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Abstract  

 

Facility location problem addresses the appropriate allocation of facilities 

in a given region. Facility location problem has become a challenge for public 

and private sectors. Since, both public and private agencies are committed to 

provide specified services to their respective customers/clients; within 

particular range of distance and time. Therefore an appropriate location of 

facility is matter of priority for all service providers indeed. 

 
Facilities may be of various kinds such as Static Facilities (e.g. Schools, 

Hospitals, Automobile workstations, College, & Fire Stations etc) and Mobile 

Facilities (e.g. PCR vans, & Ambulance etc). There are so many important 

parameters (such as distance, cost, time and demand); which are essential to 

consider during the allocation of a facility. 

 

In this thesis, we present an approach that is known as Anticipatory 

Bound Selection Procedure (ABSP). ABSP is utilized in collaboration of Jump 

Based Scheme (JBS) to provide an efficient way to solve the vertex k-center 

problem. This collaboration of these two methods has proven its significance 

by providing exciting results over the performance of other existing 

algorithms. It has reduced the number of iterations (which are required to 

allocate k-facilities) drastically. Consequently the time required to determine 

the appropriate locations for allocating facilities has reduced considerably. 

 

Moreover the presented framework provides an algorithm for obnoxious 

facility location problem (OFLP). The obnoxious material management is 
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really a considerable issue, since it has adverse effects on environment as 

well as the health of human being. This simplified method shown wonderful 

results during the simulation. Further as the results suggest that there is a 

slight increase in execution time with the increased number of nodes.  

 

Finally this thesis presents an improved approach for the incremental 

variant of mobile facility location problem. It undertakes the study of 

increased demand with the passage of time and its impact on existing 

facilities as well as requirement of new facilities. Presented approach 

provides an efficient method to solve all the related issues of mobile facility 

location problem in a dynamic environment.  
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Chapter 1 

 

Introduction 

 

Facility location is a decisive type of problem having an extensive range of 

sub problems that have been studied within various fields such as Operation 

Research, Computational Complexity and Graph Theory. This area of 

research has a long history and persistent activity accompanied by well off 

literature. The motive is to achieve the best location of facilities in a network 

in realistic situations. 

 

1.1 Facility Location Problem 
 

From the ancient days, when human was used to live in caves, it was the 

primary objective to find out a secure and effective location. Hence, the 

locations, which were capable to provide protection, were selected for 

residential purposes. In ancient days, the population was scattered in small 

troops (i.e. villages and small towns), and earning sources were very limited. 

Initially, they were doing jobs as per their skills such as Carpenter, Mason, 

Blacksmith, Goldsmith, Vaidya and other professions in local areas to survive. 

Even though, they were lacking in basic amenities such as medical, transport 

etc. In present era, the society developed in various fields, such as agriculture, 

education, infrastructure, roads, transport, manufacturing, retails, medical, 

sanitation, communication, and technology, etc, which have directly affected 

the human life. Moreover, government has started to pay attention towards 



Chapter 1. Introduction 
 
 

 2

the basic amenities of human being. Obviously, it is responsibility of state 

government to provide basic facilities to their citizens. In fact, the private 

sector is also contributing to the society in many ways and exploring business 

opportunities in a wide region. In other words, it has increased the 

competitiveness in both public as well as private sectors.  

 

So, it is a challenge for both government welfare agencies and private 

companies to determine appropriate locations to build up schools, hospitals, 

fire stations, communication towers, airports, military ammunition depot, bus 

terminals, warehouses, agriculture service centers, workstations and many 

more. “How to facilitate a huge population scattered in a wide region with 

limited number of resources?” this is the very first question that comes in 

mind. Alternatively, it is required to find out such locations in given region, 

which can facilitate the surrounding population within minimum distance 

and access time.  

 

The planning by small entrepreneur to big industrial houses, a fashion 

designer shop to a manufacturing unit, a five star hotel or any other 

entrepreneur , and  government agencies start with the  questions like; Where 

a garrison should be build?, Where should an automobile company locate its 

workstations? Which machines in a network should be designated as routers? 

And other related queries. These questions have intrigued society since the 

invention of franchises and other such business with distributed production 

or supply centers. According to M. S Daskin [1], it always remains crucial for 

both the public and private sectors to take a decision about an appropriate 

location. For example, any government needed to find out locations for buses, 

fire stations and ambulances. In such special cases of emergency services, 

poor decisions about locations may cause loss of property and life both. This 

is the basic requirement of private sector to locate company offices, 

manufacturing units, raw material collection as well as distribution centers, 
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and sale points at prime locations. A wrong decision about location in this 

competitive era may lead to higher costs and subsequently reduced 

competitiveness. Therefore the facility location decision plays a very 

significant role in success and failure of any sector. 

 

Additionally, there are so many factors which make the facility location 

decisions much complicated. The increased population over a time will 

proportionally increase the demand. Consequently, it will generate the 

requirement for more facility centers to accommodate the increased demand 

in future. Since a large investment is involved in opening of a new facility, 

therefore, it is important to locate the site so that no changes are needed for 

years to come. There may be some complexity and conflicting factors 

associated with the site. Therefore, it is also important to resolve such factors 

prior to the allocation of any facility centre. Otherwise, it may ruin all 

associated benefits with the site. Such decisions are called as Strategic 

Decisions. These vital decisions have long term implications. It is not very 

easy to answer a location problem. A few reasons are given as under: 

(i) Uncertainty in future. 

(ii) Complexity and conflicting factors associated with the site selection 

problem. 

(iii) Constraints and limitations of resources for the production on the site. 

(iv) Above all, the distance of access point to client sites, etc.  

 

Let us consider an example of two sites for the location of a new 

manufacturing unit. Suppose site X is nearer to market but far from the raw 

material source. While, site Y is nearer to raw material source but far from the 

market. Site X is a rural location with cheap availability of labor. While site Y 

is an urban location with better availability of power. Similarly, we can list 

many factors for each site, some of them may be better for site X while others 

are much suitable at site Y. Which site to select? When site selection decision 
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is needed, many options are available with relative strengths and weaknesses. 

A careful consideration is needed on an integrated framework before final site 

is selected.  

 

Typically, these centers or facilities can be placed at strategic locations for 

a fixed opening cost and each location can be approached by a customer or 

client for a fixed connection cost. Here, we use the term “Facility” in broader 

sense. That is, it covers all such  points which are provided to facilitate end 

user such as bus stands , hospitals, electronic switching centers, warehouses, 

industry, sale points, schools, emergency warning sirens, ATM’s, banks, rain 

gauges and fire brigade stations etc.,  

 

The problem underlying these questions, known as the Facility Location 

Problem, addresses concerns about how many facilities are needed and 

where they should be placed in order to minimize the cost of serving for a 

given set of customer demands. 

 

To know more about the concept of “Facility Centre” and “Demand Nodes” 

(clients), let us suppose state government wants to place a very limited 

number of health care centers in a given region to provide the health services 

to the inhabitant of that region. Suppose A, B, C, D, E, F, G, H, I, J are the 

connected nodes or places having some weighted distance as shown in Figure 

1.1. Now, we have to identify a few nodes among the given nodes as 

candidate sites for health care centers which are competent to provide 

services to all connected nodes in minimum access time. Keeping in view that, 

the poor locations can cost lives.  

 

It suggests that we would like to locate the health care centre, so that the 

response time can be minimized. The locations which are selected for health 
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centre are known as “Facilities” while the other connected nodes are known 

as “Clients” or demand nodes as shown Figure 1.2.   

 

 

Systematic approaches to the facility location problem have been studied 

in the operations research literature since last four decades. The model design 

situations such as deciding placement of basic amenities factories, warehouses, 

fire stations, schools and hospitals have been explained widely. (For more 

details readers may refer to [2, 3 and 4]. 

 

Location problem can have following characteristics: 

� It is recommended to provide the information about the cost of structure 

or opening a facility at any particular location. As well as Information 

about all locations where facilities may be open must be provided. 
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Figure 1.1: Network of Connected Nodes 
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� It is required to provide the information about a set of demand nodes 

connected to a facility to avail services. It is also important to know about 

the demand of each connected demand node as well as the costs / profits 

incurred, if it would be served by a particular facility. 

� It is also required that the open facility must fulfill all the requirements of 

the connected demand nodes. 

� A function that associates to each set of facilities, the cost / profit incurred 

if one would open all the facilities in the set and would assign the demand 

points to them such that most of the requirements are satisfied.  

 

The objective of problem is to find the set of facilities to be opened in order 

to optimize the given function. There are different types of facility location 

problems corresponding to the features of the four elements mentioned above. 

Some basic classes of facility location problems are listed below: 

 

If the set of demand points and facility locations are finite, one speaks 

about a discrete facility location problem, otherwise turn to a continuous 

facility location problem. If all the data are accurate, models are referred to as 

deterministic. If some parameter values are given by probability distributions, 

the model is considered to be stochastic, If parameter values are uncertain, 

the model is known as robust and such problems are known as NP-hard. We 

can further classify a model as capacitated as opposed to un-capacitated 

where the former term refers to upper bounds on the number of clients, a 

facility can serve. Broadly the facilities can be divided into two categories i.e. 

static and dynamic (mobile) facilities. The static facilities are those which are 

fixed and can’t be moved such as hospitals, schools, airports, bus terminals 

and warehouses. Alternatively facilities those are not fixed in nature are 

called dynamic (as opposed to static). Such models may be used in decision 

problems, where not only the location of facilities, but also “the moment in 

time” is important to establish them.  
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1.2 K-Centre Problem 
 

Facility location problems proposed in operations research provide 

mathematical formulations of the common optimization aspects of these 

problems. The underlying problem i.e. k-centre problem and this is the sub-

model of discrete location model [5].  

 

The main objective of k-centre problem is to identify k locations among the 

given sites to locate facilities and minimize the maximum distance between 

demand node and its nearest facility. Here, k is a non negative integer variable 

representing number of facilities. There are two types of k-centre problem, 

namely “absolute k-centre problem” and “vertex k-centre problem” [1]. In 

case of absolute k-centre problem, facility can be located anywhere even on the 

edges of given network. Whereas, vertex k-centre problem, implies a condition 

that the facilities can be located only on vertices. This study focuses on Vertex 

k-centre problem which is part and parcel of the facility location problem. 

It can be solved using set covering models but the k-centre problem reveals 

the internal complication of facility location problem i.e. to minimize the 

largest distance of node to its nearest centre.  

 

1.3 Motivation 
 

We have already heard about globalization and automation that is caused 

by technological revolution. Consequently, industrial and financial expansion 

will also be required. The beneficiaries of this industrial expansion should be 

the most needed areas with fewer endeavors. Further, the frequent changes in 

market trends suggest that it is essential to think over the increasing demand 

and population before locating a facility.  

 

The modernization of society persists to provide prompt services to both 

public as well as private sector. Public sector promises to provide various 
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kinds of services such as health, education, transportation, communication, 

disaster management, law & order, and many more. If such facility centers are 

not under the reach of a common man when needed most, then what’s the use 

of these facilities?  

 

Therefore, this is a challenge to identify appropriate locations in a wide 

area, where such facilities can be located with a firm objective to reduce the 

access time and traveling distance of clients or demand nodes. In operation 

research, various methods have been discussed to supply chain and logistics.  

Since last few decades, a great attention has been given to facility location 

problem as research area under computer science. Various researchers have 

developed different methods to solve the underlying problem as a 

contribution to the society. A firm intention to solve a realistic problem as 

contribution to the society was the driving force to motivate our research in 

this area. 

  

1.4 Contribution of the Thesis 

 
In this thesis, we have developed an algorithm to solve the facility location 

problem; more specifically this algorithm provides improved results for the 

vertex k-center problem. This algorithm provides comparatively better results 

than all existing methods. This algorithm introduces new methods for solving 

k-centre problem i.e. Anticipatory Bound Selection Procedure (ABSP) and 

Jump Based Scheme (JBS). Anticipatory Bound Selection Procedure helped 

to find out the initial threshold distance to check a feasible solution. While, 

previously it was done through Bisection method. Bisection method assumes 

zero as the initial lower bound (initial distance) to calculate the first threshold 

distance, it also generates such distance values that do not exist in the 

distance matrix. While the ABSP selects such distance values from the 

distance matrix, so that the candidate to be at initial threshold distance but 
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not at zero. Jump Based Scheme is advantageous in reducing the total number 

of iterations to determine an optimal solution for the problem. A simplified 

approach for Obnoxious Facility Location Problem (OFLP) is also 

incorporated as a part of study.  

 

A simulator is developed in C++ to execute the presented algorithm. 

Recently developed algorithms are also executed on the same simulator and 

the results obtained from comparative analysis reveal that the presented work 

provides better results. The major achievement of presented algorithm is that 

it has reduced the large number of iteration required to find the optimal 

solution (approximately fifty percent faster than other methods).  

 
In continuation of the presented work, we have also developed an 

algorithm for the incremental variant of the mobile facility location problem. 

Basically, this part of thesis addresses to the incremental type of mobile 

facility only. In other words, this algorithm is designed for the mobile 

facilities such as ambulance vans, patrol vans and fire brigade etc. Presented 

algorithm provides a method to facilitate a newly arrived demand node or 

increased demand after nth period. 

 

Both the algorithms presented in this thesis are very helpful for both the 

public as well as private sector in allocating the facilities in a given area under 

the specified constraints.  

 
 

1.5 An Overview of the Thesis 
 

This thesis provides an improved approach to solve the facility location 

problem by introducing Anticipatory Bound Selection Procedure and Jump 

Based Scheme. This thesis has been organized as follow: 
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Chapter 2 presents literature review. This chapter provides an insight to 

the origin of facility location problem and highlights substantial contribution 

of various researchers that promise to solve the problem in different aspects. 

It also presents the different types of facility location problem along with their 

available solutions and their drawbacks. 

   

Chapter 3 presents different facility location models. This chapter provides 

an introduction to facility location models and their relevant techniques.  

 

Chapter 4 presents an efficient algorithm that provides an optimal solution 

for vertex k-centre problem. Anticipatory Bound Selection Procedure is 

deployed to find the initial threshold distance (or radius) and eradicating the 

gap between minimum distance (lower bound) and maximum distance 

(upper bound). The Jump Based Scheme is applied to find the optimal 

coverage distance. The astonishing aspect of this algorithm is to provide 

optimal solution with fewer endeavors. This chapter provides a 

comprehensive description of methods used to implement the presented 

algorithm. On the basis of results obtained, a systematic analysis is also 

performed to show the effectiveness of methods implemented. It also 

provides an introduction to Obnoxious Facility Location Problem (OFLP) 

and a simplified approach to solve the OFLP for 1-centre problem. 

 
Chapter 5 introduces a new approach to deal with mobile facility location 

problems in a dynamic environment. This study presents an algorithm to 

solve the k-centre problem for mobile facility location problem. The significant 

aspect of our algorithm is that it undertakes both possibilities of facility 

location such as immediate assignment of facility and allocation of facilities to 

inward demand after nth period. 
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Finally, in Chapter 6 we draw some general conclusions and present 

suggestions for future research.  

