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Abstract

Let G be an arbitrary group and let Aut(G) denote the full automorphism group
of G. An automorphism « of G is called a class-preserving automorphism if for
each z € G, there exists an element g, € G such that a(xr) = g, 'zg,; and is
called an inner automorphism if for all z € G, there exists a fix element g € G
such that a(z) = g 'zg. The group Inn(G) of all inner automorphisms of G is
a normal subgroup of the group Aut.(G) of all class-preserving automorphisms of
G. An automorphism « of G is called an TA-automorphism if z 'a(z) € G’ for
all z € G. Let IA(G) denote the group of all [A-automorphisms of G and let
Ciae)(Z(G)) denote the group of all IA-automorphisms of G fixing the center Z(G)
of G elementwise. An automorphism « of G is called a central automorphism if it
commutes with all inner automorphisms of G; or equivalently g~ 'a(g) € Z(G), the
center of GG, for all ¢ € G. The group of all central automorphisms of G is denoted
as Aut,(G).

Following Hegarty [38], we analogously call an automorphism « an absolute
central automorphism if g 'a(g) € L(G) for all g € G, where L(G) is the absolute
center of G. Let Var(G) and Cva(e)(Z(G)) respectively denote the group of all
absolute central automorphisms of G and absolute central automorphisms of G
fixing the center Z(G) of G elementwise.

An automorphism « of a group G is called a commuting automorphism if each
element z in G commutes with its image «(z) under a. Let A(G) denote the set of
all commuting automorphisms of G. Observe that Aut,(G) is contained in A(G). A
group G is called an A(G)-group if the set A(G) is a subgroup of Aut(G).

In this thesis, we mainly study the structure of Cva()(Z(G)), Aut,(G) and
A(G). We find necessary and sufficient conditions on a finite non-abelian p-group G
such that Cia)(Z(G)) = Cvar)(Z(G)) and Cvarc)(Z(G)) = Inn(G). We also find
necessary and sufficient conditions on a finite purely non-abelian p-group G such
that Var(G) = Aut,(G) and Cvar)(Z(G)) = Aut,(G). We obtain some conditions

on a finite non-abelian p-group G such that A(G) is a subgroup of Aut(G).
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Chapter 1 contains the introductory part and some basic definitions. In chapter
2, we give necessary and sufficient conditions for a finite non-abelian p-group G such
that Cia¢)(Z(G)) = Cvare)(Z(G)). We also give necessary and sufficient conditions
for a finite non-abelian p-group G such that Cvayg)(Z(G)) = Inn(G). Finally, we
give three Gap algorithms. Algorithm [I] can be used to find the absolute center
of a group G. Algorithm [2] checks whether an automorphism « of a group G is
absolute central or not. Algorithm [3| can be used to find the size of all absolute

central automorphisms of G.

Notice that Var(G) is a normal subgroup of Aut,(G) and if L(G) = Z(G), then
Var(G) = Aut,(G). A natural question which arises here is that if L(G) < Z(G),
then under what conditions Var(G) = Aut,(G)? In chapter 3, we give necessary and
sufficient conditions for a finite purely non-abelian p-group G such that Var(G) =
Aut,(G). We also obtain necessary and sufficient conditions for a finite purely non-
abelian p-group G such that Cva(c)(Z(G)) = Aut.(G). We give an example of a

purely non-abelian group which satisfies the hypothesis of our first theorem.

Let Aut®(G) denote the group of all automorphisms « of G such that z~*a(x) €
®(G), the Frattini subgroup of G, for all x € G. In [58], Muller using cohomological
methods proved that if G is a finite p-group which is neither elementary abelian nor
extraspecial, then Aut®(G)/Inn(G) is a nontrivial normal p-subgroup of the group
of outer(non-inner) automorphisms of G; or equivalently, if Aut®(G) = Inn(G), then
G is either elementary abelian or extraspecial. In chapter 4, we obtain an alternate

proof of the main result of Muller [5§].

A finite p-group G is called Frattinian if Z(M) # Z(G) for all maximal subgroups
M of G. A Frattinian p-group G satisfying Co(Z(®(G))) = ®(G) is called strongly
Frattinian. In chapter 5, we study finite p-groups G for which G is an A(G)-group
and prove three theorems. In the first theorem, we prove that if G is a finite non-
abelian p-group, p an odd prime, such that IA(G) = Inn(G) and |G/G’| = p?, then
G is an A(G)-group. In the second theorem, we prove that if G is a finite non-abelian

p-group of coclass 3, where p is an odd prime, and G is strongly Frattinian, then G
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is an A(G)-group. In the third theorem, we prove that if G be a finite non-abelian
p-group and M, My are any two distinct maximal abelain subgroups of GG such that

M, N My = Z(G), then G is an A(G)-group.
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CHAPTER 1

Introduction and Basics

1.1 Introduction

Let G be an arbitrary group and let G', Z(G) and ®(G) respectively denote the
commutator subgroup, the center and the Frattini subgroup of G. Let Aut(G) de-
note the full automorphism group of G. Automorphism groups of various groups are
being studied since the very beginning of the subject. For a given group G, deter-
mining its automorphism group Aut(G), its various subgroups or relations between
them are major problems in group theory. Various authors have done work on these
problems (see for example [2, [4] 14], 15 20, [36], 47, 49, 54, 60} [7T], 80, K8]. For more

details, one can see the survey articles by Helleloid [42] and Yadav [86].

An automorphism « of G is called a class-preserving automorphism if for each
r € G, there exists an element g, € G such that a(zr) = g;'zg,; and is called an
inner automorphism if for all x € G, there exists a fix element ¢ € G such that
a(z) = glzg. The group Inn(G) of all inner automorphisms of G is a normal
subgroup of the group Aut.(G) of all class-preserving automorphisms of G. An
automorphism ¢ of GG is called a central automorphism if it commutes with all inner

1



2 Introduction and Basics

automorphisms of G; or equivalently g~ '¢(g) € Z(G) for all g € G. The group of

all central automorphisms of G is denoted as Aut,(G) and the group of all central

automorphisms of G fixing Z(G) elementwise is denoted by Cauw.(c)(Z(G)).
Interest in the equality of two different automorphism groups dates back to 1908,

when Hilton [44] p. 233] asked the following question:

Whether a non-abelian group can have an abelian group of

isomorphisms (automorphisms), that is, when Aut(G) = Aut,(G)?

An affirmative answer to this question was given by Miller [54] in 1913. He
constructed a non-abelian group G of order 64 and generated by three elements for
which Aut(G) is abelian of order 128. Miller’s group of order 64 is the smallest non-
abelian group with an abelian automorphism group. In 1975, Jonah and Konvisser
[47] constructed a group G of order p® and generated by four elements such that
Aut(G) is abelian. In 1982, Struik [80] also gave such an example. In 1987, Cur-
ran [23] gave a method for constructing further examples of non-abelian 2-groups
which have abelian automorphism groups. In 1995, Morigi [57] raised the following

question:

What is the minimal number of generators for a non-abelian p-group

having an abelian automorphism group, for p an odd prime?

He himself settled this question and proved that the minimal number of generators
for a p-group having an abelian automorphism group is four, for p an odd prime.
In 1998, Ban and Yu [I5] proved that there is no group G such that Aut(G) is an
abelian p-group of order < p'!, where p > 2.

In 1911 Burnside [I9] Note B] also posed the following question:
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Does there exist a finite group G such that G has a non-inner class

preserving automorphism?

In 1913, Burnside [20] himself gave a positive answer to his question. He constructed
a group G of order p°® isomorphic to the group W consisting of all 3 x 3 matrices of

the form

M=

I I
<~ O
_ o O

=

with x,y, z in the field Fj2 of p* elements, where p is an odd prime. For this group
G, Aut.(G) # Inn(G). In 1947, Wall [82] constructed some smaller and simpler
groups G for which Aut.(G) # Inn(G). The smallest group constructed by Wall is
of order 32. In 1968, Sah [68] explored many basic properties of Aut.(G) for a finite
group G. It is a well known result of Gaschutz [33] that every finite p-group has

a non-inner automorphism. Therefore, it becomes interesting topic to study when

two different automorphism groups of a group are equal or isomorphic.
1.1.1

Following Bachmuth [14], we call an automorphism of G' an TA-automorphism if
it induces the identity automorphism on the abelianized group G/G’. Let IA(G)
denote the group of all IA-automorphisms of G and let Cia(q)(Z(G)) denote its
subgroup consisting of those IA-automorphisms which fix Z(G) elementwise. For
free metabelian groups G of rank 2, Bachmuth [I4] in 1965, proved that IA(G) =
Inn(G). A group G is called semicomplete if [A(G) = Inn(G). In 1969, Andreadakis
[4] proved that a free product A x B of two non-trivial groups is semicomplete if

and only if both A and B are abelian. In 1981, Gupta [36] proved that if G is a
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2-generator metabelian group, then IA(G) is always a metabelian group. In 2002,
Panagopoulos [61], studied the semicompleteness of the direct product G = A x B
of two groups A and B in relation to the semicompleteness of its direct factors.
In 2011, Attar [7, Theorem 2.1] proved that if G is a finite p-group of class 2,
then IA(G) = Inn(G) if and only if G’ is cyclic and IA(G) = Cia)(Z(G)). In
2014, Singh, Gumber and Kalra [77] classified finitely generated nilpotent groups of
class 2 for which IA(G) ~ Inn(G) and Cia¢)(Z(G)) ~ Inn(G). In particular, they
classified all finite nilpotent groups G of class 2 for which (i) IA(G) = Inn(G) and

(i) Ciae)(Z(G)) = Inn(G).

1.1.2

Let G be any group. For g € G and a € Aut(G), the element [g,a] = g 'a(g) is
called the autocommutator of g and «. Inductively, define

lg, a1, g, ..., ] = [[g, 1,2, ..., a,_1], @], where a; € Aut(G). Observe that

Z(G)={g9€G|alg) =g, for all « € Inn(G)},

and

G'={(g'a(g) g € G,a € Inn(G)).

In an analogous manner, Hegarty [3§] defined the absolute center L(G) of G as

L(G)={g9 € G|[g,a] =1, for all & € Aut(G)}.

Let Ly (G) = L(G), and for n > 2, define L, (G) inductively as

L,(G)={g€G|lg,an,0az,...,a,] = 1for all ay, ag,...,a, € Aut(G)}.
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The autocommutator subgroup G* of GG is defined as
G"={lg.a]|g € G,a € Aut(G)).

It is easy to see that L,(G) < Z,(G), the nth term of the upper central series of
G, for all n > 1 and G’ < G*. A group G is called autonilpoent of class at most
n if L,(G) = G for some natural number n. Analogous to central automorphisms
group Aut,(G), Hegarty [38] in 1994, defined absolute central automorphism group.
He called an automorphism « of G' an absolute central automorphism if g 'a(g) €
L(G) for all g € G. The set of all absolute central automorphisms forms a normal
subgroup of Aut(G) and is denoted by Var(G). In 2010, Moghaddam and Safa
[55] obtained some results about the nature of absolute central automorphisms. In
2015, Nasrabadi and Farimani [59] proved that if G is a finite autonilpotent p-
group of class 2, then Var(G) = Inn(G) if and only if L(G) = Z(G) and Z(G) is
cyclic. In 2015, Singh and Gumber [78] generalized this result to a finitely generated
group. In 2017, Attar [10] characterized finite non-abelian p-group G of arbitrary
class for which Var(G) = Inn(G). In 2016, Farimani and Nasrabadi [30] gave the
necessary and sufficient conditions for a finite non-abelian p-group G such that
Var(G) = Cvare)(Z(G)). In 2017, Hajizadeh and Nasrabadi [37] also obtained the
necessary and sufficient conditions for a finite non-abelian autonilpotent p-group G
such that each absolute central automorphism of G fixes the center elementwise.
In chapter 2, we give necessary and sufficient conditions for a finite non-abelian
p-group G such that Ciaq)(Z(G)) = Cvare)(Z(G)). We also obtain necessary and
sufficient conditions for a finite non-abelian p-group G such that Cyvae)(Z(G)) =

Inn(G). In Section 2.3, we give three Gap algorithms. Algorithm (1| can be used to
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find the absolute center of a group G. Algorithm [2| checks whether an automorphism
a of a group G is absolute central or not. Algorithm [3| can be used to find the size
of the group of absolute central automorphisms of G. The results of this Chapter

have appeared in [73].

