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Abstract

The present thesis is organised into four chapters. The additional objective is to clarify the structure
underlying generalized convex functions by presenting analogoues to the properties of convex func-
tions. The material on convex functions and their generalizations is intensely large. The overview
of the chapters are described below:

The first chapter of the dissertation is the introduction with the brief description of basic con-
cepts, definitions of convex functions and and other definitions to be used in subsequent chapter
are given, that are used throughout work which is useful for understanding the general concept
of convexity. A brief account of the related studies made by various authors in the field and a
summary of the thesis has also presented in this chapter.

Chapter 2 is devoted to a class of E-convex sets and FE-convex functions are introduced by re-
laxing the definitions of convex sets and convex functions. This kind of generalized convexity is
based on the effect of an operator FE on the sets and domain of definition of the functions. The
optimality results for E-convex programming problems are established.

In Chapter 3, we have reviewed a class of functions, F-convex functions and Second order F-
convex functions as a generalization of convex functions. Under F'-convexity, F-concavity, F-
pseudoconvexity, F-pseudoconcavity, duality results for pair of Wolfe and Mond-Weir type sym-
metric dual nonlinear programming problems and second order symmetric duality are established.

Chapter 4, we discussed a class of functions called F-FE-convex functions which are generaliza-

tions of F-convex and E-convex function. We proved the weak duality and strong duality results
for the second order Mond-Weir type dual problem with cone constraints.
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Chapter 1

1 Introduction

Optimization constitues a very important branch of modern applied mathematics. A variety of
problems arising in the areas of engineering design, operation research, management science, com-
puter science, financial engineering and economics. Optimization problems are sometimes difficult
to solve. The difficulties may be in the objective function or the constraints. Some of the difficulties
can be eliminated if we restrict our problems to convex feasible regions, so there is need for the
notion of the convexity. Convexity is one of the most customarily used hypotheses in optimization
theory. The convexity and concavity of sets and functions have been the matter of so many studies
during the past one hundred years. The importance of convex functions is well known in opti-
mization problems. Convex functions come up in many mathematical models used in economics,
engineering, etc. The property of convexity is invariant with respect to certain operations and
transformations. But for many mathematical models used in decision sciences, applied mathe-
matics and engineering, the notion of convexity does no longer suffice. Hence, it is mandatory to
explore the notion of convexity and to extend the validity of results to bigger class of optimization
problems. This field has grown remarkably in different directions. In the recent years, several
extensions have been considered for the classical convexity. A significant generalization of convex
functions is that of invex functions introduced by Hanson [13]. Initial work and results of Hanson
inspired a great deal of subsequent work which has greatly expanded the role and applications of
invexity in nonlinear optimization and other branches of pure and applied sciences. The study of
convex functions begins in the context of real-valued functions of a real variable. Here we find a
rich variety of results with significant applications. The optimization problems in which the objec-
tive function is a convex function and the constraint set is a convex set. Such problems are called
Convex Optimization Problems. They includes linear programs, quadratic objective function with
linear constraints. This is a very interesting concept. Numerical algorithms are maturing rapidly,
providing accuracy in the solution set of the constrained convex problems. The theory of convex
functions is part of the general subject of convexity, since a convex function is one whose epigraph
is a convex set. Nonetheless it is a theory which touches almost all branches of mathematics.

1.1 Preliminaries
Notations

We will use the following notations throughout the thesis. We denote R™ as the n-dimensional
Euclidean space, R' = R the set of all real numbers, R", be non-negative orthant of R".

Let f(z,y) be real-valued twice differentiable function defined on an open set in R™ x R™. Let
V. f(x,y) and V, f(x,y) denote the partial derivative of f with respect to x, y respectively. Also let
V2, f(z,y) denote the Hessian matrix evaluated at (z,9). Vi f(2,y), Vyuf(z,y) and V2, f(z,y)
are defined similarly.



1.2 Convex functions and its extensions

The concept of convexity is of great importance in the study of optimization problems. Convexity
is a central concept in non-linear programming. There is a vast literature on convex sets and
convex functions. In this section, we shall recall the main properties of convex function and discuss
about various concepts of generalized convex functions introduced in the literature in last thirty
years for the purpose of weakening the limitations of convexity in the mathematical programming
[25]. A discussion of generalized notions of convexity, including convex sets, convex functions,
quasi-convexity, Pseudo-convexity.

1.2.1 Convex Sets

Convexity is essentially a one-dimensional concept, as it bases its definition on a line joining two
arbitrary points. Convex sets and convex functions play an important role in the study of opti-
mization models. We begin with the definition of a convex set:

Aset X CR"isconvexif Va,y e X, ar+ (1 —a)y € X, for any o € [0, 1].
In another word, the line segment that connects any two elements lies entirely in the set.

ax+{1-aly O<a<l :‘ i

Convex Sels Nonconvex Sets

Propositions

Convex sets in E™ satisfy the following relations:
1. If C is a convex set and f is a real number, the set SC = {x : x = B¢, ¢ € C} is convex.
2. If C and D are convex sets, then the set C+ D ={z: v =c+d, c€ C, d € D} is convex.

3. Under linear transformation, the image of a convex set is convex.



4. Inverse image of a convex set under a linear transformation is convex.

5. The intersection of any collection of convex sets is convex.

TNlustration of intersection of two convex sets.

Examples Of Convex Sets
1. A half plane S = {z : P'z <a} in E™ is a convex set.

2. S ={(r1,22): 22+ 23 <4} C Ey
This set represents points on and inside a circle with center (0, 0) and radius 2.

3. The set S ={x: Az < b} is a convex set.

1.2.2 [7]Convex Function

Let S € R™ be a convex set and f : S — R, then f is called a convex function, if for all 1, 2o €
S and for all 0 < «, 8 < 1 where o + 8 = 1, we have

flaxy + Bro) < af(xr) + Bf(z2).



> flex, + B¢5)
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The Geometrical representation of Convex Function.

Properties

1. If the inequality is strict then the function f is called a Strictly Convex Function.
2. Every Linear function is both convex and concave function.

3. The Affine functions are those which are both convex and concave functions.

4. A function may be neither convex nor concave, e.g. f(x) =sinz, - <z<

or f(x) =23, € R.

T
2

5. The domain of a convex function has to be a convex set.

6. A convex function need not be differentiable; e.g. f(z) = |z|, € R is a convex function but
is not differentiable at x = 0.

Examples

2. f(z)=|z|, x€R

3. f(

4. f(x) =exp(—z), € R
(

ot
~
8



Differentiable Convex Functions

Assume that the function f : R™ — R is differentiable. Then f is convex, iff for every z, y € R",
the inequality

fy) = f(2) + V) (y - ).

1.2.3 Quasiconvex function

Let X C R™ a convex set. Then, the function f: X — R is said to be on X if for all z,y € X and
for A € [0,1], we have

flx) < fly) = fOz+(1-Ny) < f(y),

or, equivalently in non-Euclidean form
fQz + (1= Ny) <maz{f(z), f(y)}, Yz, y€ X, VA€ [0,1].
3

Every convex function is quasiconvex, but the converse is not true. For example f(z) = z° is
quasiconvex but not convex.

