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Abstract

A regular expression is a pattern that describes a set of strings of particular type described by
finite automata. Regular languages are classified into prefix-free, suffix-free, infix-free

languages.

Study of state complexity is strongly motivated by applications of finite automata in software
engineering, programming languages, natural language, speech processing and other practical
areas. Since many of these applications use automata of large sizes, it is important to know
the size of automata which is defined by the number of states in the automata. Number of
states in the DFA accepting the language defines the state complexity of languages. Recently
researchers have studied the state complexities of prefix free regular languages for individual

and combined operations and suffix-free regular languages for individual operations.

This thesis focuses on estimating the state complexities of combined operations for suffix-

free regular languages.
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Chapter 1

Introduction

This chapter gives basic introduction to automata, languages, operations on languages
and its applications.

1.1 Automata

In theoretical computer science, automata theoryis the study of mathematical
objects called abstract machines [1]. An automaton can be defined as a system where
energy, material and information are transformed, transmitted and used for performing
some functions without direct participation of human being. Automata theory is one of
the oldest research areas in computer science and is closely related to formal language
theory. Automata play a major role intheory of computation, compiler
design, parsing and formal verification [1].The use of finite automata has been used in
lexical analysis in programming languages [30]. In parallel programming, automata
theory has been associated with optimization problems [26]. Automata theory also serves
as the basis for pattern recognition in natural language [29] and speech processing [30].
These applications motivate the study of state complexity, a fundamental subarea in
automata theory. An automaton consists of a finite set of states, a single circle represents
an intermediate state, a double circle represents a final state or accepting state and a circle
with an incoming arrow represents a start state. At some instant, the automaton is in one
of its states, and at any step when it reads a symbol, it jumps or transits to a next state that
is decided by the transition function which works by reading the input symbols from a
word until it is completely read. When the word is completely read, the automata stop at
final state. The automaton accepts an input word if the final state is the accepting state,
otherwise the word is rejected. The set of all the words accepted by an automaton is

called the language recognized by the automaton.


http://en.wikipedia.org/wiki/Theoretical_computer_science
http://en.wikipedia.org/wiki/Mathematical_object
http://en.wikipedia.org/wiki/Mathematical_object
http://en.wikipedia.org/wiki/Abstract_machine
http://en.wikipedia.org/wiki/Formal_language_theory
http://en.wikipedia.org/wiki/Formal_language_theory
http://en.wikipedia.org/wiki/Theory_of_computation
http://en.wikipedia.org/wiki/Compiler_design
http://en.wikipedia.org/wiki/Compiler_design
http://en.wikipedia.org/wiki/Parsing
http://en.wikipedia.org/wiki/Formal_verification
http://en.wikipedia.org/wiki/Formal_language
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Fig 1.1: Example of automata [1]

The automata represented in the Fig 1.1 accepts the strings that reads consecutive 1’s or

strings with consecutive 1’s starting and ending with a 0.
1.2 Basic Definitions and Notation

This section contains some basic definitions and notations. An automaton runs on some
given sequence of inputs in discrete time steps. At each step, it gets one input that is
picked up from a set of symbols or letters.

Def. 1: An alphabet [34] is a finite, nonempty set of symbols, denoted by > . The notation
> denotes the set containing all finite strings whose symbols are chosen from Y.

Def. 2: At any time, the symbols so far fed to the automaton as input form a finite
sequence of symbols called strings [25]. Strings are also called words.

An empty word is denoted by =, and it does not contain any instance of alphabets. The
length of a word “z” over an alphabet > is the number of occurrences of letters in z. It is
denoted by |z|. The a-length [25] of the word z is the number of times symbol “a” appears
in z. It is denoted by |z|a.

Def. 3: A language [25] over Y is a set of words which are chosen from Y. The
languages { } and @ are over any alphabet.

Def. 4: The representation of certain sets of strings in an algebraic notation is called
regular expression. Regular expressions [25] describe the languages accepted by finite
state automata. Given the regular expression r = (0 + 1)" 1 represents a language

consisting of all the words over {0, 1} that end with 1.


http://en.wikipedia.org/wiki/Symbol_(formal)

Finite automata can be deterministic or non-deterministic. Non determinism [25] means
there are choices of moves for automata, rather than moving in a particular unique
direction it allows a set of possible moves.
Def. 5: A deterministic finite automata [4] is a 5-tuple (Q, Z, 6, qo, F) where

1. Qis a finite set of states,

2. X is afinite set called the alphabet,

3. 8:Qx(uU{e})—29,

4. o € Q is known as starting state,

5. F < Q isthe subset of Q and known as set of final states.
A language L is accepted by a DFA M (Q, =, 8, qo, F), if and only if L= {w |8 (qo, w)
€ F }[25].

Example 1: Let M = ({s1, S2}, {a, b}, 8, {s1}, {S2}) be a DFA shown in Fig 1.2, where &
is represented by the state transition Table 1.1.

Ot
O
a

Fig 1.2: State transition diagram for DFA M
DFA M can be represented by transition table 1.2

Table 1.1: Transition table for DFA M

mbols a b
states

S1 S1 S2

S2 S1 S2




The language accepted by a DFA is the set of all the strings accepted by the DFA. The
DFA in figl.3 does not accept any string because it has no accepting state.

Fig 1.3: Null language
Thus the language it accepts is the empty set @.
Def. 6: A Non deterministic finite automata [3] is a 5-tuple (Q, X, 3, qo, F) where Q, X,
Jo, and F are similar as in DFA except transition function which is defined by 6: Q x X —
Q.
Example 2: Let N = ({s1, S2}, {a, b}, 5, {s1}, {S2}) be an NFA shown in Fig 1.4, where &
is represented by the state transition diagram in Table 1.2.

() b
VA }@

Fig 1.4: State transition diagram for NFA' N

NFA M can be represented by transition table 1.2. It is to be noted that & (s1, b) has more

than one state therefore N is nondeterministic.

Table 1.2: Transition table for NFA N

symbols a b
states
S1 S1 {s1.52}
So - S2




1.3 Chomsky Hierarchy

Chomsky hierarchy [2] is a containment hierarchy of classes of formal grammars which
is shown from the diagram below Fig 1.5. According to Chomsky hierarchy formal
languages can be classified as regular languages, context-free, the context-sensitive and

the recursively enumerable languages.

recursively enumerable

context-sensitive

context-free

Fig. 1.5: Chomsky hierarchy [2]

1. Type-0 grammar (unrestricted grammars): They generate all languages that
can be recognized by a Turing machine [25]. These languages are also known
as the recursively enumerable languages [2].

2. Type-1 grammar: They generate the context-sensitive languages. The
languages described by these grammars are exactly all languages that can be
recognized by a linear bounded automaton [25].

3. Type-2 grammar: They generate context-free languages. These languages are
exactly all languages that can be recognized by a non-deterministic pushdown
automaton [25]. Context free languages are the theoretical basis for the syntax
of most programming languages [2].

4. Type-3 grammar: They generate regular languages. Such a grammar restricts
its rules to a single non-terminal on the left-hand side of the terminal or a non-
terminal on the right-hand side consisting of a number of terminals. Regular
languages [2] are commonly used to define search patterns and the lexical

structure of programming languages.
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http://en.wikipedia.org/wiki/Context-sensitive_language
http://en.wikipedia.org/wiki/Linear_bounded_automaton
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http://en.wikipedia.org/wiki/Regular_language

1.4 Types of regular languages

Regular languages can be classified into prefix-free, suffix free and infix free regular
languages.

1. Prefix-free regular language: A regular language is prefix-free if and only if its
minimal DFA M has only one final state and the final state has no out-transitions
whose target state is not a sink state [21]. This property is called non-exiting
property. Given two strings x and y over Y, x is a prefix of y if there exists a
string z € Y such that xz = y. Given a set X of strings over Y is prefix-free, if no
string in X is a prefix of any other string in X. For example, string s;=abba, and
string s;=abbab. Now the language L(M) over > where L(M)={abba, abbabaaab}
is not prefix-free since abba is prefix of abbabaaab.

