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ABSTRACT

The present dissertation entitled, “Fixed Points of Contraction Mappings

on Metric and G-Metric Spaces”, contains a brief account of investigations 

carried out by various authors and by me on existence of fixed points of self 

mappings in metric space under the supervision of Dr. Jatinderdeep 

Kaur, Assistant Professor, School of Mathematices and Computer 

Applications, Thapar University, Patiala.

                     The aim of this work is to study and obtain some result on 

existence and uniqueness of fixed points. Fixed point theory has wide 

ranging application in many areas of mathematics. For example, in finding 

the solution of the system of linear equations, in proving the existence of 

solutions of ordinary and differential equation, integral equations, analysis 

and many other disciplines.

                   The whole work is divided into three chapters. Chapter I is 

introduction which includes brief account of definitions and results  which 

will be required for the later chapters. In Chapter II, we have studied 

Banach Contraction Theorem which guarantees the existence and 

uniqueness of fixed points of certain self-maps of metric spaces and 

applications of Banach Contraction Theorem to system of linear equations 

and integral equations. The aim of chapter III is to study fixed point results 

for mapping satisfying sufficient contractive conditions on a complete G -

metric space and studied the existence and uniqueness of fixed points.   

                   Towards the end, references of various publications cited in the 

present dissertation have been reported.
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CHAPTER I

INTRODUCTION

1.1 Introduction

A fixed point of a function is a point that is mapped to itself by the function. 

Let X be any non-empty set. Given a function XXf : , a  fixed  point of  

f is a point Xx such that xxf )( , that is, a point which remains 

invariant under the mapping f . A set of fixed  points is  sometimes  called  

a fixed set. This is to say, c is a fixed point of the function )(xf if and only if 

ccf )( . For example, if  a function f defined on the real numbers by  

43)( 2  xxxf , then 2 is a fixed point of f . Not all functions have fixed 

points. For example if f is a function defined on the real numbers as 

1)(  xxf , then it has no fixed points. In graphical terms, a fixed point 

means the point ))(,( xfx is on the line xy  or in other words the graph of  

f has a point in common with the line. The example 1)(  xxf , is a case 

where the graph and the line are a pair of parallel lines.

          The origin of metric contraction principles rest in the method of 

successive approximations for proving existence and uniqueness of 

solutions of differential equations, integral equations, analysis and many 

other disciplines. The first fixed point theorem was given by L.E.J Brouwer 

[3]. However, it is the Polish Mathematician Stefan Banach who is credited 

with placing the ideas underlying the method into an abstract frame work 

suitable for broad applications well beyond the scope of elementary 

differential and integral equations. Although the basic idea about the fixed 

point theory was known to others earlier, but the credit of making it useful 

and popular goes to Polish mathematician Stefan Banach. In 1922, he 

proved a common fixed point theorem, which ensured the existence and 

uniqueness of a fixed point under appropriate conditions. This result of  S. 

Banach [6] is known as Banach Fixed Point Theorem or Contraction 

Mapping  Principle.
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        Fixed point theory has wide ranging applications in many areas of 

Mathematics. For example, in proving the existence of solutions of ordinary 

and partial differential equations, integral equations and many other 

disciplines.

1.2  Basic Concepts and Definitions

We now present a brief account of basic definitions, which will be used in 

the subsequent chapters for the sake of convenience.

Metric Space ([4], p. 11).

Let X be non empty set and a mapping RXXd : (set of reals) is said to 

be metric if d satisfies the following properties:

(i) 0),( yxd                     Xyx  ,        

(ii) 0),( yxd iff yx          Xyx  ,

(iii) ),(),( xydyxd               Xyx  ,             (symmetry)

(iv) ),(),(),( yzdzxdyxd      Xzyx  ,,          (triangle inequality)

If d is a metric  for  X , then the ordered pair ),( dX is called a metric space 

and ),( yxd is called the distance between x and y . 

Note that if ,yx  then 0),( yxd .

Examples of Metric Space.

(i) Let R be set of real no’s and let RRRd : defined by

           ),( yxd || yx     Ryx ,

        then d is metric on R and ),( dX is known as usual metric space.

(ii) Let X be a non empty set. Consider a mapping XXXd :   defined 

by

           












 Xyx
yxwhen

yxwhen
yxd ,

,1

,0
),(
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then d is metric on X and ),( dX is called discrete metric space.

Pseudo-metric Space [4].

A mapping RXXd : is called a pseudo metric (or semi metric) for X if d

satisfies the following axioms:

(i) 0),( yxd                      Xyx  ,

(ii) 0),( yxd if  yx         Xyx  ,

(iii) ),(),( xydyxd                Xyx  ,              (symmetry)

(iv) ),(),(),( yzdzxdyxd     Xzyx  ,,          (triangle inequality)

Example.

Let 2)( xxf  be a real valued function on R and RXXd : defined by 

Xyxyfxfyxd  ,)()(),( is pseudo metric on X .

Solution. ,9)3( f 9)3( f

              )3()3()3,3( ffd 

                         099 

              0)3,3( d but 33 

Note. For a pseudo-metric space, we may have  0),( yxd   even if  yx  .            

Thus for a pseudo metric 0),(  yxdyx   but not conversely.

It follows that every metric is pseudo-metric but pseudo-metric is not 

necessarily metric.

Open Sphere. 

Let ),( dX be a metric space  and  let Xx 0 . If r is positive real number, 

then the set }),(:{ 0 rxxdXx  is  called  an open sphere. The point 0x is 

called centre and r is the radius of sphere. It is denoted by ),( 0 rxS or )( 0xSr .
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Closed Sphere. 

It is denoted and defined by 

              }),(:{],[ 00 rxxdXxrxS  .

Note. A Sphere is always non-empty since it contains its centre.

Open Set. 

Let ),( dX be a metric space. A subset G of X is said to be open set in ),( dX

if for each Gx ,  a real number 0r such that .),( GrxS 

Neighbourhood of a point.

Let ),( dX be a metric space and Xx be any element then a subset N of 

X is neighbourhood of x if   a open set G such that  NGx  .

Interior point. 

Let ),( dX be a metric space and XA , then a point Ax is interior  point 

of A iff   open sphere ),( rxS such that  ArxSx  ),( i.e  x is interior of A

iff A is nhd of x .

Interior of a set.

The set of all interior points of a set A is called interior of A and is denoted 

by 0A .

Exterior point. 

Let ),( dX be a metric space and XA be any set ,then a point Xx is 

called exterior point of A iff  x is interior of cA .

Exterior of a set.

The set of all exterior points of a set A is called exterior of  A and is denoted 

by ext(A).
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Remark. ext )(A int )( cA .

Frontier point.

Let ),( dX be a metric space and XA be any set ,then a point Xx is 

called  frontier  point  of A iff x is neither interior  point  of A nor exterior 

point of A .

Frontier of a set.

The set of all frontier points of a set A is called frontier of set and is denoted 

by Fr )(A .

Boundary point.

Let ),( dX be a metric space and XA be any set , then a point Xx is 

called  boundary point of A iff  x is frontier point of A and also Ax .

Boundary of a set. 

The set of all boundary points of set A is called boundary of A and is 

denoted by b ).(A

Remark. b )(A Fr ).(A

Adherent point.