 

 

 



12 

 

 

 

 

Chapter 2 

 

Literature Review  

 

Location problems have been extensively studied in both computer science 

and operations research literature due to their vast applicability in real world 

scenarios. Necessity of emergency services such as fire station and ambulance 

vans has increased the importance of facility location problems in location 

theory. All emergency services are the notion of coverage, a concept that is 

central to several classes of facility location models. It implies whether a 

demand location is within a pre specified radius (that can be measured by 

distance, travel time, cost and other parameters) of its assigned facility.   

 

2.1 Background 
 

The classical facility location problems are known as k-centre and k-

median problems, where k is positive integer (indicates the number of 

facilities). Originally, J J Sylvester [6] has endowed with the graceful and 

concise geometrical interpretation of underlying problem as: find the smallest 

circle that encloses a given set of n points. The centre of this circle is precisely 

the location of X. Under literature this problem is known with various names 

such as Euclidean 1-Centre problem. Similarly, Weber has paid attention 

towards 1-median problem which is known as Weber’s problem [7]. Basically, 

the aim of 1-median problem is to find the best location of a single facility in 

plane and to reduce the average distance of all the demand nodes to the 
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facility; this is the case of single facility. If we have to locate more than one 

facilities i.e. (k>1), then it is called as k-median problem. In the k-centre 

problem, the objective is to find a set F' (where F'⊆ F, so as to optimize 

certain objective function) of k facilities, so that the maximum distance 

between a demand point and its nearest facility (in F') is minimized.  

 

Besides the k-centre and k-median problem, there are so many 

application-specific facility location problems are discussed in the literature 

depending on the nature of objective functions. Such as obnoxious facility 

location problems [8, 9, 10, 11] having the objective function to find a set of 

undesirable facility location that maximizes the distance between a demand 

node and facility centre. 

 

Cooper [12] reconsidered the Weber problem with the aim to find a single 

facility location in order to minimize the distance to customers. He assumed 

that the location of demand points may be random and bi-variant normal 

distribution for these locations. Finally, Cooper proved that the objective 

function is convex with respect to the location chosen and provided an 

iterative algorithm that solved the first order conditions.  

 

Similarly, Hakimi [13, 14] has established a new property for facility 

location problem that is known as Hakimi property. It states that there exists 

an optimal solution to a network location problem in which the facilities are 

located on the nodes of the network not along the edges. Even though, this 

property holds only for the minisum problems such as P-Median Problem 

(PMP) and Uncapacitated Fixed-Charge Location Problem (UFCLP). On the 

other hand, Mirchandani and Odoni [15] have proved that Hakimi property 

holds for PMP on a network with shortest path travel costs in which the cost 

of a path may be any concave, non decreasing function of its length. Later on, 

Mirchandani [16] has analyzed the Hakimi property to determine whether it 
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applies for the stochastic versions of PMP and UFCLP under different 

assumptions.  

Likewise Sheppard [17] has proposed a scenario approach to facility 

location. Sheppard has focused on to minimize the expected location cost, 

even though he had not considered the length issues. Thereafter, Mirchandani 

and Oudjit [18] have presented a rigorous attempt to choose facility locations 

to minimize the expected cost under scenario based approach.  Under this 

study, they have considered 2-median problem on a tree with stochastic edge 

lengths described by discrete scenarios. 

 

J. Hershberger [19, 20, 21] has presented a new algorithm to minimize the 

sum of diameters efficiently. He has divided the given set of demand points 

in two subsets in order to minimize the sum and maximum length of their 

distances respectively. Capacitated facility location problem is important 

variant of facility location problem, where all demand nodes are divided into 

subsets known as clusters and each cluster is served by the same facility. They 

supposed n as number of demand points and k as the number of clusters 

(facilities) respectively, then the size of each cluster may be at most a constant 

c ≥  kn / . Most of these facility location problems are NP-Hard, if number of 

facilities (say k) are considered as a part of the input [21].  

 

In the basic k-centre problem, the set of demand points D is discrete in Rd 

and the set of facility locations F is the entire Rd plane and the distance 

function is the Euclidean L2 or L∞  metric. This is known to be NP-Complete if 

d ≥ 2 [21]. For small values of k, parametric search technique is a useful tool 

for solving this problem efficiently. In its decision version, a given radius r, 

the problem is to determine whether D can be covered by the union of k balls 

of radius r in the discrete k-centre problem, F is  required to be a subset of 

demand points D. Hwang et al. [29] proposed an no ( k ) time algorithm in R2 . 

A contemporary publication by the same set of authors [30] proposed another 
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algorithm for the discrete version of k-centre problem in R2 with the same 

running time. Therefore it makes sense to search for efficient approximation 

algorithms and heuristics for the general version [23, 24] and for the basic k-

centre problem in two or higher dimensions considering k as small and fixed 

constant [19, 20, 26, 31, 32, 33, 34, 35, 36 ] 

 

J. Elzinga et al. [37] has proposed first algorithmic solution on the 

Euclidean 1-centre problem and developed an O(n2) time algorithm. 

Thereafter, Shamos and Hoey, Preparata and Shamos [38, 39, 40] have focused 

on this solution and proposed a new algorithmic solution with improved time 

complexity of the problem to O(n log n). Finally, Megiddo [41, 42] has 

considered the same problem in a situation where the centre of the smallest 

enclosing circle must lie on a given straight line and applied the prune and 

search technique to solve the problem.  Consequently, an optimal O(n) time 

algorithm is provided to solve the problem. 

 

So far, much has been done on the unconstrained versions of classical 1-

centre problem whereas little has been done in constrained cases of classical 

1-centre problem. Then F. Hurtado et al. [43] studied the problem and 

provided an O(n+m) time algorithm for finding minimum enclosing circle 

whose centre is constrained to satisfy m linear constraints with the help of 

linear programming problem. 

 

In case of the 2-centre problem for the point set P, the objective is to cover 

P by two closed disks whose radius is as small as possible. To solve the planar 

2-centre problem Sharir [36] has proposed a near-linear time algorithm which 

actually runs in O(n log9 n) time. Chan [32] has proposed a couple of 

algorithms to solve to solve the problem efficiently. First algorithm of Chan is 

deterministic and runs in O(n log2 n (log log n)2) time, while the second one 

randomized algorithm that runs in O(n log2 n) time with high probability. The 
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variant of this problem is the discrete 2-centre problem, where the objective is 

to find two closed disks whose union covers the point set P and whose centers 

are a pair of points in P. Agarwal et al. [44] have proposed an algorithmic 

solution for the discrete 2-centre problem, which runs in O(n4/3 log5 n) time. 

Kim et al. [45] considered the two-centre problem where the demand points 

are vertices of a convex polygon. They proposed efficient algorithms for both 

the standard as well as discrete 2-centre problem. These algorithms run on 

O(n log3 n log log n) and O(n log2 n) time respectively. Ben-Moshe et al. [46] 

have proposed an improved approach on the upper bound of the 

continuous/discrete weighted k-centre problem for a tree. Their study 

presents linear-time algorithm for the weighted 2-centre problem. 

 

There are various possible variations of the basic facility location model. In 

case, where it allowed to allocate the facility anywhere in the network, the 

problem is referred to as absolute centre problem. Second one is where facility 

locations are restricted to the nodes of the network then it is known as vertex 

centre problem. These types of facility location problem can be either 

weighted or un-weighted.  In the weighted version, a special consideration is 

given to the distance associated with a demand node and facility while in un-

weighted, it is assumed equal for all.  

 

In a study Daskin [1] concluded that for a fixed value of k, the vertex k-

centre problem can be solved in polynomial time. This can be done by 

evaluating each of the O( Nk ) possible combinations of k facilities locations. 

Evaluating each of these can be done in polynomial time, though it may take 

considerable amount of CPU time. Kariv and Hakimi [47] have applied an 

algorithmic approach to network location problems and shown that for 

variable values of k, the k-centre problem is NP-hard. 
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Various authors have used an auxiliary problem to solve the k-centre 

problem such as Set Covering Problem (SCP). Set covering problem referred 

to find the minimum number of facility locations that can provide specified 

services to their connected demand points within a specified maximum 

response time and minimum traveling distance. There are various techniques 

to solve this problem such as linear programming relaxation with occasional 

branch and bound applications.  

 

In order to solve the set covering problem, first of all Minieka [48] has 

suggested a rudimentary algorithm that relies on solving a finite sequence of 

Set Covering Problems. Minieka has implemented his idea by choosing an 

initial distance value (threshold distance ) as radius and checked it whether 

all demand points are covered within this radius using no more than k 

facilities. The set covering model fails to distinguish between large demand 

nodes and small demand nodes, all nodes simply have to be covered within 

the coverage distance. Usually, the number of facilities required to cover all 

demands within the specified distance is excessively large. In such case, we 

can relax the requirement that all demands be covered within the coverage 

distance and locate a fixed number (k) of facilities to maximize the number of 

demands that are covered within the coverage distance. This is the maximal 

covering problem [49, 50, and 51]. Alternatively, we can relax the coverage 

distance and locate k facilities to minimize the endogenously determined 

coverage distance. This is the k-centre problem [13, 48, 52, and 53]. Basic idea 

is to find out the smallest radius that can provide an optimal solution of the 

considered auxiliary problem and a feasible solution to the k-centre problem.  

 

Several authors [1, 65, and 66] have outlined that how the absolute k-

centre problem can be solved by considering only a subset of the nodes and 

local centers on the links.  They stated that the objective function value for the 

optimal solution to the absolute k-centre problem must be defined by a 
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facility that is equidistant between at least two nodes. A set of nodes can be 

augmented in a network with O(n4) additional points that are equidistant 

between each of the O(n2) pairs of nodes and that go each of the O(n2) links, 

where n is the number of nodes. On the basis of this principle they 

transformed an absolute k-centre problem into an equivalent vertex k-centre 

problem and found that in either case, the optimal solution can be determined 

by performing a binary search over the coverage distance. For each coverage 

distance, a set covering problem is solved. If the number of required facilities 

is less than or equal to k, the trial coverage distance becomes the new upper 

bound on the objective function value. Otherwise, the trial coverage distance 

becomes the new lower bound on the objective function value.  

 

Z. Drezner [54] presented two heuristics and an optimal algorithm that 

solves problem for a given p in polynomial time n. Drezner assumes that there 

are two equivalent approaches for formulating and solving the p-centre 

problem. The first one is where the location of p new facilities that minimize 

the maximal weighted distance between each demand node and its closet new 

facility. While, in second approach there are two phases, phase 1: firstly the 

set of demand points is partitioned in p disjoint subsets and second phase: to 

find the best location of new facility for each subset is found. Through this 

study Drezner has proposed an optimal algorithm which provides two way 

solutions that either it provides a better solution or there is no better solution.  

 

Similarly, Dyer et al. [55] presented a simple heuristic for determining the 

p-centre of a finite set of weighted points in an arbitrary metric space. This 

algorithm runs in O(np) time for an n-point set. They have shown that the 

ratio of objective function value of the heuristic solution to that of the 

optimum is bounded by min(3, 1+α ) where α  is the maximum weight 

divided by the minimum weight of points in the set.  
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Hochbaum and Shmoys [23] have presented a 2-approximation algorithm 

for k-center problem with triangle inequality. Using linear programming 

theory, they have provided an interesting insight to problem and enable us to 

derive in O(|E|log|E|) time a solution with value no more than twice the k-

center problem. 

 

Thereafter, J. Plesnik [24] has generalized the results of Hockbaum and 

Shmoys, a polynomial algorithm with a worst case error ratio of 2 described 

for the p-center problem in connected graphs with edge lengths and vertex 

weights. A slight modification of this algorithm provides ratio 2 also for the 

absolute p-center problem. Both these heuristics are the best possible in the 

sense that any smaller ratio would imply P=NP. Plesnik has set the objective 

to minimize the weighted eccentricity and provided a polynomial heuristic 

having ratio 2 also for the p-center problem. In the subsequent publication 

Plesnik has proved that the ratio can be arbitrarily large in case of multi-

centers. J. Plesnik [25] continued his interest and efforts with k-center problem. 

He has given two faster heuristics for the absolute p-center problem in graphs. 

 

Glozman et al. in [26] studied the problem of covering a set of points by a 

given number of shapes of some specific kind. For the fixed value of k most of 

the problems can be solved in polynomial time but some of them still remain 

intractable [27, 28].  

 

There are various applications of covering problem in both public as well 

as private sectors such as emergency facilities, distribution centers, placement 

of warehouses etc. [56, 57, 58, 59, 60, 61, 62, and 63]. ReVelle and Hogan [64] 

defined the α -reliable P-center problem and the maximum reliability 

location problem for the vehicle placement.  The α -reliable P-center problem 

finds the smallest coverage distance such that all demands are covered with 

probability α  by an available vehicle.  The maximum reliability location 
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problem is to find the locations of P facilities such that the reliability α  is 

maximized.  This can be solved by fixing a feasible value of α  and then 

solving the problem. 

 

Wang and Cheng [72] presented a study on NP-hard k-center problem. 

They chosen k vertices as service centers in such a way that the maximum 

weighted service delivery distance to any vertex is minimized and a special 

consideration is given to the vertex weight. They implemented a greedy 

strategy to choose the vertex with maximum vertex weight as the next service 

vertex.  They proved that the proposed algorithm generates results that are 

guaranteed to be no greater than twice the optimal solution values. They 

made the comparison of time complexity of greedy strategy on uniprocessor 

and multiprocessor systems. They found that the time complexity on 

uniprocessor is O(n3) and multiprocessor system is O(n log2 n), where n is the 

total number of vertices. They show inspite of having unlimited parallelism 

the algorithm has higher than poly logarithmic time complexity. Thereafter, 

Chen and Handler [73] produced some significant results on the conditional 

p-center problem in the plane. They developed an algorithm for the 

conditional p-center problem namely, the optimal location of one or more 

additional facilities in a region with given demand points and one or more 

preexisting facilities. The solution dealt with this involves the minimax 

criterion and Euclidean distances in two dimensional spaces. They have 

generalized the present conditional case of a relaxation method previously 

developed for the unconditional p-center problems. Interestingly, its worst 

case complexity is identical to that of the unconditional version and in 

practice, the conditional algorithm is more efficient. 

 

Hochbaum and Pathria [74] have provided a new study with a generalized 

version of the p-center problem. The p servers to be selected are partitioned 

into k sets and the number of servers selected from each set must be within a 
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specified range. They refer to these problems as the ‘Set’ p-center problems. 

They established that the triangle inequality versions of these problems in 

which the edge weights are assumed to satisfy the triangle inequality are also 

NP-complete. They also provided a polynomial time approximation 

algorithm for the two triangle inequality Set p-center problems that is optimal 

for one of the problems in the sense that no algorithm with polynomial 

running time can provide a better constant factor performance guarantee 

unless P=NP. 

