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PREFACE

To study the geometry of a manifold, it is more convenient to first embed into a known
manifold and then study its geometry. This approach gave impetus to study of
submanifold which later developed into an independent and fascinating topic of study.
The submanifold of an almost Hermitian manifold presents an interesting geometric
study as its almost complex structure transform a vector into a vector perpendicular to it.
Thus in turn, gives rise to two types of submanifold, namely invariant and anti-invariant
submanifolds [1]. These are also known as holomorphic and totally real submanifold.
These submanifolds were extensively studied by many differential geometrs. A Bejancu
[1] in 1978 introduced the notion of CR-submanifolds of a Kaehler manifold which
generalize the holomorphic and totally real submanifolds, after that B.Y. Chen [3] studied
CR- submanifold of Kaehler manifold.

Chapter I is introductory and serves. The purpose of developing the basic
concepts keeping in view the pre-requisities of the subsequent chapters.

Chapter II is the first technical chapter. Which deals with the CR-
submanifold of a Kaehler manifold. It contains the results obtained by B.Y. Chen in his
paper “CR-submanifold of a Kaehler manifold I” [3]. In this paper B.Y. Chen studied
integrability conditions of the canonical distributions as well as the conditions for, their
leaves to be totally geodesic.

Chapter III deals CR-submanifold of nearly Kaehler manifold which is the
generalization of CR-submanifold, in more generalized setting namely nearly Kaehler,

the results in this chapter are due to K.A. Khan et. al. [5].
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CHAPTER1
INTRODUCTION

The purpose of this chapter is to introduce basic concepts, preliminary notions and some
fundamental results which we require for in development of the subject in the present
dissertation thus we have given a brief resume of some of the results in the geometry of
almost Hermitian manifolds and the allied structures and the geometry of submanifolds of
their manifolds. Much though all the results are readily available in review articles and
same in standard books e.g., Nomizu and Kobyashi [4], B.Y. Chen [2]. In this chapter

we have also fix up our notations and terminology.

Topological Manifold(1.1.1): A topological manifold M of n-dimension is a Hausdorff
topological space which is locally Euclidean ie., V xe M3 a neighborhood
UV xeM ,anda homeomorphism ¢ of U onto an open set in R”. The dimension R"is
called the dimension of manifold.

Chart(1.1.2): Let M beaset. A charton M is a pair (4,U) consisting of a subset U of
M andal-1 map ¢of U onto an open setin R".
Two charts (¢,,U,) and (¢,,U,) are said to be C’- related, if either U, "U, = ¢ or

¢,00, " and ¢,0¢ " are C"functions.
Atlas(1.1.3): The collection of all charts is called atlas.

Differentiable Manifold(1.1.4): Let (U,,4,) and (U ,,¢,) be two charts on M such that
UnU,#¢. Any point peU NU,shall have two local coordinate system,
A(p)=(x" s X", p(p) = s y") say the two coordinate system are related as
follows. We require that the mapping ¢$jo¢i_1 :g(U,NU,)—>¢,(U,NU,;)be
differentiable of class C*. Then we say that the atlas on M is a differentiable of class
C". If a(U,,4)y, € F is a maximal family of charts. M equipped with a maximal

differentiable structure of class C*is then called differentiable manifold of class C* of



¢jo¢i71 is C” function then M is called smooth manifold.
(i) S'={(x,y)eR’|x*+y* =1} is a one — dimensional differentiable manifold.
(ii) S* (2 dimension sphere) is a differentiable manifold.

(iii) S" is n- dimension differentiable manifold.

(iv) R,R........ R" are differentiable manifold.

Tangent vector(1.1.5): A tangent vector X, at me M is a real valued function on
C”*(m)

ie., X, : C”(m)— IR such that

(a) X, (af +bg)=aX,f+bX,g a,belR.

(b) X,,(fe)=f(m)X,g+g(m)X,f

where f,geC”(m)and a,be IR .

Tangent space(1.1.6): A tangent space TmM to Mata point meM is the set of all

tangent vectors of m € M.

Vector field(1.1.7): Vector field X on a manifold M is a smooth mapping which to each

me Massigns a tangent vector X, €T, (]\_4) . Locally we can express X = &' il where

Oox

&' are differentiable functions, moreover, for f e C” (M). XfeC” (M) i.e.

Xf(my=X, f meM .

Alternatively, we can define a vector field X on M ; a derivation of the algebra C”(m)

1.€.,
X:C*(M)— C*(M) such that
(a) X(af +bg)=aXf +bXg
(b) X(f2)=f(Xg)+g(Xf)
forall /,geC*(M) and a,beIR.



Set of all vector fields is denoted by D'(A_l) .

Sub-Manifold(1.1.8): If M and N satisfy the following two conditions, then N is
called a submanifold of M .

1. N isasubsetof M .

2. The identity map i: N — M isan imbedding of N into M.

For example S' ={(x,y)| x> +y* =1} is the one-dimensional submanifold of R*.

Riemannian Manifold(1.1.9): If on a C ” manifold M , there exist a metric g on
™ satisfying the following conditions

(a) g 1s(0,2) tensor. i.e., g is bilinear on ™ .

(b) g(X.Y)=g(Y,.X) V¥V X,YeTM.

(¢) g(X,Y)=0 VXeTM=Y=0

(d) g(X,X)=0, X#0

then g is called Riememannian metric and (M, g) is called Riemannian manifold.

Structures on manifold

Almost complex structure(1.1.10): An almost complex structure on a real differentiable

manifold M is a tensor field J which is at every point P e M, an endomorphism of the

tangent space T, (]\_4) , such that J> =—1 where I denotes the identity transformation.

