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Abstract

In this thesis, we study the combinatorial interpretations of various g—series identities listed
in Chu—Zhang and Slater’s compendium (W. Chu and W. Zhang, Bilateral bailey lemma
and Rogers—Ramanujan identities, Advances in Applied Mathematics, 42(3):358-391, 2009
and L.J. Slater, Further identities of the Rogers—Ramanujan type, The Proceedings of the
London Mathematical Society, 2(1):147- 167, 1952). We employ various combinatorial tools
such as (n+t)—color overpartitions, three-line arrays, split part (n+ t)—color partitions, 2—
color F—partitions and lattice paths to establish the combinatorial interpretations of many
g—series. Further we provide bijections between mentioned combinatorial tools.

We then find the combinatorial interpretations of g—series identities involving double sums
series related to moduli 4k and 4k + 2 using (n + t)—color partitions.

In addition to above, we use the combinatorial tools of color partitions, split color partitions
and signed partitions notion to define signed color partitions. This tool is used to provide
the combinatorial interpretations of 100 g—series identities listed in Chu—Zhang and Slater’s
compendium. Furthermore, by employing the same tool with attaching weight, we interpret
four more g—series identities.

Finally, in this thesis, we study the arithmetic properties of some g—series identities. We
find several congruences for the coefficients of power of ¢ that are in arithmetic progressions

modulo powers of 2 and 3.
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Chapter 1

Introduction

Combinatorics is a very profound area in modern mathematics. Despite the fact that
combinatorial mathematics has been studied since Euler’s time, this field only came into
existence in later years. It has been noted that there is a deep connection between combi-
natorics and other major branches of mathematics. One of the most fundamental and sig-
nificant aspects of combinatorics is “Enumeration.” The classical problems of enumerative
combinatorics involve computing partitions of various kinds, in which an object is broken
down into smaller objects in various ways. In this thesis, we will be studying partitions of
natural numbers. The study of partitions was initiated by Leibniz and was apparently the
first development in partition theory. However, the most significant contributions to the

theory of partitions are due to the great mathematician Euler.

1.1 Preliminaries

In this chapter, we will provide basic definitions and notations that are required in the

subsequent chapters. Let us begin with the definition of a partition:
Definition 1.1.1 A partition of a positive number « is defined to be a sequence of positive
integers (my, ma, ..., m,), where

miy+me+...+m, =,

and mi < mgy1 V k=1,2,...,r — 1. The summand my is known as a part of o. Here,
p(a) is considered as the number of partitions of ce. By convention, 0 has only one partition

called empty partition, that is, p(0) = 1 and p(a) = 0 for negative «.

Remark 1.1.1 Throughout this thesis, we will write the partition as (m,,m,_1,...,my)
instead of (my,ma, ..., m,), where parts are in non increasing order. Now, in the partition
(my., my_1,...,my), we note my is the smallest part and m, is the largest part.

Example 1.1.1 There are 5 partitions of 4, hence p(4) = 5, and the relevant partitions
are as follows:
(4), (31), (22), 211), (1111).



A partition of a can be represented graphically by an array of dots or nodes, known as

Ferrers graph.

Definition 1.1.2 The Ferrers graph for a partition (m, m,_y ... my) of « is the set of
arrays of dots or nodes aligned at left and equal distance such that the array of dots having

m,. dots in the top row, m,_q in the next row and so on down to my in the last row.

Example 1.1.2 For the partition (6 55 3 1) of a = 20, the Ferrers graph is as follows:

If we read above Ferrers graph column wise, it displays a new partition (54 4 3 3 1) of 20

as follows, which is the conjugate of the given partition.

Remark 1.1.2 If a partition has no change on interchanging the rows and the columns,

such partition is known as self-conjugate partition. For instance, the self conjugate partition
of 10 is (4 3 2 1).

Another representation of ordinary partition is due to Frobenius in [44] for understanding

the representation theory of groups.

Definition 1.1.3 In [44], Frobenius representation of an ordinary partitions is a two rowed

Ar Qp_1 -+ Qa1
br br—l e bl

of non negative integers arranged so that each array’s components are unique and arranged

array

in decreasing order. The representation described above is referred to as a Frobenius rep-



resentation or a way to express an ordinary partition of o if

a:r%—i:aﬁ—i:bi.
=1 =1

A bijection of an ordinary partition to Frobenius representation is explained in the following

example through Ferrers graph.

Example 1.1.3 Here, we take a partition (6 55 3 1) of a = 20, the Ferrers graph of this

partition 1s given below;
5

e © o o o o
- 3
— 2

4

There are three diagonal dots in above Ferrers graph, hence r = 3. Horizontal dots right to
the diagonal dots are a1 = 5, as = 3, ag = 2 respectively. Vertical dots below the diagonal

dots are by = 4, by = 2, b3 = 1 respectively. Thus the Frobenius symbol becomes

5 3 2
4 2 1

and is associated with ordinary partition (6 55 3 1) of a = 20. So this ezample shows the

bijection between ordinary partition and its corresponding Frobenius symbol.
In general, there is no explicit formula for determining the value of p(«) instead there are

systematic methods to find out the value of p(«) for particular values of . Hardy and
Ramanujan in 1918 broughtforth a famous “asymptotic formula” for p(«) in [49]. The

simplest special case of their result is the assertion that as a — oo

1 /=
pla) ~ 4@\/36 5.
And using the generating function of partitions, it is easy to codify all the numbers p(«).
We note p(1) = 1, p(2) = 2, p(3) = 3, p(4) = 5, p(5) = 7, ..., p(50) = 204226, ...,
p(100) = 190569292, . ... Euler used generating function to enumerate p(«) as

> pla)g® =1+q+2¢° +3¢° + 5¢* + T¢° + . ..
a=0

d 1 1
:H(l—qk) T

k=1




where (2;¢) is a g-Pochhammer symbol and (z;¢)e = [[he;(1 — z¢%), also (z;9)s =

*~(1—2¢"), where ‘z’ and ‘¢’ are complex numbers with, || < 1. We also note that

[Ila Loy .oy Ty Q]oz = (xl; q)a($2; Q)oz o (mk; Q)on

and (21,22, ..., Tk Qoo = (213 0)00(Z25 @)oo+ (Th @) oo

Now the question arises whether generating function can provide any interesting result
about the numbers p(«). The answer for this question was derived through a simple
manipulation of generating functions by Euler. He proved numerous results using the

generating functions in [43], for instance see Theorem 1.1.3 below:

Theorem 1.1.3 For a > 0, the number of partitions of o with distinct parts is same as

the number of partitions of o with odd parts. That is,

o0 o0

By 1
Hoeadr=115=p=y

Remark 1.1.4 In general, the generating function including an expression of the form

(;qQ)a or (7;9) 18 called q—series.

Also, the study of other partition theoretic functions such as smallest part function, largest

part function is an intense area for researchers, for details see [24,42]

1.2 Rogers—Ramanujan Identities

There are several findings in partition theory that are similar to Euler’s work, which show
that two sets of partitions have the same number of elements. For instance, the identities
given below associate a different set of partitions for the left-hand side and right-hand
side, respectively. The different sets of partitions associated with the following identities
can be seen in Theorem 1.2.1-1.2.2, respectively. These identities are called “sum-product

identities” or “g-series identities” in partition theory.

2. (qq.(;)a = [[a=gH =g, (1.2.1)
> (q; ;)C; = JIa—=g) =g (1.2.2)

They were initially found in 1894 by Rogers [72], and then again in 1913 by Ramanujan. A
correspondence followed between Ramanujan and Rogers. In 1919, Ramanujan published

an article in which he provided two proofs: the first by Ramanujan himself and the second



by Rogers [65]. There was also a note by Hardy, and hence these are known as Rogers-
Ramanujan identities. A lot of literature on these identities can be found in [20, 22, 67].
The combinatorial interpretations of (1.2.1)—(1.2.2) are due to MacMahon [60] and are as

follows:

Theorem 1.2.1 The number of partitions of « into parts with minimal difference 2 is

same as the number of partitions of a into parts that are = +1 (mod 5).

Theorem 1.2.2 The number of partitions of a with minimal part 2 and minimal difference

2 is same as the number of partitions of a into parts that are = +2 (mod 5).

Recently, Afsharijoo [1] added a new companion to the above g—series identities. This new
companion counts partitions with restrictions on even and odd parts. Bailey [28] system-
atically explored several g—series identities. Additionally, Slater [79] provided a list of 130
g-series identities. Furthermore, Chu and Zhang [35] found many g-series identities using
certain transformations. The g—series identities have been studied in different contexts.
For instance, the hard hexagon model in statistical mechanics, a specific instance of a solv-
able family of hard-square-type models, naturally incorporates many g¢—series identities.
Baxter [30] explained that a number of g—series identities occur in the determination of
sub-lattice densities and order parameters. Kedem et al. [53] believed that the g—series
identities represent the partition function of a physical system with quasiparticles that ad-
here to specific exclusion statistics. The relationship between g—series identities and frac-
tional statistics is developed by these exclusion statistics, which are related to fractional
statistics. Furthermore, the combinatorial interpretations of many g—series identities were
studied using different combinatorial tools, and are available in [3,14,68]. In order to
study more about g—series identities, (n + t)—color partition was introduced by Agarwal
and Andrews [10].

Definition 1.2.1 For any integert > 0, an (n+t)—color partition, is a partition in which
a part of size n can appear in (n + t)—colors as ni,na,...,np. The parts are arranged
first by size and then by color. If t is positive integer, the partition may have the part of
size 0 but only one copy of zero ‘0, is allowed. For t = 0, (n 4 t)—color partitions are
simply called as n—color partitions.

The generating function for n—color partition of «, denoted by p(«), is given by:

1+ pla)e = [Ja -5

Definition 1.2.2 The weighted difference of two parts (my)z,, (Mi)z,, mE > my in an
(n+t)—color partition (m,.)z, + (Mp_1)z,_, + ...+ (M1)z, such that (m;),, > (Mp_1)z,_, >



> (M), is my —my — z — 3y and denoted by (((my)s, — (My)s,)). For convenience,
we use Oy to denote the weighted difference throughout this thesis, where 0 = (((mk)xk —

(mkfl)l'kfl))-

Example 1.2.1 For a = 2 and t = 2, the (n + 2)—color partitions are as follows, where

only one copy of zero is allowed, that is Os.

(24) (22402) (1313) (1211) (1311 02)
(23) (25 02) (1312) (11 11) (1212 09)
(22) (22 00) (131y) (131309) (1314 09)
(21) (20 02) (12 12) (13 12 02) (11 11 02)

Several mathematicians have provided interpretations of certain g—series identities such as
(1.2.1) and (1.2.2) in partition theory. To exemplify, see [2,36,45-47,50,83,84]. In 1987,
Agarwal [2] interpreted the following two identities listed in [79], as the Identity no. 46
and 61 respectively:

a(3a—1)

2 (¢; Z)a(;' Do (q'lq)oo [[a=¢")1 =g "1 =g, (123)
2 (q q)ZZq P (q;)w [T =" =g )1 —g"®).  (1.24)

The combinatorial interpretations of (1.2.3)—(1.2.4) using n—color partitions are as fol-

lows:

Theorem 1.2.3 The number of n—color partitions of o such that each pair of parts has
a positive weighted difference equals the number of ordinary partitions of « into parts
# 0, £4(mod 10).

Theorem 1.2.4 The number of n—color partitions of a such that each pair of parts has a
non negative weighted difference equals the number of ordinary partitions of a into parts
# 0, £6(mod 14).

Combinatorial interpretations of various g—series identities have been provided in terms of
(n + t)—color partitions (refer. [3-5,15,48,69]). Further in 2014, (n + t)—color partitions
have been extended to ‘split (n 4 t)—color partitions’ by Agarwal and Sood in [16].

Definition 1.2.3 A split (n + t)—color partition is defined as an (n + t)—color partition
of a (> 0), in which the color k of the part my can be splitted into two parts say, green
part denoted by ‘g’ and red part denoted by ‘r’, such that k = g+ r, where 1 < g < k,
0<r<k-1



Example 1.2.2 For o = 2, there are four split n—color partitions shown as:

(22), (2141), (21), (11 1)

Remark 1.2.5 The above example illustrates that whenever the red part is 0, it will not

be counted separately. This means that 24,0 is the same as 2.

1.3 Overpartitions

The notion of overpartitions was originated by Corteel and Lovejoy in [37]. They conducted

a comprehensive study of overpartitions and analyzed various g—series identities.

Definition 1.3.1 An overpartition of o is defined as a partition in which the first or the
last occurrence of each non-identical number may be overlined. Let p(a) denote the number
of overpartitions of an integer . Conventionally, p(0) = 1, and the generating function is

gien by:

Q

S B(a)g” = [ o = 14 2g+4¢> + 84> + 1dg* + ...,
a=0 ]_—qO‘

a=1

which can be accepted as a convolution product between partitions into non identical parts

(the overlined terms) and ordinary partitions (the rest).
Example 1.3.1 There are fourteen overpartitions of 4, hence p(4) = 14 given as follows:
(4),(4),(31),31),(31),(31),(22),(22),(211),
(211),(211),(211),(1111),(1111).

Several g—series identities have been interpreted combinatorially using overpartitions and

possess many analogous properties as ordinary partitions, refer [37-39,41,55-58].






Chapter 2

q—series identities for (n + t)—color overparti-

tions

2.1 Introduction

In the mid-1990s, Andrews discussed a number of g—series whose coefficients are deter-
mined by twisted divisor functions. Using the same concept, Lovejoy and Mallet derived
some similar g—series in [59]. To interpret these g—series combinatorially, they used n—color
overpartitions, which is an extension of overpartitions and analogous to n—color partitions.
Some of these identities are firmly related to the Rogers—Ramanujan type identities. Fur-
thermore, in [61], Mallet extended the n—color overpartitions to (n+t)—color overpartitions
and used this tool to interpret generalized multiple series that have been studied by Agar-
wal, Andrews and Bressoud in some other context (refer [11]). Motivated from above
combinatorial work, the purpose of the current chapter is to study many g—series identities

using (n + t)—color overpartitions.

Definition 2.1.1 [59] The n—color overpartition is an n—color partition in which the final
occurrence of a part my, can be overlined. The generating function for n—color overpartition

18

o [o.¢] 1+ a\a
D pla)g” = Hﬁ:1+2q+6q2+16q3+38q4+88q5+....
a=1 a=1

Example 2.1.1 For a =4, p(4) = 38, the relevant n—color overpartitions are:

(44) (44) (B3 11) (3211) BB ly) (222) (2:21) (21 1y) (201 1) (I 1i Ly 1y)
(45) (43) (33 11) (B2 11) B ly) (222) (2221) (22 1L1y) (201 1) (I 1h L Iy)
(42) (42) (33T) (B2Ty) (i Th) (2221) (2121) 221 L) (21 1h 1y)
(41) (41) (33 11) (B2 1) (B111) (2221) (21 21) (2217 1)) (21 11 1y).

The weighted difference of any two parts (myg),, and (my),, in n—color overpartitions is

defined in the same way as it was defined in n—color partition, as discussed in Chapter

The contents of this chapter have been published in ‘Journal of Ramanujan Society of Mathematics
and Mathematical Sciences’, 8(2):01-16, 2021.



1. In (n + t)—color overpartitions, the parts of size n can appear in (n + t), where t > 0,

different colors. Also zero appears only once, either 0, or 0, may be used. In this Chapter

we study g—series identities given in Table 2.1.

Table 2.1: g—series identities.

Sr No. Function Sum Side Product Side
L Mgy, G B, ' e
2. ha(q) S Syl wo=ldt, @ a5 a"%w
3. hs(q) PO T wo=ld® 4, 4% "%
L M) SN - Whe @ g
5. h5(q) 2210 (7(2):;51(12752(1‘?;2?)[:2) %[_q’ _q4’ qS; qS]OO
6. holg) Yoo, Pl =[5 g% g%
7 h2(q) S (—qQ(;Z?q);;;lan [¢*.a"*.q"%q EZ]q)E” 7*%4**]oo
8. hs(q) S Chgle G "~ 0% ")
9. ho(q) S L L= g —¢%, 4% ¢
10. hole) o, (St g (00, —q, —qs —q).
11. hi(q) oo Gkt H=lg, -, —q" —q')
12. hi2(q) 2 a0 % =16, 6%, 0% ¢
13, hale) T GARE S
b U . L

2.2 Combinatorial interpretations using (n + t)—color

overpartitions

In this section, we present combinatorial interpretations of fourteen g—series identities with
(n + t)—color overpartitions. These identities are listed in the Table 2.1. The first identity
appears in [79] as Identity No. 29 and remaining identities in [35] as Identity No. 104, 102,
29, 27, 25, 195, 45, 46, 11, 12, 37, 106, 40, respectively. The sum side in a g—series identity

10



represents generating function for M;(«), which counts partitions in terms of (n + t)—color
overpartitions, where 1 < [ < 14. The product side represents the generating function for
Ni(a), 1 <1 < 14, which counts ordinary partitions. This lead to two-way combinatorial

interpretations satisfying,
hig) =Y Ma)g® =) Nfa)g®, 1<1<14 (2.2.1)
a=0 a=0
We now provide the combinatorial interpretations using n—color overpartitions for h;(q)
where 1 <[ < 14 in Theorem 2.2.2-2.2.24, respectively.
Remark 2.2.1 Throughout this section, we consider
hi(w,q) = Z Z M (r,0)w"q”, (2.2.2)
a=0 r=0

for gl < 1, |w| < |q|™" and | = 1-14. My(r, ) represents the partitions with identical

conditions of M,(«) into r parts.

Theorem 2.2.2 Let My(«) represent the number of n—color overpartitions of a satisfying
(2.2.2.a) my, =z (mod 2), V £,

(2.2.2.b) if xx =1 then the occurrence of my, is not overlined.

Let Ni(«) is the number of partitions of a such that the odd parts are distinct, the even

parts are = £2 (mod 6) and two copies of the parts = £2 (mod 12) are allowed. Then
Mi(a) = Ny(a), Ya > 0.

Example 2.2.1 We note M,(8) = Ny(8) = 18, the relevant n—color overpartitions of
M, (8) are

(88)’ (gS)’ (86)7 <g6)7 (84)v (g4)7 (82)7 (§2)7 (75 11)7 (75 11)a (73 11)7

(73 11), (71 11), (62 22), (62 52), (62 22), (62 52), (51 31)

And the partitions corresponding to N1(8) are

8),  (44), (431), (4222), (321221), (212 25 2),
(71), (521 1), (42121), (321211), (212121 21), (212222 29),
(53), (5221), (421 2), (322221), (212121 22), (292229 29).

Proof of Theorem 2.2.2. As considered above, split the partitions enumerated by

11



M;(r, @) into four classes. The first class contains the partitions in which (m;),, = 1;.
Removing 1; and subtract 2 from all the remaining parts, it will not disturb the inequalities
between the parts and transformed partitions will be enumerated by M;(r — 1, —2r+1).
Partitions in the second class contain in which (m;),, = 2,. By removing 2, the least
part and then subtract 4 from all the remaining parts. The transformed partitions will be
enumerated by M;(r —1,a — 4r + 2). Third class contains the partitions that do not have
(m1)s, of the form (zy),, or (Ty)s,. Transform the partitions by subtracting 2 from all
the parts. The transformed partitions are enumerated by M;(r,a — 2r). In the last class
the partition involves (my),, of the form (xy),, (x > 2) or (Ty),, (¢ > 3). Transformed
by replacing ()., by (zx — 1)s,—1 or (Tk)s, by (T — 1)4,—1 and subtract 2 from the
remaining parts. This will result in partitions enumerated by M (r,« — 2r + 1). It should
be noted here that we are obtaining those partitions of @ — 2r + 1 which have a part

of the form (zy),, and (Ty),, so the number of partitions in this class are enumerated

k

by M(r,a —2r +1) — M;(r,a — 4r + 1). The above transformations cannot affect the
subscripts of corresponding parts. Thus the transformed partitions are enumerated by
My(rya —2r + 1) — Mi(r,a — 4r + 1). Hence we get the following recurrence formula for
M (r, a):
Mi(r,a) =My(r —1,a—2r+1)+ My(r — 1, — 4r + 2) + M;(r, o0 — 2r)
+ My(ryoo —2r + 1) — My(r,a — 4r + 1), (2.2.3)

where M;(0,0) = 1 and M;(r,«) = 0 for aw < 0. Substitute M;(r, o) from (2.2.3) in (2.2.2),

we get g—functional equation

hi(w, q) =wghi(wq?, ¢) + wghi(wg', q) + hi(wg?, q)
+ ¢ " hi(we?, q) — ¢ ha(wg?, q). (2.2.4)

Setting

hi(w,q) = Z 21 (o, q)w®. (2.2.5)

a=0
Using (2.2.4) in (2.2.5) and then examining the coefficients of w®, we get

q2a71(1 + q2a71)
L= )= )

z1(a,q) = ( 2z (a—1,q). (2.2.6)

Iterating (2.2.6) « times and note that z1(0,q) = 1, we find
(=¢:4°)ad”™

0% 6*)a (4 ¢%)a (2.2.7)

21(06, Q) = (
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Therefore,

M(w,q) =3 L L ey, ), 223)

and

On the right side of hy(q) is

4% ¢%) oo
()00 (0% 4) (6% 4™ (% 4 0
(0% @)% (0% ¢*%)% (4% 0" s (0% 1) % (61 1) % (¢*%: ¢1?) 0

and we know that (¢%;¢")oo (0% ¢'%) 0 (€% 01%) 0 (0" %) 0 = (6% ¢%) oo (0 ¢%)

o0 2

o —4;49" )
> Ni(a)g =—(( ) ¢ —¢*, ¢% ],
a=0

Remark 2.2.3 We will only outline the necessary steps for the remaining theorems in this
section to reach upto recurrence relations, since the remaining steps are similar as in the
proof of Theorem 2.2.2.

Theorem 2.2.4 Let Ms(«) represent the number of (n+ 1)—color overpartitions of o sat-
isfying (2.2.2.b), with

(2.2.4.a) 1 =my +1,

(2.2.4.b) (m1)a, is not overlined,

(2.2.4.c) my —x =1 (mod 2), V k.