Similarly S. Chaudhuri et al. [75] has discussed the k-center problem with 

triangle inequality where placing k-center nodes in a weighted undirected 

graph in which edge weights obey the triangle inequality so that the 

maximum distance of any node to its nearest center is minimized. In this 

study they consider three different versions of this reliable k-center problem 

depending on which of the nodes can serve as centers and non centers and 

derive best possible approximation algorithms for all three versions.  

 

Shmoys et al. [76] presented an approximation algorithm for the several 

facility location problems. They considered the case where the distance 

between locations are non negative, symmetric and satisfy the triangle 

inequality. For the un-capacitated facility location, they provided a 

polynomial time algorithm that finds solution of cost within a factor or 3.16 of 

the optimal. The results provided are based on filtering and rounding 

technique of Lin and Vitter [91]. 

 

Based on Minieka’s idea, Daskin [1] has solved the vertex p-center 

problem using set covering model for locating centers and bisection method 

to find the optimal coverage distance. Although, this algorithm produced 

wonderful results but the algorithm consumed considerable amount of CPU 

time. Further the algorithm could resolve the problem in polynomial time 

only for the fixed values of P.  Though, vertex p-center problem is NP hard for 
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the variable values of P. Daskin [67] have introduced a new approach to solve 

the vertex p-center problem to optimality. Now he has made a few 

modifications in his previous algorithm like replacement of the set covering 

model (or set covering problem SCP) with maximal covering model and 

applied Lagrangian relaxation to solve problem optimally. Daskin has shown 

how performing a binary search over the maximum distance can solve the 

problem. For each maximum distance, it solves a maximal covering problem.  

Similarly Elloumi et al. [68] has applied greedy heuristic and the IP 

formulation of the sub problem of Minieka’s to solve the same problem.   

On the other hand, Kamal Jain et al. [77] has presented a simple and 

natural greedy algorithm for the metric un-capacitated facility location 

problem with an approximation guarantee of 1.61.   

 

Inspired by an algorithm due to Minieka, Ilhan and Pinar [69] have 

developed a simple and yet very efficient exact algorithm for the problem of 

locating p facilities and assigning clients to them in order to minimize the 

maximum distance between a client and the facility assigned. After a lower 

bounding phase, the algorithm iteratively sets a maximum distance value 

within which it tries to assign all clients and thus solves integer feasibility 

sub-problems. They have reported very good computational results on a set 

of 84 test problems derived from OR-Lib and TSP-Lib problem instances with 

up to 900 vertices solved to optimality for the first time. 

 

Al-Khedhairi [70, 71] had put forward several improvements to the well-

known Daskin’s and Ilhan’s algorithms. The intention behind these 

modifications is to reduce the number of iterations needed to find the optimal 

solution as well as to shrink the gap between lower and upper bounds to 

solve the vertex p-center problem. The modified algorithm has shown slightly 

better results. 
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D. Chen and Reuven Chen [90] have introduced a new relaxed based 

optimal algorithm for the p-center problem in which they added some new 

variants. This algorithm works somewhat differently than the traditional 

iterative algorithms.  

 

Facility location problem is one of the typical problems as discussed above 

and various authors have contributed to solve the problem efficiently in both 

computer science and operations research fields. In the dynamic 

environmental where some basic factors changes such as population shifts, 

market trends evolve and the evolution of new planning challenges justifies 

the dynamic facility location for relocating, expanding and adapting facilities. 

However, with the passage of time and occurrence of new development in the 

concept of facility location problems, Static Facility Location (SFL) models 

are not necessarily operable and practical.  Therefore, keeping in view the 

long term behavior of facility location problems, models must consider some 

aspects of future uncertainty in order to be applicable and ready to implement.   

 

In fact, not only the main parameters and criteria in each problem are 

prone to change during the time planning horizon but also a considerable 

amount of investment and capital is required for developing and obtaining a 

new facility so that facility decisions are particularly costly and time sensitive. 

Consequently, it is expected to perform as beneficial as possible in a long term 

planning horizon. Therefore, in order to cope with fluctuations, Dynamic 

Facility Location (DFL) problems seem to be quite indispensable in which 

cost and time are two main criteria affecting the concerned models at most.  

 

Different authors have paid attention towards the dynamic facility 

location models and proposed various algorithms to solve the problem. D. 

Fotakis [79] has presented a study on incremental algorithm for facility 

location problem and k-median. This algorithm guarantees constant 
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performance ratio using O(k) medians. The novel merger rule is applied on 

this algorithm. Similarly T. Gonzalez [80] has given attention towards 

incremental versions of facility location problems and provided a 2-

competitive algorithm. Lin et al. [81] have given competitive algorithms for 

incremental k-vertex, k-set cover, k-median, k-spanning tree by applying a 

general framework for cardinality constrained problem to study all these 

problems. Mettu and Plaxton [82] also contributed to incremental un-

capacitated k-median approach and provided a 29.86 competitive algorithm.  

 

Plaxton [83] provided an (4+ε) α-competitive algorithm for incremental 

facility location problem and gave α-approximation algorithm for the un-

capacitated facility location ensuing in a 12.16-competitive algorithm. 

Charikar et al. [84] have developed a deterministic 8-competitive algorithm 

for incremental clustering and also given a 2e-competitive algorithm for 

hierarchical k-center problem. Afterwards, Dasgupta et al. [85] have 

intensively worked on hierarchical clustering and implemented an idea of 

finding competitive hierarchical clustering for hierarchical k-center problem. 

 

The recent literature has strayed from conventional approach to deal with 

more realistic situations where the input changes over time. Jeff and Alexa [86] 

have introduced a general model for converting conventional algorithms into 

the incremental algorithms with only a constant factor loss in approximation 

power. On the other hand, the mobile facility location problem is one of the 

prominent issues for the researchers to solve. Zachary Friggstad and R. 

Salavatipour [87] have worked in order to minimize the movement in mobile 

facility location problem.  

 

Richard Matthew and Samir Khuller [88] further contributed in the area of 

streaming algorithms. They have developed first streaming algorithm with 

constant factor approximation to the cluster radius for two variants of the k-
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center clustering problem. A streaming (4+ ε)-approximation algorithm using 

O (ε-1kz) memory for the problem with outliers. They have also given another 

streaming (6+ ε )-approximation algorithm using O (ε-1 ln (ε-1) k+k2 ) memory 

for a variation motivated by anonymity consideration where each cluster 

must contain at least a certain number of input points. M. Albareda-Sambola 

et al. [89, 126] have introduced a new approach that is the multi-period 

incremental service facility location problem.  The basic idea is to set a 

number of new facilities over a finite time horizon so as to cover dynamically 

the demand of a given set of customers.  

 

A critical look at the literature presented above reveals that an effective 

approach is required to achieve an optimal solution of facility location 

problem. Therefore, this work aims to achieve an optimal solution for above 

stated problems by proposing an improved approach for vertex k-center 

problem and incremental mobile facility location problem.  
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Chapter 3 

 

Facility Location Models and Techniques  

 

3.1 Facility Location Models 
 
Facility location models are used in a wide variety of applications. Examples 

include locating warehouses within a supply chain to minimize the average 

travel time to the markets, locating hazardous material sites to minimize 

exposure to the public, locating railroad stations to minimize the variability of 

delivery schedules, locating automatic teller machines to best serve the bank's 

customers, and locating a coastal search and rescue station to minimize the 

maximum response time to maritime accidents [92]. 

 
Facility location models [5] concern the provision of a service to satisfy a 

spatially dispersed demand. A demand for the service exists at a large 

number of widely dispersed sites. It is impossible to provide the service 

anywhere. For instance, every household needs a source of groceries but 

impossible to provide a grocery store at each household. Therefore, for 

reasons of cost, the service must be provided from a few centralized locations. 

Facility location problems have proven to be a fertile ground for operations 

researchers interested in modeling, algorithm development, and complexity 

theory.  
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Applications of location modeling include locating Emergency Medical 

Service (EMS) bases, fire stations, schools, hospitals, reserves for endangered 

species, airline hubs, waste disposal sites, and warehouses to list only a small 

subset of the numerous areas in which location models have been applied. 

Location models have also found applications in nontraditional areas, 

including medical diagnosis, vehicle routing, alignment of candidates and 

parties along a political spectrum, and the analysis of archeological sites [93]. 

Location theory and modeling has its roots in the pioneering work of Weber 

[7] who considered the problem of locating a single facility to minimize the 

total travel distance between the site and a set of customers. Location models 

are application-specific that is uniquely built on their defined objectives and 

constraints. There does not exist a general location model that is suitable for 

all potential applications. Although, there are several ways of subdividing the 

broad spectrum of location models [49] as shown in Figure 3.1. 

 

 

3.2 Basic Facility Location Models 
 

There are varieties of facility location models that have been widely 

researched. This section highlights the several basic facility location models. 

Location Models 

Analytic Model Continuous Model Network Model Discrete Model 

Covering Based Model 
 

Median Model 
 

Max Covering 

K-Center 

K-Median 

Fixed Charged 

Set Covering 

Figure 3.1: Breakdown of location models 

Hub 

Maxisum 

K-Dispersion 
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These models are generally used in maximum distance problems for example; 

an automobile company wants to open the workstation (service stations) to 

facilitate their customers of any given region. The motive is to provide the 

services to all customers within equal and minimum traveling distance.  

 

The basic eight facility location models are as under: 

i) Set Covering 

ii) Maximal Covering 

iii) K-Center 

iv) K-Dispersion 

v) K-Median 

vi) Fixed Charge 

vii) Hub 

viii) Maxisum 

 

 The general problem is to locate new facilities and optimize the objective 

function. Distance is the fundamental entity of objective function in such type 

of problems. Therefore if we want to classify these models on the basis of 

distance then first four are based on maximum distance and  remaining four 

are based on total/average distance. 

 

3.3 Maximum Distance Models 
 

3.3.1 Set Covering Location Models 

 
According to our literature survey, in category of location problems, first 

location problem was the Set Covering Problem (SCP) discussed introduced 

by Toregas et al. [49]. The objective was to locate the emergency services in a 

given region to facilitate all inhabitants. The set covering problem was 

formulated as given under: 
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Minimize      j

j J

p
∈
∑  

Subject to:  1j

ij N

p

∈

≥∑   i I∀ ∈   

   {0,1}jp ∈    j J∀ ∈   

Where    I = is a set of demand nodes indexed by i. 

            J = a set of candidate facility locations, indexed by j. 

Ni = a set of all candidate locations that can cover 

demand points i and decision variable is given below: 

jp   =  




otherwise   0

 siteat  located  weif    1 j
 

 

The objective is to minimize the number of facilities located with 

assurance of the each demand node is covered by at least one facility.  

 

3.3.2 Maximal Covering Location Models 

Simple set covering problem does not impose budget constraints, rather 

the basic aim is to cover all demand nodes without any conditions. 

Undoubtedly, budget plays a very crucial role in many facility planning 

situations. Since sometimes, it’s difficult to cover all demand nodes with 

limited number of facilities. While the set covering problem rule out the 

budget factor.  Church and ReVelle [50] have formulated the maximal 

covering location problem (MCLP) to address planning situations in which 

have an upper limit on the number of facilities to be sited. The main objective 

of maximal covering location problem is to locate a predetermined number of 

facilities (say k), in such a way that the demand to be covered can be 

maximized. Therefore, the MCLP assumes that there may not be enough 

facilities to cover all of the demand nodes. If not all demand nodes can be 

covered, then the model seeks the siting scheme that covers the most demand. 
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The maximal covering location problem can be formulated as given under: 

Maximize     i

i I

ip z
∈
∑  

Subject to: 0j i

ij N

s z

∈

− ≥∑     i I∀ ∈  

j

j J

s k

∈

=∑      

  {0,1}js ∈      j J∀ ∈  

  {0,1}iz ∈      i I∀ ∈  

Where ip  = demand node at i 

            k  = the number of facilities to locate  

iz  =  




otherwise   0

covered is  node demand if    1 i
 

 

The objective function is to maximize the total demand covered.  In many 

cases, where there is a desired coverage distance and some maximum 

distance beyond which facility (service) is undesirable. It is assumed that 

covering distance is a fixed or predetermined standard in both set covering 

location problem as well as maximal covering location problem. Undoubtedly, 

it’s true in many cases but in some situations distance is assumed as a goal or 

target rather than a fixed standard.  

 

3.3.3 k-Center Problem 

 
The objective of k-center problem is to minimize the maximum distance 

between a demand node and its nearest facility (facility center). The numbers 

of facilities are pre determined. There are several possible variations of the 

basic model. The vertex k-center problem restricts the set of candidate facility 

sites to the nodes of the network, while the absolute k-center problem permits 
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the facilities to be anywhere along the arcs. Vertex k-center problem can be 

represented as follow: 

 

Let G = (V, E) is a weighted graph having V = {v1, v2, v3… vn} as a set of n 

vertices and E = {e1, e2, e3… em} as a set of m edges. For any two vertices vi and 

vj in V the distance d(vi , vj ) is defined to be the length of the shortest path 

linking vi and vj. The objective is to find a subset S of V which implies that 

|S|≤K, where K is the number of facilities to be identified.  

Minimize   ( , )
v V
Maxd v S
∈

  

For fixed values of k, the vertex k-center problem can be solved in O(Nk) time, 

since we can enumerate each possible set of candidate locations in this 

amount of time. Even for moderate values of N (nodes) and k such 

enumeration is not realistic and more sophisticated approaches are required. 

For variable values of k, the problem is NP-hard [94, 125]. 

 

3.3.4 k-Dispersion Problem (KDP) 

 
So far, we have discussed the models revealing importance of distance 

between clients and facility centers. The major concern was to locate facilities 

in such a way so that the facility should be as near as possible to the clients. 

Kubey [95] addressed the k-dispersion (or p-dispersion) problem and stated 

that the k-dispersion problem is different than the problems discussed till 

now. Since, it concerned only with distance between facilities and having the 

main objective to maximize the minimum distance between any pair of 

facilities. Locating franchise outlets such as McDonald restaurants are the 

potential applications of k-dispersion problem. Since in such cases, it is 

desirable to reduce the mutual competition among the restaurants. To 

formulate the model, it requires an additional input (P) and a decision 

variable Q. 
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P  = a large constant e.g.,  
,

{ }ij
i I j J
Max d
∈ ∈

 

      Q   = the minimum separation distance between any pair of the facilities 

 

Maximize Q   

Subject to: 

  j

j J

s k
∈

=∑  

  ( ) ( ) 2ij i ij j ijQ P d s P d s P d+ − + − ≤ −    ,i I j J∀ ∈ ∈  

  {0,1}jx ∈       j J∀ ∈   

The objective function maximizes the distance between the two closest 

facilities. K facilities are required to be located. Constraints defines that the 

minimum separation between any pair of open facilities. 

 

3.4 Sum or Average Distance Models 

 
The main objective of average distance models is to reduce the total 

traveling distance between the facilities and the demand nodes. It is 

applicable in both private as well as public sector. Life saving services such as 

public health centers, fire stations, and many more services that is dedicated 

in society welfare should be located in such a way that can be availed well in 

time. This approach may be viewed as an efficiency objective.  

