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ABSTRACT

The present dissertation entitled ” Convergence of Complex trigonometric Sums
in the metric space L” embodies a brief acocunt of investigations carried out by var-
ious authors and by me on L!-convergence of complex trigonometric sums under
the supervision of Dr. S.S. Bhatia, Professor and Dr. Jatinderdeep Kaur, Lecturer,

School of Mathematics and Computer Applications, Thapar University, Patiala.

The aim of this work is, study and obtain some results on L*-convergence of

Complex Trigonometric series with special coefficients.

The whole work of my dissertation is divided into four chapters. The first
chapter is introductory. In this chapter, apart from setting up the notations and
terminology to be used in the sequel, I have given a brief account of some results
along with a brief plan of results presented in the subsequent chapters . In second
chapter, I have studied the ” L!-Convergence of Modified Complex Trigonometric
Sums” with coefficients belonging to class R*. In chapter third, I have studied the
L'-convergence of r'* differential of the complex trigonometric sums introduced in
second chapter. The aim of chapter four is to study L!-convergence of newly modi-

fied complex form of Trigonometric sums with semi-convex coefficients.

Towards the end, I have give references of various publications cited in the

present dissertation.
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CHAPTER 1

INTRODUCTION

1.1 The present dissertation comprises the results associated with the various
authors On ”Convergence of complex Trigonometric Sums in the metric space L 7.
It is well known that if a trigonometric series converges in L' -metric to a function
f€ L*(T),then it is the Fourier series of the function f. Riesz {[2],Vol.I,Ch.VIII§22}
gave a counter example to show that the converse of the above said result does not
hold good in L! metric. This motivated various authors to study the L'-convergence

of trigonometric series with special coefficients.

L'-convergence of trigonometric series with special coefficients have been stud-
ied by number of authors. The work on this topic was initiated by Young W.H.[29]

and Kolmogorov A.N.[16] by taking classes of convex sequences (A%a, > 0) and

quasi-convex sequences (Z n|A%a,| < oo) respectively. Teljakovskii S.A.[27] yet
n=1
considered another class S introduced by Sidon[23] for L!-convergence of trigono-

metric series. The results obtained by these authors have further been generalized
and extended by Hardy G.H. and Littlewood J.E.[9], Kano T.[11], Garrett J.W. and
Stanojevi¢ C.V.([7],[8]), Ram B.([18],[19]), Bala R. and Ram B.[1], Kaur K.,Bhatia
S.S. and Ram B.[12], Kaur K.[13], Xhevat Z.Krasniqi[28] by considering various
generalizations of classes of sequences mentioned above for one-dimensional trigono-

metric series.

Recently, L'-convergence of complex trigonometric series was considered by
Stanojevi¢ C.V. [24] , Stanojevi¢ C.V. and Stanojevi¢ V.B [25], Sheng Shu Yun [22]
and Bhatia S.S[5, 6] for various classes of complex sequences assuming some addi-

tional conditions to control the sine part of complex trigonometric series.



During their investigations, some authors introduced modified trigonometric
sums, as these sums approximate their limits better than the classical trigonometric
series in the sense that these sums converge in L'-metric to the sum of trigonometric
series whereas the classical series itself may not. In this concern, various authors like
Rees, C.S.and Stanojevi¢ C.V.[21],Kumari S. and Ram B.[17],Ram B. and Kumari
S.[20], Hooda N.,Ram B. and Bhatia S.S[10], Kaur K., Bhatia S.S and Ram B.[14],
Kaur J. and Bhatia S.S.[15] have introduced various new modified trigonometric
sums and have studied their L'- convergence under various classes of coefficient se-
quences. Bhatia S.S and Ram B.[4] generalized the results of Kumari S. and Ram

B.[17] and have obtained their results as corollary.

In the present dissertation , some results of above mentioned authors have been

studied and some new results have been obtained by me.

To provide sufficient background for later chapters, a summary of basic con-
cepts, techniques and a brief chapter wise resume of the results contained in the
dissertation has been given in this introductory chapter. However, some of the def-
initions and notations will be repeated occasionally in various chapters for the sake

of convenience.

1.2 DEFINITIONS AND NOTATIONS

Let {a,} be a sequence. Then we write

Aay,=ay, - Gy

A%a,=A(Aay)=ay - 2051 + Qnio

Abel’s transformation([2],Vol.I,p.1). If ag,a;,as,.....,00,01,.....Us,.... are any real

numbers, let us assume that



Then for any values of m and n, we find that
n n—1
Z apUE= Z AapVi + ap, Vi — A Vin—1
k=m k=m
(under the condition that if m=0,V_;=0).
Null sequence. A sequence {a,} is said to be null if a, — 0 as n — oo.
Convex sequence. A sequence {a,} is said to be convex if A?%a, > 0.

Quasi-Convex sequence([2],Vol.I1,p.202). A sequence {a,} is said to be quasi-

convex if
o0

Z n|A%a,| < oco.

n=1

Semi-convex sequence [11]. A null sequence {a,} is said to be semi-convex if

ZH|A2(I”_1 + A2an| < 00, (CLO - O)

n=1

Weakly even sequence [24]. A complex null sequence {c,} satisfying
Z |A(cn, — c—p)|logn < oo,
n=1

is called weakly even sequence and is denoted by {¢,} €W. Clearly if {c,} is an
even sequence (¢, = c_,), then it is weakly even sequence.
If {c,} satisfies

Z |A(e, —c_p)|n"logn < oo, re€{0,1,2,3,...,}

n=1

then we say that {c,} €W, obviously W, =W.



0-o0 Relations[2]. If v, >0 for n=0,1,2,..... and 2 5 0asn — 00, then we
Un

write
Up, = 0(vy,)

Again if U s bounded, then we write
Un
up, = O(vy)
Dirichlet kernel ([2], Vol.I, p.85). Let

1
D,(xz) = = + cosx + cos 2z + ... + cos nx

2
then
ZSingDn(m) = sing—|—2sin§cosx+...+2singcosna:
. +1
= sin|{n+= |z
2 Y
QG
sin n+§ xz
hence D, (z) = a—
281115

This expression is known as Dirichlet’s kernel. Moreover,

D,(z) = sinz+sin2z + ... +sinnz

Cosg—cos(n—ké)m

: X
2 sin 5

is called the kernel conjugate to the Dirichlet kernel.

