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ABSTRACT 

Inverse Kinematics (IK) is defined as the problem of determining a set of appropriate joint 

configurations for which the end effectors move to desired positions as smoothly, rapidly, and as 

accurately as possible. During the last decades, several methods and techniques, sophisticated or 

heuristic, such as Algebraic Method, Geometrical Method, Numerical Approach, Redundancy 

Resolution based concepts have been presented to produce fast and realistic solutions to the IK 

problem. However, most of the currently available methods suffer from high computational cost 

and production of unrealistic poses. This report reviews the most popular IK methods regarding 

their application functionality. Along with that, it enlightens the ongoing recent approach 

Adaptive Neuro-Fuzzy Logic Intelligent System (ANFIS), which is a combined effort of Neural 

Networks and Fuzzy logic. This approach ensures minimum drift to the values of Joint variables.  

In this report, a graphical comparison is drawn between the analytical solutions and ANFIS one. 

Also, desired path is planned by taking an example of SCARA manipulator having graphical 

comparison using MATLAB. It is noticed that finding joint variables through ANFIS is one of 

the most promising option, consequently for path planning too. Interestingly, it is found that 

without even finding the inverse kinematic equations for higher degree of freedom manipulators, 

the acceptable joint parameters can be obtained using ANFIS technique. Furthermore, the path 

planning for 5-DOFs Spatial Medical manipulator is presented for a certain path. Along with this, 

percentage error between desired value and ANFIS predicted value for x-, y- and z- coordinates 

is calculated. Thereafter, for a certain arm matrix corresponding to home position and orientation 

of spatial medical manipulator, a comparative analysis of inverse kinematic solution is explained. 

Finally, in the end of the thesis, obstacle avoidance using 3-DOFs manipulator with three 

obstacles is presented to show the effectiveness of proposed ANFIS approach. 
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Chapter 1 

Introduction 

1.1 Kinematics of Robots 

Forward Kinematics (FK) can be defined as the problem of determining the end effector’s 

positions after applying known transformations to the chain, given the joint variables are 

known. 

Inverse kinematics (IK) refers to the use of the kinematics equations of a robot to determine 

the joint parameters that provide a desired position of the end-effector. Specification of the 

movement of a robot so that its end-effector achieves a desired task is known as motion 

planning. Inverse kinematics transforms the motion plan into joint actuator trajectories for the 

robot.             

The movement of a kinematic chain whether it is a robot or an animated character is modeled 

by the kinematics equations of the chain. These equations define the configuration of the chain 

in terms of its joint parameters. Forward kinematics uses the joint parameters to compute the 

configuration of the chain, and inverse kinematics reverses this calculation to determine the 

joint parameters that achieves a desired configuration.     

For example, inverse kinematics formulas allow calculation of the joint parameters that position 

a robot arm to pick up a part. Similar formulas determine the positions of the skeleton of 

an animated character that is to move in a certain way.     

Kinematic analysis allows the designer to obtain information on the position of each component 

within the mechanical system. This information is necessary for subsequent dynamic analysis 

along with control paths.       

Inverse kinematics is an example of the kinematic analysis of a constrained system of rigid 

bodies, or kinematic chain. The kinematic equations of a robot can be used to define the loop 

equations of a complex articulated system. These loop equations are non-linear constraints on 

the configuration parameters of the system. The independent parameters in these equations are 

known as the degrees of freedom of the system. 
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1.2 Need and Motivation 

With contrast to the past, nowadays, robots perform a vital role in many industrial applications 

as pick and place operation, different assembly operations like welding, soldering, painting etc. 

[1]. In medical assisted surgery, importance of robot’s end effector’s position with respect to 

joint variables is appreciable for better accuracy and precision; serves as utmost part in 

development of medical improvements [2]. The need for accurate biomechanical modeling and 

body sizing based on anthropometric data make IK methods a popular approach for fast and 

reliable solution. IK has been used in rehabilitation medicine to observe asymmetries or 

abnormalities. As, Inverse Kinematics (IK) is a method for computing the posture via 

estimating each individual degree of freedom to satisfy a given task; it plays an important role 

in the computer animation and simulation of articulated figures or control different virtual 

creatures [3]. They are also very popular in the video games industry. Also, the protein position 

in the metabolism of human being can also be determined with same concepts of kinematics of 

robots considering structure of a protein is moreover similar to combination of different 

linkages as in a robot [4]. Moreover, the author’s interest in serving the society by providing 

robotic surgery at effective cost cutting is one of the important point of motivation. 

  

(a) Arc Welding (b) Animation Display 

  

(c) Surgical Robot (d) Protein Structure 

Fig. 1.1: Applications of Inverse Kinematics [W1][W2][W3][W4] 
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1.3 Scope of the Thesis 

Kinematics of robots affirms crucial role for recent advancements within industrial sectors and 

numerous medical assessments. Finding forward kinematics, using DH convention is easy task. 

But obtaining inverse kinematic solutions is one of the tedious and complex task as degree of 

freedom increases consecutively. As degree of freedom increases, traditional techniques for 

inference of inverse kinematic solutions become insufficient because of unavailability of unique 

solution; leads to highly time consuming approach. All these issues can be resolved by applying 

the concept of fuzzy logic and neural networks as a conjugate, having qualitative feature of fast 

computation.   

 

Fig. 1.2: Real-time demonstration of “da Vinci surgical system” [W5] 

Figure 1.2, demonstrates the real time application of a robotic assisted surgical system which is 

“da Vinci surgical system”. By using this system, most of the surgeries performed in 

conventional manner can be performed in minimal invasive manner. Path following or 

trajectory tracking of robots is advantageous within industrial sectors and several medical 

practices. For example, many pick and place operations based work by robots within industry 

follow a certain path and it’s not easy to change the coordinate system every time whenever the 

desired path is changed. Same problem comes into picture in the case of robot assisted surgery. 

Thus, the best solution is to train the robot for all the possible workspace in which they are 

desired to move. After that, whenever the coordinate system will change, they automatically 

update their joint variables and consequently tracking desired trajectory is done. This training 

concept is only viable with the help of neural networks alone or the combinations of neural 
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networks with fuzzy logic. This led to the development of alternate technique using fuzzy 

inference system and neural network approach, named ANFIS.  

In this thesis, path planning for different degree of freedom surgical manipulator has been 

presented with the help of ANFIS approach. First, inverse kinematic solutions for these surgical 

manipulators have been estimated using ANFIS approach. 

 

1.4 Organization of the Thesis 

The organization of the thesis is as given below: 

In Chapter 2, literature on different methodologies, dealing with inverse kinematic study of 

different classes of robotic manipulators, has been reviewed. In this review, the general 

procedures of each method, describing the structures of manipulator, is presented. Also, an 

attempt has been made to present these methods with their descriptive formulations, in the sense 

of their development. 

In Chapter 3, application of ANFIS technique on 4-DOFs SCARA manipulator has been 

presented for finding inverse kinematic solutions. Also, the desired path planning has been done 

by 4-DOFs SCARA manipulator using ANFIS approach. Furthermore, the comparative 

analysis has been done between the solutions obtained from ANFIS one and the analytical one.   

In Chapter 4, path planning of 5-DOFs P-R-R-R-R spatial medical manipulator has been 

presented for desired path, using ANFIS approach, for a fixed orientation. For solving the 

purpose of same, formulation of forward kinematic equations has been used as input and output 

parameters for the training dataset in ANFIS. 

In Chapter 5, obstacle avoidance by 3-DOFs manipulator has been presented using ANFIS 

approach in case of three obstacles, two active at the same time and all of three active at the 

same time, showing the application of redundant manipulators in narrow channels. 

In Chapter 6, the major findings of this thesis are reported. It also highlights of future 

directions of present work. 
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Chapter 2 

Literature Review  

2.1   Introduction 

During recent decades, a variety of methods have been anticipated for solving IK problems. 

However, it is quite significant for a comprehensive IK solver to manipulate the joint 

configurations, according to joint type. Moreover, several end effectors and multiple target 

models are to be dealt with sequential and non-sequential operations. Managing complicated 

figures by sequencing the work one by one is not the practical approach. Therefore, there is 

needful requirement of suitable resolution approach to control the multiple task criterion. 

 

 

 

 

 

 

    (a)                                                (b)          (c) 

Fig. 2.1: Feasible solutions of the IK problem: (a) The target is not approachable; the case where 

linked structure is not able to approach the target, (b) One solution; the certain cases with only one 

solution, (c) Many solution; most of the cases where multiple solution exists for IK problem. 