A manifold with a fixed almost complex structure is called an almost complex manifold.

On an almost complex manifold there always exist a Riemannian metric g
consistent with the almost complex structure J i.e; satisfying
g(JU,JV)=g(U,V) YU,V eT(M)
and here g is called Hermitian metric and an almost complex manifold with a Hermitian

metric is called an almost Hermitian manifold.



Now we have an example of almost Hermitian manifold, an almost complex structure on
R? is defined as
J:R* >R’
J(x,3)=(=y,%)
J(1,0)=(0,1)
J(0,1)=(-1,0)

0 -1 _[o =170 —1]_[-1 0]_
1 0] [1 oo o] [0 -1]
Hence R’ is an almost complex manifold and J is almost complex structure.

Similarly, we can find it’s examples in R*,R°........

In general we have example of almost complex structure on R*” i.e.,

On - [n
J =
1/’! OII
so that (R*",J) is an almost complex manifold and obviously the Riemannian metric on

R*" is Hermitian and hence (R>",J , g ) is almost Hermitian manifold.

Nijenhuis Tensor(1.1.11):
The Nijenhuis tensor S of J is defined as
SWU,V)=[U,v1+JJU,V+JU,JV]-[JU,JV] (1.1.1)
it is easy to verify that S satisfies.
SJUV)=SU,JV)=-JSU,V) (1.1.2)
Proof:
SJU V) =[JU,V]+J[J*U,V]+J[JU,JV]-[J*U,JV]
=[JU,V-JUV]+J[JU,JV]+[U,JV] (1.1.3)
SU,JV)=[U,JV]+J[JU,JV]+J[U,JV]-[JU,J*V]
=[U,JV]+JJU,JV]=-JU,V]+[JU,V] (1.1.4)
from (1.1.3) and (1.1.4), we get
SJUV)=SWU,JV)
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now we have to prove that —JS(U,V)=SU,JV)=S(JU,V)
—JS(U,V)==J{[U,V]+J[JU,V]+J[U,JV]-[JU,JV]}

= —J{V V=V U+JV YV =JV,JU+IN,JV -V U
—V , JV+V ,JU}

=[U,JV]+JJU,JV]-JU,V]+[JU,V]
=SWU,JV)=SJU,V)
It is well known that vanishing of S(U,V’) is necessary and sufficient condition for

an almost complex manifold to be a complex manifold.

Now, if we extend the Riemannian connexion to be a derivative on the tensor algebra
of M , V of M ,then we have the formulae.

(VoW =VuJV —JVuV (1.1.5)

Kaehler metric(1.1.12): A Hermitian metric on an almost complex manifold is called a
Kaehler metric if the fundamental 2-form is closed i.e., (§UJ)V=0. A complex
manifold equipped with a Kaehler metric is said to be a Kaehler manifold. In other
words, an almost complex manifold M is Kaehler manifold if

(VoYW =0, VY UVeTM. (1.1.6)

In this case the connextion V on M is said to be Kaehlerian connextion.

Nearly Kaehler(1.1.13): A Hermitian manifold M is said to be nearly Kaehler if
(VoW +(VyJ)U =0, Vv UVeTM (1.1.7)

Submanifold theory(1.2)

Let M be the submanifold of manifold M , then the tangent vectors of T’ M which are
normal to7M form the normal bundle 7*M of M . Hence the tangent space T M of
M admits the following decomposition

TM=TM ®T*M

11



For example: In 2-dimensional manifold R”.

A

T*M

o,0 [

v

(1,0 ™

(Figure 1.1)

here TM = X -axis = {(x,0)|x € R}and T"M =Y -axis ={(0, y)| y € R}.
Now if we take any element (1,1) then we can write it as
(1,1)=(1,0)+(0,1)
where (1,0) in TM and (0,1) in "M
ie; (L) =(10)+(0,)eTM ®T M .
The Riemannian connexion V of M induces canonically the connexion V and D on

TM and on the normal bundle T"M respectively governed by the Gaues and Weingarten
formulae v.1.z.

Guass formula:
VoV =V, V+hU,V) (1.2.1)
Weingarten formula:

Vué=-AU+D,é (1.2.2)

where U,V are tangent vector field on M and £eT M, h and A§ are second

12



fundamental forms,

A T*MxTM —TM

g(nU,V),8)=g(4:U,V) (1.2.3)

Totally geodesic submanifold(1.2.1)[2]: A submanifold for which the second

fundamental form # is identically zero is called a totally geodesic submanifold.

Totally umbilical(1.2.2)[2]: A submanifold is called totally umbilical if its second
fundamental form % satiafies
U, V) =g(u,v)H

Where H is called the mean curvature vector and defined as

I <
H= ;Zi,j h(el., ej)

CR-submanifolds(1.2.3)[2]: On an almost Hermition manifold M ,
gJU,JV)=gU,V) (1.2.4)
for all vector fields U,V on M . In other words,
g(JU,U)=0
ie., JU LU for each vector field U onM . Hence for a submanifold M of M if
UeT,M,JU may or may not belong to 7,M . Thus the action of the almost complex

structure J on the tangent vectors of the submanifold of the almost Hermitian manifold
gives rise to its classification into invariant and anti-invariant submanifold. These sub-

manifolds are defined as follows.

Invariant submanifold(1.2.4)[2]: A submanifold M of an almost Hermitian manifold

M 1is said to be invariant ( or holomorphic) if
JTM)=T,M

forall Pe M.