Let ),( dX be  a metric space and XA , then Xx is called adherent  

point of a set A if  every  neighbourhood of x contains  at least one  point  

of A . In symbols, a point Xx is an adherent point of  XA   iff   for each 

nhd N of x , . AN

Isolated point. 

Let ),( dX be a metric space and XA be any set, then a point Xx is 

called isolated point of A if each neighbourhood of x contains  no point of 

A other than x i.e }{xAN  where N is nhd of x .
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Limit point. Let ),( dX be a metric space and XA be any set, then  a  

point Xx is called  limit  point  of A if each neighbourhood of x contains  

at least one point of A other than x .Thus Xx is limit point of XA iff  

for each nhd N of x ,  AN and  }{x .

Closure of a set.

Collection of all adherent points of a set A is called closure of A and is 

denoted by A .

Derived set of a set.

Collection  of  all  limit  points  of  a set A is called derived set of a set and is 

denoted by A .

Dense set.

Let ),( dX be a metric  space  and XA be any set , then A is said to be 

dense in X if  XA  .

Closed set.

Let ),( dX be a metric  space  and XA ,then A is said to be closed if it 

contains all its limit point, i.e AA  .

Example.

Let ),( dX be a metric space where RX  and yxyxd ),( . If  we take 

]1,0[A then every limit point of A is contained in A . Thus, A is a closed 

set.

Sequence in metric space ([4], p.5).

Let ),( dX be a metric space. A sequence }{ nx in X is a function from N into 

.X
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Convergence of a sequence in metric space ([4], p.47).

Let ),( dX be a metric space. A sequence }{ nx in X is said to converge to 

Xx if for each 0 , however small there exist a positive integer Nm

such that   

                   ),( xxd n        mn 

                  i.e ),(  xBxn     mn 

if  nx converges to x then we write as 0),(lim 


xxd n
n

.

Example.

Let ),( dX be a usual metric space and let sequence 
n

xn

1
}{  . Given 0 , 

however small, we choose a natural number m such that

                    



1

m  
m

1

                 ,mn  
mn

11

                   
nn

1
0

1
,  .mn 

    }{ nx converges to 0 in X .

Cauchy sequence ([4], p.52). 

Let ),( dX be a metric space. A sequence }{ nx in X is said to be Cauchy 

sequence if for every ,0 there exist Nm 0 such that

                   ),( mn xxd   0, mmn  .

Remark.  Every convergent sequence in a metric space is Cauchy sequence 

but converse may not be true.
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Example.

Let ]1,0]X with usual metric and 
n

xn

1
 be a sequence in X . Then }{ nx   is 

Cauchy sequence, since for each ,0 we have

                 
nm

xxxxxxd nmnmnm

11
),( 

                              






22

11

nm
, 




2
, nm .

           i.e  ),( nm xxd       }{ nx is a Cauchy sequence.

But  ,0
1

limlim 
 n

x
n

n
n

which is not a point of .X

Thus }{ nx is a Cauchy sequence but it is not convergent.

Complete Metric Space ([4], p.55).

A metric space ),( dX is said to be complete if every Cauchy sequence in X

converges to a point of X . 

In other words, ),( dX is a complete metric space if, the sequence }{ nx in X

is  such that

                 0),( nm xxd as nm, and Xx with 0),( xxd n as .n

Example. 

Let X be an arbitrary non empty set. For ,, Xyx  define RXXd :   by

                 











 Xyx
yxwhen

yxwhen
yxd ,

,1

,0
),(

Then ),( dX is a metric space and called as the discrete metric space.

As every Cauchy sequence in X is convergent. Therefore ),( dX is a complete 

metric space.
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Fixed point ([4], p.127).

Let ),( dX be a metric space and XXT : be a mapping. Then a point Xx   

is called a fixed point of  T if x is mapped into itself  i.e xxT )( .

Examples.

(i) The mapping RRT : defined as 
2

)(
x

xT    has unique fixed point. 

Clearly, 0 is the only fixed point.

(ii) The mapping RRT : defined  as 2)( xxT  has two  only  fixed points. 

Here 0 and 1 are fixed points.

(iii) The mapping 22: RRT  defined as xyxT ),(   has infinitely many  

fixed  points. In  fact all points of axisx  are fixed points.

Mapping may have unique fixed points, more than one and even infinitely 

many fixed points.

Remark. There may exist mappings which have no fixed point

Example.

Let X   be a non empty set. We can define a mapping XXT : as 

axxT )( where ‘ a ’ is any constant. Clearly, it has no fixed point.

Contraction Mapping ([4], p.128).  

Let ),( dX be a metric space. A mapping XXT : is called contraction on 

X if there exist a real number  with 10  such that 

                ),(),( yxdTyTxd     ., Xyx 

Example. 

If 2)( xxT  , ,
3

1
0  x then T is contraction mapping on 





3

1
,0 with usual 

metric d .

Consider   ),(),( 22 yxdTyTxd       
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                            22 yx 

                            yxyx 

                           
























3

2

3

2
0

,
3

1
0,

3

1
0

3

2

yxyx

yx
yx



                           ),(
3

2
yxd

           i.e ),(
3

2
),( yxdTyTxd 

Thus, T is contraction mapping.

Strict Contraction Mapping [1].

Let ),( dX be a metric space. A mapping XXT : is called strict contraction 

of X if there exist a real number  with 10   such that 

                XyxyxdTyTxd  ,),(),(  .

2-Metric Space [7],[8].

In 1960, Gahler [7],[8] introduced 2-metric space as follows:

Let X be a non empty set and let R denote the real numbers. A function 

 RXXXd : satisfying the following axioms:

(i) For distinct points ,, Xyx  there is  ,Xz such that 0),,( zyxd .

(ii) 0),,( zyxd if two of the three variables Xzyx ,, are equal.

(iii) ...),,(),,(  yzxdzyxd        (symmetry in all three variables),

(iv) ),,(),,(),,(),,( zyadzaxdayxdzyxd  , for all Xzyx ,, .

is called a 2-metric, on X. The set X equipped with such a 2-metric is called 

a 2-metric space.
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D-Metric space [2].

Bapure Dhage [2] introduced a new class of generalized metrics called in 

1992 as follows :

A function  RXXXD : is D -metric if it satisfy the following axioms: 

(i) 0),,( zyxD if and only if zyx  .

(ii) ...),,(),,(  yzxDzyxD   (symmetry in all three variables),

(iii) ),,,(),,(),,(),,( zyaDzaxDayxDzyxD  for all Xazyx ,,, .

(iv) ),,(),,(),,( yyzDzzxDyyxD  , for all Xzyx ,, .

In 2003, we demonstrated in [10], [11]  that most of the claims concerning 

the fundamental topological properties of  D -metric spaces are incorrect. 

For a instance D -metric need not be a continuous function of its variables. 

These considerations lead us to seek a more appropriate notion of 

generalized metric space.

G -Metric space [12], [13].

Let X be a non empty set, and  RXXXG :   be a function satisfies the 

following axioms:

(i) XzyxzyxifzyxG  ,,0),,(

(ii) XyxyxxG  ,;0),,( with yx  ,

(iii) XzyxzyxGyxxG  ,,),,,(),,( with yz 

(iv) ...),,(),,(),,(  xzyGyzxGzyxG     (symmetry in all three variables)

(v) ,,,,),,,(),,(),,( XazyxzyaGaaxGzyxG    (quadrilateral inequality),

Then  the  mapping G is  called  a generalized metric or G -metric on X and 

the pair ),( GX is called a  G -metric space.

