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                         Chapter-1                     

                       Introduction 

 

Understanding conjugacy classes is essential to the investigation of groups. 

One of the first major results regarding conjugacy classes is due to Landau 

[6], who showed that for some given natural number r, the equation  

                                               ∑
=

=
r

i im1

11   
when rm  are natural numbers, has a finite number of solutions. By setting 

( )( )iGi gCom =  where ig  are representatives of the conjugacy classes of a 

finite group G, then the class equation  
                                                ( )( )∑

=

=
r

i iG gCo1

11   
is such an equation. Therefore, for given r, the number of finite groups with r 

conjugacy classes is bounded. 

      An interesting family of question arises: In what way does the numerical 

information about conjugacy classes of a finite group (the number of classes 

and their sizes) affect its structure? 

We give some examples of such results: 

* Burnside [2] has the following results: 

1) A simple group has no conjugacy class of prime power size. 
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2) A classification of all groups G with a conjugacy class of size o(G)/2. 

3) A classification of all groups with up to 5 conjugacy classes. 

* Poland [9] extends Burnside’s work and classifies all groups with upto 8                          

conjugacy classes. 

* In 1973, F.M.Markel [7,8] studied finite solvable groups in which distinct 

conjugacy classes have distinct sizes. 

     A well known open conjecture states that 3S  is the only non-abelian finite 

group with conjugacy classes of distinct sizes. For solvable groups, this 

conjecture was proved by Zhang in [10] and independently by Knor, Lempken 

and Thielcke in [5]. As shown in [1], if G is a finite group, then the two 

conditions: (i) the conjugacy classes of G are of distinct sizes, and (ii) the non-

central conjugacy classes of G are of distinct sizes, are equivalent to each 

other. In this note we give a shorter proof of this result (see Corollary 3.3). 

   If G is a finite group of odd order, then each size of a non-central conjugacy 

class of G appears an even number of times (see Lemma 3.1). Therefore, the 

corresponding problem for groups of odd order is to determine all such groups 

with exactly two non-central conjugacy classes of each size. The main aim of 

this thesis is to solve this problem.  

    It is interesting to notice that the proof of this problem uses only very 

elementary results in group theory and in number theory. In particular, we do 

not use the famous result of Feit and Thompson [3] about the solvability of 

groups of odd order.  
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                              Chapter-2 

            Notations and Preliminaries 
 

Throughout this thesis G denotes a finite group unless stated otherwise. We 

first define some terms and prove some results which are used in this thesis. 

 
Definition 2.1 (Order of a set) The cardinality of set X is called the order of 

the set X  and it is denoted by o(X). 

 

Definition 2.2 (Permutation) Let X be a non-empty set. A one-one and onto 

function XXf →:  is called a permutation on X. 

 

Definition 2.3 (Symmetric group) Let X be a non empty set. The group of all 

permutations  on X under the composition of mappings is called the 

symmetric group on X and is denoted by SX. 

 If o(X) = n, SX is denoted by nS and called the symmetric group of degree n         

and order n!.  

 

Definition 2.4 (Order of an element) Let G be a group and let Ga∈ . The 

least positive integer m such that ea m = is called the order of a. If no such 
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positive integer exists, then a is said to be of infinite order. The order of  a is 

denoted as o(a). 

 

Theorem 2.5 Let G be a finite group and let Ga∈  be an element of order n. 

Then ea m =  if and only if n is a divisor of m. 

Proof: Firstly, let n is a divisor of m, where ( ) nao = . So there exists a 

positive integer q such that nqm = . Now ( ) eeaaa qqnnqm ==== . 

Conversely, let ea m = , where ( ) nao = . Suppose m is not divisible by n. 

Dividing m by n, rnqm +=  where Irq ∈, and nro <≤ .  

Thus ( ) rrqrqnrnqrnqm aaeaaaaaae ====== + ... , a contradiction, since  

( ) nao = . Thus r=0 and hence m is divisible by n. 

 

Theorem 2.6 Let G be a group and let Ga∈  be an element of order m. Then 

( ) ( )km
mao k

,
=  where Nk∈ . 

Proof: Let ( ) tao k = . Now ( ) eaa tkkt == , but ( ) mao = . Thus by theorem 

2.5, ktm | . Let ( )kmd ,= . Thus md |  and kd | . Let dmm 1= and dkk 1=  

where ( ) 1, 11 =km . So 1m
d
m
= . Thus we need to prove tm =1 . Now ktm | , so 

dtkdm 11 | . Thus tkm 11 | , but ( ) 1, 11 =km .  

Hence tm |1 .            -------------- (1) 

Again ( ) ( ) eaaaaa kmmkdmkkmmk ===== 111111 , but ( ) tao k = . 

Thus 1| mt .              -------------- (2) 
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From (1) and (2), we get tm =1 . This proves the theorem. 

 

Definition 2.7 (Center of a group) The center of a group G, written  

Z (G), is the set of those elements of G that commute with every element in G, 

i.e.                          )(GZ = { }GxxaaxGa ∈∀=∈ |  

Remark G is abelian if and only if Z(G)=G. 

  

Definition 2.8 (Normalizer or centralizer of an element)  

Let G be a group, Ga∈  be any element. Then the subset 

{ }axxaGxaCaN GG =∈== |)()(  is called the normalizer or centralizer of a 

in G. 

 

Definition 2.9 (Cosets) Let H be a subgroup of G. Given Ga∈ , the set 

{ }HhahaH ∈= |  is called the left coset of H determined by a and the set 

{ }HhhaHa ∈= |  is called the right coset of H determined by a. 

The set of all left cosets of H in G is written as HG  and { }GxxHHG ∈= | . 

 

Definition 2.10 (Right congruence modulo a subgroup) Let G be a group 

and H be a subgroup of G. Given Gba ∈, , a is said to be right congruent to b 

modulo H {symbolically ( )Hba r mod≡  } if and only if Hab ∈−1 . 

 
Theorem 2.11 If G is a group and H is a subgroup of G. Then the relation r≡  

of right congruence modulo H is an equivalence relation on G. Further for any 

Ga∈  the set { }Hhha ∈|  is the equivalence class to which a belongs. 

Proof: Let Gba ∈,  and e be the identity of H. 
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1) Reflexivity: Since ( )HaaHeaa r mod,1 ≡∈=−   . 

2) Symmetry: Let ( )Hba r mod≡ , so Hab ∈−1 . Thus ( ) Hbaab ∈= −−− 111 . 

Hence ( )Hab r mod≡ . 

3) Transitivity: Let ( )Hba r mod≡  and ( )Hcb r mod≡ . So Hab ∈−1  and 

Hbc ∈−1 . Thus ( )( ) Hbcabac ∈= −−− 111 . Hence ( )Hca r mod≡ . 