13



Anti-Invariant (Totally real)(1.2.5)[2]: A submanifold M of an almost Hermitian
manifold M is said to be anti-invariant if

J(TpM)ngiM V peM.
A new class of submanifold of an almost Hermitian manifolds of which the above classes
namely invariant and anti-invariant (totally real) submanifolds are particular cases. This
class of manifolds named as CR-submanifold.

Thus CR-submanifold provides a single setting to study the invariant and anti-invariant

submanifolds of an almost Hermitian manifold.

CR-submanifold(1.2.6)[3]: A Riemannian submanifold is said to be a CR-submanifold

of an almost Hermitian manifold A if there exists on M aC”- holomorphic distribution

D such that its orthogonal complementary distribution D" is totally real i.e.,
L L

JD" T, M forall pe M.

(Clearly every real hypersurface M of an almost Hermitian manifold is a CR-

submanifold if dim( M )>1.

Now we have an example of CR-submanifold.
J:R* > R*
J(x,y,z,t)=(—y,x,—1,2)
J(x,,0,0) =(-»,x,0,0)
D = xy plane in R*.
D" =z-axis in R*
R’=D®D"
R’ is a CR-submanifold.

Remark: We observe from the above definition that the dimension of D is always even
and JD" being a sub bundle of T M , the normal bundle splits as,
T*M =JD* ®v

14



where v is the complement of JD* in T"M and it is easy to verify that v is invariant

underJ .

Proper CR-submanifold(1.2.7)[3]: A CR-submanifold M is said to be proper if
neither D nor D" = {0}. Obviously if D= {0} then M is totally real submanifold and if
D"= {0}, then M is a holomorphic submanifold.

Anti-holomorphic(1.2.8)[3]: A CR-submanifold is called anti-holomorphic submanifold
if
1 1
JD, =T M V peM.

CR-Product(1.3)[3]: A CR- submanifold M is called a CR-product if it is locally a
Riemannian product of a holomorphic submanifold M "and a totally real submanifold
ML

For a CR-product submanifold, the leaves of D and D" are totally geodesic in M and
vice-versa. We know that the leaves of a distribution D on a manifold M are totally

geodesic in M if and only if V,Y e D for all X,Y € D. Thus in the setting of CR-

submanifold of an almost Hermitian manifold, the leaves of D are totally geodesic in
M if and only if
v,YeD (1.3.1)

for all X,Y € D. Which is equivalent to the conditions
vV.WeD" (1.3.2)

for XeD and Z,W eD*. Similarly for the geodesicness of the leaves of D", the
conditions

V., WeD" (1.3.3)
and,

V,XeD (1.3.4)

for X e D and Z,W e D" are equivalent.

15



A CR-submanifold is a CR-product if and only if the leaves of D and D" are totally
geodesic in M . Hence combining (1.3.1) and (1.3.4), we conclude that a CR-

submanifold of an almost Hermitian manifold is a CR-product if and only if

V,XeD (13.5)

forall U e TM and X € D . Similarly, combining (1.3.3) and (1.3.4), it is concluded that
a CR-submanifold is a CR-product if and only if

V,ZeD" (1.3.6)

for all Z € D" .Condition (1.3.5) and (1.3.6) are equivalent because
gV, X,2)=0= g(X,V,Z)=0.
To prove (1.3.1) is equivalent to (1.3.2).
Let V,YeD VX, YeD
vV .WeD* V XeD&WeD".

Let Ze D"

g(V,Y,Z)=0.
We know that V, (g(Z, W)=V, ) Z W)+ gV, ZW)+g(Z,V W)
therefore, V. (g¥,2)-g¥Y,V,Z)-(V,2)(Y,Z)=0

0-g(Y,v,Z2)-0=0

g¥,v,Z)=0
ie., V.ZeD' VYXeD&ZeD"
s0, (1.3.1) and (1.3.2) are equivalent.
Now to prove (1.3.3) and (1.3.4) are equivalent take VW € D"
To prove V, X eD
V,WeD", let XeD.

gV, W,X)=0

V(W X)—gW,V, X)=(V,g)W,X)=0
O0-gW,v,X)-0=0

gw.,v,X)=0

16



therefore, V,XeD

hence proved.

Now to prove
gV, X,2)=0<g(X,V,Z2)=0 YUeTM,V,XeD,XeD,ZeD".
Let g(V,X,Z2)=0
Vy (g(X.2)~g(X,V,2)~ (Y, g)(Z.W) =0
0-g(X,vV,Z2)-0=0
g(X,V,Z2)=0.
Now let g(X,V,Z2)=0
Vi (8(X,2) =~ g(VyX,Z)~(V,g)(X.Z) =0
0-g(V,X,Z2)-0=0

g(V,X,Z)=0, hence proved.

Mixed foliate(1.3.1)[3]: A CR-submanifold M in a Kaehler manifold is said to be
mixed foliate if
(1) D is integrable.
(2) h(D,D")=0.
For any vector field U tangent to M , we put
JU = PU + FU (1.3.7)
where PU and FU are the tangential and normal components of JU respectively.
P:T(M)—> D,F:T*(M)— JD".
It is easy to observe that PU e D and FU e JD".
Similarly, for any vector £ normal to M , if we put
JE=tE+ & (1.3.8)
with & and f& as tangential and normal components of J& respectively.
Some observations:

(1) Forany U e TM,PU € D and FU e JD".

(2) Forany éeT*M,té e D" and féev.

17



Verification:

() For UeTM and Z e D".

as JZeT™M

SO,

Let Sev.

as JEev

S0,

(2)For éeT"Mand XeD.

SO,

Now e D", let Y eJD".