Here ),,( zyxG denote the perimeter of the triangle with vertices at yx, and z

in 2R .
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Example [12]. 

For any metric space ),( dX , define sG and mG on X as

               ),(),(),(),,( zxdzydyxdzyxGs  and

               )},(),,(),,(max{),,( zxdzydyxdzyxGm 

for all Xzyx ,, . Then ),( sGX and ),( mGX are G -metric spaces.

Symmetric G -metric space [13].

G -metric space ),( GX is symmetric if 

               XyxyxxGyyxG  ,),,,(),,(

But if , XyxyxxGyyxG  ,),,,(),,( , then it is not symmetric.

Example[13]. 

Let },,{ baX  let,

               2),,(,1),,(

0),,(),,(




bbaGbaaG

bbbGaaaG

and  extend G to all  of XXX  by symmetry in the variables.

We note that it follows all the five axioms of the G -metric space

(i) 0),,( zyxG if   Xzyxzyx  ,,

    i.e 0),,( aaaG    

(ii) XyxyxxG  ,;0),,( with yx 

        0),,( baaG    Xba  ,

(iii) XzyxzyxGyxxG  ,,),,,(),,( with yz 

    ),,(),,( abaGbaaG      Xba  ,
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(iv) Symmetry in variables ),,(),,( abaGbaaG  .

(v) ,,,,),,,(),,(),,( XazyxzyaGaaxGzyxG 

    ),,(),,(),,( baaGaaaGbaaG       Xba  ,

Therefore, it is G -metric space. But ),,(),,( bbaGbaaG  , 

Hence it is not symmetric.

G-metric topology )(G [13]. 

Every G -metric  space ),( GX induces a ),( GdX defined as    

               .,),,,(),,(),( XyxyxxGyyxGyxdG 

G-ball [13].

Let ),( GX be a G -metric space then  for ,0,0  rXx the G -ball with   

centre 0x and radius r is 

              }),,(:{),( 00 ryyxGXyrxBG 

G-convergent metric space [13].

Let ),( GX be G -metric space. The sequence Xxn }{ is G -convergent to x if  

it converges to x in the G -metric topology, ).(G

G-continuous function [13]. 

Let ),(),,( GXGX  be two G -metric spaces, a function XXf : is G -

continuous at a point Xx 0 if and only if, given 0 , there exist 0   

such that Xyx , and  ),,( 0 yxxG implies  ))(),(),(( 0 yfxfxfG . In other 

words f is G -continuous if  it  is G -continuous  at  all  points of X ; i.e 

continuous as a function from X with the )(G - topology to X  with the 

)(G - topology.
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G-Cauchy sequence [13].

Let ),( GX be a G -metric space, then a sequence Xxn )( is  said  to  be G -

Cauchy  if  for 0 , there exists N N such that ),,( lmn xxxG   for  all 

Nlmn ,, .

G-complete metric space [13]. A G -metric space ),( GX is said to be G -

complete if every G -Cauchy sequence  in ),( GX is G -convergent in ),( GX . 

Now, I give a brief chapter wise resume of the results contains in this 

dissertation.

           In chapter II, we study the existence and uniqueness of Banach fixed 

points and also study the applications of Banach contraction theorem to the 

system of linear equations and integral equations.

          The aim of chapter III is to study some Fixed point results using 

complete metric space and study the existence and uniqueness of fixed 

points.
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                                               CHAPTER  II

              BANACH CONTRACTION THEOREM AND ITS APPLICATIONS

2.1  Introduction

In  mathematics, Banach  Fixed  Point  Theorem [6] (also known as the 

contraction mapping theorem or contraction mapping  principle) is an 

important tool in the theory of metric spaces. It guarantees the existence 

and uniqueness of fixed points of certain self-maps of metric spaces, and 

provides  a constructive method to find those fixed  points. The theorem is 

named after Stefan Banach (18921945) , and was first stated by him in 

1922.

Fixed point ([4], p.127).

Let ),( dX be a metric space and XXT : be a mapping. Then a point Xx   

is called a fixed point of  T if x is mapped into itself, i.e xxT )(

Example. 

A mapping RRT : defined by 3)( xxT  have three fixed points namely 

1,1,0  .

Contraction mapping ([4], p.128). 

Let ),( dX be a metric space. A mapping XXT : is called contraction on 

X if there exist a real number  with 10  such that 

                            ),(),( yxdTyTxd     ., Xyx 

Example. 

Consider the usual metric d for 2R and the mapping 22: RRT  such that 

2,
3

)( Rx
x

xT  , where ),( 21 xxx  , we have

                            







3
,

3
))(),((

yx
dyTxTd
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                                            





 ),(

3

1
),,(

3

1
2121 yyxxd

                                            























3
,

3
,

3
,

3
2121 yyxx

d

                                            
2

22

2

11

3333






 






 

yxyx

                                            2
22

2
11 )()(

3

1
yxyx 

                                            ),(
3

1
yxd

Thus ),())(),(( yxdyTxTd  , where 1
3

1


Therefore, T is contraction on 2R .

The  aim of  this  chapter  is  to study the Existence and Uniqueness of 

Banach fixed points and also to study the applications of  Banach 

contraction theorem to the system of linear equations and integral 

equations.

2.2  Main results

Theorem 2.2.1 (Banach Contraction Theorem)([4],p.128). Let ),( dX be a 

complete metric space and let XXT : be a contraction on X . Then T has a  

unique  fixed point in X . 

Proof.  We will prove this theorem in two parts. In the first part we prove the 

existence of fixed point and uniqueness of fixed point in the second part.

Existence of  fixed  point.  Let XXT : be a contraction mapping, then 

there exist a real number  with 10   such that

(2.2.1)      XyxyxdyTxTd  ,),())(),(( 
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Let Xx 0 be arbitrary and define a sequence }{ nx by 

                )()(

...

...

...

)())(()(

)())(()(

)(

0

0
3

0
2

23

0
2

012

01

xTxTx

xTxTTxTx

xTxTTxTx

xTx

n
nn 







we prove this part in three steps :

Step (i) firstly we prove that for all Nn , ),(),( 101 xxdxxd n
nn 

we will proceed using induction, the base of induction i.e 1n holds using 

(2.2.1).

             ),(),((),( 101021 xxdxxTdxxd                 

Suppose it holds for some Nk  i.e  for kn 

(2.2.2)      ),(),( 101 xxdxxd k
kk                                                               

Let 1 kn , then we consider, 

               ))(),((),( 121   kkkk xTxTdxxd

By using (2.2.1), we get  

               ),(),( 121   kkkk xxdxxd 

Further, by using (2.2.2), we have 

               ),(.),( 1021 xxdxxd k
kk 

               ),(),( 10
1

21 xxdxxd k
kk


  

Thus by the principle of mathematical induction step (i)  holds.
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Step (ii) In this step, we will prove that }{ nx is a Cauchy sequence in X .