 

3.4.1 k-Median Problem 
 

The k-median problem is useful to model many real world situations such 

as the location of public facilities or industrialization (e.g. warehouses). 

Hakimi [13, 14] presented a study based on locations of k facilities to 

minimize the demand-weighted total distance between demand nodes and 
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the facilities to which they are assigned. Daskin [1] has formulated the k-

median problem as under:  

 

Minimize   i ij ij

i I j J

p d t
∈ ∈
∑ ∑     

     Subject to:   j

j J

s k

∈

=∑    

   1ij

j J

t

∈

=∑                     ∀ i I∈  

0ij jt s− ≤              ,i I j J∀ ∈ ∈  

   {0,1}js ∈           j J∀ ∈   

   {0,1}ijt ∈          ,i I j J∀ ∈ ∈  

Where  

  ijd   = distance between demand node i and candidate sit j 

ijt  =  




otherwise   0

 siteat facility   toassigned is  node demand if    1 ji
 

 

The objective function minimizes the demand-weighted total distance 

traveled. It is also assumed that the facilities are located at nodes of the 

network. Whereas Hakimi [13] has proved that if these facilities are located at 

edges (arcs) of the network then, it would reduce the total travel distance. 

Likewise the k-center problem, k-median problem can be solved in 

polynomial time for fixed values of k, but NP-hard for variable values of k. 

 
 
3.4.2 Fixed Charge Location Problem 

 

A comprehensive study of k-median problem reveals that it generally 

works on three basic assumptions that are not appropriate for certain siting 

scenarios. Assumptions are as given under: 
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���� Same cost for siting facility at each potential site. 

���� Facilities do not have capacities on the demand that they can serve. 

���� A fixed number of facilities to open. 

 

The fixed charge location model [1] relaxes all three assumptions. The 

objective of fixed charge location model is to minimize the total facility and 

transportation cost. It also determines the optimal number of location of 

facilities and the assignment of demands to those facilities.   

jw  = fixed cost of locating a facility at candidate site j. 

jD   = capacity of the facility at candidate site j. 

β   = cost per unit demand per unit distance. 

The capacitated fixed charge location problem can be formulated as follows: 

 

Minimize  j j i i ij

j J i I j J

w s p d tβ
∈ ∈ ∈

+∑ ∑ ∑  

     Subject to: 1i j

j J

t

∈

=∑                 i I∀ ∈   

                0ij jt s− ≤               ,i I j J∀ ∈ ∈  

            0i ij j j

j J

p t D s

∈

− ≤∑           i I∀ ∈  

   {0,1}js ∈      j J∀ ∈   

   {0,1}ijt ∈           ,i I j J∀ ∈ ∈  

The objective function minimizes the sum of the fixed facility location 

costs and the total travel costs for demand to be served. The second set of 

terms in given objective function is often referred to as demand weighted 

distance. The constraints prohibit the total demand assigned to a facility from 

exceeding the capacity of the facility jD  . 
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3.4.3 Hub Location Model 

 
There are many potential applications based on hub location model. Many 

logistics systems such as a less than truckload carrier network, airline 

network, employ hub and spoke systems. These systems are designed to 

utilize larger capacity or faster vehicles or modes over the long-haul portion 

of an origin to destination delivery. Accordingly, these systems reduce 

average per mile transportation cost or total delivery time. Various models [96, 

97, 98, 99] have been formulated to locate the hub and delivery routes of hub 

and spoke systems. The main objective of all these models was to minimize 

total cost. The k-hub location model can be formulated using following 

notation inputs 

ijp  = number of units of flow between node i and j. 

ijd   = unit cost of transportation between node i and j. 

β   = distance factor for transport between hubs 

And the following are the decision variables  

 

ijs =  




otherwise   0

j nodeat  located is hub a if    1
 

ijt = 




otherwise   0

j nodeat  located hub a  toassigned are i nodeat  ifdemands    1

 

Minimize    

 

 ( )ij ik ik jm jm km ik jm

i N j N k N m N k N k N

p d t d t d t tβ
∈ ∈ ∈ ∈ ∈ ∈

+ +∑ ∑ ∑ ∑ ∑ ∑
 

Subject to: 

  j

j N

s k
∈

−∑  

  1ij

j N

t
∈

=∑  



Chapter 3. Facility Location Models and Techniques  
 
 

 

 36

            0ij jt s− ≤              ,i I j J∀ ∈ ∈  

  {0,1}js ∈     j J∀ ∈   

  {0,1}ijt ∈          ,i I j J∀ ∈ ∈  

The objective function minimizes the sum of the cost of moving items 

between a non-hub node and the hub to which the node is assigned, the cost 

of moving from the final hub to the destination of the flow, and the inter-hub 

movement cost which is discounted by a factor of β . The model assumes that 

the hub portion of the network is a complete graph and therefore flows 

between any pair of nodes i and j will pass through at most two different hub 

nodes. 

 

3.4.4 The Maxisum Location Model 
 

The objective of maxisum location model is to determine the locations of k 

facilities in such a way that total demand-weighted distance between demand 

nodes and the facilities to which they are assigned is maximized. The 

potential applications of maxisum model include the location of prison, 

power plants and solid waste repositories. It includes the location planning 

situations, where we have to locate undesirable facilities having at least one 

objective to locate facilities far from the demand nodes. The model may be 

formulated as follows: 

Maximize i ij ij

i I j J

p q t
∈ ∈

∑ ∑  

Subject to:   j

j J

s k
∈

=∑  

  1ij

j J

t
∈

=∑     i I∀ ∈   

             0ij jt s− ≤                         ,i I j J∀ ∈ ∈  
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1

0i i

m

ik m

k

t s
=

− ≥∑    , 1,...., 1i I m N∀ ∈ = −  

  {0,1}js ∈     j J∀ ∈   

  {0,1}ijt ∈     ∀ i I∈ , j J∈  

This formulation is similar to that of k-median problem with two notable 

exceptions. First, the objective is to maximize the demand weighted total 

distance and not to minimize it. The unfortunate impact of objective is that it 

forces demands to be assigned to the most remote facility. 

 

3.5 Location Routing Models 
 

The location-routing model is applicable in location planning situations 

where distribution centers provide collection and / or distribution functions 

in which demand is served by multiple drop off and / or pick up routs. The 

overall effectiveness of such facility sites depends upon the efficiency of 

vehicle routes needed to serve multiple demands. Various authors [100, 101, 

102] have highlighted that the location-routing problems involve three inter 

related fundamental decisions as given under: 

���� Where to locate the facility? 

���� How to allocate customers? 

���� How to route the vehicles to serve customers? 

 

Therefore the objective function for location-routing problems is somewhat 

complex due to having multiple decision variables. 

 

3.6 Facility Location-Network Design Models 
 

In the facility location problems it is very important to design its network. 

Although, in our previous models it was assumed that the network is already 
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given. However in so many problems it is necessary to determine which path 

should be included in network as well as which location is appropriate for the 

facility allocation. The potential applications of facility location network 

design model are electricity distribution systems, computer networks and 

railway tracks etc. Current and Pirkul [103, 104] have introduced a model for 

location situations where the desired network is a path and the facilities are 

entry locations such as stations for demand to enter the path. The objective of 

model was to minimize the cost of facility and network as well as the cost of 

arcs needed for demand to reach a facility on the path.  

 

3.7 Multi-Objective Models 
 

There are many facility location models designed to handle multiple 

objectives. Such problems are having several decision variables which are 

responsible to select the objective function in different aspects. The final 

decision may be made on political or pragmatic considerations that are not 

part of the considerations in the formal analysis. As a result, the decisions can 

very often be far from the optimal [105].   

 

Cohon [106] has provided in a study that such models can be solved using 

two approaches as given under: 

 

� Generating techniques. 

� Preference based techniques. 

 

Generating techniques identify the Pareto-optimal siting of the facilities 

from the preferences of the decision makers. Preference-based techniques use 

a ranking method to rank the objectives and then find the solution that 

optimizes the ranking. Ranking may be done through the use of simple 

weighting or complex analytical methods.  
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Multiple distance-related objectives have been developed in some studies 

to highlight the importance of distance. Schilling [107] included several 

different maximum covering objectives for fire equipment locations. Church 

[108] employed a maximum-distance objective and an average-distance 

objective. Multiple objectives could also include objectives related to cost, risk 

and the equity of risk.    

 

3.8 Dynamic Location Models 
 

The basic facility location models have not considered the time factor 

during location analysis, that’s why they may be called as static facility 

location models [110, 111]. Dynamic models incorporate the time. Current et al. 

[112] have defined two categories of dynamic models.  

 

� Implicitly dynamic model 

� Explicitly dynamic model 

Basically implicitly models are static, because all facilities are opened at one 

time and remain open over the planning horizon. Whereas, the explicitly 

(dynamic) models are those designed for problems where the facilities will be 

opened over time.  

 

3.9 Stochastic Location Models 
 

All of the basic facility location models presented till now assumes that all 

parameters of problem are given, in other words there is no uncertainty. Even 

the dynamic models discussed also assume that the changes over time are 

known with certainty. However, there are many cases in facility location 

problems where some parameters of problem are not known with certainty. 

Hence there exits a considerable uncertainty and such location models are 

known as stochastic location models. Various authors [15, 16, 109, 113, 114, 
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and 115] have defined several uncertain parameters for the stochastic 

problems such as demand, travel time, availability of service and the number 

of facilities to be sited.  

 

The comprehensive literature survey reveals that there are basic four 

approaches to deal with stochastic problems. The first approach approximates 

the uncertainty via a deterministic surrogate; Bean et al. [116] formulated the 

problem and addressed the “demand” parameter. The second approach 

develops chance constraint models [117]. And Daskin [115] has formulated a 

probabilistic extension of the maximal covering problem in which facilities are 

assumed to be busy with probability ρ . The main objective of these models is 

to maximize the number of demands that are covered by an available facility. 

 

The third approach explicitly accounts for the queuing interactions that 

occur in a spatially distributed queuing system with facilities at multiple 

locations in a network. The fourth approach is used for scenario planning [117, 

119]. Scenarios represent possible values for parameters that may vary over 

the planning horizon. Initially, Sheppard [17] has discussed the applications 

of scenario planning to facility location problem, which minimized the 

expected cost over all scenarios.  

 

3.10 Techniques Used to Solve K-Center Problems 
 

This section describes about different approaches used to solve the facility 

location problem. In the literature of location models, it has been observed 

that the mixed integer linear programming is used for formulating the 

problem but it is the first step of problem solving process. The next important 

step is to find the optimal solution.  To achieve the optimal solution we need 

some specified techniques. All these techniques are described in subsequent 

parts of this section. 
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3.10.1 Branch and Bound Method 
 

Branch and bound is one of the well known algorithm used to solve such 

kind of problems. But it has some restrictions. It can be implemented only on 

small problems. Because it works on some instances of location models. While 

the facility location problem is scaled location model. Since the optimization 

problems consumes unexpected computational time and other resources 

without any guarantee of optimal solution. Therefore the location models are 

classified as NP-Hard. 

 

3.10.2 Greedy Heuristics 
 
The greedy heuristic can be implemented in the situations where we have 

to select a subset of objects. This is helpful in optimizing some objectives. The 

most common is the sequential approach in which individual site is evaluated 

and that site is selected that provides the highest impact on objective [120]. 

This location is fixed. Then the next location is selected from all remaining 

sites. Now choose the location that is more close to fulfilling the objective. 

Repeat the process till required numbers of sites are identified. For this reason 

this approach is called as Greedy Heuristic, specifically it is known as Greedy-

Add. Another version of Greedy Heuristic is known as Greedy-Drop, since it 

removes the site which has least impact on the objective during the process of 

site selection. We continue the removing process till the required number of 

facilities or sites remain. Both of these algorithms provides good solutions but 

can’t optimize. 

 

3.10.3 Improved Heuristic Search 
 

Although the Greedy-Add and Greedy-Drop provide good (or feasible) 

solution for location model but these couldn’t provide consistently good 

solutions for all problems. That’s why some of new algorithms developed that 
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starts from the results given by heuristic algorithms to improve the solution. 

These are known as Improved Heuristics. 

 

3.10.4 Neighborhood Search 
        

The neighborhood search algorithm is one of the improvements heuristic. 

In this technique we start search from any feasible solution given by any of 

the greedy heuristics [1]. Here, we assign a set of demand nodes to a nearest 

facility. These demand nodes constitute neighborhood around the facility site. 

Then each potential site is evaluated in neighborhood and selects the best one. 

If, any site is relocated, then new neighborhood is defined and algorithm is 

repeated. This process is repeated until there is no change found.  

 

But there is one limitation of the neighborhood search algorithm that, in 

evaluating the impact of any relocation decision, only the effect on those 

nodes in the neighborhood is considered. The potential benefit to nodes 

outside of the neighborhood is not considered in deciding whether or not 

relocation should be made. This makes the researchers to think about the 

exchange or interchange algorithm as an alternative improvement procedure. 

3.10.5 Interchange Heuristic Approach 
 

This interchange heuristic approach is introduced by Teitz and Bart [121]. 

In this approach the location of facility is moved to any unused site and each 

site is tried in turn, which site gives improvement in objective function, then 

new site is selected as facility location. The problem with many search 

heuristics is that, instead of yielding the required optimal solution, they 

become stiff in local optima. Then researchers planned to apply the heuristics 

in more intelligent manner that is called as meta-heuristic. The basic idea 

behind this is to break out local optima and search other regions of the 

solution space.  
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One of the earliest meta-heuristic is Tabu search. The Tabu Search 

heuristic involves defining what type of exchanges to restrict and nature of 

the aspiration criteria and short-term memory to utilize. The subsequent 

section will provide a comparative analysis of all the above given techniques. 

In fact, it will show different technical complexities of their implementation.  

 

3.11 Discussion 
 

The working custom of different techniques has been described in 

previous subsection. Now, it is necessary to highlight the efficiency and 

accuracy of these techniques according to their performance. J. Mihelic and B. 

Robic [122] have shown some practical aspects of these techniques. If all of 

these algorithms are performed on a particular set of vertices, then how these 

algorithms perform?  

 

In case of any particular problem, the pure greedy shows worst results 

while the greedy plus gives slightly better results. The basic constraint of pure 

greedy algorithm is that it is highly dependent on the parameter k. In case of 

low number of centers, it provides better results otherwise it shows worst 

performance. Gonzalez algorithm provides good results but Gonzalez plus 

version shows much better results. Although, the results of Gonzalez’s 

algorithm is approximately 32% above the optimal.  

 

Similarly, HS, ShR behaves and returns same results. J. Mihelic and Borut 

Robic [122] assert that their Scoring algorithm (Scr) can provide best results 

till date. But on an average the results of Scr are 6% above the optimal. The 

pure greedy algorithm is quite fast, but its execution time is highly dependent 

on the value of parameter k. Even though the greedy plus version runs much 

slower because it tries all the vertices for 1-center. 
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 Each approach has its own advantages and disadvantages. Undoubtedly, 

most of them provide better results. But a common problem which is 

observed in each approach is their execution time. The results are strongly 

dependent on the value of parameter k, as the value of k increases, the 

performance of algorithm goes slower and results obtained are away from the 

optimum solution.  

