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PREFACE 
 

 

To study the geometry of a manifold, it is more convenient to first embed into a known 

manifold and then study its geometry. This approach gave impetus to study of 

submanifold which later developed into an independent and fascinating topic of study. 

The submanifold of an almost Hermitian manifold presents an interesting geometric 

study as its almost complex structure transform a vector into a vector perpendicular to it. 

Thus in turn, gives rise to two types of submanifold, namely invariant and anti-invariant 

submanifolds [1]. These are also known as holomorphic and totally real submanifold. 

These submanifolds were extensively studied by many differential geometrs. A Bejancu 

[1] in 1978 introduced the notion of CR-submanifolds of a Kaehler manifold which 

generalize the holomorphic and totally real submanifolds, after that B.Y. Chen [3] studied 

CR- submanifold of Kaehler manifold. 

                      Chapter I is introductory and serves. The purpose of developing the basic 

concepts keeping in view the pre-requisities of the subsequent chapters. 

                      Chapter II is the first technical chapter. Which deals with the CR- 

submanifold of a Kaehler manifold. It contains the results obtained by B.Y. Chen in his 

paper “CR-submanifold of a Kaehler manifold I” [3]. In this paper B.Y. Chen studied 

integrability conditions of the canonical distributions as well as the conditions for, their 

leaves to be totally geodesic.  

                      Chapter III deals CR-submanifold of nearly Kaehler manifold which is the 

generalization of CR-submanifold, in more generalized setting namely nearly Kaehler, 

the results in this chapter are due to K.A. Khan et. al. [5].  
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CHAPTER I 

INTRODUCTION 
 
                                                          
The purpose of this chapter is to introduce basic concepts, preliminary notions and some 

fundamental results which we require for in development of the subject in the present 

dissertation thus we have given a brief resume of some of the results in the geometry of 

almost Hermitian manifolds and the allied structures and the geometry of submanifolds of 

their manifolds. Much though all the results are readily available in review articles and 

same in standard books e.g., Nomizu and Kobyashi [4], B.Y.  Chen [2]. In this chapter 

we have also fix up our notations and terminology.  

 

Topological Manifold(1.1.1): A topological manifold M  of n-dimension is a Hausdorff 

topological space which is locally Euclidean i.e., ∃∈∀    Mx   a neighborhood 

U Mx∈∀  , and a homeomorphism φ  of U  onto an open set in nR . The dimension nR is 

called the dimension of manifold.  

Chart(1.1.2): Let M  be a set . A chart on M is a pair ),( Uφ consisting of a subset U  of 

  M  and a 1-1 map φ of  U  onto an open set in nR . 

Two charts ),( 11 Uφ  and ),( 22 Uφ  are said to be rC - related, if either φ=∩ 21 UU  or 
1

21
−οφφ and 1

12
−οφφ  are rC functions. 

Atlas(1.1.3): The collection of all charts is called atlas. 

Differentiable Manifold(1.1.4): Let ),( iiU φ and ),( jjU φ be two charts on M  such that 

.φ≠∩ ji UU  Any point ji UUp ∩∈ shall have two local coordinate system, 

)..,.........()(),..,.........()( 11 n
j

n
i yypxxp == φφ   say the two coordinate system are related as 

follows. We require that the mapping )()(:1
jijjiiij UUUU ∩→∩− φφοφφ be 

differentiable of class kC . Then we say that the atlas on M  is a differentiable of class           
kC . If FyU iii ∈),( φα  is a maximal family of charts. M  equipped with a maximal 

differentiable structure of class kC is then called differentiable manifold of class kC  of  
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1−
ijοφφ is ∞C function then M  is called smooth manifold. 

}1|),{()( 2221 =+∈= yxRyxSi      is a one – dimensional differentiable manifold. 
2)( Sii      (2 dimension sphere) is  a differentiable manifold. 
 )( nSiii   is n - dimension differentiable manifold. 

nRRRiv ........,)( 2   are differentiable manifold. 

 

Tangent vector(1.1.5): A tangent vector mX  at  Mm∈  is a real valued function on 

)(mC∞   

i.e.,                                     IRmCX m →∞ )(:   such that 

(a) IRbagbXfaXbgafX mmm ∈+=+ ,       )( . 

(b) fXmggXmffgX mmm )()()( +=  

where )(, mCgf ∞∈ and IRba ∈, . 

 

Tangent space(1.1.6): A tangent space MTm  to M at a point Mm∈  is the set of all 

tangent vectors of Mm∈ . 

 

Vector field(1.1.7): Vector field X on a manifold M is a smooth mapping which to each 

Mm∈ assigns a tangent vector )(MTX mm ∈ . Locally we can express i
i

x
X

∂
∂

= ξ  where 

iξ are differentiable functions, moreover, for         )().( MCXfMCf ∞∞ ∈∈ i.e. 

MmfXmXf m ∈=             )( . 

Alternatively, we can define a vector field X on M ; a derivation of the algebra )(mC∞  

i.e., 

)()(: MCMCX ∞∞ →  such that 

(a) bXgaXfbgafX +=+ )(  

(b) )()()( XfgXgffgX +=  

for all )(, MCgf ∞∈  and IRba ∈, . 
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Set of all vector fields is denoted by )(' MD . 

 

Sub-Manifold(1.1.8): If M  and N  satisfy the following two conditions, then N  is 

called a submanifold of M . 

1. N  is a subset of M . 

2.  The identity map MNi →:  is an imbedding of N  into M . 

For example }1|),{( 221 =+= yxyxS  is the one-dimensional submanifold of 2R . 

 

Riemannian Manifold(1.1.9): If on a ∞C manifold M , there exist a metric g  on 

MT satisfying the following conditions  

)(a   g  is (0,2) tensor. i.e., g is bilinear on MT . 

.,),(),()( MTYXXYgYXgb ∈∀=                

00),()( =⇒∈∀= YMTXYXgc                               

0,0),()( ≠≥ XXXgd       

then g  is called Riememannian metric and ),( gM  is called Riemannian manifold. 

 

Structures on manifold 

 
Almost complex structure(1.1.10): An almost complex structure on a real differentiable 

manifold M is a tensor field J which is at every point ,MP∈ an endomorphism of the 

tangent space )(MTP , such that IJ −=2  where I  denotes the identity transformation. 