1.2.4 Pseudoconvex function

Let X C R™ a convex set. Then, the function f : X — R is said to be on X if f is differentiable at
u and for all z € X, we have

Vi (z—u) >0 = f(z) > f(u),

or equivalently, if
fl@) < f(u) = V()" (z—u) <0.
Every pseudoconvex function is quasiconvex function but converse is not true eg. f(x) = 23 is

quasiconvex but not pseudoconvex. Also every convex function is pseudoconvex function under
differentiability but converse is not true For example, f(z) = 2 + x is pseudoconvex.

Youness [31] introduced the concepts of E-convex sets and E-convex functions. This kind of
generalized convexity is based on the effect of an operator F on the sets and domain of definition of
the functions. We study the extended notion of E-convexity to generalized F-convex functions and
studied their properties. Yu-Ru Syau, E. Stanley Lee [28] introduced the concept of E-quasiconvex
functions, strictly E-quasiconvex functions.



1.2.5 E-convex set

A set M C R™ is said to be E-convex iff there is a map F : R" — R" such that (1—-\)E(z) + E(y)
€ M, for each z,y € M and 0 < X < 1.

1.2.6 FE-convex functions

A function f: R” — R is said to be E-convex on a set M C R" iff there is a map F : R” — R"
such that M is an F-convex set and

FAE(z) + (1= XNE(y)) < Af(E(x) + (1 = A)f(E(y)),
for each z, y € M and 0 < A < 1.
Hanson and Mond [14] introduced F-convex functions as a generalization of convex functions. Like

convex functions, the set of all F-convex functions is closed under addition and non-negative scalar
multiplication.

Let f(z,y) be real-valued twice differentiable function defined on an open set in R™ x R™. Let
V. f(x,y) and V, f(x,y) denote the partial derivative of f with respect to x, y respectively. Also let
V2, f(x,y) denote the Hessian matrix evaluated at (z,y). Vuyf(2,v), Vyaf(z,y) and V2, f(z,y)
are defined similarly.
1.2.7 Sublinear functional
A functional F: X x X x R™ — R where X C R" is said to be sublinear if for any x, z° € X

1. F(z,2° a1 + a2) < F(x,2° a1) + F(z,2° a2), for any a;, az € R",

2. F(x,2° aa) = aF(z,2°a), for any o € Ry and a € R".

The value F(z,z° a) will be denoted by Fj z0(a). Thus from (2), it is clear that Fj ;0(0) = 0.

1.2.8 F'-convex function

A function f(-,y) is said to be F-convex at Z, for fixed y € Y, if

f(x,y) - f(ﬂ_j,y) 2 Fx,i(vxf(fay))v

for all z € X and for some arbitrary sublinear functional F'.

1.3 Review of literature work
1.3.1 Convex Optimization Problem

A convex optimization problem is a problem consisting of minimizing a convex function over a
closed and convex set [4]. The purpose is to discuss the problem of minimizing a convex function
over a convex set defined by a system of convex inequalities. The main result is the equivalence of
this problem to the saddle-point problem. Assuming the differentiability of the functions concerned,
the solution of the saddle-point problem is characterized by the Karush-Kuhn-Tucker conditions.
Specifically, a convex problem is of the form



Minimize fy(z)
subject to fi(x) <0,

.

fm(x) <0.

Objective and Constraint functions are convex: for 0 < 0 <1,

filz + (1= 0)y) < 0fi(x) + (1 —0)fi(y).

Properties: Convex programs have many useful properties:

1. The set of all feasible solutions is convex.

2. Any local minimum is a global minimum.

3. The Karush-Kuhn-Tucker optimality condition are sufficent for a minimum.

4. A minimum is unique if the objective function is strictly convex.
Example of a convex problem

Min 22 4 €Y
subject to x2 + y? < 64,
r+y<9,
(z —10)% +y? < 25,

x>0, y>0.

1.3.2 Duality in Mathematical Programming

Neumann [24] introduced the concept of duality in linear programming. He formulated the follow-
ing dual pair and proved duality relations:

Primal Minimize z(z) =c’z subject to Az >b; = > 0.

Dual Maximize w(y) =bTy subject to ATy <e¢, y>0.

The above pair shows that if the primal problem is a minimization of a linear function over a
set of linear constraints, then the dual is a maximization of another linear function over a set of
linear constraints. Moreover, dual of the dual is again the primal problem. In mathematical pro-
gramming, a pair of primal and dual problems is called symmetric if the dual of the dual is the
primal problem.

Duality in nonlinear programming has also been developed extensively [15],[2],[12],[1],[29]. It orig-
inated with the duality results of quadratic programming given by Dennis [10]. Wolfe [29] and
Mangasarian [16] gave duality results for convex primal and its dual program. Wolfe [29] formu-
lated the following dual to Primal:



Maximize 6(y) + p?g(y)
subject to

Vo(y) + Vulg(y) =0,
y € X,
5> 0.

and proved weak and strong duality theorems assuming € and g to be convex. Mangasarian [16]
pointed out that these duality relations do not hold under weaker convexity assumptions. Mond
and Weir [22] introduced the following dual to Primal:

Maximize 6(y)
subject to

and proved duality theorems by weakening the convexity assumptions # and g to pseudoconvexity
of # and quasiconvexity of u”¢. They also discussed duality results for the problems involving both
equality and inequality constraints.

1.3.3 Symmetric duality over cones

Bazaraa and Goode [3] generalized the symmetric dual programs, introduced by Dantzig et al. [9]
to include the case where the inequality constraints are defined through closed convex cones and
their polars. Such a formulation enables one to consider infinitely many constraints of the inequality
type. The new formulation retains the symmetric duality of the original programs. They studied
the following Wolfe’s type symmetric dual pair with arbitrary cone constraints and established the
duality results under convexity/concavity assumptions:

Primal
Minimize G(x,y) — y! V,G(z,v)
subject to
vyG(l‘)y) 6 C;’
(z,y) € Cy x Cq,
Dual

Maximize G(u,v) — ul'V,G(u,v)
subject to



—V.G(u,v) € Cf,
(u,v) € C1 x Cy,

where
1. C1 and Cs are closed convex cones in R™ and R™ respectively.
2. CF is the polar of C; for i =1, 2.

3. 51 C R" S5 C R™ are open sets such that C; x Cy € S1 x Sy and G : S1 xSy — Ris a
twice differentiable function.

Chandra and Kumar [8] studied the following Mond-Weir type symmetric dual programs with ar-
bitrary cone constraints :

Primal
Minimize G(z,y)
subject to
VyG(z,y) € O3,
yTVyG(:c,y) 2 07
x € (C,
Dual

Maximize G(u,v)
subject to

—V.G(u,v) € CT,
u''V,G(z,v) >0,
v e (.

and proved usual duality theorems under pseudoinvexity type assumptions.

1.3.4 Second order Symmetric duality

The study of second-order duality is significant due to the computational advantage over the first-
order duality as it provides tighter bounds for the value of the objective function, when approxi-
mations are used.