Solving the FK problem for a unique solution completely depends on the fact that the joints 

can do the desired transformation or not. In contrast, solving the IK does not always 

guarantee the solution. There are several cases where the goal is not approachable or conflict 

of two and more tasks lead to the non-availability of IK solution. Unapproachable targets are 

those, whose reachability can be farther than the chain’s end effector reach or can be at a 

point where no pivoting of links can bend the chain to reach (see Figure 2.1). These problems 

are termed as over-constrained problems. Also, so many cases exist in which multiple 

solution exist and solely depends on the IK solver to find the optimized solution. The ranking 

of IK solver is determined by estimation of most realistic solution and computational cost of 

estimating that solution. Various methods for finding the inverse kinematic solution are 

explained in next section. 
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2.2   Different methods of Inverse Kinematics: 

2.2.1 Geometrical Method 

Consider the three DOFs as shown below in Figure 2.2-(a). To solve its inverse kinematics, the 

kinematics diagram is drawn again in Figure 2.2-(b). The problem is to find three joint angles 

𝜃1, 𝜃2, 𝜃3 who lead the end effecter to a desired position and orientation, 𝑥𝑒 , 𝑦𝑒 , ∅𝑒.  

Using two-step approach [5] firstly, the position of the wrist, point B, from 𝑥𝑒 , 𝑦𝑒 , ∅𝑒 is found. 

Then the 𝜃1, 𝜃2 from the wrist position is found. Angle 𝜃3 can be immediately calculated from 

the wrist position. Let 𝑥𝑤 and 𝑦𝑤 be the coordinates of the wrist and 𝑙1, 𝑙2, 𝑙3 are the link lengths.  

     

 

                    

After solving for geometrical entities, the joint variables are: 

               (2.1)  

                              (2.2)                              

and from the above 𝜃1, 𝜃2, the joint variable 𝜃3 can obtain 

                                                                                                                (2.3) 

Fig. 2.2-(a): Links and Joints Arrangement of 3R 

Robot [5] 

Fig. 2.2-(b): Line Diagram Arrangement of 3R 

Robot [5] 
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Interestingly, there exists an alternative way of reaching the same end-effecter position and 

orientation, which is another solution to the IK problem. Figure 2.2-(c) displays two 

configurations of the arm that lead to the same end-effecter location: the elbow down & the 

elbow up configurations. First one depicts the solution obtained above. In respect of line OB, 

the second one with position of the elbow at point A’, is symmetric to the first configuration, 

as depicted in the Figure 2.2-(c). Hence, the relation between both the solutions can be 

expressed as 

                           (2.4) 

Since, IK problems are non linear, they often have more than one solutions, as shown in above 

instance. The whole configuration of the system is not uniquely determined by the specified 

end-effecter position and orientation. Therefore, the collective position and orientation of the 

end-effecter (vector p), cannot be used as generalized coordinates. 

                   

 

               

Nevertheless, an extra degree of flexibility is provided to the robot by the existence of 

numerous solutions. In case of existence of more than one configuration for the same end-

effecter location, a robot, working in a crowded environment, can choose a configuration 

Fig. 2.2-(c): Multiple Solutions of 3R Robot [5] 
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evading any interference with the environment. However, the solutions to the IK problem do 

not always give feasible configurations because of physical limitations. It must be checked that 

each solution satisfies the constraint of movable range (i.e. stroke limit of each joint) or not. 

Constraints 

This method is only applicable to a special set of kinematics. If the kinematics have higher 

DOF, then the solutions of first three joint variables should be known in prior for finding the 

rest of solutions. 

2.2.2   Algebraic Method 

In this, tool configuration vector and Arm matrix for the robot are used for finding the inverse 

kinematics. For example, the arm matrix and tool configuration vector for the SCARA robot 

[6] are given as: 

Arm Matrix: 

       

𝐾𝑏𝑎𝑠𝑒
𝑡𝑜𝑜𝑙 = [

𝐶𝜃1−2−4

𝑆𝜃1−2−4

0
0

     

𝑆𝜃1−2−4 0 𝑎1𝐶𝜃1 + 𝑎2𝐶𝜃1−2

−𝐶𝜃1−2−4 0 𝑎1𝑆𝜃1 + 𝑎2𝑆𝜃1−2

0
0

−1
0

𝑑1 − 𝑑3 − 𝑑4

1

]            (2.5)

         

Tool Configuration vector: 

    w (𝜃) =

[
 
 
 
 
 
 
𝑎1𝐶𝜃1 + 𝑎2𝐶𝜃1−2

𝑎1𝑆𝜃1 + 𝑎2𝑆𝜃1−2

𝑑1 − 𝑑3 − 𝑑4

……………………
0
0

−exp(𝜃4 𝜋⁄ ) ]
 
 
 
 
 
 

                  (2.6) 
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Solving above two equations, the joint variables are: 

Elbow Joint: 

𝜃2 = ±𝑎𝑟𝑐𝑐𝑜𝑠 ( 
𝑤1

2+𝑤2
2−𝑎1

2−𝑎2
2

2𝑎1𝑎2
)                  (2.7)

             

Base Joint: 

         𝜃1 = 𝑎𝑟𝑐𝑡𝑎𝑛2[𝑎2𝑆𝜃2𝑤1 + (𝑎1 + 𝑎2𝐶𝜃2)𝑤2, (𝑎1 + 𝑎2𝐶𝜃2)𝑤1 − 𝑎2𝑆𝜃2𝑤2]           (2.8)

          

Vertical extension Joint: 

     𝑑3 = 𝑑1−𝑑4 − 𝑤6              (2.9)

             

Tool Roll Joint: 

𝜃4 = 𝜋𝑙𝑛|𝑤6|      (2.10.1)

             

An alternative way to find tool roll angle, 

𝜃4 = 𝜃1−𝜃2 − 𝜃1−2−4  where 𝜃1−2−4 = 𝑎𝑟𝑐𝑡𝑎𝑛2(𝑅21, 𝑅11)  (2.10.2) 

 

Fig. 2.3-(a): Line Diagram for SCARA Robot [6] Fig. 2.3-(b): CAD Model of SCARA [W6] 
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Constraints 

According to this Method [6], there are 12 constraints implicit in the arm equation which 

represent only 6 independent constraints on the ‘n’ unknown components of the vector of joint 

variables ‘q’. If there is a general solution to the inverse kinematics problem, one for which ‘q’ 

can be found which generates an arbitrary tool configuration, then the number of unknowns 

must at least match the number of independent constraints. That is: 

General Manipulation → n ≥ 6 

This lower bound on the number of axes n is a necessary but not sufficient condition for the 

existence of a solution to the IK problem when arbitrary tool configurations are specified. 

Clearly, the tool position must be within the work envelope of robot, and the tool orientation 

must be such that none of the limits on the joint variables are violated. Even when these 

additional constraints ‘p’ and ‘R’ are satisfied, there is no guarantee that a closed-form 

expression for a solution to the IK problem can be obtained. 

 

     2.2.3 Numerical Approach 

Let the complete joint configuration of the multibody be specified by the scalars θ1, ..., θn, if 

there are n joints and each θj value is called a joint angle (joint configuration may not always 

be an angle), where θj is the angle in the plane of rotation assuming we also have knowledge 

of the rotation axis. Certain points on the links are identified as end effectors. To solve the IK 

problem, the joint angles must be settled so that the resulting configuration of the multibody 

places each end effector at, or as close as possible to, its target position. If there are k end 

effectors, let their positions be denoted as s1, ..., sk relative to a fixed origin. Each end effector 

position si is a function of the joint angles. The column vector (s1, s2, ..., sk)
T can be written as 

𝑠; this can be viewed as a column vector either with m = 3k scalar entries or with k entries from 

R3. One way to control the multibody is to specify target positions, one for each end effector. 

The target positions are also defined by a vector 𝑡 = (t1, t2, ..., tk) 
T, where ti is the target position 

for the i-th end effector. Let ei = ti − si, be the desired change in position of the i-th end effector 

(moving to the desired i-th target). This Equation [7] can be rewritten as 𝑒 = 𝑡 − 𝑠.The joint 

angles are also written as a column vector θ = (θ1, ..., θn)
T. The end effector positions are 

functions of the joint angles; this fact can be expressed as 

                                                         𝑠 = f (θ)                        (2.11)                                                                   

or, for i = 1, ..., k, 𝑠i = fi (θ). This is called the Forward Kinematics (FK) solution. 
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The aim of Inverse Kinematics is finding a vector θ so as  𝑠  is equal to a given desired 

configuration 𝑠d: 

                   θ = f− 1( 𝑠d)                        (2.12) 

where, ‘f’ being highly non-linear operator and difficult to invert. 