If z # 0( mod 27), then

and



Fejér kernel ([2], [30]). The Fejér kernel K,,(z) is defined as

Kie) = —= > Djla)

Using |D,(x)| < n+ 1, it follows that K, (z) <n+ 1.

It has the properties

K,(z) >0,
l/ K,(x)dx =
™ —T

The conjugate Fejér kernel is defined as

(4)

. 1 .
Role) = —2 3Dy
7=0
We have
K.(z)>0 for 0O<z<m n=123,..
and
- 1
|Kn(z)| < En

Fourier series. A trigonometric series

ag + Z (@, cosnx + b, sinnz) ,

n=1

the coefficients ag, a,, and b,, of which are determined by the Fourier formulae

= %T/Tr f(z) dx
/ f(z) cosnzx dx,

by, f( ) sinnz dx



derived from the function f(z), is called the Fourier series of the function f(z). We
will write

f(x) ~ag+ Z (@ cosnx + b, sinnx)

n=1

and f(z) is a 2m-periodic function on the given interval.

The Class S ([23], [27]). A sequence {a,} belongs to class S, if a,, = 0 as n — oo

o)

and there exists a monotonically decreasing sequence {A,} such that Z A, < 00,
n=0

and |Aa,| < A, for all n. The class S is usually called as Sidon-Teljakovskii class.
Since, firstly, Teljakovskii expressed Sidon’s conditions [23] in a succinct equivalent

form and secondly, he showed that the class S is also a class of L!-convergence.

The Class R [11]. A null sequence {a,} belongs to the class R, if

S nta? (42 < oo,

— n

Complex form of Fourier Series

The Fourier series of function f(z) is

f(z) ~ag+ Z (a, cosnz + by, sinnz)
n=1

we know that €™ = cosnz + ¢sinnx and e™* = cosnx — i sin nx

therefore

1 inc —ine
cosnr = 5(6 +e7")

1 . )
sinnx = 2—2,(6””“" —e )

putting these values in the fourier series of f(z), we get

f(:L‘) ~ ag + % Z(an(einaz + e—inx) o ibn(einm . e—inx))

n=1



after arranging we get

1 ) )
(@) ~ a0+ 3 (5lan = iba)e™ = 5(on +ib)e™™)
f(.’I]) ~ Co —+ Z(Cn€lnz — C_ne_inx>
n=1
Hence
Fa) e 32 e
where Co = ay, Cp= %(an —iby), Cc_p = %(an + iby)

To determine coeflicients

co = ao=5= | f(x) dz,

coefficients are determined by the formulae

1 [7 ;
T J %

The Class S; [24]. A weakly even null-sequence {c,} of complex numbers belongs

to the class Sy, if for some 1 < p < 2 and some monotone sequence {4, } such that

- 1 = |Ack?
§An < 00, the condition - ; % =0(1), n—o0
holds. This class is further generalization of the class S for complex series.



The Class S}, [22]. A null sequence of complex numbers {c,} € W, belongs to

par

class S5, if for some 1 < p < 2 there exists a monotone sequence {4, } such that

o0
(i) Zno‘An < oo, for some a >0,
n=1

n P
(i) 1 HZIA@A = 0(1), re{0,1,2,...]0]}, n— oo

The case o = r = 0 of this class reduces to the class S;;.

The Class R* [5]. A null sequence {¢,} of complex numbers belongs to the class

R*, if
(i) g JAN (C_" I ) nlogn < oo,
n
n=1

) ZnQ ‘AQ (%)‘ < 00.

n=1

The Class R} [3]. A null sequence {c,} of complex numbers belongs to the class

Ry, if
- Cop—cC
’ A L "logk
(1) 321 ( - ) n" " logk < oo,

. r+2 AQ <C_Tl>‘ < ]
(71) ;n ) o 00
If r =0, class R} reduces to R*.
The Class J* [15]. A null sequence {¢,} of complex numbers belongs to class J*

if there exists a sequence {A,} such that

(i) A, 10, as n— oo,

(ii) ZnAn < 00
(iii)

A (M)' < é, foralln=1,2,3,.....
n n



1.3 The following results about the behavior of cosine and sine series are known:

Theorem 1([2], [16], [29]). If {a,} is a quasi-convex null sequence, then

(1.3.1) f(x):i a, cosnx € L'[0, 7]

Theorem 2([2], [26]) . If {a,} is a quasi-convex null sequence, then

o0

(1.3.2) Zan sin nx

n=1

oo
. . .. . G,
is a Fourier series if and only if E u < 00
n

n=1

In 1968, Kano [11] generalized Theorem 1 and Theorem 2 in the following form:

Theorem 3. If {a,} is a null sequence such that

(1.3.3) inQ ‘N (%”)‘ < o0,

then (1.3.1) and (1.3.2) are the Fourier series, or equivalently they represent inte-

grable functions.

Further, Ram and Kumari ([17], [20]) introduced new modified cosine and sine sums

as
(1.3.4) folz) = % + Z Z A (a_]) k cos kx
k=1 j=Fk J
and
(1.3.5) gn(z) = VAN <a—J) ksin kx
k=1 j=k J

and studied their L'-convergence under the condition that the cosine series and
sine series belong to the classes R and S. They also deduced the results about L!-

convergence of cosine and sine series. Their results state as below:



Theorem 4. Let {a,} belong to the class S. If lim |a,1|logn = 0, then
n—o0

| f — fallzr = o(1) n — .

Theorem 5. Let {a,} belong to the class R. If ¢, (x) represents f,(z) and g,(z),
then

I|f —tullr = o(1) n — oo.

Later, Hooda and Ram [10] have proved the following theorem regarding L'-convergence
of Ram and kumari sums for the class S of coefficient sequences.

Theorem 6. Let {a,} belong to the class S'. Then ||f — fu||rr = o(1), n — 0.

1.4 Let

n

Su(Cit) = Y ae™, teT=R/2nZ,

o
denotes the partial sums of the complex trigonometric series Z cxe™. In case the

k=—o00
trigonometric series is a Fourier series of some Lebesgue integrable function f, we

~

write ¢, = f(n) for all n and S,(C,t) = S,(f).