Mangasarian [17] first formulated the second-order dual for a nonlinear programming problem and
established duality results under some involved assumptions. Mond [23] considered the following
second-order symmetric dual programs:

Primal

Minimize G(z,y) —y* V,G(z,y) — y" Vy,G(z,y)p — 50" Vyy G(z,y)p
subject to



VyG (2, y) + Vyy Gz, y)p <0,
x> 0.
Dual
Maximize G(u,v) —u’VoG(u,v) — ul' Ve G(u,v)q — 3¢7 V2 G(u,v)q

subject to

V.G (u,v) + Vi G(u,v)g > 0,
v > 0.
and reproved second-order duality theorems [17] under simpler assumptions. Bector and Chandra

[5] studied the following pair of second-order Mond-Weir type symmetric dual programs and estab-
lished duality theorems involving pseudoconvex functions:

Primal
Minimize G(zx,y) — %pTVny(:L‘, y)p
subject to
VyG(z,y) + VyyG(z,y)p < 0,
yTVyG(x, y) + yTvny($a y)p >0,
x> 0.
Dual

Maximize G(u,v) — 27V, G(u,v)q
subject to

VG (u,v) + Vi G(u,v)g > 0,

ul'V,G(u,v) + ul V0 G(u, v)q > 0,
v > 0.

1.4 Summary of the thesis

The aim of the present thesis is to study the duality results for pair of Wolfe and Mond-Weir type
symmetric dual nonlinear programming problems under Generalized convexity assumptions.

In Chapter 2, we have reviewed the following Mond-Weir type duality in non-linear program-
ming problem considered by E.A. Youness et al. [18] and X.M. Yang [30].

Let £ : R®™ — R"™ be a mapping, f : R" - R" and ¢; : R" — R™, i =1,2,....,m are E-convex
functions on R™ and M is an E-convex set, an F-convex programming problem is formulated as

Primal ( Pg)

10



Min f(z)
subject to
xeM={zecR"/ gi(x) <0, i=1,2,...,m}.

The Mond-Weir type dual for problem Pg can be consider as follows:
Dual (Dg)

Max Zg(x,u)
subject to
VZg(x,u) =V (foE)(x)+uV(g o E)(x)=0,
uV(gioE)(z) >0,u>0,z € M.

where Zg(z,u) = (f o E)(z) + u(g; o E)(x), f and g; are E-convex functions on R".
By proving the duality theorem, we will clear the relationship between the Pr and Dpg.

In Chapter 3, we have studied the duality results for pair of Wolfe and Mond-Weir type symmetric
dual nonlinear programming problems considered by Chandra et al.[6] and S.K. Mishra [19].

Wolfe Type Symmetric Duality
Primal (WP)

Minimize ¢(z,y) = f(z,y) — yTVyf(x,y)
subject to

x

vyf(‘r7y) S 07
> 0.

Dual(WD)

Maximize ¥(u,v) = f(u,v) — ul' V. f(u,v)
subject to

Va f(u,v) <0,
> 0.

u

Mond-Weir Type Symmetric Duality
Primal (MP)

Minimize f(x,y)
subject to

Vyf(xa y)
y'Vy f(z,y)
X

0,
0

i

v IV IA

Dual(MD)

11



Maximize f(u,v)
subject to

Second order Wolfe Type Symmetric Duality
Primal (WP)

Minimize ¢(x,y,p) = f(z,y) — y* Vyf(x,y) =y Vo, f(z,9)p — 50" Vyy f (x,y)p
subject to

Vyf(m,y) + Vyyf(xay)p S 07
xz > 0.

Dual(WD)

Maximize (u, v) = £(,0) — a7V (1, 0)p1 — 1p7, Vi f (u,0)p1
subject to

V.’Ef(u’ U) =+ vxzf(ua U)pl > Oa
v > 0.

Second order Mond-Weir Type Symmetric Duality
Primal (WP)

Minimize f(z,y) — 3p" Vyy f(2,y)p
subject to

Vyf(x,y) + Vy f(z,y)p <0,
Yy Vyf(2,y) +y" Vyy flz,y)p >0,
x> 0.

Dual(WD)

Maximize f(u,v) — 1pT Vo f(u, v)p1
subject to

vzf(u, U) + vmwf(u7 U)pl < 07

uTvmf(ua U) + uTvx:pf(u? Q])pl <0,
v>0

12



In Chapter 4, we discussed a class of functions called F-FE-convex functions which are general-
izations of F-convex and F-convex function. We have formulated the following pair of second order
Mond-Weir type dual problems with cone constraints and proved the usual duality results under
second order F'-FE-convexity assumptions.

Mond-Weir type second order duality

(PM)
Minimize f(E(x))
subject to
M={zxeC,:—g(E(x)) e C5}
(DP)
Maximize f(E(u)) — %pTVQf(E(u))p
subject to
VAS(E(w) + VEAf(E(u)p + VYT g(E(w)) + V29" g(E(u))p = 0,
9(B(w) ~ 35" g(Ew)p € C5,
v€C2, A>0,
where

1. The function f and set M are E-convex with respect to the map £ : R" — R", and f and g
are twice differentiable functions.

2. C} and (Y are closed convex cones in R" and R™ with non-empty interiors respectively. C7
and C5 are polar cones of 'y and Cs, respectively.

13



Chapter 2

2 [E-convex sets, F-convex function and FE-convex programming

2.1 Introduction

The concept of convexity and its various generalizations is important for quantitative and qualitative
studies in operations research or applied mathematics. Youness [31] introduced the concepts of E-
convex sets and F-convex functions which have applications in various branches of Mathematical
Sciences. This kind of generalized convexity is based on the effect of an operator E on the sets
and domain of definition of the functions. In this chapter, we discuss some basic properties of E-
convex functions and the E-convex programming. A nonlinear programming problem, in which the
objective function is E-convex and the constraint set is F-convex is called an E-convex programming
problem. An E-convex programming problem is an extension of a convex programming problem.

2.2 Preliminaries
Notations and definitions

We will use the following notations throughout the thesis. We denote R™ as the n-dimensional
Euclidean space, R' = R the set of all real numbers, R" | be non-negative orthant of R".

Let f(x,y) be real-valued twice differentiable function defined on an open set in R™ x R™. Let
V. f(x,y) and V, f(x,y) denote the partial derivative of f with respect to x, y respectively. Also let
V2, f(x,y) denote the Hessian matrix evaluated at (z,y). Vuyf(2,v), Vyaf(z,y) and V2, f(z,y)
are defined similarly.

Definition 2.2.1. A set M C R" is said to be E-convex iff there is a map £ : R" — R"
such that (1 — A\)E(z) + AE(y) € M, for each x,y € M and 0 < A < 1.

Proposition 2.2.1. Every convex set M C R" is E-convex.
The proof is clear by taking a map F : R" — R as the identity map.

Proposition 2.2.2. If a set M C R" is E-convex, then E(M) C M.
Proof. Since M is E-convex, then for any x, y € M and 0 < A < 1, we have
(1=XNE(z)+ AE(y) € M.
Thus for A =1, E(y) € M. Hence, E(M) C M.
Proposition 2.2.3. Let E(M) be convex and E(M) C M. Then, M is E-convex.
Proof. Assume that x, y € M. Then, E(x) and E(y) € E(M). Since E(M) is convex, then for

each 0 < A <1, we have
(1=NE(x)+ \E(y) € E(M) C M.