Thus the relation of right congruence modulo H is an equivalence relation on 

G. Let cl(a) denote the equivalence class to which a belongs i.e. 

( ) ( ){ }HabGbacl r mod| ≡∈= . Let Ha denote the set { }Hhha ∈| .Now ( )aclb∈  

gives ( )Hab r mod≡ . So Hba ∈−1 . Thus ( ) Haabab ∈= −1 . Hence ( ) Haacl ⊆ . 

Again Hac∈ gives hac =  for some Hh∈ . Thus Hhca ∈=−1 . So 

( )Hac r mod≡  and hence ( )aclc∈ . Therefore, ( )aclHa ⊆ . 

Thus ( )aclHa = . 

 

Theorem 2.12 (Lagrange) The order of any subgroup of a finite group 

divides the order of the group. 

Proof: Let G be a finite group and H be a subgroup of G. Suppose ( ) nHo = . 

For any Ga∈ , define HaHf →: such that ( ) hahf = . This mapping is onto 

as each member of Ha is of type Hhha ∈, . Further for any two elements 

Hhh ∈21, , let ( ) ( )21 hfhf = . So ahah 21 = . Then by right cancellation law, 

21 hh = . Hence f is a 1-1 mapping of H onto Ha. This means that ( ) ( )HaoHo = . 

Let tHaHaHa ,...,, 21  be the totality of distinct right cosets of H in G. Then these 

t right cosets constitute the totality of distinct equivalence classes in G 

determined by the relation of right congruence modulo H, by theorem 2.11. 

Thus tHaHaHa ,...,, 21  are disjoint subsets of G and tHaHaHaG ∪∪∪= ...21 . 
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As seen above ( ) ( ) tinHoHao i ,...,2,1=∀==   . Therefore ( ) ntGo = . Hence 

( ) ( )GoHo | . 

 

Definition 2.13 (Index of a subgroup) Let G be a group and H be a subgroup 

of G. Then the number of right (left) cosets of H in G is called the index of H 

in G. It is denoted by [G:H]. 

Theorem 2.14 If a, b be any elements of a group G such that baab =  and 

( ) ( )( ) 1, =boao . Then ( ) ( ) ( )boaoabo = . 

Proof: Let ( ) mao = and ( ) nbo = , where ( ) 1, =nm . Let ( ) kabo = . To show 

that k=mn, where baab = . Now 

( ) ( ) nknkknkknnknknknk aeaeababaabe ======  

i.e. ea nk = , but ( ) mao = . Thus by theorem 2.5, nkm | , but ( ) 1, =nm . 

Therefore, km | .                 ……………. (1) 

Similarly, ebmk = , but ( ) nbo = . Thus, mkn | , but ( ) 1, =nm .  

Thus, kn | .                          ……………. (2) 

From (1) and (2), we get [ ] knm |,                      ………… (3) 

But [ ] ( ) mnnmnm =⋅ ,, , so [ ] mnnm =⋅1, . From (3), we have kmn | .   …..(4) 

Again ( ) ( ) ( ) eeeeebabaab mnmnnmmnmnmn ===== , but ( ) kabo = .  

Thus mnk | .                        …………….(5) 

From (4) and (5), we get mnk = . Hence, ( ) ( ) ( )boaoabo =   .                     

 

Definition 2.15 (Euler function )(nφ )  For any positive integer n, ( )nφ  is 

defined as follows: 
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( ) 11 =φ and for n>1, we have ( )nφ =The number of positive integers less than n 

and co prime to n .If p is a prime number, then ( ) 1−= ppφ . 

 

Definition 2.16 (Cyclic group) A group G is called a cyclic group if there 

exists Ga∈  such that each element of G can be written as an integral power of 

a. We write, aG = , i.e. G is generated by a. 

 
Theorem 2.17 A finite group of order n is cyclic if and only if it has an 

element of order n. 

Proof: Let G be a cyclic group of order n and let a be generator of G. Put 

{ }ZiaH i ∈= | . Clearly H is a subgroup of G. As G is finite, a can not be of 

infinite order. Let ( ) mao = . We claim that H has m elements. Now 

eaaaa mm =− ,,...,, 12  all belong to H and no two of them are equal as ( ) mao = . 

Hence H has at least m elements. Let Hx∈ and Zjax j ∈= , . Now 

mrrmkj <≤+= 0,  , k and r are integers. Then ( ) rrkmj aaaax === . So 

any element of H is one of mm aaaa ,,...,, 12 − . Hence { }maaaH ,..., 2= . This 

proves our claim. Since HGaG ⊆= , . In other words G=H and so 

( ) ( ) ( )aomHoGon ==== . 

Conversely, let G be a group of order n and Gb∈  be of order n. As before 

{ }ZrbK r ∈= |  is a subgroup of G having n elements as ( ) nbo = . Since GK ⊆  

and ( ) ( ) GKbonKo ===  , . Consequently G is a cyclic group generated by b. 

 

Remark Now let G be any group and Ga∈ . Let { }ZnaH n ∈=  | . Consider 

any two elements mn ayax == , in H. We find that Haaaxy mnmn ∈== −−−1 . 
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This implies that H is a subgroup of G. Clearly H is a cyclic group generated 

by a. This subgroup is called a cyclic subgroup of G generated by a and we 

write aH = . 

 

Theorem 2.18 If G is a finite group then order of any element of G divides the 

order of G. 

Proof: Let G be a finite group and Ga∈ . Let aH =  be a cyclic subgroup of 

G generated by a. Then by theorem 2.17, ( ) ( )aoHo = . By Lagrange’s theorem, 

( ) ( )GoHo | . Hence ( ) ( )Goao | . 

 
Theorem 2.19 Every cyclic group is abelian. 

Proof: Consider a cyclic group generated by a. Let Gyx ∈,  be arbitrary 

elements. Then nax = and may =  for some n and m. Consider 

yxaaaaaaxy nmnmmnmn ===== ++ . Thus G is an abelian group. 

 
Theorem 2.20 If p is prime and o(G)=p, then G is a cyclic group. 

Proof: Take Ga∈  with 1≠a . Then the cyclic subgroup a  has more than 

one element (it contains a and 1), and its order ( ) 1>ao  is a divisor of p. 

Since p is prime, ( ) ( )Gopao == , and so Ga = . 

 

Theorem 2.21 The number of generators of a finite cyclic group of order n is 

( )nφ . 

Proof: Let G be a cyclic group of order n generated by a.Thus ( ) ( )aonGo == . 

