,_,,, 22 = 1 for the sequences A\, u €

=

such that A, < p, for all n > ng for some ny € N. Assume that (X;) € Sys(X).

Since I,, C Jj,, then for ¢ > 0, we may write
{keJ,:d(Xy,Xo) >e} D{ke€l,:dXy Xo) > e}

Thus, we obtain

i {k € Jp: d( Xy, Xo) > €}| = u_1% H{n—pn+1<k<n—X\ :d(Xp, Xo) > €}

_,_/% |{k; €1, :d(Xg, Xo) > EH

IN

0= An 1 -
(“ e ) +F|{kefn:d(xk,xo) > e}

n_)\ﬁ 1 d
(o) s e a0, 0 2 )

A
< (“—;‘—
Hn W

IN

|3Q

3=

1 —
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for all n > ny for some ny € N. The right hand side of the above inequality tends to
0 as n — oo. Hence, (Xj) € S,»(X) and therefore Sys(X) C S,+(X). Now, the use
of part (i) of Theorem 5.3.2, immediately implies that Sys(X) = S, (X).

It is very easy to prove (ii), (iii) and hence omitted. O

5.4.1 S)s-limit and S)s-cluster points

In this section, we define S)s-statistical limit and S,s-statistical cluster points of
sequences of fuzzy numbers and prove some inclusion results. For this purpose, we
need to introduce the following concepts of A-thin and A-nonthin subsequences of

order ( for a sequence of fuzzy numbers.

Definition 5.4.3. Let A = (\,) € Q and § € (0, 1]. A subsequence (X)g, where
K = {k(j) : j € N}, of a fuzzy number sequence X = (X;) is a A’-thin subsequence
if

r—00

1
lim —|{k(j) € I, : j € N} =0,
On the other hand, (X)g is a M-nonthin subsequence of (Xj) if

1
limsupﬁ]{k(j) €l :jeN} >0.

T—00

Definition 5.4.4. Let A = (\,) € Q and 8 € (0, 1]. A fuzzy number X is said to
be a Sys-limit point of the sequence (X) of fuzzy numbers, provided that there is a

M-nonthin subsequence of (X}), that is convergent to Xj.

Let Ag s denotes the set of all Sys-limit point of the sequence (X) of fuzzy num-

bers.
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Definition 5.4.5. Let A = (\,) € Q and 5 € (0, 1]. A fuzzy number Y} is said to
be a Sys-cluster point of the sequence (X) of fuzzy numbers, provided that for each

€ >0,

lim sup )\5|{k‘ €1, :d( Xy Yy) < e} >0.

n—00

Let Fgﬁ denotes the set of all Sys-cluster point of the sequence (Xj) of fuzzy

A
numbers.

Theorem 5.4.4. Let A = (\,) and p = () both are in Q such that \, < p, for all

n > ng for some ng € N. Then, for

2\
0<pB<~y<1 and liminf—= >0,
n—oo  [in
(Z)AF DAgﬁ,
(ZZ) AF QAgﬂa

(iii) Agﬂ B) Agf'

Proof. (i) Suppose, 0 < 8 < v <1 and liminf, . 2§ > 0. Assume that X, € ASB’

then there is A?-nonthin subsequence (Xj;)) of (X) that is convergent to X, and

lim sup )\/3|{k7( j)€l,:jeN}=d>0. (5.4.1)

n—oo

Now for € > 0, we have

{k(j)€ Jn:jeN}yD{k(j) € I, : j € N},
where J,, = [n — p, + 1, n]. Since,

%\{k()ej j€N}‘>M \{k(>€In:j€N}!,

it follows from (5.4.1) that

n—oo

lim sup /ﬂHk( j) € Jn:j €N} >0.
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Since (X)) is already convergent to X, so we have X € Agy. Hence AL, D Agﬁ.
# by

The results (ii) and (iii) are the immediate consequences of (i). O

Theorem 5.4.5. Let A = (\,) and p = () both are in  such that N\, < p, for all

n > ng for some ng € N. Then, for

28
0<pB<~y<1 and liminf—= >0,

n—00  [in

(i) TL, DT

55
.. F F
) 1%, OT

(iii) T§, D T,

Proof. The proof of this theorem can be obtain on the similar lines as that of Theorem

0.4.4. O

Theorem 5.4.6. Let A = (\,) and p = (pn) both are in 0 such that A\, < p,, for all

n > ng for some nyg € N. Then, for

N n
0<pf<y<1, limsup— =1 and limsupu—y =1,
n—oo  Hn n—oo Mn
i) A, = AF
(iii) AL, = AL,.
Proof. (i) Suppose limsup,,_, . /% = 1 and limsup,,_, ﬁ = 1 for the sequences