2. Suffix -free regular languages: A regular language is suffix-free [17] if and only if
its minimal DFA M have a unique sink state and there is no in-transition from the
intermediate state to the start state. This is called non-returning property of suffix-
free regular languages. Given two strings x and y over Y, x is a suffix of y if there
exists a string u € ¥ such that y = ux. Given a set X of strings over ¥ is suffix-
free set if no string in X is a suffix of any other string in X. A regular language L
is defined to be suffix-free if L has all suffix-free sets. For example, string s; = ab,
and string s, = aabbab. Now the language L(M) over the NFA where L(M)={ab,

aabbab} is not suffix-free since ab is a suffix of aabbab.

3. Infix-free regular languages: A regular language is infix-free [22] if a DFA M is
minimal and is non-returning and non-exiting. Given two string x and y over Y, X
is an infix of y if there exists two strings u, v € Y such that y = uxv. Given a set
X of strings over ) is infix-free set if no string in X is an infix of any other string
in X. A regular language L is defined to be infix-free if L is an infix-free set.
Infix-freeness is used in text searching and computing forbidden words. For
example, string s;=abba, and string s, = aabbab. Now the language L(M) over the
NFA where L(M) = {bb, aabbab} is not infix-free, since bb is an infix of aabbab.



1.5 Operations on languages

Following are the operations defined on languages:

1. Reversal: Reversal of x is denoted by x®. Reverse [25] of a string contains all
letters of a string in reverse order. For null string (denoted by =), reverse of the
string is . For a language L over an alphabet ), the reversal of L is denoted by
LR, and LR = {xX" | x € L}. For example if L = {001,101,110}, then L® =
{100,101,011}.

2. Concatenation: Consider x and y are strings over an alphabet ), concatenation of
x and y is denoted by xy. The length of the new string xy is the sum of the length
of x and y. For a language L; and a language L, over alphabet >, the
concatenation [25] of L; and L, is denoted by L;.L,, and Ly.Lo ={xy | X € L1,y €
L,}. For example, if L,={01,10,11} and L,={z, 01}, then
L;L,={01,10,11,0101,1001,1101}.

3. Intersection: L; and L are languages over an alphabet Y, the intersection [25] of
L; and L is denoted by L;NL,, and LiNL, = {X | x € L; and x € L,}. For
example, if L;={01,10,11} and L,={=, 01,11}, then L;L,={01,11}.

4. Union: L; and L, are languages over an alphabet >, the union [25] of L; and L is
denoted by L; U Ly, and Ly U L, ={x | X € L3 or X € L,}. For example if
L;={001,10,111} and L,={ £,01}, then L, U L,={=,01,001,10,111}.

5. Kleene closure: Consider a language L over an alphabet ), the star of L is
denoted by L". The operation L’is also called Kleene closure [25]. We can say
that Lo = {=} and L' = L"L, where i > 1. For example if L= {0, 1}, then Kleene
closure of L is the set of all the strings of 0’s and 1’s i.e. L ={¢ 0, 1, 01, 10, 00,
11, 000............. }.

1.6 Thesis Outline

This thesis is organized into 5 chapters. Chapter 1 describes automata, languages,

operations on languages and its applications. Chapter 2 covers state complexity of prefix-



free and suffix-free languages over various operators. Chapter 3 discusses the problem
statement, objectives and methodology, motivation behind the thesis and method of
approximating state complexities of combined operations on suffix-free regular
languages. Chapter 4 describes state complexities of combined operators of suffix-free

regular languages. Chapter 5 summarizes the conclusions drawn in the thesis along with
the future directions



Chapter 2
State Complexity of Regular

Languages

Basically there are three ways to estimate complexity [33] of regular languages: number
of states, number of transitions, and the combination of number of states and transitions.
State complexity is a type of description complexity [5] on regular languages and it gives
a lower and tight bound for the space and the time complexity for many operations.

There are deterministic and nondeterministic models for the state complexity of
operations. B.Cui and M.Daley [8, 9] investigated the deterministic state complexity of
formal systems. Yu and Y. Gao [32, 10] investigated the state complexity for single and
combined operations on regular languages. Shallit [6] investigated the nondeterministic
state complexity of finite automata. M. Holzer [22] investigated the nondeterministic
state complexity of operations on unary languages. Han et al. [15] studied the state
complexity of prefix-free regular languages, Han and Salomaa [16] looked into the state
complexity of suffix-free regular languages.

This chapter describes various methods to estimate the state complexity prefix-free and

suffix-free regular languages.

2.1 State Complexity of individual operations for Prefix-free Regular
Languages

Prefix-free regular languages have been used to define determinism for generalized
automata [11] and for expression automata [20]. The state complexity of Prefix-free
regular languages is calculated based upon their non-exiting structural property [18].
Glaister and Shallit [12] presented a technique called fooling set theory and proved that a
non-trivial prefix-free regular language L for a FA (namely, L # {iA}) must have at least 2
states (one start state and one final state).

Fooling set theory says that the language L = L (( a"*)"b) is accepted by an NFA P with

n number of states that consists of a cycle of length n-1 of a-transition and b-transition



from the start state to a final state. Now P is the fooling set for L and its cardinality is n,
then the nondeterministic State complexity of L is exactly n.

2.1.1 Concatenation of prefix-free regular languages

From Han et al. [15], the deterministic and nondeterministic state complexity is linear in
the sizes of the component automata for concatenation of prefix-free regular languages as
shown in Fig 2.1.

f Ty ~y
\(_D 1 j} B ’f.;L )]
\ i r

Fig 2.1: Concatenation of prefix-free minimal DFA [15]
Theorem 2.1 Given two prefix-free regular languages L; and L, accepted by m state and
n state NFA, then minimal and sufficient NSC(L;L,) is m+ n—1 [18].
Proof: Let A = (Qu, Z, 61, 81, f1) and B = (Q2, Z, &2, Sz, f2) be two NFAs recognizing
prefix-free regular languages L(A) and L(B). A and B are non-exiting and because of
prefix-freeness it must have only one final state. NFA C can be constructed for L(A)L(B)
by merging the final state f; of A with the start state s, of B to give a single state that

eliminates all out-transitions from f; of A.

Theorem 2.2 Given two prefix-free regular languages L; and L, with DSC(L;) = m and
DSC(L,) = n, then the deterministic state complexity DSC(L,L,) for LL, is m+n-2 [15].

Proof: Let A = (Qu, Z, 61, s1, f1) and B = (Q2, Z, &2, Sz, T2) be two DFAs recognizing
prefix-free regular languages. A and B are non-exiting and assumed to have only one
final state. DFA for L(A)L(B) can be constructed by merging the final state of A and the
start state of B to give a single state which eliminates all out-transitions from the final
state of A. Two sink states are also merged to give a single sink state. Hence the resulting

automaton is deterministic and, therefore, m + n — 2 states are sufficient.

10



2.1.2 Union of prefix-free regular languages

Han et al. [22] proved that the union of an m-state and an n-state DFA accepting prefix-

free languages is calculated using the Cartesian product of states as shown in Fig 2.2.

n—2
N T e o
N7 B N
L1V (1.2} (1.3} e Wt (1
N\ D\ \_/ ,\f:;',' k_a
| |'{§.T\| 4 -H\'l "/ \'l ---------------- (/‘--x"ﬁ |f a\\] 4 -H\'|
S NS N/ N N NS

m—32 |

A\ (N (N Y aYa

S N N SN NS
m-1.1-1 m-1,m

) O) O) OO O

Wt Nt N |

M) ) () e IO

NS N R N BN

Fig 2.2: Union of two prefix-free minimal DFAs [15]
For the NFA case, state complexity of two prefix-free regular languages is directly

constructed without the Cartesian product of states [18].