Concerning the integrability and L*-convergence of complex trigonometric series,
Stanojevi¢, C.V and Stanojevié¢, V.B. [24] proved the following result, which in turn

generalizes the Teljakovskii [27] result.

Theorem 7. Let {c,} € S;. Then

(i) nh_)rrolo Sp(Cht) = f(t) exists, for t #0
(i) feLYT);

(i) [ISa(f) = fller = o(1), n = o0,

is equivalent to

~

f(n)logn| = o(1), |n| = oo

10



In the proof of Theorem 7, the authors used the complex form
gn(Cyt) = S (Cit) — (cnEn(t) + c_nE_, (1))

of modified trigonometric sums of Rees-Stanojevié[21]

(1.4.1) gn(z) = %ZA%—{—ZZA(%)COSI{:Q:.

k=1 j=k

Sheng [22] extended the results of Stanojevi¢ C.V. and Stanojevi¢ V.B. [24] by
studing the L'-convergence of r** differential of complex form of Rees-Stanojevi¢

sums (1.4.1) with coefficients belonging to the class S

par

Further, in 1995, Bhatia and Ram [5] introduced the complex form

(4
1.4.2 =
(142) 9u(C,8) = Su(C1) + ——

[en 1 ER(E) = co iy EL, (1))
of modified trigonometric sums (1.3.4) and (1.3.5) and studied their L'-convergence
under a new class R* of coefficient sequences and obtained the necessary and suffi-

cient condition for the L!-convergence of complex trigonometric series.

Later, Bhatia and Ram [6] introduced the complex form of 7 derivative of complex

trigonometric sums (1.4.1) as

(1.4.3) 9."(C,1) = S,"(C,t) + [Cn+1ET+1(t) - C—(n-l-l)Ei—:zl(t)]

i
n+1 "

and gave the sufficient condition for the integrability of r times differentiated trigono-
metric series using the complex trigonometric sums (1.4.2) and obtained new neces-

sary and sufficient condition for L'-convergence of r** derivative of complex trigono-

metric series.

11



Recently, Xhevat Z.Krasniqi [28] have introduced new modified sine and cosine sums

as:
(1.4.4)  H,(z)= Sy ; ]z:; A(aj—1 — aj41) cos jx]
and

1 n n . .
(1.4.5)  Gp(z) = YT ; ; A(aj—1 — aj41)sin jz

and have studied their L!'-convergence.

Now, I give a brief chapterwise resume of the results contains in this dissertation.

In Chapter II, I have studied the L'-convergence of the complex form (1.4.2) of
modified trigonometric sums (1.3.4) and (1.3.5) introduced by Ram and Kumari
([17], [20]) and obtained the necessary and sufficient condition for the L'-convergence
of the complex trigonometric series with coefficients belonging to R*[5] have been

studied.

In Chapter III, T have studied the L!-convergence of the r-th differential (1.4.3) of

complex trigonometric sums (1.4.2) given by Bhatia and Ram [6]

In Chapter IV, I have obtained the complex form

. i(n+1)t —i(n+1)t int —int
i cpe Tt — e em e ettt — C—(n+1)€

gn(C,t) = S,(C, t)+251nt ‘ ‘
+ (n+1)(en — Cap2)e ™™ 4 (0 4+ 1) (c_(nya) — cop)e D!

of modified trigonometric sums (1.4.4) and (1.4.5) of Xhevat Z.Krasniqi [28] and

have obtained its L'-convergence under the class J*[15].

12



CHAPTER 11

L'-Convergence of Modified Complex
Trigonometric Sums

2.1. Introduction. Let the partial sums of complex trigonometric series Z cpe™

n=—oo
n

be denoted by S, (C,t)= Z cpe™ t €T=52 . If the trigonometric series is Fourier
k=—n
series of some f € L', we shall write cn:f( ) for all n and S,,(C, t)=S,(f, t)=Sn(f).

In 1987, Stanojevi¢ C.V. and Stanojevi¢ V.B. [24] considered the integrability
and L!'-convergence of complex trigonometric series with coefficients satisfying a
specific condition. To control the sine part of the complex trigonometric seires, they
needed a technical condition alongwith a class S; of sequences respectively defined

as

Definition. A complex null sequence {¢,} satisfying

Z\A —c_p)|logn < o0

is called weakly even. Obviously if {¢,} is an even sequence (¢,=c_,), then it is

weakly even.

Definition. A weakly even null sequence {¢, } of complex numbers belongs to class
S if for some 1 < p < 2 and some monotone sequence {4, } such that Z A, < o0,

n=1
the condition

(2.1.1) —Z|A6k|p_ (1), n— oo

holds.

13



Stanojevi¢ C.V. and Stanojevi¢ V.B. [24] proved the following theorem that gener-

alizes the Teljakovskii result.

Theorem A. Let {c,} € S}. Then
(2.1.2) Tim. Sn(C,t) = f(t) exists, for t #0
(2.1.3) f( ) e INT

(2.1.4) [Sn(f;t) =
f(n)log|r| = o(1), |n| — occ.

)
f(

t)||zr = o(1), n = oo , is equivalent to

In the proof of Theorem A, the authors used the complex form
gn(C 1) = S, (CLt) — (chEn(t) + c_n E_p (1))

of the modified trigonometric sums
ZAak+ZZA a;)cos kx.
k=1 j=k

introduced by Rees-Stanojevi¢[21].

Later, Ram and Kumari ([17], [20]) introduced new modified cosine and sine sums

+ZZA( )kcoskx

k=1 j=k

and

ZZA( )ksmkx

k=1 j=k
and studied their L'-convergence for the sequences belonging to classes R and S.

The Class S ([23], [27]). A sequence {a,} belongs to class S, if a,, = 0 as n — oo

and there exists a sequence {4, } such that

(1) A, 10, as n — oo,

(17) iA” < 00,
—0

(1ii) |Aay| < A,, for all n.

14



The aim of this chapter is to study the L!-convergence of complex form of the Ram

and Kumari ([17], [20]) sums with coefficients belonging to class R*.