Nevertheless, iterative methods may be used to deduce a good approximate solution. This 

involves the linear approximation of the functions ‘si’ using the Jacobian matrix. The Jacobian 

matrix, J which is a function of the θ values, is expressed as  

𝐽(𝜃)𝑖,𝑗 = (
𝜕𝑠𝑖

𝜕𝜃𝑗
)
𝑖,𝑗

              (2.13) 

A method to calculate the entries of the Jacobian matrix for different representations of joints 

and multi bodies was discussed by Orin and Schrader [8]. Entries of the Jacobian matrix for 

the j-th rotational joint can be deduced using following relation: 

                        (
𝜕𝑠𝑖

𝜕𝜃𝑗
)
𝑖,𝑗

= vj × (si − pj)                        (2.14) 

where, pj being position of the joint, and vj being the unit vector pointing along the current axis 

of rotation for the joint. If the ith end effector is not affected by the jth joint, then of course  

𝜕𝑠𝑖 𝜕𝜃𝑗⁄ = 0. If the jth joint is translational, the entry in the Jacobian matrix is even easier to 

compute. If the ith end effector is affected by the jth joint, 

      (
𝜕𝑠𝑖

𝜕𝜃𝑗
)
𝑖,𝑗

= vj                         (2.15) 

It may be noted that J can be viewed either as a k × n matrix whose entries are vectors from R3, 

or as    m × n matrix with scalar entries (with m = 3k). 

 

 

 

 

 

P2 

P1 𝜃1 

𝜃1 + ∆𝜃1 𝜃2 
𝜃3 

𝜃3 + ∆𝜃3 

𝑠1  

𝑠1 + ∆𝑠 

t 

 P3 

Linear approximation 
Actual motion 

𝜃2 + ∆𝜃2  

Fig. 2.4: Basis of Jacobian Solution [8] 
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So, Equation 2.11 for forward dynamics can also be expressed as follows:  

𝑠̇ = 𝐽(𝜃)𝜃̇                         (2.16)                         

where, the dot notation depicts the first derivative w.r.t. time. The Jacobian J = J(θ) can be 

deduced using the current values θ, 𝑠 and 𝑡. We then seek an update value ∆θ for incrementing 

the joint angles θ by ∆θ: 

θ: = θ + ∆θ                        (2.17) 

The change in end effector positions caused by this change in joint angles can be estimated as 

∆ 𝑠 ≈ 𝐽∆θ                         (2.18) 

Such value of the ∆θ is to be selected so that ∆𝑠 becomes approximately equal to 𝑒. Also, 

sometimes ∆θ is chosen in such a way so as to match the approximate movement ∆𝑠 in the end 

effectors (partially) with the target positions velocities. 

So, the FK problem can be expressed as 𝑒 = J∆θ & the IK problem can be rewritten as                 

∆θ = 𝐽−1𝑒. However, the IK equation cannot be solved uniquely, most of the times. Although, 

it is true that the Jacobian J may not be square or invertible, even then J might work poorly 

because of its near singularity despite being invertible. Multiple methods have been put forward 

to counter such problems. These approaches have been mentioned and discussed in the 

following pages. 

2.2.3 (a) The Jacobian Transpose Method 

As far as basic idea behind Jacobian transpose method [9, 10] is concerned, it is simply using 

transpose of J in place of the inverse of J. Means, Δ θ is equated as 

    Δ θ =𝛼𝐽𝑇𝑒,             (2.19) 

for some appropriate scalar α. Indeed, the transpose and the inverse of the Jacobian is not the 

same; even then, the use of the transpose can be justified in terms of virtual forces so as the 

change in end effector position be exactly as 𝛼𝐽𝐽𝑇𝑒, & here, α is chosen in such a way such that 

this value can be made as close as feasible to that of 𝑒. 

2.2.3 (b) The Pseudo-Inverse method with SVD 

This method [11] sets the value of Δ θ as 
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                  Δ θ = J†𝑒,              (2.20) 

where the n × m matrix J† is the pseudo-inverse of J, also known as Moore-Penrose inverse of 

J. It is defined for all matrices J, irrespective of the fact that they are square or not or of full 

row rank or not. The pseudo inverse provides the most excellent feasible solution to the 

equation JΔ θ = 𝑒 in the sense of least squares. Few finest properties of pseudo inverse are 

described below.  

Let Δ θ be defined by equation. Firstly, let us take that 𝑒 is in the range (i.e., the column span) 

of J. For this scenario, JΔ θ = 𝑒 ; wherein, Δ θ is the unique vector of smallest magnitude 

satisfying   JΔ θ = 𝑒. Secondly, let us take that 𝑒 is not in the range of J. For this scenario, JΔ θ 

= 𝑒  becomes impossible. Nevertheless, as an inherent property, Δ θ minimizes the magnitude 

of the difference JΔ θ − 𝑒. Also, Δ θ is the unique vector of smallest magnitude which minimizes 

|| JΔ θ − 𝑒||, or equivalently, which minimizes || JΔ θ − 𝑒||2. 

The pseudo-inverse generally shows some stability issues in the neighborhoods of singularities. 

Because there is an unachievable direction of movement of the end effectors, the Jacobian 

matrix doesn’t have full row rank at a singularity. The pseudo inverse will be well-behaved 

and will not show an impossible direction movement, if the configuration is at a singularity. In 

case of mere being in proximity of the singularity, the pseudo inverse method will present very 

large deflections in joint angles, even in case of small movements in the target position. 

Practically speaking, roundoff errors denotes that true singularities are rare to achieve and as 

an alternative, values must be checked for being near-zero to detect the singularity. 

Another property of pseudo inverse is that the matrix (I − J†J) performs a projection onto the 

null space [12] of J. Hence, for all vectors, J(I − J†J) 𝜑  = 0 . So, Δ θ can be set up using  

Δ θ = J†𝑒 + (I − J†J) 𝜑                     (2.21) 

for any vector 𝜑 and even then, anyone can obtain a value for Δ θ which tend to minimize the 

value of JΔ θ − 𝑒 . 

In case of J having full row rank, JJT will be definitely invertible. For this scenario, the 

minimum magnitude solution Δ θ will be in following form 

   Δ θ = JT(J JT)−1. 𝑒              (2.22) 

To use this equation, it is a must that J has a full row rank. 
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In spite of being ample coverage in literatures, pseudo inverse method generally provides poor 

results mainly due to instability in the neighborhoods of singularities. The (selectively) damped 

least squares methods provide much more accurate result. 

To get improved analysis and visualization of the Pseudo-Inverse method, the Singular Value 

Decomposition of J can be used in which J can be expressed as [7, 13]   

J = UDVT              (2.23) 

where U and V are orthogonal matrices and D is diagonal. If J is m × n, then U is m × m, D is 

m × n, and V is n × n. The only non-zero entries in the matrix D are the values σi = di,i along 

the diagonal. We henceforth assume m ≤ n. Without loss of generality, σ1 ≥ σ2 ≥ · · · ≥ σm ≥ 

0. 

Note that the values σi may be zero. In fact, the rank of J is equal to the largest value r such 

that σr  ≠ 0.  

The pseudoinverse of J is equal to 

J†= V D†UT .                                  (2.24) 

Thus, 

     J†= ∑ 𝜎𝑖
−1𝑣𝑖𝑢𝑖

𝑇𝑟
𝑖=1                         (2.25) 

The vectors vr+1, . . . , vn are an orthonormal basis for the null space of J . 

               

2.2.4 Redundancy Resolution 

The basis for many methods to resolve the redundancy is the Jacobian matrix which relates 

differential joint motion ∆ θ to the resulting end-effector motion ∆x. Suppose, there are ‘n’ 

joints and ‘m’ end effector degrees of freedom. If the system is non-redundant, then J is square 

with order n. Unless the system is at a kinematic singularity, where one or more end effector 

degrees of freedom cannot be achieved, the Jacobian will be full rank and Gaussian elimination 

can be used to solve for ∆ θ. Define the degree of redundancy as r = n − m: For a redundant 

case, n > m and there are an infinite number of solutions. Whitney [11] used the pseudoinverse 

to find the minimum norm joint change as 

    Δ θ = J†∆x                          (2.26) 
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However, in most applications, simple pseudo-inverse control is not satisfactory. Pseudo-

inverse control is a local criterion, and if the manipulator end effector traces a closed path, the 

joint state will not generally return to the same state [14]. While in some cases, this joint drift 

will reach a limit, the poor repeatability is a serious problem for obstacle avoidance by inboard 

joints. 