A, pt € Q such that \, < pu, for all n > ng for some ny € N. Let X, € AL, then there

v
Su

is p17-nonthin subsequence (X)) of (Xj) that is convergent to X, and

1
limsup —[{k(j) € Jn : j €N} =d >0, (5.4.2)

n—oo n
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where J,, = [n — p, + 1, n]. Since I,, C J,,, then for € > 0, we may write
{k(j) e J,:jeN} D{k(j) €I, :j e N}.
Now, following the similar lines of proof as that of Theorem 5.4.2 (i), we obtain

1I<;'J"N<M" A 1k'l"N
El{ (j) e Jn:jeN} < E_E +/\—£|{ () € I, : j € N}|

for all n > ng for some ng € N. The equation (5.4.2) implies that X, € Agﬂ. Hence,
A
Agl C Agf' Now, the use of part (i) of Theorem 5.4.4, immediately implies that
F _ AF

The proofs of part (ii) and (iii) are easy to prove and hence are omitted. O

Theorem 5.4.7. Let A = (\,) and p = (p,) both are in Q such that A, < p, for all

n > ng for some nyg € N. Then, for

pY n
0<f<y<1, limsup—% =1 and limsupﬂ—yzl,
n—oo fMn n—oo Mn

(iii) T§, =T,

Proof. Proof of this theorem follows the similar lines as that of Theorem 5.4.6. [

5.4.2 S)s—limit inferior and S,s—limit superior

In this section, we introduce the notions of Sys—limit inferior and Sys—limit superior

for sequences of fuzzy numbers.
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Let A= (\,) € Q and § € (0, 1]. For a sequence X = (Xj,) of fuzzy numbers, let

us define the sets:

(R) : oxs({k € L« X < p}) # 0}
M =A{peLR):0s({k € Ln: Xy >p}) =1}
(R) : oxs({k € Loy« X > p}) # 0}
N={peLR):ds({kel,: Xy <pu})=1}.

Definition 5.4.6. Let A = (\,) € Q and 5 € (0, 1]. The Sys-limit superior of (Xj)
is defined by
sup N, if N # ¢,

Sye-limsup X =
-0, otherwise.

Similarly, the S\s-limit inferior is defined by

inf M, if M ,
Sys-liminf X = 79

0, otherwise.

Note that Sys — limsup X = inf N and S,s — liminf X = sup M. The concepts

defined as above can be illustrated with help of the following example:

Example 5.4.2. Let A = (\,,) € 2. We define a sequence of fuzzy numbers X = (X})

as follows. For z € R, define

p

r—k+1, ifk—-1<z<k

—x+k+1, ifk<z<k+1 p, if k=n?
Xe(z) =< 0, otherwise

¥, if k is even

, if k#n?
W9, if kis odd
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where the fuzzy numbers ¢; and ¢, are given by

(

r—>5, if5<x<6,
h=§ 7T—z if6<z<T,
0, otherwise.

and
r+7, if —7<x< -6,

Uy = —5—uxz, if —6<z< -5,

0, otherwise.
Thus, we obtain
k—1+a,k+1—aqal, ifk=n?

[(Xi]*=19q [F+a,7—al, if k # n? and k is even,

=7+ «a,—5 — a, if k # n? and k is odd.

Clearly,
M = (1, 50) and N = (=29, 1)
for the sequences (X}), where
m]*=[-7T+a,—5—a]and []* =[5+ a,7 — a.
Therefore, Sys-liminf X = n; and Sys-limsup X = n,, only for g € (%, 1]. O
Theorem 5.4.8. Let A = (\,) € Q and B € (0, 1]. Then, for a sequence X = (Xj)

of fuzzy numbers, Sys-limsup X = n if and only if, for each €
v{kel,: Xy>noetU{kel,: Xy »noe})#0
and
h({kel,: X >nde}r) =0.

Proof of this theorem can be obtain on similar lines as that of the Theorem 5.3.1

and so is omitted here. Similar statement for Sys-liminf X can be given as follows:
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Theorem 5.4.9. Let A = (\,) € Q and 8 € (0, 1]. Then, for a sequence X = (Xj)
of fuzzy numbers, Sys-liminf X = & if and only if, for each €

and

Sk €, : X, < €0E)) =0.

Theorem 5.4.10. Let A = (\,) € Q and B € (0, 1]. Then, for a sequence X = (X})

of fuzzy numbers
Sys-liminf X < Sys-limsup X.
Proof. From the definition of Sys-limit inferior of (Xj), we have
Sys — liminf X = sup M

and also from the definitions of the sets M and N, we see that M C N.