S0,

g(PU,Z)=g(JU,Z)
g(PU,Z)=-g(U,JZ)

2(PU,Z)=0
PUED.

g(FU,5)=g(JU,%)
g(FU,5)=-g(U,JS)

g(FU,5)=0

FU e JD*.

g, X)=g(Js, X)
g(té, X)=-g(&,JX)
g5, X)=0
téeD .

g\, f&)=g(,JS)
g, f&)=-g(JY,%)
g, f§)=0

féev

18



CHAPTER1II

CR-SUBMANIFOLDS OF A KAEHLER MANIFOLD

This chapter is devoted to the study of CR-submanifold of Kaehler manifold. All the
results of this chapter are due to B.Y. Chen [3].

(2.1) Some basic results:

Result I: Let M be a CR-submanifold of Kaehler manifold then
IV, Z+IhU,Z)=-A,U+D,JZ.

Forany UeTM and Z € D*.
Proof:
VuJZ =(Vu)Z+J(VuZ)
now using Gauss and Weingarten formulae, we get
-A,U+D,JZ=J(V,Z+hU,Z))

IV Z+JIhU,Z)=-A,,U+D,JZ (2.1.1)

Result II: #(X,Y)=h(Y,X) forall X,Y € D.
Proof: By Gauss formula, we obtain
WX, Y)-h(Y,X)= VxY -V, Y-V, X+V X
= ViY -VyX+V, X -V, Y
= ViV -VyX—(V,Y-V,X)
= [X,Y]-[X,Y]=0
WX, Y)-h(Y,X)=0
ie., hX.,Y)= h(Y,X)

hence prove the result.
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Lemma(2.1.1)[3]: Let M be a CR-submanifold of a Kaehler manifold M then

g(V,Z,X) = g(JA,,U.X) (2.1.2)
AW =A,,7 (2.1.3)
A, X =—A.JX (2.1.4)

forall X e D;Z,WeD";UeTM and & cv.

Proof: For equation (2.1.2), we have

JN,Z = —A,U+D,JZ-JhU,Z) from (2.1.1)
JV,Z = —JA,U+JD,JZ—-JhU,Z)

-V,Z = -JA,U+JD,JZ+hU,Z)

VoZ = JA,U-JD,JZ-hU,Z)

g(V,Z,X)= g(JA,U—-JD,JZ—-hU,Z),X)

=g(JA4,U,X)~g(JD,JZ,X)~g(h(U,2),X)

the last two terms in the right hand side vanish as the corresponding vector fields are
perpendicular. Thus we get

gVyZ,X)=g(J4,U,X)
for all X € D, this verifies equation (2.1.2).

Now for equation (2.1.3), we have
g4, W, U)=gh(U,W),JZ)
= _g(Jh(Ua W)a Z)

using Gauss formula, we get
=—g(J(VuW =V W), Z)
=—g(JVW,2)+g(IV W ,Z)
IVl == (VoW + V6 W =0+ Ve JW =VuJW)

=—g(VuJW,Z)+g(IV W, Z)
using Weingarten formula, we get
=-g(-4,U+D,JW,Z)+g(JV W ,Z)

=8(4,U,2)~g(DyJW,2) + g(JV W, Z)

20



the last two terms in the right hand side vanish as the corresponding vector fields are

perpendicular. Thus we get
g(AJZWa U)= g(AJWZ’ U)

for all U € TM . This verifies equation (2.1.3).

For equation (2.1.4), we have
g(4:JX,U)=g(h(JX,U),&) = g(h(U,JX),%)

= g(VuJX -V, JX,E)
= g(VuJX, &)
=g(Vu)X +JVuX,E)
since M is a Kaehler manifold and so (6uJ )X =0.
= g(JVuX,&)
=g(JV, X +Jh(U, X),&)
=g(Jh(U, X),$)
= -ghU,X),J%)
= —g(4,.X,U)
= AJX =-A4,.X

hence, the Lemma is proved completely.

Lemma(2.2.2)[3]: Let M be a CR- submanifold of a Kaehler manifold M . Then for any
Z,W e D, we have
D, JZ —D,JW € JD* (2.1.5)
Proof: For Z e D' and ¢ e v,by Weingarten formula, we have
ViJE=~4,.Z+D,JE
g(V2JE W)= g(~A,, Z+D,JEW)
=g(—A4,.Z,W)+g(D,JE,W)

= g(_AJ§Z’ W)

21



g(V2JEW) = g(~A,.ZW)
g(A,.Z,W)=~-g(V2JEW)
from (1.1.5) and (1.1.6), we get
=—g(JIV2E )
= g(V2&,JW)
= —g(EV W)
g(&.D,JW)=~g(4,.Z,W) (2.1.6)

thus using(2.1.6), we get
8(&, Dy JZ—-D,JW) =g(5, Dy JZ) - g(5, D, JW)

=84, W, 2)~g(4,.Z, W)
=84, W, 2) = g(MZ,W),J3)
=84, W,2)~g(h(W,Z2),J5)
=84, W,2)-g(4,W,2)
=0

Since this is true for all £ ev and Z,W € D, relation (2.1.5) holds.