For this we consider Nnm , s.t mn  ,

       ),(..................),(),(),( 1211 nnmmmmnm xxdxxdxxdxxd         

                                                                                  (by triangle inequality)

By use of Step (i), we have

       ),(............),(),(),(),( 10
1

10
2

10
1

10 xxdxxdxxdxxdxxd nmmm
nm

  

                  ),()...( 10
121 xxdnmmm   

                   ),(),()...1( 10

1

0
10

12 xxdxxd
mn

k

kmmnm 







 





 

                   ),(
1

1
),( 1010

0

xxdxxd m

k

km 
















 



 


Since 10   , therefore ,0  masm thus  mnxxd nm ),( .

Hence, }{ nx is a Cauchy sequence in X .

Step (iii) In this step, we will show that x is a fixed point of T .

By given hypothesis, X is complete , therefore the cauchy sequence }{ nx is  

convergent in X , let }{ nx converges to x (where Xx ) i.e xxn
n




lim .

Also, T is contraction on X ,therefore,

                 XyxyxdyTxTd  ,),())(),(( 

                                  )1(),(  yxd

Taking      ),( yxd , we get ))(),(( yTxTd

Thus, for given 0 , there exist )(  such that,

                 ))(),(( yTxTd   for ),( yxd

T is continuous mapping.
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Therefore, )lim()( n
n

xTxT




                     xxxT n
n

n
n

  1lim)(lim

          i.e  xxT )(

x is a fixed point of T .

Thus the existence of a fixed point is established.

Uniqueness. Let if possible, x and y be two fixed points of T in X .

Then xxT )( and yyT )( for some Xyx ,

Now consider, 

                 ))(),((),( yTxTdyxd 

Using the equation (2.2.1), we get

(2.2.3)      ),(),( yxdyxd                               

But as we know that 0),( yxd this implies that either 0),( yxd   or 

0),( yxd

Therefore, first we suppose that 0),( yxd , then by the use of (2.2.3), we 

have

                
  1

),(

),(

yxd

yxd
, 

which is a contradiction to the given hypothesis that 10  

Therefore, our supposition is wrong. Hence, ),( yxd must be equal to zero 

which further implies that yx  .

This proves the uniqueness of  fixed point in X .

Remarks: 

(i) If X is not complete in above theorem, then T may not have a fixed 

point.

    For example:

    Consider [1,0]X and the mapping XXT : defined by 
2

)(
x

xT  . Clearly    

    X is not complete with the usual metric and also we see that T does not
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    have any fixed point. In fact , 0)0( T but 0 does not belong to .X

(ii) If T is not contraction in above theorem, then it may not have a fixed 

point.

    For example:

    Consider the metric space [,1[ X with the usual metric and the

    mapping  XXT : given by 
x

xxT
1

)(  .

   Here, X is a complete metric space but T is not a Contraction mapping.

                









xy
yx

y
y

x
xyTxTTyTxd

1
1)(

11
)()(),(

                    
xy

yxTyTxd
1

1),( 

                    yxTyTxd ),(      Xyx  ,              







 1

1
10

xy


2.3 Applications of Banach contraction theorem:              

Here we discuss the applications of Banach contraction Theorem

2.3.1 Applications to system of linear equations : 

Firstly we study the application of Banach contraction Theorem to find the 

solution of the following system  of n linear equations with n unknowns.

(2.3.1)           





















nnnnnn

nn

nn

bxaxaxa

bxaxaxa

bxaxaxa

...

...

...

...

...

...

2211

22222121

11212111

                                     

This system can be written 
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(2.3.2)                 
























nnnnnnnn

nn

nn

nn

bxaxaxaxax

bxaxaxaxax

bxaxaxaxax

bxaxaxaxax

)1(...

...

...

...

...)1(

...)1(

...)1(

332211

333332321313

223132221212

113132121111

                               

By letting ijijij a   , where

                           








jifor

jifor
ij 0

1


System )2.3.2( is equivalent to the following system:

(2.3.3)                 nibxx i

n

j
jiji ,...,3,2,1

1

 


                                                  

If n
n Rxxxxx  ),...,,( 321 and

                           





























nnnn

n

n

aaa

aaa

aaa

A

...

...

...

...

...

...

21

22221

11211

and n
n Rbbbb ),...,,,( 321 ,then the system (2.3.3) is equivalent to

(2.3.4)                 bAxx                                                                                                           

In other words, the problem is to find the fixed point of the transformation 

nn RRT : defined by 

(2.3.5)                 bAxxT )(                          

If T is a contraction mapping, then we can use  Banach Contraction 

Theorem and obtain the unique solution of xxT )( by the method of 

successive approximation.

The condition under which T is a contraction mapping depend on the choice 

of the metric on .nRX 
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Theorem A ([5], p.128). Let nRX  be a metric space with the metric 

                             ii
ni

yxyxd 


1
max),(

    

(2.3.6)                 if  



n

j
ij niallfor

1

,...,3,2,11||                                         

then the linear system )1.3.2( of n linear equations in n unknowns has a 

unique solution.

Proof. Since nRX  with respect to the metric d is complete it is sufficient to 

prove that the mapping T defined by )5.3.2( is a contraction

                          


 
n

j
iiij

ni
yxyTxTd

1
1

)(max))(),(( 

                                             

),(max

maxmax

max

1
1

1
11

1
1

yxd

yx

yx

n

j
ij

ni

n

j
ijjj

njni

ii

n

j
ij

ni

























 









By the use of (2.3.6), we get

                          ),())(),(( yxdyTxTd                           

Thus T is a contraction mapping, therefore by using Banach contraction 

theorem, the linear system has a unique solution.

Theorem B ([5], p.128). Let nRX  be a metric space with the metric 

                             



n

i
ii yxyxd

1
1 ),(

(2.3.7)              if  nj
n

i
ij ,...,3,2,1

1






Then prove that the linear system )1.3.2( of n linear equations in n unknowns 

has a unique solution.

Proof. Since nRX  with respect to the metric 1d is complete, it is sufficient 

to prove that the mapping T defined by )5.3.2( is a contraction.

                           
 


n

i

n

j
jjij yxyTxTd

1 1
1 )())(),(( 
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                                          
 


n

i
jj

n

j
ij yx

1 1



                                           
 


n

j
jj

n

i
i yx

1 1



                                           ),(max 1
1

1
yxd

n

i
ij

nj



 

By using (2.3.7), we get

                         ).,())(),(( 11 yxdyTxTd 

Therefore, T is a contraction mapping .Thus the linear system (2.3.1) has 

unique solution by Banach contraction theorem

Theorem C ([5], p.129). Let nRX  be a metric space with the metric

                            
2

1

1

2

2 ),( 







 



n

i
ii yxyxd     

(2.3.8)                if   
 


n

i

n

j
ij

1

2
2

1

1

Then  prove that the linear system )1.3.2( of n linear equations in n

unknowns has a unique solution.

Proof. Since nRX  with respect to the metric 2d is complete, it is sufficient 

to prove that the mapping T defined by )8.3.2( is a contraction.