Hence, we get
sup M < sup N,
which implies that

Sy — liminf X < Sys — limsup X.



Chapter 6

Generalized sequential convergence
in fuzzy neighborhood spaces

6.1 Introduction

In past years, much work have been published on the sequential convergence in fuzzy
topological spaces and has appeared with variety in literature. For instance, Lowen
[74] developed a theory of convergence in fuzzy topological spaces based on the idea
of prefilters and used it later in his work [75] to introduce fuzzy neighborhood spaces
(FNS), a subcategory of fuzzy topological spaces (FTS). Lowen proved some basic
properties of this subcategory. Subsequently, Wuyts and Lowen [111] introduced and
studied a number of separation properties of fuzzy neighborhood spaces, all of which
were extensions of (1), (771), and (73) in topological spaces. Khan and Ahsanullah
[62] introduced a quite different notions of sequential convergence which they called
a-convergence in fuzzy neighborhood spaces and also studied convergent sequences

and Cauchy sequences in the light of fuzzy (probabilistic) pseudometric spaces.

The contents of this chapter have been published in National Academy Sciences Letter
(March-April 2015) 38(2):161-164 (SCI).
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In this chapter, we generalize the concept of sequential convergence by introducing
the notions of a-statistical convergence and statistical convergence for sequences in
fuzzy neighborhood spaces which turn out to be a very useful subcategory of fuzzy
topological spaces. The contents of this chapter have been divided in three sections.
Section 6.2 deals with the preliminaries related to fuzzy neighborhood spaces. In
section 6.3, we define the notions of a-statistical convergence and statistical conver-
gence in fuzzy neighborhood spaces. Some properties of a-statistical convergence and

statistical convergence in these spaces have been developed in this section.

6.2 Preliminaries

In this section, apart from setting up the notations and terminologies to be used in
the sequel, some known results interrelated with the work done in the present chapter
have also been presented.

Let I =[0,1], Iy = (0,1], I; = [0,1) and Ip; = (0, 1).

For any set X, let I denote the set of all fuzzy subsets of X. A member v of I
is contained in a member p of I denoted v < y if and only if v(z) < u(z), for every
r € X. Let v, u eI,

Define the following fuzzy sets:

(1) v Ap € I¥ by (v A p)(z) = min{v(z), u(x)} for every z € X (intersection).

(2) vV e IX by (vVu)(r) =max{v(x), u(x)} for every x € X (union).

(3) v¢ e I* by v°(x) =1 — v(z) for every x € X.

If X is a set, then a non-empty collection ¥(z) C I¥ is called a prefilter (on X) iff:

(1) 0 ¢ X(x),

(2)veX(x),ueX(r)=vApe X(x),

B)veX(x),r <pu= ped(x).

If X is a set, then a non-empty collection A(z) C IX is called a prefilter base (on X)
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iff:
(1) 0 ¢ Aa),
2)veAlx),pe Alx)=INeEA(@): A<V AN
Based on the idea of prefilters, Lowen [75] introduced a subcategory of fuzzy

topological space and called it fuzzy neighborhood space.

Definition 6.2.1. [75] A family of prefilters ¥ = (3(x)).ecx in a set X is called a
fuzzy neighborhood system on X if and only if the following are true:
(i) Vee X, VveX(x):v(z)=1;
(i) Ve € X : X(z)~ = X(2);
(iii) Vo € X, v € X(x), Ve € Ly, I(V)):.ex € [Lex 2(2) 1 Vy, 2z € X = 1,(2) A
vy) Svly) +e
where ~ denotes the saturation operation as given by
YW={v:Ve>0,. € X:v.—e < v}
Given a fuzzy neighborhood system 3 on X; one can obtain a fuzzy topology t(X),

and the pair (X, (X)) is known as fuzzy neighborhood space.

While studying the notion of fuzzy neighborhood space in [75] and [111], Lowen

obtained following important results.

Theorem 6.2.1. [75] If (X, 7) is a topological space, then the associated fuzzy topolog-
ical space (X,w(T)) has as fuzzy neighborhood system the family w(U(x).ex), Where
U(x) is the neighborhood system of T and where for all x € X

wU(x)) ={v e IX, foreach €€ I,,v7(0,1] € U(x)}.