Theorem 2.3 Given two prefix-free regular languages L; and L,, the nondeterministic

state complexity NSC(L; U L) is m + n, where m = NSC(L;) and n = NSC(L,) [18].
Proof: Let A = (Q1, Y., 81, S1, 1) be a minimal NFA for L; and B = (Qz, >, 62, S, f2) be a

minimal NFA for L,. NFA (C) can be constructed for L; U L, by introducing a new start

state for the alternation of L( A ) and L( B ). Namely, C = (Q, ., 3, s, {f1, f2}), where Q =

(Q1 U Q2 U {s}) ,q € Q, a € Y, transition function is defined as 6 (p, a) = { (61(S1, &) U
32(S2, @) if p =), (31(p, @) if p € Q1), (52(p, @) if p € Q2) }. From the above inference m +

n states are sufficient for L; U Ly

11



Theorem 2.4 Given two prefix-free regular languages L; and L, the deterministic state
complexity for the union of L; and L2 is mn — 2, where m is the number of states in DFA
accepting L; and n is the number of states in DFA accepting L, [15].

Proof: For a state (i, j) in A U¢ B, the right language L of (i, j) is the union of L; in A
and L; in B, then all states in the second-last row and all states in the second-last column

of A U, B are final states and all states in the last row and all states in the last column of

A U, B are not necessarily sink states except for state (n,m). Limn-1) = Lim-1.n) = Lim-1,n-1),
therefore these three states (m, n—1), (m—1, n) and (m—1, n—1) can be merged to reduce
the number of states. It shows that (mn — 2) states are sufficient for the union of the two
prefix-free regular languages.

2.1.3 Intersection of prefix-free regular languages

State complexity of intersection operation of prefix-free regular language is calculated
using Cartesian product of the states corresponding to their FAs. mn is the tight [23]
bound for the intersection of the regular languages given by either DFAs or NFAs as

shown in Fig 2.3 and Fig 2.4.

Theorem 2.5 Given two prefix-free regular languages L; and L,, the nondeterministic
state complexity NSC(L; N L,) for Ly N L, is mn—(m+n)+2, where m = NSC(L;), n =
NSC(L) and || > 3 [18].

Proof: Given two FAs A = (Q1, >, 81, S1, F1) and B = (Q2, ., 82, Sz, F2), accepted by the
prefix-free regular languages L; and L,. Now A finite automata M = (Q1 x Qz, Y., 8, (s1,

S2), F1 x F) can be constructed for the intersection of L(A) and L(B) based on the

Cartesian product of states [24], where 6((p, q), a) = (81(p, a), 82(q, a)) forp € Q1, g € Q>

and a € Y. For intersection, first a unique number from 1 to m is assigned to each state in

A and from 1 to n is assigned in B, where |A| = m and |B| = n. Let A N¢ B denote the
resulting intersection automaton that is based on the Cartesian product of states. Then, (1,
1) is the start state and (m, n) is the unique final state. All states (m, i) and (j, n), for 1 <1

<n—1and I £ j<m—1, that do not appear in an accepting path in A N¢ B are useless.

12
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Fig 2.3: Intersection of NFA A N¢ B [18]
Hence after removing these useless states as shown in Fig 2.3, the resulting automaton is
left with mn — (m — 1) — (n— 1) = mn — (m + n) + 2 minimal and sufficient no of states
for L(A) N L(B).

Theorem 2.6 Given two prefix-free regular language L; and L, accepted by m state and n
state DfAs , mn—2(m+n)+6 states are necessary and sufficient in the worst-case for
DSC(L1 N Ly) [15].

Proof: Given m state and n state DFAs A and B accepting the prefix-free regular
langueges L(A) and L(B). To compute L(A) N L(B), first we need to assign a unique
number for each state from 1 to m in A and from 1 to n in B. Assume that m" and n"
states are sink states and (m-1)" and (n-1)" states are final states in A and B. Now for

right language Lgj of (i, j) state, there is an accepting path from (i, j) to (m-1, n-1).
Therefore word w € L if and only if w € L; N L. Consider last row and last column

(m, 1) for 1 <i<nand (j, n) for I <j<m are equivalent, hence they can be merged. Next
consider all states in second last row (m-1, i) for 1 <i<n-2 and second last column (j, n-

1) for 1 <j<m-2 are also equivalent states and can be merged as shown in Fig 2.4.
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Fig 2.4: Merging of all equivalent states in DFA of A Nc B [15]

So, after reducing the upper bound, the resulting DFA has nm-2(m+n)+6 minimal and

sufficient state complexity.

2.1.4 Kleene star of prefix-free regular languages

For calculating Kleene star of prefix-free regular languages, m is the tight bound for both

NFA and DFA case. Fig 2.5 represents kleen star of a language accepted by NFA A
A A* f”

j —

.(t.

a,

Tf\;i

| "\H_.. (i
GBI o BN G- —©

Fig 2.5: Kleene star of L(A) [18]

Theorem 2.7 Given a prefix-free regular language L accepted by NFA,

the

nondeterministic state complexity NSC(L") for L™ is m [26], for [Y|= 2 where m =

NSC(L) [18].

[
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Theorem 2.8 Given a prefix-free minimal DFA A, m states are necessary and sufficient
in the worst-case for the minimal DFA of L(A)[22] where m = |A| [22]. O

2.1.5 Reversal of prefix-free regular languages

For calculating reversal of prefix-free regular language, the direction of accepting DFA is
flipped and start and final states are interchanged.

Theorem 2.9 Given a prefix-free regular language L with m no of states in the NFA, then
the nondeterministic state complexity of reversal of language L, NSC (L®) is m [18].
Proof: Given a minimal NFA A = (Q, 3., 9, s, f) accepted by prefix-free regular language
L, where |Q| = m. A has a single final state and it is non-exiting. Based on this structural
property, an NFA A% = (Q, ¥, 8%, s, f) is constructed for L® by flipping the directions of
all transitions and interchanging the start state and the final state. Since L? = L(A®), and

both A and AR have the same set of states, therefore m states are sufficient for LSC(LF).

Theorem 2.10 Given a prefix-free regular language L with m no of states in the minimal
DFA, then the deterministic state complexity of reversal of language L i.e DSC(LF) is
2™+ 1 [15]. O
Now in case of minimal DFA for L(A)R, an exponential number of states is required.
Hence, the state complexity of reversal of a prefix-free minimal DFA is 2™ 2 + 1, where

m is the number of states.

2.1.6. Complementation of prefix-free regular languages

The calculation of complement of prefix-free regular language is linear for DFA case and
exponential for NFA case.

Theorem 2.11 Given an n state NFA accepting L, 2" states are sufficient for the
complementation of the prefix-free regular language NSC(~L) [18].

Proof: For the tight bound, Jir"askov'a [26] recently showed that 2™ states are necessary
when |Y| = 2. Let A = (Q, >, 9, s, f) be the NFA accepted by the prefix-free regular
language L. Now 2™ (some of them may be useless states) states are necessary for the
NSC (~L), and the final states are the subsets of Q that contain f. Since L(A) is prefix-
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free, L(~A) is also prefix-free and, thus all 2™ equivalent final states are merged into a
single final state f * in ~A. Therefore, the number of states for an NFA for ~ L(A) is 2™ —
2™ which is equal to 2™".

Theorem 2.12 Given prefix-free regular language, with m number of states in minimal
DFA, n states are sufficient for the complementation of the language [15].

Proof: The complementation of an n-state DFA does not change the state complexity
since it simply interchanges final states and non-final states. Thus, in case of DFA’s the
state complexity for the complement of a prefix-free regular language is m only if there
are m no of states in the minimal DFA for prefix-free regular languages.