1.1.3

An automorphism ¢ of G is called a central automorphism if it commutes with all
inner automorphisms of G; or equivalently ¢g7'¢p(g) € Z(G), the center of G, for
all g € G. Let Aut,(G) denote the group of all central automorphisms of G and
Caut.(¢)(Z(G)) denote the group of all those central automorphisms which fix the
center of GG elementwise. The central automorphism group can be as large as possible
when all automorphisms are central, that means when Aut,(G) = Aut(G), and can
be as small as possible when Aut,(G) = Z(Inn(G)). If G is abelian, then Inn(G) is
trivial and hence Aut,(G) = Aut(G). If G is non-abelian and Aut,(G) = Aut(G),
then since Inn(G) is abelian, G is a nilpotent group of class 2. Non-abelian p-
groups G for which all automorphisms are central have been well studied. If Aut(G)
is abelian, then necessarily Aut,(G) = Aut(G). Various authors have considered
this situation (for example see [15, 29 B39, 40, 41], 45, 47, B6, 57]). If Aut(G) is
non-abelian, even then all automorphisms may be central and this case has been
explored, for example, in [22] 34] 48 [52].

In 2001, Curran and McCaughan [24] gave necessary and sufficient conditions
for a finite p-group G such that Aut,(G) = Inn(G). They proved that for any finite
p-group G, Aut,(G) = Inn(G) if and only if G’ = Z(G) and Z(G) is cyclic. In 2007,

Attar [5] established that for any finite p-group G, Cau.(¢)(Z(G)) = Inn(G) if and
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only if G is abelian or nilpotency class of G is 2 and Z(G) is cyclic. In 2013, Azh-
dari and Malayeri [I3], Theorem 2.3] generalized the result of Attar [5] and proved
that if G is a finitely generated nilpotent group of class 2, then Cyy.()(Z(G)) ~
Inn(G) if and only if Z(G) is infinite cyclic or Z(G) ~ C,, x H x Z", where
Con 2 [encz(c)) Z(Gps H = 11 pgnc/z(cy) Z(G)p, 7 = 0 is the torsion-free rank of
Z(G) and G/Z(Q) is of finite exponent dividing m. In 2009, Yadav [85] gave neces-
sary and sufficient conditions on a finite p-group G of nilpotency class 2 such that
Aut,(G) = Cau.()(Z(G)). In 2011, Jafari [46] and in 2012, Attar [8] generalized
this result. They have given necessary and sufficient conditions on a finite p-group
G of arbitrary nilpotence class such that each central automorphism of G fixes the

center elementwise.

Consider now the opposite extreme, the case in which we are specially inter-
ested, when the central automorphism group is as small as possible. The bound is
Z(Inn(Q)), because it is always contained in Aut,(G). In 2004, Curran [25] studied
finite p-groups G for which Aut,(G) = Z(Inn(G)). He proved that for any finite p-
group G, if Aut,(G) = Z(Inn(G)), then Z(G) < G’ and Z(Inn(G)) must not be cyclic.
It follows that if G is a finite p-group of maximal class, then Aut,(G) # Z(Inn(G)).
Observe that if G is of nilpotence class 2, then Z(Inn(G)) = Inn(G) and thus, by
the above mentioned result of Curran and McCaughan [24], Aut,(G) = Z(Inn(G))
if and only if G' = Z(G) and Z(G) is cyclic. Therefore, to characterize all finite
p-groups G for which Aut,(G) = Z(Inn(G)), one can assume that nilpotence class of
G is bigger than 2 and G is not of maximal class. Of course, in such a case |G| > p°.

In 2013, Sharma and Gumber [71] characterized all finite p-groups G of order p°,
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where p is any prime and of order p® for an odd prime p such that the center of the
inner automorphism group of G is equal to the group of central automorphisms of
G.

Note that for a finite p group G of class 2, we have
Inn(G) < Aut.(G) < IA(G) < Aut,(G) < Aut(G).

In 2013, Yadav [87] obtained certain results on a finite p-group G for which Aut,(G) =
Aut.(G). In 2015, Attar [5] has given a characterization for finite p-group G of nilpo-
tency class 2 such that Aut.(G) = IA(G). In 2017, Attar [10] gave the necessary and
sufficient conditions for a finite p-group G of class 2 such that Aut,(G) = IA(G).

Notice that Var(G) < Aut,(G) and if L(G) = Z(G), then Var(G) = Aut,(G).
A natural question which arises here is: under what conditions Var(G) = Aut,(G)
when L(G) < Z(G)? In chapter 3, we prove two theorems. In first theorem, we give
necessary and sufficient conditions for a finite purely non-abelian p-group G such
that Var(G) = Aut,(G), and in second theorem, we obtain necessary and sufficient
conditions for a finite purely non-abelian p-group G such that Cva..)(Z(G)) =
Aut,(G). As an application of our first result, we give an example of a purely non-
abelian group G of order 128 for which L(G) < Z(G) and Var(G) = Aut,(G). The
results of this chapter have appeared in [74].

Let Aut®(G) = {a € Aut(G) | z7ta(z) € ®(G),V x € G}. In chapter 4, we give
an alternate proof of the result of Attar [6], and as a consequence, we obtain an
alternate proof of the following main theorem of Muller [58]: If G is a finite p-group
which is neither elementary abelian nor extraspecial, then Aut®(G)/Inn(G) is a

nontrivial normal p-subgroup of the group of outer(non-inner) automorphisms of G.
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The results of this chapter would appear in [75].

1.1.4

An automorphism « of a group G is called a commuting automorphism if each
element x in G commutes with its image a(x) under a. Let A(G) denote the set
of all commuting automorphisms of G. A group is said to be an A(G) group if the
set of all commuting automorphisms of G forms a subgroup of Aut(G). Commuting
maps like derivations and automorphisms were first studied for various classes of
rings [17], 28, [51], 66]. In the year 1984, Herstein [43] proposed the following problem
to American Mathematical Monthly: If GG is a simple non-abelian group, then prove
that A(G) = 1. In 1986, Laffey [50] observed that A(G) = 1 provided G has
no nontrivial abelian normal subgroup, while Pettet [62] proved that A(G) = 1 if
Z(G) =1 and G’ = G. Deaconescu, Silberberg and Walls [27] in 2002, raised the
following questions about A(G):

1. Is it true that the set A(G) is always a subgroup of Aut(G)?

2. What conditions on G imply the equality A(G) = Aut,(G)?

3. Is it true that A(G) =1 if and only if Aut,(G) =17

Regarding to question 1, Deaconescu et al. gave an example of a group of order 2°
in which A(G) doesn’t form a subgroup. In 2013, Vosooghpour and Malayeri [81]
showed that minimum order of a non-A(G) p-group is p°. In 2013, Fouladi and Orfi
[31] proved that if G is either a finite AC-group or a p-group of maximal class or a
metacyclic p-group, then G is an A(G)-group. In 2015, Rai [64] gave some sufficient
conditions on a finite p-group G such that A(G) is a subgroup of Aut(G) and, as

a consequence, proved that in a finite p-group G of co-class 2, where p is an odd
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prime, A(G) is a subgroup of Aut(G). In 2016, Singh and Gumber [79] gave very
elementary and short proofs of main results of Rai and obtained some other related
results. Recently in 2019, Shahrabi, Malayeri and Vosooghpour [70], and Rai [65]

have given some conditions on a group G for which G is an A(G)-group.

In this chapter 5, we prove three theorems. In the first theorem, we prove that
if G is a finite non-abelian p-group, p an odd prime, such that IA(G) = Inn(G) and
|G/G'| = p?, then G is an A(G)-group. In the second theorem, we prove that if G is
a finite non-abelian p-group of coclass 3, where p is an odd prime, and G is strongly
Frattinian, then G is an A(G)-group. In the third theorem, we prove that if G be
a finite non-abelian p-group and M; and M are any two distinct maximal abelain
subgroups of G such that M; N My = Z(G), then G is an A(G)-group. The results

of this chapter would appear in [76].

1.2 Basics

In this section, we give a quick review of some of the basic facts of group theory
that would be used in the foregoing chapters. The definitions and proofs of results
presented here can be found in any standard book on group theory. We, of course,
suppose a familiarity of more basic group theoretic terms and concepts like abelian,

cyclic, coset, normal subgroup, factor or quotient group, direct product et cetera.

Let G be an arbitrary group and X be a subset of G. The intersection of the
family of subgroups of G which contain X is a subgroup of G and is denoted by (X).
In other words, (X) is the smallest subgroup of G which contains X. The subgroup

(X) is called the subgroup generated by X. If X is non-empty, then (X) contains
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every finite product of the type

ey, r>1, 1€ X, my € Z,

. ro

and conversely all such products form a subgroup of G containing X. It follows
that (X) consists of all such products. A cyclic group is thus generated by a single
element. We shall denote a cyclic group of order m by C,,. The rank of a group G

is the smallest cardinality of a generating set of G and is denoted by d(G). That is,

d(G) = min{|X|: X C G, (X) = G}.

The least common multiple of the orders of the elements of a finite group G is called
the exponent of G and is denoted by exp(G).

The commutator of two elements a,b € G is the element [a,b] = a~'b~tab of G
and the commutator subgroup or the derived subgroup G’ of G is the subgroup of

G generated by all commutators of G. That is,

G = {[a,b] : a,b € G).

It is easy to see that G’ is a normal subgroup of G. Observe that G/G’ is abelian
and if G/H is abelian for a normal subgroup H of G, then G’ C H. If X and Y
are two subsets of G, then we define [X,Y] = ([z,y]|lxr € X,y € V). Thus [X,Y] is
always a subgroup of G. If X and Y are both normal subgroups of G, then [X, Y] is
a normal subgroup of G. For x € G, [z, G| denotes the set of all commutators [z, g],
where g € G. By K(G) we denote the set of all commutators of G. The higher

order commutator of x1, o, ..., x; is defined inductively as

[xl, X2,y ..ny $k] = Hxh Lo, ..., Tk—1, fﬁk]]
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The followings are well known commutator identities

[z, y2] = [, 2][z, )" = [z, 2]z, o[, y, 2]

and
[xy, 2] = [z, 2y, 2] = [z, 2][z, 2, y][y, 2]

where z,y, z € G and will be frequently used in the thesis without any reference.

Given a group G and a subgroup H of GG, a series from H to G is a finite sequence

H=Gy <G < - <G,=G (1.1)

of subgroups of G where each Gj is a subgroup of its successor. If H = 1, we say that
(1.1) is a series for G. The subgroups G; in this series are called terms. The length
of the series is the number of terms excluding G itself. The series (1.1) is called
proper if no two of the terms are equal, that is, G; < G, for : = 0,1,....,n — 1.
The series (1.1) is called subnormal series if each G; is a normal subgroup of its
successor, and is called normal series if each GG; is a normal subgroup of G. The
quotient groups G;,1/G; are called the factor groups of the series. The normal series
above is called a central series if for each i, Gi11/G; < Z(G/G;). Let Zy = 1 and
let Z;11/Z; = Z(G/Z;) for i > 0. Observe that Z; is the center of G and Z;1/%;,
being the center of G/Z;, is normal in G/Z; and hence Z;;; is normal in G for all

1 > 0. It follows that the series

1=2y <721 <Zy<---

is a central series of G. The subgroup Z; is called the i-th center and this series is

called the upper central series of G.
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We define subgroups v;(G), i > 1, of G by setting
1(G) =G, 741(G) = [%(G),G].

Observe that 72(G) = G’, each 7;(G) is normal in G and 7;41(G) < 7;(G). The
series

G=7(G) 27%(G) = W(G) ="

is called the lower central series of G. If the lower central series of a group G
terminates in a finite number of steps at 1, and if ¢ is the least natural number
such that 7..1(G) = 1, then G is called a nilpotent group of class c¢. The class of a
nilpotent group is denoted by ¢l(G). Observe that if c/(G) = 2, then G’ < Z(G).