 

So, keeping in view the performance of all techniques discussed above. It 

may be suggested that it is required to develop an algorithm which can 

improve the performance with increased number of nodes (k). 
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Chapter 4 

 

Anticipatory Bound Selection Procedure (ABSP) 

for Vertex k- Center Problem  

 

4.1 Introduction 
 

Vertex k-center problem introduces the notion to recognize k locations as 

centers in a given network of n connected nodes holding the condition of 

triangle inequality. This paper presents an efficient algorithm that provides a 

better solution for vertex k-center problem. Anticipatory Bound Selection 

Procedure is deployed to find the initial threshold distance (or radius) and 

eradicating the gap between minimum distance (lower bound) and maximum 

distance (upper bound). The Jump Based Scheme is applied to find the 

optimal coverage distance. The foremost feature of this algorithm is to 

provide an optimal solution with lesser number of iterations so that the 

performance of algorithm can be improved. 

 

This chapter is structured as follow. Section 4.2 provides the formulation 

of the problem. Section 4.3 describes the algorithm presented. Section 4.4 

provides details of methodology employed. Section 4.5 presents the results 

obtained and section 4.6 provides analytical study of presented work as well 
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as discussion on various aspects of it. Section 4.7 presents an algorithm for 

obnoxious facility location problem and employed methodology. 

 

4.2 Formulation of Vertex k-Center Problem 
 
As the objectives have been stated clearly in earlier section; now it is 

required to formulate the vertex k-center problem in adequate manner; it’s 

indispensable to presume basic entities listed as below: 

X and Y be the sets of demand nodes and candidate sites respectively 

  {1,....... }X N=  

  {1,......, }Y M=   

xyd   = is the distance between demand node and candidate site. x X∈ , 

y Y∈   

K   = Total number of facilities to be identified. 

yF   =  
1    if the facility is located at site y

0   otherwise

Y∈



 

xyA  = 1 if demand node x∈ X is assigned to candidate site y∈Y, where yF =1, 

otherwise 

xyA = 0 

H   = the maximum distance between a demand node and its nearest facility 

in a given network. 

 

Now the formulation of vertex k-center problem can be presented as given 

below: 

            Minimize  H                     (1) 

Subject to:   

  1xy

y Y

A
∈

=∑             x X∀ ∈                    (2) 
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  xy yA F≤                                ,x X y Y∀ ∈ ∈        (3) 

 

  y

y Y

F K
∈

=∑                  (4) 

  

  xy xy

y Y

A d H
∈

≤∑               x X∀ ∈               (5) 

 

Where xyA , yF  can have only binary values such as: 

      xyA , yF  = {0,1}           ,x X y Y∀ ∈ ∈
 

And also known as integrity constants.  

 
Equation (1) characterizes the objective function that is to minimize the 

maximum distance between a demand node and its nearest facility. Subject to 

1st constraint as in equation (2), that guarantees that each demand node 

should be assigned to exactly one facility. Although, 2nd constraint provides a 

check on each demand node that it should be assigned to only selected 

candidate site as in equation (3). The 3rd constraint ensures that the total 

number of facilities located must be equal to K as in equation (4). Finally the 

4th constraint stipulates that the maximum distance between any demand 

node and facility should be less than H as in equation (5).  

 

4.3  Description of Algorithm  

  
 The existing algorithm due to Daskin [4] proposes to solve the vertex p-

center problem using the bisection (binary search) method to find the optimal 

distance value. But the practical implication of this method is that it generates 

a swing in results. Whereas the presented algorithm using a new approach 

that gives the desired results in lesser number of iterations. Complete steps of 

proposed algorithm are given as below.  
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Algorithm 4.1 Anticipatory Bound Selection Procedure 

Start 
Input: A[ ][ ], K;     
                 //where A is distance matrix and K is the number of facility locations to be 
identified. 

1: Initialize Max [ ] = {α1, α2, α3, …….αn ; ∀α∈A };    
        //where A is distance Matrix and every α represents the maximum distance value from 

each row. 

2: Sort Max[];                   //Keep unique values only 
3: Set L= Max[0];    i=0;           //Assignment of Lower (L) & Upper (U) Bounds  
          U= Max[m];   i=m; //Where i=0,1,2…………………m 
4: Set D=L,   i=0;                   //where D in initial threshold distance.                                                       
5: Solve SCP(D);                

If    p > K   then           // p represents the number of facility locations found with 
distance D.      

{Set D = Max[i+2]  
    Go to Step 5;   
} 

      Else  
 If   (p < K)   then 
{  
              Set U = D, L = D-1, D = L,  
              Go to Step 5; 
} 

6: Set temp=D, L=D-1, U=D and D=L.;            //if p=K  
         Solve SCP(D);            // temp is variable used to store value of optimal covering 
distance. 
            If p > K then                                                                        // infeasible Solution 

   {Stop}                                    
Else  
    {Go to Step 6}                                                      //Solution feasible 
                                                          

Output: D, p                             //D is optimal distance value and p is the number of 
facilities  

 

 First step of algorithm represents the initialization of an array named as 

Max[]. This array contains all distance values collected from each row of 

distance matrix as the maximum value of respective row. Every α represents 

1 i N
Max
≤ ≥

 
j
id of distance matrix A. D represents initial threshold distance. L and 
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U represent lower and upper bounds respectively. The variable temp keeps 

the value of D temporarily.   

 

Second step is used to sort the elements of Max[] in ascending order. To 

sort the array, the quick sort method is used. It is set of selected maximum 

values of distance matrix that helps in smooth search of optimal distance as 

well as reduces the search efforts unlikely to binary search.  

 

Third step is used to initializes the value of lower and upper bounds. 

Lower bound is initialized with the minimum value in Max[] such as L= 

Max[0], and upper bound is initialized with maximum value in max[], e.g. 

U=Max[m] (where i=1, 2…….m). The fourth step is used to assign initial 

threshold distance D = L.  

 

The fifth step is used to solve Set Covering Problem with the help of a 

subroutine SCP(), D is the initial threshold distance that is passed as 

parameter to the SCP(). Thus it make us able to create required number of 

clusters on given network, each cluster is having a particular node as 

candidate site (site may be facility) having maximum distance D to all 

demand nodes. Consequently SCP() function returns p, that is required 

number of facilities found in network according to distance D to all demand 

nodes. Since K is the number of facilities to be allocated, therefore p will be 

compared with K.  

 

If p > K then it is not a feasible solution (since we have fixed number of 

facilities that is K). Therefore we have to create clusters with next available 

distance value (jump from next to next distance value in Max[] as suggested 

by jump based scheme) and set D=Max[i+2] (initially i=0, now Max[2]) repeat 

step 5 until it is feasible. If p < K then set U=L, L=(D-1), D=L and repeat step 5.  
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There may be third case i.e. if p = K, it shows that the solution is feasible 

for the distance value D then set temp=D, U=L, L= (D-1), D=L and go to the 

step 6.  

Step 6 checks the feasibility at one step backward, Set D= (D-1) and 

perform SCP(), if p > K then not feasible, Stop and temp is the optimal 

coverage distance else temp=D and temp is the new coverage distance. Thus 

START 
Max [ ] Initialize 

Sort 

Max [ ] 

Set L= min (Max[i])  

Set U= max (Max[i] ) 

 
Initialize 

Set D= L 

Solve SCP Using D as 

Coverage radius 

Call SCP(D) 

Initialize 

Check 

Feasibility 

Feasible 

Not Feasible Set D = Max [i+2] 

Check 

Condition 

If p > K 

STOP 

If  p = K 

Store D = temp; 

Figure 4.1: Flow Diagram of Proposed Algorithm 

If (p > K)  If (p < K) Set U = D, L = D-1, 

          D = L  Not Feasible 

If (p = K) 

Set temp = D,  

L=D-1, U=D, D=L 

 
Call SCP(D); 
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the presented algorithm provides an improved and effective way to obtain 

optimal coverage distance to allocate k- facilities. The complete flow of 

algorithm is shown through a flow diagram in Figure 4.1.  

 

4.4   Methodology Employed 
 

This section provides an intact insight to the comprehensive description of 

the entire models and approaches deployed; basically we have used two 

approaches namely Anticipatory Bound Selection Procedure and Jump Based 

Scheme to provide an effective and efficient way to solve the problem 

undertaken. 

 

4.4.1 Anticipatory Bound Selection Procedure (ABSP) 

 

The Anticipatory Bound Selection Procedure means to anticipate the lower 

bound or the initial threshold distance before starting any proceeding. The 

presented approach has used ABSP; consequently it reduces the efforts to 

determine initial threshold distance. Now, there may be a question in your 

mind that, why we need the ABSP method?  

 

The critical literature survey reveals that most of the algorithms are using 

bisection method to compute the initial threshold distance. It also presumes 

zero as lower bound (minimum distance) as shown in Figure 4.2. While the 

bisection method has a very serious problem that it generates simple 

harmonic motion. Additionally, it also generates such distance values that 

doesn’t exist in distance matrix which takes extra iterations to reach the 

optimal distance value. Eventually, it increases the number of iterations as 

well as decreases the gap between lower and upper bounds gradually.  Hence 

it’s required at the moment to design such a procedure that can generate an 
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initial threshold distance which directs the algorithm to move in either 

forward or backward direction or nearby the optimal coverage distance as 

well as the distance values should be selected from distance matrix. To 

overcome all these shortcomings ABSP is designed.  

 

The ABSP reduces the substantial gap between lower bound and upper 

bound (lower bound may be defined as the lowest distance value closer to 

optimal distance value, on the other hand upper bound is a highest distance 

value closer to optimal distance value) by computing a distance value (i.e. 

lower bound), that is neither the zero nor the mean value as shown in Figure 

4.3.  

 

ABSP provides a set of distance values which are collected in max[], 

further in which sequence these distance values will be passed to SCP() as 

initial threshold distance is managed by JBS as shown in Figure 4.4.  

 

 

 
 

L U 

0 m 

Lower Bound Upper bound 

Figure 4.3: Initial Position of Lower and 

Upper Bound as per ABSP  

L U 

0 m 

Figure 4.2: Initial Position of Lower /Upper 

Bound as per Bisection method 

Lower Bound Upper Bound 
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4.4.2 Operational Details of ABSP 

 
The anticipatory bound selection is a two step procedure employed to 

shrink the gap between lower and upper bounds. This procedure helps out to 

change the traditional lower bound selection procedure (i.e. zero). The first 

step is used to lower distance find the maxima i.e. LUB’s (least upper bound 

of each row of the distance matrix). Second step provides minima i.e. GLB 

(greatest lower bound) it is used to determine the greatest lower bound of all 

LUB’s. Quick sort technique is applied to sort the elements known as GLB’s. 

The operational details of this procedure are illustrated as below: 

 

Step 1: Finding maxima (or LUB’s) 

Suppose we have a distance matrix A of order n×n. Also we have an array 

max[]. 

 

1

1d         
1

2d        
1

3d       
1

4d . . . . . . . . . . 1

nd  

 2

1d        
2

2d        
2

3d      
2

4d .   . . . . . . . . 2

nd  

A=       3

1d        
3

2d         
3

3d      
3

4d  .  . . . . . . . . 3

nd    

 .       .        .       .                      . 
 .       .        .       .                      . 
 

nd1        
nd2        

nd3       
nd4 . . . . . . . . . . 

n

nd  

 

 

Let α1, α2, α3, …….αn be the maximum elements of 1st, 2nd ,3rd ………….nth 

rows respectively. Therefore, we have a subset Sd which contains maximum 

distance value of each row of distance matrix A. 

Sd = {α1, α2, α3, …….αn } 

 

Since, this phase unearth the maximum distance value of each row of 

distance matrix, that’s why it is termed as maxima. 
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Step 2: Finding Minima (or GLB) 

Now, we have to find the minimum element out of these maxima’s that’s 

why this is termed as minima. To find the minima following steps are to be 

followed:  

• max[] ← Sd                        Remove all duplicate values max[] and 

maintain the unique distance values in ascending order. And we have  

• max[] = { α1, α2, α3, …….αm},  

Where m ≤ n  

Now Set L=max[i] and U= max[m]                   Where i = 0, 1, 

2………….m 

 

Thus, we can get the lower bound. The entire process exhibits that we 

have considered only those values, which are present in distance matrix to 

choose the lower bound as well as initial threshold distance, unlike the 

bisection method.  A tight upper (U) and lower bound (L) is the major 

strength of proposed algorithm.  

 

4.4.3 Description of Jump Based Scheme (JBS)  
 

The jump based scheme is deployed to reduce the number of iterations 

needed to find the optimal coverage distance. Consequently, it speeds up the 

process. To substantiate the above mentioned statement, the functional detail 

and results produced by JBS are given below as evidence. 

 

As stated above that the JBS is employed to reduce the number of 

iterations. The JBS implied in collaboration with ABSP. ABSP supplies max[] 

an array of elements (containing distinct maximum distance values of each 

row of distance matrix) as an input to the JBS. Initially, first element of max[] 

is passed to SCP function as initial threshold distance to find out the required 
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result. When desired result not found then next distance value is selected by 

JBS from max[] and passed to the SCP function as distance parameter to check 

the feasibility as shown in Figure 4.4. 

 

If solution is not feasible then it jumps to the second next value and repeat 

the process until feasible solution is reached. As soon as the feasible solution 

is attained then it checks the feasibility at preceding distance value. Due to 

jumping nature of method the preceding distance value remains unchecked; 

therefore it is required to check feasibility at preceding distance value too, it 

may provide a feasible solution. If feasible then this process is repeated until 

infeasible state is reached. As soon as it gets infeasible solution algorithm is 

stopped. A distance value due to which we attained the last feasible solution 

will be obtained as optimal coverage distance.  
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Figure 4.4 illustrates the working culture of JBS. It shows a big circle 

having LEFT half and RIGHT half. The LEFT half showing the situation 

where the initial threshold distance R1 or L is passed to the SCP() for 

feasibility check. Since it is feasible, now it’ll check for the preceding distance 

value i.e., R1-1. Figure 4.4 shows that it is not feasible for R1 -1, therefore the R1 

is the optimal coverage distance. Similarly, the RIGHT half is presenting 

another look of same scheme as shown in Figure 4.4, initially L is set to be the 

threshold distance and passed to the SCP() to check the feasibility of solution. 

If it is feasible then the former case will be repeated till it is not feasible. 

Otherwise, D is set to be to the second next distance value and procedure is 

repeated until it is feasible. As soon as it reaches to the feasible state then the 

preceding distance value is set to D and repeat the process until it is not 

feasible. Where it is infeasible; the former distance value is optimal coverage 

distance as shown in Figure 4.4.  

 

It has been already proved by Al-Khedhairi [70, 71] through an analytical 

study of Jump Based method and generalized it as; if any algorithm needs 

five or more iterations to perform a particular task then Jump Based method 

takes lesser number of iterations to complete the assigned task. Consequently 

some improvement has shown by the Jump Base method [70]. At the same 

time Al-Khedhairi said that the jump based method does not shows any 

improvement in cases where less than five iterations are required. In general 

wherever large numbers of iterations are required this method has proven its 

worth to reduce the number of iterations.          