Let Ny(«v) is the number of partitions of « in which the parts are Z 0,44 (mod 12). Then

Ms(a) = No(a), Y a > 0.

Proof. M;(r,«) represent the (n + 1)—color overpartitions enumerated by Ms(«) of «
into r parts. The partitions enumerated by Ms(r, «) split into two classes. The first class
contains the partitions in which (m,),, is of the form 0;. The second class contains the
partitions in which (m,), is of the form ()41, 21 > 0. After the transformation, the

partitions in the first class are enumerated by M;(r —1,a —r + 1) and in the second class
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are enumerated by Ms(r,a — 2r + 1). We get the following recurrence relation as:

My(rya) = My(r — L,ao—7r+ 1)+ My(r,a — 2r + 1).

Theorem 2.2.5 Let Ms(«) represent the number of (n+ 2)—color overpartitions of o sat-
isfying (2.2.2.a)—(2.2.2.b), (2.2.4.b) and x; = m; + 2.
Let N3(«) is the number of partitions of v in which the parts are  £2 (mod 12). Then

M;(a) = N3(a), Ya > 0.

Proof. The proof can be developed in the similar manner of the proof of Theorem 2.2.4,

where the recurrence relation for the enumerator Ms(r, ) is
Ms(r,a) = My(r — 1,0 — 2r + 2) + Ms(r, o0 — 2r + 1).

Theorem 2.2.6 Let My(«) represent the number of n—color overpartitions of a satisfying

the following conditions along with (2.2.2.b)
(2.2.6.a) m; — 21 =0 (mod 4) and my, — zx, = 0 (mod 2), for k > 2,
(2.2.6.b) 6 >0 and =0 (mod 4), V k > 1.

Let Ny(a) = Y0 Xu(a — 0)Ya(2), Xu(er) is the number of partitions of a into distinct
parts that are either = 5 (mod 10) or = £1 (mod 10) with two copies of parts that are
=5 (mod 10) allowed and one copy of parts that are = £1 (mod 10) allowed and Yy(«) is
the number of partitions of a into parts that are = £2 (mod 10) with two copies of each

part allowed. Then
My(a) = Ny(a), Ya > 0.

Proof. Split the partitions enumerated by M,(r, «) into four classes:

Class (i) contains (my),, of the form 1,

Class (ii) contains (m;),, of the form 2y,

Class (iii) do not contains (my),, of the form (zy)., or (Tk)a,,

Class (iv) contains (mq),, of the form (zy),, (x > 2) and (T),, (x > 3).

Proceeding as in Theorem 2.2.2, the following recurrence relation can easily be obtained
for My(r, ),

My(rya) =My(r —La —2r + 1) + My(r — 1,0 — 4r + 2) + My(r, o0 — 4r)
+ My(r,o0 —2r + 1) — My(r,a — 67 + 1).
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Theorem 2.2.7 Let Ms(«) represent the number of n—color overpartitions of a satisfying
(2.2.2.b), (2.2.6.b) and

(2.2.7.a) m; > 3,
(2.2.7.b) m; —x1 =2 (mod 4) and my, — zx =0 (mod 2), for k > 2.

Let Ns(a) = >0 Xs(ao — 1)Y5(i), where X5(cv) is the number of partitions of o into
distinct parts that are = 5 (mod 10) or = £3 (mod 10) with two copies of parts that are
=5 (mod 10) allowed and one copy of parts that are = +3 (mod 10) allowed and Ys(«) is
the number of partitions of a into parts that are = £4 (mod 10) with two copies of each

part allowed. Then
Ms(a)) = Ns(«o), Ya > 0.

Proof. For the proof of Theorem 2.2.7, proceed as in Theorem 2.2.6 and get following
recurrence relation for Ms(r, «),
Ms(r,o) =Ms(r —1,a —2r — 1) + Ms(r — 1,a — 4r) + Ms(r, o« — 4r)

+ Ms(r,a —2r 4+ 1) — Ms(r,a — 6r + 1).

Theorem 2.2.8 Let Mg(«) represent the number of (n+ 2)—color overpartitions of o sat-
isfying (2.2.2.a), (2.2.2.b), (2.2.4.b), (2.2.6.b) and x; = my + 2.

Let Ng(ov) = Y iy Xe(av—1)Y5(2), where Xg(x) is the number of partitions of a into distinct
parts in which the parts are = +£1,£3 (mod 10), and Ys(«) is the number of partitions of
« in which the parts are = £2,+4 (mod 10). Then

Meg(ao) = Ng(a), Vo> 0.
Proof. Proceeding as Theorem 2.2.5 easily obtain the proof of Theorem 2.2.8 and corre-
sponding recurrence relation for Mg(r, o) is as follows,

Me(r,a) = Ms(r — 1,0 — 2r + 2) + Mg(r, o0 — 2r + 1).

Theorem 2.2.9 Let M(«) represent the number of n—color overpartitions of a satisfying
(2.2.9.a) (my)s, is not overlined,

(2.2.9.b) my — z,, =0 (mod 2), V £,

(2.2.9.c) 0, >0 and =0 (mod 2) V k > 1. For 6, = 0, my, is not overlined.

Let N7(«) is the number of partitions of a in which the parts are # £2,£12, 414, 16 (mod 32).
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Then
Mz(a) = N7(a), Ya > 1.

Proof. To obtain the recurrence relation for the enumerator M;(r, ), we consider the
following g—series:
o0 o0 2 2 a2
o —954)aq
bi(g) =Y Wila)g® =Y (050 )ad” : Jad” (2.2.9)
a=0 a=0 (q’ Q)Qa

The interpretation of (2.2.9) in terms of n—color overpartition is given in following lemma.

Lemma 2.2.10 For a > 0, let Wi («) represent the number of n—color overpartitions of «

satisfying (2.2.9.b), (2.2.9.c) and if my = x1 then (my),, is not overlined.

Example 2.2.2 Considering few terms in the expansion for

2,2 o?
3 (Ea5q)ag” q(q’_‘;))“q =14 g+ ¢* +3¢> + 4¢" + 6¢° + 8¢° + 117 + 15¢° + 20¢° + .. ..
a=0 2c

We see that, for « = 8, fifteen partitions satisfying the conditions of Wi(«a) are
(85) (86), (86), (84), (84), (82), (82), (75 11), (73 11), (T 11), (T2 11),

(71 11), (62 22), (51 31), (51 gl)

Proof of Lemma 2.2.10. Let W;(r, ) denotes the number of n—color overpartition of «
enumerated by Wj(a) into r parts. Divide the partitions into four classes. First class has
partitions which do not involve (m;),, of the form (), or (Tg)s,—2. Subtract 2 from all
the parts and we get transformed partition enumerated by Wi (r, o — 2r). The second class
has the partitions in which (m,),, = 1. Remove 1; part, subtract 2 from all the remaining
parts. Corresponding transformed partition is enumerated by Wi (r—1, a—2r+1). The next
class has the partition in which (m;),, = 3;. Delete 3; and subtract 4 from the remaining
parts. The transformed partition is enumerated by Wi (r —1,a—4r+1). The last class has
the partition which involve (my),, of the form (z)., (z > 2) and (T )., —2(z > 4). Replace
(k) 2, by (zx — 1)p,—1 and (Tg)s,—2 by (zx — 1)4, 3 and subtract 2 from the remaining
parts. This will result in partitions enumerated by Wi(r,a — 2r 4+ 1). It should be noted
here that we are obtaining only those partitions of o — 2r 4+ 1 which involve a least part
of the type (z)., and (Tx).,—2 and any other repeated part is added corresponding so the
number of partitions in last class enumerated by Wi (r, o —2r+1) — Wi (r,a—4r+1). The

transformed classes are reversible. There is one to one correspondence between the classes
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enumerated by Wi(r, a) and those by

Wi(r,a) =Wi(r,a —2r) + Wi(r—1,a—2r+ 1)+ Wi(r — 1,a —4r + 1)
+Wi(r,a —2r +1) = Wi(r,a — 4r + 1), (2.2.10)

where W1(0,0) = 1 and Wi(r,a) = 0 for a < 0. For |g| < 1 and |w| < |¢|™! and let ¢1(w, q)
be defined by

gi(w,q) =Y > Wilr,a)uw'q". (2.2.11)

a=0 r=0

Now, substituting (2.2.11) in (2.2.10) and we get the g—functional equation as,

gi(w, q) =g1(wq?, @) + wggi(we*, q) + wg’ g1 (wq*, q)
+ ¢ 'g1(we? ) — ¢ ' gi(wg?, q).

Follows the similar steps as in the proof of Theorem 2.2.2, we get the desired result.

Proof of Theorem 2.2.9. Now we shall prove

- 0 s (%) a1g”
;M7(a)q -2 (4:9) '

a—1 2a

Split the partitions enumerated by Mz (r, ) into four classes. In the first class partitions
contains (mj),, = 11. Remove 1; and subtract 2 from all the remaining parts. Transformed
partitions are enumerated by Wi(r —1,a—2r+1). The second class contain the partitions
which have (m1),, = 3;. By removing 3; and subtracting 4 from all the remaining parts.
We get the partition enumerated by Wi(r — 1, — 47 4+ 1). The third class contains the
partitions which do not have (my),, of the form (xy),, and (), —2. Subtracting 4 from
all the parts and we get the partitions enumerated by M;(r,«—4r). The last class contains
the partitions (my),, of the form (zy),,(x > 2) and (xy),,—2(z > 4). Replace (zy),, into
(2 — 1)g—1 and (zg)s,—2 into (zgx — 1), —3 after that subtracting 2 from remaining parts
and get partitions which are enumerated by Mz(r,a — 2r + 1) — My(r,a — 6r + 1). Thus

the recurrence relation for Mz (r, ) is given by

M;(r,o) =Wi(r—1l,a—2r+ 1)+ Wi(r—1,a—4r+1)
+ M7(r,a — 4r) + M7 (r,o — 2r + 1) — Mo (r,a0 — 61 + 1),
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and the corresponding ¢—functional equation is

he(w, q) =wqgi(we?, @) + wagi(wq, @) + hr(wg?, q)
+q "hr(wg®, q) — ¢ hr(wg®, q).

Proceeding in the similar way as in the proof of Theorem 2.2.2, we get the desired result.

For the combinatorial interpretation of sum side of hg(q), we write

i (-1ig%)ag ™ Qi (—¢% ¢*)a—1¢HY
= (@9) ~ (43 0)2a
=142 Mg(a)g®, (2.2.12)
a=1

where iLS(q) = 220:1 Ms(a)qa = Z(Oxozl (_q2;q?();q321qa(a+l)‘ Now we give the combinatorial

interpretation of hg(q) in terms of hg(g) in the following theorem.

Theorem 2.2.11 Let Mg(a) represent the number of n—color overpartitions of a satisfying
(2.2.9.a), (2.2.9.b), my, &y > 1, and 6 > =2 and =0 (mod 2) V k > 1. For §, = =2, my,
s not overlined.

Let Ng(a) = > 0o Xs(a — i)Ys(i), where Xg(a) is the number of partitions of a in which
the parts are = +2,4+3,+4 (mod 12), and Yz(«) is the number of partitions of « into
distinct parts that are = £2, 43,44 (mod 12). Then

Mg(ar) = 2Mg(ar) = Ng(a), Yo > 1.
Example 2.2.3 The n—color overpartitions corresponding to MS(G) are 6g, 64, 62, (42 22).
Hence Mg(6) = 4 and Ms(6) = 8.

Proof of Theorem 2.2.11. To obtain the recurrence relation for the enumerator Mg (r,a)
where Mg(r, «) represent the partitions enumerated by Mg(a) into r parts, we consider the

following g—series:

a(a+1)

ba(q) =Y Wala)g® =) (4 ;(Z ;C)Yq . (2.2.13)

a—=0 ;4 )2a

The combinatorial interpretation of (2.2.13) is given in Lemma 2.2.12.

Lemma 2.2.12 For o > 0, let Wy(«a) represent the number of n—color overpartitions

satisfying

(2.2.12.a) my, = 2 (mod 2), V k,
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(2.2.12.b) my, x1 > 2, and if my = xy then my is not overlined,
(2.2.12.c) 6 > —2 and =0 (mod 2) V k. For 0, = —2, my, is not overlined.

Proof of Lemma 2.2.12.

Let W(r, ) denote the partitions enumerated by Wh(r) into r parts. Here we shall split
the partitions enumerated by Ws(r, o) into four classes:

Class (i) contains (my),, = 29,

Class (ii) contains (my),, = 4o,

Class (iii) do not contains (my),, of the form (xy)., or (Tg)s, 2,

Class (iv) contains (mq),, of the form (zy)., (x > 2) and (Tg)y,—2 (x > 4).

Proceeding as Lemma 2.2.10, one can easily obtain the following recurrence relation,

Wa(r,a) =Wo(r — 1,a —2r) + Wa(r — 1,0 — 4r) + Wa(r,a — 2r)
+ Wa(r,a = 2r +1) = Wa(r,a — 4r + 1). (2.2.14)

Now we find the recurrence relations for Mg(r, a):

Mg(T, a) =Wa(r—1,a—2r)+ Wy(r—1,a—4r) + Ms(T,O{ — 4r)
+ Mg(r,a — 2r +1) — Mg(r, o0 — 61 + 1).

Theorem 2.2.13 Let My(«) represent the number of (n + 1)—color overpartitions of «
satisfying (2.2.9.c) along with:

(2.2.13.a) 1 =my +1,
(2.2.13.b) (mq)., is not overlined,
(2.2.13.c) mp —xp =1 (mod 2), V k.
Let No(a) = > 5 o Xo(a — i)Yy(i), where Xo(v) is the number of partitions of a in which
the parts are = 2, 4 (mod 6), and Yg(«v) is the number of partitions of « into distinct parts
that are = 0,+1,4+2 (mod 6). Then
My(a) = Ny(a), Vo> 0.
Proof. The recurrence relation for My(r, o) is

My(r,a) =Wy(r — L,a—r+ 1)+ My(r,a — 2r + 1).

Remark 2.2.14 In the following theorem, we used similar argument as given in (2.2.12)

19



and letting

}A“O(q) _ iMm(Oé)qa _ i (_q47 q4)a71qa2 |
p (4:¢*)alq"; 4*)a

a=1

Theorem 2.2.15 Let Mlo(a) represent the number of n—color overpartitions of o satisfy-

ing
(2.2.15.a) my; =z (mod 4),

(2.2.15.b) (mq)., is not overlined,

(2.2.15.¢c) 6, >0 and =0 (mod 4) V k > 1. For §; =0 then my, is not overlined.

Let Nig(a) = >0y Xio(a—1)Y10(2), where Xyo(cv) is the number of partitions of o in which
the parts are = £1,4 (mod 8), and Yio(«) is the number of partitions of o in which the
parts are = +1,4 (mod 8). Then

Mlg(Oé) = QMlo(Ct) = Nlo(O[), YV« Z 1.

Proof. To obtain the recurrence relation for the enumerator Mio(r, o), where Mo(r, &)

is Mlo(a) into r parts, we consider the following ¢—series:

bla) = ZO Wsla)d” = Z (;;/Z);géq}:qz)a' (22.15)

a=0

The combinatorial interpretation of (2.2.15) is given in Lemma 2.2.16.

Lemma 2.2.16 For o > 0, let W3(a) represent the number of n—color overpartitions

satisfying (2.2.15.a), (2.2.15.¢) and if my = x; then my is not overlined.

Proof of Lemma 2.2.16

Let Ws(r, ) denote the partitions enumerated by Ws(r) into r parts. We shall split the
partitions enumerated by Ws(r, ) into four classes:

Class (i) contains (mq),, of the form 1y,

Class (ii) contains (m;),, of the form 5y,

Class (iii) do not contains (m;),, of the form (z)., or (Tk)w,—4,

Class (iv) contains (mq),, of the form (zy),, (x > 2) and (Tg)z,—a (€ > 6).

Proceeding as Lemma 2.2.10, one can easily obtain the following recurrence relation,

Wi(r,a) =Ws(r — L,a—2r+ 1)+ Ws(r —1,a —6r+ 1) + Ws(r,a — 4r)
+ Ws(r,a—2r +1) = Wa(r,a — 6r +1). (2.2.16)
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Now we find the recurrence relations for Mlo(r, a),

Mio(r,a) =Ws(r —1,a — 2r + 1) + W(r — 1,0 — 6r + 1) 4+ Myo(r, o — 8r°)
+ Myg(r,a — 2r 4+ 1) — Myg(r, o0 — 107 + 1).

Remark 2.2.17 In the following theorem, we used similar argument as given in (2.2.12)

and letting
a(a+2)

h11 Z Mn Z

a=1

qq)

Theorem 2.2.18 Let Mn(a) represent the number of n—color overpartitions of a satisfy-
ing (2.2.15.c), my > 2 with my — x; = 2 (mod 4) and (my),, is not overlined.

Let Nyi(a) = > o X11(a—1)Y11(2), where Xy () is the number of partitions of a in which
the parts are = £3,4 (mod 8), and Y11(«) is the number of partitions of a into distinct
parts are = £3,4 (mod 8).Then

M11<CY) = 2M11(C¥) = Nll(Oé), YV o 2 1.

Proof. To obtain the recurrence relation for the enumerator My, (r, ), where My (r, a)

is M 11(c) into r parts, we consider the following g—series:

a(a+2)

hia) = S Wil = e

1q%)a

(2.2.17)

The combinatorial interpretation of (2.2.17) is given in Lemma 2.2.19.

Lemma 2.2.19 For o > 0, let Wy(«) represent the number of n—color overpartitions
satisfying (2.2.15.a), (2.2.15.c), my > 3, my — 1 = 2 (mod 4) and if xt1 = my — 2 then my

18 not overlined.

Proof of Lemma 2.2.19
Let Wy(r, @) denote the partitions enumerated by Wy(r) into r parts. We shall split the
partitions enumerated by W,(r, «) into four classes:
Class (i) contains (m;),, of the form 3y,
Class (ii) contains (my),, of the form 7y,
Class (iii) do not contains (m;),, of the form (z4)s,—2 O (Tk)z,—6,
(

Class (iv) contains (my),, of the form (zx).,—2 (x > 4) and (Tg)s,—6 (z > 8).
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The recurrence relation for Wy(r, a) is:

Wa(r,a) =Wy(r —1L,a—2r = 1)+ Wy(r — 1L,a — 6r — 1) + Wy(r, o — 4r)
+ Wy(r,a —2r +1) = Wy(r,a — 6r + 1).

And the recurrence relations for My (r, @) is:

My (r,a) =Wy(r —1,a —2r — 1) + Wa(r — 1, — 6r — 1) + My (r, a — 8r)
+ My (rya—2r +1) — My (r, a0 — 10r 4 1).

Remark 2.2.20 In the following theorem, we used similar argument as given in (2.2.12)

and letting

: — o N (G 9a1g
hiz(a) = > Mis(a)g® =3 #
a=1
Theorem 2.2.21 Let Mlg(a) represent the number of n—color overpartitions of o satisfy-
mg
(2.2.21.a) (mq)., is not overlined,
(2.2.21.b) 6, >0V k > 1. For 6y = 0 then my, is not overlined.

Let Nia(a) = > 0o Xia(a—1)Y12(2), where Xqo(cv) is the number of partitions of o in which
the parts are = £1,4+2 (mod 6), and Yia(«) is the number of partitions of a into distinct
parts are = +1,£2 (mod 6). Then

Mys(@) = 2Mys(0) = Nig(a), Vo > 1.

Proof. To obtain the recurrence relation for the enumerator Mys(r, o), where Mys(r, @)

is M 12(c) into r parts, we consider the following g—series:

bs(q) = ZO Ws(a)g™ = ZO %. (2.2.18)

The combinatorial interpretation of (2.2.18) is given in Lemma 2.2.22.

Lemma 2.2.22 For o > 0, let W5(«) represent the number of n—color overpartitions

satisfying (2.2.21.b) and if my; = x1 then my is not overlined.

Proof of Lemma 2.2.22

We shall split the partitions enumerated by Wjx(r, ) into four classes:
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Class (i) contains (mq),, of the form 1y,

Class (ii) contains (m;),, of the form 2,

Class (iii) do not contains (m;),, of the form (z4)s, or (Tk)z,—1,

Class (iv) contains (mq),, of the form (zy),, (x > 2) and (Tg)z—1 (x > 3).

The recurrence relation for Wis(r,a)), where Ws(r, ) represent Ws(a) into r columns

1s:

Ws(rya) =Ws(r—La—2r+ 1)+ Ws(r—1L,a—3r+1)+ Ws(r,a—r)
+ Ws(r,ao —2r + 1) — Wi(r,a — 3r + 1).

And the recurrence relation for Miy(r, @) is,

Mys(r,a) =Ws(r —1,a — 2r + 1) + Ws(r — 1,0 — 3r + 1) 4+ Mys(r, o — 2r)
+ Mlg(T,Oé — 2T + 1) — ]\7[12(7",04 — 47" + 1)

Theorem 2.2.23 Let My3(«) represent the number of n—color overpartitions of a satisfy-
ing all the conditions of Mm(a) defined in Theorem 2.2.21.

Let Nig(a) =Y i o Xus(oo — 1) Y13(2), where Xy3(cv) is the number of unrestricted partitions
of a, and Yq3(«v) is the number of partitions of o in which the parts are = +5 (mod 12). Then

Mlg(CY) = ng(Oé), YV a > 1.

Proof. As Miy(a) = Mis(a), so the recurrence relations for the enumerators Mia(ar) and

Mis(a) are same.

Theorem 2.2.24 For a > 0, let Myy(«) represent the number of (n + 1)—color overparti-
tions of a satisfying (2.2.21.b),

(2.2.24.a) z; =m; + 1,

(2.2.24.b) (my),, is not overlined,

(2.2.24.c) my —x, =1 (mod 2), V k.

Let Nig(a) = >0 o Xqa(a—1)Y14(2), where Xy4(cv) is the number of partitions of o in which
the parts are = +£2,3 (mod 6), and Yi4(«) is the number of partitions of « into distinct

parts. Then
M14(O./) = N14(Oé), YV a Z 0.
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Proof. The recurrence relation for the enumerator My4(r, ) is

Myy(ryo) = Ws(r —La—r+1) + My(r,a — 2r + 1).