A maximal subgroup of G is a proper subgroup M such that there is no subgroup
H of G with M < H < G. The intersection of all the maximal subgroups of G
is the Frattini subgroup ®(G) of G. If G has no maximal subgroup, then we set
®(G) = G. An element g of G is called a non-generator of G if whenever G = (g, X),
then G = (X)) where X is a subset of G. An interesting property of ®(G) is that it
is exactly the set of all non-generators of G.

Two elements a and b of G are called conjugate if there exists an element g of G
such that b = g~ 'ag. It is easily seen that “conjugacy” is an equivalence relation on
G and therefore it partitions G into equivalence classes. The equivalence class that
contains the element a of G is called the conjugacy class of a and is denoted as a®.
That is,

a®={g'ag: g € G}.
Let H be a non-empty subset of G. The set of elements of G which commute with

every element of H is called the centralizer of H in G, and is denoted as Cg(H).
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That is,

Co(H)={9€G:hg=ghVhe H}.

It is easy to see that Cg(H) is a subgroup of G. If H = {h} is singleton, then
Ce({h}) is simply denoted as Cg(h).

A finite group G is called a purely non-abelian group if it has no non-trivial
abelian direct factor. If Z(G) is cyclic or if Z(G) < ®(G), then G is purely non-
abelian. Let G and H be two groups, and let « : G — H be a map. Then « is

called a homomorphism from G to H if for all g1, 9> € G,

a(g192) = alg1)a(gz).

Let a: G — H be a homomorphism. Then

(1) « is called the trivial homomorphism if a(g) =1 for all g € G;.

(7i) « is called a monomorphism if it is injective.

(7i1) « is called an epimorphism if it is surjective.

(iv) « is called an isomorphism if it is bijective.

(v) ais called an endomorphism if it is a homomorphism of G to itself.

(vi) « is called an automorphism if it is an isomorphism of G to itself.

The set of all automorphisms of GG is a group under the usual operation of composi-
tions of mappings. We call this group the full automorphism group of G' and denote
it by Aut(G).

Let A be an abelian group and let Hom(G, A) denote the set of all homo-

morphisms of G into A. For f,g € Hom(G, A), define fg(z) = f(z)g(x). Then
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Hom(G, A) becomes an abelian group under this operation. If A, B, C' are all finite
abelian groups, then Hom(A, B x C') ~ Hom(A, B) x Hom(A, C') and Hom(A, B) ~
Hom(B, A). Also, Hom(C,,, C},) ~ Cy4, where d = ged(m,n).

For a fix prime number p, a group G is called a p-group if order of every element
of G is a power of p. If G is finite, then G is a p-group if and only if |G|, the order

of G, is a power of p.
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CHAPTER 2

On the equality of certain subgroups of the
automorphism group of finite p—group

2.1 Introduction

For any group G, Hegarty [38] considered the following definitions of Z(G) and G”:
Z(G) ={g € G| alg) = g,Va € Inn(G)}
G'=(g7'alg) | g € G,a € Inn(G)),
and analogously defined the subgroups L(G) and G* of G as follows:
L(G)={g € G |alg) = g,Ya € Aut(G)}

G* = (97'a(g) | g € G,a € Aut(Q)).

He called L(G) the absolute centre of G and G* the auto-commutator subgroup of G.
Observe that L(G) < Z(G) and G < G*. An automorphism « of G is called a central
automorphism if z7la(z) € Z(G) for all z € G. The central automorphism fix the
commutator subgroup G’ of G elementwise and form a normal subgroup Aut,(G) of

Aut(G). Hegarty [38] analogously defined the absolute central automorphism of G

IThe content of this chapter is published in Mathematical Notes
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as follows:

An automorphism « of G is called an absolute central automorphism if it induces the
identity automorphism on G/L(G), or equivalently, g~*a(g) € L(G) for all g € G.
Let Var(G) denote the group of all absolute central automorphisms of G, and let
Cvar(c)(Z(G)) denote the group of all absolute central automorphisms of G fixing

Z(@G) elementwise. Clearly Var(G) is a normal subgroup of Aut(G) contained in

Aut,(G).

In 2010, Moghaddam and Safa [55] obtained some results about the nature of
absolute central automorphisms. In 2015, Nasrabadi and Farimani [59] proved that
if G is a finite autonilpotent p-group of class 2, then Var(G) = Inn(G) if and only
if L(G) = Z(G) and Z(G) is cyclic. In 2015, Singh and Gumber [78] gave the
necessary and sufficient conditions for a finitely generated non-abelian p-group G
with G’ < Z(G) such that Var(G) ~ Inn(G) and, as a consequence, they obtained
the necessary and sufficient conditions on a finite p-group G such that Var(G) =
Inn(G). In 2017, Attar [10] characterized finite non-abelian p-group G of arbitrary
class for which Var(G) = Inn(G). In 2016, Farimani and Nasrabadi [30] gave the
necessary and sufficient conditions for a finite non-abelian p-group G such that
Var(G) = Cvar)(Z(G)). They proved that if G is a finite non-abelian p-group,
then Var(G) = Cvar()(Z(G)) if and only if Z(G)G' C G'L(G)GP", where p" =
exp(L(G)). In 2017, Hajizadeh and Nasrabadi [37] also obtained the necessary and
sufficient conditions for a finite non-abelian autonilpotent p-group G such that each

absolute central automorphism of G fixes the center elementwise.

An automorphism « of G is called an [A-automorphism if x 'a(z) € G’ for
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all x € G. Let IA(G) denote the group of all IA-automorphisms of G, and let
Ciae)(Z(G)) denote the group of all IA-automorphisms of G fixing Z(G) element-
wise. A group G is called semicomplete if IA(G) = Inn(G). Many mathematicians,
such as Bachmuth [I4], Andreadakis [4], Gupta [36], Panagopoulos [61] and Attar
[7] investigated semicomplete groups as explained in the introduction of chapter 1.
Rai [63] gave the necessary and sufficient conditions for finite p-group G such that
Ciae)(Z(G)) = Aut,(G). He also gave necessary and sufficient conditions for a
finite p-group G of nilpotency class 2 such that Ciaq)(Z(G)) = Inn(G).

In this chapter, we give necessary and sufficient conditions for a finite p-group
G such that Ciae)(Z(G)) = Cvare)(Z(G)). We also obtain necessary and sufficient
conditions for a finite p-group G such that Cyvaye)(Z(G)) = Inn(G). We also give
three Gap algorithms. Algorithm [I] can be used to find the absolute center of a
group G. Algorithm [2| checks whether an automorphism « of a group G is absolute

central or not. Algorithm [3| can be used to find the size of Var(G).

2.2 Main Results

Let Hom(G, A) denote the group of all homomorphisms of G into an abelian group A.
The following two well-known lemmas will be used very frequently without further

referring.

Lemma 2.2.1 Let A, B and C be finite abelian groups. Then

(1) Hom(A x B,C) ~ Hom(A, C) x Hom(B, C), and

(1) Hom(A, B x C') ~ Hom(A, B) x Hom(A, C).
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Lemma 2.2.2 Hom(C,,, C,,) ~ Cy, where C; denotes the cyclic group of order i and

d s the greatest common divisor of n and m.

The following lemma is also well known in literature and can be proved using

elementary arguments.

Lemma 2.2.3 Let A and B be finite abelian p-groups such that exp(A) |exp(B),

then Hom(A, B) ~ A if and only if B is cyclic.

Lemma 2.2.4 ([57, Lemma 0.4]) Let G be a p-group of class 2. Then

(i) &' < Z(Q)

(i) exp(G') = exp(G/Z(G).

Let H and K be two normal subgroups of G. By Aut”(G), we denote the

subgroup of Aut(G) consisting of all the automorphisms which centralize G/H and

by Autk (G), we denote the subgroup of Aut(G) consisting of all the automorphisms

which centralize K. We denote the intersection Aut”(G) N Auty(G) by Autf(G).

The following lemma is a little modification of arguments of [3, Lemma 3].

Lemma 2.2.5 Let G be any group and K be a central subgroup of G contained in

a normal subgroup H of G. Then Autly(G) ~ Hom(G/H, K).

Proof. For any pu € Autf(G), define the map v, : G/H — K as ¢, (gH) =
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9~ 1u(g)- Now

(91 H)(92H)) = Yulg192H)
= (9192) ' 1(9192)
= g5 91 Wgr)ulg2)
= (o' 1(91)) (92" 1(g2))

= %(ng)%(ng)~

Thus 1), is a homomorphism. Define the map

¢ Auth (G) — Hom(G/H, K)

as Y(p) = Y. Let py, po € Auth(G). Then g~ lus(g) € K for all g € G and

p1(g  a(g)) = g ' ua(g). Therefore we have

b (9H) = g7 pupa(g)
= g7 'm(pa(9))
= 9 ' mlgg  12(9))
= g ' m(9m(g pa(9))
= g '1u(9)g n2(g)

= Yu (QH)@Z)M (gH).

Thus v is a homomorphism. Now let 1(u;) = ¥(uo), then g *ui(g9) = g pa(g),
for all ¢ € GG, which implies that g; = g» and thus 1 is a monomorphism. For any

7 € Hom(G/H, K), define the map p : G — G as u(g) = gr(gH) for all g € G.
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Since K < Z(G),

1(grg2) = 91927(g192H)
= 01927((91H)(92H))
= q1927(91H)7(g2H)
= (17(91H))(927(9211))

= p(g1)p(g2)-

Now let g € Kerpu, then u(g) = 1 which implies that ¢7' = 7(gH) € K < H.
Thus 1 = u(g) = g7(gH) = g7(H) = g. Thus g is a monomorphism. Next we
prove that p is onto. Observe that Im7r C Imy, since if y € I'm7 then for some
g€ G, y=1(gH) € K < H. Now u(y) = y7(yH) = y and so y € Impu. It follows
that for every element g € G, we have g = u(g)(7(gH))™' € Impu, which implies
that G C I'mp and therefore p is onto. Thus p is an automorphism of GG inducing

identity on both H and G/K and ¥ (u) = 7. Hence 9 is onto as well. O

Let G be a non-abelian finite p-group such that G’ < L(G). Let

G/Z(G) ~ Cpa1 X Cpa2 X+ X Cpal,
G ~ Cpb1 X Cpb2 X X Cpbm, and
L(G) =~ Cper X Cpea X -+ X Cpen

be the cyclic decompositions of respective abelian groups, where a; > a; 1, b; > b;11
and ¢; > ;11 are positive integers. Since G’ is a subgroup of L(G), m < n and

bj <cjforall j,1<j<m.

Theorem 2.2.6 Let G be a finite non-abelian p-group. Then Ciay(Z(G)) =
Cvar()(Z(@G)) if and only if G' = L(G) or G' < L(G), m =n and a; = bs, where s

is the largest integer between 1 and m such that by < cs.
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Proof. Observe that if Cia)(Z(G)) = Cvarc)(Z(G)), then for any commmutator
[a,b] € G, [a,b] = a™'b~tab = a~'Iy(a) € L(G), where I(a) is the inner auto-
morphism of G induced by b, and thus G’ < L(G). Therefore, by Lemma
we have Cra)(Z(G)) = Aut%)(G) ~ Hom(G/Z(G),G") and Cvaxc)(Z(G)) =
Aut(c) (G) = Hom(G/Z(G), L(G)). Then |Cia@(Z2(G))| = |Hom(G/Z(G), &)

and |Cvarc)(Z(G))| = |Hom(G/Z(G), L(G))|. First suppose that Cia)(Z(G)) =

Cvar(e)(Z(G)) and G’ < L(G). Then
|Hom(G/Z(G),G")| = |Hom(G/Z(G), L(Q))|.