14



Hence, M is E-convex.

Example 2.2.1. Let E : R?> — R? be defined as E(x, y)=(0, y). Then, the set
M = {(z,y) € R*: (z,y) = M1(0,0) + A2(2,1) + A3(0,3)}
U {(z,y) € R? : (z,y) = A1(0,0) + X2(0, —3) + A3(—2,—1)},
3
with A; >0, > \; =1, is F-convex but is not convex ; see Fig.1.
i=1

Y

A
(0.3)

2.1)

(-1,-1)
t(0,-3)

Y

Fig.1. The set M is E-convex but not convex.
Example 2.2.2. Let E : R?> — R? be defined as
E(r,y) = (2y/3 — x/3,y/3 + 4x/3).

Consider the set M given in Example 2.2.1. It is clear that E(M) = M, which is not convex and
is not E-convex, because

AE(0,3) + (1 — NE(-2,—1) ¢ M,

for some 0 < A< 1.
Proposition 2.2.4. Let M; and M>s be two E-convex sets, then M; N Ms is an E-convex set.

Remark 2.2.1. If Let M; and My be two E-convex sets, then M; U My is not necessarily
E-convex set; We can show this by the following example.

Example 2.2.3. Consider the map E : R> — R? given in Example 2.2.2., and consider the

two sets
M1 = {(x7y) € R2 : <$,y) = A1(070) + )\2(27 1) + )\3(07 3)}7
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My = {(z,y) € R?: (x,y) = M\1(0,0) + X2(0, —3) + A3(—2, —1)}
3
with Ay + A2 + A3 > 0, > A\; = 1. The two sets M; and My are E-convex, but M; U My is not
i=1

FE-convex; see Figs. 2 and 3.

(0.3)

(21

(-2-1)

©:3)

Fig.2. Example 2.2.3. The sets M; and My are E-convex .

e

(0,3)

>{2,1}
- —= Y
(2.1 7{-2,-:)»41 _A)E(0,3)
{{}1-'3]

'

Fig.3. Example 2.2.3. The set M; U M> is not F-convex.

Lemma 2.2.1. Let M C R" be an F;- and Es-convex set. Then, M is an (Ej 0 Es) and (Eqo0 E)-
convex set.
Proof. Assume that x, y € M, and let

)\(E10E2)$+(1—A)(E10E2)y¢M, fOT' OSASL

that is,
)\El(Eg(x)) -+ (1 — /\)El(Eg(y)) ¢ M, fOT 0< A A<1.
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Since, from Proposition 2.2.2., Eo(z) and Es(y) € M, then
A(EL(Ey(2))) + (1= M) (Er(E2(y))) € M,

contradicting the Ej-convexity of M. Hence, M is an (FE; o Fy)-convex set. Similarly, M is an
(E2 o Ey)-convex set.

Lemma 2.2.2. Let £ : R® — R"™ be linear map and M; and My C R"™ be E-convex sets,
then My 4+ Ms is an E-convex set.

Proof. Let (p+q), (x+y) € My + My , where p, z € My and ¢, y € My Then, for 0 < XA <1, we
have,

AE(p+q)+ (1= NE(x+y) = (AE(p) + (1 = NE(x)) + (AE(q) + (1 = N E(y)) € M1 + M.
Thus, My + M> is an E-convex set.

Definition 2.2.2. A function f : R™ — R is said to be FE-convex on a set M C R iff there
isamap EF: R — R" such that M is an E-convex set and

FAE(@) + (1= NE(y)) < AMf(E(x)) + (1= M) f(E(y)),

foreach z, y € M and 0 < X < 1.

If fOOE(z)+ (1 —=MNE(y)) > Af(E(z))+ (1 —X)f(E(y)), then f is called E-concave on M.
When the inequality is stricted, then f is called strictly E-convex function. Every strictly E-convex
function is E-convex.

Remark 2.2.2. Every convex function f on a convex set M is an F-convex function, where
F is the Identity map.
The following two examples give E-convex functions which are not convex.

Example 2.2.4. Consider E : R? — R? be defined as E(z,y)=(0, y). M C R" is given as
3
M = {(z,y) € R?: (z,y) = A1(0,0) + X2(2,1) + X3(0,3)} with \; > 0, >_ A; = 1. The function

=1
f: R? = R defined by

3, ify <1,

zy, ify>1,

f(rc,y)={

is E-convex on M but is not convex.

Example 2.2.5. Let f : R — R be defined as

1, if x >0,

f(z) = { —z, ifx <0,

and let E : R — R be defined as E(x) = —22. Then, R is an E-convex set and f is E-convex but
is not convex.
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Definition 2.2.3. Let S C R" x Rand F : R® — R". A set S is sald to be E-convex if
(z,a), (y,8) € S imply

AE(z)+ (1=NE(@y),a+(1-XNp)esS, 0<A<1.
Now, we define an E-epigraph, E — e(f) of f as follow :
E—e(f)={(ma):x€ M, a€R, f(E() < oo}

The following Theorem gives a characterization of an F-convex function f in terms of its E- epi-
graph E — e(f).

Theorem 2.2.1. (E.A. Youness) A numerical function f defined on an E-convex set M C R™
is E-convex on M iff E — e(f) is E-convex in R" x R.

Remark. Sheiba Grace,J. and Thangavelu,P [26] shown that theorem 2.2.1. of Youness is in-
correct by giving some counter examples. In the above theorem, the sufficent part namely ” If the
E-epigraph of a numerical function f defined on an E-convex set M C R" is E-convex in R" X R,
then f is E-convex on M ” is true. However the necessary part namely ” If a numerical function
f defined on M , then the F-epigraph of f is E-convex in R"™ X R is not true "are shown in the
following example.

Example 2.2.5. Let f: R — R be defined as

f(x)_{ 1, ifz>0,

—z, ifz <0.

and let E : R — R be defined as E(z) = —a2.
then R is an F-convex set and f is F-convex on R. The E-epigraph,

E—e(f)={(r,a):zeM, aeR, f(Ex)<a}

={(z,0):zeM, acR, f(—z°)<a}
={(z,a):z €M, a€R, 2°<a}
Clearly (1, 2), (-3, 9) € E-epigraph of f. For A = 1/2 , Now AE(1) + (1 — A\)E(—3) = —5 and
20 +9(1—X)=5.5. As (-5)2 =25 > 5.5, (-5, 5.5) ¢ FE-epigraph of f.
we see that (A E(1)+(1 - \)E(-3), 2X +9(1 - X)) ¢ E-epigraph of f. Therefore the E-epigraph of
f is not E-convex in R X R.

Rectification in the above theorem
In this theorem, the necessary part of theorem is modified and its validity is established.

Theorem 2.2.2. Let M C R" be an E-convex set. Suppose F : R — R™ is linear and idempo-
tent. Let a numerical function f defined on M be E-convex on M. Then the E-epigraph of f is
F-convex in R"™ x R.