                        
2

1 1

2
2 )(]))(),(([  

 


n

i

n

j
jjij yxyTxTd 

                                             
2

1 11
 
 











n

i

n

j
jj

n

j
ij yx

                                               
 













n

i

n

j
jj

n

j
ij yx

1

2

1

2

1

       

So,                   
 


n

i

n

j
ij yxdyTxTd

1
2

2

1

2
2 ),())](),(([         

By using (2.3.8), we get

                        ),())](),(([ 2
22

2 yxdyTxTd 

Therefore, T is a contraction mapping and by Banach contraction theorem, 

the linear system )1.3.2( has unique solution.
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Theorem D [5]. Let ),( dX be a complete metric space and XXT : be a 

mapping such that for some integer m , )(... timesmTTTT m  .Then T has 

unique fixed point.

Proof. By the Banach Contraction Theorem, mT has unique fixed point   

Xx , i.e xxT m )( . Then

                        ))(())(()( xTTxTTxT mm 

So, )(xT is fixed point of mT . Since the fixed point of mT is unique, xxT )( . 

To prove the uniqueness , we assume that y is another fixed point of T . 

Then  yyT )( and so yyT m )( . Again by uniqueness of the fixed point of mT

we have yx  . Hence Xx is unique fixed point of T .

2.3.2 Application of fixed point theorems for system of integral 

equations

The most interesting applications of fixed point theorems arise when the 

underlying metric space is a function space. Here we study the existence and 

uniqueness of the Volterra integral equation by using the Theorem 2.2.1

Volterra integral equation [5].

Let K be a continuous function on ],[],[ baba  and let  be a continuous 

function on ],[ ba . Consider the equation

(2.3.9)                
x

a

baxallfordyyfyxKxxf ],[)(),()()(                                 

where  is a parameter. It is called volterra equation.

Theorem E [5]. For each R , the volterra equation (2.3.9) has a unique 

solution f that is continuous on ],[ ba .

Proof.  Let ],[ baCX  , the set of all continuous function defined on ],[ ba

with the uniform  metric. Since K is continuous, there  exist a constant 

0k such  that kyxK ),( for     all ],[, bayx  . 
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Define the transformation )(: fTfT  on X by

                         
x

a

dyyfyxKxxfT )(),()())(( 

For all Xgf , we have,

                          
x

a

dyygyfyxKxgTxfT )()(),())(())(( 

                        

],[),()())(())(( baxallforgfdaxkxgTxfT  

Since ))(())(()()( 22 gTTfTTgTfT  , we have

                         

dygfdaykyxK

dyygTyfTyxKxgTxfT

x

a

x

a

),()(),(

))(()((),())(()(( 22













                                                    
x

a

gfddyayk ),()(22

                                                     ),(
2

)( 222

gfd
axk 




Repeating the above steps successively, we get

                         
 

),(
!

)(
))(())(( gfd

n

abk
xgTxfT

n

nn 




Recalling that 0
!


n

r n

as n for any Rr  , we conclude that there exist n

such that nT is contraction mapping. Take n sufficiently large, we have 

 
1

!

)(



n

abk
n

. 

Hence, by using Theorem D there exist a unique solution Xf  satisfying 

ffT )( . Obviously if ffT )( , then f solves volterra equation.

                                               



26

CHAPTER  III

GENERALIZED METRIC SPACE

3.1 INTRODUCTION

The study of fixed points of a function satisfying certain contractive 

conditions has been at the center of vigorous activity, because it has a wide 

range of applications in different areas such as variational, linear 

inequalities, optimization and parameterize estimation problems.

         In 2005, Zead Mustafa and B. Sims [12], [13] introduced a new class of 

generalized metric spaces, which are called G -metric spaces as 

generalization of metric spaces and thereby introducing a new fixed point 

theory for a variety of mapping in this new setting, also to extend known 

metric space theorems to a more general setting.

         In this chapter, we have studied some fixed points results for mapping 

satisfying sufficient contractive conditions on a complete G -metric space, 

and also we showed that if the G -metric space ),( GX is symmetric, then the 

existence and uniqueness of these fixed point results follows from Reich 

theorems in usual metric space ),( GdX , where ),( GdX the metric induced by 

the G -metric space ),( GX .

G-metric space [12], [13]. 

Let X be a non empty set, and  RXXXG :   be a function satisfies the 

following axioms:

(3.1.1)  XzyxzyxifzyxG  ,,0),,(

(3.1.2)  XyxyxxG  ,;0),,( with yx  ,

(3.1.3)  XzyxzyxGyxxG  ,,),,,(),,( with yz 

(3.1.4) ...),,(),,(),,(  xzyGyzxGzyxG (symmetry in all three variables)
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(3.1.5)   ,,,,),,,(),,(),,( XazyxzyaGaaxGzyxG    

                                                            (quadrilateral inequality),

Then  the  mapping G is  called  a generalized metric or G -metric on X and 
the pair ),( GX is called a  G -metric space. 

Example [12].

Let ),( dX be a usual metric space, and define sG and mG on  RXXX

by         
}),(),,(),,(max{),,(

),,(),(),(),,(

zxdzydyxdzyxG

zxdzydyxdzyxG

m

s





for all .,, Xzyx  Then ),( sGX and  ),( mGX are G -metric spaces.

Symmetric G-metric space [13].

G -metric space ),( GX is symmetric if 

            XyxyxxGyyxG  ,),,,(),,(

Proposition 3.1.1 [13]. Let ),( GX be a G -metric space, then for any

Xazyx ,,, then the following holds: 

(i) if 0),,( zyxG , then zyx 

(ii) ),,(),,(),,( zxxGyxxGzyxG 

(iii) ),,(2),,( xxyGyyxG 

(iv) ),,(),,(),,( zyaGzaxGzyxG 

Proof . we can prove each part as

(i) It follows directly from (3.1.1)

(ii) From (3.1.5) we have  ,,,,),,,(),,(),,( XazyxzyaGaaxGzyxG 

Put ya  , then we have        ),,(),,(),,( zyyGyyxGzyxG 

Interchange x and y ,           ),,(),,(),,( zxxGxxyGzxyG 

Using (3.1.4), we get             ),,(),,(),,( zxxGyxxGzyxG 
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(iii) From (3.1.5) we have   ,,,,),,,(),,(),,( XazyxzyaGaaxGzyxG 

Put ya  and xz  , we have ),,(),,(),,( xyyGyyxGxyxG 

Interchange x and y , we have

                                           ),,(),,(),,( yxxGxxyGyxyG 

Using (3.1.4), we get            ),,(2),,( xxyGyyxG 

(iv) From (3.1.5), we have XazyxzyaGaaxGzyxG  ,,,),,,(),,(),,(

Using (3.1.3), we get             ),,(),,(),,( zyaGzaxGzyxG       

Proposition 3.1.2 [13]. Let ),( GX be a G -metric space and let 0k , then 

}),,(,{min),,(1 zyxGkzyxG  is also G -metric on X .