Also any element of G is of the form ka  for some integer k.  
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Thus by theorem 2.6, we have ( ) ( )kn
nao k

,
=                  ---------------- (1) 

Also, we know that the order of the generator of a cyclic group is equal to the 

order of the group. So if ka  is to be the generator of G, then ( ) nao k = . Thus 

from (1), ( ) 1, =kn . So the number of positive integers less than n and 

relatively prime to n will satisfy the above relation. 

Hence number of generators of G is ( )nφ . 

 

Definition 2.22 (Centralizer of a subgroup) If H is a subgroup of a group G, 

denoted as GH ≤ , then the centralizer of H in G is  

                           ( ) { }HhhxxhGxHCG ∈∀=∈=   |  . 

  

Definition 2.23 (Normalizer of a subgroup) If GH ≤ , the normalizer of H 

in G, denoted by ( )HNG  is 

                                         ( ) { }HaaHGaHNG =∈= | . 

 

Definition 2.24 (Conjugate element) An element Gb∈  is called a conjugate 

of Ga∈  if there exists some Gg ∈  such that 1−= gagb . 

  

Definition 2.25 (Conjugacy class) Let G be a group and let Gx∈ . Then the 

set { }GggxgxG ∈= − |1  is called the conjugacy class of x in G. 

 

Lemma 2.26 The relation of conjugacy in a group G is an equivalence 

relation. 

Proof: Let a, b, c be any arbitrary elements of G. 
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1) Reflexive: Since 1−= eaea , thus a~ a. 

2) Symmetric: Let a~ b. So there exist Gg∈  such that 1−= gbga . 

Thus bagg =−1 . Hence b~ a. 

3) Transitive: Let a~ b and b~ c. So, there exist Ghg ∈,  such that 1−= gbga  

and 1−= hchb . 

Consider ( ) ( ) 1111 −−−− === ghghcghchggbga . Hence a~ c. This proves the 

lemma. 

 

Lemma 2.27 Let G be a group. Then the set of conjugacy classes of G is a 

partition of G. 

Proof: Define a relation ~ on G as follows: 

a~ b if 1−= gbga  for some Gg∈ . 

By lemma 2.26, it is an equivalence relation on G. The equivalence class of a 

in G is then the set { }Gggag ∈− |1 , which is also the conjugacy class of  a. 

Thus, the set of conjugacy classes of G is a partition of G. 

 

Lemma 2.28 Let G be a group. Then ( ) ( )[ ]aNGao G := . 

Proof: Let Ga∈ . Then the mapping ( )aNGaG →:σ  given by 

( ) ( )axNxax =−1σ  is trivially onto. 

The mapping is one-one: Let Gyx ∈, . Then ( ) ( )ayNaxN = gives ( )aNxy ∈−1 . 

Thus xayxay 11 −− =  and hence 11 −− = yayxax .  

Therefore, σ  is a bijection, proving ( ) ( )( ) ( )[ ]aNGaNGoao G :== . 

 

Theorem 2.29 (The Class Equation) 
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Let G be a finite group and let rggg ,...,, 21 be the representatives of the 

distinct conjugacy classes of G not contained in the center )(GZ of G. Then 

                    ( ) ( )( ) [ ]∑
=

+=
r

i
igNGGZoGo

1
)(:     

 

Proof: Let )(GZx∈ . Then, }{)( xxcl = , since then Ggxgxg ∈∀=−1 . 

}{ So x  is a conjugacy class of order 1. 

Let { }mzzGZ ,...,,1)( 2=  and let rKKK ,...,, 21  be the distinct conjugacy classes 

of G not contained in the center and ig be the representative of iK  for each i.      

Then the full set of conjugacy classes of G is given by 

                 rm KKKzz ,...,,},{},...,{},1{ 212  

Since by lemma 2.27,these partition G, we have 

                  ( ) ( )∑∑
==

+=
r

i
i

m

i
KoGo

11
1  

                           ( )( ) [ ]∑
=

+=
r

i
igNGGZo

1
)(:  

This proves the class equation. 

 
Definition 2.30 (p-group) A finite group G is called a p-group (p is prime), if 

order of every element of G is a power of p. i.e. if Gx∈ , then 

( ) 0 somefor  ≥= mpxo m . 

 

Theorem 2.31 Let G be a finite group of order np , where p is a prime and 

n>0. Then G has a non-trivial center Z. 

Proof: Consider the class equation of G, 
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              ( ) ( ) ( )[ ]∑
∈

+=
Cx

xNGZoGo :  

where C contains exactly one element from each conjugacy class containing 

more than one element.  

As ( ) ,GxN ≤  by Lagrange’s theorem, ( )( ) ( )GoxNo | . If Zx∉ , then 

( )( ) npxNo < . Thus, ( )[ ] 1: >xNG . So ( )[ ] nrpxNG r ≤≤= 1;:  . Hence, 

( )[ ] ZxxNGp ∉∀  :|  . Therefore, ( )[ ]∑
∈Cx

xNGp :|  . Also, ( )Gop |  . Thus, 

( ) ( )[ ]







−∑

∈Cx
xNGGop :|   which gives ( )Zop | . Hence Z is non-trivial.  

 

Lemma 2.32 If p is a prime, then every group G of order 2p is abelian. 

Proof: Let G be a group of order 2p . Then by theorem 2.31, center of G, say 

Z, is non-trivial. Since ( ) ( ) 22 ,| porpZopZo      = . If  ( ) 2pZo = , then G=Z and 

hence abelian. Let ( ) pZo = . Consider the quotient group ZG . Clearly,  

( ) p
p
pZGo ==

2

. Thus, by theorem 2.20, ZG  is cyclic. 

Let xZZ
G = . 

Let Gba ∈, , then Z
GbZaZ ∈, . Thus, ZxbZZxaZ nm == , for some 

0, ≥nm . 

Hence, 21, zxbzxa nm ==  for some Zzz ∈21, .  Now 

21 zxzxab nm= 12212121 zzxxzzxzzxzzxx mnmnnmnm ==== ++  

    bazxzx mn == 12 . 

Thus G is abelian. 
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Lemma 2.33 (Cauchy’s theorem for abelian groups) Let G be a finite 

abelian group and let p be a prime. If )(| Gop , then G has an element of order 

p. 

Proof: We prove the result by induction on nGo =)( . Assume result is true 

for all abelian groups of order less than n. If pGo =)( or G is cyclic, then G 

has an element of order p. So, suppose that Geb ∈≠∃ )(  such that Gb ≠ . If 

( )bop | , then we are done. So, let p does not divide ( )bo , but )(| Gop . So 

( )
( )bo
Gop |  i.e. 








b

Gop | . By induction hypothesis, b
G  has an element say a  

of order p. So ba p =)( . Thus ba p = . Let kao =)( . Then 1=ka . Thus 

ba k == 1 i.e. ba k =)( . So ))((| aokp = . Therefore ( )aop | . Hence a  has 

and hence G has an element of order p. 