Proof. Let (z,a) , (y,) € E-epigraph of f. Then f(E(z)) < «a; f(E(y)) < B.

FEQE() + (1= NE(y)) = fFOE*(z) + (1 = M) E*(y))
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= f(AE(z) + (1 = N)E(y))
< A(E(2) + (1= N f(E(y))
<Aa+(1—N)g.

Then using the definition of F-epigraph, (AE(z) + (1 —\)E(y) , Aa+ (1 — \)3) € E-epigraph of f.
This proves that the F-epigraph of f is E-convex. This completes the proof.

2.3 Generalization of F-convex Functions

Recently, it was shown by Youness [31] that many results for convex sets and convex functions
actually hold for a wider class of sets and functions, called E-convex sets and E-convex functions.
The initial results of Youness inspired a great deal of subsequent work which has greatly expanded
the role of F-convexity in optimization theory. Especially, much attention has been paid on ex-
tending the notion of F-convexity to the new classes of generalized E-convex functions and studied
their properties [32]. Motivated both by earlier research works and by the importance of the con-
cept of convexity, Yu-Ru Syau, E. Stanley Lee introducd the concept of E-quasiconvex functions,
strictly E-quasiconvex functions [28],[27], E-pseudoconvex functions and strictly E-pseudoconvex
functions.

Definition 2.3.1. A real-valued function f : M — R' | E : R® — R"™ are differentiable in
an open F-convex set X C R" | is said to be E-quasiconvex if

FOAE(@) + (1 =N E(y)) < maz{f(E(z)), f(E(y))}

forall z , y € M and A € [0, 1] ; and strictly E-quasiconvex if strict inequality holds for
allz ,y € M, E(x) # E(y) and X € (0,1).

Proposition 2.3.1. Every strictly E-quasiconvex function is F-quasiconvex.

Definition 2.3.2. A real-valued function f : M — R', E : R® — R"™ are differentiable in an
open F-convex set X C R" , is said to be E-pseudoconvex function if

VHEW) (E) - E(y) > 0= f(E(x) > f(E(y), Yz, yeX.

Example 2.3.1. Let E(z) = |z| and

1—/1—(x—1)2, ifl<z<2,

flz)=1¢ 0, if —1l<z<l1,

1—/1—(x+1)2, if —2<a2<—1,

Then f is a E-pseudoconvex function on the interval (-2 , 2). In fact, f is also a E-quasiconvex
function.
It is obviously that E-convex functions are E-pseudoconvex. But, the reverse is not correct.
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Example 2.3.2. Assume that f(z) = cosz, = € [0,2x], and

x, ifo<z <m,
E(x)—{ x—m, ifr<az<2m,

Then f is E-pseudoconvex on the interval [0, 27r]. However, f is not E-convex on the interval [0, 5].

Lemma 2.3.1. Let f : R» — R' | E : R® — R" are differentiable in an open E-convex set
X C R"™. If fis E-pseudoconvex then f is strictly F-quasiconvex and E-quasiconvex.

Proof. Assuming that f is not strictly E-quasiconvex on X, then there exist z, y € X, f(E(z)) <
f(E(y)) and A € (0,1) such that

FAE(z) + (1= NE(y)) = f(E(y)) > f(E(x)),
Let E(u) = AE(z) 4+ (1 — A)E(y). Tt follows from the E-pseudoconvexity of f that
VH(E) (E(z) — B(u) <0,
Since E(z) — E(u) = =152 (E(y) — E(u)) , we get
VI(EW) (E(y) - E(w)) >0,

By the E-pseudoconvexity of f again, we have

Hence f(E(y)) = f(E(u)).
Noticing that

0 < VF(Bw)"(E(y) - B(u)) = lim

t—0t t

For small enough 1 > ¢ > 0, we get
F(E(u) +H(E(y) — E(u))) > f(E(u) = f(E(y))-
Let E(v) = tE(y) + (1 — t)E(u), by the E-pseudoconvexity of f again, it follows that
VI(E@) (Bly) - Ev)) <0,

VF(E(@w) (E(u) — E(v)) <0.

Since E(u) — E(v) = {5 (E(v) — E(y)) , the above two inequalities can not hold simultane-
ously. Thus, we get a contradiction. So, f is strictly F-quasiconvex. Finally, we get f is also
E-quasiconvex. This completes the proof.
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2.4 FE-convex Programming

A nonlinear programming problem, in which the objective function is F-convex and the constraint
set is F-convex is called an E-convex programming problem. An E-convex programming problem is
an extension of a convex programming problem [18]. Let E : R — R" be a mapping, f : R" — R"
and g; : R* — R™, i =1,2,...,m are E-convex functions on R"™ and M is an E-convex set, an
E-convex programming problem is formulated as

Primal (Pg)

Min f(z)
subject to
reM={zxeR" gi(x) <0, i=1,2,...,m}.

2.5 Duality of E-convex Programming

Given a nonlinear programming problem, there is another nonlinear problem closely associated
with it. The former is called primal problem, and the latter is called the Lagrangian dual problem.
Under certain convexity assumptions, the primal and dual problems have equal optimal objective
values, and hence it is possible to solve the primal problem indirectly by solving the dual problem.
The Mond-Weir type dual for problem Pg can be consider as follows:

Dual (Dg)

max Zg(z,u)
subject to
VZp(z,u) = V(f o E)(z) +uV(gi o E)(x) =0,
uV(gio E)(z) >0,u >0,z € M.

where Zg(z,u) = (f o E)(z) +u(g; o E)(z), f and g; are E-convex functions on R".

By proving the duality theorem, we will clear the relationship between the Pr and Dpg.

Theorem 2.5.1.(Weak Duality) Let x be a feasible solution to the problem Py , E: R" — R"
is a mapping, let f and g are E-convex functions and differentiable, also let (y,u) be a feasible
solution to the problem Dpg, then f(F(z)) > Zg(y,u).

Proof. Since f is F-convex and differentiable at x, then

f(E(x) = F(E(y) + (E(x) — E(y))VI(E(y)),

f(E(x) = fF(E(y) — (E(z) — E(y))uVgi(E(y)).

where V(f o E)(y) = —uV(gi o E)(y).
Since g;, i1 =1,2,3,...,m is E-convex and differentiable at x, then

f(E(2)) = f(E(y) + ulgi(E(y)) — g:(E(x))],

and f(E(x)) > f(E(y)) + ugi( E(y)), where u > 0, (g; o B)(x) < 0.
Thus (f o E)(

&
\Y
=
&

£

Theorem 2.5.2. (Strong Duality) Let Z be an optimal solution of the problem Pg, and assume
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that the Kuhn-Tucker constraint qualification is satisfied. Then there exists u € R™, such that
(Z,u) be an optimal solution for D and the objective values of Py and Dg are equal.
Proof. Since the Kuhn-Tucker constraint qualification is satisfied, then there exists © € R™ such
that
V(fe E)(Z)+uV(gi o E)(Z) =0,
0.

u(gio E)(Z) =0, u=

which it yields that (Z,u) is feasible solution for the problem Dp.