It follows that

ﬁ ﬁpmin{ai,bj} _ ﬁ ﬁ pmin{ai,c]'}‘

i=1j=1 i=1 j=1

Now m < n and b; < ¢; for each j, 1 < j < m, therefore min{a;,b;} <

min{a;, ¢;} for all 4, 1 <i <[l and for all j, 1 <j <m. If m <n, then

|Hom(G/Z(G),G")| = |Hom(G/Z(G),Cpy x Chy % -+ % Chyn)|
< |Hom(G/Z(G), Cper X Cpez X -+ X Chpe )|
< |Hom(G/Z(G),Cper X Cpez X +++ X Chem )|
| Hom(G/Z(G), Cpem+r X Cpemsz X -+ - X Cpen )|
= |Hom(G/Z(G),Cper X Cpes X +++ X Chen )|

= |Hom(G/Z(G), (L(G))],

which is not so. Thus m = n and min{a;,b;} = min{a;,c;} for all i, 1 < i <1
and for all j, 1 < j < m. Since G’ < L(G), there exists some j between 1 and m

such that b; < ¢;. Let s be the largest integer between 1 and m such that b, < c.
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If a; > bg, then by = min{ay,bs} = min{ay,cs} > by, a contradiction. Therefore
a1 < bs. Since cl(G) = 2, a1 = exp(G/Z(G)) = exp(G’) = by by Lemma 2.2.4]
Therefore a; < b, < b,_1 < ...<b; =a;. Thus a; = b,.

Conversely, if G' = L(G), then Ciae)(Z(G)) = Cvare)(Z(G)). Suppose that

G' < L(G), m = n and a; = bs, where s is the largest integer between 1 and m such

that bs < cs.
Now
|Cra()(Z(G))| = [Hom(G/Z(G I—HHpmm{“zb}
=1 j=1
and

Cumen(Z(G))] = [Hom(@/2(G). LG = [ [T

i=1 j=1

Observe that a; < b; < c¢j; forall¢,1 <i<[andforall j,1<j<s, and b; =¢;

for all j, s+ 1 < 7 < m. It follows that

I m l m
Ciae)(Z(@))] = [T T pmteets) = prlestestoten TT I pnests,

i=1 j=1 i=1 j=s+1
and
I m l m
min{a;,c s ai+tas+--+a min{a;,b;
Cunin (0] = [T = s T I et
=1 j5=1 i=1 j=s+1

Thus |CIA(G)(Z(G))| = |CVar(G)(Z(G))| and hence CIA(G)(Z(G)) = Cvar(g)(Z(G)),

because Cia(q)(Z(G)) is a subgroup of Cvar)(Z(G)). O

A non-abelian group G of order p™ is of maximal class if cl(G) =n — 1.

The following corollaries are the consequence of above theorem.

Corollary 2.2.7 Let G be a finite non-abelian p-group of mazimal class. Then

Cun(@)(Z(G)) = Cua(e) (Z(G)) if and only if G = L(G) = Z(G).
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Corollary 2.2.8 Let G be a finite non-abelian p-group such that exp(L(G)) = p.

Then Ciay(Z(G)) = Cvar)(Z(Q)) if and only if G' = L(G).

Theorem 2.2.9 Let G be a finite non-abelian p-group. Then Cvang)(Z(G)) =

Inn(G) if and only if G' < L(G) and L(G) is cyclic.

Proof. First suppose that Cvar)(Z(G)) = Inn(G). Let g € G, then the inner auto-
morphism 6, induced by g is absolute central automorphism and [z, g] = 7 'g~zg =
x10,(z) € L(G), © € G. Tt follows that G < L(G). Therefore, the exponent of
L(G) is greater than or equal to the exponent of G’. Let the exponent of L(G) be
p°. If possible, suppose that L(G) is not cyclic. Then L(G) = Cpe x M, where Cpe
is a cyclic subgroup of order p¢ and M is some non-trivial proper subgroup of L(G).

Now by Lemma [2.2.3 we have

| Hom(G/Z(G), L(G))| = |Hom(G/Z(G),Cye x M)|
= |Hom(G/Z(G),C,e) x Hom(G/Z(G), M)

= |Hom(G/Z(G),C,e)

| Hom(G/Z(G), M)
> |G/Z(G)]

= | Inn(G)]|.

Thus |Cvar)(Z(G))| = |Hom(G/Z(G), L(G))| > |Inn(G)|. This contradicts the
given hypothesis. Hence L(G) must be cyclic.

Conversely, suppose that G < L(G) and L(G) is cyclic. Then G is of class
2 because L(G) < Z(G). Therefore, by Lemma we have exp(G/Z(G)) =

exp(G') = |G'|. Thus exp(G/Z(@G)) divides exp |L(G)|. It follows from Lemma
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that

|Cvar() (Z(G))] = [Hom(G/Z(G), L(G))| = [G/Z(G)| = | Inn(G)].

Since G' < L(G), Inn(G) < Cvare)(Z(G)) and hence Cyarey(Z(G)) = Inn(G).

Example 2.2.10 Let

G = (z,yl2® =y* =1,y "oy = 2°)

be a group of order 16. Observe that cl(G) = 2, ®(G) = Z(G) = (z*) ~ C, and

G = L(G)

12

Csy. Therefore Cya(e)(Z(G)) ~ Hom(G/Z(G), L(G)) ~ Hom(Cs x
Cs,Cs) ~ Cy x Oy and thus |Cvarg)(Z(G))| = 4. Also |Inn(G)| = |G/Z(G)| = 4.

Since IHD(G) S CIA(G)(Z(G)) = Cvar(g)(Z(G)), Ovar(g)(Z(G)) = IDH(G).

2.3 Algorithms

In this section, we give three Gap algorithms. Algorithm [1] can be used to find the
absolute center of a group G. Algorithm [2] checks whether an automorphism « of a
group G is absolute central or not. Algorithm [3| can be used to find the size of all

absolute central automorphisms of G.
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Algorithm 1 To find the absolute center of a group.

*

10:
11:
12:

autocenter:=function(QG)
local z,au,N x;

z:=Centre(G);
au:=AutomorphismGroup(G);
N:=TrivialSubgroup(G);

for x in Elements(z)

if not x in N and ForAll(GeneratorsOfGroup(au),a — ImagesRepresenta-
tive(a,x)=x)
N:=ClosureGroup(N,x);

fi;

od;

return N;

end;

Algorithm 2 To check wether « is absolute central or not.

*

10:
11:

IsAlmostCentral:=function(G)
local L;

result:=| |;

L:=autocenter(G);
aut:=AutomorphismGroup(G);
for a in aut do
result:=ForAll(GeneratorsOfGroup(G),g—g~ ! xImagesRepresentative(a,g) in
L);

if result = true then

fi;

od;

end;
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Algorithm 3 To calculate the size of group of absolue central automorphisms.

IsAlmostCentral:=function(G)
local L,count;

result:=| |;

count:=0;

L:=autocenter(G);
aut:=AutomorphismGroup(G);
for a in aut do
result:=ForAll(GeneratorsOfGroup(G),g—g~ ' xImagesRepresentative(a,g) in
L);

9: if result = true then

10: count:=count+1;

11: fi;

12: od;

13: Print(count);

14: end;




CHAPTER 3

On equality of central and absolute central
automorphism groups of finite p-group

3.1 Introduction

In 2001, Curran and McCaughan [24] characterized finite p-groups G for which
Aut,(G) = Inn(G). They proved that if G is a finite p-group, then Aut,(G) =
Inn(G) if and only if G’ = Z(G) and Z(G) is cyclic. In 2009, Yadav [85] gave
necessary and sufficient conditions on a finite p-group G of nilpotency class 2 such
that Aut,(G) = Caw.(¢)(Z(G)). In 2011, Jafari [46] generalized this result of Yadav.
He proved that if G is a finite p-group, then Aut,(G) = Cau, () (Z(G)) if and only
if Z(G)G' C GP" G’ where exp(Z(G)) = p™. In 2012, Attar [§] also generalized this
result of Yadav. He gave necessary and sufficient conditions on a finite p-group G of
arbitrary nilpotence class such that each central automorphism of G fixes the center

of G elementwise.

In 2004, Curran [25] studied finite p-groups G for which Aut,(G) = Z(Inn(G)).

He proved that for any finite p-group G, if Aut,(G) = Z(Inn(G)), then Z(G) < G’

IThe content of this chapter is published in Mathematical Notes
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and Z(Inn(G)) must not be cyclic. In 2013, Sharma and Gumber [71] characterized
all finite p-groups G of order p®, where p is any prime and of order p® for an odd
prime p such that the center of the inner automorphism group of G is equal to
the group of central automorphisms of G. In 2015, Gumber and Kalra [35] gave
necessary and sufficient conditions on G for which Aut,(G) = Z(Inn(G)) in the case
when Z(G) is cyclic. They also characterized finite p-groups G of co-class up to 4
and groups of order up to p” for which Aut,(G) is minimal. In 2018, Sharma, Kalra
and Gumber [72] characterized all finite p-groups of order p”, where p is a prime

such that Cau, ) (Z(G)) = Z(Inn(G)) < Aut,(G).

In 2013, Yadav [87, Theorem A] gave necessary and sufficient conditions on a
finite p-group G of class 2 such that Aut.(G) = Aut,(G). He also proved that, if G
is a finite p-group of class 2 such that Aut.(G) = Aut,(G), then d(G) is even. In
2013, Kalra and Gumber [49] proved that if G is a finite non-abelian p-group, then
Aut.(G) = Aut,(G) if and only if Aut.(G) ~ Hom(G/Z(G),G’) and G' = Z(G).
As a consequence of this result, they obtained an easy and short proof of the main
result of Curran and McCaughan [24] which states that: If G is a finite p-group,
then Aut,(G) = Inn(G) if and only if G' = Z(G) and Z(G) is cyclic. They also
classified all finite p-groups G such that Aut.(G) = Aut,(G) when Z(G) is cyclic or
elementary abelian. And consequently, they characterized all finite p-groups of order
p™(n < 7) such that Aut.(G) = Aut,(G). In 2017, Attar [10] gave the necessary and

sufficient conditions for a finite p-group G of class 2 such that Aut,(G) = IA(G).

In the recent past, there has been some interest on the equality of Var(G) with

the subgroups of Aut(G). See for example ([37],[59],[78]). Notice that Var(G) <
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Aut,(G) and if L(G) = Z(G), then Var(G) = Aut.(G). A natural question which

arises here is as follow:

If L(G) < Z(G), then under what conditions Var(G) = Aut,(G)?

In this chapter, we answer this question. We give necessary and sufficient con-
ditions for a finite purely non-abelian p-group G such that Var(G) = Aut,(G).
We also obtain necessary and sufficient conditions for a finite purely non-abelian
p-group G such that Cvarq)(Z(G)) = Aut.(G). We also give an example of a purely

non-abelian group of order 128 that satisfies the hypothesis of our first theorem.

3.2 Main Results

A non-abelian group G is called purely non-abelian if it has no nontrivial abelian

direct factor. Observe that if Z(G) < ®(G), then G is purely non-abelian.

Lemma 3.2.1 ([I,, Theorem 1]) If G is a purely non-abelian group, then there is a

one-to-one correspondence between Aut,(G) and Hom(G/G', Z(G)).

Lemma 3.2.2 (|24, Lemma D]) Let A, B, C and D be finite abelian p-groups such
that A is isomorphic to a proper subgroup of B and C is isomorphic to a proper

subgroup of D. Then |Hom(A, C)| < |Hom(B, D)|.

Lemma 3.2.3 ([55, Lemma 1]) If G is an arbitrary group, then Var(G) acts trivially

on the subgroup E(G) of G.

Proof. Let f € Var(G) then 27! f(z) € L(G) for all x € G and so f(z) = zy, for

some y € L(G). Now, let g € Caup()(Var(G)). Since g commute with f, therefore
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we have

[z, g) = flatg(x) = fx)"" f(g(x))
= f(@) ' (fo)(x) = (zy) ' (9/)(x)
= y a7 lg(f(x) =yl g(xy)

1,.-1

= y a7 lg(x)gly) =y

' g(z)y

=z g(x) = [z,9g].
O

Lemma 3.2.4 (|55, Theorem C|) Let G be a purely non-abelian finite group, then

Var(G) ~ Hom(G, L(G)).