2.3 Conculsion

In this chapter, we have presented combinatorial interpretations of fourteen g—series iden-
tities in terms of (n + ¢)—color overpartitions. In the next chapter, we will extend some of
the results by providing interpretations using other combinatorial tools, such as three-line

arrays, split (n + t)—color partitions, 2—color F—partitions, and lattice paths.
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Chapter 3

Combinatorics and bijections for certain ¢—

series 1dentities

3.1 Introduction

In [74], Santos et al. introduced the concept of a two-line array. For a positive integer «,
let

Ar A1 e N

fr fet oo g1 )

where A\, pr > 0 for 1 < k <r, be a two-line array such that

k=1 k=1

Using the above two-line array representation and by imposing certain restrictions on Ay
and p, Santos and his collaborators interpreted many identities from Slater’s list [79], in-
cluding the Rogers—Ramanujan identities and Lebesgue’s partition identities in [74]. They
also presented several bijective proofs for partition identities. This work is further related
to three-quadrant Ferrers graphs in [32]. Continuing with the above work, Brietzke et
al. [33] found combinatorial interpretations for a number of mock theta functions by con-
sidering them as g—series and using a two-line array. Some of these functions were already
interpreted using (n + t)—color partitions. In [18], Alegri introduced a third row of 74 in a
line array representation, such that o = >, Ay + >, ptx + >, T, to construct a correspon-
dence between three-line arrays and overpartitions. In [19], a bijection from certain classes

of plane partitions to overpartitions and unrestricted partitions was presented.

The contents of this chapter are communicated in two separate journals. The contents presented
in Section 3.3 and Section 3.4 accepted in South East Asian Journal of Mathematics and Mathematical
Sciences.
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3.2 Three-line arrays and (n+t)—color overpartitions

In this section, we present combinatorial interpretations of fourteen g—series identities given
in Table 2.1 with three-line arrays. We proceed constructively to obtain three-line array
interpretations and translate these results into (n 4+ t)—color overpartitions discussed in
Chapter 2 using certain bijections. Based on these bijections, we classify the fourteen
identities into five groups: Group 1 contains 2, Group 2 contains 4, Group 3 contains 3,
Group 4 contains 2, and Group 5 contains 3 g—series identities. Additionally, we provide
an alternate proof of the sum side of all fourteen ¢—series identities given in Table 2.1
involving three-line arrays using a classical approach.

Group 1

The sum side in the g—series identity represents generating functions for P,(«), where 1 <
[ < 14, which count partitions in terms of three-line arrays. The generating functions M;(«)
and N;(«) are defined in Chapter 2. These lead to 3-way combinatorial interpretations that
satisfy

ZPl(oz)qa = ZMl(a)qa = ZNl(a)qo‘, 1<I<14. (3.2.1)
a=0 a=0 a=0

For Group 1, we construct a bijection for hy(q) and hy(q) given in the Table 2.1, between

three-line arrays and n—color overpartitions. Let (my),, and (mg_1).,_, be two consecutive
Ak

parts of an n—color overpartition. Then the corresponding column uk> in the three-line
Tk

array is given by

;

mg—1+xp—1+1
a, — 1 if my, is not overlined,
Ok
¢ (M), — (3.2.2)
mg—1+ Tp—1+2
T — 2 if my, is overlined.
Ok

\
Ak
In the reverse implication, let | ux | be any column in the three-line array. Then the

Tk
corresponding part in an n—color overpartition, (myg),, is given by

(Mk + e + Tk)ppt2,  if Ap = 0 (mod 2),

Ak
ot (uk> — (3.2.3)

()\k —I—,uk +T/€)Mk+1’ if /\k ?é 0 (mod 2)
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Remark 3.2.1 If there is any further change in the mapping, we mention this at their

respective place.

We now provide the combinatorial interpretations in terms of three-line arrays for sum side

of hy(q) and hy(gq) in Theorem 3.2.2 and Theorem 3.2.3 respectively.

Theorem 3.2.2 Let Pi(«) represent the number of three-line arrays into r columns sat-

18fying
(3.2.2.a) A\ €{1,2},
(3.2.2.b) 7, =0 (mod 2), V k

24 M1+ 2up—1 + o1 i Mg and Mgy are odd
(3.2.2.¢) Ay =<3+ N1 + 2051 + 161 if A and M\,_1 have opposite parity,

44 M1+ 2up—1 + 71 if A\ and A\p_1 are even,
where 2 < k <.

Then
Pi(a) = Mi(a) = Ny(«v), V a>0.

Proof We begin by expanding sum side of h(q)
0 2
—q;9")rq
g = ) el (3.2.4)

— f: (14 q)(1+¢3) - (14 ¢ 1)ght3t-+Er=1
—~ (1-q)(1—=¢*) - Q=g A=A =g (1- )’

Clearly the factor ¢"* = ¢"+3+5-+2 =1 iy the above expression generates the partition into

r odd parts. It corresponds to the following three-line array

2r —1 A A |
0 ... 0 0
0 .. 0 0

The factor (—¢; ¢*), generates the partition into distinct odd parts < 2r — 1, say, 1 - a,,
3-ar_1, ..., (2r — 1) - ay, where a; € {0,1}, V i. Thus the transformed three-line array

becomes
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o —1+a +312, ... 3+ta+2a l+a
0 0
0 0

The factor (q; ¢*);”! generates the partition into odd parts < 2r — 1, say, 1-b,, 3-b,_1, ...,
(2r — 1) - by, where b; > 0, V i. The three-line array transforms to

2 —1+a,+ 30 20a+b) ... 3+a+2u+2b 1+aq
b, by b1
0 0 0

The factor (¢%;¢?);”! generates the partition into even parts < 2r, say, 2-¢,, 4-¢,_1, ...,

2r - ¢, where ¢; > 0, V i. Hence, the three-line array transforms to

2 —1+4a +30 2@ +b+e¢) ... 3+ar+2a+20+20  1+a
br Ce bg bl
2¢, 2¢9 2¢q

and
a=1-(a,+b+1)+3-(ar_1+b—1+1)+...+(2r—1)-(a1+b1+1)+2¢, +4c, 1 +. . .4 2rcy.

Therefore, P;(«) enumerates the three-line arrays with py, = b, 7, = 2¢; V k and satisfying
(3.2.2.0)(3.2.2.c).

Example 3.2.1 For a = 6, the three-line arrays and n—color overpartitions satisfying
Theorem 3.2.2 and Theorem 2.2.2 are listed in Table 3.1:

Theorem 3.2.3 Let Py(«) represent the number of three-line arrays into r columns sat-

isfying (3.2.2.a), (3.2.2.c), and 7, =0 (mod 4) V k. Then

Py(a) = My(a) = Ny(a) YV a > 0.

Group 2

In this group, the bijection used for the sum side of hy(q), hs(q), hs(q), and hg(q) to
establish the connection between three-line arrays and (n + t)—color overpartitions is the
same as the one defined in Group 1. The combinatorial interpretations in terms of three-line
arrays of the sum side of hs(q), hs(q), hs(q), and hg(q) are given in Theorems 3.2.4-3.2.10,

respectively.
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Table 3.1: Pi(«) = M;(a) = Ny(a) for a« =6

Pi6) | M(6) | Nu(6) || Pu6) | Mi(6) | Ny(6)

(66) (51)

() ()
@ (61) | (42) @ ) | 321 1)
EIEnL:

(62) | (32:1)

é) (55 11) | (2121 2) (

(3 é) (51 11) | (2525 25)

Theorem 3.2.4 Let Py(«) represent the number of three-line arrays into r + 1 columns

satisfying
(3.24.a) \y =0=m,
(3.2.4.b) Ay > 2,
24 M1+ 2up—1 + o1 i Ag and A1 are even

(3.2.4.¢) Ay =<3+ Ny + 2051 + 161 if A and M\_1 have opposite parity,

4+ N1+ 2up_1 + 7161 if Ay and g1 are odd,
where 3 < k <r+1,

(3.2.4.d) 7. =0 (mod 2), V k.

Then
Py(a) = My(a) = No(ar) ¥V o > 0.
Remark 3.2.5 Here we observe that the mapping used for the first part is

0 0

¢ (my)y, — (m - 1) and the inverse mapping is '+ { m | = (1) uy11-
0 0

The remaining r parts are same as defined in (3.2.2) and
N (m)uk+2, if Ay = 0 (mod 2),
ot (Nk) —
" (A fi + To)perss if A 2 0 (mod 2).
Example 3.2.2 For a =6, P,(6) =9 = M5(6) = N2(6).
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The three-line arrays corresponding to Py(6) satisfying Theorem 3.2.4 are

2 0 2 0 2 0 4 0 3 0 3 0 3 0 4 2 0
, 14 01,12 0,10 O}, 1,3 O},|1 O},]2 1,10 O O
0 0 2 0 4 0 0 0 0 0 2 0 0 0 0 00

The (n + 1)—color overpartitions corresponding to Ms(6) satisfying Theorem 2.2.4 are
(67), (65 01), (65 01), (61 01), (52 12), (65 01), (63 01), (52 12), (41 21 0y).

The partitions corresponding to No(6) are

6), (51), (33), (321), (3111), (222), (2211), (21111), (11111 1).

Theorem 3.2.6 Let P3(«) represent the number of three-line arrays into r + 1 columns
satisfying (3.2.4.a) and (3.2.4.d) along with:

(3.2.6.2) Xy >3,

24 M1+ 2up—1 + 11 i g and g1 are odd
(3.2.6.b) Ay = ¢34+ Npoy + 21 + 11 if Ay and M_1 have opposite parity,

44 g1+ 2up—1 + 11 if A and A\x_1 are even,
where 3 < k <r+1.

Then
Py(o) = M3(a) = N3(av) ¥V o > 0.

Remark 3.2.7 Here we observe that the mapping used for the first part is ¢ : (mq),, —
0

0
<x1 2) and the inverse mapping is ¢ : [ m | = (1) uu+2- And the map for the next r
0 0

parts are same as defined in (3.2.2)(3.2.3).

Theorem 3.2.8 Let Ps(«) represent the number of three-line arrays into r columns sat-
isfying (3.2.6.b) for 2 < k <r, along with:

(3.2.8.2) A € {3,4),
(3.2.8.b) 7. =0 (mod 4), V k.

Then
Ps(a) = M5(a) = Ns(av) ¥V a > 0.

Remark 3.2.9 In above theorem the mapping used for the first part is
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o1 —1 if mq is not overlined,
mi1 —x1 — 2
¢ (my)y, —
4
T —2 if mq is overlined.

mi1 —x1 — 2

\
And for the next r — 1 parts are same as defined in (3.2.2)~(3.2.3).

Theorem 3.2.10 Let Ps(«) represent the number of three-line arrays into r + 1 columns
satisfying (3.2.4.a), (3.2.6.a), (3.2.6.b), and (3.2.8.b). Then

Ps(a) = Mg(a) = Ng(av) ¥V o > 0.

Group 3

The bijection between three-line arrays and (n +t)—color overpartitions of the sum side for

hz(q)~ho(q) is given by

(
mg_1 +xp—1+1
xp — 1 if my, is not overlined,
Ok
¢ (Mmp)s, — (3.2.5)
mg_1 +Tp-1+3
zp —1 if my, is overlined,
\ S — 2

and

(3.2.6)

Tk

gb_l (Ak> o (>\k‘ + /,[,k —'— Tk)ﬂk‘i’l lf )\k — 2 + )\kfl + 2”]{71 + Tk717
| ek
(Al + e + 7)1 i e =4+ Xy + 2021 + 71

The combinatorial interpretations in terms of three-line arrays of sum side of hz(q)—~ho(q)

are given in Theorems 3.2.11-3.2.14 respectively.

Theorem 3.2.11 Let P;(«) represent the number of three-line arrays into r columns sat-

18fying
(3.2.11.a) A\, =1,
(3.2.11.b) A\ € {2+ X1 + 201 + o1, A4+ N1 + 201 + Te1 ), for2 <k <,

(3.2.11.c) 7, =0 (mod 2), V k.
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Then
Pr(a) = M7(a) = N7(a) ¥V > 0.

For the combinatorial interpretation of sum side of hg(g) in terms of three-line array, here

we again use ﬁg(q), which is already defined in Chapter 2 and we rewrite as

o0

0 2.2 r(r+1)
- S e 7% 4%)r-1q
() =3 Polagg = 3 ST
a=1

— (¢; q)2r

Now we give the combinatorial interpretation of hg(q) in terms of ilg((]) in the following

theorem.

Theorem 3.2.12 Let ]58(04) represent the number of three-line arrays into r columns sat-
isfying (3.2.11.b), (3.2.11.c) and Ay = 2. Then

A

Py(ar) = 2Ps(a) = Mg(a) = 2Mg(r) = Ng(a) ¥V o > 1.

Remark 3.2.13 Here for the first part, we use the following mapping:

2
¢:(mi)e, — < 2 —1 >
m; —x1 — 1

And for the next r — 1 parts are same as defined in (3.2.5)—(3.2.6).

Example 3.2.3 For a = 6, the three-line arrays corresponding to p8(6) satisfying Theo-

rem 3.2.12 are

2 2 2 4 2
121,101,110 0O
0 2 4 00

And the n—color overpartitions corresponding to Mg(6) satisfying Theorem 2.2.11 are
(66)7 (64)7 (62)7 (42 22)-
Hence Ps(6) = Mg(6) = 4 and Ps(6) = Mg(6) = 8.

Theorem 3.2.14 Let Py(«) represent the number of three-line arrays into r + 1 columns
satisfying (3.2.11.b) and (3.2.11.c) along with:

(3214&) /\1 =0= 71,
(3.2.14.b) Xy > 2.

Then
Py(a) = My(a) = No(av) ¥V o > 0.
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Remark 3.2.15 Here for the first part, the mapping is defined as

0 0
¢ (ml)wl - ("’3101)7 ¢_1 : </‘01> - (N1>M1+1'

To establish the bijection between three-line arrays and n—color overpartitions of sum side

Group 4

of hip(q) and hy1(q), we use

mg—1 +xg—1+1
zp — 1 if my, is not overlined,
Ok
¢t M)z, — 4 (3.2.7)
mg—1 + k-1 +5
ap — 1 if my, is overlined,
\ 5 —4

and

Ak e+ g + if \e =24 Ny 4+ 2up—1 + 71,
¢1:< >_> (k ok Tk)uk-i-l k k—1 Hk—1 T Tp—1 (3.2.8)

1225
(Mo + e+ Ti)rpr1 A Ae =6+ Xy + 201 + 71

Tk
The combinatorial interpretations in terms of three-line arrays of sum side of hj(g) and
h11(q) are given in Theorem 3.2.16 and Theorem 3.2.18 respectively.

Theorem 3.2.16 Let pm(a) represent the number of three-line arrays into r columns

satisfying

(3.2.16.a) A\ =1,

(3.2.16.b) A\ € {2+ Xp1 + 2up—1 + To—1,6 + Mgt + 201 + Tp_1}, for2 <k <,
(3.2.16.c) 7, =0 (mod 4), V k.

Then
Plo(Oé) = 2?10(0() = Ml(](Oé) = 2M10(Oé> = Nl()(Oé) V a Z 1.

Remark 3.2.17 In the above theorem, we used similar argument as given in Theorem
2.2.15 and Remark 2.2.14 and letting 3.°° , Pio(a)q® = hio(q).

Theorem 3.2.18 Let ]511((1) represent the number of three-line arrays into r columns
satisfying Ay = 3 and (3.2.16.b)—(3.2.16.c). Then

Pii(a) = 2Py (a) = Myy(a) = 2My1(a) = Ny (a) V a > 1.
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Remark 3.2.19 In the above theorem, we used similar argument as given in Theorem

2.2.18 and Remark 2.2.17 and letting 3.°° , Pi1()q® = hq1(q).
3
The mapping for the first part is ¢ : (mq), — xy —1 . And the remaining mapping
mi—x1 — 2

is same as in (3.2.7)-(3.2.8).

Group 5
To establish the bijection between three-line arrays and (n 4 t)—color overpartitions for the

sum side of hia(q)—hi14(q), we use

4
mp—1+Tp—1+1

zp —1 if my, is not overlined,
"

Mp—1 +Tp—1 +2
zp —1 if my, is overlined,
5 —1

and

Tk

51 (Ak) R (M + e+ 7)1 i Mg =24+ Npmq + pp—1 + 71,
| Hk
(M + e + 7o)y i A =3+ Xt + o1 + 71

The combinatorial interpretations in terms of three-line arrays of sum side of h12(q)-h14(q)

are given in Theorems 3.2.20-3.2.23 respectively.

Theorem 3.2.20 Let ]512(04) represent the number of three-line arrays into r columns

satisfying
(3.2.20.a) A\ =1,
(3220b) Ak € {2 + M1+ 201+ Tro1, 3+ A1 + 201 + kal} for2 <k<r.

Then
P12(Oé) = 2?12(0() == Mlg(Oé) = 2M12(Oé) == NIQ(OZ) V « Z 1.

Remark 3.2.21 In the above theorem, we used similar argument as given in Theorem
2.2.21 and Remark 2.2.20, letting 3.°° | Pia(a)q® = hia(q).

Theorem 3.2.22 Let Pi3(«) represent the number of three-line arrays into r columns
satisfying all the conditions of ﬁlg(a) defined in Theorem 3.2.20. Then

Pis(a) = Mysz(a) = Nis(a) V a > 1.

Theorem 3.2.23 Let Piy(«) represent the number of three-line arrays into r + 1 columns

34



satisfying (3.2.20.b) along with:
(3.2.23.3) >\1 =0= 71,
(3.2.23.b) A, > 2.

Then
P14(Oé) = M14(Oé) = N14(Oé) V « Z 0.

The Proof of Theorems 3.2.3-3.2.23 can be supplied on lines of Theorem 3.2.2, hence

omitted.

3.2.1 Alternative Proofs

In this section we provide an alternate proof for arrays enumerated by P;(«a), and for the
remaining Py(«) where 2 < k < 14, we provide only classes which are obtained by split-
ting the partitions enumerated by Py(r, ) in Table 3.2. Throughout this section, if Py ()
denote the three-line arrays with some conditions in any number of columns, then Py (r, «)
will denote the three-line arrays with same conditions into r columns. In the proofs we

follow the method of proof of Theorem 2.2.2.

Sketch Proof of Theorem 3.2.2. Split the arrays enumerated by Pi(r,a) into the

following four classes:

1
(i) those arrays in which first column is <0>,
0

2
(ii) those arrays in which first column is (0),
0

(iii) those arrays in which 71 # 0,

(iv) those arrays in which 7 = 0, and p; # 0.

1

Transform the arrays of class (i), by eliminating the first column [ o] of the array and
0

subtracting 2 from all A\, keeping u and 7, as same for 2 < k& < r. We see that transformed
2

arrays are enumerated by Pj(r — 1, — 2r + 1). In class (ii), deleting first column | o | of
0

the array and subtracting 4 from all \g, keeping u; and 73 as same for 2 < k < r. The

transformed arrays are enumerated by P (r—1,a—4r+2). In class (iii), subtracting 2 from
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M, 2 < k < r, keeping ui V k as same and subtract 2 from 7. Remaining 7, 2 < k < r
remains same. The transformed arrays are enumerated by P;(r,a — 2r).

Finally, we transform the arrays of class (iv), by subtracting 2 from A\, 2 < k < r and
subtracting 1 from p; and remaining gy for 2 < k < r and 7 for V k£ are same, we
see that transformed arrays are enumerated by P;(r,« — 2r 4+ 1) having the first column

Ak
as <,U«k), tr # 0. Thus number of arrays in class (iv) are obtained by subtracting the
0

A1
number of arrays which are enumerated by P;(r, — 2r + 1) with the first column as <u1>
T1

where 71 # 0 from Py(r,a — 2r 4+ 1). Thus the transformed arrays are enumerated by
Pi(r,a —2r +1) — Pi(r,a — 4r + 1). Hence we get the following recurrence formula for
Pl (Tv Ck)i

Pi(r,a) = P(r—1,a—=2r+1)+P(r—1,a—4r+2)+ Pi(r,a —2r)
+P(r,oo—2r +1) — P(r,a —4r + 1), (3.2.9)

where P;(0,0) =1 and P;(r,a) =0 for a < 0.
Hence we get the recurrence relation for Pj(r, ), which is same as the recurrence relation
for My (r, «), so the remaining proof of this theorem can be constructed on the similar line

as the proof of Theorem 2.2.2.

The proof of the Theorem 3.2.3-Theorem 3.2.23 follows the same steps as done for the
proof of Theorem 2.2.4-Theorem 2.2.24. Only the distribution of the classes varies, so in
Table 3.2, we provide the classes and the corresponding enumerator. These classes depends
on first column. For Py(«), k = 2,3,4,6,9 and 14 we have only two classes given in the
following table, and for the remaining enumerators we have four classes: first and second
classes are given in the table, third class has those arrays in which 7, # 0, and fourth class

has those arrays in which 71 = 0, and pq # 0.

Remark 3.2.24 To obtain the recurrence relation for the enumerator P;(r, ), we consider

n2
g-series, bi(q) = > o o Vila)g® = > 07, %, where Vi (r, «) represents the number

of the three-line arrays enumerated by Vi(«) of a into r columns. Continuing this

bula) = > Vila)g®

where k = 2-5.
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Table 3.2: Distribution of classes

Enumerator | class 1 | class 2 || Enumerator | class 1 | class 2
0 0 . 3 3
pg(Oé) 0 151 Pll(Oé) 0 0
0 0 0 4
0 0 . 1 1
Ps(a) 0 I Piy(a) 0 0
0 0 0 1
1 2 1 1
Py(a) 0 0 Pi3(a) 0 0
0 0 0 1
3 4 0 0
P5<Oé) 0 0 P14(Oé) 0 H1
0 0 0 0
0 0 1 3
Ps(a) 0 1 Vi(a) 0 0
0 0 0 0
1 1 2 4
P (a) 0 0 Vo () 0 0
0 2 0 0
. 2 2 1 5
Ps(a) 0 0 Vs(a) 0 0
0 2 0 0
0 0 3 7
Py(a) 0 m Vi(o) 0 0
0 0 0 0
1 1 1 2
Po(a) 0 0 Vs () 0 0
0 4 0 0

3.3 Split part (n + t)—color partitions

In this section, we give another new combinatorial interprtation for h;(q), where 7 < [ < 14
using split part (n + t)—color partitions. In 2014, Agarwal and Sood [16] interpreted two
eighth order, ‘mock theta functions’ of Gordon and McIntosh in terms of split (n+¢)—color
partitions. Inspired from their work we introduce split part (n+t)—color partition, defined

as:

Definition 3.3.1 The split part (n + t)-color partition is (n + t)—color partition in which
the part splits into two parts. Consider a part (my)s, from the partition and we split my,

into two parts as (my)s, = (M), +my )z, 1 <my <my and 0 < my, <my, — 1.

