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ABSTRACT 

Likelihood of the presence of uncertainties in engineering systems is an unhidden, yet, widely 

accepted fact. Uncertainties are usually encountered in input variables (Loading, Material 

properties, Geometrical properties, etc.), in response variables (Displacements, Stresses, etc.), 

and in the relationships between them. All these uncertainties can be dealt with the aid of 

‘Reliability Analysis’, thereby, providing the engineers accurate predictions of the probability 

of a structure performing adequately during its lifetime. 

Hence, it can be ascertained that ‘Uncertainty Analysis’ of any structural system is an important 

part of engineering probabilistic analysis. Uncertainty analysis incorporates: (a) Evaluation of 

the statistical moments of the response, (b) Assessment of the entire probabilistic distribution 

of the response, and (c) Computation of the parametric sensitivity analysis of the sytem. The 

actual model of system’s response is usually a high-dimensional function of input variables. 

Although Monte Carlo Simulation (MCS) has been standardized for the same purpose, yet, it 

may necessitate extra analytical efforts to achieve an acceptable level of accuracy, especially 

for the analysis of complex deterministic systems. Hence, development of a robust, 

computationally effective and easy-to-implement framework is genuinely necessitated to 

overcome the potential inhibitions involved in the MCS’ implementation for the reliability 

analysis of structures. 

As an effective substitute to MCS, this study proposes “Multiplicative Dimensional Reduction 

Method (MDRM)” to ease out the reliability analysis of structural systems. Further, this study 

advances ‘MDRM’ by combining it with the “Maximum Entropy (MaxEnt) Principle”, 

wherein, ‘Fractional Moments’ and not traditional ‘Integer Moments’ are considered as 

constraints. This novel computational approach allows fairly accurate estimations of both the 

statistical moments and the probabilistic distribution of the response of interest. In addition, 

the proposed scheme provides the ‘Global-Variance based Sensitivity Indices’ as a by-product. 

Therefore, no extra computational efforts are necessitated for sensitivity analysis. The entire 

work is performed by integrating Microsoft Excel and MATLAB. 

The efficiency and efficacy of the proposed approach for the structural reliability analysis is 

demonstrated through pilot study and two main studies. The pilot study is based upon the 

‘Minimum Tensile Reinforcement Required in Beams’. The main studies implement MDRM 

for probability based “Seismic Analysis of a 4—Storeyed RCC Frame”, with a different pattern 

of input variables. 
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To sum up, it can be envisaged that the proposed approach is computationally affordable 

without compromising accuracy, as it saves lot of time, thereby yielding similar results with 

reasonable accuracy as provided by time consuming and computationally expensive standard 

technique like MCS. The results of such work have significance in future studies for the 

estimation of the probability of the response exceeding a safety limit and for establishing safety 

factors related to acceptable probabilities of structural failures. 

 

                                                                                                                                                                                                                  

  



vi 

 

TABLE OF CONTENTS 

CHAPTER                                                                                                                   Page No. 

Declaration………………………………………………………………………………… ii 

Acknowledgement…………………………………………………………………………. iii 

Abstract……………………………………………………………………………………. iv 

Table of Contents………………………………………………………………………….. vi 

List of Tables……………………………………………………………………………… ix 

List of Figures…………………………………………………………………………….. xi 

List of Notations…………………………………………………………………………… xiii  

Chapter 1   Introduction………………………………………………………………….. ...1 

1.1 Reliability Engineering……………………………………………………. ...1 

1.2 Motivation…………………………………………………………………. ...1 

1.3 Objectives and Research Significance……………………………………. ...3 

1.4 Outline of the Dissertation……………………………………………….. ...4 

Chapter 2   Literature Review……………………………………………………………. ...5 

2.1 Uncertainty Analysis………………………………………………………. ...5 

2.2 Methods for Reliability Analysis………………………………………….. ...7 

2.2.1 Monte Carlo Simulation (MCS)………………………………………8 

2.3 Fractional Moment and Information-Theory Concepts……. ………………..11 

2.3.1 Fractional Moment…………………………………………………. ..11 

2.3.2 Entropy-Based Probability Distribution—Information Theory 

Concepts………………………………………………………………….13  

2.3.2.1    General—Self-Information………………………………………. ..13 

2.3.2.2    Entropy…………………………………………………………14  

2.3.2.3    Maximum Entropy (MaxEnt) Principle………………….. ..15 

2.4 Sensitivity Analysis………………………………………………………... ..15 

Chapter 3   Multiplicative Dimensional Reduction Method (MDRM)………………… ..18 

3.1 Introduction………………………………………………………………… ..18 



vii 

 

3.1.1 Background………………………………………………………… ..18 

3.1.1 Objective…………………………………………………………… ..20 

3.1.1 Organisation………………………………………………………... ..21 

3.2 Fundamentals of Multiplicative Dimensional Reduction Method (MDRM)

 ……………………………………………………………………... ..21 

3.2.1 Background………………………………………………………… ..21 

3.2.2 Evaluation of The Statistical Moments Of The Response………… ..22 

3.2.3 Entropy Based Probability Distribution……………………………. ..23 

3.2.4 Computational Effort………………………………………………. ..26 

3.2.5 Global Sensitivity Analysis………………………………………... ..26 

3.2.5.1    Primary Sensitivity Coefficient………………………….. ..26 

3.2.5.2    Total Sensitivity Coefficient ………………………………..28 

3.3 Gauss Quadrature Scheme…………………………………………………. ..30 

3.4 MDRM Implementation……………………………………………………...33 

3.4.1 Pilot Study—Reliability Analysis for the “Minimum Tensile 

Reinforcement Required in Beams”……………………………………….. ..35 

3.4.2 Evaluation Of The Statistical Moments of the Response………… ..36 

3.4.3 Computation Of The Statistical Distribution of Response………… ..38 

3.4.4 Evaluation Of Sensitivity Coefficients…………………………….. ..44 

3.5 Conclusion…………………………………………………………………. ..45 

Chapter 4   MDRM Implementation—Seismic Analysis Of a 𝟒- Storeyed RCC 

jdhkjhjkd Structure………………………………………………………………………. ..47 

4.1 Introduction………………………………………………………………… ..47 

4.2 Objective…………………………………………………………………… ..48 

4.3 Organisation………………………………………………………………... ..48 

4.4 “Main Study-1”—Reliability Analysis Of a 4-Storeyed RCC Structure With 

′16′ Input Variables………………………………………………………... ..48 

4.4.1 Description Of RCC-Frame………………………………………... ..48 

4.4.2 Input Grid For MDRM…………………………………………….. ..52 

4.4.3 Statistical Moments Of The Structural Response………………….. ..56 

4.4.4 Statistical Distribution Of The Response…………………………... ..59 

4.4.5 Global Sensitivity Indices Using MDRM………………………….. ..62 



viii 

 

4.5 “Main Study-2”—Reliability Analysis Of a 4-Storeyed RCC Structure With 

′203′ Input Variables………………………………………………………. .62 

4.5.1 General Description………………………………………………... .62 

4.5.2 Input Grid For MDRM…………………………………………….. .75 

4.5.3 Statistical Moments Of The Structural Response………………….. .77 

4.5.4 Probabilistic Distribution Of The Structural Response……………. .79 

4.5.5 Global Sensitivity Indices Using MDRM………………………….. .82 

4.6 Computational Time……………………………………………………….. .84 

4.7 Conclusion…………………………………………………………………. .84 

Chapter 5   Conclusions And Recommendations…………………………………………86 

5.1 Summary…………………………………………………………………… .86 

5.2 Conclusions………………………………………………………………… .86 

5.3 Recommendations For Future Research…………………………………… .87 

References And Bibliography……………………………………………………………... .89  

 

 

 

 

 

 

 

 

 

 

 



ix 

 

LIST OF TABLES 

Sr. No.                                                    Table Details                                                Page No. 

Chapter 3 

  Table 3.1   Gaussian Integration Formulation for One-Dimensional Fractional           

Moment Calculation (Zhang and Pandey, 2013)………………………………………….. 33 

  Table 3.2   Weights and Points of the Five-order Gaussian Quadrature Rules (Davis and 

Rabinowitz, 1984; Zwillinger, 2011)………………………………………………………. 33 

  Table 3.3   Statistics of Random Variables associated to the Minimum Tensile 

Reinforcement………………………………………………………………………  35 

  Table 3.4   Input Grid for the Response Evaluation……………………………………… 36 

  Table 3.5   Output Grid for Each Cut-Function Evaluation………………………………. 37 

  Table 3.6   Statistical Moments of the Response…………………………………………. 38 

  Table 3.7   MaxEnt Parameters for the Minimum Tensile Reinforcement……………….. 39 

  Table 3.8   Global Sensitivity Indices Using MDRM…………………………………….. 44 

Chapter 4 

  Table 4.1   Assumed Preliminary Data Required for the Analysis of Frame…………….. 50 

  Table 4.2   Statistics of Random Variables Associated to the Proposed Structural 

System……………………………………………………………………………………… 51 

  Table 4.3 (a)   Input Grid for the Response Evaluation………………………………….. 53 

  Table 4.3 (b)   Input Grid for the Response Evaluation…………………………………... 54 

  Table 4.3 (c)   Input Grid for the Response Evaluation…………………………………... 55 

  Table 4.4 (a)   Output Grid for Each Cut-Function Evaluation…………………………... 56 

  Table 4.4 (b)   Output Grid for Each Cut-Function Evaluation…………………………... 57 

  Table 4.4 (c)   Output Grid for Each Cut-Function Evaluation…………………………... 57 

  Table 4.4 (d)   Output Grid for Each Cut-Function Evaluation…………………………... 58 

  Table 4.5   Statistical Moments of the Response…………………………………………. 58 

  Table 4.6   MaxEnt Parameters for the Base Shear………………………………………. 60 

  Table 4.7   Global Sensitivity Indices Using MDRM…………………………………….. 62 



x 

 

  Table 4.8 (a)   Statistics of Random Variables associated to the Proposed Structural 

System……………………………………………………………………………………… 66 

  Table 4.8 (b)   Statistics of Random Variables associated to the Proposed Structural 

System……………………………………………………………………………………… 67 

  Table 4.8 (c)   Statistics of Random Variables associated to the Proposed Structural 

System……………………………………………………………………………………… 68 

  Table 4.8 (d)   Statistics of Random Variables associated to the Proposed Structural 

System……………………………………………………………………………………… 69 

  Table 4.8 (e)   Statistics of Random Variables associated to the Proposed Structural 

System……………………………………………………………………………………… 70 

  Table 4.8 (f)   Statistics of Random Variables associated to the Proposed Structural 

System……………………………………………………………………………………… 71 

  Table 4.8 (g)   Statistics of Random Variables associated to the Proposed Structural 

System……………………………………………………………………………………… 72 

  Table 4.8 (h)   Statistics of Random Variables associated to the Proposed Structural 

System……………………………………………………………………………………… 73 

  Table 4.8 (i)   Statistics of Random Variables associated to the Proposed Structural 

System……………………………………………………………………………………… 74 

  Table 4.9   Input Grid for the Response Evaluation……………………………………… 76 

  Table 4.10   Output Grid for Each Cut-Function Evaluation……………………………... 78 

  Table 4.11   Statistical Moments of the Response………………………………………... 79 

  Table 4.12   MaxEnt Parameters for the Base Shear……………………………………... 80 

  Table 4.13   Global Sensitivity Indices Using MDRM…………………………………… 83 

 

 

 

 

 

 

 

 



xi 

 

LIST OF FIGURES 

Sr. No.                                                    Figure Details                                               Page No. 

Chapter 2 

  Figure 2.1   Interference of Strength and Load Variables (scanned from Christensen and 

Baker, 1986)………………………………………………………………………………... 6 

  Figure 2.2   Typical work flowchart for ‘Monte Carlo Simulation (MCS)’ (R.H. Crawford 

and S.S. Rao, 1989)………………………………………………………………………… 9 

Chapter 3 

  Figure 3.1   Typical work flowchart for “Multiplicative Dimensional Reduction Method 

(MDRM)”………………………………………………………………………………….. 34 

  Figure 3.2 (a)   “Probability Density Function (PDF)” and “Cumulative Distribution 

Function (CDF)” Plots for ′𝑚 = 2′ ……………………………………………………….. 41 

  Figure 3.2 (b)   “Probability of Exceedance (POE)” Plot for ′𝑚 = 2′ …………………... 41 

  Figure 3.3 (a)   “Probability Density Function (PDF)” and “Cumulative Distribution 

Function (CDF)” Plots for ′𝑚 = 3′ ……………………………………………………….. 42 

  Figure 3.3 (b)   “Probability of Exceedance (POE)” Plot for ′𝑚 = 3′ …………………... 42 

  Figure 3.4 (a)   “Probability Density Function (PDF)” and “Cumulative Distribution 

Function (CDF)” Plots for ′𝑚 = 4′ ……………………………………………………….. 43 

  Figure 3.4 (b)   “Probability of Exceedance (POE)” Plot for ′𝑚 = 4′ ………………….. 43 

Chapter 4 

  Figure 4.1   Plane Frame Structure and Its Lumped Mass Model (1)……………………. 49 

  Figure 4.2   Plan showing the Columns and Beams at “Floor” of the Plane Frame………49 

  Figure 4.3   “Probability Density Function (PDF)” and “Cumulative Distribution Function 

(CDF)” Plots……………………………………………………………………………….. 61 

  Figure 4.4   “Probability of Exceedance (POE)” Plot……………………………………. 61 

  Figure 4.5   Plane Frame Structure and Its Lumped Mass Model (2)……………………. 63 

  Figure 4.6 (a)   Plan showing the Columns and Beams at “Floor-1” of the Plane Frame...64 

  Figure 4.6 (b)   Plan showing the Columns and Beams at “Floor-2” of the Plane Frame...64 

  Figure 4.6 (c)   Plan showing the Columns and Beams at “Floor-3” of the Plane Frame... 64 

  Figure 4.6 (d)   Plan showing the Columns and Beams at “Roof” of the Plane Frame…...65 



xii 

 

  Figure 4.7   “Probability Density Function (PDF)” and “Cumulative Distribution Function 

(CDF)” Plots……………………………………………………………………………….. 81 

  Figure 4.8   “Probability of Exceedance (POE)” Plot……………………………………. 81 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



xiii 

 

LIST OF NOTATIONS 

Notation                          Significance 

   𝒃(𝒙)                      --     Simulation result 

  𝒃𝒊(𝒙𝒊)                    --      One-dimensional cut-function 

  𝒃𝟎                           --     Response Constant 

  𝑪𝑶𝑽                       --     Coefficient Of Variation 

  𝑬[ ]                      --     Mathematical “Expectation Operation” 

  𝑬𝒏𝒕[𝒇]                   --     True Entropy                      

  𝒇𝒔(𝒔)                      --     Probability Density Functions (PDF) of strength variable 

  𝒇𝒍(𝒍)                       --     Probability Density Functions (PDF) of load variable 

  ∬ 𝒇𝑺,𝑳 (𝒔, 𝒍)            --     Joint Probability Density Function (Joint-PDF)—(1) 

  𝒇𝑿(𝒙)                     --     Joint Probability Density Function (Joint-PDF)—(2) 

  𝒇𝒀(𝒚)                     --     Probability Density Function 

  𝒇̅𝒀(𝒚)                     --     Estimated Probability Density Function 

  𝒈(𝒙)                       --     Limit state function 

   𝒋𝒕𝒉                         --     Gauss Quadrature Point 

  𝑴𝜹
𝒀                         --     Fractional Moment 

  𝒏                            --     Number of Independent Input Random Variables 

  𝑵                            --     Total number of MCS trials—(1) 

  𝑵                            --     Number of Gauss Quadrature points—(2) 

  𝑵𝒇𝒂𝒊𝒍                      --      Number of trials for which a structural failure is indicated by the  

hdjkhdkjsdhskdskdjskdjsk limit state function 

  𝒑𝒇𝒂𝒊𝒍                       --     Probability of failure 

  𝑷𝒇,𝑴𝑪𝑺                    --     Probability Of Failure In Monte Carlo Simulation 

  𝒒                             --     Any Positive integer 

  𝒓                             --     Co-ordinates of Cut-point 

  𝑺𝒊                            --     Primary Sensitivity Coefficient 



xiv 

 

  𝑺(∙)                         --     Self-Information (Measure Of Uncertainty) 

  𝑺𝑻𝒊                          --     Total Sensitivity Coefficient 

  𝑻[𝒇, 𝒇̅]                    --     Cross-Entropy 

  𝑽𝒂𝒓𝒀                      --     Variance of the Scalar Response 

  ′𝒘𝒋                          --     Weights of the quadrature points      

   𝒙                            --      Input Random Variables’ vector 

   𝑿                            --     Any Random Variable 

   𝒀                            --     Output Response Function 

  𝒚𝒄𝒓                          --     Safety threshold 

  𝒛                             --     Any continuous positive random variable 

  𝒛𝒋                            --     Gauss point 

  𝜹                             --     Any real number (fraction, not an integer) 

  𝓛                             --     Lagrangian Function 

  𝝀𝒊                            --     Lagrangian Multiplier 

 𝝋𝒊                            --     Mean Of Cut-Function 

 𝝉𝒊                             --     Mean-Square Of Cut-Function 

 𝝁𝒚                            --     Mean of the Output Response Function 

 𝝁𝟐𝒚                          --     Mean of the Output Response Function 

 𝝈𝒀                            --     Standard Deviation of the Output Scalar Response 

 

 

  



1 

 

CHAPTER 1                                                                                       

INTRODUCTION 

 

1.1 RELIABILITY ENGINEERING 

“Reliability Engineering” came into being as a separate discipline, at first, in the United States 

Of America during the mid of 20th century, specifically during the early 1950s. The theory of 

reliability grew owing to the complexity as well as inevitability of problems, related to the 

electronic systems designed for use in the “Second World War”. It was ascertained that amidst 

the war, more than half of the equipment, either shipped or in storage became unserviceable or 

inoperative, even before its utilisation. Owing to these difficulties, “Reliability” was made an 

imperative step to be followed at an early stage in the design, development and production of 

any new system. 