Proof. 1G is G -metric on X as it satisfy all the axioms of G -metric as 

following:

(i) Since ),( GX is G -metric space , therefore 0),,( zyxG if zyx 

Given that  }),,(,{min),,(1 zyxGkzyxG  and 0k , we have 

                  ),,(),,(1 zyxGzyxG 

Hence,       0),,(1 zyxG if zyx 

(ii) Since ),( GX is G -metric space , therefore 0),,( yxxG

Given that  )},,(,{min),,(1 zyxGkzyxG  and  0k

Similarly,    )},,(,{min),,(1 yxxGkyxxG 

                  0)},,(,{min),,(1  yxxGkyxxG

Hence ,       0),,(1 yxxG

(iii) Since ),( GX is G -metric space , therefore ),,(),,( zyxGyxxG 

Given that  }),,(,{min}),,(,{min),,(1 zyxGkyxxGkyxxG 
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                   ),,(),,( 11 zyxGyyxG 

(iv) Given that ...),,(),,(),,(  xzyGyzxGzyxG

         ...}),,(,{min}),,(,{min}),,(,{min),,(1  xzyGkyzxGkzyxGkzyxG

         ...),,(),,(),,( 111  xzyGyzxGzyxG

(v) Since ),( GX is a G -metric space, therefore

          ),,(),,(),,( zyaGaaxGzyxG 

Given that   }),,(),,(,{min}),,(,{min),,(1 zyaGaaxGkzyxGkzyxG 

                   }),,(,{min}),,(,{min),,(1 zyaGkaaxGkzyxG 

          ),,(),,(),,( 111 zyaGaaxGzyxG 

Hence 1G satisfy all the five axioms of G -metric space.

Therefore, 1G is G -metric on X .

Proposition 3.1.3 [13]. Let ),( GX be a G -metric space, then the following 

are equivalent.

(i) ),( GX is symmetric.

(ii) ),,(),,( ayxGyyxG  , for all Xayx ,,

(iii) ),,,(),,(),,( byzGayxGzyxG  for all Xbazyx ,,,,

Proof.  (i)  (ii) follows from (3.1.3),

                   ),,,(),,( zyxGyxxG  for all Xzyx ,, with zy  .

Since ),( GX being symmetric.

                   ),,,(),,( zyxGyyxG  for all Xzyx ,, with zx 

Put az  ,    ),,,(),,( ayxGyyxG  for all Xayx ,, with ax 

(ii)  (i)  ),( GX being symmetric when xa  in (ii)

(ii)  (iii) From (ii) of Proposition 3.1.1, 
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                   ),,(),,(),,( zxxGyxxGzyxG 

Similarly,    ),,(),,(),,( yyzGyyxGzyxG 

From (ii),     ),,(),,(),,( byzGayxGzyxG                                              

(iii)  (i)  follows by taking xa  and yb  in (ii)

                 ),,(),,(),,( yyzGxyxGzyxG 

G-ball [13].

Let ),( GX be a G -metric space then for ,0,0  rXx the G -ball with centre

0x and radius r is 

                 }),,(:{),( 00 ryyxGXyrxBG 

Proposition 3.1.4 [13].  Let ),( GX be a G -metric space, then for any Xx 0

and 0r , we have 

(i) if  ryxxG ),,( 0 then ),(, 0 rxByx G ,

(ii) if ),( 0 rxBy G then there exist a 0 such that ),(),( 0 rxByB GG  .

Proof. (i) follows from (3.1.3), i.e ),,(),,( zyxGyxxG  with zy 

Similarly, ),,(),,( 00 yxxGxxxG  with yx 0

                 ryxxGxxxG  ),,(),,( 00

             ),( 0 rxBx G

Also,         ),,(),,( 00 xyxGyyxG    with xx 0

                 ryxxGyyxG  ),,(),,( 00

             ),( 0 rxBy G

Hence, if  ryxxG ),,( 0 , then ),(, 0 rxByx G

(ii)  follows from the definition of G -metric space, we have
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                ),,(),,(),,( zyaGaaxGzyxG  with, ),,( 0 yyxGr 

Thus,        ),(),( 0 rxByB GG  .

Proposition 3.1.5 [13]. Let ),( GX be a G -metric space, then for all  Xx 0

and 0r , we have     

                 ),(),()
3

1
,( 000 rxBrxBrxB GdG G



G-convergent metric space [13].

Let ),( GX be a G -metric space and the  sequence }{ nx is G -convergent to x

if 0),,(lim
,


 mn

mn
xxxG .

Proposition 3.1.6 [13]. Every G -metric space ),( GX induces a metric space 

),( GdX defined by

                 .,),,,(),,(),( XyxxxyGyyxGyxdG 

(i) if ),( GX is symmetric, then .,),,,(2),( XyxyyxGyxdG    

(ii) if ),( GX is not symmetric then, it holds by the G -metric properties that

  
.,),,,(3),(),,(

2

3
XyxyyxGyxdyyxG G                          

Proposition 3.1.7 [13]. Let ),( GX be a G -metric space, then  for  a  sequence 

Xxn }{ and point Xx the following are equivalent.

(i) }{ nx is G -convergent to x .

(ii) 0),( xxd nG as n

(iii) 0),,( xxxG nn as n

(iv) 0),,( xxxG n as n

(v) 0),,( xxxG nm as nm,

Proof . The equivalence (i) and (ii) follows from Proposition 3.1.5
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i.e

   
),(),()

3

1
,( 000 rxBrxBrxB GdG G



(ii)  (iii) and (ii)  (iv) follows from Proposition 3.1.6

                 ),,(),,(),( yxxGyyxGyxdG 

Hence,      0),( xxd nG as n   

   0),,( xxxG nn as n and 0),,( xxxG n as n

(iii)   (iv)  follows  from  (iii) of Proposition 3.1.1 

                 ),,(2),,( xxyGyyxG 

Hence,  0),,( xxxG nn   as n      0),,( xxxG n as n

(iv)   (v)  follows  from (ii) of Proposition 3.1.1, 

                 ),,(),,(),,( zxxGyxxGzyxG 

Hence, 0),,( xxxG nn as n and  0),,( xxxG n as n

        0),,( xxxG nm as nm,

(v)  (ii) follows from Proposition 3.1.6 and (iii) of Proposition 3.1.1.

G-continuous function [13]. 

Let ),(),,( GXGX  be G -metric spaces, Then a function ),(),(: GXGXf  be 

a function, then f is said to be G -continuous at a point Xa if and only if, 

given 0 , there exists 0 such that Xyx , ; and ),,( yxaG implies

 ))(),(),(( yfxfafG . A function f is G -continuous at X if and only if  it is 

G -continuous at all Xa .

Proposition 3.1.8 [13]. Let ),(),,( GXGX  be G -metric spaces, then  a 

function XXf : is G -continuous at a point Xx if and only if it is           

G -sequentially continuous at x ; i.e whenever }{ nx is G -convergent to x we 

have ))(( nxf is G -convergent to )(xf .
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Proposition 3.1.9 [13]. Let ),( GX be a G -metric space, then the function 

),,( zyxG is jointly continuous in all three of its variables.

Proof.  Suppose }{},{},{ nmk zyx are G -convergent to zyx ,, respectively. Then, 

by (3.1.5) we have,  

                  ),,(),,(),,( zxyGyyyGzyxG mmm 

                  ),,(),,(),,( zyxGxxxGyxzG mkkkm 

                  ),,(),,(),,( kmnnnmk xyzGzzzGyxzG 

So, by adding these three conditions, we get       

(3.1.6)        ),,(),,(),,(),,(),,( nnkkmmnmk zzzGxxxGyyyGzyxGzyxG 

Similarly,

                  ),,(),,(),,( mnknmk yzxGxxxGzyxG         

                  ),,(),,(),,( zxyGyyyGxyzG mm 

                  ),,(),,(),,( xyzGzzzGyzxG mnmn 

By adding these,

(3.1.7)        ),,(),,(),,(),,(),,( zzzGyyyGxxxGzyxGzyxG nmknmk 

Combining (3.1.6) and (3.1.7) using (iii) of Proposition 3.1.1

                  )),,(),,(),,((2),,(),,( nnmmkknmk zzzGyyyGxxxGzyxGzyxG 

So,             ),,,(),,( zyxGzyxG nmk  as nmk ,,

G-Cauchy sequence [13].