Lemma(2.2.3)[3]: Let M be CR- submanifold of a Kaehler manifold M . Then D is

integrable iff
g(h(X,JY),JZ)=g(h(JX,Y),JZ)

for any vector field X,Y e Dand Z e D".
Proof: For any Kaehler manifold M, we have VJ=0.If M is a CR- submanifold in

M , then from (2.1.1)
INZ+IWU,Z)=-A4,,U+D,JZ
for any U € TM and Z € D", taking Riemannian product with JY (with Y € D) in both

sides of above equation and using equation (1.2.4), we get

g(JV,Z,JY)=g(-A,,U + D, JZ — JW(U,Z),JY)
=g(=4,,U,JY)+g(D,JZ,JY)—-g(JhU,Z),JY)
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=g(=4,U,JY)
=—g(4,U,JY)
=—g(WU,JY),JZ)
gV,2,Y)=—g(WU,JY),JZ)
-g(Z, vV, Y)=—g(hU,JY),JZ)
g(Z, vV, Y)=gWU,JY),JZ) (2.1.7)
put U = X'in (2.1.7), we get
g(Z,V ,Y)=g(h(X,JY),JZ) (2.1.8)
put U=Yand Y = X in (2.1.7), we get
g(Z, vV, X)=g(hY,JX),JZ) (2.1.9)
now subtracting (2.1.8) and (2.1.9), we get
gz, v, Y)-g(Z,V,X)=g(h(X,JY),JZ)-g(h(Y,JX),JZ)
g(Z,[X, YD) =gh(X,JY)-(h(Y,JX),JZ)
If g(k(X,JY),JZ)=g(h(Y,JX),JZ), then
g(Z,[X,Y])=0
= [X,Y]e D, hence D is integrable.
Conversely, let D is integrable, therefore [ X,Y] € D then
g(Z,[X,Y])=0
g(h(X,JY),JZ)=g(h(Y,JX),JZ),

hence proved the Lemma.

Lemma(2.2.4)[3]: For a CR- submanifold M in a Kachler manifoldﬁ, the leaf M " of
D* is totally geodesic in M iff
g(h(D,D"),JD)=0 (2.1.10)
Proof: Forany Z, W eD", X eD,
g(V W, JX)=g(V. W —h(Z,W),JX)

=g(VW,JX)-g(h(Z,W),JX)
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= g(V2,JX)
=—g(JVW,X)
=—g(VzJW +(V2))W,X)
=—g(V2JW,X)
=-g(-A4,,Z+D,JW,X)
=—8(-A4yZ,X)-g(D,JW,X)
=842, X)-g(D,JW,X)
=g(4yZ,X)
=g(WZ,X),JW)
gV W, JX)=g(WZ,X),JW)
or, g(V,W,JX)=g(h(D,D"),JD") (2.1.11)
Now if we take g(h(D,D"),JD")=0
from equation (2.1.11), we get
gV, W,JX)=0
= V,WeD*
= D" is totally geodesic.
Conversely, let D" is totally geodesic,
= V. W eD*
= gV, W, JX)=0

from equation (2.1.11), we get

gWX,2),JZ)=0
or, g(h(D,D"),JD")=0

which proves the Lemma.

Lemma(2.2.5)[3]: The leaves of the holomorphic distribution D on a CR-submanifold

M of aKaehler manifold M are totally geodesic in M iff
g(h(D,D),JD*) =0 (2.1.12)
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Proof: Forany X,Y e Dand Ze D".
g(V,Y,Z)=g(VxY -h(X,Y),Z)
=g(VxY,Z)-g(h(X,Y),Z)
= g(VxY,Z)
= g(JVrY,JZ)
=g(VxJY = (VxJ)Y,JZ)
= g(VxJY,JZ)
= g(V  JY +h(X,JY),JZ)
=g(V JY,JZ)+ g(h(X,JY),JZ)
= g(W(X,JY),JZ)
g(VyY,2)=g(h(X,Y),JZ) (2.1.13)
now if we take g(h(D,D),JD")=0, then

from equation (2.1.13), we get

gvV,Y,Z)=0
= vV,YeD
= D is totally geodesic.
Conversely, let D is totally geodesic.
= vV,YeD
= g(vV,Y,Z)=0

from equation (2.1.13), we get
g(h(X.Y),JZ)=0

or, g(h(D,D),JD")=0,

this proves the Lemma.

Lemma(2.2.6)[3]: If (2.1.10) holds and D is integrable then for any X € D and
EeJD.
A JX =-JA. X (2.1.14)

25



Proof: As D is integrable, by Lemma (2.2.3)
g(h(X,JY),JZ)=g(h(JX,Y),JZ)
for X,YeDand Z e D",
8(4, X, JY)=g(4,JX.Y)
—8(J4,X,Y)=g(4,JX,Y)
g(4,JX+J4,X,Y)=0
now g(AJDLD,DL) =0 by (2.1.10), the equation yields,
A, JX+JA,X=0
A, JX =-JA,X

or, AgJX = —JAgyX

for all X inD and &in JD™, this proves the Lemma.

(2.2) CR-Product in Kaehler manifold

Definition (2.2.1)[3]: A CR-submanifold M of a Kaehler manifold is called a CR-
product if it is locally the Riemannian product of a holomorphic submanifold M * and a

totally real submanifold M " of M .

Proposition(2.2.1)[3]:A CR- submanifold with integrable distribution, is a CR- product
iff
A4,,D=0
Proof: By Lemma (2 .2.4) and (2.2.5), we get
g(h(D,D"),JD")=0
and, g(h(D,D),JD")=0
g(4,,D.D")=0
and, g(4,.D,D)=0

A D=0

JD*
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Theorem (2.2.1)[3] : A CR- submanifold M of a Kaehler manifold M is aCR- product
iff VP =0.
Proof: As M is Kachler manifold,
VoV =JVeV
now we know that JV = PV + FV and by Gauss formula, we get
Vu(PV+FV)=J(V,V +hU,V))
VuPV +VuFV =JV,V +JhU,V)
now applying Gauss and Weingarten formulae, we get
VPV +hU,PV)-A.,U+D,FV =PV, V+FV,V+thU,V)+ fh(U,V)
now comparing tangential parts in both sides of the above equation, we get
VPV =PV, V+A4,U+th(U,V)
(V P+ PV, V=PV, V+A,U+th(U,V)
(V PV =A4,,U+th(U,V).
If P is parallel (i.e., VP =0) then from the above equation, we get
th(U,V)=—-A4,,U

for any vector U,V € TM . In particuler if X € D, then FX =0.