Meanwhile, the infrastructure was being developed as well, thereby leading to the construction 

of large-scale and complex structures. Although the safety aspects of structures were being 

studied, be it the study on fatigue life of materials or the pattern of loading systems, yet the 

failure data was not substantial, or, say, was relatively scarce, to achieve a certain level of 

confidence in the field of reliability. However, Reliability is not something, that is 

accomplished accidently; it has to be integrated into the system as an inherent characteristic to 

generate confidence and hence, success. 

 

1.2 MOTIVATION 

In today’s fiercely competitive world, every engineering system is envisaged to perform 

effectively over its anticipated life span; the field of “Structural Engineering” is no exception. 

No system is said to be reliable, unless it is analysed explicitly for “reliability”. The concept of 

reliability holds great prominence because an engineer must design a structure that shall 

perform satisfactorily both in theory and practice. Since, uncertainties are unavoidable in 

practicality, therefore, “Reliability Analysis” emerges as a mandatory step, which has to be 

applied to quantify the structural safety. In each field problem, be it a bridge design problem, 

design of industrial structures, or design to withstand dynamic loading, the success holds upon 
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satisfying the reliability requirements to a sound level. Thus, a perfect amalgam of any design 

method with the reliability analysis is gaining popularity in engineering practice. 

Having said about the integration of the reliability with the structural systems, it can be further 

emphasized that reliability is an investigative concept, encompassing statistical and 

engineering aspects. The concept necessitates sound organisation for the recognition and 

elimination of the causes of failures like static failure, fatigue failure, instability, etc. In general, 

any structural component, be it a beam, column, or a slab, is assumed to be distinctive in 

conventional design. The analysis and design of the component is dependent on geometry, 

material properties and the loads it is supposed to bear. Although in conventional design, the 

nominal values of all these parameters are presumed to be unique, yet in practice, all would be 

random variables in nature. The values of these random parameters would move around their 

respective mean (or expected) values in the probabilistic analysis of structures. 

The explanation lies in the fact that during the rolling process of structural members in a rolling 

mill, the shaping rollers won’t remain as it is, but would undergo gradual wear, thereby leading 

to the variations in the geometry of a member being rolled. Furthermore, fabrication and 

assembling procedures may also bring in such variations. The loads, be it dead, live or dynamic, 

are also considered to be varying parameters owing to deviations in the specific weight 

densities of materials used as well as fluctuations in the working environment around the 

structure. 

Furthermore, “Monte Carlo Simulation (MCS)” is one such powerful engineering tool, which 

is widely recognised for its numerical accuracy as far as the statistical analysis and prediction 

of uncertainties in engineering systems is concerned. However, the method which can 

approximate accurate solutions for a problem can become computationally expensive, 

whenever it is applied for statistical analysis of the complex deterministic systems, like 

Dynamic Analysis of Structures, Finite Element Analysis, etc. which take long time to get 

evaluated. In addition, this technique doesn’t perform sensitivity analysis on its own. Some 

extra analytical efforts are necessitated for the global-variance based sensitivity analysis, if 

we’re using MCS for the reliability. Thus, the computational cost involved in implementing 

MCS in such scenarios may prove to be deterrent, despite MCS being a versatile, well-

understood and easy-to-implement method. 

Thus, development of a robust, computationally effective and easy-to-implement framework is 

genuinely necessitated to overcome the potential inhibitions involved in the MCS’ 
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implementation for the reliability analysis of structures; Henceforth, this becomes the main 

motivation behind this research investigation. 

 

1.3 OBJECTIVES AND RESEARCH SIGNIFICANCE 

The main focus of this work is to evolve and implement a computational method for both the 

reliability and sensitivity analyses of structures, while catering to the uncertainties in applied 

loads, materials and geometrical properties, etc. The research has the following specific 

objectives: 

 Develop a robust and computationally efficient “Multiplicative Form of Dimensional 

Reduction Method (M-DRM)” to approximate the structural response and the 

probabilistic distribution of the same response in practical structural systems, 

considering uncertainties in the input parameters; 

 Develop a robust and computationally efficient “Multiplicative Form of Dimensional 

Reduction Method (M-DRM)” to estimate the probabilistic distribution of the 

structural response, in conjunction with the ‘Maximum Entropy Principle (MaxEnt 

Principle’, where ‘Fractional Moments’ are considered as constraints; 

 Implement “Multiplicative Dimensional Reduction Method (MDRM)” to estimate the 

structural response and its statistical variation in the ‘Pilot Study’ based on the 

“Minimum Required Tensile Reinforcement in Beams”; 

 Implement “Multiplicative Dimensional Reduction Method (MDRM)” in the 

“Seismic Analysis (Response Spectrum Method) of a 4-storeyed Structure”, subjected 

to input uncertainties, thereby examining the efficiency and efficacy of the developed 

method vis-à-vis MCS. 

Moreover, Realistic predictions can be acquired from the proposed framework for the 

reliability analysis and this can lead to future development of experimental, computational and 

analytical research programmes. Therefore, a logical criteria for strength and serviceability 

requirements of practical problems can be developed on this very basis. 
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1.4 OUTLINE OF THE DISSERTATION 

Chapter 2 imparts an extensive literature review on the Uncertainty Analysis and Fundamentals 

of Fractional Moment and Information Theory. The Monte Carlo Simulation method is also 

reviewed, being one of the eminent reliability methods. The fundamentals of sensitivity 

analysis are discussed at the end of this chapter. 

Chapter 3 imparts an in-depth view to the proposed method, i.e., MDRM, for estimating the 

probability statistics and distribution of the structural response, coupled with the sensitivity 

analysis. It also presents the concept of Gauss-Quadrature scheme, fundamentals of the 

Maximum Entropy Principle, and the associated computational cost of MDRM. The steps 

necessitated to apply the proposed method are expatiated through a pilot-study on the 

‘Minimum Required Tensile Reinforcement in Beams’, with the consideration of uncertain 

input random variables. 

Chapter 4 elaborates the applicability of MDRM for the “Seismic Analysis (Response  

Spectrum Method) of a 4 −storeyed building” and ‘Global-Sensitivity analysis’, subjected to 

input uncertainties, thereby examining the efficiency and efficacy of the same. The Monte 

Carlo Simulation technique is also applied, for the sake of comparison with the results of 

MDRM. 

Chapter 5 recapitulates the results and conclusions of this research, coupled with some future 

research recommendations. 
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CHAPTER 2                                                                                

LITERATURE REVIEW 

 

2.1 UNCERTAINTY ANALYSIS 

For structures to perform adequately during their lifetime, Civil Engineers have to analyse and 

design them as precisely as they can. However, even under identical conditions, some variables 

such as material properties, geometrical properties, applied loads, etc. may or may not possess 

exactly the same contemplated values. This suggests that the engineers have to deal with these 

uncertainties, as the adequacy of the performance of the structural systems as well as future 

projects is highly relied upon these readings. 

In general, the sources of uncertainties are categorised as either ‘Aleatory’ or ‘Epistemic’. The 

word “Aleatory” is derived from the Latin word “Alea”, which signifies rolling of dice: And, 

“Episteme” is a Greek word for “Epistemic”, signifying knowledge. Hence, uncertainty 

incorporating the randomness of the naturally occurring phenomenon, such as the earthquake 

statistics (magnitude and duration), defines the ‘Aleatory’, while the uncertainty associated to 

the inaccuracies of science, owing to the dearth of knowledge or data, is categorised as 

‘Epistemic’ (Der Kiureghian and Ditlevsen, 2009). In addition, both sources of uncertainties 

are involved in almost every engineering problem, but the decision is all dependant on 

circumstances. Say, Consider “X” is any material property (a basic random variable); for 

example, “Characteristic Strength of Steel”. So, if there is a conversation about the strength of 

steel in an existing building, then, it can be ascertained that specimens can be acquired from 

the site for testing, thereby, informing about the strength. Since, this information is all about 

the data, either substantial or scarce, therefore, the uncertainty in the same must be 

characterized as “Epistemic”. However, the same uncertainty in a future building must be 

considered as “Aleatory”, because the building is yet to be realized, even though, the control 

measures must have been taken in the manufacturing process. As far as the loading systems are 

concerned, the assessment of the source of uncertainty for both existing and future buildings 

somewhat differs, as every engineer tries to realize the future scenarios by gathering as much 

information as possible while designing. Hence, this context categorises load patterns in the 

“Aleatory” format. 
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Having said about the uncertainties, it can be stated that, since the characterization of 

‘deterministic quantities of interest’ as ‘random variables’ is allowed in the probabilistic 

analysis, therefore, it can be used for incorporating these uncertainties in the analysis. 

Likelihood of occurrence of a previously defined event defines the probability. Hence, the 

probability of a structure not performing adequately at a specific time is denoted as its 

‘probability of failure’, while the complement of the same is termed as ‘reliability’ (Madsen et 

al., 1986). 

                                                   𝑹𝒆𝒍𝒊𝒂𝒃𝒊𝒍𝒊𝒕𝒚 = 𝟏 −  𝒑𝒇𝒂𝒊𝒍                                             (2.1) 

Where,  ′𝒑𝒇𝒂𝒊𝒍′ is the ‘probability of failure’ of a structure. Any structural component is not 

considered to be safe or reliable, unless the strength of the same doesn’t exceed the measure of 

load acting on it. As stated before, these factors are treated as random variables for reliability; 

hence, there could be the possibility of interference in the respective distributed values of the 

independent strength and load variables, as shown in Figure (2.1). 

 

 

Figure 2.1 Interference of Strength and Load Variables (Christensen and Baker, 1986) 
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This overlapping of areas can be utilised for computing the probability of failure of the 

structural component. Say, we have the “Probability Density Functions (PDFs)” of strength 

and load variables, namely, 𝒇𝒔(𝒔) and 𝒇𝒍(𝒍), respectively, the reliability of a structural 

component can be formulated as (Christensen and Baker, 1986): 

𝑹 = 𝑷(𝑺 > 𝑳) = 𝑷(𝑺 − 𝑳 > 𝟎) 

                                                       𝑹 = ∬ 𝒇𝑺,𝑳 (𝒔, 𝒍) 𝒅𝒔 𝒅𝒍                                                 (2.2) 

where, " ∬ 𝒇𝑺,𝑳 (𝒔, 𝒍)" signifies the “Joint Probability Density Function (Joint-PDF)”. The 

traditional methods of design, based on the concept of “Factor of Safety” are irrational, owing 

to the fact that the unchanged factor of safety constituting strength and load parameters might 

impart different probabilities of failure or reliabilities in different circumstances. 

 

2.2 METHODS FOR RELIABILITY ANALYSIS 

The main aim of the structural reliability analysis is to formulate the reliability or probability 

of failure of an engineering system with reference to a mathematically modelled failure criteria, 

meanwhile considering uncertainties, which arise in various formats. This section categorises 

well-established methods employed in the structural engineering domain to analyse reliability 

(Nowak and Collins, 2000): 

 Level 1 methods, which incorporate ‘partial safety factors’ in order to ensure the 

adequacy of the reliability of the structure; 

 Level 2 methods, which incorporate approximate methods, say, ‘First Order Reliability 

Method (FORM)’, to calculate the probability of failure on the basis of limit state 

function; 

 Level 3 methods, which incorporate simulations, say ‘Monte Carlo Simulation (MCS)’, 

numerical integration, etc., where the probability of failure is calculated using the 

‘Probability Density Function (PDF)’ of each input variable (random); The method is 

viewed in detail as a sub-part of this section further; 

 Level 4 methods, where the cost and the benefits, related to the construction, 

maintenance, repairs, etc., of structures are also accountable. Moreover, this clause 

comes into picture for structures of valued economic importance, say, highway bridges, 

and, critical infrastructure components like nuclear powerplants, etc. 
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Generally, Reliability analysis proves to be a great aid to engineers to conclude if the structure 

has been designed effectively. Simulation analysis is considered to be the most accurate among 

all for the computation of the probability of failure. However, owing to its high computational 

cost, it can be questioned in the deterministic analysis  of complex structures. Thus, it becomes 

imperative to develop a method, which shall allow the analysis of structures (probabilistic) 

within a feasible computational time. 

 

2.2.1 Monte Carlo Simulation (MCS) 

The Monte Carlo Simulation (MCS) method was first presented by “Metropolis and Ulam 

(1949)”. It is a numerical approach, an experiment performed analytically instead of being 

performed in a laboratory. The main originators of this method, John Von Neumann and 

Stanislav Ulam, had named it after the casino games, typically the roulette wheel of the ‘Monte 

Carlo City’ situated at Monaco. The roulette wheel was the chosen one owing to its simplicity 

to generate random numbers. Similarly, this method necessitates the incorporation of many 

random (pseudo) numbers through the simulation process; Moreover, this method became 

widely acceptable with the evolvement of computers. 

As far as the structural reliability is concerned, the Monte Carlo method incorporates the 

construction of trial structures on a computer using generated random numbers accordingly. 

This further leads to the computation of percentage of structures failing in the analysis. It is an 

obvious statement that a large number of trials are essential to accomplish high confidence at 

lower levels of failure probability, thereby making the simulation technique a costly affair, 

though convenient. 

Furthermore, the entire procedure of this method is demonstrated as a flow diagram, Figure 

(2.2); 
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Figure 2.2 Typical work flowchart for ‘Monte Carlo Simulation (MCS)’ (R.H. Crawford 

and S.S. Rao, 1989) 

 

It can be ascertained that the reliability analysis of structures incorporates the limit state 

function as (Nowak and Collins, 2000): 

Set the total no. of 

experiments to be 

conducted (N) 

Identify the random 

parameters of the system 

Assume suitable 

distribution for identified 

random parameters 

 Parameters 

Set Experiment 

No.  𝒊 = 𝟏 

 

Generate a uniformly 

distributed random 

number for each 

random variable 

 

Convert each random number 

to correspond to appropriate 

distribution 

Using the randomly 

generated set of 

parameters, evaluate the 

response of the system 

Examine the system’s 

response and determine 

whether the experiment is a 

success or a failure 

𝒊 =  𝒊 +  𝟏 Is 𝒊 =
 𝑵? 