A manifold with a fixed almost complex structure is called an almost  complex manifold.  
          On an almost complex manifold there always exist a Riemannian metric g  

consistent with the almost complex structure J i.e; satisfying   

)(,),(),( MTVUVUgJVJUg ∈∀=         

and here g  is called Hermitian metric and an almost complex manifold with a Hermitian 

metric is called an almost Hermitian manifold. 
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Now we have an example of almost Hermitian manifold, an almost complex structure  on 
2R  is defined as  

22: RRJ →  

),(),( xyyxJ −=  

)1,0()0,1( =J  

)0,1()1,0( −=J  

I−=







−

−
=







 −







 −
=







 −
10
01

00
10

01
10

01
10 2

       

       

       

    

        

    

        

    
 

Hence 2R  is an almost complex manifold and J  is almost complex structure. 

Similarly, we can find it’s examples in 64 , RR …….. 

In general we have example of almost complex structure on nR2  i.e., 








 −
=

nn

nn

I
I

J
0

0
      

   
 

so that ( nR2 , J ) is an almost complex manifold and obviously the Riemannian metric on 
nR2  is Hermitian and hence ( nR2 , J , g ) is almost Hermitian manifold. 

      

 

Nijenhuis Tensor(1.1.11):  

      The Nijenhuis tensor S  of J  is defined as  

                                ],[],[],[],[),( JVJUJVUJVJUJVUVUS −++=                     (1.1.1) 

it is easy to verify that S  satisfies. 

                                            ),(),(),( VUJSJVUSVJUS −==                                   (1.1.2) 

Proof: 

            ],[],[],[],[),( 22 JVUJJVJUJVUJJVJUVJUS −++=  

                          ],[],[],[],[ JVUJVJUJVUJVJU ++−=                                         (1.1.3) 

          ],[],[],[],[),( 22 VJJUVJUJJVJUJJVUJVUS −++=  

                          ],[],[],[],[ VJUVUJJVJUJJVU +−+=                                          (1.1.4) 

    from (1.1.3) and (1.1.4), we get 

                                        ),(),( JVUSVJUS =  
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    now we have to prove that  ),(),(),( VJUSJVUSVUJS ==−  

                     ]},[],[],[],{[),( JVJUJVUJVJUJVUJVUJS −++−=−  

                                       
}

{
JUJV

UJJVJJUJVJUVJ

JVJU

JVUVJUVU

∇+∇−
∇−∇+∇−∇+∇−∇−=

              
 

                                       ],[],[],[],[ VJUVUJJVJUJJVU +−+=  

                                       ),(),( VJUSJVUS ==  

       It is well known that vanishing of  ),( VUS  is necessary and sufficient condition for 

an almost complex manifold to be a complex manifold. 

      Now, if we extend the Riemannian connexion to be a derivative on the tensor algebra 

of M , ∇  of M ,then we have the formulae.  

                                               VJJVVJ UUU ∇−∇=∇ )(                                          (1.1.5) 

 

Kaehler metric(1.1.12): A Hermitian metric on an almost complex manifold is called a 

Kaehler metric if the fundamental 2-form is closed i.e., 0)( =∇ VJU . A complex 

manifold equipped with a Kaehler metric is said to be a Kaehler manifold. In other 

words, an almost complex manifold M  is Kaehler manifold if 

                                        0)( =∇ VJU ,          MTVU ∈∀ ,   .                                    (1.1.6) 

In this case the connextion ∇  on M  is said to be Kaehlerian connextion. 

 

Nearly Kaehler(1.1.13): A Hermitian manifold M  is said to be nearly Kaehler if                          

                                  MTVUUJVJ VU ∈∀=∇+∇ ,,0)()(                                                 (1.1.7) 

 

Submanifold theory(1.2) 

 

 Let M  be the submanifold of manifold M , then the tangent vectors of MT which are 

normal toTM form the normal bundle MT ⊥ of M . Hence the tangent space MT of  

M  admits the following decomposition 

MTTMMT ⊥⊕=  
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For example:  In 2-dimensional manifold 2R .                                 

                                            

                                                      MT ⊥          

 

 

  

                     

 

 

 

 

 

 

                                                       (Figure 1.1) 

 

here TM = X -axis = }|)0,{( Rxx ∈ and MT ⊥ =Y -axis = }|),0{( Ryy ∈ . 

Now if we take any element )1,1(  then we can write it as  

1),(0(1,0)(1,1) +=  

 where )0,1(  in TM and )1,0(  in MT ⊥  

 i.e;                              MTTM ⊥⊕∈+= )1,0()0,1()1,1( .  

The Riemannian connexion ∇  of M  induces canonically the connexion ∇  and D  on 

TM and on the normal bundle MT ⊥ respectively governed by the Gaues and Weingarten 

formulae v.i.z. 

Guass formula: 

                                                      ),( VUhVV UU +∇=∇                                            (1.2.1) 

Weingarten formula: 

                                                     ξξ ξ UU DUA +−=∇                                              (1.2.2) 

where  VU ,   are  tangent  vector  field  on  M  and  MT ⊥∈ξ , h   and ξA  are  second 

 
 
 
(0,1) 

(1,0) TM  
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fundamental forms, 

TMTMMTA →×⊥:ξ  

                                                   ),()),,(( VUAgVUhg ξξ =                                        (1.2.3) 

 

Totally geodesic submanifold(1.2.1)[2]: A  submanifold  for  which  the  second 

fundamental form h  is identically zero is called a totally geodesic submanifold. 

 

Totally umbilical(1.2.2)[2]: A submanifold is called totally umbilical if its second 

fundamental form h  satiafies   

HvugVUh ),(),( =  

Where H is called the mean curvature vector and defined as  

  ),(1
, j

n

ji i eeh
n

H ∑=  

 

 

CR-submanifolds(1.2.3)[2]: On an almost Hermition manifold  M , 

                                                      ),(),( VUgJVJUg =                                             (1.2.4) 

for all vector fields VU ,  on M . In other words, 

0),( =UJUg  

i.e., UJU ⊥  for each vector field U on M . Hence for a submanifold M of M  if 

JUMTU P ,∈  may or may not belong to MTP . Thus the action of the almost complex 

structure J  on the tangent vectors of the submanifold of the almost Hermitian manifold 

gives rise to its classification into invariant and anti-invariant submanifold. These sub- 

manifolds are defined as follows. 

 

Invariant submanifold(1.2.4)[2]: A submanifold M of an almost Hermitian manifold 

M  is said to be invariant ( or holomorphic) if  

MTMTJ PP =)(  

for all MP∈ . 
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Anti-Invariant (Totally real)(1.2.5)[2]: A submanifold M  of an almost Hermitian 

manifold M is said to be anti-invariant if  

.        )( MpMTMTJ pp ∈∀⊆ ⊥  

A new class of submanifold of an almost Hermitian manifolds of which the above classes 

namely invariant and anti-invariant (totally real) submanifolds are particular cases. This 

class of manifolds named as CR-submanifold. 