Many objectives to be achieved with a redundant manipulator can be expressed in terms of 

minimizing a criterion H. In this format, redundancy resolution is accomplished by moving the 

joints such that the end effector is moved in the desired way and the criterion H is always kept 

at a minimum. Thus, there is no repeatability problem. One such formulation was done by 

Liegeois who added a secondary term to pseudo-inverse control to project the negative gradient 

of H into the null space of J. Here, H is the Joint Availability Criterion. 

Δ θ = J†∆𝑥 − 𝛼 (I − J†J) ∇𝐻                       (2.27) 

This method has two weaknesses [12]. One is that the choice of the gain 𝛼 is sensitive and 

configuration dependent; if 𝛼  is too small, the system is sluggish and if 𝛼 is too large, the 

system can go unstable. Even when the control is stable, the resulting lag implies that the joint 

is not a function of the end-effector position and therefore, the system is not strictly repeatable. 

2.2.4 (a) Extended Jacobian Method 

Baillieul [15] introduced a formulation that directly updates the joint position to cause the 

desired end-effector motion and forces ∇𝐻 to stay in the null spaceof J. Where 𝜂𝑖 are a linearly 

independent basis of the null space such that 

[
𝐽
…

𝑁∇(∇𝐻) − 𝑊
]∆𝜃 = [

∆𝑥
…
𝜃

]                                               (2.28) 

where, W is an r × n matrix whose element wij is given by 

wij =(∇𝑇𝐻)𝐽𝑇(𝐽 𝐽𝑇)−1 𝜕𝐽

𝜕𝜃𝑗
𝜂𝑖  

2.2.4 (b) Lagrange Multiplier Method 

Chang [16] has presented an alternative formulation to resolve redundancy by keeping H at a 

minimum. The first key point in his work is that the Lagrange multiplier technique can be used. 

If  ∇𝐻  is not in the null space of J, then it must be in the row space of J, or 
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∇𝐻 = 𝐽𝑇𝜆                         (2.29) 

where,  𝜆 is the Lagrange multiplier. 

Meeting with the end-effector motion requirements forms a system that Chang recommends 

solving numerically. 

In comparing the number of FLOPS, the most compact version of the Lagrange multiplier 

method [17] comes out slightly ahead of the extended Jacobian method. However, the most 

compact version of the Lagrange multiplier method has additional singularities which makes 

its use a difficulty. One could use the faster version and switch to the slower, non-singular 

version only when necessary. However, for real-time control there is a strong advantage in 

using a method that has a predictable computation time independent of configuration. 

2.2.5 Commercial Software (RoboAnalyzer) 

A commercial software named RoboAnalyzer is a visualization based robotics software 

utilizing the Object Oriented Programming in Visual C# programming language, since 2009. 

OpenGL, an open-source library, has been implemented to visualize 3D models of robots 

through Tao Framework. It has been developed in such a way, that if there will be a change 

within the existing modules, rest will not be affected. Serial robots with revolute joint was 

reported for analyzing the Forward Kinematics (FKin) [18], which follows skeleton models for 

better description of robotic structures. 

Animation of the robot motion were used for the analysis of results. The results of the analysis 

were also plotted as graphs using ZedGraph, an open-source plotting library in C#. Addition 

of the prismatic joints, Inverse Dynamics (IDyn) and Forward Dynamics (FDyn) analyses were 

reported in [19]. Modules on “Visualization of DH Parameters and Transformations”, “3D 

CAD Model Importer” and “Inverse Kinematics” (IKin) were reported in [20]. The interactions 

of these modules are shown in Figure 2.6. The description of DH Parameters are shown in 

Figure 2.5, as given below: 

Joint Offset (bi) = Distance between Xi and Xi+1  along Zi   

Joint Angle (θi) = Angle between Xi and Xi+1 about Zi   

Link Length (ai) = Distance between Zi and Zi+1 along Xi+1   

Twist Angle (αi) = Angle between Zi and Zi+1 about Xi+1    
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2.2.6 ANFIS Technique 

ANFIS technique [21] is a hybrid neuro-fuzzy approach which combines the concept of 

artificial neural networks and fuzzy logics; utilizing the discrete primacy. It is practically 

identical to Sugeno fuzzy inference system. It forms a bridge between fuzzy inference system 

and learning potential of artificial network; where membership functions for inferences are 

adjusted by back propagation method or conjunction of least square method. 

Fuzzy logic is the most significant approach in soft computing field as it is fully accomplished 

to comprehend human expertise in terms of precursor IF and successor THEN formats. Nature 

Fig. 2.5-(a): Visualization of DH Parameters [20] Fig. 2.5-(b): DH Representation [20] 

Fig. 2.6:  Flowchart for the Modules of RoboAnalyzer [20] 
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of the system in this dominion is described by using linguistic expressions. The classic 

architecture of these systems is initiated by Wang [22], Tagaki and Sugeno [23] and Jang [24]. 

In [22], such type of inference system is formed which constitutes Gaussian membership 

function, product inference concept and weighted average defuzzifier. 

In [23], Defuzzification part is established in terms of dynamic systems. The qualitative feature 

of this concept is that under certain restraints, stability of systems can be interpreted. 

Artificial Neural Network is a knowledge proceeding paradigm that is motivated with the fact 

how biological nervous system, such as the brain, process and proceeds information. It 

comprises of highly interconnected elements (neurons) combining in unison to resolve the 

problems. Main advantages of this system are: adaptive learning, self-organization, real time 

operation and fault tolerance via redundant information coding. Neural networks based solution 

for inverse kinematic problem of different robotic manipulators have intensively explained in 

[25, 26, 27]. 

Applications of Neural networks and fuzzy logic for obtaining the inverse kinematics solutions 

thoroughly described in [28, 29, 30]. There are multiple options after combining neural 

networks and fuzzy logic in such a way that they can subjugate their disadvantages as well as 

grasp the advantages from each other’s classified qualities. 

The literature shows so many conjunctions of Adaptive Neural Networks and Fuzzy Inference 

Systems as a hybrid: Adaptive Neuro-Fuzzy Inference Systems (ANFIS). It has been proposed 

for 2 DOF, 3 DOF and 5 DOF [31]. A comparative analysis of inverse kinematics solution for 

3 DOF [32] and 5 DOF with wrist movement [33] industrial robotic manipulator has been done 

with experimental validation. 

Within 4 DOF robotic class, kinematic modelling and simulation of SCARA has been 

proposed, analytically [34]. A neural network based approach is also elaborated in [35], for 

finding inverse kinematic solutions. But they did not emphasize on the idea of trajectory 

tracking through ANFIS technique. Though, in [36], tracking control of 3 DOF SCARA is 

explained with ANFIS controller and PID controller, but they concentrated mainly on different 

rise functions.  

ANFIS Architecture 

ANFIS method works in five layers (as shown in Figure 2.7). The role of each layer is described 

as follows:  
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Layer 1: The Node Layer  

This layer provides the input parameters to the succeeding layer. In this, every node itself forms 

a complete fuzzy set and output in corresponding fuzzy set works as the input parameters 

membership class. Here, the node function 𝑂𝑖
𝑗
 (for 𝑖𝑡ℎ position of  𝑗𝑡ℎ layer) is evaluated as: 

     𝑂𝑖
1 = 𝑟𝐴𝑖(𝑥); 𝑂𝑖

1 = 𝑟𝐵𝑖(𝑦); 𝑂𝑖
1 = 𝑟𝐶𝑖(𝑧)            (2.30) 

Where, (𝑟𝐴𝑖, 𝑟𝐵𝑖, 𝑟𝐶𝑖) is membership function for that particular input and (x, y, z) is the input 

vector.  

Layer 2: The Membership Layer 

Here, the output of every node which indicates the firing strength is calculated as product of 

all membership function; giving the specification of degree with which inputting to the next 

layer is done. 

     𝑂𝑖
2 = 𝑅𝑖 = 𝑟𝐴𝑖(𝑥)𝑟𝐵𝑖(𝑦) 𝑟𝐶𝑖(𝑧), 𝑖 = 1,2,3            (2.31) 

Layer 3: The Rule Layer 

In this, computation of activation level of every rule is done by comparing each of the firing 

strengths with summation of all firing strengths. It comprises of fixed nodes which computes 

the ratio of firing strength of the rules. 

Fig. 2.7: ANFIS Architecture 
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     𝑂𝑖
3 = (

𝑅𝑖

𝑅1+𝑅2+𝑅3
)              (2.32) 

 

Layer 4: The Defuzzzification Layer 

In this layer, each IF-THEN rule as resulting output is inferred by precursor parameter or linear 

combination of input fuzzy individuals of ANFIS with constant expressions. 