Compute reliability of system as  

𝑹 =  
𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒇 𝒔𝒖𝒄𝒄𝒆𝒔𝒔𝒇𝒖𝒍 𝒆𝒙𝒑𝒆𝒓𝒊𝒎𝒆𝒏𝒕𝒔

𝑻𝒐𝒕𝒂𝒍 𝑵𝒐. 𝒐𝒇 𝑬𝒙𝒑𝒆𝒓𝒊𝒎𝒆𝒏𝒕𝒔
  

Yes 

No 
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                                       𝒈(𝒙)  =  𝒚𝒄𝒓 − 𝒃(𝒙) {
> 𝟎 ↔ 𝒔𝒂𝒇𝒆 𝒔𝒕𝒂𝒕𝒆
= 𝟎 ↔ 𝒍𝒊𝒎𝒊𝒕 𝒔𝒕𝒂𝒕𝒆

      < 𝟎 ↔ 𝒇𝒂𝒊𝒍𝒖𝒓𝒆 𝒔𝒕𝒂𝒕𝒆 
}                   (2.3) 

where ′𝒈(𝒙)′ denotes the limit state function, ′𝒚𝒄𝒓′ denotes the safety threshold, ′𝒃(𝒙)′ denotes 

the simulation result and the input random variables’ vector is represented by ′𝒙′, i.e., 𝒙 =

 [𝒙𝟏  , 𝒙𝟐  , … , 𝒙𝒏]. Using Eqn. (2.2), the reliability coupled with the limit state function can be 

formulated as: 

                                                             𝑹 = ∫ 𝒇𝑿𝒈(𝒙)>𝟎
(𝒙) 𝒅𝒙                                             (2.4) 

where ′𝒇𝑿(𝒙)′ denotes the “Joint Probability Density Function (Joint-PDF)” and ′𝒈(𝒙) > 𝟎′ 

signifies the safe domain. Since the limit state function isn’t explicitly defined owing to high 

integral dimension, the Monte Carlo Approach simplifies the probability of failure practically, 

as follows (Choi et al., 2007): 

                                                                          𝑷𝒇,𝑴𝑪𝑺 = 𝑵𝒇𝒂𝒊𝒍/𝑵                                               (2.5) 

where ′𝑵′ denotes the total number of MCS trials and ′𝑵𝒇𝒂𝒊𝒍′ denotes the number of trials for 

which a structural failure is indicated by the limit state function, i.e., 𝒈(𝒙) ≤ 𝟎. Moreover, this 

simplification is accomplished by evaluating the limit state function for each variable through 

the deterministic code formulated for an output response function, ′𝒀 = 𝒃(𝒙)′. In addition, the 

following equation evaluates the percent error incorporated in the estimation of the ′𝑷𝒇,𝑴𝑪𝑺′ 

(Shooman, 1968): 

                                                % 𝒆𝒓𝒓𝒐𝒓 = 𝟐𝟎𝟎√
(𝟏 − 𝑷𝒇,𝑴𝑪𝑺)

𝑵 × 𝑷𝒇,𝑴𝑪𝑺
⁄                           (2.6) 

However, the following equation evaluates the efficiency of the Monte Carlo Method (Madsen 

et al., 2006): 

                                               𝑪𝑶𝑽 = √
(𝟏 − 𝑷𝒇,𝑴𝑪𝑺)

𝑵 × 𝑷𝒇,𝑴𝑪𝑺
⁄                                      (2.7) 

where, for the output response, the desirable coefficient of variation is denoted by ′𝑪𝑶𝑽′. 

According to practical considerations, the error incorporated would be lesser than that 

formulated above. Moreover, in practice, the measure of ′𝑷𝒇,𝑴𝑪𝑺′ would be very small, indeed. 
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Therefore, the necessitated number of functional evaluations, i.e., the total number of MCS 

trials, is formulated as follows: 

                                                    𝑵 ≈ 𝟏/(𝑪𝑶𝑽𝟐 ×  𝑷𝒇,𝑴𝑪𝑺)                                            (2.8) 

The probability of failure, in general, lies between 𝟏𝟎−𝟐 𝒕𝒐 𝟏𝟎−𝟔 (Sudret and Kiureghian, 

2002). Say, for any anonymous structure, consider a 𝟏𝟎% ′𝑪𝑶𝑽′ and 𝟏𝟎−𝟐 be its approximated 

probability of failure, then, the required number of MCS trials is 𝟏𝟎𝟒. Hence, the efficiency of 

MCS is relied upon the total number of required simulations, as shown in the formulations 

above. 

 

2.3 FRACTIONAL MOMENT AND INFORMATION-THEORY CONCEPTS 

Though integer moments do convey important characteristics about a distribution, but it can 

still be potentially misleading in the absence of the concerned distribution. The complete 

information regarding the random variable is provided by its probability distribution. The 

distribution associated with a particular random variable, be it in terms of ‘Probability Density 

Function (PDF)’ or ‘Cumulative Distribution Function (CDF)’, further augments the effective 

reliability analysis for an output response function. Thus, the probabilistic distribution of the 

structural response plays a key role in the risk analysis of engineering systems. Moreover, the 

distribution estimation requires fitting an analytical formulation in order to represent sampled 

measures precisely. Following the concept, there is an approach, which integrates fundamentals 

of the “Information Theory” with the “Principle of Maximum Entropy” to approximate the 

most unbiased probability distribution. Interestingly, to accomplish this task, the Maximum 

Entropy Principle (MaxEnt Principle) is coupled with the concept of “Fractional Moments”, 

which are used as constraints in the process. 

 

2.3.1 Fractional Moment 

The Statistical Moment of any random variable, ′𝑿′ is formulated as: 

                                                               𝑬[𝑿𝒒] = ∫ 𝒙𝒒
𝑿

𝒇𝑿(𝒙)𝒅𝒙                                              (2.9) 



12 

 

where, ′𝒒′ signifies the ‘positively defined integer’ and ′𝒇𝑿(𝒙)′ signifies the ‘continuous 

density function’. For ′𝒒 = 𝟏′ 𝒂𝒏𝒅 ′𝒒 = 𝟐′, the respective statistical moments, i.e., mean and 

variance of a random variable can be evaluated. However, it can be stated that the above 

formulated statistical moment generally refers to a “Positive Integer Moment” (Pandey, 2000). 

Thereafter, for any positive random variable ′𝑿′, an ′𝜹𝒕𝒉′ order fractional moment can be 

formulated as (Zhang and Pandey, 2013): 

                                                        𝑬[𝑿𝜹] = ∫ 𝒙𝜹
𝑿

𝒇𝑿(𝒙)𝒅𝒙                                            (2.10) 

where, ′𝜹′ symbolizes a real number. Say, the probability distribution of ′𝑿′ is given, then, an 

analytic expression for the above formulated fractional moment can be derived. As an example, 

′𝑿′ follows “Lognormal Distribution”, with the probability density function as (Walpole et al., 

2007): 

                                                   𝒇𝑿(𝒙) =
𝟏

√𝟐𝝅𝝈𝒙
𝒆𝒙𝒑 {−

(𝒍𝒏𝒙−𝝁)𝟐

𝟐𝝈𝟐 }                                      (2.11) 

Substituting Eqn. (2.11) in Eqn. (2.10), an analytic expression for an ′𝜹𝒕𝒉′ order fractional 

moment formulated as follows: 

                                                          𝑬[𝑿𝜹] = 𝒆𝒙𝒑 (𝝁 +
𝝈𝟐

𝟐
)                                             (2.12) 

Moreover, to validate the existence of a ′𝒒𝒕𝒉′ order integer moment, the following formulation 

(Piegorsch and Casella, 1985) is the only necessary and sufficient condition, which needs to 

converge: 

                                          ∫ |𝒙𝒒|
∞

𝟎
𝒇𝑿(𝒙)𝒅𝒙 = ∫ 𝒙𝒒∞

𝟎
𝒇𝑿(𝒙)𝒅𝒙 < +∞                             (2.13) 

Thereafter, it can be ascertained that as long as "|𝜹| ≤ 𝒒", where ′𝒒 ≥ 𝟏′, the necessary and 

sufficient condition, formulated above, validates the existence of an ′𝜹𝒕𝒉′ order fractional 

moment. 

Furthermore, there is an another query with reference to the concept of fractional moment, 

which needs to be answered; and that is, what led to the emergence of interest in the application 

of fractional moments with the entropy (explained further) concept? The answer lies in the 

practical shortcomings, usually encountered while employing traditional Maximum Entropy 

Principle (explained further) coupled with integer moments (Inverardi et al., 2003). Out of all 
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the practical difficulties, the thorny one is that a reasonable accuracy is achieved only when a 

large number of statistical moments (𝒐𝒓𝒅𝒆𝒓 ≥ 𝟒) are employed to model the response 

distribution (Pandey and Aiaratnam, 1996; Tagliani, 1994, 1999), unlike the case when 

fractional moments are employed, wherein, a finite number of FMs are required to determine 

the same (Gzyl and Tagliani, 2010). The former case further destabilises the entropy 

maximization algorithm, thereby incorporating large statistical errors in the characterization of 

the distribution. Moreover, the inverse case also holds upon an additional problem, as a group 

of moments can’t derive the distribution of each random variable in a precise manner. Hence, 

as a part of traditional method, the prior assumption regarding the distribution of each input 

random variable has had to be undertaken, thereby holding upon contentious and spurious 

inference. This is not so as far as the fractional moments are concerned, because herein, the 

measures of fractions typically required are less than ‘𝟐’, and these can be reliably 

approximated. Therefore, the distributions of random variables are not to be assumed in the 

latter case. To finalise, it can be inferred that the shortcomings encountered in the traditional 

entropy method can be overcome by the use of fractional moments. 

 

2.3.2 Entropy-Based Probability Distribution—Information Theory Concepts 

2.3.2.1 General—Self-Information 

The “Modern Information Theory” is basically a quantitative approach to conceptualise the 

fundamentals of information with reference to probabilistic theory and statistics. It 

conceptualises the fact that the realization of any random event imparts knowledge regarding 

the event itself, and moreover, this knowledge or information in regard to the event varies 

inversely with the probability of occurrence of an event (Pandey, 2000). 

To formulate a mathematical expression, say, consider a random event, ′𝒀′, which can hold 

upon ′𝒏′ different states, ′𝒀𝟏, 𝒀𝟐, … , 𝒀𝒏′, with their respective probabilities of occurrence 

′𝒑𝟏, 𝒑𝟐, … , 𝒑𝒏′, meanwhile satisfying the natural constraints ′𝒑𝒊 > 𝟎′ 𝒂𝒏𝒅 ′ ∑ 𝒑𝒊
𝒏
𝒊=𝟏 = 𝟏′; 

Then, the self-information in regard to a random event, ′𝒀𝒊′, is formulated as follows: 

                                                   𝑺(𝒀𝒊) = 𝒍𝒐𝒈 (
𝟏

𝒑𝒊
) = −𝒍𝒐𝒈 𝒑𝒊                                          (2.14) 
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The above formulated logarithmic measure for information was first introduced by (Hartley, 

1928). However, this measure is incorporated owing to the following intuitive reasons: Any 

deterministic event, say, ′𝒑𝒊 = 𝟏′, imparts negligible information, or else, the rarer an event is, 

say, ′𝒑𝒊 ≪ 𝟏′, a substantial amount of information is imparted by the realisation. Moreover, the 

direct relation between the self-information of an event and the associated uncertainty is clearly 

conveyed by Eqn. (2.14). In addition, the growth in uncertainty signifies the reduction in the 

probability of occurrence. To sum up, it can be ascertained that ′𝑺(∙)′ is reckoned as a measure 

of uncertainty (Jones, 1979). 

 

2.3.2.2 Entropy 

If the probabilities of occurrence of ′𝒏′ different states of a random event, ′𝒀′, are known at a 

predefined level, then, is it possible to anticipate the outcome ′𝒀𝒊′ of a random experiment in 

advance? To answer the same, we can say that the level of difficulty encountered in this 

prediction depends upon the degree of uncertainty associated with ′𝒀′ (Shannon, 1949). 

However, a measure of uncertainty has been defined by Shannon (1949), to which he referred 

as “Entropy (positive and permutationally symmetric measure)”, usually accounted in 

thermodynamics and statistical mechanics. Furthermore, utilising Eqn. (2.14), formulated to 

mathematically express the concept of “Self- Information”, Shannon’s entropy can be 

formulated as statistical expectation of ′𝑺(𝒀𝒊)′, 

                                                    𝑬𝒏𝒕[𝒀] = − ∑  𝒑𝒊𝒍𝒐𝒈 𝒑𝒊
𝒏
𝒊=𝟏                                            (2.15) 

Similar to the concept of uncertainty associated with the fundamental of self-information, the 

entropy holds on negligible value for an entirely certain outcome, and attains the maximum 

measure, when all outcomes are equally likely to occur, i.e., all are equi-probable. Moreover, 

Eqn. (2.15) holds on for discrete random variable. For continuous positive random variable, 

′𝒛′, with the probability density function, ′𝒇𝒁(𝒛)′, the entropy is formulated as follows (Pandey, 

2000): 

                                             𝑬𝒏𝒕[𝒇] = − ∫ 𝒇𝒁(𝒛) 𝒍𝒐𝒈[𝒇𝒁(𝒛)]𝒅𝒛
𝒁

                                   (2.16) 

In addition, the axiomatic characterization of entropy and its other mathematical properties can 

be referred to in “Kapur and Kesavan, (1992)”. 



15 

 

2.3.2.3 Maximum Entropy (MaxEnt) Principle 

The “Maximum Entropy Principle (MaxEnt) Principle” has been postulated as a rational 

approach by “Jaynes (1957)”; This approach holds upon choosing the most consistent 

distribution with minimum spurious information, among all probability distributions. The 

statement of a principle is as follows: “The most unbiased approximation of a probability 

distribution is the one which maximizes the entropy, or say, uncertainty, further bound by 

constraints, i.e., statistical moments of a random variable”. The chosen distribution is said to 

be unbiased owing to the fact that its formulation incorporates a well-ordered maximization 

procedure of uncertainty with reference to an unknown information. Thus, it can be ascertained 

that “Consistency” is a pivotal requirement in mathematical formulations. To ensure the same, 

“Shore and Johnson (1980)” postulated the following four consistence axioms: 

1) Uniqueness: The final results should be invariably unique; 

2) Invariance: The axes of reference shouldn’t play any role in the quantification of 

results; 

3) System Independence: Any form of information in regard to other independent systems 

shouldn’t matter; 

4) Subset Independence: Any form of information in regard to other independent subsets 

shouldn’t matter. 

However, it has been proved that the entropy maximization procedure imparts rational 

inferences regarding the parent distribution, thereby satisfying all four axioms, stated above. 

In addition to this, the mathematical formulation for the Maximum Entropy Principle with 

fractional moments as constraints is viewed in detail in the next chapter, meanwhile 

incorporating “Lagrangian Function” to approximate the probabilistic distribution. 

 

2.4 SENSITIVITY ANALYSIS 

After we apply the reliability analysis, sensitivity analysis is necessitated as a diagnostic tool 

to validate the performance of the structure (Saltelli et al., 2004). To be precise, this 

computational approach helps the researcher to comprehend which of the specified input 

random variables affects the output the most and the least. Hence, the sensitivity analysis 

quantifies the variation of the output response in respect of the variation of each specified input 

random variable. Adding to this, the structural sensitivity analysis helps in optimizing the 
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structural designs, thereby, formulating the structures to be cost-effective, stable and reliable 

throughout their lifetime. Sensitivity analysis’ methods are usually classified as “Local” and 

“Global” (Saltelli et al., 2008). 

The former sensitivity analysis concentrates on the output response uncertainty, by 

subsequently varying input random variables around their respective fixed (nominal) values 

(Sudret, 2008). Quite a large number of techniques can be used to measure response 

uncertainty, say, finite-difference method, differentiation, etc. Measuring the output response 

by partial differentiation method may save our computational time, but the precision highly 

relies upon the degree of linearity of the problem (Saltelli et al., 2008). 

On the other hand, the latter approach, i.e., the “Global Sensitivity Analysis” concentrates on 

the output response uncertainty by varying input random variables simultaneously (considering 

single input variable or an array of variables). This analysis utilises the entire variation domain 

of the randomised variables, unlike the case in local sensitivity analysis, wherein the variation 

is considered locally. This is how the most sensitive parameters affecting the output response 

are acquired by the analyst. The “Global Sensitivity Methods” are categorised as follows 

(Saltelli et al., 2000; 2008): 

 “Regression-based Methods” – These methods predict the relationship among 

randomised variables (say, input and output); Naturally, a straight line defines the 

linearity in the most precise manner and this simplest ‘straight line concept’ 

between two variables defines the “Linear Regression”. In addition, the ‘degree of 

linearity’ between every input variable and the response output is computed by the 

‘correlation coefficient’. Higher value of coefficient of determination, 𝑹𝟐 (𝟎 ≤

 𝑹𝟐  ≤ 𝟏), defines a better relationship (Montgomery and Runger, 2003). 

Although, multiple regressions can be used now-a-days, yet the accuracy isn’t 

achieved, when large-scale or complex or non-linear models are encountered 

(Saltelli and Sobol’, 1995). 

 “Variance-based Methods” – These methods are also known by the name 

“Analysis of Variance” computational techniques. By this technique, the output 

variance is made equivalent to the summation variance of each input randomised 

variable. Moreover, the concept of “Conditional Variance" of each input is brought 

into consideration using multi-dimensional integration (Zhang and Pandey, 2014). 

Then, simulation techniques, say, MCS, are utilised to solve correlation ratios. As 
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stated earlier, such techniques incorporate higher computational cost owing to 

large-dimensional integration processes for every sensitivity measure (Zhang and 

Pandey, 2014). This fact has necessitated the development of a feasible alternative 

like “Dimensional Reduction Method”, be it Additive or Multiplicative 

(Factorized). Chapter-3 views the mathematical formulation for global sensitivity 

analysis rationally. 
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CHAPTER 3                                                                       

MULTIPLICATIVE DIMENSIONAL REDUCTION METHOD (MDRM) 

 

3.1 INTRODUCTION 

3.1.1 Background 

In order to conduct reliability analysis, a function of randomised input variables is formulated 

to model the structural response. For example, we’d like to evaluate the strength of a slab-

column connection, for which, the “punching shear-strength” is one output variable of interest. 