Putting V' =X .
th(U,X)=0
g(th(U,X),Z)=0, for ZeD"
g(JnU,X),Z)=0
g(h(U,X),JZ)=0
g(4,X,U)=0
= A,X=0

for any Z € D" and X € D .Thus by Lemma (2.2.3) and (2.2.5), D is integrable and the
leaves are totally geodesic in M . Similarly on using Lemma (2.2.4) leaves of D™ are
totally geodesic in M , thus M is a CR- product.
Conversely, if M is CR- product then

g(V,Y,Z)=0 and g(V,W,Y)=0
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forall X,YinDand Z,Win D".
V., YeD and V,Y € D
ie., V,YeD
forall UeT™ and Y € D,
Jh(U,Y)=J(VuY =V, V)
= JVyY =V, V
=VuJY =V, JV
=hU,JY)
from the tangential part, we get
(V,P)Y =th(U,Y)+ A4,,U
(V,P)Y =0.
Similarly as V,,Z € D*, forany Z € D" and U € TM , we may prove
(V,P)Z =0
so, if M is CR- product, then
V,P=0.

This proves the theorem completely.

CR-submanifold with VF =0.
On a CR-submanifold M in a Kaehler manifold M , there is a canonical normal bundle

value 1-form F on TM and a tangent bundle value 1-form 7 on 7=M . In this section, we

shall classify CR-submanifold with parallel F (on ¢).

Lemma(2.2.7)[3 ]: For any vector field U,V tangent to M and & normal to M ,We have

(Vyt)é = A U-PAU (2.2.1)
(Vu)é = —FAU-hU,t&) (2.2.2)
(V,FYW = fhU,V)-hU,PV) (2.2.3)

Proof: Using Gauss and Weingarten formulae, we get
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VuJE = Vu(té+ fE)
= Vuté+Vy fé
= V& +hU,t8)- A, U+ D, fE (2.2.4)
In above equation we have also made use of equation (1.3.8). Again using equation
(1.3.7), the left hand side of above equation simplifies to
VuJE = JVué
= J(-4.U +D,¢)

~JAU +JD,&
=—PAU ~ FAU +tD & + D& (2.2.5)

equation (2.2.4) and (2.2.5), we get
~PAU ~ FAU +tDy&+ fDy& =V t&+h(U 1)~ AU + D, f&

comparing the tangential and normal components of both sides in the above equation, we

get
Vté—tDyé = A,U~PAU (2.2.6)
Dy fE~fDyé = —FAU —h(U,1&) (2.2.7)
ic., (V)¢ = A U—PAU
(Vof)E = —FAU-h(U,t&).

This proves the equation (2.2.1) and (2.2.2).
Now for any U,V tangent to M .Gauss and Weingarten equation yield,

VoJV = Vu(PV+FV)
VuJV = VyPV+VyFV
VoV = VPV +hU,PV)—A,,U+D,FV (2.2.8)
the left hand side on using (1.3.7),(1.3.8) and the fact that M is Kaehler. We get
VoV =JVuV
=J(V, V+hU,V))
=JV, V +Jh(U,V)
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VoJV =PV V+FV,V +th(U,V)+ fh(U,V) (2.2.9)
from (2.2.8) and (2.2.9), we get
PV, V+FV,V+thU,V)+ fh(U,V)=V PV +h(U,PV)-A4,,U+D,FV
thus, on comparing the normal parts, we get
D, FV—-FV_ V= fn(U,V)-hU,PV)
ie., (VYW = fnU,V)=h(U,PV).
This proves the equation (2.2.3).

Hence proves the Lemma.

Proposition(2.2.2)[3]: Let M be a CR-submanifold of a Kaehler manifold M . Then
VF=0iff Vi =0.
Proof: First take V¢ =0, we have to show VF =0.

From Lemma (2.2.7), we see that if V=0 for any U,V tangent to M and £ normal to
M , then
A, U-PAU = 0
g(4,U,V) = g(PAU,V)
gh(U.V), 1) = —g(4.U,PV)
ghU, V), 1) = —g(h(U,PV),S)
—&(MU,V),5) = —g(h(U,PV),3)
fU,V) = hU,PV)
MU V)-hU,PV) = 0
therefore by (2.2.3), we get
(VyF) =0
1e., VF = 0
Conversely, let VF =0, we have to show Vi=0.
From Lemma (2.2.7), we see that if VF =0 for any U,V tangent to M and & normal

toM , then
WU, PV)= fh(U,V)
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ghU,PV),5)=g(fhU.V),S)
g(4U,PV)=—-g(4,UJV)

-g(PAUV)=-g(4,U,V)
g(PAUV)=g(4,U,V)
ie., PAU=4,U
A4, U- PA.U=0
therefore by equation (2.2.1), we get
(Vy)e =0

ie., Vi=0.

This proves the proposition.
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CHAPTER III

CR-SUBMANIFOLD OF ALMOST HERMITIAN MANIFOLDS

(3.1) Integrability conditions of distribution on a CR- submanifold of Hermitian
manifold.