Example 3.3.1 For a = 3, the split part n—color partitions are:
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(33), (2+1)3, (1+2)3, (32), (2+1)2, (14+2)2, (31), 2+ 1)1, (14+2)1, (22 1),
(14+1)2 1y), (21 11), (1 +1)1 1y), (11 14 1y).

The sum side of hy(q), 7 < | < 14 represents generating functions for @Q;(«), where 7 <
[ < 14, which count partitions in terms of split part (n + t)—color partitions. These lead

to 4-way combinatorial interpretations satisfying
ZQl(a)qo‘ = ZPl(oz)qa = ZMl(oz)qo‘ = ZNl(oz)qa, 7T<I<14, a>0.
a=0 a=0 a=0 a=0

Now we provide the combinatorial interpretations of @;(a), where 7 <1 < 14 in terms of

split part (n + t)—color partition given in Theorem 3.3.1-Theorem 3.3.12

Theorem 3.3.1 Let Q;(«) enumerate the number of split part n—color partitions of a such
that

(3.3.1.a) my =z (mod 2) V £,
(3.3.1.b) my should not be splitted,

(3.3.1.c) 6 > 0, and = 0 (mod 2), ¥V k > 1 if §y = 0 then the part my should not

be splitted otherwise (my)y, = (m:,C + m;)mk where m;g = myp_1 + xx + T_1 and

m, =my —m, =0 (mod 2).
Then
Q7(a) = P(a) = Mq(a) = N7(a) V a > 0.

Theorem 3.3.2 Let Qg(a) enumerate the number of split part n—color partitions of «
satisfying (3.3.1.a), (3.3.1.b), my, zx > 1 and

(3.3.2.a) 0, > —2 and =0 (mod 2) V k > 1,

/

(8.3.2.b) if 0, = —2 then the part my, should not be splitted otherwise (mg)., = (my +

mk)l‘w
(3.3.2.c) m;g =Mp_1+ Tp_1 + 2 — 2 and m; = my — m;f =0 (mod 2) for §; =0,
m;g = Mp_1 + Tp_1 + ), and m; = my — m;f =0 (mod 2) for é; > 0.
Then
Qs(a) = QQg(a) = Ps(a) = Mg(a) = Ng(a) ¥V a > 0.

Remark 3.3.3 For the combinatorial interpretation of sum side of hs(q) in terms of split

part n—color partitions, here we use iLg((]), in (2.2.12) (as defined in Chapter 2) and we
write as hg(q) =D o, Qs(a)q”.
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Theorem 3.3.4 Let Qo(«v) enumerate the number of split part (n + 1)—color partitions of
a satisfying (3.3.1.c) and

(3.3.4.a) x1 =my + 1, and my should not be splitted,
(3.3.4.b) my, — zx =1 (mod 2), V k.
Then
Qo(a) = Py(a) = My(a) = No(cv) ¥V v > 0.
Theorem 3.3.5 Let Qlo((x) enumerate the number of split part n—color partitions of «
satisfying
(3.3.5.a) m; = z1 (mod 4), my should not be splitted.

(3.3.5.b) 9y > 0 and = 0 (mod 4) V k > 1, if 6 = 0 then the part my should not
be splitted otherwise (my)y, = (M) + my)., where m, = my_ + Tp_1 + 25 and

my, =my —m, =0 (mod 4).
Then
Quo(@) = 2Q10() = Pig(a) = Mip(a) = Nyg(@) ¥ a > 0.
Remark 3.3.6 In the above theorem, we used similar argument as given in Remark 2.2.14

and letting 3.2, Qio(a)g® = ho(q)-

Theorem 3.3.7 Let Qu(a) enumerate the number of split part n—color partitions of «
satisfying (3.3.5.b), my —x1 = 2 (mod 4) ¥ k, my > 3 and my should not be splitted. Then

QH(CY) = 2@11(0&) = PH(CY) = MH(Ck) = N11(06> V o 2 0.
Remark 3.3.8 In the above theorem, we used similar argument as given in Remark 2.2.17

and letting Y o, Qn(a)qo‘ = iln(Q)-

Theorem 3.3.9 Let ng(a) enumerate the number of split part n—color partitions of «

satisfying
(3.3.9.a) my should not be splitted,

(3.3.9.b) 0y > 0V k > 1, if 0 = O then the part my should not be splitted otherwise

/ 1" / 1" ’
(M) 2y, = (My, + My, where my, = my_1 + 1 + xx and my, = my — my.

Then
Qu2(@) = 2Q12(a) = Pra(@) = Myp(a) = Nig(@) ¥V a > 1.

Remark 3.3.10 In the above theorem, we used similar argument as given in Remark
2.2.20, letting 3., Q12()q® = h1a(q).
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Theorem 3.3.11 Let Q13 enumerate the number of split part n—color partitions of o sat-
isfying all the conditions of Theorem 3.3.9. Then

Qz(a) = 2@13(04) = Pi3(a) = Myz(a) = Nig(a) ¥V a > 1.

Theorem 3.3.12 Let Q14(«) enumerate the number of split part (n + 1)—color partitions
of a satisfying (3.3.4.a), (3.3.4.b) and (3.3.9.b). Then

Qui(@) = Pyy(a) = Myy(a) = Nyy(a) V. a > 0.

3.3.1 Sketch Proof of Theorem 3.3.1

To obtain the proof of Theorem 3.3.1, we consider the following g—series,

N 0N~ ()"
;Ul(a)q ; @ (3.3.1)

The interpretation of (3.3.1) in terms of split part (n+t)—color partitions is given in Lemma
3.3.13. Let Uy(r,a) and Q7(r,«), denote the number of partitions enumerated by Ui («)
and Q7(«) into r parts.

Lemma 3.3.13 Let Ui(a) enumerate the number of split part n—color partitions of «
satisfying (3.3.1.a), (3.3.1.c) and for my # x1 then it should be splitted as (m} + m) )y,
where my = x; and m] = 0(mod 2). Then (3.3.1) holds.

We illustrate the Lemma 3.3.13 with following example:

Example 3.3.2 For a = 8, there are fifteen split part n—color partitions for U;(8),
(8s): (86), (6+2)s, (84), (4+4)s, (82), (2+6)2, (75 11), (73 1), ((5+2)3 11),

(71 11), ((344)1 11), (62 22), (51 31), (51 (1 +2)y).

Proof of Lemma 3.3.13. Divide the partitions into four classes:
(i) (my)s, is not of the form (my)m, or (my + 2>m;€7
(ii) (mq)s, is of the form 1,
(iii) (mq)g, is of the form (1 4 2)q,
(iv) (m1)s, is of the form (mg)m,, (m > 2) or (m, + 2)m;€ (m' >2).

Transform the partitions which lie in class (i) by subtracting 2 from all the parts. For part

of the form (m), +m, ).,, subtract 2 from m,. The transformed partitions are enumerated
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by Ui(r,a — 2r). In class (ii) remove the least part 1; and subtract 2 from the remaining
parts. If part of the form (m, +m, )., , subtract 2 from m, and we get partitions enumerated
by Uy (r—1,a—2r+1). Next, in class (iii) remove the least part (14 2); and then subtract
4 from all the remaining parts or from m;C for the part in splitted form. The transformed
partitions are enumerated by Uj(r — 1,a — 4r + 1). In the last class (iv), replace the
least part (m1)m, by (my — 1)m,—1 and (m] + Z)m/l by ((my —1) + 2)m,171 and subtract
2 from the remaining parts. If part of the form (m) + m,),,, subtract 2 from m,. This
will result in partitions enumerated by U;(r,a — 2r + 1). It should be noted here that
we are obtaining only those partitions of @ — 2r + 1 which involve a least part of the
type (my)m, or (m; + 2)m’1 . S0 the number of partitions in class (iv) are enumerated by
Up(rya—2r+1) = Uy(r,a — 4r + 1).

The above transformations are clearly reversible and so establish a bijection between the
partitions enumerated by Uj(r, ) and which are enumerated by Ui (r,a — 2r) + Uy (r —
La=2r+1)+Ui(r—La—4r+ 1)+ Ui(r,a—2r+1) = Uy (r,a —4r + 1).

This leads to the recurrence relation

Up(r,a) =Ui(r,a—2r)+ Ui(r — L,a—2r+ 1)+ Uy(r — L,a — 4r + 1)
+Uy(rya —2r +1) = Uy(r,a — 4r + 1).

The recurrence relation for Uy (r, «v) is same as for Wi(r, ), so the remaining proof can be
elaborated from Lemma 2.2.10.

Now we give a concise proof of Theorem 3.3.1

Split the partitions enumerated by Q7(r, ) into four classes. In the first class, partitions
contains (my),, = 11. Remove (my),, and subtract 2 from all the remaining parts. The
parts of the form (mj + mj),,, subtract 2 from m; so the transformed partitions are
enumerated by Uy (r —1,a—2r+1). Second class contains the partitions with (my), = 3.
By removing the least part and subtract 4 from all the remaining parts. The parts of the
form (m), + m, )., subtract 4 from m,, we get the partition enumerated by U;(r — 1, o —
4r +1). The partition in the third class contains the partitions which do not have (my)m,
and (mg)m,—2 as the least part. Subtract 4 from all the parts and from m}c for parts in
the splitted form. Thus, we get the partitions enumerated by Q7 (r,« — 4r). The last class
contains the partitions in which (m;),,, or (my)m,—2 as the least part. Replace (m;).,, by
(my — 1)y,—1 and (M), —2 by (mq — 1), —3, then subtract 2 from remaining parts and
from m,, in the splitted part, that is enumerated by Q7 (r,a — 2r 4+ 1) — Q(r, o — 67 + 1).
Thus the recurrence relation for Q7(r, ) is given by

Qr(r,a) =Ui(r—1La—2r+1)+Ui(r—1L,aa—4r+1)
+ Q7(r,a—4r) + Q7(r,a —2r +1) — Q7(r,a — 61 + 1),
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Proceeding in the same manner as in the proof of Lemma 3.3.13, we get the desired result.

Remark 3.3.14 We can naturally connect the interpretations of hz(q) in terms of n—
be Kk

and (k — 1)th parts of a n—color overpartition, then the corresponding k™ part of split part

color overpartitions and split part n—color partitions. Let (my)z, and (Mg—1)z,_,

n—color partition be (my, +my)s,, that is given by

(M) if my, is not overlined,
¢t (Mp)ay, — (3.3.2)

! 1" . . .
(my, +my)z,  if my is overlined,
! 14 !
where my, = my_1 + xp_1 + x and m;, = my —m,.

In the reverse implication, let (m), +my ), be k" part of split part n—color partitions then

the corresponding part in an n—color overpartition (my)s, , is given by

(m;g)m,v if m}; =0,

o7V (my +my)e, — (3.3.3)

We get Q7(a) = Pr(a) = M7(a) = N7(a) V oo > 0.

Here we are omitting the proofs of the remaining Theorems 3.3.2-3.3.12, one can easily

elaborate on the lines of Theorem 3.3.1.

3.4 2—color ['—partitions

In the sequel to previous sections, we now give a connection for the sum side of h;(q)
where 7 <[ < 11 in terms of (n + t)—color overpartitions and 2-color F-partitions. cFj(«a)
for 7 < [ < 11, count partitions in terms of 2—color F—partition. These lead to 5-way

combinatorial interpretations satisfying

S ehile) = S Q) = 3 A = 3 M) = 3 N, T<l< 11
a=0 a=0 a=0 a=0 a=0
(3.4.1)
We define F—partition in Chapter 1. Now we recall the definition of n—color F—partitions.

Definition 3.4.1 [21] The n—color F—partitions is the color F—partitions with n copies
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of the non negative integer ‘x’ with color ‘i’, so
z;:0< e <i—1, 1 <1<z,

and x; # xl,, unless v = ' and i = 1i'. There is a strict decrease among the parts along

the rows and the parts follow the order
0 <0< - <1 <lg <+ <21 <29 <+ <3 <39 < -0

Consider colored F—partitions of a in which the parts in either row appear from n copies

and are distinct. Let cF'(«) denote the number of all such partitions.

Example 3.4.1 For o = 2, the 2—color F—partitions enumerated by cF(2) are

) ) () G () () () () (e )

Remark 3.4.1 In the main results, we use 2—color F—partitions in which first and second
row entries of each column have identical subscripts. For the notation purpose 2—color

F—partitions with each column having same subscript array as follows:

(ar)i, (ar—1)i,y -+ (a1)iy
(r)iy (r—1)iny -+ (01)iy
where ay < ag < +++ < ap; by < by <---<b.andipy=1o0r2, for1 <k<r.

Now we present the combinatorial interpretations of h;(q) where 7 < < 11 using 2—color
F-partitions generated by cFj(«a), 7 < [ < 11 given in Theorem 3.4.2-Theorem 3.4.6.

Theorem 3.4.2 Let cFr(a) enumerate the number of 2—color F—partitions of « such that
(ak)ik

(3.4.2.a) for each array , ap — b, >0,
(bk)ik

(3.4.2.b) iy =1,

(3.4.2.c) for two consecutive arrays <((ak)ik (ak—1)ip_,

ybp—ag_1 > 1 and forby—ay_1 =
bk )iy (bk—l)z‘“)

1, then i, = 1.

Then
clr(a) = Q7(a) = Pr(a) = M7z(a) = N7(a) ¥V ao > 1.
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Example 3.4.2 For o = 6, corresponding to cF;(6), the relevant partitions are

31 41 51 31 01 21 01 22 01 21 01
2./ \1;/)7 \oy )7 \1y 0/ \2y 00/ \25 0//) \14 0/

Theorem 3.4.3 As follows (2.2.12), let cFy(a) enumerate the number of 2—color F-

partitions of a such that
(3.4.3.a) for each array <((Zk)i’“>, ap — by > 1,
k)i

(3.4.3.b) iy =1,

(3.4.3.¢) for two consecutive arrays <((Zk)i’“ (k1)
K

e (Ok—1)ip_,

>7 by—ar—1 > 0 and for by—ar_1 =
0,4, =1.
Then
cFy(a) = 2cFy(ar) = Qg(a) = Ps(a) = Mg(a) = Ny(a) V a > 1.

Theorem 3.4.4 Let cFy(a) enumerate the number of 2—color F—partitions of o such that

(3.4.4.a) for each array <Ezk>)““> s by <ap +1,
k)i,

(3.4.4.b) by =0,b, > 1 for2 <k <r andi; =1,

(3.4.4.c) for two consecutive arrays (k)i (@),
(Ok)ix  (bk—1)ix_,

>7 bk_ak—l Z 2 cmdfor bk_ak—l =
2,1, = 1.
Then
ch(Oé) = Q9(Oé) = Pg(Oé) = Mg(a) = Ng(a) Y a>0.

Theorem 3.4.5 As follows Remark 2.2.14, let cﬁlo(a) enumerate the number of 2—color
F—partitions of o such that

(3.4.5.a) for each array (ar)i, ,ap — by >0,
(br )iy
(3.4.5.b) by =0 (mod 2), and |, =1,
(3.4.5.¢) for two consecutive arrays (ar )iy (ak_l)i’“”), by, —ap_1 > 1,

Or)iy, (br—1)ij,_,
br # ax—1 (mod 2) and for by, —ap_1 =1, ip = 1.
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Then
CFlo(Oé) = ZCFH)(O() = Qlo(Oé) = P10<Oé) = Mlo(Oé> = Nl(](Oé) V (6% Z 0

Theorem 3.4.6 As follows Remark 2.2.17, let cﬁn(oz) enumerate the number of 2—color
F—partitions of a such that

(3.4.6.a) for each array <((Zk))lk> ,ap — b >0,

k)i

(3.4.6.b) a1 +b; >2,b =1 (mod 2) and |, =1,

(Or)ix  (br—1)iy_y
by —ar—1 =1 (mod 2) and for by —ap_1 =1, ix, = 1.

(3.4.6.c) for two consecutive arrays (ak)iy wkl)ik“), by —ap_1 > 1,

Then
cFii(e) = 2¢Fy1 (o) = Qui(a) = Piy(a) = My (o) = Nyy(a) YV a > 0.

3.4.1 Proofs of Theorems 3.4.2—-3.4.6

Proof of Theorem 3.4.2. We construct a bijection between the 2-color F—partitions
enumerated by c¢F7(«) and n—color overpartitions enumerated by M,(«). To achieve this,
(ar)i
(k)i

or (Myg)., of n—color overpartition enumerated by M7 ().

we define a map ¢ from each column ( ) of the 2—color F—partition enumerated by

cF7 () to a single part (mg).,

The mapping ¢ is

¢:C%M)% (ak + bp + Vapopygr if i = 1, (3.4

(ak + by, + 1>ak*bk+1 if i, = 2.

Now suppose we have

¢ ((ak)lk> _ (M), i ip =1, and ¢ : ((ak—l)ik1> N (Mme-1)a,_, ifig=1,

(bk)lk (W)xk if 4 = 2, (bk—l)ik,l (mk—l)xk,l if 4 = 2.

Then the weighted difference for two parts (my),, and (mg_1)s,_, is given by

5k =My — M1 — Tk — Tkp—1 — Q(bk — Qp—1 — 1) (343)

AlSO, myp — T :(ak + bk + 1) - (ak — bk + 1) = Qbk, (344)

which imply my — x = 0 (mod 2).
Using (3.4.3), (3.4.4) and the given conditions (2.2.9.b)—(2.2.9.c) we get the desired con-

45



ditions (3.4.2.a)-(3.4.2.c). To evaluate the reverse implications, we consider the inverse
images of two consecutive parts (my),, or (mk)mk, (Mg—1)z,_, Or (mk_l)xk—l of n—color

overpartition enumerated by M;(«a) as:

e = (CEEEN) o = (),

2

. (mk71+mk71*2>1 ) (mk71+$k71*2)2
and (b_ : (mk—l)mk—l = mk,12—:pk,1 or Qb_ : (mk—l)l’k—l = mk,12—xk,1 :
(—=5"h (=5")2

So, my — xp = 2by, my_1 + x_1 = 2a,_1 + 2, and hence

O = (ap + b+ 1) — (ag—1 + bp—1 + 1) — (@, — by, + 1) — (ag—1 — bp—1 + 1),

M — Th — T 9 _
by — apy = b Tkl ka S L > L (3.4.6)

From (3.4.5), (3.4.6) and the conditions (3.4.2.a)—(3.4.2.c), we easily get (2.2.9.b)—(2.2.7.c).
Sketch proofs of the bijection of ¢Fj () and My (a) for 8 < k < 11.
e For £ = 8,10 and 11 the proofs can be supplied on the line of Theorem 3.4.2.

e For k£ =9 the map ¢ is given by

b (ak)i, o (ap + bk + 1)ap—pot2 ifip=1
(b1 )i, (ar + bk + 1)y n  ifix =2

and the inverse mapping ¢! is given by

where my — 2, = 1 (mod 2). Here also the phantom column (
1

1) appears in the

2—color F—partition corresponding to the part 0; in the (n + 1)—color overpartition.
Since the part 0; does not have any contribution towards the total value of a therefore
the corresponding column in the colored F—partitions is eliminated. One can easily

obtain the results.

46



3.5 Lattice paths

The lattice paths introduced by Agarwal and Bressoud in [12] are the paths considered
in the positive cartesian coordinate system. This specific terminology is used to interpret
certain multiple summation g—series in [6,8,9,13]. While Corteel and Mallet were studying
overpartitions, they modified the terminology of these path in [39]. The definition of lattice

paths with the modified terminology are given below:

Definition 3.5.1 [39] The path starts on the Y-axis, end on the X-awxis with the following
steps are considered:

North-East NE (,): from (a,b) = (a+ 1,b+ 1),

South-East SE (\,): from (a,b) = (a+ 1,b— 1), where b > 0,

South S (}): from (a,b) — (a,b—1), where b > 1 (S step can only occur after a NE step),
Horizontal H: (a,0) — (a+ 1,0). All our lattice paths are either empty or terminate with
a southeast step from (a,1) to (a+ 1,0) or south step from (a,1) to (a,0).

In describing the lattice paths, following terminology is used:

Peak is a vertex preceded by a North-East step (or located at the beginning of the peak)
and followed by a South step (in which case it is called NES peak) or by a South-East step
(in which case it is called NESE peak).

Valley is a vertex preceded by a S step or SE step and followed by a NE step. Note that
a S step or SE step followed by H step followed by a NE step does not constitute a valley.
Mountain is a section of the path which starts on either the X-axis or Y-axis, which ends
on the X-axis and which does not touch the X-axis anywhere in between the end points.
Every mountain has at least one peak and may have more than one.

Plain is a section of the path consisting only H steps which starts on the Y-axis or at a
vertex preceded by a SE step or at a vertex preceded by a S step and ends at a vertex
followed by a NE step.

Height of a vertex is its Y-coordinate.

Weight of a vertex is its X-coordinate.

Weight of a lattice path is the sum of the weights of its peaks.

Example 3.5.1 The Figure 3.1 has five peaks, three wvalleys, three mountains and two
plains. In this figure there is one peak of height 3, two peaks of height 4, two peaks of
height 1 and the weight of this path is

0+4+6+13+15=38.
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N W A

o -

Figure 3.1: Lattice Path.
Remark 3.5.1 In [39], Corteel and Mallet allow the SE steps only after NE steps. To

explain these steps, here we give an example. Using NE, SE and S steps, we have lattice
paths for a = 3 in Table 3.3.