Since uV(g; o E)(z) = 0, then the objective values of P and Dg are equal.

Now, let (Z,u) is not optimal solution for D, then there exists (2/,u’) be a feasible for Dg such
that

(f o E)(@') + u'(gi 0 E)(2') > (f o E)() + tu(gi o E)(2),

Since u/(g; o E)(Z) = 0, then (f o E)(2') + u/(g; o E)(2') > (f o E)(Z). This contradicts the weak
duality theorem. Hence (Z, %) is an optimal solution for problem Dp.
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CHAPTER 3

3 Duality in Mathematical Programming with F'-convex function

3.1 Introduction

Hanson and Mond [14] introduced F-convex functions as a generalization of convex functions. Like
convex functions, the set of all F-convex functions is closed under addition and non-negative scalar
multiplication. Symmetric duality in mathematical programming was introduced by Dorn [11] who
also defined a program and its dual to be symmetric if the dual of the dual is the original problem.
Dantzig et al. [9], Mond [20] and Bazaraa and Goode [3] formulated a pair of symmetric dual
programs involving a scalar function f(x,y), x € R", y € R™ under the condition that f(-,y) is
convex for each y and f(z,-) is concave for each x. Mond and Weir [21] presented a different pair
of symmetric dual nonlinear programs which allows the weakening of convexity-concavity condition
for f(x,y) to pseudoconvexity-pseudoconcavity.

In this chapter, we study second order symmetric duality under second order F-convexity, F-
concavity /second order F-pseudoconvexity F-pseudoconcavity for second order Wolfe and Mond-
Weir type models, respectively.

3.2 Preliminaries and Notations

Let R™ denote the n-dimensional FEuclidean space and R™; be its non-negative orthant. We now
introduce the following definitions on the lines of Hanson, Mond and Preda.

Definition 3.2.1. A functional F' : X x X x R™ — R where X C R" is said to be sublinear
if for any z, z° € X

1. F(z,2° a1 + a2) < F(x,2° a1) + F(z,2° a2), for any aj, az € R",
2. F(x,2° aa) = aF(z,2°a), for any o € R4 and a € R".

The value F(x,2° a) will be denoted by Fj yo(a). Thus from (b), it is clear that Fj ;0(0) = 0.
Let f(z,y) be real-valued twice differentiable function defined on an open set in R™ x R™. Let
V. f(x,y) and V, f(x,y) denote the partial derivative of f with respect to x, y respectively. Also let
V2. f(z,y) denote the Hessian matrix evaluated at (z,9). Vi f(2,9), Vyaf(z,y) and V2, f(x,y)
are defined similarly.

Definition 3.2.2. A function f(-,y) is said to be F-convex at z, for fixed y € Y, if

f(a:,y) - f(i'ay) > Fwyf(vl‘f(i‘ay))a

for all x € X and for some arbitrary sublinear functional F'.
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Definition 3.2.3. A function f(z, -) is said to be F-concave at g, for fixed x € X, if

f(xvg) - f(xvy) > Fy7z7(_vyf($a@))7

for all y € Y and for some arbitrary sublinear functional F'.

Definition 3.2.4. A function f(-,y) is said to be F-pseudoconvex at z, for fixed y € Y, if

Fx,i(vxf(j7y)) Z 0= f(xvy) 2 f(.f,‘,y),

for all x € X and for some arbitrary sublinear functional F'.

Definition 3.2.5. A function f(z, -) is said to be F-pseudoconcave at g, for fixed x € X, if

Fy,g(—vyf(l’,g)) > 0= f(xvy) < f(a:,ﬂ),

for all y € Y and for some arbitrary sublinear functional F'

Zhang and Mond [33] introduced second order F-convex functions as a generalization of F-convex
functions [14] and obtained various second order duality results for multiobjective nonlinear pro-
gramming problems under the assumption of second order F'-convexity.

Definition 3.2.6. A function f(-,y) is said to be second order F-convex at z, for fixed y € Y, if

1

Fl@,y) = F(@,y) + 5p(2, ) Vaa f (2, y)p(2, 7) 2 F(2,2;Vaf(Z,y) + Vaa f (2, y)p1(2, 7)),

for all x € X and some arbitrary sublinear functional F'.

Definition 3.2.7. A function f(z,-) is said to be second order F-concave at g, for fixed z € X, if

f($7g) - f(xv y) - %p(y,ﬂ)vyyf(x,g)p(y,ﬂ) Z F(ya Zj; —Vyf(x, g) - Vyyf(x,ﬂ)p(y,z?)),

for all y € Y and some arbitrary sublinear functional F'

Definition 3.2.8. A function f(-,y) is said to be second order F-pseudoconvex at z, for fixed
yey,if

1

F(2,2:Vaf(2,y) + Vauf (2. y)p(x, 7)) 2 0= f(x,y) 2 f(@,y) = 5p(2,8) Ve (2, y)p(2, 2),

for all x € X and some arbitrary sublinear functional F'.

Defintion 3.2.9. A function f(z,-) is said to be second order F-pseudoconcave at g, for fixed z
e X, if

F(ya Zj; _vyf(xa g) - Vyyf(l‘,?j)p(y,ﬂ)) Z 0= f(:Ev y) S f(l‘a g) - %p(y,ﬂ)vyyf(ﬂr,?j)p(y,ﬂ),

for all y € Y and some arbitrary sublinear functional F'.
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3.3 Wolfe Type Symmetric Duality

We consider the following pair of Wolfe type problems, establish weak and strong duality theorems.
Primal (WP)

Minimize ¢(z,y) = f(z,y) — y" Vy f(z,y)
subject to

vyf(x7y) S 07
x > 0.

Dual(WD)

Maximize ¥(u,v) = f(u,v) — ul V. f(u,v)
subject to

Vaf(u,v) <0,
u > 0.
Theorem 3.3.1. Let f(z,y) be F-convex in x and F-concave in y and for all feasible (z,y, u,v) to
(WP) and (WD):
L Fz,u(g) + UTC > O, for C c R+n7 and
o Fuy(n) +y"n>0,forne R™,

then,
Inf(WP) > Sup(WD,).
Proof. Because of the F-Convexity and F-Concavity of the function f, the following inequalities
hold
f(x,v) - f(u>v) 2 Fx,u(vxf(u7v))>
and

f(@,y) = f(z,0) = Fyy(=Vy f(2,y)).
On adding these, we get

f(:c,y) - f(u,v) Z Fﬂ?,u(vrf(uav)) + F%y(_vyf(xvy))'

Now taking ¢ = V,f(u,v) € R"y and n = —V, f(z,y) € R™; and using the hypothesis of the
theorem, we have

fm,u(vxf(uy U)) > _UTvmf(ua U),
and

fv,y(_vyf(xa y)) > yTVyf(a:, y)'

These inequalities yield

f@,y) — flu,v) > —u"' Vo f(u,0) + 4" Vyflz,y),

and hence
Inf(WP) > Sup(WD,).
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3.4 Mond-Weir Type Symmetric Duality

We consider the following pair of problems, formuated by Mond and Weir.
Primal (MP)

Minimize f(x,y)

subject to

Vyf(z,y)
YV, f(z,y)
o

v IV IA

0,
0,
0.