Theorem 6.2.2. [75] If ¥ = (X(2))zex 1S a fuzzy neighborhood system on X, then
A = (A(z))zex is a basis for 3 if and only if for all x € X, A(x) is a prefilterbasis

and for all v € ¥(x) and for all € € Iy there exists 6. € A(x) such that 6. —e < v.
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Theorem 6.2.3. [75] If (X, (X)) is a fuzzy neighborhood space and o € Iy, then the
level topological space (X, 1o(t(X))) has a neighborhood system the family (1o (3(x)))zex
where for all x € X,

(S(2) = {v(B.1] : v € X(x), B € [0,1 — a)}.

Definition 6.2.2. [111] A fuzzy neighborhood space (X, ¢(X)) is said to be NTj if
and only if for all x # y € X and for all € € I there exist v, € ¥(x) and v, € X(y)

such that v, Ay, <e.

Khan and Ahsanullah [62] introduced the notions of a-convergence and conver-

gence in fuzzy neighborhood spaces as follows.

Definition 6.2.3. [62] Let (X,#(X)) be a fuzzy neighborhood space and (zy) a se-
quence in X. For given a € Iy, (x) is said to be a-convergent to = € X if and only
if for all v € ¥(z), there exists m € N such that for all £ > m

v(zg) >1—a.

x is called an a-limit of x; and indicated as xj ~~“ x.

Definition 6.2.4. [62] In a fuzzy neighborhood space (X,¢(X)), a sequence (xy) in
X is called convergent to x € X if and only if for all a € Iy, ) ~»“ x. We abbreviate

it as xp ~ x.

6.3 Statistical convergence in Fuzzy Neighborhood

Spaces

In this section, we introduce the notions of a-statistical convergence and statistical

convergence of sequences in fuzzy neighborhood spaces.
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Definition 6.3.1. Let (X, #(X)) be a fuzzy neighborhood space and x = (x}) be a
sequence in X. For a given o € I, () is said to be a-statistical convergent to

x € X, if and only if, for all v € X(z), we have 6{k € N: v(zy) <1—a} =0 ie.,

1
lim —{k<n:v(rg) <1l—a}/ =0

n—oo M,

where, the vertical bars denotes the cardinality of the enclosed set. In this case, x is

called an a-statistical limit of (x;) and is denoted by S® — limxz;, = z or x; ~°" x.

Definition 6.3.2. Let (X, (X)) be a fuzzy neighborhood space. A sequence x = (xy)
in X is said to be statistical convergent to z € X, if and only if, for all « € Iy, (xx)
is a-statistical convergent to z. In other words, for each o € [ and for all v € ¥(z),
we have

MHkeN:v(z) <1—a}=0. (6.3.1)
It is abbreviated as S —lim z;, = z or 2, ~° x. Let S denotes the set of all statistically

convergent sequences in X.

Remarks 6.3.1. If 5 —limxz, = z and o < 8 < 1, then Sz — limzy, = 2. Thus
1—statistical convergence, which simply says that Vv € 3(x) we have 6{k € N :

v(z) <0} =0, is the strongest of all a—statistical convergence.

Theorem 6.3.1. Let (X,t(X)) be a fuzzy neighborhood space and A(z) a basis for
Y(x). Then S — limxy = z, if and only if, for all 0 € A(x) and for all a € Iy,
MHkeN:0(x,) <1—a}=0.

Proof. First suppose that S — limzy, = z. Select § € A(z) and o € I arbitrary.

SO(

Since (xy) is statistically convergent to = so in particular, we have zj ~~°" z, which

implies that for all v € ¥(x) we have

MHkeN:v(rg) <1—a}=0.
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Further, the fact A(z) C ¥(x) implies that
MHkeN:0(x,) <1—a}=0.
Conversely, suppose that for all § € A(z) and for all a € Iy, we have
MHkeN:0(x,) <1—a}=0. (6.3.2)

We need to prove that S — limxz, = z. Let 8 € Iy and v € X(z) be arbitrary. Since,

A(x) is a basis for ¥(x), so we can a find a § € A(z) such that
1
Consequently, density of the set
1
A:{kEN:H(xk)gl—éﬂ}
is zero. Let
B={keN:v(x) <1-p}
To prove the result, it is sufficient to show that B C A. If ky € B, then we have
1
- B > V(mko) > e(xlm) - 55
ie. 1 — 38 > 6(xy,). This shows that ky € A. Hence, 6(B) = 0 as 6(A) = 0. O