Thus CR-submanifold provides a single setting to study the invariant and anti-invariant 

submanifolds of an almost Hermitian manifold. 

 

CR-submanifold(1.2.6)[3]: A Riemannian submanifold is said to be a CR-submanifold 

of an almost Hermitian manifold M if there exists on M  a ∞C - holomorphic distribution 

D  such that its orthogonal complementary distribution ⊥D  is totally real i.e., 

MTJD p
⊥⊥ ⊆  for all .Mp∈  

(Clearly every real hypersurface M of an almost Hermitian manifold is a CR-

submanifold if dim( M )>1. 

Now we have an example of CR-submanifold. 
44: RRJ →  

),,,(),,,( ztxytzyxJ −−=  

)0,0,,()0,0,,( xyyxJ −=  

xyD =  plane in 4R . 

zD =⊥ -axis in 4R  
⊥⊕= DDR3  

3R  is a CR-submanifold. 

 

Remark: We observe from the above definition that the dimension of D  is always even 

and ⊥JD  being a sub bundle of MT ⊥ , the normal bundle splits as,               

υ⊕= ⊥⊥ JDMT  
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where υ  is the complement of ⊥JD  in MT ⊥  and it is easy to verify that υ  is invariant 

under J . 

 

Proper CR-submanifold(1.2.7)[3]: A CR-submanifold M  is said to be proper if 

neither D  nor ⊥D  = {0}. Obviously if D = {0} then M  is totally real submanifold  and if 
⊥D = {0},  then M  is a holomorphic submanifold. 

 

Anti-holomorphic(1.2.8)[3]: A CR-submanifold is called anti-holomorphic submanifold 

if  

.            MpMTJD pp ∈∀= ⊥⊥  

 

CR-Product(1.3)[3]: A CR- submanifold M  is called a CR-product if it is locally a 

Riemannian product of a holomorphic submanifold TM and a totally real submanifold 
⊥M . 

For a CR-product submanifold, the leaves of D  and ⊥D  are totally geodesic in M and 

vice-versa. We know that the leaves of a distribution D  on a manifold M  are totally 

geodesic in M  if and only if DYX ∈∇  for all ., DYX ∈  Thus in the setting of CR-

submanifold of an almost Hermitian manifold, the leaves of D  are totally geodesic in 

M if and only if  

                                                                 DYX ∈∇                                                     (1.3.1)                         

for all ., DYX ∈  Which is equivalent to the conditions 

                                                                 ⊥∈∇ DWX                                                      (1.3.2) 

for DX ∈  and ⊥∈DWZ , . Similarly for the geodesicness of the leaves of ⊥D , the 

conditions 

                                                                ⊥∈∇ DWZ                                                    (1.3.3) 

and,  

                                                                DXZ ∈∇                                                     (1.3.4) 

for DX ∈  and ⊥∈DWZ , are equivalent. 
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A CR-submanifold is a CR-product if and only if the leaves of D  and ⊥D  are totally 

geodesic in M . Hence combining (1.3.1) and (1.3.4), we conclude that a CR-

submanifold of an almost Hermitian manifold is a CR-product if and only if  

                                                              DXU ∈∇                                                      (1.3.5)                    

for all TMU ∈  and DX ∈ . Similarly, combining (1.3.3) and (1.3.4), it is concluded that 

a CR-submanifold is a CR-product if and only if  

                                                            ⊥∈∇ DZU                                                        (1.3.6) 

for all ⊥∈DZ .Condition (1.3.5) and (1.3.6) are equivalent because 

                          .0),(0),( =∇⇔=∇ ZXgZXg UU  

To prove (1.3.1) is equivalent to (1.3.2). 

Let DYX ∈∇       DYX ∈∀ ,  
⊥∈∇ DWX          ⊥∈∈∀ DWDX &  . 

Let ⊥∈DZ  

0),( =∇ ZYg X . 

We know that ),(),(),)(()),(( WZgWZgWZgWZg XXXX ∇+∇+∇=∇  

therefore,              0),)((),()),(( =∇−∇−∇ ZYgZYgZYg XXX  

00),(0 =−∇− ZYg X  

0),( =∇ ZYg X  

i.e.,                                       ⊥∈∇ DZX    ⊥∈∈∀ DZDX &  

so, (1.3.1) and (1.3.2) are equivalent. 

Now to prove (1.3.3) and (1.3.4) are equivalent take ⊥∈∇ DWZ . 

To prove DXZ ∈∇  
⊥∈∇ DWZ , let DX ∈ . 

0),( Z =∇ XWg  

0),)((),()),(( =∇−∇−∇ XWgXWgXWg XZZ  

00),(0 =−∇− XWg Z  

0),( =∇ XWg Z  
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therefore,                                               DXZ ∈∇  

hence proved. 

Now to prove 

     ⊥∈∈∈∇∈∀=∇⇔=∇ DZDXDXTMUZXgZXg UUU ,,,0),(0),(      . 

Let 0),( =∇ ZXg U  

0),)((),()),(( =∇−∇−∇ WZgZXgZXg UUU  

00),(0 =−∇− ZXg U  

0),( =∇ ZXg U . 

Now let 0),( =∇ ZXg U  

0),)((),()),(( =∇−∇−∇ ZXgZXgZXg UUU  

00),(0 =−∇− ZXg U  

0),( =∇ ZXg U , hence proved. 

 

Mixed foliate(1.3.1)[3]: A CR-submanifold M  in a Kaehler manifold is said to be 

mixed foliate if 

(1) D  is integrable.  

(2)  0),( =⊥DDh . 

For any vector field U  tangent to M , we put 

                                                        FUPUJU +=                                                  (1.3.7) 

where PU  and FU  are the tangential and normal components of JU respectively. 

.)(: ,)(: ⊥⊥ →→ JDMTFDMTP  

It is easy to observe that DPU ∈  and ⊥∈ JDFU . 

Similarly, for any vector ξ  normal to M , if we put 

                                                       ξξξ ftJ +=                                                         (1.3.8) 

with ξt  and ξf  as tangential and normal components of ξJ  respectively. 

Some observations: 

(1) For any DPUTMU ∈∈ ,  and ⊥∈ JDFU . 

(2) For any ⊥⊥ ∈∈ DtMT ξξ ,  and υξ ∈f . 
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Verification: 

(1) For TMU ∈ and ⊥∈DZ . 