Let M be almost Hermitian manifold and M be a CR- submanifold of A . Then for
U,V eTM .

(VoW =VuJV —JIVuV (3.1.1)
making use of equation (1.2.1),(1.2.2),(1.3.7) and (1.3.8) the above equation can be
simplified as

(VoJW = VuJV—-JVuV

= Vu(PV+FV)=J(V,V +hU,V)

= VuPV+VuFV —JV, V —JhU,V)

= V,PV+hU,PV)-A4,U+D,FV—-PV,V

—FV,V —-th(U,V)- fh(U,V)
now comparing tangent and normal part of (VuJW and denoting by P(U,V) and
O(U,V) respectively.
PU,V) = V,PV—-A4,,U-PV,V—-th(U,V)

= V,PV-PV,V—-A4.,U—-th(U,V)

= (V, PV —-A4,U—-th(U,V)

PU,V) = (V PV —-A4.,U—-thU,V) (3.1.2)
owu,V) = hU,PV)+D,FV—-FV_,V—faU,V)

= (V,FYW+hU,PV)- fn(U,V)

owu,Vy = (VyEYV+hU,PV)- fa(U,V) (3.1.3)
now take £ € T*M and U e TM then

(Vo)E = VuJE—JIViué
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= Vu(té+ fE)~J(-AU + Dy&)
= Vuté+Vy fE+JAU - JD, &
= Vut&+h(té&,U)-A,U+D, fE+PAU
+FA.U -tD,& - fD,&
now comparing tangent and normal part of (§UJ )¢ and denoting by P(U,&) and

0O, &) respectively.
P(U,&) = Vyté— AU +PAU —Dy&

= (Vyt)é— AU +PAU
PU,&) = (Vyn)é— AU +PAU (3.1.4)
OW.&) = h(t&,U)+ Dy f&+FAU — /D&
= (Vo )E+h(E,U)+FAU

oWU,é&) = (Vy HS+h(t&,U)+FAU (3.1.5)

The following properties of P and QO are used in our subsequent discussion.

(P) PU+V.W) = P(UW)+PV,W)

QU +V, W) = QU,W)+0(V, W)
(P) P(U,V+W) = P(U,V)+PU,W)
OWU,V+W) = QU,V)+QWU,W)
(P) g®PU V)W) =—-g(V,PUW))
(P,) gOWU, V)8 = -g,0U,%)
(P) PWU,JV)+OWU,JV) = =J(PWU,V)+QU.,V))
for all U,Vand Win TM and & in T*M . We may now use Pand Q to obtain the

following integrability conditions of the distribution D and D™ .

Proposition(3.1.1)[5]: Let M be a CR- submanifold of an almost Hermitian manifold

M . Then the holomorphic distribution D is integrable if and only if.
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O(X,Y)-O(Y,X)=h(X,JY)-h(JX,Y) foreach X,Y e D (3.1.6)
Proof: For& e T*M , we have
g(VxJY =VyJX,E) = g(V .Y + h(X,JY) =V ,JX — h(JX,Y),E)
= g(h(X,JY)—h(JX,Y),&)
or, (VY +IVyY —=(Vy )X =V X,E) = g(h(X,JY)—h(JX,Y),&)
now as we know that (VxJ)Y = P(X,Y)+Q(X,Y)
g(P(X,Y)+O(X,Y)+JVxY-P(Y,X)-0(Y,X)-JVyX,&)
= g(h(X,JY)—h(JX,Y),&)
g(O(X,Y)+ VY =0, X)=JVyX,E) = g(h(X,JY) = h(JX,Y),E)
OX,Y) =0V, X)+ VY —JVyX,E) = g(W(X,JY)—h(JX,Y),E)
g(O(X,Y)=0(Y, X)+J(VxY =VyX),E) = g(h(X,JY) - h(JX,Y),&)
using (1.3.7), we get
(OX,Y)=Q(Y, X))+ P(VxY =VyX)+ F(VxY =VyX),&)
= g(h(X,JY)—h(JX,Y),&)
2(O(X,Y)=0(Y, X)+ F(VxY =VyX),E) = g(h(X,JY) - h(JX,Y),&)
we know that [X,Y]=VxY -V, X
g(OX,Y)-0,X)+ F[X,Y],5)=g(h(X,JY)-h(JX,Y),?)
g(F[X,Y],8) =g(h(X,JY)-h(JX,Y),5) - g(Q(X,Y)- O, X),S)
g(F[X,Y],&)=g(h(X,JY)-h(JX,Y)-O(X,Y)+Q(Y,X),S) (3.1.7)
if we take D is integrable, then we know for all X,Y € D,[X,Y]eD.
= F[X,Y]=0.
Therefore, if D is integrable, then g(F[.X,Y],£) =0, from equation (3.1.7)
g(h(X,JY)=h(JX,Y) - O(X,Y)+ O, X),&) =0
h(X,JY)=h(JX,Y)-O(X,Y)+O(Y,X)=0
therefore O(X,Y)-0(Y, X)=h(X,JY)-h(JX,Y),

on the other way when we take

O(X,Y)-O(Y, X) = h(X,JY)—h(JX,Y)
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oX.,Y)-0Y,X)-h(X,JY)+h(JX,Y)=0
therefore, from equation (3.1.7), we get
g(F[X,Y],8)=0
thus, F[X,Y]=0
SO, [X,Y]eD.

Hence D is integrable, this proves the proposition.