Theorem 6.3.2. Let (X, 7) be a topological space and x = (xy) be a sequence in X.
If v € X and (xy) statistically converges to x in (X, 7), then for any o € Iy, (x)
is a-statistically convergent to x in (X,w(7)), where (X,w(7)) is the associated fuzzy
topological space. Conversely, if (xy) is a-statistically convergent to x in (X, w(7))

for some o € Iy, then (xy) is statistically converges to x in (X, 7).
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Proof. Suppose, (xj) is statistical convergent to x in (X, 7). Let, « € Iy and v €
w(U(z)), where U(x) is the neighborhood system at x in (X, 7). Then,
v e, 1] € U(x)
for each € € I;. In particular, taking ¢ = (1 — «), we have
v (1 —a, 1)) €U(x).
Hence, we can find out m € N such that for all £ > m,
T € v (1 - a, 1))

i.e. v(xzg) > 1 — a for all £ > m. Consequently, the set

A={keN:v(zxp) <1—-a}

is finite and therefore §(A) = 0. Which shows that (x;) is a-statistically convergent
to x in (X, w(7)).

Conversely, Suppose that S —limzy = x in (X, w(7)) for a € I;. We will prove that
(xy) converges statistically to x in (X, 7).

Let V € U(x). Then 1y € w(U(z)), since 1, ((¢,1]) = V for all € € I;. This together

with the definition of a-statistical convergence, immediately implies that
d{keN:1y(xx) <1—a})=0.
Thus, we have
{keN:1y(xg) =0}) =0{keN:az, ¢ V}) =0.

Hence, (zy) is statistically converges to x in (X, 7). O



136

Theorem 6.3.3. In an NTy fuzzy neighborhood space (X, t(X)), a sequence x = (xy)

has a unique a-statistical limit for o € I.

S S

Proof. Suppose there exists z, y(x # y) in X such that z, ~°" z,y, ~" y. Since X

is NTy, so for a € Iy there exist v, € ¥(z) and v, € 3(y) such that

ve(zp) Ny(ay) <1—a

S S

Since xj, ~°" x and y;, ~°" y, then the sets
Ky ={keN:vy(z) <1—0a}
and

Ky ={keN:yy(zy) <1-—a},

have natural density zero i.e. §(K;) = 0(K3) = 0.
Let K = K¢ NKY, then §(K) = 1. For ky € K, v,(z,) > 1 — a and v, () >

1 — «. This implies
L —a>vp(xg) Ave(rr) <1—a,

which is a contraction. Hence, z = y. O]

Theorem 6.3.4. Let (X,t(X)) and (X', t(X')) be two fuzzy neighborhood spaces, f :

X — X' be continuous at x € X. For a € Iy, if vy, ~°" x, then f(zy) ~>" f(z).

Proof. To prove the result, consider v/ € ¥'(f(x)) arbitrary. By continuity of f, we

have f~1() € ¥(z). Since x ~°" z, therefore

5(A) = S({k €N: f (V) (&) <1 —a}) = 0
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or
S(AY =0({k e N: f 1 () (zp) >1—a}) = 1.
To prove the result, it is sufficient to prove that the set
B={keN:v(f(z)) <1—a} C A

Since A® is an infinite set (as otherwise i.e. if A is finite, then §(A®) = 0). Let

ko € AC, then
W) () >1—a.

This implies that

V() > 1 -,

which shows ko, € BC.

Hence, A C B i.e., B C A and therefore, we have 6(B) = 0. ]

Theorem 6.3.5. Let (X,t(X)) be a fuzzy neighborhood space. A sequence x = (xy)
in X s statistical convergent to x € X, if and only if, there exists a subset K C N

with 6(K) = 1 such that x ~ x over K.

Proof. First suppose that @ = (xj) be statistically convergent to z. Then for each
a € Iy and for all v € ¥(x), if we denote
M={keN:v(x;) <l—a};and K ={k e N:v(z) >1—a},
then 6(M) =0 and 6(K) = 1. Moreover K N M = {).
Now, we have to show that (zx)rex is convergent to x. Suppose (zj) is not

convergent to x over K. Then, there exists o € Iy and vy € ¥(x) such that
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vo(zr) < 1 — oy for infinitely many terms.
Let

Ky ={k, € K :1p(zg,) <1—ap}and M; ={k e N:py(zx) <1—ap}.
Clearly, ) # K; C K and also K; C M,.
Further, for o < oy, M; € M, which contradicts the fact that K N M = ( for all
a € Iy. Hence (zx)rex is convergent to x.
Conversely, Suppose that there exists a subset K C N such that 6(K) = 1 and x ~ x
over K. Let a € Iy and v € Y(z) be arbitrary. xp ~» x over K so, there exists a
positive integer m such that

v(zg,) > 1 — a for all i > m.
The containment

{keN:v(ry) <1—a} CN—{kni1,kmi2, -}
immediately implies that

HkeN:v(r)<l—a}<1-1=0.

This shows that = = () is statistically convergent to . O
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