),(),( ZJUgZPUg =  

),(),( JZUgZPUg −=  

as MTJZ ⊥∈  

0 ),( =ZPUg  

so,                                                            DPU ∈ . 

Let υξ ∈ . 

),(),( ξξ JUgFUg =  

),(),( ξξ JUgFUg −=  

as υξ ∈J  

0),( = ξFUg  

so,                                                          ⊥∈ JDFU . 

(2) For MT ⊥∈ξ and DX ∈ . 

),(),( XJgXtg ξξ =  

),(),( JXgXtg ξξ −=  

0),( =Xtg ξ  

so,                                                            ⊥∈Dtξ . 

Now ⊥∈Dξ , let ⊥∈ JDY . 

),(),( ξξ JYgfYg =  

),(),( ξξ JYgfYg −=  

0),( =ξfYg  

so,                                                           υξ ∈f  
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CHAPTER II 

 

CR-SUBMANIFOLDS OF A KAEHLER MANIFOLD 
 

This chapter is devoted to the study of CR-submanifold of Kaehler manifold. All the 

results of this chapter are due to B.Y. Chen [3]. 

 

(2.1) Some basic results: 
 

Result I: Let M be a CR-submanifold of Kaehler manifold then  

.),( JZDUAZUJhZJ UJZU +−=+∇  

For any TMU ∈ and ⊥∈DZ . 

Proof: 

)()( ZJZJJZ UUU ∇+∇=∇  

now using Gauss and Weingarten formulae, we get 

)),(( ZUhZJJZDUA UUJZ +∇=+−  

                                            JZDUAZUJhZJ UJZU +−=+∇ ),(                                 (2.1.1)  

 

Result II: ),(),( XYhYXh =  for all ., DYX ∈    

Proof: By Gauss formula, we obtain 

XXYYXYhYXh YYXX ∇+∇−∇−∇=−      ),(),(  

                             YXXY XYYX ∇−∇+∇−∇=    

                                )( XYXY YXYX ∇−∇−∇−∇=     

                  0],[],[ =−= YXYX     

0),(),(      =− XYhYXh  

i.e.,                                                ),(),( XYhYXh      =  

hence prove the result. 
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Lemma(2.1.1)[3]: Let M be a CR-submanifold of a Kaehler manifold M then 

                                                   ),(),( XUJAgXZg JZU =∇                                         (2.1.2)      

                                                            ZAWA JWJZ =                                                   (2.1.3) 

                                                            JXAXAJ ξξ −=                                                (2.1.4) 

for all TMUDWZDX ∈∈∈ ⊥;,; and .υξ ∈  

Proof: For equation (2.1.2), we have 

                                       ),( ZUJhJZDUAZJ UJZU −+−=∇                                  from (2.1.1) 

),(22 ZUhJJZJDUJAZJ UJZU −+−=∇          

                                      ),( ZUhJZJDUJAZ UJZU ++−=∇−           

                                        ),( ZUhJZJDUJAZ UJZU −−=∇               

)),,((),( XZUhJZJDUJAgXZg UJZU −−=∇        

                                   )),,((),(),( XZUhgXJZJDgXUJAg UJZ −−=  

the last two terms in the right hand side vanish as the corresponding vector fields are 

perpendicular. Thus we get 

),(),( XUJAgXZg JZU =∇  

for all DX ∈ , this verifies equation (2.1.2). 

Now for equation (2.1.3), we have 

)),,((),( JZWUhgUWAg JZ =  

                      )),,(( ZWUJhg−=  

using Gauss formula, we get 

)),(( ZWWJg UU ∇−∇−=  

        ),(),(( ZWJgZWJg UU ∇+∇−=  

( )JWJWJWWJWJ UUUUU ∇=∇+=∇+∇−=∇ 0)(  

      ),(),( ZWJgZJWg UU ∇+∇−=  

 using Weingarten formula, we get 

),(),( ZWJgZJWDUAg UUJW ∇++−−=  

    ),(),(),( ZWJgZJWDgZUAg UUJW ∇+−=  
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the last two terms in the right hand side vanish as the corresponding vector fields are 

perpendicular. Thus we get 

),(),( UZAgUWAg JWJZ =  

for all TMU ∈ . This verifies equation (2.1.3). 

For equation (2.1.4), we have  

)),,(()),,((),( ξξξ JXUhgUJXhgUJXAg ==  

   ),( ξJXJXg UU ∇−∇=  

                                                       ),( ξJXg U∇=  

        ),)(( ξXJXJg UU ∇+∇=  

since M is a Kaehler manifold and so 0)( =∇ XJU . 

),( ξXJg U∇=  

                                                           )),,(( ξXUJhXJg U +∇=  

   )),,(( ξXUJhg=  

       = )),,(( ξJXUhg−  

                                                            = ),( UXAg Jξ−  

XAJXA Jξξ −=⇒                                                                   

hence, the Lemma is proved completely. 

 

Lemma(2.2.2)[3]: Let M be a CR- submanifold of a Kaehler manifold M . Then for any 

DWZ ∈, , we have 

                                                   ⊥∈− JDJWDJZD ZW                                            (2.1.5) 

Proof: For ⊥∈DZ  and υξ ∈ ,by Weingarten formula, we have 

ξξ ξ JDZAJ ZJZ +−=∇  

),(),( WJDZAgWJg ZJZ ξξ ξ +−=∇  

                                                                ),(),( WJDgWZAg ZJ ξξ +−=  

),( WZAg Jξ−=  
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),(),( WZAgWJg JZ ξξ −=∇  

),(),( WJgWZAg ZJ ξξ ∇−=  

from (1.1.5) and (1.1.6), we get 

),( WJg Zξ∇−=  

                                                           ),( JWg Zξ∇=  

),( JWg Z∇−= ξ  

                                      ),(),( WZAgJWDg JZ ξξ −=                                                  (2.1.6) 

thus using(2.1.6), we get 

),(),(),( JWDgJZDgJWDJZDg ZWZW ξξξ −=−  

),(),( WZAgZWAg JJ ξξ −=  

     )),,((),( ξξ JWZhgZWAg J −=  

    )),,((),( ξξ JZWhgZWAg J −=  

                                                 ),(),( ZWAgZWAg JJ ξξ −=  

                                                 0=  

Since this is true for all υξ ∈  and DWZ ∈, , relation (2.1.5) holds. 

 

Lemma(2.2.3)[3]: Let M  be CR- submanifold of a Kaehler manifold M . Then D  is 

integrable iff  

                                    )),,(()),,(( JZYJXhgJZJYXhg =  

for any vector field DYX ∈, and ⊥∈DZ . 