Table 3.3: lattice paths for a = 3

3 2
2
1
1
. o T . o T T T T T T 1
Flgl 0 1 2 3 4 5 6 7 F1g2 0 1 2 3 4 5 6
2 2
1 1
. 0 T T T T T 1 . 0 T T T T T 1
Flg.3 0 1 2 3 4 5 Flg,4 0 1 2 3 4 5

We only consider lattice paths that satisfy the corresponding conditions given in the the-
orems. In this section, we provide interpretations for h;(q), where 7 < [ < 11, in terms
of lattice paths. The functions R;(«), for 7 < [ < 11, count partitions in terms of these
lattice paths. We also demonstrate a connection between (n + t)—color overpartitions and

lattice paths, which leads to 6-way combinatorial interpretations that satisfy

Y Ria) =) cFla)=> Q)" = Pla)g” =Y M) = Nfa)q®,

(3.5.1)
for 7 < 1 < 11. Now the interpretations of h;(¢) in terms of lattice paths generated by
Ry(a), where 7 <[ < 11 given in Theorem 3.5.2-Theorem 3.5.6

Theorem 3.5.2 Let R;(«) be the number of lattice paths of weight o starts at (0,0), have
no valley above height 0, no plain with odd length, NENESS steps permitted only if there
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15 already at least one NE step in the peak. But the first peak lacks such a step. Then,
R7(a) = cFr(a) = Q7(a) = Pr(a) = Mq(a) = N7z(a) Vo> 1.

7‘2
Proof In %, the factor q’"2 generates the lattice path with » NESE peaks with

height 1, initiating at (0,0) and ending at (2r,0). For r = 3, the path is shown in Figure
3.2.

Y T y T T 1
2 3 4 5 6 7

Figure 3.2: Lattice Path.

o4
N

The factor (¢%;¢%);* generates r even non negative numbers < 27, say, a, X 2, a,_; X 4,
ooy a1 X 2r, ap > 0,V k. This factor transforms the path by increasing the weight of
the k' peak by 2a;. The path of Figure 3.2 changes to the path shown in Figure 3.3 for

aq :1,a2:0,a3:1.

1

0+ T f T Y T Y T f T Y 1
0 1 2 3 4 5 6 7 8 9 10 1"

Figure 3.3: Transformed lattice path for a; = 1,a, = 0,a3 = 1.

The factor (q; ¢?); ! generates 7 odd non negative numbers < 2r — 1, say b, X 1, b,_1 x 3,
..., by x (2r —1), by, >0, V k. This factor contributes to rise in the height of the k' peak
by b,. With the increase of height of given peak by one unit it results in increase of its
weight by one unit and the weight of each subsequent peak increases by two units. The

path in Figure 3.3 changes to the path shown in Figure 3.4 for by = 1,b, = 1,b3 = 0.

2

1

0 T T T T T f T T T T T T T T 1
0 1 2 3 4 5 6 7 8 9 10 1 12 13 14 15

Figure 3.4: Transformed lattice path for by = 1,b, = 1,b3 = 0.

The factor (—¢%; ¢*),_1 generates r — 1 non negative multiples of 2,4, ..., 2r —2, say ¢, x 2,
Cro1 X4y ..., o X (2r—2), ¢, =0 or 1V k. It generates NENESS peaks of height two each
in some or all the peaks except the first peak. This factor changes the path by raising the
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weight of the k" peak by 2 units, height remains same. The Figure 3.4 changes to the
path as depicted in Figure 3.5 for ¢; = 0,¢y = 1,¢3 = 1. Every path enumerated by R7(«)

is uniquely generated in this manner.

4
3
2
1
(o]

T T T T T T T T T T T T T T T T T T T 1
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

Figure 3.5: Transformed lattice path for ¢; =0,c0 =1,¢c3 = 1.

Now, we shall prove that R;(a) = M7(«). We establish a bijection between the n—color
overpartitions enumerated by M;(«) and the lattice paths enumerated by R («). To achieve
this, each path is encoded as the sequence of the weights of the peaks with each weight
subscripted by the height of the corresponding peak. Thus we denote (k — 1) and (k)™
peaks by A, and B, (B > A), respectively, then

A= (2/{ — 3) + ag—1 + 2(b1 +by+ ...+ bkfz) 4+ br_1 + Ck—1,

r=1+byp_1,
B=Q2k—-1)+ar+2(by +by+ ... +bp_1)+ b + cx,

The weighted difference of these two parts is
((By - Aw)) = (ag — ag—1) + (cx — cx—1) >0,

and = 0 (mod 2). The peak which has NENESS path corresponds to overline part. In
the weighted difference if ¢, = 0 (resp. 1) and ¢;_; = 1 (resp. 0) then B, corresponds to
overline part. Further if we consider the part B, of n—color overpartition, we find that the
parity of both B and y is evaluated by by. If by is even (resp. odd) then both B and y are
odd (resp. even). This proves that the parts and their corresponding subscripts have the
same parity. The least part is not overlined as there is no NENESS path in the first peak.
Since the lengths of the plains are given in terms of a; (> 0), 1 < k < r, which are even
numbers, the length of plains, if any, are even.

Consider two parts of a partition enumerated by R;(«) in order to demonstrate the reverse
implication, say C, and D,. (Note that there is no need to consider overlined part.) Let
Ay = (C,u) and Ay = (D,v) be the corresponding peaks in the related lattice path. If
there is a plain between A; and A,, its length would be D —C'— v —u which is the weighted
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difference between C, and D, and is therefore non negative and even. Thus, we deduce
that the corresponding path may have plains of even length. Next, we establish through
contradiction that no valley can exist above height 0. Assume that between the peaks A;
and A,, there is a valley V' of height k& (k > 0). In this case, there is fall of u—k from A4, to
V and rise of v —k from V' to A, in Figure 3.6. This implies that D = C+ (u—k) + (v —k),
or D —C —u—v = —2k. But since the weighted difference > 0, k = 0. This completes the

bijection.

Figure 3.6: Lattice Path.

Example 3.5.2 For a = 6, the lattice paths and n—color overpartitions satisfying Theorem
3.5.2 and Theorem 2.2.9 are shown in following figure.
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Theorem 3.5.3 As follow (2.2.12), Let Rg(a) be the number of lattice paths of weight o
starts at (0,0), have no valley above height 0, no plain with odd length except at the begin-
ning of the path where a plain of odd length always exists. The NENESS steps permitted
only if there is already at least one NE step in the peak. But the first peak lacks such a
step. Then,

~

Rs(a) = 2Rg(ar) = cFg(a) = Qs(a) = Py(a) = Mg(a) = Ng(av) ¥V av > 1.

2¢?)r—1¢" "D

Sketch proof of Theorem 3.5.3. In =2 T

line of Theorem 3.5.2, only the extra factor ¢" puts a horizontal step in front of the first

, the proof can be supplied on the

peak. This adds one unit to the weight of each peak, so the weight of the lattice path is
raised by r units. If (4,2) and (B,y) are (k — 1) and (k)™ peak respectively, of lattice
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paths, then they become

A= 2k —1)4+ap1+2(by+bo+ ...+ bgo)+br_1+ cx1,
r=14bg_1,
B=Q2k+1)+ar+2(by +by+ ...+ bp_1) + b + ¢y,

y =1+ bg.

Theorem 3.5.4 Let Ro(«) be the number of lattice paths of weight « starts at (0,1), have
no valley above height 0, no plain with odd length, NENESS steps permitted only if there
15 already at least one NE step in the peak. But the first peak lacks such a step. Then,

Ry(a0) = cFy(ar) = Qo(av) = Py(a) = My(cr) = Nog(ar) V v > 0.

Sketch proof of Theorem 3.5.4. In %, the proof can be supplied on the line

of Theorem 3.5.2, only the extra factor ¢" puts a SE step from (0, 1) to (1,0) at the front

2r+1)=1 provides a non negative multiple of 2r + 1

of lattice path. The extra factor of (1 —g¢
say bg X (2r 4+ 1). This is expressed by raising the first peak by the height by + 1. So if we
denote the (k — 1) and (k) peaks of Theorem 3.5.2 now it transforms into (k) and
(k + 1)™ peaks respectively. The first part is (bg)g + 1, which is of the form (x¢),,.1 and

shows that we are using (n + 1) copies of n.

Theorem 3.5.5 As follow Remark 2.2.14, Let fho(a) be the number of lattice paths of
weight « starts at (0,0), have no valley above height 0, the length of the plains, if any, is
= 0 (mod 4), NENENENESSSS steps permitted only if there is already at least one NE
step in the peak. But the first peak lacks such a step. Then,

Rlo(Oé) = 2&10(0&) = CF10(04> = Qlo(Oé) = Pl()(Oé) = Mlo(Oé> = Nl(](Oé) V « > 1.

Sketch proof of Theorem 3.5.5. The factor (¢*;¢*), ! generates r non negative multi-
ple of 4 say, a, x 4, a,_1 X 16, ..., a; X 4r, a;, > 0, V k. This factor changes the path by
raising the weight of the k' peak by 4a; units. And the factor (—q*;¢*),_1 contributes
r — 1 non negative multiples of 4 say ¢, x4, ¢,_1 X 16, ..., co X (4r—4), ¢, =0o0r 1 V k. It
generates NENENENESSSS peaks of height two each in some or all the peaks except the
first peak. This factor changes the path by raising the weight of the k" peak by 4 units,
height remains same. For r = 2, a; = 1,as = 0 and ¢; = 0,¢cy = 1, the lattice path as

depicted in Figure 3.7.
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Figure 3.7: Lattice Path.

Theorem 3.5.6 As follow Remark 2.2.17, Let 1%11(04) be the number of lattice paths of
weight o starts at (0,0), have no valley above height 0, there is a plain of length = 2
(mod 4) in the beginning of the path and the length of the other plains, if any, is = 0
(mod 4), NENENENESSSS steps permitted only if there is already at least one NE step in
the peak. But the first peak lacks such a step. Then,

RH(Oé) == 2R11(Oé) == CF11(04> == QH(Oé) = PH(Oé) = MH(Oé> == NH(Oé) V « Z 1.

On the lines of the aforementioned proofs, the proof of Theorem 3.5.6 can be simply

developed.

3.6 Conclusion

The main objective of this chapter is to expand upon the interpretations of the fourteen
g—series identities presented in Chapter 2 by utilizing various combinatorial tools. We
establish bijections for several g—series identities and develop direct interpretations using
the classical method with three-line arrays. Additionally, we establish connections between
eight out of these fourteen g—series identities and the newly introduced tool of split part
(n + t)—color partitions. Furthermore, we demonstrate connections between five out of

these fourteen g—series identities and 2—color F—partitions and lattice paths.
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Chapter 4

g—series identities related to moduli 4k and
4k + 2

4.1 Introduction

Bailey found a number of g—series identities in [27,28]. His idea was extensively used by
Slater to find 130 such identities, which are cataloged in [79]. Some g—series identities are
studied in [27,28,52,71,79] using various approaches. Within the last few decades, some
g—series have been extended to multiple series, and the results of infinite families of g—series

identities can be seen in [21,85].

Using Bailey’s idea and the g—hypergeometric transformations of Verma and Jain in [85],
Sills in [76,77] discovered some new double-sum identities. In this chapter, we provide
combinatorial interpretations of Sills’ double-sum identities given in [77] with identity

numbers A.7, A.6, and A.4, using (n + t)—color partitions, respectively.

ii . _ 169974 ) (4.1.1)
e ¢*)r(¢; @) s—2r (D0
00 00 2+2r +2r [q6 q12 q18.q18]
=49 59 4 o 4.1.2
;Z 0%)r (¢ @) s—2r (4;0)s (4.1.2)
oo 00 s24+25+2r24-2r .
ZZ M _ [0 %" (4.1.3)
q;9q s+1 q q ) (QQ q)S*QT (q>Q)oo

r=U s=

Verma and Jain in [85] gave the analytic generalization of (4.1.1) and (4.1.3) respectively,

The contents of this chapter are communicated for publication.
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in the following form

q2(M12+...+M§73)+4M§73+n2+4nMp,3

> 3 - T e

NG D@ ) (@) (G P Inrort, s

2(MP .. AM2_3)+4M3_ 4+n2+4nM,_3 n+3Mp_3+Mi+...Mp_4)

2
q
(@ On(@% D) (@0, (G0 nr2m,_s

= 11 (1—¢M)L (4.1.5)

n#0,£2(mod 4p+2)

Remark 4.1.1 We note M; =1 +ro+...+r; and M_y = My = 0. The identities (4.1.1)
and (4.1.3) are special cases of (4.1.4) and (4.1.5), respectively for p =4 and n+2r = ny.

4.2 Main Results

In this section to provide the combinatorial interpretations of (4.1.1)—(4.1.3), we employ
the tool (n +t)—color partitions in Theorems 4.2.1-4.2.3 respectively. The summation side
of (4.1.1)—(4.1.3) are enumerated by X;(«) and the product side is enumerated by Y;(«a),
where o > 0 and 1 <[ < 3.

Theorem 4.2.1 Let Pi(r,a) count the number of n—color partitions of « into r parts

satisfying

(4.2.1.a) my, is even and xp, =2,V k

(4.2.1.b) 0, >0, and =0 (mod 2) V k

and Q1(r, s,a), v > 0 count the number of n—color partitions of o into s parts satisfying
(4.2.1.c) my =z, forr >0

0 ifl1<k<s—2r—1,

(4.2.1.d) &, =
>0 ifs—2r<k<s.
ATLd, let Xl(a) = Z P1<T,j)Q1(T,CY - j) Then
r=075=0
[e.9] o0 oo q82+2,r,2
Xi(a)g® = : 4.2.1
QZ:O (e ;; (¢:4%)s(a% ) (a5 @) s—2r (4.2.)
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Let Yy () count the number of partitions of « into parts # 0,418 (mod 18). Then,
Xi(o) =Yi(a) Va>0

18. 18
th’f’B Z}/l a q q 7q g ]oo
(45 9)oo

Theorem 4.2.2 Let Py(r,a) count the number of n—color partitions of « into r parts

satisfying all the conditions of Py(r,a) with my > 4V k. Qa(r,s,a) counted same as
Q1(r,s, ).
And, let Xo(a) = Z Z Py(r,5)Q2(k, e — 7). Then

r=0j5=0
- © X g
Xola)g® = . 12.2
az_:o (o) ;;(qq)(q 3 q%)r (45 9)s—2r (4.22)

Let Ya(a) count the number of partitions of a into parts Z 0,£6 (mod 18). Then,
Xo(a) =Ys(a) Va >0

18. 18
here 23,2 - 6% 4" 4" ¢"]
(¢; 0

Theorem 4.2.3 Ps(r,«) count the number of n—color partitions same as Pa(r,a) and
Qs(r, s,a) count the number of (n + 2)—color partitions of « into s parts with subscript
x1 =my + 2 and (421d)

And, let X3(a) = Z Z P3(r,§)Qs(r,a — j). Then

r=0j=

5 24254212 42r

;X?’ N ZZ (¢ 4)s1(¢% 62 (@ @)s2r (423)

r=U s=

Let Y3(a) count the number of partitions of a into parts Z 0,£2 (mod 18). Then,
X3(a) =Ys3(a) Va>0

18. 18
where ZYE% a q q 7q »q ]oo
(¢ 9)oo

We illustrate Theorem 4.2.1 with the help of following example.

Example 4.2.1 Fora =8, Py(r,«a) and Q:(r, s, ) as counted in Theorem 4.2.1 are given
in Table 4.1 and 4.2 respectively. P(1,2) = 1, the relevant partition is (25); P(1,4) = 1,
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Table 4.1: Py(r,8)

NCl0 2 4 6 08
0 |1 0 0 0 0
1o 1 1 1 1
2 |0 0 0 0 1
>3]0 0 0 0 0

the relevant partition is (42); P(1,6) = 1, the relevant partition is (63); P(1,8) = 1, the
relevant partition is (83) and P(2,8) = 1 the relevant partition is (62 22).
(1(0,1,8) = 8, where the relevant partitions are (81), (82), (83), (84), (85), (8s), (87), (8s)-

Table 4.2: Qy(r, s,8)

N0 1 >2
0 0 0
1 8§ 0 0
2 |11 2 0
>3]0 0 0

@1(0,2,8) = 11, the relevant partitions are (75 11), (74 11), (73 11), (72 11), (71 11), (63 21),
(62 21), (61 21), (52 22), (51 22), (51 31).
Q1(1,2,8) = 2, the relevant partitions are (75 11), (62 22).

Hence,
8

Q1(0,8) = > Q1(0,m,8) =19,

m=0

and so Q1(r, ), for 1 < r,a <8, is given in the Table 4.3.

Table 4.3: Q1(r, «)

“lo 1 2 3 4 5 6 7 8

0 1 1 5 7 10 15 19
1 . ,
>2 10 0 o 0 0 0
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8 8
Therefore, X;(8) = Z Z Pi(r,a)Qq(r,8 — )

r=0 a=0

=(1940+0+4+0+0+0+0+0) 4 (0+0+0+0+0+0+0+0)

+(0+14+04+0404+0+0+0)+(0+0+0+0+0+0+0+0)
+0+1+0+04+04+0+0+0)+(0+0+0+04+0+0+0+0)
+(04+04+0+0+0+0+0+0)+(0+0+0+0+0+0+0+0)
=21

and partitions counted by Y:(8) are:

(71), (62), 611), (53), (521), (5111), (44), (431), (422), (4211), (41111),
(332), (3311), (3221), (32111), (311111),(2222), (22211), (22111 1),
(2111111), (11111111).

4.2.1 Proofs

Here we provide the complete proof of Theorem 4.2.1 and the proofs of Theorems 4.2.2—

4.2.3 follow similar arguments, hence we delete repetitive proofs.

Proof of Theorem 4.2.1 We have

[e.e] 2,,,2
q
> Pi(ra)g” = ——. (4.2.4)
— (4% %)
r2
In ﬁ, the factor ¢¥* = ¢X(2r—D+@r=3)+.+3+1) generates an n—color partition into r
parts of the form
(47” — 2)2 + (47’ — 6)2 4+ ...+ 22. (425)

The factor ﬁ generates r non-negative parts which are = 0(mod 2), say, 2 - a,4 -

as,...,2r - a, such that (4.2.5) transforms to
Ar—2+a1+...4a )0+ Ar—6+a+...+a_1)2+...+ (24 a1)s. (4.2.6)

Hence the parts are even with subscript 2, 6, > 0 V k.

Next we prove,

s2

N o q
;Ql(r’s’a)q C(@)s(650)s2

59



The factor ¢%° = ¢@s=D+@s=3)+-43+1 geperates an n—color partition into s parts of the

form
(2s=1)1+ (25 =3)1 + ...+ 31+ 11, (4.2.7)

The factor ﬁ generates s non-negative odd parts, say, 1-bs,3-bs_1,...,(2s—1)-by. It

transforms the partition (4.2.7) into

((25—1)+2b1+262+...+2b8_1+b8>(1+b)+ ((23—3)+2b1+2b2+...+2b5_2

+bs_1> .+ (34201 + b2)(14b) T (L4 b1) (1461

(1+b571)

(4.2.8)

The factor m depends on the value of r. Here, we discuss the cases separately for

r

r=0,0<r<[3]and r > [5].

For the last case, r > [5

any addition in counting of the relevent partitions.

|, the factor (q;q),_2s = 0 and hence m will not make

For » = 0, m reduces to ﬁ which generates s non negative parts, 1 X ¢, 2 X

Cs—1, "+ ,8 X 1. S0, (4.2.8) becomes

((23—1)+261+...+2b5_1+b5+c1+...+c5>
(1+bs)

+ ((23 —3) 4214 ... 42 o+ b e+ F c5_1>(1+b St (4.2.9)
s—1

+ (3 + 2[)1 + b2 +c1 + 02)(1+b2) + (1 + bl + Cl)(1+b1)-

Clearly the weighted difference between any two consecutive parts is 6y = ¢ > 0V k .

For 0 < r < [3], m generates (s—2r) non negative parts, say, 1-Cs_a,, 2:Cs_2p—1, - - ., (S—

2r) - ¢;. For this case, (4.2.8) translates to

((25—1)+2b1+...+2bs_1+bs+c1+...+cs_2r>(1 b)+...
+0bs

+ ((2(5 —2r+ 1) - 1) + 2bs +...+ 2b572r + 18*21”4’1 + Cs—2r + 6372r+1>
(1+bs—2r+l)

+ ((2(3 —2r) — 1)+ 2bs+ ...+ 2bs 9,1 + ls_ 2 + c5_2r>
(1+l572r)

((2(5 2= 1) = 1)+ 2b, ... 4+ 2bs g+ bHH)
(1+b372r71)

_l’_
+ o+ (34201 + b2)(14b) + (14 01) (1401
(4.2.10)
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Using (4.2.10), 6, =0, if 1 <k <s—2r—1,and ) = ¢, >0, if s —2r <k <s. Now

e.@) qTQ
- 4.2.
aZ:oQI(T’S’a)q (4:6%)5(@: @)s—2” “21)
and
S @i =33 Qs =3 T
a=0 a=0 s=0 s=| q q q = 2r
Also,
Oé) :ZP1<T,j>Q1(T,C¥ _j),
&%)
Y Xi(a)g* =) Pi(r, j)Qu(r,a — j)g”
a=0 r.J,x
:ZP1<Taj)Q1(T7 a)qa—&—j
:ZP1<T,j)qu1(T, a)qa
=Z(ZP1(r,j)qj)(ZQ1(r,a)q )
r=0 j=0 a=0
_ ¢
Z (% ¢%) r;(qq)(qqx or
2+2r

—Z

rsO

s(q; q)s (%)

4.3 Conclusion

The results discussed in this chapter are sufficient to interpreting the following two iden-
tities (A.14)—(A.15) of [77] in terms of (n + t)—color partitions.

o o0 2 2
ZZ Ak — (q87q207q28;q28)00(_Q; q2)00 (431)
== 0*)k(4; @)v—2t (4% ¢*) oo ’

o [ee] 2 2

3 Z i _(0%,6% 6% ) (=4 0" (43.2)
pardrardl )¢5 ) w2k (4% 6%)oo

Here, we have explored double-sum g—series identities using colored partitions. An obvious

question arises: Is there a possibility of establishing bijection between the (n-+t)—color par-
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titions and some other combinatorial tools for double sum ¢—series identities as analogues
to bijections available for single sum g—series identities between different combinatorial

objects, say lattice paths and F-partitions refer to [7,75,80].
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Chapter 5

g—series identities for signed color partitions

5.1 Introduction

Euler included a result in chapter titled “De Partitio Numerorum”, which is given in [43]:
every positive integer is uniquely represented as the sum or difference of distinct power of

3. He wrote this in terms of generating function:

i = ﬁ(x_3a + 2% +1), (5.1.1)
a=0

a=—00

which converges for no values of z. But in [23], Andrews treated (5.1.1) as an identity in
formal Laurent series. He showed a great interest in this section and asked the question,
“Why have we thought so little about partition generating functions in which some of the
partitions might have some negative parts ?” Andrews explored Euler’s eye-catching iden-
tity (5.1.1) and find some new and appealing results. He referred to called such partitions

as “Signed Partitions” in which parts may appear with 4+ or — sign.