Let ),( GX be a G -metric space, then a sequence Xxn }{ is  said  to  be G -

Cauchy  if  for 0 , there exists N N such that ),,( lmn xxxG for  all 

Nlmn ,, . That is  lmnasxxxG lmn ,,0),,( .
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Proposition 3.1.10 [13]. In a G -metric space, ),( GX the following are 

equivalent.

(i) The sequence }{ nx is G -Cauchy.

(ii) For every 0 , there exist N N such that ),,( mmn xxxG for all 

Nlmn ,, .

(iii) }{ nx is a Cauchy sequence in the metric space ),( GdX .

Remarks.

1. Every G - convergent sequence in a G -metric space is G -Cauchy.

2. If a G -Cauchy sequence in a G -metric space ),( GX contains a G -

convergent subsequence, then the sequence itself is G -convergent.

G-complete metric [13]. 

A G -metric space ),( GX is said to be G -complete if every G -Cauchy 

sequence  in ),( GX is G -convergent in ),( GX .

Proposition 3.1.11 [13]. A G -metric space ),( GX is G -complete if and only 

if ),( GdX is a complete metric space.

In 1971, S., Reich gaves some remarks concerning contraction mapping.

Theorem 3.1.1 [9]. Let ),( dX be a complete metric space, and T be a function 

mapping X into itself, satisfy the following condition,

(3.1.8)        XyxyxdcyTydbxTxdayTxTd  ,),,())(,())(,())(),((                   

where cba ,, are nonnegative numbers satisfying .1 cba

Then, T has unique fixed point.
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3.2 Main Results

In this section, we will present fixed point results on a complete G - metric 

space.

Theorem 3.2.1[13]. Let ),( GX be a complete G - metric space, and let  

XXT : be a mapping satisfies the following condition 

(3.2.1)      }))(),(,())(),(,())(),(,({))(),(),(( zTzTzGyTyTyGxTxTxGkzTyTxTG          

for all ,,, Xzyx  where 









3

1
,0k . Then T has a unique  fixed point (say u ), 

and T is G -continuous at u .

Proof. Let T satisfy the condition (3.2.1), then for all Xyx , , we get

(3.2.2)           )],,,(2),,([),,( TyTyyGTxTxxGkTyTyTxG  and                      

(3.2.3)           )].,,(2),,([),,( TxTxxGTyTyyGkTxTxTyG                                          

Let ),( GX be symmetric, then from the eq. (i) of Proposition 3.1.6, we have

                     ),,(2),( TyTyTxGTyTxdG 

and by using (3.2.2),    

                     })],,(2),,([{2),( TyTyyGTxTxxGkTyTxdG 

(3.2.4)           XyxTyydkTxxdkTyTxd GGG  ,),,(2),(),(                                    

Since 120  kk , then the condition (3.2.4) become the special case of  

condition (3.1.8), so the existence and uniqueness of the fixed point follows 

from Theorem 3.1.1

However, If ),( GX is not symmetric then  we note that for all Xyx ,

                     ),,(3),,(3),,(),,(),( TyTyyGkTxTxxGkTxTxTyGTyTyTxGTyTxdG 
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Again by the use of definition of metric ),( GdX and (ii) of Proposition 3.1.6, 

we get          XyxTyydkTxxdkTyTxd GGG  ,),,(2),(2),(

Since kk 220  need  not  be  less than one. Therefore the above condition 

gives us no information about this map. 

But  the  existence  of  a  fixed  point  can be  proved  using  properties  of  a 

G -metric.

Let Xx 0 , be an arbitrary point, and define the sequence }{ nx by )( 0xTx n
n 

then by the use of condition (3.2.1) we get

                     ),,,(2),,(),,( 11111   nnnnnnnnn xxxGkxxxGkxxxG   

Hence,
         

),,(
21

),,( 111 nnnnnn xxxG
k

k
xxxG  



Suppose ,
21 k

k
q


 as  

3

1
0  k    10  q

therefore,      ),,(),,( 111 nnnnnn xxxGqxxxG  

Similarly,     ),,(2),,(),,( 11121 nnnnnnnnn xxxGkxxxGkxxxG  

                     ),,(
21

),,( 1121  
 nnnnnn xxxG

k

k
xxxG

                     ),,(),,( 1121   nnnnnn xxxGqxxxG

Hence,          ),,(),,( 112
2

11   nnnnnn xxxGqxxxG

Continuing in the same manner, we get

(3.2.5)           ),,(),,( 11011 xxxGqxxxG n
nnn 

Also, for all mn, N , mn  by the use of  rectangle inequality and equation 

(3.2.5) we obtain,
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),,(...

),,(),,(),,(),,(

1

33222111

mmm

nnnnnnnnnmmn

xxxG

xxxGxxxGxxxGxxxG









                     ),,()...(),,( 110
121 xxxGqqqqxxxG mnnn

mmn
 

                                     ),,(
1 110 xxxG

q

qn




Since 10  q ,  0),,(lim
,


 mmn

mn
xxxG . Thus }{ nx is G -Cauchy sequence, and 

also ),( GX is complete, therefore there exists Xu  such that }{ nx is          

G -convergent to u .

Next, we will show that u is a fixed point. 

Let if possible, uuT )(

Then,            ))}(),(,(2),,({))(),(,( 111 uTuTuGxxxGkuTuTxG nnnn  

Since the function G is continuous on its variable, therefore by letting 

n , we get

                     )).(),(,(2))(),(,( uTuTuGkuTuTuG 

which is a contradiction to our supposition. Therefore )(uT must be equal

to u . This implies u is a fixed point.

Now, we will prove uniqueness of fixed point. For this, we consider two fixed 

points for T say u and v .

                     ))(),(,(2))(),(,())(),(),(( vTvTvGkuTuTuGkvTvTuTG 

As uuT )( and vvT )( , this implies that

                     0))(),(,(2))(),(,(),,(  vTvTvGkuTuTuGkvvuG , 

This further implies that vu  .

Next  we show that T is G -continuous at u , let Xyn }{ be a sequence 

converges to u in ),( GX , then we see that
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                      ))}(),(,(2))(),(,({)(),(,( nnnnn yTyTyGuTuTuGkyTyTuG                

(3.2.6)            ))(),(,(2))(),(,( nnnnn yTyTyGkyTyTuG          

Also by the use of definition of G -metric , we note that

                      ))(),(,(),,())(),(,( nnnnnn yTyTuGuuyGyTyTyG  ,

But from equation (3.2.6), we have

                     ))(),(,(2),,(2))(),(,( nnnnn yTyTuGkuuyGkyTyTuG 

                     
).,,(

21

2
))(),(,( uuyG

k

k
yTyTuG nnn 



As n , 0))(),(,( nnn yTyTyG and thus by Proposition 3.1.8 

TuuyT n )( , therefore T is G - continuous at u .