Proposition (3.1.2)[5]: Let M be a CR- submanifold of an almost Hermitian manifold
M . Then the totally real distribution D" is integrable if and only if.
PZW)-PW,Z)=A,W—-A4,,Z (3.1.8)
forall Z,W e D*.
Proof: For any U € TM , we may write
g(J[ZWU)=g(JV W -JIVwZ,U)
now using equation (3.1.1), right hand side will be
=g(V2JW = (N 2JW =V JZ +(VwJ)Z,U)
now by (3.1) we get,
=g(V2JW =NwJZ+PW,Z)+OW,Z)- P(Z,W)—O(Z,W),U)

g(J[ZWU) = g(V2JW =NwJZ + PW,Z) - P(Z,W),U) (3.1.9)
first take D" is integrable.
Therefore, for all ZW e D" ,[Z,W]e D" and J[Z,W]eT M .
Now for U e TM .

gUIZ,W],U)=0
from equation (3.1.9), we get
g(V2IW ~VwJZ +PW,Z)~P(Z,W),U)=0
now, using Weingarten formula, above equation will be come
g(-4,,Z+D,JW + A, W —-D,JZ+PW,Z)-P(Z,W),U)=0

ie., g(-A4,,Z+A,,W+PW,Z)-P(Z,W),U)=0

as D™ is integrable.
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PZW)-PW,Z)=A,W—-A4,,Z
this proves the one way.
Now conversely take P(Z,W)—P(W,Z)= A,W — A,,Z , we have to prove D" is
integrable.
Take P(Z,W)—-PW,Z)=A,,W — A,,Z and using equation (3.1.9), we get
gUIZ,w]U)=0
thus J[Z,W]eT"M asUeTM .
s0, [Z,W]eD".

Therefore D" is integrable, this completes the proof.

Proposition (3.1.3)[5]: Let the holomorphic distribution D on a CR- sub-manifold of an
almost Hermitian manifold M be integrable. Then its leaves are totally geodesic in M if
any of the following equivalent conditions hold.
(i) P(X,Y)+th(X,Y)eD
(i) P(X,Z)+A,XeD"
(@) O(X,Y)-h(X,JY)ev
forall X,YeD and ZeD".
Proof:
P(X.,Y)+th(X,Y)eD
by using equation (3.1.2), we get
g(P(X.Y),Z)=g(VyP)Y = Ay X —th(X,Y),Z)
=—g(th(X,Y),Z2)
g(P(X,Y)+th(X,Y),Z)=0
therefore P(X,Y)+th(X,Y)eD as ZeD".
Now we have to prove (i) is equivalent to (if)
g(P(X,Y)+th(X,Y),Z)=0
g(P(X,Y),Z)+g(th(X,Y),Z)=0

on using property (F,), so we have
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-g(Y,P(X,2))+g(Jh(X,Y),Z)=0
gY,P(X,2)+g(h(X,Y),JZ)=0
g(P(X,2),Y)+g(4,X,Y)=0
g(P(X,2)+A4,X,Y)=0
forall X,YeD and Z € D*. Thus
P(X,Z)+A,X eD".
This prove the equivalence of (i) and (if) .
again from part (i)
g(P(X,Y)+th(X,Y),Z)=0
forall X,Y e Dand Z € D*, now as
O(X,Y)eT*M and g(th(X,Y),Z)=g(JW(X,Y),Z),
the equation g(P(X,Y)+th(X,Y),Z)=0 is equivalent to
g(P(X, )+ 0(X,Y)+Jn(X,Y),Z)=0
ie., g(J(P(X,Y)+0(X,Y)-h(X,Y),JZ)=0
now using the fact that P(X,Y) e TM and using property (£;) , the above equation gives
-g(P(X,JY)+0(X,JY),JZ)-g(h(X,Y),JZ)=0
g(-0(X,JY)-h(X,Y),JZ)=0
replacing Y by JY , we obtain
g(O(X,Y)-h(X,JY),JZ)=0
or, OX,Y)-h(X,JY)ev.

This show, that (i) and (iii) are equivalent and the proof of the proposition is complete.

Proposition (3.1.4)[5]: If the totally real distribution D* on a CR- submanifold M of an

almost Hermitian manifold M is integrable, then its leaves are totally geodesic in M if

and only if any of the following equivalent conditions hold.
(i) PW,Z)+A,W eD"
(i) P(Z,X)+th(X,Z)e D
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@iy oW, X)—h(W,JX)ev
forall XeDand Z,W e D*.
Proof: As th(Z,W)e D" and the leaves of D" are totally geodesic in M if and only if
(V,PW e D"
PW,Z)+A,W e D"
g(PW,Z)+ A, ,W,X)=0
forall XeDand Z,W € D*.
gPW,Z),X)+g(4,W,X)=0
-g(Z,PW,X)+gh(X,W),JZ)=0
-g(Z,PW,X))—g(th(X,W),Z)=0
g(PW,X)+th(X,W),Z)=0,

therefore, P(W,X)+th(X,W)e D
this proves the equivalence of (i) and (i7) .Similarly using property (7,) and (P,), the

equivalence of (iii) and (i) can be established.

From above two propositions we have following Theorem.

Theorem(3.1.1)[5]: For a CR-submanifold of an almost Hermitian manifold M, the
following are equivalent.

(i) M is a CR-product.

(@) PU,X)+th(U,X)eD

(iii)y P(U,Z)+ A,U e D"

@) oU,X)-hlU,JX)ev

forall XeD,ZeD" and U e TM .

Proof: Recalling, that a CR- submanifold M is a CR-product with leaves of both the

distribution D and D" totally geodesic in M , we may established this theorem by making
use of the proposition (3.1.3) and (3.1.4) and Properties of Pand Q.
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