 

Definition 2.34 (Sylow p-subgroup)  Let G be a finite group. Let p be a 

prime such that ( )Gop m |  but 1+mp  does not divide ( )Go .A subgroup of G of 

order mp  is called a sylow p-subgroup of G. 

Example: ( ) 3263 ⋅==So   

( ){ } ( ){ } ( ){ }23,1,13,1,12,1    are sylow 2-subgroups of 3S .    

 

Definition 2.35 (Subnormal series)  A sequence { }GGGGe r == ,...,, 10  of 

subgroups of a group G is called a subnormal series of G if riGG ii ≤≤+ 0,1   <  

. 

Definition 2.36 (Solvable series) A subnormal series of a group G with 

abelian factor groups is called a solvable series. A group G is said to be 

solvable if it has a solvable series. 
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Definition 2.37 (Homomorphism) Let ( )∗,G  and ( )⋅ ,H be two groups. A 

function HGf →: is a homomorphism if Gba ∈∀ ,   

                            )()()( bfafbaf   ⋅=∗                                

An Isomorphism is a homomorphism that is also a bijection. 

 

Definition 2.38  Let HGf →: be a homomorphism and define 

                                  Kernel f = ( ){ }1| =∈ afGa   and  

                                  Image f= ( ){ }GasomeforafhHh ∈=∈   |  

We usually write Ker f instead of kernel f and im f instead of image f. It is easy 

to verify that Ker f  and im f are subgroups of G and H respectively. 

 

Theorem 2.39 Ker f  is a normal subgroup of G.  
Proof: Let HGf →: be a homomorphism. Let fKera  ∈ , then ( ) 1=af . 

Let Gg ∈ . Consider ( ) ( ) ( ) ( ) ( ) ( ) 1111 === −−− gfgfgfafgfgagf . 

Thus, fKergag  ∈−1 . Hence, GgfKergfKerg ∈∀≤−    ) ( 1 . Therefore, 

GfKer < . 

 

Theorem 2.40 (First Isomorphism Theorem) Let HGf →: be a 

homomorphism with kernel K. Then K is a normal subgroup of G and 

fimKG  ≅ . 

Proof: As seen above, GK < . Define HKG →:φ  by ( ) ( )afaK =φ . 
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To see that φ  is well-defined, assume that KbaeibKaK ∈= −1..   . Then 

( ) ( ) ( )bfafbaf 111 −− == . Thus ( ) ( )bfaf = ; it follows that ( ) ( )bKaK φφ = , as 

desired. 

φ  is a homomorphism:  

( ) ( ) ( ) ( ) ( ) ( ) ( )bKaKbfafabfabKaKbK φφφφ ==== . 

Clearly, fimim   =φ . Finally, we show that φ  is an injection.  

If ( ) ( )bKaK φφ = , then ( ) ( )bfaf = ; hence ( ) 11 =−abf  i.e. Kab ∈−1 . Thus 

bKaK = . Hence fimKG  ≅ . 

 

Lemma 2.41 (N/C Lemma) If H is a subgroup of a group G,  then 

( ) ( )HNHC GG <  and ( ) ( )HCHN GG  can be embedded in ( )HAut . 

Proof: If Ga∈ , let aγ denote conjugation by a. i.e. GGa →:γ by 

( ) 1−= axaxaγ . Define ( ) ( )HAutHNG →:φ  by ( ) aa σφ =  where Haa |γσ = , 

H.  torestricted aγ Now ( ) Hahaha ∈= −1σ since ( )HNa G∈ . Thus 

HHa →:σ is an automorphism and hence ( )HAuta ∈σ . 

φ  is a homomorphism: Consider 

( ) ( ) ( ) ( )( ) ( )( )hhahaaabhbababhh bababab σσσσσσ ===== −−−− 1111  

Thus ( ) ( ) ( )baab baab φφσσσφ === .  

Now we will prove ( )HCG=φker . Now φker∈a , so ( ) Ia a ≡≡ σφ . Thus, 

( ) ( ) HhhIha ∈∀=σ i.e. Hhhaha ∈∀=−1 . Hence ( )HCa G∈ . Therefore, 

( )HCG⊆φker . 

By reversing the steps, we will get ( ) φker⊆HCG . Thus ( )HCG=φker . 
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By theorem 2.40, ( ) ( )HNHC GG <  and ( ) ( ) ( )HAutimHCHN GG ≤≅ φ .This 

proves the lemma. 

 

Definition 2.42 (Exponent)  Let G be a group. The least positive integer n 

such that Gxxn ∈∀=  1  is called the exponent of G. If no such n exists, then 

we say exponent of G is infinite. It is denoted as exp(G). 

 

Definition 2.43 (Unit) If R is a ring with identity 1, then a unit is an element x 

of R which has both a right inverse y and a left inverse z. These are then equal, 

since yyzxyzz ===⋅= 11 . 

 

 Theorem 2.44 If R is a ring with identity 1, then the set U of units of R is a 

group under multiplication. 

Proof:  U is non-empty since 111 =⋅ . So U∈1 . Let Ux∈ and Uy∈ . Then 

( )( ) ,11 1111 === −−−− xxxxxyxy  

( )( ) 11 1111 === −−−− yyyyxyxy . Hence Uxy∈ . Since Uxxxx ∈∀=⋅=⋅    11 ,1 is 

the identity for U. If Ux∈ , then 111 == −− xxxx , so Ux ∈−1 . Also, 1−x  is an 

inverse for x. Hence U is a group. 

 

Theorem 2.45 The multiplicative group of non-zero elements of a finite field 

is cyclic. 

Proof: Let F be a finite field of order q and let { }0\FF =∗ . Then ∗F  is an 

abelian group of order q-1. Let ( ) nF =∗exp . Clearly 1−≤ qn . Then 
∗∈∀= Fxxn  1 . Now 1−nx  can have at most n roots in ∗F  but it has q-1 roots 

in ∗F . So nq ≤−1 . Hence n=q-1.  
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Since ( ) nF =∗exp , there must be an element ∗∈ Fa  such that ( ) 1−== qnao . 

So ∗F  is cyclic generated by a. 

 

Definition 2.46 (Congruence class)  The Congruence class of an integer a 

mod n is given by 

                            [ ] { } { }ZkknanabZba ∈+=≡∈= :mod: . 

The set nZ  of all the congruence classes mod n is called the set of integers 

modulo n; it is an abelian group when equipped with the operation: 

[ ] [ ] [ ]baba +=+ ; here [ ]0=e  and [ ] [ ] [ ]0=+− aa . nZ  is even a commutative ring 

with “one” as [1] and multiplication is defined by [ ][ ] [ ]abba = . 