Proof. Consider the map o : Var(G) — Hom(G, L(G)) defined by

o(f)= oy,

where o7 : G — L(G) is defined by o/(g) = g~' f(g). Clearly, o, is a well defined
homomorphism and hence oy € Hom(G, L(G)). One can check that the map o is well
defined and monomorphism. It is surjective, for if h € Hom(G, L(G)) then the map
f: G — G given by f(g) = gh(g) is an endomorphism of G, and also ¢! f(g) =
h(g) € L(G) < Z(G), which implies that f is a central endomorphism and hence
f is a normal endomorphism, that is f commutes with every inner automorphism
of G. Clearly, the finite group G satisfies the maximum and minimum conditions
properties for its normal subgroups. Now, since f is a normal endomorphism, it
implies that Im(f) is normal in G. It is easy to see that f" is also a normal

endomorphism and hence I'm f™ is a normal subgroup of G, for all n > 1. Thus the
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following two series terminate.

Kerf < Kerf?<---,

Imf>Imf*>---.

Hence, there exist r € N such that

Kerf" =Kerf™™' =... =1,

Imfr=Imfr=...= K.

Now, we show that G = I K. For every element g € G, f"(g) € Imf" = Imf?* and
so f"(g) = f*"(h), for some h € G. Therefore f"(g) = f"(f"(h)) which implies that
(f"(h))"'g € Kerf" = K, that is g € IK and hence G = IK. Clearly, I N K = (1)

and therefore G = I x K, that is to say

G = Kerf" x Imf".

Clearly, Kerf" is abelian, as Kerf™ < Z(G), for all n € N. By the assumption, G
is purely non-abelian and hence Kerf™ = (1), which implies that Kerf = (1). This
shows that f is injective and Imf" = G, which shows that Imf = G, that is f is
surjective and hence f € Var(G). Clearly o(f) = oy = h, which implies that o is
surjective and so

Var(G) ~ Hom(G, L(G)).

Let

Caut(e)(Var(G)) = {a € Aut(G) | aff = Ba, VB € Var(G)}
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denote the centralizer of Var(G) in Aut(G). In [55], Moghaddam and Safa defined

E(G) =[G, Cawe)(Var(G))] = (g7'alg) |g € G, a € Cau(e)(Var(G))).

One can easily see that F(G) is a characteristic subgroup of G containing the de-
rived group G’ = [G, Inn(G)], and each absolute central automorphism fixes F(G)

elementwise by Lemma |3.2.3]

Let
G/E(G) =~ Cpu X Cpos X -+ X Chax,
G/GI ~ Cpbl X Cpb2 X - X Cpbl,
L(G) =~ Cper X Cpes X -+ X Cpem, and
Z(G) ~ de1 X de2 X X den

be the cyclic decompositions of respective abelian groups, where a; > a;.1, b; > b;y1,
¢; > ¢y and d; > d;yq are positive integers. Since G/E(G) is a quotient group of

G/G', k<land a; <b; foralli, 1 <i<k.

Theorem 3.2.5 Let G be a finite purely non-abelian p-group. Then Var(G) =
Aut,(G) if and only if either L(G) = Z(G) or G' = E(G), m = n and a; < cs,

where s is the largest integer between 1 and m such that cs < d;.

Proof. Suppose that Var(G) = Aut,(G) and L(G) < Z(G). Notice that L(G) is
non-trivial, because if L(G) = 1, then Var(G) and hence Aut,(G) is trivial, which
is not possible for a finite p-group. Since G is purely non-abelian, | Aut.(G)| =
|Hom(G/G', Z(G))| by Lemma[3.2.1] Also, since Var(G) fixes E(G) elementwise by
Lemma [3.2.3] it follows from Lemma [3.2.4] that | Var(G)| = | Hom(G/E(G), L(Q))|.
If G/E(G) is a proper quotient group of G/G’, then |Hom(G/E(G), L(G))| <

|Hom(G/G', Z(G))| by Lemma [3.2.2] which is not so. Thus G/E(G) = G/G'.
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It follows that G’ = E(G), because G’ < E(G). Therefore,
| Hom(G/E(G), L(G))| = [Hom(G/E(G), Z(G))],

and hence

f[ ﬁpmin{ai,Cj} _ rk[ ﬁpmin{ai,dj}'

i=1 j=1 i=1 j=1

Since m < n and ¢; < d; for each j, min{a;,¢;} < min{a;,d;} for all i and j.
If m < n, then |Hom(G/E(G), L(G))| < |Hom(G/E(G), Z(G))|, which is not so.
Thus m = n and hence min{a;, ¢;} = min{a;,d;} for all i and j. Since L(G) < Z(G),
there exists some j between 1 and m such that ¢; < d;. Let s be the largest integer
between 1 and m such that ¢s < ds. If a; > ¢, then ¢; = min{ay, ¢s} = min{ay, ds},
which is not possible. Therefore a; < ¢,.

Conversely, if L(G) = Z(G), then Var(G) = Aut,(G). Suppose that G' = E(G),
m = n and a; < cg, where s is the largest integer between 1 and m such that ¢, < ds.

Since G is purely non-abelian,

’Val”( )‘ — ’HOI’H(G/E ‘ = HHpmm{al i}

=1 j=1

and
k n
| Aut,(G)| = [Hom(G/G', Z(G))| = |Hom(G/E(G HH minfa;,d;}
=1 j=1

Observe that a; < a1 < ¢ < d, for all i, 1 < ¢ < k and ¢; = d; for all j,

s+ 1< j <m. It follows that

k. m k m
]Var(G)| _ H Hpmin{ai,Cj} — ps(a1+a2+---+ak) H H pmin{ai,cj}

i=1j=1 i=1 j=s+1
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and
kK n k m
| Aut,(G)| = H Hpmin{ai,dj} — ps(a1+a2+---+ak) H H pmin{ai,cj}.
i=17=1 i=1 j=s+1
It follows that | Var(G)| = | Aut,(G)| and hence Var(G) = Aut,(G). O

We next find necessary and sufficient conditions for a finite purely non-abelian
p-group G such that Cvay(e)(Z(G)) = Aut,(G). Observe that if L(G) = Z(G), then
Aut,(G) = Var(G). In 2017, Hajizadeh and Nasrabadi [37] obtained the necessary
and sufficient conditions for G such that Cvae)(Z(G)) = Var(G). We, therefore,

restrict to the case when L(G) < Z(G). Let
G/E(G)Z(G) ~ Cpal X Cpa2 X+ X Cpak,
and let G/G', L(G) and Z(G) be with the same cyclic decompositions as above.

Theorem 3.2.6 Let G be a finite purely non-abelian p-group such that L(G) <
Z(G). Then Cvae)(Z(G)) = Aut.(G) if and only if G' = E(G)Z(G), m = n and

a1 < c¢g, where s is the largest integer between 1 and m such that ¢y < d.

Proof. The only if part can be easily proved as in Theorem [3.2.5l Suppose that
Cvar(c)(Z(G)) = Aut.(G). As observed in Theorem [3.2.5, L(G) is non-trivial. Since
G is purely non-abelian, | Aut.(G)| = |Hom(G/G’, Z(G))| by Lemma [3.2.1] Also,
|Cvar() (Z(G))| = | Hom(G/E(G) Z(G), L(G))| by [55, Prop. 2]. If G/E(G)Z(G) is
a proper quotient group of G/G’, then by Lemma([3.2.2]| Hom(G/E(G)Z(G), L(G))| <
| Hom(G/G', Z(G))|, which is not so. Thus G/E(G)Z(G) = G/G' and hence

G' = E(G)Z(G), because ' < E(G). It follows that

| Hom(G/E(G)Z(G), L(G))| = |[Hom(G/ E(G)Z(G), Z(G))|.
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Using similar arguments, as in the proof of Theorem [3.2.5] we can now prove that
m = n and a; < c¢s, where s is the largest integer between 1 and m such that

Cce < ds. O

We give an example of a group that satisfies the hypothesis of Theorem [3.2.5]
Consider G = (f1, fa, f3, f4. f5. fo, f=) with the relations:
ff=6B=K=£F=0(=F/f=L1E=flfxhl=fulfsi] = fs 0] =
e, il = fo.lfs, fi] = U7, Al = L [fs, ol = fo, lfas fo] = fo, (s, fol = Jo, [ fo] =
o ol = [fas f3] = [fs, 5] = s, f3] = [fo. fs] = fsi S = [fe, ful = [f7, f4] =
e, f5] = [f7, 5] = [f7, fe] = 1.

This group is the group number 742 in the GAP Library of groups of order 128,
In this group, L(G) = (f2). Z(G) = (fufsfo, fz) and ®(G) = (fs, fs, fo. f2). Also
IL(G)| = 2, |Z(G)| = 4 and |®(G)| = 16. Therefore L(G) < Z(G) < ®(G) and thus
G is a purely non-abelian group.

By using the following commands in GAP:

A := AutomorphismGroup(G);

I := Inner AutomorphismsAutomorphismGroup(A);
C := Centraliser(A,I);

Elements(C);

We have the following 8 central automorphisms:
ar(fofsfsf7) = fafsfsfr cn(fifafe) = fifafofz, cn(fafsfafsfe) = fofsfafsfo, ca(fifsfsfe) =
fifsfs [

aa(fofsfsf7) = fafsfsfr, ca(fifafe) = fifafofr, ca(fofsfafsfe) = fofsfafsfo, co(fifsfsfs) =
fifsfsfefz

as(fofsfsfr) = fafsfs. as(fifafe) = fifafe, as(fofsfafsfe) = fofsfafsfofr as(fifsfsfs) =
fifsfsfe
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ay(fafsfsfr) = fofsfs, cu(fifafe) = Fifafe, cu(fofsfafsfs) = fafsfafsfofr, cu(fifsfsfe) =
Nfsfsfefa

as(fafsfsfr) = fofsfs as(fifafe) = fifafefr, as(fofsfafsfe) = fafsfafsfofr, os(fifsfsfe) =
fifsfs T

as(fofsfsfr) = fofsfs, as(fifafe) = Fifafefr, as(fafsfafste) = fafsfafsfofr, as(fifsfsfe) =
fifsfsfefz

ar(fafsfsfz) = fafsfsfo an(fifafe) = fifafs, an(fafsfafsfo) = fafsfafsfe, ar(fifsfsfe) =
fifsfsfe

as(fafsfsfr) = fafsfsfr as(fifafs) = fifafs, as(fafsfafsfs) = fofsfafsfe as(fifsfsfe) =
fifsfsfefz

It is easy to see that

(fifsf) " aalfifsfa) = fO 5
= fi'=fie L(G),

(fufefs) " aa(fifefs) = [ i hfefs
= 1€ L(G), and

flteaa(fe) = fi'fofs
= fs € L(G)
Thus ; € Var(G). Similarly, we can show that other 7 central automorphisms

belong to Var(G). It follows that Aut,(G) < Var(G), and since Var(G) < Aut,(G),

therefore Var(G) = Aut,(G).

The following example shows that there exists finite non-abelian p-groups with

L(G) < Z(G) which are not purely non-abelian but Var(G) = Aut,(G). Consider
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G = <f1, fg, f3, f4, f5> with the relations:
fB=R=R=11=5=/Ffllfhl=fulfs Al = s, 1] = s A] = [fs fo] =
Lfas o = [fs, fo] = [fa, f3] = [fss fs] = [fs, fa] = 1.