The Class R* [5]. A null sequence {c¢,} of complex numbers belongs to the class

R*, if
(i) g A(C_"_c ) nlogn < oo,
n
n=1

) ZnQ ‘AQ (%)‘ < 0.

n=1

Let D,,(t), Dy (t), K, (t) denote the Dirichlet kernel,conjugate Dirichlet kernel cojugate
Fejér kernel respectively. Then the first differentials, D/ () and D/, (t) of D, (t) and

D, (t) respectively can be written as

/

(i) 2D,,(t) = B,(t) + E_,(t),

(ii) 2D, (t) = E.(t) - E_ (1),

n

where E/ (t) and E__(t) denotes the first differentials of E,(t) = Z ekt
k=0

and FE_,(t) = Z e~ * respectively
k=0

we therefore have
n n

E (t) = ZZ ket and E' (t) = —i Z ke~ ikt

k=0 k=0

We know that
D,,(t) L | cost 4 cos2t 4 .. + cosnt 1+Z kt
n(t) = = + cos cos ... Fcosnt = = cos
2 2

D, (t) = —sint — 2sin2t — ... — nsinnt = —Zk‘sink:t

15



therefore
n
/ !

E,(t)+E ,(t)=i) k(2isinkt) = -2 ksinkt
k=0 k=0

Hence 2D (t) = E. (t)+E" (), which proves (i).
Again

D, (t) =sint + sin 2t + ... + sinnt

D, (t) = cost +2cos 2t + ... + ncosnt

/

(t) =2i Z kcoskt = 2iD, (t), which proves (ii).
k=0

therefore, E (t)—E

—n

2.2 We now obtain the complex form of the modified sums of Ram and

Kumari ([17], [20])

Let
gn(C,t):%—i— A(ﬁ)kcoskt%—ZZA(—?)ksinkt
k=1 j=k J k=1 j=k J
=@+ . O Gnid kcoskt—l—zn: b—k— ut1 ksin kt
2 ko n+1 E n+1
k=1 k=1
eikt | =ikt ikt _ —ikt
we know that cos kt = — and  sinkt = — then we get
1
n ikt | —ikt n ikt _ —ikt
ao ay Gt e +e by, bpi1 et —e
n(Cit) = — — — k| ——— — = k ,
9n(C1) 2+k§(k n+1) < 2 )+;(k n+1) ( 2i )

after arranging the terms, we get

LI n By 1 LIS L
gn(C 1) = co + Z cpet + Z c_pe Rt — ] Cna1 Z ket 4+ C—(n+1) Z ke ’kt]
k=1 k=1 k=1 k=1
ao ap — Zbk ap + Zbk
where c¢y=—, ¢ = . Cp =
2 2 2
Thus,

n

1 L .
gn(C,t) = S, (C)t) — n [an Z ket + C—(nt1) Z ket
k=1

n+1
k=1

|

16



On using E (t) = Z ike™* we get the complex form as:
k=0

9a(C11) = Su(C1) + — !

T [ Eu) = i EL(0)] (co = 0)

2.3. Lemmas. The proof of our result is based upon the following lemmas of which

first two are due to Sheng [22]:

Lemma 1. For the v derivatives of the Dirichlet’s kernels D, (t) and D, (t) the
following estimates hold
. (r) 4 r r
@) DOl = —(n"logn) + O(n"), r=0,1,2,....

(1) || DY) = O(n"logn), r=0,1,2,...

Proof. Let r be any non-negative integer.

Then the 7" derivative of the Dirichlet’s kernel is given as

r—1

DY) =

(n+ 3)"si

(Sjnlz (n+3)t+ %”]d) L (o 3)7sin [(n + $)t + o]

— t
))7"-1-1 k 5

2sin =

ol
Il
N |+ ——

0

where the same function ¢ denotes various analytical functions of ¢ independent of

n. it follows that DS (t) = O(n"*1).

Moreover,
1050l =2 [ 100l
0
w/n ™
=2 / +/ |D)(t)|dt
0 w/n
: r—1
T |sin (nt + = i
:2nr/ sin (nt + 5) dt+2/ n*t* 1= dt + O(n”)
w/n t k=0 Y 7/
therefore,

4
||D7(f) (t)||zr = =(n"logn) + O(n"), ist part proved.
m

17



Now, with the use of Bernstein inequality in LP-space, we have

| 1pwla<w [ ibuoar
0 0

On the other hand,
s T i (nt
/|Dn(t)|dt§/ wcmm)
0 0

=log (1 +nm)+ O(1) = O(logn).

Therefore

1D ()] = O(n" log n)

Lemma 2. For each non-negative integer n ,there holds
lea B () + e B (1)1 = 0(1), [n] = o0

if and only if |n|"¢, log |n| = o(1), as n — oo,where < ¢, > is a complex sequence

and t € %.

Proof. Assuming r > 1 and denoting .J, = ||c, B () +c_n E”)(t)|| 1, from Lemma

1, we have

Iu= [ eaB20) + - EQU0| + e EQUD) + e B0
0

(2.3.1) 2|cn+cn\/ (B (1) + B (1)t
0

i 4
_ |cn+cn|/ 2ADD (1)t > Llen + e o0 Togn + O(1).
0 T

On the other hand,

18



< |cn+cn|/ (t)|dt + |cn]/ IET) () — D) (¢)|dt
by the use of Lemma 1, the right-hand side of this equation can be written as
(2.3.3) O ||len + c_n|n"logn] + O [|c_p|n"logn] = O [|c, + c_n|n" log n]
Combining (2.3.1),(2.3.2),and (2.3.3), completes the proof.

Lemma 3. (i) There exist positive constants « and § such that
a(logn) < [|[Ku(t)]]11 < B(logn)

(i) 1K, ()| = O(n).
Proof. The existence of § follows from the fact that

1Da (0]l = O(log n).

Further we have,

™

27| Kn(O)ll > [ Ka(t)dt
(-3
o

For some constant M,the last step being the consequence of the relation Z logv =
v=1
log n!. Using Sterling asymptotic formula n! ~ /27nn"e™" we then have

o

I
M]3

1) /0 sin kt dt

1) (1 —Ckoslmr)

(1 — cosjm) - M (logn!)
J n+1

o
_l_

3l

b
Il
3
+ | =

E

— o

—_

n 4+

I
o

||I~(n(t)||1 > alogn.