2.1.7 Conclusion

The difference between state complexities of nondeterministic and deterministic prefix-
free regular languages can be evaluated from the Table 2.1. As can be seen that there is
not much difference in some of the state complexities of individual operations, but there

is a difference of exponentiation in case of reversal and complementation operation.

Table 2.1: State complexity of individual operations of prefix-free regular languages

Operations Prefix-free DFASs Prefix-free NFAs
L. L, m+n-2 m+n-1
LU L, mn —2 m+ n
LiNL mn—-2(m+n)+6 mn—(m+n)+2

Ly m m
L~ 2™ +1 m
~L, m 2mt
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2.2 State complexities of combined operations for prefix-free regular
languages

Yu and his co-authors worked on the following state complexity of combined operations
of prefix-free regular languages [19].

2.2.1 Star of Union

According to G.Jir'askov'a [27], subset construction is performed on DFA for star of
union of two prefix-free regular languages, and then the final states of the original DFAs
are merged. The state complexity of the union of two prefix-free regular languages is mn
— 2 [15] and the state complexity of the star of an m-state regular language is 3*2™ [33].
Thus, the composition of two complexities is 3*2™*,

Theorem 2.13 The worst-case state complexity of the star-of-union of an m-state and an
n-state, m, n > 3, prefix-free regular languages is precisely 5* 2™"° where [2| > 5 [27].
Proof: For given DFAs A= (Q1, X, 91, Qo1, 1) and B = (Q2, Z, 62, Qo,2, T2) recognizing
prefix-free regular languages L(A) and L(B), DFA M = (Q, Z, 3, {do, Jo1, o2}, F) is

constructed for the language (L(A;1) U L(A))". It is to be noted that the start state of M is

{00, Qo1, Uo2} which means that the computation begins by simulating both the

computation of A and the computation of B as shown in Fig 2.6.
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Fig 2.6: Star of union of prefix-free DFA A and B [19]
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Whenever one of the simulated computations enters the final state, the computation of M
adds both go 1 and o2 to the current set of states and begins new computations simulating
A and B. Namely, qo in the current set indicates that the previously simulated
computation step is accepted either in A or in B. Note that the presence of g1 Or go2 in
the current state of M is not sufficient to guarantee this property. The choice of the final

states guarantees that M recognizes exactly the language (L(A) U L(B)) with 5*2™"®

state complexity.

2.2.2 Star of Reversal

Let A be a minimal DFA for a regular language and |A| = m. Since the state complexity
of L(A) is m, the reversal L(A)® of L(A) can be accepted by an NFA A® with m states,
where AR can have multiple start states. Then, use of subset construction on A® and the
resulting DFA can have at most 2™ [28] states. Thus, the upper bound for the reversal of
regular languages is 2".

Theorem 2.14 The worst-case state complexity of the star-of-reversal of an m state
prefix-free regular language is precisely 2™ 2+ 1, where || > 3 [19].

Proof: Givena DFA A = (Q, %, 4, qo, ) accepting the prefix-free regular language L(A).
Now to construct AR = (Q, Z, 8%, qo, f), a new final state f * is introduced and all states in
F are connected to f * with label AR. The transition function of A consists of all mappings

from Q to Q" as shown in Fig 4.7.
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Fig 2.7: Star of Reversal of A [19]
A cannot have a sink state, and consequently, d is not equivalent with any of the states of

A. Furthermore, L(A®) is prefix-free. Thus, A has m — 2 states, then AR has m states.
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Salomaa et al. [32] showed that 2™ 2 + 1 states are necessary for the star-of-reversal of an

m-state prefix-free regular language L.

2.2.3 Star of concatenation

The state complexity of the star-of-catenation is equal to the state complexity calculated
by the composition of state complexities of concatenation. This is due to the fact that
prefix-freeness is closed under catenation.

Theorem 2.15 The worst-case state complexity of the star-of-catenation of an m-state

and an n-state, m, n > 3, prefix-free regular languages is precisely m + n—2 [19]. O

2.2.4 Star of intersection

Han et al. [15] gave a construction for the intersection of two prefix-free DFAs based on
the Cartesian product of states. In this construction, based on the structural properties of
prefix-free DFAs unreachable states are identified and removed and equivalent states are
also identified and merged.

Theorem 2.16 The worst-case state complexity of the star-of-intersection of an m-state
and an n-state, m, n > 3, prefix-free regular languages is precisely mn — 2(m + n) + 6,
where |Z| > 4 [19]. 0

2.2.5 Conclusion

After state complexities of individual operations, researchers have started looking at state
complexites of combined operations [13]. They showed that the state complexity of a
combined operation is usually not equal to the composition of the state complexities of
the participating individual operations [31]. On the other hand, they also observed that in
a few cases, the state complexity of a combined operation is very close to the
composition of the state complexities of the individual operations. However, in a few
cases, the state complexity of combined operations and the composition of state

complexities are similar that can be shown from the Table 2.2
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Table 2.2: State complexity of combined operations for prefix-free regular languages

Operation Complexity Operation Complexity
L. U L, mn-2 (LiU Ly QMmN 0
LN L, mn-2(m+n)+6 (LiN Ly mn-2(m+n)+6

LiL, m+n-2 (LiLy) My+m,-2
L." 2M%+1 (L5 2M%+1
L. m (L) =Lt m

2.3 State Complexity of Basic Operations for Suffix-Free Regular
Languages

If language L is regular and non-empty, then the start state of a DFA for L should not
have any in-transitions if L is a suffix-free. However, this condition is necessary but not
sufficient. Due to this fact, the state complexity of suffix-free regular languages is not
symmetric to the prefix-free case. A FA A is a suffix-free FA if L(A) is suffix-free
language. Notice that a suffix-free FA must be non-returning, non-empty and must have a
sink state by definition. In a suffix-free regular language it is assumed that a given NFA
has no A -transitions since an n-state NFA can always be transformed with A -transitions

to an equivalent n-state NFA without A -transitions [24].

2.3.1 Concatenation of suffix-free regular languages

For the prefix-free regular languages, the state complexity is linear in the sizes of the
component automata in both DFA and NFA cases. There is an exponential gap between
the state complexities of prefix-free regular languages of DFA case and NFA case [19].
Theorem 2.17 Given two suffix-free regular languages L; and L, the nondeterministic
state complexity NSC(L;L,) is m+n—1, where m = NSC(L;) and n = NSC(L,) [14].
Proof: Consider two suffix-free regular languages accepted by m state and n state NFAs

A and B. In order to do concatenation on L(A) and L(B), a new start state s is introduced
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and s; and s; are removed such that the transition function d(ss, 1) and &(s2, i) are replaced

with &(s, 1) for all i € Y. Hence the resultant state complexity of L(A) L(B) is m+n-1

which is minimal and sufficient.

Now, for state complexity of the catenation of two suffix-free regular languages for
minimal DFA’s A and B, the upper bound is computed and after that a matching lower
bound is presented.

Theorem 2.18 For arbitrary m, n >3, (m — 1)2" 2 + 1 states are necessary and sufficient
in the worst-case for the catenation an m-state and an n-state suffix-free minimal DFAs
accepting L;L, respectively. [16]

Proof: Yu et al. [16] presented a DFA construction for the catenation of two DFAs.
Based on their construction, a DFA C = (Q.>, 8, s, F) for L(A) L(B) is computed as
follows: Q = Q; x 2%\ F; x 2922 \where 2 denotes the power set of X, Q is a set of
pairs such that the first component of each pair is a state from Q; and the second
component is a subset of Q,. Q does not have pairs whose first component is a final state
of A and whose second component does not contain s,. Thus, the number of states in C is
m2" — k2"-1 by construction, where k = |Fy| is the number of final states in A. Now let d,
denote the sink state of B. Because of d,, two states in C are equivalent. Thus, all such
states are merged and reduced to (m2"' —k2"-2) states. Therefore, the number of
remaining states is m2" — k2"t — (m2"! — k2"?) = m2"! — k2"2 Since A is non-
returning and, thus, s; has no in-transitions. It removes (2" ' — 1) + (m—1-k)2" 2 states
and the current number of states is

m2"t — k2" — (2" - 1) - (m-1-k)2"? = (m-1)2"? + 1 which is sufficient and

minimal.