This group is the group number 25 in the GAP Library of groups of order 32. In this
group, L(G) = <f47f5> and Z<G> = <f37f47f5>‘ Also |L<G)| = 4 and |Z(G)| = 8.
Therefore L(G) < Z(G). Observe that G = Cy x Dg, and therefore G is not a purely
non-abelian group.
By using the following commands in GAP:

A := AutomorphismGroup(G);

I := Inner AutomorphismsAutomorphismGroup(A);

C := Centraliser(A,I);

Elements(C);

We have the following 64 central automorphisms:
ar(fifsfa) = fifs, aa(fifafs) = fifafs, aa(f2) = fofs
a(fifsfa) = fifsfa, calfifofs) = frfafafs, a(fa) = fafafs
as(fifsfa) = fifsfs, as(fifafs) = fifa, as(f2) = fo
as(fifsfs) = fufsfafs, as(fifafs) = fufafs aa(f2) = fafs
as(fifsfa) = fifs, as(fifafs) = fifafafs, os(f2) = fofs
ag(fifsfs) = [ifsfa, as(fifefs) = fifafs, as(fo) = fafafs
ar(fifsfs) = fifsfs, an(fifafs) = frfafa, an(fa) = fo
as(fifsfs) = [ifsfafs, as(fifafs) = fufa, as(fa) = fofa
ag(fifsfa) = fifs, ao(fifafs) = fifa, a0(f2) = fofs
aw(fifsfs) = fifsfe aw(fifafs) = fifafs, awl(fz) = fafafs
an(fifsfa) = fifsfs,an(fifoafs) = fifafs, an(fz) = fo
aa(fifsfs) = fifsfafs, ona(fifafs) = fifafafs, caz(fa) = fofs
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ars(fifsfs) = fifs, aws(fifafs) = fifefs as(f2) = fofs
au(fifsfs) = fifsfa, aulfifofs) = fife, ana(f2) = fafafs
ars(fifsfs) = [ifsfs, ans(fifafs) = frfafafs aus(f2) = fa
ars(fifsfs) = [ifsfafs, cae(fifafs) = fufafs, aae(f2) = fofa
arr(fifsfa) = fufs, arr(fifafs) = frfafafs, can(fa) = fafafs
aws(fifsfa) = fifsfa, ns(fifofs) = fifafs, ons(f2) = fofs
arg(fifsfs) = fifsfs, cno(fifafs) = fifafa, ano(fo) = fofa
an(f1fsfs) = fifsfafs, a(fifafs) = fifa, aa(f2) = f2
an(fifsfa) = fifs, an(fifafs) = [ifafs, an(f2) = fofafs
an(fifsfs) = [ifsfa, cna(fifafs) = fifafafs an(fz) = fofs
ags(fifsfs) = fifsfs, cos(fifafs) = fifa as(f2) = fofa
an(fifsfa) = fifsfafs, cu(fifafs) = fifafa, cu(fa) = f
ass(f1fsfa) = fifs, aos(fifafs) = fifafs aos(f2) = fafafs
ass(frfsfs) = fifsfa, cos(fifafs) = fifa, ans(f2) = fofs
anr(fifsfs) = fifsfs, car(frfefs) = fifafafs, axr(f2) = fofa
ass(f1fsfa) = frfsfafs, cos(fifofs) = fifafs, cos(fo) = fa
ago(fifsfs) = Jifs, ano(fifafs) = fifz 00(f2) = fofafs
aso(fufsfs) = fifsfa, aso(fifofs) = fifafa, aso(f2) = fofs
asi(fifsfa) = fifsfs, asi(fifofs) = fifafs, asi(f2) = fofs
asy(fifsfa) = fifsfafs, as2(fifafs) = ffafafs asa(fz) = f2
ags(fifsfs) = fifs, ass(fifafs) = fifz, css(fa) = fo
asa(frfsfa) = fifsfa, asa(frfefs) = fifafa, asa(fo) = fofa
ass(frfsfa) = fifsfs, ass(fifafs) = fifafs, ass(f2) = fofs



3.2 Main Results

ase(fLfsfs) = Jifsfafs ass(fifafs) = ffefafs, ass(fo) = fafafs
ast(fifsfs) = fifs, ase(fifefs) = fifefs asi(f2) = fo
ass(fifsfa) = fifsfa, ass(frfafs) = fif2 ass(f2) = fofs
aso(frfsfs) = Jifsfs, aso(fifafs) = fifafafs aso(f2) = fofs
as(fifsfs) = fifsfafs, cuo(fifafs) = fifafs cuo(fa) = fafafs
an(fifsfs) = fifs,an(fifofs) = fifefs an(fz) = fo
au(fifsfs) = [ifsfa, cus(fifafs) = fifafafs, asn(fz) = fofs
aus(frfsfs) = Jifsfs, cus(fifafs) = fifa, aus(f2) = fofs
au(fifsfs) = fifsfafs, caa(frfafs) = frfafs, 0ua(f2) = fofafs
aus(fifsfa) = fifs, aus(fifafs) = fufafafs, cus(f2) = fo
aus(frfsfs) = fifsfa, cus(frfafs) = fifafs, cus(fo) = fofa
aur(fifsfa) = fifsfs, cur(fifafs) = frfafa, cur(f2) = fofs
ags(fifsfs) = fifsfafs, cus(frfofs) = fufe, cus(f2) = fafafs
auo(frfsfs) = fifs, au(fifafs) = fifafs cus(f2) = fofs
aso(f1fsfa) = frfafa, aso(fifafs) = fifa, aso(f2) = fo
asi(fifsfs) = [ifsfs, asi(fifafs) = fifafafs, asi(f2) = fafafs
asa(fifsfa) = fifsfafs, asa(fifofs) = fifafs, asa(f2) = fofs
ass(fifsfs) = fifs, ass(fifafs) = fifz ass(f2) = fofa
asa(fifsfa) = fifsfa, asa(fifofs) = frfafa, asa(f2) = fo
ass(f1fsfs) = fifsfs, ass(fifafs) = fifafs, ass(f2) = fafafs
ase(fLfsfs) = fifsfafs ase(fifafs) = frfafafs, ase(f2) = fofs
asy(fifsfa) = fifs, ast(fifafs) = [ifafafs, ast(f2) = fofa
ass(f1fsfs) = [ifsfa ass(fifafs) = fifafs, ass(f2) = fo
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aso(fLfsfs) = fifsfs, aso(fifafs) = fifafa, aso(fo) = fafafs
ago(f1f3fs) = fifsfafs; aso(frfafs) = fife, aso(f2) = fofs
asi(fifsfa) = fifs, ae(fifafs) = fifafs aa(f2) = fafs
ag(f1fsfa) = fifsfa, ae(fifafs) = fifafafs, ce(fa) = fo
ags(frfsfa) = fifsfs, ass(fifafs) = fife, aes(f2) = fafafs
ass(frfsfa) = fifsfafs, ca(frfofs) = fufofs, ca(fa) = fofs

It is easy to see that

(ffsfo)taa(fifafs) = fo s A
= fi'=fie L(G),
(fifefs) " taa(fifefs) = 5 bt
= 1€ L(G), and
frlai(fs) = filfefs

= f5 < L(G)

Thus a; € Var(G). Similarly, we can show that other 63 central automorphisms
belong to Var(G). It follows that Aut,(G) < Var(G), and since Var(G) < Aut,(G),

therefore Var(G) = Aut,(G).



CHAPTER 4

A note on p-automorphisms of finite p-groups

4.1 Introduction

For a finite p-group G, Q1(G) denotes the subgroup generated by elements of order
p. A finite p-group G is called extraspecial if G' = Z(G) ~ C,. A central automor-
phism of a group is an automorphism that commutes with all inner automorphisms.
The central automorphisms fix the commutator subgroup G’ of G elementwise and
form a normal subgroup Aut,(G) of Aut(G). An automorphism « of G is called
an absolute central automorphism if g~ 'a(g) € L(G) for all g € G, where L(G)
denote the absolute center of G. Let Var(G) denote the group of all absolute central
automorphisms of G. An automorphism « of G is called an [A-automorphism if
v ta(r) € G' for all x € G. Let IA(G) denote the group of all IA-automorphisms of
G and let Ciae)(Z(G)) denote its subgroup consisting of those IA-automorphisms
which fix Z(G) elementwise. Observe that if G is a finite p-group of class 2, then

we have the following sequence of subgroups
Inn(G) < Aut.(G) < TA(G) < Aut,(G) < Aut(G).

It is interesting to find as to when an automorphism of a group is an inner

43
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automorphism. A group G is called semicomplete if IA(G) = Inn(G). In 1965,
Bachmuth [I4] proved that if G is a free metabelian group of rank 2, then G is
semicomplete. In 1969, Andreadakis [4] proved that a free product A x B of two
non-trivial groups is semicomplete if and only if both A and B are abelian. In 2002,
Panagopoulos [61], studied the semicompleteness of the direct product G = A x B
of two groups A and B in relation to the semicompleteness of its direct factors.
In 2011, Attar [7, Theorem 2.1] has proved that if G is a finite p-group of class
2, then IA(G) = Inn(G) if and only if G’ is cyclic and IA(G) = Cia)(Z(G)). In
2014, Singh, Gumber and Kalra [77] classified finitely generated nilpotent groups of
class 2 for which TA(G) ~ Inn(G) and Cia¢)(Z(G)) ~ Inn(G). In particular, they
classified all finite nilpotent groups G of class 2 for which (i) IA(G) = Inn(G) and
(ii) Cra()(Z(G)) = Inn(G). In 2014, Rai [63] also gave the necessary and sufficient
conditions for a finite p-group G of nilpotency class 2 such that Ciaq)(Z(G)) =
Inn(G).

In 2001, Curran and McCaughan [24] characterized finite p-groups G for which
Aut,(G) = Inn(G). In 2015, Nasrabadi and Farimani [59] gave the necessary and
sufficient conditions for a finite autonilpotent p-group class 2 such that all absolute
central automorphisms are inner. In 2015, Singh and Gumber [78] generalized the
result of Nasrabadi and Farimani to arbitrary finite p-groups. In 2017, Attar [10]
characterized finite non-abelian p-group G of arbitrary class for which Var(G) =

Inn(G). Let
Aut®(G) = {a € Aut(G) | z7a(x) € ®(G),Vz € G}.

Clearly Aut®(G) is a normal subgroup of Aut(G) containing Inn(G). By a well-
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known theorem of P. Hall the group Aut®(G) is a p-group. In 1979, Muller [58], using
cohomological methods, proved that if G is a finite p-group, then Aut®(G) = Inn(G)
if and only if G is elementary abelian or extraspecial. Let Cy o) (Z(®(G)) be the
group of all Aut®(G) automorphisms of G fixing Z(®(G)) elementwise. In 2009,
Attar [6] using the presentations of Schmid [69] proved that if G is a finite non-
abelian p-group, then Cy o) (Z(®(G)) = Inn(G) if and only if ®(G) = Z(G) and
Z(@G) is cyclic. Here, we obtain alternate and easy proof of the result of Attar
without using the presentations of Schmid, and as a consequence we obtain the

alternate proof of the main result of Muller [5§] .

4.2 Main results.

We will use the following well known commutator identity without any further ref-

[z, y2] = [, 2]z, )" = [, 2]z, e, y, 2.

In the following theorem, we shall give an alternate proof of the result of [6].

Theorem 4.2.1 Let G be a finite non-abelian p-group such that Cy e ) (Z(P(G))) =

Inn(G) if and only if ®(G) = Z(G) and Z(G) is cyclic.

Proof. Let ®(G) = Z(G) and Z(G) is cyclic. Then Aut®(G) = Aut,(G) and G is of

class 2. Tt follows from Lemma 2.2.3] and 2.2.4] that
Crur(e)(Z(®(G) = Caun)(Z(G)) = Aut59)(G)
~ Hom(G/Z(G),Z(G)) ~ G/Z(G) = Inn(G),

and therefore Cy e ) (Z(®(G))) = Inn(G).

Conversely suppose that Cy e ) (Z(®(G))) = Inn(G). We first prove that Z(G) <
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®(G). Suppose on the contrary that Z(G) « M for some maximal subgroup M of G.
Take an element g € Z(G)\ M and an element z of order pin Z(G)N®(G). Define the
map a : G — G by a(mg®) = mgkz* for every m € M and k € {0,1,...,p—1}. It is
easy to check that « is an automorphism of G. Since (mg*)~la(mgk) = 2% € ®(G)
for all 1 <k <p—1, a which fixes G/®(G). Also since « fixes M, therefore « fixes
Z(®(G)). By hypothesis o must be an inner automorphism of G. Let o = 6, for
some a € G. Since g € Z(G), we have gz = a(g) = 0,(g9) = a 'ga = g, thus z = 1,
which is a contradiction. Thus Z(G) < ®(G).