 

Remark We know, [ ] [ ] [ ]{ }  1,...,1,0 −= nZn . 

By theorem 2.44, the set ∗
nZ  of units of this ring forms a multiplicative group. 

Example:  If n=12, then [ ] [ ] [ ]{ }  11,...,1,0=nZ  and [ ] [ ] [ ] [ ]{ }11,7,5,1=∗
nZ . 

 

Theorem 2.47 If 2≥n , then  

[ ] ( ){ }1,,0| =<<=∗ nmnmmZn   

[ ] [ ]( ) ( ){ }+==∗ ,| nn ZinnmomZ      . 

Proof: Clearly, [ ] ∗∉ nZ0 . Let 0 < m < n. If [ ] ∗∈ nZm , then r∃ such that 

[ ][ ] [ ]1=rm  i.e. nZnZrnZm +=++ 1))(( . So nZnZmr +=+ 1 i.e. nZmr +∈1 . Let 

Zsnsmr ∈−−=   where1 . Thus Zs∈∃ - such that 1=+ snmr . Hence ( ) 1, =nm . 

If ( ) 1, =nm , then Zr ∈∃  and Zs∈ such that 1=+ nsmr i.e. nsmr −=1 . Hence 

( )nmr mod1≡ . If [ ]( ) nZintmo   = , then [ ] [ ]0=mt . Now ][...][][][ mmmmt +++=   

][]...[ tmmmm =+++= . Thus ]0[][ =tm . Hence ( )ntm mod0≡ . Therefore, 
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( ) ( ) ( )nrtmmrttt mod01 ≡≡≡⋅≡ . 

Hence nt ≥ . Also tn ≥ . Thus nt = . 

Finally, if [ ]( ) nZinnmo   = , then the n elements [ ] [ ] [ ]mnmm  ,...,2,  are all distinct. 

Hence t ∃  such that [ ] [ ]1=mt , so that [ ][ ] [ ]1=mt . Therefore [ ] ∗∈ nZm . 

 

Theorem 2.48 pZ is a field, where p is prime. 

Proof: We know pZ  is a commutative ring with unity. If 0 < m < p, then 

( ) 1, =pm . Therefore, ∗
pZ  consists of all non-zero elements of pZ , by theorem 

2.47. Thus all non-zero elements of pZ  are invertible. Hence pZ  is a field. 

 

Result Let GGT →:  be one-one homomorphism and Ga∈  be such that 

nao =)( . Then ))(()( aToao = . 

Proof: Now nao =)(  so 1=na . Consider .1)1()()]([ === TaTaT nn Thus 

naTo |))(( . Suppose nmaTo <=))(( . Thus 1))(( =maT  i.e. 1)( =maT . 

Since T is one-one, so 1=ma , which is a contradiction. Hence ))(()( aToao = . 

 

Theorem 2.49 ( ) ∗≅ nn ZZAut , if 2≥n . 

Proof: For all ( )nZAutT ∈ , let ( ) [ ]1TTf = . Now by above result 

[ ]( ) [ ]( ) .11 noTo ==  Therefore, by theorem 2.47, f is a function from ( )nZAut  

into ∗
nZ . If also ( )nZAutU ∈  and [ ] [ ]11 UT = , then [ ] [ ] iiUiT ∀=   , so that T=U. 

This means that f is 1-1. Let [ ] ∗∈ nZi , consider the function nn ZZT →:  given 

by [ ] [ ]ijjT = . Clearly it is onto. 

T is a homomorphism: 
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Now [ ] [ ]( ) [ ]( ) ( )[ ] [ ] [ ] [ ] [ ] [ ]kTjTikijikijkjikjTkjT +=+=+=+=+=+ . 

 

T is one-one: 

Suppose ][][ kTjT =  i.e. ][][ ikij = . So nZiknZij +=+ . Thus 

nZkjiikij ∈−=− )( . Let Zrnrkji ∈=−  somefor  )( . Then ]0[)]([ =− kji  i.e. 

]0[]][[ =− kji . Since [ ] ∗∈ nZi , so it is invertible. Thus we have 

]0[]][[][ 1 =−− kjii  i.e. .]0[][][ =− kj  Hence ][][ kj = .  

Thus T is an automorphism of nZ  and ( ) [ ] [ ]iTTf == 1 . Thus f is onto ∗
nZ . 

Finally, if [ ] [ ]iT =1  and [ ] [ ]kU =1  with T and U in ( )nZAut , then  

[ ] [ ] [ ]( ) [ ] [ ] [ ][ ] [ ][ ] [ ] [ ]11111 UTkiikikkTkTkTTU ======= . 

Hence ( ) ( ) ( )UfTfTUf = . Therefore f is an isomorphism of ( )nZAut  onto ∗
nZ . 

 
Definition 2.50 (Mobius function) The Mobius function ( )nµ  is defined as 

follows: 

                                               ( ) 11 =µ  ; 

If n>1, write ka
k

aa pppn ....21
21= , where ip  are distinct primes and 1≥ia  are 

integers. Then  

                               ( ) ( )kn 1−=µ  if 1...21 ==== kaaa , 

                               ( ) 0=nµ     otherwise.  

Note that ( ) 0=nµ  if and only if n has a square factor greater than 1. 

Here is a short table of values of ( )nµ  : 

  n:       1     2      3    4    5    6     7    8    9   10  

( )nµ :   1    -1    -1    0    -1    1    -1    0    0    1. 
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Theorem 2.51 If 1≥n  we have 








>
=

=



=∑ 1   0

1   11)(
| nif

nif
n

d
nd

µ . 

Proof: The formula is clearly true if 1=n . Assume, then, that 1>n  and write 
ka

k
aa pppn ....21
21= . In the sum ∑

nd
d

|
)(µ  the only non-zero terms come from 

1=d  and from those divisors of n which are products of distinct primes. Thus  

)...(...)(...)()(...)()1()( 211211
|

kkkk
nd

pppppppppd µµµµµµµ ++++++++= −∑  

             0)11()1(...)1(
2

)1(
1

1 2 =−=−







++−








+−








+= kk

k
kkk

. 

 

Theorem 2.52 If 1≥n  we have ∑=
nd d

ndn
|

)()( µφ . 

Proof: We know ∑
=

=
n

k
n

1

'1)(φ , where the '  indicates that the sum is extended 

over those k relatively prime to n. This sum can be rewritten in the form 

∑
=









=

n

k kn
n

1 ),(
1)(φ  , where now k runs through all integers less than or equal to 

n. Now we use theorem 2.51 with n replaced by ),( kn  to obtain 

                           ∑∑∑ ∑
==

==
n

k
kd
nd

n

k knd
ddn

1
|
|1 ),|(

)()()( µµφ . 