Proof: For any Kaehler manifold M , we have 0=∇J . If M  is a CR- submanifold in 

M , then from (2.1.1) 

JZDUAZUJhZJ UJZU +−=+∇ ),(  

for any TMU ∈  and ,Z ⊥∈D taking Riemannian product with JY (with DY ∈ ) in both 

sides of above equation and using equation (1.2.4), we get 

)),,((),( JYZUJhJZDUAgJYZJg UJZU −+−=∇  

                                             )),,((),(),( JYZUJhgJYJZDgJYUAg UJZ −+−=  
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                                                      ),( JYUAg JZ−=  

                                                      ),( JYUAg JZ−=  

                                                      )),,(( JZJYUhg−=  

)),,((),( JZJYUhgYZg U −=∇  

)),,((),( JZJYUhgYZg U −=∇−  

                                                )),,((),( JZJYUhgYZg U =∇                                      (2.1.7) 

put XU = in (2.1.7), we get 

                                               )),,((),( JZJYXhgYZg X =∇                                       (2.1.8) 

put YU = and XY = in (2.1.7), we get 

                                              )),,((),( JZJXYhgXZg Y =∇                                        (2.1.9) 

now subtracting (2.1.8) and (2.1.9), we get 

)),,(()),,((),(),( JZJXYhgJZJYXhgXZgYZg YX −=∇−∇   

)),,((),((]),[,( JZJXYhJYXhgYXZg −=  

If )),,(()),,(( JZJXYhgJZJYXhg = , then 

0]),[,( =YXZg  

⇒  DYX ∈],[ , hence D  is integrable. 

Conversely, let D  is integrable, therefore DYX ∈],[  then 

0]),[,( =YXZg  

)),,(()),,(( JZJXYhgJZJYXhg = , 

hence proved the Lemma. 

 

Lemma(2.2.4)[3]: For a CR- submanifold M in a Kaehler manifold M , the leaf ⊥M of 
⊥D  is totally geodesic in M iff 

                                                    0)),,(( =⊥⊥ JDDDhg                                            (2.1.10) 

Proof: For any DXDWZ ∈∈ ⊥ ,, , 

)),,((),( JXWZhWgJXWg ZZ −∇=∇  

                                            )),,((),( JXWZhgJXWg Z −∇=  



 24

                                            ),( JXWg Z∇=  

                                            ),( XWJg Z∇−=  

                                            ),)(( XWJJWg ZZ ∇+∇−=  

                                            ),( XJWg Z∇−=  

                                            ),( XJWDZAg ZJW +−−=  

                                            ),(),( XJWDgXZAg ZJW −−−=  

                                            ),(),( XJWDgXZAg ZJW −=  

                                           ),( XZAg JW=  

                                           )),,(( JWXZhg=  

                      ),( JXWg Z∇ )),,(( JWXZhg=  

or,                  )),,((),( ⊥⊥=∇ JDDDhgJXWg Z                                                        (2.1.11) 

Now if we take 0)),,(( =⊥⊥ JDDDhg  

from equation (2.1.11), we get 

0),( =∇ JXWg Z  

⇒                                                           ⊥∈∇ DWZ  

⇒ ⊥D  is totally geodesic. 

Conversely, let ⊥D  is totally geodesic, 

⇒                                                         ⊥∈∇ DWZ  

⇒                                                 0),( =∇ JXWg Z  

from equation (2.1.11), we get 

0)),,(( =JZZXhg  

or,                                                 0)),,(( =⊥⊥ JDDDhg  

which proves the Lemma. 

 

 Lemma(2.2.5)[3]: The leaves of the holomorphic distribution D on a CR-submanifold 

M of  a Kaehler manifold M are totally geodesic in M iff 

                                                      0)),,(( =⊥JDDDhg                                            (2.1.12) 
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Proof: For any DYX ∈, and ⊥∈DZ . 

                                   )),,((),( ZYXhYgZYg XX −∇=∇  

         )),,((),( ZYXhgZYg X −∇=  

                                                     ),( ZYg X∇=  

                                                     ),( JZYJg X∇=  

                                                     ),)(( JZYJJYg XX ∇−∇=  

                                                     ),( JZJYg X∇=  

                                                     )),,(( JZJYXhJYg X +∇=  

                                                     )),,((),( JZJYXhgJZJYg X +∇=  

                                                     )),,(( JZJYXhg=  

                                   )),,((),( JZYXhgZYg X =∇                                                   (2.1.13) 

now if we take 0)),,(( =⊥  JDDDhg , then 

from equation (2.1.13), we get 

0),( =∇ ZYg X  

⇒                                                           DYX ∈∇  

⇒ D  is totally geodesic. 

Conversely, let D is totally geodesic. 

⇒                                                          DYX ∈∇  

⇒                                                    0),( =∇ ZYg X  

from equation (2.1.13), we get 

0)),,(( =JZYXhg  

or,                                                  0)),,(( =⊥  JDDDhg , 

this proves the Lemma. 

 

Lemma(2.2.6)[3]: If (2.1.10) holds and D  is integrable then for any DX ∈  and 
⊥∈ JDξ . 

                                                          XJAJXA ξξ −=                                                (2.1.14) 
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Proof: As D  is integrable, by Lemma (2.2.3) 

)),,(()),,(( JZYJXhgJZJYXhg =  

for DYX ∈, and ⊥∈DZ , 

),(),( YJXAgJYXAg JZJZ =  

                                               ),(),( YJXAgYXJAg JZJZ =−  

                                                   0),( =+ YXJAJXAg JZJZ  

now 0),( =⊥
⊥ DDAg

JD
 by (2.1.10), the equation yields, 

0=+ XJAJXA JZJZ  

XJAJXA JZJZ −=  

or,                                                      XJAJXA ξξ −=  

for all X in D and ξ in ⊥JD , this proves the Lemma. 

 

(2.2) CR-Product in Kaehler manifold 
 

Definition (2.2.1)[3]: A CR-submanifold M of a Kaehler manifold is called a CR-

product if it is locally the Riemannian product of a holomorphic submanifold ⊥M  and a 

totally real submanifold ⊥M  of M . 

 

Proposition(2.2.1)[3]:A CR- submanifold with integrable distribution, is a CR- product 

iff 

0=⊥ DA
JD

 

Proof: By Lemma (2 .2.4) and (2.2.5), we get 

0)),,(( =⊥⊥ JDDDhg  

and,                                                0)),,(( =⊥JDDDhg   

0),( =⊥
⊥ DDAg JD

 

and,                                                   0),( =⊥ DDAg
JD

 

0=⊥ DAJD  
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Theorem (2.2.1)[3] : A CR- submanifold M of a Kaehler manifold M  is a CR- product 

iff 0=∇P . 