This can be formulated as a function of certain variables (input variables), such as the effective 

thickness of slab, compressive strength of concrete, etc. The output variable shall be designated 

as: 

                                                                   𝒀 = 𝒃(𝒙)                                                           (3.1) 

where ′𝒀′ is the desired response and ′𝒙′ denotes the vector of input random variables, i.e., 𝒙 =

[𝒙𝟏, 𝒙𝟐, … . , 𝒙𝒏]. Say, the probabilistic distribution of all input variables of ′𝒙′ is known, then, 

the failure probability of any structure can be evaluated as (Nowak and Collins, 2000): 

                                                   𝒑𝒇𝒂𝒊𝒍 = 𝒑(𝒚𝒄𝒓 − 𝒈(𝒙)  ≤ 𝟎)                                               (3.2)                                                        

where ′𝒑𝒇𝒂𝒊𝒍′ denotes the probability of failure, and, ′𝒚𝒄𝒓′ denotes the critical threshold, where 

each scalar response exceeding this critical value justifies the structural failure. Further, the 

“limit state function” is formulated as: 

                                                      𝒈(𝒙) =  𝒚𝒄𝒓 − 𝒃(𝒙)                                                    (3.3) 

Moreover, the simplified formulation for the probability of failure is explained by the following 

formulated integral (Der Kiureghian, 2008): 

                                                   𝒑𝒇𝒂𝒊𝒍 =  ∫ 𝒇𝒙{𝒈(𝒙)≤𝟎}
(𝒙) 𝒅𝒙                                               (3.4) 

where ′𝒇𝒙(𝒙)′ denotes the ‘Joint Probability Density Function (PDF)’ of the predefined vector, 

′𝒙′ and, {𝒈(𝒙) ≤ 𝟎} describes the failure domain. As per “Li and Zhang (2011)”, the above 

integral can be solved by: 
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 “Direct Integration”, but, for real-case scenarios, the “Joint Probability Density 

Function (Joint-PDF)” is defined implicitly and, usually, the dimension of the integral 

is high, equivalent to the number of uncertainties; 

 “Simulations”, say, Monte Carlo Simulation (MCS), but, this technique is 

computationally expensive and necessitates considerable effort; 

 “Approximate Methods”, say, FORM and SORM (reliability methods, based on 

Taylor-series expansions), but, their accuracy is unjustified owing to non-linearity of 

limit state function. 

There is an another method to perform structural reliability, by the “Method of Moment”, as it 

doesn’t require iterations unlike approximate methods and its computational cost is much less 

in comparison to simulations. However, if an ‘𝑵-point scheme’ is considered to compute an 

‘𝒏-dimensional integration’, there would be ′𝑵𝒏′
 evaluations of the output response, thereby 

leading to an enormous computational cost. A recent approach, namely, “High-Dimensional 

Model Representation (HDMR)” (Li et al., 2001), also known as, “Dimensional-Reduction 

Method (DRM)” held upon by “Rahman and Xu (2004) and Xu and Rahman (2004)”, can 

effectively deal with this problem, because herein, the evaluations of the output response would 

reduce to ′𝑵𝒏′ from ′𝑵𝒏′
. Further, the latter technique is generally categorised into “Additive 

DRM (A-DRM)” and “Multiplicative DRM (M-DRM)”. By definition, a sum or product of 

lower order functions, orderly written in an increasing hierarchy, is used to express a 

multivariate function, hence, respectively known as an “Additive DRM (A-DRM)” and 

“Multiplicative DRM (M-DRM)”. 

Furthermore, the analysis procedure necessitates two basic steps; First, both forms, i.e., A-

DRM and M-DRM, compute the integer moments, say, first statistical moment  corresponds to 

the mean and the second moment corresponds to the variance of the output response; Then, the 

second step requires the computation of the fractional moments, using the “Maximum Entropy 

Principle (MaxEnt)”, with fractional moments (Inverardi and Tagliani, 2003) as constraints. 

These fractional moments are used to determine to determine the probabilistic distribution of 

the output response. In addition, both forms can perform the former step, while, research 

(Zhang and Pandey, 2013) shows that it isn’t practical to use additive form for the evaluation 

of fractional moments. Hence, the multiplicative form can be employed, as it simplifies the 

evaluation of statistical and fractional moments of the output response of interest. Moreover, 

the concept of the multiplicative form of dimensional reduction method, also referred to as 

factorized HDMR, was first put forward by “Tunga and Demiralp (2004; 2005)”. 
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Exploring the concept further, the output response function ′𝒀 = 𝒃(𝒙)′, is computed in respect 

of a fixed input point (reference), namely, the “cut point”, having co-ordinates ′𝒓’ (Li et al., 

2001): 

                                                           𝒓 = (𝒓𝟏, 𝒓𝟐, … , 𝒓𝒏)                                               (3.5) 

where, ′𝒓𝟏, 𝒓𝟐, … , 𝒓𝒏′ represents the mean values of the respective input random variables 

′𝒙𝟏, 𝒙𝟐, … . , 𝒙𝒏′. 

Therefore, with all input random variables fixed, except, ′𝒙𝒊′, at their respective cut points 

(generally, mean values), an ′𝒊𝒕𝒉′ cut-function is determined as: 

                                           𝒃𝒊(𝒙𝒊) = 𝒃(𝒓𝟏, … , 𝒓𝒊−𝟏, 𝒙𝒊, 𝒓𝒊+𝟏, … , 𝒓𝒏)                                 (3.6) 

By now, it can be ascertained, that this chapter deploys a new technique, namely, 

“Multiplicative form of Dimensional Reduction Method (M-DRM)”, to formulate the 

structural response, and its probabilistic distribution, by incorporating the fundamentals of 

MaxEnt Principle, meanwhile deploying fractional moments as constraints; This entire 

formulation is held upon without simulations. Having said that, a fact can be emphasized that 

the proposed framework is computationally affordable as it saves a lot of time, thereby yielding 

similar results as provided by time consuming and computationally expensive standard 

techniques like Monte Carlo Simulation (MCS). 

 

3.1.2 Objective 

The main aim of this research is to evolve a general computational method for both the 

reliability and sensitivity analysis of structures, which can successfully deal with the potential 

issues cum barriers, introduced earlier. To accomplish the same, a new computational 

technique, namely, MDRM, is presented, to derive the statistical and fractional moments and 

thereby the probabilistic distribution of the output, with no aid from simulations. Although, 

Monte Carlo Simulation (MCS) can estimate accurate solutions for any system, be it large scale 

or complex models, yet, the proposed method can surmount the computational cost and hence, 

the efficiency of the same. 
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3.1.3 Organisation 

Here follows the organisation of this chapter; At first, the mathematical derivation of MDRM 

to compute the response function is presented in “Section 3.2”. The same section also presents 

the usage of the derived expression to evaluate the integer moments and response distribution. 

It further illustrates the concept of trials required to implement the proposed method. 

Sensitivity analysis is depicted in sequence thereafter, using the MDRM approach. Before the 

implementation of MDRM, there is a need to comprehend the concept of “Gauss Quadrature 

Scheme”, as it has to be the first step of execution. The same scheme is demonstrated in 

“Section 3.3”. The steps necessitated to apply the proposed method are expatiated through a 

pilot-study on the “Minimum Reinforcement Required in Beams in Tension” in “Section 3.4”. 

In order to compare the results, MCS has also been conducted in the same section. The chapter 

recapitulates the conclusions in “Section 3.5”. 

 

3.2 FUNDAMENTALS OF MULTIPLICATIVE DIMENSIONAL REDUCTION 

METHOD (MDRM) 

3.2.1 Background 

The Additive form of HDMR (A-DRM) (Li et al., 2001; Rahman and Xu, 2004) approximates 

the scalar function in an additive form as follows: 

                                          𝒀 = 𝒃(𝒙) ≈ ∑ 𝒃𝒊(𝒙𝒊) − (𝒏 − 𝟏)𝒃𝟎
𝒏
𝒊=𝟏                                      (3.7) 

Or, 

                         𝒀 = 𝒃(𝒙) ≈  𝒃𝟏(𝒙𝟏) +  𝒃𝟐(𝒙𝟐) + ⋯ +  𝒃𝒏(𝒙𝒏) − (𝒏 − 𝟏)𝒃𝟎                      (3.8) 

where ′𝒃𝒊(𝒙𝒊)′ represents a predefined one-dimensional cut-function and, ′𝒃𝟎′ is a response 

constant, computed by fixing all input random variables to their respective mean values, as: 

                                                     𝒃𝟎 = 𝒃(𝒓𝟏, 𝒓𝟐, … , 𝒓𝒏) = 𝑪𝒐𝒏𝒔𝒕𝒂𝒏𝒕                                     (3.9) 

The same approach is followed by the multiplicative form; yet, the logarithmic transformation 

of the response function is derived initially, which further approximates the same in the 

multiplicative form as: 
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                                               𝒀 = 𝒃(𝒙)  ≈  𝒃𝟎
𝟏−𝒏  ×  ∏ 𝒃𝒊(𝒙𝒊)

𝒏
𝒊=𝟏                                   (3.10)                    

Or, 

                        𝒀 = 𝒃(𝒙)  ≈  𝒃𝟎
𝟏−𝒏  × [𝒃𝟏(𝒙𝟏)  ×  𝒃𝟐(𝒙𝟐)  × … × 𝒃𝒏(𝒙𝒏)]                    (3.11) 

Therefore, a scalar output function is formulated in a product form in the MDRM technique 

accordingly. The next section shows the simplification process for both the statistical and 

fractional moments of the response. 

 

3.2.2 Evaluation Of The Statistical Moments Of The Response 

M-DRM’s formulation technique approximates the ′𝒒𝒕𝒉′ integer moment of the output response 

function as: 

                               𝑬[𝒀𝒒] = 𝑬[(𝒃(𝒙)𝒒] ≈ 𝑬[(𝒃𝟎
𝟏−𝒏  ×  ∏ 𝒃𝒊(𝒙𝒊))𝒒]𝒏

𝒊=𝟏                        (3.12) 

Or, 

          𝑬[𝒀𝒒]  ≈  (𝒃𝟎
𝟏−𝒏)

𝒒
 × 𝑬[(𝒃𝟏(𝒙𝟏))𝒒] ×  𝑬[(𝒃𝟐(𝒙𝟐))𝒒]  × … ×   𝑬[(𝒃𝒏(𝒙𝒏))𝒒]       (3.13) 

where 𝑬[ ] describes the mathematical “expectation operation”, say for 𝒒 = 𝟏, 𝑬[𝒀𝒒] = 𝑬[𝒀] 

signifies the expected or, mean value of the scalar response. In addition to this, say, all input 

random variables are independent, Eqn. (3.12) can be formulated as follows: 

                                                 𝑬[𝒀𝒒]  ≈  𝒃𝟎
𝒒(𝟏−𝒏)

 ∏ 𝑬[(𝒃𝒊(𝒙𝒊))𝒒]𝒏
𝒊=𝟏                                  (3.14) 

Thereafter, the “mean” and “mean square” of “cut function” are defined as, 

                                       𝝋𝒊 = 𝑬[𝒃𝒊(𝒙𝒊)]      and      𝝉𝒊 =  𝑬[(𝒃𝒊(𝒙𝒊))𝟐]                                         (3.15) 

Utilizing the above formulated four equations (Eqns. 3.12-3.15), the mean (𝝁𝒚) and the mean 

square (𝝁𝟐𝒚) of the output response function can be written as follows: 

𝝁𝒚 =  𝑬(𝒀)  ≈   𝒃𝟎
𝟏−𝒏  ×  ∏ 𝝋𝒊

𝒏
𝒊=𝟏  

                                                                                                                                    (3.16) 
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𝝁𝟐𝒚 =  𝑬[𝒀𝟐]  ≈  𝒃𝟎
(𝟐−𝟐𝒏)

 ×  ∏ 𝝉𝒊

𝒏

𝒊=𝟏
 

Thereafter, the variance (𝑽𝒂𝒓𝒀) of the scalar response Y  can be formulated as: 

                            𝑽𝒂𝒓𝒀 =  𝝁𝟐𝒚 − (𝝁𝒚)𝟐  ≈  (𝝁𝒚)𝟐  ×  [(∏
𝝉𝒊

𝝋𝒊

𝒏
𝒊=𝟏  ) − 𝟏]                          (3.17)                           

where further, the square root of the variance computes the standard deviation (𝝈𝒀) of the 

response ′𝒀′. The evaluation of any ′𝒒𝒕𝒉′ product moment, say mean, variance, etc. of the 

output response necessitates the computation of the ′𝒒𝒕𝒉′ moment of all the respective cut-

functions using one-dimensional integration; This numerical integration process can be 

optimized using the quadrature scheme, commonly referred to as “Gauss-Quadrature Scheme”. 

Say, a ′𝒒𝒕𝒉′ product moment of an ′𝒊𝒕𝒉′ cut-function can be computed as a weighted sum, as: 

                             𝑬[(𝒃𝒊(𝒙𝒊))𝒒] =  ∫ [𝒃𝒊(𝒙𝒊)]𝒒 𝒇𝒊(𝒙𝒊) 𝒅𝒙𝒊𝑿𝒊
≈  ∑ 𝒘𝒋[𝒃𝒊(𝒙𝒋)]𝒒𝑵

𝒋=𝟏                 (3.18) 

where ′𝑵′ denotes the number of Gauss Quadrature points, ′𝒙𝒋′  denotes the co-ordinates, ′𝒘𝒋′ 

denotes the weights of the quadrature points and  𝒃𝒊 (𝒊 = 𝟏, 𝟐, … , 𝒏) denote the output structural 

response. In this process,  an ′𝒊𝒕𝒉′ cut-function is positioned at ′𝒋𝒕𝒉′ Gauss quadrature point. 

This concept is demonstrated in a subsequent section through a pilot study. 

 

3.2.3 Entropy Based Probability Distribution 

The computation of the probabilistic distribution of the output response constitutes the second 

part of the model, after estimating its statistical moments. Here, we bring into usage the 

“Maximum Entropy Principle (MaxEnt Principle)” by “Jaynes, 1957”, with fractional 

moments (Inverardi and Tagliani, 2003) as constraints, i.e., [𝒀𝜹] = 𝑴𝜹
𝒀, where, ‘𝜹’ symbolizes 

a ‘fraction’, not an integer. This principle states that, ‘The probability distribution, which best 

represents the current state of knowledge, is the one with the maximum entropy (uncertainty), 

in the context of available information’ (Shannon, 1949) This concept depicts that the 

probabilistic distribution of any output variable can be computed using the available/already 

evaluated statistical moments of the same. Adding to this, the Probability Density Function 

(PDF), [𝒇𝒀(𝒚)] defines the true entropy {𝑬𝒏𝒕[𝒇]} of the output variable ′𝒀′ , as: 
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                                                  𝑬𝒏𝒕[𝒇] =  − ∫ 𝒇𝒀(𝒚) 𝒍𝒏
𝒀

[𝒇𝒀(𝒚)] 𝒅𝒚                                   (3.19) 

Furthermore, there is a function related to the MaxEnt Principle, named as “Lagrangian 

Function”, formulated as: 

𝓛[𝝀, 𝜹; 𝒇𝒀(𝒚)] =    − ∫ 𝒇𝒀(𝒚) 𝒍𝒏
𝒀

[𝒇𝒀(𝒚)] 𝒅𝒚 −  (𝝀𝟎 − 𝟏) [∫ 𝒇𝒀(𝒚) 𝒅𝒚 − 𝟏
𝒀

] −

                                                        ∑ 𝝀𝒊 [∫ 𝒚𝜹𝒊𝒇𝒀(𝒚) 𝒅𝒚 −  𝑴𝒀
𝜹𝒊

𝒀
]𝒎

𝒊=𝟏                                    (3.20) 

where 𝝀 = [𝝀𝟏, 𝝀𝟐, … , 𝝀𝒎]𝑻 symbolizes the ‘Lagrangian Multipliers’ and 𝜹 = [𝜹𝟏, 𝜹𝟐, … , 𝜹𝒎]𝑻 

symbolizes the fraction incorporated with the fractional moments. To optimize the solution, 

the following key condition is applied: 

                                                  
𝝏 𝓛[𝝀,𝜹; 𝒇𝒀(𝒚)] 

𝝏 𝒇𝒀(𝒚)
 = 0                                                (3.21) 

Thereafter, the estimated PDF [𝒇̅𝒀(𝒚)] corresponding to the true PDF [𝒇𝒀(𝒚)] is formulated 

as: 

                                                   𝒇̅𝒀(𝒚) = 𝒆𝒙𝒑 (− ∑ 𝝀𝒊𝒚
𝜹𝒊𝒎

𝒊=𝟏 )                                      (3.22) 

According to the normalized condition, the integration of the PDF has to be equal to ‘one’. 