For a fixed divisor d of n we must sum over all those k in the range nk ≤≤1  

which are multiples of d. If we write qdk =  then nk ≤≤1  if and only if 

dnq ≤≤1 . Hence the last sum for )(nφ  can be written as  

                             ∑∑∑ ∑ ∑ ===
= = ndnd

dn

q nd

dn

q d
ndddn

|| 1 | 1
)(1)()()( µµµφ . 

This proves the theorem. 
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Lemma 2.53 For 1≥n ,  ( ) ∏ 







−=

np p
nn

|

11φ .  

Proof: For n=1 the product is empty since there are no primes which divide 1. 

In this case it is understood that the product is to be assigned the value 1. 

Suppose, then, that n>1 and let rppp ,..., 21  be the distinct prime divisors of n. 

The product can be written as 

( )
r

r

kjijii

r

i inp ppppppppppp ...
1...11111111

211|

−
++−+−=








−=








− ∑∑∑∏∏

=
 …(1) 

On the right, in a term such as ∑
kji ppp

1
 it is understood that we consider all 

possible products kji ppp  of distinct prime factors of n taken three at a time. 

Note that each term on the right of (1) is of the form ± d1  where d is a divisor 

of n which is either 1 or a product of distinct primes. The numerator ±1 is 

exactly ( )dµ . Since ( ) 0=dµ  if d is divisible by the square of any pi , we see 

that the sum in (1) is exactly the same as 
( )∑

nd d
d

|

µ
, but from theorem 2.52, 

∑=
nd d

d
n
n

|

)()( µφ
 and thus ( ) ∏ 








−=

np p
nn

|

11φ . 

 

Theorem 2.54 ( ) ( ) ( ) ( )( )ddnmmn φφφφ = , where ( )nmd ,= . 

Proof: By Lemma 2.53, 
( ) ∏ 








−=

np pn
n

|

11φ
. 

Next we note that each prime divisor of mn is either a prime divisor of m or of 

n , and those primes which divide both m and n also divide (m,n). Hence 
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( )

( )

( ) ( )

( )
d
d

n
n

m
m

p

pp
pmn

mn

nmp

mp np

mnp φ

φφ
φ

=









−









−








−

=







−=

∏

∏ ∏
∏

,|

| |

| 11

1111
11  

So ( ) ( ) ( )
( )dmn

dnm
mn
mn

φ
φφφ

= . Thus ( ) ( ) ( ) ( )( )ddnmmn φφφφ = . 

 

Theorem 2.55 ( ) ( ) ( )nmmn φφφ =  if (m,n)=1. 

Proof: By theorem 2.54, ( ) ( ) ( )nmmn φφφ = . 

 

Lemma 2.56 If p is a prime and α  be any positive integer, then 

( ) 1−−= αααφ ppp . 

Proof: By Lemma 2.53, ( ) ∏ 







−=

np p
nn

|

11φ . Taking αpn = . 

( ) ( ) ( )1111 1

|

1

|

−=−=







−= −−∏∏ pppp

p
pp

pppp

αααα

αα

φ . 

Thus, ( ) 1−−= αααφ ppp . 

 

Theorem 2.57 ( )nφ  is even for 3≥n . Moreover, if n have r distinct odd prime 

factors, then ( )nr φ|2 . 

Proof: If 2,2 ≥= ααn , then Lemma 2.56 shows that ( )nφ  is even. If n has at 

least one odd prime factor, we write 

( ) ( ) ( ) ( )∏∏∏∏ −=−=
−

=
npnp

np
np

pncp
p

n
p

pnn
||

|
|

111φ , 

where c(n) is an integer. The product multiplying c(n) is even, so ( )nφ  is even. 
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Moreover, each odd prime p contributes a factor 2 to this product, so ( )nr φ|2  

if n have r distinct odd prime factors. 

 

Definition 2.58 If G is a finite group, then ( )GΠ  denotes the set of primes 

dividing )(Go . 
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                                                Chapter-3 

                                             Main Result 
 

We now prove our main result: to identify finite groups of odd order with 

exactly two non-central conjugacy classes of each size. All the results in this 

section have appeared in [4]. 

 

Lemma 3.1 If G  is a finite group of odd order, then each size of a non-

central conjugacy class of G  appears an even number of times. 

Proof:As Z is a subgroup of G, so by Lagrange’s theorem )(Zo divides )(Go . 

Thus )(Zo  is odd. We know,    

              ( )[ ]
))((

)(:)(
xCo

GoxCGxo
G

G
G ==  

which gives )()))(())((( GoxCoxo G
G = . 

Thus,  )(|)( Goxo G . Hence )( Gxo  is odd. 

Since order of an element of a group divides order of the group, so order of x  

should be odd and hence it can-not be 2. So no Gx∈  can satisfy 12 =x . 

Thus, 1−≠ xx . Suppose x ~ 1−x . Then Gxxx ∈−1, . If b is any other element in 
Gx , then xggb 1−= for some Gg ∈ . Now gxgb 111 −−− =  , which is a conjugate 

of 1−x . Since Gxx ∈−1 and we know conjugacy is an equivalence relation, 

therefore Gxb ∈−1 . 

So )( Gxo  is even, which is a contradiction as )( Gxo  is odd. Hence, x is not 

conjugate to 1−x .Thus, we have two conjugacy classes Gx and  ( )Gx 1−  . Now if 
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Gxb∈ then xggb 1−=  for some Gg ∈ . Thus, ( )Gxgxgb 1111 −−−− ∈= . So if 

Gxb∈ ,  then ( )Gxb 11 −− ∈ . Thus ))(()( 1 GG xoxo −= . This proves the lemma. 

 

Proposition 3.2  Let G be a finite non-abelian group and suppose that G 

contains at most two non-central conjugacy classes of each size. Moreover, 

suppose that )()( GG yoxo =  for ( )GZGyx −∈,  implies that ( ) ( )yoxo = , then 

( ) 1=GZ . 

Proof: Denote ( ) ZGZ = and ( ) ( )xCxCG =  for Gx∈ . 

We shall assume that 1>Z  and we shall reach a contradiction. 

Let ( )Zp Π∈ , the set of primes dividing )(Zo , and let Zz∈  be of order p. Let 

ZGx −∈  be of order m. 

Now ( ) ( ) ( ) ( ){ }gzxzxgGgzxCzxCG =∈== |  and 

( ) ( ) { }xggxGgxCxCG =∈== | . Let ( )xCg ∈ . So xggx = . Since 

( ) ( )gxzzxg = ( )xgz= ( )gzx= , therefore ( )zxCg∈ . Hence ( ) ( )zxCxC ⊂ . 