     𝑂𝑖
4 = 𝑅𝑖𝐾𝑖 = (𝑢𝑖𝑥 + 𝑣𝑖𝑦 + 𝑤𝑖𝑧 + 𝑐𝑖)            (2.33) 

where, (𝑢𝑖 , 𝑣𝑖 , 𝑤𝑖, 𝑐𝑖) is consequent design parameters set. 

Here, fuzzy IF-THEN rules are defined as: 

If x is A and y is B and z is C, then 𝐾 = 𝑢𝑥 + 𝑣𝑦 + 𝑤𝑧 + 𝑐  

where, A, B and C are fuzzy set in precursor, and u, v, w, c are design parameters that are found 

in training procedure. 

Layer 5: The Output Layer 

In this layer, summation of all inputs coming from layer 4; consequently, whole ANFIS setup 

is automatically tuned up by the application of least square approximation and back 

propagation structure for the required membership function. 

     𝑂𝑖
5 = ∑ 𝑂𝑖

4
𝑖 = ∑𝑅𝑖𝐾𝑖             (2.34) 

               

The literature survey suggests that based on the selection criteria of being flat and non-zero at 

all points, gaussian (gaussmf and gauss2mf), sigmoidal (dsigmf and psigmf), generalized bell 

curve (gbellmf) and spline based curve (pimf) could be applied for the decision of membership 

function. From these six, only Bell and Gaussian MF is procuring admissible results. The 

detailed description of Bell and Gaussian MF is as follows: 

Case a:  The generalized bell MF’s with product inference rule have been used in fuzzification 

level while defuzzification has been performed using weighted average method.  A bell MF is 

given by Equation (2.35), where parameter ‘c’ gives distance from origin, parameter ‘a’ shows 

curve width and parameter ‘b’ is normally positive. Its representation is shown in Figure 2.8(a) 

     µ (𝑥; 𝑎, 𝑏, 𝑐) = 
1

1+|
𝑥−𝑐

𝑎
|
2𝑏                                 (2.35) 
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Case b:  For fuzzification process, Gaussian MF’s with product inference rule have been used; 

on the other hand, for defuzzification process, weighted average method has been applied. A 

symmetric Gaussian MF is defined by the Equation (2.36), where parameter ‘𝜎’ denotes width 

of the curve and ‘a’ shows the distance from the origin.  A small ‘𝜎’ generates the thin MF 

while a big ‘𝜎’ leads to the flat MF.  Representation of Gaussian MF is shown in the Figure 2.8-

(b).  

     µ (𝑥; 𝑎, σ)  = 𝑒
−(𝑥−𝑎)2

2𝜎2                           (2.36) 

  

 

2.3  Summary 

In Geometrical method, for higher DOFs, solutions to first three joints should be prior known 

for finding other joint solutions. From the literature survey, it is found that there is no guarantee 

of closed-form solution for more than six DOFs in Algebraic method. In Jacobian transpose 

method, transpose used instead of inverse, for some appropriate scalar. If Jacobian matrix is of 

rectangular type, then Pseudo inverse method is used to calculate the inverse. However, EE 

position with respect to joint movements shows poor repeatability in case of Pseudo inverse 

method. In Extended Jacobian method, grad (H) stay in null space of J and in Lagrange 

Multiplier method, grad (H) stay in row space of J. However, it has some additional 

singularities. Extended Jacobian and Lagrange Multiplier methods are conservative but 

computationally expensive. In RoboAnalyzer, there is no provision of MDH Parameters or 

conversion of MDH Parameters into DH Parameters. Also, IKS are available for 2, 3 and 5 

Fig. 2.8-(a): Representation of Bell MF [31] Fig. 2.8-(b): Representation of Gaussian MF [31] 
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DOFs only in RoboAnalyzer in the present state. Nowadays, ANFIS approach is one of the 

most promising method to find IK solutions of higher DOFs manipulator, as an intelligent 

technique. In ANFIS approach, manipulator with wrist in motion is easily solved. With Bell 

and Gauss membership function, ANFIS approach generally produce better results. Trajectory 

tracking can easily be done with the ANFIS method, even in the case of obstacle avoidance. 
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Chapter 3 

Application of ANFIS on SCARA Manipulator 

3.1 Introduction 

After conducting literature survey, it is known that ANFIS approach can produce satisfactory 

results for finding inverse kinematic solutions in case of unavailability of closed form solutions. 

Moreover, this includes less calculations in comparison with traditional methods of finding 

inverse kinematic solutions. In this chapter, a 4-DOFs spatial SCARA manipulator of industry 

and medical assisted use has been taken into consideration for finding the inverse kinematic 

solutions and desired path planning, consequently. The robotic manipulator constitutes of 3-

DOFs at joints and 1-DOF at the end effector forming an R-R-P-R configuration. The Prismatic 

link is set to be move up and down which makes the robotic manipulator spatial. The 4-DOFs 

robotic manipulator presented in this work is shown in Figure 3.1. The robotic manipulator has 

been designed in the SOLIDWORKS software.  The detailed description of the movements of 

joints and end-effector is tabulated in Table 3.1. The analytical method for solving the inverse 

kinematic problem for 4-DOFs SCARA manipulator has been described using algebraic 

approach in Chapter 2. 

 

Fig. 3.1:  CAD model of the 4-DOF SCARA 
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Table 3.1: Description of workspace for movement of SCARA manipulator 

S. No. Type Part of Robot Movement Workspace 

1. Link 1 Waist Left/Right 0 - π/4 (rad) 

2. Link 2 Shoulder Left/Right 0 - π/4 (rad) 

3. Link 3 Elbow Up/Down 100-130(mm) 

4. Wrist Wrist Roll Clockwise/ Anticlockwise 0 - π/4 (rad) 

 

3.2 Formulation of Forward Kinematics 

The kinematic analysis for any multi-DOFs robotic manipulator can be classified as: forward 

kinematics and inverse kinematics. With n degree of freedom, joint variables can be denoted 

by 𝜃𝑖 = 𝜃(𝑡), ∀ 𝑖 = 1, 2, 3, … , 𝑛  and position variables by 𝑥𝑗 = 𝑥(𝑡), ∀ 𝑗 = 1, 2, 3, … , 𝑚. 

The expression between end effector  𝑥𝑡 and joint angle 𝜃(𝑡) can be formulated by forward 

kinematic equation as 

𝒙(𝑡) = 𝒇(𝜽(𝑡)) (3.1) 

where, 𝒇 is a nonlinear, continuous and differentiable function. Due to availability of DH 

convention, finding forward kinematics is an easy task. Systematic assignment of different 

frames using D-H conventions is shown in Figure 3.2. 

 

Fig. 3.2:  DH frame representation of the SCARA robot 
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The DH convention has been used to formulate the forward kinematic equations, as tabulated 

in Table 3.2.  

Table 3.2: DH parameters of the SCARA robot 

S. No. Joint Angle 

𝜽𝒊 (rad) 

Joint offset 

𝒅𝒊 (mm) 

Link Length 

𝒂𝒊(mm) 

Twist Angle 

𝜶𝒊 (rad) 

1. 𝜃1 𝑑1 = 400 𝑎1 = 250 0 

2. 𝜃2 0 𝑎2 = 150 𝜋 

3. 0 𝑑3 0 0 

4. 𝜃4 𝑑4 = 150 0 0 

 

The general transformation matrix 𝐾𝑖
𝑖−1 amid two adjacent frames Fi-1 and Fi is as follows in 

(3.2), 

 

𝐾𝑖
𝑖−1 = [

𝐶𝜃𝑖

𝑆𝜃𝑖

0
0

     

−𝑆𝜃𝑖𝐶𝛼𝑖 𝑆𝜃𝑖𝑆𝛼𝑖 𝑎𝑖𝐶𝜃𝑖

𝐶𝜃𝑖𝐶𝛼𝑖 −𝐶𝜃𝑖𝑆𝛼𝑖 𝑎𝑖𝑆𝜃𝑖

𝑆𝛼𝑖

0
𝐶𝛼𝑖

0
𝑑𝑖

1

] 

 

(3.2) 

 

After, incorporating the DH parameters from Table 3.2 in (3.2), the forward kinematics 

equations can be formulated for 4-DOFs SCARA manipulator by multiplying 𝐾1, 𝐾2, 

𝐾3 and 𝐾4  are as 

𝐾4
0 = 

[
𝑅3×3 ⋮ 𝑤1×3

… … …
0 0 0 ⋮ 1

] 
 

 = 

[

𝐶𝜃1−2−4

𝑆𝜃1−2−4

0
0

     