Thus, for 𝒊 = 𝟎, 𝜹 = 𝟎,  ′𝝀𝟎′ is formulated as: 

                                             𝝀𝟎 = 𝒍𝒏 [∫ 𝒆𝒙𝒑 (− ∑ 𝝀𝒊𝒚
𝜹𝒊𝒎

𝒊=𝟏 )𝒅𝒚
𝒀

]                                 (3.23) 

The above computation procedure illustrates the MaxEnt optimization procedure, with integer 

moments considered as constraints. However, increase in the order of the integer moments 

further increases the estimation error (Pandey and Zhang, 2012). This necessitates the usage 

of fractional moment constraints during the optimization procedure to compute the ‘estimated 

probability distribution’. Moreover, the research (Pandey and Zhang, 2012) shows the whole 

distribution can be efficiently recapitulated with just a few fractional moments, contrary to 

integer moments (Zhang and Pandey, 2013). For a positive random variable 𝒀, the fractional 

moment is formulated as: 

                                                   𝑬[𝒀𝜹] = 𝑴𝒀
𝜹 = ∫ 𝒚𝜹𝒇𝒀(𝒚)𝒅𝒚

𝒀
                                      (3.24) 
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where ′𝜹′ denotes a real number. Interestingly, a fractional moment can be evaluated using a 

convenient method provided by MDRM, as formulated in Eqn. (3.13),  

            𝑴𝒀
𝜹 ≈ (𝒃𝟎

𝟏−𝒏)
𝜹

 × 𝑬[(𝒃𝟏(𝒙𝟏))𝜹] ×  𝑬[(𝒃𝟐(𝒙𝟐))𝜹]  × … ×   𝑬[(𝒃𝒏(𝒙𝒏))𝜹]        (3.25) 

where ′𝒃𝟎′ symbolises the model response computed at the cut-point, as stated before, and each 

expected value 𝑬[ ] is evaluated, as formulated in Eqn. (3.18),  

                                             𝑬[(𝒃𝒊(𝒙𝒊))𝜹] ≈ ∑ 𝒘𝒋[𝒃𝒊(𝒙𝒋)]𝜹𝑵
𝒋=𝟏                                       (3.26) 

Thus, this computational approach estimates the fractions 𝜹𝒊 (𝒊 = 𝟏, 𝟐, … , 𝒎) during the 

entropy maximization procedure, i.e., they need not to be specified separately. Moreover, there 

is an alternate formulation available to evaluate the MaxEnt optimization along with fractional 

moments. This computational approach conceptualizes the minimization of the “Kullback-

Leibler (K-L) Divergence”, also known as “cross-entropy”, between the true and estimated 

PDFs, i.e., between [𝒇𝒀(𝒚)] and [𝒇̅𝒀(𝒚)] as (Kroese et al., 2011): 

                                                    𝑻[𝒇, 𝒇̅] = ∫ 𝒇𝒀(𝒚)𝒍𝒏 [
𝒇𝒀(𝒚)

𝒇̅𝒀(𝒚)
] 𝒅𝒚

𝒀
                                         (3.27) 

                            𝑻[𝒇, 𝒇̅] =  ∫ 𝒇𝒀(𝒚)𝒍𝒏[𝒇𝒀(𝒚)]𝒅𝒚
𝒀

− ∫ 𝒇𝒀(𝒚)𝒍𝒏[𝒇̅𝒀(𝒚)]𝒅𝒚
𝒀

                    (3.28) 

Using Eqns. (3.19) and (3.22) for [𝑬𝒏𝒕[𝒇]] and [𝒇̅𝒀(𝒚)] respectively to substitute in Eqn. (3.28) 

and considering Eqn. (3.24) meanwhile, the (K-L divergence) is formulated as: 

                                    𝑻[𝒇, 𝒇̅] = − 𝑬𝒏𝒕[𝒇] + 𝝀𝟎 + ∑ 𝝀𝒊𝑴𝒀
𝜹𝒊𝒎

𝒊=𝟏                                      (3.29) 

Furthermore, the Lagrangian multipliers (𝝀𝒊) and the fractional exponents (𝜹𝒊) constitute zero 

effect on the entropy {𝑬𝒏𝒕[𝒇]} of the true PDF. Therefore, the above stated minimization 

approach is applied over the following formulation: 

                                𝑰(𝝀, 𝜹) = 𝑻[𝒇, 𝒇̅] +  𝑬𝒏𝒕[𝒇] = 𝝀𝟎 + ∑ 𝝀𝒊𝑴𝒀
𝜹𝒊𝒎

𝒊=𝟏                              (3.30) 

Thus, the MaxEnt parameters are computed by employing the following optimization: 

              {

𝐹𝑖𝑛𝑑: {𝜹𝒊}𝑖=1
𝑚    {𝝀𝒊}𝑖=1

𝑚

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒: 𝑰(𝝀, 𝜹) = 𝒍𝒏 [∫ 𝒆𝒙𝒑(− ∑ 𝝀𝒊𝒚
𝜹𝒊𝒎

𝒊=𝟏 )𝒅𝒚
𝒀

] + ∑ 𝝀𝒊𝑴𝒀
𝜹𝒊𝒎

𝒊=𝟏

}              (3.31) 
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This optimization is enforced  in MATLAB, henceforth. 

 

3.2.4 Computational Effort 

An integration of MDRM with the Gaussian Quadrature scheme leads to an unparallel 

reduction in the number of evaluations of the output response function; Say, we’ve an output 

response variable, dependent on ′𝒏′ independent input random variables. Then, an ′𝑵 − 𝒑𝒐𝒊𝒏𝒕′ 

Gauss Quadrature scheme is employed upon for integration. Thus, all moments of a cut-

function 𝒃𝒊(𝒙𝒊) can be computed from ′𝑵 − 𝒆𝒗𝒂𝒍𝒖𝒂𝒕𝒊𝒐𝒏𝒔′ of the output response. Moreover, 

′𝒏𝑵′ response evaluations are necessitated for all such moments of all cut-functions. Also, the 

constant, namely, ′𝒃𝟎′ is also required to be evaluated, as stated previously. Hence, only (𝒏𝑵 +

𝟏) evaluations are necessitated for the further calculation of all statistical moments and, the 

unbiased response distribution (probabilistic) in the M-DRM based analysis procedure. 

Suppose, we encounter a problem having ′𝟓𝟎′ random variables; and we apply a ′𝟓 − 𝒑𝒐𝒊𝒏𝒕’ 

Gauss-quadrature scheme. For this, we shall require ′𝟐𝟓𝟏′ function evaluations. 

To sum up, the “Multiplicative Dimensional Reduction Method (MDRM)” incorporates two 

steps; The first step evaluates all function evaluations (whatever number is required) on the 

basis of an input grid, to be defined beforehand. And then, the second step incorporates these 

function evaluations in the computation procedure of the moments and hence, the probability 

distribution of the response, using the entropy procedure. 

 

3.2.5 Global Sensitivity Analysis 

3.2.5.1 Primary Sensitivity Coefficient 

The concept of ‘conditional variance’ is employed to look at the influence of any input random 

variable ′𝒙𝑖′ in respect of the output scalar response ′𝒀′ (Saltelli and Sobol’, 1995) as: 

                  𝑺𝒊 =  
 𝑽𝒂𝒓{𝑬−𝒊[𝒀|𝒙𝒊 ]}

𝑽𝒂𝒓[𝒀]
=  

 𝑽𝒂𝒓𝒊{𝑬−𝒊[𝒀|𝒙𝒊 ]}

𝑽𝒂𝒓𝒀
        (𝟎 ≤ 𝑺𝒊 ≤ 𝟏)                    (3.32) 
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where ′𝑺𝒊′ symbolises the primary sensitivity coefficient (primary here indicates the main effect 

of an input random variable on the output function), and ′𝑬−𝒊′ is the expectation operation 

(mean values) for all input variables except the ′𝒊𝒕𝒉′ variable. 

Further, the variance can be formulated as a subtraction of the square of the first product 

moment (𝑬[𝒀])𝟐 from the mean square 𝑬[𝒀𝟐]; Hence, ′𝑺𝒊′ can be formulated as: 

                                               𝑺𝒊 =
𝑬−𝒊{𝒀𝟐|𝒙𝒊}−{𝑬−𝒊[𝒀|𝒙𝒊}𝟐

𝑽𝒂𝒓𝒀
                                              (3.33) 

where the conditional expectations, ′{𝑬−𝒊[𝒀|𝒙𝒊}′ 𝒂𝒏𝒅 ′𝑬−𝒊{𝒀𝟐|𝒙𝒊}′, symbolize the first (𝒒 =

𝟏) and the second (𝒒 = 𝟐) statistical moments of the response function ′𝒀′, respectively. 

Utilising the MDRM computational technique, the above stated conditional expectations are 

derived as follows: 

𝑬−𝒊[𝒀|𝒙𝒊] ≈ 𝑬−𝒊 [𝒃𝟎
(𝟏−𝒏)

 ∏(𝒃𝒊(𝒙𝒊))

𝒏

𝒊=𝟏

] 

                                           = 𝑬[𝒃𝟎
(𝟏−𝒏)

× 𝒃𝒊(𝒙𝒊) ∏ (𝒃𝒒(𝒙𝒒))𝒏
𝒒=𝟏,𝒒≠𝒊 ]                                  (3.34) 

= 𝒃𝟎
(𝟏−𝒏)

× 𝑬[𝒃𝒊(𝒙𝒊)] × ∏ 𝑬[𝒃𝒒(𝒙𝒒)]

𝒏

𝒒=𝟏,𝒒≠𝒊

 

Utilizing Eq. (3.15), the first moment ′𝑬−𝒊[𝒀|𝒙𝒊]′ can be further written as: 

                                         𝑬−𝒊[𝒀|𝒙𝒊] ≈ 𝒃𝟎
(𝟏−𝒏)

× 𝑬[𝒃𝒊(𝒙𝒊)] × ∏ 𝝋𝒒
𝒏
𝒒=𝟏,𝒒≠𝒊                           (3.35) 

Utilizing Eqns. (3.15) and (3.35), the second moment ′𝑬−𝒊{𝒀𝟐|𝒙𝒊}′ can be formulated as: 

                             𝑬−𝒊{𝒀𝟐|𝒙𝒊} = 𝒃𝟎
(𝟐−𝟐𝒏)

× 𝑬{[𝒃𝒊(𝒙𝒊)]𝟐} × (∏ 𝝋𝒒
𝒏
𝒒=𝟏,𝒒≠𝒊 )

𝟐
                (3.36) 

Or, 

                                             𝑬−𝒊{𝒀𝟐|𝒙𝒊} = 𝒃𝟎
(𝟐−𝟐𝒏)

× 𝝉𝒊 × ∏ 𝝋𝒒
𝟐𝒏

𝒒=𝟏,𝒒≠𝒊                                (3.37) 

Utilizing Eqns. (3.15) and (3.35), the square of the first moment ′{𝑬−𝒊[𝒀|𝒙𝒊]}2′ can be 

formulated as: 
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                            {𝑬−𝒊[𝒀|𝒙𝒊]}2 = 𝒃𝟎
(𝟐−𝟐𝒏)

× {𝑬[𝒃𝒊(𝒙𝒊)]}𝟐 × {∏ 𝝋𝒒
𝒏
𝒒=𝟏,𝒒≠𝒊 }

𝟐
                    (3.38) 

Or, 

                                 {𝑬−𝒊[𝒀|𝒙𝒊]}2 = 𝒃𝟎
(𝟐−𝟐𝒏)

× 𝝋𝒊
𝟐 × ∏ 𝝋𝒒

𝟐𝒏
𝒒=𝟏,𝒒≠𝒊                                (3.39) 

Recollect the fact that, for all the cut-functions ′𝒊′, the product of the squares of the first 

moments can be formulated as: 

                                                  ∏ 𝝋𝒊
𝟐 = 𝝋𝒊

𝟐 ×𝑛
𝑖=1 ∏ 𝝋𝒒

𝟐𝒏
𝒒=𝟏,𝒒≠𝒊                                           (3.40) 

Utilizing Eqns. (3.17), (3.37), and (3.39) to substitute into Eqn. (3.33) and taking into 

consideration Eqn. (3.40), the final form for the primary sensitivity coefficient ′𝑺𝒊′ is as 

follows: 

                                                         𝑺𝒊 ≈
(

𝝉𝒊
𝝋𝒊

𝟐⁄ )−𝟏

(∏
𝝉𝒊

𝝋𝒊
𝟐

𝒏
𝒊=𝟏  )−𝟏

                                           (3.41) 

 

3.2.5.2 Total Sensitivity Coefficient 

The total sensitivity coefficient deals with the interactions among the specified input random 

variables, unlike the case of primary sensitivity coefficient. This coefficient doesn’t prioritize 

the most influential input variables, rather it aims to identify the non-influential ones in a model 

(Saltelli et al., 2008). Here, initially, the focus is paid onto the reduction in variance, while 

holding all input random variables fixed at their respective mean values, except ′𝒙𝒊′. This 

reduction in variance is denoted as ′𝑽𝒂𝒓−𝒊{𝑬𝒊[𝒀|𝒙−𝒊 ]}′, where, ′𝒙−𝒊′ defines a sub-vector of 

(𝒏 − 𝟏) elements, incorporating all the elements of ′𝒙′, except ′𝒙−𝒊′. Therefore, the remaining 

variance ′𝑽𝒂𝒓𝑻𝒊′ of the output response ′𝒀′, after holding ′𝒙𝒊′ (Saltelli et al., 2008) is written 

as follows: 

                                                        𝑽𝒂𝒓𝑻𝒊 = 𝑽𝒂𝒓𝒀 − 𝑽𝒂𝒓−𝒊{𝑬𝒊[𝒀|𝒙−𝒊 ]}                               (3.42) 

Taking into consideration Eqn. (3.33), and substituting the ‘Total Variance Identity’ as 

′𝑽𝒂𝒓𝒀 = 𝑽𝒂𝒓−𝒊{𝑬𝒊[𝒀|𝒙−𝒊 ]} + 𝑬−𝒊{𝑽𝒂𝒓𝒊[𝒀|𝒙−𝒊]}′, The “Total Sensitivity Coefficient” is 

formulated as: 
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                                𝑺𝑻𝒊 =
𝑽𝒂𝒓𝒀−𝑽𝒂𝒓−𝒊{𝑬𝒊[𝒀|𝒙−𝒊 ]}

𝑽𝒂𝒓𝒀
=

𝑬−𝒊{𝑽𝒂𝒓𝒊[𝒀|𝒙−𝒊]}

𝑽𝒂𝒓𝒀
                  (3.43) 

For the above formulation, the conditional variance ′𝑽𝒂𝒓𝒊[𝒀|𝒙−𝒊]′ shall be computed at first, 

meanwhile recollecting the condition stated for variance in the previous discussion on “Primary 

Sensitivity Coefficient”, as: 

                                          𝑽𝒂𝒓𝒊[𝒀|𝒙−𝒊] = 𝑬𝒊[𝒀𝟐|𝒙−𝒊 ] − {𝑬𝒊[𝒀|𝒙−𝒊 ]}𝟐                         (3.44) 

Utilising Eqn. (3.12) from the MDRM approximation procedure, the conditional expectation 

′𝑬𝒊[𝒀|𝒙−𝒊 ]′ is formulated as: 

       𝑬𝒊[𝒀|𝒙−𝒊 ] ≈ 𝑬[𝒃𝟎
(𝟏−𝒏)

× ∏ (𝒃𝒒(𝒙𝒒) × (𝒃𝒊(𝒙𝒊))𝒏
𝒒=𝟏,𝒒≠𝒊 ] 

                                                                                                                                    (3.45) 

       𝑬𝒊[𝒀|𝒙−𝒊 ] = 𝒃𝟎
(𝟏−𝒏)

× 𝑬[𝒃𝒊(𝒙𝒊)] × ∏ 𝑬[𝒃𝒒(𝒙𝒒)]𝒏
𝒒=𝟏,𝒒≠𝒊  

Taking into account Eqns. (3.15) and (3.45), the conditional expectation ′𝑬𝒊[𝒀𝟐|𝒙−𝒊 ]′ can be 

formulated as: 

                            𝑬𝒊[𝒀𝟐|𝒙−𝒊 ] ≈ 𝒃𝟎
(𝟐−𝟐𝒏)

× 𝑬[(𝒃𝒊(𝒙𝒊))𝟐] × ∏ 𝑬{[𝒃𝒒(𝒙𝒒)]𝟐}𝒏
𝒒=𝟏,𝒒≠𝒊           (3.46) 

Or, 

                                            𝑬𝒊[𝒀𝟐|𝒙−𝒊 ] ≈ 𝒃𝟎
(𝟐−𝟐𝒏)

× 𝝉𝒊 × ∏ 𝝉𝒒
𝟐𝒏

𝒒=𝟏,𝒒≠𝒊                                 (3.47) 

Taking into account Eqns. (3.15) and (3.45), the conditional expectation ′{𝑬𝒊[𝒀|𝒙−𝒊 ]}2′ can be 

formulated as: 

                                  {𝑬𝒊[𝒀|𝒙−𝒊 ]}2 ≈ 𝒃𝟎
(𝟐−𝟐𝒏)