 

4.5  Results Obtained 
 

The major achievement of this algorithm is substantial reduction in 

number of iterations required to locate the requisite facilities. Presented 
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algorithm is implemented on more than 30 problems having range of nodes 9 

to 90 and facilities 3 to 58. Program executed on dual core 1.6 GHz 

Microprocessor with 1GB RAM and code is written in Turbo C++.  Results 

obtained are described in Table 4.1.  

 

Table 4.1 illustrates the results obtained through execution of proposed 

algorithm using ABSP and most famous Daskin’s algorithm. Column 1 shows 

the number of nodes in network; Column 2 presents the number of centers to 

be located, column 3 and 5 showing the number of iterations taken by 

proposed algorithm and Daskin’s algorithm to locate the required number of 

centers while the column 4 and 6 shows optimal distance value. Excluding a 

few cases, proposed algorithm has completed most of cases within fewer 

numbers of iterations than existing algorithm. Figure 4.5 exhibits the results of 

Table 4.1 in graphical form.  

 

 
 

N K Proposed Algorithm Daskin’s Algorithms 

#Iter. Optimal 
value 

#Iter. Optimal value 

9 3 3 6 6 6 

9 4 2 4 5 4 

9 6 3 3 5 3 

13 3 4 13 6 20 

13 4 2 10 6 10 

13 7 4 8 6 8 

13 9 7 5 9 5 

13 10 8 4 6 4 

20 6 12 12 6 12 

20 7 3 7 6 12 

20 10 4 6 6 6 

20 12 2 5 5 5 

20 17 3 4 6 4 

25 7 16 28 7 28 

25 8 23 21 8 21 

Table 4.1: Comparative Results Obtained by ABSP and DASKIN’S Algorithm 

 



Chapter 4. Anticipatory Bound Selection Procedure (ABSP) for Vertex k- Center 
Problem  

 
 

 

 

 

58

25 9 5 18 6 18 

25 10 6 17 7 17 

25 12 7 16 7 16 

25 15 2 15 6 15 

25 18 4 13 6 13 

25 22 7 10 6 10 

50 22 4 22 6 22 

50 23 2 20 7 20 

50 28 3 19 6 19 

50 29 4 18 7 18 

50 32 5 17 7 17 

50 34 7 15 7 15 

50 42 8 14 7 14 

50 45 10 12 6 12 

75 45 11 12 13 12 

75 48 11 13 13 13 

90 50 13 15 15 15 

90 55 12 16 15 16 

90 58 13 16 14 16 
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The overall impact of using Anticipatory Bound Selection Procedure in 

proposed algorithm makes it robust as well as efficient than the existing 

methods. Although the value of optimal coverage distance determined by 

both the algorithms in most of cases is equal but in a few cases, our approach 

showing better results. In other words the results of proposed algorithm 

substantiate the significance of improvements made in original algorithm for 

vertex k-center problem.      

 

4.6 Results Analysis and Discussion 
 

It is essential to perform some analytical technique to justify the results 

obtained and methodology employed. An iteration frequency analysis is 

performed on the results obtained from both the algorithms as shown Table 

4.1. The analysis results are shown in Table 4.2 and Table 4.3.  

 
This iteration frequency analysis reveals that the proposed algorithm takes 

at least two iterations to execute any assignment while the Daskin’s algorithm 

takes at least five iterations to execute the same assignment.  Moreover, most 

of cases are executed by proposed method taking 4 or 5 iterations except a few 

cases.  

 

 

DASKIN’S Algorithm 

Iterations Freq. Freq. %age Cumulative 
Frequency 

Cumulative 
Frequency 
Percentage 

5 3 8.82 3 3 

6 16 47.06 19 55.88 

7 8 23.53 27 79.41 

8 1 2.94 28 82.35 

9 1 2.94 29 85.29 

13 2 5.88 31 91.18 

Table 4.2: Iteration Frequency for DASKIN’S Algorithm 
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14 1 2.94 32 94.12 

15 2 5.88 34 100.00 
 

Table 4.3: Iteration Frequency for PROPOSED (ABSP) Algorithm 

PROPOSED Algorithm 

Iterations Freq. Freq. %age Cumulative 
Frequency 

Cumulative 
Frequency 
Percentage 

2 5 14.71 5 14.71 

3 5 14.71 10 29.42 

4 6 17.65 16 47.06 

5 2 5.88 18 52.95 

6 1 2.94 19 55.89 

7 4 11.76 23 67.65 

8 2 5.88 25 73.53 

10 1 2.94 26 76.47 

11 2 5.88 28 82.36 

12 2 5.88 30 88.24 

13 2 5.88 32 94.12 

16 1 2.94 33 97.06 

23 1 2.94 34 100.00 

 

It is clearly shown in column cumulative frequency percentage of Table 4.2 

and Table 4.3 that the Daskin’s algorithm completes only 8.82 percent of jobs 

within the range of 5 iterations while the proposed algorithm ABSP completes 

52.95 percent. It is noticeable in both the tables that there is no iteration less 

than 5 in the first column of Table 4.2 while in Table 4.3 there is the minimum 

iteration number that is 2 with frequency 5. Moreover the cumulative 

frequency of iteration 4 is 16 in Table 4.3 it’s an evidence that more than 47 

percent of work is done by the proposed algorithm by exhausting at most of 4 

iterations.  
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Figure 4.6: Cumulative Frequency Analysis of DASKIN’S Algorithm 
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Figure 4.7: Cumulative Frequency Analysis of PROPOSED ABSP Algorithm 
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The difference in performance of both the algorithms is visible. 

Approximately 50% of work has been completed by the proposed algorithm 

taking four iterations at most for each case; on the other hand the Daskin’s 

algorithm could not execute even a single case taking four iterations. Daskin’s 

algorithm takes at least five iterations to execute any of given problem. A 

graphical representation of this analysis is also presented through the Figure 

4.6 and 4.7.  

 
As already mentioned, that the success of presented algorithm is in the 

reduced number of iterations. It is just because of methodology opted to select 

the initial threshold distance i.e. ABSP & JBS as described earlier. The overall 

impact of presented methodology is that many cases are able to complete in 

smaller number of iterations. Since the bisection method iteratively half the 

distance values to reach towards optimal distance while the presented 

methodology selects the maximum distance values and checks the possible 

feasible solution in just selected values, additionally the Jump Based Scheme 

speed up the searching process. Consequently, ABSP and JBS collectively 

provide results in lesser number of iterations.  

 
The proposed algorithm eliminates the swings in distance values (D) with 

the help of Anticipatory Bound Selection Procedure and provides a simple 

approach to move towards the optimal coverage distance. Jump Based 

Scheme played a remarkable role in reducing iterations. Eventually, the 

results produced by algorithm have shown some improvement. Even though, 

all the results produced by the proposed algorithm are well simulated and 

reliable. 

 
4.7 Algorithm for Obnoxious Facility Location Problem 

 

This study presents an endeavor to determine an optimal solution for the 

obnoxious facility location problem. Obnoxious materials are those which 
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may cause harm to the health of human beings and pollute the environment. 

The obnoxious material management is a significant environmental issue. 

Since the social economical growth encourages to the establishment of 

industrialization. While the waste material of industry or such plants 

necessitate a careful placement to avoid any kind of damage to the inhabitant 

of concerned area. During the last few decades, a significant work has been 

done in operation research, graph theory and computation complexity for the 

placement of desirable facilities due to increasing demand and production of 

goods. But the mentioned problem could not get a considerable attention of 

researchers. Hence this study provides a simplified approach to solve the 

obnoxious facility location problem on network. 

 

4.7.1 Problem Model 
 

Facility location problem is a most significant and sub problem of 

commerce optimization problem. Facility location problems emerged as a 

challenge for both public and private sectors. Since it is the moral 

responsibility of any state government to provide all basic facilities to their 

citizens like hospitals, schools, colleges, ration depots and fire stations etc. 

Similarly, it is essential for all big and small production houses to reach up to 

last user of their goods.  

 

Location of such facilities is very significant issue and needs to consider 

impact of various relevant parameters (such as distance, population and 

access time) on a location of facility. Broadly we can categories these facilities 

in two categories like desired facilities and undesired facilities, since all kind 

of facilities have some impact on quality life. Desired facilities are those which 

are desired by inhabitants to be placed in closer areas, such as schools, 

hospitals, company outlets. On the contrary, obnoxious facilities are those, 
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which are never desired to be placed nearby areas by the inhabitants such as 

garbage dumps and chemical plants etc. due to their adverse effects. 

 

Obnoxious facility location problem deals with the proper placement of 

such materials, which are preferred to be placed far from the populated area 

to prevent the inhabitants from health related issues as caused by such 

materials. There is a wide list of obnoxious materials such as waste dumps, 

nuclear power plants, chemical plants, electricity power plants, waste 

released by industry, airports, corrosive substances, gas plants, flammable 

liquids and solids, oxidizing substance, radioactive material, poisonous and 

infectious substances. If such materials are located closer to any populated 

area it may be dangerous for the life of mankind.  

 

Keeping in view all adverse effects of the obnoxious facilities over the 

environment and population, it is crucial to locate these facilities away from 

the populated area. This study focuses on to develop an algorithm that can 

provide an optimal solution for obnoxious facility location problem. The 

subsequent section provides a simplified procedure to allocate obnoxious 

facility. 

 

4.7.2 A Simplified Procedure to Allocate Obnoxious Facility Location 
 

This section endows with the comprehensive methodological details of the 

presented approach as well as formulation of the problem. It is assumed that 

the facility to be located on network.  

 

The primary objective of the proposed approach is to maximize the 

minimum distance between a demand node and its nearest obnoxious facility. 

Let us suppose that we have a network of nodes that can be represented as a 

graph G= (V, E), V is a set of vertices (nodes) and E is as set of edges (path) 
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that connects different vertices. Every edge is having a weighted distance 

from one vertex to another.  

P and Q are the sets of demand nodes and candidate sites respectively 

 

  P   = {p1,p2,…….,pn}; 

  Q  = {q1,q2,…….,qm}; 

pqd   = is the distance between demand node and candidate site where p ∈ P, 

q∈ Q 

G  = the minimum distance between a demand node and it’s nearest 

obnoxious facility in a given network. 

Therefore the objective function can be presented as given below: 

         Maximize G             (1) 

Subject to: 

  qMin  pqd G≥          p P∀ ∈          (2) 

 
Equation (1) states that we have to maximize the minimum distance 

between a demand node and its closest facility. Constraint as shown in 

equation (2) states that after allocation any of the node connected to facility 

should have distance less than G. 

 

Assuming that, we have to allocate single obnoxious facility location on 

any given network. Distance is a crucial parameter that is highly significant 

for deciding the location of facility. Therefore, first of all it is indispensable to 

find out such nodes those are located at highest distance to all other present 

nodes in network. This can be attained by using the distance matrix. This 

distance matrix helps us to find out the maximum and minimum distance of 

each row. Suppose we have D as distance matrix of [n×n] order. We are also 

having two arrays Max[] and Min[] that represents maximum and minimum 

distance values respectively. 
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Let α1, α2, α3, …….αn be the maximum distance value elements and β1, β2, 

β3, …….βn be the minimum distance value (but not zero) elements of 1st, 

2nd ,3rd ………….nth rows respectively. Therefore, we have two sub sets Maxd 

and Mind having all the elements with highest distance value and lowest 

distance values respectively. 

Maxd = {α1, α2, α3, …….αn }        

Mind = { β1, β2, β3, …….βn } 

Initialized both the arrays as shown below 

Max[] = Maxd   0>α<∞; 

Min[] = Mind   0>α<∞; 

Thereafter we have to find a pair αi βi, where αi is having the maximum 

value in Max[] and βi is maximum distance value in Min[].  

 

Now let us have an example to understand the procedure opted to 

implement presented approach. Suppose we have a network of nodes as 

shown in Figure 4.8.  A, B, C, D, and E are the connected nodes and the 

weighted distance between nodes is mentioned above each edge.   
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Figure 4.8: Network of Nodes 

 

Table 4.4 presents the distance matrix for the network shown in Figure 4.8 

 
Table 4.4: Distance Matrix 

Nodes A B C D E 

A 0 7 4 8 ∞ 

B 7 0 3 ∞ 5 

C 4 3 0 3 3 

D 8 ∞ 3 0 10 

E ∞ 5 3 10 0 

 

Now we have to proceed to find out the maximum (Neither ∞ nor 0) 

distance value from each row of distance matrix to initialize the Max[]. 

Similarly minimum distance values (neither 0 nor ∞) from each row of 

distance matrix to Min[]. 

 

Max[] = {8, 7, 4, 10, 10}; 

Similarly  Min[] = {4, 3, 3, 3, 3}; 

 

A 
B 

C 

D 
E 

7 

8 

4 

5 

3 3 

10 

3 
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Then we have applied Sorting technique on Min[] to identify the 

maximum distance value. A particular index “i’, which holds the maximum 

distance value in Min[], will be considered  to select a distance value from 

Max[]. 

 

  As we have shown in our example that 4 (i.e. at index ‘0’, as encircled in 

Table 4.4) is the maximum distance value of Min[]. Similarly the Max[0] will 

be selected as maximum distance value of Max[]. Hence we got a distance pair 

(maximum-8, minimum-4). It reveals that the candidate site for the obnoxious 

facility is node A (since 8, 4 both distances belongs to node A). 

 

The main objective is to provide priority to the maximum distance in Min[] 

array is only to increase the distance between connected nodes and obnoxious 

facility. In view of the fact, that everybody wants, that the obnoxious facility 

should be located as far as possible. Therefore we have tried to maximize the 

distance between nodes and obnoxious facility. Then the selected maximum 

distance from Min[] array is passed to FLoc() procedure to identify the 

appropriate node for obnoxious facility.   

 

Algorithm to Allocate Obnoxious Facility 

Input: A[][];                    //A is distance matrix 

Step 1: Initialize Max[] = { α1, α2, α3, …….αn ; ∀α∈A };  

     Min[] = { β1, β2, β3, …….βn ; ∀β∈A }; 

//Every α is the maximum distance value (but not infinity) of each row of A,  

//Similarly every β is the minimum distance value (but not zero) of each row of A. 

Step 2: Search Minimum=Maximum (Min[]);     //i=0, 1, 2……….N 

                                         //searching maximum element of Min[] 

                         k= i;               // i is the index at which we got maximum of Min[] 

           Maximum= Max[k] 

Step 3: Run FLoc(Maximum, Minimum); 

 //Floc() is process to find out resultant node 

\ 
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4.7.3 Results and Discussion 
 

As the presented approach has provided results to It is quite important 

to remind that the presented approach has considered a case where we 

have to allocate only one obnoxious facility on given network. Since such 

facilities are never desired to have in a huge number. Additionally, such 

facilities are required to be allocated as far as possible from the populated 

areas. As per the objective function or our problem, it is required to 

increase the minimum distance from a node to its nearest obnoxious 

facility. 