𝑆𝜃1−2−4 0 𝑎1𝐶𝜃1 + 𝑎2𝐶𝜃1−2

−𝐶𝜃1−2−4 0 𝑎1𝑆𝜃1 + 𝑎2𝑆𝜃1−2

0
0

−1
0

𝑑1 − 𝑑3 − 𝑑4

1

]                                           (3.3) 

where, 𝐶𝜃𝑖 = 𝑐𝑜𝑠(𝜃𝑖),  𝑆𝜃𝑖 = sin (𝜃𝑖), 𝐶𝛼𝑖 = 𝑐𝑜𝑠(𝛼𝑖) and  𝑆𝛼𝑖 = 𝑠𝑖𝑛(𝛼𝑖), 𝐶𝜃𝑖−𝑗 =

𝑐𝑜𝑠(𝜃𝑖 − 𝜃𝑗),     𝑆𝜃𝑖−𝑗 = 𝑠𝑖𝑛(𝜃𝑖 − 𝜃𝑗), 𝐶𝜃𝑖−𝑗−𝑘 = 𝑐𝑜𝑠(𝜃𝑖 − 𝜃𝑗 − 𝜃𝑘), 𝑆𝜃𝑖−𝑗−𝑘 =

𝑠𝑖𝑛(𝜃𝑖 − 𝜃𝑗 − 𝜃𝑘) ,  
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Using Equation (3.3), 

𝑤1 = 𝑎1𝐶𝜃1 + 𝑎2𝐶𝜃1−2                                                                                
(3.4) 

𝑤2 = 𝑎1𝑆𝜃1 + 𝑎2𝑆𝜃1−2                                                                                 (3.5) 

𝑤3 = 𝑑1 − 𝑑3 − 𝑑4                                                                                        (3.6) 

where, 𝑤1 , 𝑤2, 𝑤3 denotes translation about x-, y-, z- axis respectively. 

3.3 ANFIS Procedure 

ANFIS method performs in two segments -training and testing segment. In trained ANFIS data, 

the 𝑥, 𝑦 and 𝑧 coordinates of tip of the SCARA manipulator behave as the inputs and joint 

angles; θ1, θ2, d3 and θ4 as the outputs. In fourth data set, effect of wrist roll is considered. Here, 

four training data sets consisting of coordinates and joint angles has been regarded as (𝑥, 𝑦, 𝑧, 

θ1), (𝑥, 𝑦, 𝑧, θ2), (𝑥, 𝑦, 𝑧, d3) and (𝑥, 𝑦, 𝑧, 𝑆𝜃1−2−4, 𝐶𝜃1−2−4,  θ4), respectively. 

The corresponding MF’s and number of rules have been designated for each training data set. 

First three datasets comprise of three MFs for each tip coordinate, leads to 27 rules. Last data 

set contains three MFs for each tip coordinate and wrist roll angle, leads to a total of 243 rules. 

The epochs used for the training data set are 10.  

 

         

 

 

 

 

 

 

 

 

Initialize the fuzzy system 

Use genfis1 or genfis2 commands 

  

 

Give the parameters for learning 

Number of Iterations (epochs) 

Tolerance (error) 
  

 

Start learning process 

Use command anfis 

Stop when tolerance is achieved 

  

  

 

Validate 

With independent data  

  

 Fig. 3.3: Flowchart of ANFIS procedure 
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The basic procedure of ANFIS approach is defined in four steps; as shown in Figure 3.3. In the 

testing segment, the premise and consequent limits in ANFIS approach are modifiable as they 

are adaptive in character. This adaptive procedure of ANFIS approach is subdivided into two 

steps. In the first step, training of consequent parameter is done with the help of least square 

method because linear combination of same parameters gives ANFIS output.  

The premise parameters are static during the first step. In the next step, back propagation of 

approximation error is done by apprising premise parameters over each layer. This fraction of 

learning process is in accordance with gradient descent principle which is correspondent to 

training of back propagation algorithm in neural networks. 

This hybrid learning procedure is computationally inexpensive as the search domain of initial 

back propagation neural network is far decreased and ANFIS converges with less number of 

iterations. 

3.4 Validation with Analytical Solutions 

After implementation of ANFIS, simulation results for joints variables of 4-DOFs SCARA 

spatial manipulator are compared with analytical inverse kinematic solutions. Here, the 

workspace for which 4-DOFs SCARA manipulator is trained, tabulated in Table 3.1. The 

desired path is defined as  

𝑥0 = 0; 

𝑦0 = 0; 

𝑟 = 400; 

𝑥 = 𝑥0 +  𝑟𝑐𝑜𝑠𝜃; 

𝑦 = 𝑦0 +  𝑟𝑠𝑖𝑛𝜃; 

𝑧 = 135 ± 15; 

where, 0 ≤ 𝜃 ≤ 45 (degrees) 

 

where, 𝑥0 and 𝑦0 are the manipulators base or foot positions. The radius of the path is denoted 

by ‘r’. 𝑥, 𝑦 and 𝑧 are the position coordinates along the respective directions. SCARA as a 

spatial robot, z coordinates vary simultaneously with x and y coordinates throughout the path 

generation process.  
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3.4.1 Results and Observations 

Using MATLAB, the responses for joint variables (θ1, θ2, d3, θ4) for the desired path are shown 

in Figure 3.4. These results estimate the similarity between the analytical method and ANFIS 

approach for finding the inverse kinematic solutions. The ‘x-axis’ show the joint variables (θ1, 

θ2, d3, θ4) and on the ‘y-axis’, number of samples are shown. The blue circles in the responses 

infers ANFIS solutions whereas red cross symbols depict the analytical solutions. The 

deviation between these two arrays of colors is termed as error. 

 

Fig. 3.4-(a): Simulation response of ‘θ1’ with ‘Number of samples’ 

 

Fig. 3.4-(b): Simulation response of ‘θ2’ with ‘Number of samples’ 
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Fig. 3.4-(c): Simulation response of ‘d3’ with ‘Number of samples’ 

 

Fig. 3.4-(d): Simulation response of ‘θ4’ with ‘Number of samples’ 

From Figure 3.4, it is observed that maximum error in the inverse kinematic solutions after 

comparing ANFIS technique with the analytical method is 0.0173 radians, 0.1647 radians, 

0.0032 mm and 0.1284 radians for ‘θ1’, ‘θ2’, ‘d3’ and ‘θ4’, respectively. 

3.5 Path Planning by 4-DOFs SCARA 

Path planning is one of the important aspect associated with inverse kinematic solutions. After 

obtaining the joint variables, desired path is back propagated using ANFIS approach and 

compared with analytical solutions. 

3.5.1 Results and Observations 
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A combined comparative analysis for analytical and ANFIS solutions with respect to desired 

path is shown in Figure 3.5-(a) and 3.5-(b) within two different views. Furthermore, in Figure 

3.5-(c), the simulation runs for desired solutions is shown along with 4-DOFs SCARA links, 

where tip of robot is coordinated with analytical and ANFIS solutions, simultaneously. The x-

axis, y-axis and z-axis represents the coordinate system in respective directions for end 

effector’s tip movement. 

The light grey dot represents the training workspace and red coloured star shows the desired 

path which need to be planned by analytical and ANFIS solutions. Analytical solutions are 

depicted by symbol of green circles whereas ANFIS planned path is represented by blue 

diamond symbols. The deviation between the respective x, y and z coordinates for the different 

methods with respect to desired coordinates is considered as error. 

 

Fig. 3.5-(a): Analytical and ANFIS solutions for desired path in XY plane 

 

Fig. 3.5-(b): Analytical and ANFIS solutions for desired path in YZ plane 
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Fig. 3.5-(c): Desired path generation for analytical and ANFIS approach by manipulator links 

From Figure 3.5, it is observed that with ANFIS approach, maximum deviation of end 

effector’s position of robotic manipulator from the desired path is 0.3774 mm in x direction, 

0.4135 mm in y direction and 0.0027 mm in z direction. Moreover, it is noticed that ANFIS 

approach is quite precise in comparison with analytical approach as deviation is 0.0003 mm, 

0.0007 mm and 0.0001 mm in x, y and z directions, respectively. 

3.6 Summary 

It is quite evident from this chapter that ANFIS methodology for finding inverse kinematic 

solutions works satisfactorily, even without the need of formulating inverse kinematic 

equations. Moreover, path planning has been done with the ANFIS approach in this chapter. 

Comparative analysis with analytical method proves that combination of neural networks and 

fuzzy logic can be applied for path planning in case of higher degree of freedom manipulator. 