× {𝑬[𝒃𝒊(𝒙𝒊)]}𝟐 × ∏ 𝝉𝒒
𝟐𝒏

𝒒=𝟏,𝒒≠𝒊                      (3.48) 

Or, 

                                          {𝑬𝒊[𝒀|𝒙−𝒊 ]}2 ≈ 𝒃𝟎
(𝟐−𝟐𝒏)

× 𝝋𝒊
𝟐 × ∏ 𝝉𝒒

𝟐𝒏
𝒒=𝟏,𝒒≠𝒊                              (3.49) 

Utilising Eqns. (3.47), (3.48) to substitute in Eqn. (3.44), then, the conditional variance 

′𝑽𝒂𝒓𝒊[𝒀|𝒙−𝒊]′ is computed as: 
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                                 𝑽𝒂𝒓𝒊[𝒀|𝒙−𝒊] ≈ 𝒃𝟎
(𝟐−𝟐𝒏)

× (∏ 𝝉𝒒
𝟐𝒏

𝒒=𝟏,𝒒≠𝒊 ) × (𝝉𝒊 − 𝝋𝒊
𝟐)                       (3.50) 

Further, the expectation of the conditional variance computed in the last equation, 

′𝑽𝒂𝒓𝒊[𝒀|𝒙−𝒊]′, is formulated as: 

                           𝑬−𝒊{𝑽𝒂𝒓𝒊[𝒀|𝒙−𝒊 ]} ≈ 𝒃𝟎
(𝟐−𝟐𝒏)

× (∏ 𝝉𝒒
𝟐𝒏

𝒒=𝟏,𝒒≠𝒊 ) × (𝝉𝒊 − 𝝋𝒊
𝟐)                     (3.51) 

Recollect the fact that, for all the cut-functions ′𝒊′, the product of the mean squares can be 

formulated as: 

                                                        ∏ 𝝉𝒊
𝟐 = 𝝉𝒊

𝟐 ×𝑛
𝑖=1 ∏ 𝝉𝒒

𝟐𝒏
𝒒=𝟏,𝒒≠𝒊                                                 (3.52) 

Utilizing Eqns. (3.17) and (3.51), to substitute into Eqn. (3.43) and taking into consideration 

Eqn. (3.52), the final form for the total sensitivity coefficient ′𝑺𝑻𝒊′ is as follows: 

                                                   𝑺𝑻𝒊 ≈
𝟏−(

𝝋𝒊
𝟐

𝝉𝒊
⁄ )

𝟏− (∏
𝝋𝒊

𝟐

𝝉𝒊

𝒏
𝒊=𝟏  )

                                              (3.53) 

According to the definition, ′𝑺𝑻𝒊 ≥ 𝑺𝒊′, where, ′𝑺𝑻𝒊 = 𝑺𝒊′ symbolises zero interaction among 

the input random variables. Hence, the difference between the two indices quantifies the 

interaction among the independent input random variables. Moreover, ′𝑺𝑻𝒊 = 𝟎′ signifies that 

the ′𝒊𝒕𝒉′ variable doesn’t influence the variance of the response output; hence, being non-

influential, it can be held anywhere in the distribution. 

 

3.3 GAUSS QUADRATURE SCHEME 

The “Gauss-Quadrature Scheme” helps in optimizing the numerical integration of an output 

function; Say, for the case of any “Lognormal Variable”, the “Gauss-Hermite” integration 

scheme (Zhang and Pandey, 2013) can be employed, as shown further in Table (3.1). 

For instance, the “Gauss-Hermite” quadrature scheme incorporates the approximation of the 

integral function in the following form (Davis and Rabinowitz, 1984; Zwillinger, 2011): 

                                                              ∫ 𝒇𝒙(𝒙) 𝒅𝒙 = ∫ 𝒆−𝒙𝟐
𝒃(𝒙) 𝒅𝒙                                       (3.54) 

As per Table (3.1), the Gauss-Hermite integral is formulated as follows: 
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                                                    ∫ 𝒆−𝒙𝟐
𝒃(𝒙) 𝒅𝒙 =  ∑ 𝒘𝒋{𝒃(𝒙𝒋)}𝑵

𝒋=𝟏                                   (3.55) 

where, ′𝑵′ signifies the number of evaluation/Gauss-quadrature points and 𝒘𝒋 (𝒋 = 𝟏, 𝟐, … , 𝑵) 

signify the weights of the Hermite scheme. Moreover, the function [𝒃(𝒙𝒋)] is computed on the 

basis of pre-defined evaluation points ′𝒙𝒋′ and then, the integral is estimated as a weighted sum. 

Gauss points (𝒛𝒋), also referred to as “Abscissae”, and Gauss weights (𝒘𝒋) for the fifth order 

quadrature scheme (𝑵 = 𝟓) are recapitulated in Table (3.2), for various integration schemes. 

For orders other than ′𝟓′, literature (Davis and Rabinowitz, 1984; Zwillinger, 2011) can be 

followed depending upon the required orthogonal polynomials. 

The “Gauss- Hermite” scheme can be employed for the standard “Normal variable (𝒁)”; The 

probability density function PDF for such variable can be formulated as: 

                                                            𝒇(𝒛) =
𝟏

√𝟐𝝅
 𝒆𝒙𝒑 (−

𝒛𝟐

𝟐
)                                                  (3.56) 

Thereafter, a ‘general’ normal random variable "𝑿" gets associated with the ‘standard’ normal 

random variable "𝒁" in the following manner: 

                                                              𝑿 = 𝝁 + 𝝈𝒛𝒋                                                            (3.57) 

where ′𝝁′ and ′𝝈′ symbolize the mean value and standard deviation, respectively, of the Normal 

Distribution. Furthermore, the following transformation can be employed to relate the Gauss-

Hermite point for 𝑿(𝒙𝒋) to the same for 𝒁(𝒛𝒋), thereby going in-line with Eqn. (3.57), 

                                                            𝒙𝒋 = 𝝁 + 𝝈𝒛𝒋                                                            (3.58)                          

where ′𝒛𝒋′ are the Gauss points, tabulated further. 

Since, the “Lognormal Distribution” is usually employed, whenever a random variable can 

have only positive values; therefore, transforming the PDF formulated for the normal 

distribution logarithmically, we get (say, 𝑿 follows the lognormal distribution, if 𝒍𝒏(𝑿) follows 

the Normal one): 

                                        𝒇(𝒙) =
𝟏

𝒙𝜻√𝟐𝝅
 𝒆𝒙𝒑 (−

[𝒍𝒏 (𝒙)−𝜽]𝟐

𝟐𝜻𝟐 )                                      (3.59) 
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Where ′𝜻′ symbolizes the location parameter and ′𝜽′ symbolizes the scale parameter in the 

lognormal distribution. These parameters are associated with the ‘Normal Distribution’ 

parameters, as: 

                                       𝜽 = 𝒍𝒏(𝝁) − (
𝟏

𝟐
𝜻𝟐)      and      𝜻 = √𝒍𝒏 (𝟏 +

𝝈𝟐

𝝁𝟐
)                                        (3.60) 

Thereafter, a standard normal random variable ′𝒁′ is associated with the lognormal random 

variable ′𝑿′, as: 

                                                              𝒁 =
𝒍𝒏(𝑿)−𝜽

𝜻
                                                         (3.61) 

According to Eqn. (3.61), the following transformation is employed to associate the Gauss-

Hermite point for 𝑿(𝒙𝒋) with the same for 𝒁(𝒛𝒋), 

                                                                  𝒙𝒋 = 𝒆𝒙𝒑 (𝜽 + 𝜻 𝒛𝒋)                                                  (3.62) 

where ′𝒛𝒋′ are the Gauss points, tabulated further. 

Hence, for any random variable ′𝑿′, following either normal or lognormal distributions, we can 

evaluate function evaluation points ′𝒙𝒋′, utilizing Eqns. (3.55) to (3.62). The output response 

function 𝒃(𝒙𝒋), evaluated from each evaluation point, ′𝒙𝒋′, is then multiplied with the weights, 

′𝒘𝒋′ (depending upon the Gaussian Quadrature). The final set of values, obtained after 

multiplication, are added, thereby, leading to the estimation of the integral, formulated in Eqn. 

(3.55). 
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Table 3.1 Gaussian Integration Formulation for One-Dimensional Fractional Moment 

Calculation (Zhang and Pandey, 2013) 

Legend: ′𝜁′--Location parameter;                                                                                                                     

′𝜃′--Scale parameter;                                                                                                                             

′𝛿′--Shape Parameter. 

 

Table 3.2 Weights and Points of the Five-order Gaussian Quadrature Rules (Davis and 

Rabinowitz, 1984; Zwillinger, 2011) 

 
Legend: 𝑤𝑗 = Gauss weight;                                                                                                               

𝑧𝑗 = Gauss point;                                                                                                                                       

𝑁 = 5 for the Fifth-order Gauss Quadrature Rule. 

 

3.4 MDRM IMPLEMENTATION 

The following flowchart [Figure (3.1)] demonstrates the procedure to implement MDRM, 

wherein, the scalar output response ′𝒀′ is computed analytically. 
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Figure 3.1 Typical work flowchart for “Multiplicative Dimensional Reduction Method 

(MDRM)” 

Define ‘𝒏’ Independent Random Variables, 

"𝒙 = [𝒙𝟏, 𝒙𝟐, 𝒙𝟑 … . . 𝒙𝒏]" and their 

respective probability distributions 

 

Select the appropriate Gauss-Quadrature 

Scheme for each random variable from 

Table (3.1) 

Choose the no. of points for the implementation of 

scheme, say, for ′𝑵 = 𝟓′, ′𝟓′ signifies input points for 

each random variable   

Create the MDRM Input Grid for ′𝒏𝑵 + 𝟏′ trials, using Eqn. 

(3.58) and Table (3.2), i.e., Compute ′𝒙𝒋′ (𝒋 = 𝟏, 𝟐 … . 𝒏) using 

′𝒛𝒋′ values and measures of mean and standard deviation of 

predefined RVs 

Apply MaxEnt 

optimisation (Eqn. 

(3.31)) 

Compute Mean & Variance 

of the response, using Eqns. 

(3.16 & 3.17) 

 

Sensitivity Analysis, 

using Eqns. (3.41 & 

3.53) 

 

Approximate the distribution of the response, using Eqn. (3.22) 

After Obtaining the response values for each trial, 

create the MDRM output grid, i.e., compute 

𝝋𝒊 𝒂𝒏𝒅 𝝉𝒊 (mean and mean square, respectively) for 

each random variable (cut-function), using Eqn. 

(3.15) & use ′𝒘𝒋′ values from Table (3.2) 
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3.4.1 Pilot Study—Reliability Analysis For The “Minimum Tensile Reinforcement Required 

In Beams”  

The following pilot study on the “Minimum Tension Reinforcement Required in Beams” 

demonstrates the procedure to implement MDRM. As per the Indian Standards 

(𝑰𝑺 𝟒𝟓𝟔: 𝟐𝟎𝟎𝟎 − −"𝑪𝒍𝒂𝒖𝒔𝒆 − 𝟐𝟔. 𝟓. 𝟏. 𝟏"), for beams, the “Minimum Area of Tensile 

Reinforcement required, i.e., "𝑨𝒔𝒕𝒎𝒊𝒏
" is formulated as: 

                                      "𝑨𝒔𝒕𝒎𝒊𝒏
" = 𝟎. 𝟖𝟓𝒃𝒅/𝒇𝒚  [𝒇𝒚 𝒊𝒏 𝑴𝑷𝒂]                                           (3.63) 

where, ′𝒃′ symbolizes the width of beam, "𝒅" symbolizes the beam’s effective depth, the 

characteristic strength of steel is denoted as "𝒇𝒚". For this study, ′𝟑′ independent random 

variables are considered and all these respective input variables are assumed to follow the 

“Normal Probability Distribution”, Table (3.3). 

Utilising the ‘Gauss-Quadrature Scheme’ at first, say for this pilot study, the “fifth-order” 

scheme would be followed, an input grid is tabulated to compute the response. Thereafter, the 

‘Gauss Integration formula’ is used, depending upon the distributions followed by the input 

variables, say, in this study, all variables have been assumed to follow the ‘Normal 

Distribution’, then, the “Gauss-Hermite formula” would be adopted. Hence, there would be 

"𝟏 + 𝟑 × 𝟓 =  𝟏𝟔" response evaluations, as tabulated in Table (3.4); For each MDRM trial of 

a specified random variable, the remaining input random variables are held to their mean 

values. Out of "𝟏𝟔" trials, "𝟏𝟓" trials would be independent, while the last trial, i.e., the 𝟏𝟔𝒕𝒉 

trial would be reserved as a mean case (all input variables are held to their means).                                                                                                       

 

Table 3.3 Statistics of Random Variables associated to the Minimum Tensile 

Reinforcement 
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Table 3.4 Input Grid for the Response Evaluation 

 
Legend: ′𝑧𝑗′ denotes the Gauss-Hermite points 

  

3.4.2 Evaluation Of The Statistical Moments Of The Response 

The response has already been computed, as shown in the last table, for the 𝟏𝟔 trials. 

Thereafter, using Eqn. (3.18), the mean 𝝋𝒊 and the mean square 𝝉𝒊 for an 𝒊𝒕𝒉 cut-function are 

evaluated as weighted sum, as shown in Table (3.5); Then, Eqns. (3.16) and (3.17) are used 

from the MDRM’s formulation technique, to evaluate the statistical/integer moments of the 

output response function, as shown in Table (3.6); Moreover, for this pilot study, the MCS 

technique of reliability has also been accomplished with "𝟏𝒆𝟓" iterations in MATLAB. The 

results formulated further provides an upper-hand to the proposed MDRM, owing to much less 

number of trials in comparison to MCS method and that too with more or less the same 

numerical accuracy. 
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Table 3.5 Output Grid for Each Cut-Function Evaluation 

Legend: ′𝑤𝑗′ denotes the Gauss-Hermite weights 
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Table 3.6. Statistical Moments of the Response 

      
Legend: M-DRM—Multiplicative Dimensional Reduction Method;                                                                  

MCS—Monte Carlo Simulation;                                                                                                                                

Relative Error--𝐴𝐵𝑆 [𝑀𝐶𝑆 − 𝑀𝐷𝑅𝑀] 𝑀𝐶𝑆⁄ ;                                                                                                            

Std. Dev.—Standard Deviation;                                                                                                     

COV—Coefficient of Variation. 

 

3.4.3 Computation Of The Statistical Distribution Of Response 

In this section, the “MaxEnt Principle” is held upon, with fractional moments as constraints to 

predict the response’s probability distribution. The response "𝑨𝒔𝒕𝒎𝒊𝒏
", evaluated for "𝟏𝟔" trials, 

using M-DRM’s formulation technique are integrated with the same principle. The MaxEnt 

parameters, i.e., "λi" and "𝜹i" form the primary source in the approximation of the probability 

distribution of the response and are tabulated further. The main aim is to make the entropy 

converge rapidly; and for the same, the number of fractional moments generally necessitated 

is "𝟒", as shown in the following Table (3.7); 
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Table 3.7 MaxEnt Parameters for the Minimum Tensile Reinforcement 
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This further gives the “Probability Density Function (PDF)” and “Cumulative Distribution 

Function (CDF)” plots of the minimum reinforcement required in beams as per the Indian 

Standards, for three entropy measures, i.e., ., ′𝒎 = 𝟐′, ′𝒎 = 𝟑′ and ′𝒎 = 𝟒′, in the following 

Figures (3.2), (3.3) and (3.4), respectively. The results themselves give an indication of the 

efficiency of the Multiplicative Form of Dimensional Reduction Method, with an integration 

of "𝟏𝟔" trials and "𝟑" fractional moments, as-in here, the entropy has converged rapidly. 

Herein, the “Probability of Exceedance (POE)” has also been traced to approximate the 

“probability of failure, i.e., ′𝒑𝒇𝒂𝒊𝒍′”, for the above stated entropy measures, in the respective 

figures; The plot for “POE” helps us observe the numerical accuracy of MDRM for almost 

every value of the output response and its distribution. As an instance, if we consider 

"𝟏𝟓𝟎 𝒎𝒎𝟐" as the minimum limit for the reinforcement, the associated “POE” for  is 

approximately ′𝟎. 𝟕𝟓𝟕′, 𝟎′ . 𝟕𝟓𝟒′ and ′𝟎. 𝟕𝟓𝟑′ for ′𝒎 = 𝟐′, ′𝒎 = 𝟑′ and ′𝒎 = 𝟒′, 

respectively. 
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Figure 3.2(a) “Probability Density Function (PDF)” and “Cumulative Distribution Function (CDF)” Plots for ′𝒎 = 𝟐

                                                                                                                                

Figure 3.2(b) “Probability of Exceedance (POE)” Plot for ′𝒎 = 𝟐′ 
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Figure 3.3(a) “Probability Density Function (PDF)” and “Cumulative Distribution Function (CDF)” Plots for ′𝒎 = 𝟑′  

                                                                                                                                        

Figure 3.3(b) “Probability of Exceedance (POE)” Plot for ′𝒎 = 𝟑′ 
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Figure 3.4(a) “Probability Density Function (PDF)” and “Cumulative Distribution Function (CDF)” Plots for ′𝒎 = 𝟒′ 

                                                                                                                                             

Figure 3.4(b) “Probability of Exceedance (POE)” Plot for ′𝒎 = 𝟒′
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3.4.4 Evaluation Of Sensitivity Coefficients 

In this section, the previously computed mean and mean square values, i.e., "𝝋𝒊" 𝒂𝒏𝒅 "𝝉𝒊" of 

the respective cut-functions, are held upon to approximate the sensitivity coefficients, both 

primary and total, for each random variable, tabulated as follows; 

 

Table 3.8 Global Sensitivity Indices Using MDRM 

Legend: ′𝑆𝑖′ denotes the ‘Primary Sensitivity Coefficient’;                                                                                                                                                                       

′𝑆𝑇𝑖′ denotes the ‘Total Sensitivity Coefficient’. 