 

  More than 50 cases with different numbers of nodes has been 

undertaken to test the presented approach. The number of nodes covered 

in a set from 8 to 98. During the computation a few percent relative errors 

are reported as usual. But the major achievement of algorithm is that it has 

speed up the overall processing, consequently the time taken by the 

algorithm is comparatively low, as shown in Table 4.5. Computation times 

are expressed in CPU seconds Program executed on dual core 1.6 GHz 

Microprocessor with 1GB RAM and code is written in Turbo C++. 

 

Table 4.5: Results Obtained from Presented Approach (OFLP) 

Total 

Nodes 

 

No of 

Iterations 

Time Taken by 

Algorithm 

(in CPU seconds) 

Average Time 

(In CPU 

seconds) 

15 1 2.45 

2.45 2 2.46 

3 2.45 

20 1 3.30 

3.30 
2 3.30 



Chapter 4. Anticipatory Bound Selection Procedure (ABSP) for Vertex k- Center 
Problem  

 
 

 

 

 

72

3 3.30 

25 1 4.50 

4.52 2 4.55 

3 4.52 

35 1 5.93 

5.93 2 5.93 

3 5.92 

42 1 6.80 

6.80 2 6.80 

3 6.80 

57 1 7.99 

7.99 2 7.98 

3 7.99 

66 1 8.70 

8.70 2 8.71 

3 8.70 

83 1 10.35 

10.36 2 10.36 

3 10.36 

98 1 11.26 

11.25 2 11.25 

3 11.25 

 

Table 6.2 presents the execution time variation of a few cases out of total 

50 tested cases. It reveals that the execution time slightly increases with the 

increased number of nodes. But the increase in execution time is very 

marginal. During the testing phase we have observed a significant increase 

and decrease in execution time in a few cases which usually occurs.  
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In order to verify the execution time for such cases, it has been performed 

repeatedly. When the consistent time is reported by the algorithm in 

consecutive execution then it has been noted as final execution time for a 

particular case (such exceptions are not shown in Table 4.5). But for majority 

of cases as the presented algorithm has shown very consistent behavior as 

described in Figure 4.9. 
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Figure 4.9: Graphical Presentation of Results Obtained for OFLP Algorithm 
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The problem undertaken has a great significance and impact on the 

structure of modern society as well as environment. Keeping in view all 

the facts of matter, it is essential to locate the obnoxious facility away from 

the residential areas for the sake of healthy environment and health of 

inhabitants. The presented approach provides an effective and simplified 

method to allocate obnoxious facility locations (for 1-center only). The 

major achievement of presented approach is that it increases the minimum 

distance between obnoxious facility and connected nodes. A few related 

issues such as transportation of obnoxious material and their routing is 

still an open problem for research.  
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Chapter 5 

 

An Improved Approach for Incremental Variant 

of Mobile Facility Location Problem  

 

Facility location decisions are utterly dependent on the emerging market 

trends and other factors such as population and demand. The aim of decision 

makers is to find a robust location with variable demand on changing time 

horizon. This chapter introduces a new approach to deal with mobile facility 

location problem in a dynamic environment. This algorithm endows with a 

solution of k-center as well as k-median problem simultaneously in 

perspective of mobile facility location allocation. The significant aspect of 

proposed algorithm is that it undertakes both the possibilities of facility 

location, i.e. immediate assignment of facility and after nth period allocation of 

facilities to inward demand. 

 

 5.1  Problem Model 
 

Facility location problem deals with the location allocation issues. Since 

last three decades intensive efforts have been made by several researchers in 

the area of operation research and computer science to reach optimal solution 

of this problem. There are various significant aspects of facility location 

problem pertaining to the objective functions such as minimization of facility 
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establishment cost, distance between clients and facility site and capacity of 

facility center, etc. Uncertainty of parameters is one of the major issues in 

facility location problem. However, a substantial research work has been done 

in this direction to find an optimal solution for facility locations but a major 

part of the work represents static natured facilities such as distribution centers, 

hospitals, schools, fire stations, etc. Facility location problem deals not only 

with the static facilities rather it also covers mobile facilities. In case of mobile 

facility various parameters are there which are used to change very frequently 

(such as population of region, increased or decreased demand at any demand 

node) and play a very vital role in deciding location of any facility.  

 

For example, the placement of Ambulance vans, Fire Brigade stations, 

which directly refer to the dynamic facility location problem. The continuous 

changes in market trends suggest that it is essential to satisfy the consumer for 

both private as well as public sector. A few common parameters such as 

increased population, demand and timeliness directly or indirectly force the 

service providers to improve their services. 

 

The impact of these parameters plays a very vital role for strategy makers 

in deciding the right locations for facility centers. For instance public health 

department wants to provide several ambulance vans (Mobile Facility) for 

emergency services to the needy inhabitants of a given region. It is intended 

that each ambulance van provides services within a specified minimum 

distance r. The aim is to provide the fewest number of ambulance vans so that 

all expected customers (beneficiaries) within radius r can avail the facility 

within minimum traveling distance and time. As with many conventional 

problems, the aim of facility location problem is to provide a static solution to 

a static set of customers. While in reality it is expected that the customer-base 

will grows vigorously over time. Therefore, we need a solution that is capable 
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to accommodate a newly arrived customer. In order to satisfy the requirement 

of ever increasing customers it is necessary to locate more and still more 

facility centers. 

 

First of all, it is required to know that how much demand is increasing 

periodically, and then the important aspect is that whether the increased 

demand can be accommodated through existing facilities. If it can be 

accommodated then a proper assignment of demand nodes to the existing 

facilities should be completed immediately. As far as the incremental version 

of facility location problem is concerned, the main objective is to allocate new 

facilities and assign demand upon arrival. This study proposes an improved 

approach for incremental variant of mobile facility location problem for 

planning facility locations as desired by both private as well as public sectors.  

 

5.2 Incremental Model for Mobile Facility Location Problem 
 

The incremental model of mobile facility location problem deals with 

some specific issues related to facility location problem in dynamic 

environment. It is also important for decision makers to analyze all such 

issues before making a strategy. The presented model provides an efficient 

solution for vertex k-center problem, and its incremental variant for dynamic 

facility location problem. Since distance is one of the major and sagacious 

parameter which makes the allocation of any facility more significant. The 

objective of our algorithm is to minimize the distance between facility points 

and all associated demand nodes. There may be two possibilities of 

entertaining the inward demand, either by allocating the facility to each new 

demand node immediately as soon as it arrives or by allocating facilities to all 

new demand nodes after a specific period. The proposed model covers both 

the possibilities, and provides an effective method to deal them as per the 

situation.   
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The primary objective of presented algorithm is to provide immediate 

allocation of facility to inward demand. It’s presumed that there exist some 

facility points in nearby areas. Our algorithm provides graceful solution to 

this problem. It checks the distance of these demand nodes to all existing 

facility points and compare these distance values with previously settled 

optimal distance value d. The facility point having distance less than or equal 

to d will be the best possible nearest facility point for inward demand. If no 

match is found, then the relocation of facilities will take place.  

 

If relocation of facilities is required then, a few additional parameters are 

to be analyzed. Such as the time period after which this relocation is taking 

place, increased demand/ population, requirement of extra facilities and then 

find out the best locations for facility points in present state.  

 

5.3 Methodology Implemented 
 

Since, we are discussing the incremental model for mobile facility location 

problem, where the demand arrives in incremental order, it is necessary to 

analyze the impact of increase in population on demand. Obviously the 

increase in population will result in increase in demand. Consequently it 

necessitates finding out the number of facilities required to fulfill the 

increased demand at any point of time. Now the most important question is 

how to find the total increase in population/demand as well as number of 

facilities required? Let us find the answer to this question as under: Suppose 

in   –be the number of demand nodes,    where 1≤ i ≤ k 

inp   –be the present population of each node,   where 1≤ i ≤ k 

u   – be the number of facilities already allocated 

Then a facility can accommodate population at a time  = 
inp

u

∑   
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Let r be the rate of annual increase of population, then total population after 

nth year     (1 )
100

i i
n

n n
r

P p ×= +∑ ∑   

At the end of nth year, we have extra population as under 

= i innP p−∑ ∑  

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Figure 5.1: Illustrating Current Population and Facility Center Allocated 

 

Figure 5.1 presenting the current scenario where facilities are allocated as 

per the demand as well as the facilities allowed by the authorized body. 

Figure 5.2 demonstrates the scenario of incremental demand according to 

increase in population over a time.  

 
 

 

Figure 5.2: Illustrating Increased Population over nth year 

 Increased population 

Facility Center 
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Consequently, it is required to find out the number of extra facilities needed to 

accommodate the increased demand after nth year as given under: 

= )( ) (i i

i

n
n

n
u

p
P p− ×

∑
∑ ∑  

i.e. = 1)(
i

i

n

n

P

p
u −
∑

∑
 

 At the end of nth year, as shown below K (including existing facilities) is the 

total number of facilities required to accommodate the current population. 

K=  1)(
i

i

n

n

P

p
u u −+

∑

∑
 

= (1 1)
i

i

n

n

P
u

p
+ −
∑

∑
 

K= ( )
i

i

n

n

P
u

p

∑

∑
 

Thus we attained the required number of facilities to accommodate the 

augmented demand over a time. Further it is required to identify such 

locations in a given area, which are capable of serving all connected demand 

nodes with some intrinsic characteristics such as less traveling distance, 

approximately equal accessibility from all adjacent sites and takes minimum 

time to approach. Primarily, it is essential to create such clusters of given 

demand nodes that are connected to each other and have marginal distance 

among them. So that the facility access time and distance between demand 

node to its nearest facility can be minimized.  

 

In order to attain a feasible and optimal solution we have used 

Anticipatory Bound Selection Procedure (ABSP) and Jump Based Scheme 

(JBS) as described in Section 4.4 of chapter 4. To understand the proper 

working of algorithm let us have an example as given under: 
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To show the performance of proposed algorithms let us have an example 

of placement of police vans (known as PCR).  Suppose the state 

administration wants to place police vans (PCR) in a city to maintain the law 

and order. Let us suppose, initially city is divided into six divisions named as 

A, B, C, D, E, F and we have only three vans to place in these six divisions as 

shown in Figure 5.3. Now the problem is to identify such three locations in a 

given network of nodes where these PCR vans can be placed, so that the 

purpose can be served effectively. 

 
 
 
 
 
 
 
 
 
 
 

 

 

Figure 5.3: Showing Location of Nodes in network 

The network shown below provides a site map different locations in the 

city and their respective distances. The objective is to find the desired number 

of locations to justify the objective within lesser traveling distance and 

minimum access time. For an instance after nth period the population of city 

increases and more nodes like G, H, I are also added to the network as 

illustrated in Figure 5.4.  

 

 

 
 
 
 
 
 

Figure 5.4: Showing increased population in network after nth year  

A B 

C 

D 

E 

F 

10 

10 
7 

7 

9 

9 

9 

12 

6 

6 

G 

H 

I 
10 

10 

11 

5 

7 

8 

6 

A 
B 

C 

D 

E 

F 

10 

10 
7 

7 

9 

9 

9 

12 

6 

6 



Chapter 5. An Improved Approach for Incremental Variant of Mobile Facility 
Location Problem  

 
 

 

 

83

Assumptions 

Let N =Number of nodes in given network, K=Number of facilities to be 

located, P=Number of sets found using any distance value, LB= Initial 

threshold distance (lower bound), UB= maximum distance value (upper 

bound) 

Solved the problem using proposed algorithm as shown below: 
 

Create distance matrix to initialize the max[], max[] is an array containing 

the maximum distance value of each row of distance matrix shown in Table 

5.1. 

Table 5.1: Distance matrix based on Figure 5.3 

Nodes A B C D E F 

A 0 10 0 10 12 0 

B 10 0 6 7 0 0 

C 0 6 0 7 0 9 

D 10 7 7 0 9 6 

E 12 0 0 9 0 9 

F 0 0 9 6 9 0 

 
Table 5.2: Distance matrix based on Figure 5.4 

Nodes A B C D E F G H I 

A 0 10 0 10 0 12 0 0 0 

B 10 0 6 7 0 0 0 0 10 

C 0 6 0 7 9 0 0 7 5 

D 10 7 7 0 6 9 0 0 0 

E 0 0 9 6 0 9 6 8 0 

F 12 0 0 9 9 0 0 0 0 

G 0 0 0 0 6 0 0 10 0 

H 0 0 7 0 8 0 10 0 11 

I 0 10 5 0 0 0 0 11 0 
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Facility allocation using proposed algorithm for Figure 5.3 is given as under:- 

 

Initialize the max[ ] ={12, 10, 9, 10, 12, 9}, Now perform sorting on max[ ] and 

keep only the unique values: max[ ]= {9, 10, 12}. For the given set of data 

algorithm is executed and following results are provided in Table 5.3. The 

highlighted row of Table 5.3 is showing final set of nodes.  

 

Table 5.3: Results of Proposed Algorithm for Figure 5.3 

Iter. No LB UB D K Sets Found 

1 9 12 9 3 A, BCD, EF 

2 8 9 8 4 A, BCD,  E, F 

 

Figure 5.4 illustrating that after nth period of time population of given 

region has been increased and G,H, I are the new nodes added to the given 

network. Now the problem is to accommodate the newly arrived demand. Let 

us see how the proposed study undertakes the problem.  

 

Initialize the max[] ={12, 10, 9, 10, 9, 12, 10, 11, 11}, Now perform sorting on 

max[ ] and keep only the unique values:  max[ ]= {9, 10, 11, 12}.Consequently, 

following results are provided by the execution of algorithm. The results are 

shown in Table 5.4 as given below.  

 

Table 5.4: Results of Proposed Algorithm for Figure 5.4 

Iter. No LB UB D K Sets Found 

1 9 12 9 4 A, BCD, EFGH, I 

2 11 12 11 4 ABD, CEHI,  F, G 

3 12 12 12 3 ABDF, CEHI, G 

4 11 12 11 4 ABD, CEHI,  F, G 
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Results provided by the algorithm reveals that the three vans are not 

sufficient to accommodate the increased demand after nth years, since 

allocation is done with maximum distance value in the distance matrix. 

Therefore, it concludes that more vans are required to provide efficient 

services. As much as the traveling distance will be lesser the service time will 

be better. Hence to reduce the access time, it is essential to decrease the 

traveling distance. 

 

5.4 Proposed Approach to Solve the Incremental Variant of 

Mobile Facility Location Problem 

 
The proposed algorithm is efficient to accommodate the increased demand 

as well as to reallocate the existing facilities in order to solve the incremental 

variants of mobile facility location problem. The major components in facility 

location problem are area of given region, inhabitants of that region 

(population), distance, response time and desired numbers of facilities. These 

are the major parameters considered during the design of algorithm. An 

effective implementation is promised by the algorithm. This algorithm deals 

with dynamic nature of demand. A brief introduction to all steps of proposed 

algorithm is given as under. 