Proof: As M is Kaehler manifold, 

VJJV UU ∇=∇  

now we know that FVPVJV += and by Gauss formula, we get 

)),(()( VUhVJFVPV UU +∇=+∇  

),( VUJhVJFVPV UUU +∇=∇+∇  

now applying Gauss and Weingarten formulae, we get 

),(),( ),( VUfhVUthVFVPFVDUAPVUhPV UUUFVU ++∇+∇=+−+∇  

now comparing tangential parts in both sides of the above equation, we get 

),( VUthUAVPPV FVUU ++∇=∇  

),() VUthUAVPVPVP FVUUU ++∇=∇+∇(  

),() VUthUAVP FVU +=∇( . 

If P  is parallel (i.e., 0=∇P ) then from the above equation, we get 

UAVUth FV−=  ),(  

for any vector TMVU ∈, . In particuler if DX ∈ , then 0=FX . 

Putting XV = . 

0),( =XUth  

0)),,(( =ZXUthg ,   for ⊥∈DZ  

0)),,(( =ZXUJhg  

0)),,(( =JZXUhg  

0),( =UXAg JZ  

⇒                                                           0=XAJZ  

for any ⊥∈DZ  and DX ∈ .Thus by Lemma (2.2.3) and (2.2.5), D is integrable and the 

leaves are totally geodesic in M . Similarly on using Lemma (2.2.4) leaves of ⊥D  are 

totally geodesic in M , thus M is a CR- product. 

Conversely, if M is CR- product then 

0),( =∇ ZYg X  and 0),( =∇ YWg Z  
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for all YX , in D and WZ , in ⊥D . 

DYX ∈∇  and DYZ ∈∇  

i.e.,                                                        DYU ∈∇  

for all TMU ∈ and DY ∈ , 

)(),( VYJYUJh UU ∇−∇=  

VJYJ UU ∇−∇=  

JVJY UU ∇−∇=  

),( JYUh=  

from the tangential part, we get  

UAYUthYP FYU +=∇ ),()(  

0)( =∇ YPU . 

Similarly as ⊥∈∇ DZU , for any ⊥∈DZ and TMU ∈ , we may prove 

0)( =∇ ZPU  

so, if M is CR- product, then 

0=∇ PU . 

This proves the theorem completely. 

 

CR-submanifold with 0=∇F . 

On a CR-submanifold M in a Kaehler manifold M , there is a canonical normal bundle 

value 1-form F on TM and a tangent bundle value 1-form t on MT ⊥ . In this section, we 

shall classify CR-submanifold with parallel F (on t ). 

 

Lemma(2.2.7)[3 ]: For any vector field VU ,  tangent to M and ξ  normal to M ,We have 

                                                  UPAUAt fU ξξξ −=∇            )(                                        (2.2.1) 

                                               ),(       )( ξξ ξ tUhUFAfU −−=∇                                    (2.2.2) 

                                            ),(),()( PVUhVUfhVFU −=∇                                           (2.2.3) 

Proof: Using Gauss and Weingarten formulae, we get 
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)(   ξξξ ftJ UU +∇=∇      

                                                                 ξξ ft UU ∇+∇=    

                                                                 ξξξ ξ fDUAtUht UfU +−+∇= ),(                (2.2.4) 

In above equation we have also made use of equation (1.3.8). Again using equation 

(1.3.7), the left hand side of above equation simplifies to 

ξξ UU JJ ∇=∇        

                         )( ξξ UDUAJ +−=    

                        ξξ UJDUJA +−=    

                                                                     ξξξξ UU fDtDUFAUPA ++−−=            (2.2.5) 

equation (2.2.4) and (2.2.5), we get 

ξξξξξ ξξξ fDUAtUhtfDtDUFAUPA UfUUU +−+∇=++−− ),(     

comparing the tangential and normal components of both sides in the above equation, we 

get 

                                        UPAUAtDt fUU ξξξξ −=−∇                                                    (2.2.6) 

                                       ),( ξξξ ξ tUhUFAfDfD UU −−=−                                            (2.2.7) 

i.e.,                                            UPAUAt fU ξξξ −=∇       )(  

  ),(       )( ξξ ξ tUhUFAfU −−=∇ . 

This proves the equation (2.2.1) and (2.2.2). 

Now for any VU , tangent to .M Gauss and Weingarten equation yield, 

)( FVPVJV UU +∇=∇        

  FVPVJV UUU ∇+∇=∇         

                                   FVDUAPVUhPVJV UFVUU +−+∇=∇ ),(                               (2.2.8) 

the left hand side on using (1.3.7),(1.3.8) and the fact that M is Kaehler. We get 

                                                       VJJV UU ∇=∇     

                       )),(( VUhVJ U +∇=   

                      ),( VUJhVJ U +∇=  
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                                        JVU∇ ),(),( VUfhVUthVFVP UU ++∇+∇=                    (2.2.9) 

from (2.2.8) and (2.2.9), we get 

FVDUAPVUhPVVUfhVUthVFVP UFVUUU +−+∇=++∇+∇ ),(),(),(  

thus, on comparing the normal parts, we get 

),(),( PVUhVUfhVFFVD UU −=∇−  

i.e.,                                        ),(),()( PVUhVUfhVFU −=∇ . 

This proves the equation (2.2.3). 

Hence proves the Lemma.  

 

Proposition(2.2.2)[3]: Let M  be a CR-submanifold of a Kaehler manifold M . Then  

0=∇F  iff 0=∇t . 

Proof: First take 0=∇t , we have to show 0=∇F . 

From Lemma (2.2.7), we see that if 0=∇t  for any VU ,  tangent to M and ξ  normal to 

M , then  

0      =− UPAUAf ξξ  

),(),( VUPAgVUAg f ξξ       =  

),()),,(( PVUAgfVUhg ξξ −=       

)),,(()),,(( ξξ PVUhgfVUhg −=       

)),,(()),,(( ξξ PVUhgVUfhg −=−        

),(),( PVUhVUfh        =  

0),(),(        =− PVUhVUfh  

therefore by (2.2.3), we get 

0)(        =∇ FU  

i.e.,                                                          0       =∇F  

Conversely, let 0=∇F , we have to show 0=∇t . 