Definition 5.1.1 In [62], a signed partition ® of an integer o, denoted by ® - «, is a
partition pair (¢1, ¢s), where
a = ¢1 + 2,

o1 (resp. ¢9) is the positive (resp. negative) subpartition of ® and ¢11(¢>1)7 o, Q2 b1 (Tesp.

i) 42, 6L) are the positive (resp. megative) parts of ®.

Remark 5.1.1 There are infinitely many unrestricted signed partitions of an integer.
However, we are particularly interested in finite sets of signed partitions, which can be

obtained by imposing some suitable restrictions on the parts.

Example 5.1.1 Let ¢y =6+3+3 and ¢y = -3 —-2—1then ®=(6+3+3,-3—-2—1)

s a signed partition of 6.

The contents of this chapter have been published in ‘Current trends in mathematical analysis and its
interdisciplinary applications’, 101-118, Birkh&user/Springer, 2019.
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Signed partitions naturally fit in the interpretation of many classical ¢-series identities.
For instance, see [23] for interpretations of Gollnitz—Gordon identities using signed par-
titions. In [78], Sills provided a bijection between ordinary and signed partitions for the
Gollnitz—Gordon identity. In [54], Keith explored four combinatorial theorems by present-
ing bijections between restricted signed partitions and ordinary partitions. He also studied
the behavior of signed partitions of zero in arithmetic progression. In [62], McLaughlin
and Sills provided interpretations of ¢—series identities belonging to the family of mod 36
with the missing member of the family in the same flavor.

Inspired by their work, we define signed color partitions, which have their roots in colored
partitions introduced in Chapter 1 to interpret 100 ¢—series identities from Chu-Zhang’s
Compendium [35] and Slater’s Compendium [79].

Definition 5.1.2 A signed color partition © is a signed partition pair (61,0) where 0;

and 0y are the (n + t)—color partitions, where 6, = ((911(91)) (09),, (61)2,) and 0y =

1(0
((92( 1))311(01 (02)y27 (05)311)
Example 5.1.2 © = (93 + 45+ 11, —62 — 31 — 11) is an example of signed color partitions
of 4 where, 6, = 93 + 45 + 11 and 0y = —65 — 31 — 11. We may write 61 = (93,42,11) and
0y = (62,31, 11), here 01 is positive part and 0y is negative part of signed partition ©.

Z1(601)?

Remark 5.1.2 The color x;, for the k' part can be split in connection with split color
partitions. If all the parts come with only one color it is signed partitions (as defined

earlier) otherwise it becomes a signed color partitions.

In this chapter we provide interpretations of the sum side of 100 g—series identities that
appear in [35,79], using signed color partitions. These 100 g—series and their combinatorial
interpretations are given in Table 5.1 in concise form. The proofs of combinatorial inter-
pretations are given in the next section. To ease the reading of the Table 5.1, we consider

an example.

Consider a g-series identity that appear in [35] and [79] as Identity no. 1 and 6 re-

spectively.

= (g0)a(@ e (6D

f: 1 q N /A LRl

In Table 5.1 we have provided the interpretation for sum side of above g—identity and

similar others using signed partitions.

Column 2: f;(q) correspond to count of signed partitions or signed color partitions for the

OL2
sum side, that is, f1(¢) = > 0w, %-
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Column 3: 6, correspond to count of positive part of signed partitions, due to the ¢gseries
o (3a—1)

S L2 as we note
a=1 (¢iq)a(g;:0%)a’

(304 1 a—1

i 1Qaq _1+2Z ) H(l_q_z)'

a= i=1

Column 4: This column provide the combinatorial interpretations relevant to 6.

Column 5: 6, corresponds to count of negative part of signed partitions or signed color
a—1
partitions, due to [] (1+¢7").
i=1

Column 6: This column provide the combinatorial interpretation relevant to 6s.

Column 7: Here we give the identity number reference(s) for each g—series identity from

its cited paper.
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5.2 Main results

In this section, we provide the proofs of combinatorial interpretations of some ¢-series
identities listed at Sr. No. 1%, 43" and 82" in Table 5.1. The combinatorial interpreta-
tions of the remaining g—series identities mentioned in table can be easily obtained from
the proofs of Theorem 5.2.1-5.2.3.

Theorem 5.2.1 For a > 0, let Ai(a) denote the number of signed color partitions © =
(01,602) and 01 be an n—color partitions such that & > 1.
Let 05 be n—color partitions with first copy such that parts are distinct < v, where v is the

number of distinct part in 6. Then

[e.e]

)= Aila)g Z 1qaq)

a=

Proof We have

S o = (CLg)ag™
;Al(g)q _az (4 0)a(d:4*)a
N (43 Qa1q™
AR S rrnrron

00 o Ba=1) a—1
=142 (1—q™)
azl (¢ @)ald36%)a )
00 o Ba=1)
In above, > W and H( q~") correspond to partitions given by 6; and 6,.
—1 a=1

Now, H (1+¢~*) denote the number of n—color partitions with first copy of a such that

o) (3a—1)

parts are distinct < v. Also, . enumerate the partition by By(«). Let By(r, )
a=1 VORI

denote the number of partitions of o enumerated by Bj(a) into r parts. We split the
partition into three classes: (i) those do not contain (mq),, of the form (z1),, (ii) those
contain (mq),, of the form 1y, (iii) those contain (my),, of the form (x;),, for (z > 1).

With some simple transformation, we get the recurrence relation, which is reversible.

By(r,a) =Bi(r,a—r)+ Bi(r—1L,a—3r+2)+ Bi(r,a—2r+1) — By(r,aa — 3r + 1),
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where B;1(0,0) =1 and By(r,«a) = O for a < 0.
Further using the fact, fi(w,q) = Z Z B (r, a)w"q%, where |q| < 1, |wg| < 1. We get the

a=1r=1
g—functional equation

filw,q) = filwg, q) +wafi(we®, q) + ¢ fi(wg®,q) — ¢~ filwg’, ).
We can developed the proof as done earlier.

Example 5.2.1 Consider « = 6 then A1(6) = 2-12 = 24, the relevant signed color

partitions are

(66), (65), (64), (63), (62), (61), (52 11), (51 11), (634 11 —1y),

(60 + 17 —1y), (61 4+ 13 — 1), (51 +21 — 1y).

Theorem 5.2.2 For a > 0, let Ayz(«) denote the number of signed color partitions @ =

(01,602) and 01 be an n—color partitions such that
(5.2.2.a) my, and xy are even and > 6V k,
(5.2.2.b) m; —x; =0 (mod 8),

(5.2.2.¢c) 6 >0 and =0 (mod 8).

Let 0y be an n—color partitions with first copy such that parts are odd and distinct < 4v,

where v is the number of distinct part in 61. Then

e}

fusla Z Ala Z Dot

- )a(qh; 4*)2a

Example 5.2.2 Consider a = 11 then As3(11) = 5, the relevant signed color partitions

are
(1292 — 11), (1414 — 31), (146 — 31), (185 + 6 — 71 — 51 — 13), (208 + 66 — 71 — 51 — 31).

Proof We have

- f o (01

§A4g(a)q _§ (—¢*:¢"a(q*: ¢*)2a
(6 d)20e®
B ; (% ¢%)a(d% ¢Y)a



2 2«

[Ta+a)

2

S

— ( a0 ¢Y)a
a2 2c
14 ¢ &Yy,
; %6%)a(d? ¢Y)a H( )
00 602 2a )
In above, > W and [] (14 ¢~#~Y) corresponds to partitions given by #; and
a=0 TR i=1

2c )
0y respectively. Now, [] (1 + ¢ #*~Y) denote the number of n—color partition with first
=1
o0 (12
copy of a such that parts are odd and distinct < 4v. Also, > i °

4%¢%)a(4%;9%)
a=0

the partition by Bys(a). Let Bys(r, ) denote the number of partitions of o enumerated

enumerate

by Bys(«) into r parts. We split the partition into three classes: (i) those do not contain
(my)g, of the form (z1),,, (ii) those contain (m;),, of the form 64, (iii) those contain
(m1)s, of the form (z1),, (x; > 6). With some simple transformation we get following the

recurrence relation, which is reversible:

Bys(r,a) =Bys(r,a — 8r) + Byg(r — 1, — 121 + 6) + Bys(r,a — 4r + 2)
— B43(’I“,Cv —12r + 2),

Where By3(0,0) = 1 and Bys(r,a) = 0 for o < 0. Further using the fact, fi3(w,q) =

Z Z Bus(r, a)w"q*, where |q| < 1, |wq| < 1. We get the g—functional equation

a=0r=
fas(w, q) = fas(wg®, q) +we® fas(wq', @) + ¢ fas(wq") — ¢* fas(wg™?).
We can develop the remaining proof as done earlier.

Theorem 5.2.3 For a > 0, let Ags(«v) denote the number of signed color partitions @ =
(01,602) and 0y be the split n—color partitions such that

(5.2.3.a) my = zx (mod 2) and x; > 1,
(5.2.3.b) my = 27 (mod 4),

2 s odd
(5.2.3.c) x =g+ wherer = g
0 or2 giseven

(5.2.3.d) 9y >0 and = 0 (mod 4) V k.

Let 05 be an n—color partitions with first copy such that parts are odd and distinct less than
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2v, where v is the number of distinct parts in 6. Then

X () (3 B e
f82 ZASQ — Z ( q’q )a(q 7.q )aq ‘

Remark 5.2.4 The conditions (5.2.3.a), (5.2.3.b) and (5.2.3.d) are allowed for the whole

subscript x irrespective of green (g) and red (r) parts separately.

Example 5.2.3 For a = 6, Ags(«) = 8 and the relevant signed color partitions are

(66), (62), (64+2), (Ts12—11), (T1i42—11), (T1424+22—31), (844+22—31—11), (8242+22—31—11).

Proof We have

D Ap(@)g” = ) (_(q{q 212((92;‘%))&(1“

a=0
- (¢ - i
- QZ:O (¢;4%) 11 1+
= ; (q<q lj (14 ¢ D) (5.2.1)
In above, 20 % and ﬁ1<1 + ¢~ =) corresponds to partitions given by #; and
0,. Now, ﬁl(l + ¢~ @=1) denote the number of n—color partitions with first copy of «

oo . . a2
such that parts are odd and distinct < 2v. Also, Z % enumerate the partition
=0

by Bsa(a). Let Bga(r, «) denote the number of partltlons of a enumerated by Bgs(«) into
r parts. We split the partition into five classes: (i) those do not contain (my),, of the form
(1), and (21)3=349, (ii) those contain (1m;),, of the form 2, (iii) those contain (m4),, of
the form 3149, (iv) those contain (my),, of the form 4.9, (v)those contain (my),, of the
form (1),, (1 > 2) and (21)5;=5,2(z1 > 5). With some simple transformation, we get the

recurrence relation, which is reversible.

Bsa(r, ) =Bga(r,a — 4r) + Bgo(r — 1, — 4r + 2) 4+ Bgo(r — 1, — 61 + 3)
+ Bgo(r — 1,a — 8r + 4) + Bgo(r, 0 — 4r + 2) — Bgo(r, a0 — 8r + 2),

Where Bs2(0,0) = 1 and Bgy(r,«) = 0 for a < 0. Further using the fact, fs(w,q) =

Z E Bsao(r, a)w"q®, where |q| < 1, |wq| < 1. We get the g—functional equation

a=0r=
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fao(w, q) =fsa(wq?, q) + we fra(wq?, q) + 0 fra(wd®, q)
+ wg fso(wg®, q) + ¢ 2 feo(wq, @) — ¢ % fsa(wg®, q).

We can easily elaborate the further proof.

5.3 Conclusion

In this chapter, we combined the concept of n—color partitions and signed partitions to
interpret 100 g-series identities (on the sum side) from [35,79]. Although we discussed
various combinatorial interpretations in this chapter, we found some g—series identities
that could not be interpreted simply using the previous techniques. In order to answer

this difficulty, we introduce weighted signed color partitions in the next chapter.
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Chapter 6

g—series identities and weighted signed color

partitions

6.1 Introduction

In the previous chapter, we introduced signed color partitions and provided combinatorial
interpretations for 100 g-series identities (sum side). This rich collection of combinatorial
interpretations of g—series identities allows us to explore signed color partitions. We recall
that all 100 ¢—series, when expanded in ¢ take the form ag+a,q+asq*+. . .4+a.q"+. .., where
the coefficients a;, > 0V k. However, while providing combinatorial interpretations, we split
the series into two parts: the positive part 6; and the negative part 5, forming the signed
partition © = (61, 605). Even though 6, is negative part, but the overall count corresponding
to O for all 100 g—series, discussed in previous chapter, is positive. Now, consider a g—series
having expansion in q of the form ag+a1q+ax¢*+. .. +a.q"+. .., where coefficients a; may
be positive or negative or zero. In order to provide the combinatorial interpretation, we
use the technique introduced by Brietzke et al. [34]. They have interpreted various mock
theta functions using two-line arrays [74] which include some negative coefficients in the
expansion. To get the interpretations of such mock theta functions, they assigned weights
to each two-line array generated by the unsigned version of the mock theta function being
interpreted. Inspiring from their work, we give the interpretations of four ¢g—series identities
by assigning weights to the signed color partitions generated by the unsigned version of
these g—series identities. We will study the following g—series identities appear in [35] as
Identity No. 50, 78, 158, 76 respectively.

- ( qg)a( 2aq )a+1q3(&+1) _(_qg;qg)oo 2. .2

S E O P~ e (6.1.1)
o 2 2a (a+2) 2. .4
Z(_l)a< (Q? Q;Za ( 4) 2534?34;:[q87_q77_qg;qg]ooa (612)

The contents of this chapter have been published in ‘Proceedings-Mathematical Sciences’, 130(1):1-10,
2020.
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X (=¢;Q)a(=169)0dl? ) (—g;0)n
>

GO L =G0 [4°, 4, % ¢°locla®, 4% 4"]ocs (6.1.3)
a—0 ) ! 4 y 4 )oo
- (4 Q)1 @™ (6" s 3 5 s

Y _ P = 6.1.4
;( ) (7% q%)alqh; ¢*)2a (q4;q4)oo[q A (6.1.4)

We study identities (6.1.1)—(6.1.4) by using signed color partitions.

6.2 Main Results

In this section, we firstly provide the signed color partition—theoretic interpretation of
(6.1.1) in Theorem 6.2.1. We first rewrite the summation side of (6.1.1) as follows:

= a = )aJrlq (a+1)
%hl(g)q B Z (¢* ¢%)

"0 q q )a+1

3 a+1 o

q (") o) H (1 — ¢¥2)
“ (6% 4%)alq®; qﬁ)a+1

WE

a= 7=1
B i ( 1)2a+1q(9a2+9o¢+4)/ _3a ) ﬁ 3]+1 —3j+2)
= (@d)ale qG)a+1 i i
o q(9a2+9a+4)/2 ) 1 5 2 @ . 1 sito
= Z ((q3; q3)a<q3; qﬁ)a+1> <(—1) a+ —3a— H j+ —q 5+ ))

Il
=)

« 7=1

q(Qa +9a+4)/2

The factor ¢ 5y generates the positive parts and (—1)***(1 —¢~>*7*) J[7_, (1 —
q~®72)(1 — ¢~ 3=1) generates the negative parts of the signed color partitions. Let g; ()
be the generating function for the product side of (6.1.1) then

- <_q33q3)oo 2. 9
g(a)g® = (0" )
g (4% ¢)oo
(0% 4") oo (0" 6°) o
(4% ¢%)%

Theorem 6.2.1 Let O denote the signed color partition pairs (01, 02) and 6, be an (n+5)-
color partition such that

2 (mod 3) ifk=1,
0 (mod 3) if k> 1,

(6.2.1.a) my =
(6.2.1.b) z; > 7 and =1 (mod 3), zy =my + 5,
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(6.2.1.c) 2 >9 and =0 (mod 3) for2 <k <r,

(6.2.1.d) 9 > =9 and =0 (mod 3) for2 <k <r,

(6.2.1.€) Fach partition is to be counted with weight wy, = 1.
Let 0y be an n—color partition such that

(6.2.1.£) (my)q, # (Mu—1)ay_,, ¥ L,

(6.2.1.g) m; =1 or2 (mod 3),
if m; =1 (mod 3) then —3r —2 <m; <
if m; =2 (mod 3) then —3r +2 <m; < —1,

(6.2.1.h) 2y =1,1<I<r

(6.2.1.i) The weight count for each partition is wg, = (—1)mumber of parts in O241)

Then . _
Z ( Z w91w92)q"‘ = Z hi(a)q”. (6.2.1)
a=0 61« a—0

Let g1 () be the weighted number of 2—colored partitions of o with parts = £2,3 (mod 6),
where parts = £2 (mod 6) are distinct and occur with color 1. Each partition is counted

with weight (—1)(number of parts =£2 (mod 6)) Thep
hi(a) = gi(). YV «
Example 6.2.1 We exhibit Theorem 6.2.1 for o = 9, by illustrating
h1(9) =8 = ¢1(9).

The relevant signed color partitions for 61 and 0y in the first column, their respective weights
in second and third columns and their combine weight in fourth column respectively are
gien in the Table 6.1.
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Table 6.1: Weighted calculations for signed color partitions of o = 9.

Relevant Partitions
6. : (61,0) We, We, | Wy, Wo,
(99 + 27, —24) 1 | (-1)? 1
(1146, —21) 1 | (=1)? 1
(1215 + 27, —51) 1| (=1)? 1
(129 + 27, —51) 1 | (=1)? 1
(1515 + 27, =11 — 21 — 51) 1| (=1)* 1
(1519 + 27, =11 — 2y — 5y) 1| (=1)* 1
(159 + 27, =11 — 2y — 51) 1| (=) 1
(189499 +27,—11 — 21 —4; — 5, —8) | 1 | (=1)° 1

Hence hy(9) = Z@ﬁa wp, wy, = 8. And the table below presents the partitions corresponding

to g1(a) = 8 for a« =9 and their weight respectively.

Table 6.2: Relevant partitions corresponding to g («)

Partition enumerated by ¢;(«) | Corresponding weight

(91) 1

(92) 1
41 4+ 31 + 24 (—1)?
41+ 33+ 2 (—1)?

32 + 32 + 39
39 + 39 + 31
32+ 31+ 31
31+ 31+ 31

( )
( )
( )
( )
( )
( )

Proof To generate (n 4 5)—color partitions corresponding to

q(9'r2+97'+4) /2

(@ a®)r (@3 %)

(972 +9r+4)/2

first consider the factor ¢ which generates (n + 5)—color partitions of the type

(97)9 + (97 — 9)g - - - + 189 + 99 + 27. It corresponds to the following two-line array where

first array depicts the parts and second array gives the color of corresponding part:
9 9r—-9 ... 18 9 2
9 9 - 9 97/
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The factor m generates the r non negative numbers = 0 (mod 3), say u; X 3,ugs X
6,---,u, X 3r, u’s are non negative. By introducing this factor, k* part is increased by

3(up 4+ Up_1 4+ + Up_gy1). It modifies the above two-line array to

I +3u+---+3u; 9—-94+3u,+---+3uy --- 184+ 3u, +3u,—1 9+ 3u, 2
9 9 9 9 7/

The factor ——s— generates the (7 4 1) non negative multiples of 6k — 3, 1 <k <r +1,
(@%:0%)r+1

say v; X 3,09 X 9, -+ ,vu,41 X (6r + 3), v’s are non negative. This factor increases the k"

part by 6v,1+6v,+- -+ 6v,_ 113+ 30,19 and the corresponding subscript by 3v, —k+2.

The modified two-line array becomes

9r + 3u, + -+ + 3uy <o 94 3u, + 66U + 30, 24 30,4
+6v,41 4 -+ + 6vg + 303
9+ 3, 9+ v, 74 3v,11

For 2 < k <r+1, the k** and (k — 1)™ parts of the (n + 5)—color partition are

mr = 9k+3u, + -+ 3up + 60,41 + - + 6vp_1 + vy, ( )
rr = 9+ 3u, (623)
me-1 = 9(k—1)+3u,+ -+ 3up_1 + 60,49+ +6vk_2+ 31, ( )
(6.2.5)

Tp—1 = 9+ 3vp_1,

mq = 2+ 3’Ur+1, (626)
and x1 =7+ 3v,41. (6.2.7)
Thusfor 1 <k <r+1
M — Mp_1 — Tp — Tp—1 = —9 + 3uy.

So (6.2.1.d) holds.

Clearly (6.2.7) implies (6.2.1.b) and (6.2.3) implies (6.2.1.c) and from (6.2.2) and (6.2.6)
we get (6.2.1.a). And the term (14-¢>* %) J[7_, (1 — ¢ ¥7?)(1 — ¢ ¥*') clearly generates
n—color partitions satisfying conditions (6.2.1.f)—(6.2.1.1).