This completes the proof of (i).

19



To prove (ii) we have,

and so

This implies that

We know that

~ 1 ~ 1 )
Bal®) = 77 2 Dnlt) = g bint = = 2

t
m=0 2

Differentiating K, (t) we get

K, ()= (1) =Y () + (),

1In 2n
Where
cost —cos (n+ 1)t
Z<t) - 4sin? L .
1In 2
[ 2sin’t
Y )= | ———7|:
o L(2sing)
[ 2sintsin (n+ 1)t
Z(t) = Y
™ | (n+1) (2sin )
Obviously, S )| =0t for j=1.2
n
and (n+1)|> ()] =0t )
3n

20



Using these estimates, we get

- 1
/ K, (t)|dt = O ( / t‘%lt) + O ( / t—3dt)
7 /n<lt|<n w/n<lt|<n n+ 1 Jrjn<iti<n

=O(n).

Combining above estimates, we get
1K, ()] = O(n).

Lemma 4. Let n > 1 and 0 < ¢ < 7. Then there exists A, > 0 such that for all

e<|t|<m
(2.3.4) |E ()] < %
(2.3.5) |E (t)] < %
236) D0 <7
(237 |D,(1)] < j‘ﬂ”

Proof. We have

k(ER(t) — Epa(1))

B
Il
o

3

(AE)EL(t) + (n+ 1)E,(1).

k=0
Since
Ae
|E.(1)] < m for some constant A,
we have
’ AE " Aen
B0 < 3 [ L )| <
k=0

which proves (2.3.4).
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Further, since |E", (t)| = (=1)|E, (—1)|

we have

which proves (2.3.5).

Moreover, we know that 2D, (t) = E, (t)+ E_(t)

therefore,
’ A n
1D, ()] < —
I
and
therefore
’ A n
1D, ()] <
I
2.4. Main Theorem: The main result of this chapter is the following theorem:

Theorem: Let ¢, € R*. Then there exists f(¢) such that

(2.4.1) limy, 00 90 (C, t) = f(t) for all 0 < |t| <,
(2.4.2) f(t) € LYT) and ||g.(C,t) — f(t)|[i=0(1) as n — oo,
(2.4.3) 1S, (f,1) — f(1)||1=0(1) as n — oo if and only if f(n)log|n|=0(1) as

Proof . Complex form of Modified Trigonometric sums is

/

(e En(t) = e-uiny B, (1)

i
gn(C 1) = Su(Cit) + T

Since

n -1
Su(Cht) = Z et = Z Ckeikt_i_zn:Ckeikt
k=1

k=—n k=—n

we can write it as

Sn(C, t) = Z c_ke_ikt + Z Ckeikt
k=1 k=1

22



by using Abel’s transformation, we get

@rlﬁ( ) )+—E (1)

n
k=1

Putting this value in general form, we get

(O 1) = ZZA(” ’“) ZA(Ck>Ek

/ /

Now, we know that 2iD, (t)=E,(t)-E (1),

therefore E(t) =2iD,(t) + E" (1) and thus we have

W(C)t) = zZA(C k) —ZZA<%) (ZZDk()+E k(1))

Therefore, we get

n C ~ - C_ —C . /
m(Ct) =23 A (f) D)+ A ( - ’f) iEL (1)
k
by Lemma 4, we get

> [ () mol = () S el ()]

23




and

a (=) s < () [ el (=27

k=3 | k=3
< (3) | roesn o (=552))
) | & k
< 0

where A; is a suitable constant. This implies that

_9 [ZA (C’“) Di(#)

k=1

exists and thus (2.4.1) follows.

Further, for ¢ # 0,we have

-scn=2% a(E) B+ > o™

k=n+1 k=n+1

Again on applying Abel’s Transformation on 1st term of right side, we get

F(t) = ga(C,1) =2 i (k+ DA (2) Kyt) =20+ 1)A ( il ) K, (1)

Wo n+1

24



Thus

150 - (@l <2 3 e+ 1|87 (2)] [ o

+2(n + 1) ’A <C"—+1> ’ /ﬁ B (0)]de
N A( C’“)’/ (t)|dt

JLACIEe
2 ()l

But, by Lemma 3,

and also

o)
<5 E )
(n+1)" Z k2’A2<C’“>‘

k=n-+1
=o((n+1)"2), by the hypothesis of the theorem.

Lemma 1 implies that
/ |E",(t)|dt = o(klog k).

Therefore, we have

1F (&) = gn(C, D[] = O ( Y (k+1)

3 Gl (§)]) v
A (Ckk_ck)‘klogk)

= o(1),by the hypothesis of the theorem.

(s

k=n+1
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Since ¢,,(C,t) is a polynomial, it follows that f € L'(T), which proves (2.4.2).
We notice further that

1f = Su(Dller = [1f = gn(C, 1) + g (C, 1) = Su(f)] |1

<1 = gn(C O + lgn(C 1) = Sn(f)]] e

= 11 = ga(C. )l |pa + || 751 0+ DEL®) = F(—(n+ D)E ()

Ll
and

[f(n+1D)E,(t) = f(=(n+ 1) EL,(¢)]

= [19(C, 1) = Su( )] 1

Ll

n+1
< |If = Sal Ol + I = g2(C, D] 11

Since ||f — g (C,t)||pr = 0(1), n — oo by (2.4.2), and Lemma 2,

1/ (n)E () = f(=n)EL, (0|11 = o(n), n — oo,

if and only if f(n)log|n| = o(1), |n| = oo, the assertion (2.4.3) follows.
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CHAPTER I11

L'-Convergence of r'" Differential of Modified
Complex Trigonometric Sums

3.1. Introduction. In Chapter II, I have studied L!-convergence of the complex
form of the trigonometric sums introduced by Ram and Kumari ([17], [20]) and

obtained necessary and sufficient condition for the L!-convergence of the Fourier

oo
series Z f(n)e™ .

n=—oo

The aim of this chapter is to study the L'-convergence of r** derivative of the

complex form

/

) /
BLY  gu(Ct) = Su(Cot) + — = [enn EL(t) — e EL, (1)

of trigonometric sums.

and

under the class R;.