In the next chapter, path planning for 5-DOFs Spatial Medical manipulator is presented with 

the help of ANFIS approach. 
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Chapter 4 

Path Planning by 5-DOFs Spatial Medical 

Manipulator Using ANFIS 

4.1 Introduction 

After applying ANFIS concept on the SCARA robot in chapter 3, the same is being applied on 

5-DOFs Spatial Medical Manipulator for desired path planning to show its effectiveness. Path 

planning is one of the important phenomena associated with concept of inverse kinematic 

solutions. Through ANFIS, the joint parameters for certain path is back propagated for finding 

its coordinate system. In this chapter, path planning results for 5-DOFs manipulator having 

fixed orientation is presented along with their deviation from the original path. 

4.2 Formulation of Forward Kinematics 

In this section, a case study of surgical manipulator is taken, which is a 5-DOFs spatial 

manipulator. Proximal variant of DH parameter method is used for the kinematic study of this 

manipulator, whose prototype was developed at CSIR-CSIO, Chandigarh. It is a patient-side 

manipulator, which is used to track the movements of a surgeon-side manipulator during a 

robot-assisted surgery. The physical prototype of the 5-DOFs spatial manipulator is shown in 

the Figure 4.1 and its corresponding line diagram with frame assignment is shown in Figure 

4.2. The DH parameters of this manipulator are calculated and tabulated in Table 4.1. 

Table 4.1: D-H parameters obtained using proximal variant 

S. 

No. 

Link Length 

(𝑎𝑖−1) (mm) 

Joint Distance  

(𝑑𝑖) (mm) 

Link Twist 

(𝛼𝑖−1) (deg.) 

Joint Angle 

 (𝜃𝑖) (deg.) 

Home 

Position 

1 𝑙0 = 0 𝑑1 𝛼0 = 0 𝜃1 = 0 1720 𝑚𝑚 

2 𝑙1 = 175 𝑑2 = 45 𝛼1 = 0 𝜃2 0° 

3 𝑙2 = 324 −𝑑3 = 5 𝛼2 = 0 𝜃3 90° 

4 𝑙3 = 0 𝑑4 = 558 𝛼3 = 138 𝜃4 90° 

5 𝑙4 = 20 𝑑5 = 0 𝛼4 = 90 𝜃5 62° 

6 𝑙5 = 290 𝑑6 = 0 𝛼5 = 0 𝜃6 = 0 - 
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      Using the DH parameters given in Table 4.1, the tool-tip to base transformation matrix is 

given as [37], 

 

𝑨6
O  = 𝑨1

𝑂 𝑨2
1 𝑨3

2 𝑨4
3 𝑨5

4 𝑨6
5  (4.1) 

  

= 
[

0.94 −0.34 0
0 0 1

−0.34
0

−0.94
0

0
0

⃓
⃓
⃓
⃓
⃓

1159.58
0

1259.07
1

] 

 

 

 

4.3 Implementation of ANFIS Method 

In trained ANFIS data, the 𝑥, 𝑦 and 𝑧 coordinates of tip of the 5-DOFs Spatial Medical 

manipulator and m, n, o, p, q, r, s, t, u, from orientation matrix behave as the inputs and joint 

angles d, θ2, θ3, θ4, and θ5 as the outputs. In this ANFIS simulation run. five data sets being 

considered for the training are (𝑥, 𝑦, 𝑧, m, n, o, p, q, r, s, t, u, d), (𝑥, 𝑦, 𝑧, m, n, o, p, q, r, s, t, u, 

θ 2), (𝑥, 𝑦, 𝑧, m, n, o, p, q, r, s, t, u,  θ 3), (𝑥, 𝑦, 𝑧, m, n, o, p, q, r, s, t, u,  θ 4), (𝑥, 𝑦, 𝑧, m, n, o, p, 

q, r, s, t, u, θ 5) respectively. Each data set consists of three MFs for each tip coordinate leading 

to a total of 5,31,441 rules. The number of epochs used is 10. 

Due to such large number of rules and having more number of inputs in training dataset, the 

generation of fuzzy inference is done by Subtractive Clustering method instead of Grid 

Fig. 4.1: Physical prototype of the 5-link spatial 

manipulator developed at CSIR-CSIO 

Chandigarh [37]. 

Fig. 4.2: Line diagram of the 5-link 

spatial manipulator [37]. 
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Partitioning method. Subtractive Clustering is a fast, one-pass algorithm for estimating the 

number of clusters and the cluster centers in a set of data. The cluster estimates obtained from 

the subclust function can be used to initialize iterative optimization-based clustering methods 

(fcm) and model identification methods (like anfis). The subclust function finds the clusters 

by using the subtractive clustering method. 

The genfis1 function is used for activating the Grid Partitioning fuzzy inference system. The 

genfis2 function builds upon the subclust function to provide a fast, one-pass method to take 

input-output training data and generate a Sugeno-type fuzzy inference system that models the 

data behaviour.  

4.3.1 Results and Observations 

The use of above manipulator is considered to track the desired path, covering the position 

coordinates of arm matrix having fixed orientation, which is as given below:  

𝑥0 = 0; 

𝑦0 = 0; 

𝑟 = 1159.58; 

𝑥 = 𝑥0 +  𝑟𝑐𝑜𝑠𝜃; 

𝑦 = 𝑦0 +  𝑟𝑠𝑖𝑛𝜃; 

𝑧 = 1270 ± 50; 

where, −15 ≤ 𝜃 ≤ 15 (degrees) 

 

where, 𝑥0 and 𝑦0 are the manipulators base or foot positions. The radius of the path is denoted 

by ‘r’. 𝑥, 𝑦 and 𝑧 are the position coordinates along the respective directions. 

A comparative analysis for ANFIS solutions with respect to desired path is shown in Figure 

4.3-(a) and 4.3-(b) within two different views. Furthermore, in Figure 4.3-(c), the simulation 

runs for desired solutions is shown along with 5-DOFs Spatial Medical manipulator links, 

where tip of robot is coordinated with ANFIS solutions, simultaneously. The x-axis, y-axis and 

z-axis represents the coordinate system in respective directions for end effector’s tip movement. 

The light grey dot represents the training workspace and red colored star shows the desired 

path which need to be planned by analytical and ANFIS solutions. ANFIS planned path is 

represented by blue diamond symbols. The deviation between the respective x, y and z 
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coordinates for the ANFIS method with respect to desired coordinates is considered as error. 

The percentage error in the desired and ANFIS obtained x-, y- and z- coordinates are shown in 

Figure 4.4-(a), -(b) and -(c). 

 

Fig. 4.3-(a): ANFIS solutions for desired path in XY plane 

 

Fig. 4.3-(b): ANFIS solutions for desired path in YZ plane 
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Fig. 4.3-(c): Desired path generation for ANFIS approach by manipulator links 

 

Fig. 4.4-(a): Plot of ‘Error in X- coordinates’ with ‘Number of samples’ 

It is concluded from the Figure 4.4-(a), the maximum absolute deviations between the desired 

and ANFIS obtained X-coordinate are at initial and final points, with the value of 1.03 % and 

1.07 %. From the Figure 4.4-(b), the maximum absolute deviations between the desired and 

ANFIS obtained Y-coordinate are present near the initial point and final point, with the value 

of 1.32 % and 1.35 %. In the Figure 4.4-(c), the maximum absolute deviations between the 

desired and ANFIS obtained Z-coordinate is at sample number two, with the value of 0.19 %. 
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Fig. 4.4-(b): Plot of ‘Error in Y- coordinates’ with ‘Number of samples’ 

 

Fig. 4.4-(c): Plot of ‘Error in Z- coordinates’ with ‘Number of samples’ 

Furthermore, comparison between actual values and ANFIS based obtained values of joint 

parameters, termed as predicted values, for the arm matrix calculated in Equation 4.1, is done. 

The maximum error is found for the second joint parameter (θ 2) with the modulus value of 

4.22 degrees whereas the minimum error is 0.41 degrees in case of third joint parameter (θ 3). 