Now we prove that ®(G) < Z(G). We first claim that Z(®(G)) < Z(G). If
possible, suppose that Z(®(G)) £« Z(G). So there exist an element z € Z(®(G))
such that x ¢ Z(G) and therefore za # ax for some a € G. Thus there exist an
inner automorphism f, such that f,(x) # . Hence f, ¢ Cy o) (Z(®(G)), which
is a contradiction to the hypothesis. Thus Z(®(G)) < Z(G). Let G = G/Z(G) and
Z3(@))Z(G) = 0 (Z(G)). Then Z3(G) = {a € Zy(G) | a? € Z(G)}. Observe that

[Z5(G), ®(G)] = 1, since for all a € Z5(G), b € G', g* € GP, we have

[a,09"] = a, ¢"][a,b][a, b, ¢"]
= [a,9"] = la, gl
= [a" g =1.

In particular, Z;(G) N ®(G) < Z(P(G)), and so by hypothesis, Z5(G) N ®(G) <

Z(@). It follows that Z5(G) N ®(G) < Z(G) = 1 and therefore Z5(G) N ®(G) = 1.

Then Q,(Z(G)) N ®(G) = 1. Since ®(G) is a normal subgroup of G and G is a

p-group, this implies that ®(G) = 1. Therefore ®(G) < Z(G). Thus Z(G) = ¢(G).
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It follows from the hypothesis that
G/Z(G) = Inn(G) = Cauc)(Z(G)) = Autc) (G) ~ Hom(G/Z(G), Z(G)),
and hence Z(G) is cyclic by Lemma [2.2.3] O

A finite p-group G is called Frattinian if Z(M) # Z(G) for all maximal subgroups
M of G. A Frattinian p-group G satisfying Co(Z(®(G))) = ®(G) is called strongly

Frattinian.

Lemma 4.2.2 Let A and B be finite p-groups. If [a,b] =1 for all a € A and for all

b€ B, then ®(AB) = ®(A)®(B).

Proof. Since [a,b] =1 for all a € A and for all b € B, we have B’A? = AP B’ and
(AB) = ([x,y] | x,y € AB) = ([a,b] |a,b€ A or a,be B)=A'B

and therefore ®(AB) = (AB)'(AB)? = A'B’APB? = &(A)®(B). O

Lemma 4.2.3 ([69, Proposition 3|) If G is a strongly Frattinian p-group, the nor-
mal p-subgroup of Aut(G) consisting of all automorphisms centralizing G/®(G) and

Z(®(G)) is not inner.
In the following theorem, we will use the arguments of [6].

Theorem 4.2.4 Let G be a finite non-abelian p-group. Then Cy o) (Z(P(G))) £

Inn(G).

Proof. Suppose if possible that Cy o) (Z(®(G))) < Inn(G). As observed in The-

orem Z(G) < ®(G). Now we prove that Z(G) < Z(M) for every maximal
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subgroup M of G. Suppose for a contradiction that Z(G) = Z(M) for some maxi-
mal subgroup M of G. Let g € G\ M and z is an element of order p in Z(G). Then
the map 3 defined on G by B(mg¥) = mg*z* for every m € M and k € {0, 1, ...,p—1}
belongs to Cy e ) (Z(®(G))). By assumption, § = 7, for some a € G. Therefore
a € Ce(M) = Z(M) = Z(G), which is a contradiction to the hypothesis. Thus
Z(G) # Z(M) for all maximal subgroups M of G. Hence, by [69], G has one the

following forms:

(a) G = E1FE5y--- Ey is the central product of non-abelian p-groups F;, where
[E;, E;] = 1for all i # j, |E;| = p*|Z(G)|, and Z(G) = Z(E;) for all 1 <i < s;

or

(b) G = EF, where E = Cq(F), Cp(Z(®(F)) = ®(F), ®(E) < Z(G), and both

E| F are Frattinian p-groups.

Moreover, in case (b) either £ = Z(G)(and therefore G = F), or E is a central

product as in case (a). If the group G is as in case (a), by Lemma |4.2.2]
O(G) = ©(E1)(Ey) -+~ D(E,) = Z(E1)Z(Er) - - Z(E,) < Z(G)

because E; are Redei p-groups. Thus Z(G) = ®(G). and therefore Cay, () (Z(G)) <
Inn(G). Since G is of class 2, Inn(G) < Caw,(¢)(Z(G)) < Inn(G), which is a
contradiction. Suppose G satisfies case (b). If G = F, then Cq(Z(®(G)) = ®(G)
and therefore G is strongly Frattinian, which is not possible by Lemma Let
G # F. Therefore E is a central product as in case (a) and so ®(E) = Z(E).
Since G = EF, by Lemma [£.2.2 ®(G) = ®(E)®(F) = Z(E)®(F) and hence

Z(®(@)) < Z(E)Z(®(F)). Since Cp(Z(P(F)) = ®(F), F is strongly Frattinian.
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By Lemma m, there exists o € Cy o) (Z(P(F))) \ Inn(F). Since £ = Cq(F)
and Cp(Z(®(F))) = ®(F), ENF < Z(®(F)). Now let o be the map on G defined
by o(ab) = aa(b) for every a € E and b € F. We show that o is well defined.
Let ab,cd € EF such that o(ab) = aa(b) and o(cd) = ca(d). Let ab = ed. Since
ENF < Z(®(F)) and « fixes Z(P(F)) elementwise, we get o(ab) = o(cd). Therefore
o is well defined. Since Z(®(G)) < Z(E)Z(P(F)), it is easy to check that o €
Caume(e)(Z(®(G))) and so it is an inner automorphism of G. It implies that « is
an inner automorphism of F', which is not possible. Therefore our supposition is

wrong. Hence Cy o) (Z(P(G))) £ Inn(G). O

Lemma 4.2.5 ([24, Corollary 1]) If G is a finite p-group, then Aut,(G) = Inn(G)

if and only if G' = Z(G) and Z(G) is cyclic.
In the next theorem, we give an alternate proof the main result of [58].

Theorem 4.2.6 If G is a finite p-group which is neither elementary abelian nor
extraspecial, then Then Aut®(G)/Inn(G) is a nontrivial normal p-subgroup of the

group of outer automorphisms of G.

Proof. If G is an abelian group, then the result can be proved easily. So let G
be a finite non-abelian p-group which is not extraspecial. Suppose if possible that
Aut®(G) = Inn(G). Then Cautr (o) (Z(2(G))) < Aut®(G) = Inn(G) and therefore
Caur () (Z(@(G))) = Inn(G) by Theorem {4.2.4, It follows from Theorem m that
®(G) = Z(G) and Z(Q) is cyclic. Therefore Aut,(G) = Aut®(G) = Inn(G) and
thus by Lemma {4.2.50 G' = Z(G) and Z(G) is cyclic. Also since G is of class 2,
exp(G’) = exp(G/Z(G)) = p by Lemma [2.2.4 Thus G is an extraspecial group,

which is a contradiction. O
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CHAPTER 5

On commuting automorphisms of some p-groups

5.1 Introduction

An automorphism « of G is called a commuting automorphism if every element
of G commutes with it’s image under a or a(z)r = za(z) for all x € G. Let
A(G) denote the set of all commuting automorphisms of G. Clearly Aut,(G) is
always contained in A(G). In 1984, Herstein [43] proposed the following problem to

American Mathematical Monthly:
If G is a simple non-abelian group, then prove that A(G) = 1.

Laffey and Pettet answered to this problem. Laffey [50] proved that if G has no non-
trivial abelian normal subgroup, then A(G) = 1. Pettet (see [62]), in his personal
communication, observed that if Z(G) = 1 and G’ = G, then A(G) = 1. Let
Ey(G)={g9 € G| |g,z,2] =1 Vz € G} denote the set of right 2-Engel elements of
G. In 2001, Deaconescu and Walls [26] have shown that there is a close connection
between the right 2-Engel elements and the set of commuting automorphisms of
a group. In 2002, Deaconescu, Silberberg and Walls [27] proved some interesting

properties of commuting automorphisms and raised the natural question: Is it true
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that the set A(G) is always a subgroup of Aut(G)? They themself constructed the
example of a finite non-abelian 2-group of order 32 in which A(G) doesn’t form a
subgroup:

G = {(a,b,c,d | a* = 0* = & = 1,a®> = 2, [a,b] = [¢,d] = d? [a,c] = [a,d] =
[b,c] = [b,d] = 1).

A group G is called an A(G)-group if the set

AG) ={a € Aut(G) : a(z)r = za(x), Vo € G}

forms a subgroup of Aut(G). Vosooghpour and Malayeri [81] proved that if G is a
finite p-group of order p" where n < 4, then G is an A(G)-group. They also proved

that if p is a prime number and n > 5, then there exists a non-A(G) group of order

Tl

p™. In 2013, Vosooghpour, Kargarian and Malayeri [83] obtained the structure of
A(G), where G is a non-abelian p-group of order p" with cyclic maximal subgroup.
Fouladi and Orfi [32] proved that if G is either a finite AC-group or a p-group of
maximal class or a metacyclic p-group, then G is an A(G)-group. In 2013, Basri,
Sarmin, Ali and Beuerle [16] developed GAP Codes for finite non-abelian metacyclic
p-groups, where p is an odd prime, which help to perform computations on its various
characteristics.

In 2015, Rai [64] gave some sufficient conditions on a finite p-group G such that
A(G) is a subgroup of Aut(G) and, as a consequence, proved that in a finite p-
group G of co-class 2, where p is an odd prime, A(G) is a subgroup of Aut(G).
In 2016, Singh and Gumber [79] gave very elementary and short proofs of main

results of Rai and obtained other related results. In 2019, Shahrabi, Malayeri and

Vosooghpour [70] proved that a finite 2-group G of almost maximal class is an
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A(G)-group. Recently in 2019, Rai [65] proved that the direct product of two finite
A(G)-groups is also an A(G)-group. He also proved that GL(n,q) for n = 3 or
q >n, PSL(2,q) and ZM-groups are A(G)-groups.

Observe that if G is a non-abelian 2-group and |G/G’| = 4, then by [18, Propo-
sition 1.6], G is of maximal class and therefore G is an A(G)-group by Fouladi and
Orfi [32]. A natural question which arise here is that if for any group G, |G/G’| = p?,
where p is an odd prime, then under what conditions G is an A(G)-group. We an-
swer this question in this chapter. Infact, in this chapter, we prove three theorems.
In the first theorem, we prove that if G is a finite non-abelian p-group, p an odd
prime, such that TA(G) = Inn(G) and |G/G’| = p?, then G is an A(G)-group. In
the second theorem, we prove that if GG is a finite non-abelian p-group of coclass 3,
where p is an odd prime, and is strongly Frattinian, then G is an A(G)-group. In
the third theorem, we prove that if G is a finite non-abelian p-group and, My, M,
are any two distinct maximal abelain subgroups of G such that M; N My, = Z(G),

then G is an A(G)-group.

5.2 Main Results

Lemma 5.2.1 (Laffey) If ¢ is a commuting automorphism of a group G, then

[o(x),y] = [z, ¢(y)] for all x,y € G.

Proof. Observe that [¢o(z),y] = ¢(z) 'y to(z)y = 2~

1

e o(y) ey)e(e) ey o)y = 2

o) ey o(y)e(x)”

o)y = [z,0(y)]. U

Proposition 5.2.2 (Pettet) Let G be a group, let « € A(G), and let y € G. Then
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ly,a] € Ca(G).

Proof. Let z,y,z € G. Then by Lemma [5.2.1]

la(zy), 2] = |a(z)aly), 2]

Also [zy, a(z)] = [z, a(2)][z, a(z),y][y, a(z)]. Since [a(zy), z] = [y, a(z)] by Lemma

2.1 [z, a(2)lla(z), 2, ay)lly, o(2)] = [z, a(2)] [z, a(2), y]ly, a(2)]. Therefore [a(z), 2, ay)] =

[z, a(z),y]. Thus

[a(‘r)’zaa(y)] = [a(x),z,y] = Ha<x)7z]7a(y)] = [[O‘(:E)7Z]7y]

=y 'a(y) € Co([a(w), 2])

y~laly) € Ca(G).