2.3.2 Union of suffix-free regular languages

Now for the union of two suffix-free regular languages, DSC (L(A) U L(B)) is computed

using the Cartesian product of states and for NFA case it is computed linearly.
For nondeterministic state complexity, NFA for the union of two suffix-free regular

languages is directly constructed without the Cartesian product. The construction relies
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on non determinism and the fact that the computation of a suffix-free FA cannot return to
the start state.

Theorem 2.19 Given two suffix-free regular languages L; and L, the nondeterministic
state complexity NSC(L; U Ly) is m+n—1, where m = NSC(L1), n = NSC(Lz), m, n> 2
and |S| > 2 [14]. O

Theorem 2.20 Given two suffix-free minimal DFAs A and B corresponding to the suffix-

free regular languages L; and L, mn — (m + n) + 2 is the state complexity for the DSC(L;
U Ly), where [Y| > 5 [16].

Proof: Given two minimal DFAs A = (Q1,Y., 61, S1, F1)and B = (Q2.,Y., 82, Sz, F2),, let M =
(Q1 % Q2,>, 0, (s1,S2), F), where forallp € Q;andq € Qzand a € >, 3((p, q), a) = (3(p,
a), 6(q, a)) and F = (F1 X Q) U (Q1 x F,). Then, L(M) = L(A) U L(B) and M is
deterministic. Let A U B denote M. Consider the right language of a state (i, j) in A U

B, all states (m, i) and (j, n) for1 <i<nand1 <j<m,in A Uc B are not necessarily

equivalent. Thus, these states cannot be merged. On the other hand, all states (1, i) and (],

1), for1<i<nand1<j<m,are useless since L(A) and L(B) are suffix-free. Therefore

A U, B can be minimized by removing these states which results into 2 + (m — 2)(n — 2)

+(m—2) +(n—2)=mn - (m+ n) + 2 states sufficient for DFA for (L, U L>).

2.3.3 Intersection of suffix-free regular languages

Subset construction is done for the intersection of two suffix-free regular languages.
There is a complexity gap between NFA and DFA, as NFA does not need to have a sink
state

Theorem 2.21 Given two m state and n state NFAs, 3| > 3 for the suffix-free regular
languages L; and L,, mn—(m+n)+2 is the state complexity of NSC(L, NL,) [14].

Since L(A) and L(B) are suffix-free regular languages, all states (s1, q) and (p, S2), for p(#

s1) € Qp and q(# s2) € Q2, are unreachable from (s, sz) in M. All unreachable states are
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removed and the upper bound is reduced as mn—(m-1)—(n—1) = mn—(m+n)+2 sufficient

number of states are required for Ly N Ly,

Theorem 2.22 Given two m state and n state minimal DFAs A and B for the
corresponding suffix-free regular languages L; and L, mn — 2(m + n) + 6 is the state
complexity for DSC(L1 N L) where [Y| > 3 [16].

Proof: Given two DFAs A and B, a DFA M for the intersection of L(A) and L(B) is

constructed based on the Cartesian product of states [25] as shown in Fig 2.8.
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Fig 2.8: Intersection of minimal DFA A and B [16]
Since the automaton M constructed is deterministic, therefore mn states are sufficient for
the intersection of L(A) and L(B), where |[A| = mand |B| = n, and mn is a tight bound for
the intersection of two regular languages [33]. A unique number is assigned for each state
from 1 to m in A and from 1 to n in B, where |A| = m and |B| = n. The m" state and the n"
state are assumed to be the sink states in A and B, respectively. A DFA for ANcB is
obtained and is minimized by merging all equivalent states and removing unreachable
states from the start state. A has the sink state, L(m,i) = @, for 1 <i < n, therefore, all
these states can be merged. All states (j, n), for 1 <j < m, of AN:B are equivalent and,

therefore, can be merged. Consider all states (1, i), for 1 <i <n, of ANB. Since L(A) is
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suffix-free, the start state of A has no in-transitions. It implies that (1, i) is not reachable
from (1, 1) in A Nc B and, therefore, these states are useless, a similar result for the the
states (j, 1), for 1 < j < m can be established. Once A N; B is minimized the resulting

minimal DFA has 2+(m-2)(n-2) = mn — 2(m + n) + 6 states.

2.3.4 Kleene star of suffix-free regular languages

State complexity of suffix-free regular languages for kleene star operation is calculated
linearly in NFA case and exponentially in DFA case.

Theorem 2.23 [19] Given a suffix-free regular language L with NSC(L) = m, then the
nondeterministic state complexity NSC(L") for L™ is m [14]. O

Theorem 2.24 Given a suffix-free regular language L with m state DFA, then the
deterministic state complexity DSC(L") is m [16].

Proof: Let A =(Q, Y, 9, s, F) be a minimal DFA for a suffix-free language and k = |Q)|.
Then, A has a sink state d € Q and for every string w € Y, 8(s, w*) = d. Then an NFA
A’ from A that accepts L(A)  is constructed and then determinized and minimized. Let d
be the sink state of A. Now A’ = (Q",Y, &', ', F') is computed as follows: Q" = Q, §'(p, a)
={((p, @) if p & F), (3(p, a), 3(s, a) if p € F}) ,s'=s, F'= F € {s}. It is easy to verify
that A’ accepts L(A)~ from the construction. Note that the two sink states of A and A’ are
the same and A’ is also non-returning. Now after applying the subset construction to A’,
let Ap denote the resulting DFA from A’. The number of states in Ap is 2". Now there are
2™ states that contain d in Ap, which can be removed. Thus 2™ — 2™ states are left in
the resulting DFA. Now a state g in Ap such that s' € q and { s’} # q is not reachable

from { s’} because it is suffix-free language and is non-returning. Hence there are 2™ 2 +
1 states that contain s* in Ap except {s'} that are unreachable. Therefore 2™ *— ( 2™ - 1)
= 2™ 241 are sufficient for minimal DFA of L(A)".

2.3.5 Reversal of suffix-free regular languages

The calculation of reversal of suffix-free regular languages for NFA case is linear and

that for DFA case is exponential. If a regular language L is accepted by an m-state
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minimal DFA, then its reversal L" is accepted by an m-state NFA. By the well-known
subset argument, it can be conclude that the state complexity of L® is at most 2.
Theorem 2.25 If L is a suffix-free regular language recognized by an NFA with m states,
then NSC(LF) < m+1. The bound m+1 can be reached by suffix-free languages over a
three letter alphabet when m>4 [14].

Proof: Given an m-state NFA A, Non deterministic state complexity of a language in
general is m+1 [22]. For NFA construction for L®, the transition directions of A are
flipped, the start state is made as the final state and all final states are be made as the start
states of A. Now the result is an NFA with multiple start states. Now a new start state is
introduced and a A-transition is done from the new start state to the original start states.
Then, the A -transition removal technique is applied [24], which does not change the
number of states. Thus, m+1state are left with the NFA for L.

Theorem 2.26 Given an m-state suffix-free minimal DFA A over ¥, 2™ 2 + 1 [16] states
are necessary and sufficient in the worst-case for the minimal DFA of L(A)R, over three
letter alphabet.