Dual(MD)

Maximize f(u,v)
subject to

Theorem 3.4.1. Let f(-,y) be F-Pseudoconvex and f(z, -) be F-Pseudoconcave and for all feasible
(z,y,u,v) to (MP) and (MD):

o I u(C) +uT¢ >0, for ( € R,

o Fyy(n)+y'n>0,forne R™,.

then,
Inf(MP) > Sup(MD).

Proof. On taking ¢ =V, f(u,v) € R";, we have
Fou(Vaf(u,v)) > —u' Vo f(u,v) >0,

which by pseudoconvexity of f(-,y) yields

f(z,v) > f(u,v).
On taking n = =V, f(z,y) € R™,, we have

Foy(=Vyf(@.9) +y" (=Vyf(z,9)) 2 0,

which by pseudoconcavity of f(x,-) gives

flz,y) = f(z,0).

therefore
f(zy) > flu,v),

Hence,
Inf(MP) > Sup(MD,).
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Now we will study second order symmetric duality under second order F-convexity F-concavity/
second order F-pseudoconvexity F'-pseudoconcavity for second order Wolfe and Mond-Weir type
models, respectively.

3.5 Second order Wolfe Type Symmetric Program

We consider the following pair of second order Wolfe type problems and establish weak and strong
duality theorems.
Primal (WP)

Minimize ¢(z,y,p) = f(z,y) — y" Vyf(2,y) — y" Vo f(z,9)p — 307 Vi f (2, y)p

subject to

Vyf(I,y) + vyyf(xay)p <0,
x > 0.
Dual(WD)
Maximize (u, v) = (i, 0) — 6T Vo f(u, 0)p1 — Sp71 Vi f(u, 0)pr
subject to

vxf(ua U) + voc:cf(ua U)pl >0,
v > 0.

Theorem 3.5.1. (Weak duality) Let f(z,y) be second order F-convex in x and second order
F-concave in y and for all feasible (z,y,u,v) to (WP) and (WD):

o Fz,u;(+G)+ul'¢i+ul¢ >0, for G € R", (3 € Ry,
o F(v,y;m +m2) +y m +y"n2 >0, for ;1 € R™, na € R™,, then

Inf(WP) > Sup(WD,).

Proof. Because of the second order F-convexity and second order F-concavity of the function f,
the following inequalities hold:

f(z,v) = f(u,v) + %pl (2, u)Vagr f(u,v)p1(z,u) > F(z,u; Vo f(u,v) + Vau f(u, v)p1(x, u)),

and

F(9) = £, ) = 5p(0,0) V1), ) > F0,5: V5 (,9) = Ty f,0)p(o,1).

on adding these, we get

f(x,y) = f(u,v) > F(z,u; Vi f(u, ) + Ve f(u, v)p1 (2, w) + F(v, y; =Vy f(2,y) =V f (2, 9)p(z,9))

3P0 Vo 1,0}y () + (0, ) Vi (2 )00, 9).
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Now taking (1 = V. f(u,v) € R"; and (o = Vg f(u,v) € R" and m1 = =V, f(u,v) € R™, and
N2 = —Vyy f(z,y) € R™, and using the hypothesis of the theorem, we have

f(@,u; Vi f(u,v) + Vi f(u,v)pr (2, u) > —uTme(u, v) — uTme(u, v)p1,
and

f(Ua Y; —Vyf(:c, y) - vyyf(m’y)p(v’y)) > yTVyf(l‘,y) + yTvyyf(xa y)p(x,y))
These inequalities together yield

f(mv y) - f(u7 U) > _uTviBf(ua ’U) - uTvcv:cf<uv U)pl + yTVyf(x, y) + yTvyyf(.T, y)p

—%pl (z,u) Vi f(u, v)p1 (z,u) + %p(v, Y)Vyy f(z,9)p(v,y),

i.e.,

fy) =y fa,y) =y Vi f(@,y)p(v,y) — %p(v, y)Vyyf(z,y)p(v,y)

> f(11,0) = 0TV f(y0) = 0T Vo (0, 0)p1 (2,10) = 51 (,0) Vi f (1 01 (20,
and hence

Inf(WP) > Sup(WD).

3.6 Second order Mond-Weir Type Symmetric Program

We consider the following pair of second order problems.
Primal (WP)

Minimize f(x,y) — %pTvyyf(mv Y)p
subject to

yf($ y)+vyyf( ) <0,
yTVyf(x,y) +y vyyf( T,y ) >0,
> 0.

Dual(WD)

Maximize f(u,v) — 1pT) Voo f(u, 0)p1
subject to

Vaf(u,0) + Vao f(u, v)p1 <
uI' Vo f(u,v) + ul' Ve f(u, v)pr < 0

v > 0.

Theorem 3.6.1. (Weak Duality ) Let f(-,y) be second order F-pseudoconvex and f(z, -) be second
order F-pseudoconcave and for all feasible (z,y,u,v) to (MP) and (MD):
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o F(z,u; 1+ G)+ul¢ +ul¢e >0, for (1 € R*, , (o € R, and
o F(v,y;m +m2) +yim +yTn >0, for p € R™,, g € R™,, then
inf(MP) > sup(MD,).
Proof. On taking ¢; + (2 = V. f(u,v) + Vau f(u,v)p1 € R"4, we have
F(x,u; Vi f(u,v) + Vi f (u,v)p1(z,u) > —ul Vi f (u,v) — ul Vau f(u, v)p1 >0,
which by second order F-pseudoconvexity of f(-,y) yields
fle,0) 2 () = 501" Ve f(0)p1,
On taking 1 +n2 = =V, f(z,y) — Vyy f(x,y)p(v,y) € R™ 4 , we have
F(v,y;=Vyf(2,y) = Vyyf(2,9)p(v,9)) 2 y" Vyf(2,9) + y" Vi f(z,y)p 2 0,

which by second order F-pseudoconcavity of f(z,-) gives

Floy) = F,0) + 307 (0,0) Vo e, y)p(o, ).

Combining we have

Fl9) = 597 (0 0) Vi (@ )p(0,9) 2 F(,0) = 2017 (0,0 Vo 1,0} (),

ie.,

inf(MP) > sup(MD).
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CHAPTER 4

4 Second Order Mond-Weir type dual Programs over cones with
F-FE-convexity

4.1 Introduction

Convexity and generalized convexity play important roles in optimization theory. Various gener-
alizations of convexity have appeared in the literature. Youness[31] introduced a class of sets and
a class of functions, called E-convex sets and E-convex functions, which generalize the definitions
of convex sets and convex functions based on the effect of an operator E on the sets and domain
of definition of the functions. Hanson and Mond [14] introduced F-convex functions as a gener-
alization of convex functions. Motivated both by earlier research works and by the importance of
convexity and generalized convexity, we introduce a class of functions called F-E-convex functions
which are generalizations of F'-convex and E-convex functions.