From Lemma (2.2.7), we see that if 0=∇F  for any VU , tangent to M and ξ  normal 

to M , then 

),(),( VUfhPVUh =  
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)),,(()),,(( ξξ VUfhgPVUhg =  

)),,(()),,(( ξξ fVUhgPVUhg −=  

),(),( VUAgPVUAg fξξ  −=  

),(),( VUAgVUPAg fξξ  −=−  

),(),( VUAgVUPAg fξξ =  

i.e.,                                                      UAUPA fξξ =  

0=− UPAUAf ξξ     

therefore by equation (2.2.1), we get 

0)( =∇ ξtU  

i.e.,                                                             0=∇t . 

This proves the proposition. 
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CHAPTER III 

 

CR-SUBMANIFOLD OF ALMOST HERMITIAN MANIFOLDS 
 

(3.1) Integrability conditions of distribution on a CR- submanifold of Hermitian 

manifold. 

Let M  be almost Hermitian manifold and M  be a CR- submanifold of M . Then for 

TMVU ∈, . 

                                                   VJJVVJ UUU ∇−∇=∇ )(                                         (3.1.1) 

making use of equation (1.2.1),(1.2.2),(1.3.7) and (1.3.8) the  above equation can be 

simplified as 

                           VJJVVJ UUU ∇−∇=∇         )(  

 ),(()( VUhVJFVPV UU +∇−+∇=     

   ),( VUJhVJFVPV UUU −∇−∇+∇=       

                 VPFVDUAPVUhPV UUFVU ∇−+−+∇= ),(     

),(),( VUfhVUthVF U −−∇−  

now comparing tangent and normal part of VJU )(∇  and denoting by ),( VUP  and 

),( VUQ  respectively. 

),(),( VUthVPUAPVVUP UFVU −∇−−∇=         

              ),( VUthUAVPPV FVUU −−∇−∇=     

    ),()( VUthUAVP FVU −−∇=      

                                ),()(),( VUthUAVPVUP FVU −−∇=                                             (3.1.2)                    

   ),(),(),( VUfhVFFVDPVUhVUQ UU −∇−+=         

                                                 ),(),()( VUfhPVUhVFU −+∇=     

                                ),(),()(),( VUfhPVUhVFVUQ U −+∇=                                     (3.1.3) 

now take MT ⊥∈ξ  and TMU ∈ then 

                                     ξξξ UUU JJJ ∇−∇=∇       )(  
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               )()( ξξξ ξ UU DUAJft +−−+∇=     

             ξξξ ξ UUU JDUJAft −+∇+∇=     

                             UPAfDUAUtht UfU ξξ ξξξ ++−+∇= ),(     

            ξξξ UU fDtDUFA −−+  

now comparing tangent and normal part of ξ)( JU∇  and denoting by ),( ξUP  and 

),( ξUQ  respectively. 

ξξξ ξξ UfU tDUPAUAtUP −+−∇=      ),(  

                                                      UPAUAt fU ξξξ +−∇= )(    

                                       UPAUAtUP fU ξξξξ +−∇= )(),(                                             (3.1.4)     

ξξξξ ξ UU fDUFAfDUthUQ −++= ),(),(         

      UFAUthfU ξξξ ++∇= ),()(    

                                       UFAUthfUQ U ξξξξ ++∇= ),()(),(                                       (3.1.5) 

 

The following properties of P  and Q  are used in our subsequent discussion. 

)( 1P   ),(),(),( WVPWUPWVUP +=+        

         ),(),(),( WVQWUQWVUQ +=+        

)( 2P   ),(),(),( WUPVUPWVUP +=+        

         ),(),(),( WUQVUQWVUQ +=+        

)( 3P    )),(,()),,(( WUPVgWVUPg −=       

)( 4P    )),(,()),,(( ξξ UQVgVUQg −=       

)( 5P    )),(),(((),(),( VUQVUPJJVUQJVUP +−=+        

for all VU , and W in TM and ξ  in MT ⊥ . We may now use P and Q  to obtain the 

following integrability conditions of the distribution D and ⊥D . 

 

Proposition(3.1.1)[5]: Let M  be a CR- submanifold of an almost Hermitian manifold 

M . Then the holomorphic distribution D  is integrable if and only if. 
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                    ),(),(),(),( YJXhJYXhXYQYXQ −=−  for each DYX ∈,                 (3.1.6) 

Proof: For MT ⊥∈ξ , we have 

)),,(),((),( ξξ YJXhJXJYXhYgJXJYg YXYX −∇−+∇=∇−∇  

       )),,(),(( ξYJXhJYXhg −=  

or,          )),,(),((),)()(( ξξ YJXhJYXhgXJXJYJYJg YYXX −=∇−∇−∇+∇  

now as we know that ),(),()( YXQYXPYJX +=∇  

),),(),(),(),(( ξXJXYQXYPYJYXQYXPg YX ∇−−−∇++    

                                                           )),,(),(( ξYJXhJYXhg −=  

)),,(),((),),(),(( ξξ YJXhJYXhgXJXYQYJYXQg YX −=∇−−∇+  

)),,(),((),),(),(( ξξ YJXhJYXhgXJYJXYQYXQg YX −=∇−∇+−  

)),,(),(()),(),(),(( ξξ YJXhJYXhgXYJXYQYXQg YX −=∇−∇+−  

using (1.3.7), we get 

)),()(),(),(( ξXYFXYPXYQYXQg YXYX ∇−∇+∇−∇+−  

                                                        )),,(),(( ξYJXhJYXhg −=  

)),,(),(()),(),(),(( ξξ YJXhJYXhgXYFXYQYXQg YX −=∇−∇+−  

we know that XYYX YX ∇−∇=],[  

)),,(),(()],,[),(),(( ξξ YJXhJYXhgYXFXYQYXQg −=+−  

)),,(),(()),,(),(()],,[( ξξξ XYQYXQgYJXhJYXhgYXFg −−−=  

                     )),,(),(),(),(()],,[( ξξ XYQYXQYJXhJYXhgYXFg +−−=            (3.1.7) 

if we take D  is integrable, then we know for all DYXDYX ∈∈ ],[,, . 

⇒                                           0],[ =YXF .  

Therefore, if D  is integrable, then 0)],,[( =ξYXFg , from equation (3.1.7) 

0)),,(),(),(),(( =+−−   ξXYQYXQYJXhJYXhg  

0),(),(),(),( =+−− XYQYXQYJXhJYXh  

therefore                        ),(),(),(),( YJXhJYXhXYQYXQ −=− , 

on the other way when we take  

),(),(),(),( YJXhJYXhXYQYXQ −=−  
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0),(),(),(),( =+−− YJXhJYXhXYQYXQ  

therefore, from equation (3.1.7), we get 

0)],,[( =ξYXFg  

thus,                                                       0],[ =YXF                    

so,                                                            DYX ∈],[ .                    