The Class R} [3]. A null sequence {c,} of complex numbers belongs to the class

RY, if
C_ — Ck
A (=)

(i) 3 k’"”‘AQ O ‘<oo.
ket (%)

if » = 0, class R} reduces to R*.

(2) Z Ll

1

log k < o0,

o]
k=

27



The 7" differentials D’ (t) and D (t) of the Dirichlet kernel D, (t) and conjugate

Dirichlet kernel Dn(t) respectively can be written as

2D(t) = B (1) + EL (1),

2iD"(t) = BV (t) — EV)(t)

where E{(t) denotes the " derivative of E,(t) = Y  e*.
k=0

The complex form of the r** derivative of (3.1.1) is

r T ¢ r r+1
GO (C.1) = SO + ——= [erna BU V() = ey B 1)

3.2. Lemmas. The proof of our result is based upon the following lemmas of which

first two are due to Sheng [22] :

Lemma 1. For the r** derivatives of the Dirichlet’s kernels D, (t) and D, (t) the

following estimates hold

4
(1) ||D£f)(t)||L1 = %(n’“ logn) +0(n"), r=0,1,2,....

(i) || DY) = O(n"logn), r=0,1,2,...

Lemma 2. For each non-negative integer n ,there holds
lea B (8) + eon B )l = (1), [n] = 00

if and only if |n|"c, log |n| = o(1), as |n| = oco,where < ¢, > is a complex sequence

R
anth "

Proofs of these two lemmas have been reported in Chapter II.
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Lemma 3. (i) There exist positive constants o and 3 such that
alogn) < [|Ku ()]l < Bllogn)
(i) IES )| = O™ forall r>1.
Proof. The proof of 1st part has already been proved in Chapter II. To prove second

part we notice that (Chapter I, Lemma 3) ||K),(t)|| = O(n). By Induction on r and
Zygmund’s Theorem[2,Vol.I1.458], the desired result follows.

Lemma 4. Let r be a non-negative integer and 0 < ¢ < 7. Then there exists

A, > 0 such that for all e < |[t| < 7 and all n > 1

AT‘€ "
3.21)  |EV @) < |t|”
Apen”
(3.2.2)  |E". ()] < M"

(3.23) DLW < Am

B24) D)<

Proof. The case r = 0 is trivial. For » > 1, We have

E:; (t) _ Z Z'Tk,reikt
k=0

n

ZirE;xt) _ Z kr‘eikt

k=0

= SR - Beal)
k=0

=) (AK)ER() + (n+ 1) E,(2).

|EL ()] < |TT for some constant A,.

29



we have
'
A,

<
g

T ATE - r r
|E,,(2)] ST [E | AR+ (n+1)
k=0

which proves (3.2.1) part.

Further, since

we have

which proves (3.2.2) part.

Moreover, we know that

therefore
A,..n"
D ()] < —
|t]
and
2Dy (t) = B, (t) — EZ, (1),
Therefore
, A’
LACIER

3.3 Main result: The main result of this chapter is the following theorem:

Theorem . Let ¢, € R*(r).Then there exists f(¢) such that

(3.3.1) 7}1—{& GO(Ct) = fT(t) for all 0 < |t| <,

(3.3.2) FO) € LYT) and ||G(C,t) — FO(#)]|1=0(1) as n — oo,

(3.3.3) 1SS (£, 4) = FO(1)]|1=0(1) as n — oo if and only if |n|” f(n) log |n|=0(1)

as [n| — oo.

Proof. The r'* derivative of complex trigonometric sums is
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G(C 1) = SPCH) + —— ennt BT = e BV 1)

by the use of Abel’s transformation, we get

Gg)(c, t) — ziA (%) D,E;T+1 + ZA (C k— Ck) E(_rljl)(t).
k=1

By Lemma 4, we get

and

A(C k—0k> Eg}:ﬂ)(t)’ < <A +1

A
< (|Tt+\1 (Zkr“logk‘ ( kck)‘><oo

where A(,;1)c is suitable constant. This implies that

ri|Son (202 By ”(t)]

k=1

>

)—2 le(Ck)

exists and thus (3.3.1) follows.
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Further, for ¢ # 0, we have

FOm -G =2 3 A(%)Dm +i Y A( ) ()

k=n+1 k=n+1

Again apply Abel’s Transformation on 1st term of right side,we get

FO6)-GD(C ) =2 i (k+1)A2 (%) KV —2(n+1)A (C—+l> 0 (t)

Wo n+1

Thus

1590 - ool <2 3 k0 |2 (2)] [ IR

k=n+1

+o(n + 1) ‘ ( "+1>‘/ B ()]t
> C_p—C T
s (=) [ s

| IRE e = 0

but, by Lemma 3,

and also

NEDE

> 22(%)

k=n+1 ‘

> kr+2

> |2 (5)]

k=n+1

< (ny1)r i w?‘NH (%)’

k=n+1

=o((n+1)7""%), by the hypothesis of the theorem.

VAN

32



Lemma 1 implies that

/ (B0 |dt = O+ log k).

—T

Therefore, we have

1F9(t) = GD(C, Dl = O ( S Gkt 1y a2 (%)D +o(1)

k=n+1

C_ — Ck
>(7)

= o(1),by the hypothesis of the theorem.

o5

k=n-+1

k' log k)

Since Ggf)(C’, t) is a polynomial, it follows that f()(¢) € L*(T), which proves (3.3.2).

We notice further that

177 = SNl = 1F = g7(C. 1) + g7 (Cot) = S ()]

< 1fO = g0+ 195 (Ct) = S ()] e

_|IfO—g(C,1) ||L1+H— Fn+ DESI@) = F(—(n+ 1)) EC (1)
and -
e DET W — Fmr DELT@)) =190 = SP (e
< (1D = S ()l + FD = g (C 1)
Since || £ — o (C’ t)||zr = o(1), n — oo by (3.3.2), and Lemma 2,

1) ES() = f(=n)ELTV (1)l = o(n), n — oo,
if and only if |n|”f(n)log |n| = o(1), |n| — oo, the assertion (3.3.3) follows.
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CHAPTER IV

Convergence of New Modified Complex

Trigonometric Sums in the Metric Space L

4.1 Introduction

Let the partial sums of the complex trigonometric series

(e 9]

E Cn eznt

be denoted by
Sp(Cit) = Z cre®teT =R/2nZ.

k=—n

If a trigonometric series is the Fourier series of some function f € L', we shall write

¢n = f(n) for all n and S,(C,t)=S,(f,t)=S,(f).