Let ( )zxCg ∈ , then ( ) ( )gzxzxg =   i.e. ( ) ( )xgzgxz = . Thus xggx =  i.e. 

( )xCg∈ . Hence, ( ) ( )xCzxC ⊂ . Thus, ( ) ( )zxCxC = . 

By lemma 2.28, ( )[ ]xCGxo G :)( =   and  ( )[ ]zxCGzxo G :))(( = . Since 

( ) ( )zxCxC = , therefore ))(()( GG zxoxo = . So, by our assumptions 

( ) ( ) mxozxo == . Now ( ) mzxo = . So ( ) 1=mzx  i.e. 1=mm xz . Thus 1=mz . 

Hence mm zx ==1 . It follows from theorem 2.5 that mp | . 

Let ( ) { }pGq −Π∈  and ( )GsylQ q∈ . So mqQo =)(  for some 1≥m . Let 

ZQy −∈ , then rqyo =)(  for some 1≥r . So, rqyop =)(| . Thus qp | , which 
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is a contradiction. Thus, Zy∈  and hence, ZQ ≤ . Now lp
Zo
Go

Z
Go ==







)(
)(

, 

because every pq ≠ divides )(Zo . Hence, Z
G  is a p-group. 

But if such a q exists, then by similar arguments ( by starting with an element 

Zz∈  of order q ) we can prove that Z
G   is a q-group, a contradiction. Hence 

G is a p-group. 

If pGo =)( , then G is cyclic and hence abelian, but G is non-abelian. So 

pGo ≠)( . If 2)( pGo = , then G is abelian by lemma 2.32, which is a 

contradiction. So 2)( pGo ≠ . Hence 3)( ppGo n ≥= . 

If )()( GopZo n == , then G is abelian, a contradiction. So npZo ≠)( .  

If 1)( −= npZo , then p
Z
Go =





 and thus, by theorem 2.20, Z

G  is cyclic.  

Let xZZ
G = . 

Let Gba ∈, , then Z
GbZaZ ∈, . Thus, ZxbZZxaZ nm == ,  for some 0, ≥nm . 

Hence, 21, zxbzxa nm ==  for some Zzz ∈21, . Now 

21 zxzxab nm= 12212121 zzxxzzxzzxzzxx mnmnnmnm ==== ++  

    bazxzx mn == 12 . 

Thus G is abelian, which is a contradiction. So 1)( −≠ npZo . Thus 2)( −≤ npZo . 

Also, we know center of a p-group is non-trivial. So pZo ≥)( . Hence, 
2)( −≤≤ npZop . 

Since ( )xCZ G⊆ and ( ) ZxCx G \∈ , therefore pZoxCo G ≥> )())(( . Thus 

2))(( pxCo G ≥ . So, we have 2
2))((

)()( −=≤= n
n

G

G p
p
p

xCo
Goxo . 
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Hence, both Z and the sizes of the non-central conjugacy classes of G are 

bounded by 2−np  from above. 

Let there exist Gx∈  with a conjugacy class of size 2−np . Now 

( )[ ]
))((

)(:)(
xCo

GoxCGxo
G

G
G == .  

Thus we have  2
2)(

)())(( p
p
p

xo
GoxCo n

n

GG === − . Also ( )xCZ G≠
⊂  and 

2))(( pxCo G = , therefore pZo =)( . 

Hence, it follows from our assumptions and class equation that 

( )322 ...122...22 −− ++++=++++≤ nnn ppppppppp  

    ppppp
p

ppp nn
n

−=−+≤







−
−

+= −−
−

11
2

222
1

12   

    nn pp <≤ −12  

a final contradiction. This proves the proposition. 

 

As an immediate corollary we obtain 

 
Corollary 3.3 Let G be a non-abelian finite group with non-central conjugacy 

classes of distinct sizes. Then ( ) 1=GZ .In particular, all conjugacy classes of 

G are of distinct sizes. 

Proof: Since G has non-central conjugacy classes of distinct sizes, so the first 

hypothesis of proposition 3.2 is satisfied. Suppose )()( GG yoxo =  for 

( )GZGyx −∈,  and since G has only one conjugacy class of each size, so x and 
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y are in the same conjugacy class and hence ( ) ( )yoxo = . Thus second 

hypothesis of proposition 3.2 is also satisfied and hence ( ) 1=GZ . 

 

Theorem 3.4 Let G be a non-abelian finite group of odd order and suppose 

that G contains exactly two non-central conjugacy classes of each size. Then 

G is the non-abelian group of order 21. 

Proof: Let ( )GZGyx −∈, and )()( GG yoxo = . Since G is of odd order, so 

))(()( 1 GG xoxo −= . Also G contains exactly two non-central conjugacy classes 

of each size. So y is conjugate in G to x or to 1−x . Thus ( ) ( )yoxo = .  

Hence, by proposition 3.2, ( ) 1=GZ . 

Let { }1−∈Gx be of order 3≥n . 

Let ( ){ } ( )HNKxHninixS G
i ===≤≤=  and ,,1,,1| . Clearly 

( )nSo φ=)( , an even number by theorem 2.57. 

Now nxo =)( , so 1=nx  which gives 11 −− = xxn . Also ( ) 1,1 =− nn . Thus, 

Sxx n ∈= −− 11 . Also G is of odd order, so x is not conjugate to 1−x . 

Now { }12 ,...,,,1 −== nxxxxH . Since H is a finite cyclic group of order n, so 

by theorem 2.21 number of generators of H is ( )nφ  and S contains all the 

generators of H. 

Let Sy∈ , so yH = . It is clear that any element of G which commutes with 

y will commute with whole of H. Thus ( ) ( )HCyC GG = . 

Let Syy ∈21 , . So ( ) ( ) ( )HCyCyC GGG == 21 .Now ( )[ ]11 :))(( yCGyo G
G = and 

( )[ ]22 :))(( yCGyo G
G = . Thus ))(())(( 21

GG yoyo = . Thus if Sy∈ , then 

))(()()( 1 GGG xoxoyo −== . 
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But G contains exactly two non-central conjugacy classes of each size. So 

Sy∈  is either conjugate to x or to 1−x . Hence every element of S is either 

conjugate to x  or to 1−x . 

Suppose Sxx ji ∈, and ix ~ jx  in G. So, ji xgxg =−1  for some Gg ∈  i.e. 

Hgxg i ∈−1 . Then, ( ) 1  1 ≥∀∈− nHgxg ni . So HHgg ∈−1 . Hence 

( ) KHNg G =∈ . Thus if ix ~ jx  in G, then ix ~ jx  in K. If Sxi ∈ , then 

Sxx ini ∈= −− . Also, if ix ~ x , then ix− ~ 1−x . 