 

Adding to the primary concept, it can be ascertained that no extra computational as well as 

conceptual efforts are necessitated for sensitivity analysis, unlike in MCS method, wherein 

we’ve to search for various other concepts to compute the same. Moreover, for this study, 

Sensitivity coefficients computed using MDRM’s formulation technique are compared with 

the regression values, obtained as a part of MCS technique, in MATLAB, thereby, validating 

the numerical accuracy of the proposed method, as shown in the above table. It can be observed 

that the variance of the “Characteristic Strength of Steel” contributes to that of the minimum 

reinforcement required to the maximum, followed by the width and depth of the beam. 

Therefore, the output response, i.e., "𝑨𝒔𝒕𝒎𝒊𝒏
", is most influenced by the input variable "𝒇𝒚", 

owing approximately "𝟕𝟎%" of its variance to the variance of "𝒇𝒚". Furthermore, the difference 

between both the sensitivity coefficients, i.e., "𝑺𝑻𝒊 − 𝑺𝒊", is really small (less than "𝟏%"), 

which signifies that all three input random variables don’t interact with each other. Also, the 

difference, "𝟏 − ∑ 𝑺𝒊 = 𝟎. 𝟎𝟎𝟒"𝒊 , signifies absence of interactions among the specified input 

random variables. 
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3.5 CONCLUSION 

The “Multiplicative form of Dimensional Reduction Method (M-DRM)” is presented in this 

chapter for the reliability and sensitivity analysis of structures. The formulation technique of 

the same derives the equations to estimate the statistical or integer moments and the response’s 

probabilistic distribution. Then, the coefficients for the sensitivity analysis are formulated as a 

by-product, thereby, not providing any extra computational or conceptual efforts. The 

efficiency and flexibility of the proposed scheme lie in its numerical accuracy, achieved within 

a feasible time period, unlike that in MCS method. Moreover, the rules of “Gaussian 

Quadrature Scheme” complements MDRM, to create an input grid of independent random 

variables, thereby evaluating the response. An output grid is created, thereafter, to compute the 

mean and mean square of the respective input variables. The grids recapitulate the fact that 

high dimensional moment integration is simplified into a product form of low dimensional 

integrals. This is how, the MDRM computes the mean and variance of the structural response. 

Further, the responses computed in the input grid are coupled with the “Maximum Entropy 

Principle (MaxEnt Principle)”. This principle utilises fractional moments as constraints. The 

optimisation procedure is called upon to compute these constraints, letting them not to be a 

priority. In addition, the MaxEnt parameters, i.e., the Lagrangian multipliers and fractional 

exponents are obtained using the same optimization technique. This entire process, orderly 

estimates the probability distribution of any specified structural response. The pilot study 

demonstrated in this chapter follows the entire predefined procedure to validate the numerical 

accuracy of the proposed scheme. The study also shows the convergence of the entropy after 

two fractional moments. Hence, only three iterations were sufficient to be performed to capture 

the distribution. 

This chapter also estimates the “Probability of Failure (𝑝𝑓𝑎𝑖𝑙)”, based upon the plot of 

“Probability of Exceedance (POE)”. The same plot holds upon the calculated MaxEnt 

parameters to compute the failure probability, thereby not incurring any extra analytical efforts. 

Hence, a single distribution can help the analyst to approximate the probability of failure. 

Furthermore, the Global Sensitivity Analysis is also carried out rigorously for the same study 

and the results are compared with the regression values, computed as a part of simulation 

technique.  

The numerical accuracy of the proposed method is validated by performing Monte Carlo 

Simulation method for the same study. As far as the computational cost of the MDRM is 
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concerned, this scheme doesn’t demand the leaning of any advanced software for simple 

structural systems. It simply necessitates the utilisation of the Microsoft Excel to a well-defined 

point, in order to implement the formulation. However, advanced software systems are required 

to implement the same, say, OpenSees software for FEA, using TCL programming.  The usage 

of an "𝑵 − 𝒑𝒐𝒊𝒏𝒕" scheme, with "𝒏" random variables leads to "𝟏 + 𝒏𝑵" functional 

evaluations, in front of "𝟏𝒆𝟓" evaluations in MCS technique for the same efficiency. Moreover, 

the latest research (Balomenos et al., 2017) shows that for large scale complex systems, say 

Finite Element Analysis, high computational cost with MCS would be unaffordable, but 

affordable if the proposed scheme i.e., MDRM would be used; Rather the computational time 

would be drastically reduced [10%] as necessitated by MCS method. Thus, the proposed 

method is an effective substitute for MCS technique in terms of time and computational cost. 

In general, though, the MDRM requires a much feasible computational time to compute various 

outcomes of interest with a desirable accuracy, yet, it holds one limitation. That is, it accounts 

for only “Independent (uncorrelated) Input Random Variables”. 
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CHAPTER 4                                                                                              

MDRM IMPLEMENTATION—SEISMIC ANALYSIS OF A 𝟒-

STOREYED RCC STRUCTURE 

 

4.1 INTRODUCTION 

The tremendous destruction of structural systems and facilities owing to the occurrence of past 

few earthquakes has raised some serious questions on the prevailing design and construction 

practices. These calamities have made professionals envisage the importance of the reliability 

concept, to address the disaster preparedness and mitigation practices. Moreover, the 

occurrence of earthquakes and their measurements, effects of vibrations and hence, the 

structural response have been comprehended from many years of earthquake history and 

meticulously documented in literature. Since then, the engineers have put in some rigorous 

efforts to comprehend the procedure, to counteract the dynamic effects of earthquake related 

calamities and further design the earthquake resistant structures in a precise and well-

understood manner. These rigorous efforts have led to the several revisions of “Indian 

Standard:1893” Code of Practice on the same concept by the “Bureau of Indian Standards, 

New Delhi”. However, these codes of practice don’t contemplate the fundamentals of 

reliability to a desired level. 

In this chapter, the “Multiplicative Form of Dimensional Reduction Method (M-DRM)” has 

been utilized to implement the concept of reliability in the code-based deterministic procedure, 

documented for the “Seismic Analysis (Response Spectrum Method) of a 4-storeyed Regular 

RCC-Structure”. The code based dynamic analysis procedure [𝑰𝑺 𝟏𝟖𝟗𝟑 (𝑷𝒂𝒓𝒕 −

𝟏): 𝟐𝟎𝟏𝟔 (𝑺𝒊𝒙𝒕𝒉 𝑹𝒆𝒗𝒊𝒔𝒊𝒐𝒏)] accounts for the linear analysis of any structure by utilising the 

design spectrum, thereby approximating the yielding effects. This analysis procedure accounts 

for the lateral forces, on the basis of the characteristics of the “Natural Vibration Modes” of 

the structure, which are further evaluated from the “Mass and Stiffness Distribution” over 

height. Moreover, “Monte Carlo Simulation (MCS)” method has also been performed to 

comprehend the numerical accuracy of the proposed scheme. 
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4.2 OBJECTIVE 

The main aim of this chapter is to explore the applicability and the numerical accuracy of the 

proposed multiplicative dimensional reduction method, in regard to the reliability and 

sensitivity analysis of structural systems, subjected to the seismic analysis. Thus, the proposed 

scheme is implemented upon a 𝟒-storeyed reinforced concrete structure in this chapter, 

thereby accounting for the efficiency of the same in regard to a large number of independent 

input random variables, "𝟏𝟔" at first and then, "𝟐𝟎𝟑" variables. 

 

4.3 ORGANISATION 

Here follows the organisation of this chapter; At first, the proposed scheme holds upon the 𝟒-

storeyed structural system, subjected to the code-based formulation for seismic analysis, by 

accounting ′𝟏𝟔′ independent input variables. Meanwhile, the Monte Carlo Method is also 

performed to investigate the numerical accuracy of the same, in “Section 4.4”; Further, in 

“Section 4.5”, the same system is held upon by accounting ′𝟐𝟎𝟑′ such variables. The difference 

in the ‘count’ of random variables and, that too for the same structural system is also viewed 

upon in the same section. “Section 4.6” provides a brief discussion on the “Computational 

Time”, stipulated by both MCS and MDRM. The chapter recapitulates the conclusions in 

“Section 4.7”. 

 

4.4 “MAIN STUDY-1”—RELIABILITY ANALYSIS OF A 𝟒-STOREYED RCC 

STRUCTURE WITH ′𝟏𝟔′ INPUT VARIABLES                                                                                                                                                                                                                                                                                                                                                                                                

4.4.1 Description Of RCC-Frame 

A two-bay, four-storey reinforced concrete frame, as shown in Figure (4.1), is chosen from 

Agrawal and Shrikhande (2016 Print) to perform the code-based dynamic analysis (response 

spectrum analysis) procedure and thereby, the reliability analysis using MDRM and MCS 

technique. Moreover, one of the transverse plane frames has also been contemplated for the 

justification of demonstration, by holding upon the fact that the proposed structural system is 

symmetric, or say regular, in elevation and plan, as shown in Figure (4.1) and Figure (4.2), 

respectively. 
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Figure 4.1 Plane Frame Structure and Its Lumped Mass Model 

 

                     

Figure 4.2 Plan showing the Columns and Beams at “Floor” of the Plane Frame
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The preliminary data (nominal measures) necessitated for the analysis are assumed, as 

tabulated in Table (4.1); Moreover, the procedure is implemented in MATLAB. 

 

Table 4.1 Assumed Preliminary Data Required for the Analysis of Frame 

 

 

Furthermore, the statistical properties of random variables are tabulated, as in Table (4.2);  
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Table 4.2 Statistics of Random Variables Associated to the Proposed Structural System 
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From the above tabulated data, it can be reckoned that a single random variable, say any 

material property, namely, ‘Characteristic Strength of Concrete, 𝒇𝒄𝒌’ is taken to be similar for 

all the structural components, i.e., it has been presumed that if any changes take place in this 

randomised variable, then, its effect would be seen in all the other components collectively, 

built-in using the same material; and thus, similar goes the explanation for the rest of the cases. 

Moreover, the considered random variables are presumed to be independent and meanwhile, 

following “Normal” Distribution. In totality, there are ′𝟏𝟔′ such input random variables for the 

reliability analysis of the proposed structural system. 

 

4.4.2 Input Grid For MDRM 

As stated earlier, the examined problem incorporates ′𝟏𝟔′ independent random variables as an 

input, i.e., ′𝒏 = 𝟏𝟔′. Thus, the structural output, “BASE SHEAR [SSF(1)]”, is a product of 

′𝟏𝟔 𝒄𝒖𝒕 − 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒔′. Incorporating a fifth-order, i.e., ′𝑵 = 𝟓′, ‘Gauss-Hermite Integration 

scheme’, ′𝒏𝑵 + 𝟏 = 𝟏𝟔 × 𝟓 + 𝟏 = 𝟖𝟏′ trials are executed. The input data grid to execute 

MDRM is tabulated, as in Table (4.3) (similar to pilot-study, proposed in Chapter-3). The 

statistical analysis is executed on the basis of these tabulated results in the following section. 
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Table 4.3(a) Input Grid for the Response Evaluation 

 

Legend: ′𝑧𝑗′ denotes the Gauss-Hermite points 
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Table 4.3(b) Input Grid for the Response Evaluation 

 

Legend: ′𝑧𝑗′ denotes the Gauss-Hermite points 
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Table 4.3(c) Input Grid for the Response Evaluation 

 

Legend: ′𝑧𝑗′ denotes the Gauss-Hermite points 
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4.4.3 Statistical Moments Of The Structural Response 

Now, after the computation for the input grid is completed, then, the necessitated “response” 

obtained in the last column of input grid is utilised, further, to tabulate the output grid, as shown 

in Table (4.4). Following the order, similar to that followed for the output grid in pilot study, 

the mean and mean square measures of each cut-function are evaluated, as ′𝝋𝒊
′ =

∑ 𝒘𝒋[𝑺𝑺𝑭(𝟏)]𝒊𝒋
𝑵
𝒋=𝟏  𝒂𝒏𝒅 ′𝝉𝒊′ = ∑ 𝒘𝒋{[𝑺𝑺𝑭(𝟏)]𝒊𝒋}𝟐𝑵

𝒋=𝟏 , 𝒊 = 𝟏, 𝟐, … , 𝒏, respectively, where 

[𝑺𝑺𝑭(𝟏)] is the base shear, when 𝒊𝒕𝒉 cut-function is positioned at 𝒋𝒕𝒉 Gauss-Quadrature point. 

The output grid is tabulated on the basis of these formulated measures, as in Table (4.4); 

Meanwhile, the MCS technique is also performed for ′𝟏𝒆𝟓′ trials. Further, the numerical results 

computed from both the methods are then compared, as tabulated in Table (4.5). 

The tabulated data shows the numerical accuracy of M-DRM with ′𝟖𝟏 𝒕𝒓𝒊𝒂𝒍𝒔′ in front of MCS 

with ′𝟏𝒆𝟓 𝒕𝒓𝒊𝒂𝒍𝒔′. 

 

Table 4.4(a) Output Grid for Each Cut-Function Evaluation 

     
   Legend: ′𝑤𝑗′ denotes the Gauss-Hermite weights 
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Table 4.4(b) Output Grid for Each Cut-Function Evaluation 

     
  Legend: ′𝑤𝑗′ denotes the Gauss-Hermite weights 

 

 

Table 4.4(c) Output Grid for Each Cut-Function Evaluation 

     
  Legend: ′𝑤𝑗′ denotes the Gauss-Hermite weights 
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Table 4.4(d) Output Grid for Each Cut-Function Evaluation 

 
Legend: ′𝑤𝑗′ denotes the Gauss-Hermite weights 

 

 

 

Table 4.5 Statistical Moments of the Response 

 
Legend: M-DRM—Multiplicative Dimensional Reduction Method;                                                                  

MCS—Monte Carlo Simulation;                                                                                                                                

Relative Error--𝐴𝐵𝑆 [𝑀𝐶𝑆 − 𝑀𝐷𝑅𝑀] 𝑀𝐶𝑆⁄ ;                                                                                                            

Std. Dev.—Standard Deviation;                                                                                                                                                                                                                                                     

COV—Coefficient of Variation. 
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4.4.4 Statistical Distribution Of The Response 

In this section, The “Maximum Entropy Principle (MaxEnt Principle)” is held upon along with 

the fractional moments to approximate the “Probability Distribution” of the “BASE SHEAR 

[SSF(1)]” of the selected structural system. Herein, the optimization procedure is utilised, 

meanwhile computing the Lagrangian parameters, ′𝝀𝒊′ and ′𝜹𝒊′, to describe the approximated 

probability distribution. Moreover, four fractional moments, i.e., ′𝒎 = 𝟒′, are adequate to 

perform the analysis, as in, the entropy converges quite rapidly, as tabulated in following Table 

(4.6); 

Furthermore, the “Probability Density Function (PDF) + Cumulative Distribution Function 

(CDF)” and “Probability of Exceedance (POE)”, plots for ′𝒎 = 𝟐′, ′𝒎 = 𝟑′ and ′𝒎 = 𝟒′ are 

shown, as in Figure (4.3) and Figure (4.4), respectively. The convergence of plots for ′𝒎 = 𝟑′ 

and ′𝒎 = 𝟒′ define the convergence of entropy. 
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Table 4.6 MaxEnt Parameters for the Base Shear 
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Figure 4.3 “Probability Density Function (PDF)” and “Cumulative Distribution Function (CDF)” Plots 

                                                                                                                                          

Figure 4.4 “Probability of Exceedance (POE)” Plot 
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4.4.5 Global Sensitivity Indices Using MDRM 

As stated previously, extra computational efforts aren’t necessitated to compute the sensitivity 

analysis’ coefficients on utilising the formulation technique of MDRM. Hence, the global 

sensitivity indices for each of the "16" input (independent) random variables corresponding to 

"[𝑆𝑆𝐹(1)]" are evaluated using the same. The sensitivity indices for "6" most important 

variables are tabulated as follows [Table (4.7)]: 

 

Table 4.7 Global Sensitivity Indices Using MDRM 

Legend: ′𝑆𝑖′ denotes the ‘Primary Sensitivity Coefficient’;                                                                                                                                                                                                                                     

′𝑆𝑇𝑖′ denotes the ‘Total Sensitivity Coefficient’. 