Definition. A sequence {a,} is said to semi-convex if a,, = 0 as n — oo and

Zn|A2an_1 + A%a,| < oo

n=1

Xhevat Z. Krasniqi [28] introduced new modified cosine and sine sums

n

(4.1.1)  H,( iy ZO Zk A(aj_1 — aj41) cos jxl
and

1 n n ‘ -
(4.1.2)  Gu(z) = Sy ; ]Zk A(aj_1 — aj41)sin jz]

and studied their L'-convergence with semi-convex coefficients.
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The aim of this chapter is to obtain the complex form of above modified sums (4.1.1)

and (4.1.2) of Xhevat Z. Krasniqi and to study its L!-convergence.
sin (n + %) t

Let
1
D, (t) = = + cost+ cos2t + ... + cosnt = —
2 2sin 5
N cost —cos(n+ 1)t
D, (t) =sint +sin2t + ... +sinnt = 2 : (t 2)
2sin 5
and
- 1 & - 1 sin (n + 1)t
Ko(t) = D;(t) = int— ——
(t) n—|—1z (1) 4Sin2%{sm n+1

j=0
denote the Dirichlet’s kernel, the conjugate Dirichlet’s kernel, and the conjugate
n
n

Fejér’s kernel respectively. Let E,(t) = Zeikt, Then the first differentials D, (t)
k=0

and D/ (t) of D,(t) and D, (t) can be written as
2D, (t) = E,(t) + E_,(t)

2iD,,(t) = E,(t) — E_,(t)

where E/ (t) denotes the first differential of F,(t).

The Complex form of modified sums (4.1.1) and (4.1.2) is obtained as

Since
Hy(t) = et Z Z A[(bj—1 — bjs1) cos jt]
k=0 j=k
-1 n
Hy(t) = 5 — Z: ((bp—1 — bpg1) cos kt — (b — bnya) cos (n + 1)t)

—1
[—b1 + (by — ba) cost + (by — bs) cos 2t +

- 2sint

+(bp_2 — by) cos (n — 1)t + (by—1 — byy1) cosnt]

1 n
Sand Z(bn — byio)cos (n+ 1)t

k=0
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B -1
~ 2sint

[—b1(1 — cos2t) — by(cost — cos3t) — ..........

—bp—1(cos (n — 2)t — cosnt) — b, cos (n — 1)t — b, 41 cos nt]

n+1
(2 o t) (bp — bpya) cos(n+ 1)t
therefore,
—1
H,(t) = 5o t[—2b1 sin?t — 2by sin 2t sint — .......... —2b,_ysin(n — 1)tsint
sin
—bp(cos (n — 1)t — cos (n + 1)t) — by, cos (n + 1)t — b1 cos nt]
n+1
m(bn — bn+2) COS (n + 1)t
=bysint +bgsin2t + ............ + b, sinnt
1
tount [br, cos (n + 1)t + bpy1 cosnt + (0 + 1)(by, — bpyo) cos (n + 1)t]
hence,
- 1
(4.1.3) H,(t) = Z by sin kt+m [br, cos (1 + 1)t + bpy1 cosnt + (n + 1)(by, — bpya) cos (n + 1)t]
k=1
Again
1 n n ‘ '
Gn(t) = 2811115 A [(ajfl - a‘j+1) Slnjt]
k=1 j=k
IR _ .
Gn(t) = o ((ag—1 — ags1) sinkt — (an — apq2)sin (n + 1)t)
sint | £
1 : : : . : :
=34 t[<a0 sint + a sin 2t — ap(sint — sin 3t) — az(sin 2t — sin 4t) — ...
sin

—ay,_1(sin (n — 2)t — sinnt) — a,(sin (n — 1)t — sin (n + 1)t)

(n+1)

P (an — Apyo)sin(n+ 1)t

— aysin (n + 1)t — a4 sin nt] —
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therefore,

Gn(t) = %—I—al cost + ag CoS 2t + ............ + a,, cos nt

1

 2sint [an sin (n + 1)t + apy1sinnt + (n 4 1)(an — ans2) sin (n + 1)1

- 1
= %%—Z ay, COS kt—2

sint [ansin (n + 1)t + apq1 sinnt + (0 + 1)(an — apg2) sin (n + 1)t
k=1

Adding (4.1.3) and (4.1.4), we get

Gn(t) + H,(t) = % + Z ay, cos kt + Z by sin kt
k=1 k=1

1
+ Ssint [b, cos (n + 1)t +b,,41 cosnt —a, sin (n + 1)t —a,,; sin nt]

sin
n+1 .

(2 sin t) [(bn = buy2) cos (n+ 1)t = (an — any2) sin (n + 1)t]

S (C 1 Cnei(n+1)t _ c,ne*i(nJrl)t 4 Cn+1€mt . c_(m_l)e*mt
— n ’t .
€0+ 2sint

+(n+1)(e, — cn+2)ei("+1)t + (n+ 1)(c—(ny2) — c_n)e_i(”“)t

Therefore, new modified complex form of modified sums (4.1.1) and (4.1.2) is

. i(n+1)t —i(n+1)t mnt —int
i Cn€ (nt1)t _ C_p€ (n+1) + Chy1€ — C_(nt1)€

gn(C,t) = S,(C, t)+2 7 4 ,
S +(n+1)(c, — cn+2)ez("+1)t +(n+1)(c_(nya) — c_n)e_’("+1)t
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Kaur J. and Bhatia S.S. [15] have introduced a new class J* of coefficient sequences
as :
Definition. A null sequence {c,} of complex numbers belongs to class J* if there

exists a sequence {A,} such that

(4.1.5) A, 10, as n — oo,
(4.1.6) Y nA, <o
n=1
—c_ A
(4.1.7) ’A (M)‘ <2 foralln=1,2,3, ...
n n

4.2 Lemmas. The proof of our result is based upon the following lemmas.

Lemma 1. Let r be a non-negative integer and 0 < € < m. Then there exists
M,. > 0 such that for all e < |[t| < 7 and all n > 1,

(i) |En(D)] < Apen” /2],

(i) |E, ()] < Apen”/[t],

(iid)  [DL(E)] < Aren”/[t],

() [Dh(O)] < Aren’/[t].