Hence, S is partitioned into two sets of equal size ( ) 2nφ , consisting of 

elements which are conjugate in K to x or to 1−x respectively. 

Consider Kx . Any element of Kx  is of the form xkk 1− , where Kk ∈ . Since 

HxkkHNK G ∈= −1  ),( . Let rxxkk =−1 for some r. Suppose nmxo r <=)( . 

Then 1)()( 1 ==− mrm xxkk . This gives 11 =− kxk m  and hence 1=mx , a 

contradiction. So nxo r =)(  and thus Sxkk ∈−1 . Thus Kx  and similarly Kx )( 1−  

are in S.  Therefore 
( ) ( )[ ]xCKnxo K

K :
2

)( ==
φ

. 

We know ( ) { }xggxGgxCG =∈= |  and ( ) { }xkkxKkxCK =∈= | . Clearly 

( ) ( )xCxC GK ⊂ . 

Let ( )xCg G∈ . So xggx = . Thus igxgx ii ∀=   . So HggH = . Thus 

Kg ∈ and hence ( ) ( )xCxC KG ⊂ . Thus ( ) ( )xCxC KG =  

Hence 
( ) ( )[ ]xCKn

G:
2

=
φ

                  --------- (1) 

and since ( ) 2nφ  is the order of the conjugacy class of x in K, so it will divide 

order of K and also )(|)( GoKo . Thus ( ) 2nφ  is a divisor of )(Go , an odd 
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integer. The case pqn =  for distinct odd primes p and q is impossible, since 

( ) ( )( )
2

11
2

−−
=

qppqφ
 is even. 

Hence G contains no elements of order divisible by more than one prime and 

consequently all elements of G are of prime power order. We prove that 

))(( xCo G  are also of prime power. Suppose the contrary that ))(( xCo G  is not 

of prime power. Let p, q be the primes such that they divide ))(( xCo G . 

Suppose ( )xCyx G∈,  , then by Cauchy’s theorem pxo =)( and qyo =)( . So 

by theorem 2.14, pqyoxoxyo == )()()( , which is a contradiction as Gxy∈ . 

Let ( )Gp Π∈  and let Gx∈  be of order p. Let xH = . By equation(1), 

( )
2

1
2)(

)(
)(
)( −

==







=







 pp
HC
HNo

xC
HNo

G

G

G

G φ .  

By CN  lemma, ( ) ( )HCHN GG  can be embedded in ( )HAut . Since H is 

cyclic of order p, therefore pZH ≅ . By theorem 2.49, ( ) ∗≅≅ pp ZZAutHAut )( . 

But pZ  is a field, therefore by theorem 2.45, ∗
pZ  is cyclic. Thus ( )HAut  is 

cyclic and hence ( ) ( )HCHN GG  is cyclic. Let ( ) ( ) )(HCHCHN GGG α= , 

where GHNG ≤∈ )(α . Since )(αo  is a prime power, therefore ))(( HCo Gα  is 

also of prime power. Hence 






)(
)(

HC
HNo

G

G  is a prime power. 

Thus ( )





=

−
)(

)(
2

1
HC

HNop
G

G  is either 1or it is a power of ( ) pqGq <Π∈ , . 

Thus either 3=p or 12 += iqp  for some Nipq ∈< ,  and iq dividing ).(Go  

Let p be the smallest prime dividing ).(Go  Since ( ) 21−p  divides )(Go , we 

must have 3=p , since p is the smallest prime and pq < . 
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If ( ) { }3=Π G , then nGo 3)( = i.e. G is a p-group and we know center of a p-

group is non-trivial i.e. ( ) 1≠GZ , but ( ) 1=GZ . Hence the case ( ) { }3=Π G  is 

impossible. 

Let q be the smallest prime in ( ) { }3−Π G . Then iq 3
2

1
=

−  for some Ni∈ . Thus 

13.2 += iq . We prove that ( ) Njq j ∈∀≡+  3mod01.2  by mathematical 

induction. 

Let 1=j , then ( ) ( )13.41333.4113.2212 −+=+=++=+ iiiq ( )3mod0≡ . 

Let result is true for j=k i.e. ( )3mod01.2 ≡+kq . We will prove for j=k+1. 

( ) ( ) )3(mod03mod3.4123.4113.221212 1 ≡≡++=++=+=++ ikkikikkk qqqqqqq
Hence, ( ) Njq j ∈∀≡+   3mod01.2 .  

Thus no prime in ( )GΠ  is equal to 1.2 +jq . 

Let r be the smallest prime in ( ) { }qG ,3−Π . So ir 3
2

1
=

−  or  jqr
=

−
2

1  for some 

Nji ∈, . Thus 13.2 += ir  or  1.2 += jqr .  

But as proved above , ( )3mod01.2 ≡+jq . So this case will not arise. When 

13.2 += ir , then ( ) Njr j ∈∀≡+   3mod01.2 . 

Thus no prime in ( )GΠ  is equal to 1.2 +jr  and the same argument applied to 

other ( )Gr Π∈ , one by one, and according to their increasing order, implies 

that all primes in ( )GΠ  are of the form 13.2 +i  for some Ni∈ and i3  dividing 

)(Go . 

Suppose first that 3))(( =xCo G  for some Gx∈ . Then 3 is the highest power of 

3 dividing )(Go and it generates only the prime 713.2 =+ . 

Hence jGo 7.3)( =  for some Nj∈ . If 2≥j , then 7))(( ≠yCo G for all Gy∈ . 
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Now the class equation is  

( )[ ] 







+++=+= ∑ ...

))((
)(

))((
)(2)(:)()(

yCo
Go

xCo
GoZoxCGZoGo

GG
G  









+++= ...

))((
1

))((
12

)(
11

yCoxCoGo GG
 









−

++≤





 ++++≤

711
712

3
2

7.3
1...

7
1

7
12

3
2

7.3
1 2

232j  

   1
21
1

3
2

7.3
1

2 <++=  

a contradiction. Hence j=1 and 2173)( =⋅=Go , as required. 

It remains only to drive a contradiction in the case when 3))(( ≠xCo G  for all 

Gx∈ . In this case 

( )∑
∞

=










+

+
+

+
+





 +++≤

1
232 ...

13.2
1

13.2
12...

3
1

3
12

)(
11

i
iiGo  

( )
( )

1
2
1

3
1

3
1

311
31

3
1

3
1

3
1

3
1

3
1

13.211
13.212

311
312

3
1

22

1
2

1

2

2

<

++=
−

++=







++=








+−

+
+








−

+≤ ∑∑
∞

=

∞

= i
i

i
i

i

 

a final contradiction. This proves the theorem. 
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