Proof: Let A= (Q, Y., 8, F, s) be the minimal DFA, then AR = (Q, Y, 8%, F, s) be the FA
obtained by flipping all transition directions in A and m = |Q|. Since A is non-returning,
AR is non-exiting. Before the subset construction, remove all useless states from AR. Let
d be the sink state in A. Then, all states of F in AR do not have any out-transitions to d in
8%. m-1 states are left in AT after removing useless states. Then subset construction is
applied based on all subsets of states of a given FA, which results into 2™ subsets of

states from AR. Since AR has 2™ —1 states containing q in AR is unreachable from s’ in

A’ such that s € g and {s} # g and all unreachable states are removed such that the

minimal and sufficient state complexity for the suffix-free regular language L(A®) is 2™*
— (2™ 141) = 2™ %41,

2.3.6 Complement of suffix-free Languages

For the complement operation of an m-state suffix-free DFA, it is easy to verify that m

states are necessary and sufficient but in NFA [27] case exponentiation is done. 2™ states
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are required in transforming an m-state NFA to a DFA. The complementation of an m-
state DFA does not require additional states since it simply interchanges final states and
non-final states.

Theorem 2.27 Given a suffix-free regular language L having an NFA with m number of
states, NSC(L) < 2™ *+1 for [Y| = 2. There exists a suffix-free regular language L over a
three letter alphabet such that NSC(L) = m and NSC(~L) > 2™ -1 [14]. 0

Theorem 2.28 For an m state DFA for suffix-free regular language L, the minimal and
sufficient state complexity of suffix free regular language DSC(~L) is m [16]. O

2.3.7 Conclusion

Based on the structural property that a suffix-free minimal DFA must be non-returning,
the table contains the comparison of NFA and DFA state complexities for individual

operations.

Table 2.3: State complexity of individual operations for suffix-free regular languages

Operations Sufix-free DFAs Sufix-free NFAs
L. L, (m-1)2"% +1 m+n-1
L,UL, mn—(m+n)+2 m+n-1
LiNL, mn—-2(m+n)+6 mn—-2(m+n)+2

Ly 2™ +1 M
L~ 2™ +1 m+1
Ly m 2™+ 1
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Chapter 3

Problem Statement

This chapter includes the problem statement followed by the motivation behind the thesis
and state complexity of combined operations on suffix-free regular languages.

3.1 Problem Statement

State complexities of regular languages like prefix-free and suffix-free have been studied
by various researchers from decades. State complexities of prefix-free regular languages
over individual operations and combined operations have been studied. The state
complexities of suffix free regular languages over individual operations have also been
studied. This thesis covers the estimation state complexities of suffix-free regular

languages for combined operations.

3.2 Objectives and Methodology
State complexities of operations of various forms of regular languages are based on:
1. Exact state complexity of combined operations.
2. Estimation and approximation of state complexity of combined operations.
In this thesis, we discuss exact state complexity of combined operations on suffix-free
regular languages. For following operations state complexity are determined:
1. Combination of star and concatenation
Combination of star and union
Combination of star and intersection

2

3

4. Combination of complement and union

5. Combination of complement and intersection
6

Union of three languages
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3.3 Motivation

Since codes are sets of strings over an alphabet, they are closely related to languages. A
code is a language defining a class of codes of a corresponding subfamily of a language.
If a language L is prefix-free, then its reversal L® is suffix-free by definition. Yu et al.
[33] studied the operational state complexity of general regular languages and examined
the deterministic state complexity of combined operations [10] on regular languages. The
state complexities of combined operations are different from the compositions of the state
complexities of individual operations that form the combinations. The reason for this
difference is that the result of the first operation is not among the worst cases of the

second operation as shown in Fig 3.1

Language A Language B

First operation Second result

L

First result Second operation

L 4

Mav not be among the
worst cases of the
second operation

Fig 3.1: Reason for difference in state complexity [19]

Pighizzini and Shallit [12] investigated the deterministic state complexity of unary
operations on general languages language. Han et al. [15] studied the deterministic state
complexity of prefix-free regular languages and Han and Salomaa [16] looked into the
deterministic state complexity of suffix-free regular languages. Y. Han, K. Salomaa [19]
studied the deterministic state complexity of combined operations of prefix-free regular

languages, so it becomes obvious that state complexity of suffix-free regular languages
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for combined operations also need to be discussed. There are only a limited number of
individual operations on regular languages. However, the number of combined operations
on suffix-free regular languages is unlimited. Thus, it is important to obtain general
results that cover not only single combined operations, but also infinite classes of
combined operations. A good estimate of the state complexity of a combined operation

can be used in many applications.

3.4 State complexities of combined operations for suffix-free regular

languages

There seems to be no common method to compute the state complexities of combined
operations because each combined operation has its own special features. Although the
composition of individual state complexities would give an upper bound to the state
complexity of the combined operation. The upper bound is usually too large to be useful.
For example, for two regular languages L1 and L2 accepted by m-state and n-state
deterministic finite automata, respectively, the state complexity of (L(A)NL(B)) is
actually 2™-(2°™+22")+6, while the composition of the individual state complexities is
2" S0 it appears that the state complexity of each combined operation has to be
studied specifically.

Approximation of state complexity is helpful because if the exact state complexities have
not been obtained, then the approximations with low ratio bounds can be obtained rather
easily and they can be used for practical purposes in general. And if the exact state
complexities have been proved, the approximations of those results with low ratio bounds
can simplify the formulae of the complexities and make them easier to apply. Thus,
approximation of state complexity is clearly a useful and important concept in the study

of state complexity of combined operations.
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Chapter 4
State Complexity of Combined Operations

for Suffix-free Regular Languages

This chapter includes the analysis of state complexities of suffix-free regular languages
for combined operations.

4.1 State Complexity of L, L,

For estimating the state complexity of L, L, consider the following examples.

Example 1: DFA A = (Qg, >, 81, 0, {m — 1}) accepting suffix-free regular language L(A)
where Q; = {0, 1, ...,m — 1}, the transitions are given by :

1. 41 (i,a)=(i+1)modm,forie{Q:i—(m-1)}
2. 61(I,x)=1,forie Qs xe{b, c}

3. 61(0,x) =m—1 where x € {b, c}.

Fig 4.1: DFA for A
Example 2: DFA B = (Qq, >, 82, 0, n — 1) accepting suffix-free regular language L(B)

where Q, = {0, 1, ...,n— 1}, and transitions are given by

1. &,(i,a) =i, forie {Q,— 0}

2. 8o, b)=i+1 forieQyd,(0,b)=n—1
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3. 80,8 =1,3820,c)=n-1

4. 55, c)=i+1modn,forie{l,...,n—1}.

Fig 4.2: DFA for B
Lemma 4.1 For DFA A and B accepting the languages L(A) and L(B), when n=1, the
state complexity of L(A) L(B) in best caseis 1 for any m>1 [19]. O
DFA B has one state and it is initial and final both, therefore B is complete. Which means
that L(A) L(B)= @ or ¥ .Thus, L(A) L(B) is always accepted by a one-state DFA.
Next, consider the case in lemma 4.2 when DFA A has 2 states, one final state and one
initial state. In such a case, L(A) is also accepted by A, and hence the state complexity of
L(A) L(B) is equal to that of L(A)L(B).
Lemma 4.2 For any DFA A of size m = 2 and any DFA B of size n > 2, the state
complexity of L(A)L(B) is equal to 2n — 1 [19]. O
Theorem 4.1 Given two suffix-free regular languages L; and L, accepted by m > 2 and n
> 2 state DFAs, then DSC(L, Ly) is (2™ ?+1)n — k2"-1) for k = |F4).
Proof: Now L(M) = L(A)L(B) can be constructed by concatenating the final states of
DFA A with the initial state of DFA B as shown in the Fig 4.3. Q is a set of pairs such
that the first component of each pair is a state from 2! and the second component is a
subset of Q,. Let M = (Q, X, 8, s, F) be the minimal DFA accepting L(A) L(B) where, the

set of states Q=2 x 29\F; x 29%2} g = (s, {@}), F={(q, T) € Q| T N F, # @} and

3((g, T),a) =(q’, T") for a € >, where q'= 61(q, a) and T' = { (T, a) U {s:} if q' € Fy1,

otherwise T' = 6(T, a) }.
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Fig 4.3: Concatenation representation of two DFA A and B

Now Q does not have pairs in which first component is a final state of DFA accepting
L(A") or whose second component contain s,, Thus, the number of sufficient and minimal
states in M where k = |F4| is (2™ 2+1)n — k2"-1) by construction.