Thus the conclusion of theorem holds.

Corollary 3.1[13]. Let ),( GX be a complete G - metric spaces, and let 

XXT : be a mapping satisfying the following condition for some m N 

(3.2.7)   










 


))(),(,(

)(),(,())(),(,(
))(),(),((

zTzTzG

yTyTyGxTxTxG
kzTyTxTG

mm

mmmm
mmm

for all Xzyx ,, , where 









3

1
,0k . Then T has unique fixed point (say u ), and 

mT is G -continuous at u .

Proof. By  above  theorem, we can easily note that that mT has  a unique  

fixed  point (say u ), that is, uuT m )( , and )(uT m is G -continuous at u . 

But       )(()())(()( 1 uTTuTuTTuT mmm   ,

So, )(uT is another fixed point for mT and by uniqueness of fixed point 

uTu  .
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Theorem 3.2.2[13]. Let ),( GX be a complete G -metric space, and let 

XXT : , be a mapping satisfying the following condition 

(3.2.8)       






 


))(),(,(

))(),(,())(),(,(
),,())(),(),((

xTxTxG

zTzTzGyTyTyG
zyxGzTyTxTG 

for all Xzyx ,, , where  130   .Then T has unique fixed points (say u ), 

and T is G -continuous at u .

Proof. Suppose that T satisfies condition (3.2.8). Then for all Xyx ,

(3.2.9)             )],,,(2),,([),,(),,( TyTyyGTxTxxGyyxGTyTyTxG                                   

(3.2.10)         )],,(2),,([),,(),,( TxTxxGTyTyyGxxyGTxTxTyG                                 

Let ),( GX is symmetric, then  from  the equation (i) of Proposition 3.1.6, 

we get             ),,(2),( TyTyTxGTyTxdG 

and by using (3.2.8)

                      )},,(4),,(2),,(2),( TyTyyGTxTxxGyyxGTyTxdG  

(3.2.11)         ),(2),(),(),( TyydTxxdyxdTyTxd GGGG  

Since 130   , then the condition (3.2.11) satisfy the condition (3.1.8), 

so the existence and uniqueness of the fixed point follows from Theorem 

3.1.1.

If ),( GX is not symmetric then from Proposition 3.1.6, we find that

                     ),,(),,(),( TxTxTyGTyTyTxGTyTxdG 

Using (3.2.9) and (3.2.10), we get  

                      
 

XyxTyTyyG

TxTxxGxxyGyyxGTyTxdG




,),,,(3

),,(3),,(),,(),(




Again by the use of definition of metric ),( GdX and (ii) of Proposition 3.1.6,
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we get,       .,),,(2),(2),(),( XyxTyydTxxdyxdTyTxd GGGG  

Since  220  need not be less than one, therefore the above 

condition gives no information about this map. 

But existence of fixed point can be proved using property of G -metric.

Let Xx 0 , be an arbitrary point, and define the sequence }{ nx by )( 0xTx n
n  , 

then by  the use of condition (3.2.8), we get 

                   }),,(2),,({),,(),,( 111111   nnnnnnnnnnnn xxxGxxxGxxxGxxxG 

                   ),,()(),,()21( 111 nnnnnn xxxGxxxG   

Hence,        ),,(
21

),,( 111 nnnnnn xxxGxxxG  






Suppose 



21


q , as 130      10  q

therefore,    ),,(),,( 111 nnnnnn xxxGqxxxG  

Similarly,    )},,(2),,({),,(),,( 11121121 nnnnnnnnnnnn xxxGxxxGxxxGxxxG   

                   ),,(
21

),,( 1121  


 nnnnnn xxxGxxxG



        

                   ),,(),,( 1121   nnnnnn xxxGqxxxG

Therefore,   ),,(),,( 112
2

11   nnnnnn xxxGqxxxG

Continuing in the same manner, we get

(3.2.12)       ).,,(),,( 11011 xxxGqxxxG n
nnn 

Also for all mn, N, mn  , by  the use of rectangle inequality, we obtain

                            ),,(.......

),,(),,(),,(),,(

1

33222111

mmm

nnnnnnnnnmmn

xxxG

xxxGxxxGxxxGxxxG







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and by using (3.2.12), we get

                  ),,()........(),,( 110
11 xxxGqqqxxxG mnn

mmn
 

                                    ),,(
1 110 xxxG

q

qn




Since 10  q 0),,(lim
,


 mmn

mn
xxxG .Thus }{ nx is G -Cauchy sequence and 

),( GX is complete therefore there exists Xu  such that }{ nx is G -

convergent to u in ),( GX .

Next we will show that u is a fixed point.

Let if possible, uuT )( .

Then,        },))(),(,(2),,({),,())(),(,( 11 uTuTuGxxxGuuxGuTuTxG nnnnn   

Since the function G is continuous on its variables, therefore by letting 

n ,we get

                  )).(),(,(2))(),(,( uTuTuGuTuTuG 

which is a contradiction to our supposition. Therefore )(uT must be equal   

to u . This implies u is a fixed point.

Now we prove the uniqueness of fixed point. For this we consider u and v

are two fixed points for T . Then

                  ))}(),(,(2))(),(,({),,())(),(),(( vTvTvGuTuTuGvvuGvTvTuTG  

As )(uTu  and )(vTv  , this implies that

                  
),,(0

}))(),(,(2))(),(,({),,(),,(

vvuG

vTvTvGuTuTuGvvuGvvuG







    

This further implies that vu  , since 10   .

Next we  show  that  T is G -continuous at u , let Xyn }{ be a sequence 

converges to u in ),( GX , then we see that
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               }))(),(,(2)(),(,({),,())(),(,( nnnnnnn yTyTyGuTuTuGyyuGyTyTuG  

(3.2.12)   ))(),(,(2),,())(),(,( nnnnnnn yTyTyGyyuGyTyTuG  

Also, by the use of definition of G -metric, we note that

               )),(),(,(),,()(),(,( nnnnnn yTyTuGuuyGyTyTyG         

But from equation (3.2.12) ,we have 

               ))(),(,(2),,(2),,())(),(,( nnnnnnn yTyTuGuuyGyyuGyTyTuG  

               
),,(

21

2
),,(

21
))(),(,( uuyGyyuGyTyTuG nnnnn 










 .

As n , ,0))(),(,( nnn yTyTyG and thus by Proposition 3.1.8, 

.)( TuuyT n  Therefore T is G -continuous at u.

Thus the conclusion of theorem holds.

Corollary 3.2 [13]. Let ),( GX be a complete G - metric spaces, and let 

XXT : be a mapping satisfying the following condition for some m N 

(3.2.13)   






















))(),(,(

)(),(,(

)(),(,(

),,())(),(),((

zTzTzG

yTyTyG

xTxTxG

zyxGzTyTxTG
mm

mm

mm

mmm 

for all Xzyx ,, , where 130   .Then T has a unique fixed point (say u ), 

and mT is G -continuous at u .

Proof. By above theorem, we can easily seen  that mT has a unique fixed 

point (say u ), that is, uuT m )( , and )(uT m is G -continuous at u . But         

)(()())(()( 1 uTTuTuTTuT mmm  

So, )(uT is another fixed point for mT and by uniqueness of fixed point 

uTu  .
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