4.2 Preliminaries

Let R™ denote the n-dimensional Euclidean space. M be the subset of R™.
Definition 4.2.1. A functional F': M x M x R™ — R is said to be sublinear in its third component,
if for all z, z € M,

1. F(z,z,a+b) < F(z,%,a) + F(z,z,b) , Va,b € R",
2. F(.CL',Q_?,BCL):BF(JT,.E,CL) ,\V/BER, 520 ) and a € R".

Definition 4.2.2. Let £ : R* — R" be an operator and f is F-convex function on an E-convex
set M and f o E is differentiable function on M, then f is said to be F-FE convex function at Z on
M if for all x € M,

f(E(2)) — f(E(2) = Fou(Vf(E(2))),
for some arbitrary functional F'.
Definition 4.2.3. Let £ : R" — R" be an operator and f is F-convex function on an E-convex

set M and f o F is differentiable function on M, then f is said to be F-E pseudoconvex function
on z on M if for all z € M,

f(E(x)) < f(E() = Fz[Vf(E())] <0,

for some arbitrary functional F'.

Definition 4.2.4. Let EF: R"™ — R"™ be an operator and f is F-convex function on an E-convex
set M and f o E is differentiable function on M, then f is said to be stricly F-FE pseudoconvex
function at £ on M if for all x € M,

Foa[VI(E)] 20 = f(E(x)) > f(E(T)),
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for some arbitrary functional F'.

Definition 4.2.5. Let ¥ : R™ — R"™ be an operator and f is F-convex function on an E-convex
set M and f o FE is differentiable function on M, then f is said to be F-E quasiconvex function at
z on M if for all z € M,

f(E(x) < f(E(T) = Fua[VI(E())] <0,

for some arbitrary functional F'.
Now we discuss the connection between the concept of EF-convex function and second order F-convex
functions by introducing the concept second order F-FE convex functions and their generalization.

Definition 4.2.6. Let £ : R" — R"™ be an operator and f is F-convex function on an E-convex
set M and fo E is twice differentiable function on M, then f is said to be second order F-FE convex
function at T on M, then there exists a vector p € R™ such that, if for all z € M,

_ 1 _ _ _
f(E(z)) — f(E(2)) + §pTV2f(E($))p > Fo o (Vf(E(T)) + V2 [(E(Z))p),
for some arbitrary functional F'.
Definition 4.2.7. Let £ : R* — R" be an operator and f is F-convex function on an E-convex
set M and f o F is twice differentiable function on M, then f is said to be second order F-E
pseudoconvex function on T on M, then there exists a vector p € R™ such that, if for all z € M,

F(B@) < F(B@) ~ 30"V f(E@)p = FoalVFE@) + V2 F(E@)] <0,

for some arbitrary functional F'.

Definition 4.2.8. Let ¥ : R™ — R™ be an operator and f is F-convex function on an E-convex
set M and fo F is twice differentiable function on M, then f is said to be stricly second order F-E
pseudoconvex function at £ on M if for all x € M, then there exists a vector p € R™ such that,

_ _ _ 1 _
Foz[VI(E@®) + V2 f(E@)p] >0 = [(E(z)) > [(E(T)) - ngVQf(E(l“))p,
for some arbitrary functional F'.
Definition 4.2.9. Let £ : R™ — R" be an operator and f is E-convex function on an F-convex set
M and f o F is twice differentiable function on M, then f is said to be F-F quasiconvex function
at £ on M if for all x € M,

_ 1 _ _ _
f(E(2)) < f(E(2)) - §pTV2f(E(w))p = FualVf(E() + V2 f(E(@))p] <0,
for some arbitrary functional F'.
Definition 4.2.10. A convex set C' of R™ is called a convex cone if for each z € C and A > 0, Ax
e C.
Definition 4.2.11. The positive polar cone C* of C is defined as C* = {z : (T2 > 0; for all
¢eC}.
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4.3 Mond-Weir type second order duality

In this section, we propose the following second order Mond-Weir dual problem:
(PM)

Minimize f(E(z))
subject to

M =A{z € Cy: —g(E(x)) € C3}

(DP)
Maximize f(E(u)) — $pT V2 f(E(u))p
subject to
VAS(E(w) + VA (E(u)p + VYT g(E(w)) + V29" g(E(u))p = 0,
9(B(w) ~ 25"V g(E(w)p € G5,
ve€ Oy A2>0,
where

1. The function f and set M are E-convex with respect to the map £ : R" — R", and f and g

are twice differentiable functions.

2. (1 and Cy are closed convex cones in R and R" with non-empty interiors respectively. C}

and C3 are polar cones of C; and Co, respectively.

Theorem 4.3.1.(Weak duality). Suppose that for all feasible x in the problem PM and all feasible

(w7, A,p) in DP,
1. 4Tg(.) is second order F-E-quasiconvex at u,
2. AT f(.) is strictly second order F-E-pseudoconvex at .

Then the following cannot holds

FE() < F(Bw) ~ 3"V F(E)p.

Proof. Let x be any feasible solution in PM and (u, v, A, p) be any feasible solution in DP problem.

Since v € C2 and —g(E(x)) € C3,
Therefore we have,
—"g(E(z)) > 0= y"g(BE(x)) < 0,

Also v € Cy and g(E(u)) — 3p" V2g(E(u))p € C3
Therefore, 7" g(E(u)) — 5" V4 g(E(u))p > 0.
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Now,

o(Bw) ~ 3p" VA g(Blu)lp > 0> "g(E(x).

Using second order F-E- quasiconvexity of v7g(.) at u, we get
F(z,u, V" g(B(u) + V24 g(E(u))p) <0, (2)
The first dual constraint and the sublinearity of F gives
F(z,u, VAf(B(u))+ VA (E(u))p) > —F(z,u, V" g(E(u) + V2T g(E(u))p), (3)
From (2) and (3), we have
Fla, u, VAS(E(u) VA (E(u))p) = 0, (4)

Now suppose on contrary to the result that (1) holds, i.e.

F(B) < F(B(w) ~ 50"V f(E@)p. (5)

By strictly second order F-E-pseudoconvexity of AT f(.) at u and (4), we get

M(E@) > M(EwW) - 35" VAF (B ). (6)

On the other hand, multiply the inequality (5) by A, we have

A(B()) < A (B(w) ~ 35" PAF(Ew)p. 7)
which contradicts (6), Hence proved.

Theorem 4.3.2.(Strong duality theorem). Let T is an optimal solution of PM at which the
Kuhn-Tucker constraint qualification is satisfied. Then there exist A > 0 and ¥ € Cj, such that
(z,7,\,p = 0) is feasible for DP and the corresponding values of PM and DP are equal.

Proof. Since Z is an optimal solution of PM at which the Kuhn-Tucker constraint qual_iﬁca—
tion is satisfied, then by Fritz John Necessary Condition for Optimality Theorem, there exist A > 0
and 4 € Cs, such that )
AV(E(Z)) +7Vg(E(Z)) =0,
Y9(E(Z)) =0,
A > 0.

Therefore (Z,7, A\, p = 0) is feasible for DP and the corresponding values of PM and DP are equal
from weak duality theorem (Z,%, A, p = 0) is optimal solution of DP.
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