Hence D  is integrable, this proves the proposition. 

 

Proposition (3.1.2)[5]: Let M  be a CR- submanifold of an almost Hermitian manifold 

M . Then the totally real distribution ⊥D  is integrable if and only if. 

                                           ZAWAZWPWZP JWJZ −=− ),(),(                                  (3.1.8) 

for all ⊥∈DWZ , . 

Proof: For any TMU ∈ , we may write 

),()],,[( UZJWJgUWZJg WZ ∇−∇=  

now using equation (3.1.1), right hand side will be 

),)()(( UZJJZWJJWg WWZZ ∇+∇−∇−∇=  

now by (3.1) we get, 

)),,(),(),(),(( UWZQWZPZWQZWPJZJWg WZ −−++∇−∇=  

                           )),,(),(()],,[( UWZPZWPJZJWgUWZJg WZ −+∇−∇=            (3.1.9)          

first take ⊥D  is integrable.  

Therefore, for all ⊥∈DWZ , , ⊥∈DWZ ],[ and MTWZJ ⊥∈],[ . 

Now for TMU ∈ . 

0)],,[( =UWZJg  

from equation (3.1.9), we get 

0)),,(),(( =−+∇−∇ UWZPZWPJZJWg WZ  

now, using Weingarten formula, above equation will be come  

0)),,(),(( =−+−++− UWZPZWPJZDWAJWDZAg WJZZJW  

i.e.,                         0)),,(),(( =−++− UWZPZWPWAZAg JZJW                     

as ⊥D  is integrable. 



 36

ZAWAZWPWZP JWJZ −=− ),(),(  

this proves the one way. 

Now conversely take ZAWAZWPWZP JWJZ −=− ),(),( , we have to prove ⊥D  is 

integrable. 

Take ZAWAZWPWZP JWJZ −=− ),(),(  and using equation (3.1.9), we get 

0)],,[( =UWZJg  

thus MTWZJ ⊥∈],[  as TMU ∈ . 

so,                                                 ⊥∈DWZ ],[ . 

Therefore ⊥D  is integrable, this completes the proof. 

 

Proposition (3.1.3)[5]: Let the holomorphic distribution D on a CR- sub-manifold of an 

almost Hermitian manifold M  be integrable. Then its leaves are totally geodesic in M  if 

any of the following equivalent conditions hold. 

)(i   DYXthYXP ∈+ ),(),(  

)(ii  ⊥∈+ DXAZXP JZ),(  

)(iii υ∈− ),(),( JYXhYXQ  

for all DYX ∈,   and ⊥∈DZ . 

Proof:  

DYXthYXP ∈+ ),(),(  

by using equation (3.1.2), we get 

)),,()(()),,(( ZYXthXAYPgZYXPg FYX −−∇=  

                                                      )),,(( ZYXthg−=  

0)),,(),(( =+ ZYXthYXPg  

therefore DYXthYXP ∈+ ),(),(  as ⊥∈DZ . 

Now we have to prove )(i  is equivalent to )(ii  

0)),,(),(( =+ ZYXthYXPg  

0)),,(()),,(( =+ ZYXthgZYXPg  

on using property )( 3P , so we have 
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0)),,(()),(,( =+− ZYXJhgZXPYg  

  0)),,(()),(,( =+ JZYXhgZXPYg  

0),()),,(( =+ YXAgYZXPg JZ     

0),),(( =+ YXAZXPg JZ  

for all DYX ∈,  and ⊥∈DZ . Thus 
⊥∈+ DXAZXP JZ),( . 

This prove the equivalence of )(i  and )(ii .  

again from part )(i  

0)),,(),(( =+ ZYXthYXPg  

for all DYX ∈, and ⊥∈DZ , now as 

MTYXQ ⊥∈),( and )),,(()),,(( ZYXJhgZYXthg = , 

the equation 0)),,(),(( =+ ZYXthYXPg  is equivalent to  

0)),,(),(),(( =++ ZYXJhYXQYXPg  

i.e.,                           0)),,()),(),((( =−+ JZYXhYXQYXPJg  

now using the fact that TMYXP ∈),( and using property )( 5P , the above equation gives 

0)),,(()),,(),(( =−+− JZYXhgJZJYXQJYXPg  

0)),,(),(( =−− JZYXhJYXQg  

replacing Y by JY , we obtain  

0)),,(),(( =− JZJYXhYXQg  

or,                                                υ∈− ),(),( JYXhYXQ .                         

This show, that )(i  and )(iii  are equivalent and the proof of the proposition is complete. 

 

Proposition (3.1.4)[5]: If the totally real distribution ⊥D  on a CR- submanifold M of an 

almost Hermitian manifold M  is integrable, then its leaves are totally geodesic in M  if 

and only if any of the following equivalent conditions hold.  

)(i   ⊥∈+ DWAZWP JZ),(  

)(ii DZXthXZP ∈+ ),(),(  
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)(iii   υ∈− ),(),( JXWhXWQ  

for all DX ∈ and ⊥∈DWZ , . 

Proof: As ⊥∈DWZth ),(  and the leaves of ⊥D are totally geodesic in M  if and only if  
⊥∈∇ DWPZ )(  

⊥∈+ DWAZWP JZ),(  

0),),(( =+ XWAZWPg JZ  

for all DX ∈ and ⊥∈DWZ , . 

0),()),,(( =+ XWAgXZWPg JZ  

0)),,(()),(,( =+− JZWXhgXWPZg  

0)),,(()),(,( =−− ZWXthgXWPZg  

0)),,(),(( =+ ZWXthXWPg , 

therefore, DWXthXWP ∈+ ),(),(  

this proves the equivalence of )(i and )(ii .Similarly using property )( 3P  and )( 4P , the 

equivalence of )(iii  and )(i can be established. 

 

From above two propositions we have following Theorem. 

 

Theorem(3.1.1)[5]: For a CR-submanifold of an almost Hermitian manifold M , the 

following are equivalent. 

)(i    M  is a CR-product. 

)(ii   DXUthXUP ∈+ ),(),(   

)(iii  ⊥∈+ DUAZUP JZ),(   

)(iv  υ∈− ),(),( JXUhXUQ   

for all ⊥∈∈ DZDX ,  and TMU ∈ . 

Proof: Recalling, that a CR- submanifold M  is a CR-product with leaves of both the 

distribution D and ⊥D  totally geodesic in M , we may established this theorem by making 

use of the proposition (3.1.3) and (3.1.4) and  Properties of P and Q . 
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