4.2 State Complexity of L, U L,
Given suffix-free regular languages L; and L, accepted by m-state and n-state DFAs A
and B respectively. The state complexity for the operation of L; U L, is computed using

the Cartesian product of the states of their accepting DFAs.

Theorem 4.2 The deterministic state complexity for the suffix-free regular languages L;
and L, accepted by the m state and n state DFA for the operation L} U Ly is (n+1)2™ %—
2" n+l,

Proof: DFA accepting the language L(M)= L(A) UL(B), can be constructed by applying

Cartesian product on the states of DFA constructed for accepting the language L(A)” and
L(B) as shown in fig 4.4. For two suffix-free minimal DFAs A= (Qi, X, 1, S1, F1) and

B=(Q2, =, 85, S2, F2), FAM = (2% x Q,, £, 8, (s1, s2), F) is constructed, where for all p €
29, and g € Q,, a €%, 81((p, q), a)=(5(p, @), d2(q, &) and F=(F1 x Q,) U (2% x F,). The
right language L, formed from minimal m state and n state DFA A and B, states (i, j)

and Lnjy = L, U Lj # O are such that, all states (m, i) and (j, n) for L<i<nand1<j<

2™ in (A U, B) are not necessarily equivalent. Thus, these states cannot be merged. On

the other hand, all states (1, i) and (j, 1), are useless because of the fact that suffix-free

languages are non-returning.

32



Nt &
sl @

Fig 4.4: DFA for L(A)"U L(B)
Therefore the resulting DFA can be minimized by removing the unreachable states,

which leads to (n+1)2™2- 2™*-n+1 minimal and sufficient state complexity in the worst-

case for the DFA of (L(A)" U L(B)).

4.3 State Complexity of L, N L,

Given suffix-free regular languages L; and L, accepted by m-state and n-state DFAs A
and B respectively. The state complexity for the operation of intersection of the
languages L(A)” and L(B) is computed using the Cartesian product of their states as
shown in Fig 4.5.

Theorem 4.3 The deterministic state complexity of m state and n state DFA accepting
suffix-free regular language for the operation L, N L, is (n(2™2—2) — 2™ + 6) minimal
and sufficient, where || > 3.

Proof: Now, let m be the no of states for the complete DFA A = (Qi, X, 81, S1, F1)
accepting the language L(A), and n be the complete DFA B = (Q>, X, 82, Sz, F2) accepting
the language L(B). Let M = (2% x Qu, %, &, (s1, s2), F) be constructed for L(M) =

(L(A) ' NL(B)) where for all p € 2%, and q € Q, and a € =, 8:((p, q), 3)=(81(p, @), 52(q, @))

and F = (F1x Q) N (2%, x F,).
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Fig 4.5: DFA for L(A)'N L(B)
Since the automaton M constructed is deterministic, we assign a unique number for each

state from 1 to 2™ and from 1 to n. A minimized DFA for L(A)” N L(B) is obtained by

merging all equivalent states and removing unreachable states from the start state. For a

state (i, j) in L(M), the right language L ;) of (i, j) is the intersection of L; in A and L; in
B. Since a suffix-free DFA A has the sink state L(m,i) = @, for 1<i < n, where 1 sink
state of DFA A is associated with n states of DFA B and one sink state of DFA B is
associated with 2™ states in DFA A. Therefore, all these states are equivalent and can be
merged together. Similarly, all states (j, n) for 1< j< 2™ are equivalent.

Next in order to find out all the unreachable states, consider all states (1, i) for 1< i <n
and (j, 1), for 1< j < 2™ states are useless resulting in the simplification calculation equal
to 2+(2™%-2)(n-3)+ (2™2-2)+(n-3).

After removing the useless and unreachable states from n2™, the optimized necessary and
sufficient worst-case state complexities for the minimal DFA of (L(A)" N L(B)), is
(n(2™?-2) — 2™+ 6), where 3| > 3.

4.4 State complexity of ~(L; U L)

For applying complement operation on some DFA accepting the suffix-free regular

language, final states and non final states are interchanged.
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Theorem 4.4 The deterministic state complexity of m state and n state DFA accepting

suffix-free regular language for the combined operation ~(L; U Lj) is sufficiently mn+1
but need not necessarily be minimum.

Proof: Let two suffix-free languages accepted by the m state minimal DFAs A = (Q1, X,
d1, S1, F1) and n state minimal DFA B = (Q2, Z, 82, S2, F2). Let DFA M = (~(Q1 % Q2), Z, 3,

(s1, S2), F) be constructed accepting the language ~ (L(A) U L(B)), where for all p € Q;

and g€ Qzand a € X, 81((p, 9), @) = (61(p, ), 62(q, a)) and the final state F= ~(Fy x Qz) U

~(Q1 x F7) with the worst case upper bound state complexity is equal to mn.

It is important to note that for doing complementation, final and non final states need to
be interchanged. Hence those states which are previously equivalent might not be
equivalent anymore and those states which are unreachable might be reachable otherwise.
So, the exact complexity cannot be determined for this operation but an upper bound of
mn+1 states can be achieved which might be sufficient but need not necessarily be

minimum.

4.5 State complexity of ~(L; N Ly)

For doing complement operation on intersection operation, Cartesian product is applied
on the DFAs accepting suffix-free languages as shown in Fig 4.6 and then final and non
final states are interchanged.

Theorem 4.5 The state complexity ~(L; N L) will be an upper bound of mn —2(m + n) +
6 which is sufficient but not minimal for the suffix-free regular languages accepted by an
m state and an n state DFAs.

Proof: Given for two suffix-free minimal DFAs A = (Qq, Z, 81, S1, F1) and B = (Qa, Z, 32,

S2, F2), let M = (~ (Q1 x Q2), %, 3, (51, S2), F) be constructed where for all p e Q; and g

Qz and a € X, 31((p, q), @) = (31(p, @), 32(q, @)) and F= ~(F1 x Qz) U~(Q1 x F2). Then,

L(M)=~(L(A) N L(B)) and for a state (i, j) in L(M), the right language L ;) of (i, j) is the

intersection of L in A and L; in B.
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Since a suffix-free DFA A has the sink state, L(d, i) = @, for 1< i < n, where 1 sink state
of DFA A is associated with n states of DFA B and one sink state of DFA B is associated
with m states in DFA A. Therefore, all these states can be merged. Similarly, all states (],
d), for 1 <j<m, of ~(L(A) N L(B)) are equivalent and, therefore, can be merged. Now
for suffix-free minimal DFAs A and B, all states (m, i) for 1 <i<nand all states (j, n) for
1 <j<mof~(L(A) N.L(B) are equivalent.

\ﬁ_'i“‘-. 1.5) (13) (14) oo (n1) (1n)
NN S NS N NS
r‘"'l\ ,f f N /’ ™~ ,.f_“\l I,f‘\l
NN \”/’ N RN
GO (YD) () e N Y

S N N/ /S N/
e () ) () m 1 ()
A ) K / \ J M NS
m;T‘ ,ff \ f \ f “‘ ---------------- "f_\ |'?:?—.-IJ|
L x_,» N

Fig 4.6: Cartesian product of m state and n state FA
Like in intersection operation all states in the first row and in the first column are
unreachable from (1, 1). Now (1, i) for 1< i <n, is not reachable from (1,1) in (ANB)
and, therefore, these states are useless. A similar result for the states (j, 1), for 1< j<m
can be established. Now for doing complementation, we need to interchange final and
non final states [4], but the number of states remain same because the final states are not
equivalent states, so the resulting state complexity of ~(L(A) N¢ L(B) will be an upper

bound of m — (m + n) + 2 which is sufficient but not minimal.