Now we will, we interpret (6.1.2) g—series identity using similar combinatorial arguments

as done in Theorem 6.2.1. To study the identity (6.1.2), first consider its summation
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side

v S (¢ ¢*)2aq®* @2
hg(O&)qa = (_1)a
; ; (—¢% ¢*)2a+1(¢*% ¢*)a
oo q60‘2+4a 2 i)
=2 (1—qg ®7h).
; (=¢%q")a+1(4% ¢%)a E
q6a2+4a

As a matter of fact we consider that the factor (—1)*+

enerates the positive
-4 a+1(¢%6%)a g P

parts and Hjil(l —q~%7Y) generate the negative parts of the signed color partitions. Let
g2(a) be the generating function for the product side of (6.1.2) then

(4% ")
(=075 ¢%) 0o (—0”; %)
(=% ¢%)so(—4% ¢%)

S ga(a)g — Ll 0
a=0

Theorem 6.2.2 Let Oy, denote the signed color partition pairs (01, 0s) and 0y be an (n+4)—

color partition such that

(6.2.2.a) my,z,, =0 (mod 2), V k

(6.2.2.b) my = x; — 4,

(6.2.2.c) 6 =0 (mod 8), V k

(6.2.2.d) The weight count for each partition is we, = S 11 x; — 2r — 2.
Let 0y be an n—color partition such that

(6.2.2.€) (Mmy)z, # (Mu—1)ay_,, V' 1

(6.2.2.f) m;y =1 (mod 2) and z; =1,V [

(6.2.2.g) m; < 2r,

(6.2.2.h) The weight count for each partition is wp, = (—1)Mmumber of parts in 02)

Then . N
D (D wowe)g* =) hala). (6.2.8)
a=0 Oy« a=0

Let go() be the weighted number of partitions of « into parts > 2 and = £2 (mod 8) and
distinct parts = £1 (mod 8). Fach partition is counted with the weight
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(_1)(number of parts =+2 (mod 8)) Then

ha(a) = go(@). YV «

To get a clear understanding of the Theorem 6.2.2, we look at the following example.

Example 6.2.2 For o = 16, Table 6.3 gives relevent signed color partitions for 61 and 0y

with corresponding weights satisfying the conditions of Theorem 6.2.2.

Table 6.3: Weight calculation for signed color partitions of o = 16

Relevant Partitions
Oy : (61,05) Yo | e | Bt
(1445, 0) -1] 1 -1
(1410 + 04,0) -1] 1 -1
(1814 4+04,—31—17) | =1 | 1 -1
(16 +26,—31 —11) | =1 | 1 -1
(18 + 04, —31 —17) | =1 | 1 -1

From (6.2.8) we get, hy(16) = > o, |, W, wy, = —5.

Remark 6.2.3 The proofs of Theorems 6.2.2, 6.2.4, 6.2.5 can be established in a same

manner as developed for Theorem 6.2.1.

To study the identity (6.1.3), consider the summation side and after splitting the terms as
done for (6.1.1) and (6.1.2) we get,

= 1)
S hafay = 3 gDl

qqza( 161)

a(3a 1)/2 a—1

qq

(1—q7+q7%).
j=1

g 1t

qCI2a

(=%9)aq*(3a—1)/2
(q§Q)2a
q 7 + ¢~ %) generates the negative parts of the signed color partitions. Let g3(a) be the

In the last expression, the factor generate the positive parts and Hafll (1—

generating function for the product side of (6.1.3) then

E: ¢ (=4 9o 6 5. 6 8 4. 12
’ (q,Q)oo[ Jol ]

- (—¢ @)oo
(6% 4") 0 (4% 4*?) 00 (€% ') 00 (4195 ¢*?) oo
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[e.9]

az(a)q® Z bs(a)g®

NE

e

[M]8

ag(a — k)bs(k)q*,

k=0

Il
=)

o

where 220:0 az(a@)q® = (—¢; q)oo and 220:0 bs(a)q™ = (q2§q12)oo(q3§q12)oo%q9§q12)oo(q105q12)oo'

Theorem 6.2.4 Let O3 denote the signed color partition pairs (01,0s) and 6y be an n—color

partition such that

(6.2.4.2) &, > 1,

(6.2.4.b) Each partition is to be counted with weight wy, = 1.
Let 0y be the n—color partition such that

(6.2.4.c) (my)z, # (Mi-1)ay_,, V1

(6.2.4.d) 2, =1,2,V [,

(6.2.4.€) my <r, V1

(6.2.4.f) The weight count for each partition is wg, = (—1)mumber of distinct parts of 02)

Then N _
D (D wowe,)q® =) (). (6.2.9)
a=0 O3-a a=0

Let az(«) denote the number of distict partitions of a and bs(«) denote the number of
partitions of « such that parts are = £2,£3 (mod 12). Then

gs(a) =Y as(a — k)bs(k) = hs(a). Va

For the last the identity (6.1.4), again consider the summation side and splitting the terms

as done for other g—series identities we get,

[e.9]

ihA(OZ)qa _ Z(_l)a (Q;q)4o¢q2a2

(¢ 4%)a(d* ¢*)2a

a=0
> q6a2 [}

- Z(_l)a 2. A\ (8- 18 H(l — WY (1 — W),
a=0 (_q 14 )a(q 14 )oz =1

(¥2
In the above expression the factor (—1)0(_(12_(12)6W

H?il(l — ¢~ WD) (1 — ¢g~W=3)) generate the negative parts of the signed color partition.

generates the positive parts and
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If the corresponding product side of (6.1.4) is generated by g4(cv) then

- ((12;‘]4)00 8 7 9. 8
ga(a)q” = ¢, —q" —¢":¢")
;O (g% ¢*) oo
_ <_q3;q8)00(_q57q8)oo
(—0% ¢%)oo(—0% ¢®) o

Theorem 6.2.5 Let ©4 denote the signed color partition pairs (61, 0,) and 01 be an n—color

partition such that

(6.2.5.a) my =z (mod 2), V k

(6.2.5.b) z;, > 6,V k

(6.2.5.c) 6, =0 (mod 8), V k

(6.2.5.d) The weight count for each partition is wg, = > ;_, x; — 2r.
Let 0y be an n—color partition such that

(6.2.5.€) my,, # M1y, V1

(6.2.5.f) m; ==+1 (mod 4) and x; =1,V [

(6.2.5.g) my <2r, VI,

(6.2.5.h) The weight count for each partition is wy, = (—1)mumber of parts of 62)

Then . .
DO wowe,)q* = ha(a). (6.2.10)
a=0 641« a=0

Let g4() is the weighted number of partitions of o into parts = 2 (mod 8) and distinct
parts = £3 (mod 8). Each partition is counted with the weight (—1)(number of parts £ 2 (mod 8))
Then

hy(a) = gaa)  V «

6.3 Conclusion

In current chapter, we have developed the combinatorial interpretations of four g—series
identities in terms of signed color partitions by assigning certain weight.The approach of
using the signed color partitions is interesting as it helps in providing the combinatorial
interpretations of many such identities. In this chapter, we have provided only four such

interpretations, and many others can be obtained as application of our work.
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Chapter 7

Some congruences for the coefficients of ¢—

series identities

7.1 Introduction

In 1919, Ramanujan [65] gave the beautiful partition congruences for the partition function

p(a) as:

p(ba+4)=0 (mod 5), (7.1.1)
p(Ta+5)=0 (mod 7), (7.1.2)
p(lla+6) =0 (mod 11). (7.1.3)

These congruences were generalized and written in the form
p(la— ) =0 (mod ¢),

where 6, = ((*—1)/24 and ¢ = 5,7, 11. The above congruences were extended for arbitrary
powers of 5, 7,11 (for more details, see [17]). Ramanujan [65] proved (7.1.1) and (7.1.2) in
1919. Later in 1921 [66], he gave a proof of (7.1.3) by employing different methods. The
works of Newman [63], and of Atkin and J. N. O’Brien [25], and of Atkin and H. P. F.
Swinnerton-Dyer [26] have shown that there are many other congruences for the partition
function. For example, Atkin and O’Brien [25] found that p(594 - 13« + 111247) = 0
(mod 13). Additionally, many mathematicians were interested in finding the arithmetic
properties of some restricted partition functions [29,64,70,73,81,82].

In Chapter 5 and 6 we have found the combinatorial interpretations of many ¢-—series
identities, using signed color partitions. In the literature, to the best of our knowledge,
we have not found any congruences for g—series identities. In this chapter we found the
congruences for 17 g—series identities of Chapter 5 and 6 which are listed in Tables 7.1
7.3. We have arranged these g—series identities into three groups: Group 1 contains 10

identities, which are listed in Table 7.1; Group 2 contains 3 identities, which are listed in

The contents of this chapter have been published in ‘Mathematics’ 10(19):3582, 2022.
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Table 7.2; and Group 3 contains 4 identities, which are listed in Table 7.3.

7.2 Preliminaries

We require the following definitions and lemmas to prove the main results in the next
section. For |ab| < 1, Ramanujan’s general theta function f(a,b) is defined as

o0

fla,b) = Z o (7.2.1)

m=—0oQ

Using Jacobi’s triple-product identity [31] (entry 19, p. 35), (7.2.1) becomes

fla,b) = (—a;ab)oo(—b; ab)oo(ab; ab) . (7.2.2)

Throughout this chapter, we use
fr = (6" ") oo

for positive integer k. The special cases of f(a,b) are

° 5
p(@)=Flg0) =142 ¢" = (- )%(0% ) = sz (7.2.3)
m=1
sy e om0 f3
v(g) = fla;4°) —;q T N (7.2.4)

In some of the proofs, we also employ Jacobi’s identity from [51] as eq (1.7.1):

o0

= Z(—l)"(Qn + 1) tD/2, (7.2.5)
n=0
Lemma 7.2.1 We have
1_ R firt
7 72.
N T (7.26)
, BIE R
W=t~ (7.2.7)
1 14 2 r4
Aot 4qf421J:)8’ (7.2.8)
10 2 r4
=g~ 4qu§8’ (7.2.9)
1 B Ji13
I B T RRR R (7.2.10)
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%:;_i_gquf;?, (72.11)
J{_fg: gj{;i +3qf42];627f122, (7.2.12)
J;_?j’: Jgﬁ +qff_i2’ (7.2.13)
by _ Difshufi | Tofih 7o)

fi fofsfiafis | f2fisfas

Proof Using the two-dissection of ¢(q) and ¢(¢?) from [51], Equation (1.9.4) and (1.10.1)),
we obtain (7.2.6) and (7.2.8). On replacing ¢ by —¢ in (7.2.3), we obtain (7.2.7) and (7.2.9).
Furthermore, (7.2.10), (7.2.11), (7.2.13), (7.2.14), and (7.2.15) are equations (30.12.3),
(22.1.13), (22.1.14), (30.10.4), and (30.10.3), respectively, in [51]. Next, (7.2.12) follows
from (7.2.11) by using ¢ instead of —q.

Lemma 7.2.2 We have

fo fufls  fefe fs o Jof18.36

- = 20718756 7.2.

R T T A (7:2.16)

f_l2 _ f_g_ f3f128

s fis 2q Fofo’ (7.2.17)
4 r6 3 £3 213

]f—lz = ]{;S;iis + 2qf§§9 Lagpfs ?8, (7.2.18)

£ = fselg®) = 3af;. (7.2.19)

where .

= 3 g
Proof The first identity follows from equations (33.2.1) and (33.2.5) in [51]. The second
identity is equivalent to the three-dissection of ¢(—gq) (see [51] Equation (14.3.2)). We
obtained (7.2.18) by replacing ¢ with wq and w?q and multiplying the two results, where

w is the primitive cube root of unity.
The three-dissection of ¥(q) follows as:

Lemma 7.2.3 We have

B RB
Y =5 = f

Proof Identity (7.2.20) is Equation (14.3.3) of [51].

Iis
“r

+ (7.2.20)
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Lemma 7.2.4 [40] For any prime p > 5,

(p—1)
2

(3p%— (6k+1)p)
2

3624k (3p%+(6k+1)p)
A= > (V¢ f(—=q¢ 2

k= *(szl)
k#(+p—1)/6

(£p-1) (%-1)

+<_1) 6 q fpza

(r=1) e —
+p—1 L ifp= 1
where P = 6 b

6 L2l fp=—1

If%‘lgkgp;l and k # tp-l then?’kQT”Lk;é’% (mod p).

2 2

7.3 Main Results

)

(7.2.21)

(mod 6),
(mod 6).

(7.2.22)

In Tables 7.1-7.3, the sum sides of g—series identities are the generators for the partitions

written in the second column, and the product sides of the g—series identities are written

in the third column.

Group 1 We now present 10, g-series identities in this group from [35] with Identity
Nos. 8,9, 10, 33, 45, 70, 98, 104, 111, and 112, as shown below.

Table 7.1: g—series identities.

Function Sum Side Product Side
0 (=49 qa(a;l) (=9;9) 4 2 2. 4
Ai(q) Dm0 g sl ¢ df s
As(q) ZOO (=1;9)2a9" (—q;q)oo[ 4 2 92 4]
2\q a=0 " (¢:9)2a (4:9) 00 q,—49,=49:,9 |~
45(q) Yoo Tt Gat=la', ~¢" ~a" ')
o (g2 [4°.4°4%:4%] o
Aila) 2o (e R
0 71; 2 o a(a+1) _ 2; 2 o .
As(q) Doy e )08, —¢8, —* %)
oo (=1;¢%) qa(a;l) (Do [,8 4 4. 8
As(q) 2am0  (gdaga ald dt dh @l
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Function Sum Side = Product Side
o (~Liglaq™ (~gi0)
Aq(q) v s rrr el 7 el S AR
0o (=gsgHagt)  _ [g'%¢%¢5%9"
As(a) 204:0 (©:6%)20+1(¢%¢%)a (4:9)o0
oo —q; 2 [e] « 14 )00
Ag(q) Yooy et = CE=[2 g% % ¢"
oo — L 2 aq® 00
Aso(q) Yoo et = CE0=[g2 ¢, 4% q"]
From the binomial theorem, we have
2= 2 (mod 2%). (7.3.1)
Before stating the main results, we define
=Y ai(a)g
a=0
Theorem 7.3.1 For a > 0, we have
a1(4a+2) =0 (mod 2), (7.3.2)
a1(4a+3) =0 (mod 4), (7.3.3)
a1(8a+5) =0 (mod 8), (7.3.4)
a1(8a+6) =0 (mod 4), (7.3.5)
a1(8a+7) =0 (mod 16), (7.3.6)
a;(16a+t) =0 (mod 4), for t € {10,12} (7.3.7)
a1(32ac +20) =0 (mod 4) (7.3.8)
a1(48cc +34) =0 (mod 4) (7.3.9)
Theorem 7.3.2 For a > 0, we have
az(4a+3) =0 (mod 4), (7.3.10)
as(8a+1t) =0 (mod 4), fort € {3,6} (7.3.11)
a2(8a+7) =0 (mod 8), (7.3.12)
az(16cr +10) =0 (mod 4). (7.3.13)



Theorem 7.3.3 For a > 0, we have

az;(3a+2) =0 (mod 2),
az(4a+2) =0 (mod 4),
az(4a+3) =0 (mod 8),
az(12a+t) =0 (mod 4), fort € {2,3,6,11}.

Theorem 7.3.4 For a > 0, we have

Theorem 7.3.5 For a > 0, we have

as(2a+1) =0 (mod 2),
as(6ac+1) =0 (mod 8),
as(6a+5) =0 (mod 4),
as(18a+6) =0 (mod 4),
as(36a+30) =0 (mod 4),
a5(24a+t) =0 (mod 4), for t € {9,15,21}
as(54a+36) =0 (mod 4)
Theorem 7.3.6 For a > 0, we have
ag(3a+1) =0 (mod 2),
ag(3a+2) =0 (mod 4),
ag(4da+3) =0 (mod 8),
ag(4da+4) =0 (mod 4),
ag(8a+1t) =0 (mod 4), for t € {4,5}
ag(8a+1t) =0 (mod 16), for t € {6,7}
ag(9a) = ag(a) (mod 8),
ag(9a+t) =0 (mod 8), fort € {3,6}
ag(12a¢+3) =0 (mod 8),
ag(36cc +t) =0 (mod 8), for t € {21,33}
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7.3.14
7.3.15
7.3.16
7.3.17

~~ I N
~— — ~—  —

(7.3.18)
(7.3.19)

7.3.20
7.3.21
7.3.22
7.3.23
7.3.24
7.3.25
7.3.26

~~ /N /N /N /N /N
~— ~— ~— ~— ~— v ~—

7.3.27
7.3.28
7.3.29
7.3.30
7.3.31
7.3.32
7.3.33
7.3.34
7.3.35
7.3.36

~~ /N /N /N /N /N /N /N /N
—_ — — — M —  —  — O e



Theorem 7.3.7 For a > 0, we have

a7(9a +t mod 4
a7(1ba+t
a7(12c + t

a7(24a + 13

ay (4804 + t

mod 4),

S~— S~— S~— S~— N—
Il
o o o o o

Theorem 7.3.8 For prime p > 5

p’—1
as (3p2a—|—3pi—l— 3 )EO (mod 2),

where i =1,2,--- (p—1).

Theorem 7.3.9 For a > 0, we have

ag(9a + 1) = ag(a) (mod 4),
ag(9a+4) =0 (mod 4),
ag(9a+7) =0 (mod 4).

Theorem 7.3.10 For o > 0, we have

ag(3a+1)=0 (mod 2),
ag(3a+2) =0 (mod 4),
ag(9ar +6) =0 (mod 2),
ag(27Ta+1t) =0 ( )

Theorem 7.3.11 For a > 0, we have

ajp8a+1t) =0 ( )
a10(16a+12) =0 (mod 4),
a10(24a+17) =0 (mod 4),
a10(32a+20) =0 (mod 4),
)=0 ( )

aio (4805 +1

( ), fort € {3,6}

(mod 4), for t € {2,8,11, 14}
(mod 4), for t € {7,10}
( )
( )

mod 4), for t € {28,40}.

mod 2), for t € {12,21}.

mod 4), for t € {3,5,7},

mod 4), for t € {22, 38}.

7.3.37
7.3.38
7.3.39
7.3.40
7.3.41

~~ /N /N /N
~— ~— ~— ~— ~—

(7.3.42)

(7.3.43)
(7.3.44)
(7.3.45)

7.3.46
7.3.47
7.3.48
7.3.49

~ /N N
~— ~— ~— —

(7.3.50)
(7.3.51)
(7.3.52)
(7.3.53)
(7.3.54)

Group 2 In this group we have the following g—series identities with Identity No. 1,36

and 37 in [35]. These g—series identities have same congurences.
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Table 7.2: g-series identities

Function

Sum side

Product side

Au(Q)

Aia(q)

Ai3(q)

ZOO (—1;q)aq™

a=0 " (g;¢%)2a

ZOO (=15;9)209“

a=0 " (¢%¢?)a

Zoo (—1;9)ag®

a=0 (¢;¢%)a(4;9)a

[2%,—4,—¢% %] 0
(:9) 00

(=4:9) 0

(:9) 00

(=4:9) 0
(4;9) o0

4%, &%, ¢ ¢°) e

4%, &%, ¢°; ¢°) e

Theorem 7.3.12

Group 3

Fora>0 andi= 11,12 and 13 we have

a;(30+1) =0
a;(3a+2) =
a;(da+2) =
a;(4a+3) =0
a;(6a+5) =
a;(8a+4) =
a;(8a+5)=0
a;(8a+1t) =0
a;(24a+14) =0
a;i(24a +20) = 0
a;(32cc +24) =0
a;(40ac+t) =0
a;(40ac+t) =0
a;(64a +40) =0

mod 8),
mod 16),
mod 8),

mod 4), for t € {17,33}
mod 12), for t € {11,19}

7.3.55
7.3.56
7.3.57
7.3.58
7.3.59
7.3.60
7.3.61
7.3.62
7.3.63
7.3.64
7.3.65
7.3.66
7.3.67
7.3.68

~~ /N /N /N /N /N /N /N /N /N /N /N /N
—_ T — — e — MY — O O N e O O

In this group the following g—series identity from [35] with Identity No. 3,

39, 46 and 103 respectively. The identities A14(q), A15(¢) and Ai4(q), Ai7(¢) have same

congurences.
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Table 7.3: g-series identities

Function Sum side = Product side

00 (—g;9)ag®@tV _ [ %%

A14(q) Za:o (¢:9)a(4;9?) at1 - (4:9) o0

Ass(q) Yoo S = GEE4,¢% ¢
0o —q2:¢2)aq(@tD) 2.2 .

AlG(Q) Za:O % = %[q y — 4, —C]57 q6]oo
oo (=¢%¢®)ag@t) 0 [g5,—¢,—¢%¢% 0

A17(q) Za:o (6:9)20+1 - (4;9) 00

Theorem 7.3.13 For o > 0 and i = 14, 15, we have

a;(4a+2) =0 (mod 2),
a;(4a+3) =0 (mod 4),
a;(16a+t) =0 (mod 8), fort € {11,15}.

Theorem 7.3.14 For a > 0 and i = 16,17, we have

a;(4a + 1

)= ai(a) (mod 4),
a;(8a+4) =0 (mod 4),
a;(8a¢+6) =0 (mod 8),

)=0 (mod 8), fort € {11,15}.

a;(16a +t) =

7.4 Proofs of Main Results

Proof of Theorem 7.3.1 Consider

S o (GO 4 2 2 4 fz
;al(a)q - (qaq>oo [Q7Q7Q,Q] f fl

. g flﬁ)
Zal T (f2f16 TR

Extracting even and odd terms, we get

R 1
f2f8

Mg

a1 (2a)q

a=0
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(7.3.69)
(7.3.70)
(7.3.71)

7.3.72
7.3.73
7.3.74
7.3.75

~~ N /N
~— ~— — “—

(7.4.1)



e 2
> w20+ 1) = 2‘];?4]68 fif (7.4.2)

a=0

Substituting (7.2.6) in (7.4.1), on extracting even and odd terms, we get

SR 1 \
Zal( CY)C] — 16 £2° (7 3)
a=0 1/8

e 9 7 £2

> a(da+2)¢" = fg s (7.4.4)

e fif;

From (7.4.4), we reach at (7.3.2). Also,

f3 13
fi

Z a(da + 2)q* =2 (mod 4),

a=0

and we extract odd terms to reach at (7.3.5). On bringing out the even terms from the
above equation and using (7.3.1), we have

fi1E _ o fi

a1(8a+2)¢* =2—===2"> (mod 4).
2 =
Extracting odd terms from above equation to get (7.3.7) for ¢ = 10 and on extracting even

terms, we get

;al(ma +2)¢* = % (mod 4).