The proof of this Lemma has been given in Chapter III.

Lemma 2. For n > 1, we have

. E.@) || _

(1) st~ o(n), n — o
) E_(1)||

(17) Sini H =o(n), n — oo
eint |

(vi1) Sanill = o(logn), n — o

t 2
Proof. For t # 0, we note that 51711 > —in (0,7/2) and using Lemma 1, we get
m

T M, M
‘:/ g/ “—dt < 2/ st
0 o 2|tsint| o 2|t||sint|
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Therefore

2sint n—00 /n
. E_,(t) .
Similarly, ' = o(n), and to prove (iii), we consider,
2sint
int ™ int /2 /2 1
- z/ - dt:2/ : t:/ ~ldt
2sint o |2sint 0 2sint 0 t
Therefore
eint /2
Sanill = nliﬁrg()[log t]), = ollogn), n — oco.

4.3 Result. The main result of this chapter is the following theorem:
Theorem Let ¢, € J*. Then there exists f(¢) such that

431)  Jim (Cot) = J0) for |f € 0.7,
(4.3.2) f(t) € LY0, 7] and ||g,(C,t) — f(t)||p1=0(1) as n — oo,
(4.3.3) 18 (f;t) = f(®)l[r=0(1) as |n| — occ.

Proof. Consider,

i(n+1)t i(n+1)t —int

. - wnt
i Cnt — Cc_p€ + Cpy1€ — C_(nt1)€

gn(Ct) = S, (Ct)+

2sint + (n + 1)(Cn . Cn+2)ei(n+1)t + (n + 1)(C,(n+2) _ C_n)e—i(n—i—l)t

nt
since

is bounded in (o, 7]. Also, {c,} is a null sequence.

2sint

Therefore, we can write

A
lim g,(C,t) = lim $,(C,t)+ lim 27 [(n+1)(cn — cn) + (n 4+ 1)(c—(ny2) — Cay2)]

n—oo n—oo
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But, for all n > 1, we note that

n(n+1)(en—cn) _ n(n+1) ZA(Ck_Ck)gikk+l—k

n

= o(1), by hypothesis of the theorem.

Therefore

lim ¢,(C,t) = lim S,(C,t) = f(t)

n—oo n—oo

Now, we show that f(t) exists in (0, 7]. Consider,

n

Sp(Cht) = Z cpe®t = co + Z [ ket 4 k’e*ikt]

k=—n

by the use of Abel’s transformation, we get

Su(C1) = co + nzl A () (—iB ) + a(ZE) | >oa(5E) GEL®)

N c_n(iE_,(1))

SulCit) = o = Z 2 () @B - & (52) GEL )]
By (1) = calGEL, (1)

by using Lemma 1 and (4.1.7), we get

5o (5 ot - & () e < () S (25
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since A, < nA, foralln >1and > nA, converges, by hypothesis of the

theorem.

Therefore ) A, is also convergent.

and / /
cn(iE, (1)) — c_n(iE_, (1))

Amn
<
t]

Cp — C_p

=o(1), asmn — oo.
n

Hence f(t) = lim S, (C,t) exists and thus (4.3.1) follows.

n—o0

Further, for ¢ # 0, we have

f(t)—ga(C, 1) i ikt Cuel D _ o em it L eint oL emint
—0n s = ]{: _ ‘ | |
|k[>n 2sint + (n 4 1)(cn — Coy)e ™ + (n+ 1)(c_(nia) — c_p)e D

Using Abel’s transformation, we get

£(t) = gulC1) = i 2 (F) FiE®) + & (52) GELG)|
_eonn(CiBL(1) _ eon(EL (1)
n+1 n+1

n+1)t i(n+1)t int

. % int -
i cpe'l + 1€ — C(nt1)€

2sint

—Cc_p€

+ (n+ 1)(cn — Cnpa)e ™V 4 (n 4+ 1) (c_nrg) — c_p)e D!
T — c_ A A
I£=an(Coll < [ 3 k| (S5E) [ Grar [
0

/
0

Cn+1 — C—(n+1)
n

dt

(cn —cn) + (o1 — C*(nJrl)) +n+1)(cn —cp) = (n+1)(Cnya — C*(n+2))
sint

K
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Therefore,

"1 A
— t 1 < " " dt
176~ 9a(C 1)l el [T (= )
. / (e ea) + (ennr — cuin)|
0 ‘Slnt‘
N /7‘(‘ (TL + 1)(Cn — C—n) — (n + 1)(Cn+2 — C,(n+2)) ‘ dt
0 | sint|

—0 ( > Aglog kz) + o (logn(c, —c_y))

k=n+1

+ o (logn(c, — c—y)) + o (logn(c, —c_y))
But, for all n > 1, we note that

o [e.e] . o0 A
log (e, — e ) < p2t@ = Cm) N pon (k) N (A
ogn(c, —c_p) <n " _kz;l k: _Z 2

k=n

= o(1), by hypothesis of the theorem.
Therefore,
|| f(t) — gn(C,t)||1r = o(1), n — oo and since g, (C,t) is a polynomial, it follows
that f € L'(0, 7], which proves the assertion (4.3.2).

Further, we notice that
Hf - SnHL1 = Hf —9n+ Gn — SnHLl

< ||f - gnHLl + Hgn - SnHL1

; CpelHIE o eIV g it o it
Hf_SnHLl S Hf_gnHL1+ 2¢int . .
+ (04 1)(en = Capa) TV (04 1) (e pyg) — cop)e D

and

, e el Dt ittt it —int

1 n —-n n+1€ C_(n+1)€

+(n+1)(cn = cpp2)e™ (N4 1) (c—(ny2) — c—n)e .
< If = SulHler + (1 = gn(C, 1) |1

since | f — gn(C,t)||z1 = 0(1), n — oo Hence the assertion (4.3.3) follows.
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