 

Algorithm 5.1 Algorithm for Incremental Variant of Mobile Facility Location 

Problem 

Step1: Input D[][], dxiy, d, ni, pni, u, r, n;       

                               //Input the adjacent distance values of inward demand node in 

distance matrix D 

Step2: Compare  

    If ( dxiy ≤ d) then                     //{Where x∈X, 1≤ i ≤ k, and y∈Y} 

          {y = xi  and Stop } 

Step 3: Compute  Pni  , K;                          //  {Where Pni is total population after nth 
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year} 

Step 4: Initialize   max[];                 // {Where n is the number of years} 

Step 5: Sort max[];                                   //{Keep unique values only} 

Step 6: Initialize Set L= max[0];                                           

                             Set U= max[m];             // {Where i=0,1,2……m} 

Step 7: Set d= L,  i=0; 

Step8: Run SCP();                            

            If (p>K)    then                     //{ p represents the number of facilities found} 

                { Set d =(max[i+2]) 

                     Go to Step 8; 

                } 

            Else   If (p<K)    then     

                          {    Set U= d, L= (d-1), d= L  

                                  Go to Step 8; 

                           }            

Step 9: Set temp =d, L=d-1, U=d and d=L.        //{means its feasible solution} 

            Run SCP(); 

          If (p>K)     then                                                 //{temp is the optimal covering 

distance.} 

             {     Stop     } 

          Else   If (p=K )    then                                                   //    {it’s feasible solution} 

                   {    Set temp = d;  

                         Go to Step 9 

                   } 

 Output: d, K,  

 

5.4.1 Algorithm Description 
 

First step of algorithm represents input section where all the required 

parameters are initialized such as distance matrix D[][], distance of inward 
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demand node to nearest facility (dxiy), previous optimal distance value (d), 

number of demand nodes previously connected (ni), population at each node 

(pni ), rate of increase in population/demand (r). time period (n)  and number 

of previously allocated facility centers (u).  

 

Second step deals with immediate allocation of facility to the inward 

demand, if it satisfies the condition that dxiy ≤ d. In other words we can say 

that if there exist any road linkage with any of the existing facility center then 

their distance will be checked from distance matrix. If, its distance is less than 

d (the previously obtained optimal distance) then it will be assigned to the 

nearest facility without making any reallocation of facilities. Otherwise it will 

go to step 3.  

 

Third step of algorithm deals with all related issues such as increased 

demand and number of facilities required to accommodate current total 

population/demand. Therefore it computes Pni and K. and reallocation of 

facilities on the basis of parameter initialized in first step.  

 

The fourth step is used to initialize the max[]. The array max[]  contains a 

set of maximum distance value of each row in distance matrix. The d is the 

coverage distance. The variable temp keeps the value of d temporarily. Fifth 

step of algorithm performs sorting of max[] in ascending order and remove 

the duplicate values (if any). 

 

 Sixth step is used to initialize lower bound (L) and upper bounds (U). 

Lower bound is initialized with the minimum value in max[i] where i=0, and 

upper bound is initialized with maximum value in max[i] where i=m. Thus we 

got the initial threshold distance to find out the required number of location 
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to allocate facilities.The seventh step of algorithm is used to initialize the 

initial threshold distance d with lower bound (L) i.e. d=L. 

 

The eighth step is used to solve set covering problem with the help of a 

subroutine SCP() which returns p as number of facilities found in network. If 

p > K then it is not a feasible solution. So we need to select next distance value 

to check the feasibility of solution. As per the JBS (Jump Based Scheme) the 

second next distance value to be assigned to d  e.g. set d=max[i+2] and repeat 

step 8 until it becomes feasible.  

 

There may be a second condition where p < K then it shows that now we 

need to reduce the distance value and check the feasibility, as well as it an 

indication that the optimal distance value will be less than the present value 

of d. Therefore the set U=d, L=d-1, d=L and repeat step 8 until a feasible 

solution found. and  If it provides a feasible solution for any value of d then 

got next step.  

 

Step nine set temp = d, U=d, L=d-1, d=L and then run SCP() function to 

check the a feasible solution. If it provides p>K then not feasible and Stop it. 

Now temp is the optimal coverage distance value, otherwise repeat step nine.  

 

5.5 Analysis and Discussion 
 

 The proposed algorithm is one of the simplest and multipurpose 

algorithms. It works on special property distance. This directly influences 

associated factors like access time, etc. which are most important in case of 

mobile facility. In fact it is the extended or special version of facility location 

problem. It supplies an efficient way of unraveling several issues related to 

mobile facility location problem (such as identification of facility locations, 

minimizing the traveling distance, reducing access time) as well as k-center 
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problem in vibrant (dynamic) environment. A special consideration has been 

given to the increased demand (population) in given region and generated 

demand.  Similarly E. Demaine et al. [124 and 123] worked on specific 

movement problems and provided good results.  

 

The main objective of our algorithms is to reduce the distance among 

demand nodes and facilities by identifying such optimal locations of mobile 

facilities, which can accommodate all existing as well as incremented demand 

in a dynamic environment through a simple method. Finally the distance is 

one of the major parameter which directly affects all relevant issues such as 

covering distance, access time, and response time. The present approach sets 

aside the given region in approximately equal size partitions (clusters) and 

then allocates the facility in different clusters in such a way that all connected 

nodes can access the facility with in equal distance i.e. optimal distance d. We 

may now dwell upon the effect of distance parameter on all other issues as 

given under:-  

 

Statement 1:  The d is said to be an optimal distance value if dxy  ≤ d and 

satisfies the condition ║ xi - yj ║ ≤ d. where i is fixed and j varies in case of 

each cluster. 

 

Let us suppose A is the area of given region and K are the facilities to be 

allocated. Therefore K facilities are to be allocated in given region (area A) 

with assumption that the access distance of each demand node to the facility 

should be as minimum as possible. Now the region is divided in K equal parts 

as shown in Figure 5.5. Each partition contains some demand nodes and we 

have to identify a location among them which is an appropriate candidate for 

facility location as shown in Figure 5.5. Partition 5 at distance r which is the 

radius of given circle. We have to find an optimal distance in given partition 
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ℓ 

Partitions 

1 2 3 4 

8 7 6 5 

to serve efficiently to all demand nodes. Let Area of each partition =A/K.  

And d is the covering distance as shown in circle 5 of Figure 5.5. Therefore all 

demand nodes in each cluster will lie under the distance d, by geometry r < 

A/K and by our algorithm d ≤ r. 

 
 

Figure 5.5: Demonstration of Cluster/Partition creation process and showing how a 

facility at optimal distance can serve all connected nodes equally. 

 

Consequently, it is justified to say that the resultant of this algorithm, d 

provides such facility locations which are accessible within minimum 

travelling distance and available in minimum time (i.e. high response time). 

Since ║ xi - yj ║ ≤ d. Where xi represents the candidate facility location and yj 

demand nodes, keeping i fixed and value of j varies. In other words, we can 

say that dxy  ≤ d  

 

Thus d is the optimal distance value for locating a facility which can 

efficiently serve all the connected demand nodes with minimum traveling 

distance.  Another important factor is the cost of a facility that really does 

matter. But it is of concern only in case of new facilities and not the existing 

ones, because here we are discussing mobile facilities and relocation of mobile 

facilities does not involve any cost issues.   

b
r 

d 
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Relocation 

The relocation of facilities is one of the important issues in incremental 

variant of facility location problem. Since the demand arrives one by one, it is 

significant to find out whether the relocation of existing facilities is obligatory 

or not on a new arrival.  Let us confirm how the relocation issue is dealt by 

the presented algorithm. The first step of algorithm takes accountability of 

ensuring relocation. The distance of newly arrived demand node to its nearest 

facility dxiy will be checked for relocation purpose. 

 

Statement 2: if dxiy ≤ d, then demand will be assigned to the nearest facility xi, 

where x∈X, 1≤ i ≤ k, and no relocation will take place. Where y is the newly 

arrived demand node and xi is the nearest facility to y, dxiy is the distance 

among them. And d is the optimal distance value using which the facilities 

were allocated. As soon as the new demand arrives immediately our 

algorithm checks the distance of incoming demand node to its nearest facility 

and if it is less than the optimal distance d then this demand node will be 

assigned to the nearest facility and no relocation will take place.  

 
Figure 5.6: Illustrating how incremental demand is entertained by the proposed 

algorithm 

 

dxi yw 

yj 

xi 

Facility 

Center 
Demand Node 

Newly arrived 

 demand  

yw 

dxi yj 
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We may point out that without any exhaustive exercise; the demand is 

accommodated through appropriate facility as illustrated in Figure 5.6. 

According to the statement 1 unambiguously, the facilities allocated using 

optimal distance d are located at their best possible places. This distance d is 

undoubtedly competent to minimize the traveling distance between facility 

and demand nodes. Similarly, statement 2 exhibits the meticulous behavior of 

algorithm which is helpful in avoiding the unnecessary relocation of facilities.    

 

The above analysis reveals that the proposed framework endows novel 

approach for incremental mobile facility location problem. The major issue of 

minimization of traveling distance can be resolved efficiently by this 

algorithm in quite a professional way. Moreover, all allied issues like 

relocation of facilities and minimization of response time stand to get resolved 

automatically. The beauty of this algorithm lies in its simplicity and ease of 

implementation. Fault tolerance is one of the major correlated issues in case of 

mobile facilities, and is an open problem for future researchers.  
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Chapter 6 

 

Conclusion and Future Work  

 

6.1 Conclusion 
 

In this thesis, we have presented our attempt towards designing new 

approaches for facility location problem. The presented study has focused to 

design an algorithm for the vertex k-centre problem that is a sub problem of 

facility location problem. Objective of vertex k-center problem is to minimize 

the maximum distance between a facility and demand node. The presented 

framework provides three approaches to solve the different variants of facility 

location problems. 

 

Generally, facilities are located at prime locations but when we have a 

constraint that limited numbers of facilities are to be located in a wide region. 

In such realistic situations, it becomes a challenge for the decision makers to 

accommodate the specified demand within approved number of facilities. 

There are various parameters (such as distance, access time, availability of site, 

cost of building a facility, and population etc) that should be investigated to 

find out the appropriate location in given region or network of nodes. The 

presented approaches have made it possible to solve the abovementioned 

problems in a simplified and fast way.  
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In the first approach, we have proposed a framework consisting of 

Anticipatory Bound Selection Procedure (ABSP) accompanied by Jump Based 

Scheme (JBS) to solve the vertex k-centre problem. Even though Daskin has 

given an approach to solve the vertex k-center problem, but the main 

drawback of this approach is that it uses binary method to obtain the initial 

threshold distance. Our approach provides an efficient way to calculate the 

initial threshold distance through anticipatory bound selection procedure 

(ABSP). The major achievement of ABSP is that it produces a set of eligible 

distance values from the distance matrix which is directly helpful in 

eradicating the gap between lower and upper bound.  

 

Additionally the jump based scheme (JBS) provides an effective way to 

speed up the processing of algorithm. It directly reduces the number of 

iterations required to find out the optimal distance value and determine the 

required number of appropriate facility locations on a given network of nodes. 

Consequently both the methods implemented gracefully to achieve the pre-

defined objectives. A simulator is developed in C++ programming language. 

More than 30 problems with various numbers of nodes and facilities are 

tested on this simulator simultaneously for proposed approach and Daskin’s 

approach. 

 

Further, the results obtained and iteration frequency analysis reveals that a 

combination of ABSP and JBS made the algorithm very efficient. Since the 

proposed method has taken minimum two iterations to solve an assignment 

and most of the cases are executed within 2-5 iterations. On the other hand, 

Dakin’s algorithm takes at least 5 iterations to execute any of the case. The 

cumulative frequency percentage as shown in Table 4.2 and Table 4.3 reveals 

that the Daskin’s algorithm completes only 8.82% of jobs within the range of 5 

iterations; while the proposed algorithm completes 52.95% of task.  
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It is noticeable in both the tables that there is no iteration less than 5 in the 

first column of Daskin’s table while in ABSP there is the minimum iteration 

number that is 2 with frequency 5. Moreover the cumulative frequency of 

iteration 4 is 16 in ABSP table it’s evidence that more than 47% of work is 

done by the proposed algorithm by exhausting at most of 4 iterations.  

 

Eventually, the presented framework proves that the anticipatory bound 

selection procedure (ABSP) and JBS has shown a considerable improvement 

over the existing methodology to solve the aforementioned problem. 

 

In the second approach, it emphasizes on to solve the Obnoxious Facility 

Location Problem (OFLP) for 1-center only. Basically obnoxious facilities are 

those which are never desired to be located closer to the populated areas due 

to their adverse effects on human life. So such facilities are always required to 

locate away from the populated areas. It provides a simplified approach to 

locate the obnoxious facilities.  

 

The main objective of OFLP is to maximize the minimum distance 

between facility and all connected nodes. The presented approach introduces 

a simplified method to achieve the objective mentioned above. It selects the 

maximum distance value out of a set of minimum distance values of each row 

of distance matrix. This selected distance value helps us to identify that 

particular node which is the most eligible candidate site for the obnoxious 

facility. More than 50 problems have been tested for a range of nodes from 8 

to 98. Each case has been repeated three times to check the accuracy of time 

taken by the algorithm for allocation. A gradual increase in time has been 

noticed with the increase of nodes as shown in Table 4.5. Computation times 

are expressed in CPU seconds Program executed on dual core 1.6 GHz 

Microprocessor with 1GB RAM and code is written in Turbo C++. 
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Our third approach concentrates on Mobile Facility Location Problem 

(MFLP) and provides an improved approach for mobile facility location 

problem in a dynamic environment. Since it is again a challenge for decision 

makers to allocate a facility in such environment where various parameters 

(e.g. population or demand) are frequently used to change with the time. 

Presented framework provides a methodology to allocate the mobile facilities 

(such as Fire Brigade, PCR vans, and Ambulance) keeping in view all the 

important aspects of these facilities.  

 

Increased population over a period of time and access time of such 

facilities are the most important parameter that has been considered during 

this study. Then ABSP and JBS are used to speed up the processing of 

algorithm. 

 

6.2 Limitations and Future Directions 
 
The presented work has a few limitations; these limitations may lead to 

many research directions through which the presented work can be extended.  

 

In the first approach both methods Anticipatory Bound Selection 

Procedure (ABSP) and Jump Based Scheme (JBS) are used to speed up the 

process. Still the time complexity may be improved. Therefore this is an open 

problem for future work related to our first approach. 

 

As far as, the second approach is concerned; which provides a simplified 

approach for obnoxious facility location problem. The presented approach 

provides a solution for single center; it can be solved for k centers (more than 

one center, where k is a non negative integer). Additionally, routing and 

transportation of obnoxious materials is also an open problem for future work.   
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Finally, the third approach provides an improved approach for incremental 

variant of mobile facility location problem. It addresses a few parameters such 

as demand (population), distance and access time. The cost of facility may be 

an important parameter for allocation of facilities. So cost may be considered 

as major parameter for future research work. 
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