 

From the above tabulated data, the material properties, namely "𝑔𝑎𝑚𝑚𝑎_𝑖𝑓" and "𝑔𝑎𝑚𝑚𝑎_𝑐" 

contribute to the response (output) to the most; Their variance contribution is around "65%", 

therby making them the most influential variables for the evaluation of the namely 

"𝑏𝑎𝑠𝑒 𝑠ℎ𝑒𝑎𝑟" of the proposed frame. Moreover, the regression measures also depict the same 

trend. Adding to this, the difference between both the sensitivity coefficients, i.e., "𝑺𝑻𝒊 − 𝑺𝒊", 

is really small (less than "𝟏%"), which signifies that all input random variables don’t interact 

with each other. Also, the difference, "𝟏 − ∑ 𝑺𝒊 = 𝟎. 𝟎𝟎𝟓𝟓"𝒊 , signifies absence of interactions 

among the specified input random variables. 

 

4.5 “MAIN STUDY-2”—RELIABILITY ANALYSIS OF A 𝟒-STOREYED RCC 

STRUCTURE WITH ′𝟐𝟎𝟑′ INPUT VARIABLES 

4.5.1 General Description 

The same system is held upon in this section, as that chosen in “Section 4.4”. The only 

difference lies in the fact that each structural component is randomized at its own level, i.e., 
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every component is restricted to perform on its own, thereby, taking into account the practical 

considerations. This further can be decoded by taking the similar example, stated in the last 

section, i.e., of the ‘Characteristic Strength of Concrete, 𝒇𝒄𝒌’; It has been presumed here that 

any significant change in any component owing to its own material strength won’t affect the 

material strength of any other structural component; similar goes the explanation for the rest 

of the random variables. The rest would be unfolded by the sensitivity analysis, specifically for 

the case of random variables in regard to material properties. This can be ascertained because 

material is manufactured collectively for the entire structure, be it concrete, steel or masonry. 

This is conceptualised further in the form of elevation and floor plans, as in Figure (4.5) and 

Figure (4.6), respectively.  

 

 

Figure 4.5 Plane Frame Structure and Its Lumped Mass Model 
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Figure 4.6(a) Plan showing the Columns and Beams at “Floor-1” of the Plane Frame 

 

                            

Figure 4.6(b) Plan showing the Columns and Beams at “Floor-2” of the Plane Frame 

 

                             

Figure 4.6(c) Plan showing the Columns and Beams at “Floor-3” of the Plane Frame 
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Figure 4.6(d) Plan showing the Columns and Beams at “Roof” of the Plane Frame 

 

Furthermore, the statistical properties of random variables are tabulated, as in Table (4.8); 
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Table 4.8(a) Statistics of Random Variables associated to the Proposed Structural System 
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Table 4.8(b) Statistics of Random Variables associated to the Proposed Structural System 
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Table 4.8(c) Statistics of Random Variables associated to the Proposed Structural System 
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Table 4.8(d) Statistics of Random Variables associated to the Proposed Structural System 
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 Table 4.8(e) Statistics of Random Variables associated to the Proposed Structural System 
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Table 4.8(f) Statistics of Random Variables associated to the Proposed Structural System 
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Table 4.8(g) Statistics of Random Variables associated to the Proposed Structural System 
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Table 4.8(h) Statistics of Random Variables associated to the Proposed Structural System 
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Table 4.8(i) Statistics of Random Variables associated to the Proposed Structural System  
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From the above tabulated data, it can be reckoned that all random variables are made to follow 

the “Normal Distribution”, here again, and also, presumed to be independent. In totality, there 

are ′𝟐𝟎𝟑′ such input random variables for the reliability analysis of the proposed structural 

system. However, it must be stated that the code-based procedure for the same analysis doesn’t 

incorporate the reinforcement (steel) related properties, namely, the “Characteristic Strength of 

Steel, 𝒇𝒚 ” and “Young’s Modulus of Steel, 𝑬𝒔”. Hence, these material properties aren’t 

randomized in this main study, but, practically, these carry utmost importance in the field. In 

addition, any advanced software, like OpenSees, or parameter updating functionality in MCS 

can efficiently incorporate this randomization. In that case, there would have been ′𝟐𝟕𝟓′ input 

random variables. 

 

4.5.2 Input Grid For MDRM 

As stated earlier, the examined problem incorporates ′𝟐𝟎𝟑′ independent random variables as 

an input, i.e., ′𝒏 = 𝟐𝟎𝟑′. Thus, the structural output, “BASE SHEAR [SSF(1)]”, is a product 

of ′𝟐𝟎𝟑 𝒄𝒖𝒕 − 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒔′. Incorporating a fifth-order, i.e., ′𝑵 = 𝟓′, ‘Gauss-Hermite 

Integration scheme’, ′𝒏𝑵 + 𝟏 = 𝟐𝟎𝟑 × 𝟓 + 𝟏 = 𝟏𝟎𝟏𝟔′ trials are executed. The input data 

grid to execute MDRM is tabulated, as in Table (4.9) (similar to the first main study, proposed 

in the previous section). The statistical analysis is executed on the basis of these tabulated 

results in the following section. 

 

 

 

 

 

 

 

 



76 

 

Table 4.9 Input Grid for the Response Evaluation 

 
Legend: ′𝑧𝑗′ denotes the Gauss-Hermite points
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4.5.3 Statistical Moments Of The Structural Response 

Analogous to the main study-1, the output grid is tabulated as follows [Table (4.10)]. 

Meanwhile, the MCS technique is also performed for ′𝟏𝒆𝟓′ trials. Further, the numerical results 

computed from both the methods are then compared, as tabulated in Table (4.11). 

Here again, The tabulated data depicts the numerical accuracy of M-DRM with ′𝟏𝟎𝟏𝟔 𝒕𝒓𝒊𝒂𝒍𝒔′ 

in front of MCS with ′𝟏𝒆𝟓 𝒕𝒓𝒊𝒂𝒍𝒔′. 
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Table 4.10 Output Grid for Each Cut-Function Evaluation 

 

Legend: ′𝑤𝑗′ denotes the Gauss-Hermite weights
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Table 4.11 Statistical Moments of the Response 

  
Legend: M-DRM—Multiplicative Dimensional Reduction Method;                                                         

MCS—Monte Carlo Simulation;                                                                                                    

Relative Error--𝐴𝑏𝑠 [𝑀𝐶𝑆 − 𝑀𝐷𝑅𝑀] 𝑀𝐶𝑆⁄ ;                                                                                       

Std. Dev.—Standard Deviation;                                                                                                     

COV—Coefficient of Variation. 

 

4.5.4 Probabilistic Distribution Of The Structural Response 

Here again, the “MaxEnt Principle” coupled with the concept of “Fractional Moments” is 

applied to approximate the probabilistic distribution of the required structural output, i.e., 

“BASE SHEAR [SSF(1)]”. Moreover, four fractional moments, i.e., ′𝒎 = 𝟒′, are adequate to 

perform the analysis, as in, the entropy converges quite rapidly, as tabulated in following Table 

(4.12); The data is tabulated, incorporating ′𝟑′ entropy values, i.e., ′𝒎 = 𝟐′, ′𝒎 = 𝟑′ and ′𝒎 =

𝟒′, simply because the entropy generally converges at the fourth fractional moment.  

Furthermore, the “Probability Density Function (PDF) + Cumulative Distribution Function 

(CDF)” and “Probability of Exceedance (POE)” Plots for ′𝒎 = 𝟐′, ′𝒎 = 𝟑′ and ′𝒎 = 𝟒′ are 

shown, as in Figure (4.7) and Figure (4.8), respectively. The convergence of plots for ′𝒎 = 𝟑′ 

and ′𝒎 = 𝟒′ define the convergence of entropy. 
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Table 4.12 MaxEnt Parameters for the Base Shear 
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Figure 4.7 “Probability Density Function (PDF)” and “Cumulative Distribution Function (CDF)” Plots  

                                                                                                                                                                 

Figure 4.8 “Probability of Exceedance (POE)” Plot
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4.5.5 Global Sensitivity Indices Using MDRM 

As stated previously, extra computational efforts aren’t necessitated to compute the sensitivity 

analysis’ coefficients on utilising the formulation technique of MDRM. Hence, the global 

sensitivity indices for each of the "203" input (independent) random variables corresponding 

to "[𝑆𝑆𝐹(1)]" are evaluated using the same. The tabulated data further summarizes the most 

influential structural components, for various respective parameters, Table (4.13). 

Moreover, the sensitivity indices for "52" input random variables are “negative”, namely, 

“gamma_cs”, “gamma_ifl”, “bl”, “imp_load”, etc., thereby, ascertaining their least influence 

on the output. However, the summation of “Primary Sensitivity Coefficients” and “Total 

Sensitivity Coefficients” are respectively, "0.9998" and "1.0002"; And this summation 

measure includes the measures of the latter informed parameters. Furthermore, it should be 

ascertained that the difference between both the sensitivity coefficients, i.e., "𝑺𝑻𝒊 − 𝑺𝒊", is has 

come out to be really small (less than "𝟏%"), which signifies that all input random variables 

don’t interact with each other (though not tabulated). Also, the difference, "𝟏 −

∑ 𝑺𝒊 = 𝟎. 𝟎𝟎𝟎𝟐"𝒊 , signifies absence of interactions among the specified input random 

variables. 
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Table 4.13 Global Sensitivity Indices Using MDRM 
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4.6 COMPUTATIONAL TIME 

The main advantage of the proposed scheme MDRM is that it saves a substantial amount of 

time. For the response spectrum analysis of a ′4 − 𝑠𝑡𝑜𝑟𝑒𝑦𝑒𝑑 𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑎𝑙 𝑠𝑦𝑠𝑡𝑒𝑚′, be it for 

′16′𝑜𝑟 ′203′ random variables, ′1𝑒5′ iterations as a technique to perform simulations takes 

hours of time period on a personal laptop (it includes development of code for the structural 

system on MATLAB, randomization and the running time period of code; however, it doesn’t 

incorporate the development of MATLAB code to model the probability distribution of the 

structural response). As stated previously, MDRM is performed on ′𝑀𝑖𝑐𝑟𝑜𝑠𝑜𝑓𝑡 𝐸𝑥𝑐𝑒𝑙′. That’s 

why, MDRM approximation takes nearly half the time taken by that of Monte Carlo Method, 

even though it incorporates the development of MATLAB code to model the probability 

distribution of the structural response. Otherwise, this time would reduce to less than 10% of 

that taken by MCS, if performed using advanced software systems, say, for example, OpenSees 

FEA software can be utilised to perform the same dynamic analysis. 

 

4.7 CONCLUSION 

The chapter has presented the proficiency and robustness of the proposed MDRM 

(Multiplicative Dimensional Reduction Method) for the response spectrum analysis of a "4 −

𝑠𝑡𝑟𝑜𝑟𝑒𝑦𝑒𝑑 𝑓𝑟𝑎𝑚𝑒" under two cases. First, the frame is considered for "16" input variables, 

and then, the same is considered for "203" input random variables. Each and every step of the 

proposed scheme detailed in the previous chapter is followed rigorously. The Monte Carlo 

Simulation scheme is also performed meanwhile to validate the numerical accuracy of the 

Multiplicative-Dimensional Reduction Method. 

Meanwhile, the computational cost of both the schemes is also held upon. The global sensitivity 

indices of all independent random variables to the response variance are evaluated as well, and 

this analysis forms a by-product of the proposed MDRM. Hence, additional computational or 

conceptual efforts aren’t necessitated to compute the sensitivity indices, which predict the 

influence of input variables over the output. Thus, it can be ascertained that the integration of 

MDRM with the Maximum Entropy (MaxEnt) Principle proves to be a viable approach for any 

required analysis. To sum up, a fact can be emphasized that the proposed framework is 

computationally affordable as it saves a lot of time, thereby yielding similar results as provided 
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by time consuming and computationally expensive standard techniques like Monte Carlo 

Simulation (MCS). This becomes the main takeaway of this whole study. 
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CHAPTER 5                                                                                               

CONCLUSIONS AND RECOMMENDATIONS 

 

The purpose of this work is to impart an in-depth view of the “Multiplicative Dimensional 

Reduction Method (MDRM)” to perform the reliability and sensitivity analyses, with a great 

numerical accuracy. Several discussions have been made in this study for the same purpose, as 

recapitulated below: 

 

5.1 SUMMARY 

Chapter 3 bespoke the logic and formulated the mathematical equations of the proposed 

approach, i.e., MDRM. The “Theory of Probability” was revisited herein. The latter said theory 

was contemplated in detail so as to engross the concept of Multiplicative-DRM into the 

structural systems. This helped in evaluating the statistical moments and the probabilistic 

distribution of the structural output (response) and the global sensitivity indices of the input 

random variables in the implemented pilot study. The pilot study clearly demonstrated the 

procedural steps of the proposed scheme. 

Chapter 4 presented the numerical applicability of the proposed MDRM to the 

"𝑆𝑒𝑖𝑠𝑚𝑖𝑐 (𝑅𝑒𝑠𝑝𝑜𝑛𝑠𝑒 𝑆𝑝𝑒𝑐𝑡𝑟𝑢𝑚) 𝐴𝑛𝑎𝑙𝑦𝑠𝑖𝑠 𝑜𝑓 𝑎 4 − 𝑠𝑡𝑜𝑟𝑒𝑦𝑒𝑑 𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑎𝑙 𝑓𝑟𝑎𝑚𝑒", 

meanwhile accounting the codal procedure for the same. The Monte Carlo Simulation 

technique was performed meanwhile to validate the results. MS Excel and MATLAB were 

accounted for the same. In totality, two cases for the same frame were analysed using both the 

techniques. The first one incorporated "16" random variables as an input and the second one 

randomised "203" parameters for the same structural response, i.e., "𝐵𝑎𝑠𝑒 𝑆ℎ𝑒𝑎𝑟". 

 

5.2 CONCLUSIONS 

This research has comprehended a general computational framework for the “Reliability and 

Sensitivity Analyses” of the structural systems. Conclusions based upon the discussions and 

findings in this study have been grouped in two categories, as follows: 
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A. “Utilisation of MDRM for Practical Systems” 

 The MDRM, being proficient, well-understood and computationally effective,  

can be contemplated as a viable approach for the reliability and sensitivity 

analyses of large or small-scale structural systems, 

 MDRM can be held upon for the complete probabilistic analysis, since it 

computes the integer moments and the reliability distribution of the structural 

response of interest, meanwhile accounting for the global sensitivity indices, 

thereby not necessitating additional computational efforts for the same, and, 

 MDRM coupled with the ‘Maximum Entropy Principle (MaxEnt Principle)’ 

(Fractional Moments as Constraints) can impart the numerically accurate 

probabilistic distribution of the required response. 

 

B. “Findings in regard to the Investigated Structural Systems” 

 The efficacy of MDRM makes it a credible substitute for MCS.  

 As far as the pilot study is concerned, the variance of the material property plays 

an eminent role to the variance of the system’s response of interest, in 

comparison to the geometric uncertainties, 

 The first main study incorporating "16" randomised uncertainties witness a 

significant role of the material properties over imposed load and geometric 

uncertainties, with "𝐵𝑎𝑠𝑒 𝑆ℎ𝑒𝑎𝑟", as a structural response of interest, and, 

 The last study with "203" randomised variables witnesses mixed roles of all 

over the output response. Moreover, the same study also witnesses negative 

sensitivity indices (though not tabulated) of nearly "50" random variables. The 

latter fact recommends to comprehend an in-depth concept of the “Global 

Sensitivity Analysis” to avoid such spurious information, so as to have a clear 

idea of the influential parameters. 

 

5.3 RECOMMENDATIONS FOR FUTURE RESEARCH 

The potential of the proposed scheme can be held out with some future research for practical 

structural problems, thereby taking into consideration some of the following practical aspects: 
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 The proposed framework accounts for uncorrelated or say, independent input variables; 

And this can be considered as one of the main limitations of the scheme, as the former 

account might not be always the case, 

 In this study, almost every input distribution has been chosen from the literature, along 

with the statistical data of every randomised variable. But, this fact can’t be overlooked 

that the input probability distributions can significantly influence the structural output. 

Hence, it is recommended that future analyses of practical problems should be held 

upon, accounting input parameters with their better representative statistical 

distributions, 

 In this research, the main studies were based upon a regular-type structural frame. 

However, further analyses should take into account irregularities in buildings, to 

contemplate potential torsional effects, as far as the dynamic analyses of the structural 

systems are concerned, and, 

 Global Sensitivity Analysis should be further investigated for the proposed framework, 

so as to not account for negative sensitivity indices in complex structural systems. 
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