The sensitiveness of the manipulator links is inherently dependent on the workspace of training 

data set. Therefore, the error could be reduced by more refinement of training data set domain, 

input and output parameters and number of epochs. The result for this comparative analysis is 

shown in Table 4.2.  
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Table 4.2. Error between actual value and predicted value for joint parameters 

Joint Parameters Actual Value Predicted Value |Error| 

D 1720 mm 1717.5 mm 2.5 mm 

θ 2 00 -4.220 4.220 

θ 3 900 89.590 0.410 

θ 4 900 88.780 1.220 

θ 5 620 58.990 3.010 

 

4.4 Summary 

In this chapter, a 5-DOFs spatial medical manipulator has been considered for desired path 

planning with the ANFIS approach. With the help of forward kinematics, as input and output 

parameters for training datasets in ANFIS, the desired path planning has been done. Thereafter, 

the percentage error between the actual and ANFIS predicted values for the x-, y- and z- 

coordinates has been calculated. Moreover, to show the inverse kinematic analysis, the joint 

parameters have been predicted by the ANFIS for arm matrix corresponding to home position 

of 5-DOFs spatial medical manipulator. In the next chapter, the application of redundant 

manipulators in narrow channels is described with the help of 3-DOFs manipulator path 

planning having three obstacles, to show the efficacy of ANFIS approach. 
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Chapter 5     

Obstacle Avoidance using ANFIS Technique  

5.1 Introduction 

The obstacle avoidance problem is well-known in robotics. The first solutions were based on 

an initial trajectory planning of a collision-free path for the robot. However, such solutions are 

expensive and bound the interactivity of the robot with its environment. Hence, new approaches 

have been developed to deal with dynamically varying obstacles in real-time. In this paper, an 

attempt has been made, to investigate the potential of ANFIS for obstacle avoidance by 3-link 

manipulator, with two and three obstacles. Obstacle avoidance is very impactful in different 

application of robotics like underwater welding in narrow tanks, checking the blockage of 

sewerage pipes etc.  

5.2 Case study: A 3-DOFs Manipulator with Three Obstacles 

In this case-study, a 3-DOFs manipulator is considered with all revolute joints. The physical 

dimensions of the links of the manipulator and the link parameters are given in Table 5.1. 

Table 5.1: Physical dimensions and parameters of 3-DOFs manipulator  

No. of 

Links 

(i) 

Link 

Masses 

(m) (kg) 

Link Parameters 

Initial 

Joint 

Angle 

 (θi) (deg) 

Link 

Length 

(li = ai) 

(m) 

Joint Offset 

Distance 

 (di) (m) 

Twist 

Angle 

 (𝛼𝑖)(deg) 

Initial Joint 

Angle Velocity 

(𝜃̇i) (deg/min) 

1 20 50 1.3 0 0 1 

2 20 20 0.9 0 0 1 

3 8 -110 0.7 0 0 1 

 

The considered 3-DOFs manipulator moves in a straight line trajectory from point (1.69, 1.4) 

at time t = 0 min. to point (1.69, 0) at time t = 1 min. In the simulation runs, the desired 

trajectory is shown in pink color. The base of the manipulator is fixed at origin. The position 

of the ith obstacle in the Cartesian space can be calculated from its centre of gravity (xi, yi) and 
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the size can be found from its length (li) and breadth (bi) dimensions. The complete geometrical 

information of all the three obstacles is tabulated in Table. 5.2. In Figure 5.1, the simulation is 

shown for the case of no obstacles in the task space. 

Table 5.2: Geometrical data of three obstacles 

Obstacle 

Oi 

Centre of Gravity Dimensions (m) 

xi yi li bi 

O1 0.3 0.7  0.2 0.2 

O2 1.0 0.4 0.4 0.8 

O3 1.5 0.5 0.2 0.4 

 

 

Fig. 5.1: 3-DOFs manipulator following straight line trajectory with no obstacle in its path. 

Further, the 3-DOFs manipulator is considered with three obstacles (O1, O2, and O3) in its 

workspace and it is shown in Figure 5.2, that how the manipulator changes its joint 
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configuration trajectory while considering these obstacles in the task space. ANFIS approach 

is implemented to show its effectiveness. 

ANFIS method works in two phases - training phase and testing phase. In trained ANFIS data, 

the 𝑥, 𝑦 and 𝑧 coordinates of tip of the manipulator act as the inputs and joint angles; θ1, θ2, 

and θ3 as the outputs. Here, four training data sets comprising of coordinates and joint angles 

has been considered as (𝑥, 𝑦, 𝑧, θ 1), (𝑥, 𝑦, 𝑧, θ 2), (𝑥, 𝑦, 𝑧, θ 3), respectively. The respective 

MF’s and number of rules have been assigned for each training data set. Three data set consists 

of three MFs for each tip coordinate leading to a total of 27 rules.  The number of epochs used 

is 10. In testing phase, validation of data sets in terms of mean square error, is done by 

comparing calculated (𝑥, 𝑦, 𝑧) coordinates using forward kinematics and (𝑥, 𝑦, 𝑧) using ANFIS 

approach as individual data set.   

 

Fig. 5.2: 3-DOFs manipulator following trajectory avoiding two obstacles using ANFIS  

5.3 Results and Observations 

The implementation of the ANFIS approach is shown in Figure 5.2 and Figure 5.3, where the 

light-grey data points are showing the trained workspace. The desired path is followed by black 

colored star ‘*’ symbol. If the given trajectory or any obstacle or both falls outside the trained 
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workspace, the manipulator behaves erratically and might result in unexpected movements. As 

seen in Figure 5.2, the first obstacle in red color is not successfully avoided by the manipulator 

link because the respective coordinate system of the same obstacle has not been included within 

training dataset of ANFIS algorithm. However, if the trajectory and obstacles are within the 

trained workspace, as shown in Figure 5.3, the ANFIS approach shows good results for 

avoidance of multiple obstacles by maneuvering their links with any joint configuration within 

the joint limit to trace the straight line trajectory within the trained workspace. 

 

Fig. 5.3: 3-DOFs manipulator following trajectory avoiding three obstacles using ANFIS 

5.4 Summary 

In this chapter, a case study of 3-DOFs manipulator has been presented for avoidance of three 

active obstacles at the same time, using ANFIS approach. The produced results are quite 

convincing for the tracking of desired path within the trained workspace of the manipulator. 

These results prove that in case of higher degree of freedom redundant manipulators for their 

application in narrow channels, the concept of ANFIS approach will act positively. However, 

the precision and accuracy of the results are inherently dependent on the training data sets of 

the concerned manipulator.   
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Chapter 6 

Conclusions and Future Directions 

6.1 Conclusions 

From the current work, the following conclusions can be drawn: 

• From the thorough literature review, it can be concluded that the most widely used 

methods for finding inverse kinematic solution are the, algebraic and geometric 

methods. However, they are applicable only when degree of freedom of any 

manipulator is less than six and closed form solutions are possible. 

• It is also concluded from literature review, numerical methods like Jacobian transpose 

and Pseudo inverse produce better results in case of non-availability of closed form 

solutions. However, Jacobian transpose fails, if type of Jacobian matrix is rectangular 

and Pseudo inverse show poor repeatability near singularities. 

• It is also inferred from the literature review, the redundancy resolution methods like 

Extended Jacobian and Lagrange Multiplier show better repeatability unlike Pseudo 

inverse method. However, Lagrange Multiplier has some additional singularities. 

Moreover, there are ample of ambiguities in it as reported by different researchers. 

• With the help of literature survey, it is also revealed that RoboAnalyzer software, which 

is commercially available, provide better platform to visualize the DH parameters and 

finding the forward and inverse kinematics, consequently. However, there is no 

provision of MDH parameters in the RoboAnalyzer software. 

• From the above conclusions and this thesis work, it is finally decided that, nowadays, 

artificial intelligent techniques as a combination of neural networks and fuzzy logic 

named ANFIS supports better conformity in finding the inverse kinematic solution of 

any degree of freedom manipulator. A comparative analysis for finding the inverse 

kinematic solution of 4-DOFs SCARA shows the efficacy of the proposed ANFIS 

concept.  

• Further, in favor of ANFIS approach, path planning by 5-DOFs spatial medical 

manipulator has been done to show the effectiveness of ANFIS approach which is 
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computationally inexpensive. 

• Finally, it is concluded that obstacle avoidance, an important application for redundant 

manipulators in narrow channels, by 3-DOFs manipulator with three active obstacles 

has been presented using ANFIS approach. 

6.2 Future Directions 

The work completed in the present thesis, can be extended in some directions as 

 The work present in thesis is limited to the inverse kinematic study only, which can be 

extended for the dynamic study of spatial medical manipulators. 

 The work is also limited to path planning of 4-DOFs SCARA and 5-DOFs P-R-R-R-R 

spatial medical manipulator, which can be extended to higher degrees of freedom 

manipulator. 

     

 

 

       

 

        

Fig. 6.1: The proposed general Layout of Surgery-Assisted Robotic Systems 
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 The reported work deals with 5-DOFs spatial medical manipulator, which is a surgeon 

side manipulator. The work can be extended for a set of coordinated robots, where both 

the surgeon- and patient-side manipulators works together. 

 In case of obstacle avoidance, the work in this thesis is limited to 3-DOFs manipulator 

with three obstacles, which can be extended for higher degree of freedom manipulator 

with more number of obstacles. 
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