I

Hence [y, a] € Co(G') for all y € G and for all a € A(G). O

Proposition 5.2.3 ([27, Lemma 2.4(vi)]) Let G be a group. Then aff € A(G) if

and only if [a(z), B(x)] =1 for all x € G.

Proof. Observe that aff € A(G) if and only if [x,af(x)] = 1 for all z € G if and

only if [(z), 8(z)] =1 for all z € G by Lemma [5.2.1] O

Proposition 5.2.4 ([27, Lemma 2.4(viii)]) Let G be a group and let a € A(G).

Then o? € Aut,(Q) if and only if G' < Cg(a).
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Proof. Let a* € Aut,(G). Then for all y € G, o?(y) = yz for some z € Z(G). Let

x,y € G. Then by Lemma |5.2.1],

o € Aut,(G) <= [z,9] = [z,0*(y)]

= [z,y] = [a(z),a(y)] = oz, y])

— G < Cgla).

]

Let Ey(G) = {g € G | [g,z,2] = 1 Vo € G} denote the set of right 2-Engel

elements of G.

Proposition 5.2.5 (|27, Proposition 2.5]) Let G be a group. Then E3(G) is a

subgroup of G and E3(G) < Zy(G).

Proposition 5.2.6 (|27, Lemma 2.6(i)]) Let G be a group and let o € A(G). then

[Gv O‘] S EQ(G)

Proof. Let x,y € G. Then by Lemma and Proposition [5.2.2}

-1

[ a(@)y] = [l g a(@)]lalz), ]

= [yl ) (27 (@) e[z, aly)]

-1

bl gl e a(@))llr Tyl 2T @), 2]z aly)]
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Therefore

v,z e(@)] = (" o(2),y])

= (y 'zy a)y) !

= y =y a)]) Y
= y [y " aly), 2]y

1

= y (@ y, 2 e(@)]a)y

= (zy) 'y, 2 a(@)](zy).

It implies that [y, 2 'a(z)] € Cg(xy) for all z,y € G. Now, replacing y by ™'y
implies that [z~ 'y, x 'a(z)] € Ca(y). Tt follows that [y, 27 a(x)] € Cs(y). Thus

[z a(z),y,y] = 1 for all y € G, and hence |G, a] < Ey(G). O

Proposition 5.2.7 ([27, Theorem 1.4)) If G is a group and o € A(G), then

(G2, a] C Zy(G).

Proof. Let x € E2(G) N Ce(G’) such that I, € Inn(G). Then for all y € G,

L(y),y] = [z y)z,y]

= [z 'y, yllz "y, 2]z, y)

-1

= [e7"yllz7Y gyl v

= [z 1 9]z, y]
= [z Lyl y lay

= o'z yly lay

= 1
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Thus I, € A(G). Since z € Cg(G'), I, fixes G’ element-wise, and therefore I €

Aut,(G) by Proposition [5.2.4 Let I%(g) = gz for some z € Z(G). Then

I2(9) =92 = g’lsz:’QQ:L'2 =z

= 2% € Z,(@).

Thus (Ey(G) N Ce(G"))/Z2(G) is an elementary abelian 2-group by Proposition

5.2.5. Since [G,a] C Ey(G) N Cq(G') by Proposition and Proposition [5.2.6}

(G, a]? C Zy(G), and hence [G?, a] C Z5(G). O

Proposition 5.2.8 ([64, Lemma 3.2]) Let p be an odd prime and let G be a finite

p-group such that Zs(G) is abelian. Then G is an A(G)-group.

Proof. Since p is an odd prime, G? = G. Let o, 8 € A(G) and z € G. Tt follows from
Proposition [5.2.7 that 2 *a(z), 27 18(z) € Z»(G). Let a(x) = g1 and B(z) = 2gs,
where g1,92 € Z3(G). Observe that since o, € A(G), g1,92 € Cg(x). Thus
la(z), B(z)] = [zg1, 9] = 1. By Lemma [5.2.3] af € A(G). Since A(G) is closed
under powers and G is finite we also have a™! € A(G). Thus A(G) is a subgroup of

Aut(G). O

A finite non-abelian group G is called purely non-abelian if it has no nontrivial
abelian direct factor. Observe that if Z(G) < ®(G) or Z(G) is cyclic, then G is

purely non-abelian.

Lemma 5.2.9 Let G be a finite non-abelian p-group, p an odd prime such that G /G’

is elementary abelian and G is strongly Frattinian. Then G is an A(G)-group.

Proof. Since G/G’ is elementary abelian, G’ = ®(G). Also since [Z5(G),G'] =1
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and G is strongly Frattinian, Z»(G) < Cq(G') = Ce(P(G)) = Z(P(G)). Therefore

Z5(G) is abelian and thus G is an A(G)-group by Proposition [5.2.8| O

Theorem 5.2.10 Let G be a finite non-abelian p-group, p an odd prime such that

TA(G) = Inn(G) and |G/G'| = p*. Then G is an A(G)-group.

Proof. Since G/G" is elementary abelian, G’ = ®(G). We first prove that Z(G) <
®(G). Suppose on the contrary that Z(G) £ M for some maximal subgroup M of
G. Take an element g € Z(G) \ M and an element z of order p in Z(G) NG’. The
map « defined on G by a(mg*) = mg*z* for every m € M and k € {0,1,....,p — 1}
is an [A-automorphism. By hypothesis o must be an inner automorphism of GG. Let
a = f, for some a € G. Since g € Z(G), we have gz = a(g) = f.(9) = a'ga = g,
thus z = 1, which is a contradiction. Thus Z(G) < ®(G). By using the arguments

as in Theorem [4.2.4] we get that G' has one the following forms:

(1) G = EyEy--- Ey is the central product of non-abelian p-groups F;, where
|Ei, E;] =1 for alli # j, |E;| = p?|Z(G)| and Z(G) = Z(E;) for all 1 <i <'s;
or

(i) G = EF, where E = Co(F), Cp(Z(®(F)) = ®(F), ®(E) < Z(G), and both
E,F are Frattinian p-groups. Moreover, in case (b) either £ = Z(G)(and

therefore G = F'), or E is a central product as in case (a).

If the group G is as in case (a), by Lemma 4.2.2] we have
O(G) = O(E))P(E)...9(E,) = Z(Ey)Z(Ey).. Z(E,) < Z(G)

because F; are Redei p-groups. Therefore Z(G) = ®(G). Therefore Aut,(G) =

Aut®(G) = IA(G) = Inn(G) and thus by Lemma , G' = Z(G) and Z(G) is
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cyclic. Also since G is of class 2, exp(G’) = exp(G/Z(G)) = p by Lemma [2.2.4]
Thus |G’| = p and therefore G is an extraspecial p-group of order p* and so is an
A(G)-group. Suppose G satisfies case (b) If G = F, then Cq(Z(P(G)) = ®(G) and
therefore G is strongly Frattinian and thus G is an A(G)-group by Lemma [5.2.9]
Let G # F. As observed in Theorem [£.2.4] we arrive at a contradiction, which

completes the proof. O]

Lemma 5.2.11 ([25],Corollary 3.7, 3.8) Let G be a finite non-abelian p-group such

that Aut,(G) = Z(Inn(G)). Then Z(G) < G and Z(Inn(QG)) is not cyclic.

Theorem 5.2.12 Let G be a finite non-abelian p-group of coclass 3, where p is an

odd prime and G is strongly Frattinian. Then G is an A(G)-group.

Proof. Since G is of coclass 3, we have the following choices of Z(G), Z5(G) and

G |Z(G)| = p, p*, p*% | Z2(G)| = p?, p*, p* and |G'| = p" 2, p" 72, p"™.
(i) If |G'| = p"2, then G/G’ ~ C, x C,,.
it) If |G'| = p»3, then G/G' ~ C, x C,, x C,, or G/G"' ~ C2 x C,,.
p p p p p

(¢ii) If |G'| = p"*, then G/G" ~ C, x C, x C, x Cp, or G/G' ~ Cps x C, or

G/G' ~Cp x Cp or G/G' ~ Cp x C, x C,.

In (7), (1), (¢i7) if G/G' is elementary abelian, then G is an A(G)-group by Lemma

529 If G/G' ~ Cpr x C, or G/G" ~ C,

p

s x Cp or G/G' ~ C,

2 X Cpe2, then

d(G) = 2. It follows [67, Remark 3.2] that d(Z(G) = 1 and Zy(G)/Z(G) is
an elementary abelian group of order p?. Thus [Z5(G), ®(G)] = 1. It follows

that Z2(G) < Cg(®(G)) = Z(P(G)). Therefore Zy(G) is abelian and thus G



60 On commuting automorphisms of some p-groups

is an A(G) group by Lemma [5.2.8 We are left with G/G’ ~ Cp2 x C, x C,.
Here d(G) = 3. Also since |Z(G)| = p and |Zy| = p*, |Z2(G)/Z(G)| = p°.
Since Z(@G) is cyclic, G is purely non abelian. Therefore by Lemma , we
have | Aut,(G)| = |[Hom(G/G', Z(GQ))| = p* = |Z2(G)/Z(G)|. Now Z(Inn(G)) is
a subgroup of Aut,(G), so Aut,(G) = Z(Inn(G)). By Lemma [(.2.11 Z(G) <
G’ and Z5(G)/Z(G) is not cyclic. It follows from Lemma that Aut,(G) ~
Hom(G/G', Z(G)) ~ Zy(G)/Z(G) and therefore d(G)d(Z(G)) = d(Z2(G)/Z(G))
and hence d(Z5(G)/Z(G)) = 3. Thus Z5(G)/Z(G) is elementary abelian and thus

G is an A(G)-group by arguments used above. ]

A group G is called an AC-group if the centralizer of every non-central element

of G is abelian.
Lemma 5.2.13 ([31, Lemma 2.3]) If G is an AC group, then A(G) < Aut(G).

Theorem 5.2.14 Let G be a finite non-abelian p-group. Let My and My be any two
distinct mazimal abelain subgroups of G such that My N My = Z(G). Then G is an

A(G)-group.

Proof. Let x € G\ Z(G). We claim that Cg(x) is abelian. If possible suppose
that Cg(x) is non-abelian. Let M be a maximal abelian subgroup of Cg(z). Then
M # Cq(x) and Z(G) < Z(G){x) < M. Let b € Cg(x)\ M and let N be a maximal
abelian subgroup of Cg(x) containing (b) so that M # N and N also contains the
abelian subgroup Z(G){x). Obviously, M and N are also maximal abelian subgroups
of G but Z(G) < Z(G)(x) < M N N which contradicts the hypothesis. Thus C¢(z)

is abelian for all z € G\ Z(G). Thus G is an AC-group and therefore by Lemma

5.2.13] G is an A(G)-group. O
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In 2002, Deaconescu, Silberberg and Wall [27] suggested the following question
about the set A(G): Is it true that A(G) = 1 if and only if Aut,(G) = 17 We answer

this question in case G is a purely non-abelian finite p-group.

Proposition 5.2.15 Let G be a purely non-abelian finite p-group. Then A(G) =1

if and only if Aut,(G) = 1.

Proof. Let A(G) = 1. Since Aut,(G) is contained in A(G), Aut,(G) = 1. Conversely

suppose Aut,(G) = 1. Since G is purely non-abelian, by Lemma m
| Aut,(G)| = |Hom(G/G', Z(GQ))| =1

and therefore either G = G’ or Z(G) = 1. Since G is a p-group, Z(G) # 1. Therefore
G =G'. Let a € A(G), then by Proposition rla(z) € Cg(@) for all z € G.
Therefore z7'a(z) € Cq(G) = Z(G) for all x € G and thus a € Aut,(G). Hence

A(G) = Aut,(G) = 1. O
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