4.6 State complexity of (L; U L,)"

Given suffix-free regular languages L; and L, accepted by m-state and n-state DFAs A

and B respectively. For estimating the star of union, the exponentiation on Cartesian

36



product of states is done on the DFAs accepting their corresponding languages as shown
in Fig 4.7.

Theorem 4.6 The worst-case state complexity of the star-of-union of an m state and an n-
state, m,n > 3, prefix-free regular languages is precisely 2™ — (2™ + 2" + 2.

Proof: Given two DFA’s A= (Q1, %, 91, S1,F1) and B= (Qa, Z, 82, Sz, F2) accepting two
suffix-free regular languages L(A) and L(B). Let M=(2% %2 =, §,(s1, S2) , F) be

constructed for (L(A) U L(B))" where forallpe Q; and g Q. and a € X, 5:((p, q), a) =

(81(p, @) ,02(q, @)) and F=(F1 x Q) U (Qu % F2).

_ _ [\ . S 1 ,é
I N ¥ 7 = ,«"J . |
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---------- - i
s T VR T
| [ g _)1-
LA~ 1 Ly 1
(G0, B //ﬁ\-i j‘.{ﬁﬁf B 7
7 Y 2 \
N ? N L
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NS AL N NS R '-\:__;/'%
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Fig 4.7 Kleene star of union of two suffix-free languages

Lemma 4.3 Given two m > 2, n > 2 state minimal DFA, 2™ + 2" — 2 state are useless

when creating the resulting DFA of (A U B)",

Proof: For two DFAs A and B accepting suffix-free regular languages L(A) and L(B).
Some equivalent states are produced when kleene star on the subset construction is done.
Now these unreachable states need to be discovered and removed. Now, all set of states
that contain start state from DFA A and DFA B are those equivalent states 2™ + 2" — 2 that
needs to be removed from the resulting DFA for L(M)". We know that 2™ is the upper
bound for kleene star on subset construction when individual complexities of both the
operations on suffix-free reagular are considered. So, after removing these unreachable

states from the constituting complexity, 2™ — (2™ + 2" + 2 number of states are left.
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4.7 State complexity of (L; N Ly)

For calculating the state complexity of star of intersection operator the same order is
followed that have been followed to find out the state complexity of star of union
operator as shown in the fig 4.8.

ANB - M Y SR ™ a
N E/} C ’rﬂ/ { O
l\‘ : \?;T -l ': i
I/b\ﬂ"\ | b | T
N I“‘——{. —
T b

Fig 4.8 Kleene star of DFA M
Theorem 4.7 The worst-case state complexity of the star-of-intersection of an m state
and an n-state, m, n > 3, prefix-free regular languages is precisely 2™ — (2°™+ 2°") + 6.
Proof: Now given two DFA’s A= (Q, X, 81, S1, F1) and B=(Q2, X, &2, Sz, F2). First subset

construction is done which results into state complexity of mn no of states. Let

M=(2%"? ¥y 5 s, F), wherepe Q. and g€ Q, and a, b € X, deQ , k=|Q| 8((p, q), &) =

(Sl(pv a) N Sz(q’ a))’ 6((p’ q)! b) = (Sl(p! b) N 6Z(q! b)), and F= (Fl X QZ) m(Ql X FZ) and

for every string xe3 " §(s,x*)=d.

Now exponentiation is done to compute L(M) which results into 2™ no of states. But
since DFA is used for the construction of L(M) , so there are no equivalent states, but
unreachable states are generated which need to be removed. Consider all states that
contain start state except the start state itself. Since suffix-free language is non returning,
the no of states that contain s is 2°™ + 2%" — 6. And after removing these states the

resulting complexity remains 2™ — (22" + 22") + 6.

4.8 State complexity of (L;U L, U Lj)

Now the union of three suffix-free regular languages is investigated by applying
Cartesian product of states of DFA’s A, B and C accepting L(A) and L(B) and L(C).
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Theorem 4.6 The worst-case state complexity of the operation (L;U L, U L3) of an m
state, an n-state and p state, m, n, p > 3, prefix-free regular languages is precisely 2™ —
2™+ 2" + 2.

Proof: Given three suffix-free minimal DFAs A = (Qu, Y, 81, S1, F1) and B = (Qz, Y., 82,
s, F2), and C = (Qs, >, 93, S3, F3), L(M) = (L(A) U L(B) U L(C) is constructed where

DFA M = ((Q1 X Q2 X Qg), Z, 0, (51, Sy, 53), F), forallt e Ql, qe Q2 , e Q3 and a € z,

S((t, a, r), @) = (3(t, a), 8(q, a), &(r, a)) and F = (F1 x Q2% Q3) U (Q1 x F2% Q3) U (Q1 X
Q2% F3).

Now consider the right language of a state (i, j, k) in L(A U B U, C). For a state (i, j, k),
where i > 3, j> 3 and k > 3 the right language L(i, j, K) of (i, j, k) is the union of L; in A
and L in B and Lk in C. A unique number for each state from 1 to min A, from 1 to n in
B and from 1 to p in C is assigned, where |A] = m, |B| = n, |C| = p. Assume that the m",
n™ and p™ states are the sink states in A, B and C respectively. Now all states (1, j, k) and
(1,1, k)and (i, j, 1), for L<i<mand 1< j<n, 1< k < p are useless since L(A), L(B) and
L(C) are suffix-free and has no in transitions. Therefore, useless or unreachable states of
(A U B U; C) needs to determined and removed. Now (mnp) is the tight bound for the
union of (L(A), L(B), L(C)), and it is concluded that ((n-1) + (p-1)+ (m-1) are the useless
or unreachable states since there cannot be any in-transition to the starting state of suffix-
free regular languages from any intermediate state, so now (mno —(m(n—-1) +n(p - 1) +

p(m—1) + 1) state complexity for L(M) is left, which is minimum and sufficient.
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Chapter 5

Conclusions and Future Work

This thesis work describes the exact state complexities of the 8 combined operations

listed in Table 5.1. The state complexities of most of these combined operations are

smaller than the compositions of the state complexities of individual operations that form

the combinations.

5.1 Conclusions

The state complexity of an operation for regular languages is the number of states that are

necessary and sufficient for the minimal DFA that accepts the language obtained from the

operation. In this paper, some recent results of the study of state complexity are

summarized.

Table 5.1: State complexity of combined operations for suffix-free regular languages

Single State Combined State complexities
operation | complexities operations
LUL | mn—(m+n){ Lul, (n+1)2™2- 2™ n+1
LiNLl, | mn—2(m+n) L NL, (n(2™2-2)-2""+6)
L. L, (m-1)2™ +1 L, L, (2™*+1)n — k2"-1
~L m ~(Ly U Ly) mn+1
L 2™ +1 ~(L: N Ly) mn-(m-+n)+2
_ _ (Ll U LZ)* 2mn_(2m+2n)+2
- - (Ly N L) 2™ (2°M+2°")+6
- - (Liulpuls) | (mnp-(m(n-1)+n(p-1)+p(m-

1)+1)
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5.2 Future Research

Based on the structural property that a suffix-free minimal DFA must be non-returning,
we have combined the operations like Kleene star with union and intersection,
complementation with concatenation, intersection and union and union combined with
union. There are still many interesting combined operations that have not yet been
studied and can be studied in future. The compositions may not necessarily be restricted
to two operations.
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