Using (7.2.20) in above equation and extracting the terms involving ¢3*™2, dividing by ¢
and replacing ¢* by ¢ to get (7.3.9).
On substituting (7.2.6) in (7.4.2), extracting even and odd terms, we obtain

00 7

Y ai(da+1)g" = 2f“2f—;§i14 (7.4.5)
a=0
S ar(da+3)¢° = 4ffy fgf%. (7.4.6)
a=0

From (7.4.6), we readily reach at (7.3.3). Putting (7.2.8) in (7.4.5) and (7.4.6), then
extracting odd terms from both equations, we get (7.3.4) and (7.3.6) respectively. Consider
(7.4.3),

00 53 373 1
Za1(4a)qa = ;%;;é = f}? f_12 (mod 4).

a=0
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Applying (7.2.6) in above relation, extracting odd terms, we have

Zal (8 +4)q” = fj{S 7 (mod 4),

a=0

and again putting (7.2.6), then extracting odd terms gives (7.3.7) for t = 12 and extracting

even terms gives

ial(l&y +4)¢" =2 i (mod 4).

13

Extracting the odd terms from the above equation, we reach at (7.3.8).
Proof of Theorem 7.3.2

- © (=% Voo 2 2. 4 _f_45i
2wl = T (@9 '~ q’Q]“_fngsz'

a=0

Using (7.2.6) in above equation, extract even and odd terms, we have

% 5 £3
Zag(Qa)qo‘ = f%f‘;, (7.4.7)
a=0

D (204 1)g" = :E ﬁ : (7.4.8)

Putting (7.2.6) in (7.4.7) and extracting odd terms, we get

i as(da +2)q" = A (mod 4).

2
Again extracting odd terms from above equation to get (7.3.11) and extracting even terms,
we get
o_ 6f]
D ax(8a+2)¢" = =2 (mod 4).
- I

On extracting odd terms, we get (7.3.13).
Consider (7.4.8) and substituting (7.2.6), we have

* f2f8( Ik f4f16)
2wt Nt =275 ( g+ 207

Then extracting odd terms to get (7.3.10) and on taking modulo 8, we have

e 11 11
as(da+ 3)q* =4 =4 mod 8).
ZO ’ =t (med®)
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Extracting odd terms from above, we get (7.3.12).

Proof of Theorem 7.3.3 Consider

2
Za?, a = (qqqg) [q _q4a —C]47 q4]oo = fofS filg (749)

Substituting the value from (7.2.6), we get

- fol§ ( 3 f4f16)
az(a)q® = + 2
2_as(0" = e\ g+ 2
Extracting even and odd terms, we get
i 1
as(2a)q 7.4.10
Z R Y7 (7410
> as(2a+ 1)g 2f4f2f82F. (7.4.11)
1

a=0

Using (7.2.8) in both (7.4.10) and (7.4.11), then extracting the odd terms from both of
them to get (7.3.15) and (7.3.16) respectively. Again from (7.4.9),

az(a)g® = ===
2 asl)e" =5
Using (7.2.18) and (7.2.20), we have

o0 o (Jef5 fofs 2f6f18) (f24f§6 4f_722>
;)a:s(a)q = <f:§f138 + 2q f37 + 4 f3 Frafra +q T (7.4.12)

Then extract the terms involving ¢** and replacing ¢® by ¢ to get

f3 f8f12
Zag (3a))q =Fri (mod 4). (7.4.13)

Extract the terms involving ¢***? from (7.4.12), dividing both sides by ¢* and replacing
q® by q to get

ffifa I
From above equation we readily reach at (7.3.14). Now using (7.2.7) in (7.4.13), we have

ia3(3&+2> f2f6f8f12+ f2f3f24 (7414)

- o Jsft <f6f24 B 3f6f48>
2w =g rr s, ~ 20, e 0
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On extracting even and odd terms, we get

% 1
Z az(6a)q” = ;;122421 (mod 4), (7.4.15)
a=0
> as(6a + 3)g” 297 j}; 3{224 (mod 4). (7.4.16)
a=0

Extracting the odd and even terms from (7.4.15) and (7.4.16) respectively to get (7.3.17)
for t = 3,6. From (7.4.14), we have

[ f3

f12 7 (mod 4).

iag 3a+2)q¢" = 2q

a=0

Using (7.2.13), then extracting the even and odd terms we get

f12f6
Zag (6cr + 2)q” f2f6 (mod 4), (7.4.17)
3 az(6a + 5)¢* = 2@ (mod 4). (7.4.18)
a=0 f6

Extracting even and odd terms from (7.4.17) and (7.4.18) respectively to get (7.3.17) for
t=211.

Proof of Theorem 7.3.4

- 14°, % % %lee 15 1
Za4 (4% ¢?)o =5  fofs (7.4.19)

Substituting (7.2.7) in above equation to get

_ <f6f5)4 _9 3%)
f2fe ’

as(a)q

q
fhafis Jo4

1M

On extracting odd terms we get (7.3.18).

> as(20)q” = ﬁ—z 7 (7.4.20)

a=0

Reducing (7.4.19) modulo 2, we have

Z as(a)q

a=0

==

(mod 2),
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and we arrive at (7.3.19).

Proof of Theorem 7.3.5

2 2 5

(—0* )0 6 3 3 Jafg 1
a - q,—q,—q:q |c = 7o -
Z (e = ), | ke =25 72

Using (7.2.6) in above equation,
S a f4f65 ( f254 3f12f48)
as\@)q = +2q
az‘g STV T T

On extracting the odd terms, we have

Z as(2a + 1)q }?JE‘; (7.4.21)

which yields (7.3.20). Extracting even terms then using (7.2.18), we extract the terms
involving ¢, ¢3! and ¢3**2 terms we get (7.4.22),(7.3.21), (7.3.22) respectively.

o0 2 £5 16
Za5(60¢)qa = %‘éﬁ; (7.4.22)

Taking modulo 4,

Z as(6a)q” = f4f3 (mod 4).
-0
Using (7.2.18), we have

Z as(6a)q

Extracting the term involving ¢3**1, ¢3*™2 ¢3* we have (7.3.23),

f_:g3 (f12f18 2 firfis 4f12f36)
7\ +2q 1 +4 /8 (mod 4).

i% 18a + 12)¢* = zflj;‘lfﬁ szcf (mod 4), (7.4.23)
a=0

°° 6 £4 6 2 r6

Za5(18a)q°‘ = ]}21{?“;26 = ;;7{152 (mod 4). (7.4.24)

a=0
Extracting the odd terms from (7.4.23), we arrive at (7.3.24). Using (7.2.17) in (7.4.24),
to get (7.3.26). Then consider (7.4.21) and substituting the values from (7.2.18), to get
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(7.3.21), (7.3.22) and

- G2 f3IS _ oIS
Za5 6a + 3)q f1 N 7, (mod 4).

a=0

Extracting the terms involving ¢1@3, ¢1o2 ¢lot! to get (7.3.25).

Proof of Theorem 7.3.6

- fofi 1
ag(a)q® = —. 7.4.25
; 6( ) fS f12 ( )
Using (7.2.6) and extracting even and odd terms, we have
> ag(20)g” = _ S (7.4.26)
2 g
Y as(2a+1)¢" = of2f8 1 (7.4.27)
2 7

Substituting the value from (7.2.6) in (7.4.26), on extracting the even and odd terms, we

have
e 18
> ag(40)q” = 2. (7.4.28)
a=0 f4
> ag(da+2)¢" = 42 {:4 : (7.4.29)
a=0 fl

Taking modulo 4 in (7.4.28),

12

Z ag(4a)q® = 22- =1 (mod 4).
I3

a=0

This leads to (7.3.30). Consider (7.4.29) and taking modulo 16,
Z ag(da +2)¢* = 4f3 f7  (mod 16).

Extracting odd terms from above equation gives (7.3.32). Consider (7.4.27) and using

(7.2.8), extracting even and odd terms we get

0 12 1
> ag(da+1)g" = 2"23 i (7.4.30)
4

a=0
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> ag(da+3)g" = 8?4 . (7.4.31)
1

a=0

From above, we arrive at (7.3.29). Consider (7.4.30) and using (7.2.6) and (7.2.8), ex-
tracting odd terms gives (7.3.31) (for ¢ = 5). Similarly, taking modulo 16 in (7.4.31), we
obtain

Zag (da +3)¢" = % (mod 16).
Extracting odd terms gives (7.3.32) (for ¢t = 16). Consider (7.4.25) and using (7.2.17) and
(7.2.18)

2 (B 4f12f72>(féf§ ol 2f6f18>
;“"(Q)q <f72 Mt )\ TP Mg

Extracting the terms involving ¢*®, ¢3! g2 gives (7.4.32), (7.3.27), (7.3.28) respec-

tively.
o 2 £4 6
Z ag(3a)q™ = Qi%;} (mod 8), (7.4.32)
a=0
2 6
= Qiﬁé (mod 8).

Extracting the terms involving ¢3*2, ¢3! ¢3* to get (7.3.34) and

% 2
Zaﬁ(Qa)qa = ;:J{; (mod 8),

which proves (7.3.33). Consider (7.4.32) and using (7.2.6), we have

& o ats (S 3f12f48) -
2 oalBe)d" = T (fé’ffs+2q fif )  (mOdB)

Extracting the odd terms, we obtain

i ag(6a + 3)¢" = ;z ;ji (mod 8).

Substituting the values from (7.2.8),

o0 2 4 2 r4
Z% 6a + 3 qa =9 f6.§24 ( 32124 _|_4q3f12£24> (mod 8).
0 f12 f6 f24 6
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On extracting the even and odd terms, we get (7.3.35) and

0 2
> " ag(120+ 9)g 2% (mod 8).
a—0 EiT

Extracting the terms involving ¢! ¢>**2 to get (7.3.36).

Proof of Theorem 7.3.7

= e f2 f5
;CZ?(OZ)Q f1 o

Using (7.2.17) and (7.2.18), we have

< g g Qféff’s;) (f_ ) 5f15f920>
2_arle ‘(fofS”Q 7 T ) Gt )

Extracting the terms involving ¢3¢, ¢***! and ¢**2 and taking modulo 4, we have
Z az(30)q* = f3is (mod 4), (7.4.33)
- fé fs0
Z az(3a + 1)g* = 2 fﬁjz (mod 4), (7.4.34)
1
Z az(3a+2)g” “];}5 (mod 4). (7.4.35)

Extracting the terms involving ¢3!, ¢3*™2 from (7.4.33) and then dividing by ¢, ¢* re-
spectively and replacing ¢ by ¢ to get (7.3.37). Consider (7.4.34) and using (7.2.15), on

extracting even and odd terms, we get

i az(6c + 1)¢° ﬁﬁi (mod 4), (7.4.36)
a=0
i az(6a + 4)g” ;ffcj‘; (mod 4). (7.4.37)

Consider (7.4.36) and extracting even and odd terms, we get (7.4.38) and (7.3.39) (for
t = 7) respectively.

i a7(12a 4 1)g” J‘]S;;GQ (mod 4). (7.4.38)

Extracting odd terms from above equation gives (7.3.40). From (7.4.37), extracting even
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and odd terms gives (7.4.39) and (7.3.39) (for ¢t = 10) respectively.

ch (120 + 4)¢* = _ofizfs (mod 4). (7.4.39)

fe S

Using (7.2.15), extracting even and odd terms, we have

i az(24a + 4)¢* = ﬁgj =2f, (mod 4), (7.4.40)
i az(24a 4 16)¢” U ;f 22 (mod 4). (7.4.41)
a=0 12

Extracting odd terms from (7.4.40) and (7.4.41), we arrive at (7.3.41). Consider (7.4.35),

extracting the terms involving ¢°®, ¢°**2, ¢°*™ and ¢°*™, we get (7.3.38).

Proof of Theorem 7.3.8 and 7.3.9

o0 12 4 8. 12

o 050,607
Y " as(a)g _ lo _ f4
a=0

(43 0o i
Using (7.2.16) extracting the terms involving ¢** and ¢**™! we have
i ag(3a)q™ = ]{g—fé, (7.4.42)
a=0 1712
i as(3a+1)¢* = fifshe (7.4.43)

fife
Taking modulo 2 in (7.4.42),

Z as(3a)q* = J = fi (mod 2).

= fi
From Lemma 7.2.4, we have
(p=1)
— o 2 o 3k24k (3p%+(6k+1)p) (3p% —(6k+1)p)
as(Ba)g* = D> (=D 7 fl=¢ = .—q¢ 2 )
a=0 sz(pfl)
k#(£p—1)/6
2_
+(=1) g e (mod 2).
Extract the terms involving ¢?*+t®*=1/24 dividing by ¢®°~1/24 and replacing ¢** by ¢, we
get
00 2 _q
Zag (Bpa + 2 g > o= (=&Y (mod 2).
a=0
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Extracting the terms involving ¢?*** for 1 = 1,2,--- ,(p — 1),

o0

p’-1
Z as (3p2a + 3pi + 3 ) q“ = (mod 2).

a=0

which proves (7.3.42). Taking modulo 4 in (7.4.43), we have

Z as(3a + 1)g" = fii;‘;‘}i;u (mod 4).
a=0

Extracting the terms involving ¢**, ¢**™! and ¢**™ from above, we obtain (7.4.44), (7.3.44)
and (7.3.45) respectively.

i as(9a + 1)¢" = f;? = % (mod 4) (7.4.44)

a=0

From above, it is easy to conclude (7.3.43).

Proof of Theorem 7.3.10

- ¢ (=4 @)oo 3 9. 12 _f2f3f12
3o = = S

Using (7.2.18), extracting the terms involving ¢3®, 3> and ¢3*2, we get (7.4.45), (7.3.46)
and (7.3.47) respectively.

iag(Ba)qa = f§f§f4. (7.4.45)

Taking modulo 2, we have

3a+2 3a+1

Substituting the values fro (7.2.16), extracting the terms involving ¢
(7.3.48) and

,q to get

o0

Zag (9a +3)¢* = 3 (mod 2).

a=0

Extracting the terms involving ¢®**1, ¢392 to get (7.3.49).
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Proof of Theorem 7.3.11

(=4 Doo; 12 6 6. 121 __ f2f62
Zam = 1T =

Using (7.2.6), extracting the even and odd terms and taking modulo 4, we have

S~ 5
D ai(20)¢* = fgfgé 7 f2 (mod 4), (7.4.46)
a=0

i a(2a+1)g* = 2f; (mod 4). (7.4.47)

Using (7.2.7) in (7.4.46), we get

. o — f45 (f6f254 _ 3-}(‘6_]0428)
2 wol)d" = Fp g, 20y, ) med 0

a=0

Extracting even and odd terms, we have

> 55 1
D ai(da)g* = f§}§ﬁ4f—% (mod 4), (7.4.48)
a=0
> an(da+2)¢" = fi jii;* (mod 4). (7.4.49)
a=0

Substituting (7.2.6) in (7.4.48) and extracting odd terms, we have

Z a10(8a +4)q ﬁ]{i (mod 4).

a=0

On extracting odd and even terms, we reach at (7.3.51) and

fife

2

Z a10(16ar + 4)g° (mod 4),

a=0

respectively. Extracting odd terms from above equation to get (7.3.53). From (7.4.47), we
get (7.3.50) and

o0

Zalo (8a+1)¢* =2f} (mod 4).

a=0

Using (7.2.19) in above, we arrive at (7.3.52).

Proof of Theorem 7.3.12 For ¢ = 11,12, 13, we consider
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oo 2
Z a;(a)q® = ;z;z; (7.4.50)
a=0

Using (7.2.14) in above equation and extracting even terms and odd terms, we have

> 4 £2 1

Zaz (2a)q ﬁ;{if_f’ (7.4.51)
iazz +1)¢° f”;fﬁf”;f. (7.4.52)
a=0

Using (7.2.8) in (7.4.51), again extracting the even and odd terms, we obtain

o0 8
Zai(éla =22 (mod 2), (7.4.53)

4

f: a;(4a + 2)q fjff4 (mod 12). (7.4.54)
6

a=0

From (7.4.54), we get (7.3.57). Now on extracting odd terms from (7.4.53) and (7.4.54),
we reach at (7.3.60) and (7.3.62) (for ¢ = 6) respectively. From (7.4.51), we have

o0 9 2
> afda)gt = 20 mod ).
a=0

Using (7.2.14), extracting even and odd terms, we have

00 2
Zai(8o¢)qa = fj](zm f (mod 8), (7.4.55)
a=0

> ai(8a +4)g° J;j;: fifs (mod 8). (7.4.56)

i
o

Substituting the values from (7.2.8) in (7.4.55) and extracting even terms and odd terms,

we obtain

ia 16a)q _ Ssfy’ 1 (mod 8) (7.4.57)
o T hafoft f? ’ .

a=0

a;(16a + 8)q” = 4;—% (mod 8). (7.4.58)
2

NE

ol
Il
=)
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On extracting odd terms from (7.4.58), we get (7.3.65) and extracting even terms gives us

a;(32a + 8)¢* = 4f; (mod 8).

WE

Q
Il
o

Extracting odd terms gives us (7.3.68). Now consider (7.4.52) and using (7.2.12) and

extracting even and odd terms, we have

a;(4a+1)g* = 2f;  (mod 4), (7.4.59)

NE

0

Q
Il

ai(4a +3)¢* = 6f (mod 12). (7.4.60)

hE

Il
o

«

Also, we get (7.3.58). From (7.4.59), extracting the odd terms gives us (7.3.61), while

extracting even terms gives
Z&i(8a +1)¢* =2f (mod 4).
a=0

According to Jacobi triple product

Z a;(8a+1)¢" = Z *(2a + 1)g**™/2  (mod 4).
a=0 a=0

As a(a+1)/2 # 2,4 (mod 5), we get (7.3.67). Consider (7.4.60) and extracting the odd

terms to get (7.3.62) (for t = 7), extracting even terms and using Jacobi triple product, we

ultimately reach at (7.3.66). Consider, (7.4.50) and using (7.2.18), extracting the terms

involving 3%, ¢®**1, ¢®**2, we obtain
3 o B3
a;i(3a)¢” = =5 (mod 3), (7.4.61)
a=0 fG
D ai(3a+1)¢* =0 (mod 2), (7.4.62)
a=0
Z a;(3a+2)¢* =0 (mod 4). (7.4.63)
a=0

Also,

Zal (B + 2)q” = 4?6 (mod 16).
— 2

On extracting odd parts, we get (7.3.59) and on extracting even parts and using (7.2.13),
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we have

ia 6a + 2)q 4(f‘§f62 + fl?) (mod 16) (7.4.64)
o f3 fra Ty . o

a=0

On extracting odd terms, we get

% 3
Zaz (120 + 8)¢” J;,—G (mod 16).
2

a=0

On extracting odd terms, we get (7.3.64). Taking modulo 8 for (7.4.64) and using (7.2.13)

and extracting the even terms gives
Zal (12 + 2)g* = 4f7  (mod 8).
a=0

On extracting odd terms, we reach at (7.3.63).

Proof of Theorem 7.3.13 For ¢ = 14, 15, we consider
= 1
ai(@)q* = fs
2 ale)d = iy

Substituting (7.2.10) in above equation and then extracting even and odd terms, we have

& 2 £5 1

> ai(20)g” = fj j;; ;122 o (7.4.65)
a=0

e 5 £2
D ai(2a+ 1)g* = % : fi{* (7.4.66)

Taking modulo 2 in (7.4.65), we have

Zai(Qa)q“ f§f§ (mod 2).
= f3 /i

On extracting odd terms from above equation, we readily reach at (7.3.69). Consider
(7.4.66) and substituting (7.2.8),

— o 3 f4fs)
Zal(Qa—i—l) 7, ( T +4q )

a=0

On extracting odd terms we obtain (7.3.70) and (7.4.67). Similarly extracting even terms
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from the same, we have

D ai(da+3)¢" = J if ﬁ (mod 8). (7.4.67)

Using (7.2.10) in (7.4.67), extracting odd terms, we get Using (7.2.10), on extracting even

and odd terms, we get

f2f4f6

i a;(8a + 3)g” (mod 8),
2 7%
f: a;(8a+7)q" = % (mod 8).

i
o

Extracting odd terms from both the above equations to get (7.3.71).

Proof of Theorem 7.3.14 For ¢ = 16, 17, we consider

o (a)g 12 I3
;a@(a)q =

Using (7.2.15) and extracting even and odd terms, we have

E a;(2a)q" = f}fgff_f (7.4.68)
< o fifsfor 1
agzo a;(2a+1)¢" = fifn P (7.4.69)

Using (7.2.6) in (7.4.68), then extracting even and odd terms to get

- B
;al (4a)q = e (7.4.70)
> ai(da +2)¢” = fQJJ:fsz‘ 7 (7.4.71)

a=0

Reducing (7.4.70), modulo 4 and extracting odd terms, we readily reach at (7.3.73). Con-

sider (7.4.69) and using (7.2.6), on extracting even and odd terms, we obtain

> 2 r4
> ai(da+ 1)g* = %% (7.4.72)

a=0
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ial 4o+ 3)q 2f2f‘°"’cf‘f12 (7.4.73)

a=0 fl f4 f6
Taking modulo 4 in (7.4.72),
Zal (da+1 E&é (mod 4),
2 fs i

which implies a;(4a + 1) = a;(«) (mod 4). Now consider (7.4.71) and using (7.2.8), on
extracting odd terms, we get (7.3.74). Taking modulo 8 in (7.4.73), we have

Z a;(4o + 3)q fo?fﬁu ;‘j (mod 8).

Using (7.2.15) in above and extracting even and odd terms, we have

i a;(8a+ 3)¢” = f4f8f12 (mod 8),

= fafoa
— f4f6f24
Zaz(Sa +7)q" = f2 I (mod 8).

Extracting odd terms from above equations, to get (7.3.75).

7.5 Conculsion

This chapter includes the study of arithmetic properties for some g—series identities, par-
ticularly congruences modulo powers of 2, 3, and 6. The “sum-product identities” have
been studied by many mathematicians in various contexts [3,5,6,22]. However, in the
literature, to the best of our knowledge, we have not found any congruences for g—series
identities. Nonetheless, there are a number of research articles in the literature that study
congruences for partition functions. Thus, this chapter adds one more direction to the
study of g—series identities. For future work, one could find other arithmetic properties,
including parity, divisibility properties, and congruences modulo higher primes for these
g—series identities or others available in the literature. Furthermore, one can think of
generalizing the congruences shown in this chapter. Moreover, it will be fascinating to
prove these congruences using some other techniques, such as the